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ABSTRACT

An extended Fermion-Boson correspondence is introduced for skew Schur functions.
Certain members of a general class of recently-developed determinantal forms, based on
outer strip decompositions of skew shape tableaux, are described in this context.

Un analogue pour des fonctions de Schur gauche du correspondence Fermion-Boson est
introduit. A ce propos, nous decrivons certaines membres d’une nouvelle famille de
déterminants produit par des décompositions du tableau.
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Introduction

The theory of symmetric functions plays a natural role in the construction of certain
basic representations of affine Lie algebras, based either on Clifford or on Heisen-
berg algebras. The vertex operator construction! provides a link between such real-
izations (the so-called fermion-boson correspondence), and is intimately connected
with the formulation and properties of solitonic integrable hierarchies?. Recently the
fermion-boson correspondence has been used to investigate various classes of sym-
metric functions. Thus, parallels to the correspondence for the Schur S-functions

*Research supported by the Australian Research Council, Grant A68931763

tSupported by a Postdoctoral Fellowship from the Natural Sciences and Engineering Research

Council of Canada (NSERC)
t Alexander von Humboldt Fellow.
§ Permanent Address. Email: jarvis@postoffice.utas.edu.au

1JSPS Fellow

PREPRINT



2  Symmetric Functions, Tableaux Decompositions and FB Correspondence. . .

(and the KP hierarchy) have been developed for the Schur @-functions (related to

the BKP hierarchy), and more generally for the Hall-Littlewood functions®. Matrix
elements of products of (standard bosonic) vertex operators in the Schur function
basis are essentially the composite, or rational, Schur functions?. Parallel state-
ments exist for @-functions, Hall-Littlewood functions, or even symmetric func-
tions with arbitrarily weighted® inner products related to realizations of g-deformed
Heisenberg algebras®. Finally, the fermion-boson correspondence has been used to
prove new determinantal identities for @-functions” as well as composite Schur S-
and Schur Q-functions®, along with new approaches to symmetric function products
and plethysms®.

In this note we consider a general class of new determinantal forms for (skew)
Schur functions based on outer strip decompositions of (skew Ferrers) diagrams
(when talking about decompositions we will use the words “diagram” and “tableau”
interchangeably). These forms were introduced by Hamel and Goulden!? and their
equivalence to Schur functions was proved combinatorially using lattice paths. Sim-
ilar determinantal and Pfaffian forms have been derived for Schur Q-functions!?,
and symplectic and orthogonal Schur functions'2?. Here an extended fermion-boson
correspondence is introduced, and it is suggested that the new determinantal forms
are manifestations of Wick’s theorem in the extended space. This is demonstrated
explicitly for certain special cases. We follow the symmetric function notation of
Macdonald!3.

The Fermion-Boson Correspondence

The infinite-dimensional Clifford algebra of (charged) free fermions is generated by
elements 1;, 9} with ¢ € Z and defining relations

{0, 95} = {¥7, 95} =0,
Wit} =6, hicZ (1)

The Fock representation F is defined by the choice of vacuum |0 > such that ;|0 >=
7,b;-“|0>= 0,¢<0,j >0, with states 9, ... 9% ...]0>, 4 > 0,7k > 0 orthonormal
with respect to an inner product which makes ¥;, ¥} adjoint. The space F carries
a representation of an algebra gl(co) generated by E;; =: ¥i¥; @, where : w' =
vw'— < v’ >, and the vacuum expectation value is < vv' >= (|0>,vv'|0>). In
particular, the operators H,, = ZiEZ : Yif,, : satisfy a Heisenberg algebra, and

the eigenvalues of ad Hy provide a Z-grading on F = @, F, which counts the total

4 )
charge’.

