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PREFACE 

Turbulence is present everywhere in our environment yet its complexities remain one of 

the great challenges in scientific and engineering research. This work began out of 

personal interest. As such, it involved all aspects of my background, not just my 

engineering training. 

It is disconcerting to some westerners to think of scientists as philosophers. In the 

traditional Vietnamese culture, it is not possible to think of scientists as not behig 

philosophers. In the old days we taught philosophy before we gave more practical 

training because all that we do IS influenced by our beliefs. 

I was educated in French schools and New Zealand universities while being raised in a 

strongly nationalistic culture. This bicultural upbringing led at some stages of my youth 

to a painful crisis of identity but it greatly enriched my life and coloured my approach 

to science. The reader will find the influences of this background in my ideas about 

turbulence. 

At one time, the West used to think of Asian beliefs as vague. I was first taught by an 

extraordinary Vietnamese electrical engineer that our description of the universe was in 

fact a binary progression. This is found in the Kinh Dich (in Chinese Yi-King, the Book 

of Change). This concept is not specific to the Vietnamese or Chinese cultures. It can 

be found in Indian thought, in Islamic Kybalion (their secret book), in Egyptian and 

South American cultures. Since that day, I have learned much more about traditional 

Vietnamese culture which is unconsciously reflected in some of the ideas I have 

developed in this research. 
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We believe that all phenomena are periodic. The manifestations that look continuous may 

in fact be thought of as an endless repetition of events that regenerate constantly. They 

are not static. I was not unduly surprised to learn of Fourier analysis which decomposes 

a continuous function into a series of periodic elements. I was thus receptive to the idea 

that one can define a timescale even for laminar flow, when I found it. It became 

eventually a transformation between the penetration and boundary layer theories of heat 

and mass transfer (Appendix A4). 

We also believe, for example, that all things in Creation are governed by the same 

fundamental laws. In oriental medicine, it allowed us to understand and cure the human 

body by observing the laws that govern the larger universe. In essence, the organisation 

of the solar system is paralleled by that of the human body: there is a correspondence 

between the macrocosm and the microcosm. The reader will find a reflection of that 

thought in Chapter 9 where I endeavour to compare the information contained in time

averaged measurements to the those obtained from transient contributions. 

We believe that, like us, the Earth breathes. In the teaching of Khi Cong (the equivalent 

of Yoga) which I studied briefly, it is important to take note of and keep in harmony 

with this natural cycle since we derive so many of our resources from the Earth where 

we live. I have often wondered whether our environmental engineering would not have 

benefited if those ideas had permeated into Western science. 

To me, thoughts are not abstractions. They are concrete entities. We can now detect 

them through encephalograms. Thus thoughts that are conceived by a person are 

broadcasted into the environment. If one is receptive, one can gather the wisdom of 

others around us. This is why Asian philosophy puts such an emphasis on emptying 

ourself of our own stray thoughts. This ultimate state of dispossession, mental as well 

as emotional and physical, is not easy to achieve because we tend to cling so hard to our 

own pre-conceived ideas. VietNam can truly boast of having the most isolated scientific 

community in the world. The isolation imposed on the Vietnamese people by the 
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Communists has forced many of us to face ourselves. In some cases it has been useful 

because this intellectual silence has made us much more receptive to the thoughts around 

us. In that sense, I have always felt that my work is simply the natural outcome of ideas 

evolved by my elders and colleagues in this field. In Phong Thuy (in Chinese Feng Shui, 

the art of shaping landscaping) the position where one buries one's ancestors is important 

because the configuration of the land filters the waves that are picked up by the remains 

of the deceased and transmitted to their descendants who are on the same wavelength. 

This is how innate talents are formed. 

As a people, the Vietnamese have had a wonderful ability to assimilate and adapt the 

culture of the peoples we meet, even those who tried to conquer us. The tragic history 

of our country during the last hundred years has unfortunately eroded the confidence of 

many among us. The unfortunate policies of the Communist government during the last 

seventeen years have hit particularly hard and we risk losing much of our fine heritage. 

It is particularly painful for me to see how many of my friends, some certainly brighter 

than I am, have given up on research because the facilities, if they exist at all, are so 

much poorer than anywhere else. In the later years, the driving force behind the present 

work was no longer pure interest but the need to show that, whatever the circumstances, 

our achievements are only restricted by our perseverance with the task at hand. The 

work became a statement of philosophy as much as one of engineering research. My 

hope is that my work will make a contribution to the field, that it will be recognised as 

such and in a small way help the Vietnamese nation find itself again. 

Trinh Khanh Tuoc 

2 December 1992 
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NOMENCLATURE 

The writer has endeavoured to follow as closely as possible the nomenclature most 

commonly in use in the literature. Because of the variety of concepts discussed, a small 

number of symbols had to be used to indicate several different variables, usually in two 

different chapters dealing with different subjects. Where this is done, the relevant 

chapters are indicated. 

The following list of symbols does not apply to the papers reproduced in the appendices 

in Volume 2, which were written before this thesis. Each paper gives its seperate 

nomenclature. 

A 

A' 

B 

Dummy coefficients in equation (4.17) 

Coefficient in the Prandtllogarithmic law of the wall 

Coefficient in the simplified eddy-path model, equation (5. 73) 

Coefficient in equation (5.1) 

Coefficient in the van Driest damping factor, equation (5. 7) 

- Coefficient in the damping factor e.g. equation (5.7) 

-Power index in the heat or mass transfer formulae, equations (7.24) and 

(7.26) 

Coefficient in Prandtl's law of the wall 

Coefficients in the Bessel series, equations (10.7) and (10.12) 

Correlation factor between the fluctuating velocitites and the turbulent 

Reynolds stress, equation (7.17) 

Correlation factor between the fluctuating velocity and temperature and 



Cp 

C(Re) 

D 

D(Pr) 

D(Re) 

v 

the turbulent Reynolds flux, equation (7.18) 

Coefficients in the Fourier series, equation (10.14) 

Heat capacity 

Coefficient describing the variation of the waH-layer thickness with the 

Reynolds number, equation (5. 76) 

-Diameter 

- Coefficient of diffuvivity (in Chapter 7) 

Relation between the maximum and average mixing-cup non-dimensional 

temperatures, equation (7.24) 

Relation between the maximum and average mixing-cup non-dimensional 

velocities, equation (5. 68) 

Eddy diffusivivity for species j 

E. Eddy viscosity 

f Friction factor ( = 2 r wl p V2
) 

f5 Shape factor in the formulation for the mixing-length, equation (5.35) 

F Damping factor 

F. Value of the damping factor at the edge of the wall-layer 

g Acceleration of gravity 

klo ky Wavenumbers in the x and y directions 

K Consistency of non-Newtonian fluid in the Ostwald de Waele (power law) 

model. 

J Transport flux 

jw Wall-transport flux 

J Interaction term in the Navier-Stokes equations, equation (3.42) 

J0,J1 Bessel functions of zero and first order (Chapter 10) 

1 Prandtl mixing-length 

I+ Non-dimensional Prandtl mixing-length, ( = 1 u./ v) 

lr Physical mixing-length 

lr + Non-dimensional physical mixing-length ( = lr u./ v) 

L Length 



n 

n' 

N 

p 

p 

<P> 

P(u) 

ffJ 

q 

u 

u' 

<u> 

u. 

u.,T 

vi 

Behaviour index (slope of the shear stress - shear rate curve) 

Modified behaviour index (slope of curve between the wall-shear stress 

and the flow function 8 VI D) 

Coefficient in equation (8.3) 

- Index in the power law relationship for the velocity profile, equation 

(5.2) 

- Scale of shear layer, Figure 5.2 

-Pressure 

- Rate of turbulence production 

Conditionally averaged rate of turbulence production 

Probability of occurrence of velocity u 

Dummy symbol in equation (4.9) 

Heat transfer flux 

Heat transfer flux at the wall 

Radial distance 

Radius 

Normalised radius 

Time 

R uJ P) 

Time scale of the buffer layer 

Higbie's contact time, equation (7.8) 

Diffusional time scale of the wall layer 

Time scale of the wall layer 

Non-dimensional time(= t w), equation (3.20) 

Time normalised with the wall parameters ( (=u./i[V) ) 

Streamwise instantaneous velocity 

Streamwise instantaneous fluctuating velocity 

Smoothed phase velocity 

Friction velocity based on the time-averaged wall-shear stress 

Local (critical) friction velocity at the onset of ejection, equation (8.5) 
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lip+ Most probable non-dimensional velocity at yP + 

U Long-time averaged streamwise velocity 

U' Reynolds fluctuating velocity 

< U > ' Reynolds stream wise fluctuating velocity 

Ue Local mainstream velocity 

U"' Approach velocity 

U0 Velocity amplitude in equation (3.25) 

u. Time-average streamwise velocity at the edge of the wall layer 

u+ Time-averaged streamwise velocity normalised with the wall parameters 

( = U I u.) 

Ub + Time-averaged normalised velocity at the edge of the buffer layer 

Urn+ Maximum time-averaged streamwise normalised velocity 

u. + Time-averaged normalised streamwise velocity at the edge of the wall 

layer. 

< u '0 ·U ' 0 · > Fast reynolds stress ,1 ,j 

u. + Normalised velocity at the edge of the wall layer 

< U'V' > Standard Reynolds stress 

v Normal instantaneous velocity 

v' Normal fast velocity fluctuations 

V - Time-averaged normal velocity 

- Mixing-cup velocity 

V' Normal Reynolds fluctuating velocity 

w Spanwise instantaneous velocity 

w' Spanwise fast fluctuating velocity 

W Time-averaged spanwise velocity 

x,y ,z Cartesian coordinates 

Distances normalised with the wall parameters (e.g. y+ y u./ P8 ) 

• • x,y Non-dimensional distances in equation (3.20) 

Xp, yP Length scales of most dominant contribution to the velocity profile 

x. Stream wise extent of the low-speed streaks 
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Distance normalised with the critical wall parameters at the onset of 

ejections, equation (8.8) 

GREEK LETTERS 

ob 
oj 
OS 

Ost 

o. 
ob+ 
().+ 

J 

ok,v+ 

ok/ 
o+ • 

€ 

() 

e 

- angle between the ejections and the wall, equation (5 .23) 

- Coefficient in power law correlation for the friction factor, equation 

(6.1) 

eigen constants 

Index in power law correlation for the friction factor, equation (6.1) 

Buffer layer thickness 

Thickness of thermal or diffusional wall-layer 

Thickness of Stokes layer 

Thickness of streaming layer 

Thickness of momentum wall-layer 

Normalised buffer layer thickness ( = ou.lv:J 
Normalised thickness of thermal or diffusional wall-layer 

Normalised scale of Kolmogorov's eddies (for momentum) 

Normalised scale of Kolmogorov's eddies (for heat or mass) 

Normalised thickness of momentum wall-layer 

Boundary layer thickness 

- Dissipation of turbulence (Figure 5.15) 

- Parameter defined in equation (3. 24) 

Non-dimensional distance in the Stokes solution ( Tfs'=yf/4Vt ) 

Non-dimensional distance in the Blasius solution ( TJh =y!JxvfU., ) 

Smoothed phase temperature or concentration 

Time-averaged temperature or concentration 
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Normalised time-averaged temperature or concentration (for temperature 

eb+ Normalised cup-mixing temperature or concentration, equation (7.28) 

em+ Normalised maximum time-averaged temperature or concentration 

K Karman universal constant 

P.r Apparent viscosity at the onset of ejection, equation (8.10) 

v • Kinematic viscosity 

v8 Apparent kinematic viscosity, equarion (8.2) 

~ Non-dimensional distance, equation (10.3) 

p Density 

r Shear stress 

rt Time-averaged turbulent shear stress 

Time-averaged viscous shear stress 

Time-averaged wall-shear stress 

Tw,T Local wall-shear stress at the onset of ejection 

r Non-dimensional time in Chapter 10, equation (10.4) 

¢ Non-dimensional velocity in Chapter 10, equation (10.2) 

¢ Non-dimensional velocity, equation (4.11) 

¢(V) Ratio of mixing cup to maximum velocity, equation (5.69) 

ljt Stream function 

ljt"' Non-dimensional stream function, equation (3.21) 

1/to Stream function in the solution of order Eo 

ljt1 Stream function in the solution of order E 

1/ta Time-averaged stream function in the outer region 

1/tst Stream function for streaming flow 

w Circular frequency 
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f Time-averaged friction factor 

fT Local (critical) friction factor at the onset of ejection 

Nu Nusselt number 

Pr Prandtl number 

Prt Turbulent Prandtl number, equation (7.16) 

Re Newtonian pipe Reynolds number (Re = DV I v) 

Rea Pipe Reynolds number based on the Bingham plastic viscosity 

ReA Reynolds number based on the boundary layer thickness (ReA = LlUo,/v) 

Reg Generalised Reynolds number proposed by Metzner and Reed (see 

Appendix A 7) 

Rt;v Reynolds number based on the non-Newtonian viscosity at the wall 

Rex Reynolds number based on the streamwise distance (Rex = x Uoo1v) 

Rt;v,T Reynolds number based on the apparent viscosity at the onset of ejection, 

equation (8.9) 

Sc 

Sh 

St 

He 

Schmidt number (Sc D I v) 

Sherwood number 

Stanton number 

Hedstrom number 



Ll 

1 

This thesis presents the results of work performed during the years 1990-92 to 

finalise a visualisation of turbulence evolved over a number of years from 1970 to 

1990. 

Our understanding of turbulence has increased sharply during the last three decades 

with the discovery of coherent structures embedded in the flow field and the 

development of numerical simulation procedures made possible by the improvements 

in computer facilities. Yet, as many recent reviewers (Cantwell1981, Pletcher 1988, 

Robinson 1991) have remarked, these new insights have not found their way into 

predictive models that still rely largely on concepts developed in the nineteen thirties 

and forties. 

As Robinson notes, "immense human and financial resources have been brought to 

bear on the problem for many decades". But, despite the avalanche of results, there 

is little consensus on both the cause and the mechanism of the turbulence 

phenomenon. Both Cantwell and Robinson list a number of physical observations on 

which there is widespread agreement. But "a (modern) predictive theory of turbulent 

flow has not yet been established" (Cantwell). 

The aim of the present work has been to improve the engineering correlations of 

1. Introduction 
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turbulence by making them compatible with the better experimental knowledge of 

turbulence mechanism of the last thirty years through a simple visualisation. As 

Lumley (1992) has noted, the final outcome of present research on turbulence 

mechanism is still some years away. In the meantime, there is a definite need for 

simple and reliable scaling laws and predictive methods for design purposes. As the 

writer's work progressed, the evidence found in the search for these scaling laws 

pointed to new interpretations of existing measurements and observations. The writer 

was slowly drawn into speculations about the mechanics of turbulence. The reader 

is advised that the author has focused his attention primarily on the development of 

predictive theories and discusses turbulence mechanism as a casual observer. 

The writer has long felt that the essential elements for a sound theory of turbulence 

have been laid for some time by the excellent work of his elders in the field. The 

present theory of interaction of a fluid with a boundary wall is the natural 

consequence of these works and draws heavily on measurements and experimental 

observations available in the literature. It also makes use of classical solutions of the 

transport equations as well as concepts proposed by various authors. Its originality 

lies in the new interpretation and application given to these results and the simplicity 

of the model proposed to describe a phenomenon often described in highly complex 

terms. It is useful, therefore, to give a succinct review of past thinking in the field 

in Chapter 2. 

The basic visualisation is stated in Chapter 3. It starts with the division of turbulent 

flow close to a wall into two different flows: a primary stream which is essentially 

governed by an unsteady laminar boundary solution and a secondary stream which 

is modelled after a jet in cross-flow. The details of the model are reported in 

Chapters 4 and 5. The characteristics of the wall layer are found to be adequately 

described in terms of the Blasius laminar boundary layer solution and the Stokes 

solution for a stream impulsively started over a flat plate. These two models are then 

related by a transformation between time and space variables to give an estimate of 

1. Introduction 
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the characteristic time scale. The log-law and law-of-the-wake regions are modelled 

by an eddy-path theory which translates the geometry of the eddy path, observed in 

the coherent structures and likened to a jet in cross-flow, to give an estimate of the 

turbulent Reynolds stresses. A new closure technique matches the results of the 

non-steady solution in the wall layer with the time-averaged model in the log-law 

region. It eliminates the need for empirical constants. 

A second closure criterion is proposed for external boundary layers in Chapter 6. For 

heat and mass transfer, it leads to a derivation of the famous Colburn analogy (1933). 

The application of the theory to heat and mass transfer is reported in Chapter 7. 

Turbulence in non-Newtonian fluids is discussed in Chapter 8. A new interpretation 

of energy spectra and other statistical measures of turbulence is given in Chapter 9. 

A revision of current postulates on the initial conditions applicable to the Navier

Stokes solutions is suggested in Chapter 10. 

In a country like VietNam communications with the outside world are heavily 

controlled. When the writer left, it was not possible to bring out the details of his 

work and only the barest summary of the results were kept. The first year in his new 

country of residence was spent catching up with much of the literature to which he 

had very sporadic and sparse access in his home country. All the derivations have 

been reworked and were updated in the process to give predictions of measurements 

that were newly available. This process is still continuing. For this reason the 

discussion in Chapters 6 to 10 is only an indication of the writer's development of 

the basic theory to these interesting problems. Detailed analyses will be submitted for 

publication as they are completed. 
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CHAPTER2 

BRIEF REVIEW OF TRENDS IN TURBULENCE 

RESEARCH 

The study of turbulence received its first guidelines when Reynolds (1883) showed 

through a famous dye experiment that two flow regimes exist: a laminar regime when 

the dye injected in a stream followed clear streamwise filaments and a turbulent 

regime when lateral mixing blurred the dye lines. Reynolds further showed (1895) 

that the non-linearity of the Navier-Stokes equations give rise, upon time averaging, 

to second order terms which have the dimensions of stress and have since been called 

the "Reynolds stresses". 

The original Navier-Stokes equations form, together with the equation of continuity, 

a closed set that can be solved in principle, though the problem is so complex that 

a solution has not been achieved for turbulent flow. Some information is lost during 

the integration process and the time-averaged Navier-Stokes equations, often called 

the Reynolds equations, do not form a closed set. This is the famous closure 

problem. 

The purpose of most theories of turbulence is to supply this lost information by 

postulating mathematical or physical models for the Reynolds stresses. 

Chronologically, five stages can distinguished in turbulence research over the last 

hundred years. 

2. Trends in Turbulence Research 
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2.1. EMPIRICAL PHASE 

When little was known of the details of turbulence mechanisms, engineering solutions 

were obtained by dimensional analysis and empirical formulae in the form of power 

laws such that of Blasius (1913) 

!= 0.079 
Rel/4 

(2.1) 

These relations are restricted to the experimental conditions under which they are 

determined but still find application in engineering design particularly in situations 

where the geometry of the flow field is complex such as heat and mass transfer in 

stirred tanks (e.g. Rai, Lai\.and Upadhayay 1988). 

2.2 

The study of real fluid flow received a major impetus when Prandtl (1904) 

formulated his boundary layer theory. In this theory, the effects of viscosity are 

assumed confined to a thin layer near the wall; the region beyond obeys the laws of 

Euler's solution for ideal fluid flow (i.e. with a zero viscosity). 

The simplifications of the boundary layer theory allowed the Prandtl school to obtain 

major solutions of the Navier-Stokes solution for laminar flows summarised in 

Schlichting's book (1960) such as the Blasius analysis (1908) for flat plates . 

Within this context, Prandtl (1925,1933) obtained the first important model for 

turbulent flow. He postulated that eddies, which represent lumps of fluids, retain 

their identity for a distance as they move through the flow field before colliding with 

other eddies in the same way as a molecules of a gas do. This distance - called the 

mixing-length, 1- is further postulated to be proportional to the normal distance from 

the eddy to the wall. This model leads to a logarithmic dependence of the velocity 

2. Trends in Turbulence Research 
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with normal distance · 

where u+=U/u. is the normalised velocity 

y + =yu Jv is the normalised distance 

u. =(-rjp)l/2 is called the friction velocity 

(2.2) 

Prandtl named this equation "the law of the wall" because it is purported to apply to 

a region near the wall where the shear stress r can be considered as constant. Prandtl 

further reasoned that near the wall (y+ < 5) the fluid must be retarded and a laminar 

sub-layer exists where 

(2.3) 

This analysis was confirmed by the classical experiments of Nikuradse (1932, 1933) 

in cylindrical pipes and Prandtl's log-law remains to this day the workhorse of fluid 

mechanics. The law of the wall has been found to apply to a great variety of 

geometric configurations and types of fluids: flat plates (Schultz-Grunow 1941), 

rotating cylinders (Theodorsen and Regier 1944) rotating disks (Schultz-Grunow 

1935), pseudoplastic fluids (Bogue and Metzner 1963), viscoelastic fluids (Poreh and 

Paz 1968), hypersonic flow (Hill 1956), heat transfer (Smith et a1 1967), jets 

(Tollmien 1945), wakes (Schlichting 1930) and stirred vessels (Molerus and Latzel 

1987). The listing is only meant to be indicative of some of the known works; it is 

by no means exhaustive. 

The coefficients A (=2.5) and B (=5.5) vary slightly between different workers, 

even for the same flow geometry, but can be considered uuniversal constants" 

because there is, on the whole, very fair agreement. They must therefore be 

considered an intrinsic property of turbulence, independent of fluid properties. Yet 

they have always been determined empirically. The constant "B" is simply derived 

by matching equations (2) and (3). So far, no explanation has been advanced as to 

why it should have the value observed. The physical significance of the constant "A" 

2. Trends in Turbulence Research 
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has not been explained. 

Prandtl's analysis contains several obvious flaws. In particular,at the pipe axis, it 

predicts a finite velocity gradient whereas it should be zero by symmetry. Prandtl 

expected that equations (2) and (3) would apply to all Reynolds numbers in the 

turbulent region (he labelled a plot of u+ versus y+ "universal velocity profile 11
). 

Even the early experiments of Nikuradse however showed a small but definite effect 

of the Reynolds number. 

More important, critics of the mixing length theory argue that the analogy between 

the mixing-length and the molecular free path is "very poor" (Bird et al1960 p 160). 

Coles (1956) observed that the region of the flow near the edge of the boundary layer 

shO\Jlgreat similarity with the profiles in the wake of bluff bodies and depart from 

Prandtl's law of the wall. His relation for this third portion of the universal velocity 

profile was named "the law of the wake". 

Experimental research during this period relied mainly on the manometer for pressure 

measurements and the pitot tube for the determination of local time averaged 

velocities. 

2.3 STATISTICAL PHASE 

The advent of the hot wire anemometer allowed the measurement of instantaneous 

velocities and, though they confirmed the ability of the law of the wall and the law 

of the wake to describe the time averaged velocity profiles, they also showed that the 

velocity fluctuations and turbulent (Reynolds) stresses were uneven in the three 

directions (Laufer 1954, Klebanoff 1954). 

The continuous phase change of the velocity vector led many to question the 
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mixing-length which was regarded as unable to explain the structure of turbulence. 

It is widely argued to this day (e.g. in Bradshaw' book 1978) that one dimensional 

phenomenological theories of turbulence cannot possibly describe an essentially three 

dimensional phenomenon (Klebanoff 1962). 

The theory of statistical turbulence was invented by Taylor (1935) who dominated 

each phase in its development. The purpose was to provide a framework for the 

extraction of information from measurements of instantaneous flow fields and the 

elucidation of mechanisms of generation, propagation, dissipation and decay of 

turbulence. 

Analysis of time series of velocity fluctuations gave autocorrelations i.e. the influence 

of an eddy through time. Cross-correlations between the signals at two probes 

separated by various distances allowed Taylor to define a macroscale of turbulence 

which is interpreted as a characteristic size of the eddy and a microscale which is the 

size of eddies responsible for viscous dissipation. Fourier transform of the 

correlations gave energy spectra, the distribution of kinetic energy between the eddies 

of different frequencies or wavelengths. 

The picture that emerges from the statistical school of turbulence describes the flow 

field as made up of a distribution of eddy sizes with different scales in the three 

directions rather than a unique mixing-length. The large eddies contain mainly kinetic 

energy but tend to break down to smaller and smaller eddies, in a process called the 

degeneration tree, until the energy is dissipated into heat at the microscale level. 

Relationships among the parameters in the statistical theory can be derived from the 

Navier-stokes equations only for isotropic and homogeneous turbulence. Many of the 

experimental verifications have been made from measurements behind grids at a 

distance remote enough for isotropic conditions to prevail. This seriously limits the 

applications of the theory to engineering problems. Fortunately, the degeneration tree 
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of the eddies show that the non-isotropic character of the primary (large) eddies is 

lost at the microscale level and a state of local isotropy exists in real flow. From 

dimensional arguments, Kolmogorov (1941) derived a microscale which has been 

used in attempts to apply the statistical theory to predictions of transport rates 

(Calderbankand Moo-Young 1961, Keey etal1970, Kawase and Moo-Young 1989). 

The impact of Komogorov's ideas can be seen by the continuous interest they have 

generated from the moment they were conceived to the recent anniversary issue 

prepared by many workers in the field (Hunt et al 1991). Though much of the 

developments in statistical theory are attributed to Taylor and Kolmogorov, 

significant contributions have been made by Onsager (1945) von Weisacker (1948), 

Kovasznay (1948), Heisenberg (1948). 

The continuous improvement in anemometer accuracy allowed Laufer (1954) to give 

experimental energy balances in pipe flow and illustrate the flow of energy in wall 

turbulence (see Figure 2.1). The production of turbulence was found to be highest in 

the region 10 < y+ < 13 near the wall where the eddies were conventionally 

supposed to be small and the flow almost laminar. Such observations were hard to 

explain in terms of both the mixing-length and statistical theories of the time. 

The edge of the turbulent boundary layer was expected to be jagged (Corrsin 1943, 

Townsend 1956). This phenomenon was observed by Klebanoff (1954) indicating that 

at a given position within the boundary layer flow is intermittently turbulent and non

turbulent. Such results further discredited the mixing-length theory in the eyes of 

many. 

2.4 COHERENT STRUCTURES PHASE 

The previous view of turbulence as a stochastic process was challenged by the 

discovery of coherent structures in the flow field. 
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Figure 1. Energy balance in the wall region of a pipe. From Laufer (1954). 

Work like those of Theodorsen (1955) who postulated the existence of hairpin 

vortices near the wall or Townsend (1956) who proposed a double structure of 

turbulence, a large scale motion superimposed on small scale fluctuations, led to the 

visual studies of Runstadler, Kline and Reynolds (1967). The experiments of Kline 

and his associates (1967) marked the return to visual methods discontinued since the 

times of Reynolds and Prandtl but with more refined techniques and equipment. Their 

findings, quickly followed and confirmed by others (e.g. Corino and Brodkey 1969), 

changed again the course of turbulence research. They found that the layer near the 

wall, rather than being quiescent as one would expect in the quasi-laminar flow 

postulate of Prandtl (op. cit.), exhibits strong activity. Fluid from this region is 

periodically ejected into the outer stream through a violent bursting process 

accompanied by an inrush of fluid from the mainstream, followed by a period of 

relative quiescence before another ejection occurs. 
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Instead of being random as previously assumed, the velocity fluctuations obeyed a 

regular pattern and the flow field was highly organised. The structure of the wall 

layer is definitely three dimensional, even if the mainstream geometry is one 

dimensional (e.g. pipe flow), with long streaks of low speed fluid spaced in the 

azimuthal direction. 

Figure 2.2 Coherent structures in a mixing layer after Roshko (1976). The upper layer U1, p1 contains 
nitrogen. 1J1e lower layer U2, p2 contains a mixture of Argon and Helium. 

These become unstable and breakdown regularly, bursting into the main stream. 

Most of the turbulence production occurs during this bursting process. Cantwell 

(1981) and Robinson (1991) have reviewed the understanding on the wall layer 

structure. 

The highly organised structure of the wall showed how much information is lost in 

the process of statistical averaging, and research in the last twenty years has been 

dominated by the study of the structures embedded in turbulent flow fields. 

Visual experiments coupled with more inventive use of probe correlations revealed 
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the existence of large coherent structures in flow fields which were previously 

thought to be made up entirely of small scale fine "conventional" turbulence. Roshko 

and his associates (1976), for example give clear shadow photographs of these 

structures in the outer flow of mixing layers, (figure 2). The last twenty years have 

witnessed an explosion in the study of coherent structures. Many of the studies are 

highly sophisticated and detailed. Many new techniques have been evolved such as 

combined flow visualisation and anemometry (Head and Bandyopadhyay 1978), 

orthogonal decomposition (Bakewell and Lumley 1968, Moser 1989), variable 

integral time analysis VITA (Gupta et al 1971, Blackwelder and Kaplan 1971), 

quadrant analysis (Wallace et al 1972, Willmarth and Lu 1972) , u-level method (Lu 

and Willmarth 1973). 

The great increase in information has been marred by great confusion that arises from 

different methods of investigating the same phenomenon and our inability to visualise 

the physical implications of these differences. Such is the case for the time scale of 

the bursts which remain a contentious issue to discussed in section 7. There are 

two opposing schools which favour normalising the time scale respectively with the 

wall parameters u. and v fMd with the outer flow parameters U oo and o. Bogard and 

Tiedermann (1986) have tried to compare several event detecting criteria with flow 

. visualisation to explain contradictory results from these schools. So far, the problem 

remains unresolved. Most unfortunate of all is the failure of researchers to agree to 

clear and concise definitions of some of the basic concepts. For example, the concept 

of a vortex is omnipresent in the literature of turbulence yet there is no definite 

criterion (Lugt 1979, Trefethen and Panton 1990) to detect a vortex and several 

writers (Gad-el-Hak and Hussain 1986, Robinson 1991) have found it necessary to 

remind readers that a difference exists between vorticity, which is an unequivocal 

mathematical point function, and vortices that require a degree of coherence over an 

area or volume in space. Similarly, the concept of an "eddy" is central to many 

models of turbulence yet it remains essentially a mathematical abstraction (Cantwell 

1981). No physical definition has been given. Indeed the words "eddy" and "vortex" 
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are often used interchangeably in many analyses of turbulence. 

To the writer, the confusion in the very terminology of the field points to the fact that 

we still do not know what we are looking for. 

Robinson (1991) has proposed a glossary of terms to coordinate the descriptions of 

turbulence research. Cantwell (1981), Robinson (1991) and participants of the 

Willmarth Workshop (in Trefethen and Panton 1990) have all attempted to list the 

observations on which a wide consensus exist and the topics which remain 

controversial. It seems appropriate at this point to introduce a definition of some of 

the terms that will be used in this report. Basically, it follows the glossary proposed 

by Robins~n (1991). 

Terminology used 

Wall units are defined in terms of the friction velocity u.. and the friction 

distance vlu •. 

Up-out Flow from the wall towards the outer stream (y increases). 

Wall layer . Region where the viscous stresses are at least 1% of the total 

stress (approximately 0 < y+ < 100). 

Laminar sub-layer Region where the normalised velocity profile is approximately 

linear (y+ < 5). 

Buffer layer· Region in the range 5 < y+ < 30 

(also Karman, 

Blasius buffer 

layer) 

Log-law region 

Inner region 

Outer region 

Region where the law of the wall (equation 2) applies. 

Bounded by the buffer layer and the outer region. 

Region including both the wall layer and the log-law region. 

Region outside the wall layer. Includes both Prandtl's law of 
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the wall and Coles' law of the wake. In the transitional regime 

(low Reynolds numbers), there may not be a log-law region. 

Streamwise vortex Vortex aligned in the axial (x) direction. 

Transverse (also Vortex aligned in the azimuthal (z) direction. 

spanwise) vortex 

Sweep, inrush 

Ejection, burst 

Relatively high speed stream directed towards the wall (U' >! 
O,V'<O). 

High speed stream directed away from the wall (U' < 0, V' > 
0). 

Low speed and high speed streaks are defined in relative terms. Low speed implies 

U' < 0, high speed implies U' > 0. 

Vortex 

Eddy 

Robinson's definition: "A vortex exists when instantaneous 

streamlines mapped onto a plane normal to the core of the 

vortex exhibit a roughly circular or spiral pattern when viewed 

from a reference frame moving with the center of the vortex 

core." 

A vortex not attached to the wall (author's definition). In other 

words a lump of recirculating fluid which can move within the 

flow field and retain its identity for a length of time. 

Besides refinements in probe accuracy (e.g. Comte-Bellot 1971), measurement and 

visualisation techniques, the last fifteen years have been marked with attempts to 

study the details of turbulent structures by isolating them through artificial creation 

of instabilities (Nishioka et al 1981) and bursts (Gad-el-Hak and Hussain 1986, 

Arcalar and Smith 1987). 

Despite undeniable advances in our physical understanding of turbulence which 

include the period of the wall layer and bursts (Meek 1970,1973, Laufer and 

Narayanan 1971, Rao et al 1971, Kline et al1967, Kim et al1971, Kovasznay et al 

1970, Brown and Thomas 1977, Falco 1977, Narayanan and Marvin 1978, Smith 
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1978, Savas 1979, Sabot et al1977, Zakkay et al 1978), the average eddy life span 

(Roshko 1976), the wall pressure pattern (Thomas and Bull 1983, Dinkelacker et al 

1977, 1987, Hessel 1978, Johansson, Her and Haritonidis 1987, Langeheineken 

1981, Kobashi and Ichijo 1986, Eckelmann 1989), the wall layer structure (as 

summarised by Cantwell1981 and Robinson 1991) the image we have of turbulence 

mechanisms is still blurred and the state of the art is well summarised by Cantwell 

as "a maze of ambiguous labels and conflicting definitions". 

