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Abstract

This paper studies binary response static games of complete information allowing com-
plex heterogeneity through a random coefficients specification. The main result of the
paper establishes nonparametric point identification of the joint density of all random co-
efficients except those on interaction effects. Under additional independence assumptions,
we identify the joint density of the interaction coefficients as well. Moreover, we prove
that in the presence of covariates that are common to both players, the player-specific
coefficient densities are identified, while the joint density of all random coefficients is
not point identified. However, we do provide bounds on counterfactual probabilities that
involve this joint density.
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1 Introduction

Motivation. Unobserved heterogeneity across cross sectional units is ubiquitous in situations
of strategic interaction. The decisions of airlines to enter a given local market, for instance, may
be dramatically influenced by unobservable factors not captured by observables like market size
or average income. Similarly, there may be profound differences in the work and retirement
decisions of married couples that are not sufficiently explained by observed variables like age,
number of children, or religious background. Yet, understanding the extent of these differences
across many local markets or many couples is crucially important for making effective policy
decisions.

In this paper, we adopt a random coefficients approach to model such heterogeneity of play-
ers across different cross sectional units, e.g. local markets or couples. We consider the most
basic model of strategic interaction in a binary response, two player one-shot complete (perfect)
information game. To this end, we study a binary response linear index dummy endogenous
variable simultaneous equation model. This model has been extensively analyzed with non-
random coefficients and a scalar unobservable, see Amemiya (1974), Heckman (1978), Bjorn
and Vuong (1985), Bresnahan and Reiss (1990, 1991), Berry (1992), and Tamer (2003). More
recently, this line of work has been extended by Kline (2015) to allow for a scalar heteroge-
neous random parameter on the interaction term. Fox and Lazzati (2015) consider a complete
information game with multiple players and study its relation to the demand of bundles, while
allowing for unobservable heterogeneity as in Kline (2015). In contrast to all these references,
we focus on the two player game with possibly high dimensional unobservable heterogeneity.

To formalize our approach, under suitable assumptions on the solution of the game our

structural model maps into the following reduced form system of equations:

Here Y; denotes a binary action that player j may take. In the above retirement example,
Y7 = 1 denotes the decision of spouse 1 to retire. In the market entry example, Y5 = 0 denotes
the decision of firm 2 not to enter the market. We assume that this decision, for each player
J = 1,2, is determined by whether the latent utility Y* = Z; — (B; + A;Y_;) X, is above or
below a threshold normalized to be zero; if the utility is above the zero threshold, (equivalently,
if (Bj +A;Y_;)X; — Z; <0), player j chooses Y; = 1. This utility is partially determined by
observables, specifically, the covariates X ; = (X, Z;), where X; includes a constant and Z; is

a scalar', as well as the action of the other player, Y_;. However, it is also partially determined

!'We distinguish notationally between a single covariate Z;, whose coefficient we normalize to be unity almost
surely, and the remaining vector of covariates X;. As is implicit in the binary nature of the actions, because
of the indicator function there is a choice of normalization. Throughout this paper, we assume that the sign



by the unobservables B; and A;, which determine how observable covariates, as well as the
action of the other player influence the latent utility.

The key innovation in this paper is allowing all the variables, including the unobserved pa-
rameters, to vary across the population, thus adopting a perspective of extensive heterogeneity.
We then provide a framework in which we establish point identification of the nonparametric
distribution of the random parameters. Our main identifying assumption is that all the ob-
servable covariates (X, Z) = (X1, Xo, Z1, Z3) are independent of the unobserved random vector
(B,A) = (B, B2, A1, Ay), conditional on additional covariates W. We think of the system
(1.1) as a system of simultaneous equations and note, as is well known in the literature, that
the properties of the model change fundamentally with the sign of the interaction effects, see,
e.g., Bresnahan and Reiss (1991), or Tamer (2003). Therefore, we focus largely on subcases.
In particular, we start out with the case where, in every market we use for identification, the
players behave as “strategic substitutes”, which is central to the literature on market entry.
In our setup, this means that there is always a negative externality from a player entering the
market on the net utility of the other player, but to a varying degree across markets. We also
cover the case of “strategic complements”, where the other player’s action positively affects the
player’s own utility, which is plausible, for example, in the joint work and retirement decision.

Our main result states that, in the case of strategic substitutes, the joint densities of B+ A
and B, respectively, are point identified. The intuition behind this result is as follows. One can
relate the joint characteristic function of B to the conditional entry probability of (Y7,Ys) =
(0,0) and similarly that of B + A to the conditional probability of (Y;,Ys) = (1,1). The
exogenous variation of the covariates (Z, X') then allow us to trace out the joint characteristic
functions. To this end, the variation in the covariates has to be sufficiently large. Specifically,
we require that the covariates Z = (7, Zs) have joint full support. The support requirement on
other covariates X depends on assumptions we are willing to place on the density of interest. If
we assume that the characteristic function of the density is analytic, it suffices for X’s support
to contain a small open set. This requirement can be met in various applied examples, and
hence we view it as the main empirically relevant requirement. Alternatively, if we assume that
the density is entirely unrestricted, the covariates must have full support. While it highlights
the required variation in the covariates for achieving point identification without any restriction
on the density, this requirement is frequently unrealistic and also has limitations in terms of
consistency with other assumptions. Once the characteristic functions of B and B + A are
recovered, we may identify the density of A via deconvolution under the additional assumption
that B and A are independent.

In either case, this result implies that the joint density of the interaction effects, fa, is only

of one of the original random coefficients be the same for the entire population. This allows us to normalize
by this random coefficient and it is the corresponding variable which we denote by Z;. In an earlier version of
the paper (DHK (2014)), we show that the model is actually identified by (only) imposing a dual hemisphere
normalization condition, but the economic benefits of this greater generality are minor.



set identified in general. However, under additional independence assumptions we obtain point
identification of fa and fpa as well. In the case of strategic complements, we show that the
joint characteristic function of (B; + Ay, By) can be related to the conditional probability of
(Y1,Y3) = (1,0) and similarly that of (By, Ba + As) is related to the conditional probability of
(Y1,Y2) = (0,1). Therefore, these entry outcomes provide information that allows recovery of
the marginal distribution of the interaction effects under additional independence assumptions.
For example, A;’s distribution can be recovered from those of By + A; and By, however, the
joint density of interaction effects fa remains only partially identified in this scenario.

The identification principle put forward is constructive and can be employed to construct
nonparametric sample counterpart estimators, whose analysis we defer to the companion paper.
In addition to contributing to the abstract understanding of these models, we also augment our
approach to cover issues that are important in applications. In particular, as part of the main
result we consider the case where some of the covariates are market-specific and /or discrete, and
show that important features such as the mean and the marginal distributions of the random
coefficients can be point identified.

We further investigate the consequences of the presence of market-specific variables and
formally show that their presence generally prohibits us from identifying the joint distribution
of all coefficients. However, we also show that the joint densities of some subvectors of the
random coefficients are still identified, allowing recovery of economically meaningful objects
such as the distribution of the effect of a player-specific variable (e.g. market presence) through
strategic interactions. Using this result, we further provide partial identification results for
counterfactual objects that depend on the joint distribution of the coefficients.

Contributions relative to the Literature. Simultaneous discrete response models have
been studied extensively. Much of the literature has focused on identification and estimation
of structural parameters that are assumed to be fixed across markets. Ciliberto and Tamer
(2009), for example, estimate an entry model of airline markets assuming that the parameters
in the airlines’ profit functions are either fixed or depend only on observable characteristics of
the markets. A novel feature of our model is that the structural parameter may vary across
markets following a distribution which is only assumed to satisfy mild assumptions.

A key challenge for the econometric analysis of this class of models is the presence of a region
in which each value of payoff relevant variables may correspond to multiple outcomes. Tamer
(2003) calls such a region the region of incompleteness. Early work in the literature including
Amemiya (1974), Heckman (1978), and Bjorn and Vuong (1985) assume that a unique outcome
is selected with a fixed probability. More recently, Bresnahan and Reiss (1990, 1991) and Tamer
(2003) show that structural parameters can be identified without making such an assumption.
The former treats the multiple outcome as a single event and identifies the structural parameters
by analyzing the likelihood function. The latter treats the multiple outcome as is, but requires

the existence of special covariates that are continuously distributed with full support. See also



Berry and Tamer (2006) for extensions.

As already mentioned, we nonparametrically identify the distribution of random coefficients
without making any assumption on the equilibrium selection mechanism, but utilize the as-
sumption that covariates are continuously distributed. Other recent work on identification in
complete information games (with fixed coefficients) includes Bajari, Hong, and Ryan (2010),
who establish identification of model primitives including an equilibrium selection mechanism
using exclusion restrictions, Beresteanu, Molchanov, and Molinari (2011) and Chesher and
Rosen (2012), who apply the theory of random sets to characterize the sharp identification
region of structural parameters, and Kline and Tamer (2012), who derive sharp bounds on
best response functions without parametric assumptions. Less closely related is the work on
identification, estimation and testing in games of incomplete information as in Aradillas-Lopez
(2010), de Paula and Tang (2012), and Lewbel and Tang (2012).

Our model is closely related to index models with random coefficients. In particular, it is
related to the work on the linear model in Beran, Hall and Feuerverger (1994) and Hoderlein,
Klemeld and Mammen (2010). It is also related to treatment effect models as in Gautier and
Hoderlein (2012), simultaneous equation models with continuous outcome as in Masten (2015),
and the triangular model in Hoderlein, Holzmann and Meister (2015, HHM henceforth). Since
we are considering binary dependent variables, our approach is also related to the nonpara-
metric approach of Ichimura and Thompson (1998) as well as Gautier and Kitamura (2013).
Related are also the models of Berry and Haile (2009), and Fox, Ryan, Bajari, and Kim (2012).
However, nonparametric identification of the distribution of random coefficients in a simulta-
neous system of binary choice models has not been considered in any of these references. This
paper therefore also contributes to the literature of nonparametric identification in simultane-
ous equation models as in Matzkin (2008), Berry and Haile (2011), Matzkin (2012), and Masten
(2015).

