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APPENDIX Al 

TIIE WALL LAYER IN TURBULENT FLOW! 

TRlNH KHANH TUOC and JOHN ABRAHAMSON 

DEPARTMENT OF CHEMICAL AND PROCESS ENGINEERING 

UNIVERSITY OF CANTERBURY 

ABSTRACT 

It is argued that the low-speed-streak phase dominates the measured average velocity profiles of the wall 

layer of turbulent flow . .This phase is modelled after an unsteady developing laminar boundary layer. 

The Blasius solution for a laminar boundary layer on a flat plate has been found to provide a good 

approximation to the two-dimensional map of the instantaneous velocity, smoothed with respect to the 

periodic fluctuations impressed by the external flow field. 

The model provides an accurate description of a number of features of the wall layer. These are the 

time-averaged velocity profile, the viscous shear stress, ,the production of turbulence near the wall, the 

moving front of turbulence measured by Kreplin and Eckelmann, the streamwise correlation function 

of the wall shear stress,the fluctuating velocities and the probability distribution of the instantaneous 

velocity. 

1 Submitted to journal of fluids engineering. The editor found the paper too long. It is being rewritten in 
two parts: modelling with the Stokes solution and modelling with the Blasius solution. 
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I. INTRODUCTION 

Considerable work has been done since the Standford group (Kline et aI,1967) showed by visual 

experiments that the wall layer of turbulent flow, far from being quiescent, is the most active region 

where most of the turbulence is produced by a sequence of "bursts" and sweeps". for this reason, the 

original concept of a prevalently laminar flow near the wall first proposed by Prandtl (1935) has fallen 

out of favour. The exact mechanism still proves somewhat elusive, even for Newtonian fluids. For 

non-Newtonian fluids some experimental work exists for the viscoelastic case but none is available for 

time-independent non-Newtonian fluids. 

In their reviews, Cantwell (1981) and Robinson (1991) have discussed the sequence of events first 

observed by Kline et al and further verified by subsequent workers. The wall layer is dominated by a 

pattern of alternate low and high-speed streaks which persist downstream over a relatively long time. 

The Jaw-speed streaks gradually lift up and oscillate, culminating in a short violent ejection from the 

wall. The ejections are accompanied by an inrush of relatively fast fluid towards the wall. Kline et al 

observed that the hydrogen bubble lines that highlighted the low-speed streaks in their visual 

experiments became contorted during the ejection phase indicating a break-up of the flow into small 

scales. For this reason, the whole cycle is referred to as the bursting process and the ejections are 

sometimes called bursts. 

Most of the production of turbulence occurs during the ejection phase (Willmarth and Lu, 1972). Corino 

and Brodkey (1969) estimate that the ejections accounted for 70 % of the Reynolds stress measured by 

Laufer (1954). The results of Kim et al (1971) showed that virtually all the net production of turbulent 

energy in the range 0 < < 100 occurs during bursts. The production of Reynolds stresses is a 

transient phenomenon. Willmarth and Lu (op. cit.) and Grass (1971) found that the instantaneous values 

of the Reynolds stresses in this y+ range can soar to 60 times their time-averaged value. 

There is now a consensus among investigators in the field that the bursting process does not occur 

randomly as implied by the theory of statistical turbulence (Taylor 1935, Hinze 1975) but follows a 

highly organised pattern. Kreplin and Eckelmann (1979) for example, have obtained a trace of "a 

moving front of turbulence" in the wall layer; see Figure 1. 

An understanding of the wall layer is thus essential to the study of turbulence. Since the Reynolds 

stresses occur mainly during the short ejections, the low-speed-streak phase is relatively quiescent. Yet, 
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because of its persistence, its contribution dominates the velocity profile close to the wall. In this paper, 

the flow near the wall is modelled after an unsteady developing laminar boundary layer. 

n.THEORY 

A. PHYSICAL VISUALISATION 

The cycle of events in the bursting process is postulated to begin with an inrush of fluid from the 

mainstream towards the walL Offen and Kline (1974) have observed that this inrush rolls up into a 

vortex. A number of studies (Harvey and Perry (1971), Walker (1978), Doligalski and Walker (1978), 

Ersoy and Walker (1986), Chu and Falco (1988), Liu et al (1991), Hall and Horseman (1991), Peridier 

et al (1991), Tucker and ConLisk (1992)) have shown that a vortex moving above the wall generates 

an unsteady boundary layer underneath its path. 

The linear theory of stability (Tollmien 1929, Schlichting 1933) shows that the velocity fluctuations 

impressed by the outer flow grow slowly until the Reynolds number of the boundary layer reaches a 

critical transitional value. Only then will the flow field develop significant Reynolds stresses. The 

ejections then deplete the fluid present in the wall layer very fast and a front of fresh fluid is brought 

in from the mainstream by a new inrush. It is reasonable to assume that the developing boundary layer 

beneath this inrush is originally laminar with superimposed small velocity fluctuations, as found near 

the leading edge of a flat plate or at the entrance section of a pipe. 

A number of experimental and numerical studies have been made with different types of moving vortices 

near a wall to provide models for the mechanism of the wall layer. These configurations include hairpin 

(Liu et al.), rectilinear (Walker), ring (Chu and Falco), streamwise Goertler (Swearingen and 

Blackwelder (1987)) vortices. So far, a final choice between these possible configurations has not been 

possible. However, these studies come to two common conclusions: 

1. The passage of a vortex above the wall induces an unsteady laminar boundary layer 

underneath its path 

2. This unsteady boundary layer eventually erupts into the outer flow. 

The details of the wall layer are complex and only statistical measures are available experimentally. 

Information on the transient structures are available only in Direct Numerical Simulations (Laurien and 

AI. The wall layer 
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Kleiser 1989, Kim, Moin and Moser 1987. Spalart 1988) and in visual studies (Kim et al op.cit., Corino 

and Brodkey (1969), Offen and Kline (1974). The three dimensional character of the wall flow means 

that the two-dimensional model proposed in this paper is an approximation. The particular visualisation 

presented here is only one of perhaps a number of interpretations consistent with our two-dimensional 

model. 

At the location of an ejection, fluid is deplet~ from the wall and a region of low pressure develops 

similar to that at the base of a jet in cross-flow (Hancock, 1987). Gad-el-Hak and Hussain (1986) have 

succeeded in re-creating artificially the bursting phenomenon by applying intermittent suction through 

pinholes situated at the surface of a plate under a laminar boundary layer. They argue that the near-wall 

vortex lines are "pinned down« at the location of the suction points and the distortion results in the 

formation of a streamwise vortex. 

The region of low pressure induces an inrush of fast fluid (in streamwise momentum) from the region 

above the wall layer. Offen and Kline (op. cit.) argue that the inrushes originate mainly from the log

law region. These inrushes are relatively broad streams (compared to the ejections) and are convected 

downstream, occasionally replacing all the fluid present at the wall. Offen and Kline call these latter 

"cleansing sweeps". The sweeps seem to correspond to the high-speed streamwise vortices found in the 

experiment of Gad-el-Hak and Hussain. In the literature, the terms inrush and sweep are sometimes used 

interchangeably. For convenience, we differentiate between the inrush which represents the motion fluid 

towards the wall and the sweep which results from the subsequent deflection of the inrush by the 

convection of the mam stream. 

Pauley and Eaton (1988) have found that pairs of counterrotating longitudinal vortices in the common

up-flow mode convect each other away from the wall. The region between these vortices, which we 

identify with the low-speed-streaks, is simultaneously lifted from the wall. Pauley and Eaton have 

plotted the streamwise velocity and vorticity contours of such a pair of vortices, as in Figure 2. They 

note that "the interaction of the secondary flow (within the vortex) and the no-slip condition at the wall 

produces a region of negative axial vorticity below the vortex ... As the vortex develops downstream the 

accumulation of negative vorticity grows, but a clear rollup of a secondary vortex is never observed". 

This region of negative vorticity which is much more quiescent than the vortex region above it, as 

shown by the velocity contours in figure 2b, may be viewed as the result of diffusion of momentum to 

AI. The wall layer 
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the wall, as occurs in a developing laminar boundary layer. This region can also be seen in the visual 

experiments of Offen and Kline (1974), Figure 3. 

Pauley and Eaton observed that longitudinal vortices in common-down-flow mode in a turbulent 

boundary layer reliminarise the flow between the vortices because the fluid in the region in-between is 

pushed down towards the wall. Thus we do not expect to find common-down-flow longitudinal vortices 

in turbulent flow. Gad-el-Hak and Hussain (op. cit.) have shown that only the low-speed-streaks 

sandwiched between two high-speed streaks are destabilised. Those adjacent to a single suction hole 

remain stable. A consensus seems to exist that the low-speed streaks result from an accumulation of 

fluid between the high-speed streaks (Cantwell op. cit.). The picture we have of the wall layer is thus 

quite similar to that proposed by Blackwelder (1978), and a pattern of vortices and streaks is shown in 

Figure 4. Thus in the ideal pattern, each high-speed streak leads into a low-speed streak. The high-speed 

streak interacts with its neighbour and they convect each other away from the wall as they move in the 

streamwise direction. In the process, tre region underneath them grows into a laminar boundary layer 
- - - - - - - -~ 

where we apply our mathematical model. The plan view of Figure 4 is very similar to the pattern of 

particles generated in the large eddy simulation of Moin and Kim (1982) reproduced in Figure 5. The 

side view is similar to both the simulation of Moin and Kim and the visual experiment of Offen and 

Kline (op. cit.) redrawn in Figure 3. 

We also note that Smith et al (1991) have shown that asymetrical hairpin vortices, those having only 

one leg, can also induce a low-speed streak by interaction with the leg of another vortex situated farther 

from the wall. Robinson (op. cit.) has found a significant number of those asymetrical vortices in the 

DNS of Spalart (op. cit.). 

Fortunately, Pauley and Eaton (1988) have shown that the presence of pairs of common-up-flow 

counter-rotating vortices does not significant alter the thickness of the boundary layer except at the 

location of the vortices. Figure 2b shows that the streamlines in the region beneath the longitudinal 

vortices are relatively unaffected and the main distortions occur at the normal position of the vortices 

themselves. Thus despite the complex three-dimensional structure of the wall layer we expect that the 

two-dimensional Blasius solution may still give a reasonable description of the time-smoothed velocity 

profile. 

AI. The wall layer 
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B.THE MATHEMATICAL MODEL 

The turbulent flow of incompressible fluids is governed by the Navier-Stokes equation in its original 

unsteady-state form: 

DV - -p-=-Vp-[V,t']+pg 
Dt 

(1) 

The solution of this equation is complex. Reynolds (1895) has provided the first simplification by 

decomposing the velocity into time-averaged and fluctuating components. Neglecting the body forces 

and the pressure gradient, the streamwise velocity, for example, becomes (Schlichting 1960, p. ): 

(] (] (] (] -,-, 
-UU+-UV+-UW=--pu u 
Ox dy az Ox 

a - a
--pu1v'--pu'w'+!J. \flu 

dy az 
(2) 

In the original Reynolds derivation and in early theories of turbulence, the velocity U in equation (2) 

is identified with a long time average velocity, and the fluctuating velocity u' is: 

ul=u.-U 
I 

(3) 

in which ul is the instantaneous streamwise velocity. In such cases, if we take note of the occurrence 

of the bursting phenomenon, the averaging time must be longer than the period, T, of the bursting 

process itself. Examination of the velocity traces, for example of Blackwelder and Kaplan (1976) in 

Figure 6, shows that there are slow and fast variations of the instantaneous velocity within a complete 

bursting cycle. Thus two time scales are involved, the longer one being identified with the period 

between bursts. The instantaneous velocity can be given by: 

(4) 

where u is the velocity smoothed with respect to the period of the fast fluctuations u,'. Then 

(5) 

where T is the period between bursts. 

AI. The wall layer 
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The success of the Direct Numerical Simulations is due in part to this decomposition of the velocity 

term (e.g. Spalart op.cit.), which brings out the transient structure of the flow field. These conditions 

are exactly the same starting point as used in the investigation of fluctuating laminar flow (e.g. Tetlionis 

1981, Stuart 1966, Schneck and Walburn 1976). Surprisingly enough, the rapprochement between the 

two cases have not been made until now even though many of the techniques can be transferred from 

one case to the other (Tuoc, 1991). 

If the Navier-Stokes equations are now time-averaged over the period Ti of the fast fluctuations only, 

the results become (Bird, Stewart and Lighfoot p.158) 

au a a a a --+--uu+--uv+--vw=---pu at ax cry az ax 
a -- a 

--pu '.v' ,'+ f.L '\flu cry I 

(6) 

Equations (2) and (6) show that two type of Reynolds stresses u -'-I .. and u IV i" can be defmed 

depending on the period over which the Navier-stokes equations are time-averaged. 

Equation (6) can then be the basis for our model for the low-speed-streak phase which will coincide with 

the whole cycle in the wall layer except for a very short period of time, during the ejection or burst. 

The full solution is complex and often requires numerical methods. The results of these computations 

are difficult to translate into simple predictive theories. Consequently, we will seek simplified forms of 

this solution. We will accept a certain sacrifice in accuracy to obtain a clearer picture of the 

phenomenon. 

Equation (6) is often met in the study of oscillating laminar boundary layers where the fast fluctuations 

are due to periodic velocity disturbances imposed on the main stream. Tetlionis (op. cit.) report that the 

velocity fluctuations and consequently the stresses i increase with distance from the wall. We 

expect that there is a region near the wall where the Reynolds stresses U'IV'I just balance out the 

acceleration term au/at. Then, for two dimensional flow, equation (6) may be simplified as: 

AI. The wall layer 
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a a -uu +-Uv= J.I. \flu ax By 
(7) 

This is exactly the equation solved by Blasius (1908) for a steady-state laminar boundary layer on a flat 

plate if we substitute the average velocity U for the smoothed instantaneous velocity u. We expect 

therefore that the Blasius solution will be able to describe the unsteady growth features of the sub

boundary layer induced by the sweep as it travels above the wall. We stress that we do not postulate 

that this sub-boundary layer is laminar in the conventional steady-state sense. We argue that the 

numerical results of the Blasius analysis are not confined to steady laminar flow alone but can be applied 

even when the flow outside is perturbed. 

There are some indications that even laminar boundary layers can support velocity fluctuations. Gaster 

(1981) has shown that wave packets can travel considerable distances in a Blasius layer before disrupting 

it. Craik (1991) has shown that disturbances governed by the Orr-Sommerfield equations can grow in 

a Blasius layer without essentially modifying its profile. In fact, the linear theory of stability has shown 

(Toll mien , 1929) that small residual perturbations in a flow field begin to grow at Re~ "'" 400 which 

corresponds to Rex "'" 6000. This is found to be also the Reynolds number from where the Blasius 

solution was successfully applied in the experiments of Dhawan (1953). Janour (1951) has shown that 

the friction factor for lower Reynolds numbers is successively greater, the lower the Reynolds number, 

than that predicted by Blasius. The predictions of Toll mien have been verified by the classic experiments 

of Schubauer and Skramstad (1943). 

We may simplify equation (6) in an alternative manner by assuming that the stresses u IjV I
; balance out 

the convection terms ueBulax) +v(fJujBy). We then obtain Stokes' equation for start up flow (1851). 

Without stating it, Einstein and Li (1956) have used this simplification by applying Stokes' solution as 

a model for the wall layer. A similar model was used by Hanratty (1956). Black (1970) has included 

the effect of the pressure gradient. Meek and Baer (1970) have matched the Einstein-Li solution with 

the Prandtl (1935) mixing-length correlation to predict accurately the period of the wall layer measured 

by Meek (1968). 

Neglecting the pressure gradient and body forces as before and also neglecting the convected momentum 

terms, equation (6) becomes: 

AI. The wall layer 
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au cPu -=v at ay2 

all y 

y = 0 

y = 00 

(8) 

u = U. 

u = 0 

u = U. 

The approach velocity Up> called bonding velocity by Einstein and Li, has been taken as the time

averaged velocity just outside the edge of the Stokes layer defined by equation (7) rather than the 

velocity of the turbulent bulk flow since the effect of the viscosity term does not extend into the bulk 

flow. In essence, this condition agrees with the observation of Offen and Kline (op.cit.) that the inrushes 

originate mainly from the log-law region. Even the occasional fluid originating from the outer region 

should have been slowed down to the velocity of the log-law region by the time it interacts with the low

speed streaks. The velocity at any time t after the start of a period is given by: 

where 11 =-y-
sl4Vt 

Einstein and Li define the thickness of the wall layer as the position where u/U. 

corresponds to 'I), = 1. 87 where y = 0 •. They obtain the following relations 

and 

(9) 

0.99, which 

(10) 

(11) 

The Einstein-Li model, which can be recognised as Stokes' first problem (1851), gives a good 

description of the time-averaged velocity profile in the buffer layer and an order of magnitude agreement 

for the fluctuating velocities. A better solution would include in the governing equations the fluctuating 

terms u'; experienced during the low-speed-streak phase. 

Ai. The wall layer 
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C. RELATION BETWEEN THE EINSTEIN-LI AND BLASIUS SOLUTIONS 

Tuoc and Keey (1992a, 1992b) have shown that the simple unsteady solutions of boundary layer flow 

and heat transfer, i.e. from the Stokes solution for momentum transfer, can be transformed into their 

steady-state counterparts, i.e. via the Blasius solution, by a modified application of Taylor's hypothesis. 

The transformation relies on the fact that momentum transport due to viscosity occurs in the normal 

direction and can be isolated from momentum convection terms which are found mainly in the 

streamwise direction. 

Substituting the equation of continuity 

into equation (7) gives: 

au av -+-=0 ax ay 

au au u-+v-ax ay 
c?u 

v-ay.)/ 

Blasius has solved this equation with boundary conditions: 

BCI 

BC2 

x 0 

x > 0 

all y 

y = 0 

y = 00 

The velocity at any position in the field is given by: 

u -=<1> 
Uv 

where ¢ is a series function of the normalised distance Y/b 

and 

The function ¢ has been tabulated by Blasius and by Hartree (1949). 

(12) 

(13) 

u U,' 

u = 0 

(14) 

The neglect of the acceleration term in equation (6) implies that the instantaneous map of the velocity 

given by the Blasius solution does not vary greatly with time. As the front of fresh fluid moves along 

the wall, its velocity is given by the Blasius solution for successive values of x. The time-averaged value 

of the velocity may thus be obtained by averaging the velocity for a distribution of Blasius solutions, 

AI. The wall layer 
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over the distance x covered during the period between bursts according to equation (26). 

These averages were perfonned over the field defined by ( 0 < y+ < 62, 0 < U+ = 14.9) which 

corresponds to the wall layer in turbulent boundary layers. The period of this wall layer is given by 

Meek and Baer (1970) as T+ = 16.8. The streamwise distance of the integration x, was calculated from 

e<,lllation (15) which relates the velocity U/ with the distance x/. We have also averaged equation (9) 

over this period as proposed by Einstein and Li. Furthennore, we have applied the original Blasius 

solution for a steady laminar boundary layer, equation (14), over the buffer layer (0 < y+ < 31). In 

our visualisation, the wall layer 0,+ represents the .. maximum penetration of viscous effects into the 
) . 

mainstream and corresponds to the unsteady laminar' boundary layer; the buffer layer Ob + corresponds 

to the average penetration of the same viscous effects. The results, shown in Figure 7, indicate that the . 

interpretation of the Blasius solution as an instantaneous map of the velocity distribution give average 

velocities which differ from that of the Einstein-Li solution and the classical steady laminar boundary . 

solution by only 10%. 

m. COMPARISON WITH EXPERIMENTAL DATA 

A. THICKNESS OF THE BLASIUS VVALL LAYER IN TURBULENT FLOW 

The wall shear stress averaged over the distance x. is given by Blasius as 

'w 0.664 

pU; JXvUJv 
(15) 

The thickness of the laminar boundary layer at x, is 

(16) 

Eliminating x. between equations (13) and (14) and rearranging gives 

(17) 

The average boundary layer thickness over the distance x. is 

At. The wall layer 
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Combining equations (15) and (18) to eliminate x. and rearranging gives 

+ 0; 
U=

" 2.20 

(18) 

(19) 

The velocity at ~ + may be obtained by averaging equation (14) over the distance x. +. The results may 

be expressed as 

Then 

+ 0; 
Ub =--

2.28 

(20) 

(21) 

We note that the thickness of the wall layer given in the Stokes solution, equation (11), differs from that 

in the Blasius solution, equation (17). Both these equations have been plotted against the mean velocity 

profiles measured by a number of authors in Figure 8. The intersection of the velocity profiles with 

equations (11) or (17) determine the values of U/ and 0,+, They occur at the boundary between the 

wall layer and the start of the log-law region. In the log-law region, the viscous shear stresses are 

negligible and the present model ceases to apply, The difference in the estimates of U. + between the 

criteria given by equations (11) and (17) was found to be less than 5 % , 

The variation of 0/ with Reynolds number is shown in Figure 9. The values of 0,+ in this figure were 

determined from equation (11). Figure 9 also shows the values of the average Blasius layer thickness 

~ + determined in the same manner with equation (21). It coincides with the Karman buffer layer. 

The velocity Db + may also be obtained (Tuoe 1991) from the equation: 

Al. The wall layer 
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(22) 

which is simply a rearrangement of the Boussinesq equation (Bird, Stewart and Lightfoot, p.165) 

Substituting equation (21) into (22) and rearranging gives 

[.i:.) =_1 =0.44 
0; 2.28 

(23) 

(24) 

Equation (24) states that the mean viscous contribution over the thickness b.o + is approximately half of 

the total shear stress. The relation indicated by equation (24) has been verified using the direct 

measurements of turbulent shear stresses reported by Eckelmann (1974) and Laufer (1954) as well as 

eddy viscosity values obtained by differentiation of velocity data shown in Figure 8. These eddy 

viscosities agree with the values reported by Hughmark (1968) and Mizushina and Ogino (1970) for 

turbulent pipe flow. We have observed that the following equation also applies 

(I (1:/'t~ d [y+ ~ 1 (I __ a [~b:)=0.66 
JOl+v/Ev o;r-JOI+EJV v' 

(25) 

Thus the Blasius solution gives averaged parameters which are consistent with the buffer layer in 

turbulent flow. The application of the Blasius solution to the wall layer in turbulent pipe flow implies 

the neglect of the pressure gradient and the curvature. This is justified only when the wall layer 

thickness is much smaller the radius, i.e. at high Reynolds numbers. 

B. THE TIME-AVERAGED VELOCITY PROFILE IN THE WALL LAYER 

For each value of y"', the time-averaged normalised velocity U+ is obtained simply by averaging the 

smoothed instantaneous velocity in equation (14) with respect to x + over the distance x/. In making 

this average, as stated before, we assume that the inrushes and hence the origins of different low-speed 

AI. The wall layer 
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streaks, are distributed with uniform probability over the surface. The average IS then over the 

distribution of streaks. 

(26) 

where 

(27) 

from equation (14). 

The mean velocity was also obtained from the Stokes solution as 

(28) 

where u+ is given by equation (9). The results from the two equations (26) and (28) are again very close 

and only one set (from equation 28) is plotted in Figure 10. 

In Figure 10, we have reduced the velocity and distance with the parameters U/ and lJ/. This 

similarity criterion collapses all the data in Figure 8 into a single curve. It has been known since the 

pioneering work of Nikuradse (1932) that the universal velocity profile is slightly dependent on the 

Reynolds number, especially in the transition region. There have been empirical attempts (e.g. Bogue 

(1962) to take account for this effect with a single correlation for the velocity profile. Our similarity 

criterion is simpler than most and has a clear physical significance. The parameters U.+ and 0/ define 

the boundary between the wall layer and the log-law region and therefore constitute the only set of 

parameters that applies to both regions. 

C. THE MOVING "FRONT OF TURBULENCE" IN THE BLASIUS KARMAN LAYER 

We will now consider the many low-speed streaks moving past a stationary observer. The combined 

ability of the Einstein-Li and Blasius solutions to describe the velocity profile in the wall layer is 

consistent with the flow regenerating with each inrush. In the visualisation related to the Blasius 

solution, the uniform flow field originating with an inrush from a distance ox upstream of the observer 

would have degenerated somewhat by the time it reaches his position. The inrushes seem to occur 

randomly in time and space and a probe set at the position of the observer receives velocity signals 

Al. The wall layer 
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coming from a spectrum of distances upstream. These distances ox may therefore be related to the 

wavenumbers used in the energy spectrum of statistical turbulence close to the wall (Hinze, 1975). Tuoc 

(op.cit.) discusses in greater detail the implications of this unusual interpretation of the energy spectrum. 

When the average of all the contributions to a measurement at a distance y from the wall is considered, 

only the normal distance y and the length of the low~speed streaks x.. determine the fmal result. The 

length x. is itself determined by the period T of the bursting process and the convected velocity of the 

inrushes. In the fully turbulent region, the period, normalised with wall parameters u.. and v, is almost 

constant with Reynolds number (Meek and Baer, 1970) 

r=u *Jf::::16.8 (29) 

Hence the average energy content of an eddy in the inner region, as measured by the eddy viscosity E,., 

is uniquely determined by the distance y+. This is also the conclusion of both the eddy-path theory 

proposed by one of us (Tuoc, 1991) and of Kronauer and his associates, Lai et al (1989), Morrison and 

Kronauer (1968). 

In our visualisation, equation (15) represents the boundary between the developing laminar boundary 

layer and the high-speed streamwise vortex above it. Substituting Uy + = 14.90, the velocity at the edge 

of the wall layer, into equation (15) and putting it in normalised fonn gives: 

(30) 

Kreplin and Eckelmann (1979) have measured the correlation between two probes at the same x, one 

fixed at the wall and the other movable at a nonnal distance y. As the movable probe travelled away 

from the wall, the peak of the correlation was shifted along the time axis (Figure 11). By multiplying 

this time shift by the estimated convection velocity, they obtained the distance that the peak has moved 

in the axial direction. This defined an average moving front of turbulence in the wall layer. It is shown 

against equation (30) in Figure 1. The original data of Kreplin and Eckelmann used a convection 

velocity estimated from correlations of two probes separated by varying distances along the axial 

direction. In Figure 1, the local (time-averaged) axial velocity at the point y+ defined in equation (30) 

was used as it can be measured more accurately. This is equivalent to assuming that the feature linked 
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with each inrush is convected downstream and is therefore stretching at the local time-averaged velocity. 

The curves merging into vertical lines in Figure 1 represent the velocity profile according to the Blasius 

solution at various positions along the wall. The curves were plotted so that the bonding velocity at the 

edge of the Blasius layer coincides with the exact coordinate x + of the points monitored. The 

experimental front coincides adequately with the edge of the Blasius layer. The excellent fit suggests 

that the Blasius solution is capable of shedding some light on the dynamic structure of the wall layer. 

For higher distances x+ above 400, the agreement is not good, presumably because of the effect of the 

ejections that have been neglected. When both the turbulent contributions of the ejections, modelled in 

an eddy-path theory, and of the low-speed-streak phase, modelled after Einstein and Li, are included, 

the agreement with the experimental measurements of Kreplin and Eckelmann is extended (Tuoc, 1991). 

D. REYNOLDS REVISITED 

In his classical dye experiment, Reynolds (1883) showed that fluid moving in a pipe followed steady 

streamlines until a critical Reynolds number of about 2100, for Newtonian fluids, when turbulent 

diffusion made it impossible to observe streamline flow. This defines two distinct flow regimes, laminar 

and turbulent, which have been traditionally considered irreconcilable. The use of laminar boundary 

layer theory to describe the turbulent buffer layer contradicts this view only superficially. Figure 9 

shows that the buffer layer has an almost constant thickness of y+ = 31 for Newtonian fluids at high 

Reynolds numbers. However, the proportion of the pipe R that the buffer layer occupies decreases 

exponentially as the Reynolds number increases from 2100. In Figure 12 the relative thickness of the 

Blasius buffer layer computed from equation (21), is shown against a fixed pipe radius as the Reynolds 

number is gradually increased from 1()3 to 105• Under these conditions, observation of dye diffusion in 

the pipe by the naked eye at high Reynolds numbers means in fact looking at the portions of the pipe 

where the laws of the waH (Prandtl, 1935) and the wake (Coles, 1955) apply and do not supply proof 

that a laminar regime does not exist near the wall. 

Prandtl realised this but his one dimensional correlation of the laminar sub-layer was too crude to 

describe the whole wall region. Furthermore, Prandtl envisaged this sub-layer as a steady-state laminar 

region whereas it may be better described by an unsteady-state model. Ample evidence now exists to 

show that turbulence is a three dimensional phenomenon (Cecebi and Smith 1974, Hinze 1975), and the 

two-dimensional Blasius equation should succeed better. 
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E. THE FLUCTUATING VELOCITIES IN THE BLASIUS LAYER 

The r.m.s. fluctuating velocity at any point y'" is given by sampling over the distribution of low-speed 

streaks, as for the average in equation (26): 

(31) 

The velocity at each station x+ was computer generated according to the Blasius solution, equation (14), 

and the fluctuating velocity calculated from equation (31). 

The resulting distribution, with respect to y ... , of the r.m.s. velocities near the wall are shown in Figure 

13 and almost coincides with Einstein-U's computations from the Stokes equation (op. cit.). There is 

order of magnitude agreement with the data of Laufer (1954) and Eckelmann (1974). The predicted peak 

occurs sooner than in the experimental data and the fluctuating velocity in both the Stokes and the 

Blasius solutions then falls off more rapidly than the data shows. This is because the simple model 

proposed has assumed a constant approach velocity U y at the edge of the wall layer whereas it is in 

reality fluctuating. A better model would use an approach velocity consisting of a time averaged value 

U/ and a fluctuating component u/'. 

