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4 1 Base

1 Base

theory Base
imports Main
begin
— This theory and the subsequent theories have been developed with Isabelle2014.
nitpick-params [ timeout = 600 |
declare [[ smt-timeout = 600 |]
class mult = times
begin
notation
times (infixl - 70) and
times (infixl ; 70)
end
class neg = uminus
begin

no-notation
uminus (— - [81] 80)

notation
uminus (— - [80] 80)

end

class while =
fixes while :: '/a = 'a = ’a (infixr x 59)

class L =
fixes L :: 'a

class n =
fixes n :: 'a = a

class d =
fixes d :: 'a = 'a

class diamond =
fixes diamond :: 'a = 'a = ‘a (| - > - [50,90] 95)

class bor =
fixes boz :: 'a = '‘a = 'a (| -] - [60,90] 95)

context ord
begin

definition isotone :: (‘a = 'a) = bool
where isotone f «—— (Vzy .z <y — f(z) < f(y))

definition lifted-less-eq :: (‘a = 'a) = ('a = 'a) = bool ((- << -) [51, 51] 50)
where f << g «— (Vz . f(z) < g(2))

definition galois :: (‘a = ‘a) = (‘a = 'a) = bool
where galois lu —— Vzy . l(z) <y «— z < u(y))

definition ascending-chain :: (nat = ‘a) = bool
where ascending-chain f «—— (Vn . fn < f (Suc n))
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definition descending-chain :: (nat = ‘a) = bool
where descending-chain f «— (Vn . f (Suc n) < fn)

definition directed :: ‘a set = bool
where directed X «—— X # {} A (VzeX . VyeX .3zeX .2 <z Ay <z)

definition codirected :: 'a set = bool
where codirected X «—— X # {} A VzeX .VyeX . FzeX .z <z ANz <y)

definition chain :: 'a set = bool
where chain X «— (VzeX .VyeX .z <yVy<zx)

end
context order
begin

lemma lifted-reflexive: f = g — [ << g
by (metis lifted-less-eq-def order-refl)

lemma lifted-transitive: f << g N g << h — f << h
by (smt lifted-less-eq-def order-trans)

lemma lifted-antisymmetric: f << g N g << f—f=yg
by (metis (full-types) antisym ext lifted-less-eq-def)

lemma galois-char: galois lu «—— (Vz . z < u(l(z))) A Vz . l(u(z)) < z) A isotone I A isotone u
apply (rule iffI)
apply (metis (full-types) galois-def isotone-def order-refl order-trans)
apply (metis galois-def isotone-def order-trans)
done

lemma galois-closure: galois l v — I(z) = l(u(l(z))) A u(z) = u(l(u(z)))
by (smt antisym galois-char isotone-def)

lemma ascending-chain-k: ascending-chain f — fm < f (m + k)
apply (induct k)
apply simp
apply (metis add-Suc-right ascending-chain-def order-trans)
done

lemma ascending-chain-isotone: ascending-chain f A m < k — fm < fk
by (metis ascending-chain-k le-iff-add)

lemma ascending-chain-comparable: ascending-chain f — fk < fmV fm < fk
by (metis nat-le-linear ascending-chain-isotone)

lemma ascending-chain-chain: ascending-chain f — chain (range f)
by (smt ascending-chain-comparable chain-def image-iff)

lemma chain-directed: X # {} A chain X — directed X
by (metis chain-def directed-def)

lemma ascending-chain-directed: ascending-chain f — directed (range f)
by (metis UNIV-not-empty ascending-chain-chain chain-directed empty-is-image)

lemma descending-chain-k: descending-chain f — f (m + k) < fm
apply (induct k)
apply simp
apply (metis add-Suc-right descending-chain-def order-trans)
done

lemma descending-chain-antitone: descending-chain f A m <k — fk < fm
by (metis descending-chain-k le-iff-add)

lemma descending-chain-comparable: descending-chain f — fk < fm Vv fm < fk
by (metis nat-le-linear descending-chain-antitone)



6

lemma descending-chain-chain: descending-chain f — chain (range f)
unfolding chain-def
apply simp
apply (smt descending-chain-comparable)
done

lemma chain-codirected: X # {} N chain X — codirected X
by (metis chain-def codirected-def)

lemma descending-chain-codirected: descending-chain f — codirected (range f)
by (metis UNIV-not-empty descending-chain-chain chain-codirected empty-is-image)

end
context complete-lattice
begin

lemma sup-Sup: assumes nonempty: A # {}
shows sup z (Sup A) = Sup ((sup z) ‘ A)
apply (rule antisym)
apply (metis Sup-mono Sup-upper2 assms ex-in-conv imagel le-supl sup-gel sup-ge2)
apply (smt Sup-least Sup-upper image-iff le-iff-sup sup.commute sup-gel sup-left-commute)
done

lemma sup-SUP: Y # {} — sup z (SUP y:Y . fy) = (SUP y:Y. sup z (fy))
unfolding SUP-def
apply rule
apply (subst sup-Sup)
apply (smt empty-is-image)
apply (metis image-image)
done

lemma inf-Inf: assumes nonempty: A # {}
shows inf z (Inf A) = Inf ((inf z) < A)
apply (rule antisym)
apply (smt Inf-greatest Inf-lower image-iff le-iff-inf inf.commute inf-lel inf-left-commute)
apply (metis Inf-mono Inf-lower2 assms ex-in-conv imagel le-infl inf-lel inf-le2)
done

lemma inf-INF: Y # {} — infx (INF y:Y . fy) = (INF y:Y. infz (fy))
unfolding INF-def
apply rule
apply (subst inf-Inf)
apply (smt empty-is-image)
apply (metis image-image)
done

lemma SUP-image-id[simp]: (SUP z:f‘A . ) = (SUP x:A . fz)
by simp

lemma INF-image-id[simp]: (INF z:f'A . ) = (INF z:A . fz)
by simp

end

lemma image-Collect-2: f * { gz |z . Pz }={f(9z)|z.Pz}
by auto

— The following instantiation and four lemmas are from Jose Divason Mallagaray.
instantiation fun :: (type, type) power
begin

definition one-fun :: 'a = 'a
where one-fun-def: one-fun = id

definition times-fun :: (‘a = ‘a) = (‘a = ‘a) = (a = 'a)

1 Base



1 Base
where times-fun-def: times-fun = comp

instance
by intro-classes

end

lemma id-power: id"m = id
apply (induct m)
apply (metis one-fun-def power-0)
apply (simp add: times-fun-def)
done

lemma power-zero-id: "0 = id
by (metis one-fun-def power-0)

lemma power-succ-unfold: f*Suc m = f o f'm
by (metis power-Suc times-fun-def)

lemma power-succ-unfold-ext: (f*Suc m) z = f ((f"'m) z)
by (metis o-apply power-succ-unfold)

end
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2 Fixpoint
theory Fizpoint
imports Base
begin

context order

definition has-greatest-fixpoint

2 Fixpoint

begin
definition is-fizpoint 2 ('a = ’'a) = 'a = bool where is-fizpoint fz— f(z)=12z
definition is-prefizpoint : ('a = 'a) = 'a = bool where is-prefizpoint fz— f(z) <z
definition is-postfizpoint it ("a = 'a) = 'a = bool where is-postfizpoint fze—f(z) >z
definition is-least-fizpoint 2 ('a = 'a) = 'a = bool where is-least-fizpoint fze—flx)=2ANMy.f(y) =y
— z < y)
definition is-greatest-fixpoint : ('la = 'a) = 'a = bool where is-greatest-fizpoint  fz «—— f(z) =z A NVy . f(y) =1y
— oz >y)
definition is-least-prefizpoint it ('a = 'a) = 'a = bool where is-least-prefizpoint  fx +—— f(z) <z A NVy.f(y) <y
— 1z <y)
definition is-greatest-postfizpoint :: (‘a = 'a) = ‘a = bool where is-greatest-postfizpoint fx «—— f(z) >z A Vy . f(y) >
y—z2>y)
definition has-fixpoint 2 ('a = 'a) = bool where has-fizpoint f —— 3z . is-fizpoint f x)
definition has-prefizpoint 2 ('a = 'a) = bool where has-prefizpoint f—— 3z . is-prefixpoint f z)
definition has-postfizpoint 2 ('a = 'a) = bool where has-postfizpoint f «— (3z . is-postfizpoint f z)
definition has-least-fizpoint 2 ('a = 'a) = bool where has-least-fizpoint f —— 3z . is-least-fizpoint f x)

.. /

('a =
definition has-least-prefizpoint (la="a
/

definition has-greatest-postfizpoint :: (‘a = 'a) = bool where has-greatest-postfizpoint f «—— (I .

2)

‘a) = bool where has-greatest-fizpoint  f «— (Iz . is-greatest-fizpoint f x)
) = bool where has-least-prefizpoint  f «—— (3 z . is-least-prefizpoint f )

is-greatest-postfizrpoint f

definition the-least-fizpoint i ('a = 'a) = 'a (u- [201] 200) where p f = (THE z . is-least-fizpoint f x)
definition the-greatest-fizpoint  :: (‘a = ‘a) = ‘a (v - [201] 200) where v f = (THE z . is-greatest-fizpoint f z)
definition the-least-prefizpoint 2 ('la = 'a) = 'a (pp - [201] 200) where pu f = (THE x . is-least-prefizpoint f x)
definition the-greatest-postfizpoint :: (‘a = 'a) = 'a (pv - [201] 200) where pv f = (THE z . is-greatest-postfizpoint f x)

lemma least-fizpoint-unique: has-least-fizpoint f — (3lz . is-least-fixpoint f )
by (smt antisym has-least-fixpoint-def is-least-fizpoint-def)

lemma greatest-fizpoint-unique: has-greatest-fixpoint f — (Ilx . is-greatest-fixpoint f )
by (smt antisym has-greatest-fixpoint-def is-greatest-fizpoint-def)

lemma least-prefizpoint-unique: has-least-prefizpoint f — (31z . is-least-prefirpoint f x)
by (smt antisym has-least-prefizpoint-def is-least-prefizpoint-def)

lemma greatest-postfixpoint-unique: has-greatest-postfixpoint f — (Ilx . is-greatest-postfizpoint f x)
by (smt antisym has-greatest-postfizpoint-def is-greatest-postfizpoint-def)

lemma least-fizpoint: has-least-fizpoint f — is-least-fixpoint f (u f)
proof
assume has-least-fizpoint f
hence is-least-fizpoint f (THE x . is-least-fixpoint f x)
by (smt least-fizpoint-unique thel’)
thus is-least-fixpoint f (u f)
by (simp add: is-least-fizpoint-def the-least-fizxpoint-def)
qed

lemma greatest-fizpoint: has-greatest-fizpoint f — is-greatest-fizpoint f (v f)
proof
assume has-greatest-firpoint f
hence is-greatest-fizpoint f (THE z . is-greatest-fixpoint f )
by (smt greatest-fizpoint-unique thel ")
thus is-greatest-fixpoint f (v f)
by (simp add: is-greatest-fizpoint-def the-greatest-fizpoint-def)
qed

lemma least-prefizpoint: has-least-prefizpoint f — is-least-prefixpoint f (pp f)
proof
assume has-least-prefixpoint f
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hence is-least-prefizpoint f (THE x . is-least-prefizpoint f x)
by (smt least-prefizpoint-unique thel ")
thus is-least-prefizpoint f (pu f)
by (simp add: is-least-prefizpoint-def the-least-prefixpoint-def)
qed

lemma greatest-postfizpoint: has-greatest-postfizpoint f — is-greatest-postfizpoint f (pv f)
proof
assume has-greatest-postfixpoint f
hence is-greatest-postfizpoint f (THE z . is-greatest-postfizpoint f z)
by (smt greatest-postfizpoint-unique thel ")
thus is-greatest-postfizpoint f (pv f)
by (simp add: is-greatest-postfizpoint-def the-greatest-postfizpoint-def)
qed

lemma least-fizpoint-same: is-least-fizpoint fr — . = pu f
by (metis least-fizpoint least-fizpoint-unique has-least-firpoint-def)

lemma greatest-fizxpoint-same: is-greatest-fixrpoint fr — xz =v f
by (metis greatest-fizpoint greatest-firpoint-unique has-greatest-fixpoint-def)

lemma least-prefizpoint-same: is-least-prefizpoint fx — = = pu f
by (metis least-prefizpoint least-prefizpoint-unique has-least-prefizpoint-def)

lemma greatest-postfizrpoint-same: is-greatest-postfizpoint f x — x = pv f
by (metis greatest-postfirpoint greatest-postfizpoint-unique has-greatest-postfizxpoint-def )

lemma least-fizpoint-char: is-least-firpoint f © «— has-least-fizpoint f N x = p f
by (metis least-fizpoint-same has-least-fixpoint-def)

lemma least-prefizrpoint-char: is-least-prefizpoint f x «— has-least-prefixzpoint f N z = pu f
by (metis least-prefizpoint-same has-least-prefirpoint-def)

lemma greatest-fizpoint-char: is-greatest-fizpoint f © «—— has-greatest-fixrpoint f Nz = v f
by (metis greatest-fizpoint-same has-greatest-fixpoint-def)

lemma greatest-postfizpoint-char: is-greatest-postfixpoint f x «—— has-greatest-postfixpoint f N z = pv f
by (metis greatest-postfirpoint-same has-greatest-postfizpoint-def )

lemma mu-unfold: has-least-fizpoint f — f (u f) = p f
by (metis is-least-fizpoint-def least-fixpoint)

lemma pmu-unfold: has-least-prefizpoint f — [ (pu f) < pu f
by (metis is-least-prefizpoint-def least-prefizpoint)

lemma nu-unfold: has-greatest-fixzpoint f — v f = f (v f)
by (metis is-greatest-fizpoint-def greatest-fixpoint)

lemma pnu-unfold: has-greatest-postfizpoint f — pv f < f (pv f)
by (metis is-greatest-postfizpoint-def greatest-postfixpoint)

lemma least-prefizpoint-fizpoint: has-least-prefizpoint f A isotone f — is-least-fizpoint f (pu f)
by (smt eq-iff is-least-fizpoint-def is-least-prefizpoint-def isotone-def least-prefizpoint)

lemma pmu-mu: has-least-prefizpoint f A isotone f — pu f = p f
by (smt has-least-fizpoint-def is-least-fizpoint-def least-fixpoint-unique least-prefixpoint-fizpoint least-fixpoint)

lemma greatest-postfizpoint-fizpoint: has-greatest-postfizpoint f A isotone f — is-greatest-fixpoint f (pv f)
by (smt eq-iff is-greatest-fizpoint-def is-greatest-postfirpoint-def isotone-def greatest-postfixpoint)

lemma pnu-nu: has-greatest-postfizpoint f A isotone f — pv f = v f
by (smt has-greatest-fixpoint-def is-greatest-fizpoint-def greatest-fizpoint-unique greatest-postfizpoint-fixpoint greatest-fixpoint)

lemma pmu-isotone: has-least-prefixzpoint f N has-least-prefizpoint g N f << g — pu f < pu g
by (smt is-least-prefizpoint-def least-prefizpoint lifted-less-eq-def order-trans)

lemma mu-isotone: has-least-prefizpoint f A has-least-prefizrpoint g A isotone f A isotone g N f << g — nuf<pug
by (metis pmu-isotone pmu-mu)
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lemma pnu-isotone: has-greatest-postfixrpoint f N\ has-greatest-postfizrpoint g N f << g — pv f < pr g
by (smt is-greatest-postfizpoint-def lifted-less-eq-def order-trans greatest-postfixpoint)

lemma nu-isotone: has-greatest-postfizpoint f A has-greatest-postfizpoint g N isotone f A isotone g N f << g — v f<vg
by (metis pnu-isotone pnu-nu)

lemma mu-square: isotone f A has-least-fitpoint f A has-least-fixpoint (f o f) — u f=p (f o f)
by (metis (no-types, hide-lams) antisym is-least-fixpoint-def isotone-def least-fixpoint-char least-fixpoint-unique o-apply)

lemma nu-square: isotone f A has-greatest-fizpoint f N has-greatest-fizpoint (f o f) — v f=v (f o f)
by (metis (no-types, hide-lams) antisym is-greatest-fizpoint-def isotone-def greatest-fizpoint-char greatest-fizpoint-unique
o-apply)

lemma mu-roll: isotone g A has-least-fixpoint (f o g) A has-least-fixpoint (g o f) — p (g o f) = g(p (f o g))
apply (rule impl)
apply (rule antisym)
apply (smt is-least-fizpoint-def least-fixpoint o-apply)
apply (smt is-least-fizpoint-def isotone-def least-fizpoint o-apply)
done

lemma nu-roll: isotone g A has-greatest-fizpoint (f o g) A has-greatest-fizpoint (g o f) — v (g o f) = g(v (f o g))
apply (rule impI)
apply (rule antisym)
apply (smt is-greatest-fizpoint-def greatest-fizpoint isotone-def o-apply)
apply (smt is-greatest-fixpoint-def greatest-fizpoint o-apply)
done

lemma mu-below-nu: has-least-fixrpoint f N has-greatest-fizpoint f — p f < v f
by (metis is-greatest-fizpoint-def is-least-fixpoint-def least-fixpoint greatest-fixpoint)

lemma pmu-below-pnu-fix: has-fixpoint f N has-least-prefixpoint f N has-greatest-postfixzpoint f — pp f < pv f
by (smt has-fizpoint-def is-fizpoint-def is-greatest-postfizpoint-def is-least-prefizpoint-def le-less order-trans least-prefizpoint
greatest-postfixpoint)

lemma pmu-below-pnu-iso: isotone f A has-least-prefizpoint f A has-greatest-postfizrpoint f — pu f < pv f
by (metis has-fizpoint-def is-fixpoint-def is-least-fizpoint-def least-prefizpoint-fizpoint pmu-below-pnu-fiz)

lemma mu-fusion-1: galois I u A isotone h A has-least-prefizpoint g N has-least-fizpoint h A I(g(u(p h))) < h(l(u(p h))) —
lppg) <ph
proof
assume I1: galois [ u A isotone h A has-least-prefizpoint g A has-least-fixzpoint h A I(g(u(p h))) < h(l(u(p h)))
hence 1(g(u(x h))) < i h
by (metis galois-char least-fizpoint-same least-fizpoint-unique is-least-fizpoint-def isotone-def order-trans)
thus I(pp g) < p h using 1
by (metis galois-def least-prefizpoint is-least-prefizpoint-def least-fizpoint-same least-fizpoint-unique)
qed

lemma mu-fusion-2: galois | u A isotone h A has-least-prefizpoint g A has-least-fizpoint h ANl o g << hol — l(ppg) <uh
by (metis lifted-less-eq-def mu-fusion-1 o-apply)

lemma mu-fusion-equal-1: galois | u A isotone g A isotone h A has-least-prefizpoint g N has-least-fizpoint h A I(g(u(p h))) <

h(l(u(p ) A Ug(pp 9)) = h(l(pp 9)) — p b = l(pp g) A p b = U(p g)
by (metis antisym least-fizpoint least-prefizpoint-fixpoint is-least-fixpoint-def mu-fusion-1 pmu-mu)

lemma mu-fusion-equal-2: galois I u A isotone h A has-least-prefizpoint g A has-least-prefizpoint h A 1(g(u(p h))) < h(l(u(p
h))) A Wg(pp g9)) = h(l(pp g9)) — pp b = Upp g) A p b = U(pp g)

by (smt antisym galois-char least-fizpoint-char least-prefixpoint least-prefizpoint-fixpoint is-least-prefizpoint-def isotone-def
mau-fusion-1)

lemma mu-fusion-equal-3: galois | u A isotone g A isotone h A has-least-prefizpoint g N has-least-fizpoint h ANl o g = h o [

— ph=1ppg) ANph=1Uung)
by (metis mu-fusion-equal-1 o-apply order-refl)

lemma mu-fusion-equal-4: galois [ u A isotone h N has-least-prefizpoint g N\ has-least-prefizpoint h ANl o g=hol — puh

= l(pp g) N b = U(pp g)
by (metis mu-fusion-equal-2 o-apply order-refl)

lemma nu-fusion-1: galois l u A isotone h N has-greatest-postfizpoint g N\ has-greatest-fizpoint b A h(u(l(v h))) < u(g({(v h)))
— v h < u(pv g)
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proof
assume 1: galois [ u A isotone h A has-greatest-postfixzpoint g A has-greatest-fizpoint b A h(u(l(v h))) < u(g(l(v h)))
hence v h < u(g(l(v h))) using 1
by (metis galois-char greatest-fizpoint-same greatest-fizpoint-unique is-greatest-fizxpoint-def isotone-def order-trans)
thus v h < u(pv g) using 1
by (smt galois-def greatest-postfizpoint is-greatest-postfizpoint-def greatest-fizpoint-same greatest-fizpoint-unique)
qed

lemma nu-fusion-2: galois [ u A isotone h N has-greatest-postfizpoint g A has-greatest-fizpoint h AN houw << uwog—v h<

u(pv g)
by (metis lifted-less-eq-def nu-fusion-1 o-apply)

lemma nu-fusion-equal-1: galois | u A isotone g A isotone h A has-greatest-postfizpoint g N has-greatest-fixpoint h A h(u(l(v

h))) < u(g(i(v h))) A h(u(pr g)) = u(g(pv g9)) — v h = u(pr g) ANv h = u(v g)
by (metis antisym greatest-fizpoint greatest-postfizpoint-fizpoint is-greatest-fixpoint-def nu-fusion-1 pnu-nu)

lemma nu-fusion-equal-2: galois | u A isotone h A has-greatest-postfizpoint g A has-greatest-postfizpoint h A h(u(l(v h))) <
u(g(l(v h))) A h(u(pr 9)) = u(g(pv g)) — pv h = u(pv g) A v h = u(pv g)

by (smt antisym galois-char greatest-fixpoint-char greatest-postfixpoint greatest-postfixpoint-fizpoint is-greatest-postfizpoint-def
isotone-def nu-fusion-1)

lemma nu-fusion-equal-3: galois | u N isotone g A isotone h N has-greatest-postfizpoint g N\ has-greatest-fizpoint h A h o u =
wog—vh=ulprg) Avh=ulyg)
by (metis nu-fusion-equal-1 o-apply order-refl)

lemma nu-fusion-equal-4: galois | u A isotone h A has-greatest-postfizpoint g N\ has-greatest-postfixpoint h A h o u = u o g
— pv h=u(pr g) AN vh=u(pv g)
by (metis nu-fusion-equal-2 o-apply order-refl)

lemma mu-exchange-1: galois I u A isotone g A isotone h A has-least-prefizpoint (I o h) A has-least-prefizpoint (h o g) A
has-least-fixpoint (g o h) Alohog<<gohol— p(lloh)<u(goh)
proof

assume [: galois | u A isotone g A isotone h A has-least-prefizpoint (I o h) A has-least-prefizpoint (h o g) A has-least-fixpoint
(goh)Alohog<<gohol

hence [ o (hog) << (goh)ol

by (metis o0-assoc)

thus p(l o h) < p(g o h) using 1

by (smt galois-char is-least-prefizpoint-def isotone-def least-fixpoint-char least-prefizpoint least-prefixpoint-fixpoint mu-fusion-2
mu-roll o-apply)
qed

lemma mu-exchange-2: galois | u A isotone g A isotone h A has-least-prefizpoint (I o h) A has-least-prefizpoint (h
has-least-prefizpoint (h o g) A has-least-fizpoint (g o h) A has-least-fizpoint (h o g) ANlohog<<gohol— pu(h
u(h o g)

by (smt galois-char isotone-def least-fizxpoint-char least-prefizpoint-fizpoint mu-exchange-1 mu-roll o-apply)

D)
!

o A
ol) <

lemma mu-exchange-equal: galois I w A galois k t A isotone h A has-least-prefixpoint (I o h) A has-least-prefizpoint (h o 1) A
has-least-prefizpoint (k o h) A has-least-prefizpoint (ho k) ANlohok=kohol— p(loh)=pulkoh)Auhol) =puh
o k)

by (smt antisym galois-char isotone-def least-fixpoint-char least-prefizpoint-fixpoint lifted-reflexive mu-exchange-1
mu-exchange-2 o-apply)

lemma nu-exchange-1: galois | u A isotone g A isotone h A has-greatest-postfirpoint (u o h) A has-greatest-postfixpoint (h o
g) A has-greatest-fizpoint (g o h) Ngohou<<wuohog-—uv(goh)<uv(uoh)
proof

assume I: galois | uw A isotone g A isotone h A has-greatest-postfixzpoint (u o h) A has-greatest-postfirpoint (h o g) A
has-greatest-fizpoint (g o h) Ngohou<<wuohog

hence (go h)ou << wuo(hoyg)

by (metis o-assoc)
thus v(g o h) < v(u o h) using !
by (smt galois-char is-greatest-postfixpoint-def  isotone-def  greatest-fizpoint-char  greatest-postfizpoint

greatest-postfizpoint-fizpoint nu-fusion-2 nu-roll o-apply)
qed

lemma nu-exchange-2: galois | u A isotone g A isotone h A has-greatest-postfirpoint (u o h) A has-greatest-postfixpoint (h o
u) A has-greatest-postfixpoint (h o g) A has-greatest-fizpoint (g o h) A has-greatest-fizpoint (h o g) Ngohou<<uohogy
— v(hog) <v(hou)

by (smt galois-char isotone-def greatest-fizpoint-char greatest-postfixpoint-firpoint nu-exchange-1 nu-roll o-apply)
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lemma nu-ezchange-equal: galois | u A galois k t A isotone h N has-greatest-postfizpoint (u o h) A has-greatest-postfizpoint (h
o u) A has-greatest-postfixpoint (t o h) A has-greatest-postfizrpoint (h o t) Nuohot=tohou— v(uoh)=v(toh)A
v(howu)=wv(hot)

by (smt antisym galois-char isotone-def greatest-fizpoint-char greatest-postfizpoint-fizpoint lifted-reflexive nu-exchange-1
nu-exchange-2 o-apply)

lemma mu-commute-fizpoint-1: isotone f A has-least-fizpoint (f o g) AN f o g = g o f — is-fizpoint f (u(f o g))
by (metis is-firpoint-def mu-roll)

lemma mu-commute-fixpoint-2: isotone g A has-least-fizpoint (f o g) A f o g = g o f — is-fizpoint g (u(f o g))
by (metis is-firpoint-def mu-roll)

lemma mu-commute-least-fizpoint: isotone f A isotone g A has-least-fizpoint f A has-least-fitpoint g N\ has-least-fixpoint (f o
gGNfog=gof—(fog)=pf—pg<pf)
by (metis is-least-fizpoint-def least-fixpoint-same least-fizxpoint-unique mu-roll)

lemma nu-commute-fizpoint-1: isotone f A has-greatest-fizpoint (f o g) A f o g = g o f — is-fizpoint f (v(f o g))
by (metis is-firpoint-def nu-roll)

lemma nu-commute-fizpoint-2: isotone g N has-greatest-fizpoint (f o g) AN f o g = g o f — is-fizpoint g (v(f o g))
by (metis is-firpoint-def nu-roll)

lemma nu-commute-greatest-fizpoint: isotone f A isotone g A has-greatest-fizpoint f A has-greatest-fixpoint g A
has-greatest-fizpoint (f o g) N\fog=gof — W(fog)=vf—vf<vyg)
by (smt is-greatest-fizpoint-def greatest-fixrpoint-same greatest-fixpoint-unique nu-roll)

lemma mu-diagonal-1: isotone (Az . fzz) A (Vz . isotone (A\y . fz y)) A isotone (Az . p(Ay . fzy)) A (VY . has-least-fixpoint
Ay . fzy)) A has-least-prefizpoint (A\z . p(Ay . fzy)) — p(Az . fzz) = u(Az . p(Ay . fzy))

by (smt is-least-fizpoint-def is-least-prefizpoint-def  least-fixzpoint-same  least-fizpoint-unique  least-prefixpoint
least-prefizpoint-fizpoint)

lemma mu-diagonal-2: (Y z . isotone (Ay . fz y) A isotone (Ay . fyx) A has-least-prefizpoint (Ay . fz y)) A has-least-prefizxpoint
Az . pQAy . fzy) — pQz . fzz) =pAe . p(Ay . fzy))
proof
assume 1: (Vz . isotone (Ay . fz y) A isotone (Ay . fy z) A has-least-prefizpoint (Ay . f z y)) N has-least-prefixpoint (Az .
rAy . fzy))
hence isotone (A\z . u(Ay . fz y))
by (smt isotone-def lifted-less-eq-def mu-isotone)
thus u(Az . fzz) = p(Az . p(Ay . fz y)) using 1
by (smt is-least-fixpoint-def is-least-prefizpoint-def least-fizpoint-same least-prefizpoint least-prefizpoint-fixpoint)
qed

lemma nu-diagonal-1: isotone (Az . fzz) A (Vz . isotone (A\y . fz y)) A isotone (A\z . v(Ay . fzy)) A (Vz . has-greatest-fixpoint
(Ay . fzy)) A has-greatest-postfixzpoint (Az . v(Ay . fzy)) — v(Az . fzz) =v(Az . v(Ay . fz y))

by (smt is-greatest-fizpoint-def is-greatest-postfizpoint-def greatest-fixpoint-same greatest-fizpoint-unique greatest-postfixpoint
greatest-postfizpoint-fizpoint)

lemma nu-diagonal-2: (Vz . isotone (A\y . f x y) A isotone (Ay . f y x) A has-greatest-postfizrpoint (A\y . f z y)) A
has-greatest-postfizpoint Az . v(Ay . fzy)) — vz . fzz) = vz . v(dy . fzy))
proof

assume 1: (Vz . isotone (Ay . fz y) A isotone (\y . fy z) A has-greatest-postfizpoint (A\y . fz y)) A has-greatest-postfizpoint
(o . vy - foy)

hence isotone (Az . v(Ay . fz y))

by (smt isotone-def lifted-less-eq-def nu-isotone)
thus v(Az . fzz) =v(Az . v(A\y . fz y)) using I
by (smt greatest-fizpoint-same  greatest-postfizpoint  greatest-postfixpoint-firpoint  is-greatest-fizpoint-def

is-greatest-postfirpoint-def)
qed

end

end
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3 Lattice

theory Lattice
imports Base
begin

class join-semilattice = plus + ord +
assumes add-associative: (x + y) + z =2z + (y + 2)
assumes add-commutative: T + y =y + =
assumes add-idempotent: © + x = x
assumes less-eq-def: x < y+——x +y =1y
assumes less-def: ¢ < y «—— z < y A = (y < x)

begin

subclass order
apply unfold-locales
apply (metis less-def)
apply (metis add-idempotent less-eq-def)
apply (metis add-associative less-eq-def)
apply (metis add-commutative less-eq-def)
done

lemma add-left-isotone: t <y — z + 2 <y + 2
by (smt add-associative add-commutative add-idempotent less-eq-def)

lemma add-right-isotone: t <y — z +x < 2z + y
by (metis add-commutative add-left-isotone)

lemma add-isotone: w < yANzr <z—w+zx<y+ 2
by (smt add-associative add-commutative less-eq-def)

lemma add-left-upper-bound: x < x + y
by (metis add-associative add-idempotent less-eq-def)

lemma add-right-upper-bound: y < x + y
by (metis add-commutative add-left-upper-bound)

lemma add-least-upper-bound: t < z Ny < z+—z +y <z
by (smt add-associative add-commutative add-left-upper-bound less-eq-def)

lemma add-left-divisibility: © < y «— Iz .z + 2z = y)
by (metis add-left-upper-bound less-eg-def)

lemma add-right-divisibility: © < y «— 3z .z + z = y)
by (metis add-commutative add-left-divisibility)

lemma add-same-contezt:x < y+2ANy<zx+z—z+2=y+ 2
by (smt add-associative add-commutative less-eq-def)

lemma add-relative-same-increasing: t < y ANz +z2=z+w —y+ 2=y + w
by (smt add-associative add-right-divisibility)

lemma ascending-chain-left-add: ascending-chain f — ascending-chain (An . z + fn)
by (metis ascending-chain-def add-right-isotone)

lemma ascending-chain-right-add: ascending-chain f — ascending-chain (An . fn + z)
by (metis ascending-chain-def add-left-isotone)

lemma descending-chain-left-add: descending-chain f — descending-chain (An . z + fn)
by (metis descending-chain-def add-right-isotone)

lemma descending-chain-right-add: descending-chain f — descending-chain (An . fn + z)
by (metis descending-chain-def add-left-isotone)

primrec pSum0 :: (nat = ‘a) = nat = 'a
where pSum0 f 0 = f 0

13
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| pSum0 f (Suc m) = pSumO fm + fm

lemma pSum0-below: (Vi . fi < z) — pSum0 fm < x
apply (induct m)
apply (metis pSum0.simps(1))
by (metis add-least-upper-bound pSum0.simps(2))

end

class bounded-join-semilattice = join-semilattice + zero +
assumes add-left-zero: 0 + x =z

begin

lemma add-right-zero: x + 0 = z
by (metis add-commutative add-left-zero)

lemma zero-least: 0 < z
by (metis add-left-upper-bound add-left-zero)

end

class meet =
fixes meet :: 'a = ‘a = 'a (infixl ~ 65)

class meet-semilattice = meet + ord +
assumes meet-associative: (z —~y) ~z =z —~ (y — 2)
assumes meet-commutative: T —~ Y =Yy —~ T
assumes meet-idempotent: t —~ x = x
assumes meet-less-eq-def: t <y «—— . ~y =2x
assumes meet-less-def: t < y «—— z < y A = (y < x)

sublocale meet-semilattice < meet!: join-semilattice where plus = meet and less-eq = (Azy . y < z) and less = Az y . y
< )

apply unfold-locales

apply (rule meet-associative)

apply (rule meet-commutative)

apply (rule meet-idempotent)

apply (metis meet-commutative meet-less-eq-def )

apply (metis meet-less-def)

done

class T =
fixes T :: 'a (T)

class bounded-meet-semilattice = meet-semilattice + T +
assumes meet-left-top: T —~ x = x

sublocale bounded-meet-semilattice < meet!: bounded-join-semilattice where plus = meet and less-eq = (Az y . y < z) and
less =y .y <z)and zero =T

apply unfold-locales

apply (rule meet-left-top)

done

class bounded-distributive-lattice = bounded-join-semilattice + bounded-meet-semilattice +
assumes meet-left-dist-add: ¢ ~ (y + z) = (z ~y) + (z —~ 2)
assumes add-left-dist-meet: z + (y —~ 2) = (z + y) —~ (z + 2)
assumes meet-absorb: x ~ (z + y) = =
assumes add-absorb: x + (z ~y) =z

begin

lemma meet-left-zero: 0 ~ z = 0
by (metis add-absorb add-left-zero)

lemma meet-right-zero: © —~ 0 = 0
by (metis meet-commutative meet-left-zero)

lemma add-left-top-1: T + xz =T
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by (metis add-absorb meet-left-top)

lemma add-right-top-1: ¢ + T = T
by (metis add-commutative add-left-top-1)

lemma meet-same-context:x <y ~ 2 ANy<zc ~2 —r ~2=Yy —~ 2
by (metis eq-iff meet.add-least-upper-bound)

lemma relative-equality: © + z =y + 2 Nx ~ 2=y ~2z — T =y
by (metis add-absorb add-commutative add-left-dist-meet)

end

end

15
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4 Semiring
theory Semiring
imports Fizpoint Lattice
begin

class monoid = mult + one +
assumes mult-associative: (z ;y) ; 2z =2 ; (y ; 2)
assumes mult-left-one-1: 1 ; . = x
assumes mult-right-one: z ; 1 =z

class non-associative-left-semiring = bounded-join-semilattice + mult + one +
assumes mult-left-sub-dist-add: z ; y + z ;2 <z ; (y + 2)
assumes mult-right-dist-add: (x + y) ;2 =z ;2 +y; 2
assumes mult-left-zero: 0 ; © = 0
assumes mult-left-one: 1 ; x =
assumes mult-sub-right-one: © < x ; 1

begin

lemma mult-left-isotone: © <y — z ;2 <y ; 2
by (metis less-eq-def mult-right-dist-add)

lemma mult-right-isotone: ¢ <y — z;x < z; 9y
by (metis add-least-upper-bound less-eq-def mult-left-sub-dist-add)

lemma mult-isotone: w < yAzx < z—w;z<y; 2
by (smt mult-left-isotone mult-right-isotone order-trans)

lemma affine-isotone: isotone Az . y ; * + z)
by (smt add-commutative add-right-isotone isotone-def mult-right-isotone)

lemma mult-left-sub-dist-add-left: = ; y < z ; (y + 2)
by (metis add-left-upper-bound mult-right-isotone)

lemma mult-left-sub-dist-add-right: © ; z < z ; (y + 2)
by (metis add-right-upper-bound mult-right-isotone)

lemma mult-right-sub-dist-add-left: © ; z < (z + y) ; z
by (metis add-left-upper-bound mult-right-dist-add)

lemma mult-right-sub-dist-add-right: y ; z < (z + y) ; 2
by (metis add-right-upper-bound mult-right-dist-add)

lemma case-split-left: 1 <w +zANw;z<yNz;z<y—z<y
by (smt add-associative add-commutative less-eq-def mult-left-one mult-right-dist-add order-refl)

lemma case-split-left-equal: w + 2z =1 Nw;z=w;yANz;c=2;y —T =Yy
by (metis mult-left-one mult-right-dist-add)

lemma ascending-chain-left-mult: ascending-chain f — ascending-chain (An . z ; fn)
by (metis ascending-chain-def mult-right-isotone)

lemma ascending-chain-right-mult: ascending-chain f — ascending-chain (An . fn ; z)
by (metis ascending-chain-def mult-left-isotone)

lemma descending-chain-left-mult: descending-chain f — descending-chain (An . x ; fn)
by (metis descending-chain-def mult-right-isotone)

lemma descending-chain-right-mult: descending-chain f — descending-chain (An . fn ; z)
by (metis descending-chain-def mult-left-isotone)

— Some results about transitive closures in this class and the next two classes are taken from a joint paper with Rudolf
Berghammer.

abbreviation Lf :: ‘a = (‘a = 'a) where Lfy = Az . 1 + z;y)
abbreviation Rf :: ‘a = (‘a = ‘a) where Rf y= Az .1 + y; 1)
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abbreviation Sf :: ‘a = (‘a = 'a) where Sfy=\z .1 +y+ ;1)

abbreviation Istar :: ‘a = 'a where Istar y = pu (Lf y)
abbreviation rstar :: ‘a = 'a where rstar y = pu (Rf y)
abbreviation sstar :: ‘a = ‘a where sstar y = pu (Sf y)

lemma Istar-rec-isotone: isotone (Lf y)
by (smt2 add-isotone add-right-divisibility isotone-def mult-right-sub-dist-add-right order.refl)

lemma rstar-rec-isotone: isotone (Rf y)
by (metis add-isotone isotone-def less-eq-def mult-left-sub-dist-add-left order-refl)

lemma sstar-rec-isotone: isotone (Sf y)
by (simp add: add-right-isotone isotone-def mult-isotone)

lemma Istar-fizpoint: has-least-prefizpoint (Lf y) — Istar y = u (Lf y)
by (metis pmu-mu Istar-rec-isotone)

lemma rstar-fizpoint: has-least-prefixpoint (Rf y) — rstar y = p (Rf y)
by (metis pmu-mu rstar-rec-isotone)

lemma sstar-fizpoint: has-least-prefizpoint (Sfy) — sstar y = p (Sf y)
by (metis pmu-mu sstar-rec-isotone)

lemma sstar-increasing: has-least-prefizpoint (Sf y) — y < sstar y
by (metis add-least-upper-bound add-left-upper-bound order.trans pmu-unfold)

lemma rstar-below-sstar: has-least-prefizpoint (Rf y) A has-least-prefizpoint (Sf y) — rstar y < sstar y
proof
assume 1: has-least-prefizpoint (Rf y) A has-least-prefizpoint (Sf y)
hence Rf y (sstar y) < Sfy (sstar y)
by (smt2 add-isotone add-left-upper-bound add-right-upper-bound dual-order.trans mult-left-isotone pmu-unfold)
also have ... < sstar y using 1
by (metis (erased, lifting) pmu-unfold)
finally show rstar y < sstar y using 1
by (metis (erased, lifting) is-least-prefizpoint-def least-prefizpoint)
qed

end

class pre-left-semiring = non-associative-left-semiring +
assumes mult-semi-associative: (z ;y) ;2 < z; (y; 2)

begin

lemma mult-one-associative: © ; 1 ;y =x ; y
by (metis dual-order.antisym mult-left-isotone mult-left-one mult-semi-associative mult-sub-right-one)

lemma mult-sup-associative-one: (z 5 (y ;1)) ;2 <z ; (y; 2)
by (metis mult-semi-associative mult-one-associative)

lemma rstar-increasing: has-least-prefizpoint (Rf y) — y < rstar y
proof
assume has-least-prefizpoint (Rf y)
hence Rf y (rstar y) < rstar y
by (metis pmu-unfold)
thus y < rstar y
by (metis add-least-upper-bound mult-right-isotone mult-sub-right-one order.trans)
qed

end

class residuated-pre-left-semiring = pre-left-semiring + inverse +
assumes lres-galois: z ; y < z+— <2z /y

begin

— Theorem 32.2

17
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lemma lres-left-isotone: t <y — x [/ 2 <y / z
by (metis lres-galois order.refl order.trans)

— Theorem 32.2

lemma lres-right-antitone: x <y — 2z Jy <z /z
by (metis lres-galois mult-right-isotone order.refl order-trans)

lemma lres-inverse: (z / y) ; y < x
by (metis lres-galois order-refl)

lemma lres-one: z / 1 < x
by (metis dual-order.trans mult-sub-right-one lres-inverse)

lemma lres-mult-sub-lres-lres: © | (z ;5 y) < (z [/ y) / =z
by (metis lres-galois lres-inverse mult-semi-associative order.trans)

— Theorem 32.4

lemma mult-lres-sub-assoc: z ; (y / z) < (z ;y) / 2
by (metis (full-types) lres-galois lres-inverse mult-right-isotone mult-semi-associative order-trans)

lemma Istar-below-rstar: has-least-prefizpoint (Lf y) A has-least-prefixpoint (Rf y) — lIstar y < rstar y
proof
assume [: has-least-prefizpoint (Lf y) A has-least-prefizpoint (Rf y)
have y ; (rstary / y) ; y < y ; rstar y
by (metis mult-right-isotone mult-semi-associative order-trans lres-inverse)
also have ... < rstar y using I
by (metis add-least-upper-bound pmu-unfold)
finally have y ; (rstary / y) < rstary / y
by (metis lres-galois)
hence Rf y (rstary / y) < rstar y / y using 1
by (metis add-least-upper-bound lres-galois mult-left-one rstar-increasing)
hence rstar y < rstar y / y using 1
by (metis is-least-prefirpoint-def least-prefizpoint)
hence Lf y (rstar y) < rstar y using I
by (metis add-least-upper-bound lres-galois pmu-unfold)
thus Istar y < rstar y using 1
by (metis (erased, lifting) is-least-prefizpoint-def least-prefizpoint)
qed

— The next proof follows an argument of Rudolf Berghammer; see Satz 10.1.5 in his 2012 book.

lemma rstar-sstar: has-least-prefizpoint (Rf y) A has-least-prefizpoint (Sf y) — rstar y = sstar y
proof
assume 1: has-least-prefizpoint (Rf y) A has-least-prefizpoint (Sf y)
have Rf y (rstar y / rstar y) ; rstar y < rstar y + y ; ((rstar y / rstar y) ; rstar y)
by (metis add-isotone mult-left-one mult-right-dist-add mult-semi-associative)
also have ... < rstary + y ; rstar y
by (metis add-right-isotone mult-right-isotone lres-inverse)
also have ... < rstar y using I
by (metis (full-types) add-least-upper-bound order-refl pmu-unfold)
finally have Rf y (rstar y / rstar y) < rstary / rstary
by (metis lres-galois)
hence rstar y ; rstar y < rstar y using 1
by (metis (erased, lifting) is-least-prefizpoint-def least-prefizpoint lres-galois)
hence y + rstar y ; rstar y < rstar y using 1
by (metis add-least-upper-bound rstar-increasing)
hence Sfy (rstar y) < rstar y using 1
by (metis (full-types) add-least-upper-bound pmu-unfold)
hence sstar y < rstar y using 1
by (metis (erased, lifting) is-least-prefizpoint-def least-prefizpoint)
thus rstar y = sstar y using I
by (metis antisym rstar-below-sstar)
qed

end

class idempotent-left-semiring = non-associative-left-semiring + monoid
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begin

subclass pre-left-semiring
apply unfold-locales
apply (metis mult-associative order-refl)
done

lemma zero-right-mult-decreasing: z ; 0 < x
by (metis add-right-zero mult-left-sub-dist-add-right mult-right-one)

lemma test-preserves-equation: p < p;pAp <1 —(p;2<T;p—D;T=D;T;Dp)
apply rule
apply rule
apply (rule antisym)
apply (smt antisym mult-associative mult-right-isotone mult-right-one)
apply (metis mult-right-isotone mult-right-one)
apply (metis mult-left-isotone mult-left-one)
done

end

class idempotent-left-zero-semiring = idempotent-left-semiring +
assumes mult-left-dist-add: z ; (y + z) =z ;y + x5 2

begin

lemma case-split-right: 1 Sw + 2Nz, w<yAz;z2<y—z<y
by (smt add-associative add-commutative less-eq-def mult-left-dist-add mult-right-one)

lemma case-split-right-equal: w + z =1 ANz ;w=y; wWAXT;2=9Y;2 — T =1y
by (metis mult-left-dist-add mult-right-one)

end

class idempotent-semiring = idempotent-left-zero-semiring +
assumes mult-right-zero: © ; 0 = 0

class bounded-pre-left-semiring = pre-left-semiring + T +
assumes add-right-top: x + T = T

begin

lemma add-left-top: T +x =T
by (metis add-commutative add-right-top)

lemma top-greatest: x < T
by (metis add-left-top add-right-upper-bound)

lemma top-left-mult-increasing: x < T ; x
by (metis mult-left-isotone mult-left-one top-greatest)

lemma top-right-mult-increasing: x < x ; T
by (metis order-trans mult-right-isotone mult-sub-right-one top-greatest)

lemma top-mult-top: T ; T = T
by (metis add-right-divisibility add-right-top top-right-mult-increasing)

definition vector :: 'a = bool
where vector t «—— =z ; T

lemma vector-zero: vector 0
by (metis mult-left-zero vector-def)

lemma vector-top: vector T
by (metis top-mult-top vector-def)

lemma vector-add-closed: vector x A vector y — vector (z + y)
by (metis mult-right-dist-add vector-def)
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lemma vector-left-mult-closed: vector y — wvector (z ; y)
by (metis antisym mult-semi-associative top-right-mult-increasing vector-def)

end

class bounded-residuated-pre-left-semiring = residuated-pre-left-semiring + bounded-pre-left-semiring
begin

— Theorem 32.8

lemma lres-top-decreasing: © | T < x
by (metis lres-one lres-right-antitone order-trans top-greatest)

— Theorem 32.9

lemma top-lres-absorb: T | z = T
by (metis eg-iff lres-galois top-greatest)

end

class bounded-idempotent-left-semiring = bounded-pre-left-semiring + idempotent-left-semiring

class bounded-idempotent-left-zero-semiring = bounded-idempotent-left-semiring + idempotent-left-zero-semiring
class bounded-idempotent-semiring = bounded-idempotent-left-zero-semiring + idempotent-semiring

end

4 Semiring
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5 Itering

theory Itering
imports Semiring
begin

class circ =
fixes circ :: 'a = 'a (-° [100] 100)

class left-conway-semiring = idempotent-left-semiring + circ +
assumes circ-left-unfold: 1 + z ; 2° = z°
assumes circ-left-slide: (z ; y)° ;2 <z ; (y; z)
assumes circ-add-1: (z + y)° = z°; (y ; z°)°

o

begin

— Theorem 14.19

lemma circ-mult-sub: 1 + z ;5 (y;2)° ;9 < (z;y)°

by (metis add-right-isotone circ-left-slide circ-left-unfold mult-associative mult-right-isotone)
— Theorem 14.8

lemma circ-right-unfold-sub: 1 + z° ; x < z°
by (metis circ-mult-sub mult-left-one mult-right-one)

— Theorem 1.1 and Theorem 14.1

lemma circ-zero: 0° = 1
by (metis add-right-zero circ-left-unfold mult-left-zero)

— Theorem 1.4 and Theorem 1.13 and Theorem 14.4 and Theorem 14.13

lemma circ-increasing: © < x°
by (metis add-right-upper-bound circ-left-unfold circ-right-unfold-sub mult-left-one mult-right-sub-dist-add-left order-trans)

— Theorem 1.3 and Theorem 14.3

lemma circ-reflexvive: 1 < z°
by (metis add-left-divisibility circ-left-unfold)

— Theorem 1.5

lemma circ-mult-increasing: ¢ < x ; z°
by (metis circ-reflexive mult-right-isotone mult-right-one)

— Theorem 14.5

lemma circ-mult-increasing-2: © < z° ;
by (metis circ-reflexive mult-left-isotone mult-left-one-1)

— Theorem 1.11 and Theorem 14.11

lemma circ-transitive-equal: z° ; z° = z°
by (metis add-idempotent circ-add-1 circ-left-unfold mult-associative)

— Theorem 1.17 and Theorem 14.17

lemma circ-circ-circ: $°°° = z°°

by (metis add-idempotent circ-add-1 circ-increasing circ-transitive-equal less-eq-def )
— Theorem 1.18 and Theorem 14.18

lemma circ-one: 1° = 1°°
by (metis circ-circ-cire circ-zero)

— Theorem 14.21
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lemma circ-add-sub: (z° ; y)° ; z° < (z + y)°
by (metis circ-add-1 circ-left-slide)

lemma circ-plus-one: z° = 1 + z°
by (metis less-eq-def circ-reflexive)

— Theorem 1.12 and Theorem 14.12

lemma circ-rtc-2: 1 + = + z° ; z° = z°
by (metis add-associative circ-increasing circ-plus-one circ-transitive-equal less-eq-def)

— Theorem 1.2 and Theorem 14.2

lemma mult-zero-circ: (z ; 0)° =1+ z ;0
by (metis circ-left-unfold mult-associative mult-left-zero)

lemma mult-zero-add-circ: (z + y ; 0)° = z° ; (y ; 0)°
by (metis circ-add-1 mult-associative mult-left-zero)

— Theorem 14.6

lemma circ-plus-sub: z° ; z < z ; z°

by (metis circ-left-slide mult-left-one mult-right-one)

lemma circ-loop-fixpoint: y ; (y° ; 2) + 2 = y° ; 2
by (metis add-commutative circ-left-unfold mult-associative mult-left-one mult-right-dist-add)

— Theorem 1.6 and Theorem 14.7

lemma left-plus-below-cire: x ; z° < x°
by (metis add-right-upper-bound circ-left-unfold)

lemma right-plus-below-cire: z° ; © < x°
by (metis add-least-upper-bound circ-right-unfold-sub)

lemma circ-add-upper-bound: © < 2° Ny < 2° — x + y < 2°
by (metis add-least-upper-bound)

lemma circ-mult-upper-bound: © < 2° Ny < 2° — z ; y < 2°
by (metis mult-isotone circ-transitive-equal)

lemma circ-sub-dist: z° < (z + y)°
by (metis circ-add-sub circ-plus-one mult-left-one mult-right-sub-dist-add-left order-trans)

lemma circ-sub-dist-1: z < (z + y)°
by (metis add-least-upper-bound circ-increasing)

lemma circ-sub-dist-2: = ; y < (z + y)°
by (metis add-commutative circ-mult-upper-bound circ-sub-dist-1)

— Theorem 1.20 and Theorem 14.23

lemma circ-sub-dist-3: z° ; y° < (z + y)°
by (metis add-commutative circ-mult-upper-bound circ-sub-dist)

— Theorem 1 and Theorem 14

lemma circ-isotone: ¢ < y — z° < y°
by (metis circ-sub-dist less-eq-def)

— Theorem 1.21 and Theorem 14.24

lemma circ-add-2: (z + y)° < (z°; y°)°
by (metis add-least-upper-bound circ-increasing circ-isotone circ-reflexive mult-isotone mult-left-one mult-right-one)

lemma circ-sup-one-left-unfold: 1 < z — z ; z° = z°
by (metis antisym less-eq-def mult-left-one mult-right-sub-dist-add-left left-plus-below-circ)

lemma circ-sup-one-right-unfold: 1 < x — z° ; x = z°
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by (metis antisym less-eq-def mult-left-sub-dist-add-left mult-right-one right-plus-below-circ)
— Theorem 1.23 and Theorem 14.26

lemma circ-decompose-4: (z° ; y°)° = 2° ; (y° ; z°)°
by (metis add-associative add-commutative circ-add-1 circ-loop-fizpoint circ-plus-one circ-rtc-2  circ-transitive-equal
mult-associative)

— Theorem 1.22 and Theorem 14.25

lemma circ-decompose-5: (z° ; y°)° = (y° ; z°)°

by (smt add-associative add-commutative add-left-zero circ-add-1 circ-decompose-4 mult-left-zero mult-right-one)

lemma circ-decompose-6: z° ; (y ; 2°)° = y° ; (z ; y°)°
by (metis add-commutative circ-add-1)

lemma circ-decompose-7: (z + y)° = z°; y° ; (z + y)°
by (metis circ-add-1 circ-decompose-6 circ-transitive-equal mult-associative)

lemma circ-decompose-8: (z + y)° = (z + y)° ; z° ; ¢°
by (metis antisym eg-refl mult-associative mult-isotone mult-right-one circ-mult-upper-bound circ-reflexive circ-sub-dist-3)

lemma circ-decompose-9: (z° ; y°)° = 2° ; y° ; (z°; y°)°
by (metis circ-decompose-4 mult-associative)

lemma circ-decompose-10: (z° ; y°)° = (z°; y°)° ; z° ; ¢°
by (metis add-right-upper-bound circ-loop-fizpoint circ-reflexive circ-sup-one-right-unfold mult-associative order-trans)

o

lemma circ-back-loop-prefixpoint: (z ; y°) ;y + 2 < z; ¥y
by (metis add-least-upper-bound circ-left-unfold mult-associative mult-left-sub-dist-add-left mult-right-isotone mult-right-one
right-plus-below-circ)

— Theorem 1 and Theorem 14

lemma circ-loop-is-fizpoint: is-fixpoint (Az . y ; = + 2) (y° ; 2)
by (metis circ-loop-fizpoint is-fizpoint-def)

— Theorem 14

lemma circ-back-loop-is-prefixpoint: is-prefixzpoint Az . z ; y + 2) (2 ; y°)
by (metis circ-back-loop-prefizpoint is-prefixpoint-def)

— Theorem 1.16 and Theorem 14.16

lemma circ-circ-add: (1 + z)° = z°°
by (metis add-commutative circ-add-1 circ-decompose-4 circ-zero mult-right-one)

— Theorem 14.14

lemma circ-circ-mult-sub: z° ; 1° < z°°
by (metis circ-increasing circ-isotone circ-mult-upper-bound circ-reflexive)

— Theorem 14.9

lemma left-plus-cire: (z ; x°)° = z°
by (smt add-idempotent circ-add-1 circ-loop-fixpoint circ-transitive-equal mult-right-dist-add)

— Theorem 1.10 and Theorem 14.10

lemma right-plus-circ: (z° ; z)° = z°
by (metis add-commutative circ-isotone circ-loop-fizpoint circ-plus-sub circ-sub-dist eq-iff left-plus-circ)

lemma circ-square: (z ; z)° < z°
by (metis circ-increasing circ-isotone left-plus-circ mult-right-isotone)

— Theorem 1.19

lemma circ-mult-sub-add: (z ; y)° < (z + y)°
by (metis add-left-upper-bound add-right-upper-bound circ-isotone circ-square mult-isotone order-trans)
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lemma circ-add-mult-zero: z° ; y = (z + y ; 0)° ; y
proof —
have (z +y;0)°;y=2";(1 +y;0);y
by (metis mult-zero-add-circ mult-zero-circ)

also have ... = z° ; (y + y ; 0)
by (metis mult-associative mult-left-one mult-left-zero mult-right-dist-add)
also have ... = z° ; y

by (metis add-commutative less-eq-def zero-right-mult-decreasing)
finally show ?thesis
by metis
qed

— Theorem 14.22

lemma troeger-1: (z + y)° =2°; (I + y; (z + y)°)
by (metis circ-add-1 circ-left-unfold mult-associative)

lemma troeger-2: (z + y)° ; 2z =2°; (y; (z + y)° ; 2z + 2)
by (metis circ-add-1 circ-loop-fixpoint mult-associative)

lemma troeger-3: (z + y; 0)° =2°; (1 +y; 0)
by (metis mult-zero-add-circ mult-zero-circ)

lemma circ-add-sub-add-one-1: z + y < z°; (1 + y)
by (smt add-associative add-commutative add-idempotent circ-increasing circ-loop-fizxpoint less-eq-def mult-left-sub-dist-add-left
mult-right-one)

lemma circ-add-sub-add-one-2: z° ; (z + y) < z°; (1 + y)
by (metis circ-add-sub-add-one-1 circ-transitive-equal mult-associative mult-right-isotone)

lemma circ-add-sub-add-one: z ; z° ; (z + y) <z ;2°; (1 + y)
by (metis circ-add-sub-add-one-2 mult-associative mult-right-isotone)

lemma circ-square-2: (z ; z)° ; (z + 1) < z°
by (metis add-least-upper-bound circ-increasing circ-mult-upper-bound circ-reflexive circ-square)

— Theorem 1.25 and Theorem 14.28
lemma circ-extra-circe: (y ; z°)° = (y ; y° ; 2°)°
by (smt add-commutative add-idempotent circ-add-1 circ-left-unfold mult-associative)

— Theorem 14.15

lemma circ-circ-sub-mult: 1° ; x° < z°°
by (metis circ-increasing circ-isotone circ-mult-upper-bound circ-reflexive)

— Theorem 14.27
lemma circ-decompose-11: (z° ; y°)° = (z° ; y°)° ; z°
by (smt circ-add-1 circ-circ-add circ-decompose-4 circ-decompose-8 circ-rtc-2 circ-transitive-equal mult-associative)

— Theorem 14.20

lemma circ-mult-below-circ-cire: (z 5 y)° < (z°; y)° ; z°
by (metis circ-increasing circ-isotone circ-reflexive dual-order.trans mult-left-isotone mult-right-isotone mult-right-one)

— Theorem 14 counterexamples

lemma circ-right-unfold: 1 + z° ; © = z° nitpick [ezpect=genuine] oops

lemma circ-mult: 1 + z 5 (y ; 2)° 5 y = (x5 y)° nitpick [expect=genuine] oops

lemma circ-slide: (z ; y)° ; z = z ; (y ; )° nitpick [ezpect=genuine] oops

lemma circ-plus-same: z° ; © = z ; z° nitpick [ezpect=genuine] oops

lemma 1° ; z° < z° ; 1° nitpick [ezpect=genuine,card="7] oops

lemma circ-circ-mult-1: z° ; 1° = 2°° nitpick [ezpect=genuine,card="7] oops

lemma z° ; 1° < 1°; z° nitpick [expect=genuine,card="7] oops

lemma circ-circ-mult: 1° ; £° = z°° nitpick [ezpect=genuine,card="7] oops

lemma circ-add: (z° ; y)° ; ° = (z + y)° nitpick [ezpect=genuine,card=8] oops

lemma circ-unfold-sum: (z + y)° = z° + z° ; y ; (z 4+ y)° nitpick [expect=genuine,card=7] oops
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lemma mult-zero-add-cire-2: (z + y ; 0)° = z° + z° ; y ; 0 nitpick [ezpect=genuine,card="7] oops
lemma sub-mult-one-circ: x ; 1° < 1° ; z nitpick [ezpect=genuine] oops

lemma circ-back-loop-fizpoint: (z ; y°) ; y + z = z ; y° nitpick [ezpect=genuine] oops

lemma circ-back-loop-is-fizpoint: is-fitpoint (A\z . = ; y + z) (z ; y°) nitpick [ezpect=genuine] oops
lemma z° ; y° < (z° ; y)° ; z° nitpick [expect=genuine,card="7] oops

end
class bounded-left-conway-semiring = bounded-idempotent-left-semiring + left-conway-semiring
begin

lemma circ-top-1: T° = T
by (metis add-right-top antisym circ-left-unfold mult-left-sub-dist-add-left mult-right-one top-greatest)

lemma circ-right-top-1: z° ; T = T
by (metis add-right-top circ-loop-fixpoint)

lemma circ-left-top-1: T ; z° = T
by (metis antisym circ-plus-one mult-left-sub-dist-add-left mult-right-one top-greatest)

lemma mult-top-circ-1: (z ; T)° =1+ z; T
by (metis circ-left-top-1 circ-left-unfold mult-associative)

end
class left-zero-conway-semiring = idempotent-left-zero-semiring + left-conway-semiring
begin

lemma mult-zero-add-cire-2: (z + y ; 0)° =2° +2° ;4 ; 0
by (metis mult-associative mult-left-dist-add mult-right-one troeger-8)

lemma circ-unfold-sum: (z + y)° = 2° + 2° ;4 ; (z + v)°
by (metis mult-associative mult-left-dist-add mult-right-one troeger-1)

end

class left-conway-semiring-1 = left-conway-semiring +
assumes circ-right-slide: = ; (y ; 2)° < (z; y)° ; =

begin

— Theorem 1.26
lemma circ-slide-1: z ; (y ; 2)° = (z ; y)° ; z
by (metis antisym circ-left-slide circ-right-slide)

— Theorem 1.9

lemma circ-right-unfold-1: 1 + z° ; z = z°
by (metis circ-left-unfold circ-slide-1 mult-left-one mult-right-one)

lemma circ-mult-1: (z ; y)° =1+ 2z ;(y;2)° 5y
by (metis circ-left-unfold circ-slide-1 mult-associative)

o o

lemma circ-add-9: (z + y)° = (z° ; ¥)° ; z

by (metis circ-add-1 circ-slide-1)

— Theorem 1.7

lemma circ-plus-same: z° ; x = z ; z°
by (metis circ-slide-1 mult-left-one mult-right-one)
lemma circ-decompose-12: z° ; y° < (z° ; y)° ; z°
by (metis circ-add-9 circ-sub-dist-3)

end
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class left-zero-conway-semiring-1 = left-zero-conway-semiring + left-conway-semiring-1

begin
lemma circ-back-loop-fizpoint: (z ; y°) 5y + 2 = 2z ; y°
by (metis add-commutative circ-left-unfold circ-plus-same mult-associative mult-left-dist-add mult-right-one)

— Theorem 1

lemma circ-back-loop-is-fizpoint: is-fizpoint Az . z ; y + z) (2 5 y°)
by (metis circ-back-loop-fizpoint is-fixpoint-def)

lemma circ-elimination: z ; y = 0 — z ; y° < z
by (metis add-left-zero circ-back-loop-fizxpoint circ-plus-same mult-associative mult-left-zero order-refl)

end

class itering-1 = left-conway-semiring-1 +
assumes circ-simulate: z ;2 < y;z — z;2° < y° ;2

begin

— Theorem 1.15

lemma circ-circ-mult: 1° ; z° = z°°
by (metis antisym circ-circ-add circ-reflexive circ-simulate circ-sub-dist-8 circ-sup-one-left-unfold circ-transitive-equal

mult-left-one order-refl)

lemma sub-mult-one-circ: z ; 1° < 1° ; x
by (metis circ-simulate mult-left-one mult-right-one order-refl)

lemma circ-import: p < p;pAp<I1Ap;z<z;p—p;z°=p;(p;)°
apply rule
apply (rule antisym)
apply (smt antisym circ-simulate circ-slide-1  mult-associative mult-right-isotone  mult-right-one  order-refl
test-preserves-equation)
apply (metis circ-isotone mult-left-isotone mult-left-one mult-right-isotone)
done

end

class itering-2 = left-conway-semiring-1 +
assumes circ-simulate-right: z ;z < y;z 4+ w — z;2° < y°; (2 + w; z°)
assumes circ-simulate-left: © ; z < z;y+w —2°; 2 < (2 + z°; w) ; y°

begin

subclass itering-1
apply unfold-locales
apply (metis add-right-zero circ-simulate-right mult-left-zero)
done

lemma circ-simulate-left-1: z ; 2 < z;y — 2°;2<z;y° +2°;0

by (metis add-right-zero circ-simulate-left mult-associative mult-left-zero mult-right-dist-add)
lemma circ-separate-1: y ;¢ < z;y — (z + y)° =2°; ¢°
proof —

havey;z<z;y —y’ ;259" <z;9°+y°;0

by (smt circ-simulate-left-1 circ-transitive-equal mult-associative mult-left-isotone mult-left-zero mult-right-dist-add)
thus %thesis
by (smt add-commutative circ-add-1 circ-simulate-right circ-sub-dist-3 less-eq-def mult-associative mult-left-zero

zero-right-mult-decreasing)
qed

— Theorem 1.14

lemma circ-circ-mult-1: z° ; 1° = z°°
by (metis add-commutative circ-circ-add circ-separate-1 mult-left-one mult-right-one order-refl)
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end

class itering-3 = itering-2 + left-zero-conway-semiring-1

begin

lemma circ-simulate-1: y ; x <z ;y — y°; z° < z°; ¢°
by (smt add-associative add-right-zero circ-loop-fixpoint circ-simulate circ-simulate-left-1 mult-associative mult-left-zero
mult-zero-add-circ-2)

— Theorem 4

lemma atomicity-refinement: s =s; gANx=q; 2 ANqg;b=0ANT;b<b;rAr;I<Il;rANz;I<Il;zANb;1<150b
ANg;l<l;qAr°;¢<q;rm°ANgS 1 —s;@+b+r+0)°;¢<s;(x;0°5q¢+7r+1)°
proof
assume I:s=s;gANz=q; 2 ANqg;b=0A7r;b<b;rAr;I<Il;rANx;I<l;2ANb;1<Il;bANq;1<1;qgAN
5q<q;r°ANg< 1
hences; (z+b+r+10)°;¢g=5;0;(x+b+1)°;¢q
by (smt add-commutative add-least-upper-bound circ-separate-1 mult-associative mult-left-sub-dist-add-right
mult-right-dist-add order-trans)
also have ... = s;1°;b0°;7°; ¢q; (z; b°;r°; q)° using I
by (smt add-associative add-commutative circ-add-1 circ-separate-1 circ-slide-1 mult-associative)
also have ... < s;1°;0°;7r°;q;(z;b°; q; r°)° using 1
by (metis circ-isotone mult-associative mult-right-isotone)
also have ... < s;¢;1°;b°;7r°;(z;b°; q; r°)° using 1
by (metis mult-left-isotone mult-right-isotone mult-right-one)
also have ... < s;1°;¢;b°;7r°; (z;b°; ¢; r°)° using I
by (metis circ-simulate mult-associative mult-left-isotone mult-right-isotone)
also have ... < s;1°;r°;(z;b°; q; r°)° using 1
by (metis add-left-zero circ-back-loop-fizpoint  circ-plus-same mult-associative mult-left-zero  mult-left-isotone
mult-right-isotone mult-right-one)
also have ... < s ; (z ; b°; ¢+ r + 1)° using I
by (metis add-commutative circ-add-1 circ-sub-dist-3 mult-associative mult-right-isotone)
finally show s ; (z + b+ 7+ 1)°;¢<s;(z;0°;¢+7r+1)°.
qed

end

class itering = idempotent-left-zero-semiring + circ +
assumes circ-add: (z + y)° = (z°; y)° ; z°
assumes circ-mult: (z;y)°=1+z;(y;2)°; vy
assumes circ-simulate-right-plus: z ;x < y;9° ;2 +w — 2;2° < y°; (2 + w; z°)
assumes circ-simulate-left-plus: z ; 2 < z;y° +w — 2° ;2 < (2 + 2°; w) ; ¢°

begin

lemma circ-right-unfold: 1 + z° ; z = z°
by (metis circ-mult mult-left-one mult-right-one)

lemma circ-slide: z ; (y ; 2)° = (z; y)° ; x
by (smt2 circ-mult mult-associative mult-left-dist-add mult-left-one mult-right-dist-add mult-right-one order-refl)

— Theorem 50.6

subclass itering-3

apply unfold-locales

apply (metis circ-mult mult-left-one mult-right-one) — Theorem 1.8

apply (metis circ-slide order-refl)

apply (metis circ-add circ-slide)

apply (metis circ-slide order-refl)

apply (metis add-left-isotone circ-right-unfold mult-left-isotone mult-left-sub-dist-add-left mult-right-one order-trans

cire-simulate-right-plus)

apply (metis add-commutative add-left-upper-bound add-right-isotone circ-mult mult-right-isotone mult-right-one order-trans
cire-simulate-left-plus)

done

lemma circ-simulate-right-plus-1: z ; x < y; y° ;2 — z;2° < y°; 2
by (metis add-right-zero circ-simulate-right-plus mult-left-zero)
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lemma circ-simulate-left-plus-1: z ; 2 < z ;y° — z° ;2 < 2;4° +z2°; 0

by (smt add-right-zero circ-simulate-left-plus mult-associative mult-left-zero mult-right-dist-add)
lemma circ-simulate-2: y ; z° < z° ; y° «—— y° ; 2° < z° ; y°

apply (rule iffT)

apply (smt add-associative add-right-zero circ-loop-fizpoint circ-simulate-left-plus-1  mult-associative mult-left-zero

mult-zero-add-circ-2)

apply (metis circ-increasing mult-left-isotone order-trans)

done

lemma circ-simulate-absorb: y ;2 <z — y° ;. <z + y°; 0
by (metis circ-simulate-left-plus-1 circ-zero mult-right-one)

lemma circ-simulate-3: y ; z° < 2° — y° ; 2° < z°; ¢°

by (metis add-least-upper-bound circ-reflezive circ-simulate-2 less-eq-def mult-right-isotone mult-right-one)
lemma circ-separate-mult-1: y ; x <z ;y — (z; y)° < 2°; y°
by (metis circ-mult-sub-add circ-separate-1)

— Theorem 1.24
lemma circ-separate-unfold: (y ; z°)° =y° + y°;y;2;2°; (y; z2°)°
by (smt add-commutative circ-add circ-left-unfold circ-loop-fixpoint mult-associative mult-left-dist-add mult-right-one)

— Theorem 3
lemma separation: y ; ¢ <z ; y° — (z + y)° = 2° ; y°
proof —

have y ;2 <z;y° — 3 ;75,9 <w;9° +9y°;0

by (smt circ-simulate-left-plus-1 circ-transitive-equal mult-associative mult-left-isotone mult-left-zero mult-right-dist-add)
thus %thesis
by (smt add-commutative circ-add-1 circ-simulate-right circ-sub-dist-3 less-eq-def mult-associative mult-left-zero

zero-right-mult-decreasing)
qed

— Theorem 3

lemma simulation: y ; z <z ; y° — y° ; 2° < z°; y°
by (metis add-right-upper-bound circ-isotone circ-mult-upper-bound circ-sub-dist separation)

— Theorem 3
lemma circ-simulate-4: y ;¢ <z ;2°; (1 +y) — y°;2° <2°;9y°
proof
assume y; z < z;2°; (1 4+ y)
hence (1 + y);z<z;2°; (1 +vy)
by (smt add-associative add-commutative add-left-upper-bound circ-back-loop-fizpoint less-eq-def mult-left-dist-add
mult-left-one mult-right-dist-add mult-right-one)
hence y ; z° < z° ; y°
by (metis circ-add-upper-bound  circ-increasing  circ-reflezive  circ-simulate-right-plus-1  mult-right-isotone
mult-right-sub-dist-add-right order-trans)
thus y° ; 2° < z°; ¢°
by (metis circ-simulate-2)
qed
lemma circ-simulate-5: y ;¢ <z ;z°; (x +y) — y°; 2° < 2°;¢°
by (metis circ-add-sub-add-one circ-simulate-4 order-trans)

lemma circ-simulate-6: y ; z < z; (z +y) — y° ; 2° < z°; y°
by (metis add-commutative circ-back-loop-fizpoint circ-simulate-5 mult-right-sub-dist-add-left order-trans)

— Theorem 3

lemma circ-separate-4: y ;¢ <z ;z°; (1 +y) — (z +y)° =2°;y°
proof
assume I:y;z<z;2°; (1 4+ y)
hencey;z;2°<z;2°+z;2°;9;2°
by (smt circ-transitive-equal less-eq-def mult-associative mult-left-dist-add mult-right-dist-add mult-right-one)
also have ... <z ; z° + z ; z° ; z° ; y° using I
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by (metis add-right-isotone circ-simulate-2 circ-simulate-4 mult-associative mult-right-isotone)
finally have y ; z ; z° < z ; z° ; ¢°
by (metis circ-reflexive circ-transitive-equal less-eq-def mult-associative mult-right-isotone mult-right-one)
hence y° ; (y°; 2)° < 2°; (¥° +¢° ;5 05 (3°; 2)°)
by (smt add-right-upper-bound circ-back-loop-fizpoint circ-simulate-left-plus-1 cire-simulate-right-plus circ-transitive-equal
mult-associative order-trans)
thus (z + y)° = 2°; y°
by (smt add-commutative antisym circ-add-1 circ-slide circ-sub-dist-3 circ-transitive-equal less-eq-def mult-associative
mult-left-zero mult-right-sub-dist-add-right zero-right-mult-decreasing)
qed
lemma circ-separate-5: y ;. < z ;z°; (z +y) — (z + y)° =2° ; ¢°
by (metis circ-add-sub-add-one circ-separate-4 order-trans)
lemma circ-separate-6:y ;¢ < z;(z+y) — (¢ +y)° =2°; ¢°
by (metis add-commutative circ-back-loop-fizpoint circ-separate-5 mult-right-sub-dist-add-left order-trans)

end

class bounded-itering = bounded-idempotent-left-zero-semiring + itering
begin

— Theorem 1

lemma circ-top: T° = T
by (metis add-right-top antisym circ-left-unfold mult-left-sub-dist-add-left mult-right-one top-greatest)

lemma circ-right-top: 2° ; T = T
by (metis add-right-top circ-loop-fizpoint)

lemma circ-left-top: T ; 2° = T
by (metis add-right-top circ-add circ-right-top circ-top)

lemma mult-top-circ: (z ; T)° =14z ; T
by (metis circ-left-top circ-mult mult-associative)

— Theorem 1 counterexamples

lemma I/ = z° nitpick [ezpect=genuine] oops

lemma z = z° nitpick [expect=genuine] oops

lemma z = z ; 2° nitpick [ezpect=genuine] oops

lemma z ; z° = z° nitpick [ezpect=genuine] oops

lemma z° = z°° nitpick [ezpect=genuine] oops

lemma (z ; y)° = (z + y)° nitpick [ezpect=genuine] oops
lemma z° ; y° = (z + y)° nitpick [ezpect=genuine,card=6] oops
lemma (z 4+ y)° = (z° ; y°)° nitpick [ezpect=genuine] oops

lemma I = [° nitpick [ezpect=genuine] oops
lemma I = (z ; 0)° nitpick [ezpect=genuine] oops
lemma ! + z ; 0 = z° nitpick [expect=genuine] oops
lemma z° = z° ; 1° nitpick [ezpect=genuine] oops
lemma z + y; 2 =z — y° ; z < z nitpick [expect=genuine] oops
lemma y ; 2 = 2 — y° ; ¢ < z nitpick [ezpect=genuine] oops
lemma z + z; y =z — z; y° < z nitpick [expect=genuine] oops
lemma z ; y =2 — z ; y° < z nitpick [ezpect=genuine] oops
lemma z =z + y; 2 — z < y° ; z nitpick [expect=genuine] oops
lemma z = y ; x — = < y° nitpick [ezpect=genuine] oops

T

lemmaz;z=2z2;y — z°; 2 < z; y° nitpick [ezpect=genuine] oops

lemma z° = (z
lemma y° ; z
lemma y ; z
lemma y ; x

;2)° 5 (z + 1) oops

<z°;9y° — (z 4+ y)° =2°; y° oops
<1 +12);y° — (z+y)°=2°;y° oops
<z-—y°;2<1°;x o0ps

end

class left-conway-semiring-L = left-conway-semiring + L +
assumes one-circ-mult-split: 1° ;2 = L + z
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assumes L-split-add: = ; (y + L) <z ;y + L
begin

lemma L-def: L=1°; 0
by (metis add-right-zero one-circ-mult-split)

lemma one-circ-split: 1° = L + 1
by (metis mult-right-one one-circ-mult-split)

lemma one-circ-circ-split: 1°° = L + 1
by (metis circ-one one-circ-split)

lemma sub-mult-one-circ: x ; 1° < 1° ; z
by (metis L-split-add add-commutative mult-right-one one-circ-mult-split)

lemma one-circ-mult-split-2: 1° ;. = x ; 1° + L
by (smt add-associative add-commutative add-least-upper-bound circ-back-loop-prefizpoint less-eq-def one-circ-mult-split
sub-mult-one-circ)

lemma sub-mult-one-circ-split: z ; 1° < z + L
by (metis add-commutative one-circ-mult-split sub-mult-one-circ)

lemma sub-mult-one-circ-split-2: z ; 1° < x + 1°
by (metis L-def add-right-isotone order-trans sub-mult-one-circ-split zero-right-mult-decreasing)

lemma L-split: z ; L<x; 0+ L
by (metis L-split-add add-left-zero)

lemma L-left-zero: L ; x = L
by (metis L-def mult-associative mult-left-zero)

lemma one-circ-L: 1° ; L =L
by (metis L-def circ-transitive-equal mult-associative)

lemma mult-L-circ: (z ; L)° =1+ z ; L
by (metis L-left-zero circ-left-unfold mult-associative)

lemma mult-L-cire-mult: (z ; L)° ; y =y + x; L
by (metis L-left-zero mult-L-circ mult-associative mult-left-one mult-right-dist-add)

lemma cire-L: L° = L + 1
by (metis L-left-zero add-commutative circ-left-unfold)

lemma L-below-one-circ: L < 1°
by (metis L-def zero-right-mult-decreasing)

lemma circ-circ-mult-1: z° ; 1° = z°°
by (metis L-left-zero add-commutative circ-add-1 circ-circ-add mult-zero-circ one-circ-split)

lemma circ-circ-mult: 1° ; z° = z°°

by (metis antisym circ-circ-mult-1 circ-circ-sub-mult sub-mult-one-cire)

lemma circ-circ-split: z°° = L + x°
by (metis circ-circ-mult one-circ-mult-split)

lemma circ-add-6: L + (z + y)° = (z° ; y°)°
by (metis add-associative add-commutative circ-add-1 circ-circ-add circ-circ-split circ-decompose-4)

end

class itering-L = itering + L +
assumes L-def: L = 1° ;0

begin
lemma one-circ-split: 1° = L + 1

by (metis L-def add-commutative antisym circ-add-upper-bound circ-reflezive circ-simulate-absorb mult-right-one order-refl
zero-right-mult-decreasing)
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lemma one-circ-mult-split: 1° ; 2 = L + x
by (metis L-def add-commutative circ-loop-fizpoint mult-associative mult-left-zero mult-zero-circ one-circ-split)

lemma sub-mult-one-circ-split: = ; 1° < z + L
by (metis add-commutative one-circ-mult-split sub-mult-one-circ)

lemma sub-mult-one-circ-split-2: z ; 1° < x + 1°
by (metis L-def add-right-isotone order-trans sub-mult-one-circ-split zero-right-mult-decreasing)

lemma L-split: ¢ ; L<xz; 0+ L
by (smt L-def mult-associative mult-left-isotone mult-right-dist-add sub-mult-one-circ-split-2)

subclass left-conway-semiring-L
apply unfold-locales
apply (metis L-def add-commutative circ-loop-fizpoint mult-associative mult-left-zero mult-zero-circ one-circ-split)
apply (metis add-commutative mult-associative mult-left-isotone one-circ-mult-split sub-mult-one-circ)
done

lemma circ-left-induct-mult-L: L <z — z ;y <z — 2z ;9y° <=2
by (metis circ-one circ-simulate less-eg-def one-circ-mult-split)

lemma circ-left-induct-mult-iff-L: L <z — z;y <z +—xz;y° <=z
by (smt add-least-upper-bound circ-back-loop-fizpoint circ-left-induct-mult-L less-eq-def)

lemma circ-left-induct-L: L< z — 2z ;y+2<z —2;9° <z
by (metis add-least-upper-bound circ-left-induct-mult-L less-eq-def mult-right-dist-add)

end

end

31
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6 KleeneAlgebra

theory KleeneAlgebra
imports Iltering
begin

class star =
fixes star :: ‘a = 'a (-* [100] 100)

class left-kleene-algebra = idempotent-left-semiring + star +
assumes star-left-unfold : 1 + y ; y* < y*
assumes star-left-induct : z +y;z <z — y* ;2<z

begin

lemma star-left-unfold-equal: 1 + z ; z* = z*
by (smt add-right-isotone antisym mult-right-isotone mult-right-one star-left-induct star-left-unfold)

lemma star-left-slide: (z ; y)* ;2 <z ; (y; z)*
by (metis mult-associative mult-left-sub-dist-add mult-right-one star-left-induct star-left-unfold-equal)

lemma star-isotone: z < y — z* < y*
by (metis add-right-isotone mult-left-isotone order-trans star-left-unfold mult-right-one star-left-induct)

lemma star-add-1-sub: z* ; (y ; 2*)* < (z + y)*
proof —
have z* ; (y ; 2*)" < 2”5 (y; (z + y)*)"
by (smt add-left-upper-bound mult-right-isotone star-isotone)
also have ... < z* ; ((z + y) ; (z + v)*)*
by (smt add-right-upper-bound mult-left-isotone mult-right-isotone star-isotone)
also have ... < z* ; (z + y)**
by (smt add-least-upper-bound mult-right-isotone star-isotone star-left-unfold)
also have ... < (z + y)* ; (z + y)*~
by (smt add-left-upper-bound mult-left-isotone star-isotone)
also have ... < (z + y)*
by (smt add-least-upper-bound mult-right-one star-left-induct star-left-unfold)
finally show z* ; (y ; 2*)* < (z + y)*
by smt
qed

lemma star-add-1: (z + y)* =z ; (y ; *)*
apply (rule antisym)
apply (smt add-least-upper-bound add-left-upper-bound  add-right-upper-bound  mult-associative  mult-left-one
mult-right-dist-add mult-right-one star-left-induct star-left-unfold-equal)
apply (smt star-add-1-sub)
done

end
— Theorem 50.1
sublocale left-kleene-algebra < star!: left-conway-semiring where circ = star
apply unfold-locales
apply (metis star-left-unfold-equal)
apply (metis star-left-slide)
apply (metis star-add-1)
done
context left-kleene-algebra
begin

— Many lemmas in this class are taken from Georg Struth’s Isabelle theories.

lemma star-sub-one: ¢ < 1 — z* = 1
by (metis add-right-isotone eq-iff less-eq-def mult-right-one star.circ-plus-one star-left-induct)



6 KleeneAlgebra 33

lemma star-one: 1* = 1
by (metis eg-iff star-sub-one)

lemma star-left-induct-mult: z ; y <y — 2" ; y <y
by (metis add-commutative less-eq-def order-refl star-left-induct)

lemma star-left-induct-mult-iff: z ; y < y+— z* ;y <y
by (metis mult-associative mult-left-isotone mult-left-one mult-right-isotone order-trans star-left-induct-mult star.circ-reflexive
star.left-plus-below-circ)

lemma star-involutive: z* = z**
by (smt antisym less-eq-def mult-left-sub-dist-add-left mult-right-one star-left-induct star.circ-plus-one star.left-plus-below-cire
star. circ-transitive-equal)

lemma star-sup-one: (1 + z)* = z*
by (metis star.circ-circ-add star-involutive)

lemma star-left-induct-equal: z + ¢ ; y =y — 2" ;2 < y
by (metis order-refl star-left-induct)

lemma star-left-induct-mult-equal: © ; y =y — z* ; y <y
by (metis order-refl star-left-induct-mult)

lemma star-star-upper-bound: z* < z2* — ** < 2*
by (metis star-involutive)
lemma star-simulation-left: x ; 2 < z ;y — 2" ;2 < 2z ; y*
by (smt add-commutative add-least-upper-bound mult-right-dist-add less-eq-def mult-associative mult-right-one
star.left-plus-below-circ star.circ-increasing star-left-induct star-involutive star.circ-isotone star.circ-reflexive
mult-left-sub-dist-add-left)

lemma quasicomm-1:y;z <z ;(z+ y)  «— vy ;2 <z; (z + y)*
by (smt mult-isotone order-refl order-trans star.circ-increasing star-involutive star-simulation-left)

lemma star-rtc-3: 1 +x +y;y=y — 2" <y
by (metis add-least-upper-bound less-eq-def mult-left-sub-dist-add-left mult-right-one star-left-induct-mult-iff star.circ-sub-dist)

lemma star-decompose-1: (z + y)* = (z* ; y*)*
apply (rule antisym)
apply (smt add-least-upper-bound mult-isotone mult-left-one mult-right-one  star.circ-increasing  star.circ-isotone
star.circ-reflexive)
apply (smt star.circ-isotone star.circ-sub-dist-8 star-involutive)
done

lemma star-sum: (z + y)* = (z* + y*)*

by (metis star-decompose-1 star-involutive)
lemma star-decompose-3: (z* ; y*)* = 2™ ; (y ; *)*
by (metis star-decompose-1 star.circ-add-1)

lemma star-loop-least-fixpoint: y ; x + 2 =z — y* ;2 < z
by (metis add-commutative star-left-induct-equal)

lemma star-loop-is-least-fixpoint: is-least-fizpoint (Az . y ; z + z) (y* ; 2)
by (smt is-least-fizpoint-def star.circ-loop-fizpoint star-loop-least-fizpoint)

lemma star-loop-mu: p (Az . y ;¢ + 2z) = y* ; 2
by (metis least-fizpoint-same star-loop-is-least-fixpoint)

lemma affine-has-least-fizpoint: has-least-fixpoint (A\z . y ; = + 2)
by (metis has-least-fizpoint-def star-loop-is-least-fizpoint)

lemma circ-add: (z* ; y)* ; 2 = (z + y)* nitpick [ezpect=genuine,card="7] oops
lemma circ-mult: 1 + z ; (y ; 2)° ; y = (z ; y)* nitpick [expect=genuine] oops

lemma circ-plus-same: =* ; © = z ; z* nitpick [expect=genuine] oops

lemma circ-unfold-sum: (x + y)* = z* + 2* ; y ; (z + y)”* nitpick [expect=genuine,card=8] oops
lemma mult-zero-add-cire-2: (z + y ; 0)* = z* + z* ; y ; 0 nitpick [ezpect=genuine,card="7] oops
lemma circ-simulate-left: z ; 2 < z;y + w — z* ;2 < (z + 2" ; w) ; y* nitpick [expect=genuine] oops
lemma circ-simulate-1: y ; z < z ; y — y* ; ¢* < z* ; y* nitpick [ezpect=genuine,card="7] oops

* N -
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lemma circ-separate-1: y ; ¢ < z ; y — (z + y)* = 2™ ; y* nitpick [expect=genuine,card=7] oops

lemma atomicity-refinement: s =s ;g ANz =q;zcANqg;b=0AT;0<b;rAr;I<Il;rAz;I<Il;zAb;I<Il;bA
g;1<l;qnr;q<q;m"ANg<1—s;(@+b+r+0)";¢<s;(z;b";q+r+ 1) nitpick [ezpect=genuine] oops
lemma circ-simulate-left-plus: z ; z < z ; y* + w — 2" ; z < (2 + z* ; w) ; y* nitpick [ezpect=genuine] oops

lemma circ-separate-unfold: (y ; z*)* = y* + y* ; y; z; 2 ; (y ; *)* nitpick [ezpect=genuine] oops

lemma separation: y ; z < z; y* — (z + y)* = z* ; y* nitpick [expect=genuine,card=7] oops

lemma circ-simulate-4: y ;¢ < z ;z*; (1 +y) — y*; 2" < 2% ; y* nitpick [ezpect=genuine,card="7] oops
lemma circ-simulate-5: y ; z < z ;2 ; (z + y) — y*; 2* < z* ; y* nitpick [expect=genuine,card="7] oops
lemma circ-simulate-6: y ; z < z ; (z + y) — y* ; z* < z* ; y* nitpick [ezpect=genuine,card="7] oops
lemma circ-separate-4: y ; ¢ < z ;z*; (I +y) — (z + y)* = z* ; y* nitpick [ezpect=genuine,card="7] oops
lemma circ-separate-5: y ; ¢ <z ;z*; (z + y) — (z + y)* = z* ; y* nitpick [ezpect=genuine,card="7] oops
lemma circ-separate-6: y ; z < z ; (z + y) — (z + y)* = z* ; y* nitpick [ezpect=genuine,card="7] oops

end

class strong-left-kleene-algebra = left-kleene-algebra +
assumes star-right-induct: z + z ; y <z — z;y* <=z

begin

lemma star-plus: y* ; y =y ; y*
by (smt add-least-upper-bound antisym less-eq-def mult-left-one mult-right-dist-add star.circ-plus-sub star-left-unfold
star-right-induct)

lemma star-slide: (z ; y)* ;2 =z ; (y; x)*
by (smt add-least-upper-bound antisym mult-associative mult-left-isotone mult-left-one mult-right-one order-trans star-left-slide
star-left-unfold star-right-induct)

lemma star-simulation-right: z ;2 <y ;2 — z ;2 < y* ;2
by (smt add-commutative add-least-upper-bound add-left-upper-bound mult-associative order-trans star.circ-loop-fixpoint
star-left-induct star-plus star-right-induct)

end

sublocale strong-left-kleene-algebra < star!: itering-1 where circ = star
apply unfold-locales
apply (metis star-slide order-refl)
apply (metis star-simulation-right)
done

context strong-left-kleene-algebra
begin

lemma star-right-induct-mult: y ;2 <y — y;z* <y
by (metis add-least-upper-bound eq-refl star-right-induct)

lemma star-right-induct-mult-iff: vy ; z < y «—— y ; z* < gy
by (metis mult-right-isotone order-trans star.circ-increasing star-right-induct-mult)

lemma star-simulation-right-equal: z ;x =y ;2 — 2z ;2" = y* ; 2
by (metis eg-iff star-simulation-left star-simulation-right)

lemma star-simulation-star: z ; y < y;z — z* ; y* < y* ; z*
by (metis star-simulation-left star-simulation-right)

lemma star-right-induct-equal: z + y;x =y — 2 ;2" < y
by (metis order-refl star-right-induct)

lemma star-right-induct-mult-equal: y ; x =y — y ; z* < y
by (metis order-refl star-right-induct-mult)

lemma star-back-loop-least-fizpoint: z ; y + z =z — 2z ; y* < x
by (metis add-commutative star-right-induct-equal)

lemma star-back-loop-is-least-fizpoint: is-least-fizpoint (A\z . z ; y + 2) (2 ; y*)
by (smt add-commutative add-right-isotone antisym is-least-fizpoint-def mult-left-isotone star.cire-back-loop-prefizpoint
star-back-loop-least-fizpoint star-right-induct)
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lemma star-back-loop-mu: p Az .z 5y + 2) =2 ; y*
by (metis least-fizpoint-same star-back-loop-is-least-fixpoint)

lemma star-square: z* = (1 + z) ; (z ; z)*
proof —
let of =Xy .y; x4+ 1
have 1: isotone ?f
by (smt add-left-isotone isotone-def mult-left-isotone)
have 2: ?of o 2f = (Ay . y; (z; 2) + (I + x))
by (simp add: add-associative add-commutative mult-associative mult-left-one mult-right-dist-add o-def)
thus ?thesis using I
by (metis mu-square mult-left-one star-back-loop-mu has-least-fizpoint-def star-back-loop-is-least-fixpoint)
qed

lemma star-square-2: z* = (z ; z)* ; (z + 1)
by (smt add-commutative antisym mult-left-one mult-left-sub-dist-add mult-right-dist-add mult-right-one star.circ-square-2
star-slide star-square)

lemma star-circ-simulate-right-plus: z ;2 <y ;vy" ;2 4+w — z; 2" <y*;(z + w; z¥)
proof
assume I1: z ;< y;y ;z+w
have (z + w;z") ;2 <z;z 4+ w;z*
by (metis add-right-isotone  mult-associative — mult-right-dist-add — mult-right-isotone  star.circ-increasing
star.circ-transitive-equal)
also have ... <y ; y*; z 4+ w + w ; z* using I
by (metis add-left-isotone)
alsohave ... <y ;9" ; 2z + w; z*
by (metis add-least-upper-bound add-right-isotone add-right-upper-bound star.circ-back-loop-prefizpoint)
also have ... < y* ; (z + w ; z*)
by (metis add-least-upper-bound mult-isotone mult-left-isotone mult-left-one mult-left-sub-dist-add-left star.circ-reflezive
star.left-plus-below-circ)
finally have y* ; (z + w; 2*) ;2 < y* ; (2 + w ; z¥)
by (metis mult-associative mult-right-isotone star.circ-transitive-equal)
thus z ; z* < y*; (z + w ; z¥)
by (metis add-least-upper-bound star-right-induct mult-left-sub-dist-add-left star.circ-loop-fixpoint)
qed

lemma star-circ-simulate-left-plus:  ; z < z ; y* + w — 2" ; 2 < (z + 2" ; w) ; y* nitpick [expect=genuine,card=7] oops
end
class left-zero-kleene-algebra = idempotent-left-zero-semiring + strong-left-kleene-algebra

begin
lemma star-star-absorb: y* ; (y* ; )" ; v* = (y* ; 2)* ; y*
by (metis add-commutative mult-associative star.circ-decompose-4 star.circ-slide-1 star-decompose-1 star-decompose-3)
lemma star-circ-simulate-left-plus: z ;2 < z;y* +w — z* ;2 < (z + 2" ; w) ; y*
proof
assume 1:z ;2 < z;y" +w
have z ; (¢ + 2" s w);y") <zs2z59 +2" s w;y"
by (smt add-right-isotone mult-associative mult-left-dist-add mult-right-dist-add  mult-right-sub-dist-add-left
star. circ-loop-fizpoint)
also have ... < (z + w + 2™ ; w) ; y* using 1
by (smt add-left-divisibility add-left-isotone mult-associative mult-right-dist-add star.circ-transitive-equal)
also have ... = (z + z* ; w) ; y*
by (metis add-associative add-right-upper-bound less-eq-def star.circ-loop-fixpoint)
finally show z* ; z < (2 + z* ; w) ; y*
by (metis add-least-upper-bound mult-left-sub-dist-add-left mult-right-one star.circ-right-unfold-1 star-left-induct)
qed

end
— Theorem 2.1
sublocale left-zero-kleene-algebra < star!: itering where circ = star

apply unfold-locales
apply (metis star.circ-add-9)
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apply (metis star.circ-mult-1)

apply (rule star-circ-simulate-right-plus)
apply (rule star-circ-simulate-left-plus)
done

class kleene-algebra = left-zero-kleene-algebra + idempotent-semiring
class left-kleene-conway-semiring = left-kleene-algebra + left-conway-semiring
begin

lemma star-below-circ: z* < z°
by (metis circ-left-unfold mult-right-one order-refl star-left-induct)

lemma star-zero-below-circ-mult: z* ; 0 < z° ; y
by (metis mult-isotone star-below-circ zero-least)

lemma star-mult-circ: z* ; 1° = z°
by (metis add-right-divisibility antisym circ-left-unfold star-left-induct-mult star.circ-loop-fizpoint)
lemma circ-mult-star: z° ; z* = z°
by (metis add-associative add-least-upper-bound circ-left-unfold circ-rtc-2  eq-iff left-plus-circ  star.circ-add-sub
star.circ-back-loop-prefixpoint star.circ-increasing star-below-circ star-mult-cire star-sup-one)

lemma circ-star: z°* = z°

by (metis circ-left-unfold left-plus-circ less-def less-le star.circ-increasing star-below-circ star-sup-one)
lemma star-circ: z*° = z°°
by (metis antisym circ-circ-add circ-sub-dist less-eq-def star.circ-rtc-2 star-below-circ)

lemma circ-add-3: (z° ; y°)* < (z + y)°
by (metis circ-add-1 circ-isotone circ-left-unfold circ-star mult-left-sub-dist-add-left mult-right-isotone mult-right-one
star.circ-isotone)

end

class left-zero-kleene-conway-semiring = left-zero-kleene-algebra + itering
begin

subclass left-kleene-conway-semiring ..

lemma circ-isolate: z° = z° ; 0 + z*
by (metis add-commutative antisym circ-add-upper-bound circ-mult-star circ-simulate-absorb star.left-plus-below-circ
star-below-circ zero-right-mult-decreasing)

lemma circ-isolate-mult: z° ; y = z° ;0 + z* ; y
by (metis circ-isolate mult-associative mult-left-zero mult-right-dist-add)

lemma circ-isolate-mult-sub: z° ; y < z° + 2% ; y
by (metis add-left-isotone circ-isolate-mult zero-right-mult-decreasing)
lemma circ-sub-decompose: (z° ; y)° < (z* ; y)° ; z°
by (smt add-commutative add-least-upper-bound add-right-upper-bound  circ-back-loop-fizpoint  circ-isolate-mult
mult-zero-add-cire-2 zero-right-mult-decreasing)

* o

lemma circ-add-4: (z + y)° = (z* ; 9)° ; =
apply (rule antisym)

apply (smt circ-add circ-sub-decompose circ-transitive-equal mult-associative mult-left-isotone)
apply (smt circ-add circ-isotone mult-left-isotone star-below-circ)

done

lemma circ-add-5: (z° ; y)° ; x°
by (metis circ-add circ-add-4)

lemma plus-circ: (z* ; z)° = z°
by (smt add-idempotent circ-add-4 circ-decompose-7 circ-star star.circ-decompose-5 star.right-plus-cire)

lemma (z* ; y ; 2*)° = (z* ; y)° nitpick [ezpect=genuine] oops
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end

class bounded-left-kleene-algebra = bounded-idempotent-left-semiring + left-kleene-algebra
sublocale bounded-left-kleene-algebra < star!: bounded-left-conway-semiring where circ = star ..
class bounded-left-zero-kleene-algebra = bounded-idempotent-left-semiring + left-zero-kleene-algebra
sublocale bounded-left-zero-kleene-algebra < star!: bounded-itering where circ = star ..

class bounded-kleene-algebra = bounded-idempotent-semiring + kleene-algebra

sublocale bounded-kleene-algebra < star!: bounded-itering where circ = star ..

end
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7 OmegaAlgebra

theory OmegaAlgebra
imports KleeneAlgebra
begin

class omega =
fixes omega = 'a = ‘a (- [100] 100)

class left-omega-algebra = left-kleene-algebra + omega +
assumes omega-unfold: y* =y ; y*
assumes omega-induct: t < z +y;z — xz <y +y* ;2
begin

— Many lemmas in this class are taken from Georg Struth’s Isabelle theories.