2.5 COMPUTER SIMULATIONS 

Visual observations and induction from probe records may reveal the structure and 

events, but they do not explain their cause and interactions. Furthermore, some 

properties like pressure fluctuations in the outer region are very hard to measure 

(Komerath et al 1985). Computer simulations have been introduced in the last twenty 

years to provide new information where it is too expensive to,or cannot be obtained 

experimentally. 

Numerical computations in the seventies were based on the Reynolds equations to 

obtain flow and pressure patterns in two and three dimensional systems. The 

modelling of the Reynolds stresses in these methods still relied entirely on empirical 

measurements. Eddy-viscosity models such as the Cecebi-Smith method which relies 

on the Prandtl mixing-length (e.g. Cecebi and Smith 1974, Baldwin and Lomax 1978, 

Stock and Haase 1989) gave good results. But an increasing large body of authors 

argued that the one dimensional mixing-length theory is inadequate and preferred to 

obtain the eddy viscosity in the outer region with a two-equations model like the k-e 

(Launder and Spalding 1974). Most of these models however failed to come up with 

a new visualisation of the wall process and relied on the Prandtllog law for distances 

close to the wall. Indeed, the newest findings by an international group set up to test 

turbulence models (Bradshaw,Launder and Lumley 1991) show that any method 

which invokes "the log-law" would produce good results irrespective of the model 
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used for the outer flow. 

Realising that the 

Reynolds stresses may be 

a function of higher 

derivatives of the velocity 

rather than just the 

velocity gradient some 

authors (e.g. Launder, 

Reece and Rodi 1975) 

attempted to model 

directly the Reynolds 

equations term by term. 

Again this type of 

2.13 

modelling made . 
F1gure 2.3a Contours ofstreamwise vorticity in numerical simulation 

without reference to the of Metcalfe eta/ (1987) 

new insight into turbulence structure and mechanism. 

Attempts to simulate the 

development of the 

coherent structures and 

study their role m 

turbulence must 

inevitably start with the 

original unsteady 

Navier-Stokes (NS) Figure 2.3 Flow visualisation photograph of so-called braid vortices 
from Bernal eta/ (1979) 

equations. These 

computations are demanding in computer facilities since an extra dimension, time, 

is involved. 
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Large eddy simulation, LES (e.g. Rogallo and Moin 1984), solve the three 

dimensional NS equations for only the large scale fluctuations of flow. The small 

scale characteristics are supposed to be independent of flow configuration (as in 

Kolmogorov's theory of local isotropy) and modelled from experimental data. 

• Recently, such empirical 

small sub-grid scale 

modelling has been 

omitted and the NS 

equations have been 

solved by Direct 

Numerical Simulation 

DNS (Kim et al 1987. 

Lyons et al 1989, Spalart 

1988, Reynolds 1990) ; 

z(cm) 

54 

often using spectral Contours of streamwise velocity in plane y = constant from 

h d (H 
. . d the experiments of Nishioka et al (1978) and contours from spectral 

met 0 S ussatm an simulation of Kleiser and Schumann (1984) 

Zang 1987). 

Both the LES and DNS have found strong support because of their ability to capture 

the form of the coherent structures embedded in turbulent flow. Two examples are 

given in Figures 2.3 and 2.4. Zang (1991) defines DNS as the numerical solution of 

the full non-linear three-dimensional time-dependent Navier-Stokes equations for 

prescribed initial and boundary conditions without empirical closure assumptions. The 

aim of the DNS is to produce, for a given Reynolds number, the correct 

1. Mean flows 

2. Root mean square velocity fluctuations 

3. Span wise spacing of the low-speed-streaks 

4. Skewness and flatness statistics. 
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Typically the LES use grid spacings of the order .Llx+ = 80, .Llz+ = 30 with the first 

grid point at y+ = 2. They achieve criteria (1), (2) and possibly (3) but have barely 

enough resolution for the wall streaks and the sweep and ejection events. 

The DNS have grid spacings of the order .Llx+ = 10 and .Llz+ = 6 with the first grid 

point at y+ = 0.06. They reproduce the coherent structures more adequately but are 

much more demanding in computer time. This requirement has limited their 

application to very low Reynolds numbers of the order of Re = 4000, and then for 

very simple boundary geometries. 

The DNS have so far been reported only for boundary conditions involving periodic 

velocity fluctuations in the streamwise and spanwise directions. The period of the 

fluctuations in real fluid flow is not known with certainty for a given Reynolds 

number and are prescribed according to the programmer's experience. Furthermore, 

Zang points out that the grid spacing does affect the ability of the DNS to capture 

vortical structures of higher order. He proposes that a healthy scepticism must be 

retained despite the undeniable achievements of the DNS. Despite these remaining 

problems, the results of the DNS have been used to supplement or replace 

experimental measurements, particularly in the study of the coherent structures (e.g. 

Moser 1989, Robinson 1991) and the transient shear layers embedded in turbulent 

flow (Johansson, Alfredson and Kim 1991). 

Like the visual experiments, the DNS identify only the form of the dominant 

structures, they do not explain their cause. New methods of simulation and 

experimentation are being tested. 

In adulterated numerical simulation, ANS, the contribution of specific terms in the 

Navier-Stokes equations are suppressed or modified to investigate their significance. 

For example Krist and Zang (1989) have suppressed streamwise vortices in their 

simulation of transition. Very little has however been done in this field. 

2. Trends in Turbulence Research 



16 

Two promising approaches, that Zang calls rational numerical simulations, RNS, are 

emerging. 

- In the asymptotic method, different sub-sets of partial differential equations, 

deduced from the Navier-Stokes equations, are solved for different domains of the 

flow (e.g. Duck 1990}. The problem of linking these different solutions have begun 

to be tackled (e.g. Gastaldi and Quarteroni 1989}. 

- The interaction between the different structures embedded in a turbulent flow field 

has been investigated in a series of RNS. In particular, the effect of vortices of 

different configurations as they move above the wall have been studied in both RNS 

and experimental investigations. These "kernels", nomenclature of Smith et al 1991} 

help set up dynamical models for the wall layer. So far, the configurations include 

rectilinear (Walker 1975, hairpin (Liu et al 1991}, ring (Chu and Falco 1988}, 

stream wise (Hall and Horseman 1991} and Goertler (Swearingen and Blackwelder 

1986} vortices. For example, Peridier et al (1991} have shown that the passage of a 

vortex above a wall induces an unsteady laminar sub-boundary layer beneath it. Their 

simulation illustrates how this sub-boundary layer erupts into the outer flow in an 

event that they term viscous-inviscid interaction. 

It is the awesome complexity of the literature of turbulence with its highly abstract 

treatises, almost impossible for the beginner even to penetrate, Jet alone master, 

which prompted this work. Furthermore, even after having waded several years in 

heavy mathematical theories, the reader will, in this student's experience, be no 

nearer to a clear picture of the phenomenon. Even the most basic concepts, like that 

of an eddy, are disturbingly vague. 

Another example of the confusion that assails the newcomer is the attitude to 

Prandtl' s mixing-length theory. Though it is dismissed by most workers in the field· 

as unable to explain the mechanism of turbulence, its log-law remains a key 

component of a majority of successful predictive models. The great avalanche of 

2. Trends in Turbulence Research 



2.17 

research and understanding in the coherent structures and the wall layer mechanics 

have, on the other hand, not even begun to make its way into our present methods 

of calculation of turbulent flow. There is thus a fundamental, almost schizophrenic, 

inconsistency in our approaches to the problem. 

The writer's original approach to turbulence was phenomenological (Tuoc 1969). The 

next step was obviously to eliminate the need for including empirical coefficients in 

these phenomenological correlations. This required the development of a theoretical 

closure technique. In the search for this closure, the writer soon realised that the 

coefficients in scaling laws were linked to the coherent structures which made their 

understanding relevant to and necessary for engineering correlations. But despite the 

fascinating challenge of studies in turbulence mechanism, the writer believes that 

useful predictive laws which are compatible with our enhanced knowledge of the 

coherent structures can be obtained without going into the detailed simulation of these 

structures provided we take account of the basic dynamic interaction they imply. In 

particular the writer now believes that special attention must be given to the linkage 

of simplified models proposed for different domains of the flow. In today's 

terminology this is called the matching of asymptotic expansions. Two other areas 

have not received the attention they deserve in the literature: (a) the influence of the 

initial and boundary conditions, especially when they are not prescribed rightly and 

(b) the mode of interaction between different secondary elements in the flow field. 

These are topics which have interested the writer in the present study. 
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CHAPrER3 

A NEW INTERPRETATION THE REYNOLDS 

STRESSES AND A RELATED VISUALISATION OF 

TURBULENCE 

INTRODUCTION 

Turbulence is acknowledged to an unsteady periodic three-dimensional motion 

governed by the Navier-Stokes equations1 

a a a a -(pu.) = --(pu.u.)--p--1' +pg 
Ot I ax. I J ax. ax. ij i 

I I I 

(3.1) 

Reynolds (1895) has proposed that the instantaneous velocity~ at any point may be 

decomposed into a long-time average value Ui and a fluctuating term -ui·. · The 

streamwise component may be written as: 

(3.2) 

with 

1 The suffices i and j in this chapter refer to standard vector notation. 
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U.=Jim ( 'u. dt 
I , ... :.J 0 I 

r .. u' dt = o Jo i 

For simplicity, we will consider the case when 

1. The pressure gradient and the body forces can be neglected 

2. The fluid is incompressible (p is constant). 

(3.3) 

(3.4) 

Substituting equation (3.2) into (3.1) and taking account of the continuity equation 

gives: 

a 
-(pU) = 0 ax. i 

I 

(3.5) 

(3.6) 

These are the famous Reynolds equations (Schlichting 1960, p. 529). The long-time-

averaged products U/U/ arise from the non-linearity of the Navier-Stokes equations. 

They have the dimensions of stress and are known as the Reynolds stresses. They_ are 

absent in steady laminar flow and form the distinguishing features of turbulence. 

The writer proposes that the traditional picture implied by the Reynolds equations is 

an oversimplification and more information about the Reynolds stresses can be 

,obtained by a more detailed analysis. 

3.2 DECOMPOSITION OF THE REYNOLDS STRESSES 

The derivation of equation (3.6) implies a velocity trace with a stationary long-time 

average as shown in Figure 3.1. 
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Reynolds further imagined the 

fluctuating components ui· to 
u 

be random. The advance in u 

measuring techniques of the 

last thirty years have shown 

conclusively that the 

3.3 

u· 

instantaneous velocity traces of . . . . Figure 3 .1. DecompoSition of the streamWlSe component of the 

flow close to a wall show two instantaneous velodty according to Reynolds (1895). 

types of fluctuations: fast and slow. Figure 3.2 shows a typical velocity trace near 

the wall, redrawn after the measurements of Blackwelder and Kaplan (1976). 

llursl 
llmsl 

l 
fus1:m1ancnus vchu;ily u 

~----~-------------------------------------------------------~ t 

Figure 3.2. Trace of instantaneous velodty after measurements by Blackwelder and Kaplan (1976). 

If we draw a smooth line through this velocity trace so that there are no secondary 

peaks within the typical timescale of the flow, we define a locus of smoothed velocity 

< Uj > and fast fluctuations ui· of period If relative this base line. Then we may write 

("" u.' dt = 0 
Jo ' 

(3.7) 

Kim et al (1971) have obtained the distribution of the smoothed instantaneous 

velocities near the wall by conditional sampling at various phases of the bursting 
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cycle (Figure 3.3). 

Mankbadi (1992) also defines the conditional average in the same way as the phase 

average: 

It is of course necessary to detect first the beginning of an event and determine its 

characteristic time scale t11. THus (Antonia 1980) defines the conditionally averaved 

velocity as: 

"'lim [J: tui c(t) dt I J: tc(t) dt] 
t~eo 0 0 

(3.9) 

It is a measure of the smoothed instantaneous velocity at a particular phase of an 
-"' r-,, 

event. To avoid confusion in the nomenclature, we will call this the smoothed phase 

velocity. Antonia (1980) discusses various detection schemes used to define the 

function c(t) that presumably locks the sampling onto a special feature associated with 

the coherent structure. 

We draw two conclusions from the work of Kim et al: 

L The fast fluctuations are eliminated by the conditional sampling process. 

2. The long-time-averaged velocity profile monitored by the Reynolds 

equations does not correspond to the smoothed phase velocity at any instant 

in time. Thus some information is lost in the method of velocity 

decomposition proposed by Reynolds. 

The decomposition of the velocity into fast and slow fluctuations brings out more 

readily the transient structures of the flow and is crucial to the success of the LES, 
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Figure 3.3. Smoothed phase velocity according to Kim et al. (1971). 

DNS and the variable-interval time-averaging technique, VITA, of Blackwelder and 

Kaplan (1976). 

The instantaneous velocity may be decomposed in an alternate manner as: 

Comparing equations (3.2) and (3. 10) shows that 

and 

where 

then 

U.' =< U.>1 +ut' 
I I 

<U.>1=<u.>-U. 
I I I 

-U U I I u.- .+< .> +u. 
I I 1 I 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

We may average the Navier-Stokes equations over the period 4 of the fast 

3. Reynolds stresses 



3.6 

fluctuations. Bird, Stewart and Lightfoot (p. 158 ) give the results as 

8p 
-- + 

&<u;> d<ui><u? _ 8u/u/ (3.15) 
axi axj axj axj 

Equation (3.15) defines a second set of Reynolds stresses u.'u.' which we will call 
I J 

"fast" Reynolds stresses to differentiate them from the standard Reynolds stresses 

u.'u.'. In general Uj' < U/ and the fast Reynolds stresses are much smaller in 
I J 

magnitude than the standard Reynolds stresses. 

To the writer's knowledge experimental investigations of turbulence all target the 

standard Reynolds stresses and no measurements exist for the fast Reynolds stresses. 

Considerations of this second set of Reynolds stresses gives a much better overall 

picture of the problem, in particular of the causal relationships in the study of the 

flow structure. The following discussion presents the writer's tentative views on a 

more fundamental and integrated approach to the study of turbulence. The reader is 

warned that a great deal more work needs to ·be done before a final strategy of 

research along the lines proposed can be completed. It may be appropriate here to 

quote Herbert (1988), a well-known author in the field of transition who noted that 

"different reviews on shear-flow instability (and turbulence) may have little in 

common and a zero-overlap of cited literature. This curious fact illustrates the many 

facets of the overall problem, the multitude of views, concepts, and methods, and the 

need to remain open minded. It also grants me the right to present my own view 

supported by a selection of references that I know is far from complete". 

3.3 PROPERTIES OF THE REYNOLDS STRESSES 

Within a bursting period t.~ the smoothed velocity < U; > varies slowly with time but 

the fluctuations u.' may be assumed to be periodic with a time scale lf. In the 

particular case of Steady laminar flow, < Ui > = Ui and < Ui' > = 0 : on} y the 
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fluctuations u/ remain. These are typically remnants of disturbances introduced at the 

pipe entrance or leading edge of a flat plate by conditions upstream. 

We may write the fast fluctuations in the form 

(3.16) 

The fast Reynolds stress u/u/ becomes 

(3.17) 

Equation (3.17) shows that the fluctuating periodic motion llj' generates two 

components of the "fast" Reynolds stresses: one is oscillating and cancels out upon 

long-time-averaging, the other, u0,;u0,i, is persistent in the sense that it does not 

depend on the period lf. The term u0,iuoJ indicates the startling possibility that a purely 

oscillating motion can generate a steady motion which is not aligned in the direction 

of the oscillations. The qualification steady must be understood as independent of the 

frequency w of the fast fluctuations. If the flow is averaged over a longer time than 

the period t., of the bursting process, the term Uo,;UoJ must be understood as transient 

but non-oscillating. This term indicates the presence of transient shear layers 

embedded in turbulent flow fields and not aligned in the streamwise direction similar 

to those associated with the streaming flow in oscillating laminar boundary layers 

(Schneck and Walburn 1976). Oblique shear layers have been observed near the wall 

and upstream of large scale structures by Blackwelder and Kovasnay (1972), Nychas 

(1973), Hedley and Keffer (1974), Falco (1977), Brown and Thomas (1977), Chen 

and Blackwelder (1978), Spina and Smits (1987) and Antonia et al (1989). It is not 

clear from literature reports whether these observations refer exactly to the same 

phenomenon and what effects the different methods of event detection have on the 

results. There is, however, a consensus that a secondary structure exists probably 

created by an ejection from the wall. This secondary motion is not apparent if one 

writes the fluctuating terms without periodic form, as in Reynolds' original 
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derivation. 

The periodic representation of the fluctuating velocities in equation (3.16) is also used 

widely in the study of laminar oscillating flow (Tetlionis 1981). In this case, the 

terms llQ,iuo.; are not studied as a possible source of fine scale turbulence but they have 

been clearly identified and have been given a physical significance to be discussed 

later. 

' . ' 
' 

t 

Figure 3.4. Velocity vectors in the near-wall domain (y+ < 40, < 190) projected into y-z plane at 
x=O. From Moser (1988). 

In turbulent flow near a surface, the existence of a secondary stream is compatible 

with the observations of Kline et al (1967). In their flow visualisation using the 

hydrogen bubble technique, they observed inrushes of high-speed fluid from the outer 

region towards the wall. These inrushes are deflected by streamwise convection into 

sweeps along the wall. During the sweep phase, the structure of the wall layer shows 

alternate streaks of high and low-speed fluid. The low-speed streaks become unstable, 

lift and oscillate until they are eventually ejected into the outer region. Moser (1988) 

has deduced the velocity vector map in the near-wall domain (y+ < 40). The 

existence of a normal velocity in the near wallregion in Figure 3.4 is shown further 

on to be compatible with the terms < llQ,illQ.; > . 

The magnitude of the fast fluctuations u/ at the beginning of the wall cycle is smaller 

than the standard velocity fluctuations U/ as shown from the velocity trace in Figure 

3.2. It appears at first glance that they may be neglected without greatly affecting the 

3. Reynolds stresses 



statistical results in 

turbulence studies. 

It IS known, 

however, that small 

velocity 

disturbances present 

in laminar flow 

fields are slowly 

amplified. Their 

growth is governed 

by the Orr

Sommerfield 

equations (Orr 

1907, Sommerfield 

280· 

Z~O· 

zoo· 

!GO 

120 

80 

'10 

D 
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---

800 7500 2'100 

1908, Schlichting R 1/,b v 

Jf!OO 

1960) and this Figure 3. 5. Curve of neutral stability of disturbances of circular frequency fJ, 
growth has been in a laminar boundary layer. After Schubauer and Skramstadt (1943). 

demonstrated theoretically by the calculations of Tollmien (1929) and Schlichting 

(1933). These predictions have been verified by the classic experiments of Schubauer 

and Skramsta.dt ( 1943). The results of these experiments show that disturbances begin 

to grow at Rell = 400. The amplification is selective, favouring low frequency 

disturbances. It is slow at first then increases exponentially near the onset of 

transition. This is consistent with the persistence of the low-speed-streak phase 

compared with the ejection phase. The low-speed-streak phase is relatively quiescent 

and the magnitude of the fluctuations u/ is large only near the ejection phase. 

The differentiation between the transient and long-time contributions of Reynolds 

stresses may also be found in the recent study of the evolution and dynamics of 

shear-layer structures in near-wall turbulence by Johansson, Alfredsson and Kim 

(1991). These authors have analysed the data. base provided by the DNS of Kim, 
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Moin and Moser (1987). They have obtained the conditionally averaged production 

of turbulent kinetic energy < P > which they write as 

<P> = -<U'V'>:-u 'v' ( (a~}( a~})-va( a;')-wa( a;') (3.18) 

The first term on the right-hand side of equation (3.18) is the only one that remains 

150 
(a) 

100 

so 

0~~~~~~~~ 
150 

(b) 

y• 100 

50 

0~~~~~~~~ 
150 

(c) 
100 

Figure 3.6. Production of turbulence near the wafl. (a) <P>, (b) _(U'V') dU/dY, (c) <P> - U'V' 
dU/dY 

in the long-time averaged sense. It is shown in Figure 3.6.b. The total conditionally 

averaged production <P> is substantially higher as seen in Figure 3.6.a. The 

difference between these two terms is shown in Figure 3.6.c. It points to the 

existence of an important transient contribution weakly slanted with respect to the 

wall and which can be attributed to strong gradients in the x- and y- directions of the 
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conditionally averaged streamwise velocity. 

From conventional probe methods and visualisations, it has been concluded that the 

Reynolds stress contributions occur intermittently. Kline et al (op. cit.) observed that 

the hydrogen bubble lines in their experiments became contorted during the ejection 

phase indicating a break-up of the flow into small scales. For this reason, they refer 

to the wall-layer process at this point as bursting. The results that Johansson et al 

obtain from the DNS data base confirm that the Reynolds stresses contribution from 

the downstream side of the shear layers is spatially spotty but they could follow the 

associated < U'V' > peaks for distances up to 1000 wall units. Furthermore, they 

found no signs of oscillatory motions or violent break-up in conjunction with these 

shear layers which, they believe, indicate a persistent motion oflow-speed fluid away 

from the wall. The writer observes that this motion is very similar to the streaming 

process observed in laminar oscillating boundary layers. 

OSCILLATING LAMINAR BOUNDARY LAYERS 

The analysis of oscillating laminar boundary layers also begins with equation (3.1). 

The velocity is decomposed into steady and periodic components. These conditions 

are exactly the same as those adopted in the DNS (Kim, Moin and Moser 1987, 

Spalart 1988, Laurien and Kleiser 1989) and the writer believes that techniques 

developed in the former field of research may be transposed to the study of 

turbulence. The case of oscillating flow with a zero-mean velocity is particularly 

interesting since the basic velocity fluctuations imposed by external means do not 

grow with time because there is no mean motion along the wall. One may thus 

investigate the effect of the amplitude and frequency of the fluctuations separately. 

The following treatment of the problem is taken from the excellent book of Tetlionis 

(1981). 

We define a stream function 1/1 
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v= oqr 
ox 

The basic variables are made non-dimensional 

x" x 
L 

y"'=-...!:--
J2v/U> 

(3.19) 

t"=tU> (3.20) 

(3.21) 

where U"" is the approach velocity for x = - oo, U., is the local mainstream velocity 

and L is a characteristic dimension of the body. The system of coordinates x,y is 

attached to the body. The Navier-Stokes equation (3.1) may be transformed as: 

aue"] (3.22) 
ax* 

with boundary conditions 

y*= 0 (3.23) ·-

For large frequencies, the RHS of equation (3.22) can be neglected since 

E = (3.24) 

In this case, Tetlionis reports the solution of equation (3.22) as: 

(3.25) 

Tetlionis (op. cit. p. 157) points out that equation (3.25) may be regarded as a 
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generalisation of Stokes' solution (1851) for an oscillating flat plate. This latter 

solution describes an oscillating flow called the Stokes layer which is often found 

embedded in other flow fields and has properties almost independent of the host field. 

Van Driest (1956) has used the Stokes solution to model the damping function in 

Prandtl'mixing-length theory (1935) near the wall. 

Equation (3.25) is accurate only to an error of order e. Tetlionis reports a more 

accurate solution for the case when e cannot be neglected (ie for lower frequencies): 

Uo'"(x ") .. · • -. · • .. 2· • • 2it" 2 w" = 
2 

[1Vo<Y")e 11 t 0(y")e-u ]+e[t1(x*,y'")e '1 +..;0e- ] + 0 (IE) 

(3.26) 

--
Figure 3. 7. Streaming flow near a vibrating cylinder. After Schlichting (1960). 

where 1/;0 and 1/;1 are the components of the stream function of order e0 and e. 

Substituting this more accurate solution into equation (3.22), we find that the 

multiplication of coefficients of ei1* and e·it• forms terms that are independent of the 

oscillating frequency, w, imposed on the flow field and were not anticipated in 

equation (3.26). Thus the full solution of equation (3.22) is normally written (Stuart 
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1966, Tetlionis 1981) as 

(3.27) 

where the overbar denotes the complex conjugate and 1/tst results from cancelling of 

eit• and e·it• terms. 

The quantity 1/ts~* shows that the interaction of convected inertial effects of forced , 

oscillations with viscous effects near a wall results in a non-oscillating motion that 

is referred to in the literature as "Streaming". The problem has been known for a 

century (Faraday 1831, 1874, Rayleigh 1874, Carriere 1929, Andrade 1931, 

Schlichting 1932) and studied theoretically (Stuart 1966, Riley 1967, Schlichting 

1960, Tetlionis 1981). governing equation for the streaming function may be 

extracted from the original Navier-Stokes equations and analysed separately. This is 

achieved by substituting equation (3.27) into (3.22) and collecting the steady terms 

of order e. Tetlionis gives the result as 

The boundary conditions imposed in early analyses were: 

v; 
"'' - 0 

1St - at y* = 0 (3.29) 

a-v; a-v; 
:::: 0 at y* = 0 = 

ay· ay• 
(3.30) 
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= at (3.31) 

Similarly the governing equation for l/t1 is obtained by collecting the oscillating terms 

of order e. The terms of order 12° give 

= -i (3.32) 

The solution for the main oscillating component Vto is the same as equation (3.25) and 

may be arranged as 

[ 1-e -(l+l)y•]+y" (3.33) 

Stuart (1966) has noted that the complementary function of equation (3.33) is (A + 
By$ + C y"'2) where Band Care functions of y". In order to satisfy the boundary 

condition in equation (3.31), it is necessary to put both B and C equal to zero. But 

then the boundary conditions at the wall cannot be satisfied. Stuart proposes that this 

anomaly can be remedied by assuming that the derivative aw ~ f(Jy * does not reach 

zero at the outer edge of the Stokes layer but remains finite. Then, assuming C = 

0, we obtain 

dU.$ 
, 1," __ U.o" __ o (-13 __ 3y.. 1 -2y• 3 -y· .. -y• • "' 1 "" - --e cosyy -e smy --y 

$t dx"' 8 4 2 2 
-y·siny ") 

(3.34) 

This means that there exist two boundary layers : an oscillating Stokes layer o
8 

and 

a second layer ost created by the intrusion of the streaming flow into the outer inviscid 

region. Tetlionis estimates the order of magnitude of these two layers as 

3. Reynolds stresses 



3.16 

'6 = L[i:)V 
st u 

"" 

(3.35) 

and 

a"~ (3.36) 
s <.) 

()st LU'J 1 
-=-=-
OS u.. E 

(3.37) 

Since e is small, the streaming layer ost is much thicker than the Stokes layer 08 • 

Figure 3. 8 sketches the trace of the streaming flow after a drawing by Tetlionis. The 

most important obseiVation 

is that the streaming 

reaches well beyond the 

Stokes layttr into the 

inviscid outer region. This 

eruption of an unsteady 

laminar boundary layer is 

called by various names in 

kernel studies that attempt to 

model the wall process of 

turbulent flow. Peridier et al 

(1991) call it viscous-inviscid 

interaction. These kernel 

Uot/..) 

studies arise from the Figure 3.8. Stokes and Streaming layers. After Tetlionis (1981). 

observation that a vortex moving above a wall will induce a laminar sub-boundary .. 

layer underneath its path by viscous diffusion of momentum, even if the vortex is 

introduced into a fluid which was originally at rest (Smith et al 1991). The vortex 
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impresses a periodic disturbance to the laminar sub-boundary layer underneath. The 

problem is thus very similar to that discussed by Tetlionis. In these kernel studies the 

configuration of the vortex must be specified a priori. In the work of Walker (1978) 

it is a rectilinear vortex, in Chu and Falco (1988) ring vortices, in Liu et al (1991) 

hairpin vortices, in Swearingen and Blackwelder (1987), streamwise Goertler 

vortices. Some of these studies are experimental and others are numerical solutions 

which may be considered as rational numerical simulations, RNS. 

The investigation of the flow field outside the Stokes layer has been performed by 

Stuart (1966) and Riley (1967) using asymptotic expansions. The analyses of Stuart 

and Riley have the advantage that no assumption need be made about the source of 

the velocity fluctuations. To l, the flow this outer layer is in viscid but the 

interactions of higher orders are not. The problem is very complex and both workers 

have introduced an essential simplification: they assume that the streaming flow and 

the potential flow do not interact. In order to express this simplification 

mathematically, Stuart has rewritten the stream function in the form 

(3.38) 

where (lJr 
0 
+yUe) is the periodic potential flow (including a displacement effect) and 1Jr a 

is an additional flow of which we are especially interested in the steady part. The 

boundary-layer theory is assumed to be valid and the potential flow balances the 

given pressure gradient. Then equation (3.-22) becomes 

&wQ + aue ova (avo+ yauel+ &wa 
axay ax ay ax ax atay 

awa &wa avQ &va &va 
+------- v--

(3.39) 

ay axay ax ay2 ay3 
r--

Equation (3.39) is then averaged with respect to time. The average of 1/;a is denoted 
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by lfst 

where lft is the time-dependent part of 1/t •. Then we have 

where 

&..; t aue ow t 
J=U--+--

e OXOy ax ay 
&..; , aw t &w t atJr, &w t 

+-------
ay2 ay axay ax Oy2 

where the overbar denotes an average with respect to time. 

Stuart (op. cit.) has assumed that the function J may neglected giving 

aw sr &lii sr aw sr &..; sr &w .n 
-------- = v--

ay axay ax ay2 ay3 

(3.40) 

(3.41) 

(3.42) 

(3.43) 

This linearisation has allowed him to obtain a solution for the streaming layer. This 

solution is in qualitative agreement with the experiments of Schlichting (op. cit.) for 

a vibrating cylinder. 

3.5 FURTHER DEDUCTIONS ON THE PRODUCTION OF TURBULENCE 

In the writer's view, the relationships in equations (3.17) and (3.27) indicate how 

some of the wave energy in ui and uJ is transformed into kinetic energy Uo/Uo,/. The 

writer believes that this is the mechanism by which energy is extracted from the 

mainflow to give the condition known as turbulence. In the remainder of this report, 

it will be called the streaming process. The writer also believes that the interaction 

term J in equation (3.41) cannot be neglected in studies of turbulence. The streaming 
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flow may be compared to a jet in crossflow with respect to the mainstream. It is 

known that the interaction of the mainstream with a jet in crossflow produces a wake 

on the lee-side of the jet. The velocity pattern downstream of the jet is very similar 

to small scale turbulence (Keffer and Baines 1963,Crow and Champagne, 1971, 

Chan, Lin and Kennedy 1976, Sherif and Pletcher 1989). 

Strong shear layers are 

produced on the upstream 

side of the jet where the 

pressure is high as in the 

forward stagnation region 

of a cylinder in a flow 

stream. (Chan et al, 

1976). Figure 3.9 shows 

the similar pressure 

patterns around a jet in 

cross flow and that . 
Figure 3.9. Pressure distribution in the vicinity of a jet in crossjlow. 

around a solid cylinder After Own et aT (1976). 

with clear patterns of high and low-pressure regions. 

Johansson et al. (op. cit.) have found that the pressure patterns associated with shear 

layers near the wall undergo a development where an intense localised high-pressure 

region around and beneath the centre of the shear layer is found around the stage of 

maximum strength. At this stage, the maximum amplitude is about 2 Pnns above the 

mean pressure. Johansson et al suggest that these strong localised high-pressure 

regions could be of importance for boundary-layer noise generation. 

Johansson et al have also observed that the contribution of the Reynolds stresses to 

turbulence production in the downstream side of the shear layers is spatially spotty. 

This is compatible with the existence of a wake behind the ejections. In kernel studies 
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mentioned previously, e.g. Peridier et al {op. cit.), the eruption of the laminar sub

boundary layer underneath the travelling vortex resembles the ejections and represents 

the intrusion of a stream of low-speed fluid into the outer inviscid region. Peridier 

et al have shown that a recirculation region exists behind the eruption. Liu et al 

{1991) have shown that the mainstream interacts with hairpin vortices near the wall 

and produce recirculation regions behind these hairpin vortices. 

T BOUNO!l.RY 

Curvilinear region 

Near field 

Figure 3.10. Geometry of a jet in crossjlow 

The similarity between the ejections and jets in cross flow has been observed 

previously by Townsend {1970) and Grass {1976). Both have noted that the ejections 

are periodic and may be compared only to intermittent jets. As a consequence the 

ejections are deflected more easily by streamwise flow and the associated structures 

are slanted at a lower angle with respect to the wall than ordinary jets in cross flow. 

The jet in crossflow may be divided into three zones as shown in Figure 3.10. The 

near-field region is jet dominated in the sense that the effects of the crossflow on the 

jet are not yet significant. In the curviliner region, the initial jet momentum and the 

momentum extracted from the crossflow have comparable effects on the jet 
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characteristics. In the far-field region, the effects 

of the crossflow predominate and the jet is 

aligned in the direction of the crossflow. 

