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Preface 

In this work, the methods available for the characterization and prediction of ion exchange 

equilibria have been surveyed, and I have attempted to rationalize these into a workable and 
reliable system. By melding the existing techniques with new relationships between 

parameters, I believe that this objective has been attained. Previously in this Department, the 
simulation of ion exchange columns has involved assuming some sort of simplified equilibrium 

behaviour, but, with the new more thermodynamically rigourous techniques presented here, this 
need no longer be the case. 

It was also felt that an improved method for the experimental determination of ion exchange 

equilibrium isotherms was needed. Previous methods have often been time-consuming or been 
subject to annoying limitations. Here, an existing method has been modified to allow on-line 

analysis of solutions, removing much of the tedium from the procedure. Design, construction and 
preliminary tests have been completed. 

The thesis itself has been arranged so that each chapter may be regarded as a separate entity, 
or as part of a larger whole, depending on the requirements and proclivities of the reader. 

Chapter One is intended as a general introduction to ion exchange, and to ion exchange 
equilibrium in particular. A section is devoted to basic terms and definitions, as there is much 

variance of these among workers in the ion exchange field. It is to be hoped that there can be 
some rationalization of these in the near future. Klein's method of using an empirically 

modified mass action law to describe and predict ion exchange equilibria is considered in 
Chapter Two. Chapter Three reviews and develops methods for binary ion exchange 

equilibrium characterization using the Wilson equation to describe resin phase activity 

coefficients. A relationship between Wilson parameters is proposed and is incorporated into the 

procedure. The use of resin phase activity coefficients at infinite dilution is also examined. 
Predictive methods using the Wilson equation are reviewed and tested in Chapter Four. In 

Chapter Five, a technique for obtaining experimental ion exchange equilibrium data is proposed, 

based on Turner's CSTR method. The design of an apparatus using a rotating cage stirrer and 

allowing ion selective electrodes to be used for solution analysis is presented. The experimental 
method and first results of the new CSTR method are provided in Chapter Six. Shortcomings of 

the method are outlined and possible improvements suggested. The overall conclusions and 

recommendations of the thesis are set out in Chapter Seven. Reprints of two papers published in 

Chemical Engineering Journal are provided in an Appendix at the conclusion of the thesis. 
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Abstract 

A study has been made of methods for the characterization and prediction of ion exchange 
equilibria. Methods which took account of the thermodynamic non-idealities present in ion 
exchange systems were found to provide the best results. 

A characterization method which used the extended Debye-Hiickel relation and the Wilson 
equation to estimate solution and resin phase activity coefficients, respectively, was developed. 
A simplifying reciprocal relationship between a pair of Wilson interaction parameters was 
hypothesized and was found to give results which were not significantly different from those 
yielded by the more complicated expression, even though the number of parameters had been 
reduced from three to two. The reciprocity hypothesis was able to be justified in terms of 
commonly made approximations. 

By its application to the characterization of a number of ternary equilibria, the Hdla constraint 
relating three pairs of Wilson interaction parameters, previously only applied to vapour-liquid 
equilibrium, was found to be equally useful for ion exchange purposes. 

Predictions of ternary ion exchange equilibria were successfully made using the Wilson 
parameters and thermodynamic equilibrium constants obtained from binary characterizations. 
Only slight reductions in the quality of prediction were evident when the reciprocal relation 
and the Hila constraint were induded in the predictive algorithm, even though the number of 
parameters used was reduced from eight to four. When data from only two of the three 
constituent binary systems were used to predict a ternary system, best results were obtained when 
the two pairs used both contained the most favourably selected ion in the ternary system. 

A CSTR technique for the measurement of ion exchange equilibrium isotherms was designed, 
built and tested. The method had the particular advantages that it was continuous and enabled 
on-line acquisition and analysis of results by computer. Only one experimental run was necessary 

to obtain a complete binary ion exchange isotherm. The uncertainty in computed resin phase 
compositions was found to compare very favourably with those arising from other methods. 
Measurements were made of the kinetics of the CSTR process and of the transient behaviour of 
the ion selective electrode used to ascertain solution phase compositions. Both of these were 
found to have a significant effect at low concentrations, and appropriate adjustments to measured 
data were made. It was recommended that these corrections may be avoided by use of a lower 
feed flowrate at the expense of a longer run time, necessitating the installation of a pump 
capable of delivering flowrates below those used in this work. 

Reproducible results were obtained for the Na+ /H+ exchange on Dowex 50W-X8 at 0.1 N total 
solution concentration and a temperature of 20°C. The results did not, however, agree with some 
previously published data for the same system. This discrepancy was thought to be due to a 
difference in the mean resin particle size between the two sets of experiments. Batch 

measurements were made, and confirmed the binary isotherm measured by the CS1R. 
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hapter 

An Introduction to Ion Exchange 
and Ion Exchan Equilibrium 

1.1 INTRODUCTION 

Ion exchange has a history several thousand years old. It was observed by such great luminaries 
as Moses and Aristotle (Helfferich, 1962), but Papatuanuku has used the process for her 
self-cleansing and purification for much longer. 

Little scientific work was conducted on ion exchange until the mid-nineteenth century when the 
interaction of fertilizers and soil was investigated. The first industrial water softening process 
to use ion exchange was developed in the early years of this century, was but it was not until 
1935, when the first organic ion exchange resins were synthesized, that development of the 
process accelerated. Today, the performance of these man-made resins is superior to the 
inorganic exchangers found in the natural environment. 

Ion exchange is a reversible equilibrium reaction. In its most general form, the cation exchange 
reaction may be written: 

(1.1) 

in which ion M j of charge Xi is taking the place of ion Mj on the resin, R. As the reaction proceeds 
from left to right, ion Mj moves into the solution surrounding the resin, replacing ion Mi' Thus, it 
can be seen that the reaction, as well as being governed by its equilibrium constant, is also 
controlled by the rates of diffusion of the ions, both within the solution and within the resin. 
This work is primarily concerned with the equilibrium aspect, although some consideration of 
kinetics has necessarily been included in the experimental part of the thesis. 

1 .2 TERMS AND DEFINITIONS 

Before entering into any serious investigation of ion exchange, it is necessary to be clear on a 
number of important terms and definitions. 

3 
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In this work, the solution and resin phase compositions are defined as follows: 

Cj = solution phase concentration of ion i in units of moles per litre 
qj = resin phase concentration of ion i in units of moles per kilogram of resin 

These quantities are more conveniently considered on a normalized basis. The normalized 

solution phase concentration, Xv is given as: 

(1.2) 

where Zi = charge on ion i; and 

Co ::: total concentration of counter-ions (or exchanging ions), with units of equivalents of 

univalent cation per litre. 

Similary, the normalized resin phase concentration, Yv is defined as: 

qi Zi 
Yj= Q (1.3) 

where Q specific capacity of the resin, with units of equivalents of univalent cation per 

kilogram. 

For the reaction defined by equation (1.1), several different "distribution coefficients" may be 
defined. These are: 

0) Separation factor, a. This is simply a function of the normalized concentrations in the 

solution and resin: 

(1.4) 

(ij) Normalized selectivity coefficient, K. The separation factor is modified to include the 

effect of the ionic valences: 

(1.5) 

Helfferich (1962) refers to this quantity as the rational selectivity coefficient. 

(iii) EqUilibrium quotient, .:t. This coefficient takes account of the activity coefficients in the 
solution phase: 

(
1lL)Zj (C' 'i1)Zi .\j= ~ 
Ci n Yj 

(1.6) 

where r = activity coefficient in the solution phase. 
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(iv) Thermodynamic equilibrium constant, K. The equilibrium constant for the ion exchange 
reaction is analogous to that for any chemical equilibrium reaction, and takes account of activity 
coefficients in both the solution and resin phases: 

0.7) 

where r == activity coefficient in the resin phase. 

The activity coefficients in the solution and resin phases are simply thermodynamic quantities 
which account for any deviations from ideal behaviour. Many different methods are available 
for the estimation of these activity coefficients. These will be discussed later. 

The application and viability of the above distribution coefficients are discussed in detail by 
this work. 

1.3 MULTICOMPONENT ION EXCHANGE EQUILIBRIUM LITERATURE REVIEW 

Publications on the subject of multicomponent ion exchange equilibria did not begin to appear 
until the 1950's. Early treatments were simple in approach and did not include any consideration 
of thermodynamic non-idealities. Hiester et al (1954) and Dranoff and Lapidus (1957) concluded 
that equilibrium in a ternary univalent ion exchange system could be predicted using binary data 
with constant separation factors for each of the constituent binary pairs. This was not so for 
divalent-univalent exchange which results in variation of the solution ionic strength. Pieroni 
and Dranoff (1963) took account of this variation by using single value selectivity coefficients for 
each binary pair and obtained reasonable ternary equilibrium predictions. 

Consideration of all three components in a ternary system is more rigorous. Klein et al (1967) 

approached the problem in this fashion, and suggested that data be represented using a ternary 
equilibrium diagram. This idea was developed by Streat and Brignal (1970), who obtained 

ternary equilibrium data for the K+ /Na+ /H+ system on Zeocarb-225, a polystyrene-based 
sulphonic acid resin. Titration and radioactivation techniques were used to obtain resin phase 
compositions. A triangular diagram plotting equilibrium resin concentrations was used to present 
the data, with contour lines linking points of constant liquid composition. These contours were 

all slightly curved, demonstrating that the ternary system being studied was not necessarily 
ideal. 

Ideal exchange was defined by Soldatov and Bichkova (1980) as a process in which the activity 
coefficients of all the components remain constant. The curves on triangular equilibrium 
diagrams, which they refer to as parametric lines, mayor may not be straight. For the case in 
which the parametric lines are straight, the conclusion is that ideal homovalent exchange is 
occurring. The converse, however, was found to be not necessarily true. For heterovalent ternary 
exchange, a constant pseudobinary heterovalent concentration equilibrium constant did not yield 

straight parametric lines. However, non-ideal ion exchange systems were found to yield nearly 
straight parametric lines if two of the three constituent ions have equal charge or similar 

properties. Three methods for predicting ternary ion exchange equilibria were compared. As 
might be expected, the method which directly took account of non-idealities in the system was 

found to yield the most accurate results. A cumbersome integral technique was used. 



6 Chapter 1: An Introduction to Ion Exchange and Ion Exchange Equilibrium 

Kataoka and Yoshida (1980) expressed ternary equilibria in terms of binary data. A so-called 
corrected selectivity coefficient, essentially an equilibrium quotient, not containing the effect of 
resin phase activity coefficients was defined, and claimed to be independent of normalized 
initial ion concentration. This view is at variance with that of Soldatov and Bichkova, who 

defined an apparent equilibrium constant, equivalent to the corrected selectivity coefficient, 
which was found to be not necessarily constant. Furthermore, the data upon which Kataoka and 

Yoshida base their conclusion do not persuasively support their statement. 

Klein (1984) presented a successive-approximation algorithm for solving the mass action law. 
Empirical constants replaced the valency terms in the mass action law. This approach is 
examined in detail in Chapter 2 of the current work. 

In ion exchange applications, we are interested in the equilibrium between a resin and a solution 
phase. This situation may be considered analogous to that of vapour-liquid equilibrium. Many 

workers have used methods based on the application of the Wilson equation to the evaluation of 
resin phase activity coefficients. Elprince and Babcock (1975) first developed the procedure for 

the study of ion exchange in soils, and it has since been modified, extended and applied by Smith 
and Woodburn (1978), Le Dinh (1982), Vazquez et at (1985a, 1985b, 1986), Marcussen (1987), and 

Shallcross et al (1988). Most of these works have used a form of the Debye-Huckel relation to 
estimate solution phase activity coefficients. It is this procedure which has been studied in most 

detail by this work. The approach is used for the characterization of ion exchange equilibrium 

in Chapter Three, and for the prediction of ion exchange equilibrium in Chapter Four. 

1 .4 OBJECTIVES OF THIS WORK 

The aims of this thesis were as follows: 

(i) To complete an up-to-date review of the ion exchange literature as it applies to 
equilibrium characterization and prediction. The last such review in this Department 

was conducted by Dechapunya (1981). 

(i i) To examine the viability of the available methods for the characterization of ion 

exchange equilibrium, giving particular attention to those which allow the prediction of 

multicompon~nt systems from parameters obtained from binary characterizations. 

(i i i) To develop. the most favourable of the methods examined in (ii) above. 

(iv) To design, build and test an apparatus to enable the measurement of a complete binary ion 

exchange isotherm, or a curve through a ternary isotherm, with one experiment. The 
method should be able to be automated to allow on-line monitoring by computer. 

1.5 RELEVANCE TO CHEMICAL ENGINEERING 

Most industrial ion exchange operations, such as water softening or the desalination of sea 

water, involve more than two counter-ions. However, the majority of the published ion 

exchange equilibrium data is concerned with only binary exchange. Because of the rapid 

escalation in the amount of experimental effort required for the complete characterization of an 
ion exchange equilibrium system as the number of counter-ions increases, it is most desirable that 

reliable methods be available to predict this higher order behaviour from binary data. 
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Influence of Breakthrough Curve Shape on Total Resin Capacity 

Accurate equilibrium information is essential for the close design of the ion exchange unit 

operation. When designing a fixed-bed ion exchange operation, the shape of the predicted 
breakthrough curve is dependent on the equilibrium relationships of the system concerned. The 
total capacity, and hence the size of bed required, is inferred from the breakthrough curve, as 
shown in Figure 1.1. Thus, accurate equilibrium information means that more accurate estimates 

of the bed size may be made. Less over-design would be required, lowering the capital cost of ion 
exchange unit operations. Moreover, operational costs would be reduced also, since smaller 

columns would result in lower pressure drops across the bed. 



Chapter 

Use of the Errlpirically Modi'fied 
Mass Action Law 

2.1 INTRODUCTION 

An empirically modified mass action approach to the correlation and prediction of ion exchange 
data has been proposed by Klein (1984). The mass action law may written: 

Yi 7 Zi 

K .. - ( I) ( ) II - Xi Yj 

where Kij :::: nonnalized selectivity coefficient; 

Xi = nonnalized concentration of species i in the solution phase; 

Yi :: normalized concentration of species i in the resin phase; and 

Zi :: valency of species i. 

(2.1) 

Klein's modification is that, instead of using the true valencies, %i, of the component species, 
empirical exponents are used. Klein has postulated that this approach can accommodate 
deviations from the ideal mass action law. It is also stated that the method may be used to 
predict equilibrium distributions in multicomponent systems when the binary parameters for N-1 

of the N constituent binaries are known. 

2.2 THE CORRELATION OF BINARY ION EXCHANGE ISOTHERMS 

Two methods are given by Klein for finding the empirical binary coefficients: 

(a) Measure the slope of the binary isotherm at Xi::: 0 and at Xi::: 1. These are assigned the 
variable names mo and ml respectively. From Appendix 2A.1, mo is equal to the empirical 
normalized selectivity coefficient. The empirical valency, Zi, is determined by the 
equation: 

B 



_ -logmo 
Zj - log ml 

and Zj is arbitrarily set to unity. 
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(2.2) 

(b) Arbitrarily select two experimental values of Xi and obtain the corresponding Yi values. If 

these two experimental points are called (x(, Y() and (xi", y('), then, from Appendix 
2A.2, zi may be found using the equation 

(
xi' Yi") 

log xi" yi' 
zi = __ ..,...--"""--:--:--L_-:--

(
l- Xi')(l- Yt») 

log 
(1 -xi") (1 -Yi') 

(2.3) 

and Zj is again set to one. The empirical normalized selectivity coefficient is then 

computed using these values and one of the experimental data points, according to 
equation (2.1). 

A third approach, not suggested by Klein, is to conduct a two-parameter optimization to fit the 
empirical mass action relation to the experimental data. This will be referred to as Method (c). 

2.3 RESULTS BINARY ISOTHERM CORRELATION 

The data of Dechapunya (1981) for the systems Na+ /H+ and K+ /H+ on Dowex 50W-X8 were 

analyzed according to Method (a) above. The slopes at either end of the experimental isotherms 
were determined using the Three-Point Method (Burden and Faires, 1985). Values of the 

empirical valency and selectivity coefficient were then evaluated. The resulting values were as 
in Table 2.1 below. 

Table 2.1 Parameters for Empirically Modified Mass Action Law, Method (a) 

The equilibrium isotherms corresponding to these parameters were calculated and compared 

with the experimentally obtained data, from which the parameters had been estimated. 
Results for Na+ /H+ and K+ /H+ on Dowex 50W-X8 are listed in Tables 2.2 and 2.3, respectively. 

The percentage discrepancy value given in subsequent tables was calculated according to the 
equation: 

(
y.eXPI _ y!itted) 

% discrepancy = I ylxpt x 100 (2.4) 

where Yie.rpf. and yflted are the measured and fitted normalized resin phase concentrations. 
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Table 2.2 Comparison of Experimental and Empirically Fitted Isotherms for Na+/H+ on 

Dowex 50W·X8, Method (a) 

expl JAwed % discrepancy xNa YNa Na 

0.1 0.1401 0.1334 4.8 

0.2 0.2727 0.2519 7.6 

0.3 0.3870 0.3606 6.8 
0.4 0.4987 0.4625 7.3 

0.5 0.5988 0.5594 6.6 
0.6 0.6852 0.6526 4.8 
0.7 0.7684 0.7427 3.3 
0.8 0.8453 0.8304 1.8 
0.9 0.9197 0.9160 0.4 

The average percentage discrepancy between the experimental and fitted equilibrium points for 

the Na+ /H+ system was thus 4.8 per cent. 

A graphical presentation of the Na+ /H+ results is made in Figure 2.1. 
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Table 2.3 Comparison of Experimental and Empirically Fitted Isotherms for K+/H+ on 

Dowex 50W-XB, Method (a) 

Xx 
up! 

Yx Y'l<tted % discrepancy 

0.1 0.2322 0.1880 22.5 

0.2 0.3861 0.3138 18.7 

0.3 0.4970 0.4189 15.7 

0.4 0.5891 0.5135 12.8 

0.5 0.6720 0.6018 10.4 
0.6 0.7379 0.6860 7.0 

0.7 0.8025 0.7673 4.4 
0.8 0.8644 0.8464 2.1 

0.9 0.9283 0.9238 0.5 

The K+ /H+ system exhibits an average 10.5 per cent discrepancy between the experimental and 

fitted data points. The data in Table 2.3 are shown graphically in Figure 2.2 below. 
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The experimental binary data of Dechapunya were re-analyzed according to Klein's alternative 

approach, Method (b). Clearly, the resulting parameters will be dependent upon the which two 

experimental points are chosen for analysis. For completeness, this work has evaluated the 

parameters for all possible combinations of data points. The results for the Na+ /H+ and K+ /H+ 

systems are listed in Tables 2.4 and 2.5, respectively. 
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Table 2.4 Empirical Mass Action Parameters for the System Na+/H+ on Dowex SOW-X8, 
using Method (b). Values are ZNa and KNaH• 

~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 x " Na 

1.8153 2.3234 2.6878 5.0128 -212.27 -5.5215 -1.8181 -0.8931 
0.9 1.5218 1.7013 1.8429 3.0694 6xlo-21 0.3043 0.6858 0.8401 

1.3354 1.5782 1.6079 2.1459 3.4142 4.4907 -19.654 
0.8 1.4889 1.5847 1.5969 1.8335 2.5395 3.3482 0.0068 

1.1443 1.3262 1.2805 1.6106 2.2549 2.0553 
0.7 1.4760 1.5471 1.5290 1.6653 1.9674 1.8684 

1.0539 1.2289 1.1409 1.4675 2.4531 
0.6 1.4699 1.5329 1.5009 1.6230 2.0552 

0.8986 1.0389 0.8501 0.9950 
0.5 1.4596 1.5054 1.4441 1.4909 

0.8695 1.0599 0.7254 
0.4 1.4576 1.5084 1.4204 

0.9473 1.4799 
0.3 1.4628 1.5700 

0.5460 
0.2 1.4363 

Table 2.5 Empirical Mass Action Parameters for the System K+/H+ on Dowex 50W-X8, using 
Method (b). Values are zKand KKH' 

~ XK" K 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

4.6686 9.2315 216.44 -7.7597 4.9276 -1.9534 -1.2381 -0.8308 
0.9 4.8749 22.245 2x1()31 0.0780 5.3136 0.5385 0.6832 0.7824 

3.3298 4.6868 7.3537 30.884 -6.6156 -3.7929 -2.0121 
0.8 3.9410 6.6775 18.824 2xlOS 0.0826 0.2475 0.4944 

2.7231 3.4002 4.2049 6.3470 -44.781 -14.960 
0.7 3.5788 4.7497 6.6492 16.281 8xlo-9 0.0022 

2.4085 2.8545 3.2296 4.0819 77.601 
0.6 3.4044 4.1107 4.8171 6.9065 2xl014 

2.0812 2.3093 2.2958 2.1267 
0.5 3.2318 3.5587 3.5379 3.2946 

2.0722 2.3783 2.4470 
0.4 3.2273 3.6237 3.7193 

1.9672 2.3280 
0.3 3.1739 3.5758 

1.7434 
0.2 3.0630 
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The Method (c) approach of optimizing the parameters Kij and zi in the mass action equation 

was followed, using a Hooke and Jeeves algorithm (Kuester and Mize, 1973) in FORTRAN to 
perform the minimization. This yielded the parameters listed in Table 2.6: 

Table 2.6 Parameters for Empirically Modified Mass Action Law, Method (c) 

The isotherms represented by these parameters were calculated and compared with 
Dechapunya's experimental data in Tables 2.7 and 2.8, and Figures 2.3 and 2.4. 

Table 2.7 Comparison of Experimental and Empirically Fitted Isotherms for Na+JH+ on Dowex 

50W-XB. Method (c) 

u:pl JAil % discrepancy XNa YNa Na 

0.1 0.1401 0.1419 -1.28 

0.2 0.2727 0.2701 0.95 

0.3 0.3870 0.3870 0 

0.4 0.4987 0.4942 0.90 

0.5 0.5988 0.5933 0.92 

0.6 0.6852 0.6854 -0.03 

0.7 0.7684 0.7715 ~0.40 

0.8 0.8453 0.8522 -0.82 

0.9 0.9197 0.9282 ~0.92 

The average absolute percentage discrepancy between the experimental and fitted equilibrium 
data for the Na+ /H+ system using Method (c) was 0.69 per cent. 

2.8 Comparison of Experimental and Empirically Fitted Isotherms for K+JH+ on Dowex 

50W-XB. Method (c) 

XK 
expl 

YK 
filled 

YK % discrepancy 

0.1 0.2322 0.2322 0 

0.2 0.3861 0.3802 1.53 

0.3 0.4970 0.4939 0.62 

0.4 0.5891 0.5890 0.02 

0.5 0.6720 0.6722 -0.03 

0.6 .0.7379 0.7422 -1.26 

0.7 0.8025 0.8163 -1.72 

0.8 0.8644 0.8809 -1.91 

0.9 0.9283 0.9419 -1.47 

The above data for the K+/H+ system on Dowex 50W-X8 show an average absolute percentage 
discrepancy of 0.95 per cent between the experimental and correlated points. 
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2.4 DISCUSSION OF BINARY ISOrHERM CORRELATION 

The results of binary ion exchange isotherm correlation using Method (a) were clearly 

unsatisfactory. For the two systems characterized, the average deviations between the 
experimental and correlated data were 4.8 percent and 10.5 per cent respectively. In both cases, 

all points on the fitted isotherms were higher than those measured experimentally. This 
compared with an uncertainty in the experimental data themselves of between one and two per 
cent (Dechapunya, 1981). 

Much better correlation of the data resulted by simply fitting the experimental data to the 
modified mass action law directly, in accordance with equation (2.1); Method (c). In these cases, 

the average deviations were 0.69 per cent and 0.95 per cent, both within the accuracy of the 
original data. This result was not unexpected, since, in each case, nine experimental data points 
were used to fit the mass action relation. This may be compared with Method (a), in which only 

the slopes of the respective isotherms at their endpoints were utilised. 

The fact that the mass action relation so well describes the experimental data indicates that it 
is of an appropriate form for the correlation of binary ion exchange equilibria. However, as can 
be seen from Table 2.6, the values of the empirically derived valencies, especially in the case of 
the K+ /H+ system, are markedly different from their actual values. This deviation is due to 
the fact that the mass action law ignores the non~idealities often expressed by means of activity 

coefficients, and so the empirical relation lumps these non-ideal effects with the valency term. 

Therefore, a method of correlating ion exchange equilibrium data which takes account of 

activity coefficients while still retaining a characterizing equation of the same form as the mass 

action equation would seem to be most suitable. 

Tables 2.4 and 2.5 show clearly the significant effect on Method (b) of the selection of the two 
arbitrary data points used. There is such a wide spread of resulting empirical selectivity 

coefficients and valencies that the method can be deemed unsuitable for the task for which is 
was intended, because the choice of which points are used greatly affects the computed 
parameters. Method (b) is also open to a similar criticism to Method (a) in that it only makes 

use of two data points on the equilibrium isotherm. Furthermore, depending upon which two 

data points are selected, there can be strong weighting in the method towards a particular area 
of the isotherm. 

The next task performed in establishing the suitability or otherwise of the empirically 

modified mass action relation was to test the predictive ability of the parameters obtained 

above with respect to the relevant ternary ion exchange equilibrium. 

:2.5 PREDICTION OF rERNARY ION EXCHANGE EaUILIBRIUM 

Predictions were made for ternary ion exchange equilibria using the binary parameters generated 

by Methods (a) and (c) above. Parameters from Method (b) were not used because their values 

were so variable, depending on the two experimental points arbitrarily chosen for use in the 
characterization algorithm. 

The predictions required the simultaneous solution of two independent mass action relations of 
the form or equation (2.1) and the resin phase composition constraint that the sum of the 

normalized resin phase concentrations be unity, that is: 
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(2.5) 

Given values for the solution phase composition (Xi, Xj, xk) the above-mentioned set of equations 
was solved iteratively for resin phase composition (Yi, Yj, Yk)· 

2.6 RESULTS OF TERNARY ION EXCHANGE EQUILIBRIUM PREDICTION 

Using the parameters obtained by Methods (a) and (c), and listed in Tables 2.1 and 2.6 

respectively, predictions were made of the ternary ion exchange ~qui1ibrium K+ /Na+ /H+ on 
Dowex 50W-X8 at a total solution concentration of O.lN. The results are listed in Tables 2.9 and 
2.10, and are shown graphically in Figures 2.5 and 2.6. The predictions are compared to the 
experimental results obtained by Dechapunya. 