F. THE CORRELA nON FUNCTION 

The correlation of the instantaneous wall shear stress has been measured by Kreplin and Eckelmann 

(Figure 14). It agrees we1l with the correlation obtained by Meek and Baer (op. cit.) using platinum film 

sensors fired onto the wall. In the visualisation of this paper, the wall shear stress is calculated 

according to the Blasius equation for the distribution of low-speed streaks and the correlation coefficient 

obtained according to the definition 

(32) 

Again agreement is good for the first part of the curve but the correlation function is overestimated at 
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the tail end of the curve, presumably for the same reason as the fluctuating velocity was underestimated. 

Even though the Blasius solution can describe the average turbulent front only over a distance 0 < x+ 

< 400, the influence of the disturbances span a predicted maximum distance x/ 1600. The 

measurements of Meek and Baer and Kreplin and Eckelmann both give a value of 1300 for finite 

correlation. 

G. THE PROBABILITY DENSITY FUNCTION OF THE VELOCITY 

Eckelmann (op. cit.) made measurements of the probability density distribution of the instantaneous 

velocity in an oil channel with an average velocity of 22.5 cm/s by positioning an array of probes at 

various distances y+ from the wall and sampling up to 8.105 measurements for the number of 

occurrences in a given velocity interval. The number of observations which occur in each of the velocity 

intervals divided by the total number of measurements and by the interval width (0.28 cm/s) give an 

approximate measure of the probability density P(U) of the streamwise velocity (Figure 15a). 

We simulated Eckelmann's experiment on a personal computer by generating 2000 point values of the 

velocity using the Blasius solution at each of the positions y+ measured by Eckelmann for regular 

intervals of x+ spanning from 0 to Xb +. All variables were expressed in normalised units to avoid 

guessing at distances like the thickness of the buffer layer and the length of the front of turbulence 

because these parameters are not readily available in physical units of length. For each y+, we then 

sampled the population generated, for rate of occurrence in a given interval of normalised streamwise 

velocity. The width of each interval is Ub + 150. The probability density distribution was obtained by 

dividing the number of occurrences by 2000 and by the width of the interval. Numerical comparison 

with the data of Eckelmann can be made by mUltiplying the predicted peak value of the normalised 

velocities with the friction velocity of 1.15 cm/s prevalent in his experiment. 

Two basic differences between the simulation and the experiment of Eckelmann must be stressed: 

1. Eckelmann's velocity population spanned the whole range of possible values across the pipe 

i.e. from 0 to Um at the axis. In our simulation, velocities were limited to Ub + ("" 2/3 Um +), that at 

the edge of the buffer layer. Thus the generated popUlation is an underestimate of the real popUlation 

over which the instantaneous velocity was sampled. This condition makes the estimated probability 

Al. The wall layer 



Al.19 

density distribution peak higher than the measured value. 

2. The Blasius solution assumes a uniform bonding approach velocity Up. The simulation therefore 

forces the velocity at the edge of the wall layer to a probability of 1. In reality the velocity fluctuations 

persist right to the axis. 

Despite these restrictions the generated probability distribution shows remarkable similarity to that 

measured. For each y+, the peak on the two figures I5a and I5b occurs at the same values of u+, 'This 

indicates that the Blasius solution correctly estimates the value of the dominant wavelengths. As the 

distance from the wall y+ increases from 0 to 13, the relative size of the peaks diminish in the 

proportions measured. The probability density distributions (pdf) become more widely spread. The 

Blasius solution does well in estimating the relative contributions of the different wavelengths, consistent 

with its success with the correlation coefficient. 

For values of y+ below 12, the curve is skewed to the left. For the remainder it is skewed to the right. 

The pdf for y+ = 13 has not been measured by Eckelmann but can be shown to be a minimum in our 

simulation. This trend can be observed on the predicted plot but a definite bias to the left is strongly 

apparent even though some skewing to the right occurs near the edge of the buffer layer. This is 

probably because the model assumes that at the end of the period the initial uniform flow profile is 

restored abruptly. This is not borne out in reality. 

As shown in Figure 1, the front of turbulence measured by Kreplin and Eckelmann starts to deviate 

from the Blasius solution at Xb + "" 400 and our sampling was limited to that maximum distance. Figure 

14 also shows that the tail end of the correlation function in the distance % + < x < Xv + is not well 

predicted by the Blasius solution. Sampling over the larger range 0 < x < x,..+ does not alter the shape 

of Figure ISb but does result in somewhat lower values of the most probable velocities. The agreement 

between figures 15a and lSb is better for values of y+ < 12 than in the remainder of the buffer layer. 

This suggests that the Blasius solution models best the front portion of the sweeps where the Reynolds 

stresses are minimal and the disturbing influence of the ejections is least. 

Considering the crudity of the model, the agreement is already enlightening. A better model is obtained 

by noting that the ejections result in a non-uniform velocity outside the wall layer. This information 

must be brought into the wall layer in the next inrush. The initial conditions in the Blasius solution for 
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the next sweep would therefore be changed (Tuoc, 1991). 

H. THE DOMINANT VELOCITY 

Bakewell and Lumley (1967) have proposed a decomposition of the fluctuating velocity field near the 

wall into a sum of mutually orthogonal eigenfunctions of the two-point correlation tensor weighted by 

random coefficients. From their correlation measurements in the wall layer of a pipe, they found one 

dominant eigenfunction at each distance y+ which they interpreted as a large scale structure consisting 

of randomly distributed counterrotating eddy pairs elongated in the streamwise direction. When 

multiplied by a constant C, this dominant eigenfunction coincides with the time-averaged local velocity, 

Figure 16. Recently, Moser (1988) has applied the method to obtain the structures of near-wall turbulent 

channel flow from Direct Numerical Simulation databases. 

We found that the most probable velocities at the distances y+ shown in the measurements of Kreplin 

and Eckelmann (Figure 15a) almost coincided with the dominant eigenfunction values of Bakewell and 

Lumley and were slightly lower than the time-averaged local velocities. Furthermore, our predictions 

of this most probable velocity obtained from the Blasius solution also agree with all three sets of results 

mentioned above, as shown in Figure 16. 

In the Blasius solution, the normalised velocity ¢ is expanded as a series of powers of '1]. For each value 

of ¢ there is a dominant term in the Blasius series reminiscent of the dominant eigenfunction in 

Bakewell and Lumley. For each set of (Up +, Yp +) associated with the most probable velocity Up +, the 

Blasius solution yields a corresponding distance xp +. In our visualisation, close to the wall, this length 

:x" + is the characteristic length of the low-speed streak which has a dominant contribution to the velocity 

profile at that particular distance yp +. In a sense, this length :x" + may be understood as the scale of a 

characteristic eddy and relates directly to the wavenumbers of the energy spectrum. It may also be 

interpreted as the typical distance that the front of fresh fluid has travelled before making its contribution 

to the time-averaged velocity profile (Tuoc 1991). 
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I. SHEAR STRESS IN THE W ALL LAYER 

The viscous shear stress is defined as 

(33) 

Combining with equation (22) and rearranging gives 

_1.)= 1-y/R 
l' R l+EJv 

(34) 

The reduced viscous shear stress [(T: .IT: )(1-y/R)(o;/Uy+)] has been obtained by differentiation of the 

mean velocity profiles predicted by equations (26) and (28) and the measured data in Figure 8. The 

direct probe measurements of Eckelmann (op. ciL) and Laufer (op. ciL) have also been included in 

Figure 17. Both the Blasius and Stokes solutions predict the experimental data well. The measurements 

of Wei and Willmarth (1989) follow the same trend but are more scattered and are slightly higher. 

We have found that direct calculations of the Reynolds stresses from the predicted velocity fluctuations 

u' and v' yields higher values than the method presented above. This result is reflected by the early 

occurrence of the peaks in the predicted velocity fluctuations, as in Figure 13. The Stokes and Blasius 

solutions give a better description of the mean and the most probable local velocities than the 

distribution of the instantaneous velocity about the mean. This effect is seen in Figures 15a and I5b. 

J. PRODUCTION OF TURBULENCE 

The production of turbulent energy is defined as 

p=U1v 1dU (35) 
dy 

In pipe flow, the local shear stress is (Bird, Stewart and Lightfoot (op. ciL), p. 162) 
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(36) 

Substitution of T, from equation (34) gives 

(37) 

Combining equations (35) and (37) and rearranging gives 

(38) 

Equation (38) is shown against the data of Laufer (op. cit.) and Eckelmann (op. cit.) in Figure 18. Note 

that normalising the production term P with V. + and lip + does not result in a single curve because of the 

presence of the factor (l-y+/R+). 

IV. DISCUSSION 

In deriving the present model, the writers have sought to avoid any assumption as to the form of the 

ejections. The only assumption involved states that the low-speed-streak phase, where there are no 

ejections, makes a dominant contribution to the averaged velocity profile of the wall layer. We are also 

not concerned with the exact mechanism which forms the wall layer. There appears to be a consensus 

that this process represents an interaction between the inrushes in vortical form and the wall beneath 

, (Smith et al., 1991). At present, no definite proof has been given in support of any particular vortex ,j 
configuration. 

We have attempted to show that 

1) A similarity law exists for the wall layer of turbulent flows. 

2) The characteristics of this wall layer in time and space can be described by a combination 

of the Stokes and Blasius solutions. 

The difference in the estimates of wall layer thickness li,+ by the Stokes and Blasius solutions may be 

better understood by considering the approximate solutions of Pohlhausen (1921). In this method, the 
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velocity profile in the laminar boundary layer are described by polynomial expansions in y 

(39) 

The boundary layer thickness is a function of the coefficients in the polynomial. For example, Bird, 

Stewart and Lightfoot (1960), p. 141, give for unsteady flow 

0" =/2(N/M)v T (40) 

where 

(41) 

N=</1/I~ (42) 

The coefficients of these polynomials are determined by the boundary conditions imposed on the 

solution. Pohlhausen investigated second, third and fourth order polynomial distributions. For a third 

order polynomial, the boundary conditions are 

y=o u=o 

u=u v 

Bird, Stewart and Lightfoot obtain N = 3/2 and M = 3/8 and 

o,,=2/2vT 

(43) 

(44) 

To determine the coefficients of a fourth order polynomial distribution, a further boundary condition 

must be specified. Pohlhausen chose 

(45) 
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and 

(46) 

Comparison between equations (11), (44) and (46) shows that the Stokes solution is better approximated 

by a fourth-order polynomial distribution. A similar analysis shows that the Blasius solution is better 

approximated by a third--order polynomial distribution. A further analysis of the velocity data plotted 

in Figure 8 shows that equation (45) is satisfied only for y+ > 60 whereas equation (43) is satisfied for 

y+ > 30. Though measurements of the velocity profile and its derivatives very near the wall are of 

often inaccurate, these considerations may explain why we were able to fit the Blasius velocity 

distribution to the time-averaged measurements in the buffer layer whereas the Stokes solution yields 

slightly better predictions for the whole wall layer. 

The vortical structures in the inrush eventually induce the boundary layer below to erupt in a thin sheet 

of vorticity. Whatever the exact mechanism, this eruption disturbs the inviscid flow outside the wall 

region. Smith et al. (1991) and Peridier et al (1991) call this phenomenon "viscous-inviscid interaction" . 

Riley (1975) calls it "break-away". In oscillating boundary later theory it is termed "streaming flow". 

We believe that this intrusion of wall layer fluid into the mainstream is responsible for the dramatic 

thickening of the boundary layer after transition. The log-law region may be viewed as a layer added 

on top of the Stokes/Blasius wall layer. Our modelling of this secondary flow and its interaction is 

presented in a future publication. 

When the Navier-Stokes equations are time-averaged and solved to give predictive solutions of practical 

interest, information is lost about the transient structures in the flow field. In the literature, this is called 

the closure problem. It has been traditionally circumvented by modelling the Reynolds stresses from 

physical assumptions. The numerical coefficients that arise in these models have to be determined 

experimentally. 

It is possible to determine the form of the solution outside the wall region from conceptual reasoning. 

For example, Clauser (1954) has shown that the use of Prandtl's laminar sub-layer near the wall in 

conjunction with a velocity-defect law for the outer region requires that the intermediate connecting 

region be described by a logarithmic velocity profile. By matching this log-law with an analytical 

solution for the near-wall region of the highly linearised Navier-Stokes equations mentioned above, 

information lost in the time-averaging of the Navier-Stokes equations may be fed back into the predicti ve 
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solutions and eliminates the need for experimental detenrunation of the numerical coefficients. This is 

the basis for a closure technique in the eddy-path theory (Tuoc, 1991). 

Equation (2) suggests that, when the Reynolds stresses can be neglected, there is a steady-state laminar 

regime based on the time-averaged values of the velocity U. For one-dimensional time-averaged flow 

as occurs in a pipe, this has led Prandtl to postulate a steady-state laminar sub-layer near the wall where 

the velocity fluctuations are "damped out", The Boussinesq (1877) postulate, equation (23) also suggests 

the same conclusion. The Boussinesq formulation is still widely used in turbulence models. Yet it 

contradicts completely the view adopted by virtually all modern research on turbulence mechanism. The 

results of Kline and his associates (op. cit.), for example, show that the time-averaged velocity profile 

is a mathematical abstraction and does not correspond to the instantaneous velocity profile at any instant 

in the whole cycle. In attempting to show that the steady-state Blasius solution can approximate to a 

reasonable degree of accuracy the behaviour of an unsteady-state laminar boundary layer, we have 

sought to reconcile the apparent contradiction in the results of engineering predictive work and research 

on turbulence mechanism. 

The applicability of the wall modelling proposed can be more rigorously defined by considering the 

implications of the Stokes and the Blasius solutions. The restrictions of both these formulations are 

twofold: 

1. The external bonding velocity is taken as a constant whereas in reality it is not. Not only does 

the velocity at the edge of the wall layer fluctuate, but so does the axis velocity (Cecebi and Smith, 

1974). 

The velocity fluctuations impressed from the outside can be described in terms of an added response 

which takes roughly the form of Stokes' solution for an oscillating plate (Schlichting p.8S). Fortunately 

the impression of fluctuations on the outer flow does not affect the final value of either the average 

approach velocity or the layer thickness (Tetlionis, 1981). Thus for predictions of time-averaged 

properties it appears possible to use both the Stokes and Blasius models in conjunction with an eddy-path 

theory (Tuoc 1991). 

2. The neglect of curvature (l/r) for flow along curved surfaces makes the wall modelling 

inaccurate at low flowrates when Ob is of the same magnitude as R. The inclusion of the factor'riTw in 

an eddy-path model (Tuoc op.cit.) appears to have corrected that weakness and makes the wall function 
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proposed applicable to a larger range of Reynolds numbers than van Driest's (1956) and others (in 

Cecebi and Smith, op. cit.). 

Even if these deficiencies are corrected for by the use of more intricate solutions such as Szymansky's 

starting flow in a pipe (in Schlichting), the type of error shown in Figure 15b will persist. The 

probability density profiles obtained from models based on conventional solutions of the Navier-Stokes 

equations all show a skewed bias tothe left. We have also calculated the flatness and kurtosis using both 

the Stokes and Blasius velocity distribution. Though the general trend is similar to the measured curves 

of Eckelmann, the numerical values of these yan be several times larger than the experimental data. It 

appears that these effects can be attributed to the fact that the initial conditions to the bursting cycle are 

assumed to be slug flow. This idealisation is never achieved in practice. A modification to these initial 

conditions (Tuoc, 1991) gives more satisfactory results. 

Two-dimensional modelling of the wall layer proves more successful than the one dimensional concept 

of a viscous sub-layer based on Prandtl's relation (u T = y+) because it extends the description further 

from the wall than the peak of turbulence production, the focal point of interest in this type of 

investigation. It also complements the description given by the Einstein-Li formulation. 

In principle, nothing prevents us from solving the Navier-$tokes equations for velocity disturbances next 

to a wall in three-dimensional form to give more details of the structure. From a point of view of 

transport scaling laws, further gains in accuracy may not warrant the much increased work. 

V.CONCLUSION 

It has been shown that the Blasius solution for a laminar boundary layer on a flat plate gives an adequate 

description of the low-speed streak phase of turbulent flow near a wall. The model is able to predict 

both the time-averaged velocity profile and the measurements relating to the transient structures near 

the wall including the probability density distribution of the instantaneous velocity. 
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Latin characters 

f(x) 

g 

M,N 

P(u) 

r 

T 

u,v,w 

u',v',W' 

u;' 

UD 

u 

Coefficients in Pohlhausen's polynomial velocity distribution, equation (39) 

Eddy viscosity 

Streamwise correlation coefficient of the instantaneous wall shear stress 

Acceleration of gravity 

Coefficients defined by equations (41) and (42) 

Probability density of the instantaneous streamwise velocity 

Radial distance 

Time 

Bursting period 

Period of fast velocity fluctuations Ui' 

Instantaneous velocities smoothed with respect to the fast periodic fluctuations 

Fluctuating velocities defined in equation (3) 

Instantaneous velocity 

Fast fluctuations of the instantaneous velocity 

Friction velocity 

Local time-averaged velocity 
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x,y,z 

Greek letters 

II 

T 

Subscripts 

b 

m 

p 

x 

w 

II 

Superscript 

+ 

Figure 1. 

Figure 2. 

Figure 3. 

Figure 4. 

A1.31 

Cartesian coordinates 

Boundary layer thickness 

Nonnalised distance in similarity form 

Kinematic viscosity 

Shear stress 

Local velocity nonnalised with the approach velocity 

Blasius, buffer 

Instantaneous 

Maximum 

Most probable 

Stokes 

Turbulent 

Local value at position x 

Wall 

Viscous 

Variable normalised with wall parameters 

TABLE OF FIGURES 

Moving front in the wall layer and velocity profiles for different distances x+. Data of Kreplin 

and Eckelmann (1979) 

Evolution of a pair of common-up-flow slreamwisc vortices (Pauley and Eaton (1988). 

2a. Secondary flow vectors 

2b. Streamwise velocity contours 

2c. Streamwise vorticity contours 

Side view of an inrush, sweep and associatcd lift-up of wall-dye After the flow visualisation of 

Offen and Kline (1974). 

Proposed pattern of the wall layer structure. Dark areas represent low-speed fluid. 
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Figure 5. 

Figure 6. 

Figure 7. 

Figure 8. 

Figure 9. 

Figure 10. 

Figure 11. 

Figure 12. 

Figure 13. 

Figure 14. 

Figure 15a. 

Figure 15b. 

Figure 16. 

Figure 17. 

Figure 18. 
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Trace of particles generated at y+ == 12 in the large eddy simulation of Moin and Kim (1982). 

Typical velocity trace at y+ = 20, Reo. After Blackwelder and Kaplan (1976). 

Comparison of averaged velocity profiles and conventional Blasius solution in the laminar 

boundary layer of a flat plate. 

Detennination of the wall layer thickness. 

Thickness of the Stokes wall layer and Blasius buffer layer. 

Similar plot of time-averaged velocity profile. 

Shift of peak in space-time correlations between u and (du/dy>W. From Kreplin and Eckelmann 

(1979). 

Relative thickness of the Blasius buffer layer. 

RMS velocity fluctuations calculated from the Blasius and Stokes solutions. Open points u', 

solid points v'. 

Correlation function of the wall shear stress. 

Probability density function of the instantaneous velocity. Eckelmann (1974). 

Predicted probability density function of the normalised instantaneous velocity (this work). 

Dominant velocity vs time-averaged profile. 

Viscous shear stress in the wall layer. 

Production of turbulence in the wall layer. 
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APPENDIX A2 

SHORT COMMUNICATION 

SIMILARITY VARIABLES FOR TURBULENT OSCILLATING PIPE 

FLOWl 

TRINH KHANH TUOC AND JOHN ABRAHAMSON 

Department of Chemical and Process Engineering 

University of Canterbury 

New Zealand 

SUMMARY 

This communication describes a similarity method for obtaining non-dimensional phase velocity profiles 

in turbulent oscillating pipe flow, based upon the parameters at the edge of the wall layer. This 

normalisation procedure facilitates the comparison of velocity profiles in oscillating flow with those of 

normal steady-state turbulent pipe flow and brings out more clearly the structure of the flow field near 

the wall. 

1 Submitted to journal of fluid mechanics (1992) 
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Recently, Akhavan, Kamm and Saphiro (1991) presented an excellent study of transitional and turbulent 

oscillatory flow in a circular pipe. From detailed measurements at three Reynolds numbers Re. = V 

01 p of 957, 1080, and 1720 (V = amplitude of cross-sectional mean velocity, 0 = (2 pi W)I/2 = Stokes 

layer thickness), they report that flow in the acceleration phase (0 < wt < 7r/2) is laminar. Turbulence 

appears explosively towards the end of this phase and persists throughout the deceleration phase. 

While flow at low Reynolds numbers (Re. = 233, A Rio = 3.6) obeys the purely sinusoidal laminar 

solutions ofWomersley (1955) and Uchida (1956), the flow in the acceleration phase at higher Reynolds 

numbers is better described in terms of the start-up solution of Stokes (1851). Akhavan et al. also 

identify portions of the velocity profile in the deceleration phase with the log-law 

where 

+ yu* y=-
V 

u+=u!u", 

u=~ 
* ~ p 

( 1) 

The coefficient B varies greatly with the phase within each cycle and with the Reynolds number. 

We wish to report a different way of presenting the measurements of Akhavan et al. which brings out 

more readily the features of the flow. The similarity reduction of variables that we propose comes from 

a visualisation of turbulence which is detailed elsewhere (Tuoc and Abrahamson, 1992). Since this work 

is still under review, we will present our similarity reduction as a phenomenological observation pending 

the more complete discussion of the subject. 

We divide the turbulent flow field into two main regions: a wall layer and an outer regi()n\\lhich 

includes both the log-law and the law of the wake. The nomenclature for these laws is standard (Hinze, 

1975). We find the current definitions of the wall layer vague. In our work, the edge of the wall layer 

represents specifically the calculated maximum penetration of wall retardation into the outer stream by 

viscous diffusion of momentum. 

A2. Oscillating pipe flow 
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The bursting process in the wall layer has been described by Kline et al. (1967) as a succession of 

sweeps and ejections. The ejection phase of the bursting cycle is short, violent and is responsible for 

most of the Reynolds stresses (Cantwell, 1981). We agree with Walker et al. (1989) that the remainder 

of the cycle, the low-speed-streak-phase, is relatively quiescent but dominates the statistics of the wall 

layer because of its persistence. We have modelled the low-speed-streak-phase after an unsteady 

developing boundary layer caused by viscous diffusion of momentum between the wall and the sweep 

above it. We have found that the solution for start-up flow past a flat plate (Stokes' first problem 

(1851)), gives a fair estimate of the mean velocity profile, the fluctuating velocities and other statistics 

in the wall layer as first noted by Einstein and Li (1956). We have also found that the Blasius solution 

(1908) for a steady laminar boundary layer on a flat plate gives a good description of the two

dimensional map of the instantaneous velocity (Tuoc and Abrahamson, op. cit.). In the Stokes solution, 

the instantaneous velocity is given by 

..E..=erf(-L) 
u'" fVE 

(2) 

We have applied this solution to the velocity component. smoothed with respect to the small and fast 

perturbations. The thickness of the wall layer is defined by the position y = 0. at u = .99 U." at time 

t = T at the end of the low-speed-streak phase. From equation (2) 

<\=3.87{VT (3) 

We identify U", with the mean velocity, Up> just outside the wall layer. Einstein and Li (1956) further 

report the following relations 

(4) 

ll.+ + v" =4.16 U" (5) 

We have plotted equation (5) alongside the velocity profiles measured by Akhavan et al. Figure 1 gives 

an example for the acceleration part of the cycle at Reo 1080. The intersections represent 

"experimental" values of 0/ and U.+ for each phase profile. The distance and velocity can now be 

reduced with 0, + and U/ as in figure 2. All the measurements in the wall layer collapse into a single 

A2. Oscillating pipe flow 
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curve. 

In our interpretation of the wall layer process,~the low-speed streaks begin with an inrush. The inrushes 

occur randomly in time and space (Offen and Kline, 1974). Counting the start of an inrush occurring 

at a random distance x upstream of a stationary observer as time t=O, the induced sub-boundary layer 

reaches a the observer after a time t. The statistically averaged velocity at the position of the observer 

is obtained by sampling the distribution given by equation (3) for all possible values of t in the range 

0< t < T 

(6) 

The period of the bursting cycle T should not be confused with the period of oscillation forced by the 

reciprocating pump in the experiment of Akhavan et al. Equation (6) describes the velocity profile in 

the wall layer adequately. A plot of equation (6) is given in Figure 2. The region outside the wall layer 

retains its oscillating nature. 

Figure 3 gives the corresponding reduced velocity profiles in the deceleration phase. The wall layer still 

obeys the same law but the outer region exhibits a log-law and a law of the wake. In our visualisation, 

these result from the intrusion of the ejections into the hitherto inviscid outer region. The characteristics 

of this region can be explained in terms of the interaction between the ejections and the mainstream in 

a phenomenon similar to the creation of wakes behind jets in cross-flow. A preview of this model is 

found in Tuoc (1990). 

The set of parameters (U., 0.) has a unique role in turbulent flow because it stands at the boundary 

between the wall layer and the outer region and therefore applies to both. For this reason, our similarity 

reduction also collapses all the log-law sections of the profile into a single curve. The Reynolds number 

dependence of the velocity profile is also removed (see Figure 4). We have also shown in Figures 3 and 

4 a curve for the reduced velocity profile for normal steady turbulent pipe flow determined from the 

data of many authors over a range 2600 < Re < 3,200,000 (Tuoc and Abrahamson 1992). It coincides 

completely with the measurements of Akhavan et al. in the wall layer and the log-law region. 

Figure 5 shows the reduced velocity profiles for a full cycle of forced oscillation. Our representation 

defines clearly the wall layer which is independent of the flow regime (laminar or turbulent) perceived 

by Akhavan et al. When a log-law region exists, it begins at the edge of the wall layer. The flow outside 

A2. oscillating pipe flow 
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the reach of the ejections remains inviscid and oscillatory. 

The velocity profiles in Figure 5 have been separated for convenience in Figure 6. By comparing them 

with the baseline curve obtained from steady turbulent flow, we can monitor the penetration of the 

ejections into the outer region through the expansion of the log-law and law-of-the wake sections. In 

our view, the dramatic thickening the of the boundary layer upon transition can be explained in terms 

of the disturbance of the previously inviscid outer region by the ejections. 

We have found that the proposed similarity reduction applies equally well to turbulent heat and mass 

transfer, non-Newtonian fluids and flow past walls of different geometries. These results are being 

prepared for publication. 
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APPENDIX A3 

A PREDICTIVE MODEL FOR TURBULENT PIPE FLOW 

PART A CLOSURE TECHNIQUE I 

TRINH KHANH TUOC and JOHN ABRAHAMSON 

Department of Chemical and Process Engineering 

University of Canterbury 

New Zealand 

ABSTRACT 

A closure technique is proposed for turbulence models of flow near the wall. The closure is based on 

the matching of unsteady state models for the wall layer with a time-averaged model for the Reynolds 

stresses. The procedure in effect feeds information about the transient structure back into the time

averaged model and determines theoretically the numerical coefficient of the logarithmic law of the wall 

related to the thickness of the wall layer. 

I Submitted to Journal of Fluids Engineering (1992) 
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In the past thirty years, turbulence research has been dominated by the study of coherent structures 

embedded in the flow. Great advances have been made, even though our picture of the physical 

mechanism is still far from complete. Yet, as remarked by all reviewers in the field e.g. Bradshaw 

(1987), Cantwell (1981), Robinson (1991), this understanding has not filtered into predictive theories 

of turbulence. 

This paper reports our attempt to bring some. of this structural information into an engineering 

correlation for turbulent pipe flow of Newtonian fluids. It is well known that turbulence modelling can 

be attempted at many levels through the so-called zero-equation, one-equation and two-equations models 

(Rodi, 1980). Because of the complexity of the problem, we shall attempt only the zero-equation 

approach typified by the mixing-length theory of Prandtl (1935). We intend to show that this approach 

can relate to the geometric parameters of the structures. 

We believe that two distinct fundamental structures exist in turbulent flow along a wall: one in the layer 

near the wall, the other further removed out in the mainstream. To stress the resulting difference in the 

scaling laws of the predictive theory, the paper is divided into two parts: the first deals with a closure 

technique linked with the wall layer, the second deals with structural modelling of the log-law region 

investigated by Prandtl (op. cit.). 

THE CLOSURE PROBLEM 

The flow of incompressible fluids is governed by the Navier-Stokes equation 

Du - -p-=-vp-[v.i]+pg at 
(1) 

and the equation of continuity 

vu=O (2) 

This closed set of equations can be solved in theory but the complexity of the non-linear interactions 

are very great. To date no analytical solution for turbulent flow has been published. Reasonable success 

has been achieved in Direct Numerical Simulations,DNS, (e.g. Kim, Moin and Moser 1987, Spalart 

1988, Laurien and Kleiser 1989). These are greatly demanding in computer facilities, even for the 

simplest flow configurations and can prove useful for the study only of turbulence mechanism, in the 

present state of computer technology. In engineering work, it is customary to analyse the problem in 
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terms of the time-averaged Navier-Stokes equations. 

Reynolds (1895) proposed that the instantaneous velocity, u, may be decomposed into a time-averaged 

value and a fluctuating component: 

u=U+u' (3) 

Substitution of equation (3) into (1) and averaging with respect to time gives the Reynolds equations. 

