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Abstract: The atria play an important role in cardiac function. The introduction of two
chambers representing the atria in an existing model of the cardiovascular system could provide
useful information.
A previously validated cardiovascular system model is modified to include the atria, whose
behaviour is modelled in an original way. An a-wave pressure independent of the volume is
introduced to make the model more realistic. This is one of the ten new parameters that are
introduced in the atrial model. Six of these parameters are identified with an extension of the
previously existing parameter identification method. A method to infer important atrial pressure
characteristics from the ventricular pressure waveform is also developed.
Identification of the model parameters with and without atria are performed using data sets
from a pulmonary embolism pig trial. The error is bigger in the model containing the atria, but
remains of the order of measurement errors. The model with atria provides useful information
about these two new compartments, without requiring the need for new measurements.
This work is a useful improvement of the already existing model and identification methods as
it now allows characterization of atrial function.
Keywords: Mathematical model, lumped-parameter system, parameter estimation,
physiological model.
1. BACKGROUND

robust, in order to give correct predictions for all patients
and conditions, and fast, to predict changes in real-time.

Cardiovascular diseases cause the highest mortality in
Europe (Statistics-Explained (2011)) and in the USA (Xu
et al. (2010)). They are also a major cause of admissions
in intensive care units (ICU). Even with a proper amount
of data, patients in ICU are difficult to treat, this is
in part due to the fact that a diagnostic is hard to
establish because of the limited amount of measurements
available. In addition, these measurements are mainly
external (e.g. central venous pressure, arterial pressure,
electrocardiogram...) and thus do not provide any accurate
information on the internal functioning of the heart, as,
for example, the flow in the heart valves. Yet, this kind
of information is of extreme interest in the study of many
diseases, such as valvular dysfunctions.

Simple lumped models will be prefered to more detailed
finite-elements approaches. Such models do not perfectly
reproduce the reality but focus more on the macrophysiological trends. Thanks to their simplicity, the involved equations can be solved in a few minutes on a classic
computer.

A mathematical model of the heart can yield a clear
physiological picture from data hard to understand at
first. Such a model should be usable at bedside and,
consequently, should not require an important amount
of measurements. Second, it should provide a reasonably
correct picture of the intrinsic hemodynamic, which cannot
be seen on the ICU monitors. Finally, the model has to be
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The starting point of this work is the model developed
by Smith (2004). It represents the cardiovascular system
(CVS) in a very simple way, with six elastic chambers
linked by vessels presenting a flow resistance. This model,
even if simple, takes into account complex effects such as
ventricular interaction and valve dynamics (Smith et al.
(2004)). The equations of this model are ordinary differential equations involving 32 parameters whose values are at
first unknown but have to be identified so that the model
can be used. Two parameter identification methods have
been developed and applied to the model of Smith et al.
(Hann et al. (2006); Starfinger (2008)).
The atria play an important mechanical role in the cardiac
function. They initiate the cardiac contraction by maximally filling the ventricles before blood ejection. Pathologies involving atria are numerous (fibrillation, excessive
dilation, etc.) and are often linked to valvular pathologies.

The goal of the present work is to insert into the model of
Smith et al. two chambers representing the atria. This will
make the model more realistic from a physiological point
of view and will provide atrium-related information that
could help to detect atrial pathologies more easily.
2. METHODS
2.1 Original CVS Model
The model used to represent the CVS has been developed
by Smith (2004). It is a lumped model consisting of six
elastic chambers, representing the left (lv ) and right (rv )
ventricles, the aorta (ao), the vena cava (vc), the pulmonary artery (pa) and the pulmonary vein (pu). The six
chambers are linked by vessels having a given flow resistance. Those vessels are, respectively, the systemic (sys)
and pulmonary (pul ) circulations and the mitral (mt),
aortic (ao), tricuspid (tc) and pulmonary (pv ) valves.
In addition to a flow resistance, the valvular behaviour
is modelled with elements analogous to ideal diodes. For
simplicity, inertia of the blood is not taken into account
in this model, as the corresponding parameters do not
play an important role and are difficult to identify. The
model also takes into account the septal motion during
cardiac contraction, following a formalism developed by
Chung (1996).
The model chambers are characterized by two variables:
their volume (V ) and the pressure (P ) inside of the chamber. The two elastic chambers representing the ventricles
are said to be active, which means that the relationship
between the pressure and the volume is variable. More precisely, it varies between the end-systolic pressure-volume
relationship (ESPVR) and the end-diastolic pressurevolume relationship (EDPVR), respectively:
ESPVR: Piv (t) = Eiv (Viv (t) − Vd,iv )
λiv (Viv (t)−V0,iv )

