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Abstract 

Solutions to a number of turbulent dispersion problems, involving 

a contaminant issuing from a steady source into uniform, steady open 

channel flow, are presented. These problems include the two and three

dimensional dispersion of a neutrally buoyant contaminant and the two

dimensional dispersion of buoyant particles and are modelled with the 

diffusion equation incorporating turbulent diffusion coefficients. In 

order to ensure that the solutions simulate the physical processes as 

accurately as possible the experimentally determined logarithmic velocity 

profile and the theoretically deduced parabolic diffusivity are used. 

The solutions take the form of one or two eigenfunction expansions, 

the eigenfunctions and eigenvalues of which are governed by Sturm-Liouville 

theory. Generally the power series method for solving ordinary differ

ential equations is employed to derive the eigenfunctions and eigenvalues 

and in nearly all cases this method is found to be accurate, straight

forward in its use and efficient with computing resources. 

Much useful information is deduced from the eigenfunctions and 

eigenvalues. The rate at which equilibrium conditions are approached 

and the ideal source position, that from which the contaminant is most 

rapidly mixed, come naturally from these quantities. 

An experimental programme, with the aims of verifying the theoretical 

solution for vertical dispersion of a neutrally buoyant contaminant and 

measuring the lateral turbulent diffusion coefficient, is described. The 

two-dimensional results for vertical mixing strongly support the theoretical 

predictions, using the measured logarithmic velocity profile and the deduced 

parabolic diffusivity in the turbulent diffusion equation, and indeed con

firm the location of the ideal source derived from theory. 

Thevaluesof the depth-averaged lateral diffusivity obtained from 

the experiments lie at the lower end of the range of values obtained by 

other experimentalists. A reanalysis of these previously published results 

demonstrates that, provided the natural turbulence of a wide channel is 

the only mixing mechanism present, the depth-averaged lateral diffusivity, 

non-dimensionalised by the flow depth and shear velocity, is in fact 

independent of all flow parameters, except when the friction factor is 

small. 

The dependence of the rate of lateral spreading on height in the 
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flow arid the location of the source demonstrates, at least qualitatively, 

that the vertical dependence of the lateral diffusivity is in essence 

the same as the velocity distribution. 

Verification of the theoretical solution for dispersion of buoyant 

particles is achieved with the experimental results of Jobson and Sayre 

(1970} which indicate that the theoretical model is valid for fine particles 

dispersing in strongly turbulent flow. 
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Chapter One INTRODUCTION 

1.1 THE IMPORTANCE OF DISPERSION 

Transport and mixing processes appear throughout the science and 

engineering disciplines. The ability of the scientist and engineer to 

understand these fundamental processes and thus to make quantitative 

predictions regarding their characteristics is rapidly gaining in impor

tance. 

The impact the disposal of man-made wastes is having on the environ

ment has lead to a serious attempt to understand and model the environment's 

ability to absorb these wastes. In particular as the dilution and spread

ing of pollutants is invariably achieved through the earth's fluid masses 

the dispersion of contaminants in the atmosphere, groundwater, rivers and 

streams, lakes, oceans and estuaries has become the focus of attention for 

much research. As air and water are vital to all forms of life, plant and 

animal, this research is fully justified. 

It is the job of the scientist and engineer to provide law-makers 

with guidelines on the environment's ability to disperse and absorb various 

forms of waste so that effective legislation may be introduced to guarantee 

man's intelligent management of the environment. 

Mixing problems are not restricted to man-made wastes. Natural 

quantities are dispersed and transported by the earth's air and water 

bodies and frequently these processes are important. For example large 

quantities of sediments and clays are transported by rivers and streams 

to estuaries, lakes and oceans. To the sedimentation engineer an under

standing of the physical mechanisms involved in these processes is 

essential if he is to accurately predict the mass of material transported 

in this fashion and its effect on the channels involved. 

Mixing and transport processes are important features of the 

behaviour of the earth's fluid masses and a physical understanding of 

these processes is crucial to mans ability to preserve his environment. 

1.2 MIXING IN OPEN CHANNEL FLOW 

This study is concerned with problems of dispersion in open channel 

flow. As indicated in the previous section this research is motivated by 
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the need to understand the effect of the disposal of wastes on natural 

channels and their surroundings. 

Even in this relatively specialised area the mixing mechanisms 

are enormously complicated and the present understanding of engineers 

and scientists is certainly in its infancy. In a natural channel the 

numerous mixing processes present and the manner in which these interact 

make the physics of the problem quite intractable and any mathematical 

formulation impossible. The processes and features of a river or stream 

which cause material to disperse include turbulence, secondary currents, 

velocity gradients, changing channel geometry, obstacles in the flow, 

meandering and braiding of the channel, unsteadiness, waterfalls and 

pools and even unnatural features such as boats or barges. In addition 

to these the effluent itself may possess characteristics, such as buoyancy 

or its ability to undergo chemical change, that affect its capacity to be 

dispersed by the river or stream. 

While field studies are important if information is required about 

a particular reach, such studies, because of the great complexity of the 

physical situation, offer little insight into the magnitude of the contri

butions of each of the features described above. Generally these must be 

investigated in the laboratory where various elements of the overall 

physical processes may be isolated and studied. With the physical under

standing of individual mixing mechanisms gained from laboratory study the 

engineer is better equipped to model the more complex natural processes. 

1.3 THE OBJECTIVES AND SCOPE OF THIS STUDY 

This study focusses on the mathematical and physical modelling of 

the mixing of a steady contaminant source in uniform open channel flow in 

a straight, smooth-bed channel. In accord with other laboratory studies 

such a specialised physical configuration is chosen to isolate turbulence 

and the unavoidable velocity shear as the only mixing mechanisms. 

The objectives of this study are two-fold: 

(1) To develop complete mathematical solutions to the turbulent 

diffusion equation which is invariably employed to model mixing 

problems in open channel flow. 

(2) To undertake an experimental programme that will allow a practical 

test of the theoretical solution for vertical dispersion while at 
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the same time contributing to the fund of experimental knowledge 

on lateral dispersion. 

A review of previous work in the area of turbulent dispersion, 

focussing attention on the dispersion of a steady contaminant source, is 

presented in Chapter 2. The mathematical basis of the turbulent diffusion 

equation is introduced together with previous applications and solutions 

and experimental support for its use. 

Chapter 3 is the first of three theoretical chapters. An eigen

function solution to the problem of vertical dispersion of a neutrally 

buoyant contaminant is presented. This solution is extended in Chapter 4 

where the vertical dispersion of particles, which may be more or less 

dense than the surrounding fluid, is modelled. The final theoretical 

chapter, Chapter 5, develops a solution to the three-dimensional dispersion 

of neutrally buoyant material issuing from a point source. This solution 

takes the form of two eigenfunction expansions. 

Chapter 6 describes the apparatus utilized in the experimental 

programme and outlines the various experimental procedures. The results 

of the experiments are presented in Chapter 7 where a comparison with 

theoretical results, where appropriate, is also made. 

Finally Chapter 8 summarises the contribution this work has made 

to the field of turbulent dispersion and suggests the direction of possible 

future research. 
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Chapter Two LITERATURE VIEW 

2.1 INTRODUCTION 

The large number of mixing mechanisms present in natural channels 

makes a complete understanding of dispersion in these channels difficult, 

if not impossible. However it is essential that an attempt is made to 

understand at least some of the phenomena present. The one mixing 

mechanism present in all natural streams and rivers and large laboratory 

flumes is turbulence. For this reason, over the last 40 or 50 years, 

considerable theoretical and experimental effort has been invested in an 

understanding of the dispersion characteristics of turbulent motion. 

While a number of studies have attempted to model dispersion in a 

natural river by far the majority have concentrated on predicting mixing 

rates in uniform, straight open channel flow. This removes from consider

ation all mixing phenomena except turbulence, the ever present velocity 

shear and perhaps secondary currents. Fischer et al. (1979} in their 

excellent book present a practical introduction to turbulent mixing and 

discuss many of its applications in open channel flow. 

The introduction of a contaminant into the environment usually 

takes the form of a continuous release, as from a factory outfall, or an 

instantaneous (short time scale) release, as when a milk truck overturns 

and loses its load. These two applications have a number of quite 

different characteristics principally because in the first case, provided 

the river flow and effluent discharge do not change appreciably, time 

plays no part. On the other hand time always plays a role in the second 

case. This study is concerned only with the first of these and therefore 

the review of literature presented here is restricted to publications 

primarily concerned with this application. Those readers interested in 

the characteristics of longitudinal dispersion may refer to the afore

mentioned book or Fischer's review paper, Fischer (1973). 

This chapter is not intended as an exhaustive review of recent 

research. Instead it aims to introduce the mathematical basis for 

modelling turbulent-shear flows and present many of the key publications 

that have played a role in our understanding of the dispersion of a 

continuous effluent release. In section 2.2 the mathematical modelling 
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of turbulent flows is introduced leading to the ubiquitous turbulent 

diffusion equation. Section 2.3 describes a number of the applications 

of the diffusion equation and methods used to solve it. Finally section 

2.4 describes the all-important experimental evidence, obtained in both 

the laboratory and the field, and how it compares with the previously 

described theoretical work. 

2.2 MATHEMATICAL MODELLING OF TURBULENT DISPERSION 

A number of methods exist for modelling turbulent dispersion. The 

early, classic papers of Taylor (1921) and Batchelor (1952) were primarily 

concerned with probabalistic Lagrangian techniques an approach recently 

reviewed by Alonso (1981) with special reference to the dispersion of 

sediment. McTigue (1981), also concerned with sediment, based his work 

on mixture theory. However by far the most common method for modelling 

the dispersion process is by way of the diffusion equation which was the 

focus of attention in the recent review paper by Chatwin and Allen (1985). 

Except for the brief mention of other methods given above this review is 

concerned only with the physical and mathematical basis of the turbulent 

diffusion equation. 

2.2.1 Fundamental Equations 

When an incompressible fluid flow contains a contaminating species 

in concentrations low enough not to significantly affect the properties of 

the fluid the Navier-Stokes equations describing the flow and the equation 

expressing the conservation of the species mass together with the approp

riate boundary conditions completely describe the physical process. These 

governing equations, containing five unknown quantities p, u. (i = 1, 2, 
~ 

3) and c, form a closed set and may be written 

Mass conservation: 

dU, 
~ 

0 = (2 .1) 

Momentum conservation: 

dU. dU, d2 
-1 dp u. 

~ ~ 
f. ~ + u. = ---+ + \) 

dX, dX. J p dX. ~ 
~ J J 

(2.2) 
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Diffusion equation: 

(2 • 3) 

where u. is the velocity component in the x. direction, p is the pressure 
~ ~ 

and c is the species concentration. p is the fluid density, V the fluid 

viscosity, D the molecular diffusivity of the species in water, f. is the 
~ 

ith component of any body force (normally gravity) per unit mass and the 

summation over repeated indices is implied. 

These equations, as they stand, are exceedingly difficult to solve 

not only because of their coupled and non-linear nature but because in 

turbulent flow all five of the unknowns are continually changing with 

time at all locations in the flow in an apparently random manner. The 

standard method of simplifying the problem (see Rodi (1980)) is to 

separate each unknown into a mean and fluctuating component. Therefore 

u. = u. + u~, p = p + p', c = c + c' 
~ ~ J_ 

(2. 4) 

where the mean quantities, denoted by the overbars, are obtained by 

averaging the instantaneous quantities over a time period that is long 

compared to the time scale of the turbulent fluctuations but short 

compared to any time scale of the mean flow. 

When these definitions for the unknowns are substituted into 

equations 2.1 - 2.3 and each equation is averaged over a time period 

sufficiently long to obtain true average values the governing equations 

become 

au. 
J_ 

0 --= 
ax. 

( 2. 5) 
J_ 

au. au. 
-.!_ 2E._ [v au. 

- uiuj] J_ ~ 
f. 

~ --+ u. --= + + ax. at J ax. p ax. J_ 

J J_ J 

(2.6) 

ac ac 0 [ Oc ----] 
at + u. ax, = -- D ---- u~c' 

J_ ax. ax. J_ 
~ J_ J_ 

(2.7) 

where the overbars have been dropped from the mean quantities ui, p and c 

for convenience. 
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2.2.2 The Closure Problem 

Two principal difficulties have arisen from the use of the trans

formations specified in equation 2.4. Firstly all information regarding 

the size of the turbulent fluctuations has been lost and a solution to 

equations 2.5- 2.7 will yield only mean values. In some applications it 

may be that a knowledge of the temporal fluctuations of effluent concen

tration at a point in the flow is as important as a knowledge of the 

mean value. For instance it may be known that a certain type of animal 

or plant life living in a river environment is significantly affected by 

a certain effluent in the flow if its concentration exceeds a critical 

value for, say, 10 or 20% of the time. This information is not conveyed 

to the engineer by a knowledge of the mean concentration distribution. 

The second difficulty, a profound one, arises from the presence 

of the unknown correlations~ and u~c' in equations 2.6 and 2.7. The 
J 1 

number of unknowns now exceeds the number of equations and hence equations 

2.5- 2.7 no longer form a closed set. To overcome this so-called closure 

problem the turbulent correlations u~u~ and u~c', representing the trans-
l J 1 

port of momentum and mass due to the turbulent fluctuations respectively, 

must be modelled in some way. The essence of turbulence modelling is 

approximating these correlations and the most important methods used to 

achieve this are reviewed in the book by Rodi (1980). Examples of the 

success of the most sophisticated of these methods, the so-called K-£ 

model, may be found in a number of Rodi's publications, Rastogi and Rodi 

(1978), Celik and Rodi (1984) and the aforementioned book. 

However fairly complex numerical calculations are required to use 

a K-£ model and for the relatively straightforward case of flow in a wide 

channel most researchers employ the concepts of an eddy viscosity and eddy 

diffusivity. These quantities are described in some detail in the follow

ing section. 

2.2.3 Eddy Viscosity and Diffusivity 

The most popular method of modelling the turbulent correlations 

u'u' and u~c' is to assume these quantities are proportional to the 
i j l 

gradients of the mean flow quantities in an analogous way to the viscous 

stresses and molecular diffusion. In its simplest form this may be 

written 



u~u~ 
l J 

= s[aui 
ax. 

J 

8 

au.] 2 + __ J -- Ko 
ax. 3 ij 

l 

(2. 8) 

where E is the turbulent viscosity, K = Yz(u~u~) is the kinetic energy per 
l l 

unit mass of the fluctuating motion and the last term involving the 

Kronecker delta, o .. , is required to ensure the trace of u~u~ is positive 
lJ l J 

and equal to 2K. Similarly 

- u~c' 
l 

E 
ac 

m ax. 
l 

(2.9) 

where E is the turbulent diffusivity, and E: and E: are related by the 
m m 

turbulent Schmidt number, 1/S, such that 

E: 
m 

(2.10) 

Reynolds' analogy states that the mechanisms for the turbulent 

transport of momentum and mass are equivalent and that the Schmidt number 

is therefore equal to unity. As will be seen in sections 2.4.1 and 2.4.2 

the correctness of this analogy seems to depend on the material dispersing 

in the flow. 

The assumption of a scalar turbulent viscosity and diffusivity is 

usually far too restrictive as it implies the transport rate in turbulent 

flow is independent of direction. Experimental evidence has demonstrated 

beyond question that turbulent transport is generally not isotropic. 

To overcome this restriction E and E: are usually modelled as 
m 

second-order tensors. 'I'he properties of the turbulent viscosity tensor, 

E: .• , defined in the same way as E: were thoroughly investigated in a paper 
l] 

by Dagan (1969). His conclusions may be summarised as follows: 

(1) 

(2) 

E: •• must be a symmetric tensor with the same principal directions 
lJ 

as u~u~ and (au.;ax. + au.;ax.). 
lJ l J J l 

When the co-ordinate directions, x., are chosen to be the same 
l 

as the principal axes of E:,. only three viscosities, E:,, are non-
lJ l 

zero and only two are independent due to the restriction that the 

trace of s. (auk/ax. + auJ.;axk) must be zero. 
lk J 

(3) When the flow is unidirectional, so u
1 

= u
1 

(x
2

, x
3
), s

1 
= s

2 
and 

the turbulent viscosity tensor is diagonal when x
1 

lies parallel 

to the flow, x
2 

lies perpendicular to the direction of zero 

stress and rate of strain and x
3 

lies parallel to the direction 

of zero stress. In the case of two-dimensional flow, 
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The standard co-ordinate 
this work. 

used throughout 

u
1 

= u
1 

(x
2
), these axes coincide with the standard co-ordinate 

system illustrated in figure 2.1. 

As pointed out by Rodi (1980) the introduction of equation 2.8 

does not in itself constitute a turbulence model as a representation of 

E .. now must be developed. The distributions of all the unknowns in 
~J 

equations 2.5- 2.7 depend implicitly on the chosen model for € .. and 
~J 

therefore the form of will contain much of the dynamics of the 

system • Once the turbulent viscosity has been chosen and the distri

bution of u has been found from equations 2.5 and 2.6 the dispersion of 

the contaminant is found by solving the turbulent diffusion equation, 

derived from equation 2.7, which, for unidirectional flow, takes the form 

= ( 
dC) d € - + 

x Clx 
(2. 

dC d 

where v is a fall velocity, positive when it is towards the channel bed, 
s 

that is included to account for buoyant particles and is assumed to be 

constant for all particles. A number of assumptions have been made in 

arriving at equation 2.11. Firstly as the transport by turbulent motion 

is very much more rapid than that due to molecular motion the two terms 

in equations 2.6 and 2.7 corresponding to molecular transport have been 

neglected or incorporated into their turbulent counterparts. Secondly the 

co-ordinate axes x, y and z are assumed to lie in the principal directions 

of . and therefore € , 
J X 

with E = c • If the flow 
X y 

and € are the principal values of the tensor z 
is three-dimensional the orientation of y and 

z may depend on the position in the flow. It has also been assumed that 

Reynolds' analogy is valid. 

The turbulent diffusion equation has been the basis for most 

theoretical investigations of turbulent transport. It must be remembered 
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however that equation 2.11 is simply a statement of the conservation of 

mass. The dynamics of the system enter the problem through the choice of 

model for E .. and, for sediment, the bed boundary condition which 
lJ 

whether material is deposited or entrained there. 

2.2.3.1 Vertical Diffusivity 

In a wide, straight, rectangular channel the shear stress distri

bution over the majority of the channel cross-section may be obtained from 

equation 2.6 by a simple balance of frictional and gravitational forces, 

the flow is uniform and steady. This balance leads to a linear 

shear stress distribution in the vertical which vanishes at the free 

surface. Across the channel there is essentially no shear away from the 

side walls. From the work of Dagan (1969) this ensures that E .. is diagonal 
lJ 

in the standard co-ordinate system. 

Equation 2.8 thus reduces to 

du 
dy 

T(y) (2.12) 

where T is the shear stress, and if E were known u(y) could be calculated. 
y 

The mixing-length hypothesis, often used to model 

by Prandtl, assumes 

and first introduced 

(2.13) 

where ~ is a mixing length 
m 

meaning of which is discussed in detail 

in Schlicting {1979)). Depending on the manner in which ~ 
m 

is modelled a 

number of different velocity distributions may be generated. For the near 

wall region where T is essentially constant and, from dimensional consider

ations, ~ must be proportional to y, the distance from the wall, the 
m 

resulting velocity distribution is the well-known logarithmic formula 

given by 

(2.14) 

where u* is the shear velocity equal to lgdS, d is the flow depth, S is the 

energy , K is von Karman's constant and C is a constant depending on 

the bed roughness*. While no theoretical reason exists for extending the 

* This result may also be obtained directly from dimensional analysis, see 
Landau and Lifshitz (1959). 
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validity of this distribution over the whole flow depth, where T is any

thing but constant, this is generally done and is justified by the fact 

that measured velocity profiles approximate a logarithmic profile. 

Therefore the velocity distribution generally used is 

u = u + 
K 

(1 + ln(y/d)) (2.15) 

where u is the mean flow velocity. An attempt at a theoretically justifi

able profile based on von Karman's similarity principle was made by Hunt 

(1954). While the agreement between his theoretical profile and the 

velocity measurements of Vanoni (1946) is excellent his complex distribu

tion of velocity has never replaced the logarithmic formula used in nearly 

all open channel calculations. 

Assuming equation 2.15 adequately represents the velocity distribu

tion the vertical diffusivity, s , may be found from equation 2.12. 
y 

(2.16) 

This is the well-known parabolic diffusivity distribution that vanishes at 

both the channel bed and free surface. 

2.2.3.2 Lateral Diffusivity 

In the previous section s has been modelled by mixing-length 
y 

theory that relates it to the gradient of the velocity in the vertical. 

From the work of Dagan (1969) it can be seen that such an approach must 

fail for £ as by definition z is parallel to the direction of zero stre.s.s. 
z 

Because of this equation 2.8 is identically zero for s . 
z 

No theoretical basis for determining s therefore exists and until 
z 

a model for how the lateral eddies in turbulent flow are driven by the 

vertical shear is proposed there is little prospect for advancement. 

The determination of thus becomes a problem for experimentalists. 

Many studies have been partially or totally dedicated to the evaluation of 

s and these are reviewed in section 2.4.3. z 

2.2.3.3 Longitudinal Diffusivity 

From the analysis of Dagan (1969), if the flow is unidirectional, 

the turbulent diffusivities s and are the same, whether the flow is two 
X 

or three-dimensional. However this result is generally unimportant as the 
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effect of longitudinal turbulent diffusion is almost always neglected. 

This is true whether the source of contaminant is steady or instantaneous. 

In the first case the plume is always long and thin and the boun

dary layer approximation that gradients across the plume are very much 

greater than gradients along the plume is invariably made. Therefore the 

x diffusion term is usually left out of equation 2.11, and the theoretical 

work of McNulty (1983) justifies this approximation for vertical dispersion 

at least. 

In the case of an instantaneous source while longitudinal spreading 

is important by far the major contributor to this spreading is the velocity 

shear which transports fluid at different levels in the flow at different 

rates. This dominant effect of the velocity shear was clearly demonstrated 

in the papers of Taylor (1954) for pipe flow and Elder (1959) for open 

channel flow. 

2.3 APPLICATIONS AND SOLUTIONS OF THE DIFFUSION EQUATION 

For steady flow in a wide rectangular channel the turbulent diffusion 

equation becomes 

(2.17) 

with boundary conditions which state that the flux of material through the 

channel walls is zero, 

E ~- 0 
Z dZ - 1 at y = 0, w ( 2 .18) 

and the flux of material through the bed and free surface may be non-zero 

if contaminant particles, in the case of sediment and air, settle on the 

bed or escape through the free surface, 

0 at y 0 (2.19) 

E dC + V (1 - 0 ) = 0 
y 3y s 2 

at y = d. (2.20) 

o
1 

and o
2 

are deposition constants that take values of zero if no material 

is lost from the flow and values of 1 if all material coming in contact 

with the channel bed or free surface is removed from the flow. 

The theoretical effort aimed at solving the turbulent dispersion 

equation has been in two main directions. These are the dispersion of a 



13 

dissolved contaminant without buoyancy dispersing vertically or 

and the vertical dispersion of discrete particles that possess a rise or 

fall velocity relative to the surrounding fluid. 

2.3.1 Dispersion of a Dissolved Contaminant 

It is important that engineers are able to predict concentration 

levels downstream of a source of contaminant discharging into a natural 

stream. Provided this contaminant has approximately the same as 

the ambient fluid, in as much as it does not exhibit any buoyancy effects, 

its dispersion may be modelled by the turbulent diffusion equation with 

v set to zero. 
s 

The work which has been done in this area generally considers 

either vertical or lateral dispersion but both. The reason for 

this is that the two processes are important in quite different regions 

of a wide channel. Provided and £ are of the same order of magnitude 
y 

the vertical mixing will be complete much more than the lateral 

spreading. Therefore the vertical mixing is essentially a near field 

effect with lateral mixing important far from the source. The limits 

of these two regions will depend on the depth and width of the channel. 

2.3.1.1 Vertical Mixing 

When the last two terms in equation 2.17 are omitted and v is 
s 

set to zero in equations 2.19 and 2.20 the turbulent diffusion equation 

models a flow in which lateral dispersion is insignificant. This may 

correspond to a horizontal line source. 

Okoye (1970) compared his experimental results to a numerical 

solution of the diffusion equation obtained by Coudert (1970). Coudert 

used a Crank-Nicholson finite difference scheme to solve the problem with 

the velocity and diffusivity given by equations 2.15 and 2.16. However 

his stated boundary conditions were inconsistent with his final results. 

Yeh and Tsai (1976) obtained an analytic eigenfunction solution to the 

same problem but assumed the velocity and diffusivity distributions could 

be represented by power laws. While these distributions are a fair 

approximation to the logarithmic and parabolic distributions near the 

channel bed at the free surface the power law deviates substantially from 

the parabolic diffusivity. 
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McNulty (1983) adapted the method of moments presented by Aris 

(1954) to the case of a continuous effluent release with a logarithmic 

velocity profile and parabolic diffusivity. Using the higher order 

moments of concentration calculated with his numerical scheme he was 

able to evaluate the first eigenvalue and eigenfunction of an eigen

function solution. Therefore he could calculate a solution accurate far 

from the source in the near field. 

Robson (1983) presented a formal eigenfunction solution to the 

related problem of a three-dimensional plume in an atmosphere 

capped by an inversion. He considered as a special case the cross-wind 

integrated problem that reduced to the vertical ion problem 

considered here. For a of velocity and diffusivity distributions 

he demonstrated the use of variational methods in obtaining the required 

eigenvalues and eigenfunctions. 

While the representation of the concentration as an eigenfunction 

expansion has been recognised as an effective solution method a complete 

solution for the case of a logarithmic velocity and parabolic diffusivity 

has not been published. This problem is considered in Chapter 3 of the 

present 

2.3.1.2 Lateral Mixing 

To consider just lateral mixing most assume vertical 

mixing is complete and obtain a depth-averaged diffusion equation by 

integrating equation 2.17 over the depth. The resulting two-dimensional 

equation, as given by Smith (1982) , is 

du (2.21) 

where d is the flow depth that may depend on z and all other quantities 

represent depth averages. 

For the simplistic case of lateral dispersion in a rectangular 

channel with a constant value of equation 2.21 leads to Gaussian 

lateral concentration profiles providing the plume has not reached the 

three-dimensional region near the channel walls. This problem was 

adequately dealt with by Holley et al. (1972). 

Holley et al. (1972) also presented a numerical solution to equation 

2.21 when d and £ were not constant, using a finite difference scheme. z 
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With their numerical solution they investigated the effect of a lateral 

They proposed the follow-variation of E in non-rectangular channels. 
z 

ing three possible methods of scaling E : 
z 

(1) E a DU* z (2.22) 

(2) E a du z (2. 23} 

(3) E a du* z 
(2. 24} 

where D and u* represent the average depth and shear velocity for the whole 

channel while d, u and u* are local values of the depth, depth-averaged 

velocity and shear velocity. Their results for a trapezoidal channel 

demonstrated that the concentration distribution was strongly 

on the choice of E • z 

Smith (1982) an eigenfunction solution to equation 2.21 

for the cases of a parabolic and a triangular channel. He assumed a varia

tion of E similar to equation 2.23 with the local shear stress assumed 
z 1 

proportional to d~. From his solution he was able to determine the 

position in the channel where the source should be located to ensure the 

concentrations at the channel banks would always stay less than the fully

mixed concentration. For both channels considered this position is located 

slightly to the deeper side of the centreline. 

Smith (1981) also approached this problem using ray methods that 

took advantage of the presence of u*/u as a small parameter in the govern

ing equation. 

Moving a step closer to the more realistic problem of dispersion in 

a natural river Lau and Krishnappan (1981), following the work of Yotsukura 

and Sayre (1976), investigated the two-dimensional diffusion equation in 

an orthogonal curvilinear co-ordinate system that followed the meanders of 

the channel and in which the lateral co-ordinate was replaced by the 

cumulative discharge. A finite difference numerical method was used to 

solve the problem but as with the above cases the form of the lateral 

diffusion coefficient had to be guessed. 

A number of powerful methods have been used to solve problems of 

lateral dispersion but the basic problem of having no theoretical basis for 

remains. 
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2.3.2 Dispersion of Sediment 

The other area of research in which dispersion plays a major role 

is sediment transport. Engineers need to be able to calculate the size 

of settling basins sufficiently long to remove some proportion of the 

sediment suspended in the flow. They also wish to be able to calculate 

the suspended sediment load of a stream given its bulk properties and the 

predominant sediment sizes present. Dispersion of sediment or effluents 

containing particle matter is almost invariably modelled by the turbulent 

diffusion equation. 

The papers of Dobbins (1944) and Camp (1946) were two of the 

earliest to consider the effect of turbulence in retarding the settling 

of sediment in settling basins. Both papers presented analytic solutions 

to the two-dimensional diffusion equation (suppressing the lateral 

diffusion term in equation 2.17) by assuming the velocities, u and vs' 

and the diffusivity, £ , were constant, with Camp's solution being applied 
y 

directly to settling basin design. This interest in the deposition rate 

of sediment in settling basins was developed further by Sarikaya (1977) 

who obtained a numerical solution to the same problem as that considered 

by Camp except that u and £ were modelled by more realistic distributions y 
including the logarithmic and parabolic profiles described previously. 

Bechteler and Schrimpf (1984) presented an improved numerical scheme for 

the same problem. 

The related problem of a flow moving from a rigid to a movable bed 

and entraining sediment from the bed, figure 2.2, was solved by Apmann and 

Rumer (1970) with a finite difference numerical scheme assuming u and £ 
y 

were constant. This was improved by Mei (1969) who presented an analytic 

solution and again by Hjelmfelt and Lenau (1970) who generated an 

function solution in terms of hypergeometric functions for the more 

realistic case of a diffusivity and uniform velocity. A 

significant difference between this problem and that considered in 

equations 2.17 - 2.20 is the boundary condition at the bed. The process 

of entrainment was modelled in each of these three papers by assuming 

the concentration had a constant value at a fixed height in the flow 

over the movable bed. This demonstrates the remark made in section 2.2.3 

that the dynamics of the problem are incorporated in the boundary condition 

at the bed and do not come from the diffusion equation. 

Jobson (1968) a numerical solution to the problem of 
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Figure 2.2 : A schematic representation of two-dimensional open 
channel flow moving from a rigid to an erodible bed 
from which the flow may entrain sediment. 

X 

vertical dispersion of sediment entering the flow from a line source in 

order to compare this to his experimental results. He also investigated 

the effect on the calculated vertical profiles of different diffusivity 

distributions, different fall velocities and various values of the 

deposition constant. It appeared that an accurate knowledge of the 

diffusivity was not as important as an accurate value for vs and o
1

• 

Both Montes and Ippen (1973) and Jobson and Sayre (1970) considered 

the interaction of sediment with turbulent fluid motion. While their work 

laid the foundation for further understanding of the problem a complete 

understanding has not yet been achieved. 

2.4 PREVIOUS LABORATORY AND FIELD STUDIES 

While the generation of theoretical solutions to the turbulent 

diffusion equation is relatively straightforward it is vitally important 

to test these solutions by performing appropriate experiments in the 

laboratory and field. In this section a review of this experimental 

effort is given. 

The information gathered in the vast majority of these studies · 

is the distribution of mean concentration of a dissolved contaminant such 

as salt or dye or of discrete particles such as sediment or air. As 

discussed in section 2. 2. 2 the theory of turbulent dispersion at pres.ent 

can only predict mean concentration values and if information on the 

size of the concentration fluctuations is required it must be found in 

the laboratory or field. In his extensive programme Okoye (1970) measured 
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and analysed the instantaneous concentrations in a dispersing plume while 

McNulty (1983) analysed his concentration measurements to obtain the 

variation of concentration at each point in the flow. His results were 

published in Nokes, McNulty and Wood (1984). The results of these two 

studies demonstrated that the concentration fluctuations were not small. 

Okoye measured ratios of the peak concentration to average concentration 

up to 100 and ratios of the root mean square value of the concentration 

fluctuations to mean concentration up to 7. More experimental information 

in this area of turbulent mixing is highly desirable. 

2.4.1 Vertical Dispersion 

The method generally chosen by experimentalists to investigate 

vertical dispersion of a neutrally buoyant contaminant is to inject the 

effluent into the flow from a line source stretching the full width of 

the channel. This approach was used by Jobson and Sayre (1970) and McNulty 

(1983). In both studies the vertical concentration distribution downstream 

of the source was measured and compared to theoretical results. Jobson 

and Sayre found very good agreement between the vertical profiles obtained 

experimentally and those calculated numerically. McNulty presented his 

results as longitudinal concentration profiles, a more natural method of 

presentation in the opinion of this writer, and compared these to profiles 

generated theoretically using the logarithmic velocity and parabolic 

diffusivity and also using a uniform velocity and uniform diffusivity. 

While his experimental results did not agree completely with the theoretical 

results using the realistic distributions of velocity and diffusivity they 

certainly confirmed that these distributions were considerably closer to 

reality than the uniform distributions. 

Okoye (1970) calculated two-dimensional concentrations by integrat

ing the concentrations downstream of a point source across the flow. His 

results also demonstrated that diffusion theory is quite adequate in 

predicting vertical dispersion. 

A number of laboratory studies have also been dedicated to the 

inverse problem of determining E given the downstream concentration 
y 

distribution and the measured vertical velocity profile. The results 

of analyses of this sort must generally be treated with care as derivatives 

of c with respect to y are required in the calculations and these are prone 

to error. However the results of Jobson and Sayre (1970) strongly support 
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the correctness of the parabolic distribution, equation 2.16, both in 

magnitude and functional form. The careful experiments of Ueda et al. 

(1977) involved measuring the temperature distribution in the open channel 

flow of hot water (~50°C) and their results also supported the parabolic 

form of the turbulent viscosity and in particular confirmed that 

vanished at the free surface. 

2.4.2 Dispersion of Sediment 

Because of its interest to engineers the vertical dispersion of 

sediment has received considerable attention. 

Some of the earliest work in this field was the substantial experi

mental programme undertaken by Vanoni (1946) whose aim was to determine 

the equilibrium distribution of sediment in open channel flow if no 

sediment settled on the channel bed. The theoretical distribution, 

obtained from a balance between the vertical transport due to turbulence 

and the settling due to gravity, is the well-known Rouse formula 

(2.25) 

where c is a reference concentration and z v /u*K6. Vanoni's results 
0 s 

demonstrated that the functional form of c was correct but that the 

exponent, z, taking S as unity, did not agree with the experimental 

value. In his second series of experiments, when the problems with his 

entry conditions were corrected, the value of z measured for fine sediment 

was 20 - 40% less than the theoretical value. 

Straub and Anderson (1960) measured the equilibrium concentration 

distribution of air in self-aerated flow down a steep channel. Their 

results also confirmed the functional form of equation 2.25. 

Montes and Ippen (1973) compared z to for the experiments 

of Vanoni and field experiments of Anderson (1942) which showed S increased 

with sediment diameter. Using mixing-length theory arguments Montes and 

Ippen presented a possible explanation of this. Bechteler and Vetter (1983) 

field data from the Rhine and also demonstrated z > z although 
exp 

most vertical profiles contained only three or four measured concentrations. 

As for a neutrally buoyant contaminant some studies have attempted 

to use the measured concentrations to deduce a value of the turbulent 

diffusion coefficient for sediment at each in the flow. Obtaining 
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accurate concentration measurements is considerably more difficult for 

sediment than for salt or dye, as discussed by Vanoni (1946), and as the 

fall velocity adds an additional term to the diffusion equation deducing 

£ from experimental measurements is guaranteed to be error prone. The 
y 

results of Coleman (1970) exemplified this difficulty. His deduced values 

of £ /u*d at one height in the flow varied by almost an order of magnitude y 
from one flow to another. His conclusion, that the diffusivity is para-

bolic in the lower half of the flow but constant in the upper half, must 

therefore be treated with caution. However a number of studies 

et al. (1977), van Rijn (1984)) have used this composite diffusivity in 

their calculations. 

The deduced values of £ /u*d obtained by Jobson and Sayre (1970) 
y 

also exhibited a large scatter, particularly for coarse sediment, and thus 

confirmed this method of working back from measured concentrations to a 

turbulent diffusivity to be quite unsatisfactory. 

Jobson and Sayre (1970) undertook one of the few experimental 

programmes that involved measuring sediment concentrations downstream of 

a horizontal line source. Their vertical concentration profiles agreed 

well with their numerical solution, for fine sediment at least, although 

it should be noted that the distributions of u and £ used in the numerical 
y 

simulation were those deduced from the experiments and an estimated value 

of o
1 

was used. 

It may be concluded that predicting, and in fact measuring, the 

dispersion of discrete particles in open channel flow is considerably more 

difficult than for a dissolved contaminant. The experimental evidence 

gathered so far appears to confirm that the turbulent Schmidt number, 

1/S, is less than unity for discrete particles and it tends to decrease 

with increasing particle diameter. A complete understanding of the inter

action of discrete particles with turbulent flow has not been achieved 

and more careful experimentation is required for this limitation to be 

overcome. 

Provided the limitations in our understanding are acknowledged 

turbulent diffusion theory seems a reasonable method for predicting 

sediment or air concentrations in flows where the concentrations are not 

large. 
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2.4.3 Lateral Dispersion 

As the lateral turbulent diffusivity has no theoretical basis 

considerable effort has been invested in measuring the rate of lateral 

spreading in turbulent open channel flow. 

While a number of studies (Glover (1964), Sayre and Chang 

(1968)) concerned principally with longitudinal mixing calculated lateral 

diffusion coefficients the first two substantial projects dedicated to 

calculating£ were Okoye (1970) and Prych (1970). The second of these 
z 

actually considered the effect of density differences between the flow 

and the effluent on lateral mixing but a number of runs were 

with no density difference. In his experiments Okoye covered a large 

number of different aspect ratios and friction factors. His results 

demonstrated that the depth-averaged non-dimensional diffusivity, Ez/u*d, 

correlated with the ratio, tending to increase as the aspect ratio 

decreased. The depth-averaged non-dimensional diffusivity lay in the 

range 0.09 to 0.235 corresponding to 1% - 4 times the depth-averaged 

value of £ . From his results Okoye also attempted to obtain the depth y 
dependence of £ . Considering the accuracy to which this inverse problem 

z 
could be solved the strongest statement that could be made from his 

results was that E was least near the bed and had a maximum somewhere 
z 

in the upper half of the flow. 