For the streamwise velocity component: 

au au au Op ((flU (flu (flU) -'-I -'-I U-+V-+W-:--+v --+--+-- +u V +u w +u 
ax By ax ax:! By:! az Z 

(4) 

/1-,-, /I 
where u v ,U Wand U U are called the Reynolds stresses. 

In the integration process, information about the transient structures embedded in the flow is lost and 

the Reynolds equations together with the equation of continuity and boundary conditions do not fully 

define a solution. This is called the closure problem. The lost information is often replaced by modelling 

the Reynolds stresses from physical assumptions orland experimental measurements. 

PHYSICAL VISUALISATION 

Kline et al (1967) have shown that the wall layer in turbulent flow is not laminar in the time-averaged 

sense postulated by Prandtl (op. cit.) but very active with a high degree of organisation. They observed 

a definite three dimensional structure composed of alternate low and high-speed streaks spaced in the 

spanwise z direction along the wall. The low-speed streaks persist for a relatively long time but tend 

to lift up and oscillate, culminating in a violent ejection from the wall. The process is called bursting 

primarily because the hydrogen bubble lines that highlight the low-speed streaks in the visualisation 

experiments of Kline et al were observed to break up into small scales during the ejection phase. The 

ejection triggers another inrush and the cycle is repeated. 

Even before the experiments of Kline et al (1967), many workers had already started to describe the 
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wall layer in terms of an unsteady boundary layer (Einstein and Li 1956, Hanratty 1956, Reichardt 

1971, Black 1969). Yet, this unsteady model seems awkward since a conventional laminar boundary 

layer has been supposed to be free from Reynolds stresses whereas these are certainly present in the 

wall layer in turbulent flow. We define the laminar wall layer as that region where the retardation effect 

of the wall on the streamwise velocity through viscous interaction is significant. Indeed, it has been 

shown long ago by Laufer (1954) that the production of turbulence reaches a maximum very close to 

the wall, at approximately y+ = 13. 

There is a wide consensus in the literature that most of the production of turbulence near the wall occurs 

during the short ejection phase (Willmarth and Lu 1972, Corino and Brodkey 1969, Kim et al 1971, 

Cantwell 1981). Tuoc and Abrahamson (1992) have suggested that only the low-speed-streak phase of 

the wall layer bursting process can be described as ~~nst~l:\~ydeveloping laminar boundary layer. 

However, because of its persistence compared to the violent and short ejection phase, they argued that 

it dominates the contributions to time-averaged measurements near the wall. Tuoc and Abrahamson have 

further shown that the Blasius solution for a steady-state laminar boundary layer on a flat plate can be 

used to give a reasonably good approximation to the two-dimensional map of the instantaneous velocity 

profile. 

By contrast, the ejection phase dominates as one moves away from the wall since the effect of viscosity, 

which set up the laminar boundary layer, is no longer important. Kline et al (op. cit.) give clear 

evidence that the low-speed streaks cannot be found outside the wall layer. Much less is understood 

about the structure of the region further away from the wall. For the moment, we will simply assume 

that it must be described by a relationship which is fundamentally different from that used for the wall 

layer. In part B, we will give our model for this region. In part A, we use the logarithmic law derived 

from Prandtl's (1935) mixing-length model. While this model has a number of defects, especially in 

terms of physical visualisation, the existence of a log-law is widely accepted in the literature. Millikan 

(1939) and Clauser (1956) have shown by mathematical arguments that the transition between the 

velocity defect law in the outer region of a turbulent boundary layer (Stanton and Panne11914) and the 

laminar sub-layer at the wall must take a logarithmic form. The log-law is still widely used in 

engineering practice, even in computer simulations involving two-equation models (Launder and 

Spalding 1974, Bradshaw, Launder and Lumley 1991). By using a well-known model for the log-law 

region we can concentrate on the problem at hand : the derivation of a closure technique for turbulent 
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flow which does not demand experimental coefficients. 

MODELS OF THE WALL LAYER 

The equation for the streamwise velocity in the unsteady laminar boundary layer beneath a vortex may 

be written as: 

au au au au -- -- -
-+u-+v-+w-=viflu+u.'v.'+u.tW'+V.'Wl at axCJy az •• ,i,. (5) 

I I 
where uj , Vi" are the fluctuating components of velocity impressed by the vortex, and where the 

effect of gravity and the pressure gradient have been neglected. 

It is possible to solve equation (5) numerically to give a description of the low-speed-streak phase 

which also approximates the wall layer velocity distribution. From a viewpoint of engineering predictive 

theory, it is more informative to work in terms of simplified forms of this equation which are amenable 

to mathematical analysis. We have shown in a previous paper (Tuoc and Abrahamson 1992) that the 

~ -I"' higher-order terms Uj Vi ' ui Wi" on the RHS of equation (5) can compensate for some of the terms on 

the LHS. Two simplified versions can be obtained. 

1. When the higher-order terms are assumed to compensate for the convection terms 

u(aulax)+v(aulay), we obtain the Stokes (1851) equation for a stream of fluid impulsively started on a 

flat plate. 

with initial and boundary conditions 

I.C. 

B.C.l 

B.C.2 

t=o 

t > 0, 

The solution to equation (6) is 
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at ay2 

all y u = U y 

y = 0, u = ° 
y 00, u = U. 
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Velocity distribution: 

U - erf ( Y ) 
Uv .j4Vi 

(7) 

Boundary layer thickness ( distance y where u 0.99 UJ 

Time-averaged wall shear stress 

2 1 -r =---
W {it.[Vt 

(9) 

where T is a typical time scale. From equations (7), (8) and (9) we obtain 

(10) 

where the normalised variables are: 

(11) 
v 

(12) 
u. 

(13) 

and u* =lr:jp is the friction velocity. 

This solution has been applied to the wall layer with some success by Einstein and Li (1956) and 

Hanratty (1956). Black (1969) and Reichardt (1971) have included the pressure gradient. Einstein and 

Li have suggested empirically that equation (7) should be applied in the range 0 < y+ < 30, cOI1lll1only. ~ 

.known as the buffer layer. By time-averaging this equation, they were able to predict the velocity profile 
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with good accuracy. 

2. When the higher-order terms on the RHS of equation (5) are assumed to compensate for the 

acceleration term on the LHS au/at, we obtain the Blasius equation for laminar boundary layer flow 

on a flat plate: 

with boundary conditions 

B.C.1 

B.C.2 

y = 0, 

y = 00, 

au· au cPu 
u-+v-=v-

ax 0' 0'2 

u=O 

u = D. 

The solution of this equation has been given by Blasius (1908) as: 

Velocity profile 

u -=4> 
Uv 

Boundary layer thickness (u 0.99 Dv) at location x. 

4.96 

Average boundary layer thickness over the distance x. 

0b 3.31 

Xv Ixv vlUv 

Average wall shear stress over the length Xv 
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(15) 

(16) 

(17) 
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(18) 

The function c/> has been tabulated by Blasius (op. cit.) and Hartree (1949). 

Tuoc and abrahamson (1992) have shown that the Blasius solution gives a good two-dimensional picture 

of the low-speed-streak phase. Combining equations (16) and (18) to eliminate x, and rearranging in 

normalised form 

Similarly, from (17) and (18) 

. 0; 
U=

v 2.20 

(19) 

(20) 

Tuoc and Abrahamson (op. cit.) have proposed that the unsteady laminar flow at the wall develops with 

each inrush of fast fluid from the mainstream. As this front of fresh fluid travels downstream in a sweep 

motion, its loss of momentum to the wall thickens the laminar layer. A fixed observer at the wall will 

see the signals from a succession of sweeps. This signal will correspond to plug flow if the inrush 

occurs exactly at the position of the observer. If it comes from a distance x upstream, it will have 

degenerated somewhat in accordance with the Blasius solution by the time it reaches the fixed observer. 

Assuming that the inrushes occur at random positions on the wall surface, the average signal (velocity 

or shear stress) may be obtained by averaging the Blasius solution from 0 to Xv> the distance separating 

an inrush from the corresponding ejection. The thickness 0, represents the maximGm extent of 

penetration of the viscous effects into the mainstream and ~ is ige average value. The average velocity 

Vb + at y+ = Ob +, may be related to the approach velocity V/ by averaging the Blasius solution, 

equation (15) for y+ Ob + = 2/3 0/ over the distance x/. The results give: 

(21) 

and 
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(22) 

The velocity Ub + may also be obtained (Tuoc 1991) from the equation: 

(23) 

which is simply a rearrangement of the Boussinesq equation (Bird, Stewart and Lightfoot p.165) 

(24) 

Here T and E. represent respectively the Jong time average shear stress and eddy viscosity. Substituting 

equation (22) into (23) and rearranging gives 

(25) 

Equation (25) predicts that the mean viscous contribution over the thickness lib + as given by the Blasius 

solution is approximately half of the total shear stress. The relation indicated by equation (25) has been 

verified using the experimental eddy viscosity values reported by Eckelmann (1974) and Laufer (1954). 

The mean eddy contribution may then be written as 

1 v d Y -1 E (+] 10 E\,+v 0;- 1 =0.56 
2.28 

(26) 

Equation (26) has also been found to apply to the data of Eckelmann and Laufer. Thus the parameters 

derived from the Blasius solution are compatible with experimental measurements ofeddy viscosity and 

velocity profile. The application of the Blasius solution to the wall layer in turbulent pipe flow implies 

the neglect of the pressure gradient and the curvature. This is only justified when the wall layer 

thickness is much smaller the the radius, i.e. at high Reynolds numbers. 

Tuoc and Keey (1992 a) have shown that the Stokes solution can be transfonned into the Blasius 
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solution by an application of Taylor's hypothesis. The equivalent problem in heat and mass transfer 

(Tuoc and Keey, 1992 b) gives a direct connection between the penetration theories (Higbie, 1935, 

Danckwerts 1951) and the laminar boundary layer transport solution (Pohlhausen, 1921). 

THE LOG-LAW AND THE DAMPING FACTOR 

THE LOG-LAW 

Prandtl (1935) has assumed that a lump of fluid in a turbulent flow field can move over a typical 

distance 1, called the mixing-length, before losing momentum to other lumps, much as molecules move 

and lose momentum in a gas. This analogy is regarded by most workers in the field as very poor (Bird, 

Stewart and Lightfoot 1960 p.160) even though Prandtl's final correlation is used widely in practice. 

The velocity changes over the distance I are correlated and the velocity can be expanded in a Taylor 

series in the positive and negative directions. Prandtl estimated the turbulent Reynolds stresses as 

dU 
dy 

(27) 

where E. is called the eddy viscosity after a proposal by Boussinesq (1877). Prandtl postulated that the 

mixing-length, I, is proportional to the normal distance y from the wall 

I=KY (28) 

He then obtained the velocity distribution as 

(29) 

Nikuradse (1932) has verified this log-law for the region y+ > 30. The coefficients were determined 

experimentally as 

K = 0.4 

A = 5.5 

Close to the wall in the region called the laminar sub-layer, 0 < y+ < 5, the 

measured velocity profile can fitted by the relation 

which is simply a rearrangement of Newton's law of viscosity 
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dU 
'=11-

dy 

(30) 

(31) 

Equations (29) and (30) appeared to fit with reasonable accuracy the measurements for a large range 

of Reynolds numbers in the fully turbulent region. Prandtl therefore called this the universal velocity 

profile. 

THE DAMPING FACTOR 

The region between the laminar sub-layer and the log-law region, called the buffer layer, is poorly 

correlated by the work of Prandtl. There have been many attempts to derive a single equation for the 

whole universal velocity profile. The most popular approach involves the modification of the log-law 

by multiplying the Prandtl eddy viscosity or mixing-length with a damping factor of exponential form 

(e.g. Deissler 1955, Van Driest 1956, Khishinevsky and Kominenko 1967) 

(32) 

The damping factor F is zero at the wall and tends to unity outside the wall layer. In this paper, we 

shall consider three of the better known damping factors. 

THE FORMULA OF KHISHINEVSKY AND KORNINEKO 

Khishinevsky and Komineko (1967) argued that the eddy viscosity close to the wall may be written as 

(33) 

where the exponent a should be at least equal to 3. They obtained for the velocity profile (for a = 3) 

as 

with K = 0.4 and {3 0.002. This form of the damping factor is widely used among Soviet workers. 
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(34) 

THE VAN DRIEST FORMULA 

Van Driest (1956) drew an analogy between the velocity fluctuations in the wall layer with those formed 

in a fluid by a flat plate oscillating in its own plane. This analogy led to the formulae 

+ 

U· = f'----;========== 
o 1+)1+['Ky+(1-e-Y'/A)]2 

(35) 

(36) 

Equations (35) and (36) reduce to Prandtl's log-law for y+ > 100. Van Driest used the value K = 0.4 

determined by Nikuradse. The best fit with experimental measurements of the universal velocity profile 

was obtained with A = 27 . 

• THE DEISSLER FORMULA 

From dimensional reasoning) Deissler proposed an empirical formula for the buffer layer 

(37) 

The upper limit of applicability was y+ = 26 and the coefficient n was determined as 0.124 for a best 

fit with measured universal velocity profiles. Outside this buffer layer) Deissler used Prandtl's log-law. 

CLOSURE METHOD 

PRINCIPLE OF THE METHOD 

We have reviewed two different ways of describing the wall layer: one based on modelling of the time 

averaged-velocity profile by a damping-factor correlation; the other based on an analytical solution for 
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an unsteady laminar boundary layer. 

The Reynolds stresses are the result of a non~linear interaction between the convection terms in the 

Navier-Stokes equations (Bird, Stewart and Lightfoot, 1960 p. 156). Their neglect in equation (5) is 

tantamount to a linearisation process which is justified in the regions where the non-linear terms are 

small. This linearisation restricts the applicability of the Stokes and Blasius solutions to a small region 

near the wall and excludes them from describing the ejection phase which is known to be very short 

(Cantwell 1981). 

Within this small region, the Stokes and Blasius solutions are both appropriate and retain the information 

related to temporal effects. We suggest that closure of the time-averaged models can be realised by 

using in them temporal information obtained from the analytical solutions of the wall layer given by 

Stokes and Blasius. This is done by simply matching the time-averaged and unsteady state models. The 

matching process is greatly simplified by the connection between the approach velocity and the 

characteristic time scale T for the Stokes solution (equation 10) and the similar connection with the 

characteristic length scale liw for the Blasius solution (equation 20). The procedure eliminates the need 

to determine experimentally at least one numerical coefficient in the log-law. This coefficient is 

determined by the thickness of the wall layer. 

We note that the numerical coefficients between U/ and li/ in equations (10) and (19) differ by 25%. 

This is because both the Stokes and Blasius solutions are based on simplified versions of the original 

unsteady Navier-Stokes equation (5). The discrepancy in the value of the numerical coefficient reflects 

the different ways equation (5) has been simplified to yield the solutions by Stokes alld Blasius. 

Fortunately dU+ Idy+ is small near y+ lip + which occurs at the tail end of the exponential damping 

factor. The estimates of li/ may be somewhat inaccurate without affecting greatly the value of U/. In 

experimental work, it is equally difficult to determine the position where the log-law starts to apply. 

Stanton and Pannel (1916) proposed its application from the edge of the buffer layer, c\ + = 30. 

Nikuradse (1932) suggested li/ 70. 

The method is general and can be applied to a variety of turbulence models. In this paper (part A), we 

give three examples based on the formulations of Deissler, Van Driest and Khishinevsky and 

Korrunenko. In part B, we shall give our own modelling of the structures in the region outside the wall 
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layer and determine the remaining coefficient from theoretical considerations. 

CLOSURE CRITERIA 

Given a value for K, the damping factors in equations (34),(35) and (37) are completely defmed when 

the coefficients A or n or {3 are determined. This can be achieved if we know the values (U+ ,y+) at 

anyone point on the universal velocity profile. The most convenient point is at the edge of the wall 

layer since it is known from the Stokes and Blasius models in equations (10) or (19). 

THE COEFFICIENT OF KHISHINEVSKY AND KORNINEKO 

At y+ = Ov +, the effect of viscosity may be considered negligible and the damping factor should be 

close to unity. Unfortunately, due to the exponential form assumed for the damping factor, an arbitrary 

cut-off level must be assumed, as in any boundary layer problem. Putting the damping factor 

F = Fv at 

gives 

b 
(38) 

where 

b=-Ln(1-F) (39) 

Combining equations (10), (34), (38) and (39), assuming K = 0.4 and using the result of the Stokes 

solution (equation 10): 

0>4.16 (0 J I J../ .. '/0 ')2 
1 +O.4y· (l-e -uv ') 

(40) 

Equation (40) was iterated numerically for the value of Ov - to an accuracy of 0.01 unit of normalised 

wall distance (p/u.) using Simpson's rule. The results 

were 
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.9997 

.9996 

.9995 

.9990 

.9900 
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9.210 57.000 13.702 .00283 

8.112 62.000 14.904 .00211 

7.824 63.000 15.144 .00192 

7.601 64.000 15.385 .00186 

6.908 66.000 15.865 .00159 

4.605 87.000 20.913 .00061 

t'1I\/ 
... ""\ 

Table 1. Estimaterthe coefficient in the damping factor of Khishinevsky and Komineko using 
r 

the Stokes solution (equation 10). 

The value of {3 = .002 adopted by Khishinevsky and Kornienko corresponds to F. = 0.9996. Using the 

Blasius solution (equation 19), the value of b/ is diminished but the value of U/ is not significantly 

altered. 

F. 

.970 

.980 

.985 

.990 

.999 

Ln(1-F.) b" . U/ {3 

3.507 55.000 16.879 .00116 

3.912 53.000 16.042 .00139 

4.200 50.000 15.190 .00168 

4.605 47.000 14.292 .00208 

6.908 37.000 11.264 .00505 

Table 2. Estimate of the coefficient in the damping factor of Khishinevsky and Kornienko using 

the Blasius solution (equation 19). 

The intersection of equations (10) and (19) with the plot of experimental data by Reichardt (1943) and 

Nikuradse (1932) (Figure 3) correspond roughly to the the values b.+ = 63 in the Stokes criterion 

(Table 1) and b." = 47 in the Blasius criterion. These results indicate, as predicted, that the value of 

U. + differs by only a small amount (7 %) even though the value of b, + differs by 25 % when these two 
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criteria are applied. However, the cut-offlevel, (I-F.), required with the Blasius solution is smaller than 

that for the Stokes solution. 

THE V AN DRIEST COEFFICIENT 

In the van Driest formula, the coefficient A is given by 

o· 
A=~ 

b 

Combining equations (10), (36), (39) and (41) gives 

O;=4.16r: 2dy+ 

o 1 +/1 +4[1C)' +(1-e -by '/~:)]2 

(41) 

(42) 

Again, K was assigned the value 004. Equation (42) was iterated to give the value of 0/ for various 

values of F. with the results 

F, 

.9990 

.9900 

.9500 

.9100 

.9000 

.8900 

b=-Ln(1-FJ 0+ 
p U/ 

6.908 39.00 9.375 5.646 

I 4.605 46.00 11.058 9.989 

2.996 58.00 13.942 19.359 

2.408 65.00 15.625 26.993 

2.303 67.00 16.106 29.098 

2.207 69.00 16.587 31.264 

Table 3. Estimate of the coefficient in the van Driest damping factor using the Stokes solution 

(equation 10). 

Van Driest proposed a value A 27 for best fit with experimental measurements of the universal 
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velocity profile. This corresponds to F. 0.910. 

THE DEISSLER COEFFICIENT 

The Deissler correlation is more empirical than those of Khishinevsky and Komienko and of van Driest. 

In particular, it does not degenerate into Prandtl's correlation at high values of y+. Deissler suggested 

that his formulation should apply only to the buffer layer and that the Prandtl log-law, equation (29) 

should be used for larger y+. 

Tuoc and Abrahamson (op.cit.) have shown that buffer layer thickness may be obtained from the 

average thickness of the Blasius layer, equation (22). Equating (22) and (29) (the Prandtllog-Iaw with 

experimentally fitted coefficients) gives 

Then 

and 

F. 

.9999 

.9990 

.9960 

.9900 

2.5 Ln a; + 5.5 
0+ 

b 

2.28 

Ln (l-F) b 

U"O + 453.12 
b b 

"" 

b 

9.2103 

6.9078 

5.5215 

4.6052 

Table 4. Estimate of the coefficient in the Deissler damping factor. 
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(43) 

(44) 

n 

.1426 

.1235 

.1102 

.1008 
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F, = 0.999 corresponds to Deissler's n of 0.124. 

DISCUSSION 

In the literature, the damping factor is seen as a measure of viscous damping of the turbulent 

fluctuations that penetrate from the outer flow towards the walL The name is somewhat misleading since 

the damping factor is zero at the wall and increases to a value of 1 as we move towards the outer region 

i.e. as the influence of viscosity decreases. However', it will be retained since it is already widely used 

in the literature.' 

In our view, the damping factor is not a measure of damping of velocity disturbances by the wall but 

reflects the change in magnitude of the interaction between the streamwise velocity and the ejections as 

the streamwise component of velocity diminishes to zero. This interpretation is explained more fully in 

our model of the log-law region presented in part B. 

The effect of the cut-off level (I-F.) on the velocity profile predicted by the formulations of Van Driest 

and Khishinevsky and Kornineko is shown in Figure L As the cut-off level increases from 10.4 to 10'2, 

the coefficient b decreases and the predicted velocity profiles are shifted upwards. At the same time the 

thickness of the wall layer o. + is increased. Experimental measurements of the universal velocity profile 

U+ vs y+ (e.g. Nikuradse 1932) shows that it reaches an asymptotic profile at high Reynolds numbers. 

The experimental measurements of the transition region by Senecal and Rothfus (1953) shows that this 

profile shifts upwards as the Reynolds number decreases and reflects a lower level of turbulence in the 

flow field. For a fixed Reynolds number, it appears that a decrease in the coefficient b reflects a delay 

in the onset of the fully turbulent region. We surmise that the coefficient b may be linked with the 

nature and magnitude of the disturbances at the pipe inlet. For example, careful suppression of inlet 

disturbances in a circular pipe in the experiment of Ekman (1910) has extended the laminar flow region 

up to Re 40,000. In our model this would correspond to a very low numerical value of the coefficient 

b. Little work has been done in this field and no firm conclusion can be drawn. 

The values A = 27 in the van Driest formula and b= 0.002 in the Khishinevsky and Kornienko formula 

give velocity predictions which differ by less than the experimental uncertainty in the measurements of 

Reichardt (1943) and Nikuradse (1932). The universal velocity profile is found experimentally to be a 
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weak function of the Reynolds number. This effect is ignored in all three correlations reviewed here. 

The scatter of experimental points in figure 1 reflects the fact they wrere taken over a range on 

Reynolds number. Thus no real choice can be made between the formulations of van Driest and 

Khishinevsky and Komineko on the basis of mean velocity predictions. The corresponding estimates of 

the viscosity ratio Ejl', shown in Figure 2, indicate that the van Driest formula predicts higher values 

in the region 0 < y+ < 30. But the scatter of experimental measurements so close to the wall, and the 

neglect of the Reynolds number dependence of the viscosity ratio, as reported for example by Hughmark 

(op. cit.) or Hinze (1975), again prevents any firm conclusion. In turbulent heat and mass transfer, the 

conduction wall layer is much thinner than the momentum wall layer and the predictions of the 

temperature or concentration profile are more strongly affected. The differentiation between the different 

formulations is then much sharper (Tuoc 1991). 

The damping factor be written in the general form 

(45) 

For small values of y+ 

F 
.°1 

~y 
(46) 

Similarly, the eddy viscosity may be expressed as 

(47) 

The three formulations of the damping factor reviewed in this paper differ in the rate at which the eddy 

viscosity is assumed to grow as we move away from the wall. 

The van Driest formula gives 

The formula of Khishinevsky and Kominenko gives 

The Deissler formula gives 

because near the wall we may write 

A3. Closure technique 

(48) 



A3.20 

-y .. ' (49) 
v 

Ev .. 4 
--y (50) 
v 

U+-y+ (51) 

The results of our computations indicate that the cut-off level for the damping factor F. at the edge of 

the wall layer reflects these exponents to an order of magnitude. We may relate the cut-off level of F, 

for adequate U+/y+ curve fitting, to the exponent used in the model, thus: 

(52) 

Modern experimental measurements based on hot wire anemometry, which are widely accepted in the 

literature (e.g. Patel et al 1985), indicate that,as we move very close to the wall, the relation between 

the visocity ratio and normalised distance tends to 

(53) 

This indicates that the form of the damping factor in the Deissler and van Driest models is not 

compatible with the dynamic structure of the wall layer. In part B, we shall give our own formulation 

in conjunction with a physical model for the log-law region. 

The closure method that we have proposed is able to determine only one of two numerical coefficients 

in the log-law: the one related to the thickness of the wall layer 0,. This thickness is determined by the 

taking model of this region as an unsteady laminar boundary layer. The coefficient K relates to the slope 

of the velocity profile in the log-law region. In this paper, we have so far assumed the empirical value 

of 0.4 for K, but in part B, we provide a meaning for K related to the geometry of flow structures in the 

log-law region. 
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CONCLUSION 

A theoretical closure technique for time-averaged models of turbulence has been proposed for the 

determination of the numerical coefficient related to the characteristic scale of the wall layer. This scale 

is a function of the time scale of the wall layer and therefore feeds back temporal information lost 

during the time-averaging of the Navier-Stokes equations. Of course, the procedure only helps in solving 

the time-averaged Reynolds equations, it does not provide information about the details of the 

instantaneous velocity profile. While the technique has only been applied to modifications of the Prandtl 

log-law, the principle of the method is compatible with more complex formulations e.g. in second-
" 

moment closure methods. 
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NOMENCLATURE 

A 

b 

E, 

n 

R 

T 

u,v,w 

u',v',w' 

i1 

u. 

U,V,W 

Ub 

U, 

van Driest coefficient, equation (36) 

exponents oy y+ in eddy viscosity models, equations (45) and (47) 

coefficient in equation (38) 

Eddy viscosity 

Prandtl mixing-length 

Deissler coefficient, equation (44) 

Radius 

Time 

Time scale of the wall layer 

Instantaneous velocity components in the x,y and z directions, smoothed with respect to the fast 

fluctuations 

Instantaneous velocity components in the x, y and z directions 

Fluctuations of velocities about the long time averaged values 

Fluctuations about the smoothed velocities u, v, w 

Instantaneous velocity vector 

Friction velocity 

Normalised time-averaged velocity 

Time averaged velocity components in the X,y and z directions 

Bonding velocity in the Blasius solution, equation (15) 

Bonding velocity in the Stokes solution, equation (7) 
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x,y,z 

y+ 

Greek symbols 

l' 

r 

Figure 1. 

Figure 2. 

Figure 3. 

A3.24 

Cartcsian coordinatcs 

Nonnalised distance, yuJv 

Thickness of the Blasius buffer layer, equation (19) 

Thickness of the Stokes wall layer, equation (10) 

Nonnalised Blasius buffer layer 

Nonnalised Stokes wall layer 

Universal constant in the log-law 

Dynamic viscosity 

Kinematic viscosity 

Shear stress 

Time-averaged wall shear stress 

Blasius velocity function in equation (15) 

T ABLE OF FIGURES 

Effect of the cut-off level on the predicted velocity profiles. 

Viscosity ratio according to the formulae of Van Driest and Khishinevsky and Kornineko. 

Comparison of critcria based on the Stokcs and Blasius solutions. 
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APPEI'i'DIX A4 

A MODIFIED PENE~_TION T=LORY AND ITS RELATION TO 

BOu:r:-.-nR-..RY L.i"_~ TE.ANS?ORT 

Oepa=t=e=t o~ Che=~ca~ a=d Process E=g~=ee=~=g 

U=~~e=s~ty o~ Ca=ter~u=y 

ABSTRACT 

The uns~eady-s~a~e heat: and mass ion in la.minar 

are transformed inco their: st:eady-st:ate count:erpar1:s by a modified 

decouples ;:he of the nor:nal 

tens and t:he convection terms on cnarac-ceris1:ic 

t:ime scale of the process a.nd a s e 

transpor-c 

Two examples of for i:l pipes a.nd 

over In both cases, cne classical solucions reproduced 

the proposed theory. 

Transactions of British Institution of Chemical Engineers (in press) 



2. INTRODUCTION 

The penetration cheorf of mass transfer was introduced by Higbie (1935) to 

describe the diffusion of sparingly soluble gases into liquids over shor~ 

periods. 

Higbie's theorf is only successful when the contac~ time be~deen the pbzses 

is small. Because of this restriction, a majori of transpor~ phenomena is 

correlated by conventional boundarj-layer theories or numerical sOlutions 

of the transport equations. (Shah and London 1978, Shah and 3hat~i 1987). 

Danck-..rert:s (1955) has modified Higbie's theorf by assuming that a fluid 

surface is randomly renewed with bulk . Numerous attempts have since 

been made to suggest other distribution fChictions of surface renewal rates 

(Sideman and Pinczewsky ~975, Ruckenstein 1987). Most of these theories are 

concerned with the transfer of heat and mass to turbulent flow. 

The central Wlcn penetration theories is the estimation of suitable 

time scales and their relation to the hydrodynamic structure of the 

. wnile the incursion of 2n eddy in~o the zone near a surface in ~~e 

form of a roll cell (Ruckenstein 1968) or eddy cell (Lamont and Scott 1970) 

is relatively to visualise, surface in laminar flow is ~uch 

more t Co conceive, exceut for rising bubbles. Indeed, the 

litera~~e does not see~ to discuss the question of whether a 

scale exists for laminar boundary layers. 

