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PREFACE

The original objective of this research was to derive
necessary conditions which would enable us to determine the
nature of the intermediate ~ thrust arcs of optimai rocket
trajectories, which Lawden had obtained in closed form. From
the calculus of #ariations point of view these arcs are known
as singular extremals. Such extremals can satisfy the classical
Clebsch~L§gendre condition marginally (equality). In such a
case, it is necessary to discover-furﬁher inequality conditions
by reference to which the nature.of these extremals can be
decided. Several authors have previously obtained such
generalized Clebsch conditions, which are however limited to
the variation of one control variable at the time. Here the
complete generalized Clebsch‘condiﬁion ié presented and this is
stated as theorem 2 in chapter L. In section L.8 it is shown
that the positive definiteness of this generalized Clebsch
condition plays a role in the derivation of the singular
extremals similar to that of the positivé definiteness of the
classical Clebsch condition in the derivation of regulér
extremals. The theory is applied mostly to problems from the

theory of optimal control.

I wish to express my thanks to my research supervisor
Professor D.F. Lawden for his many invaluable suggestions and

in particular the original problem.
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CHAPTER 1. THE BOLZA‘PBOBLEM

1.1, INTRODUCTION

The Calculus of Variations is in a sense an extension
of the Differential Calculus. 1t is méinly concerned with
the theory of maxima and minima. However, the quantities to
be extremized belong to a clasgs of functionals, i.e. functions
of functions. One of the most{important problems of the
Calculus of Variations is the Bolza problem, which was first
formulated in 1913, Theoreticalﬁy this problem is equivalent
to the Lagrange prohlem‘which Wés formulated in 1770 and the
Mayer problem which was formulated in 1878. An interesting

short history of these probléms cén be found in Bliss [1];

In the nomenclature of Bliss [2], the Bolza problem
can be formulated thus: yi(x), i=1,2,...,n is a set of
functions defined over an in%erval a < x < b and satisfying

differential constraints

¢ﬁ<,x’y3y!) :,O, ,8 = 1’250-t-,m < Il, (1.191)

where y,y' denote the whole set of functions and their
derivatives. The derivatives yi(x) are assumed to be

i
continuous except for a finite‘@umber of finite discon-
tinuities. X,,Xz are endpoints satisfying a < x, < X, < b.

The values of’%he functions yi(xj'at these endpoints are

required to satisfy end conditions
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Y %, ,y(x1) y%2,7(x2)] = 0, 4 =1,2,...p< 20+ 2, (1.1.2)

The problem is to determine the set of functions (if
it exists) and endpoints satisfying these end conditions
and the differential constraints, which minimiges a

functional J given by

J = g[xi,y(xi),Xz,y(Xz)3 +‘]X2f(x,y,y')dx, (1.1.3)
X4

where g and f are known functions.

1.2, NOTATIONS AND ASSUMPTIONS

‘The notation which will be employed is similar to that
used by Bliss in [2]. Thus partial derivatives will be
indicated by subscripts. The repeated indices summation
convention will be used unless otherwise stated. We say that
f({x,y,z) € C% in an open connected region I' of the
(x;y,z)—space, if all partial derivatives of order n exist
and are continuous. Again we say that y(x) € ™ in an open
connected subset T of the Buclidean line if y(x) € cn-?
in T and the nth derivative yn(x) is continuous except for

a finite number of finite discontinuities at which left-

and right-hand limits exist,

Let 'y be an open region of (2n+1)-dimensional points
(x,y,y') in which ¢ﬁ(x,y,y') e C® and f(x,y,y') € C®. Then

the matrix



<¢§i> (1.2.1)

will be assumed to have rank m everywhere in T',.

Similarly let I'; be an open region of
(2n+2)-dimensional points (Xi’yii’xz’yie) in which
wﬂ(xi,yii,xz,yiz) e C® and g(xi,yii,xe,yiz) ¢ C®, Then the

natrix

(wg ¢?1 Ve wﬁg) (1.2.2)

will be assumed to be of rank p in Tz. Here

o = %%% and yh = 8L (1.2.3)

= v,
i1 yli
with similar notations for other derivatives.

Given functions yi(x) define an arc B in an (n+1)

dimensional space in which (x,yi,yg,...,yn) are coordinates,

An arc E is said to be admissible if its elements (x,y,y')
and (xl,yii,x;,yiz) belong to the regions T', and I'y defined
above and furthermore satisfy the differential constraints
(1.1.2) and the end conditions (1.1.3). This definition of
admigsibiiity is more restrictive than that of Bliss [2]
because the arc E is required to satisfy the differential

constraints and the end conditions.

1.3, THE CLASSICAL NECESSARY CONDITIONS

The standard approach in the Calculus of Variations



is to assume that a certain admissible arc E with elements
(x,y,¥") and end conditions (xi,yii,xg,yiz)Lis the
minimizing arc. Fouf setsvof neéessary conditions are then
deduced which must be satisfied by any minimizing arc.
Normally, it is expected that these four sets of necessary
conditions provide sufficient information to characterize
uniquely the minimizing arc. These four sets of necessary
conditions are known as the Multiplier Rule, the Weierstrass
condition, the Clebsch (Legendre) condition and the Jacobi

condition.

The Multiplier Rule: For a minimizing arc E, it is necessary

that there exists a non-negative constant N\, and constants

et,ct together with functions kﬁ(x) such that the function

F(x,7,7'WN) = NoT(x,y,v") + %ﬁ¢ﬁ(x,y,y') (1.3.1)

satisfles the du Bois-Reymond equations

X .
Ty ) = [ Ry GoyytNax s et (1.3.2)

Xy

along arc B, and furthermore, the Transversality condition

2 .
tm . —
[(F- yiFyE)dx+-Eyidyi]i + Nodg + efay? = 0 (1.3.3)

for all arbitrary differentials dxi,dyii,dxg and dyiz’ must

be satisfied at the ends of the drc E.

The first important consequence of the Multiplier Rule
is that at each point of the arc E which is not a corner

(i.e. yi(x) are continuous) the du Bois -~ Reymond equations



can be differentiated and this leads to the Buler~Lagrange

. equations

-%5 Fyl = By, (1.3.4)

The second set of important consequences are the
Weierstrass-Erdmann corner conditions which state that the
functions Fyi and (F- yiFyi) have at a corner well defined

right and left limits which are equal.

Definition: A smooth arc satisfying the Euler-Lagrange

equations is known as an sxtremal.

Normality Assumptions: H@Peafterbit will be assumed that the

- minimizing arc E is normsl, i.e. it satisfies the Multiplier
Rule with a unique set of multipliers of the form Ao = 1 and

%ﬁ(x) (see Bliss [2, p.214]).

The Weierstrass Condition: Each element (x,¥,y') belonging
to a normal minimizing arc E, satisfying the Multiplier
Rule, must satisfy the inequality

E(XyY:ytayf’%) z 0 (1°3~5),
for all admissible sets (x,y,Y') where

E(x,y,y',Y",N) = F(x,y,Y',%) “'F(X’yyy'sk>
- P ! t
<Yi yi)FYi<X’y’y N . (1.3.6)

The Clebsch Condition: Each element (x,y,y') belonging to

a normal minimizing arc E, satisfying the Multiplier Rule,



must satisfy the inequality

w, ., 2 . e e
Fy;{y;j i 7y 0, (1 3 7)

for all sets of numbers Wi satisfying the equations

¢, (323" Ny = 0. (1.3.8)
1 .

For a Bolza problem without any differeﬁtial constraint,
this condition is better known as the Legendre condition
because, in 1786, Legendre obtained such a condition for the
simplest problem'of the Calculus of Variations by means of
the second variation. The Clebsch condition in the above
form was first proved for the Lagrange problem by Clebsch in
1858 by means of a transformation of the second variation.

The Clebsch condition deduced in this manner is limited in
applicability because the transformation is valid only at

points of the minimizing arc for which the determinant

Y
Fyiyg ¢yi
A E 1.3.
¢B' (1.3.9)
-yj O

does not vanilish. By means of continuity arguments, it is
then possible to extend the applicaebility of this Clebsch
conditidn~to minimizing arcs along which A vanishes at only
a finite number of points. However, the Clebsch condition
can also be deduced as a direct consegquence of the
Weierstrass condition, Bliss [2, p.224], and is then

applicable even to a minimizing arc along which the



determinant A vanishes identically.

The Jacobi Condition: Let E be a normal non-singular

extremal satisfying the Multiplier Rule and the Clebsch
condition. Then the second variation of the functional J

along arc E must be non-negative for all admigsible variations.

Arc E i1s non-gingular if the determinant A displayed
in (1.3.9) does not vanish along E. A set of admissible
variations along E, is a set of two parameters £,,§: and n

functions ni(x) satisfying the equations of variation

/3 = —QE 9 B —_ )
o = S + —5%771 - 0, (1.3.10)
A y! ~.a@iﬂ? v
< X, T s ay > Lt 0y, ‘11 *

(wﬁ+w ﬂ&¥2+ﬂﬁn - o, (1.3.11)

00Xz is ayiz ayis iz 7

where y, = yi(xi), V. = yi(xg) and the partial derivatives

ig
in (1.3%.10) and (1.3.11) are to be calculated along:BE. It
is demonstrated by Bliss [2] that for a normal arc E,
variations satisfying the equations of variation (1.3.10)

and (1.3.11) certainly exist.

Given such a set of variations along an extremal arc
E for which the second order derivatives yg(x) are

continuous, the second variation J, is given by

» .3
Jzzwwwmamﬁmua1+fmwmmww, (1.3.12)
| %



where 2y is a certain homogenous quadratic form in its

arguments and

2w = Rijn:;.n;'j + QQi;}n:!L??j + Pijninj . (1.3.13)

The coefficients Rij’ Qij;‘Pij are evaluated along the arc E

from the equations

aEF 82F aZF :
Ri. = 3073579 Qe s = 3050 Pos = 3030 (1.3.14)
1~ oyjovy’ "1 T oyjayy’ T 0y 0¥
where _
F=f gl (1.3.15)

the kﬁ(x) being multipliers occurring in the Multiplier Rule.

1.4. THE ACCESSORY MINIMUM PROBLEM.

Historically the Clebsch condition and the Jacobi .
condition were first deduced from the second variation by
means of the so called transformation theory whiéh flourished
into an elaborate theory in the second half of the nineteenth
century. A summary of these transformations can be found in
Bolza [3]. The most important of these transformations is
that due to Clebsch, a version of which can be found in
Reid [4]. The transformation theory of the second variation
has been largely superseded by other methods especially by

the accessory minimum problem approach, which was first

proposed by Bliss [5] and extended by Smith [6]. The
"background to the introdué%ion of this accessory minimunm

problem can be found in aﬁvinteresting paper by Bliss [7].
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The accessory minimum problem arises in the following
manner. Let E be a normal extremal along which the second
order derivatives yg(x) are continuous and which satisfies
the Multiplier Rule. Then the second variation.Jd,, displayed
in (1.3.12) is well-defined irrespective of whether or not
the determinant A Qf (1.3,9) is singular along E. Furthermore,
without first requiring that the Clebsch condition be satis-
fied along E, the second variation Jz(g,ﬁ) must always be

non-negative for all admissible variations i.e.

Jz (E,m) = O. (1.4.1)

Hence‘any set of admissible variations §1,§g,ni(x) for which
the second variation is zero, must minimize J, or else, there
exists other sets of admissible variations, for which Jg is
nega%ive. Thus, we are led to an auxiliary minimum problem
which is similar to the standard Bolza problem (see equations
(1.1.1) to (1.1.3)), except for the appearance of the para-
meters & ,8;. By a simple transformation, Bliss [2, p.232],
this minimum problem can be‘transformed into the standard
Bolza problem. However, tﬁés is unnecessary and instead, we

shall use the modified formg of the necessary conditions when

applying them to accessory extremals.

For the accessory minimum problem let the funcition

corresponding to F of the Multiplier Rule be

B B
= t 2 ..a—& /
H(X,ﬁ,ﬁbﬁ) = 2w(x,m,m') + 55(5%?”% + 8yini>' (1.4.2)
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A particular set of admissible variations satisfying the

- conditions (1.%.10) and (1.3%.11) is given by

E1 =0 = &g, 771(3‘5) =0 . (1.4.3)

and for this set the second variation Jg vanishes. The
Multiplier Rule, which requires that there exists constants

c, and eu and multipliers zﬁ(x)_such that
N -
1

24 1 ! _— 1X2 o
and  2dy + €,4¥" « [(n-np)dx + apidn; ], =0, (1.L.5)

for arbitrary differentials dgl,dfz,dni(xi) and dni(xa), is
satisfied with the unigue set of multipliers eﬂ = O, Ci = 0
and eﬂ(x) = 0, The unigueness of this set of multipliers is

a consequence of the assumption that arc E is normal.

Applying the Welerstrass condition to this accessory

extremal we deduce that

H

¥ ]
E(X9Oa0yﬂ£ yo> Q(X!O’ni ,O)

% :
(ni - n%)ﬂxé(X,0,0,0)

i

- Q(X,O,O,O)

il

- . :
2F 3 ’77., 77'- ? O (1 .)—‘-06)
yiyj 17 :
%
for all admissible sets (X’O’ﬂi ) satisfying
" .
¢§;n; = 0. (1.4.7)
i

The inequaltiy condition (1.4.6) subjected to condition
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(1.4.7) is the Clebsch condition for extremal arc E in the
primary (original) Bolza problem. This is in fact one method
of proving the Clebsch condition which is general enough to
be applicable to extremals,‘along which the determinant A of
(1.3.9) may vanish identically. This proof of the Clebsch

condition can be found in Smith [6].

On the other hand if the Clebsch condition is considered
as a consequence of the Weierstrass condition, (e.g. Bliss
[2, p.224]) it would then be of some interest to examine what
happens when the Clebsch condition is applied to the

accessory extremal displayed in (1.4.3). As

22N JRF '
"“T—ET = 2R, , = 2otz (1.4.8)
8nianj ij 8yiayj
08P  agP
and §§§.= 3%; ) (1.u.9)

we are again led to the Clebsch condition in the primary

Bolza problem.

The second and more important use of the accessory
minjmum problem is to test the Jacobi condition. This is
discussed in Bliss [2]. Analytically this is a very

difficult test to carry out.
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CHAPTER 2. SINGULAR EXTREMALS

Definition: A minimizing arc E is said to be'singﬁlar if the
determinant A of (1.3.9) vanishes at any point on it. We shall
study only the case where A vanishes at every point of E, The
case where A vanishes at only a finite number of points of E

has been examined by Morse and Leighton [8].

2.1.  HISTORICAL BACKGROUND

Little research was done on singular extremals until
the last few years. In Bolza [9,p.29], the case when the
Euler equation degenerates into an algebraic identity, is
examined. The functional to be minimized is then independent
of the path of integration. Hereafter, such degenerate

problems will not be examined.

