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Introduction

In this paper we shall investigate the diverging type D
metrics of Kinnersley (1969). These are empty Einstein spaces,
possessing two distinct non-shearing ray congruences, which, from the
Goldberg—Sachs Theorem, must each be Débever—Penrose vectors for the
Conformal tensor.

Kinnersley has shown that there are two distinct metrics of
this type, the first being a generalisation of that Schwarzschild
(Debney 1967, Carter 1968, Debney Kerr and Schild 1969) and the second
a complétely new solution of the Einstein equations, having the C-metric
of Levi~Civita as limit. All these solutions contain two commuting
Killing vectors, together with a discrete symmetry, or inversion
(Carter 1968), which leads to a particularly simple canonical form for
the hetrics.

After this paper had been preparéd, it was noticed that its
main result, the canonical form for the Kinnersley metric, had been
discovered earlier by Plebanski and Demiansgky (1976). However, we
feel that the techniques and results in this paper are sufficiently
interesting to warrant publication. We inspected those empty
algebraically special spaces with two commuting Killing vectors, and
searched for canonical forms for the metric, whereas Plebanski and
Demiansky started with a particular canonical form and looked at the
~ resulting geometries - in both cases the Kinnersley metric appeared
naturally.

The notation used in this paper is set out in the next section,
and then in section III we set up the étandard coordinates used in
algebraically special spaces (Robinson and Trautman 1962, Kerr 1963,
Debney et al. 1969) and give the field equations for type D spaces.

In section IV we show why the solutions divide into two classes each
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of which admit two Killing vectors. We treat these separately in
sections V and VI but show that Kinnersley's metric admits coordinates

similar to those given by Carter (1968) for the Kerr-Nut metric.
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Notation

We shall suppose that @is an algebraically special, empty

Einstein space, and that {eud} is a spin (hermitian) basis for the

vector fields on &,

A bar will be used to denote complex conjugation, and so

e : =8, - . The vector A is real iff RGB = ABQ .
aB Ba

of the metric are

o088 g(ea& ; eBé) = € o

where EaB is the usual antisymmetric spin metric (Pirani 1964), {

is the dual basis for covariant vector fields on &,

ad _ o6 i od, . _ <00
W™ =Wt dxT, W (eBB) 688 )

Spin indices are raised and lowered with EuB

o

_ o _ B
€' =¢ EB,EOL——Easi,

which agrees with the usual convention for ordinary tensors.

spin transformationsg

are precisely those for which eq.(2.3) is invariant.

We shall write the connexion forms as T; = lekdxk.

Since the components of the metric are constants for a spin basis,

(*) iljlku-'- = 112,3,4; OL,B....

]

0,1

The components

(*)

(2.1)
W)
(2.2)
(2.3)
The .
(2.4)
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dgudBB = 0 and Fudﬁé = - FBéa& .

A,.(= =A,,) there exists a unique symmetric spinor, A such
i35 Ay que sy p » Bygr S

For any real bivector

that uAadBé = A BEdB déeuB . Hence
R
Tgg = 0g Tg + 0f Tg v Tp = Ty v

Gove O 0. ... .
v = a7 + F T - T T + ..
B... B.. B... B... "Pevse

Since # is empty, the Reimann and conformal tensors are

identical, and
Rodpiyved = Yagys €48 €38 * Yapvd Cap Svo (2.6)

where Y is completely symmetric. We will use the standard

opys

notation for the components of this tensor

Yo = Yoooo, Y1 = Yooo1, etc. (2.7

The Cartan equations can also be expressed in spinor form

Ol

aw™® - (8% 1% -+ BBA YV _ , 2.
W ( B Byy B BYY) WA 0 (2.8a)
ar , + T ATP =y W' A(DGp : (2. 8b)
aB ap” B uBYG
If ei’ = Ai, ei is any change of basis, the Fi: are related
to the F; by
ri = Al Al ot o oal'al
J 1 J J i
o _ )
Since FB =X FB@ ,
o o g% g8 p¥ g% (2.9)
B' o "B BT T o B

a', . :
where Su is a general spin transformation.

Throughout this paper w!! will be a fixed principal null vector
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(hereafter referred to as p.n.v.) of &. The remaining spin transformations

can be parametrised by two complex functions, UL, and s,

-1 -1
! s fLs »
S = ‘ . (2.10)

o 0 ]
From eq. (2.3) and (2.9)

11 =y 11

W = ss5W '

W' 2 (/e @t + awth),

w0 - (s5) (@ + o 4Rl maw'l),

To'o' =82 oo ,

Fo'r' = Tgy +0Tpe + d(log s),

Ty'y' = s o (Ty1- 280 To1 + 602 Too-dbL). O (2.11)
The parameter flLgives a null rotation about wli. Yo and ¥, are

both zero, since® is algebraically special, and the remaining

conformal tensor components transform as

\yZ' = \112 ’
Yot = (Y5 -30LY,)/s? '
Yyt = (Yy -40Y;y + 60.2Y,) /st . (2.12)

6!

T
The space is type D iff 3 anf0lfor which w’ is also

a p.n.v., i.e. for which ¥3 = W; = 0, énd therefore
# is type D ® ¥y = ¥y = 3V,¥, -2¥,% =0, Y5 4 0 . (2.13)

The space will then be flat if {, is also zero.
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3. Field Equations

The components of T'gy are the optical scalars of Sachs for the

null vector w!'! (Jordan Ehlers and Sachs 1961),

K = Togooo = geodesy '
P = Typ19 = complex divergence,
0 = I'gog1 = shear

The fourth component, T'gp11, is not invariant under a null rotation

about w!'! . The Goldberg-Sachs theorem states that K and O are zero

for any p.n.v. in an empty Einstein space, and so
Too = pw'® + Too11 w'? . (3.1)

Since the type D nondiverging spaces are rather trivial, we

shall assume that p % 0 throughout the next four sections.
Assumption: D% 0. (3.2)
The (00) component of eq. (2.8) reduces to
dl'gg + zP;oA I'p1 = szléa wl.1 ; ’ (3.3)
and so, from eq. (3.1)

dl'ooAToe = 0.