In this paper, a time scale for lami:l.ar flow is derived di:-ect:ly from 

hydrodynamic considerations. 

2 THE PENETRATION THEORY OF HIGBIE 

On neglecting the effect: of convection, the unsteady-st:ate diffusion equat:ion 

for heat or mass transfer can be written as: 

oe 0 2 8 (1) 
=Ct.--ot lrJ 2 



For heat transfer, a is che thermal diffusivicy, while for mass trans~e~t 

it is the diffusivicy of a solu~e through a solution. The variable e is the 

temperature for hea~ transfer and the concentration in mass transfer. 

The '.;ell k:J.ow"TI solu~ion is ven by Bird, Stewar~ and:Lightfoot (1960 p 353) 

as: 

(2) 

where 

(3) 

rne instantaneous flu.~ the properties at: the wall is 

(4) 

For conver~ence in algebraic manipulation, we use an approximate solution 

in this paper. Following Pohlhausen (1921), the profile of or 

concentration is fitted with a third-order polynomial 

(5) 

where (6) 

anc. (7) 

solU!::ion is given by 

(4) but the coefficient 1/.jrc=O.S6~ has now the value 0.53. 

Higbie (1935) ~AS successfully applied equa~ion (4) to the absorption of a 

sparingly soluble gas inca very short laminar ing , liquid. jets 

~~d rising bubbles wi~h a short residence time. He assumes that the contac= 

time to obtained from the swept length x: 

(8) 

is che con~rolling time scale of the process. 



·3 THEORY 

For simplicity, t~e postulate is described in terms of boundarJ layer flow 

past a flat platB Hit~ a Prandtl or Schmidt number of unity. r:~e principles 

e'101 'Tee. loose none of their generali t7 in comparison 'Ili th flows over more 

complex geomet:::-ies, but the mat:hematical details are slighdy altered.. 

3.~ r.?~SFOF~T~ON EETMEEN PENEr.RAT~ON AND EOUND

ARY LAYER TEEOR~ES 

Equation (1) can be t:::-ansformed. into the equation for t:::-ansport through 

a developed. boundarf layer over a flat: plate when advection is neglected 

08 0 2 8 (9) 
u-=a.--

oX 0:;2 

by an application of Taylor's hypothesis 

o:c=uol (10) 

r:~is treat~ent implies that only diffusion is significant in the normal 

direction to a l.::.minar flow stream when this is fully de'7eloped. Kr.::.mers 

and K::e;7gar (1956) takes the same view' b their analysis of laminar falling 

films. Higbie'S time scale is a special case of Taylor's hypot:hesis with 

a unifor::u veloci t7 u: (f.. In the Ii terature, this time scale is called 

t~e cont:act time . It is obtained by integrating equation (10) over the 

swept length from zero (0) to x. 

In the general case of varying velocity (u ~ U ~), the integradon of equation 

(10) giYes a distance scale 

(11) 

where the limit tc is the appropriate time constant for the transfer 

process. 
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3.2 PEYSIC~~ VISUALISATION OF CONVECTION AND DIF

FUSION OF AN EL:E1:'-1ENT OF E::E::A.T OR MASS 

Fi~~re 1 shows an element of fluid, drawn in full lines, with velocity 

U a~ a point (x,y) the boundary laye~. At time t the element of heat 

or mass which started at the wall at time /=0 enters it from the plane 

C;::.x)by diffusion. At time 1+6.lthat element has moved to a location 

x -'- 6.x, 'Che ement has diffused across the distance 6.y and is penetrating 

the adjacent fluid element through the plane (::::,x + 6. x) . Thus the 

process occurs normally to the wall while the convective process occurs 

in the longitudinal direction. They can be decoupled in the mathematical 

The time t '.<inen an element of fluid situated ac: a disi:ance :; feels the 

effect of the element generated by the heat or mass input: at: the wall 

will be a function, not only of x and y, but o of the speed U a at which 

the element: is diffusing across the boundary layer i.e. a function of 

'C:l.e diffusivi and Prandtl or Schmidt 

T:'1e ,.,eIocl C:;.,- used in equation (11) is co be found in the beC"ween 

0 and ... ed region A in 2. For t.y ~his velocity will .. , 
hencefort:h be labelled U ,j to erent::'a:r:e it: from local convection 

velocities outside the region A. Tne ~ime is now' f:rom 

Eigbie's es~ima~e and is defined by in in eaua~ion (l~). 

convenience we write 

(12) 

where U,I is the average convective velocity over region A from 0 to x. 

The relac:ionship between the diffusional time scale and Higbie's time 

scale is given by the ratio equations (8) and (12) 

t c u..~ 
(13) 

-=-
td U '" 

We call the rac:io of velocities, the convec!:ive co:r:::ect:ion factor to 

Higbie's time scale. 

r ( ) U ,{ 
J U :::: [1", 

(1L!.) 
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Thus the time scale for a boundary~layer processes becomes 

x 
t =---

d U ",f(u) 

(IS) 

T.~e problem is ~~t, in gene ! we do not a re1ac=ionshi? 

u..1 and t to calc:tiate f (u) . 

3.3 TEE CONVECTIvE COR-~CTION FACTOR F(U) 

Consider the evolution of an element at time t'" 0 a hee::: or 

mass )w sit~ted at locat~on (a) on the wall, 2. 1..'1i5 81 emen t 

taneously di.f=uses in the normal direction and is c:mvec,:ed iil che 

longitudinal direction to the 

1. At time 1~ it reaches t:he edge of the thermal or mass bounc.ary laser. 

The fluid elemen~ that it affects came from ~ithin chis same 

ti:ne, but has travelled ~ .. .jith velocity 1I» since it -lias ou'Csic.e 

layer. 

The distance x is bv 

1\ yo _.\. 

T,yhere U 3 is the average convec'Cive velocity 

bec.;een locations (a) and (b). 

(16) 

(17) 

L:he eleme!lt: 2..:: 

Rearrangement of equations (16) and (17) gives an ex:plicic 

for the time scale: 

t 
_ X 

d -. 
[./Q-l.L3 

Comparing 

l.L .1 ::; U '" - l.L 3 

(12) (16) and (17) shows 

and the convective correction factor is given by 

LL -I 

f (l.L) = U<. 
/.La 

I-
V", 

(18) 

(19) 

(20) 

B 
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r:~e time ld in equa~ion (18) is the time that the elemen~ of heat or mass 

takes to diffuse across the bounda~J layer. It is not the contact: time 

to of the motion over the I al though we have related I d to the swep~ 

length x and the free stream velocity U_ , which'are parameters easily 

measured. 

The problem in the practical application of equation (20) is that we still 

do not know how the rela~ionship between u. Band t depends u:!?on the location 

(X.i) and the Prandtl or Schmidt number. There is only one case where 

such a relationship is known: momem::u.m transfer which is discussed 

separa~ely (Tuoc 1991). 

The of a direct calculation U. 3 can be ci::cumvented with 

another method of es~imating the convective correction factor, as set 

out in the following section. 

3 . 4 ESTIMATE OF F (U) BASED ON T.=:...-:.. INTEGE.AL. ENERGY 

EQUA::ION 

The energy for layer is 

Pohlhausen (1921) as 

(21) 

Equation (21) can be put into a more convenient non-dimensional 

This expression can be written as 

06 • 
d -=St oX 

where 6: is the integral energy thickness defined by 

(22) 

(23) 

by 
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Equation (24) simply states that an input of heat or lIlass over an incremental 

dis-cance 6 x at the wall resul 1:S in an increment:al thickness of the boundary 

layer. Since the ·hand side of equation (24) involves an integral 

over the A from 0 to x, -che velocity, implied is l.L.,. 

Subs-ci-cuting the time e from equation (15) into (4) gives 

k 
j(W.ld)= 

(25) 

or using the annroximate solution 

(26) 
. - 0 J (w.l d)- [ax/V.,feu)]l 

Re- angemem: of equation (26') into a diJllensionless form for heat transfer 

(27) 

Sl 

~quation (27) provides a means of es-cimating feu) from a kJcwl of 

the Stanton number St, ~he swept distance x and the free stream veloci 

C~. The Stanton number has been expressed in te:::ms of the energy 

thickness 6~ -chrough equation (24), thus us a means of 

the unknown value of St; whence 

(28) 

6:= Sldx 
o 

Tne boundarf-laye::: thic:~ess at time t~ is by eauadon (7) 

r";e now define the 

2a.x 
f(u)(J", 

M as the ratio of the 

6~ and the boundary layer thickness 0::/. It follows 

(29) that 

6~ 3 
}vl=-=-.!(u) 

~ 8 j Cd 

(29) 

<:hickness 

eaua-cions (28) and 

(30) 

which may be used to estimate f(u) from M. The integral M itSelf follows 

from equation ( ) since 

(31) 

For uniform flow, when u U», the integral M becomes 

(32) 
:V[ 



Hhich, from pohlhausen's cubic profile for S, yields 

3 

8 

(33) 

r.~us feu) =1 in ~his case as required by Higbie's cheorf. 

To summarise, we find that 

8 
j(u)=-M 

3 

(34) 

where M has the significance of a ratio of boundarf-layer thicknesses 

defined in different ways. The is also k:low"U as a shane fac'Cor 

(Schlichting 1960). 

rnese principles will now be applied to eNo simple eXaIDnles. More comnlex 

geometries will be discussed in subseauent publications. 

4. HEAT OR MAS S SFER FROM A FLAT 

PLATE 

the or Schmidt numbers are and the 

or mass boundary may be thicker or chi!L~er chan cne momen~~ 

r.~e velocity profile in the momen~~ may be 
. , ,.,. _. 

oo'Ca:l.ne_ Dy I::'_ a third-order polynomial as used before in eaua~ion (5) 

(35) 

In general, the time scale in equation ), the wall fl~~ in equation (4) 

and the shape factor in equation (31) m~st be related to the velocity at 

the edge of the thermal or mass layer, U~, rather than the approach velocity 

U. which is the velocity at the outer edge of the momentum boundary layer. 

Thus 

x (36) 
I =----

r;!. (fr;!.j'(u) 

b which 



( 37) 

It follows from equa~ions (~), (15) and (36) tha~ 

f' (u)U d ; jCu)U '" 
----=O,SJk68 '---

X rrt\f X 

(38) 

jUJ,!~=o.sJk6em 

Tne approach veloci.ty is much easier Co obtain experimentally 1:han c:he 

',elocie7 at the edge of the thermal or concen~ra~ion boundar! layer, 

Tempera~ure or concentration profiles are given equation (5), 

Two cases must be distinguished: 

~~e shape fac~or M is 'len by 

rl[ 1 Jlr. 1 J-I (3 3 J\ ,'vI = . 1 5 (0 n ) - - (0 n) 1 - 1 5 n .:. - ( f1) d f1 = I - a -: - a I 
, -0 ' 'Id 2 'Id .. 'Id 2 'Id , 'Id \20 280 ) -- -

(39) 

T,,,,here cr i.s t!":.e ratio of boundar! thick=esses ana taken to ce a f~,cticn 

of 2::: or Sc 

(~O) 

where N=?::: in heat transfer and Sc in wass It ~hen 

e 8 2 1.., 
J ( U ) =: -:'vl = - 0 - - 0 v 

3 S 3S 

(41) 

For the case of hea~ transfer, the Nusselc number at a distance x the 

leading edge is 

Vu = C::3R l/2p ll2 , x ,.... e,... r 
(42) 

A similar expression for the She!"",>lOod number, 'Shx I holds for mass transfer, 

In steady-state laminar boundar] layer theory, the local Nusselt number is 

given by (Schlichting, p 298) 

(43) 

and the boundary layer thickness by 

(4~) 



Substi~~ing Ov from equation (44) and cr from equation (40) into equation 

(42) gives 

(45) 

Equating (42) and (45) gives an implicit: relation for the exponent rib" 

Pr O
-.

s = 1.636 
(46) 

For Prandtl numbers larger than 10 I the value of the exponem: "b" in equation 

(46) can be approximated by 1/3 and equation (45) becomes identical with 

Pohlhausen's steady state solution (Schlichting, p317). 

(47) 

Pr.Sc <~ 

The velocity profile in the thermal or mass bo~~da~r layer is made of two 

portions: the first given by equadon (33) in the range 0<:;<0., the second 

given by u = U ~ in the 0" <:; < 6 h. Tne shape factor becomes 

f3 1(1 3 4: ,""1
1 

M'" -.;- ---":"--., I 
L 8 (J \. 4 S CJ 3S CJ ~ ) .J 

(48) 

The convective correction factor becomes 

1 (2 8 \ 
fCu)=l-'- I --..;.. -j' 

(J \ 3 S(J lOS(J'" 

(49) 

The Nusselt number for heat then follows as 

(SO) 

and the exponent "b" is obtained from the equation 

.53 
.324 

(51) 

For verj low Prandtl numbe!:s the eX"Donent "'0" tends asymptotically to a 

value of 1/2 which is observed in heat transfer to metals. 

The predictions of the Nusselt numbers shown in Figure 3. The exponent 

"b" of the Prandtl/Scnmidt number cal by equations (46) and (51) is 

shown in Figure 4 against the well known results of Pohlhausen Cop.cit.). 



L.'1e results in che range O.2<Pr<l are unreliable and have been omit:ted 

because they inYol'le the difference bet:;;een logar:'thms of C;-.JO numbers which 

are verI close to 

5 HEAT OR MASS TRANSFER TO PIPE FLOW 

In a deyelo~ing boundar! layer, t~e penet:rat:ion of a thermal or mass front 

int:a the outer flow is small. Leyeque (l928) has assumed t:hat: the 

velocity profile is this may be considered linear 

u ay (52) 

's solut:ion was originally derived for a t:ime-averaged boundar! 

on a flat: and late:::- modified to a~~ly 1::) pi?e ow. Ie is now rederived 

i;:J. terms of the pro~osed penetra1:ion theor:;. The '[elocley of convec::ion at 

;;:~e of thermal 

L.!e convect:ive correct:ion faceor 

From equations (52) and (53) 

and 

u y 

f'(U)=~ 
30 

(53) 

bv 

(56.) 

(55) 

(56) 

The wall heat is then evaluaced at the location x such that 

(57) 

In laminar pipe flow, the veloci~· profile is parabolic and the veloc 

gradient at the wall is given by 



(dU) = (4 V) 
\ dy UJ R 

(58) 

where V is the cup-mixing veloci~y. 

!'he substitution of 0" from equation (7) and ~he value of this gradient in~o 

equation (57) gives the time scale of the thermal layer 

(59) 

Substituting ta into the expression for the wall heat flux, equation (4), 

and rearranging, one finds 

. D ( 4 V '\ 113 
Nu v =--- I 

~ 1.003 9Rax) 

(60) 

which from the Leveaue solution 

. 'D ( 4V )1/3 ·Vu=--
. .893 9Rax 

(61) 

by In case I the use of tne2:'J!lal boundary'" 12.yer 

thickness given the exact solution op. eik:.) 

(62) 

ves a :::'esul t 

_ D ( 4 V ) 1/3 
Nu=--

.914 9Rax 

(63) 

which is closer to Leveauels solution. 

wnen penetration is deep, the linearisation assumed bv Leveque ceases to 

hold and the full velocity profile given by the Poiseuille solution 

(64) 

must be used to calculate the convective correction factor. 

Tne velocity profile may be expressed in terms of the normalised distance 

u (65) 
-= 
[/ .n 



where the coef::::Lcient: A is given by 

(66) 

Since 6e time scale is 9i yen by :c 1 U ~ f (u.), it follows tha:t: 

at':!. x v a ( 67) 

RZ =R'RUm.'-::;'!Cu) 

Since the maximum veloci1:] Urn at the pipe a.xis is 1:"..;ice the average mixing-cup 

velocity V in the parabolic profile 

al d x 1 1 X 1 
--=- --- ----
RZ R'RePr'/Cu) R'Pe 

where ?e is the ?eclet number 

DV 
Pe=RePr=

a 

r.~e wall flux becomes 

u)Pe 
x:R 

rne Nusselt number becomes 

ven by equation (6"-) 

(68) 

(69) 

(70) 

( 71) 

The are snowL1 the conven"Cional Graer:::: cj-pe sohu:ion of 

Sellars, '" " , -n ' J.rl.:Jus ana. "'-'.e~n (1956) in 5, They coincide for ."2(DI:.:) >-w 

but: the asym-ptot:ic Nussel t number I which applies f::om the dis1:ance (xo) 'linere 

the thermal layer 6,: is equal to the radius R, is overestimated by 207. because 

the radius c~vature has been neglected in the es-c:imate of the shape 

factor, 

6 DISCUSSION AND CONCLUSION 

The major differenCe bet"..;een the present: idea and nener:ration 

theories lie in the way the time scale is evaluated. 



Higbie (1935) visualises this scale as ~he con~ac~ time be~ween the wall 

and the fluid as it moves over a distance x with a ven velocity U. This 

vieT"; has been adopted by subsequent workers in the use of penet:ration theories 

(e.g. Danc~Herts 1955, Sherwood, Pigford and Wilke 1975) and represents the 

only estimate of the time scale in laminar processes. Because it is assumed 

im:ui ti vely, there is unceri:aim:y bet:""ween various authors as to which velocity 

term should be used in the definition. For rising bubbles, Higbie uses the 

approach velocity while for mass transfer to falling films Sherwood, Pigford 

and wilke use the average film velocity, not its maximum value. 

In the presen~ work, the period the process is taken as the time required 

for the species (heat, mass or momentum) to diffuse in the direction normal 

into the bulk motion. 

The difference be~ween these concepts is most apparent when one considers 

heat a:ld mass transfer in c1..osed pipes where the radius limits, according 

to the pn, s em: v-ieT.." the maximum thickness of the di::fusion layer and 

the time scale, whereas it can be 1:e in J s original 

defini~ion provided ~he concac~ leng~h is ex~ensive~ 

A second difference is worth mentioning: Higbie's time scale is the same 

~or nea~, mass and momen~um t=ansfer whereas the time scale adopted in this 

work to the nature the process and the Schmidt/Prandtl 

number. waile there is no direct evidence in laminar motion, observation 

time scales in turbulent flow indica~e a strong dependence on the 

SchmidtjPrandtl number (e.g. Campbell and Hanratty 1983). 

The value of the Schmidt/Prandtl exponent lib" in the expression for Nu or 

Sh becomes 1/2 whenever the convection velocity in the diffusion layer can 

be considered uniform. This occurs either when the diffusion layer is much 

thicker than the velocity momentum layer (low Prandtl numbers) or when the 

contact time of the process is much smaller than the diffusion time for 

fully developed laminar transfer. These considerations will be particularly 

important when the characteristic time scales of turbulent processes are 

considered in a future publication. 



rne present approach decouples the effects of the convecti7e and diffusive 

terms in the transport equations. It makes the analysis of variable fluid 

properties simpler than in conventional boundary layer theory. ?or example 

problems in heat and mass t::ansfer to non-Ner.vtonian fluids are sol'led 

readily as soon as the veloci profile is known. 

Since the viscosity varies g::eatly 'Ilith temperature, the process of heat 

transfer in setting up a temperature gradient distorts the velocity profile 

and thus i.nfluences the convectiye tens. By com::rast 1 the thermal diffusi vi t7 

is relatively insensiti'le to temperature changes and. Lhe diff'J.sive terms 

are scarcely On the 'other hand, the viscosity is not 

affec-:ed by small concem::::ation changes om: the molecular diffusivi in 

liquids varies markedly wiLh the concent::ation. In mass transfer in liquids, 

the terms, not the cO~lectiye terms, are ;< • . _ecause t::Ie 

effects 'lariable fluid properties are felt by different: mechanisms in 

heat and. mass transport: processes, a rigorous analogy does not exist e~cep~ 

in the ideal case ~hen the proper~ies are cons~an~. 
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Exponent of the Prandtl number in equation (40) 

Heat: capacity 

diameter 

Correction factor 

Heat transfer 

convec::ion, equation (20) 

ciem:: 

Wall fl~~ of heat: or mass 

Heat conductivity 



N 

R 

t 

U I7l 

u 

Ii 

Shape factor in equat~on (31) 

Dummy variable for Pr or Sc, equation (~O) 

Pipe radius 

time 

Higbie time scale, also called contac~ time 

Time scale of the diffusion boundary layer 

Free stream approach veloci 

Maximum velocity at pipe axis 

Longitudinal velocity 

Convectiye velocities in ::egions A and 13 

2 

Cup-mixing velocity 

Cartesian coordinates 

Greek symbols 

a Thermal or mass diffusivi 

energy chickness, (2i:l.) 

Instantaneous layer thickness a~ tiIDe t 

Thickness of the yiscous laye!:" 

Normalised distance in the solution of the 

J1v Normalised distance in the solution of the momentum equation 

v Kinematic viscosity 

p Density 

cr . Ratio of boundarJ-layer thicknesses, equation (40) 

e Temperature or concentration, equation (2) 

Dimensionless numbers 

Nux Nusselt number, hxlk 

Pe Paclet number, Pe ~ Re Pr 

Pr Prandtl number, via 

Rex Local Reynolds number, xU./p 
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APPENDIX AS 

A TIM:E-SPACE TRANSFORMATION FOR 

NON-NEWTONIAN LAMINAR BOUNDARY LAYERS l 

by 

!RINH KHANH TUOC an dR. B. KEEY 

Department of Chemical and Process Engineering 
University of Canterbury 

ABSTRACT 

The solution for start-up of a power law fluid in a laminar boundary layer on a flat plate is 

transformed into the steady-state solution of Acrivos, Shah and Petersen by an application of 

Taylor's hypothesis. This method is applied to fluids obeying other rheological models in two 

examples involving Bingham plastics and Herschel-Bulkley fluids. 

1 Transactions British Institution Chemical Engineers (in press) 
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I.INTRODUCTION 

In related papers, Tuoc and othersl3
•
14 have shown that the equation for unsteady transfer of heat 

or mass into a semi-infinite slab can be transformed into the steady-state expression for forced 

convection in a laminar boundary layer over a flat plate by an application of Taylor's hypothesis. 

This paper presents a transformation of the equation for the start-up of flow on a flat plate into the 

corresponding steady-state solution for the laminar boundary-layer flow for a purely viscous power 

law fluid. The aim of this contribution is to provide a new method for obtaining solutions for 

laminar boundary-layer flows by introducing the concept of a time scale for diffusion of momentum. 

I I. 'IHEORY 

A.1HE UNSTEADY-STATE SOUITICN 

Bird, Stewart and Lightfoot), p. 125, give the equation of motion for a fluid impulsively started 

over a flat plate as: 

A power law fluid is defined by 

au 
pat 

(
dU)1l 

't=K dy 

where 

and 

K is called the consistency 

n is the behaviour index. 

On substituting equation (2) into (1) we find: 

(1) 

(2) 

(3) 

Bird 2 has given an exact solution of this equation, but its complexity makes it difficult to apply in 

practice; thus we prefer an approximate solution, following the method of Pohlhausen 6. At first, 

we repeat here the development set out by Bird, Stewart and Lightfoot (loc. cit. p.140) for the sake 

of understanding more clearly our view of the momentum-penetration process near the wall. 

The relative distance 1)(t,y) into the instantaneous boundary-layer thickness q(t) is defined as 
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'I'] (t,y) = O~t) 

and the velocity ¢ relative to the free-stream value U", 

u 
U., 

(4) 

(5) 

Substituting these similarity variables into equation (3) and integrating with respect to 'I] gives 

in which 

and 

ndOj K n-l N 
O·-=-U 

I dt p " M 

where the primes denote derivatives with respect to '1]. 

(6) 

(7) 

(8) 

Equation (6) can now be integrated separately with respect to the variables 0i and t over a 

characteristic time ty: 

(9) 

The instantaneous wall-layer thickness at this time tv is 

[
K n-l N ] l/(n + 1) 

Oy = p(n+l)U .. Mty (10) 

while the corresponding instantaneous wall-shear rate is: 

AS. Time-space transformation 
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"C • = K [_ au]n 
W,l By 0 

(lla) 

= K [U~~/: r (llb) 

un 
= K N-~-

[0)]" (llc) 

The time-averaged wall shear stress is given by 

(12) 

where tv is a characteristic time. 

The coefficients M and N can be determined once the relative velocity ¢ as a function of TJ is 

known. Following Pohlhausen 6 and Bird, Stewart and Lightfoot (op.ciL), we assume that the 

velocity profile can be described approximately by a third corder polynomial: 

The coefficients in equation (13) are determined from the boundary conditions 

(i) y = 0; u = 0 

(ii) y = 0; u = U"'; 

with the well-known result 

Bu=O 
By 

3 1 3 
~=-T)--T) 

2 2 

Back-substitution into equations (7) and (8) respectively yields the unknown coefficients: 

and 
3 M=-
8 

B. STEADY lAMIN&.R BOJNDARY LAYER FLON 

AS. Time-space transformation 

(13) 

(14) 

(15) 



A5.5 

The equation of motion for steady flow over a flat plate is given by 

1 at 
pBy 

_ n K (au)"-! eru ----- --
p By By::! 

(16) 

where the variable U refers to the time-averaged streamwise velocity in the steady-state laminar 

bounW!ry layer. The boundary conditions are: 

B.C.l 

B.C.2 

y = 0 

y = o(x) 

Acrivos et al. I have provided both exact and approximate solutions. The relative distance is now 

defined as 1)(x.y) where x is the swept length 

Since x is a function of time tt equations (17) and (4) are equivalent. 

The time-averaged velocity U relative to its free-stream value is 

(17) 

(18) 

This time-averaged velocity distribution is approximated by the same third-order polynomial given 

in equation (14). On substituting these normalised variables into equation (16) and integrating. 

Acrivos et al. (op. cit.) have obtained the thickness of the boundary layer as a function of x: 

o(x) = x [(280/39)(n+l)1.Sn]1/(n+l) 

XflU;:lIpl K 
(19) 

They determine the local wall shear stress as: 

tw~ (20) 

pU~ [(xnu~-np)1 K t<"+I) 

which is the required result. 

A5. Time-space transformation 
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C.PRINC!IPLE OF THE TRANSFORMATIrn 

By an application of Taylor's hypothesis (Hinze 5), 

ax '" u at (21) 

equation (3) for start-up flow can be transformed into that for steady flow in a laminar boundary 

layer for which the term related to normal advection is negligible: 

au (au\n-I cPu 
pU- = n K -) ax , ay ay2 

(22) 

Thus a transformation between the time and space coordinates is obtained by integrating equation 

(21) over the characteristic period tv: 

(23) 

A comparison between equations (16) and (22) shows that the transformation implies that the 

convection term in the direction y normal to the stream is considered negligible in comparison to 

the diffusion term. We discuss in an appendix the reliability and implications of this assumption. 

The effect of the wall is to retard the flow. In effect, the wall imparts a negative momentum to the 

flow. In the same way as an element of heat or mass can penetrate the boundary layer in these 

transport processes from a swept surface, so an element of "negative momentum" may be assumed 

to "diffuse" into the flow. As depicted in 1, this element enters the flow field at an arbitrary 

point (A) on the wall at time t = 0 and diffuses across the stream only once. Thus, even though 

the boundary layer may be steady, the diffusion of negative momentum in the normal direction may 

be considered to be a time-dependent process and described by the unsteady-state equation (1). 

As the element of negative momentum diffuses across the boundary layer, it is convected 

simultaneously in the streamwise direction and follows a path shown in Fig L At time t, the element 

of negative momentum has penetrated an element of fluid situated at (x' ,y) and moving with velocity 

U (Fig 2). After the elapse of infinitesimally small time interval ot, the element of fluid has moved 

through a distance ox and the element of negative momentum has left it to enter the adjacent element 

of fluid situated at (x' +ox,y +oy). Thus the instantaneous velocity u of the element of negative 

momentum can be identified with the local time-averaged velocity U of the element of fluid it 

AS. Time-space transformation 
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penetrates. 

The relation between the typical time scale and length scale of the boundary layer requires the 

evaluation of the integral in equation (23) where the velocity U is found in region OA in Fig 1. 

For convenience, we write: 

(24) 

where UA is the average convection velocity of the element of momentum in the streamwise 

direction in the region ~A. 

Consider now the diffusion of an element of negative momentum originating from an arbitrary 

location (A) on the wall at time t = O. At time t = t", that element of momentum will have diffused 

to the of the boundary layer where it meets an element of fresh fluid that has travelled the 

distance (UJ~) outside the boundary layer from the position of the leading edge of the plate. Thus 

another estimate of the location (A) is: 

x =U t -!::.x A ~~ 
(25) 

where 

(26) 

The velocity is the average streamwise convection of the element of momentum in the region 

AB. It may be evaluated from the velocity distribution in equations (14) and (18) as: 

From equations (25) to (27), the time scale can be found in terms of the distance xA 

8 xA 
t =-
v 3 U~ 

Substituting equation (28) into (10) gives the thickness of the boundary layer at time 1:. 

AS. Time-space transformation 

(27) 

(28) 
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o.(t) == [(64/9)(n+ 1)IS]I/(n+l) 
I v n 2-n 

XAU .. pI K 
(29) 

which is almost exactly the result of Acrivos et al. 1 in equation (19). The instantaneous wall shear 

stress at time t:. is obtained from equation (29) by substituting equation (10) into (lIb) to yield 

(30) 

for x = xA • The numerical coefficients in equation (30) and the steady-state solution of Acrivos et 

al. 1 differ by less than 1 %. 

I I I .APPLlCATICN 10 ornER FruID :MDELS 

We now give two examples to illustrate the application of the method to more complex rheological 

models. 

