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Abstract

The analysis of hemodynamic parameters and functional reactivity of cerebral capillaries is

still controversial. The detailed mapping of tissue oxygen levels on the scale of micrometers

cannot be obtained by means of an experimental approach, necessitating the use of

theoretical methods in this investigating field. To assess the hemodynamics and oxygen

transport in the cortical capillary network, 2D and 3D generic models are constructed

(non-tree like) using random voronoi tessellation in which each edge represents a capillary

segment. The modelling presented here is based on morphometric parameters extracted

from physiological data of the cortex in which the spatial distribution of the diameter of the

capillary is based on a Modified Murray method. This method led to a proper link between

the diameter topology and flow pattern such that the maximum efficiency for flowing blood

is concluded in the model of cortical capillary network. The approach is capable of creating

an appropriate generic, realistic model of a cerebral capillary network relating to each part

of the brain cortex because its geometrical density is able to vary the capillary density. The

pertinent hemodynamic parameters are obtained by numerical simulation based on effective

blood viscosity as a function of hematocrit and microvessel diameter, ESL (endothelial

surface layer) effect, phase separation and plasma skimming effects. Using a solution

method of the Green’s function, the model is numerically developed to provide different

simulations of oxygen transport for varying perfusion and metabolism in a mesoscale model

of the cortical capillary network, bridging smaller and larger scale phenomena. The analysis

of hemodynamic parameters (blood flow rate, velocity and hematocrit) demonstrates a

consistency with the experimental observation. The distribution pattern of wall shear stress

(WSS) in the network model supports the physiological data which in turn represents a

proper matching between the hemodynamics and morphometrics in the cerebral capillary

network. The distributions of blood flow throughout the 2D and 3D models seem to confirm

the hypothesis in which all capillaries in a cortical network are recruited at rest (normal

condition). The predictions showed a heterogeneous distribution in the flow pathways

(aspect of length and inflow) and the pertinent transit time of red blood cell (RBC) in the

network model which is dependent on varying perfusion rates. The analyses of oxygen

transport in the model has demonstrated that oxygen levels in the tissue are sensitively

dependent on the microvascular architecture and flow distribution. Unlike the homogeneous

compartmental models, the mesoscale model presented in this study led to a prediction
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of tissue PO2 gradients throughout the tissue and a spatial distribution of tissue PO2 on

the micron-scale for varying perfusion and metabolism. The predicted nonlinear changes

in the oxygen extraction fraction (OEF) of the model as a function of the perfusion rate

provide a basis for the quantitative interpretation of functional magnetic resonance imaging

(fMRI) studies in terms of changes in local perfusion. The model is capable of predicting

the brain oxygen metabolism under both normal and disease states, particularly, local

hypoxia and local ischemia caused by misery perfusion syndrome. The hypoxic states for

different perfusion rates and oxygen consumption rates demonstrated that in a significant

decrease in brain perfusion (as can occur in stroke), the tissue hypoxia can be avoided by a

moderate reduction in oxygen consumption rate. Increasing oxygen consumption rates (a

realization of spatiotemporal stimulation of neural tissue) with respect to maintaining the

tissue PO2 in the model led to a predicted flow–metabolism coupling in the model which

supports the experimental studies of somatosensory and visual stimulation in humans by

positron emission tomography (PET) and functional MRI (magnetic resonance imaging).

A disproportionately large increase in blood supply is required for a small increase in the

metabolic utilization (oxygen consumption rate) which in turn, is strongly dependent on

the resting OEF such that the magnitude of the blood flow increases in the higher resting

OEF.
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Chapter 1
Introduction

The delivery of adequate oxygen and nutrients are crucial for brain tissue. The microvascu-

lature, particularly, the capillary network is directly responsible for oxygen transport to

the tissue and the regulation of local blood flow. An understanding of the microciculation

is an essential aspect for acheiving the oxygenation and perfusion patterns in healthy and

diseased tissues. Deficiency of oxygen due to a severe reduction of blood perfusion can

lead to irreversible damage to cerebral tissue within minutes. The spatial distribution of

partial pressure of oxygen (PO2) in an oxygen-comsuming tissue is sensitively influenced

by the rate of blood flow to the tissue, the rate of oxygen consumption, the oxygen content

of the blood and the spatial arrangment of microvessels supplying the tissue. Perfusion

(rates of blood supply per unit tissue volume), oxygen consumption rate and microvascular

architecture vary from region to region in the brain. In the cerebral cortex, the capillary

network has a very complex structure in three dimensions (3D) such that there is diffi-

culty in tracing small tortuous capillary branches even by advanced optical methods [59].

This structural complexity, in turn, leads to a spatial heterogeneous distribution in the

hemodynamic parameters of the micro-vessels and the tissue PO2 gradients in the network.

Due to the complexity in the 3D structure of the cortical capillary network, it has been

technically difficult to measure the hemodynamic parameters and the main quantity of

interest for oxygen transport i.e. tissue PO2 gradients on microscopic scales. Capillary level

quantification of cerebral blood flow has been limited by the spatial resolution of functional

imaging techniques and the depth penetration of conventional optical microscopy [65].

Hence, the experimental approach alone does not lead to an adequate understanding

of the physiological behaviour in the cortical microvascular network. Furthermore, the

complex nonlinear relationship between the physical and biological interactions must be

analyzed with the help of mathematical models [113, 112, 108, 52, 48, 8]. There have been

1
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few computation models focused on analysing oxygen transport in the cortical capillary

network which, in most of them the geometrical structures were derived from an image

based network of the brain cortex [35, 130, 7].

In order to better understand and comprehensively study the hemodynamics and oxygen

transport in the complex network of cerebral capillaries, a generic computational model

is required to cover a relatively large cortical capillary network (mesoscale) without

reconstruction-based image of the relevant network structure. Therefore, a novel method is

supposed to create synthetic cerebral capillary network using the computational geometry

of Voronoi tessellation in which each Voronoi edge represents a capillary segment. This

novel method leads to a generic model with a proper non-tree-like, three-dimensional

network (consistent with the architecture and topology of the cortical capillary network)

which can be readily developed for different parts of the cortical capillary network in

the brain cortex. This is therefore one aim of the computational model presented in

this thesis. Developing the computational model with respect to the rheological laws in

microvessels [111, 113] in such a generic geometrical realization leads to a comprehensive

analysis of functional behaviour of flowing blood (hemodynamics) in the cerebral network.

To achieve a more physiological based model, a proper matching is conducted between the

morphometric (capillary diameter topology) and hemodynamics throughout the synthetic

capillary network which derives from a modification of distributed capillary diameter

throughout the network based on a modified Murray law. This modified morphometrics

leads to approciate wall shear stresses in the capillaries which are in the range of the

physiological data.

Another aim of this study is focused on the better understanding of functional effects

of varying blood supply and consequently resulting OEF (oxygen extraction fraction) of

highly heterogeneous flow pathways on oxygen transport with respect to different tissue

metabolism rates. Therefore, a computational numerical method is developed based on

the Green’s function [67] to assess the partial oxygen pressure (PO2) in the micro-scale

throughout the tissue. It is important that this study is conducted based on a realistic

geometrical structure consistent with the cortical capillary network and is not focused on

a compartmental model. However, the effects of varying blood supply and metabolism

have already been achieved in a compartmental model representing the cerebral capillary

network in several publications where the effects of a realistic geometrical structure of the

cerebral capillary network have been ignored [150, 18, 61, 72]. Hence, the previous analyses

have been limited to the mean value of hemodynamics and oxygen transport parameters in

the pertinent homogeneous compartmental model. Additionally in this thesis, the relevant

predictions can be achieved in spatial detail. The spatially heterogeneous distribution
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of hemodynamic and oxygen transport parameters (in micron scales) can be predicted

throughout the cerebral tissue volume in the mesoscale scale. The aim of this study also

includes the prediction of abnormal physiological function in the cerebral capillary network

i.e. the local hypoxic and ischemic regions in the case of inadequate blood supply in the

model.

The solution findings relating to the simulation of hemodynamic analysis in a 2D model (the

first stage of this thesis) have been published [122]. However, the extention of the model

in a three dimensions and pertinent analysis of oxygen transport can be also published

in a relevant journal. Chapter 2 provides a brief description of the anatomy of vessels

and cerebral capillaries and also the architecture and geometrical structure in the cerebral

capillary network. A literature review is presented in Chapter 3. The methodology of this

study is implemented in two chapters, chapter 4 (construction of cerebral capillary network

and analysis of blood flow) and chapter 5 (analysis of oxygen transport). The results and

discussion are also presented in two chapters, Chapter 6 and chapter 7. The final chapter

is related to the conclusions on the predicted phenomena.
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Chapter 2
Anatomy

The computational modelling of the cortical capillary network requires some background

into the anatomy of the cerebral vasculature. This chapter provides this information.

2.1 Cerebral Arteries

The brain is one of the most highly perfused organs in the body and the pertinent cerebral

vasculature is a highly complex and variable structure. The arterial blood supply to the

human brain consists of two pairs of large arteries, the right and left internal carotid and

the right and left vertebral arteries (Fig. 2.1). The internal carotid arteries principally

supply the cerebrum, whereas the two vertebral arteries join distally to form the basilar

artery. Branches of the vertebral and basilar arteries supply blood for the cerebellum and

brain stem. Proximally, the basilar artery joins the two internal carotid arteries and other

communicating arteries to form a complete anastomotic ring at the base of the brain known

as the Circle of Willis. The Circle of Willis gives rise to three pairs of main arteries, the

anterior, middle, and posterior cerebral arteries, which divide into progressively smaller

arteries and arterioles that run along the surface until they penetrate the brain tissue to

supply blood to the corresponding regions of the cerebral cortex by the cortical capillary

networks (Fig. 2.2) [24].

2.2 Blood Vessel Structure

Arteries are elastic vessels that are dedicated to carrying blood away from the heart

under relatively high pressure. The arteries branch into progressively thinner vessels and

5
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Figure 2.1: The internal carotid and vertebral arteries [24]

Figure 2.2: A sagittal view of the brain and Circle of Willis, illustrating the afferent and efferent

arteries visible from this viewpoint [40].

eventually fall into the fine branches called arterioles which in turn feed the capillary

networks (Fig. 2.3). The wall of an artery consists of three distinct layers. The innermost

layer, tunica intima, is composed of simple squamous epithelium, called endothelium,

resting on a connective tissue membrane, which is rich in elastic and collagen fibers. The

middle layer, tunica media, makes up the bulk of the arterial wall. It includes smooth

muscle fibers, which encircle the vessel, and a thick layer of elastic connective tissue. The

outer layer, tunica adventitia, is relatively thin and consists chiefly of connective tissue
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with irregularly arranged elastic and collagen fibers. This layer attaches the artery to

the surrounding tissues, be it muscle, adipose, or other tissue types. The smooth muscles

in the walls of arteries and arterioles are innervated by the sympathetic branches of the

autonomic nervous system (ANS). Chemical reactions on these vasomotor fibers cause the

smooth muscles to contract, reducing the diameter of the vessels.

Figure 2.3: Structure of blood vessels. Schematic of the branching of vessels leading to the

capillary bed. This information was adapted from http://antranik.org/blood-vessels.

This action is called vasoconstriction. If such vasomotor activities are inhibited, the muscle

fibers relax and the diameter of the vessels increases. In this case, the vessels are said to

undergo vasodilation. Changes in the diameters of arteries and arterioles greatly influence

the flow and pressure of blood. Arterioles, which are microscopic continuations of arteries,

join capillaries. Although the walls of the larger arterioles have three layers, similar to

those of arteries, their wall becomes thinner and thinner as the arterioles approach the

capillaries. The wall of a very small arteriole consists only of an endothelial lining and

some smooth muscle fibers, surrounded by a small amount of connective tissue.

Capillaries are the smallest blood vessels. They form connections between the smallest

arterioles and the smallest venules. Capillaries are essentially extensions of the inner

linings of these larger vessels in their walls consists of endothelium - a single layer of

squamous epithelial cells (the thinnest of all epithelial cell-types). These thin walls form
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the semipermeable membranes through which substances in the blood are exchanged for

substances in the tissue fluid surrounding body cells. The pores in capillary walls are thin

slits that occur where two adjacent endothelial cells overlap. The sizes of such openings,

and consequently the permeability of the capillary walls, vary from tissue to tissue. For

example, the capillaries in brain and muscle tissues are less permeable than those of the

liver, spleen, or bone marrow.

2.2.1 Blood Brain Barrier (BBB)

The brain is a fragile, energetically demanding and crucial organ. It is not quite as robust as

the rest of the organs in the body. Because the brain is such a delicate organ, and because

any substance that enters the brain can have a profound effect on behavior, memory or

motor function, the exchange of substances between the blood and the brain is very tightly

regulated. The brain is defended by the Blood-Brain Barrier (BBB). Nearly all of the

Figure 2.4: A schematic overview of the blood-brain barrier. Brain capillary endothelial cells

are in direct contact with brain astrocytes and form a tight barrier between the blood and the

brain. All transport of molecules from the blood to the brain and vice versa is regulated by these

endothelial cells [91].

blood vessels in the brain are modified, to make it that much harder for substances and

cells to cross into the brain. A normal blood capillary is slightly porous, to allow certain

proteins and carbohydrates to pass through into the surrounding tissues. The BBB does

not have this (Fig. 2.4). There are tight, protein junctions between the endothelial cells

which constitute the capillary wall. Past this, there is a space, the exact use of which is

poorly understood, known as the Virchow Robin Space. Then there is a protein basement
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membrane surrounding the capillary.

All neuronal networks within the brain are tightly interwoven with networks of glial cells,

and thus the underlying microvasculature. there are types of glial cells such as pericytes

and astrocytes (Fig. 2.4). Astrocytes have long been recognized for their predominant

role in maintaining the homeostasis of neurons. They contribute to the regulation of local

blood supply and provide nutrition to the neurons. More recently it has been recognized

that the communication between astrocytes and neurons is much tighter than previously

thought, for example via the release of gliotransmitters from astrocytes and through the

ability of astrocytes to sense glutamate [153]. Astrocytes are also closely linked to the

microvasculature system. Their endfeet enwrap the entire vasculature system so that they

are in continuous communication with the endothelial cells. In the brain, endothelial

cells from a tight blood brain barrier, which leads to immunological isolation of the brain.

Recent work has probed the in vivo dynamics of astroglial signaling in the control of

blood flow and following sensory stimulation [156]. Lastly, recent evidence suggests that

astrocytes have important physiological functions on the scale of individual synapses as

well as on the level of neural circuits.

Pericytes are as part of the vascular wall being enclosed in its basement membrane, which

are often mixed up with adjacent cell types of the vascular wall and the perivascular space

(Fig. 2.4). The pericyte cells are initially considered to be a form of smooth muscle cell

and modulators of blood flow in the cerebral capillary network in response to changes in

neural activities, which are dispersedly located on the abluminal surface of the cerebral

capillary walls [102, 11, 165].

Within the endothelial cells constituting the cerebral capillaries are special efflux trans-

porters which detect unwanted substances and then transport back them out of the

endothelia, into the blood. There are also enzymes present, ready to breakdown unwanted

substances. In fact, the BBB is primarily to exclude all proteins, carbohydrates and large

molecules (most gases pass by easily, if they can dissolve in the blood sufficiently). There

are special proteins which are transporters. Their job is to transport glucose and other

important substances (vital amino acids) into the brain which in turn, can be used for

delivering drugs to the brain, as most drugs are excluded by the BBB.

2.3 Cerebral Capillary Network

The most striking characteristics of the cerebrocortical capillary circulation that make it

distinct from many other microcirculatory beds are the apparently irregular, tortuous course
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of capillaries. Viewed from the surface of the brain, capillaries appear to have no preferential

orientation or characteristic length. The convergence of capillaries on postcapillary venules

entering the pial veins can be recognized, but capillaries most often cannot be traced back

to their pial arterioles. This is because the arterial supply of capillaries is derived from

recurrent branches of cortical penetrating arteries [69]. In contrast to the 2D architecture

of the surface arteriole network, the subsurface microvascular bed consists of a tortuous

plexus of small vessels that course in three dimensions, in which much of the exchange of

gas, metabolites, and heat occurs. The surface and subsurface networks are bridged by

penetrating arterioles, which branch from the surface arterioles and dive radially into the

brain tissue to feed the underlying neural tissue. The research by Nishimura et al. [98] also

demonstrated that penetrating arterioles are a bottleneck in the supply of blood to the

neocortex, at least to superficial layers. Fig. 2.5 shows a 3D volume rendering of a selected

zone of fusiform gyrus of the human cortex, including the pial and penetrating arterioles.

The locations of all penetrating arterioles were identified from large-area images of the

cortical vasculature (Fig. 2.6). The mean distance between nearest-neighbour pairs of

penetrating arterioles was 130 ± 60 µm (Mean ± SD) with an irregular distribution [98].

According to the observations [59, 146], the cerebral capillary bed distribution across

(temporal) the cortex is not uniform. There are some areas with a very dense capillary

network separated by regions with few or no capillaries, which are derived from a significant

correlation between neuronal and microvessel densities. The main artery (A) in the surface

cortex gives off three types of collateral vessel (Fig. 2.7). The first type (labeled 1) courses

over the cortical surface for some distance, giving rise to other collateral vessels before either

penetrating the cortical surface itself or dividing into terminal branches which eventually

penetrate the surface. The second type (2) arises from the side or undersurface of the

artery and branches out both collaterally and terminally, giving rise to many pre-capillary

arterioles. The third type (3) is an intracortical artery which penetrates deep within cortex

without contributing to the superficial capillary network.

The cerebral capillary mesh itself is a complicated series of loops. Fig. 2.8 shows that

most, if not all, capillaries in the micrograph are interconnected. The path of only two

capillary loops are highlighted. A pre-capillary arteriole (red) gives rise to a collateral

capillary (green) which divides into two terminal capillaries, one short (orange) and the

other longer (cyan). The short (orange) capillary connects with three other capillary loops

before entering a post-capillary venule (blue) as a collateral vessel 35 µm above its origin.

The longer capillary (cyan) follows a more tortuous route circling the venule and connecting

with nine other capillary loops before entering the same post-capillary venule, also as a

collateral vessel. Approximately 15 µm above this point the venule is joined by another
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Figure 2.5: Left: 3D volume rendering of a selected zone of penetrating arterioles and the pertinent

branches and cortical capillary network of the cortex by scanning electron microscope [124]. Right:

Schematic of the highly interconnected surface network of arterioles and tortuous network of

microvessels below the surface [98].

Figure 2.6: (A) Image of the surface vasculature with penetrating arterioles marked with red dots.

The calculated sum of the flow from all penetrating arterioles, located as in A, is shown in D. Scale

bar = 500 µm [98].

post-capillary venule these join with others to become the venous branch shown in Fig. 2.8.

There are two cases for vessels in the capillary networks, branching out feeding vessels

(parent vessels) to two daughter vessels (bifurcation case) and reconnecting two feeding

vessels to one anastomosing vessel (anastomosis case). About 95% of branching out in the
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Figure 2.7: Scanning electron micrograph revealing vasculature within the area corresponding to

the maximum acoustically evoked intrinsic signal. The arteries (A) and vein (V) can be clearly

distinguished. 1, 2, 3: three types of arterial collateral vessels (see text). Note evidence of smooth

muscle banding (asterisk symbols) on arteriole walls. Bar = 100 m [59]

cortex networks are as a bifurcation [81].

On the basis of the present anatomical study, the approximate distance between precap-

illary flow control valves (precapillary sphincters) and start of venous drainage is 100 ±
150 µm [59]. The structural properties of the vascular networks by using high-resolution

synchrotron tomography shows that normal cortical vascular networks have scale-invariant

fractal properties on a small scale from 1.4 µm up to 40 to 65 µm. Above this threshold,

vascular networks can be considered as homogeneous [119]. Furthermore, a comparision

between the newborn and adult cortex shows an increase in the complexity of the microvas-

cular structure, and also the vascular density in the adult cortex which is associated to a

decrease in distances between vessel and tissue [118].

According to the above observations for topologies and architectures of cerebral microvessel

networks, the most striking characteristics of the cerebrocortical capillary network can be

listed as follows: (1) Most cerebral capillaries in their beds follow a more tortuous route

circling the venule and connecting with several cerebral capillaries loops before entering the

same post-capillary venule. In fact, a capillary network consists of several capillary loops
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Figure 2.8: Corrosion cast scanning electron micrograph of a capillary plexus in auditory cortex.

A pre-capillary arteriole (red) gives rise to a collateral capillary (green) which divides into two

terminal capillaries (orange and cyan). The short (orange) capillary connects with three other

capillary loops before entering a post-capillary venule (blue). The long (cyan) capillary connects

with nine other capillaries before joining the same post-capillary venule. Bar = 50 m [59].

which are attached together. (2) In contrast to the 2D architecture of the surface arteriole

network, the subsurface cerebral microvascular bed consists of a tortuous plexus of small

vessels that course in three dimensions, in which much of the exchange of gas, metabolites,

and heat occurs. Penetrating arterioles play the role of an intermediary to pass flow from

the surface arterioles to the subsurface microvascular beds. (3) In the cerebral capillary

beds, the approximate distance between precapillary flow control valves (precapillary

sphincters) and start of venous drainage is approximately 100 - 150 µm [59, 167]. All these

characteristics will be considered to construct a mesoscale model of a cortical capillary

network in this thesis.
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Chapter 3
Literature Review

3.1 Introduction

The behavior of blood flow in the microvascular networks and oxygen transport to the tissue

in the downstream regions are still controversial, particularly in the tortuous, complex

architecture of cortical capillary networks. Different methods have been applied to measure

hemodynamic parameters and tissue oxygen levels in some parts of the cerebral capillary

networks, i.e. two-photon laser-scanning fluorescence microscopy (TPLSM), functional

magnetic resonance imaging (fMRI) and magnetic resonance angiography (MRA). Owing

to the technical limitation in these methods, many theoretical and experimental approaches

has been studied in order to understand adequately the physiological behaviour of blood

flow and oxygen transport in the microcirculation.

In this chapter, these approaches are studied and summarized in two sections: 1) modelling

of blood flow in the microcirculations, 2) modelling of diffusive oxygen transport in the

microvascular network.

3.2 Modeling of Blood Flow in the Microvascular Network

The rheological properties of blood flowing in the microvessels differs considerably from

that in a large vessel. Modeling blood flow in the microvascular network is derived from

the behaviour of blood flow in the singular microvessels which contribute to the vascular

networks. The behavior of blood flowing in the microvascular system has been extensively

studied by in vitro experiments, using a suspension of red cells in narrow tubes.

Blood must be regarded as a two-phase fluid: a liquid plasma and a deformable solid phase

15
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of the blood cells. Due to the very small diameter of vessels in the microcirculation, the

dimension of blood cells are comparable to the vessel diameters. Hence, the behavior of

blood cannot be simulated as a continuum and the model of blood flow must involve the

effects of blood–vessel interaction. The key parameters for describing the hydrodynamic

models of blood flow through the microcirculation are relative apparent viscosity and tube

hematocrit. The relative apparent viscosity is a critical parameter since it can represent the

flow resistance in the microvessels, and consequently the resistance of blood flowing through

the microvascular networks. In this section, the behaviour of blood flow in the microvessels

is reviewed in the following aspects: the tube hematocrit, the apparent viscosity in vitro

and in vivo, and the skimming effect in a bifurcating branch. Finally, in this section,

previous works on modelling blood flow in the microvascular network are described with

regards to the pertinent rheological laws.

3.2.1 Hematocrit in Microvessels

One of the earliest works on the biophysical behavior of blood flow in the microvessels was

performed by Fahraeus [33]. His work focused on the analysis of blood flow in a series

of glass tubes with inner diameters less than 300 µm. He found that the concentration

of cells in a tube less than 0.3 mm in diameter differs from that in the larger feed tube

or reservoir [19]. This is due to a difference in the mean velocity of cells and plasma in

the smaller vessel associated with a nonuniform distribution of the cells. According to

Fahraeus’s observations, the mean red cell velocity is higher that the mean flow velocity

of the suspension (plasma) in the glass tubes. Hence, the velocity and consequently less

transit time of blood cells leads to a reduction in tube hematocrit relative to the discharge

hematocrit in the tube. This phenomenon is known as the Fahraeus effect. The discharge

hematocrit (HD) corresponds to the volume concentration of red blood cells (RBC) in the

blood entering or leaving the tube whereas the tube hematocrit (Ht) corresponds to the

volume concentration of RBC within the tube (vessel).

The experimental observations and the fluid mechanical principles underlying the lateral

migration of blood cells in a glass tube and its application to the Fahraeus effect were

investigated by Goldsmith et al. [50]. Due to the finite size of red blood cells, the center of

mass of each cell cannot approach the wall closer than a certain distance. Such a tendency

has been observed in other studies [51, 142]. This behaviour evidently depends on the

hydrodynamic force between a deformable red blood cell and the surrounding nonlinear

fluid (plasma) which tends to force the red blood cells towards the center of the capillary

tube. The minimum cell-depleted distance (plasma layer) can be estimated as about 1 µm.

However, the tendency for blood cells to more toward the centerline of the tube was often
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observed even in the present of the wider suspension layer in the glass tubes. In the

case of very low flow or increased aggregated core region in the vessel, the width of the

cell-depleted region of the tube (vessel) can substantially increase [51]. The change in the

width of the cell-depleted layer is one of the items which leads to changes in the intensity

of the Fahraeus effect in a tube (vessel).

Fahraeus work was continued down to a glass tube diameter of 29 µm by Barbee and

Corkelet [41]. The measured dependent variables were the tube hematocrit (Ht) and

discharge hematocrit (HD). They showed how the average hematocrit of the blood in

a tube (tube hematocrit) varies with the tube diameter and the feed reservoir blood

hematocrit (discharge hematocrit). The relative hematocrit (Ht/HD) was found to be

independent of the blood flow rate but dependent on the feed reservoir hematocrit (discharge

hematocrit). The relative hematocrit was increased by increasing the discharge hematocrit

in a tube with a diameter less than 100 µm. This tendency was significant in the smaller

tube diameters.

A comprehensive in-vitro study has been done by Albrecht et al [2] in which the blood flow

in glass capillaries with diameters in the range of 3.3 to 11 µm was investigated (Fig 3.1).

The perfusion with suspensions of human red blood cells from the reservoir to the glass

capillaries were observed with different discharge hematocrit in the range of 0.1–0.6. The

Fahraeus effect was observed to decrease with decreasing capillary diameters from 11 to 3.3

µm which is referred to as the inverse Fahraeus effect. The relative hematocrit (Ht/HD)

increased significantly in the capillary diameters of 3.3 µm compared to the corresponding

value for the capillary diameter of 11 µm (Fig 3.1).

Figure 3.1: Fahraeus Effect. Hematocrit ratio Ht/HD, as a function of tube diameter (µm) [141]
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Furthermore, they found that the Fahraeus effect increased with decreasing hematocrit in

the larger capillary tubes (about 8–11 µm) whereas it is independent of changes in the

hematocrit in the small capillary tubes. Pries et al. [113] compiled the experimental data [2]

and developed an empirical equation in which the reduction of tube hematocrit relative to

discharge hematocrit (Ht/HD) is estimated as a function of the discharge hematocrit (HD)

and the vessel (tube) diameter.

3.2.2 Apparent Viscosity in Microvessels

To properly consider the behavior of blood flow in the microvessels, the intermediate

terms of relative apparent viscosity (µapp) must be introduced to represent the intrinsic

properties of the blood and blood–vessel interactions. This parameter is useful in organizing

experimental data. In experimental studies Poiseuille’s law can be imposed to observe the

relative apparent viscosity of blood flow in microcylindrical tubes.

For the first time, Poiseuille performed direct measurements of arterial and venous blood

pressure [103, 104] and found a pressure drop between arterial and venous vessels which

is independent of the size of vessel. He concluded that the main pressure gradient must

occur in the microvascular networks. According to Poiseuille’s findings, if the fluid is

Newtonian and the flow is laminar in a cylindrical tube, the volume flow rate is given

by the driving pressure difference along the tube divided by the viscous resistance. This

resistance depends linearly on the viscosity, the length, and the fourth power of the inverse

of the radius. The relation derived from Poiseuille’s law is known as the Hagen-Poiseuille

equation.

Poiseuille’s law is often found to be a useful approximation and represents a logical starting

point for any analysis of blood flow in microvessels. The relative apparent viscosity of

a nonhomogeneous non-Newtonian fluid such as blood in a micro–cylindrical tubes can

be approximated by the Hagen–Poiseuille’s equation. The laminar blood flow is forced

through fine glass capillary tubes connecting two reservoirs by a driving pressure difference.

This method has been used for the observation of relative apparent viscosity of the blood

flow in all the literature reviewed in this section.

The earliest experimental work on determining the apparent viscosity of blood flow in

narrow tubes (tube diameter less than 0.3 mm) was started by Fahraeus and Lindqvist [34].

They found a decrease of relative apparent viscosity as the tube’s diameter decreased.

Furthermore, a decrease in the discharge hematocrit of blood flow led to a lower relative

apparent viscosity in the narrow tubes. This phenomenon is known as the Fahraeus–

Lindqvist effect. The apparent viscosity of blood flow and the reduction in tube hematocrit
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(Fahraeus effect) for laminar blood flow in tube with diameter of 29 µm was observed

by Barbee and Cokelet [4, 3]. The apparent viscosity of blood flow in the tube with

diameter of 29 µm was predicted from macroscopic rheological data with respect to the

reduction in the tube hematocrit relating to the Fahraeus effect. It was concluded that

the Fahraeus effect was one of the reasons for the appearance of the Fahraeus–Lindqvist

effect in narrow tubes [4]. However, the main underlying cause of the Fahraeus effect

and Fahraeus–Lindqvist effect in micro–tubes refers to the existence of a cell–free or

cell–depleted layer close to the tube wall [50, 51]. Because the cell-free layer is very thin

(approximately 2 µm) these effects are insignificant in micro–tubes with large diameters.

Pries et al. [108] provided comprehensive data for the description of the blood properties

and blood–wall interactions in the micro–tube in term of the relative apparent viscosity as

a function of hematocrit and tube diameter (Fig. 3.2).

Figure 3.2: Fahraeus–Lindqvist Effect. Relative apparent viscosity of blood as a function of

diameter (µm) [141].

The pertinent empirical equation is given by [108]

η vitro = 1 + (η 0.45 − 1)
(1−HD)C

′ − 1

(1− 0.45)C
′ − 1

(3.1)

η vitro is in vitro apparent viscosity where η 0.45 is function of vascular diameter (D) and

represents the relative viscosity for a fixed HD of 0.45 (see equation of 4.5). C’ is function

of vascular diameter and describes the shape of the viscosity dependence on hematocrit (see

equation of 4.6). To develop the hydrodynamic model of blood flow through a microvascular

network, the new experimental data was obtained in capillary tubes up to a diameter of

3.3 µm. An increase in the flow resistance in terms of relative apparent viscosity was
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observed in the capillary tubes less than 8 µm. An analysis of the combination of these

experimental data led to an empirical equation which describes the relative apparent

viscosity for human blood as a function of tube diameter and hematocrit. The empirical

relations relating to Fahraeus and Fahraeus-Lindqvist effects described here were obtained

from observations on rigid tubes and there are some inconsistencies between the in vitro and

in vivo results, particularly in the very small vessels. The developed models are reviewed

in Section 3.2.4.

3.2.3 Two-Phase Model of Blood Flow

The theoretical basis for Fahraeus and Fahraeus–Lindqvist effects can be explained by a

simple two-phase model of blood flow, consisting of cell-rich core and cell-free wall layer

in a tube, called as the stacked–coins or axial–train model [133, 133, 88]. In this model,

all red cells are assumed to lie in a cylindrical core region of diameter λD (0 < λ < 1)

on the axis of a tube of diameter D. Outside of the core there is a wall layer of plasma

with viscosity µp, and the core is assumed to be another Newtonian fluid with viscosity µc.

According to the model, the thickness of the wall layer (d) is given by d = (D/2)(1− λ).

Considering the continuity of the velocity and stress at the interface of the two phases

of the model and the no-slip condition on the tube wall, the theoretical relations for the

relative apparent viscosity and the relative hematocrit (Ht/HD) can be obtained as a

function of the thickness of the wall layer (d) and the viscosity ratio of µc/µp as follows:

Ht

HD
=

1

2

1− λ4
(

1− µc
µp

)
1− λ2

(
1− µc

2µp

) (3.2)

In the case of HD = 0.45 and µc/µp = 3.3, Equation 3.2 can fit the empirical curve

describing the experimental data [108] by choosing d = 1.8 µm for tube diameters down

to about 30 µm. At smaller diameters, the prediction of the model with a cell-free layer

independent of tube diameter is not consistent with the experimental data.

A limitation of this model is that the width of the cell-free layer is a fitted parameter and

depends on the interaction between the blood cells and the tube wall and also mutual

interaction between themselves. In capillary tubes less than 8 µm in diameter, red blood

cells often flow in single-file. A decrease in the tube diameter leads to the maximum

diameter of deformed cells relative to the tube diameter increasing, approaching 1 in

the limit of the critical tube diameter of 2.8 µm. Hence, the width of cell-free layer

decreases as the capillary tube diameter reduces [132, 136, 66]. For any capillary tube
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diameters, it is possible to calculate the value of the width of the free-cell layer which

provides the same value of Ht/HD or the same value of the relative apparent viscosity

derived from corresponding empirical equations [113, 108]. The thicknesses of the wall layer

obtained by the model for tube diameters of 3, 4, 5, 6 µm were equal to 0.07, 0.3, 0.6, 0.9 µm,

respectively [141]. According to these results, the Fahraeus and Fahraeus-Lindqvist effects

in very small tubes tightly depend on the existing cell-free layer.

