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Abstract 

The behaviour of an array of merging buoyant jets has been investigated. Time 

averaged properties and temporal properties, including the concentration fluctuations 

and the intermittency, were measured using planar laser-induced fluorescence. A 

flapping motion in the trajectory of the merged flow region was shown to be caused by 

the relative position of large scale vortices on either of the flow boundaries. The effect 

of the intermittent flapping events on the flow properties was examined, and the 

flapping was shown to cause the greater spread rate of plane buoyant jets as compared 

to round buoyant jets. The experimental results were used to modify and verify a 

numerical model that predicted the behaviour of a single row of either vertical or 

horizontal merging buoyant jets. The efficiencies of different wastewater diffuser 

configurations were examined, and a single row of horizontal ports was recommended 

as the most efficient design. 

The effect of an ambient fluid velocity, flowing perpendicular to the array of merging 

buoyant jets, has also been examined. In this situation, the merged buoyant jets were 

either weakly deflected and the plume-like behaviour was preserved, or strongly 

deflected such that they had a horizontal trajectory. The transition between the two 

regimes was determined by the cross-flow number. For a limited range of the cross

flow number, the behaviour of the merging buoyant jets was shown to be largely 

independent of the array configuration and mostly determined by the cross-flow 

number. Where the horizontal buoyant jets were discharged into a co-flow, the dilution 

growth with depth of the strongly deflected merging buoyant jets was greater than that 

of a single buoyant jet. Experimental findings were used to develop theoretical models 

that were successful in describing the behaviour of a single horizontal buoyant jet in a 

co-flowing current and merging horizontal buoyant jets in a weak co-flowing current. 

The ambient velocity was shown to be additive to the entrainment velocity field, and 

this lead to the derivation of a new term in the momentum equations. A pressure force 

term, with a coefficient determined from experiments, was introduced to account for 

the effect of the pressure difference either side of the merged buoyant jets caused by 

flow separation in the ambient fluid. 
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Chapter 1 

Introduction 

1" 1 General introduction 

3 

An understanding of the behaviour of turbulent buoyant jets is useful in engineering 

applications where a waste fluid is discharged into an ambient fluid. Typically in these 

applications, the effluent is discharged as a continuous jet that has buoyancy due to 

differences between the properties of the effluent and the ambient fluid. Examples of 

such situations are: discharges of sewage to the ocean, cooling water discharges, and 

discharges of waste gas to the atmosphere. In these situations, knowledge of the 

behaviour of turbulent buoyant jets is used to design the waste diffuser such that rapid 

dilution of the effluent is obtained and the impact on the ambient fluid is minimised. 

The study of turbulent buoyant jets can also be useful in providing an insight into the 

general behaviour of free turbulent flows. Particular phenomena found in buoyant jets 

are also found in other turbulent flows. An example of this is the large scale flapping 

phenomenon that is found in plane buoyant jets and also in the turbulent wake produced 

by a cylinder. 

In this study, the behaviour of merging buoyant jets has been examined. Merging 

buoyant jets occur where a buoyant waste fluid is discharged into an ambient fluid from 

a diffuser with closely spaced ports. Near the source the flow is dominated by the 

initial momentum and is essentially a jet, while further from the source the initial 

momentum is less important such that the flow is dominated by buoyancy induced 

momentum and the flow is essentially a plume. Merging occurs as adjacent buoyant 

jets spread with distance. In the first stage of the study, merging buoyant jets 

discharged from a diffuser with both vertical and horizontal uni-directional ports are 

examined. Merging horizontal buoyant jets discharged from a diffuser with ports 

positioned alternately on either side of the diffuser pipe are examined in the second 

stage of the study. Finally, the effect of a current on horizontal uni-directional and 
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horizontal alternately directed merging buoyant jets is examined. 

The behavioural properties of buoyant jets were measured using planar laser-induced 

fluorescence. The design and performance of this measurement system is described in 

Chapters 2 and 3 in this part of the thesis. The system was designed to provide 

accurate measurements of both the time averaged flow concentrations and the short term 

concentration fluctuations, as well as to provide flow images which allow the structure 

and behaviour of the flow to be examined. The accuracy of the planar laser-induced 

fluorescence system in measuring concentrations was verified against a conventional 

salinity sample measurement technique. 

Part Two of the thesis presents a study of uni-directional mergmg buoyant jets 

discharged into a stationary ambient fluid. Merging buoyant jets occur in engineering 

applications where wastewater is discharged from a mUlti-port diffuser. In such a 

diffuser, effluent is discharged from ports spaced at intervals along a diffuser pipe. 

Where the ports are closely spaced, the axi-symmetric buoyant jets from each port 

merge and form a plane buoyant jet. The theory is reviewed, and the measured 

properties are presented in this part. These properties include information on the time

averaged flow and on the turbulent structure of the flow. The results are included in 

a numerical model which predicts the flow behaviour. The behaviour predicted by the 

numerical model is compared to the measured flow properties. 

The behaviour of the merging buoyant jets in the region close to the source is dependent 

on the configuration of the ports in the diffuser. In one commonly used diffuser design, 

the ports are positioned alternately on either side of the diffuser. The theory describing 

the alternately directed buoyant jets from such a diffuser is reviewed and the measured 

flow behaviour is presented in Part Three. The efficiency of this design in providing 

rapid dilution of the effluent is shown to be less than that of a design with uni

directional ports. 

Properties of the ambient fluid, such as ambient turbulence, density stratification, and 

currents, also affect the behaviour of the merging buoyant jets. The effect of a current 

flowing perpendicular to the axis of the array of merging buoyant jets is examined in 
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Part Four. This flow situation occurs when an ocean outfall diffuser is oriented 

perpendicular to the shore and is subjected to a long-shore current, or where a diffuser 

is positioned across a river. The theory for a single buoyant jet in a current is reviewed 

and a numerical model based on the theory is used to predict the behaviour of a single 

buoyant jet in a co-flowing current. In the case of the merging buoyant jets, a current 

is shown to have a much greater effect on the flow behaviour, and two separate flow 

regimes are shown to exist. The position of the transition between the flow regimes is 

defmed by a dimensionless parameter. The theory for merging buoyant jets in a 

stationary ambient fluid is modified to allow for a small advecting co-flowing current. 

The effect of the asymmetric entrainment of ambient fluid on the horizontal momentum 

of the merging buoyant jets, and the effect of a pressure drag force is introduced. The 

performance of a numerical integral model based on this theory is examined for 

merging buoyant jets weakly deflected by small co-flowing currents. Experimental 

results are presented which show the effect of a current on the merging buoyant jets 

from two diffuser configurations with horizontally oriented ports. 

1.2 

A review is presented in this section of a limited number of previous experimental 

studies which have a general relevance to this study. Reviews of a further selection of 

studies relevant to particular areas of this study have been included in the appropriate 

chapters. Of the studies presented in this section, a brief description only will be given 

and further details will be included in the body of the thesis. 

1.2.1 Axi-symmetric and plane buoyant jets 

Merging buoyant jets behave as axi-symmetric buoyant jets in the near field and plane 

buoyant jets in the far field. For these limiting cases, the time-averaged and turbulent 

properties of the buoyant jets have been investigated in many experimental studies. The 

studies of Papanicolaou (1984) and Kotsovinos (1975) in particular provide thorough 

descriptions of the properties of ax i-symmetric and plane flows. Both studies examined 

the case of vertically oriented flows only. 
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Papanicolaou (1984) used laser-induced fluorescence in combination with simultaneous 

laser Doppler velocity measurement to determine the mean and turbulent properties of 

ax i-symmetric jets and plumes. These results were also presented in Papanicolaou and 

List (1988). The mean properties presented in the study included the distributions of 

mean velocity and mean tracer concentration over the flow cross-section, the rate of 

spread with distance of these profiles, and the decay rates of mean centreline values of 

velocity and tracer concentration. Information on the turbulent structure included the 

distributions of velocity and tracer concentration fluctuations and measurement of the 

turbulent flux of tracer and momentum. The properties of both jets and plumes were 

presented. 

The mean and turbulent properties of vertical plane jets and plumes were studied by 

Kotsovinos (1975). The results of this study were also presented in Kotsovinos and List 

(1977 a) and (1977 b). The flow properties of a heated jet were measured using 

thermistor probes and laser Doppler velocity measurement. The mean properties 

described were the shape and spreading rates of the velocity and temperature 

distributions and the centreline velocity and temperature decay rates. The turbulent 

structure of the plane jets and plumes was described by a number of measurements 

including the distributions of intermittency and the temperature fluctuations. Kotsovinos 

also observed a large scale flapping pattern in the structure of the plane plumes, and 

suggested that this was caused by rotational instability due to the buoyancy of the flow. 

The presence of a similar phenomenon in non-buoyant plane jets, as observed by 

Goldschmidt and Bradshaw (1973), Cervantes (1978), Chu and Baines (1989) and 

Dracos et al. (1992), suggests that this explanation is not accurate. 

1.2.2 Merging buoyant jets 

The behaviour of an array of merging buoyant jets was investigated by Davidson 

(1989). Davidson developed an integral model which described the behaviour of the 

buoyant jets as they merged into a plane flow. Two configurations of uni-directional 

and alternately directed buoyant jets were described by the model. Davidson compared 

the behaviour predicted by the model to the. experimental results of Liseth (1970) for 

merging buoyant jets discharged from an alternately directed array. The theory 



7 

presented by Davidson is reviewed by Wood et al. (1993) and the model is extended 

to include the effects of a stratified ambient fluid. 

1.2.3 Buoyant jets in flowing ambient fluids 

The effect of a current on a buoyant jet has been studied by many authors. The 

behaviour occurring where a buoyant jet is discharged normal to a cross-flow was 

examined by Roberts (1977) and dimensional analysis was used to obtain approximate 

solutions. Knudsen (1988) examined the behaviour of horizontally discharged buoyant 

jets in flowing ambient fluids. Dimensional analysis was used to classify the flow cases 

and to predict the trajectory and dilution of the buoyant jet. An integral model was 

introduced by Knudsen to describe a horizontal buoyant jet in a current and this model 

has been presented by Wood et al. (1993). Another integral model describing a 

buoyant jet in a flowing ambient fluid has been presented by Chu and Lee (1994). A 

brief comparison of the two models is presented in a later section of the thesis. 

The problem of merging and plane buoyant jets in flowing ambient fluids is more 

complex. For the limiting case of a plane buoyant jet in a current the experimental 

studies of Cederwall (1971) and Roberts (1979) have shown that a current flowing 

perpendicular to the plane buoyant jet has a large effect on the flow trajectory. 

Cederwall showed that two flow regimes could occur depending on the value of the 

cross-flow number CF = U",i<uo21!3, which describes the relative strength of the 

ambient flow velocity Uo:>' and the flux per unit length of buoyancy, 'iAo2' Buoyancy 

is defined as ..::11 = (..::1p/ p)g and the flux of buoyancy is conserved in an unstratified 

ambient fluid. For small values of the cross-flow number the flow was weakly 

deflected and retained an upwards oriented trajectory. When the current was increased 

beyond the velocity which could be entrained into the plane buoyant jet the flow was 

strongly deflected. In this flow regime, Cederwall observed that the plume-like pattern 

broke up and the flow was mixed over a large depth. 

Roberts (1979) investigated the effect of current velocity and diffuser alignment to the 

current on the dilution of a plane buoyant jet. Roberts found that where the plane 

buoyant jet was weakly deflected by a perpendicular current, the dilution at the level 
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of the surface was independent of the current velocity. The transition to the strongly 

deflected flow regime was found to occur over a similar range of values of the cross

flow number, and in the strongly deflected regime the buoyant jet was mixed over the 

entire flow depth. 

Davidson (1989) carried out an experimental investigation into the behaviour of single 

and merging horizontally discharged buoyant jets in a co-flowing ambient fluid. 

Davidson measured the trajectory and dilution of single buoyant jets and an array of 

merging buoyant jets, and showed that in the presence of a co-flowing current a 

buoyant jet in an array of merged jets will often rise to the surface at a slower rate and 

with a higher dilution than a single buoyant jet. 

The most thorough experimental investigation to date of merging buoyant jets in a co

flowing current was carried out by Mendez-Diaz (1992) (see also Mendez-Diaz and 

lirka (1994)). Mendez-Diaz studied the flow from an array of horizontally discharged 

buoyant jets into a co-flowing non-turbulent ambient. Flow trajectories were measured 

from video footage and dimensional analysis was used to obtain relationships describing 

the slope of the trajectory in the region remote from the source. Two distinct flow 

regimes were found: weakly deflected and strongly deflected flows. The transition 

between the two regimes was found to be determined by the cross-flow number. 

Mendez-Diaz also suggested that the behaviour of the merging buoyant jets depends on 

the configuration of the diffuser. In particular, it was suggested that the port spacing 

and the height of the diffuser above the lower flow boundary will determine whether 

the merged plume will attach to the flow boundary, and whether it will rise more or 

less quickly through the ambient flow. 

1.3 Scope of the study 

A review of the literature on merging buoyant jets in stationary and flowing ambient 

fluids revealed several areas in need of research. In the case of merging buoyant jets 

in a stationary ambient fluid, experimental data was needed to verify the model of 

Davidson (1989) and Wood et al. (1993). The existence of the large-scale flapping 

phenomenon in buoyant plane jets needed to be verified and explained. Its effect on 
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the mean properties of the flow was also of interest. The occurrence of the flapping 

pattern in the merged buoyant jets is examined in this study, and the flapping is shown 

to have a significant and very interesting effect on the spreading rate of the plane 

buoyant jets. Results from the investigation of the flapping are used to modify the 

model of Davidson and Wood. The properties of merging buoyant jets measured in this 

experimental study are compared to the behaviour predicted by the model, and the 

model is shown to perform well. Results from experiments with different diffuser 

configurations are used to show that one particular diffuser design provides the most 

efficient dilution of the effluent. 

In the case of merging buoyant jets discharged into a current, a great deal of research 

was needed to understand this problem. Experimental research was needed in order to 

form a model describing the flow behaviour. Also, the effect of diffuser configuration, 

which includes such parameters as the port orientation and spacing and the height of the 

diffuser from the bottom flow boundary, needed to be examined. The behaviour of the 

merging buoyant jets discharged from various diffuser configurations into a flowing 

ambient fluid are described in this study. These results are included in a model which 

is introduced to describe the behaviour of merging buoyant jets deflected by a small co

flowing current. The model is shown to adequately describe the flow behaviour. 
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Method 

Wastewater diffusers are often designed to discharge effluent from ports positioned at 

intervals along the diffuser pipe. If the ports are spaced at sufficiently close intervals, 

the buoyant jets issuing from the ports will merge to form a plane buoyant jet. The 

experiments in this study have been designed to model the flow from such a multi-port 

wastewater diffuser. Merging buoyant jets discharged from three diffuser 

configurations have been investigated, and the effect of a current flowing perpendicular 

to the axis of the outfall has been examined. In the experiments, impermeable flow 

boundaries were placed at either end of the diffuser to model the flow from an infinitely 

long diffuser. This flow approximates that from the centre of a diffuser which is long 

in comparison to the flow depth. The effect of a finite diffuser length on the merging 

buoyant jets discharged into a current has been examined by Davidson (1989). 

2 .. 1 

The flow from the diffuser was modelled by a row of negatively buoyant jets discharged 

from ports located 100 mm below the water surface. The number of ports in the 

diffuser ranged from 5 to 15 and they consisted of stainless steel pipes of inside 

diameter 3.24 mm. Effluent was supplied to each pipe by a common manifold 

supported above the water surface. The effluent was stored in an elevated storage tank, 

from which it flowed through vinyl hose into the manifold at a rate controlled by a 

needle valve and measured by a rotameter. The manifold distributed the flow evenly 

through each of the ports as is shown by Figure 2.1. 

A density difference was created by using a salt solution (NaCI) as the effluent and 

using fresh water as the ambient fluid in the tan1e This resulted in a negatively buoyant 

effluent which is the reverse of the normal situation occurring in wastewater discharges. 

For small density differences between the effluent and ambient fluid this method is 

acceptable as it is only the density difference that is of importance in the flow. In 
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general, a density difference of approximately 3 percent was used. Conductivity meter 

measurements of the effluent salinity and temperature measurements of both the effluent 

and the ambient were noted before each experiment, and the densities of both fluids 

were calculated from these measurements using the Unesco state of sea water equation 

from Pond and Pickard (1983). Small variations in density difference were observed 

due to daily temperature variation in the ambient water and the salt solution. 

Temperature r~adings were taken at different elevations in the ambient fluid to check 

for any unwanted density stratification. The variation over the test region was generally 

less than 0.5 °c and the ambient stratification was negligible. 

soot storage tank 

Rotameter 
flow 

gauge 

Needle 
valve 

Air release va/v; 

Ports 

Manifold 

Figure 2.1 - Sketch showing the design of the array of merging buoyant jets 

The experiments were conducted in a glass sided tank of dimensions 6.0 m long, 1.5 

m wide and 1.1 m deep. The design of the tank has been sketched in Figure 2.2. An 

infinitely long diffuser was modelled by placing impermeable flow boundaries at each 

end of the diffuser at distances of one half port spacing from each end port. A movable 

plastic curtain was used as one side boundary and the tank side wall served as the other. 

The curtain was raised from the bottom of the tank to allow the layer of effluent to 

escape from the test region. The gap was beyond the test region and did not affect the 

buoyant jets in the test region. A gap was also left between each end of the curtain and 
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the ends of the tank to allow ambient fluid to be entrained from the region of the tank 

behind the curtain into the test region. This was done in order to reduce the restricting 

effect of the finite length of tank on the flow of entrained fluid into the plane plume. 

Ambient fluid Effluent layer escapes 
entrained into beneath curtain 
test region A A I A 

l 
Plastic curta.ln , ' I , 

-----,-_------J.---i-' ----r-'~' 
Flow width 

varies 

Tank glass wall 

(a) PLAN 

(b) ELEVATION 

I 
Array of Jets 
at tank mid-length 

Figure 2 - Sketch showing the design of the experimental tank 

The three different diffuser configurations tested in this study have been sketched in 

Figures 2.3 a) to c). In Figure 2.3 a) the simplest configuration of vertical merging 

buoyant jets was designed to model the flow from a diffuser with a single row of 

vertical ports. Figure 2.3 b) shows an array of horizontal uni-directional merging 

buoyant jets that models the flow from a diffuser with ports on one side of the diffuser 

pipe. The most complicated configuration is shown by Figure 2.3 c) in which the 

horizontal buoyant jets were discharged in alternate directions to model the flow from 

a diffuser with ports on alternate sides of the diffuser pipe. 
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The effect of a current was examined for the two array configurations of uni-directional 

and alternately directed horizontal merging buoyant jets. To simulate a current, the 

array of jets was towed by a motorized trolley in the lengthwise direction of the tanle 

The velocity of the trolley was controlled remotely by a variable frequency controller. 

In the urn-directional horizontal merging buoyant jet experiments the trolley was towed 

in both directions in turn to simulate the effect of a co-flowing and a counter-flowing 

ambient fluid. The design of the trolley has been sketched in Figure 2.4. 

Motorized tro/ley Cam ra 
~=--. 

Figure 2.4 - Sketch showing the design of the trolley (configuration of horizontal jets 
in a co-flow is shown) 
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2.2 The experimental programme 

The basic flow parameters for all experiments in the study are presented in this section. 

Further parameters are presented in Appendix A for each experiment. The results from 

the experiments will be presented in three separate parts of the thesis. The basic flow 

parameters from the experiments in the first two parts, Parts Two and Three, are 

presented in Table 2.1. 

In Part Two, merging buoyant jets discharged from a diffuser with a single row of ports 

into a stationary ambient fluid will be examined. Experiments were undertaken with 

merging buoyant jets discharged from a diffuser with horizontal ports spaced at a 

variety of distances. In experiment series '1' the presence of a large-scale structure in 

the merging buoyant jets was examined. In experiment PA, the behaviour of closely 

spaced vertical merging buoyant jets was measured for comparison with the horizontal 

buoyant jets. 

In Part Three, merging buoyant jets discharged from a diffuser with alternately directed 

ports into a stationary ambient fluid will be examined. The results from experiment 

series 'N' in Table 2.1 will be discussed in this investigation. 

In Part Four, the effect of a flowing ambient fluid on the merging buoyant jets will be 

examined. The basic parameters of the experiments in this investigation are presented 

in Table 2.2. Horizontal merging buoyant jets have been discharged from diffusers 

with ports on one side only (the urn-directional flow configuration) and from diffusers 

with ports positioned alternately on either side (the alternately directed flow 

configuration). In the urn-directional flow configuration, the effect of a co-flowing 

current, where the ambient current is flowing in the same direction as the jets, and the 

effect of a counter-flowing current, where the current direction is opposite to the jets, 

was examined. The ambient current is described by the velocity ratio Ur = U ""/Uo' 

positive and negative values of which indicate a co-flow or a counter-flow respectively. 

The cross-flow number CF = U 001 'ko 1/3 indicates the strength of the ambient flow in the 

case of merging buoyant jets. 
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All experiments, except those in series 'A' and 'R', were measured using the verified 

laser-induced fluorescence system. The experiments in series 'A' were undertaken 

before the laser-induced fluorescence system was fully developed and the flow images 

have been used to observe the flow behaviour only. In series 'R', experiments were 

undertaken to examine the velocities in the ambient fluid and no laser-induced 

fluorescence measurements were made. 

I 

I 
I 
I 

I 
I 

Expt. Fro Re dp 00 Array Ps / dp Dr CF 
name (mm) ( 0 ) configuration 

AG I 9.3 I 852 I 3.24 I 0 I uni-directional I 9.3 I 0 I 0 

EA 6.8 623 3.24 0 uni-directional 9.3 0 0 

EB 9.2 850 3.24 0 uni-directional 9.3 0 0 

EC 12.2 1130 3.24 0 uni-directional 9.3 0 0 

FA I 9.3 I 850 I 3.24 I 0 I uni-directional I 28 I 0 I 0 

GA I 9.2 I 849 I 3.24 I 0 I uni-directional I 46 I 0 I 0 

HB I 9.3 I 854 I 3.24 I 0 I single jet I 00 I 0 I -

IA 9.2 851 3.24 0 uni-directional 9.3 0 0 

IB 9.2 851 3.24 0 uni-directional 9.3 0 0 

IC 10.3 943 3.24 0 single 00 0 -

JD 9.3 851 3.24 0 uni-directional 9.3 0 0 

IE 9.2 851 3.24 0 single 00 0 -

IF 9.2 851 3.24 0 uni-directional 9.3 0 0 

OA I 9.3 I 851 I 3.24 I 0 I uni-directional I 4.6 I 0 I 0 

PA I 9.3 I 851 I 3.24 I 90 I uni-directional I 4.6 I 0 I 0 

NA 11.1 1025 3.24 0 alternately dir. 9.3 0 0 

NB 9.2 850 3.24 0 alternately dir. 9.3 0 0 

Table 2.1 - Parameters of experiments with merging buoyant jets in stationary 
ambient fluids 

I 

I 
I 
I 

I 

I 
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Expt. Fro Re ~ ()o Array ps / ~ Ur CF 
name (mm) ( 0 ) configuration 

AF 9.3 852 3.24 0 uni-directional 9.3 0.015 0.15 

AE 9.2 852 3.24 0 uni-directional 9.3 0.029 0.29 

AD 9.2 852 3.24 0 uni-directional 9.3 0.040 0.40 

AC 9.2 852 3.24 0 un i-directional 9.3 0.050 0.50 

AI 9.3 852 3.24 0 uni-directional 9.3 0.060 0.60 

AH 9.2 852 3.24 0 uni-directional 9.3 0.069 0.68 

EE 9.2 850 3.24 0 un i-directional 9.3 0.029 0.29 

EF 9.2 850 3.24 I 0 uni-directional 9.3 0.050 0.50 

ED 9.2 850 3.24 0 uni-directional 9.3 0.069 I 0.69 

FB 9.3 850 3.24 0 un i-directional 28 0.021 0.30 

FC 9.3 850 3.24 I 0 uni-directional 28 0.034 0.49 

FD 9.3 850 3.24 0 uni-directional 28 0.048 0.70 

GB 9.2 849 3.24 0 uni-directional 46 0.017 0.29 

GC 9.2 849 3.24 0 uni-directional 46 0.017 0.29 

GD 9.2 849 3.24 0 uni-directional 46 0.029 O. 

GE 9.2 849 3.24 0 uni-directional 46 0.041 0.70 

HC 9.3 854 3.24 0 sin!!le iet 00 0.017 -
HD 9.3 854 3.24 0 single jet 00 0.029 -
HE 9.3 854 3.24 0 single jet 00 0.050 -

HF 9.3 I 854 3.24 0 i single jet 00 0.069 -

KA 9.2 850 3.24 0 I 1Ini-directional 9.3 -0.029 0.29 

KB 9.2 850 3.24 0 uni-directional 9.3 -0.050 0.50 

KD 9.2 850 3.24 0 uni-directional 9.3 -0.068 0.68 

KE 9.2 850 3.24 0 uni-directional 9.3 -0.089 0.89 

MA 9.3 851 3.24 0 single iet 00 -0.029 -
MB 9.3 851 3.24 0 single jet 00 -0.089 -

OA 9.3 850 3.24 0 alternatelv dir. 9.3 0.038 0.30 

QB 9.3 850 3.24 0 alternately dir. 9.3 0.038 0.30 

QC 9.2 850 3.24 0 alternately dir. 9.3 0.063 0.50 

QD 9.2 850 3.24 0 alternately dir. 9.3 0.088 0.69 

RA 9.3 851 3.24 0 uni-directional 9.3 -0.029 0.29 

~H Q~ R';l ':\.24 0 nni- . tal 9.3 0.029 0.29 

Table 2.2 - Parameters oj experiments with merging buoyant jets in flowing ambient 
fluids 
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2 .. 3 Flow measurement by planar laser-induced 

fluorescence 

Planar laser-induced fluorescence was used to measure flow concentrations and to 

examine the behaviour of the buoyant jets. This technique uses a sheet of laser light 

to excite a fluorescent tracer in a plane through the flow. The fluorescent image is 

captured by video camera and analysed by computer to provide detailed concentration 

measurements over the imaged area. Planar laser-induced fluorescence was used to 

provide measurements of the time-averaged flow concentrations and trajectories, and 

measurements of the temporal concentration fluctuations. The video record of the flow 

was used to provide more visual information on the structure of the flow. 

2.3.1 Laser sheet and fluorescent tracer 

To provide accurate measurements of concentration, the laser-induced fluorescence 

equipment needed to have specific attributes in each stage of the process. A source of 

laser light was required that was constant in intensity, powerful enough, and of 

appropriate wavelength, to provide sufficient excitation of the fluorescent tracer. A 

Coherent Innova 70-5 argon-ion laser was used. This was operated in single-line mode 

to produce light at a single wavelength of 514.5 run at a power of up to 2.4 W. This 

wavelength was chosen to correspond to the excitation wavelength of Rhodamine type 

dyes. The laser was controlled in light-regulated mode, in which the light power is 

monitored and regulated to a maximum variation of 0.5 percent. In this study a laser 

power of 2.20 W was used. The laser beam has a Gaussian distribution of intensity 

over its cross-section with Gaussian half-width of 0.75 mm. 

The laser light needed to be transformed into a planar sheet that was preferably spatially 

uniform in intensity and thickness, but more importantly, uniform over time. Initially, 

this transformation was carried out by passing the laser beam through a series of two 

cylindrical, concave lenses, as is shown in Figure 2.5 a). However, the Gaussian 

intensity distribution of the beam and optical imperfections in the lenses resulted in a 

laser sheet with a non-uniform, approximately Gaussian, vertical distribution of 
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intensity. This distribution was allowed for in the calibration process by, in effect, 

using a different calibration constant for each position in the cross-section. However, 

it was found that the position of the peak of intensity of the laser sheet was extremely 

sensitive to slight variations in the laser beam height and slight mirror movements. 

Significant variations (up to 10 percent) were recorded between successive calibration 

images as a result of this, which ensured that calibration needed to be carried out on 

a daily basis before each experiment. 

Laser 
beam 

Rotating 
octagonal 

mirror 

Laser 
beam 
1.5mm cp 

Cylindrical 

Vertical 
laser 
sheet 

Gaussian 
intensity 

distribution 

(a) Cylindrical lens system 

Vertical 
laser sheet 

Laser 

Fluorescent 
illuminated in 
flow cross section 

(b) Rotating mirror system 

Figure 2.5 Sketch showing the design of the laser sheet system 
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The use of a rotating octagonal mirror provided an improved system of transforming 

the laser beam into a sheet. The design of this system is sketched in Figure 2.5 b). 

A Lincoln Laser Company rotating mirror, model M-660-0IO-LVWOB, was used which 

rotated at 10,000 RPM. As the mirror rotated through each revolution, each of the 

eight mirrored faces on the polygon edge reflected the beam through an arc of 90 

degrees. A diverging angle of only 45° was required for the laser sheet in these 

experiments, therefore the lower 45° of the sheet was blocked out to reduce background 

light levels. Interference between the frequency of the laser beam passing through the 

sheet and the frequency of the video signal was found to occasionally result in an 

interference pattern in the video image. The pattern occurred only at very narrow 

bands of frequencies separated by approximately equal intervals and it was removed by 

simply adjusting the frequency of the rotating mirror away from the interference band. 

The rotating mirror system produced a planar laser sheet with intensity varying 

inversely with distance from the mirror assembly, but with constant intensity at points 

of constant radius from the assembly. More importantly, the light intensity at points 

throughout the laser sheet was found to be extremely repeatable with time. No 

discemable variation of laser sheet intensity was recorded between successive 

calibration images, in contrast to the variation of 10 percent measured with the previous 

laser sheet system. The rotating mirror system was used in all tests from which flow 

concentration results are presented in this thesis. 

The laser sheet excited a tracer of fluorescent Rhodamine 60 dye in the flow to produce 

an orange fluorescent light with peak wavelength of 560 nm. Rhodamine 60 dye was 

chosen as the fluorescent tracer because of its efficiency in providing fluorescence when 

used in a small concentration. Very small dye concentrations were used in order to 

prevent substantial attenuation of light power as the laser sheet passed through the flow. 

Attenuation occurs as cumulative amounts of light energy are absorbed from the laser 

sheet as it fluoresces the dye. The attenuation of the laser sheet passing through various 

concentrations of dye was measured, and the maximum concentration that could be used 

such that the experiments remained unaffected by laser attenuation was determined. 

These results are presented in Figure 2.6 from which the concentration of tracer dye 

used in the experiments was chosen to be 0.05 mg/I. In choosing this concentration, 

consideration was given to the fact that, except for a small region of the flow very close 
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to the port, the tracer concentration would be diluted to much less than 10% of the 

initial concentration Co, and the attenuation would be greatly reduced. In a typical 

experiment for example, the laser sheet will travel through a region of plume where the 

concentration is greater than 0.1 Co for a distance of no more than 100 nun. A flow 

concentration of 0.1 Co represents a Rhodamine dye concentration of 0.005 mg/l and 

an attenuation of 4% per metre (from Figure 2.6), which will result in the laser sheet 

power being attenuated by 0.4% as it passes through the jet. The amount of error 

introduced by attenuation is therefore shown to be small when this dye concentration 

is used. 
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Figure 2.6 - Laser sheet power attenuation by fluorescent Rhodamine 6G dye 

The one major drawback with the use of Rhodamine dye was its propensity to disappear 

out of solution by adhering to surfaces. During the course of the experiments, it was 

discovered that a large proportion (up to 10%) of the dye was being adsorbed onto the 

vinyl piping as the dyed salt solution passed between the storage tanks and the 

manifold. A loss of this size could possibly lead to an error of similar magnitude in 

the measured concentrations. It was found that by flushing the dyed salt solution 

through the piping for several minutes at a flow rate equal to that used in the test, the 
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concentration of Rhodamine dye stabilized at a value five percent lower than that in the 

storage tank. Flushing was carried out immediately before each test and the dye 

concentration was measured at the jet using a fluorometer before and after each test. 

The average variation in dye concentration over each series of tests was one percent of 

the average concentration. By measuring the dye concentration during each test and 

during the calibration, and allowing for the measured values in the analysis of the test, 

errors in concentration measurements were kept very small (see Chapter 3 for 

verification of the measurement technique). 

2.3.2 Image capture 

The fluorescent images of the flow were recorded by a black and white video camera. 

Scattered laser light was filtered out using a high pass optical filter mounted in front of 

the camera. A Schott glass filter, glass type OG530, was used, that filtered out light 

of wavelength less than 530 nm. Background light levels were kept very low by 

enclosing the entire tank and test area in a dark room. To measure the low intensity 

images accurately, a highly sensitive camera was needed. Initial attempts to use a JVC 

video camera, with specified minimum sensitivity of 2 lux, were unsuccessful. The 

camera was not sensitive enough and images contained high levels of noise that 

appeared as light speckles on the dark background. A Pulnix CCD camera, model TM-

765E, with an image intensifier, was then used with great success. The measured 

images were sharp with no appreciable noise. The intensification (or gain) given by the 

image intensifier unit on the camera was controlled by a vernier dial. Typically, only 

50% of the maximum gain was used. 

In order to record time averaged images of the flow in experiments where the ports 

were moving to simulate an ambient current, the camera needed to be moving with the 

same velocity as the ports. This was satisfied by mounting the camera on the trolley 

carrying the ports and capturing flow images with the use of large plane mirrors, as is 

shown in Figure 2.7. When a fixed camera position was required the camera was 

mounted on a stand outside the tank. A manual iris lens with 25 or 50 mrn focal length 

was used on the camera, to produce an image of typical size 880 mrn by 640 mrn. 

Geometric distortions were introduced into the image by refraction of the fluorescent 
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light passing from the water, through the glass wall, into the air, also by misalignment 

of the plane mirrors, and possibly by geometric distortions within the camera. The size 

of the distortions were of order of magnitude of 1 % of the image width. To calibrate 

the size and location of the image and to allow for these distortions, a sheet marked 

with grids at 50 mm spacings was held in the full tank on the line of the laser sheet and 

an image was captured. This grid was then traced onto each flow image for use as a 

reference for calculating the true position of any point in the image. 

Plane mirrors 
at 45° angles 

Glass wall 

Curtain 

sheet 

Figure 2.7- Sketch showing the location of the camera and the plane mirrors 

Images consisted of values of intensity at 393 216 locations or 'pixels', in an array 768 

across by 512. The intensity at each pixel represented the fluorescent light from a 

sample volume at a location in the flow with dimensions which depended on the image 

size and the laser sheet thickness. Typically the dimensions of the sample cuboid were 

1.3 mm by 1.3 mm in the plane of the image and a laser sheet thickness of 3 - 5 mm. 

The temporal resolution of the video signal was 25 Hz. 

The PAL type video signal produced by the camera could be either stored temporarily 

on extra high grade VHS tape or passed directly to frame-grabber hardware in a 

computer. Storing the continuous flow images on video tape provided extra flexibility 
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in the analysis, however it also resulted in a slight loss in spatial resolution. Added 

distortions of the images by the video recorder needed to be taken into account. The 

video cassette recorder was a Sony model SLV-757NC. For the majority of 

experiments in this study the video recorder was not used and the images were passed 

from the camera directly to the frame grabber, however when the video recorder was 

used the effect on the spatial resolution and the image distortion was found to be 

minimal. 

The flow images from the camera or from the pre-recorded video footage were passed 

to a frame-grabber board in a 80486 IBM -compatible personal computer for the image 

capture and image processing. The frame-grabber, model DT2867 from Data 

Translation Incorporated, was controlled using Global Lab Image software provided by 

the same company. This software was operated under a Windows environment and was 

used to capture images, store them on the hard disk drive, and retrieve and analyse 

them at a later time. The analog video signal was digitized by the frame-grabber, and 

at each pixel, the intensity was recorded as a 'grey-scale' integer between 0 (black) and 

255 (white). The voltage values digitized as black and white by the analog to digital 

converter were controlled by the offset and reference voltages, respectively. The 

reference voltage was set to the recommended value of 1024 mV and the offset was set 

to -60 mV, such that the background light level measured less than 10 grey-scales. 

The frame-grabber could capture either single frame images which had a sampling time 

of 0.04 s, or images which were averaged over up to 256 video frames to give a time

averaged image with a sample time of up to 10.24 s. Single frame images were used 

to provide data on the temporal concentration fluctuations and to observe the structure 

of the flow. Time-averaged images were used to examine the short and long term 

average flow properties. Averaging times of between 30 and 50 s were obtained by 

averaging a number of 10 s images using Global Lab Image software. 

2.3.3 Image Processing and Analysis 

Analysis of the images was simplified by making the assumption that the fluorescent 

image intensity measured by the camera was linearly proportional to the concentration 
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of fluorescent tracer present in the flow. The first part of this assumption, that the 

amount of light fluoresced at any point is linearly proportional to the concentration of 

fluorescent tracer at that point, has been verified by Prasad and Sreenivasan (1990). 

Therefore it only remained to verify that the response of the camera was linear, that is, 

that the camera responded linearly to a linearly varying light source. To test this, a 

linearly varying light source was created by exciting a constant concentration of 

fluorescent dye with a linearly varying laser power. A mixture of the dyed salt 

solution, diluted to 10% with fresh water, was contained in a clear plastic cell. The 

cell, which measured 1.0 m long, 0.7 m high by 0.1 m, was suspended in the full tank, 

in the viewing area of the camera, such that the laser sheet passed through the cell. 

Fluorescent images were captured with the laser power set at increments from zero to 

full power. In each image, intensity varied with position in the image showing the 

variation in laser sheet intensity and also variations in the response of the light sensing 

array in the camera. The measured intensity was plotted against laser power for several 

points in the image. The camera response differed with position and showed the same 

slight non-linearity at each point. This non-linearity was thought to be due to the built

in characteristics of the camera and it was removed with the use of an input look-up 

table (ILUT). Figure 2.8 shows the camera response for one point in the image with 

and without the non-linearity corrected by an ILUT. ILUT's are used to map each of 

the 256 in-coming intensity levels to any other output level as each image is captured. 

Using the results from the first camera response tests, an ILUT was programmed in the 

frame-grabber which mapped the input intensity levels to levels required for a linear 

intensity response. 

Settings of camera gain and lens aperture were selected such that a mixture of the dyed 

salt solution diluted to 0.1 Co measured at the top range of the intensity scale (at 

approximately 220 grey-scales). This resulted in the flow region very close to the port, 

with a concentration of higher than 0.1 Co, being too bright to be measured by the 

camera. However, it enabled the highly diluted flow regions to be measured with 

increased sensitivity. The aperture (f-stop) setting of the camera was chosen to be 

approximately 2 to 8. This value was chosen as a compromise between a high value 

which would give a large field of view and a sharp image, and a small value which 

would allow more light onto the sensing device. The image intensifier gain on the 
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camera was then selected to give the required image brightness. 
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Figure 2.8 - Camera intensity response, with and without an 'input look-up table' to 
correct for non-linearity 

Once the camera response had been verified and the sensitivity had been set, a 

calibration method was required to obtain tracer concentrations, and hence flow 

dilutions, from the images of fluorescent intensity. It has been established that at any 

pixel the camera responds linearly to a linearly varying fluorescent tracer concentration. 

However, the magnitude of the response differs between pixels due to the flat field 

distortion introduced by the camera and lens (van Cruyningen, 1990) and the spatial 

variation of the laser sheet intensity. Individual calibration constants were therefore 

required for each pixel. The calibration constants were determined by measuring an 

image of zero flow concentration and a calibration image of a known concentration. 

The image representing zero concentration was captured with the laser power set to the 

value used in the experiments and before any tracer had entered the tank. The 

calibration image was captured from a field of constant concentration of fluorescent 

tracer excited by the laser sheet. For this image a mixture of water and the dyed salt 

solution, at a dilution representing the maximum concentration to be measured, was 

contained in a clear plastic cell and suspended in the tank. The image intensity 
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corresponding to any flow concentration at any pixel could then be calculated by 

linearly interpolating between the values of intensity measured at that pixel in images 

representing zero concentration and a known calibration concentration respectively. 

To obtain detailed flow concentration information, profiles of concentrations were 

calculated along lines which could be placed anywhere and at any orientation in the 

flow image. This analysis was carried out by exporting the image intensities measured 

along line profiles from the flow image, and from the calibration and zero images, to 

an Excel spreadsheet. Flow concentrations were calculated from the flow image 

intensities by interpolating between the intensities measured from the zero and 

calibration images. An allowance was made for any small difference between the 

amount of fluorescent tracer present in the effluent during the calibration and the 

experiment. This method was used to measure both time-averaged concentrations and 

concentrations from single frame images on cross-sections through the flow. From 

these measurements the cross-section shape, the rate of width growth, the rate of 

centreline concentration decay, and the distributions of intermittency and root mean 

squared concentration deviations were calculated. 

To provide a graphic representation of the concentrations throughout the flow field a 

procedure was devised in which the flow images were calibrated and manipulated to 

obtain images showing contours of flow dilution. This procedure was carried out by 

performing arithmetic operations on the intensities of the flow, zero and calibration 

images using Global Lab Image software. The zero image intensities were firstly 

subtracted from those of both the raw image and the calibration image. At any point 

in the flow the ratio of the calibration concentration Cca1' to the local flow concentration 

c, is equal to the ratio of the zeroed calibration image intensity to the zeroed flow 

image intensity. 

C cal :::: (calib~ation. image 
c IntensIty 

z~ro ~age) 
mtenslty I (

flow image 
intensity 

z~ro i~age) 
mtenslty I 

(2.1) 

This ratio was calculated for all points in the flow image by using Global Lab Image 

software to divide the pixel values of the zeroed calibration image by the values of the 
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zeroed flow image. The values representing Cca/c were stored as integers in a contour 

image file. The flow dilution Co/c was calculated by multiplying the image by the 

dilution used for the calibration image CiCca" 

Dilution = Co 
c (2.2) 

= 
Cca) X 

Co 
C 

However, because the ratios of Cca/c were stored by necessity as integers, each integer 

value in fact represents a range of dilution. For example, a ratio of Ccalc = 4 actually 

represents a range of Ccalc = 4 to 4.99, and therefore represents a range of dilution 

of 4 to 4.99 times Ca/Cca)' Contour images were created using Corel-Paint software 

simply by allocating colours to ranges of values of CcaJ/c in the image file. Contour 

images were used to show the shape and structure of the flows as well as to measure 

flow trajectories. 

Processing the images in the two procedures described above ensured that the correct 

calibration constant was applied to each pixel or position in the flow. This meant that 

the spatial variation of the laser sheet intensity and the varying response across the light 

sensing device, both of which were evident as a variation in intensity across the 

calibration image, were accounted for in the calibration process. To verify the accuracy 

of the concentration measurements obtained by laser-induced fluorescence, a system was 

devised in which fluid samples could be taken from the flow and concentrations could 

be calculated using salinity measurements. The results of this verification are presented 

in Chapter 3. 
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Chapter 3 

Verification of the Concentration 

Measurement Technique 

The experiments in this study were the first undertaken using the planar laser induced 

fluorescence equipment at the University of Canterbury. For this reason, verification 

of the measurement technique was considered to be especially important. Verification 

of the concentration measurements was obtained by comparing concentrations measured 

by laser-induced fluorescence with those calculated from salinity measurements of flow 

samples. Further verification was obtained by comparing the flow parameters 

calculated from concentration measurements to-those reported by other authors. 

3 .. 1 Method of verification 

The performance of the laser induced fluorescence equipment and technique was firstly 

verified for the simplest case of a vertical axi-symmetric buoyant jet. In a series of 

experiments, concentrations were measured using both laser induced fluorescence and 

salinity measurements of suction samples and the results were compared. Measured 

flow parameters, such as the rate of concentration decay and width growth were 

compared to those measured by Papanicolaou (1984). At the completion of the entire 

experimental programme it was decided to undertake a further series of experiments to 

verify the concentration measurement technique for the flow case of merging buoyant 

jets. In these experiments concentrations were calculated from salinity measurements 

of suction samples and were compared to concentrations measured with laser-induced 

fluorescence in identical experiments previously undertaken in the experimental 

programme. 

Suction probe array 

Flow samples were obtained at 40 points across the cross-section of the buoyant jet 
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using an array of suction probes. 
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Figure 3.1 - Design of the suction probe equipment for obtaining salinity samples 

The design of the suction sampling equipment is shown in Figure 3.1 in which the 

equipment is positioned to sample a vertical axi-symmetric jet. Each sample probe was 

connected by a hose to a sealed box which contained an array of test tubes aligned to 

receive samples from the array of probes. Samples were drawn from the array of 
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probes by applying a vacuum to the box. To prevent the water initially contained in 

the probes and hoses from contaminating the samples, the suction tubes were flushed 

before each experiment. In this process, the array of test tubes was mis-aligned in the 

box such that the flushed volume from each probe by-passed the test tubes and collected 

on the floor of the box. With the jet running, a volume of 10-15 ml of sample was 

flushed through each probe before the test tubes were re-aligned to collect the flow 

samples. The pressure applied to the box was regulated by a Sargent-Welch vacuum 

pump to obtain a 50 ml sample in each test tube over the desired sampling period of 60 

to 120 seconds. Following each experiment the salinity of the samples was analysed 

using a continuous flow conductivity meter. Samples of the effluent were also collected 

at the port and these samples were analysed to check the initial flow salinity. The 

conductivity meter was calibrated using standard solutions of various dilutions of the 

dyed salt-solution. Figure 3.2 shows the calibration undertaken before two consecutive 

experiments. The calibration was linear and repeatable. 
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Axi-symmetric Buoyant Jets 

The flow parameters used in these experiments were chosen to match those used by 

Papanicolaou (1984), who used laser-induced fluorescence to measure concentrations 

in axi-symmetric vertical buoyant jets. A jet was discharged vertically downwards into 

a stationary ambient fluid, from a port of diameter 7.67 mm, located at the water 

surface in the centre of the tank. Papanicolaou used a rounded orifice to create a jet 

as opposed to the straight pipe used in this study. A density difference of 0.6 percent 

was created by dissolving salt (NaCI) in the jet effluent. This resulted in an initial flow 

buoyancy (Llo) of approximately 0.06 m/s2 where Llo (Llplp)g, that varied slightly for 

each experiment depending on the temperature of the effluent and the tank water. Flow 

parameters are presented in Table 3.1 along with the concentration measurement 

technique used in each experiment. Pour experiments wexe undertaken in the series, 

in which the jet flow rate was controlled to give a Reynolds number of 3400 which 

ensured that the flow at the port was turbulent. 

Expt. Re Llo Pro LIP Salinity sampling 
name (mls2

) time 
averaging No. sampling sampling 

(s) samples duration position 
(s) (z/dp) 

CI 3407 0.063 23.3 - 40 60 65 

CK 3407 0.059 24.0 60 -

CL 3407 0.053 25.3 60 - - -

CM 3407 0.062 23.3 - 40 60 65 

Table 3.1 - Flow parameters used in experiment series 'e' 

In the experiments, the probe array was positioned at the centre of the jet at a distance 

from the port of z/ ~ = 65. A sampling duration of 60 s was used that resulted in a 

sampling velocity of approximately 0.22 mls into the 2.2 mm diameter probe. This 

velocity is substantially greater than the jet velocity at the elevation of the probe, which 

was estimated from the results of Papanicolaou (1984) to be approximately 0.015 m/s. 

The volumetric sampling rate into the array of probes was approximately 33 mlls that 

was of the same order of magnitude as the jet flow rate at the port. This information 
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suggests that the intrusive suction probe sampling technique may affect the jet, however 

the magnitude of this disturbance is unknown. Concentrations were measured by 

salinity samples obtained with the array of 40 probes in two experiments (CI and CM), 

and by laser-induced fluorescence in the remaining two (experiments CK and CL). 

The laser-induced fluorescence system used in these experiments was identical to that 

described in Chapter 2. Fluorescent Rhodamine 6G dye was used as a tracer in the salt 

solution. The fluorescent dye was excited by a vertical sheet of laser light, which was 

created on the centreline of the jet using the rotating mirror assembly. Images of the 

flow were captured using the image-intensified camera mounted on a fixed stand outside 

the tanle As the measured flow dilutions in the region of the suction probe were 

expected to be in the range of 15 upwards, the image processing equipment was 

calibrated to measure a maximum dilution of around 100 and a minimum of 4-5. A 

mixture of the dyed salt solution diluted to 20% with fresh water (a dilution of 5) was 
-

used in the calibration. Details of the calibration process have been presented in 

Chapter 2. The concentration of fluorescent dye in the jet effluent was chosen to be 

0.025 mgll. This was chosen so that the images were of sufficient intensity to be 

measured accurately, while the laser sheet was attenuated by a minimal amount of just 

0.3% over the length of the calibration cell (see Figure 2.6, Chapter 2). 