A. BIN3HAI\1 PIASTICS 

A Bingham plastic is defined by the rheological equation 

(31) 

where I y is a constant called the yield stress i.e. the minimum stress that must be applied to the 

fluid before it is made to flow. 

and Jlb is a constant coefficient called the plastic viscosity. 

Suspensions of bentonite clay are well described by the Bingham plastic model (Thomas 12). 

Substituting equation (31) into (1) gives: 

(32) 

On introducing the distance and velocity ratios defined in equations (4) and (5) respectively into 

equation (32) and integrating with respect to YJ = ylo;, we find 

with 

AS. Time-space transformation 
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and 

We again describe the velocity profile with a third-order polynomial in 1]. This leads to 

3 N =
b 2 

3 M =
b 8 

Substituting these values for Nb and Mb into equation (33) gives: 

(33) 

(34) 

(35) 

(36) 

(37) 

The relation between the time and length scales is again given by equation (28). In other words, the 

relationship does not necesarily depend on the rheological model of the fluid but only on the form 

of the equation assumed for the velocity profile. However, in the exact solution, a particular 

rheological model may demand a specific form for the velocity profile. 

Again, the wall-shear stress is found from equations (10) and (l1c) with the coefficients Nb and Mb 

given by the set (36): 

.528U .. 

pU; pU; Jtp/l1b 

+ .324 

pU; JXU.,pJl1b 

(38) 

which is the result obtained by Skelland 9 through a conventional solution of the steady-state 

equations of a laminar boundary layer. 

AS. Time-space transformation 
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B .HERSCBEL-BUlKLEY FWIDS 

The rheological equation of state for a Herschel-Bulkley fluid, also called generalised Bingham 

plastic, is 

(39) 

Drilling muds are often described as Herschel-Bulkley fluids (Silva 10). An analysis following the 

procedure outlined above gives: 

- Equation of motion 

(40) 

- Boundary layer thickness 

(41) 

- Wall shear stress 

2 2 
pV", pV~ 

V n- 2 
K ~ 

+ - N(n+1)--
V 2 p [0 Y p ~ I, 

9(1.5) 
64 n+l 

1/(11+1) (42) 

This result has not been obtained before to our knowledge. 

IV .DI SQJSS lCN 

The present analysis highlights two interesting points: 

1. There is a characteristic time scale for laminar boundary-layer flow. This time scale can 

AS. Time-space transformation 
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be depicted in terms of the diffusion of negative momentum in the direction normal to the 

flow. The relation of the time scale to the swept length x depends only on the velocity 

profile and thus is only indirectly influenced by the rheology of the fluid. A corollary of 

this concept is that the streamwise convection term dominates the boundary-layer equation 

compared with the normal convection tenn. 

2. The equation for the penetration of heat or mass into a semi-infinite slab is analogous to 

the diffusion of "negative" momentum in the direction normal to the flow. The adaptation 

of equation (1), describing a stream impulsively started on a flat plate, to the situations we 

consider here implies that we are essentially describing the growing influence of wall 

retardation on the original flow field as a momentum-diffusion process. The velocity at the 

edge of this gradually thickening boundary layer is assumed constant at the free-stream 

value. The small variations in this value which occur in practice are neglected. 

V.aN:WSlrn 

It has been shown that the solution for the start-up of a laminar boundary layer on a flat plate can 

be transformed into the solution for steady-state flow. This flow is described as a momentum

diffusion process. 

The transformation provides a simple method of solving viscous rheological problems which are too 

complex for a classical mathematical analysis. 

VI.APPENDIX PHYS I CAL IMPLlCATlrnS OF 1HE TRANS~TICN 

The transformation of the unsteady Stokes equation into the Acrivos et al I. solution for steady 

laminar boundary layer flow and the Blasius solution (for the case n = 1) implies that the term 

v (au/Ciy) in equation (16) may be neglected. However, the terms u (au/ax) and v (au/Ciy) are of 

the same order of magnitUde (Schlichting 8, p.118): 

R u(au/ax) 0(1) 
v(au/Ciy) 

(43) 

It can be shown by substituting values of u (au/ax) and v (au/Ciy) from the Blasius solution into 

equation (43) that the value of R ranges between 2 and 3 in the laminar boundary layer on a flat 

plate. 

AS. Time-space transformation 
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Thus the approximation v«(Ju/iJy)'" 0 seems very crude and does not explain the excellent results 

obtained in the proposed transformation. More insight into the physical situation may be obtained 

by considering the original unsteady Navier-Stokes equation for flow past a flat plate 

For convenience, we present our discussion in terms of a Newtonian fluid 

d.u 
't'=I-l

dy 

(44) 

(4S) 

although the arguments are essentially the same for purely viscous non-Newtonian fluids. Blasius 

4 has reasonned that at long times (t .....,. 00), the local velocity in laminar flow is steady and 

au =0 
at ' 

u=U 

Then combining equation (44) with the equation of continuity 

au av=o 
ax ay 

gives 

U
au cPU 
ax iJy ay2 

(46) 

(47) 

(48) 

More strictly, the steady state solution should be obtained by averaging the unsteady equation (44) 

over a characteristic time t, which may be very long for laminar flow. Reynolds 7 has given the 

result as 

where the terms U 

uau 
ax 

cPU --
=v-- +u'v'+u'w'+v 

oy ay2 
(49) 

are are time-averaged products called Reynolds stresses and arise 

from the fluctuations u', v' and w' of the instantaneous velocities about the mean U, V and W = 
O. Equation (48) results from equation (49) when the Reynolds stresses are omitted. It implies that 

the laminar boundary layer is free from velocity fluctuations. 

We believe that the solutions by Blasius 4 and Acrivos et al. I for laminar boundary layer flow past 

AS. Time-space transformation 
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a flat plate are only exact in their mathematical treatment of the governing equations (16) and (48). 

In physical terms, the non-linear Reynolds stresses associated with minor velocity fluctuations are 

small but not completely absent. 

Our transformation is compatible with the possibility that the small Reynolds stresses in a laminar 

boundary layer tend to balance out the term v (au/iJy) . 

Tuoc and Abrahamson 15 discuss the limits of application of the Blasius 4 and Stokes II solutions in 

disturbed laminar flow. 
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a,b,c,d Dummy symbols, equation (13) 

K Consistency 

M Coefficient defined in equation (8) 

Mt. Coefficient defined'in equation (35) 

n Behaviour index 

N Coefficient defined in equation (7) 

Nb Coefficient defined in equation (34) 

R Ratio defined in equation (43) 

Time 

t, 

u 

u',v',w' 

u 
V 

x,y 

o 

'1J 

¢ 

Subscripts 

A,B 

Period 

Instantaneous streamwise velocity 

Fluctuating velocities 

Local average streamwise velocity 

Local average normal velocity 

Cartesian coordinates 

Boundary layer thickness 

Instantaneous boundary layer l/1ickness 

Boundary layer thickness at time t, 

Similarity coordinate 

Normalised velocity 

Density 

Newton's coefficient of viscosity 

Plastic viscosity 

Kinematic viscosity 

Shear stress 

Yield stress 

Wall shear stress 

Regions A and B, Fig 1 
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APPENDIXA6 

A TIfME SCALE FOR THE BLASfUS BOUNDARY LAYER 

AND ITS IMJ>LICATIONS1 

TRINH KHANH TUOC, R. B. KEEY AND JOHN ABRAHAMSON 

Department of Chemical and Process Engineering 

University of Canterbury 

New Zealand 

SUMMARY 

A time scale for boundary layer flow over a flat surface (as detennined by the Blasius solution) is 

shown to agree with experimental measurements in the wall layer in turbulent flow. This time scale T 

is deftned by 

where x, is the swept length, U, is the velocity corresponding to that at the 

A is a coefftcient. 

I Draft 

of the wall layer and 
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In previous papers, Tuoc and Keey (1992 a, b) have shown that the solutions for one-dimensional 

unsteady diffusion of heat, mass and momentum to or from a wall may be transformed into their steady-

state boundary layer counterparts by an application of Taylor's hypothesis. For momentum diffusion, 

the Stokes solution (1851) for start-up flow past a flat plate gives the following relationships between 

the non-dimensional time scale T+, thickness of the boundary layer 0,+ (defined as the position where 

the instantaneous non-dimensional velocity u+ is 99 per cent of the value for the approach velocity U. +) 

and approach velocity U. +: 

(1) 

) 
0; = 3.87 T+ (2) 

Here u is the local instantaneous velocity in the boundary layer, U is the local time-averaged velocity, 

Up is the approach velocity. At the edge of the boundary layer the instantaneous velocity is always 

nearly equal to its time-averaged value. For convenience, physical quantities used to describe boundary-

layer phenomena are described in terms of non-dimensional variables. The characteristic non-

dimensional scale in the normal direction, the boundary layer thickness, is given by 

The typical normalised time scale is 

The local time-averaged velocity is 

and 

o u 
o+",~ 

v \I 

u u 
u. 

(3) 

(4) 

(5) 



A6.3 

(6) 

is the friction velocity based on the time-averaged wall-shear stress. 

The transformation of the Stokes solution into the Blasius solution for steady laminar boundary layer 

flow proposed by Tuoc and Keey (1992 b) gives a relationship between a time scale, T, and the s;.vept 

length, Xy 

(7) 

, \11 
f ' V! 

, I 

The coefficient A depends on the shape of the velocity pr~file in the boundary layer. Ty£c anJ'~eey 
(op. cit.) used Pohlhausen's (1921) approximate third order polynomial distribution and obtained A = 

3/8. When the series expansion in the Blasius solution (1908) is used, this coefficient becomes 0.30. 

The time scale defined in equation (7) represents the characteristic time taken for momentum to diffuse 

through the boundary layer. We have looked for measurements which can be used to check our ideas. 

The experiments of Burgers (1924) and Dhawan (1953) on steady-state laminar boundary layer flow past 

flat plates give measurements consistent with equation (1) for the boundary-layer thickness. However, 

we have not found any data relating to the time-scale relationships in equations (2) and (7). 

Einstein and Li (1956) have used the Stokes solution as a model for the buffer layer of turbulent flow 

of Newtonian fluids. The buffer layer was defined empirically by von Karman (1934) as the region 0 

< y+ < (Ob ~ = 30). In the Einstein-Li model, eddies from the outer region move towards the wall 

periodically. During the period that the eddy remains near the wall, momentum is exchanged 

between the fast fluid and the wall and creates an unsteady laminar sub-boundary layer. In applying the 
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Stokes solution Einstein and Li assumed that the viscous layer near the wall is thin and curvature effects 

can be neglected. Two further approximations must be made before the model can be applied. The 

position of the incoming eddy above the wall must be known to define the edge of the sub-boundary 

layer. Einstein and Li assumed that it coincides with the edge of the buffer layer. The approach velocity 

U. at the edge of a conventional laminar boundary layer is constant with respect to time but the velocity 

at the edge of the buffer layer contains a significant fluctuating component. Einstein and Li identify the 

approach velocity U .. which they call bonding velocity, with the time-averaged velocity Ub + at the edge 

of the buffer layer. 

Tuoc and Abrahamson (1992) have imprOVed on the Einstein-Li application by plotting equation (1) 

against measured time-averaged velocity profiles from various data in the literature as shown in Figure 

1. The intersection of equation (1) with these profiles then determines the edge of the Stokes "sub

boundary layer" for turbulent flow. In a sense, equation (1) yields an empirical value of the thickness 

of the wall layer at various Reynolds numbers. Tuoc and Abrahamson define the wall layer as the 

maximum penetration of wall retardation effects into the outer turbulent stream by viscous diffusion. 

The variation of this thickness with Reynolds number is plotted in Figure 2. Substituting the values of 

the wall-layer thickness from Figure 2 into equation (2) gives estimates of the time scale of the wall 

layer. The results are shown in Figure 3. The calculated values agree within their scatter with the direct 

measurements obtained by Meek and Baer (1970) from fluctuations of the wall pressure and 

temperature. 

Tuoc and Abrahamson have also used the Blasius solution to model the wall layer. Their view of the 

process in this region is as follows. The events in the wall layer consist of a series of inrushes, sweeps 

and ejections first observed by Kline et al. (1967), as illustrated in Figure 4. The cycle is postulated to 

begin with an inrush of high-speed fluid from the outer region towards the wall. This inrush is deflected 

by longitudinal convection into a sweep along the wall. The sweep exchanges momentum with the wall 
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by viscous diffusion and generates an unsteady laminar sub-boundary layer beneath its path. It is likely 

that the structure of the sweep is vortical (Kim et ai, 1971). The details of the vortex structures are still 

subject to debate (Smith et al. 1992). The velocity fluctuations impressed by the sweep onto the laminar 

sub-boundary layer grow as the sweep travels along the wall. Kim et al. (1971) give clear photographs 

from visualisations with hydrogen bubbles. The growth of small perturbations in a laminar boundary 

layer is well documented and has been the target of intensive research in the theory of stability (Herbert, 

1988). Eventually, the perturbations destabilise the laminar sub-boundary layer and cause it to erupt into 

the outer flow through an ejection of low speed fluid. 

During the sweep phase of the cycle, the wall layer is dominated by long narrow streaks of relatively 

low-speed fluid alternating with streaks of high-speed fluid. These low-speed streaks are persistent and 

last much longer than the ejections, which are violent. The period of the wall layer almost coincides 

with that of the low-speed-streak phase. 

Tuoc and Abrahamson have argued that the instantaneous Reynolds stresses, u
j 

...U.'w.', which are 
I I 

linked with the perturbations, tend to compensate for the acceleration term in the Navier-Stokes 

equations (Bird, Stewart and Lightfoot 1960, p.158) 

with 

au a a a a -'-I -+-uu+-uv+-vw=---pu .u . at ox iJy az ax" 
a --pu 

iJy 
a -'-I ...n. ,--pu ,w .+)J. v-u 

I az I , 

au.'u.' au, au.'w.' 
--'--' +--'--+--'--' ~ ax iJy az 

au 
at 

(8) 

(9) 

Given this assumption, the laminar sub-boundary layer may also be described with the help of the 
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Blasius solution, which gives a two-dimensional picture of the wall compared with the one-dimensional 

description of the Einstein-Li model. We note here that Tuoc and Abrahamson apply the Blasius solution 

as an approximate analysis of the full time-dependent Navier-Stokes equations and do not imply that the 

sub-boundary layer at the wall is laminar without perturbations. 

The boundary layer thickness is given by Blasius (1908) as 

(10) 

The velocity U. + is given by equation (1) using the values of the wall-layer thickness Ov + in Figure 2. 

For high Reynolds numbers, it has the approximate value U/ 16.7. Back-substituting into equation 

(6) gives 

(11) 

Equation (11) fits very well the "front of turbulence" measured by Kreplin and Eckelmann (1979) near 

the wall of a rectangular oil channel at a centerline Reynolds number of 7700 as shown in Figure 5. 

Kreplin and Eckelmann obtained this front by monitoring the time-shift of the peak in the cross-

correlations between a wall probe and another situated at various normal positions above the wall. Tuoc 

and Abrahamson interpret this front as the trace of the sweep above the wall relative to the position ~ 

of the inrush. 

The time scale in Figure 3 tends towards a constant value of T+ """ 17 at high Reynolds numbers. The 

wall-layer thickness in Figure 2 also tends towards a constant value of 0,+ :::; 64. The corresponding 

value of the bonding velocity at the edge of the sub-boundary layer at the wall is given by equation (1) 

as U, + :::; 15.4. Substituting these values into equation (7) gives x, + z 4450 A. In the approximate 

solution of Pohlhausen, A = 3/8 and x. + :::; 1670. In the exact solution of Blasius, A = 0.30 and Xv + 
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"" 1335. This length scale x/ represents the longitudinal extent of the developing sub-boundary layer 

at the wall. We interpret it as the scale of the low-speed streaks. Kreplin and Eckelmann (1979) have 

obtained the autocorrelation of the wall instantaneous wall-shear stress in an oil channel at a Reynolds 

number of 7700 as shown in Figure 6. Meek and Baer (1970) have obtained correlations of the wall 

temperature for a range of Reynolds numbers. Their data, also shown in Figure 6, are more scattered 

because the influence of the Reynolds number has not been investigated separately. The streamwise 

extent of both these correlations agrees with our predicted value for x/ as shown in Figure 6. Offen 

and Kline (1974) suggest that the length of the low-speed streaks represents a macroscale for the wall 

layer. 

Thus, the measurements of the longitudinal length scale of the wall layer agree with the Blasius solution. ! l/'(: 
I 

The time scale of the wall layer, obtained independently of the length scale, agrees with the predictions/ 
j 

from the Stokes solution. When both are substituted into equation (7), they verify the relationship 

derived in the transformation of Tuoc and Keey (op. cit.). 

IMPLICATIONS OF THE RESULTS 

The complementary applications of the Stokes and Blasius solutions to describe the parameters of the 

wall layer indicate that they are alternate simplifications of the original time-dependent Navier-Stokes 

equation (8). In particular, it shows that the application of the Blasius solution is not restricted only to 

the case of steady laminar boundary layers but can also describe situations when this layer is highly 

perturbed. 

There are some indications that even laminar boundary layers can support velocity fluctuations. Gaster 

(1981) has shown that wave packets can travel considerable distances in a laminar boundary layer 

obeying the Blasius solution before disrupting it. Craik (1991) has shown through a study of the Orr-
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Sommerfield equations that disturbances can grow in a Blasius layer without essentially modifying its 

profile. In fact, the linear theory of stability has shown (Tollmien, 1929) that small residual 

perturbations in a flow field begin to grow at a boundary-layer-thickness Reynolds number Re~ "" 400 

which corresponds to a swept-length Reynolds number Rex"" 6000. These predictions of Tollmien have 

been verified by the classic experiments of Schubauer and Skramstad (1943). Rt; "" 6000 is found to 

be also the minimum swept length Reynolds number from where the Blasius solution successfully 

correlated the measured friction factors in the experiments ofDhawan (1953). Janour (1951) has shown 

that for lower Reynolds numbers the friction factor is greater than that predicted by Blasius. We may 

thus argue that the Blasius solution applies to laminar boundary layers that are already perturbed by 

small velocity disturbances. 

In our discussion, we have so far found published experimental data in support of our predictions of the 

wall layer time scale normalised with the wall parameters u.. and II. There is another school of thought 

Rao et aI1971) which argues that the characteristic time scale in turbulence, when normalised with 

the wall parameters, is not asymptotically constant at high Reynolds numbers as given in Figure 3 . This 

school proposes that the time scale should be normalised with the outer variables: the free stream 

velocity U"" outside the turbulent boundary layer, and the thickness of the turbulent boundary layer o. 

We note that the measurements by Rao et al (op. cit.) and other authors in that school (e.g. Laufer and 

Narayanan 1971) were made outside the wall layer and therefore do not relate to the Blasius and Stokes 

solutions which are used as the basis of the present work. The measurements of Meek and Baer are 

based on pressure fluctuations at the wall and traces from hot film sensors embedded into the wall, and 

naturally apply to our model. 

The region outside the wall layer is dominated by the ejections, and low-speed streaks are absent (Kline 

et al. op. cit.). Townsend (1970) and Grass (1971) have both compared the ejections to intermittent jets. 

Our visualisation goes further by postulating that the streamwise motion interacts with the ejections in 
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a fashi~:m similar to that encountered in jets in cross-flow. The mainstream induces a wake behind the 

jets as shown in Figure 4. We believe that the small scale turbulence in the outer region can be 

explained in terms of this transient wake. Wark and Nagib (1991) have mapped this recirculation zone. 

The period of the velocity fluctuations in the outer region may therefore be rendered dimensionless in 

the form of a Strouhal number used to correlate the period of wakes behind cylinders in cross flow. The 

scaling of the time-scale with the outer variables does produce a kind of Strouhal number. A satisfactory 

model for this log-law region however lies outside the scope of the present discussion. We have 

summarised our view of this region only to stress that the time scale outside the wall layer relates to 

a completely different structure and should not be compared to time scale predictions from the Stokes 

and Blasius solutions. 

LITERATURE 

Bird, B.R., Stewart, E.W. and Lightfoot E.N., 1960, "Transport Phenomena", Wiley and Sons (1960), New York 

Blasius, H., 1908, "Grenzschichten in Flussigkciten mit kleiner Reibung", Z. Math. u. Phys., vol. 56, pp. 1-37, 

Burgers, J .M., 1924, Proc. of the First Intern. Congr. for Applied Mech., Delft 

Craik, A.D.D., 1991, "The Continuous Spectrum of the Orr-Sommerfield Equation: Note on a Paper of Grosh and 

Salwen", J. Fluid Mech., vol. 226,p. 565. 

Dhawan, S.,1953, "Direct Measurements of Skin Friction", NACA rep. 1121. 

Eckelmann, H., 1974, "The Structure of the Viscous Sublayer and the Adjacent Wall Region in a Turbulent 

Channel Flow", J. Fluid Mech.,vol. 65,p. 439. 

Einstein,H.A. and Li,H., 1956, "The viscous sublayer along a smooth boundary" ,J. Eng. Mech. Div. ASCE 

82(EM2): pap. No 945. 

Gaster, M., 1981, "On Transition to Turbulence in Boundary Layers", in "Transition and Turbulence", ed. Meyer, 

R.E., Academic Press, New York, p. 95. 

Grass, A.J., 1971, "Structural Features of Turbulent Flow over Rough and Smooth Boundaries", J. Fluid Mech., 

vol. 50, p. 223 



A6.1O 

Herbert, T., 1988, "Secondary instability of boundary layers", Ann. Rev. Fluid Mech., vol. 20, p. 487. 

Janour, Z., 1951, NACA TM 1316. 

Kannan, von Th., 1934," Turbulence and skin friction", 1. Aeronaut. Sci., vol. 1, pp. 1-20. 

Kim, H.T., Kline, S.1. and Reynolds, W.C.,1971, "The production of the wall region in turbulent flow" ,1. Fluid 

Mech.,vol. 50,p. 133 

Kline, S.1., Reynolds, W.C., Shraub, F.A. and Rundstadler, P.W.,1967,"The structure of turbulent boundary 

layers",1. Fluid Mech.,vol. 30,p. 741 

Kreplin, H.P. and Eckelmann, H.,1979,"Propagation of perturbations in the viscous sublayer and adjacent wall 

region",1. Fluid Mech.,vol. 95, p.305. 

Laufer, 1. and Narayanan, M.A.B., 1971, "Mean period of the turbulent production mechanism in a boundary 

layer" ,Phys.Fluid 14 (1971) 182 

Meek, R.L. and Baer, A.D., 1970, "The periodic viscous sublayer in turbulent flow" ,AIChE 1. ,vol. 16,p. 841 

Nikuradse, J .. 1932,"Gesetzmafiigkeit der turbulenten Stromung in glatten Rohren" ,Forsch. Arb. lng.-Wes. NO. 

356. 

Offen, G.R. and Kline, S.1., 1974, "Combined Dye-streak and Hydrogen-bubble Visual Observations of a Turbulent 

Boundary Layer" ,J. Fluid Mech., vol. 62,pp. 223-239. 

Prandtl, L., 1935, "The Mechanics of Viscous Fluids",in "Aerodynamic Theory III",Durand W.F. ed., Julius 

Springer (Berlin), p. 142. 

Rao, K.N., Narasimha"R. and Narayanan, M.A.B., 1971, "Bursting in a turbulent boundary layer" ,J. Fluid 

Mech., vol. 48, p. 339. 

Smith, C.R., Walker, 1.D.A., Haidari, A.H. and Sobrun, U., 1991, "On the Dynamics of near-wall Turbulence", 

Phil. Trans. R. Soc. Lond., vol. A336, pp. 131-175. 

Stokes, G.G., 1851, "On the effect of the internal friction of fluids on the motion of pendulums" ,Camb. Phil. 

Trans., vol. IX, p. 8. 

To1\mien, W., 1929, "Uber die entstehung der Turbulenz"; Nacr. Ges. Wiss. Gottingen Math.-Phys., vol. K1, 

p.21. 

Townsend, A.A., 1970, "Entrainment and the structure of turbulent flow", J. Fluid Mech.,vol. 41,pp. 13-46. 

Trinh, Khanh Tuoc and Abrahamson, J" 1992, "The wall layer in turbulent flow" ,submitted to J, Fluids Eng, 



A6.1l 

Trinh, Khanh Tuoc and Keey, R.B., 1992 a, "A modified penetration theory and its relation to boundary layer 

transport", Trans. IChemE, ser. A,voL 70 (in press). 

Trinh, Khanh Tuoc and Keey, R.B., 199:2 b, "A time-space transformation for non-Newtonian laminar boundary 

layers", Trans. IChemE, ser. A, vol. 70 (in press). 

Wark, C.E. and Nagib, H.M., 1991, "Experimental investigation of coherent structures in turbulent boundary 

layers", J. Fluid Mech., vol. 230, pp. 183-208. 

NOMENCLATURE 

A 

T 

u,v 

u. 

u 

u 

u, 

u'" 

x,y 

Coefficient in equation (7) 

Time 

Time scale of the wall layer 

Non-dimensional time scale of the wall layer defined in equation (4) 

Instantaneous streamwise and normal velocities 

Fluctuating velocities 

Friction velocity defined in equation (6) 

Local instantaneous velocity 

Local stream wise average velocity 

Approach velocity to the sub-boundary layer near the wall 

Non-dimensional approach velocity to the sub-boundary layer near the wall 

Free stream velocity outside the turbulent boundary layer 

Cartesian coordinates 

Stream wise scale of the wall layer 

Non-dimensional normal distance 

Buffer-layer thickness 



p 

Wall-layer thickness 

Kinematic viscosity 

Average wall-shear stress 
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APPENDIX A7 

THE W ALL LAYER IN NON-NEWTONIAN TURBULENT FLOW 1 

TRINH KHANH TUOC 

Department of Chemical and Process Engineering 

University of Canterbury 

New Zealand 

ABSTRACT 

The wall layer in turbulent pipe flow of purely viscous non-Newtonian fluids is modelled after an 

unsteady laminar boundary layer on a flat plate. Two simplified solutions have been used to investigate 

this unsteady sub-boundary layer: the extended Stokes solution for start-up flow and the solution of 

Acrivos et al. for laminar boundary layer flow past a flat plate. The analysis indicates that the velocity 

profiles of the wall layer in purely viscous non-Newtonian fluids and in Newtonian fluids coincide, when 

measured under similar conditions of turbulence. It is proposed that similarity is achieved when the 

velocity and distance from the wall are normalised with the instantaneous wall-shear stress at the end 

of the low-speed streak phase of the bursting process, rather than with the time averaged wall-shear 

stress. 

The success of this similarity criterion indicates that the forces involved in turbulent flow of purely 

viscous non-Newtonian fluids are the same as those in Newtonian fluids. The apparent thickening of the 

wall layer is a consequence of an integration procedure for the normalising parameter (the wall-shear 

stress) and does not reflect a real physical effect. 

1 Submitted to Journal of Non-Newtonian Fluid Mechanics (1992) 



A7.2 

The wall layer has attracted strong interest since Kline et al. (23) showed by visual experiments that it 

is not quiescent and quasi-laminar in the sense postulated by Prandtl (37) but the most active region 

where most of the turbulence is produced in a series of "bursts' and "sweeps". The exact cause of the 

mechanism remains a problem of debate in the literature, even for Newtonian fluids. For non-Newtonian 

fluids, some work exists for the viscoelastic case but none is available for the time-independent fluids. 

Yet an understanding of the wall region is essential to the study of turbulence. 

In another paper, Tuoc and Abrahamson (49) have proposed a model for the wall layer in Newtonian 

fluids. Here, the equivalent model for purely viscous non-Newtonian fluids is examined to lay the basis 

for a predictive theory. The physical arguments will be given in summarised form, since they do not 

differ greatly from the Newtonian case considered by Tuoc and Abrahamson. To highlight the principles 

rather than the mathematics, the analysis is made in terms of the simple Ostwald de Waele power law 

rheological model for non-Newtonian behaviour. 

1. PHYSICAL VISUALISATION 

A. EXPERIMENTAL OBSERVATIONS 

The wall layer is a region adjacent to the wall where the influence of viscous forces on the velocity 

profile of turbulent flow fields is significant. The thickness of this layer is defined very loosely in the 

literature and varies between authors. Kline et aL consider it to fall within the region a < y'" < 100 

where y+ is the non-dimensional distance normal to the wall. The sequence of events first observed by 

Kline et al (23) has been verified by many other workers in turbulence. Cantwell (9) and Robinson (39) 

give excellent reviews. The process contains three salient features: 

- The wall layer is dominated by alternate streaks of low and high-speed fluid which persist for 

a relatively long time. 

- The low-speed streaks gradually liftup, oscillate and culminate in violent ejections from the 

wall into the mainstream. Kline et al. observed that the hydrogen-bubble lines that highlighted 

the low-speed streaks in their visual experiment became contorted during the ejection phase 

indicating a breakup of the flow into small scale. Beyond the normal distance y+ = 100, very 

few low speed-streaks are found. For this reason, the whole process is called "bursting" and 

the ejections are also called "bursts". 

- The ejection of fluid from the wall is accompanied by an inrush of fast fluid from the 

mainstream. This inrush gets deflected into a "sweep" along the wall which creates a new 
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pattern of low-speed streaks. 

- Most of the production of turbulent stresses occurs during the inrush and ejection phases. 

Corino and Brodkey (13) have estimated that 70 % of the production of turbulence measured 

by Laufer (25) occurs during the ejections. Kim et al. (21) have found that virtually all the 

Reynolds stresses in the region 0 < y+ < 100 occur during the ejections. 