The more interesting type of singular extremals appears
to have been first examined in detail, by Mancill [10], who
studied the minimization of the Linear Integral in the plane.
The first and higher ordef'variations were examined and
necéssaryfconditionsiwere deduéed. With the help of the Green's
theorem on line integrals, the strengthened form.of these
necessary conditions provide a set of sﬁfficient condi tions
fdﬁ‘a strong proper relative minimum. This Green's theorem
teehniQué was independéntly developed and popularized by Miele
[11], who used it extensively to study optimum flight paths,
Recently, Haynes [12] has generalized the Green's theorem

technique to higher dimensional singular problems of the
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calculus of variations.

Since 1950 there has been a tremendous interest'in the
appiications of the calculus of variations te the study of
optimal rocket trajectories and optimal control; see.Lawden
[13], Leitmann [14] and Paiewonsky [15]. Singular‘eitremals
Wére found to occur in several of these problems for which
the Green's theorem technigque was not applicable. Two major
difficulties were encountered. Firstly, there was no general
procedure by which the equations of the singular extremals
'could“be derived, Secondly, the classical necessary conditions
were found to be inadequate to decide the optimality of some

of these singular extremals.

Important contributions towards the solution of the
first difficulty were made by Lawden [13], Kelley [16] and
Johnson [17]. In the theory of optimal rocket trajectories,
Lawden derived the equations of the intermediate-thrust arcs
which are now known as the Lawden's spirals and which are
singular extremals. Kelley laid down a general transformation
procedure which is unfortunately limited by the requirement
that "closed form" solution of a system of non linear
differential equations is required for the synthesis of fhe
transformation. Johnson studied in great detail a class of
singular extremals and laid down a rule for the derivation
of these singular extremals. This rule involves the
successive differentiatiops, with respect to the ind@@QQdent

variable, the condition of singularity.
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With respect to the second difficulty a breakthrough
was made by Kelley [18] when he deduced a new necessary
condition for a class of singular extremals. However, this
necessary condition proved to be ineffective when applied to
the Lawden's spirals. Several authors, Kopp and Moyer [19],

.~ Robbins [20], Gurley [21], and Tait [22], independently
generalized Kelley's method and proved that the Lawden's
gpirals are non-optimal in the time-open case., Independently
of these authors and by a different approach this writer

Goh [23] arrived at the same conclusions concerning the
Lawden's spirals. The method of this writer has been
elaborated in Goh [24] and new results have been obtained for

singular extremals involvihg multiple control variables.

242, MINIMIZATION OF LINEAR‘INTEGRALS IN THE PLANE

Consider the minimigation of the functional

7= /XZ[P(X,y)+Q(X,y)y']dX , (2.2.1)
%1

in the class of admissible arcs joining two fixed points and
lying in the interior of a region T of the (x,y,y') space
and where P(x,y), Q(x,y) are known functions of x and y.

There are no differential constraints so that
A = R = O (20202>
identically: the problem is accordingly singular.

The Euler-Lagrange equation for this problem is



15

d o . 2B v 29
x5 v 5y (2.2,3)
= a(x,y) = P, - Qg =0 . (2.2.4)

This is an algebraic equation which in general, denotes a
finite number of curves in the plane. Assuming that there
exists an extremal satisfying this equation and also the given
end conditions, 1t remains to be decided whether this extremal

does, in fact, minimize J.

The Weierstrass condition requires that
?ﬂ“ 1 1* t
y'"Qe-~-y'Qe-(y' -y")e=>0, (2.2.5)

which is trivially satisfied. The Legendre (Clebsch)
condition requires that

2

8;'2 (P+Y'Q> z2 0, (2'206)

which is also trivially satisfied.

The second variation for an admissible variation 7n(x)

with W(X1) = 0 = n(xy,) is given Dby

fo[ 28 ,+<———4.y 5§9> :Fx L (2.2.7)

Application of the Legendre condition to the accessory
extremal n(x) = 0, yields no further information as expected.
However, integrating the first term in the 1ntegrand (22.7)
by parts and employing the condition n(xi) =0 = n(xg), Ja

can be put in the form
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X2 ag 9
e =/ i:a - " oyox | n*ax (2.2.8)
23q s
) / 2 nPax , (2,2.9)
X1

where a is given by (2.2.4). Application of the Legendre
condition to this new form of Jp still yields no new

condition. However, if we put

n(x) = ¢'(x) , (2.2.10)

so that J, takes the form

X2 3o
I, = f 8% y1eax (2.2.11)
X4
and now consider the accessory minimum problem with regard to
the unknown function g(x) it is easily seen that the Legendre

condition requires that

o
5y 2 0 - (2.2.12)

W\

This could be considered as the generalized Legendre
condition and has already been obtained by Mancill [10], who
deduced it from the non-negativeness of the second variation

in the form (2.2.8).

It should be noted that the end conditions
n(xy) = 0 = n(xg) can be disregarded after Jp has been

expressed in the form (2.2.9), since any function n(x) not

satisfying these conditiqﬂs,can be replaced by a modified
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function Z(x); differing from p(x) only in arbi trary small
neighbourhoods of the endpoints and such that

n(x1) = 0 = 7{xz); such a replacement will result in a
change in J; which is also arbitrarily small and hence can be
disregarded for the purpose of the condition Jp2 0. It
follows that ¥(x) is not required to satisfy end conditions

on its derivative.

The transformation (2.2.10) is in fact a well known
device, see Miele [25,p.110], HeStenes [26;p,?u] and
Berkovitz [27], which can be used to transform variational
problems in which the derivative of the dependent variable
does not occur, into the standard form of the Bolza problem.
However, there is a valid objection to the use of this device
here, arising from the fact that in the standard proof of the
Weilerstrass condition and hence the Legendre condition, it is
assumed that the class z(x)€ D' whereas z'(x) = n(x)€C® and
hence g(x)6<3'. This objection may be removed by means of a
"rounding argument", see Pars [28,p.10], which extends the
applicability of the WeierstraSs and Legendre conditions to
variational problems for which the class of admissible curves

belong to class C' instead of D'.

If the inequality (2.2.12) is satisfied marginally
(equality) along an extremal, Mancill [10]khas shown that the

higher order variations yield the necessary conditions
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k
é‘,‘%"-"’-@, K«»"—'—' 2,3,00.,211"2 s (202013)
oy
and ,
an—-1
y

assuming that the functions P(x,y) and Q(x,y) belong to the
class C°" in the region I'. Note that 80/dy = O implies

da/9x = O and that (2.2.13) implies

k

22 .0 (2.2.15)
ox
and
K
Lo, (2.2,16)
oy ox’ v

for all {,m such that {+m = k. For differentiating o = O
with respect to Xy it is éasilyvseen that 2a/9y =0 implies
90/0x = 0. Then differentiating am/ay = O and d9a/6x = O with
respect to x the above conditions are proved fbr k=2 and ink
this manner these conditions can be proved for all admissible

values of k.

Let us now consider the problem of.the defivation of
the equations of the singular extremal. By the implicit
function theorem, equation (2.2.4) can be solved for y(x) if
da/ay # 0. Thus if equality (2.2.12) is satisfied’in the
‘strengthened form, (2.2.4) can be uSed to derive the equation

of the extremal.
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Alternatively differentiating (2.2.4) with respect to
X we obtain

(8a/0y)y"' + (Ba/3x) = 0 . (2.2.17)

If 8o/0y does not vanish this differential equation has a one
parameter general solution. The parameter is determined by
subsituting the solution into (2.2.4) at a point x € [Xy,%s].
If this parameter ig not uniguely determined at a certain point

x* a different value of x* should be chosen.

If 9a/0y vanishes identically for a certain set (x,y)
then we have shown that aa/ax‘must also vanish unless the
extremal is a straight line parallel to the y;axis in which
case the varisble y should be considered as the independent
variable., Suppose that for a certain set (x,y), a(x), da/dy
and 3a/9x vanish. Then the third order variation implies that
0%a/3y® must vanish and hence 8%a/dx3y and 3%0/3x® must also

vanish, from (2.2.,15) and (2.2.16).

Again assuming that «a, 3a/dy, oa/8x, 28%a/dy®, 8%a/0xoy
and 3%0/6x® all vanish for a certain set (x,y) the differen-

tiation of 38%a/9y® = 0 leads to
(a%a/0y®)y' + (9%a/dy®ax) = 0 (2.2.18)

and if 9%a/0y® does not vanish this first order differential
equation has a one parameter family genersal solution. This
‘parameter must then be consisting determined from the vanishing

of o and its first and second order partial derivatives at any



point x*€ [x,,xz].
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Finally it is obvious from this discussion that the

quantities 8°% *a/ay" Pt for P =1,2,...,n now play a role

similar to fy;y§ in the Hilbert's differentiability condition.

Example 1. Let P(x,y) = y*, Q(x,y) = Xy
end points be (0,0) and (1,0). Then

a(x,y) = 3y°

o0/3y = 9y*

9%a/0y® = 18y
9%a/0y% = 18
| >0

The singular minimizing arc is given by

y(x) =0

and let the fixed

2.2.19)
2.2.20)
2.2.21)

2,2,22)

~ o~ o~ o~ o~

2.2.23)

(2.2.24)

and with the help of the Green's Theorem on line integral,

this extremal may be shown to give a proper absolute minimum.

Note that a(x,y) is positive above the x-axis and negative

below the x-axis.
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CHAPTER 3. SINGULAR EXTREMALS IN THE (n+1)-DIMENSIONAL
SPACE

3.1. A LEMMA

The following lemma will be of service:

Lemma 1. Let R(x) be an nx n order symmetric matrix whose
elements are well-defined real functions of x in [x4,Xg].

Let R be of the form
T

. < R, RSV> | ‘ (3.1.1)

Ry O
‘where R, is a mx m order (1 < m < n) matrix. If R is

positive semidefinite in the interval [x,,x,], then

Rg; = O. (3.1.2)

Proof: At a point x € [x,,X;], consider a typical 2x 2 order

determinant

. . R .
11l aPri
Dy = , (i, not summed), (3.1.3)
IR . 0
where Riii is an element from R; and Rsri is an element of

Rg. As matrix R is positive semidefinite hence

T - 2

11
> 0, (3.1.4)
= R . =0, (3.1.5)

sri ’
This is true for all admissible values of 1 and r and hence

the matrix
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RB = O.

As x is an arbitrary point of [xl,xz], the matrix Rz must

be identically equal to the zero matrix. Q.H.D.

3.2, PRELIMINARY REMARKS

Consider the minimization of the functional
Xg '
7= glx,y(x1) %, 7(x2)] + [ £(x,y,y' )dx, (3.2.1)
x
in the class of arcs yi(x), i=1,2,...,0, Whose endpoints

satisfy the equations

WM[Xiyy(X1)9X2,y(Xz>] = 0, U = 1925000,D< 2n+.2' (3'2'2)

This vdriational problem is in the form of thevsténdard Bolza
problem but for the absence of differential constraints. The
analytical assumptions of section 1.2. will be assumed to be

valid for this problem.

Along an extremal arc E, satisfying the Multiplier
Rule and along which yg(x) are assumed to be continuous, the

second variation is well defined_and is of the form

2
Jg 5-2¥[§1,ni(xi>’§z,ni(xz)] + fx 2w(x,n,n')dx, (3.2.3)
X4 )
where 2y is a certain quadratic form in its arguments and

where

_ T
2w(x,m,n") = n' Ry’ + 2n'TQn + 7' Py | (3.2.4)

and normally R = (azf/ayiayé), (3.2.5)
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O
1l

(azf/ayiayj), (3.2.6)

e
il

(82f/ayiayj). (3.2.7)

It is quite possible that the matrices R, Q, P are not given
by (3.2.5) to (3.2.7) as rearrangements may have been made on
the quadratic form 2w, Finally any set of admissible

variations &1,&s, ni(x) must satisfy the equations of variation

v [E0,n, (1) .62, (x2)] = 0O, | (3.2.8)
which are certain linear forms in their arguments.
Along a singular extremal
A(x) = |R] - (3.2.9)
= 0. (3.2.10)

It will now be shown that if the classical Legendre condition

is satisfied, then without any loss of generality, the matrix

R, along a singular extremal, may be assumed to be of the form
Ry

| 0
R(x) = , (3.2.11)
0 0

where R, is a mx m order matrix (m < n) and where partition

lines run between the mth and (m+1)th rows/columns.
Firstly, an important class of singular extremals

consists of problems where the integrands f(x,y,y') are

expressions linear in yé+i,y£+2,.....,y£. Employing the

indices r,s = 1,2,...,m; po,v = m+ 1, m+2,...,n, the matrix

R is of the form



92 f 9% f
T T 3 [] t
ayrays yrayv R, R;?
R = = ’
9% f Rg 0
8y oy, 0
p“s

2l

(3.2.12)

where partition lines run between the mth and (m+1)th rows/

columns. As the classical Legendre condition requires that

R must be positive semidefinite, by Lemma 1 we are led to

conclude that Rz must vanish identically and hence R is of

the form (3.2.11).

In the general case we know from matrix theory that,

ag R is symmetric and real there exists a nonsingular matrix

such that V'RV is of the form (3.2.11). Using such a matrix

V consider the nonsingular linear transformation
n =Vg.
Differentiating,
n' = Vg' + V'Y
and the last two equations lead to

7' TRy = " TvTRVE' & 22" TVTRV'y + 20V TRV,

2n'Tan = g ™vlavy + 22TV Ty,
- 2§'TVTQV§ + &TV'TQVé + éTVTQTV'és
0Py = ;TVTPvz.

Hence, 2w

11

¢ TR+ 2Ty 4 PRy,

(3.2.13%)

(3.2.1U4)

(3.2.15)

{(3.2.16)

(3.2.17)
(3.2.18)

(3.2.19)
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where
R* = virv, ‘ (3.2.20)
Q" = vgv + vimv', (3.2.21)
P = vey + v Ty VTV + TRV, (3.2.22)

Similarly, it can be shown that 2y and yH remain as quadratic
and linear forms respectively. Thus it involves no loss of
generality if it is assumed that R is of the form (3.2.11).
By the use Qf‘such nonsingular linear transformatioﬁs we may
furthermore assume that the submatrix R, ls nonsingular or

does not occur.

