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Abstract

As is now well known for some basic functions ¢, hierarchical and fast multipole like
methods can greatly reduce the storage and operation counts for fitting and evaluating radial
basis functions. In particular for spline functions of the form .

N
s(z) = p() + Y _ ded(|lz — =zx)),
k=1 -
p a low degree polynomial and certain choices of ¢, the cost of a single extra evaluation can
be reduced from O(N) to O(log N), or even O(1), operations and the cost of a matrix-vector
product (i.e., evaluation at all centres) can be decreased from O(Nz) to @(N log N), or even
O(N), operations.

This paper develops the mathematics required by methods of these types for polyharmonic
splines in R*. That is for splines s built from a basic function from the list ¢(r) = =2 or
¢(r) = r**In(r), n = 0,1,.... We give appropriate far and near field expansions, together
with corresponding error estimates, uniqueness theorems, and translation formulae.

A significant new feature of the current work is the use of arguments based on the action
of the group of non-zero quaternions, realised as 2 x 2 complex matrices

'}{é:{m.—_ [ z Ej] : |z|2+|w]2>0},
—-w Z
acting on C% = R*. Use of this perspective allows us to give a relatively efficient development
of the relevant spherical harmonics and their properties.

1 Introduction.

In a large scale comparison of methods for interpolating 2D scattered data Franke [10} identified
radial basis functions as one of the most promising methods. These are functions of the form

N
s() =p() + > ded(| - —zl), (1.1)

k=1

where p is a low degree polynomial, and the basic function ¢ is usually of non-compact support
[17]. Statisticians have also successfully employed radial basis functions fitted by generalised cross
validation to smoothing noisy data, e.g., in modelling rainfall distribution across Australia [13].
However, widespread adoption of these techniques has been delayed by their apparent extreme
computational cost. For example, conventional methods for fitting by interpolation require O (N?)
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storage and O(N 3) arithmetic operations, where N is the number of data points. This makes
computations when N exceeds 10, 000 totally impractical.

These storage and operation counts had led many researchers to incorrectly conclude that the
computations are all but impossible. Sibson and Stone [20, 1991] talking about problems with
50,000 to 100,000 data sites state: “We believe such problems will indefinitely remain beyond
the scope of thin-plate splines.” Also Flusser [9, 1992], in the context of warping digital images,
comments on the computational complexity of evaluation of thin-plate splines, concluding that
“their direct use has extreme computing complezity and is not suitable for practical applications.”

Recent algorithmic advances involving hierarchical and fast multipole like methods have in-
validated the comments noted above, at least for 2 and 3 dimensional data, see [3, 4, 7, 8, 11].
These algorithmic developments employ far field and near field expansions to reduce the compu-
tational cost of evaluating an N centre polyharmonic radial basis function at m > N points to
O(mlog N) or even O(m) operations, at least in R? and R3. Furthermore, interpolatory fitters
have been developed which can solve the interpolation problem for such splines in O(N) storage
and O(N log N) arithmetic operations. These iterative fitters use the hierarchical evaluators as
fast matrix-vector multipliers and can fit interpolatory thin-plate splines to 100,000 data points
in a few minutes on relatively inexpensive workstations.

Polyharmonic splines in R* are spline functions of the form (1.1) where the basic functlon ¢
is a member of the list

2,
é(r) = { (1.2)

n ln(r) n=0,1,.

interpolatory éplines of this type minimize suitable energy semi-norms, as do their analogues in
lower dimensions. For example, the functional
2
( ) (D*s) (:B)) dz

I(s) = /m

is minimized over all suitably smooth functions, satisfying the interpolation conditions

|e|=3

S((Ek) :f(mk): k=1,...,N, (13)

if and only if s is the triharmonic spline

N
s(-)=pa() + Y dil - —m*In | -z,
k=1

where po € 75 (the space of quadratics in 4 variables), and the coefficients {d}}, and those of the
polynomial p,, are determined by the interpolation conditions (1.3) along with the orthogonality
conditions

N
deq(wk) =0, for all ¢ € 4.

Thus polyharmonic splines in R* can be expected to be highly successful approximators and inter-
polators, as experience has shown the polyharmonic splines in lower dimensions to be. However,
meaningful data sets in R* can be expected to have many points. Hence, the development of
fast evaluation and fitting methods is almost a prerequisite to the use of polyharmonic splines in
R*. Motivated by this we will develop the analytic underpinnings of a fast hierarchical and a fast
multipole like method for polyharmonic splines in R*. There are many potential applications of
these fast methods. One possible application to data mining is estimating the probability of some
attribute, such as early death due to heart attack or the filing of a fraudulent tax return, by a
regression spline depending on four predictor variables. An application to environmental engineer-
ing is modelling the concentration of some chemical, or pollutant, as a function of position and
time. Turk & O’Brien [21] suggest using polyharmonic splines in R? for shape transformation, or
morphing, of implicitly defined 3D-surfaces.
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The core ideas underlying hierarchical, and fast multipole methods, are beautifully simple.
They will be described in this paragraph. First, one needs to accept that only a certain finite
precision is necessary. This allows the use of approximations. Second, a suitable far field expansion
about 0 must be known for the shifted basic function ¢(| - —z<|). Here, a far field expansion is
a series expansion in which the influence of the source point z., and the evaluation point z,
separates. Furthermore, the series should converge at a geometric rate at all points z with |z|
sufficiently large compared to |z.|. Associate with any region T in R? the part of the RBF due
to sources in T',

sT= Y dig(l —zl). (1.4)

k:z, €T

Approximate sr by a truncated far field expansion rp, chosen to have appropriate accuracy at
all evaluation points z sufficiently far from the centre of T'. If the number of centres x4 in T is
large compared to the number of terms in the far field series, it will be quicker to approximately
evaluate s7(z) by evaluating the series rr(z), than by evaluating st(z) directly.

The idea, described above, of using an approximating series when it is faster to do so, lies
at the heart of hierarchical methods. Its application is organised by using also a hierarchical
subdivision of space. This subdivision determines for a given evaluation point £ which parts of
s, that is which sp’s, should be approximated by the corresponding far field series r¢, and which
parts are to be evaluated directly. In order to be more explicit about the algorithmic organisation
of the evaluation process, suppose for the moment that space is subdivided into a binary tree of
rectangular panels. The root panel will be chosen to contain all the centres, and the children of
each parent will be formed by splitting the parent with a hyperplane. Associate with every panel
T, the RBF s7, far field approximation rr, and a distance from the centre of T at which rp gives a
sufficiently accurate approximation to sy. Then approximate evaluation of s(z) can be performed
by a recursive descent of the tree. The actions to be taken when panel T is encountered during
this descent being as follows:

e If z is sufficiently far from 7', that is if the distance from z to the centre of T is large enough,
then the approximation to s(z) is incremented with the approximation rr(z) to sp(z).

e If T is childless the approximation to s(z) is incremented by the directly calculated value of
st(z).

e Otherwise the process descends to the children of 7.

We turn now from algorithmic matters to the analytic underpinnings of a generic fast multipole
method. Results of the following nature are required for the basic function ¢ being used:

e The existence of a rapidly converging far field expansion, centred at 0, for the shifted basic
function ¢(] - —z<|), e.g., Lemmas 4.1 and 4.4.

e Error bounds that determine how many terms are required in each expansion to achieve a
specified accuracy, e.g., Theorems 4.2 and 4.10.

e Efficient recurrence relations for computing the coefficients of the expansions, e.g., Lem-
mas 3.3 and 3.4.

e Uniqueness results that justify indirect translation of expansions, thus allowing the expan-
sions of parent panels to be calculated quickly from those of children, e.g., Lemmas 5.1 and
5.2.

e Formulae for efficiently converting a far field expansion to a rapidly convergent local expan-
sion, e.g., Theorem 6.1.

-This paper provides appropriate mathematics for polyharmonic radial basis functions on RA. That
is for functions of the form (1.1) where ¢ is given by (1.2).
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Our discussion above outlines the analytic and algorithmic underpinnings of hierarchical and
fast multipole methods. More detailed discussions may be found in the original paper of Greengard
and Rokhlin [11], or the introductory short course [3]. Previous papers concerning fast multipole
and related methods for fast evaluation of radial basis functions include [4, 5, 6].

A significant technique in our development in this paper is the use of a group action perspective.
In particular of arguments based on the action of the group of non-zero quaternions, realized as

2 x 2 complex matrices
’Héz{m:[z_ ﬂ:lzlz+lw|2>0},
~W Z

acting on C2 = RY We develop almost all the (simple) details needed for these arguments
without relying on other presentations of the possibly unfamiliar group representation theory. Use
of this perspective allows us to give a relatively efficient development of the relevant spherical
harmonics and their properties. See [18, 19] for related analyses of spherical harmonics and their
approximation properties. Our work has also been influenced by the elegant and concise treatment
of Epton and Dembart [8] of the analogous expansions for the three-dimensional fast multipole
method.

This paper is organised as follows. Section 2 concerns some of the properties of polyharmonic
functions on R*—including realisations of R* and representations of HJ. It also introduces the
inner and outer functions (spherical harmonics) that form the basis of our far field expansions.
Section 3 developes a number of properties of these functions that can be applied to far field
"expansions. These include recurrence formulae, derivative formulae and symmetries. Section 4
contains the main results on the far field expansions themselves and the associated error bounds.
Section 5 developes the uniqueness results that allow the far field expansions to be computed
indirectly and economically via the translation theory of Section 6. Section 6 also contains the
outer-to-inner and inner-to-inner translation formulae needed to approximate far field series by
local Taylor series. ‘

2 Polyharmonic functions on R*.

We will represent a non-zero ¢ € R in three different ways:

Ty
z w
z= |22 or [z,w] or [ — _]
T3 —-w Zz
T4
where z = x; + ize, w = z3 + izg and z4,...,24 € R. The first of these is just an element of

R4, the second is as an element of C? and the last as an element of the punctured quaternion
(Hamiltonian) space

w

H = {m = [_z_ ’;} s 12)? + | > o}. (2.1)

Note that for elements of 7 the classical adjoint or adjugate and the Hermitian adjoint coincide
and
z™! = z*/ det(z).

