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The fundamental problem of communication is that of reproducing at one point

either exactly or approximately a message selected at another point.

Claude E. Shannon [1], 1948






Absiract

The main contribution of this thesis is the statistical analysis of orthogonal frequency di-
vision multiplexing (OFDM) systems operating over wireless channels that are both fre-
quency selective and Rayleigh fading. We first describe the instantaneous capacity of such
systems using a central limit theorem, as well as the asymptotic capacity of a power lim-
ited OFDM system as the number of subcarriers approaches infinity. We then analyse the
performance of uncoded OFDM systems by first developing bounds on the block error
rate. Next we show that the distribution of the number of symbol errors within each block
may be tightly approximated, and derive the distribution of an upper bound on the total
variation distance. Finally, the central result of this thesis proposes the use of lattices for
encoding OFDM systems. For this, we detail a particular method of using lattices to encode
OFDM systems, and derive the optimal maximum likelihood decoding metric. Generalised
Minimum Distance (GMD) decoding is then introduced as a lower complexity method of
decoding lattice encoded OFDM. We derive the optimal reliability metric for GMD decod-
ing of OFDM systems operating over frequency selective channels, and develop analytical
upper bounds on the error rate of lattice encoded OFDM systems employing GMD decod-

ing.
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Chapter |

Intfroduction

Communications have always been fundamental to human existence. The 21st Century
will no doubt see wireless communications become ubiquitous, and the expectations of
wireless services increase. Today, more than one in three New Zealanders own a cellular
phone [2], and services such as high quality video and music, as well as high speed internet
are available to wireless mobile users throughout the country. Over time the data rates
of wireless systems must grow to support increasing consumer expectations of wireless
services, while the system error rate, the proportion of data that is incorrectly received,

must remain at an acceptable level.

Achieving high data rates at low error rates is a difficult task, since wireless transmission
of data is impeded by the physical properties of the atmosphere, the surrounding envi-
ronment and electromagnetic interference from other devices [3]. Furthermore, these im-
pairments are typically random in nature, although statistical descriptions are possible. A
method for reducing the error rate in a system is error control coding, entailing the transmis-
sion of some extra data used for verification of the required original data. However, the

penalty for coding is usually a reduction in data rate and an increase in system complexity.

One method for transmitting at high data rates is orthogonal frequency division multi-
plexing (OFDM) [4]. In this thesis we undertake mathematical analysis of the properties of
OFDM systems. Such analysis of a transmission method is critical to accurately predict its
behaviour, and thus allow for future improvements to the system. We investigate the error
performance of uncoded OFDM systems, then propose a coding method based on the rich

mathematical subject of lattices.



2 Introduction

1.1 Problem Outline

Assume we have some communications system where the transmitter sends symbols over
a channel, and occupies a bandwidth of B (Hz). At the receiver we obtain the transmitted
symbols perturbed by additive white Gaussian noise [1], such that the ratio of received
symbol energy to noise power spectral density within the bandwidth B is . In 1948 Claude
Shannon theorised [1] that the capacity of a communications system is

C = Blog, (1 + ) bits per second, (1.1)

where the capacity is the maximum rate at which information bits may be transmitted and
correctly estimated at the receiver. That is, the channel capacity defines the fundamental
maximum limit of the rate at which we may transmit symbols and receive them without
error, in the presence of additive white Gaussian noise. For over fifty years, it has been the
goal of coding theorists and communications engineers to design and construct systems
which operate at, or close to, this capacity. The development of coding theory during the

20*" Century is summarised in [5].

Shannon’s theorem encapsulates four critical parameters of any communications system:
the bandwidth occupied, the ratio of transmitted power to noise (signal to noise ratio), the
data rate throughput and the error rate. A fifth parameter is the system complexity. We
ideally desire systems that achieve high data rates at low error rates, with low complexity,
small signal to noise ratio and small occupied bandwidth. However, communications en-
gineers are required to trade these parameters off against each other during system design.
For example, current digital video broadcasting systems [6] have high data rates, low error
rates, yet require large bandwidth and signal to noise ratio at moderate complexity. Sim-
ilarly, deep space satellite communications systems typically provide low signal to noise
ratio, yet have low data throughput. In order to design better systems, an accurate mathe-

matical model of system behaviour with respect to these parameters is therefore essential.

This thesis combines analysis of two concepts in communications: OFDM and error control
coding. OFDM is a useful transmission method that is resilient to some of the detrimental
effects of the wireless radio channel [4]. However, in order to achieve low error rates it is
still necessary to employ some form of error control coding in conjunction with OFDM. We
thus also consider OFDM systems using error control coding. Specifically, we propose a
method of using mathematical lattices [7] as an error control scheme for wireless OFDM
systems. We concern ourselves with OFDM systems designed to transmit high data rates.
Such systems typically occupy a large bandwidth, and their operation is computationally

expensive.

The two key goals of this thesis are to mathematically describe the capacity and error rate
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of OFDM systems and to investigate coding using lattices specifically adapted for wireless
OFDM systems, in order to achieve low error rates at high data rates, with low complexity.
Furthermore, we wish to complement the new coding method with a thorough analysis of
its error performance. In undertaking the mathematical analysis within this thesis we hope
to construct accurate models to describe the behaviour of OFDM systems, in an effort to

afford better system design and analysis of these systems.

1.2 Thesis Contributions

This thesis begins by outlining the key concepts behind a wireless communications system
in the following chapter, with emphasis on the effect of the wireless radio channel upon
transmitted signals. We then introduce error control coding in Chapter 3, specifically dis-
cussing linear block codes, soft decision decoding, generalised minimum distance decod-
ing, coded modulation and the concept of lattices. In Chapter 4 we detail the orthogonal
frequency division multiplexing technique and consider the effects of OFDM transmission
on the achievable channel capacity. The error performance of uncoded OFDM systems is
addressed in Chapter 5. Chapter 6 develops a powerful coding method using lattices, and
describes the use of this coding method with OFDM. We then propose generalised mini-
mum distance decoding as a low complexity approach to lattice decoding. Conclusions are

presented in Chapter 7.

The contributions considered original are found in Chapter 4, Chapter 5 and Chapter 6, and
are outlined as follows. In Chapter 4 we show that the instantaneous capacity of an OFDM
system with a large number of subcarriers is approximately Gaussian distributed for cer-
tain wireless channels. We also show that in the case of power limited, infinite bandwidth
systems no capacity loss is incurred by employing OFDM. In Chapter 5 we derive accurate
bounds on the block error rate for OFDM systems, as well as a model for approximating
the number of errors within a single OFDM block. We show that the number of symbol
errors within a block is Poisson binomial distributed, but accurately approximated with
the Poisson distribution. In Chapter 6 we prove requirements for optimal lattice decod-
ing of OFDM, and outline lattice properties that will give the best error performance. We
then analyse the error performance of generalised minimum decoding of lattice encoded
OFDM systems transmitting over wireless channels, including a derivation of the optimal

reliability metric for such systems.

The work described in this thesis was completed during the period from February 2002 to
November 2005. The following papers and reports stemming from this work have been
published or submitted for publication:

A. Clark and D.P. Taylor, “Lattice Codes and Generalized Minimum Distance Decoding
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for OFDM Systems”, accepted for publication in IEEE Transactions on Communications,
January 2006.

A. Clark and D.P. Taylor, “Lattice Codes and Generalized Minimum Distance Decoding
for OFDM Systems”, Univ. Canterbury Technical Report, Univ. Canterbury, New Zealand,
2005.

A. Clark, PJ. Smith and D.P. Taylor, ” Approximating the Probability Distribution of OFDM
Symbol Errors”, Univ. Canterbury Technical Report, Univ. Canterbury, New Zealand,
2005.

A. Clark, PJ. Smith and D.P. Taylor, ” Approximating the Probability Distribution of OFDM
Symbol Errors”, in Proc. IEEE WirelessCom 2005, Kaanapali, Hawaii, June 2005.

A. Clark, PJ. Smith and D.P. Taylor, ”Instantaneous Capacity of OFDM on Rayleigh Fading

Channels”, submitted to IEEE Transactions on Information Theory, November 2005.

A. Clark, PJ. Smith and D.P. Taylor, “Simple Expressions for the Correlation between Fad-
ing Channel Error Rates”, in Proc. IEEE International Symposium on Information Theory,
Seattle, WA, July 2006.



Chapter 2

Communications System Overview

This chapter provides a brief introduction to wireless communications systems, a necessary
primer before discussion of error control coding and OFDM systems in following chapters.
A general overview of the physical layer of a typical wireless communications system is
given, and the roles of error control coding, modulation and demodulation are discussed.
System performance is severely limited by the wireless radio channel, and we thus give a
detailed outline of its underlying mechanisms, statistical descriptions and methods of sim-
ulating the channel response. Readers familiar with mobile communications and fading
channels may wish to omit this chapter. Further details of communications systems may

be found in [8-10], while [9,11,12] review the wireless radio channel.

2.1 System Outline

We represent a digital communications system as the following elements: an information
source, a transmitter, the communications channel, and a receiver. The transmitter consists
of a source encoder, an error control encoder and a digital modulator, while the receiver
consists of a digital demodulator, error control decoder and a source decoder. Figure 2.1
displays these basic elements. The information source output is a sequence of binary data,
such as a computer file or digitised audio or video. The source encoder compresses the
data to remove redundancy for more efficient transmission. We do not consider source
encoding and decoding in this thesis; details on these may be found in [13,14]. The infor-
mation sequences are often corrupted during transmission, and the error control encoder
thus adds redundancy in a controlled fashion, so that error corrupted sequences may be
corrected at the receiver without retransmission. The joint operations of error control en-
coding and error control decoding are referred to as error control coding, channel coding or

simply coding. Chapter 3 provides an introduction to error control coding.
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Transmitter
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Figure 2.1 Mobile communications system overview

The digital modulator maps the data sequence from the error control encoder to analog
waveforms. The digital modulator switches (keys) the amplitude, frequency or phase of a
sinusoidal carrier in some manner representing the digital data. The most prevalent modu-
lation method used worldwide is the nonlinear Gaussian Minimum Shift Keying (GMSK)
method [8]. However, throughout this thesis we assume that either binary phase shift
keying (BPSK), pulse amplitude modulation (PAM) or quadrature amplitude modulation
(QAM) is used [8], which are highly prevalent linear modulation schemes. For a BPSK
system with carrier frequency f. and symbol period 7" = %, signals so(t) and s;(t) with

differing phases are used to transmit binary symbols 0 and 1 respectively, where

s1(t) =1/ % cos(2m f.t) So(t) =1/ % cos(2m fet + ) (2.1)

for 0 <t < T, and Ej is the transmitted energy per bit. For an M-ary modulation scheme
we map binary data to M possible signals, s1(t), sa2(t), ..., sp(t), such that each signal rep-
resents a unique sequence of log, (/) bits. For example, an M-ary PAM system transmits
a signal of differing amplitude for each sequence, namely

5i(t) =1/ 2—1Ef)ai sin(27 f.t) (2.2)

for0<t<T,ief{l,....M}anda; € {-M+1,-M+3,...,—-1,1,...,.M —3,M — 1},
assuming M is even. An M-ary square QAM modulator transmits two v M-ary PAM

carriers in quadrature, so that the signals are defined as

5i(t) =4/ %ai cos(2mfet) + 4/ %bi sin(27 f.t) , (2.3)

for0 <t <T,and a;,b; € {—\/M-F1,—\/M+3,...,—1,1,...,\/M—3,\/M— 1}, as-
suming M and v M are even, positive integers. 2E is then the energy of the signals with
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the lowest amplitude, corresponding to (a;,b;) € {(1,1),(1,-1),(—1,1),(—1,—1)}. The

average energy for an M-ary QAM system is, assuming a square constellation [8],

2(M — 1)E,

Eav = 3

(2.4)

The signal constellation M is a representation of the transmitted signals s;(%),..., s (t) as
vectors in Euclidean space, referred to as the signal space [9]. Each complex vector has
magnitude equal to the signal energy, and phase equal to the signal phase. For example,
BPSK and 16-QAM signal constellations are shown in Figure 2.2. For the BPSK constel-
lation, points sg and s; represent signals so(t) and s;(t), which represent binary symbols
0 and 1, respectively. Each point in the 16-QAM constellation represents a distinct 4-bit
sequence. Generally, each point in an M-ary signal constellation is isomorphic to some

+3VE o o +3VEAf o o
+EF o o +E o o
-34E, ~E, +VE, +37E, -34E, -E, +E, +3VE,
} — — } } } } }
S, S,

~Eif ¢ o Bt o o
S3VE o o -3EF o e}

(a) BPSK (b) 16-QAM

Figure 2.2 Signal space constellations

sequence of log, M bits. We denote this mapping as m : {0,1}!°¢2M — R2. A vector

c; = {c1,¢2,...,Clog, M} Of logy M binary bits, is thus isomorphic to a signal point m(c;). A
length n sequence of log, M bit vectors {ci, ca, ..., c,} is then isomorphic to the sequence
{m(c1),m(c2),...,m(c,)} of n signal points. We thus map n log, M bits to n complex sig-

nal points. In a slight abuse of notation we again use m to denote this n dimensional
mapping as
m: {0,1}"loe2 M _, g2n (2.5)

with the inverse mapping denoted m~! : R?* — {0, 1}"1082 M,

The transmitted signals we consider are bandpass signals, that is, they occupy some finite
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bandwidth B. The signals are transmitted at some carrier frequency f., and therefore oc-
cupy frequencies from f. — £ to f. + £. However, without loss of generality we represent
the transmitted signal by its complex baseband equivalent [8], that is, the signal s(t) oc-
cupying frequencies from 0 to B. We likewise represent the channel impulse response
(detailed in Section 2.2) by its complex baseband equivalent h(t,7), so that the channel
is modelled as a time varying linear filter. Furthermore, interference encountered in trans-
mission and thermal noise from electronic components is modelled as a zero mean complex
Gaussian process, with constant power spectral density % for both the real and imaginary
components (dimensions). Assuming the noise is filtered such that it occupies an identi-
cal bandwidth to the transmitted signal, we may then denote the received noise process

as w(t), so that a sample w(t;) of w(t) at time ¢; is a complex Gaussian random variable

No
2

independent, for all ¢; and ¢, such that ¢; # t2. The received signal is then

with variance <2 per dimension [8]. Furthermore, we assume samples w(t;) and w(t2) are

+oo
r(t) = / h(t,7)s(t —7)dT + w(t) = s(t) @ h(t, ) + w(t) (2.6)
where ® denotes convolution between ¢ and 7. In certain cases h(t, 7) may be represented
as a constant, which we assume, without loss of generality, to be unity. The received signal
is then perturbed by w(¢) only, so that

r(t) = s(t) + w(t) (2.7)

and we refer to this as an additive white Gaussian noise (AWGN) channel. Assuming symbols
are transmitted at rate B so that the average symbol power is B E,,, the average signal to
noise ratio (SNR) of the bandlimited received signals is v = ET“O“ Although the AWGN
channel is one of the simplest channel models, it generally does not fully describe the
wireless channel. For wireless channels, we examine the complicated nature of h(¢, 7) in

the following section.

The digital demodulator maps the received analog waveform back to some set of data
points. The demodulator must first account for the effects of the channel, typically by
applying the inverse channel response h~1(t,7), and then attempt to apply the inverse
mapping from a noise corrupted point in signal space to a sequence of bits, m~! : R? —
{0,1}°22 M We assume the digital demodulator employs a matched filter or correlation re-
ceiver [8] to estimate the data sequence associated with the received waveform. The re-
ceived data sequence is then passed to the error control decoder, which attempts to correct
any erroneous data symbols using the redundancy added by the error control encoder. Fi-
nally, the corrected data is passed to the source decoder to reconstruct an estimate of the

original binary information.
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2.2 Wireless Radio Channels

This section outlines fundamental characterisations of the mobile radio channel, providing
a reference for the remainder of this thesis. The properties of the wireless radio channel
are determined by the environment surrounding the transmit and receive antennas. The
behaviour of the channel is thus typically random, and simple deterministic models are
not adequate. We introduce several statistical descriptions of the channel which accurately

model its behaviour, largely summarising the work of [12] and [11].

Channel characterisation may be split into two categories [10]. Models which characterise
mean received signal strength over large separation distances, hundreds or thousands of
metres, between transmitter and receiver are called large-scale path loss or shadowing. This
mean received signal strength varies very slowly, over the order of millions of received
symbols, for a given receiver velocity and symbol rate. We neglect the effects of shadowing
and assume that the mean received power is constant over a long period of time. That is,
we assume the shadowing effects are adequately compensated for using some transmit

power control, as in [15] or [16, Chp. 3].

Channel models which consider only the rapid changes in the received signal over small
distances or short time are called small scale fading, multipath fading or simply fading. In
this thesis we consider multipath fading only, since the systems we consider either transmit
over short time intervals, or have fixed separation distances. OFDM systems have been
proposed for future mobile technologies, and as such we must consider multipath fading.
Even fixed point to point OFDM systems may experience multipath fading, particularly
if no line of sight path is present. Fixed wireless systems are perturbed by changes in the
surrounding environment, such as the movement of people, cars, or flora. These effects

may also be modelled as multipath fading.

2.2.1 Multipath Fading Characteristics

Objects, such as buildings, people and trees, in the vicinity of a transmitter or receiver re-
flect, diffract and scatter radio signals. Multipath fading is caused by the interference from
several different versions of the transmitted signal arriving at the receiver at slightly differ-
ent times. This phenomenon is referred to as multipath propagation, and is illustrated in Fig-
ure 2.3. Receiver or transmitter movement changes the distribution of the amplitude, phase
and arrival times of the incoming signal versions, which may cause rapid fluctuations in
the amplitude and phase of the received signal. Note that even for a fixed transmitter and
receiver such rapid fluctuations may be caused by motion of surrounding objects [17]. For
the context of this thesis, we may assume that the transmitter and surrounding environ-

ment are fixed, and thus model multipath fading as due to receiver motion only. The most
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important effects of fading are rapid received signal strength changes over a small distance
or time interval, random frequency modulation due to Doppler effects and time dispersion

due to multipath delays. We outline statistical characterisations of these effects.

| \

Figure 2.3 Multipath Fading Mechanism

In certain cases it is appropriate to model the received signal as being composed of a dense
continuum of delayed transmitted signal versions, referred to as diffuse multipath. How-
ever, unless noted we assume the received signal is the superposition of a finite number
P of versions of the transmitted signal s(t), referred to as discrete multipath. Since the path
that each version of the transmitted signal travels is distinct, each version has a distinct
arrival time, attenuation and phase. We denote the complex gain of the p'* version as a,,
and the relative delay in arrival time between the first signal and p'" signal as 7,,. We can

then write the bandpass representation of the received signal r(t) as

P

r(t) = Re  exp(j2m fet) Z ap exp(—j2m ferp)s(t — 1p) (2.8)
p=1

where f. is the carrier frequency of the transmitted signal. The summation in (2.8) is the
complex envelope, denoted 7(t), of the received signal, which is a function of the delay
times, path gains, carrier frequency and the transmitted signal s(¢). The phenomenon of
several relatively delayed signal versions being received is known as time dispersion, and

creates intersymbol interference (ISI) between successive transmitted signals.

The path gains a, and delays 7, may change at different locations, giving rise to rapid
spatial fluctuation in the complex envelope 7(t). When there is receiver motion this may
be viewed as a temporal phenomenon since the receiver changes position over time. We
therefore refer to the mobile radio channel as being time varying, although the cause of

this is typically spatial variation.

Receiver motion causes a Doppler shift in the received signals. The fading channel there-



2.2 Wireless Radio Channels 11

fore induces a random frequency modulation and spectral broadening of the transmitted
signal. The Doppler shift is dependent on the relative velocity between the transmitter
and receiver. Spectral broadening of the transmitted signal due to receiver or environment

motion is known as Doppler spread.

We now consider the impact of the transmitted signal on the channel classification. Given
a transmitted signal s(¢) with bandwidth B, carrier frequency f., and maximum velocity
v, the channel may be classified as either static or fading and either narrowband or wideband,

as outlined below.

Static Channels

First consider the case when the receiver is stationary and the surrounding environment
changes negligibly, or equivalently when the carrier frequency is much less than the in-
verse of the longest path delay, in other words f. < =, for all p. The path delays 7p and
amplitudes a,, are then considered invariant. If the transrmtted signal period T’ = £ is such
that 7" >> 7, , for all p, then the received signal varies slowly and is largely unperturbed by
the arriving relatively delayed signals. We can then write s(t — 7,,) = s(t), and thus write
(2.8) as

P
r(t) ~ Re s(t) Z exp(—j2m ferp) p = hos(t). (2.9)

p=1
The channel is therefore modelled as a time invariant constant hg. We refer to this channel
as a static narrowband or static flat channel, where static refers to the time invariance, and

flat or narrowband implies invariance of the channel gain with respect to frequency.

In the case where 7, & %, for some p € {1,2,..., P}, the delayed versions of the trans-
mitted signal have a significant effect on the received signal. In this case we write (2.8)

as

“+oo
r(t) = / h(r)s(t — T)dr (2.10)

— 00

where the delay dependent channel gains are h(7) = Z;}::l hyé(T — 7p) in which h, =
ap exp(j2m fo7p,). If one or more delays 7, is greater than the transmitted signal resolution

time 7', the channel may have a severe distorting effect on the received signal,

r(t) = Z exp(—j2m ferp)s(t — 1p) Z hps(t —1p), (2.11)

p=1

that is, the channel now behaves like a time invariant linear filter, with impulse response
h(). We may find the channel frequency response H ( f) by taking the Fourier transform of

h(7). Conceptually, the transmitted signal is spread over time, and this type of channel is
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therefore known as a static, time dispersive channel. It is also referred to as a static dispersive,
static wideband or static frequency selective channel, since the channel response varies for

different frequency components of the transmitted signal.

Many of the systems we consider operate in time varying channels. However, many sys-
tems transmit data in short bursts during short time intervals. If the channel time variance
is negligible during these periods we refer to the channel as being quasi-static. In these

cases the assumption of a static channel model is valid.

Time Varying Channels

If the receiver moves at some nonzero velocity v, with respect to the transmitter, then the
path delays are time varying, and denoted 7,(¢). Consider first the case where the time
varying path delays are small in comparison to the signal bandwidth, that is 7,,(t) < % for
all p and t. The transmitted signal then varies slowly enough so that it is unaffected by the

received delayed signals, and s(t — 7,(t)) ~ s(t). We can then write (2.8) as

P
r(t) ~ s(t) > apexpl—j2mm, ()] = h(t)s(t) (2.12)
p=1

where h(t) is the time-varying complex channel gain. We refer to this type of channel as
a flat, fading or time-selective channel, since there is no variation in the channel gain with

transmitted signal frequency. This is also referred to as a flat fading channel.

Consider next the case where the delay durations have a significant effect on the received
signal. That is, 7,,(t) « %, for some p at time ¢. Then the transmitted signal is spread over
time, and we may write

“+oo
r(t) = / h(t,7)s(t —T)dr, (2.13)

—00

where h(t,7) = 2521 hy(t)o(T — 1) and hy(t) = a,(t) exp[—j277y(t)], that is, the channel
may be modelled as a linear filter, with time varying impulse response h(t, 7). This channel
is referred to equivalently as a wideband fading, frequency selective fading, time and frequency

selective or dispersive fading channel.

The wideband fading channel is the most general model, and it is readily seen that the time
invariant and flat channel models are special cases of this channel model. We consider only

wideband fading channels for the remainder of this chapter.

Since the path delays 7,(t) are time variant, the phases of the arriving transmitted signal
versions also vary with time. It is typically assumed that the arrival angles ¥, of the re-

ceived signal plane waves at the receiver are constant, a valid assumption when the trans-
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mitter is far away from the receiver [11]. Then, the phase of the transmitted signal taking
the p'"* path may be written as 27 f.7,(t), relative to a signal with delay 7,(t) = 0, and the
phase change may be written [11] as

27T1)(t2 — tl)

Op(t2) — Op(t1) = 3

cos ). (2.14)

Differentiating (2.14) with respect to time, we obtain

a6, _ 2mv
ot A

cos ¥, = fqcos V) (2.15)

where f; £ = %

is the maximum Doppler shift due to receiver motion, and c is the am-
bient speed of light. Thus, the frequency components of the p'!' version of the transmitted
signal are shifted by a maximum of f;, a phenomenon know as Doppler spreading which

manifests itself as a spectral broadening of the received signal.

2.2.2 Statistical Channel Description

It is almost impossible to deterministically describe the channel impulse response h(t, 7),
due to stochastic receiver motion and the typically large number of multipath components,
whose path gains and delays are themselves stochastic. However, several methods of char-

acterising the stochastic nature of the channel exist [10-12].

We may model the channel response h(t, ) as a two dimensional stochastic process. We
assume that the number of paths P is large, and that the distribution of propagation delays
and amplitudes is random. By the central limit theorem, samples of the channel response

h(t, ) follow a complex Gaussian distribution, with probability density function

1 1
- e AT 1y <=
fr(x) = ) det (Ry) exp( 5 x—X'Rx " [x x]> (2.16)
where x = {x1,29,...,2;} is a vector of k samples of the random process h(t,7), X =

E [x] and the correlation matrix is Rx = 1E [(x — X)(x — X)'], with  denoting the matrix

Hermitian transpose. This distribution is fully described by its mean

h(t,7) = E[h(t,T)] (2.17)
and the elements of R, defined by the autocorrelation function

Rp(t1,t2;m,m) = E Kh(tl, ) — hity, Tl)) . (h(tg, 72) — h(ts, m)] . (2.18)

It is typically assumed that h(¢, 7) is time independent and Ry, (t1,t2; 71, 72) is dependent

only on At = ty — t; rather than ¢; and ¢3, so that h(¢,7) is a second order stationary
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process [18]. This is known as the wide sense stationary assumption. When a line of sight
(LoS) path between the transmitter and receiver is present, this path will usually have far
greater magnitude |a,| than the other paths, and h(t, 7) is nonzero. However, in the non-

LoS case we may assume that h(¢,7) = 0. We now consider these cases individually.

Rayleigh Fading Channels

We typically model the non-LoS channel as being both wide sense stationary and exhibit-
ing uncorrelated scattering (WSSUS) [11, 12], that is, the response at delays 7; and 7 are
uncorrelated so that Ry (t1,t2,71,72) = 0, for all 1 # 72. In a slight abuse of notation we
retain Ry, (-) as the WSSUS channel autocorrelation function at fixed delay 7, = 72, and time

separation At =ty — t;. We then write

Ry (t1,t2; 711, m0) = Ry(At; 11, 72)0(11 — 72) = Rp(At; ). (2.19)

Since the channel is a complex Gaussian process with h(t,7) = 0, the channel envelope
|h(t, )| follows a Rayleigh distribution, with probability density function (PDF)

X ZL’2
Sy (@) = S exp | —=—= | forz >0 (2.20)
o 2

Op,

where o7 is the variance of the underlying Gaussian random variables. The channel gain
|h(t,7)|? then follows an exponential distribution, with PDF [19]

1 y
fine,m12(y) = 207 exp (—Q> fory > 0. (2.21)

We thus refer to such non-LoS, time varying channels as Rayleigh fading channels.

The average squared magnitude of the channel response as a function of delay 7 is de-
scribed by the delay power profile o3 (7), defined as the channel autocorrelation function at
At = 0, that is,

o2(1) = Ry (0, 7). (2.22)

The mean delay and rms delay spread are defined, respectively, as

T =

P 2 P 1242
L T,04 (T, =1 Tpop\T,
() JMT% (2.23)

S 02 (7p) S o3 (7p)

The range of 7 over which O‘%(T) # 0 is referred to as the maximum delay spread T ax. If the

transmitted symbol period T > T,ax, then intersymbol interference is negligible, and the
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system is narrowband. At delay 7 the channel autocorrelation can be written as
Ru(At, 11) = 02 (1)p-(At) (2.24)

where p;(At) is the time autocorrelation function, normalised so that p,(0) = 1. The sta-
tistical behaviour of the channel is uniquely described by the power delay profile and the
time autocorrelation functions, that is, in the 7 and At domains. By taking the Fourier
transform of h(t, 7) with respect to 7, we may also describe the channel in the time and
frequency domains. We then obtain

“+oo

H(t, f)= / h(t, ) exp(—j2nm fr)dr (2.25)
— 00

which is the time varying channel frequency response. Since the Fourier transform is a

linear operation the autocorrelation functions of H(t, f) will give an equivalent channel

description to the autocorrelation functions of (¢, 7) [18]. Taking the autocorrelation with

respect to time, we obtain the time-frequency correlation function

Ru(At; f1, f2) = E[H(2, f1)-H"(t + At, fo)]
400 +o0
=E {/ h(t,T)exp(—j27m f17)dT. / h(t + At, 7) exp(—j2m for)dT

— 00 —00

+o0o
= / Ry (At, T) exp(—j2rAfr)dr

= Ri(At,Af)
(2.26)

where Af = fy — fi. Observe that under the WSSUS assumption, the channel autocorre-
lation is dependent only on the time and frequency separations, At and A f, respectively.
Therefore, we may refer to the channel as being stationary in time and frequency. The
Fourier transform of the channel autocorrelation R, (At, 7) with respect to At yields the
channel scattering function
+0o0
Sp(v, 1) = Ry (At, 7) exp(—j2mvAt)dAt (2.27)
which gives a measure of the channel gain as a function of the Doppler spread v. Fi-
nally, the Doppler cross-power spectral density or spaced-frequency Doppler spread spectrum is
the Fourier transform of the channel autocorrelation, defined as
“+oo
Su(v,Af) = / Ru(At, Af)exp(—j2mvAt)dAt . (2.28)

— 00

This gives a measure of the channel frequency response correlation with respect to the
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Doppler spread v. A WSSUS Rayleigh fading channel is fully and equivalently described
by any of the autocorrelation functions S (v, Af), Sp(v,7), R (At, Af) or Ry (At, 7).

