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Abstract

In the study of phylogenetics, which is the study of how forms of life evolve and relate to each
other, there is great scope for mathematics to get involved. Omne such study of phylogenetics
that currently employs mathematics is the study of phylogenetic networks and phylogenetic trees.
Phylogenetic networks and trees can be used to represent how life evolved with the former having
the ability to represent biological processes such as hybridization, horizontal gene transfer, and
gene recombination. In terms of mathematics, one sees phylogenetic networks and trees as directed
graphs. A phylogenetic network N displays a rooted phylogenetic tree T if all of the ancestral
history inferred by T is also inferred by N. The main result of this thesis is a quartic-time, in terms
of the number of leaves in the network, algorithm that decides whether or not a given phylogenetic
network displays a tree twice. As a consequence of the work leading to the main result, a class
of phylogenetic networks is discovered such that there is a quadratic-time, in terms of the number
of leaves in the network, algorithm for counting the number of distinct trees displayed by a given
network in the class. These results are interesting because it has been shown that in general counting
the number of trees displayed by a given phylogenetic network is #P-complete. Thus the main result

of this thesis opens the door to insights regarding a computationally hard problem.



Chapter 1

Introduction

Phylogenetics is the reconstruction and analysis of phylogenetic (evolutionary) trees and networks
based on inherited characteristics [1]. The tools and techniques of phylogenetics have been used
in fields such as evolutionary biology, linguistics, cancer research, epidemiology, virology, and con-
servation biology. With the help of phylogenetics a number of multifaceted problems have been
investigated and resolved, such as the origin of the HIV virus [1]. Phylogenetics has even been used
to reconstruct the copying history of manuscripts (see [2]). One of the many tools of phylogenetics
is the phylogenetic tree or evolutionary tree. Since the time of Charles Darwin’s The Origin of
Species [3], phylogenetic trees have played an important role in the study of evolution, because
of a phylogenetic tree’s ability to represent speciation events. It is now becoming apparent that
representing evolution with a tree is not sufficient, because of the presence of reticulation events.
Reticulation events include hybridization, horizontal gene transfer, and DNA recombination. DNA
recombination involves the exchange of genetic material either between multiple chromosomes or
between different regions of the same chromosome [4]. Horizontal (lateral) gene transfer is the
transfer of genes between different species [5]. Whilst hybridization can be defined as reproduc-
tion between members of genetically distinct populations producing offspring of mixed ancestry [6].
About 10-30% of multicelluar animal and plant species hybridize regularly [6]. Hybridization also
played an important role in the evolution of bread wheat, because the findings from [7] imply that
the present-day bread wheat genome is a product of multiple rounds of hybrid speciation [7]. Hence
evolution is more accurately represented by an entwined network that can represent both speciation
events and reticulation events (for some books on phylogenetics see [1], [8], [9], [10], [11], [12]).
Although phylogenetic networks are becoming increasingly important in studying the evolution
of present-day species whose past includes reticulation events, phylogenetic trees continue to play

a fundamental role in phylogenetic analyses since the evolutionary history of a single gene can, in



Figure 1.0.1: The figure shown is an example of a phylogenetic tree. The leaves are labeled

1,2,3,4,5,6.

most cases, be described by a tree. It is therefore not surprising that investigating the tree-like
content of phylogenetic networks is often an important first step in analyzing and interpreting such
networks. For example, one might be interested in deciding if a phylogenetic network displays a
given phylogenetic tree or in counting the number of trees displayed by a network. The latter
problem is related to calculating the parsimony score of a network [13] which, given the popularity
of parsimony tree reconstruction algorithms, is likely to become a standard tool in computing a
phylogenetic network directly from sequence data. While deciding if a tree is displayed by a network
is polynomial-time solvable for certain special classes of phylogenetic networks (for the work done
on the aforementioned problem see [14], [15], [16], [17], [18]), the problem is NP-complete in its
general form [19]. Similarly, counting the number of phylogenetic trees that are displayed in an
arbitrary phylogenetic network is also known to be a computationally hard problem [20].

A simpler problem relative to counting the number of phylogenetic trees displayed by a network
is deciding if a network displays the maximum number of trees, which, of course, is the same
as deciding whether or not a network displays a tree twice. An example of when one needs to
have a phylogenetic tree displayed more than once in a phylogenetic network is in the case where
a phylogenetic tree is sufficient for the representation of a species’ evolution but there is some
uncertainty about how the present-day descendants are related to one another or how they evolved
from their ancestors; hence a phylogenetic network can be used in the absence of reticulation events,
when there is some uncertainty in the true (tree-shaped) phylogeny [21]. If there are a number of
plausible ways in which the present-day descendants could be related to each other (represented by
a number of distinct phylogenetic trees) then all the information contained in those phylogenetic
trees can be held in a single phylogenetic network. It is known that if a phylogenetic network N
has k reticulation vertices (vertices that have two edges going in and one edge going out), then the
maximum number of possible trees displayed by N is 2¥, because for each reticulation vertex v in

N there are two possible ways to enter v. So if we want a phylogenetic network to display a number



of phylogenetic trees where that number is not 2¥, then the phylogenetic network has to display a
tree twice. This means that there exists two different ways of choosing exactly one reticulation edge
(an edge going into a reticulation vertex) for each reticulation vertex in the network, and the result
of these two different ways of choosing reticulation edges is one tree. Therefore one may want to
ask “When does a phylogenetic network display a tree twice?” This question drives this thesis. The
challenge is to be able to decide in polynomial-time whether or not a given phylogenetic network
displays a tree twice.

Another question that is answered in this thesis is: “Given a positive integer n, does there
exist a phylogenetic network that displays exactly n distinct trees?” That question is motivated
by the work done in [20], where the authors showed (as a by-product of their main result) that,
given a Fibonacci number m, there exists a phylogenetic network that displays exactly m distinct
phylogenetic trees. By constructing a phylogenetic network that displays exactly n distinct trees
answers the question “Given a positive integer n, does there exist a phylogenetic network that
displays exactly n distinct trees?”

Answering the driving question of this thesis is a much more involved process, and is outlined
as follows: We characterise when a phylogenetic network displays a tree twice in terms of a local
substructure inherent in the network. We then show that this local substructure can be represented
by a phylogenetic tree, and that one can go from the local substructure to its tree representation and
back again without losing any information, relative to our aim. We work on the tree representation
and translate what it means for a representation to display a tree twice. The translation from
networks to trees means that we start working with set operations such as intersection, union, and
set minus, as well as the tree operation of leaf restriction. That translation makes it easier to
navigate the complexities that arise when characterising when the local substructure displays a tree
twice. From there we develop a polynomial-time algorithm for deciding whether or not the local
substructure displays a tree twice based on the characterisation. Lastly, this leads to a polynomial-
time algorithm for deciding whether or not the network displays a tree twice. Hence the main
result of this thesis is a polynomial-time algorithm for deciding whether or not a given phylogenetic
network displays a tree twice. Consequent to the work leading to the main result, it is also revealed
that there is a class of networks for which the number of distinct trees displayed by a network in

the class can be computed in polynomial-time with the help of the multiplication principle.



1.1 Overview

Chapter 2 shows how to construct a phylogenetic network that displays exactly n trees, for a given
positive integer n. Chapter 3 characterises when a particular class of phylogenetic networks display
a tree twice and shows that there is a polynomial-time algorithm for deciding whether or not any
network in the particular class displays a tree twice. The characterisation of when a phylogenetic
network displays a tree twice in terms of a local substructure in the network is in Chapter 4, as
well as how to represent the local substructure as a phylogenetic tree. In Chapter 5 we characterise
when the representation displays a tree twice. In Chapter 6 we present a polynomial-time algorithm
for deciding whether or not the representation of the local substructure displays a tree twice based
on the work in Chapter 5. Now Chapter 7 is when all the work from Chapters 4, 5, and 6 come
together to give a polynomial-time algorithm for deciding whether or not a phylogenetic network
displays a tree twice. Chapter 8 describes a class of networks such that counting the number of
distinct trees displayed by any network in the class can be done in polynomial-time.

Except where duly and clearly noted, the results of Chapters 2, 4, 5, 6, 7, and 8 are new. The
third chapter is based on the paper [22] that was done jointly with Charles Semple and Simone

Linz.

1.2 Basic Definitions and Lemmas that are Used Throughout the
Thesis

This section provides notation and terminology that is used throughout the thesis. Throughout the
thesis, X denotes a finite set.

Phylogenetic trees. A rooted phylogenetic X -tree T is a rooted tree in which the root has degree
at least two and all other interior vertices have degree at least three, and whose leaf set is X. In
addition, T is binary if, apart from the root which has degree two, all interior vertices have degree
three. Since we are interested only in rooted binary phylogenetic X-trees throughout the thesis, we

will almost always refer to such a tree as a tree on X.

Example 1.1. The following figure is an example of a rooted binary phylogenetic X-tree, where

X ={1,2,3,4,5}.
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Phylogenetic networks. A phylogenetic network N on X is a rooted acyclic digraph that satisfies

the following three properties:
(i) the root has out-degree two,

(ii) each vertex with out-degree zero has in-degree one, and the set of vertices with out-degree

zero is X, and

(iii) all other vertices either have in-degree one and out-degree two, or in-degree two and out-degree

one.

Example 1.2. The following figure is a phylogenetic network on X, where X = {1,2,3,4}. The
root is labeled p.

We will refer to N as a network on X or, simply, as a network if X plays no particular role.
Such networks are commonly referred to as binary phylogenetic networks. Here, as well as in all
other figures, edges are directed down the page. Furthermore, we will assume that networks have
no parallel edges. For a network N, vertices with in-degree two and out-degree one are called

reticulation vertices or reticulations and all other vertices are called tree vertices.



Example 1.3. A phylogenetic network with its only reticulation vertex labeled v.

P

Example 1.4. A phylogenetic network with one of its tree vertices labeled x.

In addition, edges directed into a reticulation are called reticulation edges and all other edges are
called tree edges. Similar to rooted phylogenetic trees, vertices with out-degree zero are referred to

as leaves. Indeed, a rooted binary phylogenetic tree is a phylogenetic network with no reticulations.

Example 1.5. The edges/arcs that are marked are reticulation edges/arcs.



Biologically, like phylogenetic trees, phylogenetic networks illustrate the evolutionary history of a
collection of present-day species. Such species are represented by the leaves, while all other vertices
represent (hypothetical) ancestors. A reticulation represents, for example, a hybrid species.

Let u and v be two vertices of a network N on X. If there is a directed path (resp. a directed
path that contains at least one edge) from w to v, then w is an ancestor (resp. strict ancestor) of
v, and v is a descendant (resp. strict descendant) of u. More particularly, if (u,v) is an edge in N,
then u is a parent of v, and v is a child of u. Furthermore, if two vertices have a common parent,
then they are said to be siblings.

Let T be a tree on X, and let N be a network on X. We say that N displays T if T' can be
obtained from N by deleting edges and vertices, and contracting vertices with in-degree one and
out-degree one. Intuitively, T" is displayed by N if all of the ancestral information inferred by T is

also inferred by N. Note that if T is displayed by N, then T is necessarily binary.

Example 1.6. The tree shown can be obtained from the network in Example 1.5 by deleting the

reticulation edges ey and €}, then suppressing all vertices with in-degree one and out-degree one.

Definition 1.1. Let N be a phylogenetic network. A directed path P is called a tree-path if every

vertex, except for the first and last, on P is a tree-vertex.

Example 1.7. The directed path from v to v’ is a tree-path. The only directed path from z to v’
through v is not a tree-path. The only directed path from v to leaf 4 is not a tree-path. The only

directed path from v’ to leaf 4 is a tree-path.



1.3 Switchings and Avoidability

In this section, we introduce the concept of switchings in a network to describe precisely what it
means for a tree to be displayed twice. We also introduce the concept of avoidability, which is
crucial in characterising when a network displays a tree twice.

Switchings. Let N be a network on X. A subset S of reticulation edges of N is a switching of N
if, for each reticulation v of N, the set S contains precisely one of the two reticulation edges directed

into v.

Example 1.8. The set S = {ej, €]} is a switching of the network shown in Example 1.5, whilst
the set G = {e1, €], €5} is not a switching of the network shown in Example 1.5. Likewise the set

B = {e;} is not a switching of the network shown in Example 1.5.

Now, let S be a switching of N. If we delete each reticulation edge in N that is not in S, then the
resulting directed graph contains no underlying cycle and, for each leaf £ € X, it is easily checked
that there is a directed path from the root of this directed graph to £. If we now repeatedly contract
each resulting vertex with in-degree one and out-degree one and delete each degree one vertex that
is not in X, it is easily seen that we obtain a tree T on X. We say that S yields T'. Note that T
is well-defined and, by construction, 7" is displayed by N. Conversely, observe that, if T is a tree
on X displayed by N, then there exists a switching that yields 7. In summary, this leads to the

following lemma, which we will freely use throughout the thesis.

Lemma 1.1. A network N on X displays a tree T on X if and only if there exists a switching S
of N that yields T.

Example 1.9. The switching S = {ej, ¢} } applied to the network shown in Example 1.5 yields the

tree shown in Example 1.6.

10



With Lemma 1.1 in hand, we say that N displays a tree twice if there exists two distinct switchings
of N each of which yields (up to phylogenetic isomorphism, i.e. up to relabeling internal vertices
and swapping leaves that share the same parent) the same tree on X. Referring back to a comment
made in the introduction, it follows from Lemma 1.1 that if IV is a network on X with exactly k

reticulations, then N displays at most 2* distinct trees on X.

Example 1.10. The two distinct switchings S; = {e1, 5} and Sy = {ea, €} applied to the network
shown in Example 1.5 yield the following tree.

Example 1.11. The network on the left yields the two trees to the right of the network. Those
trees are isomorphic in the graph theory sense but they are not isomorphic in the phylogenetic

sense.

3
1 3 14\3 1/%
2 2 2

Definition 1.2. A subset G of reticulation edges of N is a general switching of N when for each
reticulation vertex v of N either exactly one of v’s reticulation edges is in G or both of v’s reticulation

edges are in G.

Example 1.12. The set G = {e1, €}, €5} is a general switching of the network shown below. The
set B = {e1} is not a general switching of the network shown below. The set Sy = {ea, €5} is both

a general switching and a switching of the network shown below.

11
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Definition 1.3. If G is a general switching of a network N and we delete each reticulation edge
in N that is not in G, then for each leaf £ € X, it is easily checked that there is a directed path
from the root of this directed graph to ¢. If we now repeatedly suppress each resulting vertex with
in-degree one and out-degree one and delete each degree one vertex that is not in X, then we obtain

a network N’ on X. We say that G yields N'.

Example 1.13. The general switching G = {e1, €], e, } applied to the network shown in Example

1.12 yields the following network.

—_
[\)

Definition 1.4. Let N and N’ be networks on X. We say that N displays N’ when there exists a
general switching G of N such that G yields N'.

The next definition leads to a lemma that characterises when two trees are distinct.

Definition 1.5. Let T be a tree on leaf set X, and let ¢1,¢5,¢3 € X. We say that T contains the
triple {10203 (or equivalently ¢9¢1|¢3) when the path connecting ¢; and ¢ does not intersect the
path from the root of T" to /3.

12



Example 1.14. The tree T on the left contains the triple ¢1¢3|¢5. The tree T5 on the right does

not contain the triple ¢1¢3|¢5, but it does contain the triple ¢3¢5|¢;. Hence we see that Ty # Tb.

Tl T2

ts o ¢,
b7 Ly tr ls

b3 U4 02/
o . 3 s

Lemma 1.2. Let T and Ty be two trees on the leaf set X. The two trees T1, T are distinct if and
only if there exists (1,02,03 € X such that either T1 contains the triple ¢103|ls whilst Ty does not,

Ty contains the triple £103]0s whilst Ty does not, or Ty contains the triple €als|ly whilst Ty does not.

Avoidable vertices. Let N be a network on X, and let v be a vertex of N. We say that v is
avoidable if, for each ¢ € X, there exists a directed path from the root of N to ¢ that avoids v.
Otherwise, v is unavoidable. In particular, if v is unavoidable, then there exists a leaf £ such that
every directed path from the root of N to £ contains v. To illustrate, Example 1.12 shows a network
with an avoidable reticulation v. Note that the definition of an unavoidable reticulation coincides
with that of a so-called wvisible reticulation in [8].

The next lemma gives a sufficient, but not a necessary, condition for guaranteeing that a network

displays a tree twice.

Lemma 1.3. Let N be a network on X. If N has an avoidable reticulation, then N displays a tree

on X twice.

Proof. Let v be an avoidable reticulation of IV, and let e; and es be the two reticulation edges that
are incident with v. Since v is avoidable, there exists, for each ¢ € X, a directed path P, from the
root of N to £ that avoids v. Let T be a tree on X that is displayed by N and, up to degree two
vertices, whose edge set is a subset of (J,c y . It is easily seen that such a T always exists. Now, let
S be a switching of N that yields T'. It follows that the two distinct switchings (S — {e1,e2})U{e1}
and (S — {e1,e2}) U{ea} both yield T" and, hence, N displays a tree on X twice. O

13



Chapter 2

Displaying Exactly p Trees with p — 1

Reticulation Vertices

2.1 Introduction

This chapter is motivated by the work done in [20]. The authors of [20] positively answered, as a
by-product of their main result, the following question: “Given a Fibonacci number m, does there
exist a phylogenetic network that displays exactly m distinct phylogenetic trees?” One would then
ask “Given a positive integer p, does there exist a phylogenetic network that displays exactly p
distinct phylogenetic trees?” That question is the subject of this chapter, and it turns out that,
given a positive integer p, there does exist a phylogenetic network that displays exactly p distinct
phylogenetic trees. In order to display exactly p trees, where p € N, we first construct the caterpillar
on p + 1 leaves. A caterpillar on x leaves, where z € N and x > 2, is a rooted directed tree such
that the root has a directed edge going into a leaf, call it leaf 1, and has another directed edge going
into a vertex a. If x = 2 then « is a leaf, call it leaf 2. If x > 3 then a has a directed edge going
into a leaf, call it leaf 2, and has another directed edge going into a vertex 5. If x = 3 then § is a

leaf, call it leaf 3. In this way we have the caterpillar on x leaves.

2.2 The Construction

Theorem 2.1. Given a positive integer p, there exists a phylogenetic network that displays exactly

p distinct phylogenetic trees.

Proof. First we construct the caterpillar on p+ 1 leaves. We then set about constructing a network

with p — 1 reticulation vertices. In order to do this, we first turn each leaf n, except for leaf p and

14



1
(1,2)
2 2* (1/2)
2 2
(1,2)"

3 3 3 (1,2,3)

4 4 3
4 3

Figure 2.2.1: Here is an example showing a caterpillar with four leaves being converted into a

network with two reticulation vertices that displays exactly three trees.

leaf p 4 1, into a vertex that has two directed edges going into two leaves, call those leaves leaf n
and leaf n*. Next we join leaf 1* to leaf 2* and call the resulting vertex (1,2). The vertex (1,2)
has a single directed edge going into a leaf, call it leaf (1,2)*. After that we join leaf (1,2)" to leaf
3* and call the resulting vertex (1,2,3). The vertex (1,2,3) has a single directed edge going into
a leaf, call it leaf (1,2,3)*. We proceed like this until we get reticulation vertex (1,2,...,p — 1),
which has a single directed edge going into leaf (1,2,...,p — 1)*. Join leaf (1,2,...,p — 1)* to leaf
p, call the resulting vertex (1,2,...,p — 1,p). The reticulation vertex (1,2,...,p — 1,p) has a single
directed edge going into a leaf, call it leaf p. Now we have a network with p — 1 reticulation vertices
and p — 2 of those reticulation vertices are avoidable reticulation vertices.

Given the above constructed network with p—1 reticulation vertices, we now set out to prove that
the network displays exactly p trees. We know that the network can display at most 2P~ distinct
trees. Starting at the reticulation vertex called (1,2,...,p — 1,p), we delete the reticulation edge
that joins to reticulation vertex (1,2,...,p — 1). As a result of deleting that reticulation edge, every
other reticulation vertex is subsequently deleted, which means that the tree that has leaf p and leaf
p + 1 as a cherry is displayed 2°~2 times. Returning to the original network, we delete the other
reticulation edge, so that leaf p is now adjacent to reticulation vertex (1,2,...,p — 1). We delete the
reticulation edge that joins reticulation vertex (1,2,...,p — 2) to reticulation vertex (1,2,...,p — 1),

in this modified network. This results in every other reticulation vertex being deleted, so that the

15



tree that has leaf p and leaf p — 1 as a cherry is displayed 2P~3 times. We proceed like this until
we get leaf p adjacent to reticulation vertex (1,2). We see that the tree that has leaf p and leaf 2
as a cherry is displayed exactly once, and likewise the tree that has leaf p and leaf 1 as a cherry is
also displayed exactly once. All in all we have p trees, and 2772 +2P73 4+ . 421 4141 = 2P~ L

Therefore the network displays exactly p trees. O

16



Chapter 3

Answering the Driving Question of
this Thesis for a Particular Class of

Networks

3.1 Introduction

In this chapter, we investigate the driving question of this thesis for a particular class of phylogenetic
networks. The driving question of this thesis is: “Given a phylogenetic network IV, does there exist
a phylogenetic tree with the same leaf set as IV that is displayed more than once by N?7” If such
a tree exists, then there are two distinct sets of edges in N that yield the same tree. As we know,
if NV is binary and has k reticulations, then the maximum number of possible trees displayed by
N is 2%, While it was shown independently that the upper bound of 2* is sharp for so-called
“normal networks” in [14, Theorem 1] and [23, Corollary 3.4], little is known about the properties
of a phylogenetic network that guarantees that it displays the maximum number of trees, which, of
course, is the same as saying that a network never displays a tree twice. Here, we present the first
such characterisation for a class of networks that lies strictly between tree-child and tree-sibling
networks.

Tree-child and tree-sibling networks are two prominent types of networks arising in the literature.
Let N be a network on X. A vertex v of N has the tree-path property if there exists a leaf £ such
that there is a tree-path P from v to £. If such a path exists, then each edge of P is a tree edge
and P is the unique directed path from v to £ in N. For example, except for the parent common to
v and v’, each vertex of the network shown on the left-hand side in Figure 3.1.1 has the tree-path

property. We say that N is tree-child (e.g. see [24]) if each vertex of N has the tree-path property.
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Figure 3.1.1: Left: A phylogenetic network N that displays three trees. Middle: A phylogenetic
tree that is displayed twice by N. Right: A phylogenetic network N’ that displays four trees. While

N and N’ are both tree-sibling, only N’ also satisfies the stronger tree-child condition.

Equivalently, N is tree-child if each non-leaf vertex v of N has a child v such that v is a tree vertex.
Biologically, such networks guarantee that all species that arise from a speciation event (represented
by a tree vertex) or a reticulation event exist for a certain period of time before evolving any further.
Furthermore, N is tree-sibling (e.g. see [25]) if each reticulation has a sibling that is a tree vertex.
For example, the network shown on the left-hand side of Figure 3.1.1 is tree-sibling but not tree-
child, while the network shown on the right-hand side of the same figure is tree-child (and, hence,
also tree-sibling). Observe that, for a fixed set X, the class of tree-child networks on X is a proper
subclass of tree-sibling networks on X.

The class of networks on X that is nested strictly between those two classes is the class which
has the property that, for each reticulation, at least one of its parents has the tree-path property.
The characterisation of when a network in the aforementioned class of networks displays a tree
twice is based on a certain type of underlying cycle in a network that will be formally introduced
in Section 3.2. Moreover, we will show that such cycles are recognizable in quadratic time, leading

to the following theorem.

Theorem 3.1. Let N be a rooted binary phylogenetic network with leaf set X and suppose that, for
each reticulation of N, at least one of its parents is connected to a leaf of N via a directed path that
does not contain a reticulation. Then it takes time quadratic in the size of | X| to decide whether or

not N displays a rooted phylogenetic tree with leaf set X twice.

It is worth pointing out that for a network N with the property described in Theorem 3.1, the
number of leaves in N does not bound the total number of vertices in N. Hence, for a fixed set
X, the class of networks with leaf set X that we consider in this chapter contains infinitely many
networks (for example, see Figure 3.1.2, where the directed path from the root of the network to
the leaf labeled 1 can be arbitrarily long). In contrast, for a fixed set X, the number of tree-child
networks with leaf set X is finite [26].

The remainder of the chapter is organized as follows: In Section 3.2, we introduce the concept
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Figure 3.1.2: A phylogenetic network for which each reticulation has a parent connected to the leaf

labeled 1 via a directed path that does not contain a reticulation.

of avoidable cycles. We also derive several lemmas in this section that are important in establishing
the above-mentioned characterisation, which is presented in Section 3.3. In Section 3.4, we establish

Theorem 3.1. The last section contains a remark on tree-child and normal networks.

3.2 Avoidable Cycles

In this section, we describe a certain type of cycle and establish several lemmas that play a role in
the characterisation of the next section.
Avoidable cycles. We now extend the concept of avoidability to cycles of a network. Let N be a
network on X, and let v be a reticulation of V. Let u be a tree vertex of IV such that there exists
two directed paths P, and P from u to v whose vertex sets, apart from w and v, are disjoint. We
call the underlying cycle induced by the union of the vertex sets of P, and P» a 2-path cycle of N,
where u is the source vertex and v is the sink vertex. It is easily seen that each reticulation of IV is
the sink of at least one 2-path cycle in .

Let C be a 2-path cycle of N with source u and sink v. Let H be a subset of the vertex set of
C such that, for each leaf ¢ € X, at least one of the following holds:

(i) there is a directed path from the root of N to ¢ which avoids every vertex in C, or

(ii) there is a directed path from the root of N to ¢ for which the last vertex in the path meeting

C' is contained in H.

We refer to H as a hitting set of C'. Furthermore, H is minimum if C' has no hitting set H' with
|H'| < |H|. If there exists a hitting set of C' with at most two elements, we say that C' is avoidable.
A simplified phylogenetic network that has an avoidable cycle and summarizes the basic idea of
such a cycle is shown in Figure 3.2.1. Moreover, for a more explicit example, the network shown on

the left-hand side of Figure 3.1.1 has a 2-path cycle C' with source u and sink v that is avoidable,
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U1

X1 X2 X3

Figure 3.2.1: A 2-path cycle C of a network N on X = X; U X3 U X3 with source v and sink v.
Note that {v,v1} is a hitting set of C' because X can be partitioned into three sets X, Xo, and X3
such that, for each ¢; € X1, there exists a directed path from p to ¢; that avoids every vertex in C,
and, for each fo € Xy (resp. f3 € X3), there exists a directed path from p to ¢2 (resp. ¢3) for which
the last vertex on that path that meets a vertex in C'is v (resp. v1). Thus C is an avoidable cycle.
Except for the edge joining v; and v, lines indicate directed paths in N. Furthermore, the three
triangles indicate subnetworks of N. While omitted for the sake of simplicity, these subnetworks as

well as C' may be further interwoven among themselves and among each other.

and a 2-path cycle with source v’ and sink v’ that is unavoidable. Note that C' is avoidable because
there exists directed paths from the root of the network to leaves 3 and 4 that do not meet C'.
The next lemma gives a sufficient, but not a necessary, condition for guaranteeing that a network

displays a tree twice.

Lemma 3.1. Let N be a network on X, and let v be a reticulation of N. If v is the sink of an

avoidable cycle, then N displays a tree on X twice.

Proof. Suppose that v is the sink of an avoidable cycle C. Then there is a hitting set H of C such
that |H| < 2. Furthermore, for each ¢ € X, there is a directed path P, in N from the root to ¢ such
that either P, avoids every vertex of C' or the last vertex of Py meeting C' is an element of H.
Now, let T" be a tree on X displayed by N whose edge set, up to degree-2 vertices, is a subset of
Urex Pr- Since H contains at most two elements, 7" has a subtree that can be detached by deleting
a single edge and whose leaf set contains precisely each element ¢ € X for which the last vertex
of Py meeting C' is an element of H. Let e; and es denote the reticulation edges incident with v,
and let S be a switching of N that yields T. By construction, it is now easily seen that the two
switchings (S — {e1,ea}) U{e1} and (S — {e1,ea}) U{ea} both yield T. Hence N displays a tree on
X twice. O

20



h1
hs3 ho

O

1 1 2 3 4

Figure 3.2.2: A phylogenetic network (left) that displays the tree shown on the right twice. More-
over, N has no avoidable cycle because each 2-path cycle of N with sink v;, for i € {1,2,3}, has
a minimum hitting set of size at least three. For example, {h1, ha,v3} and {hy, h3,v3} are the two

unique minimum hitting sets of the 2-path cycle of N with sink v3.

The converse of Lemma 3.1 does not hold. For example, Figure 3.2.2 shows a network that has no
avoidable cycle, but displays a tree twice.

We end this section with a concept and an lemma that is used in the rest of the chapter. Let N
be a network, and let v be a reticulation of N. A parent of v is a distinguished parent if it has the
tree-path property and, if both parents of v have the tree-path property, then it is not an ancestor
of the other parent. Note that, if v has a parent that has the tree-path property, then v has at least
one distinguished parent. Moreover, if v has two distinguished parents, then v is not the sink of an
avoidable cycle in N. Referring back to Figure 3.1.1, each of the two reticulations in the network
shown on the left has exactly one distinguished parent, while each of the two reticulations in the
network shown on the right of the same figure has two distinguished parents.

The following lemma immediately follows from the definition of an avoidable cycle and recalling

that such a cycle has a hitting set of size at most two.

Lemma 3.2. Let N be a network with no avoidable reticulation, and let v be a reticulation of N.
If v has a distinguished parent, say vy, and v is the sink of an avoidable cycle C in N, then {vi,v}

is the unique minimum hitting set of C.

3.3 Characterisation

In this section, we characterise when a network with at least one parent of each reticulation having
the tree-path property displays a tree twice. This characterisation is in terms of avoidable reticu-
lations and avoidable cycles. We will see in the next section that this result leads naturally to a

quadratic-time algorithm that decides whether or not such a network displays a tree twice.
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We start by describing an operation that involves a deletion of a reticulation in a network. Let
N be a network with no avoidable reticulation and, for each reticulation, at least one of its parents
has the tree-path property. Let p be the root of N, and let v be a reticulation of N whose strict
descendants are all tree vertices. Since N is acyclic such a reticulation exists. Obtain a rooted
acyclic digraph N’ from N by deleting v and contracting any resulting vertex of in-degree one and
out-degree one. Such vertices correspond to vy and ve and, provided neither is p, there are two
contractions. If v or vg is p, then delete p as well. We say that N’ is obtained from N by a
reticulation deletion relative to v. The next lemma shows that N’ preserves the two properties of

N that distinguish it.

Note 1. We use D,, to denote the subset of X whose elements are precisely the descendants of w.

Lemma 3.3. Let N be a network on X with no avoidable reticulation. Suppose that N has the
tree-path property for at least one parent of each reticulation. Let N’ be the rooted acyclic digraph
obtained from N by a reticulation deletion relative to a reticulation v. Then N’ is a network on
X — D, with no avoidable reticulation and, for each reticulation, at least one of its parents has the

tree-path property.

Proof. Let p denote the root of N. Furthermore, let v; and vy denote the parents of v. Without
loss of generality, we may assume that vy is a distinguished parent of v. Let m denote a leaf in
N with the property that there is a tree-path from v; to m. Now, since each reticulation in N is
unavoidable, v; and v are tree vertices. Using this fact, as well as the property that at least one
parent of each reticulation has the tree-path property in IV, it is easily checked that N’ is indeed a
phylogenetic network on X — D,, (with no parallel edges).

We next show that each reticulation in N’ is unavoidable, and at least one parent of each
reticulation in N’ has the tree-path property. The latter certainly holds as no such tree-path in N
contains either (v1,v) or (vg,v). Now, let w be a reticulation in N'. If w is avoidable in N’, then,
as w is unavoidable in N, there is a leaf ¢ € D, such that every directed path in N from p to ¢
meets w. Moreover, there is a directed path P, from p to m in N avoiding w. Since P, extends
the unique tree-path from v; to m, it follows that, by making use of the first part of P, from p to
v1, we can construct a directed path from p to ¢ that uses the edge (vy,v) and avoids w in N; a

contradiction. Thus each reticulation in N’ is unavoidable. O
The next theorem is the aforementioned characterisation.

Theorem 3.2. Let N be a network on X. Suppose that at least one parent of each reticulation

in N has the tree-path property. Then N displays a tree on X twice if and only if N contains an
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avoidable reticulation or an avoidable cycle.

Proof. Let p denote the root of N. If N contains an avoidable reticulation or an avoidable cycle,
then, by Lemmas 1.3 and 3.1, N displays a tree on X twice.

Now, suppose that N contains neither an avoidable reticulation nor an avoidable cycle. Let k
be the number of reticulations in N. We will show by induction on k£ that N does not display a
tree on X twice. If K = 0, then N is a tree on X and the result holds. Now assume that £ > 1
and that the result holds for all networks with & — 1 reticulations. Let v be a reticulation of N
whose strict descendants are all tree vertices, and let v1 and vy be the two parents of v. Without
loss of generality, assume that v; is a distinguished parent of v. Furthermore, let m denote a leaf in
N with the property that there is a tree-path from v; to m. Let N’ be the rooted acyclic digraph
obtained from N by applying a reticulation deletion relative to v. It follows, by Lemma 3.3, that
N’ is a network on X — D, with no avoidable reticulation and, for each reticulation, at least one
parent has the tree-path property.

To apply the induction assumption, we next show that N/ contains no avoidable cycles. Suppose
to the contrary that N’ has an avoidable cycle C” with sink ¢. Let ¢; and to denote the parents of
t and, without loss of generality, assume that ¢; is a distinguished parent of ¢{. By Lemma 3.2, it
follows that {t1,¢} is the unique minimum hitting set H' of C’. Let C' denote the 2-path cycle in
N induced by C’ in N’. Since each tree vertex in N and N’ has out-degree exactly 2, and ¢; has
the tree-path property in N’, it follows that ¢; is not contained in {v1,v2}, so (t1,t) is an edge in
C" and C. Now, let P/, be a directed path from the root of N’ to m such that either P/, avoids C’
or the last vertex of P/ that meets C' is contained in H'. As C’ is an avoidable cycle in N’; such a
path exists. Now, if v = p and (v2,v1) is an edge in N, let v, denote the child of v; in N such that
vp # v; otherwise, let v, denote the parent of v; in N. Note that the unique directed path from v,
to m in N’ is a subpath of P, .

We next consider two cases. First, assume that the subpath of P}, in N’ from v, to m either
avoids every vertex in C’ or v, € {t1,t}. By the existence of P}, in N’, we have that, for each leaf
¢ € D,, there exists a directed path P, from p to ¢ in N that uses the edge (v1,v) such that P
avoids every vertex of C' or the last vertex of P, that meets C is contained in {t1,¢}. Furthermore,
as (t1,t) is an edge in C, we have that H’' is a hitting set of C' in N. In particular, as C’ is an
avoidable cycle in N, it follows that C' is an avoidable cycle in N; a contradiction.

Second, assume that the subpath of P}, from v, to m in N’ does not avoid every vertex in C’
and vy, ¢ {t1,t}. As C is unavoidable in NN, v; is either a vertex of C' or the source of C' is a strict

descendant of v1. In the latter case, it is easily checked that, as C’ is avoidable in N’, C is avoidable
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in N; a contradiction. We may therefore assume that vy is a vertex of C. If there is an element
¢ € D, for which there is a directed path in N from p to £ through vs such that either it avoids C,
or it meets C and the last vertex it meets in C' is t or ¢1, then all elements in D, have such a path.
In turn, this implies that C' is avoidable in N; a contradiction. Hence, for all £ € D, every directed
path from p to ¢ through vy meets a vertex of C' and the last such vertex is neither ¢ nor ¢;. Let r
denote such a vertex of C, and let P, denote a directed path from r to vo in N. We may assume
that r is the only vertex of P. meeting C. Potentially, P, may consist of the single vertex vs. Now,
let D be the unique 2-path cycle in N with sink v whose vertex set is the union of V(P,) U{v} and
a subset of the vertices in C, and whose edge set is E(P,) U {(v1,v), (v2,v)} a subset of the edges
in C, where V(P,) and E(P,) are the vertex and edge sets of P,, respectively. Let X, denote the
subset of X such that p € X, precisely if p € D, or there is a path from v; to p that avoids D
except for vy. Since v is not the sink of an avoidable cycle in N, the set X — X, is non-empty. In
particular, there exists a leaf ¢ € X — X, with the property that every directed path from p to ¢
in N meets D and the last vertex meeting D is neither v nor v;. Moreover, since C’ is avoidable in
N’, at least one such path, say P,, does not meet a vertex of C'in N or the last vertex meeting C
in N is an element in {¢;,t}. If the last vertex of P, that meets C' in N is either ¢; or ¢, it is easily
checked that there is a path from p to ¢ such that the last vertex on this path meeting D is v1; a
contradiction. We may therefore assume that P, does not meet a vertex of C. Hence, V(P,) — {r}
is non-empty and, in particular, P, meets D in a vertex of V(P,) —{r}. But then there is a directed
path in IV from p to £ using P, that avoids every vertex in C, in which case, C' is avoidable in N; a
contradiction.

We now proceed with the induction. Since N’ has k — 1 reticulations, it follows by the induction
assumption that N’ does not display a tree on X — D, twice. Let T” be a tree on X — D, that
is displayed by N’, and let S’ be a switching that yields 7”. Now consider the two switchings
S1 = 8"U{e1} and So = S" U {ez}, where e; = (v1,v) and ea = (vo,v). For completeness, if S’
contains an edge (wi,w), where wy is the parent of vy and w is a child of ve in N, then replace
(w1, w) with (v, w) in S; and Sa. Let C be a 2-path cycle in N whose sink is v. It is easily checked
that C' exists. Furthermore, let £ be an element in D, and let ¢ be an element in X such that
the last vertex of each directed path from p to ¢ in IV that meets C is neither v nor v;. As C is
not avoidable, such a ¢ exists. Then S yields a tree 77 on X that contains the triple ¢m|q while
Sy yields a tree 73 on X that contains the triple ¢g|m or gm|¢ and, thus, 7; 2 T2, by Lemma 1.2.
Applying this argument to each of the trees on X — D, displayed by N’, it follows that N does not

display a tree on X twice; thereby completing the proof of the theorem. O

24



3.4 Quadratic-Time Algorithm

Making use of the characterisation Theorem 3.2, in this section we establish Theorem 3.1. If NV is
a network with n vertices, then, as each vertex of N has degree at most three, the number of edges
in N is at most %n We will implicitly use this fact throughout the section.

We start by showing that the total number of vertices in a certain type of network N on X is
bounded by a function that is linear in the size of X. Eventually, this will enable us to get the

overall running time to be quadratic in |X|.

Lemma 3.4. Let N be a network on X with no avoidable reticulation, and suppose that N has the
tree-path property for at least one parent of each reticulation. Let k be the number of reticulations

in N, and let n be the total number of vertices in N. Then k < |X| and, in particular, n < 4|X]|.

Proof. If k = 0, then the result clearly holds. So assume that the result holds for all networks with
fewer than k reticulations. Let N’ be a network obtained from N by applying a reticulation deletion
relative to a reticulation v in N. It follows, by Lemma 3.3, that N’ is a network on X — D, with
no avoidable reticulation and, for each reticulation, at least one parent has the tree-path property.

Moreover, N’ has k — 1 reticulations and at most |X| — 1 leaves. Therefore, by induction,
kE—1<|X —D,| <|X]| -1,

and so k < |X|. To establish the second part, we use a result from [26, Equation 5] whose authors

have shown that | X|+k = 2. Since k < |X|, it follows that
n=2(X|+k)—1<4X|-1<4[X]|,
thereby establishing the second inequality of the lemma. O

Corollary 3.1. Let N be a network on X that has the tree-path property for at least one parent of

each reticulation. If N has at least 4| X| vertices, then N displays a tree on X twice.

Proof. 1t follows by the contrapositive of Lemma 3.4 that NV has an avoidable reticulation. Hence,

by Lemma 1.3, N displays a tree on X twice. O

Following on from Corollary 3.1, the next lemma shows that we can decide quickly if a network on

X has at least 4| X| vertices.

Lemma 3.5. Let N be a network on X. It takes time linear in | X| to decide if N has at least 4| X |

vertices.
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Proof. The result follows by applying a breadth-first search traversal to N that keeps track of the
number of previously visited distinct vertices in N and either returns the number n of vertices in
N if n < 4|X]| or stops if 4|X| distinct vertices have been traversed. Since the running time of a

breadth-first search algorithm applied to N is O(3n + n) [27], the lemma now follows. O

We next establish a lemma on avoidable cycles and then state an algorithm that recognizes whether
or not a reticulation is the sink of an avoidable cycle in a network with no avoidable reticulations

and, for each reticulation, at least one parent has the tree-path property.

Lemma 3.6. Let N be a network with no avoidable reticulation, and suppose that at least one
parent of each reticulation in N has the tree-path property. Let v be a reticulation in N with parents
vy and vy say, where vy is a distinguished parent of v. If v is the sink of an avoidable cycle C, and
P and Py are the two directed paths whose union is C with v; lying on P;, then, apart from v, the
path Py contains at most one reticulation and the path Py contains no reticulations. Moreover, C

s the unique avoidable cycle with sink v.