Falco (1976) has observed coherent structures in 

u F-
l-

(a) 

(b) 

a boundary layer with smoke traces with the 

patterns shown in Figure 3.11. Falco observed 

two "typical eddy" forms: a mushroom shape on 

the back of the large coherent structures and a 

kidney shape near the edge of the boundary 

layer. The typical eddy is evident in the flow 

visualisation of plumes by Andreopoulos (1989) 

reproduced in Figure 3.12. The kidney shape . 
Figure 3.11. Typical eddies observed by 

represents a cross-section of the jet in the far Falco (1979). 

field region where it is aligned in the direction of main flow. Townsend postulated 

that the ejections create roller like stuctures in the outer region. These have been 

deduced recently by Wark and Nagib (1991) from probe measurements. 

The work of Wark and Nagib is particularly interesting because they map out a 

recirculation zone associated the roller-like structures (Figure 3.13) which shows 

extraordinary similarity with the recirculation zone associated ordinary jets in cross

flow obtained by Savory et al (1989) as sketched in Figure 3.14. This same 

recirculation pattern is found near a streaming jet in Figure 3. 7. 

Macmahon et al (1971) have reported on the shedding of vortices from a jet in 

crossflow. In the writer's opinion, this may be viewed as a consequence of the 

interaction function isolated by Stuart (op. cit.). The fast fluctuations and the 

associated fast Reynolds stresses are not important because of their magnitude, which 

is smaller than the standard Reynolds stresses, but because of the disturbance they 

make to the mainstream. 
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The writer submits that any study 

of turbulence that neglects this 

interaction effect will fail to 

reproduce the fine scale turbulence 

and require some sort of empirical 

closure model. So far, only the 

DNS have reproduced this 

3.22 

Falco typical eddies (a) 

~ 
J? I 

~--~~~-L--~~---

(b) 

interaction. The use of spectral 

methods (Hussaini and Zang, 

1987) to decompose the 

instantaneous velocity has 

permitted the DNS to investigate . 
F1gure 3.12. Structure ofplumes (a) Sketch of plumes, (b) 

the very small scale fluctuations Actual smoke pattern. After Andreopoulos (1989). 

which the writer views as essential for the study of turbulence. Finite difference 

methods would require prohibitively fine grids to reproduce these small scales. 

3.6. SUBSETS OF THE NA VIER-STOKES EQUATIONS 

The full solution of the Navier-Stokes equations is difficult because of their non

linearity. It is facilitated when various terms are omitted in a process called 

linearisation. For example, when the Reynolds stresses are neglected from the time

averaged equations, the solution describes conventional laminar flow. 

However, the success of the DNS, which do not require any simplification to the 

original Navier-Stokes equations, suggests to the writer that all the terms in the 

Navier-Stokes equations must be considered in turbulence research. The neglect of 

any term results in some loss of information. The impact of this loss depends on~ the 

particular term being neglected. The following is a summary of the writer's 
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Figure 3.13. Streamwise and normal evolution of velocity vector maps in the (y+, z+) plane associated 
with a roller-like structure in a turbulent boundary layer Re~ = 4620. 

assessment of the impact caused by various simplifications to the Navier-Stokes 

equations. 
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3.14. Recirculation region associated a jet in crossftow. a) Streamwise pattern. b) (y,z) plane 
pattern. From Savory et al (1989). 

1. FAST FLUCTUATING COMPONENTS OF mE VELOCITY 

According to the present analysis, the fast fluctuations are the trigger for the 
! 

streaming flow (or ejections) from the wall. Without them the secondary stream 

would not exist and the flow would not be turbulent. 

It is interesting to note that all the sucessful DNS (e.g. Laurien and Kleiser 1989, 

Spalart 1988, Kim, Moin and Moser 1987) have included fluctuating components of 

the velocity. Spalart has noted that the use of an imposed fluctuating velocity in 

conjunction with spectral methods helps with faster convergence in the iteration 

process. This appears to be a main motivation for the inclusion of the fluctuating 
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components of the velocity. It is not clear whether any of the authors of the DNS 

viewed the fast fluctuations as the cause of the ejections and therefore a necessary 

condition or whether they have inadvertently used this form of boundary conditions 

from considerations of computational convenience. 

As far as the writer knows, there is no study which specifically investigates the 

relation between the fast periodic velocity fluctuations and the presence of the 

secondary coherent structures. There are however a number of analytical solutions 

(e.g. Szymansky 1932, Schlichting 1960) which have solved the Navier:'Stokes 

equations for the smoothed instantaneous velocity < ui >.Numerical solutions are also 

available (e.g. Otis 1985). These studies, which may be considered as adulterated 

numerical simulations (ANS) even though they were not conducted for this purpose, 

fail to detect any secondary flow. Indeed they are interpreted in the literature as 

solutions of laminar start-up flow (Patience and Mehrotra 1989). Comparison between 

the DNS and the solutions for start-up flow thus support the writer's suggestion that 

the coherent structures have their root in the streaming flow generated by the fast 

velocity fluctuations. 

Experimental evidence also supports this interpretation. Ekman (191 0) has shown that 

laminar pipe flow can be sustained up to a Reynolds number of 40,000 by carefully 

eliminating the velocity disturbances at the pipe inlet. The usual transition Reynolds 

number is 2100 (Nikuradse 1932). On the other hand Prandtl and his colleagues often 

hasten the development of turbulent boundary layers in wind tunnels by introducing 

disturbances through a trip wire (Schlichting 1960, p. 39). 

2. THE INTERACTION TERMS 

When the Navier-Stokes equations are solved in their original unsteady form for 

boundary conditions with fluctuating velocity components, the solution may 

potentially include all the features of turbulence. However, if the interaction term J 
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in equation (3.41) is neglected, the solution will still fail to reproduce the small scale 

features. The velocity field shows only a laminar oscillating boundary layer with a 

secondary streaming flow but no wake formation on its downstream side with 

consequent breakup of the streamwise flow into small scale. 

3. STREAMING FUNCTION 

A more drastic simplification consists in assuming that the streaming function is 

negligible (the factor E in equation (3.22) is small). The solution then reproduces a 

fluctuating laminar boundary layer without a secondary streaming flow. The writer 

believes that this kind of solution is typified by a laminar boundary layer with small 

velocity disturbances as encountered in the study of boundary layer stability or in the 

low-speed streak phase of the wall layer. 

The writer argues that the various linearised solutions of the Navier-Stokes equations 

should not be interpreted in terms of flow regimes, e.g. creeping , laminar boundary 

layer or turbulent flow, because the terms that are neglected vary continuously not 

only with the conventional Reynolds number, Re = x Valv, but also with the 

frequency of imposed perturbations and with the normalised distance, y+ = yu./v, 

which is a kind of local Reynolds number. For example, the theory of stability 

(Schlichting 1960, Herbert 1988) indicates that conventional laminar flow represents 

the state when the fast fluctuations have not been amplified sufficiently to trigger the 

streaming flow. The condition E ~ 1 in equation (3.22) ensures the same result but 

is not restricted by (Reynolds number based) flow regimes. The developing sub

boundary layer beneath the sweeps satisfies this condition during the low-speed-streak 

phase of the wall layer in turbulent flow but not during the ejection phase. The 

condition E ~ 1 thus limits the solution to a domain in time or space, not to laminar 

flow only (in the conventional sense of the term). 

The effect of streaming is to disturb the inviscid potential flow beyond the "laminar' 
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boundary layer and thus to create an additional layer in the flow field. This suggests 

that the transition to turbulence is not characterised by a breakdown of the original 

laminar flow field into small scales but by the appearance of a layer added on top of 

the original laminar sub-boundary layer. The structures in these layers are 

fundamentally different because different terms prevail in the corresponding subsets 

of the Navier-Stokes equations. It is possible to investigate each of these layers 

separately by deriving these subsets through adequate simplifications. The attraction 

of this method is that the subsets are often much easier to solve than the original 

Navier-Stokes equations. The principle has been used, for example, by Orr (1907) 

and Sommerfield (1908) to obtain the governing equations for the development of 

small perturbations (the fast fluctuations) in the theory of stability. Another well

known example is Prandtl's boundary layer theory (1905) which divides the flow 

field into an in viscid region where the viscosity terms can be neglected . and a 

boundary layer where they may not be omitted. 

4. REYNOLDS 

The neglect of the Reynolds stresses in the time-averaged boundary-layer equations 

gives the "laminar•' boundary-layer equations solved by Blasius for flow past a flat 

plate (1908). 

In order to obtain a description of the complete flow field, one needs to link these 

separate solutions. The development of suitable matching criteria is of crucial 

importance in this method which is often called matched asymptotic expansions. The 

writer believes that insufficient attention has been directed towards the definition of 

these matching criteria and has devoted an important part of the work reported in 

subsequent chapters to this problem. 
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3.7. BASIC VISUALISATION OF TURBULENCE 

In the present view, the distinctive feature of turbulence lies in the bursting process 

which ejects a stream of fluid away from the wall at an angle from the direction of 

main flow. There is already "a consensus among researchers that a cyclic bursting 

phenomenon is the predominant mode of turbulence production" (Arcalar and Smith 

1987, also Cantwell 1981, Robinson 1991). 

The writer further suggests that the occurrence of velocity fluctuations is not , 

sufficient to distinguish turbulent from laminar flow. Abedian (in Trefethen and 

Panton 1990) also notes that irregularities in the flow are a necessary but not 

sufficient condition for turbulence. The theoretical work of Tollmien and Schlichting 

(op. cit.) and the experiments of Schubauer and Skramstadt (op. cit.) have shown 

conclusively that small perturbations in laminar boundary layers start to grow at Re6 
I 

= 400, which is equivalent to Rex 6000, well within the laminar region which 

only ends in the vicinity of Rex = 3xl0-\ at the onset of transition. There is other 

evidence to support this view. Gaster (1981) has found that wave packets can grow 

in a laminar boundary layer for some time before disrupting it. Herbert (op. cit.) 

summarises the results of transition research where it is accepted that two 

dimensional TS waves, named after Tollmien and Schlichting in honor of their 

pioneering work, can be stable and only represent a first phase in the transition 

process, not the sufficient condition for breakdown of laminar flow. Hino et al (1983) 

and Akhavan et al (1991) have shown in their investigations of turbulent oscillating 

pipe flow that laminar flow prevails in the acceleration phase of the flow cycle even 

though the fast Reynolds stresses are not zero. 

DEFINITION OF TURBULENCE 

To a beginner, the study of turbulence is immediately hampered by the surprising 

lack of a clear and concise definition of the physical process. The most common 
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descriptions are vague: " a motion in which an irregular fluctuation (mixing, or 

eddying motion) is superimposed on the main stream" (Schilichting 1960), "a fluid 

motion of complex and irregular character" (Bayly et al 1988) or negative as in the 

breakdown of laminar flow (Reynolds' experiment 1883). 

The writer proposes that turbulence shou1d be defined as that flow in a mainstream 

with secondary intermittent ejections from the wall, at some angle to the direction of 

the mainflow and with which it interacts. 

BASIC ELEMENTS OF A TURBULENT FWW FIELD 

In the present work, the dynamics of turbulence near a wall are viewed in terms of 

three flow components: 

1. A main wall stream which is seen as a non-steady laminar boundary layer 

flow. Small perturbations in the layer grow into Tollmien-Schlichting waves. 

In the stability theory, these are called primary disturbances. In the present 

study the vortical structures created within this layer are still attached to the 

wall and their Reynolds stresses are not considered characteristic of turbulence 

but of an unsteady Blasius layer (1908) with a fluctuating component in its 

approach velocity. 

2. A first secondary stream which is modelled after an intermittent jet in 

crossflow. The writer identifies this stream with the ejections observed by 

Kline et al (1967). In the statistical theory of turbulence, they are called the 

primary eddies but they correspond to the secondary instabilities in the theory 

of stability. Kline et al (op. cit.) and Grass (1976) also refer to them as eddies 

and have mapped their path close to the walL In this study, the primary 

eddies are seen as the main source of turbulence production and their 

shedding frequency determines the time scale of the bursting process. 

3. A second secondary stream which results form the interaction between the 

first two flow components. It is viewed in terms of a wake on the lee side of 

3. Reynolds stresses 



3.30 

the intermittent jet. The vortices that are shed from this jet are called 

secondary eddies or tertiary .instabilities. The theory of stability differentiates 

only between the primary and secondary instabilities. In this study, the 

secondary eddies (tertiary instabilities) are seen as responsible for the fine 

scale turbulence in the log-law region .. 

Start of 
sub-boundary 
layer 

Figure 3. 15. Basic visualisation of turbulence 

Main stream 

Ejection 

Transient wake resulting from 
main stream-ejection interaction 

Wall 

Turbulence thus results from the very complex interactions between the three flows 

as shown in Figure 3.15. 

ADDITIVE LAYERS IN TURBULENT FWW NEAR A WALL 

In the present view, the subset of the Navier-Stokes equations where the terms of 

order E are neglected apply to a region near the wall where the effect of the ejections 

on the long-time average velocity field has not yet become important. This is the wall 

layer. In chapter 4, it will be shown that the dimensions of this layer, expressed in 
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terms of u+ and y+ units, are independent of the flow regime. The same subset thus 

describes the wall layer in both turbulent and laminar boundary layer flow. 

As the Reynolds number increases, the magnitude of the velocity fluctuations grow 

(f increases) and eventually a streaming flow appears. The structure of the flow field 

begins to change when the ejections start to disturb the outer inviscid region beyond 

the wall layer. At Reynolds numbers just above the transitional value, Re =2100 for 

pipe flow, only the far field section of the intermittent jets penetrate the outer region. 

The disturbance to the previously potential flow may be compared with that of a wall

parallel jet since the ejections are here aligned in the direction of main flow. This 

region has been described by Cole's law of the wake (1956). In the present 

visualisation, upon transition, the first layer to be added to the wall layer is the law

of-the-wake region as shown in Figure 3.16. 

As the Reynolds number increases, so does the intensity of the ejections which reach 

further into the outer region. Eventually, the curvilinear region of the jets begin to 

intrude into the outer region. At that Reynolds number the main stream begin to 

interact with the jet to create a wake; the logarithmic law-of-the-wall makes its 

appearance. 

The writer believes that the dramatic increase in the boundary layer thickness may 

be explained in terms of thi~ p~netration of the ejections into the hitherto outer 

inviscid region. Figure 3.16 has been compiled from velocity measurements of pipe 

flow by various authors (Senecal and Rothfus 1953, Nikuradse 1932, Eckelmann 

1974, Laufer 1954, Lawn 1971, Bogue 1962). It shows how the law-of-the-wall, 

hereafter called the log-law) and law-of-the-wake regions are added to the wall layer. 

The advance of the ejections beyond the wall layer may be seen by monitoring the 

growth of the log-law region . This is best observed when the experimental velocity 

profiles are reduced to a common basis. It has been found that the velocity U should 

3. Reynolds stresses 



3.32 
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Figure 3 .16. Additive layers in turbulent flow. 
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be normalised with the time-averaged velocity at the edge of the wall layer u. and 

the distance y normalised with the thickness of the wall layer o •. This similarity 

transformation collapses all the measurements into a single curve irrespective of the 

Reynolds number as shown Tuoc and Abrahamson (1992 a and 1992 b). 

The writer has not found any experimental measurements that could illustrate the 

penetration of the ejections into the outer region within a bursting period of turbulent 

flow. Some information can be obtained from studies of oscillating pipe flow 

(Akhavan et al, Hino op. cit.). Schneck and Walburn (1976) have argued in their 

study of pulsatile blood flow that the secondary streaming flow results from a 

tendency of viscous forces to resist the reversal of flow imposed by the oscillating 

motion of the main stream. This is demonstrated more clearly in the experiments of 

Gad-el-Hak et al (1984) who generated an artificial bursting process in a laminar 

boundary layer on a flat plate by deccelerating it. The magnitude of the decceleration 

and the corresponding adverse pressure gradient must be sufficient to induce 

separation and t<iection of low-speed fluid from the wall. This is evident in the 

experiments of Akhavan et al who found that turbulence begins at Re.., = 500-550. 

The velocity profiles at different phases of a cycle are shown in Figure 3.17 for Re,., 

= 1080. Except for the regions of oscillating potential flow, the similarity 

transformation adopted here collapses them onto the velocity profiles for "steady" 

turbulent pipe flow. The acceleration phase, where the pressure gradient is 

favourable, is laminar. The velocity profile here exhibits only two regions: (a) a wall 

layer which coincides very well with the profiles for laminar boundary layer flow and 

those for the wall layer of steady turbulent pipe flow, and (b) a fluctuating potential 

flow in the outer region. The data illustrates clearly the growth of the log-law region 

in the decceleration phase of the cycle. 

The division of a turbulent boundary layer into three regions is well known in the 

literature (Cecebi-Smith 1974, Bradshaw 1978, Hinze 1975). The physical 

interpretation presented here is new. 
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Figure 3.17. Penetration of the log-law into the outer region during a cycle oscillating pipe flow. From 
Tuoc and Abrahamson (1992). 

In order to obtain even simple engineering correlations which are compatible with the 

better understanding of turbulent structure gained in the last two decades, we need 

to complete two further steps: 

1. A description of each region of the flow field, preferably through simple 

mathematical models, 

2. Matching criteria to link these models. 

These two problems may be analysed at various levels of complexity. The writer has 

aimed only at the simplest. The results are reported in subsequent chapters. 

3. Reynolds stresses 



3.35 

In this yisualisation, the flow of energy in a turbulent field may be described as 

follows. The inrushes bring kinetic energy from the main stream towards the wall 

through fast moving fluid streams. This energy is extracted by the sub-boundary layer 

at the wall by viscous exchange of momentum. The energy is stored in this phase in 

the form of growing wave fluctuations. The wave energy of the fluctuations is 

transferred from the fast fluid to the slow fluid near the wall by transformation into 

kinetic energy, with a significant normal component, through the streaming process. 

When this kinetic energy is sufficiently large it causes the ejections of low-speed fluid 

from the wall. The energy of the ejections is extracted and redistributed into the 

small scales of the mainstream by the formation of transient wakes behind the 

ejections. 

It is proposed that two types of Reynolds stresses must be distinguished, respectively 

linked with the slow and fast variations of the instantaneous velocity. The fast 

velocity fluctuations give rise to "fast" Reynolds stresses through secondary fluid 

motions similar to the streaming process in laminar oscillating flow theory. This 

process illustrates how wave energy contained in the fast fluctuations can be 

transformed into kinetic energy for the secondary motion. 

This secondary motion may be compared to intermittent jets in crossflow with respect 

to the mainstream as suggested also by Townsend (1970) and Grass (1976). The 

writer goes further than these previous authors by emphasising that the jets interact 

with the main stream to create a wake. This temporary breakdown of the mainstream 

is postulated as the source of the small scale turbulence. The log-law and the law of 

the wake regions are seen as the result of this disturbance of the original potential 

flow outside the laminar boundary layer and thus represent new layers added on top 

of the laminar boundary layer. The latter is identified with the wall layer in turbulent 

flow. 
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While the magnitude of the instantaneous Reynolds stresses are not large, except in 

the ejection phase of the bursting cycle, they play a major role in turbulence 

production through their disturbance to the mainstream. 
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CHAPfER4 

WALL LAYER 

An understanding of turbulence must begin with the wal1layer since it is the source 

of the ejections and the coherent structures. We flrst review the main experimental 

observations obtained in pipe flow and in turbulent boundary layers over flat plates. 

Then the writer proposes a simple mathematical model based on simplified subsets 

of the Navier-Stokes equations and shows how it provides a reasonably adequate 

temporal-spatial description of the wall layer in pipe flow. The model is then 

compared briefly with the measurements over other surface geometries. Some of its 

limitations and implications with regards to the traditional concepts of flow regimes 

are examined. 

4.1. SUMMARY OF RELEVANT EXPERIMENTAL OBSERVATIONS 

Cantwell {1981) has reviewed the literature on the structure of the wall layer. It 

' contains three salient features: 

1. Streaks of relatively low velocity fluid which are separated by a distance of 100 

wall units in the spanwise direction and last for a longitudinal distance of roughly 

1000 wall units as shown in the model of Offen and Kline {1975) in Figure 4.1. 
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Figure 4.1 Wall layer model of Qffen and Kline (1975). 

These scales are widely accepted in the literature. 

2. Periodic breakdown of this structure through a gradual oscillation and lift-up of 

the low-speed streaks culminating in violent ejections of fluid from the wall. Kline 

et al (1967) observed that the hydrogen bubble lines that highlighted the low-speed 

streaks in their visual experiments became contorted during the ejections and 

disappeared completely outside a distance y+ = 100, indicating break-up of the flow 

into s'mall scales. They called this process "bursting". Meek and Baer (1970) report 

a normalised bursting period at the wall of roughly t .. =u,.{i[V =17 . 

The smoothed instantaneous velocity proflles in the low-speed-streak phase develop 

an inflexion point as shown. in Figure 4.1 and the streaks lift gradually while 
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oscillating. Lord Rayleigh (1880 to 1913) has shown that an inflexion point in the 

velocity profile is a necessary condition for instability. 

Kim et al (1971) and Grass (1971) have plotted the x-y path of the ejections, which 

is curvilinear near the wall. In the outer region, Brown and Thomas (1977) have 

deduced from probe measurements of the peak of correlation functions a straight path 

at an angle of roughly 18° with respect to the wall. Other authors report a range of 

angles from 5° to 40° Cantwell (op. cit.). However, it is not clear from literature 

reports whether these angles refer to the same phenomenon, the same section' of the 

ejection-path, whose gradient does not appear to be constant over its entire length, 

and what effects the different detection schemes have on the final results. Johansson 

et al (1991), for example, have studied the shear layers near the wall using the DNS 

data base of Kim et al (1987). The angle that can be deduced from the correlation 

peaks of the streamwise velocity was found to be different from that obtained from 

correlation peaks of the normal velocity, for the same shear layer. 

Klebanoff (1954) first described the shape of the vortex created at the wall as a 

hairpin. Arcalar and Smith (1987) have created artificial streaks by dye injection at 

the wall and illustrated this shape and its details quite clearly (Figure 4.2 a and b). 

The work of Nishioka et al (1981) also show the development of this structure in the 

transition region of pipe flow. 

Kim et al (1971) estimate that the streaks oscillate in the region 8 < y+ < 12, 

breakup in the region 10 < y+ < 30 and eject when y+ > 40. Blackwelder and 

Eckelmann (1979) believe that the low-speed streaks result from an accumulation of 

fluid between pairs of longitudinal vortices but Banerjee (1992) points out that the 

vortices are much shorter than the low-speed streaks, as observed by Kim et al 

(1971). There is agreement among all workers that the low-speed streaks are present 

in all turbulent flows but the mechanism of their formation remains an open question. 
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3. The ejection is accompanied by a inrush of fluid from the outer region towards the 

wall . Corino and Brodkey (1969) call this stream a sweep. Offen and Kline (1974) 

argue that it originates from the Jog-Jaw region. In the present work the term "s\veep" 
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is used to indicate the inrush stream after it has been deflected by streamwise 

convection into a flow along the wall. Kim et al (op. cit.) note that a vertical 

component of velocity is not necessarily present in the sweep. The dual process of 

ejection and inrush seems to be a consequence of conservation principles (Offen and 

Kline, 1975). It occurs whether the wall is smooth or rough (Grass, op. cit.). 

4. Quadrant analysis of standard Reynolds stresses, e.g. by Wallace et al (1972) or 

Willmarth and Lu (1972) show the production of turbulence occurs mainly during the 

ejection and inrush phases. Corino and Brodkey (1969) estimate that ejections. in the 

rang~ 5 < y+ < 15 account for 70% of the Reynolds stresses measured by Laufer 

(1954). Kim et al (1971) estimate that all the turbulent stresses occur in the region 

y+ < 100. Willmarth and Lu (1972) and Grass (op. cit.) found that the instantaneous 

values of the Reynolds stresses in this region can soar up to 60 times their RMS 

value. 

There is now a wide consensus among investigators that the process does not occur 

randomly, as implied by statistical theory, but follows a highly organised pattern. 

4.2. MATHE:MATICAL MODELS 

A full model of the wall layer can be obtained only by the solution of the time

dependent Navier-Stokes equation (3.1), which is very difficult. However, several 

approximations can be made to simplify the analysis. 

1. The low-speed-streak phase is known to be much more persistent than the 

inrush and ejection phases (Cantwell op. cit., Robinson 1990). The ratio of time

scales between these phases can be seen in the instantaneous velocity trace shown in 

Figure 3.2. Thus, even though it is much more quiescent, we expect that the 

contribution of the low-speed-streak phase will dominate the low-moment statistics 
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of the wall layer. To a first approximation, the parameters of the wall layer may be 

equated to those of the low-speed-streak phase. Walker et al (1989) have proposed 

a similar hypothesis. In the present theory, this postulate implies the condition e < < 

1 in equation (3.21). 

2. Although the wall-layer structure is definitely three-dimensional (Kline et 

al, op. cit.), most of the models proposed so far are one or two-dimensional (e.g. 

Einstein-Li 1956, Hanratty 1956, Black 1969, Walker et al 1988). The streamwise 

component of the smoothed phase velocity in a two-dimensional sub-boundary layer 

on a flat plate is given by the solution of (see Chapter 3): 

a<u> a<u> +<u>--+<v>--
iJt ax ay (4.1) 

au au 1w1 iJv 
+--+--+--ax ay az 

involving the "fast" Reynolds stresses. 

This equation is still too complex for analysis and further approximations can be 

made. The writer notes that hypothesis (1) implies only that the streaming function 

lfst in equation (3.26) can be neglected because E is small; it does not require that 

velocity fluctuations be completely absent from the wall layer. Thus there is an 

oscillating Stokes layer near the wall and the fast Reynolds stresses are not zero. In 

his study on the evolution of Tollmien-Schlichting waves near the leading edge of a 

plate, Goldstein (1983) has also found that they induce an unsteady Stokes layer close 

to the wall. 

A useful method of simplifying equation (4.1) is to assume that the fast Reynolds 

stresses on the RHS of equation (4.1) balance one or more terms on the LHS. Two 

cases are particularly interesting. 
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4.2.1 THE STOKES SOLUTION 

When the fast stresses are assumed to compensate the convection terms, equation 

(4.1) becomes 

o<u> a'-<u> --=v--
at Oy2 

Stokes (1851) has solved this equation for the conditions: 

IC 

BC1 

t = 0 

t ~ 0 

ally 

y 0 

u = u. 
u=O 

BC2 t ~ 0 y = oo u = U, 

(4.2) 

where u. is the approach velocity for this sub-boundary layer. The velocity at any 

timet after the start of a period is given by: 

(4.3) 

where 

The average wall-shear stress is 

(4.4) 

Equation (4.4) may be rearranged as 

(4.5) 

· Einstein and Li (1956) have suggested that the time-averaged velocity near the wall 

may be obtained by rearranging equation (4.3) as 
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(4.6) 

Einstein and Li (op. cit.) and Hanratty (op. cit.) have applied equation (4.6) between 

the wall and the edge of the buffer layer (Karman 1934), where U, + = 13.5 and ob + 

= 30, and obtained good agreement with measured velocity profiles. Einstein and Li 

viewed the wall layer as a laminar flow which is disrupted because it is periodically 

bombarded by eddies coming from the outer region. During the quiescent intervals 

when the faster fluid is in contact with the wall, momentum is exchanged with the· 

outer flow by a diffusion process. In this type of model, equation (4.6) gives the 

averaged velocity profile of the wall layer but its relationship to various streamwise 

positions x along the wall is ill-defined. 

Meek and Baer (1970) endeavoured to deflne more formally the domain of 

application of equation (4.6) by taking the edge of the wall layer as the position 

where u/U, = 0.99, which corresponds toy o,and Tis = L87. Substituting these 

values into equation (4.3) gives 

(4. 7) 

Back-substitution of equation (4.7) into (4.5) gives 

(4.8) 

Meek and Baer matched equation (4. 7) with Prandtl's law of the wall, equation (2.2) 

and obtained U,+ = 14.9, o,+ = 64. Substituting this new criterion into equation 

(4.6) gave good predictions for the time-averaged velocity over the whole wall layer, 

0 < y+ < 64. 

4. The wall layer 
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Many authors have subsequently used the Einstein-Li approach with further 

refinements to model the wall layer (e.g. Hanratty 1956, 1989). Reichart (1971) and 

Black (1969) have included the effect of the pressure gradient into equation (4.2). 

In the present analysis, the application of equation (4.2) is interpreted in terms of the 

following physical process. The initial conditions at timet = 0 refer to the conditions 

set up by an inrush of 

high-speed fluid from 

the outer region 

towards the wall. 

When inspecting the 

crosscorrelation 

functions such as those 

measured by Kreplin 

and Eckelmann in 

Figure 4.3, this time 

origin can be defined 

to correspond with the 

peak of the 

crosscorrelation at the 

reference probe 

embedded in the wall. 

The inrush 1s 

subsequently deflected 

into a sweep above the 

wall probably in the 

form of a moving 

vortex (Kim et al, op. 

cit.) which generates 

4. The wall layer 

!(t) = 1 

y+ = 1.8 

y+::::: 3.6 

y+ = 16 

J 0 100 

Figure 4.3. Shift in the peak of cross-correlations of the velocity. The 

reference probe is embedded in the wall. From Kreplin and Eckelmann 

(1979). 
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an unsteady developing sub-boundary underneath its path. This defines a moving 

front near the wall which can be followed by monitoring the time-shift in the 

correlation peak as we position the second probe at various positions above and along 

the wall. Figure 4.3 shows this time-shift in the measurements of Kreplin and 

Eckel mann. 

In the wriJf!r~syiew, equation (4.3) describes the degeneration of the initial velocity 

profile, through the influence of viscous interchange of momentum with the wall, as 

the sweep moves along the wall. The velocity perturbations present in a fluid stream , 

in general cover a whole spectrum of frequencies. Each of these frequencies is 

amplified at a distinctive rate and therefore leads to ejections at different times and 

positions. The perturbations thus create a "jungle of hairpin vortices" (Head and 

Bandyopadhyay 1979). The observations of Arcalar and Smith (op. cit.) in Figure 

show clearly this multiplicity of lifted streaks. Very little is known about the 

characteristics of natural flow perturbations and it is not possible at present to predict 

the location of inrushes and ejections. We may assume that the inrushes are 

distributed randomly in time and space. A fixed observer would see fronts of fluid 

with a random distribution of ages, t, depending on the position of the inrushes 

relative to the observer. These fronts then occur with uniform probability distribution 

of ages and the long-time average of any property CP (e.g. velocity, shear stress ... ) 

is obtained by sampling over all possible ages between 0 and the limit t,. 

(4.9) 

4.2.2 THE BLASIUS SOLUTION 

When the instantaneous Reynolds stresses are assumed to compensate the acceleration 

term, then equation (4.1) becomes 

4. The wall layer 
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O<u> O<u> &<u> <u>--+<v>-- = v--ax ay ay2 
(4.10) 

The solution of equation (4.10) has been given by Blasius (1908) for the boundary 

BC1 X = 0 all y u = u. 
BC2 X> 0 y=O u=O 

y = 00 

The velocity at any position in the field is given by: 

u -=4> uv 
(4.11) 

where <P is a series function of the normalised distance 'f/b 

and 

The function <P has been tabulated by Blasius and by Hartree (1949). 

The wall shear stress averaged over the distance x. is given by Blasius as 

Tw 0.664 

pU? Jx11 Ujv 
(4.12) 

The thickness of the laminar boundary layer at x. is 

(4.13) 

Eliminating x. between equations (4.12) and (4.13) and rearranging gives 

(4.14) 

4. The wall layer 
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The Blasius solution is traditionally interpreted as that of a steady laminar boundary

layer flow past a flat plate. In this model it gives a two-dimension<l,lc::_-"snap-shot" 
----~-~-·~·~---" 

description ofthe low-speed-streak phase. The origin, x = 0, is again taken at the 
. 'l 

inrush. As the sweep moves, interchange of momentum with the wall again 

degenerates the original velocity profile. Equation (4.11) gives this profile at the 

position x relative to the inrush. The long-time average value of a property <P is now 

given by sampling the instantaneous value GJ for all possible lengths of this front 

Note that even though the time variable does not appear in equation (4.10), the latter 

represents here an approximation to an unsteady flow. 

The statistical average, ob +, of the thickness o. + for a random distribution of low

speed streaks is then related to the statistical average velocity Ub + by 

(4.16) 

Tuoc and Abrahamson have found that the thickness ~ + corresponds to the Karman 

buffer layer. 

The simultaneous application of equations (4.2) and (4.10) gives a temporal-spatial 

description of the low-speed-streak-phase of the wall layer. The advantage of using 

two separate approximations to equation (4.1) is that their solutions are well-known 

and relatively simple. The physical interpretation of these solutions is however 

different from the conventional views of Stokes and Blasius. Other methods of 

simplifying equation (4.1) are possible (e.g. Black 1969, Walker et al1989) but they 

lead to more complex mathematical analyses. 

4. The wall layer 
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The proposed model has been compared with existing measurements in a paper 

entitled "The wall layer in turbulent flow" by Tuoc and Abrahamson (1992 a), 

reproduced in appendix Al. It predicts adequately a large number of statistical 

parameters which include the long-time-averaged velocity profile, the wall-shear 

stress and its correlation function, the fluctuating velocities, the distribution of 

viscous and Reynolds stresses across the wall layer, the production of turbulence and 

the probability density distribution of the instantaneous velocity. We examine here 

only a number of the results which are necessary for a discussion on the overall 

visualisation of the physical process. We will also review evidence that suppo,rts the 

new application of the Stokes and Blasius solutions postulated here. 