The image processing equipment is usually only calibrated once in any series of 

experiments, however in this series of experiments calibration was carried out 

immediately before each experiment to test the repeatability of the calibration. Each 

experiment was analysed using the calibration undertaken before that experiment. A 

comparison of the calibrations for the two experiments in the second series is shown in 

Figure 3.3. In this figure the response of the camera has been tested by exciting the 

calibration cell with a linearly varying light source. The resulting variation in image 

intensity at one point in the image is shown to be linear in both calibrations. A small 

variation of 3 % is observed between the two calibrations. 

During each experiment the image capture system was used to obtain 6 consecutive 

images averaged over 10 s for each experiment, which corresponds to the sampling time 

of 60 s used in the suction sampling. The images were calibrated and analysed in the 
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manner presented in Chapter 2 to obtain concentrations throughout the flow. 
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Figure 3.3 - Camera response during calibration 

Merging Buoy-ant Jets 

2 

In the case of merging and plane buoyant jets, it had been suggested that the accuracy 

of concentration measurement might be reduced because the merged buoyant jet extends 

across the entire flow width. Concentrations of fluorescent dye in the region of the 

merged buoyant jet between the laser sheet and the camera could be excited by scattered 

laser light to give a erroneously high image intensity and a high value of concentration. 

This effect would be greater for plane rather than axi-symmetric buoyant jets, so a 

further series of verification experiments was undertaken for merging buoyant jets. It 

will be shown however that the accuracy of the technique in the measurement of the 

merging buoyant jets is as good as that in the measurement of the axi-symmetric 

buoyant jets. 

Concentration measurements were obtained by LIP and by salinity sampling from 

experiments with the basic flow case of uni-directional horizontal merging buoyant jets 
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spaced at pJ<iv 9.3. Concentrations were measured from two experiments using LIF 

and they were compared to check the repeatability of the measurement technique. The 

LIF concentrations from these experiments were then verified against profiles of 

concentration measured by salinity sample at two positions, zl dp = 61. 7 and 123. To 

test the repeatability of the salinity concentration measurement technique, two 

experiments were undertaken with the probe array in each position. The experimental 

parameters and measurement techniques used in these experiments are presented in 

Table 3.2. 

Expt. pJdp IIp ~ Fro LIF Salinity sampling 
name time 

averaging No. sampling sampling 
(s) samples duration position, 

(s) z/~ 

EB 9.3 9 850 9.2 50 - --
JD 9.3 15 851 9.3 100 - - -

VA 9.3 9 850 9.2 - 40 105 123 

VB 9.3 9 850 9.2 - 40 105 123 

VC 9.3 9 850 9.2 - 40 80 61.7 

VD 9.3 9 850 9.2 - 40 90 61.7 

Table 3.2 - Flow parameters jar merging buoyant jet verification experiments 

The samples were collected using the same probe array as for the axi-symmetric 

experiments. The array was positioned on the centreline of the flow trajectory with the 

probes directed vertically. A sampling duration of approximately 100 s was used which 

resulted in a sampling velocity into the probes of approximately 0.13 m/s. This was 

of the same order of magnitude as the buoyant jet velocity of 0.07 mls estimated from 

the numerical model ZPMERG, described in Part Two, which suggests that the 

disturbance caused by the suction probes will be smalL 



36 

3 .. 2 Comparison of concentrations measured by LIF 

and salinity samples 

Analysis of the verification experiments has been undertaken with two objectives in 

mind. The primary objective was to compare concentrations measured by laser-induced 

fluorescence to concentrations calculated from salinity measurements of suction probe 

samples. The secondary objective of the analysis was to calculate jet parameters, such 

as centreline concentration decay and jet width growth, and compare these to 

measurements made by other authors. In this section the LIF and salinity sample 

concentrations will be compared for firstly the axi-symmetric series of experiments and 

then the merging buoyant jet series of experiments. 

Axi-symmetric Buoyant Jets 

Concentrations were measured by laser-induced fluorescence in two experiments (CK 

and CL). Each experiment has been analysed using the calibration performed 

immediately before that experiment. Contour plots of dilution for these experiments 

have been presented in Figures 3.4 and 3.5. Some variation is observed between the 

two plots, particularly in the region close to the port. It should be noted that the planar 

laser-induced fluorescence measurement technique measures concentrations over one 

plane through the flow. It is possible that in any experiment the laser sheet might not 

be aligned exactly on the centreline of the narrow jet, which would result in lower than 

expected concentrations. This effect is greater in narrow regions of the flow, such as 

the regions close to the port in experiments CK and CL. Part of the variation between 

the concentrations measured in experiments CK and CL is due to the 3 % difference 

between the calibrations used in analysing each experiment. 

Comparison of laser-induced fluorescence measurements with concentrations measured 

from salinity samples was achieved by calculating concentrations across a cross-section 

profile through the jet at the elevation of the sample probes. Concentration profiles 

measured by laser-induced fluorescence in experiments CK and CL have been plotted 

in Figure 3.6 along with concentration measurements calculated from salinity samples 



taken from experiments CI and CM. 

CK 

grid spacing 
200 mm = 26. 1 dp 

x 

Col C 
1-51525 50 75 100 

Figure 3.4 - Dilution contours measured in experiment CK 

CL 

grid spacing 

x 200 mm = 26 1 dp 

Co/C 

1- 5 15 25 50 75 100 

~---------------
Figure 3.5 - Dilution contours measured in experiment CL 

37 



38 

The laser-induced fluorescence concentrations were measured over a plane at y = -5.7 

mm and these are compared to salinity concentration results from the rows of probes 

at y = -5.7 mm. Agreement between concentrations measured in all four experiments 

is very good. Peak concentration values estimated from this plot are listed in Table 

3.3. 
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Figure 3.6 - Comparison of concentrations calculated from salinity and LIF 
measurements in axi-symmetric jets,' zldp = 65, Y = -5.7 mm. 

Experiment name Measurement method Peak concentration, 
CI Co 

CI salinity sampling 0.063 

CM salinity sampling 0.066 

CK LIF 0.065 

CL LIF 0.069 

Table 3.3 - Verification of peak concentrations measured in axi-symmetric jets 

Peak concentrations measured in experiments CK and CL by laser-induced fluorescence 
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were 4 % higher on average than those measured in experiments CI and CM by salinity 

samples. A 4.5 % variation was recorded between the peak concentrations measured 

in the two salinity sampled experiments, while a variation of 6 % was recorded between 

the peak concentrations in experiments measured by laser-induced fluorescence. 

Merging Buoyant Jets 

Concentration were measured by LIF in experiments EB and JD. To provide 

comparison with the salinity sample concentrations, profiles of concentration were 

measured from LIF flow images at positions of z/dp = 61.7 and 123 in the two 

experiments. In experiment JD the images had been recorded onto VHS video tape 

before being analysed, while in experiment EB the images had been recorded directly 

to the computer in the usual manner. In both experiments, the concentrations were 

measured with the laser sheet positioned on the plane at y = O. The profiles measured 

at z/dp = 123 are plotted in Figure 3.7. 
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Figure 3.7- Comparison of concentrations calculated from salinity samples and LIF 
measurements at z/dp = 123 in merging buoyant jet experiments 

In this figure the profiles have been compared to the average concentration profiles 

from the two rows of salinity probes at y = -5.7 and 5.7 mm. Very good repeatability 
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is shown in the two LIF concentration profiles. Good agreement is shown between the 

LIF concentrations and the concentrations measured using salinity samples. 

The concentration profiles measured at z/~ = 61.7 using the different techniques have 

been compared in the same manner in Figure 3.8. At this position the agreement 

between the two measurement methods is good, however the repeatability of the two 

LIF profiles is not as good. This is possibly due to a slight mis-alignment of the laser 

sheet causing low concentrations in experiment ID. Peak concentrations measured at 

the two flow positions, using the different measurement techniques, are presented in 

Table 3.4. The difference between the peak concentrations measured using the LIF and 

salinity sampling techniques is 5% at z/~ = 61.7, and 3% at z/~ = 123. 
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Figure 3.8 - Comparison oj concentrations calculated from salinity samples and LIF 
measurements at zldp = 61.7 in merging buoyant jet experiments 
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Experiment Measurement C I Co C I Co 
method at z/dp = 61.7 at z/~ = 123 

EB LIF 0.0320 0.0154 

JD LIF 0.0270 0.0154 

VA salinity sampling - 0.0148 

VB salinity sampling - 0.0150 

VC salinity sampling 0.0283 -

VD salinity sampling 0.0283 -

Table 3.4 - Verification of peak concentrations measured in merging buoyant jets 

3 .. 3 Verification of measured_bulk flow properties 

Further verification of the concentration measurement technique has been obtained by 

comparing bulk flow properties, such as centreline dilution growth, cross-section shape, 

and width growth, calculated from laser-induced fluorescence measurements to 

parameters measured by other authors. The axi-symmetric jet experiments described 

in this chapter have been analysed to obtain bulk flow properties that have been 

compared to values of the parameters measured by Papanicolaou (1984) and values 

suggested from a review of experimental studies by Fischer et al. (1979). Values of 

the bulk flow properties measured in merging buoyant jet experiments have been 

presented in Part Two. These parameters have been compared in this section to the 

results of Kotsovinos (1975) and the values suggested by Fischer et al. (1979). 

Axi-symmetric Buoyant Jets 

Profiles of flow dilution, calculated along the jet centreline in experiments CK and CL, 

are presented in Figure 3.9. These graphs show dilution, defined as the initial tracer 

concentration divided by the local centreline concentration, plotted against depth, z/dp• 

The slight difference between the two curves in this plot is partly due to the difference 

in the port Froude numbers in each experiment and also to the difference between the 

calibrations used in each experiment. 
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Figure 3.9 Centreline dilution growth measured in experiments CK and CL 

Figure 3.9 shows a linear dilution versus height relationship, which is described by 

equation 4.1.5 in Chapter 4. In this equation, the rate of dilution growth along the flow 

centreline is described by the constant kje . A value ofkjc = 4.76 was measured in these 

experiments and this has been compared to values obtained by other authors in Table 

3.5. This value is significantly lower than the value of 5.56 presented by Fischer 

(1979) in a review of studies by previous authors, however it is centrally placed within 

the range of values of 3.53 6.45 presented by Papanicolaou (1984) in his review of 

experimental studies. Papanicolaou obtained an average value of kjc = 6.06 for his 

experiments and he comments that his value is higher than the values obtained by other 

authors. 

To examine the self-similarity and width growth of the jet, profiles of flow 

concentration were calculated over cross-sections perpendicular to the jet centreline at 

various distances from the origin. Cross-section profiles are presented in Figure 3.10 

for experiment CL. At each cross-section the Gaussian concentration width of the 

concentration profile has been calculated. The Gaussian concentration half-width be, 



43 

is defined as half the distance across the jet over which the ratio of the local mean 

concentration c, to the centreline concentration C, is greater than eo!. The self

similarity of the jet cross-sections have been examined by re-plotting each concentration 

profile with the distance across the cross-section normalised by half-width, and the 

concentrations normalised by the peak concentration. The normalised cross-sections for 

experiment CL are presented in Figure 3.11. The concentration profiles were found 

to be self-similar and closely fitted a Gaussian distribution given by equation 3.1. 
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Figure 3.10 - Cross-section concentration profiles measured in experiment CL 
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The rate of width growth of the jets has been obtained by plotting the concentration 

half-width measured at each cross-section against the distance from the port. Figure 

3.12 shows the width growth for experiments CK and CL. A rate of width growth of 

dbJdz = 0.109 was obtained in the experiments. In Table 3.5 this value is compared 

to rates of concentration width growth measured in experiments by other authors. The 

value measured in this study is lower than the mean value of 0.139 from the 

experiments of Papanicolaou (1984) and the value of 0.127 suggested by Fischer 

(1979), however it is within the large range of values of 0.096 - 0.156 presented by 

Papanicolaou his review of previous experimental studies. 

IG
Ufuor kjc dbJds zocf~ zob/dp 

apps, expts CK, CL 4.76 0.109 2.2 -3.2 
'I 

. Papanicolaou (1984) 6.06 0.139 -4.4 2.5 

Fischer et al. (1979) 5.56 0.127 - -

other authors 3.53 - 6.45 0.096 - 0.156 -1.6 5.8 -1.2 - 2.4 

Table 3.5 - Verification of measured bulk flow properties in axi-symmetric jets 

The virtual origin positions obtained from the width growth relationship Zob' and the 

positions obtained from the dilution versus height relationship Zoc' have also been 

presented in Table 3 . The respective virtual origins are defined as the distance from 

the port at which the linear width and concentration relationships are extrapolated to 

zero. The positions measured in experiments in this study are compared to those 

measured by Papanicolaou (1984) and to those measured by authors reviewed by 

Papanicolaou. This table shows that both the virtual origin of the concentration 

relationship and that of the width relationship have been measured in a large range of 

positions. Two of the values measured in this study lie slightly outside of the range 

found by previous authors. Hinze (1975) suggests that the position of the virtual origin 

is strongly affected by the initial velocity distribution, which is in tum affected by the 

shape of the nozzle and the Reynolds number. Therefore the virtual origin could be 

expected to occur in a large range of positions in various experimental studies with 

different jet orifices. Papanicolaou used a rounded orifice to create the jets in his study 

which is expected to create a different initial velocity distribution to the straight pipe 
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exit used in the present study. 

Merging Buoyant Jets 

Parameters describing the bulk flow properties of merging buoyant jets have been 

presented in Table 3.6. The parameter kpLl2 des~ribes the dilution growth of a plane 

plume given by equation 4.2.4, while the parameter dbJdz describes the rate of width 

growth. In the table, these parameters are compared to the parameters measured by 

Kotsovinos (1975) and those suggested by Fischer et al. (1979). Parameters measured 

in experiments with both horizontally and vertically discharged, uni-directional, merging 

buoyant jets have been presented. In experiments with the horizontally discharged flow 

configuration, the parameters were measured in the flow region remote from the source 

where the buoyancy effects are more dominant than the initial port orientation. The 

dilution growth and width growth coefficients measure in this study using the laser

induced fluorescence measurement technique are shown to agree very closely to the 

values suggested by other authors. 

Author Flow configuration kPLl2 dbJds 

Papps horizontal, uni- 2.30 ± 0.25 0.157 ± 0.012 
directional merging 

Papps vertical, uni-directional 2.86 0.151 
merging 

Kotsovinos (1975) vertical, plane plume 2.38 0.168 

Fischer et al. (1979) vertical, plane plume 38 '" 0.157 

Table 3.6 - Verification of measured bulk flow properties in merging buoyant jets 

3 .. 4 Summary 

Comparisons made between the concentrations measured by laser-induced fluorescence 

and those measured by salinity meter and suction probe show good agreement. In the 

axi-symmetric jet experiments, the average centreline concentrations measured using'the 

laser-induced fluorescence method were 4 % higher than those calculated from salinity 

samples. In the merging buoyant jet experiments the centreline concentrations measured 
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using laser-induced fluorescence were 3 to 5 % higher than the salinity sample 

concentrations. 

The measurement method was shown to be successful in obtaining parameters 

describing the bulk flow properties. Average values of the dilution growth and width 

growth coefficients measured in five horizontally discharged and one vertically 

discharged merging buoyant jet experiments were shown to agree very closely to the 

values measured by Kotsovinos (1975) in vertical plane plumes, and with those 

suggested in a review of experimental studies by Fischer (1979). In the two axi

symmetric buoyant jet verification experiments, the measured values dilution growth 

and width growth parameters were in the range of values measured by previous authors, 

but were lower than the average values suggested by Fischer et al. (1979). This is 

thought to be due to the fact that only one axi-symmetric jet configuration was 

measured in these verification experiments. Normalised concentration profiles through 

the axi-symmetric jet showed the concentrations to be self-similar and described by a 

Gaussian distribution. 
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for Single and 

Two types of analysis have been successfully used to describe the behaviour of jets and 

plumes. In the more common approach, dimensional analysis is used to obtain 

relationships describing the properties of the flow. This type of analysis models the 

simple limiting cases. Where the flow is controlled by a limited number of parameters, 

dimensional analysis may be used in conjunction with experimental data to provide 

equations which describe the flow. 

To describe jets and plumes in more complex situations an integral type analysis may 

be used. In this method, the equations of motion are used together with an empirical 

relation describing either the entrainment of ambient fluid into the flow, or the rate of 

lateral spreading of the flow, to obtain a set of governing equations. The equations of 

motion, which describe the conservation of momentum and conservation of buoyancy 

flux, are applied by integrating the assumed distributions of time-averaged velocity and 

buoyancy over the flow cross-section. The use of an integral method of analysis will 

compliment the results obtained from a dimensional analysis by describing the flow 

behaviour in the transition between the limiting flow cases. To provide a check on the 

accuracy of the integral analysis, agreement should be sought between the two analyses 

in the limiting flow cases. 

Flow assumptions 

In the theoretical analysis presented in this chapter, the following assumptions will be 

made on the properties of the flow: 

1. The flow within the buoyant jet is incompressible and turbulent. 

2. Variations in fluid density throughout the flow field are small compared to a 

reference density. This observation indicates that the Boussinesq approximation may 
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be used, in which the local density difference ilp/, is neglected in the inertia terms. In 

these terms, the local density p will be replaced by the ambient density Pa' where p = 

Pa + ilp/. This assumption allows the conservation of mass flux equation to be replaced 

with an equation for the conservation of volume flux. In the buoyancy terms the 

density difference is important. The local buoyancy acceleration will be defined as: ill 

= (ilPI / pJ g. 

3. The density of the fluid will be assumed to be a linear function of either salinity or 

temperature. 

The effect of ambient and geometric parameters 

The buoyant jet will be affected by properties of the ambient fluid and by the geometry 

of the flow situation. In the ambient fluid, ambient turbulence, currents, and density 

stratification will affect the flow. In the analysis, the ambient fluid will be assumed to 

be non-turbulent and un-stratified. Ambient turbulence tends to increase the plume 

dilution, and the assumption of a non-turbulent ambient is a conservative one from an 

engineering design point of view. The effect of a stratified ambient fluid has been 

described by Wood et al. (1993) and others and parts of it are well understood. The 

effect of a flowing, non-turbulent ambient fluid on a buoyant jet will be introduced in 

Part 4. 

Geometric factors which will be considered in the analysis are the interaction between 

adjacent buoyant jets, and the orientation of the buoyant jets to the vertical. The effect 

of the proximity of the jets to boundaries and the free-surface will not be included in 

the analysis. 

4 .. 1 A single buoyant jet in a stationary ambient 

fluid 

In this section, the theory presented by Wood et aL (1993), Davidson (1989) and others 

for the flow from an individual port in a wastewater diffuser will be reviewed. Buoyant 

wastewater, discharged from a single, non-vertically oriented port, will behave as a 
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non-vertical buoyant jet. This flow configuration is shown in Figure 4.1. In the region 

remote from the source the flow will asymptotically approach the limiting case of a 

vertical plume. Close to the source the momentum will be more important and the flow 

behaviour will approach that of a jet. The governing equations for a non-vertical 

buoyant jet will be obtained using the equations of motion and a spread assumption in 

an integral type analysis. These equations will be used to model experiments with 

single horizontal buoyant jets. Dimensional analysis will be used to obtain governing 

equations for the limiting cases ofa pure jet and a pure vertical plume. The solutions 

for these limiting cases will be used to perform rough checks on the relationships 

obtained from the equations of motion. 

y 

z 

~s 
I 

I 

Figure 4.1 - Definition sketch showing a non-vertical buoyant jet 

4.1.1 Dimensional analysis of a pure axi-symmetric jet 

Consider a pure jet created by a non-buoyant flow with initial flow rate of qo, and 

initial specific momentum Mo. Two local flow properties which describe the jet at any 
-

distance z, along its axis are the centreline time-averaged velocity U, and the Gaussian 

velocity half-width b. These variables may be written as functions of the distance along 
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the jet axis, the initial flow rate, and the initial momentum. 

(4.1.1) 

In the region remote from the source it can be assumed that the initial flow rate will be 

insignificant when compared to the flow entrained into the jet along its length. 
-

Assuming that U and b are independent of qo, and using a dimensional analysis gives: 

- - [ M~.51 U-k. -
JU Z 

(4.1.2) 

In which the velocity may be made dimensionless by dividing by the port velocity Vo 

and written in terms of the variables z and ~: 

u = [n]O.5[Z]-l - k. - -V JU 4 d 
o p • 

(4.1.3) 

Similarly for b: 

b = kjbZ (4.1.4) 

An equation for the concentration of a tracer may be obtained by considering the 

conservation of tracer flux, qt: 

qt - Vb 2 C 

- k.~ C = 
JC M O.s 

o Z 

C kF[~r[:r (4.1.5) 

Co 

The constants in equations (4.1. 3, 4.1. 4, and 4.1. 5) have been determined from the 

experimental data of Papanicolaou (1984). They are listed in Table 4.1. 



Table 4.1 - Axi-symmetric Jet constants from 
Papanicolaou (1984) 

4.1.2 Dimensional analysis of a pure axi-symmetric plume 
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Consider a pure vertical plume created by a source of buoyancy. The local flow 
-

variables of the plume, U, b, and the time-averaged centreline buoyancy .1, may be 

written as functions of the distance along the axis, z, the initial flux of buoyancy, ClAo, 

and the kinematic viscosity, p: 

-
U, b, Ll ¢ (qLlo' Z, p) 

(4.1.6) 

Remote from the source, the flow will be fully turbulent and independent of 11. A 

dimensional analysis of the remaining variables gives the following relationships for U, 
-

b, and .1: 

0.33 

U = k ClAo 
pu ZO.33 

(4.1.7) 

In which the velocity may be made dimensionless and written in terms of z, ~, and Fro: 

Similarly for b: 

U 
[ ] 

0.33 [ ] -0.33 _ = k Fr -0.66 7r .!:.-
u pu 0 4 d 

o p 

b := k Z 
pb 

(4.1.8) 

(4.1.9) 

To obtain a relationship for the buoyancy .1, consider the continuity of buoyancy flux: 
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A = k qO.66 Z -1.66 
.u. pi!. 6.0 

(4.1.10) 
Or, written in tenns of z, ~, and Fro: 

Ll = 0.66 [1fJ 0.66 [ ZJ -1.66 - ~6.Fro - -
Llo 4 dp 

(4.1.11) 

In Table 4.2, values measured by Papanicolaou (1984) for the axi-symmetric plume 

constants are presented. 

1 

Table 4.2 - Axi-symmetric Plume constants from 
Papanicolaou (1984) 

The equations of a non-vertical buoyant jet 

For a flow with momentum and buoyancy, a simple dimensional analysis will not 

conveniently yield a solution. In this case Wood et al. (1993) combined the equations 

of motion with an empirical spread equation to obtain relationships for U, A, and b. 

The derivation of the equations in this integral analysis is reviewed in the present 

section. 

In the integral approach it is necessary to make use of a number of observations on the 

flow behaviour. From these observations several assumptions can be made: 

1. If the buoyant jet is discharged from a pipe, a region of flow is observed 

immediately beyond the exit port, in which the velocity profile changes from the pipe 

velocity distribution to that of a turbulent jet. The equations of motion will be applied 

beyond this region, which is termed the zone of flow establishment. 
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2. A buoyant jet consists of a region of fluid inside an irregularly shaped, but sharply 

defined boundary. Beyond the boundary of the buoyant jet, it is assumed that the 

ambient fluid is irrotational and the static pressures are zero. There is a flow in the 

irrotational region, which is induced by entrainment into the buoyant jet. Where the 

outer flow boundaries are located at a finite distance from the jet, the entrainment flow 

into the jet is affected, a?d static pressure distributions are induced into the irrotational 

region. These effects are small for an axi-symmetric buoyant jet because the 

entrainment velocity decreases linearly with distance from the jet. For a two

dimensional buoyant jet the entrainment velocity does not decrease with distance from 

the jet. In a finite sized experimental tank a circulation is set up to meet the 

entrainment demand and the pressures resulting from this may affect the jet. 

3. It will be assumed that the flow within the buoyant jet is fully turbulent and the 

viscous stresses will be neglected in the momentum equation. The velocity, 

concentration and buoyancy will be written as sums of the time-averaged components 

(ii, c, and ill) and turbulent fluctuations (u', c', and il'). 

- u l 
U = U + 

- c l C = C + 

-
il = ill + ill 

4. From the observation that the flow is long in the direction of the mean flow and 

narrow perpendicular to this direction, it will be assumed that changes in flow 

properties in the direction of the flow are a magnitude smaller than changes across the 

flow. If it is further assumed that the flow is in local equilibrium, the local flow 

properties can be assumed to depend only on the local mean flow properties. This 

assumption has been verified experimentally and the velocity and tracer concentration 

profiles have been shown to be self-similar by Papanicolaou (1984). 

This final observation allows an integral type method of analysis to be used, in which 

the profiles of velocity and buoyancy are integrated over the flow cross-section in the 

equations of motion. The self-similar time-averaged profiles were shown by 
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Papanicolaou to be of the form: 

ii [ r2l = exp - b 
(4.1.12) 

where ii and U are the local mean velocity and the centreline mean velocity, r is the 

distance from the jet centreline, and b is the value of r at which ii = U/e. Similarly 

for the time-averaged concentration profile: 

c [ r2 1 c = exp r.,2b 2 

(4.1.13) 

where c and C are the local mean and centreline mean concentrations, and r., is the ratio 

of the concentration to the velocity width. For an ax i-symmetric plume, Papanicolaou 

obtained A = 1.067 and for an ax i-symmetric jet r., = 1.274. Making use of the 

assumption that the density, and hence buoyancy Ll, is'directly proportional to the tracer 

concentration c, the time-averaged profile of buoyancy is: 

Ll, 
exp [A~~2l 

(4.1.14) 

In the case where the initial flow has buoyancy and is discharged at a non-vertical 

angle, a curved flow trajectory will result. In applying the equations of motion it is 

necessary to make use of the observation that the radius of curvature of the flow is 

much larger than the flow width, and the effect of the curvature on the flow can be 

ignored. 

The equations of motion 

The principle of conservation of momentum in a steady flow may be written as: 

EF I Pa u (ii.e) dA 
(4.1.15) 

where EF is the sum of the vector forces acting on the control surface, U is the local 

velocity vector, and e is the outward normal vector from the control surface. 
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This equation will be applied to a control volume with ends perpendicular to the mean 

flow directions. The equation for the conservation of horizontal momentum is: 

"" 
:s ! P, [u' + :.] cosO 2ndr = 0 (4.1.16) 

where e is the angle between the mean flow velocity and the x axis, and p is the static 

pressure in the flow. Substituting the mean and turbulent components and time

averaging yields: 

p 1 cos e 21rr dr = 0 
Pa 

(4.1.17) 

It has been shown (by Miller and Comings, 1957, and Bradbury, 1965) that for a two

dimensional turbulent jet the static pressure and turbulent velocity deviation terms are 

of opposite sign and that: 

(4.1.18) 

Assuming that this also holds for an axi-symmetric buoyant jet, and dividing by ambient 

density Pa, yields the following equation for conservation of specific horizontal 

momentum: 

"" 
~ r ii 2 cos e 21rr dr == 0 
ds t 

Similarly, the conservation of specific vertical momentum equation is: 

1 LlI 2m dr 

(4.1.19) 

(4.1.20) 

For the case of an un-stratified ambient fluid, the continuity of buoyancy flux can be 

written: 
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(4.1.21) 

The shape constants 

For ease of computation, the self-similar profiles obtained experimentally by 

Papanicolaou (1984) are integrated to obtain shape constants: 

(4.1.22) 

(4.1.23) 

:::: 

Iqt. I[ ~,U + 1 27r~ d~ (4.1.24) 

[ A2 
1 

:::: 1.197r 
1 + 

co -

A 
It. 1 I 211't] dt] (4.1.25) 

:::: 11' ",.1 

In the above equations, the dimensionless radial distance is defined as t] = rib. In 

equation (4.1.24), allowance is made of the experimental result that approximately 16% 

of the buoyancy flux is due to the turbulent fluctuations (papanicolaou, 1984). 

The use of shape constants simplifies the equation for the conservation of horizontal 

momentum: 



Similarly the equation for the conservation of vertical momentum becomes: 

d --(1 lPb 2 sine) ds m 

and the equation for the continuity of density deficit is: 

~ (1 Li U b 2
) = 0 ds qA 

Two further equations are obtained from the flow geometry: 

dx . Of} - = cos 
ds 

dz . f} - = SIn 
ds 
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(4.1.26) 

(4.1.27) 

(4.1.28) 

(4.1.29) 

(4.1.30) 

A closure equation for the set of equations is obtained from the spreading assumption: 

db [-. 
- = k FJ = k ds [ b 

(4.1.31) 

The spreading constant kb is obtained from experimental data and IS shown to be 

independent of the local Froude number (see Table 4.3). 

Author Jet kjb Plume kpb 

Fischer et al. (1979) 0.107 ± 0.003 0.105 

Papanicolaou (1984) 0.109 0.105 

Table 4.3 - Spread constants for axi-symmetric jets and plumes 

An alternative closure equation may be obtained by using experimentally determined 

values of the entrainment coefficient to describe the rate of entrainment into the buoyant 

jet. The entrainment coefficient relates the entrainment veloCity into the buoyant jet u"" 

to the centreline velocity, U: 
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(4.2.32) 

The differences between either form of the closure equation will be discussed in the 

following section. 

The set of six equations (4.1.26) - (4.1.31) fully describe the flow problem. They can 

be manipulated into a form suitable for solution by a standard ordinary differential 

equation solving program and solved for the 6 unknowns: x, z, 0, U, il, and b (Wood 

et aL, 1993). Suitable initial conditions for the solution are provided by empirical 

relationships for the flow conditions at the end of the zone of flow establishment. For 

the limiting cases of a vertical buoyant jet, the equations can be integrated analytically. 

Wood has shown that for these limiting cases, the integral method provides governing 

equations of the same form as those obtained by dimensional analysis, and that the 

coefficients in these equations agree closely with those measured by Papanicolaou 

(1984). 

4.1 entrainment "'.rv' .. "'IU· ...... ..., .. II11- the spread 

In the integral type approach to modelling buoyant jets, a relationship describing either 

the entrainment or the spreading rates may be used as a closure equation. The 

entrainment assumption has been used by Prandtl (1949), and others, including Wood 

et al. (1993), have used the spreading assumption. Wood et al. (1993), following Jirka 

and Harleman (1979), has examined the relationship between the entrainment coefficient 

and the spread rate for axi-symmetric jets and plumes. For a pure axi-symmetric jet, 

it was shown that the entrainment coefficient is related directly to the spread rate in the 

following manner: 

(4.1.33) 

and, for a pure ax i-symmetric plume: 
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(4.1.34) 

It should be noted that Papanicolaou (1984) observed that the spreading rates of ax i

symmetric jets and plumes were very similar . Average values of 0.109 and 0.105 were 

obtained in jet and plume experiments respectively. The above relationships therefore 

show that the entrainment coefficient for a plume is greater than that for a jet by a 

factor of approximately 1.67. Papanicolaou also observed that while jets and plumes 

had similar values of spread rate and similar time-averaged concentration profiles, the 

structure of the turbulence in the jets and plumes was entirely different. This was 

suggested to be due to the difference in the nature of the forces driving the momentum 

dominated and buoyancy dominated flows. The differences between the structure of the 

turbulence in each type of flow may explain the difference between the rate of the 

turbulent entrainment into jets and plumes. 

Given that any model which describes jets and plumes will preferably be able to 

describe flows in the transition between momentum dominated and buoyancy dominated 

flows, the spread assumption will provide the preferred closure equation because the 

rate of spread will change only slightly in the jet to plume transition. 
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4 .. 2 Merging buoyant jets in a stationary ambient 

fluid 

Where the ports on one side of a mUlti-port wastewater diffuser are spaced at 

sufficiently close intervals, the buoyant jets discharging from each of the ports will 

merge to form a plane buoyant jet. This flow configuration is shown in Figure 4.2. 

In this section, the integral analysis presented by Davidson (1989) and Wood et al. 

(1993) for the case of merging buoyant jets discharged from an array of un i-directional, 

non-vertical ports will be reviewed. Experimental results from this study are used in 

Section 4.2.3 to modify the assumed variation in the spreading rate and the width ratio 

throughout the merging transition. In the region remote from the source, the behaviour 

of the merged buoyant jet will asymptotically approach that of a plane plume. To 

provide a rough check on this analysis, dimensional analysis will first be used to obtain 

equations describing the limiting case of a vertical plane plume. 

4e2.1 Dimensional analysis of a pure plane lIJ1 ... uu .... ..., 

Consider a pure plane plume created by a line source of buoyancy with buoyancy flux 

per unit length of 'ko2' The local time-averaged flow properties D, b, and ~ can be 

expected to depend on the original buoyancy flux, the distance from the source, and the 

kinematic viscosity: 

The effect of viscosity can be neglected in the turbulent plume and dimensional analysis 

leads to the following relationship: 

- 0.33 
D = kpU2 ( qt;o2 ) 

(4.2.1) 

If the line source is approximated by a slot of width ds ' through which the velocity is 

Do, a two-dimensional densimetric Froude number can be defined at the port: Fro2 = 

Do/(ds 1:..0)°.5. The equation can be fe-written in terms of Fr02 ' 

D = k F -0.66 U pu2 r02 
o 

(4.2.2) 
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Figure 4.2 - Definition sketch showing an array oj uni-directional, non-vertical 
merging buoyant jets 

Similarly for flow width: 

b kpb2 Z (4.2.3) 

To obtain a relationship for the buoyancy .6., consider the continuity of buoyancy flux: 

L\ QAo2 

Ub 

.6. 
k F OM [ Z r (4.2.4) 

.6.0 
pt.2 r02 d

s 
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The constants in equations (4.2.2) to (4.2.4) can be obtained from the plane plume 

experiments of Kotsovinos (1975). They are presented in Table 4.4. 

Table 4.4 - Plane plume constants from Kotsovinos 
(1975) 

402.2 Velocity and buoyancy distributions in non-vertical merging 

buoyant jets 

In this section, an array of buoyant jets discharged from a uni-directional, non-vertical 

array with port spacing of Ps' will be considered. The geQJI1etry of this case is shown 

in Figure 4.2. To obtain governing equations for the merging buoyant jets the 

equations of motion of the flow will be determined in an integral analysis, in the same 

manner as for the single buoyant jet analysis in Section 4.1.3. In the analysis, it will 

be assumed that the array of jets is sufficiently long such that the central jets in the 

array are not significantly affected by the finite length of the array. A central jet, 

contained between planes of symmetry located midway between flow axes, will be 

considered. In applying the integral type analysis, in which the momentum and 

buoyancy flux are calculated by integrating the velocity and buoyancy over the cross

section, it is necessary to make assumptions on the distribution of velocity and 

buoyancy of the merging buoyant jets. The shape functions of the flow need to be re

calculated for the fully merged (plane) buoyant jet and for the transition between the 

axi-symmetric and plane flows. 

Davidson (1989) made the assumption that, during the merging transition the velocity 

and the buoyancy of the individual buoyant jets were additive. There is no justification 

for making this assumption, and it has been argued by Jirka (1995) that the merging 

distributions should reflect the fact that momentum flux not velocity is additive. 

However in this approach, the momentum flux is conserved in the equations of motion 

and the only error is in the shape functions in the merging region which is short. The 

approximation provides the required distributions in the axi-symmetric, merging and 
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merged regions. In making this approximation, curvature effects of the flow will be 

neglected. The notation used in the following equations is shown in Figure 4.2, and 

the axis distances have been made dimensionless by dividing by the width scales in the 

respective directions rl* = rllb and r2* = r2/ps' The local velocity normalised by the 

axi-symmetric centreline velocity is: 

n=co 

exp- [i r u :E U axi n= -00 (4.2.5) 
n=co 

exp _ [(np, -~2r + rf] = 
n;; -00 

At the centreline ( r1 = 0, r2 = ° ), the velocity of the merging buoyant jets is: 

n=oo ~_ [ np ]2 
exp S 

n=-oo 

(4.2.6) 

The distribution of velocity in the merging buoyant jets may be written: 

2 
n=oo 

2 

u n=-oo 

exp-
blps (4.2.7) exp r 1 

exp- _s 
n=oo [np] 2 

n=-oo b 

Similarly for the distribution of buoyancy: 

[r~ r.~ 
2 

* n -r2 

~) 
exp exp-

Ab/ps (4.2.8) 

Lr n;;: <Xl [np], :E exp - Ab
s 

0=-00 

The consequences of this assumption are that in the region where blps ~ 1, the 

distributions are Gaussian in both the s - r2 plane along which the jets are spaced, and 

the s - r1 plane normal to the axis of the array. As the jets widen and begin to merge 

(where blps ::::::: 0.5), Figure 4.2 shows that the distributions in the s r2 plane undergo 

a smooth transition from a Gaussian to a uniform distribution. At a point where blps 

~ 1, the jets are fully merged and the velocity and buoyancy distributions are uniform 
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in the r2 direction. Throughout the merging process the distributions remain Gaussian 

in the s - r l plane, normal to the axis of the array. 

The shape constants for the merging buoyant jets 

Equations (4.2.7) and (4.2.8) give relationships for the distributions of velocity and 

buoyancy at any point in an array of buoyant jets as a function of the degree of merging 

b/ps> and the concentration width ratio, 'A. Using these equations, shape functions can 

be determined for a single jet within the planes of symmetry in the merging array. 

These functions will be used in the integral analysis of the merging buoyant jets. The 

shape functions will vary with blps and 'A, and will be denoted with a subscript 2. The 

shape function for momentum 1m2, can be derived by considering the momentum flux 

of a single jet between the planes of symmetry: 

p, 
f,=OO f'=2 

M ::: f J (u(rl'r2)tdr2 dr l 

-~ p\ 

(4.2.9) 

where the shape factor for momentum is a function of blps and may be written: 

2 2 
n-=o;) * 

L 
n rz 

r l'" :: 00 f,' =0,5 exp -
blps 

(4.2.10) 
1m2 .J [ *T' J 2 

n=~oo 

dr2* exp -rl dr l n= co [n:J r
l 

;;;;-00 f, =0 L exp 
n=-co 

Similarly for the volume flux: 

p, 

q J J u(rl'r2) drz drl 
f, =-00 f, P, 

(4.2.11) 

The shape function for volume flux is: 
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2 

rt =00 r; =0.5 

Iq2 :::; . J exp -rl*' drl* J 2 
r, =-0:> r, =0 

(4.2.12) 

n=o:> [np ] 2 L exp - _s 

n=-o;) b 

The buoyant force, B, may be written: 

p, 
r, 00 r, =7 

B f f Li1(rl'r2)dr2dr1 (4.2.13) 
c, =-00 f2 PI> 

The shape function for buoyancy force is: 

2 

f 2 
r,' =0 

no:::: -co 

exp -
Ab/ps 

r,' =0.5 

n=o:> [np ] 2 exp - _s 

n=-oo Ab 
(4.2.14) 

In considering the flux of buoyancy, it must be recognised that a significant portion of 

the buoyancy is carried by the turbulent fluctuations. To allow for this, the total 

buoyancy flux will be approximated by the flux due to the mean flow multiplied by a 

factor, T: 

p, 
r, =00 r'=2 

T f f u(rl'r2) Li,(rl' r2) dr2 dr1 

fl ;;::;-CQ r:- p~ 
, 2 

Iq1l2 U Li bps 

The shape function for buoyancy flux is: 

(4.2.15) 
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2 
n=co * n -r2 L exp-

blps n=-oo 

L exp- _5 
n-co [np ] 2 

n = -00 b 

2 
n co " 
L 

n r2 exp 
"b/ps 0:-00 

dr2* 
0=00 

[~~r L exp 
n:::-o::> 

(4.2.16) 

For the turbulent flux constant, Wood et al. (1993) suggests a value of T = 1.19, 

which was measured by Papanicolaou (1984) for an axi-symmetric plume. 

4.2.3 The spreading rate in the merging tJ;ansition 

In the integral analysis of the merging buoyant jets, the spread assumption will be used 

to provide a closure equation. In the merging buoyant jets, rate of spread is expected 

to increase in some manner from the value applicable to the limiting case of an axi

symmetric buoyant jet to that of a plane buoyant jet. Experimental results from this 

study will be used to determine this variation. Experimentally determined values of the 

spread constant in the limiting case of a plane buoyant jet are presented in Table 4.5. 

Author Jet kjb2 Plume kpb2 

Fischer et aL (1979) 0.116 0.116 

Kotsovinos (1975) - 0.120 

Chu & Baines (1989) 0.120 0.120 

Table 4.5 - Spread constants for plane jets and plumes (Wood et 
al., 1993) 

Wood et al. (1993) suggested that the spread rate would vary smoothly from an axi

symmetric value kb' to a plane flow value k b2 , as the buoyant jets merged. For the 

merged region Wood used a value of ~2 = 0.12 which was constant for both 

momentum and buoyancy dominated flows, while for the region before merging, a 
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constant value of kb = 0.11 was used which neglected the slightly smaller spread rate 

of ax i-symmetric plumes as compared to jets. The spreading rate was assumed by 

Wood to vary from the axis-symmetric value to a plane value over the distance where 

the width to port spacing ratio was in the range of blps = 0.3 to 0.8. This is the region 

over which the axi-symmetric flows merge to form a plane flow. 

However, experimental work which will be presented later indicates that unlike the axi

symmetric plume, the plane plume oscillates, and the increase in the spreading rate 

observed for plane plumes compared to axi-symmetric plumes is due to this oscillation. 

Thus the increase in the spreading rate does not occur until the oscillation develops at 

a region downstream of the merging transition. Indeed, results will be presented which 

will show that the onset of the oscillation or 'flapping' and the increase in the spreading 

rate occur at a value of the concentration width to port spacing ratio of between biPs 

= 0.9 and 1.26. In the experiments the concentration width be, was measured, and it 

is related to the velocity width b by the ratio A. These results suggest that the transition 

in kb occurs gradually over a range of values of velocity width to port spacing ratio of 

b/ps = 0.6 to 1.1. Using the values of A which are presented below, this range can be 

shown to correspond to a range in the concentration width to port spacing ratio of biPs 

= 0.64 to 1.49. 

It is reasonable to assume that the ratio A of the concentration width to the velocity 

width is associated with the value of the spreading rate. The increase in A from an axi

symmetric value to a plane plume value will therefore be assumed to occur over the 

same range of blps as the increase in spreading rate. Thus, the merging plumes will 

be described by the axi-symmetric value of A before the region where the oscillation 

develops downstream of the merging transition, and where the intermittent oscillation 

is fully developed in the merged plumes the plane plume value of A will apply. In 

experiments with axi-symmetric plumes, Papanicolaou (1984) measured a value of A = 

1.067, while for plane plumes Kotsovinos (1975) measured A = 1.35. Using these 

results, A is suggested to increase from A = 1.07 to 1.35 over the same range as the 

spreading rate transition, which was from blps = 0.6 to 1.1. The suggested 

relationships describing the variation in kb and A with blps are presented in Figure 4.3, 

and are compared to those assumed by Wood et al. (1993). 
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The assumed relationship for A as a function of blps can be used to calculate the shape 

functions given in Equations (4.2.10), (4.2.12), (4.2.14) and (4.2.16) for various values 

of b/ps. Numeric values for the shape constants are presented in Table 4.6, and they 

have been plotted in Figure 4.4 where they are compared to those calculated by Wood 

et al. (1993). 

blps kb A lq2 1m2 I,12 IqA2 

0 0.110 1.07 0 0 0 0 

0.1 0.110 1.07 0.3142 0.1571 0.3597 0.1996 

0.2 0.110 1.07 0.6283 0.3142 0.7194 0.3991 

0.3 0.110 1.07 0.9425 0.4749 1.0789 0.6053 

0.4 0.110 1.07 1.2518 0.6783 1.4266 0.8740 

0.5 0.110 1.07 1.5153 0.9292 1.6954 1.1895 

0.6 0.110 1.07 1.6764 1.1230 1.8338 1.4107 
-

0.7 0.111 1.09 1.7448 1.2146 1.9197 1.5203 

0.8 0.113 1.16 1.7661 1.2443 0552 1.5911 

0.9 0.117 1.26 1.7713 1.2516 2.2333 1.6510 

1.0 0.119 1.33 1.7724 1.2531 2.3573 1.6857 

1.1 0.120 1.35 1.7725 1.2533 2.3927 1.6949 

1 0.120 1.35 1.7725 1.2533 2.3928 1.6949 

Table 4.6 - The spreading rate, concentration width ratio, and shape constants jor 
merging buoyant jets 
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Figure 4.4 - Shape junctions Jor merging buoyant jets compared to those calculated 
by Wood et al. (1993) 
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4.2.4 The equations of motion for non-vertical merging buoyant jets 

For the case of an array of merging buoyant jets, the equations of motion may be 

written for a single jet contained between planes of symmetry located midway between 

ports. The equation for conservation of specific horizontal momentum is: 

d 
ds 

p, 
r, 00 r, 7 

f f u(rl' r2)2cose dr2 dr1 

rJ =-00 r :c_ p, 
, 7 

This may be written using the shape function for momentum: 

o 

Similarly the equation for conservation of vertical momentum is 

d 
ds 

p, 
r, =00 r, = 7 

dMv 
ds 

f f u(rl'r2 )2 sinedr2 dr1 

fl=-oo r ::::.- P" 
1 7 

B 

p, 
ft=CO f::="1 

f f ~I(rl' r2 ) dr2 dr1 

rj'::-COr=_P~ 
, 7 

(4.2.17) 

(4.2.18) 

(4.2.19) 

which may be written using the shape functions for momentum and buoyancy force: 

(4.2.20) 

For an un-stratified ambient fluid, the continuity of buoyancy flux can be written: 
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r1 =co 
r2 

Ps 
2 

d T J ds J u(rl'r2) d 1(rl'r2) dr2 drl 0 (4.2.21) 
r 1 Ps 

£2= 2" 

which may be written using the shape function for buoyancy flux: 

o (4.2.22) 

Two equations may be obtained from geometric considerations: 

dx 
COS11 

ds 
(4.2.23) 

dz '" sine 
(4.2.24) 

ds 

The spread assumption is again used to close the set of equations: 

db 
- == kb2 
ds 

(4.2.25) 

Knowing the variation of the shape functions and spreading rate with the degree of 

merging blps, the set of six ordinary differential equations: (4.2.18), (4.2.20), and 

(4.2.22) to (4.2.25), can be solved for the six unknowns: x, z, e, U, .6., and b (Wood 

et al., 1993). The initial conditions are calculated from empirical relationships for the 

flow properties at the end of the zone of flow establishment. 

Wood has shown that this analysis provides a relationship for the growth of dilution 

with distance that is of the form of equation 4.2.4, which was obtained by dimensional 

analysis. The integral analysis provided a value for the constant in this equation of ~A2 

= 2.33, which compares well to the experimental value obtained by Kotsovinos (1975) 

of kPA2 = 2.38, presented in Table 4.4. 
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4.2.5 The entrainment coefficient and the rate of spread 

In section 4.1.4, the relationship between the entrainment coefficient and the spreading 

rate was examined for axi-symmetric jets and plumes. The entrainment coefficient for 

merging buoyant jets can be examined in a similar procedure, following that of Jirka 

and Harleman (1979). From the continuity equation for a single merging buoyant jet 

within planes of symmetry located mid-way between ports, the entrainment coefficient 

may be written: 

"2 == _1_ d (I U b ) 
2Ups cis q2 Ps 

(4.2.26) 

The equation for the total momentum is: 

(4.2.27) 

Including this in equation (4.2.26) and substituting the spread equation (4.2.25) for the 

width b, gives: 

== Iq2 b 0.5 M -0.5 .-! (M 0.5 b 0.5 ) 
0:2 2 t cis t 

== 
( 

dMt ~2S + 1 
4 cis M ~2 

t 

(4.2.28) 

For a non-buoyant merging buoyant jet the total momentum is conserved and the 

entrainment coefficient becomes: 

(4.2.29) 

For merging buoyant jets in the buoyancy dominated far-field region, the flow is 

vertical and the equation for conservation of total momentum is: 

(4.2.30) 

The equation for continuity of buoyancy flux may be written: 
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(4.2.31) 

Substituting this into the conservation of momentum equation, with the spread equation 

(4.2.25) substituted for the width b, gives: 

dM t 

ds 

M 0.5 dM :::: I,n qllo 'I 1..- P ]0.5 S 0.5 ds 
ttl lm2,L'b2s 

qi.\2 

Integrating this equation gives a relationship for the total momentum: 

M 1.5 :::: 1112 qi.\o [I ~ P ]0.5 S 1.5 
t I m2 ''b2 s 

Dividing (4.2.32) by (4.2.33) gives: 

qi.\2 -

dMt 

ds s 

(4.2.32) 

(4.2.33) 

(4.2.34) 

Substituting into (4.2.28) gives the following relationship describing the entrainment 

coefficient for buoyancy dominated merging buoyant jets: 

(4.2.35) 

This relationship should be compared equation (4.2.29) which describes the entrainment 

coefficient for momentum dominated merging buoyant jets. Kotsovinos (1975) 

measured equal spread rates of kt,z = 0.120 for plane jets and plumes, therefore from 

the relationships derived in equations (4.2.29) and (4.2.35) it is apparent that the 

entrainment coefficient of merged plumes is twice that of merged jets. This is a similar 

result to that observed in axi-symmetric jets and plumes, however in that case the 

entrainment coefficient increased by a smaller factor of 1.67 from axi-symmetric jets 

to axi-symmetric plumes. The increase in the turbulent entrainment in the transition 

from jet-like to plume-like flows is due to the marked difference between the structure 

of the turbulence in plane buoyant jets and plumes observed by Kotsovinos (1975). 
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In this section and in Section 4.1.4, the relatiol1ship between the spreading rate and the 

entrainment coefficient has been examined. The values of both constants are presented 

in the chart in Figure 4.5 for the limiting flow cases occurring in merging buoyant jets. 