The complete solution of this is T'gp = ¢dL, where ¢ and [ are both
complex functions. A spin transformation (with s? = ¢~!and

6L = T'po11 / p) transforms Tyo to 4 and F001i to zero, so that

Too = pw!® = dg. (3.4)
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Any transformation preserving eq. (3.4) must satisfy d4g' = s?dr, and

s1e]
L' o= o(r), s? = o, 0L= 0, (3.5)

where & is an analytic function. following Kerr‘and Debney (1970)
(hereafter referred to as K.D.), C, E and v - R%(p_l) are used as
coordinateé, the last being an affine paiametef along w}l. The fourth
coordinate is any solution of the equations eog(u) = 0, Eli(u) = 1.

It was shown in K.D. that

il

w'l = du + Qdz + Qar

w'® = dv + Bdr + BAZ + uvw!!

w'® = ag/p , | (3.6)

where B, U and p satisfy

B = —vR + (DD - DDY),

U =-—R5L[DQu + 2Mp ] ’
0= (v+n) :
A =i Im (DO) (3.7)

The operator D is essentially the derivative in the direction of

€10

D = BC - QBu ' (3.8)

and {2 and the complex mass M are independent of v.
The full group of permissible coordinate transformations,C?,

is



QI

(8)

= ¢ (T) | ‘ ' (3.9a)
= (u+-S(c,Z))|¢EI : (3.9b)
= v/|¢§| ' (3.9¢)
= M/|<I>§|3 , (3.10a)
- - =L - 3.

(f S, z(<I>CC/<I>C)(u+s))|<I>C|/<I>C , (3.10b)

and the corresponding spin transformation is

(s,01) = (|®CI, 0). ' (3.11)

Before we write down the components of the connexion, and the

Wn, we shall define

=]
1

H
it

o8]
il

Dy DY ,
u
DM - 3m
DDg - DDO . (3.12)

The only nonzero components of I' and ¥ are then

Too10
Torio
To111
F;loi
Tiit1

¥

¥s3

¥y

i

It

il

]

I

Y ’
YR
o Mp2 ’

-p (D3 @) - M(p? + 0p)

o 2 3

Quu + pH + p°I f p MJ ,

- ZMQS '

p%H + 2p%1 + 3p“mT ,

- D) -~ o2(D - —~ 0% (D - -
p(3,3 DY) - p (D 40 JH'-p [ (D 5001 HT ]

- p“[(D-enu)(MJ) + 213] - 3m73%p°5. (3.13)
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The remaining field equations are

fie.T : 2M - (D-20)H =0,
u u
f.e. II : Im(2M - DODQ) = 0 ,
f.e. IIT : Du - 3§uM =0 . : (3.14)

These differ slightly from those in (K.D.), since we have replaced
U (there) by 2M, and have rearranged eq.(f.e.I). They are necessary and

sufficient conditions for the metric

ds? = 20°%t - 2|02 (3.15)

with waa given by eq.(3.6) and eqg.(3.7), to be algebraically special,
empty Einstein space. It will then be type D iff eqg.(2.13) is satisfied.

Equating the various powers of p to zero in this gives four equations,

pD. T : 3Md 3 DR -mu®=o0,
u u
p. Ir : DM "% =o0,
pD. TIT : 4(DM)?% + 3vuJT - 3M(DDM) + 9M2(8uDQ) =0,
p. v : D@/m =o0. (3.16)

I

The metric is flat iff M 0, so we must assume

M % 0. (3.17)
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ISOMETRIES OF &
In this section we will investigate the symmetries of the type D
spaces. In (K.D.) it was shown that any Killing vector, K, of the

metric of section 3 can be written as

K= aag + aaz + Re(ar) (w3 + vo ) + PO, _ (4.1)

where P is a real function of 7 and Z, and 0 is an analytic function
of L. This is equivalent to the fact that K must be an infinitesimal
generator of the coordinate group €. a simple calculation gives the

following transformation equation for ¢ and P,

a' = %0 ,
g

|®C| [p - Re(az)s - Ks1, (4.2)

L]
I

If o is non-zero, then the coordinates can be chosen so tlat
K = BC + BE , whereas if it is zero then K = PBu, which is already a

simple expression.

We shall introduce the following notation:

Definition: QD is the set of all type D metrics.

Definition: (¢ (n) is the set of algebraically special spaces for which

p and M are non-zero, and which admit at least n commuc.uyg Killing vectors.
We shall not need to consider {{(n) for n > 2 since these were

shown to be empty in K.D.. Also Kinnersley has shown that&9<562(2).

We will give an independent proof of this later.

Definition: (¢ (1,N) is the set of metrics which admit a Killing vector of

the type PBu ; AL n,R) = A\ @(1L,N); andC(n,N) are those algebraically

special spaces containing at least n commuting Killing vectors, one of

which is P9 .
u
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In the above, R and N stand for "radiating” and "non-radiating" (Trim
and Wainwright, 1974) respectively. In@{(2,R) the (C,E,u,v) coordinates
can be chosen so that the metric is independent of 7, and E, and so

d, is a complex Killing vector.

g
If &‘E CZ(l,N), it is convenient to introduce a slightly different

coordipate syétem, (¢,C,r,s) defined by

s ; u/P, r = VP (4. 3)
for which the metric is independent of s, and can be written as

(at)? = —2ZP"2|d§-iP265w/Z|2 + (2dr + Tw/Dw , (4.4)
where

w=plw'! = ds + Adz + AdL

A= (Q+SPC)P—1 , m = -2mp°

§ = - ilp = lem(ﬁc), Q = 8p,

T =P%/pp = 2 + &%,

T = -2Kp - 2RL(m)r + 2K;r?, (4.5)

and K; and K; are the two-curvatures for the metrics dCdZ/P2 and

dCdZ/Q2 respectively,

Ky = PPZ;Z - PZ;PZ r Ko = QQCZ - QC Z . (4.06)

All these functions are independent of r and s, except for 7 and &

which are gquadratic in r.
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The field equations for this metric are

f.e.I Ky,= =0,
© ez
f.e.II -Im(m) + POz = P Oz - PrQ, + P70 = 0,
.€. - = 0,
f.e. III mg

Any other symmetry must have the form

K= aag + GBZ + ao(sas - rar) + T(Q,C)BS '

(4.7
(4.8)

(4.9)

(4.10)

where o0 = o), T is real, and ag is a real constant. It was proved

in (K.D.) that K is then a symmetry iff

Kp + (ag - Rl(O(,C))P =0,
Km + 3agm =0 ,

K§‘+ a06 =0 .