4.3 WALL LAYER THICKNESS 

In order to obtain the long.,.time average velocity profile from the Stokes and Blasius 

solutions, it is first necessary to define their domain of application, the wall layer, 

in a clear unambiguous way. Apart from the work of Meek and Baer (op. cit.) most 

of the definitions of the wall layer thickness are vague. Karman (1934) observed 

empirically that the log-law in equation (2.2) begins to apply from a point (<\, + = 30, 

u+ = 13.5) and defined this point as the edge of the buffer layer. Schlichting (1960, 

p. 567) reported a value o. + = 70. Kline et al investigated the region 0 < y+ < 100 

to make sure that they covered the entire wall layer. 

The writer notes that the relationships between the velocity U, and thickness of the 

wall layer in equations (4.7) and (4.14), assuming that the Stokes and Blasius 

solutions can be applied to the wall layer, are independent of the Reynolds number 

and the intensity of turbulence in the outer region. The coefficients of the log-law 

are, on the other hand, a function of the Reynolds numb~f(Millilciin 1939,~Bogue and 

Metzner 1963, Comte-Bellot 1963). Thus the method ofMeek and Baer (op. cit.) can 

be improved by matching equations (4.7) or (4.14) with actual measurements of the 

4. The wall layer 
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Figure 4.4. Determination of wall layer thickness. 

velocity profiJe, as shown in Figure 4.4, rather than with Prandtl's law of the wall 

which is only approximately correct. There is a problem here in defining the velocity 

U,. In the original Stokes or Blasius solution it refers to the approach velocity in the 

inviscid region which is steady with respect to time. In a turbulent flow field, it 

refers to the velocity at the boundary between the wall layer, where the solution of 

order £P dominates, and the outer region, inviscid to order £.0, where the solution of 

order e1 dominates. Because of the disturbing effect of the streaming flow and its 

interactions, the velocity at this boundary is not steady. We define this velocity U, 

as the time averaged velocity at the edge of the wall layer, described by either the 

Stokes or the Blasius solution. 

The wall layer thicknesses in turbulent pipe flow for the range 2600 < Re < 
3,200,000 resulting from the use of equation (4. 7) in the Stokes solution are shown 

in Figure 4.5. The buffer layer thicknesses obtained with equation (4.16) are also 

shown. When we match equation (4.14) from the Blasius solution with the measured 

velocity profiles, as shown in Figure 1 of appendix ~~~,the numerical values of the 

wall layer thickness o/ is smaller than the resut; in Figure 4.5 but the bonding 

velocity U, + is not much altered. 
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The difference in the estimates of wall layer thickness o. + by the Stokes and Blasius 

solutions may be better understood by considering the approximate solutions of 

Pohlhausen (1921). In this method, the velocity profile in the laminar boundary layer 

are described by polynomial expansions in y 

(4.17) 

where '11 =y/ a v 

The boundary layer thickness is a function of the coefficients in the polynomial. For 

example, Bird, Stewart and Lightfoot (1960), p. 141, give for unsteady flow 

(4.18) 

where 

(4.19) 
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(4.20) 

The coefficients of these polynomials are determined by the boundary conditions 

imposed on the solution. Pohlhausen investigated second, third and fourth order 

polynomial distributions. For a third order polynomial, the boundary conditions are 

y=O u=O &u=O 
ayz (4.21) 

y=ov u=U 
au -=0 v ay 

Bird, Stewart and Lightfoot obtain N = 3/2 and M = 3/8 and 

(4.22) 

To determine the coefficients of a fourth order polynomial distribution, a further 

boundary condition must be specified. Pohlhausen chose 

(4.23) 

yielding 

(4.24) 

Comparison between equations (4.3), (4.22) and (4.24) shows that the Stokes solution 

is better approximated by a fourth-order polynomial distribution. A similar analysis 

shows that the Blasius solution is better approximated by a third-order polynomial 

distribution. These observations are compatible with the fact that Blasius solved 

equation (4.10) with boundary conditions that do not require that the second 

derivative of the velocity at the position y o, be zero, i.e. the boundary conditions 

stipulated in equation (4.21). Examination of the Stokes velocity distribution in 

equation (4.3) shows that the second derivative at the edge of the sub-boundary layer 

4. The wall layer 
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y = o. is of the same order of magnitude as the first derivative, i.e. very small. The 

Stokes solution thus automatically satisfies the condition in equation (4.23) and can 

be better approximated by a fourth order polynomial. 

The difference between the Blasius and Stokes solutions are thus more of a 

mathematical than a physical nature. Comparison of the proposed model with 

measurements in the wall layer may therefore be made with only one solution with 

the understanding that the other solution also yields approximately the same 

predictions. ln,.this report, the Stokes solution is used as it has been investiga,ted by 

many other workers in the field. Where relevant, additional information is obtained 

from the Blasius solution to complement the physical picture. 

Figure 4.4 shows that the edge of the wall layer determined in the present method 

always defines clearly the beginning of the log-law region. The use of a fixed value 

of the wall-layer thickness for all Reynolds numbers (Meek and Baer) does not define 

this boundary adequately. 

4.4 UNIVERSAL VELOCITY PROFILE 

The normalisation of the velocity profiles with the wall parameters as shown in 

Figure 4.4 was first proposed by Prandtl (1935). Despite early expectations, these 

"universal velocity profiles" (nomenclature of Prandtl), still show a small but clear 

Reynolds number effect. The set of parameters (U. +, o, +) defined in the present 

analysis has a unique position in turbulent flow fields because it applies both to the 

wall layer and the outer region. Since these two regions have different structures, it 

is not surprising that normalisation with the wall parameters alone cannot produce a 

single universal velocity plot. Tuoc and Abrahamson have normalised the data in 

Figure 4.4 with the parameters at the edge of the wall layer. (Note that the velocity 

and thickness scales at the edge of the wall layer where denoted in Appendix Aland 

4. The wall layer 
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Figure 4.6. Similar logarithmic velodry profile in pipe flow. Tuoc and Abrahamson (1992 a). 

some other early papers by the variables Uw and ow. In this thesis they are denoted 

by U. and o. because it was felt that the subscript w may mislead the writer into 

thinking that these values where determined at the wall). This procedure is basically 

a similarity reduction for the wall layer profile. (The use of semi-log coordinates in 

preference to the usual linear coordinates in the Pohlhausen (1921) analysis reproduce 

better the similar shape of the profile in the outer region). The velocity measurements 

in Figure 4.4 then fall into a single similarity curve for turbulent pipe flow as shown 

in Figure 4.6. To differentiate the present method of data reduction from other 

normalisation procedures, we will call it the similar logarithmic representation. The 

similar logarithmic velocity profile for turbulent pipe flow will be called the standard 

curve. The profile in the wall layer may be obtained by substituting the velocity u 

given by equation (4.3) for p in equation (4.9). The resulting predictions of the 

average velocity are shown in Figure 4.6. 

More information can be gathered by examination of other flow configurations. 

4. The wall layer 
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It has often been tacitly assumed that the log-law holds for unsteady turbulent flow 

as well as steady flow but little evidence has been offered to support this postulate. 

Tuoc and Abrahamson (1992 b) have plotted the phase velocity profi1es in turbulent 

oscillating pipe flow measured by Akhavan et a1 (1990) in similar logarithmic form. 
' 

The acceleration phase shows a laminar flow with varying boundary layer thickness 

(Figure 1 in Appendix A2). The similarity plot shown in Figure 5 of Appendix A2 

shows that the wall layer proflle at all phases of oscillating pipe flow corresponds 

exactly to that in the standard curve above. In the acceleration phase the flow field 

can be divided into two domains: a wall layer and an outer inviscid potential, flow 

which is oscillating. In the deceleration phase, we see the emergence of the log-law 

which grows gradually (Figure 6 Appendix A2). The Jog-law sections of the 

similarity profiles shown in Figure 5 of appendix A2 coincide completely with the 

standard curve for steady pipe flow, but the oscillating potential core does not This 

indicates that the structures in both the wall layer and the log-law region remain self

similar during a cycle of the bursting process even though their scales may change. 

The profiles of the conditionally averaged instantaneous velocity measured by Kim 

et al (1968) and reported by Black (1969) for two phases of the bursting cycle can 

also be transformed to show the same self-similarity. The analysis requires some 

extrapolating because the measurements only cover the range 0 < y+ < 100. 

Because of this uncertainty, they have not been included here. 

The same analysis 

has been performed 

with a number of 

other flow 

configurations. The 

same standard 

... 0 

Figure 4. 7a. Test section in the experiment of Tanaka and Yabuki. Height-

to-length ratio is magnified by five times. 
curve has been 

obtained for flow between parallel plates (data of Schlinger and Sage 1953), at the 
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Figure 4. 7b. Mean velodty profiles in a converging to constant area duct. From Tanaka and Yabuki 

(1986). 

bottom of agitated vessels (data of Molerus and -'-""'"""'L 1989) and in wall jets (data 

of Irwin 1973). 

Three other cases are particularly interesting: 

Turbulent flow in a converging channel is gradually relaminarised by the acceleration 

under a favourable pressure gradient (Tanaka and Yabuki 1986). Universal velocity 

profiles at various stream wise positions indicated in Figure 4. 7a are shown in Figure 

4. 7b. The similar logarithmic profile coincides with the standard curve as shown in 

Figure 4.8. Investigation of this configuration shows that the Stokes solution is 

compatible with both laminar and turbulent flow. The favourable pressure gradient 

in converging channels acts in a way similar to that in the acceleration phase of 

oscillating pipe flow investigated previously. Another situation which highlights the 

effect of the pressure gradient has been reported in the turbulent boundary layer 

studies of Kim et al (1971). While there are other scaling models for boundary layers 
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Turbulent pipe flow 
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Figure ·i:J.. 8. Similar logarithmic velocity profile in a converging to constant area duct. Data from Figure 

4.7a. 

with adverse pressure gradients, the present similarity reduction is simple and 

illustrates adequately that the wall layer and log-law region in this case are not 

different from the standard curve. The law-of-the-wake region is, however, strongly 

affected. Devenport and Sutton (1991) have investigated challenging flow 

configurations, as far as analytical theory is concerned. They involve separated and 

reattaching flows produced by a sudden expansion in a pipe with and without a 

centerbody to further disturb the flow downstream of the point of reattachment. 

Devenport and Sutton report that the mean velocity profiles between the positions of 

separation and reattachment do not obey the law of the wall 

even though semi-logarithmic regions appear to form tangents to the linear sublayer 

near the wall. Figure 4. 9 a and b show the measured universal velocity profiles for 

one configuration. As with turbulent oscillating pipe flow, it is not always easy to 

determine the first appearance of a log-law region by the conventional tangent 

4. The wall layer 
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Figure 4. 9a. Near-wall mean velocity profiles in separated and reattaching flow. Data of Devenport and 

Sutton (1991). 

technique. 

Akhavan et 

(op. cit.) for 

example drew 

straight lines of 

slope dU+ /dy+ 

= 2.5 on the 

.ll 

0: .6 
.... 
)> • 4 

.2 

(j 
0 3 

~I R 

ure! 
Figure 4. 9b. Mean axial velocity profiles and mean streamlines in separated and 

reattaching flow. From Devenport and sutton (1991). 

semilogarithmic velocity plot. If such a line passes through at least four points in the 

measurements, then a log-law is assumed to exist. Comparison of the similar 

logarithmic profiles with the standard curve provides a more accurate definition. It 

should also be noted that the region <\ + < y+ < o/ can be well approximated by 1 

a log-law but should be regarded, in the writer's view, as the outer edge of the wall[ 

layer. 
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Figure 4.10. Similar logarithmic velocity profile from data in Figure 4.9a. 

The similar logarithmic 

velocity profile this 

configuration is shown 

in Figure 4.10. Firstly, 

we see that the wall 

layer profile coincides 

well with that of the 

standard curve even 

though the flow is 
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XIX 

d 0 min ate d by a Figure 4.11. Variation of wall layer thickness detennined in Figure 

. 1 . . 4.10 rectrcu ation pattern m 

the outer region. 

Secondly, we observe that the log-law does make a brief appearance. The profile in 

the outer region reflects the velocity changes in the recirculation region. The 

variation of the wall layer thickness, shown in Figure 4.11 suggests that the entire 

4. The wall layer 



4.24 

flow field should be divided into four different segments which reflect these velocity 

changes in the recirculation zone. This graph was incorporated to show that the 

proposed method of defming the wall layer thickness may become a useful tool in 

investigating complex flow configurations. 

The final example which has been chosen out of the large number of configurations 

investigated relates to manipulations of the structures in a turbulent boundary layer 

to reduce the drag exerted by the fluid. This is a relatively specialised field which is 

yet to make its full contribution to applied fluid mechanics. Two methods have been , 

investigated (Bandyopadhyay 1991). 
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Figure 4.12. Mean velodty profiles in manipulated boundary layers. (a) outer layer device; (b) above 

valley ofriblet. After Bandyopadhyay (1986). 

The introduction of rib lets on the wall aligned with the flow alters the velocity profile 

as shown in Figure 4.12. Work such as those of Greco and Smith (1991) and Peridier 
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et al (1991) show that the span wise oscillation of a vortex above the wall eventually 

leads to an eruption of the sub-boundary layer below. The rib lets reduce instability 

by constraining this spanwise motion. In the method of outer-layer-devices (OLD), 

also reported by Bandyopadhyay, the ejections are controlled by small plates 

positioned in the outer region parallel to the wall. 

2r-------------------------------~ 

U/U v 

1 

Figure 4.13. Similar logarithmic profile for both OLD and riblets manipulated boundary layers. Data 

from Figure 12. 

A similarity plot again reduces these velocity measurements into a unique standard 

curve. Figure 4.13 shows that the inner region of the similar logarithmic velocity 

proflles in the OLD and at the valley of the rib lets coincide with the standard curve. 

This would indicate that the structure of the flow is not altered by manipulations to 
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obtain drag reduction, the onset of ejection is simply delayed to correspond with that 

for low Reynolds numbers in Figure 4.4. 

These results suggest that the similar logarithmic profile of the wall layer is not 

sensitive to inhomogeneous conditions in the spanwise direction. The presence of 

riblets should induce a spanwise velocity profile similar to the peak-valley structure 

that has been observed at the beginning of transition. This self-similarity of the 

velocity profile in the spanwise direction allows us to describe with some confidence 

the three-dimensional nature of turbulence with two-dimensional models. The 

reduction of the measurements at various phases of a wall cycle (Akhavan et al, Kim 

et al 1968) and streamwise distances along the wall (Tanaka and Yabuki, Devenport 

and Sutton) further suggests that turbulence near a wall may be described in terms 

of the normal distance, y, alone, even though it is a non-steady three dimensional 

phenomenon. Kronauer and his associates (Morrison and Kronauer 1969, Lai et al 

1989) have also shown that only the normal distance is relevant to the description of 

turbulent profiles. 

There is considerable evidence, then, to show that in some sense the structure of the 

wall layer is unique, independent of both the surface geometry and the characteristics 

of the outer region. Furthermore its velocity profile can be described by an 

application of the Stokes or Blasius solution which must therefore be considered 

independent of the regime of the main flow. 

4.5 TIME SCALE OF THE WALL LAYER 

Meek and Baer (1970) have obtained direct estimates of the period of the wall layer 

from autocorrelations of pressure fluctuations and from temperature fluctuations of 

a hot film sensor embedded in the wall. Their results are shown in Figure 4.14. This 

time scale can also be obtained from the estimates of the wall-layer thickness shown 
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Figure 4.14. Time-scale of the wall layer. Data of Meek and Baer (1970). 

in Figure 4.5 by an application of equations (4.5) and (4. 7). The results from the two 

methods agree very well as shown in Figure 4. 14. 

We should note 

flow. 

two other estimates of the characteristic time scale of turbulent 

Kline et ai (op. cit.) have estimated a mean period from visual observations of bursts. 

They obtain a normalised period of approximately t., + 10. Einstein and Li (1956) 

and Black (1969) report similar values for the time scale near the wall from 

autocorrelation of the wall-pressure fluctuations. Kim et al used both visual hydrogen 

bubble techniques and autocorrelations of the velocity in the laminar sublayer with 

approximately the same results. The writer has used a different symbol, t., +,from that 

used with the estimates of Meek and Baer, t, +, because he believes that the estimates 

of Kline et ai can be obtained from equation (4.5} using the velocity at the edge of 

the buffer layer, Ub + = 13.5. The results of Kline et al and Black may be viewed in 
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a sense as a mean period whereas the values of Meek and Baer represents the 

maximum period of the wall layer. The buffer layer thickness has been obtained in 

the present work by averaging the wall layer thickness o, + for a random distribution 

of low-speed streaks. Kim et al have observed that the bursts originate from the 

buffer layer. 

It appears that the discrepancy between the results of Meek and Baer and those of 

Kline et al reflects differences in the definition of the sub-boundary layer thickness 

near the wall rather than disagreement over its physical structure. 

Rao et al (1971) have shown that the time scale they measure can be successfully 

normalised only using the outer variables A, the boundary layer thickness, and U"', 

the approach velocity. The issue of normalisation of the time scale, whether with the 

wall parameters or the outside parameters, remains one of the more contentious issues 

in the field. The writer notes that the measurements of Rao et al and others in the 

school (e.g. Laufer and Narayanan 1971) are based on velocity trace measurements 

outside the wall layer. In the writer's view the time scale in this region should be 

associated with the pressure fluctuations generated by the wake behind the ejections. 

Its normalisation with the outer parameters produces a type of Strouhal number which 

reflects adequately the fluctuations of the wake. Rao et al have suggested rightly that 

their measured time-scale seems to reflect the small scale turbulence. Because the 

wake is produced only during the passage of an ejection, the time scales measured 

by Rao et al and Meek and Baer are related but they refer to fundamentally different 

structures. The confusion has arisen because both schools call the time scale that they 

measure by the same name: the bursting period. JJ!Jhe~rite:r:'L~iew only the time 

scale measured by the Meek and Baer technique should be considered as 

representative of the wall process. 
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The application of the Stokes solution thus gives predictions which are compatible 

with the parameters that have been measured in the wall layer. In particular the 

relationship between the thickness and period of the wall layer is satisfied. We will 

now show that the length scales in the normal and strearnwise directions obey the 

Blasius solution. 

4.6 MOVING FRONT .IN THE WALL LAYER 

00~------------------------------------, 

30 

20 

10 Eqlllltion (4.24) 

Figure 4.15. Moving front of turbulence in the wall layer. Data of Kreplin and Eckelmann (1979). 

Kreplin and Eckelmann (1979) proposed that a "front of turbulence" near the wall 

may be defmed from the time-shifts of the correlation function in Figure 4.3 by 

obtaining an average convection velocity at each position y+. Tuoc and Abrahamson 

(1992 A) have suggested that the long-time average velocity may be used as an 

approximation of this convection velocity of the front. The distance Llx that the front 

has travelled in a time LU is then simply obtained by multiplying .1t with the 

convection velocity U. The trace of this front, shown in Figure 4.15, coincides with 
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the edge of the Blasius layer given by equation (4.13). The parameters in this 

equation have been rearranged in normalised form, using U/ 15.95, to give 

(4.25) 

Within the present visualisation, the front measured by Kreplin and Eckelmann 

represents the boundary between the sweep and the sub-boundary layer it induces 

underneath its path. 

4. 7 EXPERIMENTAL EVIDENCE OF VORTICAL STRUCTURES AND FLUCTUATIONS IN 

LAMINAR FLOW 

The success of the present model in capturing a wide range of measurements related 

to the wall layer points to a need to revise our interpretation of the application of the 

Stokes and Blasius solutions. Traditionally these have been viewed as descriptions of 

an impulsively started and a steady laminar boundary layers on a flat plate. In 

particular, the Blasius solution is normally considered applicable only to laminar flow 

without any velocity fluctuations. However, there is evidence to support the view that 

"laminar" boundary layers are characterised by the lack of a secondary embedded 

flow but can support velocity fluctuations. 

Evidence of vortical structures in "larnil}ar" flow may be found in the acceleration 

phase of turbulent oscillating pipe flow close to the wall which has been shown to 

obey the Stokes solution (Akhavan et al op. cit., Hino 1983) and the Blasius solution 

(this work). Merkli and Thomann (1975) have obtained photographs of streamwise 

vortices in oscillating pipe flow, reproduced in Figure 4.16. Figure 4.17 show how 

these vortices gradually disappear from the field of vision as turbulence sets in during 

the deceleration phase. 
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It should be noted here that the wall-layer 

thickness tends to a constant asymptotic value 

of o, + = 61 at high Reynolds numbers. Because 

the average wall-shear stress mcreases 

dramatically upon transition, the wall-layer 

thickness expressed in terms of real physical 

units is dramatically reduced as the Reynolds 

number increases, as shown in Figure 4.18. 

Thus the disappearance of the streamwise 

vortices in Figure 4.17 d&"6ot supply proof that 

a laminar sub-boundary layer does not exist at 

the wall but only show that the field of vision 

during the deceleration phase is dominated by 

the structures in the outer region. The 

resolution of the photographs is too coarse to 

distinguish the wall layer in this case. Thus the 

famous dye experiment of Reynolds (1883) 

does not necessarily prove that the laminar flow 

field breaks down into small scale turbulence 

Figure 4.16. Streamwise vortices 

observed by Merkli and Thomann (1975) in 

the (laminar) acceleration phase of 

turbulent osdllaring flow. 

when the Reynolds number exceeds the critical value of 2100. In the writer's opinion, 

one may equally argue that Reynold's experiment is compatible with a dramatic 

reduction in the physical scale of the original "laminar flow" which is however still 

present after transition because its normalised value ov + is essentially constant. 

A similar pattern of longitudinal vortices in heat transfer to laminar flow between 

parallel plates has been observed by Akiyama et al (1971) as shown in Figure 4.19. 

These vortices appear to have been generated by the temperature gradient within the 

lower half of the flow because the top and bottom plates have been carefully kept at 

the same temperature. 
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Figure 4.17. Gradual disappearance ofstreamwise vorticesjrom the acceleration to deceleration phases 

of oscillating pipe flow. After Merli and 17wmann (1975). 

There is no other report that this author has seen of observed vortices in steady 

laminar flow. There are, however evidence of velocity fluctuations. Gaster (1981) has 

shown that wave packets can travel considerable distances in a Blasius layer before 

disrupting it. Craik (1991) has shown through a study of the Orr-Sommerfield 
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equations that 

disturbances can grow 

in a Blasius layer 

without essentially 

modifying its profile. In 

fact, the linear theory of 

stability has shown 

(Tollmien, 1929) that 

small residual 

perturbations in a flow 
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Figure 4.18. Variation of relative buffer-layer thickness in pipe flow 

with increasing Reynolds nwnber 

field begin to grow at a boundary-layer-thickness Reynolds number Re.., = 400 which 

corresponds to a swept-length Reynolds number Rex = 6000. The predictions of 

Tollmien have been verified by the classic experiments of Schubauer and Skramstad 

(1943). Rex = 6000 is found to be also the minimum swept length Reynolds number 

from where the Blasius solution successfully correlated the measured friction factors 

in the experiments of Dhawan (1953). Janour (1951) has shown that for lower 

Reynolds numbers the friction factor is greater than that predicted by Blasius. We 

may thus argue that the Blasius solution applies to laminar boundary layers that are 

already perturbed by small velocity disturbances. 

Records of velocity fluctuations in laminar pipe flow are rare, presumably because 

most workers do not expect them to exist. For example, Senecal and Rothfus (1953) 

have noted that the time-averaged velocity profile at Re = 1500, in their pipe flow 

experiments, had already departed significantly from the parabolic profile 

characteristic of laminar pipe flow (Schlichting 1960) even though the friction factor 

could still be correlated with the Poiseuille relation, f 16/Re (Figure 4.20). They 

did not measure velocity fluctuations. Recently, Sirocco et al (1991) have investigated 

the laminar pipe flow of a non-Newtonian fluid. They show that both the time

averaged velocity profile and the friction factor obey well known correlations for 
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laminar flow of non

Newtonian fluids for a 

Reynolds number below 

1007. Their work is 

interesting because they 

have also shown that the 

velocity fluctuations in 

this laminar flow are 

not negligible, as shown 

in Figure 4.21. 

4.8 THE 

TRANSFORMATION 

We have reviewed 

evidence that both the 
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Stokes and Blasius Figure 4.19. Longitudinal hetU vortices (end view). From Ala)'ama et 

solution can be applied al r1971). 

to the wall and that they 

may be considered alternate simplifications for an unsteady developing sub-boundary 

layer. This layer)s laminar inthe sense that there is no secondary ejection but can 
' -- ~ 

support small velocity fluctuations. These results have led the writer to attempt a 

transformation of the Stokes solution into the Blasius solution. The original derivation 

(Tuoc 1983) could not be published because of restrictions to communications from 

VietNam where the writer was residing. A more general transformation for non

Newtonian fluids is available (Tuoc and Keey 1992 b, reproduced in Appendix AS). 

Newtonian fluids are obtained in that transformation as a special case. 
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The transformation assumes that the 

Stokes solution describes the 

penetration of wall retardation into the 

outer region by diffusion of 

momentum. The wall-layer thickness 

represents the maximum penetration of 

this diffusion front in the direction 

normal to the wall. It is assumed to be 

not affected by the streamwise 

convection velocity. The time scale in 

Figure 4.14 is the time that momentum 

takes to diffuse across the wall layer. 

The transformation defines a 

relationship between the time scale t,., 

the length scales of the wall x, 

and the velocity u. 

XV 
t =-
v AU 

v 

(4.26) 
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Figure 4.20. Departure of laminar velocity profile 

Th ffi · t A · O 30 'f th from the parabolic distribution. Data ofSenecal and e coe 1c1en Is . 1 e 
Rothfus (1953) 

velocity distribution is taken from the 

exact solutions of Stokes and Blasius and 3/8 if it is approximated by a third order 

polynomial as proposed by Pohlhausen. Substituting the time scale from Figure 4.14 

and the velocity from equation (4.3) into equation (4.26) gives an estimate of the 

length of the sub-boundary layer at the wall from the inrush to the location of the 

ejection. This value, xv = 1400, agrees well with that obtained from the 

autocorrelation of the wall shear stress, x, = ·1200 - 1300, in Figure 5 of appendix 

A7 (Tuoc, Keey and Abrahamson 1992). 
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It should be noted here that 

the transformation is not exact 

in the mathematical sense 

because both the Stokes and 

Blasius solutions are 

approximations to the exact 

solution for equation (4.1). It 

is based on a physical 

visualisation which decouples 

the normal diffusion of 

momentum from the wall 

from the convection terms in 

the streamwise direction. The 

3 that all the available 
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Figure 4.21. Fluctuating velodties in laminar pipe flow. From 

Sdrocco et al (1991). 

analytical solutions of the Navier-Stokes equations involve some of 

linearisation. It is therefore not possible to make rigorous mathematical 

transformations between solutions that involve different simplifying assumptions. 

4.9 IMPLICATIONS AJ\"D LThflTATIONS THE PRESE!\TT MODEL 

The transformation between the Stokes and Blasius solutions in terms of a time scale 

for diffusion highlights a tactical difference between the present study and many of 

the classical approaches. In the study of fluid mechanics, it is customary to 

concentrate on the preferred direction of flow. For pipe flow, this is the longitudinal 

direction. The writer proposes that we can obtain a much dearer picture by 

emphasising the transport of momentum in the normal direction. In the present view, 

laminar flow exists whenever the transport of momentum normal to the wall occurs 

mainly by diffusion. Turbulent flow is characterised by the appearance of strong 

4. The wall layer 



4.37 

secondary convection currents m the normal direction. A large portion of our 

difficulties in turbulence modelling seems to relate to the practice of modelling the 

interaction between the main and secondary streams (via the Reynolds stresses) by 

using only the streamwise velocity (e.g. Prandtl1935, Karman 1930, Deissler 1955, 

Launder and Spalding 1974). This should be contrasted with the more logical use of 

both the main stream and jet velocities in the study of jets in crossflow (Chan, Lin 

and Kennedy 1976, Keffer and Baines 1963, Hancock 1987). Recently Broadwell and 

Mungal (1991) have also proposed that the agitation effect of the large scale 

convection streams must be differentiated from the small scale mixing by diffusion. 

Though the low-speed-streak phase of the wall layer may be considered laminar, 

within the definition proposed above, there is a difference between this and 

conventional laminar flow. In steady laminar flow, the time scale may be considered 

infinitely large. Since there are no ejections, the laminar boundary layer may be 

viewed a single large low-speed-streak and the smoothed velocity does not change 

with time. Its profile is given by equation (4.3) and does not require the integration 

procedure outlined in equation (4.8). In the wall-layer of turbulent flow there are a 

multitude of low-speed streaks of different lengths and the local smoothed 

instantaneous velocity does change with time. Kline et al (1967) have noted that the 

existence of low-speed-streaks may be used to differentiate accurately between the 

laminar and turbulent regimes, with low-speed streaks appearing only in the turbulent 

flow. 

The predictions of the long-time-averaged velocity profile have been obtained by 

averaging the smoothed instantaneous velocity predicted in either the Stokes or 

Blasius solutions over a random distribution of low-speed streaks. Looking with 

hindsight at the measurements of the instantaneous velocity profiles of Kim et al in 

Figure 3.3 or the probability density distribution of Eckelmann in Figure 15a of 
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Appendix A 1 , we see that these refer to the smoothed instantaneous velocity only, 

smoothed at perhaps one tenth of the timescale of the low-speed streaks. 

The neglect of these fast velocity fluctuations is not crucial in the estimate of time

averaged velocity profiles. These are by and large relatively insensitive to small scale 

structures because they reflect basically the slow and large scale fluctuations. The 

same approximation does not hold when we estimate the magnitude of products of 

non-linear terms, such as the shear stress u'v'. 

The distribution of viscous and turbulent shear stresses in Figure 17 of Appendix A 1 

ha~ been obtained by differentiating the time-averaged velocity profile predicted by 

the present model. The slower velocity fluctuations have been also predicted at least 

qualitatively and within order of magnitude agreement in Figure 13 of Appendix Al. 

The writer has found that if one attempts, however, to obtain the Reynolds stresses 

directly from the rms of the products of < u > - U and < v > - V predicted by the 

present model, the resulting distribution is very much different from the experimental 

measurements. 

Consider the simple case of pipe flow with long-time averaged velocities U. The 

velocity V normal to the wall is zero. The standard Reynold stresses may be written 

as 

U 1V1
;:;; f

1
[<u>+u 1-U][<v>+v1]d(t/t) Jo v 

where again < u > , < v >·are the smoothed periodic velocities during a sweep cycle,. 

and u', v' are the fluctuations relative to these. We see immediately that U'V' is not 

equal to ( < u >-U) < v > because the product in the integrand on the RHS includes 

a term u'v' which does not average out to zero within the low-speed streak phase of 
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Figure 4.22. Energy production over an area of 300x40 viscous units (x wuJ z extent respectively) 

around the centre of events. From Johansson et al (1991). 

the wall layer. The same problem occurs the estimate the kurtosis, the flatness 

(Eckelmarm 1974) the production turbulence. Johansson et al (1991) show in 

Figure 4.22 that the production at any phase of the cycle, obtained by conditionally 

averaging is much larger than the long-time averages. Here again is an illustration 

of the type of information which is lost by long-time statistical averages. This is 

particularly clear when one considers the two dimensional contours in Figure 3.6 

which were obtained using the same data base used for Figure 4.22. The evidence 

here seems to support Zang's (1991) hypothesis that the LES have not successfully 

reproduced existing measurements of k'llrtosis and flatness because their coarse 

calculation grid has smudged out the small scale fast fluctuations. Similarly, it 

appears that the higher Jevel statistics of the wall Jayer cannot be obtained accurately 

when the fast fluctuations are ignored. 
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4.10 DISCUSSION AND CONCLUSION TO CHAPTER 4 

The parameters of the wall layer are assumed to be almost equal to those of the low

speed-streak phase which is much longer than the inrush and ejection phases. This 

low-speed-streak phase is modelled as an unsteady developing laminar sub-boundary 

layer. Two approximate solutions of the unsteady Navier-stokes equations, the Stokes 

and Blasius correlations, are applied to give complementary descriptions of the wall 

layer. These solutions can be used to give clear mathematical definitions of the wall

layer thickness. 

The writer has attempted to show that the mathematical model succeeds in 

reproducing most of the low-level statistics in the wall layer. This agreement exists 

whether the physical assumptions underlying the development of the model are 

accurate or not. This is an aspect of theoretical fluid mechanics which have been 

given little attention. The physical assumptions underlying the linearisation 

procedures in many of the classical analyses of the Navier-Stokes equations have been 

considered true when their predictions of a number of features such as the velocity 

profile and shear distribution agree with measured data. The writer argues that this 

acceptance should not be automatic. Two examples in the present work illustrate the 

writer's point of view. 

-In this chapter (see appendix Al), the Blasius solution has been applied with 

some success to situations when the sub-boundary layer is developing with 

significant velocity fluctuations. In the original Blasius analysis (190%), the 

velocity fluctuations are supposed to be absent and the flow steady (u = U, 

autat=O). The writer's assumptions for the same solution requires that 

secondary ejections are absent and that the acceleration terms of the Navier

Stokes equation balance the fast Reynolds stresses terms. Velocity fluctuations 

may exist. 
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- In applications involving the Kolmogorov microscale for the energy 

dissipating eddies (mass transfer studies in stirred tanks by Keey et al 1970, 

Kawase and Moo-Young 1987), the flow is supposed to be locally isotropic. 