B. VISUALISATION OF THE WALL PROCESS 

Offen and Kline (30) have shown that the inrush/sweep tends to roll up into a streamwise vortex. It is 

known (e.g. Smith et ai, 44) that the passage of a vortex above a wall induces a laminar boundary layer 

beneath it. For example, Pauley and Eaton (31) reported that pairs of counter-rotating streamwise 

vortices in the common-up-flow mode tend to convect one another away from the wall. The fluid in the 

region between the vortex pair contains a strong induced normal velocity component. There is a parallel 

consensus in the literature that the low-speed streaks result from the accumulation of low-speed fluid 

between high-speed streaks (Cantwell, op. ciL). It is widely believed that such longitudinal vortices are 

the upstream legs of bairpin vortices. 

Smith et al. also report that even asymetrical hairpin vortices, those with one leg, also generate a low 

speed streak by interaction with another vortex further removed from the wall. A number of 

experimental and numerical studies have investigated the influence of different vortex configurations 

moving near a wall. These include rectilinear (Walker, 52), hairpin (Liu et aI., 26), ring (Chu and 

Falco, 12), streamwise (Hall and Horseman, 19) and Goertler (Swearingen and Blackwelder, 47) 

vortices. 

At the moment, it is not possible to conclude which of these configurations best describes the wall 

process but these studies have two common conclusions: the vortex induces an unsteady boundary layer 

underneath its path; this layer eventually erupts into the outer flow. Offen and Kline (op. cit.) have 

noted that dye introduced at the wall to fill the region underneath the high-speed sweeps was lifted as 

the sweeps travel along the wall. This region can also be seen in the experiments of Pauley and Eaton 

(op. cit.) and results from the interaction of wall retardation with the moving vortex. A side view of 

the wall layer is drawn in Figure 1 after the observations of Offen and Kline. 

Tuoc and Abrahamson (op. cit.) have argued that this region represents a developing unsteady laminar 

boundary layer. They reason that the low-speed-streak phase of the cycle in the wall layer must be fairly 

quiescent since most of the production of Reynolds stresses occurs during the ejection phase. 
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Furthermore, since the low-speed-streak phase is the longest lasting within the wall layer, its 

contribution dominates the cycle. Walker et al. (54) have proposed the same view. 

This physical visualisation allows a mathematical description of the wall layer. For Newtonian fluids, 

Tuoc and Abrahamson have studied two alternate simplified solutions which give respectively the profile 

of the instantaneous velocity at a fixed location x with respect to time and the instantaneous two

dimensional map. 

The first mathematical model of the wall layer in terms of an unsteady laminar boundary layer was 

proposed by Einstein and Li (18) based on Stokes'solution (46) for a Newtonian stream started 

impulsively past a flat plate. Tuoc and Abrahamson have proposed a second model based on the Blasius 

solution (5) for a laminar boundary layer on a flat plate. 

C. DEVELOPMENT OF BASIC EQUATIONS 

The turbulent flow of incompressible fluids is governed by the Navier-Stokes equation in its original 

unsteady-state form: 

IN - -p - = - Vp-[\7. 't] + pg 
Dt 

(1) 

The solution of this equation is complex. Reynolds (38) has provided the first simplification by 

decomposing the velocity into time-averaged and fluctuating components. Neglecting the body forces 

and the pressure gradient, the streamwise velocity, for example, becomes (Schlichting 41): 

(2) 

where the time-averaged products u'v f
, u'w f

, VfW
f 

are called Reynolds stresses. In the original 

Reynolds derivation and in early theories of turbulence, the velocity U in equation (2) is identified with 

a long time average velocity, and the fluctuating velocl ty u' is: 

(3) 

in which ui is the instantaneous streamwise velocity. In such cases, if we take note of the occurrence 

of the bursting phenomenon, the averaging time must be longer than the period, T, of the bursting 

process itself. 
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A typical velocity trace in the wall layer is shown in Figure 2, after the measurements by Blackwelder 

and Kaplan (4). The instantaneous velocity exhibits two types of fluctuations: fast and slow. The fast 

fluctuations are periodic and can be superimposed on a smoothed instantaneous velocity which varies 

slowly. The distinction between slow and fast variations of the instantaneous velocity has been proposed 

in the large eddy simulations, LES (e.g Moin and Kim, 28) and the direct numerical simulations, DNS 

(e.g. Spalart, 45) as well as the variable-interval time-averaging, VITA (4), technique of conditional 

sampling since it allows a study of the transient structures in the flow. This distinction is essential to 

the success of the DNS. The streamwise velocity may be written as: 

U.=u+u.' I , 
(4) 

where 

(5) 

The limit of integration, ~, is the period of the fast fluctuations of the intantaneous velocity. The long 

time average velocity is 

(6) 

where T is the period between bursts. Substituting equation (4) into the Navier-Stokes equation and 

integrating give (Bird, Stewart and Lightfoot (3), p 158) 

o 0 0 0 0 Ii 
-pu+-uu+-uv+-uw""--PUiUi at ox oy Bz ox 

a a -1-1 ..-fl 

Pu.w. +" v-u ay az I , t'" 

(7) 

Equation (7) defines a second set of "instantaneous" Reynolds stresses based on the fast velocity 

fluctuations u/v/, u/w/, v/w/ These are much smaller than the conventional Reynolds stresses 

U fW
f
, VfW

f
. The magnitude of the fast velocity fluctuations, and therefore the instantaneous 

Reynolds stresses, grow with the normal distance y from the wall. There is a region where they just 

compensate the convection terms on the LHS of equation (7). In this region, equation (7) becomes 

au EPu 
-=v (8) 
at ay2 

Equation (8) is the basis of Stokes's analysis for a stream started impulsively above a flat plate (46). 

Tuoc and Keey (50) have shown that the Stokes solution can be transformed into the Blasius (5) 
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solution: 

(9) 

by an application of Taylor's hypothesis (Hinze, 20): 

ax=udt (10) 

Equation (9) may also be derived from equation (7) by assuming that the instantaneous Reynolds stresses 

on the RHS compensate for the acceleration term au/at 

on the LHS. This approximation implies that the two-dimensional map of the velocity does not change 

greatly with time. Tuoc and Abrahamson have found that the Blasius solution can be used as a 

mathematical model for the two dimensional instantaneous map of the low-speed-streak phase. All of 

the parameters measured about the wall layer are predicted adequately by this model. The simultaneous 

application of the Stokes and Blasius solutions implies that the acceleration and convection terms in 

equation (7) are of comparable magnitude. 

The non-Newtonian formulation for this physical model will now be examined. Unfortunately, the 

experimental measurements available in the literature are not as complete as for Newtonian fluids but 

the analysis highlights important conclusions concerning the scales of the wall layer in non-Newtonian 

fluids. It lays the foundation for a predictive theory which can take account of information concerning 

the transient coherent structures embedded in turbulent flow. 

II. MODELS OF THE WALL LAYER 

A. THE EXTENDED STOKES SOLUTION 

Bird, Stewart and Lightfoot (3, p. 125) give the equation of motion for a fluid impulsively started over 

a flat plate as: 

A power law fluid is defmed by 

where 

and 

K is called the consistency 

n is the behaviour index. 

au 
p-at 

at 
:::::-- (11) 
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On substituting equation (12) into (11) we find: 

au _ K (dU)n-1 cPu p--n - -
at dy ay2 

(12) 

(13) 

Bird (2) has given an exact solution of this equation, but its complexity makes it difficult to apply in 

practice; an approximate solution, following the method of Pohlhausen (35) is preferred in this work. 

At first, the development set out by Bird, Stewart and Lightfoot (op. cit. p.140) is repeated here for the 

sake of understanding more clearly the writer's view of the momentum-penetration process near the 

wall. 

The relative distance 7)(t,y) into the instantaneous boundary-layer thickness 5;(t) is defined as 

(14) 

and the velocity ¢ relative to the free-stream value D"" 

(15) 

Substituting these similarity variables into equation (13) and integrating with respect to 7) gives 

(16) 

in which 

(17) 

and 

(18) 

where the primes denote derivatives with respect to 7). 

Equation (16) can now be integrated separately with respect to the variables 0i and t over a characteristic 

time T: 

The instantaneous wall-layer thickness at this time T is 
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[
K n-l N ~1/(1l+1) 

0v = OP) = p(n+1)U~ MTJ 

while the corresponding instantaneous wall-shear stress is: 

The time-averaged wall shear stress is given by 

,,=- "tit liT 
w TOw., 

U" 
K N (n+l)~ 

0" 
v 

(n+l)'w.T 

(19) 

(20) 

(21a) 

(2Ib) 

(2Ic) 

(22) 

where Tw,T is the instantaneous wall-shear stress at time T at the end of the low-speed-streak phase and 

the onset of ejection. 

1. APPARENT THICHENING OF THE WALL LAYER 

Following Einstein and Li (op.cit.), we apply the extended Stokes solution to the wall layer in turbulent 

flow. The approach velocity Uo<> is now equated with a bonding velocity at the edge of the wall layer 

U. since the effect of the viscous term in equation (7) does not extend beyond this edge. The normalised 

instantaneous wall layer thickness 0,+ at time T may be related to the approach velocity Up + and the 

normalised period y+ by rearranging equations (20) and (22): 

(23) 

and 

where 
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[N(n + 1)] l/n T"" 
M 

+ Uv U =
v u. 

T+ =u lin T . 
(Klp)lln 

is the friction velocity based on the time-averaged wall shear stress. 

(24) 

(25) 

(26) 

(27) 

(28) 

The coefficients M and N can be determined once the relative velocity ¢ as a function of 1] is known. 

Following Pohlhausen and Bird, Stewart and Lightfoot (op.cit.), we assume that the velocity profile can 

be described approximately by a third-order polynomial: 

U""G + by + cy2 + dy3 

The coefficients in equation (29) are determined from the boundary conditions 

(i) y 0; u = 0 

(ii) 

with the well-known result 

&U =0 
Cty2 

¢=~TI 1 
2 2 

Back-substitution into equations (17) and (18) respectively yields the unknown coefficients: 

(29) 

(30) 
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and 

For Newtonian fluids, n= 1 and the thickness of the wall layer becomes 

The ratio of equations (23) and (32) gives 

3 
M=--

8 
(31) 

(32) 

(33) 

The subscript 1 refers to Newtonian flow. The variables without this subscript refer to the non

Newtonian values. Equation (31) shows that 

(34) 

For the same normalised approach velocity (U/ = VI +), the relative thickening of the wall layer due 

to non-Newtonian effects becomes 

(35) 
c/ I 2 

Note that this thickening ratio is independent of the coefficient N and therefore the assumed form of the 

velocity profile. For example, the same derivation may be performed with a fourth-order polynomial 

for the velocity profile 

(36) 

This distribution was also proposed by Pohlhausen (op. cit.). The determination of the coefficients in 

this polynomial require a further boundary condition besides those already adopted in equation (29), 

Pohlhausen assumed 

&U=o 
ay2 at (37) 

Substitution of equation (36) into (23) and (33) gives the same thickening ratio as before but the 

numerical coefficient in equation (31) is altered: N = 2", The exact solution of Stokes (op. cit.) and 
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Einstein-Li (op. cit.) gives N, = 2.08. In so far as the value ofN, obtained from equation (36) is closer 

to that of Einstein and Li than that obtained from equation (30), this fourth--order polynomial velocity 

distribution will be preferred in the present work. 

2.NORMALISATION OF VARIABLES \VITH THE INSTANTANEOUS FRICTION 

VELOCITY 

The ratio of the instantaneous wall-shear stress at time T and the time-averaged wall-shear stress over 

this same period is given by the ratio of equations (21c) and (22) as (n + 1). Let us define a new friction 

velocity based on the instantaneous wall shear stress at time t = T 

(38) 

The bonding velocity, normalised with the instantaneous friction velocity, becomes 

(39) 

The wall layer thickness normalised with the instantaneous friction velocity is 

(40) 

Substitution of equations (38) and (39) into (23) gives 

,,+ =N1/nU+ 
v.T ".T (41) 

=NIUV~T 

Thus, when the velocity and wall-layer thickness are normalised with the instantaneous rather than the 

time-averaged wall-shear stress, the behaviour index n is not involved and no thicknening of the wall 

layer is observed in non-Newtonian fluids. 

We come to two important conclusions: 

- The apparent thickening of the wall layer in turbulent flow of purely viscous non-Newtonian 

fluids is the result of an integration process implied in the normalisation procedure. 
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- Instability is a local phenomenon and should be studied in terms of local instantaneous 

parameters. The instability mechanism responsible for the onset of turbulence appears to be the 

same for Newtonian and purely viscous non-Newtonian fluids. The same reasoning may not 

apply to viscoelastic fluids because elastic forces in the fluid exert a real physical effect. A 

preview of this arguments on elastic damping may be found elsewhere (48). 

B. THE SOLUTION OF ACRIVOS, SHAH AND PETERSEN 

For a power law fluid, equation (9) becomes 

The boundary conditions are: 

B.C.1 y=O u 0 

B.C.2 y = o(x) u U" 

cPu =0 
ay2 

au =0 
ay 

(42) 

Acrivos, Shah and Petersen (1) have provided both exact and approximate solutions to equation (42). 

The relative distance is now defined as 7)(x,y) where x is the swept length 

Since x is a function of time t, equations (43) and (14) are equivalent. 

The velocity u relative to its free-stream value is 

(43) 

. (44) 

The velocity distribution is approximated by the same third-order polynomial given in equation (30). 

On substituting these normalised variables from equations (43) and (44) into equation (42) and 

integrating, Acrivos, Shah and Petersen have obtained the thickness of the boundary layer as a function 

of x: 

S(x) = x (280/39)(n + 1) 1.5"]1J(n+l) 

xftU;-"p/ K 
(45) 
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They determine the local wall-shear stress as: 

(46) 

The distance x represents the distance that an inrush originating upstream has travelled as it sweeps 

along the wall before reaching a stationary observer. Its maximum value x, is limited by the period T 

between successive bursts. The location of the inrushes appears to be random (Offen and Kline, op.cit.). 

The time-averaged wall-shear stress experienced by the stationary observer may be obtained by sampling 

the local instantaneous shear stress given by equation (46) over all possible values of x within the range 

o < x < x,. 

1: = r 1, d (-=-)=(n+ 1), 
w J 0 w,x x w,x 

b 

(47) 

The approach velocity Ue<> is again identified with the velocity U, at the edge of the wall layer. Equation 

(45) may be rearranged as 

[ 

2 n ]1/("+1) x x"Uv-p/K 

6 (x) = (280/39)(n+l)lS 

(48) 

x=------- (49) 
(280/39)(n + 1) IS 

Combining equations (46), (47) and (48) gives 

(50) 

An analysis similar to that for the Stokes wall-layer thickness shows that the apparent thickening of this 

layer due to non-Newtonian effects in the Acrivos et al. solution is again given by equation (35). Thus 

the applications of the extended Stokes solution and that of Acrivos et at to the wall layer of turbulent 

flow lead to the same result for the thickening ratio of the wall layer. 
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m. TIDCKNESS OF THE BUFFER AND WALL LAYERS IN NON~NEWTONIAN 

TURBULENCE 

A. THE WALL LAYER 

In tbis work, the wall layer thickness is defined as the maximum penetration of wall retardation effects 

into the mainstream as given by equations (23) and (50), Complete similarity is assumed to exist when 

the normalised velocity U+ y,T is the same for Newtonian and non-Newtonian flows. For Newtonian 

fluids, the relation between U1,T + and U+ 1 is obtained by putting n = 1 in equation (39): 

(51) 

Taking the ratio of equations (51) and (39) 

(52) 

Similarly equation (40) gives 

(53) 

Equation (53) differs from equation (35) because they apply to different ways of normalising the 

bonding velocity U y at the edge of the wall layer .and therefore different similarity criteria. Equation (35) 

applies with the condition that the normalised velocities Up + and U+ I. are equal. Equation (53) applies 

with the condition that equation (48) holds: the bonding velocity U- p,T> normalised with the 

instantaneous friction velocity, is the same for Newtonian and non-Newtonian fluids. The writer believes 

that equation (53) gives a better description of the physical process because the onset of turbulence 

should be considered in terms of the local rather than average wall-shear stress. There is no difference 

in the final prediction of the mean velocity profile provided we are consistent in our use of the 

corresponding defmitions of U, + and 0,+. 

B. THE BUFFER LAYER 

The average penetration of wall retardation is given by 

Substituting for 0,+ from equation (50) gives 

The velocity Ub + at Ob + may be obtained by averaging the velocity distribution as in equation (60). For 
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O;=fOlO:d (:.J 
=n+10· 

n+2 v 

o· 1.5(n+l)(n'1)/n U· 
b n+2 v 

Newtonian fluids, Tuoc and Abrahamson (op. cit.) found 

u· 
_b =_1_ 
U· 1.04 

v 

(54) 

(55) 

(56) 

'This relationship also holds approximately for non-Newtonian fluids. Substituting equation (56) into (55) 

(57) 

Tuoc and Abrahamson found that equation (57) applies to the buffer layer defmed by Karman (e.g. in 

Hinze,20). 

IV. COMPARISON WITH EXPERIMENTAL DATA 

For newtonian fluids, Tuoc and Abrahamson (49) have shown that the edge of the boundary layer in 

the Blasius solution, the equivalent of the Acrivos et al solution for n '= 1, coincides with the "front 

of turbulence" near the wall measured by Kreplin and Eckelmann (24). Sampling the velocity 

distribution given by Blasius over the distance 0 < x + < Xv + for various positions y+ gives a good 

qualitative estimate of the probability density function of the instantaneous velocity in the buffer layer 

measured by Eckelmann (16). The correlation function of the wall-shear stress is also adequately 

predicted. Unfortunately, the corresponding measurements for purely viscous non-Newtonian fluids do 

not exist, as far as the writer knows. The model presented here can only be compared with the mean 

velocity data of Bogue (6) and Clapp (10). The data is first examined for the degree of their accuracy 

in figures 3, 4 and 5. If a similar solution exists for the wall layer, as postulated in the present work, 

the measurements in this region can be arranged to collapse into a single curve irrespective of the values 

of the Reynolds number and behaviour index. The experimental data is reorganised to test this 

hypothesis in figures 9 and 1. Predictions of the wall layer thickness, time-averaged velocity profile, 

shear stress distribution and intensity of turbulence are compared with experimental data in figures 7, 

8, 13, 14 and 17. The correlation for the friction factor is compared with the data of Bogue (op. cit.) 
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and Dodge (15) in figure 15. 

A. ACCURACY OF DATA IN NON-NEWTONIAN TURBULENT FLOW 

Experimental studies of purely viscous non-Newtonian fluids in turbulent flow are scarce in the 

literature. Even fewer of the measurements have been made close enough to the wall for extensive 

verification of predictions of the wall layer mechanism. Only four non-Newtonian runs in the data of 

Bogue and Clapp come close enough to the wall to give mean velocity profiles in the wall layer. 

The data of Clapp only covers fluids in the range 0.7 < n < 1.0. The data of Bogue is more extensive, 

0.445 < n < 1.0. The accuracy of these measurements is not very high. For example, runs 34 and 35 

in Bogue's experiments were made with the same fluid at almost the same Reynolds number but were 

measured with different pitot tubes. One would expect the velocity profiles in these two runs to 

coincide. They show a discrepancy of up to 7 % (Figure 3). 

Bogue suggested that vibrations of the pitot tube shaft may be responsible for the scatter in the results. 

The temperature of the test fluid also rose by as much as 7°C to lOoC during some runs. Because of 

these factors even the slope of the velocity profile for Newtonian sugar solutions was often greater than 

in other work (Figure 4) although there is overall agreement when the measurements of all runs are 

lumped (Figure 5). It appears that much of the data of Bogue covers the law-of-the-wake region (Hinze, 

20) which has a higher slope than the log-law region (Prandtl, 37). Thus comparison of this work with 

experimental data available in the literature can only stress the trends rather than the numerical 

predictions. 

Both the generalised Metzner-Reed Reynolds Reg (15) and the behaviour index n have an effect on the 

velocity profile. In the experiments of Bogue and Clapp, the Reynolds numbers were recorded but not 

controlled. It is therefore difficult to separate these two effects. With the added inaccuracy inherent to 

non-Newtonian measurements, a plot of universal velocity profiles does not show any clear trend 

(Figure 6). It was decided to re-analyse the data available and reorganise it in more revealing form. 

B. WALL LAYER THICKNESS 

The wall layer thickness was obtained by matching equation (23) with the measured velocity profile for 

each run in the data of Bogue and Clapp. The value of N was taken as 2 corresponding to the fourth

order polynomial velocity distribution in equation (36). Measurements on solutions with behaviour 
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indices 1.0, 0.745, 0.7 and 0.59 by Bogue and those by Clapp come close to the wall and are shown 

in Figure 7. The edge of the wall layer determined in this way lies at the position where the log-law 

begins to take effect. For the remainder of Bogue's measurements, which lie completely outside the wall 

layer, a third order polynomial was fitted to each set of the data and the velocity profile was 

extrapolated to intersect with equation (23). Data obtained in this way was more scattered than those 

in Figure 7. 

Equation (53) predicts that the ratio [o:2l/2]/[(n+l)1/n-112] is independent of the behaviour index and 

coincides with a plot of the wall-layer thickness for Newtonian fluids. To be consistent in our use of 

the wall-shear stress at the end of the low-speed-streak phase, we must define the Reynolds number as 

Re T= DVp = DVp 
w' 1.1. K(". 'K)(n-l)/ll 

w~T w.p· 

(58) 

Noting that 

(59) 

we obtain 

(60) 

Figure 8 shows that the data for non-Newtonian fluids lie within the scatter of wall-layer thickness in 

the Newtonian measurements of Bogue. 

Equation (40) suggests that velocity profiles for all behaviour indices, taken under similar conditions 

of turbulence, pass through the same point U+ "To 0+ .,T' The data of Bogue and Clapp were searched for 

runs with the same value of the bonding velocity U+ .,T' The Metzner-Reed Reynolds number of these 

runs fall in the vicinity of the range 10,000-25,000. Figure 9 shows that the curves of U+ T VS YT + do 

tend to converge towards a unique point U\,T = 21, O\,T = 45 even though the slope of the 

logarithmic regions tend to scatter greatly. From the definitions of U+ T and YT + in equations (39) and 

(40) we may deduce 

Thus, if the slope of the log-law expressed in terms of U+ and y+ is the same for all fluids, as observed 
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dU; dU· 
=(n+1)- (61) dy; dy+ 

by many previous workers [6,10,11,17,56,57], then the slope in terms of the coordinates U+ T, YT + must 

be a function of the behaviour index. Each velocity profile in the experiment of Bogue only consists of 

a few points and the slopes that can be deduced are so inaccurate that no firm conclusion can be drawn. 

C. VELOCITY PROFILES IN THE W ALL LAYER 

For each measured velocity profile, the wall-layer thickness was determined and the time scale T+ and 

the longitudinal length scale x/ were obtained from equations (24) and (49) respectively. For each 

position y+ in the wall layer, equation (36) was then time-avemged according to the equation 

(62) 

The mean velocity was also estimated according to 

(63) 

The results from equations (62) and (63) almost coincide, as one would expect from the transformation 

between the Stokes and the Acrivos solutions proposed by Tuoc and Keey (50), and only one line is 

shown. Figure 11 gives a plot of velocity profiles, in reduced coordinates (U+ IU" +) vs (y+ 10, +), for a 

range of behaviour indices. Equations (62) and (63) give an adequate representation of the experimental 

data. Note that all the experimental points of Bogue collapse into a single line in the wall layer. The 

data of Clapp indicates that the log-law extends further towards the wall than predicted in this work. 

However, Metzner (in Clapp 10) has noted that Clapp'S rheological properties were determined for a 

maximum shear rate of only 9,000 S·l whereas the shear rates of turbulent flow are several times higher. 

Any error in the estimate of the behaviour index n would shift the points along the (ylo") axis. Figure 

11 also shows that the position (y+ 10. + = 1) marks the edge of the wall layer quite clearly. 

Flow outside the wall layer may be correlated by plotting the data in the form of a velocity defect (20). 

Figure 12 shows that the measurements for all behaviour incices and Reynolds numbers collapse into 

a single curve 
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(64) 

D. DISTRIBUTION OF SHEAR STRESS 

The prediction of local variations of the time-averaged shear stress is a major goal of turbulence models. 

Boussinesq (7) has proposed a simple general expression for this shear stress 

where 

dU 
't=(11 +pE)-

r" v dy 

JL. is the non-Newtonian apparent viscosity 

E. is the eddy viscosity 

This equation may be rearranged as 

du + (,r:/'t,Yln 

dy+ l+Ev/v" 

The local shear stress in pipe flow is given by (3) 

,=, (1-1.) 
IV R 

The local viscous stress relative to the total stress at any position y+ may be obtained from 

(65) 

(66) 

(67) 

(68) 

The ratio TJr has been calculated from the velocity measurements of Bogue and Clapp according to 

equation (65) and compared with predictions obtained from velocity profiles from the Acrivos et al. 

solution (Figure 13). For Newtonian fluids, Eckelmann (16) and Laufer (25) have obtained more 

accurate data by measuring directly < u'v' > T-T.) using hot film probes. These have been included 

in Figure 13. The data from various sources collapse into a single curve when the viscous shear stress 

is normalised with the ratio U/lo/ and the distance with the wall layer thickness o,~. This provides 

further evidence on the existence of a similarity law in the wall layer. The solution of Acrivos et al. 

reproduces the data adequately. 

The viscous shear stress is found to vanish at the edge of the wall layer indicating that the wall process 
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is dominated by viscous diffusion of momentum between the wall and the outer flow through a laminar 

boundary layer. Outside the wall layer, another process must be invoked to explain the mechanism of 

turbulence. We will not go into the details of this second process in this paper. However, the turbulent 

shear stress has been calculated from equations (67) and (68) and the relation 

(69) 

The data in figure 13 has been racalculated and replotted using a different set of normalisation 

parameters in Figure 14. The results show that the region outside the wall layer now collapses into a 

single line for various values of n and Re& but the data in the wall layer do not. This trend is in 

agreement with the velocity defect plot in Figure 12 and emphasises the fact that there are two different 

scaling laws in turbulent flow that apply to different sections of the flow field. 

Note that the edge of the wall layer shown in Figure 8 represents very well the position where these two 

similarity laws match in figure 14. The collapse of all the data in the region outside the wall layer lends 

support to the assumption that the slope of the log-law is independent of the behaviour index. 

E. THE FRICTION FACTOR 

Prandtl (37) and Nikuradse (29) have shown that the effect of the Reynolds number on the universal 

velocity profile may be neglected in the calculations of the friction factor without introducing serious 

errors. This is because the form of the final correlation is implicit and these small errors are self

correcting. For Newtonian fluids, equation (23) intersects the Prandtl universal velocity profile 

ut =2.5ln(y() +5.5 (70) 

at 

0; =63.5 (71) 

The mean discharge velocity, obtained by integrating this universal velocity profile with respect to radial 

distance, is 

(72) 

where Urn is the maximum velocity at the pipe axis. The equivalent wall layer parameters for a power 
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law fluid are 

.. _ (n+1)1In-.S o y -63 .5~----'---
{i 

(73) 

The extended Prandtllog-Iaw becomes 

2 ( l)l/n-.5 
U"=2.51ny++15.88(-)1J1 -2.5ln(63.5 n+ ) 

n+1 {i 
(74) 

At the pipe axis, we have U+ Urn + and y" :;= R+. Substituting this condition into equation (74) and 

taking account of equation (72) .gives, after some manipulation 

J..= 4.07 IOgRe/-nJ1 +4.0710g[(3n +1)(n+l).5-1In22.S-4In]+ 15.88 -9.58 o n ~ ~+1 
(75) 

The predictions of equation (75) are shown against the data of Bogue (6) and Dodge (15) in Figure 15 

for three typical behaviour indices. 

F. FLUCTUATING VELOCITIES IN THE WALL LAYER 

Pinho and Whitelaw (34) have reported measurements of velocity, friction factor and fluctuating 

velocities for CMC solutions in turbulent flow. They believe that elastic effects are small in their CMC 

solutions. Most workers (e.g. Dodge (15), Cho and Hartnett (11), Poreh and Paz (36), Seyer and 

Metzner (42), Shaver and Merrill (43), Wells (54), Yoo (57») report that CMC solutions are 

viscoelastic and the drag reduction data of Pinho and Whitelaw is more similar to reported 

measurements of viscoelastic fluids than of purely viscous non-Newtonian fluids. In the absence of other 

data, it was decided to test the predictions of the fluctuating velocities by the present model against the 

measurements of Pinho and Whitelaw. It is often reported that viscoelastic properties have little or no 

influence on laminar velocity profiles (11) even though they may affect the thickness of the boundary 

layer (14). 

The thickness of the wall layer was determined for a 0.2 % CMC solution at Rew = 16,000 by plotting 

equation (23) against the velocity profile measured by Pinho and Whitelaw (Figure 16). From the values 

of 0/ and U/ thus obtained, the length scale x,+ was calculated according to equation (49). For each 

location y+, the local instantaneous streamwise velocity u+ in the range 0 < x+ < x/ was then 
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generated at regular intervals Ax+ from equation (36). The mean streamwise fluctnating velocity was 

calculated according to the equation 

(76) 

The local instantaneous normal velocity was calculated from the streamwise velocity and the continuity 

equation following the method of Acrivos et al 

where 

1 1 v=(n<v-w)-
n+l o(x) 

(77) 

(78) 

The results are shown in Figure 17. Compared with the Newtonian curves the normalisedp/u* 

velocities are increased and the normalised p/u. velocities are decreased. The calculations show that 

this effect occurs whenever the length scale x/) and consequently Up + and lV are increased. In other 

words the low-speed-streak phase lasts longer because the onset of the ejection phase has been delayed. 