Proof. Let p denote the root of N. It follows, by Lemma 3.2, that {v,v;} is the unique hitting set
of C'. We first show that P» contains no reticulations except for v. Assume that w is a reticulation
lying on P» such that w # v. Amongst all such reticulations, choose w so that the only reticulation
in P, after w is v. Since w is unavoidable, there exists a leaf ¢ such that every directed path from
p to g contains w. In particular, there exists a directed path from p to ¢, say P,, such that, as C is
avoidable, the last vertex of P, meeting C' is either v or v1. But then, as w is not the source of C,
there is a directed path from p to ¢ using P; that avoids w; a contradiction. Thus P» contains no
reticulations except v.

We next show that P; contains at most one reticulation except for v. Assume that w is a
reticulation lying on P; such that w # v. Like above, choose w so that amongst all such reticulations
the only reticulation after w in P; is v. Let w; and wsy be the parents of w in N. Without loss
of generality, we may assume that w; is a distinguished parent of w. Since w; has the tree-path
property, there is a leaf ¢ with the property that there is a tree-path from w; to ¢. Since C is
avoidable and {v,v;} is the unique hitting set of C, it follows that w; does not lie on Pj; otherwise,
a hitting set of C has size at least three. Thus wsy lies on P;. Now assume that P; contains a
reticulation ¢ other than v and w. Choose t so that the only reticulations after ¢ in P, are w and
v. Since t is unavoidable, there exists a leaf r such that every directed path from p to r contains t.
Moreover, as C' is avoidable, there exists at least one such path, say P,, such that the last vertex

of P, meeting C is either v or v1. Now, let P, be a directed path from p to ¢ and observe that P,
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contains as a subpath the tree-path from w; to ¢. Since IV is acyclic and C' is avoidable, P, does
not meet C'. But then there is a directed path from p to r using F;, to wi, the unique path from w;
to v1, and the subpath of P, from v to r. In particular, this path avoids ¢; a contradiction. Hence,
P; contains at most one reticulation other than v.

To see that C is the unique avoidable cycle with sink v in N, first note that P, contains no
reticulations except v. Furthermore, P; contains at most one reticulation (other than v) and, if it
contains such a reticulation w, then P; has no choice with regards to which parent of w it meets.
Since no 2-path cycle of N with sink v that contains v, v1, and a parent of w that has the tree-path

property is avoidable, the uniqueness of C' now follows. O

The previous lemma provides insights into how to decide whether or not a reticulation is the
sink of an avoidable cycle in a network N on X with no avoidable reticulation and for which the
tree-path property holds for at least one parent of each reticulation. We next summarize these
insights in the form of an algorithm, called AVOIDABLECYCLE. Subsequently, we will establish that

AvOIDABLECYCLE works correctly and that its running time is linear in the size of X.

Algorithm: AvOIDABLECYCLE

Input: A network N on X with no avoidable reticulation and, for each reticulation, at least one
parent has the tree-path property. A reticulation v of N with parents v; and vy say, where vy is a
distinguished parent of v.

Output: Return “yes” if v is the sink of an avoidable cycle in N; otherwise, return “no.”

Step 1 Set P, = uy,us,...,u; to be the (unique) maximal directed path in N with u;—1 = v9 and

u; = v such that, except for v, each vertex on P, is a tree vertex.

Step 2 Set P, = wy,ws,...,wy, to be the (unique) maximal directed path in N with wy,—1 = v;
and w,, = v such that the following three properties are satisfied: (i) wy is a tree vertex,
(ii) P; contains at most one reticulation other than v, and (iii) except for v; and, possibly

v9, No vertex on P; that is a parent of a reticulation in NV, has the tree-path property.

Step 3 If P; and P, have no common tree vertex, then return “no.” Otherwise, let C be the 2-path
cycle of NV induced by subpaths of P; and P» with source v and sink v, where u is the last

tree vertex in P; and P, common to both paths.
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Step 4 Let X’ be the subset of X such that £ € X’ if and only if there is a directed path from

either v; or v to £ avoiding all other vertices of C.

Step 5 For each leaf ¢ in X — X', check whether there is a directed path from the root of N to
q avoiding all vertices of C. Return “yes” if there exists such a path for all ¢; otherwise,

return “no.”’

Lemma 3.7. Let N be a network on X with no avoidable reticulation. Suppose that at least one
parent of each reticulation in N has the tree-path property. Let v be a reticulation in N. Calling
AVOIDABLECYCLE for N and v returns “yes” if and only if v is the sink of an avoidable cycle.
Furthermore, the running time of AVOIDABLECYCLE in this call is linear in the number of vertices

in N.

Proof. Let p denote the root of N, and let v; and vy denote the parents of v. Without loss of
generality, we may assume that v; is a distinguished parent of v. Furthermore, let n denote the
number of vertices in N. Throughout the proof, we use the same notation as in the description of
AVOIDABLECYCLE.

We first show that AVOIDABLECYCLE works correctly. Suppose that C’ is an avoidable cycle
of N with sink v. Then, by Lemma 3.6, C’ is unique. Applying AVOIDABLECYCLE to N and v,
it follows, by Lemma 3.6 and the construction described in AVOIDABLECYCLE, that C’ is the 2-
path cycle C constructed in Step 3 of the algorithm. By the definition of an avoidable cycle, Step 5
returns “yes.” Now suppose that N has no avoidable cycle with sink v. Applying AVOIDABLECYCLE
to NV and v, there are two cases to consider depending on whether or not P; and P> meet in Step 3.
If P, and P, do not meet at a tree vertex, then Step 3 returns “no.” Therefore, assume that P, and
P, do meet at a tree vertex. Then, as v is not the sink of an avoidable cycle in N, there is some leaf
q € X — X' such that every path from p to ¢ meets C, in which case Step 5 returns “no.” Hence,
AvOIDABLECYCLE correctly determines if v is the sink of an avoidable cycle in N.

We now turn to the running time of AVOIDABLECYCLE. Starting at vy and traversing edges in
the opposite direction to determine P takes time linear in n. Similarly, determining P; takes time
linear in n. However, if P; contains a reticulation v/, distinct from v, then one has additionally to
determine which of its two parents, say v} and v}, have the tree-path property. A naive way to
do this is the following. Let (ry,79,... ,r|X‘) be an ordering on the leaves of N. In turn, for each
r;, let P, be the unique maximal directed path in N that ends in 7; such that each vertex on P,
is a tree vertex and, except for the first vertex of P, no vertex is contained in a path P.; with

1 <j < i < |X|. If there exists an r; such that P., meets v;, with k& € {1,2}, then v; has the
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tree-path property. Collectively, this takes time linear in n. Clearly, Step 3 can be done in time
linear in n and, so, it remains to check the running time of Steps 4 and 5. For Step 4, delete the
vertices in C' that are neither v nor vq, and then determine, for each leaf £, if there is a directed path
from vy to £ in the resulting directed graph, in which case, £ € X’. Here we can, for example, use a
depth-first search traversal [27] starting at v; and, so, this step takes time linear in n. An analogous
approach can be done for Step 5. We conclude that the running time of AVOIDABLECYCLE is linear

in n. OJ

We are now in a position to prove Theorem 3.1.
Theorem 3.1. Let N be a network on X and suppose that N has the tree-path property for at least
one parent of each reticulation. It takes time quadratic in the size of X to decide if N displays a

tree on X twice.

Proof. First, by Lemma 3.5, we can decide in time linear in | X| if N has at least 4|X| vertices. If
N has at least that many vertices, then, by Corollary 3.1, N displays a tree on X twice. We may
therefore assume that N has at most 4|X| vertices.

We complete the proof by showing that it takes time quadratic in | X|, to decide whether or not
N has an avoidable reticulation or an avoidable cycle which is, by Theorem 3.2, a necessary and
sufficient condition for N to display a tree on X twice. Let v be a reticulation in N. Deciding if
v is avoidable is easily checked in time that is linear in the size of N, which is at most 4|X|. For
example, one way is to simply delete v from N and then use a depth-first search [27], whose running
time is linear in | X |, to decide whether there is a directed path from the root to each vertex in X in
the resulting directed graph. Since the number of reticulations in N is at most | X| (see Lemma 3.4),
deciding whether or not N has an avoidable reticulation takes time quadratic in | X|. Now we may
assume that N has no avoidable reticulation. It then follows, by Lemma 3.7, that it takes time
linear in the number of vertices in N and, hence, by Lemma 3.5, time linear in | X|, to decide if v
is the sink of an avoidable cycle in N using AVOIDABLECYCLE. Applying this algorithm to each
reticulation in N to decide if there exists a reticulation that is the sink of an avoidable cycle takes

time quadratic in |X|. The theorem now follows. O

3.5 Remark on Tree-Child and Normal Networks

As tree-child networks are a subclass of the networks in which each reticulation has at least one
parent that satisfies the tree-path property, it immediately follows, by Theorem 3.1, that it can be

decided quickly whether or not a tree-child network displays a tree twice. Curiously, since each
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vertex of a tree-child network NV has the tree-path property, it is tempting to assume that N never
displays a tree twice and therefore has no avoidable cycles. However, this is not necessarily true.
To see this, consider a reticulation v of N and its two parents vy and ve. If v1 has the tree-path
property and wve is an ancestor of v1, then it is possible for v to be contained in an avoidable cycle.
In [28], Willson refers to a tree-child network that does not have a reticulation for which one parent
is an ancestor of the other parent as a normal network. Noting that a normal network does not
have an avoidable cycle as every 2-path cycle has a minimum hitting set of size at least three, the

next corollary is now an immediate result of Theorem 3.2.

Corollary 3.2. Let N be a normal network on X. Then N does not display a tree on X twice.
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Chapter 4

Characterising when a Phylogenetic
Network Displays a Tree Twice in
Terms of Substructures in the

Network

4.1 Introduction

This chapter is about characterising when an arbitrary phylogenetic network displays a tree twice
in terms of local substructures inherent in the network. These local substructures arise due to
the presence of reticulation vertices, and the local substructures, when isolated, are themselves
phylogenetic networks. In Section 4.2 we identify the local substructures inherent in a network and
show that the local substructures are themselves networks. In Section 4.3 we show how the local
substructures can be represented by a tree, so that essentially the local substructures are tree-like.
Section 4.4 presents a proposition that is a crucial part of the algorithm that decides whether or
not a network displays a tree twice, as well as describing what it means to reduce a representation.
Section 4.5 shows that a network, displayed by a network without any avoidable reticulation vertices,
is free of avoidable reticulation vertices. In Section 4.6 we present the characterisation of when a

network displays a tree twice in terms of the local substructures identified in Section 4.2.
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4.2 Basic Networks and Basic Cyclic Pairs

The networks for which it is easy to decide whether or not they display a tree twice are networks
that have only one level of reticulation vertices; this means that the descendants of any reticulation
vertex in the network are non-reticulation vertices. We call such a network a basic network. The
subnetworks of a basic network are basic networks, so one can not get any simpler than a basic
network in terms of substructures. One does find, however, that some basic networks have a more
direct way of deciding whether or not they display a tree twice than other basic networks; these
networks are called basic cyclic pairs. A basic cyclic pair is an ordered tuple (w,v, Pj, P;) and a
basic network B, where w is a tree vertex, v is a reticulation vertex, and P;,P» are two edge disjoint
directed paths connecting w to v such that every directed path from the root to a reticulation vertex
in the network passes through w. Since a basic cyclic pair is identified by a reticulation vertex v,
the reticulation vertex v is special, so that defining when a basic cyclic pair displays a tree twice
involves the reticulation vertex v. We say that a basic cyclic pair displays a tree twice when there
exists two switchings such that v’s reticulation edges are split between the two switchings, which
means that one of v’s reticulation edges is in one of the switchings whilst the other reticulation edge

is in the other switching, and those two switchings yield the same tree.

Definition 4.1. A basic network is a phylogenetic network N such that for every reticulation vertex

v in N there is no other reticulation vertex v’ where there is a directed path from v to v'.

Example 4.1. The network shown is a basic network. The network shown in Example 1.5 is not

a basic network.

Definition 4.2. Let N be a network on leaf set X. A network N7 on leaf set X1 C X is a subnetwork
of N when there exists a tree-vertex x in IV such that deleting all the vertices and edges that can
not be reached from x via a directed path in N then suppressing all vertices with in-degree one and

out-degree one results in Vj.
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Example 4.2. The network shown on the left was obtained from the network shown in Example
4.1 by deleting all the vertices and edges that can not be reached from z via a directed path in the
network shown in Example 4.1 then suppressing all vertices of in-degree one and out-degree one.
Similarly the network shown on the right was obtained from the network shown in Example 4.1

with respect to z’.

Definition 4.3. Let B be a basic network, and let w be a tree-vertex in B such that every directed
path from the root of B to a reticulation vertex in B passes through w. Let v be a reticulation
vertex in B such that there exists two directed paths P;,P; such that E(P;) N E(P2) = () and
V (P)NV (Py) = {w,v}. The ordered tuple (w,v, P;, P;) and a basic network B is called a basic

cyclic pair. We denote a basic cyclic pair by B- (w,v, P, P5).

Note 2. This definition allows a parallel pair, as reticulation edges are given distinct labels. In fact,

if v is a reticulation vertex then we label v’s reticulation edges eY,es.

Example 4.3. The basic network shown, called B, has two basic cyclic pairs. One basic cyclic
pair is B-(w,vs, P1, P), where P; = {(w,w'),(w',x1), (z1,v3)} and P» = {(w,x2), (v2,v3)}.
The other basic cyclic pair is B-(w,ve, P{, Py), where P| = {(w,w’),(w,z3),(x3,v2)} and

Pj = {(w, z2), (x2,v2)}. The network shown in Example 4.1 has no basic cyclic pairs.
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Definition 4.4. A basic cyclic pair B-(w,v, P, Py) displays a tree twice when there exists two
switchings 57, Sy of B that yield the same tree, and one of v’s reticulation edges is in S7 whilst the

other is in Ss.

Example 4.4. The basic cyclic pair B- (w,vs, Py, Py) from Example 4.3 displays the tree shown
twice via S7 = {e]?,e]",€]?} and S = {e]?,e]', e5°}. The other basic cyclic pair B- (w, va, P|, Py)

from Example 4.3 does not display the tree shown twice as e]? € S} and e5* ¢ So.

4.3 Representing a Basic Cyclic Pair

When it comes to analysing a basic cyclic pair, we just want the information that is relevant in
regards to deciding when the basic cyclic pair displays a tree twice. It is also preferable to work
with existing concepts that have well-established notation. Since every directed path from the root
to a reticulation vertex passes through w, we have w as the root of the tree representing the basic
cyclic pair. First we relabel each leaf n in the leaf set of the basic cyclic pair with £,,. Now for each
reticulation vertex v;, where i € A and A is a finite subset of the natural numbers, there is a tree
structure below it, so delete the edge going out of v; and delete any components that do not contain
w. Now v; has two directed edges going into it and no edge going out), so we split the vertex v; into
two leaves v;' and v;? where v{' is the finish vertex of the edge e]* and v{? is the finish vertex of
the edge e5’. Now we have a tree that represents the basic cyclic pair, and the tree contains all the
information that is needed in order to decide whether or not the basic cyclic pair that it represents

displays a tree twice.

Definition 4.5. The tree 7 that represents a basic cyclic pair B- (w,v, Py, P;) is obtained from

the basic cyclic pair as follows:

1. For each leaf n in the leaf set of B, relabel n with £,,.

2. For each reticulation vertex v; in B, where i € A and A is a finite subset of the natural

numbers, delete the edge going out of v;.
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3. For each vertex v; split it into two leaves v{' and v{? such that v{* = fin(e]’) and v{* =

fin (e5), where fin (e]’) means the finish vertex of the directed edge ej".
4. Delete the edge going into w and delete any components that do not contain w.
Note 3. In B- (w,v, P1, P,) v =wv; for some j € N.

Example 4.5. The tree 7 shown represents the basic cyclic pair B- (w,vs, Py, P») from Example

4.3. The tree shown also represents the basic cyclic pair B- (w,ve, P, P5) from Example 4.3.

w

4.3.1 What does it mean for the representation of a basic cyclic pair to display

a tree twice?

The tree that represents a basic cyclic pair has two distinct groups of leaves. One group of leaves
represents reticulation edges in the basic cyclic pair whilst the other represents leaves that can be
got to from a tree-path starting at w. The first group of leaves can be restricted in the following

€j
7 0

°1, u? is included in the leaf

way: for every leaf v,”, where j € {1,2} and ¢ € N, exactly one of v
restriction. The second group of leaves is fixed so that any leaf restriction of the tree must include
the second group. We see that these special leaf restrictions correspond to a switching of a basic
cyclic pair and vice versa, so that a basic cyclic pair displays a tree twice if and only if its tree
representation displays a tree twice. There is one more thing that needs to be done for a coherent
representation of displaying a tree twice: After a leaf-restriction is applied to the tree representing
a basic cyclic pair, all the leaves vf 7 need to be relabeled #,,. This ensures that the trees that are

displayed by the representation are embedded in the trees displayed by the basic cyclic pair that it

represents.

Definition 4.6. Let T be a tree on leaf set X. A leaf restriction R of T is a set such that R C X.
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Definition 4.7. Let T be a tree on leaf set X, and let X; be a leaf restriction of T. The leaf
restriction X1 applied to T is obtained from T by deleting all the vertices and edges that are not on
a directed path from the root of T' to an element of X;. Then deleting any vertices with in-degree

zero and suppressing any vertices of in-degree one and out-degree one. We denote the leaf restriction

X1 applied to T by T'|X;.

Definition 4.8. Let 7 be the representation of a basic cyclic pair. The leaves of form £, where *

can be a number or a letter, are called the fized leaves. The set of fixed leaves is denoted by Cy.

Example 4.6. The set of fixed leaves of the tree representation 7 shown in Example 4.5 is C'y =
{£2}.

Definition 4.9. The leaves of the tree T representing a basic cyclic pair that are not in Cy are

called reticulation leaves, and the set of reticulation leaves of T is denoted by Hr.

Example 4.7. The set of reticulation leaves of the tree representation 7 shown in Example 4.5 is

_ el ,.e2 ,.e1 €2 ,€1 ,€2
Hr = {vf', v]?, vg', v5?, vst, vs?}.

Definition 4.10. A switching of the tree T representing a basic cyclic pair is a leaf restriction R
of 7 such that C+ C R and, for every v;, where ¢ € N, that is in the set of reticulation vertices of

e1 €2

the basic cyclic pair, exactly one of v;*,v;? is in R.

Example 4.8. The leaf restriction R = {{2,v]{",v5*,v5'} is a switching of the tree representation

T shown in Example 4.5.

Definition 4.11. A general switching of the tree 7 representing a basic cyclic pair B- (w, v, Py, P3)
is a leaf restriction G of T such that C'+ C G and for every v;, where ¢ € N, that is in the set of

reticulation vertices of the basic cyclic pair either exactly one of vi',v;* is in G or {v{*,v:?} C G;

€2

that is, G contains at least one of v, v;?.

Example 4.9. The leaf restriction G = {l2,v{*,v]?,v5?, v5', v5? } is a general switching of the tree

representation 7 shown in Example 4.5.

Definition 4.12. The tree T representing a basic cyclic pair displays a tree when there exists a
general switching G of T such that after G is applied to T every leaf viej , where j € {1,2} and
S ug? is in G is relabeled ¢,,. We denote applying G to T by T|G,

¢ € N, where exactly one of v;',v;

and we denote the result of the relabeling that takes place afterwards by (T|G)%.

Example 4.10. The tree 7 |G is shown on the left where T is the tree representation from Example
4.5 and G is from Example 4.9. The tree (7]G)* is shown on the right.
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e €2
v €2
'U3 2 'U3 E’Ug

€2 el
(%1 ’U3 Ufz U§1

el
v el
Lo 1 by g

Note 4. Let X be a set of reticulation leaves (X could be a general switching, a switching, or a leaf
set) of the tree T representing a basic cyclic pair then (X )L means that we relabel every reticulation

leaf v}’ in X as £,,.
Example 4.11. Taking G from Example 4.9 we have (G)* = {2, £y, , L1y, s, }-

Definition 4.13. The tree 7 representing a basic cyclic pair B- (w, v, P, P») displays a tree twice
when there exists two switchings Ry, Rs of T such that either v®* € Ry and v®2 € Ry or v2 € Ry

and v°! € Ry, and (T|R1)" = (T|R2)".

)

Note 5. We abuse notation and put “=" when we mean “isomorphic to” (in the phylogenetic sense).

Example 4.12. The tree on the left was obtained from Example 4.5 via the switchings
Ry = {vi',v5',v5', la} and Ry = {vi',v5',v5%,02}. Hence 7 from Example 4.5 representing
B- (w,vs, P1, P») displays the tree on the left twice. The tree on the right was obtained from
Example 4.3. It is a subtree of the tree displayed twice by B-(w,vs, Pi, P2), and we see that it is

simply the tree on the left with its leaves relabeled.

w

Loy 4

o, 1
£l 61)1 2 3

Definition 4.14. Let T be a tree on the leaf set X. A tree T} on a leaf set X7 C X is a subtree of
T if there exists a vertex x of T such that Ty = T'|L (x), where L (z) is the set of leaves £ € X such

that there is a directed path from z to £ in T'.
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Example 4.13. The tree T' on the left has leaf set X = {1,2,3,4,5,6,7,8,9}. The tree T} in the
middle is a subtree of T, where L () = {5,6,7,8,9}. The tree T5 on the right is not a subtree of T

nor a subtree of 1.

T Ty, = T|L (z) Ty = Ty| {5,6,7}

Lemma 4.1. Let Ty and T be two trees on the same leaf set X. Let T| be a subtree of Ty on leaf
set X" and let Ty be a subtree of Ty on leaf set X'. If T| # Ty then Ty # To.

Proof. Suppose T1 = T3 then it is fairly clear that any subtree of 71 on a subset of the leaf set X

will be isomorphic (in the phylogenetic sense) to the subtree of T on the corresponding leaf set. [J
Note 6. This lemma does not work for multi-labeled trees.

Theorem 4.1. Let T be the representation of a basic cyclic pair B-(w,v, Py, P;). The tree T
displays a tree twice if and only if B-(w,v, Py, Py) displays a tree twice.

Proof. Suppose the tree T displays a tree twice then there exists two switchings Ri, Ro of T such
that either v** € Ry and v*2 € Ry or v € Ry and v®* € Ry, and (T|R1)* = (T|R2)*. Without loss
of generality, suppose that v°* € Ry and v®2 € Ry. Consider the two set S7, .59 where eqji € 5, for
j € {1,2} and i € N, if and only if vl-ej € Ry and e?" € 59 if and only if Uz-ej € Ry. Since v®! € R; and
v?? € Ry, we have €] € 51 and e§ € So, so that v’s reticulation edges are split between S; and Ss.
Now S; and Sy are switchings of B- (w, v, P1, P») because Ry and Ry are switchings of 7. We will
show that S7 and SS9 yield the same tree by supposing that they do not and reaching a contradiction.
First relabel every leaf n in B- (w,v, Py, P») with £, call the result [B- (w,v, Py, P»)]*. Suppose that
S1 and Sy yield different trees, call them 77 and 75 respectively. Since every directed path from
the root to a reticulation vertex passes through w and that Ty # Tb, there exists T} a subtree
of T} whose leaf set is a subset of the cluster below w in [B-(w,v, P;, P5)]" and there exists T a

subtree of Ty whose leaf set is the same as the leaf set of T}, and T # Ty. For every vertex z in
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T{ with the property that there exists a reticulation vertex v; in [B- (w,v, P, P;)]" with the same
cluster as x, replace x and everything below it by £,,. Do the same for T}, call the results (77)"
and (T3)* respectively. We must have (T])" # (T4)" and they are on the same leaf set, but (T})" is
a subtree of (T]R;)" and (T3)* is a subtree of (T|Rg)"; hence, by Lemma 4.1, (T|R;)* # (T|Ry)*
- a contradiction. Therefore S; and Sy yield the same tree. Thus B- (w, v, P1, P») displays a tree
twice.

Suppose that B-(w,v, P1, P;) displays a tree twice then there exists two switchings Sp,Se of
B- (w,v, P1, P;) such that either ef € S; and e € Sy or e§ € S1 and e} € S, and S; and Ss yield
the same tree, call it 7. Without loss of generality, suppose that e] € S; and ej € Sy. Consider the
two sets R}, Ry where v’ € R}, where j € {1,2} and i € N, if and only if e;' € S1 and vy’ € R} if
and only if ej' € Sy. We see that v € R} and v*2 € Ry. Of course, Ry = R{UCT and Ry = RyUCT
are switchings of 7. First relabel every fixed leaf ¢, in T with n. Suppose for contradiction that
(TIR)* # (T|R2)*. Now (T|R1)" and (T|R2)" are on the same leaf set, because take any £,
in the leaf set of (T|R;)™ then either v or v is in R;. Since Ry is a switching, exactly one of

L v® is in Ry, so that £,, is in the leaf set of (T|Ry)”. Similarly for the other direction. Since

U’L”L

B- (w,v, P, P») is a basic cyclic pair, for every reticulation vertex v; in B-(w, v, P, P») there is
a tree T,, whose root is the child of v;. In (T|R1)L replace every /,, with the tree T,,, call the
result 77". Do the same in (T!RQ)L, call the result 75. We must have T} # T3, but we also have
T7,T5 being two subtrees of 7" on the same leaf set, so, by Lemma 4.1, T} = T3 - a contradiction.

Therefore (T|R1)" = (T|R2)", so that T displays a tree twice. O

4.4 Reducing a Basic Cyclic Pair

One of the most important results for deciding quickly whether or not an arbitrary phylogenetic
network displays a tree twice is the following proposition. If a basic cyclic pair displays a tree twice
then any reduction of the basic cyclic pair displays a tree twice. This proposition implies that if
we are able to reduce a basic cyclic pair to a basic cyclic pair that does not display a tree twice
then the original basic cyclic pair does not display a tree twice. We shall see that there are certain
archetypal basic cyclic pairs that never display a tree twice, and it is these basic cyclic pairs, which
we call desirable configurations, that makes the task of deciding quickly whether or not an arbitrary
phylogenetic network displays a tree twice possible. To reduce a basic cyclic pair B- (w,v, P, P3)
is to reduce the representation of the basic cyclic pair, and to reduce the representation of the basic
cyclic pair is to apply a leaf restriction that keeps the leaves v, v¢2 (we may discard any fixed

leaves), but to keep v;* we must also keep v;?. The proof of the reduction proposition depends on
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two lemmas. The first lemma says that it does not matter what order two leaf restrictions are done
in, and it does not matter how a particular leaf restriction is performed. The second lemma says
that if we have a leaf restriction that is a switching and another leaf restriction that is a reduction
then when we relabel does not affect the result, so that if we relabel after the switching is applied
and then apply a relabeled reduction then that is the same as relabeling after applying the switching

and the reduction.

Definition 4.15. A reduction of a basic cyclic pair B-(w,v, Py, P») is a leaf restriction I' of the
tree representation T of B- (w,v, Pi, P») such that {v¢1,v2} C T and for all v; in B- (w,v, Py, P,),

vfj € I if and only if vf{l’Q}\j el

Example 4.14. The leaf restriction I' = {v§", v5?, vi*, v]?, {2} is a reduction of the basic cyclic pair

B- (w,v3, P1, Py) from Example 4.3, but it is not a reduction of the basic cyclic pair B- (w, v, Pi, P3).

Lemma 4.2. Let T be the representation of a basic cyclic pair B-(w,v, P1, Py). Let R be a switching
of T, and let T' be a reduction of B-(w,v, P, P2). Then (T|R)|T = (T|RNT) and (T|T)|R =
(TIRNT).

Proof. Tt does not matter what order two restrictions are done in, so (7|T')|R = (T|R)|T. Now
(TIRNT) takes T and restricts T to the leaves that are in both R and I'; note that RNT C X7,
where X7 is the leaf set of the tree 7. Also (T|R) | takes 7 and first restricts it to the leaves in
R then restricts T|R to the leaves in I'. This gives the same result as (7|RNT). Note that the leaf
set of T|R is X7 N R, so that the leaf set of (7T|R)I" is X7 N RN T, which is the same as the leaf
set of (T|RNT). Therefore (T|R)|T' = (T|RNT) and (T|')|R = (T|RNT). O

Lemma 4.3. Let T be the representation of a basic cyclic pair B-(w,v, P1, Py). Let R be a switching
of T, and let T be a reduction of B-(w,v, P, Py). Then ((T|R) D)Y = (T|R)* | (I)*.

Proof. The leaf set of ((T|R)|D)* is (XrNRNT)Y.  We will show that (X;NnRND)L =
(X7 N R)“N()*. Take any element in (X7 N RN )% then it is of form £,, so either «¢! € X7NRAL,
%2 € XpNRNT, or 4, € Xy NRAT. If £, € X7 N RNT then 4, € (XrNR)" and ¢, € ()", so
l € (XN R)Lﬂ(F)L. Without loss of generality, suppose that 1 € XN RNT then *** € X7 NR
and %1 € T, so £, € (XrNR)* and ¢, € (I)*; hence ¢, € (X7 N R)Y N (I')". Take any element
in (X7 N R)* N (I)* then it is of form 4,, so £, € (X7 NR)" and ¢, € (D)*. If £, € X7 then
l, € X7 NRand £, € T; hence ¢, € (X7 NRNT), so 4, € (XrNRNT)L. If ¢, ¢ X7 then, since T
is a reduction, {x¢1, %2} C T, as ¢, € (I'*. Since R is a switching, ¢, € (X7 N R)*, and ¢, ¢ X7,

we have either *“1 € X7+ NR or x°2 € XN R. Without loss of generality, suppose that x> € X7NR
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then ' € X7 NRNT, so £, € (X7 NRNT)E. Therefore (XrNRND)* = (X7 nR)" n (D)~
Now the leaf set of (T|R)" is (X7 N R)" and the leaf set of (T|R)" | ()" is (X7 N R)* n (D)*,
so ((T|R)|T)* has the same leaf set as (T|R)" | (T)". Take (T|R) and relabel every v’ as £,, to
get (T|R)” then restrict (T|R)* to (I')*. This is the same as taking (7|R) restricting to I' then
relabeling every v;” as £,,. Thus ((T|R)|T)* = (T|R)* | (D). O

Proposition 4.1. Let B-(w,v, P1, P») be a basic cyclic pair. If B-(w,v, P1, Py) displays a tree

twice then any reduction of B-(w,v, Py, Py) displays a tree twice.

Proof. Suppose B- (w,v, Py, Py) displays a tree twice then the tree T representing B- (w, v, P;, P»)
displays a tree twice, so there exists two switchings Ry, Re of T such that either v** € R; and v*? €
Ry or v € Ry and v € Ry, and (T|R1)" = (T|R2)". Let I be any reduction of B- (w, v, P1, Py), s0
I is a leaf restriction of 7 where for every {v;',v;?} C Hp either {v{*,v{?} C T or {v;',v;*}NI = 0,

and {v1,v2} CT'. We want to show that 7|I" displays a tree twice. Now the leaf set of 7T|I" is
XrNnT'=(Hrulr)NnT'=(HrnT)U(CrnT).

Let R} be (R NT), and let R), be (R2NT). We want to show that R] and R} are switchings of
T|I. Since Cy C Ry, we see that Ry = (R N Hy) U C7r, so

Rl =R NT=[(RiNHr)UCFNT.

U2} C Hy, where ¢ € N, exactly

R )

Hence C7 NT C R). Since R; is a switching of T, for every {v

€2

72 is in Ry, so for every {v{',v;?} C (H7 NT) exactly one of vi',v;

one of v, v; is in Ry. Hence

for every {vi',v?} C (H7 NT') exactly one of v{*,v{? is in R}. Thus R} is a switching of T|I.
Likewise RY is a switching of T|I'. Without loss of generality, suppose that v** € Ry and v®2 € Ry,
since {v, v2} C T, we have {v°,v®2} C (HyNT), so that v¢* € R} and v*> € R). Consider
((TIT) |R)* and ((T|T) |R,)*. By Lemma 4.2, the order in which leaf restrictions are done in
does not matter, so ((T|T) |R})* = ((T|R})|T)*. We also have, by Lemma 4.3, ((T|R}) )" =
(TIR)™ | (D)E. Now (T|R}) T = (T|RY}), so ((T|R}) | ()" = (T|R})*. Likewise we can show that
(TIRY) | (T)" = (T|Ry)". Since (T|R1)" = (T|R2)", we have (T|R1)" | (T)" = (T|R2)" | ()"
By Lemma 4.3, (T|R)* | (I)* = ((T|R1) )", and, by Lemma 4.2, ((T|R1) )" = (T|R nT)~.
Of course, (TR, NT)* = (T|R})". Likewise we can show that (7|Ra)" | ()" = (T|R})" Therefore
(TIR)® = (T|R,)". Thus we get ((T|T)|R))" = ((T|T) |R,)", and that means that 7T displays

a tree twice via R} and R5. Therefore any reduction of B- (w,v, P, P») displays a tree twice. [

Definition 4.16. Let 7 be the representation of a basic cyclic pair B- (w,v, P, P). We say that

T is a desirable configuration if T does not display a tree twice.
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Corollary 4.1. Let B-(w,v, P1, P2) be a basic cyclic pair. The basic cyclic pair B-(w,v, Py, P»)

displays a tree twice if and only if B-(w,v, Py, Py) can not be reduced to a desirable configuration.

Proof. Suppose B-(w,v, Py, Py) displays a tree twice then, by Proposition 4.1, any reduction of
B- (w,v, P1, Py) displays a tree twice. Therefore B- (w, v, Py, P») can not be reduced to a desirable
configuration.

Suppose that B- (w, v, P, P») can not be reduced to a desirable configuration then every reduc-
tion of B- (w,v, P1, Py) results in a basic cyclic pair that displays a tree twice. Therefore the trivial

reduction of B- (w,v, Pi, Py) displays a tree twice. Thus B- (w,v, P;, P;) displays a tree twice. [

4.5 Avoidable Reticulation Vertices

The characterisation of when a phylogenetic network displays a tree twice only characterises a
subclass of phylogenetic networks. This subclass of phylogenetic networks are all free of a certain
type of reticulation vertex, which is called an avoidable reticulation vertex. If a phylogenetic network
has an avoidable reticulation vertex then the network displays a tree twice, so every network outside
of the subclass of networks without avoidable reticulation vertices displays a tree twice. We will
show that the property of not having any avoidable reticulation vertices is preserved under general
switchings, so if a network does not have any avoidable reticulation vertices then any network

displayed by the network does not have any avoidable reticulation vertices.

Lemma 4.4. Let N be a network on X. Let G be a general switching of N, and let N' be the
network yielded by G. If N does not have any avoidable reticulation vertices then N’ does not have

any avoidable reticulation vertices.

Proof. Suppose that N does not have any avoidable reticulation vertices. Let v be any reticulation
vertex in N/ then v is a reticulation vertex in N; thus v is unavoidable in N, so there exists a
leaf ¢ € X such that every directed path from the root of N to ¢ passes through v. Since N’ is a
network on X, the leaf £ is in N’. Let P’ be any directed path from the root of N’ to £ in N'. We
see that there is a directed path P from the root of N to £ in N such that V (P’) C V (P). Since
every directed path from the root of N to £ in N passes through v, we see that P’ passes through

v. Therefore v is unavoidable in N’. O
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4.6 Characterising when a Phylogenetic Network Displays a Tree
Twice in Terms of Cyclic Pairs in the Network

We have already seen that a network with an avoidable reticulation vertex displays a tree twice, so
we now characterise when networks without any avoidable reticulation vertices display a tree twice.
The advantage of not having any avoidable reticulation vertices in a network is that we are not going
to inadvertently lose a reticulation vertex when a general switching is applied to the network. In
order to get the characterisation that leads to an efficient algorithm we need a few stepping stones.
The first stepping stone that we need is another type of cyclic pair, and it is found by seeing what
it means for a phylogenetic network, without any avoidable reticulation vertices, to display a tree
twice. This other type of cyclic pair has no reticulation vertices on its main paths and if one can
get from the source of the cyclic pair to a reticulation vertex via a tree-path then there are two

tree-paths that differ at at least one edge from the source to that reticulation vertex.

Definition 4.17. Let NV be a network, and let w be a tree-vertex in N. Let v be a reticulation vertex
in N such that there exists two directed paths P;,P, such that E (P;) N E(Py) = (@ and V (P1) N
V (P2) = {w,v}. The ordered tuple (w,v, Pi, Py) and the network N is called a cyclic pair. We
denote a cyclic pair by N- (w,v, Py, Py). We also call w the source with respect to N-(w,v, Py, Py),
and we call v the sink with respect to N-(w,v, Py, Py).

Example 4.15. There are three cyclic pairs in the network N shown, namely: N-(p,v1, Py, P»),
where P = {(p,x1),e'} and Py, = {(p,x2),e5'}; N-(p,va, P{, P}), where P{ = {(p,z1),e}*,e*}
and Py = {(p,x2), (2, x3), (x3,24),e5%}; and N- (z2,ve, P/', Py), where P/’ = {ej',e]?} and Py =

{(z2,23), (x3,24) ,€5° }.

N
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Definition 4.18. A cyclic pair N- (w, v, P, P2) displays a tree twice when there exists two switch-
ings S1, 99 of N that yield the same tree, and one of v’s reticulation edges is in S7 whilst the other

is in S5.

Example 4.16. The cyclic pair N- (p, vy, P1, P») from Example 4.15 displays the tree shown on the
left twice via S1 = {e]*,e]?} and Sy = {e3', e7?}. The other cyclic pairs from Example 4.15 do not

display the tree on the left twice. The other trees displayed by N are shown on the right.

0 p
T2
x3
x3
6
Ty
6 1 2 :
1 2
5)
3 4
3 4
p
T
T3
6
1 2
5
3 4

Definition 4.19. A cyclic pair N- (w,v, Py, P,) is a tree-path cyclic pair when both P; and P; are
tree-paths.

Example 4.17. The only tree-path cyclic pair from the network N from Example 4.15 is
N- (anhPlaPQ)-

Definition 4.20. Let N-(w,v, P, P;) be a cyclic pair. A reticulation vertex vy is a tree-path

reticulation with respect to w if there is a tree-path from w to v;.

Example 4.18. Both v; and vy are tree-path reticulations with respect to p for the cyclic pairs
N-(p,v1, P1, P2) and N-(p,va, P{, P5) from Example 4.15. Likewise v; and vy are tree-path reticu-

lations with respect to za for N- (z2,ve, P/, Py') from Example 4.15.

Definition 4.21. Let N-(w,v, Pi, P5) be a cyclic pair. A tree-path reticulation v; with respect to
w is a two-way tree-path reticulation with respect to w if there are two tree-paths from w to vy that

differ at at least one edge.
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Example 4.19. Only v; is a two-way tree-path reticulation with respect to p for the cyclic pairs
N-(p,v1, P1, P;) and N-(p, v, P, P}) from Example 4.15. Neither v; nor vy are two-way tree-path

reticulations with respect to x5 for the cyclic pair N- (zg,ve, P/, P) from Example 4.15.

Definition 4.22. A tree-path cyclic pair N- (w,v, P1, P») is a mazimal tree-path cyclic pair if every

tree-path reticulation with respect to w is a two-way tree-path reticulation with respect to w.

Example 4.20. Every cyclic pair in the network shown is a maximal tree-path cyclic pair.

Proposition 4.2. Let N be a network without any avoidable reticulation vertices. Let X be the
leaf set of N. If N displays a tree twice then there exists a maximal tree-path cyclic pair, displayed
by N, that displays a tree twice.

Proof. Suppose N displays a tree twice then there exists two switchings S7,S2 of N such that
S1 # Sy and 51,59 yield the same tree when they are applied to N. Since S1 # Sa, there exists
a non-empty set D of reticulation vertices of N such that v € D if and only if either e{ € S; and
eh € Sy or ey € S7 and e} € Sy. Let the set of reticulation vertices of N be called K. Then K\ D is
the set of reticulation vertices of NV such that v; € K\ D if and only if either e]* € S} and e]* € Sy or
et € 51 and ey € Sy. Let E\p be the set of reticulation edges of N such that e;)j € Ex\p, where
i €{1,2} and j € N, if and only if v; € K\ D. We see that S1 N Er\p = S2 N Eg\ p. We can order
the set D by descendancy, so there exists v € D such that v has no ancestors in D. Let D be the set
of all such reticulation vertices v. Let Fp be the set of reticulation edges of N such that ez}j € Ep
if and only if v; € D. Consider the general switching G defined as (Sl N Eg\ D) UFEp. Since N has
no avoidable reticulation vertices, every reticulation vertex in D remains after G is applied to N.
Let Ng be the network that is the result of applying G to N. In particular, the reticulation vertices
in Dy are in Ng. Let v be any reticulation vertex in Di. Since the only reticulation vertices in
N¢ are those in D and v has no ancestors in D, the two paths starting at v and traveling towards
the root of Ng are tree-paths. Let w be the first tree-vertex on those two tree-paths starting at v.

Therefore Ng- (w,v, Py, P3) is a tree-path cyclic pair. Let K G be the set of reticulation vertices in
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N¢. Let Exc be the set of reticulation edges in Ng. We see that Ng- (w, v, P1, P») displays a tree
T twice via S1 N Exc and Sa N Ega.