This assumption was related to dimensional analysis and order of magnitude 

reasoning, not mathematical arguments (Kolmogorov 1941). Measurements 

in agitated vessels such as those of Molerus and Latzel (op. cit.) show that the 

flow is not isotropic. Estimates in chapter 9 show that the Kolmogorov scale 

is equal to the mixing-length near the wall surface at y+ = 12 where Ep = v, 

where the flow is strongly anisotropic. 

An essential feature of the present work is the application of well-known 

mathematical solutions of the Navier-Stokes using new and different physical models. 
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The structure of the outer region is fundamentally different from that of the wall 

layer because the influence of wall retardation through viscous drag stops at the 

edge of the wall layer. This is evident in the disappearance of the low-speed 

streaks in the log-law region, as observed by Kline et al (1967). It is also shown 

in the determination of the wall layer thickness presented in Chapter 4. Little is 

known experimentally about the structure of this outer region. In this chapter, the 

writer will present three basic concepts: 

1. Models of the outer region in the two-layer structure postulated in 

Chapter 3, for example the Blasius power law (1913), can be closed 

theoretically by matching them with the edge of the wall layer. 

2. The Karman universal constant (K = 0.4) in Prandtl's law of the wall 

may be interpreted in terms of the geometry of the log-law region. 

3. The writer will propose further refinements to Prandtl's model. 

Two observations in Chapter 4 are worth remembering in this discussion: 
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- The logarithmic velocity profile remains self-similar in the spanwise and 

streamwise directions. The writer argues therefore that one-dimensional 

models based on the normal direction can give successful predictions of 

turbulence even though it is a three-dimensional phenomenon. 

-The parameters at the edge of the wall layer also apply to the outer region. 

A. CLOSURE CRITERION 

Starting from the Blasius (1913) empirical power law, Prandtl (1935) proposed the 

first correlation for the velocity profile in the outer region as 

(5.1) 

Nikuradse (1932) has shown that the velocity in the outer region of turbulent pipe 

flow does obey a power law relationship but the power index decreases with the 

Reynolds number. We may write thus equation (5.1) in a more general form 

(5.2) 

where the coefficient Ab has been assumed to be unity. Nunner (1956) has 

proposed an empirical formula for this power index 

p = {4j (5.3) 

where f is the friction factor. The power law is based on experimental 

observations, and does not explain the turbulence mechanism in the outer region. 

It can however be related to the overall flow structure by noting that it must pass 

through the point (U/, o. +). Equation (5.1) becomes 
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(5.4) 

Using experimental values of U ~ + and o,+ from Figure 4. 5, we obtain estimates of 

the index p as shown in Figure 5.1. These estimates agree very well with the 

values of p determined directly from measured velocity profiles using the method 

of Nikuradse (1932). We see here the importance of defining the wall layer 

thickness precisely so that it can be used as a closure criterion for turbulence 

models. A more detailed analysis for the more general case of non~Newtbnian 

fluids is given in Appendix A9. 

The division of a turbulent flow field into two layers may be related more 

graphically to a coefficient in predictive models by considering the van Driest 

(1956) modification of Prandtl's law of wall (Tuoc and Abrahamson 1992c, 

Appendix A3) 

+ 

u+= fy·~========= 
o 1 +V 1 +[cy +(1-e -y+fAD)]2 

(5.5) 

Van Driest found that a value of AD equal to 27 gives the best fit of this model 

with measured velocity profiles. We may write the van Driest damping factor F as 

(5.6) 

with 

(5.7) 
b 

This equation may be rearranged to give 
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(5.8) 

At the edge of the wall layer, the Van Driest formulation reduces to Prandtl's log

law and the damping factor F is almost unity. This factor decreases asymptotically 

as the distance y+ increases and we must assume a cut-off value F. at the edge of 

the wall layer. Tuoc and Abrahamson (Appendix A3) have shown that the cut-off 

value most suitable for best fit between a model and measured velocity profiles is 

related to the exponent of y+ assumed in the damping function. This reflects the 

rate of growth of the eddy viscosity with distance y+ in the wall layer assumed by 

the model. In the van Driest formula it is F. = 0.91 (Tuoc and Abrahamson op. 

cit.) which gives b = 2.41 from equation (5.8). The velocity at the edge of the 

wall layer is then given by 

(5.9) 

1 

Substituting equation (4.7) into (5.9) gives 

.. 
(5.10) 

This equation may be solved iteratively to give o,+ = 65. Substituting this value 

of the wall-layer thickness into equation (5. 7) gives A = 27. Tuoc and 

Abrahamson (1992 b, Appendix A3) give further examples of this closure 

technique with other models. 

The Reynolds equations used in most models of turbulence result from time

averaging the Navier-Stokes equations. In the averaging process, some information 

is lost and the Reynolds equations, together with the equation of continuity, do not 

form a closed set (e.g. Bradshaw 1978). In the literature, this is called the closure 
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Figure 1 Variation of power law index p with tile friction factor f. The parameter n, defined in 

equation (8.1), measures the non-Newtonian behaviour ofthefiuids. For Newtonian fluids n=J. 

problem. The purpose of most models of turbulence is to reinstate this lost 

information through mathematical or physical assumptions. The present closure 

technique in effect feeds information about the transient structure at the wall back 

into the time-averaged model. 

EDDY-PATII MODEL 

5.1 PHYSICAL VISUALISATION 

The writer's visualisation of the structure in the outer region is based on the 

interaction of the main stream with the ejections from the wall. These are 

compared to jets in cross-flow as discussed in Chapter 3 (see Figure 3.15). A 

stagnation pressure develops in the upstream side of these jets (the ejections or 

primary eddies) as shown in Figure 3.9. and is associated with strong shear layers 

(Chan, Lin and Kennedy 1976). When the jets are intermittent, as in the case of 

ejections, these shear layers are found along their path. They are slanted with 
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respect to the wall. 

Prandtl's mixmg

length represents a 

projection of the 

ejection onto the 

normal axis as 

shown in Figure 5 .2. 

5.6 

ejected she~ 

u.,.-

eddy path 

Figure 5.2 Ejection and ossociated wake in the outer. region 

Johansson et al (1991) have followed these transient shear layers as they move for 

considerable distances in the boundary layer. They also argue that this evolution 

of the shear layers indicates a movement of patches of low-speed fluid away from 

the wall. During the last decade a series of studies (Peridier 1991, Smith et al 

1991) have shown that a vortex moving above a wall induces a laminar sub-

Figure 5. 3 Equi-sliear contours at the Sspike stage of transitional flow. II :half channel width, t:time, 

T wave period. From Nishioka et al (1981). 
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boundary layer underneath its path. The velocity fluctuations imposed by the vortex 

eventually causes the sub-boundary layer to erupt into the outer inviscid flow. 

Smith (1989) calls this phenomenon break-away. Peridier et al (1991) call it 

viscous-inviscid interaction and show that it results in periodic spikes in the 

otherwise flat time trace of the velocity in the outer region. These spikes have been 

observed in the early stages of transition to turbulence (Herbert 1988, Bayly and 

Orsag 1988). A number of moving vortex types have been investigated in these 

kernels studies (nomenclature of Smith et al1991) to give plausible models for the 

wall bursting process. While there is no consensus yet on the exact v.ortex 

configuration which is found in real turbulence, tbere is a strong suspicion that the 

eruptions do represent a model for the ejections. Nishioka et al (1981) have 

artificially induced transition in Poiseuille flow by generating Tollmien-Schlichting 

waves by the vibrating ribbon technique. The advantage of the method is that one 

can control the characteristics of the wave disturbances. They have obtained equi

shear contours for several stages of transitional flow as shown in Figure 5.4. The 

physical visualisation in Figure 3.15 combines in essence the observations of Kline 

et al in the wall layer with those of Nishioka et al in the outer region. 

The writer assumes in the present visualisation that within a fixed domain in space 

a multitude of ejections occur during an average bursting period, one per slow

speed streak. Perry and Chong ( 1982) also postulate that there exists a whole 

spectrum of eddies in the shape of hairpin vortices. The observations of Arcalar 

and Smith (1987) in Figure 4.2, photographs of instabilities near the wall 

(Schlichting 1960, p.457) and in the acceleration phase of turbulent oscillating pipe 

flow in Figure 4.16 and the existence of multiple velocity spikes in transitional 

flow all support this view. Recently, Rist (1992) has obtained a movie of 

boundary-layer transition as seen by the computer from a numerical simulation 

based on a "spatial model" for the development of the disturbance. This movie also 

illustrates, in the writer's view, the multiplicity of the ejections. 
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The eruptions observed in kernel studies (e.g. Peridier et al) are quite narrow and 

elongated because they penetrate far into the outer region. This shape is also seen 

in the pattern of streaming flow near an oscillating cylinder in Figure 3. 7. Hence 

the comparison of the ejections with jets in crossflow. The present model differs 

from that of Perry and Chong in that the jets are assumed to be nipped-off at the 

end of the bursting cycle: they have a finite length, p, and keep moving away from 

the wall after separation. The separation process is presumably induced by an 

adverse pressure during the deceleration phase of the wave fluctuations impressed 

by the moving vortex onto the wall layer. Mohamed Gad-el-Hak et al (1984) have 

demonstrated the role of negative pressure gradients. They induced a bursting 

process in a laminar boundary layer on a moving flat plate by decelerating it. Re

accelerating the plate relaminarises the flow. Streaming theory predicts that 

velocity fluctuations imposed on a laminar boundary layer produce the same effect 

if they ~are of sufficient amplitude. This should be readily observable in oscillating 
, - - I 

pipe flow where the periodic motion is controlled. To the writer's knowledge such 

visual experiments have not been made. 

The interaction between the mainstream and the ejections is likely to be complex. 

Little information is available experimentally. The difficulty of a formal 

mathematical analysis is daunting. The study of jets in cross flow (e.g. Chan, Lin 

and Kennedy op. cit.) indicates that this interaction results in the shedding of 

vortices (the secondary eddies) in a wake on the lee-side. Distributions of 

turbulence intensities behind jets in crossflow have been reported by many authors 

(e.g. McMahon et al 1971 and Mankbadi 1992). In the present visualisation, the 

wake behind an ejection is not stationary but attached to it and moves with it across 

the boundary layer. Wark and Nagib (1991}, have recently mapped a circulation 

region in the y-z plane of a turbulent flow from extensive measurements in the log

law region and illustrate this motion. Figure 3.14, taken from their work, show 

that this recirculation region moves away from the wall as it is convected 

downstream. 
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In the present visualisation, the structure moving away from the wall is postulated 

here to be made up two distinct types of components: (a) the ejection, or 

primary eddy, found on the upstream side and containing significant kinetic energy 

and (b) the vortices shed behind it into the wake (the secondary eddies). The shape 

of the primary eddies have been described as a roller-type structure (Townsend 

1975, Wark and Nagib op. cit.) which resembles more the hairpin shape assumed 

by Perry and Chong (op. cit.) than the circular vortex assumed in early theories 

of turbulence. 

More importantly, the primary eddies are not assumed to be unstable and do not 

breakdown into smaller and smaller eddies as postulated in the theory of statistical 

turbulence. The secondary eddies are seen here to be produced from mainstream 

interaction with the primary eddies. As far the writer knows no one has eve;r 

observed the breakdown of a coherent structure in the outer region such as those 

monitored by Falco (1977) and Brown and Thomas (1977). On the other hand,. 

Johansson et al (1991) have shown that there is no evidence of oscillation or 

bre.a.k-up associated 

with the shear 

layers, that the 

writer assumes exist 

alongside the 

primary eddies. 

Broadwell and 

Mungal (1990) have 

y 

y 
I 

~----1-~--------------- ----------· 
1 r I 

- --- ------ I 

IJ I 

I 
I 
I 

similarly noted that Figure 5.4 Velocity ~·ariarion over a correlation distance I, 

one can differentiate 

wall 

clearly between the large scale trace of the primary eddies and the small scale 

structure in the photographs of coherent structures obtained by Roshko (1976). 

There is no indication there that the large scale coherent structure breaks down into 

small scale turbulence. These two scales seem to coexist side by side 
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We may expect the velocity variations over the width of this wake to be correlated. 

The mixing-length represents a correlation length which the writer identifies with 

the diameter of this recirculation region as shown in Figure 5.2. 

5.2 EVALUATION OF SHEAR STRESS 

Consider a point situated at a distance y from the wall. The time-averaged velocity 

U parallel to the wall can be expanded into a Taylor series in the positive and 

negative directions normal to the wall, Figure 5.4. Then : 

u-u =AU l l 
(5.11 a) 

=A (5.1lb) 

where lr is a characteristic length scale yet to be determined. 

The root mean square fluctuating velocity is estimated by Prandtl (1935) as the 

arithmetic average of the absolute difference of velocity in the positive and negative 

directions: 

(5.12) 

and, following Prandtl, the mean turbulent shear stress is : 

(5.13) 

where cr is a correlation factor. 

Prandtl neglected second and higher-order terms to obtain : 
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2 dU 2 
't' =pc l (-) 

t r r dy (5.14a) 

This relationship is independent of the form assumed between the velocity U and 

the distance y. The eddy viscosity is obtained by comparing equation (5 .14a) with 

an expression defined by Boussinesq (1877): 

(5.15) 

Doshi and Gill (1970) and Tuoc (under the pseudonym Sparrow 1981) have hoted 

that equation (5.14a) applies only for : 

(5.16) 

If only third and higher-order terms are neglected but second-order terms are not, 

then equation (5.12) takes the form: 

and 

In equation (5.17), a = l,(dU/dy) and b = (l;/2)(d2Ufdy 2). 

(5.17) 

(5.18a) 

(5.18b) 

Thus the fluctuating velocity is approximated by whichever is the dominant term 

in the Taylor series. A second equation exists when equation (5.18b) is substituted 

into equation (5.12): 
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(5.14b) 

with the condition : 

(5.19) 

According to this work, mathematical descriptions of a turbulent flow field by 

truncations of a Taylor series in y requires its division into many y zones each 

modelled by a different formula. The division of the turbulent mean v)lodty~profile 

near a wall into. ma:ny~y~ sections is widely accepted (Bradshaw 197~, Cecebi and 

smith 1974, cl~~s'er-1956). 

As the higher derivatives become successively dominant in the Taylor series more 

correlations are required to describe the variation of the shear stress throughout the 

flow field. A better approximation than equation (5.14b) for the whole outer region 

was given by Cole's law of the wake (1956) which includes all derivatives of order 

2 and higher into a single formula. 

The log-law applies 

only to a region 

relatively close to 

the wall. Beyond it 

the concept of an 

eddy viscosity based 

on the velocity 

gradient no longer 

has any physical 

significance. This is 

the basic weakness 

of eddy theories in 

0.2..------~--------+t-------, 

1111 equation (5.14a) 1st order approxit:nation 

1 • equation (S.I4b) 2o1 order term only 
R 

0.1 

0.0 .,___._ ......... _ __.__....,.~_ _ _._ _ _.__...___;L....,__, _ __, 
u.o 0.2 0.4 0.6 0.8 y/R 1.0 

Figure 5.5 Experimental values of the mixing-length calculated 

according to the present theory (reduced by tire radius R). 

the outer region, including the popular k-e model (Launder and Spalding 1974). 
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This observation is the basic incentive for the proposal of so-called Reynolds stress 

models (e.g. Launder, Reece and Rodi 1975). The distinction between the law-of

the-wall and the law-of-the-wake regions is not simply based on the velocity profile 

alone but covers a range of characteristics indicating completely different 

structures. Perry and Abell (1975) give measurements of longitudinal turbulence 

(Figure 5.6) and its spectrum to illustrate the scaling laws for the different regions. 

10' 

Figure 5. 6. Spatial comparison. between regions of constant longitudinal turbulence level and 

logarithmic mean flow for Re 78xlrYand 257xlrY 

The mixing-length is normally calculated throughout the flow field according to 

equation (5.14a). The data of many investigators show that the mixing-length is 

nearly a linear function of wall distance very near the wall and almost constant in 

the outer region (Schlichting 1960, Rodi 1980). Correlations according to each of 

the equations (5.14a) and (5.14b) in tum show different patterns altogether in 

Figure 5.5. Nevertheless, this eddy viscosity concept will be retained in the 

following analysis for convenience of comparison with established data. 
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5.3 RELATING THE COHERENT STRUCTURES TO 1\UXING~LENGTH THEORY 

Prandtl (1935) has assumed that the mixing-length is proportional to the normal 

distance y: 

(5.20) 

where « is an empirical constant. Substituting equation (5.20) into (5.14a) and 

rearranging gives: 

(5.21) 

u+=Alny+ (5.22) 

Nikuradse (1932) determined experimentally the constants « = 1/ A as 0.4 and B 

as 5.5. 

Examination of the evolution of shear layers near the wall (e.g. Moser 1989, 

Johansson et al1991) and older measurements of turbulent structures based on the 

shift of cross-correlation peaks with distance y+ (e.g. Brown and Thomas 1977, 

Kreplin and Eckelmann 1979) suggested to the writer that the Reynolds stresses 

and the velocity must be correlated along the length of the primary eddies p (see 

Figure 5.2) because the main interaction of the streamwise flow with the ejected 

fluid occurs along this trajectory, not in the normal direction y+. 

In the similar situation of jets in crossflow, it is customary to investigate the 

progression of the jet using "natural" coordinates based on the jet geometry as 

shown in Figure 5. 7a. The axis y is the centre stream-line of the jet flow. The 

parameters d and Rj are the diameter and the strength of the jet. Figures 5. 7b and 

5.7c shows that a similarity representation of jet penetration is achieved using the 

natural coordinates but none is found using cartesian coordinates. While our 

understanding of jets in crossflow is still very incomplete, 

it appears that most of the parameters, for example the distribution of lateral 

velocity of the jet (Chan et al 1976, Keffer and Baines 1963), are best correlated 

in terms of the natural coordinates. 
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In this view, the derivation 

of Prandtl represents an 

effort to estimate the 
y 

j u 
length p of the shear layer " from its projection lr onto .. 

(a) z 
the normal axis (see 

Figure 5 . 2 ) . 
~ 

/'Unfortunately, the method 

I is unable to differentiate 
I 

\,between ejections coming 

\at different angles with 
I 

respect to the wall. 
i 

Intuitively, one would 
I 

expect this inclination to 

relevant to any model 

of turbulence because it 
Figure Natural coordinate system for a jet in cross flow. 

determines the strength of the interaction between the streamwise flow and the 

ejected jets and has therefore a direct influence on the magnitude of the Reynolds 

stresses. The remarkable success of Prandtl' slaw-of· the· wall in providing a simple 

rough estimate of the time-averaged velocity distribution led the writer to believe 

that the lost information related to the inclination of the shear layers must have 

been reinstated through the empirical constant K used in the estimate of the mixing 

length, commonly known as Karman's universal constant. This parameter would 

result from shifting from natural to cartesian coordinates. Then the angle a in 

figure 5.2 is given by: 

A 
. l 

=sma.=- (5.23) 
P 

In the log law region, the coefficient A is equal to lite. In the wall layer, Prantl's 

law-of-the-wall does not apply and we must include the damping function. Using 

the van Driest formulation in equation (5.5), we obtain 

(5.24) 

At each position y+, the mixing-length l and the coefficient A were calculated 
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l<llr----r---r--r-r...--..---..,-,.....,.-:---.... ... 

Figure 5. 7b,c Penetration of a jet in cross flow. The subscript 0 refers to the boundary between the 

near field and curvilinear regions ofthejet. After Keffer and Baines (1963). 

simultaneously to obtain the angle a. In the writer's view, the vector p should 

represent the upstream side of the shear layers that Johansson et al (1991) followed 

for some distance. Since the position x+ of p is not known but the value of y+ is, 

the picture is created by dovetailing the angle of inclination of successive vectors. 

In the wall layer, the resulting trace coincides well with the "front of turbulence" 

obtained by Kreplin and Eckelmann (1979) as shown in Figure 5.8. Outside the 

wall layer, it coincides with the inclined front deduced by Brown and Thomas 

(1977) from measurements of correlation peaks as shown in Figure 5.9. Its shape 

is reminiscent of the coherent structures photographed by Roshko (1976). The 

reconstruction of the coherent structure in Figures 5. 8 and 5. 9 has been performed 

using estimates of the coefficient A derived in the writer's own eddy path theory 

presented subsequently. It is slightly more accurate than the van Driest correlation 

but has fundamentally the same significance. In this formulation the coefficient A 
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is given by: 

(5.25) 

The shape factor f. and the damping function F are defined in the following 

sections. 

Despite the remarkable agreement between the predictions and the measurements 

of Kreplin and Eckelmann, and Brown and Thomas, the reader is cautionc;d that 

this result cannot be considered a definite proof of the present physical 
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Figure 8 Educed edge of coherent structure in tile wall layer. Data ofKreplin and Eckelmann 1979 

visualisation. Both measurements are based on monitoring the peak of a correlation 

function between the wall shear stress and the velocity at different distances to the 

wall. Kreplin and Eckelmann positioned a probe at the wall and another movable 

one at the same position x+ in the channel and multiplied the time-shift of the 

correlation peak with a measured convection velocity as the second probe was 

moved away from the wall. Brown and Thomas did the same but further checked 
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the validity of the process by positioning probes at different locations (x + ,y+) so 

that the peaks wou1d occur simultaneously. 

Brown and Thomas argue that their measurements indicate the existence of a large 

structure inclined with respect to the wall. Kreplin and Eckelmann adopt a more 

dynamic interpretation and consider this shift in correlation peak as evidence of a 

"moving front of turbulence". The writer believes that the measured trace 

represents the path of the ejections (our primary eddies), a view closer to 

Johansson et al' s. The correlation reflects the fact that it relates to the same 

element of fluid. The large coherent structure would be created by the wake behind 

inrus~ 
1000 

:v' 

D Brown IU'ld Thomas (1977) 

Figure 5. 9 Educed edge of coherent structure in the outer region. Data of Brown and Thomas 1977 

the ejections as they sweep across the boundary layer. It is not possible to 

differentiate between these two postuJates from a simp]e measurement of the shift 

in correlation peaks. The ambiguity with which present statistical measurements of 

turbulence can be interpreted remains a major difficulty in conceptual work. 
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5.4 EDDY-PATH AND MIXING-LENGTH 

While the writer has retained the principle postulated by Prandtl that turbulent pipe 

flow can be modelled in terms of a characteristic normal length scale ~' it is 

interpreted in this work as the lateral scale of a transient coherent structure, not the 

average distance that the eddies can travel before losing their identity. This 

difference in physical visualisation allows us to estimate the scale 11 from the 

geometry of the structure but the name "mixing-length 11 will be retained because 

it is so widely used in the literature. 

Consider an ejected eddy structure (jet plus wake). There is no indication from 

present knowledge of the coherent structures which would allow us to estimate its 

scale p and inclination a from time-averaged measurements of the velocity 

distribution. It is easier to make postulates about the size of the wake that it 

produces. 

In analogy with a jet in cross flow, which has been shown to act like a solid 

cylinder (Chan et al 1976, Macmahon et al 1971), we expect that vortices will be 

shed in the wake of the ejections. The path s of an element of fluid originating at 

the tip of the ejection must be confined to this wake but will be vortical in nature 

as shown in Figure 5.2. To a first approximation we may write 

s l=-
r 1t 

(5.26) 

where lr is the dimension of the wake normal to the wall. Since the flow is not 

isotropic, the assumption of sphericity is highly idealised. In the writer's original 

work (Tuoc 1975, Sparrow 1981) these secondary eddies were assumed to be 

elliptical. Current measurements (e.g. Antonia et al 1989) indicate that they are 

even more complex and a shape factor fs is included, to be determined later. 

s 
l =-!. r 1t s 

(5.27) 

We assume that there are jets of various lengths and strengths in the boundary 
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layer. The normal distance, y, that a particular ejection penetrates into the outer 

region is a function of its original momentum or strength. 

The experimental probability density distribution of the smoothed phase velocity 

in Figure 15a ofCAppendiK_hJ shows that there exists at each position y+ a 

dominant velocity. When one plots this velocity against y+ as in Figure 16 of 

Appendix Al, this most probable velocity is found to almost coincide with the 

time-averaged 'local velocity. Bakewell and Lumley (1968) have made an 

orthogonal decomposition of the autocorrelations of the velocity in the wall layer 

and found that at each position y+ there exists a dominant eigenfunction which also 

agrees quite well with the time-averaged local velocity. The application of the 

Blasius solution to the wall layer (Appendix Al) also defines a typical length x., + 

for each position y / of the front of turbulence measured by Kreplin and 

Eckelmann (op. cit.) which may be interpreted as a measure of the wavelength of 

this eigenfunction. The interpretation of the typical scale "v+ outside the wall layer 

is more difficult. The writer believes that it is related to the streamwise scale of 

the wake behind the ejection. Our analysis is simplified by investigating only the 

dominant eddy structure at each position y even though it is understood that there 

is a distribution of sizes about this statistical mean. 

We assume that the path, s, of an element of fluid in the wake situated at a 

distance, y, normal to the wall will be proportional to y. We obtain from equation 

(5.27) after non-dimensionalising with the wall parameters: 

(5.28) 

This estimate is equal to Prandtl's law of the wall if we assume that the 

proportionality constant is unity and 

Is 
K=- (5.29) 

'lt 

The local shear stress at a position y normal to the wall may be written as 
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(5.30) 

which may be rearranged as 

(5.31) 

In mixing-length theories, it is normally assumed that r11'w = 1 (e.g. Prandtl, van 

Driest op. cit.) because it simplifies the integration in equation (5.31) after the 

model for the eddy viscosity E. has been substituted (see for example eqt:~ation 

(5.9)). While this postulate may be reasonable for boundary layer flow, the writer 

has noted that it is not strictly applicable to pipe flow where Prandtl first applied 

his theory. The shear stress at a position y in a pipe is obtained from a force 

balance (Bird et al 1960) 

(5.32) 

The writer was disturbed to note that this discrepancy was often ignored. While the 

ratio Thw may be approximately equal to unity if y/R < 1, its neglect has 

significant effects in a number of cases. For example in transitional flow, the log

law applies to a region near the pipe center and the ratio TIT w is much smaller than 

unity. In the case of heat transfer discussed in Chapter 7, the normalised 

temperature is given by 

(5.33) 

In the log-law region where the eddy viscosity :P 1 and the eddy diffusivity Ej 

> 1, equations (5.31) and (5.33) become identical if Reynolds analogy (1895) 

holds. This implies in the present theory that 

(5.34) 

In conventional mixing theories both ratios riTw and j/jw are assumed to be unity. 

The ratio Prt = E/E., called the turbulent Prandtl number, is found experimentally 
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(e.g. Blom 1970) to be different from unity, supporting the postulate in equation 

(5.34). 

Measurements of the velocity profile in the log-law regions since the days of 

Nikuradse (1932) all support that Prandtl's relation 

(5.35) 

This can be achieved only if the ratio rlrw is present in the formulation for the 

eddy viscosity in equation (5.31) and thus cancels out the same factor in the 

numerator. This is the rationale for its introduction in the present work. 

Thus the path, s, of an element of fluid may be estimated as 

(5.36) 

where the square root for the ratio of shear stresses .,.fr w arises because the shear 

stress is introduced through the friction velocity u •. The mixing-length becomes 

(5.37) 

The shape factor fs is expected to depend on the degree of anisotropy of the flow 

which may be reflected, in turn, by the ratio of turbulent to viscous stresses and 

therefore of the ratio of eddy to dynamic viscosities. This reasoning leads to: 

(5.38) 

with the limiting condition Is .... 1 as EJv a .... oo by reason of isotropy. The simplest 

such factor is : 

.t:=1+Ji s E 
v 

(5.39) 
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The square root is indicated because the eddy viscosity is a function of the square 

of the eddy scale, equations (5.14a) and (5.15). Errors introduced by the roughness 

of this estimate may be absorbed in another multiplying factor F which is called 

the damping factor and remains to be determined in the next section. It is also 

customary to let the eddy scale absorb the correlation factor in equation (5 .14a) so 

that : 

(5.40) 

Thus the mixing-length or eddy scale computed in the literature is not equal to the 

physical diameter of the fluid path-length, the eddy scale, but represents a 

mathematical abstraction. 

5.5 THE EDDY VISCOSITY 

From Prandtl's equation (5.14a) one may deduce : 

(5.41) 

where Tt is the turbulent shear stress. The eddy viscosity is obtained by comparing 

equations (5.14a) and (5.15): 

(5.42) 

Substituting for 1 from equation (5.40): 

(5.43) 

Introducing the friction velocity and rearranging: 
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(5.44) 

Equation (5.44) may be rearranged as: 

(5.45) 

Equation (5 .45) has been derived from considerations of fluid motion in the wake 

behind the primary eddies. In the wall layer, the streamwise velocity diminishes 

very fast as we approach the wall from the main stream and the size of the wake 

also diminishes until it is totally suppressed. This effect is accounted for by the 

inclusion of a damping factor F. For mathematical simplicity, we incorporate into 

the damping factor the ratio {r:, /1: in equation (5.45) and any self correction 

necessary to improve the rough estimate of the shape factor f8 • Then 

(5.46) 

Equation (5.46) is expected to apply to the entire inner region of the turbulent field 

which is limited by the wall and the specific normal distance where the second 

order term of the Taylor expansion matches the first order term: 

(5.47) 

or 

l l=-
'{C, 

(5.48) 

At this point, equation (5.48) can readily be recognized as Karman's (1934) 

similarity law with a different proportionality constant. Beyond this point equation 
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(5.14b) applies. Both equations (5.48) and (5.14b) are poor approximations in the 

intermediate overlapping region. 

5.6 NORMALISED VELOCITY 

The expression for the eddy viscosity in equation (5.46) may now be substituted 

in the expression for the time-averaged local velocity, equation (5.31) to give 

(1 -y+/R+) ::: fy • ___ _:._-....:,_,;.__..;.._ ___ dy + 

0 + 

t+L(l +/R+)(l+yv/E)F 
1t 

(5.49) 

The problem thus reduces to an estimate of the damping function 

5.7 THE FACTOR 

As we approach the wall, the streamwise velocity diminishes rapidly and the wake 

behind the primary eddies becomes smaller. The rate at which the Reynolds 

stresses must be linked to the rate of change of the streamwise velocity 

as y+ decreases. Therefore the form of the damping factor should be consistent 

with the model adopted for the viscosity dominated wall layer developed in Chapter 

4. 

The mixing-length has been estimated in the previous sections from considerations 

of the interaction of the mainstream with the ejections in the log-law region, which 

is governed by the solution of order e discussed in Chapter 3. The wall layer is 

governed by the solution of order €0 which is essentially independent of the solution 

of order e as shown in Chapter 4. The role of the damping factor is then to force 

the solution of order e to fit the solution of order e0 in a quite artificial manner. 

This forced-fit is not made because of physical considerations but only to obtain 

a single continuous model for the whole inner region which will be convenient in 

modelling of time-averaged velocity patterns. The writer's interpretation of the 

damping factor is thus quite different from the classical postulate that the damping 

factor reflects the damping of turbulent eddies by viscosity effects. 

The instantaneous velocity gradient in the Stokes solution used to model the wall 
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layer in Chapter 4 can be written as 

(5.50) 

where fls is given by equation (5.52). The exponential dependence remains even 

after time averaging. A form of the damping function compatible with this wall 

layer model is 

(5.51) 

since 

(5.52) 

Here t,+ is the non-dimensional time scale of the wall layer. The limiting 

conditions for this function are: 

y+ = 0 F 0 

y+->00 

Since o/2 = 3.76 t,+2 as shown in Chapter 4, we may write also write 

-b[y •(1-y .,./R})2 
1 _e ___ _ 

(5.53) 

and let the coefficient b absorb the proportionality constant. The form of this 

damping function is also compatible with the application of the Blasius solution to 

model the wall layer since the similar variable 

(5.54) 

is equivalent to Tis by virtue of Taylor's hypothesis 
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(5.55) 

applied at the edge of the wall layer. For simplicity we shall use only the Stokes 

solution in the remainder of this work. The wall-layer thickness is given by 

equation (4. 7) as: 

+ o; 
U=

v 4.16 
(5.56) 

Since o. + represents the maximum penetration of the viscous layer from the wall 
I 

into the mainstream, the damping factor should be close to unity at the edge of the 

wall layer. Unfortunately, an arbitrary cut-off level must be assumed since the 

damping factor is exponential in nature. This problem arises in all definitions 

related to the thickness of a boundary layer. In this work, it has been found that 

the cut-off value for best fit with experimental measurements is F, 0.995. at y+ 

= 0 + • 

At high Reynolds numbers, the wall layer is thin and o. + < < 
substituting F. = 0.995 at y+ = o/ into equation (5.53) gives 

Substituting equations (5.57) and (5.53) into (5.49) gives: 

. Then 

(5.57) 

(5.58) 

The closure of the model is effected by determining the values of o. + for each 

value of R + according to equation (5 .58). The buffer layer thickness ~ + was then 

calculated from equation (4.16) proposed in Chapter 4. The variations of the wall 

and buffer layer thicknesses calculated in this way is shown in Figure 4.5. The 

variations of o, + may be expressed as 
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o:=60 C(Re) (5.59) 

where the function C(Re)-+ 1 at high Reynolds numbers. 