The few results of Prych demonstrated 

decreasing aspect ratio. 

decreasing with 

Miller and Richardson (1974) performed a good number of 

ments in flows with a nearly constant aspect ratio of 0.21. Their values 

of lay in the range 0.1 - 0.18 depending on the value of the 

friction factor. However because of their relatively large depth their 

flows were strongly three-dimensional and it is unlikely the co-ordinate 

directions actually coincided with the principal axes of E ••• 
l.J 

In 1977 Lau and Krishnappan (1977) published a comprehensive review 

paper of the results of the lateral dispersion studies performed to that 

date. The results of ten studies, including their own, were covered in 

the paper and essentially no trend in the variation of E /u*d with aspect z 
ratio was found. With the exception of those of Lau and Krishappan all 

the results are presented in figure 2.3. Because of this large scatter 

Lau and Krishnappan reanalysed all the results by non-dimensionalising 

by the channel width, w, instead of the depth d. The resulting variation 
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Figure 2.5 The experimental results of Webel and 
Schatzmann (1984) are presented. The lateral 
diffusivity, non-dimensionalised by the 
shear velocity and flow depth, is plotted 
against friction factor. 

of the non-dimensional diffusivity, Ez/u*w, with aspect ratio is given in 

2.4. In conclusion Lau and Krishnappan deduced E /u*w was a better 
z 

non-dimensionisation than Ez/u*d and therefore the principal 

mechanism in straight channels is not turbulence but 

currents. 

However in 1984 Webel and Schatzmann (1984) published results in 

complete contradiction to the conclusions of Lau and Krishnappan. A total 

of more than 80 runs were made with flows of varying Froude number, 

Reynolds number, friction factor and aspect ratio. The resulting values 

of Ez/u*d were found to be independent of all flow parameters 

friction factor and even then only below a value of f = 0.08 did Ez/u*d 

deviate from a value of 0.13. Figure 2.5 presents their results as a 

function of friction factor. These results are most extraordinary as 

Webel and Schatzmann were able to reproduce the lateral diffusivity for 

fixed values of f and d and varying values of w to less than 1%. In fact 

the lateral diffusivity calculated from 36 runs with vastly different 

values of aspect ratio and friction factor lay within + l% of the mean 
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value. In their conclusion Webel and Schatzmann decided that turbulent 

mixing was by far the most important mixing mechanism present. 

Considering the amount of experimental effort dedicated to finding 

£ in wide open channel flow the present state of knowledge is surprisingly z 
confused. Each experimental study appears to be in disagreement with those 

before. This problem will be addressed in Chapter 7 of this study. 

Lateral diffusion coefficients for mixing in real rivers have been 

determined in a number of field studies. A summary of these may be found 

in Fischer et al. (1979). The values of £ /u*d vary from 0.45 to 3.4 in z 
the field experiments corresponding to mixing rates of up to 30 times those 

measured in the laboratory. This variation is not unexpected considering 

the additional mixing mechanisms present in the natural environment. 

In each of the studies mentioned the method of obtaining £ has been 
z 

£ z 
(2.26) 

where cr2 is the variance of the lateral concentration profiles. Holley et 

al. (1972) derived a generalised change of moments method that allowed the 

lateral distribution of to be calculated for a channel of non-rectangular 
2 

section. This was obtained by multiplying equation 2.17 by (z z ) , 
0 

where was some reference position, and integrating across the channel. 

Holly (1975) used this method in analysing his dispersion experiments in 

a triangular channel. Due to Holly's inaccurate measurements the method 

proved inconclusive and again the difficulties in solving the inverse 

problem proved excessive. 

2.5 CONCLUSIONS 

The results of research dedicated to understanding turbulent 

dispersion have been briefly surveyed in the proceeding sections. The 

following conclusions may be drawn: 

(1) Solutions to the diffusion equation have been developed for 

vertical and lateral dispersion of a neutrally buoyant contaminant 

and vertical dispersion of sediment. These generally take the 

form of a numerical solution or an eigenfunction expansion. 

(2) Experimental results have confirmed that the vertical dispersion 

of a neutrally buoyant contaminant is accurately modelled by the 

turbulent diffusion equation but the dispersion of discrete 



25 

(2) particles is considerably more difficult. In this case it is 
Ctd. 

(3) 

essential that an increased understanding of the interaction of 

discrete particles with turbulent fluid motion is achieved by 

further experimental studies and parallel theoretical effort. 

Our knowledge of the lateral turbulent diffusivity, E , is in 
z 

a state of confusion. The experimental studies aimed at measuring 

E frequently appear to be in serious disagreement. 
z 
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Chapter Three SOLUTIONS 1 · DISPERSION OF 

NEUTRALLY BUOYANT CONTAMINANT 

IN TWO DIMENSIONS 

3.1 INTRODUCTION 

In the literature review already presented it was noted that a 

complete eigenfunction solution to the problem of vertical dispersion in 

a flow with a logarithmic velocity profile and parabolic diffusivity 

distribution had not been published. This chapter rectifies this omission 

by presenting a formal eigenfunction solution and deriving the particular 

eigenfunctions and eigenvalues with two standard techniques. 

While it is admitted that vertical dispersion is of less importance 

than lateral dispersion in natural mixing problems only the vertical 

process has a reasonable theoretical foundation and hence it offers one 

of the rare instances in which theory may be compared to experiment. For 

this reason alone the analysis of this problem is worthwhile. 

3.2 THE DIFFUSION 

The turbulent diffusion equation for a neutrally buoyant contaminant 

dispersing vertically is 

ac a 
uax=dy 

with the no-flux boundary conditions 

ac 
£ -= 0 

y Cly 

(
E ac) 

y 3y 
(3.1) 

at y = 0, d. (3.2) 

To obtain a particular solution to equations 3.1 and 3.2 a source 

condition, which specifies the concentration configuration at some section 

in the flow, must also be stated. Such a condition is 

c (0 ,y) = cs (y). 

It should be remembered that equations 3.1 - 3.3 are valid in 

describing dispersion in uniform, steady, open channel flow where a 

boundary layer type approximation, that longitudinal gradients are 

( 3. 3) 
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negligible when compared to vertical gradients, has been made. 

It is convenient to convert equations 3.1 - 3.3 to non-dimensional 

forms using the transformations 

x' = xjd, y' y/d, u = tix<Y'>, s = Dl/J(y'>. 
y 

(3.4) 

D is a diffusivity coefficient logically chosen, from equation 2.16, to 

be while X and \j! are a non-dimensional velocity and non-dimensional 

diffusivity respectively. Applying these transformations to equations 

3.1 and 3.2, and dropping the primes for the sake of clarity, leads to 

and 

A 3c d ( . de) X(y} -=- \j!(y)-ax 3y (ly 

(jc 
\j! (y} - = 0 (ly at y = 0, 1 

-2 where f is the friction factor defined to be 8(u*/u) • 

3.3 THE GENERAL SOLUTION AS AN EIGENFUNCTION EXPANSION 

A separated solution of the form 

c(x, y} = G(x} H(y) 

(3.5) 

(3.6} 

(3.7} 

when substituted into equation 3.5 leads to a 

equations in x and y, equations 3.8 and 3.9 

of ordinary differential 

dG /f - + -yG 
dx 8 0 (3.8) 

(3.9) 

y is the constant of separation. Equation 3.8 has the solution 

G(x) (3.10) 

where A is an arbitrary constant while equation (3.9} together with the 

separated boundary conditions, 

at y = 0, 1 (3.11} 

constitute an eigenvalue problem that falls within the province of Sturm

Liouville theory. The eigenvalues and eigenfunctions of such a 

mathematical system have the following properties 

(1) the eigenvalues are real, discrete and non-degenerate, 
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(2) the eigenfunctions are mutually orthogonal with respect to the 

weighting function X(y) over the interval 0 < y < 1 and 

(3) the eigenfunctions form a complete set. 

Proofs of the first two of these, adapted from the standard proofs 

given by Ince (1927), are included in Appendix A. Similar proofs for the 

eigenfunctions and eigenvalues presented in Chapters 4 and 5 are not 

included in this thesis as they are, generally, slight variations on 

those introduced in Appendix A. The completeness property of the eigen

functions, which ensures any well-behaved (at least piecewise-continuous) 

function in the interval 0 ~ y ; 1 may be expressed as an infinite series 

of the eigenfunctions, is assumed. 

The general solution to equation (3.5) may therefore be written as 

(3.12) 

where all values of y that satisfy equations 3.9 and 3.11 are included in 

the summation and H is the vertical eigenfunction corresponding toy. The y 
physics of the problem demands only non-negative values of y and thus the 

eigenvalues may be ordered according to magnitude beginning with the 

smallest value y = 0. This particular value corresponds to the equili-
o 

brium condition where the contaminant is uniformly mixed throughout the 

flow. Equation 3.12 therefore may be more conveniently written as 

(3.13) 

The expansion coefficients, , may be deduced from the source 

condition, equation 3.3, at x = 0. By virtue of the orthogonality condition 

1 

J c XH. dy s ~ 

== (i 0, 1. • .oo) 
1 

( 3 .14) 

J 
2 

dy XH. 
~ 

0 

If desired the eigenfunctions may be normalised by requiring that 

1 . (3.15) 
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The equilibrium eigenfunction may be shown to be constant by set

ting y to zero in equation 3.9 and integrating and it is convenient to 

set to unity, so H (y) = 1. From the definition of X equation 3.14 
0 

leads to 

c (y)X dy 
s (3.16) 

which is equivalent to the equilibrium concentration c , given by McNulty 
e 

and Wood (1984), and a non-dimensional concentration is conveniently 

defined as 

= c/a . 
0 

All numerical and experimental results are presented in this form. 

(3.17) 

Equations 3.13 and 3.14 represent a complete formal solution to the 

problem of steady vertical dispersion modelled by equations 3.1 - 3.3. The 

evaluation of the eigenvalues and eigenfunctions for a particular choice 

of velocity and diffusivity may be found in sections 3.4 and 3.6. 

3.4 METHODS FOR EVALUATING THE EIGENFUNCTIONS AND EIGENVALUES 

3.4.1 Introduction 

The appropriate choice of method for generating the eigenfunctions 

and eigenvalues of equations 3.9 and 3.11 depends somewhat on the assumed 

forms of ~ and X· For instance if both distributions are approximated by 

constant values over the whole depth of the flow the eigenfunctions, 

readily determined by analytic methods, are cosine functions (see section 

3.6.1). However, when the distributions most closely resembling 

are used (the logarithmic velocity and parabolic diffusivity, equations 

2.15 and 2.16 respectively) such analytic methods are not possible. 

In this case a number of solution techniques are available. These 

include finite difference methods, variational methods (Robson (1983)), 

expansion in a set of complete functions and the method of moments 

presented by McNulty (1983). With care the latter should be able to 

supply the second and possibly the third eigenfunctions as well as the 

first determined by McNulty. In the present study two methods were 

selected from those listed. 

A power series solution (Boyce and DiPrima (1969)}, chosen for its 
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ease of use, is presented in section 3.4.2. While the set of power terms, 
n 

y , do form a complete set over the interval 0 ~ y < 1 they are not 

orthogonal over this interval. Another set of complete functions, for 

example the Chebyshev polynomials< having the property of mutual orthogon

ality could have been selected instead. However the advantages of the 

orthogonality property and, in this case, the ability of the Chebyshev 

polynomials to minimise the maximum error in approximating the eigen

functions are somewhat lost in the increased complexity of handling these 

polynomials. The economy and simplicity of the power series method may be 

judged by the material presented in section 3.4.2.1 and the computational 

details described in section 3.4.2.2. 

While the power series method of solution forms the basis for the 

theoretical solutions presented in this and the following two chapters a 

numerical shooting-method solution was also developed for the two-dimen

sional dispersion of a neutrally buoyant contaminant. The development of 

a second solution method had the advantage of allowing a check on the 

results of the power series solution and a rough comparison between the 

efficiency of the two methods. A description of the shooting-method 

solution is presented in section 3.4.3 and the results of the two methods 

are compared in section 3.4.4. 

3.4.2 Power Series Solution 

3.4.2.1 Theory 

In order to utilise a power series representation of the eigen

functions the coefficients of the ordinary differential equation, equation 

3.9, must be polynomials. To facilitate this requirement a change of 

independent variable to w = 1-y, such that w measures downward from the 

free surface, is introduced. Equation 3.9 becomes 

w (1-w) d
2

~ + (1-2w) ~: + f G +A ~ (1 + ln (1-w))J H 
dw 

o. 

Now all coefficients in equation 3.18 are polynomials in w or may be 

expressed as polynomials, as 

The point w 

ln(l-w) = L: 
m=l 

m 
w 

(0 < w < 1) . 
m 

0 is a regular singular point and thus a power series 

( 3 .18) 

(3.19) 
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solution is obtained using Frobenius' method. 

A solution of the form 

00 

H(w) = L: 
n=O 

b 
n 

n+r 
w (3.20) 

where the coefficients b and the exponent r are unknown, is substituted 
n 

into equation 3.18 and consideration of the coefficients of the lowest 

power of w, in this case wr-l, yields an indicial equation for the exponent 

r. The resulting indicial equation, 

(3.21) 

leads to the double root r = 0 and for this case, according to the theory 

of power series solutions, the two linearly independent solutions are 

00 

H1 (w) L: b n 
= w 

n=O 
n (3.22) 

00 

and H2 (w) H
1 

(w) lnw + L: 
n 

= c w 
n=l 

n (3.23) 

where the coefficients b and c are found by direct substitution into n n 
equation 3.18. The second of these solutions, due to the presence of the 

logarithmic term, does not satisfy the boundary condition at w = 0 and so 

may be discarded. 

A set of recurrence relations, relating each coefficient b to those 
n 

before it, may be obtained by substituting H1 (w) into equation 3.18. These 

relationships are 

b2 = 

bk+l = 

ck
2
+k-8)bk + 

-8b 
0 

0.25[(2-8)bl 

[b bl 
¢2+--+ 

k k-1 

(k+l) 2 

(3.24) 

+ ¢b ] 
0 

(3.25) 

... bJ J 
(k 2, •.. oo} (3.26) 

h "' ff; 2 e v [le (f 1) d b . . b . . were 'I'= Y/8- K, = t +/ai< an 
0

, as ~t ~s ar ~trary, ~s set 

equal to unity. A representation of the eigenfunctions as an infinite 

power series, where each coefficient in the series is a function of the 

eigenvalue y, is now available. 
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The boundary condition at the free surface has been used to 

eliminate one of the two linearly independent solutions and the boundary 

condition at the bed may be used to determine the eigenvalues. However 

as the diffusivity vanishes at both boundaries the boundary condition, 

as it stands, is difficult to utilise. Instead the integrated form of 

the governing equation incorporating both boundary conditions 

1 

f XH dy = 0 

0 

(3.27) 

yields a characteristic equation from which the eigenvalues may be deduced. 

Equation 3.27, representing a statement of mass conservation, has a 

dence on y which is impossible to express in an explicit form and there

fore an iterative process, described in section 3.4.2.2, is employed to 

determine the eigenvalues. 

The theory of power series solutions to ordinary differential 

equations guarantees that the series will converge in the interval 

0 < w < 1, but not necessarily at w = 1. 

This method of solution is quite versatile and may be readily 

adapted to any well- behaved diffusivity and velocity distribution. A 

selection of approximate distributions and their power series solutions 

are presented in section 3.6. While the point in the flow about which 

the expansion should be made is generally one of the flow boundaries, 

other velocity and diffusivity distributions may demand a different 

expansion point. 

3.4.2.2 Numerical Results 

Calculation of the eigenvalues by means of the power series 

solution described above was achieved with the computer program A/EVALUE 

(Appendix J) developed for this purpose. All computations were performed 

on the University of Canterbury's interdepartmental Burroughs 6900 

computer. 

Equation 3.27 corresponds to a function of y that possesses an 

infinite number of positive real roots. A simple regula falsi algorithm 

was employed to determine these roots, eigenvalues, by iteration and was 

found to .be satisfactory. Generally 6 significant figure accuracy could 

be achieved with 8 iterations provided all calculations were performed 

with double precision accuracy. 
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Table 3.1 The first five eigenvalues calculated using 20, 50, 100, 
150 and 200 terms in the power series representations of 
the eigenfunctions are listed. Fixed values of f = 0.08 
and K = 0.35 were used in the calculations. 

Terms yl y2 y3 y4 Ys 

20 0.779986 2. 403313 4.870618 8.182070 12.342593 

50 0.780148 2.405366 4.879930 8. 207270 12.388065 

100 0.780135 2.405196 4.879155 8.205074 12.383420 

150 0.780127 2.405100 4.878717 8.203829 12.380758 

200 0.780123 2.405053 4.878501 8.203216 12.379443 

The actual evaluation of equation 3.27, together with the denominator 

and numerator of equation 3.14, requires the calculation of integrals of 

the form 
b 

f ln(l-w)wn dw 

a 

(n O,l. .. n ) 
0 

(3.28) 

where n is some selected number of terms used in the integral evaluation. 
0 

For the determination of the eigenvalues to be rapid and exact equation 

3.28 had to be evaluated efficiently and accurately. The method for achiev

ing this is presented in Appendix B together with similar integrals required 

for the distributions in section 3.6 and the solutions presented in Chapter 4. 

Due to the singularity in the logarithmic velocity at the channel bed 

it was expected that the convergence of the eigenvalues to their true values, 

obtained by increasing the number of power series terms used in evaluating 

equation 3.27, might be slow. The first five eigenvalues, for a friction 

factor of 0.08 and von Karman's constant equal to 0.35, calculated using 

20, 50, 100, 150 and 200 terms in the power series representation of the 

eigenfunctions are listed in table 3.1. Even for y
5 

the use of 20 terms 

gives an excellent approximation to the true value although convergence 

to this value is relatively slow as the number of terms is increased. As 

each coefficient in the power series solution is related to all those 

before, due to the form of the velocity distribution, the amount of 

computer time required to generate the eigenvalues using more and more 

terms is prohibitive. It was therefore necessary to strike a balance 

between the accuracy to which the eigenvalues could be calculated and the 
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Table 3.2 The weak dependence of the eigenvalues on the friction 
factor, f, is demonstrated. · For these calculations 
K = 0.40 and 70 terms were used in the power series. 

f yl y2 I y3 y4 Y5 

0.02 0.83707 2.53107 5.07838 8.47713 12.7240 

0.04 0.85418 2.59726 5.22745 8.74516 13.1497 

0.06 0.86772 2.65146 5.35205 8.97233 13.5141 

0.08 0.87927 2.69848 5.46077 9.17033 13.8295 

0.10 0.88946 2.74018 5.55674 9.34315 14.1006 

0.15 0.91078 2.82670 5.75114 9.68264 14.6162 

time required for their evaluation. Generally 70 terms were used, in which 

case the first 10 non-zero eigenvalues were calculated in approximately 35 

seconds. Certainly the use of only 70 terms would reduce the accuracy of 

the eigenvalues but it was felt that as the higher-order 

functions decay rapidly as one moves downstream from the source this 

inaccuracy would be unimportant except very near the source. 

The dependence of the eigenvalues on the flow parameters f and K is 

of some interest. The choice of non-dimensional diffusivity ensures the 

friction factor only appears in the velocity term of equation 3.18. It 

would therefore be expected that the eigenvalues would depend rather weakly 

on f and this is in fact found to be the case. The first five eigenvalues, 

using 70 terms in the power series and K = 0.4, for values of f 

varying from 0.02 to 0.15 are presented in table 3.2. While f varies by 

nearly an order of magnitude the eigenvalues vary by no more than 15%. On 

the other hand the factor y/K appears as a coefficient to the velocity term 

in equation 3.18 and while K also appears in the velocity term, in a 

similar way to 18/f, its presence there will not substantially affect the 

eigenvalues. Therefore the eigenvalues are almost proportional to K and 

it may be concluded that the rate of decay of the eigenfunctions downstream 

of the source is nearly proportional to Kif. In particular from table 3.2, 

y1 can be seen to be approximately equal to 0.88 or 2.2K. 

A second computer program, A/EFNSOL (Appendix K) , was developed to 

the concentration pattern downstream of a point or rectangular 

source utilising the eigenvalues generated by A/EVALUE. This program also 

had the facility to plot individual eigenfunction profiles. Figure 3.1 
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The normalised eigenfunctions corresponding 
to the first three non-zero eigenvalues for 
flow parameters f = 0.08 and K = 0.35. 40 
terms in the power series representations of 
the eigenfunctions were used to generate the 
solid curves while 100 terms were used to 
generate the dashed curves. 

Non-dimensional Distance 
A contour map of non-dimensional concentrations 
generated b.Y 10 eigenfunctions in the eigen
function expansion. Each eigenfunction was 
evaluated using 40 terms in its power series 
representation. The flow parameters are f = 
0.0243 and K = 0.4 (corresponding to flow A 
described in Chapter 7) . The rectangular source 
lies between y = 0.9 and y = 1.0. 
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presents the first three normalised eigenfunctions corresponding to 

f = 0.08 and K = 0.35. The solid lines were evaluated using 40 terms 

in the power series representation of the eigenfunctions while the 

dashed lines correspond to the use of 100 terms. As stated in section 

3.4.2.1 the power series is guaranteed to converge in the open interval 

0 < y ~ 1 and therefore the number of terms required to obtain an accurate 

approximation to the eigenfunctions will-increase near the lower end of 

this interval, as w approaches 1, and a region near the lower boundary 

will contain the maximum error in the power series representation. This 

conclusion is supported by the profiles presented in figure 3.1. In the 

bottom 3 to 4% of the flow the number of terms affects the value of the 

eigenfunction, for H3 at least. Higher order eigenfunctions will exhibit 

a gradually increasing error in this region but as these decay rapidly 

downstream of the source this error should be unimportant. Generally 10 

eigenfunctions, each represented by 40 or 70 terms in its power series, 

were used to generate the desired concentration distribution. 

Three methods of presenting the concentration distributions were 

devised. A concentration contour map extending over the region of the 

flow field where c is not uniformly distributed is presented in figure 

3.2. The ten eigenfunctions can be seen to give an accurate concentration 

distribution to within approximately one depth of the source. Using 40 

terms in each eigenfunction's power series the concentrations at the 4000 

grid points required to generate such a contour map were calculated in 

approximately 20 seconds. 

The second method of presentation, a series of vertical concen

tration profiles calculated at various distances from the source, is 

exemplified in figure 3.3. Such a set of profiles could be generated in 

approximately 5 or 6 seconds. 

The third presentation method involved plotting longitudinal 

concentration profiles at fixed heights in the flow. Examples of these 

may be found in Chapter 7 where the theoretical profiles are compared to 

experimental results. 

3.4.3 Shooting-Method Solution 

Principally as a check on the power series solution already 

presented a numerical shooting-method solution was developed. However 

this solution was not refined to any great extent and provided it yielded 
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satisfactory results methods of improving its efficiency and accuracy were 

not sought. 

The governing is not transformed as in the previous section 

but left in the original co-ordinates. The y axis is discretized into N+l 

equally spaced nodes with nodes 0 and N being the boundary nodes at y = 0 

and y = 1 respectively. A finite difference approximation of equation 3.9, 

using central differences, is constructed at each of the internal nodes 

and this takes the form 

lhi+l + h/:::,12. -1 - 2hij 
y. (1-y.) 

l. l. 

+ Y (1+8(l+lny.))h. = 0 
K l. l. 

i 1, 2 •.. N-1 (3.29) 

where 8 =~/K, /:::,is the separation of the nodes, hi is used instead of 

H. to avoid confusion with the ith eigenfunction and the subscript i refers 
1 

to the value at the ith node. Gathering like terms together leads to the 

compact form 

c. 
1
h. 1 + c.h. + c. 

1
h. 1 ).- l.- 1 l. l.+ l.+ 

0 i = 1, 2 •• • N-1 

with c. 1 , c. and c. 
1 

defined to be 
).- l. l.+ 

y. ( 
l. 

) + ~ (l-2y i) 

c. 
l. 

= -2y. (1-y.) + 6
2 Y (1+8(l+lny.)). 

l. 1 K l. 

( 3. 30) 

(3.31) 

( 3. 32) 

(3.33) 

As with the power series solution the boundary conditions are awkward 

to handle due to the diffusivity vanishing at both the bed and free surface. 

To transform these boundary conditions to a useful form the governing 

equation was integrated and the boundary conditions utilised. At y = 1 

the equation was integrated from the node N-1 to the node on the boundary. 

The resulting expression, using the trapezium rule to evaluate the 

integral of the velocity term, may be written 

c' h + c' h + c'h 
N-2 N-2 N-1 N-1 N N 

0 (3.34) 

where 
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c' 
N-2 (3.35) 

c' = fiJ_ [l+i3(l+lny 
1

)] (3.36) N-1 2K N-

c'· fiJ_ [l+i3(l+lnyN)] 
YN (1-yN) 

(3.37) = - . 
N 2K 

Due to the singularity in the logarithmic velocity at the bed an 

equation similar to equation 3.34 is not valid. Instead equation 3.27, 

incorporating both boundary conditions, is used and the singularity is 
2 

removed by the transformation y = t . Thus the integrated form of the 

boundary conditions takes the form 

N-1 
; E hi (l+j3(l+lnyi)) ~ (oi + oi+l) + ;hN(l+l3(l+lnyN)) ~ oN 

i=l 
0 (3.38) 

where o. = ~- ~l and the trapezium rule has been used in the integra-
l. 1. 1.-

tion. While this technique has removed the singularity from the integral 

it has the disadvantage that the region with the most troubling behaviour, 

near y = 0, has the fewest nodes in the new co-ordinate t. 

The method for obtaining the eigenvalues is necessarily iterative. 

This set of equations cannot be expressed in standard matrix form and so 

a ~egula falsi algorithm, identical to that used in the power series 

solution, was employed to determine the eigenvalues. 

To solve for the eigenfunction corresponding to a particular choice 

of y the following steps were executed: 

(1) As equations 3.30, 3.34 and 3.38 correspond to N+l equations contain

ing N+2 unknowns (the h.s andy), if no normalisation condition is 
1. 

imposed on the eigenfunctions, one of the h. may be chosen 
1. 

arbitrarity. This was always taken to be hN and it was set to 

unity. 

(2) Equation 3.30, corresponding to N-1, and equation 3.34 were solved 

(3) 

for h and h 
2 

using Gaussian elimination. 
N-1 N-

The remaining 

tion. 

were obtained from equation 3.30 by back substitu-

(4) Finally the generated eigenfunction was checked by equation 3.38. 

If the left hand side did not yield zero a new value of y was guessed and 

the procedure repeated until the relative change in y between guesses was 

less than some specified error. 
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Nodes 

501 

1001 

2001 

5001 

40 

The first five eigenvalues generated with the shooting 
method solution using 501, 1001, 2001 and 5001 nodes 
are listed. For these calculations f = 0.08, K = 0.35 
and these results.may be compared to those obtained from 
the power series solution given in table 3.1. 

yl y2 y3 y4 Y5 

o. 779074 2.400628 4.868668 8.184429 12.355366 

0.779595 2.402828 4.873401 8.193768 12.366074 

0.779855 2.403902 4.875748 8.198029 12.371478 

0.780012 2.404538 4.877147 8.200453 12.374 716 

3.4.4 The Two Methods 

Provided sufficient nodes and power series terms are used the two 

solution techniques described in section 3.4.2 and 3.4.3 yield essentially 

the same eigenvalues and eigenfunctions. Table 3.3 presents the first 5 

eigenvalues obtained from the shooting-method solution using 501, 1001, 

2001 and 5001 nodes. The flow parameters, f and K, were the same as 

those used in generating the results of the power series solution in 

table 3.1. Even when only 501 nodes are used very good estimates of the 

eigenvalues are obtained but the convergence to the true value is slow, 

most probably due to the manner in which the boundary conditions were 

incorporated into the system of algebraic equations and evaluated. It is 

interesting to note that the eigenvalues generated by the power series 

method converge to their true values from above while those obtained from 

the numerical scheme approach their limit from below, at least for the 

number of nodes and terms considered here. 

In table 3.4 values of the first normalised eigenfunction obtained 

by each of the two methods are tabulated. Agreement, as would be expected, 

is excellent. 

As mentioned at the beginning of section 3.4.3 no real attempt was 

made to refine the numerical solution and for this reason a comparison of 

the efficiencies of the two methods would be unfair. However, for the 

sake of completeness, the computation times of the numerical solution are 

included here. The five eigenvalues generated with 501 nodes were 

evaluated in approximately 12 seconds while those using 5001 nodes took 

approximately 2 minutes to converge. For a reasonable level of accuracy, 

perhaps 3 or 4 significant figures, neither method uses significant 
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A comparison between the first normalised eigen
functions generated with the power series solution 
(P.S.) and the shooting method solution (S.M.). 
70 terms were used in the power series and 2001 
nodes in the numerical scheme. The flow parameters 
were f = 0.08 and K = 0.35. 

y Hl (y) P.S. Hl (y) S.M. 

0.0 -1.5116 -1.5018 

0.1 -1.4748 -1.4749 

0.2 -1.2999 -1.2996 

0.3 -1.0538 -1.0533 

0.4 -0.7541 -0.7535 

0.5 -0.4094 -0.4088 

0.6 -0.0248 -0.0243 

0.7 0.3961 0.3964 

0.8 0.8506 0.8507 

0.9 1.3370 1. 3368 

1.0 1.8535 1.8531 

computing resources, but of the solutions in their present form the semi

analytic power series technique appears to be more efficient and straight

forward in its use. 

If the numerical solution were to be improved it is suggested that 

substantial increases in efficiency could be obtained by improving the 

methods of incorporating the boundary conditions in the algebraic system 

of equations and employing more sophisticated integration techniques. 

The computer program, D/EVALUE, used to generate the eigenvalues 

from the numerical solution is given in Appendix P. 

3.5 THE IMPORTANCE OF THE FIRST EIGENVALUE AND EIGENFUNCTION 

3.5.1 Rate of Mixing 

At large distances from the source, before the material is completely 

mixed throughout the flow, all exponential terms in equation 3.13 have 

essentially decayed to zero except that containing the smallest non-zero 

eigenvalue, y
1

. Therefore in this region the non-dimensional concentration 
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is effectively calculated by 

c*(x, y) (3.39) 

It can be seen that the rate at which c* approaches unity is determined by 

the exponential factor /f/8 y1 • When this term is large, corresponding to 

strong turbulent motion, the equilibrium condition is approached rapidly 

but when it is small the fully mixed region is encountered considerably 

further downstream. 

The definition of complete mixing (e.g. when the concentration 

throughout the flow is within 1% or 5% of the fully mixed concentration) 

determines the mixing distance or the number of depths downstream of the 

source at which mixing is complete. The position of the source also plays 

a role in determining a particular mixing distance as the expansion 

coefficients a. depend on the source location. This role is investigated 
l 

further in section 3.5.3. 

If the mixing distance only is required and the concentration pattern 

near the source is of little interest only y1 , H1 and the expansion 

coefficients a
1 

and a 0 need to be determined. In fact for nearly any 

flow y1 , from section 3.4.2.2, is excellently approximated by 2.2 K and 

the decay rate by 2. 2 Kh/8. 

In section 3.6 the solutions for a number of approximate diffusivity 

and velocity distributions are presented. A crucial test of how closely 

these approximate distributions model the logarithmic and parabolic distri

butions is a comparison of the first eigenvalue with that of the realistic 

distributions. 

3.5.2 The Movement of the Maximum Concentration in the Plume 

Smith (1982) pointed out that the eigenfunctions of Sturm-Liouville 

theory may be characterised by the size of their eigenvalues or by their 

number of zero-crossings. The eigenfunction corresponding to the smallest 

non-zero eigenvalue, H
1

, has one zero-crossing and the eigenfunction has 

opposite signs at the bed and free surface. H2 has two zero-crossings and 

has the same sign at the two flow boundaries and so on. 

Referring to equation 3.39 this property of the first eigenfunction 

guarantees that the maximum concentration in a vertical profile is always 
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at one of the flow boundaries in this far-field region unless a
1 

happens 

to be zero, a possibility discussed in section 3.5.3. Thus the plume 

generally appears to rise to the free surface as it disperses or falls 

to the channel bed. Figures 3.4 and 3.5 present examples of this using 

the power series solution. In figure 3.4 the source is placed at y = 0.7 

and the maximum concentration in the plume can be seen to rise to the free 

surface. The source is positioned at y = 0.4 in figure 3.5 and the opposite 

effect is evident. 

In the following discussion the physical and mathematical reasons 

for this movement of the concentration maximum are outlined leading to 

general conclusions about the roles played by the velocity and diffusivity 

distributions and the boundary conditions. 

Consider first a flow where no gradients in velocity exist. Each 

vertical section of the plume is advected as a whole and thus may be 

considered in isolation. Provided a distinct maximum exists then regard

less of the shape of the vertical concentration profile if the turbulent 

mass flux is greater on one side of the maximum than the other material 

is removed more rapidly from this side of the plume and the concentrations 

there drop more rapidly. From continuity this must cause the maximum 

concentration to move gradually towards the region of low flux as illus

trated in figure 3.6. For a point source in two-dimensional flow the 

region of low flux corresponds to a region of low diffusivity and the flow 

boundaries that are by definition boundaries of zero flux. 

This result may be demonstrated mathematically by differentiating 

equation 3.5 with respect to y and defining the non-dimensional turbulent 

flux -~ ac*/ay, to be equal to F. The resulting equation is 

::! = -A [~·)' (3.40) 

where the primes signify differentiation with respect to y. dc!/dX is 

the quality of interest. When it is evaluated at the concentration 

maximum and found to be positive it signifies the concentration maximum 

moving towards larger values of y and when negative it implies movement 

in the opposite direction. For the case of a constant velocity 

(3.41) 
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10 20 30 40 50 

Non-dimensional Distance 
When a point source is placed at y = 0.7 
the plume appears to rise to the surface 
so that downstream of some section in the 
flow the maximum concentration is always 
located at the free surface. The flow 
parameters are the same as those in figure 
3.2 and the number of eigenfunctions and 
power series terms are also the same. The 
contour lines correspond to curves of constant 
non-dimensional concentration. 

10 20 30 40 50 
Non-dimensional Distance 
When a point source is placed at y = 0.4 the 
plume appears to fall to the channel bed so 
that downstream of some section in the flow 
the maximum concentration is always located 
at the bed. The flow parameters and details 
of the eigenfunctions are the same as those 
in figure 3.2. The contour lines correspond 
to curves of constant non-dimensional concen
tration. 
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Low Flux High Flux 

y 

A sketch of how the concentration maximum moves 
towards a region of low turbulent flux. This is 
for the case of a constant velocity distribution. 

and it is a simple matter to show that this equation is in agreement with 

the above argument. As an example the power series solution developed for 

a parabolic diffusivity but uniform velocity, to be described in section 

3.6.1, was used to calculate the concentration and flux gradient distri

butions for a point source at y = 0.65. The distributions near the source 

height for the three downstream locations, x = 3, 6 and 9, are illustrated 

in figure 3.7. Here the low diffusivity region corresponds to values of 

y greater than 0.65 and the maximum concentration can be seen to move in 

this direction. The maximum concentration is always in a region where 

F" is negative and so clc~/Clx is positive from equation 3. 41. It is interest

ing to note that the maximum flux gradient hardly moves from the source 

level. 

Consider now the more difficult problem of a variable velocity 

where no gradients in diffusivity exist and the flow boundaries play no 

role. The different advection rates on either side of the plume ensure 

that at a downstream station the side of the plume in the low velocity 

region will have diffused further than its counterpart in the high 

velocity region as it has taken longer to arrive at that particular 

station. The flux in the low velocity region is apparently increased 

by the low advection rate and, at the same time, because diffusion has 

progressed further in this region the concentration gradients are 

reduced resulting in a decreased turbulent flux. These two processes 
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F 

0·65 0·75 
y 

6 

4 

2 

0 
0·55 0·65 0·75 

y 

The values of c* and F' in the vicinity of the concentration 
maximum are presented for three sections downstream of the 
source at y = 0.65. A parabolic diffusivity and uniform 
velocity with f = 0.0243 and K = 0.4 were used in the 
calculations. The maximum in each curve is marked by a 
short vertical line and crosses mark the location of the 
maximum concentration on the plot ofF'. 

3·0 

F' 
x 

2·0 

1·0 

0·5 0·6 0·4 0·5 0·6 
y y 

The values of c* and F'/X in the vicinity of the concen
tration maximum are presented for three sections downstream 
of the source at y = 0.50. A uniform diffusivity and 
logarithmic velocity with f = 0.0243 and K = 0.4 were 
used in the calculations. The maximum in each curve is 
marked by a short vertical line and crosses mark the 
location of the maximum concentration on the plot of 
F'/x. 
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are in direct opposition, the first apparently increasing the flux in the 

low velocity region, the second decreasing the flux. From the eigen

function solution it is found that the second dominates the first. Thus 

it may be concluded that the maximum concentration moves to regions of 

low velocity as the concentration gradients are flatter in this region. 

Equation 3.40 is valid when X depends on y and its expansion 

demonstrates the opposing processes described above. 

Clc! = _ /I [!::_ _ !.'_LJ 
dX /8 X 2 

X 
(3.42) 

The first term in equation 3.42 plays the same role as that in equation 

3.41 forcing the concentration maximum to regions of low flux corresponding 

to regions of low velocity. On the other hand the second term, as F' is 

always positive at a maximum, forces the maximum to regions of high 

velocity. It is not obvious why the first term should dominate the second. 

