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SOBOLEV SPACES AND APPROXIMATION BY AFFINE SPANNING
SYSTEMS

H.-Q. BUI AND R. S. LAUGESEN

ABSTRACT. We develop conditions on a Sobolev function ¢» € W™P(R?) such that if #(0) =1 and
1 satisfies the Strang-Fix conditions to order m — 1, then a scale averaged approximation formula

holds for all f € W™P(R?):

J
. 1 : m, d
flz)= Jlgx;o 5 j2=1 kézd cix¥la;z —k)y  in W™P(RY).

The dilations {a;} are lacunary, for example a; = 27, and the coefficients c; are explicit local
averages of f, or even pointwise sampled values, when f has some smoothness.

For convergence just in W™~ 1'P(R%) the scale averaging is unnecessary and one has the simpler
formula f(x) = limj—co 3, cza €5k ¥(a;z—k). The Strang-Fix rates of approximation are recovered.

As a corollary of the scale averaged formula, we deduce new density or “spanning” criteria for
the small scale affine system {¥(a;z —k) : 5 > 0,k € Z¢} in W™P(R?). We also span Sobolev space
by derivatives and differences of affine systems, and we raise an open problem: does the Gaussian
affine system span Sobolev space?

1. Introduction

We seek conditions on ¥ under which every Sobolev function f can be approximated explicitly
by linear combinations of the integer translates and small-scale dilates of v, that is by linear
combinations of ¥(a;z — k) for j > 0,k € Z2. The dilations a; here are assumed to grow at least
exponentially; for example a; = 27. Our work on this approzimation problem yields answers to the
spanning problem of determining whether the 1(a;x — k) span Sobolev space.

We illustrate our results now by stating them in one dimension, for the special case of Sobolev
functions possessing one derivative.

Fix 1 < p < oo with & +% =1, take ¢ € WP and suppose ¢ € LI has compact support, for the
remainder of this Introduction. Also assume

P =0 for all integers € # 0,
or equivalently that _, ., 9¥(z — k) = const.

Approximation results. Write

He =3 ([ stapota-n dy) (ase ~ 1)

for the quasi-interpolant of f with analyzer ¢ and synthesizer /. Define a local supremum operator
Qf(x) = || fllLe(z~1,2+1)- (See Sections 2 and 3 for more general definitions of @ and f;.)
Theorem 1 proves scale averaged convergence for f € Wie:
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f=limyd S f; i QU QL +|e)y) € L and $(0) = $(0) = 1.
(These Q-hypotheses say roughly that ¢ and (1 + |z|)¢’ are bounded and decay integrably at
infinity.)
Theorem 4 implies the same for the pointwise quasi-interpolant ff(z) = 3 .z f (aj—lk:)w(ajx—k),
provided f € W'? N C! with Qf, Q(f") € LP.

These two theorems give convergence rate o(1) in the W norm. For the LP norm, the “Strang-
Fix” rate of convergence O(|a;|™!) is obtained as expected, by Theorem 6:

if Q((1 +|a)y) € L' and $(0) = $(0) = 1 and ¢/(0) = 0, then ||f — fill, <
C|flwrela;| ™t = O(laj|™1) as j — oo, for each f € WP,

Spanning results. Corollary 8 deduces that:

if 4’ decays like |z|~2~¢ at infinity, and '(2)\(0) #£ 0, then the small scale affine system
{¢(ajz — k) :j >0,k € Z} spans WP,

Finally, taking derivatives and differences of known spanning systems will generate yet more
spanning systems, as Proposition 9 and Theorem 10 explain.

Outline of the paper. The standing assumptions on dilations and translations are established
in Section 2, along with some definitions. Section 3 gives approximation formulas for W™?(R%),
with relevant literature summarized in Section 3.5. Spanning results are deduced in Section 4.

Spanning properties of the second difference of the Gaussian are determined in Section 5. Span-
ning properties of the second derivative of the Gaussian, a function known as the Mexican hat,
remain mostly unknown. This open problem is related in Section 5 to a spanning conjecture for
the Gaussian ¥(z) = e~*/2 itself: does the small scale dyadic system {$(Pz —k):j7>0,keZ}
span W™P?

The technical core of the paper is in Section 6, where discretized approximate identities are
studied and scale averaging is introduced through formula (22). Then Theorems 1, 4 and 6 are
proved in Sections 8, 9 and 11, after which appear the remaining proofs and an appendix about
the Q-operator.

Remark. This paper builds on our L? results in [5]. The Hardy space H! was treated in [7).

2. Definitions and notation

1. Fix the dimension d € N and write C = [0,1)? for the unit cube in R%.

2. Let the dilations a; for j > 0 be nonzero real numbers with |a;| — oo as j — oo. Define
Amin — minj>0 |aj|.

Some of our results further assume the dilations grow ezponentially, meaning |ajy1| > y|a;| for
all j > 0, for some v > 1 (so that the dilation sequence is lacunary).

3. Fix a translation matrix b, assumed to be an invertible d X d real matrix. Some of our
constants and operators in this paper will depend implicitly on b and the dimension d.

4. Write LP = LP(R?) for the class of complex valued functions with finite LP-norm, and
WP = WP(RY) for the Sobolev functions with m derivatives in LP. Given a multiindex p of
order |u| = p1 + - + pq, we write f) = D for the p-th derivative of f.

5. Given ¢ € L? and ¢ € L9, where by convention

1
[
p q

we define
Yin(x) = la;|¥PP(ajz — bk),  bik(z) = |a;|¥¢(ajz —bk), =z eRY,
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for j > 0,k € Z%. These rescalings satisfy [|¥;ll, = |[¥]l, and |¢;klle = |#llo-
6. The periodization of a function f is
Pf(z)=|detb| > f(z—bk) for z€R%
kezd
If f € L, then this series for Pf converges absolutely for almost every z, and Pf is locally

integrable.
7. Define a local supremum operator

Qf(z) = ess. SUP|y~z|<\/&|f(y)l = “f”LOO(B(m,\/E))'
Appendix A explains some properties of Q f.
8. Write x(z) = 1+ |z| and X(z) = =, for z € R4,
9. Define the Fourier transform with 27 in the exponent: f(¢) = Jga f(x)e™ ™= dz, for Tow
vectors ¢ € R4,
10. A subset U of a topological vector space V is said to span V if the finite linear combinations
of elements of U form a dense subset of V, that is if V is equal to

n
V-span(U) = closure in V of {Z Crmlm : m € C,upy, € Uyn € NL

m=1

3. Approximation results

In this section we state our two main approximation theorems, for average sampling and pointwise
sampling respectively, and then we extend them to give rates of approximation. At the end of the
section we discuss related literature and prior results.

3.1. Approximation by average sampling. We define an approzimation to f at scale j by

fi(z) = |detd| Z (f+®; )ik

keZd
= |detb| Y ( / f(a; y)p(y — bk) dy> Ylajz —bk), >0, zeR? (1)
kezd R

where f is the signal, ¢ is the analyzer and 1 is the synthesizer. To understand f;, suppose
¢ is a delta function (like in Theorem 4 below); then with b = I we get the quasi-interpolant

£i(2) = Tiege £ a5 k)p(asz — k).

Our first theorem finds conditions under which the f; provide a good approximation to f.
Theorem 1. Assume 9 € W™P for some 1 < p < co,m € N, and suppose one of the following
conditions holds:

(i) PlxHp®)| € LP  for all |u| < m, and x™¢ € L', and f € CT*;
(i) Q(xMp®)y e L for all |u| < m, and ¢ € LI with ¢ having compact support, and f € W™P.
Suppose
DHp(eb™Y) =0 for all row vectors £ € Z4\ {0}, 2)
whenever |p| < m.
Assume [padz =1 and [pa¢pdz = 1. Then (a)-(d) hold:
(a) [Strang-Fiz approzimation] If in addition (2) holds whenever |u| = m, then
f=lim f; in WP, (3)
J— o0
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(b) [Scale-averaged approzimation] If the dilations a; grow ezponentially, then
o1 ‘
f= lim = ij in WP,

(c) [Stability] If (ii) holds then || fillwme < C(¢, ¢, m,p)||fllwme for all j > 0.
(d) [Span] f; € W™P-span{t; s, : k € Z%} for each j > 0.

The proof is in Section 8.

Examples. A decay condition near infinity guarantees hypothesis (i} on
Lemma 2. Let ¢y € W™P for some 1 < p<oo,meN. If
[ ()| < Clz|~4—™ for each \u| = m and almost every x with |z| > R, (4)
for some constants C, R, e > 0, then P|x!Hy#)| e LY for all |pu| < m.
Hypothesis (ii) holds if ¢ and its derivatives are bounded and decay at infinity:

Lemma 3. Let b € W™ for some m € N. If decay condition (4) holds, then Q(x!*y®) e L1
for all |p] £ m.

Lemma 2 and 3 are proved in Appendix A.

Notes on Theorem 1.

The LP result corresponding to Theorem 1 is {5, Theorem 1]. The hypotheses there are roughly
the same as case (i) with m = 0, except that f need not be continuous with compact support.
Precisely, the L result assumes that ¥ € L? with Ply| € L} , ¢ € L9 with P|¢| € L*, and f € L?.
The reason our Sobolev result Theorem 1 can only handle f € CT*, in case (i), boils down to our
inability to prove a stability estimate in Lemma 11 case (i) for the general function h(z,y).

Case (ii) assumes more on ¢ than case (i) does (because Q(-) € L! implies P|-| € L™ by [6,
Lemma 23]). But case (ii) has the advantage of applying to all f € W™P and not just to f € CI.
Also, case (ii) yields a stability estimate in Theorem 1(c).

We call condition (2) the Strang-Fiz condition of order m — 1, in view of the work of Strang and
Fix in {13, 29, 30} (although historically, Schoenberg [28, Theorem 2] seems to have been the first
to use the condition, in the context of polynomial interpolation and smoothing in one dimension).
The Strang-Fix condition can be satisfied formally by putting

Y=uk kUK Y (with m factors of u) (5)

where u has constant periodization Pu = 1 a.e. (meaning the integer translates of » form a partition
of unity). Indeed Pu = 1 a.e. implies #(0) = 1 and @(¢b~') = 0 for all £ € Z%\ {0}, by computing
the Fourier coefficients of the bZ%-periodic function Pu, and thus the Strang-Fix condition (2)
follows from the fact that v,’b\ =U---U 7,/0?). For a different interpretation of the Strang-Fix condition,
in terms of periodizations of moments of 1, see Section 7.