Table 2.9 Prediction of the K+/Na+/H+ Equilibrium on Dowex 50W-X8 Using the Method (a) 

Parameters for the Empirically Modified Mass Action Law 

XH XK XNa 
pred 

YH 
exept 

YH 
pred 

YK 
exept 

YK 
pred 

YNa 
upl 

YNa 

0.7 0.2 0.1 0.594 0.532 0.302 0.367 0.104 0.101 

0.5 0.4 0.1 0.403 0.347 0.503 0.567 0.094 0.086 

0.4 0.5 0.1 0.317 0.266 0.592 0.655 0.091 0.078 

0.3 0.6 0.1 0.235 0.203 0.677 0.722 0.088 0.075 

0.2 0.7 0.1 0.155 0.138 0.759 0.785 0.086 0.077 

0.1 0.8 0.1 0.077 0.073 0.839 0.846 0.085 0.081 

0.7 0.1 0.2 0.612 0.564 0.168 0.212 0.220 0.223 

0.5 0.3 0.2 0.409 0.356 0.398 0.460 0.193 0.184 

0.4 0.4 0.2 0.321 0.273 0.494 0.557 0.186 0.170 

0.3 0.5 0.2 0.237 0.201 0.583 0.641 0.180 0.158 

0.2 0.6 0.2 0.156 0.138 0.669 0.705 0.175 0.157 

0.1 0.7 0.2 0.077 0.073 0.751 0.776 0.172 0.151 

0.5 0.2 0.3 0.417 0.364 0.283 0.339 0.301 0.297 

0.4 0.3 0.3 0.325 0.285 0.389 0.450 0.286 0.265 

0.3 0.4 0.3 0.239 0.208 0.485 0.540 0.276 0.251 

0.2 0.5 0.3 0.157 0.138 0.575 0.626 0.268 0.236 

0.1 0.6 0.3 0.078 0.073 0.661 0.693 0.261 0.234 

0.5 0.1 0.4 0.426 0.382 0.154 0.189 0.420 0.429 

0.3 0.3 . 0.4 0.242 0.212 0.380 0.437 0.377 0.351 

0.2 0.4 0.4 0.159 0.140 0.477 0.523 0.364 0.336 

0.1 0.5 0.4 0.078 0.073 0.567 0.610 0.354 0.317 

0.2 0.3 0.5 0.161 0.142 0.373 0.424 0.466 0.434 

0.1 0.4 0.5 0.079 0.073 0.469 0.519 0.451 0.408 
0.3 0.1 0.6 0.251 0.221 0.143 0.179 0.606 0.600 
0.2 0.2 0.6 0.163 0.146 0.262 0.308 0.575 0.546 
0.1 0.3 0.6 0.080 0.075 0.366 0.421 0.554 0.503 
0.2 0.1 0.7 0.166 0.150 0.139 0.170 0.695 0.680 
0.1 0.2 0.7 0.081 0.077 0.256 0.296 0.663 0.627 

0.1 0.1 0.8 0.082 0.077 0.135 0.168 0.782 0.755 
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be coincident with the experimental data 

K 



1 8 Chapter 2: Use of the Empirically Modified Mass Action Law 

The average absolute percentage discrepancies between the experimental and predicted data are 

11.9 per cent, 11.5 per cent and 8.8 per cent for the hydrogen, potassium, and sodium ion 

normalized resin phase concentrations, respectively. These deviations are greater than the 

experimental uncertainties, which are between 1.5 and 3.3 per cent (Dechapunya, 1981). 

Table 2.10 Prediction of the K+/Na+/H+ Equilibrium on Dowex 50W-X8 Using the Method (c) 

Parameters for the Empirically Modified Mass Action Law 

XH XK XNa I pred 
YH 

expt 
YH 

pred 
YK 

expt 
YK 

pred 
YNI1 

expt 
YNI1 

0.7 0.2 0.1 0.529 0.532 0.361 0.367 0.109 0.101 
0.5 0.4 0.1 0.336 0.347 0.568 0.567 0.096 0.086 
0.4 0.5 0.1 0.258 0.266 0.650 0.655 0.091 0.078 
0.3 0.6 0.1 0.187 0.203 0.725 0.722 0.088 0.075 
0.2 0.7 0.1 0.121 0.138 0.794 0.785 0.085 0.077 
0.1 0.8 0.1 0.059 0.073 0.859 0.846 0.082 0.081 
0.7 0.1 0.2 0.562 0.564 0.205 0.212 0.234 0.223 
0.5 0.3 0.2 0.347 0.356 0.454 0.460 0.199 0.184 
0.4 0.4 0.2 0.265 0.273 0.547 0.557 0.188 0.170 
0.3 0.5 0.2 0.191 0.201 0.630 0.641 0.180 0.158 
0.2 0.6 0.2 0.123 0.138 0.704 0.705 0.173 0.157 
0.1 0.7 0.2 0.060 0.073 0.773 0.776 0.167 0.151 
0.5 0.2 0.3 0.361 0.364 0.328 0.339 0.311 0.297 
0.4 0.3 0.3 0.272 0.285 0.436 0.450 0.291 0.265 
0.3 0.4 0.3 0.195 0.208 0.528 0.540 0.277 0.251 

0.2 0.5 0.3 0.125 0.138 0.610 0.626 0.265 0.236 
0.1 0.6 0.3 0.061 0.073 0.684 0.693 0.255 0.234 

0.5 0.1 0.4 0.379 0.382 0.182 0.189 0.439 0.429 
0.3 0.3 . 0.4 0.200 0.212 0.419 0.437 0.380 0.351 

0.2 0.4 0.4 0.128 0.140 0.510 0.523 0.362 0.336 
0.1 0.5 0.4 0.062 0.073 0.591 0.610 0.347 0.317 
0.2 0.3 0.5 0.131 0.142 0.403 0.424 0.465 0.434 
0.1 0.4 0.5 0.063 0.073 0.493 0.519 0.444 0.408 

0.3 0.1 0.6 0.216 0.221 0.163 0.179 0.621 0.600 
0.2 0.2 0.6 0.135 0.146 0.287 0.308 0.578 0.546 

0.1 0.3 0.6 0.064 0.075 0.389 0.421 0.547 0.503 

0.2 0.1 0.7 0.141 0.150 0.155 0.170 0.704 0.680 
0.1 0.2 0.7 0.066 0.077 0.275 0.296 0.659 0.627 
0.1 0.1 0.8 0.069 0.077 0.148 0.168 0.784 0.755 

The above results, using the Method (c) parameters in the predictive algorithm, yield average 

absolute percentage qiscrepancies between the experimental and predicted equilibrium points of 

8.7 per cent, 3.5 per cent and 9.7 per cent for H+, K+ and Na+. 
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Figure 2.6 Comparison of Experimental Data and Method (c) Prediction of the K~/Na+/H+ 
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2.7 DISCUSSION OF TERNARY ION EXCHANGE EQUILIBRIUM PREDICTIONS 

MADE USING THE EMPIRICALLY MODIFIED MASS ACTION LAW 

The average component concentration deviations using the parameters found using Methods (a) 

and (c) were 10.7 per cent and 7.3 per cent, respectively. Both of these results are significantly in 

excess of the uncertainty in the experimental data which is less than 3.3 per cent. 

As might be expected, there was an improvement in the predictions made using the parameters 

obtained using Method (c) as compared to Method (a), since the former parameters themselves 

better characterized the binary equilibrium data. However, the results yielded by the 

Method (c) parameters were still of such quality as to be of use only as a first estimate. 

As will be shown in later Chapters, methods which take account of the non·idealities exhibited 

by ion exchange systems by means of activity coefficients are more successful approaches to 

characterization and prediction of ion exchange equilibria than Klein's empirical technique. 

In the specific case of K+ IN a + I H+ on Dowex 50W·X8, methods examined using the 

Debye·Hiickel relation and the Wilson equation to estimate solution and resin phase activity 

coefficients, respectively, yielded ternary predictions with discrepancies between the 

experimental and predicted data points of less than 3 per cent. This result is a significant 

improvement upon those given by Klein's empirically modified mass action approach, and 

importantly, is to within the accuracy of the experimental ternary data themselves. 

2.8 CONCLUSION 

The empirically modified mass action law, as suggested by Klein, has been tested on two binary 

ion exchange equilibrium systems. The results of these characterizations were used to predict 

the equilibrium behaviour of the corresponding ternary system. 

The two methods of estimating the empirical parameters given by Klein - namely using the 

slopes of the equilibrium isotherm at either end, and using two arbitrary experimental data 

points - were found to give poor results in terms of their ability to give good characterization of 

the binary data. Furthermore, the second method gave parameters whose values varied widely 

depending on which two experimental data points were chosen for use in the characterization 

algorithm. 

A third method, of simply directly fitting the experimental binary data to the empirical mass 

action relation, was found, as expected, to give better characterization of the measured 

equilibrium isotherms. 

When the parameters obtained were used to predict the equilibrium of a ternary system, the 

results were found to give poor correspondence to the measured data. Deviations of predictions 

from experimental results were between 7.3 and 10.7 per cent, depending on the set of parameters 

used. The discrepandes were well in excess of the experimental uncertainty of the experimental 

data, and also significantly greater than those found using other methods investigated in this 
work. 

It is concluded that these methods of binary ion exchange equilibrium characterization and 

ternary equilibrium prediction using the empirically modified mass action relation are of 

insufficient accuracy to make them of any practical value. It is recommended that they not be 

used for any calculations in which any degree of accuracy or confidence is required. 



Appendix 

Derivation Equations Associated 

2A.1 METHOD (a) DERIVATION 

with the Empirically Modified 
Mass Action Law 

Rearranging equation (2.1), the mass action relation may be written as: 

(2A.l) 

Method (a) uses the slopes of the binary isotherm at xi 0 and at :::: 1. 

Taking limits of equation (2A.1) as Xi -+ 0: 

(2A.2) 

(2A.3) 

Using L'HOpital's Rule: 

(K .. )1/Zj lim (dYi ) 
IJ Xi-+O dXi 

(2A.4) 

If Zj is arbitrarily chsen to be unity, then: 

21 
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Kij = lim dx~ mo (
dY') 

Xi~O t 

Similarly: 

Taking limits, as xi ~ 1: 

1 

= lim (Vl) 
Xi~ 1 \.Xj 

since a binary system is under consideration. 

Using L'Hopital's Rule: 

1 
(
dYi ) lim - m 

Xi~1 dXi 1 

Combining equations (2A.5) and (2A.I0) gives: 

Rearranging yields the result: 

z' _ -log mo 
t - log ml 

which is equation (2.2). 

2A.2 METHOD (b) DERIVATION 

(2A.5) 

(2A.6) 

(2A.7) 

(2A.8) 

(2A.9) 

(2A.10) 

(2A.ll) 

(2A.12) 

Two experimental points, (xi', y() and (x(', yn, on the binary isotherm are arbitrarily chosen. 
If these points both obey the mass action law, equation (2.1), and Zj is arbitrarily set to unity, 

two equations may be written: 

G
·t 

) (1 x·
t )Zi I - I K·- - --

'J - xi' 1 - y( 
(2A.13) 
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(
Yi" ) (1 -xi" )Zi 

K;j:::: xi" 1 - Yi" (2A.14) 

Equating equations (2A.13) and (2A.14) yields: 

(Y.i' ) (~)Zi :::: (Yi" ) (1 -xi" )Zi 
\xi' 1 - Y( xi" 1 - y(' 

(2A.13) 

and rearranging for zi gives: 

I (xi' Yi") og ~i" y( zi :::: ____ .:........,,_--L._---,-_ 

(
1 -x;,) (1 -Yi''») 

log 
(1 -xt)(1 -Yi') 

(2A.14) 

which is equation (2.3). 



Chapter 

The Characterization of Ion Exchange 
uilibrium, using the Wil n Equation 

for Resin Phase Activity Coefficients 

3.1 SCOPE 

A plethora of methods have been proposed and used for the characterization of ion exchange 
equilibrium. One example is the modified mass action law postulated by Klein (1984), which 
has been examined in Chapter 2. 

The methods available for characterizing ion exchange equilibria have been reviewed in 
Chapter 1. In this chapter, the procedure using the Wilson equation for resin phase activity 
coefficients put. forth by Elprince and Babcock (1975) and subsequently adopted and modified by 
a number of workers (Smith and Woodburn; 1978, Le Dinh; 1982, Vazquez et ali 1985a, 1985b, 
1986, Marcussen; 1987, and Shallcross et ali 1988) is examined and extended. 

As a result of the parameters obtained from the binary characterizations, an hypothesis for 

simplifying the Wilson relation as it applies to ion exchange equilibrium is advanced and 
rationalized. Ternary equilibrium isotherms are also characterized, with and without using 
this new reciprocal relation and the Hila constraint, which ensures thermodynamic consistency 
of the resulting Wilson parameters . 

. The use of activity coefficients at infinite dilution to estimate Wilson parameters is also 
investigated. 

3.2 THERMODYNAMICS OF ION EXCHANGE EQUILIBRIUM 

The generalized cation exchange reaction may be expressed: 

where cation Mi of charge Zj is replacing cation Mj on the resin. 

24 

(3.1) 
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The thennodynamic equilibrium constant for the reaction, Kij, can thence be written: 

where Ci = molar concentration of species i in the solution phase; 

Yi = normalized concentration of species i in the resin phase; 

11 = activity coefficient of species i in the solution phase; and 

ri = activity coefficient of species i in the resin phase. 

(3.2) 

A number of correlations are available for the estimation of the solution phase activity 
coefficients. 

The most widely used approach, and that adopted by this work, is to use the extended form of 

the Debye-Hiickel relation: 

-A z;Z 1112 
10gtO 11 = 1 + B a. 1112 + hi I 

I 

(3.3) 

where ai = ion-size parameter; 

hi = adjustable parameter; 

I :::: ionic strength of solution; 

A "" 0.5070 mol-112 p!2 at 20°C; and 

B "" 0.3282 k1 mol-1/2 1112 at 20°C, 

Ionic strength, I, may be calculated by: 

(3.4) 

where L ::::: total number of ionic species (counter-ions and co-ions) in the solution. 

It was admissible to use molarities in place of molalities in equation (3.4) for this work, because 
the solutions under consideration were dilute, aqueous and at room temperature, and so the two 

measures of composition were identical to an error of approximately 0.2 per cent. 

The values of the parameters A and B were obtained from Robinson and Stokes (1959). These 
workers also claimed that the form of the Debye-Hiickel relation given in equation (3.3) may be 

used to estimate activity coefficients in solutions of concentration up to 1 N, to within the 

accuracy of the experimental data. 

Marcussen (1987) has used this form of the Debye-Hiickel equation for applications with 
concentrations ranging from 1 N to 12 N with adequate results. Le Dinh (1982) satisfactorily 

applied the Debye-Hiickel relation to solutions of up to 2 N. 

Values of the parameters ai and hi for the cations examined in this work were obtained from 

Truesdell and Jones (1974) and Klotz (1964), and are listed in Table 3.1. 
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Table 3.1 Selected Debye-HOckel Parameters 8j and bj 

Species i ai [A] hi [1 mol-1] 

Na+ 4.0 0.075 
K+ 3.5 0.015 
H+ 9.0 0.0 

Ca2+ 5.0 0.165 
Mg2+ 5.5 0.2 
Cu2+ 6.0 0.0 
Zn2+ 6.0 0.0 
Mn2+ 6.0 0.0 
Ni2+ 6.0 0.0 

Shallcross etal (1988) used the Pitzer method for the estimation of liquid phase activity 
coefficients. This more complicated approach did not appear, however, to yield results of a 
statistically superior nature compared with previous methods, and the extended Debye-Hiickel 
relation in particular. Fletcher and Townsend (1981) concluded that Pitzer's approach was 
overly complicated for many ion exchange purposes, especially when solution ionic strengths are 
below 0.5 mol 1-1 and when the solution does not contain a large number of different electrolytes. 

Resin phase activity coefficients are now commonly estimated according to the Wilson equation, 
originally formulated to account for non-idealities in vapour-liquid systems (Wilson, 1964): 

M M 

In ri 1-LYjAjj - !: (MYk 
Aki J 

j=l k=1 ~ 
LYjAkj 
j=l 

(3.5) 

where Aij = Wilson interaction parameter; and 

M number of counter-ions in the exchange reaction. 

The unlike Wilson parameters are not symmetrical; that is Aij * Aji' The general like interaction 
term, Aii, is unity. 

Because the Wilson equation for activity coefficients was developed as an athermal solution 
theory, it is especially applicable to ion exchange, since heats of mixing in ion exchange 
reactions are generally low (Helfferich, 1962). 

3.3 REVIEW OF WORKS USING THE WILSON eQUATION FOR ION EXCHANGE 

Elprince and Babcock (1975) 

It appears that Elprince and Babcock (1975) were the first workers to suggest the application of 
the Wilson equation to the task of estimating resin phase activity coefficients. The resin phase 
was treated as a solid solution, as first suggested by Vanselow (1932). Many solution theories 
were available to describe such solutions, but the Wilson model was chosen, because of its 

flexibility and suitability for a large variety of non-ideal mixtures. Wilson parameters were 
estimated for the binary systems Na+ ICs+, Rb+ ICs+ and Na+ IRb+ on three different soil clay 

minerals, namely Wyoming montmorillonite, Chambers montmorillonite and attapulgite. 
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Molar excess Gibbs free energies, gI'-, were calculated using the equation: 

M 

fr= ~Yi lnfj 

where R = universal gas constant; and 

T :::: temperature. 

Wilson parameters were then found by fitting: 

M 

using an iterative procedure executed on a digital computer. 

(3.6) 

(3.7) 

Predictions of the corresponding ternary ion exchange equilibria were made using the Wilson 
parameters estimated above to calculate the ternary resin phase activity coefficients from 
equation (3.5). The corresponding solution phase compositions were then computed using the 
equilibrium relation, that is equation (3.2), and the condition that mole fractions must total 
unity: 

M 

:D/i"" 1 
j",1 

(3.8) 

(3.9) 

No experimental ternary equilibrium data were available, and so it was impossible to specify 
the quality of prediction yielded by the method. 

Smith and Woodburn (1978) 

The binary ion exchange systems So.l"/CI", SOf/NOi and Cl-/NOi on Amberlite 400, a strong 
base anion exchange resin, were obtained experimentally at total solution concentrations of 0.2 
N, 0.4 Nand 0.6 N, respectively. These experimental data were expressed in terms of the 
equilibrium quotient, ~i: 

(3.10) 

Activity coefficients in the solution phase were evaluated using the extended Debye-Hiickel 
relation, equation (3.3). It should be noted here that Smith and Woodburn appear to have 
erroneously used the Debye-Hiickel equation with the left hand side of the equation being the 
natural logarithm of the activity coefficient, rather than the more usual Briggsian, or common, 
logarithm. 

The equilibrium quotient was then expressed in terms of the thermodynamic equilibrium constant 
and resin phase activi ty coefficients: 
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(3.11) 

Combining equations (3.11) and (3.5), the experimental equilibrium quotients were fitted by two 
Wilson parameters and an equilibrium constant, using a least·squares technique. The resulting 
parameters fitted the three systems considered with a root-mean-square error of between 2.7 per 
cent and 5.8 per cent. The fitted thermodynamic equilibrium constants for the three related 
binary systems were found to be consistent inter se, that is they conformed to the triangle rule: 

(3.12) 

The Wilson parameters and equilibrium constants for the three binary systems were then used to 
predict the ternary system SO,f/NOl-/Cl-, with the same procedure as Elprince and Babcock. 

The predictions corresponded closely with experimental data, justifying, according to Smith and 
Woodburn, further development of the method. It was concluded that the non-ideal 
characteristics of the resin phase were well described by the Wilson modeL 

La Dinh (1982) 

Activity coefficients in the solution phase were estimated by the Debye-Hiickel relation. Both 

the simple form of the equation, namely: 

-A z.2 1112 
log10 rr:::: 1 + B! a. ]1/2 

! 

(3.13) 

and the extended form, equation (3.3) were used. The simple Debye-Hiickel theory was found to 

be adequate for estimating activity coefficients in the solution phase, up to a total concentration 
of 2 N. Strictly, the simple form of the relation is only applicable to low ionic strengths, but it 

was thought that it was satisfactory at the higher concentrations because of the predominant 
effect of the resin phase activity coefficients on the equilibrium isotherm. 

As with Smith and Woodburn, Le Dinh expressed the experimental data in terms of equilibrium 

quotients and used the thermodynamic equilibrium constant and two Wilson parameters to fit 

these. The Levenburg method was the preferred optimization technique. 

The experimental systems considered were: 

e Na+/K+ on Clinoptilolite at 0.12 Nand 0.24 N, Na+/NH4+, Na+/Ca2+ and Na+/Mg2+ on 

Clinoptilolite at 0.024 Ni 

.. Mg2+ /Na+ and Ca2+ /Na+ at 25°C and 65°C, with total concentrations of 0.2 N, 0.1 N, 0.05 N, 

0.01 Nand 0.005 N (Rees, 1980)i 

e Cu2+ /Na+ at 4 N, 1 Nt 0.1 Nand 0.01 Non Dowex 50W-X8 at 22-25Q C (Subba Rao and David, 
1957); 

.. Ba2+ /Na+ at 2 Nand 0.01 Non Dowex 50W-X8 at 25QC (Kuo and David, 1963); and 

It NH4+ /+H3NCH2CH2NH3+ at IN and 0.1 Non Dowex SOW-X8 at 28°C (Erikson and Rase, 
1979). 
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As well as fitting Wilson parameters and thermodynamic equilibrium constants to the above 
experimental data, Le Dinh also used the parameters obtained for the most concentrated case of 
each ionic system to predict the equilibrium isotherms at the lower concentrations. Generally, 
good agreement was obtained between the predicted and experimental data, although the 
predictions were of a slightly lesser quality for those isotherms exhibiting "azeotropic" 
behaviour. 

It was also stated that, in order to obtain accurate values for the parameters, the whole 
isotherm must be available. The thermodynamic equilibrium constant is especially sensitive to 
any mal-distribution of data and, as a result, may be poorly estimated. 

Le Dinh went on to use the same characterization method to estimate the Wilson parameters 
and thermodynamic equilibrium constants for several sets of multicomponent data, namely: 

10 Sr2+ IMn2+ ICs+ on Dowex 50W-X8 with a total concentration on 0.1 N at 23°C (Bajpai et ai, 
1973); 

10 Ca2+ IMg2+ INa+ on Zeolite A at 25°C and 0.01 N (Rees, 1980); and 

01) K+ INHI+ ICa2+ IMg2+ INa+ on clinoptilolite at 25°C. 

The parameters obtained were compared with those previously estimated for the corresponding 
binary systems. It was found that while the parameters were similar, they were not identical. 
These new parameters were found to characterize the binary satisfactorily, especially at lower 
concentrations, or where the binary system contained the ion from the multicomponent system 
with the greatest affinity for the resin. Binary isotherms for the less favourably adsorbed 
species were foun9. to be more poorly predicted. The predicted binary isotherms were found to 
mirror the experimental data more closely than previous methods, such as that of plotting 
reduced concentrations, proposed by Bajpai et al (1973). 

Further, the parameters obtained from binary characterizations were used to predict 
multicomponent ion exchange equilibrium behaviour. The systems considered were: 

10 Ca2+ IMg2+ INa+ from Cal + INa+ , Mg2+ INa+ and Ca2+ IMg2+ at 65°C (Rees and Barri, 1980); and 

• Sr2+/Mn2+ ICs+ and Mn2+ ICs+ INa+ from Sr2+ I Mn2+, Sr2+ ICs+, Mnl+ ICs+, Mn2+ INa+ and CST INa+ 
(Bajpai et ai, 1973). 

The root-mean-square deviations between the predicted and experimental resin phase 
compositions for the ternary data were between 2.0 and 4.3 per cent of the resin's capacity. 

Satisfactory predictions for the K+ INH4+ ICa2+ IMg2+ INa+ system on clinoptilolite were also 
made, using a combination of parameters obtained from constituent binary and multicomponent 
systems. 

Vazquez et a/ (1985a) 

Vazquez et al (1985a) experimentally obtained binary ion exchange equilibrium data for seven 
systems on Lewatit SP-120 at a total concentration of 0.1 N, namely: Na+ IH+, CaT IH+, Mg+ IH+, 
Zn+ IH+, CaT INa+, Mg+ INa+ and Zn+ INa+. Solution phase activity coefficients were estimated 

using the extended Debye-Hiickel equation. Two Wilson parameters and a thermodynamic 
equilibrium constant were obtained for each binary system by fitting the Wilson model to the 
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experimental data directly; that is the fitting procedure minimized the square of the deviation 
between the fitted and measured resin phase concentrations (equation (3.14» rather than 

between equilibrium quotients. 

N 

L(yfitted _ yexPf)2 
FVaZijue:z = - -

yeXpf 

i=l 

(3.14) 

where N = number of experimental data points; and 

expt and fitted refer to the experimental and fitted data, respectively. 

The Harwell subroutine V A05A was used for the optimization. The average deviation between 
the experimental points and the fitted isotherms was about 0.3 per cent of the total resin 
capacity. Using equilibrium quotients to optimize the data, as suggested by Smith and 
Woodburn, the average deviation was calculated as 0.4 per cent of the resin's capacity. 

It was found that the thermodynamic equilibrium constants obtained did not conform to the 

triangle rule, equation (3.12). 

Vazquez et al (1985b) 

In a second publication, Vazquez et at (1985b) used the parameters obtained as above to predict 
the equilibrium behaviour in the corresponding ternary systems; namely Ca2+/Na+/H+, 
Mg2+ INa+ IH+ and Zn2+ INa+ IH+. The quality of these predictions was similar to those made for 
the same data using the Smith and Woodburn method of equilibrium quotients. The average 
deviation between experimental and predicted equilibrium compositions was approximately 0.9 
per cent of the total resin capacity for each ionic species in the ternary mixture. 

Vazquez et al (1986) 

Binary ion exchange parameters for a further 36 systems were obtained using the Wilson method 

previously developed (Vazquez et ai, 1985a). These systems were at three different total 

concentration levels - namely 1 N, 0.1 Nand 0.01 N - of Ni2+ INa", Mn2+ INa+ and Cu2+ INa+ on 

each of the resins Lewatit SP-120 with a 0.96 mm particle size, Lewatit SP-120 with a particle 
size of 0.74 mm, Lewatit S-l00 and Lewatit 5-115, respectively. It was found that the optimum 
parameters for corresponding systems at differing total concentrations were diverse. 

