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ABSTRACT 

Theoretical and practical aspects of solving the Fourier phase prob-
'if y~ 

lem are presented. 

Reconstructing an image, or the phase of its Fourier transform 

(visibility), when only the ·magnitude, or intensity, of its visibility 

is given, presents what is called a phase problem. If it is to be a Four

ier phase problem, then samples of the visibility magnitude must be avail

able at at least twice the Nyquist rate in each direction in Fourier space. 

The phase reconstruction algorithms which are discussed in this thesis can 

then be employed. 

The fields of technical science in which Fourier phase problems arise 

are listed and commented on. Particular attention is paid to high-resolu

tion optical astronomy, and to a lesser extent to radio astronomy. Recent 

advances in astronomical imaging techniques are discussed and illustrated 

with results obtained from optical laboratory simulations. The phase prob

lem associated with X-ray crystallography is also discussed and is shown 

not to be a Fourier phase problem. 

The question of uniqueness of the solution to the phase problem is 

considered. Practical constraints that can be placed on real-world images 

are shown to reduce the ambiguity of the solution, especially in more than 

one dimension. The constraint of non-negative realness, or positivity, of 

the image, is particularly restrictive. Existing theory on the uniqueness 

question is reviewed. One-dimensional phase problems usually have ambigu

ous solutions, whereas in two (or more) dimensions it appears that solu

tions are almost always unique. 

Some phase reconstruction algorithms that have proved effective in 

practice are explained. Algorithms for solving one-dimensional phase 

problems are nearly all direct, but additional information is usually 

necessary to resolve the inherent ambiguity of the solution. Two- (or more) 

dimensional algorithms, on the other hand, are nearly all iterative. 

The practical implementation of a discrete two-dimensional phase 

reconstruction algorithm is described. The algorithm, called crude phase 

estimation (CPE), is sho\vn to produce useful estimates of the visibility 
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phase. A method of optimising the fidei.li ty of the estimated phase is 

described which requires no a priori information about the image. 

Further improvement of the estimated phase is obtained by iterative 

processing of the kind pioneered by Fienup. Certain kinds of image are 

identified as being difficult to reconstruct unless CPE and the iterative 

algorithms are supplemented by ancillary procedures. Two such procedures 

are described. The first, called pre-filtering, is designed to reduce 

noise. Although CPE and the iterative algorithms are not unstable with 

noisy data, the quality of the reconstruction is shown to be enhanced by 

pre-filtering. The second ancillary procedure has two stages called 

defogging and refogging. They are shown to assist in reconstructing 

images which are comprised of faint detail superimposed on large amplitude 

backgrounds. Defogging modifies the visibility magnitude before the 

actual reconstruction algorithms are invoked. Fine detail in the image is 

usually recovered more effectively in this way. In a range of situations 

of potential practical importance, the detail is often impossible to 

recover without the aid of the ancillary procedures. 

CPE, the iterative algorithms and the ancillary procedures are com

bined into a composite reconstruction scheme. Examples are presented 

using both computer-generated data and data measured in the optical labora

tory. The composite scheme is shown to be particularly useful for recon

structing images of the kind occuring in high-resolution astronomy. 
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PREFACE 

The work that is reported in this thesis began in 1980 when I en

rolled for a Ph.D. I was following in the footsteps of several Ph.D 

graduates who had worked on aspects of various phase problems with my 

supervisor, Professor R.H.T. Bates. They had established an optical 

laboratory for simulating the atmospheric seeing conditions that plague 

high-resolution optical astronomy. They had developed new imaging tech

niques such as speckle holography, speckle masking and shift-and-add. 

Professor Bates suggested to me that we work together on developing 

a more'global' approach to phase problems than had previously been feas

ible. We decided to concentrate on problems of interest in radio engineer

ing and optical astronomy, keeping X-ray crystallography in mind in case 

anything promising arose. As things have turned out, my results are prob

ably of most immediate use in astronomical contexts, but they have very 

much wider potential application. 

As a lead in to my main research, and as a preliminary study of his 

ideas on optical synthesis telescopes, Professor Bates encouraged me to 

look at ways of amalgamating different one:-dimensional phase recovery 

algorithms. One of Professor Bates• previous students, Dr P.J. Napier, 

now deputy site manager of the United States National Radio Astronomy 

Observatory's Very Large Array at Socorro, Ne>v Mexico, had explored the 

use of complex zero theory in one dimension to solve phase problems of 

interest in radio engineering. I took his results and applied them to the 

data I had recorded in our optical laboratory, relating to simulations of 

astronomical speckle interferometry with a long, thin pupil. The results 

have been reported inapaper by Professor Bates and my.self to the Monthly 

Notices of the Royal Astronomical Society. 

In August 1981 Professor Bates hit on an idea for a direct method of 

approximately solving the two-dimensional phase problem. I worked with him 

and developed a practical phase recovery algorithm that is the centre-piece 

of this thesis. Nore ex-periments were carried out in the optical labora

tory, this time involving two-dimensional images. The experience gained 

led to the development of ancillary procedures to assist the main phase 

recovery algorithms. 
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As my research progressed it became clear to Professor Bates and 

myself that no one algorithm would ever be likely to be capable of success

fully recovering phases under all conditions of practical interest. It 

seemed essential to develop an armoury of algorithms and to combine them 

into a composite procedure, capable of adapting to the requirements of 

the wide range of data which can be expected in any practical application. 

The 'Canterbury Algorithm' reported in this thesis is just such a procedure. 

There is plenty of room for further improvement of course, and I am already 

collaborating with several of Professor Bates' more recent research stu

dents, trying to help them and attempting to refine my own ideas. 

A chapter-by-chapter synopsis of the thesis now follows. I make 

clear which parts of each chapter report my own original contributions. I 

wrote the software for all of the algorithms and data reductions referred 

to in this thesis. 

The thesis is written in eight chapters. Chapter 1 introduces the 

Fourier transform and related Fourier theory that underlies the phase 

reconstruction algorithms described in later chapters. The reader is intro

duced to the Fourier phase problem which is placed in context with other 

kinds of phase problems. 

In Chapter 2, the fields of astronomy and x-ray crystallography are 

examined in some depth. High-resolution optical and radio astronomy are 

of interest here because they present the kinds of phase problems that 

are solvable by algorithms described in later chapters. X-ray crystallo

graphy, on the other hand, is mentioned for quite. the opposite reason. It 

is instructive to exruldne this application which presents a non-Fourier 

type of phase problem as explained in §2.4. 

Chapter 3 is a bridge between the first part of the thesis, which 

introduces phase problems, and the latter parts which attempt to solve 

them. This chapter seeks to answer questions like: is it the magnitude or 

is it the phase of the Fourier transform that is dominant in determining 

the appearance of an image?; how is the ph~se of the Fourier transform con

strained by the magnitude?; where and in what respects can the solution to 

the Fourier phase problem be expected to be unique? Most of this chapter 

is of course a review of previous researchers' results. Significant parts 

of it are, however, 'Canterbury contributions', the refinements of collab

orative theoretical specula·tions and detailed analysis by Professor Bates 

and myself. 
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Several of the known phase•reconstruction algorithms that have been 

proven to be effective in practice are reviewed in Chapter 4. One-dimen

sional and two-dimensional approaches are treated. Particular attention 

is paid to iterative two-dimensional phase reconstruction schemes, espec

ially those due to Dr J.R. Fienup of the Environmental Research Institute 

of Michigan. 

Professor Bates' direct two-dimensional phase reconstruction algorithm 

and its practical implementation is described in detail in Chapter 5. This 

implementation is due to myself. Examples are presented to illustrate the 

kinds of reconstruction that are possible for a range of different objects. 

Certain kinds of images are identified in Chapter 6 as being difficult 

to reconstruct by any one algorithm alone. Two ancillary procedures and 

their remedial action are described. The underlying ideas were generated 

jointly by Professor Bates and myself. The development of the procedure 

is due to me. This is a short chapter which simply explains how to apply 

the ancillary procedures. 

Chapter 7 is where the whole phase reconstruction story comes 

togethe~ A strategy is described which combines the pre-processing stages 

introduced in Chapter 6, the direct phase estimation algorithm of Chapter 

5, and the iterative techniques of Chapter 4. Several examples are pre

sented to show how this composite phase reconstruction scheme performs with 

data both computer generated and recorded in the optical laboratory. While 

the overall strategy was hammered out in many prolonged discussions which 

I had with Professor Bates, all of the actual development was done by my

self. 

In Chapter 8 a number of promising avenues for future research are 

suggested. A summary of the thesis and conclusions follow at the end of 

this chapter. 

This is a convenient place to make some remarks about the diagrams 

found throughout the thesis. Four different kinds of computer generated 

graphics are used, namely, one-dimensional line plots, contour graphs, 

relief maps and grey-scale displays that have been photographed. Whenever 

~~ image is presented it is always the complete array that held the image 

in the computer which is displayed. The size of this array for all phase 

reconstruction examples is 64 x 64 pixels (ie picture elements). Therefore 
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the true image in any example is never larger than 32 x 32 pixels to ensure 

an oversampling factor of at least 2 (§1.7). Whenever the visibility mag

nitude is presented it is always the centre one-half that is displayed, with 

the origin in the middle. In other words, the FFT array is displayed at 

twice the scale used for displaying images, but is truncated to occupy the 

same sized picture. 

The amplitude range on nearly all figures is normalised since compara

tive and not absolute amplitudes are usually of interest. 

Papers and presentations prepared during the course of this research 

are listed below in order of preparation: 

Bates R.H.T., Fright W.R., Cady F.H., Berzins G.L. "Speckle processing, 

shift-and-add and compensating for instrument aberrations", originally 

published in Proc. Advanced Institute on Transformations in Optical 

Signal Processing (held in Seattle, Feb. 1982) ; also in ".Transforma

tions in Optical Signal Processing" eds. 1'7. T. Rhodes, J. R. Fienup and 

B.E.A. Saleh, SPIE, Bellingham, W.A. (1983). 

Bates R.H.T. and Fright W.R. 1982. "Towards imaging with a speckle-inter

ferometric optical synthesis telescope", Hon. Not. R. astr. Soc. 198, 

1017-1031. 

Fright W.R. and Hinard R.A. 1983. "Optical and digital image processing", 

presented at the IPENZ Conference (1982), Proc. IPENZ. 

Bates R.H.T., Hunt B.R., Robinson B.S., Fright W.R., Gough P.T. ''Aspects 

of speckle interferometric imaging", in Proc. International Conference 

on Electronic Image Processing, University of York, U.K. (July 1982), 

IEE Conference Publication 214, 164-168. 

Fright W.R. and Bates R.H.T. 1982. "Fourier phase problems are uniquely 

solvable in more than one dimension: III: computational examples for 

two dimensions:, Optik 62, No. 3, 219-230. 

Bates J.H.T., Fright W.R., Millane R.P., Seagar A.D., McKinnon A.E., Bates 

R.H.T., Bates, G.H.T. and Norton W.A. "Subtractive image restoration. 

III: some pratical applicatio:t1s", Optik 62, No. 4, 333-346. 
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procedure", J. Opt. Soc. Am. 73, No. 3, 358-365. 
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GLOSSARY 

All mathematics and symbols are typed in italics. Symbols represent

ing vector quantities are underlined. Where special terms are first 

defined they are also typed in italics. The first time a symbol or an 

abbreviation appears it is defined, but for reference the main ones are 

defined below. Note that image space quantities and their Fourier trans

forms are denoted by lower- and upper-case symbols respectively, unless 

other symbols are more appropriate. 

(i) 

++ 

Jrx; J 
drJ( ) 

I I 
phase{ 

* 
f) 

± 

< > 

u 
i 

n 
e 

~ 

Re 

Im 

EVEN 

Symbols 

1 
J 

a Fourier pair 

K-dimensional integral 

K-dimensional volume element 

magnitude of a complex quantity 

phase of a complex quantity 

complex conjugate 

convolution 

correlation. The symbol representing a function is 

repeated to represent the function's autocorrelation, 

eg ff = f :k f 
time average, ie T 

s (x_, t) ; J s(x,t) dt 
0 

ensemble average, ie 

<S (x)> 
m 

1 M 
M I 

m=1 

s (x) 
m 

union of sets identified by the subscript i. The subscript 

is omitted when there are only 2 sets, eg {zm} U {zm*} 

intersection of sets 

member of the set 

not a member of the set 

real part of a complex quantity 

imaginary part of a complex number 

even part of a function 
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ASI 

CPE 

DFT 

FT 

FFT 

LHS 

LO 

LWH 

MEM 

OTF 

psf 

RHS 

rms 

SAA 

VLA 

VLBI 
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Abbreviations 

astronomical speckle interferometry 

crude phase estimation 

discrete Fourier transform 

Fourier transform 

fast Fourier transform 

left hand side 

local oscillator 

Lynds, Worden, Harvey 

maximum entropy method 

optical transfer function 

point spread function 

right hand side 

root-mean-square 

shift-and-add 

Very Large Array 

very long baseline interferometry 



CHAPTER 1 

PRELIMINARIES 

Many activities in physics and engineering involve the determination 

of one physical quantity from measurements of another. A relationship 

between the quantities is formulated by considering the physics of the 

situation and applying mathematical analysis. An effort is made to 

express the relationship as a transformation which is inve~tible. In this 

way it is possible to inverse transform the measurements to determine the 

unknown quantity. This general description is familiar to anyone working 

in astronomy, microscopy, radio engineering or crystallography. In these 

fields, and others listed in Table 1.1, the transformation between quan

tities is the Fourier transform. 

object 

FT 
~ 

visibility 

FT 
~ 

image 

Figure 1.1. Diagram of Fourier transform (FT) relationships between 

quantities. 

In each field three quantities can be identified: They are often 

given the names object> visibility and imageJ shown diagrammatically in 

Figure 1.1. The name object is given to the physical quantity about 

which information is being discovered. This is because the quantity is 

often material, such as a star in astronomy or a microbe in microscopy. 

The visibility, the quantity that is· often measured, or 'visible' as is 

said in astronomical interferometry, is the Fourier transform of the 

object. The inverse Fourier transform of the visibility called the 

image. This is the inversion mentioned above. It is clear that the 

'measurability' of the visibility affects the image obtained. It should 

be noted that not all of the visibility can ever be measured. In addition, 

the measuring instrument and environment may contain imperfections. In 

an ideal situation, the image is a close facsimile of the object. Hence 

calculations are performed to present the image in its most revealing 
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form. In some applications the image can be partly measured. Also 

there is often information available a priori to any measurement. All 

this information can be incorporated into the calculation of the image. 

Several schemes for doing this are discussed in Chapter 4. The termin

ology of object, visibility and image is used throughout this thesis. 

Alternative terms for the three quantities are listed in Table 1.1. 

Table 1.1 Physical systems involving Fourier transforms. 

Application 

x-ray and neutron 
crystallography 

microscopy 
(acoustic, light 
and electron) 

interferometry and 
spectroscopy 

radio astronomical 
aperture synthesis 

optical astronomical 
speckle imaging 

radio engineering 

ultrasonics 

acoustics 

communications 

speech processing 

Object 

electron density 
of molecular 
structure 

transmissivity or 
reflectivity of 
specimen (complex 
quantities in 
general) " 

spatially 
incoherent 
radiating source 
distributions 

coherently radia
ting or induced 
source distribu
tions 

signal 

1.1 THE FOURIER TRANSFOP~ 

Visibility 

diffraction 
pattern 

back focal plane 
field 

interferometric 
visibility 

spatial frequency 
spectrum 

far-field 
(Fraunhofer) 
radiating 
pattern 

temporal 
spectrum 

Image 

positive 

complex 

positive 

complex 

real 

In this thesis an image and its visibility are described by complex 

scalar functions, denoted by lower- and upper-case characters such as 

f(~ and F(~~ where !£and ~are ]{-dimensional vectors in image space and 

visibi U ty space respectively. Visibility space is often called Fow'ier 
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space. The visibility is in general complex, so that it possesses a 

magnitude and phase, both being functions of u. The magnitude IF(u) I is 

called the visibility magnitude and the phase phase{F(~} is called the 

visibility phase, where 

F(u) = IF(u) I exp(i phase{F(u)} ( 1.1) 

i is the imaginary operator= /(-1). The name visibility intensity is 

given to the quantity 

2 

IF(u) I = F(u) F*(u) (1. 2) 

where * denotes the complex conjugate. When speaking qualitatively, 

the name visibility intensity is often used interchangeably with visi

bility magnitude since the latter is related to the former simply by a 

positive square root. The image too is in general complex, although 

it is ne9essarily real in many important physical situations, as is 

indicated in Table 1.1, and is illustrated by the examples presented in 

Chapter 2. 

The Fourier transform is defined by (Papoulis 1962 p.7) 

co 

F(u) = J (X) f f(g;;) exp(-i2nu.!E) da(x) ( 1. 3) 

-CO 

where frxJf denotes a K-dimensional integral and da() is a volume element 

inK-dimensional space. f(x) and F(~ are called a Fourier transform pair 

which is identified by 

f(x) ++ F(u) (1. 4) 

The inverse Fourier transform is defined by 

co 

f(:E = f (K) J F(~ exp(i2nu.?J_) da(u) ( 1. 5) 

Almost all of the physical quantities studied here are either one 

or two dimensional. In these cases the position vectors x and u are 

expressed in Cartesian coordinates. This is the most convenient coordi

nate system for the kinds of computations invoked in later chapters. 

Therefore the notation for the Fourier transform in one dimension is 



co 
( 

F(u) = I f(x) exp(-i2~ux) dx 
) 
-co 

and in two dimensions is 

co 

-4-

F(u~v) = J J f(x~y) exp(-i2~(ux + vy)) dx dy 
_co 

1.2 THE PHASE PROBLEM 

( 1. 6) 

( 1. 7) 

It is a simple matter to reconstruct the image from the visibility, 

using (1.5), when both the visibility magnitude and visibility phase are 

known. The image thus formed is called the true image. An effort to 

compute the true image, when the visibility magnitude is given accurately, 

but the visibility phase is given only partially or not at all, presents 

what is called a phase problem. This definition covers a broad range of 

problems. Each type of problem may require a different procedure for 

its solution. It is therefore useful to attempt to classify phase 

problems. 

To begin with, phase problems can be said to be either imposed or 

inherent. In the former case, information is typically to be transmi t·ted 

over a channel, or stored in some way. For the sake of storage efficiency 

the visibility phase may be represented only partially, or not represented 

at all. After receiving or retrieving the stored information, a phase 

problem arises vlhen reconstructing the image. Procedures to solve this 

type of phase problem are of interest in the fields of speech processing 

(Nawab 1982) and image processing (Devaney, Gonsalves and Chidlaw 1977). 

Inherent phase problems occur when an object is to be sensed. Sens

ing involves either, or both, the detection of wave motion, or the forming 

of an image from the wave motion. The measurements of wave motion corre

spond to the visibility. Visibility phase may then be a problem for one 

or more of sevey-al reasons, depending on the application. When detectinq 

wave motion, the accuracy of phase measurements decreases with increasing 

frequency of wave motion. At frequencies below, say, 10 MHz, the measure

ment of phase is not difficult. At frequencies higher than this, however, 

difficulties can arise in maintaining stable phase references, as occurs 

in Very Long Baseline Interferometry (VLBI) (§2.3). In the main this is 

due to instrument imperfections causing increasing amounts of phase dis

tortion ;.,ri th increasing frequency. At visible light frequencies, and 
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higher, it is impossible to directly measure the visibility phase, and 

the best that can be done is to store the phase implicitly in some sort 

of hologram. With light, however, it is possible to form an image, and 

avoid the problems of measuring the visibility. When wave motion has 

to propagate through a distorting medium however, a phase problem 

definitely arises. This is the difficulty in optical astronomy (§2.2) 

and to a certain degree in radio astronomy, (§2.3), where the distorting 

medium is the earth's atmosphere (§2.1.2) .. In electron microscopy, only 

intensities can be measured, but in both visibility and image spaces 

(Missell 1978). In X-ray crystallography, only the intensity in visi

bility space can be measured (§2.4). 

The causes of phase problems can be summarised as being: 

- deliberate reduction of phase data for increased transmission 

or storage efficiency, 

- insensitivity of receivers to the phase of high frequency 

wave motion, 

- distortion of the phase of wave motion during propagation, or, 

- distortion of the phase of wave motion due to instrument 

imperfection. 

It is useful to further divide all phase problems into two types. 

(i) The pure phase problem is posed as: reconstruct ~~e true image, given 

only the accurate visibility intensity. Certain characteristics of ~~e 

true image are irretrievably lost when solving a pure phase problem, but 

the appearance, or form, of the true image can still be recovered. This 

is discussed further in Chapter 3. (ii) The partial phase problem is 

posed as: reconstruct the true image, given the accurate visibility 

intensity, and partial measurements of either, or both, the visibility 

phase or the image. 

The phase problem in X-ray crystallography, and any type of inten

sity interferometry, is unarguably a pure phase problem. All of the other 

phase problems mentioned above are most often partial phase problems. In 

radio astronomy (§2.3), and radio engineering (Jordan and Balmain 1968), 

phase measurements are usually feasible. In optical astronomy, extensions 

to speckle interferometry (§§2.2.4-2.2.7) are gaining increasing popularity 

for obtaining phase measurements. In electron microscopy, the intensity 

of the image is partly measured. The imposed phase problems, mentioned 

above, are also in general, partial phase problems, such as the reconstruc-
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tion from 'Fourier amplitude' problem (van Hove 1982). 

The more difficult, and therefore more interesting phase problem is 

the pure phase problem. Procedures for solving the pure phase problem 

can only be simplified when used to solve the partial phase problem. 

This thesis is concerned mainly with procedures for solving the pure 

phase problem, in a general context, ie given IF(~ I, find the form of 

f(x), with one caveati sufficient measurement must be made of the visi

bility intensity, for Fourier transform techniques to be applied. When 

this is so, the phase problem is called the Fourier phase problem. This 

condition is discussed quantitatively in §§1.5-1.7. X-ray crystallography 

presents a phase problem where this condition is not met, as is explained 

in §2.4. Solutions to the crystallographic phase problem, and other non

Fourier phase problems, are not treated in this thesis. Table 1.2 

summarises the above discussion on causes ru,d types of phase problems. 

Table 1.2 Causes and types of phase problems 

Application 

X-ray and neutron 
crystallography 

electron microscopy 

radio astronomical 
aperture synthesis 

optical astronomical 
speckle interferometrJ 

optical astronomical 
speckle imaging 

radio engineering 

ultrasonics 

acoustics 

communications 

speech processing 

Causes 

wavelength too short 
for sensing 

wavelength too short 
for sensing 

instrument imperfections 

turbulent medium 

instrument instability 

turbulent medium 

turbulent medium 

accuracy depends on 
wavelength 

distorting medium 

deliberate 
-), 

, optimisation 

Type 

pure, but non-Fourier 

partial 

partial 

pure 

partial 

partial 

partial 

pure and partial 
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1~3 THE FAR-FIELD 

Many of the examples of phase problems examined in Chapter 2 

involve wave motion, such as ultrasonic waves, radio waves, light waves 

or electron waves. In these cases the Fourier transform relationship 

between the object and visibility can be derived by considering the 

underlying physics of wave propagation. The derivation can be found 

in a number of works dealing with subjects like optics (Born and Wolf 

1976 Chapter 8, Goodman 1968 Chapter 4) or antenna theory (Silver 1965 

§6.2). The latter stages of such derivations, showing the Fourier trans

form as the limiting case of the Fresnel transform, are summarised below 

for later reference. 

Consider a region containing sources of wave motion, called the 

source region, embedded in homogeneous free space. P is an arbitrary 

point within this region, which is shown shaded in Figure 1.2. 

The source region is finite in size, or extent, and is described as 

being localised. Cartesian coordinates (x~y~z) are set up in this space, 

with the origin chosen arbitrarily to be within the source region. 

Figure 1.2 Coordinate systems for wave motion radiating from a localised 

arbitrary point within the source region, which is shown 

shaded. 

Any planes, or lines, for which z is a constant, are described as 

being transverse. The largest transverse dimension of the source region 

is denoted by D. Wave motion radiating from the source region is des

cribed by the scalar linear wave function W(x~y~z~t). Suppose that this 

wave motion is band-limited, and that the wavenumber k, wavelength A, 

and wave propagation speed a are related at a pa~·ticular angular frequency 

w, by 
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k = 2'1T/A ::::: W/c ( 1. 8) 

It is convenient to have special notation for the wave motion in two 

transverse planes. Firstly, the equivalent source plane is defined as 

a plane positioned at z=zo, such that all of the source region lies in 

the half space defined by 

z < zo (1. 9) 

The wave function ~o(xoJYo 3 t) is used to describe wave motion in the 

equivalent source plane, ,,vhere the arbitrary point (xo 3 yo) is called the 

equivalent source point. ~o(xoJYoJt) is called the equivalent source 

distribution, and corresponds to the object. Hence the name object 

plane can be used for the equivalent source plane. Secondly, the 

observation plane is defined as a plane separated from the equivalent 

source plane by a positive distance z 1 • The '"ave function ~ 1 (x 111 y 1 J t) 

is used to describe wave motion in the observation plane, where the 

arbitrary point (xl>Yl) is called the observation point. lPl(XlJYl_,t) 

is conveniently referred to as the diffracted field. Now imagine 

equivalent surface sources, or secondary sot~ces, placed on the yo) 

plane. Huygens' principle as expressed throug-h Green's theorems (Silver 

1965 §4.1), confirms that equivalent sources can be chosen such that 

the wave motion radiated from the equivalent sources is identical, for 

z > zo, to that radiated from the source region. The exact expressions 

for the densities of the equivalent sources involve both ~o(xoJYo>t) 

and its normal derivative (Silver 1965 §4.1). 

The diffracted field corresponds to the visibility, which is the 

quantity to be observed. It is impossible in practice to make obser

vations over an entire plane. So it makes sense to restrict the 

observation point to be within a circle, called the obsel'Vat'ion cirele, 

of diameter D1, ie 

2 
" D1 2!'4 X'l + y 1 ~ < ( 1.10) 

This limits the resolution with which the equivalent source distribution 

can be imaged. Further, the image formed or computed, in any practical 

instrument, is limited to a finite area in image space, called the field 

of view. Since the source region is localised, rays from all points P 

to all observation points within the observation circle, intersect only 
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a finite part of the equivalent source plane. This finite region is 

called the equivalent source region, and has a maximum transverse dimension 

denoted by Do. Because D1 is usually different to D, it is clear that Do 

changes the further removed the equivalent source plane is from the source 

region. It is usual, therefore, to choose zo to be the least value of 

z to satisfy (1.9). Hence for D1 fixed, and Zl large enough, it follows 

that 

Do ::! D (1.11) 

When z1 is sufficiently large compared with D2 /A, the density at an 

equivalent source point (xo~Yo) becomes effectively proportional to 

~(x0 ,y 0 ~z 0 , t) (Silver 1965 §4.6), provided (1.9) and (1.10) still hold. 

In a practical instrument, the observation circle corresponds to the 

aperture or pupil. Hence the observation plane can be called the aperture 

plane or pupil plane. 

As an example of the use of equivalent sources, consider how they 

arise in astronomy. The actual sources are stars, which, as well as being 

three dimensional themselves, are at different distances from the earth. 

Nevertheless, all stars are represented by two dimensional sources on one 

celestial sphere of very large radius centred on the earth. Stars are 

then conveniently described in terms of their angular extent and separa-
2 

tion. Because z 1 is extremely large, in this case, compared with D /A, 

angular coordinates are effectively equivalent to Cartesian coordinates, 

over the field of view. 

The relationship between the diffracted field and the equivalent 

source distribution can now be examined. To begin with, consider a 

spatially coherent source, for which the time dependence of ~(x,y,z~t) 

is, for all points (x,y,z) monochromatic 

of the wave function can be written as 

\j!(x,y~z~t) =\j!(x,y_,z) e:x:p(iwt) 

The functional dependence 

( 1.12) 

The harmonic time dependence is omitted from equations involving mono

chromatic wave functions, and is to be 'understood'. From scalar diffrac

tion theory, the exact relationship between ~o(xo,yo) and \j!l(Xl~Yl) is 

given by (Goodman 1968 p.44) 
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(xo.,yo) exp(ikr) oos(z.,r) I r dxo dyo 

(1.13) 

where ~is the vector shown in Figure 1.2 with magnitude r and oos(~£) 

is the cosine of the angle between r and the z axis. If r is small, and 

similar in magnitude to D, then no useful approximations can be made to 

(1.13). However in many situations r is much greater than Do~ D1 and A. 
It is then feasible to make approximations to terms involving r in {1.13). 