The function T is defined up to an additive constant

(corresponding to the known symmetry, 9.) by

4

TC+K/\+(OLC—a0)A=O.

The integrability condition for this is just

K(s/p?) + ‘ZRl‘“c) - ap) (8/P%) =0 ,

and this follows trivially from equation (4.11).

Kinnersley (1969) has proved the following theorem

(4.11a)
(4.11b)

(4.11c)

(4.12)

Theorem l: Every type D metric admits two commuting Killing vectors,

and sod is the disjoint union of D(2,R) and P(2,N)

where oD(2,0) =N Q(2,9), Q = R,N .
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Proof: A proof of this will be given, since rather different coordinates
are being used to those of Kinhersley, and certain equations needed
later will be derived.

If eq.(D.I) is differentiated with respect to ﬁ and the first

two field equations used, then the following eguation is obtained

.3_l§ .
au[H M*l=0,

and so, from eq. (D.ITI)
H = E(Tym4h (4.13)

where f is an analytic function of 7. If the coordinate transformation,

eq. (3.9), is applied ,

D Vo= -2 - L 1 2 :
(au ) @C [BuDQ 2(1n®; cr + 4(1n<I>C) C] , (4. 14a)
H' = H 2 , 4.14b
/e, 1* o, ( )
and so f!' = @Cf. The function £ can therefore be transformed to a

constant, - 3)A¢ (say), by an appropriate choice of ®. We will complete

the proof of theorem 1 by proving the following two lemmas.

Lemma 1(R): The type D metrics for which H = 0 are precisely those

of Type H(2,R).
Proof: From eq.(4.13) and eq.(D.I),

ﬁauDQ = -3\, -4, (4.15a)
auauDQ = 3kp N, (4.15b)

where M has been replaced by N v

N =wmYn-14o0. (4.16)
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If eq.(4.15a) is substituted into eq.(f.e.I) and eq.(f.e.III) used,
then Bu(N - ) = 0, and so N can be written as

N =0+ €e(L,2) . (4.17)

From eq. (3.10) the transformation u + u + S(Q,E) maps € > € - 8

CI
and so € can be eliminated if it can be shown that EE = EC .
The following two (equivalent) equations are obtained by
substituting eq. (4.17) into eq. (f.e.III),
= 4,
(8C + e?u)N o, (4.18)
DO+ € + NON =0 . (4.19)
C u
By differentiating eq. (4.19) with respect to u, we obtain
a DR = -(3N%) . _ ‘ (4.20)
u uu .
Now from eq. (4.15), (D-FNBU)BuDQ = 0, and so
(0= + €9 )(N%) =0 . (4.21)
C u uu

The commutators of the differential opérators in eq. (4.18,21) are

[BE + €, B3 + eau] = (€, = €3)d_ » [BC + 83u,3u] = 0,

C C C
and therefore if eq.(4.20) is differentiated by BC + eau,
- ) _
(EE EC)(N )uuu 0.

From eq. (4.15b), (Nz)u u # 0, so that Im(e=) = 0, and therefore € can

C

be transformed to zero. From eq.(4.18,21), (NZ)uu is a function of

u

u alone, and so from eq. (4.20) BuDQ is a function of u. Finally, from

eq. (4.15b), N itself is independent of 7 and z, and

M= %0070, Q= Q(w), uo = 233° . (4.22)
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Since the metric is a function of M,Q and v, 9

Killing vector, and so® €.9(2,R).

Lemma 1(N): The type D metrics for which H

of Typeod(2,N).

Proof: When H = 0, eq.(f.e.I) and eq.(f.e.III) reduce to Mu

and eq.(D.I) and (D.II) will be satisfied iff éu(BuDQ) = ﬁ(auﬂﬂ)

must be a complex

0 are precisely those

=0’

0,

i.e, ‘BuDQ = g(C), an analytic function of L. This can be transformed

to zero by solving the third order differential equation for 9(r)

obtained by replacing BuDQ by g(Z) on the ¢ight hand side of eq. (4.l4a),

and equating it to zero.

DN =95 N -0 =0.
u u u

g
From eq. (f.e.I1I),

= —(1nm- "2
Qu (1nM )C r

and so if this is substituted into eq. (4.23)

-3
M™")z= =0
( 7 p
) - .
so that M~“is linear in L . WNow eq.(D.III) can be simplified to
MY3) =0
gL !

and so M-¥3 is bilinear in £ and C. We will eventually prove that

(4.23)

(4.24)

(4.25)

(4.26)

it is in fact a real bilinear function multiplied by a complex constant.

From eq. (£.e.II) and eq.(D.IV},

pDDDS - DDDDS = 2D (M - f) |,

MDD KﬁDQ - DDﬁ)/M] =0.