Marcussen (1987) 

The equilibrium of multicomponent ion exchange for concentrated solutions was studied by 
Marcussen (1987). She considered the binary systems Ca2+/K+ , Ca2+/H+ and K+/H+ on 

Amberlite 200C, with a total solution concentration of approximately 1 N. The extended 

Debye-Hiickel relation was deemed adequate for the estimation of solution phase activity 

coefficients. Binary equilibrium characterizations were carried out by minimizing the deviation 

between the experimental and fitted resin phase concentrations. The thermodynamic 

equilibrium constants and Wilson parameters so estimated were found to predict the 
corresponding ternary system Ca2+ IK+ IH+ in the concentration range of approximately 1 N to 

12 N to within the experimental uncertainty of the measured data, namely between one and two 
per cent of the total capacity of the resin. 
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Shallcross et a/(1988) 

Shallcross et al (1988) examined Smith and Woodburn's model, and suggested using Pitzer's 

method for solution phase non~ideal behaviour, rather than the extended Debye~Hiickel 

relation. 

The approach of Smith and Woodburn was used in their study because of its sound 
thermodynamic basis, and its applicability to the calculation of systems of practical interest 
over a wide concentration range. The Mg2+ ICa2+ INa+ system and its constituent binaries, on 

Amberlite 252 resin were studied, for total solution concentrations of 0.05 N, 0.1 N, 0.2 Nand 
1.0 N, respectively. 

When making predictions of ternary equilibria, Shallcross et al used a weighted mean of the 

resin concentrations predicted from each of the three sets of binary pairs, rather than the 
composition calculated by solving equations for the pair containing the most selective ion. It was 

found that although the weighted case predictions were not the most accurate for each of the 
ionic species, they were consistently better than the worst case for each species. This latter 

result is hardly unexpected, since it is, after all, due to averaging predictions of best, worst and 
intermediate quality. 

It was concluded that there was a significant improvement over the Smith and Woodburn model, 
attributed to the use of Pitzer's method instead of the extended Debye-Hiickel relation for 
solution phase activity coefficients. In this author's opinion, however, the improvement was 
only marginal, and not statistically significant. 

3.4 ESTIMATION METHOD FOR BINARY ION 

In this work, the thermodynamic equilibrium constant and the two Wilson parameters describing 
a given binary equilibrium have been fitted directly to the isotherm (where the normalized 
resin concentration is ordinate and the normalized solution concentration is abscissa). 

Vazquez et al (1985a) found that superior fits were achieved by adopting this technique. 

In optimizing the fitting parameters, the objective function minimized by Vazquez et al (1985a) 
was the sum of the squares of the fractional deviations of the fitted resin concentrations from the 

experimental concentrations, as given by equation (3.14). However, the resulting qualities of fit, 
Fb, were reported according to the relation: 

N 

(3.15) 

Thus, the resulting parameters were optimal for the objective function, equation (3.14), but not for 

the function Fb, on which basis the parameters were presented. 

This anomaly has been eliminated in this work. The optimization has been performed and the 
results presented on the same basis, namely equation (3.15), giving consistency and allowing 

comparability of results with those of Vazquez et at. 
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Predicted resin concentrations were determined by finding the roots of equations of the form: 

(3.16) 

The solution phase activity coefficients, Yi, were estimated using the extended Debye-Hiickel 
relation, equation (3.3), for given solution concentrations, Ci' Activity coefficients in the resin 

phase, Yi, were evaluated using the Wilson equation, equation (3.5). 

The optimization incorporated a Hooke and Jeeves algorithm (Kuester and Mize, 1973). It was 
coded in FORTRAN and run on a VAX 6210 superminicomputer. A flowsheet is presented in 
Figure 3.1 . The Hooke and Jeeves strategy was adopted because, according to Rudd and Watson 
(1968), it can efficiently locate and follow ridges of an objective function. From Figure 3.26, it can 
be seen that the response surface in question was a trough, or inverse ridge, thus making it 

suitable for optimization by Hooke and Jeeves. 

The equilibrium data of several workers were analyzed according to this procedure. These were: 

.. K+ /H+ and Na+ /H+ on Dowex 50W-X8 with a total solution concentration of 0.1 N at 25°C 

(Dechapunya, 1981); 

'II Na+ /H+, Ca+/H+, Mg+/H+, Zn+/H+, Ca+/Na+, Mg+/Na+ and Zn+/Na+ on Lewatit 5P-120 at 

20°C with a total solution concentration of 0.1 N (Vazquez et ai, 1985a); 

III Ca2+/Na+, Ca2+/H+ and Na+/H+ on Dowex 50W-X12 with a total concentration of 0.1 Nat 

25°C (Vermeer et ai, 1975); and 

.. Nfl+ /Na+, Cu2+ /Na+ and Mn2+ /Na+ at a temperature of 18°C on Lewatit 5P-120 with particle 

sizes of 0.74 mm and 0.96 mm, Lewatit 5-100 and Lewatit 5-115 with total solution 

concentrations of 0.01 N, 0.1 Nand 1 N, respectively (Vazquez et ai, 1986). 

3 .5 RESULTS AND DISCUSSION INITIAL BIN EXCHANGE 
PARAMETER MATION 

The thermodynamic equilibrium constant and pair of Wilson parameters for each binary ion 

exchange system listed in §3.4 were computed, and are listed in Table 3.2. The qualities of fit 
obtained, FbUnconslrained, are compared, where applicable, with those obtained by Vazquez et al 
(1985a, 1986). The fitted isotherms are graphed in Figure 3.2 to Figure 3.25. 

The qualities of fit obtained in this work were, in almost all cases, superior to those achieved by 
Vazquez et al (1985a, 1986), as measured by Fb• This result was expected since here the data 

were optimized with the reporting function used as objective function also. For this same reason, 

the absolute values of the fitted Wilson parameters and thermodynamic equilibrium constants 

were slightly dissimilar from those of Vazquez. 

The qualities of fit, especially for the data of Dechapunya (1981) and Vazquez et al (1985a), 

were of a similar magnitude to the experimental uncertainties in the measured equilibrium 
compositions. This is really all that can be expected of a reliable characterization method. It is 

unreasonable, and indeed of little value, to expect fits significantly better than the reliability 

of the experimental data themselves. 
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Table 3.2 Unconstrained Binary Ion Exchange Parameters For Selected Systems 

.. 

i j Kij At; Aft 
F b Unconstrained FbVazqllQ; Reference" Cone. 

Na H 1.5433 1.4067 0.7062 0.0032 A O.lN 
K H 2.3747 2.4269 0.4220 0.00096 - A O.lN 
Na H 1.5772 2.2300 0.4500 0.0053 0.006 B O.lN 
Mg H 79.845 0.3450 8.7500 0.0021 0.002 B O.lN 
Zn H 34.286 1.7064 1.2516 0.0015 0.001 B O.lN 
Ca H 94.031 3.9652 0.05708 0.0026 0.003 B O.lN 
Mg Na 3.1107 1.6280 0.7380 0.0031 0.003 B O.lN 
Zn Na 4.4921 2.0028 0.4886 0.0021 0.002 B O.lN 
Ca Na 37.584 3.3728 0.08090 0.0018 0.002 B O.lN 
Na H 1.7320 1.9320 0.5355 0.0022 - C O.lN 
Ca Na 26.669 0.4518 1.5427 0.0025 - C O.lN 
Ca H 86.537 2.1922 0.4416 0.00060 C O.lN 
Ni Na 20.138 1.1767 0.6842 0.0082 0.008 D IN 
Ni Na 4.2604 0.5733 1.1729 0.0054 0.005 D O.lN 
Ni Na 0.8325 0.01979 1.4341 0.0113 0.013 D O.OIN 
Ni Na 16.941 1.2938 0.5099 0.0102 0.011 E IN 
Ni Na 3.5434 0.2642 1.4249 0.0071 0.008 E O.IN 
Ni Na 0.8091 0.01908 1.4249 0.0060 0.007 E O.OlN 
Ni Na 18.328 1.5362 0.3909 0.0082 0.009 F IN 
Ni Na 2.9832 0.00289 1.8183 0.0066 0.008 F O.lN 
Ni Na 0.6439 0.1303 1.1307 0.0110 0.017 F O.OlN 
Ni Na 20.126 1.3046 0.5126 0.0100 0.011 G IN 
Ni Na 3.2392 0.01079 1.6857 0.0095 0.010 G O.IN 
Ni Na 0.9544 0.01664 1.4792 0.0136 0.016 G O.OlN 
fvfn Na 15.085 1.1913 0.7406 0.0091 0.009 D IN 
fvfn Na 3.9244 0.6007 1.2058 0.0193 0.018 D O.lN 
fvfn Na 0.9098 0.06202 1.5674 0.0114 0.012 D O.OlN 
fvfn Na 13.338 1.3063 0.5784 0.0096 0.009 E IN 
fvfn Na 3.7924 0.4349 1.5309 0.0108 0.011 E O.lN 
fvfn Na 0.7861 0.1122 1.5376 0.0099 0.011 E O.OlN 
fvfn Na 12.456 1.7910 0.2920 0.0064 0.007 F IN 
fvfn Na 3.0233 0.08856 2.1742 0.0111 0.012 F O.lN 
fvfn Na 0.5533 0.00480 1.3340 0.0070 0.007 F O.OlN 
fvfn Na 14.808 1.4375 0.4924 0.0058 0.005 G IN 
fvfn Na 2.9128 0.04447 1.8710 0.0102 0.011 G O.lN 
fvfn Na 0.8032 0.03368 1.5463 0.0148 0.015 G O.OlN 
Cu Na 14.921 1.5255 0.3396 0.0111 0.012 D IN 
Cu Na 3.7859 0.4330 1.3324 0.0078 0.008 D O.lN 
Cu Na 1.7284 1.5077 0.4220 0.0059 0.007 D O.OIN 
Cu Na 14.468 1.4144 0.4113 0.0128 0.010 E IN 
Cu Na 3.4777 0.8523 0.8158 0.0081 0.009 E O.lN 
Cu Na 0.4816 0.02188 0.9900 0.0168 0.019 E O.OlN 
Cu Na 13.456 0.8179 0.8573 0.0070 0.008 F IN 
Cu Na 3.6369 0.6679 1.0452 0.0076 0.008 F O.lN 
Cu Na 0.5784 0.00654 1.2138 0.0075 0.008 F O.OlN 
Cu Na 15.888 1.2382 0.5191 0.0137 0.014 G IN 
Cu Na 3.7875 0.3279 1.4427 0.0149 0.019 G O.lN 
Cu Na 0.7800 0.04920 1.2146 0.0101 0.020 G O.OlN 

The resins and researchers are denoted thus: A::: Dowex 50W-X8 (Dechapunya, 1981); 
B ::: Lewatit 5P-120 (Vazquez et ai, 1985a); C :::: Dowex 50W-X12 (Vermeer et ai, 1975); 
D:::: Lewatit 5P-120, particle size 0.74 mm (Vazquez et ai, 1986); E Lewatit 5P-120, particle 
size 0.96 mm (Vazquez et ai, 1986); F::: Lewatit 5-100 (Vazquez et ai, 1986); G :::: Lewatit 
5-115 (Vazquez et ai, 1986). 
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Figure 3.23 Comparison of Experimental Isotherms and Unconstrained Characterizations for 

Vazquez et at (1986) Cu2+/Na+ on lewatit SP-120, particle size 0.96 mm 
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Vazquez at a/ (1986) Cu2+/Na+ on Lewatit S-100 
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It is noticeable that considerably poorer qualities of fit were obtained for the later data of 
Vazquez et al (1986). This result was also expected, as simple observation of the experimental 

isotherms represented by these data reveals that the data were not as "well~behaved" as those 
already discussed. Many of the isotherms exhibited mal~distribu ted data; that is the 

experimental points tended to be bunched toward that end of the isotherm with the higher 
concentration of the ion which showed more affinity for the resin. Another manner in which the 

poor data manifested themselves was that, when plotted, they did not produce a smooth 
isotherm. Thus it seems reasonable that it would not be possible to achieve parameter 
estimations with the same quality of fit as for "good" data. 

It was found that the triangle rule relating thermodynamic equilibrium constants, 
equation (3.12), was not obeyed by those sets of three binary pairs for which data were 

available. A similar result was observed by Bajpai et al (1973), although Smith and Woodburn 
(1978) did notice consistency amongst their equilibrium constants. 

The source of the triangle rule used by Bajpai et al (1973) and Smith and Woodburn (1978) is 

Barrer and Falconer (1956). However, the triangle rule given in that work does not in fact relate 
thermodynamic equilibrium constants, but rather normalized selectivity coefficients, K: 

(3.17) 

Only in cases where K is constant can it be shown that the normalized selectivity coefficient and 
the thermodynamic equilibrium constant may be equated. In these cases, the ratio of the resin 

phase activity coefficients is equal to unity. This is not so in the cases studied by Bajpai et al 
(1973). 

In order for the triangle rule relating thermodynamic equilibrium coefficients to be correct, the 

resin phase activity coefficient of an ion, i, say, would need to be the same in the i-j system as in 
the i-k binary system. However, inspection of Figures 3.51 and 3.52, for example, shows that 
this is not the case. 

In other words, the triangle rule, equation (3.12), as it stands is only sufficient where the simple 

mass action law adequately fits the binary isotherms concerned. Practical situations where this 
is the case may be rare, but the triangle rule may nonetheless be useful for obtaining a first 

approximation of a binary thermodynamic equilibrium constant where the other two equilibrium 
constants for a given ternary system are known. 

3,6 INVESTIGATION OF THE RECIPROCITY OF WILSON PARAMETERS 

Inspection of the parameters listed in Table 3.2 revealed that, for a number of the systems, the 

two Wilson parameters were related according to a reciprocity relation: 

(3.18) 

For the case of vapour-liquid equilibrium, a number of workers have observed a relationship 

between the Wilson parameters characterizing a binary pair (Nagahama et aI, 1971; 

Kaliaguine and Ramalho, 1972; Brinkman et aI, 1974a; Tao and Ceplecha, 1986). None of these 
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workers examined the exact form of this interdependence. It is quite possible, in any case, that 

the relationship between the parameters differs for the ion exchange situation. 

To investigate the reciprocity hypothesis given by equation (3.18), contour plots of the goodness 

of fit, Fb, as a function of Wilson parameters Aij and Aji were prepared. Representative of these is 

Figure 3.26, for the Na+/H+ system on Dowex 50W-XS (Dechapunya, 19S1). 

The response surface displayed in Figure 3.26 is a long curved valley, hyperbolic in nature. 

Equation (3.18) was a reasonable first approximation to this valley, both for the Na+ /H+ system 

shown, and for the other binary isotherms listed in Table 3.2. 

The applicability of the simple reciprocal relationship may be shown by considering the 

following analysis involving commonly made approximations: 

The Wilson interaction parameter, Aij, is defined (Wilson, 1964) as: 

\1.. {A;i -A;'} A .. =..::..L exp ~ 11 _ R T 
Vi 

(3.19) 

-where Vj molar volume of species i; and 

I.;j :::: interaction parameter between species i and j. 

The cross-interaction terms, I.;jand At;, are equal. 

Hence, the product of the two Wilson parameters for a given binary pair is: 

(3.20) 

Williamson (1967) and Hiranuma and Honma (1975) have stated that the cross-interaction 

term, A;,;. can be approximated by: 

(3.21) 

If the arithmetic mean is used instead: 

(3.22) 

the resulting cross-interaction term will be to within 10 per cent of that calculated using 

equation (3.21), if the like-interaction parameters are mutually within a factor of three. 

Thus, substituting equation (3.22) into equation (3.20) yields the result: 

(3.23) 

which supports equation (3.1S), within the limits of the stipulated assumptions. 
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O~~~~--b-~--~--L-~ __ -L __ L-~ __ -L~ 

o 0.5 1.0 1.5 2.0 2.5 3.0 

Figure 3.26 Contour Plot Showing Goodness of Fit of Wilson Parameters for a Constant 

Thermodynamic Equilibrium Constant Oechapunya (1981) l\Ia+/H+ System on 

Oowex 50W-X8 
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The use of the Wilson parameter reciprocity relation in the characterization of a binary 
equilibrium isotherm reduces the number of requisite parameters from three to two; namely a 
thermodynamic equilibrium and a single Wilson parameter. Applying this to the systems under 
consideration yielded the parameters listed in Table 3.3. Included is a comparison between the 

qualities of fit achieved with and without the constraint of reciprocity of Wilson parameters. 

The isotherms characterized using the reciprocity constraint are presented graphically in 
Figure 3.27 to Figure 3.50. 

In order to obtain a meaningful measure of the reduction in quality of fit due to the reciprocity 
relation, the data of Dechapunya (1981), Vazquez et al (1985) and Vermeer et at (1975) were 
analyzed to determine the deviation between the experimental and fitted isotherms, FLS, given 
by the equation: 

N 

hs = L(yfitted _ yex pt)2 
isl 

(3.24) 

It was then a simple matter to compute the F-statistic for each parameter reduction; namely: 

F Lleciprocal 

F 0 = F LS Unconstrained (3.25) 

The results of this analysis and the significance, or otherwise of the results are given in 
Table 3.4. 

Those systems listed in Table 3.4 for which there was a significant reduction in the quality of fit 

as a result of applying the reciprocal hypothesis all had high selectivities - that is one ion had 
a much greater affinity for the resin than the other and the experimental points tended to be 

clustered at higher resin concentrations. 

The data of Vazquez et al (1986) were not included in the above statistical analysis because, as 

stated §3.5, most of these isotherms displayed either a mal-distribution or an unacceptable 

scatter of their experimental points. It is clearly important that, as suggested by Le Dinh (982), 

experimental data be well-distributed in terms of both solution and resin concentrations. 

Otherwise, poor equilibrium characterization may result. 

Despite the reduction in the quality of fit exhibited by some of the systems under consideration, 

most reciprocal fits were still of a magnitude similar to the inherent experimental uncertainties. 

Shallcross et al (1988) have presented Wilson interaction parameters for three binary ion 
exchange systems. Each parameter pair obeys the reciprocity relation to an accuracy of better 

than 0.2 per cent. 

It may be concluded that the reciprocity hypothesis is a viable simplification to the method of 

using the Wilson equation and the extended Debye-Hiickel relation for the characterization of 
binary ion exchange equilibrium. 
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Table 3.3 Binary Ion Exchange Parameters Constrained by the Reciprocity Relation for 
Selected Systems 

,. 

i j Kij /J RecIprocal F /J Unconstrained Reference 
,. 

Concentration 

Na H 1.5440 1.3788 0.0032 0.0032 A O.IN 
K H 2.3736 2.4709 0.00097 0.00096 A 0.1N 
Na H 1.5759 2.3689 0.0054 0.0053 B O.IN 
Mg H 96.246 0.0807 0.0022 0.0021 B 0.1N 
Zn H 26.464 3.0785 0.0017 0.0015 B 0.1N 
Ca H 93.471 2.7502 0.0039 0.0026 B O.IN 
Mg Na 3.5108 0.4152 0.0031 0.0031 B O.IN 
Zn Na 4.4781 1.9548 0.0021 0.0021 B O.IN 
Ca Na 27.561 1.5448 0.0043 0.0018 B O.IN 
Na H 1.7288 1.9703 0.0022 0.0022 C O.IN 
Ca H 78.064 1.8907 0.0053 0.00060 C 0.1N 
Ca Na 29.994 1.0000 0.0071 0.0025 C O.IN 
Ni Na 20.773 1.0000 0.Q17 0.0082 D IN 
Ni Na 17.950 1.0000 0.025 0.010 E IN 
Ni Na 18.360 1.0000 0.018 0.0082 F IN 
Ni Na 22.078 1.0000 0.021 0.010 G IN 
Ni Na 4.7705 1.0001 0.0020 0.0054 D O.IN 
Ni Na 5.5804 1.0000 0.028 0.0071 E O.IN 
Ni Na 5.3148 1.0000 0.020 0.0066 F O.IN 
Ni Na 6.3585 1.0084 0.023 0.0095 G O.IN 
Ni Na 2.1765 1.0295 0.019 0.011 D O.OIN 
Ni Na 2.5551 1.3943 0.013 0.0060 E O.01N 
Ni Na 2.1785 1.0586 0.032 0.010 F O.OIN 
Ni Na 2.4088 1.0356 0.020 0.014 G O.OIN 
Mn Na 14.870 1.0000 0.Q11 0.0091 D IN 
Mn Na 14.506 1.0000 0.016 0.0096 E IN 
Mn Na 13.045 1.0000 0.015 0.0064 F IN 
Mn . Na 14.880 1.0000 0.016 0.0058 G IN 
Mn Na 4.6104 1.0000 0.023 0.019 D O.IN 
Mn Na 3.8900 1.0000 0.016 0.011 E O.IN 
Mn Na 4.0520 1.0010 0.017 0.011 F O.IN 
Mn Na 4.2420 1.0000 0.018 0.010 G O.IN 
Mn Na 1.5909 1.0228 0.022 0.011 D O.01N 
Mn Na 1.5584 1.0000 0.029 0.0099 E O.OIN 
Mn Na 1.8083 1.0000 0.027 0.0070 F O.OIN 
Mn Na 1.3141 0.9976 0.024 0.015 G O.OIN 
Cu Na 16.413 1.0000 0.028 0.011 D IN 
Cu Na 14.950 1.0000 0.034 0.013 E IN 
Cu Na 14.900 1.0000 0.022 0.0070 F IN 
Cu Na 16.323 0.9956 0.023 0.014 G IN 
Cu Na 4.9325 1.0000 0.022 0.0078 D O.IN 
Cu Na 4.5874 1.0000 0.024 0.0081 E O.IN 
Cu Na 4.1780 1.0000 0.019 0.0076 F O.IN 
Cu Na 5.1100 1.0220 0.018 0.015 G O.IN 
Cu Na 2.2242 0.9953 0.014 0.0059 D O.OIN 
Cu Na 2.3380 1.2305 0.023 0.017 E O.OIN 
Cu Na 1.5044 0.9684 0.035 0.0075 F O.OIN 
Cu Na 2.7248 1.0120 0.020 0.010 G O.OIN 

The resins and researchers are denoted thus: A:::: Dowex 50Wd X8 (Dechapunya, 1981); 
B:::: Lewatit 5P-120 (Vazquez et ai, 1985a); C :::: Dowex 50W-X12 (Vermeer et ai, 1975); 
D :::: Lewatit 5P-120, partide size 0.74 mm (Vazquez et ai, 1986); E Lewatit 5P-120, particle 
size 0.96 mm (Vazquez et ai, 1986); F:::: Lewatit 5-100 (Vazquez et ai, 1986); G Lewatit 
5-115 (Vazquez et ai, 1986). 
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Figure 3.27 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Dechapunya (1981) NaT/HT on Dowex 50W-X8 
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Figure 3.28 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Dechapunya (1981) K"'/H'" on Dowex 50W-X8 
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Figure 3.31 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Vazquez et al (198Sa) Zn2+IW on Lewatit SP-120 
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Figure 3.32 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Vazquez et al(1985a) Ca2+/H+ on Lewatit SP-120 
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Figure 3.33 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Vazquez et a/ (1985a) Mg2+/Na+ on Lewatit SP-120 
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Figure 3.34 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Vazquez et a/ (1985a) Zn2+/Na+ on lewatit SP-120 
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Figure 3.36 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Vermeer et al (1975) Na+/H+ on Dowex 50W·X12 
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Figure 3.37 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Vermeer et al (1975) Ca2+/W on Dowex 50W-X12 
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Figure 3.38 Comparison of Experimental Isotherm and Reciprocal Characterization for 

Vermeer et al (1975) Ca2+/Na+ on Dowex 50W-X12 
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Vazquez et a/(1986) Ni2+/Na+ on Lewatit SP·120, particle 0.74 mm 
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figure 3.40 Comparison of Experimental Isotherms and Reciprocal Characterizations for 

Vazquez et a/(1986) Ni2+/Na+ on Lewatit SP-120. particle size 0.96 mm 
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Figure 3.41 Comparison of Experimental Isotherms and Reciprocal Characterizations for 
Vazquez et a/(1986) Ni2+/Na+ on lewatit S-100 
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Figure 3.42 Comparison of Experimental Isotherms and Reciprocal Characterizations for 
Vazquez at a/ (1986) Ni2+/Na+ on Lewatit 5-115 
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Figure 3.43 Comparison of Experimental Isotherms and Reciprocal Characterizations for 

Vazquez et a/ (1986) Mn2+/Na+ on Lawatit SP·120, particle size 0.74 mm 
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Figure 3.44 Comparison of Experimental Isotherms and Reciprocal Characterizations for 
Vazquez et a/(1986) Mn2+/Na+ on Lewatit SP-120, particle size 0.96 mm 
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Figure 3.46 Comparison of Experimental Isotherms and Reciprocal Characterizations for 

Vazquez et al (1986) Mn2+/Na+ on Lawatit S* 115 
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Figure 3.47 Comparison of Experimental Isotherms and Reciprocal Characterizations for 

Vazquez et a/(1986) Cu2+/Na+ on Lewatit SP·120, particle size 0.74 mm 
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Figure 3.48 Comparison of Experimental Isotherms and Reciprocal Characterizations for 

Vazquez et a/ (1986) Cu2+/Na+ on Lewatit SP·120, particle size 0.96 mm 
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Figure 3.50 Comparison of Experimental Isotherms and Reciprocal Characterizations for 

Vazquez et a/(1986) Cu2+/Na+ on Lewatit 5-1 
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Table 3.4 Statistical Analysis of the Reduction in Number of Parameters Due to Use of the 

Reciprocal Relationship 

Reference 
>I- Number of data F-statistic Level of 

i j points, N Fa Significance 

A Na H 9 1.00 Not significant 
A K H 9 1.00 Not significant 
B Na H 9 1.00 Not significant 
B Mg H 9 1.01 Not significant 
B Zn H 9 1.68 Significant at 0.25 level 
B Ca H 9 2.00 Significant at 0.25 level 
B Mg Na 9 1.22 Not significant 
B Zn Na 9 1.00 Not significant 
B Ca Na 9 S.12 Significant at 0.025 level 
C Na H 4 1.01 Not significant 
C Ca H 6 1.31 Not significant 
C Ca Na 6 6.68 Significant at 0.025 level 

>I-
The resins and researchers are denoted thus: A = Dowex SOW-X8 (Dechapunya, 1981); 
B Lewatit SP-120 (Vazquez et aI, 1985a); C == Dowex 50W-X12 (Vermeer et aI, 1975). 

3.7 USE OF INFINITE DILUTION ACTIVITY COEFFICIENTS 

Further substantiation of the appropriateness of the reciprocity relation to ion exchange 
equilibrium characterization may be obtained by considering resin phase activity coefficients at 
infinite dilution. 