3.2.4 Effective Blood Viscosity in Vivo

Observation of blood flowing in the microvascular networks and direct measurements of

pressure drop and volume flow rates in vivo have strongly suggested that the flow resistance

and, consequently, the relative apparent viscosity of small microvessels in vivo is indeed

much higher than predictions based on rheological measurements in long straight rigid

tubes of corresponding diameter in vitro [86, 87, 114]. A semi-empirical model is developed

to describe relative apparent viscosity as a function of vessel diameter (2.7 to 500 microns)

and vessel discharge hematocrit (5% to 60%) [78]. The blood flow is modeled as a cell-rich

core and a cell-free marginal layer in the larger vessels and an axial-train in the smaller

vessels. The model behaved according to the Fahraeus-Lindqvist effect and the trend of

apparent viscosity versus vessel diameter was realistically smooth in the whole diameter

range. Some mechanisms may influence to increase the flow resistance in vivo compared

with the in vitro experience (glass tube) with corresponding diameters. These mechanisms

suggested were: 1) the effect of irregular vessel diameters [109, 125, 114], 2) the effects of

vascular bifurcations in relatively short microvascular segments [37, 114], 3) flow properties

of white blood cells [114], and 4) restriction of flow by a macromolecular lining (glycocalyx)

on the endothelial surface. According to many studies [17, 109, 128, 157, 158], the role of

the first three mechanisms are not sufficiently important to explain the observed high blood

flow resistance in vivo. However, the effects of the thick endothelial surface layer (including

glycocalyx cells and adsorbed proteins) were proposed as the major factor causing impeded

flow in near wall regions of microvessels, and consequently, observed high apparent viscosity

in vivo [115, 135].

Many studies were conducted to analyze the mechanical properties of the endothelial surface

layer (ESL) and its effects on blood rheology in microvessels [25, 126, 131, 134, 140, 111].

The relationship between the thickness of the endothelial surface layer and flow resistance of

the microvascular networks was investigated by Pries et al. [111, 115]. The vessel diameters

and the hemodynamic parameters i.e. flow velocity and hematocrit of each microvessel

belonging to three microvascular networks in the rat mesentery was observed by intravital

microscopy. The results were compared to predictions obtained from a hemodynamic
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simulation derived from the in vitro measurements which has been described earlier. The

effective thickness of ESL was estimated as a hydrodynamically equivalent to the difference

in the flow resistance of each microvessel in vivo and in vitro (Deff ). The comprehensive

data led to the creation of a mathematical form for the effective thickness of the ESL as a

function of diameter and hematocrit. Hence, a developed model for the effective blood

viscosity in vivo can be created by using the empirical equation (Equation 3.3) of relative

apparent viscosity in vitro with respect to the effective thickness of ESL (Section 3.2.2).

η vivo = η vitro .

(
D

Deff

)4

(3.3)

η vivo is given by Equation 3.1. Deff is derived from a series of the empirical equations

(further detail in chapter 4). Figure 3.3 shows the effective blood viscosity in vivo (Equa-

Figure 3.3: Dependence of the effective relative blood viscosity on the measured anatomic vessel

diameter. Thick black lines, present results for different HD values representing in vivo situation

(Equation 3.3); thin gray lines, in vitro results for flow of red cell suspensions in glass tubes of

equivalent diameters (Equation 3.1) [111].

tion 3.3) and in vitro (Equation 3.1) as a function of diameter and hematocrit. Significant

discrepancies between η vivo and η vitro are observed in the capillary range, particularly a

maximum discrepancy in capillary diameters of 10 µm. There are several distinct regimes

visible in the effective blood viscosity model in vivo (thick black line); the viscosity ap-

proaches an asymptotic plateau for vessel diameters above 1 mm, it reduces as the vessel

diameter decreases in the range between 1 mm and approximately 40 µm owing to the

Fahraeus-Lindqvist effect, it then experiences a sharp increase for diameters down to 10 µm

owing to the increased contact of the RBCs with the vessel walls, then a sudden dip occurs
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below this range to 5 µm as RBCs switch to single-file flow, until finally the vessel diameter

approaches that of the maximally squeezed red blood cell, which is around 2.8 µm for a

normal human cell. The micrographs of red blood cells flowing through small-bore glass

tubes and microvessels is demonstrated in Fig. 3.4.

Figure 3.4: Micrographs of red blood cells flowing through small-bore glass tubes (left 4 micro-

graphs) and mesenteric microvessels (right 2 micrographs). In the intermediate range of vessel

diameters from 6 − 13 µm, cells may flow in single file at low hematocrits. With increasing

hematocrit, more cells are present in a vessel cross section, leading to a transition to multifile flow

and increased interaction of cells with the wall [111]. HD is discharge hematocrit.

3.2.5 Distribution of red blood cell in the Microvascular Network

To incorporate the single-microvessel flow model into a microvascular network, the movement

of red blood cells through the network junctions must be analyzed. It has been observed

that the erythrocyte flow at vessel bifurcations is unevenly distributed. Such asymmetric

distribution of the hematocrit in daughter vessels can occur even if there is a symmetric

distribution of volume flow rate at a branching point [120]. This phenomenon is known as

plasma skimming or phase separation effec. Plasma skimming has long been considered a

mechanism to create spatial heterogeneity in the microcirculation. It was demonstrated

that plasma skimming can create and sustain temporal heterogeneity and also interpret of

dynamical observations of the microcirculation [20].

One of the earliest studies on the distribution of hematocrit at bifurcating points was

conducted by Yen and Fung [166]. The results based on in vitro experiences showed that

the movement of the red blood cell distribution into a bifurcating junction was influenced

by the difference in velocities of blood flow in the daughter branches such that the higher

hematocrit corresponded to the branch with higher velocity. Red cell distribution in the
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bifurcating junctions of capillary networks for a hamster cremaster muscle was observed by

Klitzman [79]. Based on observations, a nonlinear relationship has been proposed between

the partition of blood flow and red cell flow at bifurcating capillaries. Although, another

study [27] on red cell fractions from atrtificial branching channels showed that the difference

in hematocrit from the two outflow channels was a linear function of the proportional flow

in the side branch. This behaviour leads to wide variations in hematocrit in arteriolar-size

blood vessels (microcirculation).

Pries et al [107] conducted a study on the plasma skimming effect into diverging branches

in the the rat mesentery network (diameters 10-30 µm). The bifurcation junctions with

different flow rates and topology for the parent and bifurcating branches were observed

and the fractional erythrocyte volume flow on fractional blood flow was analyzed. For

a given fractional blood flow, the smaller branch receives more red cells than the larger

branch. Several important parameters were identified which influence the fraction of red

blood cell flow entering a branch: the fraction of bulk blood flow entering that branch,

the diameter ratio of the two daughter branches, the parent diameter, and hematocrit.

The comprehensive data analysis led to an empirical equation to determine the distributed

hematocrit in the daughter branches. This empirical equation was proposed as a function of

the identified important parameters which was later adjusted to present reasonable results

for extreme vessel diameter ratio and hematocrit [111]. The phase separation effect was

very limited at diameters above 30 µm. This empirical equation is used for the bifurcating

distribution in the models presented in this thesis. The further detail is given in chapter 4.

A numerical method was used by Enden and Popel [32] to analyze the red blood cell flow

in a bifurcating junction for a wide range of daughter branch to parent vessel diameter

ratios and flow ratios. Assuming that RBC trajectories coincide with fluid streamlines,

the results of the distribution of red blood cells through the vessel daughter branches

were consistent with Pries et al [107]. Other relevant theoretical studies were later

conducted using the finite element method for a two-dimensional, flexible-particle model [5].

This model predicted the movement, deformation, and partitioning of red blood cells in

the symmetric and asymmetric small bifurcating branches (6-13 µm). The asymmetric

branching diameters led to an increased tendency of red blood cell flux entering the smaller

branch whereas the results for asymmetric branching angles showed little effect on the

partition of hematocrit in either of the daughter branches. These results were consistent

with the physiological data on the partition of hematocrit in bifurcations [107, 111]. Also,

little or no effect of the bifurcating branch angle on the hematocrit distribution was observed

in the other studies [166, 107, 111, 32]. The factors in this case are the net pressure force

and the net shear force acting on the red cell. The pressure force depends on the pressure
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gradient which is larger on the side with faster flow. The shear force varies linearly with

shear gradient, which is again larger on the faster side.

An alternative approach for modeling phase distribution in complex channels networks was

conducted in a series of studies [57, 56, 58] such that spatial variations of the hematocrit

distribution resulted from the topological complexity of the network as well as nonlinearities

arising from solving a new free boundary problem with respect to the flux and mass

conservation. This phase separation leads on average to higher haematocrits in high flow

rate branches at bifurcations, and is directly related to the spatial distribution of cells

upstream [56, 57]. Despite what would be expected from an analysis of small networks

only [57], simulations in realistic networks were not sensitive to the phase separation

mechanism as far as the pressure distribution and local flows were concerned [56, 58].

3.2.6 Hemodynamic Parameters in the Microvascular Network

One of the earliest studies on modeling blood flow through a microvascular network was

conducted by Pries et al. [113, 114]. The model was based on the behavior of blood flow in

the microvessels, the Fahraeus and Fahraeus-Lindqvist effects (sec. 3.2.1 and sec. 3.2.2).

The network geometry used for the model was derived from an experimentally determined

topology and architecture of the microvascular network in the rat mesenteric area. The

hemodynamic parameters were assumed to be uniform along each microvessel segment

and the resistance of each segment was estimated by Poiseulle’s law (sec. 3.2.2). The

distribution of erythrocyte flow rate in the diverging bifurcations was estimated by taking

into account the plasma skimming effect (sec. 3.2.5). The numerical method allowed

the analysis of the distribution of the hemodynamic parameters i.e. blood flow rate and

hematocrit in the microvascular network. This numerical method consisted of the two

procedures. The linear procedure involved the estimation of the blood flow by solving the

linear Poiseulle’s equation system in which the apparent blood viscosity was associated

with the flow resistance. The nonlinear procedure was related to the computation of the

hematocrit taking into account the plasma skimming effect and then the calculation of the

apparent blood viscosity as a function of hematocrit. There was a discrepancy between

the predicted results and the physiological data. Hence, the model was reformulated

in terms of an amended apparent blood viscosity which was consistent with the blood

viscosity in vivo [111, 113, 114]. This model led to the estimatation of the hemodynamic

parameters of the microvascular network in the rat mesenteric region consistent with

measured physiological data.

Similarly [113, 114], a computational model was developed by Niimi et al. [97] to simulate the
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hemodynamic parameters throughout a reconstructed arteriolar network extracted from the

microvasculature on cat cerebrocortical surface (Fig. 3.5). The arterial network consisted of

Figure 3.5: Distribution of discharge hematocrit in the cerebral arteriolar network with the inflow

discharge hematocerits of 0.4 [97].

82 arteriolar segments with diameters in the range of 8.6-83 µm. The numerical simulation

of the microvascular hemodynamics was conducted by imposing mass conservation at

branching combined with Poiseuille’s law. The Fahraeus and the Fahraeus-Lindqvist effects

were used to analyze the blood flow along the segments of the network. The heterogeneity

of hematocrit and blood flow rate throughout the microvascular network were estimated to

contribute to the analysis of flow regulation in the network.

The same method was conducted by Goldman and Popel [48] to estimate hemodynamic

parameters in an artificial capillary network based on hexagonally packed muscle fibers

which was consistent with the morphometric data of a hamster cheek-pouch retractor muscle

(Fig. 3.6). The results were used to simulate oxygen transport in the surrounding tissue

(following review in section 3.3.2). The simulation was based on a two-phase continuum

flow model and phase separation governed at each bifurcation of the network by Pries’s

empirical equations [113]. The statistical parameters of blood flow rate and erythrocyte

flow rate were estimated for the artificial capillary network of hamster muscle in the cases

of with/without tortuosity and anastomoses of capillaries.

Figure 3.6: Artificial network model for the hamster cheek-pouch retractor muscle with/without

tortousity [48]

Kassab et al. [76] developed a mathematical model of the coronary capillary blood flow.
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The idealized geometry of the coronary capillary network was modeled using a combination

of patterns for afferent arterioles and venules with pertinent capillary cross-connections

observed in the epicardial surface capillaries. Capillary branches in the cross-connections of

the model based on the basic patterns identified as Y, T, H, or HP (hairpin) shapes (Fig 3.7).

The vascular dimensions (capillary and length) were consistent with morphometric data

of the coronary capillary bed. The tube hematocrit throughout the model was assumed

constant, and consequently the phase separation effects were not included at bifurcating

points of the network model. The simulation of blood flow was based on the non-Newtonian

viscous blood flow in an elastic vessel at steady state conditions.

Figure 3.7: A schematic of an idealized capillary network. Asterisk indicates capillaries that

connect to capillary vessels above and below the capillary plane [76].

The distensibility of capillary diameters under different intravascular pressures was observed

and the pertinent results led to an approximately linear relation of pressure versus diameter

in the epicardial surface capillaries. The local pressure-flow relations in the capillaries

were estimated using Poiseuille’s law. The apparent viscosity (non-Newtonian viscous) was

derived from (1) the empirical in vivo equation of Pries [114] for the microvessels with

a shear rate more than 50 s−1 and (2) the empirical equation of Schmidschonbein [123]

for the microvessels with shear rate less than 50 s−1 throughout the network model. The

apparent viscosity was a function of the diameter in the first case and a function of shear

rate in the second case. The algorithm for the solution is described in detail in [76]. The

distribution of blood flow rate was estimated in the model with and without presence of

capillary cross-sections. The results showed an increase in the total blood flow rate, and

consequently a decrease in the flow resistance of the network model in the presence of the

capillary cross-sections. The compliance of the vessels very slightly influenced the pressure

drop in the network model, hence its effects on the capillary blood flow can be ignored.

To better understand the temporal hemodynamic response to brain activation, the network
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of cortical vessels from the pial arterioles through the capillaries to the pial venules was

modeled by Boas et al. (2008) [12]. A typical structure of the capillary network, namely,

a vascular anatomical network (VAN) was developed as a simple symmetric architecture

(Fig 3.8).

Figure 3.8: (a) 2D vascular network model and the velocity in each segment [12]. (b) and (c)

velocity and pressure in different diameter segments, respectively. The predicted data was consistent

with experimental measurements from Lipowsky (2005). From left to right are arterioles, capillaries,

and venules [12].

The geometric pattern of the model consisted of a branching network from a single arteriole

through 2N capillaries back to a single venule, with N = 6 branches of arterioles and

venules and a single branch of capillaries. The topology of the network model was extracted

from physiological data. The simple patterns of branching arteriole and converging venules

were used in the model. The vessel diameter decreased by 20% at each arterioles branch

and increased by 20% at each converging venule branch. All capillary diameters and lengths

were set to 8µm and 250µm, respectively. The hematocrit for each branch i.e. arterioles,

capillaries and venules were derived from the measured data of Lipowsky et al. [86]. The

apparent viscosity of each vascular segment with respect to the known hematocrit and

diameter was estimated by Pries’s empirical equation [114]. The resistance of each vascular

segment was estimated by Poiseulle’s law. The model predicted the distribution of pressure,

blood flow rate and then velocity along the arteriole branches, capillaries and the venules

of the model. The Fig 3.8 shows consistency of the predicted results with the physiological

data.
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Red blood cell transport in capillary networks was modelled by Obrist et al (2010) [99].

The model was based on two-phase continuum flow in a capillary network. The effective

resistance (Reij in Equation 3.4) to the flow along a capillary (Capij) was considered as the

sum of the resistance based on the Poiseuille’s law for plasma (Rij) along the capillary and

the resistance caused by the narrow shear flow between red blood cells (RBC) and capillary

wall. The pressure drop caused by RBC (∆ij) and plasma (Rijqij) are shown in Fig 3.9.

Reij = Rij (1 +Hijγij) (3.4)

The additional resistance (caused by red blood cells) was introduced as a product of

Figure 3.9: Pressure distribution in a capillary of diameter Dij and length Lij connecting the

nodes i and j with a mass flow rate qij and two RBCs of length L̂ij with a velocity ûij . The sketch

indicates also the typical velocity profiles between two RBCs (Poiseuille) and around an RBC

(Couette) [99].

hematocrit and the coefficient of apparent intrinsic viscosity (γij) (Equation 3.4). This

coefficient is dependent on various flow parameters and on the endothelial surface layer [115].

The velocity of RBCs along the capillaries of the model was approximated to equal the

velocity of the fluid (plasma) given the presence of very tightly fitting red blood cells in

the capillaries (D = 5 µm). The geometric structure of the model was constructed as a

generic capillary network with the structure of a square mesh. Each segment of a square

represents a capillary segment of the network ( Fig 3.10). The network is homogeneous

in physical properties (D = 5 µm, L = 50 µm and γ = 2.7). Such a network model

was not realistic and only presented a simplest possible framework for investigating basic

mechanisms of red blood cell transport in the capillary network. To distribute the red blood

cells into the capillaries, it was postulated that the red blood cells flowed into capillary

with the steepest pressure gradient. This bifurcation rule was different with the previous

studies [111, 32] where the governing rule on the model was consistent with an idealization

of the experimental results by Fung (1973) and Pries et al. (1989) [107, 42].
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The model was solved by an iterative numerical method based on the calculation of effective

resistance as a function of hematocrit and the governing bifurcation rule with respect to

mass balance in the network model. The network is seeded randomly with RBCs in the

initial time (Fig 3.10 a). The results showed a change in the pattern of red blood cells

distribution in the network at the time in which the de-mixing of RBC and plasma phases

reaches a steady state due to the effective resistance and bifurcation rule (Fig 3.10 b).

The steady-state configuration shows a low hematocrit and relatively high flow rate in the

center of the network. A RBC highway appears along the main diagonal, while a higher

concentration of the RBCs stagnate in the outer corners (Fig 3.10 d). In the absence of

the bifurcation rule (phase separation effect), the predictions demonstrated a distribution

of RBCs and flow rate with less heterogeneity (Fig 3.10 c).

Figure 3.10: Generic capillary network with 11 × 11 rows and columns of capillaries. (a) The

network is seeded randomly with 550 RBCs in the initial time (black dots). (b) and (d) Steady-

state configurations; full model with effective resistance and bifurcation rule. (c) Steady-state

configurations; The model with no bifurcation rule. The red dots show a snapshot of the RBC

locations. The colours indicate the average flow rate smeared out across the network (red, high

velocities; blue, low velocities) [99].
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Another study was focused on modeling cerebral blood flow through reconstructed networks

based on X-Ray Tomographic Microscopy of Brain [117]. The graph data structure provides

an easy handle to compute CBF. The model approximated each vessel by a straight cylinder.

Using Poiseuille’s law for two adjacent nodes (nodes that share a common edge) in the

network, the resulting system of equations were solved to yield pressure and flow values

for the entire graph (given appropriate boundary conditions). The magnitude of the flow

depends on the pressure difference and the conductance of the vessels, and the mass is

conserved at each node. The vascular graph framework has been applied to investigate

the effect of local vascular dilation and occlusion on the flow in the surrounding network.

In this study, the viscosity was assumed to be constant and the plasma skimming and

Fahraeus effect were ignored. This involves very large systems of linear equations. In

order to reduce the total size of these systems, the lowest levels of the vascular tree, i.e.

the capillaries, can be treated as a spatial continuum with a given permeability that is

based on the local morphology of the capillary network. However, this approach falls

short of describing the perfusion of a capillary network because it neglects the role of the

red blood cells (RBCs). In capillary networks, blood must not be modelled as a single

viscous phase. Rather, the transport of RBCs and the plasma phase are to be treated

separately. This leads to perfusion characteristics that differ strongly from single-phase

models [99, 48, 111, 109, 131, 134].

3.3 Modeling of Oxygen Diffusion in the Tissue

To improve the understanding of oxygen transport in the microvascular network, many

theoretical studies have been performed over many years. A large number of studies in this

area were involved with the biochemical, structural, and hemodynamic complexities. One

of the properties of oxygen transport inside capillaries i.e. the mass transfer coefficient

(or inverse intravascular resistance) have a significant role in the oxygen transport to

the tissue. Hence, the determination of intravascular resistance is necessary in order to

model the oxygen transport from microvessel blood to the tissue. In this section, some

important theoretical studies on determining the intravascular resistance to blood-tissue

oxygen transport are described. Then, significant studies on theoretical models of oxygen

transport are reviewed. These consist of oxygen transport models at the level of single and

parallel capillaries using Krogh’s method, and at the level of multiple discrete microvessels

derived from complex realistic microvascular networks.
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3.3.1 Intravascular oxygen transport

The red blood cell flow in small capillaries is not a continuum and the plasma space between

the blood cells is dependent on the hematocrit and capillary diameters. In the capillaries,

the transport of oxygen is primarily radial through the erythrocyte and through the narrow

plasma gap with the capillary wall [64]. Furthermore, nearly all of the oxygen is transported

by the erythrocytes. Hence, the effective capillary surface area for oxygen transport to

the tissue can be approximately equal to the surface of blood cells in capillaries, which

usually is only approximately 50% of the total capillary area and less for lower hematocrits

(Fig. 3.11).

One of the earliest studies on the properties of oxygen transport inside capillaries was

conducted by Federspiel and Popel [36]. The discrete cell model was considered with regard

to the full description of diffusion of disolved oxygen in plasma and Hb-bound oxygen

inside red blood cells. The spherical red blood cells were assumed stationary in the small

capillary with a single file form. The results were expressed in the form of a capillary mass

transfer coefficient (MTC), an inverse resistance, which related the spatial average flux of

oxygen per unit area through the capillary wall (jwall) divided by the average difference

between the blood oxygen tension (Pb) and the oxygen tension on the capillary wall (Pv),

as shown in Eq. 3.5. Where Rcap, Dpl and αpl represent the capillary radius, the plasma

oxygen diffusivity and solubility, respectively.

MTC =
jwall

Pb − Pv
(3.5)

The mass transfer coefficient was also defined in a dimensionless form (Nusselt number) as

follows

Nu =
jwallRcap

(Pb − Pv)Dplαpl
(3.6)

In the above equation (Eq. 3.6), the capillary diameter and red blood cell oxygen diffusivity

and solubility can be replaced by the capillary radius and the plasma oxygen diffusivity and

solubility, respectively [63, 54, 55]. In condition of constant oxygen tension at the capillary

wall, the results showed that the mass transfer coefficient (MTC) depends strongly upon

hematocrit and capillary diameter whereas the oxygen tension at the capillary wall and the

eccentricity of the particles in the capillary had no significant effects on the mass transfer

coefficient. The capillary mass transfer coefficient in the discrete cell model was found to be

several times smaller (more resistance) than that for a continuous hemoglobin (Hb) solution

releasing oxygen. Wang and Popel [155] constructed a theoretical mathematical model of
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the oxygen transport along a capillary (∼ 8 µm diameter) with regard to axisymmetric

red blood cell (RBC) shapes. This study evaluated the effect of the shape of RBCs on the

oxygen transport in capillaries. The system of equations for free oxygen, oxyhemoglobin

and plasma region was solved numerically by the finite element method. The results showed

that a change in the red blood cells from an undeformed disc shape to the parachute shape

within capillaries led to 26% increase in the pertinent MTC.

Groebe and Thews [54, 55, 52, 53] developed more complete models, including intraluminal

capillary resistance in order to simulate oxygen supply to the muscle. They considered

three regions for their model as illustrated in Fig. 3.11 with a 4 µm diameter red cell in

the capillary surrounded by a 1.55 µm thick annular ring of CFR (carrier-free region), in a

5.5 µm diameter capillary. The models are based on oxygen transport from the moving

RBCs into capillaries with regard to the inter-erythrocytic plasma gaps [6, 64]. The oxygen

transport to the stationary structure of the surrounding tissue may be characterized as

charging and discharging by a moving RBC or a plasma gap, respectively (Fig. 3.11). The

results showed a significant large drop in oxygen tension in the vicinity of the capillaries in

contrast to the relatively small gradients in the muscle fiber tissue, which were consistent

with experimental measurements [43, 44]. Groebe and Thews [55] observed that non-

uniformity of oxygen flux out of capillaries due to the large plasma gaps between the red

blood cells. However, the observations showed that the non-uniformity in oxygen flux could

be ignored where the average RBC spacing is sufficiently small(Fig. 3.11.b).

According to the comprehensive study by Hellums et al. [63], in order to simulate the

intraluminal oxygen transport, three different regimes of microvessels must be considered;

the small capillaries, large capillaries, and arterioles. In small capillaries (∼2-8 µm in

diameter), the intraluminal oxygen transport can be modelled by using discrete red blood

cells flowing in a single file (described in studies [54, 55, 52, 53, 6, 64, 155, 36]). In

large capillaries (∼8-15 µm), the red blood cell motion inside capillaries is much more

complicated than the single file motion in the small capillaries and no theoretical work has

yet been done on this range of large capillaries. However, Wang and Popel’s theoretical

work [155] predicted the mass transfer coefficient through 8.24 µm diameter vessel with

regard to red blood cells flowing in single file as already described. For the arteriolar-sized

and larger microvessels, ∼20-100 µm in diameter, intraluminal oxygen transport can be

simulated by using a continuum RBC distribution in the vessel core with regard to the

plasma layers near to the vessel walls (see subsequent review). Due to a lack of theoretical

studies to determine the values of mass transfer coefficients for large capillary diameters

(∼8-15 µm), extrapolations from results for smaller and larger vessels are considered.

Nair et al. [94, 95, 96] developed a theoretical model for the simulation of intravascular
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Figure 3.11: (a) Schematic drawing of capillary domain geometry in muscle. A capillary domain

(large circular or triangular cylinder) of length L and cross-sectional area A is supplied out of a

central capillary, which is perfused by a given blood flow QCap Adjacent red blood cells (RBCs,

radius RRBC) within the capillary are separated by plasma-filled gaps (spacing). Most of the

capillary domain is occupied by the muscle fibers in which myoglobin (Mb) serves as an oxygen

carrier. Erythrocytes and muscle fiber are separated by a carrier-free region (CFR, radius RCFR),

which is made up of a perierythrocytic plasma sleeve, the capillary endothelium, and interstitial

space. (b) The radial oxygen flux in the CFR adjacent to RBC’s only, and uniform radial oxygen

flux in the muscle fiber [53].

oxygen transport in the arteriolar vessels. The particulate nature of blood in a pseudo-

continuum way was considered in the model in which a non-uniform hematocrit and velocity

distribution in the vessel was considered (Fig. 3.12). A finite element method was used

to estimate steady-state oxygen transport in the RBC-rich core and lateral plasma layers

inside microvessels with regard to a continuity of oxygen tension across the RBC membrane.

In this study, the Hb-O2 kinetics and transport between RBCs and plasma in the core

Figure 3.12: Schematic of the flow of RBCs in large capillaries. (a) RBC and plasma velocity

profiles (vrbc(r), and vpl(r)) and the hematocrit profile (hd(r)). (b) Basis for calculation of the

cell-free layer thickness, δ [94].

was considered. The predicted values of MTC for microvessel diameters in the range of
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15− 100µm were validated by in vitro experiments [16, 15, 14]. The results showed that

the Nusselt number (Eq. 3.6) changed weakly with hemoglobin oxygen saturation in the

microvessels whereas according to the works of Grobe and Thews [54] and Federspiel and

Popel [36], the Nusselt number for capillary-sized (∼2-8 µm in diameter) were almost

independent of hemoglobin oxygen saturation. Nair [94] also found the Nusselt number for

larger microvessels was slightly dependent on hematocrit.

Eggleton et al. [29] developed a mathematical model to estimate the effects of hematocrit,

velocity and capillary radius on the mass transfer coefficient inside the capillaries of the

skeletal muscle. The model was conducted by passing the oxygen transport through the

three concentric layers (the capillary wall, interestitial fluid, and tissue regions) surrounding

the lumen of erythrocytes and plasma (Fig. 3.13). The model was solved by the finite

element method for the capillaries with the diameters of 3.6±0.35 µm which were in the

range of physiological data for a hamster cheek pouch muscle. The mass transfer coefficients

(MTCs) for hematocrits of 25–55% were predicted. The results showed that the red blood

cell velocity and the capillary diameters in the range of 3.6±0.35 µm had only weak effects

on the MTCs of the capillaries. The computed dependence of the mass transfer coefficient

with hematocrit, HD, was given as a fitted quadratic function

MTC = 1.21− 4.38HD + 23.6H2
D(×10−6 mlO2s

−1mmHg−1cm−2) (3.7)

However, the above equation (Eq. 3.7) only related to the MTC of capillaries with

Figure 3.13: Combined intra- and extra-capillary model geometry. The arrow indicates the

movement of the erythrocyte. The model domain consists of a capillary section from the center of

one plasma gap to the next with the erythrocyte at the center. The values Pp, Pw, Pi, and Pt all

vary with axial position z [29].

hematocrits above 0.25 and its consistency is not clear with the experimental data with

hematocrits below 0.25. A model similar to Eggleton et al. [29] was developed by Vadapalli

et al. [148] in which the free and Hb-facilitated transport of O2 and HbO2 kinetics in the

RBC and plasma were considered. In the presence of Hb solution in the plasma, the results

showed that the mass transfer coefficient was dependent of both hematcrit (in the range of

20–40%) and hemoglobin oxygen saturation (So2). Hb-O2 binding kinetics had a relatively
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small effect (less than 20%) on MTCs for normal blood but a much larger effect (∼ 55%)

in the presence of Hb solution in the plasma.

Eggleton et al. [29] and Vadapalli et al. [148] only conducted studies on the effects of

hematocrit in the very small range of capillary diameters between ∼ 3− 4 µm. There is

still a lack of theoretical studies on the values of MTCs for other diameters in the range of

capillary-sized with regards to the variation of hematocrits in the physiological range.

3.3.2 Realistic Geometric Model for the Microvascular Network

The theoretical model of the oxygen transport from an arbitrary microvascular network

configuration to a finite tissue region in steady state conditions was conducted by Hsu and

Secomb [67]. The oxygen consumption rate in the tissue was assumed to be uniform and

the intravascular resistances to oxygen transport was ignored. The 3D oxygen diffusion

problem was solved numerically using the Green’s function method by taking into account

the distribution of oxygen source strengths along each microvessel segment. The capillary

network in the model was a simple six-segments network surrounded by a cuboid tissue

region. No oxygen flux across all surfaces of the cuboidal tissue was imposed as a boundary

condition. The results showed that the fraction contribution of the proximal segments to

total oxygen delivery increased with decreasing metabolic rate of the tissue and the inflow

rate to the network model. This model was used to analyze the interaction of oxygen

transport between arterioles and nearby capillaries in the different configurations [68]

(Fig. 3.14). The three-dimensional tissue region consisted of a single arteriole perpendicular

to a plane containing several parallel discrete capillaries. It was found that the oxygen

Figure 3.14: Tissue domain and configurations of vessels assumed in the analysis. Central cylinder

is arteriolar segment and the horizontal pipes represent the capillary segments [68].

distribution pattern throughout the tissue around an arteriole is strongly dependent on the

locations of nearby capillaries, particularly those nearest to the arteriole. Even a relative

low capillary flow rate can greatly alter the oxygen field around the arteriole. The results
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were consistent with the findings of Weerappuli and Popel [160], whereas the oxygen flux

from the arteriole was less sensitive to the flow rate in the capillaries of the model.

A simple capillary network was modeled by Groebe [52] to estimate the oxygen tension

levels in the tissue and inside the capillaries with regard to the intravascular resistance. The

solution was approximated numerically based on oxygen sources inside individual red blood

cells (section. 3.3.1). Carrier-facilitated O2 diffusion in the erythrocytes and in the tissue

and red blood cell reaction kinetics were considered. The steady state model was applied

to a heavily working skeletal muscle (skeletal tissue with a high oxygen consumption rate)

supplied by four surrounding parallel capillaries (Fig. 3.15).

Figure 3.15: Geometry and dimensions of tissue region τ modeled. A central muscle fiber is

surrounded by four (rows of) capillaries (bold lines), two of them located in an upper level (z=60 µm)

and two located in a lower level (z=20 µm). For reference, a sample RBC with its carrier-free layer

(Ei) is outlined in one of the capillaries in the upper level. Capillary origins are staggered: The

capillaries in the upper level are branches of a terminal arteriole which enters τ from the front side

at x=300 µm and at an angle of 45◦. The capillaries in the lower level drain into a collecting venule

which leaves τ at y=60 µm through its left-hand side. Directions of flow are indicated by arrows.

Hatched areas mark the section planes in which Po2 distributions have been evaluated [52].

The theoretical approach by Hsu and Secomb [67] was developed for modeling the oxygen

transport in the cuboid tissue region containing a 3D configuration of capillaries and

two arterioles based on the observation of hamster cheek pouch retractor muscle [127]

(Fig. 3.16). The red cell flux in the arterioles and capillaries derived from the experimental

data by Ellsworth and Pittman [30]. The oxygen consumption rate was assumed uniform.

The intravascular resistance to oxygen and the effects of myoglobin-facilitated transport

was included in the model. The mean tissue oxygen tension in the different inflow rates

and different oxygen consumption rates were estimated. The results indicated that for

resting conditions, the diffusive oxygen lost from arterioles to the tissue was 86% of the

total consumption with more than half this oxygen being taken up by the capillaries in

order to deliver to other distal locations. However, during a high oxygen consumption rate
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Figure 3.16: Configuration of vessels in tissue region. A: cross section showing locations of

capillaries. B : endview, showing location of arterioles (horizontal lines), connections of capillaries

to arterioles (C2-C3), and capillaries deflected around arterioles (other vertical lines). C : three-

dimensional view of final configuration. Arterioles are labeled A1 and A2. All vessels except C2

flow from right to left. Origin for distance measurements is at right [127].