5.8 THE VELOCITY PROFILE OF THE LOG-LAW REGION 

The velocity profile may be obtained by substituting F from equation (5 .53), using 

b = 5.4 into equation (5 .49) 

(5.60) 

As the Reynolds number decreases, the wall layer thickness increases as shown in 

Figure There comes a value of the Reynolds number when the wall Jayer 

thickness is equal to the radius. This gives the lower Reynolds number limit of the 

transition region. smaller Reynolds numbers, the thickness of the wall layer 

calculated according to equation (5.58) becomes fictitious and larger than the 

radius. This is because the velocity fluctuations in the unsteady laminar sub

boundary layer at the wall have not grown to the extent required to trigger the 

ejections and the model becomes inadequate. Reasonable predictions for the 

transition region can still be obtained if the radius R + is substituted for the wall 

layer thickness o. + in equation (5. 60). 

5.9 THE VELOCITY PROFILE IN THE OUTER REGION 

In the centre core, the data of Laufer (1954) show that the correlation factor cr is 

approximately proportional to the distance (1-y/R): 
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Cr 1 --=- (5.61) 
1-y/R 2 

From equation (5.14b): 

(5.62) 

Substituting equation (5.61) into (5.62) and integrating twice with boundary 

conditions U .. =U~ and dUfdy=O at y+ = R+ : 

(5.63) 

The derivation is crude and was made only to highlight a possible method of 

analysis as well as the inconsistency of an eddy viscosity concept in this region. 

Obviously the neglect of third and higher-order terms, as well as the dynamic 

viscosity, make it unsuitable at the very centre the pipe or in the viscous super 

layer of a boundary layer. The study of the outer region is of current interest e.g. 

by Barnwell et al (1989) or Phillips and Ratnanather (1990). For the present 

purposes, the approximation given by equation (5.63) or the empirical solution of 

Coles (op. cit.) will be sufficient. 

5.10 THE MATCH POINT 

The match point between the laws governing the log-law and the law-of-the wake 

regions of turbulent flow has often been vague though it has been paid more 

attention in mixing-length models (e.g. Cecebi-Smith 1974, Baldwin-Lomax 1978, 

Barnwell, Wahls and Dejearnette 1989) than in two-equation models (e.g. Launder 

and Spalding 1974). Equations (5.60) and (5.63) intersect when the relations in 

equations (5.47) and (5.48) hold. Equation (5.48) can then be used as a matching 

criterion between the law-of-the-wall and the law-of-the-wake but it is difficult to 

apply in practice since the whole velocity profile must be known a priori before its 

first and second derivatives can be calculated. In numerical simulation the search 
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for this match point can be done quite effectively by a search routine (e.g. Stock 

and Haase 1989). An approximate method can be applied for quick simple 

estimates. Figure 5.5 shows that equations (5.14a) and (5.14b) intersect roughly 

where the mixing-length 1 is a maximum. For high Reynolds numbers, both F and 

fs are close to unity in the vicinity of the match point which can be estimated by: 

dl = d(yf l' vr:::YJR) 0 
dy dy (1.) =2/3 

R match 

(5.64) 

Equation (5.63) can now be rewritten as : 

... 2[ y+ y+l U+=U0.13)+/i1t ln-+ 1-- + 1.15 
R.. R ... 

(5.65) 

where u<213) + is evaluated from equation (5.60) at y+ /R+ = 2/3. 

The predicted velocity profiles are compared with the experimental measurements 

of Bogue (1963) in 10. These data were used to facilitate future 

comparison with non-Newtonian fluids. The measurements of Bogue for Newtonian 

fluids are in agreement with better known measurements, e.g. Laufer (op. cit.), 

Nikruradse (1932), Perry and Abell (op. cit.), Eckelmann (1974) and Lawn (1971). 

In the present eddy-path theory, a small but definite effect of the Reynolds number 

is expected due to the presence of the factor t I 't' w = 1 -yJ R. The two lines in Figure 

5.11 are calculated from equation (5.60) and (5.63). They show good agreement 

with the data of Bogue. The factor t/tw -y/R is a function of flow geometry 

which may explain why different experimenters report slightly different slopes for 

the law of the wall. Nikuradse (1932) obtained 2.5 for pipe flow, Schultz-Grunow 

(1951) 2.575 for flat plates and Bjorklund and Kays (1959) 3.2 for rotating disks. 

THE VELOCITY RATIO 

Another test of the theory is provided by the ratio of the maximum Um to average 

velocity V. The average cup-mixing velocity is : 
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Figure 5.1 0. Prediction of universal velodty profiles by tl1e eddy-path theory 

(5.66) 

or in dimensionless form: 

(5.67) 

An alternative method is to express the average velocity by a generalised Rouse 

(1948) approach : 

(5.68) 

which is equivalent to: 

(5.69) 

In the fully turbulent region, the coefficient D(Re) is almost a constant with a value 

of 4.03 for all viscous fluids because the wall layer is relatively so thin that it does 

not affect the velocity ratio. Equation (5.67) has been integrated using the velocity 
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Figure 11 Variation of the velodty ratio with the Reynolds number 

distribution u~.~.~l .. LI..u by equations (5.60) and (5.63). The results are compared to 

literature data in 5 .11. 

5.12 RELATION PRANDTL'S LAW THE WALL 

The velocity profile in the inner region, the portion of the flow field encompassing 

both the wall layer and the law of the wall, is described by equation (5.60) where 

the eddy viscosity is given from equations (5.46) and (5.53) as: 

(5.70) 

For y+:i!:a;, F = 1. and equation (5.60) can be simplified to : 

(5. 71) 

Putting 
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(5.72) 

and 

A'= 1t 

1 +Jv!E., 
(5.73) 

g1ves 

(5.74) 

and 

u· ~~·~}n' (5.75) 

The eddy viscosity at y + =o; can be calculated from the unsimplified correlation, 

equations (5. 70) which gives E /v , which is then substituted into equation 
" (5.73) with the result A' = 2.7. The factor B' may be determined from the 

condition that equation (5. 75) must pass through the point: 

(5.76) 

o:=60 C(Re) 

which represents the edge of the wall layer. Then 

+ 5.93 (5.77) 

A more drastic simplification can be made by omitting the term (1-y/R)-1 and 

hence the "1" in equation (5. 75) but the slope must now be altered to A = 2.5: 

(5.78) 

The term B11 is derived again by matching with the coordinates at the edge of the 

wall layer. This gives Prandtl's law of the wall (op. cit.) with the same numerical 

coefficients: 
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(5.79) 

5.13 THE FRICTION FACTOR 

The friction factor is readily obtained from : 

(5.80) 

where again V is the average axial velocity and Urn+ is given by equation (5.68). 

It may also be obtained in logarithmic form by letting equation (5. 79) pass through 

the pipe axis (u;,R+) , substituting for ¢(V) from equation (5.68) and rearranging 

to give Prandtl's correlation: 

f 

1 - =4.06log(ReJj) -0.6 
{/ 

II Bogue (1962) 

Ill Dodge (1959) 

This work, equation (5.80) 

Figure 5.12 Friction factor predicted from the integration ofthe velocity profile 

(5.81) 

The friction factor is adequately predicted (Figure 5 .12). In the region Re > 4000, 
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Prandtl's correlation (equation 5.81) has been widely tested. Equation (5.80), based 

on the integration of the velocity profile, show reasonable agreement with the data 

of Dodge (1961) and Bogue (1963). The integral form has one essential advantage 

over the logarithmic form: it can easily be incorporated into modem computer 

simulations. 

5.14 STATISTICAL PROPERTIES OF TURBULENCE 

Time-averaged velocity profiles and friction factors can be predicted with relative 

ease even if the physical model is not quite representative of the transient process, 

especially when experimental coefficients are included. The statistical properties 

prove somewhat more difficult. The normalised eddy viscosity is: 

(5.82) 

1.0 .-~-----------------. 

1!J 500,000 (Laufer) 

0.8 

~ 
II 7800 (Ed:elrnann) 

u* 0.6 A 5800 (Eckelrnann) 

0.4 
-This work 

0.2 

Figure 5.13 Distribution of Reynolds stresses in a pipe 

The turbulent shear stress relative to the total stress is obtained from the ratio of 

Boussinesq's equations (5.15) and (5.30); using also the force balance equation 
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(5. 32) to relate the total stress at y to the total stress at the wall: 

The rate of production of turbulence is defined as : 

P=U1V1dU 
dy 

(5.83) 

(5.84) 

where U'V' is just another expression for the turbulent shear stress. Thus 

(5.85) 

The normalised turbulence dissipation is defined as: 

(5.86) 

Multiplying both the numerator and denominator in equation (5. 86) by (Ev +v) and 

substituting for T.f-cw =(1-y/R) gives: 

£-[ 1-y/R r 
(Evfv)+l 

(5.87) 

Typical measurements of eddy viscosity, production and dissipation by Laufer (op. 

cit.), Eckelmann (1974) and Schubauer (1954) are shown against equations (5.82), 

(5.85) and (5.87) respectively in Figures 5.13, 14 and 5.15. 

5.15 DISCUSSION AND CONCLUSION TO CHAPTER S 

At this stage, the reader may feel let down that so much work would only lead us 

back to an old correlation for the friction factor based on a mixing-length theory 

which many workers in the field consider discredited. In some quarters, the 

mixing-length is considered too crude to give any understanding of the turbulence 

structure. However, the present derivation highlights several points of interest. 
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Figure 14 Dissipation of turbulence near a wall 
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Figure 5.15. Production of turbulence in a pipe. 
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1. The main argument against the mixing-length theory and other so-called 

zero-equation models (nomenclature of Rodi 1980) is that, being one-dimensional, 

they cannot describe an essentially three-dimensional phenomenon like turbulence. 

This is certainly true if one is trying to investigate the secondary structures 

embedded in the flow and the writer has found that the combined application of the 

Stokes and Blasius solutions give more insight into the wall layer than the 

application of the one-dimensional Stokes solution alone. Walker et al (1989) have 
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given an interesting two-dimensional model of the wall layer which focuses on the 

normal and spanwise directions. 

However, the similarity logarithmic representation of the velocity profile in 

Chapter 4 has demonstrated that the spanwise and streamwise distances do not 

affect this profile. Kronauer and his associates (Morrison and Kronauer 1978, Lai 

et al 1989) have also shown through spectral analysis of a large number of 

measurements that only the normal distance y is important in the similarity law 

they propose.]h~e}{tent to which the ejections disturb the outer region and thicken 

the boundary layer is a directfunctiOQQ( the Reynolds number. The penetration 

of the jet into the cross-stream is similarly a function of its strength which is 

defined as the ratio of its exit velocity at the wall, vj, and the cross-stream 

velocity, V, i.e of its relative kinetic energy. Keffer and Baines (1963) show that 

the jet trajectories for different strengths can be reduced to a single curve by a 

similarity transformation involving natural coordinates and the jet strength. The 

eddy-path theory given here applies the same reasoning but uses the friction 

velocity to estimate the strength of the ejections since their normal velocity is not 

readily available. While the reader may not with the method used to estimate 

the penetration of the ejections into the outer region in the present theory, the 

principle of a second layer added on top of a wall layer governed by the 

momentum diffusion, not convection in the normal direction, is the point of 

interest. 

It is often argued (Bradshaw 1978) that the mixing-length theory does not account 

for the history of the flow. The prime motive for methods using one or two 

equations to model the eddy viscosity, for example the k-e model of Launder and 

Spalding (1974) is to capture this history effect. The factor (r/rw) in the eddy-path 

theory presented here is a function of surface geometry, turbulence intensity and 

perturbations in the outer stream. In short, it does carry the history of the flow. It 

is omitted in most theories of turbulence (Prandtl 1935, Cecebi-Smith 1974, Van 

• Driest 1956, Patel et al 1985) which assume the log-law holds only if the total 

local shear stress is constant with respect to y. The shear distribution in pipe flow 

is linear yet the log-law still applies. This casts doubt on the validity of neglecting 

the factor (r/rw). The use, in the k-e model, of conventional formulations like van 
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Driest's, which do not account for the factor (rhw), has the paradoxa! effect of 

removing from the wall-layer profile the time history they endeavour to capture in 

the outer region. 

2. There is a general feeling that the coherent structures must be relevant to 

the prediction of velocity and shear dissipation in turbulence. Bradshaw (1987) 

surmises that the coefficients in predictive theories must be some sort of structural 

parameters. In the present work, the coefficients of the mixing-length theory have 

been interpreted more clearly and definitely as geometric parameters of the 

secondary flow. 

One of the coefficients is defined by the extent of diffusion of wall retardation 

effects into the outer region and relates to a two layer-structure of the flow. In 

other words it describes, in the present view, the boundary between the domains 

of the flow where the components of order E
0 and € of the stream function_ are 

respectively predominant. This basic division of the flow field has been well 

accepted (e.g. Einstein and 1956, Hanratty 1956, Meek and Baer 1970, Kline 

et al 1967, Smith et 1989). The present work stresses the need to develop clear 

criteria for matching solutions applicable to the different domains of a turbulent 

flow field. In particular it shows the necessity to define the edge of the wall layer 

more clearly and quantitatively than has been done in the past. 

The second coefficient A' in the integral equation for the mean velocity, equation 

(5. 71) reflects the angle that the ejections make with respect to the wall. The model 

is based on the fact that the Reynolds stresses are produced along the path of the 

ejections. Surprisingly little information is required to estimate the value of this 

coefficient. There are probably different ways of estimating this coefficient other 

than the consideration of secondary structure proposed here. The point worth 

discussing is the postulate that both the Reynolds stresses and the fine scale 

turbulence are produced by an interaction between the main stream and the 

ejections rather than by a breakdown mechanism as proposed by the theory of 

statistical turbulence. 

3. There has been a gradual recognition that the traditional formulations of the 
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damping factor F, like van Driest's, are unable to fully account for the wall layer 

characteristics, especially in the transition region. A large number of formulations 

have been proposed by considerations of low Reynolds number effects (Patel et al 

1985, Launder and Shima 1989). 

The agreement of the trace of coherent structures educed from the present eddy

path theory in Figures 5. 8 and 5. 9 with the front measured by Kreplin and 

Eckelmann indicates indirectly that the present formulation of the damping factor 

is compatible with the structure of the flow in this region. It can be seen from its 

derivation (section 5. 7) that, as y+ decreases, the damping factor describes the 

suppression of the contribution of the Reynolds stresses to the time-averaged 

velocity profile. In this case, the original Navier-Stokes equations reduce to that 

for an unsteady laminar boundary layer, which is the model applied with some 

success to the wall layer by Tuoc and Abrahamson 1992 (Appendix AI). 

For small y+, the exponential term in the damping factor may be written as 

F=l-e (5.85) 

Substituting this approximation into the expression for the eddy viscosity in 

equation (5.43) with the damping factor from equation (5.50), b = 5.4 and o.+ = 
65 gives, for y+ = 1: 

E 
_v =0.0073y +

3 (5.86) 
v 

This result agrees with the experimental measurements adopted in a number of low 

Reynolds number formulations of the k-e model (Patel et al 1985). 

The coefficient b used for the damping factor in equation (5.50) is not a true 

constant but varies slightly with the Reynolds number. This variation is small for 

large Reynolds numbers but becomes important in the transition region. Numerous 

computations made by the author with different values for "b" indicate that it 

affects the critical Reynolds number at which transition begins in mixing-length 
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theories. This Reynolds number is also affected by the particular form of the 

damping function as shown in Appendix A2. The writer suspects that this 

coefficient "b' is a function of the wavelength and frequency of the original 

disturbances at the inlet of the pipe. In analyses of oscillating flow, reviewed 

briefly in Chapter 3, it is shown that the emergence of streaming flow is directly 

dependent on the magnitude of the velocity fluctuations u', v' and therefore on the 

intensity of turbulence. Since velocity perturbations of different frequencies are 

amplified selectively, as shown in the theory of stability, the onset of turbulence 

must be linked directly to the characteristics of disturbances entering the pipe. 

Furuya et al (1979) have varied the inlet conditions and found that the parameters 
\ 

of turbulence in the fully developed section are affected. Unfortunately, this is a 

topic which is still little understood and more experimental investigations are 

needed. 

4. A test of the present ideas may be made by extracting the governing 

equations for the streaming flow, as shown by Stuart (1966), Riley (1967) and 

Tetlionis (1981) and solving them without neglecting the interaction with the 

mainstream. This type of analysis can be made through a rational numerical 

simulation to determine the angle of ejection of the streaming flow and thus give 

the coefficient A for various flow configurations. This would represent a possible 

method for theoretical predictions of turbulent flow which is less demanding of 

computer facilities than the direct numerical simulations. 

5. In two-equation models of turbulence, the eddy viscosity is calculated from 

estimates of turbulent kinetic energy and dissipation. These must involve a more 

detailed knowledge of the structural details of the secondary flow than is required 

for zero-equation models and it is likely than the numerical coefficients in these 

models are parameters of the interaction of the mainstream with the ejections. 
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CHAPTER6 

EXTERNAL BOUNDARY LAYERS 

' I 

The material in the following chapters could not be written up in detail because of ( 

time restrictions. Much of the work, that was conducted in the late seventies and 

early eighties, could not be published because of controls imposed on communications 

to the outside world in the writer's country of residence. This work had to be left 

behind when the writer carne to New Zealand and is being redeveloped although the 

writer was able to bring the main results which will be summarised here. In the re

analysis some update will be included. The purpose of reviewing this material is to 

show how the present visualisation detailed in Chapters four and five is able to extend 

to studies of other aspects of turbulence in a simple and logical manner. Furthermore, 

the investigation of other processes, particularly heat or mass transfer, non

Newtonian fluids and statistical parameters shed further light into the structure and 

mechanism of turbulence, besides being of interest in their own right. 

6.1 A SECOND CLOSURE CRITERION FOR TURBULENT BOUNDARY LAYERS ON FLAT 

PLATES 

The diameter of a pipe limits, according to the principle proposed in Chapter 5, the 

size of both the length and time scales. The thickness of an external boundary layer 

can, on the other hand grow indefinitely. Application of Prandtl 's log-law to flow 

past flat plates (e.g. Schultz-Grunow 1941) correlates the velocity profile near the 

wall but does not give the friction factor because the thickness of the turbulent 
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boundary layer in this approach is undefined and the problem is not closed. The 

traditional method of solving this difficulty has been to solve the integral momentum 

equation numerically, using Prandtl's velocity distribution, to give the boundary layer 

thickness and the friction factor (Schlichting 1960,p 601). 

The writer has proposed (1982) that a second closure criterion may be stated by 

combining the power law and logarithmic representations of the velocity profile. 

The friction factor may be written in the general power law form 

(6.1) 

A derivation similar to that ofPrandtl (1927), as outlined in Appendix A9, relates the 

index {3 with that in the velocity profile 

(6.2) 

giving 

p 2-p 
(6.3) 

In this method, the thickness of the wall layer is first estimated for a given value o:f' , 

the Reynolds number by substituting equation (6.2) into the momentum integral 

equation 

0 1"' 'rw - (U.., -U)Udy=--ox 0 p . 
(6.4) 

A derivation by standard methods (Schichting p.598) gives 

o =[2cx(p + l)(p +2)]1/(P+l)(_!_)MP+l) 
x (2-P) xU.., 

(6.5) 

6. External boundary layers 



6.3 

The power index p is obtained by forcing equation (6.2) through the edge of the wall 

layer (U.+, o,+) as reported in Chapter 5, part A. The coefficients a and {3 may be 

then obtained from the procedure reported in Appendix A9. If Prandtl's law of the 

wall is used in this procedure, the results are 

0. 

p s1nu; -13.86 

u; +2.s1nu; -2s.oo 

103.sP 
a 
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0.4 r--~-----------------, 
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Figure 6.1. Variation of the coefficient ot with the Reynolds number. 

(6.6) 

(6.7) 

The coefficients a and {3 are seen to be a function of the Reynolds number rather 

than being true constants. A more accurate . estimate of these coefficients will be 

based on the eddy-path theory because it accounts better for the effect of the 

Reynolds number, with the results in Figures 6.1 and 6.2. 

The estimate of the wall layer thickness in equation (6.5) is fed back into the log-law 
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to give the local friction factor. The average friction factor over a length Lis given 

by 
0.8 

0.7 
p 
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0.1 3 Re · 
!0 104 105 106 

Figur~ 6.2. Vnriation of the coefficient 13 ·with the Reynolds number. 

l =Aln(L 

# 

1000! 

[ 20:(~ + 1)(~ +2)]+3 .. 05 
~(2-P) 

(6.8) 

· Figure 6.3 Predictions offrictz'onfactors on a flat plate. (1) Blasius solution, (2) equation (6.8). Data 

from Schlichting (1960). 

The advantage of the present technique is that it gives a closed solution for quick 

6. External boundary layers 



6.5 

estimates of the friction factor in external boundary layers. Others (Thomas and Al

Sharif 1981, White et all973, Schlichting 1960) have used the integral momentum 

and energy theorems in conjunction with either the logarithmic or power law 

distributions of velocity and temperature separately. The use of both types of 

distributions at the same time can be made only after a relationship between the 

coefficients in the power law have been related to those in the log-law. This has been 

established in Chapter 5, part A. 
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CHAPTER 7 

HEAT MASS TRANSFER 

In this chapter, the writer reportsc,hi~_vie~S~!tn three basic concepts in turbulent 

transport of heat or mass and a number of the related techniques and correlations. _ 

1. The analysis focuses on the normal component of transport rather than on 

the streamwise component. It differentiates between a time scale of diffusion 

and a time scale for convection. 

There is only one type of primary eddies: the ejections, which are 

responsible fQr ~gitatioJ!in tqe turbulent boundary layer. Reynolds~ analogy 

is a statement that the same primary eddies are responsible for the agitation 

effect for both momentum and heat or mass transfer. This physical 

interpretation allows the writer to discuss rationally the paradoxes of 

Reynolds' analogy. 

3. The transfer of heat or mass from lumps of wall-fluid, dispersed into the 

outer stream by the agitation forces, is governed by diffusion. The time scale 

for diffusion can be estimated by a transformation of the penetration theory 

into the boundary layer theory. 

7.1 PREVIOUS WORK 

The study of heat and mass transfer in turbulent flows has been dominated from an . 

early stage by the similar form between the scalar transport equations and the NS 
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equations. Following Boussinesq (1877), the transport flux can be defined in terms 

of an eddy diffusivity: 

j=-(D+E)da 
'dy 

(7.1) 

where D is the thermal conductivity in heat transfer and the molecular 

diffusivity in mass transfer 

Ej the eddy diffusivity for the species j 

e the time-averaged temperature in heat transfer and the 

concentration in mass transfer 

J the transport flux 

Equation (7 .1) may be rearranged as 

where 

e·=Jy• ( i I iw 
Jo l+E.f 

J 

(7.2) 

The similarity between equations (7 .1) and (7. 2) for heat or mass transfer and 

equations (5.38) and (5.39) for momentum transfer is obvious. 

Reynolds (1874) was the first to propose a formal analogy expressed by 

(7.3) 

where St = h/ pCP V is called the Stanton number. It was soon realised that 

Reynolds' analogy does not apply to the entire turbulent boundary layer but only to 

the outer region. In the first modification to Reynolds' analogy, Prandtl (1910) has 

assumed that it applies from the edge of the laminar sub-layer. Since these early 

days, many other analogies have been proposed. These are reviewed in an excellent 
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paper by Sideman and Pinczewsky (1975). 

In the literature, the application of Reynolds' analogy to the region outside the wall 

layer is stated as (Bird et al 1960, p. 382): 

de· du· ----- (7.4) 
dy+ dy+ 

It is normally assumed that the application of Reynolds' analogy implies two 

conditions: 

1. j I jw = 7 I 7 w = 1 

2. = 1 

·25 

Smith et a1, Pr=5.7 
A Lin et a1, Sc = 1320 
c Reichardt, velocity defect 

yiR 

Figure 7.1 Defect plot of velocity, temperature and concentration in turbulent pipe flow. 

Experimental measurements showed that equation (7.4) is valid. Figure 7.1 shows a 

defect-law plot for the temperature, concentration and velocity in turbulent pipe flow. 

The profiles in the outer region are clearly in agreement. But the postulates (1) and 

(2) stated above do not hold against experimental evidence. Blom (1974) has collected 

experimenta1 measurements of the turbulent Prandtl number Prt as shown in Figure 
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Figure 7.2. Variation ofthe turbulent Prandtl number. From Blom (1970) 

7 .2. The turbulent Prandtl number is clearly not unity as required by condition (2). 

This discrepancy remains the unsolved paradox in analogies between heat, mass and 

momentum. 

Prandtl's analogy applies successfully only to systems with a Prandtl number close 

to unity. Research on turbulent heat and mass transfer has been pursued vigorously 

in the past eighty years to extend this range of application. Three main approaches . 

have been adopted. 

Empirical analogies the best known being Colburn's analogy (1933) 

(7.5) 

Colburn originally formulated it for pipe flow but subsequent experimental 

verifications show a discrepancy of about 15%, as summarised in Bird et al,p. 400, 

for example. The agreement in external boundary layer flow is better. 
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Boundary layer theories (e.g. Karman 1939, Martinelli 1947, Deissler 1954, 

Reichardt 1961, Metzner and Friend 1958, Levich 1962) are based on solutions of 

equation (7.2). As in momentum transfer, the closure of the models is based on 

mathematical or physical postulates about the eddy diffusivity Ej. This information 

is often supplied through some experimental measurement of the turbulent Prandtl 

number. Because of this, boundary layer theories are still referred to as analogies, 

even though their form has been obtained in a more theoretical framework than the 

Colburn analogy. 

Penetration theories originated with Higbie (1935) who used the equation for 

unsteady conduction to model the transport process in jets and packed columns. 

a a (7.6) 

Here 8 is the local smoothed phase temperature or concentration. The weJl-kilown 

· solution is 

(7.7) 

Higbie closed the derivation by assuming that the typical time scale over which 

equation (7. 7) applies is the contact time 

(7.8) 

where x is the swept length. 

In an effort to apply Higbie's approach to turbulent transport, Danckwerts (1955) 

assumed that the surface near the wall is periodically swept clean by eddies 

penetrating from the bulk stream. The rate of renewal of the surface fluid near the 
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wall is a function of the probability of occurrence of eddies of various frequencies. 

Danckwerts assumed this probability distribution to be uniform. Subsequent postulates 

of the surlace renewal distributions have been reviewed by Sideman and Pinczewsky 

(op.cit.), Ruckenstein (1987) and Pletcher (1990). These postulates do not link the 

assumed distribution of eddies to the improved understanding of the coherent 

structures or the wall structure. 

Ruckenstein (1968) first attempted to derive a physical model for the distribution 

function by modelling the eddy as a roll cell which circulates the fluid from the wall 

to the outer region. The motion close to the wall surface is assumed to obey the 

laminar transport equation 

(7.9) 

Ruckenstein calls this state "pseudo-laminar flow" but does not elaborate about the 

relatio!l between this state and the bursting phenomenon at the walL Thomas and Fan 

(1971) used an eddy cell model proposed by Lamont and Scott (1970) in conjunction 

with a wall model by Black (1970) and the time scale measured by Meek and Baer 

(1970) to model the whole process. In both these approaches, the differentiation 

between the instantaneous fluxes and their time-averaged values is unclear and rough 

approximations are necessary to effect closure of the solution. 

Experimental measurements to vindicate these visualisations are difficult to obtain 

because the wall layer in mass transfer processes is extremely thin. Perhaps the most 

extensive studies have been attempted by Hanratty and his associates. Their ideas 

have evolved, along with improved experimental evidence, from a belief that the 

eddy diffusivity near the wall is proportional to y+4 at very high Schmidt numbers 

(Son and Hanratty 1967), as predicted by Deissler (1954), to a belief that a more 

accurate power index is 3.38 (Shaw and Hanratty, 1977). The research of Hanratty 

showed that the characteristic length scale of mass transfer in the longitudinal 
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direction is equal to that for momentum transfer (Shaw and Hanratty 1964, 1977) but 

the time scale for mass transfer is much shorter that for momentum transfer. 

To explain this perplexing effect, Campbell and Hanratty (1981, 1983) have solved 

the unsteady mass transfer equations without neglecting the normal component of the 

convection velocity, which they model as a function of both time and distance. They 

found that only the low frequency components of the velocity fluctuations affect the 

mass transfer rates and that the energetic frequencies associated with the bursting 

process have no effect. In their explanation, the concentration sub-boundary layer acts 

as a low pass filter for the effect of velocity fluctuations on the mass transport close 

to the wall. 

The existence of two time scales in the wall region of heat or mass transfer has been 

noted by all modem investigators. Their explanation is varied. McLeod and Ponton 

(1977) differentiate between the renewal period and the transit time which is defined .. 
as the average time that an eddy takes to pass over a fixed observer at the wall. 

Loughlin et al (1985) and more recently Fortuin et al (1991) differentiate between the 

renewal time and the age of an eddy. 

7.2 PHYSICAL CONCEPTS 

In the present application of the eddy-path theory to heat and mass transfer (Tuoc 

1977, 1983), the ejected primary eddies bring patches of wall-layer fluid into the 

outer region by a mechanism of agitation. Agitation is the convection and dispersion 

of bulk fluid fro_rrLone r~giQ!l to the other. Even immiscible fluids can be agitated. 
-"--------------- -~-

The final blending of this convected wall-fluid with the surrounding stream is 

achieved by molecular diffusion. A similar distinction between agitation and mixing 

has been expressed by Broadwell and Mungal (1991) in their recent review of the 

large structures in turbulent flow. The differentiation between the agitation performed 

by the primary and secondary eddies, which is of a convective nature, and the final 
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blending or mixing process, of a diffusional nature, is most useful for an 

understanding to the turbulent transport process. In the eddy-path theory, the 

diffusion process occurs across the shear layers created by the primary eddies. Since 

the agitative action of the bursts is unique for all transport processes and independent 

of the diffusivity of the material or property convected, the application of Reynolds' 

analogy to model the outer region is justified. 

7.3 THEORY 

7.3.1 CONNECTION DETWEEN THE PENETRATION AND BOUNDARY LAYER THEORIES 

An analysis of heat transfer in oscillating boundary layers similar to the one for 

momentum transfer in Chapter 3 shows that the field can again be divided into two 

regions. 

The edge of the thermal or concentration wall layer, oj, is defined as the maximum 

extent of diffusion of heat or mass into the main stream. It is argued that the 

boundary layer solution for the laminar transport equation derived by Pohlhausen 

(1921) is a good approximation to the unsteady state solution just as the Blasius 

(1908) solution can give a two dimensional map of a developing laminar sub

boundary layer. 

An alternative description can be made using the unsteady conduction solution in 

equation (7.6). The originality of the present approach lies in the interpretation of the 

characteristic time scale of the wall layer in terms of a diffusional process in the 

normal direction; not in terms of streamwise convection. The diffusional time scale 

td, which is distinct from Higbie's contact time t.:, is estimated by a transformation 

of the unsteady into the steady-state solutions (Tuoc and Keey 1991 a, Appendix A4) 

based on Taylor's hypothesis 
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(7.10) 

In laminar boundary layer flow this transformation applies near the leading edge of 

a flat plate. The diffusional time scale is obtained as 

where the factor f(U), called the convection correction factor,is obtained as 

j{U) = .C __Q_(t-!!) d ( LJ 
0 llv ej l oj 

(7.11) 

(7.12) 

where U~ is the velocity at the edge of the momentum wall layer and ej is the 

temperature or concentration at the edge of the thermal or diffusional walllayer.The 

velocity and temperature/concentration profiles in equation (7 .12) may be ex:pressed 

as third order polynomials as proposed by Pohlhausen (op. cit.). The thickness of the 

thermal or diffusional boundary layer is related to the momentum boundary layer 

thickness by 

(7.13) 

When the transformation is applied to laminar boundary layers on flat plates, the 

velocity U, is the approach velocity and the temperature ej is that of the undisturbed 

stream outside the thermal boundary layer. The proposed transformation shows an 

almost complete correspondence between the penetration and boundary layer 

approaches. As far as the writer knows, the penetration theory has not been applied 

to laminar boundary layer flows before. A detailed derivation is given in Appendix 

A4. 

7.3.2 THE THERMAL OR DIFFUSIONAL WALL LAYER 

We have seen in Chapters 3 and 4 that the same solution of order e0 applies both to 
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a conventional laminar boundary layer and to the wall layer of turbulent flow. The 

thermal wall layer may also be described by a combination of the Pohlhausen solution 

for heat transfer in a laminar boundary layer and the unsteady conduction equation 

(7.1). In this model (Tuoc and Keey 1992 b, Appendix AS), the thermal thickness 

is shown to obey the relation 

(7.14) 

Equation (7.14) gives a clearer mathematical definition of the wall layer than most 

of the existing analyses (e.g. Campbell and Hanratty, Fortuin et al, Loughlin, Meek 

and Baer 1973) because it does not require any assumption about the structure of the 

outer region and accounts for the effect of the Prandtl number in explicit form. The 

thermal wall layer thickness may be obtained from experimental measurements of the 

temperature profile by matching them with equation (7.14) in the same way as the 

momentum wall layer thickness was derived in Chapter 4. The results, shown in 

100 
II momentum wall layer 

W.U ''\ lhloknrn 
c momentum buffer layer 

80 
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o·+ Pr a 1!1 0.73 0.4 (14) u 
I> 0.70 0.4 (15) 

60 • 5.7 0.33 (10) 
0 14.3 0.33 (10) 

Buffer layer thickness Ill 1320 0.33 (8) 
II 

~ 40 

iil 

20 3 104 10 5 10 6 10 Re 

Figure 7.3 171ickness of the wall layer in heat, mass and momentum. 
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Figure 7.3, support the relationship between the thermal and momentum layer 

thicknesses proposed by Pohlhausen (1921). 