We are primarily interested in R* with the usual inner product,
(2,2<) = T1T<y + T2Tey + T3T<y + TuT<y = |||z COSH,
where | - | is the 2-norm for R%. In terms of the C? realisation of R* this becomes
(z,2<) = R(27Z + w2) = §(27< + WWL + 2.7 + w D)
and, in terms of the matrix realisation Hj},

(@,2<) = § Te(z"z<) = o’ Tr(z 7 2<) = § Tr(e<a),
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where 'Ir is the trace. Note that this inner product gives the norm
|z|? = 2} + 22 + 22 + 2% = 27 + ww = det(z).

We ‘also require an inner product for functions on the unit ball B = {z € R* : |z| < 1}. For
f,g € L?(B) we define their inner product by

mm=/ (&)@ de. (2.2)
Jé1<1

We will also use this pairing for other functions f and g on B with fg € LY(B). Furthermore, we
will also require the subspaces of C(R?*) defined by

Hm = {p([21, 22]) : p is a homogeneous polynomial of degree m in 21,23}, m € Ny,

where N is the non-negative integers.

2.1 Irreducible representations of Hj—spherical harmonics.

In this section we will develop irreducible representations of #§ in H,,. Our purpose for doing
so is that the coefficient functions of these representations will eventually be seen to form a
very computationally convenient basis for the harmonic polynomials in R*. In fact when these
coefficient functions are multiplied by |z|%,£=0,..., k they yield a basis for all (k4 1)-harmonic
polynomials in R%.. We note in particular the simple form of the addition formulae (Lemma 2.9),
the recurrence relation (Lemma 3.3), and the dual basis (Lemma 3.10), to come.

Most of the relevant representation theory and mathematical physics literature is focused on
rotations of S? or S% and therefore considers representations of

SU@2)={z € H} : det(z) = |2)* =1} = S°.

However, in the context of far field expansions it is convenient to work instead with all of H} to
take into account both the scaling by |z| and rotation by elements of SU(2). This leads to some
differences, most importantly the character functions now depend on the norm of z as well as the
angle 6 between z and the north pole {1,0]. Other differences include the formula for the product
of two character functions and the addition formulae.

Definition 2.1. Given a group G, a representation T : G — GL(V) of G on V is an operator
valued map that satisfies T'(g - h) = T'(9)T'(h). A representation T of G on V is irreducible if the
only subspaces of V' that are invariant under T(g) for all g € G are {0} and V.

We define representations Tr,(z) of Hj in the spaces H,, given by
Tr(z) p((21, 22]) = p([z1, 22]) (2.3)
= p([z12 — %W, z1w + 227)).

Note that since H,,, is embedded in the space of functions on H! (or even on #}), this represen-
tation is just the restriction of the right action defined by

(z- F)([21,22)) = f([z1, z2]w), = € Hg.

If we put a (Hilbert space) norm on these functions via (2.2), i.e.,
1A=t 0= [ 1rerds
lei<1

then the rotation invariance of Lebesgue measure implies that ||z - f|| = || f]|, whenever |z| = 1,
i.e., whenever z € §%. Thus

(Tin(2) £, T (2)f) = (£, f)
for all functions f € L?(B), and T,,(z), as an operator, is unitary if |z| = 1. The reader is
cautioned that the matrix realisation of T;,(z) to come is not unitary, but can be scaled to be so
(see Lemma 2.5).
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Lemma 2.2. The representations (2.3) are irreducible.

Proof. Assume there is a subspace V C H,, that is invariant under Ty, (z) for all z € H}. Then V
is invariant under Tp,(z) if we restrict attention to z € SU(2) C H§. Since the representations T;,
of SU(2) are irreducible [16, pp. 208-211}, it follows that either V = {0} or V' = H,, and hence
that the representations T3, are irreducible. 1

The monomials
e;:n([zhzZ]) = zl —kz§1 0 ._<. k _<_ m,

form a basis for H,. The operators T, (z) have a matrix realisation once this basis for H,, is
chosen. The elements of these matrices will be denoted ¢{"; and are given by

tiy(z) = t(z,w)
= coefficient of e]" in Tj,(z)e]"
= coeficient of 2™ iz} in (212 — 22W)™ ¥ (21w + 2,Z) .
Equivalently,
m
Zt;:‘j(z,w)z{"‘izé, = (212 — 22W0)™ 7 (21w + 2,7). (2.4)

i=0
For m = 0, tJ o(z) = 1, while for m = 1, from (2.4)
t(l),o(z’w) =2, t(l),l(z>w) =w,

t o(z,w) = -, t]1(z,w) =%,

or in matrix terms

[T1(2)] = =. (2.5)
An immediate consequence of this choice of basis is the following lemma.

Lemma 2.3. Treated as matrices, Tr,(2,0) is a diagonal matriz and Tr, (0, w) is an anti-diagonal
matriz. Specifically these matrices have entries

m(5,0) = {Om L ith
ZmTE, i=,

and_

i=m—j.

0, i #m-—j,
T AN

The basis elements e]* for H,, are orthogonal with respect to the inner product (2.2). In fact
the exact norms for the basis elements e}* and thus the row and column scalings to get unitary
matrices are easily computed.

Lemma 2.4. The basis functions e* are orthogonal with inner products given by
) —_— kl(m - k)!

ey, enr :/ e (&)em™ (€)dE = S mi O pr T2~

(ef el) i<t & w (&) m,m (m + 2)!

Proof. Introduce polar coordinates (r1,6;) and (rq,82) in the z; and 2, planes (where £ = 21, 25)).

&ﬂ¢d=/ e (€)e (E)dt

2r P27
/ / / / m k 1(m k)017, exkﬂg

xri m'—k' o—i(m' k' )9’1'2 e~ ik 02 dB2dfTodror; dry
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1 pqf1-rf
= (27r)26k,k’5m,m"/ / Tf(m—k)_l-lr%k-*'ld’l'zdrl
0 Jo

1 2yk+1
— (o2 s [ 2mekr(1=T])
(27() (sk,k Jm,m /(; Ty 2k+ 5 d’l‘l

= wzék,k: ém,mrB(m -k+1,k+ 2)/(k + 1)

(m—k)(k + 1)!

(m+2)k+1)’

where B is the Beta function B{n,m) = I'(n)I'(m)/T'(n + m).. 1

= w28 ot Oy

Since T}, restricted to S acts in a normr preserving way on H,,, we easily obtain the following
matrix representation for Tp,(z71).

Lemma 2.5. There ezist row and column scalings that make the matrices T (z) unitary for
[z{ = 1. Specifically

(i) The inverse of Tr(z) is given by

Tr@™) = [t ()] = [m i) (7 )(T)_l}

or equivalently via
m(at) = t75(2, —w) = Iz, w)( ) (’D—l.

(ii) The matrices

are unitary when |z| = 1. For all x # 0, Up(z)™! = |z~ Unp(z)*.
Proof. The definition of ¢, and the orthogonality of {ef* : k = 0,...,m} implies

(€], Trm(2)el*) = (e, t7(@)e]") = t7 (@) (], ). (2.6)

Since Ty ((z/|x[)~*) preserves the inner product (2.2),

(e Tm(@)el") = (Tm((m/lmi)*l)e;ﬂ,Tm«m/nzl)—l)Tm(m)em)
= ([T (z7)ef", l2f™el") = [a]* ™7y (a ™" ) (el 2.7
Equating (2.6) to (2.7) and solving, we obtain

- ooy (T &)
L )
Taking into account the previous lemma and the fact that z7! = [z, —w]/(2Z + ww), this gives
the desired results. i

Since it is easy to use the definitions to show the first row of each T () is given by
thj(2) = thi(z,w) = 2" = e[z, w)),
part of Lemma 2.4 shows that {t{";} is orthogonal with respect to the inner product (2.2). In fact

much more general (b1—)orthogonahty facts are true for #7%(z) and £7; -(z~1). These are related
to the orthogonality properties of the irreducible unitary matrxx representatlons of any compact
group, such as §2, asin [12, (27.19)]. But we prefer to present them in a slightly more general form
which is closely related to the coordinate free proofs in [1, Chapter 3}, particularly Proposition 3.15,
Shur’s Lemma, 3.22, and its corollary, 3.23.
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Lemma 2.6.
(i) (Shur’s Lemma) For any (m + 1) x (m + 1) matriz A

_ vol{lz| <1}
T om+1

™

—~

A= / T (5~ AT, ()da = I, / 2 12 1v(4).
<Jz|<1

Tr(A) =

(il) The set

{ (Z: 2721)) @) (T> Tl = mzjzlmm =0,. }

is biorthogonally dual to {t{(-),i,j = 0,...,m} with respect to the pairing (2.2). That is,

m+1 —1
: D)7 (z7 ) dz = 85,005,
L<‘m|§1 7‘_2/2 _7 ( ) ( 53"

(iii) The first two parts are also true when {0 < |z| < 1} is replaced by S* and “vol” is
replaced by “surface area” (so w*/2 is replaced by 2m?).