(10 times resting oxygen consumption rate and blood flow rate), the diffusive oxygen lost

from arterioles decreased by 32% of total consumption with only 5% of this oxygen taken

up by the capillaries.

The previous model [127] was developed and used for a three-dimensional network of

microvessels based on the observation of rat cerebral cortex [129] (Fig. 3.17). The distribu-

tion of oxygen tensions in a cuboid tissue region containing 3D networks reconstructed

from scanning electron data were analysed for different inflow rates and different oxygen

consumption rates by the tissue. In this developed model, the oxygen consumption rate was

Figure 3.17: Perspective view of the microvascular network configuration from observation of rat

cerebral cortex [129].
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assumed variable as a function of the tissue oxygen tension according to Michaelis-Menten

kinetics. Both the dissolved oxygen in the RBC and the plasma were considered to calculate

the oxygen concentration along the capillary segments. The imposed boundary conditions

in the developed model change to zero flux for each of the six boundaries of the cuboid

domain to avoid the artificial hypoxic regions near the boundaries of the domain. The

hematocrit of all capillary segments were assumed to be equal to the systematic hematocrit

(0.4) and the flow rates of segments were estimated based on the observations. The 3D

network model predicted the distribution of tissue oxygen tension wider than that predicted

by an equivalent Krogh-type model due to the effect of heterogeneous vessel space in the

physiologically realistic network model. The results showed that hypoxia because of severe

decrease in inflow rate could be avoided by moderate decreases in the oxygen consumption

rate. In a later study [130], the model of reference [129] was investigated under the different

kinds of boundary conditions [67, 68, 127, 129], and under infinity-domain solution. The

results showed that a solution to the model using the Green’s function method in an 3D

infinite domain could cope better with the exaggerated hapoxia near to the boundaries of

the network model.

Goldman and Popel [48] developed a computational model to simulate the oxygen tension

levels from a small capillary network within hexagonally packed muscle fibers (Fig. 3.18-

A). The effects of the different structural properties i.e. straight unbranched capillaries,

capillary with anastomoses, and capillary with tortuosity on the distribution of tissue

oxygen tension were investigated. The computational model included the intravascular

resistance to oxygen transport and myoglobin-facilitated diffusion in the tissue. The

convective oxygen transport into capillaries was derived from dissolved oxygen in red blood

cells and blood. The solution to the equations describing oxygen transport in the capillaries

and tissue were obtained using the finite difference method. It was found that the different

structural properties of capillary networks in striated muscle influenced the oxygen tension

levels throughout the tissue. The capillary anastomoses did not affect the oxygen transport

in the tissue significantly whereas the capillary tortuosity increased oxygen transport,

particularly when combined with anastomoses. The countercurrent flow greatly improved

the efficiency of oxygen delivery (Fig. 3.18-B). In a later study, the same model was used

to investigate oxygen transport in the capillary network with regard to the vasomotion of

blood flow in the capillaries [49].

Ji et al. [73] applied a version of the Goldman and Popel model [48] to a reconstructed

complex capillary network with feeding arterioles and draining venules which were consistent

with the parameters of rat EDL muscle (Fig. 3.19). The relative efficiency of angiogenesis

on the distribution of tissue oxygen tension was investigated. This study focused on both
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Figure 3.18: A: Construction of capillary networks using hexagonally packed muscle fibers. After

parallel vessels are placed between the fibers, anastomoses (shown) and tortuosity may be added.

B : Results for tissue oxygen delivery. The minimum, mean, and CV of tissue PO2 for network types

R (Random; absence of the muscle-fiber constraint), SA (straight anastomosed), TU (tortuous

unbranched), TA (tortuous anastomosed), and SU-counter (straight unbranched countercurrent)

are shown relative to the reference case SU (straight unbranched). min (black box); mean (gray

box); CV (white box) [48].

Figure 3.19: Geometry of a skeletal muscle microvascular unit containing two capillary networks

with supplying arterioles and draining venules. Single and multiple microvascular units have been

considered in O2 transport studies of angiogenesis [73] and Hb-based blood substitutes [147].

modes of angiogenesis of muscle oxygenation, sprouting (increased parallel capillaries) and

splitting (increased anastomoses). The theoretical model was assessed in three cases; 1)

a control network that was constructed by using straight non-anastomosed capillaries as

a baseline capillary. 2) a sprouting network by adding anastomosed capillaries between

straight capillaries of the control network. 3) a splitting network by splitting some capillaries

from the control network into two branches randomly. It was assumed that the capillary

surface area was equal in both splitting and sprouting networks. The splitting mode of
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angiogenesis revealed that the minimum hypoxia occurred at high oxygen consumption

rate, but also had the highest blood flow. However, the least hypoxia was produced by

the sprouting mode. This computational model was also applied to assess the effects of

hemodilution on muscle oxygenation in the presence/absence of hemoglobin-based oxygen

carriers (HBOC) [147] (Fig. 3.19).

Beard and Bassingthwaighte [8, 9] conducted a three-dimensional network model to study

oxygen transport in cardiac tissue. The model consisted of 16 parallel capillaries on a

hexagonal grid with 160 random cross-connections with a single feeding arteriole and

draining two venules (Fig. 3.20). The theoretical model accounted for advection in the

Figure 3.20: Three-dimensional rendering of capillary network. Sixteen axially aligned vessels are

connected by 160 randomly placed cross connecting segments. A detail of the network is shown in

the lower panel [9].

vascular network and passive diffusion in the tissue, although ignored the intravascular

resistance to oxygen transport and the interstitial spaces. The nonlinear binding of dissolved

oxygen to hemoglobin and myoglobin, passive diffusion of freely dissolved and protein-

bound oxygen, and Michaelis-Menten consumption in the tissue were considered in the

model. The diameters, blood viscosities and hematocrits of all capillary segments were

assumed to be constant, ignoring the two-phase (erythrocyte and plasma phases) nature of

the blood. The steady state equations for oxygen transport were solved numerically using

the finite difference method. It was found that the distribution of the predicted oxygen

tensions in the model was much more heterogeneous than an equivalent Krogh-model

would predict. The investigation of myoglobin facilitation on the oxygen tension levels

showed that this factor reduced the tissue hypoxia regions only over a narrow range of

metabolic consumption and could not play as a significant carrier of oxygen in the high

oxygen consumption rate.

Beard [7] presented an efficient computational method, the inhomogeneous finite volume
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(IVol method), for estimating transport containing advection, permeation and diffusion

in tissue supplied by microvascular networks with complex structure. This approach was

capable of yielding accurate results for a general class of transport problems in a case of

relatively low-resolution lattices. This approach was applied in a model similar to the

previous model [9] for perfused hearts by Beard et al. [10] with regards to the interstitial

spaces between the capillaries and cardiac tissue.



Chapter 4
Geometry of Model and Pertinent Hemodynamic

Parameters

Modeling of the blood flow distribution in the cerebral capillaries and analysis of the

pertinent hemodynamic parameters (i.e. hematocrit, flow rate and velocity) need to have

an appropriate network structure consistent with the architecture and topology derived

from the histological data. According to the histological data and microvascular network

anatomy, the architecture and topologies of microvessels, particularly capillaries in the

cerebral microcirculation are remarkably irregular and complex. The topological structure

of the cerebral arterioles and venules is tree-like, while that of the cerebral capillaries is a

net-like structure. Such complexity in the structure of the capillary network in the brain

leads to a variety of geometric architectures i.e. the spatial connections between capillary

segments and capillary loops, even in the small neighboring regions. Consequently, to have

a structure that typically represents a general cerebral capillary network for each area of

the brain cortex, it is necessary to avoid modeling based on geometric structure derived

from the image reconstruction of a small part of the cortex. To generalize the model, the

pertinent structure is derived from a geometric network which not only is created based

on uniform random characteristics, but also is compatible with the topology of cortical

capillary networks. This thesis presents a developed model of the cerebral capillary network

using a net-like structure based on a voronoi tessellation.

4.1 Voronoi Diagram

The structure of the Voronoi network consists of polygonal areas in which each polygon

vertex (node) attaches to three other vertices via segments. In general, the Voronoi

43
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tessellation of a set of points in a plane leads to a partition of this plane into non-

overlapping polygons that completely fill the space. The distribution of polygon areas

provides information about the spatial pattern of the underlying set of points (Hermann

et al., 1989). Denote the Euclidean distance between two points and by dist(p,q). This

distance in the plane is given by

dist(p, q) =
√

(px − qx)2 + (py − qy)2 (4.1)

Let P = {p1, p2, . . . , pn} be a set of n distinct points in the plane; these points are the

sites. The voronoi diagram of P is defined as the subdivision of the plane into cells, one

for each site, with the property that a point q lies in the cell corresponding to a site pi if

and only if dist(pi, q) < dist(pj , q) for each pj with j 6= i (Fig. 4.1).

Figure 4.1: A voronoi diagram of the site points (11 points), pi: site points or voronoi points

(green points), q: free point (blue point). Each black point represents a voronoi vertex. There are

two kinds of edges in this voronoi diagram: segments and lines-to-infinity (6 lines-to-infinity).

In Fig. 4.1, the points on the convex hull associated with the unbounded cells in the Voronoi

diagram lead to Lines-to-infinity at any border vertex of the voronoi diagram.

4.2 Geometric Structure of the Model

To create a network of microvessels similar to the cerebral capillary network, the voronoi

network is used for the simulation of the capillary network such that each voronoi edge

represents a capillary segment. As regards the voronoi diagram of random points (Fig. 4.1)

and the structure of the cerebral capillary network (chapter 2), the following arguments
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can be considered to support this method of creating the cerebral capillary network model.

Firstly, the structure of the voronoi network consists of polygonal areas, where each

polygon vertex (node) attaches to three vertices via segments, and the polygonal areas are

also attached together. These characteristics of voronoi diagrams are consistent with the

structure of the capillary network, branching out feeding vessels to two daughter vessels

(bifurcation) or reconnecting two feeding vessels to one reconnecting vessel. All branch

points in capillary networks approximately occur as bifurcations (99% in the human cortex)

and all reconnections happen by the joining of two feeding capillaries together [81, 59].

Hence all connecting nodes between capillary segments in the network involve triple capillary

segments as the same pattern in the voronoi diagram. Secondly, each cell of the voronoi

diagram also consists of a loop of segments (capillaries) which attach to other cells of

the diagram that can be compatible with the complex pattern observed in the cerebral

capillary networks. Most cerebral capillaries in their beds follow a tortuous route circling

the venule and connecting with several capillary loops (corresponding voronoi polygons)

before entering the same post-capillary venule. In fact, a capillary network consists of

several capillary loops which are attached together [59, 69, 71, 92].

To make a capillary network model by the voronoi diagram method, the lines-to-infinity

need to be removed from the network and also it is necessary to avoid overly long edges in

the model.

Figure 4.2: A part of a voronoi network with Lines-to-infinity which are parallel half-lines. The

plus and circle marks belong to the set of voronoi points. The circle marks also represent the convex

hull points for the network.

To achieve this, the straight chains of points (red circular points in Fig. 4.2) are considered

to be the convex hull (boundary points) for each side of the domain of the voronoi points

set. Consequently, voronoi functions of the convex hull points create the collinear sites
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from a series of parallel half-lines in the borders of the voronoi diagram (Fig. 4.2). By

removing the lines-to-infinity from the voronoi diagram, the constrained voronoi network

can be created, and consequently the relevant boundary vertices are only associated with

two segments (Fig. 4.4). The generated model shows a set of capillary loops with different

orientations which are laid on a 2D plane.

The extension of the planar structure of the model to 3D dimensions can be made by

defining an additional dimension for the network’s vertices in the z axis (vertical axis to the

pertinent planar surface) with different values . The z values for the vertices are obtained

as a result of imposing the angles with respect to the x-y plane with random values for the

relevant segments (edges) such that the capillary segments are oriented with a dispersion

angle (standard deviation) close to 50o (Fig. 4.3). This 3D architecture indicates a relatively

high scatter of the distribution of capillary orientation which is consistent with histological

data in the cortical capillaries [81, 21]. Fig. 4.3 shows a small simple 3D network model in

which the blue lines and red circles represent the capillary segments (voronoi edges) and

relevant connecting nodes (voronoi vertices).

Figure 4.3: A 3D structure derived from a voronoi diagram. The red circles represent the vertices

of the voronoi diagram which were displaced in the third dimensions. The blue line segments

represent the capillary segments in the model. The 3D model of the cerebral capillary network is

created by combining several simple networks similar to the above network with different random

topologies which are attached together in some random places.

The capillary network in Fig. 4.3 can be attached to other small capillary networks in order

to construct a large model corresponding to large cortical capillary networks. To achieve

such a realization, the small networks associated with a large model must be created in

different random voronoi points and different topologies in order to avoid a repetition in

the structure of the model.
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The density of capillary segments in the 2D and 3D model can be changed by changing

the number of random voronoi points. Fig. 4.4 shows the parts of two models with two

different densities of capillary segments using 2D voronoi diagrams. The distribution of

random voronoi points in both models is considered with a high density and a low density

(on the right and the left side of Fig. 4.4, respectively). Therefore, the voronoi diagram

method is capable of creating a model of cortical capillary networks with different densities.

Figure 4.4: Two 2D models based on the voronoi diagrams with different densities of the voronoi

points. The left and right figure represents a part of the 2D model with low and high density in

capillary segments derived from a low and high density of voronoi points, respectively.

To create a tortuous network, sinusoidal variations (40 µm wavelength, 5.5-6 µm ampli-

tude) are superimposed on each segment of the network models. This tortuosity adds

approximately 13%–16% length to the capillary segments, which is approximately the

amount observed in the capillary cortex [143].

Observations of the brain cortex show that capillaries of each cortical column are supplied

and drained by several terminal penetrating arterioles and venules [69, 98]. The mean

distance between nearest-neighbour pairs of penetrating arterioles is observed to be 130±
60 µm (Mean±STD) with an irregular distribution [98]. According to these observations,

Fig 4.7 shows a part of a model presented in this thesis in which the red arrows representing

the inflow locations. All figures of the 2D and 3D models considered here are shown in

Chapter 6 and 7.

According to Harrison et al (2002) and Zweifach (1974) [59, 167], the dimension of the

network model in the y-axis (distance between the end of arterioles and the beginning of

venules) is considered to be in the approximate range of 100–200 µm (Fig 4.4, Fig. 4.3 and

Fig. 4.7). The pressure at the arteriolar ends (precapillary sphincters) and at the beginning

of venous were registered at about 32-42 mmHg and 25-28 mmHg,respectively, with a
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mean pressure drop of 10 mmHg [167, 76, 48, 105, 73]. The driving force for blood flowing

in the 2D and 3D model is the pressure differences (pressure drops) between the inlet and

outlet flows which is in agreement with the observations (approximately, 10 mmHg).

4.3 Analysis of Hemodynamic Parameters

The blood flowing into the 2D and 3D models is analyzed by numerical procedures based

on the fundamental theoretical and empirical relations in agreement with rheology laws

in the microvessels. Two numerical procedures, linear and nonlinear are involved in the

hemodynamic analysis. Before analysing the hemodynamic parameters in the model,

the geometric structure of the model must be completed by determining an appropriate

distribution of diameter values for the capillary segments. The diameter quantities and

the pertinent arrangements in the network model are determined using a linear numerical

procedure (Fig. 4.5)

In this section, the fundamental relations used in the required numerical computations,

and then the numerical method chosen in order to the diameter topology in the network

model are described and finally, the numerical procedures (linear and nonlinear) to analyze

the hemodynamic parameters (i.e. hematocrit, flow rate and velocity) are explained based

on the rheology laws in the microcirculation.

4.3.1 Fundamental Equations

For a steady flow of a homogeneous Newtonian fluid through a circular cylindrical tube,

the volume flow rate varies linearly with the pressure drop, ∆p, across the tube and the

fourth power of the tube diameter D (Poiseuille’s law). Therefore, the vascular resistance

(R) is defined in terms of blood viscosity (µ), vessel diameter (D) and length (L).

Q =
π∆p.D4

128µ.L
(4.2)

R =
∆p

Q
=

128µL

πD4
(4.3)

Equation 4.2 can be applied for blood flow in vessels with diameters of about 500 µm

or more, with a constant bulk viscosity of blood (µ). The bulk viscosity of blood is

approximately 4× 10−3 N.s/m2 at a normal hematocrit for shear rates larger than 100
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s−1. In microvessels, the particulate nature of blood becomes important, and µ is no

longer constant. The reduction of apparent blood viscosity with decreasing tube diameter

is found to continue down to a diameter of approximately 10 µm. For ever smaller

diameters approaching the minimum diameter of 2.8 µm (smallest capillary), a steep

increase of viscosity is observed. The increase of the blood viscosity with decreasing tube

diameter in very narrow tubes is often called the inverse Fahraeus - Lindqvist effect. Many

studies [4, 3, 34, 50, 51] have focused on the apparent viscosity of blood and suspensions

of blood cells flowing through narrow glass tubes. The resulting data are assembled in a

comprehensive form as follows [114].

η vitro = 1 + (η 0.45 − 1)
(1−HD)C

′ − 1

(1− 0.45)C
′ − 1

(4.4)

Where η 0.45 and C ′ is defined as follows:

η 0.45 = 220 exp (−1.3D) + 3.2− 2.44 exp (−0.06D0.645) (4.5)

C ′ = (0.8 + exp (−0.075D))

(
−1 +

1

1 + 10 (D/10)12

)
+

1

1 + 10 (D/10)12
(4.6)

η vitro is in vitro viscosity where η 0.45 represents the relative viscosity for a fixed HD of

0.45. C’ describes the shape of the viscosity dependence on hematocrit. The flow resistance

in vivo in small vessels is substantially higher than predicted by in vitro viscosity data.

The effect of an endothelial surface layer (ESL) has been proposed as the primary cause

for this discrepancy [111]. Therefore, the physical model of microvascular flow resistance

in vivo presented here stems from a combination of vitro blood viscosity with effects of a

diameter-dependent ESL [111]. Effects of ESL on flow resistance are involved with two

defined measures of diameter; Dph which is the physical diameter of the vessel reduced

by the presence of the layer and Deff which is the effective diameter derived from the

effective thickness of surface layer. In this paper, effective viscosity in vivo in each capillary

segment of the model is simulated by the following equation [111]:

η vivo = η vitro .

(
D

Deff

)4

(4.7)

where Deff = D − 2Weff (4.8)
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η vitro is calculated using the equation with the measured anatomic diameter D replaced

by

Dph = D − 2Wph (4.9)

Wph and Weff values represent the physical and the rheologically effective surface layer

thickness for each individual vessel. The layer thickness functions were chosen to asymptote

to a maximal thickness (Wmax) of 2.6 µm at large vessel diameters [111]. The alternative

functions were evaluated on the basis of the deviations of measured flow velocities, flow

directions, and hematocrits from the respective values predicted by the hemodynamic

model simulation. Considering layer thickness as a function of diameter leads to the best

results which derived from a family of functions consisting of a sum of two components: 1)

a monotonically increasing function (Was) with a hyperbolic asymptote to the maximal

thickness (Wmax) at large diameters, and 2) a biphasic function (Wpeak) growing linearly

to a peak at a critical diameter (Dcrit) and then decaying exponentially to zero at large

diameters.

Wph = Was +Wpeak Epeak (4.10)

Weff = Was +Wpeak (1 +HD Epeak) (4.11)

Where Was and Wpeak is donated as follows [111]:

Was =


0 D ≤ Doff

D −Doff

D +D50 − 2Doff
Wmax Doff ≤ D

(4.12)

Wpeak =


0 D ≤ Doff

Eamp
D −Doff

Dcrit −Doff
Doff < D ≤ Dcrit

Eamp exp [−Ewidth (D −Dcrit)] Dcrit < D

(4.13)

The optimized parameter values are based on the experimental data on the thickness of the

ESL in different vessel diameters and is given by Wmax = 2.6 µm (maximum thickness),

Doff = 2.4 µm (lower threshold diameter), Dcrit = 10.5µm (critical diameter), D50 = 100,

Eamp = 1.1, Ewidth = 0.03, Epeak = 0.6 and EHD = 1.18 (coefficient of sensitivity to

hematocrit). The range of ESL thickness for different vessel diameters involved in the

above functions is in general agreement with values estimated by many other studies [111].



4.3. ANALYSIS OF HEMODYNAMIC PARAMETERS 51

Two values of hematocrit are defined for the microvessels, HD and HT which represent the

volume concentration of the cells in the tube (tube hematocrit) and the hematocrit of blood

inflowing or blood outflowing it (discharge hematocrit), respectively. The dependence of

HT /HD (Fahraeus effect) on tube diameter D and discharge hematocrit HD is described

as follows [108]:

(
HT

HD

)
vitro

= HD + (1−HD) [ 1 + 1.7 exp (−0.415D)− 0.6 exp (−0.011D) ] (4.14)

This equation shows HT /HD < 1 for tube diameters smaller than 300 µm. Equation 4.14

is modified to Equation 4.15 by the appropriate reduction of the rheologically effective

diameter of vessel in-vivo in presence of ESL. In this equation, the corresponding in-vivo

Fahraeus effect is calculated by replacing D with Dph in Equation 4.14 [111].

(
HT

HD

)
vivo

=

(
HT

HD

)
vitro

.

(
Dph

D

)2

(4.15)

Red blood cell velocity can be calculated using Equation 4.15 as follows:

Vc =
Vb

(HT /HD)vivo
where Vb =

Q

πD4/4
(4.16)

The phenomenon of plasma skimming also occurs whereby the erythrocyte flow at

vessel bifurcations is unevenly distributed [79, 107, 111, 120, 166] (already described in

section 3.2.5). The fraction of the total red blood cell flow in the feeding vessel of bifurcation

that enters one of the daughter branches (FQE) is not necessarily equal to the fractional

blood flow entering that branch (FQB) and the following empirical relation has been

developed to describe the phase separation effect in a microvascular network [113].


FQE = 0 if FQB ≤ X0

logit (FQE) = A+B logit
(
FQB −X0
1− 2X0

)
if X0 < FQB < 1−X0

FQE = 1 if 1−X0 ≤ FQB

(4.17)

where logit (x) = ln

[
x

1− x

]
X0 defines the minimal fractional blood flow required to draw red blood cells into the

daughter branch, A is a function of diameters of the daughter branches and parent vessel

so that

A = −6.96
ln(Dα/Dβ)

Df
(4.18)
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B = 1 + 6.98
(1−HD)

Df
(4.19)

X0 =
0.4

Df
(4.20)

Df and HD represents diameter and hematocrit in the feeding branch, also, Dα and Dβ

are related to the diameter of the daughter branches. Consequently, the hematocrit in each

daughter vessel, for instance the hematocrit of a daughter branch α is calculated according

to:

HD(α) =
FQE(α) HD(f) Qf

Qα
(4.21)

Qf and Qα represent the flow rate of the parent vessel and daughter branch, respectively.

The computation is repeated for another daughter vessel β. The conservation of erythrocyte

flow rate at a vascular bifurcation can be verified using

HD(f)Qf = HD(α)Qα +HD(β)Qβ (4.22)

HD(f), HD(α) and HD(β) represent the hematocrit of the parent vessel and two daughter

branches α and β, respectively. Regarding to the conservation law, the hematocrit at the

reconnecting vessel can also be computed by the following equation:

HD(rec) =
HD(1)Q1 +HD(2)Q2

Q1 +Q2
(4.23)

Where HD(rec) represents the hematocrit of the reconnecting (anastomosing) vessel. HD(1),

Q1, HD(2) and Q2 represent the hematocrit and blood flow rate for the feeding branches 1

and 2, respectively.

4.3.2 Numerical Method and Algorithms

The numerical algorithm consists of two procedures, a linear and a nonlinear solution

method, which are conducted alternately until the final solution to the homodynamic

equations (Equations 4.2 & 4.17) is achieved. The algorithm is illustrated in Fig. 4.5).

The first procedure (linear analysis) involves the computation of the pressure at each

connecting node between capillary segments and subsequently the flow rate in each segment
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Figure 4.5: Schematic representation of the two stages for the simulation of a cerebral capillary

network. First, creating the geometric structure of the model and imposing the appropriate diameter

distribution (diameter topology) in the network using a linear procedure (white blocks). Second, the

analysis of hemodynamic parameters in the network model using a linear and nonlinear procedures

(gray blocks).
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based on Poiseuille’s law. The apparent blood viscosity in this procedure is known and for

the first iteration of this procedure, a uniform apparent viscosity is assumed throughout

the network model.

A node is defined as a vertex of any voronoi polygon in the network. There is conservation

of mass between each node and its neighbouring nodes in the network (Fig. 4.6) under the

assumption that no mass can be stored in the each junction (node). Hence, the sum of the

blood flow rate and erythrocyte flow rate at each node is zero.

Figure 4.6: Scheme of each node i and its three neighbouring nodes j for the model. Lij and Dij

represents length and diameter of capillary segment ij, respectively.

3∑
j=1

Qij = 0 for i = 1, . . . , N (4.24)

3∑
j=1

HD(ij)Qij = 0 for i = 1, . . . , N (4.25)

where each vessel segment ij is labelled by its end nodes and summed are over all nodes

j connected to node i. N is the total number of nodes of the network and each node i

is connected to at most three neighbouring nodes j. These conservation equations were

already satisfied using Equation 4.22 & 4.23 to compute hematocrit in diverging branches

and reconnecting vessels for the network. The flow in segment ij is given by the product

of the pressure difference across the segment and the conductance coefficient (inverse of

the vascular resistance) of the segment. So that, for node i :

3∑
j=1

J ′ij(pi − pj) = 0 for i = 1, . . . , N (4.26)

where J ′ij =
1

Rij
=

πD4
ij

128µij Lij
(4.27)

J ′ij , Rij , µij , Dij and Lij represents the conductance coefficient, flow resistance, apparent

blood viscosity, diameter and length of segments between node i and neighbouring node j.

pi and pj represent the pressures at node i and neighbouring node j. J ′ij(pi− pj) represents



4.3. ANALYSIS OF HEMODYNAMIC PARAMETERS 55

the flow from node i to neighbouring node j (Fig. 4.6). For each nodes and its neighbouring

nodes, J ′ij = J ′ji .When Equation 4.26 is applied at every node i in the network, a system

of linear equations results in which the unknowns are the pressures at the nodes. This

system can be shown as a matrix equation as follows:

AP = B (4.28)

where

A = [J ′ij aij ] (i=1,2,...,N ; j=1,2,...,N) & aij =

1 if j ∈ neighbouring nodes

0 if j /∈ neighbouring nodes
(4.29)

P = [pi] (i=1,2,...,N)

B = [Bi] (i=1,2,...,N)

The elements of A matrix and B matrix are derived from the conductance coefficient of

the nodes and the initial value of pressure for the model. N and aij represent the number

of nodes associated in the model and the neighbouring coefficient, respectively. P is a

variable matrix consisting of the unknown node pressures. The linear system is solved

using MATLAB and the pressure matrix (P) and flow rate of all segments (Qij) are found.

The second procedure (nonlinear solution method) involves the computation of the hemat-

ocrit and the apparent effective viscosity in each capillary segment via Equations 4.7, 4.17,

4.21 and 4.23 using the obtained flow rate values from the linear solution. The hematocrits

are considered as discharge hematocrits. Once the discharge hematocrit has been computed

in each segment, the apparent effective viscosity is deduced according to the Equation 4.7.

The two procedures are repeated alternately until the hematocrit in each segment reaches

a satisfactory convergence (Fig. 4.5).

Before using the linear procedure for analyzing the hemodynamic parameters with respect

to the variable apparent viscosity (nonlinear procedure), the linear procedure is used for

determining an appropriate distribution of diameter (Dij) in the network model (2D and

3D model).

To determine diameter values for the capillary segments in the 2D and 3D models, the

values for the diameter of segments in the network model are derived from the physiological

data [81] which are distributed in the network model with respect to the flow pattern

predicted from the linear numerical procedure. To create a diameter topology in the

model consistent with the mammalian circulatory systems, at each branching point the

vessel diameters in daughter branches are considered smaller than relevant parent vessel

diameter according to Modified murray’s law [1]. This topology pattern leads to a maximum
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efficiency for blood flow in the network [138]. Modified Murray law is defined as follows:

Da
f = Da

α +Da
β (4.30)

Where

a =

2.9 if Df < 100 µm & Based on a simple blood rheology (Murray’s law)

3.6 if Df < 100 µm & Based on a complex blood rheology (Modified murray’s law)

In Equation 4.30, Df represents the radius of a parent vessel. Dα and Dβ correspond to

the radii of the daughter branches.

The power exponent a = 2.9 is related to the blood flow with a constant blood viscosity

independent of vascular diameter and hematocrit, which is not consistent with the rheology’s

law in the microcircultion. Although in a realistic assumption, the power exponent (a = 3.6)

was calculated with respect to a complex blood rheology in the microvessels in which the

apparent blood viscosity influenced by the Fahraeus-Lindqvist effect (Equation 4.7). See

Appendix A for detail of calculating the power exponent a based on a complex blood

rheology involved with the apparent blood viscosity (Fahraeus-Lindqvist effect).

The main term in Murray’s law is based on the Hagen-Poiseuille law for a pipe flow and

the most important factor that governs the blood flow is the radius of the blood vessel.

In addition, the cost function of the entire circulatory system is then the sum of the

cost function of individual vessel segments [93]. The design principle for vascular beds

were tested using the experimental data obtained from the complex small arterioles and

capillaries in different species and observed a good agreement with Murrays law [75, 138].

The bifurcating branch angle is approximately no effect on the partition of two-phase

blood flow at asymmetric bifurcation in the microvascular networks [166, 107, 111, 31].

Similarly , various bifurcating branches with different angles in vascular and micro-vascular

networks shows approximately no effects on the validity of Murray’s law and no changes in

the Murray’s power exponent [82]. However, between the large vessels and microvessels or

capillaries, the significant difference can be in the Murry’s power exponent which is derived

from their particular rheology’s laws [1] (Appendix A).

For the first iteration in the linear procedure (determination of an appropriate diameter

topology), the diameter values (Dij in Equation 4.27) are initially randomly imposed onto

the capillary segments. The conductance coefficient for segment ij (J ′ij) is computed via

Equation 4.27. The pressures and flows for the network are solved via Equation 4.29 &

4.26. This allows for the determination of the bifurcating and reconnecting connections in

the network model. The re-distribution of diameter values in the model might be done
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with respect to a Modified Murray law in each branching node. This procedure is repeated

until no changes in the diameters of vessel segments occur. The output of the procedure

is a spatial distribution of capillary diameters (diameter topology) in the network which

remains constant for the nonlinear solution method. The full algorithm is shown in Fig.4.5.

4.3.3 Validity of the Models Based on Morphometric Parameters

Many studies have focused on the morphometry of the cortex microcirculation. In the

current study, the validity of the 2D and 3D models is assessed using the comprehensive

observations on the cerebral cortex microcirculation [81, 21, 159, 12, 80, 101]. To compare

the model with the morphometric data of the cerebral cortex microcirculation, the perfused

volume by the capillary network model must be specified. According to observations on the

cortex [21, 12, 101], the mean extra-vascular distance in the microvascular system is equal

to 25 µm. Therefore, the size of an arbitrary tissue volume supplied by the 2D model can

be assumed by adding the value of 25 µm to the borders of the model, and also adding

this value in the z–axis (normal axis to the planar model) to the top and beneath the

network model (Fig. 4.7). For the 3D model, the surrounding volume can be assumed as

an arbitrary tissue volume (Fig. 4.3).

Figure 4.7: A part of a 2D model with the surrounding tissue points presenting the centers of

tissue elements. The two red arrows and a blue arrow represent the inflows and an outflow to/from

the network, respectively.

To achieve an appropriate model, the morphometric data of the network model are required

to approach the morphometric data of the cortex microcirculation. Basic information

about the morphology of the microvascular network is defined by statistical distributions
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of vascular length and diameter, extravascular distance and volume densities. The ex-

travascular distances of the whole network represent oxygen diffusion in the tissue which

is linked to the vascular density by an inverse relationship, the greatest vascular density

corresponding to the shortest extra-vascular distance. Although there is not a simple

mathematical relation between these two parameters, the mean extra-vascular distance

(radius of diffusion) in the model can be determined by the following formula:

Rd =

√
1

π Lv
(4.31)

Lv =

M∑
k=1

Lk

Vt
(4.32)

Rd and Lv represent mean extra-vascular distance and the length density (mm/mm3) of

the network model. Lk and Vt represent the length of the capillary segment k (a segment

associated with node i and neighbouring node j) and volume of tissue supplied by the

network model, respectively. M is the total number of the capillary segments in the model.

Volume density (Vv), surface density (Sv), mean length (L) and the mean diameter (D)

for the network model can also computed via the following equations. The volume and

surface density is defined to be the vascular volume over the tissue volume (percentage)

and the vascular surface over the tissue volume (mm2/mm3).

Vv =

M∑
k=1

0.25πD2
k Lk

Vt
(4.33)

Sv =

M∑
k=1

πDk Lk

Vt
(4.34)

L =

M∑
k=1

Lk

M
(4.35)

D =

M∑
k=1

Dk

M
(4.36)

Where Dk represents the diameter of capillary segment k (a segment associated with

node i and neighbouring node j) in the network model.