lemma star-zero-below-omega: z* ; 0 < z%
by (metis add-left-zero omega-unfold star-left-induct-equal)

lemma star-zero-below-omega-zero: z* ; 0 < z ; 0
by (metis add-left-zero mult-associative omega-unfold star-left-induct-equal)

lemma omega-induct-mult: y <z ;y — y < z¥
by (metis add-commutative add-left-zero less-eq-def omega-induct star-zero-below-omega)

lemma omega-sub-dist: % < (z+y)“
by (metis mult-right-sub-dist-add-left omega-induct-mult omega-unfold)

lemma omega-isotone: © < y — z% < y¥
by (metis less-eq-def omega-sub-dist)

lemma omega-induct-equal: y = 2 + z ; y — y < z“° + z* ; 2
by (metis omega-induct order-refl)

lemma omega-zero: 0 = 0
by (metis mult-left-zero omega-unfold)

lemma omega-one-greatest: z < 1%
by (metis mult-left-one omega-induct-mult order-refl)

lemma star-mult-omega: z* ; z¥ = z*
by (metis antisym-conv mult-isotone omega-unfold star.circ-increasing star-left-induct-mult-equal star-left-induct-mult-iff )

lemma omega-sub-vector: z* ; y < z“
by (metis mult-associative omega-induct-mult omega-unfold order-refl)

lemma omega-simulation: z ; x <y ; 2z — 2z ; ¥ < y“
by (smt less-eq-def mult-associative mult-right-sub-dist-add-left omega-induct-mult omega-unfold)

lemma omega-omega: z““ < z¥
by (metis omega-sub-vector omega-unfold)

lemma left-plus-omega: (z ; z*)* = z“
by (metis antisym mult-associative omega-induct-mult omega-unfold order-refl star.left-plus-circ star-mult-omega)

lemma omega-slide: z ; (y ; )* = (z ; y)*
by (metis antisym mult-associative mult-right-isotone omega-simulation omega-unfold order-refl)

lemma omega-simulation-2: y ; z <z ;y — (z; y)* <z
by (metis less-eq-def mult-right-isotone omega-induct-mult omega-slide omega-sub-dist)

lemma wagner: (z + y)* =z;xz+y) +2z — (z+y)* =2*+2"; 2
by (metis add-commutative add-least-upper-bound eq-iff omega-induct omega-sub-dist star-left-induct)

lemma right-plus-omega: (z* ; z)¥ = z“
by (metis left-plus-omega omega-slide star-mult-omega)
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lemma omega-sub-dist-1: (z ; y*)* < (z + y)*
by (metis add-least-upper-bound left-plus-omega mult-isotone mult-left-one mult-right-dist-add omega-isotone order-refl
star-decompose-1 star.circ-increasing star.circ-plus-one)

lemma omega-sub-dist-2: (z* ; y)* < (z + y)*
by (metis add-commutative mult-isotone omega-slide omega-sub-dist-1 star-mult-omega star.circ-sub-dist)

lemma omega-star: (z*)* = 1 + z%
by (metis eq-iff mult-left-sub-dist-add-left mult-right-one omega-sub-vector star.circ-left-unfold)

lemma omega-mult-omega-star: z¢ ; z** = ¢
by (metis add-least-upper-bound antisym omega-sub-vector star.circ-back-loop-prefizpoint)

lemma omega-sum-unfold-1: (z + y)* =2 + z* ; y; (z + y)*
by (metis mult-associative mult-right-dist-add omega-unfold wagner)

lemma omega-sum-unfold-2: (z + y)* < (z* ; y)* + (2% ; y)* ; z“
by (metis omega-induct-equal omega-sum-unfold-1)

lemma omega-sum-unfold-3: (z* ; y)* ; z¥ < (z 4+ y)*
by (metis omega-sum-unfold-1 star-left-induct-equal)

lemma omega-decompose: (z + y)* = (% ; y)* + (¢ ; y)* ; ¥
by (metis add-least-upper-bound antisym omega-sub-dist-2 omega-sum-unfold-2 omega-sum-unfold-3)

lemma omega-loop-fizpoint: y ; (y* + y* ;2) + z =y + y* ; 2
apply (rule antisym)
apply (smt add-commutative add-least-upper-bound add-right-isotone add-right-upper-bound mult-left-sub-dist-add-left
mult-right-isotone omega-induct omega-unfold order-trans star.circ-loop-fixpoint)
apply (smt add-associative add-left-isotone mult-left-sub-dist-add omega-unfold star.circ-loop-fizpoint)
done

lemma omega-loop-greatest-fizpoint: y ; z + 2 =2 — z < y* + y* ; 2
by (metis add-commutative omega-induct-equal)

lemma omega-square: z“° = (z ; z)“
by (metis antisym mult-associative omega-induct-mult omega-mult-omega-star omega-slide omega-sub-vector omega-unfold)

lemma mult-zero-omega: (z ; 0)* =z ; 0
by (metis mult-left-zero omega-slide)

lemma mult-zero-add-omega: (z + y ; 0)* =z¥ + 2% ;y; 0
by (smt add-associative add-commutative add-idempotent mult-associative mult-left-one mult-left-zero mult-right-dist-add
mult-zero-omega star.mult-zero-circ omega-decompose)

lemma omega-mult-star: z% ; z* = z%
by (metis antisym mult-left-sub-dist-add-left mult-right-one omega-sub-vector star.circ-plus-one)

lemma omega-loop-is-greatest-fizpoint: is-greatest-fizpoint Az . y ; ¢ + z) (y* + y* ; 2)
by (smt is-greatest-fixpoint-def omega-loop-fizpoint omega-loop-greatest-fizpoint)

lemma omega-loop-nu: v (Az . y; ¢ + 2) = y* + y*; 2
by (metis greatest-fizpoint-same omega-loop-is-greatest-fizpoint)

lemma omega-loop-zero-is-greatest-fixpoint: is-greatest-firpoint (Az . y ; z) (y*)
by (metis is-greatest-fizpoint-def omega-induct-mult omega-unfold order-refl)

lemma omega-loop-zero-nu: v (Az . y ; z) = y*
by (metis greatest-fizpoint-same omega-loop-zero-is-greatest-fizxpoint)

lemma affine-has-greatest-fizrpoint: has-greatest-fixzpoint (A\z . y ; = + 2)
by (metis has-greatest-fizpoint-def omega-loop-is-greatest-fixpoint)

lemma omega-separate-unfold: (z* ; y)* = y“ + y*; z; (z*; y)*
by (metis add-commutative mult-associative omega-slide omega-sum-unfold-1 star.circ-loop-fizpoint)

lemma omega-zero-left-slide: (z ; y)* ; ((z ; 9)Y ;0 + 1)z <z;(y;2) ; (y;2)*;0+ 1)
proof —
have z + 25 (y;2) 5 (y;2) 5 (y;2) 50+ 1) <z;(y;2)" 5 (y;2);0+1)
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by (smt add-commutative add-least-upper-bound  mult-associative  mult-left-isotone  mult-right-isotone
star.circ-back-loop-prefixpoint star.left-plus-below-circ star.mult-zero-add-circ star.mult-zero-circ)
hence ((z;y)*; 0+ 1);z+z;y;(z;(y;2) 5 (ys;2)*50+1)<z;(y;2)";(y;2);0+1)
by (smt add-associative less-eq-def mult-associative mult-left-one mult-left-sub-dist-add-left mult-left-zero mult-right-dist-add
omega-slide star-mult-omega)
thus %thesis
by (metis mult-associative star-left-induct)
qed

lemma omega-zero-add-1: (x + y)* ; (z +y) ;0 + 1) =2 ; (2 ;0 + 1) ;(y; 2% ;5 (x50 + 1) 5 ((y; 2% ;5 (2% ;0 +
050+ 1)
proof (rule antisym)
have 1: (z + y) ;2" ; (¥ ;0 + 1) (y;2" 5 (@ 50+ 1) ((y;2" 5 @50+ 1) ;0+1)<z";(z¥;0+1);(y
pat (a5 04+ 1) 5 ((ys e (2 50+ 1)% 50+ 1)
by (smt add-associative add-commutative less-eq-def mult-associative mult-left-isotone mult-right-dist-add star.circ-add-1
star.left-plus-below-circ star.mult-zero-add-circ star.mult-zero-circ star-decompose-1)
have 2: 1 < 2" ; (2*; 0+ 1);(y;2" ;5 (¥ ;0+ 1) 5 (y;2°;5 (@ ;0+1)*;0+ 1)
by (smt add-commutative mult-associative star.circ-add-1 star.circ-reflexive star.mult-zero-add-circ star.mult-zero-circ)
have (y;2%)* ;0 < (y;2"; (2% ;0 + 1))*; 0
by (smt mult-left-isotone mult-left-sub-dist-add-right mult-right-one omega-isotone)
alsohave 3: ... < (z*; 0+ 1);(y;2°;(x*;0+ 1) 5 (y;27;@“;0+1);0+ 1)
by (smt add-commutative mult-associative mult-left-one mult-right-sub-dist-add-left order-trans star.circ-sub-dist-1
star.mult-zero-add-circ star.mult-zero-circ)
finally have /: (z* ;) ;0 <a2";(2¥; 0+ 1);5(y; 2" 5 (¥ ;0+ 1) ((y; 2" 5 (2¥; 0+ 1) 0+ 1)
by (smt mult-associative mult-right-isotone omega-slide)
have y ; (z*;9)" ;2% ;0 <y; (2" ;(2*;0+y) 52" ;2%;0;(y;2";(2;0+1);0
by (metis mult-left-isotone mult-left-sub-dist-add-right mult-right-isotone star.circ-isotone mult-associative mult-left-zero
star-mult-omega)
also have ... <y ; (2" ; (@Y ;0 +y)"; (" ;@ ;0+1);9);0
by (smt mult-associative mult-left-isotone mult-left-sub-dist-add-left omega-slide)
also have ... =y ; (" ; (¥ ; 0+ 1) ; y)*; 0
by (smt mult-associative mult-left-one mult-left-zero mult-right-dist-add star-mult-omega)
finally have z* 5 y; (2" 5 y)* ;2% ;0 <a* (2 ;0 + 1) 5 (ys 2" 5 (@ 50+ 1) 5 ((y; 2% 5 (& ;0+ 1) ;0 + 1)
using 3
by (smt mult-associative mult-right-isotone omega-slide order-trans)
hence (z* ; y)* ;2 ;0 <z ;(x*;0+1);(y;2";(x*;0+ 1) 5 (y;2";@;0+1);0+1)
by (smt add-associative add-commutative less-eq-def mult-associative mult-isotone mult-left-one mult-right-one
mult-right-sub-dist-add-left order-trans star.circ-loop-fixpoint star.circ-reflexive star.mult-zero-circ)
hence (z + y)* ; 0 <z*; (2*; 0+ 1);(y;2"; (= ;0+ 1) ;((y;z";(=;0+1)%;0+ 1) using 4
by (metis add-least-upper-bound mult-right-dist-add omega-decompose)
thus (z + 9)" ; (z+ )0+ 1) <a" 5 @0+ 1) (2" ;@ ;04+1)" 5 (y;2" ;@504 1);50+ 1)
using 1 2
by (smt add-least-upper-bound mult-associative star-left-induct)
next
have 5: 2z ; 0 < (z + y)" ; ((z +y)* ;0 + 1)
by (metis add-commutative add-left-zero mult-associative mult-left-isotone mult-left-one mult-right-dist-add omega-sub-dist
order-trans star-mult-omega zero-right-mult-decreasing)
have 6: (y;2%)Y ;0 < (z +y)"; ((z + ) ; 0+ 1)
by (metis add-commutative mult-left-isotone omega-sub-dist-1 mult-associative mult-left-sub-dist-add-left order-trans
star-mult-omega)
have 7: (y ; ) < (z + 1)°
by (metis mult-left-one mult-right-sub-dist-add-left star.circ-add-1 star.circ-plus-one)
hence (y ; 2%)" ;2% ;0 < (z +y)" ;5 ((z + ) ;0 + 1)
by (smt add-associative less-eg-def mult-associative mult-isotone mult-right-dist-add omega-sub-dist)
hence (z¥ ;0 +y;2")" ;0 < (z+y)" ;((z+y)*;0+ 1) using 6
by (smt add-commutative add-least-upper-bound mult-associative mult-right-dist-add mult-zero-add-omega omega-unfold
omega-zero)
hence (y ;2% ; (2 ;0 +1))*;0<y;2";(z+y)"; ((z+y); 0+ 1)
by (smt mult-associative mult-left-one mult-left-zero mult-right-dist-add mult-right-isotone omega-slide)
also have ... < (z + y)* ; ((z + y)* ; 0 + 1) using 7
by (metis mult-left-isotone order-refl star.circ-mult-upper-bound star-left-induct-mult-iff)
finally have (y ;2% ; (¢ ; 0+ 1)) ; (y;2°; @0+ 1) ;0+1)<(z+y);(z+9)*;0+ 1) using 5
by (smt add-commutative add-least-upper-bound mult-associative order-refl star.circ-mult-upper-bound star.circ-reflezive
star.circ-sub-dist-1 star.mult-zero-add-circ star.mult-zero-circ star-left-induct)
hence (z*; 0+ 1);(y;2";5(2¥; 0+ 1) ((ys;27; @ ;04+1)*;0+1)<(z+y)";((z+y)*;0+1)using$
by (metis add-commutative mult-associative star.circ-isotone star.circ-mult-upper-bound star.mult-zero-add-circ
star.mult-zero-circ star-involutive)
thus 2* 5 (z¥; 0+ 1) 5 (ys 275 (@ 50+ 1) 5 (y;275 @50+ 1);0+1)<(z+y);(z+y)*;0+1)

by (smt add-associative add-commutative mult-associative  star.circ-mult-upper-bound  star.circ-sub-dist
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star.mult-zero-add-circ star.mult-zero-circ)
qed

lemma star-omega-greatest: x** = 1%
by (metis add-commutative less-eq-def omega-one-greatest omega-sub-dist star.circ-plus-one)

lemma omega-vector-greatest: % ; 1¥ = z%
by (metis antisym mult-isotone omega-mult-omega-star omega-one-greatest omega-sub-vector)

lemma mult-greatest-omega: (z ; 1) <z ; 1¢

by (metis mult-right-isotone omega-slide omega-sub-vector)
lemma omega-mult-star-2: z* ; y* = z*
by (metis mult-associative omega-mult-star omega-vector-greatest star-involutive star-omega-greatest)

lemma omega-import: p < p;pAp;z<z;p—p;z*=p;(p;z)C
proof
assume I:p<p;pAp;x<x;p
hence p ; z¥ < p; (p; x); z*
by (metis mult-associative mult-left-isotone omega-unfold)
also have ... < p;z; p; z“ using 1
by (metis mult-associative mult-left-isotone mult-right-isotone)
finally have p ; z¥ < (p ; z)“
by (metis mult-associative omega-induct-mult)
hence p ; ¥ < p; (p; z)* using 1
by (metis mult-associative mult-left-isotone mult-right-isotone order-trans)
thus p ;2 =p; (p; )* using 1
by (metis add-left-divisibility antisym mult-right-isotone omega-induct-mult omega-slide omega-sub-dist)
qed

lemma omega-circ-simulate-right-plus: z ;2 < y; (y* ;0 +y*); 2+ w — 252 ;0+2°)< (Y ;0+79y");(z+ w;
(z¥; 0 + z*)) nitpick [ezpect=genuine] oops

lemma omega-circ-simulate-left-plus: z 5 2 < z ;3 (y* ; 0+ y* ) +w — (¥ ;0 +2") ;2 < (2 4+ (¥ ;0 + z) ; w) ; (y*;
0 + y*) nitpick [expect=genuine] oops

end
— Theorem 50.2

sublocale left-omega-algebra < comb0!: left-conway-semiring where circ = (Az . z* ; (z“ ; 0 + 1))
apply unfold-locales
apply (smt add-associative add-commutative less-eq-def mult-associative mult-left-sub-dist-add-left omega-unfold
star.circ-loop-fizpoint star-mult-omega)
apply (smt mult-associative omega-zero-left-slide)
apply (smt mult-associative omega-zero-add-1)
done

class left-zero-omega-algebra = left-zero-kleene-algebra + left-omega-algebra

begin

lemma star-omega-absorb: y* ; (y* ; 2)* ; y* = (y
proof —
have y* ; (y*;2)" ;9 = 9" ;v 525 (v" 5 2)" 59 + 9" 5 v*
by (metis add-commutative mult-associative mult-right-dist-add star.circ-back-loop-fizxpoint star.circ-plus-same)
thus %thesis
by (metis mult-associative star.circ-loop-fizpoint star.circ-transitive-equal star-mult-omega)

qed

lemma omega-circ-simulate-right-plus: z ;2 < y; (y* ;0 +y*) ; 2+ w —2; ;0 4+ )< (¥ ;0+v);(z+ w;
(25 0 + 2%))
proof

assume z ;2 <y; (v ; 0+ 9y )2+ w

hence 1: z;z2 < y*;0+y;y 2+ w

by (metis mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add omega-unfold)

hence (y“ ; 0+ y* ;2z+y* s w;2¥ ;0 +y s w;2");2<y”;0+y" ;¥ ;0+y;9 ;2+w) +y" s w;z”;0+

Yy w;at
by (smt add-associative add-left-upper-bound add-right-upper-bound less-eq-def mult-associative mult-left-dist-add

mult-left-zero mult-right-dist-add star.circ-back-loop-fizpoint)
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alsohave ... = ¢y ; 0+ vy ;99" ;2 +y " ;w; 20+ y" ;w;z”
by (smt add-associative add-right-upper-bound less-eq-def mult-associative mult-left-dist-add star.circ-back-loop-fizpoint
star-mult-omega)
alsohave ... < ¢y“ ;0 +y* ;2+y " ;w;2¥;0+y" ;w;a*
by (smt add-commutative add-left-isotone mult-left-isotone star.circ-increasing star.circ-plus-same star.circ-transitive-equal)
finally have 2 + (y* ; 0 +y" ;2 + ¥y ;w52 ;0 +y s w;2) 52 <y 0+y" 52+y 5 w;2Y;0+y" 5 w;a”
by (smt add-least-upper-bound add-left-upper-bound star.circ-loop-fizpoint)
hence 2: z ;2" < y*; 0+ vy ;2+y " ;w;z°;0+y" ;w;z"
by (metis star-right-induct)
have z ; 2z ; 0 < (v ; 0 +y;y"; 2+ w); z¥ ; 0 using 1
by (smt add-left-divisibility mult-associative mult-right-sub-dist-add-left omega-unfold)
hence z ;2 ; 0 <y +y*; (¥ ; 0+ w; 3¥;0)
by (smt add-associative add-commutative left-plus-omega mult-associative mult-left-zero mult-right-dist-add omega-induct
star.left-plus-circ)
thus z ; (z¥ ;0 +2*") < (v ; 04+ y*); (z+ w; (z¥; 0 + z)) using 2
by (smt add-associative add-commutative less-eq-def mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add
omega-unfold omega-zero star-mult-omega zero-right-mult-decreasing)
qed
lemma omega-circ-simulate-left-plus: 5 2 < z 5 (y* ;0 + y* )+ w — (¥ ;0 4+ %) ;2 < (z+ (z¥; 0+ z") ; w); (y*;
0+ y)
proof
assume 1:z;2<2z;(y*;0+y") +w
havez ; (z; 9“0+ 2,9  +a¥;0+2" ;w950 +2" ;w9 )=z;2;9";0+z;2;9" +2°;0+z;2" 5w
;Y 0+ Tt wg Yt
by (smt mult-associative mult-left-dist-add omega-unfold)
alsohave ... <z;z;y*;0+z;z2z;y +2z¥;0+2";w;y*;0+2";w;y"
by (metis add-isotone add-right-isotone mult-left-isotone star.left-plus-below-circ)
alsohave ... < (259 ; 0 +z;9  +w); v ;0+(z;9*;0+ 259 +w) ;9" +2*;0+2 ;w5970 +2";w;
y* using 1
by (metis add-left-isotone mult-associative mult-left-dist-add mult-left-isotone)
alsohave ... =z ;4 ; 0+ 29" ;v*;0+w; vy’ ;0+2;y9°;0+z;y 5y +w;y" +2¥;0+z2";w;y%;0+
zr s w Yt
by (smt add-associative mult-associative mult-left-zero mult-right-dist-add)
alsohave ... = z; y“; 0+ 25y +2*; 0+ 2" ;w;y*; 0+ 2" ; w; y*
by (smt add-associative add-commutative add-idempotent mult-associative mult-right-dist-add star.circ-loop-fizpoint
star. circ-transitive-equal star-mult-omega)
finally have (z“ ; 0 + 2*) ;2 < z;9“; 0+ z;y " +2*; 0+ 2" ;w;y* ;0 + 2" ; w; y*
by (smt add-least-upper-bound  add-left-upper-bound — mult-associative  mult-left-zero  mult-right-dist-add
star. circ-back-loop-fizpoint star-left-induct)
thus (z¥ ;0 +2");2<(z+ (@ ;0+2%);w); (y“; 0+ y")
by (smt add-associative mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add)
qed

lemma omega-translate: * ; (z* ; 0 + 1) = z¥ ; 0 + z*
by (metis mult-associative mult-left-dist-add mult-right-one star-mult-omega)

lemma omega-circ-simulate-right: z ;z < y;z4+w — 2z; @ ;0 +2°) < (y¥*;0+y");(z+w; (z¥; 0+ z¥))
proof
assume z ; z < Yy ;2 +w
alsohave ... <y ; (y*; 0+ y*); 2+ w
by (metis add-left-isotone comb0.circ-reflexive mult-left-isotone mult-right-isotone mult-right-one omega-translate)
finally show z ; (z* ; 0 + 2*) < (y* ;0 + y*) ; (z + w; (2 ; 0 + 2¥))
by (metis omega-circ-simulate-right-plus)
qed

end

sublocale left-zero-omega-algebra < combl!: left-conway-semiring-1 where circ = (Az . z* ; (z“ ; 0 + 1))
apply unfold-locales
apply (smt eg-iff mult-associative mult-left-dist-add mult-left-zero mult-right-dist-add mult-right-one omega-slide star-slide)
done

sublocale left-zero-omega-algebra < comb0!: itering where circ = (Az . " ; (z¥ ; 0 + 1))
apply unfold-locales
apply (metis comb!.circ-add-9)
apply (metis combl.circ-mult-1)
apply (metis omega-circ-simulate-right-plus omega-translate)
apply (metis omega-circ-simulate-left-plus omega-translate)
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done
— Theorem 2.2
sublocale left-zero-omega-algebra < comb2!: itering where circ = (Az . z* ; 0 + z*)
apply unfold-locales
apply (metis combl.circ-add-9 omega-translate)
apply (metis comb!.circ-mult-1 omega-translate)
apply (metis omega-circ-simulate-right-plus)
apply (metis omega-circ-simulate-left-plus)
done
class omega-algebra = kleene-algebra + left-zero-omega-algebra
class left-omega-conway-semiring = left-omega-algebra + left-conway-semiring
begin

subclass left-kleene-conway-semiring ..

lemma circ-below-omega-star: z° < z% + 1*
by (metis circ-left-unfold mult-right-one omega-induct order-refl)

lemma omega-mult-circ: % ; z° = z%
by (metis circ-star mult-associative omega-mult-star omega-vector-greatest star-omega-greatest)

lemma circ-mult-omega: z° ; % = z%
by (metis antisym add-right-divisibility circ-loop-fizpoint circ-plus-sub omega-simulation)

lemma circ-omega-greatest: ©°“ = 1
by (metis circ-star star-omega-greatest)

lemma omega-circ: z¥° = 1 + z“
by (metis antisym circ-left-unfold mult-left-sub-dist-add-left mult-right-one omega-sub-vector)

end
class bounded-left-omega-algebra = bounded-left-kleene-algebra + left-omega-algebra
begin

lemma omega-one: 1¥ = T
by (smt add-left-top less-eq-def omega-one-greatest)

lemma star-omega-top: z*° = T
by (metis add-left-top less-eq-def omega-one omega-sub-dist star.circ-plus-one)

lemma omega-vector: z ; T = z%
by (metis add-commutative less-eq-def omega-sub-vector top-right-mult-increasing)

lemma mult-top-omega: (z ; T)* <z ; T
by (metis mult-right-isotone omega-slide top-greatest)

end

sublocale bounded-left-omega-algebra < comb0!: bounded-left-conway-semiring where circ = (Az . z* ; (z¥ ; 0 + 1)) ..
class bounded-left-zero-omega-algebra = bounded-left-zero-kleene-algebra + left-zero-omega-algebra

begin

subclass bounded-left-omega-algebra ..

end

sublocale bounded-left-zero-omega-algebra < comb0!: bounded-itering where circ = (Az . z* ; (z¥ ; 0 + 1)) ..

class bounded-omega-algebra = bounded-kleene-algebra + omega-algebra
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begin

subclass bounded-left-zero-omega-algebra ..

end

class bounded-left-omega-conway-semiring = bounded-left-omega-algebra + left-omega-conway-semiring

begin

subclass left-kleene-conway-semiring ..

subclass bounded-left-conway-semiring ..

lemma circ-omega: z°“ = T
by (metis circ-star star-omega-top)

end

class top-left-omega-algebra = bounded-left-omega-algebra +
assumes top-left-zero: T ; x = T

begin

lemma omega-translate-3: * ; (z“ ; 0 + 1) = z* ; (z* + 1)
by (metis mult-associative omega-mult-star-2 star.circ-top-1 top-left-zero)

end
— Theorem 50.2

sublocale top-left-omega-algebra < combj!: left-conway-semiring where circ = (Azx . z* ; (¥ + 1))
apply unfold-locales
apply (metis comb0.circ-left-unfold omega-translate-3)
apply (metis comb0.circ-left-slide omega-translate-8)
apply (metis comb0.circ-add-1 omega-translate-3)
done

class top-left-zero-omega-algebra = bounded-left-zero-omega-algebra +
assumes top-left-zero: T ; v = T

begin

lemma omega-translate-2: z ; 0 + z* = 2% + =~
by (metis mult-associative omega-mult-star-2 star.circ-top top-left-zero)

end
— Theorem 2.3

sublocale top-left-zero-omega-algebra < comb3!: itering where circ = (Az . z¥ + z%)
apply unfold-locales
apply (metis comb2.circ-add-9 omega-translate-2)
apply (metis comb2.circ-mult-1 omega-translate-2)
apply (metis omega-circ-simulate-right-plus omega-translate-2)
apply (metis omega-circ-simulate-left-plus omega-translate-2)
done

class Omega =
fixes Omega :: 'a = 'a (- [100] 100)

end
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8 GeneralRefinementAlgebra

theory GeneralRefinementAlgebra

imports OmegaAlgebra

begin
class general-refinement-algebra = left-kleene-algebra + Omega +
assumes Omega-unfold Yyt <14y y?
assumes Omega-induct :z<z+y;z —2z<y?;z
begin

lemma Omega-unfold-equal: y* = 1 + y ; y“
by (smt Omega-induct Omega-unfold add-right-isotone antisym mult-right-isotone mult-right-one)

lemma Omega-add-1: (z 4+ y)* = 2% ; (y ; z%)°
apply (rule antisym)
apply (smt Omega-induct Omega-unfold-equal add-associative add-commutative add-right-isotone mult-associative
mult-right-dist-add mult-right-isotone mult-right-one order-refl)
apply (smt Omega-induct Omega-unfold-equal add-associative add-commutative mult-associative mult-left-one
mult-right-dist-add mult-right-one order-refl)
done
lemma Omega-left-slide: (z ; y)? ;2 <z ; (y ; z)°
proof —
have I +y;(z;9)% 2 <1+y;2;(+ (y;(z;9)%;2)
by (smt Omega-unfold-equal add-right-isotone mult-associative mult-left-one mult-left-sub-dist-add mult-right-dist-add
mult-right-isotone mult-right-one)
thus %thesis
by (smt Omega-induct Omega-unfold-equal add-least-upper-bound mult-associative mult-left-one mult-right-dist-add
mult-right-isotone mult-right-one)
qed

end
— Theorem 50.3

sublocale general-refinement-algebra < Omega!: left-conway-semiring where circ = Omega
apply unfold-locales
apply (metis Omega-unfold-equal)
apply (metis Omega-left-slide)
apply (metis Omega-add-1)
done

context general-refinement-algebra
begin

lemma star-below-Omega: z* < z°
by (metis Omega-induct mult-right-one order-refl star.circ-left-unfold)
lemma star-mult-Omega: ¢ = z* ; z%
by  (metis  Omega.left-plus-below-circ  add-commutative  add-left-upper-bound  eq-iff  star.circ-loop-fixpoint
star-left-induct-mult-iff )

lemma Omega-one-greatest: z < 19
by (metis Omega-induct add-left-zero mult-left-one order-refl order-trans zero-right-mult-decreasing)

lemma greatest-left-zero: 1% ; z = 19
by (metis antisym Omega-one-greatest Omega-induct add-right-upper-bound mult-left-one)

lemma circ-right-unfold: 1 + 2% ; 2 = 2% nitpick [exzpect=genuine,card=8] oops

lemma circ-slide: (z ; y)%; z = z ; (y ; 2)* nitpick [ezpect=genuine,card=6] oops

lemma circ-simulate: z ; & < y ; 2 — z ; 2 < y* ; z nitpick [expect=genuine,card=6] oops

lemma circ-simulate-right: z ; z < y ; z + w — z ; % < ¥ ; (z + w ; %) nitpick [ezpect=genuine,card=6] oops
lemma circ-simulate-right-1: z ; x < y ; z — 2z ; 2 < y® ; 2 nitpick [ezpect=genuine,card=6] oops

lemma circ-simulate-right-plus: z ; ¢ <y ; y* ;2 + w — 2z ; 2% < ¢y ; (z + w ; %) nitpick [ezpect=genuine,card=6]
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oops
lemma circ-simulate-right-plus-1: z ; ¢ < y ; y* ; 2 — 2 ; 2% < y% ; 2 nitpick [ezpect=genuine,card=6] oops
lemma circ-simulate-left-1: © ; 2 < z ;5 y — 2% ; 2 < 2 ; y* + 2% ; 0 oops

lemma circ-simulate-left-plus-1: © ; z < z ; y? — 2% 2 < z ; y@ + 2 ; 0 nitpick [expect=genuine,card=8] oops
lemma circ-simulate-absorb: y ; & < 2 — ¢y ; z < z + y* ; 0 nitpick [ezpect=genuine,card=8] oops

end
class bounded-general-refinement-algebra = general-refinement-algebra + bounded-left-kleene-algebra
begin

lemma Omega-one: 1% = T
by (metis Omega.circ-transitive-equal Omega-induct add-left-top add-right-upper-bound less-eq-def mult-left-one)

lemma top-left-zero: T ; x = T
by (metis Omega-induct Omega-one add-left-top add-right-upper-bound less-eq-def mult-left-one)

end
sublocale bounded-general-refinement-algebra < Omegal: bounded-left-conway-semiring where circ = Omega ..

class left-demonic-refinement-algebra = general-refinement-algebra +
assumes Omega-isolate: y* < y©; 0 + y*

begin

lemma Omega-isolate-equal: y* = y*; 0 + y*
by (metis Omega-isolate add-commutative add-same-context less-eq-def star-below-Omega zero-right-mult-decreasing)

lemma Omega-sum-unfold-1: (z + y)* = y* + v* ; 2 ; (z + 3)® oops
lemma Omega-add-3: (z + 3) = (z* ; )@ ; % oops

end
class bounded-left-demonic-refinement-algebra = left-demonic-refinement-algebra + bounded-left-kleene-algebra

begin

®=1+az;(y;a)?;yoops
Q

lemma Omega-mult: (z ; y)

lemma Omega-add: (z + y)@ = (% ; )@ ; 2 oops

lemma Omega-simulate: z ; & < y ; 2 — 2z ; 2% < y@ ; 2 nitpick [expect=genuine,card=6] oops

lemma Omega-separate-2: y ; ¢ < z ; (z + y) — (z + y)? = 2 ; ¥ oops

lemma Omega-circ-simulate-right-plus: z ; x <y ; y* ;2 + w — 2z ; 2% < 3y ; (2 + w ; ) nitpick [expect=genuine,card=06]
oops

lemma Omega-circ-simulate-left-plus: z ; 2 < z ; y* + w — 2% ; 2 < (z + 2 w) ; y* oops

end

sublocale bounded-left-demonic-refinement-algebra < Omega!: bounded-left-conway-semiring where circ = Omega ..
class demonic-refinement-algebra = left-zero-kleene-algebra + left-demonic-refinement-algebra

begin

lemma Omega-mult: (z ;)% =14z ; (y; 2)%;y
by (smt Omega.circ-left-slide Omega-induct Omega-unfold-equal eq-iff mult-associative mult-left-dist-add mult-right-one)

lemma Omega-add: (z + y)@ = (2% ; )@ ; 2%

by (smt Omega-add-1 Omega-mult mult-associative mult-left-dist-add mult-left-one mult-right-dist-add mult-right-one)
lemma Omega-simulate: z ; ¢ < y; 2 — 2 ; % < yQ ;2
by (smt Omega-induct Omega-unfold-equal add-right-isotone mult-associative mult-left-dist-add mult-left-isotone
mult-right-one)

end

— Theorem 2.4
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sublocale demonic-refinement-algebra < Omegal!: itering-1 where circ = Omega
apply unfold-locales
apply (metis Omega-simulate mult-associative order-refl)
apply (metis Omega-simulate)
done

sublocale demonic-refinement-algebra < Omegal!: left-zero-conway-semiring-1 where circ = Omega ..
context demonic-refinement-algebra
begin

lemma Omega-sum-unfold-1: (z + )% = ¢y + y* ;2 ; (z + y)©
by (smt Omegal.circ-add-9 Omega.circ-loop-fizpoint Omega-isolate-equal add-associative add-commutative mult-associative
mult-left-zero mult-right-dist-add)

lemma Omega-add-3: (z + y)* = (z* ; y)@ ; 2
by (smt Omegal .circ-add-9 Omega.circ-isotone Omega-induct Omega-sum-unfold-1 add-commutative antisym mult-left-isotone
order-refl star-below-Omega)
lemma Omega-separate-2: y ; ¢ < z ; (z + y) — (z + y)? = 2% ; 3
by (smt Omega.circ-sub-dist-3 Omega-induct Omega-sum-unfold-1 add-right-isotone antisym mult-associative mult-left-isotone
star-mult-Omega star-simulation-left)

lemma Omega-circ-simulate-right-plus: z ; z < y ; y@ ;2 + w — 2z ; 2% < ¢ ; (z + w; :EQ)
proof
assume]:z;xgy;yﬂ;z—i—w
have z ; 2% =2z + 2z ; z ; 2
by (metis Omegal.circ-back-loop-fixpoint Omegal.circ-plus-same add-commutative mult-associative)
also have ... < y; y%; 2 ;2% + z + w ; 2% using 1
by (smt add-associative add-commutative add-right-isotone less-eq-def mult-right-dist-add)
finally have z ; 2% < (y ; y)%; (z + w ; 29)
by (smt Omega-induct add-associative add-commutative mult-associative)
thus z ; 29 < 2 ; (z + w ; %)
by (metis Omega.left-plus-circ)
qed

lemma Omega-circ-simulate-left-plus: z ; 2 < z ; y* + w — 2% ; 2 < (z + 2 w) ; y*
proof
assumex;zgz;yQer
hence z ; ((z + 2% ; w) ; y) < (z; ¥y +w+z ;2% ;w) ;y
by (smt mult-associative mult-left-dist-add add-left-isotone mult-left-isotone)
alsohave...Sz;yﬂ;yﬂ+w;yQerQ;w;yQ
by (smt Omega.left-plus-below-circ add-right-isotone mult-left-isotone mult-right-dist-add)
finally have z ; ((z + 2% ; w) ; ¥%) < (z + 2% ; w) ; y*
by (metis Omega.circ-transitive-equal mult-associative Omega.circ-reflexive add-associative less-eq-def mult-left-one
mult-right-dist-add)
thus 29 ; 2 < (z + 2% ; w) ;
by (smt Omegal.circ-back-loop-fizpoint Omega-isolate-equal add-least-upper-bound mult-associative mult-left-zero
mult-right-dist-add mult-right-sub-dist-add-left mult-right-sub-dist-add-right star-left-induct)
qed

Q

Q

lemma Omega-circ-simulate-right: z ; & < y ; z + w — 2z ; % < y%; (z + w; xﬂ)
proof
assume 2z ;2 < Y ; 2+ w
also have ... <y ;4% ;2 4+ w
by (smt Omega.circ-loop-fizpoint add-associative add-commutative add-left-upper-bound mult-associative mult-left-dist-add)
finally show z ; % < y%; (z + w ; z9)
by (metis Omega-circ-simulate-right-plus)
qed

end

sublocale demonic-refinement-algebra < Omega!: itering where circ = Omega
apply unfold-locales
apply (metis Omega-add)
apply (metis Omega-mult)
apply (metis Omega-circ-simulate-right-plus)
apply (metis Omega-circ-simulate-left-plus)
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done

class bounded-demonic-refinement-algebra = demonic-refinement-algebra + bounded-left-zero-kleene-algebra

begin

lemma Omega-one: 1% = T
by (metis Omega.circ-transitive-equal Omega-induct add-left-top add-right-upper-bound less-eq-def mult-left-one)

lemma top-left-zero: T ; x = T
by (metis Omega-induct Omega-one add-left-top add-right-upper-bound less-eq-def mult-left-one)

end
sublocale bounded-demonic-refinement-algebra < Omega!: bounded-itering where circ = Omega ..

class general-refinement-algebra-omega = left-omega-algebra + Omega +
assumes omega-left-zero: % < z“ ; y
assumes Omega-def: % = z* + z*

begin

lemma omega-left-zero-equal: z* ; y = z“
by (metis antisym omega-left-zero omega-sub-vector)

subclass left-demonic-refinement-algebra

apply unfold-locales

apply (metis Omega-def add-commutative eg-refl mult-right-one omega-loop-fixpoint)

apply (metis Omega-def mult-right-dist-add omega-induct omega-left-zero-equal)

apply (smt Omega-def add-least-upper-bound antisym mult-right-dist-add mult-right-sub-dist-add-left omega-left-zero-equal
order-refl star-zero-below-omega)

done

end

class left-demonic-refinement-algebra-omega = bounded-left-omega-algebra + Omega +
assumes top-left-zero: T ; v = T
assumes Omega-def: 2% = z¥ + z*

begin

subclass general-refinement-algebra-omega
apply unfold-locales
apply (metis mult-associative omega-vector order-refl top-left-zero)
apply (rule Omega-def)
done

end
class demonic-refinement-algebra-omega = left-demonic-refinement-algebra-omega + bounded-left-zero-omega-algebra
begin

lemma Omega-mult: (z; )% =14z ; (y;2)%;y
by (metis Omega-def combl.circ-mult-1 omega-left-zero-equal omega-translate)

lemma Omega-add: (z + y)@ = (2% ; )@ ; 2%
proof —
have (z% 5 y)% ;2% = (2" 5 9)" 2% + (2" 5 9)° + (&5 9) 52 5w
by (metis add-commutative Omega-def mult-associative mult-right-dist-add mult-zero-add-omega omega-left-zero-equal
star.circ-add-1)
thus %thesis
by (smt add-associative add-commutative Omega-def mult-associative mult-left-dist-add omega-decompose
omega-left-zero-equal star.circ-add-1 star.circ-loop-fixpoint star.circ-slide)
qed

Q Q

lemma Omega-simulate: z ; x <y ; 2z — 2z ; <y 2
by (smt add-isotone Omega-def mult-left-dist-add — mult-right-dist-add — omega-left-zero-equal — omega-simulation
star-simulation-right)
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subclass demonic-refinement-algebra ..

end

end

49
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9 Tests

theory Tests
imports Base
begin

class tests = mult + neg + one + ord + plus + zero +

assumes sub-assoc: —z ; (—y ; —2) = (—x ; —y) ; —2

assumes sub-comm: —z ; —y = —y ; —T

assumes sub-compl: —z = —(——z ; —y) ; —(——z ; ——y)

assumes sub-mult-closed: —z ; —y = ——(—z ; —y)

assumes the-zero-def: 0 = (THE z . Vy .z = —y ; ——y)) — define without imposing uniqueness
assumes one-def: 1 = — 0

assumes plus-def: —x + —y = —(——z ; ——y)

assumes leg-def: —x < —y «—— —x ; —y = —x

assumes strict-le¢g-def: —z < —y «— —x < —y A = (—y < —zx)
begin

— uniqueness of 0, resulting in the lemma zero-def to replace the assumption the-zero-def

lemma unique-zero: —x ; ——1 = —y ; ——y
by (metis sub-assoc sub-comm sub-compl)

definition is-zero :: ‘a = bool

where is-zero-def: is-zero(z) = Vy .z = —y ; ——y)

lemma the-zero-def-p: 0 = (THE z . is-zero(z))
by (simp only: the-zero-def is-zero-def)

lemma zero-def: 0 = —x ; ——=x
by (metis unique-zero the-zero-def-p is-zero-def thel’)
— consequences for meet and complement

lemma double-negation: —x = ———=z
by (metis sub-mult-closed sub-compl)

lemma compl-1: ——z = —(—z ; —y) ; —(—z ; ——y)
by (metis double-negation sub-compl)

lemma right-zero: —z ; (—y ; ——y) = —2; ——=2
by (metis compl-1 sub-assoc sub-mult-closed zero-def)

lemma right-one: —x ; —x = —z ; —(—y ; ——y)
by (metis compl-1 right-zero sub-mult-closed zero-def)

lemma mult-idempotent: —x ; —x = —x
by (metis compl-1 double-negation sub-assoc sub-mult-closed zero-def)

lemma compl-2: —x = —(—(—z ; —y) ; —(—z ; ——y))
by (metis compl-1 double-negation)

— consequences for join

lemma plus-closed: —z + —y = ——(—z + —y)
by (metis plus-def double-negation)

lemma plus-assoc: —z + (—y + —z) = (—z + —y) + —=z
by (metis plus-def sub-assoc sub-mult-closed)

lemma plus-comm: —xz + —y = —y + —=x
by (metis plus-def sub-comm,)
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lemma plus-idempotent: —x + —x = —=x
by (metis double-negation mult-idempotent plus-def )

lemma plus-absorb: —x ; —y + —x = —x
by (smt compl-1 mult-idempotent plus-def sub-assoc sub-mult-closed)

lemma mult-absorb: —z ; (—z + —y) = —=x
by (smt plus-absorb plus-def sub-mult-closed sub-comm)

lemma plus-deMorgan: —(—z + —y) = ——z ; ——y
by (metis plus-def sub-mult-closed)

lemma mult-deMorgan: —(—z ; —y) = ——z + ——y
by (metis double-negation plus-def)

lemma mult-cases: —x = (—z + —y) ; (—z + ——y)
by (metis compl-1 double-negation plus-def)

lemma plus-cases: —x = —x ; —y + —x ; ——y
by (smt mult-deMorgan double-negation mult-cases sub-mult-closed)

lemma plus-compl-intro: (—z ; —y) + ——z = —y + ——x
by (smt compl-1 mult-deMorgan plus-absorb plus-cases sub-assoc sub-comm sub-mult-closed)

lemma mult-compl-intro: —z ; —y = —x ; (——2x + —y)
by (metis sub-mult-closed mult-cases plus-absorb plus-compl-intro plus-comm)

lemma mult-distr-plus-left: —z ; (—y + —2) = (—z ; —y) + (—z ; —2)
by (smt mult-cases plus-absorb plus-assoc plus-comm plus-compl-intro plus-deMorgan plus-def sub-assoc sub-mult-closed)

lemma plus-distr-mult-left: —z + (—y ; —2) = (—z + —y) ; (—z + —2)
by (smt mult-deMorgan mult-distr-plus-left plus-def sub-mult-closed)

lemma mult-distr-plus-right: (—y + —2) ; —x = (—y ; —z) + (—z ; —x)
by (metis mult-distr-plus-left plus-def sub-comm)

lemma plus-distr-mult-right: (—y ; —2z) + —z = (—y + —z) ; (—z + —x)
by (metis plus-distr-mult-left sub-mult-closed plus-comm)

lemma case-duality: (——=z + —y) ; (-2 + —2) = -z ; -y + ——x ; —2
proof —
have (——z + —y); (—z + —2) = ——(~y; —2; —2) + ——(~y; —2) + (——(~y; —2z; ——2) + ——(——2; —2))
by (smt mult-distr-plus-left plus-closed mult-compl-intro sub-comm plus-assoc plus-cases sub-mult-closed plus-comm)
thus %thesis
by (smt sub-comm sub-assoc sub-mult-closed plus-absorb)
qed

lemma case-duality-2: (—z + —y) ; (——z + —2) = —z; -z + ——z ; —y
by (metis case-duality double-negation plus-comm sub-mult-closed)

lemr;‘la compl-cases: (—v + —w) ; (——v + —z) + —((—v + —y) ; (——v + —=2)) = (—v + —w + ——y) ; (——v + —z +

by (smt mult-deMorgan plus-deMorgan sub-mult-closed plus-closed double-negation case-duality sub-comm plus-assoc
plus-comm mult-distr-plus-left case-duality-2)

lemma plus-cases-2: ——x = —(—z + —y) + —(—z + ——y)
by (metis mult-deMorgan plus-deMorgan double-negation mult-cases sub-mult-closed plus-closed)

— consequences for 0 and 1

lemma mult-compl: —x ; ——2z = 0
by (metis zero-def)

lemma plus-compl: —x + ——x = 1
by (metis one-def plus-def zero-def)

lemma one-compl: — 1 = 0
by (metis mult-compl one-def sub-mult-closed)
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lemma bs-mult-right-zero: —x ; 0 = 0
by (metis right-zero zero-def)

lemma bs-mult-left-zero: 0 ; —x = 0
by (metis bs-mult-right-zero one-compl sub-comm)

lemma plus-right-one: —xz + 1 = 1
by (metis one-compl one-def mult-deMorgan double-negation bs-mult-right-zero)

lemma plus-left-one: 1 + —x = 1
by (metis plus-right-one one-def plus-comm,)

lemma bs-mult-right-one: —z ; 1 = —z
by (metis mult-compl one-def mult-idempotent right-one)

lemma bs-mult-left-one: 1 ; —x = —x
by (metis one-def bs-mult-right-one sub-comm,)

lemma plus-right-zero: —x + 0 = —z
by (metis mult-compl mult-cases plus-distr-mult-left)

lemma plus-left-zero: 0 + —z = —x
by (metis plus-right-zero one-compl plus-comm,)

lemma one-double-compl: —— 1 = 1
by (metis one-compl one-def)

lemma zero-double-compl: —— 0 = 0
by (metis one-compl one-def)

— consequences for the order

lemma reflerive: —x < —=zx
by (metis leg-def mult-idempotent)

lemma transitive: —z < —y AN —y < —z2 — —z < —2
by (metis leg-def sub-assoc)

lemma antisymmetric: —x < —y A —y < —x — —x = —y
by (metis leg-def sub-comm,)

lemma zero-least-test: 0 < —zx
by (metis one-compl leq-def bs-mult-right-zero sub-comm)

lemma one-greatest: —x < 1
by (metis leg-def one-def bs-mult-right-one)

lemma lower-bound-left: —z ; —y < —z
by (metis leg-def mult-idempotent sub-assoc sub-mult-closed sub-comm)

lemma lower-bound-right: —x ; —y < —y
by (metis leg-def mult-idempotent sub-assoc sub-mult-closed)

lemma mult-iso-left: —z < —y — —z; —2 < —y ; —2
by (metis leg-def lower-bound-left sub-assoc sub-comm sub-mult-closed)

lemma mult-iso-right: —x < —y — —2z; —x < —z ; —y
by (metis mult-iso-left sub-comm,)

lemma mult-iso: —p < —q AN —r < —s — —p; —1r < —q; —8
by (smt transitive mult-iso-left mult-iso-right sub-mult-closed)

lemma compl-anti: —z < —y — ——y < ——zx
by (smt one-compl plus-compl plus-deMorgan double-negation leq-def plus-comm plus-compl-intro plus-right-zero)

lemma leg-plus: —1 < —y «—— —z + —y = —y
by (metis double-negation leg-def mult-absorb plus-def sub-comm,)

lemma plus-compl-iso: —z < —y — —(—y + —2) < —(—z + —2)
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by (metis plus-deMorgan leq-plus lower-bound-left mult-iso-left)

lemma plus-iso-left: —x < —y — —z + —2 < —y + —2
by (metis plus-compl-iso compl-anti double-negation plus-def)

lemma plus-iso-right: —z < —y — —2z2 + —z < —2z + —y
by (metis plus-iso-left plus-comm)

lemma plus-iso: —p < —g N —1r < —s — —p + —1r < —q + —s
by (smt transitive plus-iso-left plus-iso-right plus-closed)

lemma greatest-lower-bound: —x < —y N —x < —2z «— —x < —y ; —2
by (metis leg-def plus-absorb plus-comm sub-assoc sub-mult-closed)

lemma upper-bound-left: —z < —x + —y
by (metis one-compl plus-iso-right plus-right-zero zero-least-test)

lemma upper-bound-right: —y < —z + —y
by (metis upper-bound-left plus-comm,)

lemma least-upper-bound: —z < —2z2 N —y < —z «— —z + —y < —z
by (metis leg-plus plus-assoc plus-def upper-bound-right)

lemma leq-mult-zero: —z < —y «+— —z ; ——y = 0
proof —
have -z < —y — —z; ——y =0
by (metis leg-def sub-assoc mult-compl bs-mult-right-zero)
also have —z ; ——y =0 — —2 < —y

by (metis compl-1 one-def leg-def bs-mult-right-one sub-mult-closed)
ultimately show ?thesis by metis
qed

lemma leg-plus-right-one: —x < —y «— ——z + —y = 1
by (metis one-compl one-def mult-deMorgan plus-deMorgan double-negation leg-mult-zero)

lemma shunting: —z ; —y < —2z «— —y < ——z + —2
by (smt leg-mult-zero sub-assoc sub-mult-closed sub-comm plus-deMorgan double-negation mult-deMorgan)

lemma shunting-right: —z ; —y < —2z «— —x < —2z + ——y
by (metis plus-comm shunting sub-comm)

lemma leg-cases: —z ; —y < —z2 AN ——1z; —y < —z2 — —y < —2
by (smt least-upper-bound sub-mult-closed mult-distr-plus-left sub-comm plus-compl bs-mult-right-one)

lemma leg-cases-2: —z ; —y < —zx; —2 /N ——2x; —y< ——z; —2 — —y < —2
by (metis greatest-lower-bound leg-cases sub-mult-closed)

IN
|
w

lemma leg-cases-3: —y ; —2 < —z; —za N —y; ——2z < —2; —T — —yY
by (metis leg-cases-2 sub-comm)

lemma eg-cases: —x ; —y = —x; —2 A ——x ; —y = ——T ; —2 — —Y = —2
by (metis plus-cases sub-comm,)

lemma eg-cases-2: —y ; —x = —2 ; —C AN —y; ——T = —2 ; ——T — —Y = —2
by (metis eq-cases sub-comm)

lemma wnf-lemma-1: (—x ; —y + ——x ; —2) ; —T = —T ; —Y
by (smt mult-compl mult-distr-plus-right mult-idempotent plus-right-zero sub-assoc sub-comm sub-mult-closed)

lemma wnf-lemma-2: (—z ; —y + —z ; ——y) ; —y = —x ; —y
by (metis sub-comm wnf-lemma-1)

lemma wnf-lemma-3: (—x ; —2 + ——x ; —y); ——T = ——T ; —y
by (smt mult-compl mult-distr-plus-right mult-idempotent plus-comm plus-right-zero sub-assoc sub-comm sub-mult-closed)

lemma wnf-lemma-4: (—z ; —y + -z ; ——y) ; ——y = —T ; ——Yy
by (metis sub-comm wnf-lemma-3)

— sets and sequences of tests
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definition test-set :: 'a set = bool
where test-set A «—— (Vz€A .z = ——zx)

lemma mult-left-dist-test-set: test-set A — test-set { —p;z |z .2z € A}
by (smt mem-Collect-eq sub-mult-closed test-set-def )

lemma mult-right-dist-test-set: test-set A — test-set { z ; —p |z .z € A}
by (smt mem-Collect-eq sub-mult-closed test-set-def )

lemma plus-left-dist-test-set: test-set A — test-set { —p +z |z .2 € A}
by (smt mem-Collect-eq plus-closed test-set-def)

lemma plus-right-dist-test-set: test-set A — test-set { z + —p |z .2 € A }
by (smt mem-Collect-eq plus-closed test-set-def)

lemma test-set-closed: A C B A test-set B — test-set A
by (smt set-rev-mp test-set-def )

definition test-seq :: (nat = ‘a) = bool
where test-seqt «—— (Vn .tn = ——tn)

lemma test-seq-test-set: test-seq t — test-set { t n | ninat . True }
by (smt mem-Collect-eq test-seq-def test-set-def )

definition nat-test :: (nat = 'a) = ‘a = bool
where nat-test t s — (Vn.tn=——tn)As=——sAVn.tn<s)ANVzy. Vn.tn;—z<—y) —s;—z<—y)

lemma nat-test-seq: nat-test t s — test-seq t
by (metis nat-test-def test-seq-def)

primrec pSum :: (nat = ‘a) = nat = 'a
where pSum f 0 = 0
| pSum f (Suc m) = pSum fm + fm

lemma pSum-test: test-seq t — pSum t m = ——(pSum t m)
apply (induct m)
apply (metis pSum.simps(1) one-compl one-def)
apply (smt pSum.simps(2) plus-closed test-seq-def)
done

lemma pSum-test-nat: nat-test t s — pSum t m = ——(pSum t m)
by (metis nat-test-seq pSum-test)

lemma pSum-upper: test-seq t A i<m — ti < pSum t m
proof (induct m)
show test-seq t N i<0 — ti < pSum t 0
by (smt less-zeroE)
next
fix n
assume test-seq t A\ i<n — ti < pSum tn
hence test-seq t A i<n — t i < pSum t (Suc n)
by (smt pSum.simps(2) pSum-test test-seq-def transitive upper-bound-left)
thus test-seq t N i<Suc n — ti < pSum ¢ (Suc n)
by (metis pSum.simps(2) pSum-test test-seq-def upper-bound-right less-Suc-eq)
qed

lemma pSum-below: test-seq t A (Vm<k .tm; —p < —q) — pSum tk; —p < —¢q
apply (induct k)
apply (metis bs-mult-left-zero pSum.simps(1) zero-least-test)
apply (smt least-upper-bound mult-distr-plus-right pSum.simps(2) pSum-test test-seq-def sub-mult-closed)
done

lemma pSum-below-nat: nat-test t s A (Vm<k .tm; —p < —q) — pSum tk; —p < —¢q
by (metis nat-test-seq pSum-below)

lemma pSum-below-sum: nat-test t s — pSum t ¢ < s
by (smt bs-mult-right-one nat-test-def one-def pSum-below-nat pSum-test-nat)

lemma ascending-chain-plus-left: ascending-chain t A test-seq t — ascending-chain (An . —p + t n) A test-seq (An . —p + ¢



9 Tests 55

n)
by (smt ascending-chain-def plus-closed plus-iso-right test-seq-def)

lemma ascending-chain-plus-right: ascending-chain t A test-seq t — ascending-chain (An . t n + —p) A test-seq (An . t n +
-p)
by (smt ascending-chain-def plus-closed plus-iso-left test-seq-def)

lemma ascending-chain-mult-left: ascending-chain t A test-seq t — ascending-chain (An . —p ; t n) A test-seq (An . —p ; ¢
n)

by (smt ascending-chain-def sub-mult-closed mult-iso-right test-seq-def )
lemma ascending-chain-mult-right: ascending-chain t A test-seq t — ascending-chain (An . t n ; —p) A test-seq (An . t n ;
-p)

by (smt ascending-chain-def sub-mult-closed mult-iso-left test-seq-def)
lemma descending-chain-plus-left: descending-chain t N test-seq t — descending-chain (An . —p + t n) A test-seq (An . —p
+ tn)

by (smt descending-chain-def plus-closed plus-iso-right test-seq-def)
lemma descending-chain-plus-right: descending-chain t A test-seq t — descending-chain (An . t n + —p) A test-seq (An . t
n + —p)

by (smt descending-chain-def plus-closed plus-iso-left test-seq-def)
lemma descending-chain-mult-left: descending-chain t N test-seq t — descending-chain (An . —p ; t n) A test-seq (An . —p ;
tn)

by (smt descending-chain-def sub-mult-closed mult-iso-right test-seq-def)
lemma descending-chain-mult-right: descending-chain t A test-seq t — descending-chain (An . t n ; —p) A test-seq (An . t n
;i —p)

by (smt descending-chain-def sub-mult-closed mult-iso-left test-seq-def)

end

typedef ‘a negIimage = { z::'ax:tests . Jy:'a . z = —y) }
by auto

lemma simp-neglmage [simp]: 3y . Rep-neglmage © = —y
using Rep-neglmage
by simp

setup-lifting type-definition-negImage

instantiation neglmage :: (tests) boolean-algebra

begin

lift-definition sup-negImage :: 'a negImage = 'a negImage = 'a neglmage is plus
by (metis plus-closed)

lift-definition inf-negImage :: 'a negImage = 'a neglmage = 'a neglmage is times
by (metis sub-mult-closed)

lift-definition minus-negImage :: 'a neglmage = 'a neglmage = 'a neglmage is Az y . © ; —y
by (metis sub-mult-closed)

lift-definition uminus-negImage :: 'a negImage = 'a negImage is uminus
by metis

lift-definition bot-negImage :: 'a neglmage is 0
by (metis one-compl)

lift-definition top-neglmage :: 'a neglmage is 1
by (metis one-def)

lift-definition less-eq-negImage :: 'a negImage = 'a negImage = bool is less-eq .
lift-definition less-neglmage :: 'a negImage = 'a neglmage = bool is less .

instance
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apply intro-classes

apply (metis (mono-tags) less-eq-neglmage.rep-eq less-negImage.rep-eq strict-leg-def simp-negImage)
apply (metis less-eq-negIlmage.rep-eq simp-negImage reflexive)

apply (metis (mono-tags) less-eq-neglmage.rep-eq simp-neglmage transitive)

apply (metis Rep-neglmage-inject antisymmetric less-eqg-neglmage.rep-eq simp-negImage)

apply (metis (mono-tags) inf-negImage.rep-eq less-eq-negImage.rep-eq lower-bound-left simp-negImage)
apply (metis (mono-tags) inf-negImage.rep-eq less-eq-negImage.rep-eq lower-bound-right simp-neglmage)
apply (smt2 inf-negImage.rep-eq leg-def less-eq-negImage.rep-eq simp-negImage sub-assoc)

apply (metis (mono-tags) less-eq-negImage.rep-eq simp-neglmage sup-neglmage.rep-eq upper-bound-left)
apply (metis (mono-tags) less-eq-neglmage.rep-eq simp-neglmage sup-neglmage.rep-eq upper-bound-right)
apply (smt2 leg-plus less-eq-negImage.rep-eq plus-assoc simp-neglmage sup-neglmage.rep-eq)

apply (smt2 bot-negImage.rep-eq less-eq-negImage.rep-eq simp-neglmage zero-least-test)

apply (smt2 less-eq-negImage.rep-eq one-greatest simp-neglmage top-neglmage.rep-eq)

e o T s e n s Tan e e
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apply (metis (mono-tags, hide-lams) Rep-neglmage-inject inf-negImage.rep-eq plus-distr-mult-left sup-negImage.rep-eq

simp-neglmage)

apply (smt2 Rep-neglmage-inject inf-negImage.rep-eq bot-negImage.rep-eq uminus-negImage.rep-eq zero-def simp-negImage)
apply (smt2 Rep-neglmage-inject sup-neglmage.rep-eq top-neglmage.rep-eq plus-compl uminus-negImage.rep-eq

simp-neglmage)

apply (metis (mono-tags) Rep-neglmage-inject inf-negImage.rep-eq minus-neglmage.rep-eq uminus-negImage.rep-eq)

done

end

end
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theory Testltering
imports Iltering Tests
begin

class test-itering = itering + tests + while +
assumes while-def: p x y = (p ; y)° ; —p

begin

lemma wnf-lemma-5: (=p + —q); (—=¢; 2+ ——q¢;y)=—q; T+ ——q; —p;y
by (smt mult-absorb mult-associative mult-compl-intro mult-idempotent mult-left-dist-add plus-def sub-comm)

lemma test-case-split-left-equal: —z ;0 = —2 ;y N ——z ;0 =——2;y — T =y
by (metis case-split-left-equal plus-compl)

lemma preserves-equation: —y ;¢ < T ; —y «— —Y ;T = —Y ;T ; —Y
apply (rule iffT)
apply (metis eg-refl mult-idempotent one-greatest test-preserves-equation)
apply (metis mult-left-isotone mult-left-one-1 one-greatest)
done

— Theorem 5

lemma preserve-test: —y ; x < z; —y — —y;2° = —y;2°; —y

by (metis circ-simulate preserves-equation)
— Theorem 5

lemma import-test: —y ; z <z ; —y — —y;z°=—y; (—y;z)°
apply rule
apply (rule antisym)
apply (metis circ-simulate circ-slide mult-associative mult-idempotent preserves-equation)
apply (metis circ-isotone mult-left-isotone mult-left-one mult-right-isotone one-greatest)
done

definition ite :: 'a = ‘a = ‘a = ‘a (- < - > - [58,58,58] 57)
where z < p>y=p;z+ —p;y

definition it :: 'a = ‘a = ‘a (- > - [58,58] 57)
where p >z =p;z 4+ —p

definition assigns :: 'a = ‘a = 'a = bool
where assignsxpg+——x=13;(p; ¢+ —p; —q)

definition preserves :: 'a = 'a = bool
where preserveszp «— pi;z<z;pA—-p;x<2T;—D

lemma ite-neg: t < —p>y=y < ——p> <z
by (metis add-commutative double-negation ite-def)

lemma ite-import-true: < —p > y=—p;z < —p >y
by (metis ite-def mult-associative mult-idempotent)

lemma ite-import-false: * < —p > y=z <1 —p> ——p; Yy
by (metis ite-def mult-associative mult-idempotent)

lemma ite-import-true-false: © << —p > y=—-p;z < —p> ——p;y
by (metis ite-import-false ite-import-true)

lemma ite-context-true: —p ; (z A —p > y) = —p;
by (metis add-right-zero ite-def mult-associative mult-compl mult-idempotent mult-left-dist-add mult-left-zero)

lemma ite-context-false: ——p ; (z < —p > y) = ——p; ¥y
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by (metis ite-neg ite-context-true)

lemma ite-context-import: —p ; (z A —q > y)=—p; (< —p; —q>y)
by (smt ite-def mult-associative mult-compl-intro mult-deMorgan mult-idempotent mult-left-dist-add)

lemma ite-conjunction: (z < —q > y) < —pD>y=z<—p; —q>y
by (smt add-associative add-commutative ite-def mult-associative mult-deMorgan mult-left-dist-add mult-right-dist-add
plus-compl-intro)

lemma ite-disjunction: £ < —p > (z < —q> y)=z< —p+ —q>y
by (smt add-associative double-negation ite-def mult-associative mult-compl-intro mult-deMorgan mult-left-dist-add
mult-right-dist-add plus-deMorgan)

lemma wnf-lemma-6: (—p + —¢q) ; (z < ——p; —q¢>y)=(—p+ —¢q); (y < —p > 1)
by (smt add-commutative double-negation ite-def mult-associative mult-compl mult-deMorgan mult-idempotent

mult-left-dist-add plus-compl-intro sub-comm)

lemma it-ite: —p>rx =z < —p> 1
by (metis it-def ite-def mult-right-one)

lemma it-neg: ——p >z =1<—-p> =z
by (metis it-ite ite-neg)

lemma it-import-true: —p > x = —p > —p ; T
by (metis it-ite ite-import-true)

lemma it-context-true: —p ; (—p > z) = —p ;
by (metis it-ite ite-context-true)

lemma it-contezrt-false: ——p ; (—p > z) = ——p
by (metis it-ite ite-context-false mult-right-one)

lemma while-unfold-it: —p x x = —p > z ; (—p * )
by (metis circ-loop-fixpoint it-def mult-associative while-def)

lemma while-context-false: ——p ; (—p x ) = ——p
by (metis it-contezt-false while-unfold-it)

lemma while-context-true: —p ; (—p x ) = —p ; ¢ ; (—p * )
by (metis it-contezt-true mult-associative while-unfold-it)

lemma while-zero: 0 x © = 1
by (metis circ-zero mult-left-one mult-left-zero one-def while-def)

lemma wnf-lemma-7: 1 ; (0 x 1) = 1
by (metis mult-left-one while-zero)

lemma while-import-condition: —p x £ = —p x —p ; «
by (metis mult-associative mult-idempotent while-def)

lemma while-import-condition-2: —p ; —qx T = —p ; —q *x —p ; T
by (metis mult-associative mult-idempotent sub-comm while-def)

lemma wnf-lemma-8: —r ; (—p + ——p; —q@) x (z QA ——p; —q> y)=—-r;(—p+ —q) * (y < —p > x)
by (metis add-commutative double-negation mult-associative plus-compl-intro while-def wnf-lemma-6)

— Theorem 6 - see Theorem 31 on page 329 of Back and von Wright, Acta Informatica 36:295-334, 1999

lemma split-merge-loops: ——p ; y <y ; ——p — (=p+ —q) x (z <A —p > y) = (=p x 7) ; (=g * y)
proof —
have —p + —gx (2 < —p>y)=(-ps;z+—p;—q;9)°; ——p; ——(q

by (smt ite-def mult-associative plus-comm plus-deMorgan while-def wnf-lemma-5)
thus ?thesis
by (smt circ-add-1 circ-slide import-test mult-associative preserves-equation sub-comm while-context-false while-def)
qed

lemma assigns-same: assigns © (—p) (—p)
by (metis assigns-def mult-idempotent mult-right-one plus-compl)
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lemma preserves-equation-test: preserves x (—p) «—— —p ;T = —p;T; —pPAN——pP;T =——p;T; ——p
by (metis preserves-equation preserves-def)

lemma preserves-test: preserves (—q) (—p)
by (metis order-refl preserves-def sub-comm,)

lemma preserves-zero: preserves 0 (—p)
by (metis one-compl preserves-test)

lemma preserves-one: preserves 1 (—p)
by (metis one-def preserves-test)

lemma preserves-add: preserves © (—p) A preserves y (—p) — preserves (z + y) (—p)
by (smt mult-left-dist-add mult-right-dist-add preserves-equation-test)

lemma preserves-mult: preserves © (—p) A preserves y (—p) — preserves (z ; y) (—p)
by (smt mult-associative preserves-equation-test)

lemma preserves-ite: preserves © (—p) A preserves y (—p) — preserves (z < —q > y) (—p)
by (metis ite-def preserves-add preserves-mult preserves-test)

lemma preserves-it: preserves x (—p) — preserves (—q > x) (—p)
by (metis it-def preserves-add preserves-mult preserves-test)

lemma preserves-circ: preserves © (—p) — preserves (z°) (—p)
by (metis circ-simulate preserves-def)

lemma preserves-while: preserves x (—p) — preserves (—q * z) (—p)
by (metis preserves-circ preserves-mult preserves-test while-def)

lemma preserves-test-neg: preserves © (—p) — preserves x (——p)
by (metis double-negation preserves-def)

lemma preserves-import-circ: preserves © (—p) — —p ; z° = —p ; (—p ; )°
by (metis import-test preserves-def)

lemma preserves-simulate: preserves © (—p) — —p ; 2° = —p ; z°; —p
by (metis preserves-circ preserves-equation-test)

lemma preserves-import-ite: preserves z (—p) — z; (z < —p > y)=z;z < —-p>2z;y
proof —
have 1: preserves z (—p) — —p;z; (e <A —p>y)=—-p;(z;2< —p> 2;7y)
by (metis add-right-zero ite-def mult-associative mult-compl mult-idempotent mult-left-dist-add mult-left-zero
preserves-equation-test)
have preserves z (—=p) — ——p;z; (e QA —p>y)=——p;(z;2 < —p> 2;Yy)
by (smt add-left-zero ite-def mult-associative mult-compl mult-idempotent mult-left-dist-add  mult-left-zero
preserves-equation-test sub-comm,)
thus ?thesis using 1
by (metis test-case-split-left-equal mult-associative)
qed

lemma preserves-while-context: preserves x (—p) — —p ; (—g*z) = —p ; (—p ; —q * )
by (smt mult-associative mult-compl-intro mult-deMorgan preserves-import-circ preserves-mult preserves-simulate
preserves-test while-def)

lemma while-ite-context-false: preserves y (—p) — ——p ; (—p + —g*x (2 A —p > y)) = ——p; (—q¢ *x y)
proof —
have preserves y (—p) — ——p; (-p+ —gx (< —p>y))=——p;(—p;—¢;9)°; —(-p + —q)

by (smt import-test double-negation ite-context-false mult-associative mult-compl-intro plus-def preserves-equation
preserves-equation-test sub-comm while-def )
thus %thesis
by (smt import-test circ-simulate mult-associative plus-deMorgan preserves-def preserves-equation preserves-test while-def )
qed

— Theorem 7.1
lemma while-ite-norm: assigns z (—p) (—q) A preserves ©1 (—q) A preserves z2 (—q) A preserves yl (—q) A preserves y2

(—¢) —
zi(xl 5 (—rlxyl) < —pp>a2; (-2 xy2)=z;(xl <—q>x2); ((—q; -1l +——q;—12)% (yl <
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—q > y2))

proof
assume I1: assigns z (—p) (—q) A preserves x1 (—q) A preserves z2 (—q) A preserves yl (—q) N preserves y2 (—q)
have 2: (—p; —qg+ ——p;——q); (2l < —q>22)=—p;—q;al + ——p; ——q; 22

by (smt ite-def mult-associative mult-left-dist-add wnf-lemma-2 wnf-lemma-4)
have 3: (—q; —11 + ——q; —12); (y1 < —qD> y2)=—q; —rl ;yl + ——q; —12;y2
by (smt ite-def mult-associative mult-idempotent mult-left-dist-add wnf-lemma-1 wnf-lemma-3)

have {: —(—q; -1l + ——q; —12) = —q; ——rl + ——q; ——12

by (smt mult-absorb mult-idempotent mult-right-dist-add plus-compl-intro plus-deMorgan plus-def sub-comm)
have —p; —q; 2l ;(—q;—rl;yl + ——q;-12;92)°;(—q; ——rl + ——q; ——12) =

—pi—qsal;—q;(—q;(—q;—rl syl + ——q;-12;92))°;(-q; ——rl + ——q; ——r2) using I

by (smt mult-associative preserves-add preserves-equation-test preserves-import-circ preserves-mult preserves-test)
alsohave ... = —p; —q; 2l ; —q; (—q; -7l ; y1)°;(—q; ——rl + ——q; ——712)

by (smt add-commutative add-left-zero mult-associative mult-compl mult-idempotent mult-left-dist-add mult-left-zero)
finally have 5: —p ; —q; 2l 5 (—q; —rl 5yl + ——q; =12 ;92)° ; (=q; ——1l + ——q; ——12) =

—p;—q;zl;(—rl;yl)°; ——rl using 1

by (smt ite-context-true ite-def mult-associative preserves-equation-test preserves-import-circ preserves-mult
preserves-simulate preserves-test)
have ——p; ——q ;22 ; (—q; —rl 5yl + ——q; —12;92)°; (—q; —1rl + ——q; —12) =
——p;——q;a2; ——q;(—q;(=q; =711 ;yl + ——q; —r2;92))°; (—q; ——rl + ——q ; ——72) using I
by (smt mult-associative preserves-add preserves-equation-test preserves-import-circ preserves-mult preserves-test
preserves-test-neg)
also have ... = ——p; ——q ;22 ; ——q;(——q; —12;92)° ; (—¢; ——711 + ——q; ——12)
by (smt add-commutative add-right-zero mult-associative mult-compl mult-idempotent mult-left-dist-add mult-left-zero
sub-comm,)
finally have ——p ; ——q ;22 ; (—q¢; -1l ;yl + ——q; —12;42)°;(—¢q; ——11 + ——q; ——12) =
——p; ——q;x2; (—72; y2)° ; ——r2 using I
by (smt ite-context-false ite-def mult-associative preserves-equation-test preserves-import-circ preserves-mult
preserves-simulate preserves-test preserves-test-neg)
thus z ; (z1 ; (=11 xyl) < —p>a2; (-2 % y2)) =z; (¢l Q —q>22); ((—q; -1l + ——q; —1r2) x (yI < —q > y2))
using 1 2345
by (smt assigns-def ite-def mult-associative mult-left-dist-add mult-right-dist-add wnf-lemma-1 wnf-lemma-8 while-def)
qed

lemma while-it-norm: assigns z (—p) (—q) A preserves © (—q) A preserves y (—q) — z; (—p >z ; (—r*xy)) =2; (—q¢>
)5 (—q; —r*y)

by (metis add-right-zero bs-mult-right-zero it-context-true it-ite one-compl preserves-one while-import-condition-2
while-ite-norm wnf-lemma-7)

lemma while-else-norm: assigns z (—p) (—q) A preserves © (—q) A preserves y (—q) — 2z ; (I < —p >z ; (—r*y)) =z ;
(1 <9—qpz);(——q;—r*y)

by (metis add-left-zero bs-mult-right-zero ite-context-false one-compl preserves-one while-import-condition-2 while-ite-norm
wnf-lemma-7)

lemma while-while-pre-norm: —p x z ; (—gxy) = —-p>z; (-p+ —qgx (y < —q > T))
by (smt add-commutative circ-add-1 circ-left-unfold circ-slide it-def ite-def mult-associative mult-left-one mult-right-dist-add
plus-deMorgan while-def wnf-lemma-5)

— Theorem 7.2

lemma while-while-norm: assigns z (—p) (—r) A preserves z (—r) A preserves y (—r) —
zi(pxzi(—gry))=z;(-r>a);(-r;(-p+ —q) x (y < —q > 1))
by (smt double-negation mult-deMorgan plus-deMorgan preserves-ite while-it-norm while-while-pre-norm)

lemma while-seq-replace: assigns z (—p) (—q) — z; (—p*xx;2);y=2;(—g*xz;2);y
by (smt assigns-def circ-slide mult-associative wnf-lemma-1 wnf-lemma-2 wnf-lemma-3 wnf-lemma-4 while-def)

lemma while-ite-replace: assigns z (—p) (—q) — z; (e A —p> y)=2z;(r < —q > y)
by (smt assigns-def ite-def mult-associative mult-left-dist-add sub-comm wnf-lemma-1 wnf-lemma-3)

lemma while-post-norm-an: preserves y (—p) — (—p*2z) ;y =y I ——p > (—pxz; (—p > y))
proof

assume 1: preserves y (—p)

have —p ; (-=p;z;(=—ps;y+-p)°s——p=-p;z;(——p;y+-p);—p;2)°;(—>pi;y+-p);——p

by (smt add-left-zero circ-left-unfold circ-slide mult-associative mult-compl mult-idempotent mult-left-dist-add

mault-right-dist-add mult-right-one)

alsohave ...= —p;z;(——p;y; 0+ —p;x)°; ——p; y using 1

by (smt add-right-zero mult-associative mult-compl mult-idempotent mult-left-zero mult-right-dist-add preserves-equation-test
sub-comm,)
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finally have —p ; (=p ;25 (——ps;y+ -p))° ;i ——p=-p;z;(-p;2)°; ——p;y
by (smt add-commutative circ-slide circ-zero mult-associative mult-left-zero mult-right-one mult-zero-add-circ)
thus (-pxz) ;y =y QA ——p> (-pxz; (——p>y))
by (smt circ-left-unfold double-negation it-def ite-def mult-associative mult-left-one mult-right-dist-add while-def)
qed

lemma while-post-norm: preserves y (—p) — (—p*xz);y=—-p*xz; (I < —p>y)<—p>y
by (metis it-neg ite-neg while-post-norm-an)

lemma wnf-lemma-9: assigns z (—p) (—q) N preserves x1 (—q) A preserves y1 (—q) A preserves x2 (—q) N preserves y2 (—q)
A preserves £2 (—p) A preserves y2 (—p) —
zi(el Q—=q>a2);(—q;—p+ —rx(yl <—q; —p>y2)=2z; @@l Q—p>a2);(—p+ —r*(yl <
—p > y2))
proof
assume 1: assigns z (—p) (—q) A preserves x1 (—q) A preserves yl (—q) A preserves 2 (—q) A preserves y2 (—q) A
preserves 2 (—p) A preserves y2 (—p)
hence z ; ——p; ——q; (¢1 9 —q> 22) ; (—q; —p+ —r*x(yl < —q; —p > y2)) =
25 ==p;——q;32; ——q; (——q;(=q; —p+ —r)x(yl < —q;—p > y2))
by (smt double-negation ite-context-false mult-associative mult-deMorgan plus-deMorgan preserves-equation-test preserves-ite
preserves-while-context)
alsohave ... =z ; ——p; ——q; 22 ; ——q; (——q; -7 * ——q ; y2)
by (smt add-left-zero double-negation ite-conjunction ite-context-false mult-associative mult-compl mult-left-dist-add
mult-left-zero while-import-condition-2)

also have ... =z ; ——p ; ——q ; 22 ; (—r * y2) using I
by (smt mult-associative preserves-equation-test preserves-test-neg preserves-while-context while-import-condition-2)
finally have 2: z ; ——p ; ——q; (2l < —q> 22); (—q; —p+ -1 *x(yl < —q; —p > y2)) =
z;——p;——q;(xl Q—qr>a2);(—p+ —7r * (yl < —p > y2)) using !

by (smt ite-context-false mult-associative preserves-equation-test sub-comm while-ite-context-false)
have z ; —p; —q; (21 < —q > 22) ;(—q¢; —p+ —rx(yl < —q;—p>y2)) =
z5-p;—q; (el < —qg>a2);—q;(—q;(=p+—r)*x—q;(yl Q—p > y2)) using I
by (smt double-negation ite-context-import mult-associative mult-deMorgan mult-idempotent mult-left-dist-add plus-deMorgan
preserves-equation-test preserves-ite preserves-while-context while-import-condition-2)
hence z ; —p ; —q; (21 < —q > 22); (—q; —p + —rx(yl < —q;—p>y2)) =
z;-p;—q;(xl <—q>x2); (—p+ —rx(yl < —p > y2)) using 1
by (smt double-negation mult-associative mult-deMorgan mult-idempotent preserves-equation-test preserves-ite
preserves-while-context while-import-condition-2)
thus z ; (21 9 —q>22);(—q;—p+—-rx Wl <—q;—-p>y2)=z;(@l <—p>2a2);(—p+ —1r*x(yl <—p> y2))
using 1 2
by (smt assigns-def mult-associative mult-left-dist-add mult-right-dist-add while-ite-replace)
qed

— Theorem 7.3

lemma while-seq-norm: assigns z1 (—r1) (—q) N preserves 2 (—q) A preserves y2 (—q) N preserves z2 (—q) A z1 ; 22 = 22
;21 N
assigns z2 (—q) (—r) A preserves y1 (—r) A preserves z1 (—r) A preserves z2 (—r) A preserves y2 (—r) —
xl ;21 5225 (—rl xyl ; 21) ;22 ; (—7r2 x y2) =
zl 521 5225yl ;21 5(1 <—q>22)d—qpx2);(—q+—1r2x(yl ;21 ;(1 Q—qg> 22) < —q>y2))
proof
assume I1: assigns z1 (—r1) (—q) A preserves 2 (—q) N\ preserves y2 (—q) N preserves z2 (—q) A z1 ; 22 = 22 ; z1 N\
assigns z2 (—q) (—r) A preserves yl (—r) A preserves z1 (—r) A preserves z2 (—r) A preserves y2 (—r)
have z1 ; 21 ; 22 ; (=11 x yl ; z1) ;22 ; (—r2 xy2) =l ; 21 ; 22 ; (—q * yl ; z1) ; 22 ; (—r2 * y2) using I
by (smt mult-associative while-seg-replace)

also have ... =z ; 21 ; 22 ; (—gxyl ;21 ; (1 < —q> 22 ; (-2 %xy2)) < —q > 22 ; (—r2 * y2)) using [
by (smt mult-associative preserves-mult preserves-while while-post-norm)

also have ... = z1 ; 21 ; (22 ; (—gxyl ; 21 ; (1 < —q> x2);(——q; —12%xy2)) < —q> 22 ;22 ; (—72 x y2)) using 1
by (smt assigns-same mult-associative preserves-import-ite while-else-norm,)

also have ... =1 ;21 ; (22 ; (—r >yl ;21 ; (1 < —q>22);(—r;(—q¢+ —12) x (yl ;21 ; (1 < —qD> 22) < —qD>

y2)) Q9 —q > 22 ; 22 ; (—r2 * y2)) using 1
by (smt double-negation mult-deMorgan plus-deMorgan preserves-ite preserves-mult preserves-one while-while-norm
wnf-lemma-8)
alsohave ... =1 ; 21 ; 22 ; ((—r >yl ;21 ;(1 < —q>22);(—r;(—q¢+ —12) x (yl ;21 ;(1 <—qD> 22)<—qD>
y2)) < —r > 22 ; (—72 % y2)) using 1
by (smt mult-associative preserves-import-ite while-ite-replace)
alsohave ... =zl ;21 ;22 ;5 (—r;yl ;21 ; (1 Q—qp>x2); —1r;(—q+ —12x(yl ;21 ;(1 <—qD>22)<—q> y2)) <
—r > 22 ; (—r2 * y2)) using 1
by (smt double-negation it-context-true ite-import-true mult-associative mult-deMorgan mult-idempotent plus-deMorgan
preserves-equation-test preserves-ite preserves-mult preserves-one preserves-while-context)
alsohave ... =zl ;21 ;22 ; (yl ;21 ; (1 Q9 —q>22);(—q+ —12x(yl ;21 ;(1 Q—q>22)<d—q>y2))<d—q> 22
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; (—r2 x y2)) using 1
by (smt double-negation ite-import-true mult-associative mult-idempotent preserves-equation-test preserves-ite preserves-one
while-ite-replace)
alsohave ... =zl ;21 ;22 ; (yl ;21 ; (1 < —q>a2) A —r>22);((—r;(—q¢+ —1r2) + ——r; —r2) x (y1 ; 21 ; (1 <
—q > 22) < —q>y2) < —r > y2)) using I
by (smt double-negation mult-associative mult-deMorgan plus-deMorgan preserves-ite preserves-mult preserves-one
while-ite-norm)
alsohave ... =zl ;21 ;22 ; (yl ;21 ; (1 < —q>22) < —q> x2);(—q+ —12*x(yl ;21 ;(1 < —q> 22)<—q0> y2))
using
by (smt add-associative ite-conjunction mult-associative mult-left-dist-add mult-left-one mult-right-dist-add plus-compl
preserves-ite preserves-mult preserves-one wnf-lemma-9)
finally show z1 ; 21 ; 22 ; (—rl x yl ; 21) ;22 ; (—r2 x y2) =
zl ;21 5225 (yl 521 5 (1 9 —q>32) < —q>a2); (—qg+ —r2%(yl ;21 ;(1 <—qg> 12) < —q> y2)).
qed

end

end
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11 Binaryltering

theory Binaryltering
imports Semiring
begin
class binary-itering = idempotent-left-zero-semiring + while +
assumes while-productstar: (z ; y) x 2z =z + z; ((y ; ) * (y ; 2))
assumes while-sumstar: (z + y) x z = (z x y) * (z * 2)
assumes while-left-dist-add: = * (y + z) = (z * y) + (z * 2)
assumes while-sub-associative: (z *x y) ; z < x * (y ; 2)
assumes while-simulate-left-plus:  ; 2 < z ;3 (y*x 1)+ w —zx (z;0v) < z; (y *v) + (z *x (w; (y *x v)))
assumes while-simulate-right-plus: z ;2 < y;(yx2) +w — z;(z*xv) <y*x(z;0v+ w; (z *v))
begin
— Theorem 9.1

lemma while-zero: 0 * x = «
by (metis add-right-zero mult-left-zero while-productstar)

— Theorem 9.4

lemma while-mult-increasing: ¢ ; y <  x y
by (metis add-least-upper-bound mult-left-one order-refl while-productstar)

— Theorem 9.2

lemma while-one-increasing: © < x * 1
by (metis mult-right-one while-mult-increasing)

— Theorem 9.3

lemma while-increasing: y < x % y
by (metis add-left-divisibility mult-left-one while-productstar)

— Theorem 9.42

lemma while-right-isotone: y < z — z xy <z x 2
by (metis less-eq-def while-left-dist-add)

— Theorem 9.41

lemma while-left-isotone: x <y — . x 2 <y *x 2
by (metis less-eq-def while-increasing while-sumstar)

lemma while-isotone: w <z Ay <z — w*xy < T *x2
by (smt order-trans while-left-isotone while-right-isotone)

— Theorem 9.17

lemma while-left-unfold: © x y =y + z ; (z x y)
by (metis mult-left-one mult-right-one while-productstar)

lemma while-simulate-left-plus-1: ¢ ; z < z; (y*x 1) — zx (z ; w) < z; (y x w) + (z x 0)
by (metis add-right-zero mult-left-zero while-simulate-left-plus)

— Theorem 11.1

lemma while-simulate-absorb: y ;2 <z — y*xz <z + (y * 0)
by (metis while-simulate-left-plus-1 while-zero mult-right-one)

— Theorem 9.10
lemma while-transitive: z *x (z x y) =z x y

by (metis add-right-upper-bound  add-right-zero — antisym  while-increasing  while-left-dist-add — while-left-unfold
while-simulate-absorb)
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— Theorem 9.25

lemma while-slide: (x ; y) * (z ;2) =z ; ((y ; z) * 2)
by (metis mult-associative mult-left-dist-add while-left-unfold while-productstar)

— Theorem 9.21

lemma while-zero-2: (z ; 0) xy =z ;0 + y
by (metis add-commutative mult-associative mult-left-zero while-left-unfold)

— Theorem 9.5

lemma while-mult-star-exchange: = ; (z x y) = z * (5 y)
by (metis mult-left-one while-slide)

— Theorem 9.18

lemma while-right-unfold: z x y = y + (z * (z ; y))
by (metis while-left-unfold while-mult-star-exchange)

— Theorem 9.7

lemma while-one-mult-below: (x x 1) ; y <z xy
by (metis mult-left-one while-sub-associative)

lemma while-plus-one: z x y = y + (z x y)
by (metis less-eq-def while-increasing)

— Theorem 9.19

lemma while-rtc-2: y + z;y + (e x (zxy) =z xy
by (metis add-associative less-eq-def while-mult-increasing while-plus-one while-transitive)

— Theorem 9.6

lemma while-left-plus-below: z ; (z x y) < z * y
by (metis add-right-divisibility while-left-unfold)

lemma while-right-plus-below: z x (z ; y) < z xy
by (metis while-left-plus-below while-mult-star-exchange)

lemma while-right-plus-below-2: (z x z) ; y <z %y
by (smt order-trans while-right-plus-below while-sub-associative)

— Theorem 9.47

lemma while-mult-transitive: x < z xy Ay < zrxw — x < 2z % w
by (smt order-trans while-right-isotone while-transitive)

— Theorem 9.48

lemma while-mult-upper-bound: © < zx 1 Ny < zxw —x;y < 2 *xw
by (metis less-eq-def mult-right-sub-dist-add-left order-trans while-mult-transitive while-one-mult-below)

lemma while-one-mult-while-below: (y x 1) ; (y x v) <y x v
by (metis order-refl while-mult-upper-bound)

— Theorem 9.34

lemma while-sub-dist:  x z < (z + y) x 2z
by (metis add-left-upper-bound while-left-isotone)

lemma while-sub-dist-1: z ; z < (z + y) *x 2
by (metis order-trans while-mult-increasing while-sub-dist)

lemma while-sub-dist-2: z ; y ; z < (z + y) * z
by (metis add-commutative mult-associative while-mult-transitive while-sub-dist-1)

— Theorem 9.36
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lemma while-sub-dist-3: = * (y *x z) < (x + y) * 2
by (metis add-right-upper-bound while-left-isotone while-mult-transitive while-sub-dist)

— Theorem 9.44

lemma while-absorb-2: t <y — y*x (z x2z) =y x 2
by (metis add-commutative less-eq-def while-left-dist-add while-plus-one while-sub-dist-3)

lemma while-simulate-right-plus-1: z ; x < y; (y*x2) — z; (z x w) < y * (2 ; w)
by (metis add-right-zero mult-left-zero while-simulate-right-plus)

— Theorem 9.39

lemma while-sumstar-1-below: z x ((y ; (z x 1)) x z) < ((z * 1) ; y) * (z * 2)
proof —
have I1: z ; ((zx 1) ;y) x (. x2)) < ((z x 1) ; y) * (z % 2)
by (smt add-isotone add-right-upper-bound mult-associative mult-left-dist-add mult-right-sub-dist-add-right while-left-unfold)
have 7 % (y ; (z % 1)) % 2) < (% 2) + (0% (55 (% 1) 5 9) * (v % 1) ; 2))))
by (metis eg-refl while-left-dist-add while-productstar)
alsohave ... < (zxz)+ (zx((z*x1);y; (((zx1);y)*x((z*1);2)))
by (metis add-right-isotone mult-associative mult-left-one mult-right-sub-dist-add-left while-left-unfold while-right-isotone)
alsohave ... < (zx2)+ (zx (((zx 1) ;9) x ((z*x 1) ; 2)))
by (metis add-right-isotone add-right-upper-bound while-left-unfold while-right-isotone)
also have ... <z x (((z * 1) ; y) * (z % 2))
by (smt add-associative add-left-upper-bound less-eq-def —mult-left-one  while-left-dist-add — while-left-unfold
while-sub-associative)
also have ... < (((z x 1) ; y) * (z x 2)) + (z x 0) using 1
by (metis while-simulate-absorb)
also have ... = ((z x 1) ; y) * (z * 2)
by (smt add-associative add-commutative add-left-zero while-left-dist-add while-left-unfold)
finally show ?thesis

qed

lemma while-sumstar-2-below: ((z *x 1) ; y) *x (z * z) < (z * y) * (z % 2)
by (metis mult-left-one while-left-isotone while-sub-associative)

— Theorem 9.38

lemma while-add-1-below: z x ((y ; (x x 1)) x2) < (z + y) * 2z
proof —
have ((z x 1) ;y) x ((z x 1) ;2) < (z + y) x 2
by (metis while-isotone while-one-mult-below while-sumstar)
hence (y; (zx 1) xz2<z+y; (z +y) *2)
by (metis add-right-isotone mult-right-isotone while-productstar)
also have ... < (z + y) * 2
by (metis add-right-isotone add-right-upper-bound mult-left-isotone while-left-unfold)
finally show ?thesis
by (metis add-commutative add-right-upper-bound while-isotone while-transitive)

qed
— Theorem 9.16
lemma while-while-while: ((z * 1) * 1) *xy=(x x 1) xy
by (smt add-commutative less-eq-def mult-right-one while-left-plus-below while-mult-star-exchange while-plus-one while-sumstar

while-transitive)

lemma while-one: (1 x 1) xy =1y
by (metis while-while-while while-zero)

— Theorem 9.22
lemma while-add-below: z + y < z * (y * 1)

by (smt add-commutative add-isotone case-split-right order-trans while-increasing while-left-plus-below while-mult-increasing
while-plus-one)

— Theorem 9.32

lemma while-add-2: (z + y) x z < (z x (y x 1)) x 2



66 11  Binaryltering

by (metis while-add-below while-left-isotone)
— Theorem 9.45

lemma while-sup-one-left-unfold: 1 <z — z; (x xy) =z xy
by (metis less-eq-def mult-left-one mult-right-dist-add while-mult-star-exchange while-right-unfold while-transitive)

lemma while-sup-one-right-unfold: 1 <z — z *(z ;y) =z xy
by (metis while-mult-star-exchange while-sup-one-left-unfold)

— Theorem 9.30

lemma while-decompose-7: (z + y) x z =z x (y * ((z + y) * 2))
by (metis eg-iff order-trans while-increasing while-sub-dist-3 while-transitive)

— Theorem 9.31

lemma while-decompose-8: (z + y) x z = (z + y) * (z * (y x 2))
by (metis add-commutative while-sumstar while-transitive)

— Theorem 9.27

lemma while-decompose-9: (z x (y x 1)) x z =z * (y x ((z x (y x 1)) * 2))
by (smt add-commutative less-eq-def order-trans while-add-below while-increasing while-sub-dist-3)

lemma while-decompose-10: (z x (y x 1)) * z = (z * (y * 1)) * (z * (y * 2))
proof —
have 1: (z x (y x 1)) x 2 < (z x (y x 1)) x (z x (y * 2))
by (metis add-associative less-eq-def while-left-dist-add while-plus-one)
have z + (y x 1) <z x (y x 1)
by (metis add-least-upper-bound while-add-below while-increasing)
hence (z x (yx 1)) x (zx (y*x2)) < (z*(yx 1)) *z
by (smt add-least-upper-bound eg-refl order-trans while-absorb-2 while-one-increasing)
thus %thesis using 1
by (metis antisym)
qed

lemma while-back-loop-fizpoint: z ; (y x (y ;z)) + 2z ;2 =2z ; (y x )
by (metis add-commutative mult-left-dist-add while-right-unfold)

lemma while-back-loop-prefizpoint: z ; (y x 1) ;y + 2 < z; (y * 1)
by (metis add-least-upper-bound mult-associative mult-right-isotone mult-right-one  order-refl while-increasing
while-mult-upper-bound while-one-increasing)

— Theorem 9

lemma while-loop-is-fixpoint: is-fixpoint Az . y ; z + 2) (y * z)
by (smt add-commutative is-fizpoint-def while-left-unfold)

— Theorem 9

lemma while-back-loop-is-prefizpoint: is-prefixzpoint (Az .z ; y + 2) (2 ; (y x 1))
by (metis is-prefizpoint-def while-back-loop-prefixpoint)

— Theorem 9.20

lemma while-while-add: (1 + z) xy = (z x 1) * y
by (metis add-commutative while-decompose-10 while-sumstar while-zero)

lemma while-while-mult-sub:  * (1 x y) < (z % 1) x y
by (metis add-commutative while-sub-dist-3 while-while-add)

— Theorem 9.11

lemma while-right-plus: (z x ) x y = * y
by (metis add-idempotent while-plus-one while-sumstar while-transitive)

— Theorem 9.12
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lemma while-left-plus: (z ; (z x 1)) xy =z %y
by (metis mult-right-one while-mult-star-exchange while-right-plus)

— Theorem 9.9

lemma while-below-while-one: © x v < x x 1
by (metis while-one-increasing while-right-plus)

lemma while-below-while-one-mult: = ; (z x z) <z ; (z x 1)
by (metis mult-right-isotone while-below-while-one)

— Theorem 9.23

lemma while-add-sub-add-one: z x (z + y) < z x (I + y)
by (metis add-left-isotone while-below-while-one while-left-dist-add)

lemma while-add-sub-add-one-mult: z ; (z x (z + y)) < z; (x * (I + y))
by (metis mult-right-isotone while-add-sub-add-one)

lemma while-elimination: ¢ ; y =0 — z ; (yx2) =12z ; 2
by (metis add-right-zero mult-associative mult-left-dist-add mult-left-zero while-left-unfold)

— Theorem 9.8

lemma while-square: (z ;) x y < z * y
by (metis while-left-isotone while-mult-increasing while-right-plus)

— Theorem 9.35

lemma while-mult-sub-add: (z ; y) x z < (z + y) * 2
by (metis while-increasing while-isotone while-mult-increasing while-sumstar)

— Theorem 9.43

lemma while-absorb-1: x <y — x * (Y x 2) =y x 2
by (metis antisym less-eq-def while-increasing while-sub-dist-3)

lemma while-absorb-3: ¢ <y — z * (y * z) = y * (z * 2)
by (metis while-absorb-1 while-absorb-2)

— Theorem 9.24

lemma while-square-2: (z ; z) x (z + 1) ;y) <z *y
by (metis add-least-upper-bound while-increasing while-mult-transitive while-mult-upper-bound while-one-increasing
while-square)

lemma while-separate-unfold-below: (y ; (x x 1)) x 2 < (y*x2) + (y*x (y;2; (x *x ((y; (z x 1)) x 2))))
proof —
have (y5 (z % 1) % 2 = (y+ (y; 5 (% 1)) % (y * 2)
by (metis mult-associative mult-left-dist-add mult-right-one while-left-unfold while-sumstar)
hence (y; (zx 1)) xz=(yx2)+ (yx(y;z;(@*1)); (y;(@x1))*2)
by (metis while-left-unfold)
alsohave ... < (yxz) + (y*x(y;z;(x*x1)); ((y; (z*1))*2z))
by (metis add-right-isotone while-sub-associative)
alsohave ... < (yx2)+ (yx(y;z; (z+x ((y; (z % 1)) *2))))
by (smt add-right-isotone mult-associative mult-right-isotone while-one-mult-below while-right-isotone)
finally show ?thesis

qed
— Theorem 9.33

lemma while-mult-zero-add: (z + y; 0) x z =z x ((y ; 0) * 2)
proof —
have (z + y; 0) xz=(z *x (y; 0)) * (z x 2)
by (metis while-sumstar)
also have ... = (z *x z) + (z *x (y; 0)) ; ((z x (y; 0)) * (z x 2))
by (metis while-left-unfold)
also have ... < (z * z) + (z * (y ; 0))
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by (metis add-right-isotone mult-associative mult-left-zero while-sub-associative)
also have ... =z x ((y ; 0) * 2)
by (metis add-commutative while-left-dist-add while-zero-2)
finally show ?thesis
by (metis le-neg-trans less-def while-sub-dist-8)
qed

lemma while-add-mult-zero: (z + y; 0) x y =2 *x y
by (metis less-eq-def while-mult-zero-add while-zero-2 zero-right-mult-decreasing)

lemma while-mult-zero-add-2: (z + y; 0) x z = (z x z) + (z * (y ; 0))
by (metis add-commutative while-left-dist-add while-mult-zero-add while-zero-2)

lemma while-add-zero-star: (z + y; 0) x z =z x (y ; 0 + 2)
by (metis while-mult-zero-add while-zero-2)

lemma while-unfold-sum: (z + y) x z = (z x 2) + (z * (y ; (z + y) * 2)))
apply (rule antisym)
apply (smt add-associative less-eq-def while-absorb-1 while-increasing while-mult-star-exchange while-right-unfold
while-sub-associative while-sumstar)
apply (metis add-least-upper-bound while-decompose-7 while-mult-increasing while-right-isotone while-sub-dist)
done

lemma while-simulate-left: z ; 2 < z;y + w — z * (2 ;0) < z; (y*xv) + (z *x (w; (y x v)))
by (metis add-left-isotone mult-right-isotone order-trans while-one-increasing while-simulate-left-plus)

lemma while-simulate-right: z ;2 < y;z+w — z;(x*v) <yx(z;v+ w; (zxv))
proof —
have y; 2+ w<y; (y*xz2)+w
by (metis add-left-isotone mult-right-isotone while-increasing)
thus %thesis
by (smt order-trans while-simulate-right-plus)
qed

lemma while-simulate: z ;2 <y ;2 — z; (x*xv) <yx(z;0)
by (metis add-right-zero mult-left-zero while-simulate-right)

— Theorem 9.14

lemma while-while-mult: 1 x (z xy) = (x * 1) *x y
proof —
have (z x I)xy < (zx1); ((zx 1) *xy)
by (metis order-refl while-increasing while-sup-one-left-unfold)
also have ... < I x ((z x 1) ; y)
by (metis mult-left-one order-refl while-mult-upper-bound while-simulate)
also have ... < 1 % (z x y)
by (metis while-one-mult-below while-right-isotone)
finally show “thesis
by (metis antisym while-sub-dist-3 while-while-add)
qed

lemma while-simulate-left-1: z ; 2 < z;y — zx (z;0) < z; (y*xv) + (x * 0)
by (metis add-right-zero mult-left-zero while-simulate-left)

— Theorem 9.46

lemma while-associative-1: 1 < z — xz * (y ; 2) = (z x y) ; 2
proof
assume I1: 1 < z
have z x (y; 2) <z * ((z x y) ; 2)
by (metis less-eq-def mult-right-dist-add while-plus-one while-right-isotone)
also have ... < (z x y) ; (0 x z) + (z x 0)
by (metis mult-associative mult-right-sub-dist-add-right while-left-unfold while-simulate-absorb while-zero)
also have ... < (z xy) ; z + (x * 0) ; z using 1
by (metis add-least-upper-bound add-left-upper-bound add-right-upper-bound case-split-right while-plus-one while-zero)
also have ... = (z x y) ; 2
by (metis add-right-zero mult-right-dist-add while-left-dist-add)
finally show z x (y ; 2) = (z x y) ; 2
by (metis antisym while-sub-associative)



11  Binaryltering 69

qed
— Theorem 9.29

lemma while-associative-while-1: x *x (y ; (z x 1)) = (x x y) ; (z % 1)
by (metis while-associative-1 while-increasing)

— Theorem 9.13

lemma while-one-while: (x x 1) ; (y x 1) =z x (y x 1)
by (metis mult-left-one while-associative-while-1)

lemma while-decompose-5-below: (z * (y x 1)) * 2 < (y * (xz * 1)) x z
by (smt add-commutative mult-left-dist-add mult-right-one while-increasing while-left-unfold while-mult-star-exchange
while-one-while while-plus-one while-sumstar)

— Theorem 9.26

lemma while-decompose-5: (z x (y x 1)) * 2z = (y * (x x 1)) * 2
by (metis antisym while-decompose-5-below)

lemma while-decompose-4: (z * (y x 1)) x z =x * ((y x (x x 1)) % 2)
by (metis while-decompose-5 while-decompose-9 while-transitive)

— Theorem 11.7

lemma while-simulate-2: y ; (z x 1) <z *x (yx 1) — yx(xzx1)<zx(y*x1)
proof (rule iffI)
assume y ; (z*x 1) <z * (y x 1)
hence y ; (zx 1) < (zx1); (yx 1)
by (metis while-one-while)
hence y x ((zx 1) ;1)< (xx1);(y*x1)+ (yx0)
by (metis while-simulate-left-plus-1)
hence y x (z x 1) < (z x (y x 1)) + (y *x 0)
by (metis mult-right-one while-one-while)
also have ... =z x (y * 1)
by (metis add-commutative less-eq-def order-trans while-increasing while-right-isotone zero-least)
finally show y x (z x 1) <z * (y x 1)

next
assume y x (zx 1) <z x (yx 1)
thus y; (z x 1) <z * (y x 1)
by (metis order-trans while-mult-increasing)
qed

lemma while-simulate-1: y ;z <z ;y —y*x(x*1) <z *(y*1)
by (metis order-trans while-mult-increasing while-right-isotone while-simulate while-simulate-2)

lemma while-simulate-3: y; (z x 1) <z *x1 — yx(zx 1)<z *x(y*1)
by (metis add-idempotent case-split-right while-increasing while-mult-upper-bound while-simulate-2)

— Theorem 9.28

lemma while-extra-while: (y ; (z x 1)) x 2z = (y; (y x (z x 1))) x 2
proof —
have y ; (yx (zx 1)) <y (@x1);(y;(z*1)*1)
by (smt add-commutative add-left-upper-bound mult-right-one order-trans while-back-loop-prefizpoint while-left-isotone
while-mult-star-exchange)
hence I: (y; (yx(zx 1)) 2 < (y;(xx1)) 2z
by (metis while-simulate-right-plus-1 mult-left-one)
have (y; (x x 1)) 2 < (y; (y*x (z x 1)) x 2
by (metis while-increasing while-left-isotone while-mult-star-exchange)
thus ?thesis using 1
by (metis antisym)
qed

— Theorem 11.6

lemma while-separate-4: y ;1 <z ;(zx (1 +y)) — (z+y) x 2 =3 % (y * 2)
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proof
assume 11 y;z < z; (xz*x (I + y))
hence (I + y);z <z ;(zx (I +y))
by (smt add-associative add-least-upper-bound mult-left-one mult-left-sub-dist-add-left mult-right-dist-add mult-right-one
while-left-unfold)
hence 2: (1 +y);(zx1)<zx*(1+y)
by (metis mult-right-one while-simulate-right-plus-1)
have y;2;(xx 1) <z;(z+x (I +y); (zx1))) using 1
by (smt less-eq-def mult-associative mult-right-dist-add while-associative-1 while-increasing)
also have ... <z ; (z * (1 + y)) using 2
by (metis mult-right-isotone order-refl while-mult-transitive)
also have ... <z ; (z % 1); (y * 1)
by (metis add-least-upper-bound mult-associative mult-right-isotone while-increasing while-one-increasing while-one-while
while-right-isotone)
finally have y x (z; (zx 1)) <z ;(zx1);(yx 1)+ (yx0)
by (metis mult-associative mult-right-one while-simulate-left-plus-1)
hence (y x 1) ; (y*xz) <z ;(xxy*x1)+ (y*0)
by (smt less-eq-def mult-associative mult-right-one order-refl order-trans while-absorb-2 while-left-dist-add
while-mult-star-exchange while-one-mult-below while-one-while while-plus-one)
hence (y * 1) 5 ((y * ) * (y + 2)) <@ % ((y * 1) (y % 2) + (y % 0) 5 ((y % @) * (y * 2)))
by (metis while-simulate-right-plus)
also have ... <z x ((y * 2) + (y * 0))
by (metis add-isotone mult-left-zero order-refl while-absorb-2 while-one-mult-below while-right-isotone while-sub-associative)
also have ... =z x y x z
by (metis add-right-zero while-left-dist-add)
finally show (z + y) * 2 = z * (y * 2)
by (smt add-commutative less-eq-def mult-left-one mult-right-dist-add while-plus-one while-sub-associative while-sumstar)
qed

lemma while-separate-5: y ; z <z ; (z *x (z +y)) — (z + y) xz2 =2z * (y % 2)
by (smt order-trans while-add-sub-add-one-mult while-separate-4)

lemma while-separate-6: y ;z <z ;(x +y) — (z +y) *z2 =2 *x (y * 2)
by (smt order-trans while-increasing while-mult-star-exchange while-separate-5)

— Theorem 11.4

lemma while-separate-1: y ;. <z ;y — (z+y)xz=a % (y * 2)
by (metis add-least-upper-bound less-eq-def mult-left-sub-dist-add-right while-separate-6)

— Theorem 11.2

lemma while-separate-mult-1: y ;2 <z 3y — (z;y) x 2 <z % (y * 2)
by (metis while-mult-sub-add while-separate-1)

— Theorem 11.5

lemma separation: y ;2 <z ;(y*x1) — (z+y)xz =1z (y x 2)
proof
assume y; z <z ; (y x 1)
hence y x 2 <z ;(y*x 1)+ (yx0)
by (metis mult-right-one while-simulate-left-plus-1)
also have ... <z ;(x xyx 1)+ (y x 0)
by (metis add-left-isotone while-increasing while-mult-star-exchange)
finally have (y x 1) ; (yxz) <z ; (@ *xyx 1)+ (y = 0)
by (metis order-refl order-trans while-absorb-2 while-one-mult-below)
hence (y x 1) ; (y xz) x (yx2)) Sz * ((y* 1) ; (y*2) + (y*0); ((y * z) * (y x 2)))
by (metis while-simulate-right-plus)
also have ... <z * ((y x z) + (y x 0))
by (metis add-isotone mult-left-zero order-refl while-absorb-2 while-one-mult-below while-right-isotone while-sub-associative)
also have ... =z x y * 2
by (metis add-right-zero while-left-dist-add)
finally show (z + y) x z =z x (y * 2)
by (smt add-commutative less-eq-def mult-left-one mult-right-dist-add while-plus-one while-sub-associative while-sumstar)
qed

— Theorem 11.5

lemma while-separate-left: y ;. <z ; (yx 1) — yx(z *x2) <z x (y * 2)
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by (metis add-commutative separation while-sub-dist-3)
— Theorem 11.6

lemma while-simulate-4: y ;¢ <z ; (x * (1 +y)) — y* (z *2) <z * (y % 2)
by (metis add-commutative while-separate-4 while-sub-dist-3)

lemma while-simulate-5: y ;z <z ;(z*x(x+y)) — yx(zx2) <z*x(yx*2)
by (smt order-trans while-add-sub-add-one-mult while-simulate-4)

lemma while-simulate-6: y ;z <z ;(z +y) — yx(x*2) <z *(y*2)
by (smt order-trans while-increasing while-mult-star-exchange while-simulate-5)

— Theorem 11.3

lemma while-simulate-7: y ;2 <z ;y — y*x (z % 2) <z * (y * 2)
by (metis add-commutative mult-left-sub-dist-add-left order-trans while-simulate-6)

lemma while-while-mult-1: z x (1 x y) = 1 * (x * y)
by (metis add-commutative mult-left-one mult-right-one order-refl while-separate-1)

— Theorem 9.15

lemma while-while-mult-2: ¢ x (1 x y) = (z x 1) x y
by (metis while-while-mult while-while-muli-1)

— Theorem 11.8

lemma while-import: p < p;pAp<I1Ap;z<z;p—p;@*xy) =p;((p;z)*y)
proof
assume I:p < p;pAp<I1Ap;z<2x;D
hence p; (zxy) < (p;z) x(p;y)
by (smt add-commutative less-eq-def mult-associative mult-left-dist-add mult-right-one while-simulate)
also have ... < (p ; z) * y using 1
by (metis less-eq-def mult-left-one mult-right-dist-add while-right-isotone)
finally have 2: p; (z xy) < p; ((p; z) * y) using !
by (smt add-commutative less-eq-def mult-associative mult-left-dist-add mult-right-one)
have p ; ((p; z) xy) < p; (¢ x y) using I
by (metis mult-left-isotone mult-left-one mult-right-isotone while-left-isotone)
thus p; (z xy) =p; ((p; z) * y) using 2
by (metis antisym)
qed

— Theorem 11.8

lemma while-preserve: p < p;pAp <1 Ap;z<z;p—p;@*xy) =p;@@*x(;y))
apply rule
apply (rule antisym)
apply (metis mult-associative mult-left-isotone mult-right-isotone order-trans while-simulate)
apply (metis mult-left-isotone mult-left-one mult-right-isotone while-right-isotone)
done

lemma while-plus-below-while: (x x 1) ;2 <z x 1
by (metis order-refl while-mult-upper-bound while-one-increasing)