Proof. For (i), let y € S® be arbitrary. Then

AT (y) = / Trm(z™ ) AT (zy)dz = / T (yz VAT (z)dz = Tm(y)4,  (2.8)
o<le|<t 0<|zi<1

since z — xy~! leaves Lebesgue measure invariant. Let c be any eigenvalue for A with v an
associated eigenvector. From (2.8) T,,(y)v is also an eigenvector for the same eigenvalue c. By the

irreducibility of Ty, span {Trm(y)v : y € S3} = Hm. Thus Av = cv for all vectors v and it follows

that A =cl.
To get the formula for ¢, take the trace of all terms. Then move the linear functional Tr inside
the integral and use Tr(T}, (z71) ATm(z)) = Tr(A) to obtain

Tr(el) =(m+1)c= /<‘ < Tr(A)dz = vol{0 < |z| < 1} Tr(A)

For (ii) substitute A = E;;» = [§; j0; ++] into (1), i.e., use the matrix A with 1 at row 4, column
i'. Then
T (z7) Ei,ir T (2) = [t (=) 3o (2).
Since Tr E; » = &; 7, (i) yields

2
-1 _m2 s
[/0<|$I<1 _7,1("3 L2 KL (m)d"’J i 161,1 [5.1,3 )

For (iii) repeat the proofs with the ball replaced by the sphere. Or, more simply, just note that
if dQ denotes the standard “surface” measure on S, then integration in spherical coordinates is
with respect to |z|2dQ(z/|z|)d|z|. Then, due to the homogeneity of Ty, (i) becomes

|z|= 1 1
L[ Tnl(@lia) ™) AT (e /adisldn@/lel) = 7 [ Tn((@/la) ™) ATm(a/lada/ o)
s3J) 58

z|=0
w2
T m+1

Tr(A).

Clearing the denominator of 4 leads to the desired formula for (i) on S3. Now (ii) on S? follows
by exactly the same reasoning. Since |z|™2™ = 1 on &2, the orthogonality of t7 on §* follows, as
does their independence since none of these functions are zero (or have norm zero on S%). |
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Lemma 2.6(iii) implies that the coefficient functions are linearly independent in both L2(&S3%)
and C(R*). Indeed, they form a basis for homogeneous harmonic polynomials on R* and for the
spherical harmonics of degree m on S (see (3.14)). Hence, for any p € NV, {t7:0<4,j<m,0<
m < p} is linearly independent both on &% and on R%.

Given the north pole [1,0] and some general vector = [z,w], we can find a rotation that
leaves the north pole fixed and rotates = to a vector in the direction [ei?, 0] where cos8 = R(z)/|=]|.
Note that 8 is just the angle between x and the north pole. We could equivalently rotate to a
vector in the direction [e~%,0]. Hence any function independent of rotation about the north pole
must be a function of {z| and § and furthermore must be even in §, i.e., is a function of cos 8. It is
known that all rotations leaving the north pole fixed can be achieved by conjugation, ¢ — vzv™!,
with elements of SU(2). See [14, pp. 277-279] or [2, pp. 214-217] for a geometric proof. The
same result may be obtained algebraically by considering the diagonalizability of z (see, e.g., (16,
pp. 209-210]). Therefore there is a v € SU(2) such that

T = ’U’)"U—l

where
v = |z| diag(e'®, ).
Note that conjugation with —v achieves the same rotation as conjugation with v, but this is the
only nonuniqueness in identifying conjugations with rotations of the equatorial S2.
These conjugation facts lead to explicit formulae for the traces of these representations. Specif-
ically,

Tt (Trn(2)) = Tt (Tmlwyv™)) = Tt (T (0) Ton (1) T (0™))
= Tt (T (0) T (1) T (0) 1) = Tr (T (7))
Using Lemma 2.3,

Imlmei(m—2j)9 i :j,

t75(7) = 7y (|2le”) = {

0 i # ]
Hence
T (T () = Tr (Tm(y)) = D £75(7)
J=0

m
— Z I,Ylmei(m—2j)9
o

el(m+1)8 _ o—i(m+1)

= h"m oif _ o160 ’ if 8 #0,
| ‘msm(m + 1)
N sing ’

and interpreting sin(m + 1)8/ sin 8 in the conventional fashion (as m + 1) at § = 0, the expression
is also valid there. As usual the character of the representation is defined to be the function
Xm : H§ = R given by the trace

sin(m + 1)8

2.9
sin 8 (29)

xm(z) = Tr (Tm(m)) = |z|™
In particular xo(z) = 1 and x1(z) = Tr(z) = 2|z|cosd. These xm are homogeneous polynomials
of degree m in z, w, W and Z since the entries in T}, (z) are. We extend the definition of x to
z = 0 by continuity and define x_; = 0. Note that these x,, are multiples of the Chebyshev
polynomials of the second kind as functions of ¢ = cos#.
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Lemma 2.7. Forz € H! and m € Np,

X1(@)Xm(2) = Xm+1(z) + |2[* Xm-1(z). (2.10)
Proof. The result is trivially true when m =0orz =0. Form >0and z #0

|mlm+1 .
X1(2)xXm (z) = oy { sin(26) sin ((m + 1)9)}

= I“’"':; {2 sin(f) cos(6) sin ((m + 1)9)}

sin

- l‘zll:—: { sin ((m + 2)6) + sin(m@)}

= Xm+1(T) + 'm|2Xm—1($)'

2.2 Inner and outer functions.

We will refer to the functions tI"; of the previous subsection as the inner functions as they will
be shown to be homogeneous of non-negative degree and harmonic in R*. The purpose of this
subsection is to introduce the outer functions of; which will be shown to be homogeneous of
negative degree and harmonic in R*\{0}. The subsection also contains the addition formula
connecting the inner and outer functions with the character functions.

The representations T, may be used to construct anti-representations, O, of H}, defined by

Om(z) i= |z| "2 Tm(z™h) (2.11)
or, in terms of the coefficient functions,
ofj(z,w) = e[ "5 (z7") = (27 + w) "] (Z/ 0], —w/|a]?)

= |a:|_(2’”+2)tz;-(z, —w) (2.12)

<o () ()

Thus the coefficient functions for O,, are homogeneous of degree —(m + 2). Together, (2.4) and
(2.12) give the equivalent definition of the outer functions

W“"“’Z o (2, W) 2k = (27 + 200) ™ (m1(~w) + 22)” (213)
i=0

See appendix A for tables of low degree inner and outer functions. The operators O, are anti-
representations as
Om(z : y) = Om(y) : Om(z)

Remark 2.8. When we prove harmonicity of the inner functions, or of the outer functions, the
harmonicity of the other set will follow. Indeed definition (2.12) corresponds to an inversion of
the functions ¢ in the unit sphere followed by scaling by |z|~?, along with reflection in the R(2)
axis. This reflection (z,w) — (Z, —w) corresponds to quatermomc conjugation. Both this scaled
inversion, sometimes called the Kelvin transformation, and the reflection preserve harmonicity.

Associated with the spherical harmonics in S%~! for any integer d > 2 is an addition formula
(15, pp. 3-10]. These addition formulae express the character function (sometimes called the
Gengenbauer polynomial or the Legendre function) at the inner product of two points v and v on
S9! a5 a sum of products, in each of which the influence of u and v is separated. Perhaps the best
known example of this phenomena is the addition formula for the ordinary Legendre polynomial,
P,(cos+y), which is exploited in the multipole expansion of the 3D potential, (see, e.g., {3, 7, 8]).
With our definition of the inner and outer functions, the addition formula for R* takes the forms
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Lemma 2.9 (Addition formulae for ).
() Ifz,z< € H!,  #0 then

Xm(z 7 2<) = |2 Tt (Om(2)Tm(2<)) = |2 Z tii(z<) ofy(z). (2.14)
i,j=0
(ii) Ifz,z< € H! then
Xm(z*2<) = Tt (Tm(2< ") Tm(2)) = Z tii(e<") t1(w). (2.15)
i,j=0
Proof. From the definition of the character functions xpm,

xm(z tze) = Tx (Tm(a:—lzz:<)) =Tr (Tm(a:“l)Tm(a:<))

= Zt (:E l)tjz(x<)

i,j=0
= |z|? Z |2| =2t (=)t s(2<)
7]"‘0
m
=|z* ) oy (@)t (e),
i,j=0

which proves part (i). For part (ii), notice that by (2.9),
Xm(z") = xm ().
Therefore

Xm(2*8<) = Xm(2<*2) = Tt (Tm(2<")T(2)) = Z tii(z<™) 35 (x)

1.]"‘0

The addition formula (2.14) essentially displays the fact that

m+1
2/2 XTTI»(:E m<)

is a reproducing kernel for span{t?" Mt =0,... ,m}, the space of homogeneous harmonic poly-
nomials of degree m. In fact the biorthogonality in Lemma 2.6(ii) immediately shows that for

any
fm = Z ai jt z_:,

4,j=0
in this span,

fo @ e 0 ) = (<)

3 Properties of the inner and outer functions.

Some fundamental properties of the inner and outer functions will be developed in this section.
These properties are needed for the development of a fast multipole like method, but are also of
interest in their own right. Properties which are considered below include symmetries, recurrence
relations, derivative formulae and harmonicity.
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3.1 Symmetries.

In this subsection we will develop some symmetry properties of the inner and outer functions.
We have already seen an example of a symmetry relation in Lemma 2.5. One application of
these symmetry properties is an approximate halving of the costs of forming and evaluating the
truncated far field expansions to be developed in Section 4.

Will we use the symbols i, j and k for the fundamental quaternionic units and i for the imaginary
number /—1. It will be convenient to use the 2 x 2 matrix realisation of the quaternions. In this
realisation the quaternion 1 is the 2 x 2 identity matrix and

b ey -l

Now consider conjugation of an element in #! by i.
i 0z w|[-i 0] _[z —w
0 —i||-w zZ||0 i| |w 7Z |

T (1,0) T (2, w)Tin(—i,0) = Tru(2, —w).
By Lemma 2.3 T;,(i,0) and T;,(—1,0) are diagonal with

Applying Trn

t7:(1,0) = (13", #7(=1,0) = (1),

we conclude that

(——l)iith‘j (z,w)(=1)™Ji™ = tii(z, —w)

for 0 <i,7 <m. That is '
tig(z,w) = (177175 (2, —w) (3.1)
for 0<4,j <m.
Similar results can be obtain in the same way by conjugation with j and k. These results are
summarised in the following lemma.

Lemma 3.1. The inner functions t7; defined by (2.4) satisfy

tz;(zaw) = (-l)i_jt?:j(za _w)7 (3.23.)
tiy (z,w) = (_1)i+jtrmn—i,m—j(7a_u7)’ (3.2b)
t?:i (z’ w) = t:;tl—i,m—j(za —717), (3.2C)

for all z =[z,w] € C2.