3.3. THE GENERALIZED LEGENDRE CONDITION

Suppose the matrix R of the second variation of a given
singular extremal E is of the form (3.2.11).‘ Then we partition

the matrices Q, P and 7 such that

Q1 Qe |
Q = < ) (3.3.1)
Qz Qg
P, Ps.
P = ( >$ (3-5.2)
Fa Pz
and 71t = (oF <L) (3.3.3)

where partition lines run between the mth and (m+1)th

rows/columns.,
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Theorem 1. Along such a singular extremal E the following

conditions are necessary:

(1)  the (n-m) x (n-m) order matrix Q, must be identically

symmetric,
(11) 1if Qe is identically symmetric, then the matrix
T

R, rT\ |
R, = ( S ) , (3.3.4)
’ ~Rg Rg

must be positive semidefinite where

Rs = Q3 - Qa, (3.3.5)
and ~  Rg = Pz - Qd. (3.3.6)

Proof: We shall first prove condition (ii). In the second
variation the derivated functions xé(x), p=m+l,m+2,...,0,

occur only in the bilinear forms

ok Tqzo and 2k ok, (3.3.7)

The assumption that Qg is Symmetric leads to

X : L Xgi » 4
[ 2 Tqgrax = KTQQK - ] Kngxax (3.3.8)
X4 ‘ X4 X4 '
and in general,
>4 : Xg 2 -
f 2k TQprax = 26t Q0| - fx 2k Q) ax,
X1 X1 J Xg '
L N e T T ,
= 2K QgU| = - 2[k Q40 + K Qgo']dx.(3.3.9)
Xq X4

Using equations (3.3.8) and (3.3.9) the Kg(x) terms are
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completely eliminated from the second variation and we have

2w = W‘TRiw’ + 2¢'TQ1¢ + VTP1T

- ZKTng - ZKTQSW’ - KTQéK

+ 2€'TQ$K + ZKTPST + KTPQK. | (3.3.10)

Thus the status of the Kp(x) terms can be raised to
that of derivatives and this step is taken by replacing

Kp(x) by mg*(x) and after rearrangements

2w = W'TRly* + 2¢'TQ1¢'+ GTP1W

- QK‘*TQSW"+ 2&**TQ$¢'
- K:’*TQéK'* + K"*TPQK'*
+ 2&'*TP3¢ - 2K'*ng¢. (3.3.11)

This is of the same form as (3.2.4) but with

T
R R |
R = ( e > , (3.3.12)
‘Rs Rg
Q 0 '
Q = < : ) , (3.3.13)
Qs O
P, O
P = ( ) , (5.3.14)
o 0
nT = (= &, (3.3.15)
where Rz = Qg?— Qsa s
‘Rz = Py - Qg

and Qs £ Pg - Q4, (3~5-46)
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Following this it is observed that the terms Ké*(xi)

and K;*CXQ) appear in

ZY[fi!Tr(Xi)!K;*(Xi)sfzy¢b(xz)’Ké*(X2>] (3.3.17)

and Vg0 (k)M (%1) €20 (%2) i)  (x2) 1. (3.3.18)

However, any restrictions placed upon these two sets of end
values, Ké*(xi) and K;*(xa), do not reduce the class of sets
of admissible functions, for any such set can be made to
satisfy such restrictions by infinitesimal adjustments over
small neighbourhoods of the endpoints and these adjustments
will only affect the integral in Jg infinitesimally. As a
conséquence the quantities Ké*(xi) and Ké*(X2) can be treated
as parameters playing roles similar to those of & and &£;.

For convenience § will be used to denote all these parameters.

Finally the application of the classical Legendre

condition to the accessory extremal

é: = 0, 771(}{) E‘O (303-19>

of the transformed accessory minimum problem, arrived at in
the preceding paragraphs, leads to the condition that along
the singular extremal E of the primary problem, the matrix

R,of (3.3.12) must be positive semidefinite. Q.E.D.

Let us now prove condition (i). If Qp is not
symmetric we introduce new partition lines running between

the m*th and (m®+1)th rows/columns where m < m* < (n-1).
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R, 0 O ,
R = O O O , (3.3.20)
O 0 0
. Hee
Qs Qe Qa
£ ) ‘
Q= [ Qs & Qs , say, (3.3.21)
Q;* Q7 Qe
p, paT pM*T
_ # N
P = | Py Ps Pj; , say, (3.3.22)

Aok ‘
Ps P7 FPg:

Furthermore, m" is chosen such that the (n-m™) x (n-n™)
order matrix Qg is symmetric and is of the highest possible
order. With m™ choseén in this manner, the non-symmetry of

Qs implies that

Qe - Qs ¥ O. (3.3.23)

This is easily seen on examining

Qs Qs
% = ( )- (3.3.20)
Q7 Qs

if Qg -'Qv = 0, then the order of the symmetric matrix Qg
can be increased by at least one. This is because the
(n-m*+1) x (n-m®™+1) matrix consisting of Qg, the last
column of Q7, the last row of Qg and the last diagonal
element of Qg would then be symmetric. In the extreme case
Qe 18 an one x one order matrix which is then trivially

&

symmetric. This accounts for m" < n-1.
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As Qg is symmetric, condition (ii) is applicable to
the accessory minimum problem with matrices R, Q, P displayéd
in (3.3.20) to (3%.3.22). Thus we are led to the condition

that the matrix

R, O R
o 0 rF*T |, (3.3.25)

Ry RI* Re

&
t

must be positive semidefinite where

(R | REM = (2T 10D) - (@ | )

= (@ - ¥ ad - @), (3.3.26)
= R:B* - sl Qi (35,2—”
and R¥* = Qf - Qo (3.3.28)

Since Ry must be positive semidefinite along ﬁhe

singular extremal E, hence the (n-m) x (n~-m) order submatrix

<'O Rg*T) C (3.3.29)

: %
R3™  Rg

must be positive semidefinite. Hence by Lemma 1, the matrix

RF* = o0, (B-B.T)O).i"

From (3.3.23) and (3%.3.2¥) this condition is not satisfied.

Hence we conclude that Qg must be symmetric. Q.E.D.

Corollary 1.1. Along a singular extremal satisfying Theorem

1 and along which the matrices



31

Ry = (3.3.31)
and Rz 2 0, - (3.3.32)

the matrix Qs = Ps - Q4 must be equal to the zero matrix

identically.

Proof: For such an extremal E the transformed second variation
is in the same form as that displayed in (3%.2.3) but with

R, @, P and n in the forms displayed in (3%.2.11) and (3.3.13) to
(3.3.15) respectively. As R is in the form (3.2.11) the same

method as that used to prove Theorem 1 may be used to prove that

/ Ry “Qg |
R, = < > ’ (5'3-33>
~Qs 0

must be positive semidefinite. This is easily seen on comparing
the matrices R, Q, P, 7 displayed in (3.3.11) and (3.3.13) to
(3.3.15) with the corresponding matrices displayedvin (3.2.11)
and (3.3.1) to (3.3,3%). Purthermore, note that in?the trans-
formed second variation the matrix corresponding to Qg of

Theorem 1 is the zero matrix and is therefore trivially

symmetric. Finally by Lemma 1 we are led to conclude that

Qs = O. Q.E.D. (3.3.34)

Remarks: If a given singular extremal satisfies Theorem 1 and
Corollary 1.1, the matrices of the R, P, 1 are then in the
forms displayed in (3.3.11), (3.3.14) and (3.3.15). Further-

more
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Q1 0
Q = < ; > | (3.3.35)
0 0 |
and hence the variations Kﬁ(x) do not occur in the integrand
of the second Variétion._ Therefore further nécessary conditions
must'bé deduced ffqm an examination of 2y and the end odnditions
and subseQuéntly a:ﬁixture of the second variation and higher
order variations must be studied, The latter would undoubtedly
be very difficult. This was the‘difficultﬁ that was expected
by earlier researchers on singulaf extremals., It corresponds
to the difficulties encountered in the semidefinite case in
the problem of the minimization of a function of several

variasbles in differentlal calculus, Hancock [29], Chaundy [30].

3.4. THE JACOBI CONDITION

Here we Willtpr0pose ways by which necessary conditions
of the Jacobi type may be imposed oh a singular extremal E,
which sétisfies Theorem 1 above. Consider a fixed endpoints
variational problem similar to that formulated in, the preceding
sections. Aséuming that yg(x) of B are continuous, the second

variation is well defined and is of the form

Xa o
Jg = f 2w(x,n,n')adx, (3.44.1)
X1
where 2w :‘w’TRn' + Qn'TQn + ﬁTPn, (3.4.2)
n;(x4) = 0 = n,(x2), ‘ (3.4.3)

and Wi(X) € D' in [x4,xe]. (3.h.4)



33
Consider the case where R is of the form (3.2.11), and
where Ry (x) is a m x m order (O < m < n) nonsingular matrix
which is positive definite. Next assume that the matrices
Q, P, n are partitioned as shown in (3.3.1) to (3.3.3)

respectively. Letting
k(x) = 0,

the secona variation is reduced to

Xz
Jg = f T'Tgig’ -+ QW'TQ1@’+ TTP1€dX. (3.4.5)

Xy,

Definition: Let U(x) be a m x m order matrix solution of the

differential system
L(RU' + QuU) = QU + Py, (3.1.6)

where U(x) is not identically singular in [x,,Xs]. Then Xg
is said to be conjugate to x, relative to this differential

- system -if the determinants

|U(x4)| = 0 = |U(x3)]. (3.4..7)

By means of the accessory minimum problem involving the
second variation (3.4.5), we can impose the necessary condition,
that there must not be a conjugste point of x,, relative to

the differential system (3.4.6) in the interior of [X,,Xg].

The geometrical interpretation 1s quite simple. 1In
genersl we must first assume the existence of the singular

extremal E, after which if O < m we may expect E to be
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imbedded in a family of extremals passing through the point
on E where x = x4. This family of extremals generates a
hypefsurface in contrast to the case when E is a regular
extremai ﬁorgwhich such & family'of extremals fills the whole
, neighbourhood of E. When there exlsts a conjugate point in.<the
above reduced sense it appears very plausible that there exists
a one pa?ameter family of extremals lying in this hypersurface
and touching an envelope at the conjugate roint. These obser-

vations remain an interesting research topic.

The complete Jacobl céndition for this problem'involves
the transformed second variation with matrices R, Q, P, 7
displayed in (3.3.12) to (3.3.16) and where Ké*(xi) and
Kk!'*(xp) are treated like parameters £1,£z. This is an

e
accegssory minimum problem with variable endpoints.

3.5. MiNIMIZATION OoF A(SINGULAR QUADRATIC FUNCTIONAL

Consider the following variational problem with fixed

end points:

 Xg o '
min.[ BY‘TRy‘ + 2y'tqy + y Pyax, (3.5.1)
X4 ] .
where R(x) = < > , (3.5.2)
0 0 ‘
’\ ’ : Q1 Q-
Q(x) ':‘< ~ > : (3.5.3)
Qs Qe ,
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T
/By Bs
P(x) = ( > : (3.5.1)
By B
yooE (ub ovh) (5.5.5)
yi(xi) = ais yl(X2> = bi’ (5-5*6>
I 2 152 0ueesit J = 13250000, (O<1n< n): p=m+l,m+2,...,0;
| (3.5.7)
Qe = Q5 (i.e. Qz is symmetric), (3.5.8)
Ry Qé“Qg
and Ry = m ) (3.5.9)
Qi -Qs Ps-Q7
is positive definite in [=x4,x5].
In matrix notation, the Euler eguation is
(a/ax)(Ry'+ Qy) = Q'y' + Py, ~ (3.5.10)
CRy" + R'y + Qy' + Q'y = QTy' + Py,
By" + (a-@%)y' + (R'+Q'-P)y = O. (3.5.11)
Using (3.5.2) to (3.5.8) we have
S GA R Gl &
e
o o/\w Qe-@s O v
' ¥ 1 T
Ra'+Qa =Py Qe-Ps u
+ = 0. (3.5.12)

Qa - Ps Qa-P v
. Rau" o+ (Qo - Qg)u' + (Ri+ Q1= P1)u
+ (Qa-Qd)v' + (ad-P)v = 0,
(Qs- Q&Thl' + (Qé‘P3>u + (Qz‘*Pz)V = 0,
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Introducing the notations,

Rs(x) = Qi -~ Qa, Re = (Pa-Qd), Qs = (Pa-ad), (3.5.13)
we have
Riu" + (Q1 - QF)Q' + (R{ + Q- Py)u
+ Rsr‘Dv' + (Qd - Pc;rv = 0, (3.5.10)
and, Rsu' + Qsu + Rgv = O. (3.5.15)

The assumption that Re is positive definite implies that
Rz 1s also positive definite and consequently is nonsingular.

Hence (3.5.15) yields
v + Rz'Rsu' + Rz'Qsu = O, (3.5.16)

Differentiating, we have

v' + Rz!Rgu" + [(d/dx)(R5'Rs) + Rz*Qslu’
+ (d/ax)(Rg*Qs)u = 0. (3.5.17)
Substituting (3.5.16) and (3.5.17) into (3.5.14) and
rearranging, we get
(Ra - RIRE'Rs)u" + [Qs- Qf - R3(a/ax) (RE'Rs)
-R3R5 Qs - (@4 - Pa)Ri'Rolu' + [Re'+ Qs - Py
~R3(a/ax) (R7*Qs) - (@d- P3)RE'Qs]u = O, (3.5.18)
The positive definiteness of Rgy of (3.5.9) implies that

the mx m matrix (Rs - nggiRs) is also positive definite,

Gantmacher [ 31, p.u6], and consequently is nonsingular. Hence
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(3.5.18) is a regular differential system whose general
solution has 2m arbitrary constanté. The procedure for the
derivation of the singular extremals is now clear. Firstly
solve (3.5.18) for the m-order vector u subjected to the end
condi tions yj(xi) and yj(xg). Then v is obtained from
(3.5.16), 1In general, this vector v will not satisfy the end

condi tions imposed on yp(xi) and yp(xg).

A different approach involves differentiating (3.5.15)

which gives after rearrangements,

Rgu" + Rev' + Rev + (Rd+ Qs)u' + Qsu = O, (3.5.19)

This equation and equation (3.5.14) form a regular differ-
ential system and the matrix coefficient of <u"> is
’ 1

v

< o RBT) (3.5.20)

Rs. Ra

which 1s Rse. By hypothesis Rs is positive definite and
consequently is nonsingular. Hence the gsneral solution of
this differential system contains (2m+ n-m) arbitrary
constants, (n-m) of which must subsequently be determined

from (3.5.16).

3.6, EXTREMIZATION OF THE GENERAL TLINEAR INTEGRAL.