The Wilson equation for a binary system may be written: 

(3.26) 

At infinite dilution of component 2, Y2 == 0 and Yl 1. Thus it follows that the infinite dilution 

activity coefficient of component 2, h' is given by: 

In h == 1 - A12 - In A21 (3.27) 

Rearranging: 

A21 = { } h exp A12-1 

1 
(3.28) 

By symmetry: 

1 
Au::: ---=---

1;exp{A21 -1} 
(3.29) 
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Using the exponential series; namely: 

(3.30) 

the term exp {AZl ~ 1} may be approximated. Table 3.5 shows the range of Wilson parameters for 

which this approximation is accurate to within 10 per cent, for the given order of the 
exponential approximation. 

Table 3.5 Range of Wilson Parameter for Exponential Series Approximation to be Within 10% 

Order of Acceptable Wilson 
Approximation Parameter Range 

1 0.4 < A < 1.6 

2 -0.1 < A <2.1 

3 -0.7 < A < 2.7 

Table 3.6 lists the number of Wilson parameters within the range of acceptable approximation 

for the 48 binary systems listed in §3.5. 

Table 3.6 Number of Wilson Parameters (of a possible 48) Within the Range Required for 

Approximation to ±10% 

Order of Number of Parameters Within Range 

Approximation Atj Aft 

1 20 39 

2 43 46 
3 46 47 

It be seen from Table 3.6 that there is little improvement by increasing the order of the 

,exponential approximation from 2 to 3: the number of fitted parameters lying within the 

"acceptable" range increasing from 93 per cent to 97 per cent of all the Wilson interaction terms. 

There does, however, appear to be a significant improvement in moving from a first to a second 
order approximation. 

Nevertheless, using the first order approximation, equations (3.28) and (3.29) become: 

1 
Azt=-

YiA12 

whilst using the second order approximation, the following expressions result: 

(3.31) 

(3.32) 

(3.33) 
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(3.34) 

It can be seen that the relations resulting from applying either the first order or second order 
exponential approximation to equations (3.28) and (3.29) are all of the same general hyperbolic 
form as the trough exhibited by the contour plot in Figure 3.26, and are similar to the reciprocity 
relation. 

If the two infinite dilution activity coefficients in the resin phase of a binary ion exchange 
system can be estimated, then the two Wilson parameters for that system may be determined, 
using equations (3.28) and (3.29). Sengupta and Paul (1985) give the following expressions 
relating resin phase activity coefficients to the normalized resin compositions and the 
equilibrium quotient, A.;j: 

(3.35) 

(3.36) 

The thermodynamic equilibrium constant may be estimated by evaluating: 

In Kij:::: I In A.ij dYi (3.37) 

The above equations were obtained by combining the well-known Gibbs-Duhem relation with 

the logarithmic form of the expression for the thermodynamic equilibrium constant. 

In order to perform the above analysis, it was necessary to establish a method of estimating the 

equilibrium quotient at the endpoints of the isotherm. Franklin and Townsend (1988) plotted the 

natural logarithm of the equilibrium quotient against normalized resin phase concentration and 

extrapolated to the endpoints graphically. This approach, however, may not have the desired 
accuracy if data points are mal-distributed with a bias towards one end of the equilibrium 
isotherm, as is the case for many of the available data, especially those for heterovalent 
exchange. Having said this, any selected method will be fraught with similar difficulties as it 
must necessarily involve some sort of extrapolation. 

After some investigation, it was concluded that satisfactory estimates of the end equilibrium 
quotients could be obtained by fitting a cubic equation to the data. Values obtained were 

consistent with those found graphically, but fitting a cubic meant that the process could be 
automated. It is essential, though, when performing the extrapolation in this manner that the 
results are monitored by being plotted. 

The resin phase activity coefficients and the thermodynamic equilibrium constant were then 
able to be evaluated. The integration was performed using the trapezoidal rule. It was found 
that when equations (3.35) and (3.36) were used to estimate the infinite dilution activity 
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coefficients, Yi and rj, the results were not always consistent with those obtained by graphical 
extrapolation. The graphically extrapolated results were preferred in further analyses. 

For the experimental data of Dechapunya (1981) and Vazquez et al (1985a), graphs of the resin 
phase activity coefficients for each ion are presented in Figure 3.51 to Figure 3.59. In each case, 
the data have been extrapolated graphically to infinite dilution. The infinite dilution activity 
coefficients so estimated and the thermodynamic equilibrium constant evaluated from equation 
(3.37) are presented in Table 3.7. 

Table 3.7 Thermodynamic Equilibrium Constants and Infinite Dilution Activity Coefficients in 
the Resin Phase for Selected Systems 

Reference 
,. 

i j Kij Yi rj 
A Na H 1.5134 0.970 0.777 
A K H 2.3738 0.730 0.573 
B Na H 1.5304 0.817 0.679 
B Mg Na 3.4329 0.790 0.733 
B Mg H 13.570 0.814 0.605 
B Zn Na 4.6664 0.938 0.770 
B Zn H 30.457 0.850 0.376 
B Ca Na 50.125 0.944 0.656 
B Ca H 139.19 0.920 0.479 

,. The resins and researchers are denoted thus: A Dowex 50W-X8 (Dechapunya, 1981); 
B::: Lewatit SP-120 (Vazquez et ai, 1985a). 
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Table 3.8 Wilson Parameters for Selected Ion Exchange Systems, Calculated from the 

Relevant Infinite Dilution Activity Coefficients 

Reference 
>l-

i j K·· Aij Aft IJ 

A Na H 1.5134 0.1297 3.0728 

A K H 2.3738 2.7473 0.3041 

B Na H 1.5304 0.0838 3.6816 

B Mg Na 3.4329 0.1345 3.2416 

B Mg H 13.570 0.0457 4.2925 

B Zn Na 4.6664 0.1310 3.0969 

B Zn H 30.457 0.0024 7.2124 

B Ca Na 50.125 0.0576 3.9118 

B Ca H 139.19 0.0108 5.6141 

,. 
The resins and researchers are denoted thus: A = Dowex 50W-X8 (Dechapunya, 1981); 

B = Lewatit SP-120 (Vazquez et ai, 1985a). 

To ascertain the level of viability of the infinite dilution activity method, the 

characterizations due to the above parameters were compared to those previously found by 

fitting the Wilson equation directly to the equilibrium isotherm using the statistical analysis 

outlined in §3.6. The various F-statistics and their significance are presented in Table 3.9. 

Table 3.9 Statistical Analysis of the Characterizations Made Using Infinite Dilution Activity 

Coefficients 

Reference 
>l-

i j Number of data F-statistic Level of 

points, N Fo Significance 

A Na H 9 23.78 Significant at 0.01 level 

A K H 9 1.166 Not significant 

B Na H 9 24.59 Significant at 0.01 level 

B Mg Na 9 1.197 Not significant 

B Mg H 9 13.10 Significant at 0.01 level 

B Zn Na 9 4.095 Significant at 0.05 level 

B Zn H 9 343.6 Significant at 0.01 level 

B Ca Na 9 14.34 Significant at 0.01 level 

B Ca H 9 1.681 Significant at 0.25 level 

>I-
The resins and researchers are denoted thus: A = Dowex 50W-X8 (Dechapunya, 1981); 

B = Lewatit SP-120 (Vazquez et ai, 1985a). 

Table 3.9 shows that, in all but three cases studied, the method of estimating Wilson parameters 

and the thermodynamic equilibrium constant from the activity coefficients predicted by 

Sengupta and Paul's procedure is significantly inferior to simply fitting the experimental data 

directly, as outlined in §3.4. This result is not unexpected since the infinite dilution method 

presented here involves two distinct methods for the estimation of resin phase activity 

coefficients. It is thought that if a method could be found for estimating resin phase infinite 

dilution activity coefficients directly, the value of this method could be enhanced. There are 

chromatographic techniques available for determining infinite dilution activity coefficients in 

vapour-liquid systems (Li et aI, 1989), but these are not immediately applicable to the ion 
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exchange situation. A literature search was unable to reveal any published methods for the ion 
exchange case. 

3.8 CHARACTERIZATION OF TERNARY ION EXCHANGE EQUILIBRIUM 

A procedure similar to that used to characterize binary isotherms was used to obtain Wilson 

parameters and thermodynamic equilibrium constants for several ternary ion exchange systems. 

Each ternary system required two equilibrium constants and six Wilson parameters to be fully 
characterized. 

The ternary systems investigated were: 

e K+ /Na+ /H+ on Dowex SOW-X8 at 25°C (Dechapunya, 1981); 

.. Ca2+ /Na+ /H·, Mg2+ /Na+ /H+ and Zn2+ /Na+ /H+ on Lewatit SP-120 at 20°C (Vazquez et ai, 
1985b)i and 

.. Ca2+/Na+/H+ on Dowex SOW-X12 at 20°C (Vermeer et ai, 1975). 

The quality of £it, FI, yielded by each set of parameters was calculated by: 

M 

L 
1=1 

Ft == --'-------- 100 (3.38) 

The resultant parameters and their associated qualities of fit are listed in Table 3.10. 

Table 3.10 Unconstrained Ternary Ion Exchange Equilibrium Parameters for Selected 
Systems 

~nce" i j k Kij Kik Aij Aji Aik Aki Ajk Akj Ft 

A H Na K 0.6828 0.4394 0.7355 1.4450 0.4981 2.3168 0.5880 1.7440 0.20 

B Ca Na H 31.169 91.599 1.0121 1.0412 3.2067 0.3390 3.2560 0.3390 0.42 

B Zn Na H 4.7422 35.610 1.9389 0.5771 1.8189 1.4351 1.3804 2.3310 0.35 

B Mg Na H 3.6242 98.073 0.6070 2.0650 0.2950 10.987 1.6688 3.9963 0.67 

C Ca Na H 24.102 76.897 0.5846 1.2912 2.3224 0.3947 1.4257 0.5947 0.062 

01-

The resins and researchers are denoted thus: A = Dowex 50W-X8 (Dechapunya, 1981)i 

B = Lewatit SP-120 (Vazquez et aI, 1985b)i C Dmvex 50W-X12 (Vermeer et aI, 1975). 

The fiy~ ternary systems were re-analyzed, using the reciprocity relation as a constraint during 

the parameter optimization. The results are shown in Table 3.11. It can be seen that there was 

little deterioration in the quality of fit between the unconstrained and reciprocally constrained 

cases. The resulting parameters still represented fits well within the experimental uncertainty 
of the original data. 

It is possible that the parameters due to the unconstrained and reciprocal characterizations may 

not be thermodynamically consistent. Hilla (1972) has shown that in order for vapour-liquid 

Wilson parameters describing a ternary system to be consistent, they must satisfy the following 

relation: 

(3.39) 
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Table 3.11 Ternary Ion Exchange Equilibrium Parameters for Selected Systems Using the 

Reciprocal Condition 

Reference 
.. 

i j k Kij Ki/c Aij Aik Ajk Ft 

A H Na K 0.6666 0.4282 0.5770 0.3811 0.5949 0.21 

B Ca Na H 32.251 93.152 0.9143 3.3669 3.8273 0.43 
B Zn Na H 4.6844 22.941 2.0194 3.4509 3.6040 0.43 
B Mg Na H 3.8783 96.478 0.3628 0.0767 0.0735 0.74 

C Ca Na H 30.445 77.294 0.8642 2.1883 2.1031 0.10 

.. 
The resins and researchers are denoted thus: A::: Dowex 50W-X8 (Dechapunya, 1981); 

B::: Lewatit SP-120 (Vazquez et ai, 1985b); C = Dowex 50W-X12 (Vermeer et ai, 1975). 

The same equation may be derived for the ion exchange situation. Therefore, the data for the 
five systems under consideration were re-analyzed by invoking the Hilla constraint, ensuring 

thermodynamic consistency of the results. These are listed in Table 3.12. It is evident that the 
quality of characterizations due to the parameters fitted using the Hilla constraint are similar 

to those for the unconstrained case. It may therefore be concluded that the experimental data 
were thermodynamically consistent, and that the Hilla relation is appropriate for Wilson 
parameters in ion exchange. 

Table 3.12 Ternary Ion Exchange Equilibrium Parameters for Selected Systems Using the Hala 

Constraint 

Reference * i j k Kij Kik Aij Aji Aik Aki Aik Ft 

A H Na K 0.6410 0.4123 0.5971 1.6748 0.3712 2.6940 0.6217 0.24 
B Ca Na H 31.101 91.642 0.9773 1.0232 3.1860 0.3138 3.2637 0.43 
B Zn Na H 5.0697 35.265 1.9611 0.5772 1.7872 1.3921 1.0322 0.38 
B Mg Na H 3.5220 96.022 0.4295 2.3376 0.0700 14.225 0.2647 0.91 

C Ca Na H 29.842 78.249 0.9405 0.9660 2.1585 0.4238 2.1938 0.093 

.. 
The resins and researchers are denoted thus: A::: Dowex 50W-X8 (Dechapunya, 1981); 

B::: Lewatit SP-120 (Vazquez et ai, 1985b); C ::: Dowex 50W-X12 (Vermeer et ai, 1975). 

Finally, the ternary characterizations were performed, using both the Hilla constraint and the 

reciprocity relation simultaneously. The resulting parameters and associated qualities of fit are 
detailed in Table 3.13. 

Table 3.13 Ternary Ion Exchange Equilibrium Parameters for Selected Systems Using Hala 

and ReCiprocal Constraints 

Reference 
.. 

i j k Kij Kifc Aij Aik Ft 

A H Na K 0.6410 0.4123 0.5971 0.3712 0.24 
B Ca Na H 31.103 91.612 0.9773 3.1868 0.43 
B Zn Na H 3.7010 22.243 1.4974 3.4466 0.78 
B Mg Na H 3.2200 96.239 0.4348 0.0699 1.10 
C Ca Na H 29.581 78.331 1.1623 1.9957 0.22 

" The resins and researchers are denoted thus: A = Dowex 50W-X8 (Dechapunya, 1981); 

B::: Lewatit SP-120 (Vazquez et ai, 1985b); C == Dowex 50W-X12 (Vermeer et aI, 1975). 



3.8 Characterization of Ternary Ion Exchange Equilibrium 75 

The qualities of fit due to the four methods unconstrained characterization, use of the 
reciprocal relationship, use of the Hila constraint, and simultaneous application of the Hala 

and reciprocity equations - are listed in Table 3.14 to allow their direct comparison. 

Table 3.14 Qualities of Fit for Various Methods of Ternary Ion Exchange Equilibrium 
Characterization 

Quality of Fit, Ft 

Reference 
,. 

i j k Reciprocal 
Unconstrained Reciprocal Hala 

& Hala 

A H Na K 0.20 0.21 0.24 0.24 
B Ca Na H 0.42 0.43 0.43 0.43 
B Zn Na H 0.35 0.43 0.38 0.78 
B Mg Na H 0.67 0.74 0.91 1.10 

C Ca Na H 0.062 0.10 0.093 0.22 

,. The resins and researchers are denoted thus: A:: Dowex 50W-X8 (Dechapunya, 1981); 

B:: Lewatit SP-120 (Vazquez et ai, 1985b); C = Dowex 50W-X12 (Vermeer et ai, 1975). 

Graphical presentation of a selection of the ternary characterizations is made in Figure 3.60 to 
Figure 3.63. 

The reduction in the quality of fit due to reducing the number of parameters characterizing the 
ternary system from eight to four is of an acceptable magnitude in all cases. Moreover, the 

characterizations are still within the experimental uncertainty of the measured data. 

There is therefore additional evidence that the reciprocity of Wilson parameters is a valid 

simplification of the Wilson equation when applied to ion exchange. The results also show the 

applicability of the Hilla constraint to ternary ion exchange Wilson parameters. 
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3.9 CONCLUSION 

Forty-eight binary ion exchange equilibrium isotherms have been successfully characterized 
using the Debye-Hiickel relation and the Wilson equation to account for solution and resin phase 

non·idealities. 

The characterizations were simplified by noticing the reciprocal relationship between a pair of 
Wilson parameters describing a binary system. The validity of this simplification has been 
shown by comparing the characterizations achieved when the reciprocity hypothesis was and 
was not invoked. Theoretical justifications for the relationship - namely consideration of 

intermolecular forces, and infinite dilution activity coefficients - have been presented. 

By successfully extending the characterization algorithm to five ternary ion exchange systems, 
the validity of the Hala constraint has been shown. Further evidence of the viability of the 
reciprocity hypothesis was gained. 

While the method of using infinite dilution activity coefficients to determine Wilson 
parameters in its present form gives poor characterizations, there is scope for amelioration in 

the future, if an experimental technique for the direct determination of resin phase activity 
coefficients at infinite dilution can be developed. 



Chapter 

The Prediction of Multicomponent Ion Exchange 
Equilibrium, Using the Wilson Equation 

for Resin Phase Activity Coefficients 

4.1 SCOPE 

In this chapter, ternary ion exchange equilibria are predicted from binary equilibrium data, 

using the Wilson equation for solid phase activity coefficients, and the parameters estimated in 
Chapter 3. 

The predictive abilities using the unconstrained parameters, the parameters constrained by the 

reciprocity hypothesis, those restricted by the Hilla relation, and a combination of both are 
compared. 

4.2 THE THERMODYNAMICS OF ION EXCHANGE EQUILIBRIUM ICTION 

The use of the Wilson model to account for non-idealities in the resin phase means that the solid 

phase activity coefficients in an ion exchange system with more than two counter-ions may be 
estimated directly from the parameters characterizing the constituent binary equilibrium 

systems. 

To predict the equilibrium compositions in a ternary ion exchange system when the solution 

composition is known, the following relations need to be solved simultaneously: 

(4.1) 

(4.2) 

81 



82 Chapter 4: The Prediction of Ion Exchange Equilibrium Using the Wilson Equation 

(4.3) 

While it is possible to write three equilibrium relations of the form of equation (4.1) for a 

ternary system, only two of these will be independent, and so the constraint that the sum of the 
normalized resin phase concentrations be unity is used. 

Thermodynamic techniques are required for the estimation of the solution and resin phase 
activity coefficients. As before, the extended Debye-Hiickel relation and the Wilson equation 

have been used for these purposes. 

Predictions of a ternary system may be made by utilizing the parameters fitted to the data of 
each of the binary systems contained in the ternary under consideration; namely thermodynamic 

equilibrium constants for two of the three constituent binaries, and two Wilson interaction 

parameters for each binary. The parameters used, however, will not necessarily be 
thermodynamically consistent in terms of the Hila constraint relating Wilson parameters. 
Neither does this approach incorporate the simplification due to the reciprocity relation. 

These points may be addressed in several ways. 

By combining the Hila relation: 

with the reciprocity hypothesis for one of the three binary pairs: 

1 
Aji A .. 

IJ 

the following equation results: 

(4.4) 

(4.5) 

(4.6) 

Thus, if Wilson parameters for two of the three constiutent binaries in a ternary system are 
known, the Wilson parameters for the third binary may be estimated using equations (4.6) 

and (4.5). In addition, if the reciprocal relation is used in the characterization of the two known 
binary pairs, then equation (4.6) may be further simplified to give: 

(4.7) 

If the thermodynamic equilibrium constant for the third binary pair is required, the triangle 
relation may be used to obtain a first approximation which, as shown in §3.5 of this work, may 

not always describe the experimental data well. 

4.3 THE PREDICTION OF TERNARY ION EXCHANGE ISOTHERMS 

It is clear that there a number of different possible sets of binary parameters which may be used 

for the prediction of ternary ion exchange equilibrium isotherms, as shown by the Venn diagram 
in Figure 4.1. 
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The Sets of Binary Parameters Available for the Prediction of Ternary Ion 

Exchange Equilibrium Isotherms 

The various parameters sets that were used are as follows: 

A: Experimentally determined unconstrained parameters for all three constituent binaries 

(after Smith and Woodburn (1978) and Vazquez et ai, (1985b». Six experimentally 
determined Wilson parameters were required. 

B: Experimentally determined unconstrained parameters for two constituent binaries, with 
the third pair of Wilson parameters generated using equations (4.6) and (4.5). Three 

different combinations were used: 
(0 The ion with the most affinity for the resin in the ternary system was the counter~ 

ion common to the two experimental binaries; 
(ii) The second-most favourably adsorbed ion was the common counter-ion; and 

(i i i) The least favourably adsorbed ion was the common counter-ion. 

Four Wilson parameters were required to be determined experimentally. 

c: Experimentally determined parameters constrained by the reciprocity relation for all 

three constituent binary systems. Three independent experimental Wilson parameters 

were needed. 

D: Experimentally determined parameters constrained by the reciprocity relation for two 

constituent binary pairs with the third pair of parameters found from equation (4.7). The 
three cases (i), (ii) and (iii) as for Method B were used. This method required only two 
experimental Wilson parameters. 

Methods A and C required experimental binary parameters for all three constituent binaries, 

whereas Band D only required data for two of the binary systems contained in the corresponding 
ternary. 

In each case, only two equilibrium constants were required to make the ternary predictions. In 

those cases where all three equilibrium constants were known - that is methods A and C - the 
two equilibrium constants used were those two which contained the most selected ion, as 

recommended by Bajpai et al (1973). For cases Band D, where only two of the equilibrium 
constants were known, the third was calculated via the triangle relation, equation (3.12), In 

these cases, it was not important which two equilibrium constants were subsequently used in the 
predictive process of equations (4.1)-(4.3), as they were not independent. In each case, the third 
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equilibrium constant was merely used to compute the equilibrium diagram along the third side of 
the triangle. 

The numbers of Wilson parameters and thermodynamic equilibrium constants required for the 
prediction of ternary ion exchange equilibria, and more generally for an N~component system, 
using methods A~D above are listed in Table 4.1. 

Table 4.1 Number of Paramters Required for the Prediction of Multicomponent Ion Exchange 
Equilibrium Isotherms 

Method Number of Parameters Required 

Used Ternary N-component 

A 8 N2-1 

B 6 3(N -1) 

C 5 2N -1 

0 4 2(N -1) 

While the reduction in the number of required parameters due to the use of method D is not 

dramatic for the ternary case, the possible gains soon become apparent for quaternary and higher 
order systems. 

The ternary systems predicted in this work were: 

.. K+ /Na+ /H+ on Dowex SOW-X8 at 25°C and 0.1 N total solution concentration (Dechapunya, 
1981); 

'" Ca2+ /Na+ /H+, Mg2+ /Na + /R" and Zn2+ /Na+ /H+ on Lewatit SP-120 at 20°C and 0.1 N total 

solution concentration (Vazquez et aI, 1985b); and 

'" Ca2+ /Na+ /H+ on Dowex SOW-X12 with a total solution concentration of 0.1 N (Vermeer et aI, 
1975). 

The parameters used were those fitted to the constituent binary pairs, and listed in 

Chapter Three, in the tables appropriate to the method used; Table 3.2 for Methods A and B, 
and Table 3.3 for Methods C and D. Equations (4.1)-(4.3) were solved using a Hooke and Jeeves 

algorithm (Kuester and Mize, 1973) coded in FORTRAN on a V AX 6210 superminicomputer. 

4.4 RESULTS OF TERNARY ION EXCHANGE EQUILIBRIUM PREDICTIONS 

The qualities of fit due to the various predictive methods used are listed in Table 4.2. The 
predictive quality, F t, was evaluated using equation (3.38) and is the average deviation of each 

ionic composition from the experimentally measured value, expressed as a percentage of the 
total resin capacity. 

As an example, the experimental and predicted equilibrium compositions for the H+ /Na+ /K+ 
system on Dowex 50W-X8, using Method B(iii) are shown in Table 4.3. 

Graphical presentation of these data, as well as those for other predictive methods and systems 

are given in Figures 4.2-4.27. 
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Table 4.2 Qualities of Prediction. Ft. for Ternary Ion Exchange Predictions 

Method 

Reference " i j k 3 Pairs 2 Pairs 

A C B(i) DO> BOi) DOO BOu) DOH) 

A H Na K - - - - - - 0.4 0.5 
B Ca Na H 0.9 0.8 0.8 0.9 6.1 1.4 2.9 1.1 

B Mg Na H 1.0 0.9 1.3 1.6 1.5 1.9 2.5 5.8 
B Zn Na H 0.8 1.1 1.8 1.6 3.2 3.4 4.7 4.5 
C Ca Na H 0.3 0.6 0.4 0.6 0.5 0.8 0.6 0.8 

" The resins and researchers are denoted thus: A = Dowex 50W-X8 (Dechapunya, 1981); 

B = Lewatit SP-120 (Vazquez et al, 1985b); C = Dowex 50W-X12 (Vermeer et aI, 1975). 

Table 4.3 Comparison of Experimental Data and Method 8(iii) Predictions for the 

Dechapunya (1981) K+/Na+/H+ System on Dowex 50W-X8 at 0.1 N Total Solution 

Concentration 

Experimental YK YNa YH 

xK xNa XH Expt Pred. Expt Pred. Expt Pred. 

0.2 0.1 0.7 0.367 0.369 0.101 0.104 0.532 0.526 
0.4 0.1 0.5 0.567 0.574 0.086 0.087 0.347 0.339 
0.5 0.1 0.4 0.655 0.653 0.078 0.082 0.266 0.265 
0.6 0.1 0.3 0.722 0.723 0.075 0.079 0.203 0.198 
0.7 0.1 0.2 0.785 0.789 0.077 0.077 0.138 0.134 
0.8 0.1 0.1 0.846 0.854 0.081 0.076 0.073 0.070 
0.1 0.2 0.7 0.212 0.208 0.223 0.230 0.564 0.562 
0.3 0.2 0.5 0.460 0.466 0.184 0.185 0.356 0.349 
0.4 0.2 0.4 0.557 0.558 0.170 0.172 0.273 0.270 
0.5 0.2 0.3 0.641 0.637 0.158 0.163 0.201 0.199 
0.6 0.2 0.2 0.705 0.709 0.157 0.158 0.138 0.134 
0.7 0.2 0.1 0.776 0.777 0.151 0.155 0.073 0.069 
0.2 0.3 0.5 0.339 0.341 0.297 0.297 0.364 0.363 
0.3 0.3 0.4 0.450 0.451 0.265 0.272 0.285 0.277 
0.4 0.3 0.3 0.540 0.543 0.251 0.255 0.208 0.202 
0.5 0.3 0.2 0.626 0.623 0.236 0.243 0.138 0.134 
0.6 0.3 0.1 0.693 0.696 0.234 0.236 0.073 0.068 
0.1 0.4 0.5 0.189 0.189 0.429 0.429 0.382 0.382 
0.3 0.4 0.3 0.437 0.437 0.351 0.357 0.212 0.206 
0.4 0.4 0.2 0.523 0.529 0.336 0.336 0.140 0.135 
0.5 0.4 0.1 0.610 0.610 0.317 0.323 0.073 0.068 
0.3 0.5 0.2 0.424 0.424 0.434 0.439 0.142 0.137 
0.4 0.5 0.1 0.519 0.516 0.408 0.417 0.073 0.068 
0.1 0.6 0.3 0.179 0.174 0.600 0.606 0.221 0.220 
0.2 0.6 0.2 0.308 0.305 0.546 0.555 0.146 0.140 
0.3 0.6 0.1 0.421 0.412 0.503 0.520 0.075 0.068 
0.1 0.7 0.2 0.170 0.167 0.680 0.689 0.150 0.144 
0.2 0.7 0.1 0.296 0.295 0.627 0.635 0.077 0.069 
0.1 0.8 0.1 0.168 0.160 0.755 0.769 0.077 0.071 
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4.5 DISCUSSION OF TERNARY ION EXCHANGE EQUILIBRIUM PREDICTIONS 

For the K+ /Na+ /H+ system, using Method BOii) the average relative discrepancy between 

experiemental and predicted equilibrium data was 2.1 per cent, which is within the range of the 

uncertainties in the measured equilibrium compositions of between 1.5 per cent and 3.3 per cent 
(Dechapunya, 1981). When Method D(iH) was applied to the same system, that is the 
reciprocal binary parameters were used, the average relative discrepancy increased to 

2.4 per cent, but this is still of an acceptable magnitude, being within the uncertainty of the 
experimental data. 