An example for the case of variable velocity similar to figure 3.7 

is presented in figure 3.8. The power series solution for a logarithmic 

velocity but uniform diffusivity, to be described in section 3.6.1, was 

used to calculate the concentration and flux gradient distributions for a 

point source at y 0.50 (chosen so the no-flux boundaries have minimal 

effect). The gradient of F'/X can be seen to be positive at the position 

of the maximum concentration thus making Clc~/Clx negative and forcing the 

concentration maximum towards the bed. Of course once the maximum starts 

moving towards the bed and the plume feels the influence of the lower 

boundary this too will move the plume in this direction. 

It may be concluded that the maximum concentration in a dispersing 

plume generally moves to regions of low diffusivity, including the flow 

boundaries, and low velocity. 

3.5.3 The Ideal Source Location 

From the discussion so far two questions arise. 

(1) Where should the source be placed in the flow to minimise the 

mixing distance? 

(2) Is there a position of the source such that the maximum concentration 

in the plume never reaches the flow boundaries but continues 

horizontally in the flow? 
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To obtain the minimum mixing distance the ratio la1/a
0
! must be as 

small as possible. This is achieved by placing a point source at the zero

crossing of the first eigenfunction. From equation 3.14 the coefficient 

a1 vanishes and the term remaining with the smallest rate of decay is the 

second eigenfunction. As y2 is typically 3 or 4 times the size of y
1 

the 

rate of mixing is enhanced by a similar amount. This position of the 

source, lying at the root of the first eigenfunction, is termed the ideal 

source location. 

It was demonstrated in section 3.5.2 that if the first eigenfunction 

is the dominant term of the eigenfunction expansion far from the source 

then the plume maximum must move to one of the flow boundaries. If on the 

other hand the second eigenfunction were to dominate far downstream the 

concentrations at the flow boundaries would both be less or greater than 

the equilibrium value. For one effluent source these concentrations must 

both be less than the fully mixed concentration. Therefore the answer to 

the second question is in the affirmative and this source position coin

cides with the ideal source location already described. 

The fact that these source positions are the same is not altogether 

surprising as by keeping the maximum concentration in the interior of the 

flow turbulent transport can occur on both sides of the plume and not only 

on one, as when the maximum reaches one of the boundaries. Because of this 

the mixing rate is enhanced. 

Figure 3.9 illustrates these two features of the ideal source 

location. The maximum concentration travels horizontally in the flow and 

the turbulent mixing is completed considerably more rapidly than for the 

source positions in figures 3.4 and 3.5. From the physical reasoning of 

the last section one can deduce the approximate location of the ideal 

source for a parabolic diffusivity and logarithmic velocity profile. The 

velocity distribution will attempt to move the maximum concentration 

towards the bed as will the diffusivity distribution in the bottom half 

of the flow. However in the upper half of the flow the diffusivity 

decreases towards the free surface and thus will move_ the concentration 

maximum in that direction. The ideal source location must lie slightly 

above the mid-depth where the diffusivity and velocity distributions 

oppose each other. For f = 0.0243 and K = 0.40 the ideal source position 

is at approximately y 0.55, as illustrated in figure 3.9, and this is 

in line with the above reasoning. 



Figure 3.9 
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Non-dimensional Distance 

A contour map of non-dimensional concen
trations downstream of the ideal source 
location at y ~ 0.55. The flow parameters 
are f = 0.0243 and K = 0.4 and 10 eigen
functions with 40 power series terms were 
used in the calculations. The plume travels 
horizontally in the flow and the mixing 
distance, compared to that in figures 3.4 
and 3.5, is greatly reduced. 

An attempt to verify the theoretical location of the ideal source 

experimentally may be found in Chapter 7. 

Smith (1982) derived the location of the ideal source for lateral 

spreading in a number of channels of non-rectangular cross-section but to 

do so it was necessary for him to make educated guesses at the forms of 

the velocity and diffusivity distributions. 

3.6 APPLICATIONS OF THE EIGENFUNCTION SOLUTION 

The eigenfunction expansion described by equations 3.13 and 3.14 

is a general solution valid for any reasonable choice of velocity and 

diffusivity. In the following two sections the power series solution of 

section 3.4.2 is applied to a number of approximate distributions of X 
and ~. These are compared to the logarithmic velocity and parabolic 

diffusivity solution already considered and a number of interesting results 

are obtained. 



Table 3.5 

Velocity 

Uniform 

Power 

Logarithmic 

Power 

Uniform 

Power 

Logarithmic 

A summary of the approximate velocity and diffusivity distributions for which power series 
solutions were derived. For each distribution the first eigenvalue and the ideal source 
location for f = 0.0243 and K = 0.40 is listed. 

: X Diffusivity : 1/J I yl Ys ideal 

I i 

: 1 Uniform : K/6 I 0.6580 0.500 I I ' 
(l+a)ya i Uniform K/6 ! 0.6821 0.537 : ' : 

i 
' 

1 +Al (l+lny) 
I 

Uniform K/6 : 0.6851 0.536 : 
8 K 

: i 

(l+a)y 
a 1 (1-y)y 

1-a I 0.7374 0.571 : Power : 
a (a+l) 

I 
: 1 Parabolic : Ky(l-y) ! 0.8000 0.500 ; 

(l+a)y a 
Parabolic Ky(l-y) ! 0.8356 0.554 : : 

' l 

: 1 +j!l 
8 K 

(l+lny) Parabolic : Ky (1-y) I 0.8412 0.554 

V1 
0 
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3.6.1 Approximate Velocity and Diffusivity Distributions : A Comparison 

Power series solutions were derived for six approximate pairs of 

diffusivity and velocity distributions, listed in table 3.5, and these 

solutions were incorporated in the computer programs A/EVALUE and A/EFNSOL. 

Details of the power series themselves may be found in Appendix c as only 

the important results are included in the main text. 

The development of these approximate solutions was done for two 

reasons. Firstly, the predictions of mixing distances and ideal source 

locations could be compared to those of the realistic distributions and 

the usefulness of these approximate solutions in modelling vertical 

turbulent dispersion could be judged. Secondly, as exact analytic 

solutions are available for two of the approximate distributions a check 

on the power series, or shooting-method, solution may be made. 

If the velocity and diffusivity are assumed to be uniform over the 

depth the eigenvalues are given by 

- 2 2 
y = 1jJn IT 

n 
(n = 0, 1, 2 ... "") (3.43) 

in which ~ = K/6 is the depth-averaged diffusivity, and the eigenfunctions 

are 
H n 

cos(nTiy) (n 0, 1, 2 ... 00 ) • ( 3. 44) 

When 70 terms were used in the power series solution to the same problem 

the first 7 eigenvalues, correct to 6 significant figures, were calculated 

in approximately 3 seconds. To obtain further eigenvalues correct to that 

accuracy further terms in the power series were required. 

When the velocity is assumed uniform and the diffusivity parabolic 

equation 3.9 becomes a transformed version of the Legendre equation with 

eigenvalues 

and eigenfunctions 

Kn(n+l) 

H = P (2y-l) 
n n 

(n 

(n 

where P are the Legendre Polynomials. 
n 

0, 1, 2 ... 00 ) (3.45) 

0, 1, 2 ... 00 ) (3.46) 

As the eigenfunctions in this case 

are finite degree polynomials in y the power series solution is particularly 

efficient in determining the eigenvalues. The use of 20 terms allowed the 

first seven eigenvalues to be calculated to six significant figure accuracy 
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in approximately 1 second. 

A numerical solution for both of these sets of distributions was 

also developed. In order to improve the efficiency of the numerical 

scheme the evaluation of equation 3.27 was performed in the original co

ordinate y, as no singularity in the velocity necessitated a transformation 

to an alternative variable and Simpson's rule was used instead of the 

rule for the integration. This modification increased the 

efficiency of the numerical solution by a factor of approximately two, 

nevertheless the power series solution was found to yield more accurate 

answers more rapidly. 

The first eigenvalue and the location of the ideal source for each 

of the approximate distributions are also presented in table 3.5. As the 

mixing distance is essentially inversely proportional to the first eigen

value it can be seen that all the approximate distributions are conser

vative in their predictions of the mixing distance when compared to the 

logarithmic velocity and parabolic diffusivity, whose first eigenvalue and 

ideal source location are also included in table 3.5. The worst 

mation to the realistic distributions is not surprisingly the uniform 

conditions whose predicted mixing distance is more than 25% larger than 

that calculated from the realistic distributions while the best approxi

mation is the power velocity and parabolic diffusivity. As the power 

velocity was obtained by a least-squares power law fit to the 

velocity distribution above y = 0.1 this result was expected. Figure 3.10 

presents the concentration pattern downstream of a rectangular source of 

width 0.01 centred on y 0.75 for both the logarithmic and parabolic 

distributions and the power and parabolic distributions. The two sets 

of contours are virtually indistinguishable. One important consequence 

of this result is that the power-law velocity and logarithmic velocity may 

be confidently interchanged in dispersion calculations provided the para

bolic diffusivity distribution is retained. The power law is advantageous 

in that it is physically reasonable over the entire flow depth and well 

behaved at the channel bed. 

The results of figure 3.10 may be compared to those presented in 

3.11 where the concentration pattern for the same source condition 

is generated using the uniform conditions. The increase in mixing 

distance is readily seen. 
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Figure 3.10 : A comparison between the predictions of 

-t1 
c::: 

1-0 

a logarithmic velocity profile (solid 
lines) and a power velocity (dashed lines) . 
The source is at y = 0.75 and in both cases 
a parabolic diffusivity distribution is used. 
The flow parameters were f = 0.08, K = 0.35 
and the velocity power a = 0.3038. 
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Figure 3.11 : The concentration contours downstream of 
a source at y 0.75. The velocity and 
diffusivity were both assumed uniform 
and the flow parameters were the same 
as those in figure 3.10. The increase 
in mixing distance, compared to that in 
figure 3.10, is readily seen. 
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A reasonable conclusion to be drawn from the results in 

table 3.5 is that to obtain a good estimate of the first eigenvalue, and 

hence the mixing distance, an accurate knowledge of the diffusivity 

distribution is of greater importance than a knowledge of the velocity 

distribution. While for lateral spreading, the velocity distribution 

across a channel is easily measured, the distribution of E is unknown 
z 

and hence the more important factor in determining the mixing distance is 

unavailable. 

The location of the ideal source position for each of the approxi

mate distributions depends on the functional forms and symmetries of X 
and ~. Again the power and parabolic diffusivity give the best 

estimate of the ideal location. It is interesting to note that while the 

uniform velocity and parabolic diffusivity yield a better estimate 

of y 1 than the logarithmic velocity and uniform diffusivity this latter 

pair, due to the asymmetry of the velocity 

of the ideal source location. 

, offer a better estimate 

In Chapter 7 the theoretical results obtained from the use of a 

logarithmic velocity and parabolic diffusivity are compared to 

mentally obtained two-dimensional concentrations. To allow a comparison 

with one of the approximate solutions the experimental results are also 

compared to the predictions of the solution employing a uniform velocity 

and uniform diffusivity. This particular solution was chosen as it has a 

simple analytic form and the uniform conditions are approximations that 

have been used in previously published work. A further advantage of using 

this solution as a reference is that it is the worst approximation to the 

logarithmic velocity and parabolic diffusivity solution and therefore all 

the other approximate solutions will yield predictions somewhere between 

these two. 

3.6.2 Matched Solutions 

In addition to the simple distributions considered in section 3.6.1 

it is also possible to develop solutions for more complex distributions of 

~ and X· If a single function cannot describe X or ~ over the entire depth 

but by separating the flow into two or more regions the velocity 

and diffusivity may be represented as single functions in each zone, a 

matched solution may be constructed. 
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+ Region 

- Region 

0--------~------------------~--

Figure 3.12 

X 
The flow is spit into two zones, each with 
its own form of the velocity and diffusivity 
profiles, and the conditions of continuity of 
concentration and turbulent flux at the 
interface are given. The interface lies 
at y y . 

0 

To achieve this, separate solutions valid in each zone are developed 

and these are matched at the boundaries between the zones. The conditions 

applied at these boundaries are continuity of concentration and continuity 

of turbulent concentration flux. If only two zones (figure 3.12) are 

considered and the boundary lies at y = y then these conditions may be 
0 

written 

= c 

and 
ac ac 

+ -,,, --1/J-
o/+ ()y - - Cly 

at y 

at y = y 
0 

( 3. 4 7) 

( 3. 48) 

where the subscripts + and 

lower (y < y ) zones. 

refer to quantities in the upper (y > y ) and 
0 

0 

The eigenvalues and eigenfunctions may be determined from the 

boundary conditions in much the same way as for simple distributions. 

Applications of this method of solution to two composite velocity 

and diffusivity distributions were considered. The first involved fitting 

a linear velocity profile to the logarithmic profile near the bed such 

that a physically real velocity, going to zero at the bed, .was obtained. 

The point of overlap of the two distributions, y
0 

= exp(-/8/f K), was 

chosen so that the velocities and their gradients were the same. A 

diffusivity obtained from the linear velocity and linear shear stress 
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distribution via equation 2.12 was also included. This particular composi

tion of distributions was analysed in order to study the effect of a non

vanishing diffusivity at one of the flow boundaries on the eigenfunction 

solution. For a friction factor of 0.08 and K = 0.35 the value of y was 
0 

approximately 0.03 and it was found that the first eigenvalue was l% less 

than y 1 evaluated with the full logarithmic profile. The position of the 

ideal source was essentially unchanged. 

The second application was inspired by the paper of van Rijn (1984) 

who, in the calculation of suspended sediment loads, used a diffusivity 

distribution that was parabolic in the lower half of the flow but uniform, 

with a value of K/4, in the upper half of the flow. In order that the 

experimental results of Chapter 7 could be compared to the predictions of 

such a diffusivity distribution a matched solution, using the techniques 

described, was developed. The results of this comparison may be found in 

Appendix H. 

Both of these composite solutions were obtained by the power series 

method, details of which are included in Appendix C, and both were incor

porated in the computer programs A/EVALUE and A/EFNSOL. 

While this method of solution necessarily involves an increased 

amount of work and computation time it does demonstrate a useful extension 

of power seriesmethods of solution. If this problem had been solved 

numerically instead the computational details of the solution would be 

unchanged as the diffusivity and velocity need only be specified at each 

node and need not have a convenient functional form. Certainly if more 

than two flow zones were to be considered the shooting-method solution 

would rapidly become preferable. 

3.7 CONCLUSIONS 

A general eigenfunction expansion solution to the two-dimensional 

vertical dispersion problem has been presented and two methods for deter

mining the eigenvalues and eigenfunctions have been developed. Both 

methods have been shown to involve little complexity in their application 

and to use computing resources efficiently. 

It has been demonstrated that the first non-zero eigenvalue and 

eigenfunction play major roles in modelling the dispersion process. The 

eigenvalue is used to predict the distance from the source at which mixing 
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is defined to be complete and the eigenfunction permits the evaluation of 

the ideal source location which results in the most rapid mixing. 

A variety of diffusivity and velocity distributions, approximating 

the recognised logarithmic velocity and parabolic diffusivity profiles, 

have been modelled with the eigenfunction solution and it has been 

demonstrated that a knowledge of the diffusivity is more important in 

predicting the first eigenvalue than a knowledge of the velocity profile. 
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Chapter OLUTIONS DISPERSION OF 

BUOYANT R IN TWO 

DIMENSIONS 

4.1 INTRODUCTION 

The interest in the two-dimensional dispersion of particles that 

may be more or less dense than the ambient fluid comes from a number of 

engineering problems introduced in the literature review. In the fields 

of sedimentation and spillway design the engineer wishes to model the 

transport of sediment or air particles in open channel flow. As discussed 

in Chapter 2 the modelling of these mixing processes is considerably more 

difficult than that for the dispersion of a neutrally buoyant, dissolved 

contaminant considered in the previous chapter. When the dispersing 

material is composed of discrete particles these particles are not obliged 

to follow the paths of the surrounding fluid elements and therefore the 

turbulent diffusivity for the sediment particles is not necessarily the 

same as the turbulent viscosity. Jobson and Sayre (1970} present physical 

arguments for the cause of the discrepancy between these two quantities. 

To compound the problem the performing of experiments involving the 

measurement of particle concentrations in turbulent flow is not easy and 

thus there is a lack of good experimental data to test any theoretical 

models. 

A number of numerical solutions to the~roblem considered here have 

already been published. However the relatively straightforward extension 

of the eigenfunction solution of the previous chapter to this problem is 

considered worthwhile. reducing the problem from two-dimensions to one 

the method is more efficient and due to its semi-analytic form it offers 

much useful information from the size of the eigenvalues and the functional 

forms of the eigenfunctions. 

As the solution to the problem is developed and the results are 

presented a number of the limitations of the mathematical formulation are 

emphasized and discussed. 
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4.2 THE DIFFUSION EQUATION IN NON-DIMENSIONAL FORM 

When particles with a fall or rise velocity disperse vertically in 

uniform open channel flow the turbulent diffusion equation takes the form 

ac a (st ac) 
u Clx = 3y y (ly + 

dC 
(ly (4 .1} 

where it is assumed that the longitudinal velocity of the sediment is equal 

to u, the fluid velocity in the x direction, S is the inverse of the 

turbulent Schmidt number and v is a constant fall velocity. The approp-s 
riate boundary conditions are 

at y = 0 (4. 2} 

and S£ ~ + (1 - o )v c = 0 y 3y 2 s at y = d. (4. 3) 

o
1 

and o2 are two deposition coefficients that represent the probability 

that a particle coming in contact with the bed or free surface is perman

ently removed from the flow. These coefficients take a value of zero if 

no deposition at the boundaries occurs and a value of one if all particles 

arriving at the flow boundary are lost from the flow. The source condition 

is identical to that in Chapter 3, namely 

(4. 4) 

For these four equations to represent a reasonable approximation to 

the physical process a number of restrictions seem reasonable. 

(1) The particles should be fine to ensure that they behave in exactly 

the same manner as the fluid particles in turbulent motion except 

with a fall velocity. In this case S should not be significantly 

different from unity. Certainly as the particles increase in size 

equation 4.1 is less likely to accurately model the particle 

dispersion. 

(2} The particle concentrations should be low so that their presence 

does not affect the fluid flow significantly and that quantities 

such as vs are not concentration dependent, due to particle-particle 

interaction. 

(3} Either the particles must be of uniform size for a single value of 

v to be truly representative or equations 4.1 - 4.4 must be solved s 
separately for each sediment size present and the results combined 

to obtain a total concentration. Again the total concentration 

should be low. 
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The two deposition constants, o1 and o2 , are dependent on the 

dynamics of the system, whether the turbulence is strong enough to keep 

the material in suspension, and the interaction of the particles with the 

flow boundaries. In the case of.sediment for instance roughness elements 

on the bed may trap particles thus·. removing them from the flow. The 

determination of these constants is rather uncertain. The governing 

equations are non-dimensionalised by the transformations 

x' = x/d, y' = y/d, u = ux(y'), E = u*d~(y'), v = U*A. 
y . s 

(4. 5) 

All quantities except A were defined in Chapter 3. A is a non-dimensional 

fall velocity given by vs/u*. As u* represents the velocity scale of the 

turbulence in the flow A represents the ratio of particle to turbulent 

velocity. For small values of A turbulence completely dominates the 

dispersion process while for large values of A the particles are likely 

to fall as if they were in still water. The values of A that correspond 

to the term "fine" refered to in restriction (1) above are most likely to 

be determined from experiment. 

Applying the transformations of equation 4.5 to equations 4.1 - 4.3, 

and dropping the primes for clarity, yields 

A dC d ( dC 
x -=- s~ dX dY + Ac) (4.6) 

with s~ ac + (1 - o
1

)Ac = 0 at y = 0 ( 4. 7) 

and s~ .?.£ + 
dY 

(1- 02)Ac 0 at y = 1. (4. 8) 

f is the Darcy friction factor also defined in Chapter 3. 

For the remainder of this chapter the turbulent Schmidt number will 

be set to unity although its inclusion does not significantly complicate 

the later results. This is done so as to be in accord with the assumption 

that the particles are fine. 

4.3 THE GENERAL SOLUTION AS AN EIGENFUNCTION EXPANSION 

Following the solution method presented in Chapter 3 a separated 

solution of the form 

c(x, y) = G(x) H(y) (4.9) 

is substituted into equation 4.6 thus reducing the partial differential 
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equation to two ordinary differential equations. These are 

dG A - + - yG·= 0 
dx 8 (4.10) 

and d ( dH ) - 1/J- + A:H dy dy (4.11) 

where y is the constant of separation. Equation 4.10 may be integrated to 

obtain 

G(x) = Aexp(-A yx) (4.12) 

where A is an arbitrary constant. Equation 4.11 together with the separated 

boundary conditions, 

and 
,1, dH '1'-+ dy 

0 

(1 - o ) AH = 0 
2 

at y = 0 (4.13) 

at y = 1, ( 4 .14) 

comprise the vertical Sturm-Liouville eigenvalue problem, the eigenvalues 

and eigenfunctions of which satisfy the same properties as those in Chapter 

3 although the weighting function in the orthogonality condition is 

different. To obtain this function it is convenient to transform equation 

4.11 into its self-adjoint form by multiplying it by the transformation 

function 

11 is obtainable provided 1/J does not vanish in the interval 0 < y < 1 

although it may be zero at either or both of the flow boundaries. 

Equation 4.11 therefore becomes 

d 

( 4 .15) 

(4.16) 

and the weighting function for the eigenfunctions is llX· As stated in 

Chapter 3 proofs of the Sturm-Liouville properties are not included for 

the present eigenfunctions as they are variations on those already presented 

in Appendix A. 

The general solution to equation 4.6 may be written as a linear 

superposition of the eigenfunctions of equations 4.11, 4.13 and 4.14 

multiplied by the corresponding G(x) given in equation 4.12. Thus 
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(4.17) 

using the fact that all the eigenvalues are real, positive and discrete 

and thus may be put in order of increasing size. The orthogonality 

property of the eigenfunctions, 

for y. 'I y. 
~ J 

(4.18) 

together with the source condition at x 

, which are found from 

0 yield the expansion coefficients, 

1 

J 1-IXC H. dy s ~ 

0 
a. = 
~ 1 (4.19) 

f 
2 

dy 1-IXH. 
~ 

0 

The distribution of particles far downstream of the source is of 

particular interest as it corresponds to the concentration profile in the 

flow where mixing is complete. This distribution is obtained from equations 

4.11, 4.13 and 4.14 with y set to zero. 

When no deposition occurs at either of the flow boundaries (reflec

ting boundaries) the equilibrium eigenfunction is 

H (y) 
0 

( 4. 20) 

where B is an arbitrary constant. It can be seen that this is in fact 

the inverse of the transformation function }..1. To obtain a non-dimensional 

concentration it is logical to divide c by the expansion coefficient 

corresponding to H • Thus 
0 

(4.21) 

When deposition occurs at the bed or free surface the equilibrium 

eigenfunction is zero implying that all particles have been removed from 

the flow. A reasonable method for non-dimensionalising c, now that a has 
0 

no meaning, is to divide it by the source flux 



c = 
0 

Thus c/c is now dimensionless. 
0 

4.4 POWER SERIES SOLUTION 
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(4.22) 

To obtain a particular solution for the concentration distribution 

the velocity and diffusivity distributions must be specified. However, 

instead of using a logarithmic velocity profile a power law velocity, 

obtained by a least-squares power law best fit to the logarithmic profile 

above y = 0.1, will be used in conjunction with the parabolic diffusivity. 

The results of Chapter 3 demonstrated that, at least for the case v = 0, 
s 

this substitution did not significantly affect the resulting concentration 

distribution. The reason for this substitution lies in the desire to have 

a velocity distribution that is reasonable over the whole flow depth, 

particularly at the bed. Therefore 

and 

a 
X = (l+a)y 

Ky(l-y). 

(4. 23) 

( 4. 24) 

Of the available methods for determining the eigenfunctions and 

eigenvalues the power series method will again be used. 

Before deriving the general eigenvalues and eigenfunctions the 

transformation function ~ and H for reflecting boundaries may be calcuo 
lated from the distribution of diffusivity. These are 

~(y) = [..:x_)A/K 
1-y 

(4.25) 

and [
1 )A;K 

Ho (y) = ;y (4.26) 

The expression for H is the standard Rouse formula the form of which has 
0 

been verified by experiment although the value of the exponent A/K is 

usually larger than that obtained by experiment. Because the diffusivity 

vanishes at both boundaries H is singular at the bed if A is greater than 
0 

zero or at the free surface if A is less than zero. As noted by Sayre 
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(1968) unless A/K is less than one the integral of H over the depth 
0 

diverges implying the presence of an infinite mass of material in the 

flow. While this restriction is only mathematical it does restrict the 

range of values of A that may be considered. Of course the diffusivity 

does not strictly vanish at the flow boundaries, if for no other reason 

than the presence of molecular diffusion. If larger values of A were to 

be .used a composite diffusivity distribution could be employed near the 

offending boundary thus removing the singularity. Methods such as those 

described in section 3.6.2 could be used to obtain a solution. Celik and 

Rodi (1985) avoided the problem of a singularity at y = 0 by extrapolating 

the Rouse formula from y = 0.05 to the bed with an exponential. No guide 

was given as to why an exponential extrapolation was used and y = 0.05 

chosen. 

It is almost unnecessary to add that concentrations going to infinity 

near a boundary certainly renders void the assumption of low concentrations. 

While there are obvious problems in using a diffusivity which 

vanishes at both flow boundaries the parabolic profile is retained for 

the solutions presented here. One composite solution discussed in section 

3.6.2 demonstrated that a change in X and ~ in a narrow region near one 

flow boundary had little effect on the eigenfunctions and eigenvalues 

obtained. Although the case with v ~ 0 is different one would not expect 
s 

a significant change in either the eigenvalues or eigenfunctions, except 

close to the bed, if a composite diffusivity is used. 

The power series solutions for the two types of boundary condition 

will be considered separately as the method of solution is somewhat 

different. 

4.4.1 Reflecting Boundaries 

It may be deduced from the boundary conditions given in equations 

4.13 and 4.14, with l\ = 0 = 2 
o, that all the eigenfunctions of equation 

4.11 must exhibit similar behaviour to H 
0 

near y = 0 and y :::: l. In other 

words they must vanish at one boundary and tend to infinity at the other. 

It is impractical to expect a power series representation of the eigen

functions to exhibit this singular behaviour and thus it is logical to 

introduce a function K(y) such that 

H(y) = H (y) K(y). 
0 

(4.27) 
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The singular behaviour for H is now included in the H term and K, which 
0 

should exhibit no singular behaviour, may be expressed as a power series. 

On substituting equation 4.27 into equation 4.11 the governing 

equation for K is 

0 ( 4. 28) 

with the boundary conditions 

dK 
lj!H - = 0 

0 dy at y = 0, 1 . (4.29) 

It is interesting to note that these are the equations satisfied by a 

neutrally buoyant contaminant dispersing in a flow in which the velocity 

distribution is given by XH and the diffusivity by ~H . 
0 0 

Expanding equation 4.28 and once again transforming the vertical 

co-ordinate to w = 1-y to allow the velocity to be expanded as a power 

series yields 

d
2
K dK a 

w(l-w) - + (8-2w) - + ¢ (1-w) K 
dw2 dw 

0 (4.30) 

where e = 1 + A/K and ¢ (l+a) /IC. 

The point w = 0 is a regular singular point and Frobenius' method 

is employed to obtain the two linearly independent power series solutions. 

These are 

00 

K
1 

(w) L: b 
n = w 

n=O 
n 

(4.31) 

00 

and K
2 

(w) L: c n-A/K w • 
n=O 

n (4.32) 

The second of these solutions does not satisfy the boundary condition at 

w = 0 and so may be discarded. On substituting the expression for K1 into 

equation 4.30 the following recurrence relations are obtained: 

b = -¢b /8 
1 0 

b = [k(k+l)bk- ¢(eobk + elbk-1 + ••. + ekbo)] k = 
k+l 

(4.33) 

1, 2 ••• oo. (4.34) 

The coefficient b is arbitrary and it is invariably set equal to unity. 
0 
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The coefficients e are the binomial expansion coefficients of (1-w)a. 
n 

As was the case for a neutrally buoyant contaminant the determina

tion of the eigenvalues using the.boundary condition at w = 1 is extremely 

difficult and the integrated form of the. governing equation is used 

instead. Integrating equation 4.28 leads to 

1 

I XHOK dy = 0 

0 

( 4. 35) 

which is the characteristic equation from which the eigenvalues may be 

deduced. 

The theory of power series solutions guarantees the power series 

representation of K will converge in the interval 0 < w < 1. = 

4.4.2 Deposition at One Boundary 

A deposition constant of 6 = 1 (o may be o1 or o2) will be the only 

value considered in the following treatment. If o takes a value between 0 

and 1 an integration of equation 4.11 over the flow depth leads to infinite 

mass fluxes, again a direct consequence of the form of the diffusivity 

distribution. 

While the eigenfunctions no longer become singular at one of the 

flow boundaries they are still required to vanish in a prescribed manner 

at the other boundary. Therefore it is convenient to define the functions 

L(y) and M(y) such that 

H(y) 
A/K = (1-y) L(y) A > o ( 4. 36) 

and -A/K H(y) = y M(y) A < o (4.37) 

Substituting equations 4.36 and 4.37 into equation 4.11 and transforming 

the independent variable to w = 1-y leads to 

2 
dN dN+t+. a w(l-w) - 2 + (l-2w) (l+p) dw ('I' (1-w) - p (l+p)) N 
dw 

0 ( 4. 38) 

where p = jA/KI, <P = y(l+U)/K and N corresponds to Lor Mas both satisfy 

equation 4.38. N may be expanded as a power series in w about the regular 

singular point w = 0. From Frobenius' method the two linearly independent 

solutions are 
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00 

N
1 

(w) L: b 
n 

= w 
n=O 

n 

00 

and N2 (w) = L: c n-p 
w . 

n=O 
n 

The second of these may be discarded as it does not satisfy the free 

surface boundary condition for either a rise or fall velocity. 

(4.39) 

( 4. 40) 

The coefficients, b , satisfy the following recurrence relations 
n 

(4.41) 

[k(k-l)bk + (2k+p) (l+p)bk- ¢(e
0

bk + .•• + ekb )] 
bk+l = --------------~~77~~~~-----------------0---k = 1,2 .. oo(4.42) 

where the e are defined in the previous section and again b is set equal 
n o 

to 1. 

The integrated form of the governing equation is used to determine 

the eigenvalues. However to avoid the need to evaluate the power series 

solution for L(w) at w = 1, where it is least accurate, equation 4.16 instead 

of equation 4.11 is utilized for A > 0. The resulting characteristic 

equations, 

1 

y f JJXH dw A 0 A > o 
0 

1 

and y f XH dw + A = 0 X < o 
0 

can be seen to be identical to 

Y f Xll-w)PN dw- IAI • 0 

0 

(4.43) 

(4.44) 

(4.45) 

and the rather surprising result that the eigenvalues are independent of 

the sign of A is obtained. This result, due to the asymmetry of the 

velocity distribution, is not at all obvious. 

The chosen representations of the eigenfunctions, equations 4.36 

and 4.37', have the additional advantage of ensuring that the integrands 

of equations 4.19 and 4.45 have no singularities and thus the solution 
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with deposition is mathematically valid for all values of A. 

As for the previous power series solutions the solutions here are 

guaranteed to converge in the interval 0 ; w < 1. 

4.5 NUMERICAL RESULTS 

4.5.1 computational Details 

Two further Fortran programmes, B/EVALUE and B/EFNSOL, were developed 

to generate the eigenvalues and concentration distributions for the case of 

a buoyant contaminant. These programs, which used very similar techniques 

to those employed in programs AjEVALUE and A/EFNSOL, are included in 

Appendices L and M. A value of K = 0.4 was used in all the calculations 

described in this section and the power velocity exponent, a, was always 

obtained by a least squares power law fit to the appropriate logarithmic 

velocity distribution above y = 0.1. 

A regula falsi root-finding method was employed to determine the 

eigenvalues from the two characteristic equations, equations 4.35 and 4.45. 

Table 4.1 presents the first 5 eigenvalues for the flow conditions 

corresponding to f = 0.04, A -0.3, a 0.1852, o
1 

= 0.0 and o2 1.0 

using 20, 50, 100, 150 and 200 terms in the power series representations 

of the eigenfunctions. Convergence can be seen to be strong for the lower 

order eigenvalues and this is a direct consequence of the wise choice of 

eigenfunction representation given in equation 4.37. The computation time 

for determining the eigenvalues was similar to that quoted in Chapter 3. 

Seven eigenvalues using 100 terms in the power series could be evaluated 

in approximately 30 seconds on the Burroughs 6900 computer. In order to 

strike a compromise between efficiency and accuracy 70 or 100 terms were 

generally used in the evaluation of the eigenvalues. 

The generation of the concentration distributions presented in later 

sections was usually accomplished with the use of the first ten eigen

functions each represented by 40 or 70 terms in its power series represen

tation. In figure 4.1 the first three normalized eigenfunctions for the 

same flow conditions as described for table 4.1, except with a fall 

velocity instead of a rise velocity and deposition at the bed instead 

of at the free surface, are presented having been calculated using 40 

and 100 terms in their power series expressions. The discrepancies 

between the profiles calculated using the different number of terms are 

too small to be perceptible in the figure even near the bed where the 
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Table 4.1 The first five eigenvalues calculated using 20, 
50, 100, 150 and 200 terms in the power series 
representation of the eigenfunction. The flow 
parameters were f = 0.04, A = -0.13, K = 0.4, 

Terms 

20 

50 

100 

150 

200 

a = 0.1852, o
1 

= 0.0 and o
2 

= 1.0. 

yl 

0.513207 

0.513211 

0.513212 

0. 513212 

0.513212 

0 .. 8 

- 0.6 
t:l 
8 ·-~ 0.4 

.e: 
i5 

I 

~ 
0.2 

0 
-4.0 

y2 y3 y4 

1. 949888 4.236842 7.365964 

l. 950150 4.239542 7.379827 

l. 950167 4.239722 7.380803 

l. 950168 4.239740 7.380902 

1.950169 4.239745 7.380926 

-2.0 0 2.0 4.0 
Normalized H; (y) 

Ys 

11.321146 

11.369379 

ll. 372965 

ll. 373340 

ll. 373430 

6.0 

Figure 4.1 The first three normalized eigenfunctions for a 
flow with f = 0.04, A = 0.3, a = 0.1852, o

1 
= 1.0, 

o
2 

= 0.0 and K = 0.4. These profiles were calcu
lated using 40 and 100 terms in the power series 
solution but.the difference caused by using the 
different number of terms is imperceptible in 
the figure. 
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maximum error in the power series solution lies. This error will of 

course increase for higher order eigenfunctions but as explained in 

Chapter 3 these eigenfunctions are only important near the source and 

this inaccuracy should not be serious. 

All concentration distributions presented in subsequent sections 

have been non-dimensionalised by.the techniques described in section 4.3.1. 

It is worthwhile to mention that the times required to evaluate these 

distributions were typically the same as those presented in Chapter 3 

provided the same number of eigenfunctions and power series terms were 

used. 

In order to evaluate the characteristic equations, equations 4.35 

and 4.45, it was necessary to calculate integrals of the form 

1 

f ya(l-y)n+S dy 

0 

n = 0, 1 .•. n 
0 

(4.46) 

where a and S are known constants and n is some chosen integer value. 
0 

The technique developed to evaluate these integrals accurately and 

efficiently is described in Appendix B. 

4.5.2 A Comparison With Uniform Conditions 

It is always highly desirable to be able to compare the results 

derived from a method such as the power series solution technique described 

to known analytical solutions. In Chapter 3 this was achieved by comparing 

the power series solutions for a uniform velocity and uniform diffusivity, 

and uniform velocity and parabolic diffusivity to the readily attained 

analytic solutions for these distributions. Analytic solutions for these 

same distributions are available for the case of a buoyant contaminant. 

For the uniform conditions this analytic solution was compared to a power 

series solution, details of which are included in Appendix D. 

For a uniform velocity and uniform diffusivity the eigenvalues for 

reflecting boundaries are 

K [22 £) yn = 6 n TI + 4 n = 1, 2 ... oo 

and the eigenfunctions are 

and 

H = exp(-<jly) 
0 

H = exp(-<jly/2) (cosnTiy - 2 sinnTiy) 
n nTI 

(4. 47) 

( 4. 48) 

n = 1, 2 ... 00 ( 4 .49 ) 
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where $ = 6A/K. When deposition occurs at one boundary and o 
eigenvalues are. given by the roots to 

i3 
2 

where 
n 

and 

Tan i3 n 

6y /K 
n 

H = 0 
0 

n = 1, 2 •.. oo 

2 
$ /4 and the eigenfunctions are 

H 
n 

exp(-$y/2) (cosi3ny + 2k sini3ny) n = 1,2 ..• 00 • 

n 

1 the 

( 4. 50) 

(4.51) 

(4.52) 

Using 70 terms in the power series solution the first seven eigen

values agreed with those obtained analytically to six significant figures 

for the two cases f = 0.04, A = 0.03, o1 62 = 0 and f = 0.04, A = -0.3, 

o1 = 0 and 62 = 1. In both cases the seven eigenvalues were calculated in 

approximately 7 seconds using the power series solution. 

The most significant difference between the predictions of the 

uniform conditions and the power velocity and parabolic diffusivity is 

the equilibrium concentration profile H for reflecting boundaries. An 
0 

exponential distribution for H is obtained from the uniform diffusivity 
0 

and this has no singularity at either boundary. Figure 4.2 demonstrates 

the difference in these two profiles for A = 0.15. Both profiles have the 

same depth-averaged mass flux. 

For reasons similar to those outlined in Chapter 3 further compari

sons between the predictions of the uniform flow conditions and those 

using the more realistic distributions are made in sections 4.5.3, 4.5.4 

and 4.6. 