The density of the segments (capillaries) of the network model changes by choosing a
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different number of voronoi points for a fixed domain size (Section 4.2).

In this thesis, 4 different models are considered, 2 initial 2D models, Model 1 and Model

2, with 112 and 100 capillary segments and two main models, 2D and 3D models (Model

3 and Model 4) with 237 and 492 capillary segments, respectively. The morphometric

quantities with respect to the arbitrary tissue volumes for 2D and 3D models (Model 3

and Model 4) is provided in Table 4.1. To investigate the effects of tortuosity of cortical

capillary networks on oxygen transport, a 3D model with straight (S.3D.net) and tortuous

capillary segments (T.3D.net) is simulated. There are discrepancies in the morphometric

parameters of tortuous and straight model due to changes in the corresponding capillary

lengths. The range of morphometric data measured (experimental data) in each reference

are related to the different relevant densities corresponding to the different parts in the

cortex.

The morphometric data in the models are compatible with the experimental data (Table 4.1).

The morphometric parameters measured by Lauwers et al and Cassot et al [81, 21] (apart

from vascular volume density) are related to the quantitative database dedicated to parts

of the microvascular system (including capillaries and parts of the small arteriole trees)

in the human cortex, not for the pure capillary networks (diameter < 10 µm). Therefore,

the number of capillary segments per volume and vascular surface densities in the models

might be less than the relevant values measured in the different parts of the human cortex.

It is worth pointing out that the vascular volume density (vascular volume fraction) is the

most important criterion to evaluate the morphometric data in the microcirculations due

to contribution of both vascular geometric parameters, vessel lengths and diameters (with

power exponent of 2) in this parameter. The capillary volume fraction in different parts

of the human cortex [81, 21] were measured in the range of 1-2% (Table 4.1). However,

more than 70% of the human cortex were obsereved with the volume densities in the range

of 1.4-1.7% which is consistent with the relevant values for the models (1.54%, 1.4% and

1.61% for Model 4 with tortuous and straight segments, and Model 3, respectively).

Weber et al [159] (Table 4.1) carried out two different measurements on monkey cortices

which were related to the morphometric parameters of microvessels associated with diame-

ters less than 10.25 µm (average diameter value of 7.3 µm) and diameter less than 8 µm

(average diameter value of 5.5 µm). They obtained the morphometric data of cortical

capillary networks such that a threshold of 8 µm in diameter was assumed to differentiate

capillaries and small arterioles whereas in the present models, the capillary diameters

were considered less than 10.3 µm with the mean value of 6.4 µm [81, 21] (a mean value

between the two mean values of Weber’s observation). Therefore, it is expected that the

morphometric parameters of the models fall into the values between the two different
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Table 4.1: Morphometric parameters for the 3D network model and the planar network model surrounded

by the relevant tissues. T.3D.net and S.3D.net stand for the 3D network model (Model 4) with tortuous

and straight segments, respectively. T.2D.net stands for 2D network model with tortuous segments (Model

3). The experimental data referenced are related to the different animal cortices with different measurement

methods.

Morphometric T.3D.net
S.3D.net

T.2D.net
Exp. data

Parameter (Model 4) (Model 3)

Number of segments
6330 6330 10097 7474-14069 [81, 21]

per volume (mm−3)

Vascular volume 1.54 1.37 1.61

1-2 [81, 21]

0.83-0.97 [159]a

(% of total volume) 2.06-2.22 [159]b

Vascular surface/mm3 9.32 8.24 9.81

10.19-12.85 [81]

5.7-6.8 [159]a

(mm2/mm3) 10.25-11.50 [159]b

Total length/mm3 469.9 414.7 501

411-533 [81]

434-1302 [13]

303-373 [159]a

(mm/mm3) 437-512 [159]b

400-450 [80]

Mean extravascular 26.02 27.71 25.05

22-40 [21]

32.1-43.1 [13]

distance (µm) 22.5-26.8 [101]

a Morphometric data for cortical capillaries (diameter<8 µm) and the mean diameter value of

5.5 µm (threshold diameter used by Weber et al).
b Morphometric data for cortical microvessels (diameter<10.25 µm) and the mean diameter

value of 7.3 µm.

ranges of Weber’observations (Table 4.1).

The measurements for length density of the cerebral capillary networks in different animals

with different methods might lead to significant discrepancies. The length densities of the

models are compatible with most references presented in Table 4.1. It is important to note

that the tortuosity of capillary segments plus planar shape of Model 3 led to a high length

density and number of segments per volume compared to Model 4 and some experimental

data.

The mean extravascular distance (presenting the mean oxygen diffusion distance in the

tissues) for Model 4 with tortuous segments (T.3D.net) and straight segments (S.3D.net),

and Model 3 (T.2D.net) were calculated to be 26.02 µm, 27.43 µm and 25.05 µm, respec-

tively, which were consistent with the observations on the cortical capillary networks by

the different references [21, 13, 101] (Table 4.1). Due to tortuosity, the values of volume,

surface and length density in T.3D.net were more than the relevant values in S.3D.net. A
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comparison between the morphometric parameters in the models show an inverse trend

in the mean extravascular distances relative to the vascular densities. The extravascular

distances of the models represent oxygen diffusion in the tissue which is linked to the

vascular density by an inverse relationship, the greatest vascular density corresponding to

the shortest mean extravascular distance.

Figure 4.8: Coefficient variation of the mean capillary length (L), vascular length density (Lv),

vascular surface density (Sv), vascular volume density (Vv) and extra-vascular distances (Rd) in

ten different random states for Model 4.

Due to the random choice of the voronoi points to create the 2D and 3D models, the effects

of random variation on the morphometric parameters of Model 4 were examined. The

coefficient of variation (standard deviation over mean value, STD/Mean) of the mean

capillary lengths (L), vascular length density (Lv), vascular surface density (Sv), vascular

volume density (Vv) and extra-vascular distances (Rd) for ten different random states were

calculated to be 0.0151, 0.0142, 0.0158, 0.0170 and 0.0084, respectively (Fig. 4.8). The

very small coefficient variations in the morphometric parameters for ten different random

realizations of Model 4 confirm that the effect of random variation on the morphometric

data of the model is not significant and can be ignored. Consequently, the effective factor

on the morphometric parameters and validity of the models is only the density (not the

random state) of voronoi points used for the model.

In this chapter, the described approach using Voronoi diagram is capable of creating a

proper generic, realistic 3D model of cerebral capillary network. The network structure

of the model is able to be consistent with the architecture and topology of cerebral

capillaries in different parts of the brain cortex by creating the network model with a

proper morphometric data (Section 4.2). Therefore unlike the experimental approach,

it can be possible to study and analyze the blood flow in all capillaries (with diameter

less than 10 µm) in a complex 3D structure. In addition, The spatial distribution of

capillary diameters based on the Modified Murray’s method (power exponent 3.6) leads to

an appropriate coupling between flow rates and diameters throughout the model network.

Therefore, a proper distribution pattern of wall shear stress (dependent on driving pressure
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and vessel diameter) is concluded which supports the physiological data [106, 110] (details

in Chapter 6). On the other hand, in this chapter, to approach an accurate hemodynamic

simulation consistent with the physiological observation, the blood in the synthetic model

is assumed as a complex two-phase fluid based on the comprehensive empirical nonlinear

questions (effective blood viscosity, endothelial surface layer effect, phase separation effect

and plasma skimming effects). Using such a realistic synthetic structure network of the

cerebral capillary network and numerical simulation based on rheology laws in capillaries

can transform the phenomenological based model to a more physiological one.



Chapter 5
Oxygen Transport in the Cerebral Tissue

5.1 Introduction

In the second part of the thesis, diffusive oxygen delivery from the artificial capillary

network to an arbitrary finite region of tissue is simulated. The analysis of oxygen

transport throughout the 3D model in this thesis is based on the diffusion law in the

steady state. The consumption rate of oxygen in the model is represented as a dynamic

state by a Michaelis - Menten equation. Due to the complex and non-parallel structure

of segments in the cortical capillary networks, the Krogh method cannot be considered a

proper solution to the oxygen transport in the model. The pertinent Poisson Equation (3D

diffusion equation) is solved numerically using a Green’s function solution in the infinity

domain. A numerical solution is developed to estimate the oxygen partial pressure field

in the domain such that the conservation law of oxygen is satisfied in the model. The

difference between the intravascular oxygen contents at the inlets and outlets is equal to

the diffusive oxygen fluxes to the tissue which is in balance with the oxygen consumption

rate by the tissue in the model. The analysis of hemodynamic parameters i.e. the flow rate

and hematocrit (chapter 4) is required to compute the rate of convective oxygen transport

along the capillary segments.

5.2 Governing Equation

The fundamental equations used for the simulation of oxygen transport represent convection

of oxygen content into the capillary segments, diffusion of oxygen throughout the tissue

space and the oxygen consumption rate by the tissue field. All equations were defined for

steady state.

63
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Figure 5.1: Schemematic representation of oxygen transport from a part of a capillary segment

to the relevant tissue.

Fig. 5.1 shows the schematic representation of oxygen transport from a capillary segment

to tissue. This is mathematically described by the diffusion equation (section 5.2.1). Blood

oxygen is delivered into the capillary by convective oxygen transport (section 5.2.4) and is

radially diffused into the surrounding tissue (section 5.2.5). The majority of oxygen content

in the capillary comes from dissolved oxygen in red blood cells (section 5.2.3). The oxygen

consumption rate (M ) is considered based on Michaelis-Menten kinetics (section 5.2.2).

The intravascular resistance to radial oxygen transport is considered as a function of

capillary diameter (section 5.2.6).

5.2.1 Oxygen Diffusion Equation

The calculation of the potential field in a region where diffusion occurs is governed by

Fick’s law.

J = −DO2∇C (5.1)

where J represents the diffusion flux of oxygen. ∇, C and DO2 represent the gradient

operator, the concentration of oxygen and the diffusion coefficient, respectively. The

negative sign of J indicates that the diffusing mass flows in the direction of decreasing

concentration. The diffusion coefficient (DO2) is proportional to the squared velocity of the
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diffusing particles, which depends on the temperature, the viscosity of the fluid and the

size of the particles according to the Stokes-Einstein relation which was assumed constant

for the uniform tissue in the model. According to the conservation of mass, Equation 5.2

is given by

∂C

∂t
= −∇.J −M(P ) (5.2)

where M(P ) represent the consumption rate of oxygen. By combining Equation 5.1 & 5.2

in the case of steady state, the Fick’s law of diffusion leads to the following equation.

DO2∇2C = M(P ) (5.3)

∇2 represent the Laplacian operator. According to Henry’s law, there is a linear relationship

between oxygen concentration and oxygen partial pressure (oxygen tension) which can be

stated as P = αC; where P is the oxygen partial pressure, C is the oxygen concentration

and α denotes Henry’s law constant (uniform oxygen solubility). Hence, the oxygen

diffusion equation is defined by

DO2 α∇2P = M(P ) (5.4)

The diffusion equation is applied to the tissue in the extra-vascular region.

5.2.2 Oxygen Consumption Rate

To take into account the physiologic limitation of a positive tissue oxygen pressure, a

Michaelis-Menten dependence of oxygen consumption rate on tissue oxygen pressure is

introduced as follows [90, 150]:

M(P ) =
M0 P

(P + Pcr)
(5.5)

M(P ) and M0 denotes the cerebral metabolic rate of oxygen and the maximum oxygen

demand (maximum cerebral metabolic rate), respectively. P and Pcr represent the tissue

oxygen partial pressure and the pressure at half-maximal consumption (Michaelis constant),

respectively. M0 is assumed to be uniform. If the tissue oxygen pressure in a region is high

enough, the rate of consumption (M(P )) matches the maximum oxygen demand (M0),

whereas there is a reduction of M(P ) in the regions with the low tissue pressure (Fig. 5.2).

The physiological reason comes from the dependency of mitochondrial respiration in the

tissue cells and the oxygen supply. The rate of chemical reaction e.g. the ATP/ADP
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ratio in the tissue cells (Metabolic reaction rate) increases by increasing the amount of the

oxygen supply up to a command term (maximum oxygen demand), but if the tissue oxygen

pressure is too low, M(P ) is reduced because of the limitation of available oxygen. In

Fig. 5.2, Pcr and M0 is assumed to be 1 mmHg and 10 cm3/100g/min, respectively [129].

Figure 5.2: The amount of oxygen consumption rate based on the local tissue oxygen tension. In

the model. Pcr = 1 mmHg and M0 = 10 cm3/100gr/min.

5.2.3 Oxyhemoglobin Dissociation Curve (ODC)

The nonlinear relationship between haemoglobin in its saturated form (SO2) and the

prevailing oxygen tension (PO2) is described by the oxyhemoglobin dissociation curve

(ODC). The oxyhemoglobin saturation to describe fractional Hb−O2 saturation (SO2) is

represented by the Hill equation which has been used in most theoretical models [63, 148,

48, 130]:

S(P ) =
Pn

(Pn + Pn50)
(5.6)

P and P50 denote the oxygen tension (partial oxygen pressure or PO2) of blood and

the oxygen tension at 50% oxygen saturation of blood, respectively. n is an empirical

exponent. Fig. 5.3 shows the oxygen-haemoglobin dissociation curve based on the Hill

equation (Eq. 5.6). The empirical values for n and P50 are assumed to be 3 and 38 mmHg,

respectively [129, 67]. At low partial pressures of oxygen, most hemoglobin is deoxygenated.

Since this thesis focuses on the simulation of oxygen tension in the cerebral tissue, the

myoglobin-facilated diffusion of oxygen in tissue is not of interest. Myoglobin is loaded

with oxygen at the sarcolemma of cells in cardiac and skeletal muscles where PO2 is high

and oxygen is shed at the mitochondria of cells where PO2 is low.
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Figure 5.3: Oxyhemoglobin dissociation curve (ODC). n = 3 and P50 = 38 mmHg.

5.2.4 Rate of Convective Oxygen Transport into the Vessel

In capillaries, O2 molecules (1) are released from hemoglobin inside RBCs, (2) diffuse

through the plasma, and (3) cross the endothelium, the extravascular space, and parenchy-

mal cells until they reach the mitochondria where they are utilized in the process of

oxidative phosphorylation [26, 63, 74, 47, 46]. The chief function of the RBCs is the

delivery of O2 to the tissue. Most of the O2 carried by the blood is chemically bound to

hemoglobin inside the RBCs. The oxyhemoglobin dissociation process is often defined by

the simple one-step reversible reaction: HbO2 ↔ Hb+O2 . Hb represents one of the four

heme groups in each hemoglobin molecule. The amount of Hb-bound O2 at any point

inside an RBC is given by CHbS. CHb is the concentration of haemoglobin-bound oxygen

in a fully saturated red blood cell, and S is the oxyhemoglobin saturation. In addition,

the amounts of free or dissolved O2 in the RBC and the plasma are given by αrbcPrbc

and αplPpl, respectively, where αrbc and αpl are oxygen solubilities and Prbc and Ppl are

average oxygen tension values of red blood cell and plasma, respectively. Hence, the rate

of convective oxygen transport along a capillary segment is given by:

f(Ppl, Prbc) = Q (αpl Ppl(1−HD) + αrbc PrbcHD + CHb S HD) (5.7)

Where Q and HD denotes the blood flow rate and discharge hematocrit in each capillary

segment. It can be assumed that the oxygen tension is approximately the same in the two

phases of plasma and RBC i.e. Ppl = PRBC = Pb [147]. Where Pb represents the average

oxygen tension in the blood (blood oxygen tension). In this case, blood is treated as a
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homogenous fluid. Hence, Equation 5.7 is converted to the following relation:

f(Pb) = QC = Q (αeffPb + CHb S HD) (5.8)

where

αeff = αpl(1−HD) + αrbcHD (5.9)

C and αeff represent the oxygen concentration of the capillary segment and effective

solubility of oxygen, respectively. According to Equation 5.8, the effect of dissolved oxygen

(αeffPb) on the rate of convective oxygen transport (f(Pb)) in the vessel is highlighted in

the case of high oxygen tension (Pb) and very low hematocrit.

5.2.5 Diffusive Oxygen Flux

Each capillary segment is assumed to have a uniform circular cross section of radius rv

(Fig. 5.4). Hence, the radial oxygen flux (J) is considered uniform at any cross-section

of the capillary. The oxygen delivery from a capillary is independent from θ and only

dependent on z position of the capillary which is defined as an efflux per unit length (qv).

If the vessel segment is curved, z represents arc length along the segment.

Figure 5.4: A capillary segment considered in a cylindrical coordinate system (r, θ, z).

According to the conservation mass for the transport of oxygen from intravascular segment

to the adjacent tissue:

df(Pb)

dz
= − qv(z) (5.10)

The volume flow rate (Q) along each capillary segment is assumed to be a constant

(chapter 4), consequently, diffusive oxygen efflux is defined by the following equation in

which the oxygen concentration (C) reduces in the direction of flow along the segment.

Q
dC(Pb)

dz
= −qv(z) (5.11)
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The points on a vessel are described by a local cylindrical polar system of (r, θ, z), i.e.

C(r, θ, z), Pb(r, θ, z) in which the centre line of the vessel is aligned with the z axis. To

match the intravascular and extra-vascular oxygen tension at the blood - tissue interface

in each vessel segment, continuity in the diffusive oxygen efflux and oxygen tension across

the interface must be considered.

qv(z) = −DO2αeff

∫ 2π

0

∂P

∂r
rv dθ (5.12)

θ and r and z comes from the cylindrical coordinate system (Fig. 5.4). rv, αeff and DO2

represent the radius of the vessel segment, effective solubility of oxygen and the diffusion

coefficient, respectively. Due to the uniform circular cross section of radius rb and well

mixed blood in each segment, the local oxygen tension (as the same qv(z)) in blood - tissue

interface is approximately independent of θ and only dependent of z. Radial gradients in

oxygen tension of P in Eq. 5.12 over the vessel cross-section is approximated as an average

oxygen tension (Pb). Considering the intra-capillary resistance for diffusive oxygen, the

tissue oxygen tension averaged around the circumference of the vessel in z distance (Pv(z))

is given by the following equation:

Pv = Pb(z)−K qv(z) (5.13)

K denotes intravascular resistance to radial oxygen transport which is the inverse of the

capillary mass transfer coefficient.

5.2.6 Intravascular Resistance to Radial Oxygen Transport

In this thesis, the intraluminal and extraluminal transport equations are solved simultane-

ously such that there is a continuity of oxygen tension and oxygen flux at the capillary

wall. The intraluminal results expressed in terms of a mass transfer coefficient are used to

quantify the intracapillary transport of oxygen. The mass transfer coefficient is calculated

as the ratio of the O2 flux through a surface to the difference in oxygen tension that is the

driving force for diffusion. The capillary mass transfer coefficient, MTC, is given by [148]:

MTC =
J

(Pb − Pv)
(5.14)

where J , Pv and Pb denote the mass flux of oxygen from the vessel (capillary) to the

tissue, the oxygen tension at the capillary wall and the effective average oxygen tension of

blood, respectively. Hence, the dimensionless mass transfer coefficient, called the Nusselt
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number, is defined by

Nu =
J dc

Kpl(Pb − Pv)
(5.15)

Where Kpl represents the Krogh coefficient for oxygen in plasma which is defined as a

product of diffusivity of oxygen in plasma (Dpl) and oxygen solubility coefficient in plasma

(αpl). dc denotes the inner diameter of the capillary. The Nusselt number of Eq. 5.15 is

considered as a local Nusselt number. Fortunately, in the case of the low Reynolds and

Peclet numbers that are of interest in the capillaries, the Nusselt number changes only

slowly with oxygen saturation [36, 155]. Therefore, the difference between local and average

Nusselt numbers is ignored. An alternative form of Eq. 5.15 is given by

Pb − Pv = K J (5.16)

Where, the intravascular resistance to radial oxygen transport (K) is defined as

K =
dc

KplNu
(5.17)

Kpl (Krogh diffusion coefficients in plasma) was assumed to be 8.3× 10−10 cm3O2cm
−1s−1

mmHg−1 in plasma [127, 116] and dc denotes the outer diameter of each capillary segment.

Therefore, the dimension of the intravascular resistance (K) in Eq. 5.17 is mmHg.cm2.s.

cm−3O2. Due to the oxygen flux (J) being replaced with the diffusive oxygen efflux

per unit length (qv) along the capillary segment (Eq. 5.10). Hence, the intravascular

resistance (K) in Eqs. 5.16 & 5.17 must change to the following equation with dimension

of mmHg.cm.s.cm−3O2.

K =
dc

πdcKplNu
(5.18)

πdc represents the circumference of the capillary cross-section with respect to the outer

capillary diameter value. Substitution of the Krogh diffusion coefficient value yields a

working following formula

K =
1

3.129× 10−9Nu
(5.19)

The Nusselt number in capillaries depends in a complex way on vessel diameter, tube

hematocrit (for small capillaries), and very slightly depends on the blood velocity [29, 63].

It was assumed here that the Nusselt number and the intravascular resistance is only a

function of the vessel diameter. The dependence of the Nusselt number on the vessel
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Figure 5.5: Nusselt number against the variation of vessel diameter. The circular dots were

obtained by references [29, 94, 55, 95, 155].

diameter was compiled from the literature [29, 94, 55, 95, 155] and is shown in Fig. 5.5.

By substituting the interpolated data (Nusselt number) from Fig. 5.5 in Equation 5.19,

the intravascular resistance to oxygen transport dependent (K) is obtained as a function

of diameter (Fig. 5.6). According to Fig. 5.6, the intravascular resistances tightly depends

Figure 5.6: The intravascular resistance versus the vessel diameter. The circular dots were

interpolated by the solid line.

on the capillary diameters in the range of 3.7 µm to 10 µm (the capillary diameter range

in the models presented in this thesis).
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5.3 Green Function Method

The appropriate choice of solution method for the oxygen diffusion problem in the complex

network is crucial. Finite difference or finite element methods have been used in most

previous numerical studies of oxygen diffusion [73, 48, 49, 35, 10, 8]. These methods would

lead to a heavy computation due to the huge numbers of unknown parameters which results

from resolving individual vessels with the grid or mesh chosen in the three-dimensional

model. In the Green’s function method, the number of unknowns is reduced to the number

of nodes required to represent the source strength distributions of the vessel segments,

which has been implemented in a few previous studies [67, 129]. In this thesis, the 2D and

3D models are numerically developed using a Green’s function solution method to provide

different simulations of oxygen transport in a mesoscale model of the cortical capillary

network, bridging smaller and larger scale phenomena.

According to the diffusion equation (Eq. 5.4), P (X) represents the potential which must be

obtained, and M(P ) plays the role of a known source distribution. The boundary condition

applied to this equation is that the potential function P is zero at infinity. The solutions to

the diffusion equation are completely superimposable. Thus, if P1 is the potential generated

by the source function M(P1), and P2 is the potential generated by the source function

M(P2), then the potential generated by M(P1) +M(P2) is P1 +P2. The diffusion equation

has this property because it is linear in both the potential function and the source term.

The fact that the solutions to the diffusion equation are superimposable suggests a general

method for solving this equation.

5.3.1 The Concept of Green’s Function

Green’s function method takes advantage of the linearity of the laplacian in the diffusion

equation and can be used to solve the diffusion equation (Equation 5.2.1). The solution is

considered with Delta function source term which is given by

DO2α∇2G(X,X0) = − δ3(X −X0) (5.20)

where X0 are the coordinates of a point source. Both X and X0 are defined in the

domain of solution (Ω) which may or may not include infinity and the Laplace operator is

performed with respect to X (Fig 5.8). The three dimensional Delta function is δ3(X,X0) =

δ(x − x0)δ(y − y0)δ(z − z0) in three dimensions. According to Eq. 5.20, the potential
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function is simply the appropriately weighted sum of all the Green’s function solutions:

P (X) =

∫
sources
G(X,X0) q(X0) dX0 (5.21)

where q(X0) denotes a distribution of source strengths on the blood-tissue interfaces of all

the vessel segments. [37] It can be easily demonstrated that Eq. 5.21 is the correct solution

to:

DO2α∇2G(X,X0) q(X0) dX0 =

∫
sources
−δ3(X −X0) q(X0) dX0 = −q(X) = M(P ) (5.22)

5.3.2 Green’s Function in 3D Infinite Domain

To determine the Green’s function in an infinite three-dimension domain, a spherically

symmetric solution is considered around X0. The distance between X and X0 is then

r = |X −X0| =
√

(x− x0)2 + (y − y0)2 + (z − z0)2 (5.23)

The Laplacian of the inverse distance function is given by:

∇2(
1

|X −X0|
) = −4π δ3(X −X0) (5.24)

According to Eq. 5.20 and the Laplacian of the inverse distance (Eq. 5.24), the Green’s

function represented by the singular part as a point source (X0) in an infinite domain is

calculated as follows:

G =
1

4πDO2α |X −X0|
(5.25)

5.4 Numerical Methods

The numerical solution to the problem here is achieved using a Green’s function solution

method which is applied for each chosen point on the vessel segments and throughout the

tissue in the domain of the model. The numerical solution consists of multiple iterative

loops which lead to the ultimate results of the vascular and tissue oxygen tension into the

capillary segments and throughout the tissue, respectively (Fig. 5.7). The mass conservation

of the intravascular blood and the oxygen content transports in the model are satisfied by

the numerical iterative method. The constraint of the problem is satisfied by iteratively

updating the vascular and tissue source strengths (the main loop in Fig. 5.7). The iteration
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proceeds until an appropriate convergence is achieved. The algorithm used in the numerical

solution of oxygen transport in the model is shown in Fig. 5.7. All steps and the relevant

equations are described in the following sections.

5.4.1 Assumptions

In this thesis, some assumptions are made to reach an appropriate solution to the problem

delined by the governing equations. These are listed below:

1. The diffusivity of oxygen and the maximum oxygen demand (maximum cerebral

metabolic rate) are assumed to be uniform throughout the tissue volume. Different

tissue volumes adjacent to each other may have different metabolic demands. However,

the oxygen consumption rate (cerebral metabolic rate of oxygen) throughout the tissue

region is assumed to depend on oxygen tension (PO2), according to Michaelis-Menten

kinetics.

2. The vessel walls are assumed to be part of the tissue medium and the intravascular

resistance of each segment in the vascular network is a function of capillary diameter

which is calculated by Eq. 5.19.

3. A linear relationship between oxygen concentration and oxygen tension in tissue is

considered with a constant solubility, according to Henry’s law.

4. It is assumed that the source strength at each cross-section along the capillary axis

is uniformly distributed around the circumference of the vessel on the blood-tissue

boundary. Hence, the distribution of source strength on the centreline of micro-vessel

is assumed equal to the delivery flux from the circumference of the capillary segment

(as defined in Eq. 5.12). This assumption was already considered for an improved

representation [67].

5. According to most previous studies, Hill’s equation is considered to express the

nonlinear relationship between haemoglobin saturation with oxygen (oxygen content)

and local oxygen tension in intravascular region in the model while transient effects

associated with the kinetics of oxyhemoglobin dissociation are ignored.

6. Due to the significant heterogeneity in the distribution of hematocrit throughout the

capillary network in the model, the effective oxygen solubility for each segment is

assumed to be hematocrit dependent (Eq. 5.9).
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7. To solve the oxygen tension levels in the model, the Green’s function method in an

infinite domain (Eq. 5.25) is used. In this infinite-domain solution approach, the

total net flux of oxygen out of the tissue region is considered equal to zero. In other

words (unlike the primary study by Hsu and Secomb [67]), no boundary conditions

are imposed on the model but rather a constraint is imposed throughout the model

such that the net oxygen delivery from the vascular network is equal to the oxygen

consumption rate (M ) of the tissue. This solution approach is capable of being

applied to arbitrarily shaped tissue domains.

Therefore, the oxygen distribution can be simulated in the cerebral capillary model based on

some valuable theoretical and empirical findings and assumptions which can be consistent

with physiological functions in microcirculation and capillaries (Section 5.2 and Chapter 4).

However, some further hypotheses still remain to be considered in the model in order to

reach more realistic results, such as non-homogeneous oxygen distribution in micro-vessel

circumference, longitudinal invariant resistance in capillary and the hemodynamics effects

of other blood particles apart from red blood cells in the micro-vessels. Although, this

additional hypotheses in turn need further theoretical and experimental research and much

heavy numerical computations.

5.4.2 The Numerical Solution Using the Green’s Functions

To implement the Green’s function for computing the potential function of the diffusion

equation, the main vessel segments and tissue field in the model need to be discretized

into m short segments (sub-segment) and n small cubic elements, respectively (Fig 5.8).

However, the number of subdivisions for the main vascular segments with different length

is not the same and depends on the main segment length. The middle of each sub-segment

i denotes a point source i on the surface of the segment and the tissue point source r is

assumed to be at the centre of each tissue cubic element. The mean oxygen tension at the

surface of vessel (blood-tissue interface) belonging to the segment i (Pv,i) is derived from

the potential function at point source i resulting from the point sources j on all vascular

segments (Pv−v,i) plus the one resulting from all tissue point sources s (Pv−t,i). Similarly,

the mean oxygen tension at the tissue element r (Pt,r) is derived from the potential function

at tissue point source r resulting from the point sources j on all vascular segments (Pt−v,r)

plus the resulting contribution from all tissue point sources s (Pt−t,r) (Fig 5.8).

Pv,i = Pv−v,i + Pv−t,i + Cg for i = 1, . . . ,m (5.26)

Pt,r = Pt−v,r + Pt−t,r + Cg for r = 1, . . . , n (5.27)
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Figure 5.7: The algorithm used for the numerical solution of oxygen transport in 2D and

3D models. The numerical procedure consists of 2 internal loops for updating the vascular

and tissue source strengths (qv and qt), and a main loop for satisfying the problem constraint

(
∑m

j=1 qvj +
∑n

s=1 qts = 0) with respect to updating the Green’s constant (Cg).

where the Green constant of Cg denotes an arbitrary initial value which is imposed for

the numerical method while no point source belong to the vessel segments and the tissue

elements are involved to compute the potential functions in the model. m and n represents

the total number of sub-segments (vascular source points) and the total number of tissue

elements (tissue source points), respectively. According to the solution by Green’s function
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Figure 5.8: Schematic figure of the Green’s function approach used for a numerical solution of

the diffusion equation (Equation 5.4). The red circle points represent the vessel sources which are

located at the middle of the sub-segments. The cubes represent the tissue elements in which the

tissue points are centrally located. The general formula of Green’s function in a 3D infinite domain

(Equation 5.22) and the numerical equation system using Green’s function (Equations 5.26, 5.27,

5.31 & 5.32) are illustrated by the arrows.

(Eq. 5.21), the oxygen tension of Pv−v,i, Pv−t,i, Pt−v,r and Pt−t,r are given by:

Pv,i =

m∑
j=1

∫ lj

0
Gvvij qvj d(Xj)+

n∑
s=1

∫∫∫
vols

Gvtis qts d(Vs)+Cg for i = 1, . . . ,m (5.28)

Pt,r =

m∑
j=1

∫ lj

0
Gtvrj qvj d(Xj)+

n∑
s=1

∫∫∫
vols

Gttrs qts d(Vs)+Cg for r = 1, . . . , n (5.29)

where qts = −M(Pt,s) =
−M0 Pt,s
Pcr + Pt,s

(5.30)

In the Eq. 5.28, Gvvij and qvj represents the Green’s function of vessel segment i with

respect to the point source j at the middle of vessel segment j and the source strength

(oxygen efflux per length) of the vessel segment j at its own midpoint, respectively. Gvtis
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and qts denotes the Green’s function of vessel segment i with respect to the tissue point

source s at the centre of tissue element s and the (negative) source strength (oxygen efflux

per volume) of the tissue element s at its own central point, respectively. In other words,

Eq. 5.30 shows that qts is equal to the opposite of the tissue consumption in segment s

(M(Pt,s)). In Eq. 5.28, Gvvij is an element of a m×m matrix. In the case of i 6= j in Gvvij

element (non-diagonal element), the pertinent oxygen tension may be approximated by

evaluating Gvvij at the midpoints of the two vascular segment, i and j, without a need for

the integral operator. However, in the case of i = j (diagonal elements of the matrix), it is

necessary to use the integration for the estimation of the oxygen tension by the Green’s

function. A mn matrix is constructed with Gvtis elements and the integral operators for

the elements are not needed to calculate the pertinent oxygen tension since the Green’s

function is calculated with respect to the points at the middle of the vessel segment and

the centre of the tissue elements. Similarly, in Equation 5.29, the Green’s functions of Gtvrj

(at tissue point source r resulting from the vascular point sources j) with n×m matrix

and Gttrs (at tissue point source r resulting from the all tissue point sources s) with n× n
matrix are evaluated without need to the integral operator excluding the diagonal elements

(r = s) of Gttrs matrix. Hence, the discrete equivalent of Equations 5.28 & 5.29 is given by

Pv,i =
m∑
j=1

Gvvij qvj +
n∑
s=1

Gvtis qts + Cg for i = 1, . . . ,m (5.31)

Pt,r =

m∑
j=1

Gtvrj qvj +

n∑
s=1

Gttrs qts + Cg for r = 1, . . . , n (5.32)

Where qvj and qts denotes the vascular source strength (vascular oxygen efflux) by the

segment j and the tissue source strength (tissue oxygen efflux) by the tissue element s,

respectively. The imposed constraint to solve the problem (Eqs. 5.31 & 5.32) is defined in

the model as follows.

m∑
j=1

qvj +
n∑
s=1

qts = 0 (5.33)

5.4.3 Initial Distribution of Intravascular Oxygen Concentration

The intravascular oxygen contents throughout the cerebral capillary network model play

the role of the sources for the oxygen delivery to the tissue space of the model. The oxygen
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contents at the ending arterioles (flow inlets) enter into the capillary network and the

convective mass transfer is the major cause to deliver the oxygen along the capillaries.

