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ABSTRACT

Traditional wireless networks are regulated by a fixed spectrum assignment policy. This results
in situations where most of the allocated radio spectrum is not utilized. In order to address this
spectrum underutilization, cognitive radio (CR) has emerged as a promising solution. Spectrum
sensing is an essential component in CR networks to discover spectrum opportunities. The most
common spectrum sensing techniques are energy detection, matched filtering or cyclostationary
feature detection, which aim to maximize the probability of detection subject to a certain false
alarm rate. Besides probability of detection, detection delay is also a crucial criterion in spectrum
sensing. In an interweave CR network, quick detection of the absence of primary user (PU),
which is the owner of the licensed spectrum, allows good utilization of unused spectrum, while

quick detection of PU transmission is important to avoid any harmful interference.

This thesis consider quickest spectrum sensing, where the aim is to detect the PU with minimal
detection delay subject to a certain false alarm rate. In the earlier chapters of this thesis, a single
antenna cognitive user (CU) is considered and we study quickest spectrum sensing performance in
Gaussian channel and classical fading channel models, including Rayleigh, Rician, Nakagami-m
and a long-tailed channel. We prove that the power of the complex received signal is a sufficient
statistic and derive the probability density function (pdf) of the received signal amplitude for
all of the fading cases. The novel derivation of the pdfs of the amplitude of the received signal
for the Rayleigh, Rician and Nakagami-m channels uses an approach which avoids numerical
integration. We also consider the event of a mis-matched channel, where the cumulative sum
(CUSUM) detector is designed for a specific channel, but a different channel is experienced. This
scenario could occur in CR network as the channel may not be known and hence the CUSUM
detector may be experiencing a different channel. Simulations results illustrate that the average

detection delay depends greatly on the channel but very little on the nature of the detector.
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Hence, the simplest time-invariant detector can be employed with minimal performance loss.

Theoretical expressions for the distribution of detection delay for the time-invariant CUSUM
detector, with single antenna CU are developed. These are useful for a more detailed analysis
of the quickest spectrum sensing performance. We present several techniques to approximate
the distribution of detection delay, including deriving a novel closed-form expression for the
detection delay distribution when the received signal experiences a Gaussian channel. We also
derive novel approximations for the distribution of detection delay for the general case due to
the absence of a general framework. Most of the techniques are general and can be applied to
any independent and identically distributed (i.i.d) channel. Results show that different signal-to-
noise ratio (SNR) and detection delay conditions require different methods in order to achieve
good approximations of the detection delay distributions. The remarkably simple Brownian
motion approach gives the best approximation for longer detection delays. In addition, results

show that the type of fading channel has very little impact on long detection delays.

In later chapters of this thesis, we employ multiple receive antennas at the CU. In particular,
we study the performance of multi-antenna quickest spectrum sensing when the received signal
experiences Gaussian, independent and correlated Rayleigh and Rician channels. The pdfs of the
received signals required to form the CUSUM detector are derived for each of the scenarios. The
extension into multiple antennas allows us to gain some insight into the reduction in detection
delay that multiple antennas can provide. Results show that the sensing performance increases
with an increasing Rician K-factor. In addition, channel correlation has little impact on the
sensing performance at high SNR, whereas at low SNR, increasing correlation between channels
improves the quickest spectrum sensing performance. We also consider mis-matched channel
conditions and show that the quickest spectrum sensing performance at a particular correlation
coefficient or Rician K-factor depends heavily on the true channel irrespective of the number
of antennas at the CU and is relatively insensitive to the channel used to design the CUSUM
detector. Hence, a simple multi-antenna time-invariant detector can be employed. Based on
the results obtained in the earlier chapters, we derive theoretical expressions for the detection
delay distribution when multiple receive antennas are employed at the CU. In particular, the

approximation of the detection delay distribution is based on the Brownian motion approach.



ACKNOWLEDGEMENTS

I would like to express my sincere gratitude to my supervisors, Assoc. Prof. Philippa Martin,
Prof. Peter Smith and Dr. Alan Coulson for their constant guidance, patience, and motivation

through my doctoral work.

My appreciation also goes to the Ministry of Higher Education Malaysia and University of
Malaya for their scholarship and financial supports to pursue my PhD. Also, thanks to Assoc.
Prof. Philippa Martin and University of Canterbury for providing funding for me to attend
the AusCTW 2013 and 2014, in Adelaide and Sydney, Australia, respectively. I am grateful to
my supervisors who gave me the great opportunity to visit Hong Kong University of Science &
Technology (HKUST). Then, I would also like to thank Assoc. Prof. Matthew McKay and Prof.
Ross D. Murch from HKUST for hosting me during my visit to Hong Kong, and for exchanging

useful information for my thesis.

My research experience in graduate school was greatly enriched by the intellectual environment
in the Communications Lab. I would also like to thank several current and former members of

the Communications Lab for valuable advice on research.

I would also like to thank my friends in Christchurch, who have been a constant source of
encouragement and companionship. Last but not least, I would like to give my special thanks
to my beloved family and husband, who were miles away yet had been giving continuous moral

support and encouragement through every step in this endeavor.






CONTENTS

ABSTRACT
ACKNOWLEDGEMENTS
ABBREVIATIONS

LIST OF SYMBOLS

CHAPTER 1 INTRODUCTION
1.1 Overview of the cognitive radio concept
1.2 Spectrum sensing for cognitive radio
1.2.1 Energy detection
1.2.2  Matched filtering
1.2.3 Cyclostationary feature detection
1.3 Quickest spectrum sensing
1.4 Problem statement and focus
1.5 Thesis outline and contributions
1.6 Publications

CHAPTER 2 BACKGROUND
2.1  Wireless channel
2.1.1 Rayleigh fading
2.1.2 Rician fading
2.1.3 Nakagami-m fading
2.1.4 F fading
2.1.5  Fast and slow fading
2.1.6  Coefficient of variation for fading channels
2.2 Overview of the multi-antenna system
2.2.1 Diversity
2.2.1.1 Temporal diversity
2.2.1.2  Frequency diversity
2.2.1.3 Spatial diversity
2.2.1.3.1  Selection combining
2.2.1.3.2 Maximal ratio combining
2.2.1.3.3 Equal gain combining

iii

xvii

xix

© 00 ~1 A N e

10
12
13
16

19
19
22
23
23
24
25
26
26
27
27
28
28
29
29
30



viii

CHAPTER 3

CHAPTER 4

2.3

24

2.5

CONTENTS

Cognitive radio network paradigms
2.3.1 Underlay paradigm

2.3.2 Overlay paradigm

2.3.3 Interweave paradigm
Overview of quickest detection theory
2.4.1 CUSUM algorithm

Chapter summary

PERFORMANCE OF QUICKEST SPECTRUM SENSING
OVER VARIOUS FADING CHANNELS

3.1
3.2

3.3 Proof that power of the complex received signal is a sufficient statistic

3.4

3.5

3.6

Introduction
System model

Pdfs and log likelihood ratios for different channel models
3.4.1 Time-invariant channel

3.4.2 Rayleigh channel

3.4.3 Rician channel

3.4.4 Nakagami-m channel

3.4.5 F channel

Numerical results

3.5.1 Temporally correlated channel

Chapter summary

ON THE DISTRIBUTION OF DETECTION DELAY

4.1
4.2

4.3

4.4

4.5

Introduction
System model
4.2.1 Modified detection delay statistic
Distribution of detection delay
4.3.1 Gaussian channel
4.3.1.1 Closed-form expression
4.3.1.2  Approximation
4.3.1.3 Approximation based on a random walk approach
4.3.1.4 Approximation based on a Brownian motion ap-
proach
4.3.2 Rayleigh channel
4.3.2.1 Approximation
4.3.2.2 Approximation based on a random walk approach
4.3.2.3 Approximation based on a Brownian motion ap-
proach
Numerical analysis and results
4.4.1 Analysis of the D,, process: Gaussian case
4.4.2 Results
4.4.3 Probability of missed detection
4.4.4 Analysis of long detection delays
Chapter summary

31
31
32
32
34
35
37

39
39
40
41
42
44
45
46
48
50
50
55
56

59
99
60
61
63
63
64
66
67

68
70
70
72

73
73
74
76
80
81
84



CONTENTS

CHAPTER 5 EXTENSION OF QUICKEST SPECTRUM SENSING TO
MULTIPLE ANTENNAS

CHAPTER 6

CHAPTER 7

REFERENCES

5.1
5.2
5.3
5.4

5.5

5.6

5.7

5.8
5.9

Introduction

System model

CUSUM detector with vector received signals

Multi-antenna sensing with Gaussian channels

5.4.1 Pdfs and log likelihood ratio

Multi-antenna sensing with independent Rayleigh channels

5.5.1 Proof that sum of the complex received signal power at each
antenna is a sufficient statistic

5.5.2 Pdfs and log likelihood ratio

Multi-antenna sensing with correlated Rayleigh channels

5.6.1 Insufficient statistic

5.6.2 Pdfs and log likelihood ratio

Multi-antenna sensing with independent Rician channels

5.7.1 Pdfs and log likelihood ratio

Performance analysis

Analytical and numerical results

5.9.1 Analytical results

5.9.2  Numerical results

5.10 Chapter summary

DISTRIBUTION OF DETECTION DELAY FOR
MULTI-ANTENNA QUICKEST SENSING

6.1
6.2

6.3

6.4
6.5

Introduction

System model

6.2.1 Modified detection delay statistic

Distribution of detection delay based on the Brownian motion ap-

proach

6.3.1 Application of Brownian motion with drift
6.3.1.1 Correlated Rician channel
6.3.1.2 Independent Rician channel
6.3.1.3 Correlated Rayleigh channel
6.3.1.4 Independent Rayleigh channel

Numerical results

Chapter summary

CONCLUSIONS AND FUTURE WORK

7.1
7.2

Conclusions
Future work

85
85
87
87
88
89
90

90
91
94
94
96
97
97
100
106
106
109
114

117
117
118
121

121
126
126
127
128
129
130
137

141
141
145

149






LIST OF TABLES

1.1

2.1

3.1

3.2

4.1

4.2

5.1

6.1

Summary of most common spectrum sensing techniques 10
Comparison of underlay, overlay and interweave cognitive radio paradigms 33
Pdf of Z[i] for all types of channel model 44
CV values for the channel models 53
Results for Pc4(n) at SNR=5, 0 and -5 dB 76
Missed detection probabilities, Ppg(r) at SNR=5, 0 and -5 dB 81

Minimum number of antennas required for an average detection delay < 2 samples

with FAR = 0.05 at various SNR 112

Variance of each jump, J; for different scenarios at SNR=5, 0 and -5 dB with

M=4 antennas 134






LIST OF FIGURES

1.1

1.2

1.3

14

1.5

1.6

21

2.2

2.3

24

3.1

3.2

3.3

3.4

3.5

3.6

Cognitive cycle [1].

Classification of spectrum sensing.
Primary transmitter detection [2, 3].
Primary receiver detection [2,3].
Interference temperature management [2].

Tllustration of quickest detection problem.

An example of different paths in a wireless channel [4].
Model for the received signal passed through an AWGN channel [5].
SISO and SIMO structures.

Mlustration of the primary user (PU) detection based on the CUSUM algorithm,

employed at the cognitive user.

Mlustration of the primary user (PU) detection based on the CUSUM algorithm,

employed at the cognitive user.
The effect of various channel conditions on the sensing performance at SNR=5 dB.

The effect of various channel conditions on the sensing performance at SNR=10

dB.

Performance comparison in the event of a mismatch between channel and detector

(Rayleigh / Time-invariant cases) at SNR=10 dB.

Performance comparison in the event of a mismatch between channel and detector

(Rayleigh / Rician cases) at SNR=10 dB.

Performance of a Rayleigh detector for various channels at SNR=10 dB.

11

20

22

27

37

51

52

52

54

54

95



Xiv

3.7

4.1

4.2

4.3

5.1

5.2

9.3

5.4

9.5

5.6

5.7

5.8

LIST OF FIGURES

The effect of sensing performance on a temporally correlated Rayleigh channel

with different fade rates, fpa at SNR=10 dB.

A comparison of the simulated results and the approximate distribution of detec-
tion delay based on threshold v and the re-scaled threshold, h, for the Gaussian
scenario at SNR=5 dB.

A comparison of the simulated results and the approximate distribution of detec-

tion delay for the Gaussian scenario at SNR=5,0 and -5 dB

A comparison of the simulated results and the approximate distribution of detec-
tion delay for the Rayleigh scenario at SNR=5,0 and -5 dB. This is a mis-matched

channel scenario.

Block diagram of CUSUM detection with multiple receive antennas at the CU
employing EGC for pre-combining.
Comparison between the performance of the CU equipped with single (M=1) and

multiple (M=3) antennas for a Gaussian channel with SNR=4.77 dB.

Simulation and analytical sensing performance in (a) Gaussian and (b) indepen-

dent Rayleigh channels at SNR=10 dB.

The effect of different number of antennas on the simulated performance of sensing

in (a) Gaussian and (b) independent Rayleigh channels at SNR=10 dB.

Comparison between the sensing performance in i.i.d Rayleigh (p = 0) and corre-
lated Rayleigh channels (p = 0.5 and 0.9) with multiple antenna CUs at SNR=5
dB in (a) and SNR=-5 dB in (b).
Simulated CUSUM statistic for i.i.d and correlated Rayleigh cases at SNR=5 dB
and -5 dB when threshold, v = 4.

Simulated sensing performance for different numbers of antennas in independent

Rician channels with K=0 dB, 6 dB at (a) SNR=5 dB (b) SNR=-5 dB.

Simulated sensing performance in (a) Rician and (b) i.i.d Rayleigh (p = 0) and
correlated Rayleigh channels (p = 0.5 and 0.9) with multiple antenna CUs at
SNR=-20 dB.

56

77

78

79

88

107

108

108

109

111

113

113



LIST OF FIGURES

5.9

5.10

6.1

6.2

6.3

6.4

6.5

Performance comparison between correct and mis-matched detectors (D) in dif-
ferent channels (C) at SNR=10 dB (correlated Rayleigh (CRay) with p = 0.5 /
independent Rician (Ric) with K=0 dB / Time-invariant (T-Inv) cases).

Performance comparison between correct and mis-matched detectors (D) in dif-
ferent channels (C) at SNR=5 dB (correlated Rayleigh (CRay) with p = 0.5 /

independent Rician (Ric) with K=0 dB / Time-invariant (T-Inv) cases).

A comparison of the simulated results and the approximate distribution of detec-
tion delay for (a) independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh
(p = 0.5, K = 0), (c) independent Rician (p = 0, K=6 dB) and (d) correlated
Rician (p = 0.5, K=6 dB) scenarios with M=2 antennas at SNR=-5 dB.

A comparison of the simulated results and the approximate distribution of detec-
tion delay for (a) independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh
(p = 0.5, K = 0), (c) independent Rician (p = 0, K=6 dB) and (d) correlated
Rician (p = 0.5, K=6 dB) scenarios with M=4 antennas at SNR=-5 dB.

A comparison of the simulated results and the approximate distribution of detec-
tion delay for (a) independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh
(p = 0.5, K = 0), (c) independent Rician (p = 0, K=6 dB) and (d) correlated
Rician (p = 0.5, K=6 dB) scenarios with M=4 antennas at SNR=0 dB.

A comparison of the simulated results and the approximate distribution of detec-
tion delay for (a) independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh
(p = 0.5, K = 0), (c) independent Rician (p = 0, K=6 dB) and (d) correlated
Rician (p = 0.5, K=6 dB) scenarios with M=4 antennas at SNR=5 dB.
Approximate distribution of detection delay for independent Rayleigh (p = 0,
K = 0), independent Rician (p = 0, K=6 dB) and correlated Rayleigh (p = 0.9,
K=0) scenarios with M=4 antennas at SNR=5 dB.

XV

114

115

132

133

135

138

139






ABBREVIATIONS

AF
ARQ
AWGN
BM
cdf
CDMA
CSCG
CSI
CU
CUSUM
Cv
DAS
DPC
DSA
EGC
FAR
FCC
FEC
GLRT
iid
ISI

LO
LOS
LRT
MI

amount of fading.

automatic repeat request.

additive white Gaussian noise.
Brownian motion.

cumulative distribution function.

code division multiple access.
circularly symmetric complex Gaussian.
channel state information.

cognitive user.

cumulative sum.

coefficient of variation.

distributed antenna system.

dirty paper coding.

dynamic spectrum access.

equal gain combining.

false alarm rate.

Federal Communications Commission.
forward error correction.

generalized likelihood ratio test.
independent and identically distributed.
intersymbol interference.

local oscillator.

line-of-sight.

likelihood ratio test.

multipath interference.



XViil

MISO
MIMO
MRC
OFDM
OSA
pdf
PU
QoS
RAU
RF
RW

SC

SIC
SIMO
SINR
SISO
SNR
SPRT
TDMA
TWDP
ULA
UWB
WSS

multiple-input single-output.
multiple-input multiple-output.

maximal ratio combining.

orthogonal frequency division multiplexing.

opportunistic spectrum access.
probability density function.
primary user.

quality of service.

remote antenna unit.

radio frequency.

random walk.

scattered component.

successive interference cancellation.
single-input multiple-output.
signal-to-interference-plus-noise ratio.
single-input single-output.
signal-to-noise ratio.

sequential probability ratio test.
time division multiple access.
two-wave with diffuse power.
uniform linear array.

ultra-wide band.

wide-sense stationary.

ABBREVIATIONS



LIST OF SYMBOLS

inf

Dirac delta function.

Determinant of matrix A.
Exponential function.

Threshold.

Gamma function.

Incomplete Gamma function.
Infimum.

Parameter of an exponential distribution.
Natural logarithm.

CSCG random variable with mean u and variance o2.
Gamma distributed random variable with shape parameter « and scale param-
eter 5.

Maximum.

Worst-case detection delay.

Mean number of samples to false alarm.

Is distributed as.

Sample number at which an abrupt change actually occurs.
n x n Identity matrix.

Beta function with parameters a and b

Square diagonal matrix with aq, ..., ay on the main diagonal.
F distributed random variable with parameters o and f.
Modified Bessel function of the first kind of order v.

Zeroth order Bessel function of the first kind.



XX

N = 3

&

ess sup

Modified Bessel function of the second kind of order v.

Variance.

CUSUM statistic.
Kullback-Leibler divergence.
Statistical expectation.

The probability density function.
Maximum Doppler shift in Hertz.
Vv—1.

Rician K-factor.

Number of antennas.
Nakagami-m fading parameter.

Number of rectangles in the Riemann sum

Sample number at which an abrupt change is detected.

Channel coherence time.
max(z,0)

Complex conjugate of X.
Conjugate transpose of X.
Transpose of X.

Factorial.

Essential supremum.

ABBREVIATIONS



Chapter 1

INTRODUCTION

The explosive growth in the use of wireless devices and applications over recent years illustrates
the huge and growing demand for high data rates. One of the most important resources required
for wireless communications is spectrum. Currently, wireless networks are characterized by
a fixed spectrum allocation policy, in which national regulatory bodies, such as the Federal
Communications Commission (FCC) in the United States, exclusively allocate spectrum bands
to specific licensed users on a long-term basis for large geographical regions and no violation
from unlicensed users is allowed [6,7]. Although the fixed spectrum allocation policy ensures
licensed users do not interfere with each other, it cannot accommodate the dramatic increase
in spectrum access required by high data rate devices and mobile services [8,9]. Therefore, the
limited wireless spectrum has traditionally been viewed as a scarce resource in high demand [10].
In addition to the limited available spectrum, the current policy suffers from inefficient spectrum
utilization. Several studies and reports have shown that most of the allocated spectrum is not
utilized and is sitting idle (i.e there are spectrum holes) [1,7,11]. Further, the FCC shows that
the spectrum utilization for licensed frequency bands ranges from 15% to 85% depending on
the temporal and geographic situation [1,2,12]. In addition, spectrum measurements are also
conducted in Europe [13,14], in particular France, Czech Republic and Spain. In general, results

show that spectrum occupancy is moderate below 1 GHz and very low above 1 GHz.

The limited spectrum availability and the inefficient usage of the spectrum necessitate a new
communication paradigm which would improve the efficiency of the utilization of the licensed
spectrum while keeping up with growing demand in the wireless communication industry [6,15].

Dynamic spectrum access (DSA) or opportunistic spectrum access (OSA) is proposed by the FCC
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as an alternative policy to solve these spectrum shortage and inefficiency problems [1,3,7,9]. In
this thesis, the term DSA will be used to refer to this new communications paradigm. DSA is
based on the concept that a portion of the licensed spectrum can be accessed opportunistically
by a given radio when the spectrum is unused and hence this leads to an improved spectrum
utilization [6,16]. The key enabling technology for implementing efficient DSA is cognitive
radio [6,7,9].

1.1 OVERVIEW OF THE COGNITIVE RADIO CONCEPT

Cognitive radio, originally proposed in [17], is a promising technology to avoid the under uti-
lization of the wireless spectrum by dynamic access of available spectral opportunities [3]. In
cognitive radio terminology, primary user is defined as the licensed or authorized owners of a
given frequency band, which has a higher priority of using the spectrum band [8,18]. On the
other hand, cognitive user is defined as the unlicensed or secondary user that is allowed to op-
portunistically use the spectrum band when the primary user is absent and has a lower priority
on the usage of the spectrum [8,18]. According to the FCC, the term cognitive radio can be
defined as follows [19]:

“A radio or system that senses its operational electromagnetic environment and can
dynamically and autonomously adjust its radio operating parameters to modify system
operation, such as maximize throughput, mitigate interference, facilitate interoper-

ability, access secondary markets.”

Based on this definition, the two main characteristics of a cognitive radio that distinguish it
from conventional radio devices are cognitive capability and reconfigurability [1,6,7,20-23]. The
cognitive capability of a cognitive radio refers to the cognitive radio’s ability to sense and capture
the information from the surrounding radio environment [1,6,7,20]. This allows the cognitive
user to be aware of the transmitted waveform, radio frequency (RF) spectrum, geographical
information and subsequently analyze the gathered information to identify any unused spectrum
at a specific time and location that could be exploited [6,7]. With this capability, the cognitive

radio can then determine the appropriate operating parameters, the best transmission strategy to
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Figure 1.1 Cogpnitive cycle [1].

employ and the best available spectrum [3,6]. The cognitive radio tasks as well as its interaction
with the radio environment are illustrated in Figure 1.1. As can be seen from Figure 1.1, the
cognitive cycle consists of three major components which are spectrum sensing, spectrum analysis

and spectrum decision. A brief overview of each of these components is given as follows [1, 6]:

1. Spectrum sensing: In spectrum sensing, a cognitive radio observes the frequency band
and gathers necessary information regarding its surrounding radio environment. Based on

the information captured, the cognitive radio is then able to detect any spectrum holes.

2. Spectrum analysis: Once spectrum holes are detected using spectrum sensing, each of
the spectrum bands is characterized based on the local observation of the cognitive radio
as well as the statistical information of the primary user network. The spectrum holes

characteristics are then analyzed and estimated.

3. Spectrum decision: Based on the spectrum analysis, the cognitive radio determines the
operating parameters such as the data rate, the transmission mode and the bandwidth
available for the transmission. The most appropriate spectrum band is selected based on

the spectrum band characterization and the user requirements.

As mentioned earlier, the second key feature of a cognitive radio that distinguishes it from a
traditional radio is reconfigurability. Reconfigurability refers to the ability of a cognitive radio

to intelligently adapt to the radio environment by adjusting its operating parameters according
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Figure 1.2 Classification of spectrum sensing.

to the sensed environment variations in order to achieve the optimal performance [1,7,21,23].
For example, since the radio environment keeps changing due to the primary user starting
and completing transmissions, there are changes in the frequency of the spectrum holes [23].
Therefore, a cognitive user equipped with cognitive radio capabilities must be able to re-tune
its transmitting frequencies when the frequencies of the available spectrum band change. This
is important in order to exploit the unused part of the spectrum [23]. This thesis will focus on

one of the key cognitive capabilities of a cognitive radio which is spectrum sensing.

1.2 SPECTRUM SENSING FOR COGNITIVE RADIO

A cognitive radio is designed to measure, learn, sense, be aware of the changes in its surround-
ing and adapt itself to the radio’s operating environment, which makes spectrum sensing an
important component for the establishment of cognitive radio networks [2,3]|. Spectrum sensing
enables a cognitive radio user to determine the spectrum availability in order to improve the
spectrum’s utilization without causing any harmful interference to the primary user [2,3]. This
capability is required in two scenarios. The first scenario is when the cognitive users detect that
a certain frequency band is not being used by the primary user [3]. In this case, the primary user
has stopped transmission and there exists a spectrum opportunity. The second scenario is when
the cognitive users monitor the frequency band during its transmission to detect the existence
of the primary user in order to vacate the channel without causing any significant interference
to the primary user [3]. Generally, spectrum sensing techniques can be classified as primary
transmitter detection, primary receiver detection and interference temperature management [2].

This is illustrated in Figure 1.2.
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Primary transmitter detection is based on detecting the primary user transmission using local
observations at the cognitive user [2]. It is usually assumed that the cognitive user has no
real-time interactions with the primary user transmitter and receiver [2,3]. Thus, as shown in
Figure 1.3, the cognitive user has no exact information on the current transmissions within the
primary user network. In order to determine the spectrum availability, the cognitive user needs
to detect the signal from the primary user transmitter based on its local observation through

the frequency band [1-3].

Another way of detecting any unused spectrum is by employing the primary receiver detection
techniques, which is shown in Figure 1.4. This technique aims at detecting the primary user
that is receiving data within the communication range of the cognitive radio user [1-3]. The
primary user’s receiver in Figure 1.4 contains an inevitable reverse leakage and hence, some of
the local oscillator (LO) power couples back through the input port and radiates out of the
antenna [24]. This is illustrated in Figure 1.4, where the primary user usually emits LO leakage
power from its RF front-end when it receives the signal from the primary transmitter [2, 3].
Therefore, in detecting the presence of the primary user by employing the primary receiver
detection approach, the cognitive user detects the LO leakage power, instead of the signal from
the primary transmitter. However, in practice, direct measurement of the channel between the

primary transmitter and receiver is difficult to obtain [1].

Interference temperature is an interference assessment metric proposed by the FCC which aims
to measure the interference experienced by the primary user [16]. Based on the interference

temperature concept, the FCC established an interference temperature limit, which is shown in
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Figure 1.5. The value of the interference temperature limit is set depending on the maximum
amount of interference the primary user can tolerate in its frequency band [7,16]. Thus, based
on Figure 1.5, the cognitive user using the spectrum band must guarantee that its transmission
in addition to the existing noise and interference shall not exceed the interference temperature
limit at the primary receiver [2]. However, this model is difficult to employ since it requires
the cognitive user to accurately measure the interference temperature [2,3]. This is challenging
because the cognitive user is not usually able to distinguish between the actual signals from the

primary user and noise or interference [2, 3].

Based on the difficulties that lie in employing primary receiver detection and interference temper-
ature management, most of the literature on spectrum sensing focuses on primary transmitter
detection to identify the presence or absence of the primary user signal transmission [1,3,7].
In [2,3,7,8,15,25,26], detailed surveys of various spectrum sensing techniques for primary trans-
mitter detection are presented. As shown in Figure 1.2, the most common spectrum sensing
techniques for the primary transmitter detection are energy detection, matched filter detection

and cyclostationary feature detector based sensing [1,7,27-29].

1.2.1 Energy detection

Energy detection is the most widely used sensing technique and it is the simplest form of sensing
because of its simplicity and low computational and implementation complexities [7, 8, 16, 18,
23,30-32]. It does not require any information on the primary user signals and hence, it is
considered to be a blind detection technique [7,8,16,18,23,32]. In energy detection, the presence
or absence of the primary user is detected based on the energy in the signal received by the
cognitive user [2,3,26]. In particular, the detection statistic of the energy detector, which is
defined as the average or total energy of a certain number of observed samples, is compared
with a predetermined threshold in order to determine whether the primary user exists or is
absent [1,2,7, 8,16, 18, 23, 26, 30,33]. The performance of the energy detector is evaluated
in terms of the probability of detection and the probability of false alarm [1,7,8,23]. The
probability of detection is defined as the probability that the energy detector correctly decides

on the primary user’s existence in the spectrum while the probability of false alarm denotes the
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probability that the energy detector decides that the primary user is present while it is actually
absent [8]. The goal of energy detection is to maximize the probability of detection subject to a

constrained /predefined probability of false alarm [7,23].

Although energy detector is easy to implement, there are some drawbacks to using it. Firstly,
the threshold used in energy detection to detect the primary user transmission depends on the
noise floor, which can change considerably over time [7,8, 18, 26,29, 31]. Thus, it is difficult
to set the threshold level correctly [8,18,26,31]. Another shortcoming of energy detection
is that its performance is susceptible to uncertainty of the noise power which is due to the
dependency on the signal-to-noise ratio (SNR) of the received signal [1-3,16,30,33]. In addition,
the energy detector cannot distinguish between a primary user signal and other types of signals
(e.g. signals from cognitive users sharing the same channel with the primary user, noise and
interference) since the decision on the primary user’s existence is based on the received signal
energy [2,3,7,8,16,18,26,29-31,33]. Therefore, it is prone to a high false alarm probability as
the energy detector is triggered by signal sources other than the primary user [1-3,7,23, 33].
Moreover, energy detection has a poor performance in low SNR regimes, where the noise power

is very high [7,8,18,23|.

1.2.2 Matched filtering

Matched filtering is the optimal detection approach when the information of the primary user
transmission is known as it maximizes the received signal SNR [1-3,7,8,23,25,26,29,31,33-35].
The performance of matched filtering is optimal in an additive white Gaussian noise (AWGN)
channel [1,33]. Existence of the primary user is detected by comparing the matched filter
output with a threshold [3,26]. The objective of matched filtering is to maximize the probability

of detection [32].