Subtracting one from the other, and using the commutation relation

for D anda D,
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[D,D] = (DR - DQ)Bu = —2A8u,
the following equation is obtained after a rather lengthy calculation,
6MQ = 21nM_[M + 2A(D3 Q)] - 6ADD] (. (4.27)
u g u u

The coefficient of 2A in this is just

2(1nM)€QuC - SQUCC

which is zero[ as can be proved by substituting eq. (4.24) into the

L derivative of eq.(4.26). Eg.(4.27) now reduces to

= - = ./3
Qu (inM )§ . (4.28)

From eq. (4.24) and eq.(4.28), (M/ﬁ) is independent of T and E, and

so M can be written as
M= -%uee® (4.29)

where |y is a constant, and P is a real bilinear function of ¥ and

.

g
i
!
It
|

v}
]

o

it = Frp T Py

Qu = - (lnP)C ' Au =0. (4.30)

If we write A = Qp-! + UPE/PZ , as in eq.(4.5), then A is independent
of u, and the transformations (v,u) = (r,s), given by eq.(4.3), transform

the metric to that of eq.(4.4). This is independent of s, and so

BS(= Pau) is a Killing vector. The mass function m is constant,
= 3 _
ms= =-2MP° = g ,

as is the 2 curvature, K, from eq. (4.30).
The last two type D conditions, eq.(D.III,IV) are satisfied iff

Q, defined in eq. (4.5) is also a real bilinear function of [, .
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Furthermore, eq.(f.e.II) then gives Im(ly) as a function of the

coefficients of the two bilinear forms, and so an @ (1,N) metric is

type D iff da ¢ coordinate for which P and Q are bilinear.

The coordinate transformations which preserve the form of the

@(l,N) metric of eq. (4.4) are

L' = ®(5) , r' = Cor , s' = Co~l(s + A(L,D)) ,

v - . 2

P IQCICOP ’ Q IQCICOQ ’

A= (A - AC)/COCI)Q , m' = Cim , (4.31)

where Cy is an arbitrary constant.

it follows from eq.(4.l4a) that

= L
(ln@C)CC 2((ln¢C)C

)2

Since eq. (4.23) must be preserved,

The complete solution of this is the bilinear transformation

b
d

at +b

gt = cg+d

' det. [a
c

j

1. (4.32)

It will be convenient to use a homogeneous spinor notation, where we

write

r =1/’

so that the forms P and Q

p=0/2012, 9=2/|c°

where '
_ L 00 _ L0 )
P=rtt » A=9g L¢C

and, since P and Q are real, the spin tensors Pd&

Hermitean.

2

(4.33)

can be written as

’

(4. 34)

and Qu& are both

The bilinear transformations on [ are equivalent to the group of

spin transformations



o' o' o o' |la b !
L o=8,0 sa=[q d],det.s =1,
where ' = ;1'/ £®' . since

o, = (ad-be)/(cg+d) 2 = (/cgt+ac®? = (¢%¢"H? ,

it is easily seen from eq. (4.31) that
@' =coP, Q' =ciR . (4.35)

It was shown in (K.D.) that if K is any other Killing vector
for this metric, then it must be an infinitesimal transformation of

the coordinate group in eq.(4.31l) and so it must be

K= uBC + ua-é + ako(sas - rar) + T(Q,C)Bs ' (4. 36)

where o is an analytic function of g, T is real, and, as in eq. (4.11),

ap is a real constant. The metric is invariant under this iff

KP - (ag + Re(oté))P =0,

KQ ~ (2aq + Re(OtC))Q =0 ,

Km + 3agm = 0 , . ‘ ' (4.37)
and T is then any solution of
T+ KA+ (0. - ag)h=0 . (4. 38)
4 T
Since m = Ug , a non-zero constant, ag must be zero, and so

KS = (a3, + &32)6 =0 , | | (4.39)

where § = Q/P. Now (P26 ) = (PQ,_ - QP.)_ = 0, and so P2§_ = 2(2),

o't Py c

where X is an analytic function. From eq. (4.39), X + 0X = 0, and so

X = iKo0(Z) where Ky is a real constant, i.e.

- QP_ = - ikeal(Z) . (4. 40)

P26_ =P
Q C

4 g
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This shows that if § is not a constant, then o is determined up to
a multiplicative constant (any multiple of a Killing vector is also
a Killihg vector). This o can be shown, by direct substitution, to
satisfy eq. (4.37), so that there are precisely two independent Killihg
vectors for these metrics. If § is a constant then.a is any solution
of KP - Re(uC)P = 0. This has three independent solutions and so there
are four independent Killing vectors. However, only two can commute,
and so@is in ({(2,N). This completes the proof of theorem I.

We still have to solve for A from eq. (4.4). If GC + 0 then

Ko ¥ 0 and so (SZ/Q)E = 2iK06Pf2, yielding

_ &2 _ i 2 28 yo1
6C ¥ 0 A= 8§%/2¢p0 = 5 §°(p GC) . (4.41)

Of course, we can always set Kg = 1 by an appropriate choice of 0og .
When § is a constant, 0 is far from unique. The coordinates can

be chosen so that®is diagonalised and
P = [T + K. (4.42)

Any finite symmetry must be a bilinear transformation in g, and

so if t - Y(L,t) is the one parameter subgroup corresponding to a,

g = A |

at

If

0,

]

where Y(Z,t) (ag + b)/{cg + d), and a,b,c, and 4 are functions of t.

From this,

1

a(g) = - ¢ 5% + (a_+ d)C + Db,

so that o corresponds to a symmetric spinor of rank two,

B

o(g) = AuBc“c /(2. (4.43)

Substituting this into eq.(4.46) and using eq. (4.51),
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o(Z) = 0% + Ko + ieol,

where 0 and ey are arbitrary constants, eg being real. In particular,
0 = 17 can always be chosen as a preferred solution of the Killing
equation, and then

§ = constant P = e + Ky, o=4ir, A= i6

T 0

5. Metrics of type S (2,R) and Q(2,R)

The metrics of type o)(2,R) are all indepéndent of ¢ and E '
and so we shall have a close look at the larger class, A(2,R), of
algebraically speciél spaces with the same symmetfieé. For these, the
field equations, (3.14), reduce to ordinary differential equations,

since D = —Qau, and can be partially integrated. From ed.(f.e.III),
M= - e, | (5.1)

where Uy is a constant.Eq.(f.e.I) can now be written as

da 72 _ o™ 3 6
Iu (Q°H) = 31002 Qu ’
and sov
oM = zDauDQ = 3uh - veR? (5.2)

where Vy is another constant. Since

56DQ=-—5(§3uDQ) = = §—2H - (55) auDQ '

the last field equation for @(2,R), eq.(f.e.Il), can be written as

Imlz(nﬂ)auﬁﬁ - e ? + vo-l] =0 . (5.3)
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Eq. (5.2) and Eq.(5.3) can be simplified by the substitution
Q= g oif , ‘ (5.4)

together with a change of variable from u to a variable x defined
by

%, -¥, ‘
dx = g 2du, Bu =g 28X . (5.5)