EDPVR: Piv (t) = P0,iv (e

− 1)

(1)
(2)

where E is the end-systolic elastance, Vd , the end-systolic
volume at zero pressure, V0 , the end-diastolic volume at
zero pressure and P0 and λ are parameters of the nonlinear
relationship (2). (For the rest of this study, index i has to
be considered as l (left) or r (right).)
Transition between those two extreme relationships is
weighted by an activation function, varying between 0
and 1 and denoted eiv (t). Consequently, the pressure in
a ventricle at any moment t of the cardiac cycle is linked
to the volume by:
Piv (t) = eiv (t)Eiv (Viv (t) − Vd,iv )
+(1 − eiv (t))P0,iv (eλiv (Viv (t)−V0,iv ) − 1)

(3)

The other elastic chambers are passive, which means that
their volume and pressure are linked by a constant, the
elastance E.
Pj (t) = Ej Vj (t), with j = vc, pa, pu or ao.

(4)

The volume variation in the six elastic chambers can be
derived from the continuity equation:
V̇ (t) = Qin (t) − Qout (t)

(5)

where Qin and Qout are, respectively, flow coming in and
going out of the compartment. Equation (5) does not take
into account the heart valves, whose role is to regulate
blood flow. More precisely, their role is to close to prevent
backwards flow. Hence, to correctly model the effect of the
valves, a negative flow has to be replaced by a zero flow.
Mathematically, it can be easily done by replacing each
flow Q(t) controlled by a valve by H(Q(t))Q(t), where H
denotes the Heaviside function.
Each pair of elastic compartments of the model is linked
by a vessel. Each of these vessels is characterised by an
hydraulic resistance, denoted R. The relationship between
flow, pressure and resistance is given by Poiseuille’s law:
Pu (t) − Pd (t)
Qk (t) =
, k = sys, pul, mt, ao, tc or pv (6)
Rk
where Pu (t) and Pd (t) represent the pressure up and
downstream of the vessel.
2.2 Introduction of the atria in the model
Two new elastic chambers representing the atria are added
to the initial 6-chamber model. The corresponding 8 chamber model is shown in Figure 1. Two new resistances have
been added between the venous chambers and the atria.
On the left side, the new resistance is the pulmonary
vein resistance Rpu and on the right side, the vena cava
resistance Rvc .
Since the atria are also active chambers, as for the ventricles, the relationship between their pressure and volume
is not constant. An original model has been developed to
describe the atrial behavior. During atrial filling, blood
flows into the atria, consequently increasing pressure and
volume in these chambers. A passive pressure-volume (PV) relation, namely
P (t) = EV (t)
(7)
is thus well suited to describe this part of the cardiac cycle.
However, during atrial contraction, volume decreases while
pressure simultaneously increases. These two variables can
thus not be linked by (7) anymore. One solution, as done
by Lau et al. (1979), is to add a time-dependent elastance
E(t) and a dead volume V0 (t) in (7). This gives:
P (t) = E(t)(V (t) − V0 (t)).
(8)
During atrial contraction, the dead volume decreases, as
does the atrial volume. These two variations compensate
each other and the shape of the pressure curve is described
by the time-varying elastance.
The inconvenient of this approach is that it significantly
increases the amount of parameters needed to describe the
two curves E(t) and V0 (t). We thus have chosen a different
but similar approach, describing pressure in the atria by
the following equation:
Pia (t) = eia (t)Pia,act + (1 − eia (t))Eia Via (t),
(9)
where eia (t) is the atrial driver function, equal to 1
during atrial contraction and to 0 during filling. The two
constant parameters Pia,act and Eia respectively describe
the pressure developed during atrial contraction and the
elastance during filling.
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2.3 Parameter Identification
A method aiming to identify the parameters of the CVS
model described in the previous section has been developed
by Revie et al. (2011b). This method has two important
features. First, it is based on a simple proportional gain
controller used to update the values of the parameters.
Second, the identification is not performed directly on the
8 chamber model but on two smaller, simpler models whose
parameters are identified before insertion in the complete
model.
To identify a parameter, one has to find a direct or inverse
proportional relationship between this parameter and an
output variable of the model. It is obvious that such a
relationship must be physiological. The ratio between the
model output and the experimental measurement is used
in an iterative process to obtain a better approximation of
the parameter at each iteration. The parameter update is
performed using one of the following equations:
• for a proportional relationship between parameter
and model output:
measurement
paramold
(11)
paramnew =
model output
• for an inversely proportional relationship between
parameter and model output:
model output
paramnew =
paramold
(12)
measurement
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Fig. 1. CVS model including the atria
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Parameter
Initial Value
Pvc
5
P
5
pu
Ees,rv
Elv
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f
Rtc
Erv
0.8
Prv, Vrv
E
2.5
ao
Ventricule
Epa
2.1
droit
Qtc
Epu
0.01
Evc
0.01
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Rpv
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0.4
Rvc
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Rpu
0.16