We now consider some important channel parameters which give a partial description of

the channel. Firstly, the autocorrelation function of (2.26) at At = 0 yields

+oo
Ru(Af) = / Ry (1) exp(—j2rAfr)dr. (2.29)
The range of Af for which Ry (Af) is essentially non-zero is known as the channel coher-
ence bandwidth B.. The channel response for transmitted signal components of frequency

separation greater than B, is uncorrelated. It may be seen [12] that the the coherence band-

1
Tmax

width is related to the maximum delay spread by B. =~

. Averaging the scattering

function over all delays yields

+o0
Sh(v) = / Sp(v, T)dT (2.30)
—c0
which is referred to as the channel Doppler power spectrum. The range of v over which this
is non-zero is referred to as the Doppler spread By of the channel, which characterises the
rate of channel variation, that is, the rate of fading. The channel Doppler spread is related
to the receiver velocity by By = 2f4 = 25-. Finally, the range of At over which the channel
response Ry (At, Af) is essentially non-zero is referred to as the channel coherence time
T},. Intuitively, channel gains within a time interval less than 7}, will have some measurable
correlation, while channel gains at time separation At > T}, will appear uncorrelated. From
the Fourier transform relationship of the autocorrelation functions, the channel coherence

time and Doppler spread are related by 7}, ~ Bid.

Given the channel parameters By, T}, Trms and Tmax, and signal parameters B, T" and f., we
may more informally classify the channel. We refer to the channel as fast fading if T > T},
and B < By, and in this case the channel response changes significantly during the symbol
period of the transmitted signal. Conversely, if ' < T}, and B > B, then the channel
is slow fading and the channel response will be approximately constant during the symbol
period of the transmitted signal. Note that static and quasi-static channels are special cases
of slow fading channels, when the coherence time T}, is very large. The channel coherence
bandwidth and delay spread determine whether a channel may be considered narrowband
or wideband. If B > B. and T' < 7,5 then a channel is wideband, or frequency selective.

Conversely, a channel is narrowband, or flat, if B < B, and T' > T,ps.
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Rician Fading Channels

When there is a LoS or dominant path between the transmitter and receiver, the channel
response is modelled as a Gaussian process h(t, 7) with non-zero mean. We model the LoS
path as having constant amplitude ay and time varying phase 7y(¢) and we may then sep-
arate the channel response into the LoS and non-LoS components. We express the channel
impulse response as

h(t,7) = ag exp(—j2m fe1o(t)) + hs(t, ) (2.31)

where h4(t, 7) is the channel response due to the reflected, diffused and scattered paths. We
define ag so that hs(t, 7) is a zero mean, wide sense stationary Gaussian process. Assum-
ing uncorrelated scattering, h4(t, 7) then follows the Rayleigh fading channel response, as

previously described.

We consider only coherent systems [8], so that the receiver obtains phase lock on the dom-
inant path. The time varying phase 7y(t) may then be set to zero and we may model the

phase locked channel response as
hpr(t,7) = ao + hs(t, 7). (2.32)

The channel envelope |hpy(t, 7)| follows a Rician distribution [20],

T z? z\/2Kp
f‘hPL(tﬂ'”(x) = U—% exp <_ﬂ — KR) I() < oh ) (233)

where o7 is the variance of the underlying Gaussian random variables, Io(-) is the zeroth
order modified Bessel function of the first kind [21] and K is the Rice factor, defined as

2
Q,
Kp=—%

= . 2.34
o (2:34)

The Rice factor is the ratio of the received power in the LoS component to the received
power in the scattering component. The channel gain |hp/ (¢, 7)|? follows a non-central chi
squared distribution, with PDF [19]

1 Y+ a} aly
f|hPL(t,7')\2(y) = ﬂ exXp <_ ) I() ( ? . (235)

2
2ah h

We thus refer to this model as a Rician fading channel. Note that the Rayleigh fading channel

is a special case of the Rician channel, with Kr = ag = 0.

Channel parameters vary significantly depending on the environment [22], so we give

some examples of the typical magnitude of some channel parameters. For tropospheric
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super high frequency (SHF) scattering channels the delay spread usually ranges from 0.1 s
to 0.2us [23] with Doppler spread from 0.1Hz to 10Hz. However for ionospheric high fre-
quency (HF) channels the delay spread ranges from 100us to 5ms with Doppler spread
usually 0.01Hz to 2Hz. For terrestrial multipath channels operating at about f. = 900MHz
the delay spread can be up to 20us in an open rural environment, and in the order of
100ns to 10us in a dense urban environment, with maximum Doppler spread approxi-
mately fp = 50Hz for receiver speed of 60km/h. Surveys of the delay spread and other
characteristics of such channels include [24-26], [27, pp. 55-66] and [28, Chp. 7].

Jakes” Model

The channel model we most often use is the ubiquitous Jakes” model [11] (actually first
proposed by Clarke! [29]), which specifies a non-LoS, narrowband Rayleigh fading chan-
nel. Furthermore, this model describes the correlation between the channel response of
two narrowband fading channels occupying different frequencies, which we will later use
to model the correlation between OFDM subchannels. Isotropic scattering is assumed and

the channel autocorrelation function is found to be
Ry(At,7) = a2(7)Jo (27 fa| At]) (2.36)

where Jy(-) is the zeroth order Bessel function of the first kind [21]. The Jakes” model

normalised exponential power delay profile is

Trms Trms

o3(r) = —— exp <— a > (2.37)

with arbitrary rms delay 7,,,;. Taking the Fourier transform of (2.36), the normalised

Doppler spectrum is then

Su(w) =~ = forlol < fa (2.38)
0 for [v] > fq

which yields the well-known ‘U’-shape shown in Figure 2.4. (Here we have arbitrarily

chosen f. and v so that the maximum Doppler shift is 50Hz.)

The channel gains H(t1, f1) and H (2, f2), at times ¢; and ¢2 and frequencies f; and fo

respectively, can be written as samples of the complex Gaussian process H (t, f),

H(tlyfl) :Xl +jyil

| (2.39)
H(t27f2) = X2 +jyé ’

'In keeping with popular terminology we refer to the model as the Jakes’ model. It is unclear why this
model is oft credited to Jakes, it may perhaps be due to greater availability of [11] over [29]
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Figure 2.4 Jakes’ model Doppler spectrum for a channel with f; = 50Hz.

where X1, Y1, X2 and Y; are identically distributed Gaussian random variables. With no
LoS path E [X;] = E[X3] = E[Y;] = E[Y3] = 0, and without loss of generality we may set
E[X?] = E[X3] = E[Y?] = E[Y}] = 1. The following correlation properties are then
readily shown [11]:

E[X1Y1] =E[X2Y3] =0

1 Jo (27 faAt)

2 1+ (27 AfToms)? (2.40)
1 (20AfTrms) Jo (27 faAt)

BN = —EN] = =5 oA from)?

E[X1Xo] =E[1Ys] =

It may be seen that { X3, Y1} and { X3, Y2} form a circular pair [30] and the channel envelopes
|H (t1, f1)| and |H (t2, f2)| are marginally Rayleigh distributed, with

E[|H(t, f)|] = E[|H( f)!] =1, forallt, f (2.41)

Sl -

and correlation coefficient
J§(2m faAt)

1 + (27 Tems Af)2

The joint distribution of the channel envelope at time ¢; = ¢2 and frequencies f; and f> is

(2.42)



20 Communications System Overview

then [30]
2 2
Ty x4 +y Voxy
R i BN 2.4
Tt (=:¥) = 22 T ( 20%[1 — @]) ° <02[1 - @]> 24)
where 0’2 = % and 0= m The channel gains ’H(tl, fl)‘2 and ’H(tz, f2)’2 have a

marginal exponential distribution, with
E[|H® f)P) =1 var[|H(t f)’] =1, forallt, f (2.44)

and the same correlation coefficient

_ Jg(QﬂfdAt)
14 (2r s Af)?

(2.45)

The bivariate exponential distribution is then [30]

1 T+y pPA/TY
= — ——— || 57— | - 24
i) = oy (g ) o (5 5) - 090
In Figure 2.5 we display the time varying frequency response H (t, f) of a wideband, Ray-
leigh fading channel defined by the Jakes” model. The transmitted signal has carrier fre-
quency f. = 5.1GHz and bandwidth B = 20MHz. We assume rms delay spread of 50ns

and a receiver velocity of 100km/h.

Other Channel Models

Several other statistical descriptions of the channel model exist. In particular the Nakagami-
m [31] and Weibull [32] distributions have been proposed to represent the amplitude of the
narrowband fading channel. There is no underlying physical justification for applying
these distributions, although empirical data supports their use [33]. Note that the Rayleigh
PDF is a special case of both distributions. Furthermore, [34] models the envelope with
a generalised gamma distribution. Despite these other models, we persist with the more

widely accepted Rayleigh and Rician models.

2.2.3 Simulating the Wireless Channel

Throughout this thesis we verify analytical results with simulated results. A simulation
model of the wireless channel is thus essential. Our method of simulating the wireless
channel follows that outlined by [23] and [35]. From (2.13) we observe that the channel
behaves like a linear time variant filter, so we may simulate the channel using a tapped
delay line (TDL) filter [23]. Since the channel maximum delay spread 7,,,, represents the
range over which the channel response is essentially non-zero, we may model the channel

as a finite impulse response (FIR) filter with maximum delay 7,,45-
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The transmitted signal and channel fading processes are generally bandlimited, so we may

T, with no loss of information provided the Nyquist

sample the received signal at rate

2 where B, is the bandwidth of the

s

T, >

, that is at time intervals

criterion is satisfied

r

received signal. We may write the transmitted symbol as [23

]

(2.47)

We may also sample the channel response at

(t).

sample of s
sample at delay mT} as

is the ¢th
time intervals T}, to obtain the ¢*®

s(Ty)

where sy

(2.48)

mily — T
dr.
T, > T

h(¢Ts, ) sinc <

/+OO
—0o0

Ctom
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Then following (2.13) we may write the ¢*" sample of the received signal as

+oo
Ty :/ h({Ts,7)s({Ts — T)dr

—00

400 +00 .
= Z sz_m/ h(¢Ts, ) sinc (%) dr (2.49)

m=—0oQ

+00
= 5 hf,msf—m'

m=—0oQ

Since the channel response is negligible for delays greater than 7,,,.x, we can approximate
(2.49) as

M
Ty = Z h&mSg_m (250)
m=0

where M = [Zg2x]. Thus, for the /"™ time sample, the channel response may be approxi-
mated as a FIR tapped delay line filter, with uncorrelated tap weights Ay ,,,. The tap gains
he,m are samples of a stationary random process with Gaussian probability density func-
tions and power spectral density functions equal to the channel Doppler power spectral
density [23]. The mean squared gain of a filter tap at delay /75 is the channel power de-
lay profile at ¢/T;. The simplest method of generating each tap gain is by filtering a white
Gaussian noise process, with some FIR filter with transfer function so that the desired
Doppler power spectral density is obtained. For example, to obtain the required Jakes’
model Doppler power spectral density (2.38) we require a filter with normalised frequency
response [23,36]
T for | f] < fa
Hy(f) =9 V{5 (2.51)

0 otherwise,

and corresponding impulse response

hat) = {\‘Vw—fd/I‘ (3) fort=0 252)

1 J%(27det) otherwise,

where I'(-) is the gamma function and J 1 (+) is the one-fourth order Bessel function of the
first kind [36, 37].

2.3 Summary
We have presented a brief overview of the physical layer of a wireless communications

system, with discussion of the concepts of digital modulation and wireless radio channels.
Key assumptions have been established, such as the use of QAM or BPSK and a coherent
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receiver. A detailed outline of the multipath fading mechanism is provided, as well as
statistical descriptions of multipath fading channels. The difficulties of accurately demod-
ulating signals transmitted through multipath channels motivate the discussion of OFDM
in Chapter 4.



24



Chapter 3

Error Control Coding

This chapter introduces error control coding. We limit our discussion to block codes and
their derivatives. A general overview of block coding is first given, followed by a discus-
sion of hard and soft decision decoding. We then review signal space codes and lattices,
which naturally leads to a discussion of trellis coding. References [5,38,39] provide a fur-

ther introduction to error control coding.

3.1 Introduction

The goal of error control coding is to minimise the number of bit errors in the received data.
At the transmitter the channel encoder adds redundant data according to some rule, and
the channel decoder exploits this redundancy to decide whether any bits are in error. The
addition of redundancy implies either reduced data throughput, or increased system band-
width, as well as additional system complexity. These constraints are design trade-offs in

the choice of error control coding scheme to achieve some acceptable error performance.

Error correcting codes are traditionally separated into block codes and convolutional codes.
Convolutional encoders accept some arbitrary length stream of data symbols, and output a
stream of encoded symbols at a higher rate. Block encoders accept a fixed length vector of &
data symbols, and a longer length vector of n encoded symbols is output. Many deployed
OFDM systems employ convolutional encoders [6, 40,41]. However, we consider block

codes only, since they form the basis for lattice coding.

We later introduce lattices, a necessary preliminary to coset coding and lattice coding. Lat-
tice coding is a technique that combines modulation and coding, and allows powerful
error correction. Recent results [42—44] have shown that lattice coding techniques may be
applied to approach the AWGN channel capacity. Furthermore, lattice coding for fading

25
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channels has also been shown to achieve high coding gains [45].

3.2 Binary Linear Block Codes

An (n, k,d) binary linear block encoder [38] accepts information in k-bit message blocks,
denoted m = {mqg,mqy,...,m;,...,mi_1} where m; € {0,1}. The encoder adds n — k
redundant bits to each block, and outputs an encoded block of n bits. We refer to the
output block as a codeword, denoted ¢ = {cg,¢c1,...,¢i,...,cn—1}, where ¢; € {0,1}. Each
k s called the code

sequence of input bits produces a distinct codeword. The ratio r = 7
rate, which gives a measure of the redundancy added. The set of all distinct codewords is
referred to as the code, and denoted C . It is readily shown that |C| = 2*. A code is linear if
the modulo-two sum of any two codewords c,, ¢, € C, produces another codeword. That

is,cq +¢p € C.

Any binary linear block code may be defined by a generator matrix G, a k£ x n binary

matrix, which may be used to produce codewords by left multiplication,
c = mG. (3.1)

A generator matrix of a code is necessarily a binary matrix with full row rank. When
a binary linear block code is employed, the channel encoder multiplies each block of k&
message bits by the generator matrix, as in (3.1). A parity check matrix H of a code is defined

as the (n — k) x n matrix such that
HG" =04, 1 (3.2)
where 0(,,_) 1, is the (n — k) x k all zero matrix.

The Hamming distance dy (cq, c) between two codewords ¢, and c; is defined as the num-
ber of elements in which ¢, and ¢; differ. We define the minimum code distance d¢ of a code

C as the minimum Hamming distance between any two codewords, that is
de = min {dy (¢4, ¢p) : Cas¢y €C,Cq # Cp}- (3.3)

We may generally describe a block code as an (n, k, d) code, with length n, k input bits and
Hamming distance d.

Generally, linear codes accept k g-ary symbols as input, and output n g-ary, such that the
symbols are elements of the order ¢ Galois field [38,46] F,, and each codeword is then
an element of the Cartesian product Fy. Linear codes are thus linear subspaces of Fy,

and form commutative groups [46]. Linear codes are thus often referred to as group codes.
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Note that binary codes may be described in this fashion, since F; = 0,1. The code rate is
r = % log, g bits/symbol. The code distance d is again the minimum Hamming distance
between any two codewords, and generally the larger the Hamming distance, the more
errors a code can correct.

The error correcting code problem is: given n and d, find the (n,k,d) group code with the
maximal number of codewords ¢*. This will then maximise the rate of a code with length
n and fixed error correcting capability d. In general, this problem this problem is un-
solved, however a large number of good constructions have been found, and many bounds
are known [38]. There are many families of known good binary, and non-binary, linear
block codes, each with different error correcting properties, including Hamming codes [47],
Reed-Solomon codes [48], Bose-Chaudhuri-Hocquenghem (BCH) [49-51] and Reed-Muller
(RM) [52,53] codes.

Broadly speaking, the attractiveness of block codes is the ability to construct codes with
large distance d that can correct many errors, and which have decoding complexity of
polynomial order in d. As such, block codes have been, and continue to be, used in many

wireless applications.

3.3 Hard and Soft Decision Decoding

Assuming an M-ary transmission scheme with signal constellation M, each signal point
represents logy M binary bits. To transmit a length n binary codeword the transmitter

n
log, M

The receiver obtains [ﬁ] signal points which represent the noise corrupted transmitted

then selects a sequence of | | waveforms of period T to represent each set of n bits.
points. The demodulator then produces an output corresponding to the received signals.
Depending on the demodulator design, the output, for each of the n waveforms, may be
a real number or a discrete value. In the case of hard decision decoding the demodulator
directly estimates the transmitted bit sequence then outputs n binary bits. These bits are
then passed to an algebraic decoder whose output is an estimate of the k transmitted in-
formation bits. In the case of soft decision decoding the demodulator outputs real numbers,
or binary words of length greater than n, which are then passed to some decoder to esti-
mate the k£ information bits. The additional demodulator output information during soft
decision decoding typically provides a measure of the reliability of the demodulator esti-
mates, and affords improved decoder performance. We now outline decoding procedures

for hard and soft decision decoding.

As an example, consider a BPSK constellation (M = 2), where Sy is equivalent to bit 0, and
Sj is equivalent to bit 1. We may receive point y, as shown in Figure 3.1. A maximum a

posteriori (MAP) [8] demodulator hard decision would be to output bit 1, since the received
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point is closest to the constellation point .S;.

A
+3VE
+Ef
-3E, ~E, y  +E, +3vE,
1 & @ & 1 >
S, S,
~Eg}
3VE T

Figure 3.1 Transmitted BPSK constellation and received point y

If we transmit all n bits of a codeword, a hard decision demodulator outputs a length n
binary codeword estimate r = {rg,71,...,7,—1}. Since r is possibly error corrupted, we
may write

r=c+e, (3.4)

where e is a length n binary vector, known as the error vector: if e; = 1, then the ith element
of r is in error, and conversely if e; = 0 then the i element of r is correct. The syndrome of

r is a vector identifying each correctable error pattern, and is calculated as
s=rH! = (e+c)H! =eH' + cH! =eHT, (3.5)

since cH” = 0 for all codewords. Therefore r is a codeword if and only if s = 0. We may
identify the errors, e from s. However, it is possible that r contains errors and s = 0, since,

if e is equal to some nonzero codeword, so that c + e € C, then
s=(c+eH" =cH? +c.HT =0. (3.6)

This decoding method is called syndrome decoding. We note that many other hard decision
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decoding methods exist. For example, the Reed-Muller codes are best decoded using ma-
jority logic decoding [38]. It may be shown [39] that hard decision decoding is guaranteed
to correct ¢ errors in r, up to half the minimum Hamming distance of the code, that is,

. . de—1
provided 2t < d¢, or equivalently ¢ < “&—.

Soft decision decoding offers significant benefits over hard decision decoding. Intuitively,
information is discarded by the demodulator when hard decisions are made, while soft
decision decoding retains and exploits some or all of this information. The simplest type
of soft decision decoder uses erasures to indicate certain bits in a codeword which may
contain errors. For example, for a system receiving BPSK signal points, as in Figure 3.1,
we may decide received points close to Sy or S; are output as 0 or 1 respectively, and
received points near the decision boundary are unreliable and thus labelled as erasures.
For example, received points where d > 0.8/Fj could be labelled erasures. Given a binary
demodulator output r where ¢ bits are in error and s bits are erased, we may correctly
decode r provided 2t 4+ s < d¢ [38]. We now outline a simple binary erasure decoding

algorithm.

Given a received word r, we place zeros in all the erased positions, and decode normally,
labelling the resulting codeword cy. We then place ones in all erased positions of r, and
decode normally, labelling the resulting codeword c;. The decoder output is then c; ,
i € {0,1}, such that dg (c;,r) is minimised. Analysis of this algorithm is straightfor-
ward [38]. Note that this decoding algorithm requires twice the complexity of simple hard
decision decoding, as we perform two hard decision decoding operations. The coding gain
of this approach is dependent on the choice of erasures. However, soft decision decoding
algorithms can generally achieve about 3dB of coding gain over hard decision decoding

algorithms, with appropriate demodulator and decoder design [39].

Non-binary erasure decoding algorithms also exist, such as the Berlekamp-Massey [54, 55]
algorithm. In particular Bose-Chaudhuri-Hocquenghem and Reed-Solomon codes permit

very efficient erasure decoding.

3.3.1 Generalised Minimum Distance Decoding

Generalised minimum distance decoding (GMD) is a soft decision decoding algorithm first
introduced in [56]. We transmit codewords from an (n, k, d) linear block code C by map-
ping the codeword to a sequence m(u) of signal points in Euclidean space. The demodula-
tor outputs a hard decision word u = {uy, ug, ..., u;,...,u,} and a vector of corresponding
reliability values o = {aq,a2,...,;,...,05,}, where 0 < o; < 1 and o; € R. Here o; = 0

indicates the hard decision u; is unreliable while ; = 1 indicates high reliability.

We define the trial enumerator set K as K = {0,2,...,d — 3,d — 2} if d is odd, or K =
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{1,3,...,d—3,d — 1} if dis even. Thus |K| = Ldizlj The GMD decoder then performs |K|
erasure decoding trials, for all s € K, where in each trial the s least reliable positions in u
are erased. The trial with s erasures will then produce a candidate codeword, labelled ¢,,
if and only if the number of errors ¢t = dy (u, ¢,) satisfies 2t + s < d. Otherwise, a decoding
failure is declared and no candidate codeword is produced. A set of candidate codewords
L(r) = {¢s: s € K} is thus obtained, such that |£(r)| < |K|. We refer to this stage as the
algebraic decoding phase.

Following the algebraic decoding phase, the decoder selects the codeword with the small-

est generalised distance 0(c, u) from u. The generalised distance is defined [56] by
8% (c,u) = 0% (1, ur) + 0%(ca, ua) + -+ - + 6% (Cny un) (3.7)

where

1— Q; for C; = U;

1+Oéi fOI‘ C; 75 ;.
The candidate codeword closest, in generalised minimum distance, to u is then selected as
the decoder output. It is shown in [56] that GMD decoding will decode to the codeword

c € C,whend(c,u) < d.

We now outline the calculation of a reliability metric o;, i = 0,1,..., N — 1, for Gaussian
channels, from [57]. Given a received signal space point r; the demodulator finds the clos-
estand second closest constellation points labelled s; and s/ respectively. The hard decision
boundary between s; and s/ is their perpendicular bisector. The projection of r; — s; in the
direction of s, — s; is denoted d;, and the reliability is the scaled distance of r; from the

decision boundary. Thus,

0 ford; > 1

(ri — Si, Sk — si)

o = 1—-d; for0<d;<1 and d; £ st — sill (3.9)
1 for dl <0
where ( , ) is the standard inner product !. Figure 3.2 shows the geometry of o, d;, 74,

s; and s!. The hard decision codeword is the inverse mapping u = m~!(s) of the vector of
closest points s = {s1, s2,..., s, }. A received point r; therefore has unity reliability if it is
equal to a signal constellation point s;. Conversely, r; is assigned zero reliability if it lies on

the decision boundary between two signal constellation points.

It is shown in [57] that GMD decoding using this metric achieves bounded distance decod-
ing. Specifically, if the received point r produces some hard decision point s equivalent to

'Note that [57, p. 1998] labels this quantity d;, and there is a typographical error in the definition.
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Figure 3.2 GMD AWGN channel reliability calculation

u, then GMD decoding is guaranteed to produce c, provided z = m(c) satisfies ||r —z|| < d.
Therefore, GMD decoding has performance close to that of maximum likelihood decoding

at moderate to high signal to noise ratio.

3.4 Lattices

We now summarise the basic theory of lattices, necessary for later discussion of lattice codes.
Lattices have been studied by mathematicians for many decades, particularly the densest
sphere packing problem: ‘what is the densest way of packing equal radius N dimensional
spheres together? [7]” Reference [7] provides a thorough introduction to lattices and sphere

packings, and describes the state of the art.

Informally, a lattice is a regular array of points in Euclidean N-space. More formally, an N
dimensional lattice A is defined as

Aé{X:X:ilbl—l-igbz—i-"'—l-iNbN} (3.10)

where byq,..., by are N linearly independent vectors in RN and iy,...,iy are integers.
A lattice may then be thought of as a vector space?, where the coefficients {i;} must be
integers. From (3.10) we observe that a lattice forms a discrete additive subgroup of RY. A

simple example is the two dimensional integer lattice Z? with basis vectors b; = {0,1} and

2Strictly speaking a Z-free module [46]
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by = {1,0}. Another simple example is the two dimensional diagonal lattice Dy with basis
vectors by = {1,0} and by = {3, 3+/3}. These examples are illustrated in Figure 3.3.

. . L . . L .

. . . 3 . . .
. . . . . .

b,
o >

. . . . . . L

L] . L » . . L]
. L] . L L] . L

. L . . . .

(a) Integer lattice, Z°. (b) Diagonal lattice, Ds.

Figure 3.3 Two dimensional lattices Z? and D;: illustration of sphere packings, basis vectors b;,b,
and fundamental parallelotopes (shaded).

Each lattice point x may be considered the centre of an N dimensional sphere with radius
r as large as possible such that the spheres are non-overlapping. This is illustrated for the
lattices Dy and Z? in Figure 3.3. An N dimensional sphere packing [7] is then described by
the centres of all non-overlapping N-spheres of radius r. While a lattice defines a sphere-
packing, the converse is not necessarily true, since a sphere packing need not contain the

origin x = 0, and thus may not be a subgroup of R".
From (3.10) the vectors by, ..., by are called a basis for the lattice. The region defined by
{lel +robg+ -4+ rybn:0<1,79,..., 7Ny < 1} , (3.11)

is the lattice fundamental region or fundamental parallelotope. Figure 3.3 shows the fundamen-
tal region for Z? and Ds. A lattice generator matrix G, is a matrix whose rows form a set of
basis vectors. For example, G = [b?, bl ... b} ] " The lattice can then be defined as

A= {XZX: [il,ig,...,iN]GA; TlyennyIN GZ}. (312)

It follows that the volume V' (A) of the fundamental region of a lattice is

V(A) = y/det [GAGY] (3.13)
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which is independent of the choice of generator matrix. The density A (A) of a lattice is the
proportion of space occupied by the spheres, or equivalently the ratio of the volume of one
sphere to the volume of the fundamental region, where the volume of an /N dimensional

sphere of radius 7 is [7]
N (M=)

_ 2
Vi(r) = N . (3.14)
The aforementioned examples have densities A (Z?) = I ~ 0.7854 and A (D;) = \/% ~

0.9069: in Figure 3.3 observe that the spheres in D, appear more closely packed than in
Z*. The lattice centre density 6 (A) is the density normalised by the unit N-sphere volume,
namely 0 (A) = %.

The minimum distance of a lattice (or sphere packing) dmin (A) is the smallest distance be-
tween two lattice points (or sphere centres), and is equal to twice the sphere packing radius
2r. The kissing number 7(A) is the number of sphere centres at minimum distance from any
other sphere centre. This gives the number of spheres that ‘touch’ or ‘kiss” any one sphere.
Observe from Figure 3.3, that 7(Z?) = 4 and 7(D2) = 6. Finally, the coding gain v(A) of an N
dimensional lattice is a measure of minimum distance relative to the fundamental volume

per two dimensions, and may be written [58] as

(3.15)

Y(A) =4[5 (M)~ . (3.16)

A key problem in lattice theory is identifying the densest lattice or sphere packing in N
dimensions. For N = 1, 2 or 3 this is trivial. For N > 4 this is a nontrivial problem.
However, the densest possible lattices are known for dimensions one through eight, al-
though the densest possible sphere packings are known in dimensions one to three only.
However, the coding gain of any N dimensional sphere packing is bounded by the Rogers
bound [59, 60], expressed in [61] as

N N 3 e 5.25
< —_ e - ) = )
log, (7(A)) < 7 log, ( M) + 5 loga(N) —logs (=) + 5752 (3.17)
with the last term being approximate, although the exact expression is given in [59]. For
N > 42 a stronger bound was found by Kabatiansky and Levenshtein [62], which may be

approximated as
1
N

While the densest possible lattices are known in dimensions one through eight, Minkowski’s

logy (A(A)) < —0.5990. (3.18)
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N Name Symbol Centre Density Bound ((3.17), (3.18))  Ref.
1 Integer Y/ 0.5 0.5 [7]
2 Diagonal Do ﬁ ~ (.28868 0.28868 [7]
3 Diagonal Dy ﬁ ~ 0.17678 0.1847 [7,64]
4 Schlifli D, £ =0.125 0.13127 [7]
8 Gosset &s = =0.0625 0.06326 [65]
12 Coxeter-Todd Ky, 5 ~ 0.03704 0.06559 [66]
24 Leech Aoy 1 1.2741 [61]
32 Quebbemann Qs 3~ 1.359 45.886 [67]
32  Barnes-Wall BWas 1 45.886 [68]
48 Nebe Pasn S A~ 16834.1 39512 [69]
64 Barnes-Wall  BWgy 216 ~ 6.5536 x 10* 2.3663 x 10° [68]
64 Nebe Negy 316~ 4.3047 x 107 2.3663 x 10° [69]
128 Barnes-Wall BWiys 204 ~ 1.8447 x 10% 5.0368 x 10% [68]
128 Elkies MWias 29740 ~ 2.0908 x 102 5.0368 x 10% [7]

Table 3.1 Densest known and Barnes-Wall lattices in selected dimensions N < 128, and
Minkowski’'s existence theorem bound [7]

non-constructive proof [63] states that there exist NV dimensional lattices such that

C(N
A(A) > QJ(V_B (3.19)
where ¢(N) = 322, k¥ is the Riemann zeta-function [37]. For high dimensions, no lat-

tices have been found that satisfy (3.19). Table 3.4 outlines the densest known sphere pack-
ings, and the upper bound on the density given by (3.17) and (3.18) for various dimensions.