The predictions also captnre the general trend of p/u* and p/u. with increasing y+ even though 

the peaks in the model are higher and occur somewhat nearer the wall than in the measurements. The 

predicted curves fall-off to zero at the edge of the wall layer because the bonding velocity has been 

taken as a constant. In reality it contains a fluctuating component. A more refined model is discussed 

elsewhere (48). 

Figure 17 gives the impression that the streamwise velocity fluctuations in non-Newtonian fluids are 

stronger than in Newtonian fluids, which would be paradoxal given the reduction in drag. A plot of 

relative intensities of turbulence in Figure 18 shows that the ratio p/Uv is not higher in non-

Newtonian fluids than in Newtonian fluids. The comparison illustrates the inadequacy of the time

averaged wall-shear stress as a normalising parameter which can lead to misleading interpretations of 

the physical measurements. 
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V. DISCUSSION 

It is widely believed that the wall layer in non-Newtonian turbulent flow is thicker than in Newtonian 

fluids. However few studies of the wall layer exist for purely viscous non-Newtonian fluids. Most of 

the work has been performed with viscoelastic fluids. A notable exception is the study of Wilson and 

Thomas (56). They argued that "rate of energy dissipation of a turbulent eddy is represented by the 

integral of the curve of shear stress versus strain rate" in analogy with the case of "steady-state versus 

dynamic loading in strength of materials". The ratio Q' of non-Newtonian and Newtonian areas (for the 

same values of T and du/dy at the upper limit) defines "an effective viscosity Q'p., as far as the dissipative 

eddies are concerned". For a power law fluid, the ratio Q' is 

2 
n+l 

(79) 

The function a given in equation (79) differs from the ratio in equation (53) by less than 4 %. The scale 

of the energy dissipating eddies in Newtonian flow was obtained by Wilson and Thomas from the 

intersection of the log-law, equation (70) and the laminar sub-layer 

(80) 

It has the value Ok -;- = 11.6. Then the non-Newtonian curve passes through the point (11.6Q', 11.6a). 

The predictions of friction factor are from 5 % to 15 % lower than the data of Dodge (op.cit.). 

While the physical concept has attracted interest (55), it does not discuss the structure of the wall layer. 

In particular the laminar sub-layer concept of Prandtl assumes a steady-state laminar region near the 

wall whereas the overwhelming evidence in modem turbulence research shows a very strong intermittent 

bursting process. Furthermore, since the shear stress vs shear rate curve, obtained from steady-state 

rheometric data, is the same whether the fluid is viscoelastic or purely viscous (11), the analogy 

proposed by Wilson and Thomas does not explain the greater thickening of the wall layer in viscoelastic 

flow. 

Turbulence is known to be a three-dimensional process (Cantwell, op. ciL). The two-dimensional model 

in this work succeeds better in describing the velocity profile in the wall layer than the one-dimensional 

model adopted by Prandtl and Wilson and Thomas. 

The present view does not assume the existence of an equivalent viscosity for the disspipative eddies. 
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The derivation in this paper uses the apparent non-Newtonian viscosity favoured by Bogue (6) and 

Edwards and Smith (17). These authors have attempted to show that the universal velocity profiles for 

Newtonian and non-Newtonian fluids coincide when the velocity and distance are normalised with the 

apparent viscosity computed from the time-averaged wall-shear stress. The agreement however is poor 

for n < 0.8. 

The use of this apparent viscosity is helpful in so far as it retains the form of the log-law determined 

in Newtonian turbulent flow. This work proposes however that the extent of the wall layer in the normal 

and streamwise directions are determined by the onset of the ejection phase and should be normalised 

with the instantaneous shear stress at that position. The pairs of Figures (11,12) and (13,14) show that 

it is not possible to obtain complete similarity between the Newtonian and non-Newtonian velocity 

profiles at all values of n with a unique scaling law. For a truely satisfactory examination of the 

dynamic structure of the wall layer, it is necessary to take more experimental measurements particularly 

of the "front of turbulence", the skewness and flatness factors and the probability density distribution 

of the instantaneous velocity similar to those correlated by Tuoc and Abrahamson for Newtonian fluids. 

VI. CONCLUSION 

The low-speed-streak phase of the wall layer in turbulent flow of purely viscous non-Newtonian fluids 

has been modelled after an unsteady laminar boundary layer. Because of its persistence, this phase 

dominates the velocity profile in the wall layer. The extended Stokes solution for flow impulsively 

started over a flat plate gives the variations of this boundary layer with time. The steady state solution 

of ACTivos et al. gives an adequate approximation to the two-dimensional map of the instantaneous 

velocity distribution. 

Both these solutions indicate that the thickening of the wall layer in purely viscous non-Newtonian 

fluids, as compared with Newtonian fluids, is the result of normalisation with the time-averaged wall 

shear stress. When normalised with the instantaneous shear stress at the end of the low-speed-streak 

phase, i.e. just before ejection, the waUlayer thickness is the same for Newtonian and purely viscous 

non-Newtonian fluids. This result indicates that the forces involved in turbulence for these two classes 

of fluids are the same. 
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IX. NOMENCLATURE 

Eddy viscosity, equation (65) 
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f friction factor, equation (75) 

K Consistency 

M,N Coefficients in similarity solutions, equations (17) and (IS) 

N} Coefficient N for Newtonian fluids 

n Power law behaviour index 

n' Behaviour index of purely viscous non-Newtonian fluid 

R Radius 

x,y,z 

x+ 

x, 

u. 

U 

U+ 

U+r 

U~ 

Um 

U, 

U: 
U+} 

U+"r 

v 

Time 

Period between bursts 

Normalised period between bursts, equation (27) 

Cartesian coordinates 

Longitudinal distance normalised with the time-averaged friction velocity 

Streamwise extent of the low-speed streaks 

Normal distance normalised with the time-averaged friction velocity 

Normal distance normalised with the instantaneous friction velocity 

Instantaneous streamwise velocity 

Fluctuating velocities 

Time-averaged friction velocity, equation (2S) 

Instantaneous friction velocity, equation (3S) 

Long-time-averaged streamwise velocity 

Time-averaged stream wise velocity normalised with the time-averaged friction velocity 

Time-averaged streamwise velocity normalised with the instantaneous friction velocity 

Approach velocity of unsteady laminar boundary layer 

Maximum (centerline) velocity 

Bonding velocity at edge of the wall layer 

Bonding velocity normalised with the time-averaged friction velocity, equation (25) 

Normalised velocity for Newtonian fluids 

Bonding velocity normalised with the instantaneous friction velocity, equation (39) 

Instantaneous normal velocity 

Greek Symbols 

a Ratio defined by Wilson and Thomas, equation (79) 

~+ Average penetration of wall retardation effects, equation (57) 

0i Instantaneous laminar boundary layer thickness 

0, Instantaneous wall layer thickness at end of the low-speed-streak phase, equation (20) and (45) 

jj: Wall layer thickness normalised with the time-averaged friction velocity, equation (26) 

jj+ I Normalised wall layer thickness for Newtonian fluids 
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O\.T Wall layer thickness normalised with the instantaneous friction velocity, equation (39) 

11-. Apparent non-Newtonian velocity 7/ (du/dy)] 

JI. Apparent kinematic non-Newtonian velocity /L. /p] 

'Ij Normalised distance in similarity solutions, equations (14) and (43) 

p Density 

1" Shear stress 

1"w Time-averaged wall-shear stress 

Tw.T Instantaneous wall shear stress at end of the low-speed-streak phase 

¢ Normalised velocity in similarity solutions 

tf Stream function, equation (78) 
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APPENDIX A8 

A PENETRATION THEORY FOR NON-NEWTONIF_~ FLUIDS 

by 

Depart=ent of Che=~ca~ and Process E=g~=ee=~=g 

U=~~ers~ty of Canterbury 

Ne'W' Ze.a.~a.nd 

ABSTRACT 

The unsteady-st2:c:e equations of heat and mass dif::usion in laminar flow of purely 

viscous non-New-:::onian fluids are transformed into their sta1:e counterpa:::-1:S 

by a modified application of 's hypothesis. The analysis decouples the 

effec~s of the normal ion terms and the longi convection te=ms on 

the time scale of the process and provides a s method for 

treatment: of t::anspori: problems. A new interpretation is proposed for the 

diffusional time scale of laminar processes. 

Two of this approach are given for laminar flow in pipes and over flat 

plates for power law and Bingham plastic fluids. In both cases, the classical 

solutions are reproduced from the modified penet=ation theory. 

• I S~bmit~ed to Chemical Engineering Science. The reviewers found the subject matter interestino but had 
difficulties With the style of the paper. It is being revised. :0 
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~ INTP.ODUCTION 

The study of heat and mass to non-NeTlltonian fluids is much less eX"Censive 

than that of Ne'lltonian processes because of t:"e greater comple:d ty of the velocity 

profiles '"hich affect ;::"e convection ter;ns even in simple pipe flow, and 

almost: int=actable in systems like annuli (wassef 1989) and spheres (Vatai and 

Tekic 1987) except: by numerical met:"ods. Reviews (Hartnett and eno 1982, Kostic 

and Hannen 1987 I Han:net1: and Kostic 1989, Irvine and Kami 1987, and 

1967) show that the ty of studies have attempted to extend established 

Newtonia.n correlations based on boundary ~ayer theory. 

Penetration theories are conspicuously absent except in the study of bubble 

phenomena in turbulent flow (Kawase, Halard and ~oo-Young 1987, Vatai and Tekic 

1987) and seem non-existent laminar flo'oIis. Yet a knowl of the controlling 

time scales is fundamental to the understanding of transport processes. 

The present ~ork is concerned with the development of a penetration theory for 

laminar ows of viscous non-Newtonian fluids and its transformation into 

laminar boundary formulae an application of or's hypothesis. 

Turbulent heat and mass and ems of viscoelasticity will be discussed 

in future papers. The Newtonian derivation is presented elsewhere 

(Tuoc and Keey 1991). 

The problem is first treated using the simple Ostwald de Waele power law model 

for non-Newtonian fluids 

,.f du ,\!l 
1=1<: -\ 

\dYJ (1) 

Application to other rheol models is snowu by way of case studies at the 

end the paper. 

2 TEE PENETRATION THEORY OF HIGBIE 

On neglecting the effect of convection, the unsteady state diffusion equation 

for heat or mass transfer can be written as: 
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08 ,,29 
--=a, 
ot oy (2 ) 

For hea~ transfer, a is the thermal diffusivity, while for mass transfer, it is 

the diffusivity of a solute through a solution. The variable Gis the temperature 

in heat transfer and the concentration in mass transfer. 

The well known solution is given for heat transfer by Bird, Stewart and Lightfoot 

(1960 p 353): 

8-a 
__ w_= er !CTld) 
8 m - 8 w 

where 

T\d=y/~4at 
The ip~tantaneous heat fl~x at: the -,.;a11 is 

A similar expression holds for the mass 

In this work, an appro:dmate is 

(3) 

(4) 

(Sa) 

(5b) 

for convenience in mat:hematical 

computations. The profile temperature or concentration is fitted with a third 

order polynomial (Knudsen and Katz, 1958 p480) 

(6) 

where Ild is now 

(7) 

and (8) 

The wall heat fl~x in this approximate solution is again given by equation (Sa) 

but the coef:icient l / ,} it = 0.56-1: has now the value 0.53. 

Higbie (1935) has successfully applied equation (5) to the absorp~ion of a 

sparingly soluble gas into very short laminar falling films, liquid jets and 

rising bubbles with a short residence time. He assumes that the contact time tc 

obtained from the swept length x, 

(9) 
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is the controlling ti~e scale of the process. 

3 TEEORY 

3.~ ~~SFO&~TION BETWEEN THE PENETRATION AND 

BOUNDARY LAYER THEORIES 

Consider the transfe~ of heat or mass from a flat plate to a fluid in lamiP2r 

boundary layer flow with a Prandtl or Schmidt number of unity (Pr=l). The 

pri!lciples developed lose none of their ge!lerality in more complex geome'C:-ies. 

For convenience, the de~ivation is ~ade in terms of heat transfer but applies 

equally well to mass transfer. 

The diffusion eq~a'Cion (2) can be transformed into the equation for laminar 

transport through a boundarj layer over a flat plate 

(10) 

by an application of Taylor's hypothesis 

ox=uot (11 ) 

Higbie's time scale in equation (9) is a special case of Taylor's hypc'C~esis 

with a uniform velocity, u=Uw. In the literature, this time scale is called 

the contact time a!ld can be obtained by integrating equation (11) over the 

swept length from zero (0) to x. 

In the general case of varying velocity (u::; U.), the integration of equ.c.tion 

(11) gives 

old 

x=f LLdt 
• 0 

(12) 

where the limit td is the appropriate time constant for the transfer process. 

3.2 PHYSICAL VISUALISATION OF CONVECTION AND DIFFU

SION OF A THERMAL ELEMENT 

Consider the laminar boundary laye~ on a heated flat plate in figure 1. The 

process is assumed to have reached steady state, i.e. the profiles of velocity 

and temperature a:-e statistically stationary. Ho~ever, each ele~e!lt of heat 
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that enters the syste~ through the wall diffuses into the main stream only 

once and can therefore be followed with the help of the unsteady state 

conduction equation (2). In using equation (2), we assume implicitly that the 

convec-cion of heat in the normal direction is negligible. This is a common 

postulate (Ruckenstein 1968). 

We call time 1=0, the instant that the element of heat leaves the flat plate 

from a random location (a), situated at a distance x from the leading edge. 

At time L, that element enters an element of fluid , drawn in full line in 

figure 2, situated at (x',y') and moving with velocity u in the longitudinal 

direction. At ti~e I~bt the ele~ent of fluid has moved to the position x'~6x 

by convection and the ele~ent of heat has diffused a distance by. It now 

enters the adjacent fluid element situated at (x' ·dSx. y' .. by). 

Thus the diffusional process occurs normally to the wall while the convective 

process occurs in the longitudinal direction. They can be decoupled in the 

analysis. The time t when an element of fluid situated at a 

distance y the effect of the thermal ele~ent generated by the input of 

heat or mass at the wall will be a flli~ction, not only of x and y, but also 

of 'Che speed Vet at which the scalar element is diffusing across the boundary 

layer i.e. a function of the d and P=andtl or Schmidt numbers. 

The velocity used in equation (12) is 'Co be found in the region between 0 and 

a, labelled region A in figure 2. For clarity this velocity will henceforth 

be labelled U,1 to differem:iate it from local convection velocities outside 

the region A. The time scale is now different from Higbie's estimate and is 

defined by the diffusion time t~ in equation (12). 

For convenience we wLite 

x = 11.1 t d 
(13 ) 

where u: is t.he average convective velocity over the region A from 0 to a. 

The relationship between ~he diffusional time scale and Higbie's time e 

is given by the ratio of equat.ions (9) and (13) 
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(14) 

We call the ra~io of velocities, the convective correction tor to Higbie I s 

time scale. 

(15) 
feu) 

Thus the time scale for a laminar boundary process becomes 

x 
t =----

d U "fCu) (16) 

The is that, in general, we do not have a relationship bet¥een U.1 and 

t to calculat: Je u). 

3.3 THE CONVECTIVE CORRECTION FACTOR FeU) 

Consider the e'lolucion of an element of heat or mass generated at time 1 = 0 

by a flQ~ qw of heat situated at location (a) on the wall, 1. This 

scalar simultaneously diffuses in che normal direction and is convected 

in the tudinal direction to the mechanism illustrated in figure 

2. Ai: time t d reaches the edge of the thermal or mass 

element that it affects came from upstream wi 

travelled with vel c. since it was outside the 

The distance x is given by: 

:c=U",t d -6x 

where 

layer. The 

this same time but 

laye:=. 

(17) 

(18) 

where Us is the convective velocity in region B bet.ween locations (a) and (b). 

Rearrangement of equations (17) and (18) gives an explicit expression for the 

time scale 

l 
_ x: 

rt-
U.,-us (19) 

and the convective correction faccor is given by 
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f(u)=l--=

U'" U .. 
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(20) 

The time ld is the time that the element of heat or mass takes to diffuse 

across the boundary layer. It is not the contact time Ie of the motion over 

the surface although we have related Id to the swep~ length x and the free 

stream velocity U~, which are parameters easily measured. 

The problem in the practical applica~ions of equation (20) is that we do not 

know how the relationship between Us and t depends on the location (x.y) and 

the Prandtl or Schmidt numbers. There is only one case where such a relationship 

is kliown: momentum transfer which is discussed elsewhere (Tuoc 1991). For 

heat and mass transfer another method can be devised to circumvent the 

difficul ty . 

The energy equation for boundary transport from a 

is given by Pohlhausen (1921) as 

Equation (21) can be put in the more convenient form 

This expression can be rewritten as: 

o6~ 
-=St oX 

where o~ is the integral energy thickness defined by 

(21 ) 

(22) 

(23) 

(24) 

The variable Od is the boundary layer thickness of heat or mass. Equation (24) 

simply states that an input of hea.!: or mass over an i.ncremental distance ox 

at the wall results in an incremental thickness of the boundary layer. Since 
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the right-hand side involves an integral over the region A from 0 to x, the 

velocity implied is U A• Substituting the time scale from equation (16) 

(Sa) gives 

Sl= !/(u)(_a_l 
Y IT \. xU", ) ( 25 ) 

which may be combined with equation (24) to give 

/ X I ( ) 

1. 06 \1 f (u) l a: U '" 

The boundary- thickness at time la is given by equation (8) 

2ax 
f(u)U", 

(26) 

(27 ) 

~e now define the integral M as the ratio of the t~icknesses 6: and 6d • know~ 

in the literature as the shape factor (Scb~ 1960). It follows from 

equations (26) and (27) that 

O~ 
IV!;;: -

Od 
3 
'8 f (u) 

which may be used to estimate JCu) from M. The int M it follows 

equation (24) since 

For uniform OW, when u'" U _, the shape factor M becomes 

,\1 = m id -11(8-8 \ (y) 
, 0 etU em) Od 

which, from Pohlhausen's cubic profile for e, in equation (6), yields 

3 
M=§ 

(28) 

(29) 

(30) 

(31) 

and the convective correction factor is unity as required by Higbie's theory. 

To summarise, we find that 

8 f (LL) = - ,~t 
3' 

These principles will now be applied to two s 

geometries are discussed in separate publications. 

Pr <1 (32) 

e examples. More c ex 



A8.9 

4 HEAT :r:RA.NSF::E:R IN I..AMINAR BOUNDARY LAYERS OVER A FLAT 

PLATE 

In general, the velocity at the edge of the boundar] layer for heat or mass, Un, 

is not equal to the free stream veloc U~I figure 3. The maximum convective 

velocity that the diffusing element sees is to be found at the of the thermal 

layer. The contact time becomes 

lc=x/U h 
(33) 

The diffusion time in equation (16) takes the general form 

(34) 

where 

(35) 

The wall heat flux is by equation (Sa) 

j '(u)U 
___ . _d == O.S3k6.6

m 
X (36) 

The temperature e is given by (6). The velocity distribution in 

the momentum boundary 1 is given by (01' . cit. ) 

u (Y) l(:;Y 
U.,=l.S Ov -2 6v ) (37) 

Two cases must be dis shed: 

The shape factor M is by 

where 0 is the ratio of boundary layer thick~esses and taken to be a 

of the Prandtl or Schmidt number. For heat 

8 2 1:3 
f(1l.)=3 M =So-3So 

(38) 

(39) 

(40) 



The time scale is given by 

x 
t = ------:----

d U .. (2 (J / S - (j /35) (41) 

Introducing the appa=ent viscosity at the wall 

(6.2) 

and the time scale into equation (Sa) and rearranging gives the Nussel~ number 

(43) 

where 

Pr 
k (L:.4) 

A similar expression holds for the She~wood number in mass transfer. In s~eady 

state laminar boundary layer theory) the local Nussel L: number is given by 

(Sc~~ichting 1960) 

l.Sx 1.5x 
=--=--

(45) 

The momentum bounda!""! thickness, ov, over a flat is Ac::ivos, 

Shah and Petersen (1960) 

(46) 

Substi Ov and 0 from equation (39) into equation (45) gives 

(47) 

Equating (43) and (47) an implicit relation for the exponent ltb" 

Pr b
-.

S == 1.636 
(48) 

The velocity profile in the thermal boundary layer is made of two portions: the 

first given by a.n approximate third order polynomial in the range 0 < 'j < 6\ .. the 

second given by lL=U_ in the range 6\,<y<oh. The shape fac~or becomes 
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(49) 

The convective correction factor becomes 

1 (2 8 32) jCu)=l+- ---+----:-
0\3 5a 105a:3 (50) 

The Nusselt number becomes 

Nux = .53Re~12 Pr 1/2 

(51) 

and the exponent "b" is obtained from the equation 

.53 

.324 (52) 

The variation of the power index "b" is shown in figure 4. For 2. r2.nge of 

Prandtl numbers above uni I the value of the exponent b can be 2.pproximated by 

1/3 which agrees with the experimental data of Takahashi (1979) and the numerical 

computations of Kim et al (1983). A small variation is indicated w~th both the 

Prandtl number Pr and the behaviour index n which is also show-o in the theoretical 

derivation of Acrivos, Shah and Petersen (1960). For low Prandtl numbers 

the exponent "b" tends as),Ulptotically to a value of 1/2 "",hich is observed in 

heat to metals. 

By using 2.n approximate polynomial fit for the distributions of velocity and 

temperature/concentration we have obtained exactly the s~e correlations for 

Newtonian fluids (Tuoc and Keey 1991) and non-Newtonian fluids. Using the exact 

solutions of the diffusion equation gives results of slightly different 

mathematical form for the two situations, but the numerical results are still 

close. The independence of the power index of the Prandtl/Schmidt number from 

the behaviour index is shown by experimental results in many cases: Flat plates 

(Takahashi et al 1979), laminar pipe flow (Joshi and Bergles 1980, Cho and 

Hartnett 1982, Bassett and welty 1975, Mahalingam and Tilton 1975), turbulent 

flow in pipes (Metzner and Friend 1958, Mizushina and Usui 1978, Clapp 1961, 

Yoo and Hartnett 1975). 



The variations of the local Nusselt numbers are showu the measurements 

of Takahashi et a1 in figure 5. The predicted lines coincide almos~ exactly 

those of Acrivos, Shah and Petersen Cop.cit.). At low values of the 

number, the boundary layer s ifications are in error, the flow is better 

described as "c:::eeping flow", and both sets of tions deviate from the 

experimental measurements. 

The use the a:pparent non-Ne'lI'tonian viscosity to define both the P:-andtl and 

Reynolds numbers has resulted in equations (43) and (51) 6at have the same 

and power indices as their Newtonian counterparts. By contrast, the 

Reynolds R~: and Prandtl PI' numbers defined in the boundary layer solution 

(Acrivos, Shah and Petersen 1960) are dimensionally correct but do not collapse 

the data onto the Newtonian cu=ve (figure 6). The t",;O sets of definitions are 

related as follows 

1I{j2-n 
Re"=X '" P=C(II-l J/2 Re (Il-1 J/2 

x K x 

Pr C (1-I1)/(I-I1) I:) 
j r 

C=[( 39 i~ l 
\280jn.,-j J 

4.~ HEAT TRANSFER TO PIPE FLOW 

(53) 

(54) 

(55) 

In a developing or mass boundary the penetration of the scalar 

front into the outer flow field is and Leveque (1928) ass~ed that the 

velocity profile in this layer may be considered linear 

u=ay (56) 

The Leveque splution was originally derived for a time bcundary 

on a flat plate and later modified to apply to pipe ow. It is now rederived 

in terms of the proposed penet=ation theory. The velocity of convection at 

the edge of the thermal layer is 

Ud=aO d 
(57) 

The convective correction factor is given by 



From equations (56) and (57) 

and 

j'Cu)=~ 
30 
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(58) 

(59) 

(60) 

The wall heat flux is than evaluated at the location x such that 

(61) 

The velocity gradient of a power law fluid at the wall in laminar flow 

is (Skelland 1967) 

a 
4V(3n'-i- 11 Rl 4n' ) 

Substituting the thermal or mass 

(62) 

layer thickness Od from equ£tion 

(8) and the value of the ent nan into equation (61) the time scale 

of the thermal 

C 1.326x (3n<!-1)213 
C4VIR) a 4n 

Substituting td into the expression for the 

rearranging, one finds 

r 4V (3n-'-1)'1/3 
NU=l.G03D i 

x L 9 Rax\ 4n J 

(63 ) 

heat flux, equation (Sa) and 

(64) 

which differs from the exist extensions to the Leveque solution e.g. by 

Lyche and Bird (1956) by 12%. 

Nu= o [ -HI" ( 3 n .... 1 ) ] I /3 

.893 9Rax -!-n (65) 

In this particular case, the use or the thermal or mass boundary layer thick:1ess 

in the exact solution (Bird, Stewart and Lightfoot op. cit.) 

(66) 



results in the correlation 

D [ 41/ ( 3 n. + 1 ) II 10 Nu=-- , 
.914 9Rax~ 4n. -' (67) 

Hhich agrees more with the extended Leveque equation 

The Graet~ Solut~on 

wnen penetration is deep, the linearisation assumed by Leveque ceases to hold 

and the full veloci profile given by Skelland (1967 p 119) 

u == U m [ 1 - ( 1 - Y I R) (n-! )/11] (68) 

must be used to calculate the convection correccive factor. The velocity 

profile may be expressed in terms of the normalised distance nd 

U 

Um 

where 

Substituting for the time scale from 

ata .'C val 
R2 =R'RU~'~'f(u) 

where fa is the Peclet number 

DV 
Pe==RePr=

a 

The wall fl~Xtis given by 

-k,68 I u pe(u<z> '\ 
qIIJ .. 'C - '. m'\j rtxR 2V) 

(16) and 

(69) 

(70) 

(71) 

(72 ) 

(73) 

(74) 

The ratio of the maximum to average mixing$cup velocity can be obtained from 

equation (68) as: 

U.. 3n .... 1 
-=---
2l/ n + 1 (75) 

and the Nusselt number is: 
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tV U x = 0.796 ( D)pej'(u)(3n+ 1) 
x 2n+2 (76 ) 

Experimental m~asurements the local Nusselt number in pipe ow, e.g. by 

Joshi and Bergles (1980) or Gho and Hartnett (1982), are all made for constant 

wall heat flux which is treated in a subsequent publication. Equation (76) 

is compared with the solution of Lyche and Bird (1956) in figure 7. They 

coincide for Pe(Dlx»40 the asymptotic Nusselt number, which applies 

from the distance where the thermal layer Ocr is equal to the radius R, is 

overestimated by 20% because the radius of curvature has been ected in 

the estimate the shape factor. 

4.2 OTHER FLUID MODELS 

The present approach has one major advantage over conveTI'!:ional laminar boundary 

layer theory: the problem of heat and mass is easily solved any 

fluid model once the 

oncentration e 

ocity distribution is knowu because the temperatu

by equation (6) is not affected by the viscosity. 

To a void overl the paper with unnecessary det:ail, only two simple 

examples are Pro bl ems that require attention such as heat 

transfer in annuli, where a osed form solution for the velocity profile has 

still to be published (Tuoc 1983), or across a interface as in falling, 

films will be reported separately. 

4 . :z _ ~ HEAT TRANSFER IN LAMINAR BOUNDARY L.A.YER FLOW 

PAST A FL.A.T PL.A.TE 

The rheological equation of state for Bingham plastics is 

1: = 1: ~ Il (dU) 
Y B dy (77) 

The derivation in section 4 shows that the Newtonian correlation can be 

used again provided the Re}~OldS and Prandtl numbers are defined in terms 

of the non-Newtonian viscosi . Skelland (op.cit.) gives the thickness of 

the laminar momentum boundary layer as 
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6 = 'L63 --

v U", 

a~d the wall shear rate as 

( 
d \ 0 . 324 U ;'12 
~ I =--==--
dYJ w XVs 
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The non-Newtonian viscosi~y thus becomes 

'r (x U \ liZ 
V = 3 086v __ '" I 
a:' B 2 ) pU",\ VB 

4.2.2 The Le~eque equat~on for E~ngham plast~cs 

(78 ) 

(79 ) 

(80) 

In the derivation of the Leveque solu~ion, in section 5, the only term 

which depends on the fluid viscosity is the velocity gradient at the wall, 

equation (60). For Bingham plastics it is (Skelland p 380) 

4 V 3 1 c 
a=-~.;.......--

R c-l-4c+3 (81) 

whe:::e 

and the Nusselt number is 

NU=~[~- 3 1 C J1I3 
.914 9Raxc 4 -4c+3 (82) 

which is the result of Hirai (1959). 

4.3 DISCUSSION AND CONCLUSION 

In heat transfer processes, the viscosity change with temperature presents a 

further difficulty. The solution, even for simple pipe flow, is complex (e.g. 

Joshi and Bergles 1980). In the present theory, the analysis is greatly 

simplified because the convection and diffusion terms are decoupled. For heat 

transfer, the viscosity varies greatly with temperature while the thermal 

diffusivity is almost unaffected. Corrections for non-isothermal effects must 

be made through a study of the velocity distribution. On the other hand, the 

Viscosity is not greatly affected by small concentration changes while the 
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molecular diffusivity dec~eases sharply from saturated concentration at the 

interface to infinite dilution. The effects are then in the diffusion 

terms. Thus a rigorous analogy between heat and mass transfer does not exist 

and problems of temperature and concentration changes ~~st be treated sep-

ara1:ely. The present theory allows a simpler approach to these problems than 

conventional boundary layer solutions. It will be discussed in a furt:her 

publication. 