The field equations then become

ég - eé + (20% - 0).g = -Im [uoe3ie] p (5.0)

.-‘. o e ohe i -1 ]

g + 608%2g + 12069 = Re (—3uoe3le + Vog elel , (5.6a)
[2é3 + 8] g = Im (\)og-—l eie] ’ (5.7)

where a dot denotes differentiation with respect to x. These

equations are not independent, since

1 R
5.7 = 6(5.6a)

(5.6) + g ol

d
dx
and so eq.(5.6a) can be ignored if 6 is non zero.
When VvV, % 0, we have been unable to integmate these equations any
further.
| When the metric is type D, eqg.(5.2) can be simplifi~d with the
? y
aid of eq.(4.22) to Vo = 0. Conversely, if V¢ is zero then HM_/g

is a constant, and so eq.(D.I.) and eq.(D.II) are satisfied. The

last two type D equations (D.III,IV) follow from eq. (5.6) and eq.(5.7).

Theorem IIR: A space of type @ (2,R) is type D iff Vg is zero,
b
i.e. iff HQ is constant.

For type oD(2,R) spaces, eq.(5.7) can be integrated, giving
T L S W

where Ag is a constant, and so
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02 = L Re (Aerle) , g = -3 Im ()xoezle) . ' (5.8)
The remaining coordinate freedom is

L' = qot + au ,

u' = Iqol(u + hy) |,

Q' = Qqe|/q0 , 4 (5.9a)

where qo,q: and hy are all constants. From eq. (5.4,5)

g' = g, 6‘v= 6 - arg(qg) , X' = |q0|(x - Xo) (5.9b)

Xodo~ % . Providing Ao

xp being another constant, and so XB
is non~-zero, it can be transformed to any required value. Following

Kinnersley (1969) we choose Ay = 1, and so
82 = %cos20 , O =-%sin20 , (5.10)

which have as solutions

el < an(x) g sn(x) 8= onix) (5.11)
where the constant of integration has been eliminated by the

co—ordiﬁate transformation x-*x - X9 . The functions in eq. (5.11)

are the Jacobian elliptic functions of'modulus 1/V2. The only

remaining co-ordinate freedom is ' = ¢ + ), which corresponds

to the complex Kiliing vector, BC.
When é £ 0, eq.(5.6a) can be ignored and eq. (5.6) solved for g.

The complete solution is
21
g{x) = 2 Re (age i + boeele) ’ ‘ (5.12)

where ap and by are arbitrary complex constants, and the mass

parameter, Yo, is given by
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Po = Xiby . (5.13)

When 8 = 0, i.e. Ao = 0, then Im(DN) =0 and so A = 0
and the complex divergence p is real. This is the necessary and
sufficient condition for w'! to be hyper-surface orthogonal. The

field equations (5.6,7) become

G+ R (3103899 = 0, Im(uee3tf) - 0. (5. 14)
The transformation 6' = 0 - arg(gy) can be used to make 85 = 0 ,
so that § = g—% and |y is real.
From eq. (5.14),

= 3 2

g = =-7%HUoX" + gax” + g1X + gy '
where |y ¥ 0. The transformation x' = lqol(x - Xp) can be used to
set Yo = —-2, and to eliminate the guadratic term. Finally, the
canonicai form for g is

g = x>+ agXx + by . (5.15)

We shall see that this gives the C-metrics of Ehlers and Kundt
(1962).
The metric for these (1(2,R) metrics can be transformed to

(ds)? = -25gldc* dg* + dx?/4q? ]

v 20t & 7047w [ar + pax + oag* + GaT¥] , (5.
where
1 = (R + 62) , p=l5(R2+3é2) ,
Oefie = ~ Re (u0e3ie/R:+ié) + % (Rg-&) - Zgé2 + gié - Rgié '

(5.

16)

17)
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and the coordinates are defined by
arx = dg + dax/2gei® , R = v/ /g, (5.18)

We shall follow the notation of ?apapetrou (1966) and write this

metric as

&

2 _ oL oL . A A_ B
ds” = ggm @ 4dx dx + 2go_LAdx dx = + gAde dx ' (5.19)

where 0L, & =1,2; A,B = 3,4 and 955 is a function of the (x% ),
i.e. the {BA} are Killing vectors. In eq.(5.16), Xi = (R,X,C*,Z*)

We will say that the metric in eq.(5.19) is quasi-diagonalizable
(gq.d. for short) if the cross terms can be eliminated. This can only

be done by a transformation of the type

A Al

.
¥ = ¥ 4 Px oL o

D'L)’ X = X o (5.20)

If this is substituted into eq.(5.19) the equation g oL’ = 0 can

be solved for the de

de=—hABg6Ldem' , (5.21)
where gAChCB = Gi and so the metric is g.d. iff the right hand

side of eq.(5.21) is a perfect differential.

FPor the C (2,R) metrics, eq.(5.20) gives
an - agr = - =10 (g7 - 0-10 + GeiB) (ar + pdx) /G (5.22)
where n = £*¥' , and G is the determinant of the two metric, gAB'

G =~ gZZ2 + 4gZI«a(0e"ie) + 4(Im(0e"i6))2 . (5.23)

Such a metric is g.d. iff A(n - ¢*) is a perfect differential. It

is shown in the appendix that this is so iff v¢ is zero, implying
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Theorem IIIR: A metric of type L (2,R) is g.d. iff ‘it is of type D.