2 The General Structural Model: Setup and Identifica-
tion

In this section we introduce the basic building blocks of our model, and discuss identification
of the parameter of interest. We start by providing formal notation, and clarify and discuss the
assumptions. In the second subsection, we establish our main identification results and provide

extensive discussions.

2.1 Setup and Assumptions

We consider a simultaneous game of complete information with two players. For instance,

suppose that two firms (denoted by subscripts 1 and 2) decide whether or not to enter a
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market. Consider the following simultaneous equations model:

Yy = Zy — (B + AgY1) Xy, (2.2)

where, for j = 1,2, Y; = 1 if firm j enters the market and Y; = 0 otherwise, X is a k x 1 vector
of covariates, possibly including a constant term, and Z; is a scalar covariate whose coefficient
is normalized to 1. B;j and Aj are 1 x k vector random coefficients. V" is the latent utility of
taking action 1, and we normalize the latent utility of taking action 0 to 0. We allow all random
coefficients to depend additionally on observable covariates W, i.e., for each w in a sample space
Q, we may write B;j(w) = B;(W(w),w), Aj(w) = A;(W(w),w) for some measurable maps B
and A. This means that, even conditional on W, B and A are still random. For brevity of
exposition, we will suppress the dependence on w or the conditioning on W.

In each market, the primitives of the game determined by (B, A, X, Z) are assumed to be
common knowledge among the players. Throughout, we assume that the observed outcome
(Y1,Y53) is a pure strategy Nash equilibrium (PSNE) of the game. For example, when the other
player’s action adversely affects one’s payoff, i.e. A;X; > 0,5 = 1,2, both players entering the
market is a unique pure strategy Nash equilibrium when Z; — (B; + A;)X; > 0,5 = 1,2. From
the literature on binary choice models, it is well known that each of the equations in (2.1)-(2.2)
is only identified up to scale normalization (Ichimura and Thompson (1998)). By far the most
plausible normalization is that the sign of one of the random coefficients (e.g. the coefficient
on a cost shifter) is known, and hence we impose the assumption that the sign of the (possibly
random) coefficient on Z; is known to be positive and its value is normalized to 1, but see the
companion paper, DHK (2014) for a more abstract approach involving a slightly more general
hemisphere condition that essentially allows for a linear combination of coefficients to have a

known sign. We summarize our basic assumptions on the data generating process:

Assumption 2.1. Let k,l € N. For each j = 1,2, let (Z;, X;,W;) € R 1 be player j’s
observable characteristics, and let (B, A;) € R** be random coefficients, which may depend on

W. The observed outcome (Y1,Y3) is a pure strategy Nash equilibrium of the game characterized
by (B, A, X, Z) with probability 1.

For each player, the coefficient B; captures the marginal impact of player j’s own covariates
X on the latent variable Y}, typically referred to as utility (we allow for B; to include a random
intercept By,;). In contrast, the strategic interaction effect A; captures the impact of the other
player’s decision on the net utility of player j, both on the intercept and on the marginal
effects. i.e., if Yo = 0, Y}" equals Z; — B1 X7, while if Yy = 1, Y|* equals Z; — (By + A1) X;.
This interaction effect A;X; = Ag; +A_g;X_( ,; comprises a strategic interaction effect on the

intercept, Ay ; € R, typically referred to as the interaction effect, but also an interaction effect



on the responses A_g; € R¥~! to changes in observable covariates X ;. In what follows, we
call A = (Aq, Ay) the strategic interaction coefficients.

Note that Assumption 2.1 allows (B;, A;) to vary across markets. This allows us to flexibly
model unobserved heterogeneity in strategic interactions across different markets. To analyze
this model, we write Y = (Y1,Y2), Z = (71, Z,), X = (X1, X2), W = (W, W3), B = (By, By),
and A = (Ay,Ay). For any random vector (), we denote its support by Sg. The (infinite
dimensional) parameter of interest is fga, the joint density of all random coefficients. We seek
to nonparametrically identify fga.

We will analyze this DGP in two strategic setups that will affect which conditional prob-
abilities we will employ to identify the parameters of interest. We want to emphasize the
importance of these setups for understanding the relation between the reduced form DGP and
the underlying structural model of a game of complete information. Table 1 summarizes the
payoffs of the game. Depending on the realizations of {(X;, Z;, W}, Bj, Aj)};=1,2, there exist
four possible equilibrium outcomes: (Y3,Y2) = (0,0), (0,1),(1,0), and (1,1). In case of multi-
ple equilibria, one of them is selected from the set of equilibria by some selection mechanism
which we do not explicitly specify. Nonetheless, nonparametric identification of the structural
parameter, fpa, is possible while staying agnostic about the selection mechanism. Within each
strategic setting, this can be done by investigating the conditional probabilities of the outcomes

that do not involve the unknown equilibrium selection mechanism (see Tamer (2003)).

Ys =0 (no entry) Y, =1 (entry)
Y1 =0 (no entry) (0,0) (0, Zy — B2 X3)
}/1 = 1 (entry) (Z] — Ble, 0) (Zl — (Bl + Al)le ZQ — (BQ —|— AQ)XQ)

Table 1: The Entry Game Payoff Matrix

The leading case studied in the literature is the case where the utility of each player is
adversely affected by the other players choosing action 1.2 We require that this holds for a set
of values of covariates, which we will use to identify the distribution of the random coefficients.

Formally,

Assumption 2.2. For each w € Sy, there exists an open set D(w) C R**=Y such that
Noi+A 1701 > 0,000+ A_g2x_02 > 0, almost surely, for all (x_o1,2_02) € D(w).

As we discuss in more detail below, D(w) is the set of values of non-constant covariates

(X_01,X_02), which will be used in our identification argument. We require that the sign of

*We use the utility specification Y;* = Z — (B; + A;Y_;) X}, and hence, the entry of the other firm adversely
affects the player j’s own payoff when A;X; > 0. This specification is used for the purpose of obtaining an
identification result whose relation to the existing results that use special regressors (see e.g. Lewbel, 2000) can
easily be understood.



the interaction effects is known and non-negative for all (z_¢1,2_02) in this set. The leading
example for this situation is the market entry decision of two competitive firms. We will analyze
this case using an important insight of Bresnahan and Reiss (1991), who separate the outcome
space into three cases, no entry (0,0), duopoly (1,1) and monopoly {(1,0),(0,1)}. Under
Assumptions 2.1-2.2, this provides us with two separate conditional probabilities that do not
involve equilibrium selections which we invert to obtain the joint distribution of B = (B, Bs)
and that of B+ A = (B; + Ay, By + Ay). From these individual pieces we recover the joint
density of A = (Ay,Ay) by deconvolution when B is independent of A. Namely, we apply
Fourier inversion to the characteristic function of the interaction effects A obtained from those
of Band B+ A3

However, we also study the case when the utility of each player is positively affected by the

other players choosing action 1:

Assumption 2.3. For each w € Sy, there exists an open set D(w) C R**=Y sych that
Ap1+A 1201 < 0,802+ A_g22_02 <0, almost surely, for all (x_¢1,2_02) € D(w).

The most illustrative example for this situation is the joint retirement of husband and wife.
To analyze this case, we will again use insights of Bresnahan and Reiss (1991). In this case,
they separate the outcome space into three parts: Y = (1,0), (0,1), and the rest. We then
combine these three outcomes with insights from the deconvolution literature to obtain the
joint distribution of B, as well as the two marginal distributions of the A;.

Throughout, we tacitly assume that the distributions of B = (B, By) and A = (A, Ay) are
absolutely continuous with respect to some o-finite measure and denote the (Radon-Nikodym)
densities of B and A by fp and fa respectively. In general, this allows for continuous, discrete
and mixed distributions.

We will also need enough variation in our covariates, in particular in Z. To formalize this

notion, we let Sgir denote the support of a random variable ) given 7.

Assumption 2.4. Syxw = R2. Moreover one of the following conditions hold. (i) The non-
constant components of X are continuously distributed and have full support conditional on W,
and D(W) = R**=Y - or (i3) The conditional support of the nonconstant components of X given
W contains the open set D(W) C R® ¥~V For B = (By, By) = (By1,. .., Br1, Boa, - -, Bra),
it holds that E[|B; ;|’] < oo for alli=0,...,k, j=1,2, and p € N, and

lim & [( 3 |Bi,j|)plw} —0, forall rER, as. (2.3)

p—oo pl
p i=0,....k,j=1,2

Moreover, (2.3) holds for B+ A in place of B as well.

3We conjecture that it is possible to incorporate Tamer’s (2003) insight and use at least some of the infor-
mation in the monopoly case by distinguishing between the players.



In Assumption 2.4, we require that Z has full support. This assumption is essential, as this
variable plays the role of the dependent variable in the linear random coefficients model. It
could be weakened to bounded support, if both the random coefficients and the covariates have
bounded support, such that the support of Z; still contains that of B;X;.

For other covariates, we consider two alternative conditions. Assumption 2.4 (i) specifies
X to have full support R2*~Y and requires that the open set D(W) (in Assumptions 2.2 and
2.3) coincides with the support. Under this condition, no additional assumption is required

4 However, full support is

on the random coefficient density to achieve point identification.
frequently unrealistic, and alternative assumptions have to be imposed. A case in point is
Assumption 2.4 (ii), which substantially relaxes the full support benchmark assumption at
the expense of additional structure on the random coefficients density. We view this as the
main empirically relevant assumption. In line with Masten (2015) and Hoderlein, Holzmann,
and Meister (2015), a support containing an open set suffices for point identification provided
the random coefficients satisfy the moment condition in (2.3). Various commonly employed
distributions satisfy this moment condition. For example, this condition is satisfied when the
coefficients are normally distributed, or when they are compactly supported. Finally, note that
Assumption 2.4 excludes discrete covariates or variables that show up in both players’ payoffs
from X. However, even in the absence of this assumption some features of the model are still
(point or partially) identified, and the entire model may be point identified under additional
independence assumptions, see Theorem 2.2 below.

Now we turn to the key identification condition. We assume exogeneity of covariates X, Z.

Formally,
Assumption 2.5. (B, A) is independent of (X, Z) conditional on W.

This is the central exogeneity assumption we employ. Allowing for the independence to be
conditional on additional covariates W is in line with the treatment effects literature, see, e.g.,
Heckman and Vytlacil (2007).