If the largest angle between r and the z axis is never greater than 

8°, say, then no more than l% error is incurred by replacing cos(~£) 

by unity, and similarly by replacing the 1/r term by 1/zl. The exp(ikr) 

term in (1.13) oscillates with period 2u. Because k may be very large, 

the errors in a simple approximation to r may be multiplied up to be a 

sizeable fraction of 2rr. The exact expression for r is 

r (1.14) 

which is conveniently expanded using the Binomial theorem. A useful 

approximation to r is obtained by discarding terms in the expansion that 

are higher than first order, and so 

{1.15) 

The simplified form of (1.13) that the substitution of (1.15) allows is 

called the Fresnel transform or F1•esneZ approximation, and is written as 

(Goodman 1968 p.60) 

(L 16) 

The range of r over which this approximation is useful defines what is 

called the near field. When r is large enough that quadratic terms in 

(1.16) can be discarded, and sufficient accuracy maintained, the obser

vation point is said to be in the far field. The new equation is called 



-11-

the Fraunhofer approximatio~ which is written as (Goodman 1968 p.6l) 

co 

J f lJ;o(xo.,yo) exp(-i2rr(xoxl + yoy1J I O.z1)) dxo dyo 
-co 

( 1.17) 

-
The point of transition from the near- into the far-field is gradual, 

but can be quantified as follows. At an observation point (x 1_,y 1 ), the 

maximum differenced in wavelengths between paths from all points (x
0

_,y
0

)_, 

is given approximately by 

( 1.18) 

If d = A/16 is considered to be a small deviation from a plane wave, 

then the near- and far-field are delineated by (Jordan and Balmain 1968 

p.498) 

( 1.19) 

The relationship between the Fraunhofer approximation and the 

Fourier transform is made evi_dent by the following approach. The equiva

lent source distribution is confined to a finite region of the equivalent 

source plane. However, a function that is piecewise continuous across 

the entire (x 0_,y 0 ) plane is given by (Silver 1965 §6.3) 

-' 

( l. 20) 

Now f(xo.,yo) may be represented by the Fourier integral 

co 

f(xo.,yo) = JJ F(x1.,y1J exp(i2rr(xoxl+ YoY1)) dx1 dy1 (1.21) 

-CO 

Let the vector~ have components (Xl.,yl_,/(1- x1
2

- y1 2
)), and the vector 

r have components (x 0 _,y 0 _,z). The complex exponential function 

exp(i2rr(xox 1 + yoy1JJ may then be thought of as the distribution across 

the plane z = 0 of a plane wave with unit amplitude travelling in the 

direction of ~' ie 
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exp (i21T q. ( 1. 22) 

z=O 

Therefore, (1.21) is the superposition of many plane waves with amplitudes 

F(x1.,y1). Hence the name anguZar speatrum of plane waves (Booker and 

Clemmow 1950) is often given to the function F(x 1~y 1 ), as expressed by 

F(x1.,y1J =If f(xo.,yo) exp(-i2Tr(xoxl + yoy1JJ dxo dyo ( 1. 23) 

-00 

Inspection of the right hand side (RHS) of (1.17) and (1.23) shows that 

the Fraunhofer approximation is essentially a Fourier transform, with 

some scaling of coordinates and a constant phase factor. Hence the 

far-field diffraction pattern, for a monochromatic source, is the 

Fourier transform of the equivalent source distribution. 

Now consider a source that is spatially inaoherent. This means that 

the phase difference between the wave motion at any two points in the 

source region varies randomly with time. Under these conditions, the 

time variations of the equivalent source distribution are no longer of 

interest. Instead, it is the distribution of intensity in the equivalent 

source plane that is sought. The relative phases of the components in 

the angular spectrum of the equivalent source distribution are randomly 

distri~uted. Therefore, the wave motion must have a finite bandv1idth, 

denoted in wavelengths by 6A. If 6A is small compared with the mean 

wavelength A, ie 

A./6A. » 1 (1.24) 

then the wave motion is called quasi-monoahromatia. The wave function 

~(x.,y.,z) now represents the intensity of the wave motion in the band of 

width 61.. centered at A.. The visibility is the Fourier transform of the 

intensity distribution in the equivalent source plane (Goodman 1968 

p. 106 ff). Hence the is also a.YJ. intensity distr:Lbution. The 

is therefore real and non-negative when the source is spatially 

incoherent. 
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1.4 COMPACT IMAGES 

All real-world images are of finite extent. The size of the object 

may be small enough to be within the field of view of the instrument. vJhen 

the object is larger, however, the is truncated, because the field 

of view is finite in any practical instrument. In either case, the 

recorded image f(x) is inevitably contaminated by noise. The amplitude 

and phase of the noise is assumed to be randomly distributed, with root

mean-square (rms) amplitude denoted by the positive real number E. It 

is pointless to worry about the amplitude of the image in regions where 

If(~ I ~ E. Therefore the values of x for which lf(x) I > s defines what 

is called the support off(~. It is useful to define an image box 

which has sides parallel to the Cartesian axes and which is just large 

enough to encompass the support of the image. The image box of the image 

f(x) is denoted by B(f), and has a kth side of length Lk(f). The term 

extent is used to denote the size of the image box, ie the linear dimen

sions of the image. 

If f(x) is of finite extent and contains no infinities, which is true 

for all real world images, ie 

lf(x) I <co_, for xeB(fJ (1.25) 

then f(x) is called compact. An example for is shown in Figure 1.3 . 

y 

Figure 1. 3 

• 
• r---:----1 

1 
I t I 

• I . 
I 

L2 I 

!L ______ .. 

- L 
I 

liflilll-

of a compact image, for K=2. The dotted line defines 

the extent of the image box. 
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1. 5 SAMPLING 

A compact image f(~ can be represented within B(f) to any desired 

degree of accuracy by a trigonometric Fourier series, referred to here

after simply as a Fourier series. However, the Fourier series, if 

permitted, reproduces f(x) periodically in adjacent image boxes through

out all of image space. The periodic version of f(~ is denoted by p(x) 

and has a Fourier series representation which is written as 

where 

p(~ = 
K 

1 I 
V(f) k=l m =-M k k 

f(x) = p(~ _, x e B(fJ 

F are complex constants given by 
mt,_,_,mK 

co 

= f (K) J 

and V(f) is the volume of the image box, defined as 

V(f) = J (KJ J 1 da(x) 

B(f) 

(1. 26) 

(1.27) 

(1.28) 

( 1. 29) 

The Mk are chosen in practice to be large enough so that f(~) is repre

sented to the acc~racy limit set by the noise. The significance in 

Fourier space, of the Fourier series in image space, is revealed by 

substituting (1.28) into (1.3), thus 

K 

P(u) = I 
k=1 

( 1. 30) 

where oK() is a K-dimensional delt.a function. This equation shows that 

f(~ is completely specified by samples of F(u) on a K-dimensional grid. 



-15-

Positions of the delta functions in (1.30) define the set of sample 

points. The samples must be spaced in the kth dimension by aA, where 

(1. 31) 

which is known as the Whitaker, Shannon, or Nyquist rate (Bracewell 1978 

Chapter 10). F(u) is said to be over-sampled when the sample points are 

spaced more finely than at the Nyquist rate, ie with spacing a~k' where 

( 1. 32) 

The effect in image space is to surround the image symmetrically 

with empty space, which is called packing with zeros. The new image box 

size, B ... (f) , is larger than B (f) in proportion to the overs amp ling, ie 

( 1. 33) 

A single version of f(~ can be recovered from p(~) by multiplying by 

an appropriate window wd(~, thus 

f(~ = p(~ wd(::c) ( 1. 34) 

When F(u) is sampled at the Nyquist rate, the only possible choice of 

wd( x) is the K-dimensional rectangular function rectK6~-/Li(f) ) )yt3JLK( f))) 

defined by 

K 
reatK(xlJ::c2 J.n xK) = TI rect(xkjL 1~(f)) (1.35) 

k=1 

where (Bracewell 1978 p.52) 

reat(::c) = 1 ) I x I < fz 
(= fz ) lxl = f§) 

= 0 ) lxl > fz 

The shape of wd(::c) can be 'relaxed' when Ffu} is over-sampled. That is, 

providing wd( x) is unity within B (f) , and zero outside of B ~ (f) , then it 

can take any smooth form in between. 

To examine the effect in Fourier space, of windowing in image space, 
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the sampZing function sp(u) is introduced, where 

sp(J:!} ++ wd(x) ( 1. 36) 

It is now convenient to define the convolution of two functions, f(~) 

and g(x), by 

00 

J (KJ J f(~g(!!!_- ~ do(s) (1. 37) 

-CO 

which is identified by 

f(x) 0 g(~ ( 1. 38) 

On defining G(u) and P(u) by G(u) ++ g(x) and P(J:!} ++ p(!!!), it follows 

from substitution of (1.37) into (1.3) that 

F(u) G(u) ++ f(~ fJ g(x) ( 1. 39) 

which is known as the convolution theorem (Bracewell 1978 p.l08). There-

fore, 

fJ sp(u) = F(u} ( 1. 40) 

which is the well known sampling theorem (Bracewell 1978 Chapter 10). In 

the case of wd( uJ) = rectK(!!!) , sp (u) sincK( u) , t.vhich is a K-dimensional 

sine function (Bracewell 1978 p.62), defined by 

K 

( l. 41) 

where 

sinc(u) = (sin(nu))/ nu (1.42) 

The one-dimensional sine function is zero for non-zero integer arguments. 

The K-dimensional sine function is the product of K one-dimensional si,nc 

functions. Therefore s·i'rwK( u) is zero when any sinc(ukl has a non-zero 

integer argument. This occurs along lines parallel to the axes in visi

bility space, ie _rows a..1d columns when K=2. Consider Figure 1. 4, which 

shows a s·incz(u) function centered on the (O~Olth sample point_:_ The only 

row and column that support non-zero values of sincz (!::f:._} are Oth ro¥7 and 
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Oth column. This important property of sincK(~ is useful in later chap

ters for explaining uniqueness of phase solutions (§3.5). 

Figure 1.4 A two-dimensional sine function sinc(u) sino{v). Only the 

central few 1 lobes 1 are shown. Note t.l)e important property 

that sinc2{~=0 for non-zero integer values of u and v. 

1.6 THE DISCRETE FOURIER TRANSFORM 

In §1.5 it is shown that a compact image can be reconstructed, albeit 

periodically repeated, when only samples of the visibility are given. 

Similarly, if the visibility is band-limited and is permitted to be peri

iodically repeated throughout all of visibility space then the visibility 

can be reconstructed given only samples of the image. The special Fourier 

transform relationship dealing with only samples of both the visibility 

and the image is called the discrete Fourier transform (DFT) (Stanley 1975 

Chapter 9) . The DFT is defined in one dimension by 

N 

Fm = I fn exp(-i2mnn/N) (1.43) 

n=1 

where F = F(m/N) and f = f(n/N) so that N, which is both the number of 
m n 

visibility samples and the number of image samples, serves to define the 

period. The inverse DFT is defined in one dimension by 



N 

f = ( 1/N) I m 
n=l 
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exp( i2rrmn/NJ ( 1. 44) 

where 1/N is necessa:ry to retain the correct amplitude of the image. The 

extension to K-dimensions is straightforward (cf (1.26)). 

The advantage of the DFT is that it allows data to be Fourier trans

formed by a digital computer. However the computation time grows as N2 

with the number of samples N if the DFT is implemented as a direct 

algorithmi.c translation of (1.43) and (1.44), thereby tending to be 

impracticably slow, especially when evaluating two-dimensio.nal trans

forms. A modified algorithmic form of the DFT called the jast Fourier 

transform (FFT) (Brigham 1974) is more useful since the computation 

time grows as only NZog 2 N. The FFT is used extensively in the sorts of 

phase reconstruction algorithms that are described in Chapter 4. 

1.7 AUTOCORRELATION 

Measurement of only the intensity of the visibility is equivalent in 

image space to measuring ~~e autocorrelation of the image. That is, the 

visibility intensity as defined in (1.2) is a Fourier transform 

the autocorrelation function ff(x). In symbols, 

IF (u) 1
2 = F*(u) F(u) +--+ ff(x) ( 1.45) 

which is known as the autocorrelation theorem (Bracewell 1978 p.llS), 

where 

ff(x) = f (K) J f(!!) f(x +!!) da(s) ( 1. 46) 

_co 

Autocorrelation is identified by 

ff( x) = f(!!}) ± f( iEJ (1.47) 

with 

Autocorrelation is a specific case of correlation (Papoulis 1962 p.244) 

between two functions, f(x) and g(x), defined by 

f(f!}) * g(F£) = f (K) I f(!!) g + x) da(s) ( 1. 48) 

-CO 

Inspection of the integral in (1.48) confirms that, if f(x) and g(F£) 

are compact, then f(x) X g(x) is also conwact. More specifically, the 



-19-

extent of f(!E) ;k g(x) can be no greater than the sum of the extents of 

f(x) andg(!E), ie 

(1.49) 

( 1. 50) 

The support of ff(x) is a convex figure just fitting inside B(ff), 

which is called the autoaorreZation box. From the sampling theorem 

(§1.5), the samples of jF(~ !2 must be spaced, in the kth dimension, by 

~\, where 

( 1. 51) 

Comparison of (1.31) ,with (1.51) confirms that samples of visibility 

intensity must be spaced by at least twice the Nyquist rate. 

A real function that has both positive and negative parts is called 

bipoZar; a real and non-negative function is called positive. Restric

tions that are placed on the visibility, and on the autocorrelation, for 

complex, bipolar and positive images, are summarised in Table 1.3. Note 

that a function F(~ is called aonjugate symmetria when 

F(-u) = (u) (1.52) 

and is called aentro-symmetric when 

F(-~ = F(u) (1.53) 
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Table 1.3 Restrictions on the visibility and on the autocorrelation. 

complex bipolar positive 

';) ~ \ 

F(u) complex complex complex 
conjugate conjugate 
symmetric symmetric 

jF(!£}!2 positive positive positive 
centro- centro-
symmetric symmetric 

ff(!E) complex bipolar positive 
·conjugate centro- centro-
symmetric symmetric symmetric 
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CHAPTER 2 

HOW SOME PHASE PROBLEMS ARISE 

In this chapter, representative examples are given of physical systems 

in which phase problems arise. Two types of examples are given. Firstly, 

there are those phase problems which satisfy the definition of a Fourier 

phase problem (§1.2). Possibly the most topical of these is the phase 

problem encountered in astronomy. This is the sort of problem that is 

solvable by the procedures introduced in this thesis. That is why many of 

the objects used in examples given in later chapters have the appearance 

of space objects. Sections 2.1 to 2.3 deal with the branch of astronomy 

which is concerned with imaging stellar objects. The 'astronomical scene' 

is set in §2.1. Then the principle of interferometry is discussed- a 

principle shared in common by radio astronomy and high resolution optical 

astronomy. It is usual to think of interferometry as involving the 

reception of signals by separated telescopes or antennas. However, the 

same process occurs in a single large aperture telescope, ie an inter

ference pattern is produced. By appropriately processing the interference 

information the size of a typical stellar object can be determined. \vith 

some procedures, only the autocorrelation of the image is formed. With 

other procedures, an estimate of the true image is formed. This depends 

on how much phase information can be recovered. Just what can be achieved 

in optical and radio astronomy is discussed respectively in §§2.2 and 2.3. 

Secondly, there are those types of phase problems which do not satisfy 

the definition of the Fourier phase problem given in §1.2. A specific 

example of this second type of problem, which is outlined in §2.4, is the 

phase problem encountered in X-ray crystallography. The physics behind 

the use of the Fourier transform in crystallography is explained first. 

From there it is shown why the phase problem for objects which are repeti

tive structures, such as crystals, is not directly solvable by the proce

dures with which this thesis is mainly concerned. 

2.1 THE ~STRONOMICAL SETTING 

The objects of interest in astronomy are planets and moons, the sun, 

stars, nebulae, galaxies and other celestial objects. The first two are 

passive reflectors of wave motion, while the rest are active radiators. In 
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either case, the sources of the wave motion are almost always 

incoherent. Consequently, the kinds of astronomical images which are of 

interest here are positive (§1.3). The majority of observations of these 

phenomena involve wave motion at the wavelengths of visible light, infra 

red, radio waves and X-rays. Because the objects are removed from the 

earth by enormous distances, then at any of the above wavelengths a 

Fourier transform relationship holds between the object and the wave motion 

incident on the earth (§1.3). At a distance of less than lOkm from the 

earth, which is miniscule relative to the distance the wave motion must 

travel, is the earth's atmosphere (Figure 2.1). The density of water 

vapour and gases in the atmosphere varies continuously, mainly because of 

temperature fluctuations (Roddier 1981) . This means that the refractive 

index of the atmosphere varies, and wave motion is distorted as it propa

gates through. In turn this gives rise to what is known as a 

problem for ~bvious reasons. Detailed descriptions of the atmospheric 

seeing problem are found in the following articles and in the references 

quoted therein: Bates 1982b, 1983, Dainty 1975, 1982. 

light 
years 

-10 kmi 

\ 
\ 
\ I 

Spatially incoherent 
radiating or reflecting 
celestial object. 

Turbulent atmosphere. 

Telescope: 

____ ...,'~-' __ .:.:.im::.;.;Q;J;;;;:Je plane 

Figure 2.1 Diagrammatic representation of the astronomical setting. 
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2.1.1 Resolution 

Consider the ideal situation where there is no distorting medium, 

and the telescope has no imperfections. The object is described by o(~)~ 

where ~ is an arbitrary point in the object plane. An aperture function 

a(~ is required to characterise the finite dimensions of the telescope 

aperture, or pupil. xis an arbitrary point in the image plane, which 

could be any of the focal planes in an optical telescope. The true image, 

f(~, is the convolution of o(x) with a(x) ( §1. 5) 1 ie 

f(x) = o(x) CJ a(x) ~ ( 2 .1) 

where some scaling of coordinates has taken place. By the convolution 

theorem for Fourier transforms (§1.5), the visibility P(u) is written as 

P(u) = O(u) A(u) (2.2) 

where O(u} ~ o(x) and A(u) ~ a(x). The name spatial frequency is 

given to u. The image, f(~, which is the Fourier transform of F(u), is 

therefore the synthesis of many different spatial frequency components. 

Each spatial frequency component denotes a certain sinusoidal or cosinu

soidal variation of brightness, with distance, across the image plane. 

The highest spatial frequency in f(~ is limited by A(~. An aperture can 

be deliberately shaped to taper the visibility at high spatial frequencies. 

This is called apodisation (Born and Wolf 1970 §8.6) , or illumination 

taper (Silver 1965 §6.4), which reduces the height of side-lobes in a(x) 

at the cost of a small resolution loss. For a simple circular aperture 

of diameter D, the spatial frequency limit is approximately D/A. If f(~ 

has no distortion, other than that caused by the spatial frequency limit, 

then f(~ is said to be a diffraction limited image. Details having 

spatial frequencies greater than the diffraction limit, D/A, are said to 

be unresolvable. The image of an unresolvable object, formed with a 

circular aperture, as above, is called an Airy pattern. The central lobe 

of this pattern, which is called the Airy disc, has a diameter of about 

A/D (Figure 2.2(a)). 

2.1.2 The Seeing Problem 

In a practical situation, both the atmosphere and the telescope 

introduce distortion. The image becomes spread out and generally degraded. 
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(a) (b) 

(c) (d) 
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Hence the name point spread function (psf) is given to any mathematical 

expression that describes the distortion. The effect of atmospheric 

distortion is represented by h(x~~x~t), which depends in general on 

position in both the -object and image plane, and varies with time. It 

is a smoothly varying function, which is correlated over short intervals 

of x andt. The correlation distance in~' ie across the aperture, is 

denoted by db. It is useful to think of the atmosphere as a conglomera

tion of blobs, or seeing aeZZs, of average size db. The phase delay 

across each blob is roughly constant, but random with respect to other 

blobs. The corresponding time over which a correlation exists is denoted 

by ts. h(x~~~~t) becomes uncorrelated in a time tr, called the redistribu

tion time. In other words, the atmosphere is effectively 'frozen' for 

a time ts, but is completely changed in a time tr. Typical values for 

these atmospheric parameters are given in Table 2.1, although actual 

values may vary 'up or down' by at least an order of magnitude (Roddier 

1981, Liu and Lohmann 1973). 

Figure 2.2 (opposite) Digitally recorded images from-an optical labora

tory simulation (Bates 1982b §s, Cady 1980, Cady and Hodgson 

1980). The object is a metal plate with holes drilled in it, 

which is back-lit by a 632.8 nm He-Ne laser. The light is 

rendered spatially incoherent (in a time much shorter than ts) 

by a rotating crumpled mylar disc placed behind the object. 

At a distance sufficiently removed from the object to be in its 

far-field is a 'heat-treated' perspex disc which simulates a 

'frozen' atmosphere. Immediately in front of it is another 

metal plate with a hole in it to model the telescope aperture, 

and in front of that is a converging lens. In the focal plane 

of this lens the speckle images are recorded with a 100 x 100 

element charge-coupled-device (CCD) camera that is interfaced 

to a mini-computer. 

(a) an Airy disc, (b) a seeing disc, (c) a typical speckle 

pattern of an unresolvable star, (d) a typical speckle pattern 

of a pair of unresolvable stars - note that the speckles occur 

in pairs. 
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Table 2.1 Typical values of atmospheric distortion parameters for 

mid-band visible light (-soonm). 

parameter symbol typical value 

blob size dh 10 em 

time while ts 10 m.S 
atmosphere frozen 

redistribution time tr 500 mS 
of atmosphere 

observation time hours 

isoplanatic patch 10 arc seconds 

seeing disc A./dh 1 arc second 

Airy disc A./D .025 arc seconds 
(Sm telescope) 

Distortion caused by imperfections in the telescope is, in general, 

also dependent on~~~~ and t, and is correlated in x and t. The telescope 

pupil need only be accurately collimated over distances greater than db~ 

and be maintained for times longer than ts, for atmospheric distortion 

to be dominant (Dainty J973). This is assumed to be so in the following 

discussion, ie h(x~~~~t) is the only distortion considered. The signifi

cance of this assumption is discussed in §2.2.2. 

The atmosphere is very close to the telescope compared with the 

distance to the object. So, for any point in the pupil plane (§1.3), rays 

drawn to all points within the object usually pass through a single seeing 

cell (Figure 2.3). Under these conditions the distortion caused by the 

atmosphere directly above the pupil is independent of~~. This is known 

as isopZanatic distortion, or point spread invariance. The angle sub

tended at the telescope by an average sized seeing cell in the atmosphere 

is called the isopZanatic patch (Figure 2.3). It determines the size of 

the largest object that can be viewed isoplanatically. 

Often the major part of h(x~~~~t) is isoplanatic and can be repre

sented by h(~,t). The non-isoplanatic part is often noise-like, in the 

sense that after averaging with time it produces nothing more than a 
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background 'fog' in the image. The light intensity s(~~t) in the focal 

plane of an imaging instrument can then be written as a convolution: 

(2. 3) 

where the non-isoplanatic distortion has been incorporated in with the 

measurement noise and non-linearities, and is called the contamination 

\ 
\ 

\ 
\ 
\ 
\ I 
\ I 
\ I 

I 
I 

I 

I 

I 
isoplanatic patch 

\ j "frozen/1 seeing cells in the 
~ ~ atmosphere. 

\ I 
\ I 
\ I 

\ I 

" 
telescope aperture. 

Figure 2.3 Ray diagram showing the dependence of the size of the iso

planatic patch, on the size of the average seeing cell. 

The 'conventional' way to operate an optical telescope is to 'track' the 

object of interest as it traverses the sky. An image is formed by inte

grating s(~,t) over the observation time, which is typically many orders 

of magnitude greater than ts. This is the Zong exposure image which is 

defined by 

(2. 4) 

where the superscript bar denotes time average (see Glossary) . For an 

unresolvable star the long exposure image is the .seeing disc sd(x) (Fig

ure 2.2b). Because h(~t) is only correlated over a distance db~ the 
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spatial frequency resolution of sd(x) is therefore limited to be about 

db/A. Since the size of the seeing disc is determined by the blob size/ 

increasing D beyond db does not achieve higher resolution when the tele

scope is operated conventionally. For example, the AirJ disc of a Sm 

telescope is about 50 times smaller than the seeing disc. However, 

bigger apertures have the advantage of collecting more light. 

2.2 ASTRONOMICAL OPTICAL INTERFEROMETRY 

The technique of interferometry can be used to overcome the seeing 

problem in optical astronomy. From an historical point of view, astro

nomical optical interferometry begins with Michelson in 1920. In his 

instrument/ two separated mirrors combine light from a celestial object 

to produce an interference pattern (Steel 1967 Chapters 5 ru1d 6) . From 

this, one can measure the visibility intensity and phase to an accuracy 

determined by the seeing conditions and instrument stability. Hence 

this type of interferometer is called a phase sensitive interj'erometer. 

However the instrument presents some problems. At optical wavelengths 

the visibility phase is difficult to record because the tolerance to 

errors is set by the wavelength of light and random phase delays 

due to atmospheric turbulence can exceed this. Also the separation of the 

mirrors, called the baseline, is difficult to maintain to this tolerance. 

From observations of the visibility intensity alone, however, Michelson 

could estimate the angular diameters of 6 giant stars (Hanbury Brcwn 1974 

p.l63). 

The next advance was by Ha~~ury Brown and Twiss in 1954 (Hanbu2y 

Brown 1974 Chapter 7). An instrument >vas built that could measure only 

the visibility intensity, hence the name intensity interferometer. The 

fluctuations in light intensity are recorded by separate telescopes, and 

correlated electronically. Phase errors are then only significant when 

compared with the wavelength of the light fluctuations (about 3m} . 

Atmospheric turbulence therefore no longer causes difficulty. Longer 

baselines can be tolerated, and hence higher resolution achieved, com

pared with Michelson i~terferometers. However, intensity interferometers 

are much lass sensitive ~~an phase-sensitive interferometers. the 

brighter celestial objects can be, and have been, measured (Hanbury Brown 

~974 Chapter 12). 

Astronomical optical interferometry took a new turn recently, with 

a technique devised by Labeyrie (1970). Only a single, large aperture 
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telescope is required. The way that a randomly distorting medium enables 

a single aperture imaging instrument to be used as an interferometer is 

explained in §2.2.1. 

In Labeyrie's method, which is often called astronomical speckle 

interferometry (ASI), the visibility phase is completely lost. Many 

different processing techniques have since developed from Labeyrie's 

original idea. These techniques, or 1 extension"s' , are collectively known 

as astponomical speckle imaging (Bates 1982b). The extensions aim to 

preserve as much of the visibility phase as possible. Under certain con

ditions, some of these methods can reconstruct a useful estimate of the 

true image. The visibility phase estimates obtained from others of these 

techniques can serve as a useful starting guess for a phase reconstruc

tion scheme (§4.2). ASI and several of its extensions are described in 

§2.2.2 and §§2.2.4 to 2.2.7. 

2.2.1 Speckle 

Labeyrie's idea is to expose an image for a time no longer than ts. 

This short exposv:t>e image retains information at spatial frequencies up 

to the diffraction limit. However, the light is still spread out over 

a disc of size A/db. frequency components above db/lc have random 

, so the short exposure image has the character of an interference 

pattern. This causes the image to have a mottled appearance. If the 

bandwidth of the light is narrowed to about lOnm, ~~e mottling assumes 

a granular appearance known as speckle. The short exposure image is 

then called a speckle image, speckle pattern, or specklegram (Figure 2.2 (c)) 

A single speckle pattern may contain tens to thousands of speckles, 

depending upon how large D is. Note that the short exposures only have 

a speckled appearance if D is at least about lm, ie at least about 10 

times db. 

A series of speckle patterns can be recorded. Subsequent images 

should ideally be separated in time by at least tr, to be statistically 

independent. The mth speckle pattern is denoted by s (x) , thus m-

s (x) = f(x) e h (x) + a (x) m- - m- m- (2. 5) 

where h (x) is the m- of the isoplanatic distortion of the atmosphere 

above the pupil during the recording of the mth speckle image, and em 

is the contamination. When the object is a unresolvable star, 
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each speckle is about the size of the Airy disc. Similarly, if the object 

is extended, ie resolvable, then each speckle is approximately the same 

size as the object. 

operation in (2.5). 

This is explained by the presence of the convolution 

Each s (x) contains many shifted and distorted m-
versions of the diffraction limited image. So for example, if the object 

is a binary star then the speckles in s (x) occur in pairs ( 
m-

2.2(d)). 

2. 2. 2 Lab eyrie 

Each speckle image contains spatial frequency information up to the 

diffraction limit of the telescope. The Fourier transform of each 

pattern, can, by the convolution theorem ( §1. 5), be tl'l::titten as 

S (u) = F (u) H ( u) + C ( u) 
m- m- m-

where s (x) ++ S (u), h (x) ++ H (u), and m- m- m- m-
mth optical transfer fw1.Ction (OTF) . The 

random for I~! > db/A. Hence an ensemble 

(2.6) 

c (x) ++ C (u). H (u) is the m- m- m-
phase of H (u) is effectively m-
average of S (u) is effectively m-

zero for I~J > db/A, ie an ensemble average of the speckle patterns 

simply produces the disc (Figure 2.4). 

To preserve spatial frequency information beyond db/A, Labeyrie 

discards the random visibility phase (Figure 2.4). The intensity of 

S (u} is averaged over the ensemble, thus 
m-

where 

<Is (u) I m-

E (u) 
m-

E (u) m-
( 2. 7) 

includes all cross-products involving the contamination. 

The ensemble average <> (see Glossary) denotes the sum over all speckle 

images, which number M. From §2.2.1, it follows that M is equal to the 

observation time divided by tr (see the last paragraph of ~~is section). 