— Theorem 9.40

lemma while-01: (w ; (z x 1)) x (y; 2) < (z x w) * ((z * y) ; 2)
proof —
have (w; (zx 1)) x (y;2)=y;z+w; ((zx1);w) *x((z*1);y;2)
by (metis mult-associative while-productstar)
alsohave ... < y;z+4+ w; ((z *xw) *x ((z x y) ; 2))
by (metis add-right-isotone mult-left-isotone mult-right-isotone while-isotone while-one-mult-below)
alsohave ... < (z xy); z + (z x w) ; ((z x w) * ((z x y) ; 2))
by (metis add-isotone mult-right-sub-dist-add-left while-left-unfold)
finally show ?thesis
by (metis while-left-unfold)
qed
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— Theorem 9.37

lemma while-while-sub-associative: x * (y x z) < ((z x y) x 2) + (z * 2)
proof —
have 1:z; (zx 1) < (z % 1); ((z*y)* 1)
by (metis add-least-upper-bound order-trans while-back-loop-prefizpoint while-left-plus-below)
have z x (y x z) <z x ((z *x 1) ; (y * 2))
by (metis mult-left-isotone mult-left-one while-increasing while-right-isotone)
also have ... < (z x 1) ; ((z x y) * (y * 2)) + (z * 0) using 1
by (metis while-simulate-left-plus-1)
also have ... < (z x 1) ; ((x x y) x 2) + (z * 2)
by (metis add-isotone order-refl while-absorb-2 while-increasing while-right-isotone zero-least)

alsohave ... =(z x 1);z+ (z*x1); (z*xy); ((z xy) x2) + (z * 2)
by (metis mult-associative mult-left-dist-add while-left-unfold)
also have ... = (z x y) ; ((z x y) x 2) + (z * 2)
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by (smt add-associative add-commutative less-eq-def mult-left-one mult-right-dist-add order-refl while-absorb-1 while-plus-one

while-sub-associative)
also have ... < ((z * y) * z) + (z % 2)
by (metis add-left-isotone while-left-plus-below)
finally show ?thesis

qed

lemma while-induct: ¢ ; z < z2ANy<zAzxzx1<z—zxy<z

by (metis add-commutative add-least-upper-bound add-left-zero less-eq-def while-right-isotone while-simulate-absord)

lemma while-sumstar-4-below: (z x y) * ((z x 1) ; 2) <z * ((y ; (z x 1)) * z) oops
lemma while-sumstar-2: (z + y) x z =z * ((y ; (z x 1)) x z) oops

lemma while-sumstar-3: (x + y) *x z = ((z * 1) ; y) * (z x z) oops

lemma while-decompose-6: z x ((y ; (z x 1)) x z) =y x ((z ; (y * 1)) x z) oops
lemma while-finite-associative: © x 0 = 0 — (z x y) ; 2 = = * (y ; z) oops

*
*

lemma atomicity-refinement: s = s;gANxz=q;x2ANqg;b=0ANr;b<b;rAr;I<Il;rANz;Il<Il;zANb;

1 <1

ANgsl<liqAhrxqg<q;(rx1)Ag<1—s;((z+b+r+1x(q;2)<s;(z;(bxq)+r+1)*z) oops

lemma while-separate-right-plus: y ; z <z ; (z*x (I +y)) + 1 — y* (z xz) <z % (y x z) oops
lemma while-square-1: z x 1 = (z ; ) * (z + 1) oops

lemma while-absorb-below-one: y ; x <z — y xx < 1 x x oops
lemmayx(zx1)<zx(yx1)—(z+y)x1=zx(yx*1)oops
lemmay;z<(I+4+z);(yx1)— (z+y)*1=zx(yx*1)oops

end

class bounded-binary-itering = bounded-idempotent-left-zero-semiring + binary-itering

begin

— Theorem 9

lemma while-right-top: ¢ x T = T
by (metis add-left-top while-left-unfold)

— Theorem 9

lemma while-left-top: T ; (z x 1) = T
by (metis add-right-top antisym top-greatest while-back-loop-prefizxpoint)

— Theorem 10.10 counterexamples

lemma while-sum-below-one: y ; ((z + y) x z) < (y ; (z * 1)) x z nitpick [expect=genuine| oops
lemma while-denest-1: w ; (z x (y ; 2)) < (w ; (z x y)) * z nitpick [ezpect=genuine] oops

lemma while-denest-2: w ; ((z * (y ; w)) * z) = w ; (((z * y) ; w) x z) nitpick [ezpect=genuine] oops
lemma while-denest-4: (z * w) x (z x (y ; z)) = (z * w) * ((z *x y) ; z) nitpick [ezpect=genuine] oops
lemma while-denest-6: (w ; (z x y)) x 2z =z + w; ((z + y ; w) x (y ; 2)) nitpick [ezpect=genuine] oops

(y + 1)) * ) oops
z * (y ; z) oops
2) oops
z) oops

lemma while-decompose-6: z x ((y ; (x *x 1)) x z) = y * ((z ;
lemma while-finite-associative: x * 0 = 0 — (z *x y) ; 2

lemma while-sumstar-2: (z + y) x z =z * ((y ; (z x 1))
lemma while-sumstar-3: (z + y) x z = ((z x 1) ; y) * (z
lemma while-sumstar-1: (z + y) x z = (z x y) x ((z *x 1) ; z) nitpick [expect=genuine] oops
lemma while-mult-zero-zero: (z ; (y x 0)) * 0 = z ; (y * 0) nitpick [ezpect=genuine] oops

i

b
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lemma while-denest-3: (z * w) x (z x 0) = (z x w) x 0 nitpick [expect=genuine] oops

lemma while-denest-5: w ; (z % (y 5 w)) * (2% (3 5 2)) = w3 (& * y) ; ) * (& * y) ; 2)) nitpick [ezpect=genuine] cops
lemma while-separate-unfold: (y ; (x x 1)) xz=(y*x2z) + (y*x (y;z; (z x ((y; (z x 1)) x 2)))) nitpick [ezpect=genuine]
oops

lemma while-02: z x ((z * w) * ((z x y) ; 2)) = (x x w) x ((z * y) ; 2z) nitpick [ezpect=genuine] oops

lemma while-denest-0: w ; (z x (y ; 2)) < (w; (z x y)) x (w; (z * y) ; z) nitpick [ezpect=genuine] oops
lemma while-mult-sub-while-while: © x (y ; z) < (z x y) * z nitpick [ezpect=genuine] oops

lemma while-zero-zero: (z * 0) x 0 = z x 0 nitpick [ezpect=genuine] oops

lemma while-sumstar-3-below: (z x y) * (z * z) < (z * y) * ((z * 1) ; z) nitpick [ezpect=genuine] oops

end

class extended-binary-itering = binary-itering +
assumes while-denest-0: w ; (z * (y 5 2)) < (w; (z *x y)) * (w; (z * y) ; 2)

begin
— Theorem 10.2

lemma while-denest-1: w ; (z x (y ; 2)) < (w; (z *x y)) * 2
by (metis order-trans while-denest-0 while-right-plus-below)

lemma while-mult-sub-while-while: z x (y ; z) < (z *x y) * z
by (metis mult-left-one while-denest-1)

lemma while-zero-zero: (z x 0) x 0 = z % 0
by (smt less-eq-def mult-left-zero while-left-dist-add while-mult-star-exchange while-mult-sub-while-while while-mult-zero-add-2
while-plus-one while-sumstar)

— Theorem 10.11

lemma while-mult-zero-zero: (z ; (y x 0)) x 0 =z ; (y x 0)
apply (rule antisym)
apply (metis add-least-upper-bound add-right-zero mult-left-zero  mult-right-isotone while-left-dist-add while-slide
while-sub-associative)
apply (metis mult-left-zero while-denest-1)
done

— Theorem 10.3

lemma while-denest-2: w ; ((z *x (y ; w)) xz) = w; (((z * y) ; w) x 2)
apply (rule antisym)
apply (metis mult-associative while-denest-0 while-simulate-right-plus-1 while-slide)
apply (metis mult-right-isotone while-left-isotone while-sub-associative)
done

— Theorem 10.12

lemma while-denest-3: (z x w) * (z x 0) = (z x w) * 0
by (metis while-absorb-2 while-right-isotone while-zero-zero zero-least)

— Theorem 10.15

lemma while-02: z x ((z * w) * ((z x y) ; 2)) = (x x w) x ((z * y) ; 2)
proof —
have z ; (z xw) x ((zxy);2) =z;(x*xy);z+z;(x*xw); ((zxw)*((zxy);z)
by (metis mult-associative mult-left-dist-add while-left-unfold)
also have ... < (z x w) x ((z * y) ; 2)
by (metis add-isotone mult-right-sub-dist-add-right while-left-unfold)
finally have 7 + (3 % w) * ((z * 1) ; 2)) < (5 + w) + (z % y) ; 2)) + (z % 0)
by (metis while-simulate-absorb)
also have ... = (z x w) * ((z * y) ; 2)
by (metis add-commutative less-eq-def order-trans while-mult-sub-while-while while-right-isotone zero-least)
finally show ?thesis
by (metis antisym while-increasing)
qed

lemma while-sumstar-3-below: (z * y) * (z x z) < (z xy) x (x *x 1) ; 2)
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proof —
have (z x y) x (z x 2) = (z x 2) + ((z *x y) * ((z x y) ; (z % 2)))
by (metis while-right-unfold)
also have ... < (z x z) + ((z * y) * (z *x (v ; (z * 2))))
by (metis add-right-isotone while-right-isotone while-sub-associative)
also have ... < (z x 2) + ((z x y) x (z * ((z * y) *x (z * 2))))
by (smt add-right-isotone order-trans while-increasing while-mult-upper-bound while-one-increasing while-right-isotone)
also have ... < (z x2) + ((z x y) » (z * ((x x y) » ((z * 1) ; 2))))
by (metis add-right-isotone mult-left-isotone mult-left-one order-trans while-increasing while-right-isotone while-sumstar
while-transitive)

also have ... = (z x 2) + ((z x y) » ((z * 1) ; 2))
by (metis while-02 while-transitive)
also have ... = (z x y) x ((z x 1) ; 2)

by (smt add-associative mult-left-one mult-right-dist-add while-02 while-left-dist-add while-plus-one)
finally show “thesis

qed

lemma while-sumstar-4-below: (z x y) * ((z x 1) ; 2) <z * ((y; (z x 1)) x 2)
proof —
have (% y) + (5 % 1) 2) = (z % 1) ; 2 + (3% ) ; (5% 9) * (@ % 1) ; 2))
by (metis while-left-unfold)
alsohave ... < (z x2)+ (z x (y; (z xy) * (z x 1) ; 2))))
by (metis add-isotone while-one-mult-below while-sub-associative)

alsohave ... = (z x2) + (z x (y; ((z x 1) ; 9) x ((z * 1) ; 2))))
by (metis mult-left-one while-denest-2)
also have ... =z x ((y ; (z x 1)) * 2)

by (metis while-left-dist-add while-productstar)
finally show ?thesis

qed
— Theorem 10.10

lemma while-sumstar-1: (z + y) * z = (x x y) x ((z x 1) ; 2)
by (smt eq-iff order-trans while-add-1-below while-sumstar while-sumstar-3-below while-sumstar-4-below)

— Theorem 10.8

lemma while-sumstar-2: (x + y) x z =z % ((y ; (z * 1)) * 2)
by (metis eq-iff while-add-1-below while-sumstar-1 while-sumstar-4-below)

— Theorem 10.9

lemma while-sumstar-3: (z + y) x z = ((z * 1) ; y) * (z * 2)
by (metis eg-iff while-sumstar while-sumstar-1-below while-sumstar-2 while-sumstar-2-below)

— Theorem 10.6

lemma while-decompose-6: = % ((y ; (x x 1)) x z) =y * ((z ; (y x 1)) * 2)
by (metis add-commutative while-sumstar-2)

— Theorem 10.4

lemma while-denest-4: (z x w) * (z x (y; 2)) = (z x w) *x ((z * y) ; 2)
proof —
have (% w) * (z % (y 5 2) = 2 % (w5 (z % 1)) % (3 5 2))
by (metis while-sumstar while-sumstar-2)
also have ... < (z x w) x ((z x y) ; 2)
by (smt antisym while-01 while-02 while-increasing while-right-isotone)
finally show ?thesis
by (metis antisym while-right-isotone while-sub-associative)
qged

— Theorem 10.13

lemma while-denest-5: w ; ((z % (35 ) % (% (43 2))) = ws (5% 9) 5 ) * (& % ) ; 2)
by (metis while-denest-2 while-denest-4 )
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— Theorem 10.5

lemma while-denest-6: (w ; (zxy)) xz=2z+ w; ((z + y; w) x (y; 2))
by (metis while-denest-5 while-productstar while-sumstar)

— Theorem 10.1

lemma while-sum-below-one: y ; ((z + y) x 2) < (y; (z x 1)) x 2z
by (metis add-right-divisibility mult-left-one while-denest-6)

— Theorem 10.14

lemma while-separate-unfold: (y ; (z x 1)) xz2=(yx2)+ (yx (y;z; (z* (y; (xx 1)) * 2))))
proof —
have y x (y ;7 ; (z x ((y; (x 1)) x 2))) <y * (y; ((z + y) * 2))
by (metis mult-associative mult-right-isotone while-sumstar-2 while-left-plus-below while-right-isotone)
also have ... < (y; (x x 1)) * 2
by (metis add-commutative add-left-upper-bound while-absorb-1 while-mult-star-exchange while-sum-below-one)
finally have (y x 2) + (y x (y ;75 (z * ((y 5 (@ x 1)) x2)))) < (y; (x* 1)) x 2
by (metis add-least-upper-bound mult-left-sub-dist-add-left mult-right-one while-left-isotone while-left-unfold)
thus “thesis
by (metis antisym while-separate-unfold-below)
qed

— Theorem 10.7

lemma while-finite-associative: z x 0 = 0 — (z xy) ; 2 =z * (y ; 2)
by (metis while-denest-4 while-zero)

— Theorem 12

lemma atomicity-refinement: s = s; gANxz=q;xANqg;b=0A7T;b<b;rAr;I<Il;rANz;I<Il;zANb;1<1;b
Ng;l<l;qhrxq<q;(rxI)ANg< 1 —s;((z+b+r+10)x(g;2)<s;(z;(bxq +r+1)*2)
proof
assume 1:s=s;qANzc=q;2Nqg;0=0ANr;b<b;rAr;I<l;rANz;I<Il;2ANb;I<1l;bANq;I<1l;qAN
rxq<gq;(rx1)Ag<1
hence 2: (z + b+ r);1<Il;(z+ b+ 1)
by (smt add-commutative add-least-upper-bound mult-left-sub-dist-add-right mult-right-dist-add order-trans)
have g ; (z;(bxr*1);q)x2)<(z;(b*xr*1);q)*zusing I
by (smt eg-refl order-trans while-increasing while-mult-upper-bound)
also have ... < (z ; (bx ((rx1); q))) * z
by (metis mult-associative mult-right-isotone while-left-isotone while-sub-associative)
also have ... < (z ; (b*xr % q)) x 2
by (metis mult-right-isotone while-left-isotone while-one-mult-below while-right-isotone)
also have ... < (z ; (b x (¢ ; (r x 1)))) * z using 1
by (metis mult-right-isotone while-left-isotone while-right-isotone)
finally have 3: ¢ ; ((z ; (bxrx1);q) x2) < (z;(b*xq);(rx1))xz
by (metis mult-associative while-associative-while-1)
haves; ((z+b+r+0)%x(qg;2)=s;{Ux(z+b+7r)*(q;2) using 2
by (metis add-commutative while-separate-1)

alsohave ... =s;q; (I xbxr*x(¢g;z;(bxr*1))*(q;z)) using I
by (smt add-associative add-commutative while-sumstar-2 while-separate-1)
alsohave ... =s;q; (I*xbxrx(qg; ((z;(bxrx1);q) *2))

by (smt mult-associative while-slide)
alsohave ... <s;qg;(lxbxrx(z;(bxq);(r*1)) *z) using 3
by (metis mult-right-isotone while-right-isotone)
also have ... < s; (lxq;(bxr*(z;(b*xgq);(rx1)) *z)) using I
by (smt mult-associative mult-right-isotone while-simulate)
alsohave ... =s; (Il xqg;(rx(z;(bxgq); (r*1)) *z)) using I
by (metis while-elimination)
also have ... < s; (Ilxr*(x;(bxgq); (r*1))* z) using 1
by (metis add-left-divisibility mult-left-one mult-right-dist-add mult-right-isotone while-right-isotone)
also have ... = s; (I x (r+z; (b x q)) x 2)
by (metis while-sumstar-2)
also have ... <s; ((z ; (b*xq) + r + 1) x 2)
by (metis add-commutative mult-right-isotone while-sub-dist-3)
finally show s ; (z + b+ 7+ ) x(g;2) <s;((z;(bxq)+7r+1)*2)

qed
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end

class bounded-extended-binary-itering = bounded-binary-itering + extended-binary-itering

begin

lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma
lemma

end

end

while-unfold-below: x = z + y ; * — = < y * z nitpick [ezpect=genuine] oops
while-unfold-below-1: x = y ; © — z < y * I nitpick [ezpect=genuine] oops
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while-loop-is-greatest-postfizpoint: is-greatest-postfizpoint (A\x . y ; © + z) (y * z) nitpick [expect=genuine] oops
while-loop-is-greatest-fixpoint: is-greatest-firpoint (Ax . y ; * + z) (y x z) nitpick [ezpect=genuine] oops

while-sub-mult-one: z ; (1 x y) < 1 x z nitpick [ezpect=genuine] oops
while-sub-while-zero: T x z < (z * y) * z nitpick [ezpect=genuine] oops

while-while-sub-associative: © x (y * z) < (z * y) * z nitpick [expect=genuine] oops

while-top: T x © = T nitpick [ezpect=genuine] oops

while-one-top: 1 x z = T nitpick [ezpect=genuine] oops

while-mult-top: (z ; T) x z = z + z ; T nitpick [ezpect=genuine] oops
tarski: ¢ < x ; T ; z ; T nitpick [ezpect=genuine] oops
tarski-mult-top-idempotent: © ; T = z ; T ; z ; T nitpick [expect=genuine] oops
tarski-top-omega-below: z ; T < (z ; T) * 0 nitpick [expect=genuine] oops
tarski-top-omega: z ; T = (z ; T) * 0 nitpick [ezpect=genuine] oops
tarski-below-top-omega: x < (z ; T) * 0 nitpick [expect=genuine] oops
tarski: x = 0V T ; z ; T = T nitpick [ezpect=genuine] oops
(z+y)*xz=(z*1);y)*((x+1); z) nitpick [expect=genuine] oops

1 = (z ; 0) = 1 nitpick [ezpect=genuine] oops

while-top-2: T x z = T ; z nitpick [ezpect=genuine] oops

while-mult-top-2: (x ; T) x z = z + x ; T ; z nitpick [ezpect=genuine] oops
while-one-mult: (z x 1) ; £ = z * x nitpick [ezpect=genuine] oops

(z % 1) ; y =z * y nitpick [ezpect=genuine] oops

while-associative: (z x y) ; 2 = z * (y ; z) nitpick [expect=genuine] oops

while-back-loop-is-fizpoint: is-fitpoint (A\x . z ; y + z) (2 ; (y *x 1)) nitpick [expect=genuine] oops

1 + z; 0 =z x 1 nitpick [ezpect=genuine] oops

z =z ; (z * 1) nitpick [ezpect=genuine] oops

z; (x *x 1) = z x 1 nitpick [ezpect=genuine] oops

z * 1 =z % (1 x 1) nitpick [ezpect=genuine] oops

(z +y)*1=(z*(y*1)) I nitpick [ezpect=genuine] oops
z+4+y;z =1z — y*z <z nitpick [ezpect=genuine] oops
y;z =z — y*z <z nitpick [ezpect=genuine] oops
z+z;y=2— z; (y* 1) < z nitpick [ezpect=genuine] oops

z;y=2 — z; (y* 1) < x nitpick [ezpect=genuine] oops
z;2=2z;y —x*z<z;(yx1)nitpick [expect=genuine] oops
z;((y;2)*y) <z;((y;z)*1);y nitpick [ezpect=genuine] oops
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12 BinarylteringStrict

theory BinarylteringStrict
imports Binaryltering Itering
begin

class strict-itering = itering + while +
assumes while-def: © x y = z° ; y

begin
— Theorem 8.1

subclass extended-binary-itering
apply unfold-locales
apply (metis add-commutative circ-loop-fixpoint circ-slide mult-associative while-def)
apply (metis circ-add mult-associative while-def)
apply (metis mult-left-dist-add while-def)
apply (metis mult-associative order-refl while-def)
apply (metis circ-simulate-left-plus mult-associative mult-left-isotone mult-right-dist-add mult-right-one while-def)
apply (metis circ-simulate-right-plus mult-associative mult-left-isotone mult-right-dist-add while-def)
apply (metis add-right-divisibility circ-loop-fizpoint mult-associative while-def)
done

e T e T e

— Theorem 13.1

lemma while-associative: (z x y) ; 2 =z % (y ; 2)
by (metis mult-associative while-def )

— Theorem 13.3

lemma while-one-mult: (z x 1) ;2 =z *
by (metis mult-right-one while-def)

lemma while-back-loop-is-fizpoint: is-fitpoint Az . = ; y + z) (z ; (y *x 1))
by (metis circ-back-loop-is-fizpoint mult-right-one while-def)

— Theorem 13.4

lemma (z +y)*xz=((z*x1);y) x((zx1);2)
by (metis mult-right-one while-def while-sumstar)

— Theorem 13.2

lemma (z x 1) ;y=x *y
by (metis mult-left-one while-associative)

lemmayx(zx1)<zx(yx1)—(z+y)rx1=zx(yx*1)oops
lemmay;z< (I 4+z);(yx1)—(z+y)x1=z%*(yx*1)oops
lemma while-square-1: z * 1 = (z ; ) * (zr + 1) oops

lemma while-absorb-below-one: y ; x <z — y xx < 1 x x oops
end

class bounded-strict-itering = bounded-itering + strict-itering

begin

subclass bounded-extended-binary-itering ..

— Theorem 13.6

lemma while-top-2: T x z = T ; z
by (metis circ-top while-def)

— Theorem 13.5

77
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lemma while-mult-top-2: (x ; T) *z =2+ z; T ; 2
by (metis circ-left-top mult-associative while-def while-left-unfold)

— Theorem 13 counterexamples

lemma while-one-top: 1 x = T nitpick [ezpect=genuine] oops

lemma while-top: T x z = T nitpick [expect=genuine] oops

lemma while-sub-mult-one: z ; (1 x y) < 1 x = nitpick [ezpect=genuine] oops

lemma while-unfold-below-1: z = y ; t — z < y x 1 nitpick [expect=genuine] oops
lemma while-unfold-below: . = z + y ; © — x < y % z nitpick [expect=genuine] oops
lemma while-unfold-below: x < z + y ; x — z < y * z nitpick [expect=genuine] oops
lemma while-mult-top: (z ; T) * z = z + = ; T nitpick [ezpect=genuine] oops

lemma tarski-mult-top-idempotent: z ; T = z ; T ; x ; T nitpick [ezpect=genuine] oops

lemma while-loop-is-greatest-postfizpoint: is-greatest-postfizpoint (Az . y ; ¢ + z) (y * z) nitpick [ezpect=genuine] oops
lemma while-loop-is-greatest-fizpoint: is-greatest-fitpoint (Az . y ; ¢ + z) (y * z) nitpick [ezpect=genuine] oops
lemma while-sub-while-zero: x x z < (x * y) = z nitpick [ezpect=genuine] oops

lemma while-while-sub-associative: x * (y x z) < (z * y) x z nitpick [ezpect=genuine] oops

lemma tarski: © < z ; T ; z ; T nitpick [ezpect=genuine] oops

lemma tarski-top-omega-below: z ; T < (z ; T) * 0 nitpick [expect=genuine] oops

lemma tarski-top-omega: © ; T = (z ; T) = 0 nitpick [ezpect=genuine] oops

lemma tarski-below-top-omega: z < (z ; T) * 0 nitpick [ezpect=genuine] oops

lemma tarski: « = 0 V T ; z ; T = T nitpick [ezpect=genuine] oops

lemma I = (z ; 0) x 1 nitpick [ezpect=genuine] oops

lemma 1 + z ; 0 = z x 1 nitpick [ezpect=genuine] oops

lemma z = z ; (x *x 1) nitpick [ezpect=genuine] oops

lemma z ; (z x 1) = z x 1 nitpick [ezpect=genuine] oops

lemma z x I = z * (I * 1) nitpick [expect=genuine] oops

lemma (z + y) *x I = (x x (y x 1)) x 1 nitpick [ezpect=genuine] oops

lemma z + y ;2 =z — y x z < z nitpick [ezpect=genuine] oops

lemma y ; z =z — y x x < z nitpick [ezpect=genuine] oops

lemma z +z;y =2 — z; (y x 1) < z nitpick [ezpect=genuine] oops

lemma z ; y =z — z; (y x 1) < z nitpick [ezpect=genuine] oops

lemmaz;z=z2;y — xz%z<z;(yx* 1) nitpick [ezpect=genuine] oops

end

class binary-itering-unary = extended-binary-itering + circ +
assumes circ-def: z° = x * 1

begin
— Theorem 50.7

subclass left-conway-semiring
apply unfold-locales
apply (metis circ-def while-left-unfold)
apply (metis circ-def mult-right-one while-one-mult-below while-slide)
apply (metis circ-def while-one-while while-sumstar-2)
done

end

class strict-binary-itering = binary-itering + circ +
assumes while-associative: (x x y) ; z =x * (y ; 2)
assumes circ-def: z° = z * 1

begin
— Theorem 2.8

subclass itering
apply unfold-locales
apply (metis circ-def mult-left-one-1 while-associative while-sumstar)
apply (metis circ-def mult-right-one while-associative while-productstar while-slide)
apply (metis circ-def mult-right-one while-associative mult-left-one-1 while-slide while-simulate-right-plus)
apply (metis circ-def mult-right-one while-associative mult-left-one-1 while-simulate-left-plus mult-right-dist-add)
done
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— Theorem 8.5

subclass extended-binary-itering
apply unfold-locales
apply (metis mult-associative while-associative while-increasing)
done

end

end

79
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13 BinarylteringNonstrict

theory BinarylteringNonstrict
imports Binaryltering OmegaAlgebra
begin

class nonstrict-itering = bounded-left-zero-omega-algebra + while +
assumes while-def: T xy = z¥ + z* ; y

begin
— Theorem 8.2

subclass bounded-binary-itering
proof (unfold-locales)
fixxyz
show (z ;y)xz=2z+2; ((y;2) % (y; 2))
by (metis add-commutative mult-associative mult-left-dist-add omega-loop-fizpoint omega-slide star.circ-slide while-def)
next
fixxyz
show (z + y) x 2 = (z *x y) * (z % 2)
proof —
have 1: (z + y) x z = (2" ; 9)” + (" ; y)" 5 (2¥ + 27 ; 2)
by (smt add-associative mult-associative mult-left-dist-add omega-decompose star.circ-add while-def)
hence 2: (z + y) x 2 < (z *x y) * (z * 2)
by (smt add-isotone add-right-upper-bound less-eq-def mult-left-isotone omega-sub-dist star.circ-sub-dist while-def)
let 2rhs = 2" 5y ; (¥ + 2% 5 9) + (¥ + 2" 5 9)°; (@ + 275 2)) + (2 + 2*; 2)
have z* ; (z* + z* ; y)* < z¥
by (metis omega-sub-vector)
hence z¢ ; (z* + =" ; y)* + 2" ; y; (2 + = ; y)* < ?rhs
by (smt add-commutative add-isotone add-left-upper-bound mult-left-dist-add order-trans)
hence 3: (z* + z* ; y)* < ?rhs
by (metis mult-right-dist-add omega-unfold)
have z¢ ; (¥ + z* ; y)* ; (2 + 2™ ; 2) < zv
by (metis mult-associative omega-sub-vector)
hence z¢ ; (z* + " ;) ; (z“ + 2" ;2) + 2" ;9 ; (¥ + 2% ;9)" 5 (x¥ + 2" 5 2) < ?rhs
by (smt add-commutative add-isotone add-right-upper-bound mult-associative mult-left-dist-add order-trans)
hence (z* + z* ; y)* ; (2% 4+ 2" ; 2) < ?rhs
by (smt add-associative add-right-upper-bound less-eq-def mult-associative mult-right-dist-add star.circ-loop-fizpoint)
hence (z* + z* ; y)* + (z¥ + z*; y)* ; (¢¥ + z* ; z) < %rhs using 3
by (metis add-least-upper-bound)
hence (z* + 2% 5 y)* + (2¥ + 2% ; 9)"; (2 + 275 2) < (25 9)Y + (2" 5 9)" 5 (@ + 275 2)
by (metis add-commutative omega-induct)
thus ?thesis using 1 2
by (smt antisym while-def)
qed
next
fixzxyz
show z x (y + z) = (z x y) + (z * 2)
by (smt add-associative add-commutative add-left-upper-bound less-eq-def mult-left-dist-add while-def)
next
fixzyz
show (z xy) ; 2z <z x (y; 2)
by (metis mult-associative mult-right-dist-add omega-loop-fizpoint omega-loop-greatest-fixpoint while-def)
next
fixvwzyz
showz ;2 <z;(yx1)+w-—zx(z;0)<z;(y*v)+ (@x(w;(y*v)))
proof
assume z ;2 < z;(y*x 1)+ w
hence I:z;2<z;y“ +z2;9" +w
by (metis mult-left-dist-add mult-right-one while-def)
let orhs =z ; (y* + y";v) + 2 + 2" ; w; (y¥* + y* 5 v)
have 2: z ; v < %rhs
by (metis add-least-upper-bound add-left-upper-bound mult-left-dist-add omega-loop-fixpoint)
have z ; z ; (y* + y* ; v) < %rhs
proof —
have z ;2 ; (" + y"50) < (239 + 259" +w); (¥ + y* ; v) using 1
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by (metis mult-left-isotone)

also have ... =z (4% ; (y* + y" 5 0) + y" 5 (v + 4" ;0)) +w; (¥ +y"50)
by (smt mult-associative mult-left-dist-add mult-right-dist-add)
also have .. = z; (v ; (y* + y" 5 v) + ¢ + y"; v) + w; (y° +y"; v)

by (smt add-associative mult-associative mult-left-dist-add star.circ-transitive-equal star-mult-omega)
also have ... < z; (y“ + ¥y ;v) + 2" ;w; (y* + y*; v)
by (smt add-commutative add-isotone add-left-top mult-left-dist-add mult-left-one  mult-right-dist-add
mult-right-sub-dist-add-left omega-vector order-refl star.circ-plus-one)
finally show ?thesis
by (smt add-associative add-commutative less-eq-def )
qed
hence z ; ?rhs < ?rhs
by (smt add-associative add-commutative add-left-upper-bound less-eq-def mult-associative mult-left-dist-add
mult-right-dist-add omega-unfold star.circ-increasing star.circ-transitive-equal)
hence z ; v + = ; ?rhs < %rhs using 2
by (metis add-least-upper-bound)
hence z* ; z ; v < %rhs
by (metis mult-associative star-left-induct)
hence z%° + z* ; 2 ; v < ?rhs
by (metis add-least-upper-bound add-left-upper-bound)
thus z x (z ;v) < z; (y xv) + (z *x (w; (y *x v)))
by (smt add-associative mult-associative mult-left-dist-add while-def)
qed
next
fixvwzyz
show z ;2 <y;(y*xz2)+w—z;@*xv) <yx(z;v+w;(z*v))
proof
assume z ;2 < y; (y *x 2) + w
hencez ;2 <vy; (W 4+ vy ;2) +w
by (metis while-def)
hence I: z ;2 < y“ 4+ y;y ;2 +w
by (metis mult-associative mult-left-dist-add omega-unfold)
let orhs = y“ + y* ;250 + y" ;5 w; (2% + 2* ; v)
have 2: z ; z* < %rhs
proof —
have z ; z* <y ; y*; 2z ;2% + y* ; 2 + w ; ¥ using
by (smt add-commutative less-eq-def mult-associative mult-right-dist-add omega-unfold)
alsohave ... <y ;4" ;z; 2% +y* + w; a¥
by (metis add-left-isotone add-right-isotone omega-sub-vector)
also have ... =y ; y* ; (2 ; z¥) + (¢v* + w ; %)
by (metis add-associative mult-associative)
finally have 2 ; z* < (y; ¥*)“ + (y; ") ; (v* + w ; 2%)
by (metis add-commutative omega-induct)
also have ... = y* + y* ; w ; z*
by (metis left-plus-omega less-eq-def mult-associative mult-left-dist-add mult-left-sub-dist-add-left star.left-plus-circ
star-mult-omega)
also have ... < ?rhs
by (metis add-isotone add-left-upper-bound mult-left-sub-dist-add-left)
finally show ?thesis
by metis
qged
let 2rhs2 = y* + y* ;2 + y* ; w; (z¥ + z¥)
have ?rhs2 ; ¢ < ?rhs2
proof —
have 3: y* ; ¢ < 2rhs2
by (metis add-associative less-eq-def omega-sub-vector)
have y* ;2 ;2 <y*; (¥ + y;y"; 2 + w) using !
by (metis mult-associative mult-right-isotone)

alsohave ... = y* + y* ;y; v ;2 +y" ; w
by (metis mult-associative mult-lefi-dist-add star-mult-omega)
alsohave ... = y* + y;y* ;2 +y* ; w

by (metis mult-associative star.circ-transitive-equal star-simulation-right-equal)
alsohave ... < y* + ¢y* ;2 + y* ; w

by (metis add-left-isotone add-right-isotone mult-left-isotone star.left-plus-below-cire)
also have ... < y* + y* ;2 + v ; w; z”

by (metis add-right-isotone add-right-upper-bound star.circ-back-loop-fizxpoint)
finally have 4: y* ; z ; z < ?rhs2

by (smt add-associative add-commutative less-eq-def mult-left-dist-add)
have (z¥ + z*) ; z < z* 4 z*
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by (metis add-isotone mult-right-dist-add omega-sub-vector star.circ-plus-same star.left-plus-below-circ)
hence y* ; w; (2 + 2¥) ; < 2rhs2
by (smt add-associative add-commutative less-eq-def mult-associative mult-left-dist-add)
thus ¢thesis using 3 4
by (smt add-associative less-eq-def mult-right-dist-add)
qed
hence z + ?rhs2 ; x < ?rhs2
by (smt add-commutative add-least-upper-bound add-right-divisibility while-def omega-loop-fixpoint)
hence 5: z ; z* < ?rhs2
by (metis star-right-induct)
have z ; 2% ; v < %rhs
proof —
have z ; z* ; v < 9rhs2 ; v using 5
by (metis mult-left-isotone)
alsohave ... =y ;v 4+ y" 52504+ y 5 w; (2% ;04 2% ;0)
by (metis mult-associative mult-right-dist-add)
alsohave ... < y* + y* ;2,0 +y 5 w; (z¥ ;v + 2% ; v)
by (metis add-left-isotone omega-sub-vector)
also have ... < %rhs
by (metis add-left-isotone add-right-isotone mult-right-isotone omega-sub-vector)
finally show ?%thesis
by metis
qed
hence z ; (z¥ + z* ; v) < ?rhs using 2
by (smt add-associative less-eq-def mult-associative mult-left-dist-add)
thus z ; (zxv) < y*x(z;v+ w; (z *v))
by (metis add-associative mult-associative mult-left-dist-add while-def)
qged
qed

— Theorem 13.8

lemma while-top: T x x = T
by (metis add-left-top star.circ-top star-omega-top while-def)

— Theorem 13.7

lemma while-one-top: 1 x x = T
by (metis add-left-top omega-one while-def)

lemma while-finite-associative: z*¥ = 0 — (z x y) ; 2 =z * (y ; 2)
by (metis add-left-zero mult-associative while-def)

lemma star-below-while: z* ; y < z x y
by (metis add-right-upper-bound while-def)

— Theorem 13.9

lemma while-sub-mult-one: z ; (1 xy) < 1 xz
by (metis top-greatest while-one-top)

lemma while-while-one: y x (z x 1) = y* + y* ; ¥ + y* ; z*
by (metis add-associative mult-left-dist-add mult-right-one while-def )

lemma while-simulate-4-plus: y ;2 <z ; (z*x (1 +y)) —y;z;2" <z;(z*x (1 +vy))
proof
have Iz ; (zx (I +y) =z +z;2" +z;2" ;9
by (metis add-associative mult-associative mult-left-dist-add mult-right-one omega-unfold while-def)
assume y; z < z; (z *x (I + y))
hence y;z;2" < (z¥ +z ;2" +z ;2" ;y); 2" using 1
by (metis mult-left-isotone)

alsohave ... = z% ;2" +z ;2" ;2" +z ;2" ;94 ; 1"
by (metis mult-right-dist-add)
also have .. =z ;2" ; (y;z;2") + 2% + x5 2" + 52" 5y

by (smt add-associative add-commutative mult-associative omega-mult-star-2 star.circ-back-loop-fixpoint star.circ-plus-same
star.circ-transitive-equal)
finally have y ; z ;2 <z ;2" ; (y;z;2°) + (2 +z;2" + 252" 5 y)
by (metis add-associative)
hence y ; z ;2" < (z;2") + (z;27) ;@ + 252" + 252" ;5 y)
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by (metis add-commutative omega-induct)
also have ... =z“ + 2" ; (z¥ + z ;2" +z ;2" ; y)
by (metis left-plus-omega star.left-plus-circ)
finally show y ; z ; 2" < z; (z x (I 4+ y)) using 1
by (metis while-def while-mult-star-exchange while-transitive)
qed

lemma while-simulate-4-omega: y ;¢ <z ; (z *x (I + y)) — y; z* < ¥
proof
have I:z;(z*x (I +y) =z +z;2"+z ;2" ;y
by (metis add-associative mult-associative mult-left-dist-add mult-right-one omega-unfold while-def)
assume y; z < z; (z *x (I + y))
hence y ;2 < (z¥ + z ;2" + z; 2" ; y) ; z¥ using 1
by (smt less-eq-def mult-associative mult-right-dist-add omega-unfold)

also have ... = z% ; z¥ + z ;2" ;2 + ;2% ; y ; z¥
by (metis mult-right-dist-add)
also have ... =z ; z* ; (y ; 2*) + z¥

by (metis add-commutative less-eq-def mult-associative omega-sub-vector omega-unfold star-mult-omega)
finally have y ; z¥ <z ; z*; (y ; z¥) + =%
by metis
hence y ; z* < (z ; z*)* + (z ; z*)* ; ¥
by (metis add-commutative omega-induct)
thus y ; 2% < z¢
by (metis add-idempotent left-plus-omega star-mult-omega)
qed

— Theorem 13.11

lemma while-unfold-below: © = z + y ;0 — . < y x 2
by (metis omega-induct-equal while-def)

— Theorem 13.12

lemmaz<z4+y;z—z<yx*xz
by (metis omega-induct while-def)

— Theorem 13.10

lemma while-unfold-below-1: x =y ;0 — x < y x 1
by (metis add-right-upper-bound omega-induct while-def)

lemma while-square-1: z x 1 = (z ; z) * (z + 1)
by (metis mult-right-one omega-square star-square-2 while-def)

lemma while-absorb-below-one: y ; x <z — yxx < 1 xx
by (metis top-greatest while-one-top)

lemma while-loop-is-greatest-postfizpoint: is-greatest-postfixzpoint (Az . y ; x + z) (y * z)
proof —
have (y x z2) < (Az .y ;2 + 2) (y x 2)
by (metis is-fizpoint-def order-refl while-loop-is-fizpoint)
thus %thesis
by (smt add-commutative is-greatest-postfizpoint-def omega-induct while-def)
qed

lemma while-loop-is-greatest-fizpoint: is-greatest-firpoint (Ax . y ; z + z) (y * 2)
by (metis omega-loop-is-greatest-fizpoint while-def )

lemma while-sumstar-4-below: (z * y) * ((z x 1) ; z) < x * ((y ; (z x 1)) x z) nitpick [expect=genuine,card=6] oops

lemma while-sumstar-2: (z + y) x z = z * ((y ; (z * 1)) x z) nitpick [ezpect=genuine,card=6] oops

lemma while-sumstar-3: (x + y) *x z = ((z * 1) ; y) * (z x z) oops

lemma while-decompose-6: z x ((y ; (z * 1)) x z) = y = ((z ; (y * 1)) * z) nitpick [ezpect=genuine,card=6] oops

lemma while-finite-associative: t * 0 = 0 — (z x y) ; 2 = © x (y ; 2) oops

lemma atomicity-refinement: s =s; gANxc=q;2ANqg;b=0AN7r;b<b;rAr;I<Il;rAz;I<Il;z2ANb;1<150b

Ngsl<l;qArxqg<q;(rxI)Ag<1 —s;((z+b+r+1)x(g;2) <s;((z;(bxrq)+r+1)*z) oops

lemma while-separate-right-plus: y ; z <z ; (x x (I +y)) + 1 — y* (z x 2) < x * (y x z) oops
lemmayx(zx1)<zx(yx1)—(z+y)x1=zx(yx*1)oops
lemmay;z<(I+z);(yx1)— (z+y)*I1=zx(yx*1)oops
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lemma while-mult-sub-while-while: © x (y ; z) < (z x y) * 2 oops

lemma while-zero-zero: (z x 0) x 0 = z * 0 oops

lemma while-denest-3: (z x w) * (z x 0) = (z x w) x 0 oops

lemma while-02: z x ((z * w) * ((z x y) ; 2)) = (x * w) x ((z * y) ; 2) oops
lemma while-sumstar-3-below: (z * y) * (z x z) < (z x y) * ((z *x 1) ; 2) oops
lemma while-sumstar-1: (z + y) *x z = (x * y) x ((z x 1) ; z) oops

lemma while-denest-4: (z x w) * (z x (y ; z)) = (z x w) x ((z * y) ; 2) oops

end

class nonstrict-itering-zero = nonstrict-itering +
assumes mult-right-zero: x ; 0 = 0

begin

lemma while-finite-associative-2: ¢ x 0 = 0 — (x xy) ; 2 =2 * (y ; 2)
by (metis add-left-zero add-right-zero mult-associative mult-right-zero while-def)

— Theorem 13 counterexamples

lemma while-mult-top: (z ; T) x z = z + z ; T nitpick [ezpect=genuine] oops
lemma tarski-mult-top-idempotent: z ; T = z ; T ;  ; T nitpick [ezpect=genuine] oops

lemma while-denest-0: w ; (z x (y ; 2)) < (
lemma while-denest-1: w ; (z * (y ; 2)) < (
lemma while-mult-zero-zero: (z ; (y x 0)) %
lemma while-denest-2: w ; ((z x (y ; w)) *

z ) % (w; (z x y) ; z) nitpick [expect=genuine] oops
w; (z ) * z nitpick [expect=genuine] oops

0 =z ; (y *x 0) nitpick [ezpect=genuine] oops

z w; (((z * y) ; w) * z) nitpick [expect=genuine] oops

lemma while-denest-5: w ; (z % (y ; w)) * (@ % (y: 2)) = w; (v % y) ; w) * ((z % y) ; 2)) nitpick [eapect=genuine] oops

; w) *x (y ; z)) nitpick [ezpect=genuine] oops

lemma while-denest-6: (w ; (z x y)) x 2 = z + w ; ;
)) * z nitpick [expect=genuine] oops

lemma while-sum-below-one: y ; ((z + y) * z) < (v ;
lemma while-separate-unfold: (y ; (x x 1)) * z = (y
oops

lemma while-sub-while-zero: x x z < (x * y) = z nitpick [ezpect=genuine] oops

lemma while-while-sub-associative: x * (y x z) < (z * y) * z nitpick [expect=genuine] oops

lemma tarski: ¢ < z ; T ; z ; T nitpick [ezpect=genuine] oops

lemma tarski-top-omega-below: = ; T < (z ; T)* nitpick [ezpect=genuine] oops

lemma tarski-top-omega: z ; T = (z ; T)¥ nitpick [ezpect=genuine] oops

lemma tarski-below-top-omega: x < (z ; T)* nitpick [expect=genuine] oops

lemma tarski-mult-omega-omega: (z ; y*)¥ = z ; y* nitpick [ezpect=genuine] oops

lemma tarski-mult-omega-omega: (Vz . z2°¢ = 2¥) — (z ; y*)* = z ; y* nitpick [ezpect=genuine] oops
lemma tarski: © = 0 V T ; z ; T = T nitpick [ezpect=genuine] oops

end

class nonstrict-itering-tarski = nonstrict-itering +
assumes tarski: t < x ;T ;z; T

begin
— Theorem 13.14

lemma tarski-mult-top-idempotent: © ; T =x ; T ;z; T

; * 1
*z2)+ (yx(y;z; (xx((y; (zx1))*2)))) nitpick [expect=genuine]

by (metis add-commutative less-eq-def mult-associative star.circ-back-loop-fizpoint star.circ-left-top tarski top-mult-top)

lemma tarski-top-omega-below: z ; T < (z ; T)”
by (metis mult-associative omega-induct-mult order-refl tarski-mult-top-idempotent)

lemma tarski-top-omega: = ; T = (z ; T)“
by (metis antisym mult-top-omega tarski-top-omega-below)

lemma tarski-below-top-omega: x < (z ; T)*

by (metis tarski-top-omega top-right-mult-increasing)
lemma tarski-mult-omega-omega: (z ; y*)* = z ; y*
by (metis mult-associative omega-vector tarski-top-omega)

lemma tarski-omega-idempotent: z““ = z*
by (metis omega-vector tarski-top-omega)
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lemma while-denest-2a: w ; ((z x (y; w)) x2) = w; (((z x y) ; w) * 2)
proof —
have (2% + 2" ;y;w)” = (z" 5y 5 w)" ;2% 5 (2" 595 w) 529 + (@ 595 w)" 5 2%) 5 (@ 595 w)?) + (2% 595 w)®
by (metis add-commutative omega-decompose omega-loop-fizpoint)
also have ... < (z* ; y; w)* ;2* + (2 ; y ; w)*
by (metis add-left-isotone mult-associative mult-right-isotone omega-sub-vector)
finally have 1: w; (z“ + z*; y; w)* < (w;z*;9) ;w; 2z + (w; z*; y)~
by (smt add-commutative less-eq-def mult-associative mult-left-dist-add while-def while-slide)
have (z“ + " ;y;w)* 52 = (2" ;y;w) 527 ; (" 595 w) 5 3%) 5 (2" 5y;w0) 52+ (25595 w)" ;2
by (smt add-commutative mult-associative star.circ-add star.circ-loop-fixpoint)
also have ... < (z" ;y; w) ;2° + (z" ;9 ; w)* ;2
by (smt add-commutative add-right-isotone mult-associative mult-right-isotone omega-sub-vector)
finally have w; (z* + 2" ;y;w)" ;2 <(w;z";9) s w;z¥ +(ws2” 5 9) ;w52
by (metis mult-associative mult-left-dist-add mult-right-isotone star.cire-slide)
hence w; (z* + 2" ;y;w)” +w; (2 + 2"y w) ;2< (w25 9) 5 (w; ) +(ws "5 9) + (w25 y)" 5w
; z using 1
by (smt add-associative add-commutative less-eq-def mult-associative tarski-mult-omega-omega)
alsohave ... < (w;z* +w;z";y9) s (ws;z* +w; 2" ;9 + (w2 +w; 2" 59+ (w;a* +w; 2" 5y) s w; 2
by (metis add-isotone add-left-upper-bound add-right-upper-bound mult-isotone mult-left-isotone omega-isotone
star.circ-isotone)
alsohave ... = (w;z* +w;z";9) + (w;z¥ +w; 2" ;9) s w; 2
by (metis add-idempotent star-mult-omega)
finally have w ; ((z° + 2" ; y; w)” + (¢ + 2" 5y w)" 5 2) Sw; (@Y + 2" 59) 5 0)* +w; (@Y + 2" 59) 5 0) 52
by (smt mult-associative mult-left-dist-add omega-slide star.circ-slide)
hence 2: w ; ((z * (y; w)) * 2) < w; ((z * y) ; w) * 2)
by (smt mult-associative mult-left-dist-add while-def while-slide)
have w ; (((z x y) ; w) x 2) S w; ((z * (y 5 w)) * 2)
by (metis mult-right-isotone while-left-isotone while-sub-associative)
thus ?thesis using 2
by (metis antisym)
qed
lemma while-denest-3: (z x w) *x z¥ = (z * w)®
proof —
have 1: (z *x w) x z*° = (z x w)* + (z x w)* ; z“¢
by (metis tarski-omega-idempotent while-def)
also have ... < (z * w)¥ + (z x w)* ; (z“ + z* ; w)¥
by (metis add-left-upper-bound add-right-isotone mult-right-isotone omega-isotone)
also have ... = (z * w)*
by (metis add-idempotent star-mult-omega while-def)
finally show “thesis using I
by (metis add-left-upper-bound antisym-conv)
qed

lemma while-denest-4a: (z x w) x (x *x (y ; 2)) = (x x w) x ((z * y) ; 2)
proof —
have (z x w) * (z * (y; 2)) = (z x w)* + ((z x w) *x (z" ;¥ ; 2))
by (smt mult-associative while-denest-3 while-def while-left-dist-add)
also have ... < (z x w)* + ((z x w) * ((z x y) ; 2))
by (metis add-right-isotone mult-left-isotone star-below-while while-right-isotone)
finally have 1: (z x w) * (z x (y; 2)) < (z x w) x ((z *x y) ; 2)
by (smt add-left-upper-bound less-eq-def while-def)
have (z x w) * ((z x y) ; 2) < (z x w) * (z * (y ; 2))
by (metis while-right-isotone while-sub-associative)
thus ?thesis using I
by (metis antisym)
qed

— Theorem 8.3

subclass bounded-extended-binary-itering
apply unfold-locales
apply (smt mult-associative while-denest-2a while-denest-4a while-increasing while-slide)
done

— Theorem 13.13

lemma while-mult-top: (z ; T) xz =2+ xz; T
proof —
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have 1: 2+ 2z ; T < (z; T) *xz
by (metis add-least-upper-bound while-denest-1 while-increasing while-one-top)
have (z ; T)*xz=z+z; T ;((z;T)* 2)
by (metis while-left-unfold)
also have ... <z +z; T
by (metis add-right-isotone mult-associative mult-right-isotone top-greatest)
finally show ?thesis using 1
by (metis antisym)
qed

lemma tarski-top-omega-below-2: ¢ ; T < (z ; T) x 0
by (metis add-right-divisibility while-mult-top)

lemma tarski-top-omega-2: z ; T = (z ; T) * 0
by (metis add-left-zero while-mult-top)

lemma tarski-below-top-omega-2: © < (z ; T) = 0
by (metis tarski-top-omega-2 top-right-mult-increasing)

lemma I = (z ; 0) x 1 nitpick [ezpect=genuine] oops

end

class nonstrict-itering-tarski-zero = nonstrict-itering-tarski + nonstrict-itering-zero
begin

lemma 1 = (z ; 0) * {
by (metis mult-right-zero while-zero)

— Theorem 13 counterexamples

lemma while-associative: (z x y) ; z = z x (y ; z) nitpick [ezpect=genuine] oops
lemma (z * 1) ; y = x * y nitpick [ezpect=genuine] oops

lemma while-one-mult: (z x 1) ; £ = x * = nitpick [ezpect=genuine| oops

lemma (z + y) x z = ((z x 1) ; y) x ((z * 1) ; z) nitpick [ezpect=genuine] oops
lemma while-mult-top-2: (x ; T) * z = z + z ; T ; z nitpick [expect=genuine] oops
lemma while-top-2: T x z = T ; z nitpick [ezpect=genuine| oops

lemma tarski: x = 0 V T ; z ; T = T nitpick [ezpect=genuine] oops
lemma while-back-loop-is-fizpoint: is-fitpoint (Ax . = ; y + z) (2 ; (y * 1)) nitpick [expect=genuine] oops
lemma I + z ; 0 = z x I nitpick [ezpect=genuine] oops

lemma z = z ; (z *x 1) nitpick [ezpect=genuine] oops

lemma z ; (z * 1) = z *x 1 nitpick [ezpect=genuine] oops

lemma z x I = z * (1 x 1) nitpick [expect=genuine] oops

lemma (z + y) *x I = (x *x (y x 1)) x 1 nitpick [ezpect=genuine] oops
lemma z + y; 2 =z — y x z < z nitpick [ezpect=genuine| oops
lemma y ; 2 = 2 — y * z < z nitpick [expect=genuine] oops

lemma z +z;y =1z — z; (y x 1) < z nitpick [ezpect=genuine] oops
lemmaz;y=2 — z; (y* 1) < z nitpick [expect=genuine] oops
lemma z=z;y — z*xz<z;(yx1)nitpick [expect=genuine] oops

8

)

lemma tarski: « = 0 V T ; z ; T = T nitpick [expect=genuine] oops
lemma tarski-case: assumes t1: z = 0 — Pz and t2: T ;z; T = T — P z shows P z nitpick [ezpect=genuine] oops

end

end
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14 NSemiring

theory NSemiring

imports Testltering OmegaAlgebra
begin

class n-semiring = bounded-idempotent-left-zero-semiring + n + L +

assumes n-zero :n(0) =0
assumes n-top :n(T) =1
assumes n-dist-add  : n(z + y) = n(z) + n(y)
assumes n-export :n(n(z) ; y) = n(z) ; n(y)
assumes n-sub-mult-zero: n(z) = n(z ; 0) ; n(x)
assumes n-L-split czsn(y);L=xz;0+n(x;y); L
assumes n-split cx<z;0+n(z;L); T

begin

lemma n-sub-one: n(z) < 1
by (metis add-left-top add-right-upper-bound n-dist-add n-top)

— Theorem 15

lemma n-isotone: x < y — n(z) < n(y)
by (metis less-eq-def n-dist-add)

lemma n-mult-idempotent: n(z) ; n(z) = n(z)
by (metis mult-associative mult-right-one n-export n-sub-mult-zero n-top)

— Theorem 15.3

lemma n-mult-zero: n(z) = n(z ; 0)
by (metis add-commutative add-left-top add-right-zero mult-left-dist-add mult-right-one n-dist-add n-sub-mult-zero n-top)

lemma n-mult-left-upper-bound: n(z) < n(z ; y)
by (metis mult-right-isotone n-isotone n-mult-zero zero-least)

lemma n-mult-right-zero: n(z) ; 0 = 0
by (metis add-left-top add-left-zero mult-left-one mult-right-one n-export n-dist-add n-sub-mult-zero n-top n-zero)

— Theorem 15.9

lemma n-mult-n: n(z ; n(y)) = n(z)
by (metis mult-associative n-mult-right-zero n-mult-zero)

lemma n-mult-left-absorb-add: n(z) ; (n(z) + n(y)) = n(zx)
by (metis add-left-top mult-left-dist-add mult-right-one n-dist-add n-mult-idempotent n-top)

lemma n-mult-right-absorb-add: (n(z) + n(y)) ; n(y) = n(y)
by (metis add-commutative add-left-top mult-left-one mult-right-dist-add n-dist-add n-mult-idempotent n-top)

lemma n-add-left-absorb-mult: n(z) + n(z) ; n(y) = n(z)
by (metis add-left-top mult-left-dist-add mult-right-one n-dist-add n-top)

lemma n-add-right-absorb-mult: n(z) ; n(y) + n(y) = n(y)
by (metis less-eq-def mult-left-one mult-right-dist-add n-sub-one)

lemma n-mult-commutative: n(z) ; n(y) = n(y) ; n(z)
by (smt add-commutative mult-left-dist-add mult-right-dist-add n-add-left-absorb-mult n-add-right-absorb-mult n-export
n-mult-idempotent)

lemma n-add-left-dist-mult: n(z) + n(y) ; n(z) = (n(z) + n(y)) ; (n(z) + n(z))
by (metis add-associative mult-left-dist-add — mult-right-dist-add — n-add-right-absorb-mult — n-mult-commutative
n-mult-left-absorb-add)

lemma n-add-right-dist-mult: n(z) ; n(y) + n(z) = (n(z) + n(z)) ; (n(y) + n(z))
by (metis add-commutative n-add-left-dist-mult)
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lemma n-order: n(z) < n(y) <« n(z) ; n(y) = n(zx)
by (metis less-eq-def n-add-right-absorb-mult n-mult-left-absorb-add)

lemma n-mult-left-lower-bound: n(z) ; n(y) < n(z)
by (metis add-right-upper-bound n-add-left-absorb-mult)

lemma n-mult-right-lower-bound: n(z) ; n(y) < n(y)
by (metis n-mult-commutative n-mult-left-lower-bound)

lemma n-mult-least-upper-bound: n(z) < n(y) A n(z) < n(z) < n(z) < n(y) ; n(z)
by (smt mult-associative n-export n-mult-left-lower-bound n-order)

lemma n-mult-left-divisibility: n(z) < n(y) «—— (Fz . n(z) = n(y) ; n(z))
by (metis n-mult-commutative n-mult-left-lower-bound n-order)

lemma n-mult-right-divisibility: n(z) < n(y) «—— 3z . n(z) = n(z) ; n(y))
by (metis n-mult-commutative n-mult-left-divisibility)

— Theorem 15.1

lemma n-one: n(1) = 0
by (metis mult-left-one n-mult-zero n-zero)

lemma n-split-equal: x + n(z ; L) ; T=2;0 + n(z; L); T
by (smt add-associative add-commutative less-eq-def n-split zero-right-mult-decreasing)

lemma n-split-top: © ; T <z ; 0 +n(z; L); T
by (smt mult-associative mult-lefi-isotone mult-left-zero mult-right-dist-add n-split top-mult-top)

— Theorem 15.2

lemma n-L: n(L) = 1
by (metis add-left-zero antisym mult-left-one n-export n-isotone n-mult-commutative n-split-top n-sub-one n-top)

— Theorem 15.5

lemma n-split-L: z ; L=x ; 0 + n(z ; L) ; L
by (metis mult-right-one n-L n-L-split)

lemma n-n-L: n(n(z) ; L) = n(z)
by (metis mult-right-one n-export n-L)

lemma n-L-decreasing: n(z) ; L < z
by (metis add-left-isotone add-left-zero less-eq-def mult-associative mult-left-zero mult-right-isotone mult-right-one n-mult-zero
n-split-L order-trans)

— Theorem 15.10

lemma n-galois: n(z) < n(y) «— n(z) ; L<y
by (metis less-eq-def mult-left-one mult-right-sub-dist-add-left n-export n-isotone n-L n-L-decreasing n-mult-commutative
order-trans)

— Theorem 15.6

lemma split-L: z ; L<z ; 0 + L
by (metis add-commutative add-left-isotone n-galois n-L n-split-L n-sub-one)

— Theorem 15.7
lemma L-left-zero: L ; x = L

by (metis add-right-zero less-eq-def mult-associative mult-left-one mult-left-sub-dist-add-right mult-left-zero mult-right-one n-L
n-mult-left-upper-bound n-order n-split-L)

— Theorem 15.8

lemma n-mult: n(z ; n(y) ; L) = n(z ; y)
by (metis less-eq-def n-dist-add n-mult-left-upper-bound n-mult-zero n-n-L n-L-split)

lemma n-mult-top: n(z ; n(y) ; T) = n(z ; y)
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by (metis mult-right-one n-mult n-top)
— Theorem 15.4

lemma n-top-L: n(z ; T) = n(z ; L)
by (metis mult-right-one n-L n-mult-top)

lemma n-top-split: z ; n(y) ; T <z ;0 +n(z;y); T
by (metis mult-associative n-mult n-mult-right-zero n-split-top)

lemma n-mult-right-upper-bound: n(z ; y) < n(z) «—— n(z) < nz)Az;n(y); L<z;0+ n(z); L

apply (rule iffI)

apply (metis add-right-isotone eq-iff mult-isotone n-L-split n-mult-left-upper-bound order-trans)

apply (smt add-least-upper-bound less-eq-def mult-left-one n-export n-dist-add n-galois n-L n-L-split n-mult-commutative
n-mult-zero)

done

lemma n-preserves-equation: n(y) ; ¢ < z ; n(y) < n(y) ; ¢ = n(y) ; = ; n(y)
by (metis eq-refl test-preserves-equation n-mult-idempotent n-sub-one)

definition ni :: ‘a = ‘a
where ni z = n(z) ; L

lemma ni-zero: ni(0) = 0
by (metis mult-left-zero n-zero ni-def)

lemma ni-one: ni(1) = 0
by (metis mult-left-zero n-one ni-def)

lemma ni-L: ni(L) = L
by (metis mult-left-one n-L ni-def)

lemma ni-top: ni(T) = L
by (metis mult-left-one n-top ni-def)

lemma ni-dist-add: ni(z + y) = ni(z) + ni(y)
by (metis mult-right-dist-add n-dist-add ni-def)

lemma ni-mult-zero: ni(z) = ni(z ; 0)
by (metis n-mult-zero ni-def)

lemma ni-split: = ; ni(y) =z ; 0 + ni(z ; y)
by (metis mult-associative n-L-split ni-def)

lemma ni-decreasing: ni(z) <
by (metis n-L-decreasing ni-def)

lemma ni-isotone: z < y — ni(z) < ni(y)
by (metis less-eq-def ni-dist-add)

lemma ni-mult-left-upper-bound: ni(z) < ni(z ; y)
by (metis n-galois n-mult-left-upper-bound n-n-L ni-def)

lemma ni-idempotent: ni(ni(z)) = ni(z)
by (metis n-n-L ni-def)

lemma ni-below-L: ni(z) < L
by (metis n-L n-galois n-sub-one ni-def)

lemma ni-left-zero: ni(z) ; y = ni(z)
by (metis L-left-zero mult-associative ni-def)

lemma ni-split-L: © ; L=z ; 0 + ni(x ; L)
by (metis n-split-L ni-def)

lemma ni-top-L: ni(z ; T) = ni(z ; L)
by (metis n-top-L ni-def)

lemma ni-galois: ni(z) < ni(y) «— ni(z) <y
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by (metis n-galois n-n-L ni-def)

lemma ni-mult: ni(z ; ni(y)) = ni(z ; y)
by (metis mult-associative n-mult ni-def)

lemma ni-n-order: ni(z) < ni(y) «—— n(z) < n(y)
by (metis n-galois n-n-L ni-def)

lemma ni-n-equal: ni(z) = ni(y) «—— n(z) = n(y)
by (metis n-n-L ni-def)

lemma ni-mult-right-upper-bound: ni(z ; y) < ni(z) «— ni(z) < ni(z) Az ; ni(y) < z; 0 + ni(z)
by (smt mult-associative n-mult-right-upper-bound ni-def ni-n-order)

lemma n-ni: n(ni(z)) = n(z)
by (metis n-n-L ni-def)

lemma ni-n: ni(n(z)) = 0
by (metis n-mult-right-zero ni-mult-zero ni-zero)

lemma ni-n-galois: n(z) < n(y) «—— ni(z) <y
by (metis n-galois ni-def)

lemma n-mult-ni: n(z ; ni(y)) = n(z ; y)
by (metis mult-associative n-mult ni-def)

lemma ni-mult-n: ni(z ; n(y)) = ni(z)
by (metis n-mult-n ni-def)

lemma ni-export: ni(n(z) ; y) = n(z) ; ni(y)
by (metis mult-associative n-export ni-def)

lemma ni-mult-top: ni(z ; n(y) ; T) = ni(z ; y)
by (metis n-mult-top ni-def)

lemma ni-n-zero: ni(z) = 0 «—— n(z) = 0
by (metis mult-left-zero n-ni n-zero ni-def)

lemma ni-n-L: ni(z) = L «—— n(z) = 1
by (metis mult-left-one n-L n-n-L ni-def)

end

typedef ‘a nImage = { z::'a::n-semiring . (3y::'a . z = n(y)) }
by auto

lemma simp-nimage [simp]: 3y . Rep-nImage z = n(y)
using Rep-nlmage
by simp
setup-lifting type-definition-nImage
— Theorem 15
instantiation nlmage :: (n-semiring) bounded-idempotent-semiring

begin

lift-definition plus-nImage :: ‘a nImage = ’'a nImage = 'a nImage is plus
by (metis n-dist-add)

lift-definition times-nImage :: 'a nImage = 'a nImage = 'a nImage is times
by (metis n-export)

lift-definition zero-nImage :: ‘a nImage is 0
by (metis n-zero)
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lift-definition one-nImage :: 'a nImage is 1
by (metis n-L)

lift-definition T-nImage :: 'a nImage is 1
by (metis n-L)

lift-definition less-eq-nImage :: 'a nImage = 'a nImage = bool is less-eq .
lift-definition less-nImage :: 'a nImage = 'a nImage = bool is less .

instance
apply intro-classes
apply (metis (mono-tags) Rep-nImage-inject add-associative plus-nImage.rep-eq)
apply (metis (mono-tags) Rep-nImage-inject add-commutative plus-nImage.rep-eq)
apply (metis (mono-tags) Rep-nImage-inject add-idempotent plus-nImage.rep-eq)
apply (metis (mono-tags) Rep-nImage-inject less-eq-def less-eq-nImage.rep-eq plus-nImage.rep-eq)
apply (metis less-eq-nImage.rep-eq less-nImage.rep-eq less-def )
apply (smt2 zero-nImage.rep-eq Rep-nImage-inject add-left-zero plus-nImage.rep-eq)
apply (metis (mono-tags) times-nImage.rep-eq dual-order.refl less-eq-nImage.rep-eq mult-left-dist-add plus-nImage.rep-eq)
apply (metis (mono-tags) plus-nImage.rep-eq times-nImage.rep-eq Rep-nImage-inject mult-right-dist-add)
apply (smt2 times-nImage.rep-eq zero-nImage.rep-eq Rep-nlmage-inverse mult-left-zero)
apply (smt2 Rep-nImage-inverse mult-left-one one-nImage.rep-eq times-nImage.rep-eq)
apply (simp add: less-eg-nImage.rep-eq mult-right-one one-nlmage.rep-eq times-nImage.rep-eq)
apply (simp add: less-eq-nImage.rep-eq mult-associative times-nImage.rep-eq)
apply (smt2 T-nImage.abs-eq T-nImage.rep-eq less-eq-def map-fun-apply n-sub-one plus-nImage-def simp-nImage)
apply (metis (mono-tags) Rep-nImage-inverse mult-associative times-nlmage.rep-eq)
apply (smt2 one-nImage.rep-eq Rep-nImage-inverse mult-right-one times-nImage.rep-eq)
apply (metis (mono-tags) plus-nImage.rep-eq times-nImage.rep-eq Rep-nImage-inject mult-left-dist-add)
apply (smt2 times-nImage.rep-eq zero-nImage.rep-eq Rep-nlmage-inverse n-mult-right-zero simp-nImage)
done

end

— Theorem 15

instantiation nlmage :: (n-semiring) bounded-distributive-lattice
begin

lift-definition meet-nImage :: 'a nImage = 'a nImage = 'a nImage is times
by (metis n-export)

instance

apply intro-classes

apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq mult-associative)

apply (metis (mono-tags) meet-nImage.rep-eq Rep-nImage-inverse simp-nImage n-mult-commautative)

apply (metis (mono-tags) meet-nImage.rep-eq Rep-nImage-inverse simp-nImage n-mult-idempotent)

apply (metis (mono-tags) meet-nImage.rep-eq Rep-nlmage-inverse simp-nlmage n-order less-eqg-nImage.rep-eq)

apply (metis less-def)

apply (metis (mono-tags) T-nlmage.abs-eq meet-nImage-def mult-left-one-1 one-nImage.abs-eq times-nImage-def)

apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq mult-left-dist-add plus-nImage.rep-eq)
apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq n-add-left-dist-mult plus-nImage.rep-eq simp-nImage)
apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq n-mult-left-absorb-add plus-nImage.rep-eq simp-nImage)
apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq n-add-left-absorb-mult plus-nImage.rep-eq simp-nlmage)
done

end
class n-itering = bounded-itering + n-semiring
begin

lemma mult-L-cire: (z ; L)° =1+ z; L
by (metis L-left-zero circ-mult mult-associative)

lemma mult-L-cire-mult: (z ; L)° 5y =y + 2 ; L
by (metis L-left-zero mult-L-circ mult-associative mult-left-one mult-right-dist-add)

lemma cire-L: L° = L + 1
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by (metis L-left-zero add-commutative circ-left-unfold)

lemma circ-n-L: 2° ; n(z) ; L=12°; 0
by (metis add-left-zero circ-left-unfold circ-plus-same mult-left-zero n-L-split n-dist-add n-mult-zero n-one ni-def ni-split)

lemma n-circ-left-unfold: n(z°) = n(z ; z°)
by (metis circ-n-L circ-plus-same n-mult n-mult-zero)

lemma ni-cire: ni(z)° = 1 + ni(z)
by (metis mult-L-circ ni-def)

lemma circ-ni: z° ; ni(z) = z° ; 0
by (metis circ-n-L mult-associative ni-def)

lemma ni-cire-left-unfold: ni(z°) = ni(z ; z°)
by (metis n-circ-left-unfold ni-def)

lemma n-circ-import: n(y) ; ¢ < z ; n(y) — n(y) ; z° = n(y) ; (n(y) ; )°
apply rule
apply (rule antisym)
apply (metis circ-simulate circ-slide mult-associative n-mult-idempotent n-preserves-equation)
apply (metis circ-isotone mult-left-isotone mult-left-one mult-right-isotone n-sub-one)
done

end

class n-omega-itering = left-omega-conway-semiring + n-itering —+
assumes circ-circ: t°° = L + z*

begin

lemma L-below-one-circ: L < 1°
by (metis add-left-divisibility circ-circ circ-one)

lemma circ-below-L-add-star: z° < L + z*
by (metis circ-circ circ-increasing)

lemma L-add-circ-add-star: L + z° = L + z*
by (smt add-associative add-commutative circ-below-L-add-star less-eq-def star-below-circ)

lemma circ-one-L: 1° = L + 1
by (metis L-add-circ-add-star L-below-one-circ less-eq-def star-one)

lemma one-circ-zero: L = 1° ; 0
by (metis L-left-zero circ-L circ-ni circ-one-L circ-plus-same ni-L)

lemma circ-not-simulate: Vzyz .z ;2<z;y —2°;2<z2;y°)—1=20
by (metis L-left-zero circ-one-L eq-iff mult-left-one mult-left-zero mult-right-sub-dist-add-left n-L n-zero zero-least)

lemma star-circ-L: ©*° = L + z*
by (smt L-add-circ-add-star L-left-zero add-commutative circ-add-1 circ-mult-star circ-one-L circ-star star.circ-loop-fixpoint

star.circ-plus-one star-sup-one)

lemma circ-circ-2: ©°° = L + z°
by (metis circ-star star-circ-L)

lemma circ-add-6: L + (z + y)° = (z° ; y°)°
by (metis circ-circ-2 add-associative add-commutative circ-add-1 circ-circ-add circ-decompose-4)

lemma circ-add-7: (z° ; y°)° = L + (z + y)*
by (metis L-add-circ-add-star circ-add-6)

end

class n-omega-algebra-2 = bounded-left-zero-omega-algebra + n-semiring + Omega +
assumes Omega-def: 2% = n(z*) ; L + z*

begin
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lemma mult-L-star: (z ; L)* =1 + z; L
by (metis L-left-zero mult-associative star.circ-mult)

lemma mult-L-omega: (z ; L)* =z ; L
by (metis L-left-zero omega-slide)

lemma mult-L-add-star: (z ; L+ y)* =y +y* ;2 ; L
by (metis L-left-zero add-commutative mult-L-star mult-associative mult-left-dist-add mult-right-one star.circ-add-1)

lemma mult-L-add-omega: (z ; L+ y)* =y +y* ;2 ; L
by (smt L-left-zero add-commutative add-left-upper-bound less-eq-def mult-L-omega mult-L-star mult-associative mult-left-one
mult-right-dist-add omega-decompose)

lemma mult-L-add-circ: (z ; L+ y)% =n@*); L+ vy  +y" ;z; L
by (smt add-associative add-commutative Omega-def less-eq-def mult-L-add-omega mult-L-add-star mult-right-dist-add
n-L-decreasing n-dist-add)

lemma circ-add-n: (z° ; y)® 5 &% = n((@" 5 y)*) s L+ ((z" 5 9)" 5 ¢" + (2" 5 9)" 5 n(=®) 5 L)
by (smt L-left-zero add-associative add-commutative Omega-def mult-L-add-circ mult-associative mult-left-dist-add
mult-right-dist-add)

— Theorem 20.6

lemma n-omega-induct: n(y) < n(z ; y + z) — n(y) < n(z* + z* ; 2)
by (smt add-commutative mult-associative n-dist-add n-galois n-mult omega-induct)
lemma n-Omega-left-unfold: 1 + z ; % = 2%
proof —
have I + z ;2% =142z ;n(@=*); L+z; "
by (metis add-associative add-left-zero mult-associative mult-left-dist-add mult-left-zero mult-L-add-circ mult-L-add-star)
also have ... = n(z ; z*); L+ (1 + z ; z%)
by (metis add-associative add-commutative add-left-zero mult-left-dist-add n-L-split)

also have ... = n(z¥) ; L + z*
by (metis omega-unfold star-left-unfold-equal)
also have ... = z“

by (metis Omega-def)
finally show %thesis
by metis
qed

lemma n-Omega-circ-add: (z + y)* = (z; y)? ; 2%
proof —
have (2% 5 )% ; 2% = n((&* ; 9)*) s L+ (55 9)" 5 2° + (@° 5 )" ; n(s) ; L)
by (metis circ-add-n)

also have ... = n((z* ; ¥)*); L+ n((z* ; 9)* ;2¥) 5 L+ (2" 5 9)" ;0 + (2" 5 y)* 5 2~
by (smt n-L-split add-commutative add-associative mult-associative)
also have ... = n((z* ; ) + (¢ ; y)* ;2¥); L+ (2" ; y)* ; 2
by (smt2 add-associative add-left-zero mult-left-dist-add mult-right-dist-add n-dist-add)
also have ... = (z + )%

by (metis Omega-def omega-decompose star.circ-add)
finally show “thesis

qed

lemma n-Omega-circ-simulate-right-plus: z ; x < y ; yQ cz4w—z;2% < yQ i (2 4+ w; :EQ)
proof

assume z ; ¢ < Y ; yQ,z—i—w

alsohave ... =y ;n(w“); L+y;yv 52+ w

by (metis L-left-zero Omega-def add-commutative mult-associative mult-left-dist-add mult-right-dist-add)
finally have 7: z ;2 < n(y*); L+ y; v ; 2z + w
by (metis add-associative add-commutative add-left-zero mult-associative mult-left-dist-add n-L-split omega-unfold)
hence (n(y*) ; L+ y*;z+y* s w;n(z”); L+ y* ;2) sz <n@); L+y s (n(y)s Lty v 24+ w) +y”
win(z?); L+ y* ;w;z*
by (smt L-left-zero add-associative add-left-upper-bound add-right-upper-bound less-eq-def mult-associative mult-left-dist-add
mult-right-dist-add star.circ-back- loop -fixpoint)

also have ... = n(y”) ; L+ 9" ;n(y”) s L+y 5959 2+ 9y 50 +y 5 w;n(z®); L+y" 5 w;a”
by (metis add-associative mult associative mult-left-dist-add)
alsohave ... =n(y“); L+ vy ;nw*); L+v 5959 524+ ¢y ;w;n=z¥); L+ y* ;T

by (smt2 add-associative add- commutative add-idempotent star.circ-back-loop ﬁa:pomt)
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alsohave ... = n(y“); L+ v 5959 524+ vy ;w;n=z®); L+ y*;w;z*
by (smt2 add-associative add-commutative add-idempotent mult-associative mult-left-dist-add n-L-split star-mult-omega)
alsohave ... < n(w“); L+ y* ;24+y " ;w;nz®); L+ y*;w;z"
by (metis add-left-isotone add-right-isotone mult-left-isotone  star.circ-plus-same  star.circ-transitive-equal
star.left-plus-below- circ)
finally have 2: z ; 2* < n(y*); L+ vy ;z+y* ;w;n(z’); L+y"; w;z"
by (smt add-least-upper-bound add- left upper-bound star.circ-loop-fizpoint star-right-induct)
have z ; z ;2 <n(y*); L+ y;y* ;2;2¥ + w; z“ using 1
by (metis L-left-zero mult- assoczatwe mult-left-isotone mult-right-dist-add)
hence n(z ;z;z%) <n(y;y*;2z;z° +ny*); L+ w;z¥)
by (metis add-commutative n-isotone)
hence n(z ; z%¥) < n(y* + y* ; w; z¥)
by (smt2 add-associative add-commutative left-plus-omega less-eq-def mult-associative mult-left-dist-add n-L-decreasing
n-omega-induct omega-unfold star.left-plus-circ star-mult-omega)
hence n(z ; z*); L<n(y”); L+ y*; w;n(z*); L
by (metis eq-iff mult-right-dist-add n-dist-add n-galois n-mult order-trans)
hence z ; n(z*); L<z;0+n(y*); L+ y*";w;n@);L
by (metis add-associative add-right-isotone n-L-split)
also have ... < n(y“); L+ y* ;z+ y*; w;n(z¥); L
by (smt2 add-commutative add-left-isotone add-left-upper-bound order-trans star.circ-loop-fizpoint zero-right-mult-decreasing)
finally have z ; n(z¥) ; L<n(y*); L+ 9" ; 2+ y 5 w;n(z¥); L+y* ;w;z"
by (metis add-commutative add-left-upper-bound order-trans)
thus z ; 2% < ¢ ; (z + w ; %) using 2
by (smt L-left-zero Omega-def add-associative less-eq-def mult-associative mult-left-dist-add mult-right-dist-add)
qed

Q Q

lemma n-Omega-circ-simulate-left-plus: z ; 2 < z ; 4@ + w —
proof
assume]:x;zgz;yﬂ—l—w
have z ; (2 ;n(y*); L+ 259" +n(@); L+ o 5wsn(y”); L+a” ;w9 )=x;2;5nuy) s L+ax;2;9" + n(@”);
Ltzsa*swin(y?);L+asa’;w;y”
by (smt add-associative add-commutative mult-associative mult-left-dist-add n-L-split omega-unfold)
alsohave ... < (z;n(y*); L+ z;y9 " +w);nw); L+ (z;ny*); L+ 29" +w); 9" +n=*); L+z";w;n(y”)
s L+ x5 w; y* using 1
by (smt Omega-def add-associative add-right-upper-bound less-eq-def mult-associative mult-left-dist-add mult-right-dist-add
star. circ-loop-fizpoint)
alsohave ... =z ; n(y*); L+ z:; 9" s;n(y); L+w;ny”); L+z;9" +w; vy +n@); L+a3°;w;nw); L+
Tzt w Yt
by (smt2 L-left-zero add-associative add-commutative add-idempotent mult-associative mult-right-dist-add
star.circ-transitive-equal)
alsohave ... =z;n(y*); L+ w;nw’);L+z;y" +w;y " +n@*); L+z*;w;n(y”); L+z°;w;y"
by (smt add-associative add-commutative add-idempotent less-eq-def mult-associative n-L-split star-mult-omega
zero-right-mult-decreasing)
finally have z ; (2 ;n(y”) s L+ z; 9" + n(z®); L+ a" s w;n(y”); L+a" 5 w;y") <zin(y”); L+ 25y + n(z)
s L+ 5w n(w); L+2"5w;y”
by (smt2 add-associative add-commutative add-idempotent mult-associative star.circ-loop-fizpoint)
thus 2% ; 2z < (z + 2% ; w) ; y©
by (smt L-left-zero Omega-def add-associative add-least-upper-bound add-left-upper-bound mult-associative mult-left-dist-add
mult-right-dist-add star.circ-back-loop-fizpoint star-left-induct)
qed

2 < (z4+2%5w) 5y

end
— Theorem 2.6 and Theorem 19

sublocale n-omega-algebra-2 < nL-omega!: itering where circ = Omega

apply unfold-locales

apply (smt add-associative add-commutative add-left-zero circ-add-n Omega-def mult-left-dist-add mult-right-dist-add n-L-split
n-dist-add omega-decompose star.circ-add-1 star.circ-slide)

apply (smt L-left-zero add-associative add-commutative add-left-zero Omega-def mult-associative mult-left-dist-add

mult-right-dist-add n-L-split omega-slide star.circ-mult)

apply (metis n-Omega-circ-simulate-right-plus)

apply (metis n-Omega-circ-simulate-left-plus)

done

sublocale n-omega-algebra-2 < nL-omega!: n-omega-itering where circ = Omega

apply unfold-locales

apply (smt2 Omega-def add-associative add-commutative less-eq-def mult-L-add-star mult-left-one n-L-split n-top ni-below-L
ni-def star-involutive star-mult-omega star-omega-top zero-right-mult-decreasing)
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done

sublocale n-omega-algebra-2 < nL-omega!: left-zero-kleene-conway-semiring where circ = Omega ..

sublocale n-omega-algebra-2 < nL-star!: left-omega-conway-semiring where circ = star ..

context n-omega-algebra-2

begin

lemma circ-add-8: n((z* ; y)* ; z¥) ; L < (z* ; y)@ ; 2%
by (metis add-left-upper-bound nL-omega.circ-add-4 Omega-def mult-left-isotone n-isotone omega-sum-unfold-3 order-trans)

lemma n-split-omega-omega: =% < z* ; 0 + n(z*) ; T
by (metis n-split n-top-L omega-vector)

— Theorem 20.1

lemma n-below-n-star: n(z) < n(z*)
by (metis n-isotone star.circ-increasing)

— Theorem 20.2

lemma n-star-below-n-omega: n(z*) < n(z*)
by (metis n-mult-left-upper-bound star-mult-omega)

lemma n-below-n-omega: n(z) < n(z*)
by (metis n-mult-left-upper-bound omega-unfold)

— Theorem 20.4

lemma star-n-L: z* ; n(z) ; L=a" ; 0
by (metis add-left-zero mult-left-zero n-L-split n-dist-add n-mult-zero n-one ni-def ni-split star-left-unfold-equal star-plus)

lemma star-L-split: y < 2z ANz ;2z; L<z;0+z;L—2z";y;L<z";0+2z;L
proof
assume Ity < zAz;z;L<z;0+z2;L
have z ; (z* ;0 4+ 2; L) <z*;0+4+=z;2; L
by (metis add-right-zero eq-iff mult-associative mult-left-dist-add star.circ-loop-fizpoint)
also have ... < z* ;0 + z; 0 + 2z ; L using 1
by (metis add-associative add-left-upper-bound less-eq-def )
also have ... =z ; 0 + 2z ; L
by (metis add-commutative less-eq-def mult-right-dist-add star.circ-increasing)
finally have y ; L+ z ; (z* ;0 + 2 ; L) < z*; 0 + 2z ; L using 1
by (metis add-least-upper-bound add-right-upper-bound mult-left-isotone order-trans)
thusz* ;y; L<z*;0+ 2; L
by (metis star-left-induct mult-associative)
qed

lemma star-L-split-same: ¢ ;y ; L<z;0+vy;L—z";y;L=x2";0+y;L
by (smt add-associative add-left-zero  antisym  less-eq-def mult-associative  mult-left-dist-add — mult-left-one

mult-right-sub-dist-add-left order-refl star-L-split star.circ-right-unfold)

lemma star-n-L-split-equal: n(z ; y) < n(y) — z* ;n(y) ; L=2";0 + n(y) ; L
by (metis n-mult-right-upper-bound star-L-split-same)

lemma n-star-mult: n(z ; y) < n(y) — n(z* ; y) = n(z*) + n(y)
by (metis n-dist-add n-mult n-mult-zero n-n-L star-n-L-split-equal)

— Theorem 20.3

lemma n-omega-mult: n(z® ; y) = n(z*)
by (smt add-commutative less-eq-def n-dist-add n-mult-left-upper-bound omega-sub-vector)

lemma n-star-left-unfold: n(z*) = n(z ; z*)
by (metis n-mult n-mult-zero star.circ-plus-same star-n-L)

lemma ni-star-below-ni-omega: ni(z*) < ni(z*)
by (metis n-star-below-n-omega ni-n-order)
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lemma ni-below-ni-omega: ni(z) < ni(z*)
by (metis n-below-n-omega ni-n-order)

lemma ni-star: ni(z)* = 1 + ni(z)
by (metis mult-L-star ni-def)

lemma ni-omega: ni(z)* = ni(z)
by (metis mult-L-omega ni-def)

lemma ni-omega-induct: ni(y) < ni(z ; y + 2) — ni(y) < ni(z* + z* ; 2)
by (metis n-omega-induct ni-n-order)

lemma star-ni: z* ; ni(z) = z* ; 0
by (metis mult-associative ni-def star-n-L)

lemma star-ni-split-equal: ni(z ; y) < ni(y) — z* ; ni(y) = z* ; 0 + ni(y)
by (metis mult-associative ni-def ni-n-order star-n-L-split-equal)

lemma ni-star-mult: ni(z ; y) < ni(y) — ni(z* ; y) = ni(z*) + ni(y)
by (metis n-dist-add n-star-mult ni-dist-add ni-n-equal ni-n-order)

lemma ni-omega-mult: ni(z* ; y) = ni(z*)
by (metis n-omega-mult ni-def)

lemma ni-star-left-unfold: ni(z*) = ni(z ; z*)
by (metis n-star-left-unfold ni-def)

lemma n-star-import: n(y) ; x < z ; n(y) — n(y) ; 2* = n(y) ; (n(y) ; x)*
apply (rule impl, rule antisym)
defer
apply (metis mult-left-isotone mult-left-one mult-right-isotone n-sub-one star.circ-isotone)
proof —
assume n(y) ; z < z ; n(y)
hence n(y) ; (n(y) ; 2)" 5z < n(y) ; (n(y) ; 2)*
by (smt2 mult-associative mult-right-dist-add mult-right-sub-dist-add-left n-mult-idempotent n-preserves-equation
star. circ-back-loop-fizpoint)
thus n(y) ; 2 < n(y) ; (n(y) 5 z)"
by (smt add-associative less-eq-def mult-left-dist-add mult-right-one star.circ-plus-one star-right-induct)
qed

lemma n-omega-ezport: n(y) ; ¢ < z ; n(y) — n(y) ; z* = (n(y) ; z)*
apply (rule impl, rule antisym)
apply (metis mult-associative mult-right-isotone n-mult-idempotent omega-simulation)
apply (metis mult-right-isotone mult-right-one n-sub-one omega-isotone omega-slide)
done
lemma n-omega-import: n(y) ; z < z ; n(y) — n(y) ; * = n(y) ; (n(y) ; )
by (metis mult-associative n-order n-omega-export order-refl)

— Theorem 20.5
lemma star-n-omega-top: z* ; n(z*) ; T =2*; 0 + n(z*); T
by (smt add-least-upper-bound  add-right-divisibility — antisym  mult-associative  nL-star.circ-mult-omega
nL-star.star-zero-below-circ-mult n-top-split star.circ-loop-fizpoint)
lemma n-star-induct-add: n(z + = ; y) < n(y) — n(z* ; z) < n(y) oops

end

end
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15 Approximation

theory Approximation
imports Semiring
begin

class apzr =
fixes apz :: 'a = 'a = bool (infix C 50)

class apz-order = apx +
assumes apz-reflerive: © C x
assumes apz-antisymmetric: c Cy ANy Loz —z =1y
assumes apz-transitive: t Ty ANy C 2z — z C 2

sublocale apz-order < apz!: order where less-eq = apzr and less =Xz y .z CyA—- yCuz
apply unfold-locales
apply rule
apply (rule apz-reflezive)
apply (metis apz-transitive)
apply (metis apz-antisymmetric)
done

context apz-order

begin

abbreviation the-apz-least-fizpoint  :: (‘a = 'a) = ’‘a (k - [201] 200) where k [ = apz.the-least-fizpoint f
abbreviation the-apz-least-prefizpoint :: (‘a = 'a) = 'a (pk - [201] 200) where px f = apz.the-least-prefizpoint f
definition is-apz-meet :: ‘a = 'a = ‘a = bool where is-apr-meet tyz «— 2 Cz AzCyANVw. wCzAwCy
— w C 2)

definition has-apz-meet :: 'a = 'a = bool where has-apz-meet x y «—— (32 . is-apz-meet = y 2)

definition the-apz-meet :: ‘a = ‘a = 'a (infixl A 66) where z A y = (THE z . is-apr-meet T y z)

lemma apz-meet-unique: has-apz-meet zy — (Ilz . is-apr-meet z y 2)
by (smt apz-antisymmetric has-apz-meet-def is-apz-meet-def )

lemma apz-meet: has-apz-meet x y — is-apz-meet z y (x A y)
proof
assume has-apz-meet T y
hence is-apz-meet x y (THE z . is-apz-meet T y z)
by (smt apr-meet-unique thel”)
thus is-apz-meet z y (x A y)
by (simp add: is-apz-meet-def the-apz-meet-def)
qed

lemma apz-greatest-lower-bound: has-apz-meet xy — (W z AwCy«—— wlC z A y)
by (smt apz-meet apz-transitive is-apz-meet-def)

lemma apz-meet-same: is-apr-meet tyz — z =1 N y
by (metis apz-meet apz-meet-unique has-apz-meet-def )

lemma apx-meet-char: is-apx-meet x y z <—— has-apr-meet ty N z = x N y
by (metis apz-meet-same has-apz-meet-def )

end
class apz-biorder = apz-order + order
begin

lemma mu-below-kappa: has-least-fixpoint f N apz.has-least-fizpoint f — pu f < k f
by (metis apz.least-fixpoint apz.is-least-fizpoint-def is-least-fixpoint-def least-fizpoint)

lemma kappa-below-nu: has-greatest-fixpoint f N\ apx.has-least-fixpoint f — k f < v f
by (metis apz.least-fixpoint greatest-firpoint apz.is-least-fizpoint-def is-greatest-fixpoint-def )
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lemma kappa-apz-below-mu: has-least-fixpoint f N apx.has-least-fixpoint f — k f C u f
by (metis apz.least-fixpoint apx.is-least-fixpoint-def is-least-fixpoint-def least-fixpoint)

lemma kappa-apz-below-nu: has-greatest-firpoint f N\ apx.has-least-fixpoint f — v f C v f
by (metis apz.least-fixpoint greatest-firpoint apz.is-least-firpoint-def is-greatest-fixpoint-def )

end

class apz-semiring = apz-biorder + idempotent-left-semiring + L +
assumes apz-L-least: L C x
assumes add-apz-left-isotone: x Ty — z + 2 C y + 2
assumes mult-apz-left-isotone: t Ty — x ; 2 C y ; 2
assumes mult-apz-right-isotone: t Ty — 2z ;2 C 2 5y

begin

lemma add-apz-right-isotone: x Ty — 2z +z C 2 + y
by (metis add-apz-left-isotone add-commutative)

lemma add-apz-isotone: w Cy ANz C 2z — w+zCy+ 2
by (metis add-apz-left-isotone add-apz-right-isotone apz-transitive)

lemma mult-apz-isotone: w C y Az C 2z — w;z Cy; 2
by (metis apz-transitive mult-apz-left-isotone mult-apz-right-isotone)

lemma affine-apz-isotone: apz.isotone (Ax .y ; z + z)
by (smt add-apz-left-isotone apz.isotone-def mult-apz-right-isotone)

end

end

15  Approximation
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16 RecursionStrict

theory RecursionStrict
imports NSemiring Approximation
begin

class semiring-apr = n-semiring + apxr +
assumes apr-def: zc Cy«— <y +n(@); LAy <z+n(z); T

begin

lemma apz-n-order-reverse: y C x — n(z) < n(y)
by (metis apz-def less-eq-def n-add-left-absorb-mult n-dist-add n-ezxport)

lemma apz-n-order: t C y A y C z — n(z) = n(y)
by (metis apz-n-order-reverse eq-iff)

lemma apz-transitive: t Cy Ay C 2z — z C 2
proof
assume I:z Cy Ay LC 2
hence n(y) ; L < n(z) ; L
by (metis apz-def mult-left-isotone n-add-left-absorb-mult n-export n-dist-add n-isotone)
hence 2: z < z + n(z) ; L using !
by (smt add-associative add-right-divisibility apz-def less-eq-def)
have 2z <z + n(z) ; T + n(z + n(z) ; T) ; T using 1
by (smt2 add-left-isotone order-refl add-associative add-isotone apz-def mult-left-isotone n-isotone order-trans)
also have ... = z + n(z) ; T using I
by (metis add-associative add-idempotent n-add-left-absorb-mult n-export n-dist-add)
finally show z C z using 2
by (metis apz-def)
qed

— Theorem 16.1

subclass apz-biorder
apply unfold-locales
apply (metis add-left-upper-bound apz-def)
apply (metis antisym add-least-upper-bound apx-def eq-refl less-eq-def n-galois apx-n-order)
apply (rule apz-transitive)
done

lemma add-apz-left-isotone: x Ty — z + 2 C y + 2
proof
assume z C y
hencez <y +n(z); LAy <z +n(z); T
by (metis apx-def)
hence z +z<z4+y+n(z+2z); LAz+y<z4+z+nz+z); T
by (metis add-associative add-right-isotone mult-right-sub-dist-add-right n-dist-add order-trans)
thusz + 2 C y + 2
by (metis apz-def add-commutative)
qed

lemma mult-apx-left-isotone: t CEy — x ; 2 C y ; 2
proof
assume [: z C y
hence z < y + n(z) ; L
by (metis apz-def)
hencez ;2 <y;z+n(z); L
by (metis mult-left-isotone mult-right-dist-add L-left-zero mult-associative)
hence 2: z;2<y;z+n(z;z); L
by (metis add-right-isotone mult-left-isotone n-mult-left-upper-bound order-trans)
have y ; 2 <z ;z + n(z); T ; z using 1
by (metis apz-def mult-left-isotone mult-right-dist-add)
hencey;z2<z;z+n(z;2); T
by (metis add-right-isotone mult-associative mult-isotone n-mult-left-upper-bound order-trans top-greatest)
thus z ; 2 C y ; 2z using 2
by (metis apx-def)

99
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qed

lemma mult-apx-right-isotone: t Ty — z ;2 C 2z 5y
proof
assume 1: z C y
hence z < y + n(z) ; L
by (metis apz-def)
hence 2: z;z < z;y+n(z;z); L
by (smt2 add-associative add-left-upper-bound add-right-zero mult-associative mult-left-dist-add mult-right-isotone n-L-split)
have y < z + n(z) ; T using I
by (metis apa-def)
hence z; y <z ;z+ z;n(z); T
by (smt2 mult-associative mult-left-dist-add mult-right-isotone)
alsohave ... < z;z 4+ n(z;2); T
by (smt add-associative add-least-upper-bound add-left-upper-bound add-right-zero mult-left-dist-add n-L-split n-top-split
order-trans)
finally show z ; 2 C z ; y using 2
by (metis apz-def)
qed

— Theorem 16.1 and Theorem 16.2

subclass apz-semiring
apply unfold-locales
apply (metis add-right-top add-right-upper-bound apz-def mult-left-one n-L top-greatest)
apply (rule add-apz-left-isotone)
apply (rule mult-apz-left-isotone)
apply (rule mult-apx-right-isotone)
done

— Theorem 16.2

lemma ni-apz-isotone: z C y — ni(z) C ni(y)
by (smt apz-def less-eq-def n-dist-add n-galois n-n-L ni-def)

— Theorem 17

definition kappa-apz-meet :: (‘a = ‘a) = bool
where kappa-apz-meet f «—— apz.has-least-fizpoint f A has-apz-meet (u f) VYA f=puf D vf

definition kappa-mu-nu :: (‘a = 'a) = bool
where kappa-mu-nu f «—— apz.has-least-fitpoint f ANk f =p f +n(vf); L

definition nu-below-mu-nu :: (‘a = ‘a) = bool
where nu-below-mu-nu f «—— v f <uf+nlvf); T

definition mu-nu-apz-nu :: (‘a = 'a) = bool
where mu-nu-apz-nu f — puf +n(v f); LCv f

definition mu-nu-apz-meet :: (‘a = 'a) = bool
where mu-nu-apz-meet f «—— has-apz-meet (u f) W f)AufADvi=pf+nwf);L

definition apz-meet-below-nu :: (‘a = 'a) = bool
where apz-meet-below-nu f «—— has-apz-meet (u f) W ) ApufADAvfi<vf

lemma mu-below-l: p f < puf+n(vf);L
by (metis add-left-upper-bound)

lemma [-below-nu: has-least-fixpoint f A has-greatest-fizpoint f — pu f + n(v f); L<v f
by (metis add-least-upper-bound mu-below-nu n-L-decreasing)

lemma n-l-nu: has-least-fizpoint f A has-greatest-firpoint f — n(u f + n(v f) ; L) = n(v f)
by (metis less-eq-def mu-below-nu n-dist-add n-n-L)

lemma I-apz-mu: has-least-fizpoint f A has-greatest-fitpoint f — w f +n(v f) ; LC p f
by (smt add-associative add-left-upper-bound apz-def n-l-nu order-refl)

— Theorem 17.4 implies Theorem 17.5
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lemma nu-below-mu-nu-mu-nu-apz-nu: has-least-fixpoint f N\ has-greatest-firpoint f N\ nu-below-mu-nu f — mu-nu-apz-nu f
by (smt add-associative add-commutative add-left-isotone add-left-top apz-def mu-below-nu mu-nu-apz-nu-def mult-left-dist-add
n-l-nu nu-below-mu-nu-def)

— Theorem 17.5 implies Theorem 17.6

lemma mu-nu-apz-nu-mu-nu-apz-meet: has-least-fixpoint f N\ has-greatest-fizrpoint f N mu-nu-apz-nu f — mu-nu-apx-meet f
proof
let 2l=pf+nf);L
assume has-least-fizpoint f A has-greatest-fixpoint f A mu-nu-apz-nu f
hence is-apz-meet (u f) (v f) 21
by (smt add-associative add-commutative add-left-upper-bound apz-def is-apz-meet-def l-below-nu mu-nu-apz-nu-def n-l-nu
order-refl order-trans)
thus mu-nu-apx-meet f
by (smt apz-meet-char mu-nu-apz-meet-def)
qed

— Theorem 17.6 implies Theorem 17.7

lemma mu-nu-apz-meet-apr-meet-below-nu: has-least-fizpoint f A  has-greatest-fizpoint f N  mu-nu-apz-meet f —
apx-meet-below-nu f
by (metis apz-meet-below-nu-def I-below-nu mu-nu-apz-meet-def)

— Theorem 17.7 implies Theorem 17.4

lemma apz-meet-below-nu-nu-below-mu-nu: apr-meet-below-nu f — nu-below-mu-nu f
proof —

haveVm . mCufAmCvfiAm<vfi—vf<uf+nlm);T

by (metis add-associative add-left-isotone add-right-top apx-def mult-left-dist-add order-trans)
thus “thesis
by (smt2 add-right-isotone apz-greatest-lower-bound apz-meet-below-nu-def apz-reflexive mult-left-isotone n-isotone

nu-below-mu-nu-def order-trans)
qed

— Theorem 17.1 implies Theorem 17.2

lemma has-apz-least-firpoint-kappa-apx-meet: has-least-fixpoint f A has-greatest-fixpoint f A apx.has-least-fixrpoint f —
kappa-apx-meet f
proof
assume 1: has-least-fizpoint f N has-greatest-fizrpoint f N apz.has-least-fixrpoint f
henceVw . wCpufAwCvf—wEKkf
by (smt2 add-left-isotone apz-def mu-below-kappa order-trans kappa-below-nu)
hence is-apz-meet (u f) (v f) (k f) using 1
by (smt apz-meet-char is-apz-meet-def kappa-apz-below-mu kappa-apz-below-nu kappa-apr-meet-def)
thus kappa-apzr-meet f using 1
by (metis apz-meet-char kappa-apz-meet-def)
qed

— Theorem 17.2 implies Theorem 17.7

lemma kappa-apz-meet-apx-meet-below-nu: has-greatest-fizpoint f A kappa-apxr-meet f — apz-meet-below-nu f
by (metis apz-meet-below-nu-def kappa-apx-meet-def kappa-below-nu)

— Theorem 17.7 implies Theorem 17.3

lemma apz-meet-below-nu-kappa-mu-nu: has-least-fizpoint f A has-greatest-firpoint f A isotone f A apzx.isotone f A
apx-meet-below-nu f — kappa-mu-nu f
proof
let 20l=pf+nlvf);L
let ‘m=pufAvf
assume I: has-least-fizpoint f A has-greatest-fixpoint f A isotone f A apx.isotone f A apz-meet-below-nu f
hence 2: I C v f
by (metis apz-meet-below-nu-nu-below-mu-nu mu-nu-apz-nu-def nu-below-mu-nu-mu-nu-apr-nu)
hence 3: ?m = ¢] using 1
by (metis mu-nu-apz-meet-def mu-nu-apz-nu-def mu-nu-apz-nu-mu-nu-apz-meet)
have u f < f(?]) using 1
by (metis add-left-upper-bound is-least-fixpoint-def isotone-def least-fizpoint)
hence 4: 2l < f(?l) + n(?) ; L using 1
by (metis add-left-isotone n-l-nu)
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have f(?l) < f(v f) using I
by (metis l-below-nu isotone-def)
also have ... < 2l + n(?l) ; T using 1 2
by (metis apz-def nu-unfold)
finally have 5: 2l C f(?l) using 4
by (metis apz-def)
have 6: f(2l) C pu f using 1
by (metis apx.isotone-def is-least-fizpoint-def least-fixpoint l-apz-mu)
have f(?]) C v f using 1 2
by (metis apz.isotone-def greatest-fizpoint is-greatest-fizpoint-def)
hence f(?]) C 2] using 1 3 6
by (metis apz-greatest-lower-bound apz-meet-below-nu-def)
hence f(?]) = ?l using 5
by (metis apz-antisymmetric)
thus kappa-mu-nu f using 1 2 J
by (smt add-left-isotone apz-antisymmetric apz-def apz.least-fizpoint-char greatest-fizpoint apz.is-least-fixpoint-def
is-greatest-fixpoint-def is-least-fixpoint-def least-fizpoint n-l-nu order-trans kappa-mu-nu-def)
qed

— Theorem 17.3 implies Theorem 17.1

lemma kappa-mu-nu-has-apx-least-fixpoint: kappa-mu-nu f — apzx.has-least-fixpoint f
by (metis kappa-mu-nu-def)

— Theorem 17.4 implies Theorem 17.3

lemma nu-below-mu-nu-kappa-mu-nu: has-least-fixpoint f A has-greatest-fixrpoint f A isotone f A apz.isotone [ A
nu-below-mu-nu f — kappa-mu-nu f

by (metis  apz-meet-below-nu-kappa-mu-nu  mu-nu-apr-meet-apr-meet-below-nu  Mu-Nu-aPL-NU-MU-Nu-apr-meet
nu-below-mu-nu-mu-nu-apz-nu)