Table 4.2 clearly shows that when using only two of the three constituent binary pairs in a 
ternary prediction, the closest results were achieved when the two pairs used both contained the 
ion with greatest affinity for the resin. In other words, predictions made using Methods B(i) and 
D(i) were superior to those due to Methods BOD, B(iiD, DOi) and DOH), respectively. When 

the common ion was chosen to be one of the two less selected ions, a significant reduction in mantic 
quality was observed. This result is in agreement with the findings of Bajpai et at (1973). 

It seems reasonable that it should be the case that using the two binary pairs containing the most 

selected ion should give better predictions. These two pairs will have a larger selectivity 
coefficient than the third, indicating a greater difference in physico-chemical properties 

between the given ions. Because of the larger difference in properties, greater thermodynamic 
non-idealities are likely to be apparent in the systems. By using these two systems with the 

most non-ideal behaviour in the predictive method, the non-idealities in the ternary system 
will be best accounted for. 

It may also be seen from Table 4.2 that the levels of prediction were similar due to using three 

unconstrained binaries, three reciprocally fitted binaries, two unconstrained binaries mutually 
containing the most selected ion, or two reciprocally fitted binaries containing the most selected 

ion; that is Methods A, C, B(i) and D(i) all yielded predictions of similar quality. Furthermore, 

the accuracy of these predictions was within the experimental uncertainty of the measured 

equilibrium data. 

It is therefore unnecessary to undertake time-consuming, and hence expensive, experimental 

programmes to determine ternary ion exchange equilibrium data. Rather, by measuring the 

equilibrium isotherms for the two constituent binaries containing the ion with the greatest 
affinity for the ion exchanger, one of the methods presented in this work - either Method B(i) or 
Method D(i) - may be confidently used to obtain the required ternary equilibrium information. 

In the general case of higher order systems, (N - 1) binary isotherms need to be obtained to use 

the method to predict an N-component system. 

As discussed in §3.5, some of the binary data of Vazquez et at (1985a) used in generating the 

binary parameters were unevenly distributed along their respective isotherms. Although they 
were evenly spaced in terms of normalized solution concentration, they were bunched towards 

the high end of the normalized resin concentration scale, owing to the high selectivity 

coefficients of the systems concerned. Consequently, when using two binary pairs to predict a 

ternary system when one of the binaries does not contain the most selected ion, the ternary data 

were remote from the binary characterization, as may be seen from, for example, Figure 4.7. This 

would result in a loss in predictive ability. 
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The reduction in the quality of fit due to Methods B(iO, BOH), D(H) and D(iH) was less 
apparent for the Ca2+ INa+ IH+ data obtained by Vermeer et al (1975). This effect is due to the 
fact that the binary and ternary data under consideration were more evenly distributed than 
those of Vazquez et al. There was, nevertheless, a small loss in the predictive quality when the 
most selected ion was not present in the two binaries used for the ternary prediction. Although 
no such comparisons are possible for the K+ INa+ IH+ system since only data for the K+ IH+ and 
Na+ IH+ binaries were available, predictions using Methods DOH) and B(iii) show excellent 

agreement with the experimental equilibrium data, despite the fact that only one of the binary 

pairs contained the most selected ion, K+. This would appear to be due to the fact that the 
experimental data for both the binary and ternary systems are well distributed. Obviously, this 
is easier to achieve in isovalent situations, where selectivity coefficients are generally lower 
than for heterovalent exchange systems. 

Even though satisfactory equilibrium predictions result when the common ion in the two binary 
pairs used for the prediction is not the most selected ion, especially when the data are well 
distributed, it is recommended that the pairs with the most selected ion in common be used 

whenever pOSSible so as to obtain the greatest possible accuracy. 

4.6 CONCLUSION 

Ternary ion exchange equilibria have successfully been predicted from the experimental data of 
binary systems. The extended Debye-Hiickel relation was used to estimate solution phase 
activity coefficients and the Wilson equation was used for to account for non-idealities in the 
resin phase. 

Using the Hila relation and the reciprocity hypothesis, predictions made from data for two 

binary pairs were of similar accuracy to those made with when data measured for all three 
binary systems was used. Best predictions using two binary pairs resulted when the most 

favourably selected ion in the ternary system is common to the binary pairs used. 

The deviation between the experimental and predicted ternary equilibrium compositions was 

within the uncertainty of the measured data. 

Best results for ternary ion exchange predictions were obtained when the binary experimental 

data were well distributed. 



Chapter 

Theory and Design of the CSTR 
for Ion Exchange 

5.1 REVIEW OF OTHER METHODS THE DETERMINATION OF ION 

EXCHANGE EQUILIBRIUM ISOTHERMS 

A number of methods available for the determination of ion exchange equilibria have been 
surveyed by Turner and Murphy (1983). These are: 

(a) Batch method. The resin is contacted with an ionic solution and time allowed for the 

system to attain equilibrium. Stirring and temperature control may be required. The two 
phases, solution and resin, are then analysed to give a material balance as a check on 

experimental accuracy. The method is straightforward, but tedious, as a separate 
experiment is required for each datum. Obtaining many data points from one resin sample 

may introduce error due to loss of exchange capacity over a period of time, but the use of 
different samples may cause error due to resin variability. 

(b) Progressive batch method. The resin is contacted with a solution of progressively 
changing composition, allowing system equilibration between composition changes. These 

changes in solution composition are achieved by the addition of aliquots of a desired ionic 
solution. At each equilibrium stage, the solution is analysed and the resin composition is 

inferred from material balance. Thus, using the progressive batch method, it is not 
possible to check experimental accuracy. Errors will tend to accumulate during a series of 
measurements. 

(c) Column breakthrough method. A packed column of resin of known uniform composition is 

eluted with a solution of the same known total concentration as before, but with a higher 

fraction of the preferred ion. A sharp front is formed. Measurement of the volume fed to 
the bed before the breakthrough of the front allows calculation of one equilibrium datum. 

The feed solution composition is then altered and the process repeated. 
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(d) Column elution method. A packed column of ion exchange resin entirely in the preferred 
ion form is prepared. The column is then eluted with a solution of only the less-preferred 
ion. A broadening front results. The complete equilibrium isotherm may then be inferred 
from the exit breakthrough curve. This method was proposed by Glueckauf (1949), based 

on the work of de Vault, Wilson, and Weiss. 

According to Turner and Murphy, methods (c) and (d) have disadvantages because they only 
allow measurements to be taken in one exchange direction, and error may be introduced as a result 

of axial dispersion, liquid mal-distribution and kinetic effects. 

5.2 THEORY OF THE CSTR METHOD 

The ion exchange continuous stirred-tank reactor (CSTR) may be represented as shown in 
figure 5.1. 

Figure 5.1 

Total concentration Co 
Feed x F --------. 

Solution volume V 
Solution concentration x(t) 
Resin mass M 
Resin capacity Q 
Resin concentration y(t) 

Block diagram representation of the ion exchange CSTR 

A mass balance for a given ion, A say, may be performed for the case of the binary exchange 

reaction in which the counter-ions are A and B. Initially, the resin and the solution are in the 

pure B form. The feed solution contains only A ions. Perfect mixing in the CSTR and negligible 

kinetic effects are assumed. Thus, the solution and resin phase concentrations, x and y, have been 

assumed to be in mutual equilibrium at all times throughout the ion exchange reaction. 

XF Co F(t) dt ::: x(t) Co F(t) dt + M Q dy + V Co dx 

where Co :::: total concentration of solution; 

F(t) ::: flowrate of solution through vessel at any given time; 

M ::: mass of ion exchange resin; 

Q :::: resin capacity; 

::: time; 

V ::: volume of solution in vessel; 

XF :::: normalized solution concentration of given ion in influent stream; 

(5.1) 
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x(t) = normalized concentration of given ion in solution phase; and 

yW = nonnalized concentration of given ion in resin phase. 

Rearranging equation (5.1), and recalling that the feed solution contains only A ions, we obtain: 

(1 - x(t»CoF(t)dt M Q dy + V Co dx 

Integrating with respect to time, between a start time t = 0 and a given time t yields: 

At time t = 0, the compositions in the resin and solution phases are zero. Therefore: 

S
t MQ 
F (1 x) dt :: C y + V x 

o 0 

The left-hand side of equation (5.4) may be integrated by parts: 

Putting u 1 - x 
du ::: -dx 

dv ::: F dt 

v =E/p 

where E ::: mass of effluent collected up to time t; and 

p = density of effluent solution. 

Therefore: 

+pVx 

Solving for y, we obtain the following result: 

y ~ {E (1 - x) + IX E dx - pV x} 
MQp 0 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

Thus, knowing the vessel volume, the resin capacity, the feed composition, the mass of resin, and 
the solution concentration and flowrate profiles with respect to time, the variation of resin 
concentration over time may be obtained. Hence, it is possible to infer the equilibrium isothenn. 
The analysis is represented graphically in Figure 5.2. 

The capacity of the resin may be estimated by noting that x ~ 1 and y ~ 1 as t ~ 00. 

So, as t :: ""', equation (5.6) may be written: 

l=~{Jl E dX-PV} 
MQp 0 

(5.7) 

Whence, an expression for the resin capacity is found: 

(5.8) 
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Normalized Solution Concentration, x 

Graphical Representation of Isotherm Evaluation 

Therefore, to obtain an estimate of the capacity of the resin, the CSTR would run over a long 
period, until such time as the influent and effluent concentrations were the same. 

5.3 SELECTION OF CSTR GEOMETRY 

The CSTR designed and used by Turner and Murphy achieved mixing of the solution by means of 

an external pump which recirculated a volume of fluid equivalent to the vessel volume every 
10 seconds. This method was not chosen for this work because it was considered advantageous to 

have the entire mixing volume contained within the CSTR itself. 

Instead, it was decided to use a rotating "cage" stirrer, based on that used by Seagar (1968). As 

shown in Figure 5.3, the stirrer basically consists of a cylinder through which an array of holes 

has been drilled. A nylon gauze is stretched to cover the inside of the cylinder. 
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Figure 5.3 Isometric Half-Sectional Representation of Rotating Cage Stirrer (not to scale) 

When the stirrer is rotated, the liquid within the CSTR follows the flow pattern indicated in 
Figure 5.4. The ion exchange resin is carried by the solution into the cylinder, and so forms a 
layer on the gauze inside the stirrer. 

Other workers, including Kressman and Kitchener (1949), Li~rti and Passino (1974) and Holl 

and Kirch (1978), have used rotating cage stirrers for ion exchange experiments, but these have 
all kept the resin contained in the cage at all times, rather than the method used here in which 
the resin is only drawn into the cage during stirring. 

Qualitative mixing trials were conducted using an apparatus similar to that in Figure 5.4. Ion 
exchange resin particles were added and found to accumulate on the nylon gauze inside the 
stirrer as required. Mixing effectiveness was studied by the addition of potassium permanganate 
crystals. Visual inspection revealed good mixing. During these trials, a single vertical baffle 
was used to prevent vortexing. There was evidence of increasing air entrainment as the 
rotational velocity of the stirrer was increased. This result is consistent with Kressman and 
Kitchener, who found that, as stirrer speed was increased above a certain level, there was an 
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increase in air entrainment, and a corresponding increase in the half-time for the ion exchange 

reaction. 

Figure 5.4 Flow Pattern in the CSTR using the Rotating Cage Stirrer 

An effluent overflow is required to keep the CSTR at constant volume. If an overflow weir was 
added to the arrangement shown in Figure 5.4, the height of the free surface of the liquid would 

be affected by any perturbations in the rotational velocity of the stirrer. Thus it is necessary to 
employ an arrangement which will effectively suppress any vortex formation and remove any 

dependence of effluent flow on stirrer speed. 

For this reason, the design shown in Figure 55 was adopted. 

Feed--,~1IIIIiI"-

Figure Shape of CSTR Chosen for Vortex Suppression 
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This design achieves further vortex suppression as a result of baffling due to the ion selective 
electrodes used for composition measurement which are inserted through the conical lid of the 
CSTR, normal to its surface. The vortex inhibition afforded by this design was considered 
sufficient,obviating the need for supplementary baffles. 

Detailed workshop drawings of the ion exchange CSTR and stirrer may be found in Appendix SA. 

5.4 ESTIMATION OF APPROPRIATE THROUGHPUT RATE 

In order to select an appropriate influent rate to the CSTR, it was necessary to estimate the 
half-time for ion exchange equilibrium to be obtained. 

A CSTR geometry was arbitrarily selected. The vessel itself was designed to have an 
approximate volume of 800 ml, with an aspect ratio of 1:1. The agitator diameter was fixed at 

25 mm, with 180 holes of 2 mm diameter, giving a total hole area of 5.65 x 10,,4 m2• Selecting a 
rotational speed of 500 rpm, the resulting recirculation time for the solution in the CSTR was 

estimated to be approximately 2.2 seconds. This yielded a particle Reynolds number of 455 for 
the flow of solution through the ion exchange particles coating the inside surface of the rotating 

cage stirrer. Detailed calculations may be found in Appendix 58. 

Expressions for estimating the film-side and particle-side half-times for ion exchange 

equilibrium are given by Turner and Murphy. For the film-side, the half-time, to.5, is: 

where aAB ::::: separation factor for A-8 exchange; 

r 0 = radius of ion exchange resin particle; 

o ::::; effective film thickness; and 

Df ::::: film diffusivity of exchanging ion. 

Several correlations are available for estimating the effective film thickness, o. For particle 
Reynolds numbers between 20 and 150000, Helfferich (1962) gives the following equation: 

(5.10) 

where Sh is the Sherwood number and Sc is the Schmidt number. The Sherwood number is 

defined as: 

where kF mass transfer coefficient in the film. 

The Schmidt number is given by: 

v 
Sc:: -Df 

where v:: kinematic viscosity. 

(5.11) 

(5.12) 
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For the configuration used in this work, the film thickness was estimated (Appendix 5B.2) to be 
4.8 J..Lm. For average concentration conditions, the film-side half-time was found to be 
12.4 seconds. 

The particle-side half-time relation is: 

r2 
to.5 == 0.030 D 

p 

where Dp ::: particle diffusivity. 

(5.13) 

Particle diffusivities for the ions used in this study lay in the range 1.3 X 10-9 to 10-10 m2 S-1 

(Helfferic h, 1962). The average resin particle diameter was 0.7 mm. The particle-side 
half-time was thus between 2.8 and 37 seconds. 

The film-side and particle-side half-times for equilibrium were of a similar order, although 

depending on the particle diffusivity, the exchange reaction may be particle controlled. The 

maximum estimated half-time was 37 seconds. It was decided to base the throughput rate'on an 

average residence time of 100 half-times, or about one hour. Whence, given a CSTR volume of 

800 ml, an influent flowrate of 13.3 ml min-1 was determined to be appropriate. 

5.5 MA'rHEMATICAL MODEL OF OPERATION 

A mathematical model of the ion exchange CSTR was written. For the purposes of the model, it 

was assumed that the equilibrium isotherm may be described by a constant separation factor: 

(5.14) 

where a::: separation factor 

By rearranging and differentiating, an expression for the change in resin phase concentration 

with respect to solution phase composition may be obtained: 

(5.15) 

Substituting equation (5.10) into equation (5.2) and rearranging, a differential equation for the 

time variation of solution phase concentration results: 

dx F 

"it = { MQa } 
Co [(a - 1) x + 1]2 + V 

(5.16) 

A fourth-order Runge-Kutta method was used to obtain the solution concentration versus time 

profile. 

Figure 5.6 shows the resultant solution and resin concentration profiles when the model was 

applied to a vessel of 800 ml volume, containing a total exchange capacity of 20 meq and a 
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Figure 5.6 Concentration Against Time Profiles for Representative CSTR Simulation 

throughput rate of 13.3 ml min-t. The total concentration was 0.1 N and the counter-ions were 

sodium and hydrogen, for which a separation factor of 1.5 was used. 

The above analysis showed that after hours (the time after which 6 kg of effluent has been 

collected, this being the capacity of the balance to be used) the resin will have reached 99.88 per 

cent of exhaustion. This is close enough to total exhaustion for the difference to be negligible. 

Further simulations revealed that the total volume of solution required for exhaustion is 

independent of the influent flowrate, although it must be remembered that in practice the flow 

must be low enough to ensure that the resin and solution concentrations are in mutual equilibrium 

at all times. For a given binary exchange, the model predicted that the total flow volume was 

only a function of the total exchange capacity of the resin and the total solution concentration. 



Figure 503..1 CSTR Cover 

Figure 5A.2 CSTR Tank 

Figure 503..3 Stirrer, Electrode Sleeve and Cap 

Appendix 

Workshop Drawings of 
Ion Exchang CSTR 
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Appendix 

Calculations Involved in Design 
of Ion Exchange CSTR 

58.1 FLUID DYNAMICS CALCULATIONS 

The rotating cage stirrer has 180 holes of 2 mm diameter. 

Therefore: 

iT: 
Total hole area"" 180 4" tP "" 5.65 x 1()4 m2 

The velocity of fluid travelling through the holes, Vh, is given by the equation: 

where N :::: rotational speed of stirrer [rpm]; and 

rs :::: radius of rotating cage stirrer. 

(5B.1) 

(5B.2) 

With a rotational speed of 500 rpm and a stirrer diameter of 25 mID, the resulting fluid velocity 
through the holes is 0.65 m S·l, or a volumetric flow rate of 370 mI 5.1, 

The CSTR volume is approximately 800 ml, and therefore the average time for total 
recirculation of the solution in the vessel will be about 2.2 seconds. 

Particle Reynolds number, Rep, is defined by the equation: 

(5B.3) 

where ro = particle radius; 

v = velocity of flow across particle; and 
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v = kinematic viscosity of solution. 

The resin used in all experiments is Dowex 50W-X8, 16-40 mesh, or a particle size range of 

0.39-1.00 mm. Assuming a symmetrical particle size distribution, the average resin grain 
diameter is 0.7 mm. Low concentration aqueous solutions at room temperature have a kinematic 
viscosity of approximately 10-6 m2 S-l. If the velocity of the solution flowing across the resin is 
assumed to be equal to the velocity through the stirrer holes, then: 

Rep ::: 0.65 x 0.7 x 10-3 = 455 (5B.4) 

5B.2 ESTIMATION OF FILM-SIDE HALF-TIME 

In aqueous solutions at room temperature, approximate values for the kinematic viscosity and 
film diffusivity are 10-2 cm2 S·l and 10-5 cm2 s·l, respectively. Therefore: 

10'2 
Sc = 10'5 = 1000 (5B.5) 

At a particle Reynolds number of 455, the Sherwood number, Sh, may be determined from 
equation (5.10): 

Sh :::: 0.37 (455)°·6 (1000)1/3 = 146 (5B.6) 

Then, using equation (5.11), the effective film thickness, 0, can be found: 

2 '0 0.7 X 10'3 
o = S h:::: 146 == 4.8 fJ.ffi (SB.7) 

For exchange between sodium and hydrogen ions, the separation factor, a, is approximately 1.5 
(Dechapunya, 1981). The total solution concentration used in all experiments is 0.1 N, and the 

resin capacity is about 2 eq 1.1• 

Equation (5.9) may be used to estimate the film-side half-time for the equilibrium reaction. 
A verage values of solution and resin normalized concentrations of 0.5 and 0.6, respectively, are 

assumed. 

0.35 X 10.3 x 4.8 X 10-6 x (2 x 0.7) 
to.5 = (0.167 + 0.065 x 1.5) 10-9 x (0.1 x 0.5) - 12.4 s (5B.S) 



6.1 SCOPE 

Chapter 

Use of th CSTR to 
Obtain Ion Exchange 

Equilibrium Data 

The experimental procedure for the C5TR designed in Chapter 5 is detailed, and preliminary 
results are reported. The transient behaviour of the pH electrode used is investigated and 
appropriate adjustments to measurements are made. The kinetics of the CSTR process are also 
measured, to check the validity of the assumption that the resin and solution compositions are 
always in mutual equilibrium. The equilibrium isotherm obtained for the Na+ /H+ system on 
Dowex SOW X8 is compared with that measured by Dechapunya (1981), and with points 
measured batch-wise using the stirred vessel. Wilson parameters and a thermodynamic 
equilibrium constant are fitted to the experimental C5TR isotherm. 

6.2 APPARATUS 

A schematic diagram of the complete apparatus used for the determination of ion exchange 
equilibrium isotherms is presented in Figure 6.1. 

The feed reservoir was a 10 litre plastic aspirator. An all-plastic centrifugal pump drove the 
feed solution into the constant head tank, constructed from QVF glassware. The overflow from 
the header tank was returned to the feed aspirator. 

The Manostat peristaltic pump regulated the flow of feed solution from the header tank into the 
CSTR itself, which sat upon a Sauter 5D6oooT balance. The rotating cage stirrer was driven by a 
small Voss Instruments motor. 

Up to six Orion ion-selective electrodes could be inserted into the C5TR through the ports 
provided. The electrodes were connected to an Orion model 607 electrode switchbox. 
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Figure 6.1 Schematic of the CSTR and Ancillary Apparatus 
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The overflow from the CSTR was collected in a plastic bucket on a Mettler PJ6000 electronic 
balance. The balance was linked by RS-232C to the Serial-Parallel Interface (SPI). The SPI 
was also connected by RS-232C cable variously to the departmental Digital Equipment V AX 
11/730 minicomputer, the Visual 55 terminal, and the electrode switchbox. It was necessary for 
the SPI to be modified to allow two RS-232C inputs, aside from the V AX and the terminal. In 
fact, three spare ports were provided. There was also an RS-232C link between the electrode 
switchbox and an Orion EA940 IonAnalyzer. 

The conduit from the peristaltic pump to the CSTR was approximately 2 rom inside diameter 
rubber hose. All other hoses were clear PVC, with plastic connectors. 

The stirrer shaft was encased in a heat-shrink material to isolate the metal shaft from the 

solution, preventing earthing problems which would result in erroneous electrode potential 
measurements. RTV sealant was applied where the shaft meets the stirrer as an additional 

isolating agent. 

6.:3 EXPERIMENTAL METHOD 

Chemicals 

Feedstocks for the CSTR were prepared from BDH AnalaR™ grade reagents. 

0.1 mol 1-1 hydrochloric acid solution was prepared by diluting the as-received concentrated 

(approximately 35.4 per cent w/w) HCl with distilled water. The concentration of the diluted 
acid was checked by titration with 0.1 mol 1-1 NaOH solution, prepared from May and Baker 
Volucon ™ ampoules. Methyl red was the indicator used. Where necessary, the concentration of 

HCI was adjusted. 

All other solutions were prepared using salts, oven-dried at lOS-110°C for at least 48 hours. 
Quantities of salt and distilled water were determined by weighing. 

The resin used was Dowex 50W-X8, a strong cation exchange medium, with 8 per cent 

cross-linking, manufactured by BDH. The particle size was 16-40 mesh, or a particle size range 

of 0.39-1.00 mm. No further narrowing of the size distribution was employed. The as-received 

resin was conditioned by cyclic rinsing with approximately 1 mol-1 HCl and 1 mol 1-1 NaOH 

solutions. 

Resin Capacity 

The column method employed by Dechapunya (1981) was used to measure the capacity of an 

appropriate quantity- approximately 12 mI - of ion exchange resin. 

The resin was put in a column consisting of a 100 mI burette into which a sintered disc had been 
pOSitioned. The resin was then rinsed with sufficient 0.1 mol I-t HCl solution to ensure that it 
was completely in the hydrogen ion form. All H+ contained in the resin interstices was removed 

by copious rinsing with distilled water. The resin bed was next eluted with excess 0.1 moll- t 

NaCl solution. The effluent from this elution was titrated with standard NaOH to determine 

its H+ content, and hence the capacity of the resin column. 

Finally, the column was returned to the H+ form, in preparation for the CSTR experiments. 
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The use of 0.1 mol 1-1 solutions for all column elutions meant that Donnan uptake effects were 

negligible (Dechapunya, 1981) 

Electrode Calibration Solutions 

At the beginning and conclusion of each experiment, it was necessary to calibrate the pH 
electrode which was used for the determination of hydrogen ion concentration. Solutions for this 
pUIpose were prepared by volume combination (using pipettes) of the stock solutions prepared as 

above. 

Calibration of Stirrer Volume 

The volume occupied by the rotating cage stirrer and its shaft at various immersion levels was 

required. Calibration marks were made on the shaft. The assembly was then progressively 
immersed in a vessel of distilled water on the platform of the Mettler PJ6000 balance. Knowing 
the temperature, and hence density, of the water, the volume of the stirrer was able to be 
inferred from the mass of water displaced. The results of this calibration are given in Table 6.1. 

Table 6.1 Volumetric Calibration of the Rotating Cage Stirrer 

Calibration Mark Stirrer Volume 

on Shaft ±D.OS ml 

1 30.86 

2 31.26 
3 31.66 

4 32.06 
5 32.36 

6 32.66 
7 33.16 

8 33.56 

9 33.86 

Procedure for an Equilibrium Run 

.. The rotating cage stirrer was lined with nylon gauze material - typically women's 
panty-hose - held in place with the perspex insert and cap. See Plate 6.1. 

.. The CSTR lid was located correctly atop the vessel, itself on the platform of the Sau ter 
balance, and bolted in place. The stirrer was fixed into the Voss motor. See Plate 6.2. 

" The ion-selective electrodes to be used were calibrated by immersion in at least three 

calibrating solutions of total concentration 0.1 N, with varying combinations of .the 
required ions. Usually, solutions with equivalent fractions of 0.1,0.5 and 0.95 of the more 
selected ion were used. 

• The ion-selective electrodes were inserted into their respective ports. The mass of the empty 
CSTR was read from the Sauter balance. 