The entrainment coefficients have been calculated from the spread rates which were 

measured in ax i-symmetric and plane flows by Papanicolaou (1984) and Kotsovinos 

(1975). From this figure it is apparent that in the transition from an inertia driven to 

a buoyancy driven flow, for both axi-symmetric and merged buoyant jets, the spread 

rate is virtually unchanged while the entrainment coefficient increases by a factor of 

between 1.67 and 2.0. In the merging transition from axi-symmetric buoyant jets to 

a plane buoyant jet however, an increase of approximately 10 % is measured in the 

spread rate of both jets and plumes. In this study, experimental results will be 

presented which will show that in merging plumes, this increase in the spread rate is 

due to a flapping motion in the trajectory of the merged flow. 

( 
plane jet axi-symmetric jet 

a::::: 0.0545 a ::::: 0.0532 

kb= 0.109 kb= 0.120 

\. ) ( 

I ~ \{ 
( ~~ (" '\ 

aXi-symmetric plume 

~ 
plane plume 

a ::::: 0.0875 a ::::: 0.1064 

kb= 0.105 j kb= 0.120 

Figure 4.5 Chart showing the spreading rate and the entrainment coefficient in the 
limiting flow cases 
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Chapter 

Results ... Cross-Sectioll 

In the following four chapters, results will be presented from experiments with 

horizontal and vertical merging buoyant jets discharged into a stationary ambient fluid. 

In this chapter, the long term time-averaged properties of the flow cross-section will be 

presented. These time-averaged properties have been measured over durations of at 

least 50 s, during which time a flapping motion, which will be described in the 

following chapter, was intermittently present in the flow trajectory. The measured 

quantities therefore represent an average of the straight and the flapping flow states. 

Information on the cross-section shape, the width growth, and entrainment of ambient 

fluid into the buoyant jet will be presented. 

5 .. 1 Cross-section 

Distributions of long-term averaged concentration were calculated on flow cross-sections 

at various distances, s, along the plume axis in each experiment. The cross-sections 

were oriented perpendicular to the buoyant jet axis, and the concentration profiles from 

at least five 10 s long time-averaged flow images were averaged to give a measurement 

averaged over at least 50 s. From each profile, the local peak concentration, C, and 

the Gaussian concentration half-width bc' were measured. The Gaussian concentration 

half-width is defined as half the width over which the concentration, c, is greater than 

e-1 C. To examine the self-similarity of the concentration profiles, the profiles were 

normalized by dividing the concentrations by the local peak concentration C, and the 

distance from the .centreline r, by the local concentration half-width, bc' 

Typical concentration profiles have been presented in Figures 5.1 and 5.2 for vertical 

uni-directional, and horizontal uni-directional merging buoyant jets discharged into a 

stationary ambient fluid. The cross-section shape measured on these profiles aligned 

on the r1 axis is expected to remain Gaussian throughout the merging process, as is 

shown in Figure 4.2. In Figure 1, all the profiles have been measured in the merged 
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region of the flow, while in Figure 5.2 the profiles located at distances of s/~ ::;; 129 

were measured in the axi-symmetric region and the profiles at s/~ > 149 were 

measured in the merged region. 

The shape and self-similarity of the above profiles has been shown by Figures 5.3 to 

5.5, in which the normalised concentration profiles have been presented. The profiles 

presented in Figure 5.3 have been measured in the merged region of the vertical 

buoyant jets. They are shown to be self-similar and fit a Gaussian distribution given 

by Equation 5.1. Figure 5.4 shows the normalised concentration profiles measured 

before the point of merging in horizontally discharged merging buoyant jets. The 

feature marked 'A' shows that the profiles measured closest to the port are skewed 

slightly. In this flow region the trajectory, which is gradually being deflected to the 

vertical, still has a significantly non-vertical orientation._ The position of the peak 

concentration has been moved in the negative r direction which corresponds to the 

direction of the component of the vertical buoyancy force acting perpendicular to the 

centreline of the buoyant jet. In Figure 5.5 the profiles measured in the merged region 

of the same horizontal merging buoyant jet experiment, where the flow is nearly 

vertical, are shown to be self-similar and Gaussian. The greater amount of scatter in 

this plot compared to Figures 5.3 and 5.4 is due to the smaller values of concentration 

that are being measured. 

c 
C 

(5.1) 
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Figure 1 - Concentration profiles beyond the point of merging in vertical buoyant 
jets; Fro = 9.3, p/dp = 4.6. 
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Figure 5.2 - Concentration profile$ in merging horizontally discharged buoyant jets; 
Fro = 9.3, p/dp = 28. 
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Figure 5.3 - Normalised concentration profiles beyond the point of merging in 
vertical buoyant jets; Fro = 9.3, p/dp = 4.6. 
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Figure 5.4 - Normalised concentration profiles before the point of merging in 
horizontally discharged buoyant jets; Fro = 9.3, p/dp = 28. 

3 

3 



o -u 

-3 

1.2 

0.6 

0.4 

0.2 

-2 -1 o 

!-- . - --s/dp=149 

: --s/dp=168 

s/dp=184 

--s/dp=200 

--Gaussian dist'n '--____ ----.J 

2 3 

Figure 5.5 - Nonnalised concentration profiles beyond the point of merging in 
horizontally discharged buoyant jets; Fro = 9.3, p/dp = 28. 
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The width growth of the buoyant jets has been examined by plotting the concentration 

half-width measured from the concentration profiles against the distance along the axis, 

s. The rate of width growth was estimated by fitting linear relations to these plots. 

The concentration profiles have been measured with long term time averaging, and the 

width growth rates therefore represent the long term average flow state. 

Width growth information was measured in one experiment with vertical merging 

buoyant jets, and in six experiments with horizontally discharged buoyant jets. Values 

of the width growth rate dbJ ds calculated in each experiment are presented in Table 

5.1. These values will be compared to the average concentration width growth rate of 

db/ds = 0.112 measured by Papanicolaou (1984) in axi-symmetric plumes, and of 

dbc/ds = 0.168 measured by Kotsovinos (1975) in plane plumes. 
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The width data for the experiment with vertically discharged merging buoyant jets has 

been presented in Figure 5.6. From this data a width growth rate of dbelds = 0.151 

was measured and the virtual origin was located at z/~ = 14. This width growth is 

lower than the average value of dbclds = 0.168 measured by Kotsovinos (1975) in his 

vertical plane plume experiments. However, it lies within the range of values of dbJds 

= 0.134 - 0.204 measured by Kotsovinos in 14 experiments. It is considered that the 

lower than average value measured in this one experiment represents nothing more than 

the typical variation between experiments. 

Width growth data measured in horizontally discharged buoyant jets with a range of 

port spacings is presented in Figure 5.7. In the previous chapter, the spreading rate in 

the merging buoyant jets was suggested to be a function of the parameter be/ps. In the 

figure, the distance from the virtual origin (S-Sob), and the concentration half-width bc' 

have been normalized by dividing by the port spacing, Ps' This has allowed the width 

growth of experiments with different port spacings to be compared on a single graph. 

The virtual origin position was calculated as the position at which the width growth 

relationships indicated zero width. In calculating the virtual origin positions, the 

different slopes of the width growth plots for axi-symmetric jets and merged jets was 

taken into account. The change in width growth was determined from results, which 

will be presented in the following chapter, to occur where the width to port spacing 

ratio was in the range of belps = 0.9 to 1.26. This region is beyond the merging 

transition and is where the merged buoyant jet has begun to flap intermittently. The 

transition region is marked on Figure 5.7. 

In measuring the width growth rates of the merging buoyant jets, care was taken to 

consider axi-symmetric and merged regions of flow separately. In the fully developed 

merged region, the average width growth was dbJds = 0.157 with a standard error of 

± 0.012. For the experiment with the largest port spacing a width growth of dbJds 

= 0.120 was measured in the axi-symmetric region. In the experiment with a port 

spacing of psi d" = 28, most of the cross-section profiles were measured near the region 

where the buoyant jets were merging, ie; where bJps = 0.4 to 1.0. In this experiment, 

a width growth rate of approximately dbJds == 0.13 was measured in the ax i-symmetric 

region of bc/ps < 0.4 immediately before the onset of the merging transition. In the 
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region from bJps = 0.4 to 0.8, where the buoyant jets were merging, rapid width 

growth was measured. At the beginning of the merged flow region, a lower than 

expected width growth rate of dbJ ds = 0.109 was measured and this has been marked 

with an asterisk in Table 5.1. This value was measured in the region from be/ps = 0.8 

to 1.0 which is located before the point at b/ps = 1.26 where flapping is expected to 

be fully developed. In the following chapter it will be shown that the low width growth 

rate at the beginning of the merged region is caused by the absence of the flapping 

motion here. In other experiments the width growth rate was measured beyond this 

region, where the buoyant jets were exhibiting the flapping motion, and the measured 

long term average width growth rates were approximately equal to the rate expected in 

plane plumes. The effect of the flapping motion in increasing the spreading rate of 

plane buoyant jets will be examined more closely in Chapter 6. 

Expt Flow configuration Fro p/~ axi -symmetric merged 
name dbe/ds dbc/ds 

PA vertical 9.3 4.6 - 0.151 

OA horizontal 9.3 4.6 - 0.174 

EA horizontal 6.8 9.3 - 0.152 

EB horizontal 9.2 9.3 - 0.145 

EC horizontal 12.2 9.3 - 0.157 

FA horizontal 9.3 28 - 0.l3 0.109* 

GA horizontal 9.2 46 0.120 -

Table 5.1 - Width growth rates in uni-directional merging buoyant jets, ""no 
flapping. 
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5 .. 3 Ambient fluid entrainment 

In this section, the turbulent entrainment of ambient fluid into the buoyant jets is 

examined. Information on the strength and direction of entrainment velocities induced 

in the ambient fluid has been obtained by observing the motion of foreign particles in 

the fluid illuminated by the laser sheet. 

During the merging buoyant jet experiments, it was observed that appreciable velocities 

were induced into the initially stationary ambient fluid, due to entrainment of ambient 

fluid into the buoyant jets. Entrainment velocity vectors denoted VC<! have been 

sketched in Figure 5.8, which shows an instantaneous flow image from an experiment 

with horizontal urn-directional merging buoyant jets. The image has been rotated such 

that the vertical z axis is oriented across the page and the direction of the buoyancy 

force is to the right. In experiments where the buoyant jets merged to fonn a plane 

flow, the entrainment velocities were expected to be constant over the finite flow width 

(in the y direction) and were also expected to extend to the entire length of the tank (in 

the positive and negative x directions). To allow for this and to reduce the effect of the 

finite tank length on the buoyant jets, the experiment was designed such that ambient 

fluid could flow into the test region at each end of the tank. Details of this 

configuration have been presented in Chapter 2. Entrainment velocities were measured 

in selected experiments by tracking particles in the ambient fluid. The time taken by 

particles to travel between vertical lines spaced at distances of 50 or 100 mm was 

recorded and the average time was used to calculate the horizontal velocity. In the 

majority of experiments the ambient fluid contained a sufficient number of minute air 

bubbles for use as tracking particles. In some experiments extra particles of Plio lite 

VTAC resin were added. 

Entrainment velocities measured in three uni-directional merging jet experiments are 

presented in Table 5.2. Velocities were measured in one experiment with closely 

spaced vertical buoyant jets (PA), in one experiment with closely spaced horizontally 

discharged buoyant jets (OA), and in another experiment with widely spaced horizontal 

buoyant jets (FA). In all experiments the velocities measured on either side (in the 

positive and negative x regions) of the merged portion of the buoyant jets were 
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measured. 

The results show that for all flow configurations the velocities on either side agreed to 

within the accuracy of the measurements. In the horizontally discharged buoyant jets, 

the initial horizontal orientation of the flow trajectory in the region near the ports 

results in stable and unstable density gradients on either side of the buoyant jets. These 

density gradients could be expected to enhance and diminish the growth of eddies on 

the respective sides of the buoyant jets, which could in tum affect the relative strength 

of the entrainment into either side of the flow. However the results indicate that in the 

region remote from the ports, the entrainment into the merged buoyant jets was 

symmetrical. Beyond the point of merging of the buoyant jets the entrainment velocity 

did not vary with depth, z. In the experiment with the large port spacing very little 

ambient fluid motion was observed over the depth where the jets were axi-symmetric. 

In this experiment, the entrainment velocity increased over the depth where the flows 

merged, and was constant beyond the merging depth. 

In Chapter 4, the entrainment velocity was written as a function of the mean centreline 

velocity U a = ex U, where ex is the entrainment coefficient. An estimate of the size of 

the entrainment coefficient can be obtained using the measurements of the entrainment 

velocity and the predicted mean centreline velocity U, from the numerical model 

FPMERG. This model is based on the theory presented in Chapter 4 and is described 

in Chapter 8. Estimates of the entrainment coefficient have been presented in Table 

5.2. For the horizontally discharged buoyant jets the coefficient is approximately ex = 

0.09 0.10, and for the vertical merging buoyant jets ex :::::: 0.07. Kotsovinos (1975) 

estimated the entrainment coefficient from measurements of the width growth, db/ dz. 

For a vertical plane plume Kotsovinos suggested ex :::::: 0.11, and for a plane jet ex :::::: 

0.055. The estimates of entrainment coefficient from this study agree with these 

measurements. 
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Expt Fro Ps I eo Entrainment velocity, Ua (mm/s) Ua I U 
dp 

( 0) 
-ve X region + ve X region average 

PA 9.3 4.6 90 6.3 ± 0.8 6.6 ± 0.4 6.4 ± 0.7 .071 ± .008 

OA 9.3 4.6 0 8.9 ± 0.6 8.5 ± 0.6 8.7 ± 0.6 .099 ± .007 

FA 9.3 28 0 4.3 ± 0.9 4.0 ± 0.8 4.2 ± 0.9 .087 ± .014 

Table 5.2 - Entrainment velocities in uni-directional merging buoyant jets discharged 
into a stationary ambient fluid 
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Figure 5.8 - Single frame flow image showing a sketch of the entrainment velocities 
observed in horizontally discharged, uni-directional merging buoyant jets; p/ dp = 

4.6, Fro = 9.3, expt OA 



90 

Chapter 6 

Results - Large Scale Flow Structure 

Results are presented in the following two chapters which describe the structure of the 

merging buoyant jets. The flow structure has a vital role in the behaviour of the 

buoyant jets. It is the turbulent nature of the flow that entrains ambient fluid into the 

buoyant jets and this leads to dilution and spreading of the flow. Several different 

techniques have been used in this study to examine the flow structure in merging 

buoyant jets discharged into a stationary ambient fluid. In this chapter, the existence 

of large-scale structure in the merging buoyant jets is discussed. Information on such 

structure, also referred to as 'flapping' or 'meandering', has been obtained through 

analysis of video footage of the experiments. 

6.1 Large-scale turbulent structure 

In the merging buoyant jet experiments, the most notable feature of the flow structure 

was the intermittent presence of a large-scale flapping pattern in the flow trajectory. 

This flow pattern was observed in experiments with merging buoyant jets discharged 

from both horizontally and vertically oriented arrays of ports. In both flow 

configurations, the flapping pattern occurred in the plane flow region, beyond the 

merging of the axi-symmetric buoyant jets. An extra series of experiments was 

undertaken to investigate the large-scale flow structure in horizontally discharged uni

directional merging buoyant jets, and the results from this investigation are presented 

in this chapter. 

6.1.1 Review of previous studies 

In experimental studies into the flow structure of plane jets and plumes, numerous 

authors have found or speculated on the presence of a large-scale structure within the 

turbulence of the flow. This structure has been suggested to consist of rows of large 

vortices, with axes perpendicular to the plane of mean shear, on each side of the plane 
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jet or plume. The development of the boundary of a free turbulent shear flow, such as 

a jet or plume, has been described by Hinze (1975): 

The boundary of a jet or plume is a thin shear layer which contains high vorticity and 

is inherently unstable. For the case of an axi-symmetric jet, there is a single annular 

shear layer, however for the case of a plane jet there are two plane shear layers. 

Vortices form within these layers and grow as they move down the jet. In the far field 

there is a row of vortices on either side of the plane jet. Dracos et al. (1992) found 

that the vortices in each row of a plane jet have the same direction of rotation, but 

relative to the opposite row the vortices are counter rotating and mostly staggered. The 

development of vortices on the jet boundary has been compared to the well-known Von 

Kanmin vortex street development (Goldschmidt et al., 1983). The convection of these 

large alternating vortices along the jet leads to the appearance of a lateral 'flapping' or 

'meandering' motion of the jet trajectory. 

In the case of plane plumes rather than jets, Kotsovinos (1975) used short exposure 

photographs to show that a 'flapping' motion was present in his plane plume 

experiments. Kotsovinos suggested that this pattern may have been due to rotational 

instability of the plume, caused by the centre of buoyancy of any section of plume being 

below the centre of gravity of that section. However, the presence of similar flapping 

patterns in jets and plumes suggests that it is not the buoyancy which leads to flapping. 

Studies undertaken before the advent of sophisticated flow visualization techniques, used 

velocity probes placed at the boundary of the buoyant jet to examine the flow structure. 

Wygnanski and Gutmark (1971) used the correlation of velocity signals measured on 

opposite sides of a plane jet to show that the boundaries on either side of a plane jet 

were moving in the opposite directions and in the same direction for approximately 

equal amounts of time. When the movements were in the same direction the jet was 

described to be flapping. Goldschmidt and Bradshaw (1973) used the correlation of 

similarly placed hot-wire velocity probes to show that the jet had a measurable periodic 

lateral motion that they described as being similar to the flapping of a flag. A Strouhal 

number of ill/Uo = 0.0055 was calculated from measurements made of the frequency 

of the 'flapping', f, the slot width, D, and the initial velocity, Uo. This value was 
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described by the authors as being almost two orders of magnitude lower than expected. 

A different definition of the Strouhal number was used by Cervantes (1978) of St = 

fb/D, where b is the velocity half-width, and D the mean centreline velocity. For plane 

jets, Cervantes measured a Strouhal number of fb/D = 0.1. A constant value of 

Strouhal number defined in this manner would indicate that the flapping frequency 

varies inversely with flow width. Assuming that the convection velocity of the vortices 

scales to the constant mean centreline velocity, this suggests that the wavelength of the 

vortices scales to the flow width, which complies with the self-similarity condition of 

the flow. 

Goldschmidt et al. (1983) used a flow visualization technique to measure the dimensions 

and convection velocity of the large-scale flow structure, and to detect flow reversal in 

the outer regions of a plane jet. Flow reversal was found and was attributed to a 

coherent pattern of vortical structures. The structure wavelength, average structure 

radius and average lateral coordinate of the vortices were found to scale to the half

width of the jet, and the convection velocity was found to be approximately 60 % of the 

mean centreline velocity. 

The flapping phenomenon was observed again by Chu and Baines (1989) in experiments 

with both plane jets and plumes discharging between closely spaced confining walls. 

Measurement of the volume flux of the buoyant jets showed that the spreading rates of 

the jets and plumes were approximately equal, and were similar to that obtained by 

Kotsovinos (1975) for a wide plane buoyant jets. Flow visualization revealed that the 

vortical structures occurring in plane plumes had a significantly different appearance 

from those observed in plane jets. While both types of flow exhibited a sinuous 

flapping shape, the jet-like flow had larger zones of turbulent fluid. 

Further experiments with plane jets discharging between closely spaced confining walls 

were undertaken by Dracos et al. (1992). In this study, Dracos et al. suggested that the 

depth between the confining boundaries controls the occurrence of the large vortical 

structures. Experiments were undertaken with plane jets confined to various depths, 

in which 'meandering patterns' were observed at distances from the source of x/H > 

10, where H is the confining depth. Dracos et al. found that this pattern was caused 
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by rows of vortical structures on either side of the jet. This explanation is in agreement 

with the explanations of Goldschmidt et al. (1983), Chu and Baines (1989) and other 

authors not listed here. Dracos et al. suggest that the vortical structures grow in size 

by pairing as they move along the jet, and that the pairing takes place in a tearing 

process without any rotation of the vortices about a common axis. From measurements 

of the passing frequency of the vortices, Dracos et al. calculated a Strouhal number of 

fb/D = 0.07, which is in reasonable agreement to that calculated by Cervantes (1978). 

The spreading rate measured by Dracos et al. in the region where flapping was 

observed, was equal to that measured by Kotsovinos (1975) for plane buoyant jets. In 

the experiment with the greatest confining depth, in which the width growth was 

measured in the region where no flapping was observed, the width growth rate was 

reported to be 94 % of the value measured in the flapping jets. Although this difference 

was not seen by the authors to be significant, further results will be presented in this 

chapter to show that the spreading rate is significantly affected by the intermittent 

presence of flapping. 

6.1 Observations of scale structure in merging buoyant jets 

A series of experiments was designed in which the presence of a large-scale structure 

in merged buoyant jets was examined. The experiments were designed with three 

particular objectives in mind: 

1) To examine the formation and pairing of vortices on the boundaries of the merged 

buoyant jets. 

2) To determine the effect, if any, of the width of the test region on the strength of the 

vortices and the flapping pattern. 

3) To determine the effect of the presence of the large-scale pattern on the dilution and 

rate of spreading of the merged buoyant jets. 

Experimental Method 

In the early stage of the experimental study, strong large-scale patterns were observed 

in experiments with merging buoyant jets discharged from a horizontal uni-directional 
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array, spaced at p/~ = 9.3, into a stationary ambient fluid. To investigate this flow 

structure a series of similar experiments was undertaken (series '1'). Jets with 

buoyancy of .6.0 = 0.33 m/s2 and densimetric Froude number Fro = 9.2, were 

discharged from a horizontal uni-directional array of ports with diameter dp 3.24 

mm, spaced at p/dp = 9.3. To examine the effect of flow width on the flow structure, 

experiments were undertaken with 5 ports spaced over a flow width of 150 mm and 

then 15 ports spaced over 450 mm. An experiment was also undertaken with a single 

buoyant jet discharging into a flow width of 450 mm to provide comparison between 

the structure of ax i-symmetric and plane buoyant jets. 

In these experiments, the laser-induced fluorescence flow images were recorded on 

video tape instead of being passed directly to the computer in digital form. This 

allowed the recorded images to be played back on a television monitor to examine the 

motion of the flow. Time averaged images and sequences of single frame images were 

selected from the recorded video footage and were passed via the frame-grabber onto 

the computer for analysis of flow concentrations. 

Observed flow structure 

The video tape images were successful in providing an insight into the large-scale 

structure of the merging buoyant jets. Analysis of the video footage showed that the 

'flapping' motion which indicates the presence of a large-·scale structure was present in 

experiments with merging buoyant jets, and as expected it was not present in axi

symmetric buoyant jets. An example of the large-scale structure present in horizontal 

merging buoyant jets is given by the sequence of single frame flow images presented 

in Figures 6.1 a) to 6.1 h). The images have been presented with the z axis, which was 

measured downwards in the experiments, oriented horizontally and the direction of the 

buoyancy force is to the right. The strongest flapping motion is visible in the images 

in Figure 6.1 e) and f). For comparison, two single frame images captured from 

footage of an experiment with a single horizontal buoyant jet are presented in Figures 

6.2 a) and b). This buoyant jet has been discharged with the same flow properties as 

a single buoyant jet in the merging array. Observation of the experimental footage 

indicated that the trajectory of the axi-symmetric flow did not exhibit a flapping motion. 
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In Figures 6.2 a) and b) the flow trajectory of the single jet is not flapping and is 

approximately constant for the two images shown. 

Viewing of the video footage of the merging buoyant jets indicated that while there 

were times when the flapping motion was clearly present, there were also times when 

there was no flapping motion in the . flow . The factor which determined whether the 

flow was straight or exhibited a flapping motion, was the position and the size of large 

vortices on the flow boundaries on either side of the merged buoyant jets. These 

vortices were observed to have the same direction of rotation with respect to other 

vortices on the same side of the flow, and they were counter-rotating with respect to 

vortices on the opposite side. The vortices grew in size as they travelled in the mean 

flow direction. When the vortices on either side were of equivalent size and were 

positioned opposite each other in a symmetric pattern, the flow behaved in what will 

be termed a 'straight' manner, in which the flow trajectory did not deviate from the 

mean path. When the vortices on either side were of approximately equal size and were 

staggered in position, a 'flapping' pattern occurred. In this pattern, as the staggered 

vortices travelled in the mean flow direction, they grew in size and the flapping 

strengthened. In Figure 6.3 a) and b) the relative locations of vortices in a typical 

merged buoyant jet exhibiting straight and flapping behaviour are sketched. 

In the merging buoyant jet experiments, the flapping motion was not continually present 

but occurred in intermittent events. In each of the four experiments, the five minute 

long video record was analysed to find the start and end times of flapping events 

occurring in the measured flow region. This analysis showed that the events did not 

occur at regular intervals nor did they have a constant duration. There was a large 

range of event durations of 3 to 39 s, with a mean duration of 12 s and standard 

deviation of 8 s from the mean. The mean duration of a flapping event in the measured 

flow region was of similar magnitude to the time taken for a vortex to travel the length 

of the measured flow region. In a typical flapping event, the vortices entered the flow 

region organised in a manner that would produce a flapping motion and typically they 

retained this organisation as they travelled through the measured flow region. 
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Figure 6,1 a) to h) - A sequence of single frame flow images showing large-scale 
flow structure in merging buoyant jets; a) single frame flow image at time 1 m " 27 s 
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Figure 6,1 b) single frame flow image at time 1 m " 31 s 
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Figure 6.1 c) single frame flow image at time 1 m .' 35 s 
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Figure 6.1 d) single frame flow image at time 1 m : 40 s 
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Figure 6,1 e) single frame flow image at time 1 m .' 44 s 
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Figure 6,1 fJ single frame flow image at time 1 m .' 48 s 
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Figure 6.1 g) single frame flow image at time 1 m : 51 s 
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Figure 6.1 h) single frame flow image at time 1 m : 53 s 
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Figure 6.2 a) and b) - Single frame flow images showing the flow structure in a 
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Figure 6.3 - Sketch of the location of large vortices in merging buoyant jets; a) in 
the straight flow pattern, 

_._._.a_._._._ ................ ...........,.-._._.-.-._. 

b) in the flapping flow pattern. 
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In the two experiments with 15 ports spaced over a confining width of 450 mm, the 

total duration of all the flapping events was 61 % of the 5 minute measured duration. 

However in the experiments with 5 ports over the smaller confining width of 150 mm, 

flapping occurred for just 39% of the measured time. This indicates that in this 

particular flow configuration decreasing the confining width tended to discourage 

flapping. The experiments of Dracos et al. (1992) indicated that for plane jets confined 

to a narrow width, the confining width controlled the onset of flapping, and that 

flapping occurred at distances from the source of s/H > 10, where H is the confining 

width. The findings of Dracos for plane jets do not appear to be applicable to these 

buoyancy dominated merging buoyant jet experiments in which flapping occurred at 

distances as small as s/H 0.5. Dracos found that flapping was encouraged by 

reducing the confining width in plane jets, which is the opposite of the result observed 

in this study for buoyancy dominated flows with much larger confining widths. 

The fonnation of the flapping pattern can be seen in the sequence of single frame flow 

images presented in Figures 6.1 a) to 6.1 h). In this sequence of images, the clock 

visible in each image displays 'minutes' : 'seconds' : 'hundredths of seconds'. The 

location and the direction of vortices on either boundary of the buoyant jet were 

detennined by viewing the video footage, and this infonnation has been noted on each 

image with a letter marking the position and an arrow giving the direction of rotation 

of each vortex. 

The flapping motion was observed from experimental footage to begin at a distance of 

approximately s/dp 65 to 85 from the port, and it extended to the end of the 

measured flow region at s/dp = 240. It is reasonable to expect that since flapping 

occurs in merged flows and not in axi-symmetric flows, the onset of flapping will be 

controlled by the relative degree of merging, which is given by the width to port 

spacing ratio, bjps' Flow width measurements indicated that, at the location of the 

onset of flapping, the concentration half-width ranged from b/<4 = 8.3 to 11.7 which 

equates to bcfps = 0.90 to 1.26. These ranges have been marked on the images shown 

in Figures 6.1 a) to h). The location of the onset of flapping in the trajectories of 

images 6.1 a) and 6.1 d) to g) is shown be close to this approximate range of width to 

port spacing ratios. 
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In this experiment a typical strong flapping event of duration approximately 15 s was 

observed, beginning at time 1 m : 41 s. At times both before and after this event, the 

buoyant jet exhibited a straight flow pattern. A good example of the straight flow 

pattern is shown in Figure 6.1 c) at time 1 m : 35 s. In this image the two large 

vortices AC and B, which were observed to have approximately equal size and opposite 

sense of rotation, are positioned opposite each other. This symmetric pattern results 

in no deviation from the time averaged flow trajectory. By comparison, the images 

captured at times 1 m : 44 sand 1 m : 48 s show a very definite flapping pattern. This 

pattern is a clear indication of the presence of a large-scale flow structure. It has 

resulted from the staggered positions of the vortices D, F, and H on one side of the 

flow relative to G, and E on the other. In both images, the wavelength of the flapping 

pattern increases with distance along the buoyant jet. The development of the structure 

of the buoyant jet into this flapping motion is ~hown by the sequence of images from 

time 1 m : 40 s to 1 m : 51 s. The vortices which have created the flapping motion 

were positioned in a staggered pattern when they first appeared in Figure 6.1 d) and 

they have retained the pattern in all images up to Figure 6.1 g). While the vortices 

retained the staggered pattern, the buoyant jet exhibited a flapping motion. 

Figures 6.1 g) and 6.1 h) show that between times 1 m : 51 sand 1 m : 53 s the 

vortices F and H joined together by pairing to form a single vortex, FH. At time 1 m 

: 51 s, the two vortices have approached each other and vortex F is about to collapse 

onto vortex H. Two seconds later, the vortices have combined into a larger elongated 

vortex with the same sense of rotation. Vortex pairing by this tearing process was 

previously observed in the large-scale structure of plane jets by Dracos et al. (1992). 

The new vortex FH is located midway between the vortices G and E on the opposite 

side of the flow, and the flapping pattern is retained in this region of the flow. In the 

flow region closer to the port in Figure 6.2 h) two vortices I and J are located almost 

symmetrically opposite each other causing the buoyant jet to return to a straight flow 

pattern. 

Another example of the pairing process is shown in Figures 6.1 a) and 6.1 b). At a 

time of 1 m : 27 s in Figure 6.1 a), the vortices A and C are located opposite vortex 

B in a staggered pattern which results in a flapping motion of the buoyant jet. At a 
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later time of 1 m : 31 s, the two vortices A and C have approached each other and are 

in the process of pairing to form a larger elongated vortex. At time 1 m : 35 s in 

Figure 6.1 c) the pairing process is complete and the new vortex AC is located directly 

opposite vortex B giving the buoyant jet a straight flow pattern. In these images, the 

vortices on one boundary of the flow have acted independently of the other flow 

boundary. Pairing of the vortices has changed the size and location of the vortices on 

one side of the flow. In Figures 6.1 a) to 6.1 c), it has destroyed the original flapping 

motion and resulted in a straight flow pattern. While in Figures 6.1 g) and 6.1 h) the 

flapping motion was retained following the pairing of two vortices. In both cases 

vortex pairing increased the wavelength of the large-scale structure. 

In each of the four experiments, the video footage was analysed to obtain the Strouhal 

number of the large-scale flow stmcture. The Strouhal number provides a measure of 

the frequency of the large vortices with respect to the local properties of the flow. In 

this study the Strouhal number was defined as St ibJU and it was measured at 

distances of siC\, = 77, 126 and 194 from the port in each experiment. On either side 

of the flow at each position, the time of passing of each large-scale vortex was noted 

from the video footage, and the frequency f, was calculated from the average time 

between the vortices. The concentration half-width be' was determined from width 

measurements which are presented in Section 6.2, and the numerical model FPMERG, 

which is described in Chapter 8, was used to provide an estimate of the mean centreline 

velocity, U. From the record of the vortex passing times, it was found that although 

the flapping motion was only present in the buoyant jets for 40 to 60% of the time, the 

large-scale vortices which cause this motion appeared from the flow images to be 

present 80 to 90% of the time at positions s/~ = 126 and 194 and more than 95% of 

the time at the position closer to the port at s/~ = 77. This indicates that it is the 

relative position of the vortices in the flow, rather than just the presence of the vortices 

which determines whether the flapping motion occurs in the buoyant jet. The 

frequencies measured on either side of the buoyant jet agreed to within 1 % on average, 

which indicates that the frequency of the vortex pattern was symmetrical about the 

centreline. 

Values of the Strouhal number measured at the three positions in each of the 
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experiments have been presented in Table 6.1. An average value of St = 0.13 was 

measured which compares well to values measured by other authors for plane jet 

experiments. From the results of Dracos et aL (1992), and assuming the ratio of 

concentration to velocity width of}" = 1.35 (from Kotsovinos, 1975), a Strouhal 

number of St = 0.095 is obtained, and from Cervantes (1978) a value of approximately 

St = 0.135 is obtained. Chu and Baines (1989) reported that the vortical structures 

appearing in plane jets and plane plumes had a significantly different appearance, 

however these Strouhal number results suggest that the geometry of the flapping pattern 

caused by the vortices may be similar in jets and plumes. The results presented in 

Table 6.1 show that there was some variation between the values measured at the three 

centreline distances, however the Strouhal numbers measured at the positions nearest 

and farthest from the ports were approximately equal, which indicates that the Strouhal 

number is approximately constant with distance along the flow. This result indicates 

that the frequency of the vortices varies inversely with the flow width, which indicates 

that the frequency decreases inversely with distance along the flow. In this section, the 

flow images have been used to show that the vortex pairing mechanism produces the 

decrease in the vortex passing frequency with distance. By pairing, the wavelength of 

the large-scale vortices increases with distance along the flow such that the dimensions 

of the large-scale structure scale to the local flow width. This result complies with the 

self-similarity condition of the buoyant jets. 

Experiment s/dp = 77 s/dp = 126 s/~ = 194 Percent of time 
name flapping 

JA ! 0.131 0.112 0.134 61 % 

JB ! 0.139 0.118 0.134 61 % 

JD 0.129 0.127 0.131 36% 

JF 0.140 0.114 0.143 42% 

average 0.135 0.118 0.136 50% 

Table 6.1 - Strouhal number of flapping in merging buoyant jets 
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6 .. 2 The effect of flapping on the spreading rate 

One of the objectives of this study was to examine the effect of flapping on the bulk 

flow properties of the buoyant jet. In particular, the aim of this section of the study 

was to determine whether the presence of the flapping motion in the trajectory of the 

buoyant jet affected the time averaged width growth and dilution growth rates. Because 

the flapping motion occurred in discrete events, it was possible to measure the time 

averaged bulk flow properties during periods when the flapping was present in the flow, 

and in periods when it was absent from the flow. The bulk flow properties measured 

in the flapping and non-flapping flow patterns could then be compared. 

Method of analysis 

The general method for measuring time averaged properties from the buoyant jet 

experiments was to capture images averaged over a duration of at least 50 s. In the 

analysis presented in this section, five images each averaged over 10 s were captured 

from the video record when the flow was exhibiting the flapping motion, and a further 

five 10 s images were captured while the flow was exhibiting the straight flow pattern. 

The times at which the 'flapping' and 'straight' images were captured were selected by 

viewing the video footage of the flow images. The straight images were captured at 

times when the vortices on the boundaries on either side of the flow were positioned 

symmetrically, as was shown in Figure 6.3 a), or when no large vortices were apparent 

in the flow. The flapping images were captured when the vortices were staggered on 

either side of the flow and the flow trajectory was exhibiting a flapping motion, as was 

shown in Figure 6.3 b). An example of this analysis can be seen by considering the 

sequence of single frame flow images in Figures 6.1 a) to h). In this experiment, one 

of the five 10 s time averaged images representing the straight flow pattern was 

captured over the time interval 1 m : 30 s to 1 m : 40 s. Single frame images captured 

within this time period are presented in Figure 6 .1 b) and c). To represent the flapping 

flow pattern, an image was captured over the time interval 1 m : 43 s to 1 m : 53 s, 

and the single frame images captured from this time period are presented in Figures 6.1 

e), f), and g). 
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To provide a measure of the strength of the flapping pattern in the buoyant jet at the 

times during which the bulk flow properties were measured, the relative positions of 

the vortices on either side of the flow were examined from the record of vortex passing 

times. At flow positions of s/~ = 77, 126, and 194, the average time difference 

between the vortices on either side of the buoyant jet was measured. At each position, 

the time difference was divided by the average period of the vortex pattern to obtain the 

ratio 4>y, which provides a measure of the phase difference between the vortices on 

either side of the flow. A phase difference of 4>v = 0 would indicate that the vortices 

were arranged in a perfectly symmetric pattern about the flow centreline, while a ratio 

of ¢v = 0.5 would indicate that the vortices were staggered at equal intervals on either 

side of the buoyant jet. The values of this ratio calculated during the measurement 

periods for straight and flapping flow patterns in each of the four experiments are 
,> 

presented in Table 6.2. During the periods when the flapping images were captured, 

the average phase difference in each experiment was between 4>v = 0.38 to 0.49. This 

result indicates that the vortices were strongly organised into a staggered pattern, which 

is typical of a buoyant jet exhibiting a flapping motion. The average phase difference 

calculated in the periods when the straight flow properties were measured was in the 

range ¢v = 0.20 to 0.29. This indicates that in this measurement period, the vortices 

were not as strongly staggered as those in the flapping images. 

Expt name Vortex pattern phase difference, ¢v 

straight flow pattern flapping flow pattern 

JA 0.28 0.41 

JB 0.29 0.38 

JD 0.27 0.43 

JF 0.20 0.49 

average 0.26 0.43 

Table 6.2 - Vol1ex pattern phase difference, ¢v measured in the straight and flapping 
flows 
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Results 

The time averaged images captured during periods when the flow pattern was straight 

and flapping have been presented in Figures 6.4 a) and b) for an experiment with 15 

ports spaced over a confining width of 450 mm. Significant differences are apparent 

between the two flow images. Beyond the region of be/ps 0.90 to 1.26, where the 

merging buoyant jets began to exhibit the flapping motion, the dilution contours in the 

image of the flapping buoyant jet show a greater flow width and flow dilution compared 

to that measured in the straight buoyant jets. 

The most important parameter in describing the bulk flow properties of the flow is the 

width growth rate. Values of the concentration half-width measured over concentration 

profiles at seven positions in each of the fou~ experiments have been presented in 

Figure 6.5. The width growth measured in the buoyant jets exhibiting the flapping 
-

motion is shown by the figure to be greater than that measured in the presence of the 

straight flow pattern. In the flow region immediately before the onset of flapping, 

which was observed to begin the region of bJps = 0.90 to 1.26, a spread rate of dbcfds 

= 0.132 was measured. Beyond the region where the flapping was observed to begin, 

the figure shows that the flapping motion has affected the spreading rate of the merged 

buoyant jets. In this region the spread rate measured in the presence of the flapping 

motion has increased to dbJds = 0.190, while the value measured in the straight 

buoyant jets remains at a value of dbc/ds = 0.132. 

In the absence of the flapping motion, the spreading rate measured in the merged 

buoyant jets was approximately equal to that expected in an axi-symmetric buoyant jet. 

Papanicolaou (1984) measured a spreading rate of dbc/ds = 0.112 in ax i-symmetric 

plumes and the results presented in the previous chapter indicated a rate of dbc/ds = 

0.120 for an axi-symmetric buoyant jet experiment in this study. In comparing these 

rates, consideration must be given to the fact that in the periods when the spread rate 

of the straight flow pattern was measured, the flows were predominantly but not 

entirely straight. Measurements presented in Table 6.2 indicated that the vortices on 

either side of the buoyant jet were out of phase by one quarter of a wavelength on 

average, which indicates that the flow pattern may have been flapping for a small 
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portion of the measurement time. The true value of the spread rate for a merged 

buoyant jet with a straight flow pattern is therefore expected to be slightly less than the 

measured value of dbJds = 0.13. In the complete absence of the flapping motion the 

spread rate of a plane buoyant jet would be very similar to that of an axi-symmetric 

buoyant jet. 

In the fully developed merged buoyant jets, the flapping motion was observed to be 

present for approximately half of the time, which resulted in an average spread rate of 

dbcfds = 0.161. This value is approximately equal to the spreading rate of dbc/ds = 

0.168 measured by Kotsovinos in plane buoyant jets. These results indicate that the 

higher rate of spread measured in plane buoyant jets as compared to ax i-symmetric 

buoyant jets, is entirely due to the presence of the flapping motion in the trajectory of 

the plane flows. 

The effect of the flapping motion on the spreading rate has been shown to begin at a 

distance corresponding to the point where the axi-symmetric jets have merged to a value 

of concentration width to port spacing ratio of biPs = 0.90 to 1.26. This is the 

position where flapping was observed to begin. Before this distance, the flow had a 

spreading rate which was close to that expected of an axi-symmetric buoyant jet. It is 

reasonable to expect that the ratio of concentration width to velocity width, A, is 

associated with the spreading rate and thus in the region before the flapping commences 

the value of A is expected to be equal to the axi-symmetric value. At the approximate 

location where the width to port spacing ratio was biPs = 0.90 to 1.26, the spreading 

rate of the merging buoyant jets increased from that of an ax i-symmetric flow to that 

expected of a plane buoyant jet. The value of A is also expected to increase to the 

plane buoyant jet value at this point. 
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Figure 6.5 Width growth in straight and flapping horizontal merging buoyant jets, 
Fro = 9.3, p/dp = 9.3. 
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7 

Results - Temporal 

Fluctuations 

In the study of buoyant jets, the turbulent nature of the flow leads to great difficulty in 

predicting instantaneous values of the flow concentration. For this reason, buoyant jet 

experiments are usually measured to obtain time-averaged flow concentrations. 

However, in this study a statistical measure of the instantaneous flow concentrations has 

been provided from two methods of measurement with laser-induced fluorescence. In 

experiments with vertically and horizontally discharged merging buoyant jets, a measure 

of the concentration fluctuation was provided by measurement of the root mean squared 

values of concentration deviations in single-frame flow images. A further measure of 

the temporal variation of the concentrations was provided by the measurement of the 

intermittency of flow concentrations throughout the flow images. 

7 e 1 Concentration 

7.Ll Review of ........... ,. ... studies 

Concentration fluctuations were measured by Kotsovinos (1975) in plane jets and 

plumes, and by Papanicolaou (1984) in axi-symmetric jets and plumes. In axi

symmetric jet experiments, Papanicolaou used laser-induced fluorescence to measure 

the root mean squared values of concentration deviation from the time-averaged 

concentration (rms c'). Papanicolaou found that the distributions of rms c' were self

similar when scaled by the local values of time-averaged centreline concentration C, and 

a local length scale. The distributions measured by Papanicolaou for jets and plumes 

are presented in Figures 7.1 and 7.2. The radial distances on the abscissa in these plots 

have been converted from the values of rlz used by Papanicolaou to values of rlbc using 

the measured spreading relationships of bJz = 0.139 for jets and bJz = 0.112 for 

plumes. For axi-symmetric jets, Figure 7.1 shows that the distribution had peak values 
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of nns c'le = 0.24 at positions either side of the centreline at widths of rlbe = ± 0.6, 

and a value of nns c'le = 0.21 on the jet centreline. Figure 7.2 shows that for axi

symmetric plumes, the two peaks observed in the jet distribution coalesced to a single 

peak with a value of nns c'le = 0.4 located at the centreline, and the distribution had 

a width of 4.0 be. Papanicolaou reported that these measured nns c'le distributions 

were in agreement with those measured by previous authors. 

Kotsovinos (1975) measured concentration fluctuations in plane buoyant jet experiments. 

In an experiment with a plane jet-like flow, the distribution of the concentration 

fluctuations found by Kotsovinos had a similar shape to that found by Papanicolaou in 

axi-symmetric jets, however the magnitude of the nns c'le distribution increased with 

distance along the jet axis. This may have been caused by the relatively small distances 

from the source of s/ds < 36 where the concentration fluctuations were measured. In 

a plane plume experiment, the distributions of concentration fluctuation were found to 

be self-similar at various distances from the source. The self-similar distribution 

measured by Kotsovinos is presented in Figure 7.3. In this plot, the root mean squared 

value of temperature deviation from the mean in the heated buoyant jet, which 

represents the value of nns c'/C, has been plotted against the radial distance. The 

radial distances have been converted from values of r/z to values of rlbe using the 

spread constant of bix = 0.168 measured by Kotsovinos. Figure 7.3 shows that the 

distribution of nns c' Ie in the plane plume has a wide peak, with the maximum value 

of nns c' Ie = 0.40 measured over a width from r/be -0.77 to 0.77, and with a total 

distribution width of 3.8 be. The peak values of nns c' Ie and the value of the total 

distribution width measured in the plane plumes are the same as those measured by 

Papanicolaou in ax i-symmetric plumes. However, the nns c'/C distribution measured 

in the plane plume shown in Figure 7.3 has a wide peak giving it a top hat-like shape, 

while the distribution measured in the axi-symmetric plumes shown in Figure 7.2 has 

a rounded peak and a bell-like shape. 
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Method of analysis 

2.38 

Concentration fluctuations were calculated over cross-section profiles positioned 

perpendicular to the flow centreline at various distances s/~, from the source. In the 

analysis, a sample of up to 50 single-frame images was captured at intervals over a 

measurement period, The images were recorded directly -to the computer in digital 

form to obtain a high image resolution. The images in these experiments had a 

resolution of 512 by 768 pixels and a size of 425 mm by 645 mm, which resulted in 

a resolution of 0.26 dp in the x and z directions. The resolution in the y direction was 

defined by the thickness of the laser sheet of approximately 1 ~, and the temporal 

resolution of each single-frame image was 0.04 s. The concentration deviations from 

the mean were obtained by 'differencing' each single-frame image from a time-averaged 

image captured during the same measurement period. In the 'differencing' process, the 
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absolute value of the difference between the two images was calculated using the image 

processing software. Distributions of concentration deviations were measured over 

profiles at various positions in each of the 50 differenced images and these were 

recorded in a computer spreadsheet file. Using the spreadsheet software, the root mean 

squared values of the concentration deviations were calculated at each point on each 

profile, and these values were normalized by the time-averaged centreline concentration, 

C. The distributions of concentration fluctuation rms c/IC, calculated at various 

distances from the source s/~, were plotted against the non-dimensional radial distance 

r/be• 

Results 

Concentration fluctuations measured in an experiment with closely spaced vertical 

merging buoyant jets have been presented in Figure 7.4. With the exception of the 

distribution measured closest to the source where the flow is jet-like, the distributions 

are approximately self-similar. Experimentation with the number of sampled images 

showed that the shape of the distributions became smoother and the distributions 

approached an average distribution as the number of samples was increased. A sample 

of between 20 and 50 images was found to provide a good indication of the average 

self-similar distribution. The rms c/IC distributions in this experiment have been 

measured from a sample of 50 images. The distribution measured closest to the source 

at z/dp = 46 has a shape that is expected of a jet-like flow with maximum values of rms 

c'IC :::::::: 0.3 measured at positions on either side of the centreline at r/be ± 0.85. The 

length scale which describes the relative importance of buoyancy and momentum is Ljp 

MoO.75/Ckoo.S, and is equal to 12 ~ for experiments with Fro = 9.3. At distances z 

~ Ljp, the buoyant jet is expected to be plume-like. The distributions of rms c'IC 

measured at distances of z/~ ;;:: 77 are shown by Figure 7.4 to be self-similar and they 

have the shape which is expected for a plume-like flow. The distributions approached 

an average distribution with a maximum value of rms c/IC ::::: 0.37 and a total width 

of3.5 be. These results are in good agreement to Figure 7.3 in which the concentration 

fluctuations measured in plane buoyant jets by Kotsovinos (1975) have been presented. 

It should be noted that good agreement has been obtained despite significant differences 

in the measurement technique of the two studies. Kotsovinos measured flow 
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concentrations using a thennistor probe which provided similar temporal resolution, but 

significantly better spatial resolution than that obtained in this study. The thennistor 

probe had a response time of 0.03 s, and a bead diameter of 0.35 mm, which is an 

order of magnitude smaller than the thickness of approximately 3 - 5 mm of the laser 

sheet used in this study. 