There is an intimate connection between the space F and the universal ring
A= C[xl, T, 23, ... of symmetric polynomials in indeterminates z1, z2, 23, .. .. For

a partition A = (A1, A2,A3,...,Ap) where Ay > X3 > ... > Ay, we define in the
usual way various generating sets such as the elementary, complete, or power sum
symmetric functions!3, for example

oo d [e9]
Z pm(2)t™ " = ¥ log H(l —z;t)" L
m=1 =l

A has the structure of a Hilbert space under the following inner product: if py =
Papx, o, ete, then

(Pr,Pu)a = 236, 2a = [ [i™1)
g
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where A = (n™,...,2™2,1™). The connection with ‘free field representations’ is
seen from the fact that A carries a representation of a Heisenberg algebra: p, «

A_n, D(p? — ay
A fun amental part of the fermion-boson correspondence is that the following
‘vertex operators’,

E(u,v) = 2=(Z(u,v) - 1),
Z(u,v) = exp(LF (" —v") Xp) exp(~ T 2u"—v=")58),

acting on functions of variables X,,, when expanded in Laurent modes with respect
to u and v~1, provide the generators E;; of the algebra of gl(co) realized above on
the space of free fermions. After the change of variables nX,, — p,(z), 8/0X,, —

D(pn (:c)el we can consider equally the vertex operators acting on A. A key result?
is that the matrix element of Z(u,v) is in fact a well-known symmetric function:

Z(¢,v)s5a(2)
= exp (Z wPn (ulv)pn(2)) ewpg > pn(u|v)D(pn(w)))|sr
a
= (=)' g , 50170 (@l5)(—1) 5/, (ulv)sp (@) = (—1)!* Tp sarip(ulv)se (@),
where the summation (over skew Schur functions of the arguments & = u=},% =

v~1, as well as u,v) can be recognised as the ‘composite’ Schur function with su-

persymmetric argument?. Crucial to the proof of this property are the exponential
or so-called Cauchy identities,

exp (Z %pn(m)pn(y)> = (@) ).
A

n

In fact, the formulae are valid for any number of arguments u,v, so that (af-
ter normal ordering) a formally identical expression also holds for the matrix el-
ement of a product of N vertex operators. These results also admit consider-
able generalization For example symmetric polynomials can be defined for a
generic class of inner products® on A, labelled by a sequence of positive real num-
bers o = (a1, g, g Define (p,\,pﬂ) = 6>\,‘z>‘ ay, where ay = aftn...a
for a partition A = (n™n...1™1). Then there is an orthogonal basis (defined
by Gram-Schmidt orthogonahzatlon from the monomial symmetric functions) for
which the above properties of vertex operators generalize. For example, if we take

n = alg*™ — q¢7*")/(¢** — ¢~?"), then for appropriate choices of @ and & one can
build level k realizations of affine sl4(2) and give explicit trace and matrix element
expressions® using the g-deformed vertex operators.

The link between F and A is made formally by introducing the operator eH(=),
well-defined on F, where H(z) = Y v Pn(z)Hn/n. Then for Fy there is an iso-
morphism oy such that

oo(al0>) <efl@g>,
(00(al0>), o0(b]0>)a (a|0>,5]0>) (2)
which also extends to arbitrary charge £. As a result, the symmetric polynomials
related to any desired elementary basis of A can be found in F. For example the

Schur functions are recovered for a partition A = (A; —1... A, —2|A] = 1...X, —7)
in Frobenius notation as:

s,\(:c) =0y (CH(w)i/))u"J)Az—l e N —rtl l/)*—k’l+1 .. .1/)’_"_.)\,r+r|0 >) .
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Fermionic representations of symmetric polynomials of this type allow powerful
algebraic machinery to be brought to bear in verifying properties and suggesting
new interrelationships. One of the major tools is Wick’s theorem. For v; either %;
or 9, this gives the vacuum expectation value of a monomial in (an even number
of) v; as a Pfaffian,

<y eevn >= PE(< viv; >).