Let J be the set of two-way tree-path reticulation vertices with respect to w in Ng. Let Ej
be the set of reticulation edges of Ng such that e;}j € E; if and only if v; € J. Let M be the
set of tree-path reticulations with respect to w that are not in J. For each v; € M exactly one
of equj , egj is on the tree-path from w to vj. Let E)y;r be the set of reticulation edges in Ng such
that e;” € Eyr if and only if v; € M and e’ is not on a tree-path from w to vj. Let Ejs be the
set of reticulation edges in Ng such that e?j € Eyy if and only if v; € M. Consider the general
switching Go = (S2 N (Exe \ En)) U Ey U Eyr. We see that applying Go to N deletes all the
reticulation edges that are on a tree-path from w to a reticulation vertex that is not in J, and the
only reticulation vertices left are those in J. Let Ng, be the network displayed by Ng via Ga. We
see that there is a maximal tree-path cyclic pair in Ng, whose source is w and whose sink is an
element of J. Let Ng,-(w,v, P{, P;) be such a maximal tree-path cyclic pair in Ng,. Let Egac,
be the set of reticulation edges in Ng,. We claim that Ng,- (w,v, P, P}) displays a tree twice via
S1N Ege, and So N Eya,. Let T be the tree displayed by Ng, via S1 N Egc,, and let Ty be the
tree displayed by Ng, via S2 N Eyxc,. Suppose for contradiction that 77 # 75 then, by Lemma
1.2, there exists leaves (1, {2, {3 € X such that T contains the triple ¢1¢3|¢s whilst T5 does not, T;
contains the triple ¢1/¢3|¢5 whilst T does not, or T} contains the triple ¢2¢3|¢; whilst T, does not.

Without loss of generality, suppose that 7} contains the triple ¢1¢2|¢3 whilst T5 does not. In Ng,
there must be a reticulation vertex v; € J in Ng, such that there is a tree-path from v; to exactly
one of {1, 05, ¢3. Without loss of generality, suppose there is a tree-path from v; to £;. Now in Ng
v1 exists, and, since N has no avoidable reticulation vertices, we see that v is not an avoidable
reticulation vertex by Lemma 4.4. Hence there exists a leaf ¢ such that every directed path from
the root of N¢ to ¢} passes through v;. Coming back to Ng,, we see that T} contains the triple
lilo)ls. If in Ng,- (w,v, P{, Py) there are two tree-paths from w to f3,¢3 such that the tree-path
from w to ¢y leaves Pj, say, at a tree-vertex x; whilst the tree-path from w to ¢3 leaves P or P}
at a tree-vertex xo, where 1 # x9, then Ng does not display the tree T twice. For the tree T}
displayed by Ng via S1 N Exc contains either the triple ¢} ¢3]¢5 or the triple ¢;/¢3|¢2 or the triple
O30} . Without loss of generality, suppose that T} contains the triple ¢¢2|¢3 then the tree T
displayed by N¢ via Se N Ec contains either the triple ) ¢3]¢y or the triple ¢ol3|¢), so that T] # T3
- a contradiction. Hence in Ng, there must be another reticulation vertex ve such that there is a
tree-path from vy to exactly one of £5 or £3. Without loss of generality, suppose that there is a

tree-path from vy to f5. Then, as before with v; so too with vg, there exists a leaf ¢, such that
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every directed path from the root of N¢g to £, passes through ve. We see that T3 contains the triple
040503, and suppose that Ty contains the triple ¢} /¢3|¢,. For now suppose that there is a tree-path
from w to ¢3 in Ng, then there is a tree-path from w to ¢3 in Ng. Suppose that T' contains the
triple ¢105|¢3 then there is a path connecting ¢] and ¢, that does not intersect the directed path
from w to ¢3 in Ng. Hence there is a reticulation vertex v on the said path connecting ¢} and ¢4
such that either ¢] is a descendant of v} or ¢, is a descendant of vj. Without loss of generality,
suppose that ¢] is a descendant of v. Since v; € J, we must have v} being a descendant of vy, as
otherwise v; ¢ J - a contradiction. Now we see that there is a directed path from the root of Ng
to £} that avoids vy - a contradiction. Therefore, in this case, we reach a contradiction.

Suppose that T contains the triple ¢} ¢3|¢, then there is a path connecting ¢] and ¢3 that does
not intersect the directed path from w to ¢, in N¢. Hence there is a reticulation vertex vi on the
said path connecting ¢} and /3 such that either ¢| is a descendant of v} or {3 is a descendant of vj.
The case where /] is a descendant of v3 leads to a contradiction as in the last case, so suppose that
/3 is a descendant of v3. Then we see that there is no tree-path from w to ¢3 in N¢ - a contradiction.
Suppose that T' contains the triple £5¢3|¢} then we reach two contradictions. Of course, if we suppose
that there is no tree-path from w to £3 in N¢, then we still reach a contradiction. Therefore T = T3,

so that Ng,- (w, v, P{, Py) displays a tree twice via S1 N Exa, and So N Eyo,. O

4.6.1 Associated basic cyclic pairs

The next task is to build a bridge between basic cyclic pairs and these maximal tree-path cyclic
pairs. A new concept, that of an associated basic cyclic pair of a maximal tree-path cyclic pair,
is the bridge between basic cyclic pairs and maximal tree-path cyclic pairs. The associated basic
cyclic pair of a maximal tree-path cyclic pair is obtained from the maximal tree-path cyclic pair
by the following procedure: Make every reticulation vertex in the maximal tree-path cyclic pair
adjacent to a leaf. Delete the directed edge going into the source with respect to the maximal
tree-path cyclic pair. Then delete any components that do not contain the source with respect to
the maximal tree-path cyclic pair. The result is a basic cyclic pair, and we call this the associated
basic cyclic pair of the maximal tree-path cyclic pair. We will then prove that a maximal tree-path
cyclic pair displays a tree twice if and only if its associated basic cyclic pair displays a tree twice
with the help of a lemma. The lemma says that if a network displayed by a network displays a tree

twice then the original network displays a tree twice.

Definition 4.23. Let N-(w,v, P;, P;) be a maximal tree-path cyclic pair. The associated basic
cyclic pair B-(w,v, Py, Py) of N-(w,v, P;, Py) is obtained from N-(w,v, P;, P;) as follows:
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1. For each reticulation vertex v; that is a two-way tree-path reticulation with respect to w in
N, where i € A and A is a finite subset of the natural numbers, delete the edge going out of

V;.
2. Create a new leaf (call it 4,,), and make v; adjacent to £,,.
3. Delete the edge going into w.

4. Delete any components that do not contain w.

Example 4.21. The network N shown has the maximal tree-path cyclic pair N-(w,v, Pi, P,),
where P; is shown in red and P» is shown in blue. Shown on the right is the associated basic cyclic

pair of N-(w,v, P, P»).

Lemma 4.5. Let N be a network without any avoidable reticulation vertices. Let G be a general
switching of N, and let N be the network yielded by G. If N' displays a tree twice then N displays
a tree twice. Moreover, let S| and S be the two switchings of N' that yield the same tree then there

exists two switchings S1 and Se of N such that S; C Sy, Sy C So, and S1, Sz yield the same tree.

Proof. Suppose that N’ displays a tree twice then there exists two switchings S}, S5 such that
S| # Sh and S7, S yield the same tree. Let K’ be the set of reticulation vertices in N'. Then, since
S} is a switching of N, for every v’ € K’ exactly one of €}, ey is in S}. Similarly for S5. Consider
the two switchings S7, Sz of N where S} C S; C G and S5 C Sy C G. Tt is fairly clear that we can
not have e} € S} and e} ¢ G nor can we have e§ € S| and €3 ¢ G for any reticulation vertex v in
N. Therefore S; being a switching and S] C S; C G are compatible. Likewise with Ss. Applying

S1 to N is the same as applying G to N, but not deleting or suppressing any vertices, and then
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applying S]. It makes no difference whether or not we delete and suppress vertices as we go or leave
it till the end. Therefore the result of applying S; to N is the tree that is yielded by S| when Sj is
applied to N’. Similarly for Ss. Thus S; and S yield the same tree, as S7, S5 yield the same tree.
Since S} # S5, S C S1, and S5 C Sy, we have S; # Sa. Therefore N displays a tree twice. O

Proposition 4.3. Let N be a network without any avoidable reticulation wvertices, and
let N-(w,v, Py, P) be a mazximal tree-path cyclic pair. The mazimal tree-path cyclic pair
N-(w,v, Py, Py) displays a tree twice if and only if its associated basic cyclic pair B-(w,v, Py, P3)

displays a tree twice.

Proof. Suppose that N-(w,v, P1, Py) displays a tree twice then there exists two switchings S1, S2
such that, without loss of generality, ¢} € S; and €3 € So, and Sy, So yield the same tree T'. Let K
be the set of reticulation vertices in B- (w, v, P1, P»), where B- (w,v, Pj, P) is the associated basic
cyclic pair of N-(w,v, P1, Py). Let J be the set of two-way tree-path reticulations with respect to
w in N-(w,v, P1, P2). By definition of N-(w,v, P;, P») and the construction of B-(w,v, Py, P,),
KB = J. Let Exs be the set of reticulation edges of the reticulation vertices in K”, and let E;
be the set of reticulation edges of the reticulation vertices in J. We see that Exs = E;. Consider
Si1NEyand SN Ejy. Since By = Egs, we have S1 N E; and Sy N Ej being two switchings of
B- (w,v, P, P»). Since {e},e5} C Ej, e} € S1, and €4 € Sy, we have e} € SN E; and €} € SoNEj.
We will show that S; N Ey and Sy N Ey yield the same tree, by using the two general switchings
S1UE; and Sy U Ej of N-(w,v, Pi, Py). Let N; be the network yielded by S; U E, and let N
be the network yielded by S U E;. Take any reticulation vertex vy in N7 then vy € J, so v is a
two-way tree-path reticulation with respect to w in Nj- (w, v, P1, P»). The reticulation vertex v;
must also be a two-way tree-path reticulation with respect to w in Na- (w,v, Py, P). Consider the
tree Tvl1 below vy in Ni- (w, v, P, P2), and consider the tree TE1 below vy in No- (w, v, P, P»). We
must have Tvl1 = TUQI, since both Tvl1 and Tfl are on the same leaf set and they are subtrees of T'.
Coming back to B-(w,v, P1, P»), replace every leaf ¢,, by the tree T,, that is below v; in both
N7 and N, call the result of doing this B'- (w,v, P1, P»). We now see that B'-(w,v, Py, P;) is a
subnetwork of N7 and Ny; hence applying S1 N Ey and So N Ej to B'- (w, v, P1, Py) is the same as
applying S1 N Ey to Ny and applying So N Ey to No. Therefore the result of applying S1 N E to
B'- (w,v, P1, Py) is a subtree, call it T1, of T' on leaf set X', and the result of applying S2 N E; to
B'- (w,v, P1, P,) is a subtree, call it Ty, of T on leaf set X’. Since T'=T and Lemma 4.1, T} = T5.
Thus B'- (w,v, P, P) displays a tree twice, and B- (w, v, P;, P») must also display a tree twice.
Suppose that B- (w,v, P, P) displays a tree twice. Then there exists two switchings S}, S} of

B- (w,v, P1, P») such that, without loss of generality, ] € S| and e§ € S5, and S7, S5 yield the
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same tree T". Let G be the general switching of N-(w,v, Pj, P3) such that E; C G and for any
reticulation vertex outside of J exactly one of its reticulation edges is in G. Let N’ be the network
that is the result of applying G to N-(w,v, P;, P»). Now, by construction, N’ is a basic network.
Take any reticulation vertex v; in N’ then vy € J, so that v; € KP. Now there is a tree below
vy in N’ call it T,,,. In B-(w,v, P, Py), for every such vy, replace the leaf ¢,, with the tree T,,,
call the result B’- (w,v, P1, P,). We now see that B’-(w,v, P, P») is a subnetwork of N’. Since
B-(w,v, P1, P») displays a tree twice via S, S5, B'- (w,v, P1, Py) displays a tree twice via S}, S5;
hence N’ displays a tree twice via Si, S5. By Lemma 4.5, there exists two switchings Sy, So of
N-(w,v, P1, P») such that e} € S; and e} € Sy and N-(w,v, P, P») yields a tree twice via S and
Sy. Therefore N-(w,v, Pi, Py) displays a tree twice. O

4.6.2 Processed cyclic pairs

It would not be efficient to have to check every maximal tree-path cyclic pair displayed by a network,
because there are too many general switchings that result in maximal tree-path cyclic pairs. Hence
we introduce a specific procedure that, when applied to a cyclic pair in a network, results in a
maximal tree-path cyclic pair. The procedure applied to a cyclic pair consists of two general
switchings, one applied after the other, with the result being a maximal tree-path cyclic pair, which
we call the processed cyclic pair of that cyclic pair. The characterisation that is implicitly used in
the efficient algorithm in deciding whether or not a network displays a tree twice is the following: A
network without any avoidable reticulation vertices displays a tree twice if and only if there exists a
cyclic pair whose processed cyclic pair displays a tree twice. This leads to the following corollary that
is directly used in the efficient algorithm: A network without any avoidable reticulation vertices
displays a tree twice if and only if there exists a cyclic pair whose processed cyclic pair has the

property that its associated basic cyclic pair can not be reduced to a desirable configuration.

Definition 4.24. Let N-(w,v, P;, P») be a cyclic pair of the network N. The process applied to
N- (w,v, P, P) is the following procedure: Let D be the set of reticulation vertices on exactly one
of Py or Pa, so v ¢ D because v is on both P; and P. For each v1 € D, let e]* be the reticulation
edge of vy that is on exactly one of P; or P,. Let G be the general switching of N such that, for each
v1 € D, we have {e]*,e5'} NG = {e]'}, and, for every vy € K \ D, we have {e]?,e5?} C G, where
K is the set of reticulation vertices of V. Let Ng be the network that is the result of applying G
to N. We see that Ng- (w,v, P{, Pj) is a tree-path cyclic pair of N¢g, where P has the property
that V (P{) C V (P1) and Pj has the property that V (P5) C V (P2). Let J be the set of tree-path

reticulations with respect to w that are not two-way tree-path reticulations with respect to w, in
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Ng. For each vs € J let e]® be the reticulation edge of vs that is on the tree-path from w to
vs. Hence e5® is the reticulation edge of vz that is not on a tree-path from w to vz. Let G be
the general switching of N¢ such that, for each vs € J, we have {e]*,e5} N G1 = {e5*}, and, for
every vy € K"\ J, we have {e]*, e5*} C G, where K’ is the set of reticulation vertices of Ng. Let
Ng¢, be the network that is the result of applying G to Ng. We see that Ng,- (w,v, P/, Py) is a
maximal tree-path cyclic pair of Ng,, where P’ has the property that V (P;) C V (P]) and Py
has the property that V (Py) C V (Py). We call Ng,- (w,v, P/, Py) the processed cyclic pair of
N-(w,v, P, P»).

Example 4.22. The network N has the cyclic pair N-(w,v, P1, P»), where P is coloured red and
P is coloured blue. The network Ng is obtained from N via the first part of the process applied

to N-(w,v, P1, Py). The network N¢, has the processed cyclic pair of N-(w,v, P, P) in it.
N

11

Theorem 4.2. Let N be a network without any avoidable reticulation vertices. The network N
displays a tree twice if and only if there exists a cyclic pair N-(w,v, Py, Py) whose processed cyclic

pair Ng, - (w,v, P{', Py) displays a tree twice.

Proof. Suppose N displays a tree twice then, by Proposition 4.2, there exists a maximal tree-path
cyclic pair N'-(w,v, P{, P}), displayed by N, that displays a tree twice. Hence there exists two

switchings S7, S5 of N’ such that either e} € S| and e} € S} or e} € S} and €} € S7, and S7, S5 yield
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the same tree when they are applied to N’. The vertices w and v of N’ exist in N. So in N there
exists a cyclic pair N- (w, v, Pi, P») such that V (P]) CV (Py) and V (Py) C V (P,). Now consider
the processed cyclic pair Ng,- (w,v, P{, PY) of N-(w,v, Py, P»). We see that N'- (w,v, P{, Py) is
displayed by N¢g,. Thus, by Lemma 4.5, Ng, displays a tree twice. By Lemma 4.5, we see that the
two switchings S1, .52 of Ng, that yield the same tree have either e} € S; and e§ € Sy or e} € S
and ey € S1. Therefore Ng,- (w,v, Py, Pj) displays a tree twice.

Suppose there exists a cyclic pair N- (w, v, P1, Py) whose processed cyclic pair Ng, - (w, v, P{’, PY)
displays a tree twice. Then, by definition, Ng,- (w,v, P{, Py) is displayed by N and displays a tree
twice. Hence N¢, displays a tree twice and is displayed by N. Therefore, by Lemma 4.5, N displays

a tree twice. ]

Corollary 4.2. Let N be a network without any avoidable reticulation vertices. The network N dis-
plays a tree twice if and only if there exists a cyclic pair N-(w,v, Py, Py) whose processed cyclic pair
Ng, - (w,v, P{', Pj) has the following property: The associated basic cyclic pair of Ng, - (w,v, P{', Py)

can not be reduced to a desirable configuration.

Proof. Suppose N displays a tree twice then, by Theorem 4.2, there exists a cyclic pair
N-(w,v, P1, Py), whose processed cyclic pair Ng,- (w, v, P{, Py) displays a tree twice. By Propo-
sition 4.3, the associated basic cyclic pair B- (w,v, P/, Pj) of Ng,-(w,v, P/, Py) displays a tree
twice. By Corollary 4.1, B- (w, v, P{’, PJ) can not be reduced to a desirable configuration.
Suppose there exists a cyclic pair N- (w, v, P1, Py) whose processed cyclic pair Ng, - (w, v, P{’, PY)
has the following property: The associated basic cyclic pair B-(w,v, P{', PY) of Ng,- (w,v, P{', Py)
can not be reduced to a desirable configuration. Then, by Corollary 4.1, B- (w, v, P{’, PY) displays
a tree twice. Hence, by Proposition 4.3, Ng,- (w,v, Py, Pj) displays a tree twice. Therefore, by

Theorem 4.2, N displays a tree twice. ]
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Chapter 5

The Representation of a Basic Cyclic

Pair

5.1 Introduction

In the last chapter we characterised a network without any avoidable reticulation vertices that
displays a tree twice in terms of a substructure of the network. In this chapter we characterise the
representation in terms of a substructure of the representation. With the benefit of hindsight, we see
that the substructure of the representation has a deterministic characterisation. This deterministic
characterisation lends itself to an efficient algorithm and provides insight into the harder problem
of counting the number of trees displayed by a network. The substructure of the representation
of a basic cyclic pair that we will be studying is a tree displayed by the representation that is
itself a representation of a certain type of basic cyclic pair. This substructure has the following
property: Fach reticulation leaf is split between the two maximal subtrees of the representation.
Every representation of a basic cyclic pair is a tree whose root has two children, and the trees whose
roots are those two children are called the maximal subtrees of the representation. Having each
reticulation leaf split between the two maximal subtrees means that if a reticulation leaf is in one

maximal subtree then its partner is in the other maximal subtree.

Definition 5.1. Let 7 be the representation of the basic cyclic pair N- (w,v, P, P;). Let Q be a
subtree of T such that the root of @) is not a leaf. Let the two children of the root of @ be z1, zs.

A mazimal subtree of () is a subtree of 7 whose root is either 1 or x».

Example 5.1. Shown on the left is the basic cyclic pair N- (w,vyq, Py, P), where P; is in red whilst
P, is in blue. Shown on the right is the representation 7 of N-(w, vy, P, P2). The subtree @ of T

93



is labeled together with its two maximal subtrees (@1, Q2.

T

Definition 5.2. Let 7 be the representation of the basic cyclic pair N- (w, v, P, P»). Let 71 and 75
be 7T’s two maximal subtrees. We say that 7 is a basic’ representation when for each reticulation
leaf v{™ in the leaf set of 71, v{™, where m € {1,2}, i € N, and n € {1,2} \ {m}, is in the leaf set of

T2, and vice versa.

Example 5.2. Shown on the left is the basic cyclic pair N- (w,vyq, P1, P3), where P is in red whilst
Py is in blue. Shown on the right is the basic® representation 7 of N-(w,v4, P, P2). The tree
shown in Example 5.1 is not a basic? representation.

N w T

€2
U? ly Vo

Definition 5.3. Let T be the representation of the basic cyclic pair N-(w,v, P1, P»). The tree T
displays a representation T* when there exists a general switching G of T such that {v¢*,v*2} C G
and (T|G)" = T~

Theorem 5.1. Let T be the representation of the basic cyclic pair N-(w,v, Py, P2). The tree T

displays a tree twice if and only if there exists a basic® representation T* that is displayed by T and

T* displays a tree twice relative to v.
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5.2 Characterising when the Representation of a Basic Cyclic Pair

Displays a Tree Twice

Before we prove Theorem 5.1, two lemmas are needed. The two lemmas describe archetypal desirable
configurations and the conditions that are needed in order to be able to reduce a representation to
such an archetype. The first archetypal desirable configuration has two maximal subtrees which each
have three reticulation leaves. In both maximal subtrees two of the reticulation leaves are partners
whilst the other has its partner in the other maximal subtree. We will prove that this archetype
is a desirable configuration, and we will show that if a representation has the property that both
its maximal subtrees have two reticulation leaves that are partners then that representation never
displays a tree twice. The second archetypal desirable configuration has one maximal subtree with
a fixed leaf whilst the other maximal subtree has three reticulation leaves, two of which are partners
whilst the other has its partner in the other maximal subtree. Similarly, we will prove that this
archetype is a desirable configuration, and we will show that if a representation has the property
that one of its maximal subtrees has a fixed leaf and there is a reticulation leaf with itself and its
partner in the other maximal subtree then that representation never displays a tree twice.
Theorem 5.1 is actually a corollary of another theorem. This other theorem says that the basic’
representation that is displayed is displayed using a general switching that preserves the most pairs
of reticulation leaves, so that if a pair of reticulation leaves are not needed for a basic® representation
to be displayed then that pair is kept. Hence the minimum number of changes are made to the
original representation. Thus a basic? representation that is displayed in that way is said to be

parsimoniously displayed.

Definition 5.4. Let T be the representation of the basic cyclic pair N-(w,v, P;, P»), and let Ty
and 73 be T’s two maximal subtrees. Let D be the set of reticulation leaves v*, where i € {1,2}
and j € N, such that v;* € D if and only if either v* € X7; and vj" € X7;, where n € {1,2}\ {i},
or v;i € X7, and vj" € X7;. We say that T parsimoniously displays a basic’ representation 7*
when there exists a general switching G such that (7|G)Y = 7* and D C G.

Example 5.3. The tree 7* shown is parsimoniously displayed by 7 from Example 5.1 via the
general switching G = D U {v§', {1, 2}, where D = {v{', v]?,v5", 052, v5", vg® . We see that T* is a

basic® representation.
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Lemma 5.1. Let T be the tree representing the basic cyclic pair B-(w,v, P1, P»). Let T1 and Ty be
the two mazximal subtrees of T. If there exists reticulation leaves vy, v5' such that {vi*, v{*} C X7

and {vs',v5*} C X, then T does not display a tree twice.

Proof. Let T' be the reduction of B- (w,v, P1, Py) where I' = {v7*, v7?, v5', v5%, v, v }. In order for
T|I to display a tree twice there has to be two switchings R, R such that v, v°? are split between
Ry and Ry, and ((T|D) |R1)" = ((T|D) |R2)*. Without loss of generality, suppose that v € X7. and
v°? € X7, where X7;, X7, are the leaf sets of T, Tz respectively. Consider R; = {v Lot ,v2 } and
Ry = {062 V5 vy } where i, j,, 8 € {1,2}. Since {v,v7',v{*} C X7; and {v®, 05", v5?} C X7,
((T|T) |R1)" has the triple £,0,, ¢y, whilst ((T|T)|Rz)* has the triple £,0y,|¢y,, so, by Lemma 1.2,
((TIT) |R1)Y # ((T]D) |R2)Y. Therefore T|T' does not display a tree twice. Thus, by Corollary 4.1,
B- (w, v, P, P») does not display a tree twice. Therefore, by Theorem 4.1, 7 does not display a tree

twice. O

Lemma 5.2. Let T be the tree representing the basic cyclic pair B-(w,v, P1, Ps). Let Ty and T
be the two mazimal subtrees of T. If Cr; # O and there exists a reticulation leaf v{' such that
{vi',v7?} C X7y or C; # 0 and there exists a reticulation leaf v5' such that {vs',v$*} C X7, then

T does not display a tree twice.

Proof. Without loss of generality, suppose that C; # () and there exists a reticulation leaf v{*
such that {v{',v{?} C X7;. Then there exists a fixed leaf £ € X7,. Let I' be the reduction of
B- (w,v, Py, Py) where I' = {v{*,v{?,v,v°2,¢}. In order for T|I" to display a tree twice there has
to be two switchings Ry, Ry such that v, v are split between Ry and R, and ((T|T)|R1)* =
((T|T) |R2)". Without loss of generality, suppose that v € X7 and v®> € X7, where X7,
X7, are the leaf sets of Ty, 72 respectively. Consider Ry = {v°!,v{*, ¢} and Ry = { EQ,U?,E} where
i,j € {1,2}. Since {v°, v, 02} C X7 and {v°2, 0} C X7, ((T|T) |R1)" has the triple £,£,, |¢ whilst
((T|T) |R2)™ has the triple £,6|¢,,, so, by Lemma 1.2, ((T|T) |R1)* # ((T|T) |R2)*. Therefore T|I
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does not display a tree twice. Thus, by Corollary 4.1, B- (w, v, P;, P») does not display a tree twice.
Therefore, by Theorem 4.1, 7 does not display a tree twice. ]

Theorem 5.2. Let T be the representation of the basic cyclic pair N-(w,v, Py, P2). The tree T
displays a tree twice if and only if there exists a basic’ representation T* that is parsimoniously

displayed by T and T* displays a tree twice relative to v.

Proof. Suppose that T displays a tree twice. Let 71 and 75 be the two maximal subtrees of 7. If
T is a basic? representation then we have trivially found a basic? representation displayed by T,
namely 7, that displays a tree twice. Suppose that 7 is not a basic? representation then there exists

vi' such that either {v{*,v{*} C X7; or {vi*,v{?} C X5, where X7;, X7, are the leaf sets of 71, T2
respectively. Without loss of generality, suppose that {vi',v{*} C X7; then if there exists v5' such
that {v5',v5?} C X7, then, by Lemma 5.1, T does not display a tree twice - a contradiction; hence
no such v5' exists. Thus we can relabel all the reticulation leaves v , where ¢ € {1,2} and j € N,
in 7 as vj® and concurrently relabel v;", where n € {1,2} \ {4}, in 71 as vj'. Let D be the set of
reticulation leaves v]el such that vel € D if and only if either v '€ X7; and ve" € X7, or v e Xpp
and v;" € X7;. It is the case that Hy, C D, and for all vj* € Hr, we have { vt v ;”2} C D. Thus
vi' ¢ D and v{* ¢ D.

Since T displays a tree twice, there exists two switchings Ry, Re of 7 such that, without loss of
generality, v € Ry and v®? € Ry, and (T!Rl)L = (T|R2)L. Consider the set G defined as R; U D,
and consider the set G4 defined as Ro U D. Both G; and G4 are general switchings of 7, and they
both result in basic® representations (7]G1)* and (7]G2)". By construction, (7]G1)" and (T|G2)"
are both parsimoniously displayed by 7. Observe that both (7]G1)* and (T|G2)" have T3 as one
of their maximal subtrees. Let the other maximal subtree of (T\Gl)L be called 7~1G1’ and let the
other maximal subtree of (7]G2)" be called 7,2, We want to prove that (7]G1)* displays a tree
twice, but before we can do that we need a few more facts. First observe that C'Tlc;l and C,7_1G2 are
both non-empty: They both contain ¢,,. Next note that C7; = (), because if it were not then, by
Lemma 5.2, 7 would not display a tree twice - a contradiction. We will use these facts to find out
what (T|R1)* = (T|Rz)" implies.

We can split Ry N X(T|G1)L into two disjoint subsets, namely R; N X(T‘Gl)L N X7, and
RN X (TIG1)E N XTlGl' Likewise we can split R N X (T|G2)™ into two disjoint subsets,

L
namely Ry N X 7,0 0 X7, and By N X760 0 X 6, Consider (T3]Ry 0 X 76,00 N X75)
1
L L
and (7'1G1| <R1 N X(T|G1)L N XTlG1> U CTlG1> , and consider (TQ\RQ N X(T|G2)L N X7—2) and

L
<7~102‘ <R2 N X(T|G2)L N X,rlc:2> U CT1G2) . Suppose that R N X(T|G1)L N X7, # 0 then the above
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trees are the maximal subtrees of (7] R;)” and (T|R2)" respectively. Note that RoNX 76,0 NX73 #
(), because v2 € Ry and v®2 € X7;, by definition, and v € X(T|G2)L as {v1,v°2} C D. Now

. . . L L
(T|R1)" = (T|R)" implies that either (75|R1 N X 76 N X7)" = (TalR2 0 X 71, 1 X73)
L L

L _ a L
(E’RIQX(TlGl)L ﬂXTQ) = (7-1 2| (RQﬂX(TGQ)L ﬂXTlGQ) UC7_1G2> and

L L
<7f1| <R1 N X r6ye N X’ffl) U 07_16'1) = (7‘2|R2 N X (rigyy= N XTQ) . We see that
both possibilities are impossible, because in the former case ¢, is not in the leaf set
L L
of (Tg]Rl N X(7—|G1)L N X7-2> yet it is in the leaf set of <7§|R2 N X(T‘GQ)L N XTQ) .

L
In the latter case ¢, is not in the leaf set of (7§|R1 OX(T‘GI)L ﬂX7-2> yet it is

L
in the leaf set of (7'162] <R2 N X ran N X,7_1G2> U 07_1@2> . Therefore we must have

L

RN Xgyr N Xy = 0. Thus (T|R)" = (7—101| (R1 NX et mXTlG1> uCqu) , and
L L

we still have (75|RyN X 7, NXr) and (7’1@2\ < Ry N X gy N XTlG2> U CTlGQ) be-

ing the maximal subtrees of (T|R2)Y. Note that Ry N Xrayr N X = RN X7, and
RiNX 76,2 ﬂXTlc:1 =R ﬂXTlcl. Since Ry NX ey NX7 = (), we have RyN X7, = (. We claim

that <R1 N X,rlcl) U CT1G1 = XTlcl‘ Take any x € (R1 N X,7_1G1> U CTIG1 then = € <R1 N XTlcl>

or r € CTlcl' In both cases we see that x € XTlGl’ SO (R1 ﬁXTlcl) U CTlGI C XT1G1'

Take any =z € XTG1 then either z € HTG1 or r € CTGl‘ The latter directly shows
1 1 1

that = € (R1 ﬂXTcl> U CTG“ So suppose that = € HTGl' Then z is of form vj‘?l,
1 1 1

as HTG1 C Hy,. Since R; is a switching, either v;fl € Ry or U;Q € Ry. Note that

1
v]e-2 € Xp, so if v;-”Q € Ry then Ry N X7, # 0 - a contradiction.  Thus Uje-l € Ry

hence x € (leXTlGl>' Therefore (RlﬂXﬂc:l) U 07'1G1 = XTlGl'

L L L I
T a
( 1 (RIOX(TIGl)LmXTlG1> UCTlcl) = (7'1 1\XTlc1) , and (Tf lyXTlG1> = (1)
L
Therefore (T|Ry)" = (7‘1G1) )

Let the two maximal subtrees of 7,%! be Are and M_c,. We sce that, since (TIR)" =
1 1

L L
(T|R2)* and (T|R)" = (7’161) , we must have, without loss of generality, (ATcl) =
1

This implies that

L L L
(73R N X 71,0 N X73) and (Mqu) = <7‘1G2\ (}22 N X gt N X,rl%) U CTIGQ) . In or-
der for these two equations to hold, we must have vl € X4 op by, € X o, » and Ca G = 0.
Tl Tl Tl

With these facts in hand, we will show that (7|G1)" displays a tree twice. Consider the two

sets R,7_1G1 C XTIG1 and Ry, C X7, defined as follows: We set RTlc:1 =X MTlcl’ and we define
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R7, as having the property that v;fQ € Ry, if and only if 4,, € X ( . We claim that the
A Gl)

set R3 defined as R_c, U Ry; is a switching of (T|G1)*. Now (T|G1)* represents a basic cyclic
1

pair, call it B- (w’,v, P{, P;). Take any reticulation vertex v; in the set of reticulation vertices of

B-(w',v, P, Py); we want to show that exactly one of vcfl, ’U;Q is in R3. We have v e X(T\G )Es

SO v]‘fl € X 7o hence either vi' € Xy sén or vi' € Xy son CIft € Xy o then v$' € R 7615 80

€R3,andv ¢ Xa son ,80 Ly, & X L; hencev ¢R7—2,Sothatvez¢R3 vaeleXA sén

A_c
1
Tl

then ¢, € X< L, so that v € Ry,; hence v € R3. We also see that vel ¢ X o so that
A Gl)

vt ¢ RTlcl; thus v;' ¢ Rs. Therefore Rj is a switching of (T|G1)*. Note that, since v*! € XATlGl ,
I L
we have v*2 € R3. Now ((T|G1)L |R3) has maximal subtrees (TlG1|RTcl> and (T3|R7;)". Since
1

L L
G s
RT1G1 = XMT1G1, we have (7'1 1|R7.1G1> = (7161]XMT1G1> ; by definition, 71C1|XMT1G1 = MTlcl'

L L L
Therefore (7—101|R7_G1) = (MTcl> . We claim that (73|R7)" = (ATG1> . We will prove this
1 1 1
claim, by showing that (73|R7,)" is equal to (75|R2 N X7;)*. In order to do that, we will show that
L

R, = Ry N X7;. Recall that (ATc;l) = (T3|Re N X7)", s0 X( L=
1
A Gl)
Tl

v;* € Ry, then £, € X< L, which means that £,; € (Ra N X7,)". Since v;? € X715, we must
A Gl)

Ry N X7;)¥. Take any

have U ® € Ry, otherwise £, ¢ (R2 N X7—2) . Therefore v;-’? € RoNX7;. Take any v;f’” € RoNX7; then

vje-m € X3, so vj = vj . Thus ’U;Q € RoN X7;. Now 4y, € (R ﬂX7-2)L; hence £, € X L,
()
1

L
so that v;* € Ry,. Therefore vi™ € Ry;. Thus Ry, = R2 N X7;. Therefore (Tz|Rp,)" = (ATlGl) .

Recall that (T|R;1)" = (TIGI)L, and the maximal subtrees of (7’1G1)L are <A,7_1G1>L and <M,7_1G1>L.
Therefore ((T]G1)* [Ra)" = (T|R)".

Consider the set R4 defined as (R; N D) U CTlGl' This is a switching of (7]G1)%, because Ry is
a switching of 7 and G; = R; U D. Since v®* € Ry and {v°,v°2} C D, we have v € Ry. We also
see that ((’T\Gl)L |R4)L = (T|R1)*. Therefore (T|G1)" displays a tree twice via R3 and Ry.

Suppose there exists a basic’ representation 7* that is parsimoniously displayed by 7~ and 7*
displays a tree twice. Then T* is displayed by 7T, so there exists a general switching G of T such
that {v®,v2} C G and (T|G)* = T*. Since T* displays a tree twice there exists two switchings
Ri1, Ry of T* such that, without loss of generality, v € Ry, v°2 € Ry, and (T*|R1)" = (T*|Ra)".
Consider the two switchings R3, R4 of T defined as having the following properties: The switching
R3 has R; C R3 C (G, and the switching R4 has Ro C R4 C G. These properties do not invalidate
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R3 and R4 being switchings of 7. Here is the proof: Take any reticulation leaf v;’m in 7, where
m € {1,2} and j € N. Either v;’" is in 7* or it is not. Now exactly one of v;’m, v]"f”, where
n € {1,2} \ {m}, is in R3. Suppose that U;m is in 7* then {Uje-l,v?} C @G, and, since Ry is a

€2

switching of 7*, exactly one of vje-l, v;* is in Ry. Without loss of generality, suppose that v}il ey

then vjcfz ¢ Ry, so vjcfl € Rz and v]@ ¢ Rs3. Suppose that v;’m is not in 7* then ¢,; must be in 7, so

ez
J

We also must have {U"fl UGQ} N Ry = (. Therefore U;l € R3 and v;?? ¢ Rs3. Likewise with Ry. We

that exactly one of v§', v3* is in G. Without loss of generality, suppose that v' € G then v§* ¢ G.

i oY
also see that (7|R3)" = (T*|R1)" and (T|Rs)" = (T*|R2)*. Therefore (T|R3)" = (T|R4)*, and

vt € Ry and v®2 € Ry. Thus T displays a tree twice. O

5.3 Characterising when a Basic’ Representation Displays a Tree

Twice

A basic® representation has a characterisation of when it displays a tree twice in terms of subsets of
the leaf set of the basic” representation. In order to determine whether or not a basic” representation
displays a tree twice, subsets of its leaf set are used together with set operations such as intersection
and union. If the subsets of the leaf set are known then it is easy to decide whether or not a
basic representation displays a tree twice. Fortunately, a reasonable number of subsets of the
basic? representation’s leaf set need to be known in order to quickly decide whether or not a basic?
representation displays a tree twice. By supposing that the basic® representation displays a tree
twice we can determine exactly what subsets of the basic? representation’s leaf set are needed.

Let 7 be a basic” representation of a basic cyclic pair N- (w, v, Py, P»). Suppose that 7 displays
a tree twice. Then there exists two switchings R, W of 7 such that v* € R and v*2 € W or v2 € R
and v € W and (T|R)* = (T|W)%. Let 71 and T3 be T’s two maximal subtrees, and let X7 and
X7, be the leaf sets of 71 and 73 respectively. Let R7; be RNX7;, and let Ry, be RN X7;. Likewise
with W, and Wy;. Without loss of generality, suppose that v** € R and v*> € W. Without loss of
generality, suppose that v** € X7; and v®> € X7;. Then v°* € Ry; and v® € Wi, so that Ry, # ()

and Wy, # 0. Let us now look at some cases in regards to Ry, and Wr;.

5.3.1 Case 1: Both Ry, and Wy are empty

The only way that both R7, and W7; can be empty is when there are no fixed leaves in 7; nor in
Tz, so Cz, = 0 and C7; = (). Since T is a basic® representation, for any reticulation leaf v{™, where

m € {1,2} and i € N, in X7 either v;™ € X7; or v;™ € X;. Since R is a switching of 7T, for any

60



reticulation leaf v;™ either v{™ € R or v;" € R, where n € {1,2} \ {m}. Therefore RN X7, = X7,
because R N X7, € X7; and if we take any element in X7; then it must be a reticulation leaf, call
it o™, if vi™ ¢ R then v{" € R, but v{" € X7;, and this means that Ry, # 0 - a contradiction.
Therefore R; = X7; and Wy, = X715, so that T|R = T|Ry; = T| X7 = Th and T|W = T,. Since
(TIR)" = (TIW)*, we must have (T7)* = (T2)".

Proposition 5.1. Let T be a basic® representation of a basic cyclic pair N-(w,v, Py, Py). Let T
and T3 be T’s two mazimal subtrees. If (T1)" = (T2)" then T displays a tree twice.