However, matched filtering suffers from a number of shortcomings. It has a high implementation
complexity because it requires receivers for all types of signal [3,7,8,26,29,31]. Moreover, the
power consumption of the matched filter is too high as detection of the primary user transmission
requires various receiver algorithms to be executed [7,8]. Another disadvantage of using matched

filtering is that it requires perfect knowledge of the primary user signalling characteristics such
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as operating frequency, bandwidth, modulation type and order, pulse shaping and the packet
format [1,2,7,8,26,29]. However, if the matched filter uses inaccurate information on the
primary user signal, this will result in poor sensing performance [1,2,7,33,34]. Thus, due to
these drawbacks, the matched filtering technique is not practical in the context of spectrum

sensing [31].

1.2.3 Cyclostationary feature detection

Another commonly used sensing technique is cyclostationary feature detection which exploits
the cyclostationary features of the received signals to detect the presence of the primary user
in a given spectrum [8,16,18,33,35]. Modulated signals exhibit cyclostationary properties due
to their statistical periodicity in mean and autocorrelation [1,2,8,18,29,30]. In order to detect
the existence of the primary user, the spectral correlation of the received signal is averaged over
some interval and the result of this process is then compared with a test statistic to determine

the spectrum occupancy [3].

There are some advantages in using a cyclostationary feature detector such as its ability to
distinguish the primary user signal from the noise [1,2,7,8,18,23,26,33]. This is due to the fact
that the modulated signals are generally coupled with sine wave carriers, pulse trains, repeating
spreading, hoping sequences or cyclic prefixes, which result in embedded signal periodicity while
noise is a wide-sense stationary (WSS) signal without correlation [1,2,7,8,18,26,29,32,33]. In
addition, the cyclostationary feature detector is also able to distinguish between different types
of transmission and primary users since different primary user transmissions exhibit different
cyclostationary features [2,3,7,8,30]. Moreover, the cyclostationary feature detector is robust to
uncertainty in the value of the noise power and hence this leads to a better sensing performance
in low SNR regimes [1-3,7,23, 26, 29, 30, 33]. However, cyclostationary feature detectors have
a high implementation and computational complexity [1,3,16,23,26,33]. Another drawback of
cyclostationary feature detection is that it requires a significantly longer observation period for

adequate detection performance [1-3,23,26,29, 33].

The aforementioned spectrum sensing techniques are summarized and compared in Table 1.1.
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Table 1.1 Summary of most common spectrum sensing techniques

Type Advantages Disadvantages
Energy e Low computational and e Difficult to set threshold level
detection implementation complexities correctly
e Does not require information on e Performance susceptible to noise
primary user signals power uncertainty
e Cannot distinguish a primary
user from other signal sources
e Prone to high false alarm
probability
e Poor performance in low SNR
Matched e Optimal detection approach when e High implementation complexity
filtering primary user’s information is known e Power consumption is too high
e Optimal performance in AWGN e Requires perfect knowledge of
channel primary user signalling
characteristics
Cyclostationary | e Able to distinguish primary user e High implementation and
feature signal from noise computational complexity
detection e Able to distinguish different types e Requires longer observation
of transmission and primary users period for adequate detection
e Robust to noise uncertainty and performance
better performance in low SNR

1.3 QUICKEST SPECTRUM SENSING

The spectrum sensing approaches that we discussed above are based on a classical detection
framework, which aim to maximize the probability of detection subject to a certain false alarm
rate [36,37]. These approaches use a fixed length of data sequence or in other words, a fixed
number of required samples (i.e sensing time window) to make a decision on the presence or
absence of the primary user [30,37,38]. Based on this block-based detection feature, these
sensing techniques can be classified as block detection schemes, in which the secondary user
observes a block of samples, computes a test statistic from the block of observations and finally
makes a decision by comparing the test statistic with a threshold [36,37,39]. The difficulty of
the block detection scheme lies in determining the size of the block, where a small block size
may lead to an inaccurate and unreliable sensing decision [39]. Although sensing accuracy is

increased with a larger block size, it may yield a longer detection delay [39,40].
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Figure 1.6 Illustration of quickest detection problem.

Besides the probability of detection, detection delay is also a crucial criterion in spectrum sensing
[36,37]. When the primary user stops transmission, the cognitive user must be able to detect the
absence of the primary user as soon as possible. This enables the cognitive user to fully utilize
the unused spectrum for its transmission. In contrast, when the primary user starts using the
spectrum band again, the cognitive user needs to detect the existence of the primary user as
quickly as possible in order to vacate the channel without causing any significant interference to
the transmission of the primary user. Therefore, a detection framework which facilitates minimal

detection delay is of significant interest.

In quickest detection problems, samples are observed sequentially {Y[i] : i = 1,2,..} [30]. In the
standard quickest detection framework, the observations are initially independent and identically
distributed (i.i.d) according to distribution Fy and at some unknown sample number, 7, the
observation’s distribution changes abruptly to i.i.d Fj such that Y[i] ~ Fy for i < 7 — 1 and
Y[i] ~ Fj for i > 7. This is illustrated in Figure 1.6. The distribution will change if the primary
user becomes operational (i.e primary user starts transmitting). As can be seen from Figure 1.6,
quickest detection refers to a detection framework which detects the abrupt change as soon as
possible after the change occurs, where an algorithm will raise an alarm to declare that a change
is detected [7,30,36,41-46]. The objective is to detect the occurrence of the change with minimal
detection delay, such that the delay between the point at which the change actually occurs and
the point at which the algorithm detects such a change is minimized, subject to a certain false
alarm rate [30, 36,43-46]. Hence, the quickest detection framework suits the cognitive radio

scenario.
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In the context of spectrum sensing, primary user activity changes at some unknown point which
leads to a change in the distribution of the cognitive user’s received signal [36,37]. Thus,
the quickest detection theory which detects abrupt changes in the observation distribution can
be applied to spectrum sensing in order to detect the change in spectrum occupancy based on
sequential observation [30,37,39,41-44]. The adoption of quickest detection theory into spectrum
sensing for cognitive radio systems is known as quickest spectrum sensing in the literature [37,
39,41, 42]. The goal of quickest spectrum sensing is to detect the existence or absence of a
primary user based on the occurrence of a change in the cognitive user’s received signal, using
the fewest number of samples (i.e. with minimal detection delay) conditioned on the false alarm
constraint [36, 37, 39,41, 42]. By using this approach, agile and robust spectrum sensing is

achieved [7,41]. Hence, it will be the focus of this thesis.

1.4 PROBLEM STATEMENT AND FOCUS

There have been a number of studies on quickest spectrum sensing considering different scenarios
[36,39,41,45-48]. In [36], various scenarios are considered depending on the prior information the
cognitive user has about the primary user. A successive refinement test is proposed in [41], where
it is assumed that the primary user signal is a sinusoid signal. In [39], cyclostationary features
of the primary user signal are exploited and incorporated into the quickest spectrum sensing.
Spectrum sensing based on the quickest detection framework over multiple frequency channels
is considered in [47], where the author studies the procedure of the cognitive user vacating
channels when the primary user starts transmitting as well as aiming to find the best channel(s)
to sense. Another quickest detection problem in multiple frequency channel is considered in
[45,46,48], where a Bayesian formulation of quickest change detection in multiple on-off processes
is proposed within a decision-theoretic framework. In [49], a throughput-sensing tradeoff for
quickest spectrum sensing is studied where the cognitive radio throughput is maximized with
respect to frame length. However, no studies on quickest spectrum sensing have appeared which
consider a range of fading channels. Furthermore, no studies have also given a theoretical
expression for the distribution of detection delay, which is beneficial in analyzing the quickest

spectrum sensing performance. In addition, all the studies mentioned above only consider single
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antenna cognitive users.

Therefore, this thesis contains an extensive investigation on the performance of quickest spec-
trum sensing for both single and multiple antenna cognitive users over a time-invariant channel
and several fading channels, including the classical fading channels such as Rayleigh, Rician,
Nakagami-m as well as a long-tailed channel, which models severe fading. Apart from inde-
pendent channels, temporally and spatially correlated channels are also being considered in this
thesis. Based on the result of these studies, novel theoretical expressions for the distribution
of detection delay are developed for both single and multiple antenna cases which are useful in

providing a more detailed analysis of the quickest spectrum sensing performance.

In this thesis, comparison with other existing algorithms, which are based on the classical de-
tection schemes such as energy detection, matched filtering, cyclostationary feature detection
and generalized likelihood ratio test (GLRT) is challenging. As mentioned in Section 1.3, the
classical detection framework has a different goal than quickest spectrum sensing. In particular,
the classical detection framework aims at maximizing the probability of detection subject to false
alarm constraints. On the other hand, the quickest spectrum sensing algorithm aims to detect
abrupt changes in the distribution of the received signals using the fewest received signals (i.e.
minimizing the detection delay) while maintaining a certain false alarm rate. In addition, the
classical detection schemes are based on a fixed block of samples, whereas the length of samples in
quickest spectrum sensing varies depending on the information received from the cognitive user
observations [30]. Thus, with very different objectives and requirements, it is hard to compare

quickest spectrum sensing with the classical detection framework.

1.5 THESIS OUTLINE AND CONTRIBUTIONS

The organization and contributions of this thesis are as follows:

Chapter 2

This chapter presents relevant background material required for the subsequent chapters.

Chapter 38
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This chapter investigates the performance of quickest spectrum sensing with single antenna
cognitive users when the received signal experiences a time-invariant channel or various fading
conditions, including Rayleigh, Rician, Nakagami-m and F channels. The received signal at the
cognitive user is considered to be the product of two complex variables (the primary user signal
and channel) with additive noise. We prove that the power of the complex received signal is a
sufficient statistic and hence the log likelihood ratio can be computed on the basis of the received
signal amplitude. This result allows us to derive a general form for the log likelihood ratio and
the quickest spectrum sensing technique for various channel models. We derive the probability
density function (pdf) of the received signal amplitude for the Rayleigh, Rician, Nakagami-m
and long-tailed F channel scenarios. We use an approach which avoids numerical integration to
derive the novel pdfs of the amplitude of the received signal for the most commonly used fading
channel models, including Rayleigh, Rician and Nakagami-m. This approach is particularly

useful in the Rician case where simple quadrature methods are unstable.

We also study the quickest spectrum sensing performance in the event of a mis-matched channel
condition, where the cumulative sum (CUSUM) detector is designed for a specific channel, but
experiences a different channel. This study allows us to gain some insights into the effects of
the channel on the sensing performance as well as the robustness of the detector. Furthermore,
we also consider the case of a temporally correlated Rayleigh channel. This study is useful for
gaining further insights into the impact of various fade rates on the quickest spectrum sensing

performance.

Chapter 4

This chapter presents several techniques to approximate the distribution of detection delay for
a time-invariant CUSUM detector with a single antenna cognitive user when the received signal
is transmitted over a Gaussian channel as well as over a mis-matched, Rayleigh channel. In
particular, we derive a novel approximate closed-form expression for the distribution of detection
delay for the Gaussian case. Furthermore, we derive novel approximations for the detection delay
distribution for the general case due to the absence of a general framework. We also apply a
simple random walk and Brownian motion theory with drift in deriving approximate expressions

for the distribution of detection delay for both Gaussian and Rayleigh cases. Approximate
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methods are necessary since there is no exact solution available. Most of the methods discussed
in the chapter are general and can be applied to any independent and identically distributed
(i.i.d) channel. The validity of the approximate expressions for the detection delay distribution

is verified using simulations.

The approximation methods that we presented are based on the modified detection delay statis-
tic. Hence, we also analyze the accuracy of the modified detection delay statistic. This is
valuable in understanding the limitations of the approximations used. Furthermore, we also ap-
proximate the probability of missed detection and provide an analysis of long detection delays to
gain further insight into the factors that contribute to an increased probability of long detection

delays.

Chapter 5

This chapter extends the study of quickest spectrum sensing into multiple receive antennas at
the cognitive user when the received signal experiences Gaussian, Rayleigh and Rician fading
channels. Apart from i.i.d channels, we also consider the case of an insufficient separation
between multiple antennas on a cognitive user by looking at the effect of spatial-correlation
for Rayleigh channels. We prove that the sum of the complex received signal powers at each
antenna for the Gaussian and independent Rayleigh scenarios are sufficient statistics. Hence,
the log likelihood ratio for both cases can be evaluated based on the complex received signal
vector or the sum of the received signal powers. We derive the pdfs of the received signal for
both Gaussian and independent Rayleigh fading scenarios using the sum of the received signal
powers. The derivation of the pdf for the independent Rayleigh case uses an approach which
avoids numerical integration over an infinite region. This approach gives a negligible error and

performs better than numerical integration.

We also derive the joint pdfs of the received signal for the correlated Rayleigh and independent
Rician cases. We also study the performance of multi-antenna quickest spectrum sensing in
the event of mis-matched channel conditions. Furthermore, we analytically compute the upper
bound and asymptotic worst-case detection delay for both Gaussian and independent Rayleigh
cases. We also numerically evaluate the quickest spectrum sensing performance for the Rayleigh

(independent and correlated) and Rician (independent and correlated) cases. The extension to
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multiple antennas allows us to gain further insights into the reduction in detection delay that
multiple antennas can provide. In addition, this study allows us to explore the effects of the
Rician K-factor or channel correlation on the performance of multi-antenna quickest spectrum

sensing.

Chapter 6

Based on the results obtained from Chapters 4 and 5, in this chapter, we derive approximate ex-
pressions for the detection delay distribution for multi-antenna time-invariant CUSUM detector
when the received signal experiences Rayleigh (independent and correlated) and Rician (inde-
pendent and correlated) channels. In particular, we derive the expected value and variance of the
received signal, which is transmitted over a correlated Rician channel, where these derivations
are helpful in deriving the approximate expression for the distribution of detection delay The
received signal considered here is a product of two complex Gaussian variables (the primary user
signal and Rician channel) with additive noise. For all cases considered, the derivation of the
approximate expression for the detection delay distribution are based on the theory of Brownian
motion with drift. The validity of the approximate expressions for the distribution of detection
delay for each case considered is verified via simulations. Furthermore, we also investigate the
effects of multiple antennas at the cognitive user, channel correlation and line-of-sight (LOS)
strength on the probability of detection delay, particularly for long detection delays or at low

signal-to-noise ratios (SNRs).

Chapter 7
In this chapter, we summarize our novel contributions of the thesis and outline several possible

area for future works.

1.6 PUBLICATIONS

The following are the list of journal articles and conference proceedings produced during the

PhD study as well as an invited talk at an international conference.

Journal articles



1.6 PUBLICATIONS 17

1. E. Hanafi, P. A. Martin, P. J. Smith and A. J. Coulson, “Extension of quickest spectrum
sensing to multiple antennas and Rayleigh channels,” IEEE Commun. Lett., vol. 17, no.

4, pp. 625-628, Apr. 2013.

2. E. Hanafi, P. A. Martin, P. J. Smith and A. J. Coulson, “Quickest spectrum sensing with
multiple antennas in Rician and correlated Rayleigh channels,” IEEE Commun. Lett., vol.

18, no. 8, pp. 1455-1458, Aug. 2014.

3. E. Hanafi, P. A. Martin, P. J. Smith and A. J. Coulson, “On the distribution of detection

delay for quickest spectrum sensing,” in preparation for IEEE Trans. Commun.

4. E. Hanafi, P. A. Martin, P. J. Smith and A. J. Coulson, “On the distribution of detection
delay for multi-antenna quickest spectrum sensing,” in preparation for IEEE Commun.

Lett.

Conference papers

1. E. Hanafi, P. A. Martin, P. J. Smith and A. J. Coulson, “Performance of quickest spectrum
sensing over various fading channels,” Proc. AusCTW, pp. 69-74, Jan. 29 - Feb. 1, 2013.

(Awarded Best Student Poster Presentation)

Invited talks

1. E. Hanafi, “On the distribution of detection delay for quickest spectrum sensing,” Invited
talk at the Australian Communications Theory Workshop (AusCTW) 2014, Feb 2014,

Macquarie University, Sydney, Australia






Chapter 2

BACKGROUND

This chapter provides the relevant background information required for the subsequent chapters.
Section 2.1 presents the statistical wireless channel models and a characterization of the channels
along with statistical measures to evaluate the severity of fading channels. The modelling of
the wireless channel is important in cognitive radio systems as it affects the performance of the
spectrum sensing techniques. In Section 2.2, a brief overview of multiple antenna wireless systems
is given. The concept of diversity, different methods of achieving diversity and the main diversity
combining techniques are also discussed. A classification of cognitive radio networks is presented
in Section 2.3. In Section 2.4, a brief outline of quickest detection theory is given followed by
a description of the cumulative sum (CUSUM) algorithm. Finally, Section 2.5 concludes this

chapter with a short summary.

2.1 WIRELESS CHANNEL

The various paths between a transmitter and a receiver in a wireless communications environment
characterize the wireless channel and these different paths (called multi-path) result in multiple
versions of the transmitted signal being received at the receiver [4]. Figure 2.1 illustrates some
different possible paths for the received signal. As shown in Figure 2.1, the three major radio
wave propagation mechanisms in a wireless channel are reflection, diffraction and scattering [4].
These three propagation mechanisms act simultaneously on the transmitted signal traveling
through the wireless channel and hence, the resulting received signal is a combination of reflected,
diffracted and scattered signals from various obstacles along the propagation path [50]. The

combined effect of these three propagation mechanisms leads to the received signal behaving like
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Figure 2.1 An example of different paths in a wireless channel [4].
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a complex random process [50].

The communication path between transmitter and receiver is time and frequency variant [51,52].
The variations of the wireless channel can be classified into large-scale and small-scale fading
[51]. Large-scale fading is caused by path loss (or propagation loss) and shadowing, where the
variations of the received signal power due to these two phenomena occur over relatively large
distances [51-55]. Path loss is due to the signal power attenuation in the propagation path
when the distance between the transmitter and receiver is large [52]. Shadowing occurs when
the receiver is shadowed by the presence of large objects (e.g. buildings, trees, bridges and hills)

between the transmitter and receiver [51-53].

On the other hand, small-scale fading occurs over short distances, of the order of the carrier
wavelength, and is due to the constructive and destructive addition of multiple copies of the
transmitted signal traveling along multiple propagation paths before arriving at the receiver

[51-55]. In this thesis, small-scale fading is considered.

We now describe small-scale fading channel models in more detail. All fading channels considered
in this thesis are frequency-flat. If the transmitted signal occupies a bandwidth smaller than the
coherence bandwidth of the channel, then the fading channel is referred to as a frequency-flat
fading channel, or a frequency nonselective fading channel [5,50,53, 54, 56,57]. The coherence
bandwidth is the frequency range over which the channel passes all spectral components with

approximately equal gain and linear phase [54]. In a flat-fading channel, all spectral components
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of the transmitted signal experience the same fading distortion [52,53,57] and the spectral
characteristics of the transmitted signal are preserved at the receiver [50,54]. However, due to the
variations of the channel gain caused by multipath, the received signal strength fluctuates in time
[50,54]. The flat-fading channel is also known as a narrowband channel since the bandwidth of

the transmitted signal is narrow compared to the coherence bandwidth of the channel [50,54,57].

Let s denotes the transmitted signal. In general, the signal received at the output of a channel,
which is affected by the channel and the additive white Gaussian noise (AWGN), can be expressed
in the form

y = hs+n, (2.1)

where h is the channel coefficient and n is the complex Gaussian noise [58]. If h = 1, then the
channel is known as Gaussian or AWGN channel, which is the simplest wireless communications
channel model [56]. In this thesis, we refer to the Gaussian channel as a time-invariant channel
and both of these terms will be used interchangeably. For the Gaussian channel model, the
received signal is given by

y=s+n, (2.2)

where n ~ CN(0, Ny) is AWGN [5,59]. This is illustrated in Figure 2.2. Here, the channel is

characterized by the power spectral density of the noise component, denoted by

Sn(f) = % W/Hz —o0< [ < oo, (2.3)

where Ny is the average noise power per unit bandwidth measured at the front end of the

receiver [55,58,60,61].

In the following subsections, we will discuss various wireless fading channel models, including
Rayleigh, Rician, Nakagami-m and F channel models. In this thesis, we normalize the amplitude
channel distributions so that the mean power is unity, E [|h|?] = 1, where E[.] denotes statistical

expectation.
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Figure 2.2 Model for the received signal passed through an AWGN channel [5].

2.1.1 Rayleigh fading

Multipath fading usually occurs when the transmitted signal arrives at the receiver via multiple
paths due to the presence of reflecting objects and scatterers in the channel [54]. A combination
of multiple delayed, reflected, scattered and diffracted versions of the transmitted signal are
received [50,54]. This results in constructive and destructive interference of the transmitted

waves, which causes the signal to experience multipath fading [57].

The Rayleigh distribution is often used to model multipath fading when no direct line-of-sight
(LOS) path exists between the transmitter and receiver, such as in heavily built-up urban en-
vironments [50,54,56,56,57]. With this model, the amplitude of fading channel, Y, is Rayleigh

distributed with distribution, given by [53,57]

fr(y) =2y, y>0. (2.4)

Here, E [YQ] = 1, while the phase follows a uniform distribution defined over the interval
[0,27] [50]. As a result of (2.4), the channel fading power, Z = Y2, is distributed according to

an exponential distribution defined as [53]

fz(z)=e*, 22>0. (2.5)
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2.1.2 Rician fading

The Rician fading channel is often used to model a multipath fading environment when there
exists a LOS component along the propagation path together with other scattered components
[50,53,54,56]. In this case, the received signal is the superposition of the multipath components
which arrive at different angles, and a stationary LOS component [50,53,54]. The channel fading
amplitude for the Rician case, Y, follows the distribution given by [53,57]

(K +1) o (K412 K(K+1
fY(y):y(y)e K v Io (23/ (1/>>’ y >0, (2.6)

where K is the Rician K-factor, which measures the severity of the fading. The power distribution

for the Rician fading model can be obtained by a change of variables, which yields

fya(2) = 2>0. (2.7)

K+1) - (K+1)z K(K+1
(K +1) - (ot >10<2 K(K + >>7
v v
In this thesis, it is assumed that v = FE [YQ] = 1. Therefore, v is normalized to unity. The
Rician K-factor ranges from 0 to co. For K = 0, the Rician distribution reduces to the Rayleigh
distribution whereas for K = oo, the Rician distribution degenerates (collapsing to a fixed value),

since the channel has no multipath and only consists of a LOS component [53,56].

2.1.3 Nakagami-m fading

The Rayleigh and Rician models are both motivated by physical arguments [53] and as a result
of their simplicity and physical motivation, they have become widely accepted. Nevertheless,
several other simple channel models are also popular, although they do not have the same level of
physical intuition. The Nakagami-m distribution is one such model as it has the ability to model a
wider class of fading channel distributions and to fit a variety of empirical measurements [50,53].
For this model, the channel fading amplitude, Y, is distributed according to the Nakagami-m

fading distribution, given by [53,57]

Qmmy2m—1 —my?

fr(y) = WBT, m>0.5, y=>0, (2.8)
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where m is the Nakagami-m fading parameter, which determines the severity of the fading and
I'(m) is the Gamma function defined as I'(m) = (m — 1)! for an integer m. The distribution of

the channel fading power can be obtained by a change of variables, which gives [53]

mym 2™

fyz2(2) = (—) F(m)e v, z2>0. (2.9)

v

In this thesis, v = F [YQ] is assumed to be normalized to unity. The Nakagami-m fading
parameter ranges from 1/2 to co. For m = 1/2, the Nakagami-m distribution reduces to the
one-sided Gaussian distribution and for m = 1, it reduces to the Rayleigh distribution. The
Nakagami-m distribution will be similar to a Rician distribution when % <m<3 Asm—
+00, the Nakagami-m distributed fading channel will converge to a nonfading AWGN channel.
The Nakagami-m distribution can closely approximate the Rician distribution by a one-to-one
mapping between the m parameter and the Rician K-factor parameter, where the mapping is

given by [53]
m= m>1,K >0. (2.10)

2.1.4 F fading

Long-tailed distributions have been used in [62] as models for severe fading channels. In this
thesis, we use the F-distribution, which is a long-tailed distribution, as a severe fading channel
model in order to investigate the spectrum sensing performance under extreme fading conditions.
The F channel, which is based on the F-distribution, is selected due to its simplicity as compared
to other severe fading channel models such as the two-wave with diffuse power (TWDP) model
of [63]. The probability density function of the F-distribution with v; and v, degrees of freedom

is given by [64]
(Vl/VQ)V1/2 rv1/2)-1

B (51, 312) (1+ V1V§1m)(yl+y2)/2’

fx(z) = 0 <z, (2.11)

where B(a,b) is the Beta function with parameters a and b. The mean and variance of the

F-distribution are denoted respectively as [64]

E[X] = vy > 2, (2.12)
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21/2(V1 +ry—2)
Var(X) = —2 4 2.13
a(X) =m0y 2 (2.13)

where Var(.) denotes the variance. From [62], the F-distribution can be used to model the
power of a severely fading channel. Throughout this thesis, all the classical fading channel
models discussed in Sections 2.1.1 - 2.1.3 have channel powers normalized to unity and hence,
for consistency, we set the power of the F channel to unity. One way to model a severely fading
channel is with an F-distribution with 141 = 1 and 1o = 3. Here, the distribution is so long-tailed
that the variance does not exist, hence providing an extreme case for spectrum sensing. The

distribution of the channel fading power with 1 and 3 degrees of freedom can be written as

2

h@:;ﬁﬁiﬁ' (2.14)

2.1.5 Fast and slow fading

The wireless channel can also be categorized as a fast or slow fading channel depending on how
fast the transmitted signal changes as compared to the rate of change of the channel [54]. Thus,
this classification is related to the channel coherence time, T, which is a statistical measure
of the period of time over which the impulse response of the channel is invariant [54,57]. The

coherence time of the channel is also related to the channel Doppler spread, fg, by [53,54,57]

ngﬁ. (2.15)

A channel is referred to as a fast fading channel if the coherence time of the channel is smaller
than the symbol period of the transmitted signal [50,54,57]. Therefore, the channel impulse

response changes rapidly at approximately the symbol rate of the communication system [54].

On the other hand, the channel is classified as a slow fading channel if the symbol time duration
of the transmitted signal is small as compared to the coherence time of the channel [50,54,57].
Therefore, in a slow fading channel, the channel stays unchanged for several symbols and a

certain fade level will affect many consecutive symbols [50,54,57].
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2.1.6 Coefficient of variation for fading channels

Coefficient of variation (CV) is a simple measure of the severity of the wireless fading channels
[62,65]. Generally, the CV is defined as the ratio of the standard deviation to the mean [66,67].
The evaluation of fading severity using the CV can therefore be obtained from the moments of
the channel fading distribution. Therefore, the CV can be defined in terms of the channel fading

amplitude, Y as

(2.16)

Equation (2.16) follows since the fading channels are normalized to have unit power, F [YZ] =1.

Another measure that can be used to quantify the severity of the fading experienced by a
particular channel model is the amount of fading (AF), introduced by Charash in [68], where
AF is defined as [68,69]

Var(Y)
F = -
(E[Y]) (2.17)
= CV2

Therefore, as can be seen from (2.17), AF is closely related to CV and hence, in this thesis, we

will be using CV to measure the fading severity.

2.2 OVERVIEW OF THE MULTI-ANTENNA SYSTEM

In wireless communications, different antenna configurations are used in space-time systems.
The most well-known and simplest wireless configuration is single-input single-output (SISO),
which contains a single antenna at both transmitter and receiver [52,70]. On the other hand,
when multiple antennas are used at the receiver with a single transmitting antenna, the wireless
system is known as single-input multiple-output (SIMO) [52,70,71]. In this thesis, we adopt

both the SISO and SIMO systems into the cognitive radio network, which is illustrated in Figure
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Figure 2.3 SISO and SIMO structures.

2.3, where single or multiple antennas may be employed at the cognitive user.

2.2.1 Diversity

Diversity can be achieved when the receiver receives multiple copies of the transmitted signal
which travel through different wireless channels [52,53,71-73]. These multiple copies arrive at the
receiver through different subchannels and experience different amplitudes and phases depending
on the wireless channel [52,74]. As a result of this, some copies of the transmitted signal may
be deeply faded while others can be less attenuated [52]. Therefore, the probability that all
copies of the transmitted signal simultaneously experience deep fades can be reduced significantly
[53,71,72]. In addition, diversity can be used to mitigate the effect of multipath fading as well
as improving both the instantaneous and average signal-to-noise ratio (SNR) at the receiver
[53,54,72]. There are various ways of realizing diversity gain and the most common methods

include temporal diversity, frequency diversity and spatial diversity [22,53,54,70,72,73,75].

In Chapters 5 and 6, the concept of spatial diversity will be used to investigate the performance
of quickest spectrum sensing with multiple receive antennas at the cognitive user. However, for

completeness, we discuss all the methods of achieving diversity in the following subsections.

2.2.1.1 Temporal diversity

Time diversity is one of the techniques that can be used to achieve multiple independently faded
replicas of the transmitted signal. Time diversity involves transmission of the same transmit
signal at different times, where the time difference is larger than the coherence time of the

channel [53,54,72,75]. This allows the multiple copies of the transmitted signal to undergo



28 CHAPTER 2 BACKGROUND

independent fading and as a result, the signals received at different time spacings are uncorrelated
(22,54, 72]. Although temporal diversity does not require high transmit power, it results in
a lower data rate due to the repeated transmission of the same signal over time instead of
transmission of new data [53]. In addition, one of the drawbacks of temporal diversity is that
the transmission efficiency reduces based on the number of repeated signal transmissions [75].
Temporal diversity can be realized in various ways including repetition coding, which is the
simplest technique, automatic repeat request (ARQ), interleaving and forward error correction

(FEC) coding [22,53,72,73].