For the case of sy above, the Pfaffian simplifies to a determinant (since < ¥y’ >=

< ¥*y"* >=0) and produces the Giambelli formula'® for a Schur function in terms
of its Frobenius parts,

sy = det (so\;_mg—j))

This can easily be generalized to give a new formula® for the corresponding com-
posite Schur functions (associated with rational tableaux), which may be proved in
essentially the same way, using the general vertex operator matrix element noted
above, and mapping back to the fermionic space:

S(A,-—z'p\’.—j)(%) S “/‘_j(:c)
< = det 7 Ai—t;173 .
SA,II(:E) € < s A’.—j(%) s(ﬂi—i“‘;’_j)(m)

pi—=t;1J

The equivalent of this formula also for Q-functions has recently been developed®.

Determinantal Forms, Strip Decompositions and an Extended Fermion-
Boson Correspondence

We now turn to a general class of Schur function determinantal forms which have
recently been established combinatorially using Gessel-Viennot lattice path tech-
niques, and which are based on planar decompositions of the underlying skew shape
tableau!®. A decomposition divides the tableau A/p into a class of edgewise con-
nected sets of boxes called strips 6; such that the strips are “nested,” are nonover-
lapping, and each intersect the left or bottom, and the top or right perimeter of the
tableau (see Figure 1). The determinant sx;, = det(sq,z¢;) involves strips 6;#6;
which are determined from 6; and 6; by a series of slide moves along top-left—
to-bottom-right diagonals, with appropriate in-filling and boundary conditions for
cases where the overlaying of 6; on §; is not in general position, i.e. superimpose 6;
on 6; such that the box of content k (where content is the column index minus the
row index) in 6; is superimposed on the box of content k in 6; for all k. Then 6;#6;
is the strip defined by the boxes between the last box of §; (that is, the box on the
top or right perimeter) and the first box of 6; (that is, the box on the left or bottom
perimeter). For example, in Figure 1, if §; = 2 and 6, = 64/3, then 6,#02 = 4 and
G240, = 42/1 (note the operation is noncommutative). For the general case, see
Hamel and Goulden?'?.

Thus for the decomposition of the tableau 8,6,2,1/3,2 in Figure 1, the deter-
minant reads?®

S2 S4 871
58,6,2,1/3,2 = det | s4z/1 Seas3 Sori/s
0 821
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Figure 1: An outside decomposition of 8,6,6,2,1/3,2.

The existence of such generalized determinantal forms poses a challenge for al-
gebraic techniques based on Wick’s theorem and the fermion-boson correspondence
as outlined in the previous section. Additional generality is provided by a sequence
of isomorphisms at each charge sector, o, : F; — A such that

0e(al0>) =< 4ef®)a)0>,

for suitable ground states |¢ >. For example, an alternative to the Giambelli
form of sy(z) is the Foulkes form, which reads sy = det(sx,—ij41,1m-5) Where
m > max(A1, A}) and derives via Wick’s theorem from

sy =< 0]eF@hy by, 1 nmma 1 PO L - P[0

Thus it could be anticipated that more general determinantal forms for sy (z) might
derive from a systematic treatment of the fermion-boson correspondence at different
charge sectors (see also "'°).

Here however we propose an extended construction based on the view that strip
decompositions of arbitrary shape should be accommodated in a more general al-
gebraic scheme. In fact, the scheme is demonstrated only for the A; + A} + 1 outer
decompositions interpolating between the Jacobi-Trudi, rows-only determinantal
form (det(sx;-i+;)), and the dual Jacobi-Trudi, columns-only forms (det(s a:-i+;)),
with the Giambelli principal hook decomposition as a non-extended case. We call
these rows—first or columns—first'2 outside decompositions. They were known to
Littlewood!* (p. 114) who used algebraic techniques to prove the determinants
they generated were equal to the Schur function.