When the diffusivity is assumed parabolic, the velocity uniform . 

and the boundaries reflecting the eigenvalues are given by 

yn = Kn (n+l) n l, 2 ••. oo 
(4.53) 

and the eigenfunctions are 

H = ( l;y) A/K 
0 

(4.54) 

H = (l~y) A/K P· 
(A/K, - A/K) 

(l-2y) = 1, 2 ••. 00 n 
n n 

(4.55) 
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1 2 3 4 5 

Ho 

A comparison of the equilibrium 
functions derived from a parabolic (dashed) 
and a uniform ( diffusivity. Both 
distributions have the same depth-averaged 
mass flux assuming a power velocity is valid 
when the parabolic diffusivity is used and 
a uniform ve is valid when the 
diffusivity is uniform. K = 0.4 and A 0.15 
in both profiles. 

h ( A/K I - A/K) h b' 1 . 1 w ere P are t e Jaco 1 Po ynom1a s (see Abramowitz and Stegun n 
(1965)). This solution has two interesting features. Firstly, the 

utilisation of the equilibrium eigenfunction to represent the singular 

behaviour of the higher-order eigenfunctions, described in section 4.4.1, 

comes naturally from this analytic solution. Secondly the eigenvalues can 

be seen to be totally independent of the magnitude and sign of the fall 

This result must reflect the existence of some hidden symmetry 

in the particular choice of velocity and diffusivity distributions. 

4.5.3 The First Eigenvalue and Its Dependence on A and f 

The importance of the first non-zero eigenvalue and the corresponding 

eigenfunction in describing the dispersion process was discussed in some 

detail in Chapter 3. This eigenvalue, except for the unique situation when 

the contaminant source is placed at the ideal source location, determines 

the approximate distance downstream of the source at which equilibrium 

conditions are reached. When the boundaries allow no material to cross 

them the equilibrium condition corresponds to the presence of the Rouse 
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0.6 0.8 
1~1 

12 

The dependence of y on f and jAj for the case when 
deposition occurs at one boundary. 

The solid line is obtained from the solution incor
porating a uniform velocity and uniform diffusivity 
and is the same for all values of f and either sign 
of A. 

The dashed lines are generated by the power velocity 
and parabolic diffusivity solution and do not depend on 
the sign of A. The upper line corresponds to f 0.02 
and the lower to f = 0.08. 

distribution in the flow while for the case of deposition equilibrium is 

reached when all material has been removed from the flow. Because of the 

significant difference in equilibrium condition between these two physical 

situations, even for the same flow conditions, quite different values of y
1 

and different forms of H
1 

would be expected. 

The dependence of y1 on A and f for the case of deposition is 

illustrated in figure 4.3 where the dashed lines represent the behaviour 

of the power velocity and parabolic diffusivity solution and the solid line 

corresponds to the solution derived from the uniform distributions. While 

K also affects the magnitude of the eigenvalues, as demonstrated in Chapter 

3, its role is not investigated here and a value of K 

all calculations. 

0.4 was used for 

The first eigenvalue for the uniform conditions, in accordance with 

equation 4.50, is independent of friction factor and the sign of the fall 

velocity. Due to the symmetries of X and ~ and the choice of non-dimen

sionalisation this is expected. y1 becomes larger at an increasing rate 
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as j.Aj increases implying that the equilibrium condition is achieved 

nearer the source for larger values· of .I A j • As I A I tends tci zero the 

first eigenvalue does the same. Therefore for very small fall or rise 

velocities the distance downstream at which all the particles have 

disappeared from the flow tends to infinity. The only physical mechanism 

available to drive all the particles to one boundary is the buoyancy of 

the particles and therefore such a dependence of y
1 

on j.Aj is physically 

reasonable. 

A very similar dependence of y1 on j.Aj is found for the power 

velocity and parabolic diffusivity distributions. The preceeding analysis 

of this situation, section 4.4.2, has already demonstrated that y 1 is 

independent of the sign of A. Figure 4.3 also displays the fact that the 

first eigenvalue is almost independent of f. The upper dashed curve 

corresponds to a value of f of 0.02 and the lower curve to a value of 

0.08. This weak dependence on f is in agreement with the results for 

vs = 0 presented in Chapter 3. One interesting feature of figure 4.3 is 

that y1 for the uniform conditions is always greater than y1 for the 

variable conditions implying equilibrium will be attained slightly more 

rapidly when the uniform conditions are used. This is at variance with 

the results for = 0 where the more realistic distributions predict a 

more rapid approach to equilibrium. 

It should be noted that the physical deposition process is unlikely 

to occur for small values of j.Aj, for sediment at least, as the intensity 

of the turbulence is sufficient to keep all the dispersing particles in 

suspension. Therefore the results for small values of j.Aj a~e unlikely to 

have physical importance. The value or range of values of jAj at which 

deposition commences will most likely be found from experiment. Bechteler 

and Schrimpf (1985) quote values of 2.5 (from Zanke (1982)) and 1.23 (from 

Bagnold (1966)) as the values of j.Aj below which the turbulent intensity 

is sufficient to keep the particles in suspension while the results of 

Jobson and Sayre (1970) show particles settling with values of A as low 

as 0.23. Obviously further experimental research is required before a 

general deposition criterion is available with the important physical 

parameters determined. 

In figure 4.4 the first eigenvalue for reflecting boundaries is 

given as a function of j.Aj for various values of f and both signs of A. 

A considerably more complex dependence is obtained. 
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0 .. 1 0 .. 2 0.3 
I A. I 

The dependence of y1 on f and !AI for the case when 
no deposition occurs. 

The solid line is obtained from a uniform velocity 
and uniform diffusivity and is the same for all 
values of f. 

The dashed lines are obtained from the solution 
incorporating a power velocity and parabolic 
diffusivity. 
Curve 1 f 0.08 and A > 0 

2 f = 0.02 and A > 0 
3 f 0.02 and A < 0 
4 f 0.08 and A < o. 

The solid line again corresponds to uniform conditions. y 
1 

is 

shown to be independent of f and the sign of A and its quadratic dependence 

on lA!, derived in equation 4.47, is readily observed. Equilibrium 

conditions are approached more rapidly as !AI increases and thus it may 

be concluded that the presence of a density difference for these conditions 

in some way enhances the mixing process. As the equilibrium condition is 

achieved by a balance of the turbulent diffusivity of the flow and the 

fall or rise velocity of the particles y 1 does not vanish as A approaches 

zero. Instead it takes the value derived for a neutrally buoyant contam

inant. 

The dependence of y 1 on f and A for the power velocity and parabolic 

diffusivity solution is considerably more complex. For a positive fall 

velocity, y
1 

increases almost linearly with A for all friction factors 

although the rate of increase is slightly dependent on f. The first eigen

value is always slightly greater for larger values of f as it was for the 

neutrally buoyant contaminant. On the other hand, for a rise velocity, 

y
1 

decreases with !AI, again almost linearly. y 1 for the larger friction 
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factor is greater than y
1 

for smaller values of f when ]A] is small but 

as y
1 

decreases more rapidly for larger values of f these roles are 

reversed at jA] ~ 0.2. However the difference in y
1 

for f = 0.02 and 

0.08 is never significant. 

These results lead to the conclusion that a fall velocity enhances 

the rate of mixing relative to that due solely to turbulence while a rise 

velocity retards the mixing rate. The reason for this appears to be due 

to the asymmetry of the velocity distribution. For reflecting boundaries 

the equilibrium concentration profile has very high concentrations near 

one of the flow boundaries, according to the Rouse formula, and therefore 

the bulk of the material is transported to a region where the longitudinal 

velocity is less than the flow mean (for sediment falling to the bed) or 

to a region where the longitudinal velocity is greater than the flow mean 

(for light particles rising to the free surface). Material in a high 

velocity region will be advected further downstream before mixing is 

completed than material in a low velocity region provided the turbulent 

diffusivity distributions and fall velocities are the same for the two 

cases. Therefore y1 for A > 0 will be greater than y
1 

for A < 0 and it 

would be expected that the difference between these values will increase 

with ]A] as the dispersing material is concentrated more and more into 

these regions of differing velocities. 

For low values of jAj the first eigenvalue corresponding to the 

uniform conditions is less than that corresponding to the realistic distri

butions but as jA] increases the quadratic dependence of y 1 on !AI causes 

the mixing rate of the uniform conditions to surpass that of the power 

velocity and parabolic diffusivity. 

It should be noted that the results in 4.4 are presented for 

values of ]AI less than 0.4 which corresponds to the value of K used in 

these calculations. The mathematical restraint stated in section 4.4, for 

reflecting boundaries, requires that ]A/Kj < 1. 

4.5.4 The Ideal Source Location 

The concept of an ideal source position was introduced in section 

3.5.3 and its significance discussed. To obtain the most rapid mixing a 

point source of effluent should be situated at the zero of the first eigen

function. The first eigenfunction then plays no role in the mixing process 

and the rate at which equilibrium conditions are approached is determined by 

the second eigenvalue. 
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The location of the ideal source as a 
function of non-dimensional fall velocity 
for both the power velocity and parabolic 

solution (P/P) and the uniform 
velocity and uniform diffusivity solution 
(U/U) • An ideal source location only 
exists when the boundaries are reflecting 
boundaries, so o1 = o

2 
= 0.0. The other 

flow parameters used ~n these calculations 
were f = 0.04, a = 0.1852, K = 0.4. 

Ys ideal: P/P s ideal: U/U 

0.565 0.500 

0.510 0.462 

0.455 0.425 

0.400 0.391 

0.344 0.358 

0.288 0.329 

0.231 0.302 

0.197 0.278 

When the flow boundaries act as reflecting boundaries an ideal 

source location may be found. Table 4.2 presents the position of the 

ideal source for f = 0.04 and a variety of fall velocities for both the 

realistic and uniform flow conditions. As A increases the ideal source 

is found to move towards the channel bed for both sets of distributions. 

For larger and larger values of A a greater proportion of the effluent 

entering the flow is concentrated near the bottom boundary in the equili

brium profile and therefore it is expected that the ideal source should 

be positioned closer to this boundary. As H , for the uniform conditions, 
0 

does not vary as much with depth as that for the variable conditions the 

decrease in y (ideal) with an increase in A is less for the uniform 
s 

distributions. 

A contour plot of concentrations downstream of the ideal source for 

0.15 is given in 4.5. It is worth noting that equilibrium 

conditions correspond to the contour lines parallel to the x axis. 

The decrease in mixing distance may be seen by comparing figure 4.5 to 

figure 4.6 where lines of constant concentration for a source at y = 0.8, 

with the same flow conditions, are presented. 
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10 20 30 40 50 
Non dimensional Distance 

Contours of non-dimensional concentration 
downstream of the ideal source at y = 0.40. 
The flow parameters are A = 0.15, f = 0.04, 
a 0.1852, K = 0.4, 8

1 
= 8

2 
o.o. 

00 

10 20 30 40 50 
Non-dimensional Distance 

Contours of non-dimensional concentration 
downstream of a source at y = 0.80. The 
flow parameters are the same as those in 
figure 4.5. A comparison of figures 4.5 
and 4.6 demonstrates clearly the decrease 
in mixing distance obtained when the source 
is ideally positioned. 
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When deposition occurs at one of the flow boundaries an ideal 

source position does not exist. This is because no zeroth eigenfunction 

(corresponding to y = 0) exists for this situation and therefore the 

first eigenfunction, instead of having one zero-crossing, has no zero

crossings. This can be seen in figure 4.1 where the first three eigen

functions for the case of a fall velocity with deposition at the bed are 

illustrated. It is true that H
1 

is zero at the free surface but this is 

not a zero-crossing. It simply coincides, as do all the other eigen

functions, with the requirement of the top boundary condition that the 

concentration is zero at the free surface. 

4.6 ENGINEERING APPLICATIONS 

4.6.1 Sediment Transport 

The interest of the sedimentation engineer in this problem has been 

discussed briefly in Chapter 2 and in the introduction to this chapter. 

In order to design a settling basin of sufficient length to remove a 

certain proportion of the particles in a sediment laden flow it is 

necessary to be able to calculate the removal ratio, R, defined to be 

one minus the ratio of the flux of sediment at any section of the flow 

divided by the sediment flux of the source. Therefore R is given by 

R(x) = l -

xc dy 

1 

J xes dy 

0 

(4.56) 

It takes a value of zero at the source section, x = 0, and rises to a 

value of one when all the sediment in the flow has been removed. Of 

course if deposition does not occur R retains a value of zero at all 

sections. 

As an example of the removal ratio calculated from the eigenfunction 

solution figure 4.7 illustrates Rasa function of x for two possible source 

conditions. The solid line corresponds to a point source at y = 0.75 and 

the short distance of approximately 5 flow depths required for the 

sediment entering the flow to begin to reach the flow bed is readily seen. 

On the other hand the dashed line corresponds to a uniform source 

condition where the sediment is evenly distributed over the depth at x = 0. 
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20 40 60 80 100 
Non-dimensional Distance 

A plot of the removal ratio as a function of 
x for a point source at y 0.75 (solid line) 
and a uniform source (dashed line) where the 
sediment is uniformly distributed throughout 
the flow at x = 0. A power velocity and para
bolic diffusivity were used in the calculations 
where the flow parameters were f = 0.04, 
a 0.1852, A 0.3, 61 = 1.0, o2 = 0.0 and 
K == 0.4. 

In this case the sediment begins to deposit on the bed immediately. 

A quantity that is easily calculated from the removal ratio and is 

of more practical importance than R is x90 , the distance downstream from 

the source at which R has a value of 0.9. This corresponds to the distance 

at which 90% of the source flux has settled out of the flow. The choice 

of 90% is somewhat arbitrary and the removal of any desired proportion of 

the flux could be specified. x90 is strongly dependent on the non-dimen

sional fall velocity, A, as illustrated in figure 4.3 where the dependence 

of y
1 

on A is presented. Figure 4.8 presents an example of x
90 

as a 

function of non-dimensional fall velocity for f = 0.04 and a uniform 

source profile at x = 0. This plot was calculated with the eigenfunction 

solution corresponding to a power velocity and parabolic diffusivity but 

it was found that the uniform conditions predicted essentially the same 

relationship between x90 and A. 

It is in problems of this nature, where information is required 

on conditions far from the source but before the equilibrium region is 
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The distance x , where 90% of the source flux has been 
removed from t~~ flow, depends strongly on the non
dimensional fall velocity, A. The velocity and 

distributions are the same as those used 
in figure 4.7 as are the flow parameters. The source 
is uniform. 

reached, that the eigenfunction method of solution is greatly to 

a numerical solution. Whereas a numerical solution must be marched down

stream from the source condition until 90% of the source flux has been lost 

from the flow the eigenfunction solution can generate the concentration 

distribution far downstream from the source very accurately using only the 

first eigenvalue and first eigenfunction. In this way a substantial saving 

in computing resources is achieved. 

In order to determine the manner in which the sediment is deposited 

on the bed the flux of sediment across the bottom boundary may be calculated 

from the eigenfunction solution. This quantity can be demonstrated to be 

the derivative of R with respect to x from the governing equations. An 

example of this flux calculated for the same flow conditions as were used 

in figure 4.7 and with a point source at y = 0.75 is illustrated in figure 

4.9. The maximum deposition flux occurs at approximately 20 from the 

source where it reaches a value of just over 2% of the source flux per unit 

length. 
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4.6.1.1 A Comparison with the Results of Jobson and Sayre 

A number of laboratory and field studies have been dedicated to 

determining the equilibrium distribution of sediment in uniform open channel 

flow and from the laboratory studies, at least, the Rouse expression has 

been verified even if the theoretical exponent did not agree with the 

measured value. However very few studies have undertaken to measure the 

vertical sediment concentration distribution downstream of a source of 

sediment particles. Jobson and Sayre (1970) measured concentrations down

stream of a horizontal line source and although there are a number of 

difficulties in performing such experiments their results appear to be 

of a high quality. 

For this reason it is natural to compare their experimental results 

with the theoretical predictions of the diffusion model for sediment 

dispersion. This has been done by a number of other theoreticians includ

ing Jobson and Sayre themselves. However, Jobson and Sayre did not use 

an objective test when comparing their numerical solution to their 

experimental results. They used their measured velocity profiles and 

distributions of fall velocity and turbulent diffusivity deduced from 
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their measurements as inputs to their numerical model and estimated a 

value of o
1 

that seemed to best fit their results. In addition to this 

they used their first measured vertical concentration profile as their 

source condition. 

To obtain a truly objective test of the diffusion model only the 

bulk flow parameters should be used together with some general form of 

the velocity and diffusivity distributions. In the comparison presented 

here the power velocity and parabolic diffusivity distributions are used 

together with the measured values of u, u*, d, K and v for still water. 
s 

A deposition constant of 0 or l is chosen depending on whether deposition 

appeared to occur or not and a point source at the free surface is specified 

as the source condition. 

Jobson and Sayre performed 12 experiments using two sediment sizes, 

a fine sediment of 0.123 mm median sieve diameter and a coarse sediment of 

0.390 mm median sieve diameter. Three different flow conditions were used 

with each sediment as the source material and two runs were performed in 

each flow regime. It was not expected that the diffusion model would 

accurately predict the dispersion of the coarser sediment and this was 

in fact found to be the case. However the results of the six fine sediment 

experiments (FSl, FSlA, FSll, FSllA, FS2l, FS21A) are illustrated in figures 

4.10, 4.11 and 4.12 together with the theoretical predictions. 

For Runs FSl and FSlA where the turbulent intensity was least and 

deposition obviously occurred at the bed a deposition constant of l was 

chosen for the theoretical model. However, for the remaining runs a 

deposition constant of zero was selected. The experimental results were 

non-dimensionalised by the source flux as used in the theoretical model 

incorporating deposition (see section 4.3.1). Therefore the results for 

Runs FSl and FSlA could be compared directly with the theoretical results. 

However, the theoretical results for the runs without deposition are non

dimensionalised in a slightly different fashion and to allow a comparison 

with the experimental results the measured concentrations were multiplied 

by the theoretical values of 

l 

f XHO dy. 

0 

The agreement between the experimental results of Runs FSll, FSllA, 
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FS21 and FS21A and theory is seen to be very good except at the farthest 

station, x = 67. In the near-source region, x < 15, the evolution of the 

vertical concentration profile predicted by theory concurs remarkably well 

with that obtained experimentally. Certainly in this region this objec

tive set of theoretical predictions are, if anything, in slightly better 

agreement with experiment than the numerical results of Jobson and Sayre. 

Far downstream the experimental results imply that a small amount of 

deposition is present although the scatter obtained by the authors in 

their measured recovery ratios, also used in their non-dimensionalisation 

process, leaves some doubt as to whether or not sediment was in fact lost 

from the flow. 

The theoretical model is found to be less successful in modelling 

Runs FSl and FSlA, figure 4.10, where deposition occurs at the bed. 

Deposition appears to occur less rapidly than is predicted by theory and 

perhaps a deposition constant less than unity is required to pattern this 

behaviour. 

In summary it may be stated that the turbulent diffusion model used 

here, containing only one guessed parameter ol, can reproduce the results 

of Jobson and Sayre for fine particles when little or no deposition occurs. 

Therefore it seems reasonable to conclude that the turbulent diffusion 

equation is a good predictive tool for modelling the turbulent 

of sediment provided the 

velocity, A, is small, 

are fine and the non-dimensional fall 

less than 0.15. These conditions correspond 

to flows where turbulence plays a major role in the mixing process. 

4.6.2 Spillway Design 

In order to prevent cavitation of a spillway surface it is common 

to install aerators on the face of the spillway upstream of the 

self-aerated flow zone. For reasonable design criteria to be established 

the operational characteristics of the aerator need to be understood. In 

particular it is important that accurate predictions of the air concen

trations in the flow downstream of the aerator can be made. 

This problem can be approached theoretically in a similar manner 

to the dispersion of sediment except the dispersing particles now possess 

a rise instead of a fall velocity. However the use of the turbulent 

diffusion equation for uniform open channel flow represents a rather 

gross approximation for two reasons. Firstly the aerator is normally 
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situated on the downstream side of a ramp on the spillway face and there

fore the approximation of uniform flow conditions is not valid. Secondly 

the air concentrations at the source are likely to be high, nearly 100% 

and thus particle-particle interactions will play an important role for 

some significant distance downstream of the aerator. The use of the 

diffusion equation could be more easily justified if a vertical air 

concentration profile some distance downstream of the aerator could be 

used as the source condition. In this way both of the problems outlined 

above would be overcome to some extent. 

When a steep channel has air particles dispersing in it a 

cant proportion of the rise velocity of the particles is in a direction 

opposite to the flow velocity and therefore should enter into the diffusion 

equation via the term u dC/dx. However as the flow velocity is typically 

two orders of magnitude than the particle rise velocity this 

contribution can be justifiably neglected. 

The concentration distribution of air downstream of a 

source lying between y = 0.1 and y = 0.2 is illustrated in 

figure 4.13. For this set of calculations the power series representation 

of the eigenfunction solution corresponding to a power velocity profile and 

parabolic diffusivity distribution was used. As the diffusivity distri

bution vanishes at the channel bed the concentration is always zero there. 

However, a non-zero air concentration at the bed is required to the 

prevention of cavitation and therefore the concentration at some finite 

height above the spillway face, say y = 0.05, should be used as a represen

tative concentration for this near-bed region. Once the air concentration 

at the bed sufficient to prevent cavitation is known the distance from the 

aerator at which concentrations at the spillway face drop below this value 

is obtained from a plot such as that presented in figure 4.13. 

A comparison between the predictions of the power velocity and 

parabolic diffusivity solution and that assuming uniform conditions is 

made in figure 4.14. The height of the source, y = 0.3995, was chosen so 

that the source fluxes for the two solutions were identical thus allowing 

a direct comparison of the two concentration distributions. Away from the 

bottom boundary the two solutions exhibit very similar behaviour but near 

the bed the predictions are quite different due to the differing form of 

the diffusivity there. 
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4.7 CONCLUSIONS 

In this chapter the technique of using eigenfunction expansions to 

solve the turbulent diffusion equation has been extended to the case of a 

dispersing material comprising positively or negatively buoyant particles. 

While a number of special techniques have been required, because of 

singularities in the concentration distribution at the flow boundaries, 

the method is still found to be straight-forward in its use. In the 

opinion of the writer this method of solution offers more insight and 

information than a numerical solution and it is certainly more efficient. 

A number of engineering applications have been briefly discussed 

and for the particular problem of the dispersion of sediment the theoretical 

solution has been compared to the experimental results of Jobson and Sayre 

(1970). 

The limitations in using the turbulent diffusion equation to model 

the dispersion of particles principally lies in the lack of understanding 

of the physical processes involved. In particular the manner in which the 

particles interact with the turbulent fluid motion is uncertain. The 

turbulent diffusivity of the particles and its relation to the transport 

of fluid momentum generally must be estimated and the rate at which 

particles are deposited at the flow boundaries must also be guessed. 

From the comparison with the results of Jobson and Sayre it appears 

that low concentrations of fine particles in relatively strong turbulent 

flow, where deposition does not occur, are accurately modelled by the 

turbulent diffusion equation. 
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Five SOLUTIONs· DISPERSION A 

NEUTRALLY BUOYAN CONTAMINANT 

IN THREE DIMENSIONS 

5.1 INTRODUCTION 

In section 2.3.1 the mathematical modelling of the dispersion of a 

dissolved contaminant, having essentially the same density as the ambient 

fluid, was surveyed. Generally the vertical and lateral diffusion 

processes have been considered independently for the reason that, in a 

wide channel, the vertical mixing is invariably completed well before 

the lateral process and thus is only significant in a near-source region. 

However, in this near-source region both mixing processes are progressing 

simultaneously and any interaction between them is certainly of interest. 

Further motivation for investigating theoretically the 

of a three-dimensional plume arises from the experimental programme out

lined in Chapters 6 and 7. The principal objective of this programme was 

to provide experimental evidence against which the theoretical solution 

for vertical dispersion, presented in Chapter 3, could be tested. These 

two-dimensional concentrations were determined by integrating the three

dimensional concentration distribution, downstream of a point source, 

across the flow (see section 6.4.3) and thus all measurements were made 

in a three-dimensional plume in the near-source region. 

The experimental results obtained also offer information on the 

rate of lateral spreading of the plume and therefore the lateral diffusivity, 

£ • However, the relationship generally employed to determine £ , z z 

£ z 

2 
1 dcr 
~u -dx 

(5 .1) 

2 
where cr is the variance of the lateral concentration profiles and the 

overbars represent depth-averages, was shown by Okoye (1970) only to be 

valid far downstream of the source where vertical dispersion is complete. 

The question arises as to whether equation 5.1 is valid in the near-field 

region, in which the measurements were made, and, if so, under what 
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circumstances. Theoretical answers to this question are offered by the 

three-dimensional solution developed in this chapter. 

In the theoretical solutions presented the vertical velocity and 

diffusivity distributions are specified by a power law approximation to 

the logarithmic profile and the parabolic profile respectively and the 

vertical dependence of is varied. Each solution is used to test 

equation 5.1 and if it is found to yield poor answers the theoretical 

results offer guidance on how E may be accurately determined. In addition z 
to this the theoretical solution gives rough estimates of how much in 

error are the results for E derived from equation 5.1 and thus whether 
z 

other methods for finding are in reality necessary. Finally, the 

theoretical solution also points to the type of information that may be 

deduced from the rates of lateral spreading found from experiment and 

how this information leads to conclusions regarding the interation of the 

diffusion processes. 

While, for the experiments conducted in this study, the choice 

of analysing near-field dispersion was motivated by the desire to model 

vertical dispersion, if experiments are to be performed with large flow 

depths or in short flumes it becomes obligatory to take measurements in 

a three-dimensional plume and the results and conclusions of this chapter 

offer valuable guidance to the experimenter. 

It is worth reiterating here that the magnitude and distribution 

of the lateral diffusion coefficient, E , has no theoretical foundation 
z 

and therefore it is not possible to truly test the theoretical predictions 

of the three-dimensional solution by comparing them with measured point 

concentrations. 

5.2 DIFFUSION IN NON-DIMENSIONAL FORM 

The three-dimensional diffusion equation employed to model the 

dispersion of a steady effluent release into uniform open channel flow 

takes the form 

ac 
u ax ( ac) a 

E - + 
y ay 

with the no flux boundary conditions given by 

ac 
E = 0 

y 
at y = 0 and y = d 

(5. 2) 

(5. 3) 



93 

and 
dC 

£ = 0 z z at z = 0 and z w. (5.4) 

In line with the solutions of the previous two chapters the longitudinal 

diffusion term has been neglected. 

The source condition specified at the section x = 0 may be written 

c(O, y, z) = c (y, z). (5.5) s 

While the non-dimensionalisations of the advection term and vertical 

diffusion term in equation 5.2 are quite logical (see Chapter 3) the 
f 

natural non-dimensionalisation of the lateral diffusion term, when the 

results of section 2.4 are considered, is not altogether obvious. The 

choice made by the author is therefore merely a matter of personal 

erence. 

The following transformations were used to non-dimensionalise 

equations 5.2 - 5.4: 

x' = x/d, y' = yjd, z' z/d 

u 
(5.6) 

All quantities in equations 5.6 have been defined previously except ~z 

which is a non-dimensional lateral turbulent diffusion coefficient. 

When these transformations are applied to equations 5.2 - 5.4 and 

the primes are dropped for clarity the resulting equations are 

with 

and ~ dC = O 
z 

at y = 0, 1 

at z = 0, z . 
0 

(5. 7) 

( 5. 8) 

(5.9) 

f is the friction factor and z is a non-dimensional width, w/d, which 
0 

equals the inverse of the aspect ratio. 

5.3 THE GENERAL SOLUTION AS ~vO EIGENFUNCTION EXPANSIONS 

A separated solution of the form 

c(x, y, z) = G(x) H(y) Z(z) (5.10) 

is assumed, in line with the methods of Chapters 3 and 4, although for the 
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three-dimensional case equation 5.7 is not guaranteed to be separable. 

Only if certain restrictions are placed on the forms of x, ~ and ~ is 
y z 

a separated solution possible. For dispersion in the central region of 

a wide channel the flow is essentially two-dimensional and x, ~y and ~z 

may be assumed to be independent of z. Such an assumption guarantees the 

separability of equation 5.7. 

Certainly in a truly three-dimensional situation where the charac

teristic quantities of the flow, x, ~ and ~ , are z dependent a separated 
y z 

solution is not valid. However in such a case the assumed coincidence of 

the principal axes of E .. and the standard co-ordinate system is no longer 
lJ 

correct and additional mixing mechanisms, such as secondary currents, will 

also be present. Therefore equation 5.7 will be invalid in modelling the 

mixing process. 

An example of a problem exhibiting more three-dimensionality may 

be found in section 5.6 where an approximate solution to the three

dimensional dispersion in a triangular channel is presented. 

Assuming the two-dimensionality of the flow and a solution of the 

form expressed in equation 5.10 leads to three ordinary differential 

equations 

dG A - + -yG 
dx 8 

0, 

d [~y :) + (YX - f32~zl)H 
dy 

2 
and 

ijiz 
d z + s2z 

dz
2 

with the separated boundary conditions 

dH 
~y dy = 0 at y 

and 0 at z 

0 

0, 1 

o, z . 
0 

0 

_/ 

The lateral diffusivity has been separated into two parts such that 

~ (y) 
z iii ~ 1 (y) z z 

(5 .11) 

.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 

where iji
2 

is the depth-averaged value while ~zl' with a depth-averaged value 

of 1, contains the depth dependence of ~ . y and B are constants of 
z 

separation. 
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Equation 5.11 may be integrated to obtain 

(5.17) 

where A is a constant. The remaining two differential equations, equations 

5.12 and 5.13, together with their respective boundary conditions, equations 

5.14 and 5.15, constitute two Sturm-Liouville eigenvalue problems. Both 

sets of eigenvalues are real, discrete and non-degenerate and the 

functions of each problem are mutually orthogonal and complete. The 

orthogonality conditions may be written 

0 (5.18) 

The lateral eigenfunctions may be obtained immediately, from the 

assumption of two-dimensionality, and they are given by 

The eigenvalues are 

(
nnz) zn =cos~ 

nTI 

z 
0 

n O, 1 •.• 00 • ( 5 .19) 

n = 0, 1 ... m. ( 5. 20) 

However the vertical eigenfunctions and eigenvalues can only be determined 

once the vertical dependence of ~y' X and ~zl has been specified. This 

problem is considered in section 5.4. 

The general solution of equation 5.7 may be written as 

c(x, y, z) = (5.21) 

where the vertical eigenvalues and eigenfunctions depend on both n and m, 

and the expansion coefficients, 

condition and are given by 

z 1 

fo f Xc H 
s n,m 

0 0 
a 

n,m z 

fo t"z] cos --
z 

0 
0 

I ,m are obtained from the source 

[nrrz] cos zo dy dz 

dz J X 
2 

dy H n,m 

( 5. 22) 
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If realistic distributions of x, ~ and ~ 
1 

are known the general 
y z 

solution presented in equation 5.21 should offer accurate predictions of 

the concentrations in the plume provided the plume remains in the central 

two-dimensional region of the flow. For a wide channel, where this two

dimensional region of the channel includes more than half of the total 

channel width, the assumption of uniformity in the transverse direction 

should offer better predictions than the corresponding assumption in 

vertical dispersion, described in Chapter 3. 

5.3.1 Coupling Between the Two Diffusion Processes 

The interaction between the two diffusion processes, referred to 

in the introduction to this chapter, stems from equation 5.12 in which all 

three mixing mechanisms, vertical and lateral diffusion and advection, are 

present. In the general solution, equation 5.21, it has been noted that 

the vertical eigenfunctions depend on the value of the lateral eigenvalue 

S. This indicates that the vertical diffusion process depends on the 

lateral position in the flow and therefore a definite coupling exists 

between the two diffusion processes. The different functional forms of 

X and ~zl cause this coupling through the second term in equation 5.12. 

If, by chance, X and ~zl exhibited identical depth dependence equation 5.12 

could be written 

d [~ dHj' + y I XH = 0 
dy y dy 

(5. 23) 

2 
where y' = y -S , and the vertical eigenvalue problem is identical to that 

considered in Chapter 3, independent of the lateral diffusion process. In 

this case no coupling exists and the general solution has the simplified 

form 
00 00 

c(x, y, z) 2: 2: 
n=O m=O 

a 
n,m 

cos nTiz H 
z m 

0 

(5.24) 

where H and y• are simply the eigenfunctions and eigenvalues derived in 
m m 

Chapter 3 for the particular choices of ~J and X. 
y 

The physical cause of this coupling is straightforward. Suppose 

that the rate of lateral diffusion is independent of height in the flow 

(i.e. ~zl = constant) then, as the rate of advection is different for each 

level in the flow, the spread of the plume in a high velocity region, 

measured at a particular value of x, is less than that of the plume in a 

low velocity region. Now suppose that a vertical line source is placed 
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1 Curve Height 
1 y1 

2 y2 

3 y3 

Non- dimensional Width 

A sketch of the lateral concentration profiles, 
at three heights in the flow, downstream of a 
vertical line source. The lateral diffusivity 
is assumed constant throughout the flow and the 
coupling of the diffusion processes causes the 
material to appear to spread more rapidly in a 
low velocity region. 

in the flow. In the low velocity region the plume spreads more rapidly 

than in the high velocity region and so vertical concentration gradients 

will be established throughout the plume where initially there were no such 

gradients. An exaggerated sketch of the lateral profiles measured at 

different heights in the flow is given in figure 5.1. The vertical diffusion 

is clearly dependent on the lateral position in the flow and the two 

diffusion processes are coupled. 

The special case, where X and ~zl are the same, corresponds to the 

circumstance where the rate of advection at each level in the flow is exactly 

the same as the rate of lateral spreading. In contrast to the profiles 

sketched in figure 5.1 the lateral concentration profiles, for this case, 

are exactly the same at all levels in the flow. No mechanism is present 

to cause the formation of vertical gradients if no such gradients exist at 

the source. 

In section 5.5 the importance of this coupling will be discussed 

with reference to the prediction of the lateral diffusivity. 

A further conclusion which may be drawn from this discussion of the 

interaction between the vertical and lateral diffusion processes is that 

vertical mixing, in fact, cannot be completed before lateral mixing if X 

and ~zl do not have the same form. This is readily derived from equation 
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5.12 where a uniform vertical eigenfunction is never a solution to 

equation 5.12 when B is non-zero. However, unless X and ~zl have vastly 

different functional forms the variation of c with depth far from the 

source will still be small, perhaps too small to measure. 

5.4 POWER SERIES SOLUTION 

A number of particular solutions to the three-dimensional diffusion 

equation will be presented in this section by specifying the functional 

forms of x, ~ and ~ 1 • In each case a power series method will be used y z 
to determine the vertical eigenfunctions and eigenvalues. 

For all of the cases considered the vertical diffusivity distribu

tion is assumed to be parabolic, 

~ (y) = Ky(l-y) 
y (5.25) 

and the velocity distribution is taken to be the power law approximation 

of the logarithmic profile used in Chapter 4 1 

X(y) = (l+a)ya. (5.26) 

The difference between the solutions presented lies in the choice of the 

vertical variation of ~zl· 

5.4.1 Power Lateral Diffusivity 

The simplest case corresponds to a lateral diffusivity that 

possesses the same variation over the depth as the velocity distribution. 

Thus 

~zl(y) = (l+a)ya (5.27) 

and the two diffusion processes are uncoupled or independent. The eigen

value problem to be solved in the vertical is equation 5.23 and, as 

described in section 5.3.1, the eigenvalues and eigenfunctions are simply 

those obtained in Chapter 3. As the vertical eigenvalues and eigen

functions are independent of the lateral eigenvalue their evaluation is 

as rapid as for the two-dimensional case. 

5.4.2 Uniform Lateral Diffusivity 

An example of a lateral diffusivity that effects coupling between 

the diffusion processes is presented in this section where a lateral 

diffusivity which is uniform over the depth is considered. Thus 
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(5. 28) 

The vertical eigenfunction/eigenvalue problem is now given by 

2 d
2

H dH a 
(w-w ) - + (l-2w) - + [¢ (1-w) - 8]H 

dw2 dw 
0 (5.29) 

y(l+a)/K 
2 

and 8 = f3 /K. A transformation to the independent 

variable w 1-y has again been made to ensure X can be represented by a 

power series expansion. The point w = 0 is a regular singular point and 

Frobenius' method is employed to obtain the power series solution. As for 

the two-dimensional solution, the only solution which satisfies the boun

dary condition at w = 0 and equation 5.29 is 

00 

H(w) = 2:: 
n=O 

b 
n 

n 
w 

where the recurrence relations for the coefficients b are given by 
n 

(5. 30) 

b = k+l 

(k(k+l) + O)bk- <jl(e
0
bk + ..•. + ekb) 

----------------------------------~0~k = 0, l ••• oo. (5.31) 
(k+l) 

The coefficients ek are the binomial expansion coefficients of (1-w)a. An 

integrated form of equation 5.29, incorporating the two boundary conditions, 

is used to determine the eigenvalues. The characteristic equation is there

fore given by 

1 1 

y f XH dy - (32 f H dy = 0 . (5. 32) 

0 0 

It can be seen that the power series coefficients of H(w) depend 

explicitly on the lateral eigenvalue f3 and therefore each value of f3 will 

have an associated set of vertical eigenfunctions and eigenvalues. In 

contrast to the uncoupled case considered in section 5.4.1, where perhaps 

only 8 or 10 vertical eigenvalues needed to be evaluated, a set of eigen

values, numbering 8 or 10, must be generated for each value of (3. This 

ensures the evaluation of the full array of eigenvalues for a coupled 

solution to be considerably more time consuming than for an uncoupled 

solution. 

For the results presented in the following sections a further 

coupled solution was constructed. The aim of this solution was to provide 

a more extreme difference between the vertical forms of X and Wzl than was 
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provided by the uniform distribution of ~ 1 , and so the following lateral z . 
diffusivity was chosen: 

(5.33) 

~ is a variable that was chosen to be 1 for the results presented later. 