Units
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Pvc
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mmHg·s/ml
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Step 0: Direct Identification of Parameters from Data
Before starting the identification process, some parameters
have to be estimated from available data, as they are
needed for the rest of the process. These parameters are
the ventricular activation functions, and atrial parameters
∆ti and Pia,act .
The identification of the left ventricle activation function
elv (t) is based on a method developed by Stevenson et al.
(2010). This method uses the aortic pressure waveform and
some of its characteristic points (extrema and inflexion
points, among others) and links them to other characteristic points of the activation function. The same method
is used to get the right ventricle activation function from
the pulmonary artery pressure waveform.
Parameters ∆ti and Pia,act can be directly identified using
features of the available ventricular pressure waves. Let
us denote the beginning and end of the diastole by tBD,i
and tED,i , respectively. Parameter Pla,act is identified as
follows:
Pla,act =

max

tBD,l ≤t≤tED,l

Plv (t) + ∆Pav,l ,

(13)

where ∆Pav,l is a correction factor accounting for the
mean pressure difference between left atrium and ventricle
(4 mmHg for the left side). Equation just says that the
left atrial a-wave pressure is estimated as the maximum
ventricular pressure during diastole, plus a constant offset.
The same procedure is done for the right atrial parameter
Pra,act (with ∆Pav,l = 1 mmHg).
Parameters ∆ti are estimated as the times at which these
maximal pressures occur:
∆ti = arg

max

tBD,i ≤t≤tED,i

Piv (t).

(14)

Step 1.1: Identification of the Systemic Model The two
simpler models of the systemic and pulmonary circulations
are obtained by setting constant pressure values in the venous chambers. If ventricular interaction and pericardium
pressure are supposed to be negligible, the left and right
sides of the CVS model can be separated (Revie et al.
(2011b)).
The systemic model comprises the left atrium and ventricle
and the aorta. The first step of the identification process is
to compute systemic (Rsys ) and mitral valve (Rmt ) resistances and aortic elastance (Eao ). The measurements used
to identify these parameters are the stroke volume and the
amplitude and mean of the aortic pressure, respectively.
Once all the previous parameters have converged, a second
set of systemic parameters is computed. It comprises the
pulmonary vein (Rpu ) and aortic valve (Rav ) resistances
and the (constant) pulmonary vein pressure (Ppu ). The
pulmonary vein resistance Rpu is identified using the ratio
of measured and simulated amplitude of the atrial vwave and the aortic valve resistance Rav is identified
with the maximal aortic pressure gradient. (Since no
atrial measurement is available, atrial v-wave pressure is
estimated as ventricular pressure at begin of systole, plus
a correction term.)
Pulmonary vein pressure Ppu is computed using mean
atrial pressure and a correlation computed from data
published by Chaliki et al. (2002):
Ppu = 0.92P̄la + 4.72,