Consider the variational problem with fixed end

points:
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Xg
min.f Lo (X,y) + y{Li(x,y)dx, (3.6.1)
X4
where yi(xi) = a;, yi(xg) = by, (3.6.2)

and Lo (%,y), Li(x,y) are known functions of (x,y). We will

employ the indices
i,,j,l"=1,2,...,l’l. (3-6.3)

The Euler eQuations are

4 oL, 9L,
e——nen. —_— '——_..J. c————r
dXLl - yaayl + ayl 9 (3'6"“-)
oL. oL, o0Le oL,
° ! :] - L - 1 —
R yj<ayi ayj> + 5y, T oE 0. (3.6.5)

Assuming that there exists a smooth arc E satisfying

(3.6.,5), the Weierstrass condition requires that

o1 ¥ - ! _ L — > . .
yi¥L, - yiLy - (¥ -yl 2 0 (3.6.6)
and this is trivially satisfied along E. It can also be shown

that the classical Legendre condition is also trivially

satisfied,

Under the further assumptiqn that along E the functions
y;(x) exist and are continuous, the second variation is well

defined and is of the form

Ja

i

X2
f n'TRn' + 2n'TQn + 1 Ppdx, (3.6.7)
X4

where R(x) = 0, (3.6.8)



39

Q(x) = (aLi/ayj), (3.6.9)
P(x) = (8°Lo/0y; 0¥+ y,0°L,/9y;8y4) (3.6.10)
n;(x1) = 0 = %z ). (3.6.11)

Hence Theorem 1 is applicable with Ry = 0, Qz = § and

Pz = P. Therefore Q of (3.6.9) must be symmetric i.e.

aLi oL.
‘55-5 - —'J'ayi = 0. v (3.6.12)

Substituting these equations into (3.6.5), we get

0Lg aLi

ayi - 3% = 0. (3.6.13)

Thus we have n(n-1/2+n=n(n+ 1)/2 finite equations in (x,y)
and in general there is no solution. Equations (3.6.12) and
and (3.6.13) are also the well known necessary and sufficient
conditions that the integral (3.6.1) be independent of the
path of integration in a simply connected region of the

(x,y) space.

From Theorem 1, along an extremal E satisfying (3.6.12)

and (3.6.13) the matrix

< 9% Lo azLP a aLi> |
= Ro = | e v r a4 _ 1 _6'

must be positive semidefinite. It can also be written thus:

< - "Ly '_aer ' azL_i >
Rs = - _ | ‘ .

A procedure for the derivation of the singular

extremals is to examine firstly the n(n-1)/2 equations (3.6.12)
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for functions yi(x). For n > 3 there are more equations
than variables and hence, in general, solutions yi(x) do
not exist. Assuming that solutions yi(x) to these equations
exist we next examine the n equations of (3.6.13). From the
implicit functions theorem, the condition that the functions
,yi(x) can be uniquely determined from‘(3.6.15) is that the

n x n matrix

8% Lo G?Li

must be nonsingular.

We will now demonstrate the relationship between this
matrix and the matrix Rg of (3.6.15). Multiplying (3.6.12)

by n undetermined functions %i(x) and summing, we get n

equations
aLP oL,
7\I1 55; - 7\1’ ——J'ayr = 0, . (5-6.17)

Later on we will equate the %i(x) to yi(x). Adding these n

equations to (3.6.13) we get

9Lo oL, oL, oL,
5§5 - 539 N 555 - %r ggi = 0, (3.6.18)

From the implicit functions theorem, the condition that these

n equations can be solved for yi(x,%) is that the matrix

. < 0%Lg azLj azLP 9%L, > ( )
RS = - doy N e o e s 3.6.19
ayiayj ayiax r ayiayj T ayiayr

must be nonsingular. However because of (3.6.12), these n

equations can be made to be devoid of the functions %i(x) and
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consequently it must be possible to simplify the solutions
yi(x,%) of (3.6.18) so that they are also devoid of the

functions 7\i(x). If we let

A0 = 7)), (5.6.20)

the matrix RY of (3.6.19) becomes Rg of (3.6.15). Hence if
"Rg 1s positive definite and consequently is nonsingular and
if furthermore the equations (3.6.12) and (3.6.13) are

consistent then we are assured of unique solutions of yi(x)

from the n equations (3.6.13).

367 HAMILTON'S PRINCIPLE.

Consider the Hamilton's principle in analytical
mechanics. For a conservative system it requires that the
system moves so as to minimize (over short interval of time)
the integral

te .
I :f L(g,q)dt, (3.7.1)

te

where L(q,q) is the Lagrangian of the system. Consequently

the equations of motion are the well known Lagrange equations

5 9 .
dgﬁsal-l— = ‘%, (1,331’2’009911)' '(5'7"2)
1 1

D, = = (3.7.3)

and if the problem is nonsingular the matrix (aBL/aqiaéj) is
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nonsingular and (3.7.3) can be solved for éi = wi(q,p), say.
The Hamiltonian function is then well defined and it is

given as

E(q,p) = p;a; - L(2,q), (3.7.4)

= Dy - L{g,). | (3.7.5)

The equations of motion may then be written thus:

QH S ) :
apl ’ b, = * <3°7o6>

.
i i a4

These equations may also be obtained by requiring that

the integral

to . :
I =f p, & - H(q,p)dt, (3.7.7)
Jty -
g )
= ] F(q,q,p)dt, (3.728)
) ,

is stationary in the (2n+1)-dimensional space (t,g,p). In
fact (3.7.6) are the Buler equations of (3.7.7). However

this latter variational problem is singular for

ekt R
aqiaqj aqiaps
= 0, (P9S = 4’2,!-°’n>' (5-709)
=R . 9%F
apraqj 9p_,0D

.Therefore it is not surprising that the general solution of
the differential system (3.7.6) has only2n instead of Ln

arbitrary constants.

In the notation of Theorem 1, the matrix R, is
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nonexisting and

Qg

where 6is

© Theorem 1

3*F o°F
quaqj aqiaps 0 513
= = < ) , (3.7.10)
R 9RF 0 0
0P84 3PLORg

are the Kronecker deltas. Now condition (i) of

requires that along any of these singular extremals

(3.7.6), the matrix Qg is symmetric and this'is'obviously not

satisfied.‘ Thus we conclude that the latter variational

principle, sometimes known as the modified Hamilton's

principle,

is non-minimal, which is in agreement with the

conclusions of Hestenes [26, sec. 4.8] and Block [32], who

émployed different methods.
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CﬁAPTER TR OPTIMAL CONTROL_ PROBLEMS

Lot A REVIEW OF THE CLASSICAL NECESSARY CONDITIONS

In this chapter the following set of indices will be

employed unless otherwise stated:

1l

i,j 152;0-’31’1; I‘,S=1,2,...,m;

o, B
lu froed 1’2,ohn,N< Il+'1.

il

152500e,m*<m; p,v = m¥+1,m%+2,,.,.m; (Lo 1)

In current optimal control problems the following Bolza
problem ig of fundamental importance: TFind the control

functions ur(t) which minimizes the performance index

J = g[XCti>9t1} + [tif(x,usﬁ)dty (u~1°2)

%o

where the functions xi(t), ur(t) are subjected to the conditions

o

%, = T, (x,0,1), O (11.3)

xi(to) = xio(constants), (L.o1.4)

Y [x(t1)5t1] = O, (Let.5)
a,<u,<b, <ar’br are constants) . (L.1.6)

However, unless otherwise stated we will assume that
the control vector (ur) belongs to an open region U i.e.
ar<'ur<'br. After deriving the main results we will outline

the necessary modifications to include the cases when some of
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the ur’s are equal to the corresponding ar’s and br's along

the reference extremal.

This problem becomes an equivalent Bolza problem as
formulated in chapter 1 above if we introduce n auxiliary
variables zr(t) and transform the problem by eliminating the ugs
using the equations

»
'Llr‘ = ZI"

7,(t,) = O (4.1.7)

and assuming that the functions zr(ti) are unconstrained. The
initial values of zr(t) have been put equal to zero for

definiteness and this step 1s of no consequence.

From experience it has been found that the necessary
conditions can be stated more simply in terms of a Hamiltonian
function H (pseudo-Hamiltonian function, Lagrange expression).
‘Assuming that the problem is normal the Hamiltonian function

may be defined by

H(n,x,u,t) = xifi(x,u,t) + f(x,u,t), (4.1.8)

1

or H(Nx,m,6) = AT (5,0,8) - £(x,u,t). (11.9)

To translate the necessary conditions of the standard Bolza

problem into conditions involving the function H(A,x,u,t) the

function F(N\,x,u,t) of the Multiplier Rule is defined thus:
F=7Ff+ ki(fi.-xi) , (L.1.10)

=H - X, , (Lo1.11)
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O
k]
&S|
i
H
+
>
4
—
He
[
!
&
~

(l.1.12)
(4.1.13)

depending on whether H is defined by (4.1.8) or (4.1.9). 1In
this dissertation we will employ the Hamiltonian function H
~defined by (4.1.9). This definition conforms with the manner
in which the Hamlltonian function has been traditionally
defined. For Mayer problems the difference between these
alternative Hamiltonian functions beéomes appérent only on
examination of the transversality conditions or the Welerstrass

condition or the Clebsch condition.

It is readily shown that the necessary conditions for

a smooth arc to be minimizing, are:

(1) The Euler-Lagrange equations

oH

?.\i = = x (L.1.14)
uE

oH

E;: O . (Ll-o1a15)

(ii) The Transversality condition

dg + efay# - H,dt, + Ny dx;, =0 (L.1.16)

for all arbitrary values of dxi1 and dt,. The constants e

are Lagrange multipliers.
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(iii) The Weierstrass condition

H(N,x,u,t) 2 H(N,x,u*,t) (Lhot117)

for all admissible u? i.e. (u;)e'U and for every element

(N,x,u,t) of the reference extremal.

(iv) The classical Clebsch condition

cLil: S (4o1.18)
8uraus r's 7 °te

for all arbitrary values of T,

Hereafter we will take the point of view that the
Clebsch condition is a direct consequence of the Weierstrass
condition, Bliss [2,p.224]. The Clebsch condition is then
applicable to singular extremals. Finally we oObserve that
corner (junction) conditions do not occur because of the

assumption that the reference arc is smooth.

4.2, THE SINGULAR SECOND VARTATION

Let the (n+m) functions yi(t), Vr(t> be the variations
of xi(t) and zr(t) along the minimizing arc E and let &, be the
variation of t.. Assuming that the second derivatives %i(t)
Er(t) exist and are continuous along E, the second variation
of the functional J is well defined and is expressible in the

form, Bliss [2,p.227],
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ta
Je = 2y[E1,y(ta)] + / 2w(t,y,v)dt, (h.2.1)

to

in which 2y[&1,y(t1)] is a homogermus quadratic form in its
arguments and

- 0FH . . ofH - 0°H
2w = - auraus VpVg ~ 2 Fu oz, VoI - axiaxj Ii9 5 (4.2.2)

The equations of variation are

. GRS of; |
Y1 = %%, Y3t Ta. r ¢ (4.2.3)
J r
yi(to) = 0, vr(to) =0, (L.2.4)
\I[/J' [fi,y(tl)] = 0, . ‘ (Ll-’2-5)

where vr(ti) are unconstrained and Wﬂ[fi,y(ti)] stand for N

setd of linear homogermus forms in its arguments.

In matrix notation 2w and the constraints have the form

2w = vt

RV + 2§TQy + yTPy , (4.2.6)
v = Ay + BV, (4.2.7)
where

- _GZH_>, (L.2.8)
IS

‘ 82H > (
- —, 4.2.10)
axiaxj |

;< :

q = < ag—f;}-;—) (1.2.9)
(
(

Chigh )
—§3> ) (L.2.11)
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B = (52d) - (4.2.12)

From (1.3.9) an extremal E is said to be singular if

the (2n+m)x (2n+m) order determinant

0 0 I
A= l0o R BT|, (4h.2.13)
I B O

vanishes identically along E. Expanding this determinant by

the first n columns followed by the first n rows we get

A = (op)(mme)n gy (me2)n) g

]

(-)™ |g| .

Hence for this class of Bolza problems wercan say that an

extremal is singular if the determinant

| %H_| = o, (h.2.11)

auraus

along the extremal,

We will now show that, without loss of generality, we
may assume that along a singular extremal E, the matrix R hés

the form

R = <R1 O>, (b.2.15)
0 0

where R4 1s a m* x m* order nonsingular submatrix and where
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O < m* <m . (L.2.16)
When m* = O, R, does not occur.

Firstly an important class of singular Bolza problems
consists of problems in which one or more control variables
appear linearly in (4.1.2) and (4.1.3) and in which the
classical Clebsch condition is satisfied. Thus if the control
variable u,, Say, appears linearly we have

82
u

=

=0 (Lo2.17)

EQ:J

and the matrix R is of the form

_.9%m  _ _ofH |
8uraus auraum

R = , (4,2.18)
_ 3%H . 0
ausaum
for r,s = 1,2,...,m-1. The classical Clebsch condition requires
the matrix R to be positive semidefinité and hence by Lemma 1

the 1x (m-1) order matrix

3%H > _
. - —————— = O - (u‘2‘19>
< ausaum

Therefore R is of the form (4.2.15).

In a similiar manner when (m-m*) control variables
appear linearly in both (4.1.2) and (L.1.3) and when the

classical Clebsch condition is satisfied the mx m matrix R is
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expressible in the form displayed in (4.2.15) along the
reference extremal, where Ry 1s a m*x m* order matrix. MNMost
of the singular Bolza problems of optimal control theory

belong to this class.

For other singular extremals it may be necessary to
subject the accessory minimum problem to a certain linesar
transformation before we can assume that the matrix R is of
the form (4.2.15). PFrom matrix theory we know that, as R is
symmetric and singular, then there exists a nonsingular square

matrix V such that

VTRV = (Ri O> , (14.2.20)

where R, is nonsingular or nonexisting. Employing such a

matrix V we subject the vector v to the regular transformation
v = Vw, say. B (lh.2.21)

Under such a transformation

2w(t,y,W) = WV RVW + 20ViQy + y Py (L.2.22)

and v = Ay + BVW - (L.2.23)

and these are of the same form as (4.2.6) and (4.2.7). There-
fore, without loss of generality, we can assume that along a
‘smooth singular extremal E the matrix R is of the form

(4.2.15).



52

4.3. THE GENERALISED CLEBSCH CONDITION

Suppose that along a singular extremal E, the matrix R

of the second variation is of the form

R = (Ri 0) : - (4.3.1)

0O O

where R, is a m*x m* nonsingular matrix (O< m*<m). Then we

partition the matrices Q,B and v in a similar manner, that is,

&) . (1.3.2)
B = (B, Bg) , (4.3.3)
v = (i) , (4a3.4)

where Q, is a m*x n matrix, Qe is a (m~m*)x n matrix, Bs is a

nx m* matrix, B, is a nx (m-m*) matrix, o is a m*x 1 matrix and

2

k£ is a (m-m*)x 1 matrix.