The power spectrum JF(~I 2 is contained in (2.7). To obtain an estimate 

of IF(~ J
2 from (2. 7) it is necessary to 1 calibrate 1 the averaging pro

cess. What is is an estimate of <JHm(~ 1
2 >. This is achieved 

by observing an unresolvable star with the same telescope under statis

tically similar seeing conditions. The averaging process described by 

(2.7) is repeated. The final relationship is written as 

(u) ( 2. 8) 

where the subscript o identifies that an unresolvable object is being 
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(a) 

v 

u 
(c) (approx) 

(b) 

(d) 

u 

D/A u 
(approx) 

Figure 2.4 Graphs depicting the averaging process in ASI. Data are dr~~n 

from an optical laboratory simulation (see references in cap

tion to Figure 2.2). The real part is shown of (a) the 

visibility S (u) of a typical speckle pattern, (b) the average 
m 

<S (u)> from an ensemble of 512, (c) the magnitude Is (u) I 
m ' m k 

of the visibility shown in (a), and (d) t."le average <IS (u)j 2 >
2 

m 
from the same ensemble of 512 as was used to form (b) . 
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pbserved. If the seeing conditions vary little between the observation 

of F(_u) and of Fo(u), then <IH (uJI 2 > is likely to be similar to <IHo (uJI. 2 >. - m- m-
For an unresolvable object, it is clear from (2.2) that [Fa(~ 1

2 = IA(u) [ 2
• 

So if the contamination <IEom(u) I 2> is low, ie the seeing is '~cod', then 

<[Som(u) 1
2> is a useful estimate of <!Hm(~ 1

2 >. An estimate !F(~) 1
2 

of IF(u) 1
2 can then be 'filtered' from (2.7) using (2.8). Details of this 

process, called Wiener filtering, are described in §2.2.3. Because IA(~J [ 2 
A 

is contained in <IS 0m(u) 1
2>, the estimate [F(~ 1

2 obtained by filtering 

(2.7) is 'corrected' for the aperture as well as for the atmospheric dis

tortion. This may cause an undesirable emphasis of high spatial frequency 
A 

information. If so, IF(u) 1
2 can be apodised in the computer. Furthermore, 

A 

IF(u) 1
2 is corrected for distortion caused by telescope imperfections, 

providing the distortion caused by the atmosphere is significantly worse 

(Dainty 1973, Cady and Bates 1980). 

An alternative approach to Wiener filtering for removing the effect 

of <IHm(~ 1
2 > from <ISm(u) 1

2 > has been developed (Welter and Worden 1978, 

Bruck and Sodin 1980). The main effect of <IHm(u} 1
2 > is to emphasise 

spatial frequency components below about db/\. A way to approximately 

correct this is to subtract from <ISm(~) [2 > an estimate of I<S0 m(~J>I 2 , 

the power spectrum of the seeing disc. Because [<Sm(~>l 2 is similar to 

I <S 9m( ~>I 2 in many situations, separate observations of an unresol vable 

object are not required. The procedure is described by 

A 

I F ( !:i) I 2 = < I S m (!:!:} I 2 > - I <S m ( u) > I 2 ( 2. 9) 

A 

Disadvantages are that IF(u) 1
2 is zero at the origin, ~=0, and is unduly 

large for u around db/\. To compensate for this a 'correction factor' 

B(y) can be incorporated thus (Bruck and Sodin 1980) 

A 

I F ( ~ I 2 = < ISm ( y) I 2 > - B ( ~ / <S m ( ~ > I 2 ( 2 . 1 o) 

~ 

B(u) is a low order even polynomial, typically 1 +au~. Recent experi-

mental work (Barakat and Nisenson 1983) shows that the subtraction method 

(2.9) performs well only when th~ correlation length db is shorter than 

that usually found in real atmospheric seeing conditions. 

The final step in ASI is an inverse Fourier transform to produce an 

estimate, ff(!!!..) , of the autocorrelation of the true image. For an example 

of an autocorrelation estimated by ASI see Chapter 7, Figure 7.5. 
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The narrow optical bandwidth used, and the briefness of t8, often 

mean that very little light is collected per speckle pattern. With dimin

ishing light levels photon noise becomes significant. To counter this 

the following steps are taken. The criterion for choosing t8 is that the 

atmosphere is effectively frozen. So in accordance with the prevailing 

seeing conditions, t8 is made as long as possible without blurring detail 

in 8 (x). Also the optical bandwidth of the received light is widened. m-
This has the effect of radially smearing the speckles in 8 (x). However, m-
even with white light, speckles near the centre of 8 (x) remain usefully m-
undistorted (Bates and Cady 1980) . !<lore speckle patterns are recorded 

during the observation time. To do this the times between recordings 

are made shorter than tr (§2.2.1). Speckle patterns become partially 

correlated. The effective numqer of independent speckle patterns is no 

more than the observation time divided by tr. However more light is col

lected (cf Bates 1977). 

Goodman and Belsher (1976) have shown that the power spectrum estimate 

<IS (u) 1
2 > is distorted by photon noise. In particular, a constant bias, m-

or 'pedestal', is added to <ISm(~ 1
2 > in proportion to the number of 

photons detected. The modification to ASI that they suggest is to sub

tract an estimate of the bias from <IS (uJI 2 > before Wiener filtering. 
m-

2.2.3 Deconvolution 

In ASI and each of its extensions, an estimate of the true image can 

often only be fully appreciated after the recording has been 'filtered'. 

An image is filtered by modifying its spatial frequency content in an 

analogous way to filtering a temporal signal. The recorded visibility 

R(u) can often be written as 

R(u) = G(u) B(u) + N(u) ( 2 .11) 

where G(~ is the sought-after visibility, B(~ is the OTF, and N(u) is 

the noise spectrum. That is, g(~ is convolved with b(x) where 

g(x) ++ G(~ and b(~ ++ B(y). So recovering G(~ from R(~ is called 

deconvolution. If N(u) could be known exactly, then (R(u) - N(u)) 

would be the noiseless 'signal', and G(~ would be recovered from R(u) 

by 

G(u) = R(u) I (B(u) (1 + N(u) /(R(u) - ·N(u)))) ( 2. 12) 
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which is conveniently rewritten as 

G(y) = R(u) B*(u) I r!B{uJI 2 + IB(.!i)l 2 N(u)I(R(y)- N(u})) 

(2.13) 

In practice, neither N(y) nor B(u) are known exactly, but usually an 

estimate, B(u), or the OTF can be measured, or computed from a model 

Also the jB(y) 1
2 N(y)I(R(u) - N(u)) term in (2.13) can be approximated 

by an estimate, ~{u), of the 'noise-to-signal' energy ratio. Often a 

simple constant suffices for ~(u). Hence an estimate, G(u), of G(u) is 

computed from 

G(u) = R(u) B*(u) I (jB(u) 1
2 + ~(u)J (2.14) 

A 

which is called Wiene~ filtering. B{u) is often small at some values of 

u within the relevant range. Because R(u) contains additive noise, R(u) 
A 

is not necessarily small when B(u) is. However, the presence of ~(.!i) in 

the denominator of (2.14) ensures that this noise is not amplified by 

dividing it by a small number. In other words, ~(u) serves to balance, 

in the denominator of (2.14), the presence of noise in R(u) in the numera

tor. This somewhat pragmatic explanation (Bates 1982b §5.4; Bates, Fright 

and Bates 1984), of Wiener filtering may be more appropriate in an image 

retrieval context than the conventional 'least squares error' explanation 

(Brault and Wnite 1971). 

An alternative method of deconvolution is Hogbom's CLEAN (1974) 

which was develop,ed for image retrieval in radio astronomy {§§2.3,. 4.2) 

and has since found wide application (Bates et aL 1982). With CLEAN, 

all processing is done in image space, in contrast to the Wiener filter 

approach which is wholly done in visibility space. The names 'dirty 
A A 

map' , 'dirty beam 1 and 'clean map 1 are given to r (:E , b ( ~ and g( x) 
A A 

where ~( x) -<--?- R(y) ... b ( :E -<--?- B (u) and g( ~ is an estimate of a(x) • .., -
Thus the dirty map is CLEANed by the dirty beam to produce the clean map. 

CLEAN is an iterative procedure which is described at the ith 

iteration by 

(2.15) 

b(O) 
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and 

( 2. 16) 

where 8 is a real 'gain' constant, x. is the coordinate of the largest 
-1, 

magnitude in r.{x), ie 
't -

jr . ( x . J j > r . ( x) ( 2. 17) 
't-1, - t.-

and the initial conditions are § 0 ( x) == 0 and r 0 (?}) = r( x) . When the 

'residual' dirty map r.(x) is reduced to a resemblance of the noise n(x) 
't -

where n(x) ++ N(~, then the algorithm is deemed to have converged. A 

necessary but not sufficient condition for convergence to occur is that 

0 < f:3 < 2 ( 2. 18) 

f:3 is usually chosen to be less than unity, and convergence is more 

likely the smaller f:3 is, although more iterations are required. CLEAN 

usually converges quickly when g(x) is comprised of separated unresol

vable parts, ie g (?}) is what is sometimes called impulsive ( cf Bates et 

al. 1982 ) . For such an image, CLEAN is computationally faster than 

Wiener filtering. If g(x) is not impulsive, ie extended, then CLEAN is 

often slow to converge, and takes longer to compute than Wiener filtering. 

Even so, CLEAN may be preferred to Wiener filtering for certain appli

cations such those described in §§2.3, 4.2.3, where the visibility samples 

do not occur on a regular grid, ie there are 'missing' samples, which 

cause distortion of the image. One can reduce this distortion by 'filling 

in' the missing visibility samples, ie interpolating in visibility space. 

If Wiener filtering is employed for deconvolution then wherever samples 
-"' 

are zero in R(~ they are also zero in G(u), as follows from (2.14). 

But if CLEAN is employed, then after some number of iterations, the 
A 

Fourier transform G.{u) of the clean map g.(x) is non-zero almost every-
t.- t.-

where, and so a of interpolation is achieved. 

If CLEAN converges and is continued for an infinite number of itera

tions th~n it can"be shown (Bates et al. 1982 ) that g
00

(?}) = g(~) where 

g(?}j ++ G(u) and G(u) is obtained by 'simple-minded' deconvolution, ie 

¢(u) = 0 in {2.14). 

A 

In many applications the estimated OTF B(u) is t."le product of the 

unwanted distorting OTF and the recording instrument's natural OTF, both 
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Figure 2.5 Deconvolution in the presence of noise, by both Wiener filter

ing and CLEANing, is illustrated in this example. 

(a) The true image g(x~y). 

(b) The psf b(x~y). 

(c) The dirty map r(x~y) = g(x~y) e b(x~y) + n(x~y)~ where 

n(x~y) is pseudo-random with peak amplitude equal to l% 

the peak of g e b. 

(d) The result of Wiener filtering r(x~y) with b(x~y), ~equal 

to peak amplitude in n(x~y). 

The CLEANing process is illustrated by 

(e) the residual dirty map, and (f) the clean map, after two 

iterations with B = 0.5 and using b(x~y) as the dirty beam. 

After 20 iterations the residual dirty map is reduced to a 

resemblance of n(x~y), whereupon (g) the final clean map is 

convolved with a Gaussian clean beam about ~ the width of b(x~y) 

to produce (h), the apodised clean map. Both (d) and (h) 

compare favourably with (a) in this simple example. 
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of which are 'removed' by deconvolution. The latter OTF can be reimposed 
A 

on G(u) by appropriate apodisation if desired (eg §2.2.2). In CLEAN this 

is achieved by reconvolving the clean map with a smooth narrow function 

which is called a 'clean beam'. 

The performance of CLEAN and Wiener filtering is compared in the 

example presented in Figure 2.5. 

2.2.4 Speckle Holography 

An accurate estimate of [F(u) i 2 is obtained from ASI although the 

visibility phase is completely lost (§2.2.2). In this section a technique 

is described for estimating f( ~ from [ F(_!i) [2 alone providing f( ;E) satis

fies certain conditions. It is required that f(~ be comprised of two 

separated parts, ie 

f(x) = r(x) + g(x) (2.19) 

One of these parts, r(~, serves as a reference in the sense explained 

below. The other part, g(~, is the object of interest. The supports 

of r(x) and g(~ are separated convex regions. The separationS of these 

regions is defined to be the length of the shortest straight line joining 

their peripheries. This line is shown in Figure 2.6 inclined at an angle 

¢ to the x-axis. The widths of the supports of r(x) and g(x) measured at 

the same angle ¢ are w and W respectively. The holographi-c separation 

condition is defined by (Bates and Gough 1975) 

s > w > w (2.20) 

The given quantity [F(_!i) [2 is a Fourier transfo.rm pair with ff(~, the 

autocorrelation of f(x} (§1.7). ff(x) may be written as - -

ff(~ = rr(x) + gg(~ + rg(!E_) + gr(~ ( 2. 21) 

where rr(x) and gg(x) are the autocorrelations of r(x) and g(!!_) respec

tively, and rg(~ and gr(~ are t.'l.e cross-corr2lations of Y'(!E_) with g(!?) 

and g(~ with r(~ respectively. The autocorrelation terms rr(x) and 

gg(~ are superimposed (Figure 2.6). If both (2.19) and (2.20) hold 

then rg(~ and gY'(!!_) are separated from the autocorrelation terms. This 

effect is known as offset holography. When JF(u) [ 2
, and therefore ff(~ _, 
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Figure 2.6 Example of the holographic separation condition being satis

fied by an object when K = 2. (a) object, (b) autocorrelation. 



-40-

is obtained by ASI then the technique described above is called speokle 

holography. From rg(!!l..), or equivalently (x), the region of interest 

g(~ is estimated in one of the following ways depending on r(~. When 

r(x) is unresolvable, then l'g(!!!) is simply a shifted version of g(x) .. 

hence the name simple speckle holography (Bates, Gough and Napier 1973; 

Gough and Bates 1974, Wiegelt 1978a, 1979). If the reference object is 

sufficiently bright then gg( ~ is negligible compared with rg(!!!) . With 

reference to Figure 2.6, it is apparent that the separation condition can 

then be relaxed to S > w. So in this case the reference object need only 

lie outside the convex region of interest. ~vhen r(x) is resolvable, r(x) 

must be deconvolved from rg(!!!} to obtain an estimate of g(x) (§2.3). 

When r(x) is unknown this process is not straightforward. However a 

scheme has been suggested (Bates et al. 1976) to recover an estimate 

under these conditions. A method which is similar to speckle holography, 

but with a more stringent separation condition, has been developed for 

imaging large fields of stars (Weigelt 1975). 

2.2.5 Knox-Thompson 

A modification to ASI has been suggested by Knox and Thompson (1974). 

From the Fourier transform of each speckle image a complex product SKT (u) m-
is formed, thus 

SKT {u) = S *(u) S (u + 6) m- m- m-

= F "" ( u) F ( u + 6) H * ( u) H ( u + 6) + E * ( u) E ( u + 6) ~ m- m m- m- m -- m-

(2.22) 

where 6 is chosen to be a fraction of the correlation length (db/A) in 

visibility space. SKT (u) retains useful information about the phase m-
of F (u), The same procedure as for ASI then follows, ie an ensemble m-
average, SKT( H) , is computed, which is written as 

SKT(u) = F'"(u) + 6) <H *(u) H (u + 6)> + m m-
*(u)E(u+ m-

(2.23) 

The vvhole procedure is repeated for an unresobrable star to produce 

SKTo , defined by 

> 
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SKTo(u) == 

<Eo *(u} Eo (u + 6)> m - m- ( 2. 24) 

If the seeing is statistically similar during the observation of F(~ 

and Fo(u), then SKTo(u) is a useful estimate of <H *(u) H (u)> (cf §2.2.2). - - m- m-
By Wiener filtering the RHS of (2.23) with the LHS of (2.24), an estimate 

is produced of F* (yj F(Y:_ + 6). The phase of P(u) is contained in 

F*(u) F(u + 6), and is in the form of phase differences. For example, 

phase{F*(O) F(O + 6)} = phase{F(6)}- phase{F(O)} 

and 

phase{F*(6) F(26)} phase{ F (26)} - phase{F(6)} 

etc. It is known that phase{F(O)} 0 because f( x) is real. Hence the 

absolute phase at an arbitrary point u = N6 is given by 

N-1 

phase{F(N6)} == I phase{(F*(n6) F((n + 1) 6))} 

n=O 

(2.25) 

which is known as phase unwrapping. To attain small errors in each phase 

difference, 6 should be a small fraction of dh/"A. However N then has to 

be larger, for a given~= N6. Noise accumulates with each addition in 

(2.25). So the estimate is inevitably degraded at high spatial 

frequencies. ForK= 2, there are many paths to each point Y:. 1 along 

which the phase can be unwrapped (Hunt 1979) . Increased use is being 

made of this redundancy to gain improved estimates of phase (Nisenson et 

al. 1980, Frost et al. 1979). 

2.2.6 Speckle Masking 

Each s (x) has some speckles that are brighter than the rest. m-
Those speckles which are brighter than some threshold are called the 

bright speckles. Suppose that one of the points in f(x) is brighter than 

the rest. The bright speckles in s {x) are likely to correspond to the m-
bright speckles in hm(E) convolved with the bx:ightest point in f(x). 

, Worden and Harvey (1976) have developed an imaging technique to 

exploit this effect. The follcMing scheme, referred to here as LWH, is 
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an interpretation (Bates et al. 1977, Nilner 1979) of their 

f(~ can be any object providing it contains one point brighter than the 

rest. The positions and amplitudes of the bright speckles in s (x) are m 
identified. They constitute a speckle mask, msk (x), defined by m-

J m 
msk (x) = l s (X.) 0 - X,) -' m -J -;; 

(2.26) m-
j=l 

where x. are the positions of the bright speckles, which number J. The -;; m 
mth speckle mask is correlated with s (x), which has the effect of superm-
imposing all the bright , ie several versions of the bri 

point in f(x) are superimposed: 

( 2. 27) 

The convolution in (2.5) and the aforesaid correlation are both linear 

operations. Therefore, superimposing the speckles simultaneously 

superimposes distorted versions of the whole of f(~ (§2.2.1). 

speckle pattern is processed and an emsemble average 

is formed. fLWH(x) reveals an estimate of 

background of averaged, uncorrelated speckles. 

on top of a 'fog-like' 

If the bright speckles do not all correspond to the same in 

f( ~ then the distorted versions of f( ~ which are 

imposed out-of-alignment. 'Ghost' stars (cf Bates 

appear in fLWH(~) in positions where there are no 

amount of ghosting increases as the threshold for 

ins ( x) 
m-

and Cady 

stars in 

selecting 

are super-

1980) b.~ en 

The 

bright 

speckles is lowered. If this threshold is lowered to zero then msk (x) m-
is effectively the same as s (x), and so (2.27) becomes an autocorrela-m-
tion, ie fa·IH(~ resembles ff(~ rather than f(x) (Christou and Hege 1983) 

Milner (1979) has shown how to improve the estimate of f(x), so obtained, 

by an iterative comparison of fLfTH(x) and 

The speckle masking technique described above is not to be confused 

with Weigelt's (1978b) which is applicable to a restricted class of 

objects such as binaries (Milner 1979) . Weigelt ( 1983) has recently ex

tended this technique. While potentially widely applicable, it is likely 

to be even less sensitive than intensi interferomet~y or ASI, because 

it involves triple correlations (remember that the processing developed 

by Hanbury Brown and Twiss, Labeyrie and Knox and Thompson involves 

correlating only pairs of data records) . 
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2.2.7 Shift-and-add 

Often the object is so faint that few, if any, speckles are recorded 

in each short exposure. If several bright speckles cannot be identified 

then LWH processing is not appropriate. In such a case the correlation 

stage in the above method can be replaced by the following procedure. The 

single brightest speckle in each speckle image is identified. Each speckle 

pattern is shifted, without rotation, to put the brightest speckle into 

the middle of image space, and is added to all the previously processed 

speckle patterns. This is known as shift-and-add (SAA) (Bates and Cady 

1980, Cady 1980, Bates and Fright 1982). The image f {x) thus formed is sa -
defined by (Bagnuolo 1982, Bates et al, 1982, Bates 1976) 

f (x) = <s (x + x )> sa- m- -m (2.28) 

where x is the coordinate of the centre of the brightest speckle. As -m 
with the method described in §2.2.6, an estimate of the true image on 

top of a fog is revealed by f {x) (Figure 2.7). sa -

The faithfulness of f {x) depends strongly on the supposition, made sa-
in the previous section, that f(~ contains one point brighter than the 

rest. To illustrate this, consider the simple case when K = 1 and N = 2, 

ie f(x) is the true image of a binary star, and the contamination is neg

ligible. The ratio in brightness of the companion star to the main star 

is p, and the separation d. The mth speckle pattern can be written as 

s (x) = h (x) + p h (x + d) 
m m m 

(2.29) 

where the brightness of the brightest star has been normalised to unity. 

The brightest speckle in s (x) can be formed in any of the following 
m 

three ways. 

(i) The brightest speckle in h (x} can add to an arbitrary speckle 
m 

in ph (x +d). This leads to a 'correct' shift, in the sense that the 
m 

estimate of both the main and companion star in f (x} are reinforced. 
sa 

(ii) The brightest speckle in p h (x + d) can add to an arbitrary 
m 

speckle in h {x). This leads to 'false' shift, in the sense that a m 
'ghost' star is produced in f {x) at the position -d . . sa 
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(a) (b) 

(c) (d) 

(e) (f) 
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An arbitrary speckle in p h ( x + d) can add to an arbitrary 
m 

speckle in h (x). The speckle pattern when shifted and added, merely m 
contributes to the background level, ie fog. 

The brightest speckle ins (x) is formed by one of the above threeways 
m 

with probability depending on p. This was demonstrated by the following 

experiment. 512 speckle patterns of an unresolvable object were recorded 

in an optical laboratory simulation (see caption to Figure 2.2). Then in 

a computer, the s (x) for a binary star were generated according to (2.29) 
m 

using the recorded speckle patterns as the h (x). The brightest speckle m 
was identified in each s (x) in order to perform SAA. At the same time, 

m 
the way the brightest speckle was formed, from the above three possibili-

ties, was noted. From the SAA image f (x) the height above the fog of 
sa 

the main, companion and ghost stars was calculated. The ratios of the 

latter two calculations to the first is called the apparent height of the 

companion and ghost stars respectively. This computational experiment 

was repeated for a range of values of p and d. The results were found 

to be independent of d, providing d was at least a few times wider than 

the Airy disc. As expected, the apparent height of both the companion 

and ghost stars was about 0.5 when p = 1, ie the brightest speckle ins (x) m 
corresponds to the companion star as often as it does to the main star 

when they are of equal brightness. For p less than about 0.5, a good 

estimate of the true image is formed, ie there are only two stars and the 

apparent height of the companion is about the same as P (Figure 2.8). 

It has been noticed in the laboratory that the level of contamination 

c (x) is about the same regardless of the brightness of s (x ). Also, m- m -m 
the brighter sm(~), the more likely it is to correspond to the brightest 

point in f(x) and hence a 'correct' shift is more likely. So the 'noise' 

part of f (x), ie the fog, tends to increase linearly with the number of 
sa -

s (x) added, but the 'signal' in f (x) increases with the brightness of m- sa-
s (x ) . Therefore the levels of fog and ghosting are reduced if each 

m -m 
s (x) is adjusted in amplitude by scaling it by s (x ) . The adjusted SAA 
m- m-m 

Figure 2.7 (opposite) An example of shift-and-add in two dimensions using 

data collected in an ?Ptical laboratory simulation (see caption 

to Figure 2.2). (a) The true image, ie the 'atmosphere' is 

removed. SAA result fsa(x.,y) after (b) 1 .... , (c) 3, (d) 101 

(e) 30 and (f) 100 speckle images have been averaged. 
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Figure 2.8 Graphs de~icting the performance of SPA on a 1-dimensional 

binary object. (a) probability of a 'correct', 'false' and 

arbitrary shift are shown in the upper, lower and middle 

1 

curves respectively. (b) The apparent height of the companion 

and ghost are shown in the upper and lower curves respectively. 

The independent axis of both graphs is the ratio 

companion to the centre object. 

image f (x) thus formed is described by (Bates l982b) asa -

f (x) = <s (x) s (x + x )> asa - m -m m - -m 

of the 

( 2. 30) 

With both types of SAA mentioned above, some further processing can 

be done to reduce the level of fog. Shifting an image does not destroy 

isoplanation and so (2.28) may be rewritten as 

~ -
f (x) = f(x) e h(x) + a(x) 

sa -

- -

( 2. 31) 

where h(x) and a(x) are the final psf and contamination respectively. 

Thus f(~ is conta~ned in f8a(~, still in the form of a convolution. SAA 

can be repeated for an unresolvable object, just as with ASI, to 'cali

brate' the process. However, with SAA the shape of the averaged psf 

h(x) depends on the form off(~. The averaged psf is narrowest 

when the object is a single unresolvable star, or a collection of separ

ated unresolvable stars. But when the object is not of this form, the 

averaged psf is broader (Hunt, Fright and Bates 1983). Nevertheless, 

deconvolving (§2.2.3) f (x) with the 'calibration' SAA of an unresolvable sa -



-47-

object usually results in a narrowing of the psf. 

2.3 RADIO ASTRONOMY 

Phase errors arise in radio astronomy for reasons that may be des

cribed as 'technical difficulties'. The latter are, of course, a conse

quence of the wavelength of the observed wave motion. Why this is so is 

not immediately obvious. At first thought, the shorter wavelength of 

light would indicate greater technical difficulties in optical astronomy. 

However, in optical astronomy a single aperture, image-forming, telescope 

can be built. Phase distortion at optical wavelengths is caused primarily 

by the atmosphere. At radio wavelengths (centimetres) random phase delays 

in the atmosphere are of secondary importance. Because of the million

fold increase in wavelength, the aperture size must increase accordingly 

-to achieve the same resolution, compared with optical telescopes. The 

only feasible way to do this is to make many separated measurements in 

the aperture plane. Pairs of telescopes (antennas) are operated as 

Michelson interferometers, forming what are known as synthesis telescopes 

(Napier et al. 1983). The signals received by the individual antennas 

have to be combined coherently in pairs. Therefore a reference signal 

called the local oscillator (LO) is combined with all measurements. The 

LO is transmitted to each telescope, providing the telescopes are not 

separated by too great a distance (cf §2.3.1). Any uncertainty in either 

the path lengths to the telescopes, drift in the LO frequency, or position

ing of the telescopes, cause phase errors in the measurements. These 

phase errors are the primary cause of phase distortion in radio astronomy. 

In Very Long Baseline Interferometry (VLBI) (Readhead et al. 1978) the 

baselines are too long to accurately transmit the LO to each telescope. 

Local atomic clocks are used instead as phase references. Note that in 

VLBI, visibility space may be insufficiently sampled (§1.5) if the sort of 

phase reconstruction procedures introduced in this thesis are to be effec

tive. If so, what may be more appropriate than VLBI is a Very Long Base

line Array (VLBA) (cf §2.3.1). 

2 . 3 . 1 The VLA 

An example of a modern aperture synthesis radio telescope is the Very 

Large Array (VLA) in New Mexico (Thompson et al. 1980). 27 telescopes of 

25 m diameter can be positioned anywhere along three 21 km radial arms. 

With N telescopes there are N(N- 1)/2 different correlation pairs. For 
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the VLA this number is 351. A maximum resolution of a few tenths of an 

arc second can be achieved, but several calibration procedures must be 

followed. Measurements of visibility magnitude and phase are known to be 

sufficiently stable over short periods (of the order of 10 minutes) for 

the VLA. Also the position and flux of several hundred 'reference' stars 

are known. So observations of reference stars are regularly interleaved 

with any observation. A particular method of calibration, called 'self 

calibration', has been developed at the VLA (Napier et al. 1983). This 

is a variation on the procedure which is described next. 

2.3.2 Closure Phase 

In this section a technique is described for deriving accurate esti

mates of visibility phase information from radio telescopes that are not 

phase stable. The origins of this technique are found in the work of 

Jennison (1953) . The visibility phase measured on baselines which form a 

closed loop in the aperture plane, are summed to form what is called a 

closure phase. The number of telescopes, N, must be at least 3 to form 

any such loops. Consider 3 telescopes identified by the symbols A, B and 

C. The vector spacings between pairs of telescopes are denoted by AB, BC 

and AC. The corresponding visibility phases existing on these baselines 

are ¢AB' ¢BC and ¢AC respectively. The signal from telescope A is taken 

as a phase reference. The phase angles introduced by the position of the 

object with respect to the position in the observation plane of telescopes 

B and Care ~B and ¢C respectively. That is ¢AB' ¢BC and ¢AC give relative 

phase information, which when combined with ~B and ~C give absolute phase 

information. oB and oC denote the total phase error due to equipment and 

the atmosphere for signals from telescopes B and C respectively. So the 

actual phase that is measured by correlating the signals from telescopes 

A and B is 

(2.32) 

from telescopes B and C is 

(2. 33) 

and from telescopes A and C is 

(2.34) 
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The above 3 measured phases are summed to form what is called the closure 

phase (Jennison 1958) , GABC' thus 

( 2. 35) 

Comparison of (2.32), (2.33) and (2.34) shows that the phase errors are 

eliminated in (2.35), and hence 

(2.36) 

The absolute phase is also eliminated from GABC. From N telescopes, a 

total of (N- 1) (N - 2)/2 different closure phases can be calculated. 