— Theorem 17.3 implies Theorem 17.4

lemma kappa-mu-nu-nu-below-mu-nu: has-least-fixzpoint f N has-greatest-fixrpoint f N kappa-mu-nu f — nu-below-mu-nu f
by (metis apz-meet-below-nu-nu-below-mu-nu has-apz-least-fizpoint-kappa-apr-meet  kappa-apz-meet-apr-meet-below-nu
kappa-mu-nu-has-apz-least-fixpoint)

definition kappa-mu-nu-ni :: (‘'a = 'a) = bool
where kappa-mu-nu-ni f «—— apz.has-least-fizpoint f Ak f = p f + ni(v f)

lemma kappa-mu-nu-ni-kappa-mu-nu: kappa-mu-nu-ni f «—— kappa-mu-nu f
by (metis ni-def kappa-mu-nu-def kappa-mu-nu-ni-def)

lemma nu-below-mu-nu-kappa-mu-nu-ni: has-least-fizpoint f A has-greatest-fizpoint f A isotone f A apz.isotone f A
nu-below-mu-nu f — kappa-mu-nu-ni f
by (metis nu-below-mu-nu-kappa-mu-nu kappa-mu-nu-ni-kappa-mu-nu)

lemma kappa-mu-nu-ni-nu-below-mu-nu: has-least-fixpoint f N has-greatest-fixpoint f N kappa-mu-nu-ni f — nu-below-mu-nu

f

by (metis kappa-mu-nu-ni-kappa-mu-nu kappa-mu-nu-nu-below-mu-nu)
end
class itering-apr = n-itering + semiring-apz
begin
— Theorem 16.3

lemma circ-apz-isotone: z C y — z° C y°
proof
assume z C y
hence I: z <y +n(z); LAy <z +n(z); T
by (metis apz-def)
hence y° < z° 4+ z° ; n(z) ; T
by (metis circ-isotone circ-left-top circ-unfold-sum mult-associative)
also have ... < z° + n(z°;z); T
by (smt2 add-least-upper-bound n-isotone n-top-split order-refl order-trans right-plus-below-circ zero-right-mult-decreasing)
also have ... < z° + n(z°); T
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by (metis add-least-upper-bound mult-left-isotone n-isotone order-refl order-trans right-plus-below-circ)
finally have 2: y° < z° 4+ n(z°) ; T
by metis
have z° < y° + y° ; n(z) ; L using 1
by (metis L-left-zero circ-isotone circ-unfold-sum mult-associative)
also have ... = y° + n(y° ; z) ; L
by (metis add-associative add-right-zero mult-associative mult-zero-add-cire-2 n-L-split n-mult-right-zero)
also have ... < y° + n(z° ; z) ; L + n(z°) ; n(T ; z) ; L using 2
by (metis add-associative add-right-isotone mult-associative mult-left-isotone mult-right-dist-add n-dist-add n-export
n-isotone)
finally have z° < y° + n(z°) ; L
by (metis add-associative circ-plus-same n-add-left-absorb-mult n-circ-left-unfold n-dist-add n-export ni-def ni-dist-add)
thus z° C y° using 2
by (metis apx-def)
qed

end

class omega-algebra-apr = n-omega-algebra-2 + semiring-apz

sublocale omega-algebra-apr < star!: itering-apx where circ = star ..
sublocale omega-algebra-apxr < nL-omega!: itering-apr where circ = Omega ..
context omega-algebra-apx

begin

— Theorem 16.4

lemma omega-apz-isotone: z C y — z* C y“
proof
assume z C y
hence I: 2 <y +n(z); LAy <z +n(z); T
by (metis apx-def)
hence y* < z*;n(z); T; (z";n(z); T) +2* + 2" ;5 n(z); T; (x5 n(z); T) ;¥
by (smt add-associative mult-associative mult-left-one mult-right-dist-add omega-decompose omega-isotone omega-unfold
star-left-unfold-equal)
also have ... < z";n(z); T+ z¥ + 2" ;n(z); T; (" ; n(z); T)" ;2
by (smt2 add-commutative add-right-isotone mult-associative mult-right-isotone top-greatest)
also have ... = z* ; n(z) ; T + zv
by (metis add-associative add-commutative add-left-top mult-associative mult-left-dist-add)
also have ... < n(z*;z); T+ z*; 0 + z“
by (metis add-commutative add-left-isotone n-top-split)
also have ... < n(z* ;z); T + z*
by (smt2 add-least-upper-bound add-left-isotone mult-right-isotone order-trans star-zero-below-omega top-greatest)
finally have 2: y* < z% 4+ n(z¥) ; T
by (metis add-commutative add-right-isotone mult-left-isotone mn-star-below-n-omega mn-star-left-unfold order-trans
star.circ-plus-same)
have z* < (y + n(z) ; L)* using 1
by (metis omega-isotone)
also have ... = y* ;s n(z) ; L; (y" 5 n(z) ; L)Y + y* + y" s n(@); L (v" ;5 n(z) 5 L)" 5 v
by (smt add-associative mult-associative mult-left-one mult-right-dist-add omega-decompose omega-isotone omega-unfold
star-left-unfold-equal)
also have ... = y* ; n(z) ; L + y*
by (metis L-left-zero add-associative add-commutative mult-associative add-idempotent)
also have ... < y“ + y*; 0 + n(y* ;z); L
by (metis add-associative add-commutative eq-refl n-L-split)
also have ... < y* + n(z* ; z) ; L + n(z*) ; n(T ; z) ; L using 1
by (metis add-right-isotone add-right-zero apz-def mult-associative mult-left-dist-add mult-left-isotone mult-right-dist-add
n-dist-add n-export n-isotone star.circ-apz-isotone star-mult-omega add-associative)
finally have z¥ < y“ 4+ n(z*) ; L
by (metis add-associative add-isotone mult-right-dist-add  n-add-left-absorb-mult — n-star-left-unfold ni-def
ni-star-below-ni-omega order-refl order-trans star.circ-plus-same)
thus z¥ C y* using 2
by (metis apz-def)
qed

end
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class omega-algebra-apz-extra = omega-algebra-apx +
assumes n-split-omega: z* < z* ; 0 + n(z¥) ; T

begin

lemma omega-n-star: z¥ + n(z*) ; T < z*; n(z*); T
proof —
have 1: n(z*) ; T < n(z*); T
by (smt2 mult-left-isotone n-star-below-n-omega)
have ... < z*; n(z¥); T
by (metis add-right-divisibility star-n-omega-top)
thus ?thesis using 1
by (metis add-least-upper-bound n-split-omega order-trans star-n-omega-top)
qed

lemma n-omega-zero: n(z*) = 0 «— n(z*) = 0 AN z®* < z*; 0
by (metis add-right-zero eq-iff mult-left-zero n-mult-zero n-split-omega star-zero-below-omega)

lemma n-split-nu-mu: y* + y* ;2 <y ;z+ny* +y*;2); T
proof —
have y* < y*; 0 + n(y” +y*;2); T
by (smt2 add-left-upper-bound add-right-isotone mult-left-isotone n-isotone n-split-omega order-trans)
also have ... < y*;z+n(y“ +y*;2); T
by (metis add-left-isotone mult-right-isotone zero-least)
finally show ?thesis
by (metis add-least-upper-bound add-left-upper-bound)
qed

lemma loop-ezists: v Az . y;z+2)<puAz.y;z2+2)+nlv(Az.y;z+2); T
by (metis n-split-nu-mu omega-loop-nu star-loop-mu)

lemma loop-isotone: isotone (Az . y ; © + z)
by (smt add-commutative add-right-isotone isotone-def mult-right-isotone)

lemma loop-apz-isotone: apz.isotone (A\x . y ; z + 2)
by (smt add-apz-left-isotone apz.isotone-def mult-apz-right-isotone)

lemma loop-has-least-fixpoint: has-least-fixzpoint (A\z . y ; © + 2)
by (metis has-least-fixpoint-def star-loop-is-least-fizpoint)

lemma loop-has-greatest-fizpoint: has-greatest-fizpoint (Az . y ; T + 2)
by (metis has-greatest-fixpoint-def omega-loop-is-greatest-fixpoint)

lemma loop-apz-least-fizpoint: apz.is-least-fizpoint Az .y ;2 +2) (M. y;2+2) +nlv Az .y; 2+ 2)); L)
by (metis apz.least-fizpoint-char loop-apz-isotone loop-exists loop-has-greatest-fixpoint loop-has-least-fizpoint loop-isotone
nu-below-mu-nu-def nu-below-mu-nu-kappa-mu-nu kappa-mu-nu-def)

lemma loop-has-apz-least-fizpoint: apz.has-least-fizpoint (Az . y ; x + z)
by (metis apz.has-least-fixpoint-def loop-apz-least-fixpoint)

lemma loop-semantics: K (Az . y;z+2)=p Az .y;z+2)+nlv(Mz.y;z+2);L
by (metis apz.least-fixpoint-char loop-apz-least-fixpoint)

lemma loop-apz-least-fixpoint-ni: apz.is-least-fizpoint Az . y;z + 2) (uw Az . y;2 + 2) + ni(v Az . y; z + 2)))
by (metis loop-apz-least-fixpoint ni-def)

lemma loop-semantics-ni: K Az . y;z+2)=p Az .y;z+2) +nv Az .y;z+ 2))
by (metis loop-semantics ni-def)

— Theorem 18

lemma loop-semantics-kappa-mu-nu: K (A . y;z + 2) =n(y”); L+ y*; 2
proof —
have k (A\z . y;z+2)=y"; 2+ nw +y*;2);L
by (metis loop-semantics omega-loop-nu star-loop-mu)
thus %thesis
by (smt add-associative add-commutative less-eq-def mult-right-dist-add n-L-decreasing n-dist-add)
qed
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end

class omega-algebra-apz-extra-2 = omega-algebra-apx +
assumes omega-n-star: ¥ < z* ; n(z*) ; T

begin

subclass omega-algebra-apx-extra
apply unfold-locales
apply (metis omega-n-star star-n-omega-top)
done

end

end
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17 NSemiringBoolean

theory NSemiringBoolean
imports NSemiring
begin

class an =
fixes an :: 'a = 'a

class an-semiring = bounded-idempotent-left-zero-semiring + L + n + an + neg +

assumes an-complement: an(z) + n(z) = 1

assumes an-dist-add : an(z + y) = an(z) ; an(y)
assumes an-ezport : an(an(z) ; y) = n(z) + an(y)
assumes an-mult-zero : an(z) = an(z ; 0)

assumes an-L-split :z;n(y); L=2;0+n(z;y); L

assumes an-split  :an(z ; L);z <z ;0
assumes an-uminus : —z = an(z ; L)
begin
— Theorem 21

lemma n-an-def: n(z) = an(an(z) ; L)

by (metis add-right-zero an-export an-split antisym mult-left-one mult-right-one zero-least)

— Theorem 21

lemma an-complement-zero: an(z) ; n(z) = 0

by (smt add-commutative an-dist-add an-split antisym mult-left-zero n-an-def zero-least)

— Theorem 21

lemma an-n-def: an(z) = n(an(z) ; L)

17 NSemiringBoolean

by (smt add-commutative an-complement an-complement-zero mult-left-dist-add mult-right-dist-add mult-right-one n-an-def)

lemma an-case-split-left: an(z) ;2 <y An(z) ;2 <y+—z <y

by (metis add-least-upper-bound an-complement mult-left-one mult-right-dist-add)

lemma an-case-split-right: z ; an(z) <y Az ;n(z) <y+——z <y

by (metis add-least-upper-bound an-complement mult-right-one mult-left-dist-add)

lemma split-sub: z ; y < z 4+ z; T
by (metis add-right-upper-bound mult-right-isotone order-trans top-greatest)

— Theorem 21

subclass n-semiring

apply unfold-locales

apply (metis add-left-zero an-complement-zero an-dist-add n-an-def)
apply
apply
apply
apply
apply
apply
done

metis an-dist-add an-export mult-associative n-an-def)

metis an-dist-add an-export an-n-def mult-right-dist-add n-an-def)
metis add-idempotent an-dist-add an-mult-zero n-an-def)

metis an-L-split)

e T e e e

lemma n-complement-zero: n(z) ; an(z) = 0
by (metis an-complement-zero an-n-def n-an-def)

lemma an-zero: an(0) = 1
by (metis add-right-zero an-complement n-zero)

lemma an-one: an(1) = 1
by (metis add-right-zero an-complement n-one)

lemma an-L: an(L) = 0

metis add-left-top an-complement an-dist-add an-export mult-associative n-an-def)

metis add-left-upper-bound an-case-split-left an-split order-trans split-sub)
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by (metis mult-left-one n-L n-complement-zero)

lemma an-top: an(T) = 0
by (metis mult-left-one n-complement-zero n-top)

lemma an-export-n: an(n(z) ; y) = an(z) + an(y)
by (metis an-ezport an-n-def n-an-def)

lemma n-export-an: n(an(z) ; y) = an(z) ; n(y)
by (metis an-n-def n-export)

lemma n-an-mult-commutative: n(z) ; an(y) = an(y) ; n(z)
by (metis add-commutative an-dist-add n-an-def)

lemma an-mult-commutative: an(z) ; an(y) = an(y) ; an(z)
by (metis add-commutative an-dist-add)

lemma an-mult-idempotent: an(z) ; an(z) = an(z)
by (metis add-idempotent an-dist-add)

lemma an-sub-one: an(z) < 1
by (metis add-left-upper-bound an-complement)

— Theorem 21

lemma an-antitone: z < y — an(y) < an(z)
by (metis an-dist-add an-sub-one less-eq-def mult-right-isotone mult-right-one)

lemma an-mult-left-upper-bound: an(z ; y) < an(z)
by (metis an-antitone an-mult-zero mult-right-isotone zero-least)

lemma an-mult-right-zero: an(z) ; 0 = 0
by (metis an-n-def n-mult-right-zero)

lemma n-mult-an: n(z ; an(y)) = n(z)
by (metis an-n-def n-mult-n)

lemma an-mult-n: an(z ; n(y)) = an(z)
by (metis an-n-def n-an-def n-mult-n)

lemma an-mult-an: an(z ; an(y)) = an(z)
by (metis an-mult-n an-n-def)

lemma an-mult-left-absorb-add: an(z) ; (an(z) + an(y)) = an(x)
by (metis an-n-def n-mult-left-absorb-add)

lemma an-mult-right-absorb-add: (an(z) + an(y)) ; an(y) = an(y)
by (metis add-commutative an-export-n an-mult-commutative an-mult-left-absorb-add)

lemma an-add-left-absorb-mult: an(z) + an(z) ; an(y) = an(x)
by (metis an-n-def n-add-left-absorb-mult)

lemma an-add-right-absorb-mult: an(z) ; an(y) + an(y) = an(y)
by (metis add-commutative an-add-left-absorb-mult an-mult-commutative)

lemma an-add-left-dist-mult: an(z) + an(y) ; an(z) = (an(z) + an(y)) ; (an(z) + an(z))
by (metis an-dist-add an-export-n mult-left-dist-add)

lemma an-add-right-dist-mult: an(z) ; an(y) + an(z) = (an(z) + an(z)) ; (an(y) + an(z))
by (metis add-commutative an-add-left-dist-mult)

lemma an-n-order: an(z) < an(y) «—— n(y) < n(z)
by (smt add-commutative an-dist-add an-mult-left-absorb-add an-n-def less-eq-def n-an-def n-dist-add)

lemma an-order: an(z) < an(y) «—— an(z) ; an(y) = an(z)
by (metis an-add-right-absorb-mult an-mult-left-absorb-add less-eq-def)

lemma an-mult-left-lower-bound: an(z) ; an(y) < an(z)
by (metis add-left-upper-bound an-antitone an-dist-add)
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lemma an-mult-right-lower-bound: an(z) ; an(y) < an(y)
by (metis an-add-right-absorb-mult less-eq-def)

lemma an-n-mult-left-lower-bound: an(z) ; n(y) < an(z)
by (metis an-mult-left-lower-bound n-an-def )

lemma an-n-mult-right-lower-bound: an(z) ; n(y) < n(y)
by (metis an-mult-right-lower-bound n-an-def )

lemma n-an-mult-left-lower-bound: n(z) ; an(y) < n(z)
by (metis an-mult-left-lower-bound n-an-def )

lemma n-an-mult-right-lower-bound: n(z) ; an(y) < an(y)
by (metis an-mult-right-lower-bound n-an-def )

lemma an-mult-least-upper-bound: an(z) < an(y) A an(z) < an(z) «— an(z) < an(y) ; an(z)
by (smt an-dist-add an-mult-left-lower-bound an-order mult-associative)

lemma an-mult-left-divisibility: an(z) < an(y) «—— (Fz . an(z) = an(y) ; an(z))
by (metis an-mult-commutative an-mult-left-lower-bound an-order)

lemma an-mult-right-divisibility: an(z) < an(y) «—— (Fz . an(z) = an(z) ; an(y))
by (metis an-mult-commutative an-mult-left-divisibility)

lemma an-split-top: an(z ; L) ;23 T < x ;0
by (metis an-split mult-associative mult-left-isotone mult-left-zero)

lemma an-n-L: an(n(z) ; L) = an(z)
by (metis an-n-def n-an-def)

lemma an-galois: an(y) < an(z) «—— n(z) ; L <y
by (metis an-n-order n-galois)

lemma an-mult: an(z ; n(y) ; L) = an(z ; y)
by (metis an-n-L n-mult)

lemma n-mult-top: an(z ; n(y) ; T) = an(z ; y)
by (metis an-n-L n-mult-top)

lemma an-n-equal: an(z) = an(y) «—— n(z) = n(y)
by (metis an-n-L n-an-def)

lemma an-top-L: an(z ; T) = an(z ; L)
by (metis an-n-equal n-top-L)

lemma an-case-split-left-equal: an(z) ; x = an(z) ; y An(z);z=n(2) ;y — z =y
by (metis an-complement case-split-left-equal)

lemma an-case-split-right-equal: = ; an(z) =y ; an(z) Az ;n(z) =y;n(z) — z =y
by (metis an-complement case-split-right-equal)

lemma an-equal-complement: n(z) + an(y) = 1 A n(z) ; an(y) = 0 «—— an(z) = an(y)
by (metis add-commutative an-complement an-dist-add mult-left-one mult-right-dist-add n-complement-zero)

lemma n-equal-complement: n(z) + an(y) = 1 A n(z) ; an(y) = 0 «—— n(z) = n(y)
by (metis an-equal-complement n-an-def)

lemma an-shunting: an(z) ;z <y «— 2z <y +n(z); T
apply (rule iffT)
apply (metis an-case-split-left add-left-upper-bound dual-order.trans split-sub)
apply (metis add-right-zero an-case-split-left an-complement-zero mult-associative mult-left-dist-add mult-left-zero
mult-right-isotone order-refl order-trans)
done

lemma an-shunting-an: an(z) ; an(z) < an(y) «— an(z) < n(z) + an(y)

apply (rule iffT)

apply (smt2 add-left-upper-bound add-right-upper-bound an-case-split-left n-an-mult-left-lower-bound order-trans)

apply (metis add-left-zero add-right-upper-bound an-case-split-left an-complement-zero mult-left-dist-add mult-right-isotone
order-trans)



17 NSemiringBoolean 109

done

lemma an-L-zero: an(z ; L) ;2 = an(z ; L) ;2 ; 0
by (smt2 an-order an-split antisym mult-associative mult-right-isotone order-refl zero-right-mult-decreasing)

lemma n-plus-complement-intro-n: n(z) + an(z) ; n(y) = n(z) + n(y)
by (metis add-commutative an-complement an-n-def mult-right-one n-add-right-dist-mult n-an-mult-commutative)

lemma n-plus-complement-intro-an: n(z) + an(z) ; an(y) = n(z) + an(y)
by (metis an-n-def n-plus-complement-intro-n)

lemma an-plus-complement-intro-n: an(z) + n(z) ; n(y) = an(z) + n(y)
by (metis an-n-def n-an-def n-plus-complement-intro-n)

lemma an-plus-complement-intro-an: an(z) + n(z) ; an(y) = an(z) + an(y)
by (metis an-n-def an-plus-complement-intro-n)

lemma n-mult-complement-intro-n: n(z) ; (an(z) + n(y)) = n(z) ; n(y)
by (metis add-left-zero mult-left-dist-add n-complement-zero)

lemma n-mult-complement-intro-an: n(z) ; (an(z) + an(y)) = n(z) ; an(y)
by (metis add-left-zero mult-left-dist-add n-complement-zero)

lemma an-mult-complement-intro-n: an(z) ; (n(z) + n(y)) = an(z) ; n(y)
by (metis add-left-zero an-complement-zero mult-left-dist-add)

lemma an-mult-complement-intro-an: an(z) ; (n(z) + an(y)) = an(z) ; an(y)
by (metis add-left-zero an-complement-zero mult-left-dist-add)

lemma an-preserves-equation: an(y) ; ¢ < z ; an(y) «—— an(y) ; ¢ = an(y) ; = ; an(y)
by (metis an-n-def n-preserves-equation)

lemma wnf-lemma-1: (n(p;L) ; n(g;L) + an(p;L) ; an(r;L)) ; n(p;L) = n(p;L) ; n(q;L)
by (smt add-commutative an-n-def n-add-left-absorb-mult n-add-right-dist-mult n-export n-mult-commutative
n-mult-complement-intro-n)

lemma wnf-lemma-2: (n(p;L) ; n(g;L) + an(r;L) ; an(g;L)) ; n(q;L) = n(p;L) ; n(g;L)
by (metis an-mult-commutative n-mult-commutative wnf-lemma-1)

lemma wnf-lemma-3: (n(p;L) ; n(riL) + an(p;L) ; an(q;L)) ; an(psL) = an(piL) ; an(g;L)
by (smt an-add-right-dist-mult — an-n-def n-add-left-absorb-mult  n-an-def n-an-mult-commutative  n-export
n-mult-complement-intro-n n-plus-complement-intro-an)

lemma wnf-lemma-4: (n(r;L) ; n(g;L) + an(p;L) 5 an(q;L)) 5 an(q;L) = an(p;L) ; an(g;L)
by (metis an-mult-commutative n-mult-commutative wnf-lemma-3)

lemma wnf-lemma-5: n(p+q) ; (n(q) ; z + an(q) ; y) = n(q) ;  + an(q) ; n(p) ; y
by (smt add-right-zero mult-associative mult-left-dist-add —n-an-mult-commutative n-complement-zero n-dist-add

n-mult-right-absorb-add)

definition ani :: 'a = 'a
where ani z = an(z) ; L

lemma ani-zero: ani(0) = L
by (metis an-zero ani-def mult-left-one)

lemma ani-one: ani(1) = L
by (metis an-one ani-def mult-left-one)

lemma ani-L: ani(L) = 0
by (metis an-L ani-def mult-left-zero)

lemma ani-top: ani(T) = 0
by (metis an-top ani-def mult-left-zero)

lemma ani-complement: ani(z) + ni(z) = L
by (metis an-complement ani-def mult-right-dist-add n-top ni-def ni-top)

lemma ani-mult-zero: ani(z) = ani(z ; 0)
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by (metis an-mult-zero ani-def)

lemma ani-antitone: y < ¢ — ani(z) < ani(y)
by (metis an-antitone ani-def mult-left-isotone)

lemma ani-mult-left-upper-bound: ani(z ; y) < ani(z)
by (metis an-mult-left-upper-bound ani-def mult-left-isotone)

lemma ani-involutive: ani(ani(z)) = ni(z)
by (metis ani-def n-an-def ni-def)

lemma ani-below-L: ani(z) < L
by (metis add-left-upper-bound ani-complement)

lemma ani-left-zero: ani(z) ; y = ani(z)
by (metis L-left-zero ani-def mult-associative)

lemma ani-top-L: ani(z ; T) = ani(z ; L)
by (metis an-top-L ani-def)

lemma ani-ni-order: ani(z) < ani(y) «—— ni(y) < ni(z)
by (metis an-galois an-n-L an-n-def ani-def mult-left-isotone n-isotone ni-def)

lemma ani-ni-equal: ani(z) = ani(y) «—— ni(z) = ni(y)
by (metis ani-ni-order antisym order-refl)

lemma ni-ani: ni(ani(z)) = ani(z)
by (metis an-n-def ani-def ni-def)

lemma ani-ni: ani(ni(z)) = ani(z)
by (metis ani-ni-equal ni-idempotent)

lemma ani-mult: ani(z ; ni(y)) = ani(z ; y)
by (metis ani-ni-equal ni-mult)

lemma ani-an-order: ani(z) < ani(y) «—— an(z) < an(y)
by (metis an-n-order ani-ni-order ni-n-order)

lemma ani-an-equal: ani(z) = ani(y) «—— an(z) = an(y)
by (metis an-n-def ani-def)

lemma n-mult-ani: n(z) ; ani(z) = 0
by (smt an-complement an-export-n an-zero ani-def ani-ni-equal n-an-def ni-ani ni-export ni-zero)

lemma an-mult-ni: an(z) ; ni(z) = 0
by (metis an-n-def ani-def n-an-def n-mult-ani ni-def)

lemma n-mult-ni: n(z) ; ni(z) = ni(z)
by (metis n-export n-order ni-def ni-export order-refl)

lemma an-mult-ani: an(z) ; ani(z) = ani(z)
by (metis an-n-def ani-def n-mult-ni ni-def)

lemma ani-ni-meet: z < ani(y) A z < ni(y) — z =0
by (metis an-case-split-left an-mult-ni antisym less-eq-def mult-left-sub-dist-add-left n-mult-ani zero-least)

lemma ani-galois: ani(z) < y «— ni(z + y) = L
by (metis add-left-zero add-commutative an-L an-complement an-dist-add an-n-def an-shunting-an ani-def less-eq-def
mult-left-one n-an-def ni-def ni-n-galois)

lemma an-ani: an(ani(z)) = n(z)
by (metis ani-def n-an-def)

lemma n-ani: n(ani(z)) = an(z)
by (metis an-n-def ani-def)

lemma an-ni: an(ni(z)) = an(z)
by (metis an-n-L ni-def)
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lemma ani-an: ani(an(z)) = L
by (metis an-mult-right-zero an-mult-zero an-zero ani-def mult-left-one)

lemma ani-n: ani(n(z)) = L
by (metis an-ani ani-an)

lemma ni-an: ni(an(z)) = 0

by (metis n-ani ni-n)

lemma ani-mult-n: ani(z ; n(y)) = ani(z)

by (metis an-mult-n ani-an-equal)

lemma ani-mult-an: ani(z ; an(y)) = ani(z)

by (metis an-mult-an ani-def)

lemma ani-ezport-n: ani(n(z) ; y) = ani(z) + ani(y)

by (metis an-export-n ani-def mult-right-dist-add)

lemma ani-ezport-an: ani(an(z) ; y) = ni(z) + ani(y)
by (metis an-export ani-def mult-right-dist-add ni-def)

lemma ni-export-an: ni(an(z) ; y)
by (metis an-n-def ni-export)

lemma ani-mult-top: ani(z ; n(y) ; T) = ani(z ; y)

by (metis ani-ni-equal ni-mult-top)

an(z) ; ni(y)

lemma ani-an-zero: ani(z) = 0 «—— an(z) = 0
by (metis ani-def mult-left-zero n-ani n-zero)

lemma ani-an-L: ani(z) = L «—— an(z) = 1
by (metis ani-def mult-left-one n-L n-ani)

— Theorem 21

subclass tests

apply unfold-
apply (metis mult-associative)

metis an-mult-commutative an-uminus)
smt an-add-left-dist-mult an-ezport-n an-n-L an-uminus n-an-def n-complement-zero n-export)
metis an-dist-add an-n-def an-uminus n-an-def)

rule the-equality] THEN sym])
an-complement-zero an-uminus n-an-def )
an-L an-uminus mult-left-one mult-left-zero)

apply
apply
apply
apply
apply
apply
apply
apply
apply
apply
done

metis
metis
metis
metis
metis
metis

AN AN AN N N S S S S

end

class an-itering = n-itering + an-semiring + while +

locales

an-uminus an-zero mult-left-zero)

an-export-n an-n-L an-uminus n-an-def n-export)

an-order an-uminus)

less-def)

assumes while-circ-def: p x y = (p ; y)° ; —p

begin

subclass test-itering

apply unfold-
apply (rule while-circ-def)

done

locales

lemma an-circ-left-unfold: an(z°) = an(z ; z°)

by (metis an-dist-add an-one circ-left-unfold mult-left-one)

lemma an-circ-z-n-circ: an(z°) ; z ; n(z°) <z ; 0

by (metis an-circ-left-unfold an-mult an-split mult-associative n-mult-right-zero)

lemma an-circ-invariant: an(z°) ; z < z ; an(z°)

111
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proof —
have 1: an(z°) ; z ; an(z°) < z ; an(z®)
by (metis an-case-split-left mult-associative order-refl)
have an(z°) ; z ; n(z°) < z ; an(z°)
by (metis an-circ-z-n-circ order-trans mult-right-isotone zero-least)
thus ?thesis using 1
by (metis an-case-split-right)
qed

lemma ani-circ: ani(z)° = 1 + ani(z)
by (metis ani-left-zero circ-plus-same circ-right-unfold)

lemma ani-circ-left-unfold: ani(z°) = ani(z ; z°)
by (metis an-circ-left-unfold ani-def)

lemma an-circ-import: an(y) ; z < x ; an(y) — an(y) ; z° = an(y) ; (an(y) ; z)
by (metis an-n-def n-circ-import)

lemma preserves-L: preserves L (—p)
by (metis L-left-zero mult-associative preserves-equation-test)

end

class an-omega-algebra = n-omega-algebra-2 + an-semiring + while +
assumes while-Omega-def: p x y = (p ; y)* ; —p

begin

lemma an-split-omega-omega: an(z®) ; z* < z* ; 0
by (metis an-split an-top-L omega-vector)

lemma an-omega-below-an-star: an(z®) < an(z™)
by (metis an-n-order n-star-below-n-omega)

lemma an-omega-below-an: an(z*) < an(z)
by (metis an-n-order n-below-n-omega)

lemma an-omega-induct: an(z ; y + 2) < an(y) — an(z® + 2™ ; 2) < an(y)
by (metis an-n-order n-omega-induct)

lemma an-star-mult: an(y) < an(z ; y) — an(z* ; y) = an(z”) ; an(y)
by (smt an-dist-add an-export-n an-n-equal less-eq-def n-dist-add n-ezxport n-mult-left-lower-bound n-star-mult)

lemma an-omega-mult: an(z® ; y) = an(z®)
by (metis an-n-equal n-omega-mult)

lemma an-star-left-unfold: an(z*) = an(z ; z*)
by (metis an-n-equal n-star-left-unfold)

lemma an-star-z-n-star: an(z*) ; z ; n(z*) <z ; 0
by (metis add-right-zero an-case-split-left an-complement-zero mult-associative mult-left-zero n-export-an n-mult
n-mult-right-zero n-split n-star-left-unfold order-refl order-trans)

lemma an-star-invariant: an(z*) ; ¢ < x ; an(z*)
proof —
have 1: an(z*) ; z ; an(z*) < z ; an(z™)
by (metis an-case-split-left mult-associative order-refl)
have an(z*) ; z ; n(z*) < z ; an(z™)
by (metis an-star-z-n-star order-trans mult-right-isotone zero-least)
thus ?thesis using 1
by (metis an-case-split-right)
qed

lemma n-an-star-unfold-invariant: n(an(z*) ; z*) < an(z) ; n(z ; an(z*) ; %)
proof —
have n(an(z*) ; z) < an(x)
by (metis an-antitone an-n-mult-left-lower-bound n-export-an order-trans star.circ-increasing)
thus %thesis
by (smt an-star-invariant less-eq-def mult-associative mult-right-dist-add n-isotone n-order omega-unfold)
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qed

lemma ani-omega-below-ani-star: ani(z*) < ani(z*)
by (metis an-omega-below-an-star ani-an-order)

lemma ani-omega-below-ani: ani(z®) < ani(z)
by (metis an-omega-below-an ani-an-order)

lemma ani-star: ani(z)* = 1 + ani(z)
by (metis mult-L-star ani-def)

lemma ani-omega: ani(z)* = ani(z) ; L
by (metis mult-L-omega ani-def ani-left-zero)

lemma ani-omega-induct: ani(z ; y + z) < ani(y) — ani(z® + z* ; 2) < ani(y)
by (metis an-omega-induct ani-an-order)

lemma ani-omega-mult: ani(z® ; y) = ani(z*)
by (metis an-omega-mult ani-def)

lemma ani-star-left-unfold: ani(z*) = ani(z ; z*)
by (metis an-star-left-unfold ani-def)

lemma an-star-import: an(y) ; ¢ < z ; an(y) — an(y) ; z* = an(y) ; (an(y) ; z)*

by (metis an-n-def n-star-import)

lemma an-omega-export: an(y) ; ¢ < z ; an(y) — an(y) ; ¥ = (an(y) ; z)*

by (metis an-n-def n-omega-export)

lemma an-omega-import: an(y) ; ¢ < z ; an(y) — an(y) ; z¥° = an(y) ; (an(y) ; z)*

by (metis an-n-def n-omega-import)
end
— Theorem 22
sublocale an-omega-algebra < nL-omega!: an-itering where circ = Omega
apply unfold-locales
apply (rule while-Omega-def)
done
context an-omega-algebra

begin

lemma preserves-star: nL-omega.preserves x (—p) — nL-omega.preserves (z*) (—p)
by (metis nL-omega.preserves-def star-simulation-right)

end

end
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18 NModal

theory NModal
imports NSemiringBoolean
begin

class n-diamond-semiring = n-semiring + diamond +
assumes ndiamond-def: |[z>y = n(z ; y ; L)

begin

lemma diamond-z-0: |z>0 = n(z)
by (metis n-mult n-mult-zero n-zero ndiamond-def)

lemma diamond-z-1: |z>1 = n(z ; L)
by (metis n-L n-mult ndiamond-def)

lemma diamond-z-L: |t>L = n(z ; L)
by (metis L-left-zero mult-associative ndiamond-def)

lemma diamond-z-top: |z>T = n(z ; L)
by (metis mult-associative n-top-L ndiamond-def top-mult-top)

lemma diamond-z-n: |z>n(y) = n(z ; y)
by (metis n-mult ndiamond-def)

lemma diamond-0-y: |0>y = 0
by (metis mult-left-zero n-n-L n-one ndiamond-def)

lemma diamond-1-y: 1>y = n(y ; L)
by (metis mult-left-one ndiamond-def)

lemma diamond-1-n: |1>n(y) = n(y)
by (metis diamond-1-y n-n-L)

lemma diamond-L-y: |[L>y = 1
by (metis L-left-zero n-L ndiamond-def)

lemma diamond-top-y: |T>y = 1
by (metis add-left-top add-right-top diamond-L-y mult-right-dist-add n-dist-add n-top ndiamond-def)

lemma diamond-n-y: |n(z)>y = n(z) ; n(y ; L)
by (metis mult-associative n-export ndiamond-def)

lemma diamond-n-0: |n(z)>0 = 0
by (metis diamond-z-n n-mult-right-zero n-zero)

lemma diamond-n-1: |n(z)>1 = n(z)
by (metis diamond-z-1 n-n-L)

lemma diamond-n-n: |n(z)>n(y) = n(z) ; n(y)
by (metis diamond-z-n n-export)

lemma diamond-n-n-same: |n(z)>n(z) = n(x)
by (metis diamond-n-n n-mult-idempotent)

— Theorem 23.1

lemma diamond-left-dist-add: |z + y>z = |z>z + |y>=z
by (metis mult-right-dist-add n-dist-add ndiamond-def)

— Theorem 23.2

lemma diamond-right-dist-add: |z>(y + 2z) = |z>y + |z>2
by (metis mult-left-dist-add mult-right-dist-add n-dist-add ndiamond-def)

— Theorem 23.3
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lemma diamond-associative: |z ; y>z = |[z>(y ; z)
by (metis mult-associative ndiamond-def)

— Theorem 23.3

lemma diamond-left-mult: |z ; y>z = |z>|y>z
by (metis diamond-z-n mult-associative ndiamond-def)

lemma diamond-right-mult: |z>(y ; z) = |z>|y>2
by (metis diamond-associative diamond-left-mult)

lemma diamond-n-export: |n(z) ; y>z = n(z) ; |ly>z
by (metis diamond-associative diamond-n-y ndiamond-def)

lemma diamond-diamond-ezport: ||[x>y>z = |z>y ; |2>1
by (metis diamond-n-y diamond-z-1 ndiamond-def)

lemma diamond-left-isotone: x < y — |z>2z < |[y>z
by (metis diamond-left-dist-add less-eg-def)

lemma diamond-right-isotone: y < z — |z>y < |z>2
by (metis diamond-right-dist-add less-eq-def)

lemma diamond-isotone: w < y Az < z — |lw>z < |y>z

by (metis diamond-left-isotone diamond-right-isotone order-trans)

definition ndiamond-L :: 'a = ‘a = ‘a (|| - » - [50,90] 95)
where ||zyy = n(z ; y) ; L

lemma ndiamond-to-L: ||z»y = |z>n(y) ; L
by (metis diamond-z-n ndiamond-L-def)

lemma ndiamond-from-L: |z>y = n(||lz»(y ; L))

by (metis mult-associative n-n-L ndiamond-L-def ndiamond-def)

lemma diamond-L-ni: ||zvy = ni(z ; y)
by (metis ndiamond-L-def ni-def)

lemma diamond-L-associative: ||z ; y»z = ||a»(y ; 2)
by (metis mult-associative diamond-L-ni)

lemma diamond-L-left-mult: ||z ; y»z = ||z»||y»z
by (metis diamond-L-associative diamond-L-ni ni-mult)

lemma diamond-L-right-mult: ||z»(y ; z) = ||z»||y» 2
by (metis diamond-L-associative diamond-L-left-mult)

lemma diamond-L-left-dist-add: ||z + y»z = ||[zvz + ||y»z
by (metis mult-right-dist-add diamond-L-ni ni-dist-add)

lemma diamond-L-z-ni: |zyni(y) = ni(z ; y)
by (metis diamond-L-ni ni-mult)

lemma diamond-L-left-isotone: x < y — |lavz < ||y»z
by (metis diamond-L-left-dist-add less-eq-def)

lemma diamond-L-right-isotone: y < z — ||zvy < ||zvz

by (metis mult-right-isotone ndiamond-L-def ni-def ni-isotone)

lemma diamond-L-isotone: w < y A z < z — |Jwyz < ||y»z

by (metis mult-isotone ndiamond-L-def ni-def ni-isotone)

end

class n-boz-semiring = n-diamond-semiring + an-semiring + boxr +

assumes nboz-def: |z]y = an(z ; an(y ; L) ; L)

begin

115
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— Theorem 23.8

lemma boz-diamond: |z]y = an( |t>an(y ; L) ; L)
by (metis an-n-L nboz-def ndiamond-def)

— Theorem 23.4

lemma diamond-boz: |z>y = an( |z]an(y ; L) ; L)
by (metis diamond-associative diamond-right-mult diamond-z-n n-an-def nboz-def ndiamond-def)

lemma boz-z-0: |z]0 = an(z ; L)
by (metis an-L mult-right-one n-L n-an-def nboz-def)

lemma boz-z-1: |z]1 = an(x)
by (metis an-L an-n-L box-diamond diamond-z-0 n-L)

lemma boz-z-L: |z]L = an(x)
by (metis L-left-zero an-L an-n-L boz-diamond diamond-z-0)

lemma boz-z-top: |z]T = an(zx)
by (metis an-n-L an-top an-top-L boz-diamond diamond-z-n n-mult-zero n-zero top-mult-top)

lemma boz-z-n: |z]n(y) = an(z ; an(y) ; L)
by (metis an-n-L nboz-def)

lemma boz-z-an: |z]an(y) = an(z ; y)
by (metis an-n-L boz-diamond diamond-z-n n-an-def)

lemma boz-0-y: 0]y = 1
by (metis an-zero boz-diamond diamond-0-y mult-left-zero)

lemma boz-1-y: |1]y = n(y ; L)
by (metis mult-left-one n-an-def nboz-def)

lemma boz-1-n: |1]n(y) = n(y)
by (metis boz-1-y n-n-L)

lemma boz-1-an: |1]an(y) = an(y)
by (metis an-n-def boz-1-y)

lemma boz-L-y: |Lly = 0
by (metis an-L boz-1-an boz-diamond boz-z-an diamond-L-y)

lemma boz-top-y: | Ty = 0
by (metis an-L box-1-an boz-diamond box-z-an diamond-top-y)

lemma boz-n-y: |n(z)]y = an(z) + n(y ; L)
by (metis an-ezport-n mult-associative n-an-def nboz-def)

lemma boz-an-y: |an(z)]y = n(z) + n(y ; L)
by (metis an-n-def box-n-y n-an-def)

lemma boz-n-0: |n(z)]0 = an(z)
by (metis an-n-L boz-z-0)

lemma boz-an-0: |an(z)]0 = n(z)
by (metis boz-z-0 n-an-def)

lemma boz-n-1: |n(z)]1 = 1
by (metis an-zero boz-z-an n-mult-right-zero)

lemma boz-an-1: |an(z)]1 = 1
by (metis an-mult-right-zero an-zero boz-x-an)

lemma boz-n-n: [n(z)|n(y) = an(z) + n(y)
by (metis boz-n-y n-n-L)

lemma boz-an-n: |an(z)|n(y) = n(z) + n(y)
by (metis an-n-def box-n-n n-an-def)



18 NDModal

lemma boz-n-an: |n(z)]an(y) = an(z) + an(y)
by (metis an-export-n box-z-an)

lemma boz-an-an: |an(z)]an(y) = n(z) + an(y)
by (metis an-export boz-z-an)

lemma boz-n-n-same: |n(z)|n(z) = 1
by (metis an-complement box-n-n)

lemma boz-an-an-same: |an(z)]an(z) = 1
by (metis an-equal-complement boz-an-an)

— Theorem 23.5

lemma box-left-dist-add: |z + ylz = |z]z ; |y]z
by (metis an-dist-add mult-right-dist-add nboz-def)

lemma boz-right-dist-add: |z](y + z) = an(z ; an(y ; L) ; an(z ; L) ; L)
by (metis an-dist-add mult-associative mult-right-dist-add nboz-def)

lemma boz-associative: |z ; ylz = an(z ; y ; an(z ; L) ; L)

by (metis nbox-def)
— Theorem 23.7

lemma boz-left-mult: |z ; ylz = |z]|y]z
by (metis boz-z-an mult-associative nboz-def)

lemma box-right-mult: |z](y ; z) = an(z ; an(y ; z ; L) ; L)

by (metis nboz-def)

— Theorem 23.6

lemma boz-right-mult-n-n: |z](n(y) ; n(z)) = |z]n(y) ; |z]n(z)
by (smt an-dist-add an-export-n an-n-L mult-associative mult-left-dist-add mult-right-dist-add nboz-def)

lemma boz-right-mult-an-n: |z](an(y) ; n(z)) = |z]an(y) ; |z]n(z)

by (metis an-n-def boz-right-mult-n-n)

lemma boz-right-mult-n-an: |z](n(y) ; an(z)) = |z]n(y) ; |z]an(z)

by (metis an-n-def boz-right-mult-n-n)

lemma boz-right-mult-an-an: |z](an(y) ; an(z)) = |z]an(y) ; |z]an(z)

by (metis an-dist-add box-z-an mult-left-dist-add)

lemma boz-n-export: |n(z) ; ylz = an(z) + |y]z

by (metis boz-1-y boz-left-mult boz-n-y mult-left-one)

lemma boz-an-export: |an(z) ; ylz = n(z) + |y|z

by (metis boz-an-y boz-left-mult boz-n-an box-n-y n-an-def nboz-def)

lemma boz-left-antitone: y < z — |z]z < |y]z

by (smt an-mult-commutative an-order box-diamond boz-left-dist-add less-eq-def)

lemma boz-right-isotone: y < z — |z]y < |z]z

by (metis an-antitone mult-left-isotone mult-right-isotone nboz-def)

lemma boz-antitone-isotone: y < w A z < z — |w]z < |y]z
by (metis boz-left-antitone boz-right-isotone order-trans)

definition nboz-L :: 'a = 'a = ‘a (|| -] - [50,90] 95)

where ||z]y = an(z ; an(y) ; L) ; L

lemma nboz-to-L: ||z]y = |z]n(y) ; L
by (metis boz-z-n nboz-L-def)

lemma nboz-from-L: |z]y = n(||z](y ; L))
by (metis an-n-def nboz-L-def nboz-def)
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lemma diamond-z-an: |z>an(y) = n(z ; an(y) ; L)
by (metis ndiamond-def)

lemma diamond-1-an: |1>an(y) = an(y)
by (metis an-n-def diamond-1-y)

lemma diamond-an-y: |an(z)>y = an(z) ; n(y ; L)
by (metis mult-associative n-export-an ndiamond-def)

lemma diamond-an-0: |an(z)>0 = 0
by (metis an-mult-right-zero diamond-z-n n-zero)

lemma diamond-an-1: |an(z)>1 = an(z)
by (metis an-n-def diamond-z-1)

lemma diamond-an-n: |an(z)>n(y) = an(z) ; n(y)
by (metis n-export-an n-mult ndiamond-def)

lemma diamond-n-an: |n(z)>an(y) = n(x) ; an(y)
by (metis an-n-def diamond-n-y)

lemma diamond-an-an: |an(z)>an(y) = an(z) ; an(y)
by (metis an-n-def diamond-an-n)

lemma diamond-an-an-same: |an(z)>an(z) = an(z)
by (metis an-mult-idempotent an-n-def ndiamond-def)

lemma diamond-an-ezport: |an(z) ; y>z = an(z) ; |y>z
by (metis mult-associative n-export-an ndiamond-def)

lemma boz-ani: |z]y = an(z ; ani(y ; L))
by (metis ani-def mult-associative nbox-def)

lemma boz-z-n-ani: |z]n(y) = an(z ; ani(y))
by (metis an-ani boz-z-an)

lemma boz-L-ani: ||z]y = ani(z ; ani(y))
by (metis ani-def mult-associative nbox-L-def)

lemma box-L-left-mult: ||z ; y]z = ||z]||y]=z
by (metis ani-def ani-mult mult-associative n-an-def nbox-L-def ni-def)

lemma diamond-z-an-ani: |z>an(y) = n(z ; ani(y))
by (metis diamond-z-n n-ani)

lemma box-L-left-antitone: y < z — ||z]z < ||y]=z
by (metis ani-antitone ani-def mult-left-isotone nboz-L-def)

lemma box-L-right-isotone: y < z — |jz]y < ||z]z
by (metis ani-antitone ani-def mult-associative mult-right-isotone nbox-L-def)

lemma box-L-antitone-isotone: y < w A z < z — |lw]z < ||y]z
by (metis boz-L-left-antitone box-L-right-isotone order-trans)

end
class n-boz-omega-algebra = n-box-semiring + an-omega-algebra
begin

lemma diamond-omega: |z¥>y = [z¥>2
by (metis mult-associative n-omega-mult ndiamond-def)

lemma boz-omega: |2¥]y = |2*]z
by (metis boz-diamond diamond-omega)

lemma an-boz-omega-induct: |z]an(y) ; n(z ; L) < an(y) — |2 + z*]z < an(y)

18 NModal

by (smt an-dist-add an-omega-induct an-omega-mult boz-left-dist-add box-z-an mult-associative n-an-def nbozx-def)
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lemma n-boz-omega-induct: |z]n(y) ; n(z ; L) < n(y) — |2¥° + 7]z < n(y)
by (metis an-boxz-omega-induct n-an-def)

lemma an-boz-omega-induct-an: |z]an(y) ; an(z) < an(y) — |z* + z*]an(z) < an(y)
by (metis an-boxz-omega-induct an-n-def)

— Theorem 23.13

lemma n-boz-omega-induct-n: |z]n(y) ; n(z) < n(y) — [z¥ + z¥|n(z) < n(y)
by (metis n-boz-omega-induct n-n-L)

lemma n-diamond-omega-induct: n(y) < |z>n(y) + n(z ; L) — n(y) < |z¥ + 27>z
by (smt n-dist-add n-omega-induct n-omega-mult diamond-left-dist-add diamond-z-n mult-associative ndiamond-def)

lemma an-diamond-omega-induct: an(y) < |z>an(y) + n(z ; L) — an(y) < |z¥ + ">z
by (metis n-diamond-omega-induct an-n-def)

— Theorem 23.9

lemma n-diamond-omega-induct-n: n(y) < |z>n(y) + n(z) — n(y) < |z¥ + z*>n(z)
by (metis n-diamond-omega-induct n-n-L)

lemma an-diamond-omega-induct-an: an(y) < |[z>an(y) + an(z) — an(y) < |z¥ + z*>an(z)
by (metis an-diamond-omega-induct an-n-def)

lemma boz-segerberg-an: |z* + z*]an(y) = an(y) ; |z + z*](n(y) + |z]an(y))
proof (rule antisym)
have [z + z*]an(y) < |z¥ + z*]|z]an(y)
by (smt box-left-dist-add  boz-left-mult  box-omega add-right-isotone boz-left-antitone  mult-right-dist-add
star.right-plus-below-circ)
hence [7* + o*]an(y) < [+ + o*)(n(y) + |z]an(y))
by (smt2 add-right-upper-bound box-right-isotone order-trans)
thus|z + 2™ ]an(y) < an(y) ; [¢¥ + 2*](n(y) + |z]an(y))
by (metis add-least-upper-bound box-1-an boz-left-antitone order-refl star-left-unfold-equal an-mult-least-upper-bound
nbox-def )
next
have an(y) ; [z](n(y) + |2 + o*]an(y)) 5 (n(y) + |z]an(y)) = [2]( z* + o*]an(y) ; an(y)) ; an(y)
by (smt add-left-zero an-export an-mult-commutative boz-right-mult-an-an mult-associative mult-right-dist-add
n-complement-zero nboz-def)
hence 1: an(y) ; [z](n(y) + |2 + z*]an(y)) ; (n(y) + |alan(y)) < n(y) + |o + z"]an(y)
by (smt add-associative add-commutative add-right-upper-bound box-1-an box-left-dist-add boz-left-mult mult-left-dist-add
omega-unfold star-left-unfold-equal star.circ-plus-one)
have n(y) ; [a](n(y) + 2% + o*Jan(y)) ; (n(y) + |elan(y)) < n(y) + |2° + 2*Jan(y)
by (smt add-left-upper-bound an-n-def mult-left-isotone n-an-mult-left-lower-bound n-mult-left-absorb-add nbox-def
order-trans)
thus an(y) ; [0 + 2*(n(y) + [z]an(y)) < [o* + 2*]an(y) using 1
by (smt an-case-split-left an-shunting-an mult-associative n-box-omega-induct-n n-dist-add nbox-def nboz-from-L)
qed

— Theorem 23.16

lemma boz-segerberg-n: |z“ + z*|n(y) = n(y) ; |z¥ + z*](an(y) + |z]n(y))
by (smt an-n-def boz-segerberg-an n-an-def)

lemma diamond-segerberg-an: |z¥ + z*>an(y) = an(y) + |z¥ + *>(n(y) ; |[z>an(y))
by (smt an-ezxport an-n-L box-diamond boz-segerberg-an diamond-box mult-associative n-an-def)

— Theorem 23.12

lemma diamond-segerberg-n: |z + z*>n(y) = n(y) + |z% + z2*>(an(y) ; |z>n(y))
by (smt an-ezxport an-n-L box-diamond boz-segerberg-an diamond-box mult-associative n-an-def)

— Theorem 23.11

lemma diamond-star-unfold-n: |z*>n(y) = n(y) + |an(y) ; z>|z*>n(y)
proof —
have [z*>n(y) = n(y) + n(y) ; |z ; 2*>n(y) + |an(y) ; o 5 2*>n(y)
by (smt add-associative add-commutative add-right-zero an-complement an-complement-zero diamond-an-n
diamond-left-dist-add diamond-n-export diamond-n-n-same mult-associative mult-left-one mult-right-dist-add
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star-left-unfold-equal)
thus %thesis
by (metis diamond-left-mult diamond-z-n n-add-left-absorb-mult)
qed

lemma diamond-star-unfold-an: |z*>an(y) = an(y) + |n(y) ; z>[z*>an(y)
by (metis an-n-def diamond-star-unfold-n n-an-def)

— Theorem 23.15

lemma boz-star-unfold-n: |z*|n(y) = n(y) ; |n(y) ; z]|z*]n(y)
by (smt an-export an-n-L box-diamond diamond-bozr diamond-star-unfold-an n-an-def n-export)

lemma boz-star-unfold-an: |z*]an(y) = an(y) ; |an(y) ; z]|z*]an(y)
by (metis an-n-def box-star-unfold-n)

— Theorem 23.10

lemma diamond-omega-unfold-n: |z¥ + z*>n(y) = n(y) + |an(y) ; z>|z* + z*>n(y)
by (smt add-associative add-commutative  diamond-an-ezport  diamond-left-dist-add  diamond-right-dist-add
diamond-star-unfold-n diamond-z-n n-omega-mult n-plus-complement-intro-n omega-unfold)

lemma diamond-omega-unfold-an: |z* + z*>an(y) = an(y) + |n(y) ; z>|z* + z*>an(y)
by (metis an-n-def diamond-omega-unfold-n n-an-def)

— Theorem 23.14

lemma boz-omega-unfold-n: |z + z*|n(y) = n(y) ; [n(y) ; z]|z¥ + z*]n(y)
by (smt an-export an-n-L box-diamond diamond-bozx diamond-omega-unfold-an n-an-def n-export)

lemma boz-omega-unfold-an: |z + z*]an(y) = an(y) ; |an(y) ; z]|z* + z*]an(y)
by (metis an-n-def box-omega-unfold-n)

lemma boz-cut-iteration-an: |z + z*]an(y) = |(an(y) ; )* + (an(y) ; z)*]an(y)
by (smt add-isotone an-box-omega-induct-an  an-case-split-left —an-mult-commutative antisym  boz-left-antitone
boz-omega-unfold-an nbox-def omega-isotone order-refl star.circ-isotone)

lemma boz-cut-iteration-n: |z + z*|n(y) = [(n(y) ; 2)* + (n(y) ; z)*]n(y)
by (metis n-an-def boz-cut-iteration-an)

lemma diamond-cut-iteration-an: |z* + z*>an(y) = |(n(y) ; )* + (n(y) ; z)*>an(y)
by (metis boz-cut-iteration-n diamond-box n-an-def)

*

lemma diamond-cut-iteration-n: |z + z*>n(y) = [(an(y) ; )* + (an(y) ; z)*>n(y)

by (metis an-n-def diamond-cut-iteration-an n-an-def)

lemma ni-diamond-omega-induct: ni(y) < ||z»ni(y) + ni(z) — ni(y) < ||z¥° + z*»z
by (metis diamond-L-left-dist-add diamond-L-z-ni diamond-L-ni ni-dist-add ni-omega-induct ni-omega-mult)

lemma ani-diamond-omega-induct: ani(y) < ||[z»ani(y) + ni(z) — ani(y) < [|z¥ + z*»2
by (metis ni-ani ni-diamond-omega-induct)

lemma n-diamond-omega-L: |n(z*) ; L>y = |z¥>y
by (metis L-left-zero mult-associative n-n-L n-omega-mult ndiamond-def)

lemma n-diamond-loop: |t9>y = |z* + z*>y
by (metis Omega-def diamond-left-dist-add n-diamond-omega-L)

— Theorem 24.1

lemma cut-iteration-loop: |z>n(y) = |(an(y) ; z)*>n(y)
by (metis n-diamond-loop diamond-cut-iteration-n)

lemma cut-iteration-while-loop: |z*>n(y) = [(an(y) ; ) ; n(y)>n(y)

by (metis cut-iteration-loop diamond-left-mult diamond-n-n-same)
— Theorem 24.1

lemma cut-iteration-while-loop-2: |z>n(y) = |an(y) * z>n(y)
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by (metis cut-iteration-while-loop an-uminus n-an-def while-Omega-def)

lemma modal-while: —q ; —p ; L<xz; —p; LA =p < —q+ —1 — —p < [n((—=q; 2)*); L+ (=q; 2)"; ——¢>(-7)
proof
assume I: —q; —p;L<zxz;—p;LAN—-p< —q+ —r
hence 2: ——q; —p < |—q;2>(—p) + ——q; —r
by (smt add-associative add-commutative greatest-lower-bound leg-mult-zero less-eq-def lower-bound-right mult-associative
plus-def sub-comm sub-mult-closed)
have —q; —p = n(—-q; —q; —p; L)
by (metis an-uminus n-export-an mult-associative mult-right-one n-L mult-idempotent)
also have ... < n(—q; z; —p ; L) using 1
by (metis n-isotone mult-right-isotone mult-associative)
also have ... < |—q ; z>(—p) + ——q ; —7r
by (metis add-left-upper-bound ndiamond-def)
finally have —p < |—¢ ; 2>(—p) + ——¢q ; —r using 2
by (smt2 add-associative less-eq-def plus-cases sub-comm)
thus —p < [n((—¢; 2)%) s L+ (=¢;2)" 5 ——¢>(-7)
by (smt L-left-zero an-diamond-omega-induct-an an-uminus diamond-left-dist-add mult-associative n-n-L n-omega-mult
ndiamond-def sub-mult-closed)
qed

lemma modal-while-loop: —q ; —p ; L<z; —p; LA -p< —q+ —r — —p < |(—=q; )% ; ——¢>(—r)
by (metis L-left-zero Omega-def modal-while mult-associative mult-right-dist-add)

— Theorem 24.2

lemma modal-while-loop-2: —q ; —p; L<z; —p; LA —-p < —q+ —1r — —p < |—q * z>(-71)
by (metis while-Omega-def modal-while-loop)

lemma modal-while-2: —p ; L< 1z ; —p; L — —p < |n((—=q;2)*); L+ (—q;2)" ; ——qg>(——¢q)
proof —
have —p; L<z;-p;L— —p<|-q;z>(—p) + ——¢
by (metis an-uminus double-negation n-an-def n-isotone ndiamond-def diamond-an-export add-associative add-commutative
less-eq-def plus-compl-intro)
thus %thesis
by (smt L-left-zero an-diamond-omega-induct-an an-uminus diamond-left-dist-add mult-associative mult-idempotent n-n-L
n-omega-mult ndiamond-def )
qed

end

class n-modal-omega-algebra = n-bozr-omega-algebra +
assumes n-star-induct: n(z ; y) < n(y) — n(z* ; y) < n(y)

begin

lemma n-star-induct-add: n(z + z ; y) < n(y) — n(z* ; z) < n(y)
by (metis an-dist-add an-mult-least-upper-bound an-n-order n-mult-right-upper-bound n-star-induct star-L-split)

lemma n-star-induct-star: n(z ; y) < n(y) — n(z*) < n(y)
by (metis n-mult-right-upper-bound n-star-induct)

lemma n-star-induct-iff: n(z ; y) < n(y) «—— n(z* ; y) < n(y)
by (metis mult-left-isotone n-isotone n-star-induct order-trans star.circ-increasing)

lemma n-star-zero: n(z) = 0 «—— n(z*) = 0
by (metis add-right-zero less-eq-def mult-right-one n-one n-star-induct-iff )

lemma n-diamond-star-induct: |z>n(y) < n(y) — |z*>n(y) < n(y)
by (metis diamond-z-n n-star-induct)

lemma n-diamond-star-induct-add: |z>n(y) + n(z) < n(y) — |z*>n(z) < n(y)
by (metis add-commutative diamond-z-n n-dist-add n-star-induct-add)

lemma n-diamond-star-induct-iff: |z>n(y) < n(y) «— |z*>n(y) < n(y)
by (metis n-mult n-star-induct-iff ndiamond-def)

lemma an-star-induct: an(y) < an(z ; y) — an(y) < an(z” ; y)
by (metis an-n-order n-star-induct)
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lemma an-star-induct-add: an(y) < an(z + z ; y) — an(y) < an(z”* ; z)
by (metis an-n-order n-star-induct-add)

lemma an-star-induct-star: an(y) < an(z ; y) — an(y) < an(z™)
by (metis an-n-order n-star-induct-star)

lemma an-star-induct-iff: an(y) < an(z ; y) «— an(y) < an(z*

by (metis an-n-order n-star-induct-iff)

5 Y)

lemma an-star-one: an(z) = 1 «—— an(z*) = 1
by (metis an-n-equal an-zero n-star-zero n-zero)

lemma an-boz-star-induct: an(y) < |z]an(y) — an(y) < |z*]an(y)
by (metis an-star-induct box-z-an)

lemma an-boz-star-induct-add: an(y) < |z]an(y) ; an(z) — an(y) < |z*]an(z)
by (metis add-commutative an-dist-add an-star-induct-add boz-z-an)

lemma an-boz-star-induct-iff : an(y) < |z]an(y) «—— an(y) < |z*]an(y)
by (metis an-star-induct-iff box-z-an)

lemma boz-star-segerberg-an: |z*]an(y) = an(y) ; |z*](n(y) + |z]an(y))
proof (rule antisym)
show [a*]an(y) < an(y) ; 2*(n(y) + |z]an(y))
by (metis add-right-upper-bound boxz-1-an box-left-dist-add boz-left-mult boz-right-isotone mult-right-isotone
star. circ-right-unfold)
next
have an(y) ; |a*](n(y) + |alan(y)) < an(y) ; |alan(y)
by (metis add-left-zero an-complement-zero box-an-an boz-left-antitone box-z-an mult-left-dist-add mult-left-one
mult-right-isotone star.circ-reflezive)
thus an(y) ; [o*](n(y) + [s]an(y)) < |z"]an(y)
by (smt an-boz-star-induct-add an-case-split-left an-dist-add an-mult-least-upper-bound boz-left-antitone boz-left-mult
box-right-mult-an-an star.left-plus-below-circ nboz-def)
qed

lemma boz-star-segerberg-n: |z*]n(y) = n(y) ; |z*](an(y) + |z]n(y))
by (metis boz-diamond box-n-export box-star-segerberg-an boz-z-an n-an-def nboz-def ndiamond-def)

lemma diamond-segerberg-an: |z*>an(y) = an(y) + |z*>(n(y) ; |z>an(y))
by (smt an-export an-n-L box-diamond boz-star-segerberg-an diamond-box mult-associative n-an-def)

lemma diamond-star-segerberg-n: |z*>n(y) = n(y) + |z*>(an(y) ; |[z>n(y))
by (smt an-export an-n-L box-diamond boz-star-segerberg-an diamond-box mult-associative n-an-def)

lemma boz-cut-star-iteration-an: |x*]an(y) = |(an(y) ; z)*]an(y)
by (smt an-boz-star-induct-add an-mult-commutative an-mult-complement-intro-an antisym box-an-export boz-star-unfold-an
nbox-def order-refl)

lemma boz-cut-star-iteration-n: |z*n(y) = |(n(y) ; z)*]n(y)
by (metis boz-cut-star-iteration-an n-an-def)

lemma diamond-cut-star-iteration-an: |z*>an(y) = |(n(y) ; z)*>an(y)
by (metis boz-cut-star-iteration-n diamond-box n-an-def)

lemma diamond-cut-star-iteration-n: |z*>n(y) = |(an(y) ; z)*>n(y)
by (metis an-n-def diamond-cut-star-iteration-an n-an-def)

lemma ni-star-induct: ni(z ; y) < ni(y) — ni(z* ; y) < ni(y)
by (metis n-star-induct ni-n-order)

lemma ni-star-induct-add: ni(z + z ; y) < ni(y) — ni(z* ; z) < ni(y)
by (metis n-star-induct-add ni-n-order)

lemma ni-star-induct-star: ni(z ; y) < ni(y) — ni(z*) < ni(y)
by (metis n-star-induct-star ni-n-order)

lemma ni-star-induct-iff : ni(z ; y) < ni(y) «—— ni(z* ; y) < ni(y)
by (metis n-star-induct-iff ni-n-order)
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lemma ni-star-zero: ni(x) = 0 «—— ni(z*) = 0
by (metis n-star-zero ni-n-zero)

lemma ni-diamond-star-induct: ||[zyni(y) < ni(y) — ||[z"»ni(y) < ni(y)
by (metis diamond-L-z-ni ni-star-induct)

lemma ni-diamond-star-induct-add: ||z»ni(y) + ni(z) < ni(y) — ||[z"»ni(z) < ni(y)
by (metis add-commutative diamond-L-z-ni ni-dist-add ni-star-induct-add)

lemma ni-diamond-star-induct-iff : ||zyni(y) < ni(y) «—— ||[z"»ni(y) < ni(y)
by (metis diamond-L-z-ni ni-star-induct-iff )

lemma ani-star-induct: ani(y) < ani(z ; y) — ani(y) < ani(z* ; y)
by (metis an-star-induct ani-an-order)

lemma ani-star-induct-add: ani(y) < ani(z + z ; y) — ani(y) < ani(z* ; z)
by (metis an-star-induct-add ani-an-order)

lemma ani-star-induct-star: ani(y) < ani(z ; y) — ani(y) < ani(z*)
by (metis an-star-induct-star ani-an-order)

lemma ani-star-induct-iff : ani(y) < ani(z ; y) < ani(y) < ani(z* ; y)
by (metis an-star-induct-iff ani-an-order)

lemma ani-star-L: ani(z) = L «—— ani(z*) = L
by (metis an-star-one ani-an-L)

lemma ani-boz-star-induct: ani(y) < ||z]ani(y) — ani(y) < ||z*]ani(y)
by (metis an-ani ani-def ani-star-induct-iff n-ani boz-L-ani)

lemma ani-boz-star-induct-iff : ani(y) < ||z]ani(y) «— ani(y) < [|z*]ani(y)
by (smt an-ani ani-def ani-star-induct-iff n-ani boz-L-ani)

lemma ani-boz-star-induct-add: ani(y) < ||z]ani(y) A ani(y) < ani(z) — ani(y) < ||[z*]ani(z)
by (smt ani-boz-star-induct-iff boz-L-right-isotone order-trans)

end

end
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19 LatticeOrderedSemiring

theory LatticeOrderedSemiring
imports Semiring
begin
— Many results in this theory are taken from a joint paper with Rudolf Berghammer.
— MO-algebra
class lattice-ordered-pre-left-semiring = pre-left-semiring + bounded-distributive-lattice
begin
subclass bounded-pre-left-semiring
apply unfold-locales
apply (metis add-right-top-1)

done

lemma top-mult-right-one: x ; T =z ; T ; 1
by (metis add-commutative add-left-top less-eq-def mult-semi-associative mult-sub-right-one)

lemma mult-left-sub-dist-meet-left:  ; (y ~ 2) <z ;y
by (metis meet.add-left-upper-bound mult-right-isotone)

lemma mult-left-sub-dist-meet-right: = ; (y ~ z) <z ; 2z
by (metis meet-commutative mult-left-sub-dist-meet-left)

lemma mult-right-sub-dist-meet-left: (z ~y) ; 2 <z ; 2
by (metis meet.add-left-upper-bound mult-left-isotone)

lemma mult-right-sub-dist-meet-right: (z ~ y) ; 2 < y; 2z
by (metis meet.add-right-upper-bound mult-left-isotone)

lemma mult-right-sub-dist-meet: (x ~y) ;2 <z ;2 ~y; 2
by (metis meet.add-least-upper-bound mult-right-sub-dist-meet-left mult-right-sub-dist-meet-right)

— Figure 1: fundamental properties

definition total : 'a = bool where total z +—— z; T =T
definition co-total :: 'a = bool where co-total x «—— z ; 0 = 0
definition transitive :: ‘a = bool where transitive v «—— ¢ ; z < x
definition dense :: 'a = bool where dense x «—— z < x;x
definition reflexive :: 'a = bool where reflevive z +—— 1 < z
definition co-reflexive :: 'a = bool where co-reflexive z «—— 1 < 1
definition idempotent :: 'a = bool where idempotent t «—— 1 ;= z
definition up-closed :: 'a = bool where up-closed x «—— z; 1 = x

definition add-distributive :: ‘a = bool where add-distributiver «—— Ny z .z ;(y +2)=x;9y + 7 ; 2)
definition meet-distributive :: ‘a = bool where meet-distributive t +—— Vyz .z ;(y ~2) =z ;9y ~ 1 ; 2)

definition contact :: ‘a = bool where contact x «—— z ;2 + 1 ==

definition kernel  ‘a = bool where kernelz «—— z ;2 ~ 1 =2 ; 1

definition add-dist-contact :: 'a = bool where add-dist-contact x «—— add-distributive x A contact x
definition meet-dist-kernel :: ‘a = bool where meet-dist-kernel x «—— meet-distributive z A kernel x
definition test :: 'a = bool where test zx «—— z; T —~ 1 =2

definition co-test :: 'a = bool where co-testz «—— z ;0 + 1 =x

definition co-vector :: 'a = bool where co-vector z «—— ;0 =z

— CPCP Theorem 5 / Figure 2: relations between properties

lemma refiexive-total: reflexive x — total x
by (metis eg-iff mult-isotone mult-left-one meet.zero-least reflexive-def total-def)

lemma reflexzive-dense: reflexive xt — dense z
by (metis mult-left-isotone mult-left-one reflexive-def dense-def)

lemma reflexive-transitive-up-closed: reflexive x A transitive v — up-closed
by (metis antisym-conv mult-isotone mult-sub-right-one reflexive-def reflexive-dense transitive-def dense-def up-closed-def)
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lemma co-reflezive-co-total: co-reflexive © — co-total x
by (metis co-reflexive-def co-total-def eq-iff mult-left-isotone mult-left-one zero-least)

lemma co-reflezive-transitive: co-reflexive x — transitive x
by (metis co-reflexive-def mult-left-isotone mult-left-one transitive-def )

lemma idempotent-transitive-dense: idempotent x «—— transitive x A dense x
by (metis eg-iff transitive-def dense-def idempotent-def)

lemma contact-reflexive: contact t — reflexive x
by (metis contact-def add-right-upper-bound reflexive-def)

lemma contact-transitive: contact © — transitive x
by (metis contact-def add-left-upper-bound transitive-def)

lemma contact-dense: contact t — dense x
by (metis contact-reflexive reflexive-dense)

lemma contact-idempotent: contact x — idempotent x
by (metis contact-transitive contact-dense idempotent-transitive-dense)

lemma contact-up-closed: contact t — up-closed x
by (metis contact-def contact-idempotent dual-order.antisym mult-left-sub-dist-add-right mult-sub-right-one idempotent-def
up-closed-def)

lemma contact-reflexive-idempotent-up-closed: contact r «—— reflexive x A idempotent x N up-closed x
by (metis contact-def contact-idempotent contact-up-closed add-commutative less-eq-def reflexive-def idempotent-def)

lemma kernel-co-reflexive: kernel x — co-reflexive x
by (metis co-reflexive-def kernel-def meet.add-least-upper-bound mult-sub-right-one)

lemma kernel-transitive: kernel © — transitive
by (metis co-reflexive-transitive kernel-co-reflexive)

lemma kernel-dense: kernel t — dense z
by (metis kernel-def meet.add-least-upper-bound mult-sub-right-one dense-def)

lemma kernel-idempotent: kernel x — idempotent x
by (metis kernel-transitive kernel-dense idempotent-transitive-dense)

lemma kernel-up-closed: kernel © — up-closed x
by (metis co-reflexive-def kernel-co-reflexive kernel-def kernel-idempotent meet-less-eq-def idempotent-def up-closed-def’)

lemma kernel-co-reflexive-idempotent-up-closed: kernel x «—— co-reflexive © A idempotent x N up-closed x
by (metis co-reflexive-def kernel-def kernel-idempotent kernel-up-closed meet.less-eq-def meet-commutative idempotent-def
up-closed-def)

lemma test-co-reflexive: test x — co-reflezive x
by (metis co-reflexive-def meet.add-right-upper-bound test-def)

lemma test-up-closed: test x — up-closed x
by (metis eq-iff mult-left-one mult-sub-right-one mult-right-sub-dist-meet test-def top-mult-right-one up-closed-def)

lemma co-test-reflexive: co-test x — reflexive x
by (metis co-test-def add-right-upper-bound reflezive-def )

lemma co-test-transitive: co-test x — transitive x
by (smt2 co-test-def add-associative less-eq-def mult-left-one mult-left-zero mult-right-dist-add mult-semi-associative
transitive-def)

lemma co-test-idempotent: co-test t — idempotent x
by (metis co-test-reflexive co-test-transitive reflexive-dense idempotent-transitive-dense)

lemma co-test-up-closed: co-test © — up-closed x
by (metis co-test-reflexive co-test-idempotent contact-def contact-up-closed add-commutative less-eq-def reflexive-def
idempotent-def)

lemma co-test-contact: co-test t — contact x
by (metis co-test-reflezive co-test-idempotent co-test-up-closed contact-reflezive-idempotent-up-closed)
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lemma vector-transitive: vector x — transitive
by (metis mult-right-isotone meet.zero-least vector-def transitive-def )

lemma vector-up-closed: vector t — up-closed x
by (metis vector-def top-mult-right-one up-closed-def)

— CPCP Theorem 8 / Figure 3: closure properties
— total

lemma one-total: total 1
by (metis mult-left-one total-def)

lemma top-total: total T
by (metis top-mult-top total-def)

lemma add-total: total © A total y — total (z + y)
by (metis add-left-top mult-right-dist-add total-def)

— co-total

lemma zero-co-total: co-total 0
by (metis co-total-def mult-left-zero)

lemma one-co-total: co-total 1
by (metis co-total-def mult-left-one)

lemma add-co-total: co-total x A co-total y — co-total (z + y)
by (metis co-total-def add-right-zero mult-right-dist-add)

lemma meet-co-total: co-total x A co-total y — co-total (x —~ y)
by (metis co-total-def add-left-zero antisym-conv less-eq-def mult-right-sub-dist-meet-left)

lemma comp-co-total: co-total z A co-total y — co-total (z ; y)
by (metis co-total-def eq-iff mult-semi-associative zero-least)

— sub-transitive

lemma zero-transitive: transitive 0
by (metis mult-left-zero zero-least transitive-def)

lemma one-transitive: transitive 1
by (metis mult-left-one order-refl transitive-def)

lemma top-transitive: transitive T
by (metis meet.zero-least transitive-def )

lemma meet-transitive: transitive © A transitive y — transitive (z —~ y)
by (smt2 meet.less-eq-def meet-associative meet-commutative mult-left-sub-dist-meet-left mult-right-sub-dist-meet-left
transitive-def)

— dense

lemma zero-dense: dense 0
by (metis zero-least dense-def)

lemma one-dense: dense 1
by (metis mult-sub-right-one dense-def)

lemma top-dense: dense T
by (metis top-left-mult-increasing dense-def)

lemma add-dense: dense © A dense y — dense (z + y)
proof
assume dense x N\ dense y
hencez <z;zANy<y;y
by (metis dense-def)
hencez < (z +y);(z+y) ANy<(z+y);(z+y)
by (metis add-left-upper-bound dual-order.trans mult-isotone add-right-upper-bound)
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hence 7 + y < (s + 1) ; (v + 1)
by (metis add-least-upper-bound)
thus dense (z + y)
by (metis dense-def)
qed

— reflexive

lemma one-reflexive: reflexive 1
by (metis order-refl reflexive-def)

lemma top-reflexive: reflexive T
by (metis meet.zero-least reflezive-def)

lemma add-reflezive: reflexive x A reflexive y — reflexive (z + y)
by (metis add-associative less-eq-def reflexive-def)

lemma meet-reflexive: reflexive x A reflexive y — reflexive (z —~ y)
by (metis meet.add-least-upper-bound reflexive-def)

lemma comp-reflezive: reflexive x A reflexzive y — reflezive (z ; y)
by (metis mult-left-isotone mult-left-one order-trans reflexive-def)

— co-reflexive

lemma zero-co-reflexive: co-reflexive 0
by (metis co-reflezive-def zero-least)

lemma one-co-reflexive: co-reflexive 1
by (metis co-reflezive-def order-refl)

lemma add-co-reflezive: co-reflexive x A co-reflezive y — co-reflexive (z + y)

by (metis co-reflezive-def add-least-upper-bound)

lemma meet-co-reflezive: co-reflexive x A co-reflexive y — co-reflezive (x —~ y)

by (metis co-reflezive-def meet.less-eq-def meet-associative)

lemma comp-co-reflexive: co-reflexive © A co-reflexive y — co-reflexive (z ; y)

by (metis co-reflezive-def mult-isotone mult-left-one)
— idempotent

lemma zero-idempotent: idempotent 0
by (metis mult-left-zero idempotent-def)

lemma one-idempotent: idempotent 1
by (metis mult-left-one idempotent-def )

lemma top-idempotent: idempotent T
by (metis top-mult-top idempotent-def)

— up-closed

lemma zero-up-closed: up-closed 0
by (metis mult-left-zero up-closed-def )

lemma one-up-closed: up-closed 1
by (metis mult-left-one up-closed-def)

lemma top-up-closed: up-closed T
by (metis top-mult-top vector-def vector-up-closed)

lemma add-up-closed: up-closed © N up-closed y — up-closed (z + y)
by (metis mult-right-dist-add up-closed-def)

lemma meet-up-closed: up-closed © N up-closed y — up-closed (z —~ y)

by (metis dual-order.antisym mult-sub-right-one mult-right-sub-dist-meet up-closed-def)

lemma comp-up-closed: up-closed © N up-closed y — up-closed (z ; y)

127
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by (metis dual-order.antisym mult-semi-associative mult-sub-right-one up-closed-def)
— add-distributive

lemma zero-add-distributive: add-distributive 0
by (metis add-distributive-def add-idempotent mult-left-zero)

lemma one-add-distributive: add-distributive 1
by (metis add-distributive-def mult-left-one)

lemma add-add-distributive: add-distributive z A add-distributive y — add-distributive (z + y)
by (smt2 add-distributive-def add-associative add-commutative mult-right-dist-add)

— meet-distributive

lemma zero-meet-distributive: meet-distributive 0
by (metis meet-left-zero mult-left-zero meet-distributive-def )

lemma one-meet-distributive: meet-distributive 1
by (metis mult-left-one meet-distributive-def)

— contact

lemma one-contact: contact 1
by (metis contact-def add-idempotent mult-left-one)

lemma top-contact: contact T
by (metis contact-def add-left-top top-muli-top)

lemma meet-contact: contact z A contact y — contact (z —~ y)
by (smt2 contact-def contact-reflexive contact-transitive contact-up-closed meet.less-eq-def meet-commutative meet-left-dist-add
mult-left-sub-dist-add-right meet-transitive meet-up-closed reflezive-def transitive-def up-closed-def)

— kernel

lemma zero-kernel: kernel 0
by (metis kernel-co-reflexive-idempotent-up-closed zero-co-reflexive zero-idempotent zero-up-closed)

lemma one-kernel: kernel 1
by (metis kernel-def meet-idempotent mult-left-one)

lemma add-kernel: kernel x A kernel y — kernel (xz + y)
by (metis add-co-reflexive add-dense add-up-closed co-reflexive-transitive kernel-co-reflexive-idempotent-up-closed
idempotent-transitive-dense)

— add-distributive contact

lemma one-add-dist-contact: add-dist-contact 1
by (metis add-dist-contact-def one-add-distributive one-contact)

— meet-distributive kernel

lemma zero-meet-dist-kernel: meet-dist-kernel 0
by (metis meet-dist-kernel-def zero-kernel zero-meet-distributive)

lemma one-meet-dist-kernel: meet-dist-kernel 1
by (metis meet-dist-kernel-def one-kernel one-meet-distributive)

— test

lemma zero-test: test 0
by (metis meet-commutative meet-right-zero mult-left-zero test-def)

lemma one-test: test 1
by (metis meet-left-top mult-left-one test-def)

lemma add-test: test © A test y — test (z + y)
by (metis (no-types, lifting) meet-commutative meet-left-dist-add mult-right-dist-add test-def)
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lemma meet-test: test © A test y — test (z —~ y)
by (smt2 test-def meet-commutative meet.add-least-upper-bound meet.add-right-isotone mult-right-sub-dist-meet-left
meet.add-left-upper-bound top-right-mult-increasing antisym)

— co-test

lemma one-co-test: co-test 1
by (metis co-test-def co-total-def add-left-zero one-co-total)

lemma add-co-test: co-test x A co-test y — co-test (z + y)
by (smt2 co-test-contact co-test-def contact-def add-associative add-commutative add-left-zero mult-left-one mult-right-dist-add)

— vector

lemma zero-vector: vector 0
by (metis mult-left-zero vector-def)

lemma top-vector: vector T
by (metis top-mult-top vector-def)

lemma add-vector: vector z A vector y — vector (z + y)
by (metis mult-right-dist-add vector-def)

lemma meet-vector: vector z A vector y — vector (x — y)
by  (metis antisym  meet.add-least-upper-bound — mult-right-sub-dist-meet-left  mult-right-sub-dist-meet-right
top-right-mult-increasing vector-def )

lemma comp-vector: vector y — vector (z ; y)
by (metis antisym-conv mult-semi-associative top-right-mult-increasing vector-def )

end

class lattice-ordered-pre-left-semiring-1 = non-associative-left-semiring + bounded-distributive-lattice +
assumes mult-associative-one: = ; (y ; 2) = (z ; (y; 1)) ; 2
assumes mult-right-dist-meet-one: (x ; 1 ~y;1);z2=x;2 ~y; 2

begin

subclass pre-left-semiring
apply unfold-locales
apply (metis mult-associative-one mult-left-isotone mult-right-isotone mult-sub-right-one)
done

subclass lattice-ordered-pre-left-semiring

lemma mult-zero-associative: x ; 0 ; y =z ; 0

by (smt mult-left-zero muli-associative-one)

lemma mult-zero-add-one-dist: (x ; 0 + 1) ;z=2; 0 + z
by (metis mult-left-one mult-right-dist-add mult-zero-associative)

lemma mult-zero-add-dist: (z ;0 +y);z=2;0+y; z
by (metis mult-right-dist-add mult-zero-associative)

lemma vector-zero-meet-one-comp: (z ; 0 ~ 1) ;y =2 ;0 —~y
by (metis mult-left-one mult-right-dist-meet-one mult-zero-associative)

— CPCP Theorem 5 / Figure 2: relations between properties

lemma co-test-meet-distributive: co-test x — meet-distributive x
by (metis add-left-dist-meet co-test-def meet-distributive-def mult-zero-add-one-dist)

lemma co-test-add-distributive: co-test t — add-distributive x
by (smt2 add-associative add-commutative add-distributive-def — add-left-upper-bound  co-test-def less-eq-def
mult-zero-add-one-dist)

lemma co-test-add-dist-contact: co-test x — add-dist-contact x
by (metis co-test-add-distributive add-dist-contact-def co-test-contact)
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— CPCP Theorem 8 / Figure 3: closure properties
— co-test

lemma meet-co-test: co-test © A co-test y — co-test (x —~ y)
by (smt2 add-commutative add-left-dist-meet co-test-def co-test-up-closed up-closed-def mult-right-dist-meet-one)

lemma comp-co-test: co-test x A co-test y — co-test (z ; y)
by (metis add-associative co-test-def mult-zero-add-dist mult-zero-add-one-dist)

end

class lattice-ordered-pre-left-semiring-2 = lattice-ordered-pre-left-semiring +
assumes mult-sub-associative-one: z ; (y ; z) < (z;(y; 1)) ; 2

assumes mult-right-dist-meet-one-sub: © ; z ~y; 2 < (x ;1 ~y;1); 2
begin
subclass lattice-ordered-pre-left-semiring-1
apply unfold-locales
apply (metis meet.eq-iff mult-sub-associative-one mult-sup-associative-one)
apply (metis meet.antisym-conv mult-one-associative mult-right-dist-meet-one-sub mult-right-sub-dist-meet)
done

end

class multirelation-algebra-1 = lattice-ordered-pre-left-semiring +
assumes mult-left-top: T ; © = T

begin
— CPCP Theorem 8 / Figure 3: closure properties

lemma top-add-distributive: add-distributive T
by (metis add-distributive-def add-left-top mult-left-top)

lemma top-meet-distributive: meet-distributive T
by (metis meet-idempotent meet-distributive-def mult-left-top)

lemma top-add-dist-contact: add-dist-contact T
by (metis add-dist-contact-def top-add-distributive top-contact)

lemma top-co-test: co-test T
by (metis co-test-def add-left-top mult-left-top)

end

— M1-algebra

class multirelation-algebra-2 = multirelation-algebra-1 + lattice-ordered-pre-left-semiring-2
begin

lemma mult-top-associative: x ; T ; y =x ; T
by (metis mult-left-top mult-associative-one)

lemma vector-meet-one-comp: (z ; T ~1);y=2z; T ~y
by (metis mult-left-one mult-left-top mult-associative-one mult-right-dist-meet-one)

lemma vector-left-annihilator: vector x — = ; y =z
by (metis mult-left-top vector-def mult-associative-one)

— properties

lemma test-comp-meet: test x N testy — x ; y =x —~ y
by (smt2 meet-associative meet-commutative meet-idempotent test-def vector-meet-one-comp)

— CPCP Theorem 5 / Figure 2: relations between properties
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lemma test-add-distributive: test © — add-distributive x
by (metis add-distributive-def meet-left-dist-add test-def vector-meet-one-comp)

lemma test-meet-distributive: test x — meet-distributive x
by (smt2 meet.less-eq-def meet-associative meet-commutative meet-distributive-def meet.add-right-upper-bound mult-left-one
test-def vector-meet-one-comp)

lemma test-meet-dist-kernel: test x — meet-dist-kernel
by (metis kernel-co-reflexive-idempotent-up-closed meet-associative meet-dist-kernel-def meet-idempotent test-co-reflexive
test-def test-up-closed idempotent-def vector-meet-one-comp test-meet-distributive)

lemma vector-idempotent: vector © — idempotent x
by (metis idempotent-def vector-left-annihilator)

lemma vector-add-distributive: vector © — add-distributive x
by (metis add-distributive-def add-idempotent vector-left-annihilator)

lemma vector-meet-distributive: vector x — meet-distributive x
by (metis meet-distributive-def meet-idempotent vector-left-annihilator)

lemma vector-co-vector: vector x «— co-vector x
by (metis co-vector-def vector-def mult-zero-associative vector-left-annihilator)

— CPCP Theorem 8 / Figure 3: closure properties
— test

lemma comp-test: test © A test y — test (z ; y)
by (metis meet-associative meet-distributive-def meet.add-right-zero test-def test-up-closed up-closed-def mult-associative-one
test-meet-distributive)

end

class dual =
fixes dual :: 'a = 'a (-% [100] 100)

class multirelation-algebra-3 = lattice-ordered-pre-left-semiring + dual +
assumes dual-involutive: %% =
assumes dual-dist-add: (z + y)* = z

assumes dual-one: 1% = 1

d gl

begin

lemma dual-dist-meet: (z ~ y)* = z¢ + y*
by (metis dual-dist-add dual-involutive)

lemma dual-antitone: z < y — y¢ < z¢
by (metis dual-dist-meet add-left-divisibility meet.add-left-divisibility)

lemma dual-zero: 0% = T
by (metis dual-dist-meet add-right-top dual-involutive meet-left-zero)

lemma dual-top: T% = 0
by (metis dual-zero dual-involutive)

— CPCP Theorem 8 / Figure 3: closure properties

lemma reflezive-co-reflexive-dual: reflexive x «—— co-reflezive (z?)
by (metis co-reflexive-def dual-antitone dual-involutive dual-one reflexive-def)

end

class multirelation-algebra-4 = multirelation-algebra-3 +
assumes dual-sub-dist-comp: (z ; y)? < 2% ; y?

begin

subclass multirelation-algebra-1
apply unfold-locales
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apply (metis dual-zero dual-sub-dist-comp dual-involutive meet.less-eq-def meet-commutative meet-left-top mult-left-zero)
done

lemma dual-sub-dist-comp-one: (z ; y)¢ < (z; 1)*; y¢
by (metis dual-sub-dist-comp mult-one-associative)

— CPCP Theorem 8 / Figure 3: closure properties

lemma co-total-total-dual: co-total z — total (z%)
by (metis co-total-def dual-sub-dist-comp dual-zero meet.less-eq-def meet-commutative meet-left-top total-def)

lemma transitive-dense-dual: transitive v — dense (z%)
by (metis dual-antitone dual-sub-dist-comp order-trans transitive-def dense-def)

end
— M2-algebra

class multirelation-algebra-5 = multirelation-algebra-3 +
assumes dual-dist-comp-one: (z ; y)* = (z ; 1)¢; y?

begin

subclass multirelation-algebra-4
apply unfold-locales
apply (metis dual-antitone mult-sub-right-one mult-left-isotone dual-dist-comp-one)
done
lemma strong-up-closed: z ; 1 < z — 2% ; y* < (z ; y)?
by (metis dual-dist-comp-one eq-iff mult-sub-right-one)

lemma strong-up-closed-2: up-closed t — (z ; y)d =z ; y?
by (metis dual-sub-dist-comp eq-iff strong-up-closed up-closed-def)

subclass lattice-ordered-pre-left-semiring-2

apply unfold-locales

apply (smt2 comp-up-closed dual-antitone dual-dist-comp-one dual-involutive dual-one mult-left-one mult-one-associative
mult-semi-associative up-closed-def strong-up-closed-2)

apply (smt2 dual-dist-comp-one dual-dist-meet dual-involutive eg-refl mult-one-associative mult-right-dist-add)

done

— CPCP Theorem 6

subclass multirelation-algebra-2

— CPCP Theorem 8 / Figure 3: closure properties
— up-closed

lemma up-closed-dual: up-closed = «—— up-closed (z%)
by (metis dual-involutive dual-one up-closed-def strong-up-closed-2)

— contact

lemma contact-kernel-dual: contact & «—— kernel (z)
by (metis contact-def contact-up-closed dual-dist-add dual-involutive dual-one kernel-def kernel-up-closed wup-closed-def
strong-up-closed-2)

— add-distributive contact

lemma add-dist-contact-meet-dist-kernel-dual: add-dist-contact z —— meet-dist-kernel (z%)
proof
assume I: add-dist-contact x
hence 2: up-closed z
by (metis add-dist-contact-def contact-up-closed)
have add-distributive x using 1
by (metis add-dist-contact-def)
hence meet-distributive () using 2
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by (smt2 meet-distributive-def add-distributive-def dual-dist-add dual-involutive strong-up-closed-2)
thus meet-dist-kernel (z?) using 1
by (metis contact-kernel-dual add-dist-contact-def meet-dist-kernel-def)
next
assume 3: meet-dist-kernel (z%)
hence 2: up-closed (z%)
by (metis kernel-up-closed meet-dist-kernel-def)
have meet-distributive (z%) using &
by (metis meet-dist-kernel-def)
hence add-distributive (z%?) using 2
by (smt2 meet-distributive-def add-distributive-def dual-dist-add dual-involutive strong-up-closed-2)
thus add-dist-contact x using 3
by (metis contact-kernel-dual add-dist-contact-def meet-dist-kernel-def dual-involutive)
qed

— test

lemma test-co-test-dual: test © «—— co-test (z)
by (smt2 co-test-def co-test-up-closed dual-dist-meet dual-involutive dual-one dual-top test-def test-up-closed strong-up-closed-2)

— vector

lemma vector-dual: vector © «—— vector (z%)
by (metis dual-dist-comp-one comp-vector dual-involutive dual-top vector-def zero-vector)

end

class multirelation-algebra-6 = multirelation-algebra-4 +
assumes dual-sub-dist-comp-one: (z ; 1) ; y* < (z ; y)?

begin

subclass multirelation-algebra-5
apply unfold-locales
apply (metis dual-sub-dist-comp dual-sub-dist-comp-one meet.eq-iff mult-one-associative)
done

lemma dense x A co-reflexive © — up-closed = nitpick [ezpect=genuine] oops
lemmaz; T ~y;z<(z; T~ y); 2z nitpick [ezpect=genuine,card=8] oops

end

— M3-algebra

class up-closed-multirelation-algebra = multirelation-algebra-8 +
assumes dual-dist-comp: (z ; y)% = z? ; y¢

begin

lemma mult-right-dist-meet: (x ~y) ;2 =z ;2 ~y; 2
by (metis dual-dist-add dual-dist-comp dual-involutive mult-right-dist-add)

— CPCP Theorem 7

subclass idempotent-left-semiring
apply unfold-locales
apply (metis antisym dual-antitone dual-dist-comp dual-involutive mult-semi-associative)
apply (metis mult-left-one)
apply (metis dual-dist-add dual-dist-comp dual-involutive dual-one less-eq-def meet-absorb mult-sub-right-one)
done

subclass multirelation-algebra-6
apply unfold-locales
apply (metis dual-dist-comp eq-iff)
apply (metis dual-dist-comp eq-iff mult-right-one)
done

lemma vector-meet-comp: (¢ ; T ~y);z=z; T ~y; 2z
by (metis mult-associative mult-left-top mult-right-dist-meet)
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lemma vector-zero-meet-comp: (z ;0 ~y);z2=xz;0 ~y; 2
by (metis mult-associative mult-left-zero mult-right-dist-meet)

— CPCP Theorem 8 / Figure 3: closure properties
— total

lemma meet-total: total x A total y — total (z —~ y)
by (metis meet-left-top total-def mult-right-dist-meet)

lemma comp-total: total x A total y — total (z ; y)
by (metis mult-associative total-def)

lemma total-co-total-dual: total z «—— co-total (z%)
by (metis co-total-def dual-dist-comp dual-involutive dual-top total-def)

— dense

lemma transitive-iff-dense-dual: transitive x «—— dense (%)
by (metis dense-def dual-antitone dual-dist-comp dual-involutive transitive-def)

— idempotent

lemma idempotent-dual: idempotent x «—— idempotent (z%)
by (metis dual-involutive idempotent-transitive-dense transitive-iff-dense-dual)

— add-distributive

lemma comp-add-distributive: add-distributive © A add-distributive y — add-distributive (z ; y)
by (metis add-distributive-def mult-associative)

lemma add-meet-distributive-dual: add-distributive & «— meet-distributive (z%)
by (metis (no-types, hide-lams) add-distributive-def dual-dist-add dual-dist-comp dual-involutive meet-distributive-def )

— meet-distributive

lemma meet-meet-distributive: meet-distributive x A meet-distributive y — meet-distributive (x —~ y)
by (smt2 meet-distributive-def meet-associative meet-commutative mult-right-dist-meet)

lemma comp-meet-distributive: meet-distributive x A\ meet-distributive y — meet-distributive (z ; y)
by (metis meet-distributive-def mult-associative)

lemma co-total © A transitive © A up-closed x — co-reflexive z nitpick [ezpect=genuine] oops
lemma total z A dense z A up-closed x — reflezive © nitpick [ezpect=genuine] oops
lemma z ; T ~ z%; 0 = 0 nitpick [ezpect=genuine] oops

end

class multirelation-algebra-7 = multirelation-algebra-4 +
assumes vector-meet-comp: (x ; T ~y);z2=x; T ~y; z

begin

lemma vector-zero-meet-comp: (z ;0 ~y);z2=xz;0 ~y; 2
by (metis vector-def comp-vector vector-meet-comp zero-vector)

lemma test-add-distributive: test © — add-distributive x
by (metis add-distributive-def meet-left-dist-add mult-left-one test-def vector-meet-comp)

lemma test-meet-distributive: test x — meet-distributive x
by (smt2 meet.less-eq-def meet-associative meet-commutative meet-distributive-def meet.add-right-upper-bound mult-left-one
test-def vector-meet-comp)

lemma test-meet-dist-kernel: test x — meet-dist-kernel
by (metis kernel-co-reflezive-idempotent-up-closed meet-associative meet-dist-kernel-def meet-idempotent mult-left-one
test-co-reflexive test-def test-up-closed idempotent-def vector-meet-comp test-meet-distributive)

lemma co-test-meet-distributive: co-test x — meet-distributive x
proof
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assume co-test x
hence z =z ; 0 + I
by (metis co-test-def)
henceVyz.z;y ~z;z2=x;(y ~ 2)
by (metis mult-left-one mult-left-top mult-right-dist-add meet.add-right-zero vector-zero-meet-comp add-left-dist-meet)
thus meet-distributive
by (metis meet-distributive-def)
qed

lemma co-test-add-distributive: co-test x — add-distributive x
proof
assume co-test T
hence 1: z =z ;0 + 1
by (metis co-test-def)
henceVyz.z;(y+2)=z;y+z;2
by (metis add-associative add-commutative add-idempotent mult-left-one mult-left-top mult-right-dist-add meet.add-right-zero
vector-zero-meet-comp)
thus add-distributive
by (metis add-distributive-def)
qed

lemma co-test-add-dist-contact: co-test t — add-dist-contact ©
by (metis co-test-add-distributive add-dist-contact-def co-test-contact)

end

end
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20 NAlgebra

theory NAlgebra

imports LatticeOrderedSemiring

begin

class left-n-algebra = bounded-idempotent-left-semiring + bounded-distributive-lattice + n + L +
assumes n-dist-n-add :n(z) + n(y) = n(n(z) ; T + y)
assumes n-export :n(z) 5 n(y) = n(n(z) ; y)
assumes n-isotone-idempotent: n(z) ; n(z + y) = n(x)
assumes n-sub-nL-meet-one : n(z) < n(L) ~ 1
assumes n-L-decreasing :n(z); L<uz
assumes n-nL-semi-commute : n(L) ; z < z ; n(L)
assumes n-nL-meet-L-nLO  :n(L) ;z=(x ~L)+n(L;0);z
assumes n-L-split-n-L-L iz L=x;0+n(z;L);L
assumes n-n-top-split-n-top : z ; n(y) ; T <z ;0 +n(z;y); T
assumes n-top-meet-L-below-L: x ; T ; y ~ L<x;L;y

begin

subclass lattice-ordered-pre-left-semiring ..