Proof. Since T is a basic? representation, X7; and X7, are two switchings of 7 such that v’s
reticulation leaves are split between the two switchings. Since 7| X7 = 71 and T| X7, = T2, we see

that (T]1X7)" = (T|X7)" because (T1)* = (Tz)*. O

5.3.2 Case 2: Exactly one of Ry, and Wy, is empty

Suppose that Ry, = 0 and Wy # 0 then C7, = 0 and Ry; = X7;. Hence (T|R) = 77. Since
(TIR)Y = (TIW)*, we have (T1)* = (T|W)*. Let A7, and My, be the two maximal subtrees of
Ti, and let X4, and Xy, be the leaf sets of A7, and My, respectively. Since v € X7;, we must
have either v** € X Ag, OF v e X My, - Without loss of generality, suppose that v € X My - Now
v € Wy, so we must have (Tz|Wrp )" = (My)Y, because v°2 ¢ Wy and so £, is not in the leaf
set of (T1|Wy;)* but it is in the leaf set of (M7;)*. The only way that (75|W+,)" can be equal to
(Mr5)* is when (Wp,)" = (XMTI>L, because the leaf set of (Tz|Wr,)" is (W)™ and the leaf set
of (M7)* is (XMTI)L. Hence (73)" | (XMTl)L = (M7)". Now we get a similar result for W :
Namely, (77)" | (XATI)L = (A7), so W = Xag, . Suppose that Wz = 0 and Ry, # () then
Cr. = 0 and Wy, = Xp,. Hence (T|W) = T3. Since (T|R)* = (T|W)¥, we have (T|R)* = (T).
Let A7, and M7, be the two maximal subtrees of 73, and let X4, and Xz, be the leaf sets of A
and My, respectively. Since v*? € X7;, we must have either v € X4, or v € Xz, . Without

loss of generality, suppose that v®2 € X My,- By a similar line of reasoning as before, we have

(T | (Xar) " = (Mz)" and (T) | (X)) = ()"

Proposition 5.2. Let T be a basic’ representation of a basic cyclic pair N-(w,v, Py, Py). Let
Ti1 and Tz be T'’s two mazimal subtrees, and let Ay, and My, be the two maximal subtrees of Ti;
let A7, and My, be the two maximal subtrees of To. Let v°' € XMTl, and let v®2 € XMT2- If
(T2)" | (XMTl)L = (Mp)" and Cr, = 0 or (T1)" | (XMT2)L = (M7)" and Cr, = 0 then T displays

a tree twice.
L
Proof. Suppose that (73)" | (XMTl) = (M7)" and C7; = 0 - we will find two switchings of 7 that
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yield the same tree. Since 7T is a basic’ representation and C7, = (), R = X7; is a switching of
T. Consider the following two sets W7, € X7, and W, C X7 where Wy = X4, and Wy, has
the property that (WTQ)L = (X M, )L. We shall prove that W is a switching where W is defined
as Wy, U Wy, Take any reticulation leaf v{™ in X7, where m € {1,2} and i € N, then either
vim € X7 and v{" € X7, or vi" € Xp; and v;" € X7, where n € {1,2} \ {m}. Suppose that
v§™ € X7, then v{" € X7, as T is a basic? representation. Now either v{™ € Xy, or vim € Xy s
suppose v;™ € Xar then vi™ ¢ Xy ; hence v;" € W and &y, ¢ (XMﬁ)L = (Wp)"; thus
vi™ ¢ W. Suppose that v;™ € Xy, then vim ¢ Xag,, s0 vim ¢ W, and £, € (XMT1>L; hence

€n

Yy

€ W. A similar case is when v;™ € X7, and v;" € X75. We also see that Cr; C X, so
that C; € W. Therefore W is a switching of 7. Since v € X My, » we have v°! € R, and since
v € Xy, , we have v®2 € W. So that v’s reticulation leaves are split between R and W. Now we
need to prove that (T|R)Y = (T|W)¥. Since R = X7, we get (T|R)" = (71)*, so we need to prove
that (77)% = (T|W)%. Two trees are equal when their two maximal subtrees are equal, and 7;’s
two maximal subtrees are A7; and M7;. Now the two maximal subtrees of (7|W) are T1|W7; and
To|Wr,. Since Wy, = X, we get Ti|Wrp = A7y, so (Ti/W7:)* = (A7)"; hence we only need to
show that (75|Wr,)" = (Mx;)". Observe that (75| Wr;)" = (T2)" | (Wp;)", and (Wr,)" = (Xas, )L.
Therefore (T2|W3)* = (T2)"| (XMTI)L, and, by hypothesis, (73)"| (XMTI)L = (My)". Hence
(T2|Wp)* = (My;)*. Thus T displays a tree twice. If (77)" | (XME)L = (M7,)* and C; = () then

T displays a tree twice in a similar way as above. O

5.3.3 The final case

The final case is when both Ry, and Wy, are non-empty, and since v°! is in Ry; and v* is in
Wr,, we immediately see that there is only one way in which (7|R)% can be equal to (T|W)~.
This implies that there are no fixed clusters in 7, and if we are going to get anything interesting
then 7’s maximal subtrees 71,72 have to have (ﬂ)L # (TQ)L The properties of 71,72, namely
(T))" # (T2)* and (X7)" = (X7,)", turn out to be very important, so that the unordered pair
(71, T2) is given the name of major tree pair. Formally, a major tree pair of 7 is an unordered pair
(Qi,Qj), for i € {1,2} and j € {1,2}\ {i}, where Q; is a subtree of 7; and Q) is a subtree of 7}
having the following properties: (Q1)% # (Q2)" and (XQI)L = (XQQ)L. More generally we say that
an unordered pair (Q;, Q;) is a tree pair when @); is a subtree of 7; and @) is a subtree of 7; having
the following property: (XQl)L = (XQQ)L. It really gets interesting when we have a major tree
pair, say (71, 72), where none of the maximal subtrees of 7; and 73 make a major tree pair; we call

such a major tree pair of 7 a sterile major tree pair of 7. It is these sterile major tree pairs of T
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that characterise the final case.

Definition 5.5. Let T be the representation of the basic cyclic pair N-(w,v, P1, P»). Let T; and
T2 be T’s two maximal subtrees. A tree pair of T is an unordered pair (Q;, Q;), for i € {1,2} and
J € {1,2} \ {7}, where @Q; is a subtree of 7; and @, is a subtree of 7T} such that (XQl)L = (XQQ)L,
where X¢, is the leaf set of ()1 and X, is the leaf set of Q».

Example 5.4. The tree 7 shown has many tree pairs. They are (U, Us), (Q1,Q2), (Ui, Us),
(Q),Q%), (T1,T2), and (Q}, Q%) for i € {1,2,3,4,5,6,7,8}, where Q! is the subtree of 77 consisting

of the leaf v§' and Q% is the subtree of T3 consisting of the leaf v{?2.

Definition 5.6. Let 7 be the representation of the basic cyclic pair N- (w, v, Py, Py). A trivial tree
pair of T is a tree pair (Q;, Q;), where i € {1,2} and j € {1,2}\ {i}, of T such that (Ql)L = (QQ)L.
Example 5.5. The trivial tree pairs from Example 5.4 are: (Uj,U)) and (Q’l, sz) for i €
{1,2,3,4,5,6,7,8}.

Definition 5.7. Let T be the representation of the basic cyclic pair N- (w, v, Pi, P3). A tree pair
of T (Qi,Qj), where i € {1,2} and j € {1,2} \ {4}, is a major tree pair of T when Q)" # (@)
Example 5.6. The major tree pairs from Example 5.4 are: (Up,Us), (Q1,Q2), (Q},Q5), and

(71, T2).

Definition 5.8. Let 7 be the representation of the basic cyclic pair N- (w, v, P, P»). A major tree
pair of T (Q;, Q;), where i € {1,2} and j € {1,2}\ {¢}, is a sterile major tree pair of T when there
is no other major tree pair ( L Q;) such that @ is a maximal subtree of @; and @Q’; is a maximal

subtree of Q;.
Example 5.7. The sterile major tree pairs from Example 5.4 are: (Q}, Q%) and (Uy, Us).

Proposition 5.3. Let T be the basic’ representation of the basic cyclic pair N-(w,v, P, P), and
let C7 =0. Let Ty and Tz be T’s two mazimal subtrees. If (T1)* % (T3)* then there exists a sterile

major tree pair of T.
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Proof. Since T is a basic? representation and Cr = §, we have (X75)" = (X7)%; hence (71, 73)
is a major tree pair of 7. Let Z be the set of all major tree pairs of 7. We can order the major
tree pairs in 2 by descendancy as follows: A major tree pair (@}, @5) is a descendant of another
major tree pair (Q1,Q2) when @} is a maximal subtree of Q1 and QY is a maximal subtree of Q3.
Since & is finite, there exists a major tree pair (Q},@5) € Z that has no descendants in 2. By

construction, (Q}, Q%) is a sterile major tree pair of 7. O

With the existence of sterile major tree pairs established, we now return to the final case. In the final
case the basic’ representation displays a tree twice and both Ry, and Wy, are non-empty. Recall
that v € Ry, and v € Wy, so that v> ¢ Ry, and v ¢ Wi ; hence (T1|R7 )" # (Ti|Wr)* and
(T2|R7,)" # (Ta|W)¥, because these trees are on different leaf sets. The only way that (7|R)"
can be equal to (T|W)¥, in this case, is when (T1|R7)" = (T2|W5)* and (T3|R5)" = (T1|W7)~.
Therefore (R7)" = (Wx)* and (Rp)* = (Wr)%. Observe that (Ry;)* = (Wp)" implies that
Cr. = 0 and C7, = 0, so that (X7)" = (X71)"; thus (Rpy)" = (X7)% \ (R7;)". Hence if we can
completely determine what (R7—1)L is then we can completely determine what (R7—2)L is, and then
we can completely determine what (W )" and (W) are. Now if (77)* = (73)" then T displays
a tree twice, so suppose that (77)" # (72)* then (71, 72) is a major tree pair of 7.

By Proposition 5.3, there exists a sterile major tree pair of 7. Let (Q1,Q2) be any sterile major
tree pair of 7. Let Ag, and Mg, be the two maximal subtrees of Q1, and let Ag, and Mg, be the
two maximal subtrees of Q3. We will show that none of the maximal subtrees of ()1 make a tree

pair with any subtree of Qs.

Lemma 5.3. Let (Q1,Q2) be a major tree pair of a basic® representation T. Let Ag, and Mg,
be the two mazimal subtrees of Q1, and let Ag, and Mg, be the two mazimal subtrees of Q2. If
L L L L
(Q1,Q2) is a sterile major tree pair of T then (XMQ1) # (XMQ2) and (XMQl) # (XAQ2> .
L L L L
Moreowver, (XAQ1> =+ (XMQQ) and (XAQ1) =+ (XAQQ) .

Proof. (Proof by contrapositive.) Without loss of generality, suppose that (X MQI)L = (X MQQ)L.
Since (Q1,Q2) is a tree pair of T, (XQl)L = (Xq,)"; hence (XMQI)L U XAQI)L = (XQl)L
and (X" \ (Xarg, ) = (Xag, )" Qlikewise with (Xa,)" and (Xag,)"). Thus (Xg )"\
(XMQl)L = (Xo)"\ <XMQ2)L, which implies that (Xq,)* \ (XMQI)L = (Xo,)"\ (XMQQ)L.
Therefore (XAQ1>L = (XAQz)L. Now we can not have (MQl)L = (MQQ)L and (AQl)L = (AQQ)L,
as this implies that (Ql)L = (QQ)L - a contradiction of the fact that (Q1,Q2) is a major tree pair of
T. Hence (Mg,)" # (Mg,)" or (Ag,)" # (Ag,)", and this implies that (Mg,, Mg,) or (Ag,, Ag,)

is a major tree pair of 7. Therefore (Q1,Q2) is not a sterile major tree pair of 7. O
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Lemma 5.4. Let T be the basic® representation of the basic cyclic pair N-(w,v, P, Py), and let
Cr = 0. Let Ty and Tz be T ’s two mazximal subtrees. Let R be a switching of the basic® representation
T of the basic cyclic pair, and let W be a switching of the basic® representation T of the basic cyclic
pair. Let R, and R, be subsets of R such that Ry C X7;, R, C X7, and R, URT, = R, where Ty
and Tz are T ’s two mazximal subtrees, and let W, and W, be subsets of W such that W, C X7,
W, C X7y, and W, UWop, = W. If (Ti{R1)" = (T2|Wx)* and (Ta|Rp)* = (Ti|[Wr)" then
(T (Rr)" = (R)" [ (R7:)" and (T2)"| (Rp,)" = (T)" | (Ry3)".

Proof. We know that (Ti|R7:)* = (TO)*|(Rp)", so that (Ti|R7)* = (T3|Wg)* implies
(TO* [ (R)" = (T2)" | (Wx)E. Now we must have (R7:)* = (Wp)"; hence (T1)*|(R7)* =
(T2)" | (Ry3)". Similarly, (75| R7;)" = (T1|Wr)" implies that (73)" | (R)" = (T)" | (Rp)". O

Lemma 5.5. Let T be the basic® representation of the basic cyclic pair N-(w,v, P, P;), and let
Cr=0. Let T and T3 be T ’s two mazimal subtrees. Let R be a switching of the basic® representation
T of the basic cyclic pair, and let W be a switching of the basic® representation T of the basic cyclic
pair. Let R, and R, be subsets of R such that R1; € X71;, Ry, C X7, and R, U R, = R, where
Ti and T are T’s two mazimal subtrees. If (T))* | (R7:)Y = (1) | (R7:)* and (T2)" | (Rp)* =
(T1)" | (Br)" then (Q1)" | (Rr)"N(Xq,)" = (Q2)" | (R1)"N(Xe,)" and (Q2)" | (B7;)"N(Xq,)" =
Q1) | (Rp)" N (Xg,)", where (Q1,Q2) is a tree pair of T .

Proof. (Contrapositive.) Suppose that (Q1)"|(R7)* N (XQI)L # (Q)* | (Rr)F N (XQQ)L then
we have a subtree of (77)" | (R7)" on leaf set (R7;)" N (Xg,)" that is not equal to a subtree of
(T2)" | (R7;)* on leaf set (R7;)" N (X,)* = (R15)* N (Xg,)", as (Xg,)* = (Xo,)". Therefore, by
Lemma 4.1, (T)" | (Rr)" # (T3)" | (By;)Y. Likewise if (Q2)" | (Br)" 0 (Xa,)" # (Qu)* | (Br) 0
(Xau)" O

Now we need to make the following assumption: We assume that for every tree pair (Q1,Q2)
L L L L L L
we have (Xag ) N (Xag,) # 0, (Xag,) N (Xarg,) # 0, (Xarg,) N (Xag,)  # 0, and
L L

(XMQ1> N (XMQQ) # (), where Ag, and Mg, are the maximal subtrees of @1, and Ag, and My,

are the maximal subtrees of (J2; we make that assumption so that the characterisation is easier

to digest. Given the above assumption, we now set out to prove that (Q1)" | (R7)* N (XQl)L =
L L L. : L L L L L L

(Q2)" | (Rr)"N(Xq,)" implies that either (Mg, )" | (R7)"N(Xnrg, ) = (Ma,)" | (R7)"1 (X, )

L L L L L L L L L

and (Ag,)" [(Rr)" N (Xag,)" = (Au)" [(Br)" 1 (Xag,) or (Ma)" [(Rr)" 0 (Xarg, ) =

Ao) P 1 (Rr)" 1 (X, ) and (o) ¥ | (Rr)" 1 (Xa, ) = (Moy)™ | (R7)F N (Xar, ), wh

(Ag.)" | (R7)" 1 (Xag, ) and (Ag)" [(Rr)" 0 (Xag, ) = (Ma,)" | (Rr)" 1 (Xarg, )", where

i € {1,2}. In order to do that we need a few lemmas.
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Lemma 5.6. Let R be a switching of the basic® representation T of a basic cyclic pair, and let
Cr = 0. Let Ry; and Ry, be subsets of R such that Ry € X7;, R, € X1, R; URp, = R,
Ry, # 0, and Ry, # 0, where Ty and Tz are T ’s two maximal subtrees. Let (Q1,Q2) be a tree pair of
the basic® representation T. Let Ag, and Mg, be the two mazimal subtrees of Q1, and let Ag, and
Mg, be the two mazimal subtrees of Q2. If <R73)Lﬂ (XAQi)L = 0 then (R7.,)"n (XAQi)L # 0 and
(RT].)L N (XQQi)L £ 0, where i,j € {1,2}, A € {A, M}, m € {1,2}\ {j}, and & € {4, M} \ {A}.

L L L
Proof. Suppose that (RT].) N (XAQi) = (). Since R is a switching of 7', we must have (XAQi) C

(Rr7,)", so that (Ry, )" N (XAQZ)L # (). Since (Rﬁ) # 0, we must have (Rﬁ)L N XoQi)L # 0,
o ()" 01(Xa)" #0. (Rr) 1 (Xog, ) =0.and (¥0)" = (Xag) U (Xug ) O

Lemma 5.7. Let R be a switching of the basic® representation T of a basic cyclic pair, and let
Cr = 0. Let Ry, and Ry, be subsets of R such that R, € X7, R, € X1, Ry URp, = R,
Ry, # 0, and Ry, # 0, where Ti and T3 are T’s two mazimal subtrees. Let (T1)“|(Ry)* =
(T)* | (Rr)E, and let (T | (Rp)" = (T2)* | (Rp)". Let (Q1,Q2) be a tree pair of the basic®
representation T. Let Ag, and Mg, be the two mazimal subtrees of Q1, and let Ag, and Mg,
be the two mazimal subtrees of Qo. If (XAQ1>L N (XAQQ)L # 0, (XAQI)L N (XMQ2>L # 0,
L L L L L
(Xatg, ) N(Xag,) #0, (Xntg, ) N(Xasg, ) # 0, and the following: (Q2)" | (Xasy, ) # (Mg,)*
or (Q2)"] (Xag,) " # (Ag)" and Q)| (Xag,)" # (Man)* or (@0)* | (Xag, )" # (Ag,)* then
either (R7;)" N (Xa)" #0 or (Rp)" N (Xo)" #0 for all A, € (Ag,, Mg, Ag,, Ma,).-

Proof. (Contrapositive.) By Lemma 5.6, we can not have (R7:)" N (Xa)" = 0 and (Rp)" N
(Xa)E = 0, where A € (Ag,, Mo,, Ag,, Mg,). Suppose we have (R7)Y n (Xa)Y = 0 and
(Rp)" N (Xo)Y = 0, where A € {Ag,, M.}, for i € {1,2}, and & € {Ag,, Mg,} \ {A}.
Then, by Lemma 5.6, we have (R7;)" N (Xo)" # 0 and (R7)" N (Xa)Y # 0. This implies that
(R7)" N (Xg)" = (Xo)" and (Rp)" N (Xg,)" = (Xa)". By Lemma 5.5, we have (Q1)" | (R7)"n
(X@)" = (@) [ (R)" N (Xg,)" and (Q2)" | (R7)" N (Xg,)" = (Q)"|(Rp)" N (Xg,)", as
(T)" |(Rr)" = ()" | (Rp)" and (T2)" | (R)" = (T)"|[(Rp)". Since (Xq,)" = (X@,)",
we have (Q)"|(Rn)" n (Xo)" = (Q)"[(Rr)" N (Xg)" and (Q2)"|(Rp)" n (Xo)" =
(@)" | (R13)"N(Xq,)", so that (Q1)" | (Xo)" = (Q2)" | (Xo)" and (Q1)" | (Xa)" = (Q2)" [ (Xa);
hence cither (Q2) | (Xarg, ) = (Mo,)* and (Q2)* | (Xag,)" = (Agn)", or Q"] (Xarg,) =
(May)" and (@) | (Xa,)” = (Agy)".

Finally, suppose that (R )" N (XAQi)L =P and (Rp;)"N (XQQj)L = (), where A, € {A, M},
i€{1,2}, and j € {1,2} \ {i}. Take any = € (XAQi)L then z ¢ (R7.)", but z € (R)* and (R)* =
(R7.)" U (R7)", so = € (Rp)". Since (Rp;)" N (XOQJ)L = (), we have z ¢ (XQQJ,)L. Therefore
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(XAQi)L N (XQQ]_)L = (); thus at least one of the following holds: (XAQI)L N (XAQQ)L = 0,
L L L L L L
(XAQ1> N (XMQ2> = (b, (XMQ1) N (XAQQ) = @, or (XMQl) n (XMQQ) =0. O

Proposition 5.4. Let R be a switching of the basic® representation T of a basic cyclic pair, and
let Ct = 0. Let R; and Ry, be subsets of R such that R1; C X1;, R, C X1y, R; URp, = R,
Ry, # 0, and Ry, # 0, where Ti and Ty are T’s two mazimal subtrees. Let (T1)"|(Ry)* =
()X | (R1)E, and let (TO)Y | (BRp)" = ()" | (Rp)". Let (Q1,Q2) be a tree pair of the basic®
representation T. Let Ag, and Mg, be the two mazimal subtrees of Q1, and let Ag, and Mg,
be the two mazimal subtrees of Q. If (XAQl)L N (XAQQ)L # 0, (XAQl)L N (XMQ2>L + 0,
(Xat,) 'N(Xag,)" #0. (Xatg, ) 0 (Xoso, ) # 0, and the following: (Q2)* | (Xarg, ) # (Ma,)"
o (@2)" 1 (Xag,) # (Aqu)", and (@) | (Xarg, ) # (M) 0 (Q1)*| (Xao,) # (Aqu)” then
either (R7)* N (XMQ1>L = (Rr)'n (XMQQ)L and (R7)* N XAQl)L = (Rr)'n XAQQ)L or
(Rr)" n (XMQ1>L = (R7)"n (XAQQ)L and (Rr)" 0 (Xaq,) = (R)" 0 (Xa, )", for some
ie{1,2}.

Proof. By Lemma 5.5, we have (Q1)"|(R7)* n (XQI)L = (@) (BRn)" n (XQQ)L and
Q)" | (Bp)" N (Xg,)" = (Q1)" | (Rp)" N (Xq,)". From Lemma 5.7, either (R7;)" N (Xa)" # 0
or (Rp)" N (Xo)Y # 0 for all A, € (Ag,, Mg,, Ag,, Mg,). Without loss of generality, sup-
pose that (R7)" N (XA)* # 0 for all A € (Ag,, Mq,,Aqg,, Mg,). Then the maximal sub-
trees of (Q1)"|(Br)" N (Xo,)" are (Mg,)"|(R7)" N (Mg,)" and (Ag,)" | (Rr)" N (4q,)",
L L
as (R7)" n (XMQl) # 0 and (Rp;)* N (XAQ1) # 0. Likewise, the maximal subtrees
of (QZ)L | (RTl)L N (XQ2)L are (MQz)L | (R7—1)L N (MQz)L and (AQ2)L ‘ (R7'1)L n (AQ2)L- Since
L
(@)" | (Rr)* N (X)) = (@) | (Rr)* 1 (Xgu)*, we have either (Moy)" | (Br)" 1 (Xarg, ) =

L L L L L L L L L
(Mao)" | (R7i)" 1 (Xarg,)  and (Ag)" [(R)" 0 (Xag, )™ = (A@)" | (Br)" 0 (Xag,)

L L L L L L L L
(M)" | (Br)" 0 (Xarg,) " = (Ag)" [ (R7)" N (Xag,) and (Ag)"[(Br)" N (Xa,, ) =
(

(

]

T

L
Mg, L | (R7~1)L N (X MQQ) . Without loss of generality, suppose the former holds then we have
L

Ry;)" 0 (XMQl)L = (Rp)"n (XMQQ)L and (R;)" N (XAQ1> (Br)" 0 (XAQQ)L' -

Now we claim that (RTI)L N (XQl)L = ((XMQI)LD (XMQQ)L> U ((XAQ1>L0 (XAQQ)L> or
(Rp)" N (XQI)L = ((XMQ1>L n (XAQ2>L> U <(XAQ1)L n (XMQ2>L)'

Lemma 5.8. Let R be a switching of the basic® representation T of a basic cyclic pair, and let
Cr = 0. Let Ry; and Ry, be subsets of R such that Rr; C X7;, Ry, C X713, and R; UR7, = R,
where Ti and Tz are T ’s two mazimal subtrees. Let (Q1,Q2) be a tree pair of the basic® representation

T. Let Ag, and Mg, be the two maximal subtrees of Q1, and let Ag, and Mg, be the two maximal
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subtrees of Q. If (R7)" N (XMQ ) (X ) and (R7)* (XAQl)L = (Rr)F n
L

(XAQQ)L or (Br)" 0 (Xarg, ) = (XAQ )" and (Rp)" 0 (Xag, )L = (R7)En (XMQQ)L
then ()" 1 (X,)" € ( (X, )L (XMQ ) )U (Xa0,) 1 (Xaq,)") or ()" 0 (Xa))" €
((XMQ1>LH (XAQQ)L> ( XAQ XMQ ) respectively, for i € {1,2}.

L
Proof. Without loss of generality, suppose that ¢ = 1 and that (RTI)L N (X MQ1) = (R7~1)L N
L L L

(XMQ2> and (R7;)"N (XAQl) = (R)'n (XAQ2) . Take any element z in (R7;)“N(Xg,)" then
L L L L

z e (Rp)"and 2 € (XQl)L. Since (XQI)L = (XMQ1) U (XAQ1> and (XMQI) N (XAQ1> =0,

) L L L I L

either =z € (XMQ1) or r € (XACh) . Suppose that z € (XMQ1> then z € (R7;)” N (XMQ1> )

L L L L

Since (R7;)¥n (XMQ1) = (R1:)'n (XMQQ) , we have z € (R )" n (XMQ2) thus z € (XMQQ) .

Hence = € (XMQI)L N (XMQQ)L. If « ¢ (XAQI)L then, similarly, = € (XAQ1>L N (XAQQ)L.

Therefore =z € ((XMQ1>LQ (XMQZ)L) U ((XAQl)Lﬁ (XAQQ)L) Thus (RTI)L N (XQI)L -

((010,)" 0 (¥10,) ") U ( (X)) (X,) ). m

Lemma 5.9. If (Q1,Q2) is a tree pair of the basic® representation T with Ag, and Mg, be-

ing the two maximal subtrees of @1, and Ag,, Mg, being the two mazimal subtrees of Q2

then (Xo)" \ | ( (Xare, )0 (Xara, ) ) U ((Xine, )1 (Xag, ) )| = ((Farey) 1 (g, ) )
((XAQI)L N (XMQQ)L)

Proof. Take any = € (Xo" \ | ((Xue, )1 (Xong,) ) U (Xag, ) 1 (Xag,) )| then

:
poe (Xo)t and o ¢ |((Yue,) 0 (Xong,) ) U (Ko, ) 1 (Xag,) )] w0 2 ¢
((%010,) 0 (Xa10,)) and @ ¢ ((Xaq,) 1 (Xag,) ") Sinee (Yo" = (Xag,)"
(Xara, “and 2 € (Xo)F, if z € (XAQI)L then z ¢ (XAQQ)L, Since
(Xo)" = (Xo)b and (Xg)" = (Xag,) U (X)) we must have » ¢

(XMQ2>L, so x € <(XAQ1>LO(XMQ2)L>; hence » € ((XMQI)LH(XA%)L) U
L L L L
<(XAQ1) ﬂ(XMQz) > Similarly, if =z € (XMQ1> then =z € (XA%) , so x €
L L L L
)i thus = € ( (X, (XAQ) ) (%40, (XMQ) ). There-
L L
fore (Xg,)%\ [((XMQl) N (X, ) ) ((XAQ ﬂ C ( Xarg, ) N (Xaq, )u
((XAQl)Lm<XMQ2)L>' Take any y € (XMQ ) ) ( XAQ1 XMQQ)L>
L L
then y € ((XMQI) ﬂ(XAQ2> > or y € <XAQ1 ) >
L L L L
ity, suppose that y € <<XMQ1) N (XAQ2> ) then y € (XMQ ) and y € (XAQ ) . Since

(¥o1a,)" 0 (Xag,)" = 0 and (Xg,)" 1 (Kag,)" = 0 ¢ (Xag,)" and ¢ (Xg,)"

XAQ
XAQ

Without loss of general-
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Therefore y € (Xg,)" \ [((XMQl)L N (XMQQ)L) U <(XAQ1)L N (XAQQ)L)}. Therefore we get
the result. 0

Proposition 5.5. Let R be a switching of the basic® representation T of a basic cyclic pair, and
let Ct = 0. Let Ry; and Ry, be subsets of R such that R1; C X1, R; C X1y, R; URp, = R,
Ry, # 0, and Ry, # 0, where Ti and Ty are T’s two mazimal subtrees. Let (T1)"|(Rp)* =
(T)* | (Rr)E, and let (T | (Rp)" = (T2)* | (Rp)Y. Let (Q1,Q2) be a tree pair of the basic®
representation T. Let Ag, and Mg, be the two mazimal subtrees of Q1, and let Ag, and Mg,
be the two mazximal subtrees of Qo. If (XAQ1>L N (XAQ2>L # 0, (XAQ )L (XMQ )L # 0,
(XMQI)LH(XAQQ)L + 0, (XMQ1>LH<XMQ2)L # (), and the following: ( (XMQ1> MQI)L
or (@) (Xag, )" # (A%, and QU] (Xarg,)" # (Mgy)® or <Q1>L| (Xa,)" # (Agy)"
then (R7)" 1 (Xg,)F = ((XMQ1>L N (XMQQ)L> U ((XAQI)L n (XAQQ)L> or (R7)E M (Xo,)E =

((XMQl)L N (XAQQ)L> U <(XAQ1)L N (XMQ2>L>.

Proof. By Proposition 5.4 and Lemma 5.8, we get (RT) N (XQI)L - (( MQ1>L N (XMQZ)L) U
L L L L L

<(XAQ1) n (XAQz) ) or (RTZ')LH(XQl)L < ((XMQ ) n (XA%) > <(XA91) n (XMQQ) )’
c ( L L

for i € {1,2}. Without loss of generality, suppose that (RE)LH(XQQ)L

((XAQI) m(XAQQ)L) Take any = € ((XMQl) A (Xa L)L> <(XAQ1)L1 N (X, >L> then

z ¢ (Rp)"n (XQQ)L, by Lemma 5.9, so = € (R;)" N (Xgq,)", as R is a switching and (XQ1) =
L L L L L .
(Xq,)*. Therefore <(XMQ1) N (Xag,) ) U ((XAQ1> N (X, ) > C (Rr)¥ N (Xo,)*. Since
L L L L L
(Xag,) N (Xatg,) #0and (Xarg, ) N (Xag,) #0, we have (Ry)" 1 (Xay, ) #0, (Bp)"
L L L
(XAQ2> 20, (Rr)" n (XMQI) £ 0, and (R7;)" N (XMQQ) # (). Thus, by Proposition 5.4 and

Lemma 5.8, we have (R7: )" N (XQI)L = <(XMQ1>L N (XAQQ)L> U <(XA01)L n (XM%)L)' =

Theorem 5.3. Let T be the basic® representation of the basic cyclic pair N-(w,v, P, Py), and let
Cr=10. Let Ty and T3 be T ’s two mazimal subtrees. Let R be a switching of the basic® representa-
tion T of the basic cyclic pair, and let W be a switching of the basic® representation T of the basic
cyclic pair. Let R, and Ry, be subsets of R such that Ry C X1;, Ry, € X3, Ry, # 0, Ry, # 0, and
R, URT, = R, where T1 and Ty are T ’s two maximal subtrees, and let W, and Wz, be subsets of W
such that W, C Xp;, Wy, C X, and W, UWp, = W. Let (Q1,Q2) be any sterile major tree pair
of the basic® representation T. Let Ag, and Mg, be the two mazimal subtrees of Q1, and let Ag, and
Mg, be the two mazimal subtrees of Q2. Let (XAQI)L N (XAQ2)L # (), (XAQI)L N (XMQ2>L # 0,
(¥n0,)" 0 (Xag,)" #0. (Ko, )"0 (Xasg, ) # 0. 1 (Til )" = (TalWr)* and (T )" =
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(TIWr)E  then  (Mo,)¥| ((XMQl)L n (XMQ2)L> = (Mg, ((XMQl)L n (XMQZ)L>,
(Ao)" | ((XAQ Vo (XA%)L) _ (Ao | ((XAQly . (XAQQ)L),
(0| ((Xut0) 1 (¥, ) ) - (400" 1 ((¥30,) " 1 (Xaae,))
(Agy)" | ((XA%)LQ (XMQ1>L> = (Mo~ | <(XAQ )Lm (XMQl)L>.

. L L L L L
Suppose that either (Q2) |(XMQ1) (Mg,)" and (Q2) \(XAQl) = (Ag,)”, or
L L
Q)| (XMQQ) = (MQQ) and (Q1)F (XAQ2> = (AQz) . Without loss of general-
L L
ity, suppose that (Q2)" |(XMQ1) = (Mg )Y and (Qg) |(XAQ1) = (AQl)L. We see
I L L
that (Ag,) |(XAQ) N (Xag,) ( | (Xaq, ) (Xag,) N (Xaq,) - Now

(@)1 (%a0,)") 1(Xaa,)" 1 (34 ) = @ 1(%aa)" 0 (0) 0 (X0,)"):
hence (A" | (Xag,) 1 (Xa,)" = (@) |<XAQ )" 1 (Xa,)" Tt s also the
case that (QQ)L\(XAQl)L n (XAQ2)L = (AQQ)Ly(XAQl)L N XAQQ)L. There-
fore (AQI)L|(XAQ1)L N (XAQQ)L = (4o, XAQI)L N (Xag,) - In a similar
way we  get (MQl)LI((XMgl)L”(XM%)L) = (MQQ)L\((XMQl)Lﬂ(XM%)L),
Mo | ( (X, 1 (Xaa,)
(Xae) 0 (uie,)") = 00" ((Xa,) 0 (Xurg,) ). Suppose  thae
(X)) # (Ma)" or (@) ](Xag)" £ (Ao and (@] (Xa,) #
Mo)" or Q| (Xag,)” # (Agy)" them, by Proposition 55, we get (Rp)* 0
Xab = (%) 0 (o)) U (o) 0 (Ka,) ) or )P 0 ()" =
((00,) 1 (%30,)") U (Xa,) 0 (X,)) Without loss of generality, — sup-
pose that (Rp)Y n (Xg)F = ((XMQI)L X, )L) U ((XAQl)Lﬂ(XAQQ)L) then
(R 1 ()" = ((Xara,) 1 (Xa0,) ) U ((Xa0,) 1 (X)) a5 () 1 () =
(Xo)" \ ((Br)"n(Xq)"), (X@)" = (Xg,)", and Lemma 59. By Lemma 55, we
have (Q1)"|(Rp)" N (Xg)" = (Q)"(Rr)" N (X,)" and (Q2)"|(Rp)" N (Xg,)" =
Q" | (R N (Xo,)F.  Since (XAQ1>L N (XAQ2)L £ 0, (XMQI)L N (XMQQ)L £ 0,
(R 1 (Xag, ) = ((XAQI)L N (XAQ2>L), and (R7)" 1 (Xarg, ) = ((XMQI)L N (XMQQ)L),

L
the maximal subtrees ofL Q" | (R n (XQl)L are (AQI)L|(R7-1)L N (XAQ1>
(Mg,)" | (R)" N (Xag,) - Likewise the maximal subtrees of (Q2)"|(Rn)" N (Xq,)"
L L
are  (Ag,) | (R7)F n (XAQ2> and  (Mg,)"| (R7)* n (XMQ2) . We must have
L L L L L L L L L
(M) | (Rr)" 1 (Xarg, ) = (M) [(Br)* 1 (Xarg,) and (Ag)" [(Br)* 1 (Xag, ) =

Proof. By Lemma 5.4, we have (T)" | (Ry;)" = (T2)"| (Rr;)" and ()" | (R)" = (T0)" | (Rp)".
|

A\_/
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Ag)” | (Rr)"0 (XAQz)L’ because (Mg,)" | (Rr)" 1 (XMQl)L # (Ag)" | (R7)" N (XAQQ)L and
AQI)LHRﬂ)L : (XAQ1)L 7 (MQQ)L’(RH)L N (XMQQ)L, since (XMQ1>L N (XMQQ)L £

(XAQl)L n (XAQQ)L. Similarly, we must have (Mg,)"|(Rp)" N (XMQl)L =
(A | (B)* 0 (Xag,)” and (Ag)"| (Rn)" 0 (Xag,)" = (Mgn)"| (Rr)" 1 (Xasg,)"
Therefore  (Mg,)"| ((XMQI)LD(XM%)L) - (Mg,)" | ((XMQI)Lm(XMQQ)L),
(Ao | ((XAQ1>LH (XAQQ)L> - (Ag,)"| ((XAQl)Lﬂ (XAQZ)L),
(Mg,)" | ((XMQQ)L N (XAQI)L) = (Ag)" | ((XMQQ)L n (XAQl)L )
(o1 ((a0,)" 0 (00, ) ) = 0t ((Xaa,)" 0 (X, ) ). :

5.3.3.1 Dropping some assumptions

This section explores what happens when we drop the assumption that (X AQI)L N (X AQ2)L # 0,
(XAQ1>L N (XMQQ)L # 0, (XMQI)L N (XAQQ)L # (), and (XMQl)L N (XMQ2>L # (). First, here is

a lemma.

Lemma 5.10. Let T be the basic® representation of the basic cyclic pair N-(w,v, Py, Py), and let
Cr = 0. Let (Q1,Q2) be a tree pair of T. Let Ag, and Mg, be the two mazimal subtrees of Q1,
and let Ag, and Mg, be the two maximal subtrees of Q2. If (Q1,Q2) is a sterile magjor tree pair of
L L
T then we can not have two of the following four sets equal to the empty set: (XAQI) N (XAQQ) ,
L L L L L L
(Xa0,) 0 (Ko, ) (Kntg, )1 (Xag, ) (K, ) 1 (X, )
L L L
(Contrapositive.) Note that we can not have (XAQi) N (XAQ) = () and (XAQi) N
L
(XMQj) = ), where A € {A, M}, i € {1,2}, and j € {1,2} \ {i}, because it implies that
L L
o ) = (), which is impossible. Without loss of generality, suppose that (X AQI) ﬂ(X AQ2> =0
L L L L L L )
and (XMQ1> N (XMQ2> = () then (XAQ1) = (XMQQ) and (XAQQ) = (XMQ1> , which shows
that (Q1,Q2) is not a sterile major tree pair, by Lemma 5.3. O

Lemma 5.11. Let T be the basic’ representation of the basic cyclic pair N-(w,v, P, P), and
let Cr = (. Let R be a switching of T. Let Ry, and Ry, be subsets of R such that Ry; C X,
Ry, C X715, R, # 0, Ry, # 0, and Ry; U Ry, = R, where T1 and Ty are T’s two mazimal
subtrees. Let (Q1,Q2) be a sterile major tree pair of T. Let Ag, and Mg, be the two maxi-
mal subtrees of Q1, and let Ag, and Mg, be the two mazimal subtrees of Q2. If there exists
x1,x2 € A, y1,y2 € T, and z1 € O, for A € Z, T € 2\ {A}, and © € =\ {A, T}, where = =
{(XAQl)L n (XAQQ)L’ (XAQl)L A (XMQz)L ’ (XM@l)L M (XA%)L ’ <XMQ1)L A (XMQz)L}’
such that 1 € (R, 22 € (R)", y1 € (R7:)", yo € (R3)", and z, € (R7)", fori e {1,2}, then
Q" (B7)" N (Xg))" # (Q2)" | (Br)" N (Xg,)"
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L L
Proof. Without loss of generality, suppose that there exists xy,x9 € ((X MQQ) N (X AQI) )
L L . L L
such that =1 € (Rp)” and zo € (Ry,)", there exists y1,y2 € (XAQQ) ﬁ(XMQ1> such
L L

that y; € (RTl)L and ys € (RTz)L, and there exists z1 € ((XMQ1) N (XMQQ) ) such that
L : L L L L L L

21 € (Ry;)". Now the maximal subtrees of (Q1)" | (Rr;)" N (Xg,)" are (Ag,)" | (Br)* N (Xag, )

L
and (Mo,)" | (Rp;)" N (XMQ1> , and the maximal subtrees of (Q2)|(R7)Y N (Xg,)" are
L L
(Ag)" [ (Rr)" 0 (Xag,) and (Mg,)" [(Rp)" 0 (Xarg,) - We see that (Ag,)"|(Rz)" N
L L L L
(XAQ1> # (Ao, | (R n (XAQQ) , because z; € (R1;)" n (XAQ1) and z; € (XMQ2> )
L L L L
so that z1 ¢ (R7;)* N (XAQz) as (XMQ2> N (XAQz) = ; thus (R7;)" N (XAQ1> # (R1)* n
L L L
(XAQ2> . We also see that (Ag,)" | (R7)" N (XAQ1) # (Mg,)" | (Rp5)* N (XMQ2> , because
L L L L L
21 € (RTl)Lm (XMQQ) and z1 € (XMQ1) , so that z; ¢ (XAQ1) as (XAQI) N (XMQ1> = ()
T L

thus (Rﬂ)Lm(XAQl) £ (Rﬁ)Lm(XMQQ) . Therefore (Q1)* | (R7)*N(X0,)" # (Q2)" | (Rr)Fn
(XQ2)L' O

Theorem 5.4. Let T be the basic® representation of the basic cyclic pair N-(w,v, P, Py), and
let O+ = (. Let T1 and T3 be the two maximal subtrees of T such that (ﬂ)L # (Tg)L Let
(Q1,Q2) be a sterile major tree pair of T. Let Ag, and Mg, be the two maximal subtrees of
L
Q1, and let Ag, and Mg, be the two mazimal subtrees of Qo. Let (T2)" | (XMT1> 4 (M7
L
and (71)L| (XMTQ) # (M7—2)L If two of the following four equations hold then T does not

display a tree twice: (Mg,)" | ((XMQI)LH (XMQZ)L) # (Mg,)" | ((XMQl)L n (XMQZ)L>’

; L L I L L
(400" | (Xag,) 1 (Xao,) ") v (10" | (¥ae,) 1 (Xag,)").
(Mo)" | (X,)" 1 (Xa,)) - (400" (Xota, ) 1 (Xag, ) "),
(a1 ((%a0,) "1 (00,) ) # 01 (¥a0,)" 0 (00a,) ).

L L
Proof. Without loss of generality, suppose that (MQ2)L| <<X MQQ) N (X AQ1) > %

L L L L

(o)" | ((Xara,) 1 (X)) and ()1 (Xag,) 1 (X0, ) ) ”
L L L L L L

(M) | ((Xag,) 1 (Xarg, ) ) Then (Xasg, )" 1 (Xaag, )" # 0 and (Xag, ) 1 (X, ) # 0.

L L

Since (Q1,Q2) is a sterile major tree pair and Lemma 5.10, (XAQI) N (XAQQ) # 0 or
L L L L

(X MQ1> N (X MQ2> # (). Without loss of generality, suppose that (X MQ1> N (X MQ2) # ().