This leaves the phase on (N - 1) baselines to be determined by an indepen

dent method, an example of which is given in §4.2.3. It has been noted 

that in VLBI some phase errors remain in the closure phase due to rate 

errors in the atomic clock references (Readhead and Wilkinson 1978) . 

2.4 X-RAY CRYSTALLOGRAPHY 

This section is concerned with an example of the second of phase 

problem mentioned in the introduction to this chapter. A phase problem is 

encountered in X-ray crystallography for reasons which are now explained. 

Electrons scatter X-rays. The size of an electron is of the order 
-ls of 10 m, and a typical X-ray wavelength, as used in X-ray crystallogra-

phy, is of the order of 10- 10 m. Therefore, electrons behave as point scat

terers to X-rays (Ramachandran and Srinivasan 1970 Chapter 1). The 

behaviour of monochromatic wave motion incident upon a point scatter 

now examined with reference to Figure 2.9. 

Figure 2.9 Vector relationships for the study of wave scattering in a 

plane. A point scatterer is shown at P~ with the origin at 0. 
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A point scatterer is positioned at an arbitrary point P, with position 

vector~, in a plane called the diffraction pZane, \vith origin at 0. A 

wave travelling across the diffraction plane is called the incident wave 

before it interacts with the point scatterer, and is called the scattered 

wave after the interaction. On defining unit vectors s. and s in the 
~ -r 

directions of the incident and scattered wave respectively, the phase 

¢ of the scattered wave, with respect to 0, can be written as 

¢ = k r. (s - s.) -r ~ 
( 2. 3 7) 

A new vector r~ is introduced to describe the scattering direction, at a 

particular wavelength, thus 

r~ = (s - s.)/\ 
-r ~ 

The phase of the scattered wave can now be written as 

¢ = 2TI r.r ... 

( 2. 38) 

(2.39) 

If A is the ratio of the scattered '!Vave &l\pli tude to the incident wave 

amplitude, then the complete scattered wave, for a unit amplitude incident 

wave, is given by 

A exp(i2rr r.r"') (2.40) 

Electronic matter is continuously distributed around the nuclei of 

atoms (Ramachandran and Srinivasan 1970 Chapter 1), and so the amplitude 

of the scattered wave is expressed as a function f(£), of electron density. 

The scattered wave is described by a wave function, F(~"'), called the 

scattered wave function or diffraction pattern. Using the principle of 

superposition, (2.40) is integrated over the diffraction plane, and the 

scattered wave function is written as 

CX) 

F(r~) = J f(£) exp(i2rr z·.r·'J dr ( 2. 41) 

-OJ 

Comparison of (2.41) with (1.3) confirms that the scattered wave function 

is the Fourier transform of the electron density. F(r~) can be identi

fied as the visibility. The inverse Fourier transform of F(r~) produces 

an image of the electron density. Because the electrons are dense around 
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the atomic nuclei, the image is effectively a map of atomic structure. 

X-ray diffraction by crystals is of special interest in many fields 

of physical science (Ewald 1962) . Crystals are repetitive structures of 

atoms in three dimensions. The basic arrangement of atoms is called the 

unit cell. The lengths of the sides of the unit cell, in the x~y~z 

directions, are conventionally denoted by~~£ respectively. Hence the 

position of the centre of the jth unit cell is described by a vector 

defined by 

(2.42) 

where n1, nz, ns are integers. The set of three-dimensional delta func

tions {o 3(r- r.)} which describe the positions of all the unit cells in - -;; 
a crystal, is called the set of lattice points. 

It is obvious that the electron density, f (r), of the whole crystal 
c-

is equal to the convolution of the electron density, fu(r), of the unit 

cell with the set of lattice points: 

(2 .43) 

the convolution theorem (§1.5), the scattered wave function, F (r~), of 
c-

the crystal is the product of the scattered wave function, F (r~), of the 
u-

unit cell and the Fourier transform of the set of lattice points. If a 

single unit cell could be isolated, its scattered wave function, F (r~), u-
would be continuous. The Fourier transfer~ of the set of lattice points, 

however t iS another Set, {8 3 (r"' - y(,)} Of delta functiOnS 1 Called the - --;; 
rocal lattice points. The scattered wave function, F (r~), of the a-
therefore, only has value at the reciprocal points. These values 

are called structure factors, which are samples of the scattered wave 

function, F (r~), of the unit cell: u-

"I} r .; 
--;; 

(2. 44) 

Using conventional crystallographic notation, a reciprocal lattice 

point, with position vector r~, is described by three integers h~k~Z~ where 
-J 

r~ . a = h~ r~ . b 
-J -J k~ "' r. 

-J 
c = z (2.45) 

Comparison of (2.39} and the preceding discussion, with §1.5 on sampling, 
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confirms that the structure factors are spaced at the Nyquist rate. The 

electron density, f (r}, of the unit cell could be computed from a Fourier u-
series based on the structure factors, if both their magnitude and phase 

could be recorded (§1.5). However, no receivers have been made that can 

sense the phase of wave motion at frequencies as high as those of x-rays. 

Only the intensity of the structure factors is measured, ie one is given 

IF c/ £_ ... ) 1
2 and phase {F c ( r "') } must be deduced. Note that the reciprocal 

lattice points actually have a finite width, which is inversely propor

tional, in any dimension, to the number of repetitions of the unit cell. 

However, for crystals large and regular enough to permit accurate measure

ments of structure factor magnitudes to be made, the reciprocal lattice 

points are effectively three dimensional delta functions. 

The Fourier transform of IFu(£_ ... ) 1
2 is the autocorrelation ffu(!Y of 

the unit cell. However one is given IF
0

(£. ... ) 1
2 whose Fourier transform is 

the autocorrelation ff (r) of the whole crystal. ff {r) is called the c- a-
Patterson (Ramachandran and Srinivasan 1970 Chapter 2) and is related to 

ff {r) by 
u-

(2. 46) 

ie the Patterson is the periodic repetition of ff ( 1') • But note that the . u-
extent of ffu(!Y is twice that of fu(!:_) (§1.7) 1 while the repetition period 

as determined by {o 3 (r- r.)} ~I, {o 3(r- r .)} in (2.46), is equal to only - -J ,f;. - -J 
the extent off (r). Hence the Patterson is actually overlapped versions u-
of ff (r). This is due of course to the visibility intensity, ie the u-
structure factor intensities, being available at only the Nyquist rate. 

The visibility intensity must be sampled at bvice the Nyquist rate if the 

autocorrelation of a single unit cell is to be computed. Schemes have 

been developed for deducing the image from th.e Patterson in special cases 

(Ramachandran and Srinivasan 1970 Chapter 3). However, the Patterson does 

not contain sufficient information, in general, to permit the phase retrie

val procedures described in this thesis to be directly applied. The reason 

why crystallographers can so often reconstruct an image of the UI1i t cell is 

that extra information is always available to them. The kinds of atoms in 

the unit cell and the number of each can usually be accurately estimated. 
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Further data can be provided by techniques such as heavy atom methods and 

isomorphous replacement (Ramachandran and Srinivasan 1970 Chapters 5 and 

9) • 
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CHAPTER 3 

UNIQUENESS 

How the visibility phase is constrained by the visibility magnitude 

is the subject of this chapter. It is surprising to many people that the 

phase is constrained by the magnitude. After all, the visibility phase 

is dominant over the visibility magnitude in determining the form of the 

image. This is demonstrated by an example presented in §3.1. However it 

is not the case that just any image is compatible with the visibility 

magnitude if the visibility phase is not given. The visibility phase and 

hence the image is constrained by the visibility magnitude for reasons 

explained in §3.2. How tight the constraints are is shown to depend on 

extra information. However certain characteristics of the image are 

identified as being beyond the constraints of the visibility magnitude. 

Thus a refined statement of the Fourier phase problem is made at the con

clusion of §3.2. 

The investigation of the uniqueness of solutions to the Fourier 

phase problem proceeds in §§3.3 through 3.5. The investigation is divided 

on the basis of the dimensionality of the problem. One-dimensional phase 

problems have been studied for many years (O'Neill and Walther 1963, 

' Walther 1963, Hofstetter 1964, Nussenveig 1967, Bates 1969a, b, Burge 

et al. 1976, Taylor 1981). The theory which is no1~ well developed is 

given in §3.3. Two-dimensional phase problems have recieved attention 

in only the last dozen o~ so years (Napier and Bates 1974, Bates 1978a, 

Ferwerda 1978, Gull and Daniell 1978, Fienup 1978, 1979, 1982, Baldwin 

and Warner 1980, Bruck and Sodin 1979, Lawton 1980, Kiedron 1981, Bates 

1982a, Newsam 1982, Teague 1983, Sanz and Huang 1983). The considerable 

difference between one- and two- (or more) dimensional phase problems is 

explained in §3.4. An alternative view of the two·-dimensional phase 

problem is presented in §3.5. Finally, the effect of noise on solutions 

to phase problems is touched upon in §3.6. 

3.1 PHASE DOMINANCE 

Since the reconstruction of the visibility phase from the visibility 

magnitude is the concern of this thesis, an initial question to ask is 

'which is dominant, magnitude or phase, in determining the form of the 

image?'. Consider the following example, with reference to Figure 3.1. 

Two different images are defined by 
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(a) (b) 

(c) (d) 

Figure 3.1 An example of phase dominance over magnitude in determining 

the form of an image. Two images, (a) g(x~y) and (b) h(x~y) 

Two 'hybrid' images, (c) g(x~ylhJ and (d) h(x~yJg) which are 

formed by interchanging the phases of the visibilities of 

g(x~y) and h(x~y). 
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g(x,y) ++ jG(u,v) I exp(i phase{G(u,v) }) (3 .1) 

and 

h(x,y) ++ jH(u,v) I exp(i phase{H(u,v)}) (3.2) 

Two 'hybrid' images are defined by 

g(x,yjh) ++ jG(u,v) I exp(i phase{H(u,v)}} (3.3) 

and 

h(x,yjgJ ++ jH(u,v) I exp(i phase{G(u,v}}) ( 3. 4) 

Inspection of g(x,yjh} reveals a distorted version of h(x,y) on a non

descript background. Similarly inspection of h(x,yjg) reveals a distorted 

version of g(x,y) on a similar background. This illustrates what has often 

been noticed before (Ramachandran and Srinivasan 1970, Oppenheim and Lim 

1981) that phase appears to be dominant over magnitude in determining the 

form of the image. Phase represents the relative alignment of different 

spatial frequency components and hence determines what the image 'looks 

like'. Consequently almost eveDJone in the image processing community 

has until recently assumed that the magnitudes of different spatial fre

quency components merely determine how 'sharp' the image is. This is 

vividly demonstrated by Figure 3.1. The number of 'blobs' and their posi

tioning in the images is dictated by the visibility phase. The size of 

these 'blobs' is governed by the visibility magnitude. 

It nevertheless transpires that in many important instances the visi

bility magnitude can strongly constrain the visibility phase, as is demon

strated throughout this thesis. 

3.2 IMAGE-FORM AND HOW IT IS CONSTRAINED 

If any arbitrary real phase function ~(u) is combined with the given 

magnitude jF(u) 1, then its Fourier transform c(x} is here called a compat

ibl-e image: 

c{x) ++ jF(u) I exp (i ~{u}) (3.5) 

Since ~(~ is arbitrary (3.5) may be rewritten as 
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o(x) +-+ jF(u) I exp(i (phase{F(y)} + <f!(y)J) 

= F(u) exp(i <f!(u)) (3.6) 

A compatible image o(~ is said to have the same image-form as f(x) if 

o(x) = f(x + a) ++ exp(-i2na.u) F(u) - - -- .) 
(3.7) 

or 

o(x) = f*(-~ +-+ F*(u) 
~ ( 3. 8) 

or 

0 ( :x;) = e:x;p(i b) f(:x:) ++ exp(i b) F(u) 
~ 

( 3. 9) 

where ~ is an arbitrary constant position vector and b is an arbitrary 

real constant. There are two reasons for defining the image-form. The 

first of these is in three parts: (i) an image still looks the same 

if it is movedi (ii) an image remains recognisable if it is reflected 

through the origin of the x-plane, which is the same as viewing it in a 

mirror, or subjecting it to a 180° rotation in the x-plane (the complex 

conjugate of f(-x) is included in (3.8) because f(~) is in general com

plex) ; (iii) a constant phase shift added to an image also does not 

alter its appearance, eg multiplying f(x) by exp(i n) simply changes the 

sign off(~, but does not change its form. The second reason is that 

when only jF(y) I is given, there appears to be no way of distinguishing 

between the three versions of o(:x;) defined by (3.7)/ (3.8) and (3.9). 

So the 'best one can do' is to try to recover the image-form of f(x) 

Bates 1982b). The Fourier phase problem is re-posed as: recover the 

image-form off(~ given only ~~e visibility intensity iF(!!) 1
2 

(cf §1.2). 

What have to be considered now are constraints placed on the image

form by the visibility magnitude. It follows from the convolution theo

rem (§1.5) that the Fourier transform of the RHS of (3.6) can be \vritten 

as 

(3.10) 

where ¢(x) ++ e:x:p(i <f!(u)). It is obvious from (3.6) and (3.10) that 
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unless f(x) is subject to extra conditions there is an infinite number of 

compatible image-forms a(x), and that a(3U is in general complex. Further, 

the definition (3.10) lays no constraints on the extent of a(x). However, 

the autocorrelation aa(x) of a(~ is defined by 

aa(x) = J (K) f a(s) a(s + x) da(s) 

-co 

+-r IF(~ exp(i <P(u)) j 2 

+-r jF(.1:!) 12 1 

= ff(x) ( 3 .11) 

where ~is a K-dimensional vector. So it follows that 

k = 1 .,.,., K ( 3 .12) 

Recall that the extent of an image cannot be less than half the extent of 

its autocorrelation (§1.7). Hence from (3.12) the size of a(x) is con

strained by the inequality 

k = 1 .l.U K ( 3 .13) 

If a(x) is of the minimum extent then a(x) is called a most-aompaat 

image and its image-form is called a most-aompaat image-form. If a(x) is 

most-compact, so that the '=' applies in (3.13), then it is obvious from 

inspection of the integral in (3.11) that aa(~ cannot be larger than set 

by (3.12). If a(x) is not most-compact, so that the '>' applies in (3.13), 

then perfect cancellation must occur under the autocorrelation integral 

(3.11) for x lying outside of the autocorrelation box so that aa(x) satis

fies (3.12). For cancellation to occur the integrand of (3.11) must oscil

late, which implies that a(x) must be complex or bipolar. Therefore if 

a(x) is not most-compact then it must be complex or bipolar if it is to be 

a solution to the phase problem. 

If it is known a priori that a(x) is positive then the integrand of 

(3.11) is itself positive. There cannot be any of the aforesaid cancella

tion for any values of The extent of aa(x) is then exactly twice the 

extent of a(x). Therefore a positive a(~ must be most-compact if aa(x) 

is to satisfy (3.12). That is, the only positive image-forms that can be 

solutions to the Fourier phase problem are most-compact ones (Bates 1984, 
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Bates and Fright 1984b). One can be sure that the number of complex or 

bipolar compatible image-forms is reduced if they must also be most

compact. Therefore the Fourier phase problem is more sharply defined 

when it is posed as: recover all the most-compact image-forms given only 

the visibility intensity jF(u) j
2

• 

In the following section it is shown that in general a very large 

number of most-compact image-forms can be recovered when the phase prob

lem is one-dimensional. On the other hand, in §§3.4 and 3.5 it is argued 

that usually only one most-compact image-form can be recovered from a 

multi-dimensional phase problem. It follows from the last paragraph that 

one can expect a multi-dimensional phase problem to almost always have 

a unique solution when the image-form is known a priori to be positive. 

Although this statement cannot be rigorously proven, it is supported by 

both sound analysis and growing computational experience (refer to §§3.4, 

3.5 and 4.2 wherein the relevant literature is reviewed, and see also 

Chapter 7). Exceptions can be contrived by endowing the image with 

special symmetries (Huiser and van Toorn 1980, Kiedron 1981, Fiddy, Brames 

and Dainty 1983, Fienup 1983), examples of which are discussed in §3.4. 
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3.3 UNIQUENESS IN ONE DIMENSION 

When the image is compact, it is useful to think of the visibility 

as a function of a complex variable w (Hildebrand 1949 Chapter 9) . When 

K = 1, the visibility F(u) is that part of F(w) measured along the real 

axis of w, where 

w = u + iv ( 3. 14) 

F(w) is said to be anaZytiaaZZy continued into the complex W-plane. In 

this section V denotes the imaginary part of w and is not to be confused 

with V when it is used as a real Cartesian coordinate (cf (1.7)). The 

Fourier relationships between f(x) and F(w) are 

OJ 

( 
f(x) = J 

F(w) exp ( i 2rr xw) dLJ ., ( 3. 15) 

-OJ 

and 

L/2 

F(w) = J f(x) exp( -i2rr xw) dx ., (3.16) 

-L/2 

where 

(3.17) 

As in §1.5, f(x) is represented by a truncated Fourier series, thus 

M 

f(x) = (1/L) F e::r:p(i2rr mx/L) m 
m=-M 

and therefore 

where 

M 

F(w) = I F sinc(wL - m) m 
m=-M 

= (sin(rr wLJ) I (rr L) 

M 

m=-M 

m (-1) F /(w - m/L) 
m 

( 3. 18) 

( 3. 19) 

(3.20) 
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( 3. 21) 

Following Bates ( 1969a)_, ( 3. 2b) can be written as the product of 2 poly

nomicals in w, thus 

where 

and 

P(w) = P(w) Q(w) 

M 

Q(w) = ({ sin(TI wL)) I (TI L)) I IT (w - miLJ 

M 

P(w) = I 
m=-M 

m=-M 

M 

{-1)m F IT {w - niL) 
m 

n=-M 

n :/: m 

( 3. 22) 

( 3. 2 3) 

( 3. 24) 

Polynomials of a single variable can always be factored, ie they are 

reduoibZe, or they are not prime. This is called the fur~entaZ 

theorem of algebra (Hildebrand 1949 Chapter 9). 

Hence P(w) can always be factored into 2M irreducible products, ie 

2M 

P(z,;) = o IT {w - z J 
m 

(3.25) 

m=1 

o is a constant, and {z } is the set of 2M complex zeros of P (w), where 
m 

z =u +iv m m m 
(3.26) 

Any member of {z } could in fact be real. So {z } is the set of m m 
'possibly complex' zeros, but they are referred to from no;.-v on simply 

as the complex zeros. All the zeros of Q(w) are real, and the product 

expansion of the sine in (3.23) (Abramowitz and Stegun 1965 p.75), con

firms that they occur at the sampling points u = miL, for j u 1 > MIL. 

This is consistent witl1 the sampling theorem as exp~essed in (3.18) and 

(3.19). There are as many complex zeros of P(w) as there are trigono

metric terms in the Fourier series representing f(x). Because f(x) is 

of finite extent, P(w) is an entire function of eA'Ponential type (Paley 

and Wiener 1934 p.l3). This means that f(x) is completely specified by 

the positions of the zeros of P(w) (Morse and Feshbach 1953 p. 385, 
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Titchmarsh 1952 G~apter 8). Note that there is a denumerable infinity 

of zeros, a finite number of which from (3.25) are complex and an infinite 

number are real. It is convenient to introduce the set {z ~} of zeros, 
m 

are 2J different sets {z ~} if J where z ~is either z or z ~. There 
m m m m 

members of {z ~}have non-zero imaginary parts. 
m It is known (Walther 

1963) that the image corresponding to each set {z ~} 
m 

has the same extent 

as f(x). Since f(x) is by definition a most-compact image compatible 

with jF(u) J

2
, all 2J of these images are also most-compact. 

When f(x) is real, F(w) is conjugate symmetric. The zeros then occur 

in pairs, reflected about the v axis, ie 

M 

P(w) = II (W z ) (w + z*) 
m m ( 3. 2 7) 

m=1 

where 

z* = u - i v m m m (3.28) 

The set {zz } of complex zeros of the visibility intensity jF(u) J
2 

m 
are related to {z } in the following way. Repeating (1.2) for the complex 

m 
variable w, 

I F(w) 1
2 = F(w) F*(w*) 

It is obvious from (3.24) and (3.25) that 

2M 

P* (W *) = 

and hence 

IP(wJI 2 = 

o* IT (W 

m=l 

2M 

c* c II 

m=1 

(w 

z*) 
m 

z ) (w - z *) 
m m 

(3.29) 

(3.30) 

(3.31) 

Therefore, {zz} = {z} tJ {z*}. The zeros of JF(w)J 2 occur in pairs, 
m m m 

relected about the u axis. If one zero from each of the aforesaid pairs 

is chosen, then a solution to the Fourier phase problem can be reconstruc

ted. 

IP(w) J
2 has 214 pairs of zeros, so there are 2

2
M different sets {z ... } . m 
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These can be grouped into pairs corresponding to images which are each 

others' mirror images. So there are 22M-l different image-forms which 

are most-compact solutions to the phase problem. If it happens that a 

complex zero is in fact real, then there is no ambiguity in choosing it 

{ } 2M-r-1 from its conjugate. For r zeros in z being real there are 2 m 
different image-forms. It is convenient to say that there is an arribigui ty 

2M-r-1 
of 2 • 

When f(x) is real, jP(w) 1
2 can be written as 

M 

jP(w)j 2 = II (w z ) (w - z*) (w + z ) (w + z*) 
m m m m 

m=l 

( 3. 32) 

The zeros appear in quadruplets. 

the choice of -z* instead of -z ; 

The choice of z instead of z* implies 
m m 

m m 
The ambiguity then reduces to 2 M-r-l 

The process of choosing zm or z~, in order to generate different solu

tions to the Fourier phase problem, is known as 'zero flipping'. An 

example of this is shown in Figure 3.2 for a positive true image which 

has 16 complex zeros in the complex plane. The 8 zeros in the right

half-plane (u > 0) are shown in the upper-half-plane (v > 0), or lower

half-plane (v < 0), as necessary to produce the true image. Also shown 

are two different images obtained by flipping the 2nd zero only and then 

the 3rd zero only (counting from left to right in Figure 3.2a). Often 

the image-form is required to be positive. Bates (1969a) points out that 

some of the images obtained by zero flipping may not be everywhere posi

tive. Therefore, in any particular case for which only one image-form 

is positive, and for which it is known that the true image is positive, the 

one-dimensional Fourier phase problem has a unique solution. 

3.4 UNIQUENESS IN TWO OR MORE DIMENSIONS 

The ambiguity of the Fourier phase problem is now examined for two

dimensional images and their visibilities. The approach taken here follows 

that of Bruck and Sodin (1979). The image f(x_,y) is represented by samples 

f : m_, n. 
M N 

f(x~y) = I I J"m_,n. Oz(x - xm"' y - yn) 

rn=-M n=-N 

where oz(x_,y) is a two-dimensional delta function. 

(3.33) 

n6. 
y 
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0.5 

v X 

X 

X u 

-0.5 

(a) (b) 

(c) (d) 

Figure 3. 2 An example of 1 zero flipping 1 • (a) The complex zeros (the 

left-half-plane is the mirror of the right-half-plane) of the 

visibility of (b), the true image. (c) Image obtained by 

flipping the second-left-most zero of those shown in (a). 

Note that the now has a negative region and may be phy-

sically unrealisable. (d) Image obtained by flipping the 

third-left-most zero of those shown in (a). The image is 

everywhere positive and so competes with (b) as a solution to 

the phase problem in this example. 
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where ~ and ~ are the spacings between image samples in the x and y 
X y 

directions respectively. Substitution of (3.33) into (1.7), shows that 

the visibility is a Fourier series, which is written as 

M N 

F(u., v) \ \ f e~(-i2TI (mu ~ + nv ~ )) /.., /.., m.,n -;: x y ( 3. 34) 

m=-M n=-N 

Note that the representation {3.33) for the image has occasioned a 'change 

of roles' • F( u_, v) is now represented by a Fourier series, tV'hereas in 

(1.26) and (1.27) it is f(x_,y) which is represented by such a series. 

This change of roles is adopted in this section only and is discarded 

once the desired point has been made. The visibility is continued analy

tically into a complex hyperplane, as in §3.3, by redefining u and v to 

be complex variables. The substitutions z = exp(-i2TI u~ ) and 
X 

w = exp(-i2TI v~ ) are made. Bruck and Sodin point out that this is a 
y 

transition from a Fourier transform to a discrete z-transforrn (Stanley 

1975 Chapter 4). The visibility can be written as a polynomial in two 

complex variables: 

M N 

P(z,w) = \ ,.. m n 
/.., Im n z w 

" 
( 3. 35) 

m=-M n=-N 

The difference between the phase problem in K = 1 and K = 2 now becomes 

apparent. Attempts to factor P(z,w) are likely to fail. Polynomials of 

two or more variables, with arbitrary coefficients, are almost always 

irreducible, or prime. That is, there is no fundamental, multi-dimensional 

theorem of algebra (Hayes and McClellan 1982). If P( z, tJ) is prime then 

tl1ere are no factors to conjugate ('flip') as can usually be done when 

K = 1. From another point of view, the zeros of a K-dimensional (K > 1) 

polynomial form a (K-1)-dimensional analytic hyper-surface. This hyper

surface is 'rippe.d apart' if arbitrary segments are conjugated ('flipped') , 

and is then unlikely to remain analytic. If P(z.,w) is factorable then the 

hyper-surface of zeros consists of disjoint 1 sub-surfaces' which can be 

individually conjugated and remain analytic (Newsarn 1982, Kiedron 1981 and 

references quoted therein) . 

Measurement of only the visibility intensity, (3.29}, corresponds to 

being given the polynomial 

( 3. 36) 
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where 

P~(z. '-') 2M 2N P( - 1 - 1) ~w ; Z W Z .,W (3.37) 

is the polynomial of the visibility corresponding to the mirror image, 

f*(-x,-y), as follows from the autocorrelation theorem (§1.7). lP(z,w) 

is here called the autooorretation potynomiaZ. For example, if 

P(z.,w) = (1 + az + bzw)., then P~(z,w) = (b + aw + zw)., and 

IP (z,w) = (b + aw + (1 + aa + bb) zw + abz + awz 2 + abzw 2 + bz 2 w2 ),., 

where a and b are arbitrary constants. The only polynomials likely to 

be factored from lP(z,w) in general are P(z,w) and P~(z,w). They corres

pond to the same image-form, and so the solution is almost always unique. 

An early investigation (Napier and Bates 1974) of the two-dimensional 

phase problem using complex zero theory (§3.3) confirms this. Many 

compatible image-forms were generated from the visibility intensity. 

However only one was most-compact, and it was the only positive one. 

A Fourier phase problem for K = 2 having an ambiguous solution can of 

course be contrived (Huiser and van Toorn 1980). The following example 

due to Fienup (1983) illustrates this nicely. Suppose that the true image 

f(x.,y) is the convolution of two other images g(x,y) and h(x,y) 1 ie 

F(u.,v) = G(u,v) H(u,v) ( 3. 38) 

where G(u,v) ++ g(x,y) and H(u,v) ++ h(x.,y). There are then four images 

defined by 

f ++ (x.,y) ++G(u,v) H(u,v) .J (3.39) 

f+- (x,y) ++ G(u, v) H*(u., vJ 
" 

(3.40) 

f_+( x,y) ++ G*(u,v) H(u.,v) 
" 

( 3. 41) 

f __ (x,y) ++ G*(u., v) H*(u., v) J (3.42) 

all of which have the same visibility intensity jF(u.,v) 1
2

• It follows 

from §3.2 that f++(x,y) and f __ (x,y) have the same image-form, and that 

f+_(x.,y) and f_+(x,y) have the same image-form. Now f++(x,y) and 

f (x.,y) have different image-forms only if G(u,v) ~ G*(u,v) and 
+-

H(u.,v) ~ H*(u,v) 1 ie both g(x.,y) and h(x,y) are non-centro-symmetric. 
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An example is shown in Figure 3.3. More generally, the solution to the 

phase problem for K > 1 is ambiguous when the true image is a convolution 

of other images, and at least two of these other images are non-centro-sym

metric. 

l 

l l 

l 

g(x,y) 

1 

1 1 

1 

g(x,y) 

1 

2 

2 

1 

l 

l l 

h(x,y) 

1 1 

1 

h(-x,-y) 

1 1 

4 6 2 

10 14 7 

11 20 ll 

7 14 10 

2 6 4 

1 l 

ff(x,y) 

l 

l 2 1 

l 3 l 

l 1 

f++(x,y) 

l l 

l 2 2 

2 2 

l 

f+_(x:;y) 

1 

2 

2 

1 

Figure 3.3 An example of an ambiguous solution to the Fourier phase 

probl,em when K = 2. The two images (solutions), f'++(x,y) 

and f+-(x,y), are formed from the convolution of f(x~y) 

with g(xJy), al'ld g(x,y) with h(-x,-y) respectively. f'++(x,y) 

and f+_(x,y) have different forms, but have identical auto

correlations ff(x,y), and therefore have identical visibility 

intensities. The magnitudes of the discrete image elements 

are labelled in arbitrary units. 
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The above discussion of the two-dimensional phase problem can be 

extended immediately to higher numbers of dimensions. Because of the 

lack of a fundamental theorem of algebra, polynomials of more than one 

variable are almost always unfactorable. Therefore the multi-dimensional 

Fourier phase problem for most-compact image-forms is almost always 

uniquely solvable. This is in direct contrast with the one-dimensional 

phase problem. 