When n exists, the metric can be written as

(ds)® = - 2gZ[dndn + (dx/29)% + (4R + pdx)%/G]

+2(ei®an+e~19 an) (oan+aoan) . . (5.24)

We need a convenient variable, y, whose differential is proportional

to dR + pdx. From eq.(5.22),

algk-m = (ge™i0a) (Trim) (aysy,) (5.25)
where

a = 2im(@e®/g) = 280 + sinz20. (5.26)
From eq. (5.25)

d(g* -=n) = (C; +1iCy)dy ' (5.27)

where C; and C, are real functions of y, and so the ratio C,/C,

must itself be a function of y. This variable will be defined by

setting
Cz2/C1 = = tan ¢ (y) (5.28)
‘ 2
d¢
- = k
dy 5 cos 2 . (5.29)

This will only work if C»/C, is not constant, that is, if 6 ¥ 0,
and so the C ~-metric will have to be treated separately. For the

Kinnersley metric, eq.(5.25) and eq. (5.28) give

Lo in = (32 + a2) 7 (LB (5.30)



(26)

From eq. (5.10), .
(£2 = a%) cos 20 + 2AT sin 20 = 2(R%0 + R sin 20 - 8%)?% ,
and so, from eq.(5.29) and edq. (5.30),

. : o 1
R?0 + R sin 26 - 8% = (£ + A%")?%¢ (5.31)

where ¢ = ¢y. Eq. (5.28) is eqguivalent to

2O _ 5 yiny /(3 - in) , (5.32)
and therefore
(22 + A%) dp = (I%+ A%) d0 + (AdT - Zda). (5. 33)

Substituting in the known values for %I and A,

(22 + 2%)dd = 2(R26+R sin 20 - 6%) (&R + pdx) , ~ (5.34)

dm-c*) = - [g(Z?+a2)/c] e-iday/2 . (5. 35)

The expression inside the square brackets must be a function of y.
From known results for the C metric this was guessed to be proportional

_1
to [g(y)]™ , so that
G(x,R) /g(x) = - gly) (Z%2+a%) . (5.36)

The easiest way to prove this is to substitute for g(y) using

eq. (5.29-31)

(22 + a2) g(y) = 2(Z2 + A% Re (age > ® 4 boetPh)

I

28, [ a0e?t® (2 - 1) % + 1ot ®(2 - i) (R20+ R sin 26 - 891,
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Eq.(5;36) can then be verified by comparing this with eq. (5.23).
The function 0 still has to be expressed as a function of x

and y. From ed.(5.23) and eq.(5.26)
4ZRSL(Oe'ie)_= g(x) (% - a?) - g(y) (22‘+ %)
From this,req.‘5.26) and eq. (5.30),
d = %Ze‘iesecz(6-—¢)[g(x)ezi¢-g(y)ezie]
The equation for N can now be written as
an = dg + ax/2e0g(x0) + ay/2eit gy (5.37)

and the metric takes the simple form

(ds)2 = % 3[sec?(0 - ¢)g(x) (eldan - e~Pan) 2 - ax?/g(x)

- sec?(8 - P gly) (eldn + e~i0an)? + ay?/g(y)] (5.38)

L= cos{0 - ¢)/(cos(B + ¢) - (cos 20cos 2¢)%) . (5.39)

The first p.n.v. is given by
2R (eiPar*) = 2RU(eifdn) + cos(6 - ®)dy/g(y) . (5.40)

The metric is invariant to dn =+=dn and so the second p.n.v. is got
from eq. (5.40) by changing the sign of dn. We shall denote the two
p.n.v.'s by Kt ,

K+ = cos(0 - ¢)dy/g(y) + 2RL(eiban) . | (5.41)
1

When ® is hypersurface orthogonal, 6 = 0, and we can choose

eie = 1, so that Q is real. Eq.(5.22) becomes
d(n - ¢*) = - [g(x)rR*/261d(x - 2/R) ,

-and so we will replace the coordinate R by y = x - 2/R. Now
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£ = R?, and from eq. (5.23)

G/RYg (x) - g(x) + 4r-? RQ,(Ge"ie) ’

1]

- g(x) + O(R™1)

Since the right hand side of this must be a function of y, and since

g is a polynomial, it follows that
¢ =-R'gx)gly) .

Of course, this can also be proved by direct calculation. It is now

fairly simple to show that

dn = dg + dx/2g(x) + dy/2g(y) , (5.42)

and that if we write 2n = n; + in, where the nA are real, then

ey 2 = =2 [ 2, _ax’ 2 _ dy® ]
(@) = =irrfatwant + o+ gwand - S, (5.43)
and the p.n.v's ére
Kt = dny * dy/g(y) . . (5. 44)

The curvature invariant ¥, is given by
Yo = ¢ Molx=-y)?° (5.45)

and so the curvature tensor i1s regular for all finite values of y
and x. This is the C metric of Ehlers and Kundt.

The similarities between eq. (5.38) and eq.(5.43) are obvious.
The function g éppears to be more complicated in Kinnersley's metric,
since it involves elliptic functions, but it can be reduced to

polynominal form by defining
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X2 = tan(0 + ¥m , Y% = tan(¢ + %M , n = 3y + inpei/u |

The metric then becomes

ds? = -2 (X - V72 [(F(X) (dn) + ¥2dn)* + G(¥) (dna - X2dny) %)/ (1 + x2Y2)

+(ax3/g(x) - ar’/g(v)) (1 + x*¢3))] (5.46)
where g is a quartic polynomial,

(X)) = col = X*) + c1X + CoX? + 3%,

ap = Y¥c1 + %icy, by = ¥ (1 + i) + %cg(1l - i) ,

Kt = dn, - X%dn;p * (1 + x?Y?)dy/g(y) .

To see that eq. (5.43) is the limit of eq. (5.45), it is necessary to

let (X,¥Y,n1,N2) > (gX,q¥,N1/9,N2/9) in eq.(5.45), so that
~ _ b b 2 3
g(gX) = do(l = g'X") + d1X + dpX® + dgx°®

where the {di} are arbitrary. If we set g = 0 in the resultant metric,

we get eq.(5.43).