• The CSTR was filled to the level of the overflow weir with 0.1 mol }-1 HCI solution and 
re-weighed. The immersion level of the stirrer shaft was noted. 
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Plate 6.1 The Rotating Cage Stirrer 

Plate 6.2 The CSTR Apparatus 
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• The resin was transferred from the column to the CSTR by rinsing the burette with 0.1 moll-t 

HCI solution into the vessel. 
. . 

• The Mettl~billl;\nceandeffl1..\ent coU~tion bucket were enciosed in a c;ardbQl1Id Wix to prevent 
measufementsdlsturbances due to airflow past the balance. The balance was tared. 

• The data-logging program, "ION_EXCHANGE" was started on the V AX computer. A 
description of the program is contained in §6.4, and a full program listing is given in 
Appendix 6A. 

• The stirrer motor was started, causing the ion exchange resin to be drawn up into the cage. 

• The Manostat pump was switched on and the flowrate set to the desired value; normally 
about 13 ml min-to 

• The equipment was then left to run until the capacity of the Mettler balance, namely 6000 g, 
was reached. During the experiment, the feed flowrate was sometimes increased, as the 
change in composition becomes very slow as the normalized concentration of the more 
selected ion approaches unity. 

• Once the balilnce capacity was reached, the feed pump and recirct,ilation purnpsw,-ere switched 
off and th~ datil-Ioggmg, program ha,J,ted. 

• The relevant ion selective electrodes were removed from the CSTR and were re-calibrated 
against the same solutions as previously, to check for drift. 

• The collected effluent was mixed to ensure homogeneity and the concentration of hydrogen ions 
found by titration with standard 0.1 moll·t sodium hydrOxide solution and checked using 
the pH electrode. 

6.4 SOFTWARE 

All data acquisition was handled by the SPIN AX system. A program in FORTRAN was written 
to run on the V AX which periodically interrogated the effluent collection balance, and collected 
the regular output from the IonAnalyzer (via the electrode switchbox). 

The Data Collection Program 

A listing of the program used for data acquisition is contained in Appendix 6A. 

Upon start-up, the program asked the user to check that the IonAnalyzer was set to provide 
timed output every 10 seconds, and that the electrodes to be sampled were connected to the 
appropriate channels of the electrode switchbox. The user was then interrogated for the number 
of electrodes to be recorded, and the name of the file in which the data was to be stored. 

The SPI spare port was set to the IonAnalyzer, the appropriate baud rate and ({tita format 
selected, and thebuffer.cleared. The program then sampled theIonAnalyzer outp"'i* every 0.5 
seconds until the required response was received. The spare port was set to the Mettler balance 
and the balance was asked for its current reading. The line was sampled until this was received. 

The spare port was reset to the IonAnalyzer, and, if more than one electrode was being logged, 
the next electrode was selected. 
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The file to which the data are being written was opened, and the current time, the IonAnalyzer 
output and the balance reading were recorded. The file was then dosed, and the program 
returned to sampling of the IonAnalyzer channel. 

PJ6000 Balance 

The balance was connected to spare port 0 in the SPI. Its output was set to a baud rate of 2400, 
with seven data bits and two stop bits. To request the balance to send its current reading, either 
stable or unstable, the 'send immediate' command, '51', was transmitted. 

EA940 10nAnalyzer and Model 604 Electrode Switch box 

The IonAnalyzer/ electrode switchbox combination, connected to spare port 1 in the SPIt had an 

eight bit, one stop bit, 1200 baud output. Although the IonAnalyzer was supposed to be able to 
sample electrode potentials on a demand basis, this was found not be the case, at least for the 

particular analyzer used here. Instead, it was necessary to set the IonAnalyzer to sample the 
selected electrode every 10 seconds, and then monitor its output channel. 

To select the next electrode, the command 'F2' was issued to the electrode switchbox. 

6.5 INVESTIGATION THE TRANSIENT BEHAVIOUR OF THE HYDROGEN 

ELECTRODE 

The response of the Orion model 20-55 Ross combination pH electrode was studied by measuring 
its behaviour when 10 ml aliquots of 0.1 mol 1-1 HO and NaOH were successively added to the 
CSTR. The process reaction curve yielded by this experiment is shown in Figure 6.2. 

100~~-b~--~~~~~--~~~~~ 

o 100 200 300 400 500 600 

TIme [seconds] 

Figure Process Reaction Curve When Aliquots of Acid and Alkali Added to the CSTR 
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The experiment was successfully repeated to check for reproducibility. 

From Figure 6.2, the time constant, '1", of the pH electrode may be estimated, both for increasing 
and decreasing hydrogen ion concentration. A higher pH is represented by a higher electrode 
potential measurement. Assuming the response of the electrode to be first order, the time 
constants for increasing and decreasing pH were found to be approximately 10 seconds and 20 

seconds, respectively. 

The electrode, then, may be represented by the block diagram in Figure 6.3 below. 

Figure 6.3 Block Diagram Representation of pH Electrode 

The actual potential, ~, may be inferred from the measured potential, ~m' The dynamic equation 

for the electrode is: 

(6.1) 

where f::: time constant of the electrode. 

Taking a finite difference approximation: 

~ (i) ~ (i- 1) 
J=ti) 'r 111 '" + J; (I) 
.". ilt ':>m (6.2) 

Thus, the measured electrode potentials may be adjusted to take account of the dynamic 

behaviour of the pH electrode. 

In order to ascertain whether it was necessary to make the above adjustment, a first order block 
representing the electrode behaviour was included in the dynamic simulation of §5.5. For a 

system simulated with a constant separation factor of 1.54, an electrode time constant of 20 
seconds and a space velocity of 0.016 S-l, the discrepancy between the bulk solution and measured 

concentrations is described by Figure 6.4. It is dear that the electrode dynamics are an important 
consideration, especially for low solution concentrations, and that adjustment should be made to 

the measured electrode potentials to compensate for the electrode response time. 

6.6 INVESTIGATION OF THE KINETICS OF THE CSTR PROCESS 

Figure 6.5 shows the process reaction curve of the CSTR system when approximately 15.8 ml of 

wet resin in the hydrogen form was added to the vessel. Initially, the vessel contained a 

0.1 moll-I solution of sodium chloride. The response curve may be seen to be first order, with a 
time constant of approximately 45 seconds, or an exchange half-time of about 25 seconds, which 

is in agreement with the value estimated in §5.4. From previously mentioned visual 

observations, mixing effects are expected to be negligible. 
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It was thought that the reaction was probably film controlled, because a lower stirrer speed, and 
hence a lower flowrate of solution across the resin, was found to result in an increased reaction 
time constant. Since the nature of the response curve is first order, film control may be 
characterized by the relation: 

!!Ji. . 
d t :: kf(x - x) 

where kf :: film-side mass transfer coefficient; 

x :::: bulk solution concentration; and 

x· :::: equilibrium solution concentration at the solution/particle boundary. 

The case of film controlled equilibrium is shown in Figure 6.6. 

Figure 6.6 Film Control Concentration Profile 

(6.3) 

For a batch run, the bulk solution concentration versus time profile is known, as in Figure 6.5. 
Using a mass balance relation, the resin concentration profile may be ascertained. If an 

approximate equilibrium relationship is assumed, such as a constant separation factor of 1.54 in 
the case of Na+ /H+ exchange, then the equilibrium solution concentration may be estimated at 
any time. Hence, equation (6.3) may then be used to infer the film-side mass transfer coefficient. 
For the case shown in Figure 6.5, this was found to be approximately 1.2 min-I. 

Having an approximation for the mass transfer coefficient, the effect of the film-side resistance 
may now be included in the simulation of a CSTR run. When this was done, with all other 
parameters as used in §6.5, the effect due to the film was as in Figure 6.7. 

As with the effect due to the electrode behaviour, the kinetics of the equilibrium reaction also 
affect the results, especially at low solution concentration. However, the deviation is opposite 
in sign and so the two effects will mutually cancel to a large extent. 

When the data are plotted on a y against x graph, the effects of the electrode and reaction 
kinetics appear much less significant, though it was still considered prudent to include 
adjustment for these non-idealities in the data analysis. 
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OF DATA FROM 

Before the data recorded from the equilibrium run were analyzed according to the method 
derived in Chapter 5, it was necessary to smooth the measured potentials from the ion selective 
electrodes. 

At each datum, g(i), the two data points immediately on either side were also considered. The 
highest and lowest of these five points were rejected and the remaining three averaged to obtain 
the smoothed value, ~1J.(i): 

(6.4) 

This procedure removed any spikes or other major disturbances from the raw data. 

The electrode potentials were then processed according to equation (6.2) to account for the 
electrode dynamics, and then converted to normalized solution concentrations. The electrode 
calibrations at the beginning and end of the equilibrium run were used. Any electrode drift 
between the two calibrations was assumed to be linear, with respect to time. 
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The volume of solution, V, in the CSTR was estimated knowing the mass of the vessel empty and 
filled with initial solution, the immersion level of the stirrer, and the volume of resin 

transferred to the CSTR: 

Mass filled - Mass empty . 
V =d 't f f'll' I t' - Volume due to stirrer Volume of resin enSl y 0 1 mg so u IOn 

(6.5) 

The volume due to the stirrer was inferred from the immersion level of the stirrer, using the 
results listed in Table 6.1. 

The capadty of the resin was then computed using equation (5.8) and the resin concentration was 
found from equation (5.6). The equilibrium solution concentration was finally estimated using 
equation (6.3). All computations were performed on the V AX. 11/730 minicomputer. The 
trapezoidal rule was used for the requisite integrations. 

6.S RESULTS OF CSTR EQUILIBRIUM EXPERIMENTS 

The capacity of the resin used in the CSTR was first ascertained using the column method 

described by Dechapunya (1981). For approximately 13.2 ml of Dowex 50W-X8 resin, in the 
hydrogen form, the total capacity was found to be 21.8 meq. The same resin sample was used for 

several runs. It was regenerated, where necessary, as detailed in §6.3. 

Several runs were performed in which the resin was initially in the H+ form, and was converted 

to the Na+ form. Only the pH electrode was used for the on-line determination of solution 
composition, as it was found that the sodium electrode was quite insensitive over most of the 

concentration range under consideration, largely as a result of hydrogen ion interference effects. 
The pH electrode used had the particular advantage that below pH 10, interference due to 

common cations was negligible (Orion, 1988). 

For several runs, the Na+ /H+ exchange isotherms obtained when sodium ions were replacing 

hydrogen ions in the resin were identical, within experimental error. A typical result is shown 

in Figure 6.8. The isotherm is compared with the experimental data obtained by Dechapunya 
(1981) for the same system. 

When the run was performed in the other direction - that is hydrogen replacing sodium in the 

resin - the isotherm presented in Figure 6.9 was obtained. 

For the isotherms presented, the corresponding total resin capacities as determined by the three 

possible methods - namely column method, mass balance and analysis of CSTR results - are 
listed in Table 6.2. These results are representative of all those measured. 

Table 6.2 Experimental Resin Capacities Determined by Three Different Methods 

Description of Resin Capacity, MQ (meq) 

Experiment Column Method Mass Balance CSTR Analysis 

Na+ replacing H+ in resin 21.8 21.6 22.8 
H+ replacing Na+ in resin 19.5 19.7 25.4 
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6.9 DISCUSSION OF CSTR EQUILIBRIUM EXPERIMENTS 

It can be seen from Figure 6.8 that the equilibrium isotherm obtained when sodium was replacing 
hydrogen ions did not agree with the data of Dechapunya (1981), especially at higher 

normalized concentrations of sodium ion. The result does not completely agree with that 
achieved when running the experiment in the reverse direction; that is hydrogen replacing 
sodium. This isotherm is plotted in Figure 6.9, and shows an apparent error at the high sodium 
concentration end, which corresponds to the initial part of the experiment. Inconsistent results 

were obtained when runs were performed with H+ replacing Na+ because during the early part of 
the experiment, there is a very rapid increase in the potential measured by the pH electrode 

which hampers both reproducibility and accuracy of measurements. It is therefore recommended 
that binary CSTR runs be performed in the direction of decreasing concentration of the ion for 

which the sensing electrode used is specific. Accuracy of measurements is important throughout 
the experiment, but no more so than during the initial period, as errors here will affect the 
shape of the whole isotherm. 

For Na+ replacing H+, all three measurements of the total resin capacity were in reasonable 

agreement. However, for the run in the reverse direction, the capacity estimated from the 
continuous data was higher than those estimated by column measurement or the overall mass 

balance, suggesting an error in the continuous measurements. The shortcomings of experiments in 
this direction have been outlined in the previous paragraph and are the probable reason for the 

discrepancy in capacity values. 

Figure 6.11 shows that results of equilibrium determinations made using the current resin in a 
batch tank reactor were closely aligned with the isotherm obtained for the CSTR runs with Na+ 

replacing H+, although there is some slight discrepancy at higher levels of normalized sodium 
ion concentration. The agreement between the batch and continuous results indicates the 

validity of the latter measurements. It therefore appears that the batch of resin used in these 
experiments differs from that used by Dechapunya (1981) in his work. The resin used here 

appears to have a higher selectivity than Dechapunya's. However, the data of Vazquez et al 
(1986) suggest that when the resin particle size is increased, the selectivity of an ion exchange 

equilibrium system decreases, all other factors being unaltered. Dechapunya used a much 
smaller size range of resin particle - namely 18 to 25 mesh with a mean diameter of 0.74 mm -

than the 0.39 to 1.00 mm range used in this work. The sets of particles used in this work would 

have a smaller mean size if they were normally distributed, although there is no evidence 

available to support, or indeed refute, the contention that the average particle sizes were 
different. Therefore the possibility exists that the difference in resin properties observed in 

this work from those measured by Dechapunya is due to a difference in resin particle size. 

It would be most desirable if it were not necessary to have to adjust the measured data for the 
transient behaviour of the electrode or the kinetics of the equilibrium reaction, because both of 

these operations involve numerical differentiation which is always fraught with dangers. Not 
least of these is the fact that additional noise is introduced into the data. Any method of 

removing the requirement for these adjustments would seem to enhance the attractiveness of the 
CSTR method of determining ion exchange isotherms. 

Two possible techniques for alleviating the kinetic problems associated with the CSTR 

experimental procedure are apparent. These are: 
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0) Operate the equilibrium run with an even lower throughput rate. To estimate what might 
be an appropriate flow rate, use as a basis the time for required for 87 per cent of full 

response of the process, corresponding to approximately two time constants, rather than 
the exchange half-time. Using the data presented in Figure 6.5, this infers a throughput 

rate of 2.4 ml min-1 representing a mean residence time of 100 total response times for an 
800 ml vessel. A flow rate of this magnitude is less than that achievable by the Manostat 
pump. A DeL metering pump may be able to deliver a flow rate this low, but has the 
disadvantage that metal internals will be in contact with the process stream. This will 
cause difficulties due to earthing of the solution through the pump which will result in 
false electrode potential measurements. While steps may be taken to attempt to overcome 
this problem by designing the feed into the vessel with some sort of discontinuity in the 
flow, such as feeding the stream dropwise, these have been found to be largely 
unsatisfactory. One pump, however, which appears suited to this application is the 
Gilson Minipuls 3 peristaltic pump. As well as being capable of flow rates between 1 III 
min-1 and 50 ml min-I, it has facility to be remotely controlled by a computer. 

(ii) Operate the run in a modified progressive batch fashion. Instead of having a continuous 

feed, the experiment would be run by pumping a given amount of solution into the vessel 
and mixing until steady state has been attained. A further aliquot of feed solution would 
then be delivered by the Manostat pump to the CSTR and the process repeated until total 
exhaustion of the resin has been reached. The aliquots need not be of equal amounts, and 
they would still be measured by the effluent balance. The current experimental set-up 

would not require substantial modifications to perform runs in the above fashion. The 
Manostat pump has been modified within the Chemical and Process Engineering 

Department, and has facility for a 0-10 volt input signal which controls the pumping rate. 
The computer program "ION_EXCHANGE" could be altered to include a subroutine to 
control the pump. The SPI has the ability to transmit a 0-10 volt output signal. Turner and 
Murphy (1983) state that the progressive batch method has the disadvantage that errors 

will tend to accumulate during the experiment. By using the CSTR apparatus to conduct 
such an experiment, the accumulation of errors in the solution volume will be avoided. The 

assumption that the sensing electrode is fast must still be valid, as it is necessary that the 
concentration of solution leaving the vessel be accurately known, as this is essential in the 

computation of the resin composition via the mass balance. Alternatively, the stirrer 

could stopped while the aliquot is injected into the bottom of the vessel, and hence it 

might be possible to assume that the composition of the effluent overflowing the weir at 
the top of the tank was the same as the bulk composition before the addition of further 

solution. 

Of the two possibilities, the first is by far the better alternative. It has already been shown 
that if measurements are adjusted to take account of the kinetics of the reaction and the transient 

behaviour of the sensing electrode that it is possible to obtain reasonable results. Therefore, it 
seems logical to use a method which retains the same basic procedure but eliminates the need for 

the said corrections which themselves are the source of some of the noise in the final isotherm. 
The Gilson Minipuls pump suggested is, however, expensive, with a current price in excess of 

$3500.00. 

The modified progressive batch arrangement is less desirable. The experimental algorithm is 

more complicated, with the necessity for the feed pump, and perhaps the stirrer, to be 
repeatedly switched on and off. Some of the inherent problems associated with progressive 
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batch experiments will still remain, while the simplicity and elegance of the CSTR method are 
lost. As it stands, the CSTR presents a most favourable error analysis. It has been shown 
(Appendix 6B) that the experimental uncertainty in normalized resin concentration is 0.3% at a 
normalized solution concentration of the more favourably selected ion of 0.5, and increases to 1.1 

per cent at x 0.1. These uncertainties are of a lower magnitude than those estimated by 
Dechapunya for the column method, which ranged between 1.4 per cent and 3.S per cent. 

Care needs to be taken when fitting the thermodynamic equilibrium constant and Wilson 
parameters to the estimated ion exchange isotherm, because with an equal length of time 

between measurements throughout the experiment, the points become more closely spaced in 
terms of normalized concentration as the run progresses. Thus, the characterization procedure 

will tend to be biased towards that end of the isotherm with the greater profusion of data. Some 
sort of weighting needs to be applied, with the caveat that it is not always desirable to give 

additional weight to noisy data. In this case, however, this is unavoidable if a reasonable fit to 
the isotherm is to be obtained. 

6.10 CONCLUSION 

The CSTR method developed in Chapter 5 has been tested. It was found the equilibrium 
isotherms obtained for the Na+ /H+ system on Dowex 50W-XS with a total solution concentration 

of 0.1 mol 1-1 did not agree with that measured by Dechapunya (1981) for the same system. This 

was thought to be due to a difference in mean resin particle size used. Results from the CSTR did 
agree with those measured batch-wise using the same resin. 

Measurements of the electrode and process kinetics were made. Both of these were found to be 

significant, and it was necessary to make adjustment for them. The requirement may be removed 
by performing the experiments with a much reduced feed flowrate. This would necessitate the 

installation of a feed pump with such a capability. The Gilson Minipuls 3 was suggested as 
being suitable for this task. The elimination of the adjustments for electrode and process kinetics 

would also reduce the noise in the estimated equilibrium isotherm because the adjustment process 
involves numerical differentiation which adds noise to the signal. 

Overall, the CSTR technique has advantages over traditional methods of measuring ion 

exchange equilibrium isotherms. It is simple to run and requires only one experiment to 

characterize the complete equilibrium behaviour of a given system. The error analysis is most 

favourable and initial results are encouraging. 
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CSTR Data Acquisition 
Program "ION_EXCHANG 

c=======================================================~==~=========== 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

Program in FORTRAN to record the output of the Orion EA940 
IonAnalyzer and take readings from the Mettler PJ6000 Balance, 
and record these results in a file, to allow the calculation of 
ion exchange equilibrium isotherms. 

written by: P.A. Addison 
Department of Chemical and Process Engineering 
University of Canterbury 
Christchurch, New Zealand 

c====================================================================== 

C Declarations and Parameter Definitions 

146 

IMPLICIT NONE 
INTEGER Loop,NurnberElectrodes,Electrode,NChar 
REAL WaitTime,ShortWaitTime 
CHARACTER LineOne*40,LineTwo*40,FileName*50,Time*30, 

% Balance*15,GetBalance*25,ResetNextElectrode*25, 
% GetLine*2,NextElectrode*4,SetlOnAnalyzer*20 

PARAMETER (GetBalance = 'tS,4,O'//CHAR(13)//'tB,S,2400,7,2'// 
% CHAR(13)//'iTSI') 

PARAMETER (NextElectrode = '#TF2') 
PARAMETER (SetlOnAnalyzer '#S,4,l'//CHAR(13)//'#B,S,1200,8,1') 
PARAMETER (ResetNextElectrode = SetlonAnalyzer//CHAR(13)// 

% NextElectrode) 
PARAMETER (GetLine = ttL') 
PARAMETER (WaitTime = 0.5) 
PARAMETER (ShortwaitTime = 0.15) 
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C Print introductory banner 

CALL LIB$ERASE_PAGE(l,l) 
WRITE (6,5) 

5 FORMAT (11,26X,'*****************************',I, 
% 26X,'* CSTR Method *',1, 
% 26X,'* for Determining *',1, 
% 26X,'* Ion Exchange Equilibria *',1, 
% 26X,'*****************************',II) 

C Print instructions 

WRITE (6,10) 
10 FORMAT (3X,' [1] Set the EA940 IonAnalyzer to give a timed',I, 

% 3X,' printout with the print interval set as',I, 
% 3X,' 10 seconds',I, 
% 3X,'[2] Ensure that the n electrodes whose outputs',I, 
% 3X,' are required to be recorded are attached to',l, 
% 3X,' terminals 1 to n',I, 
% 3X, I [3] Ensure that the electrode switchbox is set',I, 
% 3X,' to electrode number 1'(//) 

C Get information on number of electrodes and output filename 

WRITE (6,15) 
15 FORMAT (' Enter number of electrodes to be recorded? ',$) 

READ (5,20) NumberElectrodes 
20 FORMAT (11) 

WRITE (6,25) 
25 FORMAT (I,' Enter output filename? ',$) 

READ (5,30) FileName 
30 FORMAT (A) 

OPEN (UNIT=10,FILE=FileName,STATUS='NEW') 
CLOSE (UNIT=10) 

C Set SPI spare port to IonAnalyzer and clear the buffer 

TYPE *,SetlonAnalyzer 
DO Loop = 1,8 

END DO 

TYPE *,GetLine 
ACCEPT 30,LineOne 

C Sampling 

3020 

3022 

3024 

Electrode '" 0 
TYPE *,GetLine 
READ (5,3110) NChar,LineOne 
IF (LineOne(2:2).EQ.'M') THEN 

CALL LIB$DATE TIME(Time) 
TYPE *,GetLine 
READ (5,3110) NChar,LineTwo 
IF (LineTwo(3:3) .NE.':') THEN 

END IF 

CALL WAIT(WaitTime) 
GOTO 3022 

TYPE *,GetLine 
READ (5,3110) NChar,LineOne 
TYPE *,GetBalance 
TYPE *,GetLine 
READ (5,3110) NChar,Balance 
IF (Balance(2:2) .NE.~S') THEN 

GOTO 3024 
END IF 
IF (NumberElectrodes.NE.1) THEN 

TYPE *,ResetNextElectrode 
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3025 

ELSE 

END IF 

ELSE 

END IF 

Electrode = MOD (Electrode + 1,7) 
IF (Electrode.GE.NumberElectrodes) THEN 

TYPE *,NextElectrode 
CALL WAIT(ShortWaitTime) 
GO TO 3025 

END IF 

TYPE *,SetIonAnalyzer 

CALL WAIT(WaitTime) 
GOTO 3020 

C Write collected data to file 

OPEN (UNIT=lO,FILE=FileName,STATUS='OLD',ACCESS='APPEND') 
WRITE (10,3130) Time 
WRITE (10,3120) LineTwo(2:40) 
WRITE (10,3140) Balance(2:15) 
CLOSE (UNIT=10) 
GOTO 3020 

3110 FORMAT (Q,A40) 
3120 FORMAT (lX,A40) 
3130 FORMAT (1X,'Measurement at ',A30) 
3140 FORMAT (1X,Al5) 

9000 END 
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Error Analysis of 
th CSTR Method of 

uilibrium Determination 

The resin phase composition, y, may be calculated using equation (5.6), or a variant thereof: 

y=~{E - PxdE -p V x} 
MQp Jo 

(6A.1) 

The total resin capacity is then: 

Co { p~fin!J1 } M Q =-; E finar J 0 x dE - p V (6A.2) 

where Efirtal ::::: mass of effluent collected during run. 

From Dechapunya (1981), the re1ative error in Co is up to 0.2 per cent. 

The error in balance readings is ±0.05 g, and Efirtal is typically 6000 g. Thus: 

&Efinal &E 
E 

::::: 0.00083% and on average ::::: 0.00042%. 
final 

The error in p is assumed negligible. 

The absolute error in the CSTR volume is constituted by the error from three balance readings. 
Thus: 

&V::::: V (0.05)2 + (0.05)2 + (0.05)2 == 0.087 g 

and hence: 

149 
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AV _ 0.087 -OOll tJt 
V - 800 -. IQ. 

The relative error in an integral can be shown to be approximately equal to the relative error in 
one incremental area. From Dechapunya (1981), the relative error in concentrations found via an 
ion selective electrode is approximately 1 %. 

At x = 0.5, typically E = 800 g. Thus: 

AE 0.05 
E= 800 :::: 0.0063% 

The error in the integral term is then " (1)2 + (O.0063)f"" 1% 

Whence, the uncertainty of the terms within the parentheses of equation (6A.2) is given by: 

....}(O.OS)2 + (0.01 X 200)2 + (0.087)2 
6000 - 200 -800 :::: 0.04%. 

Therefore: 

aMQ 
M Q =" (0.04)2 + (0.2)2 :::: 0.2%. 

This error analysis is particularly attractive because the term with the highest percentage 
uncertainty has the lowest absolute value, and hence makes a reduced contribution to the overall 
uncertainty in the resin capacity. 

The uncertainty in y may be similarly computed when x '" 0.5, say. 

Thus: 

A(p V x) "(0.011)2 + (1 )2 ::: 1 %. 
pYx 

y 
(0 2)

2 (02)2 (0.05)2 + (0.01 X 200)2 + (0.01 X 400)2 03 
. + . + 800 - 200 - 400 :::: . %. 

The uncertainty will be greater at lower values of x. Typically at x:::: 0.1, E :::: 170 g, V P x:::: 80 g 

and Ix dE = 12 g. Therefore: 

~= 
y 

(0.2)2 + (0.2)2 + ( (0.05)2 + (0.01 X 12)2 + (0.01 X 80)2 11 
170 - 12 - 80 "" . %. 