3.5 ANOTHER UNIQUENESS ARGUMENT 

The uniqueness of solutions to the phase problem when K > 2 is now 

examined in an alternative way (Bates 1982a) to that presented in §3.4. 

The representation (3:33) for the image is now discarded and the repre

sentation (1.26) and (1.27) is re-adopted. The positions of samples in 

visibility space (§1.5) are referred to by row and column, eg the sample 

in the mth column and nth row is F = F(m/L 1 (f) _, n/L 2( f)). 
m.,n 

The set of samples along the mth column is denoted by c 
m,n 

Similarly 

the set of samples along the nth row is denoted by R • So each sample m,n 
F 
m,n 

is a member of an intersecting C and R Now each C m.,n m,n m,n 
and 

is a one-dimensional set of Fourier samples. The complex zeros of R m,n 
each C and R can therefore be computed as in §3.3. Each C has 

m,n m,n 2 m,n 
2M1 complex zeros, so that 2 M1

-
1 sets of phases can be computed by 'zero-

flipping' for the 2M1 + 1 samples in each c m_,n 
2M,.,-1 

Similarly, 2 4 sets 

of phases can be computed for the 2M2 + 1 samples in each R • But rows m,n 
and columns are not independent. At the intersection of each row and 

column the phase of the row sample must of course equal the phase of the 

column sample. This must diminish the 22M1-
1 number of possible phase 

distributions for C , and 22Mz-l possibilities for R . Furthermore, 
m,n m,n 

each R must have compatible phases with all of the 2M2 m,n 
which it intersects. This implies strong restrictions on 

+ 1 c 
m,n 

with 

the possible 

phase distributions for all R and C , and hence F . So it is 
m.,n m,n m,n 

unlikely when K ~ 2 that there are many phase distributions compatible with 

the given visibility intensity. Note that this argument applies whether 

or not the image is complex. If the image is known to be real then even 

less phase distributions are possible for each R and C ( §3 .3). The m,n m.,n 
possibility of a phase distribution being compatible with all R and C 

m,n m,n 
is therefore likely to be less for a real image than for a complex one. 
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3.6 EFFECT OF NOISE 

In §1.4, it is remarked that the image is inevitably contaminated 

with noise. In the Fourier phase problem the data are given in visibility 

space. Therefore, when considering the effect of noise on the solution of 

the Fourier phase problem it is noise in visibility space that must be 

taken into account. Two questions arise. Firstly, how is the ambiguity 

affected? , ie is the number of solutions increased or decreased? 

Secondly, does any solution still resemble the true image-form, and if so, 

how degraded is it? The effect of noise is discussed below, for K = 1 and 

K > 1~ respectively. 

ForK= 1, the polynomial jP(w) j
2 must still factor into 4M irreduc

ible terms, no more and no less, regardless of noise. The positions in 

the ~plane of the {zz } can be expected to move. They remain in conjugate 
m 

pairs, z and z*, though, because a noisy jF(u) j
2 is still real. Any m m 

complex zeros which, for ideal reasons, are expected to be real in the 

absence of noise, are likely to be complex when noise is present. In such 

a case the number of zeros that can be 'flipped' is increased (Napier 

1972). The solution which with no noise resembles the true image, can be 

expected to degrade steadily with increasing levels of noise. An example 

is shown in Figure 3.4. Noise is added to IF(u) j 2
• The noise is repre

sented by pseudo-random numbers drawn from a rectangular distribution, ie 

the probability density function p(a), for noise of intensity a, is 

Figure 3.4 (opposite) The effect of noise on solutions to the one

dimensional phase problem. 

(a) The complex zeros of IF(w) j
2 which is contaminated with 

noise of peak intensity= l% IF(O} j
2 

(b) The reconstructed image using the zeros shown circled 

in (a) • 

(c) The complex zeros of j F(zu) j
2 which is contaminated with 

noise of peak intensity= 2% IF(O) j
2 

(d) The reconstructed image using the zeros, shown circled 

in (c). 

Compare these figures with the true image and its complex zeros 

which are shown in Figures 3.2b and 3.2a respectively, 

,,_1eo&J ke re- "'" ( ~) C\"J 0?) 
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p (a) = 1/R ; 0 < a < R (3.43) 

where R is the maximum permitted intensity of the pseudo-noise. R is 

conveniently specified as a fraction of IF(O) 1
2 • The true image for this 

example is the same as that shown in Figure 3.2b. The complex zeros {zz } 
m 

which are shown in Figures 3.4a and 3.4c correspond to R = 1% and R = 2% 

respectively. The zeros which are chosen for {z ~} (§3.3) are identified 
m 

by circles {cf Figure 3.2a) in Figures 3.4a and 3.4c. The reconstructed 

images are shown in Figures 3.4b and 3.4d respectively. Comparison of 

Figures 3.4a and 3.4c with Figure 3.2a illustrates the experience of work

ers in this field {Napier 1972, Ross et al. 1978) that the sensitivity to 

noise of the positions of the complex zeros increases with u. However, 

again in agreement with experience, both of the reconstructed images are 

recognisably similar to the true image shown in Figure 3.2b. 

ForK= 2, a unique solution almost always exists in the absence of 

noise because, as explained in §3.4, lP(z,w) only factors to produce the 

true image and its mirror image. Computational experiments have shown 

that the solution degrades steadily with increasing noise and that 'the 

rms error of a reconstructed image is roughly equal t:o the square root 

of the rms error of the Fourier modulus estimate' (Feldkamp and Fienup 

1980, Fienup 1983~. The practical upshot is that phase reconstruction 

procedur~s can be stable in the presence of noise (§§5.4, 6.1, 7.2, 7.4) 

despite earlier predictions (Huiser and van Toorn 1980) to the contrary. 
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CHAPTER 4 

PHASE RECONSTRUCTION ALGORITHt~ 

Computational procedures for reconstructing solutions to the Fourier 

phase problem are the subject of this chapter. Several algorithms exist 

which have proven in practice to be effective in finding solutions. Repre

sentative examples of these algorithms are described in each of the sec

tions in this chapter. 

It is explained in Chapter 3 why it is that one-dimensional phase 

problems are fundamentally different to multi-dimensional phase problems. 

Although one-dimensional phase problems in general have a very large n'~

ber of solutions, it is possible to devise straightforward procedures for 

computing every one of them. In contrast, multi-dimensional phase prob

lems almost always have a unique solution but it cannot be computed 

directly. In this chapter accordingly, the discussion on phase reconstruc

tion algorithms is divided on the basis of dimensionality. §4.1 is devoted 

to one-dimensional phase problems. Since such problems are known to be 

non-unique in general (§3.3) one needs additional information in order to 

be able to select any particular solution. Both a priori information and 

additional measurements of the visibility phase or the image can be incor

porated into phase recovery algorithms. Three different kinds of algor

ithms are described in §4.1. All rely on the complex zero theory presented 

in §3.3. Procedures that are applicable for any kind of compact one

dimensional image are discussed in §§4.1.1 and 4.1.2. When the one-dimen

sional object is known to satisfy certain 'special conditions' then the 

procedures discussed in §4.1.3 can be used. 

§4.2 is concerned with algorithms for solving two-dimensional phase 

problems. The iterative approach which these algorithms share in common 

is discussed in §§4.2.1 to 4.2.4. A brief summary is given in §4.2.5 of 

algorithms that can handle two-dimensional objects satisfying certain 

'special conditions'. 

4.1 ALGORITH~ FOR 1-D 

In §3.3 it is explained that the task of reconstructing the phase of 

F(u) is equivalent to choosing z 
m from z* for every member of the set of m 

zeros {z } of F(w) . Remember that only 
m the set {zz } can be unambiguously m 

computed from the given jF(u) 1
2 • So it is necessary to choose the sign of 



-74-

v for every complex zero z = u + i v of F(w). The next three sub-m m m m 
sections discuss practical methods of doing this. 

4.1.1 Apodisation 

In some applications the visibility intensity IF(u) j 2 is given and 

a modified form, jF(u) j
2 , corresponding to apodisation of the image, is 

also given. The complex zeros {zz } of jF(w) j
2 are in different positions 

m 
to the complex zeros {zz} of jF(W) j 2

• This shift in the position of the 
m 

complex zeros due to the apodisation is exploited when choosing the signs 

of the v . m 
-For instance, suppose that F(u) corresponds to f(x) being 

multiplied by exp(-2rrax) (Walker 1981), where a is a positive real constant, 

ie 

F(u) +-+ exp( -2rrax) f(x) 

This could be achieved in ASI (§2.2.2) by multiplying 

(§2.2.1) by exp(-2rrax). The imaginary part v of each 
- m 

F(w) is increased by a as compared with the imaginary 

and 

z --u +iv m n m 

= u + i(v + a) m m 

z" = u m m 
i(v + a) m 

( 4 .1) 

each speckle image 

complex zero z of 
m 

part v of z , ie 
m m 

(4.2) 

( 4. 3) 

Consequently the values of 

m, once all the members of 

jv I and lv I = lv + al are determined for all m m m 
{zz } and {zz } have been calculated. If, for a 

m m 
particular value of m, it happens that v > 0 then 

m-

lv I== lv I +a m m 

On the other -hand, if v < -a it is clear that 
m-

Furthermore, if 0 < v < -a then 
m 

( 4. 4) 

(4.6) 
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so, v must be positive if both Jv I > lv I and lv ! > a, and v must be m m m m m 
negative if either lv I < lv I or both Jv I > !v I and lv I < a. There-m m m m m 
fore, all members of {z }, and hence {z }, can be unambiguously identified. m m 
Other apodisation techniques {Ross et al, 1977, 1978, Nakajima and Asakura 

1983, Taylor 1981) similarly rely on a prescribed shift in the position 

of the complex zeros. 

4.1.2 zero-matching 

The one-dimensional phase reconstruction procedure of Bates and Napier 

(1972) which is described in this sub-section requires an accurate measure-
" ment of the visibility intensity iF(u) j 2 and an estimate F(u) of the 

A 

complex visibility. In other words, an estimate f(x) of the true image 

f(x) is required where 

f(x) ++ F(u) (4.7) 

A 

The estimate f(x) need only be faithful enough to permit the z to be m 
distinguished from the z~, in the following manner. From jF(u) j

2 the 
m 

complex zeros {zz } can be m 
computed ( § 3. 3) • 

{z } of F(w) , and 

Remember that {zz } is the 
m 

union of the complex zeros 
m 

their complex conjugates {z*} m 
which are the complex zeros of P~(w*). So with any zero z = u + i v m m m 
there is an ambiguity as to the sign of v . The procedure begins by comm A 

puting from F(u) an estimate {z } of {z }. The positions in the complex m m A 

plane of both {zz } and {2 } m m are compared. Suppose that P(u) is a perfect 

estimate of F(u). The zeros {z } are then positioned 'on top of' half the 
m A 

zeros {zz }, ie that half which are {z }. With decreasing fidelity of F(u) 
m m 

the positions of {z } 'stray' from the positions of {z }. Providing each m m 
z m is closer to z than to z* it is possible to identify all of the {z } 

m m m 
(Figure 4.l). The complex zeros {z } are used only to identify which 

m 
zeros of {zz } are {z }. m m 
solely from the {z } and 

m 
ity phase is computed to 

The complex visibility P(u) is then computed 

not from any of the {2 }. Therefore the visibil
m 

the same accuracy as the visibility intensity. 

It is not ah<ays possible, of course, to correctly identify all of 

the {z }. If there are 2M pairs of zeros in {zz } then often a choice can 
m m 

be made between z and z* on only a subset of J pairs of zeros (Figure 
m m 2M-J-1 

4 .1) • 

(§3.3). 

The remaining ambiguity of the solution is of the order 2 

The procedure described so far is applicable for reconstructing 

complex, bipolar or positive image-forms. If the image-form is known to 
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(a) (b) 

X 
+ 

X 0 
X + 

X 0.5 + ®® 
+ 0 X u 

0 +x 
(8 

+ 

0 
+ 

(c) (d) 

Figure 4.1 An example of one-dimensional phase reconstruction by 

zero-matching. 

(a) The true image f(x). 
A 

(b) A noisy image estimate f( x) (obtained by adding to F(u) 

pseudo-random noise of peak amplitude equal to 10% F(o). 

(c) The complex w-plane showing the positions of the zeros 
A 

of jF(wJj 2 (x•s) and F(w) (+•s) >·lhere F(w) ++ f(x) and 
A A 

F(w) ++ f(w). 

(d) The image reconstructed using the circled zeros of 

IF(w) j 2
- only the fourth from the left is chosen 

'incorrectly' . 
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be real then there are ~nly M independent pairs of complex zeros in {zz }. 
M-J-1 m 

The ambiguity is then of the order 2 The image-form may be known a 
M-J-1 

priori to be positive. If 2 is not too large then all the possibili-

ties can be computed. Only those image-forms which are positive are 

allowed as solutions. 

4.1.3 Special Cases 

When a priori information constrains the choice of the sign of the V m 
then the phase problem is here called a 'special case'. Some examples are 

now described. 

All the z may be known to lie in the one (say the lower-) half 
m 

plane. So the sign (negative) of v is given for all m. phase{F(u)} 
m 

and hence f(x) can then be computed immediately. This phase solution is 

called the minimum phase or Hilbert phase solution (Burge et al. 1976, 

Fiddy 1983). Suppose that for a few zeros the sign of v is not given m 
a priori. If these zeros are sufficiently removed from the real axis then 

their effect on phase{F(u)} is small. Hence an error in choosing the sign 

of v of these zeros does not affect the estimate of phase{F(u)} signifi-
m 

cantly. Given this condition, all the zeros can be assumed to be in the 

one half plane, ie the Hilbert phase is assumed (Taylor 1981). The recon

structed image f(x) is then a useful approximation to the true image. 

Another special case occurs when f(x) is comprised of separated parts 

(Greenaway 1977, Bates l978b), ie 

f(x) = I f. ( x) .,_, ( 4. 8) 

i 

where the support n. of each f.(x) does not intersect the support n. of .,_, .,_, J 
any other f.(x). The support n of f(x), ie 

J 

(4.9) 

and the visibility intensity IF(u}j 2 must be given. The complex zeros of 

F(~) are {z~ (see §3.3). If any zm is 'flipped' then the reconstructed 
A 

image f(x) occupies the same image box as f(x) (see §3.3). If Zmis a 

zero of every Fi(~}~ where 

F(~) = {4.10) 

i i 
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A 

then f(x) also has the same support as f(x). If the F.(w) have no complex 
A ~ 

zeros in common then f(x) has a different support than f(x). So if ~ is 

given and the F.(w) have no complex zeros in common then f(x} is 
~ 

always the only possible image-form. Note that with data drawn from the 

real-world it is unlikely that the F.(w) have any complex zeros in common 
~ 

(Napier 1972, Bates et al. 1976, Bates 1978). 

A counterexample has been proposed (Crimmins and Fienup 1981) to show 

that F{w) must have a finite number of complex zeros for the above des

cribed special condition to hold. Alternatively a more stringent separa

tion conditon can be applied (Crimmins and Fienup 1983) to ensure that f(x) 

is almost always the only possible image-form. If every possible image

form is computed by zero flipping then given the above special conditions 

the image-form that occupies the given support is the required solution to 

the phase problem. A computationally more efficient way of finding this 

solution may be to use a one-dimensional version of one of the iterative 

algorithms described in §4.2.2. 

4.2 ALGORITHMS FOR 2-D 

The analytic properties of one-dimensional visibilities are the basis 

of all but the last of the one-dimensional phase reconstruction algorithms 

described in §4.1. In the absence of a complete description of the analy

tic properties of two-dimensional visibilities {§§3.4, 3.5) the two-dimen

sional phase reconstruction algorithms that have developed, and have proved 

useful, have been iterative. Many of the known iterative two-dimensional 

phase reconstruction schemes can be described in terms of Figure 4.2. 

A diagram of the working of an iterative scheme is made up of blocks 

connected in a loop. Four such blocks are shown in Figure 4.2. The pro

cessing of image data and the processing of visibility data are represen

ted by two blocks which are connected by forward and inverse Fourier 

transforms. Incomplete information available about the image f(x>y) and 

its visibility F(u,v) is denoted by {f} and {F} respectively. A set of 

starting data, or initial conditions, are provided in the form of either 

go = £o(x>y) or Go = Go(u>v). The data which are iterating, ie moving 

around the loop, are ~:onstrained during each iteration by the available 

information. That is, G is processed to form G~, and g~ is processed to 

form g. After each iteration the most recently evaluated functions com

patible with the given information become the new versions of G~ and g. 

An error measure can be derived from the difference between G~ and G or 
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alternatively from the difference between g and g~. Convergence to a 

solution is indicated by the error measure. Several different types of 

iterative two-dimensional phase reconstruction algorithm are now des

cribed in detail. 

g FT G 

v -

{f} - - { F} 

/ -
g' FT G' 

Figure 4.2 Building blocks of an iterative phase reconstruction algorithm. 

At each iteration, the latest ~mage estimate g 
_. 

is constrained 

by {f} to form g, whose Fourier transform (FT), G, becomes the 

latest visibility estimate, which is constrained by {F} to 

form 0_.. The loop is closed when the Fourier transform of G_. 

is used as the new image estimate g". The starting guess can 

be go or Go. 

4.2.1 Gerchberg and saxton 

Gerchberg and Saxton appear to be the first to have proposed an itera

tive scheme for phase reconstruction using data in both image space and 

visibility space (Gerchberg and saxton 1972). They addressed the problem 

of phase reconstruction in the field of electron microscopy. Both the 
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visibility and the image are in general complex. However only the inten

sity of the image and the intensity of the visibility can be measured. 

With reference to Figure 4.2, this means that {f} = lf(x,y) / 2 and 

{F} = IF(u,v) 1
2

• Just lf(x,y) l 2 alone places strong constraints on the 

image. At the least, the image support is defined by lf(x,y) I~ Also, one 

can tell, first, where the image lies in image space and, second, which is 

the true image and which is the mirror image (§3.2). 

The starting data, go(x,y), are (Gerchberg and Saxton 1972) random 

phases between -TI and TI. So the first image estimate is g(x,y) described 

by 

g(x,y) = /f(x,y) I exp(i phase{go(x>y)}) (4.11) 

One iteration of the algorithm is described by the following four equa

tions: 

G(u,v) ++ g(x3 y) (4.12) 

G~(u,v) = /F(u,v) I exp(i phase{G(u,v)}) (4.13) 

(4.14) 

(4.15) 

To continue the iteration, the latest version of g(x,y), ie the LHS of 

(4.15) is reinserted into the RHS of (4.12). An error measure (§4.2.2) 

can be computed at each iteration. The solution is deemed to have con

verged if the error falls to a specified level. This level may reflect 

an estimate of the signal-to-noise ratio in the starting data. It is 

known that this type of algorithm must converge in the sense that the 

error must decrease or at worst remain the same with each iteration 

(Gerchberg and Saxton 1972, Fienup 1982). A proof of this is given in 

the next section. 

Given convergence, the image may still be multiplied by an arbitrary 

phase constant (§3.2). Also if the image intensity is centro-symmetric 

then f(x3 y) is indistinguishable from f*(x 3 y). 

The original paper (Gerchberg and Saxton 1972) cites an example of 

a solution converging in 37 iterations for a 32 by 32 element image, and 



-81-

it reports that 'the only way the algorithm has been fo:r.·ced to fail thus 

far is by inadequate sampling in either of the two domains'. While there 

have been contradictory examples (van Toorn and Ferwerda 1977, Huiser et 

al. 1977, Taylor 1981), most of the available evidence on the convergence 

of the Gerchberg-Saxton algorithm has been confirmato~J (Schiske 1974, 

Dallas 1975, Gonsalves 1976, Bates 1978a, Devaney and Chidlaw 1978, Foley 

and Butts 1981) . Several adaptations of the algorithm have appeared (de 

Santis and Gori 1975, Marks and Smith 1981, Howard 1981, Stark et al. 

198l,Walker 198lb) notably Misell's (1973a, b) technique of image recovery 

from two defocused intensity measurements. Of major significance to the 

solution of the phase problem encountered in astronomy (Chapter 2) are 

the modifications of the Gerchberg-Saxton algorithm which are described 

in §4.2.2. Others (Hayes et al. 1980, Oppenheim and Lim 1981, Hayes 1982, 

Levi and Stark 1983) have modified the Gerchberg-Saxton algorithm to solve 

what is called the Peconatruotion from phase problem, (Bruck and Sodin 

1983), or the intensity probZem, ie given phase{F(u)}, reconstruct f(x) 

where f(~ ~ F(u). Note that this problem can be regarded as the comple

ment to the phase problem. 

4. 2. 2 Fienup 

The iterative algorithm of Gerchberg and saxton (§4.2.1) has been 

adapted by Fienup ( 1978, 1979,, 1980, 1982) to solve the problem of phase 

reconstruction from a single intensity measurement, ie what in this thesis 

is called the pure phase problem. So with reference to Figure 4.2, 

{FJ = jF(u~v) j 2 and the content of {f} is any a priori information given 

about the image. From jF(u~v) !2 partial constraints can be derived for 

the extent of f(x,y) (see §3.2). A further constraint that g(x~y) must 

be positive can be made in many applications (Chapter 2) , and is assumed 

to be so in the following description. 

Several algorithms have been developed by Fienup (1982). In each, 

the first three steps are described by (4.12), (4.13) and (4.14) from 

§4 .2 .l. The simplest algorithm is called error-Y•eduction or error-correc

tion, in which the fourth step is written as 

; x,y e y , 

= 0 ; ( 4 .16) 

where y is the set of points in (x,y) space where g~(x~y) satisfies the 
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constraints {f}. Note that data are sampled when an algorithm is imple

mented on a computer. So although the continuous variables x~y and u~v 

are used in this sub-section (to simplify the notation) they are to be 

understood to identify sample points. 

Convergence of the error-reduction algorithm can be very slow (Fienup 

1982). The following algorithms, which increase the amount of processing 

that is done in image space, have been found to accelerate convergence. 

Consider g.(x~y) as an input to a non-linear process that produces g~(x~y) 
~ ~ 

as an output at the ith iteration. The non-linear process is the series 

of three blocks expressed by (4.12), (4.13) and (4.14) (Figure 4.3). The 

new input gi+l(x~y) is formed from combinations of {f}, gi(x~y) and 

g~(x~y), ie from the constraints/ the present input and the present out-
~ 

put. The motivation for these modifications to the basic error-reduc-

tion algorithm comes from the observation that a small change in the input 

produces an approximately proportional change in the output (Fienup 1982) . 

Hence what Fienup calls the input-output algorithm is defined by 

g. (x~y) 
~ 

x~y € y 

x"y ¢ y 

together with (4.12), (4.13) and (4.14). 6 is a positive real constant, 

typically 0.5. In words, the new input is formed from the present input, 

less a fraction of how much the present output violates the image con-· 

straints. 

If the present output was chosen as the new input then it would 'pass 

through' the non-linear system unchanged (Fienup 1982). So Fienup has 

devised another algorithm, called the output-output algorithm, which is 

defined by 

x~y € y 

x~y ~ y ( 4 .18) 

together with (4.12), (4.13) and (4.14). That is, the new input is formed 

from the present output, less a fraction of how much the present output 

violates the image constraints. Comparison of (4.16) and (4.18) shows that 

the output-output algorithm is the error-reduction algorithm with the 

addition of \vhat is called the 'fcgedbach .. ' parameter 6 (Fienup 1982). 
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One other algorithm has been proposed which is a combination of the 

input-output and output-output algorithms. The hybrid input-output 

algorithm is defined by (Fienup 1982) 

x:Jy e y 

( 4 .19) 

together with (4.12), (4.13) and (4.14). The new input is formed from 

the present output where it satisfies the constraints, otherwise from 

the present input less a fraction of the present output. The hybrid 

input-output algorithm has in practice shown the fastest convergence of 

all the iterative. schemes described in this sub-section (Fienup 1982). 

non-linear process 

. 9.- input 1 
FT Gi 1-

1 
gi+r < 

I v -
I 
I 

{f} - I -~ { F} 

I 
I I 

... ./' I -
I 

g~ output l FT G~ 
I I 

Figure 4.3 Block diagram of Fienup's iterative algorithms illustrating 

the 'input-output' point of view. The three blocks on the 

RHS of the dotted line can be thought of as a non-linear 

process. 
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The convergence of the error-reduction algorithm can be proved as 

follows (after Fienup 1982). The image space error EI is defined by 

(cf Figure 4.3) 

I Jgi+l(x,y) - gi(x,y) 12 
x,y e y 

Similarly the Fourier space error is defined by 

(4.20) 

( 4. 21) 

where A is a constant arising from the definition of the inverse discrete 

Fourier transform {§1.6). During the ith iteration (4.16) means that 

g~(x,y) is modified to form g. 1(x,y) by subtracting only those parts of 
~ ~+ 

g~(x.,y) which violate {f}, ie g. 
1

rx,y) is the closest function, in a 
~ ~+ 

least-squares sense, to g~(x,y) that is consistent with {f}. Now g.{x,y), 
~ ~ 

from the previous iteration, is also consistent with {f}, but it cannot 

be any closer to g:(x,y) than g. 
1

rx"y). Therefore 
& ~+ 

x,y e y x,y e Y 

{4.22) 

By Parseval's theorem (Hildebrand 1962 p.27) 

I jg.(x,y)- g:(x,y)j 2 =A I !G.(u,v)- a:ru_,v)j 2 

~ ~ ~ ~ 

x.)y e y u_, v 

( 4. 23) 

and so, (4.22) can, from (4.20), (4.21) and (4.23k be written as 

E: < E: 
I. F. (4.24) 

1..- 't 

By symmetry the same argument can proceed for a:(u_,v), G~ 
1

ru,v) and 
~ ~+ 

Gi+l(u,v) to show that 

(4.25) 

and hence from (4.24) 
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(4.26) 

ie the Fourier space error, or equivalently the image space error, can 

only decrease or remain the same (Fienup 1982) with each iteration of the 

error-reduction algorithm. Note that convergence is not guaranteed wnen 

using any of the input-output algorithms. Also, when using the hybrid 

input-output algorithm the error measure is not appropriate (Fienup 

1982) because the input g(x~y) is a 'driving function' for the non-linear 

stage and need not resemble f(x~y). An alternative measure of visibility 

error is defined in §5.2. 

Occasionally the error can remain the same or fall only slowly with 

continued iterations. This is~termed stagnation. Adjustments are made to 

the algorithm parameters, or an alternative algorithm is tried when stag

nation occurs. The hybrid input-output algorithm is the least likely to 

suffer from stagnation (Fienup 1982) • 

The starting data for the iterative algorithms can be g0 (x~y) or 

Go(u~v). If no other information is available, then the simplest unbiased 

initial guess for these algorithms is g 0 (x~y) equal to an array of pseudo

random numbers. When go(x~y) is constrained by {f} then g(x~y) has the 

required extent and is positive. Suppose G0 (u~v) is set equal to an array 

of pseudo-random phases between -rr and rr. At the end of one iteration an 

image estimate g(x~y) is obtained. This estimate is essentially the same 

as that obtained when go(x~y) is pseudo-random. To fulfil (4.24), (4.25) 

or (4.26) it is necessary to decide which points in g~(x~y) lie within , 
A 

Q, the estimate of the image support Q. This means determining not only 

the shape of Q but also its position in image space. When go(x~y) or 

Go(u~v) are pseudo-random numbers then the initial positioning of~ is 

arbitrary, ie any position gives the same image-form (§3.2) for g(x~y). 

However there is often a useful estimate of f(x~y) or F(u~v) available 

for go(x~y) or Go(u~v) respectively (cf §§2.2.4 to 2.2.7). This means that 

within go(x~y) an estimate of f(x~y) can be found, but its position is 
A 

not usually predetermined. So the positioning of Q in the algorithm is 
A 

no longer arbitrary. The position of Q which encloses the ~ste~r~ in 

g~(x~y) is taken as the optimal position in this situation (cf §7.1). 

The simplest estimate of Q is an estimate B{f) of the image box which 

is derived immediately by halving the extent of the autocorrelation box 

(see §§1.7, 3.2). It does not appear to be crucial to the success of 

these algorithms that ~ is not an accurate estimate of Q. How close Q 
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is to Q does seem to determine how quickly the algorithms initially con-
A 

verge. But, it has been noticed that increasing the extent of Q after 

some number of iterations can be advantageous (Fienup 1982, Bates and 

Fright 1983, 1984a). Recall that if the image-form must be positive then 

it must also be most-compact (see the last two paragraphs in §3.2). There

fore, if positivity is the only constraint then a most-compact image-form 

can be eventually reconstructed, albeit rather slowly (cf Fienup 1982). 