Due to the significant heterogeneous distribution of blood flow and hematocrit in the

complex and tortuous cerebral capillary network model, the distribution of oxygen content

in the network might appears non-homogeneous and irregular. Hence, the first step for

the numerical procedure here is related to determining the initial oxygen content (initial

rate of convective oxygen) of each vascular segment in the network model in the absence

of oxygen delivery to the tissue (qvj = 0 for all segments). The initial oxygen contents in

the intravascular segments must be estimated such that the oxygen conservation law is

governed at each bifurcating and reconnecting node in the network model. In the case

of absence of oxygen delivery from all capillary segments to the tissue, the hemoglobin

saturation and the oxygen tension along all segments throughout the network are uniform

and equal to the assumed oxygen tension at inlets. Therefore, the variation of rate of

convective oxygen in each capillary segment only depends on the partition of hematocrit

and flow rate which enters to the segment. The hematocrit and flow rate for each segment

of the model was already analysed numerically based on the governing rheological laws

(chapter 4). The initial value of oxygen partial pressure (PO2) at the end of cerebral

arteriole (capillary segment inlets) is assumed to be 50 mmHg according to the previous

study [130, 137, 145, 154]. Substitution of the numerical known values in Equation 5.8

yields the following formula for the determination of the initial rate of convective oxygen

along the segment i regarding to the initial uniform oxygen tension of 50 mmHg (P initb ).

fi(P
init
b ) = 0.3477QiHDi + 0.0014Qi (5.34)

Due to the conservation law of the flow rates (Q) and the erythrocyte flow rate (QHD)

at each bifurcating node and reconnecting node in the network model (chapter 4), the

conservation law of the initial rate of convective oxygen might be verified by Equation 5.34

throughout the network model. The initial oxygen concentration (Ci(P
init
b )) of each

capillary segment i is obtained by dividing the pertinent rate of convective oxygen with

the flow rate of Qi.

Ci (P initb ) = 0.3477HDi + 0.0014 (5.35)
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5.4.4 The Initial Values for Tissue and Vessel Source Strengths

The initial distribution of the oxygen source strength throughout the capillary segments in

the model is estimated by using an arbitrary value for the green constant (Cg in Eqs. 5.26

& 5.27) as an initial oxygen tension of the tissue elements (P initt ). The initial oxygen

tension for all tissue elements is assumed uniform. According to the Michaelis-Menten

equation (Eq. 5.5) with respect to the known maximum oxygen demand (M0), the initial

value for oxygen consumption rate (M(P )) is calculated and is uniform for all capillary

segments. The total tissue source strength which is equal to minus the total vascular source

strength (Eq. 5.33) is given by

n∑
r=1

qtr = −
m∑
i=1

qvi = M(P initt )Vt n (5.36)

where Vt denotes the volume of the tissue element which is uniform for all elements and

n is the number of the tissue elements in the model. Knowing the total vascular source

strength (Eq. 5.34), the initial vascular source strength for segment i is obtained by

qvi = −
n∑
r=1

qtr
lj
m∑
j=1

lj

(5.37)

where lj represents the length of capillary sub-segment j.

In this numerical step (initial iteration), the Green constant (Cg) in Equations 5.31 & 5.31

is arbitrary and is iteratively updated and converges to a fixed value in the final iteration.

5.4.5 The Intravascular Oxygen Tension in the Model

In this step of numerical procedure, the intravascular oxygen tension (PO2) of each segment

is evaluated in the network model in the presence of the diffusive oxygen flux from all

segments. Typically, the oxygen delivery from each feeding segment (qvj) causes a reduction

in the initial oxygen contents into the subsequent connected segment downstream, fi(P
init
b ).

This reduction is estimated by a defined distribution coefficient (βij) multiplied by the

oxygen delivery (qvj).

Hence, in the network with multiple blood flow pathways, the total diffusive oxygen delivery

which has to be subtracted from the initial rate of convective oxygen in segment i (tqvi)
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is equal to the summation of the oxygen delivery from all upstream segments in the flow

pathways which, directly and indirectly come into the segment i. ms(i) and ms(j) represent

the main segment related to sub-segment i and sub-segment j, respectively.

tqvi =

k∑
i=1

m∑
j=1

βij qvj for i = 1, . . . , k (5.38)

fi(Pbi) = fi(P
init
b )− tqvi for i = 1, . . . ,m (5.39)

βij =



fi(P
init
bi )/fj(P

init
bj ) if ms(i) is a bifurcating branch for ms(j)

1 if i is a unbranched or a reconnecting vessel for j

0.5 if i=j

0 if i is not a connected downstream vessel to j

In Eq. 5.38, suppose the incremental number of segment i from 1 to k denote the segments

from upstream to downstream in the flow pathway in the network. For instance, i = 1

corresponds to the inlet segment (Fig. 5.9). The item of distribution coefficient (βij) relating

to a bifurcating branch is estimated by the proportion of the initial rate of convective

oxygen into the daughter branch to the pertinent parent vessel. Basically, according to the

mass conservation at a connecting node, all of the diffusive oxygen delivery from a feeding

vessel (qvj) appears as a reduction in the oxygen content into a pertinent reconnecting

vessel (βij = 1). Due to the position of a source point in the middle of each sub-segment,

βij relating to the diffusive source strength i from its own segment (i) to the tissue is

equal to 0.5. According to the definition of βij in the different cases, the oxygen mass

conservation is satisfied through the network model.

The oxygen concentration along each segment in the model can readily be calculated by

dividing both sides of Eq. 5.39 with the flow rate of Qi. As regards to Eqs. 5.38 & 5.39, the

longitudinal gradient in the oxygen concentration appears along the segment, which in turn

consists of several sub-segment i. In the direction of the blood flow along a main capillary

segment, the intravascular oxygen concentration decreases by the oxygen concentration

delivery to the tissue from the assumed source points along the main segment. After

determining the oxygen concentration of each segment i, the pertinent oxygen partial

pressure (oxygen tension) can be estimated by Eq. 5.40 which is derived from Eq. 5.8

in which the Hill Equation (Eq. 5.6) is substituted for the parameter of oxyhemoglobin
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Figure 5.9: Schematic representation of a flow pathway. The solid arrows show the direction of

blood flow in the capillaries associated with the flow pathway. The dashed arrows correspond to

the flow directions in the capillaries which branch out/reconnect to the flow pathway. The circular

points represent the vascular sources which are located at the middle of the pertinent sub-segments.

The constrained area shows the upstream vessel sources which are associated with tqvi for i = k

(Equation 5.38).ms(i) represents the main segment related to the sub-segment of i.

saturation of S(Pbi). Accordingly:

Ci(Pbi) = αeff Pbi + CHbHDi
Pnbi

(Pnbi + Pn50)
(5.40)

The False Position Method was used as a numerical method to determine the root (Pbi) of

the above nonlinear equation in the physiological range of the oxygen tension. The root

finding procedure is written symbolically as:

Pbi = FPM {Ci(Pbi)} = FPM

Ci(P initb )− 1

Qi

k∑
i=1

m∑
j=1

βij qvj

 (5.41)

Therefore, the distribution of intravascular oxygen tensions throughout the model in the

presence of oxygen delivery is determined and is not homogenous. The highest values are

related to inlet segments and the lowest values correspond to the outlet segments in the

model.
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5.4.6 Updating the Vascular Source Strengths

The amounts of the oxygen flux from all segments of the network lead to changes in the

oxygen tension at the blood-tissue interface in each segment i (Pvi). The relationship

between oxygen tension on the vessel wall (blood-tissue interface) and the average blood

oxygen into the vessel segment (Pbi) is described by the intravascular resistance to the

radial oxygen transport (Ki) in Eq. 5.13. Eqs. 5.13, 5.31, 5.38, 5.39 & 5.41 can be combined

to represent a system of m equations (Eq. 5.42) which is used to update the diffusive

oxygen flux from each segment to the tissue field of the model. The system of equations

reads as follows:

m∑
j=1

Gvvij qvj +Ki qvi = FPM

Ci(P initb )− 1

Qi

k∑
i=1

m∑
j=1

βij qvj


−

n∑
s=1

Gvtis qts − Cg for i = 1, . . . ,m (5.42)

The items on the right side of Eq. 5.42 are calculated by the numerical procedure already

described and correspond to Pv,i and P vtis in Eq. 5.26, respectively. The Green’s function of

vessel segment i with respect to the vascular point source j (Gvvij ) and the Green’s function

of vessel segment i with respect to the tissue point source s (Gvtis) may be estimated by

Eq. 5.25. The typical linear form of Eq. 5.42 is as follow.

m∑
j=1

(Gvvij + αijKi) qvj = Ri (5.43)

αij =

1 for i = j

0 for i 6= j

Where the known terms (Ri) of the linear equation system are those from the right side

of Eq. 5.42. To update the distribution of vessel source strength (qv) with respect to the

vascular oxygen tension (Pb), suppose the new value of (Pb + dPb) and (qv + dqv) for the

vascular oxygen tension and the vessel source strength, respectively. Hence, the linear

change in the vessel source strength (qvnew) is given by

m∑
j=1

(
Gvvij + αijKi −

dPbi
dqvj

)
qvnewj = Ri −

m∑
j=1

(
dPbi
dqvj

qvj

)
(5.44)
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The first derivative of the oxygen concentration derived from Eq. 5.39 is given by

dPbi
dqvj

= − βij
Q (dCi / dPbi)

(5.45)

dCi/dPbi might be obtained by the first derivative of Eq. 5.40. By combining Eqs. 5.45

& 5.44 and solving the linear equation system, the updated vascular source strength (qvnewj )

is estimated. The updated vascular source strength is used in Eq. 5.42 and the solution to

the linear equation system (Eq. 5.44) is repeated. The vascular iterative loop is continued

until the maximum discrepancy between the calcuated qvnew and qvold in all segments is

smaller than the convergence tolerance.

5.4.7 Updating the Tissue Source Strengths

The oxygen tension of each element (Ptr) is estimated by a combination of the oxygen

tensions derived from all vessel source strengths (P tvrj ) and all tissue source strengths (P ttrs)

which is described by Equation 5.32. The pertinent Green’s functions, Gtvrj and Gttrs are

estimated by Equation 5.25 and the required vascular source strengths (qvj) are extracted

from the vascular iterative loop which is already described. The required tissue source

strengths (qts) at the beginning of numerical procedure are obtained by the product of the

oxygen consumption rate (Equation 5.5) with respect to the initial oxygen tension (P initt )

and the tissue element volume (Vt) (Part 5.4.4)

qt = M(P initt )Vt =
M0 P

init
t

P initt + Pcr
Vt (5.46)

Due to uniformity in the tissue element volumes and P initt for all tissue elements of the

model, in the initial tissue loop, the tissue source strengths in all tissue elements are

uniform. To update the value of the tissue source strength (qt) with respect to the tissue

oxygen tension (Pt), suppose the new value of (Pt + dPt) and (qt + dqt) for the oxygen

tension and the tissue source strength, respectively. Eq. 5.46 with respect to the new values

is given by qt+ dqt = M(Pt + dPt)Vt. The nonlinear system of the equation is linearized

with respect to the first derivative of Pt. Furthermore, the relation of dPt = Gtt dqt is

obtained from the derivative of Eq. 5.32 with respect to the tissue source strength (qt).

Hence, the linear change in the tissue source strength is given by

qt+ dqt = M(Pt) Vt +M
′
(Pt) Vt G

tt dqt (5.47)
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Consequently,

dqt = − qt−M(Pt) Vt
1−M ′(Pt) Vt Gtt

(5.48)

Where M
′
(Pt) =

M0 Pcr
(Pt + Pcr)2

By adding the difference of the tissue source strength (dqt) to the current value of qt, the

value of tissue source strength is updated and is used for computing the tissue oxygen

tension (Pt) again (Equation 5.32). The process is repeated until the tissue iterative loop

leads to an ultimate value for qt with no longer change in the next iteration.

5.4.8 The Problem Constraint and Convergence

After determining the vascular and tissue source strengths (qvi and qtr) by the vascular and

tissue iterative loop, the constraint of the problem (Eq. 5.33) must be satisfied. According

to the new values of qvi + dqvi and new value of qtr + dqtr for the vascular and tissue

source strength, respectively, the imposed constraint for the model is given by

m∑
i=1

( qvi + dqvi ) +
n∑
r=1

( qtr + dqtr ) = 0 (5.49)

Eq. 5.49 can be defined by change in the current green constant (dCg) as follows

dCg = −

m∑
i=1

qvi +
n∑
r=1

qtr

m∑
i=1

(dqvi / dCg) +

n∑
r=1

(dqtr / dCg)

(5.50)

The first derivative of Eq. 5.42 with respect to Cg leads to a linear equation which can be

solved to obtain dqvi/dCg for each segment i. The first derivative of Eq. 5.32 with respect

to qtr leads to the relation of dPtr = Gttrr dqtr + dCg. Using this relation in the differential

of qtr with respect to Ptr yields dqtr/dCg as follows, which is used in Eq. 5.50.

dqtr/dCg =
M
′
(Ptr) Vt

1−M ′(Ptr) Vt Gttrr
(5.51)



86 CHAPTER 5. OXYGEN TRANSPORT IN THE CEREBRAL TISSUE

Hence, the left side of the Eq. 5.50 can be computed and the new value of the green

constant is given by

Cnewg = Coldg + dCg (5.52)

Cnewg is used in the vascular and tissue iterative loop (Eq. 5.42 to Eq. 5.48) to determine

the new values for the vascular and tissue oxygen tension of segment i and r (Pnewvi &

Pnewtr ). The changes in the values are given by

dPvi = Pnewvi − P oldvi dPtr = Pnewtr − P oldtr (5.53)

The numerical process is repeated until no change in the updated green constant, vascular

oxygen tension (Pv) and tissue oxygen tension (Pt) is observed, simultaneously. Hence, in the

ultimate iteration, three numerical convergences are verified such that dCg < εg, dPvi < εv

and dPtr < εt. where εg, εv and εt represent the convergence tolerance relating to the green

constant, vascular and tissue oxygen tension.



Chapter 6
Results and Discussion: Hemodynamic

Parameters

The results of the planar and three dimensional models include two main parts: analysis of

the hemodynamic parameters (this chapter), and the oxygen transports in the network

models (Chapter 7). This chapter provides the results (hemodynamic parameters) of several

cerebral capillary models corresponding to the different densities and sizes in the planar

and 3D models. The volume flow rate, hematocrit and velocity values are investigated in

the two initial models (including two different random densities in the capillary segments)

with respect to the different kinds of distribution of capillary diameters (three kinds of

diameter topologies) in the model. All pathway lengths and the relevant flow rates were

analyzed, which in turn led to determination of the RBC transit times in the network

model. The analysis of hemodynamic parameters was carried out for the extended planar

model with a larger size, and for the 3D model and the pertinent pathways.

6.1 Initial Planar Models

The models 1 and 2 consist of 112 and 100 capillary segments, respectively. The morpho-

metric data in both models are in the range of physiological data corresponding to the

cerebral capillary networks [81]. Fig. 6.1 show Model 2 and Model 1 associated with the

straight and tortuous segments. According to the observation of tortuosity in the cortical

capillaries [143, 59], the tortuosity of the segments in the models are superimposed as

irregular sinusoidal variations on the capillary segments such that the total length of the

segments in the network are increased by 16%, a physiologically reasonable amount of

tortuosity in the cortex [143, 22]. In this thesis, all analyses of blood flow were conducted

87
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Figure 6.1: Top to bottom: Model 1 (straight and tortuous), Model 2 (tortuous). The red squares

and blue circles represent the inlet and outlet flows in the models (three inlets and two outlets),

respectively.

in the case of tortuous segments. To better compare the results, the inlet and outlet

flows in the two models were located in the same position under identical pressure drops

(10 mmHg). The three red squares and two blue circles in Fig. 6.1 represent the three

inlet and two outlet flows to and from the model, respectively.

The distribution of diameter values play a crucial rule in the delivery of blood flow in

the capillary network due to the inverse fourth-power dependence of flow resistance on

vessel diameter. Hence, the analysis of hemodynamic parameters were carried out and

compared in three different kinds of distribution of capillary diameters in the cerebral
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capillary network models. These comparisons were made in Model 1 and Model 2 in

order to investigate the effects of the proper diameter topology on blood flowing through

the network models. These different methods to construct different capillary diameter

topologies for the model are listed as follows:

1. The capillary diameter values randomly derived from the relevant morphometric

data (Mean ± STD) of cerebral capillary diameters in the human cortex such that in

each diverging bifurcation, the diameter of daughter branches are smaller than the

pertinent parents as the blood flows from the inlet segments to the outlet segments

in the network model (Non-optimized method).

2. Distribution of the capillary diameter from the inlet (root vessels ≈ 10 µm) to

the outlet segments according to Murray’s law in the microvessel size with power

exponent of 2.9, which corresponds to maximum efficiency for blood flow in the

network (Murray method).

3. Using Murray’s law with respect to the effects of rheology’s laws in the microves-

sel (effective apparent viscosity). In this case, the Murray’s power exponent was

approximately calculated to be equal to 3.60 (Modified Murray method).

In all cases, there is an asymmetry ratio between the two daughter branches in each

diverging bifurcation in the network. Using the above methods, the different distributions

of capillary diameters are determined and updated with respect to the flow directions in the

network in a iterative loop. This procedure was already described in detail in section 4.3.2.

Fig. 6.2 shows the distribution of diameters in both models by the Modified Murray method

in the cerebral capillaries. The capillary diameters associated with both models were

approximately in the range of 3 - 10 µm with the maximum distribution probability in

the middle range (6 - 7 µm). The statistical values of the distributions are shown in

Table 6.1. The tatistical values of normal distribution of capillary diameters in the other

cases (Non-optimized and Murray cases) are found in Table 6.1. There are small changes

in mean, median values of capillary diameters in the three different distributions for each

model. The standard deviations for non-optimized method are less than the corresponding

values for the two other methods by a relative change of about 20%. All this data is

very close to the observations by Lauwers et al [81, 21]. The skewness and leptokurtosis

represent a measure of asymmetry and flatness of the distribution, respectively. These

statistical parameters appear to be very dependent on the sample size. Hence, there might

be a discrepancy between the relevant values of the two models (about 100 segments) and

the physiological observations (about 100,000 capillary segments).
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(a) (b)

Figure 6.2: Relative frequency of cerebral capillary diameters in the Model 1 (a) and Model 2 (b)

with respect to Modified Murray’s law in the capillaries.

Table 6.1: Statistical parameters for the capillary diameters of two models based on analysis in the

non-optimized (Non-Opt.), Murray and Modified Murray (M. Murray) method

Capillary diameters (µm)

Model 1 Model 2
Phys. data [81, 21]

Non-Opt. Murray M. Murray Non-Opt. Murray M. Murray

Mean 6.58 6.31 6.64 6.57 6.40 6.71 6.47

STD 1.30 1.72 1.54 1.32 1.78 1.56 1.70

Median 6.60 6.39 6.76 6.60 6.37 6.71 6.45

Skewness 0.16 0.03 0.06 0.15 0.29 0.04 0.03

Kurtosis 3.59 3.08 3.09 3.77 2.25 2.45 2.21

Table 6.2 shows the statistic parameters for capillary lengths in the two models. There

are no significant discrepancies in the mean values between the two models and relevant

morphometric data in the cortex [81] (relative changes of 1% and 8%). There is an increase

in the mean value of capillary lengths for Model 2 (with less density) relative to Model

1 (with more density) by about 7%. The two planar models occupied the same area size

(Fig. 6.1). The difference in the statistical parameters of segment lengths derived from the

different densities of segments in the two models. Fig. 6.3 shows the distribution of lengths

in the both models.

The range of segment lengths were observed to be between about 5 to 180 µm (Fig. 6.3).

Few segments in the models fell into very short lengths (5 to 10 µm), and consequently two

relevant connective nodes appeared to be in very short distances from each other in the

network. These very close connective nodes can be approximated by a trifurcation (three

daughter branches) in the real cerebral capillary networks (about 5% of node conectivities
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Table 6.2: Statistical parameters for the capillary lengths of the two models

Capillary lengths (µm)

Model 1 Model 2 Phys. data [81, 21]

Mean 53.65 57.42 52.95

STD 35.98 34.10 49.75

Median 43.04 55.58 36.07

Skewness 1.27 0.47 1.97

Kurtosis 5.00 2.79 10.50

(a) (b)

Figure 6.3: Relative frequency of cerebral capillary lengths in Model 1 (a) and Model 2 (b).

in the human cortex [21]).

The analyses of hemodynamic parameters, i.e. hematocrit, blood velocity and blood flow

rate in the two models in the cases of different diameter topologies were investigated by

the numerical procedures described (nonlinear and linear procedures) in chapter 4. Fig 6.4

to Fig 6.6 show the hemodynamic parameters in Model 1 and Model 2 using the Modified

Murray’s method in the distribution of capillaries. To make clear the Fahraeus effects in the

capillary network model, frequency of distribution for the discharge and tube hematocrit

are demonstrated side by side in Fig 6.4. The blood velocity were also compared with the

erythrocyte (red blood cells) velocity for each model in Fig 6.5.

The distribution of discharge and tube hematocrit in both models fell approximately into

the range of 0.1 to 0.55 and 0.05 to 0.42, respectively (Fig 6.4). These distributions are

fitted with a normal distribution with the values of 0.36 ± 0.09 and 0.24 ± 0.07 for the

discharge and tube hematocrit in Model 1, respectively. The corresponding values for

Model 2 are very close to Model 1 (Table 6.3) and consistent with Hedetz’s observation [69]

on the tube hematocrit in the cortex (0.24 ± 0.09). This consistency of hematocrit values
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(a) (b)

Figure 6.4: Frequency of distribution of discharge hematocrit (black bars) and tube hematocrit

(green bars) in Model 1 (a) and Model 2 (b) using Modified Murray method .

with physiological data [69] was observed for both models with another diameter topology

using Murray method (Table 6.4). The reductions of tube hematocrit relative to discharge

hematocrit in the two models (in both Murray and M. Murray method) are equal to an

approximate value of 42%.

The histogram of blood velocities and Fahraeus effects on red blood cell’s velocities

are shown in Fig. 6.5 and Table 6.3. The relative increase in the mean red blood cell

(erythrocyte) velocity with respect to the mean blood velocity was about 53% for both

models. Approximately 74% and 62% of red blood cell velocities for Model 1 and Model 2

fall into the range of 0.5 – 1.8 mm/s, respectively, which is close to the relevant values in

the cortex [69] (65% of velocity values in the range of 0.5 – 1.8 mm/s). Furthermore, 97%

of the velocity values in both models fall into the physiological range of 0.3 – 3 µm.

The flow rates in Model 1 and Model 2 approximately fall into the range of 0.1 – 7 nl/min

and 0.3 – 7 nl/min, respectively (Fig.6.6). A comparison between the hemodynamic

parameters (mean flow rate and mean velocity) in both models was demonstrated in

Fig. 6.7. The baseline is related to the pertinent values in Model 1. The relative increase

in the mean blood flow and mean blood velocity throughout Model 2 with respect to the

pertinent values in Model 1 were estimated by about 15% and 10%, respectively (Fig 6.7).

The relative change in the mean hematocrit of Model 2 with respect to relevant value in

Model 1 is a small decrease of about 5%.

The blood flowing throughout both models is also analyzed with respect to the two

other different diameter topologies generated by the Non-optimized and Murray methods
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(a) (b)

Figure 6.5: Frequency of distribution of blood velocity (black bars) and tube (erythrocyte) velocity

(green bars) in Model 1 (a) and Model 2 (b).

(a) (b)

Figure 6.6: Frequency of distribution of blood flow in Model 1 (a) and Model 2 (b).

Figure 6.7: The percentage of relative change in the mean hematocrit (left bar), mean blood flow

rate (middle bar) and mean blood velocity (right bar) for Model 2 in a comparison with Model 1.
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Table 6.3: Hemodynamic parameters of Model 1 and Model 2 (Using Modified Murray method). AVG,

STD and CV represent the average, standard deviation and coefficient variation (STD/Mean) of the

hemodynamic parameters, respectively.

Hemodynamic parameters

(Modified Murray Method)

Model 1 Model 2

AVG STD CV AVG STD CV

Length (µm) 53.65 35.98 0.67 57.42 34.10 0.59

Diameter (µm) 6.64 1.54 0.23 6.71 1.56 0.23

Discharge Hematocrit 0.36 0.09 0.25 0.33 0.11 0.34

Tube Hematocrit 0.24 0.07 0.31 0.22 0.08 0.36

Blood velocity (mm/s) 0.90 0.68 0.76 0.99 0.64 0.65

RBC velocity (mm/s) 1.37 1.03 0.75 1.52 0.98 0.64

Flow rate (nl/min) 2.12 1.79 0.84 2.43 2.02 0.83

Total inflow rate (nl/min) 23.88 28.56

Table 6.4: Hemodynamic parameters of Model 1 and Model 2 (Using Murray method). AVG, STD and

CV represent the average, standard deviation and coefficient variation (STD/Mean) of the hemodynamic

parameters, respectively.

Hemodynamic parameters

(Murray Method)

Model 1 Model 2

AVG STD CV AVG STD CV

Length (µm) 53.65 35.98 0.67 57.42 34.10 0.59

Diameter (µm) 6.31 1.72 0.27 6.40 1.78 0.28

Discharge Hematocrit 0.35 0.09 0.25 0.34 0.12 0.34

Tube Hematocrit 0.24 0.07 0.27 0.23 0.08 0.38

Blood velocity (mm/s) 0.83 0.67 0.80 0.92 0.61 0.66

RBC velocity (mm/s) 1.25 1.00 0.80 1.38 0.93 0.68

Flow rate (nl/min) 1.86 1.67 0.90 2.16 2.12 0.98

Total inflow rate (nl/min) 21.06 24.30

(Table 6.4). To better compare the results in the models with different diameter topologies,

all initial values and positions of inlet and outlet flows were considered to be in the same

condition. Furthermore, the root vessel diameters(diameter of inlet capillaries) in the three

methods i.e. Non-optimized, Murray and M. Murray method are assumed the same values

(≈ 10 µm). Fig 6.8 shows the changes in the mean hematocrit, mean blood flow rate and

mean blood velocity in the models generated by the Murray and Modified Murray methods

with respect to the relevant results for the models generated by the Non-optimized method.

The mean hematocrit value has no a significant change in all different diameter topologies

for both models. Using Murray’s law leads to an increase in the mean blood flow rate in

Model 1 and Model 2, respectively. However, the increases in mean blood flow appears
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more significantly in the Modified Murray method . These tendencies were also observed

for the mean blood velocity, but with lower intensity (Fig 6.8).

Figure 6.8: The change in the mean hematocrit (blue bar), mean flow rate (black bar) and mean

velocity (green bar) of Model 1 and Model 2 created by Murray and M. Murray methods relative

to the models created by Non-optimized method.

The micro-vascular network with a diameter topology based on Murray’s law (with a

Murray’s power exponent of 2.9) results in the maximum efficiency for blood flowing in the

network. This characteristic of Murray’s law in vascular architecture might be a help to

transfer the blood flow in the network models with less flow resistance compared to the

blood flow with higher resistance in the models with the Non-optimized method. In the

case of microvessels, the complex blood rheology (apparent viscosity) causes a modification

in Murray’s law (an increase a Murray’s power exponent to the approximate value of 3.6).

Imposing this modified method on the vascular architecture leads to a decrease in the flow

resistance of the network, and consequently an increase in the blood flow rate throughout

the network models (a relative increase in the mean blood flow of Model 1 and Model 2 by

43% and 54%, respectively).

6.2 Extended Planar Model

To investigate the distribution of blood flow in a larger and more complex realization, an

extended model (Model 3) with respect to the physical size is created. The area occupied by
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Figure 6.9: Extended planar model of cerebral capillary network (Model 3). The red squares

and blue circles represent the inlet and outlet flows in the models (four inlets and six outlets),

respectively.

the network model is equal to 0.210 mm2 which was surrounded by a volume of tissue with

a value of 0.0138 mm3. The inflows (pre-capillaries) in the model consisted of four inlet

flows which were imposed in the middle of the network with three outlet flows (venules) in

both sides of the model (Fig. 6.9). The mean distance between nearest-neighbour pairs

of penetrating arterioles was observed to be 130 ± 60 µm (Mean±STD) by Nishimura et

al [98]. The size of network model in the x-axis was assumed to be about 550 µm [98].

According to Harrison et al. and Zweifach’s observations [167, 59], the dimension of the

network model in the y-axis (distance between the end of arterioles and the beginning of

venues) is considered to be about 130 µm. The pressure at the arteriolar ends (precapillary

sphincters) and the beginning of venous were also registered to be about 35 mmHg and

25 mmHg, respectively ([167]). The diameter topology used in the model was based on

the Modified Murray method. The tortuosity imposed on the segments in the model were

irregular sinusoidal variations consistent with the tortuosity of cerebral capillaries [143, 22]

(added length to the capillary segments of 16%). Fig. 6.10 shows the distribution of

capillary diameter and length in the model. The capillary diameters were arranged with

an average value of 6.30 ± 1.44 µm in the range of 2.6 – 10 µm (Table 6.1), which is

close to the physiological data in the cortex (6.47 ± 1.7 µm). Approximately, 4% of the

capillary lengths fell into the very short lengths (5 – 10 µm) which were caused by close

connective nodes. As already discribed for Model 1 and Model 2, the two connective nodes
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Figure 6.10: Relative distribution of capillary diameter and length in Model 3.

in a very short segment can be compared to a trifurcation (three daughter branches) in

the real cerebral capillary network (about 5% of node conectivities are trifurcations in the

human cortex [81]). The symmetric model and its distribution of lengths derived from the

Voronoi process could be improved by aggregating together a series of distributions derived

from independent Voronoi networks, each of which is defined by the random positioning

of Voronoi points in the domain. Table 6.5 shows the morphometric data of capillary

diameters and lengths for Model 3. The capillary lengths fell into the range 10 – 220 µm

with average value of 49.4 ± 34.2 µm which is consistent with the relevant data in the

human cortex (52.95 ± 49.75 µm).

The frequency of distribution for hematocrit, velocity and blood flow rate in Model 3 showed

a heterogeneity for relevant parameters which were caused by the complex architecture

and topology in the network model (Fig. 6.11). The red blood cells (RBCs) velocities were
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found to be in the range 0.25 – 4 mm/s. 63% of the RBCs velocity values were in the range

0.5 – 1.8 mm/s which is consistent with the observations on the cortex (65% of the RBCs

velocity measured in the range of 0.5 – 1.8 mm/s) [70, 144]. The observations by Hudetz

et al [70] and Tomita et al [144] and the predicted results (Table 6.5) showed the RBCs

velocity with a statistical value 1.43 ± 0.64 mm/s, 1.43 ± 1.03 mm/s and 1.45 ± 0.81

mm/s (Mean±STD), respectively. Fig. 6.11 shows the range 0.05 – 0.55 for the tube

hematocrit in Model 3 with a statistical value 0.26 ± 0.08 (Mean±STD) (Table 6.5) which

is compatible with the tube hematocrit measured by Hudetz et al [70] with the statistical

value 0.24 ± 0.09.

The reduction of tube hematocrit (Ht) relative to discharge hematocrit (HD) (Fahraeus

effect) versus the capillary diameters is shown in Fig. 6.12. The variation of Ht/HD in

each diameter value was caused by the variation of hematocrit values corresponding to the

capillaries with the same diameter value. The relative reduction of mean value of the tube

hematocrit relative to mean value of the discharge hematocrit was estimated to be 30% in

the model. The maximum range of Fahraeus effect (minimum Ht/HD) appearing in the

capillary with a range 5 – 9 µm in the low hematocrits (Fig. 6.12).

Table 6.5: Hemodynamic parameters of Model 3 (Using Modified Murray method). AVG, STD and CV

stand for the average, standard deviation and coefficient variation (STD/Mean), respectively.

Hemodynamic parameters (Model 3)

AVG STD CV

Length (µm) 49.37 34.11 0.69

Diameter (µm) 6.30 1.44 0.23

Discharge Hematocrit 0.37 0.09 0.23

Tube Hematocrit 0.26 0.08 0.30

Blood velocity (mm/s) 0.96 0.51 0.53

RBC velocity (mm/s) 1.45 0.81 0.56

Flow rate (nl/min) 2.14 1.80 0.84

Total inflow rate (nl/min) 51.30
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Figure 6.11: Hemodynamic parameters for Model 3. Top figure: Distribution of discharge

hematocrit (black bar) and tube hematocrit (green bar). Middle figure: Distribution of blood

velocity (black bar) and red blood cells velocity (green bar). Bottom figure: Distribution of blood

flow rate.
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Figure 6.12: The reduction of tube hematocrit (Ht) relative to discharge hematocrit (HD)

(Fahraeus effect) versus capillary diameters in Model 3. Each scatter point represents a capillary

segment in the model

6.3 Three dimensional Model

Due to the existence of three-dimensional architecture in the subsurface cerebral microvas-

cular beds, a 3D model can be closer to the full realization of cerebral capillary networks.

A 3D model of cerebral capillary network presented (Model 4) consists of 12 initial network

models which were connected together by additional capillary segments. Each initial

network model was built in different random of voronoi points (Fig. 6.13) in which the

capillary segments were oriented with a dispersion angle (standard deviation) of 50◦ relative

to the x-y plane (described in Chapter 4). This 3D architecture indicates a relatively high

scatter of the distribution of capillary orientation which is consistent to the histological

data in the cortical capillaries of the human cortex [21, 81]. The model consisted of 492

capillary segments which were connected together as a network in 426 connective nodes.