The power series solution corresponding to this choice of ~zl is presented 

in Appendix E. It is general for any value of ~ > 0. 

5.4.3 Computational Details 

The generation of the eigenvalues of the three-dimensional solution 

was achieved with the Fortran computer program C/EVALUE, listed in Appendix 

N. As for the corresponding programs A/EVALUE and B/EVALUE a regular falsi 

root-finding algorithm was employed to determine the eigenvalues, y, of 

equation 5.12 for a fixed value of S. All calculations were performed to 

double precision accuracy. 

Computation times were essentially the same as those described in 

Chapters 3 and 4 although many more eigenvalues were required in the three

dimensional case. Typically all eigenvalues less than 20 were generated 

and this represented approximately 260 eigenvalues. Typically 12 minutes 

of processor time we.rerequired for their calculation, except in the 

uncoupled case when approximately 20 seconds sufficed. 

A comparison of the eigenvalue arrays corresponding to the power, 

uniform and linear (equation 5.33) lateral diffusivities may be found in 

tables 5.1, 5.2 and 5.3. In each case f = 0.0243, a= 0.15, K = 0.4, 

z = 8.6 corresponding to flow A described in Chapter 7 and ~ was 
0 z 

estimated to be 0.1. Certainly little variation can be seen between the 

eigenvalues corresponding to the first six lateral modes. The smallest 

eigenvalue, Yl,O' which predicts the distance downstream of the source at 

which equilibrium conditions are obtained (see section 3.5), is the same 

for all three distributions of lateral diffusivity. This implies that 

any coupling between the vertical and lateral diffusion is long forgotten 

by the time the mixed region is reached and thus has no effect. 

However, as the size of the lateral eigenvalue increases the values of 

y vary greatly between the distributions of ~ . In fact it can be 
n,m z 

stated that the stronger the coupling between the diffusion processes 

the less rapidly y grows with n and therefore the more eigenvalues n,o 
that are required. This was dramatically verified when a linear 
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Table 5.1 The array of eigenvalues for a power lateral 
diffusivity. Y is the mth vertical eigenvalue 
corresponding tg'~e nth lateral eigenvalue. For 
these eigenvalues f = 0.0243, a = 0.15, K = 0.4, 
z 8.6 and 1jJ 0.10. 

0 z 

m 

Yn,m 
0 l 2 3 4 5 

0 0.0000 0.8355 2.5186 5.0437 8.4090 12.6118 

l 0.0133 0.8488 2.5319 5.0570 8.4223 12.6251 

2 0.0534 0.8889 2.5720 5. 0971 8.4624 12.6652 

3 0.1201 0.9556 2.6387 5.1638 8.5291 12.7319 

4 0. 2135 1.0490 2.7321 5.2572 8.6225 12.8253 

5 0.3336 1.1691 2.8522 5.3773 8.7426 12.9454 

20 5.3378 6.1733 7.8564 

40 21.3512 

Table 5.2 

Yn,m 

0 

l 

2 

3 

4 

5 

20 

The array of eigenvalues for a uniform lateral 
diffusivity. y is the mth vertical eigenvalue 
corresponding tg'~he nth lateral eigenvalue. For 
these eigenvalues f = 0.0243, a = 0.15, K = 0.4, 
z = 8.6 and 1jJ = 0.10. 

0 z 

m 
0 l 2 3 4 5 

0.0000 0.8355 2.5186 5.0437 8.4090 12.6118 

0.0133 0.8495 2.5327 5.0579 8.4232 12.6260 

0.0533 0.8915 2.5750 5.1004 8.4658 12.6687 

0.1198 0.9615 2.6456 5.1712 8.5368 12.7397 

0.2127 l. 0595 2.7445 5.2705 8.6362 12.8393 

0.3316 1.1856 2.8718 5.3981 8.7641 12.9673 

5.0447 6.3526 8.1923 

40 19.4709 
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Table 5.3 

Yn,m 

0 

1 

2 

3 

4 

5 

20 
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The array of eigenvalues for a linear lateral 
diffusivity. y is the mth vertical eigenvalue 
corresponding t8'~he nth lateral eigenvalue. For 
these eigenvalues f = 0.0243, a = 0.15, K = 0.4, 
z = 8.6 and ¢ = 0.10. 

0 z 

m 
0 1 2 3 4 5 

0.0000 0.8355 2.5186 5.0437 8.4090 12.6118 

0. 0133 0.8498 2.5330 5.0582 8.4235 12.6264 

0.0530 0.8929 2.5764 5.1018 8.4672 12.6701 

0.1184 0.9649 2.6489 5.1745 8.5401 12.7431 

0.2081 1.0663 2.7506 5.2764 8.6422 12.8453 

0.3208 1.1975 2.8819 5.4078 8. 7736 12.9769 

4.0617 6.2184 8.4557 

40 14.4614 

diffusivity solution with ~ = 0 was generated. In this strongly coupled 

case the number of lateral eigenvalues required became prohibitive. For 

instance Yn,m = 3.4437 with n = 40 and m = 0. 

A second computer program, C/EFNSOL (Appendix 0) , was written to 

generate the concentration distribution downstream of a point source using 

the eigenvalues created by C/EVALUE. As only eigenvalues less than 20 were 

used in the concentration computations the accuracy of the solution near 

the source was greatly reduced. Even so, the solution was sufficiently 

accurate approximately 5 depths downstream of the source. 

In addition to the types of concentration plot available in program 

A/EFNSOL, C/EFNSOL had the facility to calculate the non-dimensional 

variance of a theoretically generated lateral concentration profile using 

the standard method of moments (see section 6.4.1). Typical computation 

times for the various forms of output were: 3 lateral concentration pro

files (40 points in each profile) took approximately 20 seconds to evaluate, 

3 vertical profiles (40 points in each profile) took approximately 90 seconds 

to generate and variances evaluated at 3 levels in the flow and 19 down

stream locations could be generated in approximately 300 seconds. It 

should be noted that all 260 eigenvalues were used in these calculations 

and 30 power series terms were used in each vertical eigenfunction. For a 

three-dimensional solution these computation times are very reasonable. 
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To illustrate the predictions of the various lateral diffusivity 

distributions figure 5.2 was developed. A point source is located at 

y = 0.05 and z = 4.3 (mid-channel) and figure 5.2 illustrates the vertical 

non-dimensional concentration profiles generated at z = 3.1 and z 4.3, 

utilizing the power lateral diffusivity solution and the linear lateral 

diffusivity solution. The vertical profiles were calculated at two down

stream locations x = 20 and x = 30. In the low velocity region near the 

bed the spreading of the material is considerably more rapid when the 

lateral diffusivity has a linear distribution than when it has a power 

profile. Therefore at z = 3.1 the linear diffusivity predicts larger 

concentrations but at z = 4.3 lower concentrations. However at the free 

surface the predictions are in essence the same. As the material diffuses 

upward from the source it samples the advection and lateral spreading rates 

at all levels of the flow and therefore approximately averages them. Both 

distributions of $ have the same depth-averaged value and thus their z 
predictions should be similar. 

5.5 PREDICTION OF THE LATERAL DIFFUSIVITY 

5.5.1 Introduction 

The rate at which a plume spreads across a channel is the key factor 

in determining the lateral diffusivity. Equation 5.1 is invariably used 

to translate the rate of growth of the variance of the lateral concentration 

profiles into an experimental value for However this equation is only 

valid far from the source where vertical mixing has been completed, as 

described in section 5.1. The theoretical solutions developed in section 

5.4 may be used to determine the validity of equation 5.1 in the near-source 

region. 

5.5.2 The Dependence on the Source Location and Sampling Level 

In figure 5.3 the non-dimensional variance of the lateral concen

tration profiles is plotted against the non-dimensional distance from the 

source, located at y = 0.05. The simulated variances are measured at three 

heights in the flow, y = 0.10, y = 0.50 and y 0.90, and at intervals of 

10 flow depths from x = 10 to x = 100. The results obtained at sections 

between and including x = 10 and x = 50 are treated separately from those 

between x = 60 and x = 100 and straight lines are drawn through the results 

in each of these regions. All three solutions discussed in section 5.4 were 
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The slopes of the curves drawn in figure 
5.3 for each sampling level, y = 0.1, 0.5 
and 0.9, and each lateral diffusivity 
distribution. The value of ~ at the bottom 
of each column was f~om equation 5.1 

the value of calculated from the 
results presented in this table. The results 
between x = 10 and x 50 are designated by 
(a) and those between x = 60 and x = 100 by 
(b) • 

I 
Lateral Diffusivity 

Linear Uniform Power 

0. 0145 0.0124 0.0110 

I 0.0116 0.0112 0.0110 

0.0132 0.0119 0. 0110 
0.0113 0.0112 0. 0110 

0.0119 0. 0115 0. 0110 
0.0112 0.0111 0.0110 

I 0.120 0.108 0.100 

I 0.103 0.101 0.100 
I 

Curve ll>z 
1 Linear 
2 Uniform 

(j) 
3 Power 

® 
(J) 

80 40 80 40 80 

Non dimensional Distance 

5.3 The non-dimensional variances of the lateral concentration 
profiles against non-dimensional distance from the 
source. Lateral profiles were generated at three heights 
in the flow and at intervals of 10 depths, between x = 10 and 
x = 100, using the three solutions developed. The source is 
at y = 0.05 and z = 4.30 and the other flow are 
the ~arne as those fn table 5 .1. 
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utilised in generating the distributions of variance, as illustrated in 
2 the figure. In table 5.4, directly above figure 5.3, the values of da /dx 

for each of the straight lines drawn in the figure are presented. At the 

bottom of each column of the table a value of ~ , obtained from equation 
2 z 

5.1 and the average value of da /dx for the three sampling levels, is 

given for each region in the flow and this can be compared to the true 

value of 0.10. 

The uncoupled solution can be seen to predict the correct value of 

Wz in both regions and in fact the value of da
2
/dx is the same for all 

sampling levels and all downstream positions. This, of course, is the 

peculiar property of the uncoupled solution in that the lateral spreading 

apparently occurs at the same rate at all levels in the flow. In this case 

the results at any of the sampling levels could be used to evaluate da
2
/dx 

in equation 5.1 and a correct value of W would be obtained. z 

The results of the coupled solutions are quite different to those 

of the uncoupled solution. Only the results of the linear diffusivity 

solution will be discussed as the uniform solution exhibits essentially 
2 

the same behaviour although to a less extreme degree. The value of da /dx 

is strongly dependent on sampling level and takes a value, at y = 0.10 

(10 < x <50), more than 30% greater than the value obtained from the = = 
uncoupled solution. As the sampling level is raised towards the free 

surface the discrepancy between the values of da
2
;dx calculated from the 

coupled and uncoupled solutions decreases due to the averaging process 

already described. For the results obtained within the first fifty flow 

depths of the source the value of ~ is 20% greater than the true value. z 
As vertical mixing becomes a less significant feature of the plume the 

2 slopes of the a vs x curves approach the uncoupled value of 0.011 and 

~ approaches the true value. The results obtained between x = 60 and z 
x = 100 yield a value of ~ only 3% greater than the true value and z 
variances calculated between x = 100 and x = 150, not presented in the 

figure or table, predict a value of W less than 1% greater than the true z 
value. 

Similar results to those presented in figure 5.3 and table 5.4 are 

exhibited in figure 5.4 and table 5.5 except here the source is located 

near the free surface at y = 0.95. 

Again the uncoupled so2ution yields a value of da
2
;dx independent 
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dx 
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The slopes of the curves drawn in figure 
5.4 for each sampling level, y = 0.1, 0.5 
and 0.9, and each lateral diffusivity 
distribution. The value of ~ at the bottom 
of each column was obtained f~om equation 5.1 
using the value of do2/dx calculated from the 
results presented in this table. The results 
between x = 10 and x = 50 are designated by 
(a) and those between x = 60 and x = 100 by 
(b) • 

Lateral Diffusivity 

Linear Uniform Power 

0.0116 0. 0114 0. 0110 
0. 0112 0. 0111 0. 0110 

0.0094 0.0103 0.0110 
0.0109 0. 0110 0.0110 

0.0082 0.0100 0. 0110 
0.0103 0.0108 0. 0110 

0.088 0.96 0.100 
0.098 0.100 0.100 

Curve lVz 
1 Linear 
2 Uniform 
3 Power 

(]) (]) 
(j) (j) 

80 40 80 40 80 

Non- dimensional Distance 

The non-dimensional variances of the lateral concentration 
profiles plotted against non-dimensional distance from the 
source. Lateral profiles were generated at three heights 
in the flow and at intervals of 10 depths, between x = 10 and 
x = 100, using the three solutions developed. The source is 
at y = 0.95 and z = 4.30 and the other flow parameters are 

s s 
the same as those ln table 5 .1. 
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of x andy. However, now the linear diffusivity solution predicts less 

spreading at the sampling level near the source as in this case, 

the source is located in a high velocity/low diffusivity region. In the 

region between x = 10 and x = 50 the predicted value of ~ is 12% lower 
z 

than the correct value and between x = 60 and x = 100 it is 2% lower than 

the true value. 

The results of 5.3 and 5.4 demonstrate clearly that the 

depth-averaged lateral diffusivity obtained from equation 5.1 gives quite 

erroneous answers if determined in the near-source region where vertical 

mixing is a significant feature. However, as the vertical mixing process 

approaches completion the value of ~ tends to the true value. z 

5.5.3 The Application to Experiment 

The results of the previous section have some important ramifications 

for the determination of or ~ from experiment. In general, equation z 
5.1 cannot be employed to determine the lateral diffusivity if concentration 

measurements are made in the near-source region. 

However, according to the results of section 5.5.2 there are a number 

of ways in which the depth-averaged lateral diffusivity may be obtained from 

the measured growth of variance with x. If a source is placed near the free 

surface or channel bed and the lateral concentration profiles are monitored 

near the opposite boundary, the averaging process described in section 5.4.3 
2 --2 

ensures the measured values of do /dx are a reasonable estimate of dO /dx. 

Using this value of do2/dx in equation 5.1, for the linear diffusivity 

solution in the near-source region (10 ~ x ~ 50), yields values of ~z of 

0.108 and0.105 for a source at y = 0.05 andy 0.95 respectively. These 

values of ~ have less than half the erro"r of the values obtained from the 
z 2 

average value of dO /dx. 

Another possibility is to average the value of ~z obtained from 

equation 5.1 for a number of representative source locations. Using just 

the two source locations analysed in figures 5.3 and 5.4 yields a value 

of ~ of 0.104 for the linear diffusivity in the near-source region. The z 
4% error in this value represents a substantial improvement on the 20% and 

12% errors obtained using the results from one source and such an 

error is probably typical of the experimental errors involved in determining 

the quantities in equation 5.1. 
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While the measurement of concentrations in a three-dimensional plume 

has the disadvantage that equation 5.1 is no longer generally valid it does 

have the advantage that any coupling between the vertical and lateral 

diffusion processes should be detected. 

2 
If the growth of a with x is found to be dependent on the sampling 

level or the location of the source a coupling between the diffusion 

processes has been verified. The extent of this coupling may be qualita

tively predicted by a comparison of the degree of the variation of da2/dx 

with sampling level or source position with the variation obtained 

theoretically. 

It is important to note that if experimental results demonstrate 

little or no variation of da
2
jdx with sampling level or source location 

it may be concluded that the diffusion processes are essentially uncoupled 

and equation 5.1 may be confidently used in the determination of £ • 
z 

In conclusion it may be stated that although the measurement of 

concentrations in a three-dimensional plume has a number of shortcomings 

when determining £ it does offer the experimentalist important information z 
on the coupling present in the flow. 

5.6 DISPERSION IN A TRIANGULAR CHANNEL: A FIRST APPROXIMATION 

In this section an approximate three-dimensional solution to the 

dispersion in a triangular channel is presented. For a wide channel the 

cross-section illustrated in figure 5.5 may be conveniently described by a 

transformation to cylindrical polar co-ordinates. The turbulent diffusion 

equation thus becomes 

ac 1 a 
u (r 8) - == , ax r 

with boundary conditions 

ac 
£ ar r 

1 ac 
~ e8 ae = 

[ 
ac) 1 a 

r£r(r, 8) ar + r2 

0 at r = rl and r r 

0 at 8 = 0 and 8 = 8 

The independent variables in equations 5.34 

dimensionalised by the following transformations: 

( 5. 34) 

(5. 35) 
0 

0 
(5.36) 

5.35 are non-



Figure 5.5 

11'0 

The truncated triangular channel cross-section may be 
conveniently described in the polar co-ordinates shown 
provided 8 is small. 

0 

r' r/r , 8' = 8/8 , x' = x/r 8 
0 0 0 0 

(5.37) 

As was the case for the three-dimensional dispersion the lateral and vertical 

diffusivities, Er and E
8

, are non-dimensionalised by the shear velocity and 

flow depth but, in accord with the two-dimensional solution of Smith (1982), 

these quantities take their local values. In the case of the shear 

velocity it is assumed that the force balance equation for a wide channel, 
Yn 

relating u* to d 2
, is valid locally. To avoid vertical coupling of the 

diffusion processes E is assumed to possess the same 8 dependence as the 
r 

velocity distribution, taken to be a power law approximation to a logarithmic 

profile. Finally, the velocity u, also in accordance with Smith (1982), 

is assumed to depend on depth in the same fashion as u*. Therefore, u, 

Er and E
8 

are given by 

' 8 I) - .:k •a 
u(r 

' 
Aur 2 (Ha)8 (5. 38) 

E (r', 8 I) IYn I - 1a 
u*r 2r r 8 ~ (l+a)8 (5. 39) 

r o o r 

E
8

(r 
I 8 I) I~ I I 

(1-8 I) (5 .40) ' u*r r 8 r K8 . 
0 0 

u* is a constant shear velocity evaluated in the deepest part of the flow 

and A is a constant derived from continuity and given by 

A (5 .41) 

The validity of the assumptions regarding the lateral dependence of 

u and u* can only be checked by experiment and these, together with the 

assumption of logarithmic vertical velocity profiles, are considered in 

section 7.6.1. Of course, all wall effects have been neglected. On the 
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other hand the supposition that £r and s 8 depend only on the local values 

of d and u*, while possessing a degree of physical logic, is an educated 

guess. While it would be expectedthat the rate of lateral spreading 

will depend somewhat on the position across the channel, it is unlikely 

that the properties of the turbulence generated at each lateral location 

are localised, thus influencing the mixing process only at the point of 

generation, and are not transported across the channel. 

With the distributions specified in equations 5.38 - 5.40 equation 

5.34 is guaranteed to be separable and the resulting three ordinary 

differential equations are 

dG +/~yG 0 

d 
(K8(1-8) ~:) + S<l+a)8aH d8 = 

d 
(r5/2 ~:) 3/2 k 

and + (¢r - wr 2 )R dr 

where it has been assumed that 

c(x, r, 8) = G(x) R(r) H(8) 

and S and y are constants of separation. ¢ 

primes have been dropped. 

( 5. 42) 

0 (5.43) 

::::: 0 (5.44) 

( 5. 45) 

s;e 
0 

and the 

The eigenfunctions and eigenvalues of equation 5.43 and its 

separated boundary conditions are the vertical eigenfunctions derived 

for a parabolic diffusivity and power velocity in Chapter 3. Equation 

5.44 is a transformed version of Bessel's equation (see Abramowitz and 

Stegun (1965)) with the general solution 

(5. 46) 

where JV and YV are Bessel functions of the first and second kinds of 

order V and v2 = 4(W+9/16). The ratio of the coefficients A and Band 

the eigenvalues may be determined from the boundary conditions 

dR 
dr 

0 at r 
rl 

= -and r = 1. 
r 

0 

(5.47) 

If r
1 

happens to be zero then YV is not a valid solution because of the 

inclusion of the origin. 
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While the lateral concentration distribution, R(r), has an 

apparently convenient analytic form, making use of equation 5.46 is found 

to present significant problems and therefore this solution was not taken 

further. The small values of e I typically 0.1, and ~ I typically 0.1 I o r 
make the terms ¢ and w large and they completely dominate equation 5.44. 

Because of the size of ¢ and w the representation of J and Y as power 
\) \) 

ser~es is extremely awkward and the evaluation of eigenvalues equally 

difficult. 

For the case B = O, corresponding to complete vertical mixing and 

hence the two-dimensional solution of Smith (1982), the solution to 

equation 5.44 takes an even nicer form, 

R(r) 

(5. 48) 

and the eigenvalues and eigenfunctions are readily evaluated. However, 

the first non-zero value of B is approximately 0.8 and therefore V takes 

a value of about 46. J 46 and Y46 exhibit extremely strong dependence on 

r implying very strong coupling between the vertical and lateral diffusion 

processes. While coupling obviously exists, simply from the chosen distri

butions of u, sr and s 8 , such strong coupling is somewhat unexpected. 

This problem obviously exhibits some fascinating behaviour, 

principally due to the fact that the coupling between the two diffusion 

processesoccurs in the lateral eigenfunction/eigenvalue equation instead 

of the vertical equation, and it seems worth pursuing. 

5.7 CONCLUSIONS 

In this chapter an extension of the eigenfunction solution methods 

of the previous two chapters have been extended to three-dimensional 

in a wide channel. Of particular interest has been the inter

action of the three mixing processes, vertical diffusion, lateral diffusion 

and velocity gradients, and the importance of this interaction to the 

experimental determination of the lateral if measurements are 

made in a three-dimensional plume. The theoretical results presented 

imply that measurements in the near-source furnish the experimenter 
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with important information on the coupling between the diffusion 

processes and offer insights into how the lateral diffusivity may be 

deduced if coupling exists. It appears that the most reliable method 

is to average the results obtained from equation 5.1 over a number of 

representative source heights. 



1
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Chapter Six EXPERIMENTAL EQUIPMENT 

AND PROCEDURES 

6.1 INTRODUCTION AND OBJECTIVES 

During 1984 and 1985 the experimental section of this study was 

undertaken in the Fluid Mechanics Laboratory of the Department of Civil 

Engineering, University of Canterbury. These experiments involved measur

ing the concentration distribution downstream of a steady point source of 

tracer discharging into steady, uniform open channel flow in a wide, smooth 

bed channel. With this data it was hoped to achieve the following 

objectives: 

(1) To convert the measured concentrations into two-dimensional 

concentrations that would allow a comparison with the theoretical 

solutions presented in Chapter 3. 

(2) To use a variety of source heights in each flow and in particular 

to try to determine the position of the ideal source for vertical 

dispersion. 

(3) To calculate the lateral diffusivity, E , from the rate of lateral 
z 

spreading of the contaminant and to compare this with the results 

of other experimenters. 

(4) To investigate briefly two situations where flow velocity and 

vertical and lateral diffusivities depend on the lateral position 

in the flow: namely the dispersion of a source very near a wall 

and the dispersion in a channel of triangular cross-section. 

6.2 THE EQUIPMENT AND ITS USE 

6.2.1 The Flume 

A 12 m long tilting flume of rectangular cross-section and supported 

on a steel truss was used for all the experiments described herein and is 

shown in plate 6.1. The channel was 559 mm wide and 430 mm deep. A pivot 

at the base of the large inlet tank, stationed at the upstream end of the 

flume, together with two hand operated jacks supporting the flume 4.4 m 

from its downstream end, allowed the slope to be adjusted. The walls were 

constructed of glass and the floor of perspex. Due to the technical 

difficulties involved in producing and working with perspex the channel 

bed was slightly uneven with a variation of .:!:_ 1 mm over its length. Rails, 

to support and guide the instrument carriage, ran along each of the flume 
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walls and these had supporting screws at approximately 0.9 m intervals 

allowing the rails to be raised or lowered. A brass gate, positioned at 

the downstream end of the channel, provided control of the outlet back

water curve and was used to set uniform flow conditions as discussed in 

section 6.2.3. 

Two static head tappings in the floor of the flume, 2.1 m and 9.3 m 

downstream of the entrance to the channel, were connected to two perspex 

cylinders, positioned at the downstream end of the flume, by 6 mm plastic 

tubes. A point gauge with two prongs, one for each cylinder, allowed the 

difference in the water level at the two stations, and hence the water 

surface slope, to be measured. The point gauge had a reading error of 

+ .1 mm. 

The features placed at the entrance to the channel to straighten 

and smooth the flow were decided upon once velocity measurements demon

strated that the flow was essentially two-dimensional over the central 

region of the channel; Two pieces of aluminium honeycomb, 8 em thick with 

a cell diameter of approximately 1 em, were used to straighten the flow 

and two sheets of fine stainless steel mesh placed on the upstream side of 

these honeycombs ensured an even discharge across the width of the channel. 

The meshes required cleaning after each run as they became blocked with 

dirt suspended in the water and to diminish this problem two further sheets 

of fine mesh, strengthened with a coarse~ gauze, were placed further 

upstream in the inlet tank. This modification was made after the 

completion of the 200 series of experiments. 

Immediately downstream of the second honeycomb a polystyrene block, 

extending the full width of the channel, was tied loosely to the flume 

walls and floated on the water surface to impede the propagation down

stream of surface waves generated at the inlet. 

6.2.2 Water Supply 

The flume was supplied by a recirculating system via a constant 

head tower. At regular intervals, often after each run, the water in the 

system, approximately 100,000 litres, was dumped and replaced by water 

from an artesian well. This was done principally to ensure the water was 

as clean as possible and so avoid the clogging of the mesh screens described 

in the previous section. Frequently the water was changed continuously 

during a run. 
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A calibrated pit downstream of the flume was used to accurately 

measure the discharge through the system while a calibrated orifice plate, 

situated in the water pipe supplying the flume, was used to set discharges 

approximately. 

6.2.3 Flow Setting and Measurement 

Uniform flow conditions in the channel were obtained by adjusting 

the slope, discharge and the height of the downstream gate until the flow 

depth was constant throughout the working section, the central 6 m, of the 

flume. A slope of approximately 5 rnm in 10 m was set initially and left 

unchanged throughout the experimental program. The slope measured using 

the static head tappings was 

s = 0.00047 + 0.00003 . (6.1) 

Meeting the criterion used to determine the existence of uniform 

flow, namely a uniform flow depth, was not without its difficulties. Depths 

were measured with a point gauge mounted on the rear of the instrument 

carriage and although depth measurements were accurate to better than 

+ 0.3 rnm the unevenness of the flume floor demanded some degree of judge

ment on the experimenter's part. Due to the small slope any error in 

setting uniform flow could cause a substantial error ins. The effect of 

such an error on the theoretical predictions is considered in Appendix G. 

Once uniform conditions were achieved a mean flow depth was 

calculated by averaging the eight or so depths measured in the working 

section. The discharge was measured with the calibrated pit and the 

orifice plate reading noted. 

As a number of runs would be made with the same flow regime it was 

necessary to be able to reproduce the same flow on several different days. 

This was done by setting the discharge approximately with the help of the 

orifice plate reading and adjusting the discharge until the desired depth 

was obtained. Finally, the discharge was measured with the calibrated 

pit. The discharge could be reproduced to within 1% and the depth to 

within 2%. 

6.2.4 Velocity measurements 

For each uniform flow regime used in this study a detailed set of 

velocity measurements was taken before any dispersion experiments were 
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made. The reasons for this were two-fold: 

(l) to verify the two-dimensionality of the flow over the central 

region of the channel and 

(2) to calculate von Karman's constant, K, from the slope of the 

vertical velocity profiles and to compare these profiles to the 

logarithmic velocity profile. 

Velocities were measured at about 100 locations in a cross-section 

in the working section of the flume and vertical velocity profiles and 

plots of velocity contours were prepared. Examples of these are presented 

in section 7.2. 

Velocity measurements were made with a 3 mm diameter stainless 

steel pitot tube mounted on the rear of the instrument carriage. The pitot 

tube is illustrated in plate 6.2. The dynamic head and piezometric head 

openings were connected to either side of a Celesco model P90D Differential 

Pressure Transducer having a full scale pressure range of + 1 inch of 

water. A Celesco model CD25 Transducer Indicator containing a carrier

demodulator system was connected to the transducer output terminals and 

gave a ~ 10 V DC output signal. It was found that this transducer did not 

operate correctly unless it was filled with distilled, de-aerated water. 

Before and after a set of velocity measurements the transducer was 

calibrated using the apparatus shown in plate 6.3. Each port on the trans

ducer could be connected to the pitot tube or a water reservoir, constructed 

from a vertical perspex cylinder with known cross-sectional area, depending 

on the setting of a pair of valves. The two reservoirs were also connected 

by a valve. Initial1y the transducer was isolated from the pitot tube and 

opened to the two cylinders. By opening the valve between the cylinders 

equal pressures were applied to the transducer and a zero voltage reading, 

measured with a digital voltmeter, was set with the zero control on the 

indicator unit. The reservoirs were then isolated again. A 2 m~ pipette, 

with an accurately measured volume, was used to increase the pressure on 

the positive side of the transducer and the voltage corresponding to each 

applied head noted. This process was repeated until an adequate pressure 

range had been covered. 

The calibration curve was invariably linear and did not seem to 

exhibit any dependence on the temperature changes in the laboratory. 

Individual readings from the initial and final calibrations generally 



Plate 6.2 The pitot tube used for the 
velocity measurements. 

Plate 6.3 A view of the transducer (bottom right), the carrier
demodulator system (far left) and the apparatus used 
to calibrate the transducer. 
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agreed to within 2% while the total calibration curve agreed to within 1%. 

As the velocity, and hence the dynamic pressure, at any point in a 

turbulent flow is changing randomly with time about some mean value the 

+ 10 V DC output from the indicator unit was fed into a data acquisition 

system known as CEDACS (Civil Engineering Data Acquisition System), to 

allow an average value to be calculated. This system consisted of a 

P.D.P. 11/10 computer controlling a 12 bit A-D converter capable of 

sequentially sampling up to 255 analogue channels. The input voltage on 

each of these channels was to be in the range ~ 2.5 V so a resistor was 

used to reduce the output from the indicator unit by a factor of 4. As 

the P.D.P. 11/10 had no data storage capacity it was linked to the depart

mental P.D.P. 11/34 to which all readings were sent for analysis. 

A variety of sampling rates and sampling periods were tried to find 

a compromise between the speed at which the velocities could be measured 

and their accuracy. It was found that 10 readings taken per second for a 

period of 60 seconds gave velocities generally reproducible to within 1%. 

It was essential that the turbulent boundary layer was fully 

developed by the time the flow reached the working section of the channel. 

This was checked by measuring the vertical velocity profile along the 

centre line of the flow at three stations upstream of the working section 

for the deepest flow considered. The three profiles were essentially the 

same implying that uniform conditions had been reached. 

The approximate thickness of the turbulent boundary layer in a wide 

channel may be obtained from the growth of a turbulent boundary layer on 

a smooth flat plate (Schlichting (1979)) given by 

[ J 

-1/5 

o(x) = 0.37 X U:X (6. 2) 

where uoo is the free stream velocity, o(x) is the boundary layer thickness, 

x is the downstream distance and v is the kinematic viscosity. For a free 

stream velocity of 0.3 m/s and boundary layer thickness of 65 mm (corres

ponding to flow A described in Chapter 7) the downstream distance x is 

approximately 2.7 m. While other factors contribute to the growth of the 

boundary layer in the flume, the inflow screens for instance, this figure 

provides an estimate of the distance at which uniform conditions are 

established. It was in fair agreement with the measured profiles that 
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indicated that the boundary layer was developed by x = 2.5 m. 

The requirement of a .fully developed boundary layer in the working 

section of the channel restricted the flow depths that could be used in 

this experimental program. 

6.2.5 The Tracer and Its Injection 

A dilute solution of NaCl coloured with a small amount of red food 

dye, to allow visual appreciation of the dispersion process, was chosen as 

the tracer for the dispersion experiments. Other investigators., Okoye 

(1970}, Prych (1970) and Lau and Krishnappan (1977) for example, have 

added methanol to their salt solutions in order to return the density of 

the tracer to that of the ambient fluid. This was tried in the present 

study but the vertical dispersion of the tracer still exhibited density 

effects. A possible explanation for this behaviour, which was not 

investigated further, is the markedly non-linear dependence of the density 

of water-methanol solutions on the percentage volume of methanol as illus

trated in figure 6.1. As vertical dispersion was not important in the 

three studies mentioned similar behaviour may have not been noticed or 

was unimportant. 

No strict criteria exist for determining whether a tracer, more or 

less dense than the fluid into which it is injected, will exhibit density 

effects. Fischer et al. (1979} present two non-dimensional parameters and 

their approximate values, deduced from various experimental studies, at 

which the density of the tracer is no longer negligible. These relations 

are 

<< 1 (6.3) 

for vertical dispersion to be independent of density considerations and 

<< 5 (6.4) 

for lateral dispersion to be independent of density considerations. w is 

the width of the channel, d is its depth, u* is the shear velocity and 

Q'= qeg p where qe is the effluent discharge and 6p/p is the relative 

density difference between the contaminant and ambient fluid. As these 

expressions are, at best, rough guides it was decided to deduce the effect 



c: 
.Q ...._ 
-2 
~ 
--
~ -~ 

I 
!.... 
Q.o .._ 

~ 
...... 
0 

:::..... ..... ·-::.. 
~ 
.u 
.;;;; ·-u 

Q.o 

~ 

1.000 

0.950 

0.900 

0.850 

0.800 

0 

Figure 6.1 

122 

Actual relation 

Linear 
relation 

% Methanol by Volume 

The specific gravity of water-methanol 
solutions at 15°C relative to water at 
4°C has a strongly non-linear dependence 
on the percentage methanol by volume. 
These results were taken from Handbook 
of Chemistry and Physics 43rd Ed. 1961-62, 
C.R.C. Co. 

of the tracers density by observation and by reference to concentration 

measurements. 

It was necessary to strike a compromise between using concentrations 

sufficiently small to avoid the density of the tracer playing a role in the 

dispersion process and sufficiently high such that the equilibrium or fully 

mixed concentration, used to non-dimensionalise all measured concentrations, 

was compared to any errors involved in concentration measurement. 

To this end a salt concentration of 8 grams per litre was used for the 200 
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series of experiments and Run 301, 4 grams per litre for the remainder of 

the 300 series and 3 grams per litre for the 400 series. These source 

. . d d ' O'j 3 Q' 3 concentrat1ons correspon e to max1mum values of ~ u* w and · ju* d of 

0.28 and 2.4 for the 200 series, 0.16 and 1.8 for the 300 series (except 

301), and 0.12 and 1.7 for the 400 series if a local value of d was used. 

A fresh batch of tracer was prepared each day before a run was made. 

Approximately 60 litres of flume water was taken from the inlet tank and 

mixed with the salt and dye in a 300 litre polythene container. By using 

the flume water the temperature of the tracer was consistently within 2°C 

of that of the ambient fluid. From the polythene container the well mixed 

tracer was pumped to a stainless steel constant head tank capable of hold

ing up to 100 litres and positioned on a platform approximately 2 metres 

above the inlet tank. 

The tracer discharge was set by a rotameter flow meter located in 

the pipe between the constant head tank and the stainless steel source 

positioned in the flow approximately 3.7 metres downstream of the entrance 

to the channel. As the calibration of the rotameter was sensitive to the 

temperature in the laboratory and any dirt adhering to the float, the 

discharge corresponding to a particular reading was measured before and 

after each run. An accurate knowledge of the source discharge was required 

for reasons explained in section 6.2.7. The rotameter reading was monitored 

throughout a run and adjusted if necessary. 

Between runs a chlorine solution was run through the injection 

system to prevent the growth of algae from the flume water on the rotameter 

float as this could cause a drastic change in the calibration of the rota

meter. Figure 6.2 illustrates the whole tracer injection system. 

Two stainless steel tubes with circular cross-section were used as 

sources to allow the tracer to enter the flow and these are pictured in 

plate 6.4. The larger of the two, with a uniform diameter of 8 mm, was 

employed in Runs 201-205, 301 and 302. However, the concentration measure

ments of Run 303 demonstrated that the wake behind the vertical section 

of tube was enhancing the vertical mixing above the source significantly 

and thus 'the second source was used thereafter including a repetition of 

Run 303. This source was composed of two different diameter tubes, a narrow 

4.5 mm diameter tube for the vertical section expanding into a 6 mm diameter 

tube for the horizontal section. The larger diameter tube was still 



Plate 6.4 The two stainless steel tubes .used as effluent sources 
in the dispersion experiments. 
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6.2 The salt tracer preparation and injection system. 
(Schematic representation) 

required for the orifice of the source to ensure a sufficiently large 

source discharge and hence an adequately high equilibrium concentration. 

A long aluminium snout was inserted in the mouth of the larger 

diameter source when it was being positioned in the flow. This snout was 

used to ensure the source was set parallel to the flow and was removed 

before measurements were taken. The narrower source had a sufficiently 

long horizontal section to enable the source to be orientated correctly. 

The tracer discharge was chosen so that the contaminant velocity 

was equal to the local fluid velocity and thus the contaminant 

entered the flow with no buoyancy or momentum deficit or surplus. Measured 

velocities were used to estimate the local fluid velocity. 

Point concentrations were obtained by withdrawing fluid samples 

from the flow, using apparatus based on that employed by Prych (1970), and 

analysing these samples, using the techniques described in section 6.2.7, 

at the completion of the run. Forty L-shaped probes made of 2 mrn internal 

diameter stainless steel tubing were constructed for this purpose. These 

were grouped into eight rakes of five probes held together by brass brackets. 



Plate 6.5 

=======::...~ 

One of the rakes of probes 
used to withdraw samples from 
the flow. 

Plate 6.6 A view of the probes mounted on 
the instrument carriage. 



Plate 6.7 The pressure box and one of the perspex racks containing 
the sample test-tubes. 
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The five probes lay vertically above one another and their separation 

could be adjusted. A rake of probes is pictured in plate 6.5. Each of 

the rakes could be fixed to a sliding brass mounting (illustrated in 

plate 6.6 with the probes mounted), positioned on the front of the 

instrument carriage, by a slot and screw in the rear of each bracket. 