Concentration fluctuations were also measured in an experiment with horizontally 

discharged buoyant jets. These jets had the same port spacing and densimetric Froude 

number as the experiment with the vertically discharged buoyant jets. The distributions 

of nns c'IC measured in this experiment have been presented in Figure 7.5, and are 

shown to be very similar to those measured in the vertically discharged buoyant jets. 

The concentration fluctuations measured at the position closest to the source of s/~ = 

52 had a jet-like distribution with peak values of nns c'IC :::::: 0.3 on either side of the 

buoyant jet at widths of rlbc ± 0.90. At positions further from the source, the 

distributions of nns c'IC were approximately self-similar. However, in the distribution 

measured at a distance of s/dp = 85, the chance appearance of large vortices on one 

boundary of the buoyant jet in 5 of the 50 measured images caused unusually high 

values of concentration fluctuation over a width of r/bc = -2.4 to -1.5. This feature has 

been noted on the plot in Figure 7.5. The plume-like concentration fluctuation 

distributions had a maximum value of nns c'IC ::::;; 0.42 on average, with a total 

distribution width of 3.5 be. A comparison of the concentration fluctuations measured 

by Kotsovinos (1975) in plane buoyant jets, and those measured in merging buoyant jets 

discharged with different initial orientations, is presented in Table 7.1. The good 

agreement obtained indicates that in the region remote from the source the concentration 

fluctuations in the merging buoyant jets are not greatly affected by the initial flow 

configuration. The slightly higher fluctuations measured in the horizontal buoyant jets 

may have been caused by the curvature of the flow in the region near the source. 

Angelidis and Kotsovinos (1994) measured a slight increase in the intensity of turbulent 

fluctuations with decreasing radius of curvature in plane buoyant jets. 
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Author Flow configuration Distribution Distribution 
peak, rms c'/C width 

Papps vertical, merging 0.37 3.5 be 
buoyant jets 

Papps horizontal, merging 0.42 3.5 be 
buoyant jets 

Kotsovinos (1975) vertical plane plume 0.40 3.8 be 

Table 7.1 - Distribution of rms c'IC in plane and merging plumes 
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Figure 7. 4 - Concentration fluctuations in vertical merging buoyant jets, Fro = 9.3, 
p/dp = 4.6, from 50 single-jrame images. 



o -'0 
til 
E 
b 

119 

0.6 

••• - •. s/dp=52 

0.1 

-3 -2 -1 o 2 

r I be 

Figure 7.5 - Concentration fluctuation in horizontal merging buoyant jets, Fro = 
9.3, p/dp = 4.6, from 50 single-frame images. 

effect of flapping on COilcentl'atilon 

3 

Experiments, which were described in Chapter 6, have been undertaken to investigate 

the effect of the large-scale flapping motion on the bulk flow properties. In one of 

these experiments, the root mean squared values of concentration deviations were 

calculated to determine the effect of the flapping motion on the concentration 

fluctuations in merging buoyant jets. In this analysis, the concentration fluctuations 

were calculated from selections of 20 single-frame images captured from the video 

footage during periods when the buoyant jet was exhibiting the straight and flapping 

flow patterns, in turn. The concentration fluctuations were also calculated from a 

selection of 50 images representing both flow patterns. The distributions of rms c'tC 

calculated from this selection of images, representative of the average flow state, have 

been presented in Figure 7.6. This figure shows that the average distribution of 

concentration fluctuation measured in this experiment has a peak value of c'tc :::::: 0.39 

and a width of 3.4 be' which agrees with measurements from other experiments in this 

study. The agreement is good despite the slight reduction in spatial resolution which 
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occurred as a result of the temporary storage of the flow images on VHS video tape. 

The concentration fluctuations measured in buoyant jets exhibiting straight and flapping 

flow patterns respectively have been presented in Figure 7.7 a) and b). The 

distributions measured at positions further than s/dp = 85 from the source, where the 

flapping was observed, have been presented. The concentration fluctuation distributions 

have been normalised by the long term time-averaged values of centreline concentration 

and concentration half-width which were measured in the presence of both the flow 

patterns. Figure 7.7 shows that the flapping motion has a significant effect on the 

concentration fluctuations in the merging buoyant jets. 

The most obvious difference between the concentration fluctuations in the two flow 

patterns is in the width and shape of the rms c'IC distributions. The width of the 

concentration fluctuation distribution is estimated by extrapolating the measured 

distributions to the abscissa. In the presence of the flapping flow pattern, the total 

width of the concentration fluctuation distribution was 3 be. which was equal to that 

measured in the average flow state, while in the straight flow pattern the total width 

decreased to 2.75 be' The distributions measured in the presence and the absence of 

the flapping motion are shown by Figures 7.7 a) and b) to have the same peak value 

of rms c'/C ;:::;:: 0.40, which is the same as the peak value of concentration fluctuation 

measured in the average flow state. However, the figures show that the shape of the 

concentration fluctuation distribution has been affected by the flapping motion of the 

flow. The distribution of concentration fluctuation measured in the presence of the 

flapping pattern has a wide peak, with the maximum value of rms c'/C ==: 0.40 

extending over a width of rlbe = -1.1 to 1.1, while in the straight flow pattern the 

maximum value of rms c'IC ;:::;:: 0.40 was measured over a smaller width of rlbe = -0.7 

to 0.7. The distribution measured in the absence of the flapping motion, had a shape 

which was similar to the bell-like shape measured in axi-symmetric plumes by 

Papanicolaou (1984) which has been presented in Figure 7.2. However, in the presence 

of the flapping motion, the shape of the rms c'IC distribution changed to a top hat-like 

shape with a wide peak, which is the expected shape for a plane plume. This result 

indicates that it is the presence of the flapping motion in merging buoyant jets that gives 

the rms c'IC distribution a wide peak. Concentration fluctuation distributions with this 
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shape were measured by Kotsovinos (1975) in plane plumes, as shown by Figure 7.3, 

and in other merged buoyant jet experiments in this study. These results have shown 

that the presence of the flapping motion in merging and plane buoyant jets has no effect 

on the magnitude of the concentration fluctuations at the flow centreline, however the 

presence of the flapping motion has been shown to have the effect of increasing the 

concentration fluctuations in the flow regions either side of the centreline. In the 

absence of the flapping motion, the distribution of rrns c'le was also shown to be 

narrower and of similar shape to that measured in axi-symrnetric flows. 
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Figure 7.6 - Concentration fluctuation in horizontal merging buoyant jets, Fro = 
9.2, pldp = 9.3, from 50 single-frame images. 
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Figure 7. 7 - Concentration fluctuation in horizontal merging buoyant jets, Fro = 
9.2, p/dp = 9.3, from 20 single-frame images; a) exhibiting a straight flow pattern, 
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b) exhibiting a flapping flow pattern. 
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7 .. 2 Intermittency of flow concentrations 

Further infonnation on the flow structure of the buoyant jets was provided by the 

measurement of the intennittency of the flow concentrations. The intennittency 'Y, 

indicates the proportion of time that any position in the flow is occupied by jet fluid or 

ambient fluid. The definition of intennittency given in Equation 7.1 shows that an 

intennittency of 'Y = 1 indicates that the point of measurement is continually occupied 

by jet fluid, while a value of'Y = 0 indicates a continual absence of jet fluid. In this 

study, the jet fluid has been detected by comparing the time-varying local concentration 

to a threshold concentration, Ct. The value of Ct may be an arbitrary constant 

concentration or it may be nonnalised to the local centreline concentration, C. 

Alternatively, the intennittency may be measured from a frequency analysis of the flow 

velocity signal to detect the turbulent and non-turbulent parts. The distribution of 

intennittency across the buoyant jet provides infonnation on the entrainment of ambient 

fluid into the flow, which is the most important aspect of the behaviour of the buoyant 

jet. 

T 

y lim 1 J I (t)dt T .... oo T 
o 

where (7.1) 

I(t) == 1 if c(t) ~ c
t 

Oifc(t)<c
t 

7.2.1 Review of previous studies 

Kotsovinos (1975) measured intennittency of flow concentrations across the flow cross

sections of two plane plume experiments. These distributions are presented in Figures 

7.8 a) and b) for two-dimensional port Froude numbers of Fro2 = 1.5 and 2.1. In these 

plots, the radial distance values of r/z have been converted to values of r/be using the 

spread constant measured by Kotsovinos of bel x' = 0.168. The distributions in the two 

plots do not fit a common distribution, which indicates that the distribution of 
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intermittency is not self-similar in a plane plume. However, this result will be shown 

to be caused by the use of a constant value of the threshold concentration ct , at each 

position in the flow. Self-similarity arguments suggest that the threshold concentration 

Ct> should be scaled to the time-averaged centreline concentration C, such that a relative 

threshold c/C is chosen and is constant for each experiment. Values of c/C used by 

Kotsovinos ranged from approximately 0.005 to 0.021 for the different positions along 

the axis in each of the two experiments. An increase in the relative threshold c/C, with 

distance has resulted in a decrease in the magnitude and width of the measured 

distributions of intermittency at positions further from the jet source. 

The distributions measured by Kotsovinos had a top hat-like shape, with a value of 'Y 

= 1 measured over a central region of the flow of width ranging from 0.4 to 1.1 be. 

The total width of the distributions ranged from 2.7 to 3.5 be. 
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Figure 7.8 - Distributions of intermittency in a plane plume from Kotsovinos (1975) 
measured with constant threshold concentration; a) Fr02 = 1.5, 
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7.2.2 Intermittency measurements 

Method of measurement 
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In this study the intennittency was detected with a constant value of the nonnalised 

threshold concentration, c/C, as opposed to the constant absolute threshold that was 

used by Kotsovinos (1975). For comparison, distributions of intennittency were 

measured in one experiment with both a nonnalised threshold and a constant absolute 

threshold. To calculate the intennittency over a flow cross-section, distributions of 

concentration were measured on the cross-section in each of a sample of single-frame 

images. This sample of images was the same sample that had been used to measure the 

root mean squared concentration fluctuations. At each point on each of the 

concentration distributions the detection criterion in Equation 7.1 was applied. If the 

local concentration was greater or equal to the threshold concentration, then a value of 

l(t) = 1 was stored, otherwise a value of I(t) = 0 was stored. The intennittency was 
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calculated at each point in each cross-section as the average result from the sample of 

images. A sample size of between 20 and 50 images was determined by trial to give 

a good representation of the intermittency. 

The selection of a suitable level for the threshold concentration is crucial to obtaining 

meaningful measurements of intermittency. The ideal value of threshold concentration 

in the detection function would reflect times when a particular location is occupied by 

the jet flow with any -concentration above the ambient concentration, and times when 

it is occupied by the ambient fluid. A suitable value of c/C would therefore be as 

small as possible, but it must certainly be greater than the sensitivity and the zero error 

of the measuring equipment. When choosing this value it is helpful to examine the 

actual concentration data from which the intermittency will be calculated. In Figure 7.9 

a) and b) the concentrations measured over several cross-sections in two typical single

frame images from an experiment with vertical merging buoyant jets have been 

presented. The local concentrations have been normalised by the local centreline 

concentration, C. The zero error in the normalised concentrations is shown by the 

figures to be mostly less than approximately clC = 0.15. In this experiment a 

threshold of c/C 0.15 or greater would therefore be largely unaffected by zero error 

and sensitivity. A standard value of c/C = 0.15 was chosen for the threshold criterion 

in all of the experiments. This value is considerably higher than the threshold used by 

Kotsovinos, however the lower limit of suitable values for the threshold concentration 

is dependent on the relative sensitivity of the concentration measurement equipment 

compared to the levels of concentration being measured. The concentrations (c/Co) 

measured in this study were approximately five times lower than those measured by 

Kotsovinos, who measured concentrations with a thermistor probe with greater 

sensitivity than that obtainable from image processing equipment. Papantoniou and List 

(1989) also used a normalised threshold to measure the intermittency of flow 

concentrations. They found that the intermittency was not sensitive to the value of the 

threshold in the range of c/C = 0.05 and 0.15, and they used an arbitrary value of c/C 

= 0.10 to calculate intermittency in axi-symmetric jets and plumes. 
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Figure 7.9 a) - Concentrations measured in a typical single-frame image from a 
vertical merging buoyant jet experiment, Fro = 9.3, p/dp = 4.6. 
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Figure 7. 9 b) - Concentrations measured in a typical single-jrame image from a 
vertical merging buoyant jet experiment, Fro = 9.3, p/dp = 4.6. 
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Results 

Distributions of intennittency were measured in experiments with merging buoyant jets 

discharged vertically and horizontally from a uni-directional array with close port 

spacing of pJdp 4.6. In addition, the intennittency was measured in one experiment 

with horizontal merging buoyant jets which was undertaken specifically to investigate 

large-scale flow structure. This enabled the effect of the flapping motion on the 

intennittency to be detennined. 

The distributions of intennittency measured at various distances from the source in a 

vertical merging buoyant jet experiment are presented in Figure 7.10. The 

intermittency has been measured from a sample of 50 images with the threshold 

concentration scaled to the local centreline concentration to give a constant value of c/C 

= 0.15. The width of each of the intennittency distributions has been scaled to the 

local time-averaged concentration half-width, be. The intennittency is shown to be self-

. similar for the range of cross-sections. The total distribution width is 3 be and the 

intermittency is equal to unity over a peak with a width of approximately 0.5 to 1.0 be. 

The peak width measurement is important because it indicates that there is a central 

core of the flow throughout which no un-mixed ambient fluid is ever present. The total 

distribution width indicates the maximum extent of the jet fluid, which is shown to be 

1.75 be from the flow axis. The width of the distribution of concentration fluctuations 

was reported in the previous section to be 3.5 be' which is equal to this measurement. 

The radial distance at which the intennittency was 'Y = 0.5 is approximately 1.06 be. 

At this width, jet fluid is only present for half of the time and un-mixed ambient fluid 

with zero concentration is present for the remainder of the time. From this result it 

follows that the actual time-averaged concentration of the jet-fluid that occupies this 

position is twice the long tenn time averaged concentration measured at that position. 

For comparison, the distributions of intermittency measured over the same cross

sections with a constant value of the absolute threshold c/Co = 0.01 are presented in 

Figure 7.11. The nonnalised value of the threshold ranged from c/C = 0.09 to 0.38 

for the different cross-sections with this choice of absolute threshold. The distributions 

of intennittency measured with this method are not self-similar. The width and 
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magnitude of the intennittency distribution decrease as the distance from the source and 

the nonnalised value of the threshold c/C increases. A similar trend is apparent in the 

distributions measured by Kotsovinos which are presented in Figures 7.8 a) and b). 

These results demonstrate that in order to measure meaningful self-similar distributions 

of intennittency, the threshold concentration should be nonnalised by the local 

centreline concentration. A judicious choice of the nonnalised threshold concentration 

c/C should be made after examination of the concentration data from which the 

intennittehcy is to be measured. The findings of Papantoniou and List (1989) and of 

this study indicate that a suitable value of the threshold will be found in the range of 

c/C = 0.05 to 0.15. 

The distributions of intennittency measured in closely spaced horizontally discharged 

merging buoyant jets are presented in Figure 7.12. The intennittency has been 

measured with the same number of sample images of 50 and the same nonnalised 

threshold of c/C = 0.15 as for the vertical buoyant jets. The distributions of 

intennittency in Figure 7.12 are approximately self-similar and agree with the 

distributions measured in the vertical buoyant jets presented in Figure 7.10. The 

slightly worse fit of the distributions in Figure 7.12 to a self-similar distribution is due 

to the decrease in measurement sensitivity at the lower concentration levels measured 

in this horizontal flow configuration compared to the vertical configuration. The 

distribution of intennittency in the horizontal merging buoyant jets is shown by Figure 

7.12 to have a total width of 3.5 be and a peak width of approximately 0.6 to 1.3 be 

over which the intennittency is unity. These measurements agree with those of the 

vertical merging buoyant jets. The intennittency results for all merging buoyant jet 

experiments are summarised in Table 7.2. 
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Author 

Papps 

Papps 

Kotsovinos 
(1975) * 

-3 

Flow configuration Width of intermittency distribution 

at peak, at'Y = 0.5 
'Y = 1.0 

vertical, merging 0.5 - 1.0 be 2.1 be 
buoyant jets 

horizontal, merging 0.6 - 1.3 be 2.2 be 
buoyant jets 

vertical plane a - 1.1 be 1.7 - 2.1 be 
plume 

Table 7.2 - Intermittency in plane and merging plumes 
* measured with constant threshold c( 

.. 2 -1 o 

at base, 
'Y=O 

3.5 be 

3.5 be 

2.6 - 3.5 be 
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Figure 7.10 - Distributions of intermittency in vertical merging buoyant jets, Fro = 
9.3, p/dp = 4.6, from 50 single-frame images with normalised threshold c/C = 

0.15. 
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Figure 7.11 - Distributions of intermittency in vertical merging buoyant jets, Fro = 
9.3, p/dp = 4.6, from 50 single-frame images with constant threshold c/Co = 0.01. 
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Figure 7.12 - Distributions of intermittency in horizontal merging buoyant jets,' Fro 
= 9.3, p/dp = 4.6, from 50 single-jrame images with normalised threshold c/C 

0.15. 
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7.2.3 The effect of flapping on intermittency 

As part of the experimental investigation into large-scale structure in merging buoyant 

jets, which was described in Chapter 6, the effect of the flapping motion on the 

intermittency was examined. Intermittency measurements were made in one horizontal 

merging buoyant jet experiment during periods when the flow was predominantly 

straight and during periods when the flow was flapping. 

Intermittency results have been presented for the region beyond s/dp = 85 where the 

intermittent flapping motion was observed. The intermittency has been calculated with 

a normalised threshold of c/C = 0.15 as before. The distributions of intermittency 

measured from a sample of 50 images representative of the long term average flow state 

are presented in Figure 7.13. These distributions are approximately self-similar and 

agree with those of the closely spaced horizontal merging buoyant jet experiment in 

Figure 7.12. Intermittency distributions calculated from 20 images in which the flow 

was predominantly straight and from 30 images in which flapping was observed are 

presented in Figure 7.14 a) and b). The smaller size of sample used for these 

intermittency calculations has caused the slightly worse fit of these distributions onto 

a self-similar distribution. However, these plots give a good indication of the effect of 

flapping on the intermittency. The intermittency distribution measured in the absence 

of flapping appears to be narrow at the bottom and wide at the peak compared to the 

intermittency of the average flow state, while the intermittency distribution measured 

in the presence of flapping has a wider base and a narrower peak. Figure 7.14 shows 

that the presence of flapping has increased the width of the intermittency distribution, 

which indicates the extent of the flow, from approximately 3.0 be to 3.5 be' an increase 

of more than 10%. A similar increase is shown in the width of the distribution at the 

ordinate value of'Y = 0.5, where the width increased from approximately 2.0 to 2.2 

be in the presence of the flapping. The width of the distribution at the peak was 

decreased by the flapping from approximately 0.9 be to between 0 and 0.8 be. These 

results indicate that while the flapping increases the lateral extent of the flow it also 

increases the transport of ambient fluid into the central flow region. This increase in 

the lateral extent of the flow is matched by the increase in spreading rate in the 

presence of flapping which was reported in Chapter 6. The increase in spreading rate 
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and the increase in the transport of ambient fluid to the central flow region indicate that 

the mixing efficiency and the dilution of the merged buoyant jets would be greater when 

the flapping motion is present. This result will be confirmed in Chapter 8. 
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Figure 7.13 Distributions of intermittency in horizontal merging buoyant jets, Fro 
= 9.2, p/dp = 9.3, from 50 single-frame images with normalised threshold c/C 

0.15. 
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Figure 7.14 - Distributions of intermittency in horizontal merging buoyant jets, Fro 
= 9.2, p/dp = 9. with normalised threshold c/C = 0.15; a) from 20 single-jrame 

images exhibiting a straight flow pattern, 
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b) from 30 single-frame images exhibiting a flapping flow pattern. 



7.2.4 The implications of flow intermittency on the average 

concentration of mixed fluid 

135 

It has been established that at positions located away from the central region of the 

plume, the flow is occupied by mixed jet fluid for only a part of the time and by 

relatively unmixed ambient fluid for the remainder. This implies that the average 

concentration of the mixed jet fluid occupying that position will be greater than the long 

term time averaged flow concentration. The concentration of the mixed fluid can be 

measured by a conditional average of the concentration over the intermittent periods 

when the concentration surpasses the detection threshold. This operation has been 

performed on cross-sections located beyond the point of merging in the vertical buoyant 

jet experiment. The distributions of the mixed fluid concentration Crnxd, have been 

normalised by the long term average centreline concentration C and are presented in 

Figure 7.15. 

In Chapter 6 it was shown that the distribution of long term average concentration 

closely followed a Gaussian relationship. Figure 7.15 shows that over a central region 

of the plume of approximate width 1.5 be the concentration of the mixed fluid also 

follows the Gaussian distribution. Over this region the intermittency was shown by 

Figure 7.10 to be equal to or slightly less than unity, and therefore little difference is 

expected between the long term average concentration and the conditionally averaged 

concentration of the mixed fluid. Beyond this central core, in the region between r/be 

= 0.75 and the outer extent of the flow at rib e = 1.75, the concentration of the mixed 

fluid is approximately constant and equal to half the time averaged centreline 

concentration, crnxd/C = 0.5. Some scatter is observed in the distributions particularly 

in the outer regions of the flow where the intermittency is small and the duration of the 

conditional average is short, however the distributions appear to be approximately self

similar. The distribution of the mixed fluid concentration changes abruptly to zero at 

a width of approximately r/bc = ± 1.75, where the intermittency was also measured 

to be zero. 

Knowledge of the flow intermittency and the self-similar distribution of the mixed fluid 

concentration will be of interest when the water quality aspects of wastewater plumes 
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are being studied. The expected mean concentration of effluent in any position on the 

cross-section of the plume will be defined by the distribution in Figure 7.15. Over the 

width of the flow, which is 3.5 be> the ratio of the expected concentration to the time 

averaged centreline concentration will be in the approximate range of 0.5 < cmxd/C < 
1.0. 

Distributions of mixed fluid concentration were measured in axi-symmetric plumes by 

Papantoniou and List (1989). The measured distributions have been presented in Figure 

7.16. In this plot the radial distance has been converted from r/z to r/bc using the 

spread constant measured by Papanicolaou (1984) of dbJdz = 0.112. The 

concentration of mixed fluid in the outer region of the axi-symmetric plume appears to 

be slightly less than that in the outer regions of the plane plume in Figure 7.15, but 

otherwise the distributions in the plane and axi-symmetric plumes are similar. The 

mixed fluid concentration measured in the central region of the axi-symmetric plume 

is shown by Figure 7.16 to be slightly greater than the long term average distribution. 

This is due to the intermittency of less than unity measured in this region of the axi

symmetric flow. 
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Figure 7.15 - Concentration of mixed fluid in vertical merging buoyant jets measured 
with a conditional average over periods when dC > 0.15; Fro = 9.31 p/dp = 4.6. 
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Figure 7.16 - Concentration of mixed fluid measured in axi-symmetric plumes by 
Papantoniou and List (1989) 
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Chapter 8 

Results ... Bu Flow operties 

In this chapter, results are presented which describe the bulk flow properties measured 

in merging and single buoyant jets discharged into a stationary ambient fluid. This 

information includes the flow centreline trajectories and flow dilutions. The long term 

. titl1e-averaged values of the properties are presented, which represent the average flow 

state with intermittent flapping. However, the short term effect of the intermittent 

flapping motion on the flow dilution is also examined. Results are presented for the 

, flow behaviour exhibited in two experimental configurations; vertical merging buoyant 

jets, and horizontal uni-directional merging buoyant jets. The measured flow 

trajectories and dilutions will be compared to those pr"t!dicted using a numerical model. 

The numerical model 

The computer model was written in FORTRAN by Professor 1. Wood, and it is 

based on the integral model for non-vertical merging buoyant jets reviewed in Chapter 

4. In the model, the merging transition from axi-symmetric flows to a plane flow is 

described with the use of shape constants which vary as functions of the degree of 

merging described by the width to port spacing ratio, b/ps. The spreading rate is also 

assumed to vary between the axi-symmetric and plane flow cases. The relationships for 

the shape constants and the spreading rate varying with blps have been presented and 

discussed in Chapter 4. The relationships assumed by Wood et al. (1993), are used by 

the first version of the model, named ZPMERG. New relationships for the shape 

constants and the spreading rate were proposed in Chapter 4 to reflect experimental 

results from this study. These results, which were presented in Chapter 6, showed that 

the increase in the spreading rate occurs at the region beyond the merging transition 

where the flapping begins. It was further suggested that the concentration width ratio 

'A., is related to the spreading rate and therefore that the increase in 'A. may be assumed 

to occur at the same region. The relationships for the shape constants and the spreading 

rate were modified to account for this, and the modified relationships have been 
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included in the later version of the model named FPMERG. 

The two versions of the model, ZPMERG and FPMERG were used to predict the 

trajectories and dilutions of single and merging buoyant jets discharged into a stationary 

ambient fluid and the results have been compared to the measured flow properties. In 

the model, an adjustment factor of 4/3 is applied to the initial specific flow momentum 

when the flow is laminar at the port. 

8.1 Flow Trajectories 

The flow trajectory results presented in this section, and the flow dilution results 

presented in the following section, have been measured from time averaged flow 

images. Typical time averaged flow images, which have been calibrated to give 

contour plots of flow dilution, are presented in Figures 8.1 and 8 for experiments 

with vertical and horizontal uni-directional merging buoyant jets. These images have 

been presented with the z axis, which was measured downwards in the experiment, 

oriented horizontally across the page with the direction of the buoyancy force to the 

right. The contour plots for the remaining experiments are presented in Appendix B. 

The flow trajectory is defined as a curve drawn through the local concentration maxima 

at each flow cross-section and it is an important indicator of the behaviour of buoyant 

jets. The trajectory determines the' length of the flow path to any elevation above the 

flow origin, which is important in determining the growth of dilution with elevation. 

In the simplest configuration, jets were oriented vertically in a closely spaced array 

across the flow width. This flow configuration closely approximated a vertical plane 

buoyant jet and the resulting flow trajectory was vertical. Most of the experiments 

were undertaken with the horizontal uni-directional flow configuration, which was 

designed to model the discharge from one side of a mUlti-port diffuser. In this 

configuration, the jets were oriented horizontally at a variety of spacings from p/dp = 

4.6 to 46. 
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Figure 8.1 Flow image showing time-averaged dilutions in vertical merging 
buoyant jets, Fro = 9.3, p/dp = 4.6. 
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Figure 8.2 - Flow image showing time-averaged dilutions in horizontal merging 
buoyant jets, Fro = 9.3, p/dp = 4.6. 
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The centreline trajectories of merging buoyant jets discharged from the horizontal uni

directional array, are shown in Figure 8.3. The trajectory plots in this section have 

been presented with the z axis, which was measured downwards in the experiments, 

directed upwards on the page. The plot shows that in this flow configuration, the 

initially horizontal flow trajectory is deflected towards the vertical by the buoyancy of 

the flow. The single jet and the merging jets with the largest port spacing of pJdp = 

28 have the steepest trajectory. As the port spacing is decreased, the flows merge at 

an earlier-point and the trajectory of the flow is shifted away from that of an axi

symmetric flow in the positive x direction. In Figure 8.4, the effect of a change in the 

port densimetric Froude number Fro, on the flow trajectory is shown. The port Froude 

number was increased by increasing the discharge velocity. An increase in the Froude 

number is shown to shift the flow trajectory in the positive x direction, due to the 

increase in horizontal momentum in the buoyant jets. 
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Figure 8.3 - Centreline trajectories of horizontal merging buoyant jets with various 
port spacings, Fro = 9.2. 
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Figure 8.4 - Centreline trajectories of horizontal merging buoyant jets with a range 
of densimetric Froude numbers, p/dp = 9.3. 

8.1.1 Comparison 

trajectories 

and. n"''''''''.n,.., pre:(Uctea flow 

Figure 8.5 shows a comparison of the measured trajectories with those predicted by the 

numerical model for single and merging horizontal buoyant jets in a stationary ambient 

fluid. For the measured trajectories, the axis distances have been measured from a 

virtual origin located at x/dp = 10, z/dp = O. The measured trajectories are compared 

to trajectories from the two versions of the model; ZPMERG with the shape and spread 

constants assumed by Wood et al. (1993) for the merging transition, and FPMERG with 

the constants modified to allow for the measured position of the change in the spread 

rate. The agreement is good for both versions of the model. The modified shape and 

spread constants have not significantly changed the predicted flow trajectories for any 

port spacing. The modifications were made to the shape constants for buoyancy and 

buoyancy flux and the spread constant only, and are expected to affect the predicted 

trajectory to a lesser extent than they will affect the predicted dilution of the flows. 
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In Figure 8.3 it was observed that the trajectories of closely spaced merging buoyant 

jets were slightly less steep than that of the axi-symmetric buoyant jet. Figure 8.5 

shows that the model has successfully predicted the difference between the trajectories 

of the axi-symmetric or widely spaced merging jets and those of the closely spaced jets. 

The figure shows that as the port spacing is decreased from pJdp = 28 to pJdp = 9.3 

and 4.6, the predicted trajectories become slightly less steep. In general the agreement 

is good for the single and widely spaced merging buoyant jets and it worsens slightly 

for closely spaced buoyant jets. Trajectories of plane buoyant jets measured in finite 

sized tanks are strongly affected by the boundary conditions and it is very easy for a 

small circulation current to be set up and to disturb the trajectory.. Taking this into 

account, the agreement between theory and measurement is considered to be quite 

adequate. 

In Figure 8.6 the measured and predicted trajectories are compared for merging buoyant 

jets with different port Froude numbers. The agreement is good for all three values of 

Froude number. 
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Figure 8.5 - Comparison of measured and numerically predicted trajectories of 
merging and single horizontal buoyant jets with various port spacings, Fro = 9.2. 
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Figure 8.6 - Comparison of measured and numerically predicted trajectories of 
horizontal merging buoyant jets with a range of densimetric Froude numbers, pjdp 

= 9.3. 

The centreline flow dilution is defined as the flow concentration at the port divided by 

the time averaged centreline flow concentration, S = Co / C. In the design of 

wastewater diffusers to discharge buoyant effluent into deep water, it is most useful to 

have information on the rate of dilution growth with vertical depth. For this reason, 

the measured flow dilutions have been plotted against vertical flow depth in this section. 

In Chapter 4, a dimensional analysis was used to obtain Equations 4.1.11 and 4.2.4 

which describe the growth of centreline dilution with depth for vertical axi-symmetric 

and two-dimensional plumes. These equations indicate that in a single vertical plume 

centreline dilution is proportional to depth to the power of 5/3, and for a vertical plane 

plume, dilution grows linearly with depth. In the experiments in this study, the 

merging buoyant jets are expected to be approximated by plane plumes in the region 

remote from the source. 
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In the regions where the flow is behaving as a plane plume with linear dilution growth, 

the rate of dilution growth is described by the coefficient ~A2 from equation 4.2.4. 

This coefficient will be calculated from the slope of the graph dSI d(zl c4), using equation 

8.1. The coefficient is inversely proportional to the rate of increase of dilution with 

depth. Coefficients calculated from the slopes of the dilution versus depth plots for 

each merging buoyant jet experiment are presented in Table 8.1. 

k - F -0.66 P 
( 

1td ]-0.66( dS ]-1 
pA2 - ro 4ps d(zjd

p
) 

(8.1) 

The dilution growth measured in the single experiment with vertical merging buoyant 

jets is presented in Figure 8.7. For this experiment, a dilution growth of ~A2 = 2.86 

was measured from the figure, with a virtual origin at zoc/dp = 12. This value is higher 

than the average value of ~A2 2.38 obtained by Kotsovinos (1975) for plume-like 

plane buoyant jets. The merged buoyant jets in this study are expected to be plume-like 

in the region z ~ Ljp , where the length scale ~p = MoO.75/qAO°.5 describes the relative 

importance of initial momentum and buoyancy flux and is equal to 12 dp for 

experiments with Fro = 9.3. In this vertical merging buoyant jet experiment, the 

coefficient ~A2 was measured from Figure 8.7 in the region z = 45 to 175 c4, 
throughout which the buoyant jet should be plume-like. The difference between the 

dilution growth measured in this experiment and the average value measured by 

Kotsovinos is matched by the lower rate of width growth of this experiment, which was 

reported in Chapter 5. A width growth of dbc/ds = 0.151 was measured which is 11 % 

less than the average value of db/ds = 0.168 measured by Kotsovinos, and the dilution 

growth in this experiment was 22 % less than that of Kotsovinos. The significance of 

the difference between the dilution growth of the plane plumes of Kotsovinos and the 

merging buoyant jets cannot be determined without results from more than one vertical 

merging buoyant jet experiment. 

The dilution growth measured in the horizontal merging buoyant jets is presented in 

Figure 8.8. This figure shows the effect of port spacing on the dilution growth of 

horizontally discharged merging buoyant jets. The dilution growth of the closely spaced 

merging buoyant jets with Ps/dp = 4.6 and 9.3 is shown to be linear as expected. The 

dilution of the widely spaced merging buoyant jets with pJ dp = 28 initially follows that 
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of the single jet, before merging and behaving as a plane buoyant jet with a linear 

dilution growth. The dilution growth coefficients measured in the merged regions of 

these experiments were in the range kPLl2 = 2.03 to 2.67, and they have been presented 

in Table 8.1. The greatest value of the coefficient of kPLl2 = 2.67, which indicates the 

lowest rate of dilution growth, was measured in the region just beyond the point of 

merging in the experiment with the widest port spacing of pJ~ = 28. In this region, 

the results of Chapter 6 indicate that the flapping motion is absent from the merged 

flow, and this has caused the reduction in the measured dilution growth rate. The 

results in Table 8.1 indicate that in experiments with closely spaced buoyant jets, in 

which the axi-symmetric flows merge close to the source and the flapping motion 

quickly becomes fully developed, the measured dilution growth rates are in good 

agreement to the rate of ~A2 2.38 measured by Kotsovinos (1975) in plane plumes. 

An average dilution growth coefficient of kPA2 = 2.30 was obtained for the horizontal 

merging buoyant jets. The short term effect of the flapping motion on the dilution of 

the buoyant jets will be confirmed in the following section. 

In the experiment in which buoyant jets, with identical flow properties to those 

discharged in the vertical flow configuration, were discharged horizontally, a greater 

rate of dilution was observed. For this experiment with pJdp = 4.6 and Fro = 9.3 a 

dilution growth constant of kPA2 = 2.03 was measured from Figure 8.8, as compared 

to ~lI2 = 2.86 for the vertical merging buoyant jets in Figure 8.7. The difference in 

the rate of dilution growth of the horizontally and vertically discharged buoyant jets is 

due to the difference between the direction of the initial flow momentum. In the region 

remote from the source, the initial momentum will be negligible compared to the 

buoyancy created momentum and the flows are expected to behave as plane plumes with 

similar rates of dilution growth. 

These results indicate that although the far field dilution growth rates are expected to 

be independent of the diffuser configuration, a considerable additional amount of initial 

flow dilution is obtained in the region near the source by using a horizontal, uni

directional array configuration. The dilution obtained in vertical and horizontal merging 

buoyant jets will be compared to that obtained in alternately directed merging buoyant 

jets in Part 3 of this thesis. 
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Expt Flow configuration Fro pJdp kPA2 

name 

PA vertical, 9.3 4.6 2.86 
uni -directi onal 

OA horizontal, 9.3 4.6 2.03 
uni-directional 

EA horizontal, 6.8 9.3 2.51 
uni -directional 

EB horizontal, 9.2 9.3 2.22 
uni-directional 

EC horizontal, 12.2 9.3 2.45 
uni -directional 

FA horizontal, 9.3 28 2.67* 
uni-directional 

Table 8.1 - Dilution growth in merging buoyant jets, * low dilution is due to the 
absence of flapping 
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Figure 8. 7 Long term average flow dilutions in venical merging buoyant jets, Fro 
= 9.3, p/dp = 4.6. 
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Figure 8.8 - Long term average flow dilutions in horizontally discharged, uni-
directional merging buoyant jets with various port spacings, Fro 9.2. 

8.2.1 The effect of on 

A series of experiments was described in Chapter 6 in which flow properties were 

measured during periods in which the intermittent flapping feature was present in the 

flow and during periods when it was mostly absent. The time-averaged dilution 

measured in the respective flow states is presented in Figure 8.9. The short term 

dilution growth measured beyond the region where flapping commences at z/dp = 31 

to 50 is shown by the figure to be greater in the presence of the flapping motion than 

in the straight flow state. The dilution growth coefficient decreased from 3.08 to 2.60 

in the presence of flapping, which indicates a 16 % increase in the dilution growth due 

to the flapping. This result is in agreement to the observed increase in the short term 

spreading rate due to the flapping, which was presented in Chapter 6. It also agrees 

with the concentration fluctuation results presented in Chapter 7, which showed that the 

flapping increased the lateral extent of the flow and that it also increased the transport 

of ambient fluid into the central flow region. It was suggested that these effects would 

increase the dilution of the flow, and this has been confirmed by the results presented 
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Figure 8.9 - The effect of flapping on the Sh011 term flow dilution in horizontal 
merging buoyant jets, Fro = 9.2, p/dp = 9.3. 

8.2.2 Comparison of 

dilutions 

numerically predicted flow 
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In Figures 8.10 to 8.12 a comparison is presented between measured flow dilutions and 

those predicted by the numerical model for single and merging buoyant jets in a 

stationary ambient fluid. The measured and predicted dilutions for closely spaced 

vertical merging buoyant jets are presented in Figure 8.10, in which the measured 

dilutions have been plotted against depth from a virtual origin located at z/dp = 10. 

The figure shows that the dilution growth predicted by both versions of the model is 

greater than the measured dilution. However, in the previous section it was noted that 

the dilution growth measured in this vertical merging buoyant jet experiment was less 

than that measured in previous studies. There is no significant difference between the 

dilutions predicted by the two versions of the model, ZPMERG and FPMERG. The 

difference in performance of the two models was not expected to be significant in this 

experiment, because the differences between the shape and spread constants of the 
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models are in the merging transition only and this occurs over a short region in closely 

buoyant jets. 

Figures 8.11 and 8.12 show the measured and predicted dilutions for horizontal 

merging buoyant jets for a range of port spacings and port densimetric Froude numbers. 

The agreement between measured and predicted dilutions is very good in general. 

Figure 8.11 shows that the model predicts the dilutions of the widely spaced merging 

buoyant jet experiment least well of all the experiments. In this instance the merging 

transition occurs over a long flow region, throughout which the spread rate and 

concentration width ratio are approximated by assumed relationships, and some 

inexactness is therefore expected. An improvement in the predicted dilutions is shown 

in this figure with the use of the later version of the model FPMERG, which has shape 

constants which were modified to allow for the measured position of the change in the 

spread rate due to merging. 
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Figure 8.10 - Comparison of measured and numerically predicted dilutions in 
vertical merging buoyant jets, Fro = 9.3, pjdp = 4.6. 
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Figure 8.11 - Comparison of measured and numerically predicted dilutions in 
merging and single buoyant jets with various port spacings, Fro = 9.2. 
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Figure 8.12 Comparison of measured and numerically predicted dilutions in 
merging buoyant jets with a range of densimetric Froude numbers, p/dp = 9.3. 
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Summary of Two-

Uni-directional merging buoyant ets 

stationary ambient flliid 

This chapter will serve as a brief summary of the findings of the investigation of 

merging buoyant jets discharged into a stationary ambient fluid. Merging buoyant jets 

were discharged from arrays which were designed to model mUlti-port wastewater 

diffusers with a single row of either vertical or horizontal ports. The experiments were 

undertaken to provide data against which the performance of the model developed by 

Davidson (1989) and Wood et al. (1993) could be verified. For this purpose the bulk 

properties of the buoyant jets were measured. An investigation of the turbulent 

structure of the merging buoyant jets provided an additional insight into the flow 

behaviour. The knowledge gained in this study allowed an improvement to be made 

to the model in the merging transition between the axi-symmetric and plane flow 

regions. 

Bulk flow properties 

The bulk flow properties, which include the cross-section shape, width growth, dilution 

growth and flow trajectory, were measured from long term time averaged images of the 

flow. Profiles of concentration, measured on cross-sections oriented perpendicular to 

the centreline, showed that the concentration distributions in the merging buoyant jets 

were self-similar in the axi-symmetric and merged flow regions, and that they closely 

followed a Gaussian relationship. A summary of the growth rates of concentration 

width and of dilution in the merging buoyant jets is presented in Table S-l. The growth 

rates measured in the vertical merging buoyant jets were slightly lower than the average 

rates measured in plane plumes by Kotsovinos (1975). In the horizontally discharged 

urn-directional buoyant jets, width growth rates were measured separately in the axi

symmetric and the merged flow regions. The change in width growth rate in the 

merging transition was found to occur in the region where an intermittent flapping 

motion developed over a range of width to port spacing ratio of bJps = 0.9 to 1.26. 
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In the flow region before the onset of flapping in the merged plume, the width growth 

was approximately equal to that expected of an axi-symmetric plume. In the region 

where flapping was observed, the width growth in the absence of the flapping was 

approximately equal to the axi-symmetric growth rate. However, the width growth in 

this region increased by 50% during the intermittent periods when flapping occurred. 

A corresponding increase in the dilution growth of the merged buoyant jets was 

measured in the flapping flow state. These results suggest that the greater long term 

average spreading rate measured in plane buoyant jets as compared to axi-symmetric 

buoyant jets, is entirely due to the presence of the intermittent flapping motion in the 

trajectory of the plane buoyant jets. 

Discharge No. Width growth Dilution growth 
orientation of 

expts. ax i-symmetric ~ merged merged 
db/ds dbJds kPt>.2 

vertical 1 0.151 2.86 

horizontal 6 0.120 0.157 ± 0.012 2.30 ± 0.22 

Table S-J Summary of bulk flow properties measured in merging buoyant jets 

Flow structure 

The laser-induced fluorescence equipment was found to be a very effective tool for 

examining the flow structure of the buoyant jets. The existence of large scale turbulent 

flow structure in the plane buoyant jets was verified, and was shown to result in a 

flapping motion of the flow trajectory. The flapping motion occurred when large-scale 

vortices on the flow boundaries on either side of the plane buoyant jet were staggered 

in position. The development of the flapping was observed beyond the point where the 

width to port spacing ratio was in the range of bJps = 0.9 to 1.26. This position was 

located at a distance of half to one wavelength of the large-scale vortex pattern beyond 

the point of merging. The intermittent flapping pattern was observed to occur 

approximately 50% of the time, and the wavelength of the flapping pattern increased 

by vortex pairing as it travelled in the direction of the mean flow, such that the 

dimensions of the large scale structure scaled to the local flow width. A constant 

Strouhal number of St = fbc/U = 0.13 was measured for the large scale vortices, which 
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agreed with that measured by Dracos et al. (1992) and Cervantes (1978). 

Statistical information on the temporal variation of the concentrations was provided by 

the measurement of concentration fluctuations and flow intermittency. The distributions 

of root mean squared concentration deviations from the mean, and of flow intermittency 

were shown to be self-similar over cross-sections in the merged flow region. Peak 

concentration fluctuation values of rms c'tC = 0.37 to 0.42 were measured at the 

centreline, and the concentration fluctuations were distributed over a width of 3.5 times 

the local concentration half-width, be- The presence of the flapping motion in the plane 

buoyant jets was shown to cause the wide peak of the rms c'tC distribution measured 

in plane plumes, as compared to the rounded peak of the distribution in axi-symmetric 

plumes. 

It was shown that in order to obtain meaningful measurements of the intermittency, the 

threshold concentration for the detection of jet fluid should be scaled to the local 

centreline concentration. Values of intermittency of unity were measured over a central 

region of the plume of width 0.5 to 1.3 bc' which indicates that unmixed ambient fluid 

was not present in detectable quantities in this central region of the flow. The width 

of the distribution was 3.5 bc which is in agreement with the width of the concentration 

fluctuation distribution. This value represents the greatest lateral extent of effluent at 

any cross-section along the plume. In the presence of the flapping motion, the 

intermittency distribution was wider and values of intermittency at the centreline were 

significantly lower. This indicated that the flapping motion increased the entrainment 

of ambient fluid into the centre of the flow. These results support the finding that the 

presence of flapping in merged buoyant jets results in an increase in the mixing 

efficiency and the dilution of the effluent. 

Knowledge of the flow intermittency was shown to be of use in situations where the 

water quality aspects of wastewater plumes are of interest. The intermittent nature of 

the plume results in the average concentration of the mixed plume fluid being equal to 

or greater than the long term time averaged flow concentration. The expected 

concentration of the intermittent bursts of effluent occurring at any position over the 

cross-section of the plume was shown to be in the approximate range 0.5 < Cmr.dtC < 
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1.0. 

Theoretical model 

The model FPMERG was shown to successfully predict the behaviour of single and 

merging buoyant jets. This model was developed by Davidson (1989) and Wood et al. 

(1993) and it is based on the equations of motion derived in an integral analysis. 

Results from this study were used to modify the model to include the effect of flapping 

on the spreading rate in the merging transition. The spreading rate was shown to 

increase from the axi-symmetric to the plane plume value in the region where the 

intermittent flapping motion developed. It was suggested that the ratio of concentration 

width to velocity width A, increases from the axi-symmetric to the plane plume value 

over the same region. The shape constants were re-calculated in accordance with this 

and the performance of the model was shown to improve for widely spaced merging 

buoyant jets. Good agreement was measured between the trajectories and dilutions 

measured in the experiments and those predicted by the model. 
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eory for Alternately 
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9 .. 1 The flow configuration 
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Wastewater diffusers are commonly designed with ports spaced at intervals on 

alternating sides of the diffuser pipe. The flow configuration resulting from such a 

diffuser is an array of alternately directed buoyant jets, as sketched in Figure 9.1. In 

this study the buoyant jets will be assumed to _be discharged horizontally from ports 

located on the y axis, and the flow from each port will be assumed to be equal in terms 

of momentum and buoyancy flux. The array of jets will be assumed to be infinitely 

long, such that the flow from the central region of the array is unaffected by the 

conditions at the ends of the array. 

The fluid mechanics of this flow configuration have been fully described by Davidson 

(1989) and Wood et al. (1993). Significant differences were shown to exist between 

merging buoyant jets discharged from one-sided uni-directional arrays and alternately 

directed arrays. In the region close to the alternate port diffuser, the flow from each 

port is an axi-symmetric buoyant jet, and as the buoyant jets spread, they merge with 

adjacent buoyant jets on the same side of the diffuser. This merging process is the 

same as that described for the uni-directional merging jets in Chapter 4. The single 

buoyant jets merge to create two plane buoyant jets on either side of the diffuser. 

These plane buoyant jets each entrain ambient fluid into their inner and outer surfaces, 

as is sketched in Figure 9.1. The entrainment demand into the inner surfaces draws 

ambient fluid between the ax i-symmetric jets and creates an up-flow between the two 

plane buoyant jets. Applying the Bernoulli equation to the irrotational ambient fluid 

shows that there is an under-pressure in the region between the two plane buoyant jets 

above the level of merging. This under-pressure forces the plane buoyant jets to merge. 
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At the point at which the plane buoyant jets merge, Davidson (1989) and Wood et al. 

(1993) suggest that each plane buoyant jet acts as if it is being discharged at an angle 

into a frictionless wall positioned on the y-z plane. In this flow situation an over

pressure exists on the plane between the two flows which negates the horizontal 

momentum of each buoyant jet, and bends the flows to a vertical orientation. A 

backwards flowing eddy is formed in the region below the merging flows. Beyond the 

point of merging, the distribution of velocity and concentration in the merged buoyant 

jet will transform to a Gaussian distribution. 

z z 

y 

Under-pressure 

ELEVATION SECTION A-A 

Over-pressure 

Upflow 

-\-
Level of 
merging 

x 

Figure 9.1 - Sketch of the alternately directed merging buoyant jet flow configuration 
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9 .. 2 The theoretical model 

In the region of flow remote from the diffuser, the flow will behave as a plane plume. 

In Chapter 4, dimensional analysis was used to obtain the following governing equations 

for this type of flow: 

~ = k F 0.66. [ Z ]-1 
p~2 ro2 d 

s 

(9.1) 

(9.2) 

(9.3) 

Values for the constants are given in Table 4.4, and ds is the equivalent slot width, and 

Fro2 is the two-dimensional port Froude number. For the case of a diffuser with ports 

spaced at Ps either side, then ds = (7fdp
2

) / (2Ps), and Fro2 (2ps) / (7f~) Fro. 

However, in the region close to the diffuser where the flows merge, the flow situation 

is more complex. Davidson (1989) used an integral analysis to model this flow 

situation. In the model, the flows before and after the point at which the two plane 

buoyant jets merged, were modelled separately. In the region before this point, the 

analysis was similar to that of a urn-directional array of merging buoyant jets, described 

in Chapter 4. In the equations of motion, the horizontal momentum equation was 

modified to include a force due to the under-pressure between the two flows. The up

flow, which created the under-pressure, was related to the jet velocity by the 

entrainment coefficient, a, and the under-pressure was calculated using Bernoulli's 

equation. 