— Theorem 25.6

lemma n-sub-one: n(z) < 1
by (metis meet.add-least-upper-bound n-sub-nL-meet-one)

— Theorem 25.2

lemma n-mult-idempotent : n(x) ; n(z) = n(z)
by (metis add-idempotent n-isotone-idempotent)

lemma n-L-increasing: n(z) < n(n(z) ; L)
by (smt meet.add-least-upper-bound mult-right-isotone n-export n-mult-idempotent n-sub-nL-meet-one)

— Theorem 25.35

lemma meet-L-below-n-L: ¢ ~ L < n(L) ; x
by (metis add-left-divisibility n-nL-meet-L-nL0)

— Theorem 25.30

lemma n-vector-meet-L: x ; T —~ L <z ; L
by (metis mult-right-one n-top-meet-L-below-L)

— Theorem 25.7

lemma n-mult-right-zero: n(z) ; 0 = 0
by (metis antisym mult-left-isotone mult-left-one n-sub-one zero-least)

lemma n-mult-left-absorb-add: n(z) ; (n(z) + n(y)) = n(x)
by (metis add-commutative n-dist-n-add n-isotone-idempotent)

lemma n-mult-right-absorb-add: (n(z) + n(y)) ; n(y) = n(y)
by (metis less-eq-def mult-left-one mult-right-dist-add n-mult-idempotent n-sub-one)

lemma n-add-left-absorb-mult: n(z) + n(z) ; n(y) = n(z)
by (metis add-commutative less-eq-def mult-left-sub-dist-add-right n-mult-left-absorb-add)

lemma n-add-right-absorb-mult: n(z) ; n(y) + n(y) = n(y)
by (metis less-eq-def mult-left-one mult-right-dist-add n-sub-one)

— Theorem 25.1
lemma n-mult-commutative: n(z) ; n(y) = n(y) ; n(z)

by (metis add-commutative mult-associative n-add-left-absorb-mult n-add-right-absorb-mult n-export n-mult-left-absorb-add
n-mult-right-absorb-add)
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lemma n-add-right-dist-mult: n(z) ; n(y) + n(z) = (n(z) + n(2)) ; (n(y) + n(z))
by (smt add-associative mult-right-dist-add n-dist-n-add n-mult-commutative n-mult-idempotent n-mult-right-absorb-add)

lemma n-add-left-dist-mult: n(z) + n(y) ; n(z) = (n(z) + n(y)) ; (n(z) + n(z))
by (metis add-commutative n-add-right-dist-mult)

lemma n-order: n(z) < n(y) «— n(z) ; n(y) = n(zx)
by (metis less-eq-def n-add-right-absorb-mult n-mult-left-absorb-add)

— Theorem 25.3

lemma n-mult-left-lower-bound: n(z) ; n(y) < n(z)
by (metis add-right-upper-bound n-add-left-absorb-mult)

— Theorem 25.4

lemma n-mult-right-lower-bound: n(z) ; n(y) < n(y)
by (metis add-commutative add-right-upper-bound n-add-right-absorb-mult)

lemma n-mult-least-upper-bound: n(z) < n(y) A n(z) < n(z) — n(z) < n(y) ; n(z)
by (metis mult-left-isotone n-mult-left-lower-bound n-mult-right-lower-bound n-order order-trans)

lemma n-mult-left-divisibility: n(z) < n(y) «— 3z . n(z) = n(y) ; n(z))
by (metis antisym mult-left-isotone n-mult-idempotent n-mult-left-lower-bound n-mult-right-lower-bound)

lemma n-mult-right-divisibility: n(z) < n(y) «—— (Fz . n(z) = n(z) ; n(y))
by (metis n-mult-right-lower-bound n-order)

— Theorem 25.5

lemma n-left-upper-bound: n(z) < n(z + y)
by (metis n-isotone-idempotent n-order)

lemma n-right-upper-bound: n(z) < n(y + z)
by (metis add-commutative n-left-upper-bound)

— Theorem 25

lemma n-isotone: © <y — n(z) < n(y)
by (metis less-eq-def n-left-upper-bound)

lemma n-add-left-zero: n(0) + n(z) = n(z)
by (metis less-eq-def n-isotone zero-least)

lemma n-mult-left-zero: n(0) ; n(z) = n(0)
by (metis add-left-zero n-isotone-idempotent)

— Theorem 25.8

lemma n-mult-right-zero-n: n(z) ; n(0) = n(0)
by (metis add-commutative n-add-left-zero n-mult-right-absorb-add)

lemma n-mult-left-one: n(T) ; n(z) = n(z)
by (metis add-commutative add-right-top n-dist-n-add n-mult-right-absorb-add)

lemma n-mult-right-one: n(z) ; n(T) = n(x)
by (metis add-right-top n-isotone-idempotent)

lemma n-add-left-top: n(T) + n(x) = n(T)
by (metis n-add-left-absorb-mult n-mult-left-one)

lemma n-mult-left-dist-add: n(z) ; (n(y) + n(z)) = (n(z) ; n(y)) + (n(z) ; n(z))
by (metis mult-right-dist-add n-dist-n-add n-mult-commutative)

— Theorem 25.11

lemma n-n-L: n(n(z) ; L) = n(z)
by (metis antisym n-L-decreasing n-L-increasing n-isotone)
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— Theorem 25.40

lemma n-galois: n(z) < n(y) «— n(z) ; L <y
by (metis mult-left-isotone n-L-decreasing n-L-increasing n-isotone order-trans)

— Theorem 25.10

lemma n-add-n-top: n(z + n(z) ; T) = n(z)
by (metis add-commutative add-idempotent n-dist-n-add)

— Theorem 25.37

lemma n-less-eq-char-n: t < y «—— <y + LAnL);z<y+n(y) ;T
proof
assume z < y
thusz <y+ LAnL);z<y+n(y;T
by (metis meet-less-eq-def meet-absorb mult-isotone mult-left-one n-sub-one order-trans)
next
assume I:z <y + LAnL);z<y+n(y);T
hence z < y + (z ~ L)
by (metis meet-less-eq-def add-left-dist-meet add-right-upper-bound meet.add-left-isotone)
also have ... < y + n(y) ; T using 1
by (metis add-least-upper-bound add-left-upper-bound meet-L-below-n-L order-trans)
finally have z < y + (L —~ n(y) ; T) using
by (metis meet.add-least-upper-bound add-left-dist-meet)
thus z < y
by (metis add-idempotent add-least-upper-bound n-vector-meet-L less-eq-def meet-commutative n-L-decreasing)
qed

— Theorem 25.39

lemma n-preserves-equation: n(y) ; ¢ < z ; n(y) <« n(y) ; ¢ = n(y) ; z ; n(y)
by (metis n-mult-idempotent n-sub-one order-refl test-preserves-equation)

— Theorem 25.35

lemma n-L-decreasing-meet-L: n(z) ; L <z —~ L
by  (metis  add-commutative  meet-less-eq-def — meet-absorb  meet-commutative  meet.add-least-upper-bound
mult-right-sub-dist-add-left n-L-decreasing n-add-left-top n-sub-nL-meet-one)

— Theorem 25.13

lemma n-sub-nL: n(z) < n(L)
by (metis meet.add-least-upper-bound n-sub-nL-meet-one)

— Theorem 25.16

lemma n-zero-L-zero: n(0) ; L = 0
by (metis antisym n-L-decreasing zero-least)

lemma n-L-top-below-L: L ; T < L
proof —
have n(L; 0); L; T <L;0
by (metis mult-associative mult-left-isotone n-L-decreasing vector-def zero-vector)
hence n(L; 0);L; T <L
by (metis order-trans zero-right-mult-decreasing)
hence n(L) ; L; T < L
by (metis add-least-upper-bound meet.add-right-upper-bound mult-associative n-nL-meet-L-nL0)
thus L; T < L
by (metis add-least-upper-bound eq-iff meet-idempotent n-nL-meet-L-nL0 top-right-mult-increasing)
qed

— Theorem 25.27

lemma n-L-top-L: L ; T = L
by (metis antisym n-L-top-below-L top-right-mult-increasing)

— Theorem 25.28
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lemma n-L-below-L: L ; x < L
by (metis add-right-top n-L-top-below-L mult-left-sub-dist-add-left order-trans)

— Theorem 25.29

lemma n-L-split-L: z ; L <z ; 0+ L
by (metis add-commutative add-left-isotone meet.add-least-upper-bound n-L-decreasing-meet-L n-L-split-n-L-L)

— Theorem 25.21

lemma n-split-top: z ; n(y) ; T<z;y+n(z;y); T
proof —
havez ; 0 + n(z;y); T<z;y+n(z;y) ;T
by (metis add-left-isotone mult-right-isotone zero-least)
thus “thesis
by (smt n-n-top-split-n-top order-trans)
qed

— Theorem 25.22

lemma n-top-split: n(z) ; Ty <z;y+n(z;y); T
proof —
have n(z) ; T;y ~L<z;y
by (metis mult-left-isotone n-L-decreasing n-top-meet-L-below-L order-trans)
thus %thesis
by (smt add-isotone mult-associative mult-isotone n-L-decreasing n-export n-isotone n-mult-commutative n-nL-meet-L-nL0
n-n-L top-greatest zero-least)
qed

— Theorem 25.17

lemma n-nL-nT: n(L) = n(T)
by (metis antisym n-isotone n-sub-nL top-greatest)

— Theorem 25.27

lemma n-L-L-L: L ; L =L
by (metis antisym n-vector-meet-L n-L-below-L meet-idempotent n-L-top-L)

— Theorem 25.27

lemma n-L-top-L-L: L ; T ; L= L
by (metis n-L-L-L n-L-top-L)

lemma n-L-below-nL-top: L < n(L) ; T
by (metis meet-L-below-n-L meet-left-top)

— Theorem 25.12

lemma n-n-nL: n(z) = n(z) ; n(L)
by (metis n-order n-sub-nL)

— Theorem 25.20

lemma n-n-L-n: n(z ; n(y) ; L) < n(z ; y)
by (metis mult-associative mult-right-isotone n-L-decreasing n-isotone)

— Theorem 25.26
lemma n-L-nL-L: L ; n(L) = L
by (metis antisym n-vector-meet-L n-L-below-L meet-less-eq-def meet-commutative n-L-below-nL-top m-nL-semi-commute

order-trans)

lemma n-L-nT-L: L ; n(T) = L
by (metis n-L-nL-L n-nL-nT)

— Theorem 25.26

lemma n-L-L: n(L) ; L =L
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by (metis add-left-zero mult-left-one n-L-split-n-L-L)

lemma n-top-L: n(T) ; L =L
by (metis n-L-L n-nL-nT)

— Theorem 25.24

lemma n-n-L-split-n-L: z ; n(y) ; L<z; 0 +n(z;y); L
by (metis add-right-isotone n-L-top-below-L mult-associative mult-isotone n-L-split-n-L-L n-L-top-L n-mult-right-zero n-n-L-n)

— Theorem 25.23

lemma n-n-L-split-n-n-L-L: = ; n(y) ; L=x; 0 + n(z ; n(y) ; L) ; L
by (metis mult-associative n-L-split-n-L-L n-mult-right-zero)

— Theorem 25.25

lemma n-nL-split-n-L-top: n(L) ; 2 <z ;0 + n(z; L); T
by (metis n-nL-semi-commute n-n-top-split-n-top order-trans top-right-mult-increasing)

— Theorem 25.38

lemma n-less-eq-char: x <y «—z <y+ LAz <y+n(y) ;T
by (smt add-absorb add-associative add-idempotent n-less-eq-char-n meet-less-eq-def meet-left-dist-add n-add-n-top)

— Theorem 25.32

lemma n-top-meet-L-split-L: x ; T ; y ~L<z;0 + L;y
proof —
havez ; T;y ~L<z;0+n(z;L);L;y
by (smt n-top-meet-L-below-L mult-associative n-L-L-L n-L-split-n-L-L mult-right-dist-add mult-left-zero)
thus %thesis
by (metis n-sub-one mult-left-isotone add-right-isotone mult-left-one order-trans)
qed

— Theorem 25.31

lemma n-top-meet-L-L-meet-L: x ; T ; y ~ L=z ;L;y —~ L
apply (rule antisym)
apply (metis meet.add-least-upper-bound meet.add-right-upper-bound n-top-meet-L-below-L)
apply (metis meet.add-left-isotone mult-left-isotone mult-right-isotone top-greatest)
done

lemma n-n-top-below-n-L: n(xz ; T) < n(z ; L)
by (metis n-vector-meet-L n-L-decreasing-meet-L n-galois order-trans)

— Theorem 25.18

lemma n-n-top-n-L: n(z ; T) = n(z ; L)
by (metis antisym mult-right-isotone n-isotone n-n-top-below-n-L top-greatest)

— Theorem 25.33

lemma n-meet-L-0-below-0-meet-L: (x —~ L) ; 0 <z ;0 ~ L
by (metis meet.add-least-upper-bound mult-isotone order.refl zero-right-mult-decreasing)

— Theorem 25.15

lemma n-n-L-below-L: n(z) ; L< =z ; L
by (metis mult-associative mult-left-isotone n-L-L-L n-L-decreasing)

lemma n-n-L-below-n-L-L: n(z) ; L < n(x ; L) ; L
by (metis n-n-L-below-L mult-left-isotone n-galois)

— Theorem 25.14

lemma n-below-n-L: n(z) < n(z ; L)
by (metis n-n-L-below-L n-galois)
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— Theorem 25.34

lemma n-n-meet-L-n-zero: n(z) = n(z) ~ L + n(z ; 0)
apply (rule antisym)
apply (smt add-right-isotone mult-associative mult-left-isotone n-L-decreasing n-export m-isotone n-mult-commutative
n-nL-meet-L-nL0 n-n-L)
apply (metis add-least-upper-bound meet.add-left-upper-bound n-isotone zero-right-mult-decreasing)
done

lemma n-meet-L-below: n(z) ~ L < z
by (metis meet.add-left-isotone n-L-decreasing n-vector-meet-L order-trans top-right-mult-increasing)

— Theorem 25.9

lemma n-below-n-zero: n(z) < z + n(z ; 0)
by (metis add-left-isotone n-meet-L-below n-n-meet-L-n-zero)

— Theorem 25.36

lemma n-meet-L-top-below-n-L: (n(z) ~ L) ; T < n(z); L
proof —
have (n(z) ~L); T<n(z); T ~L; T
by (metis meet.add-least-upper-bound meet.add-left-upper-bound meet-commutative mult-left-isotone)
thus “thesis
by (metis n-L-top-L n-vector-meet-L order-trans)
qed

— Theorem 25.36

lemma n-meet-L-top-below: (n(z) ~ L) ; T < z
by (metis n-L-decreasing n-meet-L-top-below-n-L order-trans)

— Theorem 25.34

lemma n-n-meet-L: n(z) = n(z —~ L)
by (metis add-absorb add-commutative less-eq-def n-L-decreasing-meet-L n-n-L n-right-upper-bound)

— Theorem 25.19
lemma n-n-top-split-n-L-n-zero-top: n(z) ; T =n(z) ; L + n(z ; 0); T
apply (rule antisym)
apply (metis add-left-isotone mult-right-dist-add n-meet-L-top-below-n-L n-n-meet-L-n-zero)

apply (metis add-least-upper-bound mult-left-isotone mult-right-isotone n-isotone top-greatest zero-right-mult-decreasing)
done

end

typedef 'a nImage = { z::'a::left-n-algebra . (Jy::'a . z = n(y)) }
by auto

lemma simp-nimage [simp]: 3y . Rep-nImage z = n(y)
using Rep-nlmage
by simp
setup-lifting type-definition-nImage
— Theorem 25
instantiation nlmage :: (left-n-algebra) bounded-idempotent-semiring

begin

lift-definition plus-nImage :: 'a nImage = 'a nImage = 'a nlmage is plus
by (metis n-dist-n-add)

lift-definition times-nImage :: 'a nImage = 'a nlmage = 'a nImage is times
by (metis n-export)
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lift-definition zero-nImage :: ‘a nImage is n(0)
by metis

lift-definition one-nImage :: ‘a nImage is n(T)
by metis

lift-definition T-nImage :: 'a nImage is n(T)
by metis

lift-definition less-eq-nImage :: 'a nImage = 'a nImage = bool is less-eq .
lift-definition less-nImage :: 'a nImage = 'a nImage = bool is less .

instance
apply intro-classes
apply (metis (mono-tags) Rep-nImage-inject add-associative plus-nImage.rep-eq)
apply (metis (mono-tags) Rep-nImage-inject add-commutative plus-nImage.rep-eq)
apply (metis (mono-tags) Rep-nImage-inject add-idempotent plus-nImage.rep-eq)
apply (metis (mono-tags) Rep-nImage-inject less-eq-def less-eq-nImage.rep-eq plus-nImage.rep-eq)
apply (metis less-eq-nImage.rep-eq less-nImage.rep-eq less-def)
apply (smt2 plus-nImage.rep-eq Rep-nImage-inverse n-add-left-zero simp-nlmage zero-nImage.rep-eq)
apply (metis (mono-tags) less-eg-nImage.rep-eq plus-nImage.rep-eq times-nImage.rep-eq mult-left-sub-dist-add)
apply (metis (mono-tags) plus-nlmage.rep-eq times-nImage.rep-eq Rep-nImage-inject mult-right-dist-add)
apply (smt2 times-nImage.rep-eq Rep-nImage-inverse n-mult-left-zero zero-nImage.rep-eq simp-nlmage)
apply (smt2 one-nImage.rep-eq times-nImage.rep-eq Rep-nImage-inverse n-mult-left-one simp-nImage)
apply (smt2 one-nImage.rep-eq eq-refl less-eq-nImage.rep-eq n-nL-nT n-n-nL times-nImage.rep-eq simp-nlmage)
apply (metis (mono-tags) less-eq-nImage.rep-eq times-nImage.rep-eq mult-associative order-refl)
apply (smt2 T-nImage.rep-eq plus-nImage.rep-eq Rep-nImage-inverse add-commutative n-add-left-top simp-nImage)
apply (metis (mono-tags) Rep-nImage-inject mult-associative times-nImage.rep-eq)
apply (smt2 times-nImage.rep-eq Rep-nImage-inverse n-mult-right-one one-nlmage.rep-eq simp-nlmage)
apply (metis (mono-tags) Rep-nImage-inject n-mult-left-dist-add plus-nImage.rep-eq times-nImage.rep-eq simp-nImage)
apply (smt2 times-nImage.rep-eq Rep-nlmage-inverse n-export n-mult-right-zero zero-nImage.rep-eq simp-nlmage)
done

AN AN AN AN AN N N N N N N N N S S

end

— Theorem 25

instantiation nlmage :: (left-n-algebra) bounded-distributive-lattice
begin

lift-definition meet-nImage :: 'a nImage = 'a nImage = 'a nImage is times
by (metis n-export)

instance
apply intro-classes
apply (metis (mono-tags
apply (metis (mono-tags
apply (metis (mono-tags
apply (metis (mono-tags
apply (metis less-def)
apply (metis (mono-tags) T-nImage.abs-eq meet-nImage-def mult-left-one-1 one-nImage.abs-eq times-nImage-def)
(
(
(
(

Rep-nImage-inject meet-nImage.rep-eq mult-associative)

meet-nImage.rep-eq Rep-nImage-inverse simp-nImage n-mult-commutative)
meet-nImage.rep-eq Rep-nlmage-inverse simp-nlmage n-mult-idempotent)
meet-nImage.rep-eq Rep-nlmage-inverse simp-nlmage n-order less-eqg-nImage.rep-eq)

— — — —

apply (metis meet-nImage-def mult-left-dist-add times-nImage-def)
apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq n-add-left-dist-mult plus-nImage.rep-eq simp-nImage)
apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq n-mult-left-absorb-add plus-nImage.rep-eq simp-nlmage)
apply (metis (mono-tags) Rep-nImage-inject meet-nImage.rep-eq n-add-left-absorb-mult plus-nImage.rep-eq simp-nlmage)
done

end

class n-algebra = left-n-algebra + idempotent-left-zero-semiring

begin

— Theorem 25 counterexamples

lemma n-zero: n(0) = 0 nitpick [ezpect=genuine] oops
lemma n-one: n(1) = 0 nitpick [ezpect=genuine] oops
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lemma n-nL-one: n(L) = 1 nitpick [ezpect=genuine] oops

lemma n-nT-one: n(T) = I nitpick [expect=genuine] oops

lemma n-n-zero: n(z) = n(z ; 0) nitpick [ezpect=genuine] oops

lemma n-dist-add: n(z) + n(y) = n(a: + y) nitpick [ezpect=genuine] oops

lemma n-L-split: z ; n(y) ; L=z ; 0 + n(x ; y) ; L nitpick [ezpect=genuine] oops

lemma n-split: « < z ; 0 + n(= L) T nitpick [ezpect=genuine| oops

lemma n-mult-top-1: n(z ; y) § n( n(y) ; T) nitpick [ezpect=genuine] oops

lemma [91-1: n(L) ; z < n(z ; T) ; T nitpick [expect=genuine] oops

lemma meet-domain-top: © —~ n(y) T = n(y) ; z nitpick [ezpect=genuine] oops

lemma meet-domain-2:  ~ n(y) ; T < n(L) ; z nitpick [ezpect=genuine] oops

lemma n-nL-top-n-top-meet-L-top-2: n(L) ; z ; T < n(x ; T —~ L) ; T nitpick [ezpect=genuine] oops
lemma n-nL-top-n-top-meet-L-top-1: n(z ; T —~ L) ; T < n(L) ; z ; T nitpick [ezpect=genuine] oops
lemma [9: z ; 0 ~ L < n(z ; L) ; L nitpick [ezpect=genuine] oops

lemma [18-2: n(z ; L) ; L < n(z) ; L nitpick [ezpect=genuine] oops

lemma [51-1: n(z ) L < (z ~ L) ; 0 nitpick [ezpect=genuine] oops

lemma [51-2: (z ~ L) ; 0 < n(z) ; L nitpick [ezpect=genuine] oops

lemma n-split-equal: © + n(z ; L) ; T =z ; 0 + n(z ; L) ; T nitpick [expect=genuine] oops

lemma n-split-top: © ; T < z ; 0 + n(z ; L) ; T nitpick [ezpect=genuine] oops

lemma n-mult: n(z ; n(y) ; L) = n(z ; y) nitpick [expect=genuine] oops

lemma n-mult-1: n(z ; y) < n(z ; n(y) ; L) nitpick [ezpect=genuine] oops

lemma n-mult-top: n(z ; n(y) ; T) = n(z ; y) nitpick [ezpect=genuine] oops

lemma n-mult-right-upper-bound: n(z ; y) < n(z) «— n(z) < n(z) Az ;n(y); L<z; 0+ n(z); Lnitpick [ezpect=genuine]
oops

lemma meet-domain: x ~ n(y) ; z = n(y) ; (z ~ z) nitpick [expect=genuine] oops

lemma meet-domain-1: © —~ n(y) ; z § n(y) ; = nitpick [ezpect=genuine] oops

lemma meet-domain-top-3: ¢ —~ n(y) ; T < ( )z nltplck [expect=genuine] oops

lemma n-n-top-n-top-split-n-n-top-top: n( ) ;T +z;5n(y); T=2;0+4 n(z;n(y); T); T nitpick [ezpect=genuine] oops

lemma n-n-top-n-top-split-n-n-top-top-1: = ; 0 + ( sn(y); T); T <n(z); T+ z;n(y); T nitpick [expect=genuine]
oops

lemma n-n-top-n-top-split-n-n-top-top-2: n(z) ; T + z ; n(y) ; T <z ; 0 + n(z ; n(y) ; T) ; T nitpick [ezpect=genuine]
oops

lemma n-nL-top-n-top-meet-L-top: n(L) ; z ; T = n(z ; T —~ L) ; T nitpick [expect=genuine] oops

lemma [18: n(z) ; L = n(z ; L) ; L nitpick [expect=genuine] oops

lemma 22: z ; 0 —~ L = n(z) ; L nitpick [expect=genuine] oops

lemma [22-1:  ; 0 ~ L = n(z ; L) ; L nitpick [ezpect=genuine] oops

lemma [22-2:  ~ L = n(z) ; L nitpick [ezpect=genuine] oops

lemma [22-3: ¢ —~ L = n(z ; L) ; L nitpick [ezpect=genuine| oops

lemma [22-/: x ~ L < n(z) ; L nitpick [ezpect=genuine] oops

lemma 122-5: z ; 0 ~ L < n(z) ; L nitpick [ezpect=genuine] oops

lemma 23: z ; T —~ L = n(z) ; L nitpick [ezpect=genuine] oops

lemma 51: n(z) ; L = (z —~ L) ; 0 nitpick [expect=genuine] oops

lemma [91: 2 = 2 ; T — n(L) ; z < n(z) ; T nitpick [ezpect=genuine] oops

lemma 92: 2 =z ; T — n(L) ; ¢ < n(z —~ L) ; T nitpick [expect=genuine] oops

lemma z ~ L < n(z) ; T nitpick [ezpect=genuine] oops

lemma n-meet-L-0-0-meet-L: (z —~ L) ; 0 =z ; 0 —~ L oops
lemma n-meet-comp: n(z) ~ n(y) < n(z) ; n(y) oops

end

end
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21 Recursion

theory Recursion
imports Approximation NAlgebra
begin

class n-algebra-apr = n-algebra + apxr +
assumes apr-def: c Cy«—— 2z <y+ LAn(L);y<z+n(z); T

begin

lemma apz-transitive-2: t C y Ay CE 2z — z C 2
proof
assume Itz Cy Ay LC 2
hence n(L) ; z < n(L) ; y + n(L) ; n(y) ; T
by (metis apz-def mult-associative mult-left-dist-add mult-right-isotone n-mult-idempotent)
also have ... <z + n(z) ; T 4+ n(n(L) ; y) ; T using 1
by (metis add-left-isotone apz-def n-export)
also have ... < z + n(z) ; T using I
by (metis add-associative add-idempotent add-right-isotone apz-def mult-left-isotone n-add-n-top n-isotone)
finally show z C z using 1
by (smt add-associative add-commutative apz-def less-eq-def)
qed

lemma apz-meet-L: y C o — 2 ~ L <y ~1L
proof
assume 1: y C z
have n(L) ; (x ~ L) <n(L);z ~ L
by (metis eg-iff meet-L-below-n-L meet.add-least-upper-bound mult-left-sub-dist-meet-right n-L-decreasing)
also have ... < (y ~ L) + (n(y) ; T —~ L) using I
by (metis apz-def meet-commutative meet-left-dist-add meet.add-left-isotone)
alsohave ... < (y ~ L)+ n(y ~L); T
by (metis add-least-upper-bound n-vector-meet-L meet.add-least-upper-bound n-L-decreasing order-refl order-trans)
finally show 2 ~ L <y ~ L
by (metis n-less-eq-char-n less-eq-def meet.add-right-upper-bound)
qed

— Theorem 26.1

subclass apz-biorder
apply unfold-locales
apply (smt add-least-upper-bound add-left-upper-bound apz-def less-eq-def mult-left-one mult-right-dist-add n-sub-one)
apply (metis add-same-context antisym apz-def apx-meet-L relative-equality)
apply (metis apz-transitive-2)
done

lemma add-apz-left-isotone-2: t Ty — z + 2 C y + 2
proof
assume 1: z C y
hence 2: z + 2 <y+ 2+ L
by (smt add-associative add-commutative add-left-isotone apz-def)
have n(L) ; (y + z) = n(L) ; y + n(L) ; 2
by (metis mult-left-dist-add)
also have ... < n(L) ; y + =
by (metis add-commutative add-least-upper-bound add-right-upper-bound n-sub-one mult-left-dist-add mult-left-isotone
mult-left-one)
also have ... <z + n(z) ; T + z using !
by (metis add-left-isotone apz-def)
alsohave ... <z +z+n(z +2); T
by (metis add-associative add-commutative add-right-isotone mult-left-isotone n-right-upper-bound)
finally show z + z C y + z using 2
by (metis apz-def)
qed

lemma mult-apz-left-isotone-2: t Ty — xz ;2 C y ; 2
proof
assume [: z C y
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hencez ;z2<y;z+L; =z

by (metis apz-def mult-left-isotone mult-right-dist-add)
hence 2: z ;2 <y;z+ L

by (metis add-commutative add-left-isotone n-L-below-L order-trans)
have n(L) ;y;2<z;z+ n(z); T; z using 1

by (metis apz-def mult-left-isotone mult-right-dist-add)
alsohave ... <z ;z+4+n(z;2); T

by (metis add-least-upper-bound add-left-upper-bound n-top-split)
finally show z ; z C y ; z using 2

by (metis apz-def mult-associative)

qed

lemma mult-apz-right-isotone-2: x Cy — z ;2 C 2 5 4y
proof
assume I:z L y
hence z ;2 < z;y+ 2z; L
by (metis apz-def mult-left-dist-add mult-right-isotone)
alsohave ... <z;y+2;0+ L
by (metis add-associative add-right-isotone n-L-split-L)
finally have 2: z ;2 < z;y + L
by (metis add-right-zero mult-left-dist-add)
have n(L); z;y < z;n(L);vy
by (metis n-nL-semi-commute mult-left-isotone)
also have ... < z; (z + n(z) ; T) using I
by (metis apz-def mult-associative mult-right-isotone)
alsohave ... =z;z 4+ z;n(z); T
by (metis mult-associative mult-left-dist-add)
alsohave ... < z;z 4+ n(z;2); T
by (metis add-least-upper-bound add-left-upper-bound n-split-top)
finally show 2z ; x C 2z ; y using 2
by (metis apz-def mult-associative)
qed

— Theorem 26.1 and Theorem 26.2

subclass apx-semiring
apply unfold-locales
apply (metis add-least-upper-bound add-right-isotone add-right-upper-bound apz-def mult-right-isotone top-greatest)
apply (rule add-apz-left-isotone-2)
apply (rule mult-apz-left-isotone-2)
apply (rule mult-apx-right-isotone-2)
done

— Theorem 26.2

lemma meet-L-apz-isotone: t &y — z ~ LEC y —~ L
by (smt add-commutative add-idempotent add-left-dist-meet apz-def apz-meet-L n-less-eq-char-n  meet-commutative
meet.add-right-isotone)

— Theorem 26.2

lemma n-L-apz-isotone: x C y — n(z) ; LE n(y) ; L
proof
assume z C y
hence n(L) ; n(y) ; L < n(z); L+ n(n(z); L); T
by (metis add-left-upper-bound apz-def mult-left-isotone n-add-n-top n-export n-isotone order-trans)
thus n(z) ; LC n(y) ; L
by (metis apz-def less-eq-def meet.add-least-upper-bound mult-associative n-L-decreasing-meet-L)
qed

— Theorem 27

definition kappa-apz-meet :: (‘a = ‘a) = bool
where kappa-apz-meet f «—— apz.has-least-firpoint f A has-apx-meet (u f) VYA f=pnf A vf

definition kappa-mu-nu :: (‘a = 'a) = bool
where kappa-mu-nu f «—— apz.has-least-fizpoint f ANk f =pf+ (v f ~ L)

definition nu-below-mu-nu :: (‘a = 'a) = bool
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where nu-below-mu-nu f «—— n(L) ;v f<puf+ wf~L)+nlvf); T

definition nu-below-mu-nu-2 :: (‘a = 'a) = bool
where nu-below-mu-nu-2 f «— n(L) ;v f <uf+ wf~L)+npuf+@wf~L);T

definition mu-nu-apz-nu :: (‘a = 'a) = bool
where mu-nu-apz-nu f — pf+ v f ~L)Cvf

definition mu-nu-apz-meet :: (‘a = ‘a) = bool
where mu-nu-apz-meet f «—— has-apz-meet (u f) W f)AuflDAvi=pf+ wf~1L)

definition apz-meet-below-nu :: (‘a = 'a) = bool
where apz-meet-below-nu f «—— has-apz-meet (u f) W f)ApufAvfi<vf

lemma mu-below-l: p f < puf+ (v f~ L)
by (metis add-left-upper-bound)

lemma [-below-nu: has-least-fixzpoint f A has-greatest-fizpoint f — pu f + v f ~ L) <v f
by (metis add-least-upper-bound meet.add-left-upper-bound mu-below-nu)

lemma n-l-nu: has-least-fizpoint f A has-greatest-fizpoint f — (u f + W f ~ L)) ~L=v f ~L
by (smt add-commutative add-left-dist-meet less-eq-def meet-absorb meet-associative meet-commutative mu-below-nu)

lemma l-apz-mu: p f + (v f ~L)Cuf
proof —
have I: pf+ (v f~L)<uf+1L
by (metis add-right-isotone meet.add-right-upper-bound)
have 2: n(L)spf<pf+Wf~L)+npf+@wf~L);T
by (metis mult-left-isotone mult-left-one mult-left-sub-dist-add-left n-sub-one order-trans)
thus ?thesis using 1
by (metis apz-def)
qed

— Theorem 27.4 implies Theorem 27.5

lemma nu-below-mu-nu-nu-below-mu-nu-2: nu-below-mu-nu f — nu-below-mu-nu-2 f
proof
assume I: nu-below-mu-nu f
have n(L) ; v f = n(L) ; (n(L) ; v f)
by (metis n-mult-idempotent mult-associative)
also have ... < n(L); (uf+wf ~L)+n(vf); T) using 1
by (metis mult-right-isotone nu-below-mu-nu-def)
alsohave ... =n(L); (uf+@wf ~L)+nL);nlvf); T
by (metis mult-associative mult-left-dist-add)
alsohave ... <puf+Wwf~L +nl);nvf); T
by (metis add-left-isotone mult-left-isotone mult-left-one n-sub-one)
alsohave ... =uf+wf ~L) +nnvf);L); T
by (smt n-mult-commutative n-export)
alsohave ... <puf+Wwf~L) +nlvf~L); T
by (metis add-right-isotone mult-left-isotone n-L-decreasing-meet-L n-isotone)
alsohave ... <uf+Wwf~L +npuf+wf~L);T
by (metis add-right-isotone mult-left-isotone n-right-upper-bound)
finally show nu-below-mu-nu-2 f
by (metis nu-below-mu-nu-2-def)
qed

— Theorem 27.5 implies Theorem 27.4

lemma nu-below-mu-nu-2-nu-below-mu-nu: has-least-fixpoint f A has-greatest-fizpoint f A nu-below-mu-nu-2 [ —
nu-below-mu-nu f
proof
assume : has-least-firpoint f A has-greatest-fizpoint f A nu-below-mu-nu-2 f
hence n(L) ;v f < pf+(wf~L)+n(uf+wf~1L);T
by (metis nu-below-mu-nu-2-def)
alsohave ... < uf+ W f ~L)+ n(vf); T using 1
by (metis add-right-isotone l-below-nu mult-left-isotone n-isotone)
finally show nu-below-mu-nu f
by (metis nu-below-mu-nu-def)
qed
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lemma nu-below-mu-nu-equivalent: has-least-fixpoint f A has-greatest-fixpoint f — (nu-below-mu-nu f «—— nu-below-mu-nu-2

)

by (metis nu-below-mu-nu-2-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)
— Theorem 27.5 implies Theorem 27.6

lemma nu-below-mu-nu-2-mu-nu-apz-nu: has-least-fixpoint f A has-greatest-fizrpoint f N nu-below-mu-nu-2 f — mu-nu-apx-nu
f
proof
assume 1: has-least-fizpoint f A has-greatest-fixrpoint f N nu-below-mu-nu-2 f
hence uf+ (v f~L)<vf+1L
by (metis add-commutative add-right-upper-bound I-below-nu order-trans)
thus mu-nu-apz-nu f using 1
by (metis apz-def mu-nu-apz-nu-def nu-below-mu-nu-2-def )
qed

— Theorem 27.6 implies Theorem 27.7

lemma mu-nu-apz-nu-mu-nu-apz-meet: has-least-fizpoint f A has-greatest-fixpoint f N mu-nu-apz-nu f — mu-nu-apz-meet f
proof
let 20=pf+ v f~1L)
assume has-least-fixrpoint f N has-greatest-fizpoint f A mu-nu-apz-nu f
hence is-apz-meet (pu f) (v f) 21
by (smt add-apz-left-isotone add-commutative apz-meet-L is-apz-meet-def l-apz-mu less-eq-def meet.add-least-upper-bound
mu-nu-apz-nu-def)
thus mu-nu-apz-meet f
by (smt apz-meet-char mu-nu-apz-meet-def)
qed

— Theorem 27.7 implies Theorem 27.8

lemma mu-nu-apz-meet-apr-meet-below-nu: has-least-fizpoint f AN  has-greatest-firpoint f N  mu-nu-apz-meet f —
apx-meet-below-nu f
by (metis apz-meet-below-nu-def I-below-nu mu-nu-apr-meet-def)

— Theorem 27.8 implies Theorem 27.5

lemma apz-meet-below-nu-nu-below-mu-nu-2: apx-meet-below-nu f — nu-below-mu-nu-2 f
proof —
let 2l=pf+ v f~1L)
haveVm mCufAmCviAm<vfi—mnl);vf<2+n2);T
proof
fix m
showmCufAmCviAm<vfi—mnl);vfi<2+n?);T
proof
assume I: mCufAmCvfifAm<vf
hence m < 2]
by (smt add-commutative add-left-dist-meet add-left-upper-bound apz-def meet-less-eq-def meet.add-least-upper-bound)
hence m + n(m) ; T < 2l + n(?); T
by (metis add-isotone mult-left-isotone n-isotone)
thus n(L) ;v f < 20+ n(?); T using 1
by (smt apz-def order-trans)
qed
qed
thus %thesis
by (smt apz-meet-below-nu-def apz-meet-same apz-meet-unique is-apz-meet-def nu-below-mu-nu-2-def)
qed

— Theorem 27.1 implies Theorem 27.2

lemma has-apz-least-firpoint-kappa-apx-meet: has-least-fizpoint f A has-greatest-fixpoint f A apzx.has-least-firpoint f —
kappa-apx-meet f
proof
assume 1: has-least-fizpoint f N has-greatest-fizpoint f A apz.has-least-fizpoint f
hence 2:Vw . wCufAwCvf—nl);xf<w+nlw);T
by (metis apz-def mult-right-isotone order-trans kappa-below-nu)
haveVw . wCufAwCvf— w<kf+ Lusing I
by (metis add-left-isotone apz-def mu-below-kappa order-trans)
henceVw . wCpufAwCvf— wC k f using 2
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by (metis apz-def)
hence is-apz-meet (u f) (v f) (k f) using 1
by (smt apz-meet-char is-apz-meet-def kappa-apz-below-mu kappa-apz-below-nu kappa-apr-meet-def)
thus kappa-apzr-meet f using 1
by (metis apz-meet-char kappa-apz-meet-def)
qed

— Theorem 27.2 implies Theorem 27.8

lemma kappa-apz-meet-apx-meet-below-nu: has-greatest-fizpoint f A kappa-apxr-meet f — apz-meet-below-nu f
by (metis apz-meet-below-nu-def kappa-apx-meet-def kappa-below-nu)

— Theorem 27.8 implies Theorem 27.3

lemma apz-meet-below-nu-kappa-mu-nu: has-least-fizpoint f A has-greatest-firpoint f A isotone f A apzx.isotone f A
apx-meet-below-nu f — kappa-mu-nu f
proof
let 20l=pf+ wf—~1L)
let ‘m=pufAvf
assume 1: has-least-fizpoint f N has-greatest-fizpoint f A isotone f A apz.isotone f N apzr-meet-below-nu f
hence 2: ?m = ?i
by (metis apx-meet-below-nu-nu-below-mu-nu-2  mu-nu-apr-meet-def  mu-nu-apr-nu-mu-nu-apr-meet
nu-below-mu-nu-2-mu-nu-apr-nu)
have 3: 21 < f(%) + L
proof —
have 2l < p f + L
by (metis add-right-isotone meet.add-right-upper-bound)
also have ... = f(u f) + L using 1
by (metis is-least-fizxpoint-def least-fixpoint)
also have ... < f(?l) + L using 1
by (metis add-left-isotone add-left-upper-bound isotone-def)
finally show 2l < f(?1) + L
by metis
qed
have n(L) ; f(?l) < 21+ n(2); T
proof —
have n(L) ; f(?1) < n(L); f(v f) using 1 2
by (metis apz-meet-below-nu-def isotone-def mult-right-isotone)
also have ... = n(L) ; v f using 1
by (metis greatest-fizpoint is-greatest-fizpoint-def)
also have ... < 2l + n(?l) ; T using 1
by (metis apz-meet-below-nu-nu-below-mu-nu-2 nu-below-mu-nu-2-def)
finally show n(L) ; f(?l) < 20l + n(?2); T
by metis
qged
hence 4: 21 C f(2])
by (metis apz-def)
have 5: f(?2)) C pu f
proof —
have 21 C u f
by (metis l-apz-mu)
thus f(?2]) C u f using 1
by (metis apz.isotone-def is-least-fixpoint-def least-fixpoint)
qged
have 6: f(?2l) Cv f
proof —
have 9l C v f using 1 2
by (metis apz-greatest-lower-bound apz-meet-below-nu-def apx-reflexive)
thus f(?]) C v f using 1
by (metis apz.isotone-def greatest-fixpoint is-greatest-fizpoint-def)
qged
hence f(?]) C ?l using 1 2 5
by (metis apz-greatest-lower-bound apz-meet-below-nu-def)
hence 7: f(?l) = %] using 4
by (metis apz-antisymmetric)
haveVy . f(y) =y — ?ICy
proof
fix y
show f(y) =y — ?Cy

using 3
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proof
assume 8: f(y) =y
hence 9: 7l < y + L using 1
by (metis add-isotone is-least-fizpoint-def least-fizpoint meet.add-right-upper-bound)
have y < v f using 1 8
by (metis greatest-fizpoint is-greatest-fizpoint-def)
hence n(L) ; y < 20+ n(?l) ; T using 1 4 6
by (smt apz-meet-below-nu-nu-below-mu-nu-2 mult-right-isotone nu-below-mu-nu-2-def order-trans)
thus ?/ C y using 9
by (metis apz-def)
qed
ged
thus kappa-mu-nu f using 1 2 7
by (smt apz.least-fixpoint-same apz.has-least-fixpoint-def apx.is-least-fixpoint-def kappa-mu-nu-def)
qed

— Theorem 27.3 implies Theorem 27.1

lemma kappa-mu-nu-has-apx-least-fixpoint: kappa-mu-nu f — apzx.has-least-fixpoint f
by (metis kappa-mu-nu-def)

— Theorem 27.4 implies Theorem 27.3

lemma nu-below-mu-nu-kappa-mu-nu: has-least-fixpoint f A has-greatest-fixrpoint f A isotone f A apz.isotone [ A
nu-below-mu-nu f — kappa-mu-nu f

by (metis  apz-meet-below-nu-kappa-mu-nu  mu-nu-apz-meet-apr-meet-below-nu  Mu-NU-aPL-NU-MU-NU-APT-Meet
nu-below-mu-nu-nu-below-mu-nu-2 nu-below-mu-nu-2-mu-nu-apr-nu)

— Theorem 27.3 implies Theorem 27.4

lemma kappa-mu-nu-nu-below-mu-nu: has-least-fizpoint f N has-greatest-fixrpoint f N kappa-mu-nu f — nu-below-mu-nu f
by (metis apz-meet-below-nu-nu-below-mu-nu-2 has-apz-least-firpoint-kappa-apz-meet nu-below-mu-nu-2-nu-below-mu-nu
kappa-apx-meet-apr-meet-below-nu kappa-mu-nu-has-apz-least-fizpoint)

— Theorem 28

definition kappa-mu-nu-L :: ('a = 'a) = bool
where kappa-mu-nu-L f «—— apz.has-least-fitpoint f Nk f =p f+n(w f); L

definition nu-below-mu-nu-L :: ('a = 'a) = bool
where nu-below-mu-nu-L f «— n(L) ;v f <puf+nwf); T

definition mu-nu-apz-nu-L :: (‘a = 'a) = bool
where mu-nu-apz-nu-L f — pu f +n(v f); LC v f

definition mu-nu-apz-meet-L :: (‘a = 'a) = bool
where mu-nu-apz-meet-L f «—— has-apz-meet (u f) W f)ApfAvfif=pnf+nlvf);L

lemma n-below-I: z + n(y) ; L<z + (y —~ L)
by (metis add-right-isotone n-L-decreasing-meet-L)

lemma n-equal-l: nu-below-mu-nu-L f — pf+nv f);L=pnf+ ¥ f~L)
proof
assume nu-below-mu-nu-L f
hencev f ~L<(uf+nwvf);T) ~L
by (smt meet-L-below-n-L meet.add-least-upper-bound meet.add-right-upper-bound nu-below-mu-nu-L-def order-trans)
also have ... < puf+ (n(v f); T —~ L)
by (metis add-left-dist-meet add-right-upper-bound meet.add-right-isotone)
alsohave ... < uf+n(vf);L
by (metis add-right-isotone n-vector-meet-L)
finally have p f + (W f ~ L)< puf+nwf); L
by (metis add-least-upper-bound add-left-upper-bound)
thus p f +n(v f) s L=pf+ (v f~L)
by (metis antisym n-below-1)
qed

— Theorem 28.2 implies Theorem 27.4

lemma nu-below-mu-nu-L-nu-below-mu-nu: nu-below-mu-nu-L f — nu-below-mu-nu f
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by (metis add-associative add-right-top mult-left-dist-add n-equal-l nu-below-mu-nu-L-def nu-below-mu-nu-def)
— Theorem 28.2 implies Theorem 28.1

lemma nu-below-mu-nu-L-kappa-mu-nu-L: has-least-fixzpoint f A has-greatest-fizpoint f A isotone f A apx.isotone f A
nu-below-mu-nu-L f — kappa-mu-nu-L f
by (metis n-equal-l nu-below-mu-nu-L-nu-below-mu-nu nu-below-mu-nu-kappa-mu-nu kappa-mu-nu-L-def kappa-mu-nu-def)

— Theorem 28.2 implies Theorem 28.3

lemma nu-below-mu-nu-L-mu-nu-apx-nu-L: has-least-fixrpoint f AN has-greatest-fizpoint f A nu-below-mu-nu-L f —
mu-nu-apxr-nu-L f

by (metis mu-nu-apx-nu-L-def mu-nu-apr-nu-def n-equal-1 nu-below-mu-nu-2-mu-nu-apr-nu
nu-below-mu-nu-L-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)

— Theorem 28.2 implies Theorem 28.4

lemma nu-below-mu-nu-L-mu-nu-apz-meet-L: has-least-fixpoint f A has-greatest-firpoint f N nu-below-mu-nu-L f —
mu-nu-apxr-meet-L f

by (metis mu-nu-apz-meet-L-def mu-nu-apr-meet-def MU-NU-APT-NU-TMU-NU-aPT-Mmeel n-equal-1
nu-below-mu-nu-2-mu-nu-apz-nu nu-below-mu-nu-L-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)

— Theorem 28.3 implies Theorem 28.2

lemma mu-nu-apz-nu-L-nu-below-mu-nu-L:  has-least-fizpoint f A has-greatest-fizpoint f A mu-nu-apr-nu-L f —
nu-below-mu-nu-L f
proof
let on=pf+nvf);L
let 2l=pf+vf~1L)
assume : has-least-fizpoint f N has-greatest-fizpoint f N mu-nu-apz-nu-L f
hence n(L) ;v f < ?n+ n(%n); T
by (metis apz-def mu-nu-apz-nu-L-def)
also have ... < ?n + n(%); T
by (metis add-right-isotone n-isotone mult-left-isotone n-below-1)
also have ... < ?n + n(v f) ; T using 1
by (metis add-right-isotone n-isotone l-below-nu mult-left-isotone)
finally show nu-below-mu-nu-L f
by (metis add-associative add-right-top mult-left-dist-add nu-below-mu-nu-L-def)
qed

— Theorem 28.1 implies Theorem 28.3

lemma kappa-mu-nu-L-mu-nu-apx-nu-L: has-greatest-fizrpoint f N kappa-mu-nu-L f — mu-nu-apz-nu-L f
by (metis mu-nu-apz-nu-L-def kappa-apz-below-nu kappa-mu-nu-L-def)

— Theorem 28.4 implies Theorem 28.3

lemma mu-nu-apz-meet- L-mu-nu-apz-nu-L: mu-nu-apr-meet-L f — mu-nu-apxr-nu-L f
by (smt apz-meet-same has-apr-meet-def is-apz-meet-def mu-nu-apz-meet-L-def mu-nu-apz-nu-L-def)

— Theorem 28.1 implies Theorem 28.2
lemma kappa-mu-nu-L-nu-below-mu-nu-L: has-least-fizpoint f A  has-greatest-fizpoint f A kappa-mu-nu-L f —
nu-below-mu-nu-L f
by (metis mu-nu-apz-nu-L-nu-below-mu-nu-L kappa-mu-nu-L-mu-nu-apz-nu-L)
— Theorem 28 counterexample
lemma nu-below-mu-nu-nu-below-mu-nu-L: nu-below-mu-nu f — nu-below-mu-nu-L f nitpick [ezpect=genuine] oops
— Theorem 29.1
lemma unfold-fold-1: isotone f A has-least-prefizpoint f A apx.has-least-fixzpoint f N f(z) <z — k f <z + L
by (metis add-left-isotone apz-def has-least-fizpoint-def is-least-prefizpoint-def least-prefixpoint-char least-prefizpoint-fizpoint
order-trans pmu-mu kappa-apz-below-mu)

— Theorem 29.2

lemma unfold-fold-2: isotone f A apz.isotone f N has-least-prefixrpoint f N has-greatest-fizpoint f N apx.has-least-fixpoint f N
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f@y<zAkf~L<z~L—kf<z
proof
assume I: isotone f A apz.isotone f A has-least-prefixzpoint f A has-greatest-fizrpoint f A apz.has-least-fixpoint f A f(z) < z
ANef~L<z~1L
hence k f ~L=vf ~1L
by (metis apz-meet-L meet.add-left-isotone meet.antisym kappa-apz-below-nu kappa-below-nu)
hence k f = (k f —~ L) + p f using 1
by (metis apz-meet-below-nu-kappa-mu-nu has-apz-least-firpoint-kappa-apz-meet add-commutative least-fizpoint-char
least-prefizpoint-fizpoint kappa-apz-meet-apz-meet-below-nu kappa-mu-nu-def)
thus « f < z using I
by (metis add-least-upper-bound is-least-prefizpoint-def least-prefizpoint meet.add-least-upper-bound pmu-mu)
qed

end

end
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22 NOmegaAlgebra

theory NOmegaAlgebra

imports OmegaAlgebra Recursion

begin

class itering-apr = bounded-itering + n-algebra-apx
begin

lemma circ-L: L° = L + 1
by (metis add-commutative mult-top-circ n-L-top-L)

lemma n-circ-import: n(y) ; ¢ < z ; n(y) — n(y) ; z° = n(y) ; (n(y) ; ©)°
by (metis circ-import n-mult-idempotent n-sub-one order-refl)

— Theorem 26.3 and Theorem 26.4

lemma circ-apz-isotone: x C y — z° C y°
proof
assume z C y
hence 1: z <y + LAnL);y<z+n(z); T
by (metis apz-def)
have n(L) ; y° < (n(L) ; y)°
by (smt circ-reflexive circ-transitive-equal n-sub-one n-circ-import n-nL-semi-commute mult-left-isotone order-trans)
also have ... < z° + 2° ; n(z) ; T using !
by (metis circ-isotone circ-left-top circ-unfold-sum mult-associative)
also have ... < z° + (z°; 0 + n(z° ; z) ; T)
by (smt add-right-isotone n-n-top-split-n-top)
also have ... < z° + (z°; 0 + n(z°) ; T)
by (metis add-right-isotone mult-left-isotone n-isotone right-plus-below-cire)
also have ... = z2° + n(z°) ; T
by (smt add-associative add-commutative less-eq-def zero-right-mult-decreasing)
finally have 2: n(L) ; y° < z° + n(z°); T
by metis
have z° < y° ; L° using 1
by (metis circ-add-1 circ-back-loop-fizpoint circ-isotone n-L-below-L less-eq-def mult-associative)
also have ... = y° + y° ; L
by (metis add-commutative circ-L mult-left-dist-add mult-right-one)
also have ... < y° +y°; 0 + L
by (metis add-associative add-right-isotone n-L-split-L)
finally have z° < y° + L
by (metis add-commutative less-eq-def zero-right-mult-decreasing)
thus z° C y° using 2
by (metis apz-def)
qed

end

class n-omega-algebra-1 = bounded-left-zero-omega-algebra + n-algebra-apr + Omega +
assumes Omega-def: t% = n(z¥) ; L + z*

begin

lemma n-omega-ezport: n(y) ; ¢ < z ; n(y) — n(y) ; z*° = (n(y) ; z)*
by (metis mult-associative n-mult-idempotent omega-import omega-slide order-refl)

— Theorem 30.1

lemma L-mult-star: L ; z* = L
by (metis less-eq-def mult-associative n-L-below-L star.circ-back-loop-fizpoint)

— Theorem 30.2

lemma mult-L-star: (z ; L)* =1 4+ z; L
by (smt L-mult-star mult-associative star.circ-mult)
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lemma mult-L-omega-below: (z ; L) <z ; L
by (metis mult-right-isotone n-L-below-L omega-slide)

— Theorem 30.5

lemma mult-L-add-star: (z ; L+ y)* =y* +y* ;2 ; L
by (metis L-mult-star mult-associative star.circ-add-1 star.circ-decompose-6 star.circ-unfold-sum)

lemma mult-L-add-omega-below: (z ; L+ y)* < y* +y* ;2 ; L
proof —
have (z ; L+ y)“ <y* ;25 L+ (y" ;25 L) ;y”
by (metis add-commutative mult-associative omega-decompose add-left-isotone mult-L-omega-below)
also have ... < y* + y* ;2 ; L
by (smt add-associative add-commutative less-eq-def mult-L-star mult-associative mult-left-dist-add mult-left-one
mult-right-dist-add n-L-below-L order-refl)
finally show ?thesis
by metis
qed

lemma n-Omega-isotone: © < y — < yQ
by (metis Omega-def add-isotone mult-left-isotone n-isotone omega-isotone star-isotone)

lemma n-star-below-Omega: z* < z%
by (metis add-right-upper-bound Omega-def)

— Theorem 30.4

lemma mult-L-star-mult-below: (z ; L)* 5y <y + z; L
by (metis add-right-isotone mult-associative mult-right-isotone n-L-below-L star-left-induct)

end
sublocale n-omega-algebra-1 < star!: itering-apr where circ = star ..

class n-omega-algebra = n-omega-algebra-1 + n-algebra-apr +
assumes n-split-omega-mult: n(L) ; z* < z* ; n(z*) ; T
assumes tarski: ¢ ; L<x ;L ;x; L

begin
— Theorem 30.3

lemma mult-L-omega: (z ; L) =z ; L
apply (rule antisym)
apply (rule mult-L-omega-below)
apply (metis mult-associative omega-induct-mult tarski)
done

— Theorem 30.6

lemma mult-L-add-omega: (z ; L + y)* =y* + y* ;25 L

apply (rule antisym)

apply (rule mult-L-add-omega-below)

apply (metis add-right-isotone add-right-upper-bound less-eq-def mult-L-omega mult-associative mult-isotone omega-sub-dist
star.circ-sub-dist star-mult-omega)

done

— Theorem 30.3

lemma tarski-mult-top-idempotent: © ; L=x ; L ; x ; L
by (metis mult-L-omega mult-associative omega-unfold)

— Theorem 30.7

lemma n-below-n-omega: n(z) < n(z*)
proof —
have n(z) ; L < n(z); L; n(z); L
by (metis tarski)
also have ... <z ; n(z) ; L
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by (metis mult-left-isotone n-L-decreasing)
finally have n(z) ; L < z*
by (metis mult-associative omega-induct-mult)
thus ?thesis
by (metis n-galois)
qed

— Theorem 30.15

lemma n-split-omega-add-zero: n(L) ; z¥° < z*; 0 + n(z*) ; T
proof —
have n(z“) ; T+ z; (z*; 0+ n(z®); T)=n(®); T+z;2°;0+z;n=z*); T
by (metis add-associative mult-associative mult-left-dist-add)
alsohave ... <n(z*); T+ z;z*;0+z;0+n=); T
by (metis add-associative add-right-isotone n-n-top-split-n-top omega-unfold)
alsohave ... =z ;2" ;0 + n(z*); T
by (smt add-associative add-commutative add-left-top add-right-zero mult-associative mult-left-dist-add)
also have ... < z*; 0 + n(z¥) ; T
by (metis add-left-isotone mult-left-isotone star.left-plus-below-circ)
finally have z* ; n(z*); T < z*; 0 + n(z*); T
by (metis mult-associative star-left-induct)
thus %thesis
by (metis n-split-omega-mult order-trans)
qed

lemma n-split-omega-add: n(L) ; z* < z* + n(z*); T
by (metis add-left-isotone n-split-omega-add-zero order-trans zero-right-mult-decreasing)

— Theorem 30.8

lemma n-dist-omega-star: n(y* + y* ; z) = n(y*) + n(y* ; 2)
proof —
have n(y” + y* ; 2) < n(n(L) ; y* + y* ; 2)
by (smt mult-associative mult-left-dist-add mult-left-isotone mult-left-one n-export n-mult-commutative n-n-nL n-sub-one)
also have ... < n(y*; 0 + n(y*); T + y* ; 2)
by (metis add-commutative add-right-isotone n-isotone n-split-omega-add-zero)
also have ... = n(y“) + n(y* ; 2)
by (smt add-associative add-commutative add-right-zero mult-left-dist-add n-dist-n-add)
finally show %thesis
by (metis add-least-upper-bound n-left-upper-bound n-right-upper-bound antisym,)
qed

lemma mult-L-add-circ-below: (z ; L+ 9)® < n(y*); L+ y* +y* ;2 ; L
proof —
have (z ; L + ¢)? < n(y* + y*;z;L); L+ (z; L+ y)*
by (metis add-left-isotone mult-L-add-omega-below mult-left-isotone n-isotone Omega-def)
also have ... =n(y“); L+ n(y*;z;L); L+ (z; L+ y)~
by (metis mult-associative mult-right-dist-add n-dist-omega-star)
also have ... < n(y“); L+ y*" +y* ;2; L
by (smt add-associative add-commutative add-idempotent add-right-isotone mult-L-add-star n-L-decreasing)
finally show “thesis
by metis
qed

lemma n-mult-omega-L-below-zero: n(y ; z*) ; L<y;z*; 0 +y; n(z*); L
proof —
have n(y ; 2°) ; L< n(L) ;y; 2 ~ L
by (metis n-L-decreasing-meet-L n-export n-mult-commautative n-n-nL mult-associative)
also have ... <y ;n(L) ; z¥ ~ L
by (smt meet.add-left-isotone meet.add-right-divisibility mult-right-sub-dist-meet-right n-nL-semi-commute)
also have ... <y ; (z*; 0 + n(z*); T) ~ L
by (metis meet-commutative meet.add-right-isotone mult-associative mult-right-isotone n-split-omega-add-zero)
alsohave ... = (y;2* ;0 ~ L)+ (y; n(z*) ; T ~ L)
by (metis meet-commutative meet-left-dist-add mult-associative mult-left-dist-add)
also have ... < (y;2* ;0 ~ L)+ y;n(z¥); L
by (metis add-right-isotone n-vector-meet-L)
also have ... <y ;2" ;0 4+ y; n(z*); L
by (metis add-left-isotone meet.add-left-upper-bound)
finally show ?thesis
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by metis
qed

— Theorem 30.14

lemma n-mult-omega-L-star-zero: y ; 2 ; 0 + n(y ;2%) ; L=y ;2" ; 0+ y;n(z*); L
apply (rule antisym)
apply (metis add-least-upper-bound mult-associative mult-left-dist-add mult-left-sub-dist-add-left n-mult-omega-L-below-zero)
apply (smt add-associative add-commutative add-left-zero add-right-isotone mult-associative mult-left-dist-add n-n-L-split-n-L)
done

— Theorem 30.11

lemma n-mult-omega-L-star: y ; z* + n(y ; 2¥) ; L=y ;2" + y ; n(z*) ; L
by (metis zero-right-mult-decreasing n-mult-omega-L-star-zero add-relative-same-increasing)

lemma n-mult-omega-L-below: n(y ; ) ; L <y ;z* + y; n(z*); L
by (metis add-right-upper-bound n-mult-omega-L-star)

lemma n-omega-L-below-zero: n(z*) ; L<x ;2" ;0 4+ z ; n(z¥) ; L
by (smt omega-unfold n-mult-omega-L-below-zero add-left-isotone star.left-plus-below-circ order-trans)

lemma n-omega-L-below: n(z*) ; L < 2* + z ; n(z*) ; L
by (metis omega-unfold n-mult-omega-L-below add-left-isotone star.left-plus-below-circ order-trans)

— Theorem 30.13

lemma n-omega-L-star-zero:  ; z* ; 0 + n(z*) ; L=z ;2 ; 0 + z ; n(a*) ; L
by (metis n-mult-omega-L-star-zero omega-unfold)

— Theorem 30.10

lemma n-omega-L-star: * + n(z*) ; L=2" + z ; n(z¥) ; L
by (metis star.circ-mult-upper-bound star.left-plus-below-circ zero-least n-omega-L-star-zero add-relative-same-increasing)

— Theorem 30.12

lemma n-omega-L-star-zero-star: z* ; 0 + n(z*) ; L=2"; 0 + z* ; n(z*) ; L
by (metis n-mult-omega-L-star-zero star-mult-omega mult-associative star.circ-transitive-equal)

— Theorem 30.9

lemma n-omega-L-star-star: x* + n(z*) ; L =2* + 2* ; n(z*) ; L
by (metis zero-right-mult-decreasing n-omega-L-star-zero-star add-relative-same-increasing)
lemma n-Omega-left-unfold: 1 + = ; =% =
by (smt Omega-def add-associative add-commutative mult-associative mult-left-dist-add n-omega-L-star star.circ-left-unfold)
lemma n-Omega-left-slide: (z ; y)? ;¢ < z; (y ; 2)@
proof —
have (z; y)" sz <az;y;n((z;y)*); L+ (z;9) ;2
by (smt Omega-def add-commutative add-left-isotone mult-associative mult-right-dist-add mult-right-isotone n-L-below-L
n-omega-L-star)
alsohave ... <z ;(y; 0+ n(y; (z;9)); L)+ (z;y) ;=
by (smt add-associative add-commutative less-eq-def mult-associative mult-left-dist-add mult-left-sub-dist-add-left
n-n-L-split-n-L star.circ-slide)
also have ... = z ; (y ; z)®
by (smt Omega-def add-associative add-commutative less-eq-def mult-associative mult-isotone mult-left-dist-add omega-slide
star.circ-increasing star.circ-slide zero-least)
finally show ?thesis
by metis
qed
lemma n-Omega-add-1: (z + y)* = z%; (y ; £%)°
proof —
have 1: (z + y)® = n((z" ; 9)*) s L+ n((@* 5 9)" ;2¥); L+ (2% 5 9)" 5 2"
by (smt Omega-def mult-right-dist-add n-dist-omega-star omega-decompose star.circ-add)
have n((z* ; y)*) ; L < (2" ;)" + 2”5 (y 5 n((z” 5 y)¥) 5 L)
by (metis n-omega-L-below mult-associative)
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alsohave ... < (z* ;y)" + 2" ;9y; 0 + 2" ; n((y; 2)°) ; L
by (smt add-associative add-right-isotone mult-associative mult-left-dist-add mult-right-isotone n-n-L-split-n-L omega-slide)
also have ... = (z* ; y)* + 2" ; n((y ; 2*)°) ; L
by (metis add-commutative less-eq-def star.circ-sub-dist-1 zero-right-mult-decreasing)
also have ... < z* ; (y; 2")  + 2z ; n((y ; 2*)*) ; L
by (metis add-left-isotone mult-right-isotone star.circ-increasing star.circ-isotone star-decompose-38)
also have ... < z* ; (y ; )%
by (metis Omega-def add-commutative mult-associative mult-left-dist-add mult-right-isotone n-Omega-isotone
n-star-below-Omega)
also have ... < 22 ; (y ; z%)
by (metis n-star-below-Omega mult-left-isotone)
finally have 2: n((z* ; y)*) ; L < 2% ; (y ; %)%
by metis
have n((z* ; y)* ;2¥); L<n(z*); L+z";(y;2") +2*; (y;2°) ;y;n@); L
by (smt add-associative add-commutative mult-left-one mult-right-dist-add n-mult-omega-L-below  star.circ-mult
star.circ-slide)
also have ... = n(z¥) ; L; (y ; )" + 2* ; (y ; z)*
by (smt Omega-def add-associative mult-L-add-star mult-associative mult-left-dist-add L-mult-star)
also have ... < 2% ; (y ; %)%
by (metis mult-right-dist-add Omega-def n-star-below-Omega mult-right-isotone)
finally have 3: n((z* ; y)* ; z¥) ; L < 2% ; (y ; )2
by metis
have (z* ; y)* ; z* < 2 ; (y ; )%
by (metis star-slide mult-isotone mult-right-isotone n-star-below-Omega order-trans star-isotone)
hence 4: (z + y)? < 2% ; (y ; ™) using 1 2 3
by (metis add-least-upper-bound)
have 5: 2% ;5 (y ;)% < n(z¥) ; L+ 2* ;n((y; 29)°) s L+ 2% 5 (y 5 2%)
by (smt Omega-def add-associative add-left-isotone mult-associative mult-left-dist-add mult-right-dist-add mult-right-isotone
n-L-below-L)
have n(z“) ; L < n((z* ; y)*;2¥); L
by (metis add-commutative add-left-upper-bound mult-lefi-isotone n-isotone star.circ-loop-fixpoint)
hence 6: n(z*) ; L < (z + y)* using 1
by (metis Omega-def add-left-upper-bound n-Omega-isotone order-trans)
have z* 5 n((y ; 2%)) s L<a* 5 n((y; 2°) + (y;27) 5y 5 n(e) 5 L) L
by (metis Omega-def mult-L-add-omega-below mult-associative mult-left-dist-add mult-left-isotone mult-right-isotone
n-isotone)
also have ... < z*; 0 + n(z*; (y; ") + (y;2°) 5 y;n(z*); L)) ; L
by (metis n-n-L-split-n-L)
also have ... < z*" + n((z*; y)* + 2" ; (y;2°) 5y ;n(z*); L); L
by (smt add-left-isotone mult-associative mult-left-dist-add omega-slide zero-right-mult-decreasing)
also have ... < z* + n((z*; v)* + (2" ; y)* ; n(z*); L) ; L
by (smt add-right-divisibility add-right-isotone mult-left-isotone n-isotone star.circ-mult)
also have ... < z* + n((z + y)*) ; L
by (metis add-right-isotone mult-associative mult-left-isotone mult-right-isotone n-L-decreasing n-isotone omega-decompose)
also have ... < (z + )%
by (metis add-left-isotone star.circ-sub-dist Omega-def add-commutative)
finally have 7: z* ; n((y ; ) ; L < (z + 3)%
by metis
have o* ; (y 3 )" < (27 ; )" 1 0% + (2% 5 9)" s n(a*) ; L
by (smt Omega-def add-right-isotone mult-L-add-star mult-associative mult-left-dist-add —mult-left-isotone
star.left-plus-below-circ star-slide)
also have ... < (2" ; y)* ; z* + n((z* 5 y)* ;2%); L
by (metis add-associative add-right-isotone add-right-zero mult-left-dist-add n-n-L-split-n-L)
also have ... < (z + y)%
by (smt Omega-def add-commutative add-right-isotone mult-left-isotone n-right-upper-bound omega-decompose star.circ-add)
finally have n(z*) ; L + z* ; n((y ; %) ; L+ z* ; (y ; 2" < (z + y)® using 6 7
by (metis add-least-upper-bound)
hence z ; (y ; )% < (z + y)* using 5
by (smt order-trans)
thus %thesis using /
by (metis antisym)
qed

Q

end

sublocale n-omega-algebra < nL-omega!: left-zero-conway-semiring where circ = Omega
apply unfold-locales
apply (metis n-Omega-left-unfold)
apply (metis n-Omega-left-slide)
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apply (metis n-Omega-add-1)
done

context n-omega-algebra
begin
— Theorem 31.2

lemma omega-apz-isotone: r C y — z¥ C y*
proof
assume z C y
hence I: 2 <y+ LAnL);y<z+n(z); T
by (metis apz-def)
have n(z) ; T+ z; (z“ + n(z*) ; T) < n(z); T + z* + n(z¥) ; T
by (smt add-associative mult-associative mult-left-dist-add add-right-isotone n-n-top-split-n-top add-right-zero omega-unfold)
also have ... < z* + n(z*); T
by (metis add-commutative add-right-isotone mult-left-isotone n-below-n-omega add-associative add-idempotent)
finally have 2: z* ; n(z) ; T < z¥ + n(z¥); T
by (metis mult-associative star-left-induct)
have n(L) ; y* = (n(L) ; y)*
by (metis n-omega-export n-nL-semi-commute)
also have ... < (z + n(z) ; T)“ using 1
by (metis omega-isotone)
also have ... = (z* ; n(z) ; T)* + (z* ; n(z) ; T)* ; =¥
by (metis mult-associative omega-decompose)
also have ... < z* ;n(z) ; T + (% ; n(z) ; T)* ; z“
by (metis add-left-isotone mult-top-omega)
alsohave ... =z* ;n(z) ; T+ (I + 2" ;n(z); T; (2% ; n(z); T)); z¥
by (metis mult-associative star.circ-left-top star.mult-top-circ)
also have ... < z¥ + 2" ; n(z) ; T
by (smt add-isotone add-least-upper-bound mult-associative mult-left-one mult-right-dist-add mult-right-isotone order-refl
top-greatest)
also have ... < z¥ + n(z®) ; T using 2
by (metis add-least-upper-bound add-left-upper-bound)
finally have 3: n(L) ; y* < z% + n(z¥) ; T
by metis
have z* < (y + L)* using 1
by (metis omega-isotone)

also have ... = (y* ; L)* + (y* ; L)" ; y*
by (metis omega-decompose)
also have ... = y* ; L; (y*; L)* + (y*; L)* ; y*

by (metis omega-unfold)
also have ... < y* ; L + (y*; L)* ; y*
by (metis add-left-isotone n-L-below-L mult-associative mult-right-isotone)
alsohave ... = y* ; L+ (I +y*; L; (y"; L)"); y”
by (metis star.circ-left-unfold)
also have ... < y* ; L + y*
by (metis add-commutative add-least-upper-bound add-right-upper-bound mult-L-star-mult-below mult-associative
star.circ-mult star.cire-slide)
also have ... < y* ; 0 + L + y*
by (metis add-left-isotone n-L-split-L)
finally have z* < y“ + L
by (metis add-associative add-commutative less-eq-def star-zero-below-omega)
thus z* C y“ using 3
by (metis apz-def)
qed

lemma combined-apz-left-isotone: © Ty — n(z*) ; L+ z* ;2 Cn(y”); L+ y* ;2
by (metis add-apz-isotone mult-apz-left-isotone omega-apz-isotone star.circ-apz-isotone n-L-apx-isotone)

lemma combined-apz-left-isotone-2: t Ty — (z¥ ~ L) + 2" ;2 C (y* ~ L) + y* ; z
by (metis add-apz-isotone mult-apz-left-isotone omega-apz-isotone star.circ-apz-isotone meet-L-apx-isotone)

lemma combined-apz-right-isotone: y C z — n(z*) ; L+ 2" ; y T n(z”); L+ z2* 5 2
by (metis add-apz-right-isotone mult-apz-right-isotone)
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lemma combined-apz-right-isotone-2: y C z — (z¥ ~ L)+ 2" ;y C (z¥ ~ L) + 2" ; 2
by (metis add-apz-right-isotone mult-apz-right-isotone)

lemma combined-apz-isotone: t C y AwC z — n(z*); L+ z* ; wCEn(y”); L+ y* ;2
by (metis add-apz-isotone mult-apz-isotone omega-apz-isotone star.circ-apz-isotone n-L-apz-isotone)

lemma combined-apz-isotone-2: t Cy AwC z — (¥ ~ L)+ z*; wC (y* ~ L)+ 3" ;2
by (metis add-apz-isotone mult-apz-isotone omega-apz-isotone star.circ-apx-isotone meet-L-apz-isotone)

— Theorem 30.16

lemma n-split-nu-mu: n(L) ; (v +y*;2) <y 52+ ny’ +y* ;2); T
proof —
have n(L) ; (v + y*;2) < n(L);y* +y*; 2
by (metis add-right-isotone mult-left-dist-add mult-left-isotone mult-left-one n-sub-one)
also have ... < y*; 0+ n(y*); T+ y*; 2
by (metis add-commutative add-right-isotone n-split-omega-add-zero)
alsohave ... < y* ;2 +n(y* +y*;2); T

NOmegaAlgebra

by (smt add-associative add-commutative add-right-isotone add-right-zero mult-left-dist-add mult-left-isotone

n-left-upper-bound)
finally show “thesis
by metis
qed

lemma n-split-nu-mu-2: n(L) ; (y* + y*52) <y 52+ ((y* + 9" 52) ~L)+ny* +y*5;2); T

by (smt add-left-isotone add-left-upper-bound add-right-isotone add-right-upper-bound n-split-nu-mu order-trans)

lemma loop-ezists: n(L) ;v (Az .y;z+2z)<pQz.y;z+2)+nv (A .y;z+2); T
by (metis n-split-nu-mu omega-loop-nu star-loop-mu)

lemma loop-ezists-2: n(L) ;v Az . y;z+2)<pAz.y;z+2)+ WAz .y;2+2) ~ L)+ nlv (M.

by (metis n-split-nu-mu-2 omega-loop-nu star-loop-mu,)

y;x4+2); T

lemma loop-apz-least-fizpoint: apz.is-least-fizpoint Az .y ;2 +2) (w Az . y;z+2) +nlv Az .y; 2+ 2)); L)

proof —
have kappa-mu-nu-L (Az . y ; = + 2)

by (metis affine-apz-isotone loop-exists  affine-has-greatest-firpoint  affine-has-least-fizpoint  affine-isotone

nu-below-mu-nu-L-def nu-below-mu-nu-L-kappa-mu-nu-L)
thus “thesis
by (smt apz.least-fixpoint-char kappa-mu-nu-L-def)
qed

lemma loop-apz-least-fizpoint-2: apz.is-least-fizpoint Az .y ;2 +2) (w(Az . y;z+2)+ v Az .y;z+ 2) ~ L))

proof —
have kappa-mu-nu Az . y ; © + z)

by (metis affine-apx-isotone  affine-has-greatest-fixzpoint  affine-has-least-fixpoint  affine-isotone loop-exists-2

nu-below-mu-nu-def nu-below-mu-nu-kappa-mu-nu)
thus “thesis
by (smt apz.least-fixpoint-char kappa-mu-nu-def)
qed

lemma loop-has-apz-least-fizpoint: apz.has-least-fizpoint (Az . y ; x + z)
by (metis apz.has-least-fixpoint-def loop-apz-least-fixpoint)

lemma loop-semantics: &K (Az . y;z+2)=p Az .y;z+2)+nlv(Az.y;z+2);L
by (metis apz.least-fixpoint-char loop-apz-least-fixpoint)

lemma loop-semantics-2: k Az .y;c+2z)=p Az .y;z2+2)+ WAz .y;2z+2) ~ L)
by (metis apz.least-fixpoint-char loop-apz-least-fixpoint-2)

— Theorem 31.1

lemma loop-semantics-kappa-mu-nu: K (A . y;z + 2) =n(y®); L+ y*; 2
proof —
have k (A\z . y;z+2)=y"; 2+ nw +y*;2);L
by (metis loop-semantics omega-loop-nu star-loop-mu)
thus %thesis

by (smt n-dist-omega-star add-associative mult-right-dist-add add-commutative less-eq-def n-L-decreasing)

qed
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— Theorem 31.1

lemma loop-semantics-kappa-mu-nu-2: kK Az .y ;¢ + 2) = (y* ~ L) + y* ; 2
proof —
have k Az . y;z+2)=vy"; 2+ (yv* +y*;2) ~ L)
by (metis loop-semantics-2 omega-loop-nu star-loop-mu)
thus ?thesis
by (smt add-absorb add-associative add-commutative add-left-dist-meet)
qed

— Theorem 31.2

lemma loop-semantics-apz-left-isotone: w Cy — k Az . w2+ 2) Ck Az .y ;2 + 2)
by (metis loop-semantics-kappa-mu-nu combined-apz-left-isotone)

— Theorem 31.2

lemma loop-semantics-apz-right-isotone: wC z — k Az . y; 2+ w) Ck Az . y; 2 + 2)
by (metis loop-semantics-kappa-mu-nu combined-apz-right-isotone)

lemma loop-semantics-apz-isotone: vE y AwEC z — k(M. v;z2+w)Crk(Az.y;z+ 2)
by (metis loop-semantics-kappa-mu-nu combined-apz-isotone)

end

end

159
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23 NOmegaAlgebraBinaryltering

theory NOmegaAlgebraBinaryltering
imports NOmegaAlgebra BinarylteringStrict
begin

sublocale eztended-binary-itering < left-zero-conway-semiring where circ = (Az . z x 1)
apply unfold-locales
apply (metis while-left-unfold)
apply (metis mult-right-one while-one-mult-below while-slide)
apply (metis while-one-while while-sumstar-2)
done

class binary-itering-apr = bounded-binary-itering + n-algebra-apx
begin

lemma n-while-import: n(y) ; v < x5 n(y) — n(y) ; (z x z) = n(y) ; ((n(y) ; ) x 2)
by (metis while-import n-mult-idempotent n-sub-one order-refl)

lemma n-while-preserve: n(y) ; z < z ; n(y) — n(y) ; (z x 2) = n(y) ; (z x (n(y) ; 2))
by (metis while-preserve n-mult-idempotent n-sub-one order-refl)

lemma while-L-L: L x L = L
by (metis n-L-top-L while-mult-star-exchange while-right-top)

lemma while-L-below-add: L x v < z + L
by (metis while-left-unfold add-right-isotone n-L-below-L)

lemma while-L-split:  x L < (z x y) + L
proof —
have z x L < (z x 0) + L
by (metis add-commutative add-left-zero mult-right-one n-L-split-L while-right-unfold while-simulate-left-plus while-zero)
thus %thesis
by (metis add-commutative add-right-isotone order-trans while-right-isotone zero-least)
qed

lemma while-n-while-top-split: x * (n(z *xy) ; T) < (x x 0) + n(z xy); T
proof —
have z ;n(z xy); T <z;0+n(z;(x*xy); T
by (metis n-n-top-split-n-top)
also have ... < n(z xy); T +z; 0
by (metis add-commutative add-right-isotone mult-left-isotone n-isotone while-left-plus-below)
finally have z x (n(z x y) ; T) < n(z xy) ; T + (z x (z ; 0))
by (metis mult-associative mult-right-one while-simulate-left mult-left-zero while-lefé-top)
also have ... < (z x 0) + n(z xy) ; T
by (metis add-least-upper-bound add-left-isotone while-right-plus-below)
finally show ?thesis
by metis
qed

lemma circ-apz-right-isotone: xt Ty — 2z xz C 2z x y
proof
assume z L y
hence I: 2 <y+ LAnL);y<z+n(z);T
by (metis apz-def)
hence z x . < (z x y) + (2 x L)
by (metis while-left-dist-add while-right-isotone)
hence 2: z x 2 < (z xy) + L
by (smt add-least-upper-bound add-left-upper-bound while-L-split order-trans)
have z x (n(z xz) ; T) < (2% 0) + n(zxz); T
by (metis while-n-while-top-split)
also have ... < (z xz) + n(z xz); T
by (metis add-left-isotone while-right-isotone zero-least)
finally have 3: z x (n(z) ; T) < (z xz) + n(z xz); T
by (metis mult-left-isotone n-isotone order-trans while-increasing while-right-isotone)
have n(L) ; (z x y) < z % (n(L) ; y)
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by (metis n-nL-semi-commute while-simulate)
also have ... < (z x z) + (2 x (n(z) ; T)) using 1
by (metis while-left-dist-add while-right-isotone)
also have ... < (z x z) + n(z * z) ; T using 8
by (metis add-least-upper-bound add-left-upper-bound)
finally show z x ¢ C z x y using 2
by (metis apz-def)
qed

end

class extended-binary-itering-apxr = binary-itering-apx + bounded-extended-binary-itering +
assumes n-below-while-zero: n(z) < n(z x 0)

begin

lemma circ-apz-right-isotone: xt Ty — z x 2 C y x 2
proof
assume z L y
hence I: 2 <y+ LAnL);y<z+n(z);T
by (metis apz-def)
hence z x 2 < ((y x 1) ; L) x (y x 2)
by (metis while-left-isotone while-sumstar-3)
also have ... < (y x2) + (yx 1) ; L
by (metis while-productstar add-right-isotone mult-right-isotone n-L-below-L while-slide)
also have ... < (y x z) + L
by (metis add-commutative add-least-upper-bound add-right-upper-bound order-trans while-L-split while-one-mult-below)
finally have 2: z x 2 < (y x 2) + L
by metis
have n(L) ; (y x z2) < (n(L) ; y) x 2
by (metis n-nL-semi-commaute n-while-import n-sub-one mult-left-one mult-left-isotone)
also have ... < ((z x 1) ; n(z) ; T) = (z * z) using 1
by (metis while-left-isotone mult-associative while-sumstar-3)
also have ... < (z x2) + (z x 1) ;n(z); T
by (metis while-productstar add-left-top add-right-isotone mult-associative mult-left-sub-dist-add-right while-slide)
also have ... < (z x z) + (z * (n(z) ; T))
by (metis add-right-isotone mult-associative while-one-mult-below)
also have ... < (z * 2) + (z x (n(z * 2) ; T))
by (metis n-below-while-zero zero-least while-right-isotone n-isotone mult-left-isotone add-right-isotone order-trans)
also have ... < (z x 2) + n(z x 2) ; T
by (smt add-associative add-right-isotone while-n-while-top-split add-right-zero while-left-dist-add)
finally show z x z C y * z using 2
by (metis apz-def)
qed

lemma while-top: T x x = L + T ; z nitpick [expect=genuine] oops
lemma while-one-top: 1 * = L + z nitpick [ezpect=genuine] oops
lemma while-unfold-below-1: z = y ; t — z < y x 1 nitpick [expect=genuine] oops

lemma while-square-1: ¢ * 1 = (z ; ) * (z + 1) oops

lemma while-absorb-below-one: y ; x <z — y xx < 1 x x oops

lemma while-mult-L: (z ; L) * z = z + = ; L oops

lemma tarski-top-omega-below-2: z ; L < (z ; L) * 0 oops

lemma tarski-top-omega-2: © ; L = (x ; L) x 0 oops

lemma while-separate-right-plus: y ; z <z ; (x x (I +y)) + 1 — y* (z x 2) < x * (y x z) oops
lemmayx(zx1)<zx(yx1)—(z+y)rx1=zx(yx*1)oops

lemmay;z< (I +z);(y*x1)— (x+y 1 =z%(yx*1)oops

end

class n-omega-algebra-binary = n-omega-algebra + while +
assumes while-def: x x y = n(z*) ; L+ z* ; y

begin

lemma while-omega-meet-L-star: z x y = (z* ~ L) + z* ; y
by (metis loop-semantics-kappa-mu-nu loop-semantics-kappa-mu-nu-2 while-def )

lemma while-one-mult-while-below-1: (y * 1) ; (y * v) <y x v
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proof —
have (y x 1) ; (y x v) < y + (y x v)
by (smt add-left-isotone mult-associative mult-right-dist-add mult-right-isotone n-L-below-L while-def mult-left-one)
also have ... = n(y“); L+ 3" ;n(w”); L+ 9" 59y ;v
by (metis while-def mult-left-dist-add add-associative mult-associative)
also have ... = n(y“); L+ n(y*;y*); L+ y" 5y ;v
by (smt n-mult-omega-L-star-zero add-relative-same-increasing add-associative add-left-zero mult-left-sub-dist-add-left
add-commutative)
finally show “thesis
by (metis add-idempotent star.circ-transitive-equal star-mult-omega while-def)
qed

lemma star-below-while: z* ; y < x x y
by (metis add-right-upper-bound while-def )

subclass bounded-binary-itering
proof unfold-locales
fixxyz
have 2 + o5 (ys2) x (y;2) =23 (y;2) sy;2+z;5n((y;2)7); L+ 2
by (smt add-associative add-commutative mult-associative mult-left-dist-add while-def)
alsohave ... =z ; (y;2) ;y;2z+n(z;(y;2)); L+ 2
by (metis mult-associative mult-right-isotone zero-least n-mult-omega-L-star-zero add-relative-same-increasing)
alsohave ... = (z ;9)" ;2 + n(z ; (y ; 2)¥); L
by (smt add-associative add-commutative mult-associative star.circ-loop-fizpoint star-slide)
also have ... = (z ; y) * 2
by (smt omega-slide while-def add-commutative)
finally show (z; y) xz =2+ 25 ((y 5 2) * (¥ ; 2))
by metis
next
fixxyz
have (z % )  (z % 2) = n((n(z®) ; L+ 2% ; 9)°) ; L+ (n(z®) ; L+ 2* ; )" 5 (& % 2)
by (metis while-def)

also have ... = n((z* ; y)* + (" ;9)" s n(z®); L) L+ (2 ;9)" + (2" 5 9)" ; n(@®); L) ; (z % 2)
by (metis mult-L-add-star mult-L-add-omega)
also have ... = n((z* ; ¥)*); L+ n((z*; 9)" ;n(=*); L) ; L+ (2" 59) 5 (z*x2) + (25 9)" ;s n(@®); L; (z % 2)
by (metis mult-associative n-dist-omega-star mult-right-dist-add add-associative)
also have ... = n((z" ; y)*) ;s L+ n((z" ;5 y)" ;n(z) s L) ; L+ (2" 5 9) 50 + (27 5 9)" 5 (2 x 2) + (2" 5 )" s n(z¥) ; L
(z % 2)
by (smt add-associative add-left-zero mult-left-dist-add)
also have .. = n((z* 5 1)) ; L+ (2% ; 9)" 1 n(a®) 5 L; (2% 2) + (& 9)" 5 n(@®) ; L+ (&5 )" ; (2 % 2))
by (smt n-n-L-split-n-n-L-L add-commutative add-associative)
also have ... = n((z* ; y)*) ; L+ ((z* 5 y)* s n(z*) 5 L+ (2% 5 y)* ; (z x 2))
by (smt mult-L-omega omega-sub-vector less-eq-def)
also have ... = n((z* ; ¥)*); L+ (" ; v)* ; (z * 2)
by (metis add-left-divisibility mult-associative mult-right-isotone while-def less-eq-def)
also have ... = (z" ; y)" ;2" ; 2 + (% ; 9)" 5 n(z¥) ; L+ n((z" 5 y)*) 5 L
by (metis add-commutative mult-associative mult-left-dist-add while-def)
also have ... = (z" ; y)" ;2" ;2 + n((z" 5 y)" 5 2¥) s L+ n((z" 5 9)¥) 5 L
by (metis add-right-zero mult-left-dist-add add-associative n-mult-omega-L-star-zero)
also have ... = (z + y) x 2z

by (metis add-associative add-commutative omega-decompose star.circ-add while-def mult-right-dist-add n-dist-omega-star)
finally show (z 4+ y) x 2 = (z * y) x (z % 2)
by metis
next
fixxzyz
show z x (y + 2) = (z x y) + (z % 2)
by (smt add-associative add-commutative add-left-upper-bound less-eq-def mult-left-dist-add while-def )
next
fixxyz
show (z xy) ;2 <z * (y; 2)
by (smt add-left-isotone mult-associative mult-right-dist-add mult-right-isotone n-L-below-L while-def)
next
fixvwzyz
showz;z<z;(yx1)+w—zx(z;v)<z;(y*xv)+ (z*x(w; (y*v)))
proof
assume I:z;z2<z;(yx1)+w
have z ;v + a5 (23 (y*xv) + a7 (wi(y*v) <zsv+z32;5y*v)+a";(w;(y*v)
by (metis add-associative add-right-isotone mult-associative mult-left-dist-add mult-left-isotone star.left-plus-below-circ)
alsohave ... < z;v+z;(yx1);(y*xv)+w; (yxv)+2*; (w; (y xv)) using 1
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by (metis add-associative add-left-isotone add-right-isotone mult-left-isotone mult-right-dist-add)
alsohave ... < z; v+ z; (yrxv) +z*; (w; (y x v))
by (smt add-least-upper-bound add-right-upper-bound less-eq-def mult-associative mult-left-dist-add star.circ-loop-fizpoint
while-one-mult-while-below-1)
also have ... = z ; (y x v) + z* ; (w ; (y * v))
by (metis less-eq-def mult-left-dist-add mult-left-one mult-right-sub-dist-add-left order-trans star.circ-plus-one
star-below-while)
finally have z* ; z ;v < z; (y x v) + 2* ; (w ; (y * v))
by (metis mult-associative star-left-induct)
thus z x (z;v) < z; (y *v) + (z *x (w; (y *x v)))
by (smt add-associative add-commutative add-right-isotone mult-associative while-def)
qed
next
fixvwzyz
show z ;2 <y;(y*x2)+w—z;(@*xv) <yx(z;v+w; (z*v))
proof
assume z ;2 < y; (y*x2) +w
hence 1: z;x <y;y" ;2 + (y;n(y”); L+ w)
by (smt add-associative add-commutative mult-associative mult-left-dist-add while-def)
hence z ; 2 < y* ; (2 + (y ; n(y*) ; L + w) ; z¥)
by (metis star.circ-simulate-right-plus)

alsohave ... = y* ;2 + ¢y ;y;n(y*); L+ v ; w; z*
by (smt add-associative mult-associative mult-left-dist-add mult-right-dist-add L-mult-star)
alsohave ... =y ;2 +n(y" ;5y;9"); L+ y" 5 w;z*

by (metis add-relative-same-increasing mult-isotone n-mult-omega-L-star-zero star.left-plus-below-circ star.right-plus-circ
zero-least)
alsohave ... = n(y*); L+ vy ;2 4+ y* ; w;z*
by (metis add-commutative omega-unfold right-plus-omega)
finally have z ; 2" ; v < n(y“); L;v+y ;2,0 +y ;w;z" ;0
by (smt less-eq-def mult-right-dist-add)
also have ... < n(y*); L+ y*;(z; v+ w;z*;v)
by (metis n-L-below-L mult- associative mult-right-isotone add-left-isotone mult-left-dist-add add-associative)
also have ... < n(y*); L+ y*; (z; v+ w; (z x v))
by (metis add commutative add-right-isotone mult-associative mult-left-sub-dist-add-left mult-right-isotone while-def)
finally have 2: z ; 2" ;v <y x (z;v + w; (z x v))
by (metis while-def)
have 3: y* ;¥ ;9" ; 0 < y*; w; a®
by (metis add-commutative add-left-zero mult-associative mult-left-sub-dist-add-left  star.circ-loop-fizpoint
star.circ-transitive-equal)
have z ; z¥ < y;y*; z; 2% + (y ; n(y*) ; L + w) ; z* using I
by (metis mult-associative mult-left-isotone mult-right-dist-add omega-unfold)
hence z ; 2 < y* + 4" ;y;n(y”); L z” +y* 5 w; z®
by (smt add-associative add-commutative left-plus-omega mult-associative mult-left-dist-add mult-right-dist-add
omega-induct star.left-plus-circ)
also have ... < y“ + y* ; y;n(y*); L+ y*; w;z®
by (metis add-left-isotone add-right-isotone mult-associative mult-right-isotone n-L-below-L)
also have ... = y* + n(y* ; y; v*); L + y* ; w; ¥ using 3
by (smt add-associative add-commutative add-relative-same-increasing n-mult-omega-L-star-zero)
also have ... = y* + y* ; w ; 2%
by (metis mult-associative omega-unfold star-mult-omega add-commutative less-eq-def n-L-decreasing)
finally have n(z ; z¥) ; L<n(y“); L+ n(y*;w;z¥); L
by (metis mult-associative mult-left-isotone mult-right-dist-add n-dist-omega-star n-isotone)
also have ... < n(y*); L+ y* ; (w; (n(z*); L + z*; 0))
by (smt add commutative add- rzght zsotone mult-associative mult-left-dist-add n-mult-omega-L-below-zero)
also have ... < n(y“); L+ y* ; (w; (n(z*); L + 2~ ; v))
by (metis add-mght isotone mult mght-isotone zero-least)
also have ... < n(y*); L+ y" ;5 (z;v 4+ w; (n(z¥); L + z* ; v))
by (metis add right-isotone mult-left-sub-dist-add-right)
finally have 4: n(z;2*); L<yx (z; v+ w; (z x v))
by (metis while-def)
have z ; (z xv) =z ;n(@*); L+ z;2" ;v
by (metis while-def mult-left-dist-add mult-associative)
also have ... = n(z ;z¥); L+ z;2" ;v
by (metis add-commutative add-relative-same-increasing mult-right-isotone n-mult-omega-L-star-zero zero-least)
finally show z ; (z x v) < yx (2 ;v + w; (z x v)) using 2 4
by (metis add-least-upper-bound)
qed
qed
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lemma while-top: T xx =L+ T ; x
by (metis n-top-L star.circ-top star-omega-top while-def)

lemma while-one-top: 1 xx = L + x
by (smt mult-left-one n-top-L omega-one star-one while-def)

lemma while-finite-associative: ¥ = 0 — (z x y) ; z =z x (y ; 2)
by (metis add-left-zero mult-associative n-zero-L-zero while-def)

lemma while-while-one: y x (z x 1) = n(y*) ; L+ y* ; n(z*) ; L + y* ; =~
by (metis add-associative mult-left-dist-add mult-right-one while-def mult-associative)

— Theorem 8.4 and Theorem 31.3

subclass bounded-ertended-binary-itering
proof unfold-locales
fixwzxyz
have w; (zxy;2)=n(w;n@);L); L+w;z";y; 2
by (smt add-associative add-commutative add-left-zero mult-associative mult-left-dist-add n-n-L-split-n-n-L-L while-def )
also have ... < n((w; n(z¥); L)*); L+ w;z*;y; 2
by (metis eg-refl mult-L-omega)
also have ... < n((w; (z*y)*); L+ w;z*;y; 2
by (smt add-left-isotone add-left-upper-bound mult-associative mult-left-isotone mult-right-isotone n-isotone omega-isotone
while-def)
also have ... < n((w; (z*y)*); L+ w; (z *y); 2
by (metis star-below-while mult-associative mult-left-isotone mult-right-isotone add-right-isotone)
also have ... < n((w; (z *y))*); L+ (w; (z*xy)) 5 (w; (z*xy); 2)
by (metis add-right-isotone add-right-upper-bound star.circ-loop-fizpoint)
finally show w ; (z xy;2) < (w; (z xy)) * (w; (z xy); 2)
by (metis while-def)
qed

subclass extended-binary-itering-apx
apply unfold-locales
apply (metis n-below-n-omega n-left-upper-bound n-n-L order-trans while-def)
done

lemma while-simulate-4-plus: y ;¢ < z; (z*x (1 +y) —y;z;2" <z;(z*x(I+vy))
proof
assume I:y;z < z; (zx (1 + y))
have v ; (zx (1 +y)) =z ;n(@*); L+z;2" ;5 (1 +y)
by (metis mult-associative mult-left-dist-add while-def)
also have ... =n(z;z*); L+ z ;2" ; (1 + y)
by (smt n-mult-omega-L-star-zero add-relative-same-increasing add-commutative add-right-zero mult-left-sub-dist-add-right)
finally have 2: z ; (z x (I + y)) =n(z¥); L+ z;2" +z ;2" ;9
by (metis add-associative mult-left-dist-add mult-right-one omega-unfold)
hencez ;2" ;y;2<z;z";n@@*);L+z;z" ;2" ;c+z;2";2z;2";yusing 1
by (metis mult-associative mult-right-isotone mult-left-dist-add star-plus)
alsohave ... =n(z;z*;z%); L+z;z" ;2" ;2 +z;2";2;2" ;9
by (smt n-mult-omega-L-star-zero add-relative-same-increasing add-commutative add-right-zero mult-left-sub-dist-add-right)
alsohave ... =n(z“); L+ z;2" ;2 +z;2;3";y
by (metis mult-associative omega-unfold star.circ-plus-same star.circ-transitive-equal star-mult-omega)
also have ... < n(z“); L+ z;z" +z ;2" ;y
by (smt add-associative add-right-upper-bound less-eq-def mult-associative mult-right-dist-add star.circ-increasing
star.circ-plus-same star.circ-transitive-equal)
finally have 3: z ;2 ; y; 2 < n(z¥); L+ z ;2" +z ;2" ;9
by metis
have (n(z“); L+ z ;2" +z;2";y);z2<n(z¥);L+z;2";z2+2x;2";y;2
by (metis mult-right-dist-add n-L-below-L mult-associative mult-right-isotone add-left-isotone)
also have ... < n(z“); L+ z;z"+z;2"°;y;z
by (smt add-commutative add-left-isotone mult-associative mult-right-isotone star.left-plus-below-circ star-plus)
also have ... < n(z*); L+ z ;2" +z ;2" ; y using 3
by (metis add-least-upper-bound add-left-upper-bound)
finally show y ; z ; 2* <z ; (z * (I + y)) using 1 2
by (metis add-least-upper-bound star-right-induct)
qed

lemma while-simulate-4-omega: y ;¢ <z ; (z % (I +y)) — y;z* < z¥
proof



28 NOmegaAlgebraBinaryltering 165

assume I: y;z < z; (zx (I + y))
have 25 (z % (1 1 y)) = 23 n(z*); L+ 2 ;55 (1 + )
by (metis mult-associative mult-left-dist-add while-def )
also have ... =n(z ;z¥); L+ 2 ;2" ; (I + y)
by (smt n-mult-omega-L-star-zero add-relative-same-increasing add-commutative add-right-zero mult-left-sub-dist-add-right)
finally have z ; (z x (I + y)) =n(z¥); L+ z ;2" +z ;2" 5y
by (metis add-associative mult-left-dist-add mult-right-one omega-unfold)
hence y ; 2* < n(z*); L;z¥ +z ;2" ;2¥ +z ;2" ;y;z" using 1
by (smt less-eq-def mult-associative mult-right-dist-add omega-unfold)
also have ... <z ;z*; (y ; z*) + z“
by (metis add-left-isotone mult-L-omega omega-sub-vector mult-associative omega-unfold star-mult-omega n-L-decreasing
less-eq-def add-commutative)
finally have y ; z* < (z ; )% + (z ; z*)" ; ¥
by (metis add-commutative omega-induct)
thus y ; z% < z¢
by (metis add-idempotent left-plus-omega star-mult-omega)
qed

lemma while-square-1: © * 1 = (z ; ) * (z + 1)
by (metis mult-right-one omega-square star-square-2 while-def)

lemma while-absorb-below-one: y ; x <z — yxx < 1 xx
by (metis star-left-induct-mult add-isotone n-galois n-sub-nL while-def while-one-top)

lemma while-mult-L: (z ; L) * 2z =2z + z ; L
by (metis add-right-zero mult-left-zero while-denest-5 while-one-top while-productstar while-sumstar)

lemma tarski-top-omega-below-2: z ; L < (z ; L) * 0
by (metis add-right-divisibility while-mult-L)

lemma tarski-top-omega-2: © ; L = (z ; L) % 0
by (metis add-left-zero while-mult-L)

lemma while-sub-mult-one: = ; (1 x y) < 1 x z nitpick [ezpect=genuine] oops

lemma while-unfold-below: x = z + y ; x — z < y * z nitpick [expect=genuine] oops

lemma while-loop-is-greatest-postfizpoint: is-greatest-postfizpoint (Az . y ; ¢ + z) (y * z) nitpick [ezpect=genuine] oops
lemma while-loop-is-greatest-fizpoint: is-greatest-fitpoint (Ax . y ; x + z) (y * z) nitpick [ezpect=genuine] oops
lemma while-denest-3: (z x w) * z¥ = (z x w)* nitpick [ezpect=genuine] oops

lemma while-mult-top: (z ; T) * 2 = z + = ; T nitpick [ezpect=genuine] oops

lemma tarski-below-top-omega: x < (z ; L)* nitpick [expect=genuine] oops

lemma tarski-mult-omega-omega: (z ; y*)* = z ; y* nitpick [ezpect=genuine] oops

lemma tarski-below-top-omega-2: x < (z ; L) x 0 nitpick [ezpect=genuine] oops

lemma 1 = (z ; 0) x 1 nitpick [ezpect=genuine] oops

lemma tarski: « = 0 V T ; z ; T = T nitpick [ezpect=genuine] oops

lemma (z + y) x 2z = ((z x 1) ; y) x ((z * 1) ; z) nitpick [ezpect=genuine] oops

lemma while-top-2: T x z = T ; z nitpick [ezpect=genuine] oops

lemma while-mult-top-2: (x ; T) * z = z + ¢ ; T ; z nitpick [expect=genuine] oops

lemma while-one-mult: (z * 1) ; £ = x * z nitpick [ezpect=genuine] oops

lemma (z * 1) ; y =  * y nitpick [ezpect=genuine] oops

lemma while-associative: (z x y) ; z = z x (y ; z) nitpick [ezpect=genuine| oops

lemma while-back-loop-is-fizpoint: is-fizpoint (A\z . z ; y + z) (2 ; (y * 1)) nitpick [ezpect=genuine] oops
lemma I + z ; 0 = z x 1 nitpick [ezpect=genuine] oops

lemma z = z ; (z *x 1) nitpick [ezpect=genuine] oops

lemma z ; (z x 1) = z x 1 nitpick [ezpect=genuine] oops

lemma z x I = z * (I * 1) nitpick [expect=genuine] oops

lemma (z + y) * I = (x x (y x 1)) x 1 nitpick [ezpect=genuine] oops

lemma z + y ; £ = 2 — y x z < z nitpick [ezpect=genuine] oops

lemma y ; z =z — y x < z nitpick [ezpect=genuine] oops

lemma z +z;y =2 — z; (y x 1) < z nitpick [ezpect=genuine] oops

lemma z ; y =z — z; (y x 1) < z nitpick [ezpect=genuine] oops

lemmaz;z=z2;y — z%z<z;(yx* 1) nitpick [ezpect=genuine] oops

lemma while-unfold-below-1: z = y ; + — z < y x 1 nitpick [expect=genuine] oops
lemma z¢ < z% ; z“ oops
lemma tarski-omega-idempotent: x““ = z“ oops

end

class n-omega-algebra-binary-strict = n-omega-algebra-binary + circ +
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assumes L-left-zero: L ; x = L
assumes circ-def: z° = n(z¥) ; L + z*

begin
— Theorem 2.7 and Theorem 50.5
subclass strict-binary-itering
apply unfold-locales
apply (metis while-def mult-associative L-left-zero mult-right-dist-add)
apply (metis circ-def while-def mult-right-one)
done

end

end
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24 RelationAlgebra

theory RelationAlgebra
imports Fizpoint
begin

context boolean-algebra
begin

notation
inf (infixl N 70) and
sup (infixl U 65) and
uminus (- ' [80] 80)

— We follow Roger Maddux’s 1996 paper.