Suppose for contradiction that T displays a tree twice then there exists two switchings R and

W, of T, such that (T|R)* = (T|W)*. Let Ry, and Ry, be subsets of R such that R, C X7,

R7, € X7;, and R; U Ry, = R, and let Wp; and Wy, be subsets of W such that Wy C X7,

Wr, € X7, and Wy, U Wy, = W. We must have R7;, Ry, W7, and Wy; all non-empty, because
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L L
(T)" # (B)", (B)"| (X)) # (Mp)*, and (T)"| (Xar, ) # (Mp)". By Lemma 5.4,
(TO" | (R7)" = ()" | (R)" and (T2)" | (Ryy)" = (T)" [ (Rp3)", because (Ti|Ry;)" = (To|W;)"
and (T3|R7)" = (T1|W7)* is implied by (T|R)* = (T|W)" and Ry, Ry;, Wy, and W, all being
L L L L L L '
non-empty. If (XAQz) N (XMQl) C (R7;)” or (XMQ2> N (XAQ1) C (Rp)", for i € {1,2},
then we reach a contradiction, which we now show. Without loss of generality, suppose that
Xu,) N(Xay,)" € LoByL L “nxo)® = (@2)" bn(xe,)”
(Xa1,) N(Xaq,)" € (R7)". By Lemma 5.5, (Q0)" | (R7)"N(Xo)" = (Q2)" | (Bn) N (Xg,)",
L L L L
and this implies that (Ql)L\(XMQQ) N (XAQ1> = (QQ)L’(XMQQ) N (XAQ1> , as
L L
(Xarg,) N (Xaq, ) S (Br)" N (Xq)" and (Rp)" 1 (Xq,)" = (Rn)" N (Xg,)". Now that im-
) I L L I L L .
plies that (Mg,)™ | (XMQ2> N (XAQ1) = (Ag,)" | (XMQ2> N (XAQ1> - a contradiction.
L L L L

Therefore we can not have (XAQQ) N (XMQ1) C (RTZ.)L or (XMQQ) N (XAQl) C (RTi)L’

. L L L L ) L
for i € {1,2}. Thus (XAQ2> N (XMQ1> and (XMQQ) N (XAQ1> are split between (R7;)

L L
and (Rp,)", so there exists 1,2y € ((XMQ2> ﬁ(XAQl) ) such that z; € (Rp)" and
L . L L L
zo € (Rp;)”, and there exists y1,y2 € ((XAQZ) ﬁ(XMQl) ) such that y; € (Rp;)” and
L L L L
w € (Rp)". Now (Xar, ) N (Xa,) # 0, so cither (Ry)" N <<XMQ1) N (X, ) > £ 0
L L
or (R7~2)L N ((XMQ1) N (XMQ2> ) # 0. Without loss of generality, suppose that
L L L L

(R7~1)L N ((XMQI) ﬂ(XMQQ) ) # () then there exists z; € ((XMQI) ﬂ(XMQQ) ) such
that 21 € (Rp)". By Lemma 5.11, (Q)"|(Rn)" N (Xo,)" # (Q)"|(Rr)" N (Xg,)" - a

contradiction. Hence T does not display a tree twice. O

5.3.3.2 An iterative algorithm

We are now ready to tackle the case where exactly one of (X AQl)L N (X AQQ)L,
()" 0 (o) ()"0 ()’ ($)” 0 (i)' 5t ey s
L L L L
and exactly one of (MQl)L\ ((XMQ1> ﬁ<XMQ2> ) # (MQQ)L| ((XMQl) m(XM%) )’
(00" 1 (X0,)" 0 (¥aa,)") ; (a1 ((¥a0,) 1 (Xa0,) ")
(0" | ((Xuie,) 1 (Xa0,)") # (o) ((Xomg,) 1 (Xag,) ).
(AQQ)L| ((XAQ2)L N (XMQ1>L) #* (MQI)L\ ((XAQQ)L N (XMQl)L> holds. We characterise

this case in terms of an iterative algorithm. The algorithm uses a new concept called “structural

soundness.”

Definition 5.9. Let T be a tree on leaf set X. We say that a leaf set Xy is structurally sound in

T when there exists a subtree 77 of T' such that X7 is the leaf set of T7.

Note 7. If X7 is structurally sound in a tree T then the smallest subtree in 1" containing all of X3
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contains nothing but X;.

Example 5.8. The leaf set {5,7,8} is not structurally sound in 7. The leaf set {2,3,4} is struc-

turally sound in 7T

T
T
Ty
5 6>\.
1 7 8
2
3 4

Definition 5.10. Let T be a tree on leaf set X. Let T} be a subtree of T such that T7 # T. Let
the root of 71 be x1, and let the parent of x1 be u. Let the other child of u be y. Let T5 be the
subtree of T' whose root is y. The subtree T5 is called the the sibling of T7.

Algorithm : ITERATIVEALG

Input : A basic? representation 7 representing the basic cyclic pair B- (w, v, Py, P2) such that Cr =
(. A sterile major tree pair (Q1,Q2) of T, with Ag,, Mg, being the two maximal subtrees of Q1,
and Ag,, Mg, being the two maximal subtrees of )2, such that exactly one of (XAQ1 )L N (XAQQ)L,

(Xa0,) 1 (Xatg,) " (Kaigy ) 01 (X, )L (Xto, )1 (Xasg, )" s the empty set, call it (Xg)",
| ((XMQ ) (XMQ2>L> 7 (MQQ)L| ((XMQl)L a (XMQ2>L)’
(400" | (Xag,) 1 (Xao,) ") / (0 ((¥a0,) 1 (¥a0,) ")

and exactly one of (MQI)

(MQQ)L ’ ((XMQQ) (XAQ1>L) 7& (AQl)L ’ ((XMQ2>L N (XAQ1>L)a
(Ag.)" | ( (XAQQ)L N (XMgl)L) # (Mg,)*| ( (XAQQ)L N (XMQ1>L) holds,
say (AQJL | (XZI)L # (<>Q2)L | (le)L, where A, IS {A, M} and
(le)L = (XAQI)L N (XQQQ)L. We also have two sets (R(Qll)*)L e =\

(1]

{(XB)La(le)L} and (Rgg*)L € \{(XB)L,(le)L,<R81)*)L}, where = =

{(%a0)" 0 (S0) - (500 1 () () 1 () (53 ) 1 (50,)

2 when n is odd
We have indices 7, j € N, and we have a function f (n) = , where n € N.

1 when n is even

Output : The statement “displays a tree twice,” the statement “does not display a tree twice,” or
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a major tree pair (UQf(j+1)’UQf(j)> of T together with sets (Rgz*)L (R(J) ) . and (XZ].>L, for

some j € N.

1. Choose (REQ) ) and (Rég) ) such that (Xz,)" is structurally sound in (Q1)"| (R(l) ) U
(Xz)" and (Q2)" | (Rg ) (Xz)"

2. In (Q2)"| (R(l) ) U(Xz,)" check if (X, )" is structurally sound - if so then go to Step 3 with
j=2andi=1andset (RS ) = (Ry )", (RS ) (RS ) and (Xz,)F = (Xz,)*.
Otherwise go to Step 3 with j =1 and ¢ = 1.

3. In (Qf(jﬂ))L\ (R(ij)c;_))L U (XZJ.)L find the subtree whose leaf set is (XZ].)L, call it Z;. We

L
then find the sibling of Z;, call it (SZ].) .

4. In (Qf(j)>L ] (Rg;;_))L U (XZJ)L we find the smallest subtree containing all of (ngj)L,

where (ngj)L is the leaf set of (SZ],)L, call it D;_1.

5. Let ( Qmﬂ))L = (R8;:j+l))Lu ((XDH) \ (stj)L>, where (Xp, ) is the leaf set of D;_.
If (Q1)"| (RZQMH))L £ (Q2)" | (RiQf(Hl))L then go to Step 12.

6 Look at (Qrep) 1 (Ry,) o where (Ro,,) = (Xa) "\ (Roy.)'- 1

L . L I . L L )
(Q1)" | (RZQf(j)) = (Q2)"| ( bfij)) then go to Step 11. In (Q];(j)) | (Rbf(j)) the smallest
subtree containing all of (X Sz].) contains nothing but (X Szj) , call it D;.

L . L L
7. Find the sibling of D; in (Qy(;)) | (R, )", callit Sp,. Let (Xs,, ) be the leaf set of Sp,.
L L
If (XSDi) ¢ (XZ].) then go to Step 12.

L L
8. If (XSDZ-) = (XLZj) then Q‘UQf(jH)’UQf(J'))’ where UQf<j+1> is the subtree of Q1) iuch
that (XUQf(jJrl)) = (ij> and UQf(j) is the subtree of ()y(;) such that (XUQfm) =
(ij> , is a major tree pair of T, so return the major tree pair (UQf(j+1)’ UQM)) together
NS L
with the sets (R(J) ) , (Rgg ) , and (XZ].) .

. Ly (pi+t1 \ _ Ly (pi+t1 \F i+1
9. Check if (C1)”| (RQf(')> = (@2)7] (RQf(')) ’ Where RQ/(]) ( Qf(J) XZ ) ) Y
L L
(XSD,L-) . If not then go to Step 10. Check if (Ql) \ ( gflgﬂ)) (Qg) | ( g]}(ﬁl)) ,
here (RYj! )L = (x ) \ (R )L If it does th to Step 11. Check if
where (R ...) = Qs(i+1) Q) it does then go to Step 11. eck i

@ I(RGE,) = @I (R, ) where (R )" = (Riy,) 0 (s )

not then go to Step 12, but if it does then go back to Step 6 replacing ¢ with ¢ + 2.
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10. We have (Q1)"| (Rgf(j))L £ ()] ( 8f<j>)L’ where ( gﬂj))L _ ((Rgf_(]l))L\ (XZ].)L) U
(XSDm_l)L, for some m € N such that m > ¢ 4+ 1. Check if (Ql)L\( Sf(HI))L =
(QQ)L | (Rgf(jﬂ))L’ where ( 8f(j+1))L - (XQf(J'H))L \ ( gf(j))L' If not then go to Step
12. If so then go to Step 3 with j replaced by j + 1, and set <Rg;;r1))L = (Rgf(j+1))L’
(Rg;j};))j: = (Rg;;))L, and (ij+1>L = (XSDm_l)L. We also set ¢ = m + 1.

11. Return the statement “displays a tree twice.”

12. Return the statement “does not display a tree twice.”

5.3.3.3 How the iterative algorithm works

. : : : Ly (pli) \F Ly (pW) \F
The idea behind ITERATIVEALG is to preserve the equations (Q1)™ | (RQf(j)) =(Q2)"] (RQ“J_))
and (Q1)L\ (Rg; )L = (Qz)L ] (Rg;:jﬂ))L, whilst at the same time seeing what from (XZ])L
can go with (Rg;j))L and what can go with (Rgi;_ﬂ))L. If we find some part of (ij)L that can

(3+1)

AL L
not go with (Rg;(_)) , i.e. when part of (X Zj) causes loss of equality due to lack of structural
J
()

L L
soundness, then we see if that troublesome part of (X Zj) can go with (RQf ) . If that does

(G+1)
not work then we know that we will never display a tree twice, because the troublesome part has
to go somewhere and we can not split the troublesome part up and split up the other part of
L o\ L
(X Zj) , by Lemma 5.11. On the other hand if the troublesome part can go with (Rg;( '+1>) then
J
)

L - L
we have expanded (RQf ) whilst preserving equality, so we check if (Rg;(.)) together with
J

(3+1)

(X Zj)L minus the troublesome part preserves equality. If it does then we know that we can choose
(R7)"N(Xg,)" and (Rp)" N (Xg,)" such that (Q1)" | (Rn)" N (Xg,)" = (Q2)" | (BRr)" N (Xo,)"
and (Q1)" | (R)" N (XQI)L = (@2)" | (Bp)" n (XQQ)L, so we are on our way to displaying a tree
twice. If (Rg;;))L together with (X Zj)L minus the troublesome part does not work then we need
to split up (X Zj>L minus the troublesome part. In this way we make some progress, and the

L
algorithm must eventually stop, because (X Zj) is finite.

Example 5.9. Here is a worked example showing how ITERATIVEALG works. We see that (X B)L =
L L I L L
(XAQ1> N (XMQQ) =0 and (Xz )" = (XMQI) N (XMQQ) = {ly;, Loy, Lgy boy s Loy - We choose
W7\ L L m"\F L L
(RG)) = (Xag,) N (Xag,) = {lu} and (BG) )" = (Xag,) N (Xag,) = {los: g, r}s
N\ L w\ L
because (Xz,)* is structurally sound in (Q)” | (R(ng ) U(Xz)" and (Q2)" | (R(Qll) ) U(Xz)".
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Here we see (Q1)" | (Rgz ) U (Xz,)* shown on the left and (Q2)" | (RSI) ) U (Xz,)* shown on
the right.

N\ L *\ L
In Step 2, we see that (X7, )" is structurally sound in (Q2)” | (RSQ ) U(Xz,)", so we set (Rgl) )

x\ L N\ L N\ L
(Rgl) ) , ( 82) ) = ( 83 ) , and (XZQ)L = (le)L, and we go to Step 3 with j =2 and 7 = 1.

x\ L
Now we see that f(j 4+ 1) =2 and f (j) = 1. Hence in Step 3 we are looking at (Q2)” | (Rgl) ) U

(Xz,)*, and the sibling of (Xz,)" is the leaf £,,. Shown is the result of Step 3.

7



In Step 4 we look at (Qq)" | (R(Q) ) U (Xz,)%, and shown is the result of Step 4.

L L
After two iterations, we find that (R%z) = {lus, lugs lors bugs buyy by, b works and (R&) =

{luy, lus, lug } Works, so that the algorithm outputs the statement “displays a tree twice.”

Lemma 5.12. Let T be the basic® representation of the basic cyclic pair N-(w, v, Py, Py), and let

Cr =10. Let (Q1,Q2) be a sterile major tree pair with Ag,, Mg, being the two mazimal subtrees of
L L

Q1, and Ag,, Mg, being the two mazximal subtrees of Q2. If exactly one of (XAQ ) (XAQz) ,

(XAQ1>LO (XMQQ)L, (XMQI)LH (XAQQ)L, (XMQI)LH (XMQQ)L is the empty set, call it XB ,

and ezactly ome of (MQI)L|((XMQ1)LD<XMQ2)L> £ (Mg,)" y((XMQ N (X, ) >
(Ag,)" | ((XAQl)Lﬁ (XAQQ)L> # (Agy)" | ((XAQ N (Xag,) )
02" (¥31.) " (20)') ‘ (a1 ((Kua) 1 (¥ag,)").
(462" 1 ((Xa0,)" XMQl)L) £ (Mg <(XAQ2)LH(XMQ1)L) holds,  say

(80" (X2)" # (00.)"| (Xz)", where £,0 € {AM} and (Xz,)* = (Xag,) 1 (Xoq,)".
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*\ L w\ L
then (Xz,)* is structurally sound in both (Q1)" | (RS; ) U(Xz)" and (Q2)* | (RSI) ) U(Xz)"
*\ L *\ L N\ L
where (B3] )" e 2\ 0" (Xa)"} and (RG))" e 2\ {(xXm)" (x2)" (RY)) "}, and = =

{600 (0000)" (a0 )0 () (R, )1 () () 1 ()

Proof. Without loss of generality, suppose that (X AQI)L N (XAQQ)L = ( and
(MQl)LI((XMQI)Lﬂ(XMQQ)L) # <MQ2>L|((XMQ1)L0(XMQ2)L) then (Xa,,)"
(XMQ2>L and (XAQ2)L C (XMQl)L, SO (XAQ1>L N (XMQQ)L = (XAQl)L and

(XAQZ)L N (XMQ1>L = (XAQ2>L; hence we want to show that (XZI)L = (XMQ1 t N (XMQ2>L
is structurally sound in either (Q1)"| (XAQI)L U (Xz,)" and (Q2)" ] (XAQQ) U (Xz,)" or
Q)" (XAQQ)L U (Xz)" and (Q2)" | (XAQl)L U (Xz,)". Tt is fairly clear that (Xz,)* is struc-
turally sound in (Q1)” | (XAQl)L U(Xz)" and (Q2)" | (XAQ2)L U(Xz,)¥, as the maximal subtrees
of (Q1)"| (XAQl)L U (Xz,)" are (Ag,)" and (Mg,)" | (Xz,)* because (XAQI)L N (Xz)" = 0.
Likewise in (Q2)" | (XAQQ)L U(Xz,)", so (Rgl)*)L is chosen to be (XAQ2>L and (RS;)L is chosen

L
to be (XAQ1> . The other cases are similar. O

o\ % L N L L
Lemma 5.13. In ITERATIVEALG, if (XQl)L = XQQ)L = (Rg;(jm) U (R%i(j)) U (ij) ,
L
d

(
(RS),) N (REL) T =0 (RE)L,,) 0 (Xz)" = 0. ana ()} 0 (X2)" = 0., for at
j €N, then (jo{(m))L C (Réf<j+1>>L and (Rg;;))L C Rbm))L for alli,j € N such that j < i.

. L ()" L L
Proof. In Step 5 of the algorithm, (Rbf(ﬁl) = (RQf(J+1)> ((XDi—l) \ (XSz]) ), where

me&@wvﬁwfq%mﬁg@m6w%f=@%yw%mga
S0 (Rgim) = (Rz‘?f(1> because (Rgimw) = (Réfmﬂ)) and (XQfU) \<R8iu+1>) -

L L L
(Rgi( )) (X Zj) (the latter follows from the hypothesis). Therefore <R8) ) C ( ]>

and (Rg;(ﬁl))L - (RQf(j+1)> Now in Step 9 we see that (RS;I( ))L = < Qm) ) U
(Xsp,) since (x2)" 1 (RG)" = 0 ana (RG))" € (Ri,, )" we have (R81<>) =

(RSF;( ))L‘ Also (RZQJ:}(H-I))L - (XQf<a+1>)L\ (RZQ?( >)L’ so that (jo)f(m))L < (Rgflmm)L' It

follows that (R +1))L c (R,,,,)" and (R ))L c (Ry, )" for allij € N such that

7 <. ]

Le@tna 5.14. In ITERATIVEALG, (XQlL)L = (XQLQ)L = (Ré?];( H))L L(R%;;))iu (ij)L,
(R, 1 (B),)" = 0. (R, 0 (X5)" = 0. and (RG) )"0 (X2)" = 0, for
all j € N. Moreover, (jo(i)ﬂ)) = (R(le);jﬂ)) U ((ij)L\ (XZJJrl)L).

Proof. We will prove the lemma by using induction on j. Base case ;7 = 1.
N\ L s\ L w\ L
When j = 1 we have (Rgl) ) , (Rgg ) , and (Xz)". By definition, (Rgl) ) €
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2\ {(XB)La<XZ1)L} and (RSQ)*)L e =\ {(XB)L,(le)L,(R(Qll)*)L}, where = =
{(XAQ1>L N (XAQ2>L’ (XAQ1>L n (XMQ2>L’ XMQ1)L n (XAQQ)L ’ (XMQ1>L N (XMQ2>L}'

Also (Xz,)* € 2. It is straight forward to show that © N A = () where ©,A € Z. Therefore
(R 0 (R)E = 0, (RY)" 0 (0t = 0, and (BE)E 0 (60 = 0. We know
that (XQl)L = (XQ2)L, as (Q1,Q2) is a sterile major tree pair, and it is easy to show that
(XQI)L = UZ, using Lemma 5.9. Hence (XQI)L = (XQQ)L = (RSE*)L U (RS;)L U (Xz)", as
(XB‘)*L = (D.L Inductlion step: Suppose that (Xq,)" :L(XQQ)L = (Rég;( " )LL U (Rg;;;))L u (ij)L,
()" 80, . (5, ) () 0. () (3, 0,
Lemma 5.13, (Rg;;ﬂ ) C (RQMH)) and (Rg;;)) C (Ré)f(j)) for all j € N, and for all i € N.

L . x« \ L L
The only way we can get (Rg;rjil)) , (Rg;jlim) , and (X Z; +1) is when we get to Step 10. In

sep 10, (R = (Re)'s (RG11)T = (RG),) and (K2)" = (Xsi, )
sue (1) € (R, ) 0 a6 < e (1) < (1)
thus (R8;<a+1>>L < (jo(]lil)y ow ( Qf(]+1)> (XQf<J+1>)L \ (Rgf'u))L’ since
(Ré?;m)L = (RQfm)L’ we have (RQf >) (Rgf( >> hence (jo)fm) a (Rgf'ml))L =0, 50
(Rg;%) 0 (REL,) =0 Now (RGT, )"0 (Xzp)” = 0. becawse (x2,..)" < ()"
()1, )" = (rg),)" mosien 10, ()" = () (32)) 0 (s, )"

and (XZJ.H)L = (XSDW,l)L- Therefore (Rgf( H))L (XZ]H)L = 0, as (Rgf(j+1))L =

(Xo,5.0)" \ (B5,,)5 bence (RG)" A (Xz,,)" = 0. Next we show that
(Xo,)" = (jo(jfl))L U (Rg;%)L U (XZJH)L. By the induction hypothesis,
(X" R@ﬂm))L (RS),)" U (x2)" By definition, (RG\LY)" = (RG))" ana
(X2)"\ (X50)" < (RE)1,)" and, by Lemma 538, (RG )" € (R3,,.,)" =
(#520)" v () = ()" 0 ((50)" (0 )). e
(REL) 0 (R v (K20)" = (RE)LL)T U (RE),)T U (Xa)" hence
(Xa)" = (RG1Y,) 0 (RGL,) U (Xa) " .

L 5.15. In 1 Avc, (Xz,)" is structurally sound i "IRY Vou(x,)
emma 5.15. In ITERATIVE LG,( Zj) is structurally sound in (Qf(j+1)) |( Qf(j)) U( Zj)
d(Q »)L|<R(j)* )LU<X )Lf I1jeN
an £0) Qe z;) , forallj .
Proof. We will prove this by induction on j. Base case j = 1: By Lemma 5.12, (X Zl)L is
. L W=\ L L L m*\ L L .
structurally sound in both (@) |(RQ2 ) U (Xz )" and (Q2) |(RQ1 ) U (Xz)". Induction

step: Suppose that (XZj)L is structurally sound in both (Qf(j+1))L | (Rg;:j))L U (XZ],)L and

(@) 1(R8),,.,) "0 (¥2) " onder toget (RG] ) (RGL) amd (Xz,)" we
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have to get to Step 10. In Step 10, (Rg;lll)) = (Rgf(j+1))L, (Rg;ji;)L = (Rg;:j))L,

and (XZjH)L = (XSDM,JL‘ From Step 7, we have (XSDm,l)L - (ij)L, and, since

(XZJ.)L is structurally sound in (Qf (+1) )L\ (R(Qj;;))L U (XZJ.)L, we have (XZ].H)L struc-

turally sound in (Qf(j+1 )L\ (Rg;(g)) (XZJH)L, so that (XZ].H)L is structurally sound in

Qo) (T2 )"0 () s e 16 e e (527)" = (18"
<(ij)L\ (XZJH)L). Now (XZJ) is structurally sound in (Qf(j))L| (Rg;:jﬂ))L U (XZ])L;

L L : « \ L L
we need to show that (XZj+1) is structurally sound in (Qf(j+2)) ](Rg;jil)) U (ij+1) ;

since (@) = (@) and (RG] = (RE),,) 0 ((XZ)L\(XZj+1)L)’ we
need to show that (XZ].+1)L is structurally sound in (Qf(j)) (RQf(J+1)> (XZ) Since
(XZJH)L = (XSDm,l)L and (XSDmA)L c (XZj>L, we have ( ;+1) c ( ) Since
(ij) is structurally sound in (Qf(j))L | (R(j)*_ )L (XZ> , (R(j)* )L N (XZ) = 0,

: . ; Qri+1) Qf(Hl)' ) . .
and (XZj+1> - (ij) , (XZ].H) is structurally sound in (Qf ) |(R§Q;U+l>> (XZJ.) ,

. . . L -1 L . .
because in Step 7 we found the sibling of D,,_1 in (Qf(j)) | (Rgf(j)) , which is Sp,, ,, so that
L . L o1\ L L
(X SDmfl) is structurally sound in (Q f(j)) | (RQfm) . Therefore (X Z +1) is structurally sound

w (Qrun) 1 (BG1),) 0 (K)” .

L L
Proposition 5.6. In ITERATIVEALG, (ij+1> is structurally sound in (Qf(j+2)) | (R
(XZ7+1) , for all j € N.

(+1)" )L
Qrin)

, L. : Lrpi \E
Proof. Let j € N. From Lemma 5.15, (ij) is structurally sound in both (Qf(j+1)) | (RQM)) U

(XZJ)L and (Qf(j))L | (Rg;tﬁl))j: (ij>L. In order to get (Rg;j};))j: and (ij+1)L, we must

get to Step 10, and at Step 10 (Rg;j;))L = (Rg;:j))L and ( J+1>L = (XSDm_1>L, by definition.

Hence we need to show that (XSDm_1 )L is structurally sound in (Qf ) )L | (Rg;tj))L U (XSDm_1 )L,

as (Qf(j+2))L = (Qf(j))L. In Step 7 we find the sibling of D,,—; in (Qf(j))L| (Rg;(;))L,

. . L. . L -1 L
which is Sp,, ,, so that (XSDW,l) is structurally sound in (Qf(j)) |(R8f(j)) . By Lemma

5.14 and Lemma 5.13 (R(j)* )L C (Rm_l)L so that (Xs )L is structurally sound in
: ) j = Qri) 7 Pm—1

(@) 1(R),)" 0 (Xso,,..) " 0
Lemma 5.16. In ITERATIVEALG, (Q1)”| (ij £ (Q)"] (XZJ.)L7 Q)| ( éim) —
(Q2)L‘ (Rg;:j))L, and (Ql)L| (jo)c:jﬂ))L = (QQ)L| (Rg;;ﬂ))L, for all j € N.

Proof. We will prove this by induction on j. Base case 5 = 1: When 5 = 1,
L o\ L L
we have (Xz,)%, (RSI)) , and (RSQ)) , where (Xz)" is defined to be (XAQl) N
L
(XQQQ) , for some A, € {A M}, and (AQI)L](XZI)L #+ (<>Q2)L|(XZI)L. We also
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have (RG))" € 2\ {(Xp)" (X2 s so that (@01 (R))T = (@)*[(RY))", and
(RG))" e = @) (xa)" (RE)) ] w0 @)"1(RE))" = @*1(RE))", s
{(XA%)LH (XA%)L’(XAQl)Lﬂ (XMQ2>L’<XMQ1>Lm (XA%)L’(XMQ )L (XMQ )L} In-
duction step:  Suppose that (Q)"|(Xz)" #  (@'(X5)" (@tI(RY ) =

(@2)7] (RQ]f(j)) cand (Q1)"| (Réf(ﬁrl)) = (Q2)"| (RQ]J‘(]’-H)) - The only way to get (XZJ“) ’

(1]

(R(jﬂ)* )L and (R(JH) )L is to get to Step 10, and the only way to get to Step 10
Qrg+n) Qf(]+2) ’

@0 1(Rg, )" # @01 (R, )" where ()" = ((m50)"\ (%5)") 0
(XSD 1) for sz)me m € N such thit m > i+ 1. \LNe then musLt have (Q1)" | (Rgf(jﬂ))L =
(Q2)" | (RQf(g+l)) , where (Rgf(]+l)) = (XQf<j+1>) \ (Rgf(j)) , and that leads to getting
L L L L e\ L e L
(Xna)” = (Koo, )" (RGL,)T = (RE.) > (RGLL)T = (RGy,,) s henee
@) 1(Rg5L,)" = @)1 (Rayl,) " mnd @01(RGL,)" = (@)"1(Rgyl, ) - The
DF ( g+1) £ (Q2)" ]( JH)L, and to do that we claim

(@
that <(R$f(1>) ( ) > <RQf(g>>L' From Lemma 5.13 and Lemma 5.14, (Réz')* >L
- (&

(R$f<l)) ’L(XQl (Xq,)" Qf<J+I>L) (RQfm) U(ij) "<*R8gj+1) (R%)w)) g’
(#8),.,) 1 (Xz,)" =0, and (RG) )N (X7,)" =0 mence (RG]} < (RE1)"\ (X2)"

Take any z € ((Rgf(]l))L\(ij)L) then =z € (RTQ”f(Jl))L and x© ¢ (ij)L, so x € (Xg,)"

is when

=

only thing left to prove is that

o L L
Suppose for contradiction that z € (Rg;(,ﬂ)) then =z € (Rm ) , as, by Lemma 5.13,

Qrj+1)

(jo)f;+1>)L % (Rgf(Hl))L'LNOW (Rgfml )L - (XQ£<J'+1>)L \ (RQf( ))L’ s0 that ¢L(R8f<j>>L’
e (1, ) = ((R,)7\ (6) ) 0 (¥, )" s o ((50)7\ (32,)") - 0 con

tradiction. Therefore x € (RQf( ))L, so that ((Rgf(j)) \(XZ> ) = (Rg;(J)) . By the in-

)7 | |(RQf(>) hence (Q1)" |((R8f<l)) \(XZJ')L):
@)1 ((r5,1)" ( J)L> since (Xs,,,_,)" € () v((Rg‘fJ))L\(XZj)L)Z(Rgi;)Lv
)’

and (R(j) )L (XZ.) = (), we have ((Rm 1 ( ) ) (XSD"LA) = (). Therefore the only

duction hypothesis, ( L (Ré})c ) = (Q2

Qi) Qi)

way that (Q1)"| (Rgf(y)) £ (Qa)" | ( Gr, )) is when (Q1)" | (Xst_l)L #(Q2)" | (Xst_l)L,
L L ok L

because (XZJH) = (Xst_l> is structurally sound in (Qf j)) | (Rg;(j)) U (Xst_l) and

(Qf(jﬂ))L | (R(Q,)r;-)) U (XSDmA)L, by Lemma 5.15 and Proposition 5.6; thus (Ql)L | (XZjH)L #*

Q"1 (xz,.,)" 0

L
Lemma 5.17. In ITERATIVEALG, if (UQf<j+1),UQf(j)) is returned then (XZ].) 1

structurally sound in (Qf(j+1))L|(R8;;))L U (XZ].)L, (Qf(j)>L|(R8;;+l>)L U (ij)L,
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(@ri) 1 (B),.,) 0 (%) ana (@)1 (RE),)" 0 (%2)

Proof. By Lemma 5.15 and Proposition 5.6, (X Z].)L is  structurally sound in
(@) 1(78),) 0 (x2) " (@s0) 1 (RG], ) 0 (%) ana (@ran) 1 (RG], ,)
(XZj)L. By Step 7 and Step 8, we see that (X j>L is structurally sound in (Qf(j))L | (R&f(j))ll.
Now, by Lemma 5.14 and Lemma 5.13, (Rg;(J))L - (Réﬂj))L, and, by construction and Step 8,

(XZJ.)L - ( }éf(j))L, so that (XZ].)L is structurally sound in (Qf(j)>L| (Rg;;))]: U (XZ].)L. ]

Lemma 5.18. In ITERATIVEALG, if (UQf(j+1),UQf(j>) is returned then (UQf(j+1),UQf(j)) s a

magjor tree pair of T.

Proof. TheL only way tLhat (UQf(j-H)’ UQf(].)) can be returnedL in ITERATIV;EALG is when, at Step
8, (XSDJ = (ij) . We need to prove that (UQf(j+l)) #* (UQfm) . Now Ug,,,, I8 de-
T L L
fined to be the subtree of Q1) such that (XUQf(j+1)) = (XZj) , so that (UQf(j+1)) =
L L L
(Qf(jﬂi) | (ij) . AlLso Ug ;) 18 Ldeﬁned to be the subtzee of Q) Lsuch that (XUQf(j))L =
(XSDi) , since (XSDi) = (XZ].> , we have (XUQf(j>) (ij> , so that (UQf(j)) =
L L L L L L
(Qf(j)) | (XZ]) . Therefore we need to prove that (Qf(j+1)) | (XZJ,) % (Qf(j)> | (XZJ.) )
which is the case, by Lemma 5.16. However,Lwe still need to prove that Ug FG41) and Ug ) exist, and
the only way they can exist is when (X Z].) is structurally sound in (Ql)L and (QQ)L. By Lemma
L L L o L
‘o : () ()
5.17, (LXZj> is strLucturally souLnd in <QLf(j+1)) |(RQf(J>) (XLZj) , (QLf(j)> |(RQf(j+1)) U
, (9" , (4)* i,
(ij) ’ (Qf(y—s—l))L | (RQMH)) U(ij) , and (Qf(ﬂ)) |L(RQf(j)> U(XZ].) . Suppose for ContraL
diction that (X Zj) is not structurally sound in (Q f(j+1)) then the smallest subtree in (Q f(jﬂ))

whose leaf set contains all of (X ZJ.>L contains something, call it x, from (XQ oy +1))L \ (X Z].)L. By
Lemma 5.14, (Xq,)* = (Xo)" = (R, )" (8], )"0 (x2)" (R, ) n(RE),)" =0
(R8),..,)" 0 (xz,) " =0 an (R )" 0 (x2)" = 00 & (RY), ) orr e (G, )" 1
T € (Rg;( +1)) then (XZ].) is not structurally sound in (Qf(j+1))L | (Rg;;ﬂ)) (ij>L, and
L L NN L
ifz e (R(Q;(j)) then (XZ].) is not structurally sound in (Qf(j+1)) | (Rg;(j)) U (XZJ.) - a con-
tradiction. Therefore (X Zj)L is structurally sound in (Q f(j+1)) . Suppose for contradiction that
(X Zj)L is not structurally sound in (Q f(j))L then the smallest subtree in (Q f(j))L whose leaf set

. L . . . L L () L
contains all of (ij) contains something, call it y, from (XQf(j)) \ (ij) Cfy e (RQf(j+1))

then (ij)L is not structurally sound in (Qf(j))L ] (Rg;:jﬂ))L U (XZ].)L, and if y € (Rg;:j))L

L RN L o

then (X Zj) is not structurally sound (Q f(j)) | (RQfm) U (X Zj) - a contradiction. There-
L

fore (XZ],) is structurally sound in (Q;)" and (Q2)", so that UQ; .1y and Ug,, exist. Since

(Qf(j+1), Qf(j)> is a major tree pair of T, (UQf(j+1)’ UQf(j)) is a major tree pair of 7. O
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Proposition 5.7. In ITERATIVEALG, if (Ug,,Uq,) is returned then Q¥ | (R n (XQl)L =
(@) [ (Rr)" N (X)) and (Q1)F|(R7)" 1 (Xg): = (@) | (Rr)® N (Xqu)™ if and only
if (Ua)" | (Br)" 1 (Xug,)” = o) (Br)" 0 (Xug,)” and (Ua)) | (Rm)" 1 (Xug,) " =
(Ug,)* | (Rp)* n (XUQQ)L. For some switching R of T with sets Rt;, Rr, having the following
properties: Ry, C X7., Ry, C X7, (R7:)" U (Rp)" = (R)Y, and (R7;)" N (Rp)" = 0.

Proof. 1f (Ug,,Uq,) is returned then, by Lemma 5.18 and by Step 8, (Ug,,Ug,) is a major tree pair
of T with Ug, a subtree of Q; and Ug, a subtree of Qa. Tf (Q1)" | (R7;)"N(X0,)" = (Q2)" | (R7)" N
Xon)¥ and (Q1)" | (Rz)" 0 (Xo,)" = (Q2)* | (Rn)* N (Xg,)* then (Ug,)* | (Rr)* N (Xuy ) =
@) and (Q1)7 [ (R7;)" N (Xg,)™ = (Q2)” | (R7)" N (Xq,)™ then (Ug, )™ [ (R )" N (Xug, ) =
L La(x L q L La(x L L L(x L b
Uga)" | (R7)" 0 (X, ) and (Ug)" | (Rp)" 0 (Xug, ) = (Uay)" | (Br)* 1 (Xug, ), because
L L L
XUQI) C (Xo)", (XUQI) = (XUQQ) , and (Xq,)" = (Xq,)" so that (Ug,)"|(Ry)"
L L
XUQ1> is a subtree of (Q1)|(Rp)* n (XQl)L, (UQz)L|(RTl)L N (XUQQ) is a subtree of
L
Q2)" | (Rr)" N (Xq,)", (Ua)" | (Rp)" 1 (Xug, ) s a subtree of (Q1)"| (Rp)" N (Xq,)", and
L
Ug,)™ | (R1:)" N (XUQQ) is a subtree of (Q2)"|(R7)" N (Xg,)"; hence, by Lemma 4.1, we
L L L
get (Ug)" | (Rr)" 1 (Xug,) = WUa)" [(Br)* 1 (Xug, ) and (Ug)" | (Rr)" 0 (Xug, ) =
L
(Uaa)" | (R7z)" 1 (Xug, )

—_~ o~

/N - N

—~

IF (Ug)"| (R N (Xug,) = W' |(Rr)" 0 (Xug,)" and U)"| (Rr)" 0
(XUQI)L = (Ug,)"|(Rp)" N (XUQQ)L then consider (Rp)" N (Xg,)" = (Rgi*)L U
<(Rﬂ)Lm(XUQ1)L) and (Rp)" N (Xg,)F = (Rg‘g*)L U ((RTQ) N (Xug, ) L) ow R

L

is still a switching, by Lemma 5.14. Since (Rp)" N (XUQl) - (XZ) , (Rp)" N
L L L S L
(XUQ2) - (XZJ.) , and, by Lemma 5.17, (ij) is structurally sound in (Ql)L\ (Rgz ) U
(x2)" @)1 (B U (x2)" @"1(RG) U (x2)", and @)"1 (RG)) U (xz)".
L L : N\ L I L
we have (Rp)” N (XUQ1) structurally sound in (Q;)* |(RQ1) U ((Rﬁ) ﬂ(XUQl) )
o\ L L L
and (Q2)" \( Qz) U ((RTI)LO(XUQI) ), and (Rp)" n (XUQ2) structurally sound in
(@ (R(]) ) ((RTQ)L N (XUQ2>L> and (Q2)" ] (Rg?)L U ((RTQ)L N (XUQ2>L>. Therefore
the two maximal subtrees of (Q1)”| (Rgr)L U <(R7—1)Lﬂ (XUQI)L> are (Q1)" (Rgz*)L and
Q)" (( < Ry)* XUQ )L) = (Ug,)"| ((RTI)L N (XUQl)L), and the two maximal subtrees of
Q) (RY)) 0 (B 1 (Xug,)") are (@)1 (RE)) and (@ | ()" 1 (X)) =
(UQ2)L] ((R’E) N (XUQQ) ) By Lemma 5.16 and hypothesis, (Q1)” | ( le) )L = (Q2)"| (Rgz*)L
and (Uo))* | ()"0 (Xug,)") = Wan) ™I ((Br)" 1 (Xug,) ), so that (Qu)*| (R)*
(Xou)" = (Q2)" | (Rr;)"'N(Xg,)". Similarly, (@1)" | (Rr)"N(Xq,)" = (@2)" | (R7)"N(Xgy)". O

Lemma 5.19. Let T7 and T3 be two trees on the same leaf set X. Let X1 C X, and let X1 be
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structurally sound in T;, where i € {1,2}. If Xy is not structurally sound in T}, where j € {1,2}\{i},
then T1 75 TQ.

Proof. Without loss of generality, suppose that X is structurally sound in 77 and X; is not struc-
turally sound in 75 then we have a subtree of 77 whose leaf set is X7, yet no such subtree exists in

To; hence T1 # Tb. O

Lemma 5.20. Let T be the basic® representation of a basic cyclic pair. Let R be any switching of
T, and let T1 and T3 be T ’s two maximal subtrees. Let Ry, and R, be two sets such that R1; C X3,
Ry, C X715, (R1)" U (Rp)" = (R)Y, and (R1)" N (Rp)" = 0. Let (Q1,Q2) be a tree pair of T,
and let (Xz)" be a subset of (XQl)L such that (Q1)" | (Xz)" # (Q2)" | (X2)F. If (X2)* C (Ry)E,
fori € {1,2}, then (Q1)" | (R7:)" N (Xq,)" # (Q2)" [ (R7)" N (Xg,)".