Beyond the point at which the two plane buoyant jets merged, Davidson applied the 

equations of motion with shape functions modified for the merging plumes. The point 

at which the merging begins was defined to be where the distance from the flow 
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centreline to the y-z plane was Xd = 1.7 b. During the merging transition, the velocity 

distributions of the two flows were assumed to be vertical and to remain centred at 

distance of Xd from the y-z plane. The velocity distributions of the two plane buoyant 

jets were added to give the following distribution for the merging transition: 

u 
_(X-Xd)2 _(X+Xd)2 

e b +e b 

(
2Xd)2 

1 + e b 

(9.4) 
u 

Similarly, for the distribution of buoyancy in the merging transition: 

_(X-Xd)2 _(X+Xd)2 
e Ab + e Ab 

(9.5) 

( 2Xd)2 
1 + e Ab 

The shape functions were calculated from these distributions and they changed smoothly 

from that of two adjacent Gaussian distributions to a single Gaussian distribution as the 

ratio Xib approached zero. The over-pressure on the y-z plane was assumed to be 

distributed over a vertical distance of 5 bm, where bm was the width of the plane jet at 

merging. A horizontal force due to this distribution of over-pressure, was included in 

the horizontal momentum equation. 

The model was successful in describing the shape of the flow trajectory and in 

providing a smooth transition of the velocity and buoyancy distributions in the merging 

region. It also satisfied the far-field limiting case of a plane plume given by equations 

(9.1) to (9.3). Davidson compared the model against the data of Liseth (1970) and 

reported that the model over-estimated the dilution in and beyond the merging region, 

and over-estimated the distance to the point of merging. Several aspects of the merging 

flows were ignored by the model. The vertical pressure gradients due to the under

pressure and the over-pressure were neglected in the vertical momentum equation. 

Wood et aL (1993) suggests that this is justified as the force due to the pressure 

gradient is an order of magnitude smaller than the buoyancy term. Davidson suggests 

that the model might also be improved by including the velocity of the ambient fluid 

being entrained between the two buoyant jets in the vertical momentum equation. 
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The configuration of a multi-port wastewater diffuser is generally designed to obtain the 

maximum dilution of the effluent. One commonly used design is that of a single 

diffuser pipe with ports positioned alternately on either side at equally spaced intervals. 

The properties of the merging buoyant jets created by this diffuser configuration will 

be examined, and the dilution efficiency of the diffuser will be compared to that of two 

other diffuser configurations. 

Experiments were undertaken with alternately directed horizontal buoyant jets with one 

port spacing and two port densimetric Froude numbers. The ports were spaced 

sufficiently close that the buoyant jets merged in the region close to the diffuser. Flow 

boundaries were positioned at each end of the diffuser such that the merging buoyant 

jets approximated the flow from a diffuser with infinite length. The flow resulting from 

this configuration is shown in the long term average flow image and the typical single 

frame image which are presented in Figure 10.1. The images have been processed to 

show contours of flow dilution, and they are presented with the z axis, which was 

measured downwards in the experiments, oriented across the page with the direction of 

the buoyancy force to the right. In this chapter, information will be presented on the 

long term average cross-section properties and the bulk properties of the flow. 

Information on the cross-section properties will include the cross-section shape and the 

spreading rate in the regions both before and beyond the point of merging. The bulk 

flow properties will include the trajectory and dilution of the flow. The turbulent 

structure of the flow will not be examined. However, the single frame flow image in 

Figure 10.1 b) shows that the large scale structure which was observed in the uni

directional merging buoyant jets is also present in the merged region of the alternately 

directed buoyant jets. 
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11.1, p/dp = 9.3 each side; a) time averaged image 

1- 20 

NA Co / C 

grid spacing 
200 mm = 61 .7 dp 

buoyancy force 
----7 

200 . 

b) single frame image. 

250 . 



165 

10 .. 1 Cross-section shape 

Three separate flow regions were identified in the merging buoyant jets discharged from 

an alternately directed array. In the initial flow region beyond the zone of flow 

establishment, the flow behaved as an axi-symmetric buoyant jet. Further from the 

source, the axi-symmetric flows merged to form two plane buoyant jets on either side 

of the diffuser, and at an even further point the two plane buoyant jets merged to form 

a single vertical plane buoyant jet. In Chapter 5, the cross-section shape in the merging 

transition between the ax i-symmetric and the plane buoyant jets was examined. The 

cross-section shape in and beyond the merging transition between the two plane buoyant 

jets and the single plane buoyant jet will be examined in this section. 

The cross-section concentration profiles measured in one experiment are presented in 

Figures 10.2 and 10.3. Figure 10.2 shows the concentration profiles measured in the 

merging region of the two plane buoyant jets at various flow depths, z/~. The 

concentrations have been measured along cross-sections oriented horizontally across the 

flow, rather than perpendicular to the non-vertical flow trajectories. In Figure 10.3, 

the concentration profiles measured beyond the point of merging in the vertical plane 

buoyant jet are presented. 

In Chapter 9, the relationship given by Equation (10.1) was derived to describe the 

cross-section shape in the region where the two plane buoyant jets merge. In this 

equation, Xd is half the distance between the centre lines of the. plane buoyant jets, be 

is the Gaussian concentration half-width of the separate flows, and C is the peak 

concentration over the cross-section. The equation represents the addition of two 

Gaussian distributions separated by a distance of 2Xd• For each profile plotted in 

Figure 10.2, the parameters C, be, and Xd have been estimated. The theoretical 

concentration profiles have been calculated using these parameters and they have been 

compared to the measured profiles in Figure 10.4. The fit is shown to be satisfactory. 

c 
C 

_(X~Xd)2 _(X:Xd)2 
e C + e C 

(10.1) 
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Figure 10.2 - Concentration profiles measured in the merging transition in 
alternately directed buoyant jets; Fro = 11.1, p/dp = 9.3. 
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Figure 10.3 - Concentration profiles measured beyond the point of merging in 
alternately directed buoyant jets; Fro = 11.1, p/dp = 9. 
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Figure 10.4 - Concentration profiles measured in the merging transition in 
alternately directed buoyant jets compared to the theoretical distribution; Fro = 

11.1, p/dp = 9.3. 
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Figure 10.5 - Nonnalised concentration profiles measured beyond the point oj 
merging in alternately directed buoyant jets; Fro == 11.1, p/dp = 9.3. 
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In the region beyond the merging of the two plane buoyant jets the concentration 

profiles are expected to be self-similar and to fit a Gaussian distribution. In Figure 

10.5, the concentration profiles measured in this fully merged region have been 

normalised by the local centreline concentration C, and the local concentration half

width, be. The concentration distributions are shown to be self-similar and they fit a 

Gaussian relationship. The closer fit of the data in these profiles as compared to the 

profiles presented in Chapter 6 is due to the concentrations being averaged over a 

greater time of 90 seconds as compared to 40 - 50 seconds for the majority of the 

experiments. 

10 .. 2 Width growth 

In the two alternately directed buoyant jet experiments, the width growth was measured 

in the two plane buoyant jets before they merged and. in the vertical plane buoyant jet 

beyond the point of merging. The width growth in these regions has been presented 

in Figure 10.6. In the region where the two plane flows are separate the average width 

growth rate is approximately db/ds = 0.19, which is slightly higher than the average 

value measured in horizontal uni-directional merged buoyant jets of dbc/ds 0.157. 

In the region beyond the point of merging in the alternately directed buoyant jets, 

Figure 10.6 shows that the measured width growth rate was considerably less than that 

expected for a plane plume. Immediately beyond the point of merging the measured 

width growth was approximately half the expected rate of db/ds = 0.15~, however 

beyond a distance of z/~ = 150 it increased to an average rate of dbJds ::::::: 0.16 which 

is similar to that expected for a plane plume. This indicates that in the region 

immediately beyond the point of merging of the two plane buoyant jets the flow is 

affected by the flow configuration and it exhibits reduced width growth. In the region 

remote from the source however, the measured width growth appears to approach the 

value expected of a vertical plane plume. 
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Figure 10.6 Width growth in horizontally discharged, alternately directed merging 
buoyant jets; Fro=9.2 and 11.2, p/dp 9.3 

In experiments with buoyant jets discharging from an array of alternately directed 

horizontal ports into a stationary ambient fluid, the flows from either side of the array 

were observed to have a dramatic effect on each other. The trajectories of the merged 

buoyant jets discharged from either side of the array were deflected downwards and 

towards each other, and they merged to form a single plane vertical plume. The 

deflection of the two merged buoyant jets toward each other is due to an under-pressure 

in the volume of ambient fluid between them. The under-pressure is caused by an 

up-flow of ambient fluid required to satisfy the entrainment demand on the inner surface 

of the two plane buoyant jets. The existence of the under-pressure has been explained 

using the Bernoulli equation in Chapter 9. 

In Figure 10.7, the trajectories from experiments with two densimetric Froude numbers 

have been presented. The merging buoyant jets are spaced at p/<4 = 9.3 on both sides 

of the diffuser. For comparison, the trajectories of two experiments with similar port 



170 

Froude numbers but with buoyant jets discharging from one side of the diffuser only 

have been presented. These buoyant jets are also spaced at pi dp == 9.3, such that they 

represent the flow from one side of the alternately directed diffuser. 

200 r 

'~ ~ 
'" Alternately directed, Fro::: 9.2 I' 

III Alternately directed, Fro::: 11.1 

I:. Uni-directional, Fro=9.2 . 

-50 a 50 

[J Uni-directlonal. Fro=12.2 

The flow from the uni-directional array 
matches that from each side of the 

alternately directed array 

100 

Figure 10. 7 - Trajectories of alternately directed and un i-directional horizontal 
merging buoyant jets; p/dp = 9.3 each side, and p/dp = 9.3 un i-directional. 

The figure shows the difference between the trajectories of merging buoyant jets 

discharged horizontally from alternately directed and uni-directional arrays. The flows 

from either side of the alternately directed array were deflected towards each other and 

they are observed to merge at depths of approximately z/~ = 70 and 80 for Froude 

numbers of 9.2 and 11.1 respectively. At these flow depths, the flows from the uni

directional array have travelled a large distance in the horizontal x direction, such that 

the centreline distance to this flow depth is 40% to 60% greater in the uni-directional 

merging buoyant jets as compared to the alternately directed merging buoyant jets. 

From this result it is expected that at this flow depth the spread and dilution of the flow 

in the uni-directional merging buoyant jets will be greater than that in the alternately 

directed buoyant jets. Beyond this point the. merged buoyant jet in each experiment has 

an approximately vertical trajectory. The slight inclination of the merged buoyant jet 

I 
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is possibly due to an imbalance in the flows from either side of the diffuser, or more 

likely due to a slow circulation set up in the tank. 

10 .. 4 Flow dilutions 

The long term average dilutions measured in the alternately directed merging buoyant 

jets are presented in Figure 10.8. The flow dilution has been plotted against the 

dimensionless flow depth, z/dp for experiments with two densimetric Froude numbers. 

The figure shows that in the region beginning at the point where the two plane buoyant 

jets merge, there is a significant drop in the dilution growth rate. In this region, a 

reduced rate of width growth was measured and reported in Section 10.2, and this is 

responsible for the low rate of dilution growth. As the distance beyond the point of 

merging increases, the rate of width growth and the rate of dilution growth increase 

again. The rate of growth in dilution With. depth for a vertical plane plume is described 

by the constant ~..u in Equation (10.3). At a distance of 75 ~ from the point of 

merging (at z/~ =:: 150) the dilution growth has increased to give growth coefficients 

of kpA2 = 3.1 and 3.0 for Froude numbers of Fro = 9.2 and 11.1 respectively. These 

values are close to the value of kPA2 = 86 measured in the vertical uni-directional 

merging buoyant jets. 

For comparison, the dilutions measured in merging buoyant jets discharged from three 

different array configurations are presented in Figure 10.9. The flows from the two 

uni-directional arrays, with Fro = 9.3 and pJdp = 4.6, have the same flux per unit 

length of volume, momentum, and buoyancy as the flow from the alternately directed 

array, with Fro = 9.2 and ports spaced at pJdp = 9.3 in each direction. The figure 

shows that the array configuration has a considerable effect on the dilution of the 

merging buoyant jets. The greatest dilution was obtained where the buoyant jets were 

discharged from a horizontal uni-directional array. Where the horizontal buoyant jets 

were discharged in the alternately directed flow configuration, the figure clearly shows 

that the dilution was reduced below that which would have been obtained had the 

buoyant jets been oriented horizontally in the one direction. 

In the far-field, the flow from each of the three array configurations is expected to 
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behave as a plane plume, each with an equal rate of dilution growth. However, the 

results presented in Figure 10.9 have shown that a significant additional amount of 

initial dilution can be obtained by discharging the buoyant jets with a horizontal uni

directional array configuration instead of a vertical uni-directional, or a horizontal 

alternately directed array configuration. The horizontal, uni-directional array 

configuration is suggested to be the most efficient design for a mUlti-port wastewater 

diffuser in a stationary ambient fluid. This is not necessarily correct when there is a 

current present, however results presented in the next part will show that in this case 

the dilution is greater and the current strength is more important than the diffuser 

configuration. 

200 kpA2 = 3.0 

150 

0. 

:: 100 
N 

Flows from either side merge 

50 

o 5 10 15 20 25 30 35 40 

Figure 10.8 - Flow dilutions in horizontal alternately directed merging buoyant jets; 
Fro = 9.3 and 11.1, p/dp == 9.3 in each direction 
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Figure 10.9 - Flow dilutions in merging buoyant jets discharged from a horizontal 
alternately directed array and from horizontal and vertical uni-directional arrays, 

Fro = 9.2, p/dp = 4.6 (or 9.3 in each direction) 
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Summary of Part 

Alternately directed 

... 

buoyant 

jets in a stationary ambiellt fluid 

Experiments with merging buoyant jets discharged from a diffuser with alternately 

directed horizontal ports were undertaken to compare the behaviour of the flow from 

this diffuser configuration with that from diffusers with a single row of either horizontal 

or vertical ports. 

A model was introduced by Davidson (1989) to describe this flow situation. Davidson 

found that it over-estimated the distance to the point of merging and the dilution of the 

merging buoyant jets. Further work is required to -correct the model, however the 

results presented here do not provide the necessary amount of data on which an 

improved model would need to be based. 

Trajectories measured from the experiments showed that the merged buoyant jets from 

either side of the diffuser were deflected towards each other and they merged to form 

a single vertical plane buoyant jet. 

The cross-section shape of the buoyant jets in the merging transition from two plane 

buoyant jets to a single plane buoyant jet was measured. The shape of the 

concentration distribution in the merging transition was shown to follow the relationship 

assumed by Davidson. Beyond the point of merging the concentration distributions 

followed a Gaussian relationship. 

Experimental results indicated that in the region immediately beyond the merging of the 

two plane buoyant jets the growth rates of width and dilution were considerably less 

than those expected in vertical merged buoyant jets. In the region remote from the 

point of merging the growth rates approached the expected values. It appears that the 

spreading rate and dilution growth in the region immediately beyond merging were 

reduced by the complex flow behaviour in the merging transition. 
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The growth of dilution with depth was compared to that measured in arrays of merging 

buoyant jets with the same flux of volume, buoyancy, and momentum per unit length, 

which had been discharged from diffusers with a single row of either horizontal or 

vertical ports. It was shown that a significant amount of dilution was lost by using the 

diffuser with alternately directed horizontal ports. A diffuser with a single row of 

horizontal ports was recommended as the most efficient design for rapid dilution of 

wastewater in a stationary ambient fluid. 
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Chapter 1 

The eory a Single Jet 

Flowing Ambient Fillid 

The behaviour of a buoyant jet is determined principally by the initial jet properties, but 

also by the properties of the ambient fluid. In particular, the effect of a flowing 

ambient fluid is of considerable importance. In this chapter, the governing theory for 

a single buoyant jet will be reviewed with the inclusion of the effect of the ambient flow 

velocity. In the following chapter, the theory will be extended for the case of merging 

buoyant jets in a flowing ambient fluid. These flow cases are very complicated, and 

more work remains to be done before they are completely understood. 

To describe a buoyant jet in a flowing ambient fluid, there are two types of analysis 

which can be used. Dimensional analysis can be used to describe the flow behaviour 

in limiting flow cases in which the flow is dominated by few parameters. Many 

authors, such as Fan (1967), Wright (1977), Muellenhoff et al. (1985), Knudsen (1988), 

Jirka and Doneker (1991) and others, have carried out this type of analysis. 

Alternatively, an integral model can be used in which the equations of motion are 

integrated over assumed distributions of velocity and buoyancy, and a closure equation 

is provided by the spread assumption. Integral analyses have been used by Wood et al. 

(1993) and Chu and Lee (1994). The ambient flow velocity is included in the equations 

of motion and the spread assumption is modified to allow for the presence of the 

current. The integral method of analysis can be used to model the flow in each of the 

limiting cases and in the transition regions between each case. In this study, only the 

integral analyses of Wood et al. (1993) and Chu and Lee (1994) will be examined. 

11 .. 1 The equations of motion for a buoyant jet in a 

flowing ambient fluid 

In both the analyses of Wood et al. (1993) and Chu and Lee (1994) the ambient fluid 
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velocity has been included in the equations of motion, and the spread assumption, 

modified for the effect of the flowing ambient, has been used to provide the closure 

equation for the model. In the analysis of Wood et al. (1993), the equations of motion 

are integrated over the flow cross-section with an assumed excess velocity and 

buoyancy distribution. Different sets of equations are derived for the flow cases where 

the velocity and buoyancy are assumed to follow Gaussian distributions and vortex-like 

distributions. This integral model will be reviewed, and an extra term will be 

introduced in the flow Gaussian region to account for the effect of the asymmetric 

entrainment on the momentum of the buoyant jet. 

A buoyant jet with Gaussian distributions of excess velocity and 

buoyancy 

In flow regions where the excess velocity dominates ,the ambient velocity U"" ~ Ueg , 

Wood assumes that the excess velocity and buoyancy distributions are described by 

Gaussian relationships. Except in special cases, such as a pure advected thermal with 

zero excess momentum, the flow in the region near the source will behave in this 

manner. The excess velocity ueg , and the buoyancy will be assumed to have a Gaussian 

distribution over a cross-section oriented perpendicular to the direction of the excess 

centreline velocity Ueg , as shown in Figure 11.1 and as described in equations (11.1) 

and (11.2). The Gaussian velocity half-width b, is measured perpendicular to the 

direction of excess velocity vector. The closure equation for the integral analysis will 

be a relationship for the spreading rate of the width measured in this dir~ction with 

increments of distance in the direction of the excess velocity, db/dseg • The absolute 

velocity is denoted U, and is at an angle of (j to the x axis. 

(11.1) 

(11.2) 
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Figure 11.1 - The assumed Gaussian distribution of excess velocity in an advected 
buoyant jet 
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Figure 11.2 - The control volume used in the analysis of an advected buoyant jet 
showing the horizontal, vertical and radial components of the inflow velocity 
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The equations of motion will be applied to a fixed cylindrical control volume of radius 

R, and thickness dseg , oriented perpendicular to the excess velocity, as shown in Figure 

11.2. The ambient fluid will be assumed to be non-turbulent and to flow with uniform 

velocity, U"". Firstly, to understand the entrainment into the plume, consider a 

Lagrangian plume element which moves with velocity Ueg through the flowing ambient 

fluid. The plume element is assumed to entrain ambient fluid radially from directions 

perpendicular to the excess velocity. The entrainment velocity field is axi-symmetric, 

and the entrainment velocity, relative to the Lagrangian element, is: 

ua b 

Ua r 
(11.3) 

In which the velocity Ua> is usually represented by an entrainment coefficient multiplied 

by the centreline excess velocity, aUeg • Now consider the fixed control volume again. 

The ambient fluid is assumed to be irrotational as it flows past the round plume. The 

inflow velocity into the control volume can be assumed to be equal to the vector sum 

of the ambient velocity in the x direction, and the axi-symmetric entrainment velocity 

field in the plane perpendicular to the excess velocity. Results will be presented in a 

later chapter to show that the assumption introduced here is a reasonable approximation 

of the situation in the merged flow region, and as a first attempt at describing the 

problem it will be assumed that the same situation exists in the axi-symmetric flow 

region. This assumption will be shown to introduce terms into the momentum equations 

which are not in the equations of Wood et al. (1993). 

In the conservation of volume flux, the inflow into the control volume must be 

included. Figure 11.2 shows that the inflow velocity varies with position around the 

control volume. For clarity, the inflow velocity will be integrated around the upstream 

and downstream sides of the plume separately. The ambient velocity terms cancel: 

R 

d~ r (ueg + U"" cos a r) 27rrdr 
eg ~ 

R 

1r12 

J (ua + U""sinarcosq) )dq)R 
-1r/2 

1r/2 

J (ua Uoosinarcosq) )dq)R 0 
-1r12 

d~ f (ueg + U"" cosar) 27rrdr - ua 27r R 0 
eg t 

(11.4) 
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The equation for the conservation of momentum in the control volume is: 

EF 
p 

= I ii(ii.e)dA 
cs 

d~ --= --ds +M +Md ds eg u 
eg 

(11.5) 

Where ~u and ~d represent the net efflux of momentum due to the entrainment into the 

upstream and downstream sides of the buoyant jet. In the analysis of a buoyant jet in 

a stationary ambient reviewed in Chapter 4 these terms cancelled each other, however 

when an ambient velocity is added to the entrainment velocity field, the upstream and 

downstream momentum contributions do not cancel and a new term is introduced to the 

momentum equation. The inflow velocity will be integrated around the control volume 

to obtain the net efflux of specific momentum due to the inflow. The integration will 

be performed on the upstream and downstream sides separately to provide clarity, 

however it is possible to perform a single. integration around the entire circumference. 

On the upstream side: 

7r12 1\ 1\ I -(Uc;+U",coscPsinar)[(uc;coscPsinar+Uco)i +(-uc;coscPcosar)k ]dcPRdSeg 
-7r/2 

(11.6) 

While on the downstream side: 

7r/2 1\ 1\ 

I -(u -u coscPsinar)[(-u coscPsina +U )i +(u cOScPcosa)k ]drhRds 
c; '" I c; r CXJI c; r 'I' eg 

-Tl/2 

= 

(11. 7) 

The equation for the conservation of horizontal specific momentum with the entrainment 
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terms included is: 

d~,g I (u" + U ~ cosex,j(U ~ + u" cos ",) 2ndr - u. U.2" R [ 1 + sin'", 1 ~ 0 

(11.8) 

The term containing ua; U "" is the new term introduced in this study to account for the 

asymmetric entrainment. Three of the six terms in the expanded form of this equation 

cancel when the volum~ flux equation multiplied by U 00 is subtracted from the equation. 

The integral limits are set to infinity in the simplified equation: 

00 

~ I(u + DooCOSCi)Ue COSCi 27rrdr - U U oo 7rbsin2Cir = 0 ds eg r g r Ci 

eg 

(11.9) 

The equation for conservation of vertical momentum with the vertical components of 

the inflow momentum included and the integral limits set to infinity is: 

00 

d~ r (ueg + DoocosCir)uegsinCir27rrdr + DaD"" 7rbcosCirsinCir 
eg ~ 

The buoyancy flux equation is: 

00 

d I -(j"S" (Ueg + U 00 cos Cir ) A] 27r r dr = 0 
eg 

00 I .1127rrdr 

(11.10) 

(11.11) 

These equations may be re-written using the axi-symmetric shape constants defined in 

Section 4.1.3. The horizontal momentum equation becomes: 

(11.12) 

(11.13) 

The buoyancy flux equation becomes: 

(11.14) 
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and: 

dx = Veg cos ar + V"" 
dSeg Veg + V""cosar 

dz 
dS

eg 
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(11.15) 

(11.16) 

The spread relationship must be modified to allow for the effect of the current. The 

following approximation is suggested by Wood et al. (1993): 

db = k Veg 

ds eg b Veg -+-=V=",,-=-c-o-s-a-
r 

(11.17) 

This relationship is correct for the limiting case of V 0:> 0, and is equivalent to the 

spread relationship suggested by Patel (1971) for the limiting case of pure jet in a co

flow. For the case of a jet discharged. in the direction of the ambient velocity a 

coefficient of ks = 0.11 is used with equation (11.17). It was however suggested by 

Wright (1994) that a characteristic velocity of Vegf2 should be used in the both the 

numerator and the denominator of equation (11.17) in place of the centreline velocity 

Veg. Wright reported that a relationship modified in this manner appeared to show a 

better fit to most of the data than equation (11.17), although there was a large degree 

of scatter. It was found in this study that the performance of the model changed only 

slightly when the spread equation was modified in this manner, and the fit to the 

experiments was poorer. There is continuing dispute between Wright and Wood over 

the correct form of this relationship, however equation (11.17) will be used in this 

model. 

To evaluate the entrainment terms in the momentum equations, the entrainment velocity 

is needed. In Chapter 4, the following equation was derived to relate the entrainment 

velocity to the spreading rate and excess centreline velocity for a buoyancy dominated 

flow in a stationary ambient fluid: 

Va 5Iq db V (11.18) 
67r dS

eg 
eg 

For the purpose of evaluating the new terms in the momentum equation, and only for 

small ambient velocities Voo ~ Veg , an estimate of the entrainment will be obtained 
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from a modified form of this equation. The stretching effect of the ambient flow on the 

plume is included in the spreading rate: 

Va = 5Iq kb V~ (11.19) 
67r Veg + V", cos a r 

Experimental verification is still needed before this approximation can be used with total 

confidence. Results from one experiment in this study indicate that in the merged flow 

region a similar approximation provides a good estimate of the entrainment velocity. 

The six equations (11.12) - (11.17) can be solved as they were solved in the stationary 

ambient case, and the conditions at the end of the zone of flow establishment should be 

used as the initial conditions. 

A buoyant jet with vortex-like distributions of excess velocity and 

buoyancy 

The integral method was used by Wood et a1. (1993) to obtain governing equations for 

flows with vortex-like distributions of velocity and buoyancy in a similar manner to the 

analysis of the Gaussian distributed flows. This type of flow is assumed to occur when 

the Gaussian component of the velocity is small in comparison with the ambient 

velocity, and the motion of the flow is mostly due to advection by the ambient velocity. 

Figure 11.3 shows that an element which is aligned in the direction of the excess 

velocity a p is advected from positions 1-1 to 2-2 to 3-3 by the ambient flow velocity, 

V",. The flow perpendicular to the element is small and the properties of the effluent 

in the element generate a motion which may be approximated by a vortex pair oriented 

in the direction of the excess velocity, a r • 



NoTe: The increase in a caused 
by the buoyancy generated 
momentum gradually 
dominating the initial 
momentum. 
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Figure 11.3 - The control volume used in the analysis of an advected thermal 

To derive the equations of motion, the element is followed and the momentum equations 

are derived by considering the time rate of change of the local vortex induced velocity 

U ev , integrated throughout the volume of the element. The specific horizontal 

momentum is conserved: 

! f uevdV coscxr 0 
v 

(11.20) 

The rate of change of specific vertical momentum is equated to the buoyancy of the 

element: 

(11.21) 

The equation for the continuity of buoyancy flux is written by relating the buoyancy of 

the element to the initial buoyancy flux: 

(11.22) 

Shape constants are introduced which describe the velocity and buoyancy of the vortex 

pair: 
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(11.23) 

01.24) 

where Uev is the excess velocity of the vortex pair, .6.v is the characteristic buoyancy in 

the vortex pair, and by is the characteristic width. The momentum equations can be re

written with the shape constants included, and with the elemental volume in the 

integration written as dV = dA dx sin ar' 

(11.25) 

01.26) 

01.27) 

Substituting the continuity of buoyancy flux into the vertical momentum equation and 

dividing both the momentum equations by the constant element width dx, gives the 

following equations for the horizontal and vertical components of the momentum per 

unit length in the x direction: 

o 01.28) 

01.29) 

Geometric relations describing the flow trajectory are: 

(11.30) 

dz U . - = evsmur 
dt 

(11.31) 

The closure equation is provided by the spread assumption: 
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dbv =m (11.32) 
dz 

This model gives a solution which describes the vortex-like flow where it is dominated 

by the initial momentum, and where it is dominated by the buoyancy induced 

momentum, and it provides a smooth transition between these two regions. For the 

limiting cases which occur when the flow has no excess momentum in the ambient flow 

direction, and therefore il'r 0, and where the vortex pair is generated by initial 

momentum (a momentum vortex) or by buoyancy (a pure advected thermal), the model 

gives equations for the trajectory and dilution of the flow. Wood has compared these 

equations to those derived from dimensional analysis of experimental results of other 

authors, to show that they have the correct form, and to obtain values for the spread 

and shape constants. The trajectory relationship obtained from the model is determined 

by the spread constant and the shape constant for velocity. From trajectory results, 

Wood suggests values of m 0.3 and 4. = 6.8. The shape constant for buoyancy 

appears only in the relationship for the dilution of the flow, which necessitated the use 

of dilution results to determine this constant. Uncertainty in the measurement of 

dilution in vortex-like flows, due to the presence of sub-thermals in the flow and to the 

fact that the minimum dilution is not conveniently located on the flow centreline as in 

the case of Gaussian distribution of concentration, lead to uncertainty in the shape 

constant for buoyancy. However, Wood suggests that a value of I.;lv = 2 is appropriate 

for the minimum dilution. 

The complete model 

The equations of motion have been derived for the region dominated by the excess 

velocity, in which the velocity distribution is assumed to be Gaussian, and for the 

region dominated by the ambient flow, in which the excess velocity perpendicular to 

the flow direction is assumed to induce a vortex-like velocity distribution. Wood has 

located the transition between these two flow regions from experimental data, and 

matched the flow conditions on either side of the transition. From analysis of the data 

of Wright (1977), Wood has suggested that the Gaussian to vortex-like flow transition 

occurs over a short distance which can be regarded as abrupt, and that it will occur at 

the point where the ratio of excess Gaussian velocity to ambient velocity falls below a 
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threshold value. A threshold of De/Do:> = 0.95 k b-
2/3 was detennined by Wood. Initial 

conditions for the vortex-like flow region are provided by equating the excess 

momentum and buoyancy fluxes in the Gaussian and vortex-like flows on either side of 

the transition. The initial conditions for the equations in the near field region are 

provided by the conditions at the end of the zone of flow establishment. In the region 

where the excess velocity distribution is Gaussian, new tenns have been introduced into 

the momentum equations to account for the effect of the flowing ambient fluid on the 

entrainment into the buoyant jet. 

The model of Chu and Lee (1994) 

An alternative model describing a buoyant jet in a flowing ambient fluid has been 

presented by Chu and Lee (1994). In this model the equations of motion have been 

written using an integral approach, which is similar to that of Wood et al. (1993) but 

which has some essential differences. The model of Chu and Lee does not make any 

explicit assumption on the shape of the velocity distribution or the way in which it 

might vary for different flow regions. The equations of motion are instead derived 

using representative values of width and velocity, which essentially assumes a top-hat 

distribution of velocity. The model describes the change in behaviour from the near 

field region where the excess velocity dominates, to the far field region where the 

ambient velocity dominates, by modifying the spread assumption to consider the spread 

due to the excess velocity components perpendicular and tangential to the ambient flow 

separately. For the far field flow region, where the excess velocity perpendicular to 

the flow is important, Chu and Lee have included an added mass coefficient which is 

intended to allow for the effect of the motion of the irrotational fluid outside the 

buoyant jet on the momentum of the jet. Wood accounts for this effect in the shape 

constants which are detennined from experiments. The spread relation is: 

(11.33) 

where b is the representative width, Ues and uen are the components of the excess 

velocity tangential and perpendicular to the ambient flow, and (38 and (3n are the spread 

constants for the two directions. Chu and Lee have detennined the value of the spread 

constant for the tangential velocity component from the limiting case of a buoyant jet 
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in a stationary ambient. Experimental values for the spreading rate of a Gaussian 

velocity distribution have been modified by a shape factor to allow for the assumed top

hat velocity distribution, which gives a spread rate of {3g = 0.153. For the spread rate 

of the perpendicular velocity component a value of {3n 0.4 was shown to give the 

correct trajectory relationships for the limiting cases of a momentum vortex and an 

advected thermal. An equation for a flux-averaged dilution is obtained from the 

equations for the representative values of velocity and width. 

The models proposed by Wood et al. (1993) and Chu and Lee (1994) for a buoyant jet 

in a flowing ambient fluid are shown by their respective authors to perform adequately 

in describing the flow limiting cases. The similarities between the models include the 

fact that both are derived from the equations of motion and a spread assumption, and 

both rely on experimental data for the determination of constants in the final equations. 

The advantage of the integral model proposed by Wood is that while it makes additional 
-

assumptions on the velocity distribution, it provides an added insight into the flow 

behaviour in the different regions. The Wood model, by including assumed 

concentration distributions, provides information on the minimum time averaged 

dilution at any cross-section, whereas the Chu and Lee model is only able to provide 

a flux-averaged dilution. Users of the Wood model are made aware of the regions 

where the flow has Gaussian and vortex-like distributions of velocity and buoyancy. 

Users of the Chu and Lee model are not aware of the two flow regions, but for this 

reason the model is simpler in that one set of equations applies to both flow regions. 

-
11 performance of the theoretical model 

To demonstrate the behaviour predicted by the theory, the measured trajectories and 

dilutions of a single buoyant jet in a co-flow will be compared to those predicted by a 

model, named DSING2, that is based on this theory. Included in the model are the 

terms which were introduced in this study to account for the effect of the asymmetric 

entrainment on the momentum of the buoyant jets. The model DSING2 was based on 

the model ZPLMFL which was written by Professor Ian R. Wood but which does not 

include the effects of the asymmetric entrainment. An adjustment factor of 4/3 is 

applied to the initial specific flow momentum in both models to account for laminar 
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flow at the port. 

The measured and predicted flow trajectories are presented in Figure 11.4. The 

ambient velocity has been varied over a large range from zero to a velocity strong 

enough to result in the advected thermal type of behaviour. The heavy lines represent 

the model DSING2 with the asymmetric entrainment terms included, and the light lines 

represent the original model ZPLMFL. Good agreement is shown between the theory 

and experiments for the stationary ambient fluid case. The strength of the ambient 

velocity is described by the ratio of the ambient velocity to the port velocity; Ur = 

Uc,,!Uo. In the experiments with the small ambient velocities of Ur = 0.017 and 0.029, 

the model indicates that the flows behaved as advected buoyant jets. The figure shows 

that the introduction of the asymmetric entrainment momentum terms has improved the 

agreement of the predicted and measured trajectories for these experiments. The 

deflection of the advected buoyant jets is still slightly under-predicted by the theory but 

the agreement is quite satisfactory. The buoyant jets discharged into the two strongest 

currents exhibited advected thermal type behaviour and their trajectories are predicted 

well by the modeL 
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Figure 11.4 - Trajectories of a single buoyant jet in a co-flowing ambient fluid 
compared to those predicted by the numerical model DSING2; Fro = 9.2 
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For the same experiments the measured and predicted flow dilutions are presented in 

Figure 11.5. For the experiment with the smallest ambient velocity, where the buoyant 

jets is behaving as an advected buoyant jet, good agreement between the predicted and 

measured dilutions is obtained. However for the experiment with Dr = 0.029, the 

dilution is under-predicted by the modeL In this experiment it is possible that while the 

model has predicted that the buoyant jet is behaving as an advected buoyant jet, the 

actual behaviour might be that of an advected thermaL The predicted dilution would 

be less than the actual dilution as a result. The criterion for the transition to an 

advected thermal of De/D"" = 0.95 kb-
213

, was determined from a large number of 

experiments and the result from one experiment does not provide sufficient evidence to 

adjust the criterion. For the two experiments with the largest ambient flow velocities, 

where the buoyant jets are behaving as advected thermals, the predicted dilutions agree 

with the measured dilutions. The inclusion of the new momentum term to account for 

the asymmetric entrainment has had little effect on the predicted flow dilution. The 

new momentum terms are expected to mostly affect the trajectory of the flow. 
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Figure 11.5 - Dilutions measured in a single buoyant jet in a co-flowing ambient 
fluid compared to those predicted by the numerical model DSING2; Fro = 9.2 
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The inclusion of the new asymmetric entrainment terms in the integral model has been 

shown to result in a performance improvement when compared to a limited amount of 

experimental data. Unfortunately, the deficiencies in the original model were only 

found once the experimental programme was complete. It remains for future 

researchers to verify the modified model against more experimental data. Plenty of 

experimental data is available for the case of advected thermals, (for example Knudsen, 

1988 and Davidson, 1989) however, to test the new terms, more data is needed on 

advected buoyant jets. In particular, the inflow velocities into the plume need to be 

measured, and the spreading rate of the width measured perpendicular to the excess 

velocity db/dseg , should be examined. 
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Chapter 12 

The eory Merging Buoyant Jets 

in a Flowing Ambient Fluid 

An interesting flow situation occurs where merging buoyant jets from a mUlti-port 

diffuser are discharged into a current flowing perpendicular to the diffuser axis. The 

axi-syrnmetric buoyant jets merge at a distance beyond the diffuser to form a plane 

buoyant jet, and if the ambient flow is strong enough that it cannot be completely 

entrained into the merged buoyant jets, a strong deflection of the merged region of the 

buoyant jets will result. In this situation, the deflection of the buoyant jets to a level 

beneath the surface, and any subsequent increase in the mixing of the effluent, will be 

favourable and the flow behaviour is of considerable interest. 

.. 1 The flow 

The effect of a current on the flow from diffusers with horizontal ports will be 

examined. The wastewater diffuser may be configured with ports on one side of the 

diffuser or with ports arranged on alternate sides of the diffuser. In the first situation, 

the current may flow in the same direction (a co-flow) or the opposite direction (a 

counter-flow) to the direction of the ports. The first configuration to be examined is 

that which occurs where the merging buoyant jets are discharged uni-directionally from 

one side of a diffuser in the presence of a co-flowing current. The array of merging 

buoyant jets will be assumed to be infinitely long such that the flow in the ambient fluid 

and in the merged plane buoyant jet may be assumed to be two-dimensional. 

Where there is only a small ambient co-flow, which is much less than the entrainment 

velocity of a plane buoyant jet in a stationary ambient fluid such that V <Xl I Va ~ 1, the 

merging buoyant jets are simply advected and weakly deflected by the flow. An 

idealisation of this flow behaviour is sketched in Figure 12.1 a). Each individual 

buoyant jet retains its axi-syrnmetric shape for a distance before merging with 

neighbouring jets to form a plane buoyant jet. The merged plane buoyant jet flows 
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upwards and entrains fluid from the flowing ambient fluid. In the first instance, any 

pressure difference in the ambient fluid on the upstream and the downstream sides of 

the merged buoyant jets will be neglected. The small velocity in the ambient fluid adds 

to the entrainment velocity. This implies that more entrainment takes place on the 

upstream side of the buoyant jets while the entrainment on the downstream side is 

reduced such that the total amount of entrainment is retained. 

In addition, there is a gap between the bed and the diffuser, and between the unmerged 

rising plumes through which the ambient co-flow can pass. If the area of the gap is 

small, restriction of the entrainment into the adjacent regions of the buoyant jet will 

lead to a pressure change and the Coanda effect. This will cause the buoyant jets to 

cling to the bottom flow boundary (Sharp and Vyas, 1987). In the experiments the 
-

distance between the diffuser and the water surface, which represents the bottom 

boundary in the prototype orientation, was sufficiently large that this did not occur. 

For the case of no ambient flow, the solution provided by the model FPMERG, with 

the Coanda effect not included, was in good agreement to the experiments. This 

suggests that the Coanda effect will not be important for this flow geometry. 

Merging of the buoyant jets into a plane flow over the flow width leads to a pressure 

difference on either side of the flow. This pressure difference results in a pressure 

force on the buoyant jets in the merged region which deflects the trajectory. However, 

the pressure deficit in the region behind the merged plume will also increase the inflow 

velocity towards the downstream side of the plume. An idealisation of this flow 

behaviour has been sketched in Figure 12.1 b) which represents the situation where the 

ambient flow is approaching the entrainment velocity of a plane buoyant jet in a 

stationary ambient fluid, V 00 I Vo; < 1. 

In this situation, the entrainment into the upstream side has increased to include the 

ambient flow while the entrainment into the downstream side has reduced. When the 

ambient flow exceeds that which can be entrained into upstream side of the merged 

buoyant jets or leak beneath them, then either the ambient flow will penetrate the 

merged plane plume, or the plane plume will become horizontal and the ambient flow 

will pass above it. The evidence suggests that the ambient flow does nO.t penetrate the 
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plume and this leads to a criterion for the transition from a weakly deflected to a 

strongly deflected flow. The entrainment into the far field of a plane plume in a 

stationary ambient fluid is proportional to the centreline velocity which is constant: 

Ve/q~o21/3 = 1.66, (from Chapter 4). Vsing an entrainment coefficient of ex = 0.106 

from Kotsovinos (1975) gives an entrainment velocity of: Vj~021/3 = 0.176. 

Supposing that in the limiting case the merged buoyant jets can entrain into the 

upstream side a velocity which is twice that entrained by a plane plume in a stationary 

ambient fluid, while on the downstream side the entrainment approaches zero such that 

the total entrainment is retained, then the criterion is: Vo:> = Va> and CF = Voo/~021/3 

= 0.176. However, as this limit is approached, the pressure deficit in the downstream 

region will increase the inflow to the downstream side of the plume, and the flow of 

ambient fluid towards the upstream side will be reduced by ambient fluid leaking 

through the gap between the jets and the bottom flow boundary. The weakly deflected 

orientation will therefore be able to be retained with an ambient velocity slightly greater 

than the entrainment velocity. The theoretical criterion does not take this into account 

and it represents a lower limit on the critical ambient velocity. For the case where the 

ambient velocity exceeds the critical value, the idealised flow is as sketched in Figure 

12.1 c). 

When the co-flow velocity exceeds the critical value there are three regions in the flow. 

In the first region, the buoyant jets have yet to merge and each jet retains its 

approximate axial symmetry. Where the buoyant jets have merged, their trajectory is 

affected by a pressure difference which is a function of the jet spacing and the area of 

flow beneath the diffuser. The pressure difference between the upstream and 

downstream sides of the merged buoyant jets forces the second region to become almost 

horizontal. At this region the horizontal excess velocity will be small and the effluent 

is advected. The almost horizontal flow entrains vigorously on the upper side and is 

hydrostatically unstable. This leads to an array of convection cells with the less dense 

effluent rising to the upper surface of the jet. Each individual cell has a region where 

the less dense fluid is flowing upwards and a surrounding region where the less dense 

fluid is going in the downward direction. Once the upper ambient fluid penetrates the 

lower layer then the pressures in the ambient fluid above and below the buoyant jet 

equalise and the buoyant flow rises as an advected and weakly deflected plume. This 
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is the third region. 

ELEVATION END ELEVATION 

Figure 12.1 - Sketch of the idealised behaviour o/merging buoyant jets in a co
flowing ambient fluid, a) the ambient velocity is very small U ""IUCt. ~ 1 

ELEVATION 

b) the ambient velocity is approaching the critical velocity U <::I>IUCt. < 1 



Axi-symmetric 
region 

Ambient flow 
leaks between 
axi~symmetric 
buoyant jets 
and beneath 

diffuser 

Merged region 

PLAN 

Ambient flow is unable 
to penetrate to curtain 
formed by the merged 

buoyant jets and 
deflection results 

Leakage of ambient flow 
through the advected 
thermals and beneath 
the diffuser allows the 
advected thermals to 

escape upwards 

c) the ambient velocity is greater than the critical velocity U ""IU", ~ 1 

199 

This implies that in addition to the fluxes of volume, buoyancy and excess momentum 

per unit width, other variables that are important are the ambient velocity, the port 

spacing and the height of the diffuser above the bottom surface. The ambient velocity 

and the two geometric properties determine the properties of the ambient flow above 

and below the buoyant jets. Mendez-Diaz and lirka (1994) considers that the later two 

variables control how 'leaky' the plume will behave. 

Dimensional analysis can be used to obtain suitable parameters to describe the flow. 

Parameters describing the flow behaviour, such as the flow dilution, trajectory, width, 

and also the flow structure, will depend on the following dimensionless parameters: 
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ps h 1 
'd'd p p 

(12.1) 

In the far field the initial excess momentum will not be important, and the important 

terms are the cross-flow number CF = U""/(qAo/psY'3, and the diffuser geometry. 

In situations where the ambient velocity is small in comparison to the entrainment 

velocity into the merged buoyant jet, the merged buoyant jet will rise through the 

ambient fluid with a trajectory which is weakly deflected by the ambient flow. 

Mendez-Dfaz (1992) suggested that the slope of the trajectory in the region remote from 

the diffuser is related to the cross-flow number in the following manner: 

dz 
dx 

(12.2) 

Experimental data must be used to find the constant, ·ct , and the effects of the diffuser 

geometry are not included in the relationship. Roberts (1979), based on experimental 

evidence, suggested that the dilution of a plane plume at the level of the surface in a 

very weak current was independent of the current velocity. These empirical 

observations can be used to predict the flow behaviour in the region remote from the 

diffuser, however a greater degree of understanding can be gained by developing an 

integral model to describe the problem. The effect of the diffuser geometry can be 

included in such a modeL 

.. 2 theory 

The equations of motion will be derived in an integral analysis for the case where the 

ambient velocity is smaller than the entrainment velocity. This is a very difficult flow 

situation and more work remains to be done before it is fully understood, however the 

analysis presented here provides a first attempt at describing the flow behaviour. In 

particular the concept of a pressure force on the merged buoyant jets is introduced for 

the first time in an attempt to explain the deflection of the flow trajectory beyond the 

point of merging. The effect of the ambient velocity on the entrainment velocity field 

will be included as it was in the axi-symmetric flow case. 
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This theory will be very similar to the integral analysis described in the previous 

chapter for a single buoyant jet in a co-flow, However, the equations will be derived 

for a single jet in the array which is assumed to be contained within planes of symmetry 

perpendicular to the y axis and located midway between the ports (see Chapter 4, 

Figure 4.2), The shape constants for a single jet in an array of merging jets will be 

used. The equations derived in this section will apply to the region in the merging 

transition and the merged flow region, where the entrainment velocity field is assumed 

to be two-dimensional. The equations for the region before merging, where the 

entrainment velocity field is axi-symmetric, have been derived in the previous chapter. 

The distributions of excess velocity and buoyancy will be assumed to follow a Gaussian 

relationship over a cross-section oriented perpendicular to the direction of the excess 

centreline velocity of the jets, as is shown by Figure 12.2 a) and as described in 

equations (12.3) and (12.4). 

~:: exp - ( ~: 1 (12.3) 

(12.4) 

z 

Figure 12.2 - Definition sketch for the analysis of merging buoyant jets in a co
flowing ambient fluid; a) the assumed velocity distribution 



202 

Uasincx, - Uoo 

Ua - Uoosina, 
Uexcosu, ~ 

b) the control volume showing the horizontal, venical and perpendicular components 
of the inflow velocity 

The equations of motion will be applied to the fixed control volume sketched in Figure 

12.2 b) of unit length into the page. The entrainment velocity is assumed to be 

proportional to the excess plume velocity, and it is assumed to be constant with distance 

from the plume and directed towards the plume at an angle perpendicular to the excess 

velocity. As in the axi-symmetric flow case, the inflow velocity into the control 

volume is assumed to be equal to the vector sum of the ambient velocity in the x 

direction, and the entrainment velocity field in the plane perpendicular to the excess 

velocity. This results in a greater horizontal inflow into the upstream side by a value 

of twice the ambient velocity. Results which are presented in the following chapter for 

one experiment show that the actual difference between the inflow into either side is 

less than this value. The difference between the inflow into either side may have been 

reduced by the low pressure region downstream of the plume increasing the flow 

towards the downstream side of the plume. The inflow assumption is considered to be 

satisfactory for the first attempt at describing the problem. The inflow velocities on 

either side of the buoyant jet are shown in Figure 12.2 b). 

In conservation of volume flux equation the contributions to the inflow due to the 

ambient velocity cancel: 



B 

~ f (Ueg +V<x>cosar)dr - (Va+V<x>sinar) (Va-V",sinar) = 0 
dSeg -B 

B 

~ f (Ueg + V 00 cos a r) dr 
dSeg -B 

2V =0 a 
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(12.5) 

The momentum equation equates the resultant force acting on the control volume to the 

net efflux of momentum from the control volume: 

-

EF 
p 

dM --
-ds +M +Md ds eg u 

eg 

(12.6) 

Where Mu and Md represent the net efflux of momentum due to the entrainment of 

ambient fluid into the upstream and downstream sides of the merging buoyant jets. The 

net efflux of specific momentum due to the inflow on the upstream side is: 

Mu = -(Va + V",sinar) [(Vasinar + V",)1- (Vacosar) f] dSeg 

= -[V;sinar+VaV""+V",,Vasin2ar+V!sinarF dSeg 

-[ V;cosar-V""Vasinarcosar]f dSeg 

While the efflux of momentum due to the inflow on the downstream side is: 

Md -(Va V"" sinar) [( - Vasinar + V 00)1 + (Vacosar) f] dSeg 

= -[-V;sinar+Vav""+V""V,,,sin2a r V!SinarF dSeg 

-[ V;cos a r - v'" V asinarcosar) f dSeg 

(12.7) 

(12.8) 

Also, the force of the pressure difference across the merged buoyant jets will be 

included in the conservation of momentum equation. This term will only apply to the 

region of the flow beyond the point where the jets have begun to merge, at blps = 0.3. 

In the single plume case, the flow past the plume is irrotational and the potential flow 

solution for steady flow past a cylinder indicates zero drag on the plume (Liggett, 1994, 

p. 104). Where the buoyant jets have merged the flow is no longer described by the 

potential flow solution and there is a pressure force. Based on a dimensional analysis, 

it is suggested that the resulting pressure difference across the buoyant jets is 

proportional to the square of the ambient velocity, Ap = cp p V 00 
2, where cp is a 
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coefficient to be determined. The pressure force on the control volume is: 

2 /\ /\ 
Fp CppUoo(sinari -cosark )dseg 

(12.9) 

The equation for the conservation of horizontal momentum can now be written as: 

dM Fpx 
__ x ds +M +M 
ds eg ux dx eg p 

(12.10) 

which becomes: 

B 

d~ I (Ueg + Uoocosar)(U oo + uegcosar)dr 
eg -B (12.11) 

In which the terms with UQU oo and CpU002 are the terms introduced to account for the 

asymmetric entrainment and the pressure force respectively. This equation can be 

simplified by subtracting from it the continuity equation multiplied by U 00' and setting 

the limits of integration to infinity: 

"" 
~ f (ueg + U""cosar)uegcosardr 
ds eg -00 

2 Uo: Uoosin2 a r = cpU! sinar 
The equation for the conservation of vertical momentum is: 

<XI 

~ J (ueg + U co cosar) ueg sinar dr 
dSeg -co 

co 

Al dr - cp Uoocosar f 
- 2 

-00 

(12.12) 

(12.13) 

where the terms on the right hand side represent the buoyancy force and the vertical 

component of the pressure force. The conservation of buoyancy flux equation is: 

00 

~ f AI (ueg + Uoocosar )dr = 0 
dSeg -00 

(12.14) 

The shape constants for merging buoyant jets can be used to simplify these equations, 

which will now be written for a single jet within planes of symmetry placed midway 

between the ports. The horizontal momentum equation becomes: 



Similarly, the vertical momentum equation is: 

d~ [1m2 U;g bps sincxr + Iq2 U eg U "" bps sincxr cos cxr] 
eg 

The buoyancy flux equation becomes: 

d - -
- [I1l2 A U"", bps coscxr + Iqll2 A Ueg b Ps] = 0 
dSeg 

The geometric relationships are the same as for the single jet: 

dx Uegcoscxr + U"" 

dSeg coscxr 

and: 

dz Uegsincxr 

dSeg Ueg + U"" coscxr 
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(12.15) 

(12.16) 

(12.17) 

(12.18) 

(12.19) 

The spread relationship, modified for the presence of a current, is again used as the 

closure equation for the system of equations: 

db := k Ueg 
dSeg b U

eg 
+ U 00 cos cxr 

(12.20) 

A relationship for the entrainment velocity is required to evaluate the entrainment terms 

in the momentum equations. In Chapter 4, the following relationship was derived for 

the entrainment velocity in a buoyancy dominated plane plume: 

U = Iq2 db U 
a ds eg 

eg 

(12.21) 

The spreading rate in this equation will be modified for the stretching effect of the 

ambient velocity. The modified relationship will be used to estimate the entrainment 

terms in the momentum equations. 

2 
Iq2 Ueg 
- k ==----=-=--
2 b U + U coscx eg "" r 

(12.22) 
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Results presented in the following chapter from one experiment with merging buoyant 

jets indicate that the entrainment velocity predicted with this relationship is within 10% 

of that measured in the region upstream of the plume. In this analysis, the ambient 

velocity is small, Do> «€ Deg, and equation (12.22) is expected to give a satisfactory 

approximation of the entrainment. 

The system of equations can be solved by a standard ordinary differential equation 

solving program, however a value for the pressure coefficient cp is needed. A value 

of the coefficient will be determined by fitting the trajectory predicted by the model to 

the measured trajectories of closely spaced buoyant jets weakly deflected by small co

flowing currents. It is expected that the pressure coefficient will depend on the 

geometry of the diffuser, particularly on the diffuser height and the port spacing. 

Strongly deflected merging buoyant jets 

Where the ambient velocity is greater than the critical velocity indicated by the criterion 

CF = 0.176, the buoyant plumes in the region beyond merging will be strongly 

deflected. In the strongly deflected region of the flow, the model for small co-flowing 

currents will not be applicable. However, the model for a single buoyant jet in a 

current can be used to predict the flow behaviour in the region where the buoyant jets 

have yet to merge. The model will predict the position of the point of merging, which 

determines the depth at which the horizontal strongly deflected region is located. 

In the strongly deflected region, the effluent will be advected by the current with only 

a small amount of excess momentum and the behaviour of the flow will be controlled 

by the mixing on the almost horizontal and unstable upper surface. The strongly 

deflected region will end where the flow has mixed sufficiently that the ambient fluid 

penetrates through the plume and equalises the pressure on either side of the flow. The 

position of this point is expected to depend on the strength of the ambient flow and the 

buoyancy flux of the merged buoyant jets, which are described by the cross-flow 

number. 

Beyond the point where the strongly deflected region ends, the flow will behave as a 
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weakly deflected plume. In this region, the flow trajectory is expected to be described 

by the dimensionless trajectory law in equation (12.2). 

12 .. 3 The performance of the theoretical model 

The model DMERG4 is based on the theory introduced in the previous section. It 

describes the behaviour of the merging buoyant jets in a small co-flow which is less 

than the critical co-flow required to strongly deflect the flow. A pressure term is 

included in the model to account for the extra deflection by the pressure difference 

across the merged flow region. In both the axi-symmetric region and the merged 

region, terms have been included to account for the effect of the asymmetric 

_entrainment on the plume momentum. An adjustment factor of 4/3 is applied to the 

initial specific flow momentum in both models to account for laminar flow at the port. 

The performance of the theoretical model will be demonstrated by comparing measured 

and predicted trajectories and dilutions of merging buoyant jets in a co-flow. The 

performance of the model with and without the pressure term will be compared. 

The measured trajectories of merging buoyant jets in a co-flow, have been compared 

to those predicted by the model DMERG4 in Figures 12.3 and 12.4. The trajectories 

of merging buoyant jets with a range of port spacings have been plotted in Figure 12.3. 

In the experimental study the critical value of the cross-flow number was found to be 

in the range CF = 0.4 to 0.5. This is greater than the lower limit set by the theoretical 

value of CF = 0.176. The experiments in Figure 12.3 have cross-flow numbers of CF 

= 0.3 which is less than the critical value. Also plotted are the measured and predicted 

trajectories of merging buoyant jets in a stationary ambient fluid. The heavy lines 

represent the predicted trajectories with a pressure coefficient included, while the light 

lines represent the predicted trajectories with a pressure coefficient of cp = 0 which 

equates to no pressure term. 

A coefficient of cp = 3 was found to provide good agreement between the predicted and 

measured trajectories. A comparison of the predicted trajectories with and without the 

pressure term shows that a vast improvement is achieved with this new term. The 

pressure term affects the trajectory beyond the point where merging begins. For the 
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large port spacing the position of this point, which is predicted by the model with a 

criterion of blps = 0.3, is observed to agree with the point where the deflection of the 

buoyant jets is increased by the merging at z/dp = 90. The agreement for the 

intermediate port spacing is not as good. It is surprising that the same value of the 

pressure coefficient appears to be appropriate for all port spacings. It was expected that 

the amount of pressure difference would be a function of the amount of leakage of 

ambient fluid between the merging jets and the flow boundary. The pressure coefficient 

was expected to decrease with increasing port spacing and increasing diffuser height. 

The evidence suggests that the coefficient is independent of the port spacing. 
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Figure 12.3 - Trajectories of merging buoyant jets weakly deflected by a collowing 
ambient fluid compared to those predicted by the numerical model DMERG4; Fro = 

9.2, CF = 0.3 

Figure 12.4 shows the predicted and measured trajectories for a range of cross-flow 

numbers from CF = O. 16 to 0.4. The agreement is good for the lower two cross-flow 

numbers, however the deflection is over-predicted for CF = 0.4. In this experiment 

the cross-flow number is at the lower limit of the measured transition CF = 0.4 to 0.5. 

As the critical ambient velocity is approached, the pressure deficit downstream of the 

merged plume is expected to cause a strong flow towards the downstream side of the 
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plume. This is expected to render inaccurate the assumptions made about the 

entrainment, and the effect of the asymmetric entrainment on the horizontal momentum 

will be over-estimated causing the trajectory deflection to be over-predicted. For cross

flow numbers of up to CF = 0.3 the model performs reasonably well with a constant 

pressure coefficient of cp = 3, and for cross-flow numbers in the transition range the 

deflection is over-predicted. 
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Figure 12.4 - Trajectories of merging buoyant jets weakly deflected by a co-flowing 
ambient fluid compared to those predicted by the numerical model DMERG4; p/dp 

9.3, Fro = 9.2 

The dilution growth measured in the weakly deflected merging buoyant jets with CF = 

0.3 has been compared to that predicted by the theoretical model in Figure 12.5. Also 

plotted are the measured and predicted dilutions for merging buoyant jets in a stationary 

ambient fluid. The dilutions predicted by the model for the weakly deflected buoyant 

jets are between 25% and 30% less than those measured. This discrepancy suggests 

that the width growth of the weakly deflected merging buoyant jets is slightly under

estimated by the model. The spread rate of buoyant jets in a flowing ambient is an area 

that is not well understood. The predicted dilutions were found to be improved only 

slightly by the inclusion of the pressure term. For clarity, the dilutions predicted 
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without the pressure term have not been plotted. No dilution data was measured for the 

experiments plotted in Figure 12.4 with cross-flow numbers other than CF = 0.3. 
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Figure 12.5 - Dilutions measured in merging buoyant jets weakly deflected by a co
flowing ambient fluid compared to those predicted by the numerical model DMERG4; 

Pro = 9.2, CP = 0.3 

The performance of the model has also been evaluated against the trajectories of 

merging buoyant jets measured by Mendez-Diaz (1992). These trajectories are from 

two experiments where the ambient velocity was less than the critical velocity required 

to strongly deflect the merging buoyant jets, and they have been plotted in FIgure 12.6. 

In the experimental configuration used by Mendez-Diaz the ratio of diffuser depth to 

the total flow depth was hfH = 0.18, which should be compared to the diffuser depth 

of hfH = 0.09 in this study. A greater leakage of ambient fluid beneath the diffuser 

is expected in the experiments of Mendez-Diaz, and it is suggested that the pressure 

coefficient in the model should be reduced to account for this. A coefficient of cp = 

1 was used in the model and this was found to provide good agreement between the 

measured and predicted trajectories for both cross-flow numbers. The value of the 

pressure coefficient appropriate for the model has decreased with increasing diffuser 

height as expected, and it is independent of the cross-flow number. 
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Figure 12.6- Trajectories from Mendez-DEaz (1992) of merging buoyant jets weakly 
deflected by a co-flowing ambient fluid compared to those predicted by the numerical 

model DMERG4, p/dp = 6.8 

In the situation where the ambient velocity is greater than the critical velocity and the 

merged buoyant jets are strongly deflected, the model DSING2 can be used to predict 

the flow behaviour in the region up to the point of merging, and from this the predicted 

depth at merging can be obtained. The depth at merging will provide an estimate of 

the depth of the approximately horizontal strongly deflected flow region. Figure 12.7 

shows the measured trajectories of strongly deflected merging buoyant jets with three 

port spacings compared to the predicted trajectories ofaxi -symmetric buoyant jets with 

the same ambient conditions. The predicted trajectories end at the point where the 

merging is estimated to begin at blps = 0.3. The figure shows that the measured 

trajectories of the merging buoyant jets are deflected to a greater extent than the 

predicted trajectories of the axi-symmetric buoyant jets. It appears that the merging 

buoyant jets are deflected in the region before the onset of merging at blps = 0.3. In 

this region the jets have not yet merged but the flow is partially blocked by the jets 

spreading towards each other. The axi-symmetric model provides a good estimate of 

the depth of the strongly deflected region. The predicted depth is shown by Table 12.1 



212 

to be between 10% and 46 % greater than the measured depth for the three port 

spacings. 
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Figure 12.7- Trajectories of merging buoyant jets strongly deflected by a co-flowing 
ambient fluid compared to those predicted by the numerical model DSING2 for the 

axi-symmetric flow region; Fro = 9.2, CF 0.7 

pJdp measured predicted 
depth, z/dp depth, z/~p 

9.3 5 6 

28 29 32 

46 52 76 

Table 12.1 - The pedicled and measured depth of the 
strongly deflected region for merging buoyant jets in a 

co-Jlow 
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The flow occurring when horizontal uni-directional merging buoyant jets are discharged 

into an ambient fluid which is flowing in the same direction as the jets has been 

examined. Results will be presented in this chapter to show that different flow regimes 

can occur depending on the strength of the ambient flow velocity. The flow structure 

observed in the different regimes will be described. The entrainment velocities 

measured in the ambient fluid will be presented and will be shown to be related to the 

flow regime . 

.. 1 Flow 

The basic flow configuration considered in the experimental study was that of a uni

directional array of horizontal buoyant jets discharged into a co-flowing current. 

Vertical flow boundaries were positioned at either end of the array of buoyant jets such 

that the flow approximated that which would occur in an array of infinite length. The 

diffuser was positioned a distance of 100 mm or 30.9 ~ from the water surface, which 

represents the bottom flow boundary in the prototype orientation. This distance was 

marked as h in Figure 12.1. A large distance h will allow ambient fluid to leak beneath 

the diffuser and this may affect the deflection of the merging buoyant jets. A small 

distance h may result in the 'Coanda' effect where the flow attaches to the bottom flow 

boundary. The distance of h = 30.9 dp was sufficiently large in these experiments that 

the Coanda effect did not occur, and it resulted in a considerable amount of leakage 

below the diffuser. Experiments were undertaken with buoyant jets with port Froude 

number of Fro = 9.2, discharged at a variety of port spacings into a current with 

various velocities, U 00' 
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The effect of the co-flowing current on the merging buoyant jets is shown by the 

collection of single frame images presented in Figures 13.1 to 13.5. The single frame 

images are from experiments with buoyant jets with Froude number Fro = 9.2, spaced 

at pJ~ = 9.3 and discharged into a current with a variety of strengths flowing from 

left to right. The strength of the ambient velocity is described by the dimensionless 

cross-flow number, CF = U",,/(Cko/pJ1I3 which was introduced in Chapter 12. The 

images in Figures 13.1 to 13.5 were captured from experiments with cross-flow 

numbers ranging from-CF = 0.15 to 0.68. The images have been processed to show 

contours of flow dilution, and they are presented with the z axis which was measured 

downwards in the negatively buoyant jet experiments oriented upwards on the page to 

represent the prototype orientation of a positively buoyant effluent discharge. In the 

text, the directions 'up' and 'down' will refer to the prototype orientation as presented 

in the figures. In this series of experiments (series 'A') the laser sheet was positioned 

to measure dilutions on a plane midway between two central ports, and the laser sheet 

has therefore not illuminated the flow in the short axi-symmetric region. The vertical 

bands running through some images are where the tank supports have obscured the 

camera view. 

The collection of images in Figures 13.1 to 13.5 show that as the ambient current 

velocity was increased the merging buoyant jets were deflected as expected. 

Furthermore, the flow behaviour can be divided into two distinct flow regimes. In 

Figures 13.1 to 13.3 where the cross-flow number was in the range CF S; 0.40, the 

merging buoyant jets retained a plume-like shape and flowed upwards over a weakly 

deflected trajectory. Where the co-flow velocity was increased to give cross-flow 

numbers of CF > 0.50, Figures 13.4 and 13.5 show that the merging buoyant jets were 

strongly deflected by the ambient flow. In this flow regime, the buoyant jets were 

deflected to a horizontal orientation and the ambient flow passed above the effluent. 

The image in Figure 13.5 b) shows a section further downstream of the strongly 

deflected buoyant jet. At this distance the lower boundary of the flow is still 

approximately horizontal while the effluent has spread over a large extent of the flow 

depth. In Figure 13.4, the strongly deflected flow region has ended at a distance of x 

= 700 mm or 216~. At this point the image shows that the merged buoyant jets have 

resumed an upwards oriented trajectory. It is suggested that this has occurred because 
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the flow has become diffuse and leaky, and the merged buoyant jets have been able to 

flow upwards while the ambient flow leaks through them. Leakage beneath the diffuser 

will also contribute to the flow of ambient fluid from the upstream side to the 

downstream side of the merged buoyant jets. 

The deflection of the flow trajectories in both flow regimes is due to a blocking effect 

of the merging buoyant jets. The buoyant jets merged at a small distance beyond the 

source to form a plane buoyant jet which, if it were to flow upwards, would have 

blocked the oncoming ambient flow. Where the ambient flow velocity is small, the 

merged buoyant jet is able to entrain all of the oncoming flow and the weakly deflected 

flow regime occurs. As the ambient flow velocity is increased beyond that which can 

be entrained by the merged buoyant jet, the flow is strongly deflected. Results will be 

presented later in this chapter which will confirm that the transition from a weakly 

deflected to a strongly deflected flow occurs where the ambient velocity surpasses that 

which can be entrained by the merging buoyant jets if they retained the weakly 

deflected orientation. The transition from a weakly deflected flow to a strongly 

deflected flow occurred at a value of the cross-flow number of between 0.40 and 0.50, 

and this should be compared to the theoretical critical value of CF = 0.176 derived in 

the previous chapter. The theoretical value represents a lower limit to the true value 

which is more than twice as large. This indicates that at the transition, the ambient 

velocity is approximately twice that which would be entrained into a plane plume in a 

stationary ambient fluid. 
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Figure 13.1 - A typical single frame image showing contours of dilution in merging 
buoyant jets weakly deflected by a co-flow; Fro = 9.3, p/dp = 9.3, CF = 0.15. 
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Figure 13.2 - A typical single frame image showing contours of dilution in merging 
buoyant jets weakly deflected by a co-flow; Fro = 9.2, P /dp = 9.3, CF = 0.30. 
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Figure 13.3 - A typical single frame image showing contours of dilution in merging 
buoyant jets weakly deflected by a co-flow; Fro = 9.2, p/dp = 9.3, CF = 0.40. 
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Figure 13.4 - A typical single frame image showing contours of dilution in merging 
buoyant jets strongly deflected by a co-flow; Fro = 9.2, p/ dp = 9.3, CF = 0.50. 
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13.2 Observed flow structure 

The single frame images can be used to examine the flow structure occurring in the 

weakly and strongly deflected flow regimes. In particular the symmetry of the eddies 

on either side of the merging buoyant jets will be examined. In Figure 13.1, the 

buoyant jets have been deflected by a very small ambient velocity corresponding to CF 

= 0.15. The eddies on either side of the merged buoyant jet are of equivalent size and 

the flapping pattern observed in merging buoyant jets discharged into a stationary 

ambient fluid is present. When the ambient flow was increased to give CF = 0.30, 

Figure 13.2 shows that the eddies on the upstream (upper) side are significantly larger 

than those on the downstream side. This is due to the difference in the stability of the 

upper and lower interfaces. As the merged buoyant jets are deflected to have a flatter 

trajectory they develop a stable density gradient on the lower flow boundary and an 

unstable gradient on the upper boundary. Eddies which form on the lower boundary 

are restricted in their growth due the stability of this interface, and on the unstable 

upper boundary eddies form and grow quickly. Figure 13.3 shows that for a larger 

ambient velocity corresponding to CF = 0.40, the ambient flow has deflected the 

buoyant jets to a more horizontal trajectory and the difference between structure 

observed on either side of the buoyant jets is even greater. 

Figures 13.4 and 13.5 show the structure observed in the strongly deflected merging 

buoyant jets. In this flow regime, the trajectories of the buoyant jets are horizontal 

over an initial length of the flow. Over this distance the density gradient on the upper 

flow boundary is unstable and eddies forming on this boundary grow quickly, as is 

shown by feature 'A' in Figure 13.4. These eddies eventually develop into convective 

cells which break away from the buoyant jet and rise upwards, as shown by feature 'B' 

in Figure 13.4 and feature 'C' in Figure 13.5. The lower boundary of the strongly 

deflected buoyant jet has a stable density gradient and the growth of eddies on this 

surface is restricted which results in a relatively smooth shape to the boundary, as is 

shown by Figures 13.4 and 13.5. 
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13.3 Ambient Fluid Entrainment 

The velocities induced in the ambient fluid around the merging buoyant jets have been 

measured in experiments in the weakly deflected and strongly deflected flow regimes. 

The entrainment of ambient fluid into the merging buoyant jets is expected to be 

strongly affected by the 'current' velocity Uoo in the ambient fluid. Entrainment 

velocities measured in the weakly deflected merging buoyant jets will be presented, and 

the ambient fluid entrainment will be shown to have a crucial role in determining the 

location of the transition between the weakly deflected and strongly deflected flow 

regimes. 

13.3.1 Ambient fluid entrainment into weakly deflected merging 

buoyant jets 

In weakly deflected buoyant jets, the presence of the ambient flow is expected to result 

in a difference between the entrainment into either side of the buoyant jets. The 

ambient fluid velocities observed in the merging buoyant jets weakly deflected by a co

flowing ambient fluid have been sketched on the single frame flow image in Figure 

13.2. The measured entrainment velocities are presented in Table 13.1. Velocities 

measured in the regions upstream and downstream of the buoyant jets are denoted Uau 

and Uad respectively, and they have been measured relative to the ports. 

Expt Fro p/~ CF Uoo upstream Uau downstream U ad 
(mm/s) (mm/S) (mm/s) 

RB 9.3 9.3 0.30 8.9 11.7 ± 0.9 6.5 ± 3.6 

Table 13.1 - Entrainment velocities in merging buoyant jets weakly deflected by a 
co-flowing ambient fluid 

In the previous chapter it was assumed that the ambient velocity adds to the entrainment 

velocity field. This assumption suggests that on the upstream side the horizontal inflow 

velocity is Uau = Uasin O!r + U"" and on the downstream side, Uad = Uasin O!r - U"". 

This suggests a difference between the inflow into either side of the plume of twice the 

ambient velocity. The results in Table 13.1 show that the entrainment velocities 
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measured on the upstream side of the weakly deflected buoyant jets were significantly 

higher than those on the downstream side, however the difference was UOOl - Uad = (0.6 

± 0.5) X U ex>' which is less than the expected difference of 2U oc' It is suggested that 

the difference has been reduced as the pressure difference across the merged flow has 

increased the inflow velocity towards the downstream side of the plume. This effect 

is expected to be significant in experiments such as this where the ambient velocity is 

approaching the critical velocity for a strongly deflected plume. 

To evaluate the asymmetric entrainment terms in the momentum equations the 

theoretical model used the approximate relationship given by equation (12.22) for the 

entrainment velocity as a function of the spreading rate and the excess plume velocity. 

The horizontal component of the entrainment velocity predicted by the theoretical model 

using this relationship was: Uasin a r = 3.1 mm/s. The predicted entrainment velocity 

agrees with the measurement in the region upstream of the plume where the entrainment 
-

velocity, with the current velocity subtracted, was equal to: Uasin a r (= Uau - U",,) = 

2.8 mm/s. This result suggests that equation (12.22) which is used to estimate the 

entrainment velocity in the presence of a current has performed satisfactorily for this 

flow case, however further experimental verification is needed. 

13.3 Ambient fluid velocities strongly u .... " .......... "' ........ merging 

buoyant jets 

Observation of the motion of the ambient fluid in strongly deflected experiments 

provided further insight into the mechanics of this flow regime. It has been shown that 

weakly deflected merged buoyant jets are able to entrain all the oncoming ambient flow 

while retaining a plume-like shape and flowing upwards through the ambient flow. In 

the strongly deflected flow regime, the ambient fluid approaching from upstream 

deflects the buoyant jets and passes above them, rather than being entrained into them. 

The velocities in the ambient fluid surrounding the strongly deflected merging buoyant 

jets have been denoted U a in Figure 13 a). The strongly deflected buoyant jets 

provide little obstruction for the ambient flow which passes above and beneath them. 

The ambient flow above the buoyant jets is directed slightly downwards by entrainment 
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into the turbulent flow. 

The experiments showed that the merging buoyant jets were strongly deflected when 

the current velocity was increased beyond the velocity that was being entrained into the 

merging buoyant jets in the weakly deflected flow regime. In the experiment with a 

cross-flow number of CF = 0.50, which is just beyond the transition to the strongly 

deflected regime, the ambient current velocity was 29 % greater than the upstream 

inflow velocity listed in Table 13.1 for weakly deflected buoyant jets with CF = 0.30. 

This shows that the strongly deflected flow regime occurred where the velocity of the 

ambient flow was increased beyond the velocity able to be entrained into the merged 

buoyant jet while it retained the weakly deflected orientation. 
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In the following two chapters, the long teml time-averaged properties of horizontal uni

directional merging buoyant jets deflected by a co-flowing ambient fluid will be 

presented. These properties include the cross-section shape, the width growth rate, the 

flow trajectory and the flow dilution. They have been measured from images of the 

flow averaged over durations of between 30 and 50 s, which have been presented in 

Figures 14.1 to 14.4. The present chapter contains results which describe the cross

section shape and width growth of the merging buoyant jets. These properties have 

been detennined from concentration distributions measured over cross-section profiles 

oriented perpendicular to the flow centreline at various distances from the source. The 

positions of the cross-section profiles are marked in the flow images with the distance 

from the source, s/~. In the theoretical examination of the advected buoyant jets, 

assumptions were made about the shape and spreading rate of the concentration and 

velocity distributions measured perpendicular to the direction of the excess centreline 

velocity. The excess plume velocity has not been measured in these experiments, and 

therefore it has not been possible to orient the cross-section profiles in this direction. 

The width, denoted be' and shape of the concentration distributions measured 

perpendicular to the centreline are presented, but they have no application to the theory. 

In the previous chapter it was shown that when merging buoyant jets were discharged 

into a co-flowing ambient fluid two distinct flow regimes might occur depending on the 

strength of the ambient flow velocity. In this chapter and in the following chapter, the 

properties of the flow occurring in each of the two flow regimes will be examined 

separately. Experiments in the weakly deflected regime with cross-flow numbers of CF 

= 0.3, and experiments in the strongly deflected regime with CF = 0.7 will be 

examined. The flow regime will be shown to be the major influence on the properties 
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of the flow. 
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Figure 14.1 - Time averaged image of merging buoyant jets weakly deflected by a 
co-flowing ambient fluid; Fro == 9.2, pjdp = 9.3, CF = 0.29 
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Figure 14.2 Time averaged image of merging buoyant jets weakly deflected by a 
co-jtowing ambient fluid; Fro =: 9.3, p/dp = 28, CF =: 0.30 
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Figure 14.3 - Time averaged image of merging buoyant jets strongly deflected by a 
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co-flowing ambient fluid,' Fro = 9.3, p/dp = 28, CF = 0.70 
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14 .. 1 Cross-section shape 

Distributions of time averaged flow concentration were calculated on flow cross

sections, orientated perpendicular to the plume axis at various distances s, along the 

plume axis. The average of the distributions from between three and five 10 s time 

averaged images was calculated to give a representation of the long term average shape 

of the flow cross-section and the long term average width growth of the flow. From 

each distribution, the local peak concentration, C, and the Gaussian concentration half

width bc' were measured. The Gaussian concentration half-width is defined as the 

radial distance from the position of maximum concentration to the point at which the 

concentration, c, is equal to e-1 C. The concentration width was measured on the 

upstream (upper) side of the flow bcu , and on the downstream (lower) side of the flow, 

bcd ' The average concentration half-width bc' was also measured. To examine the self

similarity of the concentration profiles, the distributipns were normalized by dividing 

the concentrations by the local peak concentration C, and the distance from the 

centreline r, by the average concentration half-width, bc. Normalised concentration 

distributions from selected experiments have been presented in this chapter. In the 

plots, the direction of the r axis has been defined such that a positive value of r 

indicates the upstream or upper side of the deflected flow, which is the flow boundary 

with the unstable density gradient. 

14.1.1 Cross-section shape in weakly deflected merged buoyant jets 

The cross-section shape of the weakly deflected merging buoyant jets is expected to be 

affected by the symmetry or asymmetry of the flow structure. In the previous chapter 

the weakly deflected merging buoyant jets were shown to retain a plume-like shape as 

they flow upwards through the ambient flow. The flow structure was asymmetric due 

to the deflection of the trajectory away from the vertical which results in unstable and 

stable density gradients on the upstream and downstream sides of the buoyant jets. The 

cross-section shape will be examined for horizontal merging buoyant jets with port 

spacings of pJdp = 9.3 and 28 discharged into co-flowing ambient fluid with strength 

of CF = 0.3. The normalised concentration distributions measured in closely spaced 

merging buoyant jets weakly deflected by a co-flowing ambient fluid with CF 0.3 
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are presented in Figures 14.5 and 14.6. These distributions have been measured from 

the region beyond the point where the axi-symmetric flows begin to merge and form 

a curtain which is deflected by the ambient flow. This occurs where the concentration 

width to port spacing ratio is approximately b/ps = 0.3, and this position has been 

marked on the each of flow images in Figures 14.1 to 14.4. In Figure 14.5 the 

distributions measured at three positions located at distances less than 120 ~ from the 

point of merging are compared to a Gaussian distribution. The distributions in this flow 

region are shown to be slightly skewed with the base of the distributions shifted in the 

positive r direction. This direction corresponds to the direction of the component of 

buoyancy force acting perpendicular to the non-vertical flow axis. Figure 14.6 shows 

the concentration distributions measured at distances further from the source. In these 

distributions the skew has disappeared and the measured concentrations show reasonable 

fit to a Gaussian distribution. The diminishing amount of skew with distance indicates 

that the fully developed shape of the weakly deflected buoyant jets might not be skewed 

but rather that it is described by a Gaussian distribution. 

In the weakly deflected merging buoyant jets with the greater port spacing the 

normalised concentration distributions measured in the region before merging are 

presented in Figure 14.7. These distributions are shown to be approximately Gaussian 

in shape. The distributions measured in the region where the widely spaced flows have 

merged are presented in Figure 14.8. The first distribution measured beyond the point 

of merging has retained a Gaussian shape, however the plot shows that the remaining 

distributions which were measured in the region less than 120 ~ beyond the point of 
-

merging, exhibit a similar amount of skew to those shown in Figure 14.5 which were 

measured a similar distance beyond merging in the closely spaced buoyant jets. 

The slightly skewed cross-section shape of the weakly deflected buoyant jets in the 

region immediately beyond merging is caused by the asymmetry of the flow structure. 

Eddies on the upstream side of this region of the buoyant jet grow rapidly due to the 

unstable density gradient and this widens the long term average concentration 

distribution on the positive r side of the plot. On the downstream side of the buoyant 

jets the growth of eddies is restricted by the stable density gradient and the 

concentration distribution steepens on the negative r side of the plot. In the region 
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further from the source the diminished amount of skew indicates that the downstream 

side of the flow, despite having a stable density gradient, has developed eddies which 

are of the same size as those on the upstream side. The effect of the relative stability 

of the density gradients on either side of the deflected flow is expected to be greatest 

in the region near the source where the local buoyancy of the flow is higher and so is 

the magnitude of the density gradients. 
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Figure 14.5 - Nonnalised concentration distributions measured within 120 dp of 
merging in horizontal merging buoyant jets weakly deflected by a co-flowing ambient 

fluid; Fro = 9.2, p/dp = 9.3, CF = 0.29 



() 

-o 

-3 -2 

0.6 

0.4 

0.2 

-1 o 

229 

- - - - - . s/dp = 188 

= 221 

--s/dp=255 

Gaussian dist'n I 

2 3 

Figure 14.6 Normalised concentration distributions measured beyond 120 dp of 
merging in horizontal merging buoyant jets weakly deflected by a co-flowing ambient 

fluid; Fro = 9.2, p/dp = 9.3, CF = 0.29 
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Figure 14.7- Normalised concentration distributions measured before merging in 
horizontal merging buoyant jets weakly deflected by a co-flowing ambient fluid; Fro 

= 9.3, p/dp = 28, CF = 0.30 
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Figure 14.8 Normalised concentration distributions measured beyond merging in 
horizontal merging buoyant jets weakly deflected by a co-flowing ambient fluid; Fro 

= 9.3, p/dp = 28, CF = 0.30 

14.1.2 Cross-section strongly oeIlecu:eo merged jets 

The cross-section shape of strongly deflected merging buoyant jets has been examined 

by plotting the concentration distributions measured in experiments with cross-flow 

numbers of approximately CF = 0.7 and two port spacings of pJdp = 9.3 and 28. In 

the previous chapter it was shown that the trajectories of the strongly deflected merging 

buoyant jets were deflected to an approximately horizontal orientation and this resulted 

in a flow structure that was strongly asymmetric about the flow axis. This asymmetry 

is expected to be demonstrated in the shape of the concentration distributions. 

The concentration distributions measured in an experiment with closely spaced merging 

buoyant jets strongly deflected by a co-flowing current are presented in Figure 14.9. 

The distributions have been measured in the merged region of an experiment with a 

cross-flow number of CF = 0.69. The figure shows that the distributions are 

considerably skewed, with the base of the distributions shifted in the positive r direction 
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which corresponds to the direction of the buoyancy force acting across the 

approximately horizontal flow. The skewed shape has been caused by the rapid growth 

of eddies on the upper surface and the restricted growth of those on the lower surface. 

The skewed distributions are approximately self-similar, and unlike the weakly deflected 

merging buoyant jets the skew does not appear to diminish with distance from the 

source. 

The distributions measured in the widely spaced merging buoyant jets are presented in 

Figures 14.10 and 14.11. In Figure 14.10, the distributions measured before the point 

of merging are shown to be skewed. The distribution peak has been skewed in the 

direction of the buoyancy force. A similar skewed shape is shown in the distribution 

immediately beyond merging in Figure 14.11. However, further from the point of 

merging the strongly deflected flow has a shape which is similar to that presented in 

Figure 14.9 for the closely spaced buoyant jets. The base of the distribution is skewed 

in the direction of the buoyancy force. 
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Figure 14.9 - Normalised concentration distributions measured beyond merging in 
horizontal merging buoyant jets strongly deflected by a co-flowing ambient fluid; Fro 

:= 9.2, p/dp = 9.3, CF = 0.69 
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Figure 14.10 - Normalised concentration distributions measured before merging in 
horizontal merging buoyant jets strongly deflected by a co-flowing ambient fluid; Fro 

= 9.3, p/dp = 28, CF = 0.70 
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Figure 14.11 - Normalised concentration distributions measured beyond merging in 
horizontal merging buoyant jets strongly deflected by a co-flowing ambient fluid; Fro 

= 9.3, p/dp = 28, CF = 0.70 
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The shape of the merging buoyant jets strongly deflected by a co-flowing ambient fluid 

is strongly skewed with the base of the distribution shifted in the direction of the 

buoyancy force. This is due to the rapid growth of eddies on the unstable upper side 

of the flow and the smooth shape of the stable lower side of the flow. 

14.2 Width growth 

Width growth measurements were obtained from the concentration distributions 

measured perpendicular to the centreline at various distances along the buoyant jet axis. 

The width growth is an important flow parameter in determining the dilution in a 

buoyant jet. The theoretical model introduced earlier uses the width growth, measured 

perpendicular to the excess velocity db/dseg , to close the system of equations. It was 

not possible to measure this quantity from the experiments and concentration width 

growth measured in the direction of the. centreline is presented here, dbcfds. The 

concentration width was measured on both the upstream and the downstream side of the 

merged buoyant jets. It has been shown that the deflection of the merging buoyant jets 

by a co-flowing ambient fluid results in an asymmetric cross-section shape. It has also 

been shown that the ambient fluid entrainment is greater on the upstream side of the 

weakly deflected flow. The asymmetry of the structure and entrainment is expected to 

be reflected in the width growth on either side of the buoyant jets. Width growth 

information has been presented in this section for weakly deflected and strongly 

deflected merging buoyant jets with two port spacings discharged into a co-flowing 

ambient fluid. 

14.2.1 Width growth in weakly deflected merging buoyant jets 

The width growth measured in weakly deflected merging buoyant jet experiments with 

cross-flow number of CF = 0.3 is presented in Figures 14.12 and 14.13. The 

concentration width on the upstream side beu, the downstream side bcd, and the average 

width be, have been plotted against distance from the source. Width growth rates were 

calculated from the slope of these plots and these values have been presented on the 

plots and in Table 14.1. In the closely spaced weakly deflected merging buoyant jets, 

two distinct flow regions were identified in the previous section. In the region within 



234 

120 dp of merging, or where s < 156~, the flow cross-section shape was slightly 

skewed. Figure 14.12 shows that in this region the width growth on the downstream 

side of the flow was restricted to a rate which was 37% of that measured on the 

upstream side. Further from the point of merging where the shape was symmetrical 

and Gaussian, the width growth on the downstream side of the flow increased markedly 

to be equivalent to that on the upstream side, and the average rate increased as a result. 

At a distance of s/dp = 221 in this figure, the downstream half-width is unexpectedly 

greater than the upstream value. This is due to the irregular shape of the cross-section 

at this point, as observed in Figure 14.6, which was probably caused by the short 

duration of the time averaging in this experiment. 

Figure 14.13 shows the width growth measured in widely spaced merging buoyant jets 

weakly deflected by a co-flow. In the region beyond the point of merging where the 

cross-section shape was slightly skewed, a significant difference was again measured 
-

between the width growth on either side of the flow. The growth on the downstream 

side was restricted by the stability of the interface to a rate which was 58 % of the 

upstream width growth rate. 

The restricted width growth rate on the downstream side of the weakly deflected 

merging buoyant jets is due to the restricted growth of eddies on this side. The 

restricted growth of eddies was suggested in the previous chapter to be due to the 

deflection of the flow away from the vertical which results in a stable density gradient 

on the lower side. Also in the previous chapter it was shown that the entrainment into 

the downstream side of the closely spaced weakly deflected merging buoyant jets was 

56% of that into the upstream side. This is suggested to be due to the additive effect 

of the ambient flow on the entrainment velocity field rather than the asymmetric flow 

structure. 
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Figure 14.12 - Width growth in horizontal merging buoyant jets weakly deflected by 
a co-flowing ambient fluid; Fro = 9.2, p/dp = 9.3, CF = 0.29 
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Figure 14.13 - Width growth in horizontal merging buoyant jets weakly deflected by 
a co-flowing ambient fluid; Fro = 9.3, p/dp = 28, CF = 0.30 
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14.2.2 Width growth in strongly deflected merging buoyant jets 

The growth of the concentration width on either side of merging buoyant jets strongly 

deflected by a co-flowing ambient fluid is presented in Figures 14.14 and 14.15. In 

closely spaced merging buoyant jets, Figure 14.14 shows that the growth rate on the 

lower or downstream side is restricted to 28% of that on the upper side. Figure 14.15 

shows that in the merged region of the widely spaced merged buoyant jets the width 

growth rate on the lower side is restricted even further to just 18 % of that measured on 

the upper side. The difference between the spread rates measured on either side of the 

strongly deflected flows is due to the difference between the growth of eddies on the 

unstable upper side and the stable lower side. The unstable density gradient on the 

nearly horizontal upper side results in rapid growth of eddies and a high rate of width 

growth. 

Expt Ps / dp Regime Cross-section db cu / ds dbcd / ds dbc / ds 
name Shape 

EE 9.3 weakly slightly 0.095 0.035 0.054 
deflected skewed 

EE 9.3 weakly Gaussian 0.184 0.177 0.177 
deflected 

FB 28 weakly slightly 0.139 0.082 0.107 
deflected skewed 

ED 9.3 strongly strongly 0.191 0.053 0.124 
deflected skewed 

FD 28 strongly strongly 0.512 0.093 0.298 
deflected skewed 

Table 14.1 - Width growth in the centreline direction in merging buoyant jets 
deflected by a co-jtowing ambient fluid 
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Figure 14.14 - Width growth in horizontal merging buoyant jets strongly deflected by 
a co-flowing ambient fluid; Fro = 9.2, p/dp = 9.3, CF 0.69 
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Chapter 

Results - Bulk Flow 

Merging Buoyant Jets 

Ambient Fluid 

of 

a Co-Flowing 

The bulk flow properties of the merging buoyant jets include the flow trajectories and 

dilutions. These properties will be shown to be greatly affected by a co-flowing 

velocity in the ambient fluid and to be largely controlled by the flow regime. To 

evaluate the performance of a multi-port diffuser in a flowing ambient fluid, the bulk 

flow properties of the merging buoyant jets will be compared to the properties measured 

in single buoyant jets discharged into a co-flowing current of the same strength. The 

trajectories measured in this study will be compared to those measured in previous 

studies. 

1 Flow 

In this section the flow trajectory results measured from time averaged flow images are 

presented. The flow trajectory is defined as a curve drawn through the local 

concentration maxima at each flow cross-section and it is an important indicator of the 

behaviour of buoyant jets discharged into a flowing ambient fluid. The trajectory 

determines the length of the flow path to any elevation above the flow origin, which is 

important in determining the growth of dilution with elevation. Trajectory information 

can also be used to indicate whether the merging buoyant jets will rise to the surface 

or if they will be strongly deflected by the current and mixed over the flow depth. 

15.1.1 Flow trajectories exhibited in each flow regime 

The introduction of a velocity to the ambient fluid had a marked affect on the trajectory 

of the merging buoyant jets. For different ranges of ambient flow velocities the 
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behaviour of the merging buoyant jets could be divided into weakly deflected and 

strongly deflected flow regimes. The difference in the behaviour of the merging 

buoyant jets in each flow regime was very clearly demonstrated by the flow trajectories. 

This will be shown by plotting the trajectories measured in closely spaced merging 

buoyant jets discharged into co-flowing ambient fluids of varying strengths. In the 

plots, the x and z axes represent the horizontal and vertical distances measured from 

the source, and the positive x direction corresponds to the direction of the ambient flow 

velocity while the positive z direction corresponds to the direction of the buoyancy 

force. 

The effect of an increase in ambient co-flow velocity on the merging buoyant jets is 

shown by Figure 15.1. In this figure the trajectories of experiments with port Froude 

numbers of Fro 9.2 and port spacings of p/~ = 9.3 have been plotted for a range 

of ambient flow velocities corresponding to the range of flow regimes. The figure 

shows that the introduction of a small ambient flow velocity corresponding to a cross

flow number of CF = 0.29 has weakly deflected the merging buoyant jets. The 

buoyant jets have retained an upwards oriented trajectory but have been deflected 

considerably from the trajectory of the merging buoyant jets in a stationary ambient 

fluid. In experiments with greater ambient flow velocities corresponding to cross-flow 

numbers of CF 0.50 the merging buoyant jets have been strongly deflected by the 

ambient flow. The strongly deflected merging buoyant jets have an approximately 

horizontal trajectory in the initial portion of the flow. In the experiment with the 

largest cross-flow number of CF = 0.69 this horizontal portion extends over the entire 

measured region, however for a lower cross-flow number of CF = 0.50 the strongly 

deflected horizonal portion ends at a distance of x/dp = 130 and the flow resumes an 

upwards oriented trajectory. These results indicate that the trajectories of the merging 

buoyant jets are controlled by the flow regimes which in tum are determined by the 

cross-'flow number. 



240 

200 

-0"-_ 100 
N 

o 100 

+Ur=O, CF=O 

X Ur=0.029, CF=0.29 

A Ur=0.050, CF=0.50 

o Ur=0.069, CF=0.69 

Weakly deflected 

200 

Figure 15.1 - Trajectories of merging buoyant jets in a co-flowing ambient fluid 
showing the effect of flow regime; Fro = 9.2, p/dp = 9.3 

The trajectory of the weakly deflected merging buoyant jets was suggested by Mendez

Diaz (1992) to be related to the cross-flow number by the relationship given by equation 

(12.2) in Chapter 12. A value of the coefficient in this equation of Ct = 0.32 was 

obtained by Mendez-Diaz. Values of the trajectory coefficient have been measured 

from experiments in this study with cross-flow numbers of CF :::; 0.30, and these are 

presented in Table 15.1. The average coefficient is slightly less than that measured by 

Mendez-Diaz, which indicates a greater deflection and is probably due to the lesser 

leakiness of the experimental configuration used in this study compared to that of 

Mendez-Diaz. The differences between the two studies will be discussed further in 

Section 15.1. 3. The trajectory coefficient has also been measured from experiments 

with CF = 0.50, in the region beyond the point where the strongly deflected flow 

region ends and the flow resumes a weakly deflected trajectory. This coefficient has 

been included in Table 15.1 and it agrees with the coefficients measured in the weakly 

deflected buoyant jets with cross-flow numbers of CF :::; 0.30. This suggests that 

beyond the point where the strongly deflected behaviour ends, the flow behaves as a 

weakly deflected buoyant jet. 



Author Cross-flow Trajectory coefficient, ct 

number 

Papps CF $; 0.3 0.26 ± 0.05 

Papps CF = 0.5* 0.24 ± 0.10 

Mendez-Diaz CF < 0.6 0.32 

Table 15.1 - Trajectory coefficients measured in weakly deflected merging 
buoyant jets, *experiments with CF = 0.5 were initially strongly 

deflected 

1.2 Comparison of the trajectories of single and merging 

buoyant jets in a flowing ambient fluid 
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The effect of a flowing ambient fluid on the trajectories of the merging buoyant jets can 

be most clearly demonstrated by compax:ing them to the trajectories of an identical 

single buoyant jet discharged into an ambient fluid with the same range of ambient 

velocities. 

Weakly deflected merging buoyant jets 

Figure 15.2 shows the difference between the trajectories of merging buoyant jets 

weakly deflected by a co-flowing current and those of single buoyant jets discharged 

into a current of the same strength. The two merging buoyant jet experiments in the 

figure have cross-flow numbers of CF = 0.3, and they are weakly deflected as 

expected. They have been discharged with different port spacings and the ambient 

velocity ratio Ur = U co I Uo, has been adjusted to give a constant cross-flow number. 

The trajectories of single buoyant jets with the same port Froude number of Fro = 9.2 

and with ambient velocity ratios matching those of the merging jet experiments, have 

been plotted for comparison. 

The figure shows that the trajectories of the merging jets follow those of the single jets 

until, at a point, the merging jets are deflected by the ambient flow. At this point it is 

suggested that the buoyant jets are sufficiently merged to begin to block the oncoming 

ambient flow over the entire flow width. The blocking effect is suggested to result in 
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a pressure force which weakly deflects the merging buoyant jets. An increase in the 

spacing of the jets has the effect of increasing the depth to the point of merging and 

increasing the depth at which the merged jets are deflected by the ambient flow. 

Beyond the point of merging, the trajectories of the merged buoyant jets with the same 

cross-flow number are deflected by an approximately equivalent amount. This agrees 

with the relationship of Mendez-Diaz given by equation (12.2). 
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Figure 15.2 - Trajectories of merging buoyant jets weakly deflected by a co-flowing 
ambient fluid compared to those of single buoyant jets; Fro = 9.2, CF = 0.3 

Strongly deflected merging buoyant jets 

In Figure 15.3 the trajectories of merging buoyant jets with Froude number Fro = 9.2 

and port spacings of pJdp = 9.3 and 28 which are strongly deflected by a co-flowing 

current of strength CF = 0.7, are plotted. The figure shows that the trajectories of the 

merged buoyant jets are very different from those of the single jets with the same 

Froude number and ambient velocity ratios. The trajectories of the merging buoyant 

jets follow the trajectories of the single jets until they merge. Beyond this point, the 

merged buoyant jets form a curtain across the flow. In the strongly deflected flow 

regime the ambient flow is strong enough to dominate the buoyancy force of the merged 



243 

buoyant jets and the flow trajectory is deflected to a horizontal orientation. The figure 

shows that buoyant jets with larger port spacings merged at a greater distance from the 

origin and the horizontal portion of their trajectory was positioned at a greater depth 

from the source. 
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Figure 15.3 Trajectories Of merging buoyant jets strongly deflected by a co-jlowing 
ambient fluid compared to those of single buoyant jets; Fro = 9.2, CF = O. 7 

The effect of the port spacing and the cross-flow number on the trajectory of merging 

buoyant jets strongly deflected by a co-flowing ambient fluid is demonstrated in Figure 

15.4. In this figure the trajectories of merged buoyant jets with cross-flow numbers of 

CF = 0.5 and CF = 0.7 and three port spacings have been plotted. The figure shows 

that all experiments are strongly deflected, as is expected for cross-flow numbers of this 

size. The increase in port spacing is shown to delay the deflection of the merging 

buoyant jets and increase the depth of the strongly deflected portion of the trajectory. 

The figure also illustrates that for all experiments with cross-flow numbers of CF = 0.5 

which is just beyond the transition between the two flow regimes, the strongly deflected 

horizontal portion of the trajectory ends at a distance of between x/dp 120 and 180 

and the merged flow resumes an upwards oriented trajectory. For experiments with the 

larger cross-flow number of CF = 0.7, the end of the horizontal trajectory was located 
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at a larger distance from the port of between s/dp = 250 and 500. These results 

suggest that in the strongly deflected merging buoyant jets the initial deflection of the 

flow ends at a distance from the source which depends on the cross-flow number. In 

Chapter 12 it was suggested that the strongly deflected flow region ends where the 

merged buoyant jets have become leaky, allowing ambient fluid to escape from the 

upstream side to the downstream side of the flow and reducing the pressure of the 

ambient flow on the buoyant jets. For large enough cross-flow numbers the merging 

buoyant jets are expected to be fully mixed over the flow depth before this distance is 

reached. 
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Figure 15.4 - Trajectories of merging buoyant jets strongly deflected by a co-flowing 
ambient fluid showing the effect of port spacing and cross-flow number; Fro = 9.2 

It has been shown that in the presence of a velocity in the ambient fluid, if the buoyant 

jets merge to form a plane plume which blocks the ambient flow a large deflection will 

result in the flow trajectory. The deflection of the merged buoyant jets will be 

considerably greater than that of a single buoyant jet, and the amount of deflection will 

depend on the value of the cross-flow number. The deflection of the buoyant jets is 

advantageous when rapid dilution of the effluent is required before it reaches the 

surface. Similar trajectory behaviour was observed by Davidson (1989) and Mendez-
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Diaz (1992). 

15.1.3 Comparison of the measured trajectories with those of other 

studies 

The flow trajectory results measured in this study can be compared with the results 

from the previous studies of Davidson (1989) and Mendez-Diaz (1992). In both these 

studies, experiments were undertaken with horizontal uni-directional merging buoyant 

jets discharged into a co-flowing ambient fluid. Trajectories were measured from video 

footage of experiments undertaken with dyed jets. Mendez-Diaz presented results from 

experiments with a range of cross-flow numbers in both the weakly deflected and 

strongly deflected regimes and reported that the transition between the two regimes 

occurred at CF = 0.60. Davidson carried out experiments with strongly deflected 

merging buoyant jets with cross-flow nurr~bers of CF ;;:: 0.95. 
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Figure 15.5 - Trajectories of merging buoyant jets in a co-flowing ambient fluid 
compared to those measured try Mendez-Diaz (1992) 
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Figure 15.6 - Trajectories of merging buoyant jets in a co-flowing ambient fluid 
compared to those measured by Davidson (1989) 

In Figure 15.5, trajectories from experiments of Mendez-Diaz with buoyant jets with 

Froude numbers ranging from Fro = 8 to 10.7 spaced at p/dp = 6.8, have been 

compared to those from experiments in this study with Fro = 9.2 and p/~ = 9.3 for 

a range of cross-flow numbers. The figure shows that in the experiments of Mendez

Diaz, merging buoyant jets with cross-flow numbers of CF ::; 0.50 were weakly 

deflected. The deflection of these trajectories was slightly less than that observed in 

weakly deflected experiments with the same cross-flow numbers in this study. In the 

experiments of Mendez-Diaz the ports were located a distance of h = 160 mm from the 

water surface. The ratio of the diffuser depth to the total flow depth was hJH = 0.18, 

which is expected to have resulted in a large flow of ambient fluid between the diffuser 

and the water surface. In this study, the ratio of the diffuser depth to the total flow 

depth was h/H = 0.09 and the flow beneath the diffuser (or leakage) is expected to be 

less by comparison. This is expected to result in the ambient flow applying a higher 

pressure on the merging buoyant jets and a larger deflection than that measured by 

Mendez-Diaz, which is shown by the figure. The figure also shows that in the 

experiments of Mendez-Diaz with cross-flow numbers of CF ;;:; 0.61 the buoyant jets 
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were strongly deflected such that their trajectories were initially horizontal. After a 

distance, which was greater for experiments with larger cross-flow numbers, they 

resumed their upwards sloping trajectories. This behaviour compares well to that 

observed in experiments in this study 

Trajectories from experiments of Davidson with Froude numbers in the range Fro = 6.4 

to 14, port spacing pJdp = 27 and cross-flow numbers of CF 0.95 to 2.7, are 

presented in Figure 15.6. These trajectories have been compared to the trajectory from 

an experiment in this study with similar Froude number and port spacing and a cross

flow number of CF = 0.70. The trajectories are all strongly deflected and agreement 

between the trajectories is good. 

15.2 Time-Averaged Flow Dilutions 

The flow dilution results measured from long term time averaged flow images have 

been presented in this section. Contour plots showing the dilutions in the time averaged 

flow images were presented in Figures 14.1 to 14.4 in the previous chapter. The 

remaining time averaged flow images are presented in Appendix B. The centreline flow 

dilution is defined as the flow concentration at the POlt divided by the time averaged 

centreline flow concentration, S Co I C. In the design of wastewater diffusers to 

discharge buoyant effluent into deep water, it is most useful to have information on the 

rate of dilution growth with vertical depth. For this reason the measured flow dilutions 

have been plotted against vertical flow depth. 

15.2.1 Dilutions measured in each flow regime 

The introduction of a co-flow velocity to the ambient fluid has been shown to have a 

dramatic effect on the trajectory of the merging buoyant jets. The deflection of the 

trajectory of the merging buoyant jets will be shown in this section to have an 

advantageous effect on the growth of flow dilution with depth. Flow dilutions measured 

in merging buoyant jets discharged into a co-flowing ambient fluid with a range of 

ambient flow velocities corresponding to the different flow regimes will be examined. 
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Figure 15.7 shows the effect of an ambient co-flow velocity on the dilution growth of 

merging buoyant jets. In this figure, the dilution growth measured in an array of 

merging buoyant jets with Froude numbers Fro = 9.2 and port spacing pidp = 9.3 

discharged into an ambient flow with various velocities, is compared to that measured 

in a buoyant jet discharged into a stationary ambient fluid. The co-flowing ambient 

fluid is shown to increase the rate of dilution growth with depth. A significant increase 

in dilution was measured in the presence of a small ambient flow velocity which was 

less than the critical velocity for the transition to a strongly deflected flow. This result 

contradicts the finding of Roberts (1979) that for very weak ambient currents the 

dilution of the surface field created by a plane plume is independent of the ambient 

velocity. The increase in dilution growth with depth is caused by the deflection of the 

merging buoyant jets to a flatter trajectory. In the strongly deflected merging buoyant 

jet experiments, significant dilution growth was measured over the initial horizontal 

portion of the flow, which resulted in a high dilution of CjC > 100 at a depth of z/~ 

< 10. 
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Figure 15.7- Dilutions measured in merging buoyant jets in a co-flowing ambient 
fluid showing the effect of flow regime; Fro = 9.2, P /dp = 9.3 

The results presented in this figure suggest that the dilution growth with depth of the 
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merging buoyant jets is largely controlled by the flow regime, which is in turn 

determined by the cross-flow number. An increase in the ambient co-flow velocity is 

shown to increase the dilution growth with depth of the merging buoyant jets. 

15.2.2 Comparison of the dilution growth of single and merging 

buoyant jets in a flowing ambient fluid 

The performance of a mUlti-port diffuser which discharges merging buoyant jets into 

a flowing ambient fluid can be most easily evaluated by comparing the dilution growth 

of the merging buoyant jets to that of a single buoyant jet in the same ambient 

conditions. The dilution growth of the merging buoyant jets will be compared to that 

of single buoyant jets with the same Froude numbers and the same ambient velocity 

ratio. 
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Figure 15.8 - Dilutions measured in merging buoyant jets weakly deflected by a co
flowing ambient fluid compared to those of single buoyant jets; Fro = 9.2, CF = 0.3 
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Weakly Deflected Merging Buoyant Jets 

The dilution growth of merging buoyant jets weakly deflected by a co-flowing ambient 

fluid is compared to that of a single buoyant jet in Figure 15.8. The results from 

experiments with two port spacings have been plotted. In the figure, the rate of dilution 

growth of the merging buoyant jets increased in comparison to that of the single jet 

immediately beyond the point where the merging flows were weakly deflected by the 

current. In the far field however, the dilution growth of the merged buoyant jets was 

approximately equal to or less than that of the single buoyant jets. 
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Figure 15.9 - Dilutions measured in merging buoyant jets strongly deflected by a co
flowing ambient fluid compared to those of single buoyant jets; Fro = 9.2, CF = 0.7 

Strongly Deflected Merging Buoyant Jets 

Figure 15.9 shows the dilutions measured in merging buoyant jets strongly deflected by 

a co-flowing ambient velocity compared to the dilutions measured in single buoyant jets 

discharged into an ambient flow of the same strength. Results from experiments with 

two port spacings have been plotted. At the point where the buoyant jets merge they 

are strongly deflected by the flow and the dilution growth is shown by the figure to 
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increase in comparison to that measured in a single buoyant jet. In the experiment 

where the ports were spaced at a greater distance, the jets merged further from the 

source and the effect of the merging occurred at a greater flow depth. In both 

experiments, the dilution of the flow continued to increase over the region where the 

buoyant jet trajectory was strongly deflected and the depth of flow was approximately 

constant. This resulted in a much greater dilution growth with depth in the array of 

merging buoyant jets as compared to a single buoyant jet. 

These results indicate that where the buoyant jets from a mUlti-port diffuser merge and 

are deflected by an ambient current, very rapid dilution of the effluent can be obtained. 

For both merging and single buoyant jets, the rate of dilution growth with depth 

increases as velocity of the ambient flow increases. However, where the buoyant jets 

merged and were strongly deflected by an ambient current, the dilution growth with 

depth was much greater than that obtained in a single buoyant jet in the same ambient 

conditions. This indicates that for a wastewater diffuser design with a specified flux 

of effluent per unit length, in the presence of a co-flowing current, a significant 

advantage is obtained with a greater number of closely spaced ports. In addition to the 

beneficial effect of the merging on the dilution, as the port spacing is decreased so is 

the flux of effluent from each port which is expected to increase the dilution in each 

plume. 
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Chapter 1 

Merging Buoyant Jets 

Flowing Ambient Fluid 

a Counter .... 

The flow occurring when horizontal uni-directional merging buoyant jets are discharged 

into an ambient fluid which is flowing in a direction opposite to that of the jets has been 

examined. In this chapter, the behaviour of the buoyant jets is discussed and the bulk 

flow properties are presented. Comparisons are made between the flow behaviour in 

this situation and in that which occurs where merging buoyant jets are discharged into 

a co-flowing ambient fluid. 

16 .. 1 Theory 

The flow behaviour that is expected to occur in this situation has been sketched in 

Figure 16.1. In the region near the source the buoyant jets will be axi-symmetric and 

will behave as single buoyant jets in a counter-flow. This flow situation was examined 

by Knudsen (1988) who found that a horizontal buoyant jet is inherently unstable in the 

presence of the counter-flow. At a distance from the source, the axi-symmetric buoyant 

jets are expected to merge to form a plane buoyant jet. Beyond this point the merging 

buoyant jets are expected to be affected by the ambient counter-flow in a similar 

manner as they were affected by a co-flow. The merged buoyant jets will form a 

curtain across the ambient flow, and they will either be weakly deflected or strongly 

deflected depending on the strength of the ambient velocity which is described by the 

cross-flow number. The transition between the weakly deflected and strongly deflected 

flow regime is expected to occur where the ambient flow is increased beyond that which 

can be entrained into the buoyant jets while they retain a weakly deflected orientation. 

The critical value of the cross-flow number which defines this transition is expected to 

be of similar magnitude to that found for the merging buoyant jets in a co-flow, CF = 
0.4 to 0.5. 
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The theoretical model introduced in the previous section is not expected to be applicable 

to the case of merging buoyant jets in a counter-flow, however the dimensionless 

relationship in equation (12.2) can be used with the coefficient modified for the 

different diffuser geometry to describe the flow trajectory in the far field region. 

Axisymmetric 
region 

Figure 16.1 - Sketch of the idealised behaviour of merging buoyant jets in a counter
flowing ambient fluid 

16.2 Flow regime 

The configuration of the diffuser in these experiments was identical to that used in the 

co-flowing current experiments. Buoyant jets with Froude number of Fro = 9.2 were 

positioned in a horizontal uni-directional array at a close spacing of pi~ = 9.3. 

Vertical flow boundaries were placed one half of a port spacing from each end of the 

diffuser such that the flow approximated that which would occur in an array of infinite 

length, and a gap of 30.9 ~ was left between the diffuser and the water surface. The 

array was towed in a direction to create an ambient flow in the opposite direction to the 

jets. Experiments were undertaken with a range of ambient counter-flow velocities to 

determine whether the weakly and strongly deflected flow regimes would occur, and 

whether they would occur over the same range of cross-flow numbers as for the co-
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flowing current situation. 
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Figure 16.2 - A typical single frame image showing contours of dilution in merging 
buoyant jets weakly deflected by a counter-flow; Expt KA, Fro = 9.3, p/dp = 9.3, 

CF = 0.30. 
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Figure 16.3 - A typical single frame image showing contours of dilution in merging 
buoyant jets strongly deflected by a counterflow; Expt KE, Fro = 9.2, P /dp = 9.3, 

CF = 0.90. 
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Typical single frame images from experiments with merging buoyant jets deflected by 

a counter-flowing ambient fluid are presented in Figures 16.2 and 16.3. These images 

show the weakly deflected and strongly deflected flow regimes occurring in experiments 

with current strengths corresponding to CF = 0.30 and 0.90 respectively. The buoyant 

jets have been discharged in the negative x direction from right to left, the buoyancy 

force is directed upwards, and the current is flowing from left to right. 

The merging buoyant jets in Figure 16.2 have retained a plume-like shape and have 

flowed upwards with a weakly deflected trajectory, while in Figure 16.3 the buoyant 

jets have been strongly deflected by the counter-flow such that they have an 

approximately horizontal trajectory over an initial length of the flow. 

The weakly deflected and strongly deflected regimes have been shown to occur in the 

counter-flowing current configuration as well as the co-flowing current configuration. 

In the region where the buoyant jets have merged to form a plane buoyant jet, the 

cross-flow number, which describes the relative strength of the counter-flow and the 

buoyancy flux of the plane flow, determines whether the merged buoyant jet will be 

weakly deflected or strongly deflected. For this flow configuration the transition 

between the two flow regimes occurred in the range of CF 0.3 to 0.5. This is the 

same range as that found for the co-flowing current, which indicates that the initial 

orientation of the buoyant jets to the current is not important in determining the flow 

regime. The orientation will however be shown to be important in determining the 

exact trajectory of the flow and other flow properties. 

16 .. 3 Observed flow structure 

Previous studies, such as that of Knudsen (1988), have shown that horizontal buoyant 

jets discharged into counter-flowing currents are inherently unstable. Knudsen found 

that deviations in the flow trajectory of a buoyant jet would be amplified by the counter

flowing current and an oscillating pattern might develop in the region near the source. 

The flow structure occurring in the merging buoyant jets discharged into a counter-flow 

is shown by Figures 16.2 and 16.3 for the weakly deflected and strongly deflected flow 

regimes. 
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Weakly deflected merging buoyant jets 

In the region near the source of the weakly deflected merging buoyant jets, the flow 

was observed to be stable despite the counter-flowing current. Further from the source, 

where the flow had a near vertical trajectory, a flapping pattern was observed in the 

merged buoyant jets which was similar to that occurring in merging buoyant jets 

discharged into a stationary ambient fluid. Eddies on the upstream side of the flow 

were observed to be of similar size to those on the downstream side. In Chapter 13, 

a large difference was observed between the size of the eddies on either side of buoyant 

jets weakly deflected by a co-flow. This large difference was due to the much flatter 

trajectory and the larger difference between the stability of the interfaces. In Figure 

16.2, the merging buoyant jets are nearly vertical which results in no difference 

between the stability of the interfaces on either side of the flow, and the flow structure 

appears to be approximately symmetrical. 

Strongly deflected merging buoyant jets 

When the ambient counter-flow velocity was increased, Figure 16.3 shows that the 

strong counter-flowing current resulted in the presence of flow instabilities in the region 

close to the port. The unstable oscillation was observed in the motion of the jet at the 

point where the trajectory was reversed by current. At this point the jet periodically 

switched from bending down and backwards to bending up and back. From a 

dimensional analysis and from experimental data, Knudsen suggested the following 

criterion for an unstable oscillation to occur in a buoyant jet discharged into a counter

flow: 

(16.1) 

Where Dr is the ratio of the ambient velocity to the port velocity. In this study, the 

oscillation was observed in experiments with high counter-flow velocities corresponding 

to Fro I Dr I = 0.63 and 0.82, and was not observed in experiments with smaller 

counter-flow velocities. These observations agree with the stability criterion of 

Knudsen. Figure 16.3, shows the counter-flow instability occurring in a strongly 

deflected merging buoyant jet experiment. At position 'A' in the figure, the flow is 
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being deflected downwards by the counter-flow. The oscillation of the flow in this 

region was observed to create eddies which- travelled along the strongly deflected 

buoyant jets. Examples of these large structures have been marked 'B', 'C' and 'D' 

in the figure. The structure marked 'D' was formed by the oscillation at the port and 

travelled along the unstable upper flow boundary before detaching and falling upwards 

as a convective cell. Large convective cells on the upper side of the flow and a 

relatively smooth lower surface were observed to be characteristic features of the 

structure of merging buoyant jet strongly deflected by a counter-flow. Similar features 

were observed in Chapter 13 in the merging buoyant jets strongly deflected by a co

flowing current. 

16 .. 4 Ambient fluid entrainment 

Velocities in the ambient fluid close to the merging buoyant jets were measured by 

tracking particles. The velocities measured around weakly deflected and strongly 

deflected merging buoyant jets have been sketched as vectors in Figures 16.2 and 16.3. 

It has been suggested that the entrainment might have a role in determining the 

transition between the two flow regimes for merging buoyant jets deflected by a flow. 

This suggestion will be further examined in this chapter and the symmetry of the 

entrainment into the buoyant jets will be examined. 

Ambient fluid entrainment into weakly deflected merging buoyant jets 

The entrainment velocities measured on either side of the merging buoyant jets weakly 

deflected by a counter-flow are presented in Table 16.1. The velocities have been 

measured relative to the ports, and they are in remarkable agreement to those presented 

in Table 13.1 for the merging buoyant jets weakly deflected by a co-flow. The merging 

buoyant jets in each experiment have the same buoyancy flux per unit length and the 

same magnitude of current velocity. In both flow situations the entrainment into the 

upstream side of the flow is significantly greater than that into the downstream side. 

This is due to the additive effect of the ambient flow velocity on the inflow into the 

upstream side of the buoyant jets, and the subtractive effect of the ambient velocity on 

the inflow into the downstream side. It should be noted that although the entrainment 
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into the upstream side of the merging buoyant jets weakly deflected by a counter-flow 

was 63 % greater than that into the downstream side, no obvious difference was 

observed between the size of eddies on either side of the buoyant jet. Table 16.1 also 

shows that, as is expected in the weakly deflected flow regime, the entrainment into the 

upstream side of the buoyant jet Uau , is greater than the ambient current velocity Uo:>' 

This result indicates that in the weakly deflected flow regime, the merging buoyant jets 

are able to entrain all the oncoming ambient flow. 

Expt Fro pJdp CF U", upstream U au downstream U ad 

(mm/s) (mm/s) (mm/s) 

RA 9.3 9.3 0.30 8.9 11.9 ± 0.5 7.3 ± 2.1 

Table 16.1 - Entrainment velocities in merging buoyant jets weakly deflected by a 
counter-flowing ambient fluid· 

Ambient fluid velocities around strongly deflected merging buoyant jets 

Figure 16.3 shows that for a high cross-flow number of CF = 0.90, the merging 

buoyant jets are strongly deflected and the ambient counter-flow passes above them. 

The strongly deflected regime was observed for experiments with cross-flow numbers 

of CF ;;:::; 0.50, which corresponds to ambient counter-flow velocities of Uoo 2 15.1 

mm/s, and this is greater than the rate of Uau = 11.9 mm/s able to be entrained into 

the buoyant jets in the weakly deflected orientation. The ambient flow above the 

strongly deflected merging buoyant jets Ua, is shown by Figure 16.3 to be directed 

downwards slightly by the entrainment demand of the buoyant jets. 

16 .. 5 Cross-section shape 

The bulk flow properties of the merging buoyant jets are presented in the following four 

sections. These properties, which include the cross-section shape, width growth, 

trajectory and dilution, have been measured from images averaged over between 30 and 

50 s. Time-averaged flow images have been presented in Figures 16.4 and 16.5 for 

one experiment in each flow regime. 
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Figure 16.4 - Time averaged image showing contours of dilution in merging buoyant 
jets weakly deflected by a counter-flow; Expt KA, Fro = 9.3, p/dp 9.3, CF = 
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In this section, the shape of the flow cross-section is examined. The shape has been 

measured on cross-sections positioned at various distances from the source s/~, which 

have been marked in Figures 16.4 and 16.5. 

Weakly deflected merging buoyant jets 

Normalised concentration distributions measured in buoyant jets weakly deflected by 

a counter-flowing current configuration are presented in Figure 16.6. The distributions 

were measured in the merged region of the experiment in Figure 16.4 with a cross-flow 

number of CF = 0.30. The buoyant jets are shown by the figure to have a steep and 

almost vertical trajectory in this flow region. The sides of the flow were not affected 

by stable or unstable density gradients and the flow structure was observed in Section 

16.3 to be approximately symmetrical about the flow axis. _Figure 16.6 shows that the 

concentration distributions are also symmetrical and closely fit a Gaussian distribution. 

It is interesting to note that the cross-section shape has remained symmetrical despite 

the asymmetry of the turbulent entrainment into the buoyant jets. This suggests that the 

cross-section shape is determined mostly by the size of eddies on the flow boundaries 

which are in turn controlled by the orientation of the flow to the vertical and the 

stability of the interfaces on either side of the flow. 

Strongly deflected merging buoyant jets 

Figure 16.7 shows the cross-section shape of merging buoyant jets strongly deflected 

by a counter-flow with a cross-flow number of CF = 0.68. The normalised 

concentration distributions have been measured at the positions in the merged flow 

region as shown in Figure 16.5. The cross-section shape is skewed by a similar amount 

and in the same direction as that shown in Figures 14.9 and 14.11 in the co-flow 

configuration. The distributions are self-similar for the four positions along the flow 

axis. In this flow configuration, the strongly deflected merging buoyant jets have an 

approximately horizontal trajectory, which results in an asymmetric flow structure with 

large eddies on the unstable upper flow boundary, and this has been shown to result in 

an asymmetric cross-section shape. 
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Figure 16.6 - Normalised concentration distributions in the merged region of 
horizontal merging buoyant jets weakly deflected by a counter-flowing ambient fluidy' 

Expt KAy Fro 9.3, p/dp 9.3, CF = 0.30. 
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Figure 16. 7 - Normalised concentration distributions in the merged region Of 
horizontal merging buoyant jets strongly deflected by a counter-flowing ambient 

fluid; Expt KD, Fro = 9.2, p/dp = 9.3, CF = 0.68. 
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16.6 Width growth 

The concentration width on either side of the merging buoyant jets has been measured 

from the concentration distributions at various distances along the flow axis. Width 

growth information has been presented for one experiment in each flow regime. Rates 

of concentration width growth have been presented in Table 16.2. 

Weakly deflected merging buoyant jets 

The width growth measured in the merging buoyant jets weakly deflected by a counter

flow has been presented in Figure 16.8. In this experiment it was observed that the 

structure of the flow and the cross-section shape was symmetric. Figure 16.8 shows 

that this has resulted in no significant difference between the concentration half-width 

on either side of the flow. The average width growth is similar to that presented in 

Table 14.1 for merging buoyant jets weakly deflected by a co-flow. 

Figure 16.8 - Width growth in horizontal merging buoyant jets weakly deflected by a 
counter-flowing ambient fluid; Expt KA, Fro = 9.3, p/dp = 9.3, CF 0.30. 
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Figure 16.9 Width growth in horizontal merging buoyant jets strongly deflected by 
a counter-flowing ambient fluid; Expt KD, Fro = 9.2, p/dp = 9.3, CF = 0.68. 

Strongly deflected merging buoyant jets 

Figure 16.9 shows the width growth in merging buoyant jets strongly deflected by a 

counter-flow. The width growth on the lower downstream side of the flow is restricted 

to 48 % of the upstream growth rate by the stable density gradient on the almost 

horizontal lower boundary. The average growth rate is three times as large as that in 

Table 14.1 for closely spaced merging buoyant jets strongly deflected by a co-flow. 

The large width growth is due to the presence of the large eddies on the upper side of 

the flow which are caused by the counter-flow instabilities in the region near the source. 

Expt Regime Cross-section db cu / ds dbcd / ds dbc / ds 
shape 

KA weakly Gaussian 0.177 0.148 0.163 
deflected 

KD strongly 
Ii 

strongly 0.482 0.230 0.356 " 

deflected I skewed 

Table 16.2 - Width growth in merging buoyant jets deflected by a counter-flowing 
ambient fluid 
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16 .. 7 Flow trajectories 

The effect of a counter-flowing current on the merging buoyant jets is shown by the 

plot of flow trajectories in Figure 16.10. The trajectories of experiments with a range 

of cross-flow numbers have been compared to that of merging buoyant jets discharged 

into a stationary ambient fluid. The weakly deflected and strongly deflected flow 

regimes are clearly shown by the figure. 

200 T 

I 
i 

100 f 

t 
'" 

XCF=O 

<>CF=0.30 

DCF=0.50 

ACF=0.68I 

OCF=0.90: " -... 
N 

100 

o 

-100 -50 o 50 100 150 200 250 

Figure 16.10 - Trajectories of merging buoyant jets in a counter-flowing ambient 
fluid showing the effect offlow regime; Fro = 9.2, pjdp = 9.3. 

In the presence of a counter-flow velocity of strength CF = 0.30 the merging buoyant 

jets have been weakly deflected. The flow has been deflected in the direction of the 

ambient flow velocity but the upwards orientation of the trajectory has been retained. 

As the ambient counter-flow velocity is increased to correspond to cross-flow numbers 

of CF ;:;;:: 0.50, the merging buoyant jets are strongly deflected with an approximately 

horizontal initial portion of the trajectory. When these trajectories are compared to 

those in Figure 15.1 it is obvious that the trajectories of the merging buoyant jets 

strongly deflected by a counter-flowing ambient fluid are located at a greater elevation 



265 

from the source than those deflected by a co-flowing ambient fluid. This is due to the 

upwards deflection of the jet as it is reversed by the counter-flowing ambient. For the 

experiment with CF 0.50 the initial strongly deflected trajectory is observed to end 

at a distance of x/dp = 100 and the flow resumes an upwards orientation. In general, 

the trajectories of the merging buoyant jets in co-flowing and counter-flowing ambient 

fluids are affected by the current in a similar manner, however the merging buoyant jets 

deflected by a co-flow have a flatter trajectory. 

It was suggested in Chapter 12 that where the ambient velocity is small such that the 

merging buoyant jets are weakly deflected by the counter-flow, the flow trajectory can 

be described by dimensionless relationship in equation (12.2). This equation relates the 

slope of the weakly deflected trajectory in the region remote from the diffuser to the 

cross-flow number. A value of the coefficient from this equation of ct = 0.72 was 

measured from experiment with CF = 0.3. This value is larger than the average value 

of ct = 0.26 measured in a co-flowing current, which indicates a steeper trajectory in 

the counter-flow situation. This suggests that the direction of the initial excess jet 

momentum has affected the flow in the region remote from the source. 

16.7.1 Comparison of trajectories of single 

buoyant jets in a counter-flowing ambient 

In order to evaluate the relative performance of diffusers with merging and non-merging 

buoyant jets deflected by a counter-flowing current, the trajectories of single and 

merging buoyant jets have been compared in Figures 16.11 and 16.12. The merging 

buoyant jets in the figure have been discharged with a port Froude number of Fro 

9.2, a port spacing of p/dp = 9.3 and cross-flow numbers of CF = 0.30 and 0.90. 

The single buoyant jets in each figure have the same Froude number and ambient 

velocity ratio as the merging jets. Figure 16.11 shows that where the merging buoyant 

jets are weakly deflected by the counter-flowing current, they are deflected by a lesser 

amount than the single jet with the same ambient velocity ratio. This contrasts with the 

behaviour exhibited in the co-flowing ambient fluid, as shown in Figure 15.2, where 

it was found that in the weakly deflected regime the merged buoyant jets were deflected 

to a greater extent than single buoyant jets. 
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Figure 16.11 - Trajectories oj merging buoyant jets weakly deflected by a counter-
flowing ambient fluid compared to those oj single buoyant jets; Fro 9.2, CF = 

0.30. 
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Figure 16.12 - Trajectories oj merging buoyant jets strongly deflected by a counter
flowing ambient fluid compared to those oj single buoyant jets; Fro = 9.2, CF = 

0.90. 
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In Figure 16.12, the merging buoyant jets with a cross-flow number of CF = 0.90 have 

been strongly deflected to an approximately horizontal orientation by the ambient flow. 

The merging buoyant jets are shown to be deflected by a greater amount than the single 

buoyant jet with the same ambient velocity ratio and Froude number. 

These results indicate that the relative amount of deflection of merging and non-merging 

buoyant jets by a counter-flow depends on the strength of the counter-flow velocity. 

Merging buoyant jets in the weakly deflected regime are deflected by a lesser amount 

than single buoyant jets, while in the strongly deflected regime the merging buoyant jets 

are deflected further. This is expected to affect the relative amounts of dilution growth 

with depth obtained from the merging and non-merging diffusers in a counter-flow, 

which will be examined in the following section. 

16 .. 8 Time averaged flow dilutions 

Results presented in Chapter 15 showed that the presence of a co-flowing current had 

a significant and beneficial effect on the dilution of the merging buoyant jets. Results 

presented in this section will show that a counter-flowing current has a similarly 

beneficial effect on the dilution of the merging buoyant jets. 

In Figure 16.13, the dilution growth measured in merging buoyant jets discharged into 

a counter-flowing ambient fluid of various strengths has been compared to that 

measured in a stationary ambient fluid. The growth of dilutiop with depth measured 

in the merging buoyant jets weakly deflected by a counter-flow was slightly less than 

that of the merging buoyant jets discharged into a stationary ambient fluid. The weakly 

deflected merging buoyant jets were shown by Figure 16.10 to have a very steep 

trajectory, and hence a low rate of dilution growth with depth is expected. Figure 

16.13 shows that where the merging buoyant jets were strongly deflected by the 

counter-flow a much higher rate of dilution growth was measured. The flat trajectories 

of the strongly deflected merging buoyant jets has resulted in a large increase in dilution 

over a small rise in depth. 
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Figure 16.13 - Dilutions measured in merging buoyant jets in a counter-flowing 
ambient fluid showing the effect of flow regime; Fro = 9.2, p/dp = 9.3. 

16.8.1 Comparison of the dilution of ..:1,u.,,;;;'JL..., 

jets in a counter-flowing ambient 

merging buoyant 

The performance of a diffuser with closely spaced horizontal buoyant jets discharging 

into a counter~flowing current can be evaluated by making comparisons to the 

performance of a diffuser with non-merging buoyant jets in the same ambient 

conditions. For this purpose, the dilution growth of depth of merging and single 

buoyant jets in a counter-flow has been compared in Figures 16.14 and 16.15. 

Figure 16.14 shows that in the weakly deflected flow regime, the merging buoyant jets 

have a dilution growth which is considerably less than that of the single buoyant jet with 

the same ambient counter-flow velocity. This is because the merging buoyant jets 

weakly deflected by a counter-flow jets had a steeper trajectory than that of the single 

buoyant jet in the same ambient flow, as was shown by Figure 16.11. In the strongly 

deflected flow regime however, Figure 16.15 shows that the dilution growth with depth 

was very similar to that measured in a single buoyant jet discharged into an ambient 
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Figure 16.14 Dilutions measured in merging buoyant jets weakly deflected by a 
counter-flowing ambient fluid compared to those of single buoyant jets; Fro = 9.2, 

CF = 0.30. 
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Figure 16.15 - Dilutions measured in merging buoyant jets strongly deflected by a 
counter-flowing ambient fluid compared to those of single buoyant jets; Fro = 9.2, 

CF = 0.90. 
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These results allow the relative dilution obtained with a close port spacing to be 

compared to that obtained with widely spaced ports for a given flux of effluent from 

each port. Where the current is small such that the merging buoyant jets are weakly 

deflected, the closely spaced buoyant jets have a lower rate of dilution growth with 

depth than would be obtained if the ports were widely spaced. Where the ambient 

counter-flow is large enough that the merging buoyant jets are strongly deflected, the 

amount of dilution with depth obtained is approximately independent of the port 

spacing. In designing a wastewater diffuser with a specified flux of effluent per unit 

length to discharge into a counter-flowing current, consideration must be· given to the 

decrease in the flux of effluent from each port as the spacing is reduced and the number 

of ports per unit length is increased. A closely spaced port configuration will be more 

efficient only in the situation where the merging buoyant jets are strongly deflected. 

In this situation, the results have shown that for a given flux of effluent from each port 

the dilution is independent of the port spacing, however the dilution obtained with a 

prototype diffuser is expected to increase as the flux from each port is decreased. 
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The final and most complicated flow configuration tested was that of an array of 

alternately directed horizontal buoyant jets in a flowing ambient fluid with velocity 

directed perpendicular to the array. Such a flow situation will occur where a current 

_ flows perpendicular to a mUlti-port diffuser with ports arranged alternately on either 

side of the diffuser pipe. The behaviour and bulk properties of the flow will be 

presented in this section. 

1 

Figure 17.1 shows the flow behaviour expected to occur in this situation. The buoyant 

jets from the downstream side of the diffuser behave as merging buoyant jets discharged 

into a co-flowing current, while the buoyant jets from the upstream side behave as 

merging buoyant jets discharged into a counter-flowing current. At a distance from the 

diffuser, the merging buoyant jets from either side will have merged to each form a 

plane buoyant jet. At a further distance the two plane buoyant jets will merge to form 

a single plane buoyant jet. This merged buoyant jet is expected to be affected by the 

ambient current in a similar manner as the merged buoyant jet in the two previously 

described flow situations. The merged buoyant jets are expected be either weakly or 

strongly deflected depending on the strength of the current which is described by the 

cross-flow number. The cross-flow number will be defined as CF = U""/(2'ko/pJI/3, 

where the ports are spaced at Ps on both sides of the diffuser and the definition of the 

cross-flow number reflects the contribution to the buoyancy flux from the total number 

of ports, 'ko2 = 2'kiPs' 

The behaviour in the region near the diffuser will be very complex, however in the 
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region remote from the diffuser, the relationship in equation (12.2) can be used to 

describe the flow trajectory when the merged buoyant jets are weakly deflected. The 

correct coefficient for this equation, which will take into account the geometry of the 

diffuser, will be determined from the experiments. 

Axisymmetric buoyant jets merge 
to form plane buoyant jet 

Figure 17.1 Sketch oj the idealised behaviour oj alternately directed merging 
buoyant jets in a flowing ambient fluid 

Experiments were undertaken with buoyant jets, with Froude number Fro = 9.2 and 

spaced at p/dp ::: 9.3 on each side of the array, discharging into an ambient fluid with 

a range of ambient flow velocities. Boundaries were placed at either end of the array· 

and the array was positioned 30.9 ~ below the water surface. The array was towed to 

create an ambient fluid velocity in the positive x direction. 

17 .. 2 Flow regime 

To examine the different flow regimes occurring in this flow configuration, the 

alternately directed buoyant jets were discharged into ambient flows of various 
I. . 

strengths. The weakly deflected and strongly deflected flow regimes were observed to 

occur in over the same ranges of cross-flow number as determined for the co-flow and 

counter-flow configurations. The transition between the two regimes occurred in the 

range of CF = 0.3 to 0.5. 
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Figure 17. 2 - A typical single frame image showing contours of dilution in 
alternately directed merging buoyant jets weakly deflected by a flow; Expt QB, Fro 

= 9.3, p/dp = 9.3 each side, CF = 0.30. 
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Figure 17. 3 - A typical single frame image showing contours of dilution in 
alternately directed merging buoyant jets strongly deflected by a flow; Expt QD, Fro 

= 9.2, p/dp = 9.3 each side, CF = 0.70. 
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The two observed flow regimes are shown by the single frame flow images presented 

in Figures 17.2 and 17.3. Figure 17.2 shows that for a cross-flow number of CF = 

0.30, the merging buoyant jets from the alternately directed diffuser retain a plume-like 

shape and are weakly deflected by the flow. For a larger cross-flow number of CF = 

0.70, Figure 17.3 shows that the merging buoyant jets are strongly deflected as 

expected. The trajectory is approximately horizontal over the strongly deflected flow 

region. 

17.3 Observed flow structure 

Figures 17.2 and 17.3 can be used to show the flow structure occurring in the two 

regimes. In both flow regimes, the flows from either side of the array merge to form 

a single plane buoyant jet at a distance ofless than 60 ~ from the source. In the flow 

region beyond this point, similarities are observed between the structure in these 

merged alternately directed buoyant jets and that observed in merged buoyant jets 

deflected by co-flowing and counter-flowing currents. 

In the merged region of the weakly deflected buoyant jets, Figure 17.2 shows that the 

eddies on the upstream side of the flow are larger than those on the downstream side. 

This is due to the difference between the stability of the interfaces on either side of the 

sloping buoyant jet. In the region near the source, the flow from the upstream and 

downstream sides of the diffuser appear to behave as merging buoyant jets in a counter

flow and a co-flow respectively. On the upstream side the buoyant jets are stable as 

is expected because the value of the counter-flow stability parameter is equal to Fro I Dr I 
= 0.35 which is less than the critical value of 0.6 suggested by Knudsen (1988). 

In the region near the source of the strongly deflected merging buoyant jets, Figure 

17.3 shows that at position 'A' the flow from the upstream side of the diffuser is 

exhibiting the counter-flow instability. The value of the parameter is Fro I Dr I = 0.81 

which exceeds the critical value and the instability is expected. In the merged region 

of the flow, large eddies on the upper flow boundary such as that marked 'B', have 

been formed by the counter-flow instability and by the unstable density gradient of the 

interface. Further from the source these eddies form convective cells such as that 
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marked 'C'. The shape of the lower boundary remains relatively smooth due to the 

stable density gradient across the interface. These observations of the flow structure 

are similar to those made of the merging buoyant jets in the co-flowing and counter

flowing currents. 

17 .. 4 Ambient fluid entrainment 

Vectors showing the velocities in the ambient fluid have been marked on the flow 

images from experiments representing each flow regime in Figures 17.2 and 17.3. The 

velocities were measured by manually tracking particles in the ambient fluid. Results 

have been presented for these experiments. 

Weakly deflected merging buoyant jets 

The velocities measured on either side of the weakly deflected buoyant jets are 

presented in Table 17.1. The velocities are larger than those measured in the uni

directional arrays of merging jets due to the increased buoyancy flux per unit length of 

the buoyant jets from this alternately directed array. The entrainment into the upstream 

side is 27 % greater than that into the downstream side as a result of the additive effect 

of the ambient flow velocity on the entrainment velocity field. The ambient flow 

velocity is less than the entrainment into the upstream side, which indicates that the 

ambient flow is able to be completely entrained into the weakly deflected buoyant jets. 

Expt Fro p/dp CF U"" upstream U au downstream U ad 

(mm/s) (mm/s) (mm/s) 

QA,QB 9.3 9.3 0.30 11.4 16.8 ± 0.8 13.2 ± 3.6 

Table 17.1 - Entrainment velocities in alternately directed merging buoyant jets 
weakly deflected by a flowing ambient fluid 

Strongly deflected merging buoyant jets 

The alternately directed buoyant jets were strongly deflected when the ambient flow 

velocity was increased beyond the velocity able to entrained into the buoyant jets while 
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retaining a weakly deflected orientation. Figure 17.3 shows that the strongly deflected 

buoyant jets provided little obstacle to the ambient flow and it passed above them. The 

entrainment demand of the buoyant jets directed the ambient flow downwards slightly. 

The general behaviour of the ambient fluid around the weakly deflected and strongly 

deflected alternately directed merging buoyant jets was observed to be very similar to 

that observed around the merging buoyant jets in co-flowing and counter-flowing 

currents. The ambient fluid motion was shown to be largely controlled by the 

occurrence of the two flow regimes, which occurred at the same values of cross-flow 

number in the various diffuser configurations. 

17 .. 5 Cross-section shape 

Bulk flow properties of the alternately directed buoyant jets in a current are presented 

in the following four sections. These properties have been measured from flow images 

averaged over durations of between 30 and 50 s. Time averaged flow images from one 

experiment in each flow regime are presented in Figures 17.4 and 17.5. These images 

clearly show the merging of the flows from either side of the diffuser. The flows are 

shown to be largely merged into a single plane buoyant jet at a distance of 

approximately 60 dp from the source. 

The cross-section shape of the merging buoyant jets will be examined in the region 

beyond the merging of the flows from either side of the diffuser. Cross-section 

information will be presented for the experiments shown in Figures 17.4 and 17.5, 

which are representative of each flow regime. The location of the cross-section profiles 

has been marked on the flow images. 
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Figure 17.4 - Time averaged image showing contours of dilution in alternately 
directed merging buoyant jets weakly deflected by aflow; Expt QB, Fro = 9.3, p/dp 

9.3 each side, CF = 0.30. 
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Figure 17.5 Time averaged image showing contours of dilution in alternately 
directed merging buoyant jets strongly deflected by aflow; Expt QD, Fro = 9.2, 

p /dp = 9.3 each side, CF = O. 70. 
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Weakly deflected merging buoyant jets 

The cross-section shape in the weakly deflected buoyant jet experiment with a cross

flow number of CF = 0.30 is shown by the normalised concentration distributions 

presented in Figure 17.6. The distributions are slightly skewed with the base of the 

distributions shifted in the direction of the component of the buoyancy force acting 

perpendicular to the flow axis. The degree of the skew is the same as that measured 

in the weakly deflected buoyant jets discharged in the co-flow configuration. The skew 

diminishes as the distance from the source is increased, and at a distance of s/~ = 188 

very little skew is apparent. These shape characteristics are very similar to those 

measured in the buoyant jets weakly deflected by a co-flowing current. 
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Figure 17.6 - Normalised concentration distributions in the merged region oj 
alternately directed buoyant jets weakly deflected by a flow; Expt QB, Fro 9.2, 

pjdp = 9.3 each side, CF = 0.30. 

Strongly deflected merging buoyant jets 

3 

Normalised distributions measured in the merged region of the strongly deflected 

buoyant jet experiment with a cross-flow number ofCF = 0.70 are presented in Figure 
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17.7. These distributions fit a self-similar skewed shape which is similar to that in the 

strongly deflected buoyant jets discharged from the uni-directional array. The slightly 

poorer fit around the peak of this plot is probably due to the short duration of 30 s over 

which these distributions were averaged as compared to the longer duration of 50 s for 

most experiments. 
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Figure 17. 7 - Normalised concentration distributions in the merged region of 
alternately directed buoyant jets strongly deflected by a flow; Expt QD, Fro = 9.2, 

p/dp = 9.3 each side, CF = 0.70. 

17 .. 6 Width growth 

The concentration half-width has been measured from the cross-section distributions 

presented in the previous section. The concentration half width for the two experiments 

is plotted against distance from the source in Figures 17.8 and 17.9, and the rates of 

width growth measured from these plots have been presented in Table 17.2. 

3 
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Figure 17.8 - Width growth in alternately directed merging buoyant jets weakly 
deflected by aflow; Expt QB, Fro = 9.2, p/dp 9.3 each side, CF = 0.30. 
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Figure 17.9 - Width growth in alternately directed merging buoyant jets strongly 
deflected by a flow; Expt QD, Fro = 9.2, p/dp = 9.3 each side, CF = 0.70. 
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Weakly deflected merging buoyant jets 

In the weakly deflected flow regime, Figure 17.8 shows that the concentration half

width on the upstream side of the flow was larger than that on the downstream side. 

This is due to the slightly skewed cross-section shape, as shown in Figure 17.6. As the 

distance from the source increased, and the amount of skew decreased, the difference 

between the half-widths on either side also decreased. The average width growth rate 

was considerably larger than the rates observed in the co-flow and counter-flow 

configurations . 

Strongly deflected merging buoyant jets 

In the strongly deflected flow regime, the skewed cross-section shape again caused the 

half-width on the upper (upstream) side to be greater than that on the lower side. 

Figure 17.9 shows that the width on the lower side grew at a rate which was restricted 

by the stability of the density gradient on this interface to 60 % of that on the upper 

side. 

Expt Regime Cross-section dbcu / ds dbcd / ds dbc / ds 
shape 

QB weakly slightly 0.224 0.340 0.278 
deflected skewed 

QD strongly strongly 0.301 0.182 0.243 
deflected skewed 

Table 17.2 - Width growth in alternately directed merging buoyant jets deflected by 
a flowing ambient fluid 

The width growth rates of the alternately directed buoyant jets deflected by a current 

were found to be larger than those measured in merging buoyant jets deflected by a co

flowing current, and also considerably larger than the rate for merging buoyant jets in 

a stationary ambient fluid. The reason for these large width growth rates is not known. 
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17 .. 7 Flow trajectories 

The flow trajectory and dilution growth are important parameters which describe the 

performance of the wastewater diffuser. The effect of a current on the trajectory of the 

buoyant jets from the alternate port diffuser has been shown in Figure 17.10. The 

trajectories from experiments with various current strengths have been compared to that 

measured in a stationary ambient fluid. 
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Figure 17.10 - Trajectories oj alternately directed merging buoyant jets in a flowing 
ambient fluid; Fro = 9.2, p/dp = 9.3 each side. 

Figure 17.10 shows that in the region close to the diffuser, the flows from either side 

of the diffuser behaved similarly to that expected of buoyant jets in counter-flowing and 

co-flowing currents. The buoyant jets discharged from the upstream side of the diffuser 

were bent back upon themselves by the counter-flowing ambient fluid. At a distance 

downstream of the diffuser the flows from each side of the diffuser merged to form a 

plane buoyant jet which exhibited the behaviour expected of a merged buoyant jet for 

the range of values of cross-flow number. In the experiment with a cross-flow number 

of CF = 0.30 the merged buoyant jet was' weakly deflected by the ambient flow and 

retained an upwards oriented trajectory. In experiments with higher cross-flow numbers 
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of CF = 0.50 and 0.70 the merged buoyant jet was strongly deflected to have an 

approximately horizontal trajectory. In the experiment with CF == 0.50 the flow was 

initially strongly deflected but resumed a weakly deflected trajectory at a distance of 

x/dp = 75. 

In the weakly deflected flow regime, the behaviour of the flow in the region beyond the 

point where the plane advected buoyant jets from either side of the diffuser have 

merged is expected to be described by the dimensionless trajectory law given by 

equation (12.2). The coefficient from this equation, which relates the slope of the 

trajectory to the cross-flow number, has been measured from the experiment with CF 

= 0.3. The measured value of ct = 0.68 is significantly larger than the average value 

measured in the co-flowing current situation of Ct = 0.26, and it is slightly less than 

that measured in the counter-flowing current of Ct = 0.72. The trajectory coefficients 

measured in the alternately directed configuration and the counter-flow situation where 

significantly larger than the average coefficient measured in the buoyant jets weakly 

deflected by a co-flow. This indicates that the buoyant jets weakly deflected by a co

flowing current are deflected by a greater amount than the buoyant jets in the other two 

configurations . 

8 averaged 

The most important indicator performance of the performance of the diffuser is the flow 

dilution. The dilution measured in the buoyant jets has been plotted against vertical 

flow depth for various strengths of current in Figure 17.11. 

As expected, the figure shows that the dilution growth has again been increased by the 

presence of the ambient flow velocity. The effect of the flow regime on the dilution 

growth is very similar to that reported in Chapter 15 for merging buoyant jets 

discharged into a co-flowing ambient fluid. The rate of dilution growth increases with 

the current velocity, and a large increase in dilution is measured over a small rise in 

depth in the strongly deflected flow regime. The lower dilutions observed in this 

configuration as compared to the co-flow configuration are due to the twice as large 

flow per unit length of the alternately directed array. 
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Figure 17.11 - Dilutions measured in alternately directed merging buoyant jets in a 
flowing ambient fluid; Fro 9.2, p/dp = 9.3 each side. 
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Summary of Part Four -

Single Buoyant Jets 

in a Flowing Ambient Fluid 

In the final part of this thesis, it has been established that the effect of a flowing 

ambient fluid is very important in detennining the behaviour of single and merging 

buoyant jets. In particular, the presence of a current flowing perpendicular to an array 

of merging buoyant jets results in an interesting flow situation, as was described by 

Davidson (1989) and Mendez-Diaz (1992). The merging buoyant jets are deflected to 

- a level below the surface and this has the favourable result of an increase in the mixing 

of the effluent. The findings of the experimental study into single and merging buoyant 

jets in a flowing ambient fluid, and the theoretical treatment of this situation, will be 

briefly summarised in this chapter. 

The first situation to be investigated was that of an array of horizontal buoyant jets 

discharging into a co-flowing ambient fluid. Experiments were undertaken with the jets 

configured at a range of spacings and with the limiting case of a single buoyant jet. At 

a distance from the diffuser, the closely spaced buoyant jets merged to fonn a plane 

buoyant jet which formed a barrier to the oncoming flow. The experiments showed 

that, depending on the strength of the ambient flow, the flow in the region beyond this 

point would exhibit one of two distinct regimes of behaviour. 

Where the ambient velocity was small such that it could be totally entrained into the 

merged buoyant jet, the buoyant jet was simply advected and weakly deflected by the 

ambient flow. The presence of the ambient flow velocity increased the entrainment into 

the upstream side of the buoyant jet and decreased the entrainment into the downstream 

side. The trajectory of the merged flow was deflected away from the vertical. This 

was suggested to be partially due to the horizontal momentum added to the buoyant jets 

by the asymmetric entrainment, and also due to a difference between the ambient 

pressures on either side of the merged plume caused the blocking effect of the merged 

buoyant jets. The non-vertical trajectory lead to a hydrostatically unstable density 
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gradient on the upper side of the buoyant jet and a stable density gradient on the 

downstream side. This resulted in the loss of symmetry in the flow structure, whereby 

the vertical density gradient enhanced the growth of eddies on the upstream flow 

boundary, and restricted the growth of eddies on the downstream boundary. The 

asymmetric flow structure was shown to result in a cross-section shape that followed 

a slightly skewed Gaussian distribution. The amount of skew decreased with distance 

and the shape followed the Gaussian distribution in the region remote from the source. 

The experimental findings were used to develop a theoretical model to predict the 

behaviour of the merging buoyant jets weakly deflected by a co-flowing ambient fluid. 

The model was based on the integral model developed by Wood et aL (1993) for a 

single buoyant jet in a co-flow. It was extended to describe merging buoyant jets with 

the use of shape constants for merging jets. Based on a limited amount of experimental 

evidence, the ambient flow velocity was assumed to be additive to the entrainment 

velocity field. This lead to the introduction of a new term in the momentum equations. 

The momentum equations were re-derived for both axi-symmetric and plane flows. In 

the merged flow region, a force term was added to the momentum equations to account 

for the pressure difference on either side of the merged buoyant jets. 

A comparison between measured and predicted flow trajectories and dilutions indicated 

that the performance of the model DSING2, which describes single buoyant jets in a 

co-flow, improved with the introduction of the new asymmetric entrainment term in the 

momentum equations. For merging buoyant jets with cross-flow numbers of up to CF 

= 0.3, the model DMERG4 performed well when a pressure coefficient of cp = 3 was 

used. The value of the pressure coefficient appropriate for the model was independent 

of the cross-flow number, and the port spacing. The pressure difference is caused by 

blocking of the ambient fluid which flows through the gap between the flow boundary 

and the merging jets. The coefficient was therefore expected to depend on the diffuser 

configuration, and in particular on the height of the diffuser above the bottom flow 

boundary. To model the experiments of Mendez-Diaz (1992) the coefficient was 

adjusted downwards to a value of cp = 1 to account for the greater gap beneath the 

diffuser. Good agreement was shown between the measured trajectories and those 

predicted by the modeL 



287 

The behaviour of the weakly deflected merging buoyant jets in the region remote from 

the source could also be described by dimensionless relationship for the trajectory slope. 

dz 
dx 

The measured coefficients for this equation are presented in Table S-2. 

(S-I) 

Flow configuration Trajectory coefficient, Ct 

merging buoyant jets in a co-flow 0.26 ± 0.05 

merging buoyant jets in a counter-flow 0.72 

alternately directed merging buoyant jets in a flow 0.68 

Table S-2 - Trajectory coefficients for weakly deflected merging buoyant jets 

When the ambient flow was increased beyond a critical velocity, it was found that the 

merged plane buoyant jet became horizontal. It was suggested that this transition 

occurred where the ambient velocity exceeded that which could be entrained into the 

merged buoyant jet. This lead to the criterion for the transition of U 00 = 0.176 ~o2lf3, 

or CF = U cx,/<Ia.02113 = 0.176. This is the lower limit as it does not account for the 

effect of the ambient pressure differential across the plume on the entrainment. 

Experimental evidence showed that in fact the transition from a weakly deflected to a 

strongly deflected merged buoyant jet occurred at a greater ambient velocity which 

corresponded to a cross-flow number in the range of CF = 0.4 to 0.5. The value of 

the critical cross-flow number measured in this study has been compared to those 

measured by other authors in Table S-3. 

Author Critical cross-flow 
number, CF 

Papps (theory) 0.176 

Papps (experiment) 0.4 0.5 

Cederwall, 1971 0.6 

Mendez-Diaz, 1992 0.5 - 0.8 

Table S-3 Critical cross-flow number for the transition 
from weakly to strongly deflected merging buoyant jets 
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The depth of the horizontal, strongly deflected flow region was predicted reasonably 

well by the model DSING2. In this region, the effluent was advected by the ambient 

velocity and vigorous mixing occurred on the hydrostatically unstable upper flow 

boundary. This observation was supported by the asymmetric shape of the measured 

flow cross-section, and by the rapid spreading rate measured on the upper side as 

compared to the hydrostatically stable lower side. In the strongly deflected buoyant jets 

a great amount of dilution was obtained with little change in the flow depth. At a 

distance downstream, the ambient flow penetrated through the rapidly diluting plane 

plume, equalising the pressure either side of the plume and allowing the flow to resume 

a weakly deflected trajectory. In the flow region beyond this point, the dimensionless 

trajectory law for weakly deflected merged buoyant jets was shown to describe the 

flow. 

The performance of a diffuser with ports spaced at close intervals such that buoyant jets 

merge was compared to that of a diffuser designed such that the buoyant jets do not 

merge. In the presence of a current flowing in the direction of the jets, the closely 

spaced merged buoyant jets were either weakly deflected or strongly deflected. When 

the current velocity was small such that the merged buoyant jets were weakly deflected, 

the dilution obtained with the closely spaced buoyant jets was comparable to that of a 

single (un-merged) buoyant jet in the same ambient conditions. However, when the 

current velocity was greater than the critical velocity required to strongly deflect the 

merging buoyant jets, the dilution obtained with the closely spaced diffuser 

configuration was much greater than that of a single buoyant jet. A significant 

advantage can obtained in these ambient conditions by designing a diffuser with a 

greater number of closely spaced ports. 

Experiments were also undertaken to investigate the performance of the same diffuser 

configuration discharging into a counter-flowing ambient fluid, and of a diffuser with 

ports positioned on alternate sides of the diffuser discharging into a current flowing 

perpendicular to the diffuser. Flow instabilities were observed where the buoyant jets 

were discharged into a counter-flowing current. The stability criterion suggested by 

Knudsen (1988) of Fro I Dr I < 0.6 was found to accurately predict the occurrence of 

the unstable flow oscillation. Comparison of the dilution of the merging buoyant jets 
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with various port spacings in a counter-t1ow indicated an advantage is gained with 

closely spaced ports only when the merged buoyant jets are strongly det1ected. 

Beyond the point where the t10w from a diffuser with any of the three port 

configurations merged into a plane buoyant jet, the t10w behaviour was largely 

controlled by the cross-t1ow number. The buoyant jet was either weakly det1ected or 

strongly det1ected depending on whether the ambient flow velocity was less than or 

greater than the velocity determined by the critical cross-flow number. The critical 

value of the cross-flow number was found to be independent of the diffuser 

configuration. Where the merged buoyant jets were weakly deflected, the flow 

trajectory in the region remote from the diffuser was described by the dimensionless 

trajectory law given by equation S-1. The coefficient from this equation is shown by 

Table S-2 to depend on the diffuser configuration. 
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Conclusions 

The behaviour of an array of merging buoyant jets was measured using the planar laser

induced fluorescence technique. The accuracy of this technique was verified against an 

independent measurement technique, and the time averaged concentrations measured 

with the two techniques consistently agreed to within 5 % accuracy. 

Experimental results were first presented for merging buoyant jets in a stationary 

ambient fluid. Time averaged properties and temporal properties of the buoyant jets 

were measured. The technique for measuring the intermittency of flow concentrations 

was discussed. It was shown that to obtain meaningful results, the detection threshold 

of concentration should be normalised to the centreline concentration. The intermittent 

nature of the plume resulted in the average concentration of the mixed plume fluid 

being equal to or greater than the long term time averaged flow concentration. The 

flow images were used to examine large scale structure in the merging buoyant jets. 

A flapping motion in the trajectory of the merged flow region was caused by the 

relative position of large scale vortices on either of the flow boundaries. The effect of 

the intermittent flapping events on the flow properties was examined, and the flapping 

was shown to be the cause of many widely accepted differences between the behaviour 

of plane and round buoyant jets. Most notably, intermittent flapping was shown to 

cause the greater spread rate of plane buoyant jets as compared to round buoyant jets. 

The effect of the onset of flapping in the merging transition was incorporated into the 

model FPMERG. The model was used to predict the behaviour of a single row of 

either vertical or horizontal merging buoyant jets. The trajectories and dilutions 

predicted by the model were verified against the measured quantities and the model was 

shown to perform welL 

The efficiencies of different configurations of wastewater diffusers were examined using 

results from the experimental study. In particular the performance of a diffuser with 

ports positioned alternately on either side of the diffuser pipe was of interest. It was 

shown that in the complex flow region where the flows from either side of the diffuser 

merged, the spread and dilution growth of the merging buoyant jets were significantly 
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lower than those expected of a plane buoyant jet. A comparison indicated that a 

significant amount of dilution was lost by using this diffuser configuration. A diffuser 

with a single row of horizontal ports was recommended as the most efficient design for 

rapid dilution of wastewater in a stationary ambient fluid. 

Finally, the effect of a flowing ambient fluid on the merging buoyant jets was 

examined. In particular, the experimental investigation centred on the interesting flow 

situation occurring where the merging buoyant jets are deflected by a current flowing 

perpendicular to the array. In this situation, the merged buoyant jets were either 

weakly deflected and the plume-like behaviour was preserved, or strongly deflected 

such that they had a horizontal trajectory. In the strongly deflected regime, mixing 

took place rapidly through the formation of convective cells on the hydrostatically 

unstable upper boundary. A theoretical lower limit was derived for the transition 

between the two regimes. This was that the ambient velocity is equal to the 

entrainment velocity of a plane plume in a stationary ambient fluid, and it corresponded 

to a critical value of the cross-flow number of CF = 0.176. The transition was 

observed to occur at a velocity greater than this lower limit and it corresponded to a 

value of CF 0.4 to 0.5 that was in reasonable agreement to other authors. 

The occurrence of the two flow regimes, and the value of the cross-flow number at the 

transition, was shown to be largely independent of the configuration of the array of 

buoyant jets. However, the most efficient mixing was obtained where the buoyant jets 

were discharged from a single row of horizontal ports and the current was flowing in 

the same direction as the jets. In this configuration, the dilution growth with depth of 

the strongly deflected merging buoyant jets was greater than that of a single buoyant 

jet. In ambient conditions such as these, which may occur where buoyant wastewater 

is discharged to a river, a diffuser with closely spaced horizontal jets oriented in the 

direction of the flow is recommended over a diffuser with the conventional design of 

widely spaced ports. 

The experimental findings were used to develop an integral model to describe horizontal 

merging buoyant jets in a weak co-flow. This was based on an existing model for a 

single buoyant jet in a co-flow, which was extended with shape constants for merging 
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jets. Evidence showed that for an advected buoyant jet, the ambient velocity adds to 

the entraimnent velocity field and the resulting inflow into the buoyant jet is 

asymmetric. The asymmetry of the inflow affects the momentum of the buoyant jets. 

This lead to the derivation of a new term in the momentum equations. The modified 

momentum equation was introduced into the model for a single buoyant jet in a co-flow 

DSING2 and the performance was improved. For the merged buoyant jets, a pressure 

force term was introduced to account for the pressure difference either side of the 

buoyant jet caused by the blocking effect of the merged buoyant jets. With this term 

and the term for the asymmetric entrainment, the model DMERG4 was successful in 

describing the behaviour of the merging buoyant jets in a weak co-flow. 

Future Work 

Progress has been made on the understanding of merging buoyant jets in stationary and 

flowing ambient fluids, however there remains work to be done before the area is 

completely understood. In particular, there is a need for further experiments with 

weakly advected single plumes to verify or improve the theoretical model proposed in 

this thesis. The inflow velocities into the advected plume need to be measured to verify 

the assumptions made in deriving the new asymmetric entraimnent term in the 

momentum equation. The spreading rate of the width, measured perpendicular to the 

direction of excess velocity, should be examined to establish the correct form and the 

correct coefficient for the spread equation. 
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FC 90 9 3.24 13.2 999.35 18.2 44.7 1032.67 0.327 22.4 9.05E-06 0.302 850 9.3 

---
10.3 0.49 3.4 % FC 

FD 90 9 3.24 13.7 999.28 20.0 44.7 1032.1B 0.323 22.4 B.93E-06 0.302 850 9.3 ~6 0.70 4.8 % FD 

~ 
"C 
('t) 
J-t """. 

GA 150 7 3.24 13.2 999.35 nr 44.7 1033.00 0.330 17.4 5.47E-06 0.301 849 9.2 0.0 0.00 0.0 % GA e 
GB 150 7 3.24 13.4 999.33 nr 44.7 1033.go. 0.331 17.4 5.48E·06 0.301 849 9.2 5.2 0.29 1.7 % GB 
GC 150 7 3.24 13.4 999.33 nr 44.7 1033.00 0.331 17.4 5.48E-06 0.301 849 9.2 "5:2" 0.29 1.7 % GC 
GD 150 7 3.24 -12.8-- 999.40 16.2 44.7 -- 1033.18 0.332 17.4 5.49E-06 0.301 849 9.2 8.9 0.50. 2.9 % GD 

('t) 

= ~ 

-~ 150 7 3.24 13.0 999.38 17.0 44.7 _ 1032.9.8 0.330 17.4 5.47E-06 0.301 849 9.2 12.3 0.69 4.1 % GE ~ 
~ ----

HB inf 1 3.24 13,4 999.33 17.7 44.7 1032.80 0.329 2.5 ~ 0.303 854 9.3 0.0 na 0.0 % HB 
HC inl 1 3.24 13.8 -999.27 18.3 44.7 1032.65 -0.328 2.5 na 0.303 854 9.3 5.2 na 1.7 % HC 
HD int 1 3.24 13.6 999.:30 18.0 44.7 1032.72 0.328 -- 2.S na 0.303 854 9.3 8.9 ns 2.9 % -----tt~-HE int 1 3.24 13.9 999.26 17.6 44.7 1032.83 0.330 2.5 na 0.303 854 

--
9.3 15.1 ns 5.0 % HE 

HF int 1 3.24 14.3 999.20 17.5 44.7 1032.85 0.330 2.5 na 0.303 854 9.3 20.8 na 6.9 % HF 

""'= ~ 
J-t 
~ 

~ 30 15 3.24 16.5 998.86 18.0 44.7 1032.72 0.333 37.4 2.76E-OS 0.302 851 9.2 0.0 0.00 0.0 % JA 
JB 30 S 3.24 16.7 998.83 18.8 44.7 1032.51 0.331 12.S 2.7SE-OS 0.302 851 9.2 0.0 0.00 0.0 % JB 
JC int 1 3.24 17.3 998.74 19.9 44.7 1032.20 0.329 2.8 na 0.335 943- 10.3 0.0 na 0.0% JC 

e 
('t) 
~ 

JD 30 15 3.24 16.9 998.79 20.0 44.7 1032.18 0.32B 37.4 2.nE·05 0.302 851 9.3 0.0 0.00 0.0% JD ('t) 
JE in! 1 3.24 17.1 ~?76, 19.0 44.7 1032.46 0.331 2.5 ns 0.302 851 9.2 0.0 na 0.0 % JE 
JF 30 5 3.24 ---;-:].0 998.78 18.2 44.7 1032.67 0.333 12.5 2.76E·05 0.302 851 9.2 0.0 0.00 0.0 % JF 

J-t 
00 

>-r 

'"'" 
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Expt p. np dp T tank rho 0 .. ~ Salinity rho "0 at QAolpo Uo Re Fro Ulnf ~ Ur r-E'I'Y mm mm ~C kglm3 deg C gil' .. ~3 mls2 in=VS- m31s3 mls mmls rUinf/(Jo) 
! 

17.1 .. ~ '998:76 -0:29 . --:::-:: .. ~. r----:, .. ~. 
.~ 30 9 3.24 21.2 ~ 1031.85 0.325 22.4 2.70E-05 0.302 ~O~ 9.3 ~9 -2.9 % KA 

KB 30 9 3.24 18.2 998.56 19.7 44.7 . 1032.26 --0.331 22,4 2.75E-05 ii3()2"' 850 -iT ·15.1 0.50 -5.0 % KB 
KD 30 9 3.24 18.0 998.60 20,4 44.7 1032.07 0.329 22.4 2.nE·05 0.302 850 

~ •. ~ -20.6 0,68 -6.8 % KD 
KE 30 9 3.24 18.0 99B.60 20,4 -~. 1032.07 0,329 22,4 2.73E-05 0.302 850 -27.0 0.89 -8.9 % KE 

MA in! 1 3.24 18.0 998.60. ~~. 44.7 1032.01 0.328 2.5 na 0.302 851 9.3 -8.9 na -2.9 % MA 

~ inf 1 3.24 18.0 998.60 20.6 ~ ~ 0.328 2.5 na . 0.302 . 851 9.3 -27.0 na -E' 'Yo_ ~B_ 

NA 30 14 3.24 ~? 998.78 19.7 .44.7. 1032.26 0.329 42.0 3.29E-05 0.364 1025 ~1 
---o.o~ OJ.jO~ .. 0.0 % NA 

NB 30 14 3.24 17.0 998.78 19.7 44.7 1032.26 0.329 34.8 2.73E-05 0.302 850 9.2 0.0 0.00 0.0 % NB _. 

OA 15 13 3.24 12.9 999.39 17.8 ~7_ ~,78 0.32B 32.4 5,44E-05 0.302 851 9.3 0.0 0.00 0.0 % OA 

PA 15 13 3,24 13.1 999.37. ----..12:.4 .. ~,7 1032.88 0.329 32.4 5A6E-05 0.302 851 9.3 0.0 0.00 0,0 % PA 

.-

QL 30 14 3.24 13.2 999.35 15.7 44.7 1033.30 0.333 34.8 2.76E-05 0.302 850 9.2 1104 0.30 3.6 % QL 
OM 30 14 3.24 13.2 999.35 15.7 . 44.7 1033.30 0.333 34.8 2.76E-05 0.302 850 ---11 .. 19.0 0,50 6.3 % OM 

~ 30 14 3.24 13.2 999,35 15.7 44.7 1033.30 0,333 34.8 2.76E-05 0.302 850 26.5 0.69 8.8 % 9!'!.-. 
OA 30 14 3.24 13.4 999.32 18.2 44.7 1032.67 0.327 34.8 2.nE-05 0.302 850 9.3 11.4 0.30 3.8 % OA 
OB 30 14 3.24 13.7 999.29 18.2 44,7 1032.67 0.328 34.8 2.nE-05 0.302 850 9.3 1104 0.30 3.8 % OB_I 
OC 30 14 3.24 13.6 999.30 17.3 44.7 1032,90 0.330 34.8 2.74E-05 0.302 850 9.2 19.0 0.50 6.3 % OC 
OD 30 14 3.24 13.5 999.31 17.6 44.7 .. 1032.83 ... 0.329 34.8 2.73E-OS 0.302 ... ~ ... 9.2 26.5 0.70 8.8 % OD 

2.73E:oi'-f--o:'302 
.~; .. 

~ c' RA 30 7 3.24 . ~ ~.38 
-""""i'7.6~ 44.i~ 1032.83 0.328 ~4 851 9.3 -8.9 1---%* . -2.9 % 

RB 30 7 3.24 13.0 999.38 17.6 44.7 1032.83 . 0.328 17.4 2.73E-05 0.302 851 9.3 8.9 2:9'% 
f--c:-= ..... 

VA 30 9 3.24 11.6 .. 999.54 16.4 44.7 1033.11 ~29 22.4 2.73E-05 0.302 ~850 9.2 0.0 0.00 0.0 % ~~1 VB 30 9 3.24 11.8 999.52 16.5 44.7 1033.08 0.329 22.4 2.73E-05 0.302 850 9.2 0.0 0.00 0.0 % . VB 
VC 30 9 -H: 11.8 999.52 

.. ~ .. 44.7 1033.28 0.331 22.4 2.75E-05 0.302 ~O~ ~L ~? ~~O 0.0 % VC 
VD 30 9 11.9 999.51 44."7 1033.08 0.329 .. ~ Z.73E-OS . 0.302 . 850 9.2 0.0- 0.00 0.0 % ~V~ 

.. --. .. ~.- --_. .. - ..--. 

~. nr . not recorded Notation: Expt eX!leriment name ,-'-_.- I~-%i- bUQyancy atport ... -
na - not ap licable ps port spacing total flow rale (all ports) 

_." .- -
np number of ports in array qt\oJps buoyan<:y flux per unit length 

.~ ... ~ 
dp port diameter Uo ! port exit velocity (flux averaged) 

"- '--'" -
Ttank ambient temperature Re Reynolds number 

.~. .~ .. -
. rho 0. ambient density Fro densimetric Eon FrotJde number 

T eft effluent temperature . Uinf'" trolley velocity 
.-~ 

"'--' 
Salinity effluent salinity CF cross-flow number, (Uinf/(qt\oJps) ''') _. 

rho effluent density Ur ambient velocity ratio IUinf IUo) I 
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Appendix B - Time averaged flow images 

Time averaged images not included in the main body of the thesis are presented in this 

appendix. These images show contours of time averaged flow dilution, measured over 

between 30 and 60 s. The x and z axes have been noted on each figure. The port is 

located at the origin of these axes. The buoyancy force is acting in the positive z 

direction, and any velocity in the ambient fluid is flowing in the positive x direction. 

The experimental parameters for each experiment have been presented in Appendix A. 

Where more than one experiment was undertaken with the same experimental 

parameters, only one image has been presented. 

EA 

z 

grid spacing 
200 mm = 61,7 dp . 

200· 300· 350· 

Experiment EA, Fro = 6.8, p/dp = 9.3, CF O. 
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EB 

--
EC 

50. 
~_ .,1_IIIIIIII 

grid spacing 
200 mm = 61 .7 dp 

200· 

Experiment EB, F1'a = 9.2, p/dp = 9.3, CF = O. 

grid spacing 

x I 200 mm = 61.7 dp 

200. 

Experiment EC, Fro = 12.2, p/dp = 9.3, CF = O. 

350. 



1- 50-
• mau;a-

COliC 
FA i 
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100· 150- 200-

grid spacing 

)( 200 mm = 61-7 dp. 

Experiment FA, Fro = 9.3, p/dp = 28, CF = O. 

150- 200- 300· 350· 

grid spacing 
200 mm = 61.7 dp 

Experiment GA, Fro = 9.2, p/dp = 46, CF = O. 
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100- 150· 350-

ColC 

HB 

grid spacing 
200 mm = 61.7 dp 

Experiment HR, Fro = 9.3, single jet, U, = o . 

..... f~;.::l'~:m:. . 
40 60 80 100 2(m . 300 . 

ColC 

NB grid spacing 
200 mm 61.7 dp 

Experiment NB, Fro = 9.2, pJdp = 9.3 each direction, CF = O. 
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C 
EF 

grid spacing 
200 mm = 61.7 dp 

200- 300-

Experiment EF, Fro = 9.2, p/dp = 9.3, CF = 0.50. 

1- :50- 100- 200- 300-
.. llliIl,.!11111111111111_ i!ll!!!11111111111111_ 

Col 

FC 

grid spacing 
200 mm = 61.7 dp 

Experiment FC, Fro = 9.3, pjdp = 28, CF = 0.49. 

B-5 

350-

350-
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1- 350. 

Col 

GC 

grid spacing 
200 mm = 61.7 dp 

Experiment GC, Fro 9.2, p/dp = 46, CF 0.29. 

1- 50- 150- 200- 300· 350· 
B;; __ 1l!III_1IiIl 

GO Co I C 

grid spacing 
200 mm = 61.7 dp 

Experiment GD, Fro = 9.2, p/dp = 46, CF = 0.50. 
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ISESS !IIJlI§IIlIlI:iIIIi!lIIlI!iII 

Col 

GE 

grid spacing 
200 mm 61.7 dp 

Experiment GE, Fro = 9.2, p/dp = 46, CF = 0.70. 

1-

Col 

He 

z 

50· lIIlIlIlBa __ 

grid spacing 
200 mm = 61.7 dp 

200- 250· 300-

Experiment HC, Fro = 9.3, single jet, Ur = 0.017. 

B-7 

350· 

350-
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Col 

HD 

1-

grid spacing 
200 mm = 61.7 dp 

Experiment HD, Fro = 9.3, single jet, Ur = 0.029. 

50- 150- 200-m1_11111 1Ij"!! __ 

-grid spacing 
,200 mm 61.7 dp 

Experiment HE, Fro = 9.3, single jet, Ur = 0.050. 

350-

350-
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1. 50. 200· 
• ;miiiil9iii __ ;mml!ll§l~_11111 

CofC 

HF 

. grid spacing 

.200 mm = 61.7 dp 

Experiment HF, Fro = 9.3, single jet, Ur 0.069. 

• mii 
1· Co I C 100· 150-

KB grid spacing 
200 mm = 61.7 dp 

Experiment KB, Fro = 9.2, p/dp = 9.3, CF = 0.50. 
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-1· 

KE 

QC 

Hi 
20-
CalC 

grid spacing 
200 mm = 61.7 dp 

Co I 
1· .. 

~IFIVT ~~&N~:?::r:§~~lf»Yi~~~!?:::::::::::?::::!!~::3;:;~::::::::::~:;::::::: 
60· 100. 130. 160· 190· 220· 

grid spacing 
200 mm = 61.7 dp 

Experiment 9.2, p/dp = 9.3, CF = 0.89. 

:'. 

x 

Experiment QC, Fro = 9.2, p/dp = 9.3 each direction, CF = 0.50. 



B-ll 

_. mU!lIIRIl_ 
1- 20- 60· 100- 130- 160-

COrc 
MA 

grid spacing 

x 200 mm = 61.7 dp 

Experiment MA, Fro = 9.3, single jet, Ur = -0.029. 

_ i!lJll2ll881!l!!1iI!IIII!!i. 
1- 20-

'ml::1 _ i!iI!~i!lJlli!iI!l!Im!\lii ____ 1iI!IIII!!i 

60- 100· 130- 160· 190· 
~~W~r..;!'%X:~i~::~;~:*::~~::*:~:";:::~~:::~::':~':~::::~$:::::::::::::~~;::::?::;~::::~:~:::~:::::::5::~::~:: 
220- 350-

ColC 

MB grid spacing 
200 mm = 61.7 dp 

Experiment MB, Fro = 9.3, single jet, Ur = -0.089. 
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Appendix C ... Experimental Procedure 

The following is a description of the steps involved in the setting-up, calibration and 

operation of an experiment using laser-induced fluorescence to measure flow 

concentrations and trajectories in a buoyant jet. It has been written as an aid to future 

workers using equipment located in the Fluid Mechanics Laboratory of the Department 

of Civil Engineering at the University of Canterbury. 

The steps described are: 

1. Physical flow configuration 

2. Preparation of dyed salt solution 

3. Camera set-up and operation 

4. Laser operation 

5. Laser alignment 

6. Grid image 

7. Filling of the calibration cell 

8. Camera settings 

9. Calibration image 

10. Zero image 

11. Experiment 

1. Physical flow configuration 

The buoyant jets were created by discharging a salt solution through one or more ports 

into the tank of fresh water. The flow was bounded by the glass tank walls and by a 

moveable plastic curtain. The flow of effluent to the port(s) was controlled by a 

rotameter flow gauge. In experiments with moving ports the velocity of the trolley 

supporting the ports was controlled using an AuCom variable frequency controller. The 

calibration plots showing the velocity versus frequency relationships for various gear 

ratios are available in the Fluids Laboratory. 
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2. Preparation of the dyed salt solution 

The dyed salt solution was prepared and stored in a 275 I tank: located on the mezzanine 

floor. Usually, the solution was prepared in 200 I batches. The fresh tap water was 

measured directly into the tank: using a Kent volumetric flow meter. This meter was 

calibrated and found to consistently read high by 1.5 %. A weighed amount of salt was 

added to the fresh water to achieve the required salinity in grams per litre. The salt 

solution was dyed with a very small concentration of Rhodamine 6G dye, usually 0.050 

mgll. The required concentration was obtained by pipetting in a volume of standard 

solution of Rhodamine dissolved in water at 50 mg/I. The mixture was stirred for 

several minutes then left to stand overnight before being stirred again prior to use. 

3. Camera set-up and operation 

The Pulnix image-intensified camera was used with a Cosmicar video lens to capture 

images of the flow. A range of lenses with focal lengths ranging from 8 mm to 75 mm 

was available for use depending on the angle of view required. The camera was 

mounted on a stable stand or on the trolley depending on whether a stationary or 

moving viewpoint was required. The glass light filter was mounted directly in front of 

the camera lens. Power supply to the camera was provided by a Topward voltage 

supply box set to 12 volts. Maintaining the supply voltage to within 0.5 V of this level 

is crucial to the camera performance. 

Flow images were either passed directly to the computer to be stored on the hard disk, 

or passed to a VHS video recorder to be stored on a 'master grade' video tape. In the 

second method, the frame-grabber was used to capture images at a later time. This 

method allowed a long portion of the experiment to be recorded which lead to greater 

flexibility in the analysis, however some spatial resolution was lost with the number of 

horizontal image lines being reduced from 512 to around 220. Use of a 'Super VHS' 

recorder would give 400 lines resolution. There may also have been some loss in 

intensity resolution however this was not obviously apparent. Any non-linearity 

introduced by saving the images to video tape must be measured and removed with a 

look-up table. When the images were stored on video tape, a Hitachi character 
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generator was used to add titles and a stop-watch display onto the recording. To pass 

the camera signal directly to the computer, the camera was connected to the frame

grabber via a BNC cable between the 'channell' cable from the frame-grabber and the 

'video out' terminal on the camera. To record onto video tape, the cable from the 

camera was connected to the 'in' terminal on the character generator, and an extra cable 

was connected between the 'out' terminal on the character generator to the 'video - line 

in l' terminal on the video recorder. The 'channel l' cable from the frame-grabber 

was connected to the 'video line out' terminal on the video recorder to pass the 

recorded images to the computer. With these connections made and with the frame

grabber operating in 'live' mode, the flow images were able to be observed on the Sony 

RGB monitor during the experiment. 

The GlobalLab software was opened and run under Windows to control the frame

grabber. With the frame-grabber in 'live image acquisition' mode (the 'live' button 

activated in the 'picture tool' in GlobaILab), the camera was positioned to obtain the 

required flow image. The axis of the camera was aligned perpendicular to the plane 

of the laser sheet. This was done by observing the position of the reflection of the 

camera from the glass wall. The orientation of the camera was adjusted until the 

reflection of the camera was in the exact centre of the image captured on the computer. 

The centre of the image is at pixel coordinates (384, 256) and can be located using the 

'location tool' in GlobalLab. 

Before using the camera in a calibration or an experiment it was switched on and 

allowed to warm up and stabilize for more than 1 hour but no longer than 2 hours. The 

results of a stability test have shown that the camera has a stable response with the 

measured intensity varying by 1-2 % over this time period. 

4. Laser operation 

The laser was switched-on using the following procedure: 

II Turn on the cooling water and check the flow rate is greater than 8.5 lImin. A 

flow rate of 12-15 lImin is suggested. 
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II Tum on the power at the wall and at the transformer. 

II Tum on the 'system' key switch on the main control box. The red 'water' light 

will flash once to verify the cooling water flow. The light will stay on if there is 

insufficient flow. 

II Turn on the 'system' key switch on the remote control box. 

II Check that the laser SHUTTER is CLOSED. 

II Turn the mode button to 'CUR' for current regulation and set the power knob to 

full (hard clockwise). 

II Press the 'start' button. 

The green 'laser' light will come on and the red 'water' light will flash twice to verify 

the cooling water flow. The laser tube will ionize after a delay of 30 s. The laser tube 

current will increase to a maximum of 32-34 A as the laser warms up. Tube current 

is read from the display gauge with the display knob (below the display gauge) set to 

'tube current'. The laser will reach 98% of maximum power after 30 minutes of 

operation and 100% at up to 2 hours. 

It is essential that the rotating mirror be rotating at any time the shutter is open. 

Exposing the rotating mirror to the laser beam when it is not rotating may damage the 

surfaces of the mirror. 

During calibration and experiments the laser was operated in 'light regulated' mode. 

In this mode the laser measures the light power at a meter located beyond the shutter 

and automatically adjusts the tube current to regulate the power to the required value. 

The shutter should be open and the display knob should be set to 'light power'. The 

laser light power is displayed on the gauge and is controlled using the power knob. 

The maximum power available is around 2.2-2.4 W. During experiments, the use of 

a power at least 0.2 W less than the maximum allowed some lee-way in the power 

regulation. If the maximum power produced by the warmed-up laser is appreciably less 

than 2.4 W the laser alignment should be adjusted using the vertical and horizontal 

tuning knobs at the rear of the laser. A power of 2.0 W was obtained by setting the 

mode to 'medium light regulated' and adjusting the power knob to give a power reading 

of 5.0 (a maximum reading of 10 corresponds to 4.0 W in medium light regulated 
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mode). 

During alignment of the laser, and at times when the shutter was closed, the laser was 

operated in 'current regulated mode'. In this mode the power knob is used to directly 

control the tube current. 

The laser is shut off by turning one of the keys off. The shutter should then be closed, 

and the remaining key and the two switches turned off. After a few minutes the cooling 

water may be turned off. 

Laser alignment 

The laser sheet was positioned by sliding the stage supporting the rotating mirror 

assembly along rails attached to the laser table. The alignment of the laser sheet was 

checked using measurements from the inside of the tank walls to the sheet. The sheet 

was coarsely rotated into alignment by rotating the stage into position. Fine adjustment 

of the sheet direction was made using the adjustment screw on the small mirror to move 

the beam in a direction of the axis of rotation of the rotating mirror. It is important 

that after the fine adjustment had been made, the laser beam was still centred on the 

rotating mirror faces. The 90 degree sector of laser light produced by the rotating 

mirror was rotated up or down to pass through the test area using the other fine 

adjustment screw on the small mirror to move the beam in a direction perpendicular to 

the axis of mirror rotation. The verticality of the laser sheet was ensured by having the 

rotating mirror mounted in a vertical orientation. The accuracy of the measurement 

system depends on shielding any scattered laser light from the test region either side of 

the laser sheet. This scattered light will result in an erroneous increase in the measured 

light intensity. 

6. Grid image 

To calibrate the size of the flow image an image was captured of a plastic sheet marked 

with a 100 mm grid. The sheet was suspended by strings into the full tank on the line 

of the laser sheet. Final adjustments were made to the camera alignment to ensure the 
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image captured was aligned to the verticaL With the frame-grabber in 'live acquisition' 

mode the lens focus was adjusted to obtain a clear image on the video monitor. The 

image of the grid was saved on the computer for later use. It was essential to note the 

position of the port in the image relative to the grid. This may be done during the 

imaging of the grid or by noting the position of the port in the zero image and locating 

this onto the grid. 

7. Filling of the ca.libration cell 

The calibration cell was filled with dyed salt solution diluted to the maximum 

concentration to be measured in the buoyant jet. This was usually a dilution of between 

5 and 20. The concentration of Rhodamine 6G dye in the salt solution had been chosen 

such that when it was diluted in the calibration cell the laser sheet was not attenuated 

to more than 1-2% percent over the length of the cell. 

It was important that the volume of dyed salt solution mixed into the cell contained a 

known concentration of fluorescent dye. Dyed effluent left sitting in the vinyl pipes 

tended to lose dye by adsorption onto the vinyL To prevent this, at least 10 I of salt 

solution was flushed through the supply lines at the flow rate to be used in the 

experiments. This stabilized the concentration of dye in the effluent before the required 

volume for the calibration cell was collected. Ten samples of solution were collected 

in test tubes at intervals during the collection of the solution. The fluorescence of the 

solution was measured by analysing these samples using the fluorometer. The standard 

deviation of the ten samples was usually around 1 % of the mean. 

The volume of salt solution to be added to the cell was measured using scales with 

allowance for the density of the solution. The volume of tap water was measured into 

the cell using the Kent flow meter. As the cell filled up it was lowered on strings into 

the tarue The dyed salt solution was stirred vigorously into the fresh water. The cell 

was either suspended from strings or supported on stands rising from the bottom of the 

tank:. It was positioned on the line of the laser sheet. Bubbles or marks on the tank: 

and cell walls, causing shadows in the laser sheet, were removed with a brush. 
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8. Camera settings 

With the camera trained on the calibration cell, the gain and aperture settings on the 

camera were adjusted to give an image with the maximum brightness possible without 

any areas over-exposing. During this process, the frame-grabber was operated in 'live 

acquisition mode'. The values of offset and reference and the input look-up table were 

set to those used during the experiments. An offset value of -60 mV was found to give 

adequately dark zero image and the recommended reference value of 1024 mV was 

used. The input look-up table 'MAR05.ILT' was developed to produce a linear camera 

response with the Pulnix camera, not accounting for the added non-linearity of a video 

recorder. 

With the room darkened and the laser in 'light regulated mode' and set to the required 

power, the camera gain and aperture were adjusted in combination to give the required 

image brightness. Usually, an aperture f-stop setting of 2-2.8 was used and the gain 

was adjusted as required. The intensity levels over the entire image was measured 

using the 'histogram tool' in GlobalLab. The gain, aperture and focus settings were 

noted and adhesive tape was used to secure the aperture and focus adjustment rings. 

9. Calibration image 

With the camera and frame-grabber settings finalized the calibration image was 

captured. If the camera was set up to record images directly to the computer, a time 

averaged image of 256 frames was captured with the frame-grabber and stored for use 

in the analysis. If the camera was set up to record flow images onto video tape, the 

calibration image was recorded for 30 s onto the tape. To obtain the calibration image 

for use in the analysis, the recorded image was then 'played' through the frame-grabber 

and a time averaged image of 256 frames was captured and stored. 

To test the linearity of the camera response, additional images were captured with the 

laser power set to various levels. In each image the brightness of the same small area 

(perhaps 50 pixels square) was measured with the 'histogram tool'. The 'log' function 

in GlobalLab was used to export the histogram results into a text file, which was loaded 
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into an Excel spreadsheet. Plotting the mean intensity from the histogram measured in 

each image against the laser power showed the response of the camera to a varying light 

source. 

10. Zero image 

The 'zero image' was captured before each experiment and stored either directly onto 

the computer or on video tape as described in the previous section. The image was 

time averaged over 256 frames and stored for use in the analysis. The accuracy of the 

zero image was found to be especially crucial to the measurement of small flow 

concentrations. During the capture of the image it was ensured that sources of 

background light, such as the computer and video screens and scattered laser light, were 

darkened. 

11. Experiment. 

The following is a typical timed procedure for running an experiment: 

o h:OO m 

1 h:30 m 

2 h:OO m 

2 h:30 m 

3 h:OO m 

III Start filling tank. The tank is filled at a measured pace to ensure 

the water is clear and relatively free of air bubbles. 

III Stop filling. 

III Brush bubbles from tank walls. 

• Turn laser on. Leave on full power to warm up. 

• Turn camera on. 

• Open GlobalLab and enter frame-grabber settings (offset,etc .. ). 

II Check laser sheet alignment and adjust if necessary. 

II Set laser power in light regulated mode. 

II Take zero image. 

II Measure and note the tank water temperature. 

II With the flow rate at that used in the experiment, flush 10 1 of 

solution into waste. 

II Measure the temperature of the solution. 

II Collect 5 flow samples in test tubes. 
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III With the solution still flushing, check the laser power, the frame

grabber settings, and darken the room. 

III To begin the experiment, re-direct the flow through the port and 

check the flow rate. 

III Capture the flow images using a script file or record onto video 

tape. 

III After the experiment, collect 5 more test tube samples before 

shutting of the flow. 

III If a script file has been used to collect the flow images they should 

now be re-named. 

III Measure the fluorescence of the samples and calculate the ratio, F 

of the fluorescence of the experiment samples to the fluorescence of 

the calibration samples. 
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- Procedure for Analysing Flow Images 

The following is a description of the procedure used to analyse images captured using 

laser-induced fluorescence in buoyant jet experiments. Two different methods of 

analysis are described. In the first method, flow concentrations are calculated along 

profiles positioned anywhere in the flow by exporting image intensities into a 

spreadsheet software program. In the second method, flow images are manipulated into 

images showing contours of flow dilution. 

1.. Profiles of Flow Concentration 

The following method of analysis was used when detailed concentration information was 

required over a profile through either a single frame or a time averaged flow image. 

1.1 Positioning the profiles 

The flow image to be measured was opened and profiles were positioned on the flow 

image using the 'profile' tool in GlobalLab. The coordinates of the ends of each profile 

were noted. If the profiles were to be exported into an Excel spreadsheet they could 

not be longer than the maximum spreadsheet width of 255 data points. If a longer 

profile was needed, two profiles were positioned end to end. The length of the profile 

is given as the first data point in a 'log file' created using the 'file - log' command in 

the 'profile' tool. 

Using the 'draw' tool, lines representing flow profiles were drawn onto a dilution 

contour image of the experiment and this was printed using Correl-Paint. From the 

print-out the length, L and position, s of each profile was calculated. 

1.2 Taking the profiles 

When a number of profiles were to be taken a script file such as 'PROF.SCR' was used 

to hasten the process. The end point coordinates of each profile were entered into the 
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script file using the 'script editor' from the 'script' menu. The profiles were taken in 

the following process: 

III The flow (or calibration) image and the zero image were opened into buffers 1 and 

2. 

III The flow (or calibration) image was zeroed by using the 'arithmetic' tool to subtract 

the zero image from the flow image. 

III The profiles were taken and written to a text 'log file' using the script file. 

This process was repeated for each flow image and the calibration image. Between 

each image a comment line was written into the log file to note which flow image or 

calibration image the profiles were taken from. The log file was saved using the 'file -

save as' command in the log file menu. 

1.3 Exporting 

The log file was opened in excel using the 'file - open' command. This file was 

converted to a spreadsheet type file by re-saving it with the 'file - save as' command 

with the file type set to 'normal'. 

Each row in the spreadsheet now represents a profile of image intensity across the flow. 

The number in the first cell of each row is the number of data points in the profile. 

Therefore, the data points have been measured at intervals of LIn along the profile. 

The intensity values can be converted to concentrations using the formula: 

= flow intensity 
C 

calibration intensity x F x _0 

Ccal 

The concentration profiles can be used to measure the distributions of time averaged 

concentration, concentration fluctuations rms c" IC, concentration intermittency, or 

mixed fluid concentration. These calculations can be carried out in the spreadsheet. 
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2.. Dilution Contours 

2.1 Time averaging 

To obtain an accurate description of the long term time averaged behaviour of the flow 

a 50 s long time averaged image was used in the analysis. To obtain a 50 second time 

averaged image, five 10 s images were averaged using the script file 'AV5.SCR'. 

2.2 Calibration of the contour images 

A process was developed in which the flow images were 'calibrated' and transformed 

into images showing contours of flow dilution. A script file 'CAL.SCR' was created 

to carry out this process. The steps in this process are: 

II The flow image, 'FLOW' is zeroed by using the 'subtraction' function in the 

'arithmetic tool' to subtract the zero image from the raw flow image. 

II The calibration image, 'CAL' is zeroed using the same process. 

II The calibration image is multiplied by a factor 'F' to compensate for the relative 

amounts of fluorescent dye measured in the solution used in the experiment and the 

calibration cell. 

II The flow image, 'FLOW' is now manipulated into a dilution contour plot which will 

have intervals of dilution of Co/CC1Jl. The calibration image is divided the by the flow 

image using the 'division' function in the 'arithmetic tool'. 

CAL .... FLOW 
FLOW 

Note that the division in this process is an integer division, and the resulting values are 

truncated to integers which are less than or equal to the correct result. 
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II This image is then multiplied by a factor of 2 using the copy function with the gain 

set to 2.0. 

FLOW x2.0 ... CONT 

This operation is done to prevent adjacent contours from being compressed onto each 

other when the image is 'converted' in Correl-Paint. 

The new image 'CONT' is a map of even integers. The integer in 'CONT' multiplied 

by a factor of 0.5 Co/Ccal represents a lower limit of the actual flow dilution: 

CONT CAL x2 
FLOW 

CONT < 
Ccal -x2 
C 

< 
Co Ccal -x-x2 
C Co 

Co CONT Co 
.. > x-

C 2 Ccal 

For example, the integers in the new image 'CONT' are at intervals of 0, 2, 4, 6 .. 

corresponding to dilutions of ColC > 0, 1 xCiCCal> 2xCo/Ccal> 3 xCiCcal , •• 

2.3 Key 

A key bar was copied from a standard key image onto each contour image. This 

operation was carried out using a script file such as 'GKT.SCR' or 'GKB.SCR' which 

also added a grid to the image. 

The grey-scale values in the key bar increment at intervals of 0, 2, 4, .. The first box 

with value of ° grey-scales corresponds to a dilution of greater than zero (or greater 

than one to be correct). 
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In the second box, the value of 2 grey-scales corresponds to a dilution of greater than 

(CONTI2) xCiCcal = 1 xC/Ccal : 

etc .. 

The key bar was labelled with the correct increments of dilution and copied onto the 

contour plot image 'CO NT'. At this stage unwanted areas of the contour plot were 

whited out by copying the appropriate areas of the white background of the key image 

onto the contour plot. 

Grid 

A grid of fine black lines at 200 mm spacings was added to the contour plot images 

using a script file such as 'GKT.SCR' or 'GKB.SCR'. The pixel coordinates of this 

grid were calculated in the following manner: 

II To centre the grid on the flow origin the coordinates of the port were measured 

from a flow image using the 'location tool'. 

II The coordinates of the ends of lines in the previously captured grid image were 

measured. 

II These coordinates were adjusted by amounts in the x and y directions to form a 200 

mm grid centred on the port. 

2.5 Displaying and Printing the contour plot using Correl-Paint 

Once the contour plot had been created it was saved without compression in TIF file 

format. This file was opened in Correl-Paint using the 'file-open' command and 

converted to '256 colour' format using the 'edit-convert' command. The 'colour 

palette' of the converted image was changed by opening a previously created palette file 
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with the 'options-palette-open palette' command. The colours of any palette can be 

changed using the 'options-palette-range of colours' command or by simply double 

clicking on the colour in the palette. The contour plot was saved in the new format 

using 'file-save' and printed using 'file-print'. 

3. Script Files 

AV5.SCR 

Averages 5 images 

Buffers: 

DT2867 

Image 1 

Image 2 

Image 3 

Image 4 

Image 5 

III Adds 2 GS to each image (correction for integer division error). 

III Multiplies each image by 0.2. 

III Sums images. 

III Answer is in Image 1. 

Note: The images should be loaded into the buffers in order, 1 through 5. 

CAL.SCR 

Calibrates flow image to produce a dilution contour plot 



Buffers: 

DT2867 

Flow image 

Calibration 
image _ 

Zero image 

III Subtracts zero image from flow and calibration images. 

- III Multiplies calibration image by F factor. 

III Divides calibration by flow image. 

III Multiplies the answer by a factor of 2:0. 

III Answer in flow image buffer, multiplied by 0.5 xColCcal> is equal to the lower 

limit of dilution. 

GKT.SCR 

Puts a key and a grid on a calibrated contour plot 

Buffers: 

DT2867 

Contour plot 
image 

Grid image 

Key image 

III Copies top 28 pixels of key image onto contour plot. 

III Subtracts grid image from contour plot to produce grid of black lines 

D-7 
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Note: 

1. Grid image should be black (GS=O) with white lines (GS=255). 

2. For key image use KBW2TOP.TIF 

PROF.SCR 

Takes profiles at 5 positions in the image and writes the profiles to a text 'log file'. 

Note: 

1. End point coordinates of each profile should be set as (x1,y1) (x2,y2). 

S515A.SCR 

Captures a sequence of 5 instantaneous and 5 time averaged images. 

Note: 

1. Offset, reference and frame averaging values should be set in script file. 

2. Set 'char name' variable to the required destination for the image files. 

3. Delete or rename any images previously captured with the script file. 
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