We conjecture that the extended construction described here applies more gen-
erally to yield also the determinantal forms given in Hamel and Goulden!®. These
determinantal forms are based on arbitrary outside decompositions and include
the skew Giambelli and rim ribbon results of Lascoux and Pragacz!%1¢, Note fur-
ther that other determinantal forms due to Lascoux and Pragacz!® (and not rep-
resentable in terms of outside decompositions) are also candidates for investigation
by these methods.

The basic additional structure needed is a representation of a skew Schur func-
tion, sx;,, in terms of an extended fermionic space. Noting that s,,, = D(sy)sa
and the fact that D(-) provides an algebra (anti-)homomorphism, it follows from
the linearity of H(z) that

sayp =< 0lePEHE) q,|0>< 0] ®)a 0>
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and ay, ay are the operators (at charge 0) associated with A, p respectively. At
this point we may introduce an independent fermionic space FoeF generated by
Xi> X}, 4,J € Z, with associated vacuum |0>, and Heisenberg generators ﬁn, such
that N

sa/p =< eH(’)eH(”)?i,,a)\ >

where H(z) = 3220, H,D(pa(z))/n and the vacuum expectation value is with
respect to the tensor product |0> ®|0>. Substituting now the explicit monomials
in 1, x for @, and a, gives an expression which may be manipulated directly using
Wick’s theorem for the tensor product of the two Clifford algebras of free fermions.
Moreover, it is possible in certain cases to define composite ‘fermion’ operators ¢;,
¢7 for which Wick’s theorem still applies, as we now show.

Given a partition A, consider the ‘rows first outside decomposition’ where as
strips the first £ rows of A are taken for any fixed k£, 1 < k < A}, and the re-
mainder are hooks, i.e. the decomposition is ; = A1, 62 = Aa,...0k = A, O0k+1 =
A1, 178 0y = Apgi — i, 1M7k—i+1  The number ¢ of such hook strips
will be equal to the number of boxes in A of content —k. As far as this decomposi-
tion is concerned, the hook diagonal has been shifted down k positions. However,
the decomposition can equally be regarded as originating from a principal hook
(Giambelli) decomposition of a tableau augmented by k columns of length A}, and
skewed by the block k*1. For this case the product @ ay is, up to an overall sign
resulting from rearranging the ¥ and ¥* terms,

k k ¢
II Xk—i+1XZ (A1 _3) II Pairr-i+19Z (a1 i) 11 Pargi—i+1PZ(0—ki)
i=1 i=1 i=1

Set
$i = Yackk—i+1, ¢ = VI _iyXk—it1XT (a4
for 1 <i<k,and
¢k+z’ = ¢Ak+;—i+1, ¢;:+i = d):()‘li_k‘i)
for 1 < ¢ < ¢. Then if Wick’s theorem is assumed for the ¢ and ¢* fermions the
determinantal form -
det(< €H€H¢i¢§ >)(k+e)x (k+e)

is suggested. Remarkably, if the entries are interpreted separately as individual
skew tableaux using the above rules, the resulting determinant coincides with the
strip decomposition form!? for the present case, where 6;, 1 < i < k are rows, and
0;, k+1 < j < k+care hooks as above, and the vacuum expectation values of the
¢)i¢}? products precisely reproduce the 6;#0; strip calculus®® for this case.

Moreover, for a skew tableau A/u for any k > pf, with the same augmentation,
but allowing for the additional skewing of A itself by adjusting the labels on the
X, X" operators, the ajay product

k ¢ k
H 1/))\,f+k—z'+1¢i(,\ll_i) H ‘¢‘>\k+i—z’+1¢:()‘:,_k_i) H Xk—i+u.~+1X:(,\ll_i)
i=1 i=1

i=1
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Figure 2: A rows—first decomposition for s44433322/222, k = 4.