2.2.1.2 Frequency diversity

In frequency diversity, the same narrowband signal is transmitted simultaneously over multiple
channels at different carrier frequencies, where the carrier frequencies are separated by more
than the coherence bandwidth of the channel [22,53,54,72,75]. This ensures that the channels
are uncorrelated and hence, the multiple versions of the transmitted signal will experience in-
dependent fading [54,70,72]. As a result, the probability that multiple copies of the signal are
simultaneously in a deep fade is low [72]. However, in order to transmit the same signal over mul-
tiple frequency bands, the frequency diversity method requires additional transmit power [53].
Another shortcoming of frequency diversity is that the spectral efficiency of the system is greatly
reduced due to repeated transmissions of the same signal at multiple frequencies [72,75]. As
a result, frequency diversity is rarely implemented in the traditional way [22,72]. Instead, the
information is spread over a wide frequency band and hence, different frequency components
will carry small parts of the information [22,72]. This spreading can be done by different tech-
niques such as time division multiple access (TDMA), frequency hoping in conjunction with
coding, code division multiple access (CDMA) and orthogonal frequency division multiplexing

(OFDM) [22,54,72].

2.2.1.3 Spatial diversity

Spatial diversity, also known as antenna diversity, is the oldest and simplest diversity tech-

nique [54,70,72]. Spatial diversity can be achieved by transmitting the same signal to several
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antenna elements so that multiple copies of the transmitted signal are received at different anten-
nas [70,72]. In order to ensure that the fading amplitudes corresponding to each antenna are ap-
proximately independent, the antennas need to be spaced by at least half a wavelength [53,54,75].
Spatial diversity can be categorized into two types, namely transmit and receive diversity, de-
pending on whether the diversity is realized at the transmitter or receiver [70]. In this thesis,
as illustrated in Figure 2.3, multiple receive antennas are used to achieve spatial diversity and
hence, this leads to receiver diversity. One of the advantages of receiver diversity is that mul-
tiple independent fading paths are realized without increasing the transmit signal power or

bandwidth [53].

There are three main diversity combining techniques: selection combining, maximal ratio com-
bining and equal gain combining [54, 70, 72, 76]. The combining techniques discussed in this
section will focus on the combination of signals from different antennas at the receiver. It is
assumed that the receiver is equipped with M sufficiently spaced antennas and hence, this leads

to M independently fading signal paths.

2.2.1.3.1 Selection combining

Selection combining technique selects branch with the signal that has the highest instantaneous
SNR among the M diversity branches for further processing [52,54,72,77]. Therefore, the output
of the combiner is equal to the strongest incoming signal, assuming that the noise power at each
branch is equally distributed [52,53,70,77]. In practice, due to the difficulty in measuring the

SNR, the branch with the highest total power in the received signal is selected [53,54,70].

Selection combining does not require any channel state information and hence, it can be used
with either coherent or non-coherent signalling schemes [53,58]. However, since the receiver only
exploits one of the M independent copies of the transmitted signal, the energy of the other M —1

replicas of the signal is wasted [72].

2.2.1.3.2 Maximal ratio combining
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One of the techniques that employs a linear combination of the signals at the output of the
M diversity branches is maximal ratio combining (MRC). Multiple copies of the same signal
information are combined using the MRC method to achieve the maximum SNR at the com-
biner’s output [52, 53,58, 71,72, 74]. In this method, the signal replicas at different diversity
branches are weighted according to their individual SNRs and the resulting signals are then
summed [53,54,70,72]. The weights are chosen such that the output SNR is maximized, so that

the weights are proportional to the branch SNRs [53,72].

The MRC method produces an output SNR equal to the sum of the SNRs at the individual
diversity branches [53,54, 70-72]. Therefore, MRC has the advantage of achieving a reasonable
SNR output even if the individual signals at each diversity branch are in a deep fade [54, 70].
However, MRC requires perfect knowledge of the channel state information at the receiver. This
corresponds to obtaining the complex channel gains of each diversity branch, in order to estimate
the phase of the received signal [52,58,70,71,77]. As a result, MRC can only be used for coherent

detection [58,78].

2.2.1.3.3 Equal gain combining

Equal gain combining (EGC) is the simplest linear combining technique [79]. In EGC, the
signal replicas of the transmitted signals on different diversity branches are combined with equal
weighting [53,54,70]. In particular, the gain or amplitude of the complex weights are all set to
unity [54,80]. Since multiple signals are combined simultaneously from all the diversity branches,
the combined signal at the output of the combiner can still have a reasonable SNR even if the
the branch SNRs are too low for signal detection [54]. The advantage of EGC over MRC lies in
its low implementation complexity as it does not require knowledge of the channel fading ampli-
tudes for signal combining [53,70,80,81]. Also, EGC performs better than selection combining
and is often similar in performance to MRC [53,54,79]. In addition, as for selection combining,
EGC does not require any channel state information (CSI) [58]. In this thesis, we employ EGC
as it allows us to construct the correct CUSUM detector, which will be shown later in Chapter

5.
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2.3 COGNITIVE RADIO NETWORK PARADIGMS

Cognitive radio networks can be categorized into three classes: underlay, overlay and inter-
weave [30,82-84]. The success of the cognitive radio paradigms in providing a communication
framework for the interoperability between primary and cognitive user networks depends several
factors. These include the regulatory constraints on spectrum usage, interference management
mechanism as well as the nature of the available side information [30,82,84]. The side informa-
tion available may include knowledge regarding the activity, channel, encoding strategies (i.e.
codebook) and/or transmitted data sequences of the primary users (i.e. primary user messages)
with which the cognitive user shares the spectrum. This information can be exploited by the
cognitive user to improve the spectrum utilization [30,82]. In this section, a description of each

of the cognitive radio paradigms will be given.

2.3.1 Underlay paradigm

In an underlay paradigm, simultaneous transmissions of the primary and cognitive users is
allowed as long as the interference generated by the cognitive user is kept well below some
acceptable threshold [21,30,34,82-88]. In order to ensure that the amount of interference caused
at the primary user is within tolerable limits, multiple antennas can be used for interference
nulling (i.e. using beamforming techniques [16]), as long as certain quality of service (QoS)
are met [82,84]. However, the use of beamforming at the cognitive user requires knowledge
of the primary user channel in order to perform beamsteering [16]. Alternatively, the signals
transmitted by the cognitive user can be spread over a large bandwidth such that the interference
generated is below the noise floor [30,82,84,86]. These spread signals can then be despread at
the cognitive receiver [30,82]. This spreading technique is the basis of both spread spectrum

and ultra-wide-band (UWB) communication systems [30, 34, 82, 84, 88].

The main advantage of this paradigm is that the cognitive user does not need to monitor the
primary user activity [88]. However, the underlay paradigm is usually restricted to short-range
communications due to the strict transmission power limitations [21,30,82,88]. Another draw-

back of the underlay paradigm is that information concerning the fading channel gains between
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the cognitive transmitter and primary receiver is required by the cognitive user in order to

perform the interference management task [84].

2.3.2  Overlay paradigm

The overlay paradigm is similar to the underlay paradigm in that it permits concurrent primary
and cognitive user transmissions [21,83,86-88]. In this paradigm, the cognitive user is assumed
to have sufficient knowledge of the channel gains, primary user codebooks and messages to
either cancel or mitigate the interference at the cognitive and primary receivers [30,82-88]. In
particular, based on such information, the cognitive user can employ sophisticated adaptive signal
processing techniques such as dirty paper coding (DPC) or successive interference cancellation
(SIC) in order to remove the interference caused by the primary user’s signal at the cognitive
receiver [30,82,84,87,88]. In addition, knowledge of the primary user codebook and/or messages
can be utilized by the cognitive radio to split its transmission power between its own transmission

and relaying the primary user signal [30,82-84,86-88|.

In order for the cognitive user to manage interference at the primary receiver, the choice of
the transmission power split needs to be chosen carefully such that the primary user signal-to-
interference-plus-noise ratio (SINR) remains the same regardless of the presence of the cognitive
user transmission [84,88]. Therefore, a sophisticated power control mechanism is needed to
determine the allocation of the transmission power [88]. This paradigm also requires cooperation

between the primary and cognitive users [21,30].

2.3.3 Interweave paradigm

The interweave paradigm is the most popular paradigm adopted in cognitive radio research
[88]. It is the original motivation for cognitive radio and is based on the idea of opportunistic
communication [17], where there exists a transmission opportunity when the primary user is not
transmitting [30, 82,83, 86, 88]. In other words, there exists a portion of the spectrum which is
unoccupied by the primary user, referred to as a spectrum hole or white space [16,30,88]. This

spectrum hole is empty (i.e. free of any interfering signals) except for noise due to natural and/or
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artificial sources and hence, the cognitive user could utilize this vacant spectrum [16, 30, 88].

In this paradigm, the cognitive user monitors the primary user’s frequency band, detects the
occupancy of the spectrum (i.e. the existence or absence of the primary user) and oppor-
tunistically communicates over the spectrum holes with minimal interference to the primary
user [30,82,84-87,87]. Therefore, due to the opportunistic reuse of the spectrum holes, the
utilization of the spectrum is enhanced [30,82,82,83]. In the interweave paradigm, an accurate

spectrum sensing mechanism is required to determine the spectrum holes so that the cognitive

user does not cause any harmful interference to the primary user [86,88].

Table 2.1 summarizes the differences among the underlay, overlay and interweave cognitive radio
paradigms. In some of the literature, including [2,7, 16, 34, 89], cognitive radio is classified
into only underlay or overlay, where the overlay paradigm in this case refers to the interweave

paradigm [86,90]. In this thesis, a cognitive radio network model based on the interweave

paradigm is presented.

Table 2.1 Comparison of underlay, overlay and interweave cognitive radio paradigms

Type Simultaneous Network side
transmission information

Underlay | Cognitive user can transmits Cognitive user knows information
simultaneously with primary user on fading channel gains between
as long as interference caused is cognitive transmitter and primary
below an acceptable limit. receiver.

Overlay | Permits concurrent primary and  Cognitive user knows information
cognitive user transmission; on channel gains, primary user
interference due to cognitive user codebooks and messages.
transmission at primary receiver
can be offset by using part of
cognitive user’s power to relay
the primary user signal.

Interweave | Cognitive user transmits Cognitive user identifies spectrum
simultaneously with a primary holes in space, time and/or
user only in the event of false frequency when primary user is
spectral hole detection. absent.
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2.4 OVERVIEW OF QUICKEST DETECTION THEORY

Recall from Section 1.3 that the quickest detection problem is the problem of detecting an
abrupt change in the observation distribution as quickly as possible. This can be illustrated
by the following example. Let Y'[1],Y[2], ... be a sequence of independent random observations,
where i is the sample number. Initially, the sequence of observations, Y[1],Y[2]...,Y[r — 1], are
i.i.d following a common distribution, F(®). At an unknown sample number, 7, referred to as a
change point, the subsequent observations Y[r],Y[r + 1], ... are i.i.d with another distribution,
FO) . Let fi(/o[)ﬂ and f}(}[z] denote the probability density functions corresponding to F(©) and F(1),
respectively. Therefore, there is a change in the distribution of the observations at 7 and the
objective is to detect such changes with minimal detection delay subject to a certain false alarm

constraint.

The two standard formulations in the quickest detection literature are Bayesian and non-Bayesian
(or known as minimax formulations) [30,43,46,91,92]. The Bayesian quickest detection formula-
tion was proposed by Shiryaev [93], where the change point is assumed to be a random variable
with a known prior distribution, in particular a geometric distribution [30,43,45,46,91,92]. The
objective of this formulation is to minimize the expected detection delay subject to an upper
bound on the probability of false alarm [46,46,92]. On the other hand, the minimax formula-
tion, which was proposed by Lorden [94], models the change point as an unknown deterministic
quantity [30,46,91]. It was shown in [94] that the well-known Page’s CUSUM algorithm [95]
is asymptotically! optimal in the sense of minimax (i.e. it minimizes the worst-case detection

delay while maintaining a certain level of false alarm) [30, 37,43, 46].

It is worth noting that the quickest detection problem is different to but has a close relationship
with the classical sequential detection problem, namely the sequential probability ratio test
(SPRT), formulated by Wald [96]. Sequential detection is based on the theory of solving a
hypothesis-testing problem, where the objective is to distinguish between two hypotheses from
a statistically homogeneous sequence of i.i.d random observations as quickly as possible given
a specified level of detection error [30,36,43,43,44]. Therefore, all the samples are drawn from

an identical distribution [36,43]. However, in the quickest detection problem, the sequence of

! Asymptotic here means that the mean number of samples between false alarms goes to infinity.
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observations is not homogenous and the aim of the quickest detection is to detect the occurrence
of an inhomogeneity in the random observations [36]. The connection between the quickest and
sequential detection problem lies in the study of the CUSUM algorithm, where the algorithm
can be regarded as a repeated one-sided SPRT according to the renewal property of the stopping
rule [97].

As mentioned in Section 1.3, we apply quickest detection theory to spectrum sensing in a cogni-
tive radio system to detect any changes in spectrum occupancy and this application is referred
to as quickest spectrum sensing. In this thesis, we adopt the CUSUM algorithm as a detection

strategy for quickest spectrum sensing.

2.4.1 CUSUM algorithm

This section describes an application of the CUSUM algorithm to quickest spectrum sensing,
where we apply the general problem discussed in Section 2.4. Let the primary user be initially
inactive and at an unknown sample number, 7, the primary user commences transmission. The
cognitive user observes samples sequentially and employs the CUSUM algorithm to detect the
primary user via a change in the distribution of the received signal. The CUSUM algorithm

detects the abrupt change (i.e. the emergence of the primary user) at sample
T =inf(n: C, > 7), (2.18)
where 7 is a threshold and C), is the CUSUM statistic defined as [36]

Cn = max -—;1 by (y[i])- (2.19)

ly(i)(y[i]) in (2.19) is the log likelihood ratio denoted by

) f }(/1[)1‘} (y [2] )
lyi(yli]) =In ¢ ———— 5, 2.20
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and f [l]( y[i]) and fl(,l[z] (y[i]) are the probability density functions of the received signal, Y],
when the primary user is absent and present, respectively. The CUSUM statistic, C}, can also

be expressed in a recursive form given by [36,41-43]
n+1
Crg1 = JDax, {Z Ly (?JM)}

n+1
= max { max lyr; ;
{’K” {;1 vl } } (2.21)
—max{max{ Z by (y } + Iy g1 (y [n—l—l]),()}

i=k+1

= {Cn + Iy (yln + 1))},

where 27 = max(z,0). Therefore, the CUSUM statistic can be computed recursively for n > 0
by setting Cyp = 0. The C), statistic is compared to a threshold, v, after each sample and the

algorithm will raise an alarm when C,, > v, which indicates the existence of the primary user.

If T'> 7, a detection delay, 6 = T —7 will occur. On the other hand, if T' < 7, a false alarm event

will occur, where the mean number of samples between false alarms is denoted by [36,37,41,43]

T;=F o [T), (2.22)
Y[i]
where E [] denotes the expectation operator when there is no change in the distribution of

f
the observatlons. The false alarm rate (FAR) is defined as [98]

1

F T
f%][ ]

FAR(T) = (2.23)
Recall from Section 2.4 that the CUSUM algorithm is asymptotically minimax optimal with
respect to Lorden’s measure of the worst-case detection delay. Based on Lorden’s formulation,

the worst-case detection delay is denoted by [36,37,43, 98]

Tqg=supesssup E ) 0=T —7|T >7,Y[1],...YI[]], (2.24)
>1 Y[4]

where E 1) denotes the expectation under the distribution of F(!) with the corresponding pdf
Yi]
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Figure 2.4 Illustration of the primary user (PU) detection based on the CUSUM algorithm, employed at the
cognitive user.

of f}(,l[z]. It is worth noting that ess sup is used in (2.24) so that Ty takes the worst-case value
of the expected detection delay over all possible realizations of the observations of the received
signals, Y, before the change occurs. The threshold, v in (2.18) can be set based on the lower

bound of T'f, where the bound can be expressed as [36,44].
Tp> e, (2.25)

Alternatively, the threshold values can be set in an arbitrary way to give a desired range of
average detection delay or false alarm rate. Based on the pre-determined threshold values, the

average detection delay and false alarm rate can be measured.

Figure 2.4 illustrates the primary user detection based on the CUSUM algorithm, employed at
the cognitive user. Here, it is assumed that the primary user is active at 7 = 100. Based on
Figure 2.4, we can see that if the cognitive user detects the primary user in the first sample
when the primary user is active (i.e at T'= 100), then, 6 = 0. However, § = 1 occurs when the

cognitive user detects the primary user using two samples (i.e at "= 101).

2.5 CHAPTER SUMMARY

This chapter has provided an overview of several concepts needed for the subsequent chapters

in this thesis. Firstly, statistical models for wireless channels, a characterization of the wireless
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channel as well as statistical measures of fading severity were introduced. Secondly, a brief
overview of multi-antenna wireless systems, a general concept of diversity along with various
approaches of realizing diversity gain including several spatial diversity combining techniques
were discussed. Furthermore, a classification of cognitive radio networks was given. Finally, an

overview of quickest detection theory and the CUSUM algorithm were presented.



Chapter 3

PERFORMANCE OF QUICKEST SPECTRUM SENSING OVER
VARIOUS FADING CHANNELS

3.1 INTRODUCTION

In this chapter, we employ a SISO system model, where both primary and cognitive users are
equipped with a single receive antenna. Existing quickest spectrum sensing studies [36, 37, 42]
usually assume that the received signal has a real, Gaussian distribution. Here, we assume that
the received signal consists of a Gaussian complex signal in the presence of multiplicative fading
and additive noise. For this general model, we prove that the power of the complex received
signal is a sufficient statistic. This result enables us to derive a general form for the log likelihood

ratio and the quickest spectrum sensing technique for a range of channel models.

Although there have been a number of studies evaluating the sensing performance of an energy
detector over different fading channels [99,100], no studies on quickest spectrum sensing have
appeared which consider a range of fading channels. Thus, in this chapter, we investigate the
performance of quickest spectrum sensing over the time-invariant channel and several fading
channels, including Rayleigh, Rician, Nakagami-m and long-tailed channel models. As discussed
in Section 2.1.4, we employ the F-distribution, which is a long-tailed distribution, as a severe
fading channel model. We derive the probability density function (pdf) of the amplitude of the
received signal for all the fading cases that we consider, where these pdfs are required to form
the CUSUM detector. In deriving the pdfs for the most commonly used channel models, we
employ a technique which avoids numerical integration. This approach is effective, particularly
in the Rician case, where simple quadrature methods are found to be unstable. In addition,

this technique provides much faster computation compared to numerical integration. These
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advantages will be discussed in detail in Section 3.4.

Mis-matched channel conditions are also considered, in which we evaluate the performance of
different CUSUM detectors, where the each of the CUSUM detectors are designed for a specific
channel, but the true channel is different. This study is useful for gaining further insights into the
effects of the channel on sensing performance and the robustness of the detectors. In addition,
we also consider the case when the fading channels are temporally correlated. This allows us to
gain some insight into the quickest spectrum sensing performance in the presence of dependent

observations at the cognitive user. Parts of this chapter have been published in [101].

The remainder of this chapter is organized as follows. In Section 3.2, the system model is
described. Section 3.3 presents a proof that the power of the complex received signal is a
sufficient statistic. Derivations of the pdfs of the received signal amplitude and the log likelihood
ratios for the time-invariant as well as the fading channel scenarios that we considered are given
in Section 3.4. Numerical results are provided in Section 3.5 for the performance of quickest
spectrum sensing in the classical channel models, a severe fading model, mis-matched channels
and temporally correlated channel conditions. Finally, Section 3.6 ends the chapter with some

concluding remarks.

3.2 SYSTEM MODEL

An interweave cognitive radio network is considered, where a PU is initially inactive and a CU
attempts to detect the presence of the PU’s signal after it begins transmission. Once the PU is
detected, the CU needs to vacate the channel. A small detection delay is crucial in this case so
that the CU vacates the channel quickly. We focus on detection of the entrance of the PU to

the licensed channel. The detection of the departure of a PU can be approached similarly.

Let Y[i] denote the CU observation at sample number i. It is assumed that the CU observes
samples sequentially. If the PU is not transmitting, then Y[i] = N[i], where N[i] is the noise. If
the PU is active, Y[i] = H[i] x S[i] + N|[i], where H[i] is the channel coefficient and S[i] is the
PU’s signal, which is assumed to be a narrowband complex Gaussian signal. We assume that S|i]

and N[i] are independent circularly symmetric complex Gaussian (CSCG) random variables such
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that S[i] ~ CN(0,0%) and N[i] ~ CN(0,0%). The channel variance is defined as E[|H[i]|?] = 0%
so that the observed SNR at the CU is 0%0%/0%. All channel models considered are assumed
to be independent and identically distributed (i.i.d) between samples, i, which corresponds to
fast fading channels. In Section 3.5.1, we consider temporally correlated fading channels with

more realistic fade rates.

3.3 PROOF THAT |Y[i]|> IS A SUFFICIENT STATISTIC

Before deriving the pdfs of the received signal amplitude and the log likelihood ratio for each
channel models, we first need to prove that the power of the complex received signal, |Y[i]|?, is a
sufficient statistic. Sufficient statistic is a function of the data such that the log likelihood ratio
is only dependent on that function. In the presence of the PU signal, the conditional distribution
of the received signal, Y], given H[i] is CN(0,|H[i]|?c% + 0%). Hence, the pdf of the received

signal can be written as

dhli
[z] /fY[Z”H[z] i]) frp (hli]) dhli] -
=5 [y @1D)]
where |
(1) . o (20 % +03)
Fyfiyup (i) = -

m(|H[i]|?0% + 0%)’
Let |H[i]|? = 0% Z[i], where Z[i] is a normalized random variable that is unique for each channel
model. The particular models for Z[i] are provided in Section 3.4. Using the above notation

along with 0% = 0%,0%, (3.2) can be written as

—\y[]\Q

FO i) = =S (33
il (3201 + 0%)
Therefore, the expectation in (3.1) can be expressed as

At = [ Mfz (<[] d=li] (3:4)
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and the log likelihood ratio used in the CUSUM algorithm (discussed in Section 2.4.1), follows

as
lwlil? oo Wgﬂ;)
by (yli]) = n 4 02 eo?v/ e TN (i) dli) (3.5)
Y[i\Y N 0 (O’%Z[i]—l—U%\]) Z[1) :

Since Iy (y[i]) in (3.5) is solely a function of |y[i]|?, it follows that [Y'[i]|* is a sufficient statistic.
From [102], it follows that the log likelihood ratio is unchanged whether it is computed using
the original complex signal, Y[i], the amplitude of the observed signal, |Y[i]| or the power of
the observed signal, |Y[i]|?. This holds true, irrespective of the channel model. Hence, the
log likelihood ratio for various channel models can be computed based on the amplitude of the

received signals, which will be shown in Section 3.4.

3.4 PDFS AND LOG LIKELIHOOD RATIOS FOR DIFFERENT CHANNEL MODELS

As shown in Section 3.3, the log likelihood ratio can be evaluated based on the statistics of
|Y'[i]|. Therefore, for the rest of the chapter, all the analysis will be based on |Y'[i]|. In order to
derive the pdf of the amplitude of the received signal when the PU is inactive, we first derive
its cumulative distribution function (cdf). The received signal in the absence of the PU can be

expressed as

Y[i] = (o%)"/2 1], (3.6)

where J[i] ~ CN(0,1). Equation (3.6) can then be rewritten as

Y[i|'Y[i) = o3 J[i] J[i]. (3.7)
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Let V[i] = J[i]'J[i], where V[i] is an exponential random variable such that V[i] ~ Exp(1).

With this notation, the cdf can be expressed as

P(|Ylil| < k) = P(IYi]]* < k%)

= P(o% V]i] < k?)

=P(V[i] < =)
ON
_ k2
= 1 — e o%\,

The pdf of the amplitude of the received signal when the PU is absent can be obtained by taking

the derivative of (3.8) to yield

e N . (3.9)

When the PU starts transmitting, the pdf of the amplitude of the received signal, f|(}£)[i]|(|y[z']|),

for a range of common channel models, can be expressed as

—|y[i]|?

o0 9|yli]|e IR
f‘(;)[i“ﬂy[i”) =/ 2t Fapiy(2[d]) dzld], (3.10)

o (ofzli] +0})

using the same development as in (3.1)-(3.4). Hence, the log likelihood ratio, ly;(yl[i]), for
various channels can be derived using (3.9) and (3.10), which yields the same results as (3.5). The
only term in (3.10) which is not fixed is the pdf of Z[i] which depends on the channel model used.
Z[i] is a standard exponential random variable with parameter A = 1 for a Rayleigh channel [53].
For a Rician channel, Z[i] is a non-central chi-square variable with 2 degrees of freedom. For a
Nakagami-m channel, Z[i] is a gamma distributed random variable, Z[i] ~ G(m,1/m), in which
m is the Nakagami-m fading parameter [72]. For an F channel, Z[7] is an F distributed random
variable with 1 and 3 degrees of freedom, Z[i] ~ F(1,3). Since Z[i] is the normalized channel
power, E[Z]i]] = 1. All the channel models have well-known pdfs for Z[i], fz;(2i]), which are

tabulated in Table 3.1.
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Table 3.1 Pdf of Z[i] for all types of channel model

Channel model Pdf for Z[i], fz;(2[i])
Time-invariant 4(1)
Rayleigh e—=lil
Rician (K + 1)e”(BKHE+DEDT (2, /2[i] K (K + 1))
Nakagami-m %z[i]m_le_mz[i]
F 2
o /2l (1+2(i)?

In Table 3.1, §(1) is the Dirac delta function and I'(m) is the Gamma function defined as
L(m) = [,° e "t™ 1 dt for R(m) > 0 [103]. T'(m) can also be written in a simplified form in the
case of an integer m as I'(m) = (m—1)! [103]. Also shown in Table 3.1 is the scaled F distribution,
F1,3, normalized to have unit mean. As discussed in Section 2.1.4, the F distribution considered
in this thesis is by no means a standard channel model. It is long-tailed [64] and has E[Z][i]] = 1
and variance, Var(Z[i]) = co. Previous work [62] considered various long-tailed distributions as
models for severe fading channels. In this thesis, the F distribution is considered as an extreme
case. The standard channel models all have pdfs for Z[i] which decay exponentially fast. In
contrast, the I distribution, Fq 3, has a very slow decay rate and as a result, the variance does

not exist.

In the following subsections, we derive the pdfs of the amplitude of the received signal in the
presence of the PU and the log likelihood ratios for the various channel models that we consider.
The derivation of the pdfs for the most commonly used channels, including Rayleigh, Rician
and Nakagami-m channels, uses an approach which avoids numerical integration. The benefits

of this approach will be discussed in Sections 3.4.2 and 3.4.3.

3.4.1 Time-invariant channel

In the case when the received signal is transmitted over a time-invariant channel, X [i] = H x S[i]
is a circularly symmetric complex Gaussian variable with variance, ag(, where for the time-
invariant channel, H = 1. The pdf of the amplitude of the received signal when the PU is

present is given by
[yl
_ 2lyfi]le A X

(D) (1,14
5wl = 22 (3.11)
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where the subscript, G, in (3.11) denotes the time-invariant or Gaussian channel. It is worth
noting that in later subsections, subscripts will be used to differentiate between various channel

models considered. The log likelihood ratio can then be written using (3.11) and (3.9) to yield

—|yl|? —lyl|?

la(Jyli]]) = In {2\y[i]|e("N+"X) } —1In {0]2\, + a§(} —1In {Q\y[i]]e X } +In {012\7}

Pk o
= — +In 3 5 (-
UN(JN—I—GX) oy +o%

(3.12)

3.4.2 Rayleigh channel

The pdf of the amplitude of the received signal transmitted over a Rayleigh fading channel can
be derived using (3.10) and Table 3.1 which gives

flyiuﬁ
[ele] . e(aTz[z]+<7N) .
sl = [ A e s (3.13

Let t = 0%2[i] + 0%, then (3.13) becomes

izv _? e
1 2lylille T/°°e T (3.14)
dt. :
fRay(\ [i]]) = g} ” ;

The numerical integration over an infinite region can be avoided by rewriting (3.14) as the
difference between the integral from 0 to oo and the definite integral with interval [0, o%;], which

gives

2 112 112
°N _ bl e _ bl e
2 2 2
T T

. 2|ylz]|e” ©e o7 Ne L@
iy = 2N [T D [T Tl s

or

With the aid of (3.471.9) in [103, p. 363] and the midpoint rule of the Riemann sum approxi-

mation [104], (3.15) can be expressed as

2
o Lyl _ sy
2 2
T

o2 e T o
s, ot = 2 org, (WL crshe T ), (3,10

or UT/2 r=1
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e (D) () 1)

where R is the number of rectangles in the Riemann sum used to approximate the integral.

in which

Numerical tests show that with R = 50, evaluation of this expression is much faster than
numerical integration and the error is negligible. The log likelihood ratio can therefore be

written using (3.16) and (3.9) to give

llil® _ sp

2 12 — e — =5

2 N Iyl ; 2 sr o2

, oy 213 lyld]] IN N T
l =In{ Ler N |2K — : 3.18
() =1n § T (o) T (3.18)

3.4.3 Rician channel

In the case when the received signal experiences a Rician fading channel, the pdf of the amplitude

of the received signal can be written using (3.10) and Table 3.1 to yield
—[y[i]|?