Our methods for Theorem 1 extend to cover dilation matrices a; that expand both exponentially
(sup;s0 ||aja;¢1|] < 1) and nicely (Haj_lnd < Cldet a]'fli); see [6, §7). But our method breaks down
¥ 0
0o
Relevant literature for Theorem 1 will be discussed in Section 3.5.

4

for dilations like ) that do not expand nicely.



3.2. Properties of f;. Observe that f; discretizes a classical approximation to the identity:

£() = Jim (£ ¥, (@)

J—o0

= Jim [ @l (oo - 2)) ds
= Jlggo ./IRd f(a;ly)ip(ajm —y)dy by z = a;ly

~lim ( [ ta' dy) Y(ajz — k) 6)

J—00

kezd

by a Riemann sum approximation. This last line (6) is exactly lim;_,o fj, with ¢ = 1¢c and b= 1.
Caution is required in the Riemann sum approximation step, because we discretize with fixed step
size 1. Theorem 1(a)(b) nonetheless shows the approximation (6) is exact in the W™P-norm as
j — oo provided either 1 satisfies Strang—Fix conditions to order m or else 1 satisfies them to
order m — 1 and the approximation formula is averaged over all dilation scales.

Second, we can express f; in terms of an integral kernel as f;(z) = [pa K;(z,y)f(y) dy where

Kj(z,y) = |aj|"K (a;z,a;y) and K(z,y) =|detb| Y 9(z — bk)p(y — bk).
keZd

The stability estimate in Theorem 1(c) says that K; : W™P — W™P with a norm estimate that is
independent of j, provided hypothesis (ii) holds.

3.3. Approximation using pointwise sampling. Now we develop an analogue of Theorem 1
that uses pointwise sampling. Write

f7 (=) = |detb| > f(a; bk)p(asz — bk) ()
keze
for the quasi-interpolant of f at scale j, sampled on the uniform grid a;led. The “e” notation
refers to the pointwise nature of the sampling.

Theorem 4. Assume ¥ € W™P for some 1 < p < oo,m € N, and that Q(x“ly®)) e Lt for all
lul <m, and f € WP N C™ with Q(f ™) € LP for all |u} < m. Suppose

DHp(eb™1) = 0 for all row vectors £ € Z%\ {0}, (8)
whenever || < m. Assume [gatdz =1. Then (a)-(d) hold:
(a) [Strang-Fiz approzimation] If in addition (8) holds whenever |u| = m, then
f= lim f? in W™P,

J——»OO

(b) [Scale-averaged approzimation] If the dilations a; grow ezponentially, then
f= hm n Zf' n WP,

(c) [Stability] || f}llwms < C’(i,b,m,p,amin) ZI#ISm 1QUf N, for all 5 > 0, where amin =
minj>0 ]ajl.
(d) [Span] f3 € W™P-span{; i : k € Z%} for each j > 0.

See Section 9 for the proof.
The C™-smoothness of f in the theorem is convenient, but it could be weakened like in the
corresponding L” result [5, Theorem 2].
5



For simplicity, Theorem 4 is stated only with hypothesis (ii) from Theorem 1, although it can
be proved under hypothesis (i) also.

3.4. Approximation rates. The preceding two theorems can be adapted to give epricit rates

of approximation of f; to f. But we must first construct analyzers and synthesizers with suitably
normalized moments.

Lemma 5. Suppose ¢,9 € L' with "¢, x™ 1 € L' for some m € N. If fRd ¢dx # 0 and

fRd Y dx # 0, then there exists a finite set K C 7% and coefficients ay, Br € C for k € K such that
the linear combinations

O(z) = Z ard(z — bk) and U(z) = Z Brip(z + bk)
keK keK
satisfy the moment conditions

/Rd PR de = {0 if0 < |u| <m, /Rd( e de = {0 FO<|uf < m~1. ©)

The proof is in Section 10, along with examples of how to construct the linear combinations for
® and V.

Now we can determine the rafe at which f; approximates f € W™P in the W™P-norm, for
L/
0 <r < m. Recall |flwrs = (EM=T HD“ng) ? is the Sobolev seminorm.
Theorem 6. Assume 1 € W™ P for some 1 < p < oo,m € N, with Q(x™y®) € L for all
lu| < m, and take ¢ € L9 with compact support. Suppose
DFp(eb~1) =0 for all row vectors £ € Z%\ {0},

whenever |ul < m.

Assume [padz #0, fpaddx # 0, and that ¥ and ® are as in Lemma 5.
(a) [Average sampling] If f € W™P then for eachr =0,1,...,m—1,

IE? - f!W"vP < C(Qﬁ, ¢7 m)p)IfIW""P,aj'r_m = O(lajlr—m) fOT‘ all] > 07

where F; is defined by average sampling with analyzer ® and synthesizer U:

Bye) = dentl Y ( [ £a )00~ W)y ) Wlago - o0

keZd
=|detb|2( D kb, / f(a;‘y>¢<y—b(k+k1+k2))dy) ¥(a;z — bk).
keZd \k1ko€K Re

(b) [Pointwise sampling] Suppose f € W™P N C™ and Q(f™) € LP for all || < m. Then for
eachr=0,1,...,m—1,

)Ef. - le”vP < C(%"%P; amin) Z IlQ(f(#))”P'ajIT*m = O(’G'J"T_m) for all j >0,
[xl=m

where amin = minjso|a;| and F? is defined by uniform pointwise sampling with synthesizer ¥:

Fp(z) = |detb] Y f(a;'bk)¥(ajz — bk)

keZd
= |detb| ) <Z Bry £ (a5 'b(k + @))) ¥(ajz — bk).
keZd \ka€K
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The theorem is proved in Section 11.

Remarks on Theorem 6.

1. Theorems 1 and 4 can give further information on F; and F}, such as stability estimates.

2. Theorem 6 does not consider case (i) of Theorem 1, because stability estimates underpin the
proof and we only know stability in case (ii).

3. The scale averaging technique in Theorems 1(b) and 4(b) does not help obtain rates of
approximation. The problem, when one digs into the proofs, is that the scale averaged periodiza-
tion %Z]Ll Pi(a;x) will generally fail to converge uniformly to its mean value; in particular,
convergence fails at z = 0 if P1(0) is not equal to the mean value and P+ is continuous.

4. Theorem 6(a) implies that F; — f in W™~1P, so that the ;) span W™? using the wm—Lp_
norm. In fact the 9, span W™P in its own norm, by Corollary 7. This illustrates the “gain of one
order” provided by scale averaging, in our work.

3.5. The Sobolev approximation literature and prior results.

Overview. Our main contribution in Section 3 is the scale averaged approximation in Theorem 1(b),
which is genuinely new.

The pointwise sampling results in Theorem 4 and Theorem 6(b) seem also to be new.

The average sampling results (big-O approximation rates) in Theorem 6(a) are essentially known.

Detailed discussion. We now give a more complete account, of the literature, and our contributions.

The original approximation results in W™P with [p, ¥ dz # 0 all assume that p = 2 and ¢
has compact support. See Babuska {4, Theorem 4.1] and Strang and Fix [30, Theorem I]. These
approximation formulas are not explicit, in the sense that they use sampled values of f , rather than
of f, to construct an approximation to f by Fourier transform methods. These indirect Fourier
methods are characteristic of the work of Strang and Fix and most of the papers inspired by them.
By contrast, we work with explicit quasi-interpolants in this paper, namely the functions f;(x).

Di Guglielmo had earlier proved an explicit approximation result [16, Théoréme 6] for p = 2,
provided also ¥ is a convolution like in (5) with u being the characteristic function of a unit cube.
This means % vanishes on the union of hyperplanes {¢ € R : ¢; € Z \ {0} for some i = 1,...,d},
and so 1,’5 vanishes on all these hyperplanes too, instead of just vanishing at the lattice points (where
hyperplanes intersect) like in the work of Babuska, Strang and Fix.

For p = 2, these authors all prove big-O approximation rates that are analogous to our Theo-
rem 6(a). That is, they show an arbitrary f € W™? can be approximated in the W™? norm at
rate O(|a;|"™™) as j — oo, for each 7 = 0,1,...,m — 1. The best possible result of this kind is due
to Jetter and Zhou {19, Theorem 1}, who completely characterized the functions v and ¢ for which
these approximation rates can hold, when p = 2. See also Holtz and Ron [18, Theorems 7,9].

For all 1 < p < oo, Jia [20, Theorem 3.1] has proved analogous approximation rates under the
assumption that ¢ and ¢ have compact support. Thus Theorem 6(a) is known already in the
compactly supported case. Jia's proof is different to ours, although both proofs avoid the Fourier
transform and hence can treat p 2 along with p = 2.

Theorem 6(a) improves on all these results in a technical sense (except for Jetter-Zhou and
Holtz-Ron when p = 2), because the hypothesis Q(x™%®)) € L! can hold even when % does not
have compact support.

Much more attention has been paid in the literature to the case r = 0 of Theorem 6(a) (approx-
imation of Sobolev functions in the LP-norm) than to the case r > 0 (approximation of Sobolev
functions in Sobolev norms). See for example [22, §7] for all p, and the references in [18] for p = 2.

The approximation rates in Theorem 6(b), for pointwise sampling, seem to be new except when
p = 2, which was considered by Jetter and Zhou [19, Theorem 5] provided m > d/2. When
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p = oo (uniform approximation), Strang and Fix [30, Theorem III} did use pointwise sampling to
approximate f in the W™ norm, and other authors have since extended those results.

Turn now to Theorem 1. Part (a) was essentially proved by Di Guglielmo [16, Théoréme 2/} for
p > 2, under the strong “convolution” assumption on ¥ mentioned above. Notice Theorem 1(a)
only gives convergence at the rate o(1), although to its credit this is accomplished without the
vanishing moment assumption on the analyzer and synthesizer needed in Theorem 6.