Any sublattice A’ of a lattice A is defined as a subset of the elements of A, such that A’ is
a subgroup of A and itself a lattice. Then, by elementary group theory [46], A’ induces a
factor group or partition A/A’ of A into equivalence classes, modulo A’. The order of the
partition is the number |A/A’| of such equivalence classes. Each equivalence class is a coset
of A/, that is a translate A’ + t of A/, for some t € A. We refer to t as the coset representative
and the set of all coset representatives for the partition is labelled [A/A’]. It follows that
A = A + [A/A'] is called the coset decomposition of A. For example, we can partition the
lattice Z? into the sublattice of even integer only coordinates 272 and its cosets. The coset
representatives may be defined as [Z?/2Z?%] = {(0,0), (0,1),(1,0),(1,1)}. This partition is
illustrated in Figure 3.4.

A partition chain A/A' /A" /... is a sequence of lattices such that each is a sublattice of the

former. For example, Z?/27%/472/ ... is an infinite partition chain. A partition chain de-
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Figure 3.4 Cosets of the lattice partition Z?2/27>.

fines a coset decomposition chain, that is

A=A+ [A/N]

" 1AM / (3'20)
=A"+ [N'/A"] + [A/A] et cetera,

so that each element of A may be expressed as an element of the final sublattice in the

partition chain, plus a coset representative of each partition chain coset.

3.4.1 Elementary Constructions

We introduce two elementary methods of constructing lattices from binary linear block
codes. We then present the special case of the Barnes-Wall lattice construction. There are
strong connections between the error control coding problem (Section 3.2) and lattice con-
structions, since the error control coding problem is the problem of packing as many points
as possible into the Galois field Fy;, with minimum Hamming distance d between any two
points. This is equivalent to packing the most number of spheres of radius d into Fy. Fur-
ther discussion of the connections between error control coding and sphere packing are
contained in [7,42].

Construction A [7] is a method of constructing an n dimensional sphere packing from an

(n, k,d) binary linear block code C. We may define a lattice A¢ as all n dimensional integer
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vectors x that are equivalent, modulo 2, to a codeword c € C. That is,
Ac 2 {x=c(mod?2):ceC}. (3.21)

This construction may be generalised [57] as follows. Given an ¢ dimensional lattice A and
sublattice A’ C A, we assume there exists some group G isomorphic to A/A’. Any ¢ € G is
therefore equivalent to some coset representative ¢t € [A/A’] by some mapping § : ¢ — t.
Therefore, each A’ + £(c) specifies a coset of A’ and there exists some inverse mapping
¢~ : t — ¢ from the elements of the coset A’ + c to the label u. Generalised Construction A

then defines a lattice from an (n, k, d) group code C C G", as

Ac 2 <o) (3.22)
ceC
with
(e) = ()" + {&(cr), &(ca), -, Elen)} - (3.23)
Ac is then an ¢ x n dimensional lattice, with [7]
V(A/)n
V(Ae) =—=
We) =" (3.24)

dmin (AC) > min {dmin (A/) s dC-dmin (A)}

where d¢ is the minimum Hamming distance of the code C. If A = Z and A’ = 2Z, then any
binary linear code is isomorphic to A/A’. Then, letting £(0) = 0 and £(1) = 1, generalised
construction A reduces to construction A. Note that generalised construction A may be

used to define lattices from non-binary codes, as in [57].

Generalised Construction C is a multilevel extension of generalised construction A. 3 Con-
sider a partition chain of ¢ dimensional lattices A,,/A;,—1/ ... /Ao, where each partition
Ay /Ak—1 is isomorphic to a group G, for k = 1,2,...,m. We denote each label group to
coset mapping as &, : G — [Ag/Ak_1], with inverse g,;l : [Ag/Ag—1] — Gr. Now consider
some sequence of length n codes Cy, Cs,. . ., Cpy, OVer Gy, Go,. . .Gy, respectively. We can then

define a generalised construction C lattice as

Acy . 2 U {(Ao)" +& (c<1>) ot (c<m>) } (3.25)

c() eCh__.,C(m)Ecm

where ¢ (c*)) = {gk (cgk)> & (cék)> & (é{c))} and (Ag)" is the n-fold Cartesian

product of Ag. It is then readily shown [7] that Ac, is an ¢ x n dimensional sphere

,,,,, m

3 [57] generalises this construction further, calling it Multilevel Construction A, but in keeping with [7] we
use Generalised Construction C
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packing, with

V(Am)"
""" [Tisq Gkl (3.26)

<

=

@

i
I

,,,,,

Although many dense lattices are known for high dimensions (n > 32) throughout this
thesis we use the Barnes-Wall family of lattices [68], or similar sphere packings, as an ex-
ample, since they are readily constructed from the binary linear Reed-Muller codes. We
construct the n dimensional Barnes-Wall lattice, for n = 2% a € Z,a > 2, denoted BW,,
using the codes Cy,Ci,...,Cp, where m = |%] and Cj, is the length n, (2k)"™ order Reed-
Muller code [38]. We use the partition chain Z/2Z/ ... /2™7Z. The mappings from Cj, to
[Ar/Ak—1] are defined as

& (™) = {& (") & ()6 (49) } (327)

& (cg’f)) — 9k, (3.28)

where

The n dimensional Barnes-Wall lattice is then given by

BW, & U {(2%)” + & (c<0>) bt s (c<m-1>) } . (329)

c®eCy,....ctm=DeCn 1

The Barnes-Wall lattices have kissing number [7]

m(m+1)

T(BWp) = (2+2) x (2423 x ... x (24+2™) ~4.768 x 2 2 (3.30)
and centre density
5 (BW,) =2~ Tni (3.31)

and are among the densest known lattices in dimensions n > 16.

3.5 Coded Modulation

Coset coding combines coding and modulation so that bandwidth efficient signals are trans-
mitted with reduced error rate. Coded modulation largely stems from the work of Unger-
boek [70], while [71,72] provide a thorough examination of the subject. A coset coder has
three basic elements: a binary encoder which accepts uncoded data and outputs a larger
number of coded bits, a method of using these to select a coset of the signal constellation,
and a scheme for choosing an individual signal point from the selected subset with the
uncoded bits. We assume a block encoder is used, although many schemes employ convo-
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lutional encoding, as described in [58]. The basic elements of coset coding are outlined by

Figure 3.5.
k bits Binary Encoder| nbits Coset Selection
e — P
C NN
coset of A’
(2" possible
selections)
4
7 bits Signal Point signal point
Selection (2" possible selections)

Figure 3.5 Basic elements of coset coding: coset selection and signal point selection.

Note that subsets of a generalised construction A lattice can be formulated as a coset code,
since each codeword selects a coset in the signal constellation A’, and any remaining un-
coded bits select a distinct point from this lattice coset. Likewise, subsets of generalised
construction C lattices can be formulated as coset codes. We refer to coset coding schemes

that are equivalent to selecting a point in a lattice as lattice coding.

Strictly speaking, transmitting a point from a lattice dictates that our signal constellation
is the lattice A. However, we typically transmit some translation A 4+ t of A, so that 0 ¢
A + t, where ¢ is some n dimensional vector, so that our signal constellation has no DC
component. Furthermore, any signal constellation must be finite, so we select some finite
subset My C A + t as our transmitted signal constellation. The choice of finite subset
determines the shape gain of the lattice code [73]. The total coding gain of the lattice code
is determined by the product of the shape gain and the lattice coding gain [71]. However,
for large constellations, that is [M¢| > 1, the total coding gain is largely determined by the
lattice properties [71]. Thus, for simplicity we assume the signal constellation is the set of
points within an n dimensional cube so that the shape gain is unity. A detailed discussion
of the effects of signal constellation choice upon shape gain, implementation complexity,

and compatibility with existing systems is contained in [74].

As an example of a lattice code, consider transmission of points in the 16 dimensional

Barnes-Wall lattice BW;6. The construction C representation of BWjg is

BWig = U {(42)16 +2eM c<0>} (3.32)
cWeRM(0,4),c(D eRM(2,4)

where RM(0,4) and RM (2,4) are the length 16 Reed-Muller codes of order 0 and 2 respec-
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tively. The operation of the BW;¢ lattice encoder may be described by Figure 3.6. Note
that RM (4,4) is the trivial code which adds no redundancy, and simply outputs the un-
coded input bits. The output of the RM (0,4) and RM(2,4) encoders select cosets in the
lattices partitions Z/2Z and 2Z/47Z respectively, so that a distinct coset of 4Z is chosen.
The uncoded bits then select a point from this coset. The selected point is then from the
subset of BW16 whose points lie within the 16 dimensional cube with opposite vertices at
{0,0,...,0} and {7,7,...,7}. If we set the translation vector t = {—3.5,—3.5,...,—3.5},

the signal constellation is symmetric about the origin, and the DC component is removed.

1 bit c” Select Coset in
— »  RM(0,4) Encoder 727,
Coset: 2Z'° + ¢
v
11 bits ”’ Select Coset in
RM(2,4) Encoder 27/47.
Coset: 22 +2¢® + ¢
16 bits RM(4,4) Encoder < Select Point Point in BW,,: Map to eight |
(no encoding) in 47" 4cV+2¢7+ ¢ T 64—QAM Symbols

Figure 3.6 Lattice coding using the 16 dimensional Barnes-Wall lattice BW1s.

We may then map each point x = {z1,x2,...,23} € BWjs to an 8-PAM constellation. For
example, we may use the mapping m(x;) = 2v/Ep(x; — 3.5) so that each coordinate of x is

mapped to the 8-PAM constellation

Ms-past = {=7V/Bo,~5V/Bo,~3V/Eo, —V/Eo. VE0,3VEs. 5VE. TVE | . (333)

Furthermore, we may transmit two 8-PAM constellations in quadrature as a 64-QAM con-
stellation, so that pairs of coordinates in x are transmitted. Therefore, we may represent
our point in BW with eight transmitted 64-QAM symbols.

Note that we may view this as multilevel coding, a powerful method of coding analysed
by [75-78]. This is illustrated in Figure 3.6. Generally, any coset coding equivalent to
selection from a finite subset of a construction C lattice may be viewed as multilevel coding.
We concern ourselves only with this type of coset coding for the remainder of the thesis. A

thorough and more general analysis of coset coding is found in [71] and [72].

At the receiver we are presented with the apparently difficult task of estimating the trans-
mitted point x from a large constellation M ;. However, multilevel codes are elegantly de-

coded using multistage decoding [75,76]. For our example, given some noise corrupted re-



40 Error Control Coding

ceived word r € R™, we first find the closest point in the coset 276 + ¢, (c(O)) = 2716 4 ¢,
and label this (7). We label the binary vector isomorphic to this point as u®) = ¢, (%) =
%(9). We can then decode u®) to obtain an estimate ¢(”) of the codeword c(). In the next
stage, we estimate c(!) by finding the closest point to r—é(®) in 4Z10+¢; (cV) = 4z'%+2¢M),
which we label %;. From this we obtain a!) = &'(%V)) = 1%, and we decode this to
obtain an estimate ¢ of c¢(1). Finally, to estimate the uncoded bits, we find the closest
point to r — &© — 2¢(M) in 4716, and estimate the uncoded bits as ¢® = &' (%x?). This
method is readily generalised to decode any construction C lattice code [57]. We have thus
estimated the transmitted bits in stages, with each stage corresponding to estimation of a

specific coset of each partition in the lattice partition chain.

In the above example, at the mt level, for m € {0,1,2}, we estimate the codeword associ-
ated with each hard decision. We have implied the use of algebraic hard decision decoding,
although, this does not achieve the best error performance. We may also use maximum
likelihood sequence estimation of each codeword given r. However, the computational
complexity of maximum likelihood decoding increases exponentially with code length n,
and thus lattice dimension. We may also employ GMD decoding at each stage to achieve
near maximum likelihood performance with only polynomial complexity in n. GMD de-
coding of Euclidean space codes is summarised in sections 3.3.1 and 6.3.1, and described
in detail in [57] and [79].

3.6 Summary

We have introduced error control coding and lattices, including the concept of lattice cod-
ing, an attractive method of exploiting the properties of dense lattices. We may transmit
points from complicated lattices using simple multilevel constructions, then decode using
simple multistage techniques. Near maximum likelihood decoding performance can be
obtained by applying soft decision coding at each stage, specifically GMD decoding. We
can thus achieve high coding gains with low computational complexity. GMD decoding of

wireless OFDM systems employing lattice codes is a major topic of the work in this thesis.



Chapter 4

Orthogonal Frequency Division
Multiplexing

In this chapter we summarise the important aspects of orthogonal frequency division mul-
tiplexing (OFDM), a method for transmitting high data rates via parallel streams. We begin
with a discussion of the motivation for using OFDM, outline the transmitter and receiver
structures, and then conclude with the limitations and requirements of OFDM systems.
This chapter introduces concepts and notation that will be used throughout the remainder
of the thesis. We then show that the distribution of the capacity of an OFDM system with a
large number of subcarriers, transmitting over a frequency selective, Rayleigh fading chan-
nel, is approximately Gaussian distributed. Furthermore, we prove a theorem, which states
that as the number of subcarriers, and system bandwidth, approaches infinity, the asymp-
totic capacity is the same as that for an infinite bandwidth narrowband system. These
capacity results are original work. A comprehensive treatment of OFDM systems is found
in [4,80].

41 Motivation

To transmit high data rates we must either increase the size of the transmitted symbol
constellation, or decrease the duration of each transmitted symbol. In the unavoidable
presence of noise, the error rate will increase if the constellation size is increased, unless the
transmitted power is also increased. Battery powered mobile systems or systems operating
near people should not transmit high power, and therefore high data rate systems typically
employ a short symbol duration, and thus a large transmission bandwidth. The increase
in system capacity as bandwidth or power is increased is elegantly shown by Shannon’s
capacity theorem, stated in Equation 1.1.

41
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As outlined in Chapter 2, systems that employ a large transmission bandwidth are affected
by channel frequency selectivity. Traditional single carrier systems transmitting over fre-
quency selective channels are perturbed by intersymbol interference (ISI) which severely
limits the transmission rate, unless difficult and complicated equalisation techniques are

employed [4].

Parallel data stream systems split the data into NV lower rate streams that are simultane-
ously transmitted, then recombined at the receiver into a single high rate stream. Classical
parallel systems divide the total bandwidth into N subchannels that do not overlap in fre-
quency, onto which each parallel data stream is modulated. The advantage of the parallel
approach is that each data stream occupies a small bandwidth, referred to as a subchan-
nel. Thus, the symbol duration within each subchannel is large compared to the maximal
delay spread of the channel, the subchannels are essentially flat, and intersymbol interfer-
ence is readily mitigated. Nonoverlapping subchannel systems require stringent filtering
to prevent subchannel overlap. A simpler method with more efficient use of bandwidth
is to allow the subchannels to overlap in frequency, with an orthogonality constraint such
that the subchannels do not interfere and may be separated. This may be obtained very
efficiently using Fourier transforms, for which fast algorithms exist [81]. This is the OFDM
technique, which is described in the following sections.

Overlapping subchannel systems were first proposed in the mid 1960s [82,83]. However
the technique we refer to as OFDM was first completely described, in 1971, by [84]. The
attractiveness of OFDM for transmission over both flat fading and frequency selective fad-
ing channels was outlined in [85]. The most ubiquitous use of OFDM technology to date
is not wireless, but for asymmetric digital subscriber line (ADSL) high speed internet [86].
However, OFDM has grown rapidly in popularity in the 1990s, and has been incorporated
in several wireless networking [40, 87] and broadcasting [6,41] standards. Furthermore,
OFDM has been proposed as a transmission method for ultrawideband technology [88] as

well as a possible fourth generation cellular technology [89].

4.2 Transmitter Structure

The OFDM signal is the superposition of N subcarriers spaced A fHz apart. We can write

the k", k = 1,2,..., N, subcarrier signal as

Glt) = {eXp (j2rkAft) for0 <t <Ts 1)

0 otherwise,

where T = Aif is the duration of the modulated symbols on each subcarrier. The total

system bandwidth B is divided into /N narrowband subchannels, each occupied by a sub-
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carrier with symbol duration N times longer than that of a single carrier system employing
the same bandwidth. We may then write B = T% = NAf.

To each subcarrier symbol we add a guard interval Tj,. If T, is larger than the channel
maximal delay spread 7max no ISI occurs, since all the delayed signal versions arrive at
the receiver before the next signal. Each subcarrier signal duration is then 7' = T + Tj,.
Typically we extend each subcarrier signal by T}, referred to as a cyclic prefix 1, such that
the k*® subcarrier signal during the n'" time interval is

exp (j2rkAft) for0 <t <Ts+T,
gi(t) = ' g (4.2)
0 otherwise.

Note that there exist other methods of adding a guard interval. For example, it is shown
in [90] that it is possible to estimate the channel impulse response, and then mitigate ISI,
even with transmission of no signal during the guard interval. However, in the remainder
of this thesis we assume a cyclic prefix is used during the guard interval. Note that no new
information is transmitted in the guard interval. Thus we typically select N so that T} is
large compared to Tj, and the proportion of symbol duration used in the guard interval is
then small.

We modulate the k*" subcarrier during the n'"* time interval with data symbol S,, ; € R?,
from some signal constellation such as BPSK, QPSK or QAM. We then superimpose all N
subcarriers to form the n'® OFDM block, denoted

\/—lﬁ S Surge(t —nT)  for (n—1)T <t <nT

0 otherwise.

Then, applying a rectangular window to each OFDM block, we obtain the OFDM signal

for all time intervals as

o N
()= =303 S ult =), (44

n=0 k=1

The Fourier transform of the signal during the n'"" time interval is then

N
Sul0) = <= 3 SuiGalf) @5)

k=1

where each subcarrier has spectrum

Gi(f) = Tsinc (nT[f — kAS]). (4.6)

IStrictly (4.2) describes a cyclic postfix, while a cyclic prefix would define gx(t) to be nonzero between
—Ty, <t < Ts. However, these are equivalent.
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Thus, the subcarrier spectra are sinc pulses, which overlap but are mutually orthogonal,
as illustrated in Figure 4.1. Note that sampling s,,(¢) at rate kA f yields the same result as
sampling g, (t —nT) at rate kA f. Thus, the subcarriers are mutually orthogonal, since with
correct sampling we may reconstruct each subcarrier signal so that it is unaffected by the
other N — 1 overlapping subcarriers.

Subcarrier Spectra Gk(f), k=12,...8

Y
9
Q

v
A

I

Q@é@

| | | | |
-4 -2 0 2 4 6 8 1
Baseband Frequency (MHz)

o
-
N

Figure 4.1 Baseband subcarrier frequency spectra for an OFDM system with N = 8 and Af =
1MHz.

We sample the signal s, (t) at rate B and label the samples as s, ; fori = 1,2,..., N. These
may be written as

1 Y jmik
Sni = ——= Sk €Xp < > 4.7)
VN ; N

which is an inverse discrete Fourier transform (IDFT) operation. We thus efficiently gen-
erate s, (t) by performing an IDFT of the subcarrier symbols S, , for k = 1,2,..., N, to
obtain samples s,, ; which are then digital to analog converted to obtain s,,(¢). This is illus-
trated later in Figure 4.2.
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4.3 Receiver Structure

Assuming that the transmitted OFDM symbol has guard interval longer than the maxi-
mum multipath delay, and that the channel is time invariant during each OFDM block, the
received signal r,(t) for the n' time interval is a channel perturbed version of the trans-
mitted signal. Specifically,

Tn(t) = hn(t) ® sp(t) + wn(t) (4.8)

where h,,(t) is the channel impulse response, and w,,(t) is a complex additive white Gaus-
sian noise process with power spectral density 22 per dimension. The orthogonal subcar-
rier signals are obtained by a correlation technique [4] which may be implemented as a
discrete Fourier transform (DFT) of N samples ry, ;, at rate B, of the received signal r,(t).

That is, we obtain

j2m’k> @9)

N
R, = \/% ;rn, exp <— ~
where R, ;, € R? is a channel and noise perturbed version of S, ;. If the channel is approx-
imately constant during each OFDM block, that is the channel coherence time is much
greater than 7', and the guard interval is sufficient that ISI is negligible, then we may
write [84]
R, = Hn,kSn,k + Wy k- (4.10)

In this case each subcarrier is multiplied by a complex subchannel gain H,, ; and each
received symbol is further perturbed by complex additive white Gaussian noise modelled
by W, . It may be shown [80] that I, ; is independent for all n and &, and has variance

No . .
=? per dimension.

We refer to the set of all N symbols transmitted during the n'' time interval as the n't
transmitted OFDM block, denoted

Sy = {Sn1,Sn2 -, Sun}- (4.11)

Similarly the n'? received OFDM block is denoted

R, = {Rn,h ng, - ,Rn,N} =S,oH,+W, (4.12)
where H,, = {H,,1,Hp 2, ..., H, N} is the set of nt" time interval subchannel gains , W,, =
{Wp1,Wha,...,W, n}is the set of n' time interval noise process samples, and S,, © H,, £

{Sn,lHn,la Sn,2Hn,2a R Sn,NHn,N}-

The elegance of OFDM is captured in (4.10), since each transmitted subcarrier symbol is
not affected by ISI. Each modulation symbol is only multiplied by the subchannel gain,
and corrupted by additive white Gaussian noise (AWGN). The components of an OFDM
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transmitter and receiver are summarised in Figure 4.2.

Transmitter

Dat: Serial to . . . Sui . Digital to Analog
Parallel : Modulator . N point IDFT Add Guard Interval Comraton

s,(0)

Wideband Channel

Receiver n®

r Sampling and
Demodulator : N point DFT - Analog to Digital Remove Guard Interval
Conversion

Data Parallel
to Serial

Figure 4.2 OFDM Transmitter and Receiver Structure

4.4 OFDM Channel Model

Following [80, Chp. 2] each subchannel response H,, ; may be modelled as the channel
response H ( fi,t) at the subchannel centre frequency f;, assuming a slow fading channel.
This is intuitively satisfying, since the spectrum of each subcarrier is a sinc pulse, as in
(4.6), centred at fj, with rapidly decaying side lobes, as illustrated in Figure 4.1.

Assuming a Jakes” model Rayleigh fading channel (Section 2.2.2), we may then express the
response of subchannels k1, k2 € {1,..., N} during time intervals ny,n2 € Z as complex

Gaussian random variables. That is, from (2.39),

Hpy ky = Xy oy + Y01k
Hmez = Xm,kz + an27k2

(4.13)

where X, 11, Yoo k1 Xno ke and Yy, 1, are real Gaussian random variables with zero mean.

Without loss of generality we may assume

E[X2 ] =E[Y2,.]=E[X2 . ]=E[Yi,.]= L (4.14)

n1,k1 ni, na, na, 9
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Furthermore the subchannel gains have cross correlations (Chapter 2):

E [anyklynl,kl] =E [an,k2Yn27k2] =

0
1 J() (27deAnT)
E [Xm,lem,kz] =E [Ym,lemJ@] = 5 1

+ (27T7'7«msAfAkt)2 (4.15)
2T AfAkTrms) Jo (27 fgAnT)

1
E [Xm,klym,kz] =—FE [Ym,k1Xn2,k2] = _5 1+ (271'7' AfAk?)2

where Ak = |k; — ka| and An = |n; —ng|. From (4.15) we observe that the cross correlations
E [Xp1 k1 Yo ko) @and E [Yy,, k, Xy 1, ] decrease as =7, referred to [91] as strong correlation or
long range dependence. This strong correlation prevents the application of classical central
limit theorems [92,93] to functions of the Gaussian distributed subchannel gains.

Note that the channel response magnitudes |H,, .| and channel gains |H,, ;|* have marginal
Rayleigh and exponential distributions respectively, as outlined in Section 2.2.2. Further-
more, the joint subchannel gain distribution for subchannels ki, k2, k1 # ko, during the

same time interval n, is, from (2.46),

1 T4y \VPA/TY
e = o —en (g )0 () @9
In this case 0 = 1 is the variance of the underlying Gaussian random variables, and the

correlation coefficient p between |H,, 1, |* and | H,, 1,|” is

1

T 1+ 2nTrms AfAK)? *17)

p

from (2.45) with At = 0 since we consider subchannel gains within the same OFDM block.

4.5 Requirements and Limitations

Although OFDM is an elegant method of combating the effects of channel frequency se-
lectivity, there are several limitations and stringent requirements for the correct operation
of OFDM systems. For completeness we discuss the more important requirements and
limitations. However, throughout the remainder of this thesis we assume that these re-

quirements are met.
4.5.1 Synchronisation

In Section 4.3 we imply receiver time synchronisation. Time synchronisation requires
identification of the beginning of each OFDM block and guard interval. This is typi-
cally obtained by first transmitting some known sequence of training blocks, as proposed
in [94-97]. Since the OFDM technique employs symbols of duration N times longer than
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an equal bandwidth single carrier system, there is less sensitivity to timing offset. How-
ever, note that less timing offset is shown to improve carrier frequency offset estimation
and also improve channel estimation [96,98]. A more detailed discussion of the effects of

timing jitter is found in [80].

We have also implied perfect receiver frequency synchronisation. The receiver DFT opera-
tion correlates the received signal with the subcarrier pulse function g (t) fork =1,..., N,
(4.2). That is, the received signal is correlated with sinusoids with frequency fi, = kAf,
k =1,...,N. However, in the presence of frequency offset f.g in the receiver, the received
signal is correlated with sinusoids of frequency fi, + fog. This violates the orthogonality of
subcarriers, and causes intercarrier interference (ICI) over all subcarriers. This is analysed

gth

in [80]. The resulting interference power Picy affecting the ¢*" subcarrier is the sum of the

interference from all other subcarriers, and may be written as [99]

> f
Per= Y sinc? <7r [k: — - A—ﬂ) . (4.18)

k=1,k#¢

It may be observed, from (4.18), that a frequency offset f,g = 0.2A f causes interference ap-
proximately —10dB below the signal power. This significantly reduces the effective signal
to noise ratio of each subcarrier and increases the bit error rate. Frequency synchronisation
in OFDM system:s is therefore critical for correct performance, particularly in systems with
small Af.

Doppler spreading due to receiver motion causes a frequency shift in the received signal.
Thus, Doppler effects may be modelled as a frequency offset [100]. This remains a key
problem in the use of OFDM in high speed mobile applications and can introduce an un-

acceptable error floor [100].

Frequency offset must be corrected before performing the receiver DFT. Typically, pilot
symbols are used to estimate the frequency offset, as in [99,101-103]. Reference [104] gives

an overview of existing frequency offset correction algorithms.

An alternative approach to synchronisation exploits the cyclic prefix. Estimation of the tim-
ing and frequency offset can be derived from the intrinsic redundancy of the samples that
constitute the cyclic prefix [105-108]. Conceptually, samples of the subcarrier signal gi(t)
are correlated with samples from the guard interval to provide an accurate estimate of the
start of each signal. These methods remove the necessity, or reduce the required number,
of pilot symbols. However, cyclic prefix based frequency offset estimation typically has
worse performance then pilot based schemes, since the cyclic prefix is typically shorter in

duration than a pilot symbol, and the estimate is then based on a sample with lower SNR.
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4.5.2 Channel Estimation

At the receiver we obtain symbols R,, i, as in (4.10). Thus, we multiply by the normalised

conjugate subchannel response ‘2 to obtain

H,
|Hp,

H, H,
R;lvk = ’H 772Rn7k = Sn k+ ’ k’ Wn,k = Sn,k + WTIL,k (419)
n,k n,k

where W) , is a complex zero mean Gaussian random variable with variance ‘ H T2 20 per

dimension. We therefore require knowledge of each subchannel gain. Channel estimation
may be performed in static or quasi-static channels by transmitting a pilot sequence prior
to data transmission, as in [86]. In faster fading channels, estimation techniques typically
require devoting a number of subcarriers within each block to transmitting a pilot symbol.
Note, from (4.17), that the gains of neighbouring subchannels are highly correlated, and
thus readily estimated using dedicated pilot subcarriers, as in [40, 85, 109].