W (bl — %0 2|yli]|e Cr=tton) o~ (K (K41)z[]) i 2l
it = | o2 Tony KD Io (220K (K +1)) dzfil. (3.19)

Letting t = 022[i] + 0%, (3.19) can be rewritten as

0_2
—K+g—12\’(K+1)

_2ylil[(K+1)e 7 T (3.20)

Fan(lylal)

2
or

where

o) t _a%(K—i—l) t 2
T J—
I= / ¢ i (2\/< ;’N> K(K + 1)) dt. (3.21)
o2 t or

Using the Taylor series expansion given in (8.447.1) of [103, p. 909], the Bessel function in (3.21)

can be expressed as

t— o3 = (t—0%)* KK + 1)
Iy (2\/< : N> K(K + 1)) => @%)a(aw : (3.22)
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In (3.22), convergence occurs everywhere and is rapid due to the double factorial in the domi-

nator. Substituting (3.22) into (3.21) yields

bl _ ¢ (1)

t o2 2
- Z K* K+ 1 / ¢ T t-on) (3.23)
2 t

Then, applying the binomial expansion, we can write (3.23) as

2
—lyld| _O_LQ(K"'I)

K@ K—I— 1 S T
I= Z Z< > /2 e (3.24)
oN

The integral in (3.24) can be rewritten using the same approach as in Section 3.4.2 and hence,

(3.24) becomes

1yl yylil2
Wl ¢ (peqn) o HE (k1)

K“K—i—laa a 2\h 0, °T ON ¢ o
I= Z a <b>(_UN) /o f—atbl dt_/o f—atbtl dt

(3.25)
Using (3.471.9) in [103, p. 363] and the midpoint rule of the Riemann sum approximation [104],

(3.25) can be expressed as

& KUK+ K (a), lyli] 203\ “ ™02 Yl VE +1Y
=2 CEyap ;(z)( 7N [2<(K+1)) Koo (M)

—lyli]1? —55(K+1)] (3.26)

sr

2 R
9N Z ¢ i
R (Sr)l-&-b—a

where s, is given in (3.17). The result for Z in (3.26) can now be substituted into (3.20) and

hence, the pdf of the amplitude of the received signal for the Rician case can be written as

alill + eI = o s 10 & fa
D (11110 — r _2\b

. 3.27
ST I

, (PR (EVEFTY ok e T 7F
a—b
(K+1) or/2 R & (s,)lt0e
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For K = 0, the pdf expression in (3.27) reduces to the pdf of the received signal on a Rayleigh
channel in (3.16). In (3.27), the number of terms required to evaluate the summation for a
specified numerical figure accuracy depends on the value of the Rician K-factor as well as the
SNR. For example, in order to achieve six significant figure accuracy at SNR=10 dB, we require
10 summation terms for K = 0 dB and 19 terms for K = 6 dB. The log likelihood ratio for a

Rician channel, lg;.(y[i]) can be written using (3.27) and (3.9) to yield

_K+ (K+1)+\y[7]| o

o2 e o a
rie(lyli)) = 1n AL > JK“ Z()

or -

o2
=yl — S5 (K41)

lyli]| 202\ 7" WHIIVETT) o Gae b
2 ( (K + 1)) Kap <0T/2> B fN Z (s,) 00

(3.28)

The approach in (3.19)-(3.28), which avoids numerical integration, is particularly useful in the
Rician case where simple quadrature methods are problematic. The difficulty is in the integration
of Ip(.) in (3.21) where the Bessel function grows as the argument tends to infinity. Without
special numerical treatment, the integral is not well-behaved and returns unstable results. A
solution is possible using a finite upper limit on the integral and an asymptotic formula for the
Bessel function. However, such numerical issues are conveniently handled by the approach in

(3.19)-(3.28).

3.4.4 Nakagami-m channel

If the received signal is transmitted over a Nakagami-m channel, the pdf of the amplitude of the

received signal can be written using (3.10) and Table 3.1 in the form

%
mm S8 e(o’ z +0'N)
Fi) = s [ A st s, (3.29)
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Let t = 0%2[i] + 0%, then (3.29) can be written as

mod —lylil® _ me
. m. % t o2 2 \ym—1
M oo L 2yliljm™Te 7T /‘”e T (t—oy) (3.30)
fNak(|y[Z”) - (O'%)mr m) o2 t dt
N

Applying the binomial expansion, (3.30) can be expressed as

m(72

O (yll) = 2elilm™e F S s [ T
Frar(wlil]) = © )mrm —a%) e Tt dt. (3.31)

2
=0 N

The integral in (3.31) can be rewritten using the same approach taken in Section 3.4.2, which

gives

2[\3

mo

W o 2llillmme = N
Ivae(ylil]) = —oN) X

<aT>mr m) 2

oo —lulil? _mt o3 f\y[z‘]\Q,%t
0 0

With the aid of (3.471.9) in [103, p. 363] and the midpoint rule of the Riemann sum approxi-

(3.32)

mation [104], the pdf of the amplitude of the received signal, fNak(]y[i]\), in (3.32) can then be

expressed as

2|y[z]‘mme% m—1 m—1 ) ’y[ ”2 m—1-1)/2
i) = 2e S (1) oy [2 (L)
(02)mT (1m) — l m/UT
|y[ ”\/LO 0_12\7 R ,|y57[:”2_m7? o (3-33)
B ( or/2 ) R;e T (sr) ],

where all terms in (3.33) have been defined previously. The log likelihood ratio, Iyqx(y[i]), can

be expressed using (3.9) along with (3.33) which gives

o2 mme °?v ml o 9\ (m—1-1)/2
zNakuy[m):ln{ R [2<\yur )

m/o2

; R —plil® _ msr
ylillvmY _ o e ym—2-
K 4 AV T o r m X
e (M) Ty )

(3.34)
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3.45 F channel

The F channel represents an extreme case, where the received signal experiences severe fading.
The amplitude of the received signal over the F channel can be derived using (3.10) and Table

3.1 to give

—lyld

%0 9|yli]|e “F=+R)
ral) =/0 Q‘éf[; oD 2 dzli]. (3.35)

The log likelihood ratio can then be written using (3.9) and (3.35) as

) |y[z'21|2 2—|ym\22
202 e °N oo e(oTz[i]+oN)
l i :N/ dz[i]. 3.36
A= G oA e .

In order to detect the presence of the PU for a range of channel models, the log likelihood ratios,

G, lRay lRic, INak and lp, can be substituted into the CUSUM algorithm in (2.21).

3.5 NUMERICAL RESULTS

In this section, the performance of quickest spectrum sensing in classical channel models as well
as in a severe fading model is presented. All simulation results used 20000 trials to generate
each point on the plot, with each trial consisting of 200 samples. It is worth noting that more
trials are used in the thesis to improve simulation accuracy compared to [101]. It is assumed
that the PU begins transmission at 7 = 100. This is illustrated in Figure 3.1, where we see that
the PU could commence transmission at any time between sample 99 and sample 100. In terms
of the CU sample times, this is equivalent to the PU being active at the largest sample number
(i.e. 7 =100). In this chapter, the thresholds are set to v = 3,3.5,4,4.5,5,5.5,6,6.5,7 by trial
and error. These values were chosen to give a sensible range of average detection delay and false
alarm rate. Based on these pre-determined threshold values, we measure the average detection

delay and the false alarm rate.

Figures 3.2 and 3.3 illustrate the quickest spectrum sensing performance for SNR=5 dB and

10 dB, respectively, where the CUSUM detectors are designed specifically for the particular
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5=T-T

Sample points of PU is active at PU is detected
CUSUM detector T=100 atsample T

Figure 3.1 Illustration of the primary user (PU) detection based on the CUSUM algorithm, employed at the
cognitive user.

channels. Based on both figures, since the time-invariant channel has no fading and the long-
tailed F distribution can model severe fading, it is reasonable to suggest that detection delay
increases with increasing severity of the fading. The CV, discussed in Section 2.1.6, is often used

to measure the fading severity [62] and is defined as

ov=, 1 (3.37)

E[Hi]|]
for channels normalized to have unit power, E [|H[i]|?] = 1. Since the CV is only a function of
the mean channel amplitude, standard results for the channel distributions can be used to obtain
the value of the CV, which results in Table 3.2. Based on Table 3.2, the order of fading severity
is given, from lowest to highest as, time-invariant, Nakagami-3, Rician (K=6 dB), Nakagami-2,

Rician (K=0 dB), Rayleigh and F.

Comparing this ranking based on CV values with Figures 3.2 and 3.3, it can be seen that the
ranking of the time-invariant, Nakagami-3, Rician (K=0 dB), Rayleigh, and F channels matches
the simulated results for SNR=5 dB. However, for SNR=10 dB, the order of the time-invariant,
Rayleigh, and the F' channels matches the CV ranking. The slight variation in the ordering of the
Nakagami-3, Rician (K=6 dB), Nakagami-2 and Rician (K=0 dB) channels between the CV and

simulation results may be due to the fact that the expected values of the channel amplitude for
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Figure 3.2 The effect of various channel conditions on the sensing performance at SNR=5 dB.
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Figure 3.3 The effect of various channel conditions on the sensing performance at SNR=10 dB.
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Table 3.2 CV values for the channel models

Channel model E[|H[i]|] Cv
Time-invariant 1 0
Rayleigh vr 4 _1=052
. . T =K ek 2
Rician(K) e X Ve (+ K)o (5) + K1 (5))° -1
(1 + KT (5) + KTa (5))
Rician(K=0 dB) 0.91 0.46
Rician(K=6 dB) 0.95 0.32
. T'(m+1/2) mI'2(m)
Nakagami-m T(m)y/m Pt/ L
Nakagami-2 0.94 0.36
Nakagami-3 0.96 0.29
Fis 2 Ve —1=121

these channels are very close (0.96, 0.95, 0.94, 0.91). Hence, such a simple ranking approach does
not completely capture the full CUSUM behaviour. Nevertheless, we can see that the average
detection delay tends to increase with the severity of the fading channels according to the CV

metric.

In Figure 3.4, we present a comparison of the sensing performance when the CUSUM detector
is designed for the time-invariant or Rayleigh channels, but a different channel is experienced.
Based on Figure 3.4, we observe that in the event of such a channel mis-match, sensing perfor-
mance depends highly on the channel, but the detector has very little impact. For example, the
average detection delay when the received signal is transmitted over a Rayleigh channel is almost
identical when the signal is detected using either a Rayleigh or a time-invariant detector. The
same trends can be observed in Figure 3.5 for Rayleigh and Rician fading. Similar trends were
observed in [105] in the event of a channel mis-match, but [105] senses the PU in a wideband
spectrum using Bayesian sequential testing with dynamic update. A detailed description on the
insensitivity of the designed detector to the performance of quickest spectrum sensing is given

in Chapter 4.

Figure 3.6 shows the sensing performance of a Rayleigh detector under various mis-matched
channels. It can be seen that for a Rayleigh detector, the ranking of the channels is the same as
in Figure 3.3. We also observe that the duration of the detection delay depends on the fading

channel conditions.
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Figure 3.4 Performance comparison in the event of a mismatch between channel and detector (Rayleigh /
Time-invariant cases) at SNR=10 dB.
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Figure 3.5 Performance comparison in the event of a mismatch between channel and detector (Rayleigh /
Rician cases) at SNR=10 dB.
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Figure 3.6 Performance of a Rayleigh detector for various channels at SNR=10 dB.

Recall from Section 1.4 that a comparison of the quickest spectrum sensing performance with

energy detection in various fading channels is difficult as both approaches have different goals.

3.5.1 Temporally correlated channel

Since the classic quickest spectrum sensing approaches assume a sequence of independent obser-
vations at the CU, it is useful to investigate the sensing performance when this assumption is
violated. Hence, in this section, we consider a PU signal observed over a temporally correlated
channel. For simplicity, we consider Rayleigh fading channels in the correlated scenario. We
assume the classic temporal behaviour of a Rayleigh channel with Jakes correlation structure
defined as [106,107]

E[H(t)H(t+ «)*] = Jo(27 fpa), (3.38)

where Jo(.) is the zeroth order Bessel function of the first kind, fp is the maximum Doppler

shift in Hertz and « is the time separation.

Simulation results in the case when the received signal experiences a temporally correlated

channel are illustrated in Figure 3.7. The signal is detected using either a time-invariant or



56 CHAPTER 3 PERFORMANCE OF QUICKEST SPECTRUM SENSING OVER VARIOUS FADING CHANNELS

©

—o— Time-invariant detector: chx:0.003

[e¢]
T

—a— Time-invariant detector: chx=0.03 i

—<O— Time~-invariant detector: i.i.d Rayleigh
—s— Rayleigh detector: fDa:O.OO3

~
4

—s— Rayleigh detector: fDot=O.O3

[«2)
T

Rayleigh detector: i.i.d Rayleigh

4]
T

IN
T

ff

Average detection delay (number of samples)

2 M — 2
1t ﬁ/> -
0 I I I I I

0 0.05 0.1 0.15 0.2 0.25 0.3

False alarm rate

Figure 3.7 The effect of sensing performance on a temporally correlated Rayleigh channel with different fade
rates, fpa at SNR=10 dB.

Rayleigh detector. In this case, a time-varying Rayleigh channel is assumed and the fade rate
is given by fpa. We consider the i.i.d Rayleigh channel (no correlation) as the extreme case.
Based on Figure 3.7, we observe that for both detectors, the average detection delay increases
with the level of temporal correlation. This is because when the correlated channels are in deep
fades, the received signals are weak over many sample periods and hence detection takes longer
for the CUSUM statistic, C,, to exceed the threshold, . This then creates a longer detection

delay.

3.6 CHAPTER SUMMARY

In this chapter, we studied the performance of quickest spectrum sensing over a time-invariant,
Rayleigh, Rician, Nakagami-m or F channel. The received signal at the CU is considered to
be the product of two complex Gaussian variables (the PU signal and channel) with additive
noise. We first proved that the power of the complex received signal is a sufficient statistic and
hence the log likelihood can be computed on the basis of the signal amplitude. This allows us to
derive a general log likelihood ratio for various channel conditions. We then derived the pdf of

the received signal amplitude for the Rayleigh, Rician, Nakagami-m and F channel scenarios. A



3.6 CHAPTER SUMMARY 57

technique which avoids numerical integration was used in the derivation of the pdf of the received
signal amplitude for the most commonly used fading channels, including Rayleigh, Rician and

Nakagami-m channels.

We showed that the average detection delay increases with fading severity and the level of tem-
poral correlation. Severe fading and highly temporally correlated channels cause high detection

delays because the PU signal can be weak for many samples even if the average SNR is reason-

able.

We also showed that in the event of a mis-matched channel, the average detection delay is
sensitive to the true channel conditions, but not on the channel used to design the CUSUM
detector. Thus, an appealing strategy is to employ the simplest time-invariant detector to
detect the PU existence since in a cognitive radio network, the channel is usually unknown
and the sensing performance in various channels is insensitive to the design of the detector.
Since the time-invariant detector is robust and has general applicability, we will formulate novel
theoretical expressions for the distribution of detection delay for a time-invariant detector in the

next chapter.






Chapter 4

ON THE DISTRIBUTION OF DETECTION DELAY

4.1 INTRODUCTION

Several quickest spectrum sensing studies in the literature [37,39,42,101,108] evaluate the sensing
performance in terms of average detection delay and false alarm rate. However, no studies have
given a theoretical expression for the distribution of detection delay, which is useful for a more

detailed analysis of sensing performance, including an assessment of the likelihood of long delays.

In Chapter 3, we studied the performance of quickest spectrum sensing over time-invariant as
well as various fading channels, including Rayleigh, Rician, Nakagami-m and F channels. Results
in Chapter 3 show that in the event of a mis-matched channel (where the CUSUM detector is
designed for a specific channel, but the true channel is different), the quickest spectrum sensing
performance depends heavily on the true channel, but very little on the channel assumed by the
CUSUM detector. Hence, the simplest time-invariant detector can be employed with minimal

performance loss.

Therefore, motivated by the result in Chapter 3, in this chapter, we derive mathematical ex-
pressions for the distribution of detection delay for the time-invariant CUSUM detector when
the signal is transmitted over Gaussian and Rayleigh channels. Slowly varying channels can be
modelled by a Gaussian channel model. Hence, the theoretical expression on the distribution
of detection delay for the Gaussian scenario allows detailed analysis of the quickest spectrum
sensing performance in an ideal or optimal condition. For each of the scenarios considered, we
present several approximation methods based on a modified detection delay statistic. This is

discussed in detail in Section 4.3. Approximate methods are necessary since there is no exact so-
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lution available. We focus on Gaussian and Rayleigh fading channels although the approximate

methods can handle arbitrary channel models.

We also analyze the accuracy of the modified detection delay statistic. This is valuable in
understanding the limitations of the approximations used. We also approximate the probability
of missed detection and study the probability of long detection delays via analysis and simulation.
This analysis of long detection delays is useful to gain some insight into the factors that contribute

to an increased probability of long detection delays.

The rest of the chapter is organized as follows. Section 4.2 describes the system model and
briefly introduces the modified detection delay statistic. Several techniques for approximating
the distribution of detection delay are presented in Section 4.3. In Section 4.4, we analyze the
performance of the modified detection delay statistic, present some numerical results to validate
the approximate expressions, approximate the probability of missed detection and evaluate the

probability of long detection delays. Section 4.5 concludes the chapter.

42 SYSTEM MODEL

We consider the PU signal to be a narrowband complex Gaussian signal. The PU is initially
inactive, but subsequently commences transmission. Hence, the CU is attempting to detect the
appearance of the PU. Let Y[i] denote the received signal at the CU at sample number 7. If
the PU is absent, then Y[i] = N[i], where N[i] is the noise. If the PU is transmitting, then
Y[i] = H[i] x S[i] + NJi], where H[i] is the channel coefficient and S[i] is the PU signal. We
let S[i] and N[i] be independent circularly symmetric complex Gaussian random variables such
that S[i] ~ CN(0,0%) and NJ[i] ~ CN(0,0%). We define H[i] = H for the Gaussian case,
where H is the time-invariant channel gain. For the Rayleigh case, H[i| is the Rayleigh fading
channel, where H[i] ~ CN(0,1). For the Gaussian case, X [i] = H x S[i] is a circularly symmetric
complex Gaussian variable with variance o%. For the Rayleigh case, X[i] = H[i] x S[i] has a

more complex distribution (as seen in Section 3.4.2) with variance also denoted by o%.

Assume that the PU commences transmission at sample number 7 and the CU uses the CUSUM

algorithm (discussed in Section 2.4.1) to detect the PU via a change in the distribution of the
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received signal. Recall from Section 2.4.1, that the CUSUM algorithm detects the PU at sample

T and the CUSUM statistic is given in (2.21) as
Cnp1 ={Cn +1(Y[n + 1))}, (4.1)

where 27 = max(z,0) and [(Y[i]) is the log likelihood ratio, given in (2.20). If ' > 7, a detection
delay of T'— 7 will occur. The probability that the detection delay is § samples is denoted by
P(9) and this defines the distribution of detection delay. As denoted in (3.12) of Section 3.4.1,

the log likelihood ratio, for a time-invariant CUSUM detector is given by
Yi]Po% &

2
V) = 1Y E) = sy +in{ 22} (1.2

since |Y[i]|? is a sufficient statistic. Hence, (4.2) is the time-invariant log likelihood ratio.

4.2.1 Modified detection delay statistic

The CUSUM statistic, C,,, is very difficult to handle analytically due to the max operation in
(4.1). This creates a complex dependence between the C), values and the log likelihood ratios,
[(Y[i]), which makes exact analysis intractable in the general case. Hence, we approximate the

CUSUM process by the modified detection delay statistic, D,,, defined as

i=1

n 112 2 2 (4.3)
_ YilPek [ %
_Z 02(02+02)+n o3 + o3 '

i=1 N\YN X N X

Note that the exact CUSUM statistic defined in (4.1) and (4.2) is used for all simulated results in

this chapter. The modified process in (4.3) is simply used to provide analytical approximations.

~ 2
In (4.3), D, is the sum of a fixed number of terms, n. Let Z; = |Y[i]|?, @ = 2~ and
o3 (0%+0%)

2
b=—1In {02‘7#}, then @ > 0, b > 0 and (4.3) can be rewritten as
N X

n

Dp =Y (aZ; —b), (4.4)

i=1
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which is identical to the CUSUM value when the D,, process remains positive. The approximation
lies in the fact that D,, can go negative, whereas C, > 0. However, in the presence of a PU,
the log likelihood ratios have a positive mean and large negative values are unlikely. Hence, we
approximate C,, by the D,, process which has i.i.d increments of the form ELZ —b. At low signal-
to-noise ratio (SNR), it is more likely the D,, process will become negative since the Z values
tend to be smaller. In contrast, the CUSUM process in (4.1) is restricted to C,, > 0. Hence, the
approximate analysis is likely to be least accurate in the low SNR scenario. This is considered
analytically in Section 4.4.1 and via simulations in Section 4.4.2. These results demonstrate that
the approximation is useful in all cases except for short delays at low SNR, where improvements
are possible. However, this approach always provides useful approximations for the important

case of long delays.

Let w be the sample number at which the approximate CUSUM process, D,,, detects the PU

transmission such that w = inf(n : D,, > 7), where v is a threshold. Therefore,

D, = i’;(az —b). (4.5)

D,, is then a random sum of random variables. We assume that the PU is inactive at =0 and
becomes active at i=1. This corresponds to 7=1 and since w is the sample number at which the
approximate CUSUM process, D,,, detects the PU, the detection delay is denoted by w—1. There-
fore, we approximate the true detection delay probability, P(§) = P(CUSUM detection delay =
d), by the approximation P(w = §+1), where w is defined based on the detection delay definition

given in Section 4.2.1.

The process, D, is a discrete time, continuous state space Markov process often referred to as
a random walk [109,110]. Hence, for D,,, the detection delay problem is a classic first passage
time or hitting problem, where w is the time at which D,, exceeds a threshold, -, for the first
time [111]. For general problems of this kind, numerous steady state results are available, such
as expected hitting times [110,112] and hitting probabilities [110,111,113]. However, results
on the distribution of hitting time are far more limited and are largely restricted to Brownian
motion and simple special cases of random walks [110,111,114,115]. Therefore, in this chapter,

we derive a novel approximate closed-form expression for the detection delay distribution for
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the Gaussian case. In addition, we derive novel approximations for the distribution of detection
delay for the general case due to the absence of a general framework. Known results based on
simple random walks and Brownian motion theory are also employed in deriving approximate

expressions for the detection delay distribution.

4.3 DISTRIBUTION OF DETECTION DELAY

In this section, we introduce some methods for constructing approximate expressions for the

distribution of detection delay for both Gaussian and Rayleigh channels.

4.3.1 Gaussian channel

The Gaussian channel considered in this section corresponds to a constant PU to CU channel,

H =1, as discussed in Section 3.4.1. Normalizing Z to have unit mean gives

n

D, = Z (ZL(UJQV +0%)Z; — b)
i=1

= azn: Z; — nb,
i=1

(4.6)

where ¢ = Ug( / 0]2\, and Z; denotes the normalized version of Z;, in which Z; is an exponential

random variable with parameter A = 1. Hence, (4.5) can be rewritten as
w
Dy =a)  Zi— wb. (4.7)
i=1

In all subsequent analysis of the approximate expression for the detection delay distribution for

the Gaussian case, we will be using D,, in (4.6) and D, in (4.7).
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4.3.1.1 Closed-form expression

The approximate distribution of detection delay can be expressed as an integral of the joint pdf

of the detection delay statistics. This gives

ﬁc(é) = P(Dl < ’77D2 <7, "'7D5+1 > 7)

= P(aZ1 —b< ’}/,CL(Zl + ZQ) —2b< v, ...,a(21 + ZQ + ...+ Z(5+1) — (5 + 1)b > ’7) (48)

+b +2b +(0+1)b
:P<Zl<7a T4 Ty < L ,...,Zl+22+...+25+12'”a)),

where the subscript, ¢, in ]56(5) denotes the closed-form expression and tilde denotes an approx-

imation of P(8). Let V, = 2% then (4.8) yields

Pe(8) =P (Z1 < Vi, Z1+ Z3 < Va, oy 21+ Za + oo+ Zsiq > Vi)
Va—z1 Vs—z1—22—...—25_1
/ / / P(Zsy1 > Vg1 — 21— 22 — oo — 25) [(21) f(22) -
z1 zZ2

f(zs)dzs...dzo dz1,

(4.9)
where f(z;) is the pdf of Z;. Substituting f(z;) = e™* and P(Zs41 > V41 — 21 — 22 — ... — 25) =
e~ (Vori=21=22=.=26) i (4.9) gives

() = e Ty, (4.10)
where
Vo—z1 Vs—z1—zo—...—25_1
Tsi1 :/ / / 1dzs...dzo dz. (4.11)
Z1 22 zs=0

The following theorem provides a closed-form expression for ]56(6).

Theorem 1. Defining V = 7+ , Is+1 can be derived as

Vort
_ +
Iﬂl_v(F(éH)). (4.12)
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Substituting (4.12) into (4.10) gives

D _ —Vsn Vf;ll
P.(6)=e % To+1) ) (4.13)

We will now prove (4.12) by induction. In order to prove (4.12), we let r = ¢ + 1.

Proof. We know that for » = 1, Z; = 1. Substituting » = 1 into (4.12) also yields Z; = 1. Now,

assume (4.12) is true for r = k, then for r = k + 1,

Vi Vo—2z1 Vik_1—21—22—...— 2k _2 Vik—z1—22—...—2)_1
IkJrl = / / / ldzi dzp_q...dzo dzy. (4.14)
z1= z z

=0 J2=0 }—1=0 =0

In (4.14), the inner k£ — 1 dimensional integral is given by

Vi Vo—z2 Vik—1—22—...—2k_1
7= / / 1dzy... dz3 dzs, (4.15)
z9=0 J z3=0 2z,=0

using the relabelling: Vi = Vo—21, Vo = V3—21,...,Vi_1 = Vi —21. From the induction hypothesis

and using ¢ = b/a, it can be seen that

V(V + (k- 1)p)k2

1= (k—1)! :

(4.16)

which follows from equating Z in (4.15) to Zs41 in (4.11). Then, inserting expression (4.16) into

(4.14) and using the fact that V =V = V5 — 21, (4.14) can be expressed as

1 Vi
Tiy1 = ,/ (Vo —21) x (Vo — 21+ (k — 1)) 2 dz. (4.17)
(k - 1) 21=0

Evaluating (4.17) using integration by parts gives

Lo = =y [kil (VaVa + (b = D)@ = (Vo = Vi) (Vo — Vi + (k — D)) +
(4.18)
1

wk—1) ((‘/2 Vit (k=1p)* = (Vo + (k - 1)@’@)
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Substituting V3 =V and Vo =V + ¢ into (4.17) yields

1
Do = k(k—1)(k — 1)!
_V(V 4+ ko)k—t
- !
V (Viyr)"
T(k+1)

E(V + o) (V + ko)L= (V + kp)*
(4.19)

This completes the proof. Hence, (4.12) holds for all § + 1. O

4.3.1.2 Approximation

Although a closed-form expression for the approximate delay distribution in (4.13) has been
derived, it is only applicable to the Gaussian channel. Hence, in this section, as well as in
Sections 4.3.1.3 and 4.3.1.4, we also consider approximate delay distributions which have a
wider range of applicability. In deriving an approximate expression for P(4), we consider D,
in (4.7) just before and just after a threshold crossing. Hence, we focus on any crossing of the
threshold without requiring it to be the first crossing. This results in having an approximation

which tends to be an overestimate. P(J) can then be approximated by

Po(8) = P(Ds < 7, D51 > 7)

5 5+1
= (QZZZ—(56<’}/,QZZ 5+1)b<’y> (4.20)
i=1 =1
5
ob o+ 1)b
(ZZZ<7+ ZZ+Z(5+1>+(+))
=1 =1 a

The subscript, ag, in IsaG () denotes the approximation method for a Gaussian channel. Let

Ss = Zle Z;, then (4.20) becomes

~ + 0b +(0+1)b—aS
PaG<5>:P<85<”a Zpay > 1T OFD) 5)

a

1
LRSI P

M (4.21)

= / fs;(2)P <Za+1

0

v
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where fs,(z) is the pdf of a chi-square distribution with 26 degrees of freedom, defined as [116]

26_1€_Z

Jfs5(2) = @) 2> 0. (4.22)

Using (4.22), the cumulative distribution function (cdf) of Zsi; and evaluating the resulting

simple integral in (4.21), we obtain

o () ()’

P, (6) = CEY . (4.23)

4.3.1.3 Approximation based on a random walk approach

The classical random walk theory can also be applied in approximating P(4). Recall that D,, in
(4.6) has i.i.d continuous increments of the form aZ; — b. Here, we model the CUSUM process
{Cy}, via D,, in (4.6) by the highly simplified random walk with i.i.d jumps of fixed size, D, and
fixed probabilities of positive or negative jumps. Hence, the sensing delay becomes equivalent to
a first passage time for a simple random walk. To model {C,,} effectively, we select the random
walk parameters so that the jumps have the same mean and variance as the jumps in D,,. From
(4.6), the jumps in D,, are given by

Jig = aZ; —b. (4.24)

Thus, the expected value and variance of each J;, in (4.24) can be expressed respectively as

E[J;i,) = a—b, (4.25)

Var(J;,) = a*. (4.26)

The equivalent random walk has jumps, Jeq, which are upward, +D, with probability ¢ and
downward, —D, with probability p = 1 — ¢. Thus, the expected value and variance of J., can
be defined respectively as

E[Jeg) = D(2¢ — 1), (4.27)
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Var(Jeg) = E[JZ,] — E[Jeg)?
= [D*q+ (—D)*(1 — q)] — D*(2q — 1)? (4.28)
=D*(1-(2¢—1)%).

Equating the means and variances in (4.25), (4.26), (4.27) and (4.28) yields

a—>b

D= —— 4.2

. (4.29)
and

1 1 1

_ -4 4.
1=ty T (4.30)
where
a2
= 4.31

Normalizing the sensing process to multiples of D, we define the number of steps needed by the
random walk to cross v as K = v/D. Thus, the approximate expression for P() can be written

as [111,114]

~ KT'(0 + 2) S+1-K
PT"LU (5 = 2
o(%) (6 + 15 + 3Hr(2sk + 3

S+14+K
2

¢ T, d>K-1L (4.32)

The subscript, rwq, in JBWG (0) denotes the random walk approximation for the Gaussian case.