Chapter 

Conclusions and 
Reconlmendations for 

Further Work 

7.1 CHARACTERIZATION AND PREDICTION OF ION EXCHANGE EQUILIBRIA 

Methods for the characterization of binary ion exchange equilibria and the prediction of ternary 
ion exchange equilibria have been investigated. 

Klein's methods of empirically modifying the mass action law gave poor results. His first 
technique of using end slopes of the binary isotherm was unsatisfactory, and his second 
algorithm of using two data points to fit a complete isotherm was highly dependent on the 
choice of points. When the empirical mass action relation was fitted directly to binary 

isotherms, reasonable results were obtained, but even these characterizations were unable to 

give acceptable ternary predictions. It is conduded that the empirically modified mass action 
law does not give results of a sufficiently high standard, and that it not be used where any 
degree of accuracy is required. 

However, the fact that the modified mass action law was able to characterize binary equilibria 
with empirical valencies implies that is of the correct form, but is unable to properly account for 
thermodynamic non-idealities when the results are extended to predict ternary isotherms. 

The method of using the extended Debye-Hiickel relation and the Wilson equation to estimate 
solution and resin phase activity coefficients was found to address this problem successfully. 

Forty-eight binary ion exchange isotherms were characterized. The characterizations were 
simplified with little reduction in quality by applying a reciprocal constraint to the Wilson 
parameters. This constraint, initially observed empirically, was able to be justified in terms of 
commonly made approximations. Five ternary systems were also characterized. When the 
reciprocal relation and the Hala constraint were applied, the was little reduction in the quality 
of fit. Thus the Hala relation, originally derived for vapour-liquid equilibrium, is also 
applicable to the ion exchange situation. 
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Using the parameters from binary characterizations, predictions of ternary ion exchange 
equilibria were made. Predictions utilizing the Hala constraint and the reciprocal hypothesis 

were of similar accuracy to those made with parameters obtained from unconstrained 
characterizations. It was found that predictions made using data from only two of the three 

constituent binaries in the ternary system were best when the binary pairs used both contained 
the most selected ion in the system. Furthermore, predictions were found to be best when the 
binary parameters used were obtained from the characterization of systems in which the data 
were well-distributed. 

As a result of the successful characterizations and predictions, it would now be possible to begin 
compiling a library of thermodynamic equilibrium constants and Wilson parameters for all the 
combinations of ions, concentration levels and resins, in a fashion analogous to the collection of 

parameters available for vapour-liquid equilibrium. 

A technique of using infinite dilution resin phase activity coefficients as a means of estimating 
Wilson parameters for binary isotherms was investigated and, while theoretically promising, 

gave poor characterizations. What is required is further research into methods of measuring 

infinite dilution activity coefficients for ion exchange directly. A literature search was unable 

to uncover any existing procedures. 

1.2 MEASUREMENT OF ION EXCHANGE EQUILIBRIUM USING THE CSTR 

A CSTR method of dete!:'mining ion exchange equilibria was designed, built and tested. It was 
loosely based on the work of Turner and Murphy (1983) but differed from it in several important 

respects. In this work, the resin was contacted with solution by means of a rotating cage stirrer; 
Turner had used a fluidized bed. Turner had measured the concentration of the solution by taking 

samples of the effluent and determining their compositions individually. Here, ion selective 

electrodes were inserted into the CSTR allowing continuous, on-line monitoring of the solution 

concentration, and the flow through the vessel was measured continuously with an electronic 
balance. 

The results obtained for the Na+ /H+ system on Dowex 50W-X8 did not agree with those of 
Dechapunya (1981), although they did agree with measurements made using the current resin 

batch-wise. It was concluded that the difference in isotherms was due to a difference in the 
mean resin particle sizes used. 

The kinetics of the equilibrium process in the CSTR and the transient behaviour of the sensing 

electrode were investigated and found to be significant. Adjustments to the measurements were 

made to account for these effects, but it would be preferable if this course of action was not 

necessary as it involved numerical differentiation of the data which resulted in increased noise 

on the signal. It is recommended that a reduced feed flowrate be used, reducing the magnitude of 
the effects due to the kinetics and the electrode, and obviating the need for corrections to the 

data. This would require the installation of a feed pump with a capability of producing a 
flowrate as low as 2 ml minot against minimal head. 

The CSTR method has distinct advantages over techniques traditionally used for the 

determination· of ion exchange equilibria. It is simple, relatively fast, and only requires one 

experiment to obtain the complete isotherm. Problems due to mal-distributed data are avoided. 
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Once an experiment is set in motion, it requires minimal supervision as all data acquisition is 
computer controlled and logged. 

Once any modifications to the apparatus have been made, immediate work should consist of the 
acquisition of data for a range of binary and ternary ion exchange systems. 



Nomenclature 

ROMAN 
A 

a· , 

Ci 

Df 
Dp 
d 
E 

Ejiml! 

e 
F 

.F 

FIJ 

Frs 

Fo 
Ft 

gE 
I 

Debye-Hiickel parameter 
Ion size parameter 
Debye-Hiickel parameter 
Adjustable parameter in extended Debye-Hiickel equation 
Total concentration of counter-ions in solution phase 
Solution phase concentration of ion i 
Film diffusivity of exchanging ion 

Particle diffusivity of exchanging ion 
Diameter of holes in rotating cage stirrer 

Mass of CSTR effluent collected up to a given time 
Mass of CSTR effluent collected during a complete run 

2.71828182846 ... 
Least squares relative deviation 
Flowrate of solution through CSTR at any time 
Average absolute deviation for binary data points 

Least squares absolute deviation 
F-statistic 

Average absolute deviation for ternary data points 
Molar excess Gibbs free energy 

Ionic strangth of solution 
Kij Nonnalized selectivity coefficient for ion i replacing ion j on the resin 

Kij Thermodynamic equilibrium constant for ion i replacing ion j on the resin 
k f Mass transfer coefficient in the film 

kp Mass transfer coefficient in the particle boundary layer 
L Total number of ionic sp€Cies in solution 
M Number of counter-ions in an exchange reaction 

M Mass of resin in CSTR 

mo Limiting slope of a binary equilibrium isotherm at Xi:= 0 

mi Limiting slope of a binary equilibrium isotherm at Xi ::::: 1 
N Number of experimental data points 

N Rotational speed of stirrer 
Q Specific capacity of ion exchange resin 

qi Resin phase concentration of ion i 
R Universal gas constant 

r 0 Radius of ion exchange resin particle 
rs Radius of rotating cage stirrer 

T Temperature 
t Time 

to.s Half-time for equilibrium reaction 

V Volume of solution in CSTR -
Vi Molar volume of sp€Cies i 
v Velocity of flow across resin particle 

VII Velocity of solution through stirrer holes 
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mol-l12 tlI2 

A 
A-l mol-l/2 11/2 

I mol-1 

eq 1-1 

mol 1-1 

m2s-1 

rn2s-t 

m 

kg 
kg 

I s·l 

J mol-I 

mol kg-I 

kg 

rpm 
eq kg-t 

mol kg-t 

J mol-I K-I 

m 

m 

K 

s 
s 

m3mol-1 

ms-1 

ms-I 



XF Nonnalized concentration of feed solution to CSTR 
Xi Nonnalized solution phase concentration of ion i 
Yi Nonnalized resin phase concentration of ion i 
Zi Charge on ion i 

GREEK 

lX;j Separation factor for ion i replacing ion j on the resin 

'n Activity coefficient of ion i in the solution phase 

ri Activity coefficient of ion i in the resin phase 
8 Effective film thickness 

Aij Wilson interaction parameter 

A;j Equilibrium quotient for ion i replacing ion j on the resin 
V Kinematic viscosity 

~ Actual potential 

~a Smoothed pH electrode potential 

< ~I!'I Measured pH electrode potential 
1C 3.14159265359 ... 

P Density of CSTR effluent 
f Time constant of pH electrode 

SUPERSCRI 
expt Experimental value 

Fitted value 
Predicted value 

fitted 

Nomenclature , 55 

m 

m.2s-1 

mV 
mV 
mV 

kgm-3 

s 

pred 
Reciprocal 
Unconstrained 
Vazquez 

Result obtained using an optimization constrained by the reciprocity relation 
Result obtained using an unconstrained optimization 
Value obtained by Vazquez et al (1985a, 1985b, or 1986) 
Value at infinite dilution 

Equilibrium value 

DIMENSIONLESS GROUPS 
Rep Particle Reynolds number 
Sc Schmidt number 
5 h Sherwood number 
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ABSTRACT 

Accurate correlation and prediction of 
multicomponent ion exchange equilibria are 
essential for design and development of ion 
exchange processes. Several methods for 
expressing ion exchange equilibrium are 
reviewed and assessed against a collection of 
experimental data. 

The most satisfactory expression is based 
on the Debye-HucJlel relationship for solu
tion phase activity coefficients and the 
Wilson equation for the resin phase. This 
method successfully characterized binary 
experimental data for 48 binary systems 
covering five resins, three concentration levels 
and nine counter-ions. Five ternary systems 
were well correlated by the method. 

The major drawback of this procedure is 
that (N2 -1) parameters are required to 
characterize an N-component system. 

A reciprocal relationship between the 
Wilson parameters for a binary system was 
observed and a rationalization for this phe
nomenon is given. This relationship, when 
used with the Heila constraint, reduces the 
!lumber of parameters required to charac
terize fully an ion exchange equilibrium to 
2(N - 1). with little loss in the quality of fit. 

1. INTRODUCTION 

Most current work in the field of ion ex
change equilibria centres on multicomponent 
exchange, and, in particular, the prediction of 
multicomponent equilibria from binary data. 

1.1. Current trends in ion exchange equilibria 
Past empiricism is being replaced by ap

proaches which take account of the nOlI
idealities of the situation by way of activity 
coefficients. The position may be likened to 

J300·946i /89/53.50 

that existing in the characterization and pre
diction of vapour-liquid eqUilibrium 20 or 
30 years ago, when the similar problem was 
solved with the development of the Wilson, 
NRTL, UNIFAC, UNIQUAC and other 
equations. 

Early workers in the field of multicompo
nent ion exchange [1, 2] concluded that 
eqUilibrium in a ternary ion exchange system 
could be predicted using a constant selectivity 
coefficient for each of the constituent binary 
pairs. This presupposed that the presence of 
a third ion has no effect on the other two 
ions. This premise has been shown to be ina
dequate by later investigators [3,4], 

At present, there appear to be three main 
paths being followed by workers in multi
component ion exchange equilibria. The first 
is to calculate multicomponent activity coeffi
cients from binary data directly [5,6]. The 
second method involves determining the varia
tion of selectivity coefficient with concentra
tion for a binary equilibrium anti using an 
integral technique to determine ternary com
positions [7]. The third, discussed in this 
paper, is to characterize a binary equilibrium 
by a number of parameters, and then to use 
these parameters to estimate activity coeffi
cients for the multicomponent case. Equa
tions analogous to those used in vapour
equilibrium are most commonly used for this 
task [8 . 15]. 

We believe the third method to be most 
appropriate, as a library of parameters could 
be generated to facilitate equilibrium predic
tion, as has occurred for vapour-liquid 
equilibria. 

1.2. Theory 
In its most general form, the ion exchange 

reaction may be represented as 

© Elseyier Sequoia/Printed in The Netherlands 
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z-R ",1'1- + z/_M/zi+ zJRz-Mi + ZiM/ r (1) 
I XJ J I 

where ion Mi is replacing ion ltd} in the resin 
R, and ZI is the charge on ion Mi. 

Hence, the thermodynamic equilibrium 
constant KJ for this reaction is 

Kj == (Yt'Yt)zJ( CJ~)ZI (2) 
C(Yi Y(Yj 

where Cj is the molar concentration of species 
i in the liquid phase, YI is the normalized con
centration of species i in the resin phase, '1, is 
the activity coefficient of species i in the 
liquid phase, and 'Yj is the activity coefficient 
of species i in the resin phase. 

In this work, liquid phase activity coeffi
cients were estimated using the extended 
Debye-Hiickel relation 

(3) 

where al is the ion-size parameter, bi is an 
adjustable parameter, [ is the ionic strength 
of the solution, A = 0.5070 mol-ttl 11/l and 
B = 0.3282 A-I mol-ttl 1112 at 20 "c [16]. 

According to Robinson and Stokes [16], 
the above form of the Debye-Hiickel equa
tion fits activity coefficients to within the 
accuracy of the experimental data up to con
centrations of at least 1 N. Truesdell and 
Jones [17] and Klotz [18] have given values 
for the parameters at and b j for a wide range 
of ionic species. 

For aqueous solutions, ionic strength may 
be calculated using 

1 L . 

/= - L c1z/'c 
2 i £ 1 

( 4) 

where L is the number of species in the solu
tion phase. 

Shallcross et al. [15] have used the alterna· 
tive Pitzer method to estimate the solution 
phase activity cgefficients, claiming this to be 
the most accurate approach. It does not, how
ever, appear to yield results with a statistically 
significant improvement over the extended 
Debye-Hiickel relation used by previous 
workers, whose methods already gave fitted 
isotherms within the experimental accuracy 
of the data. 

Elprince and Babcock [8 J proposed the use 
of the Wilson equation for the estimation of 
resin phase activity coefficients, since it has 
the particular advantage that binary param-

eters may be directly applied to the multi. 
component situation. The Wilson equation 
has the second advantage that its original 
development was as an athermal solution 
theory, thus making it especially applicable 
to ion exchange calculations, since heats of 
reaction in ion exchange are almost always 
small [19]. 

The Wilson equation may be written 

lrt 'Y, = 1 

where A} is the Wilson interaction parameter, 
AlI. Aj ::;: A{. and M is the number of 
counter-ions in the resin phase. 

Smith and Woodburn [9] expressed binary 
eqUilibrium data in terms of an eqUilibrium 
quotient. An eqUilibrium constant and two 
Wilson parameters were then fitted to these 
data usirtg a least squares technique. Vazquez 
et al. [11] found that better fits could be 
achieved if the parameters were fitted directly 
to the binary isotherms. The objective func
tion minimized by Vazquez et al. was 

F"" N (Yi"l> - yptted)l 
L ye"P 

I '" 1 I 
(6) 

' ... ·here N is the number of experimental data 
points. 

Qualities of fit were then reported irt terms 
of the equation 

f I YlxP 
- yptted I 

I " I 
(7) 

N 

It seems incongruous to use one objective 
function to optimize the fit of a set of paramo 
eters, and then to use another function to 
report this fit. Therefore, this work has used 
eqn. (7) for both these purposes, to be consis
tent and to allow easy comparability with 
the results of Vazquez et al. [11]. 

Predicted equilibrium resin concentrations 
were determined by firtding the roots of equa· 
tions of the form 

f(Yi) = (Kj)lIZi(C:'Yi) (Yj'Yi)liIZi YI = 0 (8) 
'11 cJ'YJ 

A Hooke and Jeeves routine [20J in FOR· 
TRAN was used to minimize equation (7) on 
a VAX 8350 superminicomputer. 



In fitting parameters to a ternary equilib
rium system, a similar procedure was fol
lowed. For this case, two equilibrium con· 
stants and six Wilson parameters were re
quired. 

In order for the Wilson interaction param
eters to be consistent with Wilson's model, 
they must satisfy the relation given by Ha1a 
[21] 

AjA~A~ ". MAt AL (9) 

Brinkman et al. [22] showed that the use of 
the HaIa constraint impaired only slightly the 
prediction of ternary vapour-liquid equilib
rium data from binary systems. 

A relationship between the Wilson param
eters characterizing a binary pair has been 
observed by Nagahama et al. [23] for the case 
of vapour-liquid equilibria. Similar results 
have been observed by other researchers 
[24 ·26 J. None of these workers has charac
terized the exact form of this interdepen
dence, which may well differ for the ion 
exchange situation. 

2. RESULTS AND DISCUSSION 

2.1. Binary eqUilibrium characterization 
Forty eight sets of binary data were ana

lysed using the method described in Section 
1.2. The optimum parameters and qualities 
of fit are given in Table 1. 

The qualities of fit obtained are of similar 
magnitude to the experimental errors achieved 
by Dechapunya [27]. 

2.2. Reciprocity of Wilson interaction 
parameters 

To establish the relationship between the 
Wilson parameters A; and A1. contour plots 
of goodness of fit as a function of Aj and 
A{ for a given equilibrium constant were 
prepared. Figure 1 for the NaT /H+ system on 
Dowex 50W XS [27] is representative. 

It can be seen that the response surface 
produced by this function is a long, curved 
valley of approximately hyperbolic character. 
The equation 

AJA{ = 1 (10) 

was found to be good first approximation to 
this valley for this and the other systems of 
Table 1. 

Cent ours are lines of 
tOl'lstant Fb 

K~ ;15433 

00 0.5 1.0 tS 2.0 2.5 3.0 
A~a_ 
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Fig. 1. Contour plot of model goodness of fit as a 
function of Wilson parameters. 

This reciprocal form of eqn. (10) can be 
shown to be appropriate in terms of com
monly made approximations. 

The Wilson interaction parameter A} is 
defined [2S] as 

I Vi (All - Ai!) AJ'" ~exp ---
V, RT 

(11) 

where R is the gas constant, T is temperature, 
Vi is the molar volume of species i, and Ai} 
and AJi are equal and are the interaction 
energy between species i and j. 

Hence, the product of the related Wilson 
parameters is 

I' (Ail - Aij) (Aii - Aii) AiM:.: exp -R-T-";;' exp RT 

(
Aii + Aii 2AiJ) exp ---.:.:.--...;;. 

RT 
(12) 

..' The cross-interaction term can be approxi· 
mated by [29, 30] 

A;} "" (Ai/AjJ)l/! 

If an arithmetic mean 

... _ Au + AjJ 
I\/j -

2 

(13) 

(14) 

is used instead it will be to within 10% of the 
geometric mean if the like-interaction terms 
are mutually within a factor of 3. 

Substituting eql1. (14) into egn. (12) gives 

AJA{ := exp(O) := 1 (15) 

supporting egn. (IO), within the limits of the 
stipulated assumptions. 

The reciprocal relation between the Wilson 
parameters allows the characterization of a 
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TABLE 1 

Binary ion exchange parameters 

Reference j K; Resinli. Cone. 

[27] Na H 1.5433 1.4067 0.7062 0.0032 A 0.1 
[27 J K H 2.3747 2.4269 0.4220 0.00096 A 0.1 
[11 J Na H 1,5772 2.2300 0.4500 0.0053 0.006 B 0.1 
[11] Mg H 79.845 0.3450 8.7500 0.0021 0.002 B 0.1 
[11] Zn H 34.286 1.7064 1.25J 6 0.0015 0.001 B 0.1 
[11] Ca H 94.031 3.9652 0.05708 0.0026 0.003 B 0.1 
[11] Mg Na 3.1107 1.6280 0.7380 0.0031 0.003 B 0.1 
[ 11] Zn Na 4.4921 2.0028 0.4886 0.0021 0.002 B 0.1 
[11] Ca Na 37.584 3.3728 0.08090 0.0018 0.002 B 0.1 
[31] Na H 1.7320 J .9320 0.5355 0.0022 C 0.1 
[31] Ca Na 26.669 0,4518 1.5427 0.0025 C 0.1 
[31] Ca H 86.537 2.1922 0.4416 0.00060 C 0.1 
[13] Ni Na 20.138 1.1767 0.6842 0.0082 0.008 D 1 
[131 Ni Na 4.2604 0.5733 1.1729 0.0054 0.005 D 0.1 
[13] Ni Na 0.8325 0.01979 1.4341 0.0113 0.013 D 0.01 
[13] Ni Na 16.94-1 1.2938 0.5099 0.0102 0.011 E 1 
[13] Ni Na 3.5434 0.2642 1.4249 0.0071 0.008 E 0.1 
[13] Ni Na 0.8091 0.01908 1.4249 0.0060 0.007 E 0.01 
[131 Ni Na 18.328 1.5362 0.3909 0.0082 0.009 F 1 
[13 J Ni Na 2.9832 0.00289 1.8183 0.0066 0.008 F 0.1 
[13J Ni Na 0.6439 0.1303 1.1307 0.0110 0.017 F 0.01 
[13J Ni Na 20.126 1.3046 0.5126 0.0100 0.011 G 1 
[13] Ni Na 3.2392 0.01079 1.6857 0.0095 0.010 G 0.1 
[13] Ni Na 0.9544 0.01664 1.4792 0.0136 0.016 G 0.01 
[13] Mn Na 15.085 1.1913 0.7406 0.0091 0.009 D 1 
[13J Mn Na 3.9244 0.6007 1.2058. 0.0193 0.018 D 0.1 
[13 J Mn Na 0.9098 0.06202 1.5674 0.0114 0.012 D 0,01 
[13J Mn Na 13.338 1.3063 0.5784 0.0096 0.009 E 1 
[13 J Mn Na 3.7924 0.4349 1.5309 0.0108 0.011 E 0.1 
[13J Mn Na 0.7861 0.1122 1.5376 0.0099 0.011 E 0.01 
[13J Mn Na 12.456 1.7910 0.2920 0.0064 0.001 F 1 
[13J Mn Na 3.0233 0.08856 2.1742 0.0111 0.012 F 0.1 
[13J Mn Na 0.5533 0.00480 1.3340 0.0070 0.007 F 0.01 
[13J Mn Na 14.808 1.4375 0.4924 0.0058 0.005 G 1 
[13] Mn Na 2.9128 0.04447 1.8710 0.0102 0.011 G 0.1 
[13J Mn Na 0.8032 0.03368 1.5463 0.0148 0.015 G 0.01 
[13] Cu Na 14.921 1.5255 0.3396 0.0111 0.012 D 1 
[13] Cu Na 3.7859 0.4330 1.3324 0.0078 0.008 D 0.1 
[131 Cu Na 1.7284 1.5077 0.4220 0.0059 0.001 D 0.01 
[131 Cu Na 14.468 1.4144 0.4113 0.0128 0.010 E 1 
[13J CU Na 3.4777 0.8523 0.8158 0.0081 0.009 E 0.1 
{131 Cu Na 0.4816 0.02188 0.9900 0.0168 0.019 E 0.01 
[13J Cu Na 13.456 0.8179 0.8573 0.0070 0.008 F 1 
[13J CU' Na 3.6369 0.6679 1.0452 0.0076 0.008 F 0.1 
{13] Cu Na 0.5784 0.00654 1.2138 0.0075 0.008 F 0,01 

{13J CU Na 15.888 1.2382 0.5191 0.0137 0.014 G 1 
[131 Cu Na 3.7875 0.3279 1.4427 0.0149 0.019 G 0.1 

13 Cu Na 0.7800 0.04920 1.2146 0.0101 0.020 G 0.01 

aA. Dowex 50W·X8; B, Lewatit SP'120; C, Dowex 50W-X12; D, Lewatit SP120, particle size 0.74 mm; E, Lewatit 
SP120, particle size 0.96 mm; F, Lewatit S·100; G, Lewatit S-115. 

binary equilibrium system with only two relation implemented. The results are given in 
parameters; an equilibrium constant and a Table 2, with a comparison between the 
single Wilson parameter. The binary data in qualities of fit achieved with and without the 
Table 1 were re-analysed, with the reciprocal constraint ofreciprocityof Wilson parameters. 
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TABLE 2 

Binary exchange parameters assuming Wilson parameter reciprocity 

Reference j KJ Aj FbReelP Fb But Fit Resina Cone. 
(N) 

[27 ] Na H 1.5440 1.3788 0.0032 0.0032 A 0.1 
[27] K H 2.3736 2.4709 0.00097 0.00096 A 0.1 
[11 ] Na H 1.5759 2.3689 0.0054 0.0053 B 0.1 
[11] Mg H 96.246 0.0807 0.0022 0.0021 B 0.1 
[11] Zn H 26.464 3.0785 0.0017 0.0015 B 0.1 
[11 ] Ca H 93.471 2.7502 0.0039 0.0026 B 0.1 
[11 ] Mg Na 3.5108 . 0.4152 0.0031 0.0031 B 0.1 
[11) Zn Na 4.4781 1.9548 0.0021 0.0021 B 0.1 
[11 ] Ca Na 27.561 1.5448 0.0043 0.0018 B 0.1 
(31 ] Na H 1.7288 1.9703 0.0022 0.0022 C 0.1 
(31) Ca H 78.064 1.8907 0.0053 0.00060 C 0.1 
[31] Ca Na 29.994 1.0000 0.0071 0.0025 C 0.1 
[13] Ni Na 20.773 1.0000 0.017 0.0082 D 1 
[13] Ni Na 17.950 1.0000 0.025 0.010 E 1 
[13] Ni Na 18.360 1.0000 0.018 0.0082 F 1 
[13). Ni Na 22.078 1.0000 0.021 0.010 G 1 
[13] Ni Na 4.7705 1.0001 0.0020 0.0054 D 0.1 
(13) Ni Na 5.5804 1.0000 0.028 0.0071 E 0.1 
[13] Ni Na 5.3148 1.0000 0.020 0.0066 F 0.1 
[13 ] Ni Na 6.3585 1.0084 0.023 0.0095 G 0.1 
[13] Ni Na 2.1765 1.0295 0.019 0.011 D 0.01 
[13] Ni Na 2.5551 1.3943 0.013 0.0060 E 0~01 

[13] Ni Na 2.1785 1.0586 0.032 0.010 F 0.01 
[13] Ni Na 2.4088 1.0356 0.020 0.014 G 0.01 
[13] Mn Na 14.870 1.0000 0.01l 0.0091 D 1 
[13 ] Mn Na 14.506 1.0000 0.016 0.0096 E 1 
[13 ] Mn Na 13.045 1.0000 0.015 0.0064 F 1 
(13] Mn Na 14.880 1.0000 0.016 0.0058 G 1 
[13] Mn Na 4.6104 1.0000 0.023 0.019 D 0.1 
[13 ] Mn Na 3.8900 1.0000 0.016 O.Dll E 0.1 
[13] Mn Na 4.0520 1.0010 0.017 0.011 F 0.1 
[13] Mn Na 4.2420 1.0000 0.018 0.010 G 0.1 
[13 ] Mn Na 1.5909 1.022R 0.022 0.011 D 0.01 
[13] Mn Na 1.5584 1.0000 0.029 0.0099 E 0.01 
[13] Mn Na 1.8083 1.0000 0.027 0.0070 F 0.01 
[13 ] Mn Na 1.3141 0.99i6 0.024 0.015 G 0,01 
[13] Cu Na 16.413 1.0000 0.028 0.011 D 1 
[13] Cu Na 14.950 1.0000 0.034 0.013 E 1 
[13 ] Cu Na 14.900 1.0000 0.022 0.0070 F 1 
(13) Cu Na 16.323 0.9956 0.023 0.014 G 1 
[13 ) Cu Na 4.9325 1.0000 0.022 0.00i8 D 0.1 
[13 ) CIl Na 4.5874 1.0000 0.024 0.0081 E 0.1 
[13] CIl Na 4.1780 1.0000 0.019 0.0076 F 0.1 
[13 ) Cu Na 5.1100 1.0200 0.016 0.015 G 0.1 
[13 ] Cu Na 2.2242 0.9953 0.014 0.0059 D 0.01 
[13 ] CIl Na 2.3380 1.2305 0.023 O.Oli E 0.01 
[13) Cu Na 1.5044 0.9684 0.035 0.0075 F 0.01 
[13] Cu Na 2.7248 1.0120 0.020 0.010 G 0.01 

aSee footnote to Table 1-

The data of Dechapunya [27], Vazquez was used to re-determine the equilibrium 
ct 01. [11] and Vermeer ct al. [31] were parameters for both the unconstrained and 
further analysed. The objective function reciprocal cases. This then allowed easy 

computation of the F·statistic 
N FfScip F '=.., (yl.'red _ yUP)l (16) Fo = (17) LS __ ./ .1 

F:;Sst I'" I 
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TABLE 3 

Statistical analysis or significance of reducing number or parameters 

Reference j Number of 
data points 

[27] Na H 9 
[27] K H 9 
(11 ] Na H 9 
[11 ] Mg H 9 
[11 ] Zn H 9 
[11 ] Ca H 9 
[11 ] Mg Na 9 
[11 ] Zn Na 9 
[11 ] Ca Na 9 
[31] Na H 4 
(31) Ca H 6 
(31) Ca Na 6 

to give a meaningful measure of the reduction 
in fit by using only one Wilson parameter 
instead of two. The results of these computa
tions are given in Table 3. In most cases, there 
was not a statistically significant reduction in 
the quality of fit due to the reduction in 
parameter number. 