Because each t;f‘j(z, w) is a polynomial with real coefficients in 2, w, Z and w,
T (2,w) = T (Z,@).
Hence (3.2b) may be written

t7(z,w) = (=1)m_ L L(z,w). (3.3)

m—i,m—
Using the expression (2.12) for the outer functions in terms of the inner functions each symmetry
of T, implies a symmetry of O,,. In particular, symmetry (3.3) implies
oy (z,w) = |;p|—(2m+2)tzlj(7’ —w)
= 2|~ G (1) (2, D)

— (_1)i+jm (3.4)

m—i,m—j
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From symmetries (3.3) and (3.4)

opg (@) (x<) = o (@) i (T<)s

for 0 < 4,7 < m. Hence the terms in the addition formula expression (2.14) for x,(z"'z.) are
conjugate symmetric with respect to reflection in the middle index (%, %*). Thus the addition
formula can be rewritten to involve a real part and approximately half the number of terms. For
example, one such recasting is

xm(z ™ a<) = Jal? 3 ofly(@)t]i(a<)
i,7=0
L (mn2-1)]
= |o?R Do 2= By Sy 0)0%) 30 (25l iy (3<) | 5 (3:5)

k=0

where i(k) = k mod (m + 1) and j(k) = |k/(m + 1)]. This observation can and should be used
to halve the storage requirements and flop counts of fast evaluators built upon the analysis of
this paper. For example, the recast expression (3.5) can be substituted almost directly into the
truncated far field expansion, g, for a sum of shifts of the potential of Theorem 4.2. This will
then approximately halve the marginal operation count for evaluating g,(z) at a single extra z.

A further symmetry will be useful to recast products of powers of |z| with outer functions as
inner functions.

Lemma 3.2. Forme N and0<i,7 <m

m iifm
(75 )t +2ot(a) = (=074 (7 ) 2_gms(a)
Proof. Substitution of (3.3) into (2.12) gives the result.

3.2 Recurrence relationships.

In this subsection we develop recurrence relations which provide efficient methods for calculating
the inner and outer functions. For a given = they allow calculation of {tl 5 0<4,j<m,0<m<
p} or {o”, 0<4,j<m, 0<m< p} in (’)( %) operations, which is the same magpitude as the
number of terms to be calculated.

It is convenient to extend the definitions of ¢; and off; by defining t7; = 0 = of}; for ¢ or

j ¢[0,m].
Lemma 3.3. The inner functwnst defined by (2.4), satisfy the overlapping recurrence relations:
2 t74(z,w) =W 7 (z,w), 0<j<m,

it (z,w) = (3.6)
witly_(z,w) + 210 ;4 (z,w), 1<j7<m+1,

for 0 <i<m+1, and also satisfy the backward recurrence relations:

|w|2t§”‘j(z, w) =% tzlfl(z w)+ W tf‘f;ll (z,w)

= —w T (z,w) + 2 545 (2, w)

(3.7
for0<i4,7<m.
Proof. From (2.4), for 1 < 7 <m + 1, we obtain

m—+1 ) .
Zt’"‘"l(z w) '"”H —iy ' =(zz; — Tv’zz)m+1"(wz1+'z'zz)7

=0
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(221 — W2)™ U D(wzy + Zzz)j‘l} (wzy + Z2z2)

m
th 1(z,w) "z{;}(wzl + Zz)

1=

i
/—Mf‘\

m+1—i -1, 441
2y }

I
Ms

t7i_1(z,w) ) {wz] z5 + 72"

o
i
=3

t7_1 (2, wywa T 4+ Ztt (2, w)E{ MDD

t“/]a

i=0 i=0
m+1

_Zwt” Lz, w)zm izl 4 Z Zty i-1(z, w)zP iz
i=0
m+1

= Z {wtl_y(z,w) +Z 7, ;_ (z,w)} 2"z,
i=0

m+1—i

Equating coefficients of z{ 2 gives the second part of (3.6). The first part may be obtained
in a similar manner, or more directly by application of the symmetry relation (3.2b) to both sides
of the part just proved.

The backward recursion may be obtained directly from the forward recursion. Multiplying the
first right-hand side of (3.6) by Z and the second right-hand side (with j replaced by j+1) by @
and summing gives the first right-hand side of (3.7). The second right-hand side is similar. |

These formulae are analogous to the addition formulae which express cos(m +1)8 and sin(m +
1)6 in terms of cos 8, sin 8, sinmé and cos mé.

Lemma 3.4. The outer functions of; defined by (2.12), satisfy the overlapping recurrence rela-
tions:

z .
| ‘2 lyJ( ’w) +—3 | l2 0;— l,g(z 'UJ), 0 < J <m,
o’""'l(z w)=14q_ (3.8)
|:E|2 z,] 1(2 w) + =3 |z ‘2 0%y g l(z w)7 1<j<m+1,
for 0 < i <m+1, and also satisfy the backward recurrence relations:
zw—zom+1zw W o] zZ,w
z]( ) ( ) J+1( ) (39)

=w o{’_ﬂ'lj (z,w)+Z O?H,ljﬂ (z,w)

for0<i,7<m.

Proof. This follows easily by substituting the expression (2.12) for o into the relations (3.6) and
(3.7) for the inner functions #7. ]

3.3 Derivatives and harmonicity.

In this subsection we develop derivative formulae for the inner and outer functions. Applications
include proofs of harmonicity, a dual basis for the inner functions, and an expression for the outer
functions as an appropriate derivative of 1/|z|?. Analogous formulae in the three dimensional case
are given in Epton and Dembart [8].

We start by recalling the definitions for the complex derivative operators:

CASY (A 9 _1(0 8
Bz—2 6:61 3:1)2 ’ 87—-2 3:1:1 ail)g ’

o _1(8 .8 8 _1(8 .9 (310)
w2 \Bzs 'Bz4)’ 5% 2 \Bzs @ Oz
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By considering 2, Z, w and W as functions of z;, 3, z3 and z4, these operators may be applied to
functions defined on C? in the natural way. Indeed, immediate consequences of these definitions
are the relations 3 5

azz 0, and 5;,2 =1,

their conjugates and the similar relations with w, W. More generally, if f(z) = h(2,Z,w,®) is
complex analytic in 2, i.e., independent of Z in the sense that dh/8Z = 0, then §f/0z is given
by all the usual rules for differentiation. Furthermore, armed with these operators the ordinary

Laplacian may be expressed as
4 : + i : 3.11
A .

Lemma 3.5. Any of the first partial deri'uatwes map the inner functions of degree m to (multiples
of ) inner functions of degree m — 1. Specifically, for 0 <i,j <m+1,

aﬁtggffl( w) = (m+ 1 - )t (z,w), (3.12a)
aa_t;"jl(z,w) =—(m+1-)t", ;(z,w), (3.12b)
%t;’jfl(z w) = jtf%_, (z,w), (3.12¢)
%tgﬁ“(z,w) = jtiy i (z,w), (3.12d)

Proof. Differentiating (2.4) with respect to z gives

m-+1
Z _tm+1 Z w)zm-\‘-l lz2 (m +1-— j)zl (zlz — ng)m_j(zlw + 225).7'

m
=(m+1-j)zn Ztg‘j(z, w)z" i
i=0

=(m+1- th L (z, )2t
=0

Equating coefficients gives (3.12a). In a similar manner, by differentiating (2.4) with respect to
w, w and Z we may obtain (3.12b), (3.12c) and (3.12d) respectively. ]

Lemma 3.6. Any of the first partial derivatives map the outer functions of degree —m — 2 to
(multiples of ) outer functions of degree —m — 3. Specifically, for m >0 and 0 < j < m,

(—%o (z,w) = —(m +1-1) o] (z,w), 0<i<m+1, (3.13a)
68_ o (z,w) = (m +1—1) :"Jill(z w), 0<i<m+1, (3.13b)
Z)i?;o;'}j(z,w) = —(i+1) ofj1}(z,w), -1<i<m, (3.13c)
%oyfj(z,w) =—(1+1) o?fl"ljﬂ(z,w), -1<i<m. (3.13d)

Proof of (3.13a). The proof is by induction on m.
Induction basis. Since
o (z,w) = (27 + w)

an application of (3.8) shows
4|z -w
ortew) =2 7]
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It follows that (3.13a) is true for m = 0.
Induction step. Assume that (3.13a) is true for 0 < m < M. By the first part of (3.8),

M+1 Z M WM
Oi,j+ (Z:w) = Woi,j(zaw) + El—ioi—-l,j(zaw);
for 0 <i< M+ 1and 0 <j < M. Using the inductive hypothesis to differentiate the outer

functions,

E(—E) zZ 0 w(-%) w 0
‘mlq |$|28 M( )+ | I M ,](m) r‘lf'é'zofgl,j(m)

=2 (otto) + ool @) — (0 +1- ) ol )

<M+2—z)|“;2 oML (z).

550 (@)= @)+ —

Two applications of the first part of (3.8) give the result.
However, if j = M + 1 the above does not hold. By the second part of (3.8),

oM Z M
+1( W) = | '2 ,j—l(z>w)+W0i—1,j—1(z,w),

for0<i< M+1land1l<j< M+1 Once again the inductive hypothesis will be used to
differentiate this expression. This gives

Iml4 %=1 | 2 52701
z(—% 0 1

v f|4)of£ i 1<x)+|z|28 oM 1(0) + ot a0
w VA w

S @ -+ 1= Ciloin )

2Z + WwWw oM

+z|(—|f)0%1,j—1(f”)—(M+2‘ )|z)2 fV—HE 1("3)+"—|w‘T4“ -1,4-1()

(M+1—'L)(| |2) %-{-i( )—(M+2_z)l 12 M+l l(x)

(—w) [ Z w
N rmTzo?,/_Ij—l(m) + WO?.J_l,j_l(fv) :
By the first part of (3.8), the term in the brackets is equal to 0%+11(z w) and thus the second
part of (3.8) gives the required result. This proves (3.13a) by induction on m. The other three
relations in (3.13) may be proven in a similar way. |

Given the above expressions for the derivatives of the inner and outer functions it is easy to
show that they are harmonic functions. Since (3.11) may be used for the Laplacian, it follows that

1 . . .
ZAo” (—m+1-))(-G+1))on%  +m+1-)(-(E+1D))ot%, =0, (314
and 1
ZAtleH =jm+2-tly ;1 —jm+2-4)tZ,; ;=0 (3.15)

Each of (3.14) and (3.15) can be inferred from the other as indicated in Remark 2.8.
From the product rule for the Laplacian,

A(fg) =(Af)g+2(Vf)-(Vg) + f(Ag),
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and the Euler relation for a function f that is homogeneous of degree m,

- (Vf)(z) = mf(z),
we easily obtain
Lemma 3.7. Let | - | be the 2-norm on R¢. If f : R* = R is a harmonic function that is
homogeneous of degree m then

A(-14f) = 4¢ (g +lm— 1)| e g,

and hence | - |*¢f is polyharmonic of order (£ +1) .
Corollary 3.8.