4.3.1.4 Approximation based on a Brownian motion approach

We can also apply the theory of Brownian motion with drift in approximating P(4). In this
scenario, the CUSUM process, {C),}, can be modelled by re-scaling D,, in (4.6) to construct a

continuous Brownian motion process. This yields

D,
Q(n) = ——" 4.33
(n) \/ Var(Ji,) ( )

where (n) is the sum of the re-scaled independent increments, J; ., and hence, in continuous
time, Q(t) can be approximated by a Brownian motion process. Thus, the detection delay is

equivalent to the first passage time for Brownian motion with drift. The expected value and
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variance of QQ(n) are given respectively as

E[Q(n)] = ;\% (4.34)
Var (Q(n)) = n. (4.35)

The re-scaling (division by /Var(J;.)) is chosen such that () has the same mean and variance

as the Brownian motion process with drift u, W, defined as [115]

where 0 < t < oo and W; ~ N (0,t). For this process, the expected value and variance of W,
can be written respectively as

E[W,] = ut, (4.37)

Var(W,) = t. (4.38)

It can be observed from (4.34) and (4.37) that the drift, u, can be expressed as

ElJic] (4.39)

"= Ny

As a result of the re-scaling process, the threshold is changed to

b = \/\ﬁ (4.40)

We can then write the approximate expression for P(0) as [115]

|¢| _ (w—uq)?

\/ﬁe 24 dgq, (4.41)
7r

]Sbmc: (5) =

where ¢ = 0 + % and we set dg = 1. The subscript, bmg, in ﬁme(é) denotes the Brownian

motion approximation for the Gaussian channel.
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4.3.2 Rayleigh channel

In this section, we consider a mis-matched channel, in which the received signal detected using
a time-invariant detector is transmitted over a Rayleigh channel. For this Rayleigh scenario, D,

in (4.4) and D, in (4.5) will be used in deriving the approximate expressions for P(0).

4.3.2.1 Approximation

In this case, Ss in (4.21) becomes S5 = Zle Z The distribution of Z is more complex than in
Section 4.3.1 (as shown in Section 3.4.2) and the distribution of Ss is unknown. Hence, in order to
use (4.21) as an approximation method, we approximate Z by a gamma variable and this leads
to a gamma approximation for S5 also. The motivation for this approach lies in the fact that for
virtually all mis-matched channels, Z-, will remain positive, unimodal and positively skewed, as
is a gamma variable. Furthermore, as 6 becomes large, both the gamma approximation and the
Ss variable converge to a Gaussian limit. The gamma approximations are simply obtained by
the method of moments. Hence, we can approximate Zi by a gamma variable with mean, p Z,

and variance, 022_ defined respectively as

7

pz = 0% + ok, (4.42)
0% = B|Z}] - E|Z]?
= (4031( + 40'%(0]2\, + 20?{,) — (a§( + 012\7)2 (4.43)
= 303% + 203(0']2\, + lev.
Equations (4.42) and (4.43) follow by using known results on the moments of |H[i]|?, which
has a standard exponential distribution. Similarly, the summation term in (4.4) can also be
approximated by a gamma variable giving
1 6+ )% 0%
Y Zi~G | —5 ), (4.44)
i=1 JZ- 1z,
where G(k,0) is a gamma distribution with shape parameter k and scale parameter 6. The

derivation of the approximate expression for P(§) in the Rayleigh case follows the approach
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taken in Section 4.3.1.2 using (4.5) along with (4.44). Hence, P(d) can be approximated by

En + (6 +1)b
Pun @)= [ 7 g )P (Zon = PO (1.45)
0
where s
ops 0%
Ss~G | 2, Zi) : (4.46)
oy Ml
and s
_ py 0%
Zs~G |2, 2. (4.47)
oz Mz,
Let a1 = —5*, ag = —5* and § = T then fs;(z) in (4.45) is the pdf of a gamma distribution
Z,; Z, Z;
defined as
Zoq—le—z/ﬁ
==\ 4.48
fSé(Z) F(al)ﬂal ( )
We first evaluate the second term in the integral expression in (4.45), which gives
> v+ (6 +1)b [ -
P (Z‘SH = )= R CESILI FZ50n (W) du
= L u e /P gy
Dag)5% Justszn (449

1 . 7+(<;+1)b _
— O[ ) - 5 b
(o) 2 3

where I'(.,.) is the incomplete Gamma function. Inserting (4.48) and (4.49) into (4.45) yields

y+8b

B - 1 PN 'y-‘r((;-i-l)b . .

Pup,, (0) = T (a1 T () Jy 2T e FIPT (ag, — 5 ) dz. (4.50)
Thus, ]3(1 ray (0) has a simple form which requires only a single numerical integration. To increase
accuracy, a reasonable approach would be to approximate S5 by a generalized gamma random
variable and fit the generalized gamma approximation by using the method of moments. How-
ever, in order to approximate P(J), we need to re-estimate all three parameters of the generalized
gamma for each §. Since the method of moments requires an iterative solution and this must be
recomputed for every §, this approach is computationally expensive. Preliminary results indicate

that the increased accuracy is not sufficient to justify the complexity.
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4.3.2.2 Approximation based on a random walk approach

Following the approach taken in Section 4.3.1.3, we can also approximate P(9) for the Rayleigh

scenario using random walk theory. From (4.4), the jump in D,, can be defined as
Jin,, = aZ; — b, (4.51)

1Ray

where the expected value and variance of J;, ~can be expressed respectively as

Ray
E[JiRay] = (_I;LZ — b, (4.52)
Var(Jig,,) = 6°0% , (4.53)

in which pi7 and U%i are given in (4.42) and (4.43). Equating the means and variances of J,,,

n (4.52), (4.53) and Jgq in (4.27) and (4.28) gives

apy — b
Dpyy = —=— 4.54
Ray 2(] —1 ( 5 )
9 — 4&2022
GRay = 5 4 TZ’ (4.55)
in which
Y= 4a2a -+ 4a? ,u~ — 8apy b+ 40°. (4.56)

It is worth noting that the subscripts in (4.54) and (4.56) are used to differentiate between
the Gaussian and Rayleigh case. The number of steps needed to reach ~ can be written as
W = ~/DRqy. Hence, we can express the approximate expression for the distribution of detection
delay for the Rayleigh case as [111,114]

~ WF((; + ) SH1-W  §+14W
Py, (8) = 2 2 s>W-1 ,
wres ) = T 4 YT 1 PR T o

where pray = 1 — qRay-
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4.3.2.3 Approximation based on a Brownian motion approach
We can also follow the approach taken in Section 4.3.1.4 to approximate P(J) in the Rayleigh

scenario by employing the theory of Brownian motion with drift. In this case, we re-scale D,, in

(4.4) to yield

D,
QRay(n) = —F———ve=. (4.58)
Var(JiRay)
The expected value and variance of Qray(n) can be written respectively as
nE[Jz o ]
E [QRay(n)] =T ) (4.59)
Var(Jig,,)
Var (QRay(n)) = n. (4.60)

The drift, ftray, can be obtained by comparing the means in (4.59) and (4.37), which gives

E|J;
[Ray = M_ (4.61)
Var(Jig,,)

Due to the re-scaling of D,,, the threshold now becomes

g

YRay = (4.62)
Var(Jig,,)
Thus, the approximate expression for P(J) can be expressed as [115]
~ ($Ray—FRay D>
Pompg, (0) = Mef BT dq, (4.63)

2mq3

Whereq:5+%anddq:1.

4.4 NUMERICAL ANALYSIS AND RESULTS

In this section, we provide some further analysis of the modified detection delay statistic for the
Gaussian case and present some numerical results to validate the approximate expressions for the

distribution of detection delay for a time-invariant CUSUM detector when the received signals
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experience Gaussian and Rayleigh channels. We also theoretically approximate the probability of
missed detection and provide a detailed analysis of the likelihood of long detection delays. In all
simulations, the threshold is set to be v=3, following from Section 3.5 and each point on the plots
is generated using 20000 trials, where each trial consists of 200 samples. For ¢ < 100 samples,
the CUSUM detector receives only noise. However, at 7=100, the PU starts transmitting and
the received signal at the detector consists of the faded signal plus noise. Detection delay is

measured from when the PU becomes active, at 7, until detection by the CUSUM detector.

4.4.1 Analysis of the D,, process: Gaussian case

The D,, process only differs from the true CUSUM process if it becomes negative before it crosses
the threshold, «v. The probability of this event occurring for the first time at sample n can be
defined as

PO<D; <v,0<Dy<7,...0<Dy_1 <v,D, <0)
(4.64)

< P(D;1>0,D3 >0,...,Dp—1 > 0,D), <0) = Preq(n).

The upper bound, Pyeq(n), can be evaluated for small values of n using standard techniques.

This gives

Preg(1) = P(Dy < 0)

= P(Z1 < g) (4.65)

Pneg(Q) = P(Dl > O,DQ < O)

b 2b
:P<Z1 >,Z2<—Zl)
a a
2 (4.66)

a 2b
:/ e P (ZQ < — — 2’1> dz
=t a
b
= 6_3 — (1 + > e_%.
a
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Pneg(g) = P(Dl >0,Dy >0,D3 < O)

b 2b 3b
:P(Z1>,ZQ>—Z1,23<—Z1—Z2>
a a a

2b 3b

a 2b 3b a
= / e 1P (Zg > — —21,43< — — 21 — Zz) dzy +/ e 1 x (4.67)
5=t a a 2 =20

a

b
P<Z2>0,Zg<3—2:1—2’2> dz
a

b\ _= 20 3b2\ _m
=14+4—-]Je o —(14+—4+— e a.
a a 2a?

Pneg(4) = P(Dl >0,Dy >0,D3 >0,Dy4 < 0)

b 2b 3b 4b
:P<Zl>,Z2>—Zl,Z3>—Z1—Zz,Z4<—Zl—ZQ—Z3>
a a a a
2

@ 2b 3b 4b
= 6—21P<Zz>—zl,Z3>—zl—zz,Z4<—z1—22—23> dz1+
a a a

<

@ 3b 4b
/ ezlp(ZQ>0,Z3>—Zl—ZQ,Z4<—Z1—ZQ—Z3> dz1+
. a a

/ 6_21P<Z2>0,23>O,Z4<4b212223> dz;
P a
= (1+%+3b2> e — (1+%+4bj+8b3>e—‘f.
a a 3a3

(4.68)
There is a clear pattern in the Ppe4(n) results in (4.65)-(4.68), but the precise form for the
polynomial terms in b/a appears to be difficult to obtain. Nevertheless, the values of Pcq4(n) for
n =1,2,3 and 4 give us some insight into the limitations of the approximation. In Table 4.1,
we compare the theoretical and simulation results for P,cy(n) at SNR=5, 0 and -5 dB. We can
see that the theoretical results are validated by the simulations. We also observe that the D,
process has the highest probability of going negative in the first sample compared to the other
samples. Due to the small value of Ppe4(n) for n > 2, this indicates that the approximation

approaches are most likely to be in error in the first sample (i.e. §=0).

Although P,¢4(1) is substantial, the size of the negative jump tends to be small, so that the
approximation remains reasonable as shown in Figures 4.2 and 4.3. It is possible to adjust

for the probability of D,, becoming negative by using a re-scaled threshold. For example, the
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Table 4.1 Results for P,e4(n) at SNR=5, 0 and -5 dB

n Theoretical Simulation

5dB 0dB -5dB| 5dB 0dB —-5dB
0.3630 0.5 0.5806 | 0.3676 0.5031 0.5807
0.0482 0.0767 0.0907 | 0.0483 0.0761 0.0910
0.0183 0.0349 0.0432 | 0.0183 0.0347 0.0431
0.0088 0.0203 0.0264 | 0.0098 0.02  0.0255

B W N =

threshold could be reduced by the mean negative excursion of the D,, process. Therefore, the

re-scaled threshold can be written as

h=~+c¢, ¢ <0, (4.69)

where ¢ = Ppey(1) X E[aZ; —blaZ; — b < 0], in which E[aZ; —blaZ; — b < 0] is the mean negative

excursion of the D,, process, defined as

ElaZ; —blaZ; —b< 0] =a

/Z zif(zi) x| — b
0 P(Zi<g)

b

- ¢ b/azie_zidzib (4.70)
1—e"aJo
al(l— 1+§ e
e
1—e"a

Figure 4.1 compares the simulated results with the approximate expressions for P(J) based on
the original threshold v and the re-scaled threshold, h, when the received signals experience a
Gaussian channel at SNR=5 dB. As can be seen from Figure 4.1, results obtained using the
re-scaled threshold do not provide much improvement over the standard approximation using
~. Hence, in Section 4.4.2, we present numerical results for the distribution of detection delay

based on the threshold v, and do not consider the re-scaling method any further.

442 Results

Figure 4.2 compares simulated results with the approximate expressions for P(J) when the
received signals experience a Gaussian channel at SNR=5, 0 and -5 dB. Based on Figure 4.2,

we observe that the closed-form expression for ]30(5) is close to the simulated results at SNR=5
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Figure 4.1 A comparison of the simulated results and the approximate distribution of detection delay based on
threshold v and the re-scaled threshold, h, for the Gaussian scenario at SNR=5 dB.

and 0 dB. However, at SNR=-5 dB, ﬁc(é) is only accurate for long delays. We can see that at
all three SNRs considered, the approximate expression, ﬁaa (6) behaves as an upper bound on
the closed-form expression for ﬁc(é) and the approximation is reasonably good at SNR=5 and
0 dB. However, the estimation error is high at SNR=-5 dB. In Figure 4.2, we see that at all
SNRs, the approximate expression based on the random walk (RW) approach, ﬁrwG(é) provides
a slightly better approximation for long detection delays as compared to ﬁac(é). At SNR=0
dB, the Brownian motion (BM) approximation, ]Sbmc(é) provides a good estimate of P(J) for
long delays. At SNR=-5 dB, ﬁbmg (0) gives the best approximation for P(J) among all the other

approximation methods.

Figure 4.3 shows a comparison of the simulated results and the approximate expressions for
P(§) when a mis-matched channel occurs, i.e the received signal is transmitted over a Rayleigh

channel. We observe from Figure 4.3 that the approximate expression, P, J), provides a

Ray (

good estimate of P(5) at SNR=5 dB compared to the random walk approximation, Pyp,, (0)

and the Brownian motion approximation, Py, fay (0)- At SNR=0 dB, P, ray (0) gives an accurate
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Figure 4.2 A comparison of the simulated results and the approximate distribution of detection delay for the
Gaussian scenario at SNR=5,0 and -5 dB
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Figure 4.3 A comparison of the simulated results and the approximate distribution of detection delay for the
Rayleigh scenario at SNR=5,0 and -5 dB. This is a mis-matched channel scenario.

approximation for short delays whereas Py, fay (0) and Py ray (0) are close to the simulated results
at long delays. However, at SNR=-5 dB, ]Smeay (6) provides a good approximation, especially

at long delays, as compared to the other approximation methods.

In short, different SNR and detection delay conditions require different approaches in order to

achieve good approximations of the distribution of detection delay. Furthermore, the remarkably
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simple Brownian motion approach provides the best approximation for longer delays.

4.4.3 Probability of missed detection

It is known that the CUSUM detector will continuously sense the frequency spectrum until it
detects the PU’s transmission. In the event that the CU is sensing the existence of the PU, the
CU will declare that the PU is absent at sample 7, if detection has not occurred after a certain
period of time, even if the PU is active. In other words, the CU fails to detect the existence of
the PU leading to a missed detection. We denote r as the number of samples taken during which
no PU is detected by the CU and after which the CU decides to transmit. We can approximate
the probability of missed detection based on ﬁbma (0), since the Brownian motion approach gives
a good approximation of the distribution of detection delay for longer delays. We define the

approximate probability of missed detection by

-‘Bmd(r) = Z ﬁbmg (6)
o= (4.71)

N2
=Y e
273

o>r

where r is the sample number at which the CU declares the absence of the PU. ¢, u, ¢ and dg
in (4.71) are defined in Section 4.3.1.4.

The results for ﬁmd(r) at various SNR are shown in Table 4.2. Based on Table 4.2, it can be
seen that there is a low probability of missed detection at SNR=5 dB as compared to the other
SNRs, with the highest ﬁmd(r) observed at SNR=-5 dB. This is because as the received signal
gets weaker, there is a higher probability that the detection delay will be longer and this leads to
a higher JSmd(r). The remarkably simple Brownian motion approximation enables a very rapid
quantification of these missed detection probabilities. It is worth noting that for small values
of r, P.(8) in (4.13) or P,(8) in (4.23) could be used in deriving the approximate expression
for the probability of missed detection as both of the approximate methods provide a good

approximation of the detection delay distribution for small detection delays.
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Table 4.2 Missed detection probabilities, Ppa(r) at SNR=5, 0 and -5 dB

r 5dB 0dB -5dB
20 | 5.5062x10~% 0.1101 0.6817
40 0 0.0197 0.4143
60 0 0.0033 0.2169
80 0 0 0.0867
100 0 0 0

4.4.4 Analysis of long detection delays

Here, we extend our investigation to general i.i.d channels and analyze the likelihood of long
detection delays for the general case. In both Figures 4.2 and 4.3, the Brownian motion approach
gives a reasonably good estimate of P(J) for longer detection delays. Therefore, the evaluation
of long detection delays will be based on the Brownian motion approach. In order to analyze the
likelihood of long detection delays, we derive a general approximate expression for P(J) based
on the Brownian motion approach, where this general expression can be applied to any i.i.d

channel. For this general case, each jump in D,, can be written as

Ji = aK; — b, (4.72)
3|2 o3 .
where K; = %, a=0%/0c% and b = — hl{Usz jrvag( } The expected value and variance of
J; can be written respectively as
E[J]=a—b,  Var(J;) = a’o%,, (4.73)

where

ok, = BK}] - BIK?
E[|IX|"] —20% 2
= 21 —(1
(a}"( + 203(012\, + Jj"v + (1) (4.74)
E[|X['] —20%

- 1 2 2 4
oy + 20505 + oy

+ 1.

Based on Section 4.3.1.4 and 4.3.2.3, we define a general approximate expression for P(¢), which

can be expressed as
’¢Gen‘ _ (d’Gen_V‘GenQ)z
= —€ 2q

dg, 4.75
o q (4.75)

ﬁmeen (5)
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where ¢ = § + % and dqg = 1. The general drift, puge, and new threshold, ¥ge, can be written
using (4.73) and (4.74) to yield

(4.76)

(4.77)

in which ¢ = 03;/0%. Substituting (4.76) and (4.77) into (4.75), ﬁbmcen () can be re-written as

25 (5)
Py () = —2Ki_ o™~ 2 " dq, 4.78
b Gen( ) \/W q ( )
where
=3
R=1+¢nd >\, 4.79
em{ (4.79)

Note that (4.78) is valid for an arbitrary channel. As § — 0o, ¢ — oo and hence, (4.78) becomes

_ (BRv)?
_ e 20‘%(1_ dq
Py, (0) = 7€ % X . (4.80)
27T0K¢

The form of (4.80) allows us to consider the factors which lead to high probabilities of long

delays. The first term in (4.80) is ¢ so that we have the simple conclusion that high thresholds

(large ) or low SNR (high &) lead to longer delays. The second term is in the form of a Gaussian

density and for large g, this is increased by large values of o, and small values of R. For R, it

is straight forward to show that low SNR (high &) leads to smaller R values, so again low SNR is

a factor. Hence, the only factor that relates to the actual channel is ok,. Using (4.74), in order
2

for o %, to be large, we require

E[X|"] > 30%. (4.81)
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Let M = |X|?, then (4.81) can be re-written as

E[M?] — E[M]?
E[M]?

> 2. (4.82)

The left-hand side of the inequality can be written in terms of the coefficient of variation (CV),
which is discussed in Section 2.1.6. CV is usually used to measure the severity of the fading [62].
This then yields

CV > V2. (4.83)

From Table 3.2 in Section 3.5, most of the classical channel models including Gaussian, Rayleigh,
Rician and Nakagami-m channels have a small value of CV, with the Rayleigh having the highest
CV value of 0.52. In contrast, the long-tailed F distribution, which models a severe fading
channel, has a CV of 1.21. Consider another type of long-tailed distribution, the log-normal
distribution, where the CV is defined as CV = /e?> — 1 [117]. In order to satisfy (4.83),
0?2 > log, 3. Therefore, we observe that in order for the channel to create long delays, it needs
an extremely high CV value that can result from severe fading channels (log-normal shadow
fading or the F channel), but does not occur with the traditional channel models (Rayleigh,
Rician and Nakagami-m fading channels). Hence, we conclude that the channel has very little

impact on long detection delays unless it experiences unusually severe fading.

It is worth noting that the detection delay is mainly a function of the first two moments of the
received signal (i.e. mean and variance). This is because the Brownian motion approach, which
works well in approximating the distribution of detection delay for long detection delay is based
on matching of two moments. In addition, our work on investigating the performance of quickest
spectrum sensing with a single receive antenna over various fading channels in Chapter 3 shows
that CV affects the sensing performance. Again, CV is a function of the first two moments
and these first two moments are not wildly different for most channel models. Furthermore, in
this thesis, we compare channel models with the same power and hence, one of the moments is
exactly the same. Therefore, the performance of the quickest spectrum sensing is insensitive to

the designed detector.
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45 CHAPTER SUMMARY

In this chapter, we derived approximate expressions for the detection delay distribution for a
time-invariant CUSUM detector when the received signal is transmitted over a Gaussian channel
as well as over a mis-matched, Rayleigh channel. In particular, for the Gaussian case, we derived
a novel approximate closed-form expression for the distribution of detection delay. In addition,
we also derived novel approximate expressions for the detection delay distribution for the general
case due to the absence of a general framework. We also applied the simple random walk and
Brownian motion theory with drift to derive the approximate expressions for the detection delay
distribution for both Gaussian and Rayleigh cases. Most of the approximate expressions that

we formulated are general and can be applied to any i.i.d channel.

Numerical results illustrate that in order to achieve good approximations, different approximate
methods are needed for different SNR and detection delay conditions. In particular, at high SNR,
the closed-form and approximation approaches provide good approximations for the Gaussian
and Rayleigh cases. At moderate SNR, both closed-form and approximation approaches provide
good approximation for short delays, but the random walk and Brownian motion approaches
give better approximations for long delays for both of the cases considered. In addition, at low
SNR, the Brownian motion approach gives the best approximation among all the other methods.
Furthermore, of all the approximations, the Brownian motion approach provides a remarkably
simple and accurate approximation for longer delays. The analysis of long detection delays shows
that an increased probability of a long detection delay can be obtained if the threshold value is
large or the received signal is weak due to low SNR. However, long detection delays are normally
insensitive to the type of fading channel. In the next chapter, we will investigate the quickest

spectrum sensing performance when multiple antennas are employed at the receiver.



Chapter 5

EXTENSION OF QUICKEST SPECTRUM SENSING TO
MULTIPLE ANTENNAS

5.1 INTRODUCTION

In Chapters 3 and 4, we studied and analyzed the performance of quickest spectrum sensing,
where the CU is equipped with a single antenna. There have been a number of studies on
spectrum sensing using an energy detector and a GLRT detector employing multiple receive
antennas [118-122]. However, no studies using quickest spectrum sensing consider CUs with
multiple antennas. Therefore, in this chapter, we investigate quickest spectrum sensing per-
formance with multiple antenna CUs when the received signal is transmitted over Gaussian,

Rayleigh and Rician channels.

Slowly varying channels are modeled by a time-invariant channel gain so that a Gaussian signal
in noise gives an overall Gaussian received signal. Fast fading channels are modeled by a Rayleigh
or a Rician channel so that the received signal is the product of two complex Gaussian variables
(channel and signal) with additive noise. We prove that the sum of the complex received signal
powers at each antenna for the independent Rayleigh scenario is a sufficient statistic. This result
allows us to derive the pdf of the received signal experiencing independent Rayleigh channel based
on the sum of the received signal powers. Hence, we can employ an EGC before applying standard
CUSUM sensing techniques (as discussed in Section 2.4.1). The pdf of the received signal is
required to form the optimal CUSUM detector. The derivation of the pdf for the independent
Rayleigh scenario uses a technique which avoids numerical integration. The benefits of using
this technique will be discussed in Section 5.5.2. Besides the independent Rayleigh scenario, we

also employ an EGC for the Gaussian case as the sum of the complex received signal powers at



86 CHAPTER 5 EXTENSION OF QUICKEST SPECTRUM SENSING TO MULTIPLE ANTENNAS

ecach antenna in this case is also a sufficient statistic.

We also consider the case of insufficient separation between multiple antennas on a CU by looking
at the effect of spatial-correlation for Rayleigh channels. Existing studies, including [123,124],
show that the sensing performance of an energy detector degrades with antenna correlation.
However, correlation improves the sensing performance of a GLRT detector [125]. Therefore, in
this chapter, we also study quickest spectrum sensing performance with multiple antenna CUs
in correlated Rayleigh channels. We derive the joint pdf of the received signal for the correlated

Rayleigh case and analyze the effect of correlation on the quickest spectrum sensing performance.

We also consider the case when the received signal experiences a LOS condition, resulting in
a Rician channel. We derive the joint pdf of the received signal for the independent Rician
scenario. For the Rayleigh (independent and correlated) and the Rician (independent) cases, we
also study the quickest spectrum sensing performance in the event of a mis-matched channel,
where the CUSUM detector is designed for a specific channel, but experiences a different channel.
We analytically compute the upper bound and asymptotic worst-case detection delay for both
independent Rayleigh and Gaussian cases. We also numerically evaluate the sensing performance
for the Rayleigh (independent and correlated) and the Rician (independent) cases. The results in
this study provide us with new insights into the minimum detection delay that can be obtained
by adding more antennas at the CU in various types of channels. In addition, the results allow
us to gain further insights into the effects of channel correlation or the Rician K-factor on multi-

antenna quickest spectrum sensing.

The rest of the chapter is organized as follows. Section 5.2 describes the system model. Sec-
tions 5.4, 5.5, 5.6 and 5.7 study the Gaussian, independent Rayleigh, correlated Rayleigh and
independent Rician channel scenarios, respectively, where derivation of the pdfs of the received
signal and the log likelihood ratio are given for each of the scenarios. Analytical and numerical
results are presented in Sections 5.8 and 5.9. Finally, Section 5.10 provides some concluding

remarks.
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5.2 SYSTEM MODEL

In this chapter, we model the signal transmitted by the PU as a narrowband complex Gaussian
signal. An interweave cognitive radio network is considered where a CU, which is equipped with
multiple antennas, monitors the channel allocated to the PU based on its own observations at
each antenna. It is assumed that the PU is initially inactive and that the CU observes samples
sequentially and attempts to detect the PU signal. Therefore, this study focuses on the detection
of the entrance of the PU to the licensed channel. The detection of the departure of a PU can

be approached similarly.

The CU observation at antenna m is denoted by Y;,[i] for m = 1,2, ..., M, where i is the sample
number of the received signal and M is the number of antennas. If the PU is not active,
Yinli] = Np[i], where Ny, [i] ~ CN(0,0%) is an independent circularly symmetric complex white
Gaussian noise. If the PU is transmitting, Yy, [i] = Hp,[i] X S[i]+ Ny, [i], where Hy, [7] is the channel
coefficient and the PU signal is S[i] ~ CN(0,0%), an independent circularly symmetric complex
Gaussian random variable with variance 0?9. At an unknown sample, 7, the PU commences

transmission resulting in a change in the distribution of the received signal. The PU signal is

detected by the CUSUM algorithm (discussed in Section 2.4.1) at sample T

5.3 CUSUM DETECTOR WITH VECTOR RECEIVED SIGNALS

We define Y[i] = [Y1[i], ..., Yar[i]]7. Recall from Section 2.4.1 that the log likelihood ratio required

to construct the CUSUM statistic in (2.19) can be written as

‘((1[)@} (y1[i) yolil, ..., ynei])

l i i]) =1n
v (¥[i]) ‘(;J[)i}(yl[%yﬂi],...,yM[i])

(5.1)

Alternatively, if a single sufficient statistic, z[i], exists then z[i] is a scalar function of Y[i] and

(5.1) can be replaced by a simpler ratio, which can be expressed as

e

Ly (1)) = In
. 70
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Figure 5.1 Block diagram of CUSUM detection with multiple receive antennas at the CU employing EGC for
pre-combining.

If a single sufficient statistic exists, the log likelihood ratio can also be computed using this
sufficient statistic, i.e. by using (5.2), which results in the same value as that computed based
on the joint pdfs of the received signal, as in (5.1). In this chapter, a single sufficient statistic can
be found in the Gaussian and independent Rayleigh cases (which will be discussed and shown

in Sections 5.4 and 5.5, respectively), where the sufficient statistic can be expressed as
M
2i] = YEITY[i] = > [Vinli]?. (5.3)
m=1

It can be observed from (5.3), that z[i] can be obtained from a linear combining technique.
As discussed in Section 2.2.1.3, there are various types of multi-antenna combining techniques
including selection combining, EGC and MRC [54,70,72,76]. The sufficient statistic in (5.3)

can be produced by an EGC and so z[i] is the output of an EGC as shown in Figure 5.1.

5.4 MULTI-ANTENNA SENSING WITH GAUSSIAN CHANNELS

In this section, H,,[i] = H,,, where H,, is a time-invariant channel gain. Let X,,[i] = H,, x Sp[i],
where X,,[i] is a circularly symmetric complex Gaussian variable with variance ag(. Hence,
the received signal at antenna m when the PU is transmitting can be rewritten as Y,[i] =

Xmli] + Npli]. As shown from Figure 5.1, at each sample, i, EGC is applied giving

M
20 = 3 [YalilP. (5.4)
m=1
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Then, z[i] is processed by the CUSUM algorithm (discussed in Section 2.4.1) to determine the

PU’s existence.