(15)

where P̄la denotes mean atrial pressure.
After update of the parameters Rpu , Rav and Ppu , the
three previous parameters are re-identified. This process
continues until a sufficient concordance with measured
data is reached.
Step 1.2: Identification of the Pulmonary Model
The
identification process for the pulmonary model is the same
as for the previous one. First, pulmonary (Rpul ) and
tricuspid valve (Rtc ) resistances and pulmonary artery
elastance (Epa ) are identified with the measured stroke
volume and amplitude and mean of the pulmonary artery
pressure. Then, three other parameters (vena cava (Rvc )
and pulmonary valve (Rpv ) resistance and (constant) vena
cava pressure (Pvc ) are updated and the iterative process
continues. The correlation used to identify vena cava
pressure from mean right atrial pressure P̄ra is a scaled
version of (15):
Pvc = 0.61P̄ra + 2.88.

(16)

Step 1.3: Identification of Ventricular Elastances When
the two simple models are identified, ventricular elastances
Elv and Erv are identified using a method conceived by
Revie et al. (2011b).
Step 1.4: Computation of Ventricular Interaction and
Pericardium Pressure At this stage, ventricular interaction and pericardium pressure are inserted in the model.
These are computed using equations described by Starfinger (2008).
Step 2: Averaging of Valve Resistances Valve resistances
(Rmt , Rav , Rtc , Rpv ) are very sensitive to variations in
measured data. However, from a physiological point of
view, they remain constant between successive cycles. To
ensure that valve resistances remain constant, steps 1.1 to
1.4 are repeated for each data set and valve resistances
identified for each data set are averaged and kept constant
for the rest of the procedure.
Step 3: Second Loop
Once valve resistances are estimated, steps 1.1 to 1.4 are repeated, keeping valve resistances constant. Hence, corresponding measurements are
not needed anymore. Stroke volume is used to identify
venous resistances Rpu and Rpv so that estimation of
v-wave pressure from ventricular pressure is not needed
during the rest of the identification procedure.
Step 4: Identification of Venous Elastances Once all the
previous parameters have been identified, the two simple
models are put back together and the two remaining
parameters (the venous elastances, Epu and Evc ) have to
be computed. However, there is no reference measurement
available to identify these parameters. We thus rely on
the constant venous pressures Ppu and Pvc identified in
the simple models and identify parameters Epu and Evc
so that average venous pressures match constant venous
pressures coming from the simple models. To do so, we
use a numerical minimum finding routine.
2.4 Porcine experiments and data
The previously described identification method is applied
to a pig trial of pulmonary embolism carried out under the
control of the Ethics Committee of the Medical Faculty of
the University of Liège.
The aortic pressure, the artery pressure and pressure and
volumes in both ventricles were recorded every 30 minutes
during 270 minutes, which yields ten different data sets for
identification.
3. RESULTS
Simulations of the 8 chamber model gives pressure and
volume curves for the atria that are consistent with experimentally measured curves. In particular, the atrial pressure wave presents the two characteristic a and c waves,
resulting from the active emptying and passive filling of
the atrium, respectively.
In this section, the outputs of the two CVS models (with
and without the atria) are compared to experimental
measurements in order to verify the results and observe
the influence of adding the atria to the model.
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Fig. 3. Evolution of the pulmonary resistance during
pulmonary embolism.
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Our parameter identification also allows to observe the
influence of a pulmonary embolism on identified parameters. For example, as can be seen on Figure 3, parameter
Rpul increases during development of the embolism, as the
pulmonary circulation gets obstructed.
Table 2 summarizes the medians and 90th percentiles of
relative errors for identification carried on the 10 experimental data sets. Relative errors are small (less than
0.5 %) for P̄ao and P̄pa , since these model outputs were
forced to match measured data during the identification.
Errors on the other mean variables are more important
and mainly come from differences in the stroke volume
of the systemic and pulmonary compartments that the
identification method does not take into account, as the
reference stroke volume is the same for both ventricles
(Revie et al. (2011a)).