Theorem 1(b) proves scale averaged convergence, which is new. We are aware of no precedents
in the Strang-Fix tradition or in related approximation theory. Note that Theorem 1(b) gives
convergence in the W™P-norm in a situation where Strang-Fix type results like Theorem 6 can
only prove convergence in the W™ LP-norm (because the Strang-Fix condition is assumed only to
order m — 1). The convergence rate in Theorem 1 is merely o(1), but that will later suffice to yield
interesting spanning results, in Section 4.

Lastly, Theorem 4 is the analogue of Theorem 1 for approximation in W™P by pointwise sam-
pling. It seems not to have direct forbears in the literature.

Additional remarks. Strang and Fix [30, Theorem I} proved a converse saying that the Strang-Fix
condition to order m — 1 is necessary for approximating an arbitrary f € W™?2 in the Wn2-
norm (for r = 0,1,...,m — 1) at rate O(|a;{"™™) in a “controlled” fashion by functions of the
form 3 g4 cjk®jk. The point of Theorem 6(a) in this paper is to prove sufficient conditions
under which the quasi-interpolant f; achieves this best possible rate of approximation. We do not
consider necessary conditions.

Mikhlin’s monograph [26] develops Strang—Fix type approximation results using “primitive func-
tions”. Unfortunately the number of such generators must grow with m.

Maz'ya and Schmidt {23, 24, 27] developed a theory of approzimate approzimations that can be
viewed as Strang-Fix theory without the full Strang-Fix conditions. Their approximations possess
inescapable saturation errors and thus do not actually converge. Nonetheless, Maz'ya and Schmidt
make a case that the saturation errors can be negligible in practical situations.

4. Spanning results — synthesizers and their derivatives and differences

First we deduce spanning results from our earlier approximation theorems.

Corollary 7. Assume 1 € W™P for some 1 < p < oco,m € N, and suppose P|xHly{¥)| ¢ LY . for
all |p] < m. Assume

DFY(b~") =0  for all row vectors £ € 72\ {0},

whenever |p| < m.
If fRd'l/}d:l: #0, then {¢;x:7 >0,k € Zd} spans W™P,

Spanning means the finite linear combinations of the functions ;. are dense in WP,
The analogous LP spanning result [5, Corollary 1] holds when P|y| € L}

loc*

Proof of Corollary 7. The dilations a; can be taken to grow exponentially, by passing to a subse-
quence if necessary. And we can require fle ¥ dz = 1, since multiplying % by a nonzero constant
does not affect the span of the ¢; 1. Let ¢ be the characteristic function of a unit cube.

Then the W™P-span of the v;; contains C*, by Theorem 1(b)(d) case (i). By density of CI*,
the 9; 1 therefore span all of W™P. ]

Next we conclude that a simple decay condition near infinity suffices for the 1); 1 to span W™?,
in conjunction with the Strang—Fix vanishing of the Fourier transform at the lattice points, to order
m— 1.

8



Corollary 8. Assume ¢y € W™P for some 1 < p < 0o,m € N, and that v decays cccording to
| W (z)] < Clz|~4m* for each || = m and all large |z},
for some constants C,e > 0. Suppose Dh(2b=1) = 0 for all £ € Z2\ {0} and |u| < m.
If [padz # 0, then {h;1 : 5> O,k € 7%} spans WP,

To prove the corollary, just combine Corollary 7 with Lemma 2.
The analogous L? result (m = 0) is in [5, Corollary 2]. We are not aware of any previous spanning
results of this kind for Sobolev space.

Our next result spans by derivatives of a given spanning set.

Proposition 9. Let H C W™P for some 1 < p < co,m € N, and suppose H spans W™P.
If v is @ multiindex of order 0 < |v| < m, then the collection {D"h : h € H} spans W=,

The proposition is proved in Section 12. Clearly it fails for p = 1, since f]Rd D¥hdx = 0 always.

Ezample for Proposition 9. If v satisfies the hypotheses of Corollary 7 or 8, and 1 < p < oo, then
the (D¥4); % span Wm—IvlP by Proposition 9. In particular, they span LP when ] = m.
Note the Fourier transform of our new affine generator D"y vanishes at all lattice points, with
DFDv(8b™Y) = 0
whenever £ € Z \ {0} and |u| < m, and also whenever £ =0 and p < v.

Our final result shows that in most cases, the span of an affine system is not changed by taking
differences of the generator. Our notation for first differences is

Acp(z) = Y{z) — cp(z — 2), ceC, z,zeR%

When ¢ = 1 we simply write A,9(z) = ¢¥(z) — P(z — 2).
Theorem 10. Suppose 1 € W™P for some 1 < p < co,m € NU{0}. Fiz j > 0. Take c € C and
k€ 24\ {0}.

If1<p<oo or|cl #1, then

W™P_span{sp;x : k € 24} = W™P -span{(Acpxth)k : k € Z%}.

See Section 13 for the proof. Notice LP-spaces are covered by the theorem (when m = 0).
Ezample for Theorem 10. Work in dimension d = 1 for simplicity. If ¥ € L* has compact support
and [p¥dz # 0, then the small-scale affine system {¢;; : j > 0,k € Z} spans LP(R) for each

1 < p < oo, by [5, Corollary 2]. Then Theorem 10 with ¢ = 1 and k = 1 implies that each
LP(R),1 < p < oo, is also spanned by the small-scale affine systems generated by each of

Ay(z) = P(z) — P(z — b),
Al(z) = (2) — 29(z — b) + P(z — 2b),

and so on.
For example the Haar wavelet H = 1(g1/9) — 1[1/2,1) can be written as a difference H = %Azp of
the function ¥ = 219 1/9), provided b = 1/2, and so the oversampled, small-scale Haar system

(H@ 2 - é—k) i>0keZ)

spans LP for 1 < p < co, for each J € N, by taking a; = 29+7 above. Recall that the Haar system
{H(2z — k) : j € Z,k € Z} with no oversampling also spans LP [17], though it needs all dilation
scales j € Z to do so.

9



Remark. The spanning by differences result in Theorem 10 is weaker (in the interesting case
¢ = 1) than the spanning by derivatives result in Proposition 9. For suppose we want to span
LP. A difference of a function ¢ € LP will have Fourier transform vanishing on infinitely many
hyperplanes (e.g. the unit difference ¥(z) —+(z — e;) in the z; direction has a factor of 1 — e~27i1
in its Fourier transform, and this factor vanishes whenever & € Z). If instead we started with
1% € WP and then took a derivative such as D, we would introduce zeros only on the single
hyperplane £; = 0 through the origin in Fourier space; we would also need to impose a Strang-Fix
condition 1Z = 0 at the nonzero lattice points, to ensure that the 1, span WP by our results (like
Corollary 8) and hence that their derivatives span L¥. The upshot, though, is that when spanning
by differences one needs 12; to vanish on infinitely many hyperplanes, whereas when spanning by
derivatives one only needs v to vanish on one hyperplane and infinitely many lattice points.

Of course in dimension d = 1 the two approaches are equivalent, because hyperplanes reduce to
points. And anyway, differences can be more convenient to use than derivatives.

Spanning by molecular and wavelet affine systems. The work of Gilbert et al. [15], and
earlier Frazier and Jawerth [14], gives an affine spanning result in the homogeneous Sobolev space
W™P 1 < p < oo. In particular, the result [15, Theorem 1.5] proves a frame decomposition using
the full affine system {(a’z —bk):j € Z,k € 7%} provided o satisfies certain “molecular” decay
and smoothness conditions. Hence the system spans WP, Strang-Fix conditions are not imposed.
Unfortunately, [15, Theorem 1.5] holds only when the dilation step a is sufficiently close to 1 and
the translation step b is sufficiently close to 0, depending on the synthesizer 1. By contrast, in this
paper our dilations and translations are independent of 1.

In a different direction, orthonormal wavelet systems {¥(2/z — k) : j € Z,k € Z?} that satisfy
some smoothness and decay conditions are known to provide unconditional bases for Sobolev space
[17, p. 312], and hence span Sobolev space. See [21] for recent developments.

These molecular and wavelet results employ all the scales j € Z, and assume 12)\(0) =0. In
contrast, this paper uses just the small scales j > 0 and assumes 12;(0) # 0. (The only generators
with J(O) = 0 in this paper are those resulting from Proposition 9 when spanning by derivatives,
and from Theorem 10 when spanning by differences.)

5. Open problems — the Gaussian and the Mexican hat

Our work in this paper on Sobolev space, and our earlier work on LP in [5] and H! in [7], are
motivated by Y. Meyer’s unsolved “Mexican hat” problem. To describe it, consider now dyadic
dilations a; = 27 in dimension d = 1, and for simplicity take b = 1 throughout this section. Write
f(z)=(1- 2%)e~*/2 for the Mexican hat function (whose graph resembles a sombrero).

Meyer [25, p. 137] asked: does the full Mexican hat system {6, : j,k € Z} span L? for all
1 < p < oo? (It cannot span all of L! because the Mexican hat has integral zero.) The answer is
Yes when p = 2, but the problem remains open for all other p-values. It is known that the Mexican
hat system spans L? provided the translations are sufficiently oversampled [8], or the translations
and dilations are both sufficiently oversampled [15].

We propose a different approach. The Mexican hat is the second derivative of the Gaussian
—e~®*/2_ and so we wonder whether the Gaussian system spans Sobolev space.

Conjecture 1. If¢(z) = e==/2 then {jk 3 >0,k eZ} spans W™P for each1 < p < oo,m € N.

If Conjecture 1 is true, then for all m € N, the mth derivative of the Gaussian ¥ would generate
a small scale system spanning L?, 1 < p < oo, by Proposition 9. In particular by taking m = 2, the
small scale Mexican hat system {6, : j > 0,k € Z} would span LP, answering Meyer’s question.
10



Notice Conjecture 1 is true for m = 0 (the LP case), by (5, Corollary 2] or earlier by {12]
for dyadic dilations. Also note Corollary 8 fails to resclve the conjecture for m > 0, because
the Fourier transform of the Gaussian vanishes nowhere and thus fails the Strang-Fix hypothesis
DHi(€b=1) = 0 imposed in Corollary 8.

Conjecture 1 must be approached with caution, because not every reasonable i generates a
system that spans Sobolev space. For example the tent function ¥(z) = 2z for z € [0,1/2] and
Y(x) = 2 — 2z for = € [1/2,1] does not generate a small scale dyadic spanning set for W12(R),
because if it did then ¢’ = 2H would generate a small scale dyadic spanning set for L2(R) by
Proposition 9, whereas spanning L?(R) requires the full dyadic Haar system (involving j € Z and
not just j > 0), by orthonormality.