As a corollary to this argument, consider how these iterative algorithms 

would perform with image extent as the only constraint. It follows from 

§3.2 that the number of most-compact image-forms can only increase if the 

criterion of positivity is removed. Therefore it is argued here, in con

tradiction to Fiddy {1983), that positivity and extent are equally impor

tant constraints in determining the convergence of iterative phase recon

struction algorithms. 

An example is now presented to illustrate some of the points made in 

this sub-section. The true image f(x3 y) for this example is shown in 

Figure 4.4(a) and its autocorrelation ff(x~y) is shown in Figure 4.4(b). 

The extent of B (ff) was estimated by inspection of, and is superimposed on, 

Figure 4.4(b). The four images 4.4(c), (d), (e) and (f) were reconstructed 

from identical arrays of pseudo-random numbers and required 100 iterations 

each. The reconstructed images ~orrespond to g1oo~(x~y) so that any re

maining errors can be seen (cf Figure 4.3) and the complete arrays of 64 

by 64 image elements are displayed. The image shown in Figure 4.4(c) was 
A 

produced by the error-reduction algorithm using both positivity and B(f) 

constraints. The extent of B(f) was increased by 20% after 50 iterations. 

The image shown in Figure 4.4(d) was produced by 90 iterations of hybrid 

input-output followed by 10 iterations of error-reduction to 'stabilise' 

the error measure for comparison purposes (cf Fienup 1982). Both positi-
A A 

vity and B(f) constraints were applied and again the extent of B(f) was 

increased by 20% after 50 iterations. The images shown in Figures 4.4(e) 

and (f) were produced in the same way as for Figure 4.4(d) except that the 
A 

constraints were positivity only and then B(f) only, respectively. Graphs 

of the error for each reconstruction are shown in Figures 4.4(g) and 

(h) . Note that the plot of versus the number of iterations indicates 

that the error-reduction algorithm is slow to converge, ie it 'stagnates' 

and the reconstruction resembles f(x~y) poorly even after 100 iterations. 
A 

Increasing the extent of B(f) after 50 iterations leads to a decrease in 

EI' but the algorithm again stagnates. Hybrid input-output converges much 

more quickly than error-reduction, and a similar decrease in is observed 
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A 

when the extent of B(f) is increased. The image reconstructed using a 

positivity constraint alone approaches the true image-form after 100 

iterations, although some 'extra' positive regions remain. As can be 
A 

seen from Figure 4.4(h) the algorithm has stagnated. When B(f) is the only 

constraint then, while the reconstructed image has positive regions which 

are similar in appearance to f(x,y), it also contains quite extensive 

negative regions. Figures 4.4(e), (f) and (h) illustrate that both con

straints of positivity and extent contribute to the convergence of these 

iterative algorithms. 

Although examples of false reconstructions (Darling, Deighton and 

Fiddy 1983) or lack of convergence (Fiddy, Brames and Dainty 1983) have 

been reported, it is usuallythe case that if a unique solution exists 

then it is eventually recoverable (Fienup 1982, 1983b, Bates and Fright 

1983, 1984a, Bates, Fright and Norton 1983) by the iterative algorithms 

described in this sub-section. However, the convergence may of course be 

very slow, which is why the new techniques described in this thesis (see 

Chapters 5 through 7) have been devised. 

It should be noted that B(f) is centro-symmetric. This means that 

both f(x,y) and f(-x,-y) can 'fit' within B(f) simultaneously. This 
A 

inability of B(f) to discriminate between f(x,y) and f(-x,-y) can lead to 

slow convergence in some cases. Efforts are being made to investigate 

non-centro-symmetric image support estimates and other techniques (Fienup 

l983c) to avoid this difficulty. 
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(a) (b) 

(c) (d) 

(e) (f) 
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.. . ~ " ............. ~ .... " 

0 50 100 0 50 
no. of iterations no. of iterations 

(g) (h) 

Figure 4.4 An example of image reconstruction by Fienup's iterative 

algorithms. (a) the true image, (b) the autocorrelation 

with a superimposed frame indicating the estimate of its 

extent, followed by four reconstructed images using 

(c) error reduction, (d) hybrid input-output, (e) hybrid 

input-output with a positivity constraint alone, and 

(f) hybrid input-output with an extent constraint alone. 

Graphs of the image-space error SI versus the number of 

iterations are shown in (g) where the dotted line denotes 

error reduction and the solid line denotes hybrid input

output, and in (h) where the dotted line denotes hybrid 

input-output with a positivity constraint alone, and the 

solid line denotes hybrid input-output with an extent 

constraint alone. 

100 
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4.2.3 Phase Recovery using Phase Closure 

An iterative algorithm for phase retrieval has been developed for the 

branch of radio astronomy called Very Long Baseline Interferometry (VLBI) 

(§2.3). The visibility intensity is measured considerably more accurately 

than the phase. Also, visibility space is sparsely and irregularly 

sampled, which means that the psf (§2.1.2) that describes the whole tele

scope has large sidelobes. Hence the aim of the algorithm described in 

this section is two-fold. Firstly, estimates of the visibility phase are 

sought on N-1 baselines, where N is the number of telescopes. The princi

ple of closure phase (§2.3.2) can then be invoked to estimate the visibility 

phase on the remaining baselines. Secondly, this algorithm aims to reduce 

the distortion in the image caused by sidelobes in the telescope psf. Note 

that sidelobe reduction in the image is equivalent to interpolating between 

the data points in visibility space (§2.2.3), ie filling in the missing 

samples. 

The initial guess, g 0 (x~y), to start this algorithm is a model of 

g(x~y). The model is any image which has a visibility intensity with 

similar fringes (maxima and minima) to the given visibility intensity. 

From G(u~v), the Fourier transform of g(x~y), an estimate of N-1 visi

bility phases is obtained. On the first iteration only, the closure 

phases of G(u~v) are also computed. Comparison with the measured closure 

phases enables the ambiguity between the true image and the mirror image 

to be resolved. From the N-1 estimated phases and linear combinations of 

the measured closure phases, the visibility phase on all baselines is 

estimated. This is combined with the measured intensity and convolved with 

a Gaussian function onto a regular grid in visibility space to produce 

G~(u~v). The Fourier transform of G~(u~v) is g~(x~y), which is distorted 

by sidelobes. The deconvolution method called CLEAN (§2.2.3) is used to 

reduce the distortion. Several image space constraints can be 'built in' 

to the CLEANing procedure. The area of g~(x~y) which is CLEANed can be 

restricted to be just the estimated support of f(x~y). Also, the image is 

known a priori to be positive, so a negative amplitude threshold can be 

set, below which g~(x~y) is not CLEANed. The aim is to restrict nega·tive 

regions in the output image g(x~y). The iterative loop is closed by taking 

the Fourier transform of g(x~uJ to get a new estimate of the visibility 

phase on N-1 baselines. Iterations proceed until an error measure indi

cates convergence. Typically only a few iterations are necessary (Readhead 

and Wilkinson 1978, Readhead et al. 1980). 
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The algorithm presented in this section illustrates the ability to 

incorporate, into an iterative phase retrieval algorithm, all measured 

and a priori information as well as other processing techniques. 

4.2.4 Maximum Entropy 

The iterative algorithm which is described in this sub-section is 

called the maximum entropy method (MEM) . In common with the methods 

described in §§4.2.1 to -4.2.3, an image estimate g(x~y) is iteratively 

modified with the aim of recovering the image-form of f(x~y). The modi

fications to g(x~y) are designed to emphasise particular attributes of 

the image. Thus a quantity E which is the integral of a functional 

of g(x~y), ie 

E = J f e(g(x,y)) ax- dy (4.27) 
_oo 

is maximised subject to the constraint that G(u~v) must satisfy what is 

known about F(u,v), where G(u)v) ++ g(x,y) and F(u~v) ++ f(x)y). By 

invoking Lagrange's method of undetermined multipliers, an expression is 

written for this maximisation of E, which is then solved iteratively on 

a computer (Ables~]974, Gull and Daniell 1978, Nityananda and Narayan 

1982) . 

The choice of e(g) is a subject of controversy. Arguments for both 

Zn(g) and -g Zn(g) have been proposed on the grounds of themodynamics, 

information theory and statistics. These two alternative 'entropy' mea

sures, hence the name MEM, are claimed to produce the 'most probable' 

image (Gull and Daniell 1978), and be 'maximally non-committal' about the 

'missing' data (Ables 1974). However, Zn(g) and -g Zn(g) have been shown 

(Nityananda and Narayan 1982) to belong to a continuous family of func

tions which in general have no connotations of 'entropy'. For instance 

lg which is, in a sense, 'half way' between the above two functions, has 

been shown to give equally good results (Nityananda and Narayan 1982). 

The family of functions e(g) has the characteristic that d2 e/dg2 = g-n 

where n is a positive real number. It has been found that the shape of 

features in the reconstructed image g(x)y) depend on the value of n used 

in the MEM. When n is small, 'peaks' in g(x,y) are 'broad' and low ampli

tude regions are 'flat'. When n is larger, 'peaks' in g(x,y) are 'sharper' 

but low amplitude regions contain more 'ripples' compared with the recon-
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struction when n is small (Nityananda and Narayan 1982). Also, if n > 0 

then g(x~y) is guaranteed to be positive. Thus one may look upon e() 

as a functional which incorporates a priori information into the recon

struction. Suppose f(x~y) is suspected of containing isolated 'sharp 

peaks' on an otherwise 'flat' background, as it often happens in astro

nomical images. Then appropriate choice of e(g) can then lead to a 

faithful estimate g(x~y) by the MEM. However if f(x~y) does in this case 

have high amplitude flat regions then the MEM is likely to give erroneous 

results (Nityananda and Narayan 1982, Skilling and Gull 1982). 

4.2.5 Special Cases 

There are classes of two-dimensional objects whose image-forms can 

be computed directly from their autocorrelations, ie no visibility phase 

measurement is necessary. These objects are special cases because they do 

not arise that often in the real-world. When they do, however, the pro

cedures that are described in this sub-section can be applied. 

Holography is probably the most famous example of a reconstruction 

procedure developed for a special class of object (§2.2.4). The presence 

of a reference point sufficiently separated from the remainder of the 

object permits the image-form to be recovered immediately from inspection 

of its autocorrelation. The image-form can be recovered directly, albeit 

recursively, even when the reference point satisfies a less stringent 

separation condition. Such an object f(x3y) can be constructed as follows, 

after Fiddy, Brames and Dainty (1983), on the assumption that f(x~y) is 

represented by samples (cf §3.4). With reference to Figure 4.5 (a), the 

object is 

f(x3y) = g(x3y) + A o(x - X - 13 y) (4.28) 

where 

g(x3y) = 0 0 > X ' v 
/ ~ 

{ } 
(4.29) 

0 > y > y 

A I 0 (4.30) 

(4.31) 

and 
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g(x.,Y) :/:0 .(4.32) 

for at least one value of x (Fienupl983b). The Fourier transform of 

f(x.,y) can be written as a polynomial in two complex variables (93.4) 

which, due to a theory of Eisenstein (Fiddy, Brames and Dainty 1983), is 

guaranteed to be irreducible. Therefore, the form of f(x.,y) is uniquely 

related to its autocorrelation (Figure 4.5b): 

ff(x.,y) =A* g(x +X+ 1., y) +A g*(-x +X+ 1., -y) 

+ gg(x.,y) + A2 Mx.,y), ( 4. 3 3) 

Fienup(l983b) has proposed a method of directly reconstructing the 

form of f(x~y) £rom ff(x.,y). Inspection of Figure 4.5b reveals that the 

outermost row and column of points in either cross-correlations, A* g or 

A g*, are not overlapped by either autocorrelation, A2 or gg, ie one row 

and one column of points in g(x.,y) can be determined immediately. Conse

quently, all rows and columns ofpoints in g(x.,y) can be solved for by a 

series of linear equations, ie the autocorrelation is 'unravelled'. 

Fienup(l983b) shows that the above reconstruction scheme can be 

applied to autocorrelations of a wider class of objects than just those 

which are described by (4.28) through (4.32). One apparent limitation of 

this scheme is that the object support must be known. However, if the 

object is known a priori to be positive, and is of the kind described by 

(4.28) through (4.32) r then its support can be deduced from the support of 

its autocorrelation by the technique described in the next paragraph. 

Most importantly, the converse is also true, ie from the support of the 

autocorrelation it is apparent that the object is of the kind described by 

(4.28) through (4.32). 

If the image-form is known a priori to be positive then it can be 

computed directly from its autocorrelation in special cases 1 even when the 

object does not possess a reference point. In even more casesr the support 

of a positive image can be computed directly from the support of its auto

correlation. Following Fienup et al. (1982), a function gz(~ can be 

formed from the product of two translations of the autocorrelation 

ff( x) of f( !E): 

gz(!E) = ff(~ ff(:£ +a) (4.34) 

where a is a vector that lies within the support of ff(x). The support of 
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Figure 4.5 An example of an object satisfying a separation condition less 

stringent than that required for holography. (a) an object 

which satisfies (4.28) through (4.32) and is therefore, from 

Eisenstein's theorem, the only image-form compatible with 

(b), the autocorrelation of (a). Note that one row and one 

column of points in g(x~y) can be recovered immediately from 

inspection of (b). The remainder of g(x~y) can then be solved 

for, recursively. 
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g2(x) is called a locator set, which, for any a defined above, encompasses 

the support of all image-forms whose autocorrelations have the same sup

port as ff(x). Occasionally the choice of~ leads to a locator set which 

is identical to the support of the image-form of f(x), but in general, 

though, the locator set is larger. The smaller the locator set, the more 

useful it can be as a constraint on the extent of the image-form of f(x) 

in, say, an iterative phase recovery algorithm (cf §4.2.2). Of course 

the smallest locator sets are formed by choosing a to lie on the boundary 

of the- support of ff(x) (Figure 4.6). 

( Q ) ( b ) 

{ c ) ( d ) 

Figure 4.6 An example of how the support of an image can be estimated from 

the support of its autocorrelation. (a) The convex support of 

a positive continuous image, and (b) the support of its auto

correlation. (c) The intersection of two autocorrelation 

supports forms a locator set, which encompasses the image 

support shown in (a) . (d) The intersection of three auto

correlation supports, which is the support of an image, differ

ent from (a) , whose autocorrelation has the same support as 

that shown in (b) . 
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If f(x) is positive and also has convex support, then a further func

tion g 3 (iE) can be formed from the product of g 2 (iE) and another translation 

of ff(x): 

= ff(iE) ff(:£ +a) ff(x +b) ( 4. 35) 

where a lies on the boundary 9f the support of ff(~ (ie the support of 

g2(x) is one of the minimally-sized locator sets), and h lies on the inter-

section of the boundaries of the supports of ff(x} and ff(:£ + (there 

is often a choice of only two points for£) (Figure 4.6). The support of 

gs(x) is, for any a and b defined above, equal to the support of an image

form whose autocorrelation has the same support as ff( ~ . Note that for 

some combinations of~ and b, the support of g~(~ is equal to the support 

of f(x}, but in general, the support of g3(~ can be smaller, so it cannot 

be used as a constraint on the extent of the image-form off(~. The 

exception is when the support f(~, and hence also the support ff(x), · 
is a parallelogram, in which case the support of g3(x) is unique and is the 

same as that of f(x). 

If the object is a set of separated points, with position vectors 

{x.}, 
'1-

f(x) = I f. o(x - x.} 
'1- - ~ 

(4.36) 

i 

and f. 
'1-

> 0 for all i, then the autocorrelation of f(~ is 

ff(iE) =I I f. f. o(x- x. + x.} 
1-J--;] """"1.-

(4.37) 

i ;j 

which is another set of points, with position vectors {x.- x.}. Again, a 
-;] """"1.-

function g 3 (x) can be formed from the product of three translations of 

ff(!£} : 

( 4. 38) 

where e {x.- x.}, a~ 0, and h t {x.- x.} n {x.- x. +a}, h ~a~ 0 
-;] -~ - -;] """"1.- -;] -~ - - -

(Figure 4.7). Now the support of g 3 (x) is the same as the support of f(!E), 

and is unique, unless there exists in {:;.;.- x.} a duplication o~ vector 
-;J -~ 

spacings, or a vector that is one half of another, or there are three pairs 
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of different points in ff(~ for which the sum of their three vector 

spacings is zero (Fienup et al. 1982). It is possible on occasions to 

deduce the support of f(~ from gdx) when not all of these three condi

tions are met, but when they are it is also possible to reconstruct the 

form of f(~ directly from g3 (x) (Fienup et al. 1982) . 

• 
• 

• • • • • 
• 

• • 

(a ) { b ) 

0 

0 @ 0 

@ • X 

• 0 0 @ X 

• X X 

• X 

( c ) 

Figure 4.7 An example of how the support of a discrete image car. be 

determined unambiguously from the support of its autocorre

lation. The support is shown of (a) the image, (b) its auto

correlation, and (c) three translations of its autocorrelation 

whose intersection is the same as the image support (a) . 
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CHAPTER 5 

BATES L ALGORI'J;'HM AND ITS PRACTICAL IMPLEMENTATION 

In Chapters 3 and 4 it is explained why so many multi-dimensional 

phase reconstruction schemes are iterative. Direct methods, which have 

general practical application, have so far only been devised for solving 

one-dimensional problems. Even so, these direct methods usually require 

supplementary information in addition to the visibility intensity to 

reduce the ambiguity of one-dimensional solutions (§4.1). Multi-dimen

sional phaseproblems, however, almost always possess unique solutions, 

whether or not additional information is available (§§3.2, 3.4, 3.5). 

This makes their solution by direct methods particularly desirable. 

The subject of this chapter is the direct multi-dimensional phase 

reconstruction algorithm of Bates ( l982b) . The easiest 'route' to under

standing this comparatively very simple algorithm is via a detour through 

a related phase problem. This is explained in §5.1 where, at the end, the 

connection with the Fourier phase problem is made. An essential require

ment of this algorithm is that the visibility intensity is oversampled, 

in the sense defined in §1.5. Provided the given visibility intensity 

samples are spaced at at least twice the Nyquist rate (§1.7), then any 

amount of oversampling can be achieved by interpolation (§1.5). In prac

tice, however, the visibility intensity can be oversampled by only a 

finite amount, limited mainly by computer storage and/or computing time. 

Also, the smaller the visibility steps are, the larger any cumulative 

errors in the phase are likely to be. To accomodate these restrictions, 

some modifications (Garden and Bates 1982, Fright and Bates 1982) to Bates' 

algorithm are necessary, and are introduced in §5.2. The augmented algo

rithm is referred to as ar.ude phase estimation (CPE) , because the estimated 

phase, while not always an accurate estimate of the true phase, usually 

permits a useful estimate of the image-form to be computed. A method of 

optimising the performance of CPE is introduced in §5.2, where illustrative 

examples are presented. In §5. 3, CPE in conjunction \'1i th a 'phase enhance

ment' procedure is shown to give particularly faithful reconstructions when 

it is known a priori that the object is centro-symmetric. Finally, in §5.4 

the effect of noise on the performance of CPE is illustrated. 

THE LIBRARY 
IJNIVE~SITY OF CANTi'RllUR1 

CHRISTCHURCH, 
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5 .1 BATES' ALGORITHM 

Recall from §1.5 that p(x~y) is the image f(x~y) repeated periodically 

throughout image space. For simplicity, assume that f(x~y) is square with 

L1(f) = Lz(f) = L. Define p(x~yJAJ as the oversampled periodic image, 

where A is the oversampZing factor defined by (1.33). p(x_,yjAJ is f(x_,y) 

repeated with period AL in the X andy directions (Figure 5.1). Now consi

der an image e(x,y) defined by 

(5.1) . 

w(x) is a window function (§1.5) which is defined by (Figure 5.1) 

w(x) = rect(xi2ALJ (1 + cos(TI xiALJJ I 2 (5.2) 

Inspection of Figure 5.1 shows that e(x_,y) contains one slightly distorted 

version of f(x~y) at its centre. At the edges of e(x_,y) are 'fragments' 

of neighbouring f(x_,y)s but at diminished amplitudes. Also note that 

w(x) = 1 ; X = 0 .) ( 5. 3) 

= 0 ; x= + liJ.~ , ( 5. 4) 

and 

d w(x) I dx = 0 ; X= 0, x= + AL ( 5. 5) 

The Fourier transform of e(x,y) is E(u,v) which, by the convolution 

theorem (see ~1.5) is 

E(u_,v) = P(u,vji\} e S{u) e S(v) (5.6) 

where P(u,vji\J ++ P(x,yji\J and S(u) ++ w(x). It follows from the defini-

tion of P(u,v) in (1.30) that P(u,v\AJ is comprised of the samples F of m,n 
F(u,v) where 

F = F(u_, vn) m, n m 
u = miAL m v = niAL n 

( 5. 7) 

The F are referred to here as the actual samples. Therefore (5.6) can m_,n 
be rewritten as 
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y 
AL AL 

X 

AL 

{a} 

X 

Figure 5.1 The relationship between f(x>y), p(x,yiAJ and e(xJy). 

(a) Each shaded area represents the interior of an image-box 

B(f). 9 such boxes are shown out of the infinite number 

which belong to p(x,yjA). N = 2 in this example. (b) The 

window w(x) - note the alignment with Figure 5.1a - showing 

how e(x,y) is formed from p(x,yiAJ. The shaded areas under the 

curve in (b) indicate the attenuation of versions of f(xJy) 

in p(xJy!AJ. 
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00 

E(u~ v) = F S(u - u ) S(v - v ) m, n m n ( 5. 8) 

m,n=-00 

S(u) is given by the Fourier transform of (5.2) (cf (1.36)). 

S(u} =(sinc(2ul\LJ e (o(2ui\L} + (6(2ul\L- 1) + 6(2ul\L + 1)})/ 2)/1\..L 

= sinc(2ul\L} + (sinc(2ul\L - 1) + sinc(2ul\L + 1)) I 2 

(5.9) 

S(u) has the properties (Figure 5.2) 

S(u) = 1 ; u = 0 ( 5. 10) 

= ~ ; (5 .11) 

= 0 ; u = n(21\Lr 1 
_, In! >1 (integer) ( 5 .12) 

0 

v 
(a) (b) 

Figure 5.2 The sampling function S(u) = sina(u) + (sinc(u- 1) + 

sinc(u + 1))/ 2. Note that S( + 1) = 0.5 and S(n) = O, 

jnj > 1 (integer). A linear plot of S(u), juj < 5, is shown 

in (a) and repeated in (b) with 10 times the vertical scale 

and clipped for S(u) > 0.1. 
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Between every pair of adjacent actual samples there is an in-between 

sampZe of E(u) which from (5.11) is defined by 

B = E( (m + ~) I AL_, niALJ = (F + F +1 ) I 2 r_,m_,n m_,n m _,n (5.13) 

for samples in the same row, and 

B = E(miAL.,(n +~)I ALJ = (F + F +1) I 2 c_,m_, n m_,n m_,n (5.14) 

for samples in the same column. 

It is now convenient to have the notation . .¢ for the phase 
?.,_,J m;n 

difference defined by 

. .¢ = phase{F } - phase{F. .} (5.15) 
?.,_,J m_,n m_,n ?.,_,J 

Suppose that only the intensity of E(u.,v) is given. From (5.13) it follows 

that 

's 12 = I r_,m_,n 'iF m_,n + F +1 12 I 4 m _,n 

cos r ¢ +1 J J I 4 m_,n m _,n ( 5 .16) 

Rearranging (5.16) gives 

cos ( ¢ ) 
m_,n m+1.,n 

(5 .17) 

All the quantities on the RHS of (5.17) are intensities which are given. 

The cosine is an even function. So the absolute value but not the sign 

of ¢ +1 is given by the arc-:-cosine of (5.17). Similarly, for adjacent m_,n m _,n 
actual samples in the same column, the absolute value of the phase differ-

ence ¢ is given by the arc-cosine of m_,n m.,n+1 

cos ( ¢ n+1) = ( 4IB 12 - IF 12 - IF +112 J I m_,n m_, c_,m_,n m_,n m_,n 

( 5 .18) 
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The absolute value of the phase differences between all pairs of adjacent 

actual samples in rows and columns can be computed using (5.17) and (5.18). 

The interdependence of rows and columns (§3.5) is now exploited to choose 

signs for the phase differences, ie to compute the phase of the actual 

samples. This phase is phase{F }. 
m.,n 

Recall from §3.2 that a constant added to phase{F } does not affect 
m,n 

the image-form of f(x,y). If the image is real then phase{Fo,o} must be 

zero. So for any image, complex or real, it is convenient to choose 

phase{Fo_,o} = 0. The choice of sign for one phase difference, say 

o,o¢1,0, is also arbitrary. This merely determines whether f(x.,y) or 

f*(-x,-y) is reconstructed by the algorithm which is described in this sec

tion. Therefore two actual sample phases are chosen straight away: 

phase{Fo, o} = 0 ( 5 .19) 

(5.20) 

The signs of the remaining phase differences, and therefore the phases of 

the remaining actual samples, are determined in the following manner. A 

group of four actual samples defined by F , F 1 , F 1 and F 1 1 , 
m.,n mf ,n m,n+ m+ ,n+ 

are here called the (m,n)th unit ceZZ. Consider the (O,O)th unit cell 

(Figure 5.3). Two possibilities for phase{F1, 1} are derived from 

(5.21) 

and another four possibilities are derived from 

(5.22) 

There is always one, and almost always no more than one, combination from 

(5.21) that is identical to one combination from (5.22). Thus a choice 

is made for the signs of 1,0¢1, 1, o,o¢o, 1 and o, 1¢1,1 such that (5.21) 

and (5.22) agree on the value of phase{F1, 1 } (Figure 5.3). 

Ambiguity in the choice of signs for the phase differences does 

arise if both 

(5.23) 

and 
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( b ) 

\ 
\ 

\ 
\ 

... 

\ 
\ 

phase { Fo,o} 

Figure 5.3 Graphic example of Bates' algorithm on the (03 0)th unit cell. 

(a) Notation for the (O~O)th unit cell. (b) Phase diagram 

illustrating how (phase{F1~o} + 1 3 0¢1~ 1J and 

(phase{Fo~o} + (o~o¢o~ 1 ~ o~ 1¢1 3 1JJ correspond for almost 
-always only one choice of signs for the phase differences. 
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(5.24) 

This is a special case which is unlikely to occur. If o~o¢1~ o is 0 or TI 

then (5.21) and (5.22) no longer determine the signs of phase{Po~ 1} and 

phase{Pl~ 1}. This is a failure to distinguish between f(x~y) and 

f*(-x~-y). However a choice has already been made between the true and 

mirror images (see previous paragraph) • So the of the above two 

phases are chosen as to be consistent with (5.20). 

The last two paragraphs show that given two actual sample phases and 

the in-between intensities of E(u~v), then two more actual sample phases 

can be reconstructed almost always unambiguously. From these two new 

sample phases, another two sample phases can be computed, and so on for 

only a subset of the total number of unit cells in (u"v) space. This 

$ubset can be all the unit cells which lie immediately to one side of the 

u and v axes, ie the (O~n)th and (m"O)th unit cells. Then for the remain-

(m"nJ unit cells, where m~n I O, three actual sample phases are 

and only one need be reconstructed. For example, consider the (l~l)th 

unit cell: phase{Pl~ 1}, phase{P 1 ~ 2 } and phase{P2" 1} are known from solving 

for the (O~O)th, (0"1)th and (1~0)th unit cell respectively. Now 

phase{Pz~ z} is reconstructed by comparing 

(5.25) 

and 

(5.26) 

The signs of 1~2¢2,2 and 2" 1¢2~2 are chosen such that (5.25) and (5.26) 

give the same value for phase{P2~z}. 

It is shown above that given IF I and the magnitude of the in
m~n 

between samples of E(u,v) then phase{P } can be reconstructed almost m,n 
always uniquely. There is a connection between this phase problem and 

the Fourier phase problem. Consider what happens as A is increased. 

Because of the properties (5.3) through (5.5) of w(x), e(x) ~ f(x) 

as A~ oo. Therefore jE(u,v) I ~ !F(u~v) I as A 4 00 • so when A~ 00
, 

phase{P } can be reconstructed from IP(u,v) I almost always uniquely by 
m~n 

the above procedure (Bates 1984, Bates and Fright 1984b). 
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5.2 CRUDE PHASE ESTIMATION 

In §5.1 a procedure is described which can solve a particular type 

of phase problem. In the final paragraph of §5.1 the connection with the 

Fourier phase problem is made. However, some modifications to this pro

cedure are necessary to produce a practical phase reconstruction algorithm. 

These modifications are described in this section. 