The concept of a time scale for processes in laminar shear flow is apparently 

new to the literature. Higbie's time scale, equation (9) represents the time 

of contact between the fluid and the wall. It suffers from two basic incon-

sistencies. It has no meaning for transport in very long conduits where the 

diameter determines, according to the. present theory, the maximum value of 

the time scale. It is the same for momentum, heat and mass transfer which is 

intuitively unacceptable. wnile no direct evidence is available for 

processes, Hanratty and his associates (e.g. Shaw and Hanratty 1977, Campbell 

and 1983) have found that, in turbulent flow, the time scale for 

momentum is very much different than those for heat and mass. This can 

be seen in the work of Meek and Baer (1973) and McLeod and Ponton (1977). 

modifications to Higbie's theory, Danckwerts 1951), Sherwood and Pigford 

(1975), have also accepted the Highbie contact time as the characteristic 

time scale and concentrated on pos~ulates that there is a distribu~ion of 

time scales among eddies of different sizes which affect their rates of surface 
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4 . 5 NOt'1ENCI .... 8.:::r't.J':RE 

A 

b 

D 

feu) 

k 

Parameter defined in equation (60),OdIR 

Exponent of the P=andtl number in equatien (37) 

Pipe diameter 

K 

M 

N .. 

n 

R 

t 

Correction factor for convection, equation (20) 

Heat conductivity 

Consistency index 

Shape factor in equation (28) 

Wall mass flux 

Behaviour index 

Wall heat flux 

Pipe radius 

time 

Time scale of the diffusion boundary layer 

Free stream vel 

Maximum velocity at axis 

Va Diffusion velocity 

u Longitudinal velocity 

V Cup-mixing veloc 

x,y Cartesian coordinates 

Greek:. sy=bo.1..s 

a Heat diffusivity 

6~ Integral energy thickness 

6a Diffusion boundary layer thickness 

Ov Thickness of the viscous boundary 

~d Normalised distance in the solution of the transport equation 

~v Normalised distance in the solution of the rnoment·~ equation 

v Kinematic viscosity 

VB Bingham kinematic viscosity 

p Density 
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e Tem~era~ure or concentration equa~ion (2) 

Shear stress 

Yield streSS of Bingb~m plastic fluid 

Nux Nusselt number, hxlk 

Re.,., Local Rey-nolds number, xU ~/p 

Pr Prandtl number, via. 

Sc Sc:unidt number, vlD 

St Stanton number, h/pCI'U~ 

Su.bsc::r:i..pts 

a 

B 

d 

i 

m 

v 
w 

a?paren~,non-Newtonian 

diffusion 

instantaneous 

maximum 

viscous (approximate solution) 

wall 
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APPENDIX A9 

POWER LAW CORRELATION FOR NON~NEWTONlAN TURBULENT 

FLOW1 

TRINH KHANH TUOC AND A. M. KENNEDY 

DEPARTMENT OF CHEMICAL AND PROCESS ENGINEERING 

UNIVERSITY OF CANTERBURY 

ABSTRACT 

The empirical power law of Dodge and Metzner for friction factors of purely viscous Ostwald de Wade 

fluids in turbulent pipe flow is derived theoretically from considerations of the structure of the flow 

field. 

1 Draft 
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Power law formulae represent a simple method of correlating friction factors and transport rates in 

turbulent flow. In the past, they have only been obtained by empirical means and by dimensional 

analysis. In this paper we will derive the Dodge-Metzner formula (9) for an Ostwald de Waele fluid 

from considerations of the flow structure. 

I. PREVIOUS WORK 

The first extensive analysis of friction factors in turbulent pipe flow was probably made by Blasius (3) 

in 1913. For Newtonian fluids, he suggested empirically that: 

f= 0.079 
Re 

This equation applies to smooth pipe with Reynolds numbers over the range 4000 to 100,000. 

(1) 

Other empirical correlations were proposed subsequently for different ranges of Reynolds numbers such 

as that of Drew et a1. (10): 

f=0.0014 (2 ) 

which holds up to Re = 3,000,000. But the Blasius formula remains widely popular in the literature. 

Using similarity arguments, Prandtl (21) has derived a relationship for the velocity profile implied by 

equation (1): 

..Q = c (X)P 
Um R 

(3) 

where p = 1/7 for 4000 < Re < 100,000. Nikuradse (18) has verified equation (3) and noted that the 

exponent p decreases slowly with increasing Reynolds number. Nunner (19) has proposed empirically 

that: 

p = .j4f (4) 

A9. Non-Newtonian power law 
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Because of its simplicity, the most popular rheological equation of state has undoubtedly been the 

Ostwald de Waele model: 

(5 ) 

The Otswald de Waele rheological equation of state is also known as the power law model. To avoid 

confusion with the power law correlation for the friction factor studied in this paper, we will refrain 

from using this second terminology. The parameters K and n, called respectively the consistency and 

behaviour index, are normally determined from rheometric measurements. For laminar pipe flow, the 

Mooney-Rabinowitsch equation gives (22): 

(6) 

where 

(7) 

It can be shown from equation (6) that the logarithmic plot of the wall-shear stress Tw versus the flow 

function (8V/D) for Ostwald de waeJe fluids is a straight line of slope n and intercept K': 

(B) 

For many real fluids this plot is not a straight line and the Ostwald de Waele model can only 

approximate the real curve over restricted ranges of the shear stress. The slope of the curve in the 

general case is denoted by n': 

(9) 

giving 

(10) 

Dodge and Metzner (9) have fitted power law correlations to their experimental friction factor data 

A9. Non-Newtonian power law 
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covering a range (0.2 < n' < 1.0): 

( 11) 

where the "generalised" Reynolds number is defined as: 

(12) 

Bowen (6) has noted that the logarithmic plots of the wall-shear stress 7..: versus the flow function 

(8V/D) for different pipe diameters only collapse into a single curve for laminar flow. In turbulent flow, 

they produce a series of almost parallel lines which are a function of the pipe radius. He thus questioned 

the use of fluid parameters determined in laminar rheological measurements to correlate turbulent drag 

and proposed a scale-up procedure based on direct measurements in turbulent flow. 

Tuoc (25) has shown that the logarithmic plot of 7..: versus the wall rate of shear (du/dy)", does collapse 

into a single curve for Ostwald de Waele fluids in both laminar and turbulent flow. Thus the values of 

K and n determined from such a curve, typically shown in Figure 1, can be used wi th generality. The 

wall shear rate in turbulent flow was calculated by combining equations (5), (11) and (12): 

l/n/ 

(13 ) 

The shear stress in Figure 1 was obtained from measurements of the pressure drop by Dodge (8). The 

laminar points were also measured by Dodge using a capillary rheometer. 

II. THEORY 

The general power law correlation for the friction factor, equation (11) can be written in more explicit 

form: 

A9. Non-Newtonian power law 
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(XI 

(14) 

where n has been substituted for n' to show that we are working only with the Ostwald de Waele model 

in the present theory. The velocity at the axis Urn has been introduced in preference to the mixing-cup 

velocity V because it seems a more fundamental variable. The prime has been added to the coefficients 

a and (3 because the bracketed term in equation (14) is not the same as the generalised Reynolds number 

defined in equation (12). 

Equating coefficients of R in equations (11) and (14) gives 

p/=pn (15) 

Equation (14) is now rearranged as 

(l6) 

Substituting the velocity profile in general power law form 

(17) 

into equation (16) gives: 

(18) 

Following Prandtl (21) and Skelland (22), we apply the similarity condition that the exponent ofR must 

be zero since the system is completely defined once a set of values of u and y is given: 

P= pIn 
2n-pl (2-n) 

(19) 

Substituting the value of (3 from equation (15) 

P"" pn 
2-P (2-n) 

(20) 

A9. Non-Newtonian power law 
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A. THE CLOSURE CRITERION 

So far, the derivation is similar to that of Skelland (22). Both Prandtl and Skelland used the Blasius 

empirical observation {J = 114 to compute the power index p of the velocity profile. We note that the 

model can be closed theoretically if anyone set of values (u,y) is known. While any set will be 

acceptable, we prefer to look for one that has a physical significance. 

A turbulent flow field is customarily divided into two regions: a wall layer where the influence of the 

non~Newtonian apparent viscosity predominates and an outer region where the eddy viscosity 

predominates. Einstein and Li (12) have modelled the wall layer in turbulent Newtonian pipe flow after 

the Stokes solution (24) for start up flow with the result 

(21) 

Einstein and Li identify the approach velocity U", with the velocity Ub at the edge of the buffer layer 

(y+ = 30). 

Meek and Baer (17) have defined the thickness of this developing sub-boundary layer more formally 

as y = 0. at u = .99 U.". For newtonian fluids, they have shown that the Einstein-Li model leads to 

a relationship between Up.n~l and O.,n:l: 

0; n=l 

,n<l= 4:16 
(22) 

Tuoc and Abrahamson (27) have plotted equation (22) against measured velocity profiles reported in 

the literature (Figure 2) to obtain experimental values of the wall-layer thickness (Figure 3). They found 

that the intersection of equation (22) with measured velocity profiles always stand at the boundary 

between the wall layer and the beginning of the log-law region. The plot of reduced variables u/U, and 

ylo. collapses all measurements into a single universal curve. Thus the set of parameters (U/ ,0,+) has 

a unique physical significance in turbulent flow fields because it applies to both the wall layer and the 

outer region. 

Bird (1) has extended the Stokes solution for start up flow to Ostwald de Waele fluids. The approximate 

solution (Bird, Stewart and Lightfoot (3) p. 150) is simpler because it gives an explicit formula for the 

A9. Non-Newtonian power law 
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thickness of the Stokes boundary layer 

(23) 

while the corresponding instantaneous wall-shear rate is: 

(24a) 

(24b) 

(24c) 

where 

'11- Y 
- 0 i ( t) 

(25) 

The time-averaged wall shear stress is given by 

(26) 

The coefficients M and N are defined as 

(27) 

and 

(28) 

where the primes denote derivatives with respect to r; and ¢ is the velocity relative to the free-stream 

value U", 

(29) 

The coefficients M and N can be determined once the relative velocity ¢ as a function of r; is known. 

Following Pohlhausen (20) and Bird, Stewart and Lightfoot (op.cit.), we assume that the velocity profile 

A9. Non-Newtonian power law 
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can be described approximately by a polynomial distribution. We choose a fourth~order polynomial 

The coefficients in equation (30) are determined from the boundary conditions 

(i) y = 0; u 0 

(ii) y = 0; u = U"'; 

with the well-known result 

cPu =0 
ay2 

Back~substitution into equations (27) and (28) respectively yields the unknown coefficients: 

and 3 M=-
10 

(30) 

(31) 

(32) 

The wall layer thickness may be related to the bonding velocity by combining equations (23), (24c) and 

(26). 

(33) 

To our knowledge, the extended Einstein-Li model has not been applied to non-Newtonian fluids 

previously because Einstein and Li's original formulation requires a knowledge of the buffer-layer 

thickness, a parameter which is not readily available for non-Newtonian fluids. We have plotted equation 

(33) against the experimental velocity profiles of Bogue (4,5) and Clapp (7) to determine the thickness 

of the wall layer in Ostwald de Wae1e fluids. We have observed that the intersections again occur at the 

boundary between the wall layer and the log-law region as for Newtonian fluids. We suggest that the 

parameters U. + and 0.+ can form the basis of a closure criterion related to the structure of the flow 

field. Tuoc (26) has shown that the wall layer thickness in Newtonian and in purely viscous Ostwald 

de Wae1e fluids may be related theoretically by the relation 

(34) 

The reduction of the wall-layer thicknesses determined from the experimental data of Bogue and Clapp 

A9. Non-Newtonian power law 
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tend to support this conclusion (Figure 3) but the scatter of the results is still relatively large because 

of uncertainties in the measurements. Since Tuoc's work is still under review, we will temporarily 

present the results in Figure 3 as a phenomenological observation. 

B.THE POWER INDICES P AND f3 AND THE COEFFICIENT a 

Substituting the parameters U. + and 0/ into equation (17) gives 

The index {3 may be obtained by combining equations (20) and (35). 

The ratio ~ of the mixing-cup velocity V to the maximum velocity Urn at the pipe axis is 

~= V 

where: 

Substituting the power law velocity profile into equation (37) gives 

Equation (11) may be rearranged as 

o::=21-2~n+3fl (3n+l rflnR./lnV+(z-n) ~-2 
4n I 

A9. Non-Newtonian power law 

(35) 

(36) 

(37) 

(38) 

(39) 
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Substituting for R+ from equation (17) and V+ from equation (36) gives 

(40) 

Substituting for p in terms of (J from equation (20) and U/ in terms of 0,+ from equation (32) gives: 

We have left the coefficient Nn=l undefined in equation (41) because it is depends on the form of the 

velocity profile assumed for the wall layer. For a fourth-order polynomial distribution, Nn=l = 2 as 

given in equation (31). For a third order polynomial distribution, Nn=l = 3/2 (3, p. 150). For the 

distribution obtained by Einstein and Li in equation (21), Nn=1 = 2.08. 

m. RESULTS AND DISCUSSION 

Figure 4 shows our prediction of the friction factor for three typical behaviour indices in the data of 

Dodge and Bogue. We have used equation (11) together with our predictions of Ci and {3 in equations 

(41) and (20) for Nn=l = 2. The values of 0, + were obtained from the smoothed line drawn in Figure 

3, which is taken in this paper as an experimental observation. 

The predictions from equation (35) are shown against the empirical correlation of Nunner in Figure 5. 

The experimental values of p were determined from a log-log plot of u/Um vs ylR according to the 

method of Nikuradse (op. ciL). They were also determined from experimental measurements of the 

velocity ration ~ using equation (38). 

In the empirical formulae of Blasius for Newtonian fluids and Dodge and Metzner for non-Newtonian 

fluids, the coefficients p, Ci and {3 are assumed to be independent of the Reynolds number and therefore 

the friction factor. We note that the velocity ratio ~ is itself a function of the Reynolds number. Its 

presence in equation (40) makes Ci and {3 dependent on the Reynolds number. Similarly the wall layer 

thickness in Newtonian fluids, O"n=1 +, reaches an asymptotic value of 61 for high Reynolds number but 

shows an small exponential variation in the transitional regime. We may write 

A9. Non-Newtonian power law 
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( 

"12(~-1) 

[~p(2-n)-2J ~ I =Re Y 
61) 9 

(42) 

We may now define two new coefficients O:c and Pc which are independent of the Reynolds number. 

(43) 

and 

(44) 

The coefficient 'Y was determined from the experimental values of ~ of Bogue and of 0/ in Figure 3. 

The variations of O:c and Pc are shown in Figures 6 and 7. They agree with the empirical coefficients 

of Dodge and Metzner (9) at high Reynolds numbers. 

Figure 8 gives the typical velocity profiles normalised with the wall parameters, u.. and (pw = Kiln Twl.l/n) 

for n= 0.7, Reg""" 20,000. The predictions have been made with the power law in equation (17) using 

the values of the power index p from Figure 5. The power law and the log-law only fit the 

measurements in the outer region. The wall layer exhibits a different structure from the outer region 

and must be correlated by a different scaling law. 

In earlier versions of this work, Tuoc (25) has used other closure criteria. In Newtonian fluids, Prandtl 

(21) has divided the flow field into the log-law region 

U'=2. 5Ln (y<) +5.5 (45) 

and a laminar sub-layer 

U+=y" (46) 

The intersection of equations (45) and (46) occurs at 

(47) 

where fen) = 1 for Newtonian fluids. Tuoc (25) has shown that this intersection with the condition 

A9. Non-Newtonian power law 
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where E, is the eddy viscosity. The function fen) was postulated to be 

WiJson and Thomas (29) suggest 

f(n) '" 3n+l 
4n 

f(n) =_2_ 
n+l 

(48) 

(49) 

(50) 

The power law correlation obtained by Tuoc with the closure criterion defined by equations (47) and 

(49) also fits the experimental measurements in Figure 4. However. it has two disadvantages. 

1. The point (Uk +. 01.0+) is fictitious, as shown in Figure 8. It is a mathematical abstraction 

which does not correspond to any real set of values on the measured velocity profiles. Lumley 

(16) consider that 01.0+ is the scale of the smallest eddies. This view is in agreement with the 

interpretation of Ok + (25, 23) as the scale of the energy dissipating eddies postulated by 

Kolmogorov (13). The Kolmogorov scale is a statistical average obtained by dimensional and 

physical considerations and does not correspond to any physical eddy. In reality, turbulent 

energy is dissipated over a spectrum of eddy scales. 

2. The coefficients of the log-law are in reality a weak function of the Reynolds number (5) 

and the parameters Uk + and Ok + also vary with the Reynolds number. This effect is little 

understood and the parameters Uk+ and 0.+ are difficult to determine with certainty. 

The wall layer thickness has a clear physical significance: it is the maximum penetration of wall 

retardation by diffusion of momentum. It can be determined precisely from experimental velocity 

profiles with the help of equation (33). In closure methods, involving the matching of asymptotic 

solutions of the Navier-Stokes solutions for different domains of the flow field, this property is a definite 

advantage. 

The parameters at the of the buffer layer (Ub +, Ob +) yield a third closure criterion. Tuoc and 

Abrahamson (27) have shown the buffer-layer thickness represents the statistical average of the wall

layer thickness. It can also be defined accurately and gives results similar to the formulation presented 
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in this paper. This is because the velocity profile in the range lit, + < y+ < 0/ approximates the log-law 

very well even though it is still part of the wall layer. Details of the calculations for this third closure 

criterion will be presented separately. 

IV. CONCLUSION 

We have derived theoretically the empirical power law correlation of Dodge and Metzner from 

structural considerations of turbulent pipe flow. The field is divided into two regions: a wall layer and 

an outer region. The thickness of the wall layer, defined after a modified Einstein-Li model, is used as 

a closure criterion for the formulation. 

V. LITERATURE 

1. Blasius H., Mitt. Forschungsarb. 131 (1913) 1 

2. Bird, B.R., AIChE J., 5 (1959) 565 

3. Bird, B.R., Stewart, E.W. and Lightfoot E.N., "Transport Phenomena", Wiley and Sons (1960), New 

York 

4. Bogue D.C. Ph.D., Thesis University of Delaware (1962) 

5. Bogue D.C. and Metzner A.B.,IEC (Fundamentals) 2 (1963) 143 

6. Bowen R.L., Chem.Eng. 68 (1961) 143 

7. Clapp R.M.,"International Development in Heat transfer",Part III, A.S.M.E., New York (1961) 652; 

D-159 ; D211 

8. Dodge D.W., Ph.D. Thesis, University of Delaware (1960) 

9. Dodge D.W. and Metzner A.B., AIChE Journal 5 (1959) 189 and 8 (1962) 143 

10. Drew T.B., Koo E.C. and McAdams W.H., Trans. AIChE 32 (1936) 17 

11. Eckelmann, H., J. Fluid Mech., 65 (1974) 439. 

12. Einstein, H.A. and Li, H., J. Eng.Mech.Div. ASCE 82(EM2):Pap. NO 945,1956. 

13. Kolmogorov, A.N., C. R. Acad. Sci. U.S.S.R. 30 (1941) 301 

14. Laufer, J., NACA TN No 2945 (1954.). 

15. Lawn, C.l., J. Fluid Mech., 48 (1971) 477-505. 

16. Lumley, J. L., "Two-phase and non-Newtonian flow", in "Turbulence", ed. Bradshaw, P., Springer

Verlag, Berlin (1978), chapter 7. 

17. Meek, R.L. and Baer, A.D., AIChEJ., 18 (1970) 841. 

18. Nikuradse J., VDI-Forschungsheft 356 (1932) 

A9. Non-Newtonian power law 



A9.14 

19. NunnerW., VDI-ForschungsheftNo 361 (1956) 

20. Polhausen, K., ZAMM, 1 (1921) :!52. 

21. Prandtl L., NACA Tech.Memo. (1933) 720 

22. Skelland A.H.P., "Non-Newtonian Flow and Heat Transfer" ,Wiley ,New York (1967) 

23. Sparrow, T., "A Taylorian interpretation of the mixing-length", CHEMECA (1981) 321 

24. Stokes, G.G., Camb. Phil. Trans., voL IX (1851) 8. 

25. Trinh Khanh Tuoc, ME thesis, University of Canterb~ry, New Zealand (1969). 

26. Trinh Khanh Tuoc, "The wall layer in non-Newtonian fluids", submitted to J. Non-Newtonian Fluid 

Mech. (1992). 

27. Trinh Khanh Tuoc and John Abrahamson, "The wall layer in turbulent flow" ,submitted to J. Fluids Eng 

(1992). 

28. Wei, T. and Willmarth, W.W., J. Fluid Mech., 204 (1989) 57-95. 

29. Wilson, K.C. and Thomas, A.D.,Can.J.Chem.Eng. 63 (1985) 539 

VI. SYMBOLS 

c 

D 

K 

K' 

M,N 

n 

n' 

P 

R 

u 

u. 

U 

x, y, z 

Coefficients in equation (30) 

Coefficient in power law velocity profile, equation (3) 

Pipe diameter 

Consistency of an Ostwald de Wade fluid 

Consistency of a general non-Newtonian fluid, equation (8) 

Coefficients in extended Stokes solution, equation (27) and (28) 

Behaviour index of an Ostwald deWaele fluid 

Behaviour index of a general non-Newtonian fluids, equation (9) 

Power law index of the velocity profile, equation (3) 

Radius 

Time 

Instantaneous velocity 

Friction velocity, u. 

Time-averaged velocity 

Normalised velocity, U+ = U/u. 

Approach velocity 

Maximum velocity at the pipe axis 

Mixing-cup velocity 

Cartesian coordinates 
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p 

tJ> 

r 

SUbscript 

a 

b 

w 
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Nonnalised distance, y~ = y uj Pw 

Friction factor, equation (11) 

Metzner-Reed generalised Reynolds number, equation (12) 

Generalised Reynolds number based on the non-Newtonian time-averaged viscosity at the wall, 

Rew = D V/pw 

Generalised Reynolds number based on the instantaneous non-Newtonian viscosity at the wall, 

Rew•T = D Vh'w.T 

Coefficient in the Dodge-Metzner correlation, equation (11) 

Coefficient in modified power law, equation (14) 

Coefficients defined by equations (43) and (44) 

Wall layer thickness 

Exponent defined in equation (42) 

Non-dimensional distance in the Stokes solution, equation (25) 

Velocity ratio, equation (36) 

Kinematic viscosity 

Density 

Non-dimensional velocity in the Stokes solution, equation (290 

Shear stress 

Apparent, non-Newtonian 

Buffer 

Wall 

Viscous, at edge of tbe wall layer 
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APPENDIX AIO 

SHORT COMMUNICATION 

SIMILARITY VARIABLES FOR TURBULENT TEMPERATURE OR 

CONCENTRATION PROFILES l 

TRINH KHANH TUOC and R. B. KEEY 

Department of Chemical and Process Engineering 

University of Canterbury 

New Zealand 

SUMMARY 

This communication describes a method of obtaining non-dimensional temperature or concentration 

profiles based upon the conditions at the edge of the wall layer in turbulent flow over a surface. 

I Submitted to chemical engineering science (1992) 



AlO.2 

In the study of turbulent heat and mass transport, the profiles of temperature and concentration are 

often reported in non-dimensional "normalised" form. For heat transfer, the non-dimensional 

temperature is given by 

T'''' (T-TJpCpU. '" (T-TJPCp ['t'w]lf2 
qw qw P 

(1) 

which is a function of the non-dimensional distance from the wall. 

(2) 

These profiles of T+ against y+ are often called "universal" because they are assumed to be 

independent of the Reynolds number Re, provided it is large (e.g. Re > 20,000, Gowen and Smith6 

). The term "universal profile" was coined by Prandtl16 because the normalised velocity profiles in 

the experiments of Nikuradsel4 for Reynolds numbers above Re = 6000 were found to reduce 

essentially into a single or "universal" curve. Even Nikuradse has noted, however, that a small 

Reynolds number effect still exists which becomes very noticeable in the transitional region. There 

have been some attempts to give empirical corrections for this Reynolds number dependence of the 

universal velocity profile (e.g. Bogue and Metzner), but none exists to our knowledge for the 

universal temperature and concentration profiles. We wish to report a similarity reduction that can 

provide a more universal profile than presented previously. 

It has been widely assumed that steady laminar flow exists in a small region near the wall even 

when the main stream in completely turbulent. Prandtl called this region the laminar sub-layer and 

showed that the velocity profile in the range 0 < y+ < 5 obeys the linear relationship 

U +=y+ (3) 

Consequently, the early theories of turbulent heat transfer (Prandtl 17
, Karman8

, Martinelli (2
) have 

assumed that a conductive sub-layer also exists. That view was challenged when Kline et al. 9 

showed in their hydrogen bubble experiments that the wall layer contained turbulent activity with 

inrushes towards and ejections of fluid away from the wall. 

The first model of a disturbed wall layer was proposed by Einstein and Lj4. They used the StokesJ8 

solution for start-up flow on a flat plate 

to give the instantaneous velocity distribution in the wall layer in terms of the velocity Uw at the 

AIO. Similar temperature and concentration profiles 
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au &u 
-=v- (4) 
at ay2 

edge of the wall layer 

(5) 

Einstein and Li obtained good agreement with experimental measurements presented by Laufer'o by 

time-averaging equation (5) over the buffer layer in the range 0 < y+ < 30. Meek and Baer l3 have 

reorganised the derivation of Einstein and Li to obtain the non-dimensional thickness of the wall 

layer Ow + as 

(6) 

Meek and Baer have found that a value of ow+ = 64 is more consistent with the measurements of 

the universal velocity profile, which implies a value of 15.4 for the normalised velocity at the edge 

of the wall layer, U+ W' Tuoc and Abraharnson21 have recently discovered that the Blasiusl solution 

for laminar boundary layer flow past a flat plate can also describe the parameters of the wall layer 

adequately, thus complementing the earlier model. They argue that the wall-layer thickness defmed 

by equation (6) represents the maximum influence of wall retardation on the mainstream by viscous 

momentum transport. 

We have shown in another publicationl9 that the Stokes solution can be transformed into the Blasius 

solution by an application of Taylor's hypothesis. We have also shown20 that a direct connection 

exists between the penetration and boundary layer transport theories when the solution of the 

conduction equation 

aT &T 
-=0:- (7) 
at ay2 

is transformed into Pohlhausen's solutioniS for laminar boundary layers on flat plates. So we expect 

by analogy considerations that Pohlhausen's solution also applies to the thermal wall layer. 

The relation between the thermal and momentum wall-layer thicknesses is thus determined as 

(8) 

where a is a function of the Prandtl number Pr. The convective heat transfer coefficient and the wall 
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stress are related by 

(9) 

Equation (9) may be rearranged to yield an expression for the normalised temperature and velocity 

at the edge of these wall1ayers 

(10) 

Combining equations (6), (8) and (10) gives 

(11) 

Tuoc and Abrahamson2
I have computed equation (6) against velocity profiles measured by many 

workers, as shown in Figure 1. For all Reynolds numbers, the intersection of equation (6) with the 

experimental normalised velocity profiles always marks the edge of the logarithmic law (Prandtl16
). 

The set of parameters (Uw +, 091+) has a unique position in the universal velocity profiles because 

it is the boundary condition of both the wall layer and the outer region. The use of the normalisation 

(U/Uw, ylow) condenses into a single curve the velocity profiles for all Reynolds numbers in the 

transitional and turbulent region over the examined range, 2600 < Re < 3,200,000. This reduction 

is shownin Figure 2. The transformation of variables also reduces the profiles of transitional and 

turbulent oscillating pipe flow into that for steady turbulent flow22
• Preliminary indications show that 

the transformation also applies other flow geometries and non-Newtonian fluids. 

We have plotted equation (11) against experimental profiles of temperature and concentration. An 

example is given in Figure 3. From the values of Th + and Oh + thus obtained we have compiled the 

reduced temperature and concentration profiles in Figures 4 and 5. The transformation accounts for 

the influence of the Reynolds number adequately over the range 11000 < Re < 278000, for 

Prandtl numbers 0.7 < Pr < 205 and for Schmidt numbers 900 < Sc < 2140. In the particular 

case demonstrated in Figure 4, the scatter at lower values of y+ in the wall layer is thought to be 

due to experimental inaccuracies. The measured velocity profiles often cross over one another, a 

feature which is not found in any other set of data. 

A similar transformation applies to mass transfer, with a normalised concentration based on the 

value at the edge of the diffusive wall layer, but the experimental data are much scarcer because 

AlO. Similar temperature and concentration profiles 
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of practical experimental difficulties in determining concentrations close to the wall. 

When the data for a range of Prandti/Schmidt numbers are brought together in Figure 5, the curves 

reduce to a single line in the wall layer indicating the existence of a similarity law, but the curves 

in the outer region are a function of PriSe. 
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SYMBOLS 

Cp Heat capacity 

qw Heat flux 

T Temperature 

T+ Normalised temperature, equation (1) 

u Instantaneous streamwise velocity 

U Time averaged streamwise velocity 

U+ Normalised streamwise velocity 

y Normal distance from the wall 

y+ Normalised distance 

ad Diffusive wall-layer thickness 

Oh Thermal wall-layer thickness 

Ow Momentum wall-layer thickness 

p Density 

Tw Wall shear stress 

Pr Prandtl number 

Re Reynolds number 

Sc Schmidt number 
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