Another simple limit follows from (5.46) by defining

z =y, 2(2) = -2%3(2"") or 2(z) = co(l - B%) - 4% - cpz? - yZ3 .

Eq. (5.46) bécomes

= 2 2 ~
as? = 2(1 - xz)-2 |.de o 2927 9(X)

3(X)  2Z(2) T

(dny + 2% dn;)?

7) (dn2 - dnp?l , (5.47)

I
2
™M~

and the Kerr Nut metric of the next section is obtained by making the

substitution



(30)

(X,2,N1,N2,co lci 1C2,C3) > (qX:qZ,m/q,Th/qB quco ’q3cl Iq2c2 Iq3C3) '
and then putting q = 0.

The curvature invariant, ¥Y,, of eq.(5.47) is
Y = =2 (01 - ics) |l (5.48)
2/2 8 1 - 1iXZ !

and so the curvature tensor is again regular for all finite X and Z.

6. METRICS OF TYPE (Z(1,N) and o) (2,N)
I1f # € A (1,N) then it has a Killing vector PBu and the metric
can be transformed to that of eq.(4.4). The mass function, m, can be

eliminated from eq. (4.8,9) giving

= 0 (6.1)

[PRp - Bfp T R YRRl =0
which can be written as a function of K;,K, and Pzﬁc( = PQC - QPC) ’
go that the field equations for (1 (1,N) are
- =0 ' .2
KlCC 0 ' | (6.2)
2., 2 2 2, I
PRz | (p SC)CI + Q'K = =0, (6.3)

If these are satisfied then m is defined up to an additive real constant
by eq.(4.8,9).

The following two equations will prove useful

p=2|p2§ |2

. + 8%k, - Im(m) 8§ + Ky = O , (6.4)

2 - -—Q — -2 —
((P 5C)C/PQ)C 0 KZC P ch , (6.5)

the first of these being equivalent to eq. (4.8), and the second being
an identity. Also, the derivative of m can be found by differentiating

eq. (4.8) with respect to {, and using eq. (4.9),
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m.o=2i[0Q

(PQ)= (P28 )_ + P?k _] /PO . (6.6)
g 2L

2
Ky A

Since A can be taken as any solution of Im(A)) = QP'3

g

, by an appropriate

choice of U, we will assume
AZ = ~iQp~3 ’ (6.7)
and then eq. (6.6) becomes

2' 2 -2 2 1 - = ° | .
mC + 2iP°( P74 (P GC)C + 21AK1€)C 0 ‘ (6.8)

From the analysis of section 4, an € QL (1,N) is type D iff 3
a ¢ coordinate for which P and Q are bilinear in [ and Z. For a

general f coordinate, = PA - (PC/P)u, so that BuD Q= -PCC/P and

39 DQ=0, H=K,  /P?, J=2i6C/P .

uu 1z
The type D conditions, eq.(3.16), reduce to H = 0 and (J‘P3)C = 0,
that is to KlC = (PZGC)C = 0, From ed.(6.5) and eq. (6.6), Ky, and m

are also constant and so the field equations, (6.2) and (6.3), are
satisfied.
Lemma 2N: The non-radiating metric of eq. (4.4) is type D iff K; and

Ko are constant,,(PZS )., =0, and m is a constant whose imaginary part

c'c
is defined in eq. (4.8) (or equivalently, eq. (6.4)).

Aan # € Q (2,N) iff its metric.is given by eq.(4.4), and it admits
a second Killing vector K , given by eq. (4.10), commuting with g

Since [BS, Kl = aoas, the constant ag must be zero. The two curvatures,

K; and K,, and § have simple transformation properties for the trans-

formation of eq. (4.31).

K (6.9)

’

= Co’K1 , Ky = Co’Kay  §' = b

and so they satisfy simple Killing equations
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K(RY) = K(Kp) = K(& =o0. (6.10)

If any of these three real functions are non-constant then K is
essentially unigue, since if K *= G*BC + ... is a@other Killing vector
and if GC # 0, then K *§ = K§ = 0 gives (o*/0) = (0*/&) and so

o = (xeal constant) o . |

Suppose we use a [ coordinate for which o(Z) = %, and write

dg = %(a¢ + ide)y, 9. =9, - 19 (6.11)

From eq.(4.ll) and eq.(6.7), P, Q, and A are all functions of 6; and,

from eq. (6.7), A can be chosen to be real, so that K =29 The metric

o

is given by

(@1)% = <% Tp=2 [(a0)% + | dad + (26P2/%) (ds + Ade) ]2 ]

+ (2dr + (w/I) (ds + Ad¢)) (ds + Ad¢) (6.12)

where a dot denotes differentiation with respect to 6, and gij is
independent of ¢ and s. If this is g.d., then the appropriate coordinate
transformation must eliminate all cross terms between (d6,dr) and

(d$,ds). There is only one such, and therefore if (s,9) - (N;,N2) .

dd + (26P2/%) (ds + hdd) = dn, + (26P2/%) (an; + Adn,)

ds + Add = dn; + Adnz - (I/mdr ,

so that
dn, = ds + (I + 2A8p%)dr/m (6.13a)
dn, = d¢ - (28p%/mdr , | (6.13b)
-dg? = 5%; [d62 + (an, + (28P272)(dn2 + Adn,)) 2]

+ % dr? - %(dnl + Adno) 2 . (6.13c)
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These equations are integrable iff the coefficients of dr are functions

of r; and so the fatio (2 + 8% + 2AéP2)/éP2 must be independent of 6;

i.e. &p? and (8% + 2AéP2) must both be constants. From eq. (6.7)

p2j + & = 0, (82 + 208p%) ¢ = h(28p%) and so &.wili be q.d. iff &p?is constant
and 7 is a functibn of r, that is iff K;, Ko, SPZ and m are all constants.