Theorem 2
If along a singular minimizing arc E the matrices RgQ,B
are partitioned in the manner displayed in (4.3.1) to (L4.3.3)

then along arc E the following conditions are necessary:

(i) The (m-m*)x (m-m*) order matrix Q,B, must be identically
symmetric.

i) If Q.B, is identically symmetric then the matrix
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R, RL
RZ RB = Ré: Say’ (LJ-°3°5>

must be positive semidefinite where

R, = B,'q, - @B, , (4.3.6)

Ra = BZTPBz - é% <Q2B2)" QzBB - BBTQzT’ (4'3'7)
and B, = AB, - B, ., | (4k.3.8)
Proof

We shall first prove condition (ii); +that is we assume
that Qsz is symmetric. Before the method used to prove
theorem 1 above can be employed, we must first eliminate the
derivated vector k from the equation of variation (L.2.7),

which can also be written thus,
¥ = Ay + B0 + Bgk. (4.3.9)

A transformation that does this is

i

y =T+ Bk , (4.3.10)

where T 18 a nx 1 matrix. The inverse of this transformation
is obviously,

T =y - Bpk . (Le3.11)

Therefore the transformation (L.3.10) is a one-to-one mapping
of the (y,v)-space into the (v,v)-space. Another motivation
for the transformation (4.3.10) is that it leaves 2w of (L4.2.6)

in a form in which x may possibly be eliminated from the second
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variation by means of an integration by parts.

Differentiating (4.3.10) we get

Y = T + Byk + Bgk | (4.3.12)

Using (4.3.10) and (4.3.12), we have

T e T T . T
2w = ¢ R0 + 200Q,¥ + ¥ Py + 2K Q.Y, (4.3.13)

TR, G + 207Q,T + 207Q,Bgk + KBAPBuK + K BoPT

1

+ T PBgi + TPT + 2k QpT + 24 QBak,  (L.3.1L)

and T + Byk + BZK = AT + AB_k + B,0 + B,k
. T = AT + B,o + (ABz-ﬁz)K, (L.3.15)
= AT + B,0 + Bgk . (4.3.16)

Hence we have successfﬁlly eliminated x from the equation of

variation,

On examination of (L,3.14), it is seen that k occurs in

2w only in the bilinear forms
p T
2k"QgT and 2k QyBgk. (L4.3.17)
The assumption that QgBz 1s symmetric leads to

ty ty
- f /cé%(Qsz)Kdt (4e3.18)

ty :
./ 2#TQ Bokdt = K QuBgK
o to

to

and in general
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Ta
] 2T QuTdt = 2k Qg

byt |
' _f "ot L (amat . (4.3.19)
to

t t

o) o]

Employing the equation of variation (u;3;16l we have

il

-ZKT(d/dt)(szc) - 2K:TQ2T -2 Qh

u

2k QT - 2 QB0 - 2K QR AT — 260 QeBgkc. (L. 3.20)
Substituting (4.3.18) to (4.3.20) into (4.3.14) we get

2w = TR 6+ 200 Q,Byk - 2K QaB, 0 + ;cT[BgPBQ-(d/dt) ( Qng)—ZQzB% K

T T

4 267G, 4 KTBLPT 4 TUPBLK - 2K QpT = 2K QuAT + T PT. (L.3.21)

Employing thée notations (4.3.6) and (L4.3.7) and

Qs = BEP - Qz - QoA | (4.3.22)

and after simplifications we have

T T T T

S = Ri&-+2K'RB&W%K'RaKWFZ&TQiT-PQKTQaT-kT PT. (Lh.3.23)

Hence the vector & is completely eliminated from the second
variation and the eguation of variation. Therefore the status
of the vector «, in the transformed accessory minimum,problem,
can be raised to that of a derivated vector and this step is

taken by replacing « with k*, say.

Following this, it is observed that the vector P

appears in

2Y[§:T(ti>:;€*(ti>]’ \,{"uf:f,’t(ti),}’c*(ti)], ()-%3-21#)
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However, any restrictions placed upon the vector %*(ti) do

not reduce the class of sets of admissiblé'vector functions
w(t), o(t), k*(t), satisfying the matrix equation of variation,
for any such set can be made to satisfy such restrictions by
ihfinitesimal adjustments over small neighbourhoods of the
endpoints and these adjustments will only affect the integral
in Jg infinitesimally. As a conseguence, the quantities

&g(ti) can be treated as parameters playing roles similar to
that of §&;. Hereafter we will let &£ denote the set £, and
(). |

Employing the transformation
K o= ok | (4.3.25)

the equation of* variation becomes

T = AT + Bio" + BS!.C* (L.3.26)
and 2w = GTRyG + 2k Ra G+ ¥ TR RH 4 26T Qy
+ Qk*TQ3T4*TTPT . (4.3.27)

In this transformed accessory minimum problem the application

of the classical Clebsch condition to the accessory extremal
§ = O’ T = O, a’ = O, K* - 0’ (Li-o5028)

leads to the necessary condition that, along the minimizing

arc E of the primary Bolgza problem,



57

0O 0 0
7|0 R:e RI| 70, (4.%.29)
0 R, R,

for all (n+m)x 1 matrices 7 satisfying
(I By Bs)m = O. (Le3.30)

Taking T g0 0ol to be arbitrary, condition (L.3.29)

m+1’ "m+e n+m
subjected to (4.3.30) is meen to imply that the mx n matrix

_ <R1 R2T>
Re = \p. g, (4.3.31)

must be positive semidefinite. Hence we have proved condition

(ii). Q.E.D.

We will now prove condition (i). If QgBs is not
symmetric we introduce new partition lines running between the

m** and (m*#*+1) roWs/c&gumns where m* < m¥*< n-1. Then

O .
O ] (403932>
0

2v}
1!
O
o O O

Qs | , say, ’ (4e3.33)

Qo

O
1

lus]
b

(By B¥ Bi*), say. (L.3.34)

Purthermore m** is chosen such that the (m-m##*)x (m-mw#*)
order matrix Q¥*B¥%* is symmetric and is of the highest

possible order. With m*#* chosen in this manner, the non-
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symmetry of QgBs implies that

pixTouT _ geagk o o (4.3.35)

This is easily seen on examining

o (WLEL) o
2 2 2 2
1f By*'qxT - Qu*Bx = 0, then the order of the symmetric matrix
Q%*Bi* can be increased by at least one. This is because the
(m-m**+1) x (m-m**+1) matrix consisting of Q¥*B%¥* and the last
column of Qg*Bgrwand the last row of QiB** and the last
diagonal element of Qng is'éymmetric. In the most extreme
case Qi*B¥* is a onex one ofﬁer matrix which is%@rivially

symmetric. This accounts for m¥*g< n-1.

*ﬁS"Q:*Bg* is symmetric, condition (ii)-of this theoren
is applicable to the accessory minimum problem With matrices
R,Q and B partitioned in the manner displayed in (h4.3.32) to
(4.3.34). Thus we are led to the condition that the matrix

T
R, O RE” |
R, ={ 0 O REx| (4.3.37)
| RY RE* RY

must be positive semidefinite, where

Ty —qux (8, BY),

TorT-qeems),  (4.3.38)

(R§ RE*) = BExT(Q] Q
T T

il

(Bx*"Q Q**g IB**
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Therefore,
R# = BikiQr - QE*B (L.3.39)
2 7 T8 1 2 4 M
_ T.,.T ,
Ry = BA#TQET - QRiBk, (L.3.40)

The positive semidefiniteness of R, of (4.3.37) implies

that the submatrix
0 RgxT
Ri*  R% (h.3.41)
2 3

must be positive semidefinite and by Lemma 1 we are led to the
condition

RE* = BE*TQET - Q*¥B% = 0 . (4.3.42)

But from (4.3.35) this condition is not satisfied. Hence

matrix QgzB, must be symmetric. Q.E.D.

Corollary 2.1.

Suppose that the control variable u, appears linearly
in (4.1.2) and (4.1.3). Let us equate to zero the variations

of all the other control variables, that is, let
Vr(t) = O’ r = 1,2,...,1’[1-1. (LL0301+3>

Then the matrices R,Q;P,A,B of this reduced accessory minimum

problem are

tJ
1l
©)

O
1

9%H ,> -/ 9FH >
- 3 P= = s (L|-03¢2-‘-L|-)
< aumaxi : k axiaxj

of ar,
A= <5§7>; B = <§a-> . (4.3.45)
J



60

Assuming that this reduced accessory minimum problem
remains normal, the method used to prove condition (ii) of

Theorem 2 can be used to prove the necessary condition
T, d > A
B°PB - gx(@B) - 2Q(4B-B) >0, (4.3.L6)

along a singular minimizing arc E of the primary Bolza problem.

Therefore we have

) 8fi 3%H afj . a [:azﬁ 'afi]
8qm axiaxj aum‘ dat aumaxi ou
af. of. af,
o [. y L -3 < l>]
aumaxi axj aum at 8um

where m is not summed and this condition is equivalent to the
test first obtained by Kelley [19]. Note that Kelley used the
other Hamiltonian function and this accounts for the difference

in signs between the above result and that of‘Kelley.

Cporollary 2.2.

If QeBz is identically symmetric and Re = O and Rs = O
along a singular extremal E then a new set of conditions is

necessary at each element of E, namely:

(1) The (m-m*)x (m-m*) order matrix QsBs; must be identically
symmetric. Thé matrices Qs and Bg are displayed in

(4.3.22) and (4.3.8).

(ii) If QsBs is identically symmetric, the matrix
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T
R R
< ' R2’1> , (4.3.48)

R
2’1 3,1

must be positive semidefinite where

Rg,1 E BEQT - QB  (L.3.49)

Ry,s = BgPBy - $3(8,B,) -Q3, - BG; (1.3.50)
3

B, = ABz - B3 . (L.3.51)

In the same manner there exists a series of negessary
conditions involving the symmetry of QkBk (k not summéd, k>2),

and the positive semidefiniteness of

T
R, ng—z. : )
Ll-o3052
RB ’k_z RB’k-s
where R = B0, - B o (L4.3.53)
2’k_2 k 1 :’k 4 ! g e e
- d T o7
R oy = ngBk - S(QB,) - @B, - By 97 . (h.3.54)
U FBeP- O uh - G, (4.3.55)
Brys = 8B = By » | (4.3.56)

assuming that for h = 3,4,...,k-1, the matrices R, , _ and
’

R vanish identically and QhBh is symmetric.

3 ,h""?:

Proof

il

If R, = 0 and R; = O then from (4.3.27) we have

2w = &TR1& + Z&TQim + Zk*TQBT + TiPr (4.3.57)
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and the equation of variation remains as
T = AT + B,0 + Bgkk. (4.3.58)

These are in the standard forms displayed in (4.2.6) and

(L.2.7) but with

R = (il Z) , (4.3.59)
Q= (21) (14.3.60)
B=(B, Bg). (L.3.61)

Moreover the end variations appear in the transformed
accessory minimum problem in the same manner as they appeared
in the original accessory minimum problem. Hence this
corollary may be proved by employing the same arguments as
those used to prove theorem 2, Repeating in this manner the

series of necessary conditions may be obtained.

Notes. 1. In corollary 2.2. we have limited ourselves to the
special cases when the matrices Rg and Rs vanish identically.
The more general case when only certain submatrices of Rg and
R; vanish identically could have been considered. However,
this requires introducing many new matrices and we will lose

sight of the main features of such singular problems.

2. Theorem 2 and corollaries remain valid but slightly
modified when the control functions are subjected to the

inequalities displayed iny(&,1.6).krThe simplest method to
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deal with such complicatiqns is to let the variation of any
control variable function ur(t) attaining its bounds be zero.

A more rigorous but tedious method is to employ the Valentine's
device, Lawden [13], Berkoﬁitz [27] and absorb the new

multipliers into the matrix R,.

3. In practice the series of neoéssary conditions in
corollary 2.2. will either be effective or else it will
indicate that a combination of the second and higher order
variation of the functional J of (4.1.2) must be examined.
"Effective" means that the conditions will either be violated
or else strict inequalities are eventually imposed (except

possibly at a finite number of points in the interval [xl,xz]).

L. On examining the matrices Rg,Rz and Bz displayed
in (4.3.6) to (4.3.8) it is easily seen that the matrices Bg and
Qz occur most frequently. Therefore the calculations for the
matrices Rs,Rs and Bg can be reduced 1f there are zero elements

in Bz and Qz. From experience this is a common occurrence.

5., We will now make a note of other useful forms of
the matrix Rs; of (L4.3,7). Firstly, in obtaining (4.3.23) from

(L.3.21) we have employed the gquadratic form property

21T QB ke = K (QpBg + Boas) i (L.3.62)

This enables R, of (L.3.7) to be a symmetric matrix. It is
perfectly legitimate not to use this quadratic form property

at this stage in which case we have instead of R, of (L.3.7),
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BAFB, - 3 Q,B, - 2q,B, = R§ , say. (L.3.63)
By (4.3.8) this is again expressible as

R¥* ngBz - QzBa - Qzéz - 2QuAB, + ngéz’

I}

ngBz + Qzéz - ézBs ~- 2QzAB,, (L.3.64)

(ng""Qz"QzA)Bz - QSAB + Qsz’

il

il

QsBz - QgBgz, (L.3.65)

by means of (4.3.22) and (4.3.8).. This matrix R¥ is however not

necessarily symmetric.

Secondly, we have from (4.3.7),

. T o T.T
R, = B.FB, - at (Q252> - QB — By,

‘ » * . T T
BgéBz - Qsz - Qsz - QzABz + QeBz - Ban y

1

i

S T.T
(BS%'”QE"Q2A>B2 - BgRs

QaBp - Bgég ’ (L4.3.66)

1}

by means of (L.3.22).

L.4. VARIABLE THRUST ARCS. FOR ROCKET FLIGHT IN A RESISTING MEDIUM

We will examine the extremal variable thrust arcs of a
rocket moving in a resisting medium and in a vertical plane of
a flat earth. This problem has been studied in detail by Miele
[25]. We shall consider the simplified case when the thrust

direction is always tangential to the velocity vector and when
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there are two degrees of freedom, namely, the 1lift program and
the mass flow program. The case of one further degree of
freedom, namely, the thrust direction program, becomes

unmanageable analytically.

If X denotes a horizontal coordinate, h a vertical
coordinate, V the magnitude of velocity, y the angle between the
velocity vector and horizontal direction, in the mass, g the
acceleration of gravity, ¢ the equivalent exit velocity of the
rocket engine, B the mass flow, D the drag and L the 1lift, the

equations of motion of the rocket are

X = V cosy , (Lol.1)
n=v siny , (Loho2)
V = -g siny - (D-cB8)/m , (Lolra3)
¥ = -(g cosy)/V + L/(nV), (Lobioly)
ms=-f (Lolsa5)
and 0 <B<B | (Lolto6)
where D = p(h,V,L) and g = const. (Loko7)

The problem is to minimize a certain terminél
performance index G(X,h,V,y,m,t) subjected to conditions (L.l.1)
to (L.4.6) and prescribed end conditions. As only extremal
variable thrust arcs aré}being examined the constraint (L.4.6)

is ignored. The control variables are L and .