Al - ‘280211,) =4l ~m—1)| |2("’1)o’.".

VA

Al - PHT) = 48+ m + 1)] - PEDen,

All of the outer functions of%(z) may be written as (multiples of) derivatives of 1/|z|* as in
the following,.

Lemma 3.9. Define

(_1)m—j+i o™
— i<,
n_ ) Wm0 goozmioz =7 (316
i, (__1)711 om i '
Mm — i)l Bwi-igzm—i57" =
0<1i,j <m, me Ng. Then for z € R1\{0},
1
of(z) = RZ?I—HJF' (3.17)
Furthermore, for harmonic functions f,
RERE § = elm,m',i)e0 RIS 5 f, (3.18)
where — PPN
e(m,m',i)i:,,;: = (if%) <m+m B ('Z+'L )) (319)
1 m—1

Proof. The definition of the outer functions in terms of the inner functions, (2.12), and the fact
that t3 o = 1, imply

1
08,0(3’) = W ‘

Then (3.17) follows by repeated use of Lemma. 3.6.

Consider now (3.18). If i < j and i’ < j' or i > j and ¢' > j', then (3.18) follows easily from
(3.16). Turning to the slightly more difficult mized case assume, without loss of generality, i < j
and ¢’ > j'. Using Definition (3.16),

(_1)m——j+i+m' 6m+m’

m — OEN(m' — )] oI~ 9t —7 gzm—itm —7 g7 I (3.20)

RIRY, f =

1! )J'
Let g be harmonic. Then from the form (3.11) for the Laplacian

5 82
92027 = " Bwow?
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Hence, if ' — j' > § — 1, then

§i —i'+i—i

» i i +i—i
A O | S A R—
ow? T Ow? —I Switi —(G+i) Pzi—igzI

f.

Substituting this into (3.20) gives

, (_1)m+m’ 6m+m'
R:T;RZL]I = 1 N1t . Y] T 7 ) i+ f
R il(m — ) (m! — i) Quiti'—(+3") gzm+m/ —(i+i') Gzi +7
) !
= e(m, m ,’l)il,il R:?}:;T’r;_’_‘,, f,
since i’ — j' > j — 4 implies ¢ + ¢ > j + j'. The case when i/ — j' < j — 1 is similar. ]

Motivated by the operators R["; we are led to define operators

! or 1<j
m Y T — >0
m ji(m '3').an igZ'0zm—I (3.21)
i, (_1)1-—_1 am
7m - 7) Gw 79279z~ =)
Repeated use of Lemma 3.5 then shows
Lemma 3.10 (Dual basis for the inner functions). The operators LT satisfy
L‘::;t::; = tg’o,
and also have the more general property
] J m -—-] '
Lzlyj't‘zlj = (J/) (m/ __j/) tﬁi’rg—j"
Thus the functionals
A7) = (L75£)(0), (3.22)
Ogi,jgm,Ogmgp,formadualbasisfor{tZ‘j, 0<i, 5 <m, OSmgp}.

4 Expansions of polyharmonic basic functions.

In this section we develop far field expansions of the functions |- —z<| ™2, and |- —z <[> In(]- —z<|),
n =0,1,.... These functions lead to polyharmonic splines of order 1 and n + 2 respectively. We
also find bounds on the error in approximating the associated polyharmonic radial basis functions
by truncating these far field expansions. We will truncate by dropping all terms of sufficiently
negative homogeneity.

We will find it useful in this section to make use of the cosine formula in the form

|z — z<]? = |a® + |z<]* - 2(z,2<)
= lzf? + |z<[? - 2’ Tr(z™ 2<)
= lz* + o< |® - |2)*x1 (a7 2<) (4.12)
=z’ + |z — xa(z*2<)
=z + |lz<|? — x1(z< ). (4.1b)
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4.1 Expansion of the potential.

We start with a far field expansion of the potential function |z —x<|~2. This is an expansion in the
character functions, which are products of powers of |z.|/|z] and the appropriate Gengenbauer
polynomials—the Chebyshev polynomials of the second kind.

Lemma 4.1. For z,z. € R with |z<| < |z|,

1

[P ‘—wl]; Z Xm(z " 2). (4.2)

m=0

Proof. The result is trivially true when z = 0. Hence in what follows we assume that 0 < |z<| <
|z|. Then from the definition of the character function, (2.9), '

~1 _ l$<‘ m sin(m + 1)9
Xm(z ™ 2<) = ( || ) sinf '

where 6 is the angle between = and z.. As is well known,

sin(m +1)8
sin 6

l§m+1, Vo eR.

Therefore the series on the right of (4.2) converges absolutely.
We will prove the lemma by showing the product of the right hand side of (4.2) with |z —z
is 1. Let y = 7'z, then

2

o — 2 f? ,—}l— S xXm() = {Jal? + o< [? - |z|2xl(y>}ﬁg S Xm(®)

={1+l*-x@®)} Y xm®)
m=0
= 5" {xm®) + WP ®) = X2 @)xm @)}
m=0

=Y {xm@) + Wxm®) — X1 (¥) = [P xXm—1(v)}

m=0
= Xo(y) — y*x-1()
=1,

where we have used Lemma 2.7 to expand the product x1(y)xm(y) and the fact that x_1 =0. 1

We now wish to obtain a bound on the error in approximating @, (-) = 1/|- —z|? by the
truncated series

1 & _
() = o D Xl 20)
m=0
From the explicit formula for the character function, (2.9), |xm(¥)| < (m + 1)|y|™ for all y € H!
and therefore the error in approximating ®;_(-) by g, is bounded by

[o.¢}

]<I>$<(:c) —-gp(:v)l Sl-:nl? Z le(:E_la;<)l
m=p+1

1 o0
SW > (m+ ™
m=p+1
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where y = 2z, If |z<| < |z| then |y| < 1 and the well known identities

ad 1 > 1
m_ - A=
mizoh T} ia.nd m§=0(m +1) A=ne
for |h| < 1, may be applied. This gives
ly[P** { p+1 1 }
®,. (z) —gp(x)| < + 4.3
[#e<@) =00 ®] < Qg {1y * T ()

Denote the bound on the right of (4.3) by e,(|y|). For |z| fixed, since each term on the right in
(4.3) is obviously strictly increasing in |y| for 0 < |y| < 1, so is e,(|y|). Considering now the sum

=Y

we apply the bound above to each term and sum. The monotonicity of the bound enables us to
estimate e,(|zx|/|z]) by ep(d) where

lze]
1<k<N x|

In combination with Lemma 4.1 and (2.14), this gives

Theorem 4.2. Suppose =i € R*, |zx] <r and d, € R for each 1 < k< N. Let

s(z) = i _ 9
k=1 I:D - $k|2’

and let Cp, be the (m + 1) x (m + 1) matriz

N
[Cr] =" di (Tm(aw)).
k=1

For p € Ny, set

P m P
=3 Y omaly(@) = 3 T (CnOm(2)) (4.4)
m=0i,j=0 m=0

z € R*\{0}. Then for all x with |z| > r

5(e) ~ @) < 24 (ZEL 4 L) (%)”3

where M = Zﬁ__l |di| and ¢ = |z|/r.
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4.2 Expansion of a polyharmonic function.

In this subsection our aim is to develop far field expansions for the functions |- —z<[**In|- —z],
which are polyharmonic of order n + 2. This will be done by induction on n with the biharmonic
case In| - —z| being used as the induction basis.

The polyharmonic functions f of order n + 2 that occur will be written in the form

F=fo+ - Ph++| P fapa

where fo,..., fat1 are harmonic. In this sum, | - |¥f; is actually a (j + 1)-harmonic term. As a
consequence the terms of a specified homogeneous order k£ ih our expansions will no longer involve
a single x», as in the harmonic case of Lemma 4.1. Rather they will be a weighted sum of x,,(y),
[Y12xm—2(y)s -+ 5 [¥|*"t®Xm—2n—2(v), consistent with the polyharmonicity orders of Lemma 3.7.
For this reason we need to know how pairs of character functions combine.

Lemma 4.3. Form e N, m > 2 and |z} < |z|

_ T|™
(5™ = S xmeaa ™) = 25T cos(ms), (45)

where 8 is the angle between ¢ and z..

Proof. The Lemma is trivially true when z« = 0. For 0 < |z<| < |z|, the explicit formula for the
character function implies

Sy lz<]? —1, y_ lz<I™ (sin(m +1)8 sin(m —1)¢
Xm(@™ 2<) = T Xm—2(27 <) = To sin 8 sin6
_ |z<|™ (sin(m + 1) — sin{m — 1)
|z|™ sin 6
_ 2|:1:<|’" sin(6) cos(mb)
T el sin
m
= 2% cos(mé@).

We now proceed to obtain a far field expansion for the biharmonic function In|- —z.|. While
this expansion is useful in and of itself, we will also use it as the induction basis for the expansion
of the more general function |- —z|?>"In|- —z|, which is polyharmonic of order n + 2.