The leading special case is of course when there are no such covariates, in which case the
assumption simply states that the covariates X, Z are fully independent of all unobservables
in the system. This is a natural extension of assumptions made in the literature in the fixed
coefficients case (e.g., Bresnahan and Reiss (1991), Tamer (2003)). Since we are explicitly
considering random coefficients, our case is less restrictive than the commonly assumed full
independence of a scalar additive unobservable from the covariates, because this set-up is a
special case of our set-up. However, this assumption rules out correlation between (X, Z) and
the random unobservables. We remark that such dependence could be admitted, if there are

additional excluded instruments S, and a first stage equation is specified that allows recovery

4We however note that this assumption, without any further structure, has conflicts with Assumption 2.2
and 2.5 as we discuss below (Remark 2.1).



of control function residuals as in Imbens and Newey (2009). These control function residuals

restore conditional independence, and serve as an important example for WW.

Remark 2.1. We note that there is an interaction of Assumptions 2.2 (or 2.3), 2.4 and 2.5. This
is because Assumption 2.2 (or 2.3) restricts the sign of the interaction effect A;X;, Assumption
2.4 contains a support requirement for X, and Assumption 2.5 requires that A; and X; are
(conditionally) independent. The consistency of these assumptions, therefore, needs to be
checked in each application. In particular, when Assumption 2.4 (i) is presumed, Assumptions
2.2 (or 2.3) and 2.5 are not compatible with each other in general.® To see this, suppose
X, contains a single nonconstant variable with a full support. If A, is nonzero, then the
sign of A;X; will take positive and negative values. When Assumption 2.4 (i) is assumed,
the compatibility of the assumptions therefore can only be ensured when A;; = 0,a.s. for
t # 0,7 = 1,2. That is, the non-constant component of X; do not enter the interaction effect

(but enters the payoff through B;X;). Hence, the interaction effect is

In the context of market entry, this specification is called fized competitive effects in Ciliberto
and Tamer (2009) (CT henceforth). In this special case, Assumption 2.2 is satisfied as long as
Ay > 0,7 = 1,2 while Assumption 2.3 holds if Ay; < 0,5 = 1,2. We note, however, that this
is rather a special case.

When Assumption 2.4 (i) is replaced by Assumption 2.4 (ii), consistency can be ensured
through support or sign restrictions on components of A; and X;. If X;’s support is restricted,
Assumption 2.4 (i) cannot be used. Therefore, we view Assumption 2.4 (ii) as the main empiri-
cally relevant assumption. We illustrate restrictions using the entry game in the airline industry
as in CT, in which —A;X; (specified below) represents the opponent’s impact on airline j’s

profits. Consider the following specification (called the variable competitive effects in CT):

where X ; is a scalar non-negative market presence index that measures the presence of the
opponent airline (e.g. # of flights operated by American Airline at an airport) in each market.®
Suppose that the opponent’s market entry itself and market presence adversely affect firm
J’s profit, i.e. Ag; > 0,A;; > 0,5 = 1,2. These restrictions ensure Assumption 2.2 with
D(W) C R?% and are also consistent with the independence assumption (Assumption 2.5).
Since the covariate contains a non-negative variable, Assumption 2.4 (i) does not hold in this

case. However, one may proceed with Assumption 2.4 (ii) by assuming that the support of the

5We are indebted to a referee for pointing this out.
6See CT for details on the definition of the market presence index. CT assume that the coefficients are
non-random. Here, we allow them to be random.
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nonconstant covariates contains the open set D(W).

In general, Assumptions 2.2 (or 2.3) and 2.4 (ii) restrict the signs of the interaction effects
only on a subset of the support of the non-constant covariates. Therefore, the support of some
(or all) of these variables may contain both positive and negative values. In this case, we only

use the open subset of the support on which the signs of the interaction effects are known.

Finally, we introduce an assumption that allows us to point identify the density of A.

Assumption 2.6. B is independent of A conditional on W. The conditional characteristic

function ¢pyw (-|w) of B given W = w is non-zero almost everywhere for all w.

The condition on the characteristic function is standard in the deconvolution literature.
For example, consider the commonly studied case where the strategic interaction effect enters
only through the coefficient A ; on the intercept i.e. A_y; are zeros. Then, the condition is
satisfied when the corresponding characteristic function of By ; has isolated zeros, which holds

for example when By ; has bounded support, as in Carrasco and Florens (2010).

Remark 2.2. The independence assumption in Assumption 2.6 is solely used to recover fa
(and hence fga). The researcher may want to consider a different assumption that allows
correlation between, say, B; ; and A, ; as they both capture potentially related effects of the
covariate X ;. One alternative approach to achieve point identification would be to consider a
rank invariance or rank similarity assumption as used throughout the quantile treatment effects
and quantile IV literatures. This approach presumes that the direct effect B; of a covariate
and the total effect B; + A; that also incorporates the effect through strategic interactions are
governed by latent variables, say Uy, Uy, which determine the ranks of these effects. The rank
invariance assumption means U, = Uy, while the rank similarity only requires Uy 2 U, and
allows unsystematic deviations in ranks through “slippages”. In the context of entry games,
these variables may be interpreted as an unobserved market characteristic that determines the
rank of the direct and total effects of a covariate.

If we avoid an assumption that determines the joint distribution of B; and B; + A;, this
generally leads to a partial identification result in a way that is quite analogous to the distri-
bution of treatment effects in the treatment effect literature (Heckman, Smith, and Clements
(1997), Fan and Wu (2010), Gautier and Hoderlein (2012)). We provide the main intuition
using the commonly studied case where A; = A ; under the strategic substitution assump-
tion (Ag; > 0)." Theorem 2.1 below shows that one may recover the marginal distributions
of By, and By, + Ao ; from the conditional probabilities of the outcomes (0,0) and (1,1) re-
spectively. Identification of the distribution of A ;, however, requires their joint distribution.
Note that identification of the distribution of Aj; has the same structure as recovering the

distribution of the treatment effect (Ao ;) from the marginal distributions of the (potential)

"This simplification is for convenience. The bounds below apply more generally to any pair of coefficients
B; ; and B, ;j + A; ; with a sign restriction on A, ;.
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outcomes (Y7 = By ; + Ay ;) and (Yy = By;) with a monotone treatment response restriction
(Y1 — Yy = Ag; > 0). A sharp bound on the CDF of Ay ; under a sign restriction on Ay is
derived in the recent work of Kim (2014). Hence, in this commonly studied example, one may
apply his result. We leave the more general setting where A; involves multiple terms for future

research.

2.2 Main Identification Results

In this subsection, we provide the main identification and non-identification results. Our first
main theorem establishes identification of the joint densities of all random coefficients in games
of strategic substitutes and strategic complements, respectively.® While serving as a bench-
mark, this theorem, however, requires assumptions that may be problematic in a number of
applications. A particularly important case is when covariates are common across players (e.g.,
market environments, hence called market-specific covariates). In the second part of this sub-
section, we establish that in this special case the joint distribution of all random coefficients is
in general not point-identified. However, we also show that the joint distribution of some sub-
components of the parameter vector are point identified, as are the marginal distributions for
market specific variables, and all counterfactual probabilities that only depend on the marginals.
Finally, we obtain and characterize bounds on counterfactual probabilities that involve the joint

distribution.

2.2.1 A General Identification Result

Theorem 2.1. Suppose that Assumptions 2.1, 2.4-2.5 hold.

(1) Suppose Assumption 2.2 holds. Then, fpw and fpiajw, the joint densities of B and
B+ A given W, respectively, are identified. If Assumption 2.6 holds, fayw, the joint density
of A given W, is also identified.

(i) Suppose Assumption 2.3 holds. Then, fip, B,+n,) and f(g,+a,,B)w, the joint densities
of (By, By + Ay) and (By + Ay, Bs) given W, respectively, are identified. If Assumption 2.6
holds, fpyw, the joint density of B given W, and fa,w,J = 1,2, the marginal densities of Ay
and Aq given W respectively, are also identified.

Remark 2.3. These results and Theorem 2.2 below are obtained using Proposition 1 in the
appendix, which identifies the characteristic function ¢y of a 1 x 2k random coefficient vector

U from an integral equation of the following form:

P{Yi=y,Yo=wp|X=0,2=2}= / 1{z1 < w1 }1{2 < oo} fy(u)du . (2.6)

8More precisely, in the case of strategic complements, only the joint of all B’s and the marginals of the A;’s
are identified.
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In the game of strategic substitutes, it is straightforward to see from (A.1) in the appendix
that (Y7, Y2) = (0,0) i.e., no entry, is a unique PSNE when Z; < B; X for both players. If (B, A)
is independent of (Z, X), then letting U = B and (y1,y2) = (0,0), we obtain identification of
fp from the proposition. In the same game, (Y7,Y5) = (1,1) i.e. duopoly, is a unique pure
strategy Nash equilibrium when Z; > (B; + A;)X;. Hence, using the conditional probability
of the duopoly outcome and applying the proposition, one may identify the distribution of
U = B+ A. With fp being identified, one may then identify fa by deconvolution under
Assumption 2.6.

In the game of strategic complements, (Y1, Y5) = (1,0) is a unique PSNE when Z; > B; X}
and Zy < (Bg + Ag)Xy. Similarly, (Y,Ys) = (0,1) is a unique PSNE when Z; < (B; + A1) X;
and Zs > By X,. Hence, the densities of (B, Bo+Ay) and (B + Aj, By) can be identified using
the conditional probabilities of these outcomes. Again by deconvolution, one may then identify
the marginal densities of A; and A,. However, a crucial difference from the case of strategic
substitutes is that we may not identify the joint distribution of the interaction effects. This is
because the conditional entry probability of the monopoly outcome (Y;,Ys) = (1,0) (or (0,1))

is informative about only one of the interaction effects.