We expect such counterexamples to be nongeneric, but they do show that small scales alone will
not always suffice to span Sobolev space, or LP.

The second difference of the Gaussian. Although we cannot so far resolve the Mexican hat
spanning problem for the second derivative of the Gaussian, we can easily resolve the analogous
problem for the second difference of the Gaussian. With ¢(z) = e~=*/2 being the Gaussian, write

o(z) = ¢(z + 1) — 2¢(z) + P(z — 1) = —A_1819(z)
for the symmetric second difference of the Gaussian with step size 1. As remarked above, the
Gaussian system {4, : j > 0,k € Z} spans LP(R) for 1 < p < oo, and so the second difference
system {ojx : j > 0,k € Z} spans LP(R) for each 1 < p < oo, by two applications of Theorem 10
with m =0,c = 1.
Figure 1 shows that the second difference o of the Gaussian and the second derivative 8 (the
Mexican hat) behave very much the same way, in both time and frequency domains.

FIGURE 1. Left: The second derivative 6(z) and second difference o(x) of the
Gaussian (solid and dashed curves, respectively), after normalization to 1 at z = 0.
Right: Their Fourier transforms 6(£) and 7(£).

Incidentally, the Mexican hat generates more than a spanning set for L?(R): it generates a dyadic
frame by [11, p. 987] or 10, p. 264], meaning constants 0 < A < B < oo exist such that -

AIFIB <SS TR0 <BIfIZ for all f € LA(R),
JEZ keZ
11



when a; = 27, The second difference function o(z) also generates a dyadic frame: by numerically
evaluating Casazza and Christensen’s frame criterion (see [9, Theorem 2.5], {10, Theorem: 11.2.3])
we have obtained the estimate B/A < 1.088 for the frame bounds, compared with B/A < 1.095 for
the Mexican hat.

6. Discretized approximations to the identity

The basic approximation results of the paper are developed in this section. The key object is an
operator [;[4, ¢] that acts on functions h(z,y) by

(Gt e = dett Y- ([ honaty = )ty - ) ) iz =00, 3 >0. (1)

kezd

Lemma. 11 specifies properties of the synthesizer 1/ and analyzer ¢ under which I; is well defined.
We will require h(z,y) to belong to the mixed-norm space

L®*) = {h: h is measurable on R? x R? and 12l (p,00) < 00}

where [|Al(p,00) = €ss. supyepa([pa |h(z, )P dz)Y/P. That is, lAll(p,00) takes the LP norm of h with
respect to «, and then the L® norm with respect to y.

For example if h(z,y) = f(z+y) and f € LP then h € L(P*) with ||h||(,c0) = || fllp- This choice
of h yields I;[¢, #|h = f;, by comparing the definitions (1) and (10). Hence we call I; a “discretized
approximation to the identity” operator.

Lemma 11. Assume 1 € L for some 1 < p < 00, and that one of the following conditions holds:

(i) Plp| € L}, ,¢ € L', and h(z,y) = f[o,l] f(z + ty) dw(t) for some f € C. and some Borel
probability measure w on {0,1}];
(i) QY € L', ¢ € L9 with ¢ having compact support, and h € L®>),

Then the series (10) defining I;[¢, dlh converges pointwise absolutely a.e. to an LP function. The
series further converges unconditionally in LP. And in case (ii) we obtain a stability estimate that
is independent of j:

1751 ¢lhllp < C(p,spt )| Q%I [idllgIall(p,o0)- ‘ | (11)

Remarks on Lemma 11.

1. Case (i) assumes less about 9 than case (ii) does, but on the other hand it assumes a special
form for h, and it does not yield a stability estimate.

2. The assumption Qv € L! in case (ii) lets us bound the values of ¥ at nearby points, so that
we can estimate certain Riemann sums involving ¢ with integrals involving Q. See (17) below.

3. For h(z,y) = f(z +y), Lemma 11 and also Lemma 12 below were proved in our L? paper [5,
Lemmas 1 and 2]. (The hypotheses there are stronger on the analyzer ¢, but that matters little.)
This special choice h(z,y) = f(z + y) yields a stability estimate in both cases (i) and (ii).

See that paper [5] for an account of earlier literature with h(z,y) = f(z+y), such as di Guglielmo
(16, p. 288).

Proof of Lemma 11. The integral [p4 h(z, a;ly — z)¢(y — bk) dy occurring in the definition of I;
is well defined, because in case (i) h is bounded and ¢ € L!, and in case (ii) we see y — h(z,v)

belongs to L}  for almost every z and ¢ € L? has compact support.
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To start estimating I;, notice

kezd

(L[, glR) ()P < (ldetbl Z/ |h(z, a7ty ~ z)|1¢(y — bk)| dy l¢(%$—bk)|)

< | det b| Z </ |h(z, a; ly—g¢ We(y — bk)|dy) |(a;z — bk)| (12)

kezd

p—1
- (1 detb| > [ip(ajz — bk)|>

keZd

by Holder’s inequality on the sum, when p > 1. (When p = 1 the last inequality is trivial.)
Case (i). By applying Holder’s inequality to the y-integral in (12) we find

|(L; [, g]R) () [P
<1dethZ/ |h(e, a; 'y — 2)Plé(y — k)| dy |6 ¥ (ajz — bR)|(Plpl(es2))"™" (13)

kezd

After integrating (13) with respect to = and then substituting h(z,y) = f 1] f(z + ty) dw(t) and
making the changes of variable z — a7 Y(z 4 bk) and y > y + bk, we deduce

1L, RIE < / // (23, 8) (@) (Pll(@))P | 6(v)] dedydw(t) |67~ (14)

where

Rj(z,y,t) = |deta; ' Y |f(a; (= + bk) + ta; ' (y — =))PP. (15)
kezd

We claim R; is bounded, independently of z,y and t. For if we write w = aj“lar + taj—l(y — ) and
K={keZt: a;lbk € (spt f) — w}, then

Rj(z,y,t) < |detaj'b|- #K - || f|[Z,
= I£IIB, - | Ukex a5 'b(k +C)|
< FIB - [{z € R® : dist(z, (spt f) — w) < diam(a] 'bC)}|
= || £I1% - {z € R*: dist(z,spt f) < diam(a; 'bC)}, (16)

which gives a bound on R; that is uniform in z,y and ¢.
Also ¢ € L! by hypothe31s in case (i), and |4|(Ply|)P~! € L! because

[P tde = [ 5 (e~ BRI(PIIGE — bE)P! do = det b PG, <
kezd

Therefore I;[1), ¢|h belongs to LP by the estimate (14).
13



Case (ii). By using the compact support of ¢ in the y-integral in (12), and then applying Hélder’s
inequality, we find

|(Z3 4, 21R) ()P
< |detd] 3 / Iz, a5ty — 2)PLapt oy — b) dy 161§ 9(ajo — bR)II| Pll|1E

keZd

< |detb] / h(z,a; 'y — 2)PLe(y — bk)Qev(ajz — y) dy - (| Pyl 8115 (17)
kezd
for almost every z, by Lemma 17 with f = ¢ and F = spt ¢,

< | |h(e, —a; 'y)PQEY(y) dy - IPLelllIPIIIES ¢l by ¥ — ajz —y.
R

Integrating with respect to x gives the norm estimate
01 (%, d]RlE < /Rd B¢, —a; ' 9)IEQEY(y) dy - | Ple|lool Pl IIES 16117 (18)

< CEYIIE, ) IQuls - IPIIE 01,

using here that ||Qg( )i < C(E)||Q(:)|l1 by definition of Qg in (64). Finally note ||Pl|y|||lc <
C||Q¥|l1 by Lemma 18.
Thus we have proved estimate (11) in case (ii).

Unconditional convergence. The series defining I; [+, $|h converges unconditionally in L?, because

Jim 3 Nideetl ([ a5ty = a)oty - b8) dy ) wlase — ) =0
|k|>K
in L? by dominated convergence (using the pointwise absolute convergence proved above). |

The next lemma proves convergence properties of I3[, ¢] as j — oo.

Lemma 12. Assume ) € LP for some 1 < p < 0o, and that one of the following conditions holds:
(i) Ply| € LY ,¢ € L}, and h(z,y) = f[O,I] f(z + ty) dw(t) for some f € C. and some Borel
probability measure w on {0,1];
(ii) Q¢ € L', ¢ € L9 with ¢ having compact support, and h € L) with

lin}) h(-,y) = h(-,0) in LP. (19)
y'—)
Then (a)-(c) hold:
(a) [Upper bound]
: CONPWIlIiLe@eylidlls  in case (i),
1 L[, &k, < |R{,0)||, . ’ 20
tosuplisté, g1kl < G, O)ly {cm ot QU8 in case (i), 20)
(b) [Constant periodization] If P(z) = [ga¥(y)dy for almost every x, then
Jim (5, ) z) = h(,0) / W(y) dy / e in IP. (21)
(c) [Scale cwemgmg/ If the dilations a; grow ezponentially, then
J
Jim =S (i ) mo/ v)dy [ #e)de in

j=1



Hypothesis (19) says that y — h(-,y) is continuous as a map R? — LP, at y = 0.

Proof of Lemma 12. Observe Ply| € L7 , by hypothesis in case (i) and from Lemma 18 in case
(ii). Integrating P|t/| over the period cell bC then shows 3 € L. And the mean value of Py equals

leI/ Pow)dy= [ 5 vy -0 dy—/ by
kez?
Thus the bZ?-periodic function g(z) = Py(z) — Jga ¥(y) dy has mean value zero and belongs to LY
If the dilations a; grow exponentially then [5, Lemma 3| tells us that limj e ZFl glajz) = 0
in L} , or

Jim —pr(ajz) / P(y)dy  in LD . (22)

(Formula (22) is the source of all scale averaging in this paper. It is a concrete version of Mazur’s
theorem, which says that the weak convergence g(a;jz) — 0 implies norm convergence of suitable
convex combinations of the g(a;z).)

With these preliminaries taken care of, we begin to prove parts (a)-(c).