(7.15) 

104 

Pr/Sc 

(8) 

10 3 (19) 

e+ 95 (15) 

(15) 
102 (10) 

(10) 

10 1 (15) 

Figure 7.4 Temperature and concentration profiles in turbulent pipe flow. Data (1) Flender and Hiby 

1981, (2) Lin et al1953, (3) Kader 1981, (4) Gowen et al1967. 

For Pr > 10 the power index b is approximately equal to 113. A plot of similar 

logarithmic concentration, temperature and velocity profiles as given in Figure 5 of 

Appendix AlO indicates the existence of a unique similarity law for all three 

processes in the wall layer. The predictions of the present model agree with the 

measurements well. Examples of predictions and experimental results are given for 
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Figure 7.5 Distribution of shear stress and heat flux in a pipe 

the temperature and concentration profiles for various Prandtl/Schmidt numbers at 

high Reynolds numbers (Figure 7.4) and for the variations of the Sherwood or 

Nu sselt number (Figures 7. 7 and 7. 8). In Figure 7. 4 the dotted lines represent the 

unsteady conduction equation (7. 7) averaged over a distribution of low-speed streaks 

(see the equivalent derivation for momentum transfer in Appendix 1); the full lines 

represent Reynolds' analogy. The model also predicts satisfactorily the correlation 

function for the wall heat flux and the time scale of the thermal wall layer. These 

have not been included here because some details of a paper on the thermal or 

diffusional wall layer are still being assembled. In particular, the writer has not found 

suitable experimental data on the probability density distribution of the temperature 

or concentration. 

7.3.3 THE PARADOXES OF REYNOLDS' ANALOGY 

1. The distribution of fluxes 

In the eddy-path theory (Chapter 5) the writer has argued that the scale of the 

secondary eddies at a position y+ from the wall must be a function of the energy per 
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unit volume (P/Vo) available at that location. This energy is proportional to the local 

shear stress r. The original energy of the primary eddies, when they were ejected 

from the wall, is proportional to the wall shear stress rw. This physical reasoning led 

to the inclusion of the ratio rlrw in the estimate of the mixing-length and the eddy 

viscosity. Similar considerations for heat transfer show that the ratio q/qw must be 

included in the estimate of the eddy diffusivity ~· Most analogies ignore the ratio 

q/qw and this can only be achieved by assuming q/qw = 1. Computations of the 

distribution of heat flux in turbulent pipe flow (Tuoc 1977) show that this assumption 

is not valid (see Figure 7.5). Furthermore it shows that the distribution of the shear 
' 

stress is not equal to the distribution of the heat flux. 

turbulent Prandtl number 

Reynolds' analogy holds only in the outer region where both the molecular diffusivity 

and viscosity are negligible compared with the e,ddy diffusivity and eddy viscosity. 

Comparison of equations (5.38) and (7.1), with simultaneous application of Reynolds' 

analogy, show that the turbulent Prandtl/Schmidt number is not equal to unity (Tuoc 

1969) but to 

(7.16) 

The turbulent Prandtl number is a function of the Reynolds number and the position 

y/R since these variables affect the transport flux, as shown in figure 7.5. Equation 

(7 .16) gives order of magnitude predictions of the turbulent Prandtl number reported 

in Figure 7.2, for the case Pr ~ 1 when the heat diffusivity can be ignored. The 

agreement is not exact because the effect of the correlation factors in the Reynolds 

stresses and fluxes has been neglected. Prandtl 's analysis, reported in Chapter 5, 

section 5.3, assumes that the Reynolds stresses are proportional to the velocity 

gradient. Similarly the turbulent heat flux is assumed to be proportional to the 
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temperature gradient and the square of the mixing-length. In this derivation (see 

equation 5 .14a) the physical mixing-length is converted into a fictitious mixing

length, which more convenient in the mathematical analysis, by the inclusion of the 

correlation factor 

(7.17) 

(7.18) 

The application of Reynolds' analogy implies that heat, mass and momentum are 

convected by the same primary eddies and relate to the physical mixing, not the 

mathematical abstraction produced in equation (5 .14a) by the inclusion of the 

correlation factor cr. The turbulent Prandtl number is there~ore also a function of the 

ratio (c/crJ) about which little is known. 

3. The paradox of time scales 

Reynolds' analogy implies a unique mechanism for the transport of heat, mass and 

momentum. The observation of two time scales indicate that two different 

mechanisms exist. Surprisingly this paradox has not been discussed in the literature. 

For example, if one explains the second time scale in the thermal wall layer in terms 

of the "age" of eddies sweeping the wall (Fortuin et al, op. cit.) one is faced with the 

question as to why the age of ejected lumps of fluid from the wall does not affect 

Reynolds' analogy. Indeed any argument based on convective forces which are 

specific to heat and mass transfer (i.e not present in momentum transfer) raises a 

paradox when one applies Reynolds' analogy. 

The writer does not believe in separate eddies for heat, mass and momentum. In the 
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present theory, the second time scale fu observed in heat and mass transfer reflects 

a diffusional process and therefore does not relate to the agitation mechanism. There 

is only one mechanism for agitation in a turbulent boundary layer, even if both heat 

and mass are being transferred simultaneously. This agitation process relies on the 

intermittent ejection of wall fluid into the outer region and its time scale is t,., the 

time scale of the momentum wall layer. 

There is thus only one measure for the scale of the primary eddies. But a mapping 

of the velocity contour is much larger than that for temperature and concentration 

because the diffusion coefficient for momentum is different from that for heat and 

mass. In other words, if the temperature, concentration and velocity contours, or the 

contours of eonstant fluJ~ and constant shear, are used to define the size of the eddies, 

Figure 7. 6 Contours of velocity and temperature of tile p1imary eddies. 

then the eddies for heat and mass look smaller than the eddies for momentum (see 

Figure 7.6) but we are speaking of the same and unique patch of recirculating fluid. 
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To the writer, the paradox arises from the confusion between the bursting period t,, 

which is essentially a convectional time scale, and the diffusional time scale tu. 

• Harriott and Hamilton 

- equation (7 .26) 

Figure 7. 7 Variation of the Nusselt/Sherwood number with Reynolds number. 

When the Prandtl number is smaller than unity, as in heat transfer to liquid metals, 

additional complications arise. The problem has always been treated separately from 

other transport analogies, which do not seem to apply to this particular case (e.g. 

Seban and Shimazaki 1951, Lyon 1951). 

The proposed eddy-path theory predicts that the diffusional time td is now greater 

than the bursting period tv and the thermal wall layer is greater than the momentum 

wall layer. The ejections, which originate within the momentum wall layer, now 

perturb a portion of the thermal wall layer itself. This effect is very similar to that 

of natural convection since both have a strong motion normal to the wall. The writer 

believes that this is the reason why many researchers in turbulent heat transfer to 

metals report a distortion of the temperature profile by natural convectiocy effects 
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l:il Harriott & Hamilton 

• Monison & whitman 

t. Buhr eta! 

- equation (7.26) 

Figure 7. 8 Variation of the Nusselt/Shenvood number with the Prandtl!Schmidt number for Re = 
10,(}()(). 

(e.g. Buhr, Carr and Balzhiser 1968). 

7.4 DERIVATION OF ANALOGIES 

A full application of the eddy-path theory, similar to the derivation outlined in 

Chapter 5, allows us to predict theoretically the thickness of the therlt!al or 

diffusional wall layer (Tuoc 1977). The results agree with the measurements reported 

in Figure 7.3. Alternatively, we may just accept Reynolds' analogy for the outer 

region. The temperature or concentration profile may then be written in the form 

(7 .19) 

The value of coefficient A may be taken to be approximately as 2.5 following 

Prandtl's law of the wall (1935). 

The difference between various analogies available in the literature may be traced 
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(Tuoc 1984) to the position near the wall from which Reynolds' analogy is applied 

and the estimate of the exponent bin equation 7.15. For example, the popular 

Metzner-Friend analogy (1958) 

1 + 11.8../Jfi(Pr213 -1) 
(7.20) 

is obtained (Tuoc 1969) by applying Reynolds analogy from the edge of the thermal 

or diffusional sub-layer 

(7.21) 

where the point o~~;,., named the Kolmogorov point for reasons discussed in Chapter 

9, is situated at the intersection of the law of the wall 

++5.5 (7.22) 

with the viscous sub-layer profile 

+ (7.23) 

More careful calculations, based on predictions of the velocity profile and the eddy 

viscosity in the present model, shows that the value of ~ .• varies slightly with the 

Reynolds number especially in the transitional region. The power index of the Prandtl 

number is not completely constant and is only approximately equal to 113. It will be 

recalled that Prandtl's analogy (1910) applies Reynolds' analogy from the edge of the 

momentum laminar sub-layer ~.v and gives a poor estimate of the power index of the 

Prandtl/Schmidt number. 

A more accurate formula is obtained in the writer's Pacific analogy (Tuoc 1983) 

where Reynolds' analogy is applied from the edge of the thermal or diffusional buffer 

layer. For high Reynolds numbers, the dimensionless temperature is given by 
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(7.24) 

At the pipe axis, y+ = R+ and e+ = em+. Noting that 

(7.25) 

and rearranging the numerical coefficients in equation (7 .25) gives the Stanton 

number as 

(7.26) 

where 

D(Pr) = (7.27) 

The bulk (mixing-cup) temperature may be obtained from 

(7.28) 

The predicted temperature/concentration profiles and Nusselt!Sherwood numbers are 

shown in Figures 7 .4, 7. 7 and 7 .8. 

7.5 THE COLBURN ANALOGY 

Another case has been investigated (Tuoc 1984) with interesting results: heat and 

mass transport in external boundary layers. In this case the turbulent thermal 

boundary layer is unspecified if one uses the Prandtllog-law only. The problem is 

solved by matching this description with a power law model as shown in Chapter 5, 

Part A. 
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(7.29) 

In order to obtain an analogy with momentum transfer, we may postulate one of the 

following: 

1. That the thicknesses of the thermal and momentum boundary layers are 

equal because they both result from the penetration of the same primary 

eddies into the outer region. In this case the power indices p for the velocity 

profile, equation (5.2) and p' for the temperature distribution, equation (7.29) 

are not equal. 

2. That the power law distribution of the velocity and temperature are 

similar. Then the indices p and p' are equal but the thicknesses of the thermal 

and momentum boundary layers are different because of the unequal extent 

of diffusion from the primary eddies into the mainstream. 

The writer has used the second postulate to obtain the Starlton number by the method 

reported in Chapter 5, part A. This is made possible because we have a clear 

estimate for the thermal buffer layers in the eddy-path theory. The resulting 

correlation has the same form as Colburn's analogy 

f 
(pf3-2/3)(p+l) 

St=-Pr Zp+l 
2 

(7.30) 

The exponent of the Prandtl/Schmidt number is found to be a weak function of the 

Reynolds number. In this derivation the analogy cannot apply to turbulent pipe flow 

where the thicknesses of the thermal and momentum boundary layers are both equal 

to the pipe radius. 
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CHAPrER8 

NON-NEWTONIAN EFFECTS IN TURBULENCE 

Non-Newtonian fluids are those in which the viscosity is not constant but a function 

of the shear rate, shear stress and/or elastic forces. This variation adds great 

complexity to analytical solutions of the Navier-Stokes equations. An overwhelming 

portion of the non-Newtonian literature is devoted to ways of extending correlations 

developed for Newtonian fluid mechanics to variable viscosity fluids (e.g. Alves and 

Boucher 1952, Dodge and Metzner 1959, Bogue and Metzner 1963, Metzner and 

Otto 1957, Metzner and Park 1964, Keey, Mandeno and Tuoc 1970, Clapp 1961, 

Cho and Harnett 1982). The success of these methods has been mixed and much of 

the design of Non-Newtonian processes is still largely empirical. 

Thirty years ago, Skelland (1967) felt justified in speaking of non-Newtonian 

phenomena as a third phase of development in fluid mechanics, a kind of last 

frontier in the field where one tackles this problem of variable viscosity. The 

writer's approach to non-Newtonian turbulence has been governed by different 

strategic considerations: 

1. It is relatively easy to identify the dimensionless groups that are relevant 

in non-Newtonian fluid mechanics. It is much harder to determine the 

coefficients in the predictive formulae because we do not understand their 

physical significance. Furthermore, dimensional analysis does not help to 
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differentiate between various definitions of the "effective" viscosity (Tuoc 

1969) which are all dimensionally correct but do not have the same physical 

significance. Thus the real challenge lies in obtaining an understanding of the 

structures and mechanisms of turbulence. Once these are viewed correctly, 

the solution to non-Newtonian transport phenomena should come naturally. 

2. A qualitative analysis of the Navier-Stokes equations along the lines 

presented in Chapter 3 indicates that the overall structure of non-Newtonian 

flow fields must be similar to that of Newtonian fluids. Two fundamental • 

layers exist; a wall layer where the solution of order t:.0 predominates and an 

outer region which shows the influence of the solution of order f. A major 

goal is therefore to compare the structures in Newtonian and non-Newtonian 

fluids and discover the most suitable scaling factor which preserves the 

structural similarity. 

Within this framework, all the concepts derived for Newtonian fluids were 

simultaneously studied with non-Newtonian fluids. In general this provided a harsher 

test for the principles postulated in this study of turbulence. In some cases, the 

variable viscosity created additional questions which in turn pointed to aspects of 

turbulence scaling which were not obvious in the study of Newtonian flow. 

Most of the work (Tuoc 1976, 1978, 1982) has been carried out using the Ostwald 

de Waele model (Skelland op. cit.), also known as the power law modeL These 

models, or rheological equations of state, describe, in mathematical form, the 

relation between the shear stress, the shear rate and, for viscoelastic fluids, the 

relaxation time. The power-law model applies to purely viscous, i.e. non-elastic, 

fluids 
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(8.1) 

K is called the consistency and has a function analogous to the 

dynamic viscosity of Newtonian fluids 

n is the behaviour index, a measure of the departure from Newtonian 

behaviour. 

It is possible to analyse the turbulent flow of a power law fluid in a cylindrical pipe 
s 

by the methods developed in Chapters 4 and 5 (Tuoc 1976). The log-law is found to 1 

have essentially the same slope for Newtonian and non-Newtonian fluids. This is 

evident in the defect velocity plot in Figure 12 of Appendix A 7. The wall layer 

thickness, measured in terms of the wall units uJva, appears thicker in the non

Newtonian case. The non-Newtonian viscosity at the wall, va, is defined as 

(8.2) 

The wall layer may be modelled by an extended Stokes solution for start-up flow in 

analogy with the treatment in Chapter 4 and its thickness is given by 

(8.3) 

The coefficient N is determined by the form of the velocity profile in the wall layer. 

For an assumed fourth order polynomial distribution we obtain N = 2n (Tuoc 1992, 

Appendix A?). 

The extended Stokes solution may be transformed into the solution developed by 

Acrivos et al (1960) for laminar boundary layer flow on a flat plate (Tuoc and Keey 

1992 b, Appendix AS). The solution of Acrivos et al give~~tw?-dif11_~~Si()I1~ model 

for the non-Newtonian wall layer similar to that obtained with the Blasius solution 

for N;~onian-flow-(Tuoc 1992). 
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The interesting new element discovered in this work is that complete similarity 

between Newtonian and non-Newtonian friction drag plots may be shown by 

normalising the velocity and distance with the local phase wall-shear stress, rw,T' at 

the onset of ejection of the primary eddies, which we will call for short the critical 

wall-shear stress. Both the extended Stokes solution and that of Acrivos et al for a 

laminar boundary layer on a flat plate give 

(8.4) 

where rw is the time averaged wall-shear stress over the period t, of the low-speed 

streaks. This new similarity criterion reflects the fact that turbulence is a local 

phenomenon and should be normalised in terms of local phase parameters, in this 

case the critical friction velocity 

(8.5) 

The wall layer thickness, normalised in terms of this new parameter, o,,T +, is related 

to the more conventional non-dimensional form , o,+ (e.g. Bogue and Metzner 

1963), by 

+ (8.6) 
(n+ l)l/n-.s 

The normalised wall-layer thickness o,,T +is found to be the same for Newtonian and 

non-Newtonian fluids as shown in Figure 8 of appendix A7. Prandtl's law of the 

wall for pipe flow may be rewritten in terms of the critical wall shear stress 

- 1 = 5.66 log(Rew fJ;.) + .45 l1r ,'fVJT 
(8.7) 

For power law fluids the non-dimensionalised distance normal to the wall is defined 
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as 

+ 
YT 

and the Reynolds number is defined by 

where 

Re =DVp 
w,T iJ. 

w,T 

(8.8) 

'"'(8.9) 

(8.10) 

These new variables collapse all the friction factor data for n)n-Newtonian fluids 

Laminar flow (modified Poiseuillc equation) 

• 0.2 < n < 1.0 

f T Dodge 

.01 
Modified Prandlllaw 

Equation (8.7) . \ 

Figure 8.1 Pipe flow friction factor plot based on the critical wall shear stress. 

A clay suspension 0.2 < n < O.S 

A Water 

Carbopol solutions 

m n' = 0.726 

11111 n' = 0.615 

11111 
n' = 0.55 

(e.g. of Bogue 1962 and Dodge 1959) into a single curve (see Figure 8.1). A 

derivation of the power law correlation for the pipe flow friction factor (an extension 
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of the Blasius empirical formula 1913) is given in Appendix A9. An analysis for 

boundary layer flow over flat plates has also been made (Tuoc 1982). 

The application of these ideas to other rheological models of state is time consuming 

He 

.1 1!1 2.8 X 10 3 

f + 6.0 X 10 4 

0 5.3 X 10 5 

.01 

Figure 8.2 Friction factors for Bingham plastic fluids 

but straightforward. An example for Bingham plastic fluids following the technique 

proposed by Tuoc (1969) is shown against the data of Thomas (1960) in figure 8.2. 

In the study of laminar transport processes, the penetration theory proposed by Tuoc 

and Keey (1992 a) greatly simplifies the mathematics, in comparison with the 

conventional boundary layer approach, without significant loss of accuracy. For 

momentum transfer, the transformation given in Appendix A5 turns the solution of 

an impulsively started stream near a flat plate into the results of Acrivos , Shah and 

Petersen (op.cit.) within 1%. The same agreement is evident in heat and mass 

transfer (Tuoc and Kennedy 1992, Appendix A8) but similarity with the Newtonian 
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case is highlighted much more clearly if the Reynolds and Prandtl numbers are 

defined in terms of the apparent non-Newtonian viscosity (see Figure 6 of Appendix 

A8). 

It is this kind of evidence which has convinced the writer that only the local 

instantaneous non-Newtonian viscosity has real physical significance. Other 

definitions, such as the generalised Metzner definition (Metzner and Reed 1955, 

Dodge and Metzner 1959) are made for convenience of graphical representation but 

can lead to misleading interpretations of the mechanisms of turbulent transpqrt. For 

example the distribution of Reynolds stresses has been computed from the data of 

Bogue as shown in Figure 14 of Appendix A 7 at the Metzner Reynolds number of 

7990 for a Polycell solution ofbehaviour index n .465. It is much higher than the 

measurements of Eckelmann (1974) in a Newtonian oil channel at roughly the same 

Reynolds number of 6000. This is clearly contradictory since the friction factor in 

non-Newtonian fluids is smaller than that in Newtonian fluids as shown in Figure 

8.1. The obvious conclusion is that the Metzner-Reed Reynolds number does not 

reflect the true ratio of the turbulent to viscous forces. 

A plot of the similarity logarithmic velocity profile in Figure 8.3 shows that the 

distribution in the wall layer collapses for all values of n (Newtonian and non

Newtonian fluids). This indicates that the wall layer thickness and the corresponding 

local time-averaged velocity are adequate similarity parameters for the two-layer 

structure of the flow. 

The study of visco-elastic fluids sheds even more fascinating insights into transition 

and turbulence. Since the 1950's it has been observed that small amounts of 

polymers drastically reduce the drag of a fluid beyond the level of reduction obtained 

with purely viscous power law fluids. This is called the Toms phenomenon (1949). 

In a field which has been so vastly researched, it is again impossible to list all 

references of relevance and the ones mentioned should be regarded only as random 
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Figure 8. 3 Similar logarithmic velocity profile for non~Newtonian fluids. 
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Figure 8.4 Velocity profile for viscoelastic fluids with strong drag reduction. Data of Pinho and 

Whitelaw (1991 ). 

illustrations, not a personal preference. 

It is textbook knowledge (e.g. Harris 1977, Darby 1988) that drag reduction arises 
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from a dramatic increase in the wall layer thickness. Lumley (1973) for example 

explains the phenomenon in terms of elastic fluids being able to store the strain 

energy of the eddies penetrating the wall. On the other hand, Kozicki and Tiu 

(1967, 1968) postulate the existence of slip at the wall which also result in drag 

reduction. This latter view has not found wide acceptance (Tanner 1969). 

Early work (e.g. Ernst 1965, Poreh and Paz 1968) indicated that the slope of the 

log-law region in viscoelastic fluids with small drag reduction is not different from 

that for Newtonian fluids but the wall layer thickness is dramatically increased. But 

when the fluid posses strong elasticity, this log-law is not always observed as shown 

in Figure 8.4. number of authors (e.g. et al 1992) have argued that the slope 

of the log-law is altered by the presence of elastic effect and cannot be taken as A = 

2.5. 

U!Uv 

Pinho (1991) 

n' ow,.. 
0.64 16700 
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Figure 8.5 Similar logarithmic representation of the velocity profiles in Figure 8. 4 

The representation of the velocity data in Figure 8.4 in similarity logarithmic form 

(see Figure 8.5) indicates that for high drag reduction near Virk's asymptote (1970) 

the wall layer extends almost up to the pipe axis. In other words the higher slope 
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observed does not refer to an 

altered mechanism of 

turbulence production in the 

log-law region. It rather 

reflects a portion near the 

outer edge of the wall layer. 

Note that the determination 

of u,+ and o,+ used m 

Figure 8. 5 is based on 

matching the Stokes solution 

extended for a purely 

viscous power law fluid (see 

Appendix A7) with 

8.10 

~--~--~~~~--~~~~~~~ 

u+ 

10 

Figure 8.6 Mean velodty at three-spike stage of transitional 

pipe flow. From Nishioka et al (1981). Compare with profile at n' 

= 0.64 in Figure 8.4. 

experimental measurements of the time-averaged velocity profiles of CMC solutions 

shown in Figure 8.4. This procedure implies that the viscoelastic forces do not affect 

the smoothed velocity profiles in the low-speed streak phase even though they may 

affect the intensity of the velocity fluctuations. 

The increase in the normalised wall-layer thickness of viscoelastic fluids is real, 

unlike that of purely viscous non-Newtonian fluids which the writer holds as to be 

a consequence of the normalisation process. In the writer's conception, the elasticity 

of the fluid dampens the velocity fluctuations in the developing phase of the Blasius 

layer and therefore delay the amplification of the TS waves. The time that the TS 

waves take to build up the streaming terms discussed in Chapter 3 to a threshold 

value where they can no longer be neglected and at which they trigger the ejections, 

is now increased compared with non-elastic fluids. Both the length and the thickness 

of the wall layer are greater as shown in Figure 8.4. Once ejected, the primary 

eddies retain constant vorticity and the logarithmic law of the wall can be expected 

to be the same for Newtonian and viscoelastic fluids. 
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The striking correspondence between the transition profiles of Nishioka et al (1981), 

shown in Figure 8.6, and the viscoelastic profiles of Pinho and Whitelaw near Virk's 

asymptote, figure 8.4, indicates that viscoelastic fluids provide a unique means of 

investigating the evolution of disturbances since the characteristics of the medium 

can be varied at will by the suitable choice of polymer additives. This system 

provides relatively thick wall layers for both measurements and visual observations. 

It does not require the artificial generation of TS waves and may therefore simulate 

real disturbances much more adequately. It also allows us to investigate the influence 

of fluid memory on turbulence and the effect of varying entry conditions ~.e. the 

much vaunted effect of flow history on which little, if anything, has been done. 

Besides the great potential of drag reduction in engineering, a study of the evolution 

of TS waves in viscoelastic fluids should give more insight into the effect of the time 

scale on which workers in the field of turbulence are still divided. 

In recapitulation, all the theoretical work performed with Newtonian fluids have been 

easily duplicated with non-Newtonian fluids in a variety of rheological models, 

including viscoelastic fluids. 
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CHAPTER9 

STATISTICAL PARAMETERS TURBULENCE 

When the writer first studied turbulence, in the sixties, he was introduced to the 

concept that turbulence propagates because the large primary eddies containing 

mainly kinetic energy, are unstable and breakdown to smaller and smaller eddies 

by a process called the (jegeneration tree. The concept of a degeneration tree leads 

naturally to that local isotropy for the smallest eddies, which are seen as energy 

dissipating (Kolmogorov 1941). The writer was never clear about the exact shape 

of these eddies, how they were distributed, for example whether the small eddies 

were embedded in the larger ones or replaced them through some given sequence 

of steps and indeed how one would recognise an energy dissipating eddy if one saw 

it. The writer suspects that this frank admission of haziness might have been also 

made by some of his more learned colleagues and saved him a large amount of 

reading. 

Over the next twenty years, the writer's view of turbulence propagation changed 

more and more from a breakdown mechanism to one of interaction. It came from 

a slow realisation that unscrambling the raw signals obtained in experimental work 

smudges out the influence of the fast fluctuations. The statistical parameters thus 

obtained reflect by and large the variations of the slow velocity fluctuations only. 

These are not random. In the writer's view they describe motion of transient fronts 

which determine the scales of the large coherent structures. The term coherent 
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structure is used here very loosely to designate any domain of the flow which 

retains information about at least one identifiable parameter throughout its lifetime. 

In short the structure must have a continuous hi~tory. The writer came to believe 
'~ 

that the most important information that is passed from one domain of the flow to 

the other is the time scale which in tum determines the length scales. 

This unusual interpretation asserts that the statistical measures of turbulence like 

the energy spectrum, the probability density distribution, the macro- and 

microscales reflect a deterministic structure. Turbulence is only stochastic in so far 

as we are unable to follow continuously the history of a particular structure and 

sample instead a distribution of these structures randomly. In the present view, the 

mixing-length theory also relates to the eddy scale normal to a boundary and the 

distribution of shear stresses across the boundary layer. But it gives only a time

averaged spacewise distribution whereas the statistical theory gives a spectral 

distribution. 

The writer was intrigued about the mechanism by which the physical system 

generates the spectral frequencies described in the statistical theory. In the 

calculation of the energy spectrum from the correlation function these frequencies 

are generated by Fourier analysis. In this study, it is concluded that the frequencies 

and wavelengths employed in statistical analysis do not relate to disturbances 

introduced at the origin of the flow field, e.g. the entrance of a pipe, but that they 

reflect the motion of transient fronts of fluid (the tip of the eddies) embedded in 

the flow. 

The writer did not attempt a formal mathematical analysis, which is very difficult, 

but used physical arguments to show how the time-averaged measurements of the 

velocity and shear profiles can be rearranged to give essentially the same 

information as that obtained in the statistical theory. This view was submitted for 

publication when the occasion arose, in 1978, to smuggle these ideas through a 
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friend leaving VietNam. It was dismissed as a childish guess. Admittedly, the 

paper was badly written in the space of a few days and the writer reported only the 

transformation of data, not the full theoretical visualisation. Kind friends published 

it three years later (Sparrow 1981) but in such an abbrieviated form that it is 

doubtful that the reader could understand the underlying visualisation. For this 

reason, the visualisation is restated here in some detail. 

This transformation of time-averaged measurements to coincide with the statistical 

parameters is important because: 

1. It shows how the mixing-length theories can be related to the structure 

of the flow, 

2. It gives a different interpretation of the wavelengths and frequencies in 

statistical turbulence, 

3. It provides useful tools for further investigations of turbulence structures. 

THE SPECTRUM THE SHEAR 

The probability density distribution of the instantaneous velocity measured by 

Eckel mann (Figure 15a of Appendix Al) show that the contribution, u+, of a signal 

arriving at a probe situated at a position yP + from the wall is associated with a 

particular probability P(u). In the wall layer, Tuoc and Abrahamson (Appendix Al) 

have shown that this velocity u+ and its associated probability can be estimated by 

searching the Stokes solution over the time range 0 < t < t, or the Blasius 

solution over the space range 0 < x < x., for the fixed value yP + examined. Here 

the time scale t. and the length scale x. refer, as in Chapter 4, to the period and 

stream wise extent of the unsteady laminar sub-boundary layer developed at the wall 

during the low-speed-streak phase. For low and high velocities, both the 

experimental and predicted probability distributions are found to peak sharply at 

a dominant value. Since the total contribution to the local time-averaged velocity 

u+ may be obtained by summing the products [P(u)u+] for all possible values of 
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u + this time-averaged velocity u+ is almost equal to the dominant velocity up+ as 

shown in Figure 16 of Appendix Al. We would expect that the probability density 

distribution for other parameters, like the Reynolds stresses, would show the same 

trend. Thus it is possible to estimate the characteristic contribution of a signal from 

scales yP + and xP +by simply taking the time-averaged value at the normal position 

+ YP . 

The distribution of relative turbulent shear r/r is one of the, best known and 

reliably measured parameters of turbulence available in pipe flow. We will now 

attempt to show that it reflects the spectrum of turbulent shear measured by many 

authors in pipe flow. This exercise is based on the principle that the distance yP + 

normal to the wall has resolved the contributions of all signals passing the probe 

into a clear dominant contribution. In other words, the wall acts as a natural wave 

analyser. 
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Figure 9.1 Spectrum of turbulent shear fluctuations. Oear points are direct measurements. Dark 

points are calculated from experimental mean shear and velocity data. Lines are predicted from eddy

path tl1eory. 
The total contribution from all the scales reaching the probe at position yP + 
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includes the very small dissipative scales and therefore must add up to the local 

shear stress r. We may thus write the relative spectral contribution E (k.D) of the 

front of scale yP + to the spectrum of the turbulent shear stress as 

-r, 
E(kjJ)=-=-

't E +v v 

where the normalised wavelength kyD is given by 

k D= 2nD 2nD+ 
y y .. 

P Yp 

(9.1) 

(9.2) 

We have introduced the product [2 1r] to simulate the circular frequencies generated 

in Fourier analysis. But it should be clearly understood that the writer interprets 

the scale yP + as the distance that the effect of wall retardation has travelled towards 

the sweep of high-speed fluid above it. In the present visualisation, it is not meant 

to represent the normal scale of a circular eddy passing the probe. The stream wise 

scale xP + is harder estimate from the fundamental relationship 

(9.3) 

because we do not know the time t elapsed between the inrush and that when the 

contribution of scale xP +passes our probe. The writer has assumed (Sparrow 1981) 

that is given by 

(9.4) 

where U is local time-averaged velocity. Then 

(9.5) 

The experimental measurements of Laufer (1954), at Re = 50,000, and Eckelmann 
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(1974) at Re = 6,000, have been transformed according to equations (9.2) and 

(9.5) using an average non-dimensional period oft,.+ = 17 given by Meek and 

Baer (1970). The results are plotted in Figure 9.1 against the direct measurements 

of shear stress spectrum at approximately the same Reynolds numbers by Lawn 

(1971) and Sreenivasan and Antonia (1977). 

Figure 9.1 illustrates two points. The shear spectra of Lawn and Sreenivasan and 

Antonia coincide with the transformed distributions of local time-averaged 

Reynolds stresses measured by Laufer and Eckelmann. This agreement lends 

support to the interpretation of wavenumbers in spectral analysis as a measure of 

the distance travelled by a "front" embedded in a turbulent stream and its 

repercussions on the flow field. Because the two sets of data used in the 

verification of this postulate are both experimental, the accuracy of the models 

proposed in Chapters 4 and 5 to predict the time velocity and eddy diffusivity is 

irrelevant to the issue. Note that the data has been compiled for two very different 

Reynolds numbers. 

Similarly the frequencies may be regarded as the inverse of the time elapsed from 

the moment this front is generated to the effect of its passage above the monitoring 

probe. 

The second point illustrated in Figure 9.1 relate to the prediction of the turbulent 

shear spectra by the eddy-path theory. The time-averaged velocity profile is 

relatively insensitive to small variations in the eddy viscosity near the wall and can 

be obtained from completely different postulates by manipulating the empirical 

constants in the models. Tuoc and Abrahamson (1992, Appendix A3) have 

discussed the models of van Driest (1956), Deissler (1955) and (Khishinevhii and 

Komineko (1968). A better verification of model adequacy is achieved by 

considering the variation of the eddy viscosity very close to the wall. The three 

models reviewed by Tuoc and Abrahamson postulate that the eddy viscosity close 
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to the wall varies with different powers of the normalised distance E/v - y+a 

where a has values of 2, 3 and 4 respectively. This exponent a refers to the rate 

at which turbulent energy is dissipated by viscous friction, as seen subsequently. 