0.6

Fig. 2. Identification results for data measured 30 minutes
after the beginning of the experiment.
First, model outputs are compared with measurements
used in the identification method in order to check that the
models converged correctly. As an example, for measurements taken 30 minutes after the beginning of the experiStudent Version of MATLAB
ment, simulated and reference aortic pressures
are shown
in Figure 2 (top). The agreement between experiment and
simulations (of the models with and without atria) is very
good. This is expected, since many of the characteristics
of this curve are used in the identification process (the
amplitude, the mean, the maximal slope and the general
shape for approximation of the driver function).
Afterwards, the outputs of the two models are compared
to measurements that were not used to identify model
parameters, for example pressures and volumes in the
ventricles. (To be precise, ventricular measurements are
used to identify auricular parameters but not ventricular
parameters.) Figure 2 (middle and bottom) shows that
model outputs correctly predict ventricular pressures and
volumes, which were not used in the identification process.
In both models, the largest errors relate to the stroke
volume. This comes form the fact that reference stroke

Table 2. Median and 90th percentile of relative errors (in %) between measured data and
model outputs with and without atria.
Output
Mean aortic
pressure
Mean pulmonary
artery pressure
Mean left
ventricular volume
Mean right
ventricular volume
Mean left
ventricular pressure
Mean right
ventricular pressure

Error
Median
90th percentile
Median
90th percentile
Median
90th percentile
Median
90th percentile
Median
90th percentile
Median
90th percentile

No atria
0.1
0.2
0.1
0.3
1.5
3.7
1.5
3.8
5.3
11.4
3.9
8.5

Atria
0.4
4.2
0.5
4.9
2.6
4.2
1.7
5.0
5.2
12.2
3.1
9.0

From Table 2, it can be seen that adding the atria
in the model does not cause an important increase of
the errors. This validation step used a comparison with
measurements that were not used during identification and
shows that errors done by the method are comparable to
measurement errors (approximately 10 %). The interest of
the method developed in this work is significant, since it
gives supplementary information (about the atria) without
introducing the need for new measurements.

4. DISCUSSION
Using a lumped-parameter model has known inconvenients, coming from the simplistic nature of this kind of
models. For example, as can be seen in Figure 2 (top),
the dicrotic notch of the aortic pressure wave is not represented. This notch is caused by complex wave interactions
that cannot be taken into account in such a simple model.
In our case, the use of a lumped-parameter model is fundamental since we are dealing with parameter identification,
which require many model simulations. Furthermore, as
the final goal is to obtain a real-time monitoring tool, these
simulations have to be very fast, which is only feasible with
small models.
The new model used for the characterization of the atria is
load-dependent, since for any loading volume in the atria,
the active pressure will be the same. This could cause
too much ejected volume in case of small loading volumes
of the atria. This choice of a load-dependent model was
made for the sake of the number of parameters. Indeed,
another way to correctly account for atrial behavior is to
use the pressure-volume equation introduced by Lau et al.
(1979), but this would significantly increase the amount of
parameters.
Of course, some points of the identification method developed here have to be examined more deeply or even improved. For instance, it is important to check the validity of
the hypotheses formulated to deduce features of the atrial
pressure waveform (a-wave timing and amplitude and vwave amplitude) from the ventricular pressure waveform.
It would thus be highly interesting to test this method on
an experimental data set including atrial measurements to
quantify the errors.
5. CONCLUSIONS
This paper shows how a six-chamber model of the cardiovascular system and the corresponding identification
method have been modified to include the atria. The goal
was to identify a maximal number of atrial parameters on
basis of a minimal amount of supplementary data.
The method that is developed in this paper fully achieves
this goal, since the identification of the atrial parameters
is done without requiring new measurements. Hence, this
work gives a new model of the cardiovascular system including the atria and the parameter identification method
needed to make it patient-specific. It is a valuable tool
for real-time monitoring of valvular pathologies for which
precise characterisation of atrial function is of great importance.
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