Lemma 4.4. For z,z. € R* and |z| < ||,

o0

nlo - 2o =lafst - Y - fxnt o) - Esfnate a0 [ @)

m=1

Proof. The case . = 0 is trivially true. Hence we assume 0 < |z<| < |z|.

We will use In(-) for the real logarithm and log(-) for the principal branch of the complex loga-
rithm. Thus R(log z) = In |z| away from the branch cut. We will represent = = (z1, 2, 73,24)7 €
RY by x = [z; + izg, 23 + iz4] € C? and similarly for z. There exists a rotation R; such that

Rz = [|:v|,0]

By the argument that precedes the introduction of the character function x,, in '(2.9), there is a
rotation R, that fixes the north pole [1,0] and rotates Ryz« to the direction [€i,0] where 6 is
the angle between R;z. and the north pole. Since rotations preserve angles 6 is also the angle
between ¢ and z., R = Ry R, is a rotation such that

Rz = “w‘;OL R(L‘< = “m<|ei0;0]‘
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Thus

i z i i
o= ol = (e = 2] = |Ra ~ Ro| = o] = oo, 0] = ol [t = F<le¥] = paf 1 - e,

“lg., and

In|z —2<| = R {log (|z| (1 - lyle*))} = R {log(|z]) + log (1 — |yle*?) }
=In|z| + R {log (1 - [yle'’) } .

wherey =z

Now - o
1 1 .
log (1~ |yle®®) = =3 = (lyle®)™ == 3 —ly|"e™™.
m=1 m=1

Taking the real part of this expression,

R {log (]_ — '_wileiﬂ)} —__ %|w<| cos(mﬁ)

a 24 ol

]

=y L eag - Bl ey
2 m m < '$|2 m-— <
m=1
where we have used Lemma 4.3 to express (Jz<|™/|z|™) cos(m#8) in terms of the character functions
Xm- B
We now wish to obtain an expansion for the polyharmonic function
|z — z<|*" Injz — z<|%

To simplify this procedure, we observe that

le —z ™ Injz ~ 22 = |z — 2| In|z)® + |z*|] — 2tz In|] - 27 2P, (4.7)

where I is the 2 x 2 identity in H} or the element [1,0] in C?. This splits the function into a term
containing the logarithmic singularity and a term amenable to “Laurent” expansion. We shall
handle the two parts of the right hand side of (4.7) separately.

The coefficient of In|z| in the expansion.

We first consider the polynomial that multiplies the In |z| term in (4.7). We will give an expression
for this polynomial in terms of the inner functions and discuss some symmetry properties.

Lemma 4.5. Forz,z. € R4,

n—mn—m-—{

|z — " = Z |[*™ Z b |2 <[* Xn-m—t(z<"2) = Z |z[>™ Z Z DI ()2 ™ (z)

m=0 m==0 1,§=0

where the coefficients b}, , are given recursively by
O = b e+ O = B =i (4.8a)

along with the initial conditions

1 m=£=0
bO — ? 4.8b
™. {0 otherwise, ( )
= ifm+4£€>n, orm, ¢ ¢[0,n], (4.8¢)

and the coefficients D (a:<) are given by
D7 (w<) = b dlz< 57 ™ 42", (4.9)
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Proof. Simple application of (4.1b), along with the product rule (2.10) for character functions xm,
gives this first equality by induction on n. The second equality then follows by substituting (2.15)

for Xn—m-e(T<*T). |

Remark 4.6. Since b"m’e is real and

——f TN e
t?,i ez = (—1)1+Jt2_$—i_j,n-m_z_i(w<*)

by symmetry (3.3) we see that

y _ ey,
DiY (we) = (=)™ D3y e met—i(T<)

forall0<m<n,0<£€<n—m0<1i,j<n—m-—{ Provided the weights di are real, this
symmetry is inherited by the coefficients of polynomials

n—mn—m—¢

N ' n
g(z) = dilz —zp =3 P Y Y DIrm () (4.10)
k=0 '

m=0 (=0 1i,j=0

occurring as the coefficient of the In|z|? in the truncated far field expansion of Theorem 4.10 to
come.

One use of this property would be to recast the polynomial ¢(z) as the weighted sum of
approximately half as many tZ;”‘"‘(m)’s, thereby reducing the operation count for approximate
evaluation.

The non-logarithmic part in the expansion.

We now consider the infinite or far field part of (4.7). We find an explicit form for the expansion
and give bounds on the error in approximation by truncation for this series.

Lemma 4.7. Forn € Ny andy € R4, |y| < 1,

n+1 [e]
I—yn|I-y> =" > eyl xm—2e(v) (4.11)

£=0 m=max{1,2£}

where the series (4.11) converges absolutely. The coefficients cy,, , are given by the formulae

—1/m, £=0,m>1,

e = /m, £=1,m-2£>0, (4.122)
0, otherwise,
and the recurrence
ot = Ot — 1~ Ctpm1 + 21 (4.12b)

Proof. The proof is by induction on n.
Induction Basis: The case n = 0 of formulae (4.11) and (4.12a) is contained in Lemma 4.4.
Induction Step: Assume (4.11) has been established for n = K. Then using the cosine formula
(4.1a) and the product formula (2.10) we find

[ =y n |l = y?
K41 oo
=YY e P xmere®) ~ xmr1-2e8) — [y X1 -26(0) + 19 Xm0}
£=0 m=max{1,2£}
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Rearranging by collecting terms of the same homogeneity we find a series

K+2

-y 2| -y = Z K4y xm—2e(y)
£=0 m=max{1,2¢}

converging absolutely for |y| < 1 and with coefficients given by (4.12b). Thus (4.11) holds for
n = K + 1. The result follows by induction. [}

Lemma 4.8. Form > 2n > 0 and 0 < £ < n + 1, the coefficients C%,z defined recursively in
Lemvma 4.7 have the ezplicit form-

m—E{+1

n n n+1
no=(-1) +‘+1n!< ) ) I * (4.13)

k=m—£f-n
k#m—2£41

C

Proof. The proof is by induction on n.
Induction Basis: The formula for n = 0 is formula (4.12a) of Lemma 4.7.
Induction Step: Assume that the formula holds for n = K and m > 2K. Then forn = K +1

K+1 K K K K
m,f T Cm,e — Cm—1,6 ~ Cm—1,6—-1 + Cm—2,£—1"

Assume now that m > 2(K + 1) and 1 < £ < K + 1. Using the induction hypothesis,

m,

Kt :(_1)K+1+eK!{ (KZ' 1) {(m —{— (K +1))(m—20+1)

_(m—£+1)(m—22)}+(Ie{j11>{(m—ﬁ—K—1)(m—2£+2)
m—£+1
~(m -+ 1)(m-20+1)} }/ k

k=m—t— (K+1)

:(_1)K+1+1£—K!({:-%{(K+2 ~g{m—t-K-1)(m-2+1)

—(m~e—1)(m-2£)}+e{(m—e—K-1)(m—~2£+2)

m——£+1

—(m—£2+1)(m - 212+1) k
}/ k=m—f~ (K+1)
m—£+1
=(—1)K+2+5%!{(—I:—-;71)N(K +2)(K + 1)(m — 2L+ 1)/ k

k=m—{— (K+1)

agreeing with (4.13). The proof of the induction step when { =0 or £ = K +2 is similar. Hence
the result follows by induction. |

Lemma 4.9. Letn € Ny andy € RY, |y| < 1. Forp e N let
p min{{m/2],n+1}
W= >y xma(y). (4.14)
m= £=0
If p> 2n then

rtinl(p+2)’ [yt
Gri-n) - (p-2m)1-

- PP |l =y - G)| <
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Proof. By Lemma 4.7,

o n4l
1=yl - g =G| < | 3 D e lyPxmo2e)]- (4.15)
m=p+1 £=0

Then using Lemma 4.8 the magnitude of all the terms of order |y|™ can be estimated by

n+l
> oy xm—2e(v)
=0

D m—t—n—-1) +1 .
Slzg(nzm—ej-m)(m_z-z“)”!(ne )(m—ze+1)|y|

n+l -
(m — 2¢ + 1) n+1
TE

n+1
m n+1
<alplmanm Y ("7 )
=0

=nl2"y|"gn(m),

where
(m+1)2

(m—n)(m—(n+1)--- (m— (2n + 1)) (4.16)

gn(m) =

The function ¢, (m) is positive and decreasing in m for m > 2n + 1. Hence the right hand side of
(4.15) can be estimated as

oo n+l oo n-+1
Z Z Cvr;»,zlyllem—ze(y) < Z Z cnm,tlyluXm—?l(y)
m=p+1 {=0 m=p+1 | £=0
oo
< Z n12™ |y ™ g, (m)
m=p+1

|y|P+!

<ontip! +1 .

The full expansion and error bound.

Combining the results in (4.7), Lemma 4.5 and Lemma 4.7, the function
3, (z) = |z —2<|*" In|z — z|?

may be approximated by the truncated series
n n—m
gp(@) =Tzl Y |z™ > b o Xn-m-e(z w<) + |2 Gp(a 2 2),
m=0 £=0

where g, is defined in (4.14). Then from Lemma 4.9 we obtain the error bound

2n+Hinl(p + 2)2 lz g |Pt!
(p+1—n)---(p—2n) 1-|z 'tz

2, (2) - gylo)] < laf>"

for |z| > |z<|. Since p > 2n this bound is increasing in |y| = |z<|/|z|. We can apply the bound
to each centre z; in turn and sum. This gives
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Theorem 4.10. Suppose zx € R4, || < r and di € R for each 1 < k < N. Let s be the

(n + 2)-harmonic spline
N

s(@) =Y delo =z In|z — zf*.
k=1

Furthermore, let Bm, ¢ be the (n —m — £+ 1) x (n —m — £+ 1) matriz

[lej,t] =bm ezdklkal *(To-m-e(2})),

and Cp, ¢ be the (m — 284 1) X (m — 2+ 1) matriz

[Cz,";, ] = cmlzdklwkl T 2((-’“:))

where the coefficients b, , and c;,, , are given recursively by (4.8) and (4.12) respectively. Let
p€EN, p>2n, and set

n n—-mn—m-—=¢

lnlzlzz Z Z Bmfl |2mt" m— t(:l:)

m=0 £=0 1i,5=0
n+1 m—2¢

+ Z Z Z C;TL l|$|2(n+l 2)01:3—22(2:)

£=0 m=max{1,2¢} i,j=0

= In |z Z o2 Z Tr (Bum, eTn-m-t(z))

m=0
n+41

+ Ej 2218 Ty (Cpm,eOm—ze(x)), (4.17)

¢=0 m=max{1,2¢}

z € R\{0}. Then for all x with |z| > r

—2n+1
Is(:z:) —-g (m)l < Mr® (p +2)*2""n! (l)p " 1
'p >

Gpr1on) (-2 T=1/c
where M = 2sz1 |dg| and ¢ = |z|/r.