Blood flows through Model 4 via twelve inlets (precapillaries) and exits via 24 outlets

(venules). The pressure drop between inlet and outlet flows was approximately assumed to

be 10 mmHg (blood pressure of nearly 35 mmHg and 25 mmHg at the ending arterioles

and the beginning venules, respectively).

6.3.1 Capillary Length and Diameter

The diameter topology in the 3D model was determined based on the Modified Murray

method (Murray’s power exponent of 3.6) which is consistent with the rheology law in

the capillaries (the same as planar model 3). Fig. 6.15 shows the distribution of capillary

length and diameter for Model 4. The capillary diameter distribution was imposed in
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Figure 6.13: A random of a simple network used to construct the 3D Model of cerebral capillary

network

Figure 6.14: 3D model of cerebral capillary networks (Model 4). 12 red rectangular points and

24 blue circle points represent the flow inlets and outlets to from the model.

the model such that a statistical value of 6.39 ± 1.49 µm (Mean±STD) was obtained

(Fig. 6.15b). The values of diameter in the root vessels were assumed to be 10 µm (ending

arterioles, pre-capillaries). The root vessel diameters reduced in the subsequent bifurcating

branches in the network, approaching smaller diameters with a value of around 3 µm in

some pathways.

The statistical value of capillary lengths in Model 4 fell into the range 75.37± 33.19 µm

(Mean±STD) (Fig. 6.15a). The range capillary lengths is consistent the histological data
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(a) (b)

Figure 6.15: Relative frequency of capillary lengths (a) and capillary diameters (b) in the 3D

model (Model 4).

whereas the mean of capillary lengths in the model is larger than the observation of Lauwers

et al. [81]. The mean value of lengths in the model is closer to other observations of Cassot

and Lauwers [21] on the human cortex with a mean value of 63.26 µm. The mean value of

lengths in the model included an extra length caused by tortuosity (16% extra length). The

symmetric and its distribution of lengths derived from the Voronoi process (Fig. 6.15) could

be improved by aggregating together a series of distributions derived from independent

Voronoi netwroks, each of which is defined by the random positioning of Voronoi points in

the domain.

6.3.2 Hemodynamic Parameters

The frequency distribution of hemtocrit, blood flow rate and velocity were shown in Fig. 6.16.

There is a significant heterogeneity in all hemodynamic parameters throughout the model.

The relative reduction of the mean value in the tube hematocrit to the discharge hematocrit

(Fahraeus effect) was calculated to be 35%. The range of discharge hematocrit fell into the

range of 0.17–0.52 with the statistical quantity of 0.38±0.06 (Mean±STD) (Table 6.6). The

Fahraeus effect (Ht/HD) versus the capillary diameters is shown in Fig. 6.17 for Model 4.

The variation of Ht/HD in each diameter value was caused by the variation of hematocrit

value corresponding to the capillaries with the same diameter value (the same behaviour

as in planar model 3). The maximum Fahraeus effects (Ht/HD) in the capillary diameters

occurred in the range of 10–6 µm with the value of approximately 0.6.

The distribution of blood and red blood cell velocity in the model were in the range
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Figure 6.16: Hemodynamic parameters for 3D model (Model 4). Top figure: Distribution of

discharge hematocrit (black bar) and tube hematocrit (green bar). Middle figure: Distribution of

blood velocity (black bar) and red blood cells velocity (green bar). Bottom figure: Distribution of

blood flow rate.
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Figure 6.17: The reduction of tube hematocrit (Ht) relative to discharge hematocrit (HD)

(Fahraeus effect) versus capillary diameters in Model 4. Each scatter point represents a capillary

segment in the model

0.33–2.76 and 0.4–3.80 mm/s, respectively (Fig. 6.16). Approximately, 66% of the red

blood cell velocities fell into the range 0.5–1.8 mm/s. The blood flow rate through the

model exhibits a heterogeneous distribution with the statistical value of 2.39± 1.95 nl/min

(Mean±STD). All statistical quantities relating to hematocrit, velocity, and blood flow

rate are listed in Table 6.6.

Table 6.6: Hemodynamic parameters of 3D model (Using Modified Murray method). AVG, STD and

CV stand for the average, standard deviation and coefficient variation (STD/Mean), respectively.

Hemodynamic parameters (3D Model 4)

AVG STD CV

Length (µm) 75.37 33.19 0.44

Diameter (µm) 6.39 1.49 0.23

Discharge Hematocrit 0.38 0.06 0.17

Tube Hematocrit 0.25 0.06 0.22

Blood velocity (mm/s) 1.03 0.40 0.39

RBC velocity (mm/s) 1.56 0.66 0.43

Flow rate (nl/min) 2.39 1.95 0.82

Total inflow rate (nl/min) 126.60

Trends of the solid curves, as represented by the polynomial curve fitting, are shown in

Figs. 6.18 & 6.19 exhibit a gradual reduction in flow rate and velocity as the diameter of

capillary segments reduce in the model. The capillary segment with larger diameter is

responsible for delivering a larger blood flow rate with higher velocity in the network which

is consistent with the pattern of blood delivery in the arterial and small arteriole trees

(Fig. 6.18 and Fig. 6.19). The arteriovenous distribution of intravascular velocity shows a

descending trend as vessel diameters decrease from the arterioles to capillaries [84]. The
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Figure 6.18: Blood flow rate versus capillary diameter. Each scatter point represents a capillary

segment in the model. Solid curve represents the 3.6th degrees of polynomial curve fitting of scatter

points

Figure 6.19: Blood velocity versus capillary diameter. Each scatter point represents a capillary

segment in the model. Solid curve represents the quadratic curve fitting of scatter points

correlation between the diameter topology and distribution of blood flow in the network

model is based on the imposed Modified Murray method (Q ∝ D3.6, Q and D represent

blood flow rate and capillary diameter). The Modified Murray method already described

in detail in Chapter 4.

Modeling of the cerebral capillary network with respect to the rheological properties and

the effect of endothelium cell surface [111] in the microvessels led to exhibit a variation

of apparent viscosities in the capillary segments which can influence the distribution of
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hematocrit, wall shear stress and flow resistance in the network. Fig. 6.20 shows the

variation of apparent viscosity versus capillary diameter in the model. Each scatter

point represents a capillary segment in the model. The dispersion in the scatter points

Figure 6.20: Variation of apparent viscosity versus capillary diameter. Each scatter point

represents a capillary segment in the model. Solid curve represents a cubic polynomial curve fitting

of the scatter points. Dashed curve represents the apparent viscosity of Pries & Secomb, 2005 in

the mean discharge hematocrit estimeted in Model 4 (HD = 0.38).

corresponds to a diameter value derived from the effects of hematocrit discrepancies on

apparent viscosity of the segments. The solid curve, as represented by the cubic polynomial

curve fitting, is close to the dashed curve line, which is related to the empirical equation

for apparent viscosity [111] in the mean value of hematocrit in the model (HD = 0.38).

The difference in the two curved lines, particularly in the range 2–4 µm is caused by the

variation of hematocrit in the pertinent capillary segments.

6.3.3 Flow Pathways and Transit Times in different inflows

The pathway and transit time for blood flowing in the cerebral capillary network are

obviously important determinants of capillary gas and nutrient exchange. Capillary transit

time is a function of both path length and flow velocity. Hence, in terms of modeling a

cerebral capillary network, the length and time of transit of red blood cells through the

intravascular model are crucial factors for the simulation of the oxygen transport in the

pertinent tissues.

The blood flow was distributed throughout the model from inlet to outlet flows via pathways

with different lengths. The heterogeneity of length of the flow pathways is shown in Fig. 6.21.
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The pathway lengths had a statistical value of 381.6± 75.7 µm (Mean± STD). Transit

Figure 6.21: The frequency distribution of flow pathway lengths in Model 4.

time of red blood cells in each capillary segment was estimated by dividing the capillary

length to the relevant red blood cells velocity. Hence, the transit time of each pathway

would be equal to the summation of transit time of red blood cells in the capillary segments

of the pathway. The statistical value of transit times was calculated to be 0.253± 0.082

(Mean± STD). Fig. 6.22 shows the transit time of RBCs in the pathways against the mean

blood flow rate into the pertinent pathways. Each scatter point represents a pathway of

the model. The trend of changes in Fig. 6.22 shows that the pathways containing more

blood flow transport red blood cells faster than the pathways containing less blood flow.

The transit time of all pathways would be increased as a reduction of the inflow rate into

the model. In the model, by 25% and 50% of reduction in the inflows into the model,

frequency distribuion of transit times in the pathways becomes wider with a reduced

frequency maximum (Fig. 6.23).

6.3.4 Wall Shear Stress

There are a few experimental observations on wall shear stress in the cerebral capillary

networks. Here, wall shear stress (WSS) of each capillary segment was obtained with respect

to the Non-Newtonian behaviour of blood flow derived from the dominant rheology laws in

microvessels (apparent viscosity). The following attendant distribution of intravascular

wall shear stress (WSS) was obtained from the equation of WSS = ∆P.D/4L, where

∆P , D and L represent the pressure drop, diameter and length belonging to a vascular

segment [84, 85]. The wall shear stress in the model was investigated in the two cases of
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Figure 6.22: Mean blood flow rate (Qm) into each pathway versus transit time (T ) belong to the

pathway. Each scatter point represent a pathway of the 3D model 4. Solid line represents the linear

fitted line.

Figure 6.23: Frequency distribution of transit time of RBC in the pathways of Model 4. The

black circle points, green star points and red square points represent Model 4 with the normal

inflow rate, 75% and 50% of the normal inflow, respectively.

inflow rates, high and low inflow rate (25% reduction) with the RBCs velocity of 1.56±0.66

and 1.27±0.55, respectively, both statistic values are in the range of physiological data. The

wall shear rates fell into the range of ≈ 2− 14 N/m2 with a mean value of 6.4 N/m2 and

≈ 1.5− 12 N/m2 with mean value of 5.7 N/m2 under the high and low inflow, respectively.

Fig. 6.24 and Fig. 6.25 exhibit the distribution of wall shear stress with respect to diameter

and intravascular pressure in the middle of each segment. Each scatter point represent

a capillary segment of the model. The trend in the predicted scatter points of Fig. 6.24
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(a) High flow

(b) Low flow (25% reduction)

Figure 6.24: Distribution of wall shear stress in the 3D model (Model 4) versus the capillary

diameters. Scatter points represent the capillary segments in which the red and blue star points

are belong to the inlet and out let flow segments, respectively. (a) High inflow: the model with

mean RBCs velocity of 1.56± 0.66 (b) Low inflow (25% reduction): the model with mean RBCs

velocity of 1.27± 0.55.

indicates a gradual reduction in WSS with reducing the diameter of capillary segments in

the two cases inflows.

The wall shear stress of the segments versus the corresponding intravascular pressure show

a gradual reduction except from the capillary segments close to the outlet flows in both

cases of inflow (the blue stars in Fig. 6.25). In these regions in the model, there are some
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(a) High flow

(b) Low flow (25% reduction)

Figure 6.25: Distribution of wall shear stress in the 3D model (Model 4) versus the intravascular

blood pressure predicted in the middle of the capillary segments. Scatter points represent the

capillary segments in which the red and blue star points are belong to the inlet and out let flow

segments, respectively. (a) High inflow: the model with mean RBCs velocity of 1.56± 0.66 (b) Low

inflow (25% reduction): the model with mean RBCs velocity of 1.27± 0.55.

reconnections in the capillary network (inverse of bifurcation) which lead to level or increase

the wall shear stress in the relevant capillary segments. The values of WSS in the both

cases are close to the data measured in the capillary networks of the rat mesentery by

Pries et al [106, 110].



Chapter 7
Results and Discussion: Oxygen Transport

The planar model (Model 3) and complex 3D model (Model 4) described in chapter 6

are considered in order to simulate the oxygen transport through the relevant tissues.

The numerical method using the Green’s function method was developed to simulate

convection-diffusion of oxygen concentration in the cerebral capillary networks and the

interstitial tissue in the models (chapter 5). Model 3 (2D network model) can present an

accurate picture of the distribution of oxygen tensions in the tissue supplied by an irregular

planar vascular network, although the 2D structure cannot be a practical realization for

most parts of the cortical capillary networks with the structures in three dimensions. In

the planar network model, the oxygen tension levels (PO2) in the tissue with respect to

the capillary sources can be illustrated. Furthermore, oxygen transport in the large tissue

areas far from the capillary sources can be investigated. In this section, oxygen transport

is simulated for different oxygen consumption rates. The effects of flow blocking in the

precapillary levels are evaluated with respect to the tissue PO2. The spatial gradient of

partial oxygen pressure in the capillary pathways are estimated. Most simulations focus on

the 3D realization (Model 4). Different aspects of Model 4 are investigated i.e. 1) the effects

of different vascular topologies (tortuosity and non-tortuosity) on the oxygen pressure

levels in the tissue. 2) An investigation of the variation of oxygen tension levels derived

from different blood perfusions and the rates of oxygen consumption 3) An assessment

of tissue oxygen tension in the case of blocked-inlet flow in the model. 4) Prediction of

the local hypoxia in critical conditions, low blood perfusions or high oxygen demands. 5)

Computing the oxygen contents and the partial oxygen pressure into the capillary pathways.

6) Evaluating the critical indicator of oxygen transport in the cerebral capillary network,

oxygen extraction fraction (OEF ), in different flow-metabolism states. 7) Investigating the

disproportionate changes in tissue oxygen supply (perfusion) compared to changes in the

metabolic rate, flow-metabolism coupling.

111
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7.1 Parameter values used in the simulations

Table 7.1 shows the parameter values of the models which were applied in the simulations.

The inflow oxygen tension (PO2) via the inlets, feeding precapillaries, were assumed to

be 50 mmHg (approximately, 70% oxyhemoglobin saturation) in the models according to

observations in the cortices [130, 137, 145, 154]. The number of vascular sources imposed

at the midpoint of vascular subsegments was equal to 889 and 2177 in Model 3 and Model

4, respectively. The tissue volume was discretized to 13764 and 37818 cubic meshes (tissue

elements) with the size of 10× 10× 10µm3 in Model 3 and Model 4, respectively.

Table 7.1: Parameter Values for Simulations in Model 3 and Model 4

Parameters values
Model 3 Model 4a

(2D network) (3D network)

Sample volume (mm3) 0.0138 0.0378

Number of tissue points 13764 37818

Spacing of tissue points (µm) 10 10

Number of capillary segments 237 492

Number of capillary subsegments
889 2177

(Number of vascular sources)

Mean distance of vascular sources (µm) 9.17 9.39

Inflow PO2 (mmHg) 50 50

Total blood inflow (cm3/s) 8.4 × 10−7 2.07 × 10−6

Krogh diffusion coefficient for oxygen
6 × 10−6 6 × 10−6

(cm3O2cm
−1s−1mmHg−1)

a The above parameters for simulations in the both cases of Model 4, T.3D.net and

S.3D.net were considered to be the identical values.

To investigate the effects of size of meshing (tissue elements) on the accuracy and efficiency

of the numerical computation presented here, tissue oxygen tensions (PO2) in a 3D simple

model with total tissue volume of 0.0044 mm3 was predicted using different discretization

sizes with the spacing of tissue points (Stp) of 5 µm, 8 µm, 10 µm, 16 µm, 27 µm and

34 µm. Relative changes in statistical data for the tissue PO2 estimated in the different

mesh sizes (spacing of tissue points) are shown in Fig. 7.1. In the simulations using the

discretization sizes less than Stp < 16µm, the discrepancy in the results can be ignored

(approximately 0.2%). Therefore, the numerical computation in Model 3 and Model 4 using

the spacing of the tissue points of 10 µm can be solved without introducing significant

errors in the resulting oxygen field.

The knowledge about blood flow to the brain is often presented in terms of perfusion.

The perfusion is obtained by the proportion of the volume flow rate of blood per tissue

volume. However, the perfusion of a small region of tissue is not equivalent to the perfusion
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Figure 7.1: The percentage of relative changes in tissue PO2 estimated in different discretization

sizes compared to the finest discretization size with Ntp = 32768 and Stp = 5µm (baseline) for a 3D

simple model with tisse volume of 0.0044 mm3. Ntp and Stp represent the number of tissue points

and the spacing of tissue points, respectively. Color bars from left to right: Discretization with Stp

of 8 µm (red), 10 µm (black), 16 µm (blue), 27 µm (green) and 34 µm (cyan) respectively.

of an entire tissue, unless the tissue region represents a complete pathway through the

microcirculation. There is a gradient in partial oxygen pressure (Po2) along flow pathways

through the microciculation, from an upstream region with the approximate value of

84 mmHg (corresponding to a oxyhemoglobin saturation of 91.5%) to the post-capillary

venules with the value of 40 mmHg (corresponding to a oxyhemoglobin saturation of

53.8%) [130, 145, 154]. In general, the blood flowing through a small region in the

downstream tissue actually supplies additional upstream tissue, and so the perfusion of

the small region overestimates actual perfusion. In this thesis, the models are related to

cerebral capillary networks and did not comprise a complete flow pathway in the cerebral

microvascular networks. The blood entering the models has already passed through vessel

segments lying upstream and supplying oxygen to the upstream tissue. After losing some

intravascular oxygen content, the blood is assumed to have a PO2 value of 50 mmHg

flowing into the cerebral capillary network (Model 3 and Model 4). The observations

suggest that the dimensions of the simulation region are approximately half the distance
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down the complete flow pathway in the microcirculation [92, 129]. Therefore, the upstream

region is assumed to be the same volume as the simulation region and the perfusion is

given by the ratio of blood flow to effective volume perfused which is double relative to the

simulated tissue volume.

7.2 Oxygen Transport in the Planar Network Model

The planar cortical capillary network (Model 3) is surrounded by a cuboid tissue volume.

The planar network is laid on the xy-plane (horizontal plane) in the middle of the vertical

z-axis of the cube volume (chapter 4). The tissue borders at the top and bottom of the

planar model (Model 3) are assumed to be 25 µm in height (a mean extra-vascular distance

in the range of physiological data [21, 13, 101]).

7.2.1 Tissue Oxygen Levels

Model 3 is simulated with respect to different oxygen demands, medium to high rate of

the maximum oxygen consumption (M0) in the tissue. The oxygen consumption rate is

assumed to be a variable parameter modelled as Michaelis-Menten kinetics in the tissue

field (chapter 5). In the model, the intensity of local oxygen tensions (PO2) influence the

rates of oxygen consumption in the relevant tissue. In this thesis, the all PO2 values are in

mmHg.

To better understand the different oxygen tension levels, the two parallel sides (x-y planes)

of the cerebral tissue to the planar vascular network are illustrated with respect to different

maximum oxygen consumption rates (Fig. 7.2 and Fig. 7.3). The two x-y planes are

considered to be in the distances of 5 µm and 25 µm from the planar capillary network.

The statistical quantities of tissue PO2 in the two x-y planes of 5-µm-distance and 25-

µm-distance are estimated to be 28.60 ± 0.235 µm (Mean±CV) and 20.98 ± 0.159 µm

(Mean±CV), respectively (Fig. 7.2). CV represents the coefficient variation (heterogeneity)

of the values which is obtained by STD/Mean, where STD and Mean stand for standard

deviation and mean of the pertinent values. Therefore, the tissue points in a further

distance from capillary sources exhibit a reduction in the mean value and heterogeneity of

the PO2 values compared with the relevant values for the tissue points in a closer distance

to capillary sources. A decrease in the rate of maximum oxygen consumption (M0) from 10

to 5 cm3O2/100cm3/min) leads an increase in mean value and a decrease in heterogeneity

(coefficient variation) of the tissue PO2 levels in the model (Fig. 7.2, Fig. 7.5).
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(a) A x-y plane of the tissue in the closest position (5-µm-distance) to the capillary network. Color bar

represents the tissue PO2 values and M0=10 cm3O2/100cm3/min.

(b) A x-y plane of the tissue in the furthest position (25-µm-distance) to the capillary network. Color bar

represents the tissue PO2 values and M0=10 cm3O2/100cm3/min.

Figure 7.2: The distribution of partial oxygen pressure (PO2) in two horizontal slides of the tissue

in Model 3 under a maximum oxygen consumption rate of 10 cm3O2/100cm3/min. The tortuous

black lines and red square points represent the capillary segments and the four inflows in Model 3,

respectively. (a) The closest parallel plane (5-µm-distance) to the planar network. The high oxygen

levels in the tissue close to the capillary segments (red tortuous lines) can be readily traceable. (b)

The furthest parallel plane (25-µm-distance) to the planar network with the less values of PO2 and

heterogeneity compared to the relevant values in (a).
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(a) A x-y plane of the tissue in the closest position (5-µm-distance) to the capillary network. Color bar

represents the tissue PO2 values and M0=5 cm3O2/100cm3/min.

(b) A x-y plane of the tissue in the furthest position (25-µm-distance) to the capillary network. Color bar

represents the tissue PO2 values and M0=5 cm3O2/100cm3/min.

Figure 7.3: The distribution of partial oxygen pressure (PO2) in two horizontal slides of the tissue

in Model 3 under a maximum oxygen consumption rate of 5 cm3O2/100cm3/min. The tortuous

black lines and red square points represent the capillary segments and the four inflows in Model 3,

respectively. (a) The closest parallel plane (5-µm-distance) to the planar network. The high oxygen

levels in the tissue close to the capillary segments (red tortuous lines) can be readily traceable. (b)

The furthest parallel plane (25-µm-distance) to the planar network with the less values of PO2 and

heterogeneity compared to the relevant values in (a).
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Table 7.2: Results for the diffusive oxygen in Model 4 under different maximum oxygen consumption

rates of 5, 10, 12 and 15 cm3O2/100cm3/min. The blood perfusion was equal to 182 cm3/(100g.min). STD

and Mean represents standard deviation and mean of the values. CV (STD/Mean) stands for coefficient

variation which can be represented as a parameter of heterogeneity. The hypoxic fraction represents the

percentage of tissue volume in the hypoxic state per total tissue volume in the model.

Parameters values
Model 3

Mean STD CV Max. Min. Hypoxic fraction

M0 = 5 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 35.95 3.00 0.083 45.89 27.73

0%
Intravascular PO2 (mmHg) 46.26 2.71 0.058 49.95 34.53

PO2 on capillary surfaces (mmHg) 44.22 2.69 0.061 48.72 30.71

Intravascular oxygen concentration 0.122 0.031 0.251 0.210 0.0022

Oxygen consumption rate (M) 4.864 0.011 0.002 4.89 4.8260

Total oxygen efflux (µm3/s) 1.1307 × 104

M0 = 10 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 24.36 5.95 0.244 43.69 5.86

0%
Intravascular PO2 (mmHg) 43.67 4.47 0.102 49.91 22.25

PO2 on capillary surfaces (mmHg) 38.97 5.43 0.139 47.50 12.98

Intravascular oxygen concentration 0.114 0.033 0.286 0.20 0.0019

Oxygen consumption rate (M) 9.579 0.126 0.013 9.78 8.5417

Total oxygen efflux (µm3/s) 2.1997 × 104

M0 = 12 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 19.73 6.91 0.350 42.53 0.85

0.015%
Intravascular PO2 (mmHg) 42.72 5.15 0.121 49.89 16.48

PO2 on capillary surfaces (mmHg) 37.02 6.44 0.174 47.04 7.95

Intravascular oxygen concentration 0.111 0.034 0.303 0.19 0.0018

Oxygen consumption rate (M) 11.321 0.416 0.037 11.72 5.4979

Total oxygen efflux (µm3/s) 2.5971 × 104

M0 = 15 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 13.63 7.81 0.573 40.89 0.01

2.921%
Intravascular PO2 (mmHg) 41.98 5.13 0.122 49.87 26.15

PO2 on capillary surfaces (mmHg) 33.87 8.98 0.265 46.42 0.02

Intravascular oxygen concentration 0.108 0.033 0.305 0.19 0.0017

Oxygen consumption rate (M) 13.335 1.962 0.147 14.64 0.0869

Total oxygen efflux (µm3/s)) 3.0526 × 104

The results of simulations for Model 3 in different rate of maximum oxygen consumption

(M0) were provided in Table 7.2. The results are related to the tissue PO2 and intravascular

oxygen concentration throughout the model. As M0 increases from 5 cm3O2/100cm3/min

to 15 cm3O2/100cm3/min, the PO2 levels of the tissue and the oxygen concentration into
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the capillaries are reduced such that the hypoxic state (oxygen deprivation) are predicted

in very small parts of the model under the high maximum oxygen consumption rates. The

hypoxic state occurs where tissue PO2 is estimated to be equal or below 1 mmHg. The

predicted hypoxic fraction represents the percentage of tissue volume in the hypoxic state

per total tissue volume in the model which is predicted to be 0.015% and 2.92% in M0

of 12 cm3O2/100cm3/min and 15 cm3O2/100cm3/min, respectively. Fig. 7.4 shows the

cumulative frequency distribution of PO2 (percentage) in the tissue in different oxygen

demands. For instance, the percentage of PO2 values less than or equal 30 mmHg in

the different oxygen demands of 5, 10, 12 and 15 are predicted to be 2%, 84%, 90% and

96%, respectively. The PO2 value in 50% of cumulative frequency distribution represent

the medium value of oxygen tension in the tissue. Inhancing demand for oxygen in the

tissue leads to a shift in the distribution to the left side and consequently, decreasing the

statistical values of PO2 in the tissue (Fig. 7.4).

To better illustrate the effects of the oxygen consumption rate on the tissue oxygen levels,

the statistical quantities of PO2 levels in the different simulations (M0 of 5, 10, 12 and

15 cm3O2/100cm3/min) are compared in Fig. 7.5. The bars in Fig. 7.5 represent the

relative change of the statistical values of tissue PO2 for the model in different M0 with

respect to the relevant values in M0 = 10 (baseline). Enhancing M0 from 10 to 12

Figure 7.4: Cumulative frequency distributions of tissue PO2 (mmHg) in different oxygen

demands (Model 3). From left to right: black, blue, green and red curved lines represent the

simulation under the maximum oxygen consumption rates of 15, 12, 10 and 5 cm3O2/100cm3/min,

respectively.

and 15 cm3O2/100cm3/min leads to a decrease in the mean value of tissue PO2 by 19%

and 44%, and an increase in the relevant coefficient variation (heterogeniety) by 43.5%

and 135%, repectively. The opposite trends are shown for a reduction in M0 from 10 to

5 cm3O2/100cm3/min which leads to a rise in the mean value of tissue PO2 by 47.6%,
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Figure 7.5: Percentage of relative changes of the tissue PO2 (statistical values) in the different oxy-

gen demands with respect to the relevant values under the oxygen demand of 10 cm3O2/100cm3/min.

Baseline represent the simulation in the oxygen demand of 10 cm3O2/100cm3/min. CV (STD/Mean)

stands for coefficient variation which can be represented as a parameter of heterogeneity. Left to

right: green, black and blue bar represents the simulation for M0 of 5, 12 and 15.

and a drop in the relevant coefficient variation (heterogeniety) by 65.8%, repectively.

7.2.2 The levels of Intravascular oxygen tension

The oxygen content of blood in the flow pathways is delivered to the tissue and leads to

a gradual reduction in the oxyhemoglobin saturation along the capillary segments in the

flow pathways from upstream (inlet flows) to downstream ( outlet flows). Table 7.2 shows

the statistical quantities for the oxygen tension into the capillary segments in Model 3.

The oxygen concentration and mean value of PO2 into the capillary segments drop as the

maximum oxygen consumption rates increase in the model. The total oxygen delivery to

the tissue increases as a rise in the oxygen demand in the model i.e. the oxygen delivery of

1.1307× 104 to 3.0526× 104 µm3/s as an increase in the maximum oxygen consumption

rate of 5 to 15 cm3O2/100cm3/min, respectively.

Fig 7.6 shows the longitudinal gradients of intravascular PO2 along the flow pathways.

These flow pathways are associated with an outlet point of Model 3 in different oxygen

demands. Each flow pathway is composed of several capillary segments and each segment

consists of several subsegments (Chapter 5). In the flow pathway, the PO2 value changes
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as the blood flows from the inlet (upstream segment) with PO2 inflow of 50 mmHg to the

outlet (downstream segment) with a PO2 outflow (red circles and red stars). The black and

Figure 7.6: Longitudinal gradients of intravascular oxygen tension (PO2) along the flow pathways

associated with an outlet point of Model 3. The black and green curved lines represent the simulation

in two different oxygen demands, 10 and 15 cm3O2/100cm3/min, respectively. In each case of

the oxygen demands, two levels of outlet PO2 values are related to the two capillary segments

connected to the outlet point (4 red circle or red star points with the high level of PO2 and 4 red

circle or red star points with low level of PO2).

green curved lines represent the relevant values in the two different oxygen demands (M0)

of 10 and 15, respectively. The two levels of oxygen tension in red circles (for M0 = 10)

and red stars (for M0 = 15) are related to the PO2 of the outlet segments derived from

different pathways. Each of the outlet segments are fed via 4 different flow pathways with

different lengths (4 red circles and red stars showed in side by side). In some points in

the ending sides of the flow pathways, an increase in PO2 value is predicted which can be

due to adding blood and consequently oxygen content via reconnecting vessels into the

flow pathways. Enhancing the oxygen demand from 10 to 15, the total oxygen deliveries

from the flow pathways and consequently, the gradients of intravascular PO2 along the

flow pathways increase in the model (black and green curved lines in Fig 7.6).
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7.2.3 Changes in Local Inflows (A blocked-Inlet Flow)

To investigate the changes in the oxygen levels of the tissue caused by decreasing the

local inflow rate, Model 3 was simulated for two cases of semi-blocking and blocking a

feeding arteriole in the upstream of the model (inlet flow). The simulations in two cases

are computed under the oxygen demand of 10 cm3O2/100cm3/min. All conditions are

assumed to be the same that in the normal simulation. In the semi-blocked inflow, the

upper branch of one of feeding small arterioles was blocked which led to a percentage

reduction of 6% in the total blood inflow in the model (Fig. 7.7a). A completely blocked

inlet flow are simulated by blocking both branches of the feeding arteriole in the model

(Fig. 7.7b). In this case, approximetely 11% reduction in the total inflow rate was exhibited

in the model.

Fig. 7.7 and Fig. 7.8 represent the plane of tissue (x-y plane) in 5-µm-distance (a relative

close distance) and 25-µm-distance (a relative far distance) from the planar capillary

network, respectively, as mentioned in the previous section. The values of colorbars

represent the PO2 value in the blocked and semi-blocked case minus the PO2 value in the

normal case. There are significant differences in the oxygen tension values close to the

blocked vessels. The size of area with oxygen deficit in the downstream of the blocked

vessels depends on the architecture of the pertinent flow pathways and the size of area

covered by them in the network. If the blocked flow pathways have successive bifurcations

(not any rconnecting vessel from other feeding branches), a lack of oxygen content will lead

to a significant oxygen deficit in the area close to the pertinent outlet flows in the model

(the bottom area in the blocked case in Fig 7.7b). In the plane of tissue with a relative

far position from the capillary network (25-µm-distance), the discrepancy of the oxygen

tension in normal and blocked-inflow simulations (contour bars) are appeared in the less

values compared to the corresponding values in the x-y plane (5-µm-distance) close to the

planar capillary network (Figs. 7.7 & 7.8).

There are an increase in the tissue PO2 in a very small area close to the blocked vessel in

both cases of semi and complete blocked inflow (red area in Fig. 7.7 and Fig. 7.8). Blocking

the upper branch of a feeding arteriole leads to an increase in the inflow relating to the

lower arteriole branch and consequently, an increase in the flow rates and oxygen delivery

in the red area. In blocking both sides of arteriole branch, due to changes in the flow

direction and supplying the red area by the neighbouring feeding vessel, the flow rates and

consequently oxygen efflux in the red area increased.

The semi-blocked and complete-blocked inflow leads to a reduction (> 1 mmHg) in the

value of PO2 in approximately 13% and 40% of the tissue in the model, respectively.
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(a) One blocked inflow (Semi-blocked)

(b) Two blocked inflows (Complete-blocked)

Figure 7.7: The discrepancies of the tissue PO2 between blocked (cross mark) and normal inflow.

color bar shows the values of ∆PO2 in the x-y plane of the tissue (PO2(Blocked) − PO2(normal)).

The contour plots are related to a horizontal tissue plane with a relative close distance to the planar

capillary network (5-µm-distance). Figure (a) and (b) represents contour plots of ∆PO2 levels for

one and two blocked inlet flow (Semi-blocked and complete-blocked), respectively.

However, the significant reductions (> 5 mmHg) is predicted in approximately 2% and

10% of the tissue for the semi-blocked and complete-blocked inflow, respectively (Fig. 7.9).

In the case of the complete-blocked inflow, the intensity of reductions in tissue PO2 are
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(a) One blocked inflow (Semi-blocked)

(b) Two blocked inflows (Complete-blocked)

Figure 7.8: The discrepancies of the tissue PO2 between blocked (cross mark) and normal inflow.

color bar shows the values of ∆PO2 in the x-y plane of the tissue (PO2(Blocked) − PO2(normal)).