Those cases for which there was a signifi· 
cant lessening in the quality of fit were all 
systems \vith a high selectivity, and the data 
for these systems were not well spaced along 
the length of the isotherm, but were clustered 
at higher resin concentrations. It is important 
for accurate equilibrium characterization that 
the experimental data be well distributed in 
terms of both solution and resin concen
trations. 

The data of Vazquez. et ai. [13] for the 
Nfl+/Na+, Cu2+/Nat and Mnl+/Na-l- systems 
were not re-analysed in the above manner, as 
most of these data \'I.'ere either mal-distributed 
in the fashion described above, or exhibited 
a large amount of scatter. 

Most reciprocal fits were still of a similar 
magnitude to the inherent experimental 
uncertainties. 

Shallcross et ai. [15] present Wilson 
parameter pairs for three binary systems. 
These parameter pairs all obey the reciprocity 
relation given in equation (10) to an accuracy 
of better than 0.2%. 

2.3. Characterization of ternary ion exchange 
equilibria 

Each of the five ternary systems studied 
was initially characterized by eight parameters; 

F·statistic 

1.00 
1.00 
1.00 
1.01 
1.68 
2.00 
1.22 
1.00 
5.12 
1.01 
1.31 
6.68 

Significance 

Not significant 
Not significant 
Not significant 
Not significant 
Significant at 0.25 level 
Significant at 0.25 level 
Not significant 
Not significant 
Significant at 0.025 level 
Not significant 
Not significant 
Significant at 0.025 level 

two equilibrium constants and six Wilson 
interaction parameters. The resulting param
eters and corresponding qualities of fit, Ft. 
given by 

f I y1KP 
- y1ittedl 

1=1/"1 
F -

t -- MN (18) 

are listed in Table 4. 
The qualities of fit are all of smaller magni

tude than the experimental error for wrnary 
ion exchange determined by Dechapunya [27]. 

As a test of the viability of the reciprocal 
relation and the Hala constraint, the ternary 
data were re-analysed, taking into account 
these two equations, separately and together. 
The results are given in Tables 5 ·7. 

The results of the ternary characterizations 
using the reciprocity and Hala conditions 
gave qualities of fit only slightly worse in 
most cases than the unconstrained correla
tions, and always still \'Irithin the experimental 
error of the original data. Thus, it may be 
concluded that both the reciprocal and Hala 
constraints are applicable to ion exchange 
Wilson parameters. 

3. CONCLUSIONS 

As found by previous workers, the Debye
HUckel and Wilson equations may be success
fully used to characterize ion exchange equi
libria. 

A reciprocal relationship beh .... een the two 
Wilson parameters describing each pair inter· 
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TABLE 4 

Unconstrained ternary ion exchange equilibrium parameters 

Reference j k Kl K~ A( 
J A1 A~ A'! 

I A~ Ft 

[27 J H Nil. K 0.6826 0.4368 0.7156 1.4102 0.4978 2.2978 0.6000 1.7349 0.0012 
[12J ea Nil. H 29.892 91.517 3.2882 0.0432 4.3918 0.OS96 1.5282 0.5582 0.0025 
(12) Zn Na H 4.8644 34.029 1.6356 0.6496 1.3650 1.7356 2.7510 0.4356 0.0012 
(l2) Mg Na H 3.7644 98.032 0.5650 2.0650 0.2650 10.965 1.6514 3.9650 0.0039 
(31) ell Nil. H 23.995 76.997 0.5425 1.2650 2.2875 0.3650 1.4240 0.5543 0.00028 

TABLE 5 

Ternary ion exchange equilibrium parameters using reciprocal condition 

Reference j k Kl K~ I\! 
J A~ A~ Ft 

[27 ) H Nil. K 0.6404 004132 0.5960 0.3721 0.6217 0.0013 
[12J ea Na H 29.844 91.058 1.3'176 3.2538 1.7685 0.0028 
{l2J Zn Nil. H 4.7535 23.895 2.0385 3.2985 3.1315 0.0013 
[12 ] Mg Na H 3.8641 96.464 0.3i69 0.0800 0.0900 0.0043 
[311 ell. Nil. H 30.268 77.942 1.0364 1.9165 1.8316 0.00068 

TABLES 

Ternary ion exchange eqUilibrium parameters using Hila constraint 

Reference j k K' j K~ A~ 
I A~ A~ A~ Ft 

[27 J H Na K 0.6292 0.4054 0.7441 1.5193 0,4393 2.6372 0.5841 0.0016 
(12 ) Ca Nil. H 38.307 94.137 1.2005 0.9077 1,4732 1.3480 1.6668 0.0032 
[12J Zn Nil. H 5.0697 35.265 1.9611 0.5772 1.7872 1.3921 1.0322 0.0011 
[12 J Mg Na H 8.5663 96.684 3.0236 1.0149 0.2252 13.449 0.06603 0.013 
(31 ) Ca Na H 29.710 78.200 0.9813 0.9792 2.2024 0.4541 2.1966 0.00031 

TABLE 7 

Ternary ion exchange equilibrium parameters using Hala and reciprocal constraints 

Reference j k K~ 
J K~ A~ F t 

[27 H Na K 0.6400 0.4090 0.5661 0.3769 0.0015 
[12 Ca Na H 31.103 91.612 0.9773 3.1748 0.0024 
[12 Zn Nil. H 3.8010 21.933 1.4974 3.5096 0.0024 
[12 Mg Nil. H 3.1200 96.028 0.4348 0.0700 0.0047 
[31 ea Na H 29.581 i8.331 1.1623 1.9957 0.00081 

action has been observed for several binary 
systems and gives acceptable results when 
used to characterize binary and ternary 
equilibria. 

required to characterize fully an N-compo
nent system is reduced from (N 2 

- 1) to 
2(N-l). 

The Hata constraint, when used alone, or 
in conjunction with the reciprocity relation, 
did not significantly lessen the accuracy of 
equilibrium characterization. 

When the Hala and reciprocity constraints 
are used jointly, the number of parameters 
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APPENDrX A: NO:'vtENCLATtiRE 

A Debye-Hilckel parameter (mol-12 

1112 ) 

ai ion-size parameterfor species i (A) 
B Debye-Hilckel parameter (A- 1 

mol-liZ (111) 

bE adjustable parameter for species i in 
Debye-Hilckel equation 

Ci concentration of species i in solution 
phase (mol 1-1) 

F goodness of fit used by Vazquez. 
F b binary goodness of fit 
F LS binary goodness of fit using least 

L 
M 
N 
R 
T 

Xi 

J't 

squares 
F-statistic 
ternary goodness of fit 
ionic strength (mol kg-I) 
thermodynamic eqUilibrium constant 
for species i moving from solution to 
resin and spedes j moving from resin 
to solution 
number of species in solution phase 
number of counter-ions in resin phase 
number of experimental data points 
universal gas constant (J mol- L K-I) 
temperatW"e (K) 
molar volume of spedes i (m3 mol-I) 
normalized equivalence of species i in 
the solution phase. 
normalized concentration of species i 
in the resin phase. z, valency of species i 

Greek letters 
"Ii activity coefficient of species i in solu· 

tion phase 
activity coefficient of species i in resin 
phase 
Wilson parameter 
energy of interaction between adsorb
ed species i and j (J mol-1 ) 

Su.perscrip ts 
Best value using unconstrained optimization 
exp experimental value 
fitted fitted value 
Recip value using reciprocal constraint 
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ABSTRACT 

Ternary ion exchange equilibria have been 
predicted from measured binary equilibrium 
data, using the Wilson equation for solid 
phase activity coefficients, with a significant 
reduction in experimental effort. Using the 
reciprocal relationship and the Halo 
constraint, predictions have been made from 
data measured for only two binary pairs with 
similar accuracy to those made with data 
from all three binary systems, provided the 
binary pairs selected both include the most 
favourably selected ion. The difference 
between ternary equilibrium predictions and 
experimental data was within the accuracy 
of the experimental data itself. 

1. INTRODUCTION 

The prediction of ion exchange equilibria 
is especially important for multicomponent 
systems, as most industrial applications of ion 
exchange involve more than two counter·ions. 
The most widely used example of this is water 
softening, involving the removal of calcium 
and magnesium ions from solution and their 
replacement with sodium ions. 

A method of using only binary data to 
estimate ternary and higher order ion 
exchange equilibria has been proposed by 
Elprince and Babcock [1] and by Smith and 
Woodburn [2]. They demonstrated the use 
of the Wilson equation to evaluat.e resin phase 
activity coefficients. An extended Debye
Huckel relation was used by Smith and 
Woodburn to calculate activity coefficients in 
the solution phase. This method was refined 
by Vazquez Una et al. [3]. 

The above method required parameters for 
all three constituent binary pairs in the 

0300·9467/90/$3.50 

evaluation of the equilibrium of a ternary 
system. Using the reciprocity of the Wilson 
parameters [4] required data for only two of 
the three binary pairs. 

1.1. Ion exchange equilibria 
The generalized ion exchange reaction is 

zjRzjMj + zjM{(+ zjRzjM; + zjM/j+ (1) 

where ion M j of charge Zj is replacing ion M j 
of charge z} in the resin. The thermodynamic 
equilibrium constant for this reaction is 

K/ "" (Y/Yi )Zj(CJ~j )Z; 
C(YI Y/'YJ 

(2) 

where Cj is the molar concentration of species 
i in the liquid phase, Yi is the normalized 
concentration of species i in the resin phase, 
and 1'; and 'ij are the activity coefficients of 
species i in the solution and solid phases 
respectively. 

Liquid phase activity coefficients 1'i were 
calculated iIi this work by the extended 
Debye- Hiickel relation 

.-AZj2 11/2 

)Ogi01'i = 1 + Ba;lln. ..;. b;l (3) 

where 1 is the ionic strength of the solution, 
aj is the ion size parameter, bi is an adjustable 
parameter and the values of A and Bare 
0.5070 mol- 1/2 11/2 and 0.3282 A-I mol- l12 

1112 respectively, at 20°C [5]. Truesdell and 
Jones [6] and Klotz [7] have quoted values 
of ai and b j for a range of ionic species. 

The Wilson equation was used to estimate 
activity coefficients in the resin phase 'i; 

© Elsevier Sequoia/Printed in The Netherlands 



114 

where A/ and AI are the two Wilson param
eters, and A/ is unity. 

As described by Allen et al. [4]. eqns. (2) -
(4) were used to fit binary ion exchange 
parameters K/ A/ and A! to experimental 
data. Two methods of fitting ,,','ere used: 
(1) an unconstrained optimization and (2) an 
optimization in which the reciprocal con· 
straint 

. 1 
A/ :::: Ai (5) 

j 

was imposed on the Wilson parameters. 

1.2. Prediction of ternary equilibrium 
We wish to predict ternary ion exchange 

equilibria from binary parameters as binary 
composition measurements are simpler and 
fewer measurements are required to fully 
characterize binary equilibria. The advantages 
of predicting multicomponent equilibrium 
from binary data become even more apparent 
when the required system is quaternary or 
of higher order. The Wilson parameters may 
be used directly for this purpose. 

Hala [8] derived an equation relating the 
sL" Wilson parameters describing a ternary 
system 

A/A hi All A/ A/ A;/ (6) 

If this relation is combined with the hypothe' 
sis of reciprocity of ion exchange Wilson 
parameters for one pair of Wilson parameters 
in the ternary system, the following equation 
results: 

(7) 

Thus, if the Wilson parameters for two binary 
systems containing a common counter-ion are 
known, p~ameters for the third binary 
system of the corresponding ternary may be 
estimated. 

Further, if the reciprocity condition is 
forced during the fitting of the Wilson param
eters to the two experimentally measured 
bina.r:y isotherm, then eqn. (7) may be further 
simplified to give 

. A;/ 
A· ' =-
JAil 

(8) 

If required, the thermodynamic equilibrium 
constant for the third, unknown binary 

may be computed using the triangle relation 
[9] 

although this equation does not always 
describe experimental results well [10]. 

(9 ) 

Once parameters for all three binary pairs 
have been obtained, predictions of the corre
sponding ternary equilibrium can be made, 
using eqns. (10)-(12) 

("YiYi )Zh 

("YkYhYi 

. ("V·C·)Zk K I /1 I 

h ( )z. "th C,. I 

Yi + Yj + Yh = 1 

(10) 

(11) 

(12) 

An iterative technique is required to find the 
resin phase composition (y;, Yi. Yh) for a given 
solution composition (c;, Cj, Ch). Estimates of 
the resin composition are successively refined 
until eqns. (10)-(12) are satisfied. 

The above proced ure was tested against 
measured ternary equilibrium data for several 
systems. The binary parameters used were 
calculated using both an unconstrained 
optimization and an optimization constrained 
by the reciprocity relation given by eqn. (5). 
These parameters are listed in Table 1. 

The equations were solved using a Hooke 
and Jeeves algorithm [13] in FORTRAN on 
a VAX 6210 superminicomputer. 

2. RESULTS AND DISCUSSION 

Wilson parameters obtained by eight differ· 
ent methods were used to predict ternary ion 
exchange equilibria. These methods investi
gated the effect of using the reciprocity 
relation, the Hala constraint and the choice 
of the counter-ion to be common to the two 
known binaries. The parameters used were: 

(A) Experimentally determined uncon
strained parameters for all three constituent 
binaries (after Smith and Woodburn [2] and 
Vazquez et al. [14]). SLx experimentally 
determined Wilson parameters were required. 

(B) Experimentally determined uncon
strained parameters for two constituent 
binaries, with the third pair of Wilson param
eters generated using eqn. (7). Three different 
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TABLE 1 

Parameters for selected binary ion exchange equilibria determined by best fit for two cases: (a) unconstrained and 
(b) constrained by the reciprocal relationship in the Wilson parameters 

Reference j Best fit 

K/ 
11 Na H 1.5433 
11 K H 2.3747 

5 Na H 1.5772 
5 Mg H 79.845 
5 Zn H 34.286 
5 Ca H 94.031 
5 Mg Na 3.1107 
5 Zn Na 4.4921 
5 Ca Na 37.584 

12 Na H 1.7320 
12 Ca H 86.537 
12 Ca Na 27.788 

combinations were used. (1) The ion with the 
most affinity for the resin in the ternary 
system was the counter-ion common to the 
two experimental binaries. (2) The second
most favourably adsorbed ion was the 
common counter-ion. (3) The least favourably 
adsorbed ion was the common counter-ion. 
Four Wilson parameters were required to be 
determined experimentally. 

(C) Experimentally determined parameters 
constrained by the reciprocity relation for 
all three constituent binary systems. Three 
independent experimental Wilson parameters 
were needed. 

(D) Experimentally determined parameters 
constrained by the reciprocity relation for 
two constituent binary pairs with the third 
pair of parameters found from eqn. (8). The 
three cases (1), (2) and (3) as for Method B 
were used. This method required only two 
experimental Wilson parameters. 

Methods A and C required experimental 
binary parameters for all three constituent 
binaries, whereas Band D only required data 
for two of the binary systems contained in 
the corresponding ternary. 

In each case, only two equilibrium con
stants were required to make the ternary 
predictions. In those cases where all three 
equilibrium constants were known, i.e. 
methods A and C, the two equilibrium 
constants used were those two which con
tained the most seJected ion, as recommended 
by Bajpai et al. [10]. For cases Band D, 
where only two of the equilibrium constants 

A/ Aji K·i 
J Ai 

1.4067 0.7062 1.5440 1.3788 
2.4269 0.4220 2.3736 2.4709 
2.2300 0.4500 1.5759 2.3689 
0.3450 8.7500 96.246 0.0807 
1.7064 1.2516 26.464 3.0785 
3.9652 0.0571 93.471 2.7502 
1.6280 0.7380 3.5108 0.4152 
2.0028 0.4886 4.4781 1.9548 
3.3728 0.0809 27.561 1.5448 
1.9320 0.5355 1.7288 1.9703 
2.1922 0.4416 78.064 1.8907 
0.8717 1.0039 29.994 1.0000 

were known, the third was calculated via the 
triangle rule (eqn. (9)). In these cases, it was 
not important which two equilibrium con
stants were subsequently used in the predic
tive process of eqns. (10)-(12), as they were 
not independent. In each case, the third 
equilibrium constant was merely used to 
compute the eqUilibrium diagram along the 
third side of the triangle. It must be noted 
that the predictions made for the third 
binary using the calculated equilibrium 
constant and Wilson parameters were not 
always consistent with experimental data. 

The ternary systems against which predic· 
tions were compared were Ca2+/Na"'/H+, 
Mg2+/Na+/H"" and Zn2+/Na"'"/H+ as experi
mentally determined by Vazquez Una et al. 
[14] and Ca2+/Na+/H+ [12]. The K+/Na+/H+ 
system as measured by Dechapunya [11] was 
also predicted, but only methods B(3) and 
D(3) could be used, since data for only the 
Na+tH+and K+/H"'" binaries were available. 

The results of method B(3) for the K"'"/ 
Na + /H+ system are given in detail in Table 2. 
The binary parameters for the K+ /Na"'" pair 
were computed to be KK Na = 0.6499, AKNB 

0.5885 and ANa K = 1.6992. The average 
absolute error bet.ween the experimental 
and predicted data was 0.0043, or an average 
relative discrepancy of 2.1 % which is within 
the range of the uncertainties in the experi
mental data of between 1.5 % and 3.3% [11]. 

When the reciprocal binary parameters 
were used, i.e. method D(3), an average 
absolute error of 0.0049 resulted, which is 
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TABLE 2 

Experimental [11] and predicted equilibrium of K"Na +'H+ on Dowex 50W X8 using method B( 3) 

Experimental 

XK X Na XH e.'l:perimental predicted 

0.2 0.1 0.7 0.367 0.369 
0.4 0.1 0.5 0.567 0.574 
0.5 0.1 0.4 0.6j5 0.653 
0.6 0.1 0.3 0.722 0.723 
0.7 0.1 0.2 0.785 0.789 
0.8 0.1 0.1 0.846 0.854 
0.1 0.2 0.7 0.212 0.208 
0.3 0:2 0.5 0.460 0.466 
0.4 0.2 0.4 0.557 0.558 
0.5 0.2 0.3 0.641 0.637 
0.6 0.2 0.2 0.705 0.709 
0.7 0.2 0.1 0.776 0.777 
0.2 0.3 0.5 0.339 0.341 
0.3 0.3 0.4 0.450 0.451 
0.4 0.3 0.3 0.540 0.543 
0.5 0.3 0.2 0.626 0.623 
0.6 0.3 0.1 0.693 9.696 
0.1 0.4 0.5 0.189 0.189 
0.3 0.4 0.3 0.437 0.437 
0.4 0.4 0.2 0.523 0.529 
0.5 0.4 0.1 0.610 0.610 
0.3 0.5 0.2 0.424 0.424 
0.4 0.5 0.1 0.519 0.516 
0.1 0.6 0.3 0.179 0.174 
0.2 0.6 0.2 0.308 0.305 
0.3 0.6 0.1 0.421 0.412 
0.1 0.7 0.2 0.170 0.167 
0.2 0.7 0.1 0.296 0.295 
0.1 0.8 0.1 0.168 0.160 

still of an acceptable magnitude. The equi· 
librium diagram for the K+/Na+/H+ system on 
Dowex 50W-X8 predicted using this method 
is given in Fig.!. 

The qualities of prediction Ft given by 

X 100 (13) 

for the remaining four ternary systems, 
predicted using the eight listed methods, 
axe displayed in Table 3. It is clear from 
Table 3 that when only two of the three 
constituent binary pairs were used for ternary 
prediction, the best results were achieved 
when the two constituent pairs used were 
those containing the most selected ion, i.e. 
cases B(l) and D(l) gave superior predictions 
to methods B(2), D(2), B(3) and D(3). 

experimental 

0.101 
0.086 
0.078 
0.075 
0.077 
0.081 
0.223 
0.184 
0.170 
0.158 
0.157 
0.151 
0.297 
0.265 
0.251 
0.236 
0.234 
0.429 
0.351 
0.336 
0.317 
0.434 
0.408 
0.600 
0.546 
0.503 
0.680 
0.627 
0.755 

LEGEND 

" Experimental 
_ Prodicted 

predicted 

0.104 
0.087 
0.082 
0.079 
0.077 
0.076 
0.230 
0.185 
0.172 
0.163 
0.158 
0.155 
0.297 
0.272 
0.255 
0.243 
0.236 
0.429 
0.357 
0.336 
0.323 
0.439 
0.417 
0.606 
0.555 
0.520 
0.689 
0.635 
0.769 

H 

e.'l:perimental predicted 

0.532 0.526 
0.347 0.339 
0.266 0.265 
0.203 0.198 
0.138 0.134 
0.073 0.070 
0.564 0.562 
0.356 0.349 
0.273 0.270 
0.201 0.199 
0.138 0.134 
0.073 0.069 
0.364 0.363 
0.285 0.277 
0.208 0.202 
0.138 0.134 
0.073 . 0.068 
0.382 0.382 
0.212 0.206 
0.140 0.135 
0.073 0.068 
0.142 0.137 
0.073 0.068 
0.221 0.220 
0.146 0.140 
0.075 0.068 
0.150 0.144 
0.077 0.069 
0.077 0.071 

Fig. 1. Comparison of experimental and predicted 
(method D(3» eqUilibrium for K",Na+,H+ on Dowex 
50W·X8. Contours are curves of constant normalized 
solution concentration of each component presented 
at 0.1 intervals. 

When a less selected ion was chosen as the 
common ion, a significant loss in prediction 
quality was evident. This result concurs with 
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TABLE 3 

Qualities of prediction F t for ternary ion exchange predictions 

Reference j k Method 

Three pairs 

A C 

14 Ca Na H 0.9 0.8 
14 Mg Na H 1.0 0.9 
14 Zn Na H 0.8 1.1 
12 Ca Na H 0.3 0.6 

Bajpai et al. [10] who studied the Na+/Cs+/ 
Mn 2+ and Cs*/Mn2*/Sr+ exchange systems. 

Table 3 also shows that similar qualities of 
prediction were achieved by using three best 
fit binaries, three reciprocally fitted binaries, 
two best fit binaries containing the most 
selected ion, or two reciprocal binaries con
taining the most selected ion, i.e. the predic
tive qualities of methods A, B(l), C and D(l) 
were all similar. 

Moreover, the accuracy of these predictions 
was within the experimental uncertainty of 
the original ternary data. Thus, it is not neces
sary to undertake expensive and time consum
ing ternary equilibrium experiments to deter
mine ternary ion excnange data. It is simply 
sufficient to measure the binary equilibria of 
the two constituent pairs containing the most 
selected ion. 

It is recommended, however, that these 
experimental data be evenly distributed along 
the length of the binary isotherm. This does 
not necessarily imply equal spacing in terms 
of solution concentration, except in cases of 
homovalent exchange, where the relative 
selectivity of the various ions are small (less 
than three, say). The data of Vermeer et a1. 
! 12] were well distributed and for this reason 
the reduction in the goodness in fit observed 
when not using the most selected ion as the 
common ion was less pronounced than for the 
Vazquez Una et al. [3] data, which were 
equi-spaced with respect to solution phase 
concentration. 

3. CONCLUSION 

Ternary ion exchange equilibria have been 
successfully predicted from parameters ob-

Two pairs 

B(J) D(J) B(2) D(2) B(3) D(3) 

0.8 
1.3 
1.8 
0.4 

0.9 6.1 1.4 2.9 1.1 
1.6 1.5 1.9 2.5 5.8 
1.6 3.2 3.4 4.7 4.5 
0.6 0.5 0.8 0.6 0.8 

tained from two of the constituent binary 
pairs. The common ion contained in these 
two pairs should be the most selected ion in 
the ternary system and the binary data need 
to be evenly distributed along the length of 
the equilibrium isotherm. 
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APPENDIX A: NOMENCLATURE 

A Debye-HUckel parameter (mor llZ · 

}I 12) 
B Debye-HUckel parameter (A-l 

mol- I12 1llZ) 

ai ion size parameter for species i (A) 
bi adjustable parameter for species i in 

extended Debye-HUckel equation 
(kg mol-I) 

Cj concentration of species i in the solu
tion phase (mol rl) 

Ft quality of ternary equilibrium predic
tion 

I solution ionic strength (mol kg-I) 
K/ thermodynamic equilibrium constant 

for species i moving from solution to 
resin and species j moving from resin 
to solution 

M number of counter-ions 

mi molality of species i in solution 
(mol kg-I) 

N number of experimental data points 
n number of species in solution 
Xj normalized equivalence of species i in 

the solution phase 
Yi normalized concentration of species i 

in the resin phase 
Zj valency of species i 

Greek letters 
'Yi activity coefficient of species i in the 

solution phase 
'Yj activity coefficient of species i in the 

resin phase 
A/ Wilson parameter 

Superscripts 
exp experimental value 
pred predicted value 
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