5.4.1 Pdfs and log likelihood ratio

Whether or not the PU signal is present, z[i] has a chi-square distribution with 2M degrees of
freedom since Y;,[i] is zero-mean Gaussian. Initially, the signal observed by the CU contains
only noise because of the absence of the PU. At an unknown sample number, 7, the PU becomes
active and the pdf of the combined signals switches instantaneously. The pdfs when the PU is

absent and present are, respectively,

(0) ;
fY[i]TY[i} (2l

|
3
2 N
<
=
5

virvi () =
Y[i]TY[i] (0% + oc%)MT(M)
We can then derive the log likelihood ratio, lY[i]TY[i](z[i]) used in the CUSUM algorithm as

byfijiyp) (2[1]) = I q =75

CEl)
Y[i]TY[i] (Z[Z])

—In {z[i]M—le_M} —In{(o} + %)M (M)} —In { (M te o } * 57)

92 2
= Qz[;]axz +MIn 2UN2 :
oy +ox
It can be observed from (5.7) that lypiyy(2[i]) is solely a function of z[i] and hence, it follows

that z[i] is a sufficient statistic. It is also comforting to see that for M = 1, (5.7) would result

in the same result as in (3.12), computed using the amplitude of the received signal, |Y[i]|.
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5.5 MULTI-ANTENNA SENSING WITH INDEPENDENT RAYLEIGH CHANNELS

Here, the Rayleigh channel coefficient is H,,[i] ~ CN(0,0%). It is assumed that the anten-
nas experience mutually uncorrelated channels and therefore, the Rayleigh fading channel is

independent and identically distributed (i.i.d) between samples ¢ and across antennas.

5.5.1 Proof that 3 |V;,[i]? is a sufficient statistic

The joint pdf of the received signal when the PU is absent is denoted by

o—yliltylil/o%
D lil) =
. (ro%)

5.8
o= M lymlil? /0%, (5.8)

(k)"

In the presence of the PU, the distribution of Y;,[i] conditioned on S[i], is CA(0, o%|S[i]|* 4+ o%/).

Therefore, the conditional joint pdf of Y;[i], Ya[i], ..., Yas[i], given S[i] can be written as

o~ i lymlil2/ (%Sl +0% )

[ (o21S1i][2 + 0%,)] ™

f(Yl[)i”S[i] (yli]) = (5.9)

Let |S[i]|* = o2U[i], where U[i] is a standard exponential random variable such that U[i] ~

Exp(1). Thus, (5.9) can be expressed as

e~ St lym[)?/ (03, 03Ul +0%,)

[7’[‘ (U%IU%U[Z'] + UJQV)]M

el 1) = (5.10)

The joint pdf of the received signal when the PU is present can be written using (5.10) as

fY[z] /fY[z]S fU[z( uli]) duli]
B e Zm 1 |ym[l]| /(UHUSUM"'UN)
A

- k (UHUS“[]+UN)]M

(5.11)

e duli).
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Therefore, using (5.8) and (5.11), the log likelihood ratio can be written as

0 o= Yot lymlil?/ (03 0% ulil+oR)

by (y[i]) = ln{ (02) M X Iym[z‘]|2/aj2v/

0 (ofoduli] + o})M

el du[z’]}. (5.12)

Based on (5.12), lyy;)(y[i]) is solely a function of Z%Izl lym[i]|? and hence, it follows that
SM_|[V,li]|? is a sufficient statistic. From Theorem 8.2.4 in [126], we conclude that a like-
lihood ratio test (LRT) based on Z%zl Y, [i]|? is equivalent to the LRT based on the vector
Yili], Ya[il, ..., Yar[d]. Thus, the log likelihood ratio in (5.12) can also be computed using the pdf

of "M 1¥,,[i]|2, which is based on a chi-square density and this will be shown in Section 5.5.2.

5.5.2 Pdfs and log likelihood ratio

As shown in Section 5.5.1, the log likelihood ratio can also be evaluated based on the statistics
of Z%zl |Y;.[4]|2. Therefore, in this section, we will derive the pdf and subsequently the log
likelihood ratio based on 2%21 Y, [i]|2. This then allows us to apply CUSUM detection, as in
Figure 5.1. As in Section 5.4, in the absence of the PU, the combined received signal, z[i] =
Z%:1|Ym[i]|2, has a chi-square distribution with 2M degrees of freedom and the pdf can be

written as in (5.5).

In order to derive the pdf of the combined signal, when the PU signal is present, we first derive
its cdf. Conditioned on S[i], Y[i] = [Yi[i], ..., Yar[i]]” has a complex Gaussian distribution and
can be written as

Y(i| = (o%|Sli]2 + o%) " 3, (5.13)

where J[i] is a M x 1 vector with independent CA/(0,1) entries. Using this representation,

z[i] = Y[i]TY]i] -
= (oqISEI + o) I T[]

Defining Q[i] = J[i]TJ[i] and |S[i]|> = 02U]i], (5.14) can be rewritten as

2[i] = (07,080 + 03)Qil, (5.15)
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where U[i] is a standard exponential random variable, such that U[i] ~ Exp(1) and Q[i] is a
standard chi-square variable with 20/ degrees of freedom. The densities of U[i] and Q[i] are
respectively fy)(uli]) and fgp(qli]). We let f(qli], u[i]) be the joint pdf of Q[i] and Ul[i]. Thus,

the cdf of the combined signal when the PU is present can be expressed as

P(z[i] < ) = P ((o};05Ui] + o%) Q[i] < z)

— P((Qlil, UTi)) € D),

(5.16)

where D = {Q[i],U[i] : z[i] < x}. Hence P(z[i] < ) can be expressed as

| <) //f dqi] duli]

//f illulil) dalil fugg (uld) dufi]

- [P (Q[z’] = > |Um] (5.17)
1

o2 —x
e# N gk oo eT_é
P(fi] <a) =1- Zk'/Q . (5.18)
T k=0 "~ YN

The pdf of the combined signal when the PU signal is present is obtained by taking the derivative
of (5.18) to yield

s i —=li_ ¢ == U
e’r z[d" [ e T E e T
f [zTYz]( H): o2 Z ! /2 W_mx T dt. (5.19)
T k=0 IN

Computation of (5.19) is assisted by avoiding numerical integration over an infinite region.

Hence, we rewrite (5.19) as the difference of the integral from 0 to co and the finite integral from
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0 to 012\,, which yields

T I T
f(l)A (2[i]) = er =[] / “dt/ e T
Y[ Y]] o7 & TH | o U] ; prs]
_Zth]*% ) _ih]*%
k OO@ o O'N e o
BN R P
z[i] \ Jo t 0 t
2 (5.20)
-1 ==l ¢ =6t
€T z[i]* ©e b o7 E [®e ' 7
= 2 ! At —dt
Sl — o ¢ z[i] Jo ¢

The integrals from 0 to oo in (5.20) can be evaluated with the aid of (3.471.9) in [103, p. 363].
Since 0% is never large, a simple Riemann sum approximation with the mid-point rule [104]
works well, where rectangles are used to approximate the area under the curve. With this

approach, the pdf in (5.20) can be written to any degree of approximation as

e% M-1 AL i i ” =

z[i

(5.21)

o (1) (), oz

in which R is the number of rectangles. Numerical tests show that this approach gives a negligible

where

error and is much faster than numerical integration with R = 50.

The log likelihood ratio can now be calculated using the chi-square density in (5.5) along with
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(5.21), which gives

k=0
oz A\, odgne ™ Pk 1
z[i]Kl_k< Z )) TR &) (z[i] sr>

Therefore, this log likelihood ratio, lypty;(2[i]), can be substituted into (2.21) to detect the

I
—

presence of the PU.

5.6 MULTI-ANTENNA SENSING WITH CORRELATED RAYLEIGH CHANNELS

Here, we assume that H,,[i] is correlated between antennas, but independent between sam-

T

ples. The spatially correlated Rayleigh fading channel, H[i] = [H1[i], H2[i], ..., Hp[i]]", can be

modelled by
H[i] = RY?H,[i], (5.24)

where H,,[i] is a spatially white M x 1 vector with i.i.d CNV(0,1) entries and R is the M x M

antenna correlation matrix denoted by
R=F [HmHmT} . (5.25)

We assume that

R, = p/ (5.26)

where j,k =1,2,.., M and 0 < p < 1. This is the well-known exponential correlation model [127]

where p is the correlation coefficient between the channels on adjacent antennas.

5.6.1 Insufficient statistic

In Section 5.5.1, we prove that the sum of the complex received signal power at each antenna is
a sufficient statistic. This is true for the case when the received signal is transmitted over inde-

pendent Rayleigh channels. However, when there is an insufficient separation between multiple
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antennas, resulting in correlated Rayleigh channels, we will show in this section that a sufficient

statistic cannot be isolated from the log likelihood ratio.

Initially, the PU is inactive and hence, the joint pdf of the received signal when the PU is absent
has a complex Gaussian distribution which can be written as in (5.8). When the PU is active, the
distribution of the observed signal at the CU, Y[i], conditioned on S[i], has a complex Gaussian
distribution given by CN(0, |S[i]|?R + 0%I). Therefore, the joint pdf of the received signal can

be written as

WD = [ 785 61 sl sl
—E[fy[i]‘gm()’[i]) )

(5.27)

where the expectation is taken over S[i]. The joint pdf of Y[i] conditioned on S[i] which appears

in (5.27) is given by
e YT (ISHPR+o3 D)~ yli]

M det (|S[z‘]|2 R+ afvx) ’

Iy iysi V1)) = (5.28)

where det(A) is the determinant of a matrix A. Let |S[i]|*> = o2U[i], where U[i] is a standard

exponential random variable. Therefore, (5.28) can be rewritten as

eyl (@3ULIR+0} 1)~ y[i]

fg[)i]ls[i] (i) = M det (O‘%UMR + 012\,1) ' (5.29)
Using (5.29), the joint pdf of the received signal in (5.27) can be expressed as
Oyl / HICRIRTAD VH g duli]. (5.30)
vl T M det (cZuli]R + 03/1)
The log likelihood ratio can be written using (5.8) and (5.30) to give

It can be observed from (5.31) that Y[i] cannot be isolated from U[i] and so a single sufficient
statistic cannot be found. As a result of this, the rest of the analysis in this section will be based
on the pdfs and the log likelihood ratio of the vector Y[i]. In Section 5.6.2, we will present an

alternative method of deriving the joint pdf of the received signal in the presence of the PU.
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This result is useful as it is more suitable for numerical integration than the original result using

(5.30).

5.6.2 Pdfs and log likelihood ratio

In this subsection, we present an alternative form of the joint pdf of the received signal, f‘((l[)i] (yl7]).

An eigendecomposition is performed on R in (5.29), which gives
R = ¢pAQT, (5.32)

where ¢ is a unitary matrix, A = diag[A1, Ag, .., Aps] and A, is the mth eigenvalue of R. Thus,

(5.29) becomes

oVl (02Ul A+03, D)~ vli]

oM Hi\n/lzl(/\mJ%U[i] + 012\,)’

fg(l[)mgm (y[i]) (5.33)

where v[i] = ¢Ty[i]. We can also rewrite (5.33) as

o M vt vm /(02U AmA0%)

fg[)msm (vli]) = I o201 1 0% (5.34)

Using (5.27) and (5.34), the joint pdf of the received signal can be written as

1 [ e SMLy vhom/(@FuliAmto})

= —ul] qui (5.35)
e uli].
™ J, Hn]‘le()\magu[i] +0%)) i

Ty orlil)

Note that no closed form solution for (5.35) exists, so a single numerical integration is necessary.
Furthermore, series expansions lead to multiple infinite summations and approximations are
complicated by the fact that the density is a multidimensional function of O'JQV and the elements
of R. Finally, note that the form given in (5.35) is more suitable for numerical integration than

the original using (5.30).

The log likelihood ratio can be expressed using (5.8) and (5.35), which gives

0 o= M v vm/(oRulilAm+0%)

o IIM (moZuli] + 0%)

Iy (yli]) = ln{ (UZQV)M iYL/ o% e ulil duli] } (5.36)
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This log likelihood ratio, ly(;(y[i]), is then used in the CUSUM algorithm in (2.21) to detect

the existence of the PU.

5.7 MULTI-ANTENNA SENSING WITH INDEPENDENT RICIAN CHANNELS

In this section, it is assumed that the antennas experience mutually uncorrelated channels so

that H,,[i] is i.i.d between samples and across all antennas. The Rician channel can be modelled

by
Hinli] = pm[i] + vimlil, (5.37)
where
pnli] = o S, (5.39)
and

Uli] = ,/K:_IHSLC[i]. (5.39)

In (5.38) and (5.39), HLOS[i] is the LOS component, satisfying ‘H},‘los[z’HQ = 1 and HSC[4] is
the scattered component (SC), such that HSC[i] ~ CA(0,1) is a zero-mean circularly symmetric

complex Gaussian random variable.

5.7.1 Pdfs and log likelihood ratio

The joint pdf of the observed signal when the PU is absent can be written as in (5.8). Since
E [|Hm [z]\Q] = 1, the distribution of Y;,[7] in the presence of the PU, conditioned on S|, is
CN (mli]S[i], (1 = |pmli]|?) [S[i]|* + 0% ). Thus, the conditional joint pdf of Y1 [i], Ya[i], ..., Yas[i],

given S[i] can be expressed as

0 o = 1 o [ Zomet lymli] = o [i]STi]
Fxiiysp (i) = (@ISR + 02)] " X exp ( o ISP+ ok ) : (5.40)

2

where o = 1—|pp[i]|* = ﬁ and exp(.) denotes the exponential function. We let S[i] = |S[i]|e??,

where 6 = arg(S[i]) and @ is uniformly distributed over [0,2x], # ~ U(0,27). Using (5.40) and
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the polar expression for S[i], the joint pdf of the received signal can be written as

<_ Zi\n/lzl ‘ym[l] — pml[d] [s[d]| €j9‘2>

alsfi]]’ + 0%

A (v / / X exp
v(i]\Y 27TM+ isfill=0 Jo= 0 a\ |2+U )M

x fis) (Islil]) dod|s[i]l,
(5.41)

where f|g;)| (|s[7]|) is the pdf of the amplitude of the PU signal. In order to derive fis (|s[i]]),

we first derive its cdf. The PU signal can be expressed as
Sli) = (o3)"* (i, (5.42)
where J[i] ~ CN(0,1). We can rewrite (5.42) as
S[i)'Sli] = o§J[i] T[d). (5.43)

Let Q[i] = J[i]'J[i], where Q[i] is an exponential random variable such that Q[i] ~ Exp(1).

Therefore, the cdf can be written as

P(Shil < ¢) =

2 ) (5.44)

The pdf of the amplitude of the PU signal can then be obtained by taking the derivative of
(5.44) to give
. 2 S Z —|sli 2 0.2
st (Istll) = 25 el (5.45)

g
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The inner integral in (5.41) is given by

[ S ymli] — ] Is17]) 7
A—/e exp (_ ) de

alsfi]]’ + 0%

=0
. A (5.46)
Sonts (1 + p ] 117
=exp | — — 5 xZ,
alsi]|” + 0%,
where
2m M 14 . 11,50 M . T ol1],—30
o [ xp (S vl (Tl gy
b0 a sl + 0% asli)F + 0%,
With the aid of Euler’s formula and (3.339) in [103, p. 336], Z in (5.47) becomes
M
olsli
7=ty | — 2B IS i (5.48)
112 2
alsli)? + o3 | L=
Substituting (5.48) into (5.46) yields
Sty (lymlil? + L ]2 1512 asil] L
A=exp | — — x 27l e — Z Yo 1] phn [1]
als[i]|” + oy a|sli]|” + o [m=1
(5.49)

The result for A in (5.49) can be substituted into (5.41) and hence, using (5.45), the joint pdf

of the received signal can be written as

2 [ sl P/} vty (lym 1P + Ll 1s[7]%)

Iy i) =

O‘%ﬂ'M |s[i]|=0 (a|8[i]|2+012V)MeXp Q‘S[i]|2+012\7 X
| gl ] > |
Ip | 2|s]e d|slil|.
o<|u| mele L) st
(5.50)

As in (5.35), the joint density in (5.50) cannot be given in a closed form. Also, the integrands in
(5.50) and (5.35) are non-oscillatory and decay rapidly to zero making them ideal for numerical

integration.
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The log likelihood ratio can then be written using (5.8) along with (5.50) to give

oo 1l o—lsli]|“ /o

Iy (yli]) =1 2(9%) " _SM ylil /o, |[i]|eIsliII*/5

Y[z](y[i]) n 5 ——e=m — e
s istill=0 (a|s[i]|? + o%)

exp | —

S (lom 0 + il *5017) \ . (2‘8[2,” |z§g1 Yl ]

alsfill* + 0% alsfi* +o%

) d|sm|}.

(5.51)

It is worth noting that the log likelihood ratio, ly[;(y[i]), does not contain a simple sufficient
statistic. Hence, ly[;)(y[i]) is based on the vector Y[i] and it can be substituted into the CUSUM

algorithm in (2.21) to detect the PU transmission.

5.8 PERFORMANCE ANALYSIS

Recall from Section 2.4.1 that the threshold, v in (2.21), can be set either theoretically, corre-
sponding to an approximate false alarm rate value or in an arbitrary manner, where - is chosen
by trial and error to give a sensible range of average detection delay and false alarm rate. In this
section and the following section, we will investigate both of the threshold setting techniques.
In particular, in this section, we present a theoretical performance analysis of quickest spec-
trum sensing employing multiple receive antennas for the Gaussian and independent Rayleigh
scenarios. In particular, we analytically compute the upper bound and asymptotic worst-case
detection delay for both of the cases. The upper bound and asymptotic worst-case detection
delay could also be derived for the correlated Rayleigh and independent Rician cases, but these
derivations may be complicated to evaluate due to the existence of multiple integrals in the
Kullback-Leibler divergence (contained in both of the derivations). These multiple integrals are
caused by the pdfs of the received signals in the presence of the PU given in (5.35) and (5.50)
and the log likelihood ratios given in (5.36) and (5.51) for both correlated Rayleigh and indepen-
dent Rician cases, respectively, which involve numerical integration. Therefore, analyzing the
theoretical sensing performance for both correlated Rayleigh and independent Rician cases can
be considered for future work. However, the sensing performance for both of these cases will be

evaluated numerically in Section 5.9.



5.8 PERFORMANCE ANALYSIS 101

Let T denote the sample number at which the change is detected and 7 be the sample number
when the change actually occurs. If T" > 7, then the detection delay is § = T - 7. Recall
from Section 2.4 that the minimax formulation proposed by Lorden [94] models the change-
point as an unknown deterministic quantity. Lorden subsequently showed that the well-known
Page’s CUSUM algorithm [95] is asymptotically? optimal in minimizing the worst-case detection
delay [37,43,44]. Based on Lorden’s formulation [94], the worst-case detection delay for Gaussian

and independent Rayleigh channels (described in Sections 5.4 and 5.5, respectively) are given by

T4, =supess sup E () 0=T—7T>r,2[1],...2[1]], (5.52)
r>1 Tyiatvi
Tayg,, = supess sup E ) 6=T—7|T >1,2[1], ..., 2[7]] , (5.53)
T>1 fY[i]TY[i]
where F 1) [.] denote the expectation operators when the change occurs at sample number 7

and the pdf of fg[)i]TY[i} is given in (5.6) for the Gaussian case and in (5.21) for the independent
Rayleigh case3. The subscript, dg, in (5.52) and dpggy, in (5.53) denote the Gaussian and

independent Rayleigh cases, respectively.

Alternatively, if T < 7, a false alarm event will occur with the mean number of samples to false

alarm defined as Ty, = E [T] for the Gaussian scenario and Ty, = E O [T'] for the
Y[i]TY[4]

[.] is the expectation operators when the change

(0)
f \;)[i]TY[i]
independent Rayleigh scenario [36,37]. E

never happens, where fs(;)[)i]TY[i]

scenarios. The false alarm rates are then defined as FARG(T) = 1/T, and FARpq,(T) =

1T f4,, [98].

(0)
fY[i]TY[i]

is given in (5.5) for both Gaussian and independent Rayleigh

The assumption of independence between the received signals allows us to express the lower
bound on the mean number of samples between false alarms as ch > €7, and TfRa,y > e
[36,44,94]. We now proceed to derive the upper bound for the worst-case detection delay for
the Gaussian channel, T4,. Using Wald’s equation, (Theorem 1 in [128]) and the fact that the

combined signal, z[i], follows a chi-square distribution, we can express the upper bound on ng

2 Asymptotic here means that the mean number of samples between false alarms goes to infinity.
$Essential supremum (ess sup) is used in (5.52) and (5.53) so that T4, and Tap,, takes the worst-case value
over all possible realizations of the z’s before the change [43].
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as

Tae € —r b, (5.54)
D (o i)

where

Jo” By (Z[i])fﬁ((l[)ﬂTY[i] (=[i]) dz[d]
(1) (0) '
D (waY[i]||waY[i]>

In (5.55), v is the zero of the log likelihood ratio function, lyy;iyp(2[i]) in (5.7), f‘({l[)my[i](z[i])

(5.55)

is given in (5.6) and D ( S(}[)i]fY[i] I fﬁ(?[)i}TY[i]) is the Kullback-Leibler divergence of fé,l[)i]TY[i] from

f‘({o[)i]TY[i}. Solving lyp;typ)(2[i]) = 0 in (5.7) gives v as

2 2 2 2
U:_%Nw;%ame{QWVQ} (5.56)
ox oy t0x

D ( 3((1[)i}fY[i]||f§(?[)i]TY[i]> in (5.54) and (5.55) can be written as

(1) (0) > ) . fx((l[)my[i](z[i]) ,
D (#rv ) = /0 Fyfyrgp (Rl In § —gr——— ¢ dz[i]

Y[i}fy[i](z[i])
= /0 ot D {0 i LD | d2li] = /0 P G { Sy gy (1D | (il
(5.57)

Substituting f‘({o[)i]TY[i](z[i]) of (5.5) and fs[)i]TY[i} (z[i]) of (5.6) into (5.57) yields

1 0
D ( - |]f§([)i]w[i]> - <—M1n {0% + 0%} —In{T(M)} — M + (M — 1)x

o0 2li M—1 _ 22[1'] . . M 0.2 0.2

0o . z[i]M_l _% .
(M —-1) X/O ln{z[z]}(a%v+0§()MF(M)e NToX dz[z]).

(5.58)

In order to evaluate the integral in (5.58), we first take the derivative of the gamma function,
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which gives

/(M) = a 57 D(M)

2[i]

N dzi] (5.59)

aM/ O'N—|-0'X
Ef 2l , 2 2
:/0 In{zfi]}e % X ot oy el = (kR O

Dividing (5.59) with the gamma function, I'(M) gives

I'(M 00 U AM-1 '
(M) /0 In{z[i]}e "NT7x CE [0] RLINaTy dz[i] —In{o% + 0%} . (5.60)

Thus, (5.60) can be rewritten as

oML g T
/0 ln{z[z]}(a?v +cr§()MI‘(M)e dzli] = T(M)

+In{o% +0%}. (5.61)

The result of the integral in (5.61) can be substituted in (5.58) to give the Kullback-Leibler

divergence, which can be expressed as

<f<1> T mq) ~M1n{o% + 0%} —In{T(M)} — M + (M — 1)x

! 02 0.2
[I;(%)) +ln{(f]2v+0§(}] - (-m{(afv)Mr(M)} _ Moy %) JCVT]Q:F X,

(M —1) x [1;'((]\]\44)) +In{o% +0§(}]>
2

X+ Mn{o%}.
N

= —MIn{o% + 0%} +

(5.62)

Therefore, using (5.62), lyiyp(2[i]) of (5.7) and f(l) TY[i](z[i]) of (5.6), we can re-write the
upper bound on Ty, in (5.54) as
S %

2
~Mln{o} + 0%} + 73X

Ty < (5.63)

+ Mn{o%}
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where

z[1]
o (2o % 1) g e
. I (ot + M {8 }) * raabymrane 7 dali
o 2
~Mn{o} + 0%} + 235 + Mnfo})
1
- % (5.64)

M

00 492 2 2 __ =[]
/ (22[;]0—)(2 + M In {20—]\[2}> X Z[’i]M_le UJZV-HT%{ dZ[Z],
v \ox(ox+0%) oy +ox

in which v is given by (5.56).

0.2
(02, + 02 )MD(M) x (—Mln{afv + 0%} + Tk + Mln{a]QV})

The upper bound for the worst-case detection delay for the independent Rayleigh channel, TdRay
can be written with the aid of Wald’s equation and Theorem 1 in [128] along with the fact that

the combined signal from each antenna, z[i], is chi-square distributed, which yields

_ o
Ty, < i ’ (5.65)
D f(1)< ' Hf(O)‘ '
< Y)Y [ 1Y Y)Y ()
where (1)
o I Begrwr Gl Iy (Z[i])dzm_ (5.66)

o) ©
D (f Yy nyh-]wm)

In (5.66), n is the zero of lypryy(2]i]) in (5.23), f‘({}[)mY (z[7]) is given by (5.21) and the

[i]
Kullback-Leibler divergence, D ( fﬁ((}[)z‘]TY[z'] I fﬁ(?[)z‘]TY[z’])’ can be expressed using (5.5) and (5.21) as

% o M=1 [k L o
D (fé'l[)ﬂfy[i]‘|f$[)ﬂfy[i]> = 60% /0 — Z[Z} [2 (ZMU%) ? (Kk ( UQT[]> _

—zl]_ sy ﬂ_t'_i

kor z[i] o2 e h [k 1 (e2)YMD(M)eN 7
2l ( 5 >>+]1%Vrzl (sp)k (z[z]_sr)] Xln{ . o2 2[i]M-1 X
M—-1 Sl k k . o
EJ [2 (2[i]oF) <K—k< (,ZT[Z]> - k;[;]K1_k< ;[z])) +
k=0 2 2
—z[i] _ sy

o2 e T [k 1
R oy (s sr)”‘”m’

(5.67)
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where s, is given by (5.22) and R is the number of rectangles. It is worth noting that n in (5.66)
is calculated numerically. The resulting Kullback-Leibler divergence in (5.67), lyyiy(2[i]) of
(5.23) and f Y ]( z[i]) of (5.21) can then be substituted into (5.65) and (5.66) to give

B oZe _;%N (v + @)
e, < fOOOI <ln { <(0?V)MF(M) exp <%22V] + % > / (UTz[ M= )} +1In {I}> 2li ]7 o
where
1= 5 W oo (s (G0 b () )
2 & z[i] 2
N etf]fjfg o (5.69)
}]%V; (sr)k (Z[i]_sr>]’
and
T (mf (< Mo (5 +51)) o) o @)

N
A 2)) / (o32M 1) | + (T} dafi]

As TfG7TfRay — o0 , v — oo. Therefore, it is desirable in practice to analyze the detection
performance asymptotically as it will give a low false alarm rate [44]. With the aid of Theorem
1 in [94], the asymptotic worst-case detection delay can be approximated [43,44]. Hence, the
asymptotic detection delay, for Gaussian and independent Rayleigh channels can be written

respectively using (5.62) and (5.67) as

= i
T~
do < (1) H (0) >
iyl iy (571)
v
~ 2 2 Ma? 2’
—MIn{oy, + 05} + UIQVX + M1In{o%}
= Y
TdRay ~ D
(vl rvia)
3, (5.72)
2 2
o2e T 5
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where Z is given in (5.69).

Therefore, the upper bound for the worst-case detection delay given by (5.63) and (5.68) and
the asymptotic detection delay given by (5.71) and (5.72) for both Gaussian and independent
Rayleigh cases, respectively, can be used to evaluate the quickest spectrum sensing performance.

These are shown in Figures 5.2 and 5.3, which will be discussed in detail in Section 5.9.

5.9 ANALYTICAL AND NUMERICAL RESULTS

In this section, we present some analytical and simulated results to evaluate quickest spectrum
sensing performance in Gaussian and independent Rayleigh channels, employing multiple receive
antennas at the CU. The analytical results follow from the theoretical analysis of the sensing
performance discussed in Section 5.8. In addition, we also present some numerical results to
evaluate the sensing performance in Rayleigh (independent and correlated) and Rician (inde-
pendent) channels when the CU is equipped with multiple antennas. We assume that the PU
begins transmission at 7 = 100. In all simulations, each point on the plot represents the average
values observed over 20000 trials, where each trial consists of 2500 samples. The number of

rectangles required for the Riemann sum in (5.21) is set to R = 50.

5.9.1 Analytical results

In order to analyze the theoretical sensing performance, the thresholds, v, for both Gaussian and
independent Rayleigh cases that we consider (i.e. for Figures 5.2, 5.3 and 5.4) are set using the

respective lower bounds on the mean number of samples between false alarms, ch; and TfRay'

Figure 5.2 compares the simulated and analytical results for the case when the CU is equipped
with single and multiple antennas (M=3) and the Gaussian signal is observed over a time-
invariant channel at SNR = 4.77 dB*. We observe that with M=3 antennas at the CU, the
detection delay, T, reduces substantially compared to M=1. The reduction in detection delay

is at least 6 samples which represents at least a 6-fold improvement.

4The SNR value of 4.77 dB is chosen to allow comparison with [36].
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Figure 5.2 Comparison between the performance of the CU equipped with single (M=1) and multiple (M=3)
antennas for a Gaussian channel with SNR=4.77 dB.

In Figure 5.3, we present a comparison between the simulated and analytical sensing perfor-
mance in Gaussian and independent Rayleigh channels at SNR=10 dB when the CU is equipped
with M=3 antennas. Comparing T4, with TdRu,y in Figure 5.3, we can see that the sensing
performance degrades in the Rayleigh fading channel as compared to a Gaussian channel due to
the faded received signals. However, the impact of the propagation conditions is small compared
to the effects of different numbers of antennas as shown from a comparison of Figures 5.2 and

5.3.