The contour plots are related to a horizontal tissue plane with a relative far distance from the

planar capillary network (30-µm-distance). Figure (a) and (b) represents contour plots of ∆PO2

levels for one and two blocked inlet flow (Semi-blocked and complete-blocked), respectively.

approximately more than twice that compared to the relevant reductions in the semi-blocked

case (Fig. 7.9).
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Figure 7.9: Cumulative frequency distribution of discrepancy in the oxygen tension between the

complete-blocked inflow and normal simulation (solid line), and the semi-blocked inflow and the

normal simulation (dashed line) (∆PO2 = PO2(Blocked) − PO2(Unblocked)). Both lines, solid and

dashed line, are related to the x-y plane of the tissue in 25-µm-distance.

7.3 Oxygen Transport in the 3D network Model

Model 4 consists of 492 capillary segments which connected to each other in 3D structure.

The structure and topology of the capillary segments in a 3D model already described in

chapter 4. The relevant morphometric and parameter values are consistent with observations

on the cortex (Section 4.3.3). The borders of tissue in the model are considered irregular

(not cube-shaped) such that all border tissue points lying within a distance less than 25µm

to the border vascular network.

7.3.1 Simulation for varying Oxygen Consumption Rates

The cerebral capillary networks in the cortex are responsible for supplying adequate oxygen

into the local cortical tissue. The oxygen demands of the cerebral tissue can be different from

low to high intensity for different neuronal activities. To investigate the effects of different

oxygen demands on the cortical capillary network, the model was simulated using different

rate of maximum oxygen consumption rates (M0) of 5−17 cm3O2/100cm3/min. The oxygen

demands between 4−11 cm3O2/100cm3/min are consistent with the physiological range in

the cortex with respect to different cases of neuronal activities [151, 150, 129]. The relatively

dense vasculature in the model presented here can correspond to a higher-than-average
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metabolic demand with M0 = 10 cm3O2/100cm3/min in the control state (perfusion of

160 cm3/(100g.min)). The higher oxygen demands are used to better understand the

functions of cerebral capillary networks in very high oxygen consumption rates and assessing

hypoxia in the model. The inflow in the model is computed to be approximately 126

nl/min which corresponds to the blood perfusion (CBF) of 160 cm3/(100g.min) (Table 6.6

and section 7.1).

The results of simulations in Model 4 in different cases of maximum oxygen consumption

rate (M0) are provided in Table 7.3. The results consist of the estimated oxygen content

into the capillary network and the tissue field in the model. As M0 increases from 5 to

17 cm3O2/100cm3/min, the PO2 levels of the tissue and the oxygen concentration into the

capillaries are reduced such that the hypoxic state (oxygen deprivation) are predicted in

very small parts of the model under the high maximum oxygen consumption rates (M0 of 15

and 17). As already mentioned in section 7.2.1 for Model 3, the predicted hypoxic fraction

in the model was based on tissue PO2 equal or below 1 mmHg which was estimated to be

7% and 12.75% for M0 of 15 and 17 cm3O2/100cm3/min, respectively. According to the

mass conservation law in the model, the total oxygen delivery to the tissue is equal to the

discrepancy between the oxygen content (rate of convective oxygen transport) in the inlet

and outlet flows.

Fig. 7.10 shows the relative changes in the mean tissue PO2 for different oxygen demands

relative to the value of the control state (M0 = 10 cm3O2/100cm3/min). A 60% decrease

in the oxygen demand (10 to 4) leads to a remarkable increase in the mean value of tissue

oxygen tension and a decrease in the relevant heterogeneity (CV) by more than 75%. The

parameter of heterogeneity is measured by CV (coefficient variation), which is calculated

by standard deviation over mean value. A 70% increase in the oxygen demand (10 to 17)

led to an approximately 50% relative decrease in the mean value with more than 100%

relative increase in the heterogeneity (coefficient variation) of the tissue oxygen tension.

The relative changes in the oxygen tension caused by increasing the oxygen demand is

shown less than the relative changes by decreasing oxygen demand in the model. The

reason can be derived from using a dynamic state for consumption of oxygen by the tissue

(Michaelis-Menten kinetics) in the model. The functional change in the oxygen consumption

rate (M) is dependent on the tissue PO2 such that M(P ) = M0P/(P + Pcr) (Chapter 5).

P and Pcr represents tissue PO2 and the Michaelis-Menten constant, respectively. M0 is

assumed to be constant throughout the tissue and represents maximum rate of oxygen

consumption.

Fig. 7.11 shows the changes in the mean value of oxygen consumption rate (M) in the

tissue relative to the oxygen demand or maximum oxygen consumption rate (M0). As
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Table 7.3: Results for the diffusive oxygen in Model 4 under different maximum oxygen consumption rates

of 5, 10, 15 and 17 cm3O2/100cm3/min. The blood perfusion (CBF) was equal to 160 cm3/(100g.min).

STD and Mean represents standard deviation and mean of the values. CV (STD/Mean) stands for coefficient

variation which can be represented as a parameter of heterogeneity. The hypoxic fraction represents the

percentage of tissue volume in the hypoxic state per total tissue volume in the model.

Parameters values
Model 3

Mean STD CV Max. Min. Hypoxic fraction

M0 = 5 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 33.41 4.18 0.125 49.28 23.71

0%
Intravascular PO2 (mmHg) 46.44 2.53 0.055 49.94 36.51

PO2 on capillary surfaces (mmHg) 43.91 2.79 0.064 49.16 30.84

Intravascular oxygen concentration 0.123 0.024 0.195 0.18 0.0442

Oxygen consumption rate (M) 4.853 0.018 0.004 4.90 4.7976

Total oxygen efflux (µm3/s) 3.0858 × 104

M0 = 10 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 20.54 7.92 0.385 49.16 3.15

0%
Intravascular PO2 (mmHg) 43.68 4.26 0.098 49.88 30.74

PO2 on capillary surfaces (mmHg) 38.49 5.69 0.148 48.34 9.10

Intravascular oxygen concentration 0.114 0.027 0.234 0.17 0.0338

Oxygen consumption rate (M) 9.455 0.256 0.027 9.80 7.5911

Total oxygen efflux (µm3/s) 5.9597 × 104

M0 = 15 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 11.56 8.94 0.774 48.95 0.01

7%
Intravascular PO2 (mmHg) 42.11 4.95 0.118 49.83 26.75

PO2 on capillary surfaces (mmHg) 33.98 8.84 0.260 47.66 0.03

Intravascular oxygen concentration 0.109 0.028 0.255 0.17 0.0364

Oxygen consumption rate (M) 12.545 2.629 0.210 14.70 0.1082

Total oxygen efflux (µm3/s) 7.8781 × 104

M0 = 17 cm3O2/100cm3/min

PO2 in the tissue field (mmHg) 9.76 8.69 0.890 48.86 0

12.75%
Intravascular PO2 (mmHg) 41.71 5.12 0.123 49.82 25.88

PO2 on capillary surfaces (mmHg) 32.86 9.35 0.285 47.23 0.01

Intravascular oxygen concentration 0.108 0.028 0.262 0.17 0.0351

Oxygen consumption rate (M) 13.358 13.358 0.282 16.66 0.0176

Total oxygen efflux (µm3/s) 8.3310 × 104

M0 decreases from 10 to 4, discrepancies between the actual oxygen consumption rate

and M0 gradually reduced. Although an increase in M0 from the control state (M0 = 10)

to 17 leads a remarkable change in M relative to M0 by approximately 22%. The mean

consumption rate in the cases of different oxygen demands, 5, 10 (control state) and 17
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Figure 7.10: Changes in the mean value and coefficient variation (CV) of tissue PO2 in different

cases of M0 equal to 5, 7, 8, 13 and 17 cm3O2/100cm3/min relative to the control state, M0 = 10

(baseline). M0 represents maximum oxygen consumption rate in the model.

is calculated to be 4.853, 9.455 and 13.358 cm3O2/100cm3/min, respectively (Table 7.3).

Therefore, the relative change in the tissue PO2 caused by enhancing M0 = 10 to M0 = 17

might be less than the relevant change caused by reducing M0 = 10 to M0 = 5 in the

model (Fig. 7.10).

Figure 7.11: Changes in the mean value of oxygen consumption rate relative to the pertinent

oxygen demand or maximum oxygen consumption rate (M0).

Fig 7.12 shows the cumulative frequency distribution of the tissue oxygen tensions (per-

centage) in different cases of the oxygen demands. The PO2 values in 50% of cumulative
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Figure 7.12: Cumulative frequency distributions of tissue PO2 (mmHg) in different oxygen

demands (Model 4). From left to right: curved lines represent the simulation under the maximum

oxygen consumption rates of 17, 15, 13, 10, 8, 7, 5 and 4 cm3O2/100cm3/min, respectively. The

black double-arrow in top and bottom represents the changes of the level of tissue PO2 in M0 of 5

to 17 cm3O2/100cm3/min with cumulative frequency of 80% and 20%, respectively.

frequency distribution represent the medium values of oxygen tension in the tissue. In-

hancing demand for oxygen in the tissue leads to a shift in the distribution to the left side

and consequently, decreasing the values of PO2 in the tissue. For high metabolic demand

(oxygen consumption rate), the cumulative frequency functions deviates from clasical

sigmoided shape, indicating a significant non-linear interaction between metobolic demand

and tissue PO2. The perpendicular axis in Fig 7.12 can also represent the volume fraction

of tissue in the model. As M0 increases from 4 to 17 cm3O2/100cm3/min, in 20% and

80% volume fraction of the tissue, the reduction of PO2 are predicted to be approximately

larger or equal to 31 mmHg and larger or equal to 22 mmHg, respectively (two double

arrows in Fig 7.12). Therefore, there is a non-uniformity in the global decrease of PO2

in the tissue field which can be caused by the heterogeniety in the spatial distribution of

capillaris (sources) in the model. Some tissue points are close to several capillary sources

and some of them are located in the regions far from the capillary sources (Figs. 7.13 &

7.14).

To better illustrate the heterogeneous distribution of tissue PO2 in the complex capillary

network, the several planes of the tissue in different directions are shown in Fig. 7.13

and Fig. 7.14. The levels of oxygen tension in the tissue can be compared in the two

different oxygen demands, 5 and 10 cm3O2/100cm3/min. In order to have a better

comparison, the color bars in the all cases are the same. The highest values of PO2
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(a) Maximum oxygen consumption rate (M0)=10 cm3O2/100cm3/min

(b) Maximum oxygen consumption rate (M0)=5 cm3O2/100cm3/min

Figure 7.13: The distribution of partial oxygen pressure (oxygen tension) of the tissue presented

in four slides perpendicular to the x axis with respect to the two values of maximum oxygen

consumption rate by the tissue, 10 cm3O2/100cm3/min (a) and 5 cm3O2/100cm3/min (b).
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(a) Maximum oxygen consumption rate (M0)=10 cm3O2/100cm3/min

(b) Maximum oxygen consumption rate (M0)=5 cm3O2/100cm3/min

Figure 7.14: The distribution of partial oxygen pressure (oxygen tension) of the tissue presented

in three slides perpendicular to the z axis with respect to the two values of maximum oxygen

consumption rate by the tissue, 10 cm3O2/100cm3/min (a) and 5 cm3O2/100cm3/min (b).
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Figure 7.15: The distribution of partial oxygen pressure (PO2) of the tissue presented in three

slides perpendicular to the x and z axis in the maximum oxygen consumption rate (M0) of

17 cm3O2/100cm3/min (Model 4). The circular points represent the tissue points under hypoxia

(PO2 ≤ 1 mmHg), The hypoxic regions approximately occupied 13% of the total tissue points in

the model (hypoxic fraction).
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corresponds to the tissue points in the closest area to the cross-section of capillaries (dark

red points). As the distances of tissue points from the capillaries increase, the levels

of diffusive oxygen gradually reduce. The more heterogeneities (coefficient variation) in

PO2 are readily recognized in the model under maximum oxygen consumption rate of

10 cm3O2/100cm3/min.

Acute hypoxia can occur in the some regions of cerebral capillary networks due to the lack

of adequate blood supply and oxygen content in the cerebral tissue which can be caused

by some weaknesses in the local blood regulation or a local high oxygen demand. In order

to investigating acute hypoxia, the model is simulated in two high ranges of maximum

oxygen consumption rates, 15 and 17 cm3O2/100cm3/min (Table 7.3). Fig. 7.15 shows

the heterogeneous distribution of tissue oxygen tension in high maximum consumption

rate of 17. The reduction in the levels of tissue PO2 can be readily recognized in Fig. 7.15

compared to Fig. 7.13 and Fig. 7.14. The mean value of oxygen tension is equal to 9.76

mmHg with the high coefficient variation of 0.890 (high heterogeneity) and approximately

13% hypoxic fraction. As already mentioned, the hypoxic fraction represents the percentage

of tissue volume in the hypoxic state per total tissue volume in the model. The most of

hypoxic regions are occurred in the tissue points close to the boundaries in the model

(circular points). This behaviour is expectable due to the lack of capillary sources in the

regions relatively close to the boundaries.

7.3.2 The levels of Intravascular oxygen tension

Due to diffusion of oxygen content to the tissue along the capillaries, there are longitudinal

gradients of oxygen tension into the capillary segments and consequently, in the flow

pathways from upstream (inlet flows) to downstream (outlet flows). The oxygen gradients

into the capillary segments depend on the magnitude of the blood inflow in the capillaries,

local oxygen consumption in the tissue and the intravascular resistance to oxygen transport.

Therefore, the spatial gradients of PO2 in the flow pathways containing the different

capillary segments can be variant. Fig 7.16 shows the longitudinal gradients of intravascular

PO2 along the flow pathways. These flow pathways are associated with an outlet point of

Model 4 (out of 24 outlet flows) in two different oxygen demands. Each flow pathway is

composed of several capillary segments and each segment consists of several subsegments.

The horizontal axis represent the length of flow pathways from upstream (inlet flow) to

downstream (outlet flow). The black and green lines represent the oxygen tension gradients

in the different oxygen demands of 10 and 15 cm3O2/100cm3/min in the model. The

outlet point is a consequence of the connection of two ending capillary segments. At the

beginning of all flow pathways, the oxygen tensions were assumed to be 50 mmHg (the
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Figure 7.16: Longitudinal gradients of intravascular oxygen tension (PO2) along the flow pathways

associated with an outlet point of 3D model (Model 4). The black and green curved lines represent

the simulation in two different oxygen demands, 10 and 15 cm3O2/100cm3/min, respectively. In

each case of the oxygen demands, two levels of outlet PO2 values are related to the two capillary

segments connected to the outlet point (3 red circle or red star points with the high level of PO2

and 2 red circle or red star points with low level of PO2).

input value for the model) which is consistent with the oxygen tension at the beginning of

the cerebral capillary networks. There are 5 flow pathways from upstream to the outlet

point, 3 of them (PO2 of 39 mmHg in the outlet) belong to a capillary segment and

2 of them (PO2 of 31 mmHg in the outlet) belong to another capillary segment of the

outlet point. The flow pathways in the figure consist of different lengths, approximately in

the range of 290–410 µm which are consistent with observations in the brain cortex [69]

(Fig 7.16).

The dashed circle shows the PO2 drop in a long capillary segment containing 16 subsegments.

At some points at nearly the end of the pathways, PO2 suddenly increases caused by joining

secondary feeding capillaries to the pathway. There are reductions in the oxygen tensions

along the flow pathways in the higher oxygen demands (15 cm3O2/100cm3/min) relative

to the lower one due to increases in the magnitude of lost oxygen from each capillary

segment. In the figure, the mean value of outlet points in the oxygen demand of 10 and 15

are predicted to be 38.16 mmHg (circular points) and 33.37 mmHg (star points).
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7.3.3 The Effects of Tortuosity in the Model

To investigate the effects of tortuosity in oxygen transport, Model 4 with tortuous capillary

segments (T.3Dnet) is compared to an identical realization in which the capillary segments

are considered as straight segments (S.3Dnet) (chapter 4). The architecture and topology

of the Model 4 in two cases are identical. The tortuosity of the capillary network leads to

an extension of approximate 13% in the total length in Model 4 (T.3Dnet and S.3Dnet in

Table 4.1), and hence an increase in the hydrodynamic resistance and a decrease in the

blood flow throughout the network model. Therefore, the arterio-venous pressure difference

(input for the model) is reduced by approximately 5% in order to maintain constant blood

flow. Since the nonlinearities in the flow model do not depend on the magnitude of the

blood velocity, adjusting the total flow (either directly or via the pressure gradient) does

not change the pattern of flow distribution in the network.

Figure 7.17: Relative frequency distribution of the tissue PO2 in the two cases of tortuous (black

solid line) and straight (red dashed line) capillary segments.

Fig 7.17 shows the effects of tortuosity in the distribution of tissue oxygen tension in

the model. The solid black and dashed red curved line represent the relative frequency

distribution of tissue PO2 in both cases of tortuous and non-tortuous (straight) capillary

network, respectively. Approximately 13% increase in the length density (tortuosity)

leads to an increase in the surface of capillary exchange per volume from 8.24 to 9.32

mm2/mm3 (Table 4.1), and consequently an increase in the diffusive oxygen in the tissue

field by approximate 10%. The mean value of the tissue oxygen tension is estimated to be

18.80±0.42 (Mean±CV) and 20.54±0.39 (Mean±CV) in the non-tortuosity and tortuosity
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case, respectively (Fig. 7.16). A relative reduction of heterogeneity (coefficient variation)

in the tortuosity case (approximately 8%) is as a consequence of a relative decrease in the

mean extra-vascular distance from 27.71 µm (non-tortuosity) to 26.02 µm (tortuosity).

7.3.4 Simulation in Different Blood Perfusion rates

To examine effects of varying perfusion on PO2 distribution in the oxygen-consuming tissue,

Model 4 with different perfusion rates is considered. All conditions in Model 4 (in different

perfusion) are assumed to be identical apart from the imposition of different inflows by

changing the initial values for blood pressure drops in the model. The maximum oxygen

consumption rate (M0) is assumed to be equal to 10 cm3O2/100cm3/min for all simula-

tions. Model 4 with perfusion (CBF ) of 160 cm3/(100g.min) and the maximum oxygen

consumption rate of 10 cm3O2/100cm3/min is assumed as a control state (section 7.3.1).

To better compare, the different perfusion used in the model are two higher perfusion rates

(240 and 200 cm3/(100g.min)) and two lower perfusion rates (120, 80 cm3/(100g.min))

relative to the control state of 160 cm3/(100g.min).

The results relating to the oxygen transport in Model 4 with different perfusion rates

are provided in Table 7.4. By increasing the perfusion from the 160 (control state) to

240 cm3/(100g.min), the mean value of tissue PO2 increased by approximate 10% whereas

the effect of reducing flow on the oxygen transport in the tissue led to an significant relative

reduction in the PO2 by 25% (Fig. 7.18). The inverse trend is shown in the coefficient

variations (heterogeneities) relating to the different perfusion. Reducing the perfusion leads

to a decrease in PO2 levels in some regions and consequently, the heterogeneity of the

oxygen field increases in the model. The maximim relative change in the heterogenity is

related to the perfusion of 80 cm3/(100g.min) by the approximate 48%.

The minimum value of tissue PO2 is reduced by 4.1 mmHg to 0.16 mmHg as perfusion

is declined by 200 to 80 cm3/(100g.min) (Table 7.4). The lack of adequate oxygen

supply for some small tissue regions in the lowest perfusion (80 cm3/(100g.min)) leads

to the occurrence of hypoxia (PO2 ≤ 1 mmHg) within the model by hypoxic fraction of

approximate 0.7%. The mean intravascular PO2 is reduced from 46.44 to 41.71 mmHg as

the perfusion is dropped from 200 to 80 cm3/(100g.min) within the model.

Fig. 7.19 shows the cumulative frequency distribution of the tissue oxygen tensions (percent-

age) in varying perfusion rates. The PO2 values in 50% of cumulative frequency distribution

represent the medium values of oxygen tension in the tissue. Reducing blood perfusion

rate in the model leads to a shift in the distribution to the left side and consequently,
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Table 7.4: Results for the diffusive oxygen in Model 4 under different perfusion (CBF) of 80, 120, 160 and

200 cm3/(100g.min). The maximum oxygen consumption rates of 10 cm3O2/100cm3/min was imposed in

the model. STD and Mean represents standard deviation and mean of the values. CV (STD/Mean) stands

for coefficient variation which can be represented as a parameter of heterogeneity. The hypoxic fraction

represents the percentage of tissue volume in the hypoxic state per total tissue volume in the model.

Parameters values
Model 3

Mean STD CV Max. Min. Hypoxic fraction

CBF = 200 cm3/100g/min

PO2 in the tissue field (mmHg) 21.49 7.76 0.361 49.25 4.01

0%
Intravascular PO2 (mmHg) 44.72 3.66 0.082 49.91 33.48

PO2 on capillary surfaces (mmHg) 39.58 5.02 0.127 48.50 10.35

Intravascular oxygen concentration 0.118 0.026 0.218 0.17 0.0382

Oxygen consumption rate (M) 9.490 0.213 0.022 9.8 8.0

Total oxygen efflux (µm3/s) 5.9967 × 104

CBF = 160 cm3/100g/min

PO2 in the tissue field (mmHg) 20.54 7.92 0.385 49.16 3.15

0%
Intravascular PO2 (mmHg) 43.68 4.26 0.098 49.88 30.74

PO2 on capillary surfaces (mmHg) 38.49 5.69 0.148 48.34 9.10

Intravascular oxygen concentration 0.114 0.027 0.234 0.17 0.0338

Oxygen consumption rate (M) 9.455 0.256 0.027 9.8 7.59

Total oxygen efflux (µm3/s) 5.9597 × 104

CBF = 120 cm3/100g/min

PO2 in the tissue field (mmHg) 18.57 8.33 0.449 49.01 1.5

0%
Intravascular PO2 (mmHg) 42.22 4.93 0.117 49.84 27.06

PO2 on capillary surfaces (mmHg) 36.17 7.79 0.215 48.04 1.33

Intravascular oxygen concentration 0.109 0.028 0.254 0.17 0.037

Oxygen consumption rate (M) 9.350 0.425 0.045 9.80 4.42

Total oxygen efflux (µm3/s) 5.8906 × 104

CBF = 80 cm3/100g/min

PO2 in the tissue field (mmHg) 15.26 8.68 0.569 48.69 0.16

0.706%
Intravascular PO2 (mmHg) 39.49 6.28 0.159 49.75 17.47

PO2 on capillary surfaces (mmHg) 32.26 9.95 0.309 47.18 0.46

Intravascular oxygen concentration 0.10 0.031 0.306 0.16 0.0154

Oxygen consumption rate (M) 9.07 0.827 0.091 9.80 1.40

Total oxygen efflux (µm3/s) 5.7409 × 104

decreasing the values of PO2 in the tissue. The perpendicular axis in Fig. 7.19 can also

represent the volume fraction of tissue in the model. As perfusion rate decreases from

240 to 80 cm3/(100g.min), the double-arrows in the two volume fraction of tissue, 20%

and 80% shows the different reductions in the tissue PO2 by 74% and 24%, respectively.
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Figure 7.18: Relative changes of the statistical data in the tissue PO2 within Model 4 with varying

perfusion. Left to right bar: the changes in perfusion of 240, 200, 120 and 80 cm3/(100g.min)

relative to the baseline (control state).

Hence, there is a non-uniformity in the global decrease of PO2 in the tissue field which

can be caused by the heterogeniety in the spatial distribution of capillaris (sources) in the

model (Similar to the non-uniform trend showed in Fig. 7.12). Fig. 7.19 clearly shows that

reducing perfusion relative to the control state (CBF = 160) leads to a more significant

effects on the oxygen distribution in the tissue field compared to enhancing perfusion

relative to the control state (black curved-line).

As already mentioned, the functional change in the oxygen consumption rate (M ) is

dependent on the tissue PO2 such that M(P ) = M0P/(P + Pcr) (chapter 5 and sec-

tion 7.3.1). There are changes in the mean oxygen consumption rates of the tissue relative

to the imposition of oxygen demand of 10 cm3O2/100cm3/min (M0) in varying perfusion

rates (Fig 7.20). The maximum relative reduction is related to the minimum perfusion,

80 cm3/(100g.min) by approximate 9%. Therefore, if the values of all oxygen consumption

rates (M) in the varying perfusion were adjusted to be identical, relative changes in the

tissue PO2 in Fig. 7.18 would be predicted more than the values presented in Fig. 7.18.

To better assess the functional relation of the oxygen transport against the different

perfusion, the mean value of consumption rate (M) in all different perfusion are ad-

justed to be equal to the mean value of oxygen consumption rate in the control state

(9.46 cm3O2/100cm3/min). To achieve this, M0 in the different perfusion of 80, 120, 200
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Figure 7.19: Cumulative frequency distributions of tissue PO2 (mmHg) in Model 4 with dif-

ferent perfusion (CBF). M0 = 10 cm3O2/100cm3/min for all cases of the perfusion. From left

to right: curved lines represent the simulation under the perfusion of 80, 120, 160, 200 and

240 cm3/(100g.min), respectively. The black double-arrow in top and bottom represents the

changes of the level of tissue PO2 in CBF of 80 to 240 cm3/(100g.min) which correspond to the

cumulative frequency of 80% and 20%, respectively.

Figure 7.20: Changes in the mean value of oxygen consumption rate relative to the oxygen

demand (M0) of 10 cm3O2/100cm3/min in different perfusion. The control state is related to the

simulation of the model in CBF of 160 cm3/(100g.min).

and 240 are assumed to be 10.6, 10.2, 10 and 9.9 cm3O2/100cm3/min.

Fig. 7.21 shows the quadratic polynomial fitting line (red line) of the estimated data in

the different perfusion rates. The percentage of changes relative to the control state are

considered in the horizontal axis. The changes of -50%, -25%, 25% and 50% correspond to
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the perfusion of 80, 120, 200 and 240 cm3/(100g.min). There is a nonlinear relationship

between the resultant oxygen transport and varying perfusion in the model. This nonlinear

correlation is caused by the nonlinear functional changes of oxygen extraction fraction

(OEF ) in varying perfusion rates [18, 150] which is discussed in section 7.3.7. In a

Figure 7.21: The percentage of changes in the tissue PO2 against changes in the consumption

rate (for black fitting line) and against changes in the perfusion (red quadratic polynomial fitting

line). The black and red solid points correspond to the estimated data derived from the simulations

in the different consumption rate with respect to the perfusion of 160 cm3/(100g.min) (control

state) and the simulations in the different perfusion with respect to the oxygen consumption rate of

control state, respectively.

comparison, the estimated data derived from the simulations in the different consumption

rates for the model with the perfusion of 160 cm3/(100g.min) (section 7.3.1) is shown in

Fig. 7.21 (black line). For the black fitting line, the percentage of changes in the horizontal

axis represent the percentage of changes in the mean value of oxygen consumption rate

(M) relative to the mean value of oxygen consumption rate in the control state. In the

opposite trend of the red line (simulations in different perfusion), the behavior of changes

in the tissue PO2 against the imposition of different consumption rates in the model is

relatively predicted linear type (black line). The relative changes in the consumption rate

can influence the oxygen transport to the tissue much more remarkable compared to the

relative change in the perfusion in the model. These behaviors in the model are consistent

with the mathematical models which provide a basis for the quantitative interpretation

of functional magnatic resonance imaging (fMRI) studies in terms of changes in local

perfusion [18, 150]. The functional reactivities of the model to the varying perfusion and

Flow-Metabolism coupling will be analyzed in further details in section 7.3.7.
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7.3.5 Tissue Oxygen Tension in the Case of Blocked-Inlet Flow

In the previous section, It was assumed that the imposition of different perfusion values in

Model 4 were as a consequence of reducing/enhancing the flow rate coming from a feeding

arteriole in the upstream of all inlet flows relating to Model 4. Hence, there were relative

changes in all inlet inflows of the model as changes in the perfusion value in the upstream.

In this section, a relative reduction in perfusion is limited to an inlet flow in the model in

order to investigating the effects of a local blocked-inlet flow in the precapillary-level on

the tissue PO2.

The simulation in the case of blocked inflow is computed in the oxygen demand of

10 cm3O2/100cm3/min. All conditions in the simulation are assumed to be the same

as the simulation in control state (normal perfusion). In the blocked-inflow simulation,

an inlet flow (out of 12 inlet flows in the precapillary-levels) is blocked which leads to a

percentage reduction of 7% in the total blood inflow in the model.

Fig 7.22 shows the effects of the blocked-inflow (cross-mark) in the tissue PO2 in Model

4. The sub-figures of A, B and C correspond to the levels of oxygen tensions in three

horizontal plane (x-y plane) of the tissue with the distances of 10 µm, 60 µm and 110 µm

from the blocked infow. In order to have a better comparison, the color bars in the all

sub-figures are considered to be the same. The values of colorbars represent the tissue PO2

value in the blocked inflow case minus the tissue PO2 value in the normal case (∆PO2). As

the distance of the tissue PO2 plane from the blocked-inflow increases, the pertinent effects

and ∆PO2 values are reduced (from sub-figure (A) to sub-figure (C)). The mean values

of ∆PO2 are predicted to be -4.42 mmHg, -1.23 mmHg and -0.41 mmHg in three x-y

planes of the tissue with the distances of 10 µm (tissue plane A), 60 µm (tissue plane B)

and 110 µm (tissue plane C) from the blocked-inlet flow, respectively. There are significant

reductions in the oxygen tension values close to the blocked vessels in tissue plane A.

Fig. 7.23 shows the cumulative frequency distribution of ∆PO2 in three different x-y planes

(horizontal plane) of tissue (A, B and C with 10, 60 and 110-µm-distance from the blocked

inlet). The significant and insignificant effects on the closest (red line-A) and furthest

(green line-C) tissue points to the blocked-inflow are clearly demonstrated in Fig 7.23. The

blocked-inflow leads to a decrease in the tissue PO2 values belonging to approximate 71%,

56% and 53% of the areas of the horizontal plane of A, B and C, respectively. The area

fraction for a significant reduction (more than 2 mmHg) are approximately predicted to

be 32%, 20% and 8% in horizontal plane A, B and C, respectively. There is no reduction

more than 4 mmHg and 14 mmHg in horizontal tissue plane C and B, respectively,

whereas the tissue PO2 in 7% area fraction of horizontal plane A (closest tissue surface to
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Figure 7.22: The discrepancies of the tissue PO2 between two simulations of the blocked (cross

mark) and normal inflow. Color bar shows the values of ∆PO2 in the tissue slides (PO2(Blocked) −
PO2(normal)). The three figures represent contour plots of ∆PO2 levels in three horizontal planes

of tissue in 10 µm (sub-figure A), 60 µm (sub-figure B) and 110 µm (sub-figure C) from the blocked

inflow in Model 4.

.
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blocked-inflow) had a drop more than 20 mmHg.

Figure 7.23: Cumulative frequency distribution of discrepancy in the oxygen tension between an

blocked-inlet flow simulation and the normal simulation (control state) (∆PO2 = PO2(Blocked) −
PO2(Unblocked)). The red line (A), blue line (B) and green line (C) represent ∆PO2 in the horizontal

plane of tissue in 10 µm, 60 µm and 110 µm distance from the blocked inflow, respectively. The

dashed black line represents ∆PO2 in total tissue in the model.

The dashed black line in Fig 7.23 shows the cumulative frequency distribution of ∆PO2 in

total volume of the tissue in the model. Approximately, blocking an inlet flow leads to

a significant reduction of tissue PO2 (10 to 30 mmHg) in a tissue volume as a relatively

spherical shaped with approximate 60 µm radius (6.5% of the total tissue volume). However,

a reduction in the tissue PO2 in the range of 1–30 mmHg are predicted in a large region

surrounding the blocked inlet with the volume fraction of 40 %.

7.3.6 An Investigation on Hypoxia

In the previous sections, the oxygen transport as a function of CBF (perfusion) and oxygen

consumption rate are separately predicted using the several simulations under different

oxygen consumption rates and varying perfusion values in the model (Fig. 7.21). In this

section, the effects of varying blood flow and oxygen consumption rate on hypoxia in the

oxygen-consuming tissue are investigated. To achieve this, in different maximum rates

of oxygen consumption (M0), the minimum perfusion rates are predicted to supply the

oxygen-consuming tissue without the occurrence of hypoxia state in the model. In fact,

these minimum perfusion rates are the threshold states of blood supply for oxygen transport
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into the tissue. In these simulations, the tissue PO2 in some regions of the tissue are

predicted very close to the hypoxia state (PO2 ≤ 1 mmHg). By enhancing the oxygen

demands, the more blood perfusion is needed in order to compensate for oxygen deficits

and the hypoxia state in the tissue (Table 7.5) which is consistent with the physiologically

observations. Therefore, the total oxygen delivery to the tissue increases with enhancing

the oxygen demand.

Table 7.5: Threshold states for no hypoxia in Model 4. Perfusion values (CBF), total oxygen delivery

and PO2 are in cm3/100g/min, µm3/s and mmHg, respectively. M0 and M represent maximum oxygen

consumption rate and oxygen consumption rate based on Michaelis-Menten kinetics (M = M0P/(P + Pcr))

in dimension of cm3O2/100cm3/min.