Maddux Axioms (Bal) sup-assoc (Ba2) sup-commute

Maddux Theorem 3 (ii) double-compl (vi) sup-idem (vii) inf-idem (viii) inf-commute (ix) inf-assoc (xiv) sup-inf-absorb (xv)
inf-sup-distribl (xvi) compl-sup (xvii) compl-inf (xviii) sup-inf-distribl

Maddux Theorem 5 (i) sup-compl-top (ii) inf-compl-bot (iii) compl-top-eq (iv) compl-bot-eq (v) sup-top-right (vi) inf-bot-right
(vii) sup-bot-right (viii) inf-top-right

— Maddux Theorem 7(v)

lemma shunting-1: x < y «— x M1y ' = bot
apply rule
apply (smt compl-inf-bot inf-absorb1 inf-bot-right inf-commute inf-left-commute)
apply (metis inf-commute inf-sup-distribl inf-top-left le-iff-inf sup-commute sup-bot-left sup-compl-top)
done

lemma shunting-2: ¢ < y «—— x 'U y = top
by (metis compl-bot-eq compl-inf double-compl shunting-1)

— Maddux Definition 13

definition conjugate :: (‘a = ‘a) = (‘a = 'a) = bool
where conjugate fg «—— (Vzy . fa My = bot «— x M gy = bot)

— Maddux Theorem 14

lemma conjugate-unique: conjugate f g N\ conjugate fh — g = h
proof
assume conjugate f g A\ conjugate f h
henceVzy.gy<z'«—hy<z
by (smt double-compl inf-commute shunting-1 conjugate-def)
henceVy.gy=nhy
by (metis double-compl eg-iff )

/

thus g = h
by (metis lifted-antisymmetric lifted-less-eq-def order-refl)
qed

lemma conjugate-symmetric: conjugate f g — conjugate g f
by (smt conjugate-def inf-commute)

— Maddux Definition 15(iii)

definition additive :: (‘a = 'a) = bool
where additive f — Vzy . f (zUy)=fzUfy)

— part of Maddux Theorem 17(i)

lemma additive-isotone: additive f — isotone f
by (metis additive-def isotone-def le-iff-sup)

— part of Maddux Theorem 18(ii)

lemma conjugate-additive: conjugate f g — additive f
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proof
assume 1: conjugate f g
have 2:Vzyz.f(zlUy) <z+— fz<zAfy<z
proof
fix x
showVyz.fzUy) <z+—fz<zAfy<z
proof
fix y
show Vz . f (z U y)
proof
fix z
have (f (z U y) <z)=(f (z Uy) Mz = bot)
by (metis shunting-1)
also have ... = ((z U y) M g(z /) = bot) using 1
by (metis conjugate-def)
also have ... = (z U y < (g9(z "))
by (metis double-compl shunting-1)
also have ... = (z < (g(z "))’ Ay < (9(z )"
by (metis le-sup-iff)
also have ... = (z M g(z ') = bot A y M g(z ') = bot)
by (metis double-compl shunting-1)
also have ... = (fz Mz "= bot A fy M z ' = bot) using 1
by (metis conjugate-def)
also have ... = (fz <z A fy < z2)
by (metis shunting-1)
finally show f (z Uy) < z+«— fz<zAfy<z
by metis
qed
qed
qged
haveVzy.f(zUy)=fzUfy
proof
fix z
showVy . f(zUy)=fzUfy
proof
fix y
have f(z U y) < f(z) U f(y) using 2
by (metis sup-gel sup-ge2)
thus f (z Uy) =fz U fy using 2
by (metis le-supl order-refl antisym)
qed
qged
thus additive f
by (metis additive-def)
qed

IN

z— fx<zAfy

IN
w

lemma conjugate-isotone: conjugate f g — isotone f
by (metis additive-isotone conjugate-additive)

— Maddux Theorem 19

2/ RelationAlgebra

lemma conjugate-char-1: conjugate f g «—— (Vzy . f(z N (gy)) <fzNy ' Aglyn(fz))<gymnz’

proof
assume [: conjugate f g

show Vzy . f(zM(gy))<fzNy ' Aglyn(fz))<gynaz'

proof
fix z
show Vy . f(zM(gy)) <fany ' Aglyn(fa))<gyna’
proof
fix y
have f(z N (g y)') < y ' using 1

by (smt compl-inf-bot conjugate-def double-compl inf-assoc inf-bot-right shunting-1)

hence 2: f(z M (gy)) < fz Ny  using 1
by (metis conjugate-isotone inf-lel isotone-def le-inf-iff )
have g(y M (fz)') < z ' using 1

by (smt compl-inf-bot conjugate-def double-compl inf-assoc inf-bot-right shunting-1 inf-commute)

hence g(y M (fz)") < gy Nz ' using 1

by (metis conjugate-isotone inf-lel isotone-def le-inf-iff conjugate-symmetric)
thus f(z N (gy)) < fzNy ' 'Aglyn(fz)) < gy Nz ' using 2
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by metis
qed
qged
next
assume Vo y . f(z 1 (gy)) < famy Aglyn(fz))<gyna’
thus conjugate f g
by (smt conjugate-def double-compl inf-commute inf-le2 le-iff-inf shunting-1)
qed

lemma conjugate-char-2: conjugate f g «—— fbot = bot A gbot = bot AN Nz y.fzMNy<flzNgy) ANgyNz<g(ynfzx))
proof
assume 1: conjugate f g
show fbot = bot A gbot =bot AN Vzy.fzMNy<flzNgy) AgyNaz<glynfz))
proof
show f bot = bot using 1
by (metis conjugate-def inf-idem inf-bot-left)
next
show g bot = bot AN(Vzy . fzaNy<fzNgy) ANgyNz<g(ynfz))
proof
show ¢ bot = bot using 1
by (metis conjugate-def inf-idem inf-bot-right)
next
showVzy.faNy<f(zMNgy)AgyNz<g(ynfz)
proof
fix x
showVy . fa Ny <f(zNgy) AgyNaz<g(ynfz)
proof
fix y
show fz My < f(zMgy) AgyNa < gynfa)
proof
have fz My = (f(zxNgy) U f(zM(g9y))) Ny using I
by (metis additive-def conjugate-additive inf-sup-distribl inf-top-right sup-compl-top)
also have ... < (f(zxMgy) U (fz My ") My using 1
by (metis conjugate-char-1 inf-mono order-refl sup-mono)
also have ... < f(z M g y)
by (smt inf-idem inf-assoc inf-commute inf-compl-bot inf-sup-distribl le-iff-inf sup-commute sup-bot-left)
finally show fz My < f(z M gy)
by metis
next
have gy Mz = (g(y N fz) U g(y N (fz)") N = using 1
by (metis additive-def conjugate-additive conjugate-symmetric inf-sup-distrib1 inf-top-right sup-compl-top)
also have ... < (g(y M fz) U (gy Mz ")) N z using 1
by (metis conjugate-char-1 inf-mono order-refl sup-mono)
also have ... < g(y M fz)
by (smt inf-idem inf-assoc inf-commute inf-compl-bot inf-sup-distrib1 le-iff-inf sup-commute sup-bot-left)
finally show gy Mz < g(y M fz)
by metis
qed
qed
qed
qed
qed
next
assume f bot = bot A gbot = bot AN (Vzxy .fzNy<flzMNgy) ANgyNz<g(ynfz))
thus conjugate f g
by (smt conjugate-def inf-commute le-bot)
qed

end

class conv =
fixes conv :: ‘a = 'a (-7 [100] 100)

— Maddux Axioms (Ral)-(Ra7)

class relation-algebra = boolean-algebra + mult + one + conv +
assumes comp-associative : (z;y);z=1z; (y; 2)
assumes comp-right-dist-sup: (x U y) ; z = (z; 2) U (y ; 2)
assumes comp-right-one  :x ;1 =z
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assumes conv-involutive :zx~ =z
assumes conv-dist-sup (zUy) =27 Uy~
assumes conv-dist-comp  :(z;y)T =y~ ;x7

assumes conv-complement-sub: z7 ; (z;y) Uy "=y’

begin
— most of Maddux Theorem 24 and a few other facts

lemma conv-order: ¢ < y «— =~ <y~
by (metis conv-dist-sup conv-involutive le-iff-sup)

lemma conv-zero: bot™ = bot
by (metis conv-dist-sup conv-involutive sup-bot-right sup-eg-bot-iff)

lemma conv-top: top™ = top
by (metis conv-involutive conv-order eq-iff top-greatest)

lemma conv-complement-0: x= U (z )~ = top
by (metis conv-dist-sup conv-top sup-compl-top)

lemma conv-complement-1: (z7) U (z )~ = (z )~
by (smt compl-sup-top conv-dist-sup conv-top inf-compl-bot sup-idem sup-bot-right sup-commaute sup-inf-distribl sup-top-right)

lemma conv-complement: (z )~ = (z7)’
by (metis conv-complement-1 conv-dist-sup conv-involutive sup-commute)

lemma conv-dist-inf: (z M y)~ =z~ My~
by (smt conv-complement compl-inf double-compl conv-dist-sup)

lemma conv-meet-zero-iff: bot = =~ My «— bot =z My~
by (metis conv-dist-inf conv-involutive conv-zero)

lemma conv-one: 1~ = 1
by (metis comp-right-one conv-dist-comp conv-involutive)

lemma comp-left-dist-sup: (z ; y) U (z;2) =z ; (y U 2)
by (metis comp-right-dist-sup conv-involutive conv-dist-sup conv-dist-comp)

lemma comp-right-isotone: x <y — z ;< z;y
by (metis comp-left-dist-sup le-iff-sup)

lemma comp-left-isotone: © <y — x ;2 < y; 2
by (metis comp-right-dist-sup le-iff-sup)

lemma comp-left-conjugate: conjugate (A\y . z ; y) (Ay . 7 ; y)
proof —
let o%f =Xy .z 5y
let 2g =Xy .z7 ;9
haveVzy . (2 M (2gy)) < 2fzMy 'A2g(yn(2fz))< 2gynz’
proof
fix z
show Vy . ?f(z M (29 y)) < of 2Ty 'Afgyn (9fz))< gy z’
proof
fix y
show 7f(z M (?gy)) < ?fzMy 'A2gyN(¢f2)) < ?gynz’
proof
have #/(z 1 (%9 y)) < #/(2) 1 %/((?g v)")
by (metis comp-right-isotone inf-greatest inf-lel inf-le2)
also have ... < ?f(2) My '
by (metis conv-complement-sub conv-involutive inf-mono le-iff-sup order-refl)
finally show 2f(z M (?gy)") < ?f(z) Ny’
by metis
next
have ?7g(y M (2 2)") < 29(y) N 29((?f 2)")
by (metis comp-right-isotone inf-greatest inf-lel inf-le2)
also have ... < ?g(y) M z '
by (metis conv-complement-sub inf-mono le-iff-sup order-refl)
finally show ?g(y M (%f2)) < gy Nz’
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by metis
qed
qed
qed
thus conjugate ?f ?g
by (metis conjugate-char-1)
qed

lemma complement-conv-sub: (y ; z)' ;27 <y’

by (smt conv-complement-sub conv-order conv-involutive conv-dist-comp conv-complement le-iff-sup)

lemma comp-right-conjugate: conjugate (A\y .y ; z) Ay . y; z7)
proof —
let f =Xy .y ; =z
let g =Xy .y;zx~
have Vzy . (2 M (2gy)) < fzMy ' 'A2g(yn(9f2)) < 2gynz’
proof
fix z
show Vy . ?f(z 1 (29 y)) < ?f2Ny "'A2g(y N (2f2)) < 2gynz’
proof
fix y
show 2f(2 M (%9y)) < ?fzMy "N 29y N (9f2)) < 2gynz’
proof
have ?f(z M (%9 y)) < ?f(2) N ?f((?9 y)")
by (metis comp-left-isotone inf-greatest inf-lel inf-le2)
also have ... < ?f(2) My’
by (metis complement-conv-sub conv-involutive inf-mono order-refl)
finally show 2f(z M (29 y)") < 2f(2) My’
by metis
next
have 7g(y M (7 2)") < ?9(y) N 29((?f 2)")
by (metis comp-left-isotone inf-greatest inf-lel inf-le2)
also have ... < Zg(y) Mz '
by (metis complement-conv-sub inf-mono order-refl)
finally show ?g(y M (2f2)) < gy Nz’
by metis
qed
qed
qged
thus conjugate ?f 2g
by (smt conjugate-char-1)
qed

lemma schroeder-1: x ; y M z = bot «—— x~ ; z N y = bot
by (smt comp-left-conjugate conjugate-def inf-commute)

lemma schroeder-2: x ; y Mz = bot «—— z ; y~ Mz = bot
by (smt comp-right-conjugate conjugate-def inf-commute)

lemma schroeder-3: ¢ ; y < z +—— 2~ ;2 ' <y’
by (metis double-compl schroeder-1 shunting-1)

lemma schroeder-4: z ; y < z+— 2z ';y~ <z’

by (metis double-compl schroeder-2 shunting-1)

lemma dedekind-1: z ; y Mz <z ; (y N (27 ; 2))
by (metis comp-left-conjugate conjugate-char-2)

lemma dedekind-2: y;z Mz < (yMN(z;27));x
by (smt comp-right-conjugate conjugate-char-2)

lemma comp-left-zero: bot ; © = bot
by (metis comp-right-conjugate conjugate-char-2)

lemma comp-right-zero: = ; bot = bot
by (metis comp-left-conjugate conjugate-char-2)

lemma comp-left-one: 1 ;¢ =z
by (metis comp-right-one conv-dist-comp conv-involutive)

171
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lemma comp-right-top-increasing: * < z ; top
by (metis comp-right-isotone comp-right-one top-greatest)

lemma comp-left-top-increasing: © < top ; x
by (metis comp-left-isotone comp-left-one top-greatest)

lemma top-top: top ; top = top
by (metis comp-left-top-increasing top-unique)
lemma theorem2zxiii: © ; y M (z;2) =x;(y Nz )M (z;2)
proof —
havez ; y M (z;2) <a;(yN(z7 ; (z;2)))
by (metis dedekind-1)
also have ... <z ;(ymnz "
by (metis comp-right-isotone conv-complement-sub inf-mono le-iff-sup order-refl)
finally have z ; y M (z;2)' <z ;(yMNz )M (z;2)
by (metis inf-le2 le-inf-iff)
thus %thesis
by (metis comp-right-isotone eq-iff inf-commute inf-lel le-infI le-infI2)
qed

lemma theorem24zziv: (z ;y) U (z;2)=(z;(yNz ") U (z; 2)
by (metis compl-inf double-compl theorem24zziii)

lemma vector-complement: x = z ; top — x '=z ' ; top
by (metis comp-right-top-increasing complement-conv-sub conv-top eg-iff )

lemma vector-meet-comp: © =z ; top — (x My); 2z =z M (y; 2)
proof

assume 1: z = z ; top

hence (z My); 2 <z M (y; 2)

2/ RelationAlgebra

by (metis comp-left-isotone comp-right-isotone inf-assoc inf-commute inf-le2 le-iff-inf le-infI top-greatest)

thus (z My); 2z =2zM (y; 2) using 1

by (smt antisym comp-left-isotone comp-right-isotone dedekind-2 inf-commute inf-mono order-refl order-trans top-greatest)

qed

lemma vector-meet: x =z ; top ANy =y ; top — z Ny = (z MNy); top
by (metis vector-meet-comp)

lemma vector-meet-one-comp: © =z ; top — (z M 1);y=2 Ny
by (metis comp-left-one vector-meet-comp)

lemma covector-meet-comp-1: ¢ =z ; top — (y Mz ") ;z=(yMNz7); (xNz)
proof
assume 1: z = z ; top
have (y Mz7);z2<(yNz7);(zN((y~ Nax); top))
by (metis inf-top-right dedekind-1 conv-dist-inf conv-involutive)
also have ... < (y Mz7) ; (z M 2) using 1

by (metis comp-left-isotone comp-right-isotone inf-le2 inf-mono order-refl inf-commute)

finally show (y Mz7);2z=(yMx7); (z 1M 2)
by (metis comp-right-isotone eq-iff inf-le2)
qed

lemma covector-meet-comp-2: . = x ; top — y; (z M z) = (yNz7); (z N 2)
proof
assume I1: x = z ; top
have y ; (z M z) < (y N (top; (x N 2)7)); (z N 2z)
by (metis dedekind-2 inf-top-right)
also have ... < (y M z7) ; (z N z) using !

by (metis comp-left-isotone conv-dist-comp conv-order conv-top eg-refl inf-lel inf-mono)

finally show y ; (z M 2)=(yNz7); (M 2)
by (metis comp-left-isotone eq-iff inf-lel)
qed

lemma corefierive-conv: x < 1 — z~ ==z
proof
assume 1: z < 1
hence z <z ; (1M (z7 ;1))
by (metis comp-right-one le-iff-inf dedekind-1)
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also have ... < 27 using I
by (metis comp-left-isotone comp-right-one conv-dist-inf conv-one inf-absorb2 comp-left-one)
thus z7 ==z
by (metis antisym calculation conv-involutive conv-order order-trans)
qed

lemma corefierive-comp-top-meet: x < 1 — z ;topNy=2x;y
proof
assume [: ¢ < [
hence z ;topNy <z;y
by (metis comp-left-isotone comp-left-one coreflexive-conv dedekind-1 inf-top-left order-trans)
thus z ; top My = z ; y using I
by (metis antisym comp-left-isotone comp-left-one comp-right-isotone le-inf-iff top-greatest)
qed

lemma coreflezive-comp-top-complement-meet-one: x < 1 — (z ;5 top)’' M1 =z 'M 1
proof
assume [: z < |
hence 2: z ;27 ;(z 'M1)<1;1;z2’
by (metis comp-left-one coreflexive-comp-top-meet coreflexive-conv inf-commute inf-idem le-iff-inf le-infI2)
have 3: z ;27 ;(z 'M1)<z;1;1 using I
by (metis comp-left-isotone comp-right-isotone inf-le2 order-trans coreflexive-conv)
havez ‘M 1M (z;top) <z;z7 ;(z'M1)
by (metis dedekind-1 inf-commute comp-associative inf-top-left)
also have ... < bot using 2 3
by (metis le-inf-iff comp-left-one comp-right-one compl-inf-bot)
finally have z "1 1 < (z ; top)' M 1
by (metis bot-unique double-compl shunting-1 inf-le2 le-inf-iff)
thus (z ; top)' M1 =2 'MN1
by (metis antisym comp-right-top-increasing compl-le-compl-iff inf-mono order-refl)
qed

lemma coreflexive-comp-meet: ¢ < I Ny <1 —z;y=20y
by (smt comp-right-one coreflexive-comp-top-meet inf-absorb1 inf-left-commute)

lemma coreflezive-comp-meet-comp: © < 1 Ay <1 — (z;2)N(y;2)=(Ny); =z
by (smt comp-associative comp-left-isotone comp-right-one coreflexive-comp-top-meet inf-left-commute le-iff-inf)
lemma coreflezive-comp-meet-complement: + < 1 — (z;y) Mz "= (z;9) N (z; 2)’
by (smt compl-le-compl-iff coreflexive-comp-top-meet inf-assoc inf-commute inf-left-idem inf-top-left le-iff-inf theorem24xxiii)

lemma vector-export-comp: (z ;top M 1) ;y =z ; top My
by (metis comp-associative top-top vector-meet-one-comp)

— states with infinite executions of non-strict computations

abbreviation N :: ‘a = ‘a
where N(z) = ((z /) ; top)’' N 1

lemma N-comp: N(z) ;y = ((z ') ; top)' My
by (metis comp-associative top-top vector-complement vector-export-comp)

lemma N-comp-top: N(z) ; top = ((z ') ; top)’
by (metis N-comp inf-top-right)

lemma vector-N: © = z ; top — N(z) =z M 1
by (metis double-compl vector-complement)

lemma N-vector: N(z ; top) = x ; top M 1
by (metis comp-associative top-top vector-N)

lemma N-vector-top: N(z ; top) ; top = x ; top
by (metis N-vector inf-top-right vector-export-comp)

lemma N-below-meet-one: N(z) < z M 1
by (metis comp-right-top-increasing compl-le-swap2 inf-commute inf-lel inf-mono le-inf-iff)

lemma N-below: N(z) < z
by (metis N-below-meet-one le-infE)
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lemma N-comp-N: N(z) ; N(y) = ((z ') ; top)' 1 ((y ') ; top)' 11 1
by (metis N-comp inf-assoc)

lemma N-zero: N(bot) = bot
by (metis compl-bot-eq compl-top-eq inf-bot-left top-top)

lemma N-top: N(top) = 1
by (metis inf-top-left top-top vector-N)

lemma n-split-omega-mult: xs ; xzo = zo A zo ; top = xo — N(top) ; zo = xs ; N(zo) ; top
by (metis N-top N-vector-top comp-associative comp-left-one)

end

end
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theory NAlgebraRelationAlgebra

imports NOmegaAlgebra RelationAlgebra

begin

sublocale relation-algebra < bounded-idempotent-semiring where plus = sup and zero = bot and T = top

apply unfold-

apply (metis

(
apply (
apply (
apply (
apply (
apply (
apply (
apply (metzs
apply (
apply (

(
(
(
(
(
(

locales

sup-assoc)

sup-commute)

is sup-idem)

is le-iff-sup)

is less-le-not-le)

is sup-bot-left)

s comp-left-dist-sup order-refl)
is comp-right-dist-sup)
comp-left-zero)
comp-right-one conv-dist-comp conv-involutive)
is comp-right-one order-refl)
comp-associative order-refl)
sup-top-right)
comp-associative)
comp-right-one)
comp-left-dist-sup)
comp-right-zero)

sublocale relation-algebra < lattice-ordered-pre-left-semiring where plus = sup and zero = bot and T = top and meet =

inf

apply unfold-

apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
done

— Theorem 37

locales
inf-assoc)
inf-commute)
nf-idem)
inf.order-iff)
less-le-not-le)
inf-top-left)
inf-sup-distrib1)
sup-inf-distrib1)
inf-sup-absorb)
sup-inf-absorb)

sublocale relation-algebra < n-algebra where plus = sup and zero = bot and T = top and meet = inf and n = N and L

= top

apply unfold-

apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis
apply (metis

locales

N-comp-top comp-associative compl-inf double-compl inf-sup-distrib2 top-top vector-meet-comp)
N-comp compl-sup double-compl mult-associative mult-right-dist-add top-top N-comp-N)
N-comp-N compl-inf compl-sup meet-absorb mult-right-dist-add)

N-top inf-idem meet.add-right-upper-bound)

N-comp-top compl-le-swap2 top-right-mult-increasing)

N-top eg-refl mult-left-one mult-right-one)

N-top N-zero comp-right-zero mult-left-one mult-left-zero meet.add-right-zero sup-bot-right)
N-vector-top comp-right-zero sup-bot-left)

apply (metis N-comp-top conv-complement-sub double-compl le-supI2 less-eq-def mult-associative mult-left-isotone schroeder-3)

apply (metis
done

meet.add-left-upper-bound)

sublocale relation-algebra < n-algebra-apr where plus = sup and zero = bot and T = top and meet = inf and n = N
and L = top and apx = greater-eq

apply unfold-

apply (metis
done

locales
N-top mult-left-one n-less-eq-char sup-top-right top-greatest)

class left-residuated-relation-algebra = relation-algebra + inverse +

assumes lres-def: z /| y = (z

"y
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— Theorem 32.1

sublocale left-residuated-relation-algebra < residuated-pre-left-semiring where plus = sup and zero = bot
apply unfold-locales
apply (metis compl-le-swap1 lres-def schroeder-4)
done

context left-residuated-relation-algebra
begin
— Theorem 32.3

lemma lres-mult-lres-lres: |/ (z ;y) = (z / y) / 2
by (metis conv-dist-comp double-compl lres-def mult-associative)

— Theorem 32.5

lemma lres-dist-meet: (x Ny) / z=(z / 2) N (y / 2)
by (metis compl-inf compl-sup lres-def mult-right-dist-add)

— Theorem 32.6

lemma lres-add-export-vector: vector v — (z U y) / z=2z U (y / 2)
proof
assume I: vector
have (z Uy) /2 = (& "Ny "); =)
by (metis lres-def compl-sup)

also have ... = (z "1 (y '; 27))  using 1
by (metis vector-complement vector-def vector-meet-comp)
also have ... =z U (y / 2)

by (metis compl-inf double-compl lres-def)
finally show (z Uy) /z=z U (y / 2)

qed
— Theorem 32.7

lemma lres-top-vector: vector (z / top)
by (metis eg-iff lres-inverse top-right-mult-increasing top-top vector-def lres-mult-lres-lres)

— Theorem 32.10

lemma lres-top-export-meet-mult: ((z / top) My) ; z = (z / top) M (y ; 2)
by (metis vector-def vector-meet-comp lres-top-vector)

lemma N-lres: N(z) = z / top M 1
by (metis conv-top lres-def)

end
class complete-relation-algebra = relation-algebra + complete-lattice
begin

definition mu :: (‘a = ‘a) = ‘a where mu f = Inf { vy . fy <y }
definition nu :: (‘a = ‘a) = ‘a where nu f = Sup {y .y < fy }

lemma mu-lower-bound: fz <z — mu f <=z
by (auto simp add: mu-def intro: Inf-lower)

lemma mu-greatest-lower-bound: (Vy . fy <y —z<y) —z < muf
by (auto simp add: mu-def intro: Inf-greatest)

lemma mu-unfold-1: isotone f — f (mu f) < mu f
by (metis mu-greatest-lower-bound order-trans mu-lower-bound isotone-def)

lemma mu-unfold-2: isotone f — mu f < f (mu f)
by (metis mu-unfold-1 isotone-def mu-lower-bound)
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lemma mu-unfold: isotone f — mu f = f (mu f)
by (metis antisym mu-unfold-1 mu-unfold-2)

lemma mu-const: mu (Az . y) =y
by (metis isotone-def mu-unfold order-refl)

lemma mu-lpfp: isotone f — is-least-prefizpoint f (mu f)
by (metis is-least-prefizpoint-def mu-lower-bound mu-unfold-1)

lemma mu-lfp: isotone f — is-least-fixpoint f (mu f)
by (metis is-least-fizpoint-def mu-lower-bound mu-unfold order-refl)

lemma mu-pmu: isotone f — pu f = mu f
by (metis least-prefizpoint-char mu-lpfp)

lemma mu-mu: isotone f — p f = mu f
by (metis least-fixpoint-char mu-lfp)

end

class omega-relation-algebra = relation-algebra + star + omega +
assumes ra-star-left-unfold : 1 Uy ; y* < y*
assumes ra-star-left-induct : z Uy ;0 <z — y* ;2
assumes ra-star-right-induct: z Uz ; y <z — 2z ; y*
assumes ra-omega-unfold: y* =y ; y*
assumes ra-omega-induct: t < z U y;z —x < yY Uy~ ;2

<z
<z

sublocale omega-relation-algebra < bounded-omega-algebra where plus = sup and zero = bot and T = top

apply unfold-locales

apply (metis ra-star-left-unfold)
apply (metis ra-star-left-induct)
apply (metis ra-star-right-induct)
apply (metis ra-omega-unfold)
apply (metis ra-omega-induct)
done

— Theorem 38

177

sublocale omega-relation-algebra < n-omega-algebra where plus = sup and zero = bot and T = top and meet = inf and

n = N and L = top and apz = greater-eq and Omega = Az . N(z%) ; top U z*

apply unfold-locales
apply simp

apply (metis n-split-omega-mult omega-vector order.refl star-mult-omega)
apply (metis inf.absorbl meet.eq-refl mult-associative top.extremum top-left-mult-increasing top-top vector-meet-comp)

done

end
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26 Domain

theory Domain
imports Semiring Tests
begin
class left-zero-domain-semiring = idempotent-left-zero-semiring + d +
assumes d-restrict: ¢ + d(z) ; z = d(z) ; z
assumes d-mult-d : d(z ; y) = d(z ; d(y))
assumes d-plus-one: d(z) + 1 = 1
assumes d-zero : d(0) = 0
assumes d-dist-add: d(z + y) = d(z) + d(y)
begin

— Many lemmas in this class are taken from Georg Struth’s theories.

lemma d-restrict-equals: © = d(z) ; z
by (metis add-commutative d-plus-one d-restrict mult-left-one mult-right-dist-add)

lemma d-involutive: d(d(z)) = d(z)
by (metis d-mult-d mult-left-one)

lemma d-fizpoint: (Jy . z = d(y)) «—— z = d(=)
by (metis d-involutive)

lemma d-type: VP . (Vz .z = d(z) — P(z)) «— (Vz . P(d(z)))
by (metis d-involutive)

lemma d-mult-sub: d(z ; y) < d(z)
by (metis d-dist-add d-mult-d d-plus-one less-eq-def mult-left-sub-dist-add-left mult-right-one)

lemma d-sub-one: z < 1 — z < d(z)
by (metis d-restrict-equals mult-right-isotone mult-right-one)

lemma d-strict: d(z) = 0 «—— z = 0
by (metis d-restrict-equals d-zero mult-left-zero)

lemma d-one: d(1) = 1
by (metis d-restrict-equals mult-right-one)

lemma d-below-one: d(z) < 1
by (metis d-plus-one less-eg-def)

lemma d-isotone: z < y — d(z) < d(y)
by (metis d-dist-add less-eq-def)

lemma d-plus-left-upper-bound: d(z) < d(z + y)
by (metis add-left-upper-bound d-isotone)

lemma d-ezport: d(d(z) ; y) = d(z) ; d(y)
by (smt add-commutative antisym d-mult-d d-mult-sub d-plus-left-upper-bound d-plus-one d-restrict d-sub-one mult-isotone

mult-left-one mult-left-sub-dist-add-right mult-right-dist-add mult-right-one)

lemma d-idempotent: d(z) ; d(z) = d(z)
by (metis d-export d-restrict-equals)

lemma d-commutative: d(z) ; d(y) = d(y) ; d(z)
by (smt antisym d-ezport d-mult-d d-mult-sub d-one d-restrict-equals mult-isotone mult-left-one)

lemma d-least-left-preserver: z < d(y) ; z «—— d(z) < d(y)
by (metis d-below-one d-involutive d-mult-sub d-restrict-equals eq-iff mult-left-isotone mult-left-one)

lemma d-weak-locality: © ; y = 0 «— z ; d(y) = 0
by (metis d-mult-d d-strict)

lemma d-add-closed: d(d(z) + d(y)) = d(z) + d(y)
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by (metis d-dist-add d-involutive)

lemma d-mult-closed: d(d(z) ; d(y)) = d(z) ; d(y)
by (metis d-export d-mult-d)

lemma d-mult-left-lower-bound: d(z) ; d(y) < d(z)
by (metis d-export d-involutive d-mult-sub)

lemma d-mult-greatest-lower-bound: d(z) < d(y) ; d(z) «— d(z) < d(y) A d(z) < d(z)
by (metis d-commutative d-idempotent d-mult-left-lower-bound mult-isotone order-trans)

lemma d-mult-left-absorb-add: d(z) ; (d(z) + d(y)) = d(x)
by (metis add-commutative d-idempotent d-plus-one mult-left-dist-add mult-right-one)

lemma d-add-left-absorb-mult: d(z) + d(z) ; d(y) = d(z)
by (metis add-commutative d-mult-left-lower-bound less-eq-def)

lemma d-add-left-dist-mult: d(z) + d(y) ; d(z) = (d(z) + d(y)) ; (d(z) + d(z))
by (smt add-associative d-commutative d-idempotent d-mult-left-absorb-add mult-left-dist-add mult-right-dist-add)

lemma d-order: d(z) < d(y) <« d(z) = d(z) ; d(y)
by (metis d-mult-greatest-lower-bound d-mult-left-absorb-add less-eq-def order-refl)

lemma d-mult-below: d(z) ; y <y
by (metis add-left-divisibility d-plus-one mult-left-one mult-right-dist-add)

lemma d-preserves-equation: d(y) ; z < z ; d(y) «—— d(y) ; z = d(y) ; z ; d(y)
apply rule
apply (metis antisym d-below-one d-idempotent mult-associative mult-right-isotone mult-right-one)
apply (metis d-below-one mult-associative mult-left-isotone mult-left-one)
done

end

class left-zero-antidomain-semiring = idempotent-left-zero-semiring + d + neg +

assumes a-restrict : —z ; x = 0
assumes a-plus-mult-d: —(z ; y) + —(z ; ——y) = —(z ; ——vy)
assumes a-complement : ——z + —z = 1
assumes d-def cd(z) = ——xz
begin

— Many lemmas in this class are taken from Georg Struth’s theories.

notation
uminus (a)

lemma a-greatest-left-absorber: a(z) ; y = 0 — a(z) < a(y)

apply rule

apply (metis a-complement a-plus-mult-d a-restrict add-left-zero add-right-zero mult-left-dist-add mult-left-one mult-right-one
mault-right-sub-dist-add-right)

apply (metis a-restrict add-right-zero less-eq-def mult-right-dist-add)

done

lemma a-mult-d: a(z ; y) = a(z ; d(y))
by (metis a-complement a-greatest-left-absorber a-plus-mult-d d-def less-eq-def mult-associative mult-left-one mult-left-zero
mult-right-dist-add a-restrict add-commutative)

lemma a-d-closed: d(a(z)) = a(z)
by (metis a-mult-d d-def mult-left-one)

lemma a-plus-left-lower-bound: a(z + y) < a(z)
by (metis a-greatest-left-absorber eq-iff mult-left-sub-dist-add-left zero-least)

lemma a-idempotent: a(z) ; a(z) = a(x)
by (metis a-complement a-d-closed a-restrict add-right-zero d-def mult-left-dist-add mult-right-one)

lemma a-below-one: a(z) < 1
by (metis a-complement add-commutative add-left-upper-bound)
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lemma a-mult-add: a(z) ; (y + z) = a(z) ; y
by (metis a-restrict add-right-zero mult-left-dist-add)

lemma a-3: a(z) ; a(y) ; d(z + y) = 0
by (metis a-below-one a-greatest-left-absorber a-mult-d a-restrict add-right-zero less-eq-def mult-associative mult-left-dist-add
mult-left-isotone mult-left-one)

lemma a-dist-add: a(z) ; a(y) = a(z + y)
proof —
have a(z) ; a(y) = a(z) ; a(y) 5 a(z + y)
by (metis a-3 a-complement add-left-zero d-def mult-left-dist-add mult-right-one)
hence a(z) ; a(y) < a(z + y)
by (metis a-below-one mult-left-isotone mult-left-one order-trans)
thus %thesis
by (metis a-idempotent a-plus-left-lower-bound add-commutative antisym mult-left-isotone mult-right-isotone order-trans)
qed

lemma a-export: a(a(z) ; y) = d(z) + a(y)
proof —
have a(a(z) ; y) = ala(z) ; v) ; d(y) + ala(z) ; y) ; aly)
by (metis a-complement d-def mult-left-dist-add mult-right-one)
hence a(a(z) ; y) < a(a(z) ; y) ; d(y) + a(y)
by (metis a-below-one a-dist-add less-eq-def mult-left-isotone mult-left-one)
hence a(a(z) ; y) < a(a(z) ; y) ; (a(z) + d(z)) ; d(y) + a(y)
by (metis a-complement add-commutative d-def mult-associative mult-left-one)
hence a(a(z) ; y) < a(a(z) ; y) ; d(z) ; d(y) + a(y)
by (smt a-mult-d a-restrict add-left-zero mult-associative mult-left-dist-add mult-right-dist-add)
hence a(a(z) ; y) < d(z) + a(y)
by (metis a-dist-add a-plus-left-lower-bound add-commutative add-right-isotone d-def order-trans)
thus %thesis
by (metis a-restrict a-greatest-left-absorber a-dist-add add-commutative mult-left-zero d-def add-least-upper-bound
mult-associative antisym)
qed

subclass left-zero-domain-semiring
apply unfold-locales
apply (smt a-complement a-d-closed a-idempotent a-restrict case-split-left-equal d-def eq-refl less-eq-def mult-associative)
apply (metis a-mult-d d-def)
apply (metis a-below-one d-def less-eq-def)
apply (metis a-3 a-d-closed a-dist-add d-def)
apply (metis a-dist-add a-export d-def)
done

~ A~~~

subclass tests
apply unfold-locales
apply (metis mult-associative)
apply (metis a-dist-add add-commutative)
apply (metis a-complement a-d-closed a-dist-add d-def mult-left-dist-add mult-right-one)
apply (metis a-d-closed a-dist-add d-def)
apply (rule the-equality|[ THEN sym])
apply (metis a-d-closed a-restrict d-def)
apply (metis a-d-closed a-restrict d-def)
apply (metis a-complement a-restrict add-right-zero mult-right-one)
apply (metis a-d-closed a-export d-def)
apply (smt a-d-closed a-dist-add a-plus-left-lower-bound add-commutative d-def less-eq-def)
apply (metis less-def)
done

lemma a-fizpoint: Vz . (a(z) =z — Vy .y = 0))
by (metis a-complement a-restrict add-idempotent mult-left-one mult-left-zero)

lemma a-strict: a(z) = 1 «—— z =0
by (metis a-complement a-restrict add-right-zero mult-left-one mult-right-one)

lemma d-complement-zero: d(z) ; a(z) = 0
by (metis a-restrict d-def)

lemma a-complement-zero: a(x) ; d(z) = 0
by (metis d-def zero-def)
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lemma a-shunting-zero: a(z) ; d(y) = 0 «— a(z) < a(y)
by (metis a-greatest-left-absorber d-weak-locality)

lemma a-antitone: z < y — a(y) < a(z)
by (metis a-plus-left-lower-bound less-eg-def)

lemma a-mult-deMorgan: a(a(z) ; a(y)) = d(z + y)
by (metis a-dist-add d-def)

lemma a-mult-deMorgan-1: a(a(z) ; a(y)) = d(z) + d(y)
by (metis a-mult-deMorgan d-dist-add)

lemma a-mult-deMorgan-2: a(d(z) ; d(y)) = a(z) + a(y)
by (metis d-def plus-def)

lemma a-plus-deMorgan: a(a(z) + a(y)) = d(z) ; d(y)
by (metis a-dist-add d-def)

lemma a-plus-deMorgan-1: a(d(z) + d(y)) = a(x) ; a(y)
by (metis a-mult-deMorgan-1 sub-mult-closed)

lemma a-mult-left-upper-bound: a(z) < a(z ; y)
by (metis a-greatest-left-absorber d-def d-mult-sub leg-mult-zero sub-comm)

lemma d-a-closed: a(d(z)) = a(z)
by (metis a-d-closed d-def)

lemma a-ezport-d: a(d(z) ; y) = a(z) + a(y)
by (metis a-mult-d a-mult-deMorgan-2)

lemma o-7: d(z) ; a(d(y) + d(=)) = d(z) ; aly) ; a(2)
by (metis a-plus-deMorgan-1 mult-associative)

lemma d-a-shunting: d(z) ; a(y) < d(z) «— d(z) < d(z) + d(y)
by (smt a-dist-add d-def plus-closed shunting sub-comm,)

lemma d-d-shunting: d(z) ; d(y) < d(z) «—— d(z) < d(z) + a(y)
by (metis d-a-closed d-a-shunting d-def)

lemma d-cancellation-1: d(z) < d(y) + (d(z) ; a(y))
by (metis a-dist-add add-commutative add-left-upper-bound d-def plus-compl-intro)

lemma d-cancellation-2: (d(z) + d(y)) ; a(y) < d(z)
by (metis d-a-shunting d-dist-add eq-refl)

lemma a-add-closed: d(a(z) + a(y)) = a(z) + a(y)
by (metis d-def plus-closed)

lemma a-mult-closed: d(a(z) ; a(y)) = a(z) ; a(y)
by (metis d-def sub-mult-closed)

lemma d-a-shunting-zero: d(z) ; a(y) = 0 «—— d(z) < d(y)
by (metis a-greatest-left-absorber d-def)

lemma d-d-shunting-zero: d(z) ; d(y) = 0 «— d(z) < a(y)
by (metis d-def leg-mult-zero)

lemma d-compl-intro: d(z) + d(y) = d(z) + a(z) ; d(y)
by (metis add-commutative d-def plus-compl-intro)

lemma a-compl-intro: a(z) + a(y) = a(z) + d(z) ; a(y)
by (smt a-dist-add add-commutative d-def mult-right-one plus-compl plus-distr-mult-left)

lemma kat-2: y ; a(z) < a(z) ; y — d(z) ; ¥y ; a(z) =0
by (smt a-export a-plus-left-lower-bound add-least-upper-bound d-d-shunting-zero d-export d-strict less-eq-def mult-associative)

lemma kat-3: d(z) ;y;a(z) =0 — d(z) ; y = d(z) ; y; d(z)
by (metis add-left-zero d-def mult-left-dist-add mult-right-one plus-compl)
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lemma kat-4: d(z) ; y = d(z) 5 y ; d(z) — d(z) ; y <y ; d(2)
by (metis a-below-one d-def mult-left-isotone mult-left-one)

lemma kat-2-equiv: y ; a(z) < a(z) ; y «—— d(z) ; y; a(z) =0
by (smt2 kat-2 a-below-one a-complement add-left-zero d-def mult-left-one mult-right-dist-add mult-right-isotone
mult-right-one)

lemma kat-4-equiv: d(z) ; y = d(z) ; y; d(z) «—— d(z) ; y < y; d(z)
apply rule
apply (metis kat-4)
apply (rule antisym)
apply (metis d-idempotent less-eq-def mult-associative mult-left-dist-add)
apply (metis d-plus-one less-eq-def mult-left-dist-add mult-right-one)
done

lemma kat-3-equiv-opp: a(z) ; y ; d(z) = 0 «— y ; d(z) = d(2) ; y ; d(z)
by (metis a-complement a-restrict add-left-zero d-a-closed d-def mult-associative mult-left-one mult-left-zero

mult-right-dist-add)

lemma kat-4-equiv-opp: y ; d(z) = d(z) ; y ; d(z) «— y ; d(z) < d(2) 5 y
by (metis d-def double-negation kat-2-equiv kat-3-equiv-opp)

lemma d-restrict-iff: (z < y) «— (x < d(z) ; y)
by (metis add-least-upper-bound d-below-one d-restrict-equals less-eq-def mult-left-dist-add mult-left-isotone mult-left-one)

lemma d-restrict-iff-1: (d(z) ; y < z) «—— (d(z) ; y < d(z) ; 2)
by (metis add-commutative d-export d-mult-left-lower-bound d-plus-one d-restrict-iff mult-left-isotone mult-left-one
mult-right-sub-dist-add-right order-trans)

end

end
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27 Domainlteration

theory Domainlteration

imports Domain LatticeOrderedSemiring OmegaAlgebra

begin

class domain-semiring-lattice = left-zero-domain-semiring + lattice-ordered-pre-left-semiring
begin

subclass bounded-idempotent-left-zero-semiring ..

lemma d-top: d(T) = 1
by (metis add-left-top d-dist-add d-one d-plus-one)

lemma mult-domain-top: z ; d(y) ; T < d(z ;y); T
by (smt d-mult-d d-restrict-equals mult-associative mult-right-isotone top-greatest)

lemma domain-meet-domain: d(z —~ d(y) ; z) < d(y)
by (metis d-export d-isotone d-mult-left-lower-bound meet.add-right-upper-bound order-trans)

lemma meet-domain: © —~ d(y) ; z = d(y) ; (x —~ 2)
apply (rule antisym)
apply (metis domain-meet-domain add-commutative add-right-divisibility d-plus-one d-restrict-equals meet.add-right-isotone
mult-left-isotone mult-left-one mult-right-isotone order-trans)
apply (metis d-plus-one meet.add-least-upper-bound mult-left-one mult-left-sub-dist-meet-right mult-right-sub-dist-add-left)
done

lemma meet-intro-domain: ¢ ~ y = d(y) ;¢ —~ y
by (metis d-restrict-equals meet-commutative meet-domain)

lemma meet-domain-top: ¢ —~ d(y) ; T = d(y) ; z
by (metis meet.add-right-zero meet-domain)

lemma d(z) = z ; T —~ 1 nitpick [ezpect=genuine] oops

lemma d-galois: d(z) < d(y) «— =z < d(y) ; T
by (metis d-isotone d-least-left-preserver meet-domain-top meet.add-least-upper-bound)

lemma vector-meet: x ; T —~y < d(z) ; y
by (metis d-galois d-mult-sub meet-commutative meet-domain-top meet.add-right-isotone)

end

class domain-semiring-lattice-L = domain-semiring-lattice + L +
assumes ll:z; L=z ;0 + d(z); L
assumes [2: d(L) ; z < z ; d(L)
assumes 13: d(L) ; T< L+ d(L;0); T
assumes l4: L; T < L
assumes l5: z ;0 ~L<(z ~L); 0

begin

lemma 8: (z ~L);0<z;0 ~1L
by (metis meet-commutative meet.add-least-upper-bound mult-right-sub-dist-meet-right zero-right-mult-decreasing)

lemma (9: 2 ;0 ~L<d(z;0);L
by (metis d-restrict-equals meet-commutative meet-domain meet.add-right-upper-bound)

lemma [10: L ; L= L
by (metis d-restrict-equals 11 less-eq-def zero-right-mult-decreasing)

lemma [11: d(z) ; L<z; L
by (metis add-right-upper-bound 1)

lemma [12: d(z ; 0) ; L<z ;0
by (metis add-right-divisibility 11 mult-associative mult-left-zero)
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lemma [13: d(z ; 0) ; L< z
by (metis 112 order-trans zero-right-mult-decreasing)

lemma l1f: 2 ; L<z;0+ L
by (metis add-right-isotone 11 meet-domain-top meet.add-left-upper-bound)

lemma 15: z ;d(y); L=xz; 0+ d(z;y); L
by (metis d-commutative d-mult-d d-zero 11 mult-associative mult-left-zero)

lemma l16: 2 ; T ~ L<z;L
by (metis 111 order-trans vector-meet)

lemma [17: d(z) ; L < d(z; L) ; L
by (smt d-restrict-equals 111 meet-domain-top meet.add-least-upper-bound meet.add-left-divisibility order-trans)

lemma [18: d(z) ; L=d(z ; L) ; L
by (metis antisym d-mult-sub 117 mult-left-isotone)

lemma [19: d(z ; T ; 0); L<d(z; L); L
by (metis d-mult-sub 118 mult-associative mult-left-isotone)

lemma i20: z <y«—z<y+LAz<y+dy;0);T
apply rule
apply (metis add-isotone add-right-zero zero-least)
apply (smt add-commutative add-left-dist-meet 113 less-eq-def meet-domain-top)
done

lemma 21: d(z ;0); L<z;0 ~1L
by (metis 112 meet-domain-top meet.add-least-upper-bound meet.add-left-upper-bound)

lemma 22: 2 ;0 ~L=d(z;0); L
by (metis antisym 19 121)

lemma 23: 2 ; T ~ L=d(z); L
apply (rule antisym)
apply (metis vector-meet)
apply (metis add-least-upper-bound d-mult-below 11 meet.add-least-upper-bound mult-right-isotone top-greatest)
done

lemma 29: L ; d(L) =L
by (metis d-preserves-equation d-restrict-equals 12)

lemma [30: d(L) ;2 < (z ~ L)+ d(L; 0);z
by (smt 13 less-eq-def meet-domain-top meet-left-dist-add)

lemma [31: d(L) ;2 =(z ~ L)+ d(L;0);z
by (smt add-least-upper-bound  antisym  d-mult-sub  d-restrict-equals 130  meet-domain  mult-left-isotone
mult-left-sub-dist-meet-left)

lemma [40: L ;z < L
by (metis add-right-top 14 mult-left-sub-dist-add-left order-trans)

lemma lj1: L; T =1
by (metis antisym 14 top-right-mult-increasing)

lemma 50: z ;0 ~ L= (z ~1L); 0
by (metis eg-iff 15 18)

lemma 51: d(z ; 0) ; L=(z ~ L); 0
by (metis 122 150)

lemma [90: L ; T ; L= 1L
by (metis add-commutative d-restrict-equals d-top 11 151 131 meet-absorb meet-commutative mult-associative mult-left-dist-add
mult-left-zero mult-right-one)

lemma 91: z =2 ; T — d(L; 0) ;2 <d(z;0); T
proof —
have d(L; 0) ; z < d(d(L;0);z); T
by (metis d-galois order-refl)
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also have ... = d(d(L; 0) ; d(z)) ; T
by (metis d-mult-d)
also have ... = d(d(z) ; L; 0); T
by (metis d-commutative d-mult-d mult-associative)
also have ... < d(z ; L;0); T
by (metis d-isotone 111 mult-left-isotone)
also have ... < d(z ; T ;0); T
by (metis d-isotone mult-left-isotone mult-right-isotone top-greatest)
finally show ?thesis
by metis
qed

lemma (92: z =2 ; T — d(L; 0);x<d((zxt ~L);0); T
proof
assume I:z =z ; T
have d(L; 0) ; z = d(L) ; d(L; 0) ; =
by (metis d-commutative d-mult-sub d-order)
also have ... < d(L) ; d(z ; 0) ; T using 1
by (metis eg-iff 191 mult-associative mult-isotone)
also have ... = d(d(z ; 0) ; L) ; T
by (metis d-commutative d-export)
also have ... < d((z ~L); 0); T
by (metis 151 order-refl)
finally show d(L; 0) ; z < d((z ~L); 0); T
by metis
qed

end
class domain-itering-lattice-L = bounded-itering + domain-semiring-lattice-L
begin

lemma mult-L-cire: (z ; L)° =1+ z; L
by (metis circ-back-loop-fizpoint circ-mult 140 less-eq-def mult-associative)

lemma mult-L-cire-mult-below: (x ; L)° ; y <y + z; L

by (smt add-right-isotone 140 mult-L-circ mult-associative mult-left-one mult-right-dist-add mult-right-isotone)

lemma circ-L: L° = L + 1
by (metis add-commutative 110 mult-L-circ)

lemma circ-d0-L: z° ; d(z ; 0) ; L=12°; 0
by (metis add-right-zero circ-loop-fixpoint circ-plus-same d-zero 115 mult-associative mult-left-zero)

lemma dO-circ-left-unfold: d(z° ; 0) = d(z ; z° ; 0)
by (metis add-commutative add-left-zero circ-loop-fizpoint mult-associative)

lemma d-circ-import: d(y) ; ¢ < z ; d(y) — d(y) ; z° = d(y) ; (d(y) ; z)°
apply rule
apply (rule antisym)
apply (metis circ-simulate circ-slide mult-associative d-idempotent d-preserves-equation)
apply (metis circ-isotone mult-left-isotone mult-left-one mult-right-isotone d-below-one)
done

end
class domain-omega-algebra-lattice-L = bounded-left-zero-omega-algebra + domain-semiring-lattice-L
begin

lemma mult-L-star: (x ; L)* =1 +z; L
by (metis 140 less-eq-def mult-associative star.circ-back-loop-fizpoint star.circ-mult)

lemma mult-L-omega: (z ; L)* <z ; L
by (smt 141 less-eq-def mult-associative mult-left-dist-add omega-unfold top-greatest)

lemma mult-L-add-star: (z ; L+ y)* =y* +y* ;2 ; L
proof (rule antisym)

185
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have (z; L+y); (" + v sz L) =a;L; (W +y sa;0)+y; W +y" 32;1L)
by (metis mult-associative mult-right-dist-add)
alsohave ... <z ; L+ y;(y"+y* ;z;L)
by (metis add-left-isotone 140 mult-associative mult-right-isotone)
alsohave ... <z;L+vy;y " +y " ;z;L
by (smt add-associative add-commutative add-right-upper-bound mult-associative mult-left-dist-add star.cire-loop-fizpoint)
alsohave ... <z; L+ y* " +y ;z;L
by (metis add-left-isotone add-right-isotone star.left-plus-below-circ)
also have ... = y* + y* ; z; L
by (metis add-associative  add-commutative — mult-associative  star.circ-loop-fizpoint  star.circ-reflexive
star. circ-sup-one-right-unfold star-involutive)
finally have 1 + (z; L+ y); (W +y ;2 L) <y*" +y ;2;L
by (metis add-commutative add-least-upper-bound add-right-divisibility star.circ-left-unfold)
thus (2 ; L+ y) " <y* 4+ y“;z; L
by (metis mult-right-one star-left-induct)
next
show y* +y* ;25 L<(z; L+ y)"
by (metis add-commutative add-least-upper-bound mult-associative star.circ-increasing star.circ-mult-upper-bound
star.circ-sub-dist)
qed

lemma mult-L-add-omega: (z ; L+ y)* <y +y* ;2 ; L
proof —
have 1: (y* ;2 ; L)Y <y +y*;z; L
by (metis add-least-upper-bound add-right-isotone mult-L-omega)
have (y*;z; L)" ;y“ <y” +y" ;2; L
by (metis add-right-isotone 140 mult-associative mult-right-isotone star-left-induct)
thus ?thesis using 1
by (smt add-associative add-commutative less-eq-def mult-associative omega-decompose)
qed

end

sublocale domain-omega-algebra-lattice-L < dL-star!: itering where circ = star ..

sublocale domain-omega-algebra-lattice-L < dL-star!: domain-itering-lattice-L where circ = star ..
context domain-omega-algebra-lattice-L

begin

lemma d0-star-below-d0-omega: d(z* ; 0) < d(z* ; 0)
by (metis d-isotone star-zero-below-omega-zero)

lemma d0-below-d0-omega: d(z ; 0) < d(z* ; 0)
by (metis d0-star-below-d0-omega d-isotone mult-left-isotone order-trans star.circ-increasing)

lemma star-L-split: y < zANz;2;L<z;0+2;L—z";y;L<z";0+2;L
proof
assume Iy < zAz;z;L<z;0+ z;L
havez ; (z* ;0 4+ 2; L) <z*;0+=x;2; L
by (metis add-right-zero eq-iff mult-associative mult-left-dist-add star.circ-loop-fizpoint)
also have ... < z* ;0 + 2z ; 0 + z ; L using 1
by (metis add-associative add-left-upper-bound less-eq-def)
also have ... = z* ; 0 + z ; L
by (metis add-commutative less-eq-def mult-right-dist-add star.circ-increasing)
finally have y ; L+ 2 ; (¢ ;0 + z; L) < z*; 0 + z ; L using 1
by (metis add-least-upper-bound add-right-upper-bound mult-left-isotone order-trans)
thusz* ;y; L<z*;0+ z2; L
by (metis star-left-induct mult-associative)
qed

lemma star-L-split-same: z ; y; L<z;0+y;L—z*;y; L=2";0+y; L
by (smt add-associative add-left-zero  antisym less-eq-def —mult-associative  mult-left-dist-add — mult-left-one
mult-right-sub-dist-add-left order-refl star-L-split star.circ-right-unfold)

lemma star-d-L-split-equal: d(z ; y) < d(y) — 2* ; d(y) ; L=12"; 0 + d(y) ; L
by (metis add-right-isotone 115 less-eq-def mult-right-sub-dist-add-left star-L-split-same)
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lemma d0-omega-mult: d(z* ; y ; 0) = d(z* ; 0)
apply (rule antisym)
apply (metis d-isotone mult-left-isotone omega-sub-vector)
apply (metis d-isotone mult-associative mult-right-isotone zero-least)
done

lemma d-omega-export: d(y) ; = < z ; d(y) — d(y) ; z¥ = (d(y) ; )¥
apply (rule impI)
apply (rule antisym)
apply (metis d-preserves-equation omega-simulation order-refl)
apply (smt less-eq-def mult-left-dist-add omega-simulation-2 omega-slide)
done
lemma d-omega-import: d(y) ; = <z ; d(y) — d(y) 5 2 = d(y) ; (d(y) ; 2)*
by (metis d-idempotent d-omega-export mult-associative omega-slide)

lemma star-d-omega-top: z* ; d(z*) ; T =2* ; 0 + d(z*); T
apply (rule antisym)
apply (metis add-right-divisibility dual-order.trans mult-domain-top star-mult-omega)
apply (smt2 add-associative add-commutative add-left-divisibility —add-left-zero mult-associative mult-left-dist-add
star. circ-loop-fixpoint)
done

lemma omega-meet-L: z* ~ L = d(z*) ; L
by (metis 123 omega-vector)

lemma d-star-mult: d(z ; y) < d(y) — d(z* ; y) = d(z* ; 0) + d(y) oops
lemma d0-split-omega-omega: £ < z“ ; 0 + d(z* —~ L) ; T nitpick [ezpect=genuine] oops

end

end
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28 DomainRecursion

theory DomainRecursion
imports Domainlteration Approximation
begin

class domain-semiring-lattice-apr = domain-semiring-lattice-L + apx +
assumes apr-def: t Cy«—— 2 <y+ LAdL);y<z+d(z;0); T

begin

lemma apz-transitive: t Cy ANy C 2z — z C 2
proof
assume I:z Cy Ay LC 2
hence 2: z < z + L
by (smt add-associative add-commutative apz-def less-eq-def)
have d(d(L) ;y;0); T <d((z+ d(z;0); T);0); T using 1
by (metis apz-def d-isotone mult-left-isotone)
also have ... < d(z ; 0); T
by (metis add-least-upper-bound d-galois mult-left-isotone mult-right-dist-add order-refl zero-right-mult-decreasing)
finally have 3: d(d(L) ; y; 0); T <d(z;0); T
by metis
have d(L) ; z = d(L) ; (d(L) ; 2)
by (metis d-idempotent mult-associative)
also have ... < d(L) ; y + d(d(L) ; y ; 0) ; T using 1
by (metis apz-def d-export mult-associative mult-left-dist-add mult-right-isotone)
also have ... <z + d(z ; 0) ; T using 1 8
by (smt add-least-upper-bound add-right-upper-bound apz-def order-trans)
finally show z C z using 2
by (metis apz-def)
qed

lemma apz-meet-L: yC o — z ~ L <y ~ L
proof
assume [: y C z
have t ~ L=4d(L);z ~ L
by (metis d-restrict-equals meet-commutative meet-domain)
also have ... < (y + d(y ; 0) ; T) —~ L using 1
by (metis apz-def meet.add-left-isotone)
also have ... < y
by (metis add-least-upper-bound 113 meet-commutative meet-domain meet-left-dist-add meet.add-right-upper-bound
meet.add-right-zero)
finally show 2 ~ L <y ~ L
by (metis meet-associative meet-idempotent meet.add-left-isotone)
qed

lemma add-apz-left-isotone: x Ty — z + 2 C y + 2
proof
assume 1: z C y
hence 2: z + 2 <y+ 2+ L
by (smt add-associative add-commutative add-left-isotone apz-def)
have d(L) ; (y + z) = d(L) ; y + d(L) ; 2
by (metis mult-left-dist-add)
also have ... < d(L); y + =
by (metis add-commutative add-least-upper-bound add-right-upper-bound d-below-one mult-left-dist-add mult-left-isotone
mult-left-one)
also have ... <z + d(z ; 0) ; T + z using
by (metis add-left-isotone apz-def)
alsohave ... <z +z+d((z+2);0); T
by (smt add-associative add-commutative add-right-isotone d-isotone mult-left-isotone mult-right-sub-dist-add-left)
finally show z + z C y + z using 2
by (metis apz-def)
qed

subclass apx-biorder
apply unfold-locales
apply (metis add-least-upper-bound add-left-upper-bound apx-def d-plus-one mult-left-one mult-right-dist-add)
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apply (metis add-same-context antisym apz-def apz-meet-L relative-equality)
apply (rule apz-transitive)
done

lemma mult-apz-left-isotone: x Ty — z ;2 C y ; 2
proof
assume 1: z C y
hencez ;2 <y;z+L;z
by (metis apz-def mult-left-isotone mult-right-dist-add)
hence 2: z ;2 <y;z+ L
by (metis add-commutative add-left-isotone 140 order-trans)
have d(L) ; y;2<z;z+ d(z;0); T ; z using 1
by (metis apz-def mult-left-isotone mult-right-dist-add)
alsohave ... <z ;z+4+d(z;2;0); T
by (metis add-right-isotone d-isotone mult-associative mult-isotone mult-right-isotone top-greatest zero-least)
finally show z ; 2 C y ; z using 2
by (metis apx-def mult-associative)
qed

lemma mult-apx-right-isotone: t C y — 2z ;z C 2 ; gy
proof
assume 1: z C y
hence z ;2 < z;y+ 2; L
by (metis apz-def mult-left-dist-add mult-right-isotone)
alsohave ... < z;y+2;0+ L
by (metis add-associative add-right-isotone 114)
finally have 2: z ;2 < z;y + L
by (metis add-right-zero mult-left-dist-add)
have d(L); z;y < z; d(L); y
by (metis [2 mult-left-isotone)
also have ... < z; (z + d(z ; 0) ; T) using I
by (metis apz-def mult-associative mult-right-isotone)
alsohave ... =z;z 4+ 2z;d(z;0); T
by (metis mult-associative mult-left-dist-add)
alsohave ... < z;z+d(z;2;0); T
by (metis add-right-isotone mult-associative mult-domain-top)
finally show 2z ; z C z ; y using 2
by (metis apz-def mult-associative)
qed

subclass apz-semiring
apply unfold-locales
apply (metis add-right-upper-bound apz-def 13 mult-right-isotone order-trans top-greatest)
apply (rule add-apz-left-isotone)
apply (rule mult-apz-left-isotone)
apply (rule mult-apx-right-isotone)
done

lemma meet-L-apz-isotone: t &y — z ~ LE y —~ L
by (smt add-absorb add-commutative apz-def apz-meet-L d-restrict-equals 120 meet-commutative meet-domain
meet.add-left-upper-bound)

definition kappa-apz-meet :: (‘a = ‘a) = bool
where kappa-apz-meet f «—— apz.has-least-fizpoint f A has-apz-meet (u f) W YA f=pnf D vf

definition kappa-mu-nu :: (‘a = 'a) = bool
where kappa-mu-nu f «—— apz.has-least-fitpoint f ANk f =puf+ (v f ~ L)

definition nu-below-mu-nu :: (‘a = ‘a) = bool
where nu-below-mu-nu f «—— d(L) ;v f<uf+@wf~L)+dvf;0);T

definition nu-below-mu-nu-2 :: (‘a = ’'a) = bool
where nu-below-mu-nu-2 f «—— d(L) ;v f<uf+@wf~L)+dlnf+wf~1L);0);T

definition mu-nu-apz-nu :: (‘a = 'a) = bool
where mu-nu-apz-nu f — pf+ v f ~L)Cvf

definition mu-nu-apz-meet :: (‘a = 'a) = bool
where mu-nu-apz-meet f «—— has-apz-meet (u f) W f)AufDvi=pf+ wf~1L)
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definition apz-meet-below-nu :: (‘a = ‘a) = bool
where apz-meet-below-nu f «—— has-apz-meet (u f) W ) ApufADAvfi<vf

lemma mu-below-l: p f < puf+ v f ~ L)
by (metis add-left-upper-bound)

lemma [-below-nu: has-least-fixpoint f N has-greatest-fizpoint f — p f + v f ~ L) <v f
by (metis add-least-upper-bound meet.add-left-upper-bound mu-below-nu)

lemma n-l-nu: has-least-fizpoint f A has-greatest-fizpoint f — (uf + w f ~ L)) ~L=v f ~L
by (smt add-commutative add-left-dist-meet less-eq-def meet-absorb meet-associative meet-commutative mu-below-nu)

lemma l-apz-mu: p f + W f ~L)Cuf
by (metis add-right-isotone apz-def meet-absorb meet-domain-top meet.add-least-upper-bound meet.add-left-upper-bound
meet.add-right-upper-bound)

lemma nu-below-mu-nu-nu-below-mu-nu-2: nu-below-mu-nu f — nu-below-mu-nu-2 f
proof
assume 1: nu-below-mu-nu f
have d(L) ; v f = d(L) ; (d(L) ; v f)
by (metis d-idempotent mult-associative)
also have ... < d(L); (uf+(wf ~L)y+dw f;0); T) using I
by (metis mult-right-isotone nu-below-mu-nu-def)
alsohave ... =d(L); (uf+ (w f~L)+dL);dvf;0); T
by (metis mult-associative mult-left-dist-add)
alsohave ... <puf+Wwf~L +dL);dlvf;0);T
by (metis add-left-isotone meet-domain-top meet.add-left-upper-bound)

alsohave ... =pf+ W f ~L)+dldvf;0);L);T
by (smt d-commutative d-export)
alsohave ... =pf+Wwf~L)+d(vf~L);0); T

by (metis 151)
alsohave .. <puf+ (W f~L)+d((pf+@wf~L);0);T
by (metis add-right-isotone add-right-upper-bound d-dist-add mult-right-dist-add)
finally show nu-below-mu-nu-2 f
by (metis nu-below-mu-nu-2-def)
qed

lemma nu-below-mu-nu-2-nu-below-mu-nu: has-least-firpoint f AN has-greatest-fizpoint f AN nu-below-mu-nu-2 [ —
nu-below-mu-nu f
proof
assume [: has-least-firpoint f A has-greatest-fixpoint f A nu-below-mu-nu-2 f
hence d(L) ;v f<puf+Wwf~L)+dl(pf+Wwf~L1);0);T
by (metis nu-below-mu-nu-2-def)
alsohave ... < uf+ W f ~L)+dwf;0); T using 1
by (smt add-absorb add-associative add-commutative d-dist-add l-below-nu less-eq-def meet-absorb mult-right-dist-add)
finally show nu-below-mu-nu f
by (metis nu-below-mu-nu-def)
qed

lemma nu-below-mu-nu-equivalent: has-least-fixpoint f A has-greatest-fizpoint f — (nu-below-mu-nu f «—— nu-below-mu-nu-2

)

by (metis nu-below-mu-nu-2-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)

lemma nu-below-mu-nu-2-mu-nu-apz-nu: has-least-fixpoint f N\ has-greatest-fixpoint f N nu-below-mu-nu-2 f — mu-nu-apz-nu
f
proof
assume 1: has-least-fizpoint f A has-greatest-fixrpoint f N nu-below-mu-nu-2 f
hence u f+ (v f~L)<vf+1L
by (metis add-commutative add-right-upper-bound I-below-nu order-trans)
thus mu-nu-apz-nu f using 1
by (metis apz-def mu-nu-apz-nu-def nu-below-mu-nu-2-def )
qed

lemma mu-nu-apz-nu-mu-nu-apz-meet: has-least-firpoint f N\ has-greatest-fizpoint f N mu-nu-apx-nu f — mu-nu-apx-meet f
proof
let ?=pf+ wf~1L)
assume has-least-fizpoint f A has-greatest-fizpoint f A mu-nu-apz-nu f
hence is-apz-meet (u f) (v f) 21
by (smt add-apz-left-isotone add-commutative apz-meet-L is-apz-meet-def l-apx-mu less-eq-def meet.add-least-upper-bound
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mu-nu-apz-nu-def)
thus mu-nu-apz-meet f
by (smt apz-meet-char mu-nu-apz-meet-def)
qed

lemma mu-nu-apz-meet-apr-meet-below-nu: has-least-fizpoint f AN  has-greatest-fizpoint f N  mu-nu-apz-meet f —
apx-meet-below-nu f
by (metis apz-meet-below-nu-def I-below-nu mu-nu-apr-meet-def)

lemma apz-meet-below-nu-nu-below-mu-nu-2: apx-meet-below-nu f — nu-below-mu-nu-2 f
proof —
let 20l=pf+wf—~1L)
haveVm . mCufAmCvfAm<vf—dL;vf<2+d?;0);T
proof
fix m
showm CufAmECvfiAm<vf—dL);vf<2+d?;0);T
proof
assume I: mCufAmCvfiAm<Svf
hence m < 2]
by (smt add-commutative add-left-dist-meet add-left-upper-bound apx-def meet.less-eq-def meet.add-least-upper-bound)
hence m + d(m ; 0) ; T < 2L+ d(?0;0); T
by (metis add-isotone d-dist-add less-eq-def mult-right-dist-add)
thus d(L) ;v f < 204+ d(?1; 0); T using 1
by (smt apz-def order-trans)
qed
qed
thus ?thesis
by (smt apz-meet-below-nu-def apz-meet-same apz-meet-unique is-apz-meet-def nu-below-mu-nu-2-def)
qed

lemma has-apz-least-firpoint-kappa-apx-meet: has-least-fizpoint f A has-greatest-fixpoint f A apx.has-least-fixrpoint f —
kappa-apx-meet f
proof
assume 1: has-least-fizpoint f N has-greatest-fizrpoint f N apz.has-least-fixrpoint f
hence 2:Vw . wCpufAwCvf—dl);snf<w+dw;0);T
by (metis apz-def mult-right-isotone order-trans kappa-below-nu)
haveVw . wCpufAwCvf— w<kf+ Lusing I
by (metis add-left-isotone apz-def mu-below-kappa order-trans)
henceVw . wCufANwCvf— wCk f using 2
by (metis apz-def)
hence is-apz-meet (u f) (v f) (k f) using 1
by (smt apz-meet-char is-apz-meet-def kappa-apz-below-mu kappa-apz-below-nu kappa-apz-meet-def)
thus kappa-apzr-meet f using 1
by (metis apz-meet-char kappa-apz-meet-def)
qed

lemma kappa-apz-meet-apx-meet-below-nu: has-greatest-fizpoint f A kappa-apr-meet f — apz-meet-below-nu f
by (metis apz-meet-below-nu-def kappa-apz-meet-def kappa-below-nu)

lemma apz-meet-below-nu-kappa-mu-nu: has-least-fizpoint f A has-greatest-firpoint f A isotone f A apzx.isotone f A
apx-meet-below-nu f — kappa-mu-nu f
proof
let 2l=pf+wf~1L)
let ‘m=pufAvf
assume 1: has-least-fizpoint f N has-greatest-fizrpoint f A isotone f A apx.isotone f N apz-meet-below-nu f
hence 2: ?m = ?I
by  (metis  apz-meet-below-nu-nu-below-mu-nu-2  mu-nu-apz-meet-def  Mu-nu-aPT-NU-MU-NU-aPT-Meet
nu-below-mu-nu-2-mu-nu-apr-nu)
have 3: 21 < f(%) + L
proof —
have 2l < u f + L
by (metis add-right-isotone meet.add-right-upper-bound)
also have ... = f(u f) + L using 1
by (metis is-least-fizpoint-def least-fixpoint)
also have ... < f(?l) + L using 1
by (metis add-left-isotone add-left-upper-bound isotone-def)
finally show 2] < f(?l) + L
by metis
qged
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have d(L) ; f(?l) < 20+ d(?0;0); T
proof —
have d(L) ; f(?l) < d(L) ; f(v f) using 1 2
by (metis apz-meet-below-nu-def isotone-def mult-right-isotone)
also have ... = d(L) ; v f using I
by (metis greatest-fizpoint is-greatest-fizpoint-def)
also have ... < 2l + d(?0 ; 0) ; T using I
by (metis apz-meet-below-nu-nu-below-mu-nu-2 nu-below-mu-nu-2-def)
finally show d(L) ; f(?) < 20 4+ d(?l;0); T
by metis
qed
hence 4: 2l C f(?])
by (metis apz-def)
have 5: f(?2)) C p f
proof —
have 21 C u f
by (metis l-apz-mu)
thus f(?]) C y f using 1
by (metis apz.isotone-def is-least-fixpoint-def least-fizpoint)
qed
have 6: f(?l) Cv f
proof —
have ?l C v f using 1 2
by (metis apz-greatest-lower-bound apz-meet-below-nu-def apz-reflexive)
thus f(?2]) C v f using 1
by (metis apz.isotone-def greatest-fixpoint is-greatest-fizpoint-def)
ged
hence f(?]) C 2l using 1 2 5
by (metis apz-greatest-lower-bound apz-meet-below-nu-def)
hence 7: f(?]) = ?l using 4
by (metis apz-antisymmetric)
have Vy . f(y) =y — 1Cy
proof
fix y
show f(y) =y — ?ICy
proof
assume 8: f(y) =y
hence 9: 2l < y + L using 1
by (metis add-isotone is-least-fizpoint-def least-fizpoint meet.add-right-upper-bound)
have y < v f using 1 8
by (metis greatest-fixpoint is-greatest-fizpoint-def)
hence d(L) ; y < 2L+ d(?l; 0) ; T using 4 6
by (metis apz-def apa-transitive mult-right-isotone order-trans)
thus ¢l C y using 9
by (metis apz-def)
qed
qed
thus kappa-mu-nu f using 1 2 7
by (smt apz.least-fixpoint-same apz.has-least-fizpoint-def apx.is-least-fizpoint-def kappa-mu-nu-def)
qed

using 3

lemma kappa-mu-nu-has-apx-least-fixpoint: kappa-mu-nu f — apzx.has-least-fixpoint f
by (metis kappa-mu-nu-def)

lemma nu-below-mu-nu-kappa-mu-nu: has-least-fixzpoint f A has-greatest-fixpoint f A isotone f A apz.isotone f A
nu-below-mu-nu f — kappa-mu-nu f

by (metis  apz-meet-below-nu-kappa-mu-nu  mu-nu-aps-meet-apr-meet-below-nu  MU-NU-AGPT-NU-MU-NU-APT-Meet
nu-below-mu-nu-nu-below-mu-nu-2 nu-below-mu-nu-2-mu-nu-apz-nu)

lemma kappa-mu-nu-nu-below-mu-nu: has-least-fizpoint f A has-greatest-fixpoint f N kappa-mu-nu f — nu-below-mu-nu f
by (metis apz-meet-below-nu-nu-below-mu-nu-2 has-apz-least-firpoint-kappa-apz-meet nu-below-mu-nu-2-nu-below-mu-nu
kappa-apz-meet-apr-meet-below-nu kappa-mu-nu-has-apz-least-fixpoint)

definition kappa-mu-nu-L :: ('a = 'a) = bool
where kappa-mu-nu-L f «—— apz.has-least-fizpoint f ANk f =pf+dw f;0);L

definition nu-below-mu-nu-L :: ('a = 'a) = bool
where nu-below-mu-nu-L f «— d(L) ;v f<uf+dlvf;0);T
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definition mu-nu-apz-nu-L :: (‘a = 'a) = bool
where mu-nu-apz-nu-L f «—— pu f +dv f;0); LCv f

definition mu-nu-apz-meet-L :: (‘a = 'a) = bool
where mu-nu-apz-meet-L f «— has-apz-meet (u f) W f)ApfADAvi=pf+dvf;0);L

lemma n-below-I:  + d(y ; 0) ; L <z + (y ~ L)
by (metis add-right-isotone d-mult-below 113 meet.add-least-upper-bound)

lemma n-equal-l: nu-below-mu-nu-L f — pf+dv f;0);L=pnf+ (vf~1L)
proof
assume nu-below-mu-nu-L f
hencev f ~L<(uf+dvf;0);T)~L
by (smt meet-associative meet-intro-domain meet.add-right-divisibility nu-below-mu-nu-L-def)
alsohave ... < puf+dvf;0);L
by (smt add-left-dist-meet add-right-divisibility meet-commutative meet-domain-top meet.add-left-isotone)
finally have p f + (W f ~ L) <puf+dv f;0); L
by (metis add-least-upper-bound add-left-upper-bound)
thus p f +dw f;0); L=pf+ v f~L)
by (metis antisym n-below-1)
qed

lemma nu-below-mu-nu-L-nu-below-mu-nu: nu-below-mu-nu-L f — nu-below-mu-nu f
by (metis add-associative add-right-top mult-left-dist-add n-equal-l nu-below-mu-nu-L-def nu-below-mu-nu-def)

lemma nu-below-mu-nu-L-kappa-mu-nu-L: has-least-fizpoint f A has-greatest-fixpoint f A isotone f A apz.isotone f A
nu-below-mu-nu-L f — kappa-mu-nu-L f
by (metis n-equal-l nu-below-mu-nu-L-nu-below-mu-nu nu-below-mu-nu-kappa-mu-nu kappa-mu-nu-L-def kappa-mu-nu-def)

lemma nu-below-mu-nu-L-mu-nu-apr-nu-L: has-least-fixzpoint f A has-greatest-fixpoint f AN nu-below-mu-nu-L f —
mu-nu-apr-nu-L f

by (metis mu-nu-apx-nu-L-def mu-nu-apr-nu-def n-equal-1 nu-below-mu-nu-2-mu-nu-apr-nu
nu-below-mu-nu- L-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)

lemma nu-below-mu-nu-L-mu-nu-apz-meet-L: has-least-fixpoint f A has-greatest-firpoint f N nu-below-mu-nu-L f —
mu-nu-apxr-meet-L f

by (metis mu-nu-apz-meet-L-def mu-nu-apx-meet-def MU-NU-APT-NU-TMU-NU-aPT-Mmeel n-equal-1
nu-below-mu-nu-2-mu-nu-apz-nu nu-below-mu-nu-L-nu-below-mu-nu nu-below-mu-nu-nu-below-mu-nu-2)

lemma mu-nu-apz-nu-L-nu-below-mu-nu-L: has-least-fixzpoint f A has-greatest-fizpoint f A mu-nu-apz-nu-L [ —
nu-below-mu-nu-L f
proof
let ‘n=pf+dlvf;0);L
let 20=pf+ v f~L)
assume I1: has-least-fizpoint f N has-greatest-fizrpoint f A mu-nu-apz-nu-L f
hence d(L) ;v f < %n+d(%n;0); T
by (metis apz-def mu-nu-apz-nu-L-def)
also have ... < ?n + d(?01; 0); T
by (metis add-right-isotone d-isotone mult-left-isotone n-below-1)
also have ... < ?n + d(v f ; 0) ; T using 1
by (metis add-right-isotone d-isotone l-below-nu mult-left-isotone)
finally show nu-below-mu-nu-L f
by (metis add-associative add-right-top mult-left-dist-add nu-below-mu-nu-L-def)
qed

lemma kappa-mu-nu-L-mu-nu-apx-nu-L: has-greatest-fizpoint f N kappa-mu-nu-L f — mu-nu-apz-nu-L f
by (metis mu-nu-apz-nu-L-def kappa-apz-below-nu kappa-mu-nu-L-def)

lemma mu-nu-apz-meet- L-mu-nu-apz-nu-L: mu-nu-apx-meet-L f — mu-nu-apx-nu-L f
by (smt apz-meet-same has-apr-meet-def is-apz-meet-def mu-nu-apz-meet-L-def mu-nu-apz-nu-L-def)

lemma kappa-mu-nu-L-nu-below-mu-nu-L:  has-least-fizpoint f AN  has-greatest-fizpoint f A kappa-mu-nu-L f —
nu-below-mu-nu-L f
by (metis mu-nu-apz-nu-L-nu-below-mu-nu-L kappa-mu-nu-L-mu-nu-apz-nu-L)

end

class itering-apr = domain-itering-lattice-L + domain-semiring-lattice-apz
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begin

lemma circ-apz-isotone: x C y — x° C y°
proof
assume z C y
hence I:z <y+ LAdL);y<z+dz;0);T
by (metis apz-def)
have d(L) ; y° < (d(L) ; y)°
by (smt circ-reflexive circ-transitive-equal d-below-one d-circ-import 12 mult-left-isotone order-trans)
also have ... < z°; (d(z ; 0) ; T ; z°)° using I
by (metis circ-add-1 circ-isotone)
also have ... = 2° + z° ;d(z ; 0); T
by (metis circ-left-top mult-associative mult-left-dist-add mult-right-one mult-top-circ)
also have ... < z° + d(z°;2;0); T
by (metis add-right-isotone mult-associative mult-domain-top)
finally have 2: d(L) ; y° < z° + d(z°;0); T
by (metis circ-plus-same d0-circ-left-unfold)
have z° < y° ; L° using I
by (metis circ-add-1 circ-back-loop-fizpoint circ-isotone 140 less-eq-def mult-associative)
also have ... = y° + y° ; L
by (metis add-commutative circ-L mult-left-dist-add mult-right-one)
also have ... < y° +y°; 0 + L
by (metis add-associative add-right-isotone 114)
finally have z° < y° + L
by (metis add-commutative less-eq-def zero-right-mult-decreasing)
thus z° C y° using 2
by (metis apz-def)
qed

end

class omega-algebra-apxr = domain-omega-algebra-lattice-L + domain-semiring-lattice-apx
sublocale omega-algebra-apx < star!: itering-apxr where circ = star ..

context omega-algebra-apx

begin

lemma omega-apz-isotone: z C y — z* C y*
proof
assume z C y
hence 1: 2 <y + LAdL);y<z+dz;0);T
by (metis apz-def)
have d(L) ; y* = (d(L) ; y)*
by (metis d-omega-ezport 12)
also have ... < (z + d(z ; 0) ; T)” using I
by (metis omega-isotone)
also have ... = (z* ; d(z ; 0) ; T)* + (2" ; d(z ; 0) ; T)* ; =¥
by (metis mult-associative omega-decompose)
also have ... < z*;d(z;0); T + (z* ;d(z ; 0); T)" ; z¥
by (metis add-left-isotone mult-top-omega)
alsohave ... = 2" ;d(z;0); T+ (I +2*;d(z;0); T;(z*;d(z;0);T));z"
by (metis mult-associative star.circ-left-top star.mult-top-circ)
also have ... < z* + 2" ;d(z; 0); T
by (smt add-isotone add-least-upper-bound mult-associative mult-left-one mult-right-dist-add mult-right-isotone order-refl
top-greatest)
also have ... < z* + d(z* ;2 ;0); T
by (metis add-right-isotone mult-associative mult-domain-top)
also have ... < z¥ + d(z*; 0); T
by (metis dL-star.d0-circ-left-unfold eq-refl star.circ-plus-same)
finally have 2: d(L) ; y¥ < z¥ + d(z* ;0); T
by (smt add-right-isotone d0-star-below-d0-omega mult-left-isotone order-trans)
have z* < (y + L)* using 1
by (metis omega-isotone)

also have ... = (y* ; L)* + (y* ; L)* ; y*
by (metis omega-decompose)
also have ... = y* ; L; (v* ; L)Y + (y* ; L)* ; y*

by (metis omega-unfold)
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also have ... < y* ; L + (y* ; L)* ; y*
by (metis add-left-isotone 140 mult-associative mult-right-isotone)
alsohave ... =y* ; L+ (I +y*; L; (y*; L)");y”
by (metis star.circ-left-unfold)
also have ... < y* ; L + y“
by (metis add-commutative add-least-upper-bound add-right-upper-bound dL-star.mult-L-circ-mult-below mult-associative
star.circ-mult star.circ-slide)
also have ... < y* ; 0 + L + ¢*
by (metis add-left-isotone 114)
finally have z* < y* + L
by (metis add-associative add-commutative less-eq-def star-zero-below-omega)
thus z“ C y“ using 2
by (metis apz-def)
qed

lemma combined-apz-isotone: x Ty — (z* ~ L)+ 2" ;2 C (y* ~ L) + y*; 2
by (metis add-apz-isotone mult-apz-left-isotone omega-apz-isotone star.circ-apz-isotone meet-L-apx-isotone)

lemma d-split-nu-mu: d(L) ; (y* +y*;2) <y 524+ (v +y* ;2) ~L)+d((y“ +y ;2);0); T
proof —
have d(L) ; y* < (y* ~ L) +d(y”;0); T
by (metis add-right-isotone 131 191 omega-vector)
hence d(L); (v +y*;2) <y" 2+ (y* ~L)+dy”;0); T
by (smt add-associative add-commutative add-isotone d-mult-below mult-left-dist-add)
thus %thesis
by (smt add-commutative add-isotone add-right-isotone add-right-upper-bound d-isotone meet-commutative
meet.add-right-isotone mult-left-isotone order-trans)
qed

lemma loop-ezists: d(L) ;v (Az .y;2+2)<p(Az.y;z24+2)+ vz .y;2+2) ~L)+dv(Az.y;2+2);0);T
by (metis d-split-nu-mu omega-loop-nu star-loop-mu)

lemma loop-isotone: isotone (Az . y ; © + z)
by (smt add-commutative add-right-isotone isotone-def mult-right-isotone)

lemma loop-apz-isotone: apz.isotone (A\x . y ;  + z)
by (smt add-apz-left-isotone apz.isotone-def mult-apz-right-isotone)

lemma loop-has-least-fixpoint: has-least-fixzpoint (A\z . y ; © + 2)
by (metis has-least-fixpoint-def star-loop-is-least-fizpoint)

lemma loop-has-greatest-fizpoint: has-greatest-fizpoint (Az . y ; T + 2)
by (metis has-greatest-fixzpoint-def omega-loop-is-greatest-fixpoint)

lemma loop-apz-least-fizpoint: apz.is-least-fizpoint Az . y;z+2) (p(Mz . y;2+2)+ v (M\z.y;z+ 2) ~ L))
using apx.least-firpoint-char loop-apx-isotone loop-exists loop-has-greatest-fixpoint loop-has-least-firpoint loop-isotone
nu-below-mu-nu-def nu-below-mu-nu-kappa-mu-nu kappa-mu-nu-def
by auto

lemma loop-has-apx-least-fizpoint: apz.has-least-fizpoint (Az . y ; z + z)
by (metis apz.has-least-fizpoint-def loop-apz-least-fizpoint)

lemma loop-semantics: kK Az . y;z+2)=p Az .y;z2+2)+@w A .y;2+2) ~ L)
by (metis apz.least-fixpoint-char loop-apz-least-fixpoint)

lemma loop-semantics-kappa-mu-nu: kK (Az . y ;2 + 2) = (y* ~ L) + y*; 2
proof —
have k Az .y ;2 +2)=y" 52+ (¥ +y" ;52) ~ L)
by (metis loop-semantics omega-loop-nu star-loop-mu)
thus ?thesis
by (smt add-absorb add-associative add-commutative add-left-dist-meet)
qed

lemma loop-semantics-kappa-mu-nu-domain: k Az .y ; ¢ + z) = d(y”); L+ y* ; 2z
by (metis loop-semantics-kappa-mu-nu omega-meet-L)

lemma loop-semantics-apz-isotone: w Cy — k Az . w;z+2) Ck (Az.y; 2+ 2)
by (metis loop-semantics-kappa-mu-nu combined-apz-isotone)
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end

end
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29 ExtendedDesigns

theory FExtendedDesigns

imports OmegaAlgebra Domain

begin

class domain-semiring-L-below = left-zero-domain-semiring + L +
assumes L-left-zero-below: L ; © < L
assumes mult-L-split: © ; L=z ; 0 + d(z) ; L

begin

lemma d-zero-mult-L: d(z ; 0) ; L< z
by (metis add-least-upper-bound mult-L-split mult-associative mult-left-zero zero-right-mult-decreasing)

lemma mult-L: ¢ ; L< xz ;0 + L
by (metis add-right-isotone d-mult-below mult-L-split)

lemma d-mult-L: d(z) ; L<z ;L
by (metis add-right-divisibility mult-L-split)

lemma d-L-split: z ; d(y) ; L=z ;0 + d(z ; y); L
by (metis d-commutative d-mult-d d-zero mult-L-split mult-associative mult-left-zero)

lemma d-mult-mult-L: d(z ; y) ; L <z ; d(y); L
by (metis add-right-divisibility d-L-split)

lemma L-L: L; L =1
by (metis d-restrict-equals less-eq-def mult-L-split zero-right-mult-decreasing)

end

class antidomain-semiring-L = left-zero-antidomain-semiring + L +
assumes d-zero-mult-L: d(z ; 0) ; L < z

assumes d-L-zero  :d(L; 0) =1
assumes mult-L cx3 L<z;0+ L
begin

lemma L-left-zero: L ; x = L
by (metis d-L-zero d-zero-mult-L less-def less-le mult-associative mult-left-one mult-left-zero zero-right-mult-decreasing)

subclass domain-semiring-L-below

apply unfold-locales

apply (metis L-left-zero order-refl)

apply (rule antisym)

apply (smt d-restrict-equals less-eq-def mult-L mult-associative mult-left-dist-add)

apply (metis add-least-upper-bound d-L-zero d-mult-d d-zero-mult-L mult-associative mult-right-isotone mult-right-one

zero-least)

done

end

class ed-below = bounded-left-zero-omega-algebra + domain-semiring-L-below + Omega +
assumes Omega-def: =% = d(z¥) ; L + z*

begin

lemma Omega-isotone: z < y — < yQ
by (metis Omega-def add-isotone d-isotone mult-left-isotone omega-isotone star.circ-isotone)

lemma star-below-Omega: z* < z
by (metis Omega-def add-right-upper-bound)

lemma one-below-Omega: 1 < z%
by (metis add-least-upper-bound star.circ-plus-one star-below-Omega)
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lemma L-left-zero-star: L ; 2* = L
by (metis L-left-zero-below add-right-upper-bound antisym star.circ-back-loop-fixpoint)

lemma L-left-zero-Omega: L ; % = L
by (metis L-left-zero-below L-left-zero-star Omega-def less-eq-def mult-left-dist-add)

lemma mult-L-star: (x ; L)* =1 + z; L
by (metis L-left-zero-star mult-associative star.circ-left-unfold)

lemma mult-L-omega-below: (z ; L) < z; L
by (metis L-left-zero-below mult-right-isotone omega-slide)

lemma mult-L-add-star: (z ; L+ y)* =y* +y* ;2 ; L
by (metis L-left-zero-star add-commutative mult-associative star.circ-unfold-sum)

lemma mult-L-add-omega-below: (z ; L+ y)* < y* +y* ;2 ; L
proof —
have (z; L+ y)* = (y" ;25 L) + (y" 52 L)"; ¢
by (metis add-commutative mult-associative omega-decompose)
also have ... < y*;z; L+ (y*;z; L) ;y*
by (metis add-left-isotone mult-L-omega-below)
alsohave ... = y* ;z; L+ y* ;z; L;y" + 9y
by (smt L-left-zero-star add-associative add-commutative mult-associative star.circ-loop-fizpoint)
also have ... < y* + y* ; z; L
by (metis L-left-zero-star add-commutative eq-refl mult-associative star.circ-back-loop-fizpoint)
finally show ?thesis

qed

lemma mult-L-add-cire: (z ; L + )% =d(y*) ; L+ y* +y* ;2 ; L
proof —
have (¢ ; L+ y)® = d((z; L+ y)*); L+ (z; L+ y)*
by (metis Omega-def)
also have ... < d(y“ +y*;z;L); L+ (z; L+ y)*
by (metis add-left-isotone d-isotone mult-L-add-omega-below mult-left-isotone)
also have ... = d(y*) ; L+ d(y* ;2; L) ; L+ (z; L+ y)*
by (metis d-dist-add mult-right-dist-add)
also have ... < d(y*); L+ y* ;z;L; L+ (z; L+ y*
by (metis add-left-isotone add-right-isotone d-mult-L)
also have ... = d(y*); L+ y* +y" ;2 ; L
by (smt L-L add-associative add-commutative less-eq-def mult-L-add-star mult-associative order-refl)
finally have 1: (z ; L+ )% < d(y*); L+y " +y" ;z; L

have 2: d(y*); L < (z; L + y)®
by (metis Omega-def add-left-upper-bound add-right-upper-bound d-isotone mult-left-isotone omega-isotone order-trans)
have y* + y* ;2 ; L < (z; L+ y)?
by (metis Omega-def add-right-upper-bound mult-L-add-star)
hence d(y*) ; L+ y* + y* ;2 ; L < (z; L + y) using 2
by (metis Omega-def add-least-upper-bound add-right-upper-bound mult-L-add-star)
thus ?thesis using 1
by (metis antisym)
qed

lemma circ-add-d: (¢ ; y)* ; 2% = d((z" 5 9)*) ; L+ (&7 5 9)" ;2" + (@5 9)" 5 d(2®) ; L)
proof —
have (2% 5 y)® ;2% = ((d(2*) s L+ z%) ; )7 5 2®
by (metis Omega-def)
also have ... = (d(z*) ; L;y +z* ; 9)% ; z
by (metis mult-right-dist-add)
also have ... < (d(z%) ; L + z* ; y)Q ; 29
by (metis L-left-zero-below Omega-isotone add-left-isotone mult-associative mult-left-isotone mult-right-isotone)

Q

also have ... = (d((z" ; 9)°) ; L+ (2" 5 )" + (2" ; )" ; d(z*) ; L) ; 2
by (metis mult-L-add-circ)

also have ... = d((z* ; ¥)*); L; 2% + (z* ; v)* ; 2% 4+ (=% ; 9)* ; d(z¥) ; L ; 2
by (metis mult-right-dist-add)

also have ... = d((¢" ; y)*) ; L+ (2" ; 9)" ;2% + (2" 5 9)" 5 d(z¥) 5 L
by (smt L-left-zero-Omega mult-associative)

also have ... = d((s* ; 1)) ; L+ (5" 3 )" 3 o* + (* 5 y)* 5 () ; I)

by (smt Omega-def add-associative add-commutative add-idempotent mult-associative mult-left-dist-add)
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finally have 1: (z% ; y)” ; 2% < d((z" ; 9)*) s L+ ((z" 5 9)" ;2" + (2" 5 9)" 5 d(z¥) ; L)

have d((z* ; y)*); L < (z% 5 y)°

by (metis Omega-def Omega-isotone add-commutative add-right-upper-bound mult-left-isotone order-trans)
also have ... < (2 ; )% ; 2%

by (metis mult-right-isotone mult-right-one one-below-Omega)
finally have 2: d((z* ; y)*) ; L < (2% ; y)@ ; 2©

have 3: (z* ; y)* ; z* < (2% ; )9 ; 2%
by (metis Omega-isotone mult-left-isotone mult-right-isotone order-trans star-below-Omega)
have (z* ; y)* ; d(z¥) ; L < (z* 5 )" ; 2
by (metis Omega-def add-commutative mult-associative mult-left-sub-dist-add-right)
also have ... < (z% ; )% ; 2%
by (metis Omega-isotone mult-left-isotone order-trans star-below-Omega)
finally have d((z* ; y)*) ; L+ ((z* 5 9)* ;2" + (z" 5 )" 5 d(2¥) 5 L) < (27 5 ) ; 2” using 2 3
by (smt add-associative less-eq-def)
thus ?thesis using I
by (metis antisym)
qed

lemma mult-L-omega: (z ; L)* = z ; L nitpick [ezpect=genuine] oops

lemma mult-L-add-omega: (z ; L + y)* = y* + y* ; = ; L nitpick [expect=genuine] oops

lemma d-Omega-circ-simulate-right-plus: z ; ¢ < y ; y% ;2 + w — 2z ; 2% < ¥ (z + w ; %) nitpick [ezpect=genuine]
oops

lemma d-Omega-circ-simulate-left-plus: © ; 2 < z ; y¢ + w — 2% ; 2 < (z + 2% ; w) ; ¥ nitpick [ezpect=genuine] oops

end

class ed = ed-below +
assumes L-left-zero: L ; x = L

begin

lemma mult-L-omega: (z ; L) =z ; L
by (metis L-left-zero omega-slide)

lemma mult-L-add-omega: (z ; L+ y)* = y* +y* ;2 ; L
by (smt L-left-zero add-commutative add-left-upper-bound less-eq-def mult-L-omega mult-L-star mult-associative mult-left-one
mult-right-dist-add omega-decompose)

lemma d-Omega-circ-simulate-right-plus: z ; 2 < y ; y ; 2 + w — 2z ; 2% < y%; (z + w; :pQ)
proof
assumez;xgy;yﬂ;erw
hence z ;2 <y;dy*);L;z4+y;y 52+ w
by (metis Omega-def mult-associative mult-left-dist-add mult-right-dist-add)
alsohave ... < y;d(y”); L+ y;y " ;2z+w
by (metis L-left-zero-below add-commutative add-right-isotone mult-associative mult-right-isotone)

also have .. =y ; 0 +d(y;y*); L+y;y" 5z+w
by (metis d-L-split)
also have ... = d(y*) ; L+ y;y" 2+ w

by (smt add-associative add-commutative add-left-zero mult-associative mult-left-dist-add omega-unfold)
finally have 1: z ;2 < d(y“); L+ y; v ;2 4+ w

have (d(y”); L4+ y* 24+ 9y s w; d@z®); L+y* sw;a%);2=dy”); Lz +y ;250 +y 5 w;d@”); Lz 4y
sw Tt
by (metis mult-right-dist-add)
also have ... < d(y“); L+ y " ;z;z+y " ;w;dz*); Lz +y " ;w;z" 52
by (metis L-left-zero-below add-left-isotone mult-associative mult-right-isotone)
also have ... < d(y“); L+ y ;z;2+y ;w;d@”); L+y s w;z"
by (metis L-left-zero-below add-commutative add-left-isotone mult-associative mult-right-isotone)
also have ... < d(y“); L+ y* ;22 4+ y s w; d=*); L+ vy ;w;a”
by (metis add-left-upper-bound add-right-isotone star.circ-back-loop-fixpoint)
also have ... < d(y“); L+ y* ; dy*); L+y;v ;2+w)+y" 5 w;dz”); L+ y*;w;z" using 1
by (smt add-left-isotone add-right-isotone less-eq-def mult-associative mult-left-dist-add)
alsohave ... =d(y“); L+ y ;y;y 2+ y " ;w;d@®); L+ vy ;w;a”
by (smt2 add-associative add-commutative add-idempotent —mult-associative mult-left-dist-add — d-L-split
star.circ-back-loop-fixpoint star-mult-omega)
also have ... < d(y*); L+ y* ;2z4+y " ;w;d=¥); L+ vy ;w;a”
by (metis add-left-isotone add-right-isotone mult-left-isotone  star.circ-plus-same  star.circ-transitive-equal
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star.left-plus-below-circ)
finally have 2: z ; 2* < d(y*); L+ y* ;2 +y*; w; d@*); L+ y*";w;z”
by (smt add-least-upper-bound add-left-upper-bound star.circ-loop-fixpoint star-right-induct)
have z ;z ;2 <y;y* ;2z;2° +dw*); L; z¥ + w; z¥ using 1
by (metis add-commutative mult-left-isotone mult-right-dist-add)
also have ... < y;y*;2z;2Y +d(y*); L+ w; z¥
by (metis L-left-zero-below add-commutative add-right-isotone mult-associative mult-right-isotone)
finally have z ; 2* < y“ + y* ; d(y*); L+ y* ; w; z*
by (smt add-associative add-commutative left-plus-omega mult-associative mult-left-dist-add omega-induct omega-unfold
star.left-plus-circ)
hence z ; 2 < y* + y* ; d(y”) ; L+ y*; w; a2
by (smt add-associative add-commutative left-plus-omega mult-associative mult-left-dist-add omega-induct omega-unfold
star.left-plus-circ)
hence z ; z¥ < y“ + y* ; w; =
by (metis add-commutative d-mult-L less-eq-def mult-associative mult-right-isotone omega-sub-vector order-trans
star-mult-omega)
hence d(z ; z*); L < d(y“); L+ y*; w; d(z*); L
by (smt add-associative add-commutative d-L-split d-dist-add less-eq-def mult-right-dist-add)
hence z ; d(z*); L<z; 0+ d(y*); L+ y*; w; d=*); L
by (metis add-associative add-right-isotone d-L-split)
also have ... < y*"; 2z + d(y*); L+ y* ; w; d(z¥); L
by (smt2 add-commutative add-left-isotone add-left-upper-bound order-trans star.circ-loop-fizxpoint zero-right-mult-decreasing)
finally have z ; d(z¥) ; L< d(y*); L+ y* ;z+y" ;w;dz¥); L+y*;w;a"
by (smt2 add-commutative add-left-upper-bound order-trans)
thus z ; 2% < ¥?; (z + w ; %) using 2
by (smt L-left-zero Omega-def add-associative less-eq-def mult-associative mult-left-dist-add mult-right-dist-add)
qed
lemma d-Omega-circ-simulate-left-plus: © ; 2 < z ; y? + w — 2% ; 2 < (z + 2 ; w) ;Y
proof
assume]:z;zgz;yn—kw
have z ; (2 ;d(y”); L+ 23y  +d(@¥); L+a";w;dy”); L+a" w5y )=2;2;dy"); L+z;z;y" +d@¥);
L+z;a*;w;dy”);L+z;2"°;w;y"
by (smt add-associative add-commutative mult-associative mult-left-dist-add d-L-split omega-unfold)
also have ... < (z;d(y*); L+ z;y" +w); dw’); L+ (z;dw); L+ z;9" +w);y" +dz*); L+ z";w; dy”)
i L+ x5 w; y* using 1
by (smt Omega-def add-associative add-right-upper-bound less-eq-def mult-associative mult-left-dist-add mult-right-dist-add
star. circ-loop-fixpoint)
alsohave ... =z ; d(y*); L+ z;y  ;dw*); L+ w; dy”); L+z;y +w;y"+dz¥); L+2";w;dy”); L+
zr s w syt
by (smt2 L-left-zero add-associative add-commutative add-idempotent mult-associative mult-right-dist-add
star.circ-transitive-equal)
alsohave ... =z ;d(y*); L+ w;d(y*); L+ z;y " +w;y  +dz¥); L+z";w;dy”); L+ z";w;y"
by (smt add-associative add-commutative add-idempotent less-eq-def mult-associative d-L-split star-mult-omega
zero-right-mult-decreasing)
finally have z ; (2 ; d(y”) ; L+ z;y* +d(z®); L+ 2" ;w; d(y”) s L+a2" 5 w;y") <z5dy”); L+ 2z;y" + d(z)
s L+ swidy”)s L+ wsy”
by (smt2 add-associative add-commutative add-idempotent mult-associative star.circ-loop-fizpoint)
thus 29 ; 2z < (z + 29 ; w) ; y°
by (smt L-left-zero Omega-def add-associative add-least-upper-bound add-left-upper-bound mult-associative mult-left-dist-add
mult-right-dist-add star.circ-back-loop-fizpoint star-left-induct)
qed

Q

end
— Theorem 2.5 and Theorem 50.4

sublocale ed < ed-omega!: itering where circ = Omega

apply unfold-locales

apply (smt add-associative add-commutative add-left-zero circ-add-d Omega-def mult-left-dist-add mult-right-dist-add d-L-split
d-dist-add omega-decompose star.circ-add-1 star.circ-slide)

apply (smt L-left-zero add-associative add-commutative add-left-zero Omega-def mult-associative mult-left-dist-add

mult-right-dist-add d-L-split omega-slide star.circ-mult)

apply (metis d-Omega-circ-simulate-right-plus)

apply (metis d-Omega-circ-simulate-left-plus)

done

sublocale ed < ed-star!: itering where circ = star ..
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class ed-2 = ed-below + antidomain-semiring-L + Omega
begin
subclass ed

apply unfold-locales

apply (rule L-left-zero)

done

end

end
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theory Precondition
imports Tests
begin

class pre =
fixes pre : ‘a = 'a = 'a (infixr « 55)

class precondition = tests + pre +
assumes pre-closed: z«—q = ——(z«—q)
assumes pre-seq: T;y«—q = TLYLK—q
assumes pre-lower-bound-right: z«—p;—q < T«—q
assumes pre-one-increasing: —q < 1«—gq

begin

— Theorem 39.2

lemma pre-sub-distr: x«—p;—q < (x«—p);(z«—q)
by (smt greatest-lower-bound pre-closed pre-lower-bound-right sub-comm sub-mult-closed)

— Theorem 39.5

lemma pre-below-one: x«—p < 1
by (metis one-greatest pre-closed)

lemma pre-lower-bound-left: x«—p;—q < x«—p
by (smt lower-bound-left pre-closed pre-sub-distr sub-mult-closed transitive)

— Theorem 39.1

lemma pre-iso: —p < —q — z«—p < TK—¢q
by (metis leg-def pre-lower-bound-right)

— Theorem 39.4 and Theorem 40.9

lemma pre-below-pre-one: x«—p < z«l
by (metis one-def one-greatest pre-iso)

— Theorem 39.3

lemma pre-seq-below-pre-one: z;y«1 < z«l
by (metis one-def pre-below-pre-one pre-closed pre-seq)

— Theorem 39.6

lemma pre-compose: —p < z¢«—q N —q < y«—1r — —p < T;YK—T
by (metis pre-closed pre-iso transitive pre-seq)

lemma pre-test-test: —p;(—p«—q) = —p;—q nitpick [ezpect=genuine] oops
lemma pre-test-promote: —p«—q = —p«—p;—q nitpick [expect=genuine] oops
lemma pre-test: —p«—q = ——p+—gq nitpick [ezpect=genuine] oops

lemma pre-test: —p«—q = —p;—q nitpick [ezpect=genuine] oops

lemma pre-distr-mult: «—p;—q = (z«—p);(z«—q) nitpick [expect=genuine] oops
lemma pre-distr-plus: z«—p+—q = (z«—p);(z«—q) nitpick [ezpect=genuine] oops

end

class precondition-test-test = precondition +
assumes pre-test-test: —p;(—p«—q) = —p;—q

begin

lemma pre-one: 1«—p = —p
by (metis bs-mult-left-one one-def pre-closed pre-test-test)
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lemma pre-import: —p;(z«—q) = —p;(—p;x4—q)
by (metis pre-closed pre-seq pre-test-test)

lemma pre-import-composition: —p;(—p;z;y«—q) = —p;(zcy«—q)
by (metis pre-closed pre-seq pre-import)

lemma pre-import-equiv: —p < T¢—q «—— —p < —p;r&—q
by (metis leg-def pre-closed pre-import)

lemma pre-import-equiv-mult: —p;—q < £4—8 +—— —p;—q < —q;xL—S$
by (smt leg-def pre-closed sub-assoc sub-mult-closed pre-import)

lemma pre-test-promote: —p«—q = —p«—p;—q nitpick [expect=genuine] oops
lemma pre-test: —p«—q = ——p+—q nitpick [expect=genuine] oops
lemma pre-test: —p«—q = —p;—q nitpick [ezpect=genuine] oops

lemma pre-distr-mult: z«—p;—q = (z«—p);(z«—q) nitpick [ezpect=genuine] oops
lemma pre-distr-plus: z«—p+—q = (x«—p);(z«—q) nitpick [ezpect=genuine] oops

end

class precondition-promote = precondition +
assumes pre-test-promote: —p«—q = —p&—p;—q

begin

lemma pre-mult-test-promote: v;—p«—q = x;—p«—p;—q
by (metis pre-seq pre-test-promote sub-mult-closed)

lemma pre-test-test: —p;(—p«—q) = —p;—q nitpick [expect=genuine] oops
lemma pre-test: —p«—q = ——p+—gq nitpick [ezpect=genuine] oops
lemma pre-test: —p«—q = —p;—q nitpick [expect=genuine] oops

lemma pre-distr-mult: «—p;—q = (z«—p);(z«—q) nitpick [expect=genuine] oops
lemma pre-distr-plus: z«—p+—q = (z«—p);(z«—q) nitpick [ezpect=genuine] oops

end

class precondition-test-box = precondition +

assumes pre-test: —p«—q = ——p+—gq
begin
lemma pre-test-neg: ——p;(—p«—q) = ——D

by (metis mult-absorb pre-test)

lemma pre-zero: 0«—q = 1
by (metis one-compl one-def plus-left-one pre-test)

lemma pre-export: —p;z«—q = ——p+(z«—q)
by (metis pre-closed pre-seq pre-test)

lemma pre-neg-mult: ——p < —p;z«—q
by (metis leg-def pre-closed pre-seq pre-test-neg)

lemma pre-test-test-same: —p«—p = 1
by (metis plus-comm plus-compl pre-test)

lemma test-below-pre-test-mult: —q < —p«—p;—q
by (metis pre-test reflexive shunting sub-mult-closed)

lemma test-below-pre-test: —q < —p«—q
by (metis pre-test upper-bound-right)

lemma test-below-pre-test-2: ——p < —p«—q
by (metis pre-test upper-bound-left)

lemma pre-test-zero: —p«0 = ——p
by (metis one-compl plus-right-zero pre-test)

lemma pre-test-one: —p«1 = 1

203
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by (metis one-def plus-right-one pre-test)

subclass precondition-test-test
apply unfold-locales
apply (metis mult-compl-intro pre-test)
done

subclass precondition-promote
apply unfold-locales
apply (metis plus-comm plus-compl-intro pre-test sub-mult-closed)
done

lemma pre-test: —p«—q = —p;—q nitpick [ezpect=genuine] oops
lemma pre-distr-mult: «—p;—q = (z«—p);(z«—q) nitpick [expect=genuine] oops
lemma pre-distr-plus: z«—p+—q = (z«—p);(z«—q) nitpick [ezpect=genuine] oops

end

class precondition-test-diamond = precondition +
assumes pre-test: —p«—q = —p;—q

begin

lemma pre-test-neg: ——p;(—p«—q) = 0
by (metis bs-mult-right-zero mult-compl pre-test sub-assoc sub-comm)

lemma pre-zero: 0«—q = 0
by (metis bs-mult-left-zero one-compl pre-test)

lemma pre-export: —p;x«—q = —p;(x«—q)
by (metis pre-closed pre-seq pre-test)

lemma pre-neg-mult: —p;x«—q < —p
by (metis lower-bound-left pre-closed pre-export)

lemma pre-test-test-same: —p«—p = —p
by (metis mult-idempotent pre-test)

lemma test-above-pre-test-plus: ——p«—p+—q < —¢q
by (metis double-negation lower-bound-left mult-compl-intro plus-closed pre-test sub-comm)

lemma test-above-pre-test: —p«—q < —q
by (metis lower-bound-right pre-test)

lemma test-above-pre-test-2: —p«—q < —p
by (metis lower-bound-left pre-test)

lemma pre-test-zero: —p«0 = 0
by (metis bs-mult-right-zero one-compl pre-test)

lemma pre-test-one: —p«1 = —p
by (metis bs-mult-right-one one-def pre-test)

subclass precondition-test-test
apply unfold-locales
apply (metis mult-idempotent pre-export pre-test)
done

subclass precondition-promote
apply unfold-locales
apply (metis mult-idempotent pre-seq pre-test)
done

lemma pre-test: —p«—q = ——p+—q nitpick [expect=genuine] oops
lemma pre-distr-mult: z«—p;—q = (z«—p);(z«—q) nitpick [ezpect=genuine,card=6] oops

lemma pre-distr-plus: z«—p+—q = (z«—p);(z«—q) nitpick [ezpect=genuine] oops

end

Precondition
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class precondition-distr-mult = precondition +
assumes pre-distr-mult: z«—p;—q = (z«—p);(x«—q)

begin

lemma pre-test-test: —p;(—p«—q) = —p;—q nitpick [ezpect=genuine] oops
lemma pre-test-promote: —p«—q = —p«—p;—q nitpick [expect=genuine] oops
lemma pre-test: —p«—q = ——p+—q nitpick [expect=genuine] oops

lemma pre-test: —p«—q = —p;—q nitpick [ezpect=genuine] oops

lemma pre-distr-plus: z«—p+—q = (z«—p);(z«—q) nitpick [ezpect=genuine] oops
end

class precondition-distr-plus = precondition +
assumes pre-distr-plus: «—p+—q = (z«—p)+(z«—q)

begin

lemma pre-test-test: —p;(—p«—q) = —p;—q nitpick [expect=genuine] oops
lemma pre-test-promote: —p«—q = —p«—p;—q nitpick [expect=genuine] oops
lemma pre-test: —p«—q = ——p+—gq nitpick [ezpect=genuine] oops

lemma pre-test: —p«—q = —p;—q nitpick [expect=genuine] oops

lemma pre-distr-mult: «—p;—q = (z«—p);(z«—q) nitpick [expect=genuine] oops
end

end
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31 CompleteTests

theory CompleteTests
imports Tests
begin

class complete-tests = tests + Sup + Inf +
assumes sup-test: test-set A — Sup A = ——Sup A
assumes sup-upper: test-set ANx € A — x < Sup A
assumes sup-least: test-set AN (Vz€A .z < —y) — Sup A < —y

begin

lemma Sup-isotone: test-set BAN A C B — Sup A < Sup B
by (smt subsetD sup-least sup-test sup-upper test-set-closed)

lemma mult-right-dist-sup: test-set A — Sup A; —p = Sup { z;—p |z .2z € A}
proof
assume [: test-set A
hence 2: test-set { x;—p |z .z € A}
by (simp add: mult-right-dist-test-set)
have 8: Sup { z;—p |z .2 € A} < Sup A ; —p using 1
by (smt mem-Collect-eq mult-iso-left sub-mult-closed sup-test sup-least sup-upper test-set-def)
have VzeAd .z < ——(—=Sup {z;—p |z .2 € A} + ——p)
proof
fix z
assume 4: € A
hence z;—p + ——p < Sup {z;—p |z .2 € A} + ——p using 1 2
by (smt mem-Collect-eq plus-iso-left sub-mult-closed sup-upper test-set-def sup-test)
thus 2 < ——(——Sup {z;—p|z.2€ A} + ——p) using 1 2 4
by (smt plus-closed plus-compl-intro sub-comm test-set-def transitive upper-bound-left sup-test)
qed
hence Sup A < ——(—=Sup { z;—p |z .2 € A} + ——p) using
by (simp add: sup-least)
hence Sup A ; —p < Sup { z;—p |z .2 € A } using 1 2
by (smt plus-closed plus-comm shunting sub-comm sup-test)
thus Sup A; —p=Sup {z;—p |z .2 € A} using 1 28
by (smt antisymmetric sub-mult-closed sup-test)
qed

lemma mult-left-dist-sup: test-set A — —p ; Sup A = Sup { —p;z |z .2 € A}
proof
assume [: test-set A
hence 2: Sup A ; —p=Sup {z;—p |z .2z € A}
by (simp add: mult-right-dist-sup)
have 3: —p ; Sup A = Sup A ; —p using 1
by (metis sub-comm sup-test)
have { —pjz |z .z € A} ={z;—-p|z.z2€ A}
by (rule set-eql, simp, metis 1 sub-comm test-set-def)
thus —p ; Sup A= Sup { —p;z |z .2 € A} using 2 3
by simp
qed

definition Sum :: (nat = ‘a) = ‘a
where Sum f = Sup { fn | ninat . True }

lemma Sum-test: test-seq t — Sum t = ——Sum t
by (metis Sum-def sup-test test-seq-test-set)

lemma Sum-upper: test-seq t — t z < Sum t
by (smt Sum-def mem-Collect-eq sup-upper test-seq-test-set)

lemma Sum-least: test-seqt A (Vn .tn < —p) — Sumt < —p
by (smt Sum-def mem-Collect-eq sup-least test-seq-test-set)

lemma mult-right-dist-Sum: test-seq t A (Vn . t n;—p < —q) — Sum t;—p < —q
by (smt Sum-def mem-Collect-eq mult-right-dist-sup sub-mult-closed sup-least test-seq-test-set test-set-def)
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lemma mult-left-dist-Sum: test-seq t A (Vn . —pjt n < —q) — —p;Sum t < —q
by (smt Sum-def mem-Collect-eq mult-left-dist-sup sub-mult-closed sup-least test-seq-test-set test-set-def)

lemma pSum-below-Sum: test-seq t — pSum t m < Sum ¢
by (smt Sum-test Sum-upper bs-mult-right-one one-def pSum-below pSum-test test-seq-def )

lemma pSum-sup: test-seqt — pSum t m = Sup { ti|i.i € {.<m}}
proof
assume I1: test-seq t
hence 2: test-set { ti|i.1 € {.<m} }
by (smt mem-Collect-eq test-seq-def test-set-def)
have Vye{ti|i.ie {.<m}}.y < ——pSumim
by (simp, smt 1 pSum-test pSum-upper)
hence 3: Sup { ti|i.i € {.<m} } < ——pSum t m using 2
by (simp add: sup-least)
have pSum t m < Sup { ti| ¢ .1 € {.<m} }
apply (induct m)
apply simp
apply (smt sup-test test-set-def emptyE zero-least-test)
proof —
fix n
assume 4: pSum t n < Sup {t i |i. i € {..<n}}
have 5: test-set {t i |i. i € {..<n}} using I
by (smt mem-Collect-eq test-seq-def test-set-def)
have 6: test-set {t i |i. i < Suc n} using 1
by (smt mem-Collect-eq test-seq-def test-set-def)
hence 7: Sup {t i |i. i < Sucn} = ——Sup {t i |i. i < Suc n}
by (smt sup-test)
hence Vze{t i |i. i € {.<n}} .z < ——Sup {t ¢ |i. i < Suc n} using 6
apply simp
apply rule+
apply (rule mp)
apply (rule sup-upper)
apply simp
by smt
hence 8: Sup {t i |i. i € {.<n}} < ——Sup {t i |i. i < Suc n} using §
by (simp add: sup-least)
have t n € {t i |i. i < Suc n}
by (simp, metis lessI)
hence t n < Sup {ti |i. i < Suc n} using 6
by (smt sup-upper)
hence pSum tn + tn < Sup {t i |i. i <Sucn} using 1 4578
by (smt least-upper-bound test-seq-def pSum-test transitive sup-test)
thus pSum t (Suc n) < Sup {ti |i. i € {.<Suc n}}
by simp
qed
thus pSum t m = Sup { ti|i.:¢ € {..<m} } using 1 2 3
by (smt antisymmetric sup-test pSum-test)
qed

definition Prod :: (nat = ‘a) = 'a
where Prod f = Inf { fn | nunat . True }

lemma Sum-range: Sum f = Sup (range f)
by (simp add: Sum-def image-def)

lemma Prod-range: Prod f = Inf (range f)
by (simp add: Prod-def image-def)

end

end
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32 Hoare

theory Hoare
imports CompleteTests Precondition
begin

class ite =
fixes ite :: 'a = ‘a = ‘a = 'a (- < - 1> -[58,68,58] 57)

class hoare-triple =

fixes hoare-triple :: 'a = 'a = 'a = bool (- { - |} - [54,54,54] 53)

class ifthenelse = precondition + ite +
assumes ite-pre: <I—p>y«—q = —p;(x«—q) + ——p;(y«—q)

begin
— Theorem 40.2
lemma ite-pre-then: —p;(z<1—p>y«—q) = —p;(z«—q)

proof —
have —p;(z<d—p>y«—q) = —p;(z«—q) + 0;(y«—q)

by (smt ite-pre plus-absorb plus-distr-mult-left pre-closed sub-assoc sub-mult-closed zero-def)

thus ?thesis

by (smt plus-absorb plus-right-zero pre-closed sub-mult-closed zero-def)

qed
— Theorem 40.3
lemma ite-pre-else: ——p;(z<i—p>y«—q) = ——p;(y«—q)

proof —
have ——p;(z<—p>y«—q) = 0;(x«—q) + ——p;(y«—q)

by (smt ite-pre mult-distr-plus-left mult-idempotent pre-closed sub-assoc sub-mult-closed zero-def)

thus ?thesis

by (smt mult-idempotent plus-left-zero pre-closed sub-assoc sub-mult-closed zero-def)

qed

lemma ite-import-mult-then: —p;—q < x«—r — —p;—q < 2I—p>Y«—r
by (smt ite-pre-then leg-def pre-closed sub-assoc sub-comm sub-mult-closed)

lemma ite-import-mult-else: ——p;—q < y«—r — ——p;—q < c<I—p>YL—T
by (smt ite-pre-else leq-def pre-closed sub-assoc sub-comm sub-mult-closed)