The purpose of the brass mounting was to allow easy movement of the 

as a whole. 

Samples were collected by a stainless steel pressure box, of 

dimensions 200 mm high, 360 mm wide, 250 mm long, placed on the top of 

the instrument carriage and connected to the probes by 3 mm diameter 

plastic tubes. Three valves on the side of the box were connected to a 

vacuum pump, a compressed air supply and to the atmosphere. The hinged 

perspex lid of the box was screwed to a rim on the sides of the box and 

sealed by a rubber gasket between the rim and the lid. Samples were 

collected in 50 m~ test-tubes held in perspex racks. A total of 12 racks 

were available for collecting samples and one of these, together with the 

pressure box, is illustrated in plate 6.7. 

To collect a rack of samples the lines from the box to the probes 

were first purged by opening the compressed air valve. This ensured that 

residual fluid from the previous set of samples was cleared from the lines. 

The lines were then filled with fluid from the flow by vacating the box 

and purged again. Finally the vacuum valve was opened slightly and the 

valve to the atmosphere adjusted so the flow rate into the test-tubes was 

as required. The sampling rate was adjusted to be as slow as possible in 

order that a large section of the plume was "seen" by the probes and an 

accurate average concentration obtained. A typical sampling period was 

between 40 and 60 seconds. While the rate of sampling is important when 

discrete particles are used as a contaminant, as described by Vanoni (1946) , 

preliminary measurements showed this not to be the case with the present 

tracer provided sampling rates were not so high as to sample fluid over a 

wider of the flow than the opening to the probes and sufficiently 

low as to obtain a true average value. 

One rake of probes was always positioned near one of the flume walls 

well away from the dispersing plume. The fluid collected from these probes 

gave a background reading of the salt concentration in the flume water. 

The vertical positioning of the probes involved errors due to the 

unevenness of the flume bed and hence the variation of the flow depth, the 
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accuracy to which the probes could be placed in their desired position 

and the finite size of the probes themselves. It was estimated that the 

error in the vertical position of each probe was 2 mm above and below its 

mean vertical position and these errors are incorporated in the results 

presented in Chapter 7. The lateral positioning of the probes had similar 

sources of error but not the variation in flow depth. 

Once the analysis of the samples was complete the test tubes were 

washed, drained and dried. Cleaning involved thorough rinsing with fresh 

tap water and occasionally scrubbing, particularly when the salt concen

tration was relatively high as for samples gathered near the source. The 

effectiveness of this cleaning process was critical as dirty test-tubes 

increased the error in the measured concentrations and occasionally gave 

totally spurious readings. While the occasional spurious result could be 

tolerated it was essential to minimise their occurrence as much as possible. 

6.2.7 Concentration Measurement 

The concentrations of the flow samples were obtained by measuring 

their conductivities with a Radiometer CDC114 flow-through conductivity 

cell used in conjunction with a Radiometer CDM83 Conductivity meter and 

Radiometer TBOl Temperature sensor. The cell was calibrated with a range 

of standard solutions. 

As the time required to analyse all the samples gathered was 

typically 3 hours the temperature sensor was employed to measure the 

temperature of each sample in order that the conductivity meter could 

adjust the conductivity to a. reference temperature, usually chosen to be 

l8°C as this was typical of the temperature in the laboratory. This was 

achieved by entering a temperature coefficient, percent change in conduc

tivity per degree Celsius, in the conductivity meter. This coefficient 

was calculated by measuring the actual conductivity of salt solutions with 

a range of concentrations typical of the flow samples over an appropriate 

temperature range. A value of 2.23%/°C was obtained. 

With the exception of the source material the relationship between 

concentration and conductivity was always linear due to the fact that all 

concentrations were low. Except very near the source all conductivities 

~ere less than 1 mS/cm. 

To obtain the non-dimensional concentrations used in presenting 

the results of Chapters 3 and 5 the background conductivity of the flume 
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water, typically 100 ~S/cm, was subtracted from the measured conductivity 

and the result divided by the equilibrium or fully mixed conductivity. 

As the flume was not long enough for the lateral mixing of the contaminant 

to be complete before the plume reached the end of the channel, it was 

necessary to obtain the fully mixed concentration from the source 

discharge, total flow discharge and the salt concentration of the tracer. 

For this reason it was essential to know the source discharge accurately 

and to ensure it did not change during the course of a run. To evaluate 

the concentration of the source material it was diluted by a factor of 100 

to 1 with distilled water and its conductivity measured. This dilution 

technique was used to ensure the concentration and conductivity were 

definitely in the linear range. The non-dimensional concentrations were 

therefore given by 

Ks - Kb 

Ke - Kd 100 Qe 
(6.5) 

where Ks' Kb, Ke and Kd are the conductivities of the sample, background, 

diluted tracer and distilled water respectively, Q the tracer discharge 
e 

and Q the total flow discharge. 

The error in the conductivity measurements caused by any inhomo

geneities in the flow, residues left in the test-tubes by the cleaning 

process and any dirt in the suction lines was ~.3 ~S/cm. This estimate 

was obtained by the variation of conductivities in the five background 

samples. Conductivities below .130 ~S/cm were given to 0.1 ~S/cm by the 

conductivity meter and to 1 ~S/cm for conductivities above this value 

and less than 1300 ~S/cm. 

Samples were analysed by pouring them into a plastic funnel contain

ing the temperature sensor and connected by plastic tubes to the conduc

tivity cell and a valve. The valve was opened to allow the fluid to flow 

through the cell and the steady reading on the meter recorded. The system 

was not flushed with flume water between readings unless the difference in 

conductivity was large, 100 ~S/cm or more. Measurements demonstrated that 

this procedure caused an error no larger than that described in the last 

paragraph. When a large difference in conductivity existed, particularly 

when the second of the samples had a conductivity close to the background 

value, the system was flushed with flume water from one of the background 

samples. 
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Occasionally, one sample per rack on average, obviously spurious 

results occurred, almost certainly due to unclean test-tubes. These were 

not used but were replaced with estimated conductivities deduced from the 

conductivities at nearby locations in the flow. 

6. 3 EXPERIMENTAL PROCEDURE 

The routine used in the experimental programme was as follows: 

(1) Uniform flow was set and the bulk properties of the flow measured. 

(2) Extensive velocity measurements were made in one section of the 

flow to confirm the two-dimensionality of the flow in the central 

region of the channel and to evaluate von Karman's constant from 

the slope of the vertical velocity profiles. 

(3) The position of the tracer source was chosen, the required 

discharge calculated from the previously obtained velocity measure

ments and the rotameter setting determined and checked. A batch 

of tracer was prepared and pumped into the constant head delivery 

tank. 

(4) The probes were positioned at selected heights in the flow and the 

rakes spaced across the flow at three times the desired separation. 

At each downstream station samples were taken at 21 lateral locations 

and the probes moved across the channel such that the first rake of 

probes sampled at the first, second and third lateral positions, 

the second rake at the fourth, fifth and sixth and so on. The 

exact positioning of the probes was achieved by moving the instrument 

carriage, sliding the brass mounting and raising or lowering the 

carriage rails as required. 

(5) As twelve racks of test-tubes were available four downstream 

stations could be analysed in each run. Normally 12 stations 

were analysed in total requiring three separate days of laboratory 

work for a complete run. The stations were chosen so that the 

dispersing plume was in the two-dimensional region of the flow, 

except when the source was positioned near a wall or the triangular 

channel was used, and vertical mixing was still in progress. 

(6) All the sample concentrations and the tracer concentration were 

measured with the conductivity apparatus. 

(7) The test-tubes were cleaned, drained and dried and the inlet 

screens had all dirt removed. 
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6.4 ANALYSIS OF RESULTS 

All measured conductivities were stored on disk on the inter-

departmental Burroughs B6900 computer and analysed by a simple Fortran 

program. In accordance with the previously presented theoretical results 

all x, y and z values were non-dimensionalised by the flow depth and all 

conductivities by the equilibrium value. 

Various methods of presenting the results were available depending 

on the information required. Vertical, lateral (see section 7.3.1 for 

examples) and longitudinal could be plotted and two-dimensional 

concentration (discussed in section 6.4.3) profiles in the vertical and 

horizontal could be generated. 

6.4.1 of Lateral Variances 

The lateral spreading of the contaminant was analysed in two ways. 

Firstly a cumulative concentration was evaluated by integrating the 

concentration, at a particular height in the flow, across the channel 

and terminating the integral at each of the measured points. Each 

integral was normalised by dividing it by the integral of the concentration 

across the entire plume. In case the plume had reached the furthermost 

rake of probes two imaginary rakes of probes measuring zero concentrations 

were supposed to exist outside the array of measured points and separated 

from them by the same interval as lateral points within the array. Thus 

C, = 100 
J 
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defines the cumulative concentration, C., up to the point z. (the jth 
J J 

lateral position) where the sum to j is not evaluated when j = 1. A plot 

of C. against z. on arithmetic probability paper should yield a straight 
J J 

line if the lateral distribution of concentration is Gaussian. Examples 

of this type of analysis are presented in section 7.3.1. The standard 

deviation or variance of a lateral profile is readily deduced from a plot 

of this sort. The variance is given by 

2 2 
a = [~(z - zl5.9)] c 84.1 

(6. 7) 

where z
84

•
1 

and z15 _
9 

equal the lateral positions at which the cumulative 

concentration, c, equals 84.1 and 15.9 respectively. 

Secondly, the variance of a lateral profile was calculated directly 
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by the method of moments. The variance is given by 

where the mean position of 

z = 

21 
E 

i=l 

the 

21 
E 

i=l 

- 2 21 
(z. - z) c./ E 

1. 1. i=l 

profile, z, was 

21 
c.z./ E c .. 

1. 1. i=l 1. 

c. 
1. 

calculated by 

(6. 8) 

(6. 9) 

This method was used in the calculation of the lateral diffusivity, £ , in 
z 

section 7.4 where a selection of results may be found. 

6.2.4 An Estimate of the Errors in the Calculated Variances 

While the variances of the lateral concentration profiles are readily 

calculated using equations 6.8 and 6.9 no estimate of the error in these 

calculated values, due to experimental uncertainty, is available. In 

section 7.4.1 where the relationship between cr2 and x is considered a 

knowledge of the accuracy to which the values of cr2 can be calculated is 

highly desirable. 

To obtain some estimate of the errors involved a computer simulation 

of the experimental error was performed. This was achieved by superimposing 

random experimental error of four types on the measured concentration 

profiles. These four types of error were 

(1) + 0.3 VS/cm in each measured conductivity, 

(2) + 0.2 VS/cm in each measured background conductivity, 

(3) ~ 2% in each equilibrium conductivity and 

{4) ~ 1 rnm in the lateral position of each rake of probes. 

They were superimposed on the measured concentrations by 

sim = meas + random.err (6.10) 

if the error is absolute (errors 1, 2 and 4 above) and 

sim = meas. {1 + random.err) {6.11) 

if the error is relative {error 3 above). Here sim is the simulated value, 

meas the measured value, err the appropriate error and random, a random 

number between -1 and 1. This ensured each simulated error had a maximum 

value of the estimated error and had a constant probability of lying 

anywhere between + the estimated error. While experimental errors are 
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more likely to be Gaussian about the measured value than random it was 

felt that as the simulated errors were only better than order of magnitude 

, estimates the method of simulation described was adequate. 

Once a simulated profile was created its variance was calculated 

again using equations 6.8 and 6.9. For each experimentally obtained 

profile 100 simulated profiles were generated and from these a value for 

the standard deviation of the simulated variances was calculated. A 

value of twice this standard deviation was used as an estimate for the 

error in a 2 
m 

The set of uncertainties presented contained estimated errors and 

it did not cover all possible errors involved in the measurement of 

concentrations and hence the evaluation of a 2
• For instance no allowance 

m 
has been made for the fact that different probes will be sampling from 

different levels in the flow, due to error in the vertical positioning of 

the probes,and as vertical mixing was still an important feature at nearly 

all the downstream stations at which measurements were taken not all ~robes, 

supposedly sampling from the same level in the flow, will in fact sample 

the same lateral profile. Therefore the errors obtained from the computer 

simulation must be treated as rough estimates. 

Examples of these simulated errors may be found in section 7.4.1. 

6.4.3 Two-Dimensional Concentrations From Three-Dimensional Results 

While the theoretical solution to the three-dimensional dispersion 

of a neutrally buoyant contaminant, Chapter 5, must be calibrated by the 

specification of the lateral diffusivity distribution the solution to the 

two-dimensional problem is self-contained, depending on only a few flow 

parameters (u, u*' K, d), and is therefore ideally suited to experimental 

verification. McNulty (1983) tested his theoretical solution by measuring 

the concentrations downstream of a horizontal line source stretching the 

full width of his channel. Two drawbacks occurred with this type of 

experimental arrangement. Firstly, significant technical difficulties 

existed in obtaining a uniform discharge across the entire line source 

and secondly it was only possible to inject tracer into the flow from the 

free surface or bed of the channel as a line source in the interior of the 

fluid caused a major obstruction to the flow. This severely limited the 

range of source positions that could be investigated. 
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Both of these difficulties may be overcome by utilizing a point 

source provided two-dimensional concentrations can be deduced from the 

measured three-dimensional concentrations. Okoye (1970) demonstrated 

that this can be achieved providing the dispersing plume is always in a 

two-dimensional region of the flow (i.e. all flow characteristics are 

independent of the lateral co-ordinate, z). Consider the three-dimensional 

diffusion equation and the appropriate boundary conditions 

Clc Cl rEY ~~ 
u Clx = Cly L oYJ + d 

Clz 
lE Clc] 
L: z az] (6.12) 

E 
Clc 

0 0 and y -= on y 
Cly 

d (6.13) 
y 

and E 
dC 

0 ~- on z = 0 and z w. (6.14) 
z 

Integrating equation 6.12 from z 0 to z = w yields 

w 

J u ~ dz 
Clx 

(6.15) 

0 

by utilising the boundary conditions at the channel walls. Provided the 

plume is completely within the two-dimensional region of the flow u and 

E may be treated as constants with respect to z and the order of integra
y 

tion and differentiation may be reversed. The resulting equation, 

is identical to the two-dimensional diffusion equation. m is defined by 

w 

m(x, y) = J c dz. 

0 

The integrated forms of the boundary conditions in equation 6.13, 

Clm 
E - = 0 on y = 0 and y = d, 

y (ly 

(6.17) 

(6 .18) 

complete the proof that m satisfies the dispersion problem considered in 

Chapter 3 and is in fact a two-dimensional concentration. 

Okoye does, however, fail to point out the difficulty in evaluating 

m , the two-dimensional equilibrium concentration, from the measured 
e 

concentrations. The logical expression 
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u (z) u(z) 

0 z 

Figure 6.3 : 

w 

The definition of the 
used to calculate 
concentration. 

m 
e J ce dz ~ 

0 

the 

we 
e 

0 w z 

virtual width w' which is 
two-dimensional equilibrium 

(6.19) 

is not correct as the assumption of two-dimensionality is invalid when the 

material is mixed completely throughout the channel cross-section. In the 

two dimensional region of flow the mean velocity experienced by the 

dispersing plume is a little greater than the mean velocity calculated 

from the flow discharge. It is therefore convenient to introduce a virtual 

width, w' 1 that is the width of an idealised channel in which the flow is 

entirely two-dimensional with a mean velocity equal to that of the central 

of the real channel as illustrated in 6.3. The two-dimensional 

equilibrium concentration is then correctly defined to be 

m 
e = r 0 e 

0 

dz w' (6.20) 

The virtual width is readily calculated from the mean velocity in the 

channel as a whole and the mean velocity over the central channel 

w' = 
uw 

(6.21) 

where u is the mean velocity in the two-dimensional region. For the 
c 

results presented in Chapter 7 u was estimated by averaging the mean 
c 

velocity calculated at each lateral position in the two-dimensional region. 

This mean velocity was obtained by integrating each vertical velocity 

profile over the depth. 
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The reason Okoye did not observe any discrepancies in his two

dimensional results using equation 6.19 is probably due to the 

width-depth ratio for the results he presents. Thus the difference 

between w' and w may be only 1 or 2%, an error that could not be detected 

considering the accuracy of the integrated concentrations. 

me may be found empirically, as an alternative method, by calcu

lating m when vertical mixing is either complete or approximately complete 

and using this value as an estimate for m • 
e 

6.5 THE TRIANGULAR CHANNEL 

In order to allow a brief investigation of the three-dimensional 

dispersion processes present in a channel with a triangular section, a 

false perspex bed was placed in the flume described in section 6.2.1. The 

false bottom was laid so that the largest flow depth coincided with one 

of the channel walls and the smallest depth with the other. The angle of 

the bed was such that the depth at the shallow side of the flume was 

approximately 52 mm less than that in the deepest region. By sealing 

both ends of the false floor no water was allowed to enter the region 

between the angled bottom and the original flat bottom of the flume. 

To assist in the setting of uniform flow a steel plate was bolted 

to the bottom of the brass gate at the downstream end of the flume so that 

it could be rotated about an axis lying parallel to the flume. The angle 

of the plate was adjusted to set uniform flow for a particular discharge 

and the bottom of the was approximately parallel to the bed of the 

triangular flume cross-section. 

An addition to the inflow conditions was made by placing a further 

fine mesh screen, strengthened by coarse stainless steel gauze, in the 

triangular channel cross-section downstream of the other inflow screens. 

It was found that establishing of uniform flow conditions in the 

triangular channel was extremely difficult. The discharge through the 

fine mesh screen in the shallow region of the flow was always too 

and as the flow moved down the channel a gradual transfer of longitudinal 

momentum from the shallow flow region to the regions occurred as the 

channel attempted to redistribute the flow and achieve uniform conditions. 

This transfer of momentum was conclusively demonstrated by the measurement 

of velocities in the shallow region at various locations down the flume. 
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The reduction in velocity over a large proportion of the flume length 

was found to be as high as 30 or 40%. 

Despite various attempts to solve this problem it could not be 

completely eliminated. However, by placing 2 mm wide stainless steel 

vertically behind the fine mesh screen in the triangular section 

of the channel, thus blocking a proportion of the flow, this effect was 

considerably reduced. These strips were placed such that in the shallow 

region of the channel up to 50% of the flow area was blocked while in the 

deepest region the flow was not blocked at all. 

In order to monitor the amount of momentum transfer across the 

channel in the experiments performed in the triangular channel extensive 

velocity measurements were made in two cross-sections of the flow (see 

section 7.6.1) at the beginning and end of the working section. 

The presence of the false bottom meant that the piezometric head 

t~ppings in the flume bed could no longer be used to determine the slope 

of the free surface. To overcome this difficulty two pitot tubes with 

static head tappings were placed at opposite ends of the flume and con

nected to the pressure transducer, used primarily for velocity measurements. 

The longitudinal slope of the angled bed was assumed to be the same as that 

of the rectangular channel and thus uniform flow could be set by adjusting 

the discharge and downstream gate until the transducer reading corresponded 

to the correct pressure difference. 

Except for the alterations to the experimental facilities and 

procedure described above the velocity and concentration measurements 

were obtained in the same fashion as those in the rectangular channel. 
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Seven EXPERIMENTAL AND 

COMPARISON WITH 

7 .l SUMMARY 

A total of ll experimental runs were made involving three 

different flow regimes. The 200 and 300 series of experiments, flow 

conditions A and B respectively, were performed in the channel with a 

rectangular cross section while the 400 series, flow C, utilised the 

channel of triangular section. Table 7.1 summarises the hydraulic data 

for each run. 

Column 1 lists the of each flow or in the case of the 

triangular channel the angle in radians between the free surface and the 

bed. Column 2 gives the width of each flow, defined to be the difference 

in the radial co-ordinate at each channel wall for the triangular channel, 

and column 3 the aspect ratio. 

The mean velocity, u, listed in column 4 was calculated by 

u = Q/A (7.1) 

where Q is the measured discharge and A the cross-sectional area of the 

flow. The shear velocity, , given in column 5 was evaluated using the 

hydraulic radius, R, such that 

(7.2) 

where g is the acceleration due to gravity and S is the slope presented 

in column 6. 

Column 7 lists the friction factor, f, defined to be 

f 

and column 8 presents the mean value of von Karman's constant, the 

evaluation of which is discussed in section 7.2.1. 

(7. 3) 

The parameters describing the location of the effluent source, ys 

and z , have both been non-dimensionalised by the flow depth for the 
s 

flows in a rectangular channel. and r , the equivalent parameters 
s 

in a triangular channel, have been non-dimensionalised by e and r 
0 0 

respectively. These parameters are shown in columns 9 and 10. 



Table 7.1 Hydraulic data for all runs. 

1 2 3 4 5 6 7 8 9 10 

I I d:S 
-

Flow 
w:r -r 

d/w 
u u* Source 

Run 0 0 1 s f K 
I m:rad 

(m/s) (m/s) Ys :8 z :r 
I m s s s 
i l 
I I 

A i 0.065 0.559 0.116 0.281 0.0155 0.00047 0.0243 0.40 
i 

201 " " " " " " " " 0. 77 4.30 

202 " " " " " " " " 0.23 " 

203 II " " " " II " .. 0.92 
,, 

I-' 
204 " .. " " " " " " 0.11 " II'> 

0 

205 " " " " " " .. " 0.38 " 

B 0.050 0.559 0.089 0. 236 0.0140 0.00047 0.0282 0.34 

301 " .. ,, 
" " " " " 0.90 5.59 

302 II " " " " " " II 0 .• 90 " 

303 " " " " " " " II 0.24 " 
304 " " " " " II " " 0.57 II 

305 II " " " " " 11 " 0.50 1.00 

c 0.094 0.559 - 0.206 0.0127 0.00047 0.0300 0.40 

401 " " " " " " " " 0.50 0.604 



Figure 7.1 

Figure 7.2 
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LATERAL POSITION fmm) 

Contours of constant longitudinal velocity for flow A with the velocities given 
in m/s. The solid circles mark the points in the cross-section, 6 m downstream 
of the flume entrance, at which the velocities were measured. 

LATERAL POSITION ( mm) 

Contours of constant longitudinal velocity for flow B with the velocities given 
in m/s. The solid circles mark the points in the cross-section, 6 m downstream 
of the flume entrance, at which the velocities were measured. 
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7.2 VELOCITY DISTRIBUTIONS 

The velocity distributions measured in the two flows in the 

rectangular channel are presented here while that for flow C is described 

in section 7.6.1. 

Detailed velocity measurements were made at one cross-section in 

each flow. This cross-section was 6 m from the flume entrance for both 

flows A and B. While the measured velocities may not be exactly the same 

at all sections in the flow, due to slight irregularities in the channel, 

it was expected that the measured distributions would be a fair represen

tation of the velocities in the channel. Figures 7.1 and 7.2 present 

velocity contour plots for flows A and B respectively. The solid circles 

in each diagram mark the locations in each cross-section at which the 

velocity was measured. The curves tracing the lines of constant longi

tudinal velocity were drawn by eye. 

As a check on the measured velocities a simple integration of the 

measured values over the whole cross-section allowed a computed discharge 

to be evaluated and compared to the discharge measured in the calibrated 

pit. For both flows the computed and measured discharges agreed to within 

1%. 

7.2.1 Vertical Velocity Profiles 

The measured velocities are also presented in figures 7.3 and 7.4 

as a series of vertical profiles at a number of locations across the flow. 

Each profile has a logarithmic vertical scale and a linear horizontal scale 

to allow a comparison with the semi-empirical logarithmic velocity law. 

In each case a straight line has been drawn by eye through the measured 

points. 

A least squares best fit logarithmic profile was calculated for each 

measured profile and a value of K deduced from the slope of the regression 

line and the measured shear velocity. The logarithmic velocity profile is 

given by 

u(y) = u + (1 + lny) 
K 

(7.4) 

where y has been non-dimensionalised by the flow depth. Therefore if b 

is the slope of the regressed logarithmic profile von Karman's constant is 

given by 
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(7.5) 

For the profiles near the flume walls, where the velocity 

have their maximum value substantially below the free surface, the best 

fit was achieved by discarding the velocities near the surface that 

obviously did not fall on a straight line. Two best fit curves were 

calculated for each profile, the first utilising all of the measured 

velocities and the second using all data points excluding that closest 

to the channel bed. As the velocity at this near bed position is most in 

error due to the close proximity of the pitot tube to the bed it was felt 

the second of these curves would yield a more representative value of K. 

An average value of K obtained from all the vertical profiles in 

the cross-section, excluding the profile closest toeach wall, is given in 

table 7.1. While a significant difference exists between the values for 

flows A and B more important is the variation of K within one flow 

For flow A values of K + 10% of the mean value were calculated while for 

flow B this variation was as much as + 15%. Both of these variations are 

considerably larger than that found by Okoye (1970) in the one run he 

presents which was typically + 5%. However he did find a similarly large 

variation over all his runs, his value of K lying between 0.32 and 0.41. 

The fact that the vertical profiles in flow B do not appear to 

as closely approximate a logarithmic profile as those in flow A may account 

for the variation in K measured. 

However the apparent of K to either slight irregularities 

in the flow or the accuracy of the measuring process, demonstrated by its 

significant variation within one flow regime, is of some significance in 

the of rates of vertical turbulent mixing. As demonstrated in 

chapters 3 and 4 the first eigenvalue determines the downstream distance 

from the source at which vertical mixing is completed to within some 

tolerance. This eigenvalue is almost proportional to K and hence the 

accurate determination of K plays an important role in the dispersion 

process. 

7.2.2 Two-Dimensionality and Secondary Currents 

This study aims to the mixing characteristics of 

turbulence in a nominally two-dimensional open channel flow. If secondary 

currents or significant lateral velocity gradients are present in the 
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flow the lateral and vertical turbulent diffusivities will no longer 

represent the mixing due solely to the natural turbulence of the channel 

and the evaluation of both the two-dimensional concentrations and the 

lateral diffusivity, E , will not be possible as their evaluation z 
the plume to be dispersing in a region of essentially uniform lateral 

conditions. 

The measured velocities are an important indicator of the presence 

or absence of secondary currents and lateral 

7.2 demonstrate that both flows A and B exhibit 

Figures 7.1 and 

two-dimen-

over the central region of the flow, a region that terminates 

100-140 mm from the flume walls. 

Near the flume walls, in both flows A and B, the maximum velocity 

in each vertical profile lies below the free surface. Following the 

reasoning of Henderson (1966) if a line is drawn from the point at which 

the free surface intersects one of the flume walls and crosses all the 

lines of constant velocity at right angles until it again intersects the 

free surface a portion of the fluid in the flow is found to have no 

significant retarding shearforces to balance the gravitational force 

acting upon it. As stated by Henderson this paradox can only be resolved 

by postulating the existence of secondary flows which transport fluid of 

low longitudinal velocity near the walls towards the surface and middle 

of the flow. The vertical 100 mm (approximately 2 flow depths) 

or more from the flume walls do not exhibit this depressed velocity maximum 

and thus, provided the flow has no significant lateral velocity gradients 

in the central region of the flow, it may be concluded that away from the 

near wall region the secondary circulation is not a significant feature. 

An idealised picture of the postulated secondary currents is presented 

in figure 7.5. 

These observations concur with the calculations of Naot and Rodi 

(1982) who employed a K-E turbulence model in the prediction of secondary 

currents in turbulent open channel flow. Their calculations indicate that 

for channels of aspect ratio less than about ~ the influence of the 

secondary circulation is restricted to a region extending approximately 

2 flow depths from the channel walls. Figure 7.6 their calcu-

lated streamwise velocity contours and ~econdary flow streamlines in a 

channel with a width to depth ratio of 6. 

Further qualitative verification of Naot and Rodi's results is 
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An idealised picture of the postulated secondary currents 
for a flow in a wide channel. The shaded regions of fluid 
have no significant shear stress acting on them to balance 
the gravitational acceleration and therefore must be 
accelerating near wall fluid with low longitudinal 
momentum. The lines with arrows are the postulated 
secondary flows and the remaining solid lines are 
contours of constant longitudinal velocity. 

1·15 
f.10 
f.OO 

Figure 7.6 The numerical results of Naot and Rodi (1982) 
for a channel with an aspect ratio of l/6. 
Contours of constant longitudinal velocity are 
presented in the top diagram with the velocities 
non-dimensionalised the mean velocity u. In 
the bottom diagram the streamlines of the calcu
lated secondary flow are presented. The number 
associated with each streamline corresponds to 
W/du where W is the stream function and d is the 
flow depth. 
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presented in section 7.5. 

The velocity distributions obtained in this study may be compared 

to those of Okoye (1970) and Prych (1970), whose results exhibit an 

absence of secondary circulations and significant lateral gradients out

side the near wall region, and those of Miller and Richardson (1974), 

whose large aspect ratio (d/w ~ 0.21) ensure strong lateral gradients and 

secondary currents play a significant role throughout the flow cross

section. 

As described in the previous chapter the inflow conditions were 

varied and changed until satisfactory lateral velocity profiles were 

obtained. The sensitivity of the velocity distribution downstream and 

the lateral turbulent structure caused by changes in the inflow conditions 

were found to be considerable. An unevenness in the discharge across the 

channel, significantly reduced by the installation of the fine mesh screens 

upstream of the honeycombs, caused large lateral velocity and bed shear 

stress gradients. Bradshaw (1965) discussed similar effects observed in 

wind tunnel measurements where the inflow configuration caused a slight 

variation in the direction of the streamwise flow. The importance of the 

inflow conditions is discussed in greater detail in section 7.4.1.1. 

In conclusion it may be stated that the central flow region in 

both flows A and B is essentially two-dimensional and that secondary 

currents are appreciable only in a near wall region extending approximately 

two flow depths from each wall. 

7.3 CONCENTRATION DISTRIBUTIONS 

A comparison of the measured three-dimensional concentrations with 

the theoretical model presented in Chapter 5 is impractical for the 

previously stated reason that no theoretical basis exists for determining 

E • z 

Instead the attention of this study is focussed on the calculation 

of two-dimensional concentrations and their comparison with theory and 

the deduction of the lateral turbulent diffusion coefficient, . Sections 

7.3.2 and 7.4 are dedicated to these two characteristics of the mixing 

process. Only representative examples of the results are presented in 

the main text and the remaining results may be found in an appropriate 

appendix. 



.~ -. 
tJ 

~ 12 
111 

~ 10 
0 c:: 
.Q 
If) 
c:: 
111 
.§ 
"tJ 

I 
c:: 
~ 

149 

!Curve )( 

1 9.2 
2 23.1 
3 46.2 

y = 0.46 !RUN 204l 

2 3 4 7 

Non -dimensional Width 

Curve )( 

1 10.0 
2 28.0 
3 49.0 

y = 0.30 

!RUN 304j 

Non- dimensional Width 

Figure 7.7 Lateral concentration profiles at three downstream 
stations for Runs 204 and 304. 
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It should be noted that for all runs, except Run 302, the down

stream stations, at which concentrations were measured on a particular 

day, were taken from the total of twelve stations in sequence (i.e. 

stations 9, 10, 11 and 12 or 1, 2, 3 and 4 would be analysed on one day). 

In Run 302 stations 5, 7, 9 and 11 were analysed on one day and stations 

6, 8, 10 and 12 on another. 

7.3.1 Three-Dimensional Concentrations 

Two examples of the lateral concentration distributions for Runs 

204 and 304 are presented in figure 7.7. The three data sets in each 

diagram correspond to profiles measured at a fixed height in the flow and 

at three different downstream stations. Each curve was drawn by eye and 

does not represent a best fit curve of any sort. It can be seen that the 

maximum in the profile does not move significantly from its initial 

position as the plume disperses thereby confirming that the effluent 

source was set accurately to its desired position at the commencement of 

eachday's experimentation and that no persistent cross channel motion was 

present. 

As described in Chapter 6 the degree to which each lateral profile 

approximates a Gaussian curve may be estimated by calculating a normalized 

cumulative concentration (equation 6.6) and plotting this against z on 

arithmetic probability paper. Figure 7.8 presents two examples of this 

procedure for Runs 203 and 303, again for a fixed height in the flow 

and three downstream stations. All data points in these examples lie on 

straight lines except at the extreme ends of the profiles. This deviation 

from Gaussian behaviour may be attributed to the error in measuring the 

concentration which becomes significant in the tails of the lateral 

profiles. 

For each data set in figure 7.8 a table presents the variances of 

each lateral profile calculated by the two methods presented in section 

6.4.1. That calculated using the methods of moments is designated a and m 
that calculated from the cumulative concentration plots is designated a . 

c 

The variances calculated from the normalized cumulative concentrations 

were not used in the analysis of the lateral spreading of the contaminant. 

7.3.2 Two-Dimensional Concentrations 

Two-dimensional concentrations were calculated and non-dimensionalised 
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according to equations 6.17 and 6.20 for Runs 201-205 and Runs 302-304. 

Density effects appeared to influence the vertical mixing in Run 301 and 

thus two-dimensional results were not of interest. To solve this 

problem the concentration of the source material was reduced, as 

in section 6.2.5, for the remainder of the runs involving flow regime B 

and density effects were not observed in Runs 302-304. 

The results for Runs 202, 302 and 303 are presented in 

7.9, 7.10 and 7.11 while the results for the remaining runs, 

excluding Run 304 that is discussed in some detail in section 7.3.2.1, 

may be found in Appendix F. A longitudinal concentration profile (c* vs 

x) is presented for each of the five heights in the flow at which the 

concentration was measured and the height, y, labels each plot. Two 

of curves are drawn on each profile representing the theoretical predic

tions of the two-dimensional solution developed in Chapter 3. The solid 

lines with shading correspond to the use of a logarithmic velocity and 

parabolic diffusivity distribution in the theoretical model while the 

broken lines without shading correspond to the use of uniform conditions, 

velocity and diffusivity, with the same depth-averaged values as the non

uniform distributions. Due to the method of presentation of the results 

it is easier to incorporate the errors in the vertical positioning of the 

probes in the theoretical predictions than in the experimental results. 

Thus the two lines for each theoretical solution represent the predicted 

concentration profiles 2 mm above and below the labelled height in the flow. 

To generate the theoretical solutions use was made of the bulk flow 

parameters, u*, u and d, together with the measured value of K recorded in 

table 7.1. The source was modelled as a rectangular source of the approp

riate depth centred at the measured source location. 

For each flow a virtual width was estimated to allow the equilibrium 

concentration to be evaluated. Values of 0.943 w and 0.935 w were obtained 

for flows A and B respectively. The correctness of this method of non

dimensionalisation using w', described in section 6.4.3,is confirmed by 

the two-dimensional results presented. In the region of virtually complete 

mixing, approximately 50 depths downstream of the source, concentrations 

would be obtained which were consistently too high or too low if the 

method was invalid, but this is not the case. 

In addition to the possible error in the vertical positioning of 
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the probes, adequately represented by the theoretical solutions, errors 

exist in the actual evaluation of the two-dimensional concentrations. 

These are due to the errors in the lateral positioning of the probes and 

in the measurement of the point concentrations, which cause an error in 

the integration across the flow, and in the non-uniformity of the velocity 

across the plume which invalidates the assumptions leading to equation 

6.16. Only an estimate of the size of these errors was possible. An 

error of + 3% was deduced from the variation in the mean concentration in 

the region where mixing was essentially complete by comparing these mean 

values to the expected value of 1. Considering the generally regular 

behaviour of the results this value seems reasonable. 

The agreement between the experimental results and the predictions 

of the theoretical model using the realistic logarithmic velocity and 

parabolic diffusivity, denoted the L/P solution hereafter, is very good. 

As expected the largest inconsistency between theory and experiment occurs 

close to the source. The reasons for this are two-fold. Firstly, as the 

vertical and lateral gradients are very large in this region an error in 

the probe positions has a considerable effect on the integrated two

dimensional concentration. Secondly, the source itself will affect the 

dispersion process immediately downstream as the source diameter introduces 

another length scale to the flow in its immediate vicinity. 

Particularly encouraging is the ability of the L/P solution to 

accurately predict the first eigenvalue of the dispersion process demon

strated by the fact that far from the source the theoretical and experi

mental curves decay to the equilibrium concentration at virtually the same 

rate. This ability is not equalled by the theoretical predictions employing 

the uniform velocity and diffusivity distributions, denoted the U/U solution 

from this point, which always predicts a significantly slower rate of decay. 

The results of McNulty (1983) demonstrate his L/P solution to be consider

ably better than the U/U solution at modelling his experimental profiles. 

However his L/P solution is not particularly successful at predicting the 

first eigenvalue as his experimental results sometimes decay to the 

equilibrium value more rapidly than the theoretical solution and some-

times less rapidly. 

A consideration of the concentration profiles at heights in the 

flow close to the source when the source is near the surface offers a 

further comparison between the predictive powers of the two theoretical 
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solutions. When the source is near the surface the theoretical solutions 

must predict significantly different behaviour as the L/P solution models 

a high velocity and low diffusivity relative to the U/U solution. This 

difference is borne out in the results of Run 302 at heights y = 0.90 and 

y = 0.70. In both cases the L/P solution agrees with experiment while 

the U/U solution consistently predicts concentrations that are too large. 

This verification of the correctness of the variation of the velocity 

and diffusivity in the solution is strongly supported by the results 

of McNulty (1983). 

When the source was near the bed in the 200 series of experiments 

it was consistently found that the contaminant reached the probes near the 

free surface more rapidly than the L/P solution predicted. This effect 

was found to be even more in evidence when flow B was used and on further 

investigation it was found that the wake behind the vertical stem of the 

source was enhancing the vertical mixin9 above the source. As described 

in section 6.2.5 this effect was largely eliminated by utilising a new 

source with a narrower vertical stem. Runs 202 (figure 7.9) and 204 

exhibit this effect, as can be seen by considering the profiles at y 

0.85, and Run 303 demonstrates the improvement achieved with the new 

source. 