The Hamiltonian function is
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H = N\, Vecosy+ A, Vsiny - N[ g siny+(D-cp/m]
-N[ (g cosy)/V -L/(aV)] - NsB. (Lol 8)

The Euler-Lagrange equations are

Ao=0, (Lolta9)
Ae = (ha/m)(8D/n), (l4.4.10)
Aa = = Nicosy - Agsiny + (Na/m)(8D/8V)

- (hag/V?)cosy + NL/(mV?®), (Uolpot1)
A = MV siny - NgV cosy + Ns g cosy

- (Ng/V)siny , | (Lo, 12)
As = = Na(D=-cB)/m® + NL/(0PV), (Lela13)
- (Na/m)2D/0L + N/ (mV) = O , (Lelotly)
(ehg/m) - As =0 . (L.4.15)

Differentiating (L.4.15) we get
- cmhs/m? + cha/m - Pe= O (L l.16)

Using equations (4.4.5), (L.4.11), (L.4.12) and (L.l4.1l) this

equation gives

:}\ ‘éf ~7\&.
(%icosy+kgsiny) E? <§*F%%>‘—EV[K%-%>L%-%gCOS?], (Lele17)
JNe/D o\ Ms aD[/1 1\, m »
?{(‘5 +'5%> "W E[("c"‘ ff)L * ngCOSY} (L4148

We will show that the Euler-Lagrange equations and (L.4.18)

i

imply that the matrices R,,R;,R; of theorem 2 are given by



. 2%H\ _ Ns 3%D
tE\T9F) T w aF

R, - She [2°D_ 1 3D
2 T 7@ |BLov 'V oL |
5 - c®N\s [3%p 2 aD D] Ns 4D
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(Lel19)

(4.4.20)

s = HE | FTE TS Y OF |toEvE 55[2mgc2cosy+L(2cV-2c2-vg)].(u.u.z*i)

Calculations: The equations (L.4.5) and (L.L.1L) will be

frequently used to eliminate m and h, respectively.

We will use

X5 to denote the set of state variables X,h,Vy,m respectively.

The symbols fi will be used to denote the right hand side of the

equations of motion, We have
of :
T i :
B2 = <Tﬁ% = (O,OQ%SO’~1>’

9”H chg
Q :<-—~>=<oooo-——.
2 aﬁaxi PTATIT IR
It follows that

of

i T

ABE = <5§%><0901%109“1>
j

afi c afi ‘ ;
=\ u- 8m> = (C;), say.
=T c
Bz = 0,0,mz,o,o »

It follows that | o
-2Q,B, = -2Q,C + 2Q,B, ,

= ~2Q2565 + 2Q25é25’

c7\3 afg, C afs
STWA\®W a"m /)t O

= O,

(L.p.22)

(Loly.23)

(L.l.2h)

(4.h.25)

(L;.LL.26)
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Now .
C}\s
Q2B2 == mg b4 (&'L"‘Q”?)
It follows that

d cha 2chgf3
= Q. B, = - -
dt ®=7a m? n3 ’
c . CAs 9D | ¢ N8
= o7 (N cosy + Ngsiny) - EF? Ot oE “%g cosy
Che 2chgf3
T WEVEM T Tms o ¢ (Lols.28)

Rs; = BagPss + 2Bz3BgsPss + BisPss — %% (Q2Bz),

- -8R 2Bl SRS (q5,). (1.4.29)
S - L G S ooy - S (415:30)
Ze S\Brgm = 200 B, 2ohd (Lol 31)
S22 (pocp) - Dt (14.14.52)
It follows that
R. = - S5 (hcosy + hesiny) c®hg 213 38D, 21)]
- o7 (Aicosy + hgsiny -+—~g~ 57E ~+c 50
- g P cmpes L 2k B (k)

Then using (4.4.17) and (L4.4.14) we get R, as displayed in
(L.h.21).

Ry = Baai - QgBy ,
cA
:}%Q’is - Qi& —E—é-@-Bisa (LL-)A}..,B)-O
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9%H_ _ Ns 37D A
Qs =~ FmeV = T oTov t wiE
N ?\3 8213 7\3 oD
=% 3oV * mv oL ¢ (boly.35)
o°H Ng 3D A
Qis =~ 3Tom = " m® anL t m%V =0, (hehi.36)
5 A
Bis = gif'é' = 0 . (4-&057>
It follows that
Ch; [9%D 1 oD
Re = 4% [M*V “é'i:! ;
as displayed in (4.4.20). Q.BE.D.
Theorem 2 implies that
Rl 2 O * (LL\.LL.38)
R,Ry - RE 2 0 (4..4.40)

The inequality condition (4.4.38) is contained in the classical
Clebsch condition. From it we may deduce the sign of Ng. The
inequality (L.4.39) can also be dbtained by Kelley's test [18].
Inequality (L.4.4O) is a new optimality condition. Note that
the matrix corresponding to QgBg ié‘trivially symmetric because
it is a. onex one order matrix. In general, if singularity is
due to only one control variable appearing linearly, the matrix

corresponding to QgBgz is trivially symmetric,
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L.5. A CLASS OF IDENTICALLY SINGULAR OPTIMAL CONTROL PROBLEMS

Employing the indices displayed in (L.1.1), the statement
of the problem is: Find control functions ur(t) which minimize

the performance index

3 = alx(ta),ta] 4 [timx,w F L, (o0at ,  (h5.1)

o]

with state variables xi(t) satisfying

ii = 0, (x,%) + Dir(x’t)ur , (4.5.2)
Xi(to) = Xy s (constants), (4.5.3)
Y x(t,),,] = 0 . (Lo5.k)

and vector (uP)ESU which is an open region. Here L ,L., C,,

Dir are known functions of Xj and t. This problem is a

generalization of the extremization of the general linear

integral studied in the previous chapter.

' The Euler-Lagrange equations are

oC oD 4 oL oL
N o= — — —ds — —=
7\:‘L - 7\j 9X. 7\j ox, Ys * ox, T % Bx, (L.5.5)
i i i i :
D, - L_ = 0. (Lo5.6)

In the notation of theorem 2 the matrix R along a singular
extremal E, satisfying these Euler-Lagrange equations, 1s zero

and hence theorem 2 is applicable. The matrices
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of.
B, = <§-ﬁ!-> =) . (4.5.7)
r
9*%H - D4y aLr
Qe = (-.-. —-:--—-"> = (—?\ ‘—""L-}' > (}4—05‘8)
2 auraxi J axi Xy

It follows that

i

ab 4 oL
QzBe <*%j —dLp, 4+ =L D, >

axi is axi is

= (m,5), say. v (4.5.9)

Condition (i) of theorem 2 requires that this mx m order matrix

(ﬁfs) must be symmetric along the minimizing arc.

An example of such a problem was formulated by
Breakwell [33] in connection with oPtimai guidance. The
statement of the problem is: Find control variables u(t) and r(t)

go as to minimize the performance index
T .
J = f [2wWD + ar]dt, (4e5.10)
© |
with state variables p(t), g(t) satisfying

- 2Tup+ rag? , . (4e5.11)
- rag®, (L.5.12)

gge kKie
oo

where v = T -1t with T predetermined, o is a specified constant
and a(t) is a known function. We will assume that the end
conditions are of the form (L.5.4) and that singular extremals

involving intermediate levels of both r(t) and u(t) exist.
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As displayed in (4.1.9) we define the Hamiltonian

function

H = Nrag®-2rup) - ura g - 2wWp ~ ar,

The Euler-Lagrange equations are

A =
—27\@ - 2’\/-:9 =
=> 7\'CN/-p + 1 =

Na g? - pagt - o=
= o+ (u-N)ag?® =

2Ntu - uNp,
2(u-Nrag,
o,
o,
o,
o .

In the notation of theorem 2 we have

-27p ag®
B, =( 0 —agz) ’
oONT+1 /N 0
Y 0 -2(N\-u)ag
-1/ND 0
) 0 -2a/ ’

by means of (L.5.16) and (4.5.17). Hence

2Wp
0

Qsz =

~a g%/Np

2aog

In order that Q,B, is identically symmetric

(4.5.13)

(4.5.14)
(4.5.15)

(4e5.16)

(4.5.17)

(4.5.18)

(4.5.19)

(4.5.20)
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1

a.g¥p
=> g = o . » (&.5.21)

o,

This rules out the doubly singular extremals involving inter-

mediate levels of both r(t) and u(t).

4.6. SINGULAR EXTREMALS IN LAWDEN'S PROBLEM

We will now apply theorem 2 to the problem of deciding
the status of the intermediate-thrust arcs which arise in
o@timal rocket trajectory problems, Lawden [13], [34]. The
conclusions to which we shall be led to, are in agreement with
those obtained by Kopp and Moyer [19], Robbins [20], Kelley
[16], Tait [22] and Gurley [21], employing different methods.
In this section we will use the following set of indices:

isj:k = 1’233-

The optimal rocket trajectory probiem may be formulated
thus: Ox,x,x; is an inertial frame. At time t a rocket has
coordinates Xi and velocity components vy its motor thrust'
act$ in a direction having direction cosinesbﬁi and the mass
rate of propellant consumption is m., Then if gi(xi,xa,xs,t)
are the components of the gravitational field in the frame, M
is the rocket mass and ¢ the exhaust velocity, the equations

of motion are

<iw
H

g = (eme )M+ g, (4.6.1)
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M = ow [N, (1'4"6'3)

Employing the usual spherical polar angles 0,¢ the direction

cosines can be expressed thus:
£, = sin6 cos¢, L = sin? sing, &5 = cosf. (L.6.4)
The genersal problem is to tﬁansfer the rocket from a
given set of initial conditions
Vi ® Vigr *1 T %ig0 M =M, at t = 14, (4.6.5)

ﬁo a given get of terminal conditions
P4 vy ()%, (£),M(82) ,82] = 05 (=1,1,...,0€7), (4.6.6)
such that a certain terminal function
T =3 Dy (be) g (80),0(,), 8,1, (4.6.7)
is minimized.

A specific example is the problem of achieving a docking

rendezvous with an orbiting satellite when (4.6.6) becomes

vi - Vi<t1) = 0, Xi - Xi(ti) = 0, (34.6.8)

where vi(ﬁg and, Xi(t1> are the equations of motion of the
satellite, We may want the transit time to be minimized in
which case

J = - ti . ' (Ll-ro6o9>

A further equation of the type (4.6.6) may arise from fuel



requirements. Alternatively we may want the propellant

expenditure to be minimized in which case
J=-MN; . (4.6.10)

Another example 1s the problem of transferring the rocket
to another given point at which it is to have a specific
velocity and such that propellant expenditure is to he

minimiged. This leadsto the terminal conditions

at t = t, (L.6.11)

<
il
<
ksl
1
>
-

and Jd = =M

In the now standard terminology the functions vi(t),
xi(t), M(t) are the state variables and 6(t), ¢(t) and m(t)
are the control variables. From (4.1.9) we define the

Hamiltonian function

H = ki(cnlei/M4-gi) + %i+9ﬁ - N;m. . (Lh.6.12)

Lawden [13],[34], has shown that there exists certain extremals
known as the intermediate-thrust arcs (I-17 arqs), which
satisfy the multiplier rule and the Weierstrass condition.

It may be verified that thé determinant A of (ﬁ,2.1u) vanishes
identically along such extremals. This is becauée the control

variable m occurs linearly in the Hamiltonian function.
The Euler-Lagrange equations are

A= Mg

(Lh.6.13)
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L] ag.
AL o= o= Ay =t

i+$ j axi ’ <u.6.14)
Ny = ﬁ% Aty o (l1.6.15)
on 2
- N =0, (4.6.16)
o oL .
-SEN s =0, (4.6.17)
A L
- c—JM—l+?\r7 =0 . (L.6.18)

By means of (4.6.L4), the equation (L4.,6.16) and (L.6.17) imply
Nty = Ng/la = Na/ls = D, say. (L..6.19)

Differentiating (4.6.18) and employing (L4.6.3) and (L.6.15) we

have
. c_ d cll
Moegra M) - M4
=> N 4; = const = p , (L.6.20)

Denoting the variations of the state variables vy 9%, M
by Ni9Mapir My respectively and the variations of the control
variables 0,¢,m by Z4,449,%,, respectively, the equations of

of variation prove to be

. cm 8£i azi 1 agi (s3]
=W <‘53‘ %6 * 35 ég>+m 80 *Tay Mowy TUe Lilyr (4:6.21)

My = = Lyg v | (L.6.23)
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The integrand of the second variation is

2w = B2H (45 + £5sin®06) + %%E?gion?

9%g .
k 2mpe R
- N 5xiéij ”a+i"e+j"”iﬁ%“ Moy e (L.6.2L4)

By employing (4.6.23) this can be simplified thus:

il

T4 by
[i: %%g LroMrdt = = /; 1%% %TG‘ (77?,) at
° 0

ta ty
_,[ﬁg ﬁi:L + [ 3%%9 n7dt, (L4.6.25)

0 to

i

where use has been made of (4.6.3) after integration by parts.
Absorbing the terms involiving end values in the form 2y, the
integrand 2w reduces to the form

azgk

k B%; 0% | Morifasy (4.6.26)

cm .
2w = Eﬁ— <g§4-g281n20> -
It is clear that 2w and the eqguations of variation are
in the forms (4.2.6) and (4.2.7). The motivation of the above
simplification is to reduce the matrix Q,, in the notation of
theorem 2, to zero. This reduces considerably the necessary

calculations. Again we have

BL = (cty/M,0,0,0,-1), (4.6.27)

Qy =0 , , (L4.6.38)
pem/M 0

R, = (L.6.29)

0 (pem/M)sin®6 f
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Qi = 0 ] ) (u06050>
9L.
& s 05 0, 0, 0
T
B, = , (L.6.37)
em 3t o g 0, O
M a¢ s b4 bd ?
8gi cmé
@ 0%, T W
A = 613 0 0 , (4.6.32)
0 0 0
0 0 0
waggk
P=]0 -—-?\k'é"}?;a—xj O . (Lh.6.33)
0 0 0

The orders of the matrices B,,B; and A are 7x2, 7x1 and 7x7

respectively.