Remark 2.4. Our identification result can be extended to the case with J players where J > 3.
In the case of strategic substitutes with more than two players, the no entry outcome (0, --- ,0)
and “full entry” outcome (1,--- 1) still arise as unique equilibria. The no entry outcome for

example gives the following equation:

]P){Y’l = O, ,YJ = 0|Z = Z,X = x} = /1{21 < blill'l}'“l{ZJ < inL'J}fB(b)db . (27)

Proposition 1 can be extended in a straightforward way so that the random coefficient density
can be identified from the equation above. This therefore enables us to identify the distri-
bution of B = (By,---,By). With J players, however, the interaction effects become quite
high-dimensional. This raises a challenge for identification. We expect that our identification
strategy, which recovers fa through deconvolution of fg.a and fg does not extend readily to
this general case. However, identification of fo may be possible under additional symmetry

restrictions, for example, the existence of a potential function, as in Fox and Lazzati (2015).

We now extend Theorem 2.1 to allow for covariates with lower-dimensional support such as
discrete variables or market specific variables. These variables do not satisfy Assumption 2.4.
As we see in the next section in more detail, identifying the joint distribution of all coefficients
is not generally possible in the presence of such variables. However, it is possible to identify
key features of the random coefficients on those variables. To see this, suppose that each

player’s latent utility depends linearly on continuous covariates X; and covariates Xj € R*
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with lower-dimensional support:

Y =2Z; — (B + A)Y ) X; — (B + A;Y5) X, (2.8)
where Bj and Aj are 1 x k random coefficients respectively. Consider the no entry outcome
(Y1,Y3) = (0,0). Then, the utility from this outcome is Y;* = Z; — B; X; — B;X;,7=1,2, and
hence one may write Y = Z; — U; X;, where U;’s first component (multiplying the constant
term in X;) is By ; + B, X, and the rest of its components are the corresponding components
of B;. Once the conditional density of By, + B;X; (conditional on X;) is identified, one may
identify features of Bj under additional assumptions. For example, recovering the mean of
the random coefficients Bj on X ; from the conditional distribution of By ; + Bij is a linear
regression problem. Alternatively, if X ; is a (scalar) binary variable and Bj is independent of
By ;, one can recover the distribution of Bj by another deconvolution step. Finally, we note
that a market specific variable can be treated in a similar manner as covariates X ; with lower-
dimensional support, and imposing the condition that X ;= X. This last condition indicates
that X is a variable common to both players. Since we can recover the distribution of the
variable By ; + BjX (conditional on X ) and B_g; for each player, we may apply the analysis
in this section to identify the marginal densities (i.e., fBj7 By fAj’ A, for each player j = 1,2),
as well as features that depend solely on them, e.g., certain counterfactual probabilities. Since
the presence of market specific variables has important consequences for the identification of
both joint and marginal densities, we postpone a more detailed discussion of this issue to the
subsequent two subsections.

The following theorem summarizes identification of features of the density of (B, A) when

the latent utilities are given as in (2.8).

Theorem 2.2. Suppose that Assumptions 2.1, 2.2, 2.4-2.6 hold with conditioning variables
(X,W). Then,

(i) If, for any 5, E[(Bo, Do, By, A)|X;, W] = E[(Bo, Aoy, By, Aj)[W], and E[(1, X})'(1, X})|W]
is positive definite almost surely, then, E[(Bo;, Ao, Bj, A;)|W] is identified;

(i) If Xj is a scalar binary random variable for j = 1,2 such that B L X|W, (Boa, Boa) L
B|W, and the characteristic function P(Bo.1,Bo) W 1S monzero almost everywhere, the joint den-

sity frw is identified.

Remark 2.5. For a semiparametric model in which (B,A) are non-random in (2.8), Theorem
2.2 implies that these non-random coefficients are identified if Xj is a random vector such
that E[(1, X;)(1, X;)'] is positive definite for j = 1,2, or if X, is a binary random variable,
for j = 1,2.9 This is because non-random coefficients automatically satisfy the (full or mean)
independence assumptions. We also note that an analogous result for games of strategic com-

plements can be obtained by similar arguments.

9See also Gautier and Hoderlein (2012) on binary regressors.
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2.2.2 Limits to Identification: A Non-identification result for the Case of Market-

Specific Covariates

To identify the joint distribution of (By, By) (or (A1, Az)), Assumption 2.4 requires all noncon-
stant components of X to be either continuously distributed and have a full support (Assump-
tion 2.4 (i)) or to have a support containing an open set (Assumption 2.4 (ii)). This assumption
is violated, for example, when X; and X5 have a variable in common, e.g., a variable charac-
terizing the market environment. As we have seen in Theorem 2.2, with additional structure,
some features of the random coefficients are identifiable even in the presence of such a variable.

We show in this subsection that, in general, a violation of the support condition results
in a failure of point identification of the joint distribution of all random coefficients. Here,
we explicitly consider the settings where Assumption 2.4 is violated. For this reason, in what
follows, we will treat the market-specific variable as a component of X instead of treating it as
a component of another set of variables X separated from X as done in the previous section.

More generally, if one of the covariates is a linear combination of the other covariates,
identification of the joint density fails. We formally state this result below. For this, we
assume that the model (2.1)-(2.2) has intercepts, say Xo1 = Xo2 = 1.

Theorem 2.3. Suppose that Assumptions 2.1 and 2.5-2.6 hold. Suppose that either Assumption
2.2 or 2.3 holds. Suppose that there is a covariate X, ; with 1 <i <k —1 and j € {1,2} such
that

Xi,j = CL/X' R (29>

for some a € R not identically equal to 0, where X is the 2k—1 vector of all other covariates.

Then, the joint densities fpw and fapw are not identified.

This non-identification result is due to the lack of variation generated by the exogenous
covariates. Heuristically, even without Assumption 2.4, one may relate the conditional entry
probabilities to the characteristic functions of the random coefficient densities. For example,
in the case of strategic substitutes, the conditional probability of no entry can be linked to the

following characteristic function:

¢p(t1, t1x1, te, taws) = Elexp(i(Boat1 + B_o1tix1 + Boata + B_gataxs))],
(tl,tg) e R, ([El,l’g) € Sx. (210)

A key step toward identification of fg is to trace out this characteristic function by varying
(x1,x2) (together with (¢1,%2)) on a set that is rich enough to determine ¢ uniquely. However, if
some of the covariates have a linear relationship, one may only vary (x1,x2) on a low dimensional

set, which is not enough for determining ¢g. This is indeed the case if there is a market-specific
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covariate shared by X; and X,. Related non-identification results are established in Masten
(2015) and HHM (2015), in linear simultaneous equations and triangular models, respectively
(we adapt the proof in HHM (2015) to our setup). To our knowledge, this type of non-

identification result in the context of discrete games is new.

Remark 2.6. Even though the joint distribution of all coefficients is not identified, many features
of economic interest can still be identified in the presence of a market-specific covariate. As we
have seen, Theorem 2.2 may be used to identify the conditional mean of the random coefficients
for example. Another observation is that, provided the market-specific covariates have rich
enough support, the marginal densities fp;, fa,,j = 1,2 can still be identified. To be precise,
suppose that, for each j, all non-constant components of X; have full support (although non-
constant components of X do not have a full support jointly). This is sufficient for tracing out
the characteristic function ¢p; (or ¢p, ;) for each j. One can then employ the argument used
to prove Theorem 2.1 to identify the densities of these coefficients. The same result holds if we
replace the full support assumption on X; with the weaker support condition that the support
of the non-constant components of X; contains an open ball combined with an additional
moment condition in (2.3), in which sums are only taken across components of each B; for each
j. We emphasize that this allows identification of counterfactual objects that depend only on
the marginal densities. These objects include, for example, the conditional entry probability of

player 1 given player 2’s entry:

]P){Yl = 1|Zl = Zf,Xl = xi,}/Q = ]_} = /1{Zf < (bl + 51)1'{1:}fBl(bl)fAl((Sl)dbld(sl' (211)

From this quantity, one may also recover derivatives, i.e., marginal counterfactual probabilities,
and discrete differences in covariates.

In the next section, we provide additional sub-vector identification and partial identification
results that hold even in the presence of a market specific covariate. Importantly, using these

results, one can obtain bounds on counterfactuals that depend on the joint densities.

2.2.3 Sub-vector and Partial Identification in the Case of Market-Specific Covari-

ates

Even though the joint distribution (across players) of all coefficients is not identified in the
presence of market-specific covariates, many useful economic objects are still identified. In
this subsection, we use the fact that even with market-specific covariates the joint distribution
of some sub-vectors of random coefficients is still point identified while others are partially
identified to provide partial identification results for counterfactual probabilities that involve
the joint distribution of all coefficients.

To fix ideas, suppose that the first component of the non-constant covariates is a market

16



specific variable and hence common across players X;; = X;5. Then, the joint distribution
of (B11 + Bia, By, B,) is still identified under Assumption 2.2.'° Here B, denotes B; without
By and Bg denotes By without By 3. More generally, the following corollary holds.

Corollary 2.1 (Sub-vector identification). Suppose the assumptions of Theorem 2.1 (Assump-
tions 2.1 and 2.4-2.6) hold except for one covariate that is a linear combination of other co-
variates X; j = dX witha e R2*1 1<i<k-—1, and j € {1,2}, where a’s components are

(ao,la Ty @15, Qi1 g, 7%—1,2)'
(i) If Assumption 2.2 holds, the joint density of

(Bo,1 +ap1Bij,...,Bi—1j+ai—1;B;j, Biv1j;+ aip1;Bij, ..., Br_12 + ak—l,QBi,j> (2.12)
giwen W is identified. Furthermore, the joint density of
(Ao,l SR RUAYE NRWAVEST IS S PRI VA VI NVACER IS I AN VAV MRA VAR S o ak—l,QAi,j> (2.13)

giwen W is identified;
(ii) If Assumption 2.3 holds, the joint density of

(Boa+@01Biss -+ Bivg + ai13Bis Busng + @i gBigs o Bioig + ai12Biy) - (214)
giwven W is identified. Furthermore, for s = j, the joint density of
<A0,s FagsDis,  Dicis + aim1 i s, Diprs + Qg1 sy D1 s + Gk—LsAz’,s) (2.15)
giwen W is identified. For s # j, the joint density of
(Ao,s +aosDNij,  Dgo1s + ak—l,sAi,j> (2.16)

given W is identified.