In the absence of channel state information differential modulation techniques may be
used. Conventional differential modulation techniques [110] may be applied to succes-
sive subcarrier signals, or the subcarrier symbols may be encoded differentially between
adjacent subcarriers within a single OFDM block [111]. Such schemes attract a throughput
sacrifice, although pilot symbols are not required and the receiver structure may then be
simplified.

4.5.3 Peak to Average Power Ratio

Each OFDM block s,,(t) is the sum of N subcarrier signals modulated by independent and
identically distributed symbols S, ;.. The amplitude of s,,(t) is therefore a random variable.
For large N the central limit theorem dictates that |s,,(¢)| follows a Gaussian distribution.
Thus OFDM signals usually have large peak to average power ratio (PAPR). Specifically,

the PAPR is

()
Prkc/av 2 maXOSt;T 5 ()l (4.20)

where the average power P,, = E [|s,(t)|?]. The cumulative probability density function
(CDF) of Py /ayv is approximately [112]

Pp (1-e)". (4.21)

pk/av( )
Although a more accurate approximation of Fp, . (z) is derived in [112], (4.21) captures
one of the major drawbacks with OFDM systems: the PAPR is typically very large. Thus,
power amplifiers that remain linear over a large dynamic range are necessary. In the ab-
sence of such amplifiers, the signal is clipped and distorted, causing both out of band
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emissions and symbol errors at the receiver [80]. The reduction of OFDM PAPR is the sub-
ject of a large body of work. Generally, PAPR reduction techniques fall into two categories:
restriction of the subcarrier symbols S, ;, to eliminate the combinations which produce
large amplitudes, as in [113-115]; and filtering or pre-distorting the OFDM signal before
amplification to reduce the amplitude peaks, as in [116-118]. A general summary of these

techniques is contained in [4].

4.5.4 Further Considerations

There exist many other requirements for reliable operation of OFDM systems. These in-
clude suppression of narrowband interference from other systems, methods for which are
outlined in [119]; the effects and mitigation of phase noise in the receiver [80, 120]; and
methods [121-123] of windowing the signal s, (¢) so that out of band emissions, due to the
sinc pulse side lobes (4.6), are suppressed. A summary of the important considerations is
given in [124]. Most key considerations are also addressed by the standards [40, 87, 88].

4.6 OFDM Capacity

In this section we consider the capacity of OFDM systems operating over frequency selec-
tive Rayleigh fading channels. Recent work concerning the capacity of systems operating
over frequency selective channels includes [125-127], while [128] gives an encyclopedic
overview of the subject. However, we restrict our capacity analysis to OFDM systems,
and concern ourselves with the distribution of instantaneous capacity, that is, the capacity

during transmission of each OFDM block.

Similar analysis of OFDM capacity is found in [129], where transmission over twisted pair
cables perturbed by crosstalk and thermal noise is analysed. [129] considers OFDM sys-
tems with fixed bandwidth, and derives the asymptotic capacity as the subcarrier separa-
tion decreases. In contrast, we consider the capacity of power limited OFDM systems with
very large finite bandwidth, and derive the asymptotic capacity of systems with infinite
bandwidth. This is motivated by recent proposals [88] for the of OFDM in ultrawideband
systems. An overview of recent capacity results for power limited systems transmitting

over a large bandwidth is given in [130].

From Section 1.1, Shannon’s theorem [1] states that a narrowband system occupying a
bandwidth Af and perturbed by additive white Gaussian noise such that the signal to
noise ratio within the bandwidth is ~, can transmit at a maximum rate of

Af

C = ) In (1 + ) bits/s (4.22)
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so that each bit may be estimated without error. Consider an OFDM system transmitting N
subcarriers spaced A fHz apart, over a frequency selective slow fading Rayleigh channel,
where the receiver has perfect synchronisation in time and frequency and perfect channel
state information. Furthermore, assume that the total average transmitted energy over
all subcarriers is En, so that each subcarrier transmits symbols at rate A f, with average
energy Ey = E—A}“ Then, given bandlimited noise with power spectral density of Ny per
dimension across the transmission bandwidth, the received signal to noise ratio on the
k't subchannel during the n'® block is v, x = \an\z 2, where vy = ]%—g Without loss
of generality we may ignore any loss in capacity due to the guard interval, and write the
instantaneous k' subchannel capacity as
Af

Ch i —ln(l"i"yn,k) =

. ar
M n2

2
=2 In (1490l Hopl?) (4.23)

Note that, for any subcarrier k, C,, ;, is a random variable in time since the subchannel gain
|H,1|? is time varying. The pdf of C,, x, since |H,, x|? follows an exponential distribution

with unity mean, is then

In2 zln?2 1 1 zln2
sewnte) = sisge (a7 ) oo (5 - 5y 57 ) 2

so that, using Appendix A.1, we may write the mean capacity as

< Af Af 1Y .. 1
E[Chi] = —=1In(1 —y)dy = ——= — |Ei{ —— 4.25
R R R e o o LT C ) e
where Ei(.) is the exponential integral function [37]. This expression is also obtained in
[127,131]. We define the instantaneous total capacity of the OFDM system as

N
Cn=) Chp (4.26)
k=1

which is also a random variable in time.

In the remainder of this section we show that, for large NV, in a frequency selective Rayleigh
fading channel the distribution of C,, is approximated by a Gaussian random variable. Fur-
thermore, we derive the mean and variance of this distribution. This key result allows
OFDM system designers to construct confidence intervals on the achievable system ca-
pacity, and clearly identifies the statistical behaviour of system capacity. We also prove a
theorem which states that, in the limit as N — oo, the normalised capacity of an OFDM sys-
tem converges, in probability, to a constant equal to the wideband channel capacity [130].
Therefore no loss in capacity is incurred by using OFDM to transmit over wideband chan-
nels.
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The derivation of these two results relies on a central limit theorem, introduced in Section
4.6.2. However, use of this theorem first necessitates the definition of the subchannel ca-
pacity as a function of each subchannel gain, and the introduction of the Hermite rank of
this function, in Section 4.6.1. We then apply the central limit theorem in Section 4.6.3 to
show that, for large IV, the distribution of C), is approximated by a Gaussian distribution,
whose mean and variance may be found using the subchannel capacity correlation expres-
sions also in this section. We prove the asymptotic total capacity in Section 4.6.4. Finally,

we verify our analysis with system simulations shown in Section 4.6.5.

4.6.1 Hermite Rank of Capacity Function

Each subchannel gain may be expressed as a complex Gaussian random variable, H,, j, =
Xnk + jYn i asin (4.13). In the Rayleigh fading channel X, ;, and Y, ;, are zero mean, and
without loss of generality we may set E [X Z k} =E [YHQ k] = L. We may then express the
subchannel capacity as a function c(-) of Gaussian random variables. Specifically,

Af

O 2 ¢ (X, Yor) = 50 (1+ [X70 4 Y2 70) - (4.27)

The Hermite rank [132] of a function is the index of the first nonzero coefficient in its Her-
mite polynomial [133] expansion. We require the Hermite rank of c(-) in order to apply a
central limit theorem introduced later. The Hermite rank ¢(f) > 0 of a measurable func-
tion f : X — R for the zero mean Gaussian vector X = {X;,..., X} € R? where f has

finite second moment, is defined [132] as
d d
o(f) = inf{T 3 with >l =rand E | (f(X) - E[f(X)]) [[ H,(X1)| # 0} (4.28)
j=1 j=1
where H, is the ( j)th order Hermite polynomial [133]. Equivalently [134], given a polyno-

mial P we may write

o(f) éinf{ o(f) : 3 P of degree @(f),withE[(f(X)—E[f(X)] )-P(Xl,...,Xd)} £0.
(4.29)

We show that the Hermite rank ¢(c) of ¢(X, X32) is at least two by showing that it is neither

zero nor unity. Consider first a zero order polynomial Py(X1, X2) = op. Then
E [(C(Xl, XQ) —E [C(Xl, Xg)]) PQ(Xl, Xg)] = Oé()E [C(Xl, Xg)] — Oé()E [C(Xl, Xg)] =0 (430)

for all o, and thus ¢(c) # 0. Now consider a first order polynomial, P; (X1, X2) = as X; +
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a1 X2 + ap. With a little manipulation we may then write

E[(c(X1, X2) — E[c(X1, X2)]) P1(X1, X2)]
A (4.31)

A
= OQ%E (X1 In (1490 [XT + X3])] +a1£E [XoIn (1 + 70 [XT + X3])]-

2

Assuming X; and X3 each have variance 0%, we may write

]
]

E [X1In (1 470 [X7 + X3]
= E [XyIn (1+ 70 [XT + X3]

)
)

| e X2 (4.32)
— = [ Xl (1420 [XF+ Xf]) e <_ﬁ> e
=0

since the integrand is the product of an odd function and two even functions in X5. Thus
¢(c) # 1, and it follows that ¢(c) > 2.

4.6.2 The Arcones-de Naranjo Central Limit Theorem

We now present a central limit theorem, proved by Arcones [134] and de Naranjo [135], for
nonlinear functions of strongly correlated vectors of Gaussian random variables. We shall
apply this theorem to the capacity function (4.23). The theorem may be stated as

Theorem 4.1. Let {X;}52, be a stationary mean-zero sequence of Gaussian vectors in RY. Set
X, = (Xj(.l), e ,X](.d)). Let f be a function on R? with Hermite rank o(f) such that 1 < o(f) <
oo. Define

PP (k) = E [ X nglk} (4.33)
for k € Z, where m is any number large enough that m > 1 and m + k > 1. Suppose that
- (£
S ‘r(p’q)(k:)‘@ < 0 (4.34)
k=—o00
foralll1 <p<dand1<q<d. Thenasn — oo,
R D
75 2 (X)) ~E[f(X;)) = N (0,0%) (4.35)
j=1

where 25" denotes ‘convergence in distribution” [91], and

o? =E[(#(X1) ~ B’ +2 DB [(£(X0) — B (F(Xra) — BF(Xrp)])].
k=1
(4.36)
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4.6.3 Total Capacity Distribution

The total capacity C,, (4.26) is the sum of nonlinear functions (4.23) of correlated Gaussian
random variables. In order to apply the theorem to the capacity function c(-) requirement
(4.34) must be satisfied. This will occur if the sums of the cross-correlations and correla-
tions, of the underlying subchannel gain Gaussian random variables raised to the power
of the function Hermite rank, are convergent. Substituting the correlation expressions in
(4.15), with An = 0, we may write

[e.e]

P0) o 20 o= |1 2TAfAkT ) (900
> [Eakean] T = X [EVXad| = Y 5 A rAR?
Ak=—o00 Ak=—o00 Ak=—o00
(4.37)
which is convergent [136] since ¢(c) > 2. Similarly,
> plo) & el o= |1 1 ¢(c)
E[X, . X, ‘ - (EYnYn ( - - (
> ‘ [ X,k Xkt Ak > B Yok Ykrar] 3T+ OrATAR?
Ak=—00 Ak=—00 =—00
(4.38)
is also convergent.
Thus, requirement (4.34) of the theorem is satisfied, and we may write
N
Z Xper Yr) — E [¢ (X Yo )} -2 N (0,92) (4.39)
where
Qg:E|:(C(Xn71,Yn71)—E[C(Xn1, ] +2 Z E|: nla ) E[C(Xml,le)])
Ak=1
X (¢ (Xn14ak Yni+ak) — Elc (Xn14ak, Yn,1+Ak)]):|
= var [C (Xn,17 Yn,l)] +2 Z cov [C (Xn,la Yn,l) C (Xn,1+Aka Yn,1+Ak)] .
Ak=1
(4.40)

with the above variance and covariance terms readily calculable using the expression for
E [C, k] in (4.25), and the expression for E [C), , Cy, i,] later derived in (4.48). The conver-
gence in distribution described in (4.39) clearly motivates the following approximation.
For large finite IV, the distribution of the instantaneous capacity C,,, may be approximated
by that of a Gaussian random variable with mean NE [C,, ;] and variance NQ22. Note that
since capacity is nonnegative, the Gaussian approximation to the distribution of C,, is in-
valid at C;, < 0. However, for sufficiently large SNR and N, the probability Pr (C < 0)

vanishes, and the deviation from the Gaussian approximation is small, as demonstrated in
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Section 4.6.5.

We can then use this result to approximate the distribution of the instantaneous capacity
for systems with very large bandwidth, such as ultrawideband systems [88], and fixed to-
tal average transmitted energy E. The average SNR per subcarrier is vy = 15—]%, and we
may substitute this into (4.25) and (4.48) to obtain NE [C,, x] and NQ? respectively. Simu-
lation results, in Section 4.6.5, show this to be a good approximation to the distribution of
the instantaneous capacity for a very large bandwidth, power limited OFDM system. We
would expect this approximation to be tighter for larger N, and this is demonstrated by
the simulations.

We now derive a series representation of the correlation between the capacity of any two
subchannels. This result allows simple calculation of the covariance between subchannel

capacities, and thus Q2.

Subchannel Capacity Correlation

The mean squared capacity E [C’Z k} may be expressed as

2 roo
E[CZ,A=(%> /0 [0 (1 +09)]” exp(—y)dy (441)

which is readily numerically evaluated. We may write the correlation between the capacity

of subchannels k1 and k- in time interval n as

E [Cr ki Cnko) = <ln2> / / (1 +70z) In (1 +0Y) fim2, 1.2 (2, y) dody — (4.42)

where fp, 2 m,)2(2,y) is the joint pdf of two correlated exponential random variables,
|Hp e, |* and |H,, i, |>. We assume, without loss of generality, that E [|H,, x[*] = 1, for all

n, k. Then, we may rewrite (4.16) as

fi 2, 52 (7, y) = kexp (—ax — ay) Io (0/7y) (4.43)

where )
a=k= R (4.44)
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and p is the correlation coefficient defined in (4.17). Substituting (4.43) into (4.42) we obtain
E [Cn,kl Cn,kg]

— ;-;/0 /0 (%) In (1 +7y0z) In (1 + y0y) exp (—a(x + y)) Io (6\/7y) dx dy (4.45)
AF\2 2 p2i 0o 9
=K (%) ZZ:% 4’(1')2 |:/0 ' 1n (1 + ’yO;L') exp (—Oéﬂj‘) dx

using the series expansion for Iy(-) in Appendix A.12. Consider the integral in the above

expression. We substitute u = 1 + oz and use the binomial expansion of (u — 1)¢, in

Appendix A.15, so that after some manipulation we may write

> 1 a\ o (i ; o0 au
2 n (1 + Yoz e dy = —— exp <_> < > -1 Z—r/ In(u) u” exp <_—> du.
/0 ( ) T % ;:0: . D ' (u) o

(4.46)

We then integrate by parts and use Appendix A.8 to write

/ In(u)u” exp <—%> du
1 70

= /100 exp (—%> [% Z—l + ir(r —Dr—=2)...(r—k+1) <Z?>k+1 ur_k_ll du

o 1

= <%>r+1 [I‘ (T, 04"}/0_1) + Z (Tii'k)' I’ (T —k, afyo—l)]

k=1

(4.47)

where I'(-, -) is the incomplete Gamma function [21]. We may substitute (4.47) and (4.46)
into (4.45) to then write

(A o (2SS
B CnCal = (115) o () ZF{ZO ol
1 : ko) 1
7’— Oé"}/
X [r T, a’yo +Z ]}

for k1 # ko. This series representation is rapidly convergent, and may be used to numeri-

(4.48)

cally calculate the variance of the instantaneous capacity distribution.

4.6.4 Asymptotic Total Capacity

We now consider the case of a power limited OFDM system with fixed A f, and we let the

number of subcarriers N approach infinity, so that the bandwidth also approaches infinity.
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For such power limited systems Ey is fixed, so that £y = ETN — 0, as N — oco. We then

prove a new theorem, which states that the limiting capacity Cs = limy_.oc Cp, of such

systems approaches a constant.

Theorem 4.1 is not applicable in this scenario, since the function ¢(-) now becomes a func-
tion of N, in addition to X,, ; and Y,, . Hence we proceed in an alternative manner, and
tind C by first proving that the arithmetic average subchannel gain converges, in proba-

bility, to the mean gain of a single subchannel. This is outlined in the following lemma.

Lemma4.2. Assuming E [|H,, || = 1, the distribution of the arithmetic average subchannel gain
converges to a degenerate distribution, as N — oo, such that

1 N
Nz nk|2_>1 (4.49)
k=1

P . y
where ‘—" denotes ‘convergence in probability’.

Proof. Let Q% (N) = var [% SN ]anlz] Then, Q% (N) can be expanded as

N-1
Q% (N {Zvar ]anl + Z 2(N — r)cov []Hn 12, \Hn71+r\2]}
r=1

N—

var [|Hy, k)*] Z [[Hona 2, [ H ] -
=1

(4.50)

From (4.17), the covariance between |H,, 1|* and |H,, 1;.|* vanishes as r — oo with or-
der r—2. Hence, the right hand side of (4.50) converges to zero as N — oo, and we have
Q2%(N) — 0as N — oo. Since E {% SN ]anﬂ = 1forall N,and var [% SN Hyi?

0, it follows that

N

1 ms

~ > Hnil? ™51 (4.51)
k=1

ms . .
where ‘—" denotes mean square convergence. This mean square convergence then im-

. P .
plies & SN |H,, x|*> —— 1, as required.

We may use this lemma to write the following theorem on the asymptotic capacity C, of
a power limited OFDM system, with Ey = ETN

Theorem 4.3. As N approaches infinity the capacity of an infinite bandwidth, power limited
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OFDM system converges, in probability, to the constant

AfEN
N() In2

Coo = E [|H,xl?] - (4.52)

That is, the limiting capacity is dependent only on the SNR, subchannel separation and mean chan-
nel gain. Since we have set E [|H, x|?] = 1, we may then write

AfEN
o = ) 4.53
¢ NO In2 ( )
Proof. When Ey = TN we may write the instantaneous capacity as
N
Af En
= —In(14+-—/—1H, 4.54
C ;mzn<+m‘ k\) (4.54)
From [37] we may write
2
z— +z§ln(1—|—z)§z (4.55)
for z > —1. Then, using (4.54) and (4.55) we may write
2
N
2 (N NO | nkl ) f
< C, < — n, 4.56

We now show that the above lower and upper bound converge in probability to the same
limit. Consider the lower bound, which we may write as

AF & (Nﬁ )
= Z ikl — Z 2 5 (4.57)
2k: 1n2 NNO |Hn |
The second term in (4.57) satisfies
Z (NNO "k|2)2 AfENZIanI‘* (4.58)
1112 1_|_NN |H, 1 |2 _ln2N2 ' '
The random variables |H, %, k = 1,..., N, are marginally exponentially distributed, and

thus nonnegative with finite second moments. Hence, as N — oo, we may write

N
1
E [W > |Hn7k|4] —0 (4.59)
k=1
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and

1 (4.60)
< mN2VaI' [’Hn’k’4:|

— 0.

The properties in (4.59) and (4.60) imply that < SN Hp k]t 5 0, so that we may then
write
1 & 4 P
joe] > Hpil* = 0. (4.61)
k=1
Thus, the right hand side of (4.58) converges in mean square to zero as N — oo, so that the
expression in (4.57) converges in mean square to the first term only, as N — oo. Therefore,
both the upper and lower bounds in (4.56) converge to the same limit. From Lemma 1, we
also have + Zivzl |H, i |? ., 1, and we substitute this into (4.56) to write
Af En

P _ 2] &N 2
C, — Csx = 2 Ny E []Hn,k] } . (4.62)

Note that we may normalise the limit C, by Af to obtain the limiting spectral efficiency
[8,126], defined as the capacity per unit bandwidth. We have thus verified that OFDM
systems can achieve the fading wideband channel capacity derived by [126]. Moreover,
Cw is equal to the capacity of an unlimited bandwidth system transmitting over a flat
Rayleigh fading channel [131], or the infinite bandwidth AWGN system [137].

4.6.5 Simulations

We simulate the normalised capacity 2—7} of two example systems, and compare the ob-
served instantaneous capacity distributions with the analytical approximating distribu-
tions. System A is a 1024 subcarrier system and system B is a 32768 subcarrier system.
Both systems have subcarrier separation Af = 0.3125MHz, SNR ETI(Y = 30dB, and thus
occupy bandwidths of 320 MHz and 10.24 GHz respectively. We assume an exponential
power delay profile with root mean squared (rms) delay spread of 50ns, and a receiver
velocity of 100 km/h for all systems.

In Figure 4.3 we plot the analytical approximating distributions and simulated instanta-
neous capacity distributions for the fading channel response during transmission of 500,000
blocks. Observe that we obtain a reasonable analytical approximation for system A, and a
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Figure 4.3 Simulated (bars) and theoretical (solid line) distributions of instantaneous capacity,
normalised by Af, for 1024 subcarrier system (larger variance) and 32768 subcarrier systems
(smaller variance). Both systems have A f = 0.3125MHz and SNR ETJZ = 30dB.

tight approximation for system B, which has more subcarriers. Furthermore, observe that
the variance of the capacity of system B is much smaller than that of system A, consistent

with the limiting result of Theorem ??.

4.7 Summary

In this chapter we have introduced the OFDM technique. OFDM is an elegant technique
for combatting channel frequency selectivity. We have outlined the basics of OFDM trans-
mission and reception, including the use of the Fourier transform to efficiently generate
the OFDM signal and extract the subcarrier symbols in the receiver. Mathematical models
of the OFDM subchannels and their correlation structure have been given. We have briefly

surveyed some of the limitations of OFDM.

We have shown that the distribution of the capacity of an OFDM system transmitting a
large number of subcarriers over a Rayleigh fading channel is approximately Gaussian.
Furthermore, we have derived readily calculable expressions for the mean and variance
of this distribution for arbitrary SNR and channel parameters. We have also proved that,
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as N — oo, the capacity of an OFDM system approaches the capacity of an infinite band-
width single carrier narrowband system, which is also equal to the capacity of an infinite
bandwidth AWGN channel system. This proves that as N — oo, there is no capacity loss

incurred by using OFDM to combat the frequency selective nature of the wireless channel.

Throughout the remainder of this thesis we consider OFDM systems with perfect channel
knowledge, time synchronisation and frequency synchronisation at the receiver. The ef-
fects of amplifier nonlinearities and narrowband interference are not considered. Further-
more, we assume sufficient guard interval such that ISI is negligible, and, unless noted,
transmission over a frequency selective, slow fading, Rayleigh channel described by the
Jake’s model. These are broad assumptions, and as such our analysis pertains to ‘ideal’
OFDM systems only. That is, the analysis represents a best case scenario.
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Chapter 5

OFDM Performance Analysis

This chapter describes analysis of the error performance of uncoded OFDM systems. We
tirst derive bounds on OFDM block error rates. These bounds demonstrate the error per-
formance of uncoded OFDM over a wide range of signal to noise ratios, and thus afford
better selection of error control coding methods to reduce block errors. We then extend our
analysis to consider multiple symbol errors within each block. We analyse the distribution
of the number of OFDM symbol errors within each block. Once again this analysis affords
better selection of error control coding, since the probability of decoding failure of any code
applied across subcarrier symbols within a single block is determined by the probability

distribution of the number of received symbol errors within each block.

These two results are somewhat independent. Therefore, this chapter is organised so that

each section is generally independent, necessitating some slight repetition.

5.1 OFDM Block Error Rate

For the n'® OFDM block the receiver obtains noise corrupted symbols R,, x, fork = 1,..., N.
From each of these symbols the receiver generates estimates Sy, 1, . . ., S,, v of the transmit-
ted symbols S, 1,. .., S, n, respectively. If we employ a non-binary error correction code
whose codeword symbols are entire OFDM blocks, S,, = {Sy1,Sn.2, ..., Sn N}, analysis of
code performance requires the probability of an OFDM block being in error, that is, the
probability that the vector of receiver symbol estimates S,, = {S,,1, Sn.2, ..., Sp n} is not
equal to the vector of transmitted symbols S,, = {S), 1,52, ..., Sy n}. Utility of the block
error rate also lies in the analysis of space-time OFDM systems, such as [138, 139], where
the space-time code symbols are entire OFDM blocks. Furthermore, the block error rate
may be used to obtain readily calculable bounds on the bit error rate of an uncoded OFDM

system with any number of subcarriers.
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Assuming transmission of BPSK symbols of energy Ej and coherent reception, we denote
the event that symbol S,, ; is incorrectly received as &, ;. The probability of this event,
assuming maximum likelihood (ML) estimation and perfect channel knowledge at the re-

ceiver, is [9]

1
Por=Pr(& ) = ierfc (~/7n7k) (5.1)
where erfc(-) is the complimentary Gaussian error function, and v, = ]anlzﬁ—g The

event of the n'® block being in error is the probability of one or more of the estimates
Spts--.,Snn being incorrect, which we denote B,. Applying the principle of inclusion

and exclusion [140] we may write

N
Pr(B,) = Pr (U En,k>
k=1

N N N
=Y Pr(&ur)— D Pr(Eap Néup)+ D Pr€um NEnk NEnis) (52)
k=1 ko>kq k3 >ko>k1
k1,ko=1 k1,ko,k3=1

—— e,

Then, averaging over successive OFDM blocks, the mean block error rate may be written

as
N N
E[Pr(Bn)] = Y E[Pr(Enp)l— > E[Pr (&g NEng,)]
k=1 kk2k>k1
1,k2=1
N (5.3)

+ Y EPr(Enp N NEnpy)] = oo+

k3>ko>k1

kq,kg,kg=1

Accurate calculation of the block error rate consequently requires a large number of terms.
However, by including only the first or second terms in (5.3) we may write the following

bounds on the mean block error rate:

N
E [Pr (B,)] < min{z E[Pr (1)), 1}

kjvl N (5.4)
E [Pr(B,)] > max{ZE[Pr(gn,k)]— > E[Pr(&n,klﬂ€n7k2)],0}.
k=1 ko>k1

The upper bound in (5.4) is often used to approximate the mean block error rate, and is
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referred to as a union bound approximation. Thus,

N N
E[Pr(B,)] = Y E[Pr(&u)]+ex > E[Pr(Eny)] (5.5)
k=1 k=1
where, from (5.4),
N
e< Y EPr(Enp, Nénp)l- (5.6)
Ny

We can thus find an upper bound on the mean error rate by calculating the mean subcarrier
error rate E [Pr (£, ;)]. The union bound approximation is often used at moderate to high
SNR, without quantification of the SNR range or the approximation. We now calculate a
lower bound and bound the error € in the union bound approximation by calculating the
correlation between error probabilities for any two subcarriers ki, k2 € {1,...,N}, as in
(5.6). We outline these calculations for the Rician channel and Rayleigh channels in the

following subsections.

For the Rician fading channel we obtain a tight upper bound on the correlation between
the mean probability of error on any two subchannels transmitting BPSK symbols. For the
Rayleigh fading channel we obtain an exact series representation for this correlation. These
simple expressions for the error probability correlation are derived for arbitrary correlation
coefficient between the channel gains. The expressions are therefore useful in analysis of
other multichannel schemes, such as multiple antenna systems, or Markov modelling of

the channel error process as in [141-143].

5.1.1 Rician Channels

Assuming transmission over a Rician fading channel, each OFDM subchannel gain | H,, x|
is identically marginally distributed, with average squared magnitude

E [\Hn,k\z] — |Ho|?, for all n, . (5.7)

Thus, the mean probability of symbol error for each subchannel is

E[Pr (En)] = E [Pos] = Py = / erfc (, m%) fim, 2 (@)de, for all n, k (5.8)
0 0 ’

where fiy ,2(2) is the probability density function (PDF) of the channel gain for Rician
distributed |H,, j|. Recall from (2.35) that we may write this as

fim, 2 () = (Ki_io—i_l)exp <—(KR?—OF1) - KR) Iy <2\/KR KR ha 1) ) 5.9)
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where Ky, is the Rice factor, 75 = |H0|270 and vy = ﬁ—g is the mean SNR for all subchan-
nels. Substituting (5.9) into (5.8) and using the alternative representation [144] of the erfc(-)
function (Appendix A.10) we may write

F :—exp KR / / exp < > (KR_+ 1) exXp (—M)
2sin? 6 Yo Yo

(2\/_ (K + Dz ) dbdz.

Yo

(5.10)

Then, recognising that Iy(z) = Jo(jz), for z € R, and applying the result from Appendix

A5 to simplify the integral over x, we may write

o 2 [Kgr+1]sin?6 / Xp( —Kr%0 >d0 (5.11)
wfyo—i-[KR—i-l ] sin? 0 70 + [Kg + 1]sin? 0 '

a readily calculable expression. Note that this result is also found in [145].

Consider any two subchannels with indices k1, k2 € {1,..., N}. Since there is independent
AWGN on each subcarrier, and the receiver has knowledge of the subchannel gains, the
events of incorrectly estimating the symbol transmitted on each subchannel are indepen-

dent, but not necessarily identically distributed. We may then write

1
Pr (& NEnky) = Zerfc (1 /’yka) erfc (. /’yn,;m) = Py Poko- (5.12)

Then, averaging in time across the channel response, we obtain

E [PI‘ (gn,lﬂ N 5n,k2)] - E n kl n k2]

/ / erfc (x\/7> erfc( \/%) fi ), ) (5 y) dcdy 619

where f|y, | |m.| (7, y) is the joint PDF of two correlated Rician random variables. In our case
each Rician random variable is identically marginally distributed, and recall from (2.39)

that we may write
Hy gy = a0+ Xngy + Y0k and  Hy g, = a0 + X + 7Yk, (5.14)

where X, .., Yy, k1, X i, and Y, 1, are zero mean Gaussian random variables with variance
02, and ag represents the line of sight path amplitude, as in (2.32). The correlation between

the random variables is given in (2.40). From [146] we may write the required joint PDF as
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i) = it (g [+ () ]
<3 e (it ) (S ) ()

where p is the coefficient of correlation between |H, j, | and |H,, 1, |, and ¢; is the Neumann
factor [37], defined by

(5.15)

1, fori =0
g = (5.16)
2, fori > 0.