The theoretical solutions of Chapter 3 predict that the maximum 

concentration in the dispersing plume will always move to one of the flow 

boundaries unless the source is positioned exactly at the ideal source 

location, corresponding to the zero of the first eigenfunction. This was 

found to be the case in all the experiments performed in this study and 

unlike the results of Okoye (1970) once the maximum in the plume reached 

the flow boundary it remained there within the accuracy of the concentration 

measurements. In fact the movement of the plume maximum back into the 

interior of the flow found in Okoye's results was deduced from the concen

trations in a region where the concentration was essentially uniform over 

the depth and small errors in measurement would have significant effect. 

Okoye's conclusions must therefore be treated with some caution. 

Section 6.2.3 discussed the measurement of the flume slope and 

the accuracy to which it could be determined. Of all the bulk flow 

parameters, u, d and s, the slope, for a smooth bed channel at least, is 

the most difficult to measure. The effect of an error in S is considered 

in Appendix G where the theoretical solutions generated using the measured 
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value of S and a value 20% in error are compared to the experimental 

results of Run 303. It is found that the theoretical solutions exhibit 

a degree of insensitivity to such an error. 

In Appendix H the two-dimensional results for tworuns are compared 

to the theoretical solution generated by employing the composite 

diffusivity described by van Rijn (1984). The experimental results 

in no way confirm the correctness of this composite diffusivity for the 

case of a dissolved contaminant. 

7.3.2.1 The Ideal Source 

Perhaps the most demanding test of the theoretical solutions is 

their ability to predict the ideal location of the source in the flow. 

This position is an unstable feature to the extent that if the source is 

slightly too low or high in the flow the plume maximum will not return to 

the position of the ideal source but will continue its movement to one of 

the flow boundaries. It was therefore expected to be difficult to locate 

experimentally. 

The theoretical L/P solution was employed to predict the height of 

the ideal source for flow regime B. A non-dimensional depth of y = 0.57 

was obtained. Run 304, the longitudinal profiles of which are presented 

in figure 7.12, was made with the source centred on this height in the 

flow. Measurements at stations 5, 6, 7 and 8 were conducted twice as the 

positioning of the source did not seem correct in the first instance. 

The very rapid mixing of the contaminant predicted by theory is 

conclusively verified by the experimental results and once again the L/P 

solution agrees very well with the experimental findings. In contrast the 

U/U solution forecasts a definite movement of the plume maximum to the free 

surface. The experimental results in fact show the plume maximum moving 

very slowly to the bed of the channel: a result even more in evidence in 

the first set of readings taken at stations 5-8. Thus while the U/U 

solution predicts the location of the ideal source to be at the mid-depth 

of the flow the experimental results imply that the chosen height, y = 

0.57, was, if anything, slightly too low. 

The verification of the ideal source location reinforces the 

conclusion drawn in the previous section that the logarithmic velocity 

and parabolic diffusivity have the correct functional dependence on y. 
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This is due to the fact that the zero of the first eigenfunction depends 

implicitly on the variation of velocity and diffusivity over the depth. 

7.4 LATERAL DIFFUSIVITY 

To obtain a true value of the lateral turbulent diffusion 

coefficient, E , it is essential that the only significant mixing z 
mechanism present in the flow is the turbulence generated by the flow 

boundaries. The velocity measurements presented in section 7.2 imply 

the absence of significant secondary currents and velocity gradients in 

the central region of the channel and the working section of the flume 

was sufficiently far from the inflow honeycombs and grids for any 

turbulence generated by them to have decayed. 

namely 

The standard method for calculating E was used in this study, 
z 

E 
z 

(7.6) 

where the overbars represent an average over the depth and 0 2 is the 

variance of the lateral concentration distribution. However it is impor

tant to recognise when equation 7.6 may be justifiably used. The results 

of Chapter 5 demonstrated that either d0
2
/dx must be evaluated far down

stream of the region in which vertical mixing is taking place, the 

condition chosen by most experimenters, or if it is evaluated in or near 

this region equation 7.6 will only yield an acceptable answer if d0 2/dx 

does not very significantly over the depth or the results for a number of 

representative source positions are averaged. 

7.4.1 The Growth of Variance with x 

The variances of the lateral concentration profiles at each level 

in the flow were calculated using the method of moments presented in 

section 6.4.1 and plotted against the downstream distance, x, for each 

run. Examples of these plots for Runs 204 and 303 are presented in figures 

7.13 and 7.14 respectively while those for the remaining runs, excluding 

Run 202 that is considered in the following section, appear in Appendix I. 

In all cases the growth of 02 with x did not become linear until 

the plume had travelled 8 or 10 depths downstream of the source. This 

region of initially slow lateral spreading can also be found in Okoye's 

results although it is not as prominent as in the present study in which 
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Table 7.2 

Run Ys 

201 0. 77 

202 0.23 

203 0.92 

204 0.11 

205 0. 38 

Run ys 

301 0.90 

302 0.90 

303 0.24 

304 0.57 
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The rate of growth of non-dimensional variance with x, 
dcr2/dx, is tabulated for each of the five heights in each 
run at which the concentration profiles were measured. A 
depth-averaged value of E /u*d is also given for each run 
and a mean value of this ~on-dimensional lateral diffusivity 
is given for each flow regime. 

y = 0.85 

0.0242 

0.0143 

0.0107 

0.0163 

0.0139 

y = 0.90 

0.0148 

0.0156 

0.0166 

0.0155 

y = 0.69 

0.0237 

0.0135 

0.0104 

0.0163 

0.0148 
' 

2 
dcr 
dx 

y = 0.46 

0.0228 

0.0128 

0.0108 

0.0156 

0.0146 

-
y = 0.31 y = 0.15 Ez/u*d 

0.0225 0.0214 0.208 

0.0125 0.0128 0.120 

0.0108 0.0105 0.096 

0.0155 0.0149 0.143 

0.0146 0.0145 0.132 

Excluding Run 201 Flow A mean Ez/u*d 0.123 

y = 0.701 y = 0.50 y 

0.0147 0.0152 

0.0150 0.0150 

0.0152 0.0157 

0.0153 0. 0157 
' 

-
0.30 y = 0.10 E /u*d z 

0.0153 0.0135 0.127 

0.0144 0.0150 0.130 

0.0156 0.0168 0.135 

0.0160 0.0163 0.133 

Flow B mean E /u*d = 0.131 z 

all measurements were made in the near field region where vertical and 

lateral mixing were progressing simultaneously. It is possible that the 

reason for the existence of this slow lateral spreading is the inability 

of the eddies, the principal mixing mechanism, to break up the plume 

as it enters the flow. The plume may tend to stay as a single entity as it 

leaves the source until it is torn apart by eddies of increasing size. Again, 

as with the two-dimensional concentrations, the presence of the source 

introduces an additional length scale locally in the fluid so the plume 

will not initially experience the same range of eddy sizes present far from 

the source. An initial region of slow mixing is probably not observed in 

the vertical dispersion process because the dominant length scale of the 

vertical eddies is perhaps one half or one third that of the lateral eddies. 

Generally the growth of cr
2 

with x beyond this initial region was 

approximately linear and for each height in each run a least squares best 

fit line was calculated. The of these lines are noted on each plot 

and the complete set of results are tabulated in table 7.2. The only 
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significant exceptions to this linear behaviour were Runs 202 and 205. 

For the latter the results obtained on separate days lie on distinct 

lines even though their slopes are similar and the figures appearing in 

Table 7.2 were obtained by averaging the two slopes at each level in the 

flow. 

The justification for drawing a straight line through each set of 

data points depends somewhat on the confidence one has in the calculated 
2 values of a . An approximate method for generating an estimated error in 

each variance using a computer simulation of random measurement errors 

was introduced in section 6.4.2. The results of this simulation are 

presented with the results for Runs 204 and 303. As these only give better 

than an order of magnitude estimate of the errors in the calculated 

variances no firm conclusions may be drawn but the size of the errors 

appear to be of the correct order to justify the fitting of a straight 

line to the results. Ideally the measurement of concentration at more 

points in each profile would decrease the experimental scatter but obtain

ing further profiles at greater distances from the source would not be 

practical in the present flume as the plume would soon encounter the near 

wall region and the results would become unreliable. 

7.4.1.1 The Influence of the Inflow Conditions 

While in the majority of the runs performed the growth of a2 
with 

x was linear this was not the case in Run 202 and in the opinion of the 

writer the results of this run are particularly significant. They are 

presented in figure 7.15. After the results for stations 1-8 had been 

obtained the most downstream fine mesh screen was found to be somewhat 

clogged by dirt suspended in the flume water and it was cleaned before 

continuing with the concentration measurements at stations 9-12. The 

dramatic difference between the results gathered before and after is 
2 

clearly seen. The rate of growth of a with x after the mesh was cleaned 

is only 60% of that before. Run 201, also conducted before the cleaning 

of the mesh, had similarly high slopes. To avoid further occurrences of 

this phenomenon the screens were cleaned before each day's experimentation 

and at the conclusion of the 200 series of runs two additional fine meshes 

were placed further upstream, as described in Chapter 6, to ensure the 

most downstream screen remained unobstructed. 
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While the grid turbulence generated by the inflow features will 

have decayed before reaching the working section of the flume it is 

likely that the blocking of the screen caused an irregularity in discharge 

across the channel thus introducing lateral velocity gradients that 

persisted far downstream. These lateral gradients would radically affect 

the lateral spreading of the contaminant by changing the lateral 

turbulent structure. 

These results have important ramifications. The lateral 

diffusivity, which is proportional to dcr
2
/dx, is found to be extremely 

sensitive to the configuration of the flume entry conditions even 

though the bulk flow parameters are unchanged. Great care must there-

fore be taken to ensure that lateral velocity gradients are minimised in 

the central region of the channel and that these conditions do not 

change. It is most likely that this sensitivity to the inflow conditions 

will be most dramatic for a smooth bed channel where the natural turbulence 

of the channel is rather weak. In a rough bed channel the increased 

turbulent intensity may tend to dominate the irregularities of the entry 

conditions. 

A further feature of this phenomenon is that while the entry 

conditions dramatically affect the lateral spreading of the contaminant 

the vertical dispersion is totally undisturbed, as may be seen in 

figure 7.9. The two-dimensional concentrations calculated before and 

after the mesh was cleaned are completely consistent with one another 
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and no discontinuity can be detected. This result leads to the conclusion 

that the vertical and lateral dispersion processes are almost totally 

independent. Any irregularities in the vertical turbulence structure 

caused by the inflow conditions rapidly decay and become dominated by 

the turbulence generated by the vertical shear. 

7.4.2 Depth-Averaged Lateral Diffusivity 

The depth-averaged diffusivity, calculated for each run from 
2 equation 7.6, was obtained by averaging the value of do /dx over the five 

heights in the flow and non-dimensionalised by dividing by u*d representing 

the velocity and length scales of the turbulence. Table 7.2 includes the 

values of E /u*d for each run and an average value for each flow regime. 
z 

No substantial variation in do
2
/dx is found over the depth in any 

of the runs and thus the criterion, discussed in the introduction to 

section 7.4, that must be fulfilled in order that equation 7.6 may be 

utilised is satisfied. 

The results for Run 202 were calculated from the measurements 

obtained after the cleaning of the mesh (i.e. those from stations 9-12). 

Excellent agreement is observed between the non-dimensional 

diffusivities calculated from the 300 series of where all 

values lie within 4% of the average value of 0.131. The consistency 

within the 200 series is not as good. A spread of + 20% of the average 

value of 0.123 is found when all the results are included although Run 

203 has an inexplicably low value and if this result is neglected an 

average of 0.132 with a spread of 8% is obtained. It is no surprise that 

the results for flow B are more consistent than those of flow A as the 

extra screens had been incorporated in the inlet conditions and the 

importance of clean screens was more fully appreciated during the 300 

series. 

However, taking an average of the diffusivities obtained from the 

200 series of experiments requires some justification. If any inconsistency 

is due simply to experimental scatter an averaging process is valid. But 

if the inconsistency is due to the presence of additional mixing mechanisms 

in the flow, such as lateral gradients, the correct procedure 

may be to take the lowest value as the best estimate of the lateral 

diffusivity due solely to turbulence. As the flow conditions for flows 
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A and B are not substantially different and an average value of Ez/u*d 

for flow B is completely justified a similar result for flow A seems 

likely and for this reason an average of Runs 202-205 was taken. 

7.4.3 The Depth-Dependence of E 

In most previous studies only a depth-averaged value of E has been 
z 

obtained using an equation similar to 7.6. However as the lateral 

turbulence is damped near the channel bed, in a similar fashion to the 

vertical turbulence, but is not so restricted away from the channel 

boundaries it is expected that E is a function of the height in the 
z 

flow. Okoye (1970) attempted to determine this depth dependence by 

using two different methods. The first, obtained by assuming equation 

7.6 could be used locally in the flow, 

E (y) 
z 

do
2 

Yz u(y) dx (y) (7.7) 

is patently incorrect as the results of Chapter 5 confirm. Such an equation 

could only be valid if material did not transfer vertically in the flow but 

as vertical dispersion continues the effluent particles at each level in 

the flow will sample the velocity and lateral diffusivity over various 

levels in the flow. Far downstream of the source vertical transfer still 

occurs, even though vertical mixing is essentially complete, and all 

particles gradually approach a state where they have sampled the velocity 

and diffusivity at all levels. 

His second method uses an integrated form of the governing equation, 

namely 

_Ez_(_x_, _Y_) = Yz rX (y) _30_2 - _3 [\jJ _30_2] ] 
u*d L 3x 3y y 3y 

( 7. 8) 

where the variances o2 
are non-dimensional. While mathematically correct 

this equation requires the evaluation of the first and second derivatives 

of o2 with respect to x and y. The second derivative, in particular, will 

be prone to error considering o2 
was only evaluated at 4 heights in the 

flow. Okoye's own results show no consistent vertical dependence of E 
z 

on y and in fact demonstrate that the depth dependence of E is dependent 
z 2 

on x. Considering the errors involved in obtaining values for a equation 

7.8 is unlikely to yield a reasonable answer. 
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The approach to be taken in this study is qualitative, based on 

general considerations. In Chapter 5 a theoretical investigation 

demonstrated that in the near field region where vertical dispersion 

is a strong feature the rate of lateral spreading depends on the height 

in the flow at which the concentrations are measured and also on the 

vertical positioning of the source. The only•exception to this result 

occurs when the lateral diffusivity and velocity have identical 

functional forms in the vertical. It should therefore be possible by 

considering the values of dcr
2
/dx at different heights in the flow and 

E for flows with a variety of source positions to determine, at least z 
qualitatively, the vertical dependence of E • 

z 
2 As has been mentioned little variation in dcr /dx over the depth 

was found in any run and no consistent trend can be found 

throughout all runs. Similarly no real dependence on source position 

can be found in the calculated values of E although Run 203 would imply 
z 

less rapid spreading when the source is near the surface. 

It appears reasonable to conclude that the vertical dependence of 

E and u are not significantly different. Although experimental error may z 
have camouflaged any consistent trend this trend must have been inconsider-

ablenot to be manifest in the results of the 300 series. Such a similarity 

between the vertical profiles of E and u is not altogether surprising as z 
both must vanish at the channel bed and both are essentially unrestricted 

at the free surface, unlike the vertical transfer coefficient that must 

vanish at the free surface where the vertical velocity fluctuations go to 

zero. 

The modelling of three-dimensional dispersion may thus be done by 

using a power law velocity and a power law lateral diffusivity. This 

ensures the vertical and lateral mixing processes are decoupled and the 

evaluation of eigenvalues and eigenfunctions is considerably 

A summary of previous studies partially or totally dedicated to 

the lateral spreading of material in open channel flow has been 

in Chapter 2. One may justifiably ask whether any consistency or sense 

may be found in the results presented there. In their review paper Lau 

and Krishnappan (1977) demonstrated that there is a large amount of 

against aspect ratio or friction factor 
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and they present instead E /u*w as a better non-dimensionalisation of the 
z 

lateral diffusivity. In conclusion they state that the most important 

mixing mechanism is not turbulence but secondary currents. On the other 

hand Webel and Schatzmann (1984) presented impressive evidence that in 

fact Ez/u*d is the correct non-dimensionalisation and that this quantity 

is independent of all flow parameters, Froude number, Reynolds number and 

aspect ratio, except for the friction factor and even then.it only deviates 

from a constant value of approximately 0.131 below a friction factor of 

0.08. In their conclusion they state that turbulence is by far the most 

important contributor to the mixing process. 

A decision must be made as to whether the lateral mixing coefficient, 

E , is in fact a turbulent diffusion coefficient or a "catch all" parameter 
z 

that includes the effects of secondary currents, density currents, changes 

in channel geometry etc. It is the writer's opinion that little or no 

sense can be made of E if it is defined to be a "catch all" parameter 
z 

even if only laboratory studies are considered. Indeed it is more produc-

tive if each contribution to mixing in the real environment can be under-

stood independently. For this reason it is proposed that refer only to 

the lateral spreading due solely to turbulence. To decide whether turbulence 

is the principal mixing mechanism in a particular flow the measured 

velocities must confirm the two-dimensionality of the flow in the central 

region. 

The results of Prych (1970), Okoye (1970), Webel and Schatzmann 

(1984), Miller and Richardson (1974) and Lau and Krishnappan (1977) were 

reconsidered in light of the proposed definition of E and the results of 
z 

the present study were added. All of the experiments conducted by Miller 

and Richardson were performed in flows with an aspect ratio of approxi

mately 0.21 and their velocity measurements clearly demonstrate the strong 

influence of secondary currents. Their results therefore did not contribute 

to an understanding of turbulent dispersion and were discarded. Lau and 

Krishnappan did not present the velocity distributions measured in their 

flows so their results were not considered. According to Webel and 

Schatzmann as a large number of the runs had flow depths less than 3 em, 

with some as low as 1.5 em, surface tension effects would be significant 

and therefore their results are of doubtful quality. 

A number of Okoye's results were also discarded. Four runs with 

an aspect ratio greater than or equal to 0.16 would certainly include 
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three-dimensional effects. Three further runs were made in flows with 

Froude numbers greater than 0.8 and the likelihood of the presence of 

surface wavescasts doubt on their usefulness. The results from the 

remainder of Okoye's runs, together with those of Webel and Schatzmann, 

Prych and this study, are tabulated in table 7.3. 

The lateral diffusivity, non-dimensionalised by u d, is plotted 
* 

against friction factor in figure 7.16 for all of the results presented 

in table 7.3. Of the 39 data points plotted 27 lie within~ 10% of a 

value of 0.134 and all points corresponding to a friction factor of 0.055 

or more lie within these error bounds. The largest scatter in the non

dimensional diffusivities occurs with a smooth bed corresponding to 

friction factors between 0.02 and 0.04. Of considerable importance is 

the fact that only one data point lies substantially below the value of 

0.134 which tends to confirm this value as a lower bound to E /u*d and z 
therefore as a good estimate of the lateral turbulent diffusion coefficient. 
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Table 7.3 The results of three previous studies on lateral dispersion 
together with those of the present are tabulated. Only 
flows where three-dimensional effects were negligible 
(d/w < 0.13) and Froude numbers were not close to unity 
are included. The non-dimensional diffusivity E /u*d is 
plotted against f in figure 7.16. z 

-Researcher(s) d (m) u* (m/s) u (m/s) f d/w Ez/u*d 

Okoye (1970) 0.0275 0.0165 0.300 0.0243 0. 0250 0.174 
0.0295 0.0157 0. 271 0.0268 0.0347 0.166 
0.0346 0.0176 0.320 0.0243 0.0315 0.142 
0.0525 0.0215 0.424 0.0206 0.0618 0.120 
0.0541 0.0218 0.435 0.0201 0.0492 0.137 
0.0553 0.0220 0.420 0.0219 0.0503 0.135 
0.0681 0.0501 0.359 0.1561 0.0619 0.141 
0.0866 0.0512 0.410 0.1250 0.0787 0.136 
0.1036 0.0505 0.428 0.1115 0.0942 0.143 
0.1070 0.0190 0.418 0.0165 0.1258 0.103 
0.1081 0. 0186 0.392 0.0180 0.0983 0.138 

Prych (1970) 0.0390 0.0373 0.373 0.080 0.0355 0.136 
0.0640 0.0401 0.459 0.061 0.0582 0.137 
0.0405 0.0190 0.354 0.023 0.0368 0.138 
0.0655 0.0214 0.452 0.018 0.0596 0.145 
0.1110 0.0199 0.460 0.015 0.1010 0.162 

Webel and 0.0900 0.0188 0.139 0.146 (a) see 0.131 
Schatzmann note 
(1984) 0.0600 0.0153 0.100 0.188 (b) 0.131 

0.0400 0.0125 0.069 0.266 (c) 0.130 
0.0900 0.0188 0.171 0.097 (a) 0.133 
0.0600 0.0153 0.126 0.118 (b) 0.132 
0.0400 0.0125 0.092 0.148 (c) 0.131 
0.0900 0.0149 0.135 0.097 (a) 0.133 
0.0600 0.0121 0.100 0.119 (b) 0.132 
0.0400 0.0099 0.072 0.152 (c) 0.131 
0.0900 0. 0115 0.105 0.097 (a) 0.133 
0.0600 0.0094 0.077 0.119 (b) 0.132 
0.0400 0. 0077 0.056 0.152 (c) 0.130 
0.0900 0. 0115 0.142 0.053 (a) 0.150 
0.0600 0.0094 0.108 0.061 (b) 0.145 

I 0.0400 0.0077 0.081 0.072 (c) 0.143 
I 0.0900 0.0115 0.167 0.038 (a) 0.159 
I 0.0600 0.0094 0.128 0.043 (b) 0.155 

I 0.0400 0. 0077 0.098 0.050 (c) 0.153 
l 0.0900 0.0073 0.129 0.026 (a) 0.177 

I 0.0600 0.0059 0.100 0.028 (b) 0.177 

i 
0.0400 0.0049 0.075 0.034 (c) 0.175 

Nokes (1985) 0.0650 0.0155 0.281 0.0243 0.1163 0.123 
0.0500 0.0140 

.I 
0.236 0.0282 0.0894 0.131 

Note: Webel and Schatzmann altered the width in their channel for each run 
obtain,ing the same values of Ez/u*d in each case. 
(a) d/w = 0.0495, 0.0680 
(b) d/w = 0.0330, 0.0452, 0.1235 
(c) d/w = 0.0220, 0.0302, 0.0826 
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The aspect ratio of each flow is also recorded in table 7.3. Only 

the results of Webel and Schatzmann demonstrate that E /u*d is totally 
z 

independent of aspect ratio, although certainly for friction factors 

greater than 0.055 no variation in E /u*d is found in any of the results. z 

It is proposed that the scatter present for friction factors less 

than 0.05 is due to the presence of mixing mechanisms over and above the 

natural turbulence of the channel and these are most likely caused by the 

variation in inflow conditions. As predicted in section 7.4.1.1 such a 

variation in entry conditions is more likely to cause dramatic changes in 

smooth bed channels than in those with rough beds. 

It may be concluded that when the principal mixing mechanism 

present in the flow is the natural turbulence established in a long, 

wide channel the published values of E /u*d all lie near a value of 0.134 
z 

for friction factors greater than 0.055. Some scatter occurs when the bed 

is smooth but nearly all values of Ez/u*d are greater than 0.134 leaving 

this value as a lower bound. The length scale, d, is shown to be the 

correct scale for both the vertical and lateral turbulence in the central 

region of a wide channel (aspect ratio approximately less than l/8) 

irrespective of the channel width. 

7.5 DISPERSION WITH THE SOURCE NEAR A WALL 

Run 305 was conducted with the effluent source positioned 50 mm from 

the left hand wall of the flume. It was hoped that the results from such a 

run would allow a number of qualitative conclusions to be drawn regarding 

the mixing mechanisms present in this near wall region. Representative, 

non-dimensionalised, three-dimensional concentrations are presented in 

figures 7.17 and 7.18 as lateral and vertical profiles. 

Three interesting results are observed. 

(l) The profiles in figure 7.17 show clearly that the maximum concen

tration in the plume moved gradually towards the flume wall. Out of the 

two-dimensional central region of the flow the plume experiences lateral 

gradients in both the velocity and lateral diffusivity distributions and 

these gradients, in a similar way to the vertical gradients in the flow, 

force the maximum in the plume to regions of low velocity and low 

diffusivity. This effect is quite slow compared to the movement in the 

vertical, as can be seen in figure 7.17, as the gradients 50 mm from the 
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Figure 7.17 : Lateral concentration profiles for Run 305. 

wall are likely to be considerably smaller than those experienced by the 

plume vertically. 

(2) The vertical profiles illustrated in figure 7.18 clearly show the 

maximum in the plume, for a source at the mid-depth, moving to the bed of 

the channel. However this effect occurs more rapidly away from the wall 

(compare the profiles at z = 0.40 and z = 1.80) implying that the vertical 

mixing becomes weaker as the wall is approached. 

(3) At a downstream distance of eighteen depths the maximum concen-

tration has either reached the flume bed or is moving towards it leaving 

a minimum concentration at the water surface. However by a distance of 42 

depths the concentration profiles at z = 1.24 and z = 1.80 are beginning 

to take on a "bow" shape possessing a concentration minimum in the middle 

of the flow. This feature becomes more fully developed by x = 56.0. The 

only possible explanation for this is that secondary currents are 
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transporting fluid with a higher salt concentration near the wall towards 

the centre of the flume via the top of the flow. The compensating 

circulation towards the wall appears to occur at around the mid-depth 

of the flow, hence the minimum there, and not near the flume bed. While 

only qualitative in nature, these conclusions concur with the calculations 

of Naot and Rodi (1982), see figure 7.4, which demonstrate that the 

principal secondary circulation is confined to the upper region of the 

flow in the near wall region (within approximately 2 depths of the wall). 

In the bed region only a small circulation cell exists near the corner of 

the flow. 

If the secondary currents were not present the maximum concentration 

in the plume would be expected to move into the corner of the flow or, if 

the source is above the ideal source height, towards the point where the 

free surface and channel wall meet. However the effect of the secondary 

circulation is to transport the high, near wall concentrations towards the 

surface and centre of the flow thus making the position of maximum concen

tration an unsteady feature of the flow. 

7.6 DISPERSION IN A TRIANGULAR CHANNEL 

Interest in the dispersion in a triangular channel lay in two areas. 

Firstly, the measured velocity distribution would confirm or dispute the 

correctness of the assumed forms of u*, u and the vertical velocity distri

bution presented in section 5.6. Secondly, it was hoped that the measured 

concentration distribution would offer some qualitative evidence of how the 

diffusivity distributions varied across the channel. 

However, because of the problems encountered in establishing uniform 

flow in the channel only one run, Run 401, was made in the triangular 

channel with the flow regime designated flow C. Details of flow C and Run 

401 may be found in table 7.1. 

7.6.1 Velocity Distribution 

Detailed velocity measurements were made in two cross-sections, 

4.5 m and 7.3 m downstream of the flume entrance, in order to monitor the 

amount of cross channel momentum transfer and thus determine the degree to 

which this movement would affect the dispersion experiment. 

Contour plots of the velocities measured in each section are 

presented in figures 7.19 and 7.20. As for the results in the rectangular 
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channel the solid circles in each diagram mark the locations at which the 

velocities were measured and the curves of constant longitudinal velocity 

were drawn by eye. 

It can be seen that the results at x = 7.3 m exhibit contours that 

are slightly more depressed in the deep flow region and do not extend as 

far into the shallow region when compared to those gathered at x = 4.5 m. 

This variation, between the two sections, indicates the presence of a 

momentum transfer from the shallow to the deep region. To obtain an 

estimate of how far the time-averaged streamline along the centre line 

of the channel at x 4.5 m has moved across the channel, a comparison of 

the discharges to the shallow side of the centre line at each of the 

sections was made by integrating the measured velocity distribution over 

the channel section. This process gave a rough estimate of the movement 

of between 8 and 10 mm in the 2.8 m distance between the sections. 

In figures 7.21 and 7.22 the vertical velocity profiles at each 

of the two sections are presented. The vertical co-ordinate for each 

profile has been non-dimensionalised by the local flow depth. All the 

profiles in each section, excluding those near the channel walls, very 

closely approximate a logarithmic profile. This implies that the as sump-· 

tion of logarithmic velocity profiles in section 5.6 seems accurate. 

For each of the measured profiles a least squares best fit loga

rithmic profile was calculated from which a value of u*/K was determined 

from the slope of the line and a value of u calculated from the intercept 

and the slope. If the regression line is expressed as 

u = a + blny (7.9) 

then a comparison with equation 7.4 requires that 

u = a-b and u*/K = b • (7.10) 

In figure 7.23 the mean velocity, obtained from equation 7.10, for 

each profile is divided by the square root of the local depth and plotted 

against position across the channel. The results demonstrate quite 

conclusively that over the majority of the channel's width u is proportional 
k 

to d 2
, as assumed in section 5.6. 

In figure 7.24 the shear velocity, obtained from equation 7.10, 
k 

for each profile is divided by K and d 2 and plotted against z. Some 
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scatter is obtained when the results are plotted in this way but no 
k 

obvious variation of u*/Kd
2 

with z is found. u*, as it is deduced from 

the slope of the regression line, is quite sensitive to errors in the 

velocity measurements, unlike u, and the scatter observed in figure 7.24 

may be attributed to a variation of K across the flow as it was for the 

rectangular channel. Certainly the variation in K required to bring all 

points in figure 7.24 onto the average line shown is no worse than that 

found for the profiles from flow B. If u* is assumed to equal /gds, where 

d is the local depth, values of K may be deduced from the slopes of the 

regression lines. For both cross-sections all values of K, excluding 

those calculated from the near-wall profiles, lie between 0.35 and 0.44, 

in fair agreement with the generally accepted value of 0.4. 

k 
As expected, the values of u*/Kd 2 deduced from the velocity 

profiles near the.channel walls are less than the values in the centre 

of the channel. 

It may be concluded that the three assumptions used in the 
k 

solution presented in section 5.6, namely that u and u* vary like d 2 and 

that the vertical velocity profiles are locally logarithmic, are all 

valid approximations to 

7.6.2 Concentration Distribution 

Run 401 was made with the salt source positioned in the centre of 

the channel and at the mid-depth. Measurements were made in the near-source 

region where both vertical and lateral diffusion processes were present as 

this region lay between the two sections at which the velocities were 

measured if the source was placed at x = 4.5 m. It was hoped that a 

movement of the maximum concentration towards the shallow region, as 

predicted by the solution of Smith (1982) for the vertically well mixed 

case, would be detected. In fact a slight movement of the maximum concen

tration towards the deep region of the flow was observed and this effect 

was almost certainly due to the bulk movement of the flow referred to 

previously. Three lateral profiles of depth-averaged non-dimensional 

concentration obtained at three downstream stations are presented in 

figure 7.25. These profiles may be compared to the predictions of the 

vertically well mixed solution presented in section 5.6 and graphed in 

figure 7.26. The theoretical results are not intended to exactly model 

the experimental results but to allow a general comparison of the shapes 
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of the concentration profiles. The theoretical movement of the maximum 

concentration is small in the near-source region and the experimental 

results, even when allowance is made for the bulk movement due to the flow 

neither confirm nor dispute this predicted movement. 

The vertical concentration profiles measured at 4 lateral 

positions and 3 stations downstream of the source are presented in figure 

7.27. These results do tend to support the conclusion that vertical 

mixing occurs more rapidly in the shallower regions of the flow (depth 

decreases with z) than in the regions. However, the role played 

by the bulk movement of the flow across the channel and any secondary 

currents that may be present is uncertain and firm conclusions cannot be 

drawn. 

This exploratory investigation of dispersion in a triangular 

channel has revealed a number of significant problems that may be 

encountered in such an experimental study. The establishment of uniform 

flow conditions has proved unobtainable and, unless some configuration 

of the inflow features can be developed which will ensure approximately 

the correct discharge distribution across the channel, experiments must 

be performed in long channels where the flow has time to adjust to uniform 

conditions. It is possible that this process may be enhanced by using 

a rough bed channel. 
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If the movement of the maximum concentration in the plume is to 

be unambiguously determined uniform flow conditions are essential. 

Further, if this movement is to be detected at all, measurements must 

be made far downstream of the source as the flow properties that are 

causing this movement in the transverse direction are considerably 

weaker than those operating vertically. Therefore a relatively long 

flume is necessary for this phenomenon to be verified. 

It may be concluded that experiments perfomed in a channel with 

this type of geometry are decidedly more difficult than those in a 

channel of rectangular cross-section. 
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Eight CONCLUSIONS 

8.1 A SUMMARY OF THE IMPORTANT RESULTS OF 

A mathematical and experimental examination of a number of 

of turbulent dispersion of a continuous contaminant source in uniform open 

channel flow has been In the following two sections the impor

tant results of this investigation are briefly outlined. 

8.1.1 Mathematical Results 

(l) General solutions to the turbulent diffusion equation have been 

obtained using eigenfunction expansion techniques, for the two and three

dimensional dispersion of a neutrally buoyant contaminant and the two

dimensional dispersion of buoyant particles. reducing the problem from 

a two-dimensional to a one-dimensional problem or from a three-dimensional 

to two one-dimensional problems this method is more efficient than a full 

numerical solution. 

{2} In all cases complete solutions were obtained by using a power series 

method to determine the eigenvalues and eigenfunctions. This method, 

although by no means the only method available, was found to be straight

forward in its use, efficient and accurate. 

(3} The importance of the first non-zero eigenvalue has been discussed 

in detail, together with its dependence on the various flow and contaminant 

, friction factor, von Karman's constant and the rise/fall 

velocity. This all important eigenvalue determines the distance downstream 

of the source at which mixing is effectively complete and accurate predic

tion of this quantity is of paramount importance. 

(4) The eigenfunction, corresponding to the first non-zero eigenvalue 

has also been demonstrated to play an important role, as it determines the 

location of the contaminant source which 

flow. 

most rapid mixing in the 

{5) For a neutrally buoyant contaminant the eigenfunction solution, 

together with physical reasoning, demonstrated that the maximum concen-

tration in the dispersing plume moves towards of low turbulent flux. 

This generally corresponds to regions of low velocity and low diffusivity. 
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(6) For dispersion of a point source in a wide channel the theoretical 

solution has shown that, unless the lateral diffusivity has an identical 

functional form to the velocity distribution, the vertical and lateral 

diffusion processes are coupled in the near-source mixing region. As a 

result of this coupling care must be taken in determining the depth

averaged lateral diffusivity in this region and the most reliable method 

appeared to be to average the results for a number of representative 

source locations. If no coupling existed the lateral diffusivity could 

be determined in the usual manner. 

8.1.2 Experimental Results 

(l) The two-dimensional vertical dispersion results were in excellent 

agreement with the eigenfunction solution derived from the measured loga

rithmic velocity profile and the theoretically deduced parabolic diffusivity. 

(2) The location of the ideal source predicted by the eigenfunction 

solution was verified. 

(3) In the near-source region the rate of lateral spreading of the plume 

was found to be independent of the source height and the sampling level, 

to within the accuracy of the measurements. It was therefore concluded 

that the diffusion processes were essentially uncoupled and the lateral 

diffusivity and velocity distributions had the same dependence on the 

vertical co-ordinate. 

(4) When previous experimental studies of lateral dispersion were 

reanalysed, to include those results where the only mixing mechanism present 

was the natural turbulence of the channel, the depth-averaged lateral 

diffusivity, non-dimensionalised by the flow depth and shear velocity, was 

found to have a value of approximately 0.13, independent of all flow para-

meters the friction factor where some scatter was found for small 

values. However, for these smooth bed channels, only one result was 

significantly less than 0.13, implying that this may be a lower bound and 

the scatter may have been due to the presence of other mixing mechanisms. 

The values of the non-dimensional depth-averaged lateral diffusivity 

obtained for the two flows examined in this study, 0.123 and 0.131, add 

support to the suggestion that this quantity has a value of 0.13 for all 

friction factors. 

(5) The lateral dispersion results demonstrated clearly that the 

presence of lateral velocity gradients significantly affected the rate 
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of lateral spreading, and were capable of increasing the calculated 

lateral diffusivity by nearly a factor of 2. 

(6) The experimental results of Jobson and Sayre (1970) were in 

excellent agreement with the eigenfunction solution for sediment provided 

only fine particles in strongly turbulent flow, with no deposition at the 

channel bed, were considered. 

8.2 A VIEW TO FURTHER RESEARCH 

Much remains to be done in the area of dispersion in channels and 

we have yet to understand the influences of many of the mixing processes 

in natural channels. In this section suggestions for possible future 

research are presented. 

(1) The modelling of vertical dispersion of particles with rise or fall 

velocities is still to a high degree uncertain, principally due to the lack 

of good experimental data against which any solution may be checked. At 

present only the results of Jobson and Sayre (1970) are available. For 

this reason, further extensive laboratory studies of the dispersion of 

sediment would be highly desirable, hopefully covering a wide variety of 

flow conditions and sediment sizes. It is also suggested that more valuable 

information could be obtained if sources in the interior of the flow were 

used and this could most likely be achieved by using a point source and 

integrating concentrations across the flow, as was done in this study. 

In addition to this investigation of dispersion in the flow, further 

experimental data on the deposition criteria for sediment at the channel 

bed would be valuable. Important parameters in this study would include 

particle diameter and fall velocity, turbulent strength (shear velocity) 

and boundary roughness geometry. 

(2) A highly desirable, and perhaps unattainable, goal is the theoretical 

modelling of the manner in which vertical shear drives the lateral eddies in 

a wide channel. This, in turn, would lead to the prediction of the lateral 

diffusivity. 

(3) The performance of more experiments to determine the lateral 

diffusivity in a wide channel would be worthwhile. By taking care to 

ensure the flow is two-dimensional in the region over which the plume is 

dispersing it would be possible to confirm or contest the supposition made 

in this study that the non-dimensional, depth-averaged lateral diffusivity 
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is approximately 0.13. In particular it appears that experiments in 

smooth bed channels would be of most interest. 