The market-specific covariate example discussed above corresponds to X;; = o' X with
a2 = 1, and all other components of a are zeros. Hence, if one’s main interest is in the joint
distribution of (Bl, BQ), the intercepts and the coefficients on the player specific variables such
as cost shifters or market presence, their joint distribution is still identified. Even further, the
joint density of the strategic interaction coefficients (Al, Ag) on these variables is also identified.

Corollary 2.1 is also useful for obtaining bounds on counterfactual probabilities that involve
joint distributions, when a market specific covariate X;; = X, is present. The key are

the conditional probabilities assigned by the unidentified coefficients (Bj 1, B12, A11,A12) to

10For illustrative purposes, we assume Assumption 2.2 throughout this subsection whenever we discuss this
example.
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two regions. For this, let us fix the identified coefficients (B,A) to (b,0) and (X, Z) to a
counterfactual value (x¢ 2¢). The first region, which is denoted Rl(yl,yﬂi),g,xc,zc) C R*
under Assumption 2.2, is the region such that the model predicts (y1,y2) as the unique pure
strategy Nash equilibrium if and only if (B, By 2, A11,A;2) falls in this region. The second
region, denoted Rs(y, y2|l~), 8, xc, 2¢) C R4, is the region such that (y;,%2) is predicted as one
of multiple equilibria if and only if (By1, By.2, A11, A1) € Ro(y1, yalb, 8, 2, 2¢)."" As in Tamer
(2003) and Ciliberto and Tamer (2009), one may then derive a lower bound on the counterfactual
probability through the conditional probability of the unidentified coefficients over Ry, while
an upper bound can be obtained from the conditional probabilities over R; and Rs. In our
setting, these bounds still depend on the distribution of the unidentified coefficients, which
can be restricted via Corollary 2.1. It turns out that such restrictions take the form of linear
constraints on the densities. The following corollary characterizes bounds that are obtained

using the restrictions imposed by the model.

Corollary 2.2 (Partial Identification of Counterfactual Probabilities). Suppose the conditions
of Theorem 2.1 (Assumptions 2.1 and 2.4-2.6) hold except for one covariate X1, which is
common between the two players so that X;; = aX with a1 2 = 1, and all other components of
a are 0. Let w® € Sy and let (x°,2°) be a counterfactual value of (X, Z).

(i) Suppose Assumption 2.2 holds. Then, P{Y} = y,Ys = ypo|X = 2,7 = 2, W = w}

belongs to the interval [Pr(y1, y2|x€, 2¢, w°), Py (y1, yo|z¢, 2¢, w)] with
]P)t(yla yz|$c7 Zc7wc) = /]P)t(yla y2|l~7a 57 $c7 Zc7wc)fB\W(g | wc)fA|W(S | wc)di)d& t= L> U7 (217)

where Py(yy, y2|b, 8, €, 2°, w®),t = L,U are pointwise bounds on P{Y} = y;,Ys = yglé =0 A =
O X =a°, 2 =2 W = w®} that are defined as:

PU(?JhszN), 57 l'cazcawc) = sup f(e | B, S, wc)dQ (218)

FEF 5.5 we /Rl(yl Y21b,6,2¢,2¢)UR2 (y1,y2b,0,2¢,2¢)

]P)L(ylayQ‘l;, 0, 2% 2% w) = inf / fo] b,9, w®)do, (2.19)
Rl(yl:y2|l~775>$cv C)

FE€F 1 5.5,we

where 6 = (by1,b12,011,012), and the identified set ]:I,E,S,wc for the conditional density of 6 is
characterized by linear equality and inequality restrictions and is given in the Appendiz.
(i) Suppose Assumption 2.3 holds. Then, P{Y} = y1,Ys = 1| X = 2,7 = 26, W = w}

belongs to the interval [Pr(y1, y2|x€, 2¢, w°), Py (y1, yo| €, 2¢, w)] with

]Pt(yb y2‘xca ZC? wc) = /]P)t(yla y2‘l~77 'CEC? ZC> wc)fB\W(B ‘ wc)dl;a = L7 U7 (220)

1Bounds under Assumption 2.3 can be studied in a similar way with a slight difference due to the fact that
the joint distribution of the coefficients in (2.15) and (2.16) is unidentified (only the marginals are identified).
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where Pt(yl,ygll;, 2, 2¢,w°),t = L, U are pointwise bounds on P{Y; = y1,Ys = 1| B = b, X =
x¢, 7 = z¢W = w} that are defined as:

Puln,wlbat, =) = swp [ fObusyd  (221)
FEF] 5.we J Ri(y1,y21b,2¢,2°)UR2 (y1,y2b,2¢,2¢)

IP)L(yl,y2|5, x¢ 2% w) = inf / fo] l~), w®)do, (2.22)
fE'FI,I_),wC R1 (yl,y2|5,zc,z0)

where 0 = (b1 1,b12,9), and the identified set Fipwe Jor the conditional density of 0 is charac-

terized by linear equality and inequality restrictions and is given in the Appendiz.

We note that the pointwise bounds in (2.18)-(2.19) (and (2.21)-(2.22)) are optimal values
of linear programs, in which linear functionals of f are maximized subject to linear constraints
imposed on the density via F; ;5 .. The bounds on the counterfactual probabilities are obtained
by integrating these pointwise bounds with respect to the density of (B , W), which is point
identified by Corollary 2.1. While estimation and inference are beyond the scope of this paper,

this characterization may be helpful for simplifying the computation of the bounds.

3 Conclusion and Outlook

This paper studies nonparametric identification of the joint distribution of random coefficients
in binary response static games of complete information. We give conditions under which
the joint distribution of random coefficients, except those on the interaction terms, is point
identified. We provide stronger conditions that allow point identification of the joint density
of the interaction coefficients. We also discuss various ways to extend our main identification
result, and adapt it to situation which involve market specific or discrete variables.

We have focused on nonparametric identification of the density of random coefficients from
uniquely predicted outcomes. An interesting direction would be to study possible efficiency
gains by considering simultaneously the two integral equality restrictions obtained from the
no entry and duopoly outcomes and additional integral inequality restrictions, which can be
obtained from the monopoly outcomes. We pursue this in another paper that studies a setting
in which the density of random coefficients are partially identified by integral equality and in-
equality restrictions. Another interesting direction would be to apply the developed estimation

procedure to empirical examples in which heterogeneity plays an important role.
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A Appendix

Recall that B = (By, By) and A = (A1, Ay) are 1 x 2k random coefficient vectors of interest.
Our principal objective is to identify, under different game specifications, various densities such
as fpw and fajw, where W is either a null or nonnull vector of regressors. Proposition 1 below
will be the main result we use to achieve this objective. In this appendix, after establishing some
preliminary lemmas, we prove Proposition 1, which we then use to prove the main theorems in
the paper, Theorem 2.1 and Theorem 2.2.

Let U = (Uy,Us) denote a general 1 x 2k random coefficient vector. For example, U may
stand for B, B + A, or similar objects. Let (y;,y2) denote possible realizations of the binary
outcomes (Y7,Y3). Note that the conditional entry probability P{Y; = y1, Yo = 4| X = 2,7 =
z, W = w} is identified from the data. Moreover, this quantity is equal to

/1{21 <z f {2z < ugs} fuixzw (ulz, z,w)du  (y1,92) = (0,0), U =B (A1)
/1{Z1 > urw1 f {20 > upxa} fuixzw (ulz, 2, w)du  (y1,92) = (1,1), U =B+ A
when Assumption 2.2 (strategic substitutes) holds. This is because (Y7, Y2) = (0,0) is a unique

pure strategy Nash equilibrium when Z; — B1 X7 < 0 and Zy — By X5 < 0, and (Y7,Ys) = (1, 1)
is a unique pure strategy Nash equilibrium when Z; — B; X; > 0 and Zs — Bo X5 > 0. Similarly,
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the conditional entry probability is equal to

/1{,21 < iy J {2z > usma} fuixzw (ulz, 2, w)du  (y1,92) = (0,1), U = (B, By + Ay)
(A.2)

/1{21 > U1$1}1{Z2 < szz}fU|XZW(U|$7Z,w)dU (?Jhyz) = (170)7 U= (Bl + A1732)>

when Assumption 2.3 (strategic complements) holds.

Proposition 1. Suppose Szxw = R? and U L (X, Z)|W. Suppose P{Y; = y1,Ys = yo| X =
x, 7 = z,W = w} is equal to the quantities in (A.1) or (A.2). Suppose one of the following
conditions hold. (i) The nonconstant components of X have support R; or (ii) The support of
X contains an open set D. The moments of all components are finite E[|U; ;|P] < oo for all
1=1,...,k,5=1,2 and p € N. In addition, for any r > 0,

(X )= e

=0, k,j=1,2
Then ¢yw, the characteristic function of U given W, is identified.

Before we prove Proposition 1, we establish several useful lemmas. For ease of exposition,
we prove all results for the special case (y1,y2) = (0,0) and W null. When W is nonnull, all
results generalize immediately by adding the conditioning variable in obvious places. The case
(y1,92) = (0,0) corresponds to the case U = B. The proof for this case is easily adapted to
cover the other cases, as we show.

Lemma A.1 below shows that

P{Y1=0,Y=0|Z =2 X =z}

= /00 /oo {/1{81 = U1ZE1}1{82 = U2:L“2}fU(u)d)\1d)\2 dsydss . (A.3)

where d)\; denotes an increment along the hyperplane s; = uszy, t = 1, 2.

It is convenient to introduce some compact notation. Write {Y = 0} for the event {Y; =
0,Y; = 0} and fzoo for f;; f:lo Let S = (S1,5:). Note that when Y7 =Y, =0, S; = B;Xj,
j =1,2. Write {S = BX} for the event {S; = B1X;,S2 = ByXs}. Next, write {Z < S} for
{Zy < S1,Z5 < So} and {Z < BX} for {Z; < B1X1,Zy < ByXs}. Note that {Z < BX} =
{Z < S}{S = BX}. Finally, write dX for d\;d\,.