Finally, from lemma (2N),

Lemma 3N : A type Q (2,N) is quasi-diégonal iff it is type D.
For an arbitrary Q (2,N) space, eq.(6.2) and eq.(6.8) give

Ky =n, , ' (6. 14a)

p‘z(pzé)e,,- 2Mn; = n, , | (6.14Db)

where n; and n» afe constants, and so the metric is g.d. iff n; = ny = 0,
The general solution of eq. (6.14a) is ﬁot known, and so the field equation
for the C (2,N) metrics have not been solved completely, although some
special solutions are given in (K.D.). In particular, the complete
solution is given when nj; is zero.

If &.€<§D(2,N) and § is not a constant then A = —62/2Pé . For
the Cy¢ transformation of eq.(4,31) and eq.(6.9), (ZPZé)"= Co3(2Pzé),

and so we will assume

2p%6 = 1, A= =82 . (6.15)
If (x,Y) = (8(8), r) are used as non-ignorable coordinates, then
5 ™ .
-(ds)? = == ax” + ~* (dny + y*any)®
X
.EL av? - Ei_ 2 2
+.“ Y 7 (dn, - X-Qﬂz) o (6.16)

y
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where

= -2(K1x% - Im(m)x + Kz) , ‘ (6.17a)
ﬁy = —2(-K;y2 + RU(m)y + Kp) (6.17b)

The curvature invariant ¥, is given by
Yo = -m(r + ix)~° , (6.174)

and so the curvature tensor is regular for all points other than
r=x=0.

The transformation

(X'IY'/nl'ynZ') = (g%, qy, q_lnir Q'an) r (6.18)

(Ki', Kp', m') = (q%Ky, g*Ks, q°m) '

preserves the form of eq. (6.16), but modifies the parameters, showing
that they are not invariants. If 2K; # 0, then it can be chosen to
be 1. Since both M and ﬂy have to be positive, -K, must be also

whenever K; > 0 and Im(m) = 0. This leads to the Kerr metric,

Lo a2 L2 - o2 _ 2
Wx a X, ﬂy v 2my + a . (6.19)

When § = 0, then Q = 8P, K, = 6%K; and Im(m) = 26K, . It is

convenient to introduce a new coordinate, x, defined by gg-= ﬂx where
ﬂx = 1/2P% and to choose u such that A = 28x. It follows from the equation

for K;, eg.(4.6) and eq.(6.11), that

a%n
X

dx?

+ 4K, = 0 . (6.20)

The metric can be written as
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2 kil
-(ds)* = £ %5— + %X—-+ mdny 1 - =& (dny + 26xanz)* (6.21)
X Y
where
T = =2K1x> + 2gx +p >0 ,

T o= 2K (y% - &%) - 2mey > O ,

Y
_ 2 2 .
L =y +8 (6.22)
m = mg + ZiKl(S P
(y, N1, N2) = (r, s, ) .

and p and g are arbitrary constants. This is the B[+ ] metric of Carter
(1968) , or the generalised NUT metric. If K; < O then p and g can both

be transformed to zero. This corresponds to téking P = (V-K)i(g - 5) in
section 4, but does not work for K; > 0. 1In the latter case, the best that
can be done is to eliminate one or other of p and q. Also,‘the transformation
of eq. (6.18) can be used to transform aﬁy nonzero |K1| to %, and so the

canonical forms for ﬂx and ﬂy are

I
It

K1 > 0: W2 2 _ _ a2
K1 0 T 1 - x°, ﬂy v 2ny - §

]
>
=

{]

Ky < O: m ~y? - 2my + 62

y

Ky = 0: Ty = 1, m, = -2my

The corresponding ranges of coordinates follow from the requirement that
both ﬂx and Wy be positive.

The curvature invariants, ¥, is given by
\yz = -m(y + 16)'3

and so the curvature tensor is nowhere singular for § # O.
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When &

It

0 we get the usual variants of Schwarzschild which are singular

il

when v = 0.
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7. CONCLUSION

In this paper we have‘discussed the diverging empty algebraically
.special metrics and have shown that all (diverging) type D spaces witﬁ
two commuting Killing vectors are characterised by a complex constant
which is zero iff the space is quasitdiagonalizable or iff the space
is type D. The non-diverging case has not been treated here, but the
type D metrics with zero divergence are also quasi-diagonalizable
(Kinnersley 1969) and in fact may be derived from a limiting process

on Kinnersley's metric (Carter 1968, Kinnersley 1968).

Canonical forms have been found for all (diverging) type D
metrics. The most general metric is tyéified by a quartic function
of a single variable and all metrics can be found from it by simple
limiting processes. This behaviour also holds for the generalised
solutions containiﬁg a maxwell field and cosmological constant where
again a quartic function ofba single variable appears, (Plebanski et al.

1976, Debever 1971, Weir 1976).

Coordinates which have been used in the past to describe empty
algebraically special spaces were introduced in section 3 but it
was found in section 5 that these are unsatisfactory for the radiating
type D metrics. In particular, new coordinates were introduced
which linearised the remaining field equations for the radiating
metrics. Whether there are coordinates which drastically simplify
the field equations for the general algebraically special spaces,

as there are for type D metrics, is an open question.
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APPENDIX

We wish to show that d(n - T*) is a perfect differential. Papapetrou

(1966) has proved that this occurs iff K[L“vléxRB] = 0 where

K= K“ad is the complex Killing vector. Since, in our

co-ordinates, K = 6? ’ g% = 6% , we must prove K[ 1;2] = 0,
. 1; , . . .
Expressing K[ 2] in our spin frame, we find, from section III,
that
[1;2] .o
K = 2 RA[(Bp + UPN) Tgo - To1 + PRTL1 ]
+ pp(QB - B . [To1 - Tpi]
‘ cD
where TAB = FABCD K™ and
| . .
K = K‘au = -p~191p + 0811 + (B + QU) oo
[1;2]

Expanding out K , and using

M- B = S/ - vo/l + 0G0 - o) +a0do - o)

we find

This calculation is simplified by noting from the work of Papapetrou

[1;2]

that K = pB(constant).
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