Proof. Suppose that (Xz)© <  (Rp)*, for i e {1,2}, and suppose for con-

tradiction that (Q1)*|(RT:)" N (Xg)* = (Q)%|(R)* n (Xg,)" We  must
have  ((Q)"[(Br)"n(Xa)") | (X2)" = (< 2>L\< > <XQ2>L)\<XZ>L, but
(@[ (RR)" N (Xe)") [(X2)" = (Q)"[(X2)" and ((@ N (X)) | (X2)" =
Q)" (X2)%, hence (Q*|(Xz)F = (Qg) | (X2)* - a contradiction. Therefore
(@ [(R7)" N (Xo)" # (@2)" [ (R7)" N (Xgn)". O

Proposition 5.8. Let T be the basic’ representation of a basic cyclic pair. Let R be any switching

of T, and let Ty and Ty be T'’s two mazimal subtrees. Let Ry, and Ry, be two sets such that

Ry, C X7, Ry, C Xpp, (R) U (Rp)" = (R)L, and (R7;)" N (Rp)" = 0. In ITERATIVEALG, if

(R7,)" n (RY) )L #0, (Rp,)" n (RY). ) #0, and (Ry,)" 0 (X )L £ 0, for p € {1,2} and
Tv Qs() e Qs(i+1) ’ Tr Zi P JOTP S

JEN, then (Q)" | (R7,)" N (Xa,)" # (@a)"| (B7,)" N (Xau)"

Proof. We will prove this by induction on j. Base case j = 1: By definition,

(R(l) ) € = \ {(XB)Lv(XZ1)L} and (R( ) ) € = \ {(XB)L,(XZI)L,<R81)*)L}, where = =

{(XAQl)L n (XA%)L’ (XAQl>L a (XMQz) ’ (XM ) (XA%)L ’ (XMQ1>L M (XMQz)L}'

Without loss of generality, suppose that (R7;)* N (Réh) ) # 0, (Rp) N (RSQ)*)L # 0, and
(Rr7)" 1(Xz7)" # 0 then, by Lemma 511, (Q1)" | (R7:)" N (Xa1)" # (@2)"| (Br)" N (Xg,)" . Tn-
duction hypothesis: If (R%) (R(Qf( )) (RT) ( 5;;“)) # (), and (R%)Lﬁ (XZ])L #0

then (Ql)L|(R7;)L (XQ1) # Q)" ( 7;) N (Xg,)". Without loss of generality, suppose

vk L L
that (R (5;111)) #0, (Rr)"n (BGH)7 # 0, and (Rp)* 0 (Xz,,)  # 0. Now, by

)
Step 10, (R é;if+1>) (B)+ (RET) = (BY))" and (Xz0)” = (X, )"0
L L L
R7~1 ( Q5 )) #+ (). By Step 7, (XSqu) C (ij) , SO we have (R7-1)L N (ij> # 0. If
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y Lemma

Qf(j+1))L - () then we are done, so suppose that (Ry;)* (Rg;( +1>) 0. B
s (R = (RE),) 0 () () s enee ()0 ()0 () 7) #
0. Since R is a switching of 7 and (R7 )" N (R(j)* )L = (), we have (RQf< +1)) (Rp)"

Qr(i+1)
L
By Lemma 5.20, if (Xz) C (Rp)" then (Q)"|(Rp)" N (X" # (Q)" | (Rn)" N (Xq,)",
L L
because, by Lemma 5.16, (Q1)” | (ij> £ (Q)" | (XZJ.) . Since R is a switching of 7, we

have (R7)" N (XZj)L £ 0. If (Rp)* N
L NN L L
(R (RG))" = 0 shen (RG] )" € (Rr)™. since ()" 1 ((X5)"\ (X7,.,)") # 0
and (R7)" N (ij+1>L # (), consider [(Rﬂ)L N ((XZ].)L\ (XZJ-H)LH U ((RTI)L N (ij+1>L).
We see that [(Rﬂ)L N <(XZ],>L\ (XZJ.H)L)] U ((Rfrl)L N (XZJ.H)L) is structurally sound

L L
in (Qf(j+1)> |(R7~1) N (XQf(j+1)) , because, by Lemma b5.15, (XZJ,) is structurally

G \*
(RQf(j)> 7’5 @ then we are done, SO suppose that

. G)* L L L L .
sound in (Qf(j41) ) (RQf(j)) U (ij> and (XZj+1) C (XZ].) . By construction,
L L L L . :
{(RTI) ((XZ ) \ (XZ]-+1) )] U ((Rﬂ) N (ij+1> ) is not structurally sound in
L I L ) L L L .
(Qf(j)> | (R7;)"N (XQf(j)> , because the smallest subtree in (Qf(j)) | (R7)"N (XQf(j)) contain-
L L L L
ing all of [(RTI)L N ((ij> \ (XZHJ )] U ((Rﬂ)L N <ij+1) ) must contain some of (stj)
L -\ L
and (Xs, )" C (Rg) )" Therefore (Qu)"| (R7)" N (Xg,)" # (Q2)" | (Rn)" N (Xq,)". 0
Theorem 5.5. Let T be the basic® representation of a basic cyclic pair. Let R be any switching of
T, and let Ty and Tz be T ’s two maximal subtrees. Let R, and Rr, be two sets such that R, € X7,
Ry, C X7, (R7)*U(Rp)" = (R)Y, and (R7)“ N (R7)* = 0. In ITERATIVEALG, if the statement

oes not display a tree twice” is returned, upon input of a sterile major tree pair (Q1, Q2 en
“d t display a tree twice” is ret d, upon input teril jor tree pai , th

Q" | (R7,)" n(Xq)" # Q)" | (Ry,)" N (Xq,)", for some p € {1,2}.

Proof. Suppose that the statement “does not display a tree twice” is returned. There are several

in whi i Lo (9 )" M
ways in which that can occur. First let us look at (R7) (RQf(j)) , (RT) (RQf(]+l)> , and
L
(R7;)L N (XZJ) . By Proposition 5.8, if (R%) (Rgi( )) # 0, (R%) (Rg;(]+1)) # (), and

L
(R7,)"n(Xz) " # 0 then (Q)" | (Ry,)"N(Xq)" # (Q2)" | (Br,)"N(Xg,)". Now, by Lemma 5.20
L
and Lemma 5.16, if (ij) C (R7,)" then (Q)"| (R7,)" N (Xo)* # (@2)" | (R1)" N (Xo,)*,
so, without loss of generality, suppose that (Rz )" N (R(j)* )L =0, (Rr)"n (R(j)* )L # 0
, g Y, Supp T Qr(j) T Qri+1) ’
L o\ L
and (Rp)" 1 (Xz,)  # 0 then (RY) )7 C (Rp)"; hence (Ry,)" (jo{( )) £ 0, (Rp)*
(RS )L = 0, and (Rp)" N (X )L # 0, which implies that (R )L C (Ry)". There-
Qri+n) ’ T2 Zi ’ p Qrg+ny/) = VT

% L % L
fore (Rg;(j)) C (Rp)" and (Rg;(jﬂ)) C (R7)". Returning to the implications of the al-

. L
gorithm returning “does not display a tree twice,” suppose that in Step 5 (Ql)L| (Rbf(j+1)) #
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Ly (pi L L (por L
(Q2) ‘(RQf(jJrl)) » where 4, j € N and ( Qf<z+1)) - (RQf(j+1>) U Xp) (XSZj) - Now
L L
((XDH) \ (Xs,,) ) - (XZ].) , and if ((XDH) \ (Xs,) ) C (R7;)" then, by Lemma 5.20,
L
Q)" [ (R7:)" N (Xg)" # (Q2)" | (R73)" N (Xq,)". Suppose that ((XDH) \ (Xs,,) > ¢ (R7)"
L %o\ L
then, since R is a switching, (Ry;)" N ((Xpil) \ <X52j> ) # (). Since (jo)f@)) C (Rp)" and
L L L L
((XDil) \ (ngj) ) £ 0, (XSZ]_) is not structurally sound in (Qf(j)) | (Rp)" N (XQf(j)) :
t (Xs, )" is structurall di "Ryt (x “ b by L 5.15
ye ( Szj) is structurally sound in (Qf(jﬂ)) | (R7;) ( Qf(j+l)) , because, by Lemma 5.15,
L ' L L L L
(XZJ,) is structurally sound in (Qf(jﬂ)) | (R7;)" N (XQf(j+1)) and ((XDil) \ (XSZ]) ) -
L
(Xz,)". Therefore, by Lemma 5.19, (Q)"|(Rp)" N (Xg)" # (Q2)"|(Br)" N (Xq,)", as
(xs.,)" < (r3),,)"
5z;) = \TQs) - 5 . 5
Suppose that in Step 7 (XSDJ ¢ (XZJ.) then there exists = € (XSD ) such that x ¢
L L_ L_ (g \* G \*
() st = = () () ) 0 )
2 _ ()"
(RQf< ))L =0, ( Qf(y+1>) N (ij) =0, ar;d (R )) (XZ ) = (); hence z € (Rp;)" beiause
(jo)c(])) C (RTQ)L_ Since (RB)L N (XZ].) # (), we see that (XSZ ) ( R7-2 (ij) ) is
L L L
structurally sound in (Qf(jﬂ)) | (R;)" N (XQf(j+1)) , (XSZ ) C (Ré;( ) , yet (st.) U
L L
((RTQ)L N (XZJ) ) is not structurally sound in (Qf(j ) | (Rp)" (XQf(,)) because the smallest
. L L L ..
subtree in (Qf(j)> | (R7z)" N (XQf<.)) containing all of XSZ (RT2 ) ) must
contain z, and = ¢ (XSZ ) by construction. Therefore, by Lemma 5.19, (Q1)* |(R7—2) (XQ1) #
(Q2)" | (R7:)" N (Xq,)"

. L i+2g—1 . L i+2¢—1\L L i+2¢—1\L
Suppose that Lm Step 9 (Q1) ‘(RQf( )L> = (Q2) ](RQf() 2 , (Q1) ’(RQHJH))L #
L i+2qg—1 L i+2q L i+2q i+2qg—1 o
(Q2) |(RQf<jL+1>) ’ aid (Q1) |(RQf(j+1)L) 7 (QQ)L| (RQf(J+1> ’ WLhere (RQf(n L) -
i+2(q—1) i+2g—1 o i+2g—1
((RQf(J) ) \(ij) ) Y (XSDz'+z<q—1>) ’ (RQf(j-H)) - (XQf<j+1>) \ (RQf(j) ) , and
pit2a i+2(a-1)\F L
( Qf(]+1)) <RQf(j+1) ) Y (XSDH—Q(q—l)) , for some ¢ € N It (RTQ) N
L
((x b)) 70 and (RR)E0 (Xsy ) # 0 then (Q)F | (Br)" 1 (Xo))" #
(Q2)F |(R ) N (Xo,)", because (X )L is structurally sound in (Q ; )L](R(j)* )L U
2 T2 QR2) > Zj Y fG+1) Q)

><:

L . . .
i+2(q—1)) - (ij) ) SDi+2(q71) is the sibling of D; g(4—1), and

HQ((] 1) - (Rg;;))L, (ij)L is not structurally sound in (Qf(j))L](Rgi;))L

( ) t, since (XSD

(%o

(X ) , so that (Qf(j))L | (Rp;)" n (XQf(j)>L contains the triple zz|y, where z € (Ryp)"
(Xs

(

><

><

Dita(q— 1)) Y€ (RTZ)L M <<XZJ')L\(XSD1'+2(¢11))L>’ and z € (XDiJrz(qfl))L’ whilst

L
Qf ]+1)) (Rp)* (XQf(j+1)> does not, so, by Lemma 1.2, (Q1)"|(Rz)* N (XQl)L #
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(@2)" | (Rr)" 1 (Xau) 1t (Br)" 0 ((Xz) "\ (X, ,))") = 0 then, since R is a switel

(
. . i+2¢-1\L L
ing, ((ij) ( Dy ya(q- 1)) ) C R7-1 . This means that (RQf( +1)) C (Rp)", so, by
N

L
Lemma 5.20, (Q1)" | (Rr)" 1 (Xq))" # Q)" |(Rn)" N (Xg)" 1 (Rp)* 0 (X, ) =0
i L i L
then (XSD e 1)) (R7)*.  Consider (RC;fQ((inl)) for ¢ = 1 we have (RQti(iUl)) =
i+2(g—1)\ L
(Rgi(jﬂ)) < (XSZ) > by Step 5, and in this case we have (chﬂ(il))) C (R7)", be-

. L
cause (Ry)"n (( Xp, )\ ( XSzj) ) = (), from the first paragraph, which means that ( Rg;z(qm) C

(RTl)L; hence for ¢ = 1 we get (Ql)L ] (R7—1)L N (XQl)L # (Qg) \(RTI) XQ2) by Lemma
i+20-0\E _ (p) O\ L
5.20. For g > 1, we see that (RQH ) ) = (RQf(]Jrl)) U <(XDY XSZ U XSD “u..u

(XSDHQ(H))L' Suppose that (R7—2) N (XSD ) # (), for some o € {3,...,i+2(q—2)}. If (R7—2)
((%X2)"\ (Xs0,)") # 0 then (@0 | (R)*1(Xa,)* # (@) | (R 1(Xqu)", or the same rea

L L
sons when o = i 42 (¢ — 1). Suppose that (R7,)" N <(ij) \ (XSDQ) > = (), but this means that

<(XZJ,)L\ (XSD )L> C (RTI)L. Now we must have (Ql)L| (R%Jfré))L = (QQ)L| (R%jfé))L and

<Q1)L‘ ( %Jfr<1]+1>) L| ( %Jfr(lﬁl)) » Where (R%;r(ly)) - (( %fo‘))L \ (XZJ')L) Y (XSDC«)L
L L T L
and (R%J;(laﬂ) - (XQHJH)) (R%Jfr(lj)> - We sce that (R%Jfré)) - (jo)fu)) J (XSDQ)

L L
a+1 a+1 L,
and (RQf(J+1)) ( Qf(3+1>) (( ) (X ) )’ s that (RQf( +1)) C (f7;)"; hence,
by Lemma 5.20, (Q1)"|(Rn)Y N (Xo,)* # (Q2)* |(RTI) N (Xg,)". Suppose that (Rp,)"

L L
(XSD ) = 0, for all & € {i,...,i+2(¢—2)}, t (Rgf((q 1)) C (R7)", but this means
that (Rgf(qﬂ)) C (R7)", as (XSDHz(q 1)) C (R7;)"; hence, by Lemma 5.20, (Q1)* | (R7;)"

(Xo)" # ()" | (Br)" N (Xq,)"
. L L L L
Suppose that in Step 10 we have (Q) \( gﬂj)) # (Q2) |( 8f(j)> and
@F1(RE,,.,) # (@"1(RG,,,,)" for some m e N whe (Rg,)" -
L L L
<(R8f(J1)) ( ) ) (XSD ) and( Qf(JH)) - (XQf<j+1)) \( 8f(j>) -+ From Lemma
L L L
5.16, (Q1)" |(X5Dm71) £ (Qq)" |<XSD ﬂ) , as (XSDm,l) = (XZ],H) . We also see that
N L N L
( Z?nf(j))L - (Rgi(n) U<X5Dm—1)Land( Qf(]+1))L - (R(ij)'(j+l>) U<(XZJ'>L\ (XSDm—l)L) =

L L
(Rp)" N (XSqu) # 0 and (Rp)" N ((ij) \ (XSD - > > # () then, as in the previous para-

graph, (Q)" | (R7)" N (Xq,)" # (Q2)" | (Rp)" (XQQ)L If (Ry;)" (XsD 1)L=@then, since
R is a switehing, (Xs, ) € (Rp)" Since (Q*|(Xs,, ) # (@)1 (Xsp, )"
we have, by Lemma 520, (Q1)"|(Rp)" n XQl )L ;ﬁ Q)" | (R n (X, 1f
(Rp)E n ((ij>L\(Xst1)L> = ( then ( (XSDml)L> C (Rp).  Since

(R(j)* )L C (Rp)", we have ( s )L C (Ry)Y, which implies, by Lemma 5.20
Qr+1) - i) Qrii+1) = i) > p y DY 24U,
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(@) [ (R7)" N (Xg)" # ()" [ (Rr)" N (Xg,)". O

5.3.3.4 Running-time of the iterative algorithm

Lemma 5.21. In ITERATIVEALG, Sz, exists in Step 3 and Sp, exists in Step 7, for i,j € N.

Moreover, (XSZ].)L c (RgJ)v:p)L'

* L -\ L * L
Proof. Tt can be shown that (RS;(J_)) C (Rgig)) , for j € N. Since (RS;U)) # () by definition,

Y 2 0. We also b RO Yo (xz) =0 by L 514. By L
) # (. We also ave( Qf(j)) (Zj) = (), by Lemma 5.14. By Lemma

L . . L G)* L L . .
5.15, (XZJ) is structurally sound in (Qf(j+1)) | (RQf(j>> U (ij) , so that Sz, exists in Step

we have (Rg;;)

L 4)* L L . . .
3, and (stj) - (RQf(j)) . We must have ()igzj) # (), since SZ].LeX1sts, so in Step 4 D;_1
exists. In Step 5 we must have (Q1)” | (Rbf(jﬂ)) # (Q2)" | (Rle(Hl)) , otherwise the algorithm

would stop. In Step 6 D; exists, so that (XSZ]_)L is structurally sound in (Qf(j))L| (Rbf(j))L.

(R )0 (%) = 0t (1, ) = (557, )" B e 530, @0 (A, ) =

(@)1 (RG),,) w0 thatif (R ) 1 (X2,)" = 0 then @07 (Ry,)” = @a)" | (Riy,)
. L L . L L

hence we never get to Step 7 if (Rbf(j)) N (XZj> = (). Therefore (Rbm)) N (XZJ) # (; thus

in Step 7 Sp, exists. O

Lemma 5.22. In ITERATIVEALG, if in Step 9 we go back to Step 6, replacing i with i + 2, then

Sp,., exists in Step 7.

A L L
Proof. As in the proof of Lemma 5.21, we need to prove that (R’Q'?(j)) N (XZ].) # (). Suppose
. L L L . L
for contradiction that (RHQ ) N (X ZJ) = () then (X Zj) C (R’Jr2 ) , but, by Lemma 5.20

Qr) A Qr(i+1) i
S L i+2 L i+2 e s .
and Lemma 5.16, this implies thit (Q1)" | (RQf(j+1>) # (Q2)" | (RQf(j+1)2 , which is 1rnp0581b1£:,
because in order to get (Rgf(j)) we have to have had (Q1) | (Rgﬁjﬂ)) = (Q2)"| (Rgﬁjﬂ)) .
: L L
Therefore (R’éﬁj)) N (X Z].> # 0, so that Sp,,, exists in Step 7. O

Proposition 5.9. ITERATIVEALG runs in polynomial-time.

Proof. First, the checks that are made in ITERATIVEALG are checking whether or not two trees
are isomorphic (in the phylogenetic sense), and checking whether or not two trees are isomor-
phic is polynomial-time. In fact, the authors of [29] showed checking whether or not two trees
are isomorphic is linear-time, and the author of [30] showed that checking whether or not two
trees are isomorphic is alogtime. Now, we will construct a one to one function from iterations
of ITERATIVEALG to elements in (Xz, )" U [(le)Lr, where [(XZI)L}* = {x* tx € (XZl)L}.
Since the maximum number of steps between iterations is a constant, the above construction will

show that ITERATIVEALG runs in polynomial-time. First we will construct a one to one function
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from iterations of ITERATIVEALG to {1,3,...,2p —3,2p — 1}, where p € N, given that ITERA-
TIVEALG stops at p. There are two ways in which ITERATIVEALG can be iterated. The first
way is in Step 9 when we are sent back to Step 6, and we replace ¢ with ¢ + 2 whilst not chang-
ing j. The second way is in Step 10 when we are sent back to Step 3, and we replace j with
j+ 1 and ¢ with m + 1, where m + 1 € {i+2,i+4,i+6,...}. Since at the start of ITERA-
TIVEALG ¢ = 1, we can construct a one to one function from iterations of ITERATIVEALG to
{1,3,...,2p—3,2p — 1}. Now we construct a one to one function from {1,3,...,2p —3,2p — 1} to
(Xz,)FU [(XZI)LF. Let n be any element in {1,3,...,2p — 3,2p — 1} then, by Lemma 5.21 and
Lemma 5.22, <X5Dn)L # (). If n = 2p—1 then send n to any element in (XSDH)L. If n # 2p—1 then
n€{1,3,...,2p — 3}, and, by Lemma 5.21 and Lemma 5.22, (XsDn+2)L #0,..., (XSsz_l)L # .

If (XSDn>L \ ((XSDn+2)L U...U (XSDQP_l)L) # () then send n to any element in (XsDn)L \
(Kspa) 00 (X)) 1 (K )\ (s ) 020 (X, ,)) = 0 then
(XSDR)L = (XZj)L for some j € N, because if (XgDn)L # (XZj)L for all j € N then (XSDH>L\

((XSDM)LU...U (XSDQP_I)L) — (Xs,,)", and since (Xs, )" # 0, we have (Xs, )"\

(Ksp,.) "0 U (s, ,)") # 0 Consider (X, )\ ((Xss,,) 000 (X)),
1t (X, )\ (Fs,) U0 (X, )7) = 0 then (X, )" = (Xz)" but, by
Step 7. (Xz,,1)" € (Xz)" hence (X, )\ (X, ) 000 (X)) # 0 - a o
tradiction. Therefore (XSDHZ)L \ <<X3Dn+4>L U...u (XSszl)L> # () thus [(XSDnH)Lr \
<[(X3Dn+4)L]*U"'U [(XSD%I)L]*) # (), so send n to any element in [(XSDMQ)L]* \
<[(X5Dn+4)L]*U"'U [(XSD%I)L] *) Now we will show that this function, call it g, is

one to one. Take any a,8 € {1,3,...,2p—3,2p— 1} such that o # (. We see that
L
« is either sent to an element in (XSD ) (( Sp +2) (X5D2 ) ) or to an el-

ement i (%50, ([(Rsn)] o

is sent to an element in (XSDQ)L \ ((XSDMQ) U...U(XSDQP_I)L> whilst S is sent to

an element in [(XsDﬂ+2)Lr \ ([(XS%H)LTU...U [(XSD%_I)LT) or vice versa, then

g(a) # g¢g(B). Without loss of generality, suppose that o < [, and suppose that «
L L L
is sent to an element in (XSDQ) \ ((XSDQH) Uu...U (X5D2p71) ) whilst 3 is sent to

SD2 } ) Similarly with (£, so if «

an element in (XSDB>L \ ((XSDBH)LU...U(XSD%1)L>. Since @ < [, we see that

(Xs0,) NV (X, ) 0200 (X, ) 7)1 (X, ) = 0,50 that g (a) £ 9(5). Similarly

with the other case. Thus g is a one to one function; hence there is a one to one function from
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*
iterations of ITERATIVEALG to (Xz,)" U {(X Zl)L] . There are a maximum of 8 steps between
iterations, whilst there are two steps at the beginning of ITERATIVEALG that only feature in the
first iteration. Therefore the maximum number of steps that ITERATIVEALG can perform is less

than or equal to 16 ’(XZI)L’ +2. O

5.4 A Sufficient Condition

In this section a sufficient condition for a network to display a tree twice is presented. The sufficient
condition relies on some new concepts and observations. The first new concept is that of a chain
of tree pairs, which is a series of tree pairs such that the tree pair following another tree pair in
the series either has its first element as a maximal subtree of the first element of the tree pair that
proceeds and likewise with the second element, or the tree pair that follows another tree pair is the
result of the proceeding tree pair being inputted into ITERATIVEALG. The second new concept is
that of a major tree pair that is not a sterile major tree pair, which we call a fertile major tree
pair, and these major tree pairs have the property that one of the maximal subtrees of the first
element makes a major tree pair with one of the maximal subtrees of the second element. The third
new concept is that of a sterile major tree pair that meets the input criteria of ITERATIVEALG
and yields a major tree pair together with sets upon input into ITERATIVEALG, which we call a
productive sterile major tree pair. This leads to the concept of a chain of tree pairs where every
link in the chain is either a fertile major tree pair or a productive sterile major tree pair, which
we call a chain of fertile/productive sterile major tree pairs. A simple observation would be that
a chain of fertile/productive sterile major tree pairs must eventually end at either a trivial tree
pair or a non-productive sterile major tree pair. A chain of tree pairs where every link except the
last is a fertile major tree pair or a productive sterile major tree pair is called a maximal chain of

fertile/productive sterile major tree pairs.

Definition 5.11. A chain of tree pairs is a series of tree pairs (U}, Us ), (U2, U3),. .. (U}, UY), where
n € N, such that either Uf is a maximal subtree of Uf ~!and Ug is a maximal subtree of Ug ~or

(Uf, Ué) is the output of (Uf_l, Ug_1> being inputted into ITERATIVEALG, for all j € {2,...,n}.

Example 5.10. An example of a chain of tree pairs in the following figure is
(T1,T2), (U1,Us), (Q1,Q2), as (U1, Uz) is the result of (71, 72) being inputted into ITERATIVEALG,

whilst 01 is a maximal subtree of U; and ()9 is a maximal subtree of Us.

91



Definition 5.12. A major tree pair (Uy,Us) of a representation 7T is a fertile major tree pair of T
when one of the maximal subtrees of U; makes a major tree pair with one of the maximal subtrees

of UQ.

Example 5.11. The major tree pair (Ui, Us) from Example 5.10 is a fertile major tree pair, as

(Q1,Q2) is a major tree pair.

Definition 5.13. A sterile major tree pair (Uy,Us) of a representation 7T is called a productive
sterile magor tree pair when (U1, Uz) meets the input criteria of ITERATIVEALG, and (Uy, Us) yields

a major tree pair together with sets when inputted into ITERATIVEALG.

Example 5.12. The sterile major tree pair (71, 72) from Example 5.10 is a productive sterile major

tree pair.

Definition 5.14. A chain of tree pairs is a chain of fertile/(productive sterile) major tree pairs

when every link in the chain is a fertile major tree pair or a productive sterile major tree pair.

Example 5.13. The chain of tree pairs (71,72), (U1,Uz) from Example 5.10 is a chain of fer-

tile/(productive sterile) major tree pairs.

Definition 5.15. A chain of tree pairs (U}, Us),(UZ,U3),... (U, U), where n € N, is a mazimal
chain of fertile/(productive sterile) major tree pairs when (UL, U3),... ,(Uln_l, Ug_l) is a chain of
fertile/(productive sterile) major tree pairs and (U7",U3') is either a non-productive sterile major

tree pair or a trivial tree pair.

Note 8. In the above definition we allow a maximal chain of fertile/(productive sterile) major tree

pairs that consists of one tree pair.
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Example 5.14. The chain of tree pairs (71, 72) , (U1, Us) , (Q1, Q2) from Example 5.10 is a maximal
chain of fertile/(productive sterile) major tree pairs, as (Q1,Q2) is a non-productive sterile major

tree pair.

Lemma 5.23. Let (U1, Usa) be a major tree pair of T. Let Ay,, My, be the two mazimal subtrees
of U1, and let Ay,,My, be the two mazimal subtrees of Us. If (Uy,Us) is a fertile major tree pair
then either (Ay,, Ay,) and (My,, My,) are tree pairs or (Ay,, My,) and (My,, Au,) are tree pairs.

Proof. By the definition of a fertile major tree pair, one of (Ay,, Aw,), (My,, Mv,), (Av,, Mu,),
or (My,, Ay,) is a major tree pair. Without loss of generality, suppose that (Ay,, Ay,) is a major
tree pair then (XAUI)L = (XAUQ) . Now (XAU1> N (XMUl) = () and (XAU ) U (XM ) =
(Xp,)", so (XMUl)L = (Xp)"\ (XAUI)L. Similarly for (XAUZ)L and (XMU2) , SO (XMU2> =
(Xu,) "\ (XAUQ)L. Since (Xy,)Y = (Xy,)" and (XAUl)L = (XAUQ)L, we have <XMU) =
(Xu,)™\ (XAUl)L = (Xu,)"\ (XAU2>L = (XMU2>L. Therefore (My,, My,) is a tree pair. O

Lemma 5.24. A chain of fertile/(productive sterile) major tree pairs can be extended to a mazimal

chain of fertile/(productive sterile) major tree pairs.

Proof. Since we can not have a never ending chain of fertile/(productive sterile) major tree pairs,

we must eventually get a maximal chain of fertile/(productive sterile) major tree pairs. O

Proposition 5.10. Let T be a basic® representation of a basic cyclic pair with mazimal sub-
trees T1, T2 such that (7'1)L #+ (7§)L, and Cy = 0. If every sterile major tree pair (Q1,Q2)
that is the last tree pair in a maximal chain of fertile/(productive sterile) major tree pairs

starting at (T1,72), where Q1 has mazimal subtrees Ag,, Mg, and @2 has mazimal sub-

trees Ag,, Mo,, has <MQ1>L,((XMQI)%(XMQ2)L) _ (M@)L,((XMQI)%(XMQQ)L),
(400" | (Xag,) 1 (Xao,) ") - (10" | (¥ae,) 1 (Xao,)"),
(Mo, | ((XMQ2>L n (XAQl)L) - (Ag))" | <(XMQ2>L n (XAQl)L>, and
(AQQ)L|<(XAQ2)Lm(XMQ1)L) _ (MQI)L<(XAQ2)Lm(XMQ1)L) or ITERATIVEALG re-

turns the statement “displays a tree twice” upon input of (Q1,Q2). Then T displays a tree

twice.

Proof. We will construct two sets R and W that together show that 7T displays a tree
twice. Let Rp; be a subset of X7, and let Ry, be a subset of X7,. Let (Up,Uz) be any
tree pair of 7. Let the two maximal subtrees of U; be Ay,, My,, and let the two max-

imal subtrees of Us be Ay,, My,. If (Up,Us) is a sterile major tree pair then (U, Us)
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can be either a productive or non-productive sterile major tree pair. If (U;,Usz) is a non-

productive sterile major tree pair then (Ay,,Av,), (My,,Mv,), (Au,, Mu,), (My,,Ay,) are

all not tree pairs. If (My, ) | ((XMU ) (XMUQ)L) = (MU2)L’ ((XMU1>L N (XMUQ)L),
(Aoy)" | ((XAU XAU2> > = (Ap,)" | <(XAU1>L N (XAUQ)L),
(M) | ((XMU2) N (Xa,) ) - (Av)" | <(XMU2)L n (XAUI)L>, and

(Apy)" | ((XAU2>LH (XMU1>L) = (My,)"| <(XAU2)LO (XMUl)L> then define (Ry; N Xa,, )
as having the property that (R’ﬂ N XAUl)L = (XAUl)L N (XAUZ)L, and define (RT1 N XMUl)
as having the property that (RT1 nx MU1>L = (X MUl)L N (X MUQ)L. Similarly, define
(R7~2 ﬂXAU2) as having the property that (R7-2 OXAU2>L = (XAUQ)L N (XMUl)L, and de-
fine (R7~2 ﬂXMU2) as having the property that (RTQ ﬂXMUQ)L = (XMUZ)L N (XAUl)L. If
ITERATIVEALG returns the statement “displays a tree twice” upon input of (Up,Us) then
we have (U1)"] (R?Jf(jm)L = (U2)"] (Rg’fml))L and (U1)"] (R?]f( ))L = ()" (Rqu(a'))L
for some j,q € N, where (R?ff(j))L - (XUf(j))L \ (R?ffml))L’ (R?ffm)L s (XUf(ﬂ)L’ and
(RquH))L - (XUf(j+1))L. Define (R7;) N (Xp,) as having the property that (Rp N Xy, )" =
(R‘(Zh)L, and define (R7;) N (Xy,) as having the property that (Rp, N Xp,)" = (RqUQ)L. If
(Uy,Us) is a productive sterile major tree pair then (U;,Usz) yields a major tree pair (Y71, Y2)
together with sets (Rgl)*)L, (Rgg*)L, and (XZj>L, for some j € N, when (Uy,U,) is inputted
into ITERATIVEALG. As in Proposition 5.7, define (R7; N Xy,) as having the property that
(R, N Xy, )t = (Rg‘g*)L U ((Rr)" N (Xy,)").  Similarly, define (R, N Xy,) as having the
property that (Ry; N Xy, )" = (jo)L U ((RB)L N (XYQ)L) If (U1, Us) is a trivial tree pair then
(U)* = (Us)". Define R, N Xy, as Xp,, and define Ry, N Xy, as the empty set. Let R be
R7; UR7;. We claim that R is a switching of 7. In order to prove that claim, we need to show that
for each v;™ € X7, where m € {1,2} and i € N, exactly one of v;™, v;", where n € {1,2} \ {m}, is
in R. Take any v{™ € X7 then, since T is a basic? representation, either v{™ € X7; and v{" € X,
or vi™ € X7, and v{" € X7;. Without loss of generality, suppose that v;™ € X7; and v;" € X7;.
Since (T1)" # (72)" and T is a basic® representation, (77, 73) is a major tree pair of T, so (71, 73)
is either a sterile major tree pair or a fertile major tree pair. Suppose that (71,72) is a sterile

major tree pair; let Ay, My be the two maximal subtrees of 77, and let A7;, M7, be the two max-
) I L L I L L
imal subtrees of To. If (Mg )| (X MTI) N (X MTQ) = (Mp)"| (X MTI) N (X MT2> )

a1 ((a7) " 0 () - A (%) 0 (02)"),
N

) | (Xar) 0 (X)) - A" ((Far) 0 (X)), and
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(A7)" | ((XATQ)L n (XMTI)L) — (Mg)F| ((XATQ)L n (XMTI)L) then, since vf" € X7
and v;" € Xp;, either vi™ € Xag, or vim € Xy, and either vt € Xy, or vin € Xz, -
Suppose that vi™ € Xay, and (NS Xy, then vim ¢ Xy, and vt ¢ Xaz,- Thus
L L L L L L
0y, € (XATl) n (XMTZ) W (XMTl) N (XMTQ) , and 0, ¢ (XATl) N (XAE) . Hence,
by definition, ¢,, € <R7—2 N XMTZ)L, so that v;" € Ry;. We also have ¢, ¢ (RTl N XATI)L and
by, & (R7~1 N XMTI)L, so v;™ ¢ Ry,. Of course, vi™ ¢ Ry, and v;" ¢ Ry;, because v;™ ¢ X7, and
vi" ¢ X7,. Therefore v;" € R and v;™ ¢ R. The other cases are similar. If ITERATIVEALG returns
the statement “displays a tree twice” upon input of (7i,72) then ¢,, € (R&)L or 4, € (RqUQ)L.
Without loss of generality, suppose that ¢, € (R(qjl)L then ¢, ¢ (RqUQ)L, by construction. Hence
s, € (R;)", so that, since vS™ € X7;, we have v¢™ € Ry. We see that v ¢ Ry, because
by, & (RqU2>L. We also see that v;" ¢ Rp;, because v;" € X7, and Ry; C X7;. Therefore v;™ € R
and v{" ¢ R.

Suppose that (71,72) is a fertile major tree pair then, by Lemma 5.23, both of the maximal
subtrees of 71 make tree pairs with the two maximal subtrees of 7. Without loss of generality,
suppose that (A7, A7) and (M7, M7,) are tree pairs; then we can have either v;™ € X4, and
vim e X A, OT vim e X My, and v e X My, - Without loss of generality, suppose that vim e X Ar,
and v;" € Xa . Now (A7, A7,) can be either a trivial tree pair or a major tree pair. If (A7, A7) is
a major tree pair then it can either a fertile major tree pair or a sterile major tree pair. If (A7, Ax)

€n
7

is a non-productive sterile major tree pair then we can show that exactly one of v;™, v;™ is in R.
Suppose that (A7;, A7;) is a trivial tree pair. Then Ry; NX 4, is defined as X4, , and RN Xa,
is defined as the empty set. Thus v;™ € Rp; and v;" ¢ Ry, so that v;™ € R and v;" ¢ R.
Suppose that (77, 72) is a productive sterile major tree pair then (77,72) yields a major tree pair
(Y1,Y2) together with sets (R%)*)L, (R%)*)L, and (XZj)L, for some j € N, when (71,73) is
inputted into ITERATIVEALG. By Lemma 5.14, (X77)" = (X7)" = (R%)*)L U (R%)*)L U (XZ].)L,
(R2) n (R2)" =0, (BY) 1 (x2)" =0, and (RY) 0 (x5)" = 0. 160, € (RY)"
then ¢, ¢ (R%)*)L and ¢, ¢ (ij)L; hence £,, € (Ry; N X7;)% and ¢,, ¢ (R7, N X73)*, because
(Xy)r = (Xy)" = (XZj) . Therefore v;™ € Ry N X7, and vi" ¢ Ry, N Xpp; thus vf™ € R
and v ¢ R. Similarly, if £,, € (R%)*)L then vf" € R and vf™ ¢ R. If £, € (XZ],)L then
ly; € (Xvy)" = (Xy,)". We must have vf™ € (Xy,) and v € (Xy,). If (Y1, Y2) is a non-productive
sterile major tree pair then we can show that either v;" € Rand v;™ ¢ Rorv;™ € Rand v;" ¢ R. If
(A7, A7) and (Y7, Ys) are fertile major tree pairs then we can apply the same argument to (Ar;, A7)
and (Y1,Y2) as we did to (71,72). Likewise, if (A7;, Ay;) and (Y7, Y2) are productive sterile major

tree pairs. In this way and by Lemma 5.24, we can get a maximal chain of fertile/(productive sterile)
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major tree pairs (Uf,U3),(UZ,U32),... (U}, US) where (UL, Us) = (T1,T2), (U, U3) = (Ar, Ap)
or (U,U3) = (Y1,Ys), and v{™ € Xy and (DS Xy for all j € (1,2,...,n). Therefore v;™ € Xy
and v;" € Xyp where (UT',U3') is either a trivial tree pair or a sterile major tree pair. In both cases
we see that R is a switching of T .

Next we define another two sets W, C X7, and W, € X7, where W, has the property that
(W) = (R7;)* and Wy, has the property that (Wz)* = (Rp)". We define W as W U W,
Since R is a switching of 7, W is a switching of 7. Now we will show that either v** € R and
v?2 € W or v°2 € R and vt € W. Since R is a switching of T, either v** € R or v*2 € R. Without
loss of generality, suppose that v“* € R. Either v** € X'5; or v*' € X7,. Without loss of generality,
suppose that v°! € X7, then v°' € Ry and ¢, € (Rp;)". Hence ¢, € (Wp,)". Since Wy, € X7, and
v°? € X7, we have v*2 € Wz,. Thus v*2 € W.

The final task is to show that (T|R)Y = (T|W)*. First we will show that if (Uy,Us) is a tree
pair of T then (U1|Rp N Xy,)* = (Us|Wr N Xp,)* and (Uz| R, N Xp,)® = (UL[Wr 0 Xp,)".
Either (U1,Us) is a trivial or a major tree pair. Suppose that (U;,Us) is a trivial tree pair
then (U1)" = (Uu)Y, Ry N Xy, = Xy, and Ry, N Xy, = 0. Now (Rp N Xy,)" = (Xp,)%,
and it is easy to show that (Rp NXy)" = (Rp)* N (Xy,)* It is also easy to show
that (Uy|R7r; N Xp,)Y = (U)Y| (R, N Xy,)% . Since (U)* = ()", we just need to show
that (R N Xp,)* = (W nXp,)®  Since (Xp,)* = (Xp,)* and (Rp)" = (Wp)E, we
have (R7:)" n (Xp)Y = W)t n (Xy,)P. Hence (R N Xy,)* = Wy N Xy,)®. Therefore
(U | (R, 0 XY = (U)" | (W, 0 Xp,)™. Tt follows that (Uy|Ry N Xy, )" = (Ua| Wi, N Xp,) -
Similarly, we can show that (Uz| R, N Xp,)™ = (U1|W; N Xyr,)* (note that we get the result with-
out using our definitions of Ry; N Xy, and Ry, N Xy, ).