Part (a). Case (i). The estimate (16) implies that R; is bounded by a constant independent
of z,y,t and j, for all large j (using that a,;l — 0). Note also Rj(z,y,t) — fIRd |f(z)|Pdz as

j — oo, for each z,y,t (by interpreting the definition of R; in (15) as a Riemann sum and using
that f € C..). Thus we may apply dominated convergence to formula (14) to obtain that

imoup I GHg < [ [ [ [ S@P de @I PwiEp o) s ololk

which implies estimate (20).

Case (ii). By dominated convergence, as j — oo the righthand side of (18) approaches the limiting
value fou [IA(-,0)[BQE%(v) dy - [ PLE|loo | PIIIR |61, because Qg € L* and [lh(-,y)ll, € L=
while A(-,y) — h(-,0) in L? as y — 0 by assumption (19). This proves (20) in case (ii), since we
can now replace Qg with @ like we did after (18).

Before considering parts (b) and (c) of the lemma, we prove (20) for a useful variant of h from
case (i).

Lemma 13. Assume ¢ € LP for some 1 < p < oo, and that Plp| € L}, ¢ € LY, and h*(z,y) =
fo ylfl@+ ty) — f(z)| dw(t) for some f € C. and some Borel probabzlzty measure w on [0, 1].
Then h*(z,0) =0, and lim;j_ |51, #|h*||, = 0.

Proof of Lemma 13. We have
L [, #1115 / / R}(z,y, 1) [$(2)|(Pll(z))P ! [$(w)| dedydw(t) |67 (23)
R¢ JR4
by applying (14) to h* instead of to h, where
Rj(z,y,1) = |deta; '] D |f(a; (2 + bk) + taj (y — 2)) — f(aj (= + b))
keZd

Clearly R3(x,y,t) is a Riemann type sum, converging pointwise to [pa|f(2) — f(2)|Pdz = 0 as

Jj — oo, since f is continuous with compact support. And like in the proof of Lemma 12(a) in case

(i), one finds Ri(z,y, t) is bounded by a constant independent of x,y,t and j, for all large j. Thus

dominated convergence applied to (23) gives ||I;[%, ¢[]h*|l, — 0 as j — oo. a
15



Now we return to proving Lemma 12,
Parts (b) and (c). Define

H(z,y) = h(z,y) — h(z,0) € LP>),
Then the definition of I; in (10) implies

(L[, ¢lh)(z) = (L; [, #]H)(z) + h(z,0)Py(a;z) /Rd ¢(z) de. (24)

Case (i). Suppose h( ,y = f[o 1 f(z + ty) dw(t) for some f € C, and some Borel probability
measure w, so that H(z f[o y(Fz +ty) — f(z)) dw(t) Then

Jim L, 9 = in LP (25)

by Lemma 13, because |I;[, o] H| < L;{|4|, |¢|}h* pointwise.

To prove part (b) of the lemma, observe if PY(x) = [pat(y)dy for almost every x that the
desired limit (21) follows 1mmedla.tely from (25) and decomposmon (24).

For part (c) we just use (25) and (24) and observe that

Jim h(z,0) ZP«p@, = h(z,0) / V) dy  in L7,
]Rd

by the boundedness and compact support of h(z,0) = f(z) € C, and using the L}

convergence of
the periodizations in (22).

loc

Case (ii). In this case limj_,c0 I;{¥), ¢]H = 0 in LP by part (a) of the lemma, because H € L)
and H(-,y) — H(-,0) =0 as y — 0 by hypothesis (19).

Hence part (b) of the lemma again follows from the decomposition (24).

Part (c) follows like in the proof of part (i) above when h(z, 0) is bounded with compact support.
But we can reduce part (c) to this situation by the stability estimate ||I;[%), lhll, < CliAll(p,00)
(proved in Lemma 11, formula (11)) in conjunction with the following density argument. Given
€ > 0, choose h € C,(R?) with ||A(-,0) — ||, < ¢, and then define

h(z if ly| <,
R LN e
h(z,y) otherwise.
Then trivially lim,_,o h(-,y) = he(-,0) in LP, while
B = Rellp,ooy < max ([, y) = A(-, O)llp +[IA(+, 0) = hllp — 0

as € — 0. That is, we can approximate h arbitrarily closely in L) by a function satisfying the
same hypotheses as h but which is also bounded with compact support when y = 0. |

7. A preliminary result: Strang—Fix implies constant periodization

Here we establish a lemma, explaining Theorem 1’s hypotheses on the zeros of J Roughly, if the
Fourier transform of 1 vanishes at every nonzero lattice point, and so do its derivatives up to order
n*, then the moments of ¥ up to order n* must all have constant periodization.

Recall X (z) = z is the identity function, and x(z) =1 + |z|.

Lemma 14. Toke integers 0 < m* < m,0 < n* < n, and suppose » € W™ with x"P) € L! for
all multiindices of order |p| = m*.

(a) Then 1 € C™(R%\ {0}), and ) € C™(RY) if x4 € L.
16



(b) If D°P%(¢b~1) = 0 for all |o| < n* and all row vectors £ € Z4\ {0}, then the periodization of
(—X)74{P) is constant for each |o| < n*,|p| = m*, with

oo Jra(—9)7 PP dy  if o 2 p,

or almost every x.
0 otherwise, 4 v

P((—X)79))(z) = {
Proof of Lemma 14. Part (a). Suppose |o] < n and |p| = m*. Then (—2miX)°{?) is integrable by
the assumption x"%) € L. So we can differentiate the transform (@) (§) = [54¥(P) (z)e~ 2% dz
through the integral o times, obtaining that (") € C*(R%) since o was arbitrary. But () (¢) =
(2mwi€)P1P(€), and so 9 has n continuous derivatives away from the set {§ : £ = 0}. By considering
all pure multiindices (meaning p = (m*,0,...,0) and so on) we deduce that ¢ has n continuous
derivatives away from the origin.
Part (b). The periodization z ~+ P((21i(—X))?4(P)(bz) is Z4-periodic and is locally integrable.
Its £-th Fourier coeflicient is

/ P((2ri(= X)) ) (ba)e=2"it% dz
C

= Z (2mi(—z + bk)) PP (¢ — bk)e~ 27 e gy by & +— b~ 'z and definition of P
5 ez

= / (=2miz) P (z)e""m‘eb_lz dz by z — z + bk (26)
R4

= D¢ [ @) ds
R4

£=0b—1

= D9(2mit)?
Dg(mie)be)|_,
by parts. This last expression is zero when |o| < n* and £ € Z?\ {0}, by the hypothesis on the
zeros of ¢ and its derivatives. Thus all the Fourier coefficients of P((2mi(—X))?%()) vanish except
possibly the zeroth one, and so P((2mi(—X))?1() is a constant function.

This constant value is given by the £ = 0 Fourier coefficient, which by (26) equals

[ (wiayu0 @) s = {32”)"" 2 a0y @) b o2,
Rd

otherwise,

after integrating by parts p times. O

8. Proof of Theorem 1

First we show the hypotheses of the theorem make sense.

To start with we show ¢ € C™(R9 \ {0}), so that D*%(¢b~") makes sense whenever |l < m
and £ # 0. So let 1 be a multiindex of order |u| < m. We have P|xl#yp®)| ¢ L7 . c L}, (from
hypothesis in case (i), and in case (ii) by using also Lemma 18). Hence x4 e L1, so that
%€ W™, Lemma 14(a) with n* = n = m* = m now tells us that ¢ € C™(R%\ {0}).

Note also that x/#{#) € LP by Lemma 16.

Next, ¢ € L' by above, while ¢ € L' from the hypotheses in cases (i) and (ii). Thus the
normalizations on the integrals of ¢ and ¢ (in the statement of Theorem 1) do make sense.

Now we commence the proof, by showing f; € W™P. Fix a multiindex p of order

r = |p| < m.
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If we formally take the derivative through the sum over k in the definition of f;, in formula (1), we
fird that

D?fj(z) = |det b 3 < / £ (a5 )y — bF) dy) QP (o — bE). 27)
kezd
To make this rigorous, let h(z,y) = f(z + y) and notice the righthand side of equation (27) equals
ang['c/J(P),qS]h, which belongs to L? by Lemma 11. That lemma proves the sum over k in (27)
converges pointwise absolutely a.e. to an L? function. Then it is straightforward to show D?f;
exists weakly and is given by (27). Hence f; € W™,

Part (d). In fact f; € W™P-span{t;x : k € Z%}, because the sum over k in (27) converges
unconditionally in L” by Lemma 11.

Parts (a)}(b)(c). Our first step is to add and subtract an appropriate Taylor polynomial inside
the formula (27) for D?f;. Specifically, we will show

D? f; = Main; + Rem;

where

(o) (z o
Mainy(a) = 3 LB 57 (7) [ oty dy - U279 @), (28)

(@)
Rem;(z) = | det] ) | ( /}R ) flai'y) = > f ( )(a_ly )"} ¢(y—bk)dy> P (ajz ~ bk),

(20)
with s = |o| and with (7) = (7!)--- ({?) being a product of binomial coefficients. To see this,

1
substitute the binomial identity

@y =0y (7) = vy~ 0k ~ s

into Rem;(z), which leads to cancellation with all the terms in Main;(z) and thereby reduces us
back to the known formula (27) for D7 f;.

Remainder term. We will show Rem; — 0 in LP as j — oo. In fact we take absolute values in
(29) and aim to show

tim derd) 3 ([ holen oty = 5y - agel 6ty ~ k)l dy ) WP sz = b =0 (30)
kezd R
in LP, where

/lul" when y #0,

©)(z) o
(2, 9) ‘f Z+Y) = Pjoj<r e (31)
when y = 0.

Taylor’s formula with integral remamder enables us to rewrite

(2,9) / L1 (@ + ty) — FO @ dun(t)] [ ol
.1 o= &

for almost every (x,y) € R? x RY, where w, is the probability measure on [0, 1] defined by

r(1=t)""1dt ifr>0,
dw,(t) =
®) {dél(t) if r=0.
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Hence

o) S Hemg) = [ 57 150 1) = )] 1) (32)
loj=r
After putting h, < H, and the estimate
ly — ajz| < |y — bk| + |bk — ajz| < (1 + |y — BR[)(1 + bk — ajz]) (33)
into (30), we see it’s enough to prove
lim Li{x"$®,¢;]H, =0 in L? (34)
j—o0

where ¢, = [x" 4.