From (L4.3.6) and (L.3.7) we have

R, = BJ.0 - 0.B, = O, (46.34)

i

R, = BJPB_ = 0. ' (4.6.35)

3

Therefore it is necessary to apply corollary 2.2. From

(4L.3.58) and (L.3%.56) we have

Qy = BoP - QuA - O, = 0,  (L.6.36)

By = (ABg -~ Bp)T

cméi g céy ciy

_ <.,_W_a_£ ey ol o). (1.6.37)
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From (4.3.53) and (4.3.54) we get

T
R2,1 =1 Bsoo - O.Bi = O 9 (406-38)
c? G :
Ra’1 = BSTPB8 = - 3E Ziz;j?\k —af;_—é—i; . (lh.6.39)

~ The positive semidefiniteness of the matrix displayed in

(4.3.52) requires that

9%g
pem pem .. g c\*? k
Tl 0, v sin®6 = O, <M> eiejxk 5};523 < 0, (L.6.40)

It follows that p must be positive and together with (L4.6.19)

we have

azgk
')\_%‘?\ _—l-———'
1773 klaxiaxj

< 0. | (L.6.41)

In the special case when the gravitational field is an

inverse square law of attraction towards the origin, we have

X :
=, (4.6.142)

gk':

where r® = x;%;, and it follows that

0% g, 3 15%,
gzzgig = 55 <6ijxk-+§jkxi-+§kixj> - ijk. (L.6.43)

Hence,

9%g
i 1
A AN o - 2 <7\ixixjxj> - L uxp)e. (46.)

But %ixi = p? and AjXy = prcosy, where ¢ is the angle between

the radius vector from O to the rocket and the direction of



80

thrust. Condition (4.6.41) is accordingly

3ug’e (3.55%) < o, (1.6.45)

where s = cosy and hence

either s> (3/5)% or Ozs>-(3/5)%. (4.6.46)

We will now show that all the I-T arcs satisfy the
further inequality‘ ‘
s? < 1/3% . (L4.6.47)
This requires differentiating twice the condition of singularity
AN = p® = const. (4L.6.48)

11

Employing (4.6.13) and (L.6.14) we have

MAN = 0= - MRy ‘ (4.6.49)
and %i%s+i + %i%3+i =0,
985 _
=> 7\a+:'L?\:3+j_ * 7\17\;]‘ ox,; O . (4.6.50)

With g, displayed in (L.6.42),

og . 2 2 |
— = - 2
%i%j 5%, %%r + é%§~ cos®y {L.6.51)
and as %3+i is real, %a+ika+i must be non-negative., Hence

from (4.6.50) and (4.6.51) we get



87

Zup®cos®y - up® < O
=> 382 \<._ 1. v QcE‘oDo

The inequalities (4.6.46) and (L.6.48) rule out those

I-T arces satisfying the condition
0 <8 < (1/3)* . . (L4.6.52)

Lawden has shown'tﬁat all the two-dimensional I-T arcs where
the transit time is not predetermined satisfy the inequality
(4.6,52). Hence they are non-optimal. -The I-Tarcs that
require further examinatidn are those satisfying the second
inequality of (L.6.,46). Along such arcs the thrust direction
are directed towards the oentre‘of attraction. At the present
moment it is felt that such arcs occur in the two-dimensional
case where the transit time is given and in the three

dimensional problem.

4.7. SINGULAR CONTROL FOR LINEAR SYSTEMS

In this section the indices (4.1.1) will be employed.
The statement of the problem is: Find control functions ur(t)

which minimizes the performance index

T

| b1 T
J 5 glx(ty),te] + f u Ru + 2u Qx + x " Pxdt, (L.7.1)

o

with state variables xi(t) satisfying
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1

x5 Aij(t)xj + Bir(t)ur, (4.7.2)

xi(to) = Xi09 (constants) , (L4Le7.3)

1l

YHx(t1),t4] = O | (4. 7.1)

and vector (up)€ U, which is an open region. Moreover
R 0
R(t) = , (4e745)
0 0 '

where R, is a m¥*x m* positive definite matrix. Matrices Q,

B and u are partitioned similarly:

2
Q(t) = |\, B= (B Ba), u-= , (14.7.6)
Q, w

In order that theorem 2 is satisfled we assume the further

hypotheses:

(1) QgBy is identically symmetric,

(ii) the matrix

R, Rg
R%(t) = | 2 (ua7c7)
Ry R
is positive definite, where
Ry () = Bias - QgB4, | | (4.7.8)
Ry (t) = BPB, - g5 (3.B,) - Bgd, - QBy,  (W.7.9)

and. Bs = A—Bz - Bg‘ . ()‘4"7‘1O>
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This class of problems is important because the dynamical

equations of many engineering systems are linear.

The motivation of this section is to demonstrate the
existence of singular extremals and to lay down a procedure
for their derivation. In matrix notation the scalar

Hamiltonian function

T

The Euler-Lagrange equation is

A= - AT\ 4 2qTu + 2Px
= - AT 4 2% + 20w + 2Px (4.7.12)
BiN = 2R,V - 2Qix = O, (L.7.13)
BIN - 2Q,% = 0. (L.7.104)
Also it will be useful to write (L.7.2) as
X = AX + Biv + Bgw. (LL.7.15)
Differentiating (L.7.14) we have
BAN + Bah - 2Qp% - 2Qp% = 0 (4.7.16)

and employing (L4.7.12) and (4.7.15) we get

BIN - BTN + 2BE + 28Xl + 2B px < 20,.x
- 2QgAX = 2Q231Y"2Q252W = 0. (L4e7.17)



By hypothesis QzBz is symmetric. Hence
2B Nw - 29B.w = 0 .
Therefore (4.7.17) becomes
2(Bla-q.B,)v + (Br-BiaT)n+ 2(BIP-q,4-0,)x = O.
Introducing the notation
Qg = ng - QgA ; Qz
and employing (L.7.8) and (4.7.10) we have

ORav — Bah + 2Qsx = O .

Differentiating, we are led to

OB, + 2R,V - Bah - Bah + 20X + 2Qsk = O

8L

(L.7.18)

(4.7.19)

(4.7.20)

and by means of (4,7.12) and (L4.7.15) this equation becomes -

21.22"]' - ZB:'BI‘QEV + ZQsBlv + 2R2’\}‘+ 2QzBgw - 2B3TQ2 = :é:;ll}\ + B:BTAT?\

- 2BaPx + 20ax + 2QzAX = O,

It follows that

2(QsBs —ngg5w + 2RgV + 2(QBB1-ngEKF§2)V
| - BN - Qux = O,
where
B4=ABs-1.33 ’

Qa

1

B;?P - QzhA - QB-

(L.7.21)

(4.7.22)
(L.7.23)
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From (4.3.66) the matrix Rs of (4.7.9) may also be
written thus |

Rs = QaBz - B3Qs . (. 7.2L)

By hypothesis, Re of (4.7.7) is positive definite. Hence
Rs is positive definite and consequently it is nonsingular.
Therefore (4.7.21) may be solved for the vector w in terms
of V, 5, Ny, X, t. Unless Rg = O this solution of w

invariably contains V.

‘A more complete approach is to eliminate v by means

of (4L.7.13). Differentiating (4.7.13) we have
]5‘31%\ + BiT;\ e 2§1V - QR;L{?’ - 2@13{1 "'ZQ;L}:'. = 0, (Ll-.7¢25>

Employing (4.7.12) and (4.7.15) this equation becomes

2R,V = (BF- BAAT)N + 2(BJoF- QuBa)w + 2(Bfai- QuBy - Ry)v

+ Z(BEP— QiA - Qi)x = 0,
It follows that
2v = R1*(BE- BTAT)N - 2RI'Rw + 2RT* (BLQf- QuB1 - Ru)v
+ 2RT*(BIP - QuA- Q4)x = O. (4.7.26)

Substituting this into (4.7.21) and by (L.7.24) we
have

OReW - 2RaRT IRaW + 2RsRT: (Br- BAAT)N - BAA
+ 2RgRI*(BiQi- QuBi- Ry)v+ 2(QaBa - BaQi+ Rp)V - Qux

+ 2RgR7* (BiP - QuA- Qs)x = O. (4.7,27)
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The coefficient of w is
2(Rs - ReRTRS ). (4.7.28)

From Gantamacher [31, p.46], the determinant of Re of

(L.7.7) may be expressed as

IRa| = |Re||Rs - ReRT R

Since Rse and Rys are positive definite and consequently non-

singular therefore we have
|R1||R3-R2R21R§| > 0 (4.7.30)
=> |Ro- RzRI'Rs | > 0. (4.7.31)

Hence (4.7.27) can be solved for w in terms of A, x, v, t.

The procedure for the derivation of the singular
extremals is now clear. Firstly (4.7.13) is solved for the
vector v in terms of A, x, t. This is possible as R, is
nonsingular. Then this vector v is substituted into the
solution w of (4.7.27). The vector functions v and w of
N, X, t are then substituted into (4.7.2) and (4.7.12) and
we are led to a system of 2n first order differential
equations in A, x, t, which in principle can be solved.
Subsequently the imposition of the constraint (L.7.1L4)

reduces the dimension of the solution space to a lower order.

4.8. ON THE DERIVATION OF SINGULAR EXTREMALS

In this section we will examine how singular extremals

may be derived. It will be assumed that the independenﬁ

. (4o7.29)
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variable t does not occur explicitly in (4.1.2) to (L.1.5)
If otherwise, t is eliminated by means of Xt = t and the
equation

X =1, (L.8.1)

is adjoined to (4.1.3) and Xn+1 is considered as a state

variable.

In the special case in which the problem involves only
d single control variable appearing linearly in the Hamiltonian
function it may be shown, Tait [22], that corollary 2.2. is

equivalent to

2m
oH
(—'1)m-g-a-[§‘—m <§'a>:|< 0, . (L.8.2)
dt
v a*_ /o
With E.EE <-a'_a'> = 0 fOI‘ k = 1,2,...,211’1. (Ll-o803)

Note that our Hamiltonian is defined by (L.1.9) whereas that
of Tait and Kelley is defined by (L.1.8). If the inequality

(L.8.2) is satisfied strictly it means that the equation

2m
S (F) =0, (1.8.13)

can be solved for the control variable u in terms of %i and

Xi oo
1

The procedure for deriving the singular extremals is
then clear. It consists of solving (4.8.4) for the control

variable u as a function of %i and Xy and substituting it
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into the equations

ii = £, (x,u) -~ (4.8.5)
and | Xi = - %%;(%,x,u) . (4L..8.6)

The general solution of this system of differential equations
contains 2n arbiltrary constants. However, (u.8.3) must be
satisfied and the final solution space is of a lower
dimension, which depends on how many of (L.8.3) are

independent equations.

We will now generalize these remarks to the problem
when the control variables u., for r = m*+1, m*+2,...,n
appear linearly in (4.1.2) and (4.1.3). The indices (4.1.1)
will be employed. The notation of theorem 2 will be used.
‘We will assume that the matrix QgBp is identically symmetric

and R, of (L4.3.5) is positive definite. We will firstly show

that
] \

R, = (- 5hw) o (1.8.7)

a B

5 4 oH
R, = <auﬁ = aup), (14.8.8)

- 2

R3 - RERiiRE = <aauv ljgtz <g§p>:|> . (Ll-o8o9>

Calculations: With the Hamiltonian function H(A,x,u) defined

by (4.1.9) the matrix R, is obtained by definition. The

positive definiteness of Re implies that R, is éositive



‘definite and is conseguently nonsingular.

It is convenient to rewrite

%i = fi(x,u) as X, =

The Buler-Lagrange equations are

> o

k- e T
i axi
9
aua =0,
and %ﬁ- = 0 ,
Yo

We have, by definition,

A = (aQH/axiaxj) ,
B, = (8%H/oN 0u,)
By = (aza/axiaug) ’
Q. = (-0”H/3u 0%;) ,
Qe = (—82H/Bupaxi) ,
P -

= (-8%H/0x;0%,) .
It follows that

Rz

il

T
Bng - QgBy = (Rz,pﬁ) ’

0”H

1

< 0%H 9%H 9%H

BB = ABQ - B2 = (Bg’ip) s

9”H hds! d 0”H

- +
axiaup auﬁaxi aupaxi axiau

p> '

B (axja%i akjaup ‘dt axiau

ﬁ>'
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(4.8.10)

(L..8.11)

(L.8.12)

(L4.8.13)

(4.8.14)
(4.8.15)
(4.8.16)
(L.8.17)
(4.8.18)
(4.8.19)

(4L.8.20)

(4.8.21)
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Qo = BaP - Qe - Qs = (9, ;)
9”H 9”H 9”H 9%H d _9°H >
= (= - + o e S =), (4.8,22)
< 8%jaup axjaxi aupaxj axjaxi dat aupax.i ‘
From (4.3.66) we have
FRS - Q‘SBQ - Ban - (Ra,pv>
_ <_ _0”H 9°H _ _9%H _ _0%H 0fH__ _0%H
| a%jaup axjaxi a%iauv aupaxj axjaxi a%iauv‘
. g{ [ 9%H ] 9%H _, 9°H  _0°H__ _9°H

d 9%H . 7], 9®H > (
= \ R ° 2—‘-o8.23)
at *axiaup tauvaxi |

We will now consider the consequences of differentiating
(4.8.13). We recall, section L.2., that the assumption that
the control variables up appear linearly in H and the further

assumption that the classical Clebsch condition is satisfied

imply .
i—z0, Fh-=o0 (4.8.21)
ou ou_ ~ * 9u ou_ ~ * e
p PV

It is useful to note that H is linear in %i.

Employing (4.8.10) and (4,8.11) we have

d dH 9%H oH 9*H oH
w—— = r * ” + o = O 'Y (Ll..8.25)
at aup axiaup axi aupaui axi

It follows that



3 4 2H
auv dt ogu

)

(BaQs - QzBg) »
o, ' (4.8.26)

it
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9%H 3°%H N 9%H = 9%H >
' ) . $
a%iaup auvaxi aupaxi axiauv

as QgBz is assumed to be identically symmetric. Again, we have

du, dt ou

<a d_ 2H
B

)

11

9%H  _3%H 9%H__ _o®H v>
B

e . - +
a%iaup‘au axi 8upaxi a%iau

B
(4.8.27)

from (4.8.20). Therefore we have proved (4.8.8). The otherk

partial derivatives of (4.,8.25) are

9 4 oH _ _o®H ofH __ . _0°H 0%H
., d BxX . . \ -,
8x1 t aup a%jaup 8Xgax1 aupaxJ akjaxl
9%H oH 9%  8H
- — + - el NI ()4-08028>
8%jaupaxi‘axj.,aupaxjaxi 8%3
o4 9H _ _ _3%H _ _3%H 9°H __ oH (1.8.29)
axi at au aupa%j axja%i aupaxda%i a%j
Next we note that
d 9%H 9%H oH 9%H oH
. . . 9x.9x., oA, °?
dt aupaxi ,8up8x18%3 axa | aup Xlaxa a j
2 a ‘

at oN ou. - BN, 0u _9x. Om. °
SR ™ 19909 9N

Employing these, (4.8.28) and (4.8.29) become

g 4 oH

— e

ax. dt ou_ T
o

1

32H

0%H 9%H 9%H . 4 _@%®H

S NET I
%Mo 9598

+ — - t BT ot
0 0%, Br.ox. T At Ju ox. !
Yo 3% Yoot

J
(L.8.32)
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oH_ _ 9%H_ o”H da _9%H
5X“ a% o]~ - 8u axa ax N, + at Exzﬁﬁ; . (4.8.33)

We will now examine the second time~derivative of

(4L..8.13): we have

#WE)- %Ea%%—)]

. d
““au at 7N 1dt au E
BH
t au

=0 . (4..8.34)

H

Employing (4.8.26), we have

9 | a® /om )] o[ 8 (a )] 2 [a eH |o%H

ang@tz\aup = Buy| "oBu \dt au TN Ldt ou “pu 0%,

a] 4 9H | 8%H. S | |
+ =T A 5% (4.8.35)
axi‘dt ou _ @%iauv ’

Again employing (4.8.26), we have

o[ o 4 oH :]_ My 0 4 9K L. B B 4 OH
o = agu_ ¢ 3q
ou | "%, at au ou,, du, dt ou, ou,, du, dt du

3% .
a _8]d. ,
= B4, Fuy| dt aup] S (4:8.36)

" To evaluate aﬁ&/auv, we differentiate (4.8,12), which
gives
3%H . 9*H_ oH 9°H__ 8H

auﬁaua o auﬁaxi axi auﬁaxi a%i

As matrix R, is nonsingular this equation can be solved for



ua. Hence

9%°H

OH

S o-pt . 2%H__oH
o T1,pBa auﬁa%i axi auﬁaxi axi

It follows that

9%H

ad

]

*H

v

H

R7*[Bias - Q4Bs ]

T

= - R, 'R} .