Figure 5.4 shows the performance improvements due to adding more antennas at the CU for
Gaussian and independent Rayleigh scenarios. The improvements are due to the increased spatial
diversity provided. In Figures 5.2 and 5.3, the simulation results are close to the asymptotic
analysis and the upper bound is very loose. Hence, the asymptotic result provides a good
indicator of sensing performance. Deviations of the asymptotic results from the simulations are
due to the fact that the theory involves a large threshold value and an asymptotically small false

alarm rate.
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Figure 5.3 Simulation and analytical sensing performance in (a) Gaussian and (b) independent Rayleigh chan-
nels at SNR=10 dB.
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and (b) independent Rayleigh channels at SNR=10 dB.
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Figure 5.5 Comparison between the sensing performance in i.i.d Rayleigh (p = 0) and correlated Rayleigh
channels (p = 0.5 and 0.9) with multiple antenna CUs at SNR=5 dB in (a) and SNR=-5 dB in (b).

5.9.2 Numerical results

Here, we consider CUSUM threshold values of v € {3,3.5,4,4.5,5,5.5,6,6.5, 7}, following the
threshold values in Chapter 3, for Figures 5.5, 5.7, 5.9 and 5.10, whereas for Figure 5.8, we
consider v € {0.2,0.25,0.3,0.35,0.4,0.45,0.5}. The threshold is set in these ranges (chosen by
trial and error) so that a reasonable range of false alarm rate and average detection delay values

are achieved for the numerical results.

Figure 5.5 compares the sensing performance of a multiple antenna CU in i.i.d and correlated
Rayleigh channels for various values of p at SNR=5 dB and -5 dB. Results show that performance
improves as the number of antennas and SNR increases. In addition, results show that increased
channel correlation has little impact at SNR=5 dB, but helps to reduce the average detection

delay at SNR=-5 dB.

The effect of correlation on the sensing performance can be explained by looking at the moments
of the total power of the signal. Consider the extreme cases of i.i.d (p=0) and perfectly correlated

(p = 1) Rayleigh channels. Here, the total power of the signal for both of the cases can be
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expressed as

and

M

Z BIREI (5.74)
where E [|Hylil|*| = 1, H[i] = Hi[i] = ... = Hy(i] and the subscripts in (5.73) and (5.74)

denote the i.i.d and perfectly correlated cases respectively. Let |S[i]|> = o2U[i], where U[i] is a
standard exponential random variable. The mean and variance of P4 and P, can be written

respectively as

zzd

Z!H 1715 i) ]

= Mo?,

(5.75)

M 2
=05 | B[V B <Z!Hm[i]\2> — (B[ (E

v (5.76)
Z |Hm[7f]|2 Z |Hn[l”2] - M2>
n=1

M
= <2E
m=1

=0¢(2[M x E [|Hp[i]|'] + M(M — 1)E [|Hn|?] E [|Hn|?]] — M?)

= og(M? +2M),

cor‘r =

Z\H ISl ]

(5.77)

= MU%,

Var(Peorr) = MzailgVar (U[z]|H[z]|2)
= M2k (B[HE) E VR - (2 [HEP)? (BOE)?) 679

= 3M?0%.
It is worth noting that (5.75)-(5.78) are derived using the fact that |H,,[4]|?, |Hy,[i]|? and |S[i]|?

have exponential distributions. Based on these results, we observe that although P;;y and Py
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Figure 5.6 Simulated CUSUM statistic for i.i.d and correlated Rayleigh cases at SNR=5 dB and -5 dB when
threshold, v = 4.

have the same mean, P, has a higher variance than P;;;. When the SNR is low, the CUSUM
detector has small average jumps and takes a long time to cross the threshold. In this situation,
a larger variance and, therefore the occasional larger jump is beneficial, which accelerates the
threshold crossing. This is illustrated by traces of the CUSUM process at SNR=-5 dB in Figure
5.6, which showed a few larger jumps dominating the threshold crossing. Hence, at low SNR,
correlation leading to a higher variance is beneficial. In contrast, at high SNR, the CUSUM
jumps are larger and a threshold crossing occurs rapidly even with average sized jumps. Hence,
the occasional large jump has little effect and correlation causing increased variance has little
effect. Again, this can also be seen by the traces of the CUSUM process at SNR=5 dB from

Figure 5.6, which did not show an important role being played by unusually large jumps.

Table 5.1 shows the minimum number of antennas needed to detect the PU transmission at
a given channel correlation, p, in less than a 2 sample average delay for a false alarm rate
of 0.05 at various SNR. The key conclusion is that multiple antennas can be used to reduce
detection delay for weaker PU signals. However, the need for antennas is much greater when

the spatial correlations are small. Note that sensing in the low SNR region is assisted by
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Table 5.1 Minimum number of antennas required for an average detection delay < 2 samples with FAR = 0.05
at various SNR

p | Minimum number of antennas

10dB 5dB 0dB -5dB

0 1 3 12 82
0.5 1 2 11 60
0.7 1 2 10 45
0.9 1 2 9 30

correlation, whereas data transmission traditionally prefers independent channels. Hence, there
are competing demands on the antenna array, which may be better met using a reconfigurable

antenna array.

Figure 5.7 compares performance of single, discussed in Chapter 3, and multiple antenna CUs
in independent Rician channels with K=0 dB and 6 dB at SNRs of 5 dB and -5 dB. We can
see that at high SNR, the performance gain achieved by employing multiple antennas gives a
reduction of at least 2 samples in the average delay. Also, at both SNRs, increased values of
K tend to improve sensing performance. As expected, a LOS component stabilizes the received
signal and makes it easier to detect. The M=1, SNR=-5 dB scenario is an exception to this
trend. Here, the received SNR is lowest (as there is no diversity gain for M=1) and the signal
is noise-limited. As a result, the detection results are insensitive to the type of channel and the
K=0 dB and K=6 dB results are indistinguishable. From Figures 5.5 and 5.7, we observe the
benefits of both correlation and LOS. This motivates correlated Rician channels as an area for

future research.

The same trends as in Figures 5.5 and 5.7 can be observed at SNR=-20 dB in Figure 5.8.
However, in order for a CUSUM detector to have a reasonable false alarm rate, lower threshold
values are required due to small increments in the CUSUM detector, resulting in long delays.
Thus, the average detection delay in this case is substantially longer than Figures 5.5 and 5.7.
This motivates cooperative quickest spectrum sensing with multiple receive antennas for future
work, which could possibly help the sensing performance at SNR=-20 dB, where the received

signal is very weak. This possible extension will be discussed in Section 7.2.

Figures 5.9 and 5.10 compare sensing performance for the correlated Rayleigh (p = 0.5) and

independent Rician case (K=0 dB) at SNR=10 dB and 5 dB, respectively, for mis-matched
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Figure 5.7 Simulated sensing performance for different numbers of antennas in independent Rician channels
with K=0 dB, 6 dB at (a) SNR=5 dB (b) SNR=-5 dB.
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Figure 5.8 Simulated sensing performance in (a) Rician and (b) i.i.d Rayleigh (p = 0) and correlated Rayleigh
channels (p = 0.5 and 0.9) with multiple antenna CUs at SNR=-20 dB.
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(a) SNR=10 dB Correlated Rayleigh (b) SNR=10 dB Rician
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Figure 5.9 Performance comparison between correct and mis-matched detectors (D) in different channels (C) at
SNR=10 dB (correlated Rayleigh (CRay) with p = 0.5 / independent Rician (Ric) with K=0 dB / Time-invariant
(T-Inv) cases).

channels, in which the CUSUM detector is designed for one channel, but experiences another.
In both Figures 5.9 and 5.10, we observe that for both correlated Rayleigh and Rician cases, the
actual channel experienced by the PU signal has a greater impact on the sensing performance
than the channel used to design the detector. For example, the average detection delay for the
correlated Rayleigh detector is close to the time-invariant detector when the received signal is
transmitted over correlated Rayleigh channels at both SNRs. Similar trends at both SNRs can
be observed over independent Rician channels and as the number of antennas varies in both

scenarios. Hence, the detection technique is robust to errors in channel identification.

5.10 CHAPTER SUMMARY

In this chapter, we have studied quickest spectrum sensing for CUs equipped with multiple receive
antennas when the received signal is transmitted over Gaussian, independent and correlated
Rayleigh and independent Rician fading channels. We first showed and proved that for the
Gaussian and independent Rayleigh scenario, the sum of the complex received signal powers
at each antenna is a sufficient statistic. This allowed us to use a log likelihood ratio based

on the sum of the received signal powers. Hence, we derived the pdf of the power sum (the



5.10 CHAPTER SUMMARY 115

(a) SNR=5 dB Correlated Rayleigh (b) SNR=5 dB Rician
4 —— M=2: CRay C/CRay D 4 ‘ V2 R E:/R‘ 5
. - — —M=2:Ric c
? M= CRayC/T-InvD | o & - M=2RicC/ TV D
% 35 —a— Migi CRay C/CRay D %_ 35 — % —M=3 RicC/RicD |l
E ——M=3:CRayC/T-InvD | E -6 -M=3:RicC/T-InvD
o 3t —>—M=4:CRayC/CRayD | & 3f - & -M=4:RicC/RicD |
© —%—M=4:CRay C/T-InvD | 2 g |-A-M=4:RicC/T-InvD
8 3 ‘m
c 25} 1 €25 :g\ 1
=1 =] ~
£ = ~I-¢
g 2f 8 2t T-IZo- -
@ T |* -4
o ° * Ou
c c ')K.*_ O~ _
S 15} 215 > IG-__4 1
|3 o - - _ _ = - -
2 2 O~ A —% -
3 8 ¢ -9l IByI s A
S o1t 13 1t o- - 27
g g
(] Q L 4
2 0.5 3: 0.5
0 : - 0 - -
0 0.05 0.1 0.15 0 0.05 0.1 0.15
False alarm rate False alarm rate

Figure 5.10 Performance comparison between correct and mis-matched detectors (D) in different channels (C)
at SNR=5 dB (correlated Rayleigh (CRay) with p = 0.5 / independent Rician (Ric) with K=0 dB / Time-invariant
(T-Inv) cases).

output of the EGC) in order to construct the log likelihood ratio. The derivation of the pdf
for the independent Rayleigh scenario uses a technique which avoids numerical integration. We
also derived the joint pdfs of the received signals for the correlated Rayleigh and independent
Rician fading scenarios. In addition, we derived an analytical performance analysis, including
the upper bound and asymptotic worst-case detection delay for both Gaussian and independent

Rayleigh scenarios. The sensing performance for the Rayleigh (independent and correlated) and

independent Rician cases were evaluated numerically.

The numerical analysis and simulation results illustrate the performance gains that can be
achieved in all cases by employing multiple antennas at the CU due to the spatial diversity
provided. Furthermore, channel correlation has little impact on the sensing performance at high
SNR, whereas at low SNR, increasing correlation between Rayleigh channels improves sensing
performance. In particular, the detection of weak signals is significantly assisted by spatial cor-
relation at the CU array. Simulation results show that the sensing performance increases with
an increasing Rician K-factor value. In the event of mis-matched channels, simulations demon-
strated that at a particular correlation coefficient or Rician K-factor, the sensing performance is

sensitive to the true channel condition irrespective of the number of CU antennas.






Chapter 6

DISTRIBUTION OF DETECTION DELAY FOR MULTI-ANTENNA
QUICKEST SENSING

6.1 INTRODUCTION

In Chapter 5, we studied quickest spectrum sensing performance for cognitive users with multiple
receive antennas when the received signal experiences Gaussian, Rayleigh (independent and spa-
tially correlated) and independent Rician channels. The quickest spectrum sensing performance
was evaluated theoretically and numerically in terms of detection delay and false alarm rate.
No studies have appeared which give a theoretical expression for the distribution of detection
delay for multi-antenna quickest spectrum sensing. Such an expression would be beneficial in
further analyzing the sensing performance with multiple receive antennas at the CU, especially

for longer delays or in the lower SNRs.

Results from Chapter 5 illustrated that in the event of a mis-matched channel, where the CUSUM
detector is designed for a specific channel, but experiences a different channel, the quickest
spectrum sensing performance at a particular correlation coefficient or Rician K-factor depends
greatly on the true channel and is relatively insensitive to the CUSUM detector. Since the
fading channel is usually unknown in the cognitive radio network, and quickest spectrum sensing
performance is insensitive to the designed detector, it is reasonable to employ a simple multi-
antenna time-invariant detector to detect the PU transmission. Recall from Chapter 4 that
the Brownian motion approach provides the best approximation of the distribution of detection

delay for longer delays.

Therefore, in this chapter, we derive theoretical expressions for the distribution of detection de-
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lay for a multiple antenna time-invariant CUSUM detector when the received signal experiences
Rayleigh (independent and spatially correlated) and Rician (independent and spatially corre-
lated) channels. In particular, we derive the expected value and variance of the received signal
transmitted over a correlated Rician channel, which is useful in deriving the approximate expres-
sion for the distribution of detection delay. The derivation of the approximate expressions for
the detection delay distribution for all of the cases are based on the Brownian motion approach.
We verify the validity of the approximate expressions for the distribution of detection delay for
each of the cases, employing multiple antennas at the CU, using simulations. In addition, we also
study the effects of channel correlation, LOS strength and the employment of multiple receive
antennas at the CU on the probability of detection delay, especially for long delays or at low
SNR.

The rest of the chapter is organized as follows. Section 6.2 describes the system model including
a brief description of the modified detection delay statistic. Section 6.3 presents the derivation
of the theoretical expressions for the distribution of detection delay for a multi-antenna time-
invariant CUSUM detector, when the received signal is transmitted over Rayleigh (independent
and spatially correlated) and Rician (independent and spatially correlated) channels. Numerical
results to validate the approximate expressions for each of the cases are given in Section 6.4.

Finally, Section 6.5 ends the chapter with some concluding remarks.

6.2 SYSTEM MODEL

It is assumed that the PU is initially inactive and a CU equipped with multiple receive antennas
attempts to detect the PU transmission. The PU signal is assumed to be a narrowband complex
Gaussian signal. Let Y,,[i] denote the received signal at antenna m, where m = 1,2, ..., M and

i is the sample number of the received signal. If the PU is inactive, then
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where N,,[i] is independent circularly symmetric complex white Gaussian noise such that N, [i] ~

CN(0,0%). If the PU is active, then

Ym[z] = Hm[z] X SM + Nm[ZL (6'2)

where H,,[i] is the channel coefficient and S[i] is the PU signal such that S[i] ~ CN(0,0%) is
an independent circularly symmetric complex Gaussian random variable with variance ag. Let
Xmli] = Hpli] x S[i], where X,,[7] is a circularly symmetric complex Gaussian variable with

variance Jg(.

We first consider the case when there is insufficient separation between the antennas at the
CU resulting in spatially correlated Rician fading channels. Hence, H,,[i] is correlated between
antennas, but independent between samples. The spatially correlated Rician fading channel,

H[i] = [H,[i], Hali], ..., Hn[i]]*, can be modelled by

H[i] = SV][i] + aRY?U]Ji], (6.3)
where
=\l Vil=HO (64
and
o= ‘/K1+1’ Uli] = HC[4]. (6.5)

R in (6.3) is the M x M antenna correlation matrix denoted by E [H[iJH[i]']. It is assumed
that R follows an exponential correlation model such that Ry, = pla=7l where ¢, r =1,2,..,. M
and 0 < p < 1. Note that this model is most relevant to uniform linear arrays (ULAs). In (6.4),

HYO5[] is the LOS component given by [129]

H"OS[i)] = |1,¢72, ..., dM-DA T, (6.6)

where

A = 27d cos b, (6.7)

in which d is the antenna spacing in wavelengths and 6 is the angle of the LOS component
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at the receiver. Here we are assuming a ULA is deployed. In (6.5), H3C[i] is the scattered
component (SC) which is a spatially white M x 1 vector such that H3[i] ~ CA/(0,1). When
p = 0, the correlated Rician channel, H[i] in (6.3) reduces to an independent and identically
distributed (i.i.d) Rician channel. When K = 0, H[i] in (6.3) reduces to a correlated Rayleigh
channel, whereas, when K = 0 and p = 0, it reduces to i.i.d Rayleigh. Therefore, in this chapter,
the derivation of the mathematical expression for the distribution of detection delay will be
conducted for the correlated Rician case and based on the corresponding result, the theoretical
expression for detection delay distribution for the other cases (i.e. i.i.d Rician, i.i.d Rayleigh and

correlated Rayleigh) can be obtained by changing the parameters K or p.

Let Y[i] = [Yi[i], Ya[d], ..., Yar[i]]" and z[i] = Y[i]'Y[i]. It is assumed that the PU begins
transmission at some sample 7 and the PU signal is detected by the CU using the CUSUM
algorithm. Recall from Section 2.4.1 that the PU signal is detected by the CUSUM algorithm

at sample 7" and the recursive form of the CUSUM statistic is denoted in (2.21) as
Crni1 = {Cn + by gy (2ln + 1])} 7, (6.8)

where 2+ = max(x,0) and lyp;iy};(2[i]) is the log likelihood ratio, which can be expressed as
. 1 : 0 . 1 . 0 .
v (Gl = 1 Sy I/ g (LD | where f 1 (20 and £y, (+1i]) ave
the probability density function (pdf) of the received signal, Y[i|, when the PU is present and
absent, respectively. Recall from Section 5.4 that the log likelihood ratio for a multi-antenna

time-invariant CUSUM detector can be written as in (5.7), which gives
bypiyg (Gl = 55 =5+ MIn§ ———». (6.9)

ooy +0%) oy +ox

If T > 7, then a detection delay, 6 = T'— 7 will occur. Let P(J) denote the probability that
the detection delay is § samples. Hence, this defines the distribution of detection delay for

multi-antenna quickest spectrum sensing.
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6.2.1 Modified detection delay statistic

As discussed earlier in Section 4.2.1, it is difficult to analytically handle the CUSUM statistic,
C, due to the max operation in (6.8). This is because the max operation causes a complex
dependence between C;, and the log likelihood ratio, lyp;iyp(2[i]). Therefore, in general, no
exact analysis is possible. Following the approach taken in Section 4.2.1, we could approximate

the CUSUM process by the modified detection delay statistic, D,,, denoted by
D, = Z Ly ity (21i])
2
—Z( +M1n{2"N2}>,
pat UNUN+JX) o oy

where D,, is a sum of a fixed number of terms. It is worth noting that the modified CUSUM

(6.10)

process in (6.10) is only used to analytically approximate the CUSUM process whereas the
exact CUSUM algorithm in (6.8) and (6.9) is used for all simulated results. Let z = z[i],

a= and b= —M In {%} Hence, a > 0, b > 0 and we can rewrite (6.10) as

X
0'12\7 (012V+U§() U?\,Jrax

n

Dp=) (az—b). (6.11)

=1

As can be seen from (6.11), the approximation of the CUSUM process based on D,, lies in the
fact that D,, can take negative values whereas C), in (6.8) is restricted to C, > 0. However,
when D,, has positive values, it is the same as C,. Recall that the validity of this approximation

has been discussed and shown in Section 4.2.1 and 4.4.1.

6.3 DISTRIBUTION OF DETECTION DELAY BASED ON THE BROWNIAN MOTION
APPROACH

As shown in Section 4.4, the Brownian approximation provides a remarkably simple and accurate
approximation for the distribution of detection delay for longer delays. Therefore, following the
approach taken in Section 4.3.1.4 and 4.3.2.3, we can also approximate P(9) for multi-antenna

quickest spectrum sensing in correlated Rician channels by employing the theory of Brownian
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motion with drift. From (6.11), the D,, process has i.i.d increments of the form az; — b and we

denote each increment or jump as

Ji = az; — b. (6.12)

In order to find the expected value and variance of each J;, we first need to find the expected
value and variance of z;. Let Y[i] = H; x S; + N; and thus, using this new notation, H[i] in

(6.3) can be expressed as H; = SV; +aRY?U;. Since z = z[i] = Y[i]'Y[i], we can rewrite z; as

zi = B2SIVIV,S; + BaSIVIRY?U;S; + aSIURY?V,S; + o?STUIRU, S +

(6.13)
BSIVIN, + aSIUIRY2N; 4+ gNIV,S; + aNIRY2U;S; + NIN,.
Taking the expectation of z; in (6.13) yields
Elz]=FE [5253 VIV,.S; + BaSIVIRY?U;S; + BaSTUIRY?V,S; + o2S/UIRU, S+
BSIVIN; + aS]URY2N; + ANIV;S; + aNIRY?U;S; + NIN; (6.14)

=F [BQSZ VIV,Si + a2SIUIRU;S; + NIN; | .

Using the fact that E [|V;,[*] = 1 and using the notation V; = [Viy, Vig, ooy Viy, T, the term
E [VZVJ in (6.14) can be expressed as

E[Vivi|=E

M
> VP
m=1

(6.15)
= M.

In order to evaluate F [UZTRUl} in (6.14), we perform an eigendecomposition of R, which gives
R = ¢A¢T, (6.16)

where ¢ is a unitary matrix and A = diag[A1, Ag, ..., Apr], where A, is the mth eigenvalue of R.
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Let ﬁj = UZ@ where ﬁj ~ CN(0,1). Therefore, using the notation U; = [U;,, U, ...,ﬁiM]T

£ [UIRU,| = B [U]sae U]

M
m=1
y (6.17)
Sy,
m=1
=M.
In (6.14), E [NZTNZ} is given by
E [NZTNZ} = Mo, (6.18)
Using (6.15), (6.17) and (6.18), the expected value of z; in (6.14) can be written as
Elu]=E [ﬁz’sj VIViS; + a2S/URU;S; + NN,
(6.19)
= B°Mo? + o> Mok + Mo¥.
The variance of z; is denoted by
Var(z;) = E [22] — (E[z))?, (6.20)

where E[z;] can be obtained from (6.19). Using (6.13), E [27] in (6.20) can be expressed as

)

E[} =E [(5253 Vjvz-si)2 + B2a2SIVIV, S STUTRULS; + A2 VIV, SNIN;
B22SIVIRY2U;5,STUTRY2V,5; + 822 STUTR/?V, 5,5 VIR/?U, S+
B2a?SIUIRU;S;STVIV,S, + o' STUIRU; S, STUIRU,S; + 025/ UIRU, S, NIN; +
B2SIVINGNIV;S; + o?STUTRY2N,NTR2U; 55 4+ 82NIV, 8,51 VIN+
o*NIRV2U,8,STUIRY?N; + 2NIN,;SIVIV,S; + o?NIN,SIUIRU; S, + <NZTNZ-)1 :

(6.21)

where E USZ-|4] can be obtained by using known results on the moments of an exponential
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distribution, which yields
E [|S;|*] = 20%. (6.22)

2
n (6.21), E [(UZRUZ) ] can be evaluated by performing an eigendecomposition of R as in
(6.16), which gives

E {(UIRUZ)Q] —E {(UjgbAcf)TUi)Q] . (6.23)

Let ﬁj» = Uqu, where ﬁj ~ CN(0,1). Thus, (6.23) becomes

E {(U}RUiﬂ —E S U PAnm z_:yUZn\ Y ]

ME ||M§

m= 1 m#n

M

M
=23 AL+ Andn (6.24)

m=1 m#n

>

E [VZRVZ-] in (6.21) can be written as

M M-1 M
E [VIRVZ} =F ; W;q’Q + ; ;plqu (‘/7,:‘/;7' + V:qu) ) (6.25)

Since |V;,[* =1, (6.25) can be expressed with the aid of Euler’s formula as

M M-1 M
E [VjRVZ} —E Y 1433 p2c0s (g - 1)A)
Lt et (6.26)
M M
=F ZZp'q "l cos ((q — r)A)
qg=1r=1

Using (6.15), (6.17), (6.18), (6.22), (6.24), (6.26) and since E [UiUZ] =Tand E [NZN} =021,
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(6.21) can be rewritten as

M

M
E [222] =28 M?0l + 482> M2 ol + 22 M2 0203 + 4% 020 Z Pl [cos (g — r)A)]
q=1 1

=] r=
M
+2a’0d (M2 +) Ai) + 202 M?003 + 282 Moka3 + 202 Mokad, + M(M + 1)o
m=1

(6.27)

Therefore, using (6.19) and (6.27), the variance of z; in (6.20) becomes

Var(z;) = E [27] — (E[z))?

M M
= 28" M?04 + 48%* M2 0é + 28° M 030y +48°0%06 > > plT " Efcos (g — r)A)]
qg=1r=1

M
+20tcd | M% + N | + 202 M%6%0% + 282 Mo2o3 + 20°Mo2o% + M (M + 1)oi
S m SYN SYN SYN N

m=1
— (ﬁ4M20fg + 26202 M2l 4 26° M2 0303 + o*M?0é + 202 M? 0203 + Mo )
M M
= odM? + 2Mo%o3 + Moy + 48%a%0d Z Z Pl E [cos (¢ — r)A)] + 20t Z M

q=1r=1
(6.28)

Having computed E[z;] and Var(z;), the expected value and variance of each J; can now be

written respectively as

E[Ji] =aE[z]—b
=aM (ﬁ202 + 20 + O'N) b (6.29)
=aM (U% + 012\,) — b,
Var(J;) = a*Var(z)

M M
= a® | o§M? + 2MogoR + Moy + 45005y B p" 7 Eleos ((a = 1)A)+ (g 30,
g=1r=1

M
2ot} 3 Azn> |
m=1
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Substituting 8%a? = K/(K + 1)? and o* = 1/(K + 1)? into (6.30) yields

4 M
o
Var(J;) = a* | ¢+ ﬁ 4KZ Zplq "B [cos (g — ) A)] 4 2 Z A, (6.31)
q=1r=1 m=1
where
¢ =0eM? +2Mcio% + Moy, (6.32)

6.3.1 Application of Brownian motion with drift

In this subsection, we follow the approach taken in Sections 4.3.1.4 and 4.3.2.3 to approximate

P(9) for all the cases that we consider by applying the theory of Brownian motion with drift.

6.3.1.1 Correlated Rician channel

In this case, Dy, in (6.11) can be re-scaled to give

D,

G(n) = :
Var<JicorrRice )

(6.33)

where Var(J;

lcorrRice

) is the variance of the jump for the correlated Rician case which is given by
6.31). It is worth noting that the subscript is introduced to differentiate between the different
g p

scenarios that we consider. The expected value and variance of G(n) can be denoted respectively

by
ElJ;
Bi6m) = 2l (6.34)
Va'r(JicorrRice )

Var(G(n)) = n. (6.35)

By comparing the means in (4.37) and (6.34), the drift, 4 can be written as

E[Ji]
:u =
Var ( Jicor'rRice )

aM (0% +0%) —b (6.36)

)

\/g+ &LD? [4qu LM pleriE eos (g — m)A) + 230 A2,
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where ¢ is given in (6.32). The re-scaling of D,, results into a re-scaled threshold, which is given

by

i
Var(J;

Zco'rrR'Lce)

v =

~ (6.37)

a\/§+ (K+1 [4qu 12 1P‘q T‘E[COS(( )A)]+2Zn]\{ 1)‘%”

Therefore, the approximate expression for P(§) for the correlated Rician case can be expressed
as
"U‘ _ (v—pg)?

ﬁbmco’r‘r‘Rice (5) = 736 2 dq, (638)
2mq

where ¢ = 6 + % and we set dg = 1. It is worth noting that tilde denotes an approximation of
P(0) and the subscript, bmcorrrice in (6.38) denotes the Brownian motion approximation for the
correlated Rician case. As can be seen from (6.38), the only term in ﬁbmco'r'rRice (6) that depends

on the parameters K and p is \/Var(J; ), which is embedded in both p and v, given in

tcorrRice

(6.36) and (6.37), respectively. Therefore, in order to obtain the approximate expression for

P(9) for all the other cases, Var(J;

tcorrRice

) in (6.31) needs to be changed accordingly.

6.3.1.2 Independent Rician channel

For the special case of no correlation between the antennas (i.e. p = 0), the channel reduces to

an i.i.d Rician channel and the variance of each jump can be written using (6.31) as

4
Var(‘]imdmce) = a2 S+ (K'% 4K Z Z 1+2 Z )\2 : (6'39)
q=1r=1

In (6.39), for p =0, SM_ A2, can be written as

M =tr(R?) = M, (6.40)

M=
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where tr(A) is the trace of the matrix A. Using (6.40), Var(J;,, ,5...) in (6.39) can be re-written

as

4 M M
Var(‘]imdmce) =a? ¢+ =5 4KZZ 1+2M

(K +1)2 g=1r=1 (6.41)
0.4
= a? <§+m[2K+l]>,

where ¢ is given in (6.32). Therefore, using (6.41), the drift, x4 in (6.36) and the re-scaled

threshold, v in (6.37) can then be re-written respectively as

MindRice = Bl
mn ce
Var(']iindRice )
aM (0% +o0%) —b (6.42)
4 b
a\/g + % 2K + 1]
VindRice = :
1M wce —
Va'r(JiindRice)

v (6.43)

1 )
a\/<+é?ﬁ§2[2f(+1]

It is worth noting that the subscripts in (6.42) and (6.43) are used to differentiate between the
correlated and independent Rician cases. Hence, we can express the approximate expression for

P(9) for the i.i.d Rician case as

2
o ”UZTLdRZCE| 6_ (UindRicef“indRice a)

Pominanice (0) = 7= 2 dg, (6.44)
2mq

where ¢ = § + %, dq =1, and pingRrice and Vipgrice are given in (6.42) and (6.43) respectively.
6.3.1.3 Correlated Rayleigh channel

When there is no LOS component (i.e. K=0), leading to a correlated Rayleigh channel, the

variance of each jump can be expressed using (6.31) to give

M
Var(Jioy,, pay) = a’ (g + 20% Z A%) , (6.45)

m=1
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where ¢ is given in (6.32). The drift, x in (6.36) and the re-scaled threshold, v in (6.37) can be
re-written respectively using (6.45) as
ElJi]
Var(Jico, pay )
alM (a% + 012\,) —-b
- a\/g +204 M a2,

HeorrRay =

(6.46)

Y

g
Var(J;

UcorrRay =

corrRa,y)
_ g
a\/g + 20 M2

Thus, the approximate expression for P(d) for the correlated Rayleigh scenario can be expressed

(6.47)

as

- )  (YeorrRay —HeorrRay®)’
Py, (8) = |w;:[1;agyﬂe comrtaypoorerey?” (6.48)

where g = § + %, dg =1 and ficorr Ray and UeorrRay are given in (6.46) and (6.47) respectively.