Suppose that (U;,Us) is a major tree pair then it is either a sterile major tree pair
or a fertile major tree pair. Suppose that (U;,Us) is a sterile major tree pair then
(U1,Us) is either a productive sterile major tree pair or a non-productive sterile major
tree pair. Suppose that (Up,Us) is a non-productive sterile major tree pair. Let the two

maximal subtrees of U; be Ay,, My,, and let the two maximal subtrees of Uy be Ap,,

My,.  Suppose that (MUI)L ] ((XMUI)L N (XMUQ)L) = (My,)"| ((XMU1>L N (XMU2)L),
(o)1 ((¥a,) 0 (X, = ()1 ((Xa0,) 1 (Xae,) )
) () 1 (X, ) ) - (o)1 ((Xon,) 0 (Ka,) ) and

L L L
(AUQ)L|(<XAU2) ﬁ(XMU1> ) = (MUI)L|(<XAU2) ﬁ(XMU1> ) then first we will show
that (U1|Rpn N Xy)Y = (Uo|WpnXy,)Y.  Note that (RpNXp)* = (WgnXy)E,
(D|Rp N X)) = (U |(Ry 0 Xp,)", and (Ue|Wr 0 Xp,)" = (U2)" | (W 0 X)), o if
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we can show that (U1)" | (R N Xp,)* = (U2)"| (R, N Xy,)" then that will suffice. In order to
show that we need to show that one maximal subtree of (U1)* | (R7; N Xy, )* is equal to a maximal
subtree of (U)™|(Ry; N Xy,)" whilst the remaining pair of maximal subtrees are also equal.
L
We see that the maximal subtrees of (U1)" | (Ry N Xy, )" are (Ay)" | (Ry; N Xy,)" N (XAul)
L
and (My,)" | (R, N Xy,)F 0 (XMU1> whilst the maximal subtrees of (Us)*|(Rp N Xy, )" are
L L
(Avy)" | (B 0 X0y)" 0 (Xay, ) and (My,)" | (Rp 0 X0y)" 0 (Xag,) - We will show that
L L L L L L L L
(Av)" | (R 0 X)) 0 (X, ) = (Au)" | (B 0 X0,)" 0 (X, ) and (Mo)" | (B 0 Xe,)" 0
L L
(XMul) = (My,)" | (Rr; n X)) N (XMU2> . Recall that R7; N Xy, was defined as
L
(R7i N Xap, )U(RBrn 0 Xagy, ). Therefore (R 0 Xo,)" = (R N Xay, ) U (Br 0 Xagy, )) - Teis
L L L
easy to show that ((RTl N XAul) U (RTl N XMUl)) = (RT1 NXa, ) U (Rfrl N XMUl) . Recall
L L L L L
that (RpNXay ) = (Xap) 0 (Xay,) and (RpnXag, ) = (X)) 0 (Xam,)
L L L L L
Hence (RpNXy,)" = ((XAU1> N (Xay,) > U ((XMUI) N (Xo, ) > Thus
L L L L L
(Rp; ﬂXUl)L N (XAU1> = (XAul) N (XAuz) , as (XMU1 N (XAU1 = (. Likewise
L L L
(R N Xu,)" 0 (Xay,) = (Xag,) 0 (Xay,) s as (Xar,) 0 (Xay,) = 0. By the hy-
) . L L L L L L
pothesis of the proposition, (Ag,)” | <<XAU1) N (XAUQ) > = (Ap,)” | <(XAU1> N (XAUQ) );
L L L L L L ..
hence (Au,)" | (Rr 0 Xo)" 1 (Xay, ) = (An)" | (Br 0 X0y)* 0 (Xay,) - Similarly, we can
L L
show that (My,)"| (R N Xy,)* N (XMUl) = (My,)" | (Rr; n Xp,)" 0 (XMUQ) . Therefore
(U1|R7 N Xp,)* = (Us|W, N Xp,)*. Next we will show that (Us|Ry; N Xy, )Y = (UL Wr 0 Xy, )E.
Since (R7, N Xp,)* = (W N Xp,)¥, showing that (Uz)* | (Ry, N Xu,)* = (U | (Ry, N Xy, )™ will
L L
suffice. We will show that (Au,)" | (Ryy N Xe,)" 0 (Xay, )" = (Muy)" | (R 0 Xu,)" 0 (X, )
L L
and (My,)" | (Ry, 0 Xu,)" 0 (Xary, ) = (Au)™ | By, 0 Xu)" 1 (X, )~ Now (R, 0 Xpp,)" =
L L L L I L
((a0,) 0 () ") 0 (o) 0 (X)) Hemee (R0 Xun)® 0 (Xay,)" =
L L L L L
(XAU2) N (XMUl) , as (XMU2) N (XAU2) = (. We also have (R, ﬁXUQ)L N (XMul) —
L L L L
(XAUQ) N (XMU1> , as (XMU1> N (XAUl) = (). By the hypothesis of the proposition, we get the
L L
result. Similarly, (M)" | (Ry; 0 Xv,)" 1 (Xary, ) = (Ay)" | (B 0 Xe,)" 1 (X, ). There-
fore (Us|Rp, N Xy,)" = (Uy|[Wr N Xy,)*. Suppose that ITERATIVEALG returns the statement
“displays a tree twice” upon input of (Uy,Us). We see that (Ui|R7; N Xy, )Y = (Us|Wi, N Xp,)*
and (Us| Ry, N Xp,)* = (U |W 0 Xp,)*, by construction.

The final case is when (Uy,Uz) is a fertile major tree pair or a productive sterile major tree
pair, and here we are going to need induction. We will use induction on the length of the longest
maximal chain of fertile/(productive sterile) major tree pairs starting at any fertile major tree
pair or productive sterile major tree pair. Base case: Let (Up,Us) be any fertile major tree

pair such that the length of the longest maximal chain of fertile/(productive sterile) major tree
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pairs starting at (Uy, Uz) is two. Let Ay,, My, be the two maximal subtrees of Uj, and let Ay,,
My, be the two maximal subtrees of Us. Without loss of generality, suppose that (Ay,, Av,)
and (My,, My,) are tree pairs. Both (U1, Us), (Ay,, Ay,) and (U1, Us) , (My,, My,) are chains of
tree pairs. Since the length of the longest maximal chain of fertile/(productive sterile) major
tree pairs starting at (U, Uz) is two, (Ay,, Ay,) and (My,, My,) are not fertile major tree pairs
nor productive sterile major tree pairs. Therefore we can have both being non-productive ster-
ile major tree pairs or one being a trivial tree pair and the other being a non-productive sterile
major tree pair. In both cases we can show that (AU1|R7-1 ﬂXAU1>L = (AU2|I/V7-2 ﬁXAUQ)L,
(Avs|R7; mXAUQ)L = (4w W mXAUI)L, (M, | Ry ﬂXMUl)L = (My,|Wr, mXMUQ)L, and
(MU2|R7-2 N XMU2>L = (MU1|W71 N XMUI)L. Therefore (Uy|Ry; N Xy, )" = (Uo] Wy, N Xy, )" and
(Us|Ry; N Xp,)® = (UL|W 0 Xp,)Y. Similarly, if (Uy,Us) is a productive sterile major tree pair
then (U, Us) yields a major tree pair (Y7, Y2) via ITERATIVEALG. Hence (Uy, Us), (Y1, Y2) is a chain
of tree pairs. Since the length of the longest maximal chain of fertile/(productive sterile) major tree
pairs starting at (Uy,Us) is two, (Y7, Y2) must be a non-productive sterile major tree pair. We can
show that (Y1|R7; N Xy, )" = (Yao| W, N Xy,)* and (Ya| Ry, N Xy,)* = (Vi|[Wr N Xy, )Y, Moreover,
it follows that (Y))*|(Rr)" N (Xy))* = (Y2)* | (R7)F N (Xy,)" and (Y2)* | (Rp)E N (Xy,)" =
(Y1) | (B3 01 (X, )% thus, by Proposition 5.7, (U1) | (Ry )™ 1 (Xu, ) = (Ua)* | (Rr)* 01 (Xu,)-
and (Uo)Y | (Rp)" N (Xp,)® = (U)Y|(Rp)" N (Xp,)®. Tt follows that (Uj|Ry; N Xy,)Y =
(U)W, N Xy,) and (Ua| Ry, N Xp,)* = (UL|W; N Xp,)*. Induction step: Suppose the result
holds for any fertile/(productive sterile) major tree pair (@1, Q2) such that the length of the longest
maximal chain of fertile/(productive sterile) major tree pairs starting at (Q1,Q2) is less than or
equal to p, where p > 2. Let (U, Us) be any fertile major tree pair such that the length of the longest
maximal chain of fertile major tree pairs starting at (Uy,Us) is p+ 1. Let the two maximal subtrees
of Uy be Ay,, My, and let the two maximal subtrees of Uz be Ay, Mp,. Without loss of generality,
suppose that (Ay,, Ay,) and (My,, My,) are tree pairs. Since p > 2, (Ay,, Ay,) and (My,, My,)
are fertile major tree pairs. Now the length of any maximal chain of fertile major tree pairs starting
at (Ay,, Ay,) is less than or equal to p. Therefore the result holds for (Ay,, Ay,), which means
that (Au R 0 Xay, ) = (AW 1 Xy, )" and (AulRy 0 Xy, )" = (A [Wr 0 Xy, )
Likewise for (My,, My,). Therefore (Uy|R7; N Xy, )" = (U] Wy N X1,)" and (Us| Ry, N Xy,)" =
(U1|W: N Xy,)E. Similarly, if (Q1,Q2) is any productive sterile major tree pair then we get the
result with the help of Proposition 5.7.

Coming back to 7 and its maximal subtrees 71, T2. Now (71,72) is a major tree pair of T,

and (77,72) can be either a non-productive sterile major tree pair, a fertile major tree pair, or a
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productive sterile major tree pair. In all cases we have (7i|R7; N X7)* = (T3|Wp, N X7)* and
(T2|R7; N X71)" = (Ti|Wr 0 X77)". Therefore (T|R)" = (T|W)". O
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Chapter 6

An Algorithm for Deciding whether
or not a Basic Cyclic Pair Displays a

Tree Twice

6.1 Introduction

In this chapter we present an efficient algorithm that decides whether or not a basic cyclic pair
displays a tree twice. This algorithm uses, as its main subroutine, another efficient algorithm that
decides whether or not a basic” representation displays a tree twice. Another subroutine that the
algorithm uses is one that identifies basic cyclic pairs that never display a tree twice. If a basic
cyclic pair is not represented by a basic? representation nor is a desirable configuration then it is of
one of three forms. Each one of those three forms have almost all their basic? representations that
are parsimoniously displayed being desirable configurations; hence the ones that are not desirable
configurations, for which there are at most two, are sent to the main subroutine. In this way we

get an efficient algorithm that decides whether or not a basic cyclic pair displays a tree twice.

6.2 An Efficient Algorithm for Deciding whether or not a Basic’

Representation Displays a Tree Twice

Algorithm : Basic® CHECKER

100



Input : A basic® representation 7 representing the basic cyclic pair B- (w,v, P, P,) such that the
maximal subtrees of T are labeled 71,72, and the maximal subtrees of 7; are labeled Ap, My,
whilst the maximal subtrees of 75 are labeled A7, M7;. We also have v € X, and v € Xy, .

Output : The statement “displays a tree twice” or the statement “does not display a tree twice.”

1. Check if (T})* = (T3)*. If so then go to Step 6.

Do

. Check if (Ty)* ( ) (Mg,)* and C7, = 0. If so then go to Step 6.

w

. Check if (T7)* ( ) (Mg,)" and Cr, = 0. If so then go to Step 6.

4. Check if C7 = (). If so then go to Step 5. If not then go to Step 7.

ot

. For every sterile major tree pair (Q1,@Q2) such that (Q1,Q2) is the last tree pair of a maximal

chain of fertile/(productive sterile) major tree pairs starting at (71, 72) check if

(Mo)" | (Xore, ) 1 (Xore, ) ) = (M) | (Yoo, ) 1 (Xosg,) ),
(40" ((Xag,) " 1 (¥2,)") - (0" ((Xag,) " 1 (Xa0,)"):
Mo ((Yone,) 0 (Xa)") = e I (Fase,) 0 (Xag,) ) and
(40" 1 (Xaa,) "1 (X, ) ) = 00" 1 (Xag,) 1 (Xorg, ) ). where g, Mo,

are the maximal subtrees of @)1 and Ag,, Mg, are the maximal subtrees of Q2, or (Q1,Q2)
meets the input criteria of ITERATIVEALG and ITERATIVEALG returns the statement

“displays a tree twice” upon input of (Q1,Q2). If so then go to Step 6. If not then go to Step
7.

6. Return the statement “displays a tree twice.”

7. Return the statement “does not display a tree twice.”

6.2.1 Proof that Basic® CuEcKER works

Theorem 6.1. Let T be a basic® representation. T displays a tree twice if and only if Basic?

CHECKER. returns the statement “displays a tree twice.”

Proof. If BAsic? CHECKER returns the statement “displays a tree twice” then either (77)" = (73)%,
L L

Cr, = 0 and (E)L\(XMTl) = (Mp)E, Cr = 0 and (ﬂ)L](XMT2) = (Mp)F,

or Cr = 0 and for every sterile major tree pair (Q1,@2) such that (Qi,Q2) is the

last tree pair of a maximal chain of fertile/(productive sterile) major tree pairs starting

at (Ti,Ts) either (MQl)Ly<(XMQ1)Lm(XMQ2)L> = (MQQ)LI((XMQI)LH(XMQQ)L),
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(400" | (Xag,) 1 (Xao,) ") - (40" (Xag,) 1 (Xao,) ")
(Vo))" | (Xorg,) 1 (Xag, ) ") - (00" | ((¥aig,) 11 (Xag,) "), and
(AQQ)L| ((XAQ2>L N (XMQl)L) = (MQl)L| ((XAQQ)L N (XMQl)L), where Ag,, Mg, are
the maximal subtrees of @1 and Ag,, Mg, are the maximal subtrees of )2, or (Q1,Q2) meets the
input criteria of ITERATIVEALG and ITERATIVEALG returns the statement “displays a tree twice”
upon input of (Q1,Q2). In each case T displays a tree twice, by Proposition 5.1, Proposition 5.2,
Proposition 5.2, and Proposition 5.10, respectively.

If Basic® CHECKER returns the statement “does not display a tree twice” then there
are two ways in which this can occur. The first way is when (77)% # (T2)%, (Cp # 0 or
(T | (Xay, ) # (M)*, On # 0 or (T)"| (Xary, ) # (M7)*, and O # 0. Now T docs not
display a tree twice, because the only way that 7 can display a tree twice when (77)* # (T3)%,
Or # 0 o ()" (Xar )" # (M), and (On # 0 or (T)F| (Xary) # (Mp)*) is when
C7 = (. The second way in which the statement “ does not display a tree twice” can be returned
is when (T1)" # (), ("] (X ) # (M), (] (Xarr)” # ()", €7 = 0, and
there exists a sterile major tree pair (Q1,Q2) that is the last tree pair of a maximal chain of

fertile/(productive sterile) major tree pairs starting at (77, 72) such that at least one of the follow-

ing does not hold: (MQI)Ly((XMQl)Lm(XMQz)L> = (MQQ)L|((XMQI)Lm(XMQQ)L),
(00" 1 ((¥a0,)" 1 (Xa,)") - (0" ((Xag,) " 1 (Xa0,)"):
(0" | (¥uie,) 1 (X)) = ) () 0 (g, ) ") and
(AQQ)LI((XAQQ)Lm(XMQl)L) _ (MQl)L|((XAQZ)Lm(XMQI)L), where Ag,, Mg, are

the maximal subtrees of Q1 and Ag,, Mg, are the maximal subtrees of ()2, and either (Q1,Q2)
does not meet the input criteria of ITERATIVEALG or ITERATIVEALG returns the statement
“does not display a tree twice” upon input of (Q1,Q2). By Lemma 5.10, either all of or all but

_ L L L L
one of the following is not equal to the empty set: (XAQ1) N (XAQ2> , (XAQ1) N (XMQ2) ,

L L L L

(XMQ1> N (XAQQ) , (XMQ1) N (XMQQ) . In the former case, T does not display a tree twice,
by Theorem 5.3. In the latter case we employ ITERATIVEALG, and if (Q1,Q2) does not meet
the input criteria of ITERATIVEALG then 7 does not display a tree twice, by Theorem 5.4. If
(Q1,Q2) meets the input criteria of ITERATIVEALG then we must have ITERATIVEALG returning
the statement “does not display a tree twice” upon input of (Q1,Q2). In which case suppose
for contradiction that 7 displays a tree twice. Then there exists two switchings R and W of T
such that (T|R)" = (T|W)*. Let Ry and Ry, be two sets such that R, C X7, Ry, C Xr,

(Rr)Y U (Rp)* = (R)*, and (R)Y n (Rp)* = 0. Likewise, let Wy and Wy, be two sets
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such that W C X7, Wy, C X7p, (Wr)" U (Wp)* = (R)*, and (W) n (Wr)Y = 0. Since
(T)" # (T2)" and C7 = 0, we have (Ti|Rp;)" = (To|Wp)" and (To|Rp)" = (Ti|Wr)". By
Lemma 54, (T))"|(Rp)" = ()" [(Rp)" and (T2)"|(Rp)" = (T)"|(Rp)". By Lemma
5.5, (Q)"[(RR)" N (Xo)" = (@)"[(RR)" N (Xg,)" and (Q2)"[(Rp)" N (Xg,)" =
Q)" [ (Rr,)" N (Xg,)". By Theorem 5.5, (@1)" | (R7,)" N (Xo,)" # (Q2)" | (R7,)" N (Xq,)", for

some p € {1,2} - a contradiction. Therefore 7 does not display a tree twice. O

(RT;
(RT3

6.2.2 Running-time of Basic? CHECKER

The checks that are made in BAsic? CHECKER are checking whether or not two trees are isomorphic
(in the phylogenetic sense), and checking whether or not two trees are isomorphic is linear-time [29].
The maximum number of steps that Basic® CHECKER can take is a polynomial in terms of the
number of leaves in 7. This is the case because the number of maximal chains of fertile/(productive
sterile) major tree pairs starting at (77, 72) is less than or equal to the number of leaves in 7. In
order to get a maximal chain of fertile/(productive sterile) major tree pairs starting at (71, 72) and
to carry out Step 5 in BASIC CHECKER, ITERATIVEALG may be needed. The maximum number
of times that ITERATIVEALG can be employed is less than or equal to the number of leaves in 7.
Moreover, we can find a one to one function from steps in Basic? CHECKER to the leaves in 7.

Therefore BAsic? CHECKER runs in time of O (| X7]).

6.3 Checking a Basic Cyclic Pair

A basic cyclic pair is modelled by its tree representation. The tree representation parsimoniously
displays basic’ representations. It would not be efficient to have to check every parsimoniously
displayed basic® representation; hence we must prove that almost all the basic” representations that
are parsimoniously displayed do not display a tree twice. We prove this with the help of two lemmas
that describe desirable configurations. In fact, the desirable configurations extend to basic cyclic
pairs, so a given basic cyclic pair may itself never display a tree twice, if it meets certain conditions.
Therefore, based on these lemmas that describe desirable configurations, we can get an algorithm
that will tell us when the basic cyclic pair is a desirable configuration or if it needs further checking.
If the basic cyclic pair needs further checking then it must have not met the conditions of the
desirable configuration lemmas. Hence the basic cyclic pair will meet some other set of conditions.
These other conditions lead to an algorithm for checking whether or not a basic cyclic pair displays

a tree twice.
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6.3.1 Desirable configuration algorithm

Here we present an algorithm for identifying whether or not a basic cyclic pair meets certain con-
ditions. If the basic cyclic pair does meet one of those conditions then it does not display a tree
twice. If it does not meet any one of those conditions then it will need further checking. As another
consequence of not meeting any of the conditions, the basic cyclic pair must be of one of three forms.
We will describe those three forms in the next subsection; for this current subsection, we need a
few more definitions. In a tree representation of a basic cyclic pair, we call two reticulation leaves
partners when each has come from the same reticulation vertex. Given a basic cyclic pair with
source v, we call a vertex x in the tree representing the basic cyclic pair a main ancestor when x is
an ancestor of v or v®? in the tree representing the basic cyclic pair. When we say that a vertex
x is an ancestor of partners what we mean is that there exists partners that are both descendants
of x. Likewise when we say a vertex is an ancestor of a fixed leaf. Of course, a vertex is a main
ancestor of partners when it is a main ancestor and an ancestor of partners. Likewise for a main

ancestor of a fixed leaf.

Definition 6.1. Let 7 be the representation of a basic cyclic pair B- (w,v, Py, P5). Let v;, where

€2

i € N, be a reticulation vertex in B- (w,v, Pi, P2). In T, the reticulation leaves v;*, v;* are called

partners. The partner of v;' is v;?, and the partner of v;? is v;*.

Example 6.1. The reticulation leaves vi' and v{? are partners in the following figure.

T

Definition 6.2. Let 7 be the representation of a basic cyclic pair B- (w, v, Py, P»). We say that a

vertex x in 7 is a main ancestor when x is an ancestor of v or v¢2.
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Example 6.2. The vertex r from Example 6.1 is a main ancestor when T represents the basic
cyclic pair B- (w, vy, P, Py). We also see that z is a main ancestor of partners as well as a main

ancestor of a fixed leaf.

Algorithm : DESIRABLE CONFIG
Input : A tree 7, with root p, representing a basic cyclic pair B- (w,v, P, P5).

Output : The statement “does not display a tree twice” or the statement “needs further checking.”

Check if one of the following holds:

i. Both children of p are ancestors of partners.

ii. Both children of p are ancestors of a fixed leaf.
iii. Omne of the children of p is an ancestor of a fixed leaf whilst the other is an ancestor of partners.
iv. One of the children of p has a child that is a main ancestor of a fixed leaf.

v. One of the children of p has one child being a main ancestor of partners whilst the other child

is an ancestor of a reticulation leaf whose partner is a descendant of the other child of p.

vi. One of the children of p has both its children being ancestors of partners.

If any one of the above holds then return the statement “does not display a tree twice” otherwise
return the statement “needs further checking.”
6.3.1.1 Proof that DESIRABLE CONFIG works

We need to prove that if one of the conditions from i) to vi) hold then the basic cyclic pair does

not display a tree twice. In order to do that we need a few lemmas and a definition.

Definition 6.3. Let T be a tree on leaf set X. Let x,y € X. We say that x and y form a cherry

when x and y have the same parent.

Example 6.3. In the following figure we see that the leaves 1 and 2 form a cherry, as do the leaves

3 and 4.
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Lemma 6.1. Let T be the tree representing a basic cyclic pair B-(w,v, Py, Py). Let T1,T2 be the
two mazimal subtrees of T. Let v®* € X7, and v®? € Xp,. Let p be the root of T. If both children

of p are ancestors of a fixed leaf then T does not display a tree twice.

Proof. Suppose both children of p are ancestors of a fixed leaf then there exists a fixed leaf ¢;
such that ¢; € X7; and there exists a fixed leaf /5 such that ¢ € X7,. Let I' be the reduc-
tion of B-(w,v, P, Py) where I' = {v,v°? {1,¢5}. Now T|I' has only two switchings, namely
Ry = {v®, 01,05} and Ry = {v°,01,05}. We see that ((T|[')|R1)* has the triple £,¢|¢; whilst
((T|T) |R2)™ has the triple £,03]¢1, so, by Lemma 1.2, ((T|T)|R1)* # ((T|T) |R2)*. Therefore T|T
does not display a tree twice. Thus, by Corollary 4.1, B- (w, v, P;, P») does not display a tree twice.
Therefore, by Theorem 4.1, T does not display a tree twice. O

Lemma 6.2. Let T be the tree representing a basic cyclic pair B-(w,v, P1, Py). Let Ti,Ta be the
two maximal subtrees of T. Let v¥' € X7; and v** € X7;. Let p be the root of T. If one child of p

has both its children being ancestors of a fized leaf then T does not display a tree twice.

Proof. Without loss of generality, suppose that the child of p that has both its children being
ancestors of a fixed leaf is the root of 7;. Let A7; and M7, be the two maximal subtrees of 7;. Let
vl € XMTl' Then there exists fixed leaves #1, £ such that /1 € XAT1 and ¢9 € XMTl' Let T" be the
reduction of B- (w, v, P1, P») where I' = {v® v°2 {1, 05}. Now T |I" has only two switchings, namely
Ry = {v®, 01,05} and Ry = {v°,01,05}. We see that ((T|[')|R1)* has the triple £,5|¢; whilst
((T|T) |R2)™ has the triple £105|¢,, so, by Lemma 1.2, ((T|T)|R1)* # ((T|T) |R2)*. Therefore T|T
does not display a tree twice. Thus, by Corollary 4.1, B- (w, v, P;, P») does not display a tree twice.
Therefore, by Theorem 4.1, T does not display a tree twice. O

Proposition 6.1. Let T be the tree representing a basic cyclic pair B-(w,v, Py, Ps). Let T1, T2 be
the two mazimal subtrees of T. Let v¥' € X3 and v®? € X7;. Let p be the root of T. If one of the

children of p has a child that is a main ancestor of a fized leaf then T does not display a tree twice.
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Proof. Without loss of generality, suppose that the root of 771, call it p1, has a child that is a main
ancestor of a fixed leaf. Let x1,x2 be p;’s children. Let A7, and M7, be the two maximal subtrees
of 71, and let v®! € XMTl' Let x1 be the root of A7; and let x2 be the root of My,. We must have
x2 being the child of p; that is a main ancestor of a fixed leaf; hence there exists a leaf £ € X My -
If X A, contains a fixed leaf then, by Lemma 6.2, T does not display a tree twice. Suppose X Ary
does not contain a fixed leaf then, since X4, # (), there exists a reticulation leaf v{™ € X Ay s
where m € {1,2}. Consider the reduction I" of B- (w, v, Py, P») where I' = {v]!, v{?, v, v (}. We
will prove that 7|I' does not display a tree twice. Consider the two switchings R, Re of T|I" where
Ry = {v, 0", £} and Ry = {1)62, vfj,ﬁ} where 7, j € {1,2}. We see that ((T|I') |R1)" has either the
triple €4,|¢,, or £,0,, |¢, depending upon where vi' and vi? are in T|I'. If one of v{* or v{? form a
cherry with v then ((7T)|R1)" has the triple £,€,, |¢, but in that case ((7|I') |R2)" must have the
triple £y, 0|¢,. If neither v{' nor v{? form a cherry with v then we must have ¢ and v®' forming a
cherry in T|T. In that case ((T]T) |R1)" has the triple €,¢|¢,, whilst ((7T|T) |R2)* has either £4,, |¢,
or lyly, |¢. Therefore, by Lemma 1.2, T|I" does not display a tree twice. Thus, by Corollary 4.1,
B- (w,v, P1, Py) does not display a tree twice. Therefore, by Theorem 4.1, 7 does not display a tree

twice. 0

Proposition 6.2. Let T be the tree representing a basic cyclic pair B-(w,v, Py, Py). Let p be the
root of T. If one of the children of p has a child that is a main ancestor of partners whilst the other is
an ancestor of a reticulation leaf, say vi™, where m € {1,2}, such that v{™, where n € {1,2}\ {m},

is a descendant of the other child of p then T does not display a tree twice.

Proof. We will show that every parsimoniously displayed basic® representation does not display a
tree twice, which, by Theorem 5.2, shows that 7~ does not display a tree twice. Let 7* be any basic®
representation that is parsimoniously displayed by 7. Let 7;* and 72* be the two maximal subtrees
of T*. Without loss of generality, suppose that v°* € X7;«. Let Ay« and M7+ be the two maximal
subtrees of 71*. Without loss of generality, suppose that v € X Mgy« Since T* is a parsimoniously
displayed basic’ representation, we have {v{',v{?} C X7+, and it follows from the hypothesis that
{vit, 02} N XATl* # (). Therefore there exists a fixed leaf ¢ such that ¢ € XMTl*, thus the root of
My~ is a main ancestor of a fixed leaf. Hence, by Proposition 6.1, 7* does not display a tree twice.

Therefore 7 does not display a tree twice. O

Proposition 6.3. Let T be the tree representing a basic cyclic pair B-(w,v, Py, P»). Let p be the
root of T. If one of the children of p has both its children being ancestors of partners then T does

not display a tree twice.
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Proof. We will show that every parsimoniously displayed basic® representation does not display a
tree twice, which, by Theorem 5.2, shows that 7 does not display a tree twice. Let 7* be any
basic’ representation that is parsimoniously displayed by 7. Let 7;* and 75* be the two maximal
subtrees of 7*. We must have C7;+ or C'7;+ being non-empty. Without loss of generality, suppose
that C'y;« # 0. Let A7y« and M7« be the two maximal subtrees of 71*. Since 7™ is a parsimoniously
displayed basic’ representation, we must have CATl* # () and CMTl* # (). Therefore, by Lemma

6.2, 7* does not display a tree twice. Therefore 7 does not display a tree twice. O

Theorem 6.2. If DESIRABLE CONFIG returns the statement “does mot display a tree twice” then

the representation T does not display a tree twice.

Proof. If DESIRABLE CONFIG returns the statement “does not display a tree twice” then one of the
conditions i) to vi) is present in 7. If condition i) holds then, by Lemma 5.1, 7 does not display a
tree twice. If condition ii) holds then, by Lemma 6.1, 7 does not display a tree twice. If condition
iii) holds then, by Lemma 5.2, 7 does not display a tree twice. If condition iv) holds then, by
Proposition 6.1, 7 does not display a tree twice. If condition v) holds then, by Proposition 6.2, T
does not display a tree twice. If condition vi) holds then, by Proposition 6.3, 7 does not display a

tree twice. Therefore T does not display a tree twice. O

6.3.2 A representation that needs further checking

Given a representation of a basic cyclic pair such that having gone through the DESIRABLE CONFIG
algorithm the output was “needs further checking,” we look at what this means in terms of the form
of the representation. The only way that an output of “needs further checking” can occur is when
the representation satisfies none of the conditions i) to vi) of the DESIRABLE CONFIG algorithm.
This can occur when the representation is a basic® representation, in which case we can send the
representation to BAsic? CHECKER. Suppose the representation is not a basic® representation, and
let p be the root of the representation, then one of the children of p is an ancestor of partners,
but we can say more, namely that exactly one child of p is an ancestor of partners. Indeed, the
other child of p is neither an ancestor of partners nor an ancestor of a fixed leaf. Now we can say
something about the children of the child of p that is an ancestor of partners; exactly one could
be an ancestor of a fixed leaf and/or an ancestor of partners but it can not be a main ancestor of
a fixed leaf, and if it is a main ancestor of partners then its sibling can not be an ancestor of a
reticulation leaf whose partners is a descendant of the other child of p; hence all the descendants of
the sibling of the main ancestor of partners are reticulation leaves whose partners are descendants

of the main ancestor of partners.
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Lemma 6.3. Let T be the tree representing a basic cyclic pair B-(w,v, P1, Py). Let p be the root
of T. If DESIRABLE CONFIG outpuls “needs further checking” and T is not a basic® representation
then exactly one of p’s children, say x, is an ancestor of partners and x’s sibling is not an ancestor

of a fized leaf. The children of x can have the following properties:

1. Both are neither ancestors of partners nor ancestors of firved leaves.

2. The non-main ancestor is an ancestor of a fized leaf and/or an ancestor of partners but is
not a main ancestor of a fixed leaf, whilst the other child is not an ancestor of partners nor

an ancestor of a fixed leaf

3. Ezactly one is a main ancestor of partners and not an ancestor of a fized leaf, and all the
descendants of the other child are reticulation leaves whose partners are descendants of the

main ancestor of partners.

Proof. See the above paragraph. O

6.3.3 Checking a representation that needs further checking

If the representation that needs further checking is a basic® representation then we send it to Basic?
CHECKER. If the representation is not a basic? representation then it has one of three forms, based
upon the children of the one child of the root that is an ancestor of partners. The first form that the
representation can take is one in which both children are neither ancestors of partners nor ancestors
of fixed leaves. In this case all basic® representations parsimoniously displayed by the representation
except two never display a tree twice, and the two basic? representations that may display a tree
twice are easily identifiable. The second form that the representation can take is one in which the
non-main ancestor is an ancestor of a fixed leaf and/or an ancestor of partners but is not a main
ancestor of a fixed leaf, whilst the other child is not an ancestor of partners nor an ancestor of a
fixed leaf. In this case all basic’ representations parsimoniously displayed by the representation
except one never display a tree twice, so we only need to check one basic? representation in this
case. The third form that a representation can take is one in which exactly one child is a main
ancestor of partners and not an ancestor of a fixed leaf, whilst all the descendants of the other child
are reticulation leaves whose partners are descendants of the main ancestor of partners. In this final
case all the representations, except one, that are displayed via a general switching that only switches
reticulation leaves that are descendants of the non-main ancestor of partners are desirable config-

urations. The one representation that possibly is not a desirable configuration has a vertex that
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is an ancestor of a fixed leaf, so if that is not a desirable configuration then it is of the second form.

Algorithm : FOrRM 1) CHECKER

Input : A tree 7, with root p, representing a basic cyclic pair B-(w,v, P;, P;). The maximal
subtrees of 7 are labeled 7;, T2, and the maximal subtrees of 7; are labeled Ap;, M7, whilst the
maximal subtrees of 7 are labeled Ar,, M7,. We also have v* € X M, and v2 € X M, - In
addition, exactly one child of p, without loss of generality let it be the root of 71, which we call x,
is an ancestor of partners whilst the other child of p is not an ancestor of a fixed leaf. No child of
x is an ancestor of a fixed leaf nor an ancestor of partners.

Output : The statement “displays a tree twice” or the statement “does not display a tree twice.”

1. Send the tree (T|G1)* to Basic® CHECKER where G = Xp U
L L

(Xﬂ\{vfm € Xag, |t € (Xar, )" 0 (Xary) }) where m € {1,2} and i € N. If

the statement “does not display a tree twice” is outputted from Basic’ CHECKER then go

to Step 2. Otherwise return the statement “displays a tree twice.”

2. Send the tree (T|G2)® to Basic® CHECKER where Gy = X1, U
L L
(XT1 \ {vfm € XMT1 |0y, € (XATl) N (XMTl) }) Output the statement outputted

by Basic? CHECKER.

Proposition 6.4. Let T be the representation of the basic cyclic pair B-(w,v, Py, P»). Let the root
of T be p. Let the maximal subtrees of T be labeled T1, T2, and let the maximal subtrees of T1
be labeled At;, My,. Similarly, let the mazimal subtrees of T be labeled At,, MT,. We also have
vt € Xy, and v € Xy . In addition, exactly one child of p, without loss of generality let it
be the root of T1, which we call x, is an ancestor of partners whilst the other child of p is not an
ancestor of a fized leaf. No child of x is an ancestor of a fized leaf nor an ancestor of partners. If
ForM 1) CHECKER returns the statement “does not display a tree twice” then T does not display a
tree twice, and if FORM 1) CHECKER returns the statement “displays a tree twice” then T displays

a tree twice.

Proof. If the statement “displays a tree twice” is returned then, since (7]G1)* and (T|G2)* are
both basic’ representations parsimoniously displayed by 7, T displays a tree twice, by Theorem 5.2.
If the statement “does not display a tree twice” is outputted then both (7]G1)" and (T|G2)* do not
display a tree twice. We now want to show that every other basic’ representation parsimoniously

displayed by 7 does not display a tree twice. Take any basic® representation 7* parsimoniously
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displayed by 7. Then 7* = (T|G)" where G is a general switching such that G = X7, U (X7 \ G¥)
where G* C @Q = {vf’" € Xr by, € (XAT1>LH (XMTl)L}, for m € {1,2} and i € N, and for all
vi™ € @ exactly one of v{*,v* is in G*. If G = G; or G = G5 then we are done, so suppose
G # G1 and G # G4 then there exists vjm € G*, where j € N, such that v;m € Xy, and
by, € (XATl)L N (XMT1>L, and there exists v;" € G*, where n € {1,2}, such that v;" € Xy, and
by, € (X ATI)L N (X MTI)L. Therefore the root of the representation 7* has a child whose children

are both ancestors of a fixed leaf. Hence, by Lemma 6.2, 7* never displays a tree twice. Therefore,

by Theorem 5.2, 7 never displays a tree twice. O

Algorithm : FOrRM 11) CHECKER

Input : A tree 7, with root p, representing a basic cyclic pair B-(w,v, P;, P;). The maximal
subtrees of 7 are labeled 7;, T2, and the maximal subtrees of 77 are labeled A, M7, whilst the
maximal subtrees of Ty are labeled A7, M7,. We also have v*' € Xy, and v € Xy, . Exactly
one child of p, without loss of generality let it be the root of 77, which we call z, is an ancestor of
partners whilst the other child of p is not an ancestor of a fixed leaf. In addition, the root of Ap
is an ancestor of partners or an ancestor of a fixed leaf, whilst the root of My, is neither.

Output : The statement “displays a tree twice” or the statement “does not display a tree twice.”

1. Check if (T|G1)* is a basic® representation, where G = X7 U
L L
(Xﬂ\{v;m € Xty |, € (Xar ) 0 (Xary) }) where m € {1,2} and i € N. If it

is then send it to Basic® CHECKER, and return output.

2. If (T|G1)L is not a basic’ representation then take any basic’ representation parsimo-
niously displayed by (7]G1)" and send it to Basic® CHECKER. Return output from Basic?

CHECKER.

Proposition 6.5. Let T be the representation of the basic cyclic pair B-(w,v, Py, P»). Let the root
of T be p. Let the maximal subtrees of T be labeled T1, T2, and let the mazximal subtrees of Ti
be labeled A1, M7,. Similarly, let the mazimal subtrees of Ta be labeled Art,, M1,. We also have
v € Xy, and v € Xmy,- The root of A7, is an ancestor of partners or an ancestor of a fized
leaf, whilst the root of My, is neither. In addition, the root of Ty is an ancestor of partners, whilst
the root of Ty is not an ancestor of a fixed leaf nor an ancestor of partners. If FORM 11) CHECKER
returns the statement “does not display a tree twice” then T does not display a tree twice, and if

ForM 11) CHECKER returns the statement “displays a tree twice” then T displays a tree twice.

111



Proof. If (T|G1)" is a basic® representation then we must have the root of A7, being an ancestor
of a fixed leaf and not an ancestor of partners whilst the root of 77 is an ancestor of partners.
Hence a similar (and shorter) proof to that of the proof that FORM 1) CHECKER works can be used
in that case. Suppose (T|G1)L is not a basic? representation then the root of A7 is an ancestor
of partners. If we take any general switching of form G = X7, U (X7 \ G*) where G* C Q =
{Ufm € X7 lby, € (XATI)L N (XMTI)L}, where m € {1,2} and i € N, and for all v;™ € @ exactly
one of v{',v:? is in G*, then, provided G # Gj, (T|G)L can be reduced to a desirable configuration.
Hence 7 displays a tree twice if and only if (7]G1)" displays a tree twice. Since (7]G1)* is not a
basic’ representation, if there exists a basic? representation parsimoniously displayed by (T\Gl)L
that displays a tree twice then (T|G1)L displays a tree twice. Take any basic? representation 7*
parsimoniously displayed by (’T\Gl)L then it has the following form: exactly one of its maximal
subtrees, say T1*, has a fixed leaf. Moreover, exactly one of the children of the root of 71* is an
ancestor of a fixed leaf and is not a major ancestor of a fixed leaf. If Basic! CHECKER returns
“does not display a tree twice” when 7™ is inputted then 7* does not display a tree twice, and every
other basic® representation parsimoniously displayed by (7|G 1)L will return “does not display a tree
twice” when inputted into Basic? CHECKER (see BAasic? CHECKER algorithm). Hence if “does not
display a tree twice” is outputted then every basic’ representation parsimoniously displayed by
(T|G1)* does not display a tree twice. Thus (7]G1)* does not display a tree twice, which implies
that 7 does not display a tree twice. If the statement “displays a tree twice” is outputted then
(T|G1)* displays a tree twice, and this implies that 7 displays a tree twice. O

Algorithm : FOrRM 111) CHECKER

Input : A tree 7, with root p, representing a basic cyclic pair B-(w,v, P;, P;). The maximal
subtrees of 7 are labeled 7;, T2, and the maximal subtrees of 7; are labeled A, M7, whilst the
maximal subtrees of 77 are labeled A7, M7,. We also have v*! € X M, and v2 € X M, - The root
of 77 is an ancestor of partners, and the root of M7; is a main ancestor of partners, whilst the root
of A7, is neither an ancestor of partners nor an ancestor of a fixed leaf. There is also no descendant
reticulation leaf of the root of A7, that has its partner as a descendant of the root of 75. In addition,
the root of 75 is neither an ancestor of partners nor an ancestor of a fixed leaf.

Output : The statement “displays a tree twice” or the statement “does not display a tree twice.”

L L
1. Take (T|G1)", where Gy = X7, U (XT1 \ {vf’" € Xar, |, € (XATl) N (XMTl) }), form €
{1,2} and 7 € N, and send it to DESIRABLE CONFIG. If we get the statement “needs further

checking” then send (7]G1)* to FORM 11) CHECKER, and return output. Otherwise return
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output from DESIRABLE CONFIG.

Proposition 6.6. Let T be the representation of the basic cyclic pair B-(w,v, Py, P»). Let the root
of T be p. Let the maximal subtrees of T be labeled Ti, T2, and let the mazimal subtrees of Ti
be labeled Ar;, My, . Similarly, let the mazimal subtrees of Ty be labeled A1, MT,. We also have
vt e Xy and v € XMy, - The root of Th is an ancestor of partners, and the root of My, is a
main ancestor of partners, whilst the root of A, is neither an ancestor of partners nor an ancestor
of a fized leaf. There is also no descendant reticulation leaf of the root of Ar; that has its partner
as a descendant of the root of To. In addition, the root of Ty is neither an ancestor of partners
nor an ancestor of a fized leaf. If FORM 111) CHECKER returns the statement “does not display a
tree twice” then T does not display a tree twice, and if FORM 111) CHECKER returns the statement

“displays a tree twice” then T displays a tree twice.

Proof. Let G be any general switching of form G = Xg U (X7, \ G*) where G* C Q =
L L
{vfm € X7ty € (XATl) N (XMTl) }, where m € {1,2} and i € N, and for all v;™ € Q ex-

€1
7

actly one of v, v is in G*. We see that if G # Gy then (T]G)" never displays a tree twice.
Therefore T displays a tree twice if and only if (7]Gy)" displays a tree twice. If the statement
“does not display a tree twice” is returned then (T|G1)L does not display a tree twice, by Proposi-
tion 6.5 or Theorem 6.2. If the statement “displays a tree twice” is returned then (7|G1)* displays
a tree twice, by Proposition 6.5. Therefore if FORM 111) CHECKER returns the statement “does not
display a tree twice” then 7 does not display a tree twice, and if FORM 111) CHECKER returns the

statement “displays a tree twice” then T displays a tree twice. O

6.3.4 Basic cyclic pair algorithm

The algorithm for checking whether or not a basic cyclic pair displays a tree twice is to first get
the tree representing the basic cyclic pair. Then send that tree representation to DESIRABLE
CoNFIG. If we get the statement “needs further checking” then we check if the tree represents
a basic? representation. If it does then we send it to Basic? CHECKER. If it does not then
it is of one of three forms, so we check what form it is of then send it to the corresponding
form checker algorithm. The algorithm for checking whether or not a basic cyclic pair displays a

tree twice is polynomial-time, because all the subroutines of the algorithm run in polynomial-time.