In a practical algorithm the oversamp!ing factor i\ is finite. Recall 

that A can be no less than two in the Fourier phase problem(§§l.2, 1.7), 

but from samples of jF(u~vJ 1
2 at i\ = 2, the actual and in-between samples 

of jF(u~v) 1
2 can be computed for larger A. This is achieved by interpola

ting between the given jF 1
2 with sine functions (cf §1.5). The inter-

m~n 

polated data are samples of jF(u~v) j
2 which are not the same as IE(u~v) j

2 

at the in-between samples. Therefore a parameter Y is included in (5.13) 

and (5.14): 

(5.27) 

and 

(5.28) 

(5.27) and (5.28) can be re-expressed as 

( 5. 29) 

and 

(2
1
jF I IF IJ 
m~n ' m.,n+l 

( 5. 30) 

Because (5.29) and (5.30) are only approximate, it can happen that 

Ieos( ¢ +1 ) I > 1 and laos( ¢ +1; I > 1. For a cosine magnitude to m.,n m ~n m~n m,n 
be greater than unity the phase must be complex. So to keep the phase 

real the following 'hard limiting' is applied: 
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cp = 0 if aos(<j>) > 1 ( 5. 31) 

and 

cp = 1T if aos (<j>) < -1 ( 5. 32) 

The phase differences . .<j> between all pairs of adjacent actual 
1--~J m~n 

samples are estimated by (5.29) and (5.30) plus (5.31) and (5.32). Signs 

are chosen for the . .cp by the procedure described in the section con-
1--,J m,n 

taining (5.21) and (5.22). One possible phase from (5.21) is almost 

alway.s closer to one possible phase from (5. 22) . The two phases however 

may not be exactly the same, so an average of the two is taken as the 

estimate of phase F ·Note that care must be taken when averaging m,n 
phases specified between -1T and 1T, eg the average of 31T/4 and -31T/4 is 

1T and not 0. The same ambiguities as those described in the paragraph 

containing (5.23) can occur. Also what can but very seldom does happen, 

is that three of the four phase differences around a unit cell are esti

mated as 0 and one is estima~ed as 1T. Usually (5.31) and (5.32) have been 

invoked when this occurs. The estimate of phase{Fm+l~n+l} relative to 

phase{F } is then the average of 0 and 1T, which is ambiguously either m,n 
-lT/2 or lT/2. An arbitrary choice is made. 

The phase estimation formulas (5.29) and (5.30) have one parameter -

y. Different y's produce different estimates of the phase difference. The 

same y is used when evaluating all phase differences and so the estimate 

phase{F(u~v)} of phase{F(u~v)}, computed by the algorithm described above, 

also depends on y. However the dependence of phase{F(u,v)} on Y does not 

hold to an exact mathematical description, and so the optimal Y is chosen 

on an empirical basis, ie the optimal y is that which minimises the follow-

" ing error measure. The in-between samples of F(u~v) are computed by sine 

interpolation where 

F(u,v) = \F(u,v) \ exp(i phase{F(u~v)}) (5. 33) 

The root-mean-square (rms) error sB between the known and estimated in

between magnitudes is computed by 



-109-

M N-1 
SB (4N(M + %) + 4M(N + %))- 1 ( I I riF(m/AL,(n + %J/ALJI 

m=-M n=-N 

A 

- jF(m/AL,(n + %)/ALJjJ 

M-1 N 

+ I I ( jF((m + %J/AL,n/AL) I 
m=-Nl n=-N 

- !F((m + ~)/AL~n/1\L} IJ 

(5.34) 

sB is measured with reference to the given data only. The implicit assump

tion when computing EB is that the image is compact, but no other assump

tions about the image or the visibility need to be made. As 

phase{F } + phase{F } then EB + 0. 
m~n m,n 

Some typical examples are now presented which illustrate how y is 

optimised by measuring In these examples and also in Chapters 6 to 8 

the oversampling factor A is 2. In the first example (Figure 5.4) the true 

image is extended, or well-resolved. The error EB rises for y greater than 

about 0.!51. Reconstructed images f(x,y) are shown in Figure 5.4 corres

ponding toy= 0.46~ 0.48, 0.6, 0.52 and 0.64. For y between about 0.46 

and 0.52, f(x,y) exhibits the same gross structure as f(x,y), and has 

approximately the same support as f(x,y). At extreme values of y, equal 
" to say 0.4 or 0.6, f(x~y) is not a good resemblance to f(x,y). 

In the second example (Figure 5.5) the true image is a pattern of 

barely resolvable 'stars' (cf §2.2.1). The error again rises for 
/', 

increasing y beyond about 0. 51. Representative examples of f(x,y) are shown 

for y = 0.48, 0.49, 0.5, 0.51 and 0.52. For a narrower range of Y around 
A 

0.5, compared with the previous example, f(x~y) has similar support and 

gross structure to f(x,y). While f(x,y) is not a particularly good esti

mate of f(x,y) in this example, the convergence of an iterative reconstruc

tion algorithm is greatly accelerated by using f(x,y) as an initial guess 

( § § 7 • 1 to 7 • 5) • 

) . 
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(a) (b) 

(c) (d) 

(e) (f) 
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0.3 0.? 
y 

(g) 

Figure 5.4 Reconstructions of an extended object by CPE. 

(a) 

(b) 

(c) 

(d) 

The true image. 

y = 0.46 

y = 0.48 

y = 0.5 

(e) y = 0.52 and 

(f) y 0.54 

The reconstructed images correspond to 

(g) The error s
8 

(vertical axis range normalised) is graphed 

for yin the range 0.5- 0.? in steps of 0.01. 
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(a) (b) 

(c) (d) 

(e) (f) 
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0.3 0.7 
y 

{g) 

Figure 5.5 Reconstructions of a pattern of barely resolvable 'stars' by CPE. 

(a) The true image. The reconstructed images correspond to 

(b) y = 0. 48 :1 

(c) y = 0.49 ., 

(d) y 0. 5 _, 

(e) y = 0.51 and 

(f) y = 0.52 

(g) The error (vertical axis range normalised) is graphed 

for yin the range 0.3- 0.7 in steps of 0.01. 
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5.3 CENTRO-SYMMETRIC OBJECTS 

Suppose that the object is known a priori to be centro-symmetric, so 

that the true image satisfies 

(5.35) 

This means that at any point (u~v) in Fourier space, phase{F(u~v)} is 

either 0 or TI. Applying the CPE to IF I reconstructs phase{F } which 
~n ~n . 

is not 

closer 

object 

necessarily 0 or TI. 

to phase{F } than 
m~n 

is centro-symmetric 

ed' according to the rule: 

~ = 0 if I ~I < n/2 

or 

~ = TI if I ~I 2:_ TI/2 

where 

-TI < ¢ < TI 

However, more often than not, phase{F } is m,n 
+ TI. Therefore, given that the to phase{F } 

m~n 

then following CPE each phase{F } is 'correctm_,n 

, (5.36) 

.) 
(5. 37) 

(5.38) 

An example of the effect this 'phase enhancement' procedure has on the 

reconstructed image-form is shown in Figure 5.6. 

5.4 THE EFFECT OF NOISE 

Even when noise is present on the visibility magnitude, the CPE 

algorithm reconstructs an estimate of the visibility phase almost always 
"' unambiguously. An image estimate f(x,y) can then be computed. How 

f(x_,y) degrades with increasing levels of noise is illustrated in this 

section. 

Noise is simulated by pseudo-random numbers drawn from a rectangular 

probability distribution, ie the probability p of an amplitude a :Ls given 

by 

p(a) = 1/R where 0 <a < R (5.39) 
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(a) 

.· 

0 

0 :\ 0 
0 

.. 

0 
0 

0 

(c) 

Figure 5.6 An examples of a reconstructed centro-symmetric object. 

(a) The true image, (b) image reconstructed by CPE, 

(c) image reconstructed by CPE followed by the 'phase 

enhancement' procedure described in §5.3. 

Negative contours are shown dotted. 

0 

0 
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The maximum amplitude R of a is described from now on as a percentage of 

!Fo~ol (ie the 'da' term of the visibility). Noise is added to both the 

actual and in-between samples of !F j. 
m~n 

In Figure 5.7, jF(U3 V) I is shown for different levels of noise with 

values R = 0, 1, 2, 4 and 8%. Figure 5.8 shows the true image and recon

structions using CPE from the visibility magnitudes shown in Figure 5.7. 

The image reconstructed from the noiseless visibility magnitude has similar 

support and gross structure to that of the true image. With increasing 

levels of visibility noise the reconstructed image degrades steadily. This 

trend has been observed for many different kinds of object. A method of 

reducing the effect of noise is introduced in Chapter 6. 

Figure 5.7 (opposite) Contour graphs of the visibility magnitude for 

pseudo-noise levels of 

(a) R=O 

(b) R= l% 

(c) R= 2% 

{d) R= 4% and 

(e) R= 8% 
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(a) (b) 

(c) (d) 

(e) 
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(a) (b) 

(c) (d) 

(e) (f) 

Figure 5.8 Images reconstructed by CPE from the noisy visibility 

magnitudes shown in Figure 5.7. 

Figures 5.8(a) to (e) correspond to the values of R taken 

by Figures 5 . 7(a) to (e), respectively. 

(f) The true image. 







-121-

CHAPTER 6 

ANCILLIARY PROCEDURES 

Chapters 4 and 5 are devoted to phase reconstruction procedures of 

wide practical utility. Examples are presented to show that both CPE 

and the iterative methods of Fienup, in particular, can reconstruct 

useful estimates of the true-image when only its visibility intensity 

is given. In this chapter, two situations are examined in which the 

performance of both the above algorithms is degraded. The remedial 

' action of two ancillary procedures is described. 

Firstly, noise is ever-present on measurements of the visibility 

intensity. Although neither of the above algorithms are unstable in the 

presence of noise, any technique for reducing it is sure to lead to more 

faithful reconstructions, and faster convergence in the case of iterative 

algorithms. The noise reduction technique described in §6.1 is intended 

to precede the chosen phase reconstruction algorithm. Its immediate 

effect can be seen as a smoothing of the visibility intensity, hence the 

name pre-filtering (Bates and Fright 1983, 1984a, b) . 

Secondly, in many applications the interesting parts of the true 

image often amount to details, which are superimposed on a comparatively 

characterless background. For example, the images produced by ASI and 

its many extensions (§2.2) are usually contaminated with a large amplitude 

nebulous background, which, as in Chapter 2, is referred to here as a fog. 

The image that is reconstructed, either by CPE or by Fienup's iterative 

algorithms, usually resembles the fog only, and lacks the detail of the 

true image, as is demonstrated in §6.2. This is not surprising since 

the fog often contains at least an order of magnitude more energy than 

the detail. A two stage procedure (Bates and Fright 1983, 1984a, b) to 

improve the reconstruction of 'foggy' images is described in §§6.3 and 

6.4. It is explained in §6.3 how the presence of fog in an image is 

detected by inspection of the visibility magnitude. A procedure called 

defogging is described which modifies the visibility magnitude before 

any phase reconstruction algorithms are invoked. Once the visibility 

phase has been reconstructed, the complementary procedure, called 

refogging, is employed, as described in §6.4. 
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6.1 PRE-FILTERING 

CPE and Fienup's iterative algorithms both rely, either implicitly 

or explicitly, on having an estimate of the extent of the image, ie an 

estimate of B(f). As explained in §3.2, B(f) is estimated as one half 

the extent of the autocorrelation, i.e. one half the extent of B(ff). 

Visual inspection of the autocorrelation ff(x~y) usually reveals a large 

amplitude central peak surrounded by detail, as is illustrated in Figure 

6.1. In the absence of noise the extent of B(ff) is simply determined 

as that rectangle outside of which ff(x~y) is always zero. However, in 

the real-world, measurements of the visibility intensity are always 

contaminated with noise. Thus ff(x 3 y) is superimposed upon a noisy 

background which often extends well beyond ff(x~y) (Figure 6.2). B(ffJ 

is estimated so that no detail is discernible above the noise in the 

region outside of B(ff). Some detail in ff(x3 y) may be obscured by the 

noise, so it is wise to over-estimate B(ff). The phase reconstruction 

algorithms that follow this pre-processing stage can usually recover the 

image if B(f) is over-estimated but not if B(f) is under-estimated. 

The essence of pre-filtering is to multiply the noisy autocorrelation 
A A 

ff(x~y) by a window (§1.5) which reduces ff(x~y) to zero everywhere outside 

of B(ff). The shape of the window has not proved to be critical when 

applied to data both computer generated (Figure 6.3) and recorded in an 

optics laboratory (cf. §7.2). A rectangular window, wd(x) wd(y), with 

a cosine taper at the edges, has been found to be adequate, i.e. 

wd(x) = 1 . lxl < L1(ff)/2 - ~ ~ 3 

= (1 + aos(2TI(jx! - L1(ff)/2 ~JJJ I 2 ; 

L1(ff}/2 - ~ < lxl < L1(ff)/2 ~ 

= 0 . lxl > L1(ff)/2 (6.1) 
~ 3 

where ~/L1 (ff) is typically~ , and wd(y) is similarly defined. 

Windowing ff(x;y) is equivalent to convolving a narrow function 

with the noisy visibility intensity, i.e. smoothing it out and reducing 

the average noise intensity, as is illustrated in Figure 6.3. However, 

the risk with pre-filtering is that useful information may be discarded 
A 

when windowing ff(x~y). The trade-off between producing noise, and losing 
A 

information, is decided when the extent of ff(x3y) is estimated. 
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(a) (b) 

(c) (d) 

Figure 6.1 An example of determining the extent of an autocorrelation in 

the absence of noise. 

(a) The visibility magnitude. 

(b) A profile of (a) along the line V = 0. 

(c) The autocorrelation. 

(d) A profile of (c) along the line y = 0. 

The extent of autocorrelation is well defined (cf Figures 

6 . 2 and 6 . 3) . 
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(a) (b) 

-

(c) (d) 

Figure 6.2 An example of determining the extent of an autocorrelation in 

the presence of noise. To produce this example, pseudo-random 

noise of peak amplitude equal to 30% of the dO term was added 

to the visibility magnitude shown in Figure 6.l(a). The same 

format as in Figure 6.1 is used here. Note that the visibility 

magnitude, (a) and (b), is very 'rough' and that the auto

correlation, (c) and (d), also sits upon a pedestal of pseudo

random noise (cf Figures 6.1 and 6.3). 
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(a} (b) 

• 

-

• 

(c) (d) 

Figure 6.3 An example of the effect of pre-filtering using the same 

format as Figures 6.1 and 6.2. Following on from Figure 6.2, 

the visibility magnitude, (a) and (b), is made smoother by 

windowing the noisy autocorrelation, (c) and (d), to zero 

outside its estimated extent (cf Figures 6.1 and 6.2). 
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(a) 

(b) (c) 

(d) (e) 
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6.2 FOG 

In this section an example is presented to show that a 'foggy image' 

is usually poorly reconstructed by either CPE or an iterative algorithm. 

The example is intended to represent the kind of image that often arises 

in an astronomical imaging context (§2.2). 

Consider a positive true image f(x,y) comprised of a fog fog(x,y) and 

detail fa(x,y): 

(6. 2) 

where pis the ratio of the peak amplitude in fd(x,y) to the peak 

amplitude in fog(x,y). Figure 6.4 shows an example of fd(x,y), fog(x,y) 

and f(x,y) for p = 0.5. Two reconstructed images are shown., The first 

was obtained by CPE withy= 0.5 (§5.2). The second reconstruction is 

from Fienup's hybrid input-output algorithm (§4.2.2) starting with pseudo 

random data and using S = 0.5 for 100 iterations. The fog is apparent 

in both reconstructions but neither algorithm has recovered the detail 

fully. In this example p = 0.5 but in data drawn from the real-world P 

is often much smaller, ie the detail is even more obscured by the fog, 

as is illustrated in §7.3. Some processing of the given data is necessary 

if the image detail is to be recovered. 

Figure 6.4 (opposite) An example of a foggy image and its reconstruction. 

(a) The detail and (b) the fog part of the image, both shown 

with equal peak amplitude. 

(c) The true image with the fog and detail combined in the 

ratio 2 :l. 

(d) A reconstruction of the true image by CPE withy= 0.5. 

(e) A reconstruction by hybrid input-output with S = 0.5 

for 100 iterations. The detail has not been reconstructed in 

either (d) or (e). 



-128-

6.3 DEFOGGING 

The presence of fog in an image is evident in the visibility 

magnitude as a 'large central lobe' {Figure 6.5). Hence the name defogging 

is given to the following procedure which aims to reduce the magnitude of 

the central visibility lobe. The visibility magnitude IF(u~v) I is 

multiplied by a real defogging function D(u3 V): 

{ 6. 3) 

where iFd(U3 V) I is called the defogged visibility magnitude. In general 

terms, D(u3 V) is small for (u~v) near the origin of visibility space 1 and 

approaches unity smoothly for (u~v) outside of the perimeter C of the 

central lobe of I F(u, v) 1. A description of C is formulated upon inspection 

of IF(u3 V) I, as is illustrated in Figure 6.5. 

In this example the lowest level of the graphic display, corresponding 

to 20% jF(03 0) I, is taken to define the curve C. It often happens in 

practice that C can be approximated by an ellipse. For simplicity, 

assume that C is a circle, as can be seen in Figure 6.5. D(u~v) is then 

a radial function D(r) where r = /(u 2 + v 2
). If the radius of Cis~, 

then D(r) can be defined by: 

D(r) = d r < ~ - JJ (6.4) 

and 

D(r} = 1 r > ~ + JJ {6.5) 

where d is real and less than unity, and 2]J is the width of the annulus 

in which D(r) makes a smooth transition from d to unity. It has been 

found in practice that a suitable value of ]J is ~/4 and that D(r) can 

have a cosine taper: 

D(r) d + (1 -d) (1 + aos(n (~ + JJ - r)/2]J)) I 2 . 
~ 

a - JJ < r < a + JJ { 6. 6) 

The smaller d is, the greater the amount of defogging. If dis made 

too small then the reconstructed image is forced to have negative parts. 
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-
-
-

-

(b) 

Figure 6.5 

An example of how to determine the 

shape of a defogging function. The 

image for this example is similar 

to that shown in Figure 6.4(c), 

except that here, the ratio of the 

fog brightness to the detail bright

ness is 10:1. 

(a) The visibility magnitude, and (b) a profile through (a) along the line 

u = 0. Note that only a large circularly symmetric central lobe is apparent. 

(c) Profile of a circularly symmetric defogging function for which d = 0.02. 

Note the alignment of (c) with (a) to show how the radius of the defogging 

function is determined by inspection of the central lobe of the visibility 

magnitude. 

See Figure 6.6 over. 



-130-

(a) (d) 

(b) (e) 

(c) (f) 
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This is to be avoided is positivity is a constraint used by the reconstruc

tion algorithm. Inspection of ffa(x~yJ, the Fourier transform of IFd(u~vJ 1 2 ~ 

reveals negative parts if d is too small, ie this is a check on the choice 

of a. As a 'rule of thumb', d should be small enough so that /Fd(O~OJ I 
is about 1~ times the peak magnitude of the first side-lobe in /Fd(u~v) /. 

Examples of the effect of different choices of d are shown in Figure 6.6. 

In the examples shown in Figures 6.5 and 6.6 the visibility of the 

fog and the visibility of the detail occupy predominately separate regions 

in (uJ v) space. 

lobe of IF(u~vJ/. 

Most of the visibility is concentrated in the central 

On the other hand, the visibility lying outside the 

central lobe is largely responsible for determining the form of the image 

detail. The kinds of images that are produced by extensions to ASI 

(§§2.2.4 to 2.2.7) often have a visibility magnitude which fits this des

cription. However, defogging is applicable for wider variety of images. 

For instance, images containing extended regions are often difficult to 

reconstruct. If inspection of the visibility magnitude reveals a central 

lobe even a few times 'higher' than the surrounding lobes then defogging 

is often advantageous. 

The mechanics of defogging are described in this section. How defog

ging fits into the complete phase reconstruction process, and examples of 

its effect are reserved until Chapter 7. 

Figure 6.6 (opposite) Three examples of the effect defogging has on the 

visibility magnitude (which is shown in Figure 6.5(a)) for 

different values of din D(u~v). Contour graphs are shown for 

(a) 

(b) 

(c) 

d = 0.025 

d = 0.02 

d = 0.015 

The magnitude along the line u = 0 is shown in (d), (e) and 

(f) corresponding to (a), (b) and (c) respectively, \V"here the 

vertical axes are in arbitrary units. 
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6.4 REFOGGING 

In §6.3 an algorithm is described by which the visibility magnitude 

!F(u~v} I is defogged to form !Fa(u~v) I. A visibility phase phase{Fd(u~v)} 

can be reconstructed from jFd(u~v} I by CPE or an iterative algorithm. 

The image fa(x>y) defined by 

(6.7) 

is usually a faithful estimate of the detail in the true image of f(x~y} 
A 

(refer to Chapter 7). What may be desired though is an estimate f(x,y) 

of f(x~y}, i.e. the fog needs to be re-introduced to fa(x~y). Therefore 

the name refogging is given to this process. The simplest way to achieve 

refogging is to combine phase{Fd(u~vJ} with the original visibility 

magnitude, thus 

A A 

(6.8) 

Often it is only the detail in the image that is of interest and so 

refogging is not required. In other cases the fog is so high in amplitude 

that after refogging the detail is no longer apparent in the image, so 

again, refogging may be undesirable. If defogging has been used when 

reconstructing an image of an extended object, then refogging may be 

essential to see the true image-form in the reconstruction. The effect 

of refogging can be seen in the examples which are presented in the next 

chapter. 
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CHAPTER 7 

A COMPOSITE PHASE RECONSTRUCTION PROCEDURE -

THE 'CANTERBURY ALGORITHM' 

A lesson to be learned from Chapters 2 though 6 is that no single 

phase reconstruction algorithm is the complete answer on every occasion. 

Several of the astronomical imaging ~echniques described in Chapter 2 

preserve some part of the visibility phase, but the resulting image 

usually benefits from further processing. In chapter 3 it is shown that 

if the image-form is constrained to be most-compact then the phase 

problem in 2 or more dimensions almost always possesses a unique solution. 

However, the two-dimensional visibility phase has so far eluded direct 

computation, except in special cases (§4.2.5). Iterative techniques are 

described in Chapter 4 which are often successful in reconstructing 

two-dimensional images. An alternative, direct method, introduced in 

Chapter 5, is shown to sometimes produce useful estimates of two-dimensional 

visibility phases. Nevertheless, many commonly-occurring kinds of images 

are difficult or computationally time-consuming to reconstruct by either 

of the above algorithms, unless they are supplemented by ancillary proce

dures, as is demonstrated in Chapter 6. 

The message in this chapter is that any suite of software for solving 

phase problems should include a number of different phase reconstruction 

algorithms, several ancillary pre-processing and post-processing procedures 

and an objective rationale for alternating between them. Only then can a 

wide range of phase problems be handled successfully. 

A strategy for a composite phase reconstruction procedure is described 

in §7.1. It combines the techniques introduced in Chapters 4 through 6. 

Several representative examples are then presented in §§7.2 through 7.5. 

7.1 STRATEGY 

In this section the strategy for a two-dimensional composite phase 

reconstruction procedure is described. Eight distinct stages in the 

process are isolated and are shown diagrammatically in Figure 7.1. What 

each stage does and how they fit together is described in §§7.1.1 through 

7.1.7, corresponding to blocks (i) to (vii) in Figure 7.1. Block (viii) 

is included in 7.1.7. It is assumed throughout that the image is known 

a priori to be positive. 



(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) 

(viii) 
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Figure 7.1 Summary of the eight stages in the composite phase 

reconstruction process. 
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7.1.1 Pre-processing 

The given data are taken to be samples of an estimate F
0 

of the 

visibility. If an estimate fo of the image is given instead, then its 

Fourier transform F
0 

++ fo is computed as the first step in block (i). 

Recall that the samples of F
0 

must be spaced at at least twice the Nyquist 

rate (i.e. an over-sampling factor of 2), if the kinds of procedures 

described here are to be used (cf. §§ 1.3, 1.7)). Note that in the 

examples presented in §§7.2 -through 7.5, the amount of over-sampling 

varies from between about 2 and 3. 

In what follows (stages (i), (ii) and (iii)) only the visibility 

intensity jF0[2 
is processed. If any phase estimate, phase {F

0
}, is given, 

then it can be 'put to one side' until stage (iv). The Fourier transform 

of jF0!
2 

is an estimate ffo of the autocorrelation. The extent of ffo is 

estimated, as discussed in §6.1. This defines the autocorrelation box 

B(ff0J. If ffo is excessively noisy then pre-filtering can be employed 

which, as explained in §6.1, is a method of smoothing jF0 j
2

• The result 

of stage (i) is the visibility intensity jF
0

j
2

, where the subscript p 
c 

denotes that it has been pre-processed. 

7.1.2 Defogging 

Inspection of jFP! 2 
indicates when defogging (§6.3) is appropriate. 

If the procedure described in §6.3 is adhered to then the Fourier transform 

J:fa of the defogged intensity jFdj 2 
is everywhere positive, and is 

effectively the autocorrelation of the detail in the image. Because the 

detail is often confined to the centre of the image, especially in 

applications such as astronomical speckle imaging (§2.2), it follows 

that .the extent of ffa is often less than the extent of ff0 • Some of the 

phase reconstruction algorithms that are employed in stages (iv), (v) and 

(viii) rely on an estimate of the extent of the image, which as explained 

in §§1.7 and 3.2, is one half of the extent of the autocorrelation. 

Therefore if defogging is employed then the extent B(ffa), of ffa should 

be estimated by inspection of ffa, for use in stages (iv} to (vi). 

7.1.3 Crude Phase Estimation 

The phase reconstruction procedures proper begin at stage (iii) 

(Figure 7.1). An estimate, phase{Fd}, is computed from IFal by the CPE 

algorithm (Chapter 5). The CPE parameter y can be optimised as is 
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demonstrated in §5.2 and Figures 5.4 and 5.5, but, as is also obvious 

from these figures, any value of Y close to 0.5 gives similar results. 

It often happens that the fidelity of phase{Fd} estimated by CPE can be 

improved by further processing (Figure 7.2). 

Recall from §7.1.1 that a phase estimate phase{Fd} is available on 

occasions from the recording process. So one may be faced at this stage 

with choosing between phase{Fd} and phase{F0 } as the initial estimate 

for the ensuing stages. An objective criterion for choosing between these 

two phase distributions is the error measure EB defined by (5.34) in §5.2. 

7.1.4 Starting the Iterative Algorithm 

Beginning at stage (iv) the phase estimate phase{Fd} (or possibly 

phase{Fo}) is subjected to the iterative reconstruction algorithms of 

Fienup (§4.2.2). The constraints for these algorithms are IFal, image 

positivity and a mask which defines the image extent. When applying this 

last constraint, an extra step must be taken on the first iteration, to 

decide where in image space to centre the mask, as is discussed in §4.2.2. 

The coordinates (xo~yo) which maximise 

xo + Ll(ffa)/4 Yo + L 2 ( ff d) I 4 

I I ( 7 .1) 

x = xo - LI(ffa)/4 y =Yo - L2(ffaJ14 

is taken to be the centre of the mask, where 

(7.2) 

No change in (xo~Yo) is noticed if this procedure is repeated (for 

g~(x~y) cf. Figure 4.3) at each iteration, and so (xo 3 Yo) is fixed after 
1--

the first iteration. 

7.t.5 Iterative Processing 

The majority of the phase reconstruction processing is performed 

at stage (v) (Figure 7.1). Hybrid input-output is the fastest to converge 

of all the iterative algorithms described in §4.2.2. Even so, this 

algorithm can stagnate before a useful estimate of the image is reconstructed. 



-137-

........ 
··· .. · .. . . . . ·· . . . . . ·············· 

0 10 20 0 10 20 
no. of iterations no. of iterations 

(a) (b) 

Figure 7.2 Two examples showing the kind of 'head start' CPE gives to the 

convergence of Fienup's iterative algorithms. Graphs of the 

image error EI are shown for the sequence: one error-reduction 

to fix the position of the image mask, followed by 20 hybrid 

input-outputs with S = 0.5. The solid curves correspond to 

when CPE (y = 0.5) provides the starting phase, and the dotted 

curves correspond to starting with pseudo-random phase between 

-TI and TI. For the first example, (a), the true image and the 

CPE reconstruction are shown in Figures 5.4(a) and 5.4(d). 

respectively. The latter is quite a good resemblance to the 

true image. The iterative algorithms benefit from a much 

decreased error measure (solid curve in (a)) when starting from 

the CPE phase, compared with starting from the pseudo-random 

phase (dotted curve in (a)). For the second example, (b), the 

true image and CPE reconstruction are shown in Figures S.S(a) 

and S.S(d) respectively. While this reconstruction contains 

some erroneous structure, the convergence of the iterative 

algorithms is still boosted by using the CPE phase as a starting 

point. 
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If stagnation occurs, as indicated by EI then an alternative reconstruction 

algorithm should be adopted. Changing to the error-reduction algorithm 

usually leads to a sudden drop in the EI or EB' although interestingly 

no apparent change in the image-form is usually noticed (cf. Fienup 1982). 

Error-reduction is wont to stagnate, often only after 10 to 15 iterations, 

but if hybrid input-output is reinvoked then EI or EB usually starts 

decreasing again. This process of alternating between hybrid input-output 

and error-reduction according to the rate of decline in or £B has been 

called Fienup-cyaling (Bates and Fright 1983) . Cycling is continued 

for typically up to a total of about 100 iterations, or until the error 

fails to fall significantly with continued iterations. 