Unfortu~a!<;1Y~J;ijr~L measurements of eddy viscosity close to the wall are very 

difficult because of limitations imposed by the size of the probe. The present 

transformation, equations (9.1), 9.2) and (9.4), allows a better verification of 

model accuracy. In a sense, we may compare its ability to resolve fine scales to 

the recent switch from finite difference to spectral methods in numerical 

simulations of turbulence. 

Two alternative formulations are shown to illustrate how different postulates can 

be clearly differentiated by comparison with spectra. In Chapter the mixing

length has been assumed to be a function of the local shear stress r 

(9.6) 

We may have postulated alternatively that the mixing-length is a function of the 

local turbulent shear stress r1 only 

Y~t l=- -!!' 
it 'tw 

(9~7) 

Because of the self-correction built into the implicit formulation for the eddy 

viscosity (equation 5.46), these two formulations give almost identical results for 

the region y+ > 1. The spectra reconstructed from turbulent shear distributions 

obtained using mixing-length estimates in equations (9.6) and (9. 7) are shown 

respectively as the full and dotted lines in Figure 9 .1. They indicate that the second 

formulation in equation (9. 7) is grossly in error in the high wavenumber range. 

9. Statistical parameters 



a 
0 

0 ' s 10 

9.8 

·log-law 

l 

Figure 9.2 Detemunation of velocity fluctuation < u+ > 'from time averaged velocity profile. 

9.2 THE CORRELATION FUNCTION 

In the model of the wall layer proposed in Chapter 4, the exchange of momentum 

between a sweep and the w~ll results in a degeneration of the original velocity 

profile generated by the inrush as the sweep moves along the wall. The analysis 

of shear layer structures near the wall by Johansson et al (1991) shows that the 

low-speed-streaks have a spanwise motion which has also been observed 

experimentally (Kline et al 1967). Within a cycle t., a fixed probe at the wall will 

sometimes meet a low-speed-streak. At other times it will experience faster-speed 

fluid because the low-speed-streak has shifted sideways. The probe thus senses two 

basic conditions: the presence of a streak and its absence. When the streak is 
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present, the instantaneous velocity may be estimated from the Stokes or the Blasius 

solution. When it is absent, we may assume that velocity may be equated with that 

of the high-speed sweep. The contribution of the low-speed-streak phase has been 

shown in Chapter 4 to be almost equal to the time averaged local velocity in the 

wall layer. The contribution of the high-speed-streak phase may be estimated by 

1.0 ~---------------------., 

Figure 9.3 Correlation function predicted from mean velodty profile compared with experimental 

cross-correlation of wall shear stress by Meek and Baer (1970) and Eckelmann (1979). 

extrapolating the log-law towards the wall as shown in Figure 9.2. The difference 

between these two contributions at any position y+ may be viewed in a rough sense 

as the average velocity fluctuation at that position. A fixed probe will sense the 

maximum velocity fluctuation U0' when an inrush passes directly over it. Then the 

laminar sub-boundary layer underneath the sweep (the low-speed-streak) is just 

starting to develop and its thickness is zero. In this case the lower velocity and the 

corresponding scales xP and yP are also zero. Offen and Kline (1974) have observed 

that the inrushes seem to originate from the log-law region. The higher velocity 

may then be estimatedby extrapolated the Prandtl log-law to the wall. 
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By taking the difference U' at different positions y+ we may compute the ratio 

U' /U0'. It would represent a measure of the relative degeneration of the velocity 

fluctuations as the front of the sweep moves along the wall. The results of such a 

calculation, based on the measurements of Laufer (op. cit.), have been plotted 

against the correlation function obtained directly by variations of the wall shear 

stress by Meek and Baer (op. cit.). Considering the crudeness of the estimate, the 

agreement is remarkable. It suggests that the correlation distance can be interpreted 

in terms of the influence of viscous retardation exerted on a front of fast fluid as 

it moves past a surface. 

9.3 SCALES OF TURBULENCE 

The Taylor longitudinal macroscale is defined as 

(9.8) 

Since the correlation function f(x) of the wall shear fluctuations can be obtained 

satisfactorily from the Blasius solution as shown in Figure 14 of Appendix Al, this 

distance represents, in the model presented in this thesis, the length of the low

speed-streak near the wall. Offen and Kline (1974) have speculated about the 

possibility of such an interpretation but did not elaborate. In the statistical theory .. 

of turbulence, the Taylor macroscale is conventionally interpreted in statistical 

theory as the average size of the large energy containing eddies. It is therefore 

difficult to visualise such an eddy so close to the wall where the turbulence process 

is dominated by viscous resistance. 

In Kolrnogorov's theory the scale of the energy dissipating eddies is defined by the 

equality between production and dissipation of turbulence. The writer has noted 

that balance of the kinetic and viscous forces may be estimated by the condition rt 

= r •. It can be easily shown from measurements of the velocity profile such as 
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those reported in Figure 8 of Appendix A1 that this condition is satisfied at the 

position y" + :. 12 which stands at the intersection of the Prandtllog-law with the 

equation 

(9.9) 

The local time-averaged velocity at that position is U" + = 9. The corresponding 

streamwise length scale may then be estimated as 

.,. + .. z 2 
A. =U .. t =9xl7 :::300 

X " \1 

(9.10) 

This value agrees with the measurement of the Taylor microscale at the wall by 

Meek and Baer (op. cit.). In the present transformation, this length scale 

corresponds to a dimensionless wavenumber of 6 at the Reynolds number of 

50,000. The slope of the spectrum at that wavenumber is -5/3, which is the well

known value predicted by Kolmogorov. 

The mixing length at the position Y~r. + 12, which we will call the Kolmogorov 

point, may be obtained from equation the velocity gradient using equation (5.41). 

It may also be estimated from equations (5.42) and (5.46) in the eddy-path theory 

by putting E, = 11 and has a value of 0.9 (Sparrow 1981). This value corresponds 

to the normalised Kolmogorov scale in the measurements of Lawn (1971). Thus 

in the present view, near boundaries turbulent energy is not dissipated by rotative 

eddies of Kolmogorov scale. The dissipation process occurs by momentum 

diffusion throughout the duration of the low-speed streaks. The Kolmogorov scale 

defines the condition along the streaks where the Reynolds stresses generated by 

the fast fluctuations are just equal to the viscous stresses. This may be better 

viewed as critical damping of the fast fluctuations. 
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CHAPTERlO 

INITIAL CONDITIONS 

The successful application of Stokes 'first solution (1851), for flow impulsively started 

over a flat plate, to describe the intermittent wall layer in turbulent flow, led the 

writer to investigate a wider class of solution. The analysis of Szymanski (1932) of 

flow impulsively started in a pipe was used as a model for turbulence in a pipe, 

specifically for the inrush/low speed streak/ejection cycle. The governing equation 

is1 

a<u> 
p--at 

1 a ( a<u>) +11-- r--
L r ar ar 

with initial and boundary conditions 

I. C. 

B.C.1 

B.C.2 

t = 0 

r = 0 

r R 

<u> 0 

<u> = finite 

<u> = 0 

The following dimensionless variables are introduced 

1 The symbols used here are specific to this chapter only. 
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(10.1) 
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(10.2) 

r 
~ ==-

R 
(10.3) 

(10.4) 

The solution is decomposed into a "steady" component for t-oo 

(10.5) 

which is simply the Poiseuille laminar parabolic profile (Bird et al 1960 p 46) and a 

time dependent component which is obtained by the method of separation of 

variables. The result is a Bessel 

(10.6) 

where 

(10. 7) 

The results given above are those of Szymanski (1932). Other investigations have 

been made by Balmer and Fiorina (1980), Gorla and Madden (1984), Letelier and 

Leutheusser (1983), Otis (1985) and Patience and Mehrotra (1989). Measurements 

on start up flow are not readily available and most workers have preferred to 

compare their results with developments in the entrance region by transforming the 

time to length. 
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The agreement of the Szymanski solution with these measurements is not very good. 

His solution has been chosen in this work because it describes the flow field in terms 

of a laminar profile on to which an intermittent secondary flow expandable in series 

form is superimposed. The form of this solution is compatible with the model of 

turbulence discussed in Chapter 3. 

It is essential to understand, however, that if we apply the Szymanski solution in the 

context of Chapter 3, the velocity calculated is the smoothed phase velocity < u >. 
The omission of the fast fluctuating component of the instantaneous velocity means 

that the streaming term on the RHS of equation (3.21) has been neglected. As 

discussed in Chapter 3, this omission makes it impossible for the Szymanski solution 

to capture the dynamics of the streaming jet which, in the present approach, form the 

basis of the coherent structures in the present approach. Therefore, the Szymanski 

solution describes only unsteady laminar flow. The ejection of fluid from the wall can 

be expected to disturb the outer region only downstream of the low speed streak, not 

the low-speed streaks themselves. Szymanski's solution should be able to model the 

low-speed-streak phase in pipe flow better than the Stokes solution for start-up flow 

because it takes account of the curvature of the surface. 

The writer believes that one essential modification must be made to the analyses of 

Stokes and Szymanski to make them more compatible with real physical situations. 

The disturbance of the flow downstream of the low-speed streaks has been described 

in Chapter 3 in terms of a complex interaction between a main stream and an 

intermittent jet essentially in cross-flow. The resulting pattern (log-law and law-of-the 

wake region) is fed to the next cycle of low-speed streaks by the action of the inrush. 

Thus the initial flow field, as far as the development of the low-speed streak is 

concerned, cannot be considered uniform. Sek and Janssen (1991) have shown 

recently that the presence of a flat plate even disturbs the flow field for significant 

distances upstream of the leading edge. The writer believes that the concept of a flat 

initial velocity profile, which is adopted universally by workers in the field of 
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unsteady state solutions, needs to be revised. 

The interaction between the ejections and the initial development of the next 

low-speed streak cycle is clearly exemplified in the results of Akhavan etal (1991) 

for the acceleration phase of turbulent oscillating pipe flow. These authors have found · 

that the flow during the acceleration phase of turbulent flow can be described with 

Stokes' solution for start-up flow but the deceleration phase shows clear indications 

of a log-law region characteristic of turbulence. If the flow is laminar, the 

acceleration phase can be adequately described by the oscillating pipe solutions of 

Wormesley (1955) and Uchida (1956). The presence of ejections creates new initial 

conditions and the acceleration phase is better described by the start-up Stokes 

solution (Akhavan et al op. cit.). In any recursive process the disturbances brought 

into the outer region by the ejections are fed back as initial conditions to the 

beginning of the next cycle of the wall layer through the inrush. The writer fails to 

see any other way of accounting for the flow history. 

How should we account for the distribution of momentum brought into the wall layer 

by the inrush? Offen and Kline (1974) have suggested that the inrushes originate from 

the log-law region and it is reasonable to postulate that the initial profile to the next 

stage will carry this imprint. The inrush may be considered as a crossflow stream 

directed towards the wall. Its interaction with the streamwise motion is likely to 

results in a logarithmic velocity profile similar to that created by the ejections. The 

inrush, however, reaches right up to the wall where it marks the beginning of a 

laminar sub-boundary layer. Therefore this initial profile should not contain a 

damping function as has been used in Chapter 5 to describe the velocity profile of the 

wall layer averaged over the whole bursting cycle. Three scenarios have been 

envisaged: a law of the wall profile, a law of the wake or a combination of both. 

Intuitively the writer would expect that the most suitable choice would be a function 

of the Reynolds number in the pipe since turbulence growth has been described in 

chapter 3 in terms of the gradual appearance of the law of the wake and the law of 
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the wall. The law of the wall was investigated first (Tuoc, 1977) because of its 

simplicity - and because the only computing facilities available to the writer 

throughout his research in VietNam (1970-1989) was a hand calculator. The resulting 

initial condition is obtained from a simplified form of the eddy-path theory 

(10.8) 

which can be rewritten as 

(10.9) 

The final solution has the same form as Szymanski's but the coefficient Bn must now 

satisfy the relation 

~e)-<f>o= L B,/o(«n~) 
n=l 

(10.10) 

To get the Bn we multiply both sides by J0(amn~ d~ and then integrate from 0 to 1. 

Because of the orthogonality of Bessel functions, the only term on the RHS that 

contributes is that for which m n. In the LHS we are now left with a numerical 

integration due to the presence of the term q,0• 

2 r ltf><lo<am~)~d~ 
Bm . 8 +-Jo;__ ___ _ 

cx!/1(a~ [Jl(cxm)]
2 

(10.12) 

The results obtained by solving equation (10.12) numerically for Bn, with ¢o from 
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equation (10.9) and time-averaging over the period measured by Meek (1970) are in 

good agreement with the experimental velocity profiles in pipes in the region of 

established flow away from the pipe entrance. The velocity profiles obtained in the 

Szymanski analysis are much flatter. In a similar way, the correction of the initial 

conditions to flow at the entrance of pipes was found (Tuoc 1977) to give better 

correlations than the traditional methods using flat profiles (e.g. Langhaar 1942). The 

figures showing these results could not be taken out as the writer moved from 

VietNam and have yet to be redrawn. 

The simple solution given previously can be improved in many ways. For example 

Otis (1985) points out that it is the total head at a given position x, not the static 

pressure gradient that remains constant in start up flow in short pipes. However, the 

present solution already gives insight into the problem of adequate initial conditions 

which should not be ignored. For example, it appears to be the initial flat velocity 

profile adopted in the Blasius (1908) or Stokes (1851) models which gives rise to a 

general left skew on the estimate of the probability density distribution of the velocity 

in Figure 15b of Appendix Al. The sharp slope on the left leg of the distribution 

curves is directly attributable to the assumption of a flat profile at the beginning of 

a cycle. 

Couette flow between two rotating cylinders can be approximated by flow between· 

parallel flat plates if the gap between the cylinders is small enough. The steady state 

laminar velocity profile between parallel plates, one stationary the other accelerating 

to constant velocity, is linear and the full unsteady solution is given by a Fourier 

senes 

(10.13) 

where the Fourier coefficients are determined from the initial conditions : 
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Figure 10.1 Velocity profile beflveen rotating cylinders. Data of Reichardt (1956). Predictions were 

obtained by time-averaging equation (10.13) over a period r = 17.6 

This solution is shown against the velocity profile measured by Reichardt (1956) in 

Figure 10 .1. 

The solution of the unsteady state Navier-Stokes equations in Cartesian coordinates 

leads to a Fourier series, in cylindrical coordinates to a Bessel series, and in spherical 

coordinates to a Legendre series. The form of the series solution is thus only a 

consequence of system geometry, and not an indication of difference in mechanism. 

It reflects the slow variations of the velocity and does not give any information on 

the fast fluctuations. We note that the fluctuating velocities which can be obtained 

from equation (10.13) show contributions of different wavelengths reminiscent of 

those in the energy spectrum in statistical turbulence. 

It is the result of this analysis that convinced the writer that the Reynolds stresses can 
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be adequately modelled with a Taylor series where the terms of increasing order 

dominate successively. In Chapter 5 we assumed that the damping function has an 

exponential form. Since the exponential function is itself expandable in series form 

it seems a reasonable choice for the approximate model of the series solution obtained 

in this chapter. 

The neglect of fast fluctuations of the velocity means that this simple linearised 

solution cannot reproduce the streaming effect which distinguishes turbulence from 

oscillating laminar flow. In the writer's view, the effect of the ejections on the main 

stream is in essence to change the uniform velocity distribution in the region outside 

the wall layer into a log-law and law-of-the-wake distribution. By feeding-back this 

non-uniform distribution into the initial condition for the next cycle leading to an 

ejection, the writer has sought to correct for the loss of information caused by the 

neglect of the fast fluctuations in the main stream velocity. In other words, the 

detailed structure of the rapid bursting processes has been lost but their effect on the 

"averaged" statistics of the flow have been captured in a mathematical treatment 

which is much simpler than the Direct Numerical Simulations, 

Finally the analysis brings home the fact that a solution of the time-averaged 

Navier-Stokes equations is incomplete without the knowledge of the time scale of the 

flow. 
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Coefficients in the Bessel series, equations (10.7) and (10.12) 

Coefficients in the Fourier series, equation (10.14) 

Bessel functions of zero and first order 

eigen constant 

Non-dimensional distance, equation (10.3) 

Non-dimensional time, equation (10.4) 

Non-dimensional velocity, equation (10.2) 
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CHAYI'ER 

AND CONCLUSIONS 

Four main themes run through this work 

11.1 NORMAL VS MOTION 

The study of transport phenomena near boundaries must be made in terms of the 

motion normal to the The focus of attention on this direction is rational 

since the driving force, whether velocity, temperature or concentration differences, 

are always found across the boundary layer. 

This approach g1ves a mathematical differentiation between the laminar and 

turbulent regimes which is much Jess subjective than that of Reynolds based on his 

dye experiment (1883): 

- In laminar processes, the transport normal to the interface is effected 

predominantly by diffusion 

- In turbulent processes the transport normal to the interface is dominated 

by the convection terms. 

By focusing on the relative importance between the diffusive and convective forces 
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normal to the surface we allow for different transition Reynolds number for heat, 

mass and momentum transfer since the depth of penetration of the diffusion front 

is a function of the Prandtl/Schmidt number. For example the Graetz solution for 

laminar heat transfer in pipe flow applies to Reynolds number close to 10,000 

whereas the transition Reynolds number for momentum transfer is 2,000 (e.g. in 

Knudsen and Katz 1958). 

This approach has also allowed us to transform the unsteady start-up solution of 

Stokes (1851) into the Blasius solution (1908) for steady laminar boundary layers 

on flat plates, a switch between time and length parameters. The definition of this 

diffusive time scale explains the success of the unsteady penetration theory of heat 

and mass transfer in correlating time-averaged phenomena better than the postulate 

of a distribution of renewal times based on analysis of convective flow. The 

differentiation between a time scale of diffusion and a bursting period for 

momentum transfer gives a plausible explanation to the paradoxes of the Reynolds 

analogy. 

The success of Osborne Reynolds in defining a criterion for transition between 

laminar and turbulent flow, the streamwise Reynolds number, has been so great 

that many of us have unconsciously endeavoured to relate transport correlations to 

the stream wise velocity. While the stream wise Reynolds number is a convenient 

criterion which is related to the onset of transition, it must be viewed as a 

secondary parameter rather than a primary indicator. The similarity of the flow 

structures at different Reynolds numbers and with different surface geometries is . 
best investigated using the local parameters at the onset of turbulence. The study 

of processes occurring essentially in the normal direction by looking in the 

streamwise direction has thoroughly confused the issues. The writer's contribution 

has been simply to switch axes in the analysis. 
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11.2 PHYSICAL IMPLICATIONS OF THE LINEARISATION PROCESS 

The second theme deals with the physical implications of the linearisation process. 

It is important to remember that a full description of turbulence can be obtained 

only by a solution of the original Navier-stokes equations which includes a 

fluctuating velocity disturbance in the initial profile. To the writer's knowledge, 

such a solution has not been achieved analytically. The complexity of the problem 

can be gauged by the mere size of the results in Spalart's 1988) direct numerical 

simulation (a 30 gigabytes data base). 

The need to make simplifying assumptions to "linearise" the NS equations has 

dominated the mathematical study of turbulence. Unfortunately, the authors of 

many of the mathematical analyses have not often given a clear explanation 

regarding the physical implications of the linearisation procedure adopted in their 

solutions. For a student of turbulence, this is one of the most confusing and 

frustrating aspects of the literature. 

To the writer, one of the challenges in the study of turbulence is to understand 

what the different solutions of the simplified Navier-Stokes equations describe in 

the turbulent field and where the corresponding structures can be found. The writer 

readily admits to a limited understanding of mathematics. The different techniques 

and solutions that the writer proposes are based on conceptual interpretations of the 

various linearising procedures in the literature which must be recorded for clarity. 

- The stream function, v, for an oscillating flow may be divided into three 

components as shown in Chapter 3. 

(11.1) 

where 

i' 0 is the stream function for the smoothed phase velocity in the 
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solution of order f 0 

i' 1 is the stream function for the fluctuating component of the velocity 

in the solution of order f 

'~'st is the stream function for the streaming component in the solution 

of order f. 

Each of these stream functions may be expanded into a series and 

substituted into the NS equations to study the particular feature of the flow 

that we are interested in. 

- The study of unsteady oscillating boundary layers (e.g. Tetlionis 1981) shows 

that the streaming process requires an initial fluctuating component in the 

velocity term. Without it, there can be no ejected stream and therefore no 

turbulence in the sense of a major normal convection component. Evidence 

supporting the importance of the original disturbances superimposed on the 

main stream can be found in the work of Barnes and Coker (1905), Schiller 

(1922) or Ekman (1910) who showed that laminar flow can be maintained 

up to Re=40000, well beyond normal limits of stability, by carefully 

reducing the disturbances upstream of the test section, especially at the pipe 

entrance. 

The writer also notes that, so far, only the DNS have captured the transient 

pattern of the coherent structures. To the writer's understanding, these DNS 

have all included a periodic initial velocity profile. 

The study of the streaming phenomenon and other kernel studies involving 

the interaction of a moving vortex with the wall as reviewed by Smith et al 

(1991) indicates that streaming flow arises from the interaction of viscous 

forces near the wall with convected inertial effects in a flow with oscillating 

components. As Schneck and Walburn (1976) note the significant aspect of 
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the streaming phenomenon is its tendency to retard fluid motion near the 

surface i.e. to oppose the constant change in flow direction imposed by the 

outer oscillating flow. This contributes directly to flow separation. 

The omission of the velocity fluctuations in the initial profile results in the 

suppression of the terms '1'1 and '1'., and represents therefore an important 

first linearisation of the problem. The solution obtained in this way do not 

include information about the bursts and other coherent structures, unless 

they have been modelled independently of the strict mathematical analysis 

and fed back into the simplified NS equations. 

- Even when the fluctuating velocities are retained, there are a number of 

simplifying assumptions that can be made during the analysis. Riley (1967) 

and Stuart (1966), for example, have studied the streaming jet in a 

fluctuating boundary layer by neglecting its interaction with the main 

stream. In effect all information about the secondary and higher order 

eddies on the lee side of the jet is lost and one can no longer obtain the 

log-law. 

- A further simplification involves the neglect of the streaming terms. We are now 

neglecting the streaming function itself. The resulting solution describes a 

fluctuating laminar boundary layer and can apply only to the wall layer of 

turbulent flow since the streaming jet is lost. 

A prime illustration of this neglect, is the ability of the linearised solution 

of stability of Tollmien (1929) to predict the growth of the TS waves 

without actually capturing the full onset of turbulence. It was only much 

later that Bayly and Orsag (1988) could comment in a rational manner that 

the primary disturbances were the wrong state to linearise and a 

linearisation of the secondary disturbances produced the more accurate 
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so-called non-linear theory of stability. One may state alternatively that the 

more drastic linearisation procedure of the Orr-Sommerfield equation has 

limited the solution of Tollmien to that domain where the self-interaction 

of the disturbances have not yet become important. 

There is another linearisation effect that is often encountered in the 

literature. The expansion of the velocity into a Taylor series in Prandtl 's 

theory, the decomposition of the flow into orthogonal eigenfunctions in the 

work of Bakewell and Lumley (1967) and Moser (1988), Bessel functions 

with respect to radial distance in Szymanski's solution 1932) or spectral 

distributions in the DNS of Gilbert and Kleiser (1988), to name just a few 

typical examples, all point to a process in which the local average velocity 

may be conceived as made up of contributions of different wavelengths as 

first postulated in Taylor's statistical theory. The writer has argued in 

Chapter 9 that these wavelengths do not have the significance of eddy sizes 

as proposed by the statistical school but of a distance travelled along a shear 

layer. The series analysis and the measurements of the probability density 

distribution of the velocity by Eckel mann (1974) show that each term of the 

series dominates at a particular condition in time or space. The omission of 

any of the terms by direct truncation or by linearisation must result in some 

loss of information about the domain controlled by that particular term and 

thus limit the range of applicability of the final solution either in time or 

space. The writer has attempted to give a crude illustration in the analysis 

of the law of the wake in terms of the second order derivative of the 

velocity and the law of the wall in terms of the velocity gradient in Chapter 

- Within this physical interpretation of the linearisation process, the Blasius 

solution has been interpreted in Chapter 4 as a linearised solution for the 

smoothed phase velocity represented by i' 0• The neglect of the streaming 
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jet has limited this solution to a region close to the wall, called the wall 

layer where the viscous forces are important. It is not considered to apply 

only to laminar flow in the conventional sense, i.e. low Reynolds numbers 

below the transition point or in a complete absence of velocity fluctuations. 

The equivalence of the Stokes and Blasius solutions for an unsteady 

boundary layer, shown in Appendix AS, indicates that in using these 

solutions to model the boundary layer only the fast Reynolds stresses that 

are associated with the shear layer along the path of the streaming jet have 

been neglected. Some of the Reynolds stresses associated with slow 

variations of the velocity with time or space have been retained. It is 

unfortunate that the literature has not differentiated between the standard 

and fast Reynolds stresses. In the writer's view Reynolds stresses exist 

wherever there is a variation of velocity with time and therefore can be 

found even in "laminar11 flow if the velocity fluctuations are small enough 

to make the streaming term negligible. Turbulent stresses, on the other 

hand, are Reynolds stresses associated specifically with the secondary 

coherent motion. In the present view, the interesting development in 

turbulence research during the last decade, particularly the use of spectral 

methods in the direct numerical simulations (Hussaini and Zang 1987) and 

the theory of wavelets owe at least part of their success to the fact that 

these methods are able to reach the scales of the fast fluctuations which 

have been by and large omitted in older work. 

The successful application of the Blasius solution can be considered to 

result from a drastic linearisation of the NS equations that describe the 

streamwise motion near the wall, by balancing the acceleration term against 

the fast Reynolds stresses. Because it does not capture the streaming 

process, the Blasius solution cannot apply to the log-law and 

law-of-the-wake regions. In the Stokes solution the non-linear convection 
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terms have been balanced against the fast Reynolds stresses. While the 

methods of simplification in these two solutions differ, they both refer to 

the same problem, the prediction of the smoothed phase velocity near the 

wall. It is interesting to note that all the linearisation procedures pertain to 

the convection terms. 

- Prandtl's laminar sub-layer is equivalent to the most drastic linearisation of the 

NS equations since it retains only first order terms. 

11.3 THE PRINCIPLE OF ADDED LAYERS 

The third theme suggests that turbulence does not result from a breakdown the 

original laminar boundary layer but from the appearance of a second phenomenon: 

the ejections from the wall. The study of the possible forms of the solution of the 

Navier-Stokes equations in Chapter 3 has shown that the stream functions Y0 and 

W81 apply to different domains in space. In particular, the solution Y0 of order (P 

is independent of the form of the function i'1 pertaining to the nature of the 

fluctuations in the outer flow and therefore applies to both "laminar" and turbulent 

flow. The analysis of many flow configurations in Chapter 4 has supported this 

postulate. This has allowed a relatively precise definition of the wall layer 

thickness as the boundary between the domains applicable to the solutions of order 

e0 and e1
• In the words of one of the reviewers of the paper "Similarity variables 

for turbulent oscillating pipe flow" by Tuoc and Abrahamson (Appendix A2), this 

"work represents an attempt to quantify observations during a cycle of evolution 

of a coherent structure. Such quantification is needed if we are to progress in our 

attempts to relate the behaviour of large coherent structures to the energy and 

momentum transport taking place in a boundary layer". 

The concept that turbulence is developed by the gradual addition of regions obeying 

different laws, identifiable with various terms in the Navier-Stokes equations and 
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the consequent methods of linearisation, rather than by the breakdown of laminar 

flow fields to be replaced by chaotic turbulence, simplifies both the study of 

turbulence structure and the development of predictive models. The transition 

region in pipe flow for example, is viewed as the gradual development of the 

law-of-the-wake region on top of the wall layer. This approach gives a simple and 

effective way of obtaining transition friction factors and transport rates. It 

emphasises the use of matching procedures between the solutions for the different 

regions as a theoretical closure technique that yields some of the numerical 

coefficients in the turbulence models. It is of course possible to study the problem 

at a much higher level of complexity than the level adopted in this work and this 

would be justified for a greater understanding of the transition process. The present 

work hopes to have defined the region in space where the most important features 

should be looked for. 

The modelling of the wall layer with the Blasius solution in Chapter 4 and the 

successful prediction of the Kolmogoroff point in Chapter 9 implies that the inertial 

sub-range proposed by the statistical school does not require that the flow be 

locally isotropic. If anything, the "energy dissipating eddies" can be found only in 

regions of high anisotropy where the laminar diffusion equations apply. 

11.4 SIMILARITY CRITERIA AND SIGNIFICANCE OF THE EMPIRICAL 

COEFFICIEJ\'TS IN TURBULENCE MODELS 

The final theme stresses the importance of relating our analysis of turbulence to the 

ejections which represent its most characteristic feature. It is customary to 

normalise the variables in turbulence studies with the friction velocity based on the 

time-averaged shear stress at the wall. The writer has argued that since the 

ejections form the distinctive feature of turbulence, similarity is preserved only if 

one takes note of when and where these ejections occur. Similarity analyses must 

therefore be based on local parameters. The relevance of this approach is 
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particularly clear in the study of non-Newtonian flow near the wall (Appendix A 7). 

In engineering applications, one is more interested in the larger time-averaged 

patterns of flow and the rates of transfer than in the details of the transient 

structure. It is thus common to start from the Reynolds equations rather than the 

NS equations. The averaging process smears out the transient structures but their 

effect cannot be ignored. It is common to feed-back this information by suitable 

modelling of the Reynolds stresses. The writer has attempted to show in Chapter 

10 that another suitable method is to feed the information, about the disturbance 

created to the main stream by the coherent structures, into the initial conditions. 

Whatever the method of modelling adopted, the postulated feed-back must carry 

the statistics of the coherent structures since we are trying to retrieve that lost 

information. Modelling based on anything else would not make sense since we 

have not smeared out anything else in the averaging process. Unfortunately most 

of turbulence modelling so far have been made without a knowledge of or 

reference to the coherent structures. The coefficients that occur in those models 

have been determined empirically and their originators have not taken advantage 

of the much increased understanding of the coherent structure. The writer has 

always found that an unsatisfying dichotomy exists in turbulence research. 

The writer has attempted to show that the Karman's universal constant in mixing

length theory may be interpreted as a geometric parameter of the coherent structure 

created by the ejection from the wall. 

RECAPITULATION OF THE PHYSICAL VISUALISATION OF TURBULENCE 

CLOSE TO A WALL 

The writer's view of the transfer of energy within a cycle in a turbulent stream 

may be summarised as follows. 
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At the beginning of the cycle, fast fluid rushes from the outer region towards the 

wall. This front of high speed fluid is deflected into a sweep, probably of vortical 

nature, above the wall. The exchange of momentum between the sweep and the 

wall creates an unsteady laminar oscillating sub-boundary layer which amplifies a 

selected band of wavelengths in the original disturbances of the main stream 

through the process described by the linear stability theory. This is the mechanism 

by which the main stream pumps energy into the streaks of the wall layer. 

The interaction of the viscous forces with the convected fluctuations impressed by 

the main stream may be explained in terms of a resistance to the continuous change 

of the direction of the velocity vector. This interaction results in separation of the 

wall layer which takes the form of a strong streaming jet. A significant proportion 

of the wave energy present in the wall layer is transformed into kinetic energy· of 

the jet. 

The streaming jet (primary eddy) reaches far beyond the original sub-boundary 

layer at the wall and disturbs the inviscid flow (to order t:') in the outer region. An 

interaction takes place between the streamwise motion and the ejections creating 

strong shear layers along the path of the jet. It gives rise to the turbulent stresses. 

A very similar process occurs in a jet in cross-flow which may serve as a useful 

comparative study. 

The energy that flows from the jet to the main stream through the shear layers is 

redistributed to the main stream through the development of a wake region behind 

the jet where the secondary eddies may be found. These are characteristic of the 

small scale turbulence. 

11.6 CONCLUSION 

Predictive theories should, in the writer's view, condense the understanding of 
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mechanisms into simple approximations that can be included, with a full 

understanding of their implications and limitations,into numerical simulations of 

equipment and processes. 

The advantage of a simple theory like the one proposed here is that it can be 

comprehensive in the sense that a solution for the simplest Newtonian flow 

immediately points to the solution of more complex cases such as non-Newtonian 

fluids and heat and mass transfer. The transformation of the Stokes into the Blasius 

solution has also highlighted the significance of the time scale and bridged the gap 

between penetration theories and boundary layer theories of heat and mass transfer. 

Despite the number of possible explanations that the writer feels his theory can add 

to the investigation of turbulence, the present theory is basically elementary. It is 

possible to study turbulence at many levels. Perhaps because of his personal 

unusual experience, the writer does not believe that sophisticated mathematics and 

equipment are necessary all the time. There is great attraction in formulating a 

predictive theory based on as simple a physical visualisation as possible, provided 

it is compatible with known facts. Such a theory can in tum point to methods of 

investigations of the mechanism of turbulence and even isolate the elements of the 

problem to be studied separately. The contribution of more sophisticated methods 

would then be greatly enhanced. 
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