Lemma A.1. Suppose the conditions of Proposition 1 hold. Then
IP’{Y:0|Z:,2,X:Q:}:/ {/{s:ux}f]g(u)d)\ ds. (A.4)
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Proor. By (A.1),

P{Y=0|Z=2X=uzx}= {z <bx}fpzx(b| 2z 2)db.
B|ZX

By the law of iterated expectations and the fact that {z < bz} = {z < s}{s = bz},
PY=0|Z=2X=2)=EgzxP(Y =0|S=572=2X=n1)
= / {z < s} /{s = bz} fBiszx(b | s,z,x)d)\} fsizx(s | z,x)ds
Ss|zx

2/ l/{s = bz} fpszx (b | Sazﬁ)d)\} fsizx(s| z,x)ds.

Consider fgiszx(b|s,z,x)fsjzx(s | z,x). Drop the subscripts. We get that
_ fbys,z,x) f(s, 2, 1)
f(b'S,Z,LIT)f(S’Z,.T)— f(S,Z,JI) f(Z,ZL’)
_ fbs |2 f ()
f(z,x)
If(b,S | Z,%’)-

By hypothesis, B L (Z, X). It follows that (B,S) L Z | X and so f(b,s | z,z) = f(b,s | x).
Finally, note that

fb,s | x) = f(s|b,x)f(b]x)
=1{s =bx}f(b).

The last equality follows from the fact S = BX and so f(s | b,x) is a single point mass
distribution; f(b | x) = f(b) since B L X. Statement (A.4) follows. O

Let 0. denote 0.,0,,. Define ¢g(z,2) = O.P(Y =y | Z = 2,X = x) and let {z = ux}

denote {z1 = w121, 20 = usxs}.
Lemma A.2. Suppose the conditions of Proposition 1 hold. Then
Yoolz, ) = / (= = b} fa(b)dA.
ProOOF. If, for each c € R, [° g(t)dt = [° h(t)dt, then g(t) = h(t) for almost all ¢t € R. This
simple fact is easily proved and is used repeatedly in the proof.

Note that (A.1) says that P{Y; =0,Y, =0 | X =z, Z = z} equals

//1{21 < blxl}l{ZQ < b2x2}fBlBg\XZ(b17b2 | $,Z)db1db2 .

24



Since the two indicator functions depend on (Bj, By) only through (Si,S3) where S; = Bz,
i=1,2, we get that P{Y; =0,Yo =0 | X = 2,7 = z} is also equal to

//1{21 < s1}1{z0 < so} fs,suix2 (51,82 | 2, 2)dsidsy
= / [/ fsisa1x2(s1, 82 | @, 2)ds1 | ds2 (A.5)
[ gt (A6)

Lemma A.1 shows that P{Y; =0,Y> =0 | X = 2,7 = z} is also equal to

/: [/: {/ 1{s1 = biz1}1{s2 = bax>} fB, B, (b1, bz)dAld)\Q} d31:| ds,
N /: h(sz)dss . (A7)

Since fs,s,1xz(51, 52 | , 2) is a density, it follows from (A.5) that g(ss) is Li-integrable. By
the simple fact stated at the beginning of the proof, (A.6), and (A.7), g(s2) = h(ss) for almost
all so. It follows that h(sq) is Li-integrable. Deduce from the simple fact, (A.6), (A.7), and the
Lebesgue Differentiation Theorem (Rudin (1974),Theorem 8.17) that

o | /:g<52>ds4 = —g(=)

= = fs1s51x2 (51, 22 | @, 2)ds1 (A8)

Z1

— _/°° [/ 1{s1 = byx1 }1{2z0 = bawa} fB, B, (b1, b2)dA1d Ao | dsi(A.9)
= —h(z)

- [ ]

Now repeat the argument for the partial with respect to z;. Define

G(s1) = —faisoxz(s1,22 |z, 2)
B(Sl) = — / 1{81 = bll’l}l{ZQ = beQ}fBlBQ (bl, bg)d)\ld/\g .
Since fg,s,)x2(51,52 | @, 2) is a density, it follows from (A.8) that §(s;) is L;-integrable. By

the simple fact, (A.8), and (A.9), we get that §(s,) = h(s;) for almost all s;. It follows that h(s;)
is L;-integrable. Deduce from the simple fact, (A.8), (A.9), and the Lebesgue Differentiation
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Theorem that

0., {/:51(81)0{81} = —g(=1)

= fS1S2|XZ<21, 2|z, 2)
= /1{2’1 = bix1}1{z0 = bowo } f, B, (b1, ba)dA1d Ny
= —h(z)

- 0, { / OO ﬁ(sl)dsl}

= 0,,0,P{Y1=0,Y2=0| X =2,7Z =z} = tpo(z, )

which is what we wanted to show. O

Define [|z[ = [l ||| 2|

Lemma A.3. Suppose the conditions of Proposition 1 hold. Then

/s exp(itz)oo(z, z)dz = ||z|| exp(itbz) fp(b)db.
Z|X

Rk xRF

Proor. By Lemma A.2,

/ exp(itz)oo(z, x)dz = /exp(itz){z = bz} fp(b)d\dz.
Sz1x

Sz|1x

To evaluate the integral on the right, we start by parametrizing the hyperplanes z; = byx
and 2z = bywy. Let BY = {Bfl), o 7815;1_)1} denote an orthonormal basis for the subspace
0 = byz;. Likewise, let B® = {B%Q), cee B,@l} denote an orthonormal basis for the subspace
0 = byxo. Note that each BZ-(j ) is orthogonal to ;. Also, in keeping with previous notation, Bi(j )
is a 1 x k vector.

For j = 1,2, let Mp(;) denote the (k — 1) x k matrix formed by stacking the k — 1 basis
vectors ng ), e ,B,(cj_) , on top of each other. Hence, for every row vector r; € R*~! we have

b; = za)||z5]| 7% +7;Mp) on the hyperplane z; = b;x;. We reformulate the integral as follows:
/ /exp(itz){z = bz} fp(b)d\dz
Sz1x
= / / exp(it2) fp(z12) |21 || 72 + riMpay, 207 || 22|72 + roMpe) )dridrodz
SZ|X RE—1xRk-1
= / / exp(it2) (212 |21 || 72 + 1iMpay, 200|272 + roMpe) )d(r1, 21,72, 22) -
SZ2\X2XR]€71 SZ1\X1><R]€71

The notation d(ry, 21,7, 29) in the last line emphasizes that, by the Tonelli-Fubini Theorem,

the order of integration does not matter. We take d(rq, 21, e, 22) = dridzidradz,.
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For j = 1,2, construct the k x k matrix M; consisting of the 1 x k vector 2’||x;]|~* stacked
on top of the (k — 1) x k matrix Mgy . Consider the transformation b; = (z;,7;)M,;. Note
that M; is equal to an orthonormal matrix with its first row multiplied by ||z;||~*. It follows
from elementary properties of determinants that the Jacobian of the transformation equals
det(M; ') = +|;]|. Deduce that dr;dz; = ||z;||db;.

Note that z = bx is on the hyperplanes. For compactness, formally write dr for dridrs,
db for dbydby, and z2'||z|| 72 + rMp for z12}||z1]| 72 + riMpay, 222 || 22|72 + 1o Mpe). Put it all
together, applying Sz, x; = R, to get

/ exp(itz)oo(z, x)dz = /exp(itz){z = bx}fp(b)d\dz
Sz1x

Sz1x

= / / exp(itz) fp(z2’||z|| % + rMp)drdz
SZ\X Rk—1xRE-1

= / / e}q:)(itz)fB(zaU'||:1c||_2 + rMp)||x||dridz1dradz,
SZ2\X2 XRk_l SZI‘XI XRk_l

= ||z|| exp(itbx) fp(b)db.
Rk xRk
U
Lemma A.4. Let B = (By,...,By) be a k-dimensional random vector. Assume that the
moments of all components are finite, that is, E[|B;|P] < oo for alli=1,...,k and p € N. In

addition, assume that for any r > 0,
P P
0= lim —'E[(|Bl\ +|Ba| + ...+ |Bk|)"]-
p—oo pl
Finally, assume that the characteristic function ¢ of B is known on some open neighborhood
U C RF. Then ¢p is identified on R*.

PROOF. We follow a similar proof strategy as in HHM Lemma A.2. The characteristic
function ¢p can be approximated by the p-th Taylor polynomial for some point by € U. The

Taylor remainder for some point b € R* is bounded by

Ropi) < Y L2 pagy

a€eNF |a|=p+1

In this formula the multi-index notation is used with respect to . This means a = (o, ag, ..., ) €
Nt |af = Zle a;, al = Hle a;!, and

ala\¢B
ob]rObg? . . .(%;"“ '

D%p =
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Using,
D%l < E[B|] = E[|By" By* ... By*|| < E[|By|*|Baf* .. .| Bi|**]

we get

3 | B1|*|Ba|* ... | Bg|™*

(Rpf)(b;bo) < [|b = bol[Z E ~

a€NF |a|=p+1
< 16— bol B E [(0) 7 (|Bil + [Ba| + ... + | Bil)"]

b — bo|
<=l igm+ mal 5 18,

Hence, the Taylor approximation converges point-wise to ¢ on R¥. Thereby ¢ is identified.
O

We are now prepared to prove Proposition 1.

PROOF OF PROPOSITION 1: Fix t = (t1,t3) € R? and consider the following conditional

expectation:

0= [

_ / [GXP(itZ)l/Joo(Za )
Sz x

fz1x(z | x) } fzix(z | x)dz

— / exp(it2)oo (2, x)dz
Sz1x

= =] exp(itbx) fp(b)db .
RE xRE
The last equality follows from Lemma A.3.

Note that the integral in the last expression can be written as E [exp(i(Bio; + Byos))]
where 01 = t1x7 and 09 = taxs. This expectation equals ¢ (o), the characteristic function of B
evaluated at o = (01, 09). Since we can identify both (2, 2) and fzx(z | ) for each (z,x),
we can identify ¢(t¢ | x) for each ¢t and . When (i) holds, the map from z to ¢ is one-to-one
and onto S, = R* x R*. Deduce that we can identify ¢p(c) for each o. Alternatively, when
(ii) holds, consider the set D, = {0 : 0; = tjx;,j = 1,2,t € T,x € D}, where T C R? is an
open set. For our purposes, it suffices to take T = (€, 00)? for some € > 0. We may identify
¢p(0) for each o € D,. Note that, for each j, t; equals the first component oy ; of o;, and
xj = o0j/o1,. Therefore, the inverse map o +— (t,z) is well-defined and continuous. By (ii),
T x D being open, and ¢ +— (¢, x) being continuous, D, is open. By (ii) and Lemma A.4, ¢p
is uniquely determined by its restriction to an open set. Deduce that ¢pg is identified for each
o. 0
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We are now ready to prove the main identification results. Again, we prove all results for
the case W null. We therefore denote the open set in Assumptions 2.2 (or 2.3) and 2.4 by D.
When W is nonnull, all results generalize immediately by adding the conditioning variable in

obvious places.