Our hypotheses on ¢ guarantee in case (i) that ¢, € L', and in case (ii) that ¢, € L7 with
compact support. Hence in case (i), the desired limit (34) follows from Lemma 13, because H, has
the form required of h* in that lemma and f(@) € C,.

In case (ii), we see that (34) follows from Lemma 12(a) provided we show H, € L®>) and
H.(y) — H.(-,0) =01in L? as y — 0. But (32) implies

IH-Cy)ls < D / £ +ty) = FOp don () (Which s <2 ||f(")llp) (35)

|of=r lo|=r

—0 asy — 0.
This completes our proof that the remainder term Rem; vanishes in L? in the limit as j — co.

Main term. Next we examine Main;(z). Since |7] < |o| < r = |p|, if either 7 < ¢ or |o] < r then
0< 7| < |p| =7, and so
P((-X)¢#) =0 ae. (36)
by Lemma 14(b) (with m* = n = r and n* = r —1). It is here in Lemma 14 that we employ the
Strang-Fix hypothesis (2) on the zeros of 3.
Most terms in Main;(z) vanish by (36). The ones that are left have |o| = r and 7 = o, so that
s=rand (J) =1and [pay" "d(y)dy = [pa ¢dy =1. Thus

Main;(z) = » f P(( X)) (a;z). (37)

lo|=r

Proof of Part (c). Assume (ii) holds, in this part of the proof. Let 0 < |p| =7 < m. Then

| Rem; [lp < I\ [ix 4, ) Hrllp by the estimates leading up to (34)
<Ch,6,0) D 1F Dl by Lemma 11 and (35).
loj=r
And
I Main; [l, < > [F I P(=X)7 %) oo by (37)
lol=r
<C Y WplRU=X) %)y by Lemma 18,
lo|=r

Combining these two estimates and summing over |p| = r gives the seminorm stability | f;|wr»
C(, é,r,p)|flwre, and then summing over r = 0,...,m gives the norm stability ||f;|lwm.»

C(d)v ‘#’7 map)”f“Wm,p .

INIA
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Proof of Parts (e} and (b). We need only consider f € CI* when proving part (b): in case (i) we
already assume f € C™, and in case (ii) we can reduce to f € O™ by the density of such functions
in W™P and the stability bound || f;||lwm» < C||f|lwm» proved in part (c).

To prove parts (a) and (b), we will first show

Dff = lim D*f; in L7 if |p| <m and f € W™P, (38)
j—o0
Then to complete the approximation formula in (a) we will show that if the Strang-Fix hypothesis
(2) holds for all multiindices of order < m (not just < m), then
Dff = lim D*f; in L if |p| =m and f € W™P, (39)
j—00

To complete the approximation formula in (b) we will show (if the dilations a; grow exponentially)
that

J
.1 . .
Dpf:}Ln;oj,Elefj in P if |p|=m and f € C". (40)
j=

Proof of limits (38) and (39). For proving the first limit (38) we suppose |o] = |p| = 7 < m.
Then

P((=X)7 ) (z) = {p! ffo=p

0 otherwise

for almost every «, by Lemma 14(b) with m* = n = n* = r (and recalling [p.%dy = 1). Hence
(37) simplifies to Main; = D?f, meaning (38) follows immediately from our remainder estimate
Rem; — 0.

To prove the next limit (39), just apply the same reasoning with r = m.

Proof of limit (40). To prove the third limit (40), suppose |o| = |p| = r = m. Define the function
_ {P((—X)w(f’))/a! ifo # p,
T UP(=X)Py @) /pl} ~ 1 if o = p,
so that gq., € L} _ is bZ%-periodic. Then
Main;(z) = D?f(z) + Z fl (2)go;p(ajz), (41)
lo]=m

by comparing with the expression (37) for Mainj(z). Each function g,., has mean value zero,
because

0 otherwise

| =
et [ PU=X)rwP)de = [ (=379 do = {”' to=s
oC Re
by parts, recalling |o| = |p|.

If the dilations a; grow exponentially, as assumed for (40), then [5, Lemma 3] applies to each
do;p and says that

J—o0

J
.1 .
lim i Zga;p(aja:) =0 inlL} .
=1
Then
[
Jim @) 53 nloy) =0 in 17
g=
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because each f(°) is bounded and has compact support (recalling f € C™ for (40)). Hence

I
1
i in, = DP in LP
Jhm JjgleamJ Drf in L (42)

by (41). Combining (42) with Rem; — 0, we deduce the limit (40).

9. Proof of Theorem 4

Our initial task is to show f; € W™P. Fix a multiindex p with r := |p| < m. Like in Theorem 1,
formally differentiating the definition (7) of f5 yields that

DPfy(x) = |detd] S f(a; bk)afe® (ajz — bk). (43)
keZd

The righthand side of this equation is exactly a7 f; [/()], where the temporary notation I [1P)]

denotes the function obtained by replacing ¥ with (®) in the definition of f;. Now to show
rigorously that f; is weakly differentiable with derivative given by (43), it is enough (like in the

proof of Theorem 1) to observe that the series defining fj’[v,b(/’)] converges absolutely a.e. to an

LP function, which it does by [5, Theorem 2(e) and its Remark 3]. Note () does satisfy the
hypotheses of [5, Theorem 2(e)], by using Lemma 18.
Hence I e wmp,

Part (d). In fact f7 € W™P-span{¢; : k € Z?}, because the sum over k in (43) converges
unconditionally in LP, by [5, Theorem 2(e)] applied to {®).
Parts (a)(b). We will first show
Dff = ]ll’n;o Dff3 in L?  if |p| < m. (44)
Then to complete the approximation formula in (a) we will show that if hypothesis (8) holds for
all multiindices of order < m (not just < m}, then

Dff = lim DPfy  inLP if |p| =m. (45)

J—ro0

And to complete the proof of part (b) we will show (if the dilations a; grow exponentially) that
1 J
— 1 o in [P i -
Drf = Jhm b ]E—l Def; in LP  if |p| = m. (46)

To .begin with, we calculate from (43) that
D?f? = Main; + Remj
where

(o} T
Maing() = Y0 L2 p((-x)7y ) age),

la|=r

() (g
Rem$(z) = |detb] > |f(a;'bk)— > f_;(—)(aj—lbk —a)7 | a5l (ajz — bk),
kez lof<r
noting in this calculation that if |o| < 7 then P((—X)?4{?)) = 0 by Lemma 14(b) with m* =n =r
and n* =7 -1,
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In formulas (44) and (45) we have Main; = D?f, as shown in the proof of (38) and (39) in the
previous section. Thus for proviag (44) and (45), we have only to show Rem} — 0 in LP.
In formula (46) we can express Main; as in (41), and

J
o) oy L :
f( )(1)7;ga;p(ajm)*->0 in L? as J — oo

by Lemma 19, since Q(f(?)) € LP. Therefore (42) holds, and so to prove (46) we again have only
to show Remj — 0 in LP.

Remainder term. We will show Rem; — 0 in LP as j — co. After taking absolute values inside
Remj(z), we would like to show

lim |detb| >  h(z,a; bk — z)|bk — a;z|"[*) (a;z — bk)| = 0
J—ro0
kezd

in LP, where the function h, was defined in (31). Since h, < H, by the Taylor remainder estimate
(32), it suffices to prove

lim |detb| Y Hy(z,a;'bk — 2) |(x"¢))(ajz — bk)| =0  in LP. (47)
j—oo
keZd

We will do this by comparing with the analogous limit that uses average rather than pointwise
sampling.

So let our analyzer be ¢ = 1y /|bC| and subtract the quantity Ij[]x"lp(")hqﬁ]Hr from (47). This
quentity tends to zero in L? as j — oo by Lemma 12(a), observing H,.(-,y) — H.(-,0) =0in L? as
y — 0.

After performing the subtraction of I j[‘XT¢(p)|, ¢|H, from (47) and then taking absolute values,
we see it would be enough to prove (whenever |o| = |p| = r < m) that

lim |detb| ) / / | FOz + (a7 ok — z)) — £ (2 + t(a; 'y — )| dwp(t) $(y — bk) dy
j—oo keze /R4 /0]
AP (ajz —bk) =0 in LP.
But ¢(y — bk) # 0 if and only if y — bk € bC, in which case |a]'bk — aj 'y| < ||a} 'b]|v/d. Therefore
the last limit would follow from
lim |detd| ) / (S,=1, f )& + t(a; 'y — 2)) dwr () $(y — bk) dy (X)) (a2 — bk)| = 0
I peze R0 ?

in LP, where the modulus of continuity operator S is defined in Appendix A. Thus our goal is now
to prove

lim Gx"¢®|,¢JT; =0  in L? (48)
j—oo

where Tj(z,y) = f[o,l](Saj‘lbf(a))(m + ty) dw,(¢).
The stability estimate in Lemma 11 together with Minkowski’s integral inequality implies that
1L 1@, 1Tl < C (3, 2, I Tl py00) < CW, 2, T)lISa;lbf(")llp (49)
-0 as j — co

by Lemma 20, which is valid since Qf(°) € LP and f(?) € C by hypothesis. This proves (48),
completing our proof that Rem; — 0 in L?.

Part (c). The proof of Theorem 1(c) shows || Main; ||, < C(y,m,p)||fllwm.».
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To get stability of the remainder term Rery, it suffices to show (in view of our proof above) that

[Blrv @t < cenn 317, (50)
lol=r
L s DL 6T < Ot By amin) 1Rl (51)
lo|=r

The first inequality follows from Lemma 11 together with the estimate |[H ||, c0) < > j5j=r 211 f @,

in (35), and the second inequality follows from (49) and the fact that ||S -1, f @), < Clamin)IQF |,
7

for all 7 > 0 by Lemma 20.