5 Uniqueness.

In this section we will prove that the truncated expansions, g,, appearing in (4.4) and (4.17) are
the only functions of these forms achieving the stated asymptotic accuracy in approximating s as
|z] = oo. These uniqueness results will allow us to form far field expansions in an inexpensive
indirect manner, knowing that the expansions so obtained are identical with, and enjoy the same
error estimates as, the computationally expensive directly formed expansions.

Lemma 5.1. Let p € No. Suppose a function g, defined for = € R*\{0} can be written in the
form

n n-mn—m-—{

lnlmlzzz Z Bml |2mtn——m—l(m)

m=0 =0 {,j=0
n+1 m—2¢

+Z Z Z Cm l|:17|2("+1 Z) m 21( )

£€=0 m=max{1,2¢} i,j=0

(5.1)

where the various coefficients are complex numbers. Then
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(i) The coefficients {E;"y,l and {5’;-:2’£} are uniquely determined by the function gp.

(i) Ifp> 2n and
1Gp(2)] = o|=**77),  as |z| = oo,

then g, is identically zero.

Proof. We will need to use the fundamental properties of the inner and outer functions developed
in Section 3. Recall that ¢I"; is homogeneous of order m and {t/% : 0 < 4,5 <m, 0 <m < q}is
an orthogonal set of non-trivial spherical harmonics on the unit sphere S®. The definition of the
outer functions (2.12)

ofy(z,w) = |a| "B I (z, “w)
then implies that of; is homogeneous of order —(m +2) and {of% : 0 <4,j <m, 0 <m <L g} is
linearly mdependent on 83,

Now fix p € Ny and consider a function of the form (5.1). Rearrange the finite sum g, by
grouping together terms of the same growth at infinity, and arranging the groups in order of
decreasing growth at infinity. The order of magnitude of g, as |z| — oo will be the same as that
of the first non-zero group of terms.

Fix an integer k and denote the sum of the group of terms of growth |z|* In|z| by L. Thus

n n—mn—m-—£

Lk(m) 1n|:13|2 Z Z Z 5k n+m—£B$t|m|2mt P E(m)

m=0 £=0 14,j==0
Restricting attention to those terms for which the delta function is non-zero we see that among
these a particular inner function tf,’ 7 can arise only when k' = k —2m and thus can arise at most
once. Hence by the linear independence of {t{ : 0 < 4,7 <m, 0 < m < n} on 83, Li(z) is
identically zero for all z # 0 if and only if

Skntm—t BE =0,
foralm=0,...,m£=0,...,n—m;4,7=0,...,n —m — £. Similarly, the sum of the group of
terms of growth |z|* at infinity is

n+1 P m—2¢

Gk(:z: Z Z Z ‘Sk 2n—m Cm £|w|2(n+1 l)om 2t

£=0 m=max{1,2¢} i,5=0
Fix k£ and restrict attention to those terms for which the delta function is non zero. A particular
outer function o} ], can arise only when m' = 2n — k — 2£. Since k and n are fixed this happens

for at most one value of £, and hence at most once. Thus by the linear independence of {01 g
0<i,5' <m',0<m <q}on 83 Gi(z) is identically zero for all z # 0 if and only if

N4
6k,2n—-mc_j,i, = Oa

forall £=0,...,n+1; m =max{1,2¢},...,p; 14,5 =0,...,m.

For (ii) just note that if p > 2n then o(jz|>"~?) — 0 so no terms can appear in the In|z|?
summand, as each of those terms do not decay. Each term in the second summand is homogeneous
of order 2n — m > 2n — p. But the decay rate of|z|**~P) precludes these terms from occurring,
ie., gp=0. I

A simpler argument based on the same ideas shows

Lemma 5.2. Let p € Ny. Suppose a function G, defined for x € R*\{0} can be written in the
form

P m
G@) = > Crol(a).
m=01,7=0

Then
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(i) The coefficients { 6]"1’1} are uniquely determined by the function gp.
(i) I

[Gp(@)l = o|21=®+),  as Jo] oo,

then gp is identically zero.

6 Translation of expansions.

In this section we develop formulae which enable us to obtain a truncated expansion about one cen-
tre indirectly from a truncated expansion about another. The operation count for this translation
operation depends only on the order of the original expansion, not upon the number of centres zy
underlying it. In contrast, the operation count for direct expansion of a cluster, is O(N (n+1)p?)
where N is the number of centres in the cluster. Thus indirect formation of expansions can be
more efficient than direct expansion when the number of centres in a particular cluster is large
and truncated expansions of sub-clusters are available.

For any matrix A = (as j:), denote by A| the (m+1) x (m+1) sub-matrix of A which begins
at the (¢, 7) position, i.e.,

m _ TS
(Ai,j)i’,j’ = Qiti ,j+5' i, =0,...,m

Theorem 6.1 (Outer to outer or inner translation). Let z,z< € H} be such that 0 < |z| <
|z|. Then

otyfe=2)= 3 T (Blmm, ) Omim @] Twl2)) )
m/'=0 !
where E(m,m',1) is the (m' + 1) x (m' + 1) diagonal matriz with entries
s (gt
e(m, m’, D)oy = <z—ijz> (m+m ('z+z )>.
» i m—1

Proof. Using Lemma 4.1, Lemma 2.9 and the relationship (3.17) between the outer functions and
the operators R®

l]’
ol(z —z<) = Rﬁm = R[% E Tr ( m m)Tm'(flk))
m'=0
,g Z Z z’] (z)tg z'(z<)
m’—-ol/ 'l——-
—Rm Z Z t] z'(m<)Rz’j I |2
mI=01,j'=0
o0 m
=2 2 u@IRGRT Iz |2
m'=01,j5=0
%) m’
= Z Z ¢, #(@<)elm,m', i) o RIS J+J |z 12
m'=01,5=0
(o2 m' ,
=3 e )
m!'=01',j'=0
= Z Tr (E(m m',1)Omim w)‘ m<))
m'=0

where the differentiation term by term is justified by the real analyticity. £
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This Theorem is sufficient to translate a far field expansion of the type in (4.4). In particular
consider an expansion like (4.4) but centred on z. # 0. Then

gp(a:—:v<) = z Z C,z 1._1 <) (6'2)

m=01,j=0
P m 00 m'
= Z Z C Z Z e(mvml:i)i’,i’oz+z’13+] (:E)t] 1’(m<)
m=0 %,j=0 =0i,j'=0
4 m
= Z Z 7,i 013 () +O(|‘"‘ (p+3))
m=0 {,j=0

where the coefﬁc1ents D7 are defined by the “convolution”

(F)em=3 () 3 ("2 Ve (7 )ope (6.3

m'=0 i,§'=0

Thus

Z Z D% o (x)

m=01,j=0

approximates g,(z) with error of order O(|z|~(*%)) as |z| —+ co. But by Theorem 4.2 the series
formed directly, up, is of the same form and shares the same order of approximation. Hence the
difference u,(z) — hy(z) is O (|z|~P+%)) as |z| — oo, and by the Uniqueness Theorem, Lemma 5.2,
up and h, are identical.

Furthermore, Theorem 6.1 is sufficient to translate an expansion of the form (6.2) into a Taylor

series about 0 (a Maclaurin series). Since the functions of; are homogenous of degree m,

oly(z —x<) = (1) (z< — ).

This simple observation allows the roles of z and . to be switched in the application of Theo-
rem 6.1. Starting with g, defined by (6.2) and proceeding in this manner, we obtain

gp(ID—iL'<)"——‘- Z Z i, l’( 1)m z" (12<—-ZB)

'=014,j'=0

3
I
L.

T

( 1)m ] 1.’ Z Z e(m m, Z)l loz+z’ ]+] (m<)t‘77,7’li(m)

I
M'@
Ms

m'=01,j'=0 m==01,j=0
P m

= > FRth(@) + O(alPt), s |zl =0,
m=01,7=0

where the coefficients F; are given by the “correlation”
-1 P 7 m' n —1 I
m m+m m+m fm ‘
() -5 () £ ) s (e o
m'=0 it,5'=0

Then by the characterisation of the Maclaurin polynomial g of degree p for a function f as the
only polynomial of total degree p with

|f(z) — g(2)| = o(|2|P),  as|z| =0,
it follows that

Z Z Frr(- (6.5)

m=01,5=0
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Theorem 6.2 (Inner-to-inner translation formula). For all z,z. € R*, m € Np and 0 <
i, <m,
i’ =min{i,m'}

m j'=min{j,m'} . .
' m — —
thi(z —z<) = z Z (=1)m-m (m' __;./) (;/)t:’iz’ it (z)t (:z:)

m'=0 {!=max{0,i—(m-m')}
j'=max{0,j—(m-m')}

Proof. Because the functions {t 0 <i,i<m, 0<m < m} form a basis for harmonic
homogenous polynomials of degree a.t most m, and since ¢, ( - :v<) is such a polynomial,

ma-a9= 30 3 et e

m'=01i',j'=0

for some coefficients a:",,"; j

to this expression gives
j m— .7 m— m,m"
(j'f mir — i ) i i (—2<) = 75T .