7.1.6 Enlarging the Image Mask 

Prolonged periods of stagnation at stage (v) can sometimes be 

relieved by increasing the size of the mask which defines the image 

extent (cf. §4. 2. 2, Figure 4. 4) . The reason v1hy this step improves 

convergence could be that either the mask is not quite centred over the 

image, or the mask is too small for the image. The second cause would 

stem from the autocorrelation extent being underestimated at stage (i) , 

or if defogging is used, at stage (ii). Increasing the mask size is a 

step which is followed by more Fienup cycling, i.e. stage (vi) is an 

integral part of stage {v) . Once satisfactory convergence has been 

achieved with stages (v) and (vi) then, providing the visibility intensity 

has not been defogged at stage (ii) , the reconstructed image should 

resemble the true image. When defogging is used then stages (vii) and 

(viii) may be required. 

7.1.7 Refogging 

If defogging is employed at stage (ii) then the image reconstructed 

by stages (v) and (vi) usually resembles the detail in the true image. 

It may be desirable to reintroduce the fog to the reconstructed image as 

is discussed in §6.4. The refogging procedure of §6.4 need not necessarily 

realign the fog with the reconstructed detail in quite the same way as in 

the true image, so it is wise to follO'Iil refogging with further Fienup 

cycles. However, note that after refogging the image extent is usually 

increased. One half the extent of B(ff ), not B(ffd), should now be used 

for the mask in the iterative algorithms. Usually only a small change in 

the error or the image is observed with continued iterations. 
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7.2 RECONSTRUCTION FROM VISIBILITY DATA 

MEASURED IN THE OPTICAL LABORATORY 

The data for this example were recorded on a coherent-optical bench. 

The experimental procedure was similar to that described in §2.2.1 (see 

caption to Figure 2.2) except that the diffuser was removed to leave the 

laser light coherent. Also the atmosphere/telescope model was removed so 

that the CCD camera recorded the intensity of the far-field diffraction 

pattern (§1.3) of the object. A glass flat that had been dirtied with 

chalk dust was placed between the object and the camera. This distorted 

the diffraction pattern to simulate an application in which the noisy visi

bility only is recorded. 

The magnitude of the recorded visibility is shown in Figure 7.3(a). 

The centre of the brightest lobe was assumed to be the origin of visibility 

space, and is shown at the centre of Figure 7.3(a). Because the object 

is real, one would expect the visibility magnitude to be centro-symmetric 

(Table 1.3). However inspection of Figure 7.3(a) confirms that as expected 

the symmetry in the visibility magnitude has been perturbed by the presence 

of the dusty glass flat. It was decided to process these data with phase 

reconstruction algorithms which are designed to reconstruct real images. 

It thus became desirable to make the data consistent with the requirements 

of the algorithms. Pairs of visibility samples at points symmetrically 

placed about the origin were averaged. This averaged, centro~symmetric 

visibility magnitude jFol was the input to the phase reconstruction process. 

The first processing step was to compute the Fourier transform ffo 
of IFol 2

• Inspection of ffo (Figure 7.3(b),) reveals that significant 

detail in ffo has fallen to below the noise level at the edges of the data 

array. This indicates that IFol has been oversampled by at least 2 (§§1.5, 

1.7), which is a prerequisite for the phase reconstruction algorithms that 

were invoked. An estimate of the autocorrelation box is shown superimposed 

on ffo in Figure 7.3(b). Pre-filtering was then employed to produce a 

smooth visibility magnitude IF I which is .shown in Figure 7.3(c). The 
p 

central lobe in IF I is not markedly more intense than the surrounding p 
lobes and so defogging was not deemed to be necessary. 

CPE was then invoked. A y of 0.51. was chosen, although y 0.49 or 

0.50 gave similar results. The corresponding image, shown in Figure 

7.3(d), has pronounced structure although it contains some negative 
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(i) 

Figure 7.3 Reconstruction from a noisy recording of the visibility. 

(a) The magnitude of the recorded visibility. 

(b) The noisy autocorrelation with an estimate of its 

extent superimposed. 

(c) The magnitude of the pre-filtered visibility. 

The next three images were reconstructed by (d) CPE with 

y = 0.51, followed by (e) one iteration of error-reduction (the 

image box is superimposed) followed by (f) 15 iterations of 

hybrid input-output with i3 = 0. 1. 

(g) The 'true image' (different scale). The error Zoglo(si) 

is shown as a solid line in both (h) where the dotted line 

shows the effect of having S = 0.5 in hybrid input-output, 

and (i) where the dotted line shows the effect of not 

pre-filtering. 
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regions and is slightly larger than the image box. Figure 7.3(e) shows 

the reconstructed image after one iteration of error-reduction, after which 

the image box, shown superimposed, was fixed in position. Hybrid input

output followed for another 15 iterations, withy= 0.1, to produce the 

image shown in Figure 7.3(f). This should be compared with the image shown 

in Figure 7.3(g) which was recorded on the same optical bench by reinsert

ing an aperture and lens in front of the CCD (the difference in scale 

between Figures 7.3(f) and (g) is irrelevant), and with the dusty flat 

removea so that there was a mininum of distortion. All five bright points 

in the object have been reconstructed in their correct positions and with 

approximately the correct brightnesses. 

The same sequence of processing was repeated but without doing any 

pre-filtering first. While an image similar to that shown in Figure 7.3(f) 

was reconstructed, the noise level was noticably higher at all stages in 

the reconstruction (Figure 7.3(h)). 

One further point is illustrated in Figure 7.3(i): when S was 0.5, 

the hybrid input-output did not converge as it did when S was 0.1. Having 

a larger B is an attempt to achieve faster convergence, ie to accelerate 

the hybrid input-output algorithm. But when the visibility magnitude is 

noisy, as in this example, a higher S can lead to a lack of convergence. 

7.3 RECONSTRUCTION OF A FOGGY IMAGE 

The example presented in §6.3 illustrates the effect defogging has on 

the magnitude of the visibility of a foggy image. It is shown in this 

section that the detail in the image (Figure 6.4(a)) can often be easily 

reconstructed from the defogged visibility magnitude (Figure 6.6(b)). 

The defogged autocorrelation ffd(x~y) and the estimate of its extent 

are shown superimposed in Figure 7.4(a). The image produced by CPE with 

y = 0.5 (Figure 7.4(b)) resembles the true image detail together with a 

lower amplitude version of its autocorrelation (Figure 7.4(a)). However, 

one iteration of error-reduction removes most of the latter 'ghost' stars, 

as can be seen in Figure 7. 4 (c) (note the position of the image box 1-1hich 

was then fixed). Only five more iterations using hybrid input-output 

with B = 0.5, were necessary to produce the image shown in Figure 7.4(d). 

Comparison with Figure 6.4(a) confirms that this is a faithful reconstruc

tion of the image detail. Refogging is not invoked explicitly in ·this 
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(a) (b) 

(c) (d) 

Figure 7.4 Reconstruction of a foggy image. 

(a) The defogged autocorrelation, whose visibility magnitude 

is shown in Figure 6.6(b) (d = 0.02). Note the extent of 

the autocorrelation box. 

The next sequence of three reconstructed images correspond to 

(b) CPE withy= 0.5, followed by 

(c) one error-reduction (after which the image box was fixed 

in position), followed by 

(d) 5 hybrid input-outputs with B 0.5. Compare this image 

with Figure 6.4(a). 
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example because the dynamic range of the images (as printed in this thesis) 

would not reveal the detail above the fog. The latter (see Figure 6. 4 (b) ) 

is 10 times brighter than the detail. The structure of the image detail in 

this example is rather simple, which is why it is not difficult to recon

struct from the defogged visibility magnitude. The point is that even 

simple detail like this cannot be readily reconstructed without defogging, 

as is illustrated in §6.2, where the detail is 5 times brighter than in 

this example. 

7.4 RECONSTRUCTION FROM ASI DATA 

SIMULATED IN THE OPTICAL LABORATORY 

The data for the example presented in this section came from an 

optical laboratory simulation of Labeyrie's astronomical speckle interfer

ometry (ASI - §2.2.2). The visibility intensities of only 16 speckle 

images were averaged. 'l~he magnitude of this average is shown in Figure 

7.5(a) where it can be seen that the visibility has a large central lobe. 

Either of the filtering techniques described at the end of §2.2.2 could 

be invoked to reduce this central lobe. However, a similar effect is 

achieved in this example by defogging with d = 0. 4. 

After defogging, the visibility magnitude was pre-filtered to reduce 

noise that is apparent in Figure 7.5(b). Pre-filtering reinstates in the 

visibility magnitude a radius of correlation that has been perturbed by 

the presence of noise. This correlation length is inversely proportional 

to the estimated extent of the autocorrelation. After defogging, though, 

the extent of the autocorrelation is often reduced, if the extent of the 

detail is less than that of the fog in the image. So when pre-filtering 

follows defogging, the visibility magnitude is smoothed by an amount which 

may be suitable for recovering only the image detail. If refogging is to 

be employed then the visibility magnitude may be too smooth to properly 

recover the fog. That is why pre-filtering precedes defogging in the 

strategy laid down in §7.1. However, in this example, only image detail 

is of interest and no refogging is envisaged. So pre-filtering follows 

defogging here with the advantage of increased noise rejection through 

greater smoothing of the visibility magnitude. The noisy autocorrelation 

is shown in Figure 7.5(c) and the pre-filtered visibility magnitude is 

shown in Figure 7.5{d). 

The phase reconstruction process was continued along the lines laid 
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down in §7.1. Reconstructed images should be compared with Figure 7.4(g), 

except that left and right are reversed, ie the same metal plate (cf cap

tion to Figure 2.2) was used as the object for §§7.3 and 7.4 but was 

reversed for the latter. CPE withy 0.5 produced the image shown in 

Figure 7.5(e). Although the true image can be recognised in this figure, 

there is also a large amount of contamination. Much of the latter is 

eliminated by only one iteration of error-reduction (Figure 7.5(f)). Two 

iterative cycles then followed, each comprising 15 hybrid input-outputs 

(6 0.5) and 10 error-reductions (Figure 7.5(g)). The error (Figure 

7.5(h)) had the tendency to diverge during hybrid input-output with 

6 ~ 0.5. The reason may be, as in §7.2, that the visibility magnitude is 

rather noisy even after pre-filtering. It should be remembered that only 

16 speckle images were processed in this example. Nevertheless the final 

reconstructed image shown in Figure 7.5(g) clearly resembles the true 

image. 

7.5 RECONSTRUCTION OF AN EXTENDED OBJECT 

The examples presented in § § 7. 2 through 7. 4 illustrate the successful 

reconstructions of images which are often described as consisting of unre

solvable points (cf §2.1.2). Even when they are superimposed on a fog 

(§7.3), the impulsive details are usually recoverable, providing defogging 

is employed. The reconstruction of the other kinds of images, ie extended 

objects or objects composed of resolvable parts, are examined in this 

section. 

The extended object for this example has a visibility, whose magnitude 

is shown in Figure 7.6(a), and an image which is shown in Figure 7.6(e). 

The idea for this object was privately communicated by J.C. Dainty and 

R.J. Sault, while at the University of Sydney, .. in 1983. 

The image shown in Figure 7.6(g) was reconstructed by the sequence: 

CPE with Y = 0.5, one iteration of error-reduction to fix the position of 

the image box, and four cycles each of 15 hybrid input-outputs (6 = 0.5)~ 
and 10 error-reductions. Many more iterations are required before the 

reconstructed image resembles Figure 7.6(e). 

Inspection of the visibility magnitude (Figure 7.6(a)) reveals that 

the central visibility lobe is several times higher than the surrounding 

lobes. This suggests that defogging might be advantageous. A cross-section 
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(a) (b) 

(c) (d) 

(e) (f) 

(g) 
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(h) 

Figure 7.5 Reconstruction from simulated ASI data. 

(a) The magnitude of the average of the visibility 

intensity of 16 speckle images. 

(b) The visibility magnitude after defogging - note that the 

side-lobes and the noise have been amplified. 

(c) The noisy autocorrelation with its extent outlined. 

(d) The pre-filtered visibility magnitude. 

The sequence of three reconstructed images correspond to 

(e) CPE with y 0.5, followed by (f) one error-reduction, 

followed by (g) two cycles each of 15 hybrid input-outputs 

re = 0.5) and 10 error-reductions. 

(h) The graph of error si. 
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(a) (c) 
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- -
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- -

- -
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{b) {d) 

Figure 7.6 Reconstruction of an extended object (after J. C. Dainty, 

privately communicated). 

(a) The original visibility magnitude, 

(b) A profile of the centro-symmetric defogging function. 

(c) The defogged visibility magnitude. 

(d) The error curve for the reconstruction from the defogged 

visibility magnitude - note the point where the visibility 

was refogged (after 76 iterations) . 
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(e) 

(f) (g) 

(h) (i) 

(e) The true image. 

(f) The defogged autocorrelation. 

(g) The reconstruction using no defogging. 

(h) The reconstruction with defogging but before refogging. 

(i) The refogged image after one further Fienup cycle. 
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of a circularly symmetric defogging function (§6.3), where d = 0.3, is 

shown in Figure 7.6(b). Defogging produces the visibility magnitude shown 

in Figure 7.6(c) - note that the relative heights of the surrounding lobes 

have been increased. The amplitude of the defogged autocorrelation (Figure 

7.6(f)) decreases only gradually with distance from the origin. So its 

extent, also shown in Figure 7.6(f), is actually no smaller than the 

extent of the undefogged autocorrelation. The same sequence of phase 

reconstruction algorithms as described above, but with only three Fienup 

cycles, was employed to produce the image shown in Figure 7.6(h). Refog

ging followed by one further Fienup cycle leads to the image shown in 

Figure 7.4(i). Comparison of Figures 7.6(e), (g) and (i) confirms that 

defogging/refogging does improve the reconstructions of this extended 

object. 

Note that very little of the true detail is faithfully revealed in the 

defogged reconstruction shown in Figure 7.6(h). This is in marked contrast 

to the corresponding image (Figure 7.4(d)) presented in §7.3, where the 

true detail is fully apparent before refogging. It is instructive to 

try and uncover the reasons for this seeming paradox. For the example 

introduced in §7.3, the spectral content of the fog is significantly dif

ferent from that of the detail. The central lobe of the fog's visibility 

is much narrower than that of the detail's visibility. Consequently, when 

the amplitude of the narrow central lobe of the visibility magnitude shown 

in Figure 7.5(a) is reduced (during the defogging step) 1 the remainder of 

the visibility magnitude is little affected. It therefore seems reasonable 

to expect that it should be possible to recover the detail with a fair 

degree of faithfulness from the defogged visibility magnitude, as is indeed 

confirmed by Figure 7. 4 (d) • 

For the example employed in this section, on the other hand, the 

central lobes of the visibility magnitudes of the fog and the detail are 

quite similar. So, when the amplitude of the central lobe of the visibility 

magnitude shown in Figure 7.6(a) is reduced, the detail's visibility magni

tude is significantly distorted. The image recovered from it can thus be 

expected to be distorted also, as is confirmed by Figure 7.6(h). This 

distortion is of course corrected to a significant degree by refogging and 

subsequent Fienup cycling Figure 7.6(i)). However, a large number of 

iterations (several hundred) are needed to compensate for the distortion 

introduced by the defogging step. Defogging is nevertheless crucial, 

because without it, images even of the comparatively low complexity of the 
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original (Figure 7.6(e)) are almost impossible to obtain, as is confirmed 

by Figure 7.6(gj. 

The example presented in this section highlights the virtues of the 

composite algorithms reported in this thesis, but it also emphasises how 

much further development is required. In particular, much more attention 

needs to be paid to the 'smoothness' of the defogging step. An important 

question is: how to defog in such a manner as to minimise the distortion 

of the detail's visibility magnitude? 
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CHAPTER 8 

FUTURE PROSPECTS AND CONCLUSIONS 

8.1 FUTURE PROSPECTS 

Several avenues for continuing research are suggested in this section. 

Possible improvements are outlined for the pre-processing, crude phase 

estimation, and iterative phase reconstruction stages. 

8.1.1 Fringe magnification 

Detailed structure in the object gives rise to interference fringes 

in the visibility. When the object detail is faint so too are the visibi

lity friilges. Under these conditions, phase reconstruction algorithms 

usually fail to recover the detail in the image. So it makes sense to 

pre-process the visibility magnitude to increase the relative magnitude of 

the fringes. Defogging (§6.3) goes part-way to achieving this by decreas

ing the magnitude of the central visibility lobe. What is required is a 

real magnifying function M(u>v) such that 

( 8 .1) 

has more pronounced fringing than does IF(u>v) I, ie the 'peaks' of the 

fringes should be raised while the 'troughs' should remain the same or 

perhaps be lowered. The fringes are usually superimposed on large lobes 

which one does not want to magnify. So simply multiplying by a power 

function such as M(u~v) = aiF(u>vJ I is not adequate. An algorithm is 

needed for generating a smooth M(u.,v) tailored to the particular !F(u.,v) I· 
A little work has already been done on this (Bates and Fright l984b) . The 

following procedure in four steps has been found to give promising results: 

(i) The visibility magnitude IF(u.,v) I is first defogged to form 

!Fd(u.,v) I· A magnitude threshold is lowered through !Fd(u>v) I starting at 

jFd(O.,O) I and finishing at about 10% of jFd(O.,O) 1. When the peaks of the 

visibility fringes 'poke through' the threshold, their coordinates (umJvm) 

are recorded. 

(ii) Starting at each (um"vm) a search is made in both the positive 

and negative u and v directions in order to estimate the position of the 

nearest local minimum. The distance from (u >v ) to the nearest local m m 
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minimum defines the width (at the 2a points) of a circularly symmetric 

unit amplitude Gaussian G (u~v). 
m 

(iii) The magnifying function M(u~ v) is defined by 

M(u~v) = Go (u~ v) I jPd(O~O) I Gm(u u v -m~ v ) I IPd(u Jv ) I m m m 
m 

(8. 2) 

where Go is also a unit amplitude Gaussian which tapers (apodises) M(u~v) 

at large (u~v). 

{iv} jFd(u~v) I is magnified by M(u3 V): 

{ 8. 3) 

and then subjected to CPE (§5.2). The phase estimate produced, 

phase{PM(u.,v)}, is then combined with jFd(u.,v) I before being processed by 

Fienup 1 s iterative algorithms. Results obtained so far are illustrated in 

Figure 8.1. This fringe magnifying procedure has been found to boost the 

phase estimate produced by CPE sufficiently to ensure that Fienup 1 s itera

tive algorithms reconstruct all the image detail. If jPMj is not 

by jPdj before the iterative 

This is probably because the 

, then poor results are 

has large negative amplitudes. 

While the above results indicate that fringe magnification is likely 

to be beneficial, more development is required to make it generally 

able. More tests need to be carried out first, and a computationally 

faster and more flexible procedure needs to be devised. 

8.1.2 Improvements to CPE 

CPE (§5.2) is a direct method of estimating the visibility phase, in 

that it uses just the visibility intensity and is performed only once. If 

some way can be found of incorporating visibility estimates into CPE 

~~en an iterative algorithm could be built around it. There has been con

siderable discussion in Professor Bates 1 research group about this, and he 

and M.C. Wont are now studying the detailed consequences of the following 

idea, >vhich arose from suggestions made at about the same time by many 

people, including Professor M.V. 

Bristol, UK). 

(visiting from the University of 

t Postgraduate student, University of Canterbury, New Zealand. 
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(a) (b) 

(c) (d) 

Figure 8.1 An example of fringe magnification. 

(a) The original visibility magnitude, and (b) after it has 

been defogged. (c) The magnifying function, and (d) the mag

nified defogged visibility. (e) The true image. 

(f) The reconstructed image using defogging, CPE (y 0.5)~ 

one error-reduction to fix the mask, and three cycles of each 

of 15 hybrid input-outputs (8 = 0.5) and 10 error-reductions. 



-156-

(e) (f) 

(g) (h) 

(i) ( j) 

(g) is (f) refogged followed by another Fienup cycle. One 

'star' is reconstructed in the wrong place. (h) and (i) are 

the same as (f) and (g) but fringe magnification is used as 

well - all details are reconstructed. (j) The reconstruction 

after four Fienup cycles using no defogging or fringe magnifi

cation. No details are reconstructed. 
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One can represent the complex in-between visibility sample F 1. 

m + "'ff~n 
by a Taylor's series (Hildebrand 1949 p.l25), based on the (m~n)th actual 

sample point: 

00 

F(Z) F I z 
F = r -1§J I z! m + n m~n m + 1§~n 

( 8. 4) 

Z=l 

or, similarly, based on the (m + n)th actual sample point: 

co 

F + 1§~n = F I F(Z) (kJz I t! m m + l~n m + n 2 
( 8. 5) 

where superscript (l) denotes the tth derivative with respect to m. 

Adding (8.4) and (8.5) and rearranging, reveals that 

co 

= 1§(F + F ) 
n m)n m + 1Jn 

(8.6) 

The sum of even-order derivatives on the RHS of (8.6) is the difference 

between (8.6) and the phase estimation formula in CPE (y = 0.5). More 

accurate phases could be estimated by CPE if some of the derivative terms, 

perhaps only the second, are incorporated. Of course the visibility phase 

is necessary to calculate the derivatives. So an iterative approach could 

be taken, ie no derivatives are included on the first pass through CPE, 

but on successive passes the most recently evaluated phase could be used 

when calculating the derivatives. Different values of y, and perhaps are

laxation constant multiplying the derivative terms, should be tried. It 

has been suggested (Newsam 1983) that optimising over y in CPE (§5.2) is in 

effect compensating for neglecting the even-order derivatives. Sault (1983) 

has suggested that the phase differences estimated by CPE might be com

bined more effectively by methods such as those used in two-dimensional 

Knox-Thompson phase retrieval (§2.2.5). Sault is also exploiting the 

effect on CPE of different oversarnpling factors. 

8. 1. 3 Ne~T Iterative Algorithms 

There is scope for improving the iterative algorithms described in 

§4.2.2. One possible approach is to devise more sophisticated ways of 

adjusting the input-image g.(xJy) (Figure 4.3) at each iteration (Newsam 
't 

1982). However, the advantages of a sophisticated algorithm might be out-
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weighed by computational inefficiency, ie the same might be achievable 

more quickly with a greater number of iterations of simpler algorithm 

(cf Fienup 1982). 

Another approach is to study new ways of applying the Fourier space 

constraints. At present, the input-output algorithms are rather one

sided in that the Fourier space constraints are applied in full at each 

iteration, while the image space constraints are applied only gradually 

(cf Fienup 1982). 

Completely new algorithms could be devised which, although iterative, 

do not require the time-consuming step of Fourier transforming, ie the 

algorithms would work completely in image space or in Fourier space. The 

modified CPE suggested in §8 .1. 2 is one example .. Also, the following 

idea of Professor Bates and D.F. Baileyt might prove more fruitful. The 

present estimate f of the true image f varies from f by an error term e : 

f=f+e ( 8. 7) 

Taking the autocorrelation (8.7) and rearranging: 

* f 
~ 

X e ff- ff = ee + e + .J..' 
J 

~ 2 EVEN (e th 

~ 2 (e 

* 
f + e * f) e e 0 0 

( 8. 8) 

where the relatively small ee term has been dropped and subscripts e and o 

denote the even and odd parts respectively. It follows from (8.8) that 

where e
0
f

0 
f

0
-

1 is also relatively small and has been dropped. Similarly, 

~ 

e ~ ~ ( ff - ff) f - 1 

0 0 
(8.10) 

The Fourier transform of an even function is wholly real, aDd the Fourier 

transform of an odd function is wholly imaginary. So the Fourier trans

forms of (8.9) and (8.10) are estimates of the real and imaginary parts 

t Postgraduate student, University of Canterbury, New Zealand. 
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(8.11) 

( 8 .12) 

respectively. From (8.11), (8.12) and the Fourier transform of (8.7), an 

iterative phase reconstruction algorithm can be written as 

- ( \F\2 - \FI2J Re(F. + 1) = Re(F .) + S/2 Re(F) 
~ ~ 

(8.13) 

IRe (F) I 2 + 1P 

and 

- ( \F\2 - I FI2J Im(F. + 1) = Im(F .) + S/2 Im(F) 
~ ~ 

(8.14) 

IIm(FJ 1
2 + ~ 

where the error terms (8.11) and (8.12) have been modified to avoid divid

ing by small numbers (cf §2.2.3). S is a relaxation constant. This algor

ithm should be tested on its own first to test its convergence properties. 

Providing it does not diverge then it may be a useful addition to the com

posite phase reconstruction procedure described in Chapter 7. Different 

combinations of algorithms should be tried. 
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8.2 CONCLUSIONS 

The reconstruction of an image from the magnitude of its Fourier 

transform presents what is called a phase problem. An image is said to 

be compatible if its Fourier transform has the same magnitude as the given 

one. If no constraints can be placed on the image then a continuous 

infinity of compatible images can be formed by combining an arbitrary 

visibility phase with a given visibility magnitude. A reasonable con

straint to place on the image is that it must be compact. This does not 

give rise to any practical difficulties since all real-world images inevi

tably are compact (§1.4). Even with the constraint of compactness, there 

are still in general a continuous infinity of compatible images as is 

explained in §3.2. one can only be sure of there being a countable num

ber of compatible images if their extents are constrained to be one half 

the extent of the autocorrelation, ie to be what is here called most

compact. It does not appear to be possible to determine the position of 

an image or to distinguish it from its mirror image if only the visibility 

magnitude is given, ie only its form can be recovered (§3.2). Thus a 

succint statement of the Fourier phase problem is: recover all the most

compact image-forms given the visibility intensity. If the image

form is known a priori to be positive then it must also be most-compact 

(§3.2). So positivity alone is sufficient to ensure that there are a 

countable number of solutions to the Fourier phase problem. 

One-dimensional phase problems are well understood. The theory of 

entire functions can be invoked to 1 firstly 1 explain why it is that one

dimensional phase problems invariably have ambiguous solutions (§3.3) 1 and, 

secondly, to develop practical means of computing these solutions (§4.1). 

TWo-dimensional phase problems are a different story altogether. Most 

importantly 1 they almost always possess unique solutions. The only excep

tions seem to be in contrived examples where the images possess special 

symmetries. The theory of entire functions in more than one dimension is 

not complete. Advances have been made to explain why the solution is 

almost always unique, and these are reviewed in Chapter 3. Even so, no-one 

has yet devised a generally applicable direct method of reconstructing a 

two-dimensional most-compact image-form from the intensity of its visibi

lity. Many iterative techniques have been developed in the last decade, 

but all have been greeted with mixed reports of success and failure. 

Examples presented in this thesis add weight to the growing evidence that 

Fienup's iterative algorithms are widely applicable. Positivity is an 
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important constraint in these algorithms, as is argued in §4.2.2. Satis

factory convergence is not always guaranteed though. 

A practical implementation of a direct phase reconstruction algorithm 

due to Bates is described in Chapter 5. The practical algorithm, called 

crude phase estimation (CPE), is shown to produce useful images of simple 

objects. For more complicated objects the gross structure in the image 

is recovered. However CPE is still in the early stages of its development, 

and it may yet prove to be the seed of an exact multi-dimensional phase 

reconstruction algorithm {§8.1.2). At the moment the strength of CPE lies 

in the accelerating effect it has on the convergence of Fienup's iterative 

algorithms. 

Images in which the interesting details are superimposed on foggy 

backgrounds often arise in applications such as optical astronomy (§2.2). 

It is shown in Chapter 6 that the details in these kinds of images are 

usually difficult to reconstruct by either CPE or by Fienup's iterative 

algorithms, unless these algorithms are supplemented by others. The 

pre-processing technique of defogging goes a long way towards remedying 

this difficulty. When the spatial frequency content of the detail and of 

the fog are well separated in visibility space, then defogging allows 

faithful estimates of the image detail to be recovered very easily. 

Defogging is also useful when reconstructing images of extended 

objects. In this case, however, there are usually no clear-cu~ regions 

in visibility space corresponding to fog and detail in the image. Defog

ging unavoidably distorts the reconstructed image, but this is often 

simply repaired by refogging. It should be possible to devise a more 

sophisticated type of defogging which would be more effective in enhanc

ing the reconstructions of extended objects. A first step in this direc

tion is the fringe magnifying technique introduced in ~ l)~ \ •. i. The point to 

bear in mind here is that none of the existing phase recovery algorithms 

are particularly efficient when few interference fringes are exhibited by 

the visibility magnitude. The defogging technique can be regarded as a 

rudimentary 'fringe enhancer' because it amplifies the effect of the high 

spatial frequencies. 'Fringe magnification' exaggerates any small 

'wiggles' in the visibility magnitude at the expense of larger ones, 

thereby maximising' fringe contrast'. Its capabilities for rapidly reveal

ing image structure are already clear. Much more work is needed, however, 

to refine the 'demagnification' step, to prevent spurious detail (induced 
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by the •magnification•) in the finally processed image. 

The essential point made in Chapter 7 is that when several phase 

reconstruction and ancillary procedures are combined, then a wide range 

of phase problems can be solved. This claim is supported by examples 

involving both computer-generated data and data obtained experimentally 

in the optical laboratory. The composite algorithm introduced in Chapter 

7 needs to be extensively tested with real-world data. 
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