PROOF OF THEOREM 2.1: We start by proving part (i) of the theorem. Let D = R2*=1) if
Assumption 2.4 (i) holds. Let D be an open subset of S(x_,, x_,.) if Assumption 2.4 (ii) holds.
For each j = 1,2, let x; = (1,2_¢;), where (z_01,2_02) € D. Consider the case (Y,Ys) =
(0,0). By Assumptions 2.1-2.2, it is straightforward to check that (Y7,Y2) = (0,0) is a unique
PSNE when Z; < Bjz; and Zy < Byzy. Hence, equation (A.1) holds with (yi,v2) = (0,0)
and U = B. Assumptions 2.4-2.5 then ensure the remaining conditions of Proposition 1. By
Proposition 1, ¢ g, the characteristic function of B is identified. It follows that we can identify

f5(b) by Fourier inversion:

Fi(b) = /S exp(—i(b1o1 + baoa) )b ()dor (A.10)

Hence, fg(b) is identified.

Next, we consider the case (Y1,Y2) = (1,1). By Assumptions 2.1-2.2, (Y;,Y2) = (1,1) is a
unique PSNE when Z; > (By+A1)x; and Zy > (Ba+As)zy. Let {Y = 1} denote {Y; = 1,Y; =
1} and let [*_ denote [ [*!  Let U= B+A and u = (uy,us) = (b + 81,0y +2). Let {s =
uzx} denote {s; = uix1, S = ugws}. Mimic the argument in the proof of Lemma A.1, making the
obvious changes to get P{Y =1 | X =, Z = 2} = [~ [ [{s = ux} fu(u)] ds. Define ¢y, (z, 2) =
OLPY =1 | X =2,Z = z) and let {z = uzx} denote {21 = wujxy, 22 = usxs}. Mimic the
argument in the proof of Lemma A.2 to get ¢11(z, 2) = [{z = uz} fy(u)d\. Mimic the argument
in the proof of Lemma A.3 to get fSZ|X exp(itz)n (z, 2)dz = ||2|| [r, pr exp(ituz) fu (u)du.
Finally, mimic the argument in the proof of Proposition 1 to get that ¢y = ¢p,a is identified.

If Assumption 2.6 holds, ¢y (o) = ¢p(0)pa(o) and pa(o) is well-defined almost everywhere.
Deduce from this and ¢p being identified by the previous step that ¢a (o) is identified. By
Fourier inversion, fa(6) is identified. This proves part (i).

Next, we prove part (ii) of the theorem. Consider the case (Y1, Ys2) = (1,0). By Assumptions
2.1 and 2.3, (Y7,Y2) = (1,0) is a unique PSNE when Z; > Bjx; and Zy < (B + As)xs.
Let {Y = (1,0)} denote {Y; = 1,Ys = 0}. Let U = (By,By + Ay) and u = (uy,us) =
(b1,by + 02). Let {s = wux} denote {s; = wixy,s2 = usxs}. Mimic the argument in the
proof of Lemma A.1, making the obvious changes to get P{Y = (1,0) | X = z,Z = 2z} =
f;;o 2 [[{s = uz}fu(u)] ds. Define ¢ip(z,2) = 0.P(Y = (1,0) | X = 2,Z = z) and let
{z = ux} denote {21 = uixy, 29 = usxo}. Mimic the argument in the proof of Lemma A.2 to
get Y1o(z, 2) = — [{z = ua} fy(u)d\. Mimic the argument in the proof of Lemma A.3 to get
fSZ\X exp(itz)o (v, 2)dz = —||z|| [gr, gr €xp(itux) fu(u)du. Finally, mimic the argument in the
proof of Proposition 1 to get that ¢y (o) is identified.
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Now, let V' = (By + Ay, B). If we consider the case (Y1,Y3) = (0,1) and mimic the
argument in the last paragraph, we get that ¢y (o), the characteristic function of V| is identified.

Therefore, the characteristic functions of By + Ay and B, are identified as follows:

OBya,(02) = du(0,02), and  ¢p,(02) = ¢v (0, 02). (A.11)

By Assumption 2.6, ¢p,1a,(02) = ¢p,(02)Pa,(02) and ¢p,(09) # 0 for almost all o,. Hence,
®a,(09) is identified. Similarly, ¢, is identified.
Finally, if Assumption 2.6 holds,

¢V(O'1, 0'2) = /exp(@'(al (bl + (51) + 02b2))fB(b)fA1 ((51)dbd51

= /exp(i(albl+0262))f3(b)db/exp(ialél)fAl(él)chl = ¢p(0)pa,(01). (A.12)

As ¢y and ¢a, are already identified, ¢p is identified. The proof of part (ii) of the theorem

now follows from Fourier inversion applied to ¢p, ¢a,, and ¢a,. O

PROOF OF THEOREM 2.2: In what follows, we write U; = (Upj,U_o ), where Uy ; = By ; +
B;X; , and U_o; = B_g; is the random coefficients on the non-constant components of X;.
Similarly, we write V; = (Vo j, V_o,;) with Vo = Ag; + Aij and V_g; = A_ ;.

The proof of the identification of the distributions of U and V is identical to that of Theorem
2.1 (i) except for the presence of X. Therefore, argue as in the proof of Theorem 2.1 (i) and apply
Proposition 1 with (X, W) as conditioning variables, which identifies bu1x.w and oy iy x w, the
characteristic functions of U and U + V' conditional on (X, W). By Assumption 2.6, it follows
that ¢y vixw(o | w) = dyxwlo | T, w)dy g wlo | T,w) and ¢y x w(o | Z,w) is well-defined
almost everywhere. Deduce from this that ¢y ¢y is identified.

(i) For each j, let ¢y 5w (o | w) be the characteristic function of U; | X, W. Then, by the
previous step, the map oy — ¢U0,j\f(,w(01 | T,w) = ¢U],|X7W((01,O, -++,0) | Z,w) is identified.
By a property of the characteristic function and (2.8), one has

4 0 . >
t 8—01¢U0J|X,W(‘71 | ,w) =0 = E[UOJ | X =2, W = w]

=E[By,; + B;X;|X =2, W =w] =E[By; | W = w] + E[B; | W = w]#;, (A.13)

where the last equality follows from the mean independence assumption. Taking expectations

with respect to X, one then obtains,

i o, wlon | X W)| (LX) | W] = EI(B,. By) | WIBI(L ) (1,X) | W (A1)

1=

By hypothesis, E[(l,XJ’-)’ (1,)2]’)\W] is positive definite and is hence invertible. Therefore,
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E[(By;, B;)|W] is identified. The proof of identification of E[(Aq;, A;)|W] is analogous and

therefore omitted.

ii) By the previous step, ¢ ¢ w 1s identified. By assumption, W; is a binary variable
y (Uo,1,U0,2)| X, W y J y

for j = 1,2 and hence (2.8) implies the following objects are identified:

o1 ,U02)%w (01,02 | (0,0),w) = &(By 1By ) w (01,02 | W) (A.15)

¢(Uo,1,Uo,2)|X,W<O-1’ 02 | (17 1)7w) = ¢(Bo,1+Bl,Bo,2+Bg)\W(017 02 | w)? (A16)

where (01, 0,) € R?, and the equalities follow from U; = By ; + B;X; and (B, B) L X | W. By
the conditional independence assumption (B 1, Boz) L B | W, it follows that

¢(Bo,1+31,30,2+32)\w(01702 | w) = ¢(Bo,1,Bo,2)|W(0170-2 | w)¢(Bl,éz)lw(Ul»U2 | w). (A.17)

By assumption, ¢ (g, , B,,)w is nonzero almost everywhere. Therefore, ¢ 5, 5,)w (01,02 | w) is

identified for almost all (o1, 02). The conclusion then follows from Fourier inversion. UJ

PrROOF OF THEOREM 2.3: We show the result with W null below. By Lemma A.2 the
observations in the model are equivalent to projections of fg on two dimensional subspaces
of R? defined by z = bx. Here z = (21, 20)" parametrizes this plane. We denote by P, the
set of all observed projections, i.e P, = {(z12], 2205)'|(21, 25)" € S.}. If there is a non-trivial

homogeneous polynomial p : R?* — R that vanishes on

N 7.

T€SX

a second random variable B exists which does not equal B but is observationally equivalent
to B. This statement was proved by an explicit construction for B in Cuesta-Alberto, et al.
(2007) Theorem 3.5.

Without loss of generality we assume that X;; = X;; and we split dX = a’l)z'l + a’2)~(2
with a; € R ay € R*, X, = (X041, X1, Xs1,.. ., Xka) and Xy = (Xo2, X12,..., Xra).
By assumption, neither a; or as is identically 0. Define the homogeneous polynomial of degree
2

p(X) = Xo2(X11 — a\ X)) — X(]’]_QIQXQ.

Then for every x € Sx and for every y € P,
p(y) = 22(211’1’1 — zla'ls%l) — legaéi’g = zle(xLl — a’lil —/2 Zf'Q) = 0

Hence, p vanishes on [ P.. This implies that the distribution of B is not identified. ([l

TESx
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PROOF OF COROLLARY 2.1: (i) Note that by Lemma A.3

/s exp(itz)oo(z, )dz = ||z|| exp(itbz) fr(b)db. (A.18)
Z|X

Rk xRF

is identified. The integral on the right hand side reads

k—1,2
/ exp(ithz) fz(b)db = / exp it > brawes | fo(b)db
Rk xRk Rk xRF

r=0,s=1

—/ exp <it Z (bm—i—ar,sbi,j)xm) fB(b)db. (A.19)
Rk xRF

TG, SE]

Now the identification of the joint distribution of the coefficients in (2.12) follows by the ar-
gument in the proof of Theorem 2.1. Applying the same argument to 1;; and replacing b, s
with b, s + A, yields identification of the joint distribution of the coefficients B, s + A, s +
ars(Bij + A; ;) with (r,s) # (¢, 7). Apply the deconvolution argument as in the proof of The-
orem 2.1. Then, the identification of the joint distribution of the coefficients in (2.13) follows.
This establishes (i).