A closed form expression for (5.13) thus appears impossible to attain.
We may obtain a tight upper bound to E [P, , P, 1,] by first recognising [9] that
Pk < exp (=) (5.17)

which is an asymptotically tight bound as v, , — co. We then write the subchannel gains

as
Hny = a0+ [{1 " j‘fl (5.18)
Hn7k2 =ag+ Us + jVo
with
Uy = pUs + /1 — p2Us, and Vo = pVi + /1 — p2Vs (5.19)

where Uy, Us, V1 and V5 are iid Gaussian random variables with mean zero and (without
loss of generality) variance % We denote the PDFs of these random variables as fi, (),
fu,(x), fvi(x) and fy,(x) respectively. We may then write the sum of the squared magni-
tude of the channel responses as

|Hn,k1|2 + |Hn,k2|2

— (U1 4+ a0)® + V2 + (U2 + ag)” + V2

= {U12 + p2U12 + (1 — p2) U22 + 2p\/1 — p2U Us + 2aoU; + 2pagUy + 2a9+/1 — p2Us + a%}
+ {‘/124‘02‘/12"1' (1 _p2) ‘/22}

= q (U1, Uz, a0) +q(V1, V2,0)
(5.20)

The commonly used expression for fg, |, m,|(,y), found in [19] and [147], is incorrect, as recently noted
in [146]. We have previously used the incorrect expressions, in [148], however, this has no effect on the main
result. Thanks go to Prof. Norman C. Beaulieu, Queens University, Canada, for pointing out this error.
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where the quadratic q : R? — R is defined as

a(@,9,2) = (@ +2)* + (pr + /T p y+z). (5.21)

Using this definition, we may then write an upper bound on the error probability correla-

tion as

E [Pn,kl Pn,kz] S E [exp (_’Yn,kl) €xp (_’Yn,kg)]
E [exp (=70 [ ?) exp (=90 | ) (5.22)

= 7 Elexp (=704 (U1, Uz, a0)) exp (=00 (V1, V2, 0))] -

— ]

Since Uy, Uy, V1 and V5 are iid random variables, we may write the upper bound in (5.22)

as
1 1
E [Py gy Pka] < 4E [exp (—90q (U1, Uz, a))] E [exp (—y0q (V1, V2,0))] = Zgl(ao)gl (0)
(5.23)
where the function ¢g; : R — R is defined as
g1(2) £ E[exp (y0a (U1, Uz, @))]
+00 +00
= [ 7] e 0 @) fos @ 0) dady 520
_1 e 92y 2 — 2] 2
== exp (70 |(1 = p7)y” +2V1 = pPay + 227 —y~ ) ga(y, 2) dy.
We have thus implicity defined
+0o0o
ga(y,z) = / exp ( [(1 + pH) 2 +2(1 + p)zz + 2p\/1 — p2yw} - w2> dx
ol (5.25)
= / exp (—C12% — zg3(z)) dzx
where C; = 1 — yo(1 + p?) and g3(2) = — 27 <[1 +plz+py/1— ) Completing the

square and rearranging the integrand as a Gaussian PDF we may then write
2 400 2
_ 8(2) B 83(2)
gz(y,Z)—eXp< 4A>/—oo eXp< C [er 2 dzx
2 +o00 2

m 8;(2) ! 1 —83(2)

— - d
Vo, &P ( 4C > /2r2C) < 20200)1 |77 20, !
=\ ~ z) + Cayl >
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where

st [ )

2 J—
(84(2) + Coy)” = =7 = [ g (5.27)

such that g4(z) = \/Lc—lv(](l +p)z,and Cy = J%TVO py/1 — p?. Substituting this into (5.26) we
may simplify (5.24) to

_ L e 2\, 2 5 2 2
g1(z)—;\/a/_ exp(%[(l—p)y +2\/1—sz+2z}—y)

xexp ([z4(2) + Cayl?) dy (5.28)

L [ e o - o - () 4
7V . exp 3Y g5\%2)Y — 86\% Y

requiring that C3 = (1 — p?) + C3, g5(2) = 270\/1 — p?z + 2C2g4(2), and g6(2) = 2702 +
g3(z). Once again manipulating the integrand so that it is in the form of a Gaussian PDF,

we may write
gi(z) = %\/Czlexp(—ga(@) /_:O exp <—C3 [y = g;éz)r + gjé?) dy
e (B a) [Tew ( - g;g?r) 0
1

= ———¢cX gz(Z)— z
- e ee (i w0).

(5.29)

Finally, substituting (5.29) into (5.23) we may write the desired upper bound on the corre-

lation between subcarrier error probabilities as

E[Poiy Pass) < g1(0)ei (0
2 2
= 4i4 01103 exp (gjé? - gﬁ(a)> exp <gjé) g (0)> (5.30)

since it may be observed that g5(0) = g¢(0) = 0. This readily calculable expression may
be substituted into (5.4) to calculate a lower bound on the block error rate of an OFDM
system transmitting over a Rician channel; or into (5.6) to upper bound the error in using

the union bound approximation to the block error rate.
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5.1.2 Rayleigh Fading Channels

For the special case of the Rayleigh fading channel a more exact calculation of the corre-
lation E [P, x, Pu.k,] is possible. Each subchannel gain |H,, x|? is marginally exponentially
distributed and we let E [|H,, 4|?] = 1. The mean probability of error for each subchannel

is then
E [Pn,k] £ _0
[ele} EO
= /0 erfc (\ / xﬁo) exp (—z) dz (5.31)
1 0
_2<1 14_70>,foralln,k:

from [9]. Equation (5.31) may be used to calculate the union bound approximation to the
OFDM block error rate. To calculate the lower bound and approximation error we require

the correlation between subcarrier error probabilities, which may be written as

1 o o0
E [Pk, Pk, = Z/o /0 erfc (/07) erfe (vY0Y) fim,2, 0,2 (T, y) dx dy

1 [ [ 1
= _/ / ——<erfe (y/707) erfe (v70y) (5.32)
4)o Jo (1—=p?)
20,/
exp _rty Iy VY dzx dy, for ki # ko
1—p? 1—p?

where we have substituted the bivariate exponential PDF in equation (2.46). Consider the

integral

gr(y) 2 /OOO erfc (y/707) exp <— ] _:”p2> I <21p:/z_f> dz
ot (-55) o 2]

using a series expansion for Bessel functions (Appendix A.12). A general term of this sum-

(5.33)

mation contains the integral

X

gs(i) 2 /OOO erfc (yA0T) exp <_1 ! p2> 2 da
— 2(il)(1 — p?)+! /O°° %erfc(\/%—x) WA filﬂ)m exp (-1 - ) dx

i+1
— ol i1 |1 (1 = p?) o
= 2(i)(1 — p?)™*! [5 (1 - mﬂ

1 wi=p) \]
2 (1 T\ 20 —p2)>]
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using the closed form expression in [9, (14.4-17)]. We substitute gg(7) into (5.33) to obtain

i+1
2yt 1 0 —p?)
gr(y) = ZW [5 <1_ m”

=0 5 (5.35)
~ (i+n) |1 Yo(1 —p?)
XZ;<71> 5(”* 2+%u—w%)]

After substituting this into (5.32), and further use of (5.34), we may write the required

correlation expression as

8

1 p2i

E [Pmklpmkz] = (i')2 (1 _ ,02

% : )T [ (D)]° (5.36)

7

Il
=)

This expression allows simple numerical calculation of E [P, 1, P,, 1,], since it may be shown

to be rapidly convergent for p # 1.

Block Error Rate

10'10 I I

| | | |
0 10 20 30 40 50 60
Average Signal to Noise Ratio (dB)

Figure 5.1 Analytical bounds (solid lines) and simulated (crosses) OFDM block error rate for Kp =
0 (black), 2 (red), 5 (magenta) and 10 (blue).

5.1.3 Simulations

We use the expressions (5.8), (5.31), (5.36) and (5.30) to calculate upper and lower bounds
on the block error rate for a 48 subcarrier OFDM system. We assume the system occupies a
total bandwidth of 8MHz and transmits over a channel with exponential power delay pro-

file, and rms delay spread of 15ns. This delay spread is consistent with an indoor wireless
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environment [23,149], in which an IEEE802.11a [40] system would operate. Although these
systems occupy a bandwidth of 16MHz for 48 subcarriers, we present a system with SMHz
bandwidth as this increases correlation between subchannels, and thus the error in the
union bound approximation. We consider a Rayleigh fading channel, as well as channels
with Rice factors of 2, 5, and 10. The block error rates of this OFDM system are simulated
and plotted with the analytical bounds in Figure 5.1.

Observe from Figure 5.1 that the analytical bounds are consistent with the simulation re-
sults. The upper bounds are tight at moderate to high SNR, while the lower bound are
accurate only at high SNR. However, the utility of the lower bounds is also in identifying
the SNR ranges over which the upper bound may be used as an accurate approximation
to the block error rate. That is, when the approximation error e is small. Calculation of
the higher order terms in (5.3) would afford tighter bounds than (5.4). However, analytical

expressions for the higher order terms appear intractable.

5.2 Distribution of OFDM Symbol Errors

For OFDM systems employing a large number of subcarriers and transmitting over fre-
quency selective channels, we may employ a length N block code, so that each block S,
of transmitted symbols is a codeword. The code redundancy is then contained within the
subcarrier symbols of a single OFDM block. For example, consider an OFDM system with
a large number of subcarriers, transmitting over a slowly fading channel and occupying
a large bandwidth. In this case there will be large frequency diversity, and low time di-
versity, so that coding within an OFDM block may be more effective than over several
blocks. Decoding delay is then less than that caused by error control systems that spread
redundancy across consecutive OFDM blocks. It is also conceivable that we may wish
to concatenate coding within a block, and across several blocks to exploit both time and

frequency diversity.

Analysis of the performance of these codes requires the distribution of the number of sym-
bol errors b within each OFDM block. That is, the probability that b € {0,1,2,..., N} of
the estimated symbols §n71, §n72, . 7Sn7 ~ are in error. Since the channel response is time
varying, b is then a random variable. Throughout this section we assume that the receiver
has perfect knowledge of all the subchannel gains, and thus the probability of error on
each subchannel. Furthermore, we assume the channel is described using the Jakes” model
(Section 2.2.2).

In this section we show a method of estimating the PDF f,(z) of b. We then outline a
measure of the error in our approximation. For the time varying channel this error is a

random variable, and we wish to derive its stationary distribution [18]. That is, the long
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term distribution of the error, ignoring any short term transient effects, such that we may
disregard the effects of correlation in time. In the following sections we derive distributions

for lower and upper bounds on the approximation error.

5.2.1 Poisson Approximation

Since we have knowledge of all subchannel gains, and the AWGN on each subcarrier is in-
dependent [80], the events &, ; of estimating symbols S,, ;, incorrectly are independent for
all n and k, with known respective probabilities P, ;. The probability of exactly b subcar-
rier symbols in the n'® block being incorrectly estimated is then the probability of exactly
b of the events &, 1,...,&, n occurring. This is equivalent to the sum of NV independent
Bernoulli random variables [150], with probabilities P, j, for k = 1, ..., N. The probability
mass function of b for the n*® block is then

Ln(0) =Y {PueiPrcs - Prcy, X (1= Pocy) (1= Pucy) .. (1= Paey_,)} (5.37)
VZe

where 7, = {ej,e9,...,6,} is a set of b subcarrier indices, such that Z, C {1,..., N} and
|Ze| = b;and Z. = {c1, ¢, ..., cn—p} is the set of remaining indices notin Z.. Thus, Z.NZ. =
{}, Z.UZ.={1,...,N}and |Z.| = N —b. The distribution L,,(b) is referred to as the Poisson
binomial distribution or generalised binomial distribution. Note that the binomial distribution
is a special case of this distribution, when P, ; = P,2 = ... = P, n, which arises in the

case of a flat fading channel.

There are (]X ) unique sets Z,, so that calculation of the probability mass function £, (b)
requires the sum of (JZ ) products forb =0,1,...,N. For N > 30 the calculation of so many
terms is not practical with current technology. However, the Poisson binomial distribution
is well approximated by the Poisson distribution [151-155] with PDF

)\ge_A”
Pnlb) = =5

N
, where )\, = Z P k. (5.38)
k=1

An example of this approximation for transmission of a single block from a 1024 subcarrier
OFDM system is shown in Figure 5.2. We obtain the simulation results in Figure 5.2 by
fixing the channel response and simulating transmission of 5000 OFDM blocks, with aver-
age SNR of 10dB per subcarrier, to give an approximation to the Poisson binomial PDF of
the number of errors for this channel response. The channel response was generated using
the Jakes’” channel model (Section 2.2.2), with exponential power delay profile and rms de-
lay of 15ns. We assume BPSK transmission on each subcarrier, with perfect knowledge of

subchannel gains at the receiver.
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Figure 5.2 Simulated Error Rate Distribution (bars) and Poisson Approximation (solid line) for one
Channel Realisation, 10dB SNR

A measure of the error in the approximation is the total variation distance, defined as

N
HLA), Pal0)} = 5 D |£a(e) ~ Pula)]. (5.39)
=0

Note that the Poisson binomial distribution probability mass function is readily calculated
for small or large b, for example b € {0,1,2,N — 2, N — 1, N}, so that (];’) is small. A
residual variation distance measure may then be calculated by excluding these terms from

the calculation in (5.39). For example, we could readily calculate

N-1
LA, PaB)} 2 5 3 1alw) ~ Pule)
r=1 (540)
= A{La(D), Palb)} = 5 (£a(0) = Pa(0)) = 5 (£a(N) = Pu(NV))

since £,,(0) and £,,(N) are readily calculable.

It is proven in [151] that the total variation distance between the Poisson binomial and
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Poisson distributions is bounded by

N
d{Ln(0),Pa(b)} < Up = ————"2> Py

k=1
~ (5.41)

_ 1l 2
d{ﬁn()apn()} > Ly = 39 mln{)\n7 1} ];Pn,k'

Note that these bounds are random variables, since the channel error probabilities, and
consequently the distributions £,,(b) and P,,(b), are time varying.

In the following subsections we derive approximations to the distributions of the bounds
L,, and U, for large finite N. We first show that the arithmetic average probability of error,
and probability of error squared are both Gaussian distributed in the limit as N — oo. This
is achieved by applying the Arcones-de Naranjo central limit theorem [134,135], stated in
Section 4.6.2, which necessitates first describing the Hermite rank of the arithmetic average
probability of error and probability of error squared. We then show that U,, and L,, are
approximated by the ratio of two correlated Gaussian random variables, for which we
derive an explicit PDF. We finally simulate an OFDM system and compare our simulation
results with the derived distributions.

5.2.2 Hermite Rank of Error Functions

Recall, from Section 4.4 that we may decompose each complex subchannel response H,, j,
into real zero mean Gaussian random variables X, ;, and Y,, . Assuming BPSK transmis-
sion on each subchannel with average energy E), the probability of subcarrier symbol error
is given in (5.1), and may be expressed as a nonlinear function e : R? — R of the subchannel

gain underlying Gaussian random variables. Namely,

1 1
Poy = gerfe (|l vA0) = Ferfe (VAoy/X2,+ V2,) 2 (X Yan) (5.42)

In order to apply the Arcones-de Naranjo central limit theorem, we now prove that the
Hermite rank ¢(e) of the function e (-) is at least two, using the methodology of Section
4.6.1. Consider first a zero order polynomial Py(X;, X2) = g of two zero mean iid Gaus-

sian random variables X; and X,. We may then write

E(e(X1,X2) — Ele(X1,X2)]) Po(X1,X2)] =Efe (X1, X2)] o — E e (X1, X2)] ap =0
(5.43)
for all o9 € R. Thus ¢(e) # 0. Now consider a first order polynomial P; (X, X2) =
ap X9 + a1 Xy + op. We may then write

Ef(e (X1, X2) — Ele (X1, X2)]) P1(X1, X2)] = (a2 + a1 )E [X1e (X7, Xo)] (5.44)
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since X; and X, are zero mean and iid. Furthermore, substituting the Gaussian PDF and

an alternative representation of the error function [144] we may write

1 +o00 +oo 5 5 :L'% l’%
E[Xie (X1, X2)] == erfc V7o x7 + x5 | exp -5 exp Y dzr1dzs
5 —+o00 —+o00 2’}/ l’% d
/ / / T1EED ~ sin? 9 xp 2 1
27075 3
X exp ( i 9) exp < 5 dxodf

(5.45)

since the integrand in z; is the product of two even functions and an odd function. Substi-

tuting (5.45) into (5.44) we may write
E[(e (Xl,XQ) —E[e (Xl,XQ)])Pl(Xl,XQ)] =0 (546)
and therefore the Hermite rank ¢(e) # 1, so that ¢(e) > 2.

We similarly define the squared probability of error as a function, esq : R? — R, of the

underlying Gaussian random variables of the subchannel response,

1 1 2
P = 7 lerfe (il 30)I* = 7 |erfe (VAoy/X2,+ Y2, )| 2 esa (Ko, Yas) - (5.47)

Using the same methodology as above, it is readily shown that the Hermite rank ¢(esq)
is greater than or equal to two. The condition requiring multiplication by the zero order
polynomial follows from (5.43). For the case of a first order polynomial we find, as in (5.44),
that

E [(esq (Xl, Xg) —E [esq (Xl, Xg)]) P1 (Xl, Xg)] = (042 + Oél)E [Xlesq (Xl, XQ)] . (548)
Using the Gaussian PDF and the erfc(-) function representation of [144] we write

E [Xlesq (Xl, XQ)]

1 [T [+ 2 2 2
=1 / / {erfc <\/’% z? + x%)} exp <—71> exp <—72> dxidxo
1[5 (5 ¥ 2703 2703 3
_ - _ 2 5.49
2 / / / P < sin? 91> P < sin? 65 P 2 (5.49)
2 2023 2
X / riexp | — ,ngl exp | — ,ngl exp - dxrq1 ¢ drodfidls
oo sin® 04 sin® 0 2
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since the integrand in {-} is the product of three even functions in z; and an odd function.
It follows that p(esq) # 1, and therefore p(esq) > 2.

5.2.3 Distribution of the Average Error and Average Squared Error

Given that the Hermite rank of the probability of error function satisfies ¢(e) > 2 we may

write
> BXuXorall" <oo 30 [EFaaYarsad” <oo
T M (5.50)
Z |E [Xn,1Yn71+Ak]|¢(e) < 00, Z |E [Yn,an,1+Ak]|@(e) < 0
Ak=—00 Ak=—0c0

since the above correlation terms approach zero with order 2. or ﬁ;, as shown in (4.15).

We may then apply Theorem 4.1 to write

N
1
Z{e nka E[e(Xn,Im nk :\/——Z nk]}—>N(0 QP)
k=1
(5.51)
in the limit as N — oo, where
N
Qp =var [P, | + 2 Z cov [Py 1Py k] - (5.52)
k=2

This limiting distribution motivates the following statement. For large finite IV the distri-
bution of the arithmetic average probability of error P, 4, = 7 LS i1 Prk = ’]\V is approxi-

mated by the Gaussian distribution

— 1
Py, —0 5.53
X (B ) 659
where P, is the mean error probability, defined in (5.31). Note that P, 4, is the sample mean
of N correlated random variables P, 1, P, 2, ..., P, n. The variance P, ,, of is
N
var [Py, qp] = var [P, i) + 2 Z cov [Pp.1 P, 1] - (5.54)
k=2

Readily calculable expressions for the variance and covariance terms in (5.52) may be found
from Section 5.1.2. Therefore, the sample mean P, ,, is approximately Gaussian distributed

for large N, with known mean and variance.

We similarly apply Theorem 4.1 to the squared probability of error function. Since ¢(esq) >
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2, the requisite series are convergent. That is,

o o
Z |E [Xn,an,l-kAk”@(OSQ) < 0o, Z |E [leYn,l—i-Ak”go(CSq) < 00

T M (5.55)
Z IE [Xn,1 Yo, 18] 7Y < 00, Z IE [Vt X 140|709 < oo

Ak=—00 Ak——o0

We may then apply the Arcones-de Naranjo central limit theorem to the subchannel gain

Gaussian random variables and the squared error probability function, to write

N N
%N > {esq (Xnp Yoi) — Elesq (Xnp, Yar)l} = %ﬁ SR —E[P2,]} 2 N (0,Qp)
k=1 k=1
(5.56)

in the limit as N — oo, where
N
Qpe =var [P2,] +2) cov [P, P2,]. (5.57)
k=2

This limiting distribution then motivates the following approximation. For large, finite N
the distribution of the arithmetic average squared probability of error P2 ,, = % Zszl Pi &

n,av

0> N P2 .

where the mean of the squared probability of error P2 = E [Pg k} is given by (5.59). The
variance and covariance terms in (5.57) are readily calculated using the following expres-

sions.

Mean and Variance of the Squared Error Probability

Given BPSK transmission and unity mean Rayleigh fading subchannels, the mean of the
probability of error squared is

B =g [ ferte (VAo i, plo) do
= i /OOO lerfc (y/707))” exp(—x) dz
arctan ( 70_1 + 1>

7'('\/"}/0_1 +1

(5.59)

=

as shown in [145, App. 5A].
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Using the Jakes” channel model, the correlation between the squared probability of error

on any two distinct subchannels is
E [Py Pk
1 o0
-3 / | texte (VAR erte (VRN it 1, 1, )
9 5.60)
1_ / / [erfe (v/707))? [erfe (v/A09)]) exp( ] +py>1 <p7\/;3_y> dxdy (

1 — p2
=1 gg( ) [erfe (vAoy)]? exp <
0

_yp > dy, for ky # ko

where we have substituted the PDF from (2.46), with o2 = % Furthermore, we have

w2 [ leto(/mal o (L7 Jexp (125 ) do

- i/ow rte (A o0 (233 ) <[1p—2xp%12>id”“

using a series expansions for Bessel functions (Appendix A.12). The i*! term in the sum-

(5.61)

mation of (5.61) may be rearranged to express the integral as

3 [ lete (D e (—1 j“p2) iida

33 x[sin? 1 + sin? ] x ‘
- - tdfdhyd )
’L' / 2 /0 /0 exp < SiIl2 91 sin2 92 exp 1— p2 T 1abv2ax (5 62)

s in2 0 . 29 1 —i—1
_ _2/2 /2 (S”? ki 2) 6,6
7™ Jo Jo sin” 01 sin” 6 1—p

after applying an integral representation in Appendix A.6. This is readily evaluated nu-

D; =

merically. We may then write (5.61) as
00 1 pzy %
o) = = (L) b, (5.63)
and substituting this into (5.60) we obtain

n

1 R N el — 2 y
_1—p2;“ ([1—02]2> Dl/o v lerfe (vop)] eXp( =)W (5.64)
:Li _r iD2 for ki # k

-2 \[L—p?) 7T

which is a numerically calculable, since it may be show that the series converges rapidly.

E [P2 P? ko)
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For the special case of k1 = k; we require

E[P},] = L /00 [erfe (y/707)]* exp(—22)dz. (5.65)
’ 16 0

Substituting u = /707 and integrating by parts we may write

E[P] = 1_16 [erfe(0)]* — %/0 lerfe(u)]® exp <—¥> du

1 2 3 [z °°f
_1_6_—7T2ﬁ/0 /0 /0 erfe(u)

( —u? [sin? 01 + (sin® 61 + 4o + Yo sin? 61 ) sin? 6]
X exp

Yo sin? 6 sin® s

sin? €1+(sin2 01+~v0+70 sin? 91) sin? 0o
, arctan ————
7o sin” 61 sin® 02
df1dbsy

1 2 / /
~ 16 3
16 ™ 0 0 \/51n2 91-1— sin? 61 +~0+~o sin? 91) sin? 0o

) dﬂldﬂgdu

~o sin? 01 sin? 0

(5.66)

where we have applied an integral representation from Appendix A.7. We have therefore
obtained a finite range integral expression for the fourth moment of the subcarrier proba-
bility of error. This expression may then be numerically evaluated.

5.24 Accuracy of Poisson Approximation

In the limit as NV — oo we may write the bounds (5.41) on the total variation distance as
N 2 2
1 Zk:l P n,k P, n,av
1 L,} = 1 = = = =
im {Ln} = lim {32 min { } Z } e 2P,

N N 2 9
1- _)‘n = Pn Pnav
Jim {U,} = lim {LZ%}: S Phe Pla

N—oo )\n 1 )\n Pn,av

(5.67)

For large, finite N we may then approximate L,, and U, as the respective limits in (5.67).
The upper and lower bounds then have the limiting distribution of the ratio of the Gaussian

random variables, P2

av and P, 4. However, these random variables are correlated. This

distribution of the ratio of two correlated Gaussian random variables may be found from
the distribution of the ratio of two independent Gaussian random variables, as shown in
Appendix B. Using this result we may then approximate the distribution of U, for large
N, as

ay exp (—2 [a3 + a2 I T
fulz) = ! pg 2[2+23]) {1+\/;h(w)erf<h(

7 [a} + (z — af] V2

(5.68)

S~—
~_
@
%
o)
7N
=
|8
o
~
—_
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where
sz
1 E [Pr% av] (tha P )E [PTMCLU]
ag =
\/1 - PCL?.M P —Q 2 iQ
\/ N*°P NP (5.69)
agzw a4— (PaU,Pz) %P2
Ao v
ajas + az(x — ayq)
hz) = —=

ai + (x — ay)?

and p(Pyy, P2,) is the coefficient of correlation between P, o, and Py ..

The limiting dis-
tribution of L,, has a similar form to (5.68). The correlation coefficient p(P,,, P2)) is readily
calculated using the following result.

Correlation between P, ,, and P,% av

We may calculate the correlation coefficient p(P,,, P2,)) given the correlation

E [P?), Pk, = % / / lerfe (v/702))” erfe (vA0Y) fien 2 o2 (2, y) dady. (5.70)
0 0

Note that this may be expressed as

B[P Pu) = gy || lerfe (i esp (—1_yp2>g7<y>dy 571)

where g7(y) is defined in (5.33). Furthermore, substituting (5.34), (5.35) and (5.62) we obtain
the readily calculable expression

il

< q p2z’ 1- 2172 ‘
E [ n,k1 n k2 = Z 2— — 22+1 |:2 — p2 Dz gg(l). (572)
i=0
For the special case where k1 = k2 we may write
E[P},] =
1 e e}
: | oo (VR f, (o) o
%[y + 70 sin? @ + sin? 6] (5.73)
= — f .
3 277\/_ / / exp < 05?6 erfc(u) dudf
1 3 / 2
8 272 ),

o sin? 0

_1
arctan Y0 4 Y08in® 0 4 sin® 0 | [0 4+ 10 sin® 0 4 sin® 0] > "
o sin 29
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where we have substituted v = /707, integrated by parts and applied the result in Ap-
pendix A.7.

5.2.5 Simulations and Discussion

We consider a 1024 subcarrier OFDM system transmitting over a Rayleigh fading channel
with an exponential power delay profile and maximum excess delay of 50ns. We assume
the system occupies a 320MHz bandwidth with carrier frequency 5.1GHz and receiver ve-
locity of 15m/s. Due to the large number of subcarriers, calculation of the exact probability
of b errors for 3 < b < 1022 is infeasible.
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Figure 5.3 Simulated (bars) and analytical (line) distributions of total variation distance and upper
Bound.

We consider transmission over 5000 consecutive simulated fading channel realisations. For
each channel realisation we simulate transmission of 107 blocks, and thus estimate the
Poisson binomial distribution of errors for that channel realisation. We then calculate the
total variation distance between the estimated distribution and the Poisson approximation,

as well as the upper bound on total variation distance (5.41) for each realisation.

We display the distribution of the total variation distance between the simulated distri-
bution of errors and the Poisson approximation, for all 5000 realisations, in Figure 5.3(a).
In Figure 5.3(b) we plot the derived approximating distribution (5.68) of the upper bound
on the total variation distance and the simulated distribution of this upper bound. It is ob-
served that the PDF of (5.68) is a good approximation to the density of the simulated upper
bound on total variation distance. Similar results are readily obtained for the lower bound.
The analytical distribution of the upper bound on total variation distance is skewed to the
left of the simulated distribution, as shown in Figure 5.3(b). This skew suggests that the
analytical model gives a slightly weaker upper bound to the total variation distance. Thus,
the analysis gives a slightly more conservative upper bound on the distribution of the time
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varying error incurred when we estimate the distribution of the number of symbol errors
in an OFDM block with the Poisson distribution. For systems with larger N it is observed
that the approximation appears tighter.

Note that this analysis may be readily extended to the case of QAM transmission, since the
error probability for QAM transmission may be written as a linear combination of erfc(-)
functions. For brevity, this is not described here, however the methodology is the same
as detailed for the BPSK case. Using the same methods we may show that the Hermite
rank of the probability of error for QAM transmission is greater than or equal to two.
For QAM, readily calculable expressions for the probability of error correlation are not as

forthcoming, however numerical integration may be used.