Algorithm : Basic CHECKER

Input : A tree 7, with root p, representing a basic cyclic pair B-(w,v, P;, P;). The maximal
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subtrees of T are labeled 71, 72, and the maximal subtrees of 7; are labeled Ap;, My, whilst the
maximal subtrees of 73 are labeled A7;, M7,. We also have v € Xy, and v € Xpy,, .

Output : The statement “displays a tree twice” or the statement “does not display a tree twice.”

1. Send 7 to DESIRABLE CONFIG. If DESIRABLE CONFIG returns “needs further checking” then

go to the next step. Otherwise return output of DESIRABLE CONFIG.

2. If T represents a basic® representation then send 7 to Basic® CHECKER and return output.

Otherwise go to the next step.

3. If T is of form i) then send 7 to FORM 1) CHECKER and return output. Otherwise go to the

next step.

4. If T is of form ii) then send 7 to FORM 11) CHECKER and return output. Otherwise go to

the next step.
5. Send T to FORM 111) CHECKER and return output.

Theorem 6.3. Let T be the representation of the basic cyclic pair B-(w,v, P1, Py). Let the root of
T be p. Let the mazimal subtrees of T be labeled T1, T2, and let the maximal subtrees of T1 be labeled
A7y, M7, . Similarly, let the mazimal subtrees of Ty be labeled Ay, M7,. We also have v € Xy,
and v € Xy, . If Basic CHECKER returns the statement “does not display a tree twice” then T
does not display a tree twice, and if BASIC CHECKER returns the statement “displays a tree twice”

then T displays a tree twice. Moreover, BAsiC CHECKER runs in O (|X7]).

Proof. All the work of this chapter gives the result. O
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Chapter 7

An Efficient Algorithm for Deciding
whether or not a Phylogenetic

Network Displays a Tree Twice

7.1 Introduction

This chapter is the culmination of Chapters 4, 5, and 6. For any given phylogenetic network, we
present an efficient algorithm that decides whether or not the network displays a tree twice. The
first task is to find any avoidable reticulation vertices in the network. If the number of vertices in
the network exceeds a quadratic polynomial in terms of the number of leaves in the network then
the network has an avoidable reticulation vertex or a trivial cyclic pair. A trivial cyclic pair is a
tree-path cyclic pair that has exactly one two-way tree-path reticulation with respect to its source,
namely its sink, and there is no tree-path from the source to a leaf. If a network does not have any
avoidable reticulation vertices nor any trivial cyclic pairs then the number of vertices in the network
is bounded by a quadratic polynomial in terms of the number of leaves in the network. Therefore
the first step in finding avoidable reticulation vertices in a network is to count the number of vertices
in the network. Since we assume that the number of leaves in a network is reasonable, if the bound
is not exceeded then the number of vertices in the network is reasonable. In order to decide whether
or not a network has an avoidable reticulation vertex, for each reticulation vertex in the network
we delete it then see if we can still reach every leaf in the network from the root of the network.
If we can then the reticulation vertex that we deleted was an avoidable reticulation vertex. If we
can not then the reticulation vertex that we deleted was not an avoidable reticulation vertex. If the

network has an avoidable reticulation vertex then the network displays a tree twice. If the network
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does not have any avoidable reticulation vertices then we start finding cyclic pairs. The number
of cyclic pairs in the network can be exponential in terms of the number of reticulation vertices in
the network, because for a given reticulation vertex there could be at most 2¥~! cyclic pairs that
use the given reticulation vertex, where k is the number of reticulation vertices in the network.
Fortunately, in such a situation at least 2~ — 2 of the cyclic pairs never display a tree twice, so
that we only ever have to find and check at most two cyclic pairs for each reticulation vertex in
the network. We check a given cyclic pair in the network by sending the tree representation of the
associated basic cyclic pair of the processed cyclic pair of the given cyclic pair to BASIC CHECKER.
If Basic CHECKER returns the statement “displays a tree twice” then the network displays a tree
twice, and if BASIC CHECKER never returns the statement “displays a tree twice” then the network
does not display a tree twice. In this way we get an efficient algorithm that decides whether or not

a network displays a tree twice.

7.2 Checking whether or not a Network has any Avoidable Retic-

ulation Vertices

In this section we present an efficient algorithm that decides whether or not a network has any

avoidable reticulation vertices.

7.2.1 A bound on the number of vertices in a network without any avoidable

reticulation vertices nor any trivial cyclic pairs

Here we establish a bound on the number of vertices in a network without any avoidable reticulation
vertices nor trivial cyclic pairs. If a reticulation vertex is not avoidable then there exists a leaf such
that every path from the root to the leaf passes through the reticulation vertex. There are two
types of unavoidable reticulation vertex: The first type has a tree-path to a leaf, which we call
a tree-path-to-leaf reticulation vertex, whilst the second type does not have a tree-path to a leaf,
which we call a blocked reticulation vertex. The first thing to notice about a blocked reticulation
vertex is that there exists a tree-path starting at the blocked reticulation vertex that finishes at the
source of a tree-path cyclic pair. In a network without any avoidable reticulation vertices nor any
trivial cyclic pairs, the tree-path cyclic pairs whose source is a tree-path descendant of a blocked
reticulation have at least two two-way tree-path reticulations with respect to their source, and those
two two-way reticulations are either tree-path-to-leaf reticulations and/or blocked reticulations. In

this way we can differentiate between different types of blocked reticulation vertices based on the
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two-way tree-path reticulation vertices with respect to the source of the tree-path cyclic pair whose

source is a tree-path descendant of a given blocked reticulation vertex.

Definition 7.1. Let N be a network on leaf set X. A tree-path cyclic pair N-(w,v, Py, P;) is a
trivial cyclic pair when v is the only two-way tree-path reticulation with respect to w, and there is

no tree-path from w to a leaf in X.

Example 7.1. In the following network, the tree-path cyclic pair that has w as its source and v as

its sink, whilst one of its main paths is in red and the other is in blue, is a trivial cyclic pair.

Lemma 7.1. Let N be a network without any avoidable reticulation vertices. If there exists a trivial

cyclic pair N-(w,v, P, Py) in N then N displays a tree twice.

Proof. Suppose that N-(w,v, Py, P) is a trivial cyclic pair in N. Consider the tree T representing
the associated basic cyclic pair of the processed cyclic pair of N- (w,v, Py, P;). We see that T’s two
maximal subtrees are 7; = v® and T3 = v2; hence (77)* = (73)". Thus, by Proposition 5.1, T
displays a tree twice. Therefore the associated basic cyclic pair can not be reduced to a desirable

configuration, so, by Corollary 4.2, N displays a tree twice. O

Definition 7.2. Let N be a network on leaf set X. A vertex u is a tree-path descendant of another

vertex x if there exists a tree-path from z to w.
Example 7.2. In Example 7.1, u, w, and v are all tree-path descendants of x.

Definition 7.3. Let N be a network on leaf set X. A reticulation vertex v is called a tree-path-to-leaf

reticulation when there exists a leaf £ € X that is a tree-path descendant of v.
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Example 7.3. We see that the reticulation vertex v in Example 7.1 is a tree-path-to-leaf reticula-

tion.

Definition 7.4. Let N be a network on leaf set X. A reticulation vertex v is called a blocked

reticulation when it is not an avoidable reticulation nor a tree-path-to-leaf reticulation.

Example 7.4. In the following network we see that the reticulation vertex v is a blocked reticula-

tion.

Lemma 7.2. Let N be a network on leaf set X. Let vy be a reticulation vertex in N. If vi is a
blocked reticulation then there exists a tree-path cyclic pair N-(w, v, P, Ps) such that w is a tree-path

descendant of v1.

Proof. Suppose there does not exist a tree-path cyclic pair N- (w,v, Py, P») such that w is a tree-
path descendant of v;. Suppose v; is not a tree-path-to-leaf reticulation; hence every tree-path from
vy ends at a reticulation vertex. Let 2 be the set of all such reticulation vertices. Let &2 be the
subset of Z such that v' € & if and only if every directed path from the root of N to v/ passes
through vi. Suppose & # () then there exists v/ € & such that v” has no ancestors in &2, and
there exists a tree-path cyclic pair N- (w,v”, P, P;) such that w is a tree-path descendant of v; - a
contradiction. Hence &2 = (), so that for every v/ € & there is a directed path from the root of N
to v’ that avoids v1. Hence for every leaf ¢ € X there is a path from the root of N to ¢ that avoids

v1. Thus v is an avoidable reticulation vertex. O
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Definition 7.5. Let NV be a network on leaf set X. Let v be a blocked reticulation in N. Let
Q be the set of tree-path cyclic pairs N- (w,v’, Py, P2) such that w is a tree-path descendant of v.
We call v a blocked’ reticulation when for each N-(w,v’, P, P;) € Q every two-way reticulation
with respect to w is a tree-path-to-leaf reticulation. We call v a blockedP reticulation, where p € N,
when for each N-(w,v', P, Py) € Q every two-way reticulation with respect to w is either a tree-
path-to-leaf reticulation or a blocked? reticulation, where g € NU {0} and g < p, and there exists

N- (w1, v1, P{, P}) € Q such that v; is a blocked?~! reticulation.

Example 7.5. The network shown has v; as a blocked? reticulation, vz as a tree-path-to-leaf

reticulation, and vy as a blocked! reticulation.

10 12

Lemma 7.3. Let N be a network on leaf set X such that N has no avoidable reticulations nor
any trivial cyclic pairs. Let the set of all blocked reticulations in N be called B. Let the set of
all blocked’ reticulations in N, where p € NU {0}, be called By. If |B| = n for some n € N then
|B| = |Bg|+|Bg—1|+-..+|Bi|+|Bo|, for some g < n—1. Moreover, |By| > 1 forallg € {0,1,...,q},
and for all t € N such that t > q we have |B| = 0.

Proof. Suppose |B| = n for some n € N. We claim that there exists & < n — 1 such that |By| > 1
and |Byy1| = 0. Consider ¢ =n — 1. If | By| = 0 then it follows from the definition of a blocked?**

reticulation that |Bgy1| = 0; in fact, it follows that |B;| = 0 for all ¢ € N such that ¢t > ¢. Hence
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we can show that there exists k < ¢ — 1 such that |Bg| > 1 and |Bj41| = 0. Suppose that |B,| > 1
and suppose for contradiction that |Byii| > 1. By the definition of a blocked? reticulation and
|Bq| > 1, we have |B,_1| > 1; similarly, |B;—2| > 1, and it follows that for all g € {0,1,...,¢} we
have |By| > 1. Again by the definition of a blocked? reticulation, we see that B, N By—1 = 0; it
follows that By41 N ByN...N BN By = 0. Therefore |Byt1|+ |Bg| + ...+ |Bi| + |Bo| > n. It is the
case that |B| > |Bg41| + |Bg| + ...+ |B1]| + | Bo|; hence |B| > n - a contradiction. Thus there exists
k < n—1 such that |[Bg| > 1 and |Bg41| = 0. All in all we get |B| = |By|+ |Bg—1|+ ..+ |Bi|+|Bol,
for some ¢ < n — 1. Moreover, |By| > 1 for all g € {0,1,...,¢}, and for all ¢ € N such that t > ¢ we
have |B:| = 0. O

Lemma 7.4. Let N be a network on leaf set X such that N has no avoidable reticulations nor
any trivial cyclic pairs. Let the set of all blocked reticulations in N be called B. Let the set of all
blocked’ reticulations in N, where p € NU {0}, be called By,. Let T, be the set of tree-path-to-leaf
reticulations in N. Then |T,| < |X|, |Bo| < |T3|, and |By| < |Bq—1| for all ¢ € N.

Proof. We want to find a one to one function from the set of tree-path-to-leaf reticulations in N to
the set of leaves in N. Let v be any tree-path-to-leaf reticulation in N then there exists a leaf £, € X
such that /4, is a tree-path descendant of v. We see that no other tree-path-to-leaf reticulation in N
has ¢, as a tree-path descendant, so define the function f : 7, — X as f (v) = ¢,. Hence f is a one
to one function. Similarly, there exists a one to one function from the set of blocked? reticulations
to the set of tree-path-to-leaf reticulations. Let v; be any blocked? reticulation in N then there
exists a tree-path cyclic pair N-(w, ', P1, P») such that w is a tree-path descendant of v;. We see
that v is a tree-path-to-leaf reticulation and every directed path from the root of N to v’ passes
through w. Since N-(w,v’, P, P,) is a tree-path cyclic pair, no blocked” reticulation in N, except
for vy, has v’ as a tree-path descendant, so define f; : By — T, as f1 (v1) = v'. Hence f; is a one to
one function. Likewise, there exists a one to one function from the set of blocked? reticulations to
the set of blocked!~! reticulations for all ¢ € N. Therefore |T;.| < |X|, |Bo| < |T,|, and |B,| < |By-1]
for all ¢ € N. O

Proposition 7.1. Let N be a network on leaf set X such that N has no avoidable reticulations nor
any trivial cyclic pairs. Let the set of all blocked reticulations in N be called B. Let the set of all
blocked’ reticulations in N, where p € NU {0}, be called By,. Let T, be the set of tree-path-to-leaf
reticulations in N. Then |B| < (¢ + 1) |X| for some ¢ € NU{0}, and (¢ +2) < |X]|.

Proof. By Lemma 7.3, |B| = |By| + |Bq—1| + ... + |Bi| + |Bo|, for some ¢ € NU {0}. By Lemma
7.4, it follows that |By| < |X| for all g < ¢, where g € NU {0}. Hence |B| < (¢+1)|X]|. Since
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N has no trivial cyclic pairs, for each tree-path cyclic pair N- (w, vy, P1, P») there are at least two
two-way reticulations with respect to w, or there is exactly one two-way reticulation with respect
to w and there is a tree-path from w to a leaf in X. Consider any blocked? reticulation v in N.
Then there exists a tree-path cyclic pair N- (w, v, P, P2) such that w is a tree-path descendant of
v and v; is a blocked?™! reticulation. There exists another two-way reticulation with respect to w,
so let us assume that that two-way reticulation is a tree-path-to-leaf reticulation. Now consider vy
- it follows that there exists a tree-path cyclic pair N- (wy,va, P, P21) such that wy is a tree-path
descendant of v; and v is a blocked?=?2 reticulation (assuming that ¢ > 2). There exists another
two-way reticulation with respect to wi, so let us assume that that two-way reticulation is a tree-
path-to-leaf reticulation. We can continue like this until we reach a blocked? reticulation Vg, and
there exists a tree-path cyclic pair N- (wq, vg41 Py, P§) such that w, is a tree-path descendant of v,
and vg41 is a tree-path-to-leaf reticulation. There exists another reticulation with respect to wg, and
that two-way reticulation is a tree-path-to-leaf reticulation. Hence there are at least (q + 2) tree-
path-to-leaf reticulations v’ that are descendants of v such that every directed path from the root
of N to v’ passes through v. Therefore (¢ + 2) |By| < |T}|, and, by Lemma 7.4, (¢ + 2) |B,| < | X]|.

Now, by Lemma 7.3, |B,| > 1, so (¢ +2) < “BLJ' and % < |X|; thus (¢ +2) < |X]. O

Theorem 7.1. Let N be a network on leaf set X such that N has no avoidable reticulations nor
any trivial cyclic pairs. Let the set of all blocked reticulations in N be called B. Let the set of all
blocked” reticulations in N, where p € NU {0}, be called B,. Let T, be the set of tree-path-to-leaf
reticulations in N. Then |V| < 2 (|X|2 + |X|> — 1, where V' is the set of vertices in N.

Proof. Since N has no avoidable reticulations, k = |B| + |T}|, where k is the number of reticulation
vertices in N. By Proposition 7.1 and Lemma 7.4, we have |B| + |T,| < (¢ +1)|X| + |X]|. Thus
k < (¢+2)|X|. By Proposition 7.1, (¢ +2)|X| < |X|*. Hence k < |X|*>. By [26, Equation 5], we
have | X |+ k = MTH, SO MTH < |X|* +|X|. Therefore |V|< 2 (|X|2 + |X]) -1 O

7.2.2 An algorithm for deciding whether or not a network has an avoidable

reticulation vertex

It is simple to decide whether or not a network has an avoidable reticulation vertex. For any given
reticulation vertex in the network, delete the given reticulation vertex and then see if there is a
directed path from the root of the network to any given leaf in the leaf set of the network. If for
every leaf in the leaf set of the network there still remains a directed path from the root of the
network to it then the given reticulation vertex is an avoidable reticulation vertex. If there exists a

leaf in the leaf set of the network such that there is no longer a directed path from the root of the
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network to it then the given reticulation vertex is not an avoidable reticulation vertex. In this way

we can decide whether or not a network has an avoidable reticulation vertex.

Algorithm: AVOIDABLE FINDER
Input: A network N on leaf set X with root p.
Output: The statement “has an avoidable reticulation vertex” or the statement “does not have an

avoidable reticulation vertex.”
1. Make a list of reticulation vertices in N, call them vy, vs,..., v, where k € N.

2. If the list from the previous step is empty then go to Step 7. Take the first reticulation vertex

on the list, say v; where i € {1,2,...,k}.
3. Delete v; in N, and, for each leaf ¢ € X, see if there is a directed path from p to /.

4. If there exists a leaf £ € X such that there is no longer a directed path from p to ¢, after v; is

deleted in N, then delete v; from the list of reticulation vertices in N and return to Step 2.

5. If for each leaf £ € X there is still a directed path from p to £ even after v; is deleted in N

then go to Step 6.
6. Return the statement “has an avoidable reticulation vertex.”
7. Return the statement “does not have an avoidable reticulation vertex.”

Lemma 7.5. Let N be a network on leaf set X with root p. If AVOIDABLE FINDER returns the
statement “has an avoidable reticulation vertex” then N has an avoidable reticulation vertex, and
if AVOIDABLE FINDER returns the statement “does not have an avoidable reticulation vertex” then

N does not have an avoidable reticulation vertez.

Proof. Suppose AVOIDABLE FINDER returns the statement “has an avoidable reticulation vertex”
then there exists a reticulation vertex v in N such that for each leaf / € X there is a directed path
from p to ¢ after v is deleted in N. This means that for every leaf £ € X there is a directed path
from p to £ that avoids v. Therefore v is an avoidable reticulation vertex in N. Suppose AVOIDABLE
FINDER returns the statement “does not have an avoidable reticulation vertex” then let v’ be any
reticulation vertex in N. When ¢’ is deleted in N there exists a leaf ¢/ € X such that there is no
directed path from p to ¢/. This means that every directed path in N from p to ¢ passes through

v'. Therefore every reticulation vertex in N is not an avoidable reticulation vertex. O
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7.3 Finding Cyclic Pairs that Need Checking

Here we present an algorithm for finding cyclic pairs that need checking, in a network without any
avoidable reticulation vertices. The cyclic pairs that do not need to be checked are the cyclic pairs
with three or more reticulation vertices on their main paths. These cyclic pairs do not need to be
checked because they can be reduced to desirable configurations, and therefore they do not display

a tree twice.

Algorithm: Cycric PAIR FINDER
Input: A network N on leaf set X without any avoidable reticulation vertices.

Output: A list of cyclic pairs.
1. Make a list of reticulation vertices in N, call them vy, v9,..., v, where k € N.

2. If the list from the previous step is empty then go to Step 14. Otherwise take the first element

v;, where i € {1,2,...,k}, on the list of reticulation vertices.

3. Find a cyclic pair that involves v;, and let it be called N- (wil, vi, P, PQZ) Let the number of

reticulation vertices on P} be K pi» and let the number of reticulation vertices on Pibe K Pi

4. If KP{; > 2 and KP2Z~ > 2 then go to Step 11 followed by Step 12.

5. If Kpli > 2 and KPQZ' =1 then go to Step 11 followed by Step 13.

6. If Kp; =1 and Kp; > 2 then go to Step 12.

7. If Kpli =2 and KP2¢ = 1 then go to Step 10 followed by Step 11 then go to Step 13.

8. If Kpli =1 and szi = 2 then go to Step 10 followed by Step 12.

9. If Kpli =1 and KPr} =1 then go to Step 10 followed by Step 13.

10. Add N- (w},v;, P}, Pi) to the list of cyclic pairs.

11. Let v} be the reticulation vertex on P} such that there exists a tree-path from v} to v;. Let e?l
be the reticulation edge of v} that is not on P{. Find a cyclic pair N- (w?, vy, 1511, ]35) such that
]3{ has the edge 611)’1. Let the number of reticulation vertices on ]31z be K P and let the number
of reticulation vertices on ]32Z be Kﬁ;' If Kﬁf = 2 and Kﬁ; = 1 then add N- (w?, v, ]31’, ]%)
to the list of cyclic pairs. If Kﬁf > 2 and KIS; > 2; or Kﬁf > 2; or KIS; > 2 then do not add

N- (wf , iy P PQ’) to the list of cyclic pairs.
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12. Let v? be the reticulation vertex on Pj§ such that there exists a tree-path from v? to v;. Let
611}? be the reticulation edge of v? that is not on Pi. Find a cyclic pair N- (w?,vi,ﬁf,]%)
such that 15’5 has the edge 611)1'2. Let the number of reticulation vertices on 152Z be K By and
let the number of reticulation vertices on 151Z be Kﬁf' It Kﬁé = 2 and Kﬁf = 1 then add
N- (w?,vi, ]311, ]52’) to the list of cyclic pairs and go to Step 13. If Kﬁg > 2 and Kﬁf > 2; or

K5 > 2; or Kp; > 2 then go to Step 13.
2 1
13. Delete v; from the list of reticulation vertices and return to Step 2.
14. Return the list of cyclic pairs.

Lemma 7.6. Let N be a network on leaf set X without any avoidable reticulation vertices. Let L be
the list of cyclic pairs outputted by CyCLIC PAIR FINDER, upon input of N. Let N-(w,v, Py, Py) be
a cyclic pair of N. Let Kp, be the number of reticulation vertices on P;, and let Kp, be the number
of reticulation vertices on Py. If N-(w,v, P1, Py) is not on L then either Kp, > 2 and Kp, > 2; or

Kp, >2and Kp, =1; or Kp, =1 and Kp, > 2.

Proof. (Proof by contrapositive.) Suppose that Kp, =1 and Kp, = 1 then there is only one cyclic
pair involving v, and we would have found it in Step 3 of CycLIC PAIR FINDER and subsequently
added it to L; hence N-(w,v,P;, Py) is on L. Without loss of generality, suppose that Kp, = 2
and Kp, = 1. Let v* be the reticulation vertex on P; such that v is a tree-path descendant of v*.
Let N-(w',v, P/, P}) be the cyclic pair found in Step 3 of Cycric PAIR FINDER. Let Kpr be the
number of reticulation vertices on Pj, and let K p, be the number of reticulation vertices on Pj.
Without loss of generality, suppose that v* is on P|. If K p, = 1 then we must have P, = Pj. In Step
11 of Cycric PAIR FINDER we would have found N-(w,v, P;, P;) and added it to L, so suppose
that Kp, > 2. Let v be the reticulation vertex on Pj such that v is a tree-path descendant of v3.
Then w is a tree-path descendant of v5. In Step 11 of CycLIiC PAIR FINDER we would have found

N-(w,v, P1, P») and added it to L. Therefore N-(w,v, Py, P;) is on L. d

Proposition 7.2. Let N be a network without any avoidable reticulation wvertices. — Let
N-(w,v, P1, Py) be a cyclic pair of N. Let L be the list of cyclic pairs that is returned when CYCLIC
PAIR FINDER is applied to N. If N-(w,v, Py, P2) is not on L then the associated basic cyclic pair

of the processed cyclic pair of N-(w,v, Py, P2) can be reduced to a desirable configuration.

Proof. Suppose N-(w,v,P;, P») is not on L then there must be too many reticulation vertices
on P; and/or P5. Let Kp, be the number of reticulation vertices on P;, and let Kp, be the

number of reticulation vertices on P,. Then, by Lemma 7.6, either Kp, > 2 and Kp, > 2; or
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Kp, > 2 and Kp, = 1; or Kp, = 1 and Kp, > 2. Without loss of generality, suppose that
Kp, > 2 and Kp, = 1 then there exists a reticulation vertex v; on P; such that v; # v and v
is a tree-path descendant of vy, and there exists another reticulation vertex vo on P; such that
vo # w1 and vy is a tree-path descendant of ve. Since N has no avoidable reticulation vertices,
v1 is either a tree-path-to-leaf reticulation vertex or a blocked reticulation vertex; likewise, v
is either a tree-path-to-leaf reticulation vertex or a blocked reticulation vertex. Without loss of
generality, suppose that both v; and vy are blocked reticulation vertices then there exists a tree-
path cyclic pair N-(w',vs, P{, Py) such that w' is a tree-path descendant of vy, and there exists a
tree-path cyclic pair N- (w”,vg, P{’, Py) such that w” is a tree-path descendant of vo. Now consider
the associated basic cyclic pair B-(w,v, Pf, Py) of the processed cyclic pair of N-(w,v, P, P).
Consider the tree representation 7 of B- (w,v, Pf, P5). Let I' be the reduction of 7 where I' =
{ver v, 05 vs? ugt vg? }. We see that T|I' never displays a tree twice, by Proposition 6.3, as one
child of the root of 7|I" has both its children being ancestors of partners. Therefore the associated
basic cyclic pair of the processed cyclic pair of N-(w,v,P;, P;) can be reduced to a desirable

configuration. The case when Kp, > 2 and Kp, > 2 is similar. O

7.4 The Efficient Algorithm

We now have all the tools that we need in order to create an efficient algorithm for deciding
whether or not a phylogenetic network displays a tree twice. Given a phylogenetic network, the
first step is to count the number of vertices in the network. If the number of vertices in the network
exceeds 2 <|X X |> — 1, where | X| is the number of leaves in the network, then the network has
an avoidable reticulation vertex or a trivial cyclic pair; in both cases the network displays a tree
twice. If the number of vertices in the network does not exceed 2 (|X 2 +|X |) — 1 then we run the
network through AVOIDABLE FINDER. If the statement “has an avoidable reticulation vertex” is
outputted then the network displays a tree twice. If the statement “does not have an avoidable
reticulation vertex” is outputted then the network does not have any avoidable reticulation vertices,
and in that case we run the network through CycLic PAirR FINDER. For each cyclic pair on
the list of cyclic pairs outputted by CycLiC PAIR FINDER, we get the tree representation of the
associated basic cyclic pair of the processed cyclic pair of that cyclic pair, and we send that tree
representation to BAsic CHECKER. If BAsic CHECKER returns the statement “displays a tree
twice” then the network displays a tree twice. If BASIC CHECKER returns the statement “does
not display a tree twice” for each cyclic pair on the list of cyclic pairs then the network does not

display a tree twice. Since we assume that the number of leaves in the network is reasonable,
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the algorithm for deciding whether or not a phylogenetic network displays a tree twice is efficient.

Algorithm: DisprLays TWICE
Input: A phylogenetic network N on leaf set X.

Output: The statement “displays a tree twice” or the statement “does not display a tree twice.”

1. Start counting the number of vertices in V. If the count exceeds 2 (|X|2 + |X\) — 1 then go
to Step 5.

2. Send N to AvOIDABLE FINDER. If the statement “has an avoidable reticulation vertex” is

returned then go to Step 5.

3. Send N to CycLiC PAIR FINDER, and let the list of cyclic pairs that is outputted be called
L. For each cyclic pair N- (w,v, P, P) on L send the tree representation 7 of the associated
basic cyclic pair of the processed cyclic pair of N-(w,v, P, Py) to BAsic CHECKER. If the

statement “displays a tree twice” is returned then go to Step 5.
4. Return the statement “does not display a tree twice.”
5. Return the statement “displays a tree twice.”

Theorem 7.2. Let N be a phylogenetic network on leaf set X. If DISPLAYS TWICE returns the
statement “displays a tree twice,” upon input of N, then N displays a tree twice, and if DISPLAYS
TWICE returns the statement “does not display a tree twice,” upon input of N, then N does not

display a tree twice.

Proof. Suppose DISPLAYS TWICE returns the statement “displays a tree twice,” upon input of N,
then either the number of vertices in N exceeds 2 (!X\Q + \X|) —1; or AVOIDABLE FINDER returns
the statement “has an avoidable reticulation vertex”; or BASIC CHECKER returns the statement
“displays a tree twice,” upon input of the tree representation of the associated basic cyclic pair of
the processed cyclic pair of one of the cyclic pairs on the list of cyclic pairs outputted by CycLic
PAIR FINDER. If the number of vertices exceeds 2 (\X\Q + |X]) —1 then, by Theorem 7.1, N has an
avoidable reticulation vertex or a trivial cyclic pair. If IV has an avoidable reticulation vertex then,
by Lemma 1.3, N displays a tree twice, and if NV has a trivial cyclic pair then, by Lemma 7.1, N
displays a tree twice. If AVOIDABLE FINDER returns the statement “has an avoidable reticulation

)

vertex,” upon input of N, then, by Lemma 7.5, N has an avoidable reticulation vertex; hence N

displays a tree twice. If BAsic CHECKER returns the statement “displays a tree twice,” upon
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input of the tree representation T of the associated basic cyclic pair of the processed cyclic pair
of one of the cyclic pairs on the list of cyclic pairs outputted by CycLiC PAIR FINDER, then, by
Theorem 6.3, 7 displays a tree twice. Thus 7’s associated basic cyclic pair can not be reduced to
a desirable configuration. Therefore, by Corollary 4.2, N displays a tree twice. Suppose DISPLAYS
TWICE returns the statement “does not display a tree twice,” upon input of N, then the number of
vertices in N does not exceed 2 (]X]2 + ]X\) — 1, and AVOIDABLE FINDER returns the statement
“does not have an avoidable reticulation vertex,” upon input of IV, which implies that N does not
have an avoidable reticulation vertex, by Lemma 7.5. Therefore BASIC CHECKER returns “does not
display a tree twice,” upon input of the tree representation of the associated basic cyclic pair of the
processed cyclic pair of any cyclic pair on the list of cyclic pairs outputted by CycLiCc PAIR FINDER,
upon input of N, which implies that the associated basic cyclic pair of the processed cyclic pair of
any cyclic pair on the list of cyclic pairs can be reduced to a desirable configuration. By Proposition
7.2, the associated basic cyclic pair of the processed cyclic pair of any cyclic pair not on the list
of cyclic pairs outputted by CycLic PAIR FINDER can be reduced to a desirable configuration.
Therefore the associated basic cyclic pair of the processed cyclic pair of any cyclic pair in N can be

reduced to a desirable configuration; thus, by Corollary 4.2, N does not display a tree twice. O

Theorem 7.3. Let N be a phylogenetic network on leaf set X, and let V' be the set of vertices of

N. DispLAYS TWICE runs in quartic-time in terms of | X|.

Proof. DISPLAYS TWICE stops if the number of vertices in N exceeds 2 (\X|2 + |X|) — 1, so the
maximum number of steps DISPLAYS TWICE can take in its first step is 2 (|X|2 + |X]) — 1. The
second step of DIsSPLAYS TWICE employs the algorithm AVOIDABLE FINDER, and the maximum
number of steps AVOIDABLE FINDER can take is k, where k is the number of reticulation vertices
in N. Provided that we get to the second step, the maximum number of steps that the second
step can take is less than or equal to 2 (\X\Q + \X|) —l,as k< |V]and |[V| <2 (\X\Q + \X|) —1.
The third step of DispLAYs TwICE employs CycLiC PAIR FINDER and BASIC CHECKER. The
running time of BASIC CHECKER is of O (| X7|), where T is the tree representation of a basic cyclic
pair. Now |X7| < 2|V|, where V is the vertex set of N. Since |V| < 2 (\X!Q + ]X]) — 1, we
see that, in this case, BASIC CHECKER runs in O (|X |2) Since the number of cyclic pairs that
CycLic PAIR FINDER can find is less than or equal to two times the number of vertices in N and

V] <2 (\X|2 + ]X]) — 1, we see that D1sPLAYS TWICE runs in O (\X\4). O
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Chapter 8

A Class of Locally Independent
Networks

8.1 Introduction

This chapter is about a class of phylogenetic networks for which there exists a quadratic-time
algorithm for counting the number of distinct trees displayed by a network in the class. A network
that is in that class is called a locally independent network. It is shown in this chapter that a
locally independent network has no avoidable reticulation vertices, no blocked reticulation vertices,
and no trivial cyclic pairs. It follows that the size of the leaf set of a locally independent network
bounds the number of vertices in the network. This allows one to count the number of distinct
trees displayed by a locally independent network in quadratic-time in terms of the leaf set of the

network.

8.2 Definition and Properties of a Locally Independent Network

Here we define what a locally independent network is, as well as showing that a locally independent
network has no avoidable reticulation vertices. This leads to a bound on the number of vertices of

a locally independent network in terms of the leaf set of the network.

Definition 8.1. A cyclic pair N- (w, v, Py, Py) has the tree-path to a leaf property when there exists

a tree-path from w to a leaf of V.

Example 8.1. In the following figure, the cyclic pair that has w as its source and v as its sink has
the tree-path to a leaf property. The cyclic pair that has w’ as its source and v’ as its sink does not

have the tree-path to a leaf property.
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Definition 8.2. Let N be a network such that every cyclic pair N- (w, v, P, P») of N is a maximal
tree-path cyclic pair with the tree-path to a leaf property. Then N is said to be a locally independent

network.

Example 8.2. The following network is an example of a locally independent network.

11

Definition 8.3. Let N be a network on leaf set X. Let N-(w,v, P1, P») be a cyclic pair of N. Let
v’ be a two-way tree-path reticulation with respect to w. We say that v is a main two-way tree-path

reticulation with respect to w when the two tree-paths from w to v’ are edge-disjoint.

Example 8.3. In the network from Example 8.2 we see that the reticulation vertex labeled v is a
main two-way tree-path reticulation with respect to w’, whilst the reticulation vertex labeled v’ is
a two-way tree-path reticulation with respect to w’ but not a main two-way tree-path reticulation

with respect to w'.
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Lemma 8.1. Let N be a network. If N is a locally independent network then N has no avoidable

reticulation vertices.

Proof. Suppose that N has an avoidable reticulation vertex. Let v be an avoidable reticulation
vertex of N such that there are no descendants of v that are themselves avoidable reticulation
vertices. Hence every tree-path starting at v ends at an unavoidable reticulation vertex. Let the set
of all such unavoidable reticulation vertices be called D. Since v is an avoidable reticulation vertex,
there exists a reticulation vertex v’ € D such that v’ is not a two-way tree-path reticulation with
respect to v. There is no way that v’ can form a maximal tree-path cyclic pair. Therefore N is not

a locally independent network. O

Lemma 8.2. Let N be a locally independent network on leaf set X. Let V' be the vertex set of N
then |V| < 4|X].

Proof. Let k be the number of reticulation vertices in N. By Lemma 8.1, N has no avoidable
reticulation vertices, and, since every cyclic pair in N has the tree-path to a leaf property, there are
no blocked reticulation vertices nor any trivial cyclic pairs in N. Therefore, by Lemma 7.4, k < | X]|.
By [26, Equation 5], | X|+ k = MTH Thus 2 (| X|+ k) —1=|V|,and |V| < 2(2|X]|) — 1, because
k < |X|. Therefore |V| < 4|X]. O

8.3 An Equivalence Relation

Let N-(w,v,P1,Ps) be any cyclic pair in a locally independent network N. By definition,
N-(w,v, P1, P») is a maximal tree-path cyclic pair with the tree-path to a leaf property. Hence

wv,PL,P2) pepresenting the associated basic cyclic pair of

we can immediately get the tree 7
N-(w,v, Py, P,). Let N-(w,v',P{,P}) be any other cyclic pair that shares the same source as
N-(w,v, P1, P»), namely w. We see that the tree T(w’”/’P{’Pé) representing the associated basic

w7U7P17P2)

cyclic pair of N-(w,v’, P/, P}) is isomorphic to 7 Thus we can define an equivalence

relation on the set of cyclic pairs in V.

Definition 8.4. Let N-(w,v, P;, P;) and N- (w’,v', P{, P}) be two cyclic pair in a locally indepen-
dent network N. We say that N-(w, v, P1, P») and N- (w',v', P{, Py) are related when w = w’. We

call this relation the locally independent relation on N.

Example 8.4. In the network from Example 8.2, the two cyclic pairs that have w as their source

are related under the locally independent relation.
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Lemma 8.3. Let N be a locally independent network. The locally independent relation on N is an

equivalence relation.

Proof. 1t is easy to see that the locally independent relation on N is reflexive, symmetric, and

transitive. n

8.4 Algorithm

The locally independent relation on IV partitions the set of cyclic pairs in IV into equivalence classes.
Let J be any such equivalence class of N. Let N-(w, v, P, P») be any representative of J. We now
need to count the number of trees displayed by the associated basic cyclic pair of N-(w, v, Pi, P3).
Let k& be the number of main two-way tree-path reticulation vertices with respect to w in the
associated basic cyclic pair of N-(w,v, P, P»). It is the case that the number of networks/trees
displayed by the associated basic cyclic pair of N-(w,v, P, Py), via general switchings with the
following property: for each reticulation vertex v’ that is not a main two-way tree-path reticulation
with respect to w both reticulation edges of v’ are in the general switchings, is either 2% or 28 — 1.
This is the case because N-(w,v, P1, P») is a maximal tree-path cyclic pair with the tree-path to a
leaf property. That fact together with the fact that a representative cyclic pair of one equivalence
class is completely independent of a representative cyclic pair of another equivalence class leads to

the following algorithm.

Algorithm : COUNTINGLOCAL
Input : A locally independent network N together with an index j.
Output : The number of distinct trees displayed by N.

1. Compile the list of all sources of cyclic pairs in N, call them wq,ws,...,w,. If there are no

cyclic pairs in N then return the number one.
2. Set the index j to be one.
3. If j = n+1 then multiply all the numbers together on the list from Step 1 and return output.

4. For w; find a cyclic pair N- (wj,vj,Pf,Pg), and get the tree 7; representing
N- (wj,vj,Plj ,P2j ), where 7; has maximal subtrees 7'1j ,7'2j and 7'1j has maximal subtrees

Ale, Mle .
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5. Relabel the maximal subtrees of 7; such that X contains a fixed leaf, and relabel the
1

maximal subtrees of ’7'1j such that X A contains a fixed leaf.
1

6. If X,Tj or X M contains a fixed leaf then go to Step 8.
2 i

L L L
7. If (75]) | (XMTIJ-) = (MTI) then on the list from Step 1 replace w; with the number
2ki — 1, where k; is the number of main two-way tree-path reticulations with respect to wj,

and return to Step 3 setting j to be 5 + 1. Otherwise go to Step 8.

8. On the list from step 1 replace w; with the number 2% and return to Step 3 setting j to be
J+1

Theorem 8.1. Let N be a locally independent network. COUNTINGLOCAL returns the number of
distinct trees displayed by N upon input of N. Moreover, COUNTINGLOCAL runs in polynomial-

time.

Proof. If N is a tree then COUNTINGLOCAL will return the number one at Step 1. Hence COUNT-
INGLOCAL returns the number of distinct trees displayed by N when N is a tree. Suppose N is
not a tree then N has cyclic pairs. Let all the sources of cyclic pairs in N be compiled into a list,
say wi,wsa,...,Wwy. Let w; be any such source in N, so j € {1,2,...,n}. Let N- (wj,vj,Plj,PQj)
be a cyclic pair that has w; as its source. We see that N- (wj,vj, Pf , P2j ) is a representative of
an equivalence class under the locally independent relation. Let 7; be the tree representing the
associated basic cyclic pair of V- (wj, vj, Plj , ng ) Let the maximal subtrees of T; be ’le , 7-2j , and
relabel the maximal subtrees of 7; so that Xle contains a fixed leaf. Let the maximal subtrees of le

be A M, and relabel the maximal subtrees of ’7'1‘7 so that X A contains a fixed leaf. Suppose
1

1
that 7; displays exactly p; distinct representations via the general switchings with the following

j s
i

property: for each reticulation vertex v in the associated basic cyclic pair of N- (wj,vj, Plj , PQj ),
that is not a main two-way tree-path reticulation with respect to w;, both v and v*? are in the
general switchings. It is the case that p; can either be 2k or 2% — 1, where k; is the number
of main two-way tree-path reticulation with respect to w; in the associated basic cyclic pair of
N- (wj, vj, Plj , P2j ) If p; is 2ki — 1 then 7; displays a representation twice, and the only way that
7; can display a representation twice is when (’7'2] )L \ ( X MT])L = (MTIJ-)L; hence w; is replaced
i
by 2% — 1 in CouNTINGLOCAL. If pj is 25 then (TQJ)L| (XMTJ,)L # (M,,.l')L, or at least one of
i

(XT') , (XMTj) contains a fixed leaf, in either case we see that w; is replaced by 2k in COUNT-
2 i

INGLOcAL. Since N is a locally independent network, we see that the number of distinct trees
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displayed by N is p1 X p2 X ... X py. It follows that COUNTINGLOCAL returns the number of distinct
trees displayed by N. The maximum number of cyclic pairs that need to be checked is less than or
equal to the number of vertices in N. By Lemma 8.2, we have |V| < 4|X]|. For a locally independent
network, it takes linear-time to get the tree representing a basic cyclic pair; hence the running time

of COUNTINGLOCAL is of O (|X|2). O
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