(4) It would be interesting if an experimental study was dedicated to 

investigating the effect of introducing transverse velocity gradients into 

the flow on the rate of lateral spreading. This would be a first 

towards the modelling of more complex mixing phenomena as lateral gradients 

are virtually always present in natural flows. 

The generation of lateral gradients could be achieved through 

screens, as it was in this study. These apparently far 

downstream from their point of production and therefore a reasonable length 

of the channel should be available throughout which the flow conditions are 

essentially uniform. This, of course, can be checked by velocity measure

ments. The generation of velocity gradients are most likely to produce 

some of secondary circulation in the flow and these two mixing 

mechanisms may well go hand in hand. 

Once lateral gradients are present in the flow, problems arise in 

the manner in which the mixing mechanism is to be modelled. Certainly the 

vertical and transverse co-ordinates are no longer the principal axes of 

the turbulent diffusivity tensor and the diffusion equation, as used in this 

study, is no longer valid. However, initially at least, a measurement of 

the lateral spreading in the usual way would a value for some sort of 

lateral diffusivity. 

(5) The preliminary work in this study has demonstrated the difficulty 

of performing experiments in a triangular channel. If uniform flow could 

be set the results of dispersion experiments would be very interesting and 

careful measurements on full three-dimensional dispersion would hopefully 

lead to conclusions about the forms of the lateral and vertical 

diffusivities. In particular, they may determine whether these 

diffusivities are proportional to the local values of shear velocity 

and depth. 
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Appendix A STURM-LIOUVILLE OFS 

Theorem 1 

The eigenvalues of the ordinary differential equation 

subject to the boundary conditions 

dH 
'ljJ(y) dy = 0 at y = 0 and y = 1 

are real provided W(y) > 0 in the interval 0 < y < 1. 

Proof (Adapted from Ince (1927)) 

(Al) 

(A2) 

Suppose the eigenvalue, y, is complex such that y = 8 + i~ and the 

corresponding complex eigenfunction is H = Ha + i~. Equation Al becomes 

d [ dHa dHb] 
dy W dy + i'ljJ dy + (8 + i~) X(Ha + iHb) = 0 

This must be valid for the real and imaginary parts separately so 

with 

and 

with 

d [ dH J -- w ~ + X(8H - ~H ) = 0 dy dy a b 

dH 
a 

'ljJ-= 0 
dy 

d~ 
'ljJ-= 0 

dy 

at y = 0 and y 

at y 0 and y 

1 

1 . 

(A3) 

(A4) 

(AS) 

(A6) 

(A7) 

Multiplying equation A3 by Ha - iHb and considering only the imaginary 

part yields 

Integrating this equation from y = 0 to y 

conditions, equations AS and A7, leaves 

1, and using the boundary 
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1 

¢ J X(Ha
2 

+ ~2 ) dy = 0 . 

0 

(AS) 

If the velocity distribution, x, is positive in the region 0 < y < 1, 
2 2 

as H
1 

and are both positive, equation AS can only be satisfied if 

¢ = 0 and thus the proof that y is real is complete. However, when X is 

represented by a logarithmic profile this condition no longer holds and 

assuming ¢ is non-zero it is necessary that 

1 

J X(Ha
2 

+ ~2 ) dy = 0 • 

0 

(A9) 

Multiplying equation A4 by 

equations yields 

1 equation A6 by Hb and adding the 

0 . (AlO) 

On integrating from y 

becomes 

0 to y = 1 and using equations AS, A7 and A9 this 

J
l l[dHa] 2 [d~ 121 

1jJ L dy + dy ') - dy 0 . 
(All) 

0 

2 2 
As ljJ(y) > 0 in the interval 0 < y < 1 and (dHa/dy) and (dHb/dy) are both 

positive this equality is not possible. This contradiction implies ¢ isnot 

non-zero and therefore all the eigenvalues are real. 

If ¢ = 0 and H
2 

= 0 then integration of equation AlO 

This result is used in the following proof. 

Theorem 2 

The eigenvalues of the ordinary differential equation 

~y (ljJ ~~) + YX(y)H = 0 

subject to the boundary conditions 

dH 
ljJ(y) - = 0 

dy 
at y = 0 and y 1 

(Al2) 

(Al3) 

(Al4) 
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are non-degenerate and discrete. 

Proof (Adapted from Ince (1927)) 

Let y. be an eigenvalue of equation Al3 with the corresponding 
1. 

eigenfunction H .• Now let H be a solution of equation Al3 which satisfies 
1. 

the boundary condition at y = 0 but not at y = 1. The second boundary 

condition at y = 1 will then generate the characteristic equation, F(y), 

for determining the eigenvalues when applied to H(y, y). Thus 

d [w :iJ + y.xH. 0 = dy 1. 1. 
(Al5) 

and 
d (~ :J dy + YXH = 0 (Al6) 

Multiplying equation Al5 by H, equation Al6 by H. and subtracting the 
1. 

equations yields 

d 
H

dy [ 
dHi] 

~ dy 
d 

H. 
1. dy 

Integrating equation Al7 from y 0 to y 

-H. (l) (1) dH (1 ) ( ) 1. ~ dy , y + yi - y 

(Al7) 

1 results in 

0 . (AlB) 

The term ~(1) dH/dy (1, y) is just the characteristic equation F(y) 

which vanishes when y is equal to an eigenvalue. Rearranging equation AlB 

yields 

H. {1) F(y) 
1. y. - y 

1. 

(Al9) 

As F{y.) = 0, letting y approach y. requires that F(y)j(y. y) 
1. 1. 1. 

-dF/dy. Thus equation Al9 becomes 

-H. {1) dF 
1. y=y. 

1. 

= f 
0 

1 
2 

XH. 
1. 

dy . (A20) 

1 

As H. (1) must be finite and J XH.
2 

dy ~ O, as demonstrated in the previous 
1. 1. 

This ensures that y, is a simple 
1. 

theorem (equation Al2), dF/d~~ ~ 0. y=y. 
root of the characteristic equatiBn and no degeneracy can exist among the 

eigenvalues. This results also ensures that the eigenvalues are discrete 
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as dF/dyl must be zero if the eigenvalues are continuous. 
y=y. 

l 

Theorem 3 

The eigenfunctions of the ordinary differential equation 

~y (1/J(y) =~J + YX(y)H = 0 

subject to the boundary conditions 

1/J(y) dH = O 
dy 

at y = 0 and y = 1 

(A21) 

(A22) 

are mutually orthogonal with respect to the weighting function X(y) over 

the interval 0 < y < 1. 

Proof (Adapted from Ince (1927)) 

Let H. and H. be the two eigenfunctions corresponding to the eigen-
l J 

values y. and y.. Then 
l J 

d [ dHi] + y.xH. dy 1jJ dy l l 
0 

d [ dH J 
1jJ d/ + YjXHj dy 

0 

Multiplying equation A23 by H., equation A24 by H. 
J l 

equations yields 

d [ dHi] d [ dHj] 
Hj dy 1jJ dy - H. 

dy 1jJ dy l 

When this equation is integrated from y 

boundary conditions, it becomes 

+ 

(y, - y,) JlXH.H. dy 0 
l J l J 

0 

(y. - y.) 
l J 

0 to y 

If y. ~ y. the resulting orthogonality relation is 
l J 

J
lXH.H. dy = 0 

l J 
0 

i =f j 

(A23) 

(A24) 

and subtracting the 

= 0 (A25) XH.H. 
l J 

1, incorporating the 

(A26) 

In the previous theorem it has been shown that there is no degeneracy 

among the eigenvalues so that if y. = y. then H. =H .. 
l J l J 
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Appendix B EVALUATION OF INTEGRALS 

In order to evaluate the eigenvalues, normalisation constants of 

the eigenfunctions and the expansion coefficients when a rectangular 

source is used for the power series solutions of Chapters 3, 4 and 5 a 

number of awkward integrals need to be evaluated. The methods for 

calculating these integrals are briefly reviewed here. 

l. Logarithmic Velocity (Chapter 3) 

I (a, b) 
n J 

a 

b 
n 

(l - y) lny dy n of 0 

Integrating by parts yields the recurrence formula 

I (a, b) 
n 

n n l(l~b) n + (1-a) n+l 
= n+l In-1 + n+l L n+l 

(1-b)n+l 

n+l 

n 
(1-a) 

n 

(Bl) 

l n n 
+ n+l [b(lnb-1) (1-b) - a(lna-1) (1-a) ] (B2) 

To use equation B2 I must be known and this is simply given by 
0 

I (a, b) 
0 

= b(lnb-1) - a(lna-1) . 

2. Power Velocity (Chapter 3 and Chapter 5) 

J (a, b, a) 
n 

n of 0 

Integrating by parts yields the recurrence formula 

J (a, b, a) = n J + 1 [ba+l (1-b)n - aa+l (1-a)n] 
n n+a+l n-1 l+a+n 

The value of J to start the series of integrals is given by 
0 

( = _1_ [ba+l _ a+l] 
J

0 
a, b, a) l+a a . 

3. Power Velocity (Matched solution in Chapter 3) 

b 

Kn(a, b, a) = f ya(l- y)n ln(l- y) dy 

a 

n of 0 

(B3) 

(B4) 

(B5) 

(B6) 

(B7) 
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Integrating by parts yields the recurrence formula 

K (a, b, a) 
n 

= n K + 1 [J - J + ba+l (l b)n l (l b) 
n+a+l n-1 l+a+n n-1 n - n -

] . (BB) 

The value of K cannot be obtained analytically but provided b is somewhat 
0 

less than l (as is the case for the matched solution where b = %> a series 

expansion for ln(l - y) may be used. Thus 

K (a, b, a) 
0 

00 

1.: 
m=l 

b
a+m+l a+m+l 

- a 
m(a + m + l) 

4. Power Velocity (Matched solution in Chapter 3) 

b 

(a, b, a) = f ya(l 

a 

)
n 2 

y ln (l - y) dy n 'I 0 

Integrating by parts yields the recurrence formula 

(B9) 

(BlO) 

L (a, b, a) 
n 

n 
= l+a+n Ln-1 + [2K - 2K + ba+l (1-b)n ln2 (1-b) 

n-1 n 

a+l n 2 
a (1-a) ln (1-a)] (Bll) 

The value of L cannot be obtained analytically but provided b is somewhat 
0 

less than 1 (as is the case for the matched solution where b %> a series 

expansion for ln(l-y) may be used. Thus 

00 00 bm+n+a+l m+n+a+l 
L (a, E L: - a 

b, a) = 
0 

m=l n=l mn + n + a + 

5. Uniform Velocity (Chapter 4) 

(a, b, ¢) = Jbe¢y yn dy 

a 

1 

Integrating by parts yields the recurrence formula 

n 
-p ¢ · n-1 n 'I 0 

(Bl2) 

(Bl3) 

(Bl4) 

This relationship is unsatisfactory due to the factor of n which rapidly 

causes the integrals to become inaccurate. To overcome this the formula 
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was inverted and the series of integrals begun at n = N where N is the 

largest integral required. Thus 

P 
1

(a, b, tp) 
n-

<fla n _ thp 
e a 'i' n 

= --------------------n 
n '1- 0 (Bl5) 

To evaluate PN the series expansion of ex was used so that 

PN (a, b, <fJ) 

where e 
m 

ro 

l: 
m=O m + N + (Bl6) 

For the case of b = 1 and a = 0 this method of evaluation 

was found to be totally satisfactory for the range of values of ¢>, typically 

< 10, used as P (a, b, <P> was found to be exact when compared to the 
0 

analytic value. 

6. Power Velocity (Chapter 4) 

Q (a, b, a, 13) 
n 

n+S 
- y) dy n '1- 0 

Integrating by parts yields the recurrence formula 

Q (a, b, a, 13) = 
n + a + 1) 

(Bl7) 

(Bl8) 

Q
0 

cannot be obtained analytically but is obtained using a series 

expression for either (1 - y)S or (1- w)a depending on the values of a and 

b. If a < ~ and b > ~ Q is obtained in the following way: 
0 

b 

Q
0

(a, b, a, 13) = J ya(l- y)B dy 

a 

ro 
a m 

y l: emy dy + 
m=O 

a 

[:ka+m+l a+m+l] 
00 e 2 - a 
l: 

m 
= a + n + 

m=O 

Due to the factors of 1 a+m+l d Yz an :kS+m+l 
2 

ro 

l: 
m=O 

, [1 S+m+l (1-b) S+m+l] 00 e Yz -
l: m 

(B19) B + m + 1 
m=O 

these series converge strongly for 

the values o.f a and 8, typically of order 1, used. The coefficients em and 

e' are the binomial expansion coefficients of (1-y)S and (1-w)a respectively. 
m 
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The methods of integral evaluation described above were found to 

be very efficient and accurate. 
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SUMMARY OF POWER 

SOLUTIONS . . CHA 3 

Details of the power series solutions corresponding to the approxi

mate diffusivity and velocity distributions presented in section 3.6 are 

included in this appendix. A summary of the first six distributions is 

given in table 3.5. 

1. Uniform/Uniform 

In this case 

and equation 3.9 becomes 

X 1 1jJ = K/6 (Cl) 

0 (·C2) 

where ¢ = 6y/K and the transformation, w = 1 - y, has been made to be 

consistent with other solutions. The power series solution is 

H(w) 

co 
2n 

2: b2n w 
n=O 

as the boundary condition at w = 0 has removed the solution with odd 

powers of w. The recurrence relations for the b are 
n 

(C3) 

-¢bk 
bk+2 = (k+l) (k+2) k = O, 2, 4 ••• co (C4) 

and the eigenvalues are determined by equation 3.27. Thus 

2. Power/Uniform 

In this case 

X 

and equation 3.9 becomes 

co b2n 
2: -- = 

2n+l 
n=O 

a (l+a)y 

0 . 

1jJ = K/6 

(C5) 

(C6) 
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where ~ = 6y(l+a)/K and w = 1-y. The power series solution is 

00 

H (w) = l: 
n=O 

b 
n 

n 
w 

(C7) 

(CB) 

with the boundary condition at w = 0 removing the second linearly indepen-

dent solution as it has a non-zero slope at w 

relations for the b are 
n 

and 

0. The recurrence 

where the coefficients e are the binomial expansion coefficients of 
m 

a (1-w) • Equation 3.27 is used to evaluate the eigenvalues so 

00 

l: 
n=O 

b J (0, 1, a) 
n n 

and J (0, 1, a) is defined in Appendix B. 
n 

3. Logarithmic/Uniform 

In this case 

X= 1 

and equation 3.9 becomes 

1 
I< (1 + lny) 

0 

2 
d H + (8 + ~ln(l-w))H = 0 
dw

2 

K/6 

(C9) 

(ClO) 

(Cll) 

(C12) 

where 8 = 6(1 + /f/8 1/K)/K, ~ = 6/f/8/K
2 

and W 1-y. The power series 

solution is 

00 

H(w) = l: 
n=O 

b 
n 

n 
w (Cl3) 

with the boundary condition at w = 0 removing the second linearly indepen-

dent solution as it has a non-zero slope at w 

for the b are 
n 

0. The recurrence relations 
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k+l 
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l, 2 •.• 00 

Equation 3.27 is used to evaluate the eigenvalues so 

and (0, 1) is defined in Appendix B. 

4. Power/Power 

In this case 

a x = (l + a)y 

and equation 3.9 becomes 

1) J "" 0 

1-a 
...:.<_1-~y~)...:.Y..,.--- a < 1 

a(a+l) 

2 d
2 

dH 
(w-w ) H + (l-8w) -- + ~(1-w) dw = 0 

(Cl4) 

(Cl5) 

(Cl6) 

(Cl7) 

2 
where 8 = (2-a), ~ = y(l+a) a and w = 1-y. Frobenius' method must be used 

to obtain the power series solution as the point w = 0 is a regular 

point. Using the boundary condition at w 0 to eliminate one 

of the solutions the power series solution is 

00 

H(w) = L: 
n=O 

b 
n 

with the recurrence relations given by 

n 
w 

o, 1 ... co 

where the coefficients e are the binomial expansion coefficients of 
m 

(l-w) 2a. Equation 3.27 is used to evaluate the eigenvalues so 

00 

L: 
n=O 

b J (0, 1, a) = o 
n n 

with J (0, l, a) defined in Appendix B. 
n 

(ClB) 

(Cl9) 

(C20) 



5. Uniform/Parabolic 

In this case 

and equation 3.9 becomes 

X = 1 
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1jJ = Ky(l-y) 

2 d
2
H dH 

(w-w ) -- + (l-2w) - + <jlH = 0 
dw2 dw 

(C21) 

(C22) 

where ¢ = y/K and w = 1-y. Frobenius' method must be used to obtain the 

power series solution as the point w 0 is a regular singular point. 

Using the boundary condition at w 0 to eliminate one of the solutions 

the resulting power series solution is 

00 

H (w) 2: 
n=O 

b 
n 

n 
w 

with the recurrence relations given by 

[k (k+l) - <jl]bk 
_______ ..:.:;: k = 0, 1, ..• oo 

(k+l) 
2 

Equation 3.27 is used to evaluate the eigenvalues so 

6. Power/Parabolic 

In this case 

X 

and equation 3.9 becomes 

00 b 
n 

2: 
n+l 

n=O 
0 

Ky(l-y) 

(C23) 

(C24) 

(C25) 

(C26) 

(C27) 

where ¢ = y(l+a)/K and w = 1-y. As the point w = 0 is a regular singular 

point Frobenius' method must be used to obtain the power series solution. 

The boundary condition at w = 0 eliminates one of the two linearly 

independent solutions and thus the power series solution is 

00 

H(w) = 2: 
n=O 

b 
n 

n 
w (C28) 
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with the recurrence relations given by 

where.the coefficients e are the binomial expansion coefficients of 
m a (1-w) • Equation 3.27 is used to evaluate the eigenv~lues so 

00 

2: 
n=O 

b J (O, 1, a) = o 
n n 

with J (0, 1, a) defined in Appendix B. 
n 

7. Matched Solution: Logarithmic/Parabolic and Linear/Linear 

For this case 

xl =l+Al. 8 K 

x2 = s Y 

where y = exp~A K], B 0 

Region 1 y < y < 1 
0 

(1 + lny) 

=A/Kyo. 

Equation 3.9 becomes 

l)Jl = Ky(l-y) yo < y < 1 = 

ljJ2 = y K(l-y) 0 < y < y 
0 

2 (w-w ) 
dH

1 
(l-2w) dw + (8 + ¢ ln(l-w))H1 = 0 

0 

(C29) 

(C30} 

(C31) 

(C32) 

(C33) 

where e = [1 +A ~)/K, ¢ = A/K
2 

and w:::: 1-y. Frobenius' method is used 

to determine the power series solution as w = 0 is a regular singular 

point. The boundary condition at w = 0 eliminates one of the two linearly 

independent solutions with the result that 

00 

1 
n=O 

and the recurrence relations are 

b 
n 

n 
w (C34) 
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Region 2 0 < y < y = 0 

Equation 3.9 becomes 

0 (C36) 

where 6 = y ~/K2 
andy' = y/y

0
. The transformation to y' was chosen 

because in the original co-ordinate y the coefficients of the power series 

solution became very large (order of 1020 ) due to the large value of S , 

the velocity gradient. The point y' = 0 is an ordinary point and due to 

the boundary condition at this point the only valid power series solution 

is 

with the recurrence relations 

Solution 

00 

E 
n=O 

b I 0 
1 

b' y•n 
n n 

1, 2 ... 00 

(C37) 

(C38) 

The two continuity conditions that must be satisfied at y y
0

, 

equations 3.47 and 3.48, may be used to determine the ratio of the under

mined coefficients, b and b', and the eigenvalues. If b and b ' are 
0 0 0 0 

set to unity and an unknown constant A is introduced such that 

00 

A l.: 
n=O 

the continuity of concentration at y = y , which also demands the 
0 

(C39) 

continuity of each eigenfunction at y = y
0

, may be used to find A. Thus 

A= 

l.: 
n=O 

n b (1-y ) 
n o 

00 

E 
n=O 

b' 
n 

Instead of using the continuity of flux to determine the eigenvalues 

(C40) 
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equation 3.27 may be used as, for the case of matched solutions, it 

includes the continuity of flux at y = y in its derivation from the 
0 

diffusion equation. Thus the eigenvalues are found from 

00 b' 00 
2 

ASy 
0 

2: __!!__ + 2: 
n+2 r ( A 1) (1-yo)n+l 

b 1 + --
n 8 K n+l Al + -I (y 

K n o' 0. (C4l) 
n=O n=O 

Note for this solution the defined velocity distribution is not consistent 

with the definition of X as it does not have a depth-averaged value 1. 

However the amount the depth-averaged value of the given X deviates from 

1 is negligibly small. 

8. Matched Solution: Power/Parabolic and Power/Uniform 

In this case 

(1 + a) y 
a 

1jJl 0.25K Yz < y < 1 xl = 
(C42) 

X (1 + a) y a 
1jJ2 Ky(l-y) 0 < y < Yz 2 (C43) 

Region 1 Yz ~ y ~ 1 

Equation 3. 9 becomes 

0 (C44) 

where w = 1-y and ¢ = 4y(l+a)/K. Using the boundary condition at w = 0 

the power series solution, expanded about the ordinary point w = 0, is 

00 

2: 
n=O 

with the recurrence relations given by 

0 

b 
n 

n 
w (C45) 

(C46) 

a 
and the coefficients e are the binomial expansion coefficients of (1-w) . 

m 

Region 2 0 ~ y ~ 1 

Equation 3.9 becomes 
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d
2
H dH 

2 ____ 2 + 2 a 
(w-w ) dw (1-2w) dw + cp (1-w) = 0 (C47) 

where cp = y(l+a)/K and w = 1-y. The point w 0 is a regular singular 

point so Frobenius' method is used to find the power series solution. As 

the boundary condition at w = 0 is not applicable to this solution the 

power series solution retains the linearly independent solution incorpora

ting the logarithmic term and thus is given by 

co 

2:: 
n=O 

b' wn + B[lnw 
n 

co co 

2:: 2:: 
n=O n=l 

where b' has been set to unity and A and B are unknown constants. 
0 

The recurrence relations for the coefficients b' and c' are 
n n 

0, 1. .. co 

(k+l) 

and 

(C48) 

(C49) 

k(k+l)ck- c/J(ciek-l + ..• + cke
0

) - 2(k+l)bk+l + (2k+l) 1 

------~~----~--~------------~----------~-=----------~ k=O,l ••. 00 

(k+l) (C50) 

where the coefficients e are as defined in region 1. 
m 

Matching Solutions 

Equations 3.47 and 3.48, stating the continuity of concentration 

and turbulent mass flux at the boundary dividing regions 1 and 2, can be 

used to determine the constants A and B if b is set to unity. Thus 
0 

- e6el 
B = 

e5el 
(C51) 

and 
- Be

2 
A = (C52) 

00 

el = 2:: b~(~)n 
n=O 

where (C53) 

00 ro 

ln(~) E b' (~) n + 2:: 
n 

e2 = c' (k) 

n=O 
n n=l 

n z (C54) 

00 

e3 = E b (~)n 
n=O 

n 
(C55) 



Finally 

may be 

00 

A L 
n=O 

es = 

e6 = 

00 

L 
n=O 

2 

nb' 02) n-l 
n 

00 

L b I (:k:) n + 
n=O 

n 2 

00 

L n b (Yz)n-1 

n=l 
n 
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00 00 

ln(Yz) L n b 1 (Yz)n-3..+ L: n 
n=l 

n 
n=l 

equation 3.27, which incorporates the boundary 

used to determine the eigenvalues, thus 

00 

b' J (0' Jz, a) + B L bl K (0, Jz, a) 
n n 

n=O 
n n 

00 

+ L 
n=O 

b J (Yz, 1, a) 
n n 

00 

+ B L 
n=l 

0 

1 (1) n-1 
en Yz 

condition 

cl J (0, Jz, 
n 0 

where the integrals J and K are defined in Appendix B. 
n n 

(C56) 

(C57) 

(C58) 

at y 0, 

a) 

(C59) 
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Appendix SUMMARY 

SOLUTIONS . . 

POWER 

p 

Details of the power series solution corresponding to the approxi

mate uniform diffusivity and uniform velocity distributions are included 

in this appendix. 

Uniform/Uniform 

In this case 

X 1 and 1/J = K/6 {Dl) 

and equation 4.11 becomes 

2 
d H e dH+ <jJH 0 --+ = 
dl 

dy 
{D2) 

where 8 = 6A/K and ¢ = 6y/K. The point y = 0 is an ordinary point and 

therefore the power series solutions are 

00 

{y} 1 + 2: b n 
y 

n=2 
n {D3) 

00 

and H2{y} 2: b' n :::: y + y 
n=2 

n 
{D4} 

with the recurrence relations for the b and b 1 both given by 
n n 

-8(k+l}bk+l - <jlbk 
(k+2) (k+l} k = o, 1. .. co. ( DS} 

The eigenfunctions are a linear combination of H
1 

and H2 such that 

H (y} = AH
1 

+ BH
2 

(D6} 

where A and B are undetermined constants. To determine the ratio of A to 

B the boundary condition at y = 0 

dH 
- + (1- t\ } 8H = 0 
dy 1. 

(D7} 

may be used. Therefore 
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B=-6(1-o )A 
1 (D8) 

The absolute values of A and B may only be calculated if a normalisation 

condition is specified. An integrated form of the governing equation is 

used to determine the eigenvalues. This is 

~ ( H dy + 0 
2

8H(l) -0 
1

BH(O) 

0 

0 . 

Therefore the eigenvalues are evaluated from 

n~O [~ [:~ + ::~] + 0 2B (Abn + Bb~)J - 0 6A = 0 • 
l 

(D9) 

(DlO) 
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Appendix SUMMARY OF POWER 

SOLUTIONS CHAPTER 5 

Details of the power series solution corresponding to the lateral 

diffusivity with a vertical dependence given by equation 5.33 are included 

in this appendix. 

Power/Parabolic/Linear 

In this case 

a 
X = (l+a)y 

and equation 5.12 becomes 

Ky(l-y) l/!zl 
= 1-y+ll 

ll+Yz 

2 d
2

H dH a 
(w-w ) - + (l-2w) - + [<jl (1-w) - 8 (W+ll) ]H = 0 

dw2 dw 

(El) 

(E2) 

where w::::: 1-y, <jl = y(l+a)/K and 8 
2 S /(ll+ Yz)K. The point w = 0 is a 

regular singular point and Frobenius' method is employed to obtain the 

power series solution. The boundary condition at w = 0 rules out one of 

the two linearly independent solutions leaving 

H(w) = E 
n=O 

b 
n 

n 
w (E3) 

as the solution to equation E2. On substituting equation E3 into E2 the 

following set of recurrence relations are obtained: 

b = k+l 

k (k+l) 

The coefficients 

(E4) 

- ¢(e bk + .•. ekb ) 
0 0 k 1, 2 .. ·"" (E5) 

are the binomial expansion coefficients of (1-w)a. 

The eigenvalues are evaluated from an integrated form of equation 

E2 incorporating both boundary conditions. Thus the characteristic 

equation is given by 
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co B 2 co 

[n!2 + n~l) = 
y (l+a.) L: J (0 1 1, a.)b -- L: b 0 (E6) 

n=O 
n n ll+%? n n=O 

where the integrals J (0, 1, a) are defined in Appendix B. n 
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Appendix TWO-DIMENSIONAL CONCENTRATION 

RESULTS 

The two-dimensional concentration results have been discussed in 

section 7.3.2 where a selection of the results were presented. Runs 202, 

302, 303 and 304 were illustrated in figures 7.9, 7.10, 7.11 and 7.12. 

The results of the remaining runs, excepting Run 301, are presented here. 



.~ 
5 

...._ 

2 f. ...._ 
c 
~ 

~3 -CJ c 
.!;? 2 
V) 
c 
(IJ 

.E: 
i3 

I 
c 
0 
<: 0 

c2 
~ 
2 c 
(lJ 
u c 
8 
0 c 
.!;? 
V) 

~ 

~ 
I 

c 
~ 0 

0 

0 

c 5 
0 ·-

1 Y = o.8sl 
...._ 
CJ fll 

.!::: f. I c 
(IJ 
u c 
8 3 -CJ 
c 

.!;? 2 V) 

c 
(IJ 

.§ 
"tl 

I 

c 
~ 00 12 21. 36 1.8 60 

Non-dimensional Distance 

Figure F.l 

12 21. 36 1.8 60 

Non-dimensional Distance 

c 2 .!;? ...._ 
CJ 

IY=0.69I .!::: 
c 
(IJ 
u c 
8 
-CJ 

.~ 
V) 

t 
"":::..-:::..-=."":::..-::._~- E: 

i3 
I 

c 

12 24 36 1.8 60 

0 
<: 0 

0 

Non-dimensional Distance 

201 RUN 
~ 2 

Longitudinal profiles of the CJ 

two-dimensional concentrations. .!::: c 
The theoretical curves are: t 
(1) Logarithmic velocity and C 

parabolic diffusivity (shaded) 8 
( 2) Uniform velocity and uniform 0 

diffusivity (dashed). § 
Source height= 0.77. ·~ 

c 
(IJ 

.§ 
"tl 

I 

c 
~ 

36 1.8 60 

Non-dimensional Distance 

21. 36 1.8 60 

Non-dimensional Distance 



-~ 5 
-....;; 

2 ..... c: t. I Y = o.BsJ ~ 

~ 3 
'"5 
-~ 
II) 2 
~ 
~ 

1 I 

c: 
~ 

0 
0 12 

Non-dimensional Distance 

Non -dimensional Dis fance 

Figure F.2 

Non-dimensionaf Distance 

203 
c:2 
-~ ...._ 

~~~:!1~:!::!n~~o~!~~=n~;a~~~ns. ~ 
The theoretical curves are: ~ 

IJ 
(1) Logarithmic and § 

parabolic diffusivity (shaded~ 

Non-dimensional Distance 

(2) Uniform velocity and uniform '"5 1 ~---------------------------------------~ 
diffusivity (dashed). § 

Source height = 0.92. -~ 
(I) 

.E: 
"5 

I 

~ 
00 21. 36 48 60 

Non-dimensional Disfance 



2 c::2 c:: ~ ;g 
I Y =o.asl e 0 -....;; 

~ fti c:: 
Cll \...) 
\...) c:: 

~ a -- 1 CJ 1 CJ c:: 
.~ 0 

• Vi 
V) c:: c:: Cll 
Cll .§ 
~ "tl 

I 
I c:: 

~ 0 

00 
<::0 

12 24 36 48 () 

Non-dimensional Distance 

Figure F.3 

Non-dimensional Distance 

IY= 0.691 

~----=== 
1$1. •••• _,...,. ..- -----

/.. ..... - -e: .· . ..,., ..,.."""""""' A· .. / .,., 
/ ./ o:_:/ .// 

h '/ / v v.,/ 

12 21. 36 48 60 

Non- dimensiona I Dis fance 

RUN 204 

Longitudinal profiles of the 
two-dimensional concentrations. 
The theoretical curves are: 
(1) Logarithmic velocity and 

parabolic diffusivity (shaded) 
(2) Uniform velocity and uniform 

diffusivity (dashed). 
Source height = 0.11. 

2 
.~ .._ 
_g 
c:: 
Cll 
\...) 

c:: 
8 - 1 CJ 
c:: 
·2 
II) 

t 
.§ 
"tl • c:: 
~ 00 

0 
.§ 2 
V) 

ai 

I Y= 0.46l 

12 24 36 1.8 60 

Non-dimensional Distance 

~ 1 ~----------------------~~ 
I 

c:: 
0 

<:: 0 ~~~~~~~~~-L~-L~~ 
0 12 21. 36 1.8 60 

Non-dimensional Distance 

N 
I-' 
CD 



c: 5 
.S? 
........ 
0 

.k:: I. 
c: 
UJ 
v c: 
8 3 

0 c: 
.Q 
V) 
c: 
UJ 

.§ 1 
"b 

I 
c: 
~ 

I Y= o.asl 

Non-dimensional Distance 

12 2!. 36 !.8 60 

Non-dimensional Distance 

c2 
.S? ...._ 

2 ...._ 
c: 
UJ v c: 
8 --0 1 c 
.S? 
V) 
c: 
UJ 
E: 

13 
I I c: ~ 0 

<=o 
0 

Figure F.4 

c 
.S? 

I Y=0.69l 
...._ 

2 
""-' c: 
UJ 

~ 
8 
--0 
c: 
0 ·-V) 

c: 
UJ 
E: ·-"b 
I 

c: 
~ 

12 21. 36 !.8 60 

Non-dimensional Distance 

RUN 205 
c: 
~ Longitudinal profiles of the o 

two-dimensional concentrations. ~ 
The theoretical curves are: ~ 

(l) Logarithmic velocity and ~ 
parabolic diffusivity (shaded) U 

(2) Uniform velocity and uniform o 
diffusivity (dashed). ~ 

Source height = 0.38. ·~ 
UJ 

.E: 
i5 

I 
c: 
~ 

5 

l. 
I y =0.t.6l 

3 

2 

0 
0 12 2!. !.8 60 

Non-dimensional Distance 
[\) 

1-' 
\.0 

2 ~~~~~~-r,-~~~~~~~ 

00 12 2!. 36 !.8 60 

Non-dimensional Distance 



220 

Appendix G T OF N ERROR IN S 

In section 6.2.3 a brief discussion focussed on the difficulty in 

determining the slope of the flume beddue to the unevenness of the 

perspex bottom. It was felt that it would be a worthwhile exercise to 

compare the theoretical solution generated with an extreme error in S to 

the experimental results and the theoretical solution using the measured 

value of S. 

A value of S 20% greater than that measured was chosen. Such an 

increase in S causes an increase in u* and also K, as u*/K is constant 

from the velocity profiles, of approximately 10%. It was shown in Chapter 

3 that the first eigenvalue was essentially proportional to K and thus a 

20% increase inS will cause approximately a 10% increase in y
1

• An 

increase in the mixing rate, as this is almost proportional to lfK, of 

20% will be obtained. 

The two theoretical solutions and experimental results for Run 303 

are presented in figure G.l. The solid lines with shading correspond to 

the theoretical solution generated with a logarithmic velocity, parabolic 

diffusivity and the measured value of S. As for the two-dimensional 

results presented in Chapter 7 the experimental error in determining the 

region of the flow sampled by the probes is represented by the theoretical 

solutions, the two curves corresponding to heights in the flow 2 mm above 

and below the stated non-dimensional sampling level. 

The increase in mixing rate (decrease in mixing distance) is readily 

identified but as the two solutions have essentially the same form of 

velocity and diffusivity, even if their magnitudes differ, the shapes of 

the two sets of theoretical curves are the same. Considering the chosen 

error in S is extreme the theoretical solutions exhibit a degree of 

insensitivity to such an error and thus they may be used with considerable 

confidence. 
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Appendix H COMPARISON WITH THE COMPOSITE 

DIFFUSIVITY OF VAN RIJN 

A recent paper by van Rijn (1984) presents a composite diffusivity 

distribution that is constant in the upper half of the flow and parabolic 

in the lower half such that the two distributions have the same value at 

the mid-depth. The parabolic diffusivity is the same as that used in the 

theoretical solutions of Chapter 3. Thus 

E 
y 

0.25 Ku*d 

Ku*dy(l - y) 

y > 0.5 

y < 0.5 (Hl) 

where y is non-dimensional. His reasoning for using this particular 

distribution follows from the results of Coleman (1970) (discussed in 

Chapter 2) and "because it may give a better description of the concen

tration profile". 

In this appendix a theoretical solution using this composite 

diffusivity in conjunction with a power law velocity (the justification 

of this can be found in Chapter 3) is compared to the logarithmic velocity 

and parabolic diffusivity solution (denoted L/P) and the experimental 

results of Runs 203 and 302. 

These comparisons are illustrated in figures H.l and H.2, the L/P 

solutions being shaded. As expected, with a source in the upper half of 

the flow where the two diffusivities are significantly different, the two 

solutions are substantially different with the composite solution predict

ing more rapid initial mixing than is observed in the experimental results. 

The composite solution does predict a slightly more rapid approach 

to equilibrium conditions than the L/P solution which is in reasonable 

agreement with the results of Run 203 but not those of Run 302. However 

this feature can be caused by an error in S or K and the near field results 

imply the functional form of the diffusivity is incorrect in the upper 

half of the flow. 

For flow B the L/P solution predicts the ideal source to be 

located at y = 0.57 while the composite distribution predicts it to be 

at y 0.53. Considering the results of Run 304, which confirmed the 
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correctness of the location of the ideal source predicted by the L/P 

solution, this result represents further evidence that the uniform 

diffusivity in the upper half of the flow is incorrect. 

When the source is placed near the bed the predictions of the two 

solutions are essentially the same. 

The experimental results of Ueda et al. (1977) demonstrated that 

the eddy viscosity decreased to zero at the free surface. This result is 

supported by the experimental results of Jobson and Sayre (1970) and the 

present study for the vertical mass transfer coefficient for dissolved 

contaminants. The use of such a composite diffusivity distribution there

fore must be justified by the presence of the sediment in the flow. 
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Appendix I GROWTH OF VARIANCE WITH X 

RESULTS 

In section 7.4.1 the rate at which the variance of the lateral 

concentration profiles grew with downstream distance was discussed and 

the results for Runs 204, 303 and 202 were presented in figures 7.14, 

7.14 and 7.15 respectively. The results of the remaining runs are 

presented here. 

Least squares best fit lines were obtained for the growth of o2 

with x for each height in the flow at which profiles were measur~d once 

this growth had approached linearity i.e. outside the near-source slow 

spreading region. The slopes of these lines are given in the diagrams. 

Measurements were made at 12 downstream stations for each run 

except Run 304 where measurements were taken twice at stations 5-8 as 

described in section 7.3.2.1. Both sets of results at stations 5-8 are 

incorporated in figure I.6 and their consistency is readily seen. 

For some heights in the flow the variances at some near-source 

stations have been omitted. This is due to the fact that the dispersing 

material had not reached these levels in sufficient quantity for an 

accurate variance to be calculated. 
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