5.3 Summary

We have presented two analytical results concerning wireless OFDM systems. We have
tirst examined the block error rate of uncoded OFDM systems, an important measure for
analysing coding over successive OFDM blocks. We have derived a lower bound on the
probability of OFDM block error for both Rician channels and Rayleigh channels with arbi-
trary parameters. Our analysis includes a readily calculable expression for the correlation
between the probability of error on two correlated channels. These correlations are useful
in several other applications, including the evaluation of MIMO performance with corre-

lated subchannels, or Markov modelling of receiver error processes [141,142].

We have then examined the distribution of symbol errors within an OFDM block. We have
observed that this follows the Poisson binomial distribution, which is well approximated
by the Poisson distribution. For OFDM systems transmitting over Rayleigh fading chan-
nels we have derived the distribution of upper and lower bounds on the total variation
distance between the true distribution and Poisson approximation. This analysis includes
the derivation of useful correlation expressions for the error and squared error probabilities
on correlated Rayleigh fading channels.

These two results are useful in the analysis of code design for OFDM systems transmitting
over frequency selective, fading channels. OFDM systems with a smaller number of sub-
carriers may employ codes such that each codeword symbol is an OFDM block. The error
performance of these codes is then dependent on the block error rate. The tight bounds
on the block error rate will allow judicious choice of code, so that a given rate of decoding
error may be satisfied. Larger OFDM systems may employ coding within each block, such
that each subcarrier symbol is a codeword symbol. The error performance of the code is
then determined by the distribution of the number of erroneously demodulated OFDM
symbols within each block. We have shown that this distribution is well approximated
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by the Poisson distribution, and we may simplify analysis by using this approximation.
Should one wish to bound the error in the approximation we have derived the distribu-
tion of an upper bound on the total variation distance between the true Poisson binomial
distribution and the Poisson distribution approximation. We use this approximation in the
following chapter, where we analyse the performance of a coded OFDM system with a
large number of subcarriers.



Chapter 6

Lattice Coding for OFDM Systems

Lattice coding of OFDM systems is considered in this chapter. The analysis herein is origi-
nal. OFDM data is encoded so that each block represents a lattice point, thereby exploiting
the high coding gain of lattices. We first outline the encoding procedure and give some
examples, then discuss the problem of decoding the lattice points. Specifically, we detail
the optimal decoding metric, as well as the optimal lattice properties for transmission over
frequency selective channels. We then propose the use of multistage GMD decoding, and
provide a comprehensive analysis of lattice encoded, GMD decoded OFDM systems. As a
case study we consider transmission of points from the 128 dimensional Barnes-Wall lat-
tice, over a 64 subcarrier OFDM system, and show that high coding gains are possible with

relatively low decoding complexity.

6.1 Lattice Encoding

OFDM systems are well suited to lattice codes. Given an 4 subcarrier OFDM system trans-
mitting two dimensional subcarrier points, the OFDM block may be elegantly represented
as a single point x in IV dimensional Euclidean space. Lattice coding of the OFDM block
simply requires restriction of x such that it is an element of some N dimensional lattice A,
or an equivalent sphere packing. Since OFDM systems typically employ a large number
(48 or more) of subcarriers we consider high dimensional lattices (N > 48), with large cod-
ing gain. We outline a simple method for restricting the OFDM block to be points from a

lattice, or more strictly speaking, a sphere packing.

Since lattices have infinite cardinality we must choose some finite cardinality subset Ay C A

from which we map a signal constellation. Furthermore, as outlined in Section 3.5 we
N

require some mapping m : Ay — My from the lattice subset to some subset My = M3

85
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of the §'-fold Cartesian product of the two dimensional subcarrier constellations Ms. We
denote the mapping of the entire lattice by M = m(A), which typically does not form a

lattice since we remove the zero point 0 = {0,0,...,0}. However, provided the mapping
may be expressed as

m(x) =aTx+tvVx e A (6.1)
where a is a scalar, T is an orthogonal N x N matrix and t = {b,b,...,b} is a length N

vector containing a single scalar b; the sphere packing M = m(A) then retains the packing
density and coding gain of A [7].

As in previous chapters, we denote the k' subcarrier symbol transmitted during the n'!
block as S, k. Sy i is from the constellation My, which we restrict to be a square M 2-a1ry
QAM constellation with minimum energy 2Ej. Assuming (without loss of generality) that
A has unit minimum distance dmin(A) = 1, this is equivalent to defining the lattice subset
to be

Ap 2 {x={x1,23,...,2n} €A: 0 < 2; < M} (6.2)
and using the mapping
m(z) = 2/Eox + {(M ~1)VEo,..., (M — 1)\/E_0},for all x € A;. (6.3)

We are thus employing a cubic constellation [74], since all points x are contained within an
N dimensional cube of side length M. Although this mapping affords no shaping gain [74]
and does not reduce the peak to average power ratio, it ensures compatibility with existing
high data rate OFDM systems [40, 87] which use QAM constellations. Each pair of lattice
dimensions are mapped to a QAM constellation, or equivalently each lattice dimension is

mapped to an M-ary PAM constellation, denoted

My = {—(M—l)\/EO, —(M=3)VEo,...,~/Eo,\/Eo, ..., (M—3)\/Eo, (M—-1)\/E }
(6.4)
Each OFDM block S,, = {Sy1,... ,Sn% } is then a point from an N dimensional sphere

packing My = Mév/ ? = MY c RV Note that a single OFDM block comprises § orthog-
onal M?-ary QAM points, equivalent to N M-ary PAM points.

As an example, consider a 64 subcarrier OFDM system transmitting 256-QAM points from

a lattice code based on a 128 dimensional construction C lattice, P25. Specifically,

Prog 2 U {82128 +4c® 4 2¢® c<1>} 6.5)
cWeRM(1,7),cDeRM(3,7),c(®) €RM (5,7)

where RM(1,7) , RM(3,7) and RM(5,7) are the first, third and fifth order, length 128
Reed-Muller codes respectively. These are (128, 8,64), (128,64, 16) and (128,120, 4) linear
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block codes respectively. Pjog has 9.03dB coding gain [7, Chap. 5.6]. We refer to P2 as
the 128 dimensional Barnes-Wall lattice, since P23 has the same coding gain and kissing
number as this lattice, although it is not strictly equivalent [7]. Since we are employing
256-QAM constellations, we require M = 16 and restrict the signal constellation to points
mapped from the subset of Pj9g within the 128 dimensional cube with opposite vertices at
{0,...,0} and {15,...,15}. Thus, the finite lattice subset may be expressed as

Ag = 9 {8c<4> +4c® +2¢@ 4 c<1>} 6.6)
cWeRM(7,7),c®) eRM (5,7),c(P e RM (3,7),c(V) eRM (1,7)

where RM (7,7) is the trivial (128, 128, 1) Reed-Muller code, so that 8c(*) € 87125,

In order to choose a point x € Ay we may input blocks of 128, 120, 64 and 8 uncoded data
bits to encoders for the codes RM(7,7), RM(5,7), RM(3,7) and RM(1,7), respectively,
thus obtaining the four length 128 codewords c¥), ¢, ¢(? and c(!) respectively. Note,

however, that RM (7,7) simply outputs the uncoded bits. This lattice code then has rate

128+4-120+64+8

1<193 = 0.625. Each coordinate is then mapped to a 16-PAM constellation via

m(x) = 2 on—{15 Fo,...,15 EO} 6.7)

so that m(z) is an element of the 64-fold Cartesian product of a squared 256-QAM constel-

lation within minimum energy 2FE, and average energy E,, = 170E).

6.2 Decoding

At the receiver we obtain some channel perturbed and noise corrupted version of the trans-
mitted lattice point. We must then estimate the transmitted lattice point. In the following
subsection we extend the work of [156] and [157] to derive the optimal metric for max-
imum likelihood decoding of lattice encoded OFDM transmission over Rayleigh fading
frequency selective channels. We show that this is the Euclidean distance between the
received point and the mapped lattice points. In Section 6.2.2 we discuss the criteria for
choosing good lattices for lattice encoded OFDM, and show that maximising the lattice

product distance is critical for reducing the error rate.
6.2.1 Optimal Decoding Metric for OFDM

We employ an % subcarrier OFDM system and transmit a block S, = {Sy, 1,5,2,...,Su.n}
= m(x), mapped from a lattice point x € A, so that S,, is a point in an NV dimensional sphere
packing. Assuming sufficient guard interval and synchronisation so that intersymbol in-
terference is negligible and subcarrier orthogonality is preserved, at the receiver we obtain
a channel perturbed and AWGN corrupted signal point. We may write the transmitted
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block as the diagonal & by & complex matrix

(Sp1 0 0 0 |
0 Spp 0 0
Sa=|0 0 Sus 0 6.8)
(0 0 0 Snn)

Note that, for the remainder of Section 6.2.1 we retain the symbol S,, to denote the above
matrix of transmitted symbols, although this was previously used to denote the vector
of transmitted symbols. Permitting a similar discrepancy, we may also define diagonal
complex matrices comprising each subchannel gain and additive white Gaussian noise
component as

(H,, 0 0 ... 0] W,, 0 0 ... 0 |
0 Hnpo 0 0 0 Wpa 0 0
H,=| 0 0 Hys 0|, W,=|0 0 Wy 0
0o 0 0 H, x| 0 0 0 W, x|
(6.9)
respectively. Each W,, , fork =1,..., %, is an independent mean zero complex Gaussian
random variable with one dimensional variance % Each H,, for k = 1,..., %, is a

complex Gaussian random variable, which we assume has one dimensional variance 5

1
5

Furthermore, letting 1 denote the matrix Hermitian transpose, we may write the correlation

matrices ~ _
No 0 0 0
0 Ny 0 0
GWW = %E {anﬂ = 0 0 N() 0 = NQI% (6.10)
(0 0 0 No |
0 e p2) p(3)]
p(1) p(0) p(1) p (%)
Orrt = 3E [(Hons o Hon) (o, Ho)] = | 02) pl1) p(0) p(X)
P (3) p(5-1) »(5-2) p(0)

(6.11)
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where Iy is the § by & identity matrix, and the correlation p(Ak) between subchannel
2

gains is given by (4.17). We may then write the received symbols, in matrix form, as

Rt 0 0 0
0 Rpy O 0
R,=| 0 0 Rps ... 0 |=S,H,+W,. (6.12)
0O 0 0 R, x

Assuming perfect knowledge of the subchannel gains at the receiver, a maximum likeli-
hood (ML) detector [9] generates an estimate S,, of the transmitted block by choosing

S, = argmax { Pr (S,|R,,,H,) } = argmax { Pr (R,,, H,,|S,,) } . (6.13)
Sn n
To determine the maximum likelihood decoding criterion we then require the joint con-
ditional probability density function Pr (R,,, H,|S,,). This is equivalent to calculating the
probability density function (PDF) of the vector

T
o, = [Rn,l,Rn,g,...,Rn v Hot, Hyoyo o JH (6.14)
2

n,?

conditioned on S,,. Note that H,, ;, and R,, ;. given S,, ;,, are zero mean complex Gaussian

.4, so that ¥,, has a multivariate Gaussian probability

distribution function. We may write this as

random variables, for k = 1,...

exp (—%WL@;}MS” \Iln)

fw, (P,|S,) = (6.15)
(27T)N det [@\y\p‘sn]
where @y y|g, is the correlation matrix of W,,. This correlation matrix is defined as
1 (C) C]
Ouus, = 3E [\Irnq:;] = | TR (6.16)
Our Opp
where
1 ] =L f f
Orn = 5E R.R}| = SE [ (SuH, + W) (SuHy + W) | = 8,048, + Noly
1 1
Orn = 3E [\IaniL] = 2E [(San + W) HIL] =S, Omux (6.17)
1 1
Onr = 5E [anx;] — 2E [Hn (S.H, + Wn)T] — @S

since E [WnHL] ) {HHWH — 0.
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Substituting (6.15) into (6.13) and recognising that the In(-) function is monotonic increas-

ing, with some manipulation we may then write the ML decoder output as

exp (~3 9105} s, ¥ )

S,, = argmax

S, (2m)N det [Ogys, |
exp ( 1yt 6\11311\8 >
= argsrilax In ) dot [@\pxmsn] (6.18)
= argsmin { ol ('-)\I,}I,‘S n+1n (det[@gyg,]) + Nn 277}
= argé;lin {My(S,)}

where the ML decoding metric is
My (Sy) = ¥ O©4 s, ¥n +2In (det [Oyyys,]) - (6.19)

We may further simplify this decoding metric by substituting (6.17) into (6.16) and apply-
ing an identity for the inverse of a partitioned matrix from [158, p. 41]!, yielding

1 1
1y — %S,
Obus, = | %T gt (6.20)
__oS" (O H + 7 S Sr
With some manipulation we may then write the first term of M, (S,,) as
1 1
~1In S, S
Nyt N n
ViOyys, ¥ = [shoH] | TS gl
—mSn eHH + N Ls's,| |Hn
1 —
= 77, (Ra = SuHy) Ry — S, H,)" + H,0,,H] (6.21)
1ot , L Z 2
= HTL@HHHn + FO kz_l |Rn,k — Sn,an,k| .
1 . . . . 1 X xXQs™!
Note that there is a typographical error in [158, p.41]. The equation A™" = T W should

X —XQS!

instead read A™! = 1
—ST'RX w
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|

e 0 Sh 1
HH dot N (6.22)
0 Nol N I 0

Furthermore, the second term in M, (S,,) may be written as

_Sn@HHS;'L + NOI% S.Oun

21In (det [@q,\msn]) =2In | det
©uuSh Ony

(s, Ix
=2In | det 2 | det
I% 0

N
=2In <N02 det [GHH]> .

vz

Finally, substituting (6.21) and (6.22) into (6.19), and removing the terms independent of

S, we may write an equivalent ML decoding metric as

S

Mg (Sn) = |Rn,k - Sn,an,k|2 . (623)
k=0

Therefore, a maximum likelihood decoder should select the point S,, such that the Eu-
clidean distance between the received point R,, and the channel perturbed point H,,S,,
is minimised. Note that this is an intuitive result, and is analogous to the derivation of
the maximum likelihood sequence detector [9]. Using this result we may then show the

important lattice properties for minimising the receiver lattice point error rate, as follows.

6.2.2 Optimal Lattices for Wideband OFDM

In an additive white Gaussian noise or flat fading environment it is well known that lat-
tices with the highest possible density, or coding gain, provide the lowest error rates for
moderate to high SNR [7,58]. However, for lattice encoded OFDM systems operating over
frequency selective channels, we show that at high SNR the lowest error performance is
provided by maximising the product distance of the lattice, which we define. This is anal-
ogous to similar results [45] for lattices transmitted with single carrier systems over fading
channels.

Consider the maximum likelihood decoder described in Section 6.2.1. Assuming that dur-
ing the n'™ time interval we transmit some point S 4 from the N dimensional sphere pack-
ing M, then the decoder will incorrectly select the point S5y # Sy if

Md (S(z)) < Md (S(l))/ (6.24)
or equivalently, from (6.19),

WO, Tnt 20 (det |Ogyis, | ) < OLOGLs W +2In (det [Ouus, |) . (6.25)
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We may then write the probability of the event that the decoder outputs S(5) when S ;) is
transmitted as

Pr (S(l

—Pr (q: %i\s W, +21n (det [@guss, | ) < T1OTYs,, Tn+ 210 (det [Ouss,, |) )

Tl Sy v, <21 det [@‘W'S‘”]
\wls@ ‘1"1’|S<1)] ns 2 W
&)

r (0

< w
(6.26)
where
_ ot -1
1 1
— \IJT{ NoIﬂ Nos(l) ] o |: NOIN Nos(2) :| }‘I’
n t t t t "
_NLOS(l) G)HH + N S(1)S(1) z\lros(z) @HH + ]\lfos( )S( 2)
_ ol ! 0 w 8@ —Sw) | (6.27)
1 (qt ] ot "
% (sl -sh) # (Su)S(l) Sy Se)

w=2ln —det [G\W‘S(l)} 21n —NO? det [© 1] 0

— — ﬂ =
det [9\11\11\8(2)} Ny det [Opp]

from (6.20) and (6.22).

We denote the PDF of 2, implicitly conditioned on S(;) and S(), as fo(z). Since Oy
is a real symmetric matrix, then (S(l)@HHSID + NOI%> and <S(2)®HHS(2) + NOI%) are
similarly real and symmetric. Moreover, from (6.16) and (6.17) observe that @y |s W and
e . 1 1 . e
Oyy|s,, are Hermitian matrices, and consequently [G)M,‘S( N G)\M,|S(1J is Hermitian.
Since ¥,, is a zero mean vector of complex Gaussian random variables, we may then use a

result from [159] to write the two sided Laplace transform [160] characteristic function of
Q as

é/OO fa(z) exp(—sx) dx
_ B 1
det [I% — 25@uyjs ) <@\I/\11/|S(2) @E/}p‘s(l))] (6.28)
1
det [I% - 28('-)\1/\1/|S<1)@E,}I,|S(2) + 231%} '

The poles of the characteristic function are then given by the nonsingular eigenvalues of
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-1 -1

We may then find the required pairwise error probability by taking the inverse two sided

Laplace transform of (6.28) and integrating. Thus,

1

o] (bQ( )exp(sx)ds| dx (6.29)

0

Pr (S(l) — S(Q)) =Pr (Q < 0) = / |:

where the integral in [-] above is the Bromwich contour integral [161], extending over s =
o —jRto s =0 + jR, as R approaches infinity.

Since each element of ¥,, is an independent Gaussian random variable, we may express (2

as a sum of random variables. That is,

@ 4.+ oW where
(6.30)

Q
N
k 1 1 .
a® = g, Z{@WB()(/@Z) Opbisy ()} WL fork=1,...,N

where 9\1/\11|s (k, 1) is the element on the £*" row, i*"" column of 6\11\11|s . Each Q®*) is then
the sum of exponential random variables, and manipulating the result i 1n [9, Appendix 4B]
we may write the two sided Laplace transform characteristic functions as

Pk,1 Pk 2
A - i 6.31
¢Q( )(S) (S — pk,l) (S — pk,2) ( )

with poles

1
Pk,1,Pk2 = for d # 0 (6.32)

1\170 d2 \/(No d2) No d2

where d% is the squared Euclidean distance between S(y) ;, and S(y) ;,; that is

d} = [Suyk — Sl (6.33)

In the case where the k" elements S,k and S(g) i, of the codewords are equal, the cor-
\I/\I/\S(l) G)Enms
the characteristic function is ¢k (s) = 1. We defme the set of indices where S(;) and Sy)

differ as

responding k' columns of O, will be zero. In this case Q*) = 0, and

N
L= {k LSk # S@u: 1<k < 5} : (6.34)

so that we may write (6.28) as the product of characteristic functions

$) =[] baw(s) =] ( PhibPe? (6.35)

kel A Pr1) (s = Pr.2)
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From (6.28), observe that the non-zero eigenvalues of ©yyg o <®En11/|s<2) — @‘;"1145(1)) cor-

-1

respond to the k, k + % rows of ®‘If‘lf|5<1) <®w|s<2) -

-1
('-)\M,'S(l)) where k € L. The non-zero
. . . ~ ~—1 ~ .
eigenvalues are then equivalent to the eigenvalues of © g g o © ,where Oyys (1) consists
.. ~ 1 .
of thek, k + % rows and columns of Ouy|s e where k € L, and similarly, ® = consists of

-1 , such that £ € L. Both (':)g;\p‘s(l)

all k£, k + % rows and columns of (G)W|S(2) — 6‘;“1145(1))

~—1 . .
and © ° are then 2|L| x 2|L| matrices. We may thus write

1
pa(s) = — — -
det |:IN - 28@\1,\145(1)@ ]

(6.36)

The poles of ¢q(s) are then given by the 2|L| eigenvalues, denoted Ay 1, A2 for k € |L|, of
é\pq,‘s(l) 6. Specifically,

B 1 B 1
Prki1 = 2)\&1, Pr2 = 2)\“-

(6.37)

We could find the eigenvalues of (':)\I/\I/|S ( 1)(:)_1 and perform the integration of (6.29) to
calculate the pairwise error probability. However, following [156] we recognise that the

integral of the inverse Laplace transform, in (6.29), may be written as

0
Pr (S(l) — S(z)) = / {i ¢Q(S)d$:| dr = — ZResidue {éqﬁg(s)} (6.38)

—00 277] Br Vpr

where p, denotes the right half plane poles of 1¢(s). Note, from (6.32) that the poles
{pr1 : k € L} of ¢a(s) lie in the right half plane, and the poles {p;, : £ € L} lie in the
left half plane. Furthermore, 1¢(s) has an additional pole at s = 0, whose residue is
[11cr Pk1pk2- Then, using the formula for the residue of a pole [162] we may write (6.38)
as

1 1
Br (S s 8) — lim J L (639
r ( (1) — (2)) (H pk71pk,2> ]{/‘EZLS_I)?;J S H (8 — pi’l) (S . pi’Q) ( )

keL €L
ik

Consider the product of poles term [, Pk, 1Pk,2 in this expression; we may relate this to

the eigenvalues Ay, 1, A 2 as

ez =1] L ! _ _1] . (6.40)

It follows from (6.22) that we may write det [@) T[S, 1)] = N(|]L| det [@ ], and in Appendix



6.2 Decoding 95

C we show that det {é_l] =L ;‘LL“ [Tier 4. We may then write

1
[T prapre = ———p — (6.41)
kel (—)IEING ™ det [©pp] [Ty d7

We then consider the behaviour of the poles at high SNR, that is as i,—zo — oo, for k € L.
Observe from (6.32) that p;,; — 0 and py 2 — %, so that we may write

1 1 . 1
hm E lim - | |( 1 ] = lim N
5= s s — s — s— L|+1
z‘f,o coker” PR % ier Pk,1 Pk,2 ker "TPer sl (s — )

ik
_ IL|
= hm ! dr (8 — %)
(L] = DdsIE=1 ) gloj+1 (s — %)lLI

1 (-D)E@IL -1 1

= lim
s——1 (|IL| — 1) |L|! s2IL
(2L = 1)!(—4)!H
(IZ] = DL

(6.42)
using the formula [162] for the residue of an n'" order pole. Using [163] we recognise that

(2|L] — 1)! 4zl
(L[ =DULE o [ (1L + 1)

< 4lFl (6.43)

so that substituting (6.42) into (6.39) we may bound the pairwise error probability as

1 (2|L] — 1)! AN,

~ det [Ogg] L' (| L] — 1) ' det @HH] 1_!; dZ2

Pr (S — S@)) < (6.44)

for det [G)HH] > 0.

The pairwise error probability in (6.44) is worst for the two points S(1),5(2) € A where
[Licz % is greatest. We therefore recognise that for lattice coded OFDM transmission
over fading and frequency selective channels, the pairwise error probability decreases pro-
portionally to the minimum squared product distance of the lattice A, which we define

as

) & iy T] e u? where L& (k1 # ). (6.45)
S

Furthermore, we also define the product kissing number 7,(x) as the number of lattice
points at minimum product distance d, (A) from x € A, and the lattice Hamming dis-
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tance dy(x,y) as the number of elements of x and y that differ. If the product kiss-
ing number is equal for all x € A, as in the lattice constructions of interest [7], we de-
note this 7,(A). We similarly denote the minimum Hamming distance of the lattice as
di(A) = mink yep di(x,y). Consider then an OFDM system transmitting points from
some lattice A mapped to the sphere packing My, over a frequency selective Rayleigh
fading channel. We may then union bound the probability that a maximum likelihood de-
tector, with perfect channel state information, erroneously estimates the transmitted point
as

1 4 1
< - HMN)__ — )
P, <1,(My) det @11 (4Np) & (M) (6.46)

Moreover, since the sphere packing product distance is lower bounded by the sphere pack-
ing minimum distance raised to the power of its Hamming distance, that is, d, (Mxy) <
[dunin (Mn)]4 MY we may write

Pe <1y (Mn)

dg(Mn)
! [ AN ] . (6.47)

det[@HH] d? (MN)

man

Note that, since d2;, (M) is proportional to the transmitted energy per symbol, or equiv-
)

2
alently per data bit, W gives a measures of the SNR.

Equations (6.46) and (6.47) thus describe the key parameters affecting the error rate of
lattice coded OFDM. The error rate is inversely proportional to the product kissing num-
ber multiplied by the signal to noise ratio raised to the power of the minimum Hamming
distance. Therefore, for lattice coded OFDM transmission over fading, frequency selec-
tive channels we should select constellations that maximise these quantities; in contrast to
maximising the lattice centre density for transmission over AWGN channels. Although we
do not describe methods of constructing such lattices, this is the subject of a large body of
work including [45, 164, 165].

From (6.46) note that for a fixed lattice constellation, the error probability is inversely pro-
portional to the determinant of the correlation matrix. For a Jakes” model Rayleigh fading

channel with exponential power delay profile we may write

det [®py]
i 1 1 1 1 1
1+[47r7'r'msA.ﬂ2 1+[67r7'r'msAf]2 T 1+[N7T7'7“m5A.ﬂ2
1 1 1
1+ {47 Trms A f]? 1 1+[67Trms A f]? I+ [(N=2)mTrms A f]?
_ 1 1 1
= det T [Anrrms AT TH[67mrms AT 1 IR (Nt A2
1 1 1 1
| 1+[(N—=2)7Trms Af]Q 1+[(N—4)7r7'r-msAﬂ2 1+[(N—6)7r7'r-msAﬂ2 e

(6.48)
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Therefore, the error rate is a function of 7,.,sAf, the product of the channel rms delay
spread and the subcarrier separation. It is readily observed that as 7,.,sAf increases,
m decreases, so that for fixed 7,,,; lower error rates are achievable using greater
system bandwidth. This result is expected, since increasing either 7,,,s or A f increases the

frequency diversity of the system [9].

6.3 High Dimensional Lattice Decoding

Maximum likelihood decoding of points from lattice constellations requires calculation of
the Euclidean distance from the received point to all constellation points. For high dimen-
sional lattices the large constellation size renders this approach infeasible. For example,
the 64 OFDM subcarrier system transmitting 256-QAM points mapped from a subset of
Pyag, as described in Section 6.1, has a constellation size of |M,,| = 2128+120+64+8 ~ 19,
Generally, maximum likelihood decoding of lattices requires exponentially increasing com-
plexity as the lattice dimension increases [38]. A low complexity alternative to maximum
likelihood decoding of multilevel lattice constructions is to multistage decode the lattice,
employing algebraic decoding of the codes associated with each level. However, algebraic
hard decision decoding of codes is suboptimal, and induces a 3dB reduction in the coding

gain at low error rates [38], with respect to the maximum likelihood approach.

To avoid much of this loss we employ generalised minimum distance (GMD) decoding
of the codes associated with each lattice partition, as proposed and thoroughly discussed
in [57] and further analysed in [79]. Although GMD decoding is suboptimal, it is shown to
give effectively the same error rate as maximum likelihood decoding at high SNR. How-
ever, GMD decoding requires complexity that increases only polynomially with the lattice

dimension, as discussed in Section 6.3.3.

We consider GMD decoding of OFDM systems encoded using high dimensional lattices,
and transmitting over frequency selective channels. We first outline the technique and
derive, using the methods in [56], the optimal reliability metric for transmission of QAM
subcarrier constellations. In the remainder of this chapter we then extend the analysis
of [79] to the fading and frequency selective channel. We obtain an approximation, that
in most cases of interest is an upper bound, to the decoding error rate. We illustrate our
analysis by comparing simulated decoding of the 256-QAM, 64 subcarrier OFDM system

encoded with Pjsg, to analytical results.

6.3.1 GMD Decoding

Given the lattice encoded & subcarrier OFDM system outlined in Section 6.1, we consider

transmission of subcarrier symbols S,, over a frequency selective channel, with complex
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Gaussian distributed subchannel responses denoted by H,, = {Hn,l,ng, oo Hy, N/Q}.
We may equivalently write the % M?-ary QAM points as N M-ary PAM points, denoted

Sn = {Sn,1,5n,2,- -+ Sn.N} € My (6.49)

so that the QAM symbol S, , comprises PAM symbols s,, 2;—1 and s, o5 transmitted in
quadrature, for k = 1,..., 5. Each of the N elements of the mapped lattice point s,, =
S, = m(x), x € Ay, are from an M-ary PAM constellation, which without loss of generality

we assume has separation 2+/FEj between points, as in Figure 6.1.

At the receiver, following multiplication by the inverse subchannel gains we obtain § noise

corrupted QAM points, denoted

R, = {R, 1 R B x| = Su+ W, (6.50)

where W/ = { s Whosoo o, W } is a vector of independent zero mean Gaussian ran-
72

dom variables, with E [I/V/1 k} = m%(l +j), fork =1,..., % This is equivalent to

reception of NV noise corrupted PAM points, denoted

v, = {7’,’171,7“;%2, . ,r,'%N} =s, +wW, (6.51)
where w;, = {w}, 1,...,w,, v} is a vector of independent zero mean Gaussian random vari-
ables with E [w;? k] = ﬁ%, and h,, = H_ e is the subchannel gain associated with

’ n,K 19
the k" PAM point, for k = 1,..., N. Note that we hereafter consider transmission of a

single OFDM block, and thus omit the time index n. Readers should note that channel
estimation errors will inevitably add further noise terms to (6.51). Depending on channel
conditions and estimation method, these may be modelled as Gaussian random variables,
and thus incorporated in w/,. Since channel estimation methods are beyond the scope of
this thesis, note that the following analysis is then restricted to cases where the perturba-
tion of the received signal may be modelled as additive white Gaussian noise with arbitrary
variance, as in (6.51).