. 2 2
_a__q> - R— 4 L_ 8 H a H + ‘ ‘
<au auﬁaxi axiauv auﬁaxi axiau

93

(4.8.38)

(4.8.39)

We note that Ry,Bs and Qi are independent of u, because of

(4.8.24). Therefore from (4.8.36), (4.8.39) and (L.8.8) we

have

QJ|Q:
ot

<L_@.L_ ﬁgbz
auvi o aua aup

il

8 4 OH_
ou_ dt au
o P

- RsR:'Rs .

>(-RI¢R

(4.8.40)

Employing (4.8.32) and (4.8.33) the other terms of

(4:8735> are

) d_ oH 9%H 9 d_ 9H 9%H
N E@t aup:]auvaxi + 0% [EE ou COVEEN

=t aiégu agégx agzgx - %% [@izgu agzgxf
Joep i1 Tyl | i7 7 p- v i

_ _o"H 0fH _ _9°H _9%H o%H _ _0%H
8%jaup axjaxi a%iauv aupax. axjaxi éﬁiauv

+ %E ag%gx;] ai?gu
o i7"y

Ra’pv ’

(4.8.41)

from (4.8.23). Therefore (4.8.35), (3.8.40) and (4.8.41) imply
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<auv [gtg 8up]> = Ry - RpRs1 Rz

which is what we set out to prove, see (4.8.9).

We recall that the matrix Rse, in the notation of theorem
2, is assumed to be positive definite, Therefore R, is non-

singular. From Gantamacher [31,p.46]

|Re| = |Rs||Rs - ReR: R2 |
>0 . | (4.8.42)

Hence (Rs-RnglRSB is nonsingular.

- The procedure for deriving the singular extremals is

thus:

(1) Differentiate (L4,8.12) with respect to time and solve
for ﬁa(%,x). From (4.8.37) this is possible as R, is non-

singular.

(2) Compute the equations

. |
e Tl (4.8.13)
. P

o

which will involve ua,ua,up,%i,xi. The variables u, occur
only linearly and are eliminated by means of ﬁa(%,x) obtained
in the previous step. We are thus led to an equation

involving only ua,up,%i,xi .

(3) As (Ra-RsziRE) is nonsingular, by (4.8.9) this equation
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can be solved for u, in terms of ua,%i,xi.

(4) The equation (4.8.12) is solved for u, in terms of A,

and X o This solution ua(%,x) does not contain u, explicitly as

azH/auaaup = 0, Substituting into up(ua,%,x) of the previous

step we obtain solutions ur(%,x).

H

(5) These functions ur(%,x) are substituted into (L4.8.10) and
(4L.8.11). The general solution of this sytem of differential
equations in ki and Xy contains 2n arbitrary constants.

However, the imposition of the conditions

Q:Bz = Baas (L.8.41)
oH d oH
and -éa— = 0, a‘_‘t" T = O,‘ (4.8.)4.5)

P P

reduces the number of these arbitrary constants.
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CHAPTER 5. SINGULAR EXTREMALS TN THE GENERAL BOLZA PROBLEM.

5.1. A PRELIMINARY TRANSFORMATION.

We will now consider the accessory minimum problem of
the Bolza proplem as formulated in section 1.1,1. We will
assume that the integers m,m*,n satisfy the inequalities

0<m<n® <n. (5.1.1)

The problem is supposed to be singular, that is, the
determinant A of (1.3.9) vanishes identically along the

reference minimizing arc E.

Employing matrix notation, the integrand of the second

variation can be written thus:

2w = n'TRy' + on'Tan + nten, (5.1.2)

and the m differential constraints (1.3.10), become

¢n' + 6n = 0. (5.1.3)

We will show that we can always reduce the accessory
minimum probiem into a form in which the matrices R,Q,¢ have

the forms

r=(° 0 ). (5.1.4)

Q = < o >, (5.1.5)



o7
¢ = (I,1-B*), (5.1.6)

- where partition lines run between the mth and (m+1)th

rows/columns and I, is the mx m identity matrix.

In general, the matrices R,Q,$ of (5.1.2) and (5.1.3)

are of the form

. ’T( i: Ej > , (5.7
‘ Q = < = > : | (5.1.8)
¢ = (N |u), | (5.1.9)

where partition lines run between the mth and (m+1)th
rows/columns. According to the hypothesis of section 1.2,
¢ must be of rank m everywhere in TI's1. Hence we can arrange
the nbmenclature so that N is nbnsingular. Thus N™% exists

and premultiplying (5.1.3) by this matrix, we obtain

(I, &)n' + Bn = 0O, (5.1.10)
where A = N7, o (5.1.11)
B = N~%¢g. | (5.1.12)

Partitiéning 7 thus:

=68 ), | | (5.1.13)

where p is a mx 1 matrix and 7 is a (n-m)x 1 matrix, we have,

employing (5.1.7) and (5:1.8),



t t

T
n "Rn =

ot T

Rezp' + ZW'TRgp‘ + T

¢ T

zn'TQn = 2p'TQ1ﬁ + ZW‘Tan.

Equation (5,1.10) may be written as

p' + Aw' + Bnp

-_—'Oc‘

t
R;L?T s

p8
(5.1.14)

(5,1.15)

(5.1.16)

Eliminating p' from (5.1.14) and (5.1.15) by means of

(5:1.16) we find that

T

n' Ry’

Where L

i

~
i

R* =

H =

= ' TR 4 2#'TKn + nT
n' =V2W'TGﬁ + 7 Hn,
BTLZE}
ATR.B - RyB,
ATR,A - RgA - ATRg + Ry,
Qe - ATQ1
BQy - QiBT .

Ln,

It is convenient to introduce the notation

Q¥ =
P* =
B¥ =

Clearly R* and P*

G+ K + Qg

~-A, A* =

H+ L+ P,

"'Bo

are symmetric,

(5.1.17)
(5.1.18)
(5.1.19)

(5.1.20)
(5.1.21)

(5.1.22)

(5.1.23)

‘ (5:1 02)4~>

(5.1.25)

(5.1.26)

Substituting (5.1.17) and (5.1,18) into (5.1.2) we are

led to

2w = T TR + 2w'TQ*n + niPy.

(5.1.27)
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Employing (5.1.26), (5.1.16) becomes

p' - B'r' - A*p = 0. (5.1.28)

Comparing (5.1.27) with (5.1.2) and (5.1.28) with (5.1.3) the
matrices R, Q, ¢ are in the forms displayed in (5.1.4) to
(5.1.6).

We will now prove that the reduced form of the
accessory minimum problem with matrices R, Q, ¢ displayed in
(5.1.4) t0 (5.1.6), is singular if and only if the original
accessory minimum problem is singular. We define an

(n+m) x (n+m) matrix C in the partitioned form

D -A 0
C=1{0 I,, O , (5.1.29)
0 0 I,

where D = N~ *. Taking determinants and expanding by minors

in the lower n rows we find that

[C| = |D| = |N|™* £ O. (5.1.30)

Thus, C is regular. Also

T "R, R& NU
(R T T
c c=c"| R, R, M| O,
¢ N M 0

i

By Es Eg |, (5.1.31)
E, " EBg O
THE LIBRARY

UNIVERSITY OF CAMNTERBURY
CHRISTCHURCH, MN.Z.
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T

where E; = D RgD, (5.1.32)
E, = D'Rg - D RgA, (5.1.33)
Bs = D'NT = ()T = I, (5.1.3L)
s = (Ro- A"R:)D = Ef, | (5.1.35)
Es = ATRgA - ATRE - RgA + Ry = R*, C (5.1.36)
Bg = —ATNT + MY = (-NA+ M)T
- (et )T - o, | (5.1.37)
E, = ND = I, (5.1.38)
Eg = M - NA ; 0, (5.1.39)

by (5.1.11). Thus (5.1.31) can be written

. ¢T B Ea Im
ot ( > ¢ = | B« R®R* 0 . (5.1.40)
$ O :
I 0 0
m

Taking determinants of both members of this equation and
expanding the right-hand determinant by the last m rows followed

by the last m columns we find that

RIS (_1)(n+2)m+-(n—m+2)mlR*’

1l

i

(-1)"|R*]. | (5.1.44)
It follows that |R™| vanishes if, and only if, A of (1.3.9)

vanishes, that is if the minimizing arc is singular.

But the reduced accessory minimum problem is singular

1f the determinant
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0 o Im
0 r*  -B*T | = (-1)"|r¥|, (5.1.42)

I, -B* 0

vanishes identically and we have accordingly proved that the
reduced accessory minimum problem is singular if, and only if,

the original accessory minimum problem is singular.

5.2, THE GENERALIZED CLEBSCH CONDITION.

In this section we will not deduce the generaligzed
Clebsch condition in an explicit form but lay down a procedure
by which it can be deduced in any particular problenm. The

procedure consists of three steps in the following sequence:

(i) reduction of the accessory minimum problem into the form
where the matrices R, Q, ¢ are in the forms displayed.in

(5.1.4) to (5.1.6),

(11) +translation of the reduced accessory minimum problem into

the state-~control variables formulation,

(iii) application of theorem 2 to the transformed accesgory

minimum problem,

The first step has already been discussed in the
previous section. The second step is carried out by adjoining

to (5.1.28)
r' = u, ' (5.2.1)

where u is defined to be the (n-m) control vector. The n order
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state vector is given by

). - (5.2.2)

Eliminating 7' from (5.1.27) and (5.1.28) by means of (5.2.1) we
have

ow = utR*y + ZuTQ*n + nTP*n, (5.2.3)

il

and o' = A*n + B¥u, (5.2.4)

which together with (5.2.1) becomes

A" B* .
n' =< >?7 + ( }u (5.2.5)
0 I

n-m
which is in the form (4.2.7) and 2w of (5.2.3) is in the form

(4.2.6). Hence theorem 2 and corollaries are applicable.

We will demonstrate this procedure by applying it to
the problem studied in Chapter 3 above, This will then be an
alternative proof of theorem 1. For convenience, we will
employ a notation diffefent Prom that of theorem 1 above, In
this problem there are no side constraints in the primary
variational problem and hence the eguations of variation of the
type (5.1.3) are absent. Step (i) of the procedure is there-

fore redundant.
From (3.2.4), (3.2.11) and (3.3.1) to (3.3.3) we have

2w = n'TRy' + 20'Tqn + nley, (5.2.6)
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Rii 0
where R = < ), ' (5.2.7)
0 0
. Q11 Q1z :

Q :< > s (5.2.8)

Qz1 Qe e
/P Pg; ‘

P = < ' " (5-2a9>
Pay Pozo

7= (K, (5.2.10)

with partition lines running between the mth and (m+1)th

rows/columns, (O < m < n).

Step (ii) consists of defining the n order control

vector thus:

!

= U, 5 ‘ (5.2.11)
which is then used to eliminate 7' from (5.2.6). We are thus

led %o

T

2w = u Ru + ZuTQ@'+ nTPn. ‘ (5.2.12)

Before applying theorem 2 we first note that in its notation

T v 0

B =1, Bs= < m>, Bg = ( > ; (5.2.13)

: 0 I
n—-Im .
Q =@, Qy = (Qus | Q12), Q2 = (Qz1 | Qzg), (5.2.14)
R =R, Rt = Ras, - (5.2.15)
Pia Pgi

P=P = ( ) s (5.2.16)
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A = o. (5.2.17)

Hence the application of theorem 2 to this accessory
minimum problem leads us to conclude that along a singular

minimizing arc:
0 | _

(i) QeBz = (Qzy | sz)(, > = Qaz (5.2.18)
Il’l—m

must be identically symmetric,

(11) if Qge is identically symmetric, the matrix

Ry R;
Ry = < > , (5.2.19)
Re Rs

must be positive semidefinite where

Re = (O] In_m)<QEl> - (@21 | ng)<1m>
QE; . 07
T
= Qiz - Qa1, (5.2.20)
T_T
Rs = BgPBg - (d/dx)(QeBez) ~ QzBs - B3Qs,
and since
Bg = ABg - Bd =0 -0 = O, - (5.2.21)
BgPBz = (0| In_m><P;1‘ P§l><1 0.
Pg1 Pasz o/
= Pag, | \ (5.2.22)
QsBz = Qgg, from (5.2.18),
hence Rs = Pgs - Qdg . (5.2.23)
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Thus, we have proved theorem 1.
We will now prove corollary 1.1, Suppose

Re 50, Rg =0, (5.2.2L)

where Rg and Rg are displayed in (5,2.20) and (5.2.23). We
will now apply corollary 2.2 to this accessory minimum

problem. From (4.3%.22) we havye

Qs

1

(0| In_m>(P11 Pgl) - (Qd1 Qde)
Pg1 Pga

(Pe1 - Qds | Pra— Qds) . , (5.2.25)

bH

With Bz given by (5.2.21),

QeBs = Q.0 =0, | (5.2.26)

which is identically symmetric. From (4.3,49) to (L.3.51) we

have
Reys = 0~ Q3B
= Ppy - Qds | : (5.2.27)
Ra?i = 0, (5.2,28)

because Bg = 0 from (5.2.21). Therefore we conclude that

Ria Pg;“ Qé?
( > ; (5.2.29)

Py - Qds 0

must be positive semidefinite. By Lemma 1, we deduce that

Pg1 = Qds = O, (5.2.30)

Hence we have proved corollary 1.1.
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