10. Proof of Lemma 5. Examples.

Notice ¢ € C™ and 7,5 e C™ 1 since x™¢ € L! and x™ !y € LL.
We adapt the reasoning in [30, p. 833] as follows. Let K = {k € Z% : k1| + - - - + |ka| < m} and

write B(€) = 3 ek Bre?™ ¢ for a trigonometric polynomial with coefficients i to be determined
later. After checking that

[ comu@ i = er WDe(BEnd©)| . W<m-1

we see the task for ¥ in (9) is to choose B such that the derivatives of B({b) agree up to order
m—1 at £ = 0 with the derivatives of 9(¢)~!. In other words the derivatives of B(¢) should agree
with those of 1(¢b~1)~1 up to order m — 1, at £ = 0. This is true if we take

BEe) = Y Df(de )|, pal®)

Jul<m—1

where 0 € R? is regarded as a row vector and po(¢) = 1 and where for 0 < |p| <m—1 we write
pu(§) for the unique polynomial of degree m — 1 jointly in e?mié | e2™%d such that

1 ifo=
{1 12

) for all |o| <m 1.
0 otherwise

Then B(€) has the desired form 3", x Bre® ¥, and our coefficients Sy are determined.
Argue similarly to construct ®.

Ezamples for Lemma 5. In special cases we can argue directly to construct ® and ¥, rather than
following the method of the proof above. Take b = I for simplicity, and fmd ¢dz = fIRd tdr=1.
1. Let m = 1. If ¢(z) is even with respect to each component x;, then we can take ® = ¢ and
U =4, in Lemma 5.
2. Let m = 2. If ¢(z) and ¢(z) are even with respect to each component z;, and ¢(z) is

symmetric in zj,...,Zq, then in Lemma 5 we can take ¥ = ¢ and
O(z) = aop(z) a1 Bz —k),
kilklo=1

where |k|oo := maxi<i<q |2;| and

_ Jge zid(z) dz
T 9.3d-1
We leave the reader to verify that (9) holds with m = 2. Notice 3¢ — 1 = #{k : |k|eo = 1}.
In dimension d = 1 this construction reduces to ®(z) = (1 +2a1)¢(z) —a1¢(z — 1) —a1p(z + 1)
with a; = 1 fp 22¢(z) dz, provided ¢ is an even function of one variable.
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11. Proof of Theorem 6
Fix a multiindex p with r := |p| < m —1.
Part (a). We decompose
DPF; = Main; + Rem;

where

(@) (g
Maing(z) = 3 Loar=s . p((~X)71#)(a;2),

ozm 7
1 fO) ), 4
em € Y) — —_—(a, Yy — Y — y|a; a:r — ,
Rem;(z) = |detb| ) | / (a7'0) = D =——(ef )7 | ®(y — bk)dy | o) (a;z — bk)
kezd lo|l<m ’

and s = |o|. These quantities are identical to Main; and Rem; in (28) and (29) (see the proof of

Theorem 1) except that here we sum over |o| < m instead of || < r and we use the moment condi-

tions (9) on  to evaluate the moments [z, y°~"®(y) dy. Note that the periodization P((—X)7 L))

occurring in Main; is bounded, by the hypothesis that Q(x™¥() € L! and Lemma 18.
Remainder term. We first show

| Rem; ||, < C(, ¢, m, p)|f|lwmwla;["™™  for all j > 0. (52)

Now, Rem; is bounded pointwise by

|detb12(/ oz, -1y—:c)|y—ajmr"l@@—bk)ldy) 0O (a2 - BE)| -l (53)
kezd

where h,, is defined by taking “r =m” in (31). And after using (33) to estimate |y — a x|, we see
that (53) is bounded by |a;|"~™ times I;{jx™¥¥)|, ®,,]h, Where ®,, = |x™®|.
Hence (52) follows from

VL™ P, @l lly < C(W, b, m,p)| flwme  for all >0,

which holds by the stability estimate in Lemma 11 in view of the following observations. First,
Q(x™y'”) e L' by hypothesis, which implies x™¥(®) € L' N L*® C L? by Lemma 18 with “r = 1”.
Second, ¢ € L7 has compact support and so ® does too, so that ®,, € L? with compact support.
Third, hm € LP) with ||hml|(p,e0) < C(m, p)|flwms by (32) and (35) (with r changed to m).

Main term. Next we simplify Main;. Notice that DPE(eb~1) = 0 for all row vectors € € Z4\ {0},
because the same is assumed for #, in this theorem (recalling [p} = r < m —1). Hence

if o=
",’ whenever |o| < m,
0 otherwise

|
P((-X)7 0 = {”'
by Lemma 14(b) applied to ¥ (with n* = n = m — 1 and m* = r and with “m” in the lemma
replaced by m — 1), using also here the moment condition (9) on V.
Thus the only terms in Main; that can make a nonzero contribution are those either with |o| =
or else with || < m and o = p. Hence

(o )
Maing(z) = /O(z) + 3 L7 P((~X)7 1) (a;2),
|loj=m
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so that

| Main; ~D?fllp < S IF ) I PU(=X)7 ¥ oolaj ™

lo|=m
< C(h,m, p)|flwmsla;"™™ (54)
By putting together (52) and (54) we get
|DPF; — D?fllp < C(%, ¢, m, p)| flwmelas ™™™,
which proves part (a) of the theorem.

Part (b). Similar to part (a) we decompose
DPF} = Main; + Rem;

where

(o
Rem$(z) = |detb| Y | f(aj'bk)— > ! ;(m) (a;'bk — z)° | af¥P) (a;x — b).

|
keZd jol<m ’

The term Main; was estimated already in part (a), leading to (54). Hence to prove part (b) it
suffices to show the remainder estimate

| Rems llp < C(,m,p,8min) Y, |1QF O llpla™™  for all j > 0.

lo|=m
Notice Rem} is bounded pointwise by

| det b| Z hm(x, a;lbk — )bk — aja;lm|‘ll(p) (ajz — bk)| - |a;|"™™.
kezd

After using hy, < Hp, like in (32), where Hi(z,9) = X512 f[O,l] 17 (& + ty) — £ (z)] dwm(2),
we reduce the remainder estimate to showing

|detd| Y Hn(z,a; bk — z) {(x™¥#)(a;x — bk)|
kezd

< C(¥,m,p,amin) Y QF D, (55)

jo|=m

P

for all j > 0. Next we let ¢ = Lye/|bC|, and subtract and add the quantity I;{|x™¥(@)|, §| Hy, inside
the LP norm on the left of (55). By reasoning like we did leading up to (48), we deduce (55) will
follow once we verify

|t w2 )| < oCwmp) 3215, (56)
lojl=m
“Ij[lx’m\p(l’)‘, ¢]TJHP < C(‘II’ m,p, amin) Z ”Qf(a) “Pv (57)
lo|=m

where Tj(z,y) = f[o 1}(Sa71bf("))(a: +ty) dwm(t), |o| = m. But inequalities (56)—(57) are essentially
’ t]
the same as (50)—(51) except with r = m, and so they are proved already by the paragraph after
(50)-(51).
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12. Proof of Proposition

If f € W™P then f can be approximated arbitrarily well in ihe W™P-norm by linear combinations
of functions in M. In the process, D f gets approximated arbitrarily well in the W™ *lP-norm by
linear combinations of functions in D¥H.

Thus we need only prove that the collection {D”f : f € W™P} is dense in W™~ 1¥». The next
lemma does this. Write S for the Schwartz class.

Lemma 15. {D°f: f € 8} is dense in W™P for all 1 < p < co,n € NU {0} and multiindices ¢.

Proof of Lemma 15. For 0 = 0, the claim is simply that the Schwartz class is dense in W™P?, which
is well known.

Now we use induction on o. The task is to show that if {D?f : f € S} is dense in W™P for
all 1 < p < oo,n € NU{0}, then the same is true for the multiindex ¢ + ¢; for each t = 1,...,d.
Without loss of generality we can suppose £ = 1, so that e; = (1,0,...,0).

Let 1 < p < co,n € NU {0}, and take v € S and € > 0. The induction hypothesis implies that
lu — D° fllwn+1p < € for some f € S. In particular, ||Dyu — Do fllwns < €.

Thus we have only to show that {Dju : u € S} is dense in W™P. Suppose to the contrary that it
is not dense. Then by the Hahn-Banach theorem there exists a functional g € (W™P)* \ {0} such
that g[Diju] =0 for all u € S.

The functional g can be written as a sum of distributional derivatives, with g = Zlﬂ <n ¢rD7gr
for some functions g; € L%, by the standard representation of the dual space (W™P)* (see [1,
Theorem 3.8}). Hence if 7 is a mollifier then the mollified distribution

99 =nexg=">" c;e (D )c % g,
[r|<n

is a smooth function belonging to L9, for each £ > 0.

We know Dlg(s) = ne * D1g = 0, because Dig = 0 as a distribution by construction above.
Thus the function ¢() is constant in the z;-direction. Since ¢ is also L4-integrable, it must be
identically zero. Letting £ — 0 gives ¢ = 0 as a distribution, and hence by density of S we see
g = 0 as a functional on W™P. This contradicts the construction of g, completing the proof. 0

13. Proof of Theorem 10
Write z = bk. Clearly
W™P-span{t; s : k € Z4} D W™P-span{(A..9);x : k € 29} (58)
because
Acp(ajz — bk) = P(ajz — bk) — cp(a;z — bk + K)) (59)

and k + & € Z4.
To prove the reverse inclusion in (58), first consider the case |c| < 1. Temporarily fix k € Z<.
For n > 1, examine the linear combination

n—1 n—1

Z Ce(Ac,2¢)j,k+n€ = Z c£["/’j,k+né - C¢j,k+,g(e+1)] using (59)
£=0 =0
= Yjk = " Vjktnn by telescoping
— Yjk in W™P a5 n — oo,

because |¢| < 1. Thus 9;, belongs to the righthand side of (58), so that equality holds in (58).
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Next consider |c| > 1. (We will reduce to the case “j¢| < 1”.) Notice
A () = —c[p(z —br) — " 'op(x)]
= —clA -1 _Y(z ~ bk)
and hence (A.;¥)jx = —c(As1_,¥)j k4r. Thus
W™P_span{(Ac,¥)jk : k € 2%} = W™P-span{(Ac-1 _,¥)jx : k € Z%}.