A code Cy is associated with the ¢ level of an m level lattice construction, as outlined
in Section 3.4 and Section 3.5. Any point x € A may then be expressed as a set of coset
representatives, ci, ca, . . . , Cy, associated with a partition chain of the lattice, where ¢, is a
codeword from the code Cy. Then, after the inverse mapping m~! : My — Ay, defined
from (6.7), we may write the received point as

F=x+w=2"Ch1+2" e+ +2c0+c1+w (6.52)
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where x € Ay, ¢4 is a codeword from the trivial (IV, NV, 1) repetition code, and w =
{n1,..., W, n} is a vector of independent zero mean Gaussian random variables, with
E [@f] = ﬁ 2‘]}\[—5‘2 We may then estimate the transmitted lattice point x, by successively
finding estimates ¢, €, . . ., €, for the codewords ¢y, co, . . ., ¢, respectively, as discussed
in Section 3.5. We apply GMD decoding to estimate the codeword at each stage. We outline
this method below, although a more thorough description may be found in [57].

Assuming stages 1,...,¢ — 1 have been estimated, yielding ¢, ..., ¢y, the component of
the received vector r corresponding to remaining stagesis ¥y = r—&; —2¢s —- - - — 272¢,_4.
For each element 7y, for k = 1,...,N, of ¥y = {r1,...,7¢ n} the GMD decoder first
produces a hard decision uy j, as to the most likely transmitted codeword symbol ¢y 1, given
7,5, and a metric 0 < ay, < 1 that gives a measure of the reliability of this hard decision.
Larger values of oy j, represent a greater probability of the hard decision being correct, with
smaller values representing lesser probability of correct hard decision. The decoder then

performs a series of erasures decoding trials, as outlined in Section 3.3.1.

We now consider decoding of the first stage only, since the decoding procedure for the
latter stages is identical, and thus omit the subscript ¢ that denotes stage. Finding the hard
decision estimate u = {uy,...,un} of the transmitted codeword ¢ = {¢1,...,en} € C,
is equivalent to finding the closest points y = {y1,...,yn} € Ay to each of the received
points I = {71,...,rn}. This is equivalent to finding each of the closest points 5, € M to
each of the noise corrupted M-ary PAM points 7, for k = 1,..., N. Given a closest point
8; € M, we may readily find the point y;, = m~'(sy), and then u; = rem(yy, 2), namely,
the remainder following division of y;, by 2. Each point 5;, € M, is readily found using a

correlation receiver [8] for each PAM constellation.

Note that, following multiplication by the inverse subchannel gains, each PAM constella-
tion is perturbed by independently, but non-identically, distributed noise, since the noise
variances E [w}f} may be distinct for all k. Following [56] we now show that the optimum
(such that the probability of decoding error is minimised) reliability metric for each hard

decision is the log likelihood ratio for each hard decision.

S Ty S,
<+-———©0 L4 ® L o>
0 1 2 3 g 8
S( ) S( ) S( ) S(M 3) S(M 2) S(M 1)
—
W’

Figure 6.1 Received noise corrupted M-ary PAM point r}, and associated hard decision 3.
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6.3.2 Optimal Reliability Metric

We denote the event that the hard decision uy, is correct as GGi, and the event that u;, is
incorrect as Fj,. We require a metric for the reliability of the hard decision. In Section 3.3.1
we defined a reliability metric o, for AWGN systems. We now derive the optimal relia-
bility metric for GMD decoding of OFDM systems transmitting over frequency selective
channels. We retain the symbol oy, to denote this metric, although the definition will differ
from that of Section 3.3.1.

Given the reliability metric 0 < a3 < 1 associated with u; we may write the conditional
probability of G, occurring as Pr (Gj|oy, = x). Similarly the conditional probability of F},
occurring is denoted Pr (F|ay). Then, consider the random variable xj, which we define

as
1- iven o, and G
o (653)
1+ o given oy and Fy.
The expected value of x, is then
E ] = 3{(1— a)Pr (Gelaw) + (1+ ap)Pr (Felo) }Pr (o) (6:54)

Yay,

where we have taken the expectation over all possible values of o, and we imply that oy,
takes a discrete value. In the case where the reliability is continuous valued the summation
is readily replaced with integration over the appropriate PDF. The moment generating
function (MGF) of x is then

gr(t) = E[exp (tx)]
= Y- {exp (1 — )] Pr (Grlax) + exp (1 + )] Pr (Fila) bPr (o)

Yoy

= > {exp [1 — )] Pr (Gr, ax) + exp [E(1 + k)] Pr (Fi, ) |

Yoy

(6.55)

where Pr («y) is the probability of observing the reliability metric value a;. The semi-

invariant MGF is defined as
pi(t) = Infgi(t)]. (6.56)

Following [56] it is readily shown that GMD decoding is guaranteed to decode to the code-

word c € C, if the generalised distance J (u, c) between u and c satisfies

§(u,¢) < de (6.57)
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where d¢ is the minimum Hamming distance of the code, and we recall, from (3.7), that

§%(c,u) = 6%(c1,u1) + 0% (co, ug) + -+ + 6 (cny n) (6.58)
with
1-— QL for Cr = Uk
O(cks ug) = (6.59)
1+ for ¢, # uy.
It is readily seen that given reliability values oy, for k = 1,..., N, we may write

N
Z Xt = 6(c,u) (6.60)
k=1

so that the probability P. ¢arp of GMD decoding error may be bounded by

N
P.cup < Pr (Z Xk < dc> : (6.61)

k=1

We may then apply the Chernoff bound [9, Ch.1.1.5] to write

N
Pr (Z Xk < dc>
k=1

~(54)

N
= exp(—tdc) Z exp <t Z Xk) Pr (ax) (6.62)

IN

exp(—tde)E

Vo k=1
N
= exp(—tde) > [T{Pr(Groan) exp(t[t — an)) + Pr (Fi ) exp(t[L + o)) |
Vay k=1

N
= exp (—tdc +)° Mk(ﬂ)
=1

for any value of ¢ € R. We may find the optimum reliability values oy, by minimising the
probability of GMD decoding error, with respect to oy, and then with respect to ¢. That is,
we wish to find

N N
argmin < Pr Z i < dc = argmax | tde — Z,uk(t) . (6.63)
Q1,...,aN, T h—1 al,...,aN, T b—1
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We first minimise Z]kvzl i (s) with respect to {aq, az, ..., an}, so that

o 0 0 [
t = 0. .64
Fa Fos aaN{kZ:l“’“()} 0 (6.64)

Recognising that each 1 (t) is independent of o, for all j # k, we may write (6.64) as

N N
0 1 0
Z— Z—— (t) =0. (6.65)
— da — gi(t) O
A solution of this equation occurs at % gx(t) =0, for k = 1,..., N. Thus, from (6.55), we
may write
Pr (Gi|ak) exp(t[l — ax]) = Pr (Fi|ax) exp(t[1 + ag)). (6.66)

Taking the logarithm and rearranging we may then write

0 for £, <0
o = % forO< L <1 (6.67)

for £;, > 1

where we define Pr (Gylo)
21 T {GkIQ%) 6.68
Li =log { Pr (Fy|ou) (6.68)

forall k = 1,...,N. Note that oy, is limited so that 0 < o, < 1, as required by definition
[56]. The optimum reliability metric is thus the logarithm of the likelihood ratio of the
probability of correct hard decision to the probability of incorrect hard decision, given the

reliability value, the well known log likelihood ratio, L.

In the case of interest a point s, € M; is transmitted from an M-ary PAM constellation.
From (6.51) we obtain a noise corrupted M-ary PAM point r;, = s + w}, fork=1,...,N,
as illustrated in Figure 6.1. We denote the closest point to s as 5x, and the second closest
point as §). Assuming we receive point 7, that is assigned reliability value aj, we may
then neglect the effect of constellation end points to approximate the probability of a correct
hard decision as

-~ N \hiel? |85 — 71|
Pr(Gylak) = Pr(Gilry) = — (6.69)

1
vl [ ‘2NO ( No

since wj, is a zero mean Gaussian random variable with variance Similarly we may

2|h \2
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write the probability of an incorrect decision, given r, being made as

Pr (Fk\ak) =Pr (Fkh’k)

Q

L
Z Pr (s, transmitted, 5 hard decision)
Nl (6.70)

L
=2 — exp <_‘hk‘2‘3k_7’k’2>
1 N, )
— T N 0
Jz;é}k [y, 2410

We may then write the likelihood ratio as

AR
Pr(Gula) o () 671)
B L hpl2lsn—ri?\ ’
Pr (Fyloy) > =1 exp (_| k| |]\;a0 k| >
Sk Sk:

In the case where the SNR ﬁ—g is large, we may approximate the probability of incorrect
hard decision as the probability that point s; = s is transmitted and hard decision §j,
is made. This results in the well known max-log-MAP approximation to the log-MAP

metric [166]. We may then write

Pr (Fy|rk) = Pr (s = §), transmitted, §;, hard decision)

_ Il 13—l 6.72)
7TNO NO

so that the log likelihood ratio may be approximated as

I <Pr(Gk|ak)> _ {

. 2 .
) — rk| — 8k — rkﬂ

Pr (Fk\ak) NO
 |hg]? . 2 9
=N (2 Eo — [3k, — Tk|> — |8% — 7] (6.73)
_ 4‘hk‘2E0 |:1_ ’gk—Tk’]
No VvV Ep

The value of Ly, is thus approximated by the normalised distance of the received point 7, to

the decision boundary between §;, and §;, weighted by %, the received SNR for each
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subchannel. From (6.67) and (6.55) the MGF of x, at the optimal ¢ value is
Gopt,k(t) = exp(0)Pr (Gy, Ly, > 2t) + exp(2t)Pr (Fy,, L > 2t)
—i—exp(t{l ])Pr (Gk,0 < Ly, < 2t)

+ exp t[l—l——]) (F,0 < Ly < 2t)

+ exp(t) Pr (G, Ly, < 0) + exp(t) Pr (Fj, L, < 0)

hy|2E, 4 hy |2 E hi al
(F \ k’ 0o }) + exp(2t)erfc (\/? |:2‘hk‘2EOt+ 1})
|| * Eo [P Eio Mo
+ exp <t |:1 :|> erf ( No erf Ny ! 2’hk‘2EOt
Ly, |he®Eo | |hi|*Eo No
+exp <t {1 + 5/ ]) erfc (\/To erf No L+ 2|hk|2E0t

(6.74)

where we have recognised that Pr (F, £ < 0) = Pr (G, L < 0) = 0, and manipulated
the probability expressions in Appendix D. We then require the value of ¢ such that the
right hand side of (6.63) is maximised. From (6.63) we take the derivative with respect to ¢,
and find that the requisite value, denoted ¢, occurs at

a %gom,k(t)
o Z T——( Z ILEPLLL = de (6.75)

where fiopt (t) = In[gopt,k(t)]. Given the subchannel gains ﬁ%, for k = 1,...,N, and the
signal to noise measure f,—g, the optimal value t,,; may be numerically calculated using
(6.74) and (6.75). Given the value t,,, substituting (6.73) into (6.67) we may write the
optimal GMD decoding metric as

0 f01‘|§k—’l"k| Z\/EO
hi|?E 5, — R
o 2§ s 0 [1 - ] for 1 gt | VR < [k~ il < VER (676)
1 for ‘gk — Tk’ S |:1 — Mﬁtof)t} V E().

6.3.3 GMD Decoding Complexity

GMD decoding incurs only polynomially increasing complexity as IV increases, and is in-
deed not significantly greater than normal algebraic decoding of a linear block code. In

order to bound the number of real operations we consider the maximum number of real
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operations required at each decoding step of a single stage of GMD decoding a (N, K, D)

linear block code. We assume that this is one stage of decoding a construction C lattice.

To generate the hard decision vector u, we require N decodings of the coset Z/2Z, which
requires IV real rounding operations [57]. The reliability values o require a further N oper-
ations to generate, since they are the subtraction of the rounded vector u from the received

vector. We then find the D — 1 least reliable positions in u, requiring no more than

N
N-D-1)+ Y  logk (6.77)
k=N—(D—1)+2

real operations [167]. As outlined in Section 3.3.1, a series of |K| algebraic decoding trials
are then conducted. Both [168] and [169] show that, for use of codes that may be decoded
with the Berlekamp-Massey algorithm [54], only a single pass of this algorithm is required
to generate all candidate codewords. For the Barnes-Wall lattices of interest, the constituent
codes are (r,m) Reed-Muller codes, which may be hard decision decoded [170] [171] with
no more than N min{r, m —r} real operations. Errors and erasures decoding requires twice
the complexity [38], so that no more than |[K|N min{r, m — r} real operations are required.
Finally, we require selection of the candidate codeword with the smallest generalised dis-

tance from the received vector. In [57, lemma 5.1] it is shown that this requires at most

fE;Q+Ew—E%J (6.78)
real operations, where t = |21 | and E = | £t |. The total complexity of decoding a point
thus increases polynomially in N, as opposed to exponentially for maximum likelihood

decoding.

We consider decoding of the Pj2g sphere packing, constructed from the codes RM(1,7),
RM (3,7) and RM(5,7), which are (128,8,64), (128,64,16) and (128,120, 4) linear block
codes, respectively. Thus, decoding of the first stage requires no more than 256 real opera-
tions for generation of u and «, 474 operations for sorting, 2 x 4 x 128 operations for alge-
braic decoding and 1263 operations for codeword selection, yielding a total of 3017 real op-
erations. Similarly the second stage requires no more than 256 +210+2 x x384+75 = 6685
operations, and the third stage 256 + 139 + 2 x 2 x 256 + 3 = 1422 operations. The final
(uncoded) stage requires generation of a hard decision only, and thus requires 128 opera-
tions. Therefore, no more than 3017 + 6685+ 1422+ 128 ~ 11500 real operations are needed
to GMD decode a single point transmitted from the P23 sphere packing. In comparison,
decoding of four uncoded stages would require 4 x 128 = 512 real rounding operations.
However, as demonstrated in Section 6.4.2 this additional complexity yields excellent cod-

ing gains.
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6.4 GMD Decoding Performance Analysis

We now extend the analysis of [79] to lattice points transmitted using OFDM, over a fre-
quency selective channel. We obtain an approximation to the error rate of multistage GMD
decoding of multilevel construction lattice points, which is an upper bound for the cases
of interest. We refer to this as an approximate upper bound. Given an m level construction
C lattice we calculate the probability of lattice symbol decoding error. A symbol error oc-
curs if the estimated lattice point X € A is not equal to the transmitted lattice point x € A,
or equivalently if the estimated OFDM block S,, is not equal to the transmitted block S,,
mapped from the lattice A. We denote this error event as £, and denote the events of

correct and incorrect decoding at the /*® stage as £ and &, respectively. We may then write
&n=\J&. (6.79)
=1

We denote the probability that the /' stage is incorrectly decoded, given that the stages
1,2,...,¢£ — 1 are correctly decoded, as Pr (8g|8§_1,5§_2, . ,810). We may then use the

principle of inclusion and exclusion [140] to write

Pr(&x) = | JPr(&) <D Pr(&l€f 1.6 5,....&) (6.80)
= /=1

(=1

with this upper bound being an approximation when the conditional probability of error
for each stage is small. In the next subsection we outline a method for approximating the
probability of decoding error for a single stage, conditional on all previous stages being
correctly decoded. We may then use this result to obtain the probability of lattice decoding

error.

6.4.1 Single Stage Performance

We extend the methodology of [79] to the case where each lattice coordinate is perturbed by
independent non-identically distributed noise. Since we are concerned with a single stage
only, for clarity we omit the subscript ¢ denoting decoding stage. We consider decoding
of a single stage only, assuming all previous stages are previously decoded. Furthermore,
we assume this stage is constructed with codeword c from code C, which is mapped to
an M-ary PAM constellation, as described, for example, in (6.1) and (6.2). The minimum

Hamming distance of C is denoted d.

As before, the receiver front end produces a vector of hard decisions u = {uy,usg,...,un}
and corresponding reliability values o« = {aj,a2,...,an}. We denote the event that

there are b hard decision errors as I, for 0 < b < N and b € Z. Furthermore, we let
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Ir ={f1, f2,.--, fo} € {1,2,..., N} denote the set of indices of u corresponding to incor-
rect hard decisions. That is, uy is incorrect if k € Zp. We let Zg = {g1,92,- .-, 98-} C
{1,2,..., N} be the complimentary set corresponding to the correct hard decisions uy, k €
Tc. As before, the event that hard decision wy, is either correct or incorrect is denoted F}, or

G, respectively.

The probability of correct hard decision is

Pr(Gy) = % + MJ\; Lot (, /%) (6.81)

the well known [8] probability of maximum likelihood decoding for an M-ary PAM signal.

Pr (Fy) = M]\; 1erfc <\/%> . (6.82)
0

Since the probability of error differs for each hard decision, the probability of exactly b hard

Similarly,

decision errors is

Pr(Ep) = Y  Pr(Gr)Pr(Gp)...Pr(Gr)Pr(Fa,)Pr(Fa,)... Pr(Fay.,) (6.83)
VIr,Za

where the summation is over all (JIY ) distinct pairs of Zp and Zg. The probability mass
function of (6.83) is recognised to be a Poisson binomial distribution. We may readily
approximate this distribution with the Poisson distribution, as outlined in Section 5.2, so

that
b,—b N

Pr (E,) ~ AL, with A =) "Pr(Fy). (6.84)
b!
k=1
For the special case of a flat fading or AWGN channel the error probability is equal for all

subcarrier symbols, so that we may write

Pr (E,) = <]bv> [Pr(Gy))° [Pr (F1))¥°. (6.85)

We may write the reliability measures corresponding to erroneous hard decisions as the
set {ay,,ay,,...,ay }. We rank these in nondecreasing order to obtain 51 < fy < --- < 3,
the ordered set of reliability values associated with incorrect hard decisions. We simi-

larly denote the ordered set of reliability values associated with correct hard decisions as

Yis- - YN—b, SO that 11 <o <o <y

Recall, from Section 3.3.1, that the GMD decoding procedure is to first generate a set of

K candidate codewords, which we refer to as the algebraic decoding phase. The candidate
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codeword ¢ with the smallest generalised minimum distance §(¢, u) (Section 3.3.1) is then
chosen as the decoder output, which we refer to as the Euclidean space selection phase. The
algebraic decoding phase is successful if the transmitted codeword is a member of the set
of candidate codewords, and we denote this event S. As shown in [79], if the transmit-
ted codeword is in the list of candidate codewords, the probability of not choosing this
codeword is very small so that the probability of decoding stage ¢ incorrectly may be ap-

proximated by Pr (S), for each stage.

The event of a successful algebraic decoding phase given that b hard decision errors exist is
denoted S, so that we may write S = Sop US; U... USy. We let S denote the algebraic de-
coding phase failure complimentary event, namely, when the transmitted codeword does
not appear in the list of candidates. If the number of errors is less than half the minimum
Hamming distance of the block code, that is b < ¢ =S L%j, then algebraic decoding is
guaranteed to be successful. Furthermore, if the number of errors exceeds the code’s mini-
mum Hamming distance then algebraic decoding will fail; that is, b > d¢ — 1. We may then
write Pr(S) = 1, forb = 1,2,..., Ld‘glj and Pr(S,) = 0, forb = d¢ — 1,d¢,...,N. The
probability of algebraic decoding phase error is then

Pr(F) =1-Pr(S)
51) + Pr (82) + .-+ Pr (SN)]

Ey) +Pr(Ey) + -+ Pr(E) + Pr(Si1) + Pr(Sy2) + - + Pr(Sg.-1)]
(6.86)

—~~

The probability of b errors occurring is readily approximated, using (6.84). We now calcu-
late lower bounds on Pr (S,,), for b =t 4+ 1,t +2,...,dc — 1, and thus upper bound the
probability of GMD decoding failure.

The algebraic decoding phase requires |K| errors and erasures decoding trials, with each
trial requiring v erasures be made, for all v € K. Letting the event S, , C S}, denote produc-
tion of the correct codeword when k erasures are made, we may write S, = Uycx {Sp, }. It

may then be shown [79] that a tight lower bound is given by

Pr(8p) = max {Pr(Sp,)} (6.87)

ve

since the events §p 1, Sp 2, - - - , Sy, || are highly correlated.

We let U, , be the event that 7 or more hard decision errors are erased when v erasures
are made, requiring that 7 > k£ and b > 7. Note that, if 7 or more errors are erased, this
requires 3, < 7y,_r41; thatis, the 7" smallest reliability associated with a hard decision
error must be less than the (v — 7 + 1)*® smallest reliability associated with a correct hard

decision, so that at most only (v — 7) correct hard decisions are erased. The probability
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of U, , occurring, given that there are b hard decision errors, is then the probability that
Br > Yv—r+1. This is readily calculated given the PDF of 3;, denoted fs (x), and the
PDF and cumulative probability density function (CDF) of v, 11, denoted f,,_ ., (z) and
F.

Y_ri1 () respectively. Given these probability functions, described below, we may write

Pr (s |6) = /0 " fo (@) / T o (y) dyde = /O T fa (@) [1- By ()] dr. (688)

Presuming 7 hard decision errors are erased, leaving b—7 unerased errors, then a necessary
and sufficient condition for production of a correct codeword is v +2(b—7) < d¢, since any
block code can correct up to p errors and g erasures, provided 2p + ¢ < d¢. This condition
may be equivalently written as 7 > b — % >b— L%J, which corresponds to the

event U, ,,. We may thus write

Pr(Sy,) = Pr (U, Ey) = Pr (Ep) Pr (Ur 1| Ey) = Pr (Eb)/ fs,(x) [1 — F%#H(x)] dx

’ (6.89)
where 7 = b — L%j We can therefore upper bound the probability of GMD algebraic
decoding phase failure by first calculating Pr (S, ), for all v € K, and thus obtain a lower
bound to Pr (Sp), as in (6.87). With the lower bounds on Pr (S), forb = t+1,t+2,...,dc—1,
we then calculate an upper bound on the probability of GMD decoding error, Pr (F), as
in (6.86). The order statistics distribution functions required for the calculation of (6.89)
are given below, as well as tight bounds and approximations to these functions. We may
then obtain an approximation to the probability of GMD decoding error for each stage
¢ =1,...,m, assuming all previous stages are correctly decoded. In most cases this ap-
proximation is an upper bound. With this conditional probability of decoding failure for
each stage we may use (6.80) to obtain an approximate upper bound to the probability of
error when decoding a multilevel lattice transmitted over a frequency selective channel,

using multistage GMD decoding.

Reliability Order Statistics

For a frequency selective channel the PDFs of the reliability order statistics are signifi-
cantly more difficult to describe and evaluate than for the AWGN case described in [79].
Recall that the reliability statistics associated with incorrect hard decisions are denoted
af, 0, ..., o, while those associated with correct hard decisions are oy, , ag,, ..., 0y -
The order statistics associated with incorrect hard decisions are 51 < (32 < ... < B, while

those associated with correct hard decisions are v; < 5 < -+ < yy_p.

The variance 2|]}Y—£P of the Gaussian noise component w), perturbing each received symbol
may be different for all k € {1,..., N}. Each ay,, for f, € Z;, is then independent but non-
identically distributed, with PDF f,, (z) and CDF Fy (). These functions are calculated
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in the following subsection. Given the indices of incorrect hard decisions 7, we then use a
result from [172] to write the PDF of the i*®
are made, that is the PDF of 3;, as

smallest oy, given that b hard decisions errors

Fo,, (x) Fa,, (x) Foyy (x)
: : (i — 1) rows
| Fo, () Fa,, (v) Fo,, ()
fo. (W1T9) = g = i P | Jen @ fap(@) oy (@)
L= Fo, (x) 1-F,,(z) 1—Fo, (2)
(b — %) rows,
_1 = Fo,, () 1-— Fo,, () -+ 1-— Fo‘f(N) (x)_
(6.90)

where Per[A] denotes the permanent [173] of the matrix A. Similarly, the PDF f.,, (x|Z,) of

the i*! smallest reliability associated with a correct hard decision, given Z,, is equal to

_ Fo‘gl (CL‘) Fag2 (x) Fag(N—b) (w)
: (i — 1) rows
. Fagl (.CC) Fag2 (.CC) ch(N I (I)
o b | @ S @ Jayin ) (@)
1 —F,,, () 1-— Fa,, () --- 1= Fo,, (x)
- (N —b—1i)rows,
|1 = Fa,, () 1-— Fa,, () -+ 1-— Fag(N—b) (z) ]

(6.91)
where f,, (z) and Fy, () are the PDF and CDF of a reliability value associated with a
correct hard decision, where g;, € Z,. These functions are calculated in the following sub-
section.

Note that typically Zr and Z are unknown, so that the PDFs of 3; and v;, given that b hard
decision errors occur, are

fo.(x) = Y Pr(Zcl&) fs, (x|Tr)

Vip

fri(@ ZPr (Zal &) fri (2| )

Vig

(6.92)

where the above summations are over all ( ) distinct Zr and Zg. We may lower bound the
PDFs by considering the first few terms only of these summations. However, it is found
that in most cases of interest a sufficiently accurate approximation results from considering
the most likely sets 7 and Zg, namely taking Zr as the set corresponding to the b hard
decisions with the largest probability of error, and Zs to be the set corresponding to the

N — b hard decisions with the smallest probability of error. Thus,

f/BL(x) /A argimax {fﬁL ($| IF)} ,and f%‘ (:L') ~ argmax{f% ($| IG)} .
Pr(Zr) Pr(Zg)

(6.93)
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Note that these approximations may be tightened, at obvious computational expense, by

also considering the next most likely sets Zr and Z.

While the order statistic PDFs in (6.90) and (6.91) are elegant expressions, they are difficult
to compute, since calculation of the permanent of an N x N matrix requires on the order
of N2V calculations. For large matrices, say N > 30, obtaining the exact value of the per-
manent is not feasible using current technology. Note that there exist various methods of
approximating the permanent of a matrix, with tighter approximations obtained at greater
computational expense. Recent approaches include that of [174] and [175], while [176]

provides a review of some classical approaches.

Since we use the permanent expressions in the calculation of a lower bound, (6.87), we
now bound the permanent of the matrices in (6.90) and (6.91). We exploit the fact that the
matrices have nonnegative entries to apply the matrix permanent bounds of [177]?. Specif-

ically, givenan N x N nonnegative matrix A we denote the it row, j'' column element as

a;j, and the N-tuple of i*™® row elements as Auy = = {ai1,ai2,,...,a;n}. Furthermore, we let
Al = {agqy, ajy, - ., ajy } denote the elements of A(;) rearranged in non-decreasing order, so
that aj; < aj, <--- < ajy. Similarly, A+ = {a;1*, ao%, . .., a;n*} is the N-tuple represent-

ing the elements of A(; arranged in non-increasing order, so that a;1* > ajo*x > - -+ > a;jy*.

From [177] we may then write

<.
|
—_

s
QQ\
»

Per[A >H2alt Alg—nall)

i=1t=1

Per[A <H2alt Alg—nall)

i=1t=1
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(6.94)
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where Ay is the sum of elements of A(y).

We may readily apply the bounds of (6.94) to the permanent expressions in (6.90) and
(6.91) to obtain lower and upper bounds on the PDFs of f3,(x) and f,,(x) respectively.
Consequently, we obtain a lower bound on Pr (Sp,,,) from (6.89), a lower bound on Pr (S5;)
from (6.87) and then the desired upper bound on Pr (F), from (6.86).

For the special case of the AWGN channel, obtaining fg,(z) and f., () is straightforward.
All sets T are equally likely to occur, as are all sets Zg. All 3, for k € I, statistics are iid,
with CDF denoted Fj(z) and PDF f3(z). Similarly, all v, for k € Z, statistics are iid with
CDF denoted F,(z) and PDF f,(x). Then, using a basic result of order statistics [178], we

2 Also in the more accessible text [173]
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may write
fﬁl(x) = #Eb—l)' [Fﬁ(‘r)]i_l [1 - Fﬁ(x)]b_i fﬁ(l’), fori e {17 27 s 7b};
fr(2) = (v —b): [y ()] 1 = By (@)Y fy(x), fori € {1,2,...,N — b}.

G- DI —b—1i)
(6.95)

Note that (6.90) and (6.91) reduce to (6.95) when all channel gains |k |? are equal.

Reliability Probability Functions

We require the CDFs and PDFs of oy, , a reliability value associated with an incorrect hard
decision, and «y,, a reliability value associated with a correct hard decisions. At the re-
ceiver front end we have equalised symbols r; = s; + w}, where s, is a point from an

M-ary PAM constellation with separation 2+/E, between points, and wj, is a zero mean

Gaussian random variable with variance denoted E [w}f} =0} = | h1|2 20 The reliability

values oy, are defined in (6.76).