allows for composite operators ¢;, ¢ to be defined in a precisely analogous way to
the above, but with xx-:41 replaced by xx—s4u;+1. For the example given in Figure
2,

b1 = v, b2 = 7, b3 = s, Pg = 1, ¢5 = U3, ¢ = 12

¢’f = YL ox6X~T, 45; = ¢t6X5X-—6; ¢’:§ = 1/}*-526496—5, ¢3§ = P 4X1X -4, ¢§ =3, ¢§ = '#/)iz

and the determinant produced is

S$g17/617 8815/516 Sg1s/415 Sgi4/114 8818 8812
S717/617  S718/516  S715/415 S7T14/114  S713 8712
det S617/617 Se616/516 Se1s/415  Se14/114  Se13 8612
84177617 S418/516 54157415 S414/111  S418  S412
8317/617 S318/516 S315/415 5314/114 8313 8312
8$217/617 S218/516  S215/415  S214/11¢ 8218 8212

$44433322/222

§2 83 S4 ST 8813 Sg12
1 82 83 S¢ S7i3 8712
2 S5 8g13 Seiz
§3 8413 5412
S 8313 8312
51 8213 8212

= det

OO O =,
O O O

which is exactly the determinant produced from the strip decomposition approach
of Hamel and Goulden!® with 6; = 2 (the A), 6; = 2 (the ¢), 63 = 2 (the Q),
04 = 3 (the V), 65 = 3111 (the &), and 65 = 211 (the &).

The procedure also generalizes to a ‘columns-first outside decomposition’ where
the first strips are the first & columns and the remaining strips are hooks. Here the
augmentation involves adding & rows to the top of the tableau, and skewing by the
block A%, For such a case, the @,a, monomial is

k k c
[T x-isaxtoon [T Pri—i4195 (ki) I Drimk=it19Z (0, i)
i=1 i=1 i=1



8 Symmetric Functions, Tableauz Decompositions and FB Correspondence. . .

IS D>

>>>>>>>D>
OO OO>
IBAIBAABOD
NSRS RSRSRCRo g
L & & SRRl
PPEdPI3OD

+*A3OD>

Figure 3: Figure 2 augmented.

A A

> D>
> DD

o 0O O O

Figure 4: A decomposition for 5331.

Setting
¢i = Yar—ie1 X0 —ik 1 X (bmi)y B = YL aigroi)
for 1 <i<k, and

b S *
Srti = Yai—k-i+1, 87 = Yo (a i)

for 1 < i < ¢, and again the determinant obtained by invoking Wick’s theorem
for the composiie ‘fermions’ ¢, qb}-* reproduces the strip decomposition form°. For
example, for Figure 4, the determinant is

$515/51 S513/51  S512/51
det 8415/4 5413/4 3412/4
8315 8313 8312

The Giambelli principal hook decomposition thus emerges as a special case (k =
0) for which mo augmentation to an extended fermionic space is needed in the
corresponding determinantal form. By contrast, the Jacobi-Trudi form is associated
with a rows-only decomposition corresponding to augmentation of A by a maximal
block (A] — 1) x A{ to the left, while the dual Jacobi-Trudi form is associated with
a columns-only decomposition corresponding to augmentation of A by a maximal
block A1 x (A1 — 1) on the top.

Conclusions

The fermion-boson correspondence has been reviewed in the context of algebraic
approaches to the theory of symmetric polynomials. In particular, new classes



Symmetric Functions, Tableaur Decompositions and FB Correspondence... 9

of determinantal forms for Schur functions associated with skew tableaux!® have
been considered in the framework of Wick’s theorem. The new formulae generalize
existing determinants by allowing planar ‘outer’ decompositions of tableaux into
congruent strips of arbitrary shape. A restricted class, interpolating between the
rows-only Jacobi-Trudi case, through the principal hook Giambelli case, to the
columns-only dual Jacobi-Trudi case, has been shown to be accommodated through
Wick’s theorem for composite ‘fermion’ operators acting in an extended space, and
which is mapped to the bosonic space of symmetric polynomials. The fact that the
new determinantal forms exist for orthogonal and symplectic tableaux!? strongly
suggests? a generalised fermion-boson correspondence for these cases also.
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