— Theorem 40.1

lemma ite-import-mult: —p;—q < z«—r A ——p;—q < y«—r — —q < x<A—p>yY«—r
by (metis ite-import-mult-then ite-import-mult-else leg-cases pre-closed)

end

class whiledo = ifthenelse + while +

assumes while-pre: —pxz«—q = —p;(z«—pxx«—q) + ——p;—q
assumes while-post: —pxr«—q = —pxT&——p;—q
begin

— Theorem 40.4

lemma while-pre-then: —p;(—pxz«—q) = —p;(z«—p*s«—q)
by (smt pre-closed sub-comm while-pre wnf-lemma-1)

— Theorem 40.5

lemma while-pre-else: ——p;(—pxz«—q) = ——p;—q
by (smt pre-closed sub-comm while-pre wnf-lemma-8)

— Theorem 40.6
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lemma while-pre-sub-1: —pxz«—q < z;(—p*z)I—p>1«—q
by (smt ite-pre-else ite-pre-then mult-iso-right plus-cases plus-iso-right pre-closed pre-ome-increasing pre-seq sub-comm
sub-mult-closed while-pre)

— Theorem 40.7

lemma while-pre-sub-2: —pxr«—q < x<1—p>1«—pkrs—q
by (smt ite-pre-else ite-pre-then mult-iso-right plus-cases plus-iso-right pre-closed pre-one-increasing sub-comm sub-mult-closed
while-pre while-pre-else)

— Theorem 40.8

lemma while-pre-compl: ——p < —p*xz«——p
by (metis lower-bound-right mult-idempotent pre-closed while-pre-else)

lemma while-pre-compl-one: ——p < —p*x« 1
by (metis bs-mult-right-one lower-bound-right one-def pre-closed while-pre-else)

— Theorem 40.10

lemma while-export-equiv: —q < —p*xz«l «—— —p;—q < —prz«l
by (smt bs-mult-left-one leg-plus lower-bound-right one-def pre-closed shunting sub-comm while-pre-else)

lemma nat-test-pre: nat-test t s N —q < s A (Vn . t n;—p;—q < z«pSum t n;—q) — —q < —pxT4——p;—q
proof
assume I: nat-test t s A —q < s A (Vn . t n;—p;—q < z«pSum t n;—q)
have 2: —q;——p < —pxx«——p;—q
by (smt leg-def mult-idempotent pre-closed sub-assoc sub-comm sub-mult-closed while-pre-else)
have Vn . t n;—p;—q < —pxz«——p;—q
proof
fix n
show t n;—p;—q < —pxr«——p;—q
proof (induct n rule: nat-less-induct)
fix n
have 3: t n = ——(t n) using I
by (smt nat-test-def)
assume Vm<n . t m;—p;—q < —pxx«——p;—q
hence Vm<n . t m;—p;—q + t m;——p;—q < —p*x«——p;—q using 1 2
by (smt least-upper-bound leg-def nat-test-def pre-closed sub-assoc sub-comm sub-mult-closed)
hence Vm<n . t m;—q < —p*xx«——p;—q using 1
by (smt bs-mult-right-one mult-distr-plus-left mult-distr-plus-right nat-test-def plus-compl sub-mult-closed)
hence pSum t n;—q < —p*xx«——p;—q using I
by (smt pSum-below-nat pre-closed sub-mult-closed)
hence ¢ n;—p;—q;(—p*xx«——p;—q) = t n;—p;—q using 1 3
by (smt leg-def pSum-test-nat pre-closed pre-sub-distr sub-assoc sub-comm sub-mult-closed transitive while-pre-then)
thus t n;—p;—q¢ < —pxr«——p;—q using 3
by (smt lower-bound-right pre-closed sub-mult-closed)
qed
qed
hence —¢;—p < —pxzr«——p;—q using 1
by (smt leg-def nat-test-def pre-closed sub-assoc sub-comm sub-mult-closed)
thus —¢ < —pxz«——p;—q using 2
by (smt bs-mult-right-one leq-def mult-distr-plus-left mult-distr-plus-right plus-compl pre-closed sub-mult-closed)
qed

lemma nat-test-pre-1: nat-test t s N —r < s A —r < —q A (Vn . t n;—p;—q < z«pSum t n;—q) — —1 < —p*T&——p;—q
proof
let %gs = —q;s
assume I: nat-test t s A —r < s AN —r < —q A (Vn . tn;—p;—q < z«pSum t n;—q)
hence 2: —r < %gs
by (metis greatest-lower-bound nat-test-def )
have Vn . t n;—p;%2gs < z«pSum t n;?qs using 1
by (smt leg-def lower-bound-left nat-test-def pSum-below-sum pSum-test-nat sub-assoc sub-mult-closed transitive)
hence ?%¢s < —pxx«——p;?qs using 1
by (smt lower-bound-left lower-bound-right nat-test-def nat-test-pre pSum-test-nat pre-closed sub-assoc sub-mult-closed tran-
sitive)
thus —r < —p*xx«——p;—q using 1 2
by (smt lower-bound-left nat-test-def pre-closed pre-iso sub-assoc sub-mult-closed transitive)
qed
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lemma nat-test-pre-2: nat-test t s A —r < s A (Vn . t nj—p < z«pSum t n) — —r < —p*x«!
proof
assume I: nat-test t s A —r < s A (Vn .t n;—p < z«pSum t n)
hence —r < —pxz«——p;s
by (smt leg-def nat-test-def nat-test-pre-1 pSum-below-sum pSum-test-nat sub-assoc sub-comm)
thus —r < —p*x«1 using 1
by (smt nat-test-def one-def pre-below-pre-one pre-closed sub-mult-closed transitive)
qed

lemma nat-test-pre-3: nat-test t s N —q < s A (Vn . t n;—p;—q < z«pSum t n;—q) — —q < —p*xz«l
proof —
have —pxz«——p;—q < —p*xx«1
by (metis pre-below-pre-one sub-mult-closed)
thus ?thesis
by (smt nat-test-pre one-double-compl pre-closed sub-mult-closed transitive)
qed

definition oL :: ‘a
where ol = 1x1«1

lemma al-test: al. = ——alL
by (metis aL-def one-def pre-closed)

end

class atoms = tests +
fixes Atomic-program :: 'a set
fixes Atomic-test :: 'a set
assumes one-atomic-program: 1 € Atomic-program
assumes zero-atomic-test: 0 € Atomic-test
assumes atomic-test-test: p € Atomic-test — p = ——p

class while-program = whiledo + atoms + power
begin

inductive-set Test-expression :: 'a set
where atom-test: p € Atomic-test => p € Test-expression
| neg-test: p € Test-expression => —p € Test-expression
| conj-test: p € Test-expression N\ q € Test-expression => p;q € Test-expression

lemma test-expression-test: p € Test-expression — p = ——p
apply rule
apply (induct rule: Test-expression.induct)
apply (metis atomic-test-test)
apply simp
apply (metis sub-mult-closed)
done

lemma disj-test: p € Test-expression N q € Test-expression — p+q € Test-expression
by (smt conj-test neg-test plus-def test-expression-test)

lemma zero-test-expression: 0 € Test-expression
by (metis atom-test zero-atomic-test)

lemma one-test-expression: 1 € Test-expression
by (metis neg-test one-def zero-test-expression)

lemma pSum-test-expression: (Vn . t n € Test-expression) — pSum t m € Test-expression
apply rule
apply (induct m)
apply (metis pSum.simps(1) zero-test-expression)
apply (metis disj-test pSum.simps(2))
done

inductive-set While-program :: 'a set
where atom-prog: = € Atomic-program =—> x € While-program
| seq-prog: x € While-program N y € While-program — x;y € While-program

| cond-prog: p € Test-expression N © € While-program A y € While-program —> z<pt>y € While-program

32 Hoare
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| while-prog: p € Test-expression A x € While-program —> pxx € While-program

lemma one-while-program: 1 € While-program
by (metis atom-prog one-atomic-program)

lemma power-while-program: x € While-program — x"m & While-program
apply rule
apply (induct m)
apply (metis one-while-program power-0)
apply (metis seq-prog power-Suc)
done

inductive-set Pre-expression :: 'a set
where test-pre: p € Test-expression =—> p € Pre-expression
| neg-pre: p € Pre-expression => —p € Pre-expression
| conj-pre: p € Pre-expression N q € Pre-expression = p;q € Pre-expression
| pre-pre: p € Pre-expression A © € While-program —> z«p € Pre-expression

lemma pre-expression-test: p € Pre-expression — p = ——p
apply rule
apply (induct rule: Pre-expression.induct)
apply (metis test-expression-test)
apply simp
apply (metis sub-mult-closed)
apply (metis pre-closed)
done

lemma disj-pre: p € Pre-expression N\ q € Pre-expression — p+q € Pre-expression
by (smt conj-pre neg-pre plus-def pre-expression-test)

lemma zero-pre-expression: 0 € Pre-expression
by (metis test-pre zero-test-expression)

lemma one-pre-expression: 1 € Pre-expression
by (metis test-pre one-test-expression)

lemma pSum-pre-ezpression: (Vn . t n € Pre-expression) — pSum ¢t m € Pre-expression
apply rule
apply (induct m)
apply (metis pSum.simps(1) zero-pre-expression)
apply (metis disj-pre pSum.simps(2))
done

lemma al-pre-expression: al € Pre-expression
by (metis aL-def one-pre-expression one-test-expression one-while-program pre-pre while-prog)

end
class hoare-calculus = while-program + complete-tests
begin

definition tfun : ‘a = ‘a = ‘a = ‘a = 'a
where tfunp z qr = p + (z«q;r)

lemma tfun-test: p = ——p ANg=——qANr=—r — tfunpxqr=——tfunpzqr
by (smt tfun-def sub-mult-closed pre-closed plus-closed)

lemma tfun-pre-expression: x € While-program N p € Pre-expression N\ q € Pre-expression A\ r € Pre-expression — tfun p
z q r € Pre-expression

by (metis tfun-def conj-pre disj-pre pre-pre)

lemma tfun-iso: p = ——pANqg=—qA1T7=—TNs=—sAN1r<s—tlunpzqgr <itfunpxqs
by (smt tfun-def mult-iso-right pre-iso sub-mult-closed plus-iso-right pre-closed)

definition tseq :: 'a = ‘a = ‘a = 'a = nat = 'a
where tseqpz grm = (tfunpx g "m) r

lemma tseq-test: p = ——p ANq=——qANr=——1r — tseqprqrm= ——tseqpx qrm
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apply (induct m)

apply (smt tseg-def tfun-test power-zero-id id-def)
apply (metis tseq-def tfun-test power-succ-unfold-ext)
done

lemma tseq-test-seq: p = ——p A ¢ = ——q AN 7 = ——r — test-seq (tseqp x q 1)
by (metis test-seq-def tseq-test)

lemma tseq-pre-expression: x € While-program A p € Pre-expression A q € Pre-expression A r € Pre-expression — tseq p «
g ™ m € Pre-expression

apply (induct m)

apply (smt tseg-def id-def power-zero-id)

apply (smt tseg-def power-succ-unfold-ext tfun-pre-expression)

done

definition tsum :: ‘a = ‘a = '‘a = 'a = 'a
where tsum p £ ¢ v = Sum (tseq p x q r)

lemma tsum-test: p = ——p ANg=——q A7 =—1r —tlsumpxqr =——tsumpzxqr
by (metis Sum-test tseq-test-seq tsum-def)

lemma t-fun-test: ¢ = ——q — tfun (—p) = (pxz«q) (—p+(z«(pxxz«q);al)) = ——tfun (—p) = (pxz«q) (—p+(z«(pxx«q);al))
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tfun-test)

lemma i-fun-pre-expression: © € While-program A p € Test-expression N q € Pre-expression — tfun (—p) z (pxz«q)
(—p+(z«(pxz«q);al)) € Pre-expression
by (metis aL-pre-expression conj-pre disj-pre neg-pre pre-pre test-pre tfun-pre-expression while-prog)

lemma t-seg-test: ¢ = ——q — tseq (—p) z (pxx«q) (—p+(z«(p*z«q);al)) m = ——tseq (—p) z (p*z«q)
(=p+(z«(prz«q);al)) m
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tseq-test)

lemma t-seg-test-seq: ¢ = ——q — test-seq (tseq (—p) z (pxz«q) (—p+(z«(pxz«q);al)))
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tseq-test-seq)

lemma (-seg-pre-expression: © € While-program N p € Test-expression A q € Pre-expression — tseq (—p) z (pxz«q)
(—p+(z«(pxz«q);al)) m € Pre-expression
by (metis aL-pre-expression conj-pre disj-pre neg-pre pre-pre test-pre tseq-pre-erpression while-prog)

lemma ¢-sum-test: ¢ = ——q — tsum (—p) =z (pxxz«q) (—p+(z«(pxz«q);al)) = ——tsum (—p) z (p*z«q)

(—=p+(z«(prz«q);al))
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tsum-test)

definition tfun2 :: 'a = '‘a = '‘a = ‘a = ‘a = a
where tfun2p gz rs =p + g;(z«r;s)

lemma tfun2-test: p = ——p AN q=——qAr=—rANs=——s —tfun2pqgrrs=——tfun2pqxrs
by (smt tfun2-def sub-mult-closed pre-closed plus-closed)

lemma tfun2-pre-expression: x € While-program A p € Pre-expression N\ q € Pre-expression N\ r € Pre-expression N\ s €
Pre-expression — tfun2 p q x r s € Pre-expression
by (metis tfun2-def conj-pre disj-pre pre-pre)

lemma tfun2-iso: p = ——p ANqg=——qAr=—7T N8l = ——81 N2 =——82Nsl <382 — tfun2pqxrsl <tfun2p
qxrs2
by (smt tfun2-def mult-iso-right pre-iso sub-mult-closed plus-iso-right pre-closed)

definition tseq2 :: 'a = ‘a = ‘a = ‘a = 'a = nat = 'a
where tseg2 p gz rsm = (tfun2p gzr " m) s

lemma tseq2-test: p = ——p ANqg=——qATr=—TANS=——5 — tseg2 pqrrsm=——tseq2 pqrrsm
apply (induct m)
apply (smt tseq2-def power-zero-id id-def)
apply (smt tseq2-def tfun2-test power-succ-unfold-ext)
done

lemma tseq2-test-seq: p = ——p AN q=——qANr=——1 ANs=——s — test-seq (tseq2 p qz r s)
by (metis test-seq-def tseq2-test)
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lemma tseq2-pre-expression: © € While-program A p € Pre-expression N q € Pre-expression AN r € Pre-expression N\ s €
Pre-expression — tseq2 p q x v s m € Pre-expression

apply (induct m)

apply (smt tseq2-def id-def power-zero-id)

apply (smt tseq2-def power-succ-unfold-ext tfun2-pre-expression)

done

definition tsum2 :: '‘a = ‘a = ‘a = ‘a = ‘a = 'a
where tsum2p qzrs = Sum (tseg2 p qz 1 s)

lemma tsum2-test: p = ——p ANqg=——qA 1T =—T1TANS=——85 —tsum2pqarrs=——tsum2pqzrs
by (metis Sum-test tseq2-test-seq tsum?2-def)

lemma t-fun2-test: p = ——p A ¢ = ——q — tfun2 (—p;q) p = (pxz«q) (—p;q+p;(z«(p*x«q);al)) = ——tfun2 (—p;q) p x
(p*zq) (=p;g+ps(z«(pra«q);al))
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tfun2-test)

lemma t-fun2-pre-expression: © € While-program A p € Test-expression A q € Pre-expression — tfun2 (—p;q) p = (pxz«q)
(—p;q+p;(z«(pxz4q);al)) € Pre-expression
by (metis aL-pre-expression conj-pre disj-pre neg-pre pre-pre test-pre tfun2-pre-expression while-prog)

lemma t-seq2-test: p = ——p A ¢ = ——q — tseq2 (—p;q) p z (pxxz«q) (—p;q+p;(z«(pxx«q);al)) m = ——tseq2 (—p;q) p x
(p*xz«q) (—p;q+p;(z«(prz«q);al)) m
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tseq2-test)

lemma t-seq2-test-seq: p = ——p A ¢ = ——q — test-seq (tseq2 (—p;q) p © (pxz«q) (—p;q+p;(z«(pxx«q);al)))
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tseq2-test-seq)

lemma t-seq2-pre-expression: © € While-program N p € Test-expression A q € Pre-expression — tseq2 (—p;q) p x (p*z«q)
(—=p;q+p;(z«(pxz«q);al)) m € Pre-expression
by (metis aL-pre-expression conj-pre disj-pre neg-pre pre-pre test-pre tseq2-pre-expression while-prog)

lemma t-sum2-test: p = ——p A ¢ = ——q — tsum2 (—p;q) p © (p*z«q) (—p;q+p;(z«(p*z<q);al)) = ——tsum2 (—p;q) p =

(pxz<q) (—p;q+p;(z«(przq);al))
by (smt aL-test double-negation plus-closed pre-closed sub-mult-closed tsum2-test)

lemma t-seq2-below-t-seq: p € Test-expression N q € Pre-expression N x € While-program — tseq2 (—p;q) p © (p*z«q)
(=p3g+p;(z«(pra«qg)ial)) m < tseq (—p) z (pra«q) (—p+(z«(prz«q);al)) m
proof
let ?t2 = tseq2 (—p;q) p = (pxx«q) (—p;q+p;(z«(prr4q);al))
let 2t = tseq (—p) = (pxxz«q) (—p+(z«(pxxz«q);al))
assume 1: p € Test-expression N\ q € Pre-expression A x € While-program
show 212 m < %tm
proof (induct m)
show ?t2 0 < 2t 0 using 1
by (smt aL-test id-def lower-bound-left lower-bound-right plus-iso power-zero-id pre-closed pre-expression-test sub-mult-closed
test-pre tseq2-def tseq-def)
next
fix m
assume t2m < ?tm
hence 2: 7t2 (Suc m) < tfun2 (— p;q) pz (p *x = « q) (9t m) using 1
by (smt power-succ-unfold-ext pre-closed pre-expression-test sub-mult-closed t-seq2-test t-seq-test test-pre tfun2-iso tseq2-def )
have ... < %t (Suc m) using I
by (smt lower-bound-left lower-bound-right plus-iso power-succ-unfold-ext pre-closed pre-expression-test sub-mult-closed
t-seq-test test-pre tfun2-def tfun-def tseq-def)
thus ?t2 (Suc m) < 2t (Suc m) using 1 2
by (smt pre-closed pre-expression-test sub-mult-closed t-seq2-test t-seq-test test-pre tfun2-test transitive)
qed
qed

lemma t-seq2-below-t-sum: p € Test-expression N q € Pre-expression A x € While-program — tseq2 (—p;q) p © (p*z«q)
(=psa+p;(z«(przsq);al)) m < tsum (—p) = (pxz«q) (—p+(z«(prz«q);al))

by (smt Sum-upper pre-expression-test t-seq2-below-t-seq t-seq2-test t-seq-test t-sum-test test-pre test-seq-def transitive
tsum-def )

lemma t-sum2-below-t-sum: p € Test-expression A q € Pre-expression A © € While-program — tsum2 (—p;q) p x (p*z«q)

(=pig+p;(zs(prrq);al)) < tsum (—p) z (pxz«q) (—p+(z«(prr«q);al))
by (smt Sum-least pre-expression-test t-seq2-below-t-sum t-seq2-test t-sum-test test-pre test-seq-def tsum2-def)
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lemma {-seq2-below-w: p € Test-expression N q € Pre-expression N x € While-program — tseq2 (—p;q) p © (p*z«q)
(—p;q+p;(z«(pxz«q);al)) m < pxzdq

apply (cases m)

apply (smt aL-test id-def lower-bound-left mult-iso-right plus-comm plus-iso-right power-zero-id pre-closed pre-expression-test
pre-iso sub-mult-closed test-pre tseq2-def while-pre)

apply simp

unfolding tseq2-def power-succ-unfold-ext

apply (smt lower-bound-left mult-iso-right plus-comm plus-iso-right pre-closed pre-expression-test pre-iso sub-mult-closed
t-seq2-test test-pre tseq2-def while-pre tfun2-def)

done

lemma t-sum2-below-w: p € Test-expression A q € Pre-expression A x € While-program — tsum2 (—p;q) p = (p*z«q)
(=pig+p;(z«(pra«q);al)) < pra«q
by (smt Sum-least pre-closed pre-expression-test t-seq2-below-w t-seq2-test-seq test-pre tsum2-def)

lemma t-sum2-w: aL. = 1 A p € Test-expression N\ q € Pre-expression N © € While-program — tsum2 (—p;q) p © (p*z«q)
(—p;q+p;(z«(pxz«q);al)) = pxa4q
proof
let 2w = pxz«q
let ?s = —p;q+p;(z«?w;al)
assume I: alL = 1 A p € Test-expression A q € Pre-expression N x € While-program
have 2w = tseq2 (—p;q) p x ?w ?s 0 using 1
by (smt bs-mult-right-one id-def plus-comm power-zero-id pre-closed pre-expression-test sub-mult-closed test-expression-test
tseq2-def while-pre)
hence 2w < tsum2 (—p;q) p = ?w ?s using 1
by (smt Sum-upper pre-expression-test t-seq2-test-seq test-pre tsum2-def)
thus tsum2 (—p;q) p z %w ?s = ?w using I
by (smt antisymmetric pre-closed pre-expression-test t-sum2-test t-sum2-below-w test-pre)
qed

inductive derived-hoare-triple :: 'a = 'a = ‘a = bool (- (| - |) - [64,54,54] 53)
where atom-trip: p € Pre-expression A x € Atomic-program = z«p(z|p
| seg-trip: p(z)g A q(y)r = p(z;y)r
| cond-trip: p € Test-expression A q € Pre-expression A p;q(z)r A —p;q(y)r = q(z<p>y|r
| while-trip: p € Test-expression N\ q € Pre-expression A test-seqt A ¢ < Sum t A t 0;p;q(z)aLl;g A (Y n>0 . t n;p;q(z)pSum
t nyq) = q(p*z)—p;q
| cons-trip: p € Pre-expression A s € Pre-expression A p < q A q(z))r A r < s = p(z|s

lemma derived-type: p(z|)g = p € Pre-expression A q € Pre-expression N\ x € While-program
apply (induct rule: derived-hoare-triple.induct)
apply (metis atom-prog pre-pre)
apply (metis seq-prog)
apply (metis cond-prog)
apply (metis conj-pre neg-pre test-pre while-prog)
apply metis
done

lemma cons-pre-trip: p € Pre-expression A q(y))r — p;q(y)r
by (smt conj-pre cons-trip derived-type lower-bound-right reflexive pre-expression-test)

lemma cons-post-trip: q¢ € Pre-expression A r € Pre-expression A p(y))qg;r — p(y|)r
by (smt cons-trip derived-type lower-bound-right reflexive pre-expression-test)

definition valid-hoare-triple :: 'a = 'a = 'a = bool (- { - ) - [54,54,54] 53)
where p(z)q = (p € Pre-expression A q € Pre-expression A z € While-program N p < z«q)

end

class hoare-calculus-sound = hoare-calculus +
assumes while-soundness: —p;—q < z«—q — al;—q < —pxr«—q

begin

lemma while-soundness-0: —p;—q < x«—q — —q;al < —pxz«——p;—q
by (smt while-soundness aL-test sub-comm while-post)

lemma while-soundness-1: test-seq t A —q < Sum t At 0;—p;—q < z«al;—qg A (Yn>0 . t n;—p;—q < z«pSum t n;—q) —
—q < —prT4——p;—¢
proof
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assume 1: test-seqt A —q < Sum t At 0;—p;—q < z«al;—q A (Vn>0 . t n;—p;—q < z«pSum t n;—q)
hence Vn . t n;—p;—q < z«—q
by (smt aL-test pSum-test pre-closed pre-lower-bound-right sub-mult-closed test-seq-def transitive)
hence 2: —p;—q < z«—q using 1
by (smt Sum-test leq-def mult-right-dist-Sum pre-closed sub-assoc sub-comm sub-mult-closed test-seq-def)
have Vn . t n;—q < —p*xz«——p;—q A pSum t n;—q < —pxx&——p;—q
proof
fix n
show t n;—q < —pxr«——p;—q A pSum t n;—q < —pxr«——p;—q
proof (induct n rule: nat-less-induct)
fix n
assume Vm<n . t m;—q < —pxz&——p;—q A pSum t m;—q < —pxr«——p;—q
hence 3: pSum t n;—q < —p*x«——p;—q using 1
apply (cases n)
apply (smt bs-mult-left-zero pSum.simps(1) pre-closed sub-mult-closed zero-least-test)
apply (smt least-upper-bound mult-distr-plus-right pSum.simps(2) pSum-test pre-closed sub-mult-closed test-seq-def)
done
hence z«pSum t n;—q < z«—p*x«——p;—q using I
by (smt pSum-test pre-closed pre-iso sub-mult-closed)
hence 4: —p;(t n;—q) < —p;(—p*x«——p;—¢q) using 1 2
apply (cases n)
apply (smt aL-test leq-def mult-idempotent mult-iso-right pre-closed pre-lower-bound-left sub-assoc sub-comm
sub-mult-closed test-seq-def transitive while-pre-then while-soundness-0)
apply (smt greatest-lower-bound lower-bound-left pSum-test pre-closed sub-assoc sub-comm sub-mult-closed test-seq-def
transitive while-pre-then)
done
have ——p;(t n;—q) < ——p;(—p*r«——p;—q) using I
by (smt leg-def lower-bound-right sub-assoc sub-comm sub-mult-closed test-seq-def while-pre-else)
thus ¢t n;—q < —pxz«——p;—q A pSum t n;—q < —pxzx«——p;—q using 1 8 4
by (smt leq-cases-2 pre-closed sub-mult-closed test-seq-def)
qed
qed
thus —¢ < —pxz«——p;—q using 1
by (smt Sum-test leq-def mult-right-dist-Sum pre-closed sub-comm sub-mult-closed)
qed

lemma while-soundness-2: test-seq t A —r < Sum t A (Vn . t n;—p < z«pSum t n) — —r < —pxx«1
proof
assume 1: test-seqt A —r < Sum t A (Vn . t n;—p < x«pSum t n)
hence 2: Vn>0 . t n;—p;Sum t < z«pSum t n;Sum t
by (smt Sum-test leg-def lower-bound-left pSum-below-Sum pSum-test pre-closed sub-mult-closed test-seq-def transitive)
have 3: t 0;—p;Sum t < z«0 using I
by (smt Sum-test Sum-upper leg-def sub-assoc sub-comm test-seq-def pSum.simps(1))
have z«0 < z«alL;Sum t using 1
by (smt Sum-test aL-test pre-iso sub-mult-closed zero-double-compl zero-least-test)
hence t 0;—p;Sum t < x«aL;Sum t using 1 &
by (smt Sum-test aL-test pre-closed sub-mult-closed test-seq-def transitive zero-double-compl)
hence Sum t < —pxz«——p;Sum t using 1 2
by (smt Sum-test reflezive while-soundness-1)
thus —r < —p*x« 1 using I
by (smt Sum-test one-def pre-below-pre-one pre-closed sub-mult-closed transitive)
qed

theorem soundness: p(z) g = p(z)q
apply (induct rule: derived-hoare-triple.induct)
apply (metis atom-prog pre-pre valid-hoare-triple-def pre-closed reflexive pre-expression-test)
apply (metis valid-hoare-triple-def pre-expression-test pre-compose seq-prog)
apply (metis valid-hoare-triple-def ite-import-mult pre-expression-test cond-prog test-pre)
apply (smt valid-hoare-triple-def pre-expression-test conj-pre neg-pre test-pre while-prog while-soundness-1)
apply (metis pre-expression-test pre-iso pre-pre transitive valid-hoare-triple-def)
done

end
class hoare-calculus-pre-complete = hoare-calculus +
assumes al-pre-import: (z«—q);al < z«—q;al

assumes pre-right-dist-Sum: © € While-program A ascending-chain t A test-seq t — x«Sum t = Sum (An . z«t n)

begin
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lemma aL-pre-import-equal: (x«—q);al = (z«—gq;al);al
proof —
have (z«—¢q);al < (z«—gq;al);al
by (smt aL-pre-import aL-test greatest-lower-bound lower-bound-right pre-closed sub-mult-closed)
thus %thesis
by (smt aL-test antisymmetric lower-bound-left mult-iso-left pre-closed pre-iso sub-mult-closed)
qed

lemma aL-pre-below-t-seq2: p € Test-expression N\ q € Pre-expression A x € While-program — (pxz«q);aL < tseq2 (—p;q)
p x (prz«q) (—p;q+p;(z«(pxz«q);al)) 0

by (smt aL-pre-import aL-test id-def lower-bound-left mult-distr-plus-right mult-iso-right plus-comm plus-iso power-zero-id
pre-closed pre-expression-test sub-assoc sub-mult-closed test-pre tseq2-def while-pre)

lemma t-seq2-ascending: p € Test-expression N q € Pre-expression N x € While-program — tseq2 (—p;q) p z (pxz«q)
(=p;q+p;(z«(pra«q);al)) m < tseq? (—p;q) p © (przq) (—p;g+p;(z«(pra«q);al)) (Suc m)

apply (induct m)

apply (smt aL-pre-below-t-seq2 aL-test greatest-lower-bound id-def lower-bound-left mult-iso-right plus-closed plus-iso-right
power-succ-unfold-ext power-zero-id pre-closed pre-expression-test pre-iso sub-mult-closed test-pre tfun2-def tseq2-def)

apply (smt mult-iso-right plus-iso-right power-succ-unfold-ext pre-closed pre-expression-test pre-iso sub-mult-closed t-seq2-test
test-pre tfun2-def tseq2-def)

done

lemma t-seq2-ascending-chain: p € Test-expression A q € Pre-expression N x € While-program — ascending-chain (tseq2

(=p30) p z (pra«q) (—psq+pi(z«(p*zq);al)))
by (metis t-seq2-ascending ascending-chain-def)

end

class hoare-calculus-complete = hoare-calculus-pre-complete +
assumes while-completeness: —p;(z«—q) < —q — —p*rz«—q < —q+al

begin

lemma while-completeness-var: —p;(z«—q)+—1r < —q — —p*z«—r < —g+al
proof
assume 1: —p;(z«—q)+—r < —¢q
hence 2: —pxz«—q < —q+al
by (smt least-upper-bound pre-closed sub-mult-closed while-completeness)
have —pxz«—r < —p*xx«—q using 1
by (smt least-upper-bound pre-closed pre-iso sub-mult-closed)
thus —pxz«—r < —g+al using 2
by (smt transitive pre-closed aL-test plus-closed)
qed

lemma while-completeness-sum: p € Test-expression N q € Pre-expression N x € While-program — pxz«q < tsum (—p) z
(pxz<q) (—p+(z«(prz4q);al))
proof
let 2w = pxz«q
let ?r = —p;q+p;(z« ?w;al)
let 7t = tseq2 (—p;q) p = 2w or
let 2ts = tsum2 (—p;q) p z ?w 9r
assume 1: p € Test-expression A\ q € Pre-expression A x € While-program
hence 2: 2w = ——%w
by (metis pre-expression-test pre-closed)
have 3: r = ——?r using 1
by (smt aL-test sub-mult-closed pre-closed plus-closed pre-expression-test test-pre)
have /: ?ts = ——?ts using 1
by (metis t-sum2-test pre-expression-test test-pre)
have 5: test-seq ?t using 1
by (metis pre-expression-test t-seq2-test-seq test-expression-test)
have —p;q < %r using 1
by (smt aL-test pre-closed pre-expression-test sub-mult-closed test-pre upper-bound-left)
hence 6: —p;q < %ts using 1 2 3 4
by (smt Sum-upper id-def transitive power-zero-id pre-expression-test sub-mult-closed test-pre tseq2-def tseq2-test-seq
tsum2-def)
have Vn . p;(z« %t n) < %ts using 1 4 5
by (smt Sum-upper leg-def power-succ-unfold-ext pre-closed pre-expression-test sub-comm sub-mult-closed t-seq2-below-w
test-pre test-seq-def tfun2-def transitive tseq2-def tsum2-def upper-bound-right)
hence p;(z«?ts) < %ts using 1 4 5
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by (smt mult-left-dist-Sum pre-closed pre-right-dist-Sum t-seq2-ascending-chain test-expression-test test-seq-def tsum2-def)
hence p;(z«?ts)+—p;q < ?ts using 1 4 6
by (smt least-upper-bound pre-closed pre-expression-test sub-mult-closed test-pre)
hence ?w < ?ts+al using 1 2 4
by (smt pre-expression-test while-post sub-mult-closed t-sum2-below-t-sum t-sum-test test-pre transitive
while-completeness-var)
hence w < %ts using 1 2 8
by (smt Sum-upper aL-pre-below-t-seq?2 aL-test id-def leg-def leg-plus lower-bound-right mult-distr-plus-left plus-closed
plus-comm. plus-iso-left power-zero-id pre-expression-test sub-mult-closed test-pre transitive tseq2-def tseq2-test-seq tsum2-def)
thus ?w < tsum (—p) z ?w (—p+(z«?w;al)) using 1 2 4
by (smt pre-expression-test t-sum2-below-t-sum t-sum-test transitive)
qed

lemma while-complete: p € Test-expression N\ q € Pre-expression A\ x € While-program A (¥ r&€ Pre-expression . z«r(z|)r) —
prz«q(p*z) g
proof
let 2w = pxz«q
let 7t = tseq (—p) = ?w (—p+(z« ?w;al))
assume 1: p € Test-expression A q € Pre-expression A © € While-program A (¥ r&Pre-expression . z«r(z|)r)
hence 2: ?w € Pre-expression
by (metis pre-pre while-prog)
have 3: test-seq ?t using 1
by (metis t-seq-test-seq pre-expression-test)
hence 4: w < Sum ?t using 1
by (metis tsum-def while-completeness-sum)
have 5: 2t 0;p;?w(z|)aL;?w using 1 2
by (smt aL-pre-expression conj-pre cons-pre-trip id-def mult-compl-intro plus-closed power-zero-id pre-closed
pre-ezpression-test sub-comm sub-mult-closed test-pre tseq-def)
have Vn>0 . %t n;p;?w(z|)pSum 2t n;%w
proof (rule, rule)
fix n
assume (< (n::nat) then obtain m where 6: n = Suc m
by (auto dest: less-imp-Suc-add)
hence %t m;?w < pSum 2t n;?w using 2 3
by (metis (lifting, full-types) mult-iso-left pSum.simps(2) pSum-test pre-expression-test test-seq-def upper-bound-right)
thus 2t n;p; ?w(z)pSum ?t n;?w using 1 2 6
by (smt conj-pre cons-trip lower-bound-left mult-compl-intro pSum-pre-expression power-succ-unfold-ext pre-closed
pre-expression-test sub-assoc sub-comm t-seq-pre-expression test-pre tfun-def tseq-def)
ged
hence ?w(pxz|)—p;?w using 1 28 4 5
by (smt while-trip)
thus ?w(pxz|)q using 1
by (smt cons-post-trip neg-pre pre-expression-test test-pre while-pre-else)
qed

lemma pre-completeness: © € While-program = q € Pre-expression = z«q(z|q
apply (induct arbitrary: q rule: While-program.induct)
apply (metis atom-trip)
apply (metis pre-pre pre-seq seq-trip pre-expression-test)
apply (smt cond-prog cond-trip cons-pre-trip ite-pre-else ite-pre-then neg-pre pre-pre pre-expression-test test-pre)
apply (metis while-complete)
done

~ A~~~

theorem completeness: p(z)q — p(z)q
by (metis valid-hoare-triple-def pre-completeness reflexive pre-expression-test cons-trip)

end

class hoare-calculus-sound-complete = hoare-calculus-sound + hoare-calculus-complete
begin

— Theorem 41

theorem soundness-completeness: p(z|) g —— p{z)q
by (smt soundness completeness)

end
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class hoare-rules = whiledo 4+ complete-tests + hoare-triple +
assumes rule-pre:  z«—q{zf}—q
assumes rule-seq:  —p{z}—q N —q{y}—r — —p{z;y}—r
assumes rule-cond: —p;—q{z}—r N ——p;—¢{y}—r — —¢{z<—p>y}—r

assumes rule-while: test-seq t A —q < Sum t A t 0;—p;—q{zfal;—qg N (Vn>0 .

—q{—p*zlt——p;—q
assumes rule-cons: —p < —q A —q{z}—-r A —r < —s — —p{zf}—s
assumes rule-disj: —p{z}—r A —¢{z}—s — —p+—q{z}—r+—5s
begin

lemma rule-cons-pre: —p < —q N —q{z}—-r — —p{z}—r
by (metis rule-cons reflexive)

lemma rule-cons-pre-mult: —q{zf}—r — —p;—q{z}—r
by (metis rule-cons-pre lower-bound-left sub-comm sub-mult-closed)

lemma rule-cons-pre-plus: —p+—q{zf}—r — —p{z}—r
by (metis rule-cons-pre upper-bound-left plus-closed)

lemma rule-cons-post: —g{z}—r A —r < —s — —q{z}—s
by (metis rule-cons reflexive)

lemma rule-cons-post-mult: —q{z}—r;—s — —q{zf—s
by (metis rule-cons-post lower-bound-left sub-comm sub-mult-closed)

lemma rule-cons-post-plus: —q{z}—r — —q{z}—r+—s
by (metis rule-cons-post upper-bound-left plus-closed)

lemma rule-disj-pre: —p{z}—r A —q{z}}—r — —p+—q{z}-r
by (metis rule-disj plus-idempotent)

end

class hoare-calculus-valid = hoare-calculus-sound-complete + hoare-triple +
assumes hoare-triple-valid: —p{zf}—qg «—— —p < z«—q

begin
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t n;—p;—q{zfpSum t n;—q) —

lemma valid-hoare-triple-same: p € Pre-expression N\ q € Pre-expression N © € While-program — p{zfq = p(z)q

by (metis valid-hoare-triple-def hoare-triple-valid pre-expression-test)

lemma derived-hoare-triple-same: p € Pre-expression A q € Pre-expression N x € While-program — p{z}q = p(z|)q

by (metis valid-hoare-triple-same soundness-completeness)

lemma valid-rule-disj: —p{zf}—r N —¢{z}—s — —p+—q{z}—r+—s
proof
assume 1: —p{z}—r A —¢{z}—s
have z«—r < z«—r+—s A 2«—s < «—1+—5
by (smt plus-closed pre-iso upper-bound-left upper-bound-right)
thus —p+—q{z}—r+—s using 1

by (smt hoare-triple-valid least-upper-bound plus-closed pre-closed transitive)

qed

subclass hoare-rules
apply unfold-locales
apply (smt hoare-triple-valid pre-closed reflexive)
apply (smt hoare-triple-valid pre-compose)
apply (smt hoare-triple-valid ite-import-mult sub-mult-closed)

apply (smt hoare-triple-valid pre-iso transitive pre-closed)

(
(
apply (smt hoare-triple-valid aL-test pSum-test plus-closed sub-mult-closed test-seq-def while-soundness-1)
(
(

apply (smt valid-rule-disj)
done

lemma nat-test-rule-while: nat-test t s N —q < s A (Vn . t n;—p;—q{z}pSum t n;—q) — —q{—p*z}——p;—¢q

by (smt hoare-triple-valid nat-test-def nat-test-pre pSum-test-nat sub-mult-closed)

lemma test-seq-rule-while: test-seq t A —q < Sum t N t 0;—p;—q{zfali—qg A (Yn>0 . t n;—p;—q{z}pSum ¢t n;—q) —

—q{—p*z}——p;—q
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by (smt hoare-triple-valid aL-test pSum-test sub-mult-closed test-seq-def while-soundness-1)

lemma rule-zero: 0{z}—p
by (metis hoare-triple-valid one-compl pre-closed zero-least-test)

lemma rule-skip: —p{1}—p
by (metis pre-closed pre-one-increasing rule-cons-pre rule-pre)

lemma rule-example-4: test-seq t AN Sum t = 1 A t 0;—pl;—p3 = 0 AN —pl{zl}—pl;—p2 N (Vn>0 . t
n;—pl;—p2;—p3{z2}pSum t n;—pl;—p2) — —pl{z1;(—p3*22)}—p2;——p3
proof

assume [: test-seq t AN Sum t = 1 Nt 0;—pl;—p3 = 0 N —pl{zi}—pl;—p2 A (Vn>0 . t n;—pl;—p2;—p3{22}pSum t
n;—pl;—p2)
hence 2: t 0;—p3;(—pl;—p2){22}aLl;(—p1;—p2)
by (smt aL-test bs-mult-left-zero rule-zero sub-assoc sub-comm sub-mult-closed test-seq-def)
have Vn>0 . ¢t n;—p3;(—pl;—p2){z2}pSum t n;(—pl;—p2) using I
by (smt lower-bound-left pSum-test rule-cons-pre sub-assoc sub-comm sub-mult-closed test-seq-def)
hence —p1;—p2{—p3*z2}}——p3;(—p1;—p2) using I 2
by (smt one-greatest rule-while sub-mult-closed)
thus —p1{z1;(—p8*22)}—p2;——p3 using 1
by (smt lower-bound-left rule-cons-post rule-seq sub-assoc sub-comm sub-mult-closed)
qed

end

class hoare-calculus-pc-2 = hoare-calculus-sound + hoare-calculus-pre-complete +
assumes al-one: aL = 1

begin

subclass hoare-calculus-sound-complete
apply unfold-locales
apply (smt aL-one plus-right-one one-greatest pre-closed)
done

lemma while-soundness-pc: —p;—q < x«—q — —q < —p*xT&——p;—q
proof
assume 1: —p;—q < x«—¢q
let 9t = Az . 1
have 2: test-seq 2t
by (metis test-seq-def one-double-compl)
hence 3: —q < Sum ¢t
by (metis Sum-test Sum-upper antisymmetric one-double-compl one-greatest)
have 4: ?t 0;—p;—q < z«al;—q using 1 2
by (metis aL-one bs-mult-left-one)
have Vn>0 . ?t n;—p;—q < z«pSum ?t n;—q using 1 2
by (metis bs-mult-left-one grO-implies-Suc pSum.simps(2) pSum-test plus-right-one)
thus —¢ < —pxzr«——p;—q using 2 8
by (smt while-soundness-1)
qed

end

class hoare-calculus-pc = hoare-calculus-sound + hoare-calculus-pre-complete +
assumes pre-one-one: r«1 = 1

begin

subclass hoare-calculus-pc-2
apply unfold-locales
apply (metis aL-def pre-one-one)
done

end

class hoare-calculus-pc-valid = hoare-calculus-pc + hoare-calculus-valid

begin
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lemma rule-while-pc: —p;—q{z}—q — —q{—p*z}——p;—q
by (metis hoare-triple-valid sub-mult-closed while-soundness-pc)

lemma rule-alternation: —p{z}f—q A —q¢{yl—p — —p{—r*z;y}——r;—p
by (metis rule-seq rule-cons-pre-mult rule-while-pc)

lemma rule-alternation-context: —p{vlf—p A —pJuwl—q A —q{z}—qg A —¢{y}—p N —p{z}—p — —p{—r*v;w;z;y;2}——"r;—D
by (metis rule-seq rule-cons-pre-mult rule-while-pc)

lemma rule-ezample-3: —p;—q{z}——p;—q¢ N ——p;—r{z}-p;—r AN —-p;—r{y}l-p;—q¢ AN ——p;—q{z}——p;—r —
—pi—qt+——p;—r{—sxz;(y<—p>2)}——s;(—p;—g+——p;—r)
proof (rule, (erule conjE)+)
assume —p;—q{z}——p;—q and ——p;—r{zf}—p;—r
hence t1: —p;—gq+——p;—r{z}——p;—g+—p;—r
by (smt rule-disj sub-mult-closed)
assume —p;—r{y}—p;—q
hence —p;—r{y}—p;—q+——p;—r
by (smt rule-cons-post-plus sub-mult-closed)
hence t2: —p;(——p;—q+—p;—r){yl—pi—g+——p;—r
by (metis mult-compl mult-distr-plus-left mult-idempotent plus-left-zero sub-assoc sub-mult-closed)
assume ——p;—q{z}}——p;—r
hence ——p;—q¢{z}—-p;—q+——p;—r
by (smt plus-comm rule-cons-post-plus sub-mult-closed)
hence ——p;(——p;—q+—p;—r){z}=pi—q+——p;—r
by (metis mult-compl mult-distr-plus-left mult-idempotent plus-right-zero sub-assoc sub-mult-closed)
hence ——p;—q+—p;—r{y<—p>z}—p;—q+——p;—r using 2
by (smt plus-closed rule-cond sub-mult-closed)
hence —s;(—p;—q+——p;—r){z;(y<—p>2z)}—p;—¢+——p;—r using t1
by (smt plus-closed rule-cons-pre-mult rule-seq sub-mult-closed)
thus —p;—g+——p;—r{—sxz;(y<9—p>2)}——s;(—p;—g+——p;—7)
by (smt plus-closed rule-while-pc sub-mult-closed)
qed

end

class hoare-calculus-tc = hoare-calculus + precondition-test-test + precondition-distr-mult +
assumes while-bnd: p € Test-expression A q € Pre-expression A x € While-program — pxzx«q < Sum (An . (p;z) "n«0)

begin

lemma p € Test-expression A q € Pre-expression N z € While-program — pxzx«q < tsum (—p) z (p*z«q)
(—p+(z«(p*z«q);al))
proof
let 2w = pxx«q
let s = —p+(z«%w;al)
let 2t = tseq (—p) = ?w ?s
let 2b = An . (p;z) "n«0
assume 1: p € Test-expression N\ q € Pre-expression A x € While-program
hence 2: test-seq 2t
by (metis t-seq-test-seq pre-expression-test)
have 3: test-seq ?b
by (smt zero-double-compl pre-closed test-seq-def )
have /: ?w = —— %w using 1
by (metis pre-expression-test pre-closed)
have %w < Sum %b using 1
by (metis while-bnd)
hence 5: 2w = Sum ?b;%w using 3 4
by (smt Sum-test leg-def sub-comm)
have Vn . 2b n;%w < %t n
proof
fix n
show %b n;?w < %t n
proof (induct n)
show %b 0;%w < 2t 0 using 2 /
by (smt bs-mult-left-zero power-0 pre-one test-seq-def zero-double-compl zero-least-test)
next
fix n
assume 6: ?b n;%w < %t n
have —p < 2t (Suc n)
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apply (simp only: power-succ-unfold-ext tseq-def) using 1
by (smt pre-expression-test t-seq-test pre-closed sub-mult-closed tfun-def tseq-def upper-bound-left)
hence 7: —p;?b (Suc n);?w < 2t (Suc n) using 2 3 4
by (smt lower-bound-left sub-mult-closed test-seq-def transitive)
have 8: p;?b (Suc n);?w < z«?w;(?b n;%w) using 1
by (smt lower-bound-right mult-idempotent power-Suc pre-closed pre-distr-mult pre-expression-test pre-import-composition
sub-assoc sub-comm sub-mult-closed test-expression-test while-pre-then zero-double-compl)
have 9: ... < z«?w;?t n using 23 4/ 6
by (smt mult-iso-right pre-iso sub-mult-closed test-seq-def)
have ... < 2t (Suc n) using 2 /
by (smt power-succ-unfold-ext pre-closed sub-mult-closed test-seq-def tfun-def tseq-def upper-bound-right)
hence p;?% (Suc n);?w < 2t (Suc n) using 1 23 4 89
by (smt pre-closed sub-mult-closed test-expression-test test-seq-def transitive)
thus b (Suc n);%w < 2¢ (Suc n) using 1 2 3 4 7
by (smt leg-cases sub-assoc sub-mult-closed test-expression-test test-seq-def)
qed
qed
hence Sum ?b;%w < tsum (—p) = ?w ?s using 1 3 4
by (smt Sum-upper mult-right-dist-Sum pre-expression-test sub-mult-closed t-seq-test t-sum-test test-seq-def transitive
tsum-def)
thus ?w < tsum (—p) z ?w ?s using 5
by metis
qed

end
class complete-pre = complete-tests + precondition + power
begin

definition bnd :: ‘a = 'a
where bnd z = Sup { 2"n«0 | nunat . True }

lemma bnd-test-set: test-set { x"n«0 | n::nat . True }
by (smt mem-Collect-eq one-compl pre-closed test-set-def)

lemma bnd-test: bnd © = ——bnd x
by (metis bnd-def bnd-test-set sup-test)

lemma bnd-upper: £ m«0 < bnd z
proof —
have z"m«0 € { £"m«0 | m:nat . True }
by (smt mem-Collect-eq)
thus %thesis
by (metis bnd-def bnd-test-set sup-upper)
qed

lemma bnd-least: (Vn . z°n«0 < —p) — bnd z < —p
proof
assume Vn . z'n«0 < —p
hence Vye{ 2™n«0 | nunat . True } . y < —p
by (smt mem-Collect-eq)
thus bnd x < —p
by (metis bnd-def bnd-test-set sup-least)
qed

lemma mult-right-dist-bnd: (Y n . (z'n«0);—p < —¢q) — bnd z;—p < —¢q
proof
assume Vn . (z°n«0);—p < —q
hence Sup { y;—p |y .y € { z°n«0 | n:nat . True } } < —gq
by (smt mem-Collect-eq one-compl pre-closed sub-mult-closed sup-least test-set-def)
thus bnd z;—p < —q using bnd-test-set bnd-def mult-right-dist-sup
by simp
qed

lemma tests-complete: nat-test (An . (—p;z) "n«0) (bnd(—p;z))
by (smt bnd-test bnd-upper mult-right-dist-bnd nat-test-def one-compl pre-closed)

end
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end
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theory PrePost
imports Precondition Semiring
begin

class pre-post =
fixes pre-post :: ‘a = 'a = 'a (infix - 55)

class pre-post-spec-greatest = bounded-idempotent-left-semiring + precondition + pre-post +

assumes pre-post-galois: —p < x4«—q «— x < —p-d—q
begin
— Theorem 42.1

lemma post-pre-left-antitone: © < y — y«—q < £«—q
by (smt order-refl order-trans pre-closed pre-post-galois)

lemma pre-left-sub-dist: t+y«—q < T«—q
by (metis add-left-upper-bound post-pre-left-antitone)

— Theorem 42.2

lemma pre-post-left-antitone: —p < —q — —q4—r < —p-—r
by (metis order-refl order-trans pre-post-galois)

lemma pre-post-left-sub-dist: —p+—qd—r < —p-—r
by (metis add-left-upper-bound plus-closed pre-post-left-antitone)

lemma pre-post-left-sup-dist: —pA—r < —p;—q-—r
by (metis lower-bound-left pre-post-left-antitone sub-mult-closed)

— Theorem 42.5

lemma pre-pre-post: © < (z«—p)d—p
by (metis order-refl pre-closed pre-post-galois)

— Theorem 42.6

lemma pre-post-pre: —p < (—p-—q)«—q
by (metis eq-refl pre-post-galois)

— Theorem 42.8

lemma pre-post-zero-top: 04—q = T
by (metis eq-iff pre-post-galois top-greatest zero-double-compl zero-least)

— Theorem 42.7

lemma pre-post-pre-one: (1-4—q)«—q = 1
by (metis add-left-zero leq-plus-right-one one-compl one-def pre-closed pre-post-pre)

— Theorem 42.3

lemma pre-post-right-isotone: —p < —q — —r-4—p < —r-d—gq
by (metis order-trans pre-iso pre-post-galois pre-post-pre)

lemma pre-post-right-sub-dist: —r-4—p < —r-H4—p+—gq
by (metis add-left-upper-bound plus-closed pre-post-right-isotone)

lemma pre-post-right-sup-dist: —r"—p;—q < —r-1—p
by (metis lower-bound-left pre-post-right-isotone sub-mult-closed)

— Theorem 42.7

lemma pre-post-reflexive: 1 < —p-1—p

223
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by (metis pre-one-increasing pre-post-galois)
— Theorem 42.9

lemma pre-post-compose: —q < —r — (—pd—q);(—rd—s) < —p-—s
by (metis pre-compose pre-post-galois pre-post-left-antitone pre-post-pre)

— Theorem 42.10

lemma pre-post-compose-1: (—p——q);(—qg14—r) < —p-d—r
by (metis pre-post-compose reflexive)

— Theorem 42.11

lemma pre-post-compose-2: (—p-—p);(—pd—q) = —p-+—q
by (metis antisym mult-left-isotone mult-left-one pre-post-compose-1 pre-post-reflexive)

— Theorem 42.12

lemma pre-post-compose-3: (—p——¢q);(—qd—¢q) = —p-—¢q
by (metis antisym mult-right-isotone mult-right-one pre-post-compose-1 pre-post-reflezive)

— Theorem 42.13

lemma pre-post-compose-4: (—p——p);(—p-d—p) = —p-—p
by (metis pre-post-compose-2)

— Theorem 42.14

lemma pre-post-one-one: z«1 = 1 «—— x < 141
by (metis eq-iff one-def pre-below-one pre-post-galois)

— Theorem 42.4

lemma post-pre-left-dist-add: z+y«—q = (x¢—q);(y«—q)
apply (rule antisym)
apply (smt add-commutative greatest-lower-bound pre-closed pre-left-sub-dist)
apply (smt pre-pre-post pre-closed pre-post-left-sup-dist sub-comm order-trans add-least-upper-bound pre-post-galois
sub-mult-closed)
done

lemma pre-post-right-dist-add: —p-4—q+—r = (—p—7—q) + (—p-—r) nitpick [ezpect=genuine] oops
end

class pre-post-spec-greatest-2 = pre-post-spec-greatest + precondition-test-test

begin

subclass precondition-test-box

apply unfold-locales

apply (metis add-commutative bs-mult-right-one double-negation eq-iff mult-left-one mult-right-dist-add one-def plus-compl
plus-compl-intro pre-below-one pre-import pre-post-galois pre-test-test zero-def zero-least)

done

lemma pre-post-seq-sub-associative: (—pa—gq);—r < —pAd—q;—r
by (smt mult-right-isotone mult-right-one one-greatest pre-mult-test-promote pre-post-galois sub-comm sub-mult-closed)

lemma pre-post-right-import-mult: (—p4—q);—r = (—pA—q;—71);—7
by (metis antisym mult-associative mult-idempotent mult-left-isotone pre-post-right-sup-dist pre-post-seq-sub-associative)

lemma seg-pre-post-sub-associative: —r;(—p4—q) < ——r+—p-d—gq
by (metis add-least-upper-bound leg-def mult-left-isotone mult-left-one mult-right-one one-def plus-closed pre-neg-mult
pre-post-galois)

lemma pre-post-left-import-add: —r;(—pd—q) = —r;(——r+—p-—q)
by (metis add-commutative antisym mult-associative mult-idempotent mult-right-isotone  pre-post-left-sub-dist
seq-pre-post-sub-associative)
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lemma pre-post-import-same: —p;(—p-—q) = —p;(14—¢q)
by (metis double-negation plus-compl pre-post-left-import-add)

lemma pre-post-import-complement: ——p;(—p7—q) = ——p; T
by (metis mult-idempotent plus-cases plus-closed pre-post-left-import-add pre-post-zero-top zero-def zero-double-compl)

lemma pre-post-export: —p14—q = (14—q) + ——p; T
proof (rule antisym)
have 1: —p;(—p-—¢q) < (I4—q) + ——p; T
by (metis add-left-upper-bound mult-left-one mult-right-sub-dist-add-right order-trans plus-left-one pre-post-import-same)
have ——p;(—p-—q) < (14—¢q) + ——p; T
by (metis add-right-upper-bound pre-post-import-complement)
thus —pd—q < (14—¢) + ——p;T using 1
by (smt case-split-left eq-refl plus-compl)
next
show (14—¢q) + ——p;T < —p-—¢q
by (metis add-least-upper-bound double-negation one-greatest pre-neg-mult pre-post-galois pre-post-pre-one)
qed

lemma pre-post-left-dist-mult: —p;—g-d—r = (—p4—r) + (—q--71)
proof —
have Vp q . —p;(—p;—gq+-7) = —p;(—g4-r)
by (metis add-commutative plus-compl-intro pre-post-left-import-add sub-mult-closed)
hence 1: (—=p+—q);(=p;—g-=r) < (=p=r) + (—g¢--7)
by (metis add-commutative add-least-upper-bound add-right-upper-bound mult-left-one mult-right-dist-add plus-left-one
sub-comm,)
have —(—p+—¢);(=p;—q-1-r) = —(=p+—q);T
by (smt add-associative add-commutative one-compl plus-absorb plus-closed plus-right-zero pre-post-left-import-add
pre-post-zero-top sub-mult-closed)
hence —(—p+—q);(—p;—g-—r) < (=p=r) + (—g¢+-7)
by (metis add-left-upper-bound mult-left-one mult-right-sub-dist-add-right order-trans plus-left-one mult-associative
plus-deMorgan pre-post-import-complement sub-comm)
thus ?thesis using 1
by (smt add-least-upper-bound antisym case-split-left order-refl plus-closed plus-compl pre-post-left-sup-dist sub-comm)
qed

lemma pre-post-left-import-mult: —r;(—pd—q) = —r;(—r;—p-—q)
by (metis add-commutative plus-compl-intro pre-post-left-import-add sub-mult-closed)

lemma pre-post-right-import-add: (—p4—gq);—r = (—pA—q¢+——1);—7
by (smt bs-mult-right-one case-duality plus-closed plus-comm plus-compl pre-post-right-import-mult sub-comm wnf-lemma-1)

lemma pre-post-shunting: x < —p;—q-—r «— —p;x < —qg-—r
proof —
have ——p;z < —p;—qd—r
by (metis double-negation order-trans pre-neg-mult pre-post-galois pre-post-left-sup-dist)
hence 1: —p;x < —q4—r — 2 < —p;—qi—r
by (smt case-split-left eg-refl order-trans plus-compl pre-post-left-sup-dist sub-comm,)
have —p;(—p;—q¢--r) < —g--r
by (metis mult-left-isotone mult-left-one one-greatest pre-post-left-import-mult)
thus ?thesis using 1
by (smt mult-right-isotone order-trans)
qed

lemma pre-post-right-dist-add: —p4—q+—r = (—p4—¢q) + (—p-—r) oops

end

class left-zero-pre-post-spec-greatest-2 = pre-post-spec-greatest-2 + bounded-idempotent-left-zero-semiring
begin

lemma pre-post-right-dist-add: —p3—q+—r = (—pd—q) + (—p-—r)
proof —
have 1: (—p4—q+-r);—q < (=p-—q) + (=p--7)
by (smt add-left-upper-bound mult-absorb mult-left-sub-dist-add-right mult-right-one order-trans plus-closed plus-left-one
pre-post-right-import-mult sub-comm)
have (—pHd—g+-7);——q = (=pH-71);——¢q
by (smt plus-def pre-post-right-import-mult mult-compl-intro mult-distr-plus-right mult-left-dist-add unique-zero)
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hence (—p-—g+-r);——q < (=pi—q) + (—p-—r)
by (metis add-right-upper-bound mult-left-sub-dist-add-right mult-right-one order-trans plus-left-one)
thus ?thesis using 1
by (metis add-least-upper-bound antisym case-split-right one-greatest plus-comm plus-compl pre-post-right-sub-dist)
qed

end

class havoc =
fixes H :: 'a

class idempotent-left-semiring-H = bounded-idempotent-left-semiring + havoc +
assumes H-zero : H ; 0 = 0
assumes H-split: <z ;0 + H

begin

lemma H-galois: ¢ ; 0 < y+«— < y+ H
by (smt H-split H-zero add-associative add-commutative add-left-zero add-right-isotone less-eq-def mult-right-dist-add
mult-right-sub-dist-add-left zero-right-mult-decreasing)

lemma H-greatest-finite: x ; 0 = 0 «— v < H
by (metis H-galois add-left-zero eq-iff zero-least)

lemma H-reflezive: 1 < H
by (metis H-greatest-finite mult-left-one)

lemma H-transitive: H = H ; H
by (metis H-greatest-finite H-reflexive H-zero antisym-conv mult-associative mult-right-isotone mult-right-one)

lemma T-split-H: T ; 0 + H =T
by (metis H-split add-left-top less-eq-def )

lemma H ; (z + y) = H ; z + H ; y nitpick [ezpect=genuine] oops
end

class pre-post-spec-least = bounded-idempotent-left-semiring + precondition-test-test + precondition-promote + pre-post +
assumes test-mult-right-distr-add: —p ; (x + y) = —p ;2 + —p; ¥y
assumes pre-post-galois: —p < x«—q «— —pd—q <

begin

lemma shunting-T: —p ;e < y«— < y+ ——p; T
proof
assume —p ; z < ¥y
thusz <y + ——p; T
by (smt mult-left-one mult-right-dist-add plus-compl add-isotone mult-right-isotone top-greatest)
next
assume z <y + ——p; T
hence —p ;2 < —p;y
by (metis add-right-zero mult-associative mult-compl mult-left-zero mult-right-isotone test-mult-right-distr-add)
thus —p; 2z <y
by (metis mult-left-isotone mult-left-one one-greatest order-trans)
qed

lemma post-pre-left-isotone: ¢ < y — x«—q < y«—q
by (smt order-refl order-trans pre-closed pre-post-galois)

lemma pre-left-sub-dist: t«—q < z+y«—q
by (metis add-left-upper-bound post-pre-left-isotone)

lemma pre-post-left-isotone: —p < —q — —pA—r < —g-—r
by (metis order-refl order-trans pre-post-galois)

lemma pre-post-left-sub-dist: —pd—r < —p+—q-1—r
by (metis add-left-upper-bound plus-closed pre-post-left-isotone)

lemma pre-post-left-sup-dist: —p;—q-4—r < —p-—r
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by (metis lower-bound-left pre-post-left-isotone sub-mult-closed)

lemma pre-pre-post: (z«—p)d—p < z
by (metis order-refl pre-closed pre-post-galois)

lemma pre-post-pre: —p < (—p-—q)«—q
by (metis eq-refl pre-post-galois)

lemma pre-post-zero-top: 04—q = 0
by (metis eq-iff pre-post-galois zero-double-compl zero-least)

lemma pre-post-pre-one: (1-4—q)«—q = 1
by (metis add-left-zero leq-plus-right-one one-compl one-def pre-closed pre-post-pre)

lemma pre-post-right-antitone: —p < —q¢ — —r"d—q < —r-—p
by (metis order-trans pre-iso pre-post-galois pre-post-pre)

lemma pre-post-right-sub-dist: —r4—p+—q < —r-—p
by (metis add-left-upper-bound plus-closed pre-post-right-antitone)

lemma pre-post-right-sup-dist: —r=—p < —r4—p;—q
by (metis lower-bound-left pre-post-right-antitone sub-mult-closed)

lemma pre-top: T«—q = 1
by (metis antisym one-def pre-below-one pre-post-galois top-greatest)

lemma pre-mult-top-increasing: —p < —p;T«—q
by (metis one-greatest pre-import-equiv pre-top)

lemma pre-post-below-mult-top: —p4—q < —p; T
by (metis pre-mult-top-increasing pre-post-galois)

lemma pre-post-import-complement: ——p;(—pd—q) = 0
proof —
have ——p;(—p-—¢q) < ——p;(=p;T)
by (metis mult-right-isotone pre-post-below-mult-top)
thus %thesis
by (metis mult-associative mult-left-zero sub-comm zero-def antisym zero-least)
qed

lemma pre-post-import-same: —p;(—p-4—q) = —p-1—¢q
proof —
have —p-—q = —p;(=pi—q) + ——p;(—p7—0q)
by (metis mult-left-one mult-right-dist-add plus-compl)
thus “thesis
by (metis add-right-zero pre-post-import-complement)
qed

lemma pre-post-export: —pa4—q = —p;(14—gq)

apply (rule antisym)

apply (metis one-greatest pre-import-equiv pre-post-galois pre-post-pre-one)

apply (smt add-commutative add-left-upper-bound leg-plus-right-one less-eq-def order-trans pre-closed pre-mult-top-increasing
pre-post-galois shunting-T)

done

lemma pre-post-seg-associative: —r;(—p7—q) = —r;—p-d—q
by (metis mult-associative pre-post-export sub-mult-closed)

lemma pre-post-left-import-mult: —r;(—p-d—q) = —r;(—r;—p-—q)
by (metis mult-associative mult-idempotent pre-post-seq-associative)

lemma seg-pre-post-sub-associative: —r;(—p4—q) < ——r+—p-d—gq
by (metis add-commutative mult-left-one mult-right-sub-dist-add-left order-trans plus-compl pre-post-left-sub-dist)

lemma pre-post-left-import-add: —r;(—pd—q) = —r;(——r+—p-—q)
by (metis mult-compl-intro plus-closed pre-post-seq-associative)

lemma pre-post-left-dist-add: —p+—q-—r = (—p4—r) + (—g-—71)
by (metis mult-right-dist-add plus-closed pre-post-export)
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lemma pre-post-reflexive: —p-—p < 1
by (metis pre-one pre-post-galois reflexive)

lemma pre-post-compose: —q < —r — —pd—s < (—p-d—q);(—r-d—s)
by (metis pre-compose pre-post-galois pre-post-left-isotone pre-post-pre)

lemma pre-post-compose-1: —pa—r < (—p-—q);(—q¢3—7)
by (metis pre-post-compose reflexive)

lemma pre-post-compose-2: (—p—3—p);(—=p4—q) = —pd—q
by (metis antisym mult-left-isotone mult-left-one pre-post-compose-1 pre-post-reflexive)

lemma pre-post-compose-3: (—p——¢q);(—qd—¢q) = —p-—¢q
by (metis antisym mult-right-isotone mult-right-one pre-post-compose-1 pre-post-reflezive)

lemma pre-post-compose-4: (—p——p);(—p-d—p) = —p-—p
by (metis pre-post-compose-2)

lemma pre-post-one-one: z«1 =1 «—— 141 < zx
by (metis eq-iff one-def pre-below-one pre-post-galois)

lemma pre-one-right: —p«1 = —p
by (metis antisym mult-right-one one-def plus-compl pre-left-sub-dist pre-mult-top-increasing pre-one pre-seq pre-test-promote
pre-top)

lemma pre-pre-one: z4«—q = z;—q« !
by (metis one-def pre-one-right pre-seq)

subclass precondition-test-diamond
apply unfold-locales
apply (metis pre-one-right pre-pre-one sub-mult-closed)
done

lemma pre-post-shunting: © < —p;—qd—r «— —p;z < —g-—r nitpick [ezpect=genuine] oops
lemma (—p-—q);—r = (—pd—g+—r);—r nitpick [ezpect=genuine] oops

lemma (—p-d—gq);—r = (—pd—g¢+——r);—r nitpick [expect=genuine] oops

lemma (—p-—gq);—r = (—pd—¢;—r);—r nitpick [expect=genuine] oops

lemma (—p-—q);—r = (—pd—¢;——r);—r nitpick [ezpect=genuine] oops

lemma —pd—q¢+—r = (—pd—q) + (—p-—r) nitpick [ezpect=genuine] oops

lemma —p-d—q+—r = (—pd—q) ; (—p-—r) nitpick [ezpect=genuine] oops

lemma pre-post-right-dist-mult: —p-d—q;—r = (—p-4—q) ; (—p-—r) oops

lemma pre-post-right-dist-mult: —p4—q;—r = (—p4—¢) + (—p-—r) oops

lemma post-pre-left-dist-add: z+y«—q = (z«—q) + (y«—q) oops

end

class havoc-dual =
fixes Hd :: 'a

class idempotent-left-semiring-Hd = bounded-idempotent-left-semiring + havoc-dual +
assumes Hd-total: Hd ; T = T
assumes Hd-least: x ; T =T — Hd <z

begin

lemma Hd-least-total: v ; T = T «—— Hd < zx
by (metis Hd-least Hd-total antisym mult-left-isotone top-greatest)

lemma Hd-reflexive: Hd < 1
by (metis Hd-least mult-left-one)

lemma Hd-transitive: Hd = Hd ; Hd
by (metis Hd-least-total eq-iff less-eq-def mult-associative mult-left-one mult-right-sub-dist-add-left)

end

class pre-post-spec-least-Hd = idempotent-left-semiring-Hd + pre-post-spec-least +
assumes pre-one-mult-top: (z«1);T = z;T
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begin

lemma Hd-pre-one: Hd«1 = 1
by (metis Hd-total pre-seq pre-top)

lemma pre-post-below-Hd: 111 < Hd
by (metis Hd-pre-one pre-post-one-one)

lemma Hd-pre-post: Hd = 141
by (metis Hd-least Hd-pre-one Hd-total eq-iff pre-one-mult-top pre-post-one-one)

lemma T-left-zero: Tix = T
by (metis mult-associative mult-left-one mult-left-zero pre-closed pre-one-mult-top pre-seq pre-top)

lemma test-dual-test: (—p+——p;T);—p = —p+——p;T
by (metis T-left-zero mult-associative mult-idempotent mult-right-dist-add)

lemma pre-zero: 0«—q = 0
by (metis add-right-zero less-eq-def mult-left-zero pre-below-pre-one pre-one-mult-top top-right-mult-increasing)

lemma pre-zero-mult-top: (z«0);T = z;0
by (metis mult-associative mult-left-zero one-def pre-one-mult-top pre-seq pre-zero)

lemma pre-one-mult-Hd: (z«1);Hd < z
by (metis Hd-pre-post one-def pre-closed pre-post-export pre-pre-post)

lemma Hd-mult-pre-one: Hd;(z«1) < z
proof —
have 1: —(z«1);Hd;(z«1) < z
by (metis Hd-reflexive less-eq-def mult-associative mult-isotone mult-left-one one-def pre-closed pre-one-mult-top shunting-T
top-right-mult-increasing)
have (z«1);Hd;(z«1) < z
by (metis mult-isotone mult-right-one one-def pre-below-one pre-one-mult-Hd)
thus %thesis using 1
by (metis add-idempotent case-split-left less-eq-def mult-associative one-def plus-compl pre-closed)
qed

lemma pre-post-one-def-1: 1 < z«—q — Hd;(—q+——q;T) < z
proof

assume 1 < z«—q

hence Hd;(—g+——¢;T) < z;—¢;(—g+——¢;T)

by (metis Hd-pre-post antisym pre-below-one pre-post-one-one pre-pre-one mult-left-isotone)
thus Hd;(—qg+——¢;T) < z
by (metis mult-associative mult-compl mult-left-sub-dist-add-left mult-left-zero  mult-right-one  plus-compl

test-mult-right-distr-add order-trans)
qed

lemma pre-post-one-def: 11—q = Hd;(—q+——q;T)
proof (rule antisym)
have 1 < (141);(—q+——q)«1
by (metis pre-post-pre one-def mult-right-one plus-compl)
also have ... < (141);(—g+——¢;T)«—q
by (metis add-right-isotone mult-right-isotone mult-right-one one-def post-pre-left-isotone pre-seq pre-test-promote
test-dual-test top-right-mult-increasing)
finally show 1-4—¢q < Hd;(—gq+——¢q;T)
by (metis Hd-pre-post one-def pre-post-galois)
next
show Hd;(—q+——¢;T) < 14—¢q
by (metis pre-post-pre one-def pre-post-one-def-1)
qed

lemma pre-post-def: —p4—q = —p;Hd;(—q+——q;T)
by (metis mult-associative pre-post-export pre-post-one-def )

end

end
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34 RelativeDomain

theory RelativeDomain
imports Semiring Tests
begin

class 7 =
fixes Z :: 'a

class relative-domain-semiring = idempotent-left-semiring + d + Z +
assumes d-restrict : x < d(z) ;¢ + Z
assumes d-mult-d : d(z ; y) = d(z ; d(y))
assumes d-below-one: d(z) < 1
assumes d-Z 2 d(Z) =0
assumes d-dist-add : d(z + y) = d(z) + d(y)
assumes d-export : d(d(z) ; y) = d(z) ; d(y)
begin

lemma d-plus-one: d(z) + 1 = 1
by (metis d-below-one less-eq-def)

— Theorem 44.2

lemma d-zero: d(0) = 0
by (metis d-Z d-export mult-left-zero)

— Theorem 44.3

lemma d-involutive: d(d(z)) = d(z)
by (metis d-mult-d mult-left-one)

lemma d-fizpoint: (Jy . z = d(y)) «—— z = d(=)
by (metis d-involutive)

lemma d-type: VP . (Vz .z = d(z) — P(z)) «— (Vz . P(d(z)))
by (metis d-involutive)

— Theorem 44.4

lemma d-mult-sub: d(z ; y) < d(z)
by (metis add-commutative d-below-one d-dist-add d-mult-d less-eq-def mult-left-sub-dist-add-right mult-right-one)

lemma d-sub-one: t < 1 — z < d(z) + Z
by (metis add-left-isotone d-restrict mult-right-isotone mult-right-one order-trans)

lemma d-one: d(1) + Z =1+ Z
by (smt add-associative add-commutative d-plus-one d-restrict less-eq-def mult-right-one)

— Theorem 44.8

lemma d-strict: d(z) = 0 «— z < Z
by (metis add-commutative add-right-zero d-Z d-dist-add d-restrict less-eq-def mult-left-zero)

— Theorem 44.1

lemma d-isotone: z < y — d(z) < d(y)
by (metis d-dist-add less-eq-def )

lemma d-plus-left-upper-bound: d(z) < d(z + y)
by (metis add-left-upper-bound d-isotone)

lemma d-idempotent: d(z) ; d(z) = d(z)
by (smt add-commutative add-right-zero d-Z d-dist-add d-export d-involutive d-mult-sub d-restrict less-eq-def)

— Theorem 44.12
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lemma d-least-left-preserver: © < d(y) ; x + Z «—— d(z) < d(y)
apply rule
apply (smt add-associative add-left-divisibility add-right-zero d-Z d-dist-add d-involutive d-mult-sub less-eg-def)
apply (smt add-associative add-commutative d-restrict less-eq-def mult-right-dist-add)
done

— Theorem 44.9

lemma d-weak-locality: ¢ ; y < Z «—— z ; d(y) < Z
by (metis d-mult-d d-strict)

lemma d-add-closed: d(d(z) + d(y)) = d(z) + d(y)
by (metis d-dist-add d-involutive)

lemma d-mult-closed: d(d(z) ; d(y)) = d(z) ; d(y)
by (metis d-export d-mult-d)

lemma d-mult-left-lower-bound: d(z) ; d(y) < d(z)
by (metis d-export d-involutive d-mult-sub)

lemma d-mult-left-absorb-add: d(z) ; (d(z) + d(y)) = d(z)
by (smt d-add-closed d-export d-idempotent d-involutive d-mult-sub eg-iff mult-left-sub-dist-add-left)

lemma d-add-left-absorb-mult: d(z) + d(z) ; d(y) = d(z)
by (metis add-commutative d-mult-left-lower-bound less-eq-def)

lemma d-commutative: d(z) ; d(y) = d(y) ; d(z)
by (metis add-commutative antisym d-add-left-absorb-mult d-below-one d-export d-mult-left-absorb-add mult-associative
mult-left-isotone mult-left-one)

lemma d-mult-greatest-lower-bound: d(z) < d(y) ; d(z) «— d(z) < d(y) A d(z) < d(z)
by (metis d-commutative d-idempotent d-mult-left-lower-bound mult-isotone order-trans)

lemma d-add-left-dist-mult: d(z) + d(y) ; d(z) = (d(z) + d(y)) ; (d(z) + d(z))
by (metis add-associative d-commutative d-dist-add d-idempotent d-mult-left-absorb-add mult-right-dist-add)

lemma d-order: d(z) < d(y) «— d(z) = d(z) ; d(y)
by (metis d-mult-greatest-lower-bound d-mult-left-absorb-add less-eq-def order-refl)

— Theorem 44.6

lemma Z-mult-decreasing: Z ; x < Z
by (metis add-left-zero d-Z d-least-left-preserver d-mult-sub mult-left-zero)

— Theorem 44.5

lemma d-below-d-one: d(z) < d(1)
by (metis d-mult-sub mult-left-one)

— Theorem 44.7

lemma d-relative-Z: d(z) ;2 + Z =2z + Z
by (metis add-left-upper-bound add-same-context d-below-one d-restrict mult-isotone mult-left-one)

lemma Z-left-zero-above-one: 1 < x — 7 ;2 = Z
by (metis Z-mult-decreasing eq-iff mult-right-isotone mult-right-one)

— Theorem 44.11

lemma kat-4: d(z) ; y = d(z) ; y; d(z) — d(z) 5y < y; d(z)
by (metis d-below-one mult-left-isotone mult-left-one)

lemma kat-4-equiv: d(z) ; y = d(z) ;v ; d(z) «— d(z) ; y < y; d(2)
apply rule
apply (metis kat-4)
apply (rule antisym)
apply (metis d-idempotent mult-associative mult-right-isotone)
apply (metis d-below-one mult-right-isotone mult-right-one)
done
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lemma kat-4-equiv-opp: y 5 d(z) = d(2) ; y ; d(z) «— y; d(z) < d(z) ; y
apply rule
apply (metis d-below-one mult-right-isotone mult-right-one)
apply (rule antisym)
apply (metis d-idempotent mult-associative mult-left-isotone)
apply (metis d-below-one mult-left-isotone mult-left-one)
done

— Theorem 44.10

lemma d-restrict-iff-1: d(z) ; y < z «—— d(z) ; y < d(z) ; 2
by (smt d-below-one d-idempotent mult-associative mult-left-isotone mult-left-one mult-right-isotone order-trans)

end

typedef ‘a dImage = { z::'a::relative-domain-semiring . (3y::'a . z = d(y)) }
by auto

lemma simp-dimage [simp]: y . Rep-dImage © = d(y)
using Rep-dImage
by simp

setup-lifting type-definition-dImage

— Theorem 44

instantiation dImage :: (relative-domain-semiring) bounded-distributive-lattice
begin

lift-definition plus-dImage :: 'a dImage = 'a dImage = 'a dImage is plus
by (metis d-dist-add)

lift-definition meet-dImage :: 'a dImage = 'a dImage = ’a dImage is times
by (metis d-export)

lift-definition zero-dImage :: 'a dImage is 0
by (metis d-zero)

lift-definition T-dImage :: 'a dImage is d(1)
by metis

lift-definition less-eq-dImage :: 'a dImage = 'a dImage = bool is less-eq .
lift-definition less-dImage :: 'a dImage = 'a dImage = bool is less .

instance

apply intro-classes

apply (metis (mono-tags) Rep-dImage-inject add-associative plus-dImage.rep-eq)

apply (metis (mono-tags) Rep-dImage-inject add-commutative plus-dImage.rep-eq)

apply (metis (mono-tags) Rep-dImage-inject add-idempotent plus-dImage.rep-eq)

apply (metis (mono-tags) Rep-dImage-inject less-eq-def less-eq-dImage.rep-eq plus-dImage.rep-eq)

apply (metis less-eq-dImage.rep-eq less-dImage.rep-eq less-def)

apply (smt2 zero-dImage.rep-eq Rep-dImage-inject add-left-zero plus-dImage.rep-eq)

apply (metis (mono-tags) Rep-dImage-inverse mult-associative meet-dImage.rep-eq)

apply (metis (mono-tags) meet-dImage.rep-eq Rep-dImage-inverse simp-dImage d-commutative)

apply (metis (mono-tags) meet-dImage.rep-eq Rep-dImage-inverse simp-dImage d-idempotent)
metis (mono-tags) meet-dImage.rep-eq Rep-dImage-inverse simp-dImage d-order less-eq-dImage.rep-eq)
smt2 T-dImage.rep-eq Rep-dImage-inject d-below-d-one d-commutative d-order meet-dImage.rep-eq simp-dImage)
smt2 Rep-dImage-inject d-commutative meet-dImage.rep-eq mult-right-dist-add plus-dImage.rep-eq simp-dImage)
metis (mono-tags) Rep-dImage-inject meet-dImage.rep-eq d-add-left-dist-mult plus-dImage.rep-eq simp-dImage)
metis (mono-tags) Rep-dImage-inject meet-dImage.rep-eq d-mult-left-absorb-add plus-dImage.rep-eq simp-dImage)
metis (mono-tags) Rep-dImage-inject meet-dImage.rep-eq d-add-left-absorb-mult plus-dImage.rep-eq simp-dImage)

apply
apply
apply
apply
apply
apply
done
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end
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class bounded-relative-domain-semiring = relative-domain-semiring + bounded-idempotent-left-semiring
begin

lemma Z-top: Z ; T = Z
by (metis Z-mult-decreasing eq-iff top-right-mult-increasing)

lemma d-restrict-T: x < d(z) ; T + Z
by (metis add-left-isotone d-restrict mult-right-isotone order-trans top-greatest)

lemma d-one-one: d(1) = 1 nitpick [ezpect=genuine] oops
end

class relative-domain-semiring-split = relative-domain-semiring +
assumes split-Z: z; (y+ Z) <z ;y + Z

begin

lemma d-restrict-iff: (x <y + Z) «— (x < d(z) ; y + Z)
proof —
havez <y+ 72 —ax<d(z);(y+ 2)+ Z
by (smt add-left-isotone d-restrict less-eq-def mult-left-sub-dist-add-left order-trans)
hencez <y+ 72 —z<d(z);y+ Z
by (metis add-isotone add-right-zero add-same-context d-strict d-zero mult-left-sub-dist-add-left split-Z)
thus %thesis
by (smt d-below-one mult-left-isotone add-left-isotone mult-left-one order-trans)
qed

end

class relative-antidomain-semiring = idempotent-left-semiring + d + Z + neg +
assumes a-restrict : —z ; x < Z

assumes a-mult-d : —(z ; y) = —(z ; ——y)
assumes a-complement: —z ; ——z = 0

assumes a-ezport (——z;y)=—a+ —y
assumes a-dist-add : —(z + y) = -z ; —y
assumes d-def cd(z) = ——=x

assumes a-Z c—7Z =1

begin

notation
uminus (a)

— Theorem 45.7

lemma a-complement-one: ——x + —z = 1
by (metis a-Z a-complement a-export a-mult-d mult-left-one)

— Theorem 45.5 and Theorem 45.6

lemma a-d-closed: d(a(z)) = a(z)
by (metis a-mult-d d-def mult-left-one)

lemma a-below-one: a(z) < 1
by (metis a-complement-one add-right-divisibility)

lemma a-ezport-a: a(a(z) ; y) = d(z) + a(y)
by (metis a-d-closed a-export d-def)

lemma a-add-absorb: (z + a(y)) ; a(a(y)) = z ; a(a(y))
by (metis a-complement add-right-zero mult-right-dist-add)

— Theorem 45.10

lemma a-greatest-left-absorber: a(z) ; y < Z «—— a(z) < a(y)
apply rule

apply (smt a-Z a-add-absorb a-dist-add a-export-a a-mult-d add-commutative d-def less-eq-def mult-left-one)

233
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apply (metis a-restrict le-less-trans le-neq-trans less-eq-def less-imp-le mult-right-sub-dist-add-left)
done

lemma a-plus-left-lower-bound: a(z + y) < a(z)
by (metis a-greatest-left-absorber a-restrict add-commutative mult-left-sub-dist-add-right order-trans)

— Theorem 45.2

subclass relative-domain-semiring
apply unfold-locales
apply (smt a-Z a-complement-one a-restrict add-commutative add-left-upper-bound case-split-left d-def order-trans)
apply (metis a-mult-d d-def)
apply (metis a-below-one d-def)
apply (metis a-Z a-complement d-def mult-left-one)
apply (metis a-dist-add a-export-a d-def)
apply (metis a-dist-add a-export d-def)
done

— Theorem 45.1

subclass tests
apply unfold-locales
apply (metis mult-associative)
apply (metis a-dist-add add-commutative)
apply (smt a-complement a-d-closed a-export-a add-right-zero d-add-left-dist-mult)
apply (metis a-d-closed a-dist-add d-def)
apply (rule the-equality| THEN sym])
apply (metis a-complement)
apply (metis a-complement)
apply (metis a-Z a-d-closed d-Z d-def)
apply (metis a-d-closed a-export d-def)
apply (smt a-d-closed a-dist-add a-plus-left-lower-bound add-commutative d-def less-eq-def)
apply (metis less-def)
done

AN AN AN N N N S S S

lemma a-plus-mult-d: —(z ; y) + —(z ; ——y) = —(z ; ——y)
by (metis a-mult-d add-idempotent)

lemma a-mult-d-2: a(z ; y) = a(z ; d(y))
by (metis a-mult-d d-def)

lemma a-idempotent: a(z) ; a(z) = a(z)
by (metis a-dist-add add-idempotent)

lemma a-3: a(z) ; a(y) ; d(z + y) = 0
by (metis a-complement a-dist-add d-def)

lemma a-fizpoint: Vz . (a(z) =2z — Vy .y = 0))
by (metis a-idempotent mult-left-one mult-left-zero one-def zero-def)

— Theorem 45.9

lemma a-strict: a(z) = 1 «—— 2 < Z
by (metis d-def d-strict double-negation one-compl one-def)

lemma d-complement-zero: d(z) ; a(z) = 0
by (metis d-def sub-comm zero-def)

lemma a-complement-zero: a(z) ; d(z) = 0
by (metis d-def zero-def)

lemma a-shunting-zero: a(z) ; d(y) = 0 «— a(z) < a(y)
by (metis d-def leg-mult-zero)

lemma a-antitone: © < y — a(y) < a(z)
by (metis a-plus-left-lower-bound less-eq-def)

lemma a-mult-deMorgan: a(a(z) ; a(y)) = d(z + y)
by (metis a-dist-add d-def)
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lemma a-mult-deMorgan-1: a(a(z) ; a(y)) = d(z) + d(y)
by (metis a-mult-deMorgan d-dist-add)

lemma a-mult-deMorgan-2: a(d(z) ; d(y)) = a(z) + a(y)
by (metis d-def plus-def)

lemma a-plus-deMorgan: a(a(z) + a(y)) = d(z) ; d(y)
by (metis a-dist-add d-def)

lemma a-plus-deMorgan-1: a(d(z) + d(y)) = a(x) ; a(y)
by (metis a-mult-deMorgan-1 sub-mult-closed)

— Theorem 45.8

lemma a-mult-left-upper-bound: a(z) < a(z ; y)
by (metis a-antitone d-def d-mult-sub double-negation)

— Theorem 45.6

lemma d-a-closed: a(d(z)) = a(z)
by (metis a-d-closed d-def)

lemma a-ezport-d: a(d(z) ; y) = a(z) + a(y)
by (metis a-export d-def)

lemma a-7: d(z) ; a(d(y) + d(z)) = d(z) ; a(y) ; a(z)
by (metis a-plus-deMorgan-1 mult-associative)

lemma d-a-shunting: d(z) ; a(y) < d(z) «— d(z) < d(z) + d(y)
by (smt a-dist-add d-def plus-closed shunting sub-comm,)

lemma d-d-shunting: d(z) ; d(y) < d(z) «— d(z) < d(2) + a(y)
by (metis d-a-closed d-a-shunting d-def)

lemma d-cancellation-1: d(z) < d(y) + (d(z) ; a(y))
by (metis a-dist-add add-commutative add-left-upper-bound d-def plus-compl-intro)

lemma d-cancellation-2: (d(z) + d(y)) ; a(y) < d(z)
by (metis d-a-shunting d-dist-add eg-refl)

lemma a-add-closed: d(a(z) + a(y)) = a(z) + a(y)
by (metis d-def plus-closed)

lemma a-mult-closed: d(a(z) ; a(y)) = a(z) ; a(y)
by (metis d-def sub-mult-closed)

lemma d-a-shunting-zero: d(z) ; a(y) = 0 «—— d(z) < d(y)
by (metis d-def double-negation leqg-mult-zero)

lemma d-d-shunting-zero: d(z) ; d(y) = 0 «—— d(z) < a(y)
by (metis d-def leg-mult-zero)

lemma d-compl-intro: d(z) + d(y) = d(z) + a(z) ; d(y)
by (metis add-commutative d-def plus-compl-intro)

lemma a-compl-intro: a(z) + a(y) = a(z) + d(z) ; a(y)
by (smt a-dist-add add-commutative d-def mult-right-one plus-compl plus-distr-mult-left)

lemma kat-2: y ; a(z) < a(z) ; y — d(z) ;¥ ; a(z) =0
by (metis d-complement-zero eg-iff mult-associative mult-left-zero mult-right-isotone zero-least)

— Theorem 45.4

lemma kat-2-equiv: y ; a(z) < a(z) ; y «—— d(z) ; y; alz) =0

apply rule

apply (metis kat-2)

apply (metis a-Z a-below-one a-complement-one case-split-left d-def mult-associative mult-right-isotone mult-right-one
zero-least)

done
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lemma kat-3-equiv-opp: a(z) ; y; d(z) = 0 «—— y ; d(z) = d(z) ; y ; d(z)
by (metis a-complement-one add-left-zero d-def mult-associative mult-left-one mult-left-zero mult-right-dist-add unique-zero
zero-double-compl)

— Theorem 45.4

lemma kat-3-equiv-opp-2: d(z) ; vy ; a(z) = 0 «— y ; a(z) = a(2) ; y ; a(x)
by (metis a-d-closed kat-3-equiv-opp d-def)

lemma kat-equiv-6: d(z) ; y; a(z) =d(z) ;y; 0 «— d(z);y;0a(2) <y; 0
by (metis a-d-closed antisym d-idempotent kat-4 mult-associative mult-right-isotone mult-right-one one-def zero-least-test)

lemma a-one: a(1) = 0
by (metis one-compl)

lemma d-one-one: d(1) = 1
by (metis d-def one-double-compl)

lemma case-split-left-add: —p ;2 < yAN—p;2<z—>z<y+z
by (metis a-complement a-dist-add add-isotone mult-left-one mult-right-dist-add one-def plus-closed)

lemma test-mult-left-sub-dist-shunt: —p ; (——p ;2 + Z) < Z
by (metis a-Z a-dist-add a-export a-greatest-left-absorber add-commutative add-left-upper-bound mult-left-one)

lemma test-mult-left-dist-shunt: —p ; (——p ;2 + Z2) = —p ; Z

by (smt add-commutative antisym mult-associative mult-idempotent mult-left-sub-dist-add-left mult-right-isotone
test-mult-left-sub-dist-shunt)

end

typedef ‘a almage = { z::'a::relative-antidomain-semiring . (Jy::'a . z = a(y)) }
by auto

lemma simp-almage [simp]: 3y . Rep-almage z = a(y)
using Rep-almage
by simp
setup-lifting type-definition-almage
— Theorem 45.3
instantiation almage :: (relative-antidomain-semiring) boolean-algebra

begin

lift-definition sup-almage :: ‘a almage = 'a almage = 'a almage is plus
by (metis plus-closed)

lift-definition inf-almage :: 'a almage = 'a almage = 'a almage is times
by (metis a-dist-add)

lift-definition minus-almage :: 'a almage = 'a almage = 'a almage is Az y . z ; a(y)
by (metis a-dist-add)

lift-definition uminus-almage :: 'a almage = 'a almage is a
by metis

lift-definition bot-almage :: ‘a almage is 0
by (metis a-one)

lift-definition top-almage :: 'a almage is 1
by (metis a-Z)

lift-definition less-eq-almage :: 'a almage = 'a almage = bool is less-eq .

lift-definition less-almage :: 'a almage = 'a almage = bool is less .
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instance
apply intro-classes
apply (metis less-eq-almage.rep-eq less-almage.rep-eq less-def)
apply (metis less-eq-almage.rep-eq simp-almage reflexive)
apply (metis (mono-tags) less-eq-almage.rep-eq simp-almage transitive)
apply (metis Rep-almage-inject antisymmetric less-eq-almage.rep-eq simp-almage)
apply (metis (mono-tags) inf-almage.rep-eq less-eq-almage.rep-eq lower-bound-left simp-almage)
apply (metis (mono-tags) inf-almage.rep-eq less-eq-almage.rep-eq lower-bound-right simp-almage)
apply (smt2 inf-almage.rep-eq leq-def less-eq-almage.rep-eq simp-almage sub-assoc)
apply (metis (mono-tags) less-eq-almage.rep-eq simp-almage sup-almage.rep-eq upper-bound-left)
apply (metis (mono-tags) less-eqg-almage.rep-eq simp-almage sup-almage.rep-eq upper-bound-right)
apply (smt2 leg-plus less-eq-almage.rep-eq plus-assoc simp-almage sup-almage.rep-eq)
apply (smt2 bot-almage.rep-eq less-eq-almage.rep-eq simp-almage zero-least-test)
apply (smt2 less-eq-almage.rep-eq one-greatest simp-almage top-almage.rep-eq)
apply (metis (mono-tags, hide-lams) Rep-almage-inject inf-almage.rep-eq plus-distr-mult-left sup-almage.rep-eq simp-almage)
apply (smt2 Rep-almage-inject inf-almage.rep-eq bot-almage.rep-eq uminus-almage.rep-eq zero-def simp-almage)
apply (smt2 Rep-almage-inject sup-almage.rep-eq top-almage.rep-eq plus-compl uminus-almage.rep-eq simp-almage)
apply (metis (mono-tags) Rep-almage-inject inf-almage.rep-eq minus-almage.rep-eq uminus-almage.rep-eq)
done

end

class bounded-relative-antidomain-semiring = relative-antidomain-semiring + bounded-idempotent-left-semiring
begin

subclass bounded-relative-domain-semiring ..

lemma a-T: a(T) = 0
by (metis a-dist-add a-one add-right-top mult-left-zero)

lemma d-T: d(T) = 1
by (metis a-dist-add add-left-top d-def one-def zero-def)

lemma shunting-T-1: —p ;2 <y —z < ——p; T + y
by (metis add-commutative case-split-left-add mult-right-isotone top-greatest)

lemma shunting-Z: —p ;o < Z «— < ——p; T + Z
apply rule
apply (metis add-commutative case-split-left-add mult-right-isotone top-greatest)
apply (smt a-T a-Z a-antitone a-dist-add a-export a-greatest-left-absorber add-commutative add-right-zero mult-left-one)
done

lemma a-left-dist-add: —p ; (y + z) = —p ; y + —p ; z nitpick [ezpect=genuine,card="7] oops
lemma shunting-T: —p ; z <y «— x < ——p ; T + y nitpick [ezpect=genuine,card="7] oops

end
class relative-left-zero-antidomain-semiring = relative-antidomain-semiring + idempotent-left-zero-semiring
begin

lemma kat-3: d(z) ;y;a(z) =0 — d(z) ; y = d(z) ; y; d(z)
by (metis add-left-zero d-def mult-left-dist-add mult-right-one plus-compl)

lemma a-a-below: a(a(z)) ; y <y
by (metis a-complement-one mult-left-one mult-right-sub-dist-add-left)

lemma kat-equiv-5: d(z) ; y < y; d(z) «— d(z) ;y; a(z) =d(z);y; 0
proof
assume d(z) ; y < y; d(z)
thus d(z) ; y ; a(z) = d(z) ;9 ; 0
by (metis d-complement-zero kat-4-equiv mult-associative)
next
assume d(z) ; y; a(z) =d(z) ;y; 0
hence a(a(z)) ; v ; a(2) < y ; a(a(z2))
by (smt2 a-a-below d-def mult-isotone zero-least)
thus d(z) ; y <y ; d(z)
by (metis a-a-below a-complement-one case-split-right d-def mult-isotone order-refl)
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qed

lemma case-split-right-add: z ; —p < y ANz ; ——p <z —z <y + 2
by (metis a-complement a-dist-add add-isotone mult-left-dist-add mult-right-one one-def plus-closed)

end

class bounded-relative-left-zero-antidomain-semiring = relative-left-zero-antidomain-semiring +
bounded-idempotent-left-zero-semiring

begin

lemma shunting-T: —p ;2 < y«—z < —p; T +y

apply rule

apply (metis add-commutative case-split-left-add mult-right-isotone top-greatest)

apply (metis a-complement add-left-zero add-right-divisibility mult-associative mult-left-dist-add mult-left-one mult-left-zero
mult-right-dist-add mult-right-isotone order-trans plus-left-one)

done

end

end
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35 RelativeModal

theory RelativeModal
imports RelativeDomain
begin

class relative-diamond-semiring = relative-domain-semiring + diamond +
assumes diamond-def: |z>y = d(z ; y)

begin

lemma diamond-z-1: |z>1 = d(z)
by (metis diamond-def mult-right-one)

lemma diamond-z-d: |z>d(y) = d(z ; y)
by (metis d-mult-d diamond-def)

lemma diamond-z-und: |z>d(y) = |z>y
by (metis diamond-def diamond-z-d)

lemma diamond-d-closed: |z>y = d( |z>y)
by (metis d-fizpoint diamond-def)

— Theorem 46.11

lemma diamond-0-y: |0>y = 0
by (metis d-zero diamond-def mult-left-zero)

lemma diamond-1-y: [1>y = d(y)
by (metis diamond-def mult-left-one)

— Theorem 46.12

lemma diamond-1-d: |1>d(y) = d(y)
by (metis diamond-1-y diamond-z-und)

— Theorem 46.10

lemma diamond-d-y: |d(z)>y = d(z) ; d(y)
by (metis d-export diamond-def)

— Theorem 46.11

lemma diamond-d-0: |d(z)>0 = 0
by (metis d-commutative diamond-0-y diamond-d-y diamond-z-1)

— Theorem 46.12

lemma diamond-d-1: |d(z)>1 = d(z)
by (metis diamond-d-closed diamond-z-1)

lemma diamond-d-d: |d(z)>d(y) = d(z) ; d(y)
by (metis d-mult-closed diamond-def)

— Theorem 46.12

lemma diamond-d-d-same: |d(z)>d(z) = d(z)
by (metis d-idempotent diamond-d-d)

— Theorem 46.2

lemma diamond-left-dist-add: |z + y>z = |z>z + |y>=z
by (metis d-dist-add diamond-def mult-right-dist-add)

— Theorem 46.3

lemma diamond-right-sub-dist-add: |z>y + |z>z < |z>(y + 2)
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by (smt add-associative d-plus-left-upper-bound diamond-def less-eq-def mult-left-sub-dist-add-left mult-left-sub-dist-add-right)

— Theorem 46.4

lemma diamond-associative: |z ; y>z = |z>(y ; z)
by (metis diamond-def mult-associative)

— Theorem 46.4

lemma diamond-left-mult: |z ; y>z = |z>|y>z
by (metis diamond-def diamond-z-d mult-associative)

lemma diamond-right-mult: |z>(y ; z) = |z>|y>z
by (metis diamond-associative diamond-left-mult)

— Theorem 46.6

lemma diamond-d-export: |d(z) ; y>z = d(z) ; |y>z

by (metis diamond-associative diamond-d-closed diamond-d-y diamond-right-mult)

lemma diamond-diamond-ezport: ||z>y>z = |z>y ; [2>1
by (metis diamond-d-d diamond-def diamond-z-1 diamond-z-und)

— Theorem 46.1

lemma diamond-left-isotone: z < y — |z>2z < |y>z
by (metis diamond-left-dist-add less-eq-def)

— Theorem 46.1

lemma diamond-right-isotone: y < z — |z>y < |z>2
by (metis d-isotone diamond-def mult-right-isotone)

lemma diamond-isotone: w < y Az < z — |lw>z < |y>z
by (metis diamond-left-isotone diamond-right-isotone order-trans)

lemma diamond-left-upper-bound: |z>y < |z4+z>y
by (metis add-left-upper-bound diamond-left-dist-add)

lemma diamond-right-upper-bound: |z>y < |z>(y+2)
by (metis add-left-upper-bound diamond-right-isotone)

lemma diamond-lower-bound-right: |z>(d(y) ; d(2)) < |z>d(y)
by (metis d-mult-left-lower-bound diamond-right-isotone)

lemma diamond-lower-bound-left: |z>(d(y) ; d(z)) < |z>d(z)
by (metis d-commutative diamond-lower-bound-right)

— Theorem 46.5

lemma diamond-right-sub-dist-mult: |z>(d(y) ; d(z)) < |[z>d(y) ; |[z>d(z)

by (metis d-mult-greatest-lower-bound diamond-def diamond-lower-bound-left diamond-lower-bound-right)

— Theorem 46.13

lemma diamond-demodalisation-1: d(z) ; [y>z < Z «— d(z) ; y; d(z) < Z
by (smt d-strict diamond-associative diamond-right-mult diamond-z-1 diamond-z-und)

— Theorem 46.14

lemma diamond-demodalisation-3: |z>y < d(z) «—— z ; d(y) < d(z) ;2 + Z

apply rule

apply (metis add-commutative add-right-isotone d-below-one d-restrict diamond-def diamond-z-und mult-left-isotone

mult-right-isotone mult-right-one order-trans)

apply (smt add-commutative add-left-zero d-Z d-commutative d-dist-add d-involutive d-mult-sub d-plus-left-upper-bound

diamond-d-y diamond-def diamond-z-und less-eq-def order-trans)
done

— Theorem 46.6
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lemma diamond-d-export-2: |d(z) ; y>z = d(z) ; |d(z) ; y>=z
by (metis diamond-d-export diamond-left-mult d-idempotent)

— Theorem 46.7

lemma diamond-d-promote: |z ; d(y)>z = |z ; d(y)>(d(y) ; 2)
by (metis d-idempotent diamond-def mult-associative)

— Theorem 46.8

lemma diamond-d-import-iff: d(z) < |[y>z «—— d(z) < |d(z) ; y>z
by (metis diamond-d-ezxport diamond-d-y d-order diamond-def eq-iff)

— Theorem 46.9
lemma diamond-d-import-iff-2: d(z) ; d(y) < |z>w «—— d(z) ; d(y) < |d(y) ; z>w
apply rule
apply (metis diamond-associative d-export d-mult-greatest-lower-bound diamond-def order.refl)
apply (metis diamond-d-y d-mult-greatest-lower-bound diamond-def mult-associative)
done

end

class relative-box-semiring = relative-diamond-semiring + relative-antidomain-semiring + box +
assumes boz-def: |z]y = a(z ; a(y))

begin
— Theorem 47.1

lemma boz-diamond: |z]y = a( |z>a(y))
by (metis boz-def d-a-closed diamond-def)

— Theorem 47.2

lemma diamond-boz: |z>y = a( |z]a(y))
by (metis boz-diamond d-def diamond-d-closed diamond-def diamond-z-d)

lemma boz-z-0: |z]0 = a(z)
by (metis boz-def mult-right-one one-def)

lemma boz-z-1: |z]1 = a(z ; 0)
by (metis boz-def one-compl)

lemma boz-z-d: |z]d(y) = a(z ; a(y))
by (metis boz-def d-a-closed)

lemma boz-z-und: |z]d(y) = |z]y
by (metis boz-def boz-z-d)

lemma boz-z-a: |z]a(y) = a(z ; y)
by (metis a-mult-d boz-def)

— Theorem 47.15

lemma boz-0-y: |0]y = 1
by (metis boz-def mult-left-zero one-def)

lemma boz-1-y: |1]y = d(y)
by (metis boz-def d-def mult-left-one)

— Theorem 47.16

lemma boz-1-d: |1]d(y) = d(y)
by (metis boz-1-y d-involutive)

lemma boz-1-a: |1]a(y) = a(y)
by (metis a-d-closed box-1-y)
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lemma boz-d-y: |d(z)]y = a(z) + d(y)
by (metis a-dist-add box-def box-z-a diamond-bozx diamond-z-1 mult-right-one plus-closed)

lemma boz-a-y: |a(z)]y = d(z) + d(y)
by (metis a-mult-deMorgan-1 box-def)

— Theorem 47.14

lemma boz-d-0: |d(z)]0 = a(z)
by (metis boz-z-0 d-a-closed)

lemma boz-a-0: |a(z)]0 = d(z)
by (metis boz-z-0 d-def)

— Theorem 47.15

lemma boz-d-1: |d(z)]1 = 1
by (metis boz-diamond diamond-d-0 one-compl one-def)

lemma boz-a-1: |a(z)]! = 1
by (metis boz-z-1 bs-mult-right-zero one-def)

— Theorem 47.13

lemma boz-d-d: |d(z)]d(y) = a(z) + d(y)
by (metis boz-d-y boz-z-und)

lemma boz-a-d: |a(z)]d(y) = d(z) + d(y)
by (metis a-mult-deMorgan-1 box-z-d)

lemma boz-d-a: |d(z)]a(y) = a(z) + a(y)
by (metis a-export-d boz-z-a)

lemma boz-a-a: |a(z)]a(y) = d(z) + a(y)
by (metis a-export-a bor-z-a)

— Theorem 47.15

lemma boz-d-d-same: |d(z)]d(z) = 1
by (metis boz-d-y d-a-closed d-def plus-compl)

lemma boz-a-a-same: |a(z)]a(z) = 1
by (metis boz-def mult-compl one-def)

— Theorem 47.16

lemma boz-d-below-box: d(z) < |d(y)]d(z)
by (metis boz-d-y boz-z-und add-right-divisibility)

lemma boz-d-closed: |z]y = d( |z]y)
by (metis box-1-a boz-1-y boz-def)

lemma boz-deMorgan-1: a( |z]y) = |z>a(y)
by (metis boz-def d-def diamond-def)

lemma boz-deMorgan-2: a( |z>y) = |z]a(y)
by (metis boz-def diamond-box double-negation)

— Theorem 47.5

lemma boz-left-dist-add: |z + ylz = |z]z ; |y]z
by (metis a-dist-add box-def mult-right-dist-add)

lemma boz-right-dist-add: |z](y + z) = a(z ; a(y) ; a(z))
by (metis a-dist-add box-def mult-associative)

lemma boz-associative: |z ; ylz = a(z ; y ; a(z))
by (metis boz-def)
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— Theorem 47.6

lemma boz-left-mult: |z ; ylz = |z]|y]z
by (metis boz-def box-z-a mult-associative)

lemma boz-right-mult: |z](y ; 2) = a(z ; aly ; 2))
by (metis boz-def)