We first consider the case when the hard decision is known to be correct. We label the
points in the M-ary PAM constellation as s(¥),s(1) ... s as shown in Figure 6.1. The
PDF f%k (x) is then the weighted sum of PDFs conditional on each s@ fori=0,...,.M—1,
being transmitted. That is,

foo () = ivj:Pr <s(i) sent) f (m| s sent) 1 iw:f <:1:| s sent) (6.96)
Qg P gy, M pa Qg )

assuming equiprobable transmission of constellation points. Then, substituting the expres-
sions (E.4) and (E.10) from Appendix E, we may write the PDF of a reliability value «y,,
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) forz =0

2tooy M-=2

4
_ —i— +
= MvEove |:orf Zq 1+erf =21
28 208
2erf Fo {1— toaz}
4 20‘% Ey
i
[ Eg
1+erf( 2013 )

2 2
exp<—2€7‘% [1—%—?35} ) for0<xz<1

forz = 1.

(6.97)

In the case when tf—g% < 1, we may substitute (E.11) and (E.5) into (6.96) to write
k

Ey
oo, ( too? = 1)

erfc( E%)
2o'k
%7 fOI' r=0
Eq
1+erf< 202)
_ k
200 4 M-2 _ By [q_ to} < B
NG = + - exp( 202 [1 o for0 <z < foo?"
1+erf —02 erf 2—02
oL of

The CDF of «ay, is obtained by integrating (6.97) and (6.98). First note that

A 2 72 2
2t00’k E() |: toO’k :| EO EO |: toO’k :|
—F——¢€ —— |1 - —"x dx = erf — | —erf — ——=A .
/0 vV EQ\/ 2w P < 20']% EO tQO'l% tQO'l% E()
(6.99)
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We may then write the CDF for f—o% > 1as
k

Ey
Fagk <Z”t—2 >1) =
00},
p
0 forx <0
1 forz >1
Mo erf( 2E705 {1_’50‘:}1@}> ) erfc( %)
e +4r 7 —x forz =0
erf 2}2;02 1+erf 2}2;02
Tk Tk
2 2
erf 2}3702 1— tOEUk x| | —erf ﬂz l—t%& erf 2}3702 1— tOEUk
1 — M2 k ’ 2 k : otherwise
M T M :
erf Zq 1+erf B
202 202
\ k k

(6.100)

Similarly, after integration of (6.98) we may write the CDF, for Lo <1, as
k

too
F, ;U|£02 <1
9k todk

0 forx <0

forz =0

T —
1+0rf( /%) (6101)
2 2

1-— % . - 4 for 0 < :zztE—O2
Eq Eq 00}
1+erf —% erf —
20k 20k
1 for z > Lo,
\ tooy,

We may similarly obtain the PDF of a reliability value o, associated with an incorrect hard

decision, by assuming that the transmitted point s; was the second closest point 3. to the
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Eo

received point ry.. For the case when ;=%
k

> 1 we may use (E.16) to write

EO N EO
fosz <‘T‘[k7 t()O'Z > 1> ~ fchk <Z”Sk = Sk t()O'Z >1

k

Eg tO"z% 2 Eq tO"z% 2
exp 2—(2 3_T0m —exp| % 1+T0m
2tooy %k %k f
or0 <z <1
vV Eqv2 -
ovEr erf| 3 ﬂz —erf ﬂ)g—
2<7k 2Uk
2
— E, tgo E, tgo
erf( % {3——Eok } ) —erf( / ﬁ {14— Eok } )
forx =1
[ Eo | _ Eo
erf (3 202 ) erf ( 20]% )
0 otherwise.
(6.102)

Similarly, in the case when t(%)f < 1 we may use (E.16) to write
k

Ey
fafk <$|Ik7 m < 1>

0%
Ey
N
~ fo, |xlsk =38, —5 <1
T < toO’,%
2 72 2 72 6.103
exp (_21502 [3—%4 ) —exp (_21302 [1-{—%:{:} ) ( )
2lpog K K f FEo
—_—— or0 <z <=5
Eovam erf (3 EO) —erf( EO) toc
202 202
k k
0 otherwise.

The CDF of ay, is obtained by integrating the above PDF expressions. Note that
T 2o Ey todi 2 Ey Ey toO']%
————exp | —=—= |3 — — dy =erf [ 3,/ — | —erf — |3 — —=F=2
/0 VEovar T\ 20} { Eo y] / 20, 207 [ Eo }

2
T 2o Ey |: t()O',% :| Ey [ toO’i :| Ey
—F———€X —— 1+— d :erf — 1—1——;17 —erf 3 — | -
/0 VE2m P < 207 I 207 Eo 207

(6.104)
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For -£0, > 1 we may then integrate (6.102), and use (6.104) to write

too’k

Ey
Fafk <IL"I]€, @ > 1>

0 forz <0

ot (/B [3- gta]) 4ot (3/F) - ent (/)| foro<a<
1 forz > 1.
(6.105)

0 forz <0

tooy,

—erf( @{3—%95])—1—6&’(3 %)—erf( %)} for0§x<%
1 for z > Lo,

- too’k
(6.106)

Although the above PDF and CDF expressions are verbose, they are readily calculable. We
may substitute these expressions into (6.91) or (6.90) to obtain the PDF of the s' largest
value of oy, or ay,, as required for calculation of the probability of single stage GMD
decoding error.

6.4.2 Simulations

We use the methods outlined in the previous sections to calculate analytical approxima-
tions to the probability of GMD decoding error rates with simulated error rates. We con-
sider a 64 subcarrier OFDM system occupying 30MHz total bandwidth, with each sub-
carrier transmitting a 256-QAM constellation. Each OFDM Block is mapped from a point
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in the 128 dimensional sphere packing P25, described in Section 6.1. At the receiver we

perform GMD decoding at each stage to obtain an estimate of the transmitted lattice point.
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Figure 6.2 Channel Gains for Channels A, B and C

We consider the OFDM block error rate, equivalent to the lattice point error rate, for the
AWGN channel and three randomly generated frequency selective channels. In all cases
we assume perfect channel state information and synchronisation. The channel frequency
responses are shown in Figure 6.2. Channels A and B are Rayleigh fading channels, with
an exponential power delay profile and mean excess delay of 50ns. Channel C is a Rician
channel with similar diffuse component statistics and a 10dB Rice factor.

The simulated error rates and the analytical upper bound approximation for the AWGN
channel and channel A are shown in Figure 6.3. We also plot the block error rate for an
uncoded 64 subcarrier OFDM system transmitting information bits at the same rate, with

each subcarrier employing a 32-QAM cross constellation [110]. Similar results for channels
B and C are displayed in Figure 6.4.

We also plot the performance of the same OFDM system encoded with the (511, 313) BCH
code [38], one of the most powerful known block codes of similar rate and length to our sys-

tem. The decoding complexity for this code is equivalent to a single pass of the Berlekamp-
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Figure 6.3 Analytical and simulated error rates for P;»g encoded, GMD decoded, OFDM system
transmitting over an AWGN channel and channel A

Massey algorithm [38]. Note that the P25 lattice encoded system exhibits superior perfor-
mance over the AWGN channel, and channels B and C, at the cost of the complexity in-
crease discussed in Section 6.3.3. However, performance of the P25 encoded system over
channel A is poorer, due to the large fade in the channel response (Figure 6.2). The poorer
performance of the Pjog lattice on channel A is due to the poor lattice minimum product
distance of Pja3, despite its excellent minimum distance, as discussed in Section 6.2. The
construction of lattices which provide far superior coding gains for channels with high fre-
quency selectivity is beyond the scope of this thesis, however relevant results are found
in [45] and [164].

We observe that the analysis provides good upper bounds, with accuracy within 1dB,
0.5dB, 2dB and 0.5dB, at an error rate of 10~?, for the AWGN channel and channels A, B,
and C, respectively. Note that we have used the derived analytical expressions to approx-
imate upper bounds for very small error rates; error rates of 10~ have been analytically
calculated, although accurate simulation of the system at these error rates would require

large computational expense.

The simulations and analysis both demonstrate the large coding gains provided by lattice
encoding the OFDM symbol block for certain channels. For example, we estimate coding
gain at an error rate of 107% to be approximately 1dB, 4.5dB, 1.2dB and 4dB for transmission
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Figure 6.4 Analytical and simulated error rates for P;»g encoded, GMD decoded OFDM system
transmitting over channels B and C

over the AWGN channel, and channels A, B and C, respectively. Such large gains are due
to the properties of the 128 dimensional sphere packing Pj25. This comes at the cost of a
decoding complexity of no more than 11, 500 real operations to decode each received lattice

point, as compared to 512 operations for an uncoded system, as discussed in Section 6.3.3.

6.5 Summary

In this chapter we have proposed lattice encoding for wireless OFDM systems. Systems
encoded with high dimensional lattices exhibit excellent coding gains, although maximum
likelihood decoding is computationally infeasible. However, we have illustrated a practical

decoding method for such systems, and outlined a method for analysis of its performance.

We have first considered encoding OFDM with lattices, and illustrated a simple mapping
using the example of a Barnes-Wall lattice. The maximum likelihood decoding metric is
derived, and shown to be the Euclidean distance from the equalised received point to the
estimated point. We have then shown that the pairwise error probability of lattice en-
coded OFDM is proportional to the product distance of the underlying lattice, for systems
operating over frequency selective channels. For a given lattice constellation and OFDM

subchannel separation Af, the pairwise error performance is dependent on the channel
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rms excess delay Tipms.

Maximum likelihood decoding of OFDM encoded with high dimensional lattices is not
feasible due to the high computational expense. We have thus proposed generalised min-
imum distance (GMD) decoding as a low computational expense alternative. We have
derived the optimal decoding metric for GMD lattice decoding, for OFDM systems operat-
ing over frequency selective channels. Then, using this metric we have derived probability
functions for the reliability statistics and ordered reliability statistics. Using these probabil-
ity functions we have been able to analytically approximate an upper bound on the error
rate of GMD decoding high dimensional lattices.

Throughout this chapter we have illustrated the analysis with the example of a system
encoded using the 128 dimensional Barnes-Wall lattice. We have demonstrated the large
coding gains achievable using high dimensional lattices to encode OFDM systems, a con-

sequence of the coding gains of the underlying lattices.



Chapter 7

Conclusions and Future Work

7.1 Conclusions

This thesis has undertaken analysis of the error performance of large wireless OFDM sys-
tems, that is, systems with a large number of subcarriers. We have firstly analysed the
capacity and error rate performance of uncoded OFDM systems, and then proposed lattice

coding as an error control method for large OFDM systems.

The capacity analysis of OFDM systems showed that, for large OFDM systems transmit-
ting over frequency selective Rayleigh fading channels, the instantaneous capacity follows
a fully describable Gaussian distribution. Furthermore, in the limit as the number of sub-
carriers, and system bandwidth, approaches infinity, we have shown that the capacity of
such a large OFDM system approaches the capacity of a single carrier system occupying a
flat fading channel with infinite bandwidth, or equivalently an infinite bandwidth, fading,
frequency selective channel. We then analysed the error performance by first showing that
the distribution of the number of symbol errors within an OFDM block is Poisson Bino-
mial distributed, and may be approximated with the Poisson distribution. Furthermore,
an upper bound on the approximation error was derived for Rayleigh fading channels.
We then produced lower and upper bounds on the OFDM block error rate, for both Ri-
cian and Rayleigh fading channels. Calculation of the block error rate bounds necessitated
derivation of simple expressions for the correlation between error rates on correlated nar-
rowband Rayleigh or Rician fading channels. The uncoded OFDM analysis is applicable
to a wide range of systems, since few restrictions are placed upon the system bandwidth,
power or channel parameters. This analysis is useful in the design of error control methods
for specific systems, since knowledge of the error performance of the system is critical for

judicious choice of an error control coding scheme.

121
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The second part of this thesis considered lattices for encoding large OFDM systems. This
approach shows that very large coding gains may be achieved, since we exploited the high
density of high dimensional lattices. We have shown a simple method for lattice encoding
OFDM systems, and proved that the maximum likelihood decoding metric is the Euclidean
distance. We then identified the optimal lattice property, for reduction of the pairwise error
probability of lattice encoded OFDM transmitting over frequency selective channels, to be
the product distance. However, we noted that maximum likelihood decoding of OFDM
systems is computationally infeasible for the large constellations typically associated with
high dimensional lattices. We thus proposed generalised minimum distance (GMD) de-
coding as a method for decoding such systems, and derived the optimal GMD decoding
reliability metric for the frequency selective channel. A method for analysing the error
performance of multistage GMD decoding of lattice encoded OFDM was then presented,
requiring derivation of probability functions of reliability statistics and ordered reliability
statistics. We illustrated our analysis with an example high data rate system, and showed
that good error rate upper bounds are readily constructed. The simulated examples show

that very high coding gains are available using high dimensional lattices.

7.2 Suggested Future Work

OFDM systems still command much research interest and, as processing power becomes
less expensive, we can expect more complicated OFDM systems with greater expectations
placed on these systems. The research presented in this thesis may be extended in many
ways to cover further aspects of large OFDM systems. Some suggested topics for future

research are listed below.

Although modern OFDM systems typically operate in slowly fading channels with reason-
ably good channel state information available, an obvious suggestion for future work is to
remove the assumption of perfect channel state information. The capacity calculations of
chapter four and error rate analysis of chapter five may be non-trivially extended to de-
scribe a receiver with imperfect subchannel gain estimates. We may similarly extend the
analysis of chapter six to construct lattice coding systems more robust to imperfect sub-
channel gain estimates. However, the code error rate analysis may present an intractable

problem, since such analysis is already difficult and requires some approximations.

We may similarly extend the analysis to OFDM systems with imperfect frequency and
timing synchronisation. In this case subcarrier orthogonality is not preserved, and one
would expect capacity to decrease and error rates to increase. However, analysis of these
effects upon the capacity, distribution of the number of symbol errors, and block error
rate has thus far proved difficult. Similarly, design of lattice codes to combat inter carrier
interference could be undertaken.
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Future work on high dimensional lattice codes could involve construction of lattices with
high product distance. Although some of this is addressed by [164] and [45], the problem
remains open, with the problem of constructing lattices with high product distance closely
related to that of constructing high density lattices. This is in itself a vast research topic in

mathematics, as documented by [7].

Note, from equation (6.46), that the union bound on the pairwise probability of lattice en-
coded OFDM error is derived as the lattice product distance divided by the determinant of
the subchannel correlation matrix. From equation (6.48) note that this correlation matrix is
Toeplitz. We require the determinant of this matrix, equal to the product of its eigenvalues.
As such, we may be able to use the results presented in Gray’s classic paper [179] on the
limiting eigenvalues of Toeplitz matrices to draw conclusions on the limiting performance
of lattice encoded OFDM operating over frequency selective channels, as the number of
subcarrier approaches infinity. However, one would also require less available limiting
results, or bounds, concerning the product distances of sphere packings as the dimension

approaches infinity.

Although we have considered GMD decoding as a low complexity method for decoding
high dimensional lattices, other soft decision decoding methods are applicable, including
list based decoding [180]. Further work could consider the error performance of these

alternative decoding methods for lattice encoded wireless OFDM.

Finally, it is possible that the error performance of multistage GMD decoding method
may be improved by passing reliability information between the decoding stages. Such
a method for improving multistage decoding is proposed in [181] and [182].
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Appendix A

Pertinent Mathematical Expressions

This appendix lists mathematical expressions used throughout the thesis. Each expression
may be found in [37] or [21]. The following notation is used: J,(-) is the v'* order Bessel
function of the first kind, I,(-) is the v order modified Bessel function of the first kind,
Ei(-) is the exponential integral function, I'(-) is the Gamma (factorial) function, I'(-,) is

the incomplete Gamma function, and Q(-) is the Gaussian Q-function.

A.1 Alternative Integral Representations

/OO exp(—px)Inz = —iEi(—,u), for Re[p] > 0 (A1)
1
/OO exp(—z?) [Inz]? do = \/?% [(5 +2In2)% + %2] (A2)
0
/OO exp(—px) [Inz)? = —% [%2 +(¢+1n ,u)ﬂ , for Re[u] > 0 (A.3)
0

/w" exp(ax)dz = exp(ax) (% + Z(—l)k n(n —1) akﬁ? —k+1) x”_k> (A.4)

/0 " exp(—aa)Jo (BVE) = éexp (-%) (A5)
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/ 2" exp(—px)de = nlp~" ! for Re[u] > 0
0

arctan(pu)

VT

/ erfc (x) exp (—,u23:2) dx = for Re[u] > 0
0

/ 2" exp(—pz)dr = p T (v, pu) for Re[u] > 0, u > 0.

A.2 The Error Function

erfc(z) = 1 — erf(z) = 2Q(V2x) 2 2 /OO exp (—t?) dt

A.3 Series Expansions

I\ 2 0 (le)k
o) = (3) 2 T k1)

2 & (_l$2)k
20 =(3) X aen

k

2 \2 X (—ix
wa = (5) 2 ( (21)2)

2
k=0

(a+2)" = kz:) (Z) zkanF.

(A.6)

(A7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)



Appendix B

Ratio of Gaussian Random Variables

Consider two Gaussian random variables X and Y with means ux, ¢y and variances 0'%(,
0%, respectively. Furthermore let p be the coefficient of correlation between X and Y. We
wish to find the distribution of the ratio W = % We show that W' = Zig' where U and
V are standard Gaussian random variables and a and b are nonnegative constants, has the

same distribution as ¢ + dW, where ¢ and d are constants.

Let X and Y be standard Gaussian random variables, with correlation coefficient p. We

may write
E _ nx + U)(X (B 1)
Y  py +oyY

and

X =pY +V1-p2Z (B.2)

where Z is a standard Gaussian random variable, independent of both X and Y. We can

then write

X px +oxpY +ox\/1—p2Z

Y Hy —I-O'Yf/
_ 0Xp + Ux — axo;lp,uy +ox\/1—p*Z
9y Ly + oyY
Z + —— [px — oxoy puy] (B:3)
_oxp ox/1—p? " ax\/1-p? Y
oy oy Y —i—a;luy
Z
:c+d~+a
Y +b
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where

1— p2 _
c—= PoX d = oxyi—p o= OYHX — POXHY b— N_Y. (B.4)

oy’ oy ’ oxoy\/1— p? ’ oy
Thus, we may express the distribution of the ratio of correlated Gaussian random variables
X and Y as the scaled and shifted ratio of the two independent standard Gaussian random
variables Z and Y. From [183] the ratio W’ of two shifted independent standard Gaussian
random variables, has PDF

fwr(t) = M [1 + = /an(y) dy] (B.5)

q
(1 +t!) n(q)

b+at

where n(z) is the standard normal PDF and g = ireh



Appendix C

Inverse Correlation Matrix
Determinant

We require the determinant of the matrix (:)_1, defined as the 2|L| x 2|L| matrix consisting
of all k. k + % rows and k., k + % columns, such that k¥ € L, of <®E/}I/\S(1) — @E,}Ij\sm),
where L = {k : Sy, # Sy, 1 <k < §}. Recall, from (6.27), that

0 ~ (S —S@)
L No \P(1) 7 2@ , (C.1)
G)\I/\p\s 9\1/\1/\5 T T 1 (sf )

(1) (2) |:]\1[0 (S(l) — S(2)) ]\170 (S(l)S(l) — S(z)S(g))

We may then write

o _ 0 NLO (S(l) - g(2)) } (C.2)
|:]\170 (8% ~8y) 5 (8130 ~8hSe)

where 9(1) and Q(Q) are diagonal matrices, whose elements are the k™ ke L, elements of

the diagonal matrices S(;) and Sy respectively.
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The determinant of ® " is then

det [(5)_1} = det [

NLO (S(l) — g(g)):| det |:_NL0 <gJ(r )~ SJ{Z)):|

- g 1 S0 S0 5 -84
0
oy = - <
:NTH{ =S, }H{ 1 S}
0 k=1 k=1

o T IS0~ Sl

o Q\L\
No kel



Appendix D

GMD Reliability Probability
Expressions

We presume reception of a point r}, = s, + w), from an M-ary PAM constellation perturbed
by additive white Gaussian noise wj, with variance Q‘JXTO‘Z We make a hard decision 5, as to

the transmitted point, and denote the event that this hard decision is correct as G, and the
Pr(Gk ,T’k)

Pr(Fyry) 7 SOMe relevant

event that it is incorrect as F. Given the log likelihood ratio £ =

probability expressions are calculated.

We first calculate the probability of correct reception given that £ > x for some z > 0,z €
R. We recognise that the event of correct decision implies that the noise component mag-

nitude |w}| = |85 — 7|, so that we may write

2 &t
Pr(Gy, Ly > z) =Pr (Gk,él‘hk’ Eo [1— 5 Tk’] 235)

Ny v Ey
4| h|* Eo
— / _
=Pr (]wk\ < N v Ey FEyx (D.1)
= erf (a2 Eo [ 4] [* Eo —x
Ny Ny
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Similarly, we may write

4’hk‘2E0 ’gk — T;c‘
Pr (G, 0 < L, < =Pr |G, 0< 1— <
r(Gg, 0 < Ly < ) r( k0 < =0 Jh | =°

Ny '
=Pr (\/Fo [1 — mx} < fwy| < \/EO> (D.2)

=erf M —erf [ |* Eo 1-— No T
N(] NO 4|hk|2E‘0

For the event Fj, we may approximate the required probabilities by assuming that the
point §) is transmitted, the second closest point to 7}, and point §;, is the hard decision.

The noise component then satisfies |w}.| = 2v/Ep — |§;, — r}|, and we may write

4| hi|*E
Pr(Fk,Ekzx):Pr<Fk, ’]’“J 0[1 5 — T’“q )
0

’E,
~ Pr <Fk 4|h]k\|, ” ['w } ) (D3)
5 .

| |hi|* Eo
erc( N 4|hk|2Eo$+

4| hi|PE —
Pr(Fk,Ogﬁgx):Pr<Fk,0< [ 0[ 3% T'f’]gx>
l
k

Similarly, we may write

4\hk]2Eo
No M— - 1] = ) (D4)

|hi|? Eg Ey Ny
= REZ0 ) epfe |4/ =2 |14+ ——0 o ).
erfe N() erie NO 4‘hk’2E0w

We finally recognise that the log likelihood ratio is, by definition, nonnegative, so that

mPr<O<

Pr (G, L < 0) =Pr(F, L <0)=0. (D.5)



Appendix E

GMD Reliability PDFs

E.1 Correct Hard Decision Reliability

We presume the hard decision is correct, that is, the hard decision 5, is equal to the trans-
mitted M-ary PAM point s;. We denote this event as G,. The points in the M-ary PAM
constellation are labelled s, s ... sM) as shown in Figure 6.1. From (6.76) we may

write this reliability as

0 for |5, — | > VEy
E |§k—7‘§c toos A /
A ﬁ <1_W> for \/E()( _E—ok> < ‘Sk—rk’ <\/E0
ap = - 1o 5 (E].)
a / 0
ﬁ for |5, — )| < VEy <1—E—0’“) andto—c‘% <1
S g _ tooi _Eg_
1 for |5, — | < Vo (1 d ) and 2 > 1.
For transmission of s, with i = 1,...,M — 2, a correct hard decision is made if the noise

element wj, has magnitude |w} | = |3, — r}.| < V/Ep. That is, wj, has the PDF of a two sided
truncated Gaussian random variable, so that the magnitude |3, — 7| = |w}| has PDF

21 —22)  for0 < avEy
fiapry (1G5 sent ) = it (/25 e () for0 <oV (E.2)

0 otherwise.
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We may then integrate this PDF to give the following probabilities

Pr (|8 =i > VEo) =0

~ too2
Pr(‘sk—r“g{ _?E_f] ,/—E()) T (E) oo
k

Eo
too2 for—0>1
Pr <[ — —OEUk} v Ey < ‘§k—7’2‘ < \/Eo> = erf( 2E02> ok
0 %k
1 fortf—;2 <1
(E.3)

Then, with the above probability expressions and the definition of oy, from (E.1), we use
the transformation of random variables technique [184] to obtain the conditional PDFs that

follow. Firstly, in the case when tf—a% > 1,
k

. E
Fax <x\Gk, se=sWriefl M -1}, —5 > 1)

erf( ﬂz {l—toE—g%}>
2o'k 0
forz=1
erf( %%) (E4)
I P R clogk L exp —Eo[—ﬂxr forO<z <1
() Ve vEeP(Tw R <
er Q
0 otherwise;
and in the case when t(%og < 1 we may write
k
) E
fou (x\Gk, sp=s5D:ie{l,...,M -1}, —% < 1>
too;,
2
2 toop 1 _ B [q _ o _Eqo_
= VB o OXP < 207 [1 o x] ) for0 <z < foo? (E.5)
erf ;12;
0 otherwise.

We next consider the case when a constellation end point is transmitted, s;, = s(*). Correct
transmission then implies w; < v/ Ep, so that w; has the PDF of a one sided truncated
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Gaussian random variable,

2 R —_—“"32> for x < VE
() e (3) e /B

fur (m\sk =50, Gk) = ¢ o (E.6)
0 otherwise.
The magnitude |$;, — r}| = |w},| then has PDF
2 1 2
. -z f B
() ) e
20’%
_ (0 _ 4 1 —x?
f|§k—7"’| <$|Sk—8 ,Gk> = . = exp (_2_2> for0 <z <+ E, (E7)
g I4erf ( %) V2no} Tk
2Uk
k0 otherwise.

We may then integrate this PDF to calculate the following probabilities

e

£ Eoq
o=kl V) 1+§<ff))
20%
2erf (@ {1_ tg;;% D N (E.8)

X to2 for =% > 1
Pr(sk—rﬂ < { —%Ok] \/E0> = 1+Crf< /_2E702> too?
k
Eo
0 for foo? <1

and

Pr([ —@}\/E_O<|§k—r;\<\/E_o>

Ey

( 2
[ Eg | _ Eqg |1_t0%
2crf< Q) 2crf< ;g [1 o })
f

Eo
Orto—o_g>1

1+erf E—02 (E9)
_ 20’k
2erf % p
for =5 < 1.

2
tooy,

Eq
1+erf ( @)

Then, with the above probability expressions and the definition of oy, from (E.1), we use
the transformation of random variables technique [184] to write the following conditional
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Eo
to 0']%

PDFs. Firstly, in the case when > 1,

E
0 0
foy, <‘T|Gk7 sp = s, @ > 1>

crfc( i%)
— Ny forx =0
1+crf< /%)
2
4 tooy _ By [{ _ took
= \/E_Omexp< Z | EOx]) for0<z<1  (E10)
— 1+erf /ﬁ
k
Zerf( /i%{l_t%?})
forrx=1
E
1+erf( /%%>
0 otherwise;
and in the case when t%’g < 1 we may write
k
Ey
z|G, s = s, =L <1
fozk < ‘ ky 9k tOU]% = >
erfc( 5'02)
— Y R forz =0
1+0rf( i%) (Ell)

- 4 _ By [{ _ W} _Bq_
” f( E)mmexp< 2013[ EOZL'}> for0<:1:§t00E
er

0 otherwise.

It is readily shown that the reliability «y, conditional on constellation point s; = sa/—1
being transmitted and correctly received, follows the same distribution as in (E.10) and
(E.11).

E.2 Incorrect Hard Decision Reliability

We now presume that some point s, is transmitted, and the hard decision is incorrect.
Thus, §; # sk, an event denoted by Fj,. The value oy, is again defined by (E.1). If the
hard decision is incorrect, we may approximate the PDF of a;, by assuming that the actual
transmitted point is the second closest point to the hard decision, so that s, = §}.. Since
|5k, — 83| = 2V Ey, we may then write

5= 1h] = | 2v/Bo —

(E.12)
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where wy, is the Gaussian distributed noise. Under the assumption that s; = 3, the noise
has magnitude /Ey < |w},| < 3v/Ep, with PDF

2 1 = exp (—x—é) forVEg <z < 3vVEy
Al erf 3, /E0 | —erf 220 \/27T0k 2%
frur| (zls, = 8) = V27 27

0 otherwise.
(E.13)

We then write the PDF of |§;, — r}| as

f|§k_7"1,€| ($|3k = ‘§;€) =
2 1 [exp (_7[2\/‘9_0;“}2) + exp <_%>} for0 <z < vEp

2702 20%
orf<3 /2}37(%) —orf< /%) \/ Tk k

0 otherwise.
(E.14)

We may then integrate this PDF to obtain the following probability expressions

Pr (|5 — k| < VE) =0

2 7 ) O ) P
t / or —5
Pr <|<§k - 7’“ > |: - %‘(-)k:| EO> = orf<3 %) —Orf< %) t Uk

%
0 for - < 1.
k
(E.15)

Then, with the above probability expressions and the definition of oy, from (E.1), we use

the transformation of random variables technique to write the following conditional PDFs.

Firstly, in the case when 7 > 1,
v Eo
fau, <:L'|8k = &, 5 > 1>
Ok
( Eo t0%% ? Eo t0%%
2tp0 o [ Eo x} e 2"72{1+ Eo } for0<z <1
or0 <=z
VEov2r erf (3 E%) —erf( E%)
295, 207, (E.16)

forx =1

0 otherwise.
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In the case when t%’g < 1 we may write
k

Ey
N
fay, (xfsk = S, 1507 < 1>

2 712 2 72
E, t E, t
Cxp(z@.%[i”‘?;(f“m} )‘Oxp(zfz[”%?x] )
2lgoy, b - for0 < z < Lo

vV EO\/ 2T ¢ Eq Cerf Eq tOUk
er Q er ;}g

0 otherwise.

(E.17)
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