6.3.1.4 Independent Rayleigh channel

In the case when there is no correlation between the antennas and no LOS component (i.e. when
p =0 and K = 0), the correlated Rician channel reduces to an independent Rayleigh channel.
Here, the variance of each jump can be written using (6.45) and (6.40) to yield

Var(J; ) =a? (s +2Mo¥), (6.49)

indRay

where ¢ is given in (6.32). Using (6.49), the drift, ¢ in (6.36) and the re-scaled threshold, v in
(6.37) can be expressed respectively as
ELJi]
Var(JiindRay )
aM (0% +0%) —b

CL\/§+2MO'§V

MHindRay =

(6.50)
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Y
VindRay =
Var ( JiindRay )
(6.51)
Y

ay/s +2Ma,

Therefore, the approximate expression for P(9) for the independent Rayleigh scenario can be

written as

~ V; _ (VindRay —MindRas q)2
PbmindRay (5) = |deRa§|e ’ 29 . dq, (6.52)
™q

where ¢ = 6 + %, dq =1, and ftindRay and Vipdraey are given in (6.50) and (6.51) respectively.

6.4 NUMERICAL RESULTS

In this section, we present some numerical results to validate the approximate expressions for
the distribution of detection delay based on the Brownian motion approach for a time-invariant
CUSUM detector when the received signal is transmitted over (independent and correlated)
Rayleigh and (independent and correlated) Rician channels. The threshold, ~, is set to be
~v = 3, following Chapter 4. Simulations use 20000 trials to generate each point, where each trial
has 200 samples. We consider the case when the PU starts transmitting at 7 = 100. Therefore,
the CUSUM detector receives only noise when ¢ < 100 whereas the faded PU signal and noise
will be received by the CUSUM detector when ¢ > 100. Detection delay is measured from when
the PU begins transmission, at 7, until the CU detects the PU signal using the CUSUM detector.
It is worth noting that § = 0 means that the CU successfully detects the PU transmission in
the first sample from when the PU begins transmitting. For example, since in this case the PU
begins at 7 = 100, if the CU detects the PU at "= 100 (i.e. i = 100), this means that the CU
successfully detects the PU existence in the first sample of the PU transmission. Hence, in this

case, no detection delay occurs.

Figures 6.1 and 6.2 compare the simulated and the approximate distribution of detection delay
based on the Brownian motion (BM) approach for all the cases at SNR=-5 dB when the CU
is equipped with M=2 and 4 antennas, respectively. It is worth noting that a K-factor of 6
dB is selected for the Rician (independent and correlated) case as it is a typical K-factor value

used [130]. It can be seen from both figures that for all of the cases, ﬁbmm aray (0)5 ﬁbmcorr fray (9)
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]Bbmm uriee (0) and ﬁbmcorr niee (0) provide accurate approximations of P(4), especially for moderate
and longer detection delays. However, for short delays, a reasonably good approximation can
still be observed for all of the cases in both figures. Comparing both Figures 6.1 and 6.2, it can
be observed that as M increases, the detection delay distribution becomes narrower as a result
of increasing variance for the jumps. The increased variance can be observed from (6.31) for the

correlated Rician case, which gives

M

4
o
Var(Ji,, piee) = a2 | ¢ + ﬁ 4KZ Zp\q "Efcos((g—m)A)]+2> A1 |, (6.53)
q=1r=1 m=1
where a = # and ¢ = O'g«M2 + 2M0§0?V + Majlv (which is given in (6.32)). It can

ox(ox+o%)

be observed from (6.53) that Var(J;

LcorrRice

]Bbmcm e (6) is inversely proportional to \/Var(J;_,,, n..) and \/¢3, where ¢ = 6 + 5. Therefore,
as Var(J;

lcorrRice

) increases with M. From (6.38), we can see that

) and § increases, ﬁbmwMRice (6) reduces. Hence, this suggest that employing
multiple antennas reduces the probability of longer detection delays due to the spatial diversity

provided.

Based on Figures 6.1 and 6.2, we can see that the effects of the correlation coefficient, p, and the
Rician K-factor are small at SNR=-5 dB. The size of these effects can be explained by looking
at the variance of each jump, J;, for each of the scenarios. As discussed in Section 6.3.1.1, the
variance of each jump is the only term in the approximate expression for the detection delay

distribution that depends on the parameters p and K. The variance of each jump can be written

as

Var(J;) = a*(s + €), (6.54)

where we recall from Section 6.2.1 that a = % and ¢ is given in (6.32). In (6.54),
oz (o5+0%)

both a and ¢ depend only on the SNR, whereas ¢ varies for (independent and correlated)
Rayleigh and (independent and correlated) Rician cases. Hence, in order to differentiate be-

tween these cases, we introduced subscripts for ¢ and J; to denote each case. In particular,

2M
we let gdeay - 2M057 §corrRay - 205 Zm 1 ma fzndche = (KJFUS [2K+ 1] and gcorrche =

ﬁ 4K Zqzl Z P TTE [cos (g — m)A)] +2 Z%I 1 A2, |, where the subscripts indRay,

corrRay, indRice and corrRice denote the independent Rayleigh, correlated Rayleigh, indepen-
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(a) Independent Rayleigh channel
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Figure 6.1 A comparison of the simulated results and the approximate distribution of detection delay for (a)
independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh (p = 0.5, K = 0), (¢) independent Rician (p = 0,
K=6 dB) and (d) correlated Rician (p = 0.5, K=6 dB) scenarios with M=2 antennas at SNR=-5 dB.



6.4 NUMERICAL RESULTS 133

(a) Independent Rayleigh channel

0.06 M=4: Simulation E
—¥*— M=4: BM Approximation
0.04 e
0.02 i
0 ‘ St
> 0 20 40 60 80 100
°>': (b) Correlated Rayleigh channel
(_U T T
3 0.06f 1
c
i)
S 004 1
o
©
5 0.02 .
2
3 0 ‘ e —
5 0 20 40 60 80 100
a (c) Independent Rician channel
0.06 g
0.04 g
0.021 |
0 s ek
0 20 40 60 80 100
(d) Correlated Rician channel
0.06 e
0.04 g
0.02 i
0 ‘ St
0 20 40 60 80 100

Sample number, &

Figure 6.2 A comparison of the simulated results and the approximate distribution of detection delay for (a)
independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh (p = 0.5, K = 0), (c) independent Rician (p = 0,
K=6 dB) and (d) correlated Rician (p = 0.5, K=6 dB) scenarios with M=4 antennas at SNR=-5 dB.
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Table 6.1 Variance of each jump, J; for different scenarios at SNR=5, 0 and -5 dB with M=4 antennas

SNR | p K a? S 13 Var(.) = a®(s + &)
0 0 0.5772 | 189.2982 indRay = 80 Var(Ji,, ;. ) = 155.4389
05| 0 | 05772 | 189.2982 | £eorriay = 115.6250 | Var(Ji, . ) = 176.0017
09| 0 ]0.5772 | 189.2982 | &eorrRay = 250.9456 | Var(Ji,,,, z,,) = 254.1087
0 | 0dB | 05772 | 189.2982 |  Emdrice =60 | Var(Ji, ,...) = 143.8949
5dB | 0 | 6dB | 0.5772 | 189.2082 | Einapice = 28.8972 | Var(J, ... ) = 125.9424
0.5 | 0dB | 0.5772 | 189.2982 | Evorppice = 65.4434 | Var(J, . ) = 147.0369
0.9 | 0dB | 0.5772 | 189.2982 | &corrRice = 96.3440 | Var(J;,,,, pi.) = 164.8727
0.5 | 6dB | 0.5772 | 189.2982 | Evorrpice = 28.1600 | Var(J;,, .. ) =125.5169
0.9 | 6dB | 0.5772 | 189.2982 | &corrRice = 31.8423 | Var(J;,,, pi.) = 127.6423
0| 0 | 025 23 Eindlay = 8 Var(Ji, upey) = 9
05| 0 | 025 28 | Coorrmay = 115625 | Var(Ji, . ) = 9.8906
09| 0 0.25 28 EcorrRay = 25 Var(Ji,,, za,) = 13:25
0 |0dB| 025 28 Eimdnice = 6 Var(J;, .. ) =8.5
0dB | 0 |6dB | 025 28 EimdRice = 2.8%97 | Var(J;, .. )= T7.7224
05| 0dB | 0.25 28 EeorrRice = 6.5440 | Var(Ji,, . )= 8.6360
0.9 | 0dB | 0.25 28 Eeorrhice = 9.6110 | Var(Ji, . )= 9.4028
05| 6dB | 0.25 28 EeorrRice = 28176 | Var(Ji, .. )= 7.7044
09 |6dB | 0.25 28 Ecorr Rice = 3.1529 Var(Ji,,., pic.) = 7-7882
0 0 | 0.0577 | 8.1298 indRay = 0.8 Var(Ji;, 4p,,) = 0.5152
0.5 0 |0.0577 | 81298 | Eeorray = 1.1562 | Var(Ji,, n.,) = 0.5358
09| 0 |0.0577 | 8.1298 EcorrRay = 2.5095 Var(Ji_,,, pa,) = 0.6139
0 |0dB | 0.0577 | 8.1298 Eimarice = 0.6 Var(J;, .. ) = 0.5037
-5dB | 0 | 6dB | 0.0577 | 8.1298 &indRice = 0.2890 Var(Ji,, spie.) = 0.4858
0.5 | 0dB | 0.0577 | 81298 | Euorrpice = 0.6550 | Var(Ji. .. )= 0.5069
09| 0dB | 0.0577 | 8.1298 EcorrRice = 0.9645 Var(Ji,,,, pie.) = 0.5247
0.5 | 6dB | 0.0577 | 81298 | Euorrmice = 0.2824 | Var(Ji, . )= 0.4854
09| 6dB | 0.0577 | 8.1298 EcorrRice = 0.3173 Var(Ji,,,, pie.) = 0.4874

dent Rician and correlated Rician cases, respectively.

Based on Section 6.3.1, we can measure the variance of each jump for all of the scenarios at
various SNR and this is illustrated in Table 6.1. The results in Table 6.1 give us further insights
into the effect of increasing or decreasing SNR, channel correlation, K-factor and variance on the
distribution of detection delay. Furthermore, Table 6.1 is also useful in providing some insights

into the relationship between a, ¢, £ and the variance of each jump for different cases.

Based on Table 6.1, it can be observed that at SNR=-5 dB, the variance of each jump is very

similar for all of the cases that we consider. This is because, the value of £ for all of the cases are
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Figure 6.3 A comparison of the simulated results and the approximate distribution of detection delay for (a)
independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh (p = 0.5, K = 0), (c) independent Rician (p = 0,

K=6 dB) and (d) correlated Rician (p = 0.5, K=6 dB) scenarios with M=4 antennas at SNR=0 dB.

small and hence the constant term, ¢ dominates, where ¢ depends only on the SNR. Therefore,

channel correlation and LOS have little impact on the approximation of the distribution of

detection delay and this is shown in both Figures 6.1 and 6.2. Similar trends can also be

observed for SNR=0 dB shown in Table 6.1 and Figure 6.3.

In Figure 6.3, we can see that at SNR=0 dB, ﬁbmmdmy(&), ﬁbmcwRGy@), ﬁbmmdmce(é) and

]Bbmcw niee (0) provide good approximations of P(J) for longer delays. Recall from the analysis in
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Section 4.4.1, that the approximation approach of using the modified detection delay statistic,
D, in modelling the CUSUM process, C), is most likely to be in error in the first sample (i.e.
0 = 0). This error is more likely to occur at lower SNR, since the values of the received signal,
z;, tend to be smaller, resulting in a higher probability of the D,, process becoming negative
whereas C,, > 0. It can be seen from Figure 6.3 at 6 = 0, that the approximate expression of the
distribution of detection delay differs by almost three times the true detection delay distribution.
Similar trends at § = 0 can also be observed in Figures 6.1 and 6.2 for SNR=-5 dB, but with a
much smaller difference between the approximated and the true distribution of detection delay,
which may be caused by the fact that the Brownian motion approximation is a better fit at

SNR=-5 dB.

Figure 6.4 shows a comparison of the simulated results and the approximate distribution of
detection delay for all of the cases at SNR=5 dB when M=4 antennas are employed at the CU. It
can be observed from Figure 6.4 that ﬁbmm aray (0)5 ﬁbmcorr fay (0)5 ]Sbmm uriee (0) and ]Bbmcm rice(0)
are only accurate for long delays. In order to achieve a good approximation of P(¢§) for short
delays at SNR=5 dB, a new approximate expression for the distribution of detection delay for
CU with multiple antennas could be derived based on the gamma approximation, following the

approach taken in Sections 4.3.1.2 and 4.3.2.1. This can be considered in future work.

Based on Table 6.1, we can see that at SNR=5 dB, the variance of the jumps differ from each
other and although £ < ¢, £ is not negligible. Since the parameter £ depends on the correlation
coefficient and the Rician K-factor, whereas ¢ only depends on the SNR, the distribution of
detection delay is dependent on the channel correlation and LOS strength. The highly correlated
Rayleigh case, with p = 0.9, is particularly notable since here, £ > ¢, and hence, the variance
of the jump is the highest amongst all the other cases. Figure 6.5 shows the approximate
distribution of detection delay for the independent and correlated Rayleigh cases, when p = 0 and
0.9, respectively. By comparing both of these cases in Figure 6.5, we can see the as the channel
correlation increases, ﬁbmcw Ray (6) reduces for short delays. However, for longer delays, channel
correlation has little impact on lgbmcm Ray(é). Therefore, based on this result, we conclude that
high channel correlation reduces the probability of detection delay for short delays although this

effect is not pronounced. Note that at such short delays, the approximations in Figures 6.4 and
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6.5 are not accurate.

In addition, at SNR=5 dB, it can also be observed from Table 6.1 that as the LOS strength
increases, the variance of the jump reduces. This effect can also be observed from Figure 6.5 by
comparing ]Sbmm iRy (0) and ﬁbmm iniee (0) for the independent Rayleigh and independent Rician
cases. We can see that when the value of the K-factor increases, ﬁbmm arice (0) > ﬁbmm Ry (0)-
However, LOS strength has little impact for long delays. Hence, despite the fact that £ is
a function of both p and K, the correlation and K-factor values have only a minor effect on

detection delay distribution.

6.5 CHAPTER SUMMARY

In this chapter, we derived theoretical expressions to approximate the distribution of detection
delay for a multi-antenna time-invariant CUSUM detector when the received signal experiences
(independent and correlated) Rayleigh and (independent and correlated) Rician channels. This
was based on Brownian motion theory with drift. The validity of the approximate expressions
for the distribution of detection delay for each case considered was verified via simulations.
Numerical results illustrate that the Brownian motion approach provides a good approximation
for all channel models considered in the low SNR region, whereas at high SNR, the approximation
is only accurate for long delays. In addition, results show that channel correlation and LOS
strength have little impact on the distribution of detection delay at moderate and low SNR
region. However, for short delays at high SNR, there are minor effects caused by varying p
and K. However, for longer delays at high SNR, the channel correlation and LOS strength have
little impact on the distribution of detection delay. Furthermore, the likelihood of long detection
delays reduces as the number of receive antennas increases. In practical cognitive radio systems,
the limiting factor is not the rapid detection of strong PU signals but the more challenging
detection of weak PU signals. Hence, the most important case is when the received signal
experiences low SNR, where there is a higher possibility of long detection delay. Hence, our
method of approximating the distribution of detection delay is useful in analyzing the quickest

spectrum sensing performance at such a low SNR.
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Figure 6.4 A comparison of the simulated results and the approximate distribution of detection delay for (a)
independent Rayleigh (p = 0, K = 0), (b) correlated Rayleigh (p = 0.5, K = 0), (¢) independent Rician (p = 0,
K=6 dB) and (d) correlated Rician (p = 0.5, K=6 dB) scenarios with M=4 antennas at SNR=>5 dB.
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Chapter 7

CONCLUSIONS AND FUTURE WORK

This chapter summarizes the novel contributions of this thesis and highlights several potential

extensions and open problems for future work.

7.1 CONCLUSIONS

The demand for wireless spectrum is constantly increasing as new wireless communication ser-
vices appear and existing services grow. These trends have led to the existing spectrum scarcity.
Current spectrum allocation policies aggravate the spectrum scarcity in wireless communications
since particular spectrum bands are usually dedicated to licensed (primary) users for specific
services. This approach results in much of the allocated radio spectrum being underutilized or
sitting idle (i.e. spectrum holes). Therefore, cognitive radio has emerged as a potential solution
to improve the spectrum utilization efficiency, where unlicensed (cognitive) users attempt to

access the spectrum in such a way that the primary users are unaffected.

This thesis primarily considers interweave cognitive radio systems where the CU is allowed
to access the spectrum licensed to the PU only when the PU does not occupy the spectrum.
Therefore, the CU needs to monitor and subsequently detect the occupancy of the spectrum
in order to opportunistically communicate over the vacant spectrum without interfering with
the PU. Hence, spectrum sensing plays a crucial role in the deployment of a cognitive radio
system and many spectrum sensing techniques have been proposed in the literature. In spectrum
sensing, when the PU is absent, the CU needs to detect the spectrum holes as quickly as possible

to fully utilize the unused spectrum. When the PU starts transmitting, the CU needs to detect
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the existence of the PU in order to vacate the frequency band quickly to avoid any harmful

interference to the PU. Thus, detection delay is a crucial criterion in spectrum sensing.

In this thesis, we consider quickest spectrum sensing, which is based on the theory of quickest
detection, where the aim is to detect the PU with minimal detection delay (i.e. using the least
number of samples) subject to a certain false alarm rate. The main focus of this thesis is the
investigation of the quickest spectrum sensing performance for both single and multiple receive
antennas at the CU over Gaussian and several fading channels, including the classical fading
channels such as Rayleigh, Rician, Nakagami-m and a long tailed channel, which is based on the
F-distribution. Apart from independent channels, temporally and spatially correlated channels
are also being considered in this thesis. The results of this investigation has led us to develop
novel theoretical expressions for the distribution of detection delay for both single and multiple
antenna scenarios, which are beneficial in providing a more detailed analysis of the performance

of quickest spectrum sensing.

In particular, in Chapter 3, we studied the performance of quickest spectrum sensing with single
antenna CUs when the receive signal is transmitted over time-invariant as well as various fading
channel conditions, including Rayleigh, Rician, Nakagami-m and a more severe fading channel,
the F channel. The received signal at the CU is considered to be the product of two complex
variables (the PU signal and channel) with additive noise. In Chapter 3, we proved that the
power of the complex received signal is a sufficient statistic. Therefore, the log likelihood ratio
could be computed based on the amplitude of the received signal. The pdfs of the amplitude
of the received signal were derived for the Rayleigh, Rician, Nakagami-m and F channels. The
novel derivation of these pdfs (excluding F channel) used a technique which avoids numerical

integration.

Results in Chapter 3 show that the quickest spectrum sensing performance degrades with the
severity of the fading channels as well as the level of temporal correlation. In addition, results
also show that in the event of mis-matched channel condition (where the CUSUM detector is
designed for a specific channel, but the true channel is different), the quickest spectrum sensing
performance depends heavily on the true channel, but very little on the channel used to design

the CUSUM detector. Since in a cognitive radio network, the channel is usually unknown and the
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sensing performance in various channels is insensitive to the designed detector, a time-invariant

detector can be employed with minimal performance loss.

Motivated by these results, in Chapter 4, we derived theoretical expressions for the distribution
of detection delay for a time-invariant CUSUM detector with single antenna CU when the
received signal experiences Gaussian and Rayleigh channels. In each of the cases considered,
several techniques to approximate the distribution of detection delay are presented, where these
approximate methods are necessary since there is no exact solution possible. In particular,
we derived a novel approximate closed-form expression for the detection delay distribution for
the Gaussian case. Furthermore, we also derived novel approximations for the distribution
of detection delay for the general case due to the absence of a general framework. For both
Gaussian and Rayleigh cases, we applied simple random walks and Brownian motion theory
with drift in deriving the approximate expressions for the distribution of detection delay. Most
of the approximate expressions that we formulated are general and can be applied to any i.i.d

channel.

Moreover, in Chapter 4, we analyzed the accuracy of the modified detection delay statistic and
derived an approximate expression for the probability of missed detection. The probability of
long detection delays is also investigated via analysis and simulation. Results show that in order
to achieve a good approximation of the distribution of detection delay, different approximate
approaches are required for different SNR and detection delay conditions. The Brownian motion
approach provides the best approximation for longer delays. In addition, the analysis of long
detection delays illustrate that the probability of a long detection delay is increased if the thresh-
old value is large or the received signal is weak due to low SNR. However, the type of fading
channel has very little impact on long detection delays. This is because in order for the channel
to create long detection delays, it needs an extremely high CV value that can result from severe
fading channels (e.g. log-normal shadow fading or the F channel), but does not occur with the

traditional channel models, such as Rayleigh, Rician and Nakagami-m fading channels.

We employed multiple receive antennas at the CU in Chapter 5 and studied the performance of
multi-antenna quickest spectrum sensing when the received signal is transmitted over Gaussian,

Rayleigh and Rician channels. Apart from i.i.d channels, we also considered the case of an insuf-
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ficient spatial separation between multiple antennas on a CU, resulting in a spatially correlated
channel. In particular, we considered a correlated Rayleigh channel. We proved that the sum of
the complex received signal powers at each antenna for the Gaussian and independent Rayleigh
cases are sufficient statistics. Based on this result, the log likelihood ratio can be computed on
the basis of the sum of the received signal powers. Therefore, we derived the pdfs of the received
signals experiencing both Gaussian and independent Rayleigh channels based on the sum of the
received signal powers, where the derivation of the pdfs for the independent Rayleigh case uses
an approach which avoids numerical integration. Furthermore, we derived the joint pdf of the

received signal for the correlated Rayleigh and independent Rician scenarios.

In Chapter 5, we also derived an analytical performance analysis, where the upper bound and
asymptotic worst-case detection delay are derived for both Gaussian and Rayleigh cases. The
sensing performance for the correlated Rayleigh and independent Rician cases were evaluated
numerically. Numerical analysis and simulation results show that a higher performance gain
can be achieved for all of the cases considered by employing multiple receive antennas at the
CU, where performance improvements are due to the spatial diversity provided. In addition,
results show that increased channel correlation has little impact on the sensing performance
at high SNR, but helps to improve the sensing performance at low SNR. Sensing performance
also increases as the Rician K-factor value increases. In the event of a mis-matched channel
condition, simulation results illustrate that the sensing performance at a particular correlation
coefficient or Rician K-factor depends heavily on the true channel and is relatively insensitive
to the detector irrespective of the number of antennas employed at the CU. Therefore, a simple

multi-antenna time-invariant detector could be employed to detect the PU transmission.

Based on the results obtained in Chapters 4 and 5, in Chapter 6, we derived theoretical expres-
sions for the distribution of detection delay for a multi-antenna time-invariant CUSUM detector
when the receive signal is transmitted over (independent and correlated) Rayleigh and (indepen-
dent and correlated) Rician channels. In particular, we derived the expected value and variance
of the received signal experiencing a correlated Rician channel, where the received signal is a
product of two complex variables (the PU signal and correlated Rician channel) with additive

noise. These are beneficial in deriving the approximate expression for the distribution of detec-
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tion delay. The derivation of the approximate expressions for the detection delay distribution

for all of the cases considered was based on the theory of Brownian motion with drift.

Results in Chapter 6 show that the Brownian motion approach provides a good approximation
of the distribution of detection delay for multi-antenna quickest spectrum sensing at low SNR
for all cases considered. In contrast, at high SNR, good approximations of the distribution
of detection delay for all cases are achieved for long detection delays. Furthermore, channel
correlation and LOS strength have little impact on the detection delay distribution at moderate
and low SNR region. However, at high SNR, there are minor effects caused by varying p and
K for short delays whereas for longer delays, the channel correlation and LOS strength have
little impact on the distribution of detection delay. In addition, the employment of multiple
receive antennas at the CU helps in reducing the likelihood of long detection delays. In practical
cognitive radio systems, the limiting factor is not the rapid detection of strong PU signals but
the more challenging detection of weak PU signals. Therefore, the most important case is when
the received signal experiences low SNR, where there is a higher possibility of long detection
delay. Hence, our method of approximating the distribution of detection delay is beneficial in

analyzing the quickest spectrum sensing performance at such a low SNR.

7.2 FUTURE WORK

This research study may be extended in numerous ways and there are numerous additional open
problems that are useful for future research work. Below are some suggestions of possible areas

for future research:

1. Further performance analysis
In Chapter 5, we derived a theoretical performance analysis for quickest spectrum sensing
with multiple antenna CUs when the received signal experiences Gaussian and independent
Rayleigh channels. These performance analyses could be further extended to the case
when the received signal is transmitted over correlated Rayleigh or independent Rician
channels. In particular, the upper bound and asymptotic worst-case detection delay could

be derived for both cases. However, these derivations may be complicated to evaluate due
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to the existence of multiple integrals in the Kullback-Leibler divergence. These multiple
integrals are caused by the pdfs of the received signals in the presence of the PU and the log
likelihood ratios for both correlated Rayleigh and Rician cases, which involve numerical
integration. Nevertheless, analyzing the theoretical sensing performance for both cases
is an interesting possibility as it would allow an investigation of the theoretical effect of

channel correlation or the Rician K-factor on quickest spectrum sensing performance.

Approximate density expressions

The pdfs of the received signal in the presence of the PU when the received signal experi-
ences correlated Rayleigh and independent Rician channels, derived in Chapter 5, cannot
be given in closed forms. Therefore, it would be helpful to explore methods to approximate
the pdf expressions, which avoid numerical integration. This will be beneficial in deriving
the theoretical performance analysis for the quickest spectrum sensing, discussed above in
1. However, finding approximate expressions for the pdfs is likely to be difficult and com-
plicated by the fact that the density is a multidimensional function of 012\, and the elements
of the antenna correlation matrix, R. Hence, deriving approximate pdf expressions for the
correlated Rayleigh and independent Rician cases which avoid numerical integration would

be an interesting future direction.

Multi-antenna cooperative quickest spectrum sensing

The study of quickest spectrum sensing with multiple antennas in this thesis may be fur-
ther extended to cooperative quickest spectrum sensing with multiple receive antennas at
the CUs as a future research direction. This extension could possibly help the sensing
performance at very low SNR (i.e. SNR=-20 dB), where the receive signal is very weak.
Cooperative detection can be implemented in three different contexts based on the coop-
eration level: centralized, distributed and relay-assisted. Therefore, the extension of this
research into cooperative sensing would need to take into account which type of cooperative

sensing to employ.

Application to distributed antenna system
Another possible area for future work is to apply the multi-antenna quickest spectrum

sensing techniques, studied in this thesis, to distributed antenna systems (DASs). DASs
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have recently received considerable attention because they can enhance spectral efficiency
and provide high data rate services [131-133]. Spectrum sensing in the case when the
primary user is using a DAS has been studied in [134,135], where the authors use energy
detectors in performing cooperative spectrum sensing in DAS. So far, there has not been
any research on quickest spectrum sensing in a DAS where the primary user is equipped
with remote antenna units (RAUs). Therefore, developing quickest spectrum sensing,
employing multiple antennas at the CU in the context of a mobile communication system
can be an interesting future work. This proposed research work can then be possibly
extended to cooperative sensing in DAS. Given that quickest spectrum sensing performs
better than energy detection in terms of maximum average throughput [49], the study of
non-cooperative/cooperative quickest spectrum sensing with multiple antennas in a DAS

will significantly improve the performance of the current results in the literature.

5. Reconfigurable antenna arrays
In Chapter 5, results show that sensing in the low SNR region is assisted by spatial cor-
relation. However, data transmission traditionally prefers independent channels. Hence,
there are competing demands on the antenna array and hence, developing a reconfigurable
antenna array is a possible solution. However, designing such a reconfigurable antenna
system poses a number of challenges. The antennas would need to be able to change the

direction of the main lobe on a real time basis and at different frequencies.

6. Multiuser MISO and MIMO cognitive radio network
In Chapter 5, we study the quickest spectrum performance when multiple receive anten-
nas are employed at the cognitive user. It will be an interesting area of future research
direction to study the quickest spectrum sensing performance in multiple sources or mul-
tiple antennas at the transmitter with one (MISO) or more (MIMO) antennas at the
cognitive user. In this MISO scenario, the received signal at the CU can be written as
Y[i] = (Hi[i] x Si[i]) + (Ha[i] x Sa[i]) + ... + (Har[i] x Sarli]) + NJi], where M denotes
the number of antennas at the primary user or number of sources at the transmitter.
Hence, in order to detect any PU, the signal needs to be sum up at the CU, which gives
Y[i] = X[i] + NJi], where X[i] = (H1[i] x Si[i]) + (Ha[i] x S2[i]) + ... + (Har[i] x Sar[i)).

Therefore, in this MISO case, we have the same situation as in SISO case discussed in
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Chapter 3 but the received signal at the CU, Y'[i] has more power compared to the SISO
case. This large received signal power could be beneficial in detecting the PU quicker as the
CUSUM statistic might take a small number of samples to cross the threshold. However,
the signal model for the MISO case will be different from the SISO case because of the

sum that appears in Y'[i]. This work could also be extended to the MIMO case.
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