— Theorem 47.7

lemma boz-right-submult-d-d: |z](d(y) ; d(z)) < |z]d(y) ; |x]d(z)
by (smt a-antitone a-dist-add a-export-d boz-diamond d-a-closed diamond-def mult-left-sub-dist-add)

lemma boz-right-submult-a-d: |z](a(y) ; d(2)) < |z]a(y) ; |z]d(z)
by (metis boz-d-closed boz-right-submult-d-d boz-z-0)

lemma boz-right-submult-d-a: |z](d(y) ; a(z)) < |z]d(y) ; |z]a(z)
by (metis boz-a-0 boz-left-mult boz-right-submult-d-d boz-z-0 boz-z-und)

lemma boz-right-submult-a-a: |z](a(y) ; a(2)) < |z]a(y) ; |z]a(z)
by (metis a-d-closed boz-right-submult-a-d)

— Theorem 47.8

lemma boz-d-export: |d(z) ; y]z = a(z) + |y]z
by (metis a-d-closed box-d-y boz-def bozx-left-mult)

lemma boz-a-export: |a(z) ; ylz = d(z) + |y]z
by (metis a-d-closed bozx-d-a boz-def bozx-left-mult d-def)

— Theorem 47.4

lemma boz-left-antitone: y < z — |z]z < |y]z
by (metis a-antitone boz-def mult-left-isotone)

— Theorem 47.3

lemma boz-right-isotone: y < z — |z]y < |z]z
by (metis a-antitone boz-def mult-right-isotone)

lemma boz-antitone-isotone: y < w A z < z — |w]z < |ylz
by (metis boz-left-antitone boz-right-isotone order-trans)

lemma diamond-1-a: |1>a(y) = a(y)
by (metis a-d-closed diamond-1-y)

lemma diamond-a-y: |a(z)>y = a(z) ; d(y)
by (metis a-mult-closed d-def d-mult-d diamond-def)

lemma diamond-a-0: |a(z)>0 = 0
by (metis boz-a-1 box-deMorgan-1 one-compl)

lemma diamond-a-1: |a(z)>1 = a(z)
by (metis a-d-closed diamond-z-1)

lemma diamond-a-d: |a(z)>d(y) = a(z) ; d(y)
by (metis diamond-a-y diamond-z-und)

lemma diamond-d-a: |d(z)>a(y) = d(z) ; a(y)
by (metis a-d-closed diamond-d-y)

lemma diamond-a-a: |a(z)>a(y) = a(z) ; a(y)
by (metis a-mult-closed diamond-def)

lemma diamond-a-a-same: |a(z)>a(z) = a(z)
by (metis a-idempotent diamond-a-a)

lemma diamond-a-ezport: |a(z) ; y>z = a(z) ; |y>z
by (metis diamond-a-a diamond-bozx diamond-left-mult)
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lemma a-boz-a-a: a(p) ; |a(p)]a(q) = a(p) ; a(q)
by (metis boz-z-a double-negation mult-compl-intro plus-def)

lemma boz-left-lower-bound: |z+ylz < |z]z
by (metis add-left-upper-bound boz-left-antitone)

lemma boz-right-upper-bound: |z]y < |z](y+z)
by (metis add-left-upper-bound boz-right-isotone)

lemma boz-lower-bound-right: |z](d(y) ; d(2)) < |z]d(y)
by (metis boz-right-isotone d-mult-left-lower-bound)

lemma boz-lower-bound-left: |z](d(y) ; d(2)) < |z]d(z)
by (metis boz-lower-bound-right d-commutative)

— Theorem 47.9

lemma boz-d-import: d(z) ; |ylz = d(z) ; |d(z) ; y]z
by (metis a-box-a-a boz-left-mult boz-def d-def)

— Theorem 47.10

lemma boz-d-promote: |z ; d(y)]z = |z ; d(y)](d(y) ; 2)
by (metis a-boz-a-a boz-left-mult a-muli-d boz-def d-def)

— Theorem 47.11

lemma boz-d-import-iff: d(z) < |ylz «— d(z) < |d(z) ; y]z
by (metis box-d-closed boz-d-import d-order)

— Theorem 47.12

lemma box-d-import-iff-2: d(z) ; d(y) < |z]w «—— d(z) ; d(y) < |d(y) ; z]w
apply rule
apply (metis boz-d-import d-commutative d-restrict-iff-1)
apply (smt2 boz-d-closed box-d-import d-mult-closed d-order mult-associative)
done

— Theorem 47.20

lemma boz-demodalisation-2: —p < |y|(—q) — —p;y; ——q < Z
by (metis a-greatest-left-absorber boz-def mult-associative)

lemma boz-right-sub-dist-add: |z]d(y) + |z]d(z) < |z](d(y) + d(z))
by (metis add-commutative add-least-upper-bound boz-right-upper-bound)

lemma boz-diff-var: |z](d(y) + a(z)) ; |z]d(z) < |z]d(2)
by (metis boz-def lower-bound-right)

— Theorem 47.19
lemma diamond-demodalisation-2: |z>y < d(z) «— a(z) ; z ; d(y) < Z

by (metis a-mult-d boz-def d-a-shunting-zero d-strict diamond-a-y diamond-box diamond-z-1 mult-associative mult-right-one
sub-comm,)

— Theorem 47.17

lemma boz-below-Z: ( |z]y) ; z 5 a(y) < Z
by (metis a-restrict boz-def mult-associative)

— Theorem 47.18

lemma box-partial-correctness: |z]1 = 1 «— z ;0 < Z
by (metis boz-z-a a-strict one-def)

lemma diamond-split: |t>y = d(z) ; |z>y + a(z) ; |[z>y
by (metis a-export-d a-restrict add-commutative d-def d-strict mult-left-one mult-right-dist-add one-def)

lemma boz-import-shunting: —p;—q < |z](—71) «— —q < |—p;z](—7)
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by (smt boz-demodalisation-2 mult-associative sub-comm sub-mult-closed)

lemma boz-dist-mult: |z](d(y) ; d(z)) = |z](d(y)) ; |z](d(z)) nitpick [ezpect=genuine,card=6] oops

lemma boz-demodalisation-3: d(z) )y < vy ;d(z) + Z nitpick [expect=genuine,card=6] oops
lemma fooz-diff: |z](d(y) + a(z) z) nitpick [ezpect=genuine,card=6] oops
| a
)

|
(v)

<
<
>z
<

) < |
lemma diamond-diff: |z>vy ; a( |z>2) < |z>(d z)) nitpick [ezpect=genuine,card=6] oops
lemma diamond-diff-var: |z>d(y) < |z>(d(y) ; a(2)) + |z>d(z) nitpick [ezpect=genuine,card=6] oops
end
class relative-left-zero-diamond-semiring = relative-diamond-semiring + relative-domain-semiring

idempotent-left-zero-semiring
begin

lemma diamond-right-dist-add: |z>(y + 2z) = |z>y + |z>2
by (metis d-dist-add diamond-def mult-left-dist-add)

end

class relative-left-zero-box-semiring = relative-box-semiring + relative-left-zero-antidomain-semiring
begin

subclass relative-left-zero-diamond-semiring ..

lemma boz-right-mult-d-d: |z](d(y) ; d(z)) = |z]d(y) ; |z]d(z)
by (smt a-dist-add boz-z-a diamond-box diamond-z-1 mult-left-dist-add)

lemma boz-right-mult-a-d: |z](a(y) ; d(2)) = |z]a(y) ; |z]d(z)
by (metis box-d-closed boz-right-mult-d-d box-z-0)

lemma boz-right-mult-d-a: |z](d(y) ; a(2)) = |z]d(y) ; |z]a(z)
by (metis boz-a-0 boz-left-mult boz- mght mult-d-d bo:r 2-0 boz-z-und)

lemma boz-right-mult-a-a: |z](a(y) ; a(2)) = |z]a(y) ; |z]a(z)
by (metis a-dist-add box-z-a mult-left-dist-add)

lemma boz-demodalisation-3: d(z) < |yld(z) — d(z) ; y < y; d(z) + Z
proof —
have d(z) < [y]d(z) — d(x) ; y ; a(z) < Z
by (metis mult-left-isotone a-mult-d a-restrict box-def d-def mult-associative order-trans)
thus %thesis
by (metis add-commutative case-split-right-add d-def d-restrict-iff-1 eg-refl mult-associative)
qed

lemma fboz-diff: |](d(y) + a(2)) < [aly + a( |a]2)

25

Jr

by (smt a-compl-intro a-dist-add a-mult-d a-plus-left-lower-bound add-commutative boz-def d-def mult-left-dist-add shunting)

lemma diamond-diff-var: |z>d(y) < |z>(d(y) ; a(2)) + |z>d(2)

by (smt2 a-dist-add add-commutative box-def boz-right-mult-a-a diamond-box diamond-right-upper-bound diamond-z-1

double-negation mult-compl-intro mult-right-one one-def plus-closed sub-comm)

lemma diamond-diff: |z>y ; a( |z>2z) < |[z>(d(y) ; a(2))
by (metis d-a-shunting d-involutive diamond-def diamond-diff-var diamond-z-und)

end

end
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36 CompleteDomain

theory CompleteDomain

imports RelativeDomain CompleteTests

begin

class complete-antidomain-semiring = relative-antidomain-semiring + complete-tests +
assumes a-dist-Sum: ascending-chain f — —(Sum f) = Prod (An . —fn)
assumes a-dist-Prod: descending-chain f — —(Prod f) = Sum (An . —fn)

begin

lemma a-ascending-chain: ascending-chain f — descending-chain (An . —f n)
by (smt ascending-chain-def descending-chain-def a-antitone)

lemma a-descending-chain: descending-chain f — ascending-chain (An . —f n)
by (smt ascending-chain-def descending-chain-def a-antitone)

lemma d-dist-Sum: ascending-chain f — d(Sum f) = Sum (An . d(f n))
unfolding d-def
apply (metis a-dist-Sum a-dist-Prod a-ascending-chain)
done

lemma d-dist-Prod: descending-chain f — d(Prod f) = Prod (An . d(f n))
unfolding d-def
apply (metis a-dist-Sum a-dist-Prod a-descending-chain)
done

end

end

36  CompleteDomain
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37 HoareModal

theory HoareModal
imports CompleteDomain Hoare KleeneAlgebra RelativeModal
begin

class boz-precondition = relative-bozr-semiring + pre +
assumes pre-def: z«p = |z]p

begin
— Theorem 47

subclass precondition
apply unfold-locales
apply (metis boz-def double-negation pre-def)
apply (metis box-left-mult pre-def)
apply (metis a-dist-add box-deMorgan-2 boz-right-submult-a-a greatest-lower-bound pre-def)
apply (metis boz-1-a pre-def reflexive)
done

subclass precondition-test-test
apply unfold-locales
apply (metis a-box-a-a pre-def)
done

subclass precondition-promote
apply unfold-locales
apply (metis box-def boz-z-a pre-def pre-test-test)
done

subclass precondition-test-box
apply unfold-locales
apply (metis box-a-a d-def pre-def)
done

lemma pre-Z: —p < z4«—q«—— —p;z; ——q < 7
by (metis boz-demodalisation-2 pre-def)

lemma pre-left-dist-add: z+y«—q = (z«—q) ; (y«—q)
by (metis boz-left-dist-add pre-def)

lemma pre-left-antitone: x < y — y«—q < z«—¢q
by (metis boz-left-antitone pre-def)

lemma pre-promote-neg: (z«—q) ;2 ; ——q < Z
by (metis order-refl pre-Z pre-closed)

lemma pre-pc-Z: x«1 =1 «—— z ;0 < Z
by (metis a-strict boz-z-1 pre-def)

lemma pre-sub-promote: (z«—q) ; ¢ < (z«—q) ; = ; —q + Z nitpick [expect=genuine,card=6] oops

lemma pre-promote: (z«—q) ; ¢ + Z = (z«—q) ;  ; —q + Z nitpick [ezpect=genuine,card=6] oops

lemma pre-mult-sub-promote: (z;y«—q) ; ¢ < (z;y«—q) ; = ; (y«—¢q) + Z nitpick [ezpect=genuine,card=6] oops
lemma pre-mult-promote: (z;y«—q) ; z ; (y«—q) + Z = (z;y¢—¢q) ; © + Z nitpick [ezpect=genuine,card=6] oops
end

class left-zero-bozr-precondition = box-precondition + relative-left-zero-antidomain-semiring

begin

lemma pre-sub-promote: (z«—q) ; ¢ < (x¢«—¢q) ;2 ; —q+ Z
by (metis case-split-right-add order-refl pre-Z pre-closed)

lemma pre-promote: (z«—q) ; z + Z = (z«—q) ;2 ; —q + Z
by (smt a-below-one add-left-upper-bound add-same-context mult-right-isotone mult-right-one order-trans pre-sub-promote)
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lemma pre-mult-sub-promote: (z;y«—q) ; z < (zyy«—q) ; z ; (y«—q) + Z
by (metis pre-closed pre-seq pre-sub-promote)

lemma pre-mult-promote-sub: (z;y«—q) ; z ; (y«—q) < (z;y¢—q) ; z

by (metis mult-right-isotone mult-right-one pre-below-one)

lemma pre-mult-promote: (z;y«—q) ; z ; (y«—q) + Z = (z;y¢—¢q) ;¢ + Z
by (metis add-left-upper-bound add-same-context order-trans pre-mult-sub-promote pre-mult-promote-sub)

end

class diamond-precondition = relative-box-semiring + pre +
assumes pre-def: z«p = |x>p

begin
— Theorem 47

subclass precondition
apply unfold-locales
apply (metis d-def diamond-d-closed pre-def)
apply (metis diamond-left-mult pre-def)
apply (smt diamond-right-isotone lower-bound-right pre-def)
apply (metis diamond-1-a pre-def reflexive)
done

subclass precondition-test-test
apply unfold-locales
apply (metis diamond-a-a-same diamond-a-export diamond-associative diamond-right-mult pre-def)
done

subclass precondition-promote
apply unfold-locales
apply (metis box-deMorgan-1 diamond-a-a pre-def pre-test-test)
done

subclass precondition-test-diamond
apply unfold-locales
apply (metis diamond-a-a pre-def)
done

lemma pre-left-dist-add: z+y«—q = (z«—q) + (y«—q)
by (metis d-dist-add diamond-def mult-right-dist-add pre-def)

lemma pre-left-isotone: © < y — z«—q < y«—gq
by (metis diamond-left-isotone pre-def)

end

class boz-while = boz-precondition + bounded-left-conway-semiring + ite + while +
assumes ite-def: z<p>by=p;zc+ —p;y
assumes while-def: pxx = (p ; )° ; —p

begin

subclass bounded-relative-antidomain-semiring ..

lemma Z-circ-left-zero: Z ; 2° = Z
by (metis Z-left-zero-above-one circ-reflexive)

subclass ifthenelse
apply unfold-locales
apply (smt a-d-closed box-a-export boz-left-dist-add boz-z-a case-duality d-def ite-def pre-def)
done

— Theorem 48.1

subclass whiledo
apply unfold-locales
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apply (smt circ-loop-fizpoint ite-def ite-pre mult-associative mult-right-one pre-one pre-seq while-def )
apply (metis pre-mult-test-promote while-def)

done
lemma pre-while-1: —p;(—pxx)«1 = —p*xz«l
proof —

have ——p;(—p;(—p*z)«1) = ——p;(—p*z«1)

by (metis a-mult-left-upper-bound boz-def bs-mult-right-one leq-def mult-associative one-def pre-def while-pre-else)
thus %thesis
by (smt eq-cases one-def pre-closed pre-import)
qed

lemma aL-one-circ: aL = a(1°;0)
by (metis a-one boz-0-y boz-left-mult box-x-1 mult-left-one pre-def while-def aL-def)

end

class diamond-while = diamond-precondition + bounded-left-conway-semiring + ite + while +
assumes ite-def: z<lp>by=p;z+ —p;y
assumes while-def: pxx = (p ; 2)° ; —p

begin

subclass bounded-relative-antidomain-semiring ..

lemma Z-circ-left-zero: Z ; 2° = Z
by (metis Z-left-zero-above-one circ-reflexive)

subclass ifthenelse
apply unfold-locales
apply (metis ite-def pre-def diamond-left-dist-add diamond-a-export)
done
— Theorem 48.2
subclass whiledo
apply unfold-locales
apply (smt circ-loop-fixpoint ite-def ite-pre mult-associative mult-right-one pre-one pre-seq while-def)
apply (metis pre-mult-test-promote while-def)

done

lemma aL-one-circ: alL = d(1°;0)
by (metis aL-def a-one diamond-z-1 mult-left-one pre-def while-def)

end

class boz-while-program = box-while + atoms

begin

subclass while-program ..

end

class diamond-while-program = diamond-while + atoms
begin

subclass while-program ..

end

class boz-hoare-calculus = box-while-program + complete-antidomain-semiring
begin

subclass hoare-calculus ..

end
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class diamond-hoare-calculus = diamond-while-program + complete-antidomain-semiring
begin

subclass hoare-calculus ..

end

class boz-hoare-sound = box-hoare-calculus + relative-domain-semiring-split + left-kleene-conway-semiring +
assumes aL-circ: al ; z° < z*

begin

lemma aL-circ-ext: |z*]y < |aL ; z°]y
by (metis aL-circ boz-left-antitone)

lemma boz-star-induct: —p < |z](—p) — —p < |z*](—p)
proof
assume —p < |z](~p)
hence 1: z;—p;T < Z + ——p; T
by (metis Z-top add-commutative box-demodalisation-2 mult-associative mult-left-isotone shunting-Z)
have z;(Z + ——p;T) < z;——p; T + Z
by (smt add-commutative mult-associative split-Z)
also have ... < 7 + ——p;T using 1
by (smt add-commutative add-least-upper-bound add-right-upper-bound)
finally have z;(Z + ——p;T) + ——p < Z + ——p;T
by (smt add-commutative add-least-upper-bound mult-left-sub-dist-add order-trans split-Z top-right-mult-increasing)
thus —p < |2*](~p)
by (metis add-commutative boz-demodalisation-2 mult-associative shunting-Z star-left-induct)
qed

lemma boz-circ-induct: —p < |z](—p) — —p;aLl < |z°](—p)
by (smt aL-circ-ext aL-test boz-left-mult boz-star-induct order-trans plus-comm pre-closed pre-def pre-test shunting-right)

lemma a-while-soundness: —p;—q < |z](—q) — aL;j—q < |(—p;z)°;——p](—q)
proof —
have |(—p;2)°)(~q) < |(~p52)°i——p)(~q)
by (smt add-right-upper-bound boz-def boz-right-dist-add boz-right-isotone)
thus %thesis
by (smt boz-import-shunting box-circ-induct order-trans sub-comm aL-test)
qed

subclass hoare-calculus-sound
apply unfold-locales
apply (metis a-while-soundness while-def pre-def)
done

end

class diamond-hoare-sound = diamond-hoare-calculus + left-kleene-conway-semiring +
assumes aL-circ: al ; z° < z*

begin
lemma aL-circ-equal: aL ; z° = aL ; z*
by (smt aL-circ aL-one-circ antisym d-restrict-iff-1 mult-right-isotone star-below-circ)

lemma al-zero: aL = 0
by (smt aL-circ-equal alL-one-circ d-export d-idempotent diamond-d-0 diamond-def mult-associative mult-right-one star-one)

subclass hoare-calculus-sound
apply unfold-locales
apply (metis aL-zero bs-mult-left-zero zero-least)
done

end

class boz-hoare-complete = box-hoare-calculus + left-kleene-conway-semiring +
assumes boz-circ-induct-2: —p;|z](—q) < —¢ — |2°](—p) < —g+al
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assumes al-zero-or-one: aL = 0 V aL = 1
assumes while-mult-left-dist-Prod: © € While-program A descending-chain t A test-seq t — x;Prod t = Prod (An . z;t n)

begin

subclass hoare-calculus-complete

apply unfold-locales

prefer 3

apply (smt boz-circ-induct-2 double-negation least-upper-bound lower-bound-left mult-distr-plus-right pre-closed pre-def

pre-import pre-seq pre-test sub-mult-closed while-def)

apply (metis aL-zero-or-one bs-mult-right-zero mult-right-one order-refl pre-closed zero-least)

unfolding pre-def boz-def

apply (metis a-ascending-chain a-dist-Prod a-dist-Sum descending-chain-left-mult while-mult-left-dist- Prod test-seq-def )

done

end

class diamond-hoare-complete = diamond-hoare-calculus + relative-domain-semiring-split + left-kleene-conway-semiring +
assumes dL-circ: —aL;z° < z*
assumes al-zero-or-one: aL = 0V al = 1
assumes while-mult-left-dist-Sum: x € While-program A ascending-chain t A test-seq t — z;Sum t = Sum (An . z;t n)

begin

lemma diamond-star-induct-var: |z>(d p) < dp — |z*>(dp) < dp
proof
assume |z>(dp) < dp
hencez ; (dp; 2"+ 2Z)<dp;z;2*+Z ;2" + Z
by (metis add-left-isotone d-mult-d  diamond-def diamond-demodalisation-8 mult-associative mult-left-isotone
mult-right-dist-add order-trans split-Z)
also have ... < dp;z* + 7
by (smt Z-mult-decreasing add-associative add-left-isotone less-eq-def mult-associative mult-right-isotone
star.left-plus-below-circ)
finally show |z*>(d p) < dp
by (smt add-commutative add-least-upper-bound add-right-upper-bound d-mult-d diamond-def diamond-demodalisation-3
order-trans star.circ-back-loop-prefizpoint star-left-induct)
qed

lemma diamond-star-induct: d ¢ + |[z>(dp) < dp — |z*>(d q) < dp
by (metis add-least-upper-bound diamond-star-induct-var diamond-right-isotone order-trans)

lemma while-completeness-1: —p;(z«—q) < —q¢ — —pxx«—q < —q+al
proof
assume —p;(z«—q) < —¢q
hence ——p;—q + [-p;z>(—q) < —¢
by (metis add-least-upper-bound diamond-a-export lower-bound-right pre-def)
hence [(—p;z)*>(——p;—q) < —¢
by (smt diamond-star-induct d-def sub-mult-closed double-negation)
hence |—aL;(—p;z)°>(——p;—q) < —¢
by (smt dL-circ diamond-left-isotone order-trans)
thus —pxz«—q < —q+al
by (smt aL-test diamond-a-export diamond-def mult-associative plus-comm pre-closed pre-def shunting while-def)
qed

subclass hoare-calculus-complete
apply unfold-locales
prefer 3
apply (rule while-completeness-1)
apply (metis aL-zero-or-one bs-mult-right-zero mult-right-one order-refl pre-closed zero-least)
unfolding pre-def diamond-def
apply (metis while-mult-left-dist-Sum d-dist-Sum ascending-chain-left-mult)
done

end

class boz-hoare-valid = box-hoare-sound + box-hoare-complete + hoare-triple +
assumes hoare-triple-def: p{z}q «—— p < |z]q

begin
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— Theorem 49.2
subclass hoare-calculus-valid
apply unfold-locales

apply (metis hoare-triple-def pre-def)
done

lemma rule-skip-valid: —p{1}—p
by (metis boz-1-a hoare-triple-def reflexive)

end

class diamond-hoare-valid = diamond-hoare-sound + diamond-hoare-complete + hoare-triple +
assumes hoare-triple-def: p{zllq «—— p < |z>¢

begin

lemma circ-star-equal: ©° = z*
by (metis aL-zero antisym dL-circ mult-left-one one-def star-below-circ)

— Theorem 49.1

subclass hoare-calculus-valid
apply unfold-locales
apply (metis hoare-triple-def pre-def)
done

end

class diamond-hoare-sound-2 = diamond-hoare-calculus + left-kleene-conway-semiring +
assumes diamond-circ-induct-2: ——p;—q < |z>(—¢q¢) — aL;—q < |2°>(—p)

begin
subclass hoare-calculus-sound
apply unfold-locales
apply (smt a-export diamond-associative  diamond-circ-induct-2  double-negation — mult-compl-intro  pre-def
pre-import-equiv-mult sub-comm sub-mult-closed while-def)
done

end

class diamond-hoare-valid-2 = diamond-hoare-sound-2 + diamond-hoare-complete + hoare-triple +
assumes hoare-triple-def: p{zl}lq —— p < |z>¢

begin

subclass hoare-calculus-valid
apply unfold-locales
apply (metis hoare-triple-def pre-def)
done

end

end
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38 PrePostModal

theory PrePostModal

imports PrePost HoareModal

begin

class pre-post-spec-whiledo = pre-post-spec-greatest + whiledo
begin

lemma nat-test-pre-post: nat-test t s N —q < s A (Vn .z < t n;—p;—qd(pSum t n;—q)) — —p*xz < —g1——p;—q
by (smt nat-test-def nat-test-pre pSum-test-nat pre-post-galois sub-mult-closed)

lemma nat-test-pre-post-2: nat-test t s N —r < s A (Vn .z < ¢t n;—pd(pSum t n)) — —p*rz < —r-1
by (smt nat-test-def nat-test-pre-2 one-def pSum-test-nat pre-post-galois sub-mult-closed)

end
class pre-post-spec-hoare = pre-post-spec-whiledo + hoare-calculus-sound
begin

lemma pre-post-while: © < —p;—q4—q¢ — —p*xx < al;—q1—q
by (smt aL-test pre-post-galois sub-mult-closed while-soundness)

— Theorem 43.1
lemma while-soundness-3: test-seq t AN —q < Sum t A z < t 0;—p;—qdaLl;—qg A (Yn>0 . x < ¢t n;—p;—qdpSum t n;—q) —
—pxx < —q1=—p;—q

by (smt aL-test pSum-test plus-closed pre-post-galois sub-mult-closed test-seq-def while-soundness-1)

— Theorem 43.2

lemma while-soundness-4: test-seq t A —r < Sum t A (Vn .z < t n;—pdpSum t n) — —pxz < —r-1
by (smt one-def pSum-test pre-post-galois sub-mult-closed test-seq-def while-soundness-2)

end

class pre-post-spec-hoare-pc-2 = pre-post-spec-hoare + hoare-calculus-pc-2
begin

— Theorem 43.3

lemma pre-post-while-pc: x < —p;—qd4—q — —p*xx < —qg4——p;—q
by (metis pre-post-galois sub-mult-closed while-soundness-pc)

end

class pre-post-spec-hoare-pc = pre-post-spec-hoare + hoare-calculus-pc
begin

subclass pre-post-spec-hoare-pc-2 ..

lemma pre-post-one-one-top: 141 = T
by (metis add-left-top less-eq-def pre-one-one pre-post-one-one)

end

class pre-post-spec-H = pre-post-spec-greatest + box-precondition + havoc +
assumes H-zero-2: H ; 0 = 0
assumes H-split-2: <z ; —q; T+ H; ——q

begin

subclass idempotent-left-semiring-H
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apply unfold-locales
apply (rule H-zero-2)
apply (metis H-split-2 a-one mult-associative mult-left-zero mult-right-one one-def)

done
lemma pre-post-def-iff: —p ;2 ;, ——q< Z «— < Z+ ——p; T+ H ; —q
proof (rule iffT)

assume —p ; z ; ——q < Z

hencez ; ——q; T <Z+ —p; T

by (smt Z-left-zero-above-one case-split-left-add mult-associative mult-left-isotone mult-right-dist-add mult-right-isotone
top-greatest top-mult-top)
thusz < Z+ ——p; T+ H; —¢q
by (metis add-left-isotone order-trans H-split-2 double-negation)

next

assume v < Z + ——p; T + H; —q

hence —p;z;——q¢< -p;(Z;——q+—p; T;——q+H;—q;——q)
by (metis mult-isotone reflexive mult-associative mult-right-dist-add)

thus —p ;z; ——q¢ < Z

by (metis H-zero-2 Z-mult-decreasing add-commutative add-left-zero mult-associative mult-right-dist-add mult-right-isotone
order-trans test-mult-left-dist-shunt test-mult-left-sub-dist-shunt zero-def)
qed

lemma pre-post-def: —pH4—q = Z + ——p;T + H;—q
by (metis eg-iff pre-Z pre-post-def-iff pre-post-galois)

end

class pre-post-L = pre-post-spec-greatest + box-while + left-conway-semiring-L + left-kleene-conway-semiring +
assumes circ-below-L-add-star: z° < L + z*

begin

— a loop does not abort if its body does not abort
— this avoids abortion from all states; alternatively from states in -r if -r is an invariant

lemma body-abort-loop: Z = L ANz < —pd1 — —pxz < 141
proof
assume 1: Z =L N x < —p-1
hence —p ; z ;0 < L
by (metis a-one one-def pre-Z pre-post-galois)
hence (—p ;2)*; 0 <L
by (metis L-split add-left-zero less-eq-def star-left-induct)
hence (—p ;2)°; 0 <L
by (smt L-left-zero L-split add-commutative circ-below-L-add-star less-eq-def mult-right-dist-add)
thus —pxz < 11 using 1
by (metis a-one a-strict box-def bs-mult-right-zero mult-associative pre-def pre-post-one-one while-def)
qed

end

class pre-post-spec-Hd = pre-post-spec-least + diamond-precondition + idempotent-left-semiring-Hd +
assumes d-mult-top: d(z) ; T =z ; T

begin

subclass pre-post-spec-least-Hd
apply unfold-locales
apply (metis d-mult-top diamond-z-1 pre-def)
done

end

end
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39 MonotonicBooleanTransformers

theory MonotonicBoolean Transformers

imports Base MonoBoolTranAlgebra/ Assertion-Algebra

begin

— This theory requires LatticeProperties and MonoBoolTranAlgebra from the Archive of Formal Proofs.
context mbt-algebra

begin

lemma directed-left-mult: directed Y — directed (op ; z ©Y)
unfolding directed-def
apply simp
apply (metis le-comp)
done

lemma neg-assertion: neg-assert r € assertion
unfolding assertion-def
apply rule
apply (smt dual-comp dual-dual dual-neg dual-one dual-sup dual-top inf-commute inf-le2 inf-sup-distrib! mult.assoc
mult.left-neutral neg-assert-def sup-bot-left sup-comp top-comp)
done

lemma assertion-neg-assert: © € assertion «—— z = neg-assert (neg-assert x)
by (metis neg-assertion uminus-uminus)

— extend and dualise part of Viorel Preoteasa’s theory

definition
assumption = {z . 1 <z A (zx L)U (z " o) = z}

definition
neg-assume (z::'a) = (z " o * top) U 1

lemma neg-assume-assert: neg-assume ¢ = (neg-assert (z " 0)) "~ o
by (metis dual-bot dual-comp dual-dual dual-inf dual-one neg-assert-def neg-assume-def)

lemma assert-iff-assume: © € assertion «—— x ~ 0 € assumption
by (smt assertion-def assumption-def dual-bot dual-comp dual-dual dual-inf dual-le dual-one mem-Collect-eq)

lemma assertion-iff-assumption-subseteq: X C assertion «—— dual * X C assumption
unfolding subset-eq
apply simp
by (metis assert-iff-assume)

lemma assumption-iff-assertion-subseteq: X C assumption «— dual ‘* X C assertion
unfolding subset-eq
apply simp
by (metis dual-dual assert-iff-assume)

lemma assumption-prop: z € assumption => (x * bot) U I = x
by (smt assert-iff-assume assertion-prop dual-comp dual-dual dual-neg-top dual-one dual-sup dual-top)

lemma neg-assumption: neg-assume T € assumption

unfolding assumption-def

apply rule

by (smt dual-comp dual-dual dual-neg-top dual-one dual-sup dual-top inf-commute inf-sup-distribl le-iff-inf mult.assoc
mult.left-neutral neg-assume-def sup-bot-right sup-comp sup-inf-absorb sup-inf-distribl sup-left-commute top-comp)

lemma assumption-neg-assume: T € assumption «—— x = neg-assume (neg-assume )
by (smt assert-iff-assume assertion-neg-assert dual-dual neg-assume-assert)

lemma assumption-sup-comp-eq: T € assumption => y € assumption = ¢ Ll y =z * y
by (smt assert-iff-assume assertion-inf-comp-eq dual-comp dual-dual dual-sup)
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lemma sup-uminus-assume[simp|: © € assumption => z N neg-assume © = 1
by (smt assert-iff-assume dual-dual dual-one dual-sup neg-assume-assert sup-uminus)

lemma inf-uminus-assume[simpl: © € assumption = = LI neg-assume x = top
by (smt assert-iff-assume dual-dual dual-sup dual-top inf-uminus neg-assume-assert sup-bot-right)

lemma uminus-assumption[simp]: ¥ € assumption = neg-assume T € assumption
by (smt assert-iff-assume dual-dual neg-assume-assert uminus-assertion)

lemma uminus-uminus-assume[simp|: x € assumption => neg-assume (neg-assume ) =
by (smt assert-iff-assume dual-dual neg-assume-assert uminus-uminus)

lemma sup-assumption[simp]: z € assumption = y € assumption =—> z Ll y € assumption
by (smt assert-iff-assume dual-dual dual-sup inf-assertion)

lemma comp-assumption[simp]: T € assumption = y € assumption => z * y € assumption
by (smt assert-iff-assume comp-assertion dual-comp dual-dual)

lemma inf-assumption[simp]: € assumption => y € assumption = = M y € assumption
by (smt assert-iff-assume dual-dual dual-inf sup-assertion)

lemma [simp]: z € assumplion = z * T =z
by (simp add: assumption-sup-comp-eq [THEN sym])

lemma [simp]: z € assumption => (z "0) * (z “0) =z "o
apply (rule dual-eq)
by (simp add: dual-comp assumption-sup-comp-eq [THEN sym])

lemma [simp]: top € assumption
by (unfold assumption-def, simp)

lemma [simp]: 1 € assumption
by (unfold assumption-def, simp)

lemma assert-top: neg-assert (neg-assert p) " o ; bot = neg-assert p ; top
by (smt bot-comp dual-comp dual-dual dual-top inf-comp inf-top-right mult.assoc mult.left-neutral neg-assert-def)

lemma assume-bot: neg-assume (neg-assume p) " o ; top = neg-assume p ; bot
by (smt dual-bot dual-comp dual-one dual-sup dual-top mult.assoc mult.left-neutral neg-assert-def neg-assume-assert

neg-assume-def sup-bot-right sup-comp top-comp)

definition
wpb x = (z * bot) U 1

lemma wpt-iff-wpb: wpb z = wpt (z " 0) "o
by (smt dual-comp dual-dual dual-one dual-sup dual-top wpb-def wpt-def)

lemma wpb-is-assumption[simp]: wpb € assumption
by (smt assert-iff-assume wpt-iff-wpb wpt-is-assertion)

lemma wpb-comp: (wpb z) * z = x
by (smt dual-comp dual-dual dual-neg-top dual-sup wpt-comp wpt-iff-wpb)

lemma wpb-comp-2: wpb (z * y) = wpb (z * (wpb y))
by (smt dual-comp dual-dual wpt-comp-2 wpt-iff-wpb)

lemma wpb-assumption[simp]: T € assumption —> wpb z = z
by (smt assert-iff-assume dual-dual wpt-assertion wpt-iff-wpb)

lemma wpb-choice: wpb (z U y) = wpb z U wpb y
by (smt dual-inf dual-sup wpt-choice wpt-iff-wpb)

lemma wpb-dual-assumption: T € assumption — wpb (z " 0) = 1
by (smt assert-iff-assume dual-dual dual-one wpt-dual-assertion wpt-iff-wpb)

lemma wpb-mono: ¢ < y = wpb x < wpb y
by (metis le-iff-sup wpb-choice)

lemma assumption-disjunctive: x € assumption =—> x € disjunctive
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by (smt assert-iff-assume assertion-conjunctive dual-comp dual-conjunctive dual-dual)

lemma assumption-conjunctive: x € assumption =—> = € conjunctive
by (smt assert-iff-assume assertion-disjunctive dual-comp dual-disjunctive dual-dual)

lemma wpb-le-assumption: © € assumption — z x y =y — z < wpb y
by (metis comp-assumption le-comp mult.right-neutral sup.commute sup-gel wpb-assumption wpb-comp-2 wpb-def
wpb-is-assumption)

definition dual-omega :: 'a = ‘a ((- ~ U) [81] 80)
where (z " U) = (((z " 0) "w) " o)

lemma dual-omega-fiz: "0 = (z * (z"0)) U 1
by (smt dual-comp dual-dual dual-omega-def dual-one dual-sup omega-fix)

lemma dual-omega-comp-fiz: "0 x y = (z * (z°0) x y) Uy
apply (subst dual-omega-fix)
by (simp add: sup-comp)

lemma dual-omega-greatest: z < (x *x z) Uy = 2z < (2"0) x y
by (smt dual-comp dual-dual dual-le dual-neg-top dual-omega-def dual-sup omega-least)

end
context post-mbt-algebra
begin

lemma post-antitone: x < y — post y < post x
proof
assume z < y
hence post y < post x ; y ; top M post y
by (metis inf-top-left post-1 inf-mono le-comp-left-right order-refl)
thus post y < post x
by (metis post-2 order-trans)
qed

lemma post-assumption-below-one: q¢ € assumption — post ¢ < post 1
by (metis post-antitone sup.commute sup-gel wpb-assumption wpb-def)

lemma post-assumption-above-one: q € assumption — post 1 < post (¢ ~ 0)
by (metis dual-le dual-one post-antitone sup.commute sup-gel wpb-assumption wpb-def)

lemma post-assumption-below-dual: q¢ € assumption — post ¢ < post (¢ " 0)
by (metis order-trans post-assumption-above-one post-assumption-below-one)

lemma assumption-assertion-absorb: q¢ € assumption — q ; (¢ "~ 0) = ¢
by (smt CollectE assumption-def assumption-prop bot-comp mult.left-neutral mult-assoc sup-comp)

lemma post-dual-below-post-one: q € assumption — post (¢ ~0) < post 1 ; q
proof

assume ¢ € assumption

hence post (¢ “0) < post 1 ; q; (¢ " 0); top M post (¢ ~ o)

by (metis assumption-assertion-absorb gt-one-comp inf-lel inf-top-left mult-assoc order-refl post-1 sup-uminus-assume

top-unique)

thus post (¢ “0) < post 1 ; q

by (metis post-2 order-trans)

qed

lemma post-below-post-one: q¢ € assumption — post ¢ < post 1 ; q
by (metis order-trans post-assumption-below-dual post-dual-below-post-one)

end
context complete-mbt-algebra
begin

lemma Inf-assumption[simp]: X C assumption = Inf X € assumption
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by (metis SUP-def Sup-assertion assert-iff-assume assumption-iff-assertion-subseteq dual-Inf dual-dual)
definition continuous ¢ «—— (VY . directed Y — z ; (SUP y:Y . y) = (SUP y:Y .z ; y))
definition Continuous = { = . continuous z }

lemma continuous-Continuous: continuous r «—— x € Continuous
by (simp add: Continuous-def)

— Theorem 53.1

lemma one-continuous: 1 € Continuous
by (simp add: Continuous-def continuous-def SUP-def image-def)

lemma continuous-dist-ascending-chain: © € Continuous A ascending-chain f — z ; (SUP n:nat . fn) = (SUP n:nat . z ;
fn)
proof
assume [: z € Continuous N ascending-chain f
hence directed (range f)
by (metis ascending-chain-directed)
hence z ; (SUP n:nat . fn) = (SUP y:range f . z ; y) using !
by (smt2 Sup.SUP-def Sup.SUP-identity-eq continuous-Continuous continuous-def)
thus z ; (SUP n:nat . fn) = (SUP n:nat . = ; fn)
by simp
qed

— Theorem 53.1

lemma assertion-continuous: © € assertion — ¢ € Conlinuous
proof
assume z € assertion
hence I1: z = (z ; top) M 1
by (metis assertion-prop)
have VY . directed Y — z ; (SUP y:Y . y) = (SUP y:Y .z ; y)
proof (rule,rule)
fix Y
assume directed Y
have z ; (SUP y:Y . y) = (z ; top) M (SUP y:Y . y) using 1
by (smt inf-comp mult.assoc mult.left-neutral top-comp)
also have ... = (SUP y:Y . (z ; top) M y)
by (smt inf-SUP SUP-cong)
finally show z ; (SUP y:Y . y) = (SUP y:Y . z ; y) using 1
by (smt inf-comp mult.left-neutral mult.assoc top-comp SUP-cong)
qed
thus z € Continuous
by (simp add: continuous-def Continuous-def)
qed

— Theorem 53.1

lemma assumption-continuous: T € assumption — x € Continuous
proof
assume z € assumption
hence 1: z = (z ; bot) U 1
by (metis assumption-prop)
have VY . directed Y — =z ; (SUP y:Y . y) = (SUP y:Y .z ; y)
proof (rule,rule)
fix Y
assume 2: directed Y
have z ; (SUP y:Y . y) = (z ; bot) U (SUP y:Y . y) using 1
by (smt sup-comp mult.assoc mult.left-neutral bot-comp)
also have ... = (SUP y:Y . (z ; bot) U y) using 2
by (smt sup-SUP SUP-cong directed-def )
finally show z ; (SUP y:Y . y) = (SUP y:Y . z ; y) using 1
by (smt sup-comp mult.left-neutral mult.assoc bot-comp SUP-cong)
qed
thus z € Continuous
by (simp add: continuous-def Continuous-def)
qed
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— Theorem 53.1

lemma mult-continuous: x € Continuous A y € Continuous — x ; y € Continuous
proof
assume 1: z € Continuous N\ y € Continuous
have VY. directed Y — z ; y ; (SUP y:Y . y) = (SUP z2:Y .z ;y; 2)
proof (rule,rule)
fix Y
assume directed Y
hence z ; y ; (SUP w:Y . w) = (SUP z:Y .z ; (y ; z)) using I
by (metis Sup-image-eq continuous-Continuous continuous-def directed-left-mult image-ident image-image mult-assoc)
thusz ; y; (SUPy:Y . y) = (SUP z:Y .z ;y; 2)
by (smt SUP-cong mult.assoc)
qged
thus z ; y € Continuous
by (metis continuous-Continuous continuous-def)
qed

— Theorem 53.1

lemma sup-continuous: x € Continuous N\ y € Continuous — = U y € Continuous
by (smt SUP-cong SUP-sup-distrib continuous-Continuous continuous-def sup-comp)

— Theorem 53.1

lemma inf-continuous: x € Continuous N\ y € Continuous — x M y € Continuous
proof
assume 1: z € Continuous A y € Continuous
have VY. directed Y — (z M y) ; (SUP y:Y . y) = (SUP z:Y . (z M y) ; 2)
proof (rule,rule)
fix Y
assume 2: directed Y
have 3: (SUP w:Y . SUP z:Y . (z ; w) N (y; 2)) < (SUP z:Y . (z;2) N (y; 2))
apply (rule SUP-least)
apply (rule SUP-least)
proof —
fix w2
assume w € Y and z € Y
with 2 obtain v where /: veY Aw < v Az<w
by (metis directed-def)
hence z ; w M (y; 2) < (z;v) M (y;v)
by (metis inf-mono le-comp-left-right order-refl)
thus z ; wN (y; 2) < (SUP2z:Y . (z;2) N (y; 2)) using 4
by (smt SUP-upper imagel order-trans)
qed
have (SUP z:Y . (z;2) N (y; 2) < (SUPw:Y . SUP z2:Y . (z ; w) N (y ; 2))
apply (rule SUP-least)
apply (smt SUP-upper order-trans)
done
hence (SUP w:Y . SUP z:Y . (z ; w) M (y ; 2)) = (SUP z2:Y . (z M y) ; z) using 3
by (smt antisym SUP-cong inf-comp)
thus (z My); (SUPy:Y .y) = (SUP z:Y . (x M y); z) using 1 2
by (metis inf-comp continuous-Continuous continuous-def SUP-inf-distrib2)
qed
thus z N y € Continuous
by (metis continuous-Continuous continuous-def)
qed

— Theorem 53.1

lemma dual-star-continuous: ¢ € Continuous — = ~ ® € Continuous
proof
assume 1: z € Continuous
have VY. directed Y — (z " ®) ; (SUP y:Y . y) = (SUP z2:Y . (z " ®) ; 2)
proof (rule,rule)
fix YV
assume directed Y
hence directed (op ; (z " ®) ‘YY)
by (metis directed-left-mult)
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hence z ; (SUP y:Y . (z "®);y) = (SUP y:Y .z ; ((z " ®) ; y)) using !
by (metis continuous-Continuous continuous-def Sup-image-eq image-ident image-image)
also have ... = (SUP y:Y .z ; (z " ®) ; v)
by (metis mult-assoc)
also have ... < (SUP y:Y . (z " ®) ; y)
apply (rule SUP-least)
apply (metis SUP-upper dual-star-comp-fix order-trans sup-gel)
done
finally have z ; (SUP y:Y . (z " ®) ; y) U (SUP y:Y . y) < (SUP y:Y . (z " ®) ; y)
apply (rule sup-least)
apply (smt SUP-least SUP-upper dual-star-comp-fiz order-trans sup-ge2)
done
thus (z " ®); (SUP y:Y .y) = (SUP z:Y . (z " ®) ; 2)
by (smt SUP-least SUP-upper antisym dual-star-least le-comp)
qed
thus z ~ ® € Continuous
by (metis continuous-Continuous continuous-def)
qed

— Theorem 53.1

lemma omega-continuous: x € Continuous — = ~ w € Continuous
proof
assume 1: z € Continuous
have VY. directed Y — (z "w) ; (SUP y:Y . y) = (SUP 2:Y . (z "w) ; 2)
proof (rule,rule)
fix Y
assume 2: directed Y
hence directed (op ; (z " w) ‘YY)
by (metis directed-left-mult)
hence z ; (SUP y:Y . (z "w) ; y) = (SUP y:Y .z ; ((z "w) ; y)) using I
by (metis continuous-Continuous continuous-def Sup-image-eq image-ident image-image)
hence 3: z ; (SUP y:Y . (z "w) ; y) = (SUP y:Y .z ; (z "w) ; y)
by (simp add: mult-assoc)
have (SUP y:Y .z ;(z "w); y) N (SUP y:Y . y) = (SUP w:Y . SUP z:Y . (z ; (z "w) ; w) N 2)
using SUP-inf-distrib2 by blast
hence z ; (SUP y:Y . (z "w) ; y) N (SUP y:Y . y) = (SUP w:Y . SUP Y . (z ; (z "w) ; w) M z) using 3
by metis
also have ... < (SUP y:Y . (z "w) ; y)
apply (rule SUP-least)
apply (rule SUP-least)
proof —
fix w2
assume w € Y and z € Y
with 2 obtain v where 4: veY Aw < v Az<w
by (metis directed-def)
hencez ;2 "w;wnNz<z " w;wv
by (metis inf-mono le-comp-left-right order-refl omega-comp-fix)
thusz ;2 "w;wNz < (SUPy:Y .(z " w);y) using 4
by (smt SUP-upper imagel order-trans)
qged
finally show (z " w) ; (SUP y:Y . y) = (SUP 2:Y . (z "w) ; 2)
by (smt SUP-least SUP-upper antisym omega-least le-comp)
qged
thus z ~ w € Continuous
by (metis continuous-Continuous continuous-def)
qed

definition cocontinuous © «— (VY . codirected Y — z ; (INF y:Y . y) = (INF y:Y .z ; y))
definition Cocontinuous = { z . cocontinuous = }

lemma directed-dual: directed X «— codirected (dual © X)
by (simp add: directed-def codirected-def dual-le] THEN sym))

lemma dual-dual-image: dual ¢ dual * X = X
unfolding image-def
apply (auto intro: dual-dual)
done
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lemma continuous-dual: continuous x «—— cocontinuous (z ~ 0)
unfolding continuous-def cocontinuous-def
proof
assume 1: VY. directed Y — z ; (SUP y:Y . y) = (SUP y:Y .z ; y)
show VY. codirected Y — = "o ; (INF y:Y .y) = (INFy:Y .z "o ;y)
proof (rule,rule)
fix Y
assume codirected Y
hence z "o ; (INF y:Y . y) = (INF y:(dual ‘' Y) . (z ; y) ~ o) using I
by (metis dual-dual-image dual-SUP Inf-image-eq image-ident image-image dual-comp directed-dual)

also have ... = (INF y:(dual ‘' Y) .z "0 ;y "~ o)
by (metis dual-comp)
also have ... = (INF y:Y .z "o ; y)

by (metis dual-dual-image Inf-image-eq image-image)
finally show z "o ; (INF y:Y . y) = (INFy:Y .z "o ;y)
by metis
qged
next
assume 2: VY. codirected Y — x "o ; (INFy:Y . y) = (INFy:Y .z "0 y)
show VY. directed Y — z ; (SUP y:Y . y) = (SUP y:Y .z ; y)
proof (rule,rule)
fix Y
assume directed Y
hence z ; (SUP y:Y . y) = (SUP y:(dual ‘' Y) . (z "0 ;y) " o) using 2
by (metis dual-dual-image dual-INF Sup-image-eq image-ident image-image dual-comp dual-dual directed-dual)

also have ... = (SUP y:(dual ‘' Y) .z ;y " o)
by (metis dual-comp dual-dual)
also have ... = (SUP y:Y . z ; y)

by (metis dual-dual-image Sup-image-eq image-image)
finally show z ; (SUP y:Y . y) = (SUP y:Y .z ; y)
by metis
qged
qed

lemma cocontinuous-Cocontinuous: cocontinuous x «—— x € Cocontinuous
by (simp add: Cocontinuous-def)

— Theorem 53.1 and Theorem 53.2

lemma Continuous-dual: x € Continuous «—— = ~ o € Cocontinuous
by (metis cocontinuous-Cocontinuous continuous-Continuous continuous-dual)

— Theorem 53.2

lemma one-cocontinuous: 1 € Cocontinuous
by (smt Continuous-dual dual-one one-continuous)

lemma ascending-chain-dual: ascending-chain f «— descending-chain (dual o f)
by (metis ascending-chain-def descending-chain-def o-def dual-le)

lemma cocontinuous-dist-descending-chain: x € Cocontinuous A descending-chain f — z ; (INF n:nat . fn) = (INF n:nat
~x ;5 fn)
proof
assume z € Cocontinuous A descending-chain f
hence z “ 0 ; (SUP n:nat . (dual o f) n) = (SUP n:nat . z " o ; (dual o f) n)
by (smt Continuous-dual SUP-cong ascending-chain-dual continuous-dist-ascending-chain descending-chain-def dual-dual
o-def)
thus z ; (INF n:nat . fn) = (INF n:nat . z ; fn)
by (smt INF-cong dual-SUP dual-comp dual-dual o-def)
qed

— Theorem 53.2

lemma assertion-cocontinuous: ¢ € assertion — = € Cocontinuous
by (smt Continuous-dual assert-iff-assume assumption-continuous dual-dual)

— Theorem 53.2

lemma assumption-cocontinuous: x € assumption — x € Coconlinuous
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by (smt Continuous-dual assert-iff-assume assertion-continuous dual-dual)
— Theorem 53.2

lemma mult-cocontinuous: x € Cocontinuous N\ y € Cocontinuous — x ; y € Cocontinuous
by (smt Continuous-dual dual-comp dual-dual mult-continuous)

— Theorem 53.2

lemma sup-cocontinuous: x € Cocontinuous N y € Cocontinuous — z U y € Cocontinuous
by (smt Continuous-dual dual-sup dual-dual inf-continuous)

— Theorem 53.2

lemma inf-cocontinuous: x € Cocontinuous N y € Cocontinuous — x M y € Cocontinuous
by (smt Continuous-dual dual-inf dual-dual sup-continuous)

— Theorem 53.2

lemma dual-omega-cocontinuous: x € Cocontinuous — x =~ U € Cocontinuous
by (smt Continuous-dual dual-omega-def dual-dual omega-continuous)

— Theorem 53.2

lemma star-cocontinuous: x € Cocontinuous — x ~ * € Cocontinuous
by (smt Continuous-dual dual-star-def dual-dual dual-star-continuous)

lemma dual-omega-iterate: y € Cocontinuous — y ~ U % z = (INF n:nat . (Az .y * z U 2) " n) top)
apply rule
apply (rule antisym)
apply (rule INF-greatest)
apply simp
proof —
fix n
showy "U ;2 < (Az.y;2zU2) “n) top
apply (induct n)
apply (metis power-zero-id id-def top-greatest)
apply (smt dual-omega-comp-fix le-comp mult-assoc order-refl sup-mono power-succ-unfold-ext)
done
next
assume I: y € Cocontinuous
have 2: descending-chain (An . ((Az. y ; z U z) " n) top)
proof (subst descending-chain-def, rule)
fix n
show ((A\z. y ;2 U z) " Sucn) top < ((Az. y;zUz) " n)top
apply (induct n)
apply (metis power-zero-id id-def top-greatest)
apply (smt power-succ-unfold-ext sup-mono order-refl le-comp)
done
qed
have (INF n. (Az. y ; z U z) “n) top) < (INFn. (Az. y; z U 2z) " Suc n) top)
apply (rule INF-greatest)
unfolding power-succ-unfold-ext
apply (smt power-succ-unfold-ext INF-lower UNIV-I)
done
thus (INFn. (Az. y;z U z) “n)top) <y "~ U; 2z using I 2
by (smt INF-cong cocontinuous-dist-descending-chain power-succ-unfold-ext sup-INF sup-commute dual-omega-greatest)
qged

lemma dual-omega-iterate-one: y € Cocontinuous — y ~ U = (INF n:nat . (Azx .y x z U 1) " n) top)
by (metis dual-omega-iterate mult.right-neutral)

subclass ccpo
apply unfold-locales
apply (metis Sup-upper)
apply (metis Sup-least)
done

end
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class post-mbt-algebra-ext = post-mbt-algebra +
assumes post-sub-fusion: post 1 ; neg-assume q < post (neg-assume q " 0)

begin

lemma post-fusion: post (neg-assume q ~ 0) = post 1 ; neg-assume q
by (metis antisym post-dual-below-post-one neg-assumption post-sub-fusion)

lemma post-dual-post-one: q € assumption — post 1 ; ¢ < post (¢ " 0)
by (metis assumption-neg-assume post-sub-fusion)

end

instance MonoTran :: (complete-boolean-algebra) post-mbt-algebra-ext
proof
fix ¢::a MonoTran
show post 1 ; neg-assume q < post (neg-assume q * 0)
apply (simp add: neg-assume-def post-MonoTran-def dual-MonoTran-def times-MonoTran-def top-MonoTran-def
one-Mono Tran-def bot-Mono Tran-def inf-Mono Tran-def sup-Mono Tran-def less-eq-Mono Tran-def Abs-Mono Tran-inverse)
apply (simp add: dual-fun-def le-fun-def post-fun-def)
apply (smt inf-compl-bot inf-top-right sup-bot-right sup-commute sup-ge2 sup-inf-distrib1 top-le)
done
qed

class complete-mbt-algebra-ext = complete-mbt-algebra + post-mbt-algebra-ext
instance MonoTran :: (complete-boolean-algebra) complete-mbt-algebra-ext ..

end
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40 MonotonicBooleanTransformersInstances

theory MonotonicBoolean TransformersInstances
imports MonotonicBoolean Transformers PrePostModal GeneralRefinementAlgebra
begin

sublocale mbt-algebra < mbta!: bounded-idempotent-left-semiring where plus = sup and zero = bot and T = top
apply unfold-locales
apply (metis sup-assoc)
apply (metis sup-commute)
apply (metis sup-idem)
apply (metis le-iff-sup)
apply (metis less-le-not-le)
apply (metis sup-bot-left)
apply (metis le-comp le-supl sup-gel sup-ge2)
apply (metis sup-comp)
apply (metis bot-comp)
apply (metis mult.left-neutral)
apply (metis mult-1-right order-refl)
(metis mult.assoc order-refl)
apply (metis sup-top-right)
apply (metis mult.assoc)
apply (metis mult.right-neutral)
done

sublocale mbt-algebra < mbta-dual!: bounded-idempotent-left-semiring where less = greater and less-eq = greater-eq and
plus = inf and zero = top and T = bot
apply unfold-locales
apply (metis inf-assoc)
apply (metis inf-commute)
(metis inf-idem)
apply (metis inf.commute le-iff-inf)
(metis less-le-not-le)
apply (metis inf-top-left)
apply (metis le-comp le-infI inf-lel inf-le2)
(metis inf-comp)
apply (metis top-comp)
apply (metis mult.left-neutral)
apply (metis mult.right-neutral order-refl)
apply (metis mult.assoc order-refl)
(metis inf-bot-right)

sublocale mbt-algebra < mbta!: bounded-general-refinement-algebra where plus = sup and star = dual-star and zero = bot
and Omega = dual-omega and T = top

apply unfold-locales

apply (metis dual-star-fiz eq-refl sup.commute)

apply (metis dual-star-least sup.commute)

apply (metis dual-omega-fix eg-refl sup.commute)

apply (metis dual-omega-greatest sup.commute)

done

sublocale mbt-algebra < mbta-dual!: bounded-general-refinement-algebra where less = greater and less-eq = greater-eq and
plus = inf and zero = top and Omega = omega and T = bot

apply unfold-locales

apply (metis eq-refl inf.commute star-fiz)

apply (metis inf.commute star-greatest)

apply (metis eg-refl inf.commute omega-fix)

apply (metis inf.commute omega-least)

done

— Theorem 50.9(b)

sublocale mbt-algebra < mbta!: left-conway-semiring-L where circ = dual-star and plus = sup and zero = bot and L = bot
apply unfold-locales
apply (metis mbta.add-left-zero mbta.star-one mult.left-neutral)
apply (metis eg-refl mbta.add-right-zero)
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done
— Theorem 50.8(a)

sublocale mbt-algebra < mbta-dual!: left-conway-semiring-L where circ = omega and less = greater and less-eq = greater-eq
and plus = inf and zero = top and L = bot

apply unfold-locales

apply (metis bot-comp inf-bot-left mbta-dual. Omega-one)

apply (metis bot-least inf-bot-right)

done

— Theorem 50.8(b)

sublocale mbt-algebra < mbta-fix!: left-conway-semiring-L where circ = dual-omega and plus = sup and zero = bot and L
= top

apply unfold-locales

apply (metis mbta. Omega-one mbta.add-left-top mbta.top-left-zero)

apply (metis mbta.add-right-top top-greatest)

done

— Theorem 50.9(a)

sublocale mbt-algebra < mbta-fiz-dual!: left-conway-semiring-L where circ = star and less = greater and less-eq = greater-eq
and plus = inf and zero = top and L = top

apply unfold-locales

apply (metis inf-top-left mbta-dual.star-one mult.left-neutral)

apply (metis eq-refl inf-top-right)

done

sublocale mbt-algebra < mbta!l: left-kleene-conway-semiring where circ = dual-star and plus = sup and star = dual-star
and zero = bot ..

sublocale mbt-algebra < mbta-dual!: left-kleene-conway-semiring where circ = omega and less = greater and less-eq =
greater-eq and plus = inf and zero = top ..

sublocale mbt-algebra < mbta-fix!: left-kleene-conway-semiring where circ = dual-omega and plus = sup and star = dual-star
and zero = bot ..

sublocale mbt-algebra < mbta-fiz-dual!: left-kleene-conway-semiring where circ = star and less = greater and less-eq =
greater-eq and plus = inf and zero = top ..

sublocale mbt-algebra < mbta!: tests where plus = sup and uminus = neg-assert and zero = bot
apply unfold-locales
apply (metis mult.assoc)
apply (metis neg-assertion assertion-inf-comp-eq inf-commute)
apply (simp add: dual-inf dual-comp dual-sup inf-comp sup-comp neg-assert-def)
apply (metis inf-assoc dual-neg sup-bot-right sup-inf-distribl)
apply (metis comp-assertion neg-assertion uminus-uminus)
apply (rule the-equality| THEN sym])
apply (metis assertion-inf-comp-eq inf-uminus neg-assertion)
apply (metis bot-comp dual-top inf-bot-left neg-assert-def)
apply (metis dual-bot inf-top-left neg-assert-def top-comp)
apply (simp add: dual-inf dual-comp dual-sup inf-comp sup-comp neg-assert-def)
apply (metis inf-sup-distrib2)
apply (metis assertion-inf-comp-eq le-iff-inf neg-assertion)
apply (metis less-le-not-le)
done

e s e e s e T e e T o e

sublocale mbt-algebra < mbta-dual!: tests where less = greater and less-eq = greater-eq and plus = inf and wminus =
neg-assume and zero = top

apply unfold-locales

apply (metis mult.assoc)

apply (metis neg-assumption assumption-sup-comp-eq sup-commaute)

apply (simp add: dual-inf dual-comp dual-sup inf-comp sup-comp neg-assume-def)

apply (smt dual-comp dual-dual dual-inf dual-neg dual-top inf-sup-distrib1 inf-top-right sup.commute sup.left-commute)

apply (metis comp-assumption neg-assumption uminus-uminus-assume)

apply (rule the-equality| THEN sym])

apply (metis assumption-sup-comp-eq inf-uminus-assume neg-assumption)

apply (metis top-comp dual-bot sup-top-left neg-assume-def)



266 40  MonotonicBoolean TransformersInstances

apply (metis dual-top sup-bot-left neg-assume-def bot-comp)

apply (simp add: dual-inf dual-comp dual-sup inf-comp sup-comp neg-assume-def)
apply (metis sup-inf-distrib2)

apply (metis assumption-sup-comp-eq le-iff-sup neg-assumption sup.commute)
apply (metis less-le-not-le)

done

— Theorem 51.2

sublocale mbt-algebra < mbta!: bounded-relative-antidomain-semiring where d = Az . (z * top) M 1 and plus = sup and
uminus = neg-assert and zero = bot and T = top and Z = bot

apply unfold-locales

apply (simp-all add: dual-inf dual-comp dual-sup inf-comp sup-comp neg-assert-def)

apply (metis dual-neg eq-refl inf.commute inf-mono mbta.top-right-mult-increasing)

apply (metis mbta.add-left-zero mbta.mult-right-dist-add mult.assoc mult.left-neutral sup.commute)

apply (metis dual-neg inf.commute inf.left-commute inf-bot-left)

apply (metis inf.commute inf-sup-distrib1)

apply (metis inf.assoc)

done

— Theorem 51.1

sublocale mbt-algebra < mbta-dual!: bounded-relative-antidomain-semiring where d = Az . (z * bot) U I and less = greater
and less-eq = greater-eq and plus = inf and uminus = neg-assume and zero = top and T = bot and Z = top

apply unfold-locales

apply (simp-all add: dual-inf dual-comp dual-sup inf-comp sup-comp neg-assume-def)

apply (metis dual-dual dual-neg-top mbta.add-isotone mbta.zero-right-mult-decreasing mbta-dual.order-refl sup.commute)

apply (smt bot-comp dual-bot dual-comp dual-one dual-sup mbta.add-right-zero mbta.mult-right-dist-add mult.assoc

mult.left-neutral)

apply (metis dual-dual dual-neg-top mbta.add-right-top sup.commute sup.left-commute)

apply (metis sup.commute sup-inf-distrib1)

apply (smt sup.assoc)

done

sublocale mbt-algebra < mbta!l: relative-domain-semiring-split where d = Az . (z * top) M 1 and plus = sup and zero =
bot and Z = bot

apply unfold-locales

apply (metis eg-refl mbta.add-right-zero)

done

sublocale mbt-algebra < mbta-dual!: relative-domain-semiring-split where d = Az . (z % bot) U I and less = greater and
less-eq = greater-eq and plus = inf and zero = top and Z = top

apply unfold-locales

apply (metis eq-refl inf-top-right)

done

sublocale mbt-algebra < mbta!: diamond-while where box = Az y . neg-assert (¢ % neg-assert y) and circ = dual-star and
d =Xz . (z*top) M1 and diamond = Az y . (z * y x top) M 1 and ite = Az p y . (p * x) U (neg-assert p * y) and plus =
sup and pre = Az y . wpt (z * y) and uminus = neg-assert and while = Ap z . ((p * ) "~ ®) * neg-assert p and zero = bot
and T = top and Z = bot

apply unfold-locales

apply simp-all

apply (metis wpt-def)

done

sublocale mbt-algebra < mbta-dual!: boz-while where box = Az y . neg-assume (z * neg-assume y) and circ = omega and
d =Xz . (z*bot) U I and diamond = Az y . (z *x y * bot) U I and ite = Az p y . (p * z) M (neg-assume p * y) and less =
greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z "~ o ; y) and uminus = neg-assume and while =
Apz. ((p*z) " w)* neg-assume p and zero = top and T = bot and Z = top

apply unfold-locales

apply simp-all

apply (metis bot-comp dual-comp dual-dual dual-top mbta.add-left-zero mbta.mult-right-dist-add mult.assoc mult.left-neutral
neg-assume-def sup.commute wpb-def)

done

sublocale mbt-algebra < mbta-fix!: diamond-while where box = Az y . neg-assert (x * meg-assert y) and circ = dual-omega
and d = Az . (z % top) M 1 and diamond = Az y . (z * y * top) M I and ite = Az p y . (p * ) U (neg-assert p x y) and
plus = sup and pre = Az y . wpt (z * y) and uminus = neg-assert and while = Ap z . ((p * ) ~ U) * neg-assert p and zero
= bot and T = top and Z = bot



40 MonotonicBoolean Transformersinstances 267

apply unfold-locales
apply simp-all
done

sublocale mbt-algebra < mbta-fiz-dual!: boz-while where box = Az y . neg-assume (z * neg-assume y) and circ = star and
d =Xz . (z*bot) U I and diamond = Az y . (z *x y * bot) U I and ite = Az p y . (p * z) M (neg-assume p * y) and less =
greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z "~ o ; y) and uminus = neg-assume and while =
Apz. ((p*xz) " %) * neg-assume p and zero = top and T = bot and Z = top

apply unfold-locales

apply simp-all

done

sublocale mbt-algebra < mbta-pre!: boz-while where box = Az y . neg-assert (z x neg-assert y) and circ = dual-star and d
=Xz . (z % top) M 1 and diamond = Az y . (z * y *x top) M 1 and ite = Az py . (p * ) U (neg-assert p *x y) and plus =
sup and pre = Az y . wpt (z " o * y) and uminus = neg-assert and while = Ap z . ((p * ) ~ ®) * neg-assert p and zero =
bot and T = top and Z = bot

apply unfold-locales

apply simp-all

apply (smt dual-bot dual-comp dual-dual dual-inf mbta.add-left-zero mbta.mult-associative mbta.mult-right-dist-add

mbta-dual.Z-top mult.left-neutral neg-assert-def sup.commute wpt-def)

done

sublocale mbt-algebra < mbta-pre-dual!: diamond-while where box = Az y . neg-assume (z * neg-assume y) and circ =
omega and d = Az . (z * bot) U I and diamond = Az y . (z * y = bot) U I and ite = Az p y . (p * z) M (neg-assume p *
y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z ; y) and uminus = neg-assume and
while = Ap z . ((p * ) "~ w) * neg-assume p and zero = top and T = bot and Z = top

apply unfold-locales

apply simp-all

apply (metis wpb-def)

done

sublocale mbt-algebra < mbta-pre-fiz!: boz-while where box = Az y . neg-assert (z * neg-assert y) and circ = dual-omega
and d = Az . (z * top) M 1 and diamond = Az y . (z x y * top) M 1 and ite = Az p y . (p * =) U (neg-assert p * y) and
plus = sup and pre = Az y . wpt (z "~ o * y) and uminus = neg-assert and while = Ap = . ((p * ) ~ U) * neg-assert p and
zero = bot and T = top and Z = bot

apply unfold-locales

apply simp-all

done

sublocale mbt-algebra < mbta-pre-fiz-dual!: diamond-while where box = Az y . neg-assume (z * neg-assume y) and circ =
star and d = Az . (z * bot) U 1 and diamond = Az y . (z * y * bot) U 1 and ite = Az p y . (p * z) M (neg-assume p * y)
and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z ; y) and uminus = neg-assume and
while = Ap z . ((p * ) " *) * neg-assume p and zero = top and T = bot and Z = top

apply unfold-locales

apply simp-all

done

sublocale post-mbt-algebra < mbta!: pre-post-spec-Hd where bor = Az y . neg-assert (z * neg-assert y) and d = Az . (z *
top) M 1 and diamond = Az y . (z * y * top) M I and plus = sup and pre = Az y . wpt (z * y) and pre-post = Ap ¢ . p *
post ¢ and uminus = neg-assert and zero = bot and Hd = post 1 and T = top and Z = bot
apply unfold-locales
apply (metis mult.assoc mult.left-neutral post-1)
apply (metis inf.commute inf-top-right mult.assoc mult.left-neutral post-2)
apply (metis neg-assertion assertion-disjunctive disjunctiveD)
apply rule
defer
apply (smt mbta.a-d-closed post-1 mult-assoc mbta.diamond-left-isotone wpt-def)
apply (metis inf.commute inf-comp inf-top-left mult.assoc mult.left-neutral)
proof —
fix pzg
let ?pt = neg-assert p
let ?qt = neg-assert q
assume ?pt < wpt (z ; ?qt)
hence ?pt ; post gt < x ; ?qt ; top ; post ?qt M post ?qt
by (metis mbta.mult-left-isotone wpt-def inf-comp mult.left-neutral)
thus ?pt ; post %qt < z
by (smt mbta.top-left-zero mult.assoc post-2 order-trans)
qed
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sublocale post-mbt-algebra < mbta-dual!: pre-post-spec-H where box = Az y . neg-assume (z * neg-assume y) and d = Az .
(z % bot) U 1 and diamond = Az y . (z * y * bot) U I and less = greater and less-eq = greater-eq and plus = inf and pre
=Xzy.wpb (z "o ;y) and pre-post = Ap ¢ . (p "~ 0) * post (¢ ~ o) and uminus = neg-assume and zero = top and H =
post 1 and T = bot and Z = top
apply unfold-locales
prefer 2
apply (metis mbta.mult-right-one post-1)
proof
fix prgqg
let ?pt = neg-assume p
let ?gt = neg-assume q
assume wpb (z "o ; ?qt) < Ppt
hence ?pt " 0 ; post (2qt ~ 0) < (z ; (?qt " 0) ; top M 1) ; post (?qt ~ o)
by (smt wpb-def dual-le dual-comp dual-dual dual-one dual-sup dual-top mbta.mult-left-isotone)
thus pt ~ o ; post (9qt " 0) <z
by (smt inf-comp mult-assoc top-comp mult.left-neutral post-2 order-trans)
next
fix pzgq
let ?pt = neg-assume p
let ?qt = neg-assume q
assume I: ?pt "o ; post (?qt " o) <z
have ?pt “ 0 = %pt "o ; post (?qt ~0); (?qt "~ 0) ; top M 1
by (metis assert-iff-assume assertion-prop dual-dual mult-assoc neg-assumption post-1)
thus wpb (z “ 0 ; ?qt) < ?pt using 1
by (smt dual-comp dual-dual dual-le dual-one dual-sup dual-top wpb-def mbta.diamond-left-isotone)
next
fix z q
let ?gt = neg-assume q
have z ; ?qt ; bot M (post 1 ; neg-assume ?qt) = (z ; neg-assume ?qt " o ; top M post 1) ; neg-assume ?qt
by (smt inf-comp mbta.add-right-zero mbta.mult-left-one mbta.mult-right-dist-add mbta-dual.d-def mult-assoc
neg-assume-def top-comp)
also have ... < z ; neg-assume ?qt " o
by (smt assumption-assertion-absorb dual-comp dual-dual mbta.mult-left-isotone mult.right-neutral mult-assoc
neg-assumption post-2)
also have ... < z
by (metis dual-comp dual-dual dual-le mbta.mult-left-sub-dist-add-left mult.right-neutral neg-assume-def sup.commute)
finally show z ; ¢t ; bot M (post 1 ; neg-assume ?qt) < x
by metis
qged

sublocale post-mbt-algebra < mbta-pre!: pre-post-spec-H where boxr = Az y . neg-assert (z * neg-assert y) and d = Az . (z
* top) M 1 and diamond = Az y . (z * y * top) M 1 and plus = sup and pre = Az y . wpt (z ~ o * y) and pre-post = A\p ¢
.p "o x (post ¢ " o) and uminus = neg-assert and zero = bot and H = post 1 "o and T = top and Z = bot
apply unfold-locales
prefer 2
apply (metis dual-comp dual-top mbta.Hd-total)
proof
fix pzgq
let ?pt=neg-assert p
let ?qt=neg-assert q
assume ?pt < wpt (z "o ; ?qt)
hence ?pt ; post ?2qt < (z "o ; ?qt ; top M 1) ; post ?qt
by (metis wpt-def mbta.mult-left-isotone)
also have ... <z "o
by (smt inf-comp mult.left-neutral mult-assoc post-2 top-comp)
finally show z < ?pt ~ o ; (post ?qt ~ o)
by (metis dual-le dual-comp dual-dual)
next
fix pzrg
let ?pt=neg-assert p
let ?qt=neg-assert q
assume z < ?pt "o ; (post ?qt " o)
hence z ; ?qt "o ; bot U 1 < (9pt ; post ?qt ; 2qt ; top T 1) "o
by (smt dual-comp dual-inf dual-one dual-top mbta.add-left-isotone mbta.mult-left-isotone)
also have ... = %pt "o
by (metis post-1 mult-assoc assertion-prop neg-assertion)
finally show ?pt < wpt (z " o ; ?qt)
by (smt dual-comp dual-dual dual-le dual-neg-top dual-one dual-sup dual-top wpt-def)
next
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fix z ¢
let ?qt=neg-assert q
have z "0 ; gt " 0 ; bot M (post 1 ; neg-assert ?qt ~ o) < x " o ; neg-assert ?qt ; neg-assert ?qt ~ o
by (smt bot-comp inf.commute inf-comp inf-top-left mbta.mult-left-isotone mult.left-neutral mult-assoc neg-assert-def
post-2)
also have ... <z "o
by (smt assert-iff-assume assumption-assertion-absorb dual-comp dual-dual le-comp mbta.a-below-one mbta.mult-right-one
mult-assoc neg-assertion)
finally show =z < z ; %qt ; top U post 1 ~ o ; neg-assert ?qt
by (smt dual-comp dual-dual dual-inf dual-le dual-top)
qed

sublocale post-mbt-algebra < mbta-pre-dual!: pre-post-spec-Hd where box = Az y . neg-assume (z * neg-assume y) and d =
Az . (z % bot) U I and diamond = Az y . (z * y * bot) LI I and less = greater and less-eq = greater-eq and plus = inf and
pre = Az y . wpb (z ; y) and pre-post = Ap q . p x (post (¢ " 0) " o) and uminus = neg-assume and zero = top and Hd =
post 1 o and T = bot and Z = top
apply unfold-locales
apply (metis mbta-pre. H-zero)
apply (metis mbta-pre. H-greatest-finite)
apply (metis neg-assumption assumption-conjunctive conjunctiveD)
apply rule
defer
apply (smt dual-comp dual-dual dual-top mbta-dual.a-d-closed mbta-dual.diamond-left-isotone mult-assoc post-1 wpb-def)
apply (metis bot-comp mbta.add-right-zero mbta.mult-right-dist-add mult.assoc mult.left-neutral)
proof —
fix pzrgqg
let ?pt=neg-assume p
let ?qt=neg-assume q
assume wpb (z ; ?qt) < ?pt
hence ?pt “ o ; post (gt “0) < (z "o; gt "o ; top 11 1) ; post (?qt " o)
by (smt dual-comp dual-dual dual-le dual-one dual-sup dual-top le-comp-right wpb-def)
also have ... < z "o
by (smt inf-comp mult.left-neutral mult-assoc post-2 top-comp)
finally show z < ?pt ; post (?qt " 0) "o
by (smt dual-comp dual-dual dual-le)
ged

sublocale post-mbt-algebra < mbta-dual!: pre-post-spec-whiledo where ite = Az p y . (p * =) M (neg-assume p * y) and less
= greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z " 0 ; y) and pre-post = Ap ¢ . (p " 0) * post (q
" 0) and uminus = neg-assume and while = Ap x . ((p * ) " w) * neg-assume p and zero = top and T = bot ..

sublocale post-mbt-algebra < mbta-fiz-duall: pre-post-spec-whiledo where ite = Az p y . (p * z) I (neg-assume p * y) and
less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z "o ; y) and pre-post = Ap q . (p " 0) * post
(¢ " o) and uminus = neg-assume and while = Ap = . ((p * =) " *) * neg-assume p and zero = top and T = bot ..

sublocale post-mbt-algebra < mbta-pre!l: pre-post-spec-whiledo where ite = Az p y . (p * z) U (neg-assert p * y) and plus =
sup and pre = Az y . wpt (z "o * y) and pre-post = Ap ¢ . p " o * (post ¢ ~ 0) and uminus = neg-assert and while = Ap
. ((p x z) ~ ®) * neg-assert p and zero = bot and T = top ..

sublocale post-mbt-algebra < mbta-pre-fix!: pre-post-spec-whiledo where ite = Az p y . (p * =) U (neg-assert p * y) and plus
= sup and pre = Az y . wpt (z "o * y) and pre-post = Ap ¢ . p "o * (post ¢ " o) and uminus = neg-assert and while =
Apz . ((pxz) " U) * neg-assert p and zero = bot and T = top ..

sublocale post-mbt-algebra < mbta-duall: pre-post-L where box = Az y . neg-assume (z * neg-assume y) and circ = omega
and d = Az . (z * bot) U I and diamond = Az y . (x x y * bot) U I and ite = Az p y . (p * z) M (neg-assume p * y) and
less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z "o ; y) and pre-post = Ap ¢ . (p " 0) * post
(¢ " o) and uminus = neg-assume and while = Ap z . ((p * ) "~ w) * neg-assume p and zero = top and L = bot and T =
bot and Z = top

apply unfold-locales

apply (metis bot-least inf-bot-left)

done

sublocale post-mbt-algebra < mbta-fiz-dual!: pre-post-L where box = Az y . neg-assume (z * neg-assume y) and circ = star
and d = Az . (z * bot) U I and diamond = Az y . (x x y * bot) U I and ite = Az p y . (p * z) M (neg-assume p * y) and
less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z "0 ; y) and pre-post = Ap ¢ . (p " 0) * post
(¢ " o) and uminus = neg-assume and while = Ap x . ((p * ) " *) * neg-assume p and zero = top and L = top and T =
bot and Z = top

apply unfold-locales

apply (metis eq-refl inf-top-left)
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done

sublocale post-mbt-algebra < mbta-pre!: pre-post-L where box = Az y . neg-assert (z * neg-assert y) and circ = dual-star
and d = Az . (z * top) M 1 and diamond = Az y . (z * y * top) M 1 and ite = Az py . (p * ) U (neg-assert p x y) and
plus = sup and pre = Az y . wpt (z "o * y) and pre-post = Ap ¢ . p " o0 * (post ¢ " o) and star = dual-star and uminus =
neg-assert and while = Ap z . ((p * ) * ®) * neg-assert p and zero = bot and L = bot and T = top and Z = bot

apply unfold-locales

apply (metis mbta.add-right-upper-bound)

done

sublocale post-mbt-algebra < mbta-pre-fix!: pre-post-L where box = Az y . neg-assert (z * neg-assert y) and circ = dual-omega
and d = Az . (z * top) M 1 and diamond = Az y . (z x y = top) M 1 and ite = Az p y . (p * z) U (neg-assert p * y) and
plus = sup and pre = Az y . wpt (z "o * y) and pre-post = Ap q . p "0 * (post ¢ ~ o) and star = dual-star and uminus =
neg-assert and while = Ap z . ((p * z) ~ U) * neg-assert p and zero = bot and L = top and T = top and Z = bot

apply unfold-locales

apply (metis mbta.add-left-top top-greatest)

done

sublocale complete-mbt-algebra < mbta!: complete-tests where plus = sup and uminus = neg-assert and zero = bot
apply unfold-locales
apply (smt mbta.test-set-def neg-assertion subset-eq Sup-assertion assertion-neg-assert)
apply (metis Sup-upper)
apply (metis Sup-least)
done

sublocale complete-mbt-algebra < mbta-dual!: complete-tests where less = greater and less-eq = greater-eq and plus = inf
and uminus = neg-assume and zero = top and Inf = Sup and Sup = Inf

apply unfold-locales

apply (smt mbta-dual.test-set-def neg-assumption subset-eq Inf-assumption assumption-neg-assume)

apply (metis Inf-lower)

apply (metis Inf-greatest)

done

sublocale complete-mbt-algebra < mbta!: complete-antidomain-semiring where d = Az . (z * top) M 1 and plus = sup and
uminus = neg-assert and zero = bot and Z = bot

apply unfold-locales

apply rule

unfolding mbta.Sum-def mbta.Prod-def neg-assert-def dual-Inf dual-Sup INF-def SUP-def Inf-comp Sup-comp

unfolding inf-commute

apply (subst inf-Inf)

apply (metis (mono-tags) empty-Collect-eq image-is-empty)

apply (rule arg-cong[where f=Inf])

apply auto

unfolding inf-Sup SUP-def

apply (rule arg-cong[where f=Sup])

apply auto

apply (smt2 comp-apply image-eql mem-Collect-eq)

done

sublocale complete-mbt-algebra < mbta-duall: complete-antidomain-semiring where d = Az . (z * bot) U I and less = greater
and less-eq = greater-eq and plus = inf and uminus = neg-assume and zero = top and Inf = Sup and Sup = Inf and Z
= top

apply unfold-locales

apply rule

unfolding mbta-dual.Sum-def mbta-dual. Prod-def neg-assume-def dual-Inf dual-Sup INF-def SUP-def Inf-comp Sup-comp

unfolding sup-commute

apply (subst sup-Sup)

apply (metis (mono-tags) empty-Collect-eq image-is-empty)

apply (rule arg-cong[where f=Sup))

apply auto

unfolding sup-Inf INF-def

apply (rule arg-cong[where f=Inf])

apply auto

apply (smt2 comp-apply image-eql mem-Collect-eq)

done

sublocale complete-mbt-algebra < mbta!: diamond-while-program where box = Az y . neg-assert (z x neg-assert y) and circ
= dual-star and d = Az . (z * top) M 1 and diamond = Az y . (z * y = top) M 1 and ite = Az p y . (p * z) U (neg-assert p
x y) and plus = sup and pre = Az y . wpt (z * y) and uminus = neg-assert and while = Ap z . ((p * ©) ~ ®) * neg-assert
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p and zero = bot and Atomic-program = Continuous and Atomic-test = assertion and T = top and Z = bot
apply unfold-locales
apply (metis one-continuous)
apply simp-all
done

sublocale complete-mbt-algebra < mbta-dual!: box-while-program where box = Az y . neg-assume (z * neg-assume y) and
circ = omega and d = Az . (z * bot) U I and diamond = Az y . (z * y = bot) U I and ite = Az p y . (p * =) M (neg-assume p
x y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z " 0 ; y) and uminus = neg-assume
and while = Ap z . ((p * z) " w) * neg-assume p and zero = top and Atomic-program = Continuous and Atomic-test =
assumption and T = bot and Z = top

apply unfold-locales

apply (metis one-continuous)

apply simp-all

done

sublocale complete-mbt-algebra < mbta-fix!: diamond-while-program where box = Az y . neg-assert (z x neg-assert y) and
cire = dual-omega and d = Az . (z * top) T 1 and diamond = Az y . (z % y * top) 1 1 and ite = Az py . (p x z) U
(neg-assert p x y) and plus = sup and pre = Az y . wpt (z * y) and uminus = neg-assert and while = Ap z . ((p *x z) "~ U)
x neg-assert p and zero = bot and Atomic-program = Cocontinuous and Atomic-test = assertion and T = top and Z = bot

apply unfold-locales

apply (metis one-cocontinuous)

apply simp-all

done

sublocale complete-mbt-algebra < mbta-fir-dual!: boz-while-program where box = Az y . neg-assume (z * neg-assume y) and
cire = star and d = Az . (z * bot) U I and diamond = Az y . (z x y * bot) U I and ite = Az py . (p * ) M (neg-assume p
x y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z " o ; y) and uminus = neg-assume
and while = Ap z . ((p * ) " *) * neg-assume p and zero = top and Atomic-program = Cocontinuous and Atomic-test =
assumption and T = bot and Z = top

apply unfold-locales

apply (metis one-cocontinuous)

apply simp-all

done

sublocale complete-mbt-algebra < mbta-pre!: boz-while-program where box = Az y . neg-assert (z * neg-assert y) and circ =
dual-star and d = Az . (z * top) M 1 and diamond = Az y . (z * y * top) M 1 and ite = Az p y . (p * ) U (neg-assert p
y) and plus = sup and pre = Az y . wpt (z " o * y) and uminus = neg-assert and while = Ap z . ((p * ) ~ ®) * neg-assert
p and zero = bot and Atomic-program = Continuous and Atomic-test = assertion and T = top and Z = bot ..

sublocale complete-mbt-algebra < mbta-pre-dual!: diamond-while-program where box = Az y . neg-assume (z * neg-assume
y) and circ = omega and d = Az . (z * bot) U 1 and diamond = Az y . (z x y = bot) U 1 and ite = Az py . (p *x ) M
(neg-assume p * y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z ; y) and uminus
= neg-assume and while = Ap z . ((p * =) ~ w) * neg-assume p and zero = top and Atomic-program = Continuous and
Atomic-test = assumption and T = bot and Z = top ..

sublocale complete-mbt-algebra < mbta-pre-fix!: boz-while-program where box = Az y . neg-assert (z * neg-assert y) and circ
= dual-omega and d = Az . (z * top) M 1 and diamond = Az y . (z *x y *x top) M 1 and ite = Az p y . (p * ) U (neg-assert
p * y) and plus = sup and pre = Az y . wpt (z ~ o * y) and uminus = neg-assert and while = Ap z . ((p * z) ~ U) %
neg-assert p and zero = bot and Atomic-program = Cocontinuous and Atomic-test = assertion and T = top and Z = bot ..

sublocale complete-mbt-algebra < mbta-pre-fiz-duall: diamond-while-program where box = Az y . neg-assume (z * neg-assume
y) and circ = star and d = Az . (z * bot) U I and diamond = Az y . (z * y * bot) U  and ite = Az py . (p * z) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z ; y) and uminus
= neg-assume and while = Ap z . ((p * =) " *) * neg-assume p and zero = top and Atomic-program = Cocontinuous and
Atomic-test = assumption and T = bot and Z = top ..

— Theorem 52

sublocale complete-mbt-algebra < mbta!: diamond-hoare-sound where box = Az y . neg-assert (z * neg-assert y) and circ =
dual-star and d = Az . (z % top) M 1 and diamond = Az y . (z * y * top) M 1 and ite = Az p y . (p * ) U (neg-assert p *
y) and plus = sup and pre = Az y . wpt (z * y) and star = dual-star and uminus = neg-assert and while = Ap z . ((p *
z) "~ ®) * neg-assert p and zero = bot and Atomic-program = Continuous and Atomic-test = assertion and T = top and
Z = bot

apply unfold-locales

apply (metis bot-comp bot-least mbta.aL-one-circ mbta.d-Z mbta.one-circ-L)

done

— Theorem 52
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sublocale complete-mbt-algebra < mbta-dual!: box-hoare-sound where box = Az y . neg-assume (z * neg-assume y) and circ
= omega and d = Az . (z * bot) U 1 and diamond = Az y . (x *x y * bot) U 1 and ite = Az p y . (p * z) M (neg-assume p *
y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z " o ; y) and uminus = neg-assume
and while = Ap z . ((p * ) " w) * neg-assume p and zero = top and Atomic-program = Continuous and Atomic-test =
assumption and Inf = Sup and Sup = Inf and T = bot and Z = top

apply unfold-locales

apply (metis bot-comp mbta.top-left-zero mbta-dual. Omega-one mbta-dual.aL-one-circ mbta-dual.a-T top-greatest)

done

— Theorem 52

sublocale complete-mbt-algebra < mbta-fix!: diamond-hoare-sound-2 where box = Az y . neg-assert (z x neg-assert y) and
circ = dual-omega and d = Az . (z * top) M 1 and diamond = Az y . (z * y % top) M 1 and ite = Az py . (p *x z) U
(neg-assert p * y) and plus = sup and pre = Az y . wpt (z * y) and star = dual-star and uminus = neg-assert and while =
Apz . ((p*x) " U) * neg-assert p and zero = bot and Atomic-program = Cocontinuous and Atomic-test = assertion and
T = top and Z = bot
apply unfold-locales
proof
fixpqgrz
let ?pt = neg-assert p
let ?qt = neg-assert q
assume neg-assert ?pt ; %qt < x ; ?qt ; top M 1
hence %qt ; top <z ~ U ; ?pt ; top
by (smt mbta.Omega-induct mbta.d-def mbta.d-mult-top mbta.mult-left-isotone mbta.shunting-T-1 mult.assoc)
thus mbta-fiz.al ; 2gt <z ~U; ?pt; top N 1
by (smt inf.commute inf-top-left  mbta.Omega-one  mbta.d-T  mbta-dual. Omega.circ-isotone
mbta-dual. Omega.mult-top-circ-1 mbta-dual.Z-top mbta-dual.mult-L-circ-mult mbta-fiz.aL-one-circ mult.assoc mult.left-neutral
neg-assert-def )
ged

— Theorem 52

sublocale complete-mbt-algebra < mbta-fiz-dual!: boz-hoare-sound where box = Az y . neg-assume (z * neg-assume y) and
circ = star and d = Az . (z * bot) Ll 1 and diamond = Az y . (z x y * bot) U 1 and ite = Az p y . (p * ) M (neg-assume p
x y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z " 0 ; y) and uminus = neg-assume
and while = Ap z . ((p * ) " *) * neg-assume p and zero = top and Atomic-program = Cocontinuous and Atomic-test =
assumption and Inf = Sup and Sup = Inf and T = bot and Z = top

apply unfold-locales

apply (metis eq-refl mbta-dual.a-Z mbta-fir-dual.aL-one-circ mbta-fiz-dual.one-circ-L mult.left-neutral)

done

— Theorem 52

sublocale complete-mbt-algebra < mbta-pre!: boz-hoare-sound where box = Az y . neg-assert (z * neg-assert y) and circ =
dual-star and d = Az . (z * top) M 1 and diamond = Az y . (x x y * top) M 1 and ite = Az p y . (p * z) U (neg-assert p
x y) and plus = sup and pre = Az y . wpt (z " o * y) and star = dual-star and uminus = neg-assert and while = Ap x .
((p * ) ~ ®) * neg-assert p and zero = bot and Atomic-program = Continuous and Atomic-test = assertion and T = top
and Z = bot

apply unfold-locales

apply (metis eq-refl mbta.a-Z mbta.one-circ-L mbta-pre.aL-one-circ mult.left-neutral)

done

— Theorem 52

sublocale complete-mbt-algebra < mbta-pre-dual!: diamond-hoare-sound-2 where box = Az y . neg-assume (z * neg-assume
y) and circ = omega and d = Az . (z * bot) U 1 and diamond = Az y . (z x y = bot) U 1 and ite = Az py . (p *x x) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z ; y) and uminus
= neg-assume and while = Ap z . ((p * =) ~ w) * neg-assume p and zero = top and Atomic-program = Continuous and
Atomic-test = assumption and Inf = Sup and Sup = Inf and T = bot and Z = top
apply unfold-locales
proof
fixpgqgz
let ?pt = neg-assume p
let %qt = neg-assume q
assume z ; ?qt ; bot L 1 < neg-assume ?pt ; ?qt
hence z ; ?qt ; bot M ?pt < 2qt
by (smt inf-commute inf-lel le-supE mbta-dual.a-compl-intro mbta-dual.add-right-isotone mbta-dual.d-def order-trans)
hence (z ; ?qt ; bot M ?pt) ; bot < 2qt ; bot
by (smt mbta.mult-left-isotone)
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hence z “w ; ?pt ; bot LI 1 < 2qt
by (smt bot-comp inf-comp mbta.add-left-isotone mbta-dual.a-d-closed mult-assoc omega-least)
thus z " w ; ?pt ; bot U 1 < mbta-pre-dual.aL ; ?qt
by (metis bot-comp mbta.add-right-zero mbta-dual. Omega-one mbta-pre-dual.aL-one-circ mult.left-neutral sup.commute)
qed

— Theorem 52

sublocale complete-mbt-algebra < mbta-pre-fiz!: boz-hoare-sound where box = Az y . neg-assert (z * neg-assert y) and circ
= dual-omega and d = Az . (z * top) M 1 and diamond = Az y . (z * y * top) M 1 and ite = Az p y . (p * z) U (neg-assert
p x y) and plus = sup and pre = Az y . wpt (z " o x y) and star = dual-star and uminus = neg-assert and while = A\p z
. ((p x z) " U) * neg-assert p and zero = bot and Atomic-program = Cocontinuous and Atomic-test = assertion and T =
top and Z = bot

apply unfold-locales

apply (metis bot-comp bot-least mbta.Omega-one mbta.a-T mbta-dual.Z-top mbta-pre-fiz.aL-one-circ)

done

— Theorem 52

sublocale complete-mbt-algebra < mbta-pre-fix-dual!: diamond-hoare-sound where box = Az y . neg-assume (z * neg-assume
y) and circ = star and d = Az . (z * bot) U I and diamond = Az y . (z * y = bot) U 1 and ite = Az py . (p *x z) N
(neg-assume p * y) and less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z ; y) and uminus
= neg-assume and while = Ap z . ((p * =) " x) * neg-assume p and zero = top and Atomic-program = Cocontinuous and
Atomic-test = assumption and Inf = Sup and Sup = Inf and T = bot and Z = top

apply unfold-locales

apply (metis mbta. T-left-zero mbta.add-left-top mbta-pre-fiz-dual.aL-one-circ mbta-fiz-dual.L-def top-greatest)

done

— Theorem 52

sublocale complete-mbt-algebra < mbta!: diamond-hoare-valid where box = Az y . neg-assert (z * neg-assert y) and circ =
dual-star and d = Az . (z * top) M 1 and diamond = Ax y . (z * y = top) M 1 and hoare-triple = Ap z q¢ . p < wpt(z * q)
and ite = Az py . (p * ) U (neg-assert p * y) and plus = sup and pre = Az y . wpt (z * y) and star = dual-star and
uminus = neg-assert and while = Ap z . ((p * £) "~ ®) * neg-assert p and zero = bot and Atomic-program = Continuous
and Atomic-test = assertion and T = top and Z = bot
apply unfold-locales
apply (metis mbta.aL-zero mbta.circ-circ-mult mbta.one-def mbta.star-involutive mbta.star-one order-refl)
apply (metis mbta.aL-one-circ mbta.d-Z mbta.one-cire-L)
defer
apply (metis wpt-def)
unfolding mbta.Sum-range SUP-def [THEN sym]
proof
fix x t
assume I: x € while-program. While-program op ; neg-assert Continuous assertion (Ap z . (p ; £) ~ ® ; neg-assert p) (Az
py.p;z U neg-assert p ; y) A ascending-chain t N tests.test-seq neg-assert t
have z € Continuous
apply (induct z rule: while-program. While-program.induct[where pre=\z y . wpt (z * y) and while= p z . ((p * z) ~
®) * neg-assert p])
apply unfold-locales
apply (metis 1)
apply metis
apply (metis mult-continuous)
apply (metis assertion-continuous mbta.test-expression-test mult-continuous neg-assertion sup-continuous)
apply (metis assertion-continuous dual-star-continuous mbta.test-expression-test mult-continuous neg-assertion)
done
thus z ; (SUP n:nat . t n) = (SUP n:nat . z ; t n) using 1
by (smt continuous-dist-ascending-chain SUP-cong)
qed

— Theorem 52

sublocale complete-mbt-algebra < mbta-dual!: boz-hoare-valid where box = Az y . neg-assume (z * neg-assume y) and circ
= omega and d = Az . (z * bot) U 1 and diamond = Az y . (z * y * bot) U 1 and hoare-triple = Ap = q . wpb(z " 0 * q)
<pandite=Xxpy.(px*z)MN (neg-assume p * y) and less = greater and less-eq = greater-eq and plus = inf and pre
=Xz y . wpb (z "o ;y) and uminus = neg-assume and while = Ap z . ((p * ) " w) * neg-assume p and zero = top and
Atomic-program = Continuous and Atomic-test = assumption and Inf = Sup and Sup = Inf and T = bot and Z = top

apply unfold-locales

apply rule

defer
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apply (metis bot-comp mbta-dual. Omega-one mbta-dual.aL-one-circ mbta-dual.a-T)
prefer 2
apply (metis mbta-dual.pre-def)
unfolding mbta-dual. Prod-range SUP-def[THEN sym]
proof
fix z ¢
assume 1: ¢ € while-program. While-program op ; neg-assume Continuous assumption (Ap x . (p ; ) " w ; neg-assume p)
Az py.(p;x) N (neg-assume p ; y)) A ord.descending-chain greater-eq t N\ tests.test-seq neg-assume t
have z € Continuous
apply (induct x rule: while-program. While-program.induct[where pre=Az y . wpb (z " o ; y) and while=Ap z . ((p * )
" w) * neg-assume pl)
apply unfold-locales
apply (metis 1)
apply metis
apply (metis mult-continuous)
apply (metis assumption-continuous mbta-dual.test-expression-test mult-continuous neg-assumption inf-continuous)
apply (metis assumption-continuous omega-continuous mbta-dual.test-expression-test mult-continuous neg-assumption)
done
thus z ; (SUP n:nat . t n) = (SUP n:nat . z ; t n) using 1
by (smt ord.descending-chain-def ascending-chain-def continuous-dist-ascending-chain SUP-cong)
next
fix pzgq
let ?pt = neg-assume p
let %qt = neg-assume q
assume ?qt < ?pt ; neg-assume (z ; neg-assume ?qt)
also have ... <z "o ; %qt U ?pt
by (smt assumption-sup-comp-eq mbta.add-left-isotone mbta.zero-right-mult-decreasing mbta-dual.pre-def neg-assume-def
neg-assumption sup.commaute sup.left-commute sup.left-idem wpb-def)
finally show ?qt M mbta-dual.aL < neg-assume (z ~ w ; neg-assume ?pt)
by (smt dual-dual dual-omega-def dual-omega-greatest le-infl1 mbta-dual.a-d-closed mbta-dual.d-isotone mbta-dual.pre-def
wpb-def)
qed

— Theorem 52

sublocale complete-mbt-algebra < mbta-pre-fiz-dual!: diamond-hoare-valid where box = Az y . neg-assume (z * neg-assume
y) and circ = star and d = Az . (z * bot) U 1 and diamond = Az y . (z * y * bot) U 1 and hoare-triple = A\p z q . wpb(z
x q) <pandite=Xxpy.(p*x)N (neg-assume p x y) and less = greater and less-eq = greater-eq and plus = inf and
pre = Az y . wpb (z ; y) and uminus = neg-assume and while = Ap z . ((p * ) ~ *) * neg-assume p and zero = top and
Atomic-program = Cocontinuous and Atomic-test = assumption and Inf = Sup and Sup = Inf and T = bot and Z = top
apply unfold-locales
apply (smt gt-one-comp mbta.add-commutative mbta.add-left-upper-bound neg-assume-def)
apply (metis mbta. T-left-zero mbta.add-left-top mbta-pre-fir-dual.aL-one-circ mbta-fix-dual.L-def)
defer
apply (metis wpb-def)
unfolding mbta-dual.Sum-range INF-def[THEN sym)|
proof
fix x ¢
assume 1: z € while-program. While-program op ; neg-assume Cocontinuous assumption (Ap z . (p ; ) " * ; neg-assume
p) Az py. (p;x) N (neg-assume p ; y)) A ord.ascending-chain greater-eq t A tests.test-seq neg-assume t
have z € Cocontinuous
apply (induct = rule: while-program. While-program.induct[where pre=\z y . wpb (z ; y) and while=Ap = . ((p * ) ~ *)
* neg-assume p|)
apply unfold-locales
apply (metis 1)
apply metis
apply (metis mult-cocontinuous)
apply (metis assumption-cocontinuous mbta-dual.test-expression-test mult-cocontinuous neg-assumption inf-cocontinuous)
apply (metis assumption-cocontinuous star-cocontinuous mbta-dual.test-expression-test mult-cocontinuous neg-assumption)
done
thus z ; (INF n:nat . t n) = (INF n:nat . x ; ¢t n) using 1
by (smt descending-chain-def ord.ascending-chain-def cocontinuous-dist-descending-chain INF-cong)
qed

— Theorem 52
sublocale complete-mbt-algebra < mbta-pre-fiz!: boz-hoare-valid where box = Az y . neg-assert (z * neg-assert y) and circ

= dual-omega and d = Az . (z % top) M 1 and diamond = Az y . (z * y * top) M 1 and hoare-triple = Ap z q . p < wpt(z
“oxq)and ite = Az py . (p *x ) U (neg-assert p * y) and plus = sup and pre = Az y . wpt (z ~ o * y) and star =
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dual-star and uminus = neg-assert and while = Ap z . ((p * ©) ~ U) * neg-assert p and zero = bot and Atomic-program =
Cocontinuous and Atomic-test = assertion and T = top and Z = bot
apply unfold-locales
apply rule
defer
apply (metis mbta. Omega-one mbta. T-left-zero mbta.a-T mbta-pre-fiz.aL-one-circ)
prefer 2
apply (metis mbta-pre.pre-def)
unfolding mbta.Prod-range INF-def[THEN sym]
proof
fix xt
assume 1: z € while-program. While-program op ; neg-assert Cocontinuous assertion (Ap z . (p ; ) ~ U ; neg-assert p) (A\z
py.p;z U neg-assert p ; y) A descending-chain t A tests.test-seq neg-assert t
have z € Cocontinuous
apply (induct x rule: while-program. While-program.induct[where pre=Az y . wpt (z ~ 0 ; y) and while=\p = . ((p * z)
* U) * neg-assert p))
apply unfold-locales
apply (metis 1)
apply metis
apply (metis mult-cocontinuous)
apply (metis assertion-cocontinuous mbta.test-expression-test mult-cocontinuous neg-assertion sup-cocontinuous)
apply (metis assertion-cocontinuous dual-omega-cocontinuous mbta.test-expression-test mult-cocontinuous neg-assertion)
done
thus z ; (INF n:nat . t n) = (INF ninat . z ; t n) using 1
by (smt descending-chain-def cocontinuous-dist-descending-chain INF-cong)
next
fix pzgq
let ?pt = neg-assert p
let ?qt = neg-assert q
assume 1: ?pt ; neg-assert (z ; neg-assert ?qt) < Zqt
have z "0 ; 2qt N %pt < ?pt ; neg-assert (z ; neg-assert 2qt)
by (smt inf-comp mbta.sub-comm mbta.top-right-mult-increasing mbta-dual.add-left-isotone mbta-pre.pre-def
mult.left-neutral mult-assoc top-comp wpt-def)
also have ... < ¢t using 1
by metis
finally have (z " 0) "~ w; ?pt ; top < %qt ; top
by (metis mbta.mult-left-isotone omega-least mult-assoc)
hence neg-assert (z ~ U ; neg-assert ?pt) < ?2qt
by (smt dual-omega-def inf-mono mbta.d-a-closed mbta.d-def mbta-pre.pre-def order-refl wpt-def mbta.a-d-closed)
thus neg-assert (z ~ U ; neg-assert ?pt) < ?qt U mbta-pre-fiz.aL
by (smt mbta.add-left-upper-bound order-trans)
ged

sublocale complete-mbt-algebra < mbta-duall: pre-post-spec-hoare where ite = Az p y . (p * ) M (neg-assume p * y) and
less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z "0 ; y) and pre-post = Ap ¢ . (p " 0) * post
(¢ " o) and uminus = neg-assume and while = Ap z . ((p * ) ~ w) * neg-assume p and zero = top and Atomic-program =
Continuous and Atomic-test = assumption and Inf = Sup and Sup = Inf and T = bot ..

sublocale complete-mbt-algebra < mbta-fiz-dual!: pre-post-spec-hoare where ite = Az p y . (p * z) M (neg-assume p * y) and
less = greater and less-eq = greater-eq and plus = inf and pre = Az y . wpb (z "o ; y) and pre-post = Ap q . (p " 0) * post
(¢ ~ o) and uminus = neg-assume and while = Ap z . ((p * z) " *) * neg-assume p and zero = top and Atomic-program =
Cocontinuous and Atomic-test = assumption and Inf = Sup and Sup = Inf and T = bot ..

sublocale complete-mbt-algebra < mbta-pre!: pre-post-spec-hoare where ite = Az p y . (p * z) U (neg-assert p x y) and plus
= sup and pre = Az y . wpt (z "o * y) and pre-post = Ap ¢ . p "o x (post ¢ " o) and uminus = neg-assert and while =
Apz.((p*xz) " ®) = neg-assert p and zero = bot and Atomic-program = Continuous and Atomic-test = assertion and T
= top ..

sublocale complete-mbt-algebra < mbta-pre-fix!: pre-post-spec-hoare where ite = Az p y . (p * ) U (neg-assert p * y) and
plus = sup and pre = Az y . wpt (x "o * y) and pre-post = Ap ¢ . p " o * (post ¢ ~ 0) and uminus = neg-assert and while
=Apz.((p*z) " U)* neg-assert p and zero = bot and Atomic-program = Cocontinuous and Atomic-test = assertion and
T = top ..

end
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