Since (—1)™~ m" factors out by the homogenelty of tT .7 j_Ju, the result follows once we recall
that the left hand side is zero unless j” < j, j —j"<m-m",i" <iand i -i" < m-—-m". i

, that depend on z.. Applying the functionals Alu ., of Lemma 3.10

This theorem may be used to translate a polynomial expansion such as (6.5). For example, if

P m'
gz) =D D FPuth(z—zo) (6.6)

m'=01,j'=0

then by Theorem 6.2, we get

=3 5 Ep 5T o (72 ()o@

m'=01i',j'=0 m=0i,j=0
P m
— m
Z Z Gy t7; (@),
m=0i,j=0

where the coefficients G7; are given by the “convolution”

'm\ ~* P(m ™ m\"' ' m' —m
<]> Gj,i = Z (m> Z (J' ) FJT":i’ (_1)m —m< §' = ) 1'—11 —J(z<) (6'7)
m'=0 #,3'=0

It should be noted that this is an exact recentering of the polynomial q.

Just as we were able to translate expansions of the form (6.2), we want to be able to translate
expansions like (4.17). One of our tools will be formulae for the products of z, w, Z or w with a
single inner or single outer function. These multiplication rules are contained in Lemmas 6.3 and
6.4 below.

Lemma 6.3. Form >0 and 0 <14,5 <m,

z of%(z,w) = i-:_ll |:v|2o;i‘|_"1"1j+1(z w) + +Jl. o;:‘]-—l(z,w), (6.8a)
w of(z,w) = L-*l-l—z |m|2o}7,3111(z w) + +'1 o1 h(z,w), (6.8b)

oy (2 w) = = ol w) + —L 0Ty (2, w), (6.8¢)
@ ofy(z,w) = — ”1 - ool (z,w) - J o774 (z,w). (6.8d)

m+1
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Proof. First assume m > 0. Differentiate (2.13) with respect to Z. For the right hand side we
obtain

m-—1

(m — )21 (212 + 20)™ 1 (2 (~w) + 222) = (m = )z |z™ D 2P ol (2, w)
i=0
m—1 o
= (m - JafP™ Y 2 ol N (zw).  (6.9)
i=0

Since |z|? = zZ + w0, for the left hand side we have

. 0
z(m + 1)|z|*™ Zzl ~tzhol (2, w) + |z Hm D) Zz’"“’ 25— > of%(z,w)
i=0 i=0

=z(m+ 1)|:v|2"‘§:z1 ~izo (z,w) — |zHm D) sz—’ $G+ 1ol (z,w)  (6.10)
i=0 i=0

where we have used (3.13d) to evaluate —5=o . By considering the coefficient of z]* iz} in (6.9)
and (6.10) we see that

(m — )7 (z,w) = 2(m + 1) (z,w) = |2|2(i + 1)oltL, , (2, w)

for 0 < 7,7 < m, which proves (6.8a)

By differentiating (2.13) with respect to W, z and w, in a similar manner we obtain (6.8b),
(6.8¢c) and (6.8d) respectively, for m > 0. The special case of m = 0 for (6.8) follows directly from
00,0 = |z|7? and the recurrence relations (3.8). i

Substituting (2.12) into (6.8) leads to a similar result for the inner functions. Specifically,
Lemma 6.4. Form >0 and 0 <1i,7 <m,

m+1-—1 j

+1 2
z 175 (z,w) = 1 i (z,w) + _n?+_— g i ’] _1(z,w), (6.11a)
m+1— +1 2,m—1
w t?j(z,w) = m’ i (zw) — + I etk (2, ), (6.11b)
'+1
Z (2 w) = —7 w)+ Wt Yz, w), (6.11c)
m i + 1 1;1.+1 2
w t75(2,w) = — i t1+1_1( , )+ | |t 1(2 w). (6.11d)

Since tf; = 0 and of; = 0 if m < 0, multiple applications of Lemma 6.3 and Lemma 6.4 may
be used to obtain

Corollary 6.5. Let p be a given homogenous polynomial of degree m' in z, Z, w and W. Then to
each inner function 7 . there correspond constants {F} ., } and to each outer function of; there

correspond constants {Gl 1 1} such that

min{m', |(m+m')/2[} m+m'—2¢ .
p(z,E,w,‘w) t?’lj(fll) = Z 'th’ Z Fvil;",j’t?-;-/m —2¢ (:B),
=0 i,§'=0
min{m',|(m+m')/2|} mtm =2t/ ,
p(2,Z,w, W) O?j (z) = Z |m|2(m’—~£') Z G i m+m —2¢ ().

=0 i,§'=0
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We now demonstrate how these results may be used to translate truncated a far field series,
such as (4.17), due to a polyharmonic spline. Let g, be such a series with centre of expansion at
T, i.e.,

n n—€ n~f{—m
¢ —l
gp(z) =lnjz —z *> |z -2 S D > BT ™z - n)
=0 m=0 {,j=0
n+1 m—2¢
+ Z I‘U _ m<|2‘(n+1—-£) Z Z CE ,m m—2£ ZB<) . (6.12)
=0 m=max{1,2¢} 1,j=0

The translations of objects such as those in the two sets of curly braces has been discussed already.
The terms in the first set may be translated via Theorem 6.2 in much the same way as (6.6) was
translated. The terms in the second set of braces may be translated using Theorem 6.1 in a similar
manner to (6.2). Let {Be '} and {Ce 7"} be the translated coefficients. Then

n—€ n—€—m

n
@) =lnla o< S f 5SS BEUET)

=0 m=0 i,j=0
n+1 P m—24
+ Z lz — o |2(nt1-0) > > Cilor 2 (z) o + (9(|m|-(1’+1—2">) . (6.13)
=0 m=max{1,2¢} i,j=0

Recall that
|z — 2’ = |2|* — 2(z,2<) + |z |? = |2 — (222 + Zac + WWL + Tw) + |z<|*.

Thus we may use Lemma 6.4 to “translate” any product of the form |z —z« ]%ZL"J-, (z) into a sum of
at most ten terms of the form leuutgﬁ':ju (x), where the coefficients of those terms depend on z..
An analogous procedure employing Lemma 6.3 translates a product of the form |z — z« |20§P’lj, (z)

£II N

into a sum of at most ten terms of the form || o} ;. (z). Applying this procedure repeatedly

to (6.13) viewed as a nested product

fol@) +1z = 2<* (fu(a) + o — o< (fol@) + - + o = 2<2(Fula) + |2 = 2P fars (@) )

brings g, to the form

n—€ n—£f—m

gp(2) = Infa - 2.’ anr"z S By aytr
m=0 {,j=0

n+1 m—2l~[

+le‘2(n+1~e) Z Z i o 2 )+O(|m"(P+l—2n))’ (6.14)
£=0

m=max{1,2¢} i,j=0

with only the In|z — z.|? term left untranslated. This particular step in the translation costs
O((n+ 1)%(p + 1)%) operations. This is acceptable since n is small, typically n < 2, and the
number of terms in the series to be translated is O((n + 1)(p + 1)*).

By Theorem 4.10,

m'—2¢

1 -
Inle -z > =In|z)? + Z |22 z z DJ i (:v<)o;’,‘,j72€ (z) + O(|3;|—(P +1)) ]

=0 m/=max{1,2¢'} 7',57'=0
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Substituting this into (6.14) gives

n—£f n—{—m
gp<z>=1n|m|22lw|2‘§j > By )
m=0 4,j=0
n+1 m—-2£~¢

z)+ Y |z Z > C ]j :';“(z)+o(nm; (p+1- 2n>), (6.15)
£=0

m=max{1,2¢} 7,7=0
where F;_(z) is given by the product
n—f n—f—m _ i 1 P m'—2¢ ,
S S Y B b S 5 S s o
£=0 m=0 i,j=0 =0 m’:max{l,Zl‘} i, =0
(6.16)

after it has been truncated by removing terms that are O(|z|~(P+172™) as |z| — co. From
Corollary 6.5, (6.16) can be written in the form

n+1 4 m—2¢ <0
ZIm{2(n+1_l) Z Z D m m—2l(m)
£=0 m=max{1,2¢} {,j=0

This completes the translation.
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A A table of inner and outer functions.

FAST EVALUATION OF RADIAL BASIS FUNCTIONS

To=[1]
z W
Ty =
-z
22 2w w?
To=| =2z 2Z-ww 2wZ
w> —WZ Vi
28 22w z2w? w?
=322  227-2Wzw 2zwZ-ww® 3w’z
Ts = 2 I 2 _ gz = =2
Jzw* -2zwZ+wrw 2Z°—2WwzZ 3wz
TN WE —Wz? Z3
[ 24 23w 22w? zw? wt ]
—4 2% 237 — 3W2w 2 22wZ — 2 Wzw? 32wF —ww?  4wdz
Ty= | 62202 =322z + 320%w 2°Z° —4zuwzZ+ T w? 3z2w7 — 3ww?z 6wz’
42w 32027 — T w —22WZ? + 20wz 22 - 3wwz: 4wz
wl —°Z w2z —WZzS 7
1
Op=| —=
° ||
1 Z —w
0, = =1l _
|z w oz
72 —Zw w?
1 - -
Oy =— | 2Z0 Zz-ww —2wz
|z
w Wz 22
z3 —Z2w Zw? —w?
1 | 3Z%W 27 -2wzw —2Zwz+ww? 3wz
3= 1.8 — —_— _ _
|<z] 3zw? 27Wz — Ww 222 - 2Twz —3wz?
we Wiz W22 23
[z -Zw Z2w? —zw? w?
47w 22 - 3w —227%w + 2WEw? 3zwlz — ww? —4wiz
1 o — — —
Oy = T2 6Z°W2 327°W — 3TWiw 2222 — Azwwz + wrw? —3Zwz? + 3ww?z 6w?2?
xTr
47w° 37wz — Ww 27wz? - 2Wrwz 72% — 3Twz? —4wz®
wh Wz wiz? w2 24

|z|? = 2Z + ww.
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