Since |¢7!| < 1, the previous case now implies equality in (58).
We have handled all cases |c| # 1. To complete the proof of the theorem, we now suppose

1 < p < oo and |¢f < 1. To show equality holds in (58), we take n > 1 and examine the linear
combination

n-1 n-1

n—4¢ n—{

_"““Ce(Ac,z'ﬂ/})j,k+n€ = Ce["/)j,k+f<€ - c¢j,k+n(€+1)]
=0 n =0 n

n—1 n
n—{ n—£0+1
= Z n Yt = Z -——;—Ce%;k%e
=0 =1
1 n
=ik — - Z hj e
¢=1
Thus to show that ;s lies in the closed W™P-span of {(A.%);x : k' € Z%}, we need only show
1 i3
— Z C£¢j‘k+ng — 0 in W™P as n — oo. (60)
n
=1

Take £ > 0 and choose u € W™P with compact support and satisfying ||¢¥(a;z) —u(a;z)||lwme <
ela;|~%P (here we use that p < co and j is fixed). Then

1< 1<
¢ ¢
~ > okt — =~ > e
=1 =1

for all n (using |c| < 1). Thus for (60) it remains only to show limy—co £ Y7 c®tj k4ne = 0 in
W™P whenever © € W™P has compact support.

We may further choose u to be supported in a set of the form y + bC for some y € R¢ (Just
by decomposing the original « into a finite sum of functions with such supports, by a partition of
unity). Then the functions w; x4 for £ =1,...,n have disjoint supports, so that

1 n
<~ D ktne = wjhanellwme < e
Wm,p =1

1 n
4
- E cu;
n gy k4l

=}

1
< ~n'Plju(a;a)|wns
wm.p
— 0 as n — 00, because p > 1.
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APruNDIX A. The operators P,Q and S
Throughout this appendix, we take f to be a measurable function on R ihat is finite a.e.

Lemma 16. If P|f| € L} _ for some 1 < p < o, then f € LP.

loe

Proof of Lemma 16. The result is clear when p = oo, because |f(z)| < > icze |f(z — bk)].
Suppose 1 < p < o0, so that

S If@—bk)P < (D |f(z - bk)|)P.

kezd kezd
Hence if P|f| € L _ then P(|f|P) € L}, which implies |f[P € L! or f € LP. a

loc loc?

Recall the local supremum operator
Qf(x) = ess. sup|y_m,<\/a|f(y)| = ”f“Loo(B(z,\/;z)),

where the choice of radius v/d is convenient but not essential. Obviously 0 < Qf (z) < oo, and the
function Qf is measurable because it is lower semicontinuous.
Incidentally, the norm equivalence

QS = 11f lwz=,er)s 1<p< oo,
is not difficult to show, where W (L, ¢P) is the Wiener amalgam space considered by Feichtinger
and others (see e.g. [2], {3]).
We prove Lemmas 2 and 3.

Proof of Lemma 2. First we extend the decay condition (4) to all lower derivatives of v

| ()] < C' ||~ ul=e for each |u| < m and almost every z with |z| > R, (61)

for some constant C’' > 0.

For this, it suffices by induction on (4) to show that if f € VV&,: and |Df(z)| < Clz|~" for
almost every z with |z| > R, for some constants C,n > 0, then |f(z)] < (C/n)|z{™ for almost
every z with |z| > R. The proof goes by radial integration: for almost every direction v € g1
the function F(r) = f(rv) belongs to VVlf)’cl(O, 0o), with |F(r)| < [ |Df(sv)lds < (C/n)r~" for
almost every r > R.

The lemma will now follow once we prove

felL? and |f(z)| < Clz| 4 for almost all |z| > R = P|fle L} 62
loc

loc?
because when f = x/#l#) we know f € LI (since ¢ € W™P) while |f(z)| < Cl|z|~¢~ for almost
all |z| > R by (61).

To prove (62), write g = Ly <pf and h = 1 >rf, so that g + h = f. It is easy to show
Plg| € Lfoc, because g € [P has compact support. And h has a bounded radially decreasing L1
majorant of the form C(1 + |z|)~%¢"¢, by construction, so that PJh| € L*® by a Riemann sum
argument (see [5, Lemma A.2]). Therefore P|f| < Plg| + P|h| € L}, which proves (62). ]

loc?

Proof of Lemma 3. We need only show that
felLy and |f(z)| < Clz|~% ¢ for almost all |z| > R = Qf € L, (63)

because when f = x!#l4%® we know f € Lf2, (since 3 € W™) while hypothesis (4) ensures (61)
and so |f(z)| < C|z|~4¢ for almost all |z| > R.

To prove (63), write f = g + h like in the previous proof. Then Qg € L' because g is bounded
with compact support, and Qh € L! because h has a bounded radially decreasing L! majorant (cf.
(6, Lemma 21]). Therefore Qf < Qg+ Qh € L . O
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Next we derive pointwise relations for f and Qf.

Lemma 17. We have |f| < Qf a.e. And if E is a bounded set in R? then

If ()] < Qef(y) = > Qf(y+k) (64)

k:{k|<diam( E)+vd
for almost every (m, y) € R x R? withz —y € E. -

Proof of Lemma 17. Consider the set F = {z € R? : Qf(z) < oo}, and the larger open set
G = UgerB(z, \/51) on which f is essentially locally bounded and hence locally integrable. The
Lebesgue differentiation theorem implies that at almost every = € G,

‘ 1
|f(z)] < limsup B@ )| Jowe |fW)ldy < Qf(z)

as we wanted. And if ¢ ¢ G then « ¢ F, so that Qf(z) = co > |f(2)|.

Now suppose E is a bounded set in R?, and y € R?. Let = € G be a Lebesgue point for f such
that z—y € E. Choose k € Z% with z—y € k+C so that z € B(y+k, vd) and |k| < diam(E)+ v/d.
Then the Lebesgue differentiation theorem implies |f(z)| < @f(y+k). On the other hand, ifz ¢ G
and ¢ — y € E then choosing k as before shows that Qf(y + k) = oo (since otherwise y + k € F,
which implies z € G). Either way, we have proved (64). O

Now we prove norm relations between P and Q.

Lemma 18.

Ifllg <NQFI-  foralll <7 <q< oo, and
1Pfllco < 1IPIflllo < ClIQF 1.

Proof of Lemma 18. We will show [[fllec < ||@f|lr for all 1 < r < oo, which proves the first

inequality in the lemma for ¢ = co. Then for g < oo,

1719 = 1F1T71 < IFIETIQAT ae.

by Lemma 17, and so || fly < [|Qf||- as desired.

To show ||fllc < |[|Qfllr, suppose 1 < 7 < co (noting the case r = oo follows from |f} < Qf in
Lemma 17). For each y € R¢,

r r
I£1I5 < ::ZIZ ”f||L°°(B(y+k,\/a))

SN ] A
keZd

= S Qfly+ky.

kezd

Integrating over y € C gives ||fl|%, < |QfIF, as we wanted.
For the second inequality in the lemma, we have |f(z — bk)| < Qgf(x — bk — y) for all k € Z¢
and almost every (z,y) € R? x E by applying Lemma 17 with E = bC. For such z and y values,

|detb| ' P|f|(z) < > Quf(z — bk —y).
keze
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Integrating over y € bC yields that for almost every z,

PUfI@) < [ 3 Qefte=bk-y)dy

=7
= [ Qefta—v)dy = 1zl < CEO)IQAN:
by definition of Qg in (64). a

Next we investigate norm convergence of scale averages of rapidly oscillating functions, as used
in the proof of Theorem 4.

Lemma 19. Suppose that g € L} (for some 1 <p < o) is bZ-periodic with mean value zero.
If the dilations a; grow ezponentially and f € LP with Qf € L*, then

J
1 ,

Jim £ 3 slas) =0 in L7
.7=1

Proof. We have

J

.1 .

}L“éojjz_lg(ajz)=0 in L}, (65)

by [5, Lemma 3]. And f € L* by Lemma 18, since Qf € LP.
Let R > 0 be arbitrary. Then

1 J
/B(O,R) J Z i

j=
Furthermore, |f(z)| < Qf(k) for almost every z € k + C C B(k, Vd), by definition of Q. Thus for
each J,

/IRd\B(O,R)

P

dz

Cw i, Lon JZgaJm>

-0 asJ—»oo,by(65).

P
dz

J Zg(aﬁ?m)

k.l'-*

dz < Z Qf(k/

[kl>R—vd

J
Z (ajz)

1 e\
< Qf(k - |g(a;z)P dz
(k|>%:\/_ (J; (/ ) )
J 1/p\?
< Qf (k)P (layl ¢ lg(z)? dﬂv) )
lk{>§\/_ < g / 1 (k+0)
< Y QF(RP-Cligllage (66)
[k|>R—v/d

since the mean value of the bZ?-periodic function |g|P over the set a;(k+C) is bounded by a constant

times its mean value over the period cell bC (see for example [6, Lemma 25]; the constant C depends

on min;so |a;|). The expression (66) can be made as small as we like by choosing R sufficiently

large, because ) ;.74 @f (k)P < co as explained below. Letting R — oo then proves the lemma.
We have

B(z,Vd) c B(0,2Vd) c Uje<avaB (&, Vd)  whenever |z| < V4,
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and translating these balls by k — = shows Qf (k)P < ZI el<3vd Qf(+k% —x)P. Integrating this over
z € C and then summing over k gives that

> Qfky < Z/ Y Qf(e+k—a)da

kez kez¢ € | <3vd

= Y QS < oo.
le|<3vd

Our final lemma concerns the modulus of continuity function

Saf(z) = || () - f(')“Lw(B(x,nau\/E))v
where a is a d X d matrix.

Lemma 20. Let a be a d X d matriz, and 1 < p < co. Then

1Safllp < C(llalDIQflp-
If Qf € LP and f is continuous, then S,f — 0 in LP as ||al| — 0.

Proof of Lemma 20. Let K(a) be a finite collection of lattice points in Z¢ such that B(0, laj|vd) C
Ukexc(a) B(k, vd). Then

Saf (@) < 1f @) + W ll oo e jagvay < @F(2) + Z Qf(z+k) ae.

keK(a)

because |f| < Qf a.e. by Lemma 17. Hence ||S,f|l, < (1 + |K(2))Qf -

Now suppose Qf € L? and f is continuous. Then S, f(z) — 0 for each z as ||la|| — 0, by definition
of S, f, so that S,f — 0 in L? by dominated convergence (with dominating function |f| + @Qf for
all |la|| < 1, since K(a) = {0} when ||a|| < 1). O
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