Without loss of generality, suppose j = 1. Mimic the argument above and apply it to 1.
Then, it yields

/ exp(itz)io(z, x)dz = Hx||/ exp | it Z (Urs + Qr st j)Trs | fu(u)du,  (A.20)
Sz1x Rk xRF Sy

where U = (By, By + Ay). By the argument in the proof of Theorem 2.1, the joint distribution

of the following coefficients are identified:

(BO,l +ap 1B, Bicig +ai—11B850, Biyig + @i B,

Boa+ Ag2+aga(Big +Aia), -+, Br—12+ Dk—10+ ap—12(Bin + Ai,l))- (A.21)

Applying the argument to 1y, identifies the joint distribution of following coefficients:

(Bo,l +Ao1 +ap1(Big +28i1), -, Bicia +Aimig 4+ aim11(Big + Aga),
Biyig+Aiig + a1 (Bin +Agy), -
Boo +ag2Bi1, -, Br—12 + ak—1,2Bi,1>- (A.22)
By the deconvolution argument as in the proof of Theorem 2.1, the joint distribution of the

coefficients in (2.15) and that of (2.16) are identified. Finally, apply the deconvolution argument

in Theorem (2.1) again to deconvolve the distribution of the coefficients in (2.14) from those
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n (A.21) and that of (2.16), which we identified in the previous step. This establishes (ii). O

THE DEFINITIONS OF THE SETS IN COROLLARY 2.2:

For each (y1,12) € {0,1}2, let Ry (41, y2|b, 0, 2¢, 2¢) denote the set of values for © = (By 1, B 2,
Aq 1,1 2) under which the model predicts (y1,y2) as the unique PSNE under Assumption 2.2.
Similarly, for each (y,v2) € {0,1}%, let Ry(y1, yglg, 5, 2, 2°) be the set of values (b1, 12,011, 01.2)
under which (yi,9) is predicted as one of multiple PSNEs under Assumption 2.2. Following
an argument similar to Bresnahan & Reiss (1990,1991) and Tamer (2003), we have:

Ri(0,0]0, 3, 2°, 2¢) = {(bl,l, bra, 011, 010) € RY2E < by jas + b, j = 1, 2}, (A.23)
R1(0,1[, 5, 2¢, 2¢) = {(bm, bra, 011, 010) € R < by yaf | + bydS, 25 > by ot , + 132:5;}
O {braaf s+ BiF < 2 < by + 01,05+ (b + 8,
> (bi + 612)a5 5 + (ba + 52)575}, (A.24)
Ri(1,0]0,3,2°, 2¢) = {(bu, broy 011, 01) € RAZE > (byy + 610)25, + (b + 61),
> (bua + 012)25 5 + (b + 02)35 }

O bz +BiF < 2 < by + 01,0)a5, + (b + 8,

25 < byotly + Ezfeg}, (A.25)
Ri(1,1]b,8,2°, 2°) = {(bl,l,bm,(sl,l,(sl,z) € RY2S > (b + 61,)5, + (b + 0,)3, 4 = 1 2}
(A.26)
and
Ry (0 0) 0 (A.27)

0,2°, 2°) = Ry(1,1]b,6,2°, 2°) =
2(0,1b, 0, 2°, 2°) = Ry(1,0[b, 0, 2, 2°)

{ 511,612,511,612) € R |b1j{L‘1] —|—B QNTC < Z < (b1] +61])$1] (BJ—FS])CZ';,j = 1,2}
(A.28)

0/,
1|0,

For each j € {1,2}, let _; ; denote a vector that stacks all components of §; except d; ;. For each
(y1,92) € {0,1}2, let Ry(y1, y2|b, 2¢, 2°) be the set of values (by 1, by 2, 8) under which the model
predicts (y1,y2) as the unique PSNE under Assumption 2.3. Similarly, let Ry(y, Ya|b, 8, x, 2°)
be the set of values under which (y,y2) is predicted as one of multiple PSNEs. These sets are
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given as

R1(0,0|l~), x¢, 2%)
_ {(bl,l, Do, 8) € REVH[20 > by 10 | 4 D03, 25 > (bus + 019)25 5 + (Ba +0_12) }
{(bl 1+ 011)77, + (bl +011)7] < 27 < baxi; + b7, zy > b1 ot 5 + 623:2}
Ry (0, 1|b, z¢, 2%)
= {(bl,l, bro,0) € R¥2F|2¢ > (b + O1,1)2f (61 +0_11)Z5, 25 > by oy + ngQ}
Ry (1, O|l~), x¢, 2%)
_ {(bl,l,bm, §) € RV |28 5 by 12 |+ by, 25 < (bua + 012)a5 5 + (b +6_12) 2}
Ry(1,1]b, 2¢, 2%
- {(bl,l,bm,é) € R¥2H(28 < (byy + 010)25, + (b + 6_11)F, 25 < brow$y + ngz}
U {(bl,1 0025y A+ (b +610)F < 25 < byaat, + b,

< (bLQ + (51’2)1’32 + (62 + 5_1’2).%5}; (AQQ)
and

Ry(0,1]b, 2¢, 2°) = Ry(1,0[b, 2¢,2°) = 0 (A.30)

R5(0,0]b, 2, 2¢) = Ry(1,1|b, 2°, 2°)

= {(5171, bi2,0) € R¥F2F|(by; + 01 5)af , + + (b; + 0_14)T5 < 25 < byjaf; + bjxj,] =1, 2}.
(A.31)

Let 6 = (b11,b12,011,01,2). For each (B,S,wc), the identified set F;j5 . for the conditional
density of 6 in Corollary 2.2 (i) is defined as

Frisue = {1 € LRI >0, / £6015,6,0)d0 = 1,
/eitl(bl’l+b1’2)+it2(61’1+51’2)f((g | I;, 57 U)C)de
- ¢Bl»1+31»2|37W(t1 | b, wc)¢A1,1+A1,2|A,W(t2 | S,wc% V(ti,t2) € R2}. (A.32)

We note that ¢p . p 5w and ¢a, A, ,aw are identified by Corollary 2.1. Hence, all re-
strictions on f are linear. The same comment applies to F; . defined below.
Let 6 = (by1,b12,0). For each (b, w®), the identified set F e for the conditional density of
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¢ in Corollary 2.2 (ii) is defined as follows:

Fr b = {f e LY(R**5)[f >0, /f(H | b, w)df = 1,

/eit1(b1,1+b1,2)+it’261f<9 ’ E’ wc)dH _ ¢Bl,1+Bl,2|]§,W(t1 | 57 wc)¢Al|W(t2 ‘ wc)’ Vi, €R, 1y € RF1
/eit1(b1,1+b1,2)+it2(51,1+51,2)+it/352f(9 | 6’ wc)d9 _ (bBl B 2|E’(t1 | 57 wc>¢A1 A Q,AQ\W(t% ty | wc)’

V(t,ts) € R2 t5 € R’H}. (A.33)

O

PROOF OF COROLLARY 2.2: (i) The counterfactual probability for (y1,y2) € {0,1}? is
P(yla 92|IC7 ZC) wc) = /]P)(yla y2|67 57 xc7 ch wc)féﬂ/v(l; | wc)fAﬂ/V(S | wc)dl;dg’ (A34)

where P(y1,y|b, 0, 2¢, 2¢, w®) is the conditional probability of (Y1, Y3) = (y1, 1) given (B, A, X, Z, W) =
(Z;, 5, x¢, 2, w®), and we note that fajw fapw is identified by Corollary 2.1. By the definitions of
Ry and R; and letting 6 = (b1 1, b1,2,01,1,61,2), we have

/ . fB1,17B1,27A1,1,A1,2\B,A7W(0|b’ 5’ U)C)dé)
Rl (y1:y2|b,57$6726)
S ]P)(yla y?lba 65 xca an wC)

< fBl,l,BLQ,ALl,A172|B,A,W<0|67 57 wc)d67 (A35>

/R1 (y1,y2|b,8,2¢,2¢)UR2 (y1,y2b,0,2°,2°)

for any (b,4) € Spw X Sxw, where fp g, AL A BAw IS the conditional density function
of (B11,Bi2,A11,A12) given (B,A,W). This density is not identified but belongs to the
identified set F; ;5 .. in (A.32) due to Corollary 2.1 (i) and Assumption 2.6. Take an infimum
(and supremum) on the left hand side (and the right hand side) of (A.35) with respect to the

conditional density over F;;;5 .. Then,
]P)L(yh y2|l;7 Sa ‘,L,c’ ZC? wc) < P(yla y2|l~)7 Sa xc’ ZC? wc) < PU(yla y2|[~)7 57 xc’ Zc7 wc). (A36)

Multiplying fB\W f AW which is identified by Corollary 2.1, to these bounds and integrating
them yields the conclusion of (i).
(ii) Write the counterfactual probability for (y1,y2) € {0,1}* as

P(yla y?‘xca an wc) = /P(yla y2’55 xca an wc>fB|W<l; ’ wC)dB) (A37>

where P(y, yglg, ¢, 2, w°) is the conditional probability of (Y1, Y3) = (y1,2) given (B, X, Z, W) =
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(l~), z¢, 2¢,w®). By the definitions of R; and R, and letting 6 = (b1 1, b1 2,9), we have

/ 7 f31,17Bl,2,A|B,W(9|b, wc)d9
R1(y1,y2|b,x¢,2¢)
< P(y1, y2|b, 2%, 2, w°)

<

[  fomaap Ol ut)ds, (439
R (y1,y2b,2¢,2°)UR2 (y1,y2|b,2¢,2¢)

for any b € S sw- Note that the conditional density f5 | 5 , AIBW belongs to the identified set
Fipwe Dy Corollary 2.1 (ii) and Assumption 2.6. The rest of the argument is then the same as

().
0
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