Threshold
CBF M0 M

Tissue PO2 Vascular PO2 Total oxygen

states (Mean ± STD) (Mean ± STD) delivery (µm3/s)

1 240 12.5 11.53 16.90 ± 8.75 44.7 ± 3.67 7.258×104

2 200 12 11.09 17.08 ± 8.54 44.0 ± 4.10 6.980×104

3 160 11.5 10.63 17.07 ± 8.60 43.1 ± 4.53 6.691×104

4 120 10.5 9.72 17.30 ± 8.54 41.9 ± 5.10 6.147×104

5 80 9 8.40 18.06 ± 8.27 40.0 ± 6.01 5.289×104

6 60 8 7.48 18.08 ± 8.13 38.3 ± 6.82 4.709×104

7 50 7.5 7.02 18.10 ± 8.07 37.4 ± 6.98 4.351×104

There are disproportionate increases in the perfusion rates relative to increased oxygen

consumption rates. Fig 7.24 shows the border of the hypoxic and non-hypoxic state as

a function of CBF (perfusion) and maximum rate of oxygen consumption (M0) in the

model. The red points represent estimated threshold states in the model and the curved

line is an exponential fitting line for the pertinent points. The minimum perfusion rate

increases rapidly with enhancing oxygen demand. In a stable oxygen demand, the perfusion

rate in control state (squared mark) can be approximately reduced by up to 40% without

incurring an hypoxic region in the tissue. Conversely, by maintaining the perfusion rate in

the control state, a 16% increase in the oxygen demand (M0) leads to the occurrence of

hypoxia in the tissue of the model.

The exponential fitting line in Fig 7.24 can be represented as a flow-matabolism coupling

in the threshold of hypoxic state in the model. By having this information, it is possible

to predict any number of states of the flow-metabolism that leads to a sufficient oxygen

transport throughout the tissue in the model. The extreme drop of 60% in the perfusion

in the control state (misery perfusion syndrome) can be compensated by approximately

a 20% decrease in the oxygen consumption rate in order to have a sufficient oxygen

delivery to the tissue (non-hypoxia state). In high perfusion rates, the avoidance of hypoxia

requires an increase in the threshold perfusion rate in more intensity compared to the
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Figure 7.24: Effect of consumption rate and perfusion rate on occurrence of hypoxia (tissue with

PO2 ≤ 1 mmHg). Curve separates region in which hypoxic state is expected (blue background)

from region with no hypoxia state. Square symbol indicates consumption and perfusion in the

control sate (M0 = 10 and CBF = 160)

relevant rise in the low perfusion rate (less than control state). In general, the oxygen-

consuming tissue is predicted to be more sensitive to the oxygen consumption rate rather

than perfusion rate in the model. This behavior in the model supports the theoretical

model and observations on the flow-metabolism coupling in the cerebral microvascular

networks [150, 18, 149, 161, 83, 139]. The disproportionate change in CBF compared to

oxygen consumption can be interpreted and discussed in further detail by the definition of

the quantitative relationship between flow and oxygen extraction fraction (OEF) in the

microvascular networks (section 7.3.7).

Enhancing the oxygen consumption rate beyond the threshold state (hypoxic region) leads

to an increase in the volume fraction of tissue in the hypoxic state (hypoxic fraction)

(Fig 7.25). The hypoxic fractions of the model are estimated for varying maximum rates of

oxygen consumption (M0) in three perfusion rates, CBF = 120 (blue line), CBF = 160

(black line) and CBF = 240 (red line). There is a rapid increase in the hypoxic fraction in

the tissue as enhancing the oxygen consumption rate. In order to reach a hypoxic fraction

of 10% in the model, the high perfusion state (240 cm3/100g/min) needs a more additional

oxygen consumption rate in the tissue (approximately 20%) compared to the additional

oxygen consumption rate for the low perfusion state (120 cm3/100g/min). Therefore, an

increase in the hypoxic fraction in the tissue strongly deponds on a rise in the oxygen

consumption rate and might be slightly as a function of the pertinent perfusion rate.



7.3. OXYGEN TRANSPORT IN THE 3D NETWORK MODEL 145

Figure 7.25: Changes in the hapoxic fraction in the tissue caused by changes in the maximum

oxygen consumption rate for different perfusion rates (CBF) of 120, 160 and 240 cm3/100g/min

correspond to blue, black and red lines, respectively. The hypoxic fraction represents the volume

fraction of tissue in the hypoxic state.

7.3.7 OEF and Flow-Metabolism Coupling

The cerebral tissue takes a proportion of the oxygen in the blood for the required consump-

tion that called the oxygen extraction fraction (OEF). The oxygen extraction fraction is

an important indicator of brain tissue viability and is crucial to assess the brain oxygen

metabolism under both normal and disease states, particularly, the treatment outcome in

cerebral ischemia.

How much oxygen is extracted can be measured by the Fick principle [18, 150] based on

measurements of the arterial and venous oxygen content: OEF = (Ca−Cv)/Ca, where Ca

and Cv represent oxygen content in the inlet arteriole and the outlet venule. The inlet

oxygen content in the model is assumed to be the value of 50 mmHg oxygen partial pressure

(PO2) which is equal to the value of 69.5% oxyhemoglobin saturation (SO2) (section 5.2.3).

The model predicts the intravascular oxygen concentration and intravasvular PO2, and

consequently the OEF are found for different states of perfusion and oxygen consumption

rates. Fig. 7.26 shows the mean intravascular PO2 in the both inlet flows and outlet flows in

the model under the varying perfusion rates. Each dot and error bar in the post-capillaries

(venules) represents the average value and standard deviation of PO2 in the outlet flows

(24 oulet flows) of the model. There are discrapencies in the PO2 and SO2 levels in the

outlet flows of the model in each case of perfusion value. These discrepancies are caused

by the oxygen deliveries from different flow pathways with different oxygen concentrations

and transit times (section 6.3.3). A 50 % rise in the perfusion rate (control state) leads to
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Figure 7.26: The mean values of intravascular PO2 in the inlet flows and the outlet flows in the

different perfusion rates. The dots and error bars represent the mean values and standard deviations

of PO2 in the outlet flows. All PO2 values in the inlet flows are assumed to be 50 mmHg, which

are equal to 69.9 % oxyhemoglobin saturation.

an increase in the PO2 (SO2) values at the outlets of the model, from 38.85 mmHg (SO2

of 51.7%) to 41.83 mmHg (SO2 of 57.1%). The mean values and standard deviations of

intravascular PO2 in the inlet and outlet flows of the model are consistent with observations

in the brain cortex [154, 23, 145]. Vovenko [154] reported a PO2 value of 40.9±11 mmHg

(Mean±STD) at the beginning of venules (post-capillaries) in the brain cortex.

The effects of varying perfusion rates on the oxygen transport can be evaluated by the

value of oxygen extraction fraction (OEF). To achieve that, the OEF in the control state

(160 cm3/100g/min) are compared to the OEF in the reduced/increased perfusion rates of

25% and 50% in the model. The OEF of the model in the control state is predicted to be

25.61%. The model presented here, is only a realization of the cerebral capillary networks

and does not comprise a complete flow pathway with small arterioles (≤ 60−µm−diameter)

in the cerebral microvascular networks. The blood entering the models has already passed

through microvessel segments lying upstream and supplying oxygen to the upstream tissue.

The blood PO2 declines from 68 mmHg (85 % oxyhemoglobin saturation) to approximete

50 mmHg from the small arterioles up to the begining of cerebral capillaries (PO2 inflows

in the model) [154, 23, 145]. Adding the oxygen lost in the upstream vasculature to the

oxygen lost throughout estimated model (OEF=25.61%) provides us the total OEF in

the complete flow pathways in the cerebral microcirculation. Using the estimated values
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Figure 7.27: changes in the oxygen extraction fraction (OEF) along the network model as a

function of cerebral blood flow (perfusion). The star points and relevant fitted curve are related

to simulated data in Model 4 and the circular points and the relevant curve are derived from the

Buxton & Frank Model [18].

of intravascular PO2 in the model, the total OEF (control state) in the complete flow

pathway is estimated to be 35.5% which is consistent with the physiological range in the

human and rat brain cortex at rest (25-55%) [18, 62, 23, 28, 60, 61].

There are nonlinear increases/decreases in the OEF caused by the reductions/increases in

perfusion values relative to the control state ( Fig. 7.27). 50% reduction in the perfusion

leads to an increase in OEF of 75% whereas 50% rise in the perfusion leads to an OEF

reduction by approximately 30%. This trend of changes in OEF can support the math-

ematical models which provide a basis for the quantitative interpretation of functional

magnetic resonance imaging (fMRI) studies in terms of changes in local perfusion. The

black curve in Fig. 7.27 shows the mathematical model provided by Buxton [18] in which

OEF was defined as a function of perfusion (CBF) as follows:

E = 1− (1− E0)
F0/F (7.1)

E and F represent the extraction fraction of oxygen (OEF) and perfusion (CBF) in different

states relative to the resting state (E0 and F0), respectively. E0 in Fig. 7.27 is considered

to be the estimated OEF in the control state (OEF = 25.61%) which corresponds to the

OEF value of 38.5% in the complete flow pathways of the cerebral microcirculation. The

red curve in the figure represents a quadratic polynomial fitted curve for the simulated
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data in the model. The comparison between Buxton’s model and the present model is

excellent.

The delivery of a substrate i.e. oxygen to the tissue can be characterized by its OEF at

the control state in Fig. 7.27. For OEF close to 100%, the rate of delivery is limited by

flow and so should increase approximately in proportion to flow. At the other extreme,

small OEF, delivery is limited by transport out of the capillary and cannot be increased

by increasing flow [45].

Inadequate blood supply (decreased perfusion) relative to metabolic demand with high

OEF (Fig. 7.27) is called misery perfusion syndrome [162, 163, 164]. This syndrome is

simulated in the model by reducing the feeding arteriole pressures of the inflows and

consequently, a reduction in the inflow. This abnormality can be found in the cerebral

capillary networks caused by disordering in the blood flowing in the upstream arterioles

i.e. carotid artery occlusion. Patients with inadequate blood supply relative to metabolic

demand (misery perfusion) may be at increased risk for cerebral ischemia and stroke. The

observation (by PET and fMRI) suggests that the area of low perfusion exhibits the highest

oxygen extraction fraction (OEF). Hence, increased OEF is associated with prior ischemic

events in the cerebral microcirculation (Fig. 7.27) [62, 162, 163, 164, 28].

There is a simply link between the three parameters of oxygen consumption rate (cerebral

metabolic rate of oxygen), perfusion, and OEF given by

CMRO2 = F.(Ca − Cv) = E.F.Ca (7.2)

where CMRO2 stands for cerebral metabolic rate of oxygen (oxygen consumption rate).

A tight coupling can be mathematically considered between varying metabolisms and

perfusion rates with respect to E0 (resting OEF) (Eq. 7.2). Using OEF as a function of

perfusion (Eq. 7.1, Fig. 7.27) in Eq. 7.2, Buxton and Frank [18] make a nonlinear coupling

between changes in metabolism and flow in the cerebral microcirculation (dashed curves in

Fig 7.28).

The PO2 levels in the tissue field are as a consequence of a balance between the oxygen

demand and oxygen delivery to the tissue. Spatiotemporal coupling of metabolic activity

and the cerebrovascular system may indicate that the partial pressure of oxygen (PO2) in

brain tissue is physiologically maintained between reasonable ranges and that brain tissue

is especially sensitive to a transient fall in tissue PO2. Therefore, the estimated tissue

PO2 can be considered as a critical indicator which is directly used for predicting flow–

metabolism coupling (required changes in perfusion caused by varying oxygen metabolism)
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in the model presented here. In order to investigate the flow–metabolism coupling in

the model, two simulations in the perfusion rate of 80 cm3/100g/min with the oxygen

consumption rates of 3 and 5 cm3/100g/min (in the range of human brain [150]) were

considered as different resting states (Fig. 7.28).

In three steps of increase in the oxygen consumption rates (a realization of spatiotemporal

stimulation of neural tissue), the increased perfusion rates are predicted with respect to

maintaining the tissue PO2 levels in the model. The tissue PO2 in three states of increased

oxygen consumption rates (three stimulations) are maintained in the mean value of tissue

PO2 relating to the resting state by a mean relative error of 0.63%. Hence, the solid black

and blue curves in Fig. 7.28 can be represented as isobaric contours for oxygen in the

model by which changes in the perfusion rates and metabolisms (oxygen consumption

rates) are coupled for two states of the model with different resting OEF. The estimated

resting OEF values in the two relevant simulations with the oxygen consumption rates of 3

and 5 cm3O2/100cm3/min are estimated to be 18.29% and 27.52%, respectively, which

approximately correspond to the resting OEF of 27.8% and 39.4% in the complete flow

pathways including arterioles and capillaries [154, 23, 145]. Only approximate 25% of the

total OEF is associated with the oxygen lost from the arterioles whereas the majority of

the oxygen contents are delivered by capillaries (Model 4) which is consistent with the

observations in the brain cortex and the straight muscle [89, 19, 154, 68].

To compare the flow–metabolism coupling in the model with the relevant couplings derived

from the mathematical model [18], the flow–metabolism couplings derived from Buxton’s

model with respect to the resting OEF in the simulated model are shown in Fig 7.28.

Tight coupling of perfusion and oxygen consumption rate requires a large change in flow in

order to produce a much smaller change in oxygen metabolism (oxygen consumption rate).

The disproportionate increase in tissue oxygen supply relative to the metabolic utilization

(oxygen consumption rate) strongly depends on the resting OEF such that the magnitude

of the flow increase on the higher resting OEF (Fig. 7.28). The flow change requires for a

7% increase in oxygen consumption rate (CMRO2) ranges from 36% to 54% as the resting

OEF varies from 38% to 24.6% in the model (solid curves). Although according to the

mathematical model (Buxton model), a 7% increase in oxygen consumption rate (CMRO2)

leads to a 43% and 68% flow increase in the resting OEF of 38% and 24.6%, respectively

(dashed curves).

Several experimental studies of somatosensory and visual stimulation in humans by positron

emission tomography (PET) and functional MRI (magnetic resonance imaging) revealed

the disproportionate increases of flow rate relative to the small increased metabolic rates.
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Figure 7.28: The solid blue and black curves are isobaric oxygen lines (quadratic fitted curves)

derived from the estimated data in Model 4 which represent the flow–metabolism couplings in

two different states of Model 4, a perfusion of 80 cm3/100g/min with the oxygen consumption

rates of 3 and 5 cm3/100g/min (in the range of human brain [150]), respectively. The required

rises in perfusion with increases in oxygen consumption rate are coupled based on maintaining

the mean tissue PO2 in Model 4. The mean tissue PO2 in the flow–metabolism coupling of the

model are approximately maintained in 37.3 mmHg (solid blue curve) and 30.8 mmHg (solid black

curve) in the resting OEF of 24.6% and 38%, respectively. The resting OEF values represent the

total OEF for the pertinent complete flow pathway (arterioles and capillaries) which are obtained

by extrapolating of the estimated OEF in Model 4 based on Eq. 7.2 (further detail in the text).

The dashed blue and black curves represent Buxton and Frank model [18] in the resting OEF

values of 24.6% and 38%, respectively. The square [161], downward-pointing and right-pointing

triangle [39, 89], diamond [149] and star [38] marks represent the observation data which are

descrbied in the figure legend.
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Wey et al. [161] observed the neurovascular coupling associated with visual and vibrotactile

stimulation in baboons. They reported changes in CBF and CMRO2 caused by the

different stimulations, 18% to 23%, and 4.9% to 6.7%, respectively (square marks in

Fig 7.28). The Masamoto [89] showed the functional regulation in the cerebral cortex

during neural activation induced by sensory stimulation. The observation showed a

disprpportionately large increase in CBF (48 ± 23%) to compasenate for the evoked

increase in CMRO2 (oxygen consumption rate) by 10 ± 6% (a right-pointing triangle

mark in Fig 7.28). The studies using PET on the stimulus-induced changes in the human

visual cortex showed that an increase in the physiological neural activity (5%) led to an

approximately 50% increase in the local blood flow [39]. In the unilateral vibrotactile

stimulation of the fingers, coupling between cerebral blood flow (CBF ) and cerebral

metabolic rate of oxygen (CMRO2) was reported a 29% increase in blood flow with a

5% rise in CMRO2 [38]. In both latter studies, the resting OEF were approximetley

20% whereas the required flow rate for a same increase in matabolism (5%) were different

(downward-pointing triangle and star marks in Fig. 7.28).

The predictions of the computational model presented in this thesis, similar to physiological

observations using PET and fMRI have demonstrated that the fractional increase in cerebral

blood flow (CBF) is much larger than the fractional increase in the cerebral metabolic rate

of oxygen (CMRO2). The studies using PET and fMRI in the cortex subjects have reported

a wide range of estimates of changes in CBF against changes in oxygen consumption rates

(references in Fig 7.28). The PET and fMRI data of Masamoto & Tanishita [89], Wey et

al. [161] and Fox & Raichle [38] are in good agreement with the estimated flow-metabolism

lines (solid lines) derived from Model 4.

There are two common assumptions for the Buxton & Frank model which are in agreement

with the function of the model presented in this thesis. (a) That all cerebral capillary are

perfused at rest and (b) That all oxygen delivery from the capillaries are metabolized. The

first assumption is satisfied with regard to the hemodynamic results (chapter 6). The blood

flows in all capillary segments of Model 4 such that the minimum velocity of red blood

cells in the model is estimated to be approximately 0.4 mm/s which is consistent to the

physiological observations [152, 69]. The second assumption is satisfied by imposing the

constraint of the problem (oxygen transport) in the model (the net oxygen delivery from the

capillaries is equal to the oxygen consumption rate (M ) in the tissue). The key implication

of the first assumption is that enhancing CBF leads to an increase in capillary blood

velocity and consequently a reduction in capillary transit time (chapter 6: Fig 6.23). The

key implication of the second assumption is that the estimated OEF is in fact unidirectional

oxygen extraction fraction, and that oxygen metabolism (oxygen consumption rate) is
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thus limited by the rate of transport of oxygen out of the capillary. The assumption of

limitation on the unidirectional oxygen extraction in the brain is supported by the work of

Kassissia et al [77]. As a result from these assumptions for Model 4 and the Buxton &

Frank model, in Equation 7.2, the rate of delivery of oxygen to tissue (E.F ) increases with

a much low intensity with respect to the increase in flow rate because E (OEF ) nonlinearly

decreases with increasing F (CBF ).

There are differences between the flow-matabolism coupling lines relating to the Buxton &

Frank model and Model 4 which are derived from differences between the architecture and

geometry of the two models. The Buxton & Frank model is initially based on a simple

transport compartmental model, is likely to be valid for a wide range of transport conditions

and capillary bed geometries. The E (OEF ) in the Buxton & Frank model (Equation 7.1) is

derived from an average over the transit time distribution. One of the conditions for validity

of Equation 7.1 is that either all capillaries have the same transit time or the mean transit

time decreases as flow increases, but the shape of distribution of transit time remained the

same [18]. Although the 3D model (Model 4) consists of complex flow pathways with a

wide heterogeneity in the lengths and outlet PO2 values consistent with the physiological

range in the cortex (Figs. 7.26 & 6.21). These heterogeneous characteristics in the flow

pathways lead to a complex oxygen transport with a wide variety of transit times for RBC

along the flow capillary pathways. A change in the perfusion in the model leads to not only

changes in the transit time of flow pathways, but also changes in the shape of distribution

of transit times in the model (Fig 6.23). Hence, changes in OEF as a function of the flow

rate in Model 4 is not fully consistent with Equation 7.1 (Fig. 7.27) and consequently

there is not a full matching between the flow coupling lines relating to the two models.

However, the function of Model 4 and the pertinent flow-metabolism coupling is in a better

agreement with the physiological observations compared to the Buxton & Frank model

(Fig. 7.28).

The proposed model for the relationship between CBF and CMRO2 changes during neural

stimulation provides a consistent framework for understanding O2 metabolism in the

brain. The model is capable of tightly coupling between the imbalance changes in flow and

metabolism, but in a nonlinear fashion which is compatible with physiological observations.

However, there are experimental support for two functional conditions of the model (no

capillary recruitment and efficient metabolism).

.



Chapter 8
Conclusions and Future Work

This thesis presents the theoretical models which have been developed to simulate blood

flow and oxygen transport through relatively large cerebral capillary networks. The

generic model of cerebral capillary network (two and three–dimensions) was created with

the architecture and topology consistent with the cerebral capillary network (founded

experimentally) in the cortex. The topology and spatial distribution of capillary diameters

in the model was based on the Modified Murray Method (Murray’s power exponent of 3.6).

This method led to a link between the diameter topology and flow pattern in the model

such that the maximum efficiency for blood flowing was concluded in the capillary network.

The capillary segment with larger diameter is responsible to deliver a larger blood flow

rate with a higher velocity in the network which is consistent with the pattern of blood

delivery in the arterial and small arteriole trees. Hence, this pattern of diameter topology

can transform the phenomenological based model to a more physiological one.

The approach presented in this thesis is capable of providing a generic model of cerebral

capillary networks with different densities relating to different parts of the brain cortex

(chapter 4 & 6). The size of the model (two and three-dimensions) can also be extended

by combining several models with each other. The statistical quantities i.e. mean length

and diameter, vascular length density, vascular surface fraction and volume fraction in the

network models (2D and 3D) were confirmed to be in good agreement with the relevant

values in the cortical capillary network.

The results for hemodynamic parameters of the network models i.e. hematocrit, flow

rate and blood velocity demonstrated a consistency with the physiological quantities in

the cortical capillaries. The spatial distributions of blood flow and velocity indicate a

confirmation on the hypothesis in which all brain capillaries are perfused at rest (normal

condition) and consequently, there is no capillary recruitment during cerebral activation

153
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(2D and 3D network models) [152, 69]. The complex architecture and topology in the

models led to a heterogeneity in the flow rate, velocity and hematocrit distribution in an

agreement with cortex experimental observations. The Fahraeus effects led to a higher

mean value of velocity for the red blood cells compared to the relevant value for the

blood (erythrocytes and plasma) and consequently help to lessen the transit time of RBC

throughout the network models . The inverse trend was shown for the tube hematocrit

compared to the pertinent discharge hematocrit.

Heterogeneity of the topological network structure in the model of cortical capillary

network led to a heterogeneous flow pattern consisting of different flow pathways with

varying numbers of vessel segments and different lengths in the network. The analysis of

blood flowing in the model demonstrated heterogeneous transit times of RBC in the flow

pathways of the network model (3D model), which were obviously important determinants

of capillary gas and nutrient exchange. These variations in the transit times of RBC in

the flow pathways fell in the range of physiological observations and were derived from

heterogeneity in the RBC velocities estimated in the pertinent flow pathways with different

lengths. Any change in the perfusion rate led to not only change in the mean value of

transit time of RBC in the flow pathways, but also in the shape of transit time distribution

in the model which influenced the oxygen extraction fraction (OEF ) relating to the flow

pathways and consequently the oxygen transport to the cerebral tissue.

The resulting interaction of the blood flowing with the endothelial wall can be characterized

by the distribution of intravascular wall shear stress (WSS ) in the network model (3D

model). The findings for distribution of wall shear stress in 3D model demonstrated a

gradual reducing trend for WSS for a decrease in the capillary diameters. The appropriate

coupling between flow rate and diameter in the network model (Modified Murray method)

led to a WSS distribution which is consistent with the physiological observations [106, 110].

The oxygen transport in the brain was simulated using the 2D and 3D network models

(Model 3 & Model 4) as realizations for the cerebral capillary networks. The predicted PO2

in the tissue demonstrated a heterogeneous distribution, showing the effect of heterogeneous

capillary spacing in the model. The predicted distribution of tissue PO2 was dependent on

both the blood flow rate (perfusion rate) and the oxygen consumption rate considered in the

simulations. In a constant perfusion rate, the results showed that an approximately linear

relationship between the changes in the mean values of oxygen consumption rate and the

mean values of the tissue PO2 in the model due to a linear relationship between metabolic

rate and oxygen extraction fraction (Equation 7.2 in the case of constant perfusion). An

increase/decrease in the oxygen consumption rate led to a decrease/increase in the tissue

PO2 in the model.
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The predicted PO2 of blood into the network model demonstrated a variation in the

longitudinal gradients of PO2 along different capillary segments and consequently different

flow pathways due to the heterogeneity of topological network structure in the models. The

results showed that there were a non-uniformity in the values of the oxygen concentration

and PO2 at different outlet flows in the model which supported the physiological observa-

tions on the cortical capillary network. From an investigation on the effects of tortuosity

in the cerebral capillaries it is concluded that capillary tortuosity enhanced the oxygen

transport in the model. The tortuosity of the capillary network leads to an extension of

the total length and consequently an increase in the vascular length density which in turn

leads to an increase in the surface of capillary exchange and oxygen transport in the model.

This findings also demonstrated that capillary tortuosity led to a decrease in the mean

extra-vascular distance and consequently a reduction in the heterogeneity of the tissue

PO2 in the model. Generally, a key implication of this conclusion was that at a stable

perfusion rate, an increase in the vascular density led to facilitate the oxygen transport to

the pertinent tissue.

The simulations for varying blood perfusion rates demonstrated a nonlinear increase/decrease

in the tissue PO2 as an increase/decrease in the perfusion rate. The results also showed

that a sensitivity to change in the mean value of tissue PO2 caused by enhancing and

reducing the perfusion rate was different. This behaviour in the oxygen transport under

different perfusion rates in the model was derived from a significant nonlinear relashionship

between the mean value of OEF and varying perfusion rates (predicted result in the 3D

model, Model 4). The predicted nonlinear changes in the OEF of the model as a function

of the perfusion rate can support the mathematical models which provide a basis for the

quantitative interpretation of functional magnetic resonance imaging (fMRI) studies in

terms of changes in local perfusion [18, 150]. The present model is capable of assessing

the brain oxygen metabolism under both normal and disease states, particularly, cerebral

ischemia. The predicted OEF with a high value (approximately more than 70%) is an

indicator of an inadequate blood supply (perfusion) for the oxygen-consuming tissue in

the model. In the pathophysiology field, this inadequate blood is called misery perfusion

syndrome and has been simulated in the model by reducing the pertinent inflows which in

turn can be caused by the blood flow abnormality in the upstream arterioles i.e. carotid

artery occlusion. Increased OEF might be associated with prior ischemic events in the

cerebral microcirculation.

The simulations for the threshold of hypoxia states led to predict a border of the hypoxic

state as a function of perfusion rate and oxygen consumption rate for the model. From

this finding it is concluded that in a significant decrease in brain perfusion (as can occur in
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stroke), the tissue hypoxia can be avoided by a moderate reduction in oxygen consumption

rate. The 3D model (in the control state) can provide the required oxygen supply for the

tissue (in non-hypoxia state) with a threshold increase of 16% in the oxygen demand and a

threshold decrease of 40% in the perfusion rate. In conclusion, the model could have the

potential for the required oxygen transport to the cerebral tissue, even for relatively modest

increases in the oxygen demand or some relatively modest decreases in the perfusion rate.

This was consistent with a study on the rat cerebral cortex [129]. This reserve oxygen

supply in the cortical capillary network can help to regulate the oxygen transport and

maintain the tissue PO2 in the normal levels for different situations in oxygen deman or

perfusion rate.

A blood circulation disorder in the model due to a local blocked-inlet flow in the precapillary-

level demonstrated a severe decrease in PO2 levels in a region (relatively spherical shape)

downstream of the blocked-inflow. It was concluded that the effect of blood circulation

disorder in the precapillary-levels on the oxygen transport was relatively significant whereas

the reduction in the total perfusion rate caused by the blocked-inflow was estimated to be

not significant in the model (7% decrease in 3D model). The regulation of blood circulation

in the capillary-levels (by pericyte cells) could lead to lessen the pertinent local deficit in

the oxygen transport in the model; This was considered to be beyond the scope of this

thesis.

The final finding in this thesis was the prediction of the required changes in perfusion rate

caused by varying oxygen metabolism (flow–metabolism coupling) in different resting OEF

in the 3D model. Spatiotemporal coupling of metabolic activity and the cerebrovascular

system indicates that the partial pressure of oxygen (PO2) in brain tissue is physiologically

maintained between reasonable ranges and that brain tissue is especially sensitive to a

transient fall in tissue PO2. Therefore, the estimated tissue PO2 could be considered

as a critical indicator which was directly used for predicting flow–metabolism coupling

in different resting OEF in the model. From the predicted flow–metabolism coupling it

was concluded that a disproportionately large increase in blood supply is required for a

small increase in the metabolic utilization (oxygen consumption rate) which in turn, is

strongly depended on the resting OEF such that the magnitude of the flow increases in the

higher resting OEF. This functional behaviour is consistent with the mathematical model

of Buxton & Frank [18]. The predicted flow–metabolism coupling in the model can support

the experimental studies of somatosensory and visual stimulation in humans by positron

emission tomography (PET) and functional MRI (magnetic resonance imaging) [89, 161, 38].

The blood regulation in the downstream levels (cerebral capillary networks) caused by

contraction/dilation of cerebral capillaries was beyond the scope of this thesis. The pericyte
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cells are initially considered to be a form of smooth muscle cell and modulators of blood

flow in the cerebral capillary network in response to changes in neural activities, which are

dispersedly located on the abluminal surface of the cerebral capillary walls [102, 11, 165].

Future work can be aimed at developing the model to provide the blood flowing through

the non-passive cerebral capillaries such that capillary diameters have the capability of

being regulated by the amount of local tissue PO2. This modification might lead to an

improvement in the spatial distribution of blood supply and in consequent tissue PO2 in

the model for varying oxygen demands and perfusion rates.

High blood pressure (hypertension) is the most important risk factor for stroke. Very

high pressure can cause a break in a weakened blood vessel, which then bleeds in the

brain. This can cause a stroke. Recently, there are many experimental studies has focused

on hypertension disease [100, 121]. The model can be developed to assess hypertension

effects on local blood flow and oxygen distribution in the cerebral capillary networks.

This assessment can be achieved by different simulations of the capillary model regarding

to different vascular resistances. The restricted arteries and small arterioles caused by

hypertension disease lead to increase in vascular resistance and then decrease in local blood

flow in cerebral capillary networks. The Analysis of the model in the different hypertension

cases (restricted inlet vessels) can help to better understanding of changes in the blood

flow and the oxygen distribution in the cerebral capillaries.

Future work can also include the implementation of the 3D model in a combination with

the binary arterial trees. The binary arterial trees created using the MCA (Circle of Willis)

was already modelled in three-dimensions in the Brain Group. To have an appropriate

combination between the model (cerebral capillary networks) and the terminal branches of

penetrating arterioles, several capillary network models with different random state are

required. Each capillary network model is connected to a vascular leaf consisting of the

terminal branches. The size of the 3D geometrical structure of the model (cortical capillary

network) and the pertinent inlet flows can be adjusted with the spatial distribution of the

terminal branches of penetrating arterioles. One of the difficulties faced in implementing

a such combined model will be the computation cost. If the model covers at least one

branch of penetrating arteriole and subsequent branches, number of the pertinent terminal

branches (precapillary-levels) will be approximately 7500. For total binary arterial trees, the

number of the all vessels and terminal branches is predicted to be more than 1000,000 and

500,000. Therefore, a simulation of the hemodynamic parameters (a nonlinear procedure)

and oxygen transport in a 3D model, even for part of binary arterial trees including some

penetrating arterioles, the pertinent branches and cerebral capillary networks needs parallel

computations by a supercomputer.
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Appendix A
Modified Murray’s law for capillaries

The apparent blood viscosity (η vivo) in vivo influenced by Fahraeus-Lindqvist effect is

given by [114]

η vivo =

[
1 + (η 0.45 − 1)

(1−HD)C
′ − 1

(1− 0.45)C
′ − 1

(
2r

2r − 1.1

)2
] (

2r

2r − 1.1

)2

(A.1)

Where η 0.45 and C ′ is denoted as follows:

η 0.45 = 6 exp (−0.085 (2r)) + 3.2− 2.44 exp (−0.06 (2r)0.645)

C ′ = (0.8 + exp (−0.075 (2r)))

(
−1 +

1

1 + 10 (2r/10)12

)
+

1

1 + 10 (2r/10)12

r and HD represents the microvessel radius (in µm) and discharge hematocirt, respectively.

Murray’s law imposed in the vascular tree provide a balance between the metabolic energy

of a given volume of blood and the energy required for blood flow , which in turn leads to

a minimization principle for the dissipated power W. The vessels obey Poiseuille’s law and

the pressure gradient is assumed to be constant. The blood viscosity is considered to be an

apparent blood viscosity in vivo (Fahraeus-Lindqvist effect) which is consistent with the

rheology law in the microvessels [114]. The assumptions lead to the following formulation

of the design principle for a single vessel of length L and radius r :

∂W

∂r
= 0

W = WH +WM
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WH =
8Q2 η vivo(r,HD)L

πr4
(A.2)

WM = αb πr
2L (A.3)

WH is the power dissipated by the flow [41, 1], WM is the metabolic energy consumption

rate of the blood [1]. In Equation A.2, η vivo is given by Equation A.1 and Q represents

the vascular flow rate. αb is the metabolic rate per unit volume of blood and is assumed

to be the value of 778 erg.s−1ml−1 [1]. Hence, the Murray’s low is modified based on a

complex blood rheology with respect to estimated apparent blood viscosity in vivo which

leads a relationship between Q and R as follows:

Q =
πr3

2

√
αb

4η vivo − r (∂η vivo/∂r)
(A.4)

The hematocrit (HD) is assumed to be fixed in Equation A.1 (HD = 0.4, initial value in

this thesis) due to a change in the hematocrit in the range of capillary-levels and very

small arterioles (r ≤ 10 µm) does not significantly affect the relationship between Q and r

in Equation A.1.

Figure A.1: Dependence of the flow rate (Q) on the radius (r) in an optimal network (see

Equation A.4) in the range of capillary-levels. According to fitted line (solid line), the power

exponent a for Modified Murray’s law (Q ∝ ra) is predicted to be approximately 3.6.

According to Equation A.4, the dependence of the flow rate (Q) on the radius r is

demonstrated in Fig. A.1. The power exponent a for this Modified Murray’s law (Q ∝ ra)
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is predicted to be approximately 3.6.
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