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Abstract 

I 

The behaviour of a single buoyant jet in a stationary and in a flowing ambient has been 

investigated. The entrainment velocities into the jets were studied using a particle image 

velocimetry technique, which resulted in velocity vector maps of the entrainment at a vertical 

centreline section and at a cross-section. The results indicated that the cross flow affected the 

entrainment into the buoyant jet and supported the hypothesis of superposition of the crossflow 

and entrainment velocities in the irrotational flow region outside the jet. This was incorporated 

into the analysis of a buoyant jet having Gaussian distributions of excess velocity and buoyancy 

in a crossflow and resulted in equations showing how, as the crossflow increased, the normal 

entrainment changed naturally into a forced entrainment formulation, in which the entrainment 

flux is approximately equal to the projected area of the jet. The theoretical predictions were 

in good agreement with the experimental results. 

The mean properties of the advected line thermal were studied using planar laser induced 

fluorescence. The results compared well to the existing theory and previous research. 

Turbulence in the ambient was determined to disrupt the flow structure and result in greater 

dilutions. The experiments revealed the advected thermals as a complex and irregular three 

dimensional flow characterized by subthermal structures. The unsteady behaviour and the three 

dimensional structure were studied using statistical studies of the concentration fluctuations and 

the temporal intermittency of the flow. These results demonstrated the importance of the 

sub thermal structures in determining the behaviour of the flow. The subthermal structures were 

further studied to determine the periodicity of the subthermal formation. 
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Introduction 

1.1 General Introduction 

Much of our liquid waste is discharged into lakes, rivers and oceans via pipes, and much 

gaseous waste is discharged into the atmosphere via chimney-stacks. These are buoyant jets, 

whose buoyancy comes from the density difference between the effluent and the receiving 

ambient. An example is waste water with essentially the density of fresh water discharged into 

the denser ocean water. 

When a buoyant jet is released, turbulent entrainment of the ambient fluid occurs resulting in 

mixing and dilution of the buoyant jet fluid. Buoyant jets are studied because dilution is used 

to reduce the detrimental effects of the waste on the environment. Sewage needs to be diluted 

to such an extent that the natural biota of the receiving water can break it down without the 

water becoming eutrophic and so that it does not become a health hazard. Sewage discharges 

must meet faecal coliform counts, and chemical discharges must meet concentration guidelines 

set out by the governing bodies. We need to be able to predict the dilution that can be obtained 

for a given effluent under a variety of conditions in order to design the appropriate structure that 

will meet the requirements. 
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The situation is very complex. The behaviour of the buoyant jet is affected by jet parameters, 

environmental parameters and the geometric parameters of the discharge structure. The jet 

parameters are properties of the effluent and include the volume flux, momentum flux, buoyancy 

flux, tracer flux and the fluid velocity distribution and turbulence level. The environmental 

parameters are the properties of the ambient water which can include currents, turbulence and/or 

density stratification. The geometric parameters of the discharge structure are the jet shape and 

orientation, and its proximity to adjacent jets or solid boundaries. The geometric parameters 

of the discharge structure and the jet parameters can be completely or partially controlled by the 

designer. However the environmental parameters can only be influenced by the choice of the 

structure's location. To understand the effects of these parameters, simplified situations are 

studied in the laboratory. 

The release of a buoyant jet horizontally into a co-flowing current, or vertically into a cross

flowing current exhibits regions of different behaviour in which different parameters dominate. 

For the most general case the flow will go from a jet-like region (momentum dominated) to a 

plume-like region (buoyancy dominated) to an advected thermal-like region (buoyancy and 

ambient velocity dominated), see Figure 1.1. This last advected thermal-like region is the final 

behaviour of all effluent releases if the ocean is deep and non-turbulent, see Figure 1.2. 

:L 
x 

Coflow (U(D) 

Port 
diameter ---

d -----... p 

Port Velocity 
Uo'>U(D 

Excess velocity and density distributions 
finally, of the vortex type in 
the sectioning plane 

Excess velocity and density 
distributions initially gaussian, 
perpendicular to the 
sectioning plane 

Figure 1.1: Buoyant jet in a flow 

The work presented in this tbesis studied the integral analysis of a single buoyant jet in a 

crossflow and the properties of advected line thermals. The entrainment flow into the single 

buoyant jet in a cross flow was studied experimentally and the results were used to modify the 
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existing integral analysis. The properties and structure of advected line thermals were 

investigated experimentally and several methods of characterizing the behaviour of the advected 

thermals were explored. 

Advecfed secfioning plane perpendicular to 
the coflow velocity and in the limit, 
the excess velocity 

Coflow (Uoo) 

Port Velocity Uo = Uoo 
Vortex excess velocity distribution 
seen in secfioning plane 

Figure 1.2: The advected thermal 

Literature Review 

The work presented in this thesis concentrated on the following two areas within the general 

subject of buoyant jets: the integral analysis of a single buoyant jet in a cross flow and the 

advected line thermal. The literature review is therefore divided into two sections, one is a brief 

review of the development of the analysis of single buoyant jets in a cross flow and the other 

details past experimental and theoretical work on or concerning advected line thermals. 

1.2.1 Single Buoyant Jet in Crossflows and Coflows 

Different methods of analysis are used to solve the problem of a buoyant jet in a crossflow. 

They are, in increasing levels of complexity, dimensional analysis, integral analysis and 

turbulence models (k-£ model). A brief description and some of the examples to be found in 

the literature are given of each method. The main advances in the development of the integral 

solution will be reviewed. 

In dimensional analysis, the problem is described in terms of the significant parameters, which, 

in the case of the buoyant jet flow, are the initial excess momentum, the initial buoyancy, the 
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volume flux, the ambient velocity, the level of ambient turbulence and the distance along the 

trajectory. Dimensional considerations give the form of the relationships between the parameters 

for the asymptotic flow cases, in which one or a pair of parameters dominate the flow behaviour 

(i.e. excess momentum / buoyancy / ambient velocity and excess momentum / ambient velocity 

and buoyancy). The transition point between any two asymptotic or limiting cases is given by 

a length scale, which is a measure of the relative importance of the dominating parameters of 

each case. Experimental data is used to confirm the relationships and find the constants of 

proportionality. The work of Knudsen (1988), Fischer et.a!' (1979) and Wright (1977) are good 

examples of this method of analysis and the experimental determination of the constants. 

Lee and Neville-Jones (1987) presented the first prototype data for ocean outfalIs in the U.K. 

and compared them to the relationships obtained using dimensional analysis. The dilution 

constants were comparable to although a little higher than those obtained from the laboratory 

data. Proni et al. (1994) have collected prototype data for four outfalIs off the east coast of 

Florida. Their dilution data of the point where the plume surfaces was used to verify the plume 

equation in the buoyancy dominated near field. 

In the integral analysis of buoyant jets the equations of motion are integrated across the jet. 

Assuming that the flow is self-similar and the density differences are small, the equations of 

continuity, conservation of excess momentum and conservation of buoyancy are derived for a 

control volume, which is either stationary (Eulerian) or which moves with the ambient crossflow 

velocity (Lagrangian). This system of equations requires a closure equation, the most common 

of which are the entrainment assumption and the spread assumption. 

Morton, Taylor and Turner (1956) presented an integral solution for a plume in a stationary 

ambient assuming self-similarity of the plume and introduced the concept of the entrainment 

assumption. The entrainment assumption assumed that the rate of entrainment at the edge of 

a plume was proportional to some characteristic plume velocity at that height. Self-similar 

profiles of velocity and buoyancy in horizontal sections were assumed, with each horizontal 

section characterized by a horizontal length scale, b, which was proportional to the radius of the 

plume. 

Abramovich (1963) derived a spread equation for turbulent jets in a coflow for which width 

growth was constant with distance using Prandtl' s mixing length theory. Patel (1971), in his 

integral analysis for a plane turbulent jet in a coflow, used a spread equation modified to include 

the effect of the co flow of the form dlo/dx = k Ueg /(Ueg + U~), where 10 was the distance from 

the axis at which the excess velocity was liz Ueg. Antonia and Bilger (1974) extended the use of 
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this form of the spread assumption to axisymmetric turbulent jets in a coflow. The spread 

assumption, further extended with a different form for each type of buoyant jet flow and 

modified to include the effect of the current, has been used by workers including Knudsen 

(1988) and Wood et al. (1993). 

The integral analysis assumes a self-similar distribution of velocity and buoyancy. The form 

of the self-similar distributions of the velocity (both the mean and the turbulent fluctuations) and 

of the buoyancy have been studied experimentally. Very detailed experimental results of the 

axisymmetric turbulent buoyant jet in stationary ambient (obtained using laser doppler 

velocimetry and laser induced fluorescence) were presented by Papaniculaou (1984,1988). 

These illustrated the profiles for the mean excess velocity (Gaussian), the mean buoyancy 

(Gaussian), the mean turbulent fluctuation and the flux of concentration due to turbulent 

fluctuations. The profiles were integrated from zero to infinity to determine shape functions for 

use in the conservation of momentum and buoyancy equations. Although this data was obtained 

for a buoyant jet in a stationary ambient, in a crossflow the shape of the cross-sections are 

assumed not to change until the Gaussian component of the velocity becomes small. At this 

point the flow is advected with the crossflow and a vortex pair-like distribution of excess 

velocity and buoyancy occur, which are described by two other shape functions (Wood et al. 

1993). As the buoyant jet penetrates through and is bent over by the cross flow , there exists a 

pressure drag on the jet, which was thought to result in a wake formation. The pressure drag 

is a maximum near the exit and reduces rapidly as the horizontal velocity of the jet approaches 

the crossflow velocity. Fan (1967) introduced a drag coefficient to account for this pressure 

drag. The drag term was not due to wake formation as shown by the work of Fric and Roshko 

(1994). They demonstrated that separation cannot form behind ajet (the 'wake' vorticity comes 

from the crossflow boundary layer) and that no drag force acts on the jet, but that an exchange 

of momentum occurs between the jet and the ambient. 

Chu and Goldberg (1974) developed an integral model which would predict the behaviour of a 

buoyant jet in a crossflow as it went from being momentum dominated to buoyancy dominated. 

They used the entrainment assumption introduced by Morton, Taylor and Turner (1956), which 

used an entrainment coefficient, <X, to relate the rate of entrainment to a characteristic velocity. 

From both their and Fan's (1967) experiments, they found <X to be constant at"" 0.5 for both 

non-buoyant and buoyant flows. 

Schatzmann (1979) developed an integral model for buoyant round jets in an ambient flow. He 

did not use the Boussinesq assumption, so allowed for large density differences between the flow 

and the ambient. The entrainment function was derived from the kinetic energy equation and 
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included 5 empirically fitted constants. The increased entrainment occurring in the vortex pair 

region of the flow was accounted for by an additional term in the entrainment equation. He was 

the first to recognize that the excess and not the total velocity should be used in the formulation 

of the integral equations (unlike previous models by Abraham (1971) and Fan (1967». 

Yih (1981) developed similarity solutions for integral models of turbulent jets and plumes in a 

cross flow, in which he used an eddy viscosity in the equations of motion. For the jets the eddy 

viscosity scaled with the momentum and in the plumes with the buoyancy excess. He concluded 

that the turbulence was conducive to similarity and that the results had good agreement with the 

data. In his numerical solution for a plume in a crosswind, although his streamlines show a 

vortex pair, his temperature isotherms did not. 

Jirka and Fong (1981) proposed an integral model of a buoyant jet in a crossflow which would 

predict the bifurcation of the flow in the advected thermal region, which was modelled as a 

vortex pair. When the buoyant jet flow was constrained by a finite depth or stratification of the 

ambient, the vortex cores experienced a repulsive force originating at the constraint, which acted 

to increase the separation between the vortex cores. Thus an additional equation was needed 

to describe the rate of spread of the vortex cores. The existence of bifurcation depended on the 

relative magnitudes of the spreading due to the repulsive force and the spreading due to the 

turbulent growth rate. Once bifurcation occurred, each vortex, having half of the initial integral 

properties, follows a three-dimensional trajectory. 

Frick (1984) proposed that in a large current the entrainment into the buoyant jet was equal to 

the flux of mass through its projected area. This integral analysis was proposed by assuming 

the following: a) when the ambient current was large the Taylor entrainment could be neglected 

(Le. no empirical entrainment coefficient was needed), b) the presence of a wake behind the 

buoyant jet implied that there was no entrainment downstream of the buoyant jet, and c) the jet 

had a round cross-section and was characterized by averaged properties (top-hat profile). The 

plume boundary was defined as the location where the ambient and plume properties were 

approximately the same (i.e. not to infinity but large enough so that drag effects could be 

neglected). He suggested that with small or no crossflow the Taylor entrainment would need to 

be included. Later, work by Fric and Roshko (1994) demonstrated that there is no wake 

structure behind a buoyant jet. This made sense because there can be no generation of vorticity 

because there is no large density difference between the jet fluid and the ambient fluid. (The 

current work indicated that the entrainment in a large crossflow was 1.1 times the projected area 

so Frick's assumption was close and later models using Frick's assumption are still reasonable). 
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Lee and Cheung (1991) proposed a Lagrangian integral model for buoyant jets in a current 

having three-dimensional trajectories. The elemental volume was a section of bent cone and was 

analyzed in a time integration along the trajectory. The model was an extension of Frick's 

(1984) two-dimensional model with entrainment consisting of a shear induced component (Le. 

normal entrainment) and a forced component. The normal entrainment was a function of the 

local densimetric Froude number and was based on Schatzmann's (1979) definition derived from 

the kinetic energy equations. The forced entrainment was equal to the ambient flow that was 

intercepted by the upstream side of the buoyant jet (i.e. the projected area proposed by Frick 

(1984)). No distributions of velocity or buoyancy were assumed instead the mean cross-section 

values were predicted. The model compared well to a large range of data. 

Wood et al. (1993) developed an integral analysis for the buoyant jet in a cross flow considering 

a stationary control volume and used the spread assumption for a closure equation. The flow 

was modelled in two sections: one in which the distributions of excess velocity and buoyancy 

were Gaussian and the other in which the distributions of excess velocity and buoyancy were 

vortex pair-like. The different distributions were modelled using different shape functions. The 

transition between these two regions was modelled to occur when the excess Gaussian velocity 

fell below a threshold value and the initial conditions for the vortex region were provided by 

matching the excess velocity and buoyancy fluxes on either side of the transition. This model 

did not include the effect of the cross flow velocity on the entrainment in the momentum 

equations, but assumed that the entrainment was similar to the stationary ambient case. 

Chu and Lee (1994) developed an integral analysis for a buoyant jet in a current. The equations 

of motion were derived for characteristic values of velocity and buoyancy (i.e. without assuming 

a particular distribution). The closure equation used was a two component spread equation. 

The components were due to the excess velocity tangential and excess velocity perpendicular to 

the ambient flow, each component having its own spread constant. In the far field region an 

added mass coefficient was used to model the effect of the motion of the irrotational fluid on 

the momentum of the jet. 

Field methods use the original Navier-Stokes partial differential equations and require 

specifications of the turbulent transport terms appearing in the equations at each point in the 

flow, which is accomplished using a turbulence model. The turbulence models are based on 

hypotheses about turbulent processes. They do not simulate the details of turbulent motions but 

model the effect of turbulence on the mean-flow behaviour using empirical constants or 

functions. There are different levels of complexity among the turbulence models presented in 

the literature and a good review is given in Rodi (1980). The most commonly used turbulence 
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model for buoyant jets is the k-c model, which employs a transport equation for the kinetic 

energy of turbulence, k, and for the rate of dissipation, c. Specific examples in the literature 

are Rodi (1982) for a k-c model for buoyant jets and plumes, and Lee et al. (1994) for turbulent 

line momentum puffs. 

Advected Line Thermal 

The study of the advected line thermals was preceded by work on axisymmetric and line 

thermals, which were modelled using the theory of vortex rings and vortex pairs. The work has 

included experimental observations and development of the theory. Axisymmetric thermals were 

used initially to model cumulus clouds and line thermals to model the behaviour of chimney 

plumes. Later the work was pursued to model the more general cases of any buoyant jet, 

including for instance ocean outfalIs, whose final behaviour in a current is that of an advected 

line thermal. 

Scorer (1957) did some of the first modelling in the laboratory of atmospheric thermals using 

fluids of different densities. He studied isolated masses of buoyant fluid (i.e. finite initial 

volumes), developed dimensional equations for the width growth and velocity of the thermals 

and compared them to his experimental data. The motion in the thermals was compared to 

vortex rings. 

Woodward (1959) described in detail the motion in and around the isolated thermal, from 

experiments in which the motions of suspended particles were followed. The motions were 

described as a vortex-like circulation superimposed on an upward motion, with a self-similar 

shape and distribution of velocity. The irregular protuberances, which formed on the cap of the 

thermal, were suggested to be the cause of the variations in the motion recorded from different 

thermals. 

Much of the initial theoretical work was done by Turner. Turner (1957) proposed that thermals, 

which originated from a single slug of buoyant fluid (or a sudden impulse) could be modelled 

as vortex rings. For a non-buoyant vortex ring, the impulse was constant and the ring 

progressed until the structure decayed due to turbulence. The buoyancy in the buoyant vortex 

rings had two effects. One, it stabilized the motion and two, it provided an upward force, 

which increased the impulse of the ring. The buoyancy increased the entrainment and hence 

lowered the velocity of propagation. These ideas were confirmed by the experiments. 
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Scorer (1958, 1959) looked at line or two dimensional thermals and, using dimensional analysis, 

found the relationship between the width and elevation and the elevation with time. He 

suggested that a slice of a bent-over chimney plume could be compared to a vertical slice of a 

line thermal. 

Turner (1960), proposing that a bent over plume could be modelled as a vortex pair, examined 

and compared the properties of the vortex ring and vortex pair using dimensional analysis, when 

either the momentum or buoyancy approached zero. He found the vorticity distribution within 

the vortex ring or pair did not affect the velocity of propagation. Generation of circulation 

occurred soon after the release of the buoyant fluid up until the non-buoyant fluid had been 

drawn up into the rear of the vortex pair. From then on the circulation was proportional to the 

velocity times the elevation and was thus constant. He assumed, that the vortex pair had 

constant circulation and ,thus, the increase in momentum due to entrainment implied an increase 

in separation of the vortex pair. This theory assumed that the vorticity was confined to the 

circular ring of the vortex or to the lines of the vortex pair and that the vorticity did not diffuse 

out significantly while the ring or line maintained its form. 

Richards (1963) carried out experiments on line thermals to determine their bulk flow properties 

of width, elevation and dilution. By seeding the ambient with suspended droplets he recorded 

the internal motion, which was identified as a distinct vortex pair. Different methods of release 

were tried to reduce the initial disturbance of the fluid and get more reproducible experiments. 

Richards developed a modified vortex pair model which differed from Turner's (1960) model 

in that he did not assume the density excess was restricted to two parallel and separate 

cylindrical region but that the vortices of the thermal were not completely divided. This model 

was a similarity solution in which a linear spread with distance was predicted. 

A kinematic model for the flow around and into a buoyant thermal was proposed by Turner 

(1963a), in which he assumed the flow was instantaneously the same as for a Hill's spherical 

vortex of fixed size moving through a frictionless fluid. He modified the equations to allow for 

expansion of the radius proportional to the distance from release. The model compared well to 

the experiments except that the fluid was in the shape of an oblate spheroid. 

Turner (1963b) further developed his theoretical model of isolated buoyant elements in turbulent 

surroundings to include growth due to turbulent entrainment, which was proportional to the 

upwards velocity, and loss of buoyant fluid to the environment, which was proportional to a 

characteristic turbulent velocity. In his experiments he determined that the buoyant motion was 

extremely sensitive to the level of environmental turbulence. In a further extension of his vortex 



10 

ring theory for isolated thermals, Turner (1964) considered the buoyant expanding thermal using 

a spherical vortex model. He found that the constants of proportionality for the velocity and 

width growth were related. Following on from this the density difference could be calculated 

from conservation equations and the velocity obtained from local density difference and width 

values. 

Several numerical time integrations of the basic governing equation in two-dimensions have been 

carried out, such as that of Lilly (1964). Plots of temperature and velocity variations obtained 

with this model compared well to Richards (1963) experimental data. Lilly commented that the 

model was highly simplified as it was describing a complex three-dimensional phenomena in two 

dimensions, (partly due to limitation in computing capacity). 

The work of two preceding authors (Turner 1960 and Richards 1963) predicting the behaviour 

of the line thermal differed. The results of Richards (1963) indicated a similarity solution and 

showed an increase in the circulation with time and a linear spread with distance. Turner (1960) 

assumed a constant circulation and predicted a linear spread with time. The work of Lilly 

(1964), which was a numerical time integration of the basic governing equation in two

dimensions, investigated the differences. He determined that the difference in behaviour 

depended on whether the buoyant fluid was concentrated in the two vortex centres or if they 

mixed across the centre of the thermal. 

Csanady (1965) also worked on a model in which a chimney plume could be modelled as a line 

thermal once it had become horizontal. In this work the governing differential equations were 

linearized and the flow pattern, obtained from their solution, differed from that of Richards 

(1963), due to the non-linear terms being neglected, but still could be compared to the 

experimental results. 

Tsang (1971) undertook to compare the previous work on line thermals to find out the cause of 

the variations in the experimental constants and to compare the previous theories. His extensive 

and carefully controlled experiments reduced the variability in the experimental constants but 

did not remove it. Tsang found the governing equations similarly to Turner (1960) but without 

assuming constant circulation or restricting the vorticity distribution to a vortex pair. His results 

were similar to those of Richards (1963). 

Morton and Pearson (1974), noting that the mean behaviour of thermal was unsteady, proposed 

to model them numerically using spherical vortex or vortex ring. For this two length scales 

(instead of the usual one) was needed to describe the mean distance of the distributed vorticity 
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from the axis of propagation and the mean radius of the distribution about the circular axis. The 

similarity state was obtained by balancing the loss of circulation by diffusion of vorticity across 

the axis of propagation and the generation of circulation by the buoyancy. 

Knudsen (1988) studied the advected line thermal, created by towing the port through the 

ambient to simulate the crossflow, which reduced the initial disturbances. The vortex pair was 

identified and the self-similarity shown. 

Wong (1991) described an extensive study of the advected line thermal, formed by releasing 

buoyant fluid in an open channel flume. The vortex pair structure was identified, although in 

the cases with high crossflow and low buoyancy the vortex pair was not clear. This was shown 

later to be due to the turbulence in the ambient. 

Morton et al. (1992a), Nguyen et al. (1992b) and Cresswell et al. (1992c) after reviewing the 

past work on line thermals (Scorer 1957, Richards 1963, Tsang 1971) proposed that the 

variability between and within the results was due to the inherent unsteadiness of the line 

thermal. They developed a numerical model using large eddy simulation. This gave results 

which agreed with the bulk flow properties predicted by dimensional analysis and also gave a 

better description of the unsteadiness (subthermal formation) of the line thermal. 

As the advected line thermal is the model of the final behaviour of a buoyant jet in a crossflow, 

some additional results and theoretical considerations on advected line thermals are included in 

the following: Priestly (1955), Fan (1967), Chu and Goldberg (1974), Wright (1977), Jirka and 

Fong (1981), Lee and Neville-Jones (1987) (prototype data), Lee and Cheung (1991) and Wood 

et al. (1993). 

1.3 Overview of the Study 

The literature review indicated some possible areas of investigation. Observation of plane jets 

(Papps 1995) had indicated that the crossflow affected the entrainment into the plane jet. This 

lead to the question of how the crossflow affected the entrainment into the single jet and what 

modifications were needed to include this effect in the integral analysis. Advected thermals have 

been extensively studied from a 2-dimensional view, yet the first experiments indicated a more 

complex 3-dimensional flow whose properties and characteristics were not known. These were 

the two problems studied in this thesis, whose contents is detailed below. 
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Chapter 2 describes the three experimental methods used to study buoyant jets. The first method 

was flow visualisation using dye and the collection of cross-section data using a suction grid to 

get time averaged or mean flow samples. Next, a laser induced fluorescence system was setup, 

which illuminated a plane in the fluorescently dyed buoyant jet flow. This enabled accurate and 

non-intrusive measurements of both the mean and the instantaneous (real time) structure and 

behaviour of the flow to be examined. Lastly, a particle image velocimetry system was used 

to observe the entrainment flow velocities into a single buoyant jet by following the motion of 

the seeded ambient in a section of the flow illuminated by the laser sheet. 

Chapter 3 contains the initial experimental results. The mean flow properties of the advected 

line thermal obtained from the suction and LIP methods were compared and the accuracy of the 

LIP method was examined. Both sets of results were then compared to those of previous 

workers. The entrainment velocities into a single buoyant jet in a crossflow were presented both 

for a vertical centreline section and for a cross-section of the flow. 

Chapter 4 contains the theory of buoyant jets. The integral analysis of a buoyant jet in a 

stationary ambient was reviewed and extended to include a description of the entrainment flow 

distribution. The results of the experiments of the entrainment velocities into a single buoyant 

jet suggested that in the irrotational region superposition of the entrainment velocity and the 

cross flow velocities occurred. This finding was included in the integral analysis of the buoyant 

jet in a crossflow and showed how the normal entrainment formulation changed naturally into 

the forced entrainment formulation. Some further experiments of buoyant jets were compared 

to the theory. 

Chapter 5 describes the instantaneous (as opposed to mean) structure of the advected line 

thermal. A brief illustrated description of the flow was followed by quantitative measures of 

the flow variability using statistical data. The magnitude of the concentration fluctuations was 

quantified by the root mean squared difference between the instantaneous and mean data and the 

temporal variation in the location of the flow was quantified by its intermittency. 

Chapter 6 investigates a characterization the three dimensional subthermal structures of the 

advected thermal using the integral of concentration over a vertical profile. The periodicity of 

the sub thermal structures of the advected line thermal was studied using peaks in the 

concentration integral. 

Chapter 7 describes an investigation into the effect of turbulence in the ambient fluid on the 

mean flow properties and the mean flow structure of the advected thermal. 

Chapter 8 concludes the study. 
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Experimental Method 

1 Introduction 

The experimental program was performed in the Fluids Laboratory of the Department of Civil 

Engineering at the University of Canterbury. A study of buoyant jets was undertaken, in 

particular the behaviour of the advected thermal and the effect of a small cross-flow on the 

entrainment velocities into a single buoyant jet. The structure of the advected thermal was 

studied by observing its time averaged or two dimensional behaviour and its instantaneous or 

three dimensional behaviour both from a longitudinal centreline section and from a perpendiCUlar 

cross-section of the flow. The experimental data was obtained using two different methods. 

In the first, dye was added to the advected thermal so that its geometric properties could be 

measured and a suction probe withdrew flow samples to obtain dilution data of a cross-section 

of the flow. In the second, the laser induced fluorescence technique was used, which enabled 

both the geometric properties and the dilution data to be obtained from a digital light intensity 

image of the flow. The entrainment velocities into the single buoyant jet were obtained by 

seeding the ambient with particles and tracking the movement of the particles using a particle 

image velocimetry technique. 
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2.2 Physical Layout 

The buoyant jets produced in the laboratory were a discharge of negatively buoyant salt water 

into an ambient fluid of fresh water. This was the inverse of the situation in an ocean outfall 

where fresh water is discharged into salt water. However, as it is the density difference 

between the salt water and fresh water that drives the motion, the dynamics of the situation were 

the same, only the geometry was inverted. 

2.2.1 Ambient Fluid: Non-turbulent, Turbulent, Co-flowing 

A glass walled tank of dimensions 6 m long by 1.5 m wide by 1 m high filled with fresh water 

(from the town supply) was used to model the ambient fluid. A curtain of black plastic 

stretching along the length of the tank and extending from the water surface to 100 mm from 

the tank floor was used to form a channel in the tank of adjustable width (1.0 m for the advected 

thermal and 1.0 1.3 m for the single buoyant jets). The tank was filled, from pipes connected 

to the floor, over a period of 1.5 hours and then left to settle for 1.5 hours to allow the 

turbulence created during filling to decay and hence obtain a non-turbulent ambient fluid. The 

temperature of the fresh water at the top and bottom of the tank was measured prior to an 

experiment to determine the degree of stratification that had occurred during the settling period. 

The worst case was in the summer months when the difference in temperature between the water 

and the surrounding air could be as great as 10 DC. This resulted in a maximum temperature 

gradient of 0.5DC/m which corresponded to a maximum density gradient of 7 x 10-5 kg/m'3/m or 

0.3% of the initial density difference driving the motion of the advected thermal. This would 

have a negligible effect on the behaviour of the advected thermal. 

To model a non-turbulent current, the ambient was prepared as described above and the port was 

towed through the ambient to create the relative motion modelling a current. 

The qualitative effect of turbulence in the ambient fluid on the behaviour of the advected thermal 

was investigated. Turbulence, therefore, needed to be created in the ambient. However, 

because only the qualitative effect of the turbulence was needed, a quantitative description of 

the turbulence was not necessary, and an approximately isotropic and homogeneous turbulence 

was adequate. 

An approximately isotropic and homogeneous turbulence was established in the fresh water 

following the method used by Turner (1963b). A regular array of jets of air bubbles rising 
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through the ambient was used to create the turbulence. Four 50 mm diameter pipes were laid 

along the length of the tank at 25 cm spacing. Holes of 0.5 mm diameter were drilled at 25 cm 

intervals. The large diameter of the supply pipes and the small outlet holes ensured a small head 

loss along the pipes and essentially the same pressure at each outlet. This was checked by 

comparing the air flow from several different outlets. The design method used was that 

presented in Rawn et al. (1960). Air pressure was applied to the tubing system to produce a 

4 x 24 array of jets of bubbles in the 1 x 6 m tank as shown in Figure 2.1. 

air pressure supply 

l~ 

tank 
air supply 
pipes 

stream of 
air bubbles 

Figure 2.1,' The array of streams of air bubbles used to create the turbulent ambient fluid. 

A series of experiments, in which the air was bubbled for different periods of time, determined 

the set up period for the best approximation to isotropic and homogenous turbulence. When the 

bubbles were left on for too long the turbulence became inhomogeneous and anisotropic, because 

a large scale circulation pattern was set up by the jets of bubbles. This was seen in the 

distortion of the advected thermal trajectory into a wave-like pattern. The bubbling time was 

reduced until this large scale distortion was no longer visible and this became the standard. For 

this standard the air was bubbled for 2 seconds so that currents of water flowing with and 

between the jets of bubbles had begun to develop, but had not yet set up a steady circulation 

pattern. The air was then turned off and these developing currents broke down to an 

approximately isotropic homogeneous turbulence. The advected thermals were produced 45 -

90 s after the air was turned off. The homogeneity of the turbulence could have been improved 
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by having more closely spaced bubble jets. 

2.2.2 The Advected Thermal Flow 

The advected thermal was created by discharging dyed salt water though a horizontal port into 

the 6 m long x 1 m wide x 1 m high tank of fresh water. The port, made of stainless steel 

tubing, was placed in the centre of the tank (ie 0.5 m from the side walls) and 0.1 m down from 

the water surface. It was fed from a constant head tank via vinyl hosing and the flow was 

regulated by a needle valve and measured by a rotameter. Two rotameters were used with flow 

ranges of 0.5-3.5 mIls and 2-23 mIls. The port was attached to a motorized trolley with an 

adjustable clamp. The clamp allowed for fine tuning of the vertical and horizontal alignment 

of the port to 10° so that a horizontal discharge of the advected thermal could be assured. 

The trolley rolled along the top of the tank's side walls to model the current. For the co

flowing ambient the port was towed through the tank of stationary ambient fresh water with the 

port facing away from the direction of travel. The trolley was driven by a variable speed motor 

which could be mounted with 3 different sprockets resulting in trolley speeds in the ranges of 

3-60 mm/s, 13-90 mm/s and 30-340 mm/s. Figure 2.2 shows a schematic diagram of the 

experimental set up. 

SOOe constant head 
r---~ tank 

Rotameter 
flow 
gauge 

Needle 
valve 

Tank 

Elevation 

Adjustable clamp 
for port 

Figure 2.2: Schematic diagram of physical set up for the experiments. 
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The dyed salt solution was a 3 % salt solution which gave a density corresponding to that of sea 

water of approximately 1025 kg/m3 and a density difference relative to the ambient fresh water 

of 2.2 %. The salt was also used as a tracer to measure the concentration of the samples 

obtained by the suction probes at points throughout the thermal's cross-section. In the initial 

set of experiments, the solution was dyed with 1 gil of hexacolpoloney dye, a red food 

colouring, to enable visual measurements of the trajectory to be made. For the laser induced 

fluorescence technique, the thermal was dyed with a fluorescent dye, Rhodamine 6G, which 

fluoresces when excited by the laser light. Before each experiment, the solution in the constant 

head tank was stirred and flushed through the pipes connecting it to the port until a steady 

concentration of both the salt and the dye was obtained. The salt concentration was checked 

with the conductivity meter or hydrometer and the fluorescent dye concentration checked with 

a fluorometer. The temperatures, of both the tank of fresh water and the salt solution, were 

taken so that the exact density difference could be calculated using the Unesco international 

equation of state of sea water from Pond and Pickard (1983). 

2.3 Original Data Acquisition Method 

The geometry and dilution of the advected thermal was studied using two different methods. 

In the initial experiments the flow was visualized by dying the buoyant fluid and recording the 

flow geometry with a simple digital camera. The concentration data was obtained using a 

suction probe. For subsequent experiments, the newly developed laser induced fluorescence 

technique was used to obtain both geometry and dilution. The data obtained by each method 

diff~red slightly and the differences were noted. 

The original method was used in the experiments determining the 'effect of turbulence in the 

ambient on the structure of the advected thermal and in the experiments verifying the LIF 

method. 

2.3.1 Flow Visualisation 

A JVe TK-531O digital video camera with specified minimum sensitivity of 2 lux, positioned 

at the side of the tank, was used to record the trajectory of the advected thermal. The camera 

was placed midway down the length of the tank so that the advected thermal flow was fully 

established when the images were taken, ie. beyond the start-up region and where there were 

no end effects. The image, obtained with a 25 mm lens, was 0.8 m long and 0.5 m high. The 
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dimensions of the advected thermal in the image were calibrated by taking a picture of a 100 

x 100 mm grid submerged in the tank at the port centre line and using it as a scale reference. 

A clock was placed next to the tank, in view of the camera, to enable the exact time difference 

between the images to be known (or equivalently the distance of the flow from the port). The 

dyed thermal showed up as a dark fluid against a white background, which allowed its geometry 

to be defined. The software, Global Lab by Data Translation run in Microsoft Windows, was 

used to extract the trajectory and width growth data from the digital images. 

As the camera was stationary, the trajectory and width data were obtained from a series of 

instantaneous images, which recorded a time sequence of a 0.8 m length of the advected 

thermal. The whole cross-section of the thermal was dyed and visible so the trajectory and 

widths obtained were those of the whole thermal. This was important to note because the 

advected thermal was not an axi-symmetric flow and the subsequently obtained LIF data was 

recorded at the centreline of the flow. 

2.3.2 Dilution Data From Suction Probes 

The concentration structure, width and minimum dilution of a cross-section of the advected 

thermal were determined by using a grid of suction probes. The grid of probes was attached 

to a second trolley, which was towed a set distance behind the port to obtain a time averaged 

sample of a vertical cross-section perpendicular to the centreline of the thermal. This second 

trolley also held the vacuum boxes and the vacuum pump. The setup was shown in Figure 2.3. 

The sampling of the thermal was started once the thermal had become established and the start 

up irregularities had been passed, which usually corresponded to a sampling distance of 3.5 to 

5 m. 

The suction probes were a regular array of 1 m long stainless steel tubes of 2.2 mm diameter 

connected to the vacuum box by 1 m of plastic tubing. The vacuum boxes were airtight boxes 

each containing a rack of 40 test tubes. The vacuum developed in the box, drew the sample up 

each probe and emptied it, via a connection in the lid of the box, into the 50 ml test tube in the 

rack below. Thus each sample was obtained with the same vacuum resulting in approximately 

the same sample volume. Three different grid sizes were used to match the size of the cross

section and get the best detail at the various distances along the advected thermal. The different 

sizes were: an 8 x 8 cm and a 15 x 15 cm grid each with 40 probes in a 5 x 9 array and a 24 

x 24 cm grid with 81 probes in a 9 x 9 array. 
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Figure 2.3: Suction probe system used to obtain time averaged concentration samples from a 

cross-section of the advected thermal. 

The vacuum pump was regulated to control the sampling flow rate. The sampling started when 

the vacuum pump was turned on and stopped when the vacuum pressure was released by 

opening a valve on the box. A 50 ml sample was collected over a distance of 3.5 to 5 m to 

obtain time averaged samples. This corresponded to a sampling flow rate of 1 to 1.6 mlls, 

which did not significantly disturb the thermal in front of the suction grid. 

The probes were blown free of water droplets prior to sampling, however as they sat partially 

immersed in the water, approximately 1 to 2 ml of fresh water was included in the 50 ml 

sample. This corresponded to a 4 % error in a 50 ml sample which would increase to 7 % if the 

sample size dropped to 30 ml. In the initial set of experiments this error was accepted. 

However in the experiments performed to verify the LIF method this source of error was 

unacceptable so it was removed. The volume of fresh water present in the probes, causing the 

dilution of the sample, and the fmal sample volume were measured so that the dilution could be 

corrected by multiplying the measured concentration with a factor equal to the total volume 

divided by the true sample volume. 
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The samples obtained were analyzed using a Radiometer conductivity meter, CDM 83. The 

conductivity meter was first calibrated to find the cell constant of 1.375 cm- i and a 

temperature coefficient of 2.25/ o C. There was a strong dependency of conductivity with 

temperature. The temperature coefficient allowed the conductivities of the samples to be 

converted to a reference temperature of 19°C, at which the conductivity meter had been 

calibrated. The conductivity of a sample was proportional to the salt concentration and was a 

linear relationship for conductivities less than 1 mS/cm. The relationship was determined for 

the salt solution with concentrations ranging from 0.05 to 2 gil. The relationship was also 

determined for the dyed salt solution (both for the hexapoloney red and the Rhodamine 6G) to 

see whether the dye affected the conductivity, which it did not. The calibration relationship is 

shown in Appendix A. If a sample had a conductivity> 1 mS/cm, it was diluted to give a 

conductivity < 1 mS/cm and the result multiplied by the dilution factor. 

The data obtained by this method was a time averaged vertical cross-section. The cross-section 

was comprised of a grid of points of known concentration whose position was known relative 

to the port. From this data a concentration contour plot could be drawn showing the shape of 

the cross-section and the average dilution throughout the cross-section. The overall accuracy 

of this method, using the adjustable clamp and accounting for the dilution in the test tubes, was 

estimated at ±5 %. 

2.4 Laser Induced Fluorescence Technique 

The laser-induced fluorescence technique (LIF) was used to visualize the buoyant jet and obtain 

quantitative as well as qualitative measurements of the jet tracer concentration. This method 

was an improvement over the suction grid because it was non-disruptive and gave more detailed 

data. The details of the equipment used to produce a planar sheet of light and to capture the 

image and the subsequent analysis procedure are described below. The equipment and 

procedure used was similar to that developed and used by D. Papps (1995). 

The LIF method was used to obtain both instantaneous and time averaged data of a vertical 

longitudinal section at the centreline of the advected thermal and to obtain instantaneous data of 

a perpendicular cross-section of the thermal. 
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2.4.1 Laser Sheet and Fluorescent Tracer 

The quantitative concentration measurements of the fluorescent tracer using induced fluorescence 

relied on a source of light with constant intensity of appropriate wavelength to excite the tracer. 

A Coherent Innova 70-5 argon-ion laser was used. It was operated in single-line mode 

producing light at a wavelength of 514.5 nm at a power of up to 2.4 W. This wavelength 

corresponded to the excitation wavelength of Rhodamine type dyes. The laser was controlled 

in light regulated mode, in which the light power was monitored and regulated to a maximum 

variation of ±0.5 percent. A laser power of 2.0 W was used in this study. The laser beam 

had a Gaussian distribution of intensity over its cross-section with Gaussian half-width of 0.75 

mm. 
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Figure 2.4: Laser sheet created with rotating mirror. 

The laser beam needed to be transformed into a planar sheet of laser light, that was constant 

over time and preferably spatially uniform in intensity and thickness. To achieve this, a rotating 

octagonal mirror, a Lincoln Laser Company rotating mirror, model M-660-01O-LVWOB, was 

used. As the mirror rotated, each mirror face of the polygon successively reflected the beam 

through an arc of 90 degrees, as shown in Figure 2.4. The speed of rotation of the mirror 

needed to be checked to see that an interference did not occur due to interaction between the 

frequency of the image capture and the frequency at which the laser beam swept across the laser 

sheet. Initially a rotation speed of 1O,000.RPM was used, however the speed decreased slightly 
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giving rise to an interference pattern. A new speed of 20,000 rpm was chosen, that lay in the 

middle of an interference-free frequency band. Depending on the diverging angle needed for 

the different experiments, parts of the sheet were blocked out to reduce background light levels. 

The planar sheet of light thus produced had intensity which varied inversely with distance from 

the mirror. The light intensity was constant at constant radii from the mirror and was found to 

be very repeatable with time, which was shown by the negligible variation between successive 

calibration images. 

The flow was visualized by the light of the laser sheet exciting the fluorescent dye in the 

buoyant fluid. The fluorescent dye used, Rhodamine 6G, produced an orange fluorescent light 

with a peak wavelength of 560 nm. Prasad and Screenivan (1990) have verified that the amount 

of light fluoresced at any point is linearly proportional to the concentration of the fluorescent 

tracer. 

The dye produces a relatively high fluorescence at low concentrations, so a concentration of 

0.05 or 0.10 mg!l was chosen for these experiments. These low concentrations minimized the 

attenuation of power in the laser sheet as it passed through the dyed buoyant jet fluid. 

Attenuation occurs as cumulative amounts of light energy are absorbed from the laser sheet as 

it passes through the fluorescent dye causing lower concentrations to be indicated than were 

actually present in the buoyant jet. The attenuation of the laser sheet was measured as it passed 

dye solutions with various concentrations and the relationship was shown in Figure 2.5 as 

attenuation of light power per meter. This indicated that low concentrations of dye were 

necessary. The percentage of attenuation experienced by the laser sheet during an experiment 

was a product of the dye concentration and the distance over which this concentration existed. 

The maximum dye concentrations were present only in a small area close to the port (a 

maximum distance of less than 0.07 m) which would have resulted in attenuation of less than 

2 %. Further from the port the buoyant fluid was quickly diluted with the attenuation dropping 

to a negligible amount. For example, the light beam passing across a buoyant jet, with an initial 

concentration of florescent dye of O.lmg!l, at a location where the dilution is 40 (0.0025 mg!l 

dye) and the width is 0.2 m would have an attenuation of 0.4%. 

A drawback of the Rhodamine dye was its characteristic of adhering to surfaces and 

disappearing out of solution. As the salt solution was piped from the constant head tank to the 

port through tbe vinyl piping, an amount of dye, varying with the flow rate of up to 10% of the 

original concentration, was adsorbed onto the vinyl. Potential errors in the measured dilutions 

were avoided by flushing the pipes out prior to each test at the exact flow rate of the test. This 

allowed the Rhodamine concentration to stabilize and the exact concentration in the solution 



23 

flowing out of the port was checked both before and after each test by measuring its 

fluorescence with a fluorometer. The fluorescence of the solution was found to be very constant 

over the period of the test when using the flushing technique, with the fluorescence not varying 

more than 1 %. The value of the fluorescence was used later during the image processing and 

analysis, which minimized the errors in the dilution measurements. 
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Figure . Attenuation of laser light as it passes through a fluorescent solution. 

2.4.2 Image Capture 

The fluorescent image of the flow created by the excitation of the fluorescent dye by the laser 

light was captured by a black and white digital camera. A Pulnix CCD camera, model TM-

765E, with an image intensifier was used. This highly sensitive camera was needed to measure 

the low intensity images accurately. A high pass optical filter was mounted in front of the 

camera to filter out scattered laser light. This was a Schott glass filter, glass type OG530 which 

filters out light of wavelength less than 530 nm. The test area was enclosed in a dark room to 

keep the background light levels low. 

The PAL type video signal from the camera was passed via a cable either to a video recorder 

and stored on a video tape to be later retrieved by the frame-grabber or directly to frame

grabber hardware in a computer. The video recorder stored a series of instantaneous images 

at a frequency of 25 Hz. This data was later grabbed off the video tape by the frame-grabber. 

The video recorder first used was a Sony SL V -757NC and the data was stored on an E-108 
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PRO-XB master grade video cassette (VHS). The information using this system was stored on 

the video tape as an image of 512 pixels wide and 220 pixels high. This was significantly less 

than the resolution capable by the frame-grabber so the video player was upgraded to a 

Panasonic NV-FS200EC, which stored data as an image of 512 pixels wide and 440 high. 

The frame-grabber board from Data Translation Incorporated, model DT2867, was used in a 

80486 IBM-compatible personal computer for image capture and processing. Global Lab mage 

software from Data Translation Incorporated was used to control the frame-grabber and to 

manipulate the captured images. This software, operated in a Windows environment, captured 

and stored the images on the disk drive allowing them to be retrieved and analyzed later. The 

board allowed real time averaging of up to 10 s and it could take a series of instantaneous 

images at a frequency of up to 0.5 Hz. This frequency was limited by the speed at which the 

data could be saved to the hard drive. 

The images taken by the frame-grabber were stored as a set of light intensity values at each of 

the 393 216 pixels in a 768 by 512 array. The video signal voltage values were digitalized by 

the frame-grabber so that the intensity at each pixel was recorded as a grey-scale integer 

between 0 (black) and 255 (white). In the Global Lab Image software the reference voltage was 

set to the recommended value of 1024 mV and the offset was set to -60 mY, so that the 

background light levels measured less than 10 grey scales. 

2.4.3 Setup Data Acquisition Equipment 

The laser sheet and camera were positioned in several different configurations in order to obtain 

the different types of images and hence data. The types of images obtained were instantaneous 

images of the vertical longitudinal section at the centreline, instantaneous images of a vertical 

perpendicular cross-section, and time averaged images of the vertical longitudinal section. 

a) The instantaneous images of a vertical longitudinal section at the centreline of the flow were 

obtained by producing the laser sheet down the length of the tank and positioning the camera 

at the side of the tank, see Figure 2.6. A manual iris, 25 mm focal length lens was used which 

produced a 750 mm by 550 mm image. The camera was placed at approximately midway along 

the length of the tank to get the best compromise between a representative flow region and 

adequate light intensity from the laser. Initially a clock was placed in the field of view to record 

the time from release of the successive images, but later this was replaced with an electronic 

clock, which was added to the camera signal. This arrangement allowed the time development 
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of a 750 rum section of the buoyant jet to be studied. Other image sizes could be obtained by 

using a lens with a different focal length. 
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Figure 2.6: Laser sheet and camera position for instantaneous images of a vertical 

longitudinal section at the centreline of the flow. 

b) For the instantaneous images of a cross-section perpendicular to the flow, the camera was 

placed at the end of the tank, the laser sheet was produced vertically across the width of the tank 

and the port travelled away from the camera during the test, as shown in Figure 2.7. The 

position of the laser sheet was chosen to get the best compromise of a good image size, 

reduction of end effects from the tank wall and reduction of start-up effects. This was chosen 

to be 1.5 m from the tank wall. A manual iris, 50 rum focal length lens was used on the camera 

which produced an image 350 rum by 550 mm in size, A clock was use4 to record the time 

from release of the images. This set up allowed the time development of a thin cross-section 

of the buoyant jet to be studied. 

c) The time averaged images of a vertical longitudinal section of the flow were obtained by 

producing the laser sheet down the length of the tank. The moving trolley towing the port 

simulated the current and to take a time averaged image of the flow the camera had to be 

stationary relative to the port (i.e. moving at the same velocity as the port), The camera was, 

therefore, mounted on a second trolley and towed at a set distance behind the port. The distance 

between the port and camera could be adjusted allowing the jet flow at different distances from 

the port to be studied. Two large plane mirrors angled at 45 degrees and placed parallel to the 

tank were used to reflect the image up to the camera as shown in Figure 2.8. The 25 rum focal 
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length lens was used to capture a 750 nun by 550 nun image. This allowed the time averaged 

behaviour of a 700 nun section of flow to be studied. 
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Figure 2.7: Laser sheet and camera position for instantaneous images of a vertical 

perpendicular cross-section of the flow. 
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Figure 2.8: Laser sheet, camera and mirror position for time averaged images of a vertical 

longitudinal section of the flow. 
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2.4.4 Image Calibration, Processing and Analysis 

The image was calibrated, in terms of size and location of each pixel with respect to the port, 

by recording an image of a sheet marked with 50 mm grid spacings placed in the filled tank at 

the location of the laser sheet. This grid was then traced onto each test image using the Global 

Lab Image software, enabling the geometry of the buoyant jet to be accurately obtained. This 

method was the best way of reducing the geometric errors or distortions caused by refraction 

and aspect ratio. Refraction of the light through the air/glass/water interface caused distances 

in the flow to be stretched, increasing amounts at increasing distances from the centre of the 

captured image, as shown schematically in Figure 2.9. Aspect ratio affected the appearance of 

the image because the same distance was represented by a different number of pixels in the 

horizontal to vertical direction, this, however, was accounted for in the analysis. In this study 

the aspect ratio was 1:0.93. 
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Figure 2.9: Schematic refraction of light through the air/glass/water interface 

causing distortion of the image. 

Concentrations in the flow were indicated by the intensity of the fluorescent light given off by 

the dye in the flow. Analysis of the images was simplified by assuming that the fluorescent light 

intensity measured by the camera was linearly proportional to the concentration of fluorescent 

tracer present in the flow. Prasad and Sreenivasan (1990) have verified that the amount of light 

fluoresced at any point is linearly proportional to the concentration of the fluorescent tracer. 

It remained to determine whether the camera response to the linearly varying light source was 

linear. 



28 

The linearly varying light source was created by exciting a constant concentration of fluorescent 

dye with a linearly varying laser power. A mixture of the dyed salt solution made up to a 

dilution of 10 with fresh water was contained in a clear plastic cell. The 1.0 m long by 0.7 m 

high by 0.1 m wide cell was suspended in the filled tank with the laser sheet passing through 

it. Fluorescent images were captured by the camera as the laser power was increased from zero 

to full power. The measured light intensity was graphed against light power at several points 

in the image. The camera response differed slightly with position but showed the same non

linearity at each point in the image. The spatial variations were due to variations in the laser 

sheet intensity (as expected since light power decreases with distance from the source) and 

variations in the response of the light sensing array in the camera. The non-linearity was 

thought to be due to the built in characteristics of the camera and it was removed with the use 

of an input lookup table (ILUT). An ILUT maps each of the 256 in-coming intensity levels to 

another intensity level as the image is acquired. An ILUT was programmed into the frame 

grabber to map the input intensity levels to the levels required for a linear light intensity 

response, see Figure 2.10. 
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Figure 2.10: Raw camera response and camera response corrected 

with an input lookup table. 

2.5 

For each of the experiments the camera settings of the lens aperture and the gain were chosen 

so that the calibration solution of the dyed salt solution measured at the top of the range of the 

intensity scale (approximately 200-220 grey-scales). The aperture and gain values of the camera 

were chosen to get the best compromise between a small aperture giving a sharp image for a 
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large field of view but needing a higher gain, and a large aperture giving a smaller field of view 

but needing a lower gain. The calibration solution was a diluted solution of the dyed buoyant 

fluid used to model the thermal. The dilution chosen determined the range of dilutions that 

could be observed in the flow. The concentrations that could be identified were those ranging 

from the dilution of the calibration solution up to 20 times that dilution. Concentrations greater 

than the calibration solution (i.e. very close to the port) would be overexposed in the image and 

dilutions greater than 20 times the calibration solution were not bright enough to be sensed by 

the camera. The calibration solutions chosen were to have dye concentrations of 0.005 mg!l so 

that attenuation over the length of the calibration cell was restricted to 3 %, see Figure 2.5 for 

the decay of light attenuation with dye concentration. For example, a calibration solution with 

a dilution of 10 (20) would give dilutions in the range of 10 to 200 (20 to 400) and would need 

an initial concentration of 0.05 mg!l (0.10 mg!l) to meet the attenuation criteria of 0.005 mg!l 

in the calibration solution. 

A calibration procedure, which was performed for each experimental set-up prior to the 

experiments, was developed that allowed the tracer concentrations and hence flow dilutions to 

be obtained from the fluorescent light intensity images. With the camera now responding 

linearly to a linear variation in fluorescent tracer concentration, the concentration at any pixel 

could be determined by interpolating linearly between the brightest image, with the calibration 

dilution (or minimum dilution), and the darkest image, with a zero concentration. 

Both the zero and the minimum dilution calibration images were obtained once the experimental 

set-up, ie camera settings, dye concentration, laser settings, and type of images were finalized. 

The zero image was an image of the laser sheet passing through the tank of pure ambient fluid. 

The minimum dilution image recorded the light intensity due to the solution, with the chosen 

minimum dilution, excited by the sheet of laser light. This was achieved by taking an image 

of the calibration cell (1 m x 0.7 m x 0.1 m) filled with the diluted solution, which was 

suspended in the filled tank at the location at which the image would be taken, with the laser 

sheet passing through it. The calibration images showed the measured intensity at any point in 

the flow for the given concentration. For the calibration to be as accurate as possible the 

calibration images had to be taken from and of exactly the same location as the experimental 

images. This was achieved by having the camera take the images from the same position. This 

was simple for the instantaneous images taken with the stationary camera, however, for the time 

averaged images with the camera mounted on the trolley this was a more involved process. 

For the time averaged images, the sequence, timing and position of the time averaged images 

was selected first. The image sequence was obtained at exactly the same position in the tank 



30 

each time by using a remote trigger, which was fixed at the appropriate location on the tank and 

started the image acquisition when the trolley drove past. The time averaged images were 

obtained over a 1.5 m length of the tank. Since the calibration cell was only 1.0 m long it 

needed to be placed in two positions to cover the distance along the tank over which the time 

averaged image was obtained, see Figure 2.11. The cell was placed first at the left end of this 

region and the sequence of images taken, then it was placed at the right end and again the 

sequence of images taken. The alternative method of using a longer (1.5 to 2 m) calibration cell 

was rejected because the attenuation of the laser light through the increased length of solution 

would have increased to 6 % and handling of such a large cell would have been impractical in 

the laboratory. 

Cell position 1: left end of image region 

calibration cell containing 
5% mixture of dyed salt 
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Cell position 2: right end of image region 
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Figure 2.11: Calibration cell placement relative to the image region for the time averaged 

images of a longitudinal section of the flow. 
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A horizontal profile located at section A-A in Figure 2.12a, showed the variation in light 

intensity across the time averaged images resulting from these two cell positions. A schematic 

sketch of the two profiles obtained was shown in Figure 2.12b. In the first sequence of images 

captured with the cell positioned at the left of the image region, the images had the correct 

intensity on the left hand side and on the right hand side the intensity dropped away linearly. 

The images in the second sequence had the correct intensity on the right hand side. The light 

intensity dropped off over part of each of the calibration images because the movement of the 

camera relative to the calibration cell meant that the calibration cell did not cover the entire 

image area. The variation in the light intensity in the vertical direction was 2 % between section 

A-A and B-B, and 7% between A-A and C-C (greater because of a shadow at the right hand 

side of the image). 
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Figure 2.12a: Location of horizontal profiles which showed the variation in light intensity 

across the image. 
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Figure 2.12b: Light intensity variation across the time averaged images with the two cell 

positions. 
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The final calibration image was constructed by rejecting those parts of each image in which the 

light intensity did not have its full value. Referring to Figure 2.12b, this would be the region 

to the right of Section D-D for cell position 1, and the region to the left of Section E-E for cell 

position 2. The final image was formed from the juxtaposition of the two remaining halves. 

A sketch of the profile across the final image was shown in Figure 2.12b. 

The profile across the final calibration image showed a "dip" in light intensity value at the join. 

This "dip" was caused by a strip down the middle of the image frame where the light intensity 

did not reach its full value with the cell either in position 1 or in position 2 (see Figure 2.11). 

This anomaly was corrected for by adding a correction constant to the light intensity values. 

The procedure was shown in detail for image Series A of the LIF experiments in Figure 2.13a. 

The "dip" occurred between points E and F, so line EF was fitted to where the light intensity 

trace would have been, had it reached its full value. The light intensity values, in the calibration 

image lying on the line EG and GF, had a correction constant added to increase them up to their 

full value, as shown by the line EF. The correction constant was given by the equations on the 

graph and was up to 20 % of the final light intensity value. The reSUlting profile of the corrected 

final calibration image was shown in Figure 2.13b. The corrected calibration image was used 

in the analysis of the flow images. The corrections applied to the final calibration images for 

Series B, C and D were shown in the Appendix B. 
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Figure 2.13a: Horizontal profile of 4s time average calibration image for Series A indicating 

correction to be applied. 
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Figure 2.13b: Horizontal profile of 4s time average calibration image for Series A with 

correction constants applied. 

The following procedure was used to convert the raw images into images showing contours of 

dilution once the zero image, the calibration image and the raw experimental images were taken. 

First the light intensity values of the zero image was subtracted from both the raw and the 

calibration images. The ratio of the concentration used in the calibration image, Ccal> to the 

local flow concentration, C, was equal to the ratio of the light intensity in the zeroed calibration 

image to the intensity in the zeroed flow image. 

Cca1 
C (

calibration image _ zero image ) + ( flow image 
intensity intensity intensity 

zero image) (2.1) 
intensity 

The flow dilution Co/C was then equal to the ratio Cca/C mUltiplied by the dilution used for the 

calibration image (CO/Ccal). 

(2.2) 

The dilution was calculated for all points in the flow using Global Lab Image software by first 

dividing the pixel values of the zeroed calibration image by the values of the zeroed flow image. 

Because these ratios were truncated and stored as integers, each integer value represented a 

range of dilution, which when multiplied by the dilution of the calibration solution gave the 
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actual range of dilutions. For example, if the calibration solution had a dilution of 20 then a 

value of Cca/C = 3 represented the range from 3 to 3.99 equal to a dilution of 60-80. Contour 

images were created using Corel-Draw software by allocating a colour to each value of Cca/C 

in the image file. The contour images were used to show the shape and structure of the flow 

as well as providing flow trajectories and centre-line dilutions. 

When more detailed information of the dilutions were needed, for example for the profile data, 

the raw data from the calibration, zero and flow images were exported into a spreadsheet for 

analysis. In the spreadsheet the values were stored as real numbers, so the results of the 

analysis gave an exact value for the dilution instead of a range in which the dilution fell. 

2.4.5 Errors in the Dilution Data Due to Scattered Light 

The LIF experiments were performed in a light-tight room to eliminate or reduce the amount 

of extraneous light present during the experiments. The extraneous light caused the camera to 

record light intensities higher than that fluoresced solely by the dyed buoyant jet fluid, which 

was lying in the laser sheet. The extraneous light could be divided into two classes. One was 

a background level of extraneous white light, which originated from lights on the 

instrumentation and light leaking into the not perfectly light-tight room. This background light 

was removed by taking a zero image of the laser sheet passing though the ambient fluid. The 

zero image was then subtracted from the light intensity images before their conversion into 

dilution data. The other error was extraneous laser light, scattered out of the planar laser sheet 

by dust particles in the ambient water and in the air through which the laser beam passed, which 

fluoresced dye particles lying out of the laser sheet. 

The additional fluorescence caused by the scattered light was illustrated in Figure 2.14b as the 

light intensities resulting from the relative camera, jet, laser sheet positions shown in 2.14a. 

First, as a reference, the light intensity image of a jet centred on the laser sheet was calibrated 

to show dilution contours. Then the qualitative light "shadow" that resulted when this jet, 

located out of the laser sheet by 125 rom and 250 rom respectively, was fluoresced by the 

scattered light. This indicated that the light intensity recorded by the camera consisted of two 

components: one due to the fluorescence in the laser sheet and the other, an error component, 

due to fluorescence caused by the scattered light outside the laser sheet. The additional light 

of the error component caused the dilutions of the buoyant jets determined from the light 

intensity images to be too low. 
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Figure 2.14a: The relative positions of the camera, jet and laser sheet used to illustrate the 

error in concentrations caused by fluorescence out of the laser sheet. 
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Figure 2.14b: Qualitative illustration the error in concentrations caused by fluorescence out 

of the laser sheet. 

A study was done to investigate ways of reducing the amount of scattered light and to determine 

if the error caused by the scattered light was significant. To reduce the error caused by light 

scattering, additional shielding was placed around the laser beam and sheet as it entered the tank 
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by blocking with black paper all but the narrow slit needed for the laser sheet. The relative 

effectiveness of the shielding was determined by comparing the light intensity of images with 

different levels of shielding. The results indicated that the improvement in the shielding was 

effective in halving the errors caused by the scattered light. To determine if the error was 

significant it was compared to the variation caused by background noise. The results indicated 

that it was significant. The details of these experiments and their results are described in 

Appendix C. 

The experiments described in Appendix C indicated that the largest absolute error occurred at 

the higher jet concentrations. In the actual experiments, the concentration of the fluorescent dye 

that lay near to, but outside, the laser sheet had a similar concentration to the concentration in 

the part of the jet illuminated by the laser sheet. It was, therefore, not the absolute error but 

the percentage error in the concentrations, due to the fluorescence out of the laser sheet, that 

was important in the experiments. The following investigation estimated the percentage error 

in the concentrations by comparing the change in the zero image, resulting from the buoyant jet 

placed between the laser sheet and the camera (Le. offset from the laser sheet), to the light 

intensity or concentrations of the jet in the laser sheet. 

1 Experimental setup 

This investigation used the experimental setup shown in Figure 2.15, in which the laser sheet 

was produced vertically down the centre of the tank. First the jet was placed centred on the 

laser sheet to determine the jet concentrations, then the jet was placed between the laser sheet 

and the camera at distances of 125 mm and 250 mm from the laser sheet. Averaged images, 

which recorded the light fluoresced from the buoyant jet by the scattered light, were taken with 

the jet in each of these positions, which were shown previously in Figure 2.14. 

2.4.5.2 Analysis 

This analysis compared the change in light intensity of the zero image, resulting from the 

buoyant jet placed between the laser sheet and the camera and offset from the laser sheet by 125 

and 250 mm, to the light intensity (or concentrations) of the jet in the laser sheet. 
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The concentrations in the jet along horizontal profiles located at intervals of 50 mrn from the 

port were obtained from the light intensity image of the jet centred on the laser sheet. Profiles 

were then taken at the same locations from the images with the jet offset by 125 and 250 mm 

from the laser sheet. The light intensities of the light "shadow" recorded in these images were 

divided by the corresponding light intensity values of the jet in the laser sheet to give the 

percentage error in light intensity (or equivalently in concentration/dilution). 
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Figure 2.15: Sketch of experimental setup for scattered light error determination 

2.4.5.3 Results 

The qualitative illustration of the light shadow errors investigated was shown in Figure 2.14. 

The corresponding quantitative results were shown in Figure 2.16 for horizontal profiles across 

the jet at intervals of 50 mrn. In Figure 2.16a, the concentrations in the jet were plotted and 

in Figures 2.16b and 2.16c, the percentage error in the concentrations caused by the jet offset 

by 125 mrn and 250 mrn respectively were plotted. 
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The error in the concentrations was slightly greater (by less than 1 % of the jet concentrations) 

with the jet at 125 mm than with the jet at 250 mm from the laser sheet. The percentage error 

occurring across each profile was lowest at the centreline, where the highest concentrations 

occurred, and increased towards the edge of the jet flow region, where the jet concentrations 

decreased. The error ranged from approximately 1 % up to 4 %, with the higher errors 

occurring at the lower jet concentrations. The increase in the error at the lower concentrations 

was due to the fact that the light intensity data was stored in the images as an integer greyscale 

value between 1 and 255, which resulted in a minimum recordable change of 1 greyscale. 
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Figure 2.16: Quantitative results of the percentage error in concentrations caused by the 

fluorescent jet offset from the laser sheet. 

As an illustration of the limitations of this data storage method, the error at two locations will 

be examined. Consider a concentration of 7 gil of salt recorded as a greyscale value of 200 

(±0.5) in the image with a percentage error recorded as a greyscale value of 2 (±0.5), which 

was analyzed as a 1 % error. Assuming that the light intensity value of 2 was the result of 
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rounding to the nearest integer, the error value was 1 % ±0.25. Consider now a concentration 

of 0.7 gIl, which would be recorded as 20 (±0.5) greyscales. The minimum recordable change 

in greyscales caused by the offset jet would be 1 (±0.5) greyscales, which would result in a 5% 

error. Again assuming a rounding off error of the light intensity value to an integer, the error 

val ue was 5 % ± 2.6. This illustrated that the size of the error present in the concentration data 

increased as the light intensity of the data decreased. The light intensity representing a given 

concentration was determined by the camera settings, which were chosen to be 80% of the 

maximum value (200 greyscales) for the light intensity of the calibration cell. Therefore, the 

error in concentrations increased as the concentrations in the jet differed increasingly from the 

concentration of the calibration cell. 

2.4.5.4 Summary 

The scattered light fluorescing dye out of the laser sheet caused only small errors in the buoyant 

jet concentrations obtained from light intensity images. The light was scattered out of the laser 

sheet by particles, and hence the errors caused by this light, could be reduced by shielding the 

laser sheet. Horizontal shielding was most effective for dye lying closer to the laser sheet and 

vertical shielding was equally effective for all dye lying out of the laser sheet. Approximately 

a 50% reduction in the errors could be attained by shielding the laser sheet both vertically and 

horizontally. 

Although the largest absolute error in jet concentrations occurred at the higher concentrations, 

the percentage error was only 1 to 2 %. At the lower dilutions the absolute error was smaller 

but the percentage error increased due in part to the method of storing the light intensity data, 

in which there was a lower resolution at the lower light intensities. This problem was reduced 

by choosing a calibration cell dilution that was appropriate for the range of dilutions that were 

to be investigated. Dilutions down to 15 to 20 times less than that ofthe calibration cell dilution 

could be determined. 

The errors due to scattered light were reduced to a maximum of 3 % (the maximum occurring 

at the lower dilutions) when the appropriate calibration cell dilution was chosen and the laser 

sheet was well shielded and all potential reflective surfaces were painted black. 
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2.5 Particle Image Velodmetry Technique (Stevens and Coates 1994) 

Single buoyant jets were studied to determine the effects of a crossflow on the velocity of the 

fluid entrained into the buoyant jet. The ambient fluid was seeded with particles so that fluid 

velocities could be calculated from the recorded movement of the particles. The buoyant jet 

flow was recorded onto videotape and subsequently analyzed using the particle image 

velocimetry (PIV) analysis of Stevens and Coates (1994). The PIV analysis compared pairs of 

images to determine the average distance moved by a region in the flow in the time interval 

separating the two images. The resulting data was presented as a velocity vector map of the 

flow into the buoyant jet. 

2.5.1 Physical Layout 

The physical layout of this set of experiments was similar to that used for advected thermal 

experiments described above in section 2.2, but with a few alterations. 

2.5. 1 Ambient fluid 

The glass walled tank of dimensions 6 m long by 1.5 m wide by 1 m high was reduced to a 1.3 

m width by hanging a curtain of black plastic along the length of the tank which extended from 

the surface to within 100 mm of the tank floor. The tank was filled over a period of 1.5 hours 

then seeded with particles. The seeding particles were ground plio lite resin particles sieved to 

get a particle size range of 63 - 75 pm or 75 - 100 pm. 109 of the particles were mixed into 

1 litre of water with 2 ml of a wetting agent, Ilford Wetting and Glazing Agent, added to ensure 

that the particles did not clump together but would disperse evenly in the tank of water. 

Initially the solution of particles was poured over the surface of the tank of water then mixed 

in over a period of 10 minutes with a long handled stirrer. The tank was left to settle so that 

any turbulence and currents in the water could die out. It was discovered that this filling and 

mixing method caused a seiche, with a 3.8 s period, in the tank. After sitting for 48 hours the 

velocities in the tank induced by the seiche were still of the order of 2 mm/s i.e. of the same 

order as the entrainment velocities being investigated. Accordingly a different method of 

dispersing the seeding particles into the ambient was used. When the tank was almost filled, 

the solution of the particles was sprayed over the surface of the water using a syringe. In this 

way the particles were evenly distributed over the water surface and the turbulence created by 
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the droplets landing on the water meant that the particles occupied a 50 rom thick layer at the 

surface. The particles were then subsequently dispersed throughout the tank by the settling of 

the particles and by the turbulence and currents created from filling the tank. Even with this 

method a small seiche due to filling the tank remained, it was, however, a considerable 

improvement. The effect of the small seiche was averaged out in the analysis by sampling 

image pairs evenly over the cycle of the seiche. 

The set of experiments coincided with a period of small earthquakes occurring in the South 

Island. In several of the experiments, an earthquake occurred during the settling period, which 

set up a seiche in the tank large enough to cause velocities of the same order of magnitude as 

the entrainment velocities. These experiments had to be abandoned. 

2.5. Port, fluid flow and laser sheet 

The buoyant jets were produced by discharging a salt solution into the tank of fresh water as 

described in section 2.2.2, with the port towed through the ambient to simulate the current. 

The laser sheet was used to illuminate a section through the flow. Partway through these 

experiments a parabolic mirror was acquired. This produced an approximately plane sheet of 

parallel light by reflecting the laser beam off the rotating mirror onto a flexible mirror strip bent 

around a parabolic shape. Because the light rays were parallel (instead of diverging as 

previously), the light intensity level was maintained as the distance from the source increased. 

This enabled the full length of the tank to be illuminated to useable light levels. 

The jet solution was dyed with 0.05 mg/l of the fluorescent dye, Rhodamine 6G, so that it could 

be seen in the laser sheet. The laser sheet, which was produced vertically down the centreline 

of the tank enabled the entrainment velocities in the centreline vertical plane to be shown by the 

movement of the seeding particles and the horizontal laser sheet allowed the cross-sectional 

entrainment velocities to be shown. 

Three different experimental configurations were used to study the buoyant jets. A vertical 

centreline section was obtained of the vertical and horizontal buoyant jets using the tank 

configuration of the LIF experiments shown in Figure 2.6, with, however, a vertical port for 

the vertical jet. The mouth of the ports were located 100 rom down from the water surface. 



42 

A cross-section of the horizontal buoyant jet 400 mm below the port was obtained by producing 

the laser sheet horizontally down the length of the tank and mounting the camera attached to the 

trolley above the tank as shown in Figure 2.17. To clear the water surface prior to an 

experiment a drop of detergent was touched to the water surface. 
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Figure 2.17: Port configuration for the cross-section of the horizontal buoyant jet. 

2.5.2 Raw Data Acquisition 

The particle image velocimetry (PlV) technique determined the entrainment velocities of buoyant 

jets in a seeded ambient. The flow data was saved onto videotape, from which pairs of images 

were selected. The PlV program determined the movement of the fluid occurring during the 

time interval between the two images using a pattern matching routine, which determined the 

displacement of the particles. This displacement data was further processed and averaged before 

presenting the results as a velocity vector map of the flow region captured in the image 

(described in section 3.2.2.1). 

The images of the flow were captured with the camera, frame grabber, and SVHS video 

recorder system used for the LIP technique and described in section 2.4.2. (The optical filter 

used in the LIF was not used here because the particles were illuminated by the laser sheet but 

did not fluoresce). 
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A new parallel track and trolley system was used to replace the mirrors (section 2.4.3c) so that 

the camera could follow the port as it was towed through the ambient and remain stationary 

relative to the port. The camera was mounted on a motorized trolley that ran along a track built 

parallel to the tank. The trolley for the camera and the trolley for the port were driven by the 

same type of motor and controlled with the same controller so that they could be driven at 

exactly the same speed. (The speed of the trolleys was within 0.01 %). 

The experiments were recorded by the camera and saved on the SVHS videotape. The 

experiments with a stationary ambient were recorded with the camera both stationary and with 

the camera moving past the port at a set speed. A moving camera was used to overcome a 

problem with the pattern matching correlation program, which had some difficulties analysing 

the zero velocities. For the experiments, in which there was a cross-flow, the camera was 

driven at the same velocity as the cross-flow velocity (i.e velocity at which the port was towed). 

The pairs of images required for the PlY analysis were subsequently grabbed from this video 

record. 
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Initial Experimental Results: Mean 

Properties of the Advected Line 

Thermal alld Entrainment Velocities 

into a Single Buoyant Jet 

The initial experimental results fell into two categories: the mean properties of the advected line 

thermal and the entrainment velocities into a single buoyant jet. The study of the advected line 

thermal was used to determine its mean or bulk flow properties and to decide on the direction 

of further investigations into its detailed or instantaneous behaviour. These results were also 

used to verify the accuracy of the laser induced fluorescence experimental technique. The 

entrainment velocities into a single buoyant jet were studied using the particle image velocimetry 

technique to investigate the effect of a crossflow on the entrainment flow into the jet. 



3.1 Mean Properties of the Advected Line Thermal 

The advected line thermal was initially investigated using a technique of withdrawing time 

averaged flow samples with a vacuum pump, which had been used earlier in this laboratory by 

Knudsen (1988). The advected thermal was subsequently investigated using the laser induced 

fluorescence (LIP) technique, which allowed more spatial detail of the flow to be seen. The LIP 

technique was newly developed and several series of experiments were performed to investigate 

its accuracy and repeatability. Experimental data was obtained by each method separately, then 

with both methods simultaneously. The two methods were compared through the mean flow 

properties of the advected thermal. These experimental results were also compared to the results 

of other studies of the advected line thermal, in which a variety of experimental techniques were 

used. 

3.1.1 Experiments of the Advected Line Thermal 

The experiments included the initial series of suction method experiments from which 

concentration data of perpendicular cross-sections were collected, several series of LIP 

experiments which gave the concentrations of a vertical longitudinal section at the centreline of 

the flow, and a series of experiments in which an improved suction method was used 

simultaneously with the LIP system. 

The above experiments studied the behaviour of the advected thermal with the following nominal 

initial parameters. A salt solution with an initial buoyancy of 0.220 m2/s was discharged 

horizontally at 0.11 mls from a port 10.4 mm in diameter into a co-flowing ambient current of 

0.11 m/s. The advected thermal had an initial densimetric Proude number of 2.3 and Reynolds 

number of ~1100. The exact values of the initial parameters for the experiments used in the 

comparison are given in Table 3.1. 

The experimental method used to get the raw data was described in Chapter 2, Sections 2.2 

Physical Layout, 2.3 Original Data Acquisition Method and 2.4 Laser Induced Fluorescence 

Technique. These sections fully described the method for the first two sets of experiments. The 

third set was a combination of the above two methods with the small changes described below. 

In this third set, the tank was set up so that both the LIP and the suction techniques were used 

simultaneously. The LIP technique obtained a single 6 s time averaged image of the vertical 

centreline section, within the 30 s over which the suction system collected 30 to 40 ml samples, 
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over a vertical perpendicular cross-section. Due to the difference in sampling time the data were 

not strictly comparable, but were the closest comparison possible. The accuracy of the suction 

results was improved by accounting for the dilution of the sample from fresh water in the 

suction tubes. The suction tubes were blown free of water droplets prior to sampling, however, 

as they sat partially immersed in the water, approximately 1 to 2 ml of fresh water was included 

in the sample. The exact volume of fresh water in the tubes was measured, as was the final 

sample volume. This allowed the dilution to be corrected by mUltiplying the measured 

concentration by a factor equal to the total volume divided by the true sample volume. 

Table 3.1 : Initial parameters of experiments used in the comparison. 

The following parameters were constant for all experiments: 
dp = 0.0104 m, Uo = U~ = 0.11 mis, Co = 30 gil salt, ~ "" 1100 

Test: LIF Llo q,..o Fr Ip.A 
and/or (m/s2

) (m4/s3) (m) 

Suction 

Suction: 2A 0.215 2.0lE-6 2.33 0.00151 

Suction: 2B 0.220 2.06E-6 2.30 0.00154 

Suction: 2C 0.220 2.06E-6 2.30 0.00154 
Suction: 3A 0.215 2.0lE-6 2.33 0.00151 
Suction: JI 0.226 2.1lE-6 2.29 0.00159 
Suction: JA 0.224 2.09E-6 2.28 0.00157 

LIF: AJ 0.217 2.03E-6 2.31 0.00152 
LIF: CA 0.225 2.lOE-6 2.27 0.00158 

LIF: BA 0.217 2.03E-6 2.31 0.00152 

LIF: BB 0.216 2.02E-6 2.32 0.00152 
LIF: BC 0.219 2.05E-6 2.30 0.00154 
LIF: BD 0.221 2.06E-6 2.29 0.00155 
LIF: BE 0.218 2.04E-6 2.31 0.00153 

Suction & LIF: JB 0.219 2.05E-6 2.30 0.00154 
Suction & LIF: JC 0.221 2.06E-6 2.29 0.00155 
Suction & LIF: JE 0.224 2.09E-6 2.28 0.00157 
Suction & LIF: JF 0.222 2.07E-6 2.29 0.00156 
Suction & LIF: JH 0.222 2.07E-6 2.29 0.00156 

Suction & LIF: 11 0.220 2.06E-6 2.30 0.00154 

Suction & LIF: JK 0.224 2.09E-6 2.28 0.00157 

- J Note. iPA qAo/U= 1S the charactenstlc d1menslOniess length for advected thermals. 

The layout of the equipment was as shown in Figure 3.1. The laser sheet was aligned with the 

centre line of the port and the suction grid was placed the required distance (500, 700, 1000 or 



1500 rom) behind the port and offset slightly to allow the laser to pass by the suction tubes. (The 

enlargement in Figure 3.1 showed the details of the relative positions of the laser sheet and the 

suction tubes). The closest line of the suction tubes lay 5 to 9 mm from the line of the laser 

sheet. The LIF data was taken during the collection of the suction grid samples. The location 

of the suction grid could be seen in the LIF images so that the exact location of the sampling 

points relative to each other could be determined, see Figure 3.2. 
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<:.~-- port 
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00.000000 

I 
0> 00 0i0., 0> 0 

E I 
Eo .... oi .... o .. 
o I 

lO ., 0 0 o!o 0 ., 4) 
I 

\/10 4'> 0 01 i 0 ., I/;) 0 

·····-;;.Ji~ 

offset 9 mm in test JB 
5 mm in test JC 

Figure 3.1: Layout in tank of port, laser sheet and suction grid for simultaneous experirnents. 

• 
JC 

200 mm GRID 

KEY to DILUTION 

Suction grid 

cleo 1 20 40 60 80 100 lW 1~ lW 100 

Figure 3.2: LIP image showing the advected thermal,the location 

of the suction grid and the vertical profile. 
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3.1.2 Discussion of the Differences between the Various Advected Line Thermal 

Experiments: their Data and Analysis 

The two methods of obtaining experimental data, the suction method and the laser-induced 

fluorescence method (LIF), observed the flow from different perspectives. The suction method 

looked at the flow via a cross-section perpendicular to the trajectory while the LIF looked at a 

vertical longitudinal section along the length of the trajectory aligned with the centreline of the 

port. The two were compared by interpolating the vertical centreline data from the suction 

experiments for comparison to the LIF data. 

3.1.2.1 Suction method 

The suction grid sampled the flow by withdrawing fluid as it was towed through the ambient 

water. The samples were collected at a rate faster than the speed of the tubes through the water, 

and thus collected an area sample, as shown in Figure 3.3. The area sample was a little more 

dilute than a point sample because it averaged the dilution over an area. 

area 

Figure 3.3: Schematic of area sampling by suction method 

The samples collected, suction experiments lA to 4A, were collected at a sampling rate of 3 to 

5 mIls and filled the test tubes to overflowing so that the error in dilution caused by the fresh 

water in the sampling tubes was up to a maximum of 6 % (ie 6% more dilute than it should 

have been, as shown by the error bars in Figure 3.8). 



In the suction experiments SA to 8A the sampling rate was lowered to 1.2 to 2 mlls to obtain 

more of a point sample. The volume of sample obtained was only 20 to 30 ml and the error due 

to the fresh water in the sampling tubes increased to 10 to 15 %. Hence the dilution data of set 

2 had a large error in the absolute dilutions and this data was not included in the dilution 

comparisons. However, in a given test, the size of the samples collected in the test tubes varied 

by only ± 10 % and so all had the same relative error (to less than ± 2 %). The relative dilutions 

of set 2 were, therefore, adequate to show the geometry and position of the cross-sections. 

The suction experiments of JB to JK were collected at I to 1.5 mlls which resulted in a 30 to 

40 ml sample in 30 seconds. This could be equivalently described as a sample rate which 

corresponded to 2 to 4 times the speed of the tubes through the water and a sample area of 8 

to 16 mrn2 (this compares an area of 1.3 mrn2 for each pixel in the LIF data). There was 

negligible error due to fresh water in the suction tubes because this had been accounted for in 

the improved suction method. 

The suction samples were analyzed with a conductivity meter which was calibrated to give salt 

concentrations. These salt concentrations were plotted on a grid, which was drawn to scale, as 

shown in Figure 3.4. The cross-section shape was determined by interpolating linearly between 

the grid points, then the contours were sketched in by hand and smoothed by eye. Some details 

of the cross-section were lost between the grid points and specific parameters had to be 

interpolated for comparison to LIF data. 

The characteristic minimum dilution, x- and z-coordinate and width were obtained from a line 

drawn through the vertical centreline of the cross-section, section A-A in Figure 3.4. A profile 

was interpolated from the raw data points (from the suction samples) and from points from the 

interpolated contours, see Figure 3.5. The maximum concentration (Cmax = 0.17 gil) or 

minimum dilution (S = CO/Cmax = 176) was read off the profile. A line was drawn across the 

profile at e-1Cmax and where this line intersected the profile defined the width (2bv = 95 mrn). 

The end points of the width were taken from the interpolated profile, so depended on the 

accuracy of the interpolation. The midpoint of the width was taken to be the z-coordinate of 

the cross-section (z = 108 mrn). To check the shape of the vertical centreline profile, the raw 

data points were normalized with respect to the maximum concentration (Cmax) and to the width 

(2bv) in Figure 3.6. The data points roughly fitted, within experimental error, the Gaussian 

shape. 
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Figure 3.4: Suction method cross-section showing interpolated concentration contours. 
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Figure 3.5: Vertical profile at the centreline taken from the suction method cross-section. 
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Figure 3.6: Normalized shape of the vertical centreline profile 

from the suction method experiments. 

LIF method 

2 

The LIF data gave very detailed information of the vertical section along the centreline of the 

flow. The image captured by the camera covered a plane area of 768 pixels wide and 512 high, 

with each pixel representing 1.3 mm2
• The camera could captured an 800 mm length of the 

trajectory at a time, so the 1500 mm of the trajectory was captured with two images. The first 

image recorded the trajectory from x = 0 to 800 mm, the second image recorded the trajectory 

from x = 700 to 1500 mm. The exact positioning of the two images relative to each other was 

determined by matching their trajectories. 

Vertical profiles of the trajectory were used to determine the values for the minimum centreline 

dilution, x- and z-coordinates and width. The profiles were taken at intervals along the 

trajectory and graphed as a plot of concentration against vertical distance, z, as illustrated in 

Figure 3.7. The x-coordinate was obtained from the relative position of the profile to the end 

of the port. The maximum concentration, Cmax, of each profile was read off the plot and the 

minimum dilution calculated as Co/Cmax • A line was drawn through the profile at C = e"lCmax 

and the width was scaled off from where this line intersected the profile, between points hI and 

b2. The z-coordinate of the profile was taken as the midpoint of this width (point M in Figure 

3.7). 
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Figure 3.7: Determination of minimum dilution, x- and y- coordinates 

and width for LIF experiments. 

3.1.2.3 Simultaneous suction and method 

100 

In the simultaneous suction and LIF experiments the data obtained and the methods of analysis 

were as described above for each individual method. During the analysis, an anomaly was 

noticed in the trajectory of the J series data, as seen in Figure 3.16. There was a systematic 

variation between the trajectory of the J series and the other series. It was thought that this was 

due to the extreme sensitivity of the z-coordinate to very small deviations from a horizontal 

position of the port. This was investigated in the following way. 

The port was aligned as close as possible to a true horizontal angle by having a neutrally 

buoyant jet flow out of the port. A grid was placed behind the port and the angle of the port 

was adjusted until the neutrally buoyant jet flowed out exactly horizontally. An experiment was 

run with this port orientation, then the port angle was varied slightly (by 1 degree) and another 

test run. Only a very small variation in the trajectory was observed between these two cases, 

therefore, it was apparent that a slight variation in port angle could not account for the observed 

difference in trajectory. 

During a later experiment it was observed that when the flow rate was kept at the test rate not 

all the air bubbles were purged from the port prior to the test, and that this resulted in a 

trajectory similar to that observed in the J series. A slight irregularity in the geometry of the 



port trapped an air bubble near the exit of the port which was not dislodged at the flow rate used 

in the experiments. This air bubble reduced the cross-sectional area of the port, causing a 

higher exit velocity, hence excess momentum at the exit and a trajectory that was initially 

horizontal. This had been the situation in the J Series experiments so the trajectory data was 

rejected. The flow rate in these experiments however remained the same as the experiments 

with no air bubble blocking the port, so the dilutions could still be compared. The problem of 

the trapped air bubble was avoided by purging the air from the port with a short burst of high 

flow rate prior to the experiment. 

3.1.3 Results of the Advected Line Thermal Experiments 

Analysis of the experiments was undertaken with three objectives in mind. The first objective 

was to compare the LIP results with the dilutions calculated from the suction probe samples. 

The second was to determine the reliability of both the physical experimental equipment and the 

image capture and processing method by checking the reproducibility of the observations. The 

third objective was to calculate the advected thermal parameters, such as centreline dilution, 

width growth and trajectory, and compare these to measurements made by others and to the 

numerical program developed by Wood et al. (1993). The discussion of the first two objectives 

formed this section. 

3.1.3.1 Minimum dilution 

The minimum centreline dilutions found with the laser-induced fluorescence experiments were 

compared to the data of the fluid samples from the suction method experiments. They were 

presented in a graph of minimum dilution versus dimensionless horizontal distance in Figure 3.8. 

The 6 % dilution error in the data of set 1 was indicated by error bars. Table 3.2 presented 

detailed data on the minimum dilution values at specific distances from the port and on the 

variations within and between the data sets. 

The results indicated the magnitude of the variation within each of the LIP and suction method 

experiments and between the two methods. The table showed that the average values of Smin 

were very similar between the LIF and suction methods (both the separately and simultaneously 

obtained data). 
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Table 3.2: Minimum dilutions at specific distances and the variations between data sets. 

Distance from 

port, X, (mm) 

500 

(or equivalently 

z"" 85 mm) 

700 

(or equivalently 

z '" 110 mm) 

1000 

(or equivalently 

z'" 150 mm) 

1500 

(or equivalently 

z "" 200 mm) 

Test:LIF or 

Suction 

LIF:JB 
LIF:JC 

LIF:JE 

LIF:JF 

LIF:JH 

LIF:AJ 

LIF:CA 

Suction:2A 
Suction:2B 

Suction:2C 

Suction:JH 

Suction:lI 

LIF:JB 
LIF:JC 

LIF:JE 

LIF:JF 

LIF:JK 

LIF:AJ 

LIF:CA 

Smin ColC 

at centreline 

33 ± 2% 
31 ± 2% 

33 ± 2% 

27 ± 2% 

33 ± 2% 

33 ± 2% 

31 ± 2% 
---36-±-6%---

35 ± 6% 

26 ± 6% 

32 ± 2% 

32 ± 2% 

48 ± 2% 
47 ± 2% 

54 ± 2% 

44 ± 2% 

43 ± 2% 

49 ± 2% 

47 ± 2% 

LIF:BA 51 ± 2% 

LIF:BB 55 ± 2 % 

LIF:BC 49 ± 2 % 

LIF:BD 54 ± 2 % 

----s~~~~~A----I---~~-~-~~---
Suction JB 48 ± 2 % 

Suction:JC 48 ± 2% 

LIF:JE 73 ± 2 % 
LIF:JF 

LIF:JK 

LIF:BA 

LIF:BB 

LIEBC 

LIF:BD 

LIF:BE 

Suction:JE 
Suction:JF 

Suction:3A 

LIF:JJ 

LIF:JK 

LIF:BA 

LIF:BB 

LIF:BC 

LlF:BD 

LIF:BE 

83 ± 2% 

83 ± 2% 

86 ± 2% 

88 ± 2% 

70 ± 2% 

71 ± 2% 

83 ± 2% 
---73-±-i%---

83 ± 2% 

78.5 ± 6% 

158 ± 2% 
130 ± 2% 

143 ± 2% 

143 ± 2% 

130 ± 2% 

111 2% 

125 ± 2% 
----------------f--.---,--.---,-.... --

Suction:JJ 158 ± 2 % 
Suction:JK 136 ± 2% 

Comments 

Data from LIF tests: 

SOlin 32, Ci = 2.2 

Data from Suction tests: 

Smin = 34, Ci = 2.0 

Difference between simultaneously 

obtained LIF and suction data was 3 % 

Difference between Smin of LIF and 

Smin of suction tests was 6 % 

Data from LIF tests: 

Smin 49, Ci = 3.8 

Data from Suction tests: 

SOlin = 48, Ci = 0 

Difference between simultaneously 

obtained LIF and suction data was 1.5 % 

Difference between Sm;n of LIF and 

Sm;n of suction tests was 2 % 

Data from LIF tests: 

Smin = 80, (j 7.1 

Data from Suction tests: 

8 min 78, Ci 5 

Difference between simultaneously 

obtained LIF and suction data was 0 % 

Difference between Smin of LIF and 

8min of suction tests was 2.5 % 

Data from LIF tests: 

8 min = 134, Ci = 15 

Data from Suction tests: 

Sm;n 147, Ci 15 

Difference between simultaneously 

obtained LIF and suction data was 4 % 

Difference between Smin of LIF and 

8min of suction tests was 9 % 
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Figure 3.8: Minimum dilution against horizontal distances along the trajectory: comparison 

of LIF and suction method data. 

The experiments, which simultaneously gathered LIF and suction method data, allowed a more 

exact comparison to be made of the variation between the data collection methods (rather than 

the variations between the advected thermals in the different experiments). The very small 

variation between the two types of data in each experiment indicated that the methods of 

collecting the data were reliable. From Table 3.2 it can been seen that the average minimum 

centreline dilutions obtained from the simultaneous suction and LIF experiments differed by 

1.5% to -4%. 

The analysis of the suction data for comparison to the LIF data was shown in Figure 3.9. As 

for all the suction data, the concentrations obtained from the suction tubes were plotted to scale 

and contours of concentration were interpolated. The intersection of the laser sheet and the 

plane of the suction grid was determined, and a profile was obtained from the suction grid data 

at this location. The LIF profile was taken from the centreline vertical longitudinal LIF image 

just in front of the suction grid tubes as illustrated in Figure 3.2. The vertical centreline profiles 

of each method were compared as shown in Figure 3.10. A very close match between the 

results was seen. The small variations that were visible can be attributed to the error incurred 

during the interpolation of the concentration contours due to the spacing between the suction grid 

points and to the different sampling times of the two methods (6 s for LIF and 30 s for suction 

method). Profiles from the other tests, JC to JK, each showed a similar match. 
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the LIF method, to get the centreline data for comparison to the LIF data 
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A sample of the data from several of the experiments at a distance of 700 mm from the port was 

shown in Figure 3.11. This indicated both the magnitude of the variation between the LIF tests 

and the suction tests and the variation between the different advected thermals in this series of 

experiments. 
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Figure 3.11: Profiles from J series at 700 mm of suction and LIF data. 

The results illustrated graphically in Figure 3.8 and in tabulated form in Table 3.2 showed a 

trend of increasing variability along the trajectory. This variability was caused by two factors. 

One was the increasingly irregular structure of the advected thermal further from the port and 

the other was the small variations in the initial parameters at the release of the advected thermal 

which are propagated with the flow. 

The increasingly irregular structure of the advected thermal was due to the development of sub

thermals. The leading edge of the advected thermal was a hydrodynamically unstable boundary 

since denser fluid lay on top of less dense fluid. Due to disturbances acting on this unstable 

boundary, the buoyant fluid became unevenly distributed along its length. This resulted in 

regions of higher potential energy in the areas containing more of the buoyant fluid. The greater 

buoyant force caused the fluid in these areas to fall through the ambient fluid faster than adjacent 

areas in the advected line thermal, thereby disrupting the original vortex pair structure. The 

faster falling fluid developed into sub-thermals, which were 3-D structures, whose motion was 

driven by the buoyancy they contained, and which protruded from the leading edge of the 

advected thermal. 
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The scatter in the data of Figure 3.8 increased with distance from the port, which could be 

linked to the formation of the sub-thermals. From approximately x 500 mm (or x/lp A = 300) 

onwards the subthermals were significant protrusions and the advected thermal structure had 

broken up into the non-contiguous structure associated with the development of the sub-thermals. 

This was illustrated in Figure 3.12 through examples of the development of cross-sections 

perpendicular to the trajectory. Figures 3.l2a and 3.l2b illustrated possible cross-section 

developments. Two points in time have been chosen, one at the time when the sub-thermals are 

just beginning to form and the second when the sub-thermals are clearly visible. Figure 3.12a 

showed the development of a region occurring between sub-thermals and Figure 3.12b the 

development of a sub-thermal region. The different appearance of the cross-sections at these 

times can be compared. The sub-thermal carried along with it a large portion of the buoyancy 

from the main thermal, which increased the value of the z-coordinate of the maximum 

concentration of the profile (as the centre of buoyancy moved down) and decreased the minimum 

dilution at that point (a greater amount of buoyant fluid in that region). The value of the 

minimum dilution at a given distance will vary depending on the relative amounts of sub-thermal 

regions and between-sub-thermal regions occurring during the time averaging period. 
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Figure 3.12: Instantaneous thermal cross-sections showing the development 

of the sub-thermal structures. 



The thermal structures that developed were small 3-dimensional thermals breaking away from 

the leading edge of the main thermal. The size of the sub-thermals, which varied with distance 

from the port, was studied. By x = 1000 mm (or xllp,A =650), they had already grown up to 

50 to 100 mm in diameter. Therefore the averaging distance of 450 mm (or 4 seconds) was not 

long enough at this distance to average out the effects of the individual sub-thermals on the mean 

behaviour. Hence the cause of the increased variability in the SOlin values was due mainly to the 

effect of these large irregular structures rather than to the variability in the image capture, 

calibration and processing technique. This was also illustrated by a comparison of the profiles 

taken of a 4 second time-averaged image, illustrated in Figure 3.13, to a 21 second time

averaged image of the flow trajectory, illustrated in Figure 3.14. The profiles were quite 

irregular in the 4.2 s time-averaged image and were much smoother, due to the longer averaging 

time, in the 21 s time-averaged image. The profiles were taken at distances ranging from 700 

to 1500 mm from the port, which was in the region where the larger thermal structures were 

present. 

The other cause of the variations was the variability in the initial parameters. Some variations 

were measured and accounted for, for example the variation in temperature of the solutions and 

hence differences in initial buoyancy. However, there was a small unsteadiness in the flow rate. 

The flow rate was controlled by a needle valve and read from a rotameter. The flow rate was 

set while the port was stationary, then the trolley was put in motion to tow the port through the 

water. Some variation in the flow rate occurred as the trolley was towed, due to the movement 

of the supply hoses to the port. The variation was ±2 % of the flow rate and this variation 

could have carried through and been seen as slight variations in trajectory, width and dilutions. 
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Figure 3.13: Large irregularity seen in 4 s time average offlow, LIF:BA2 
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Figure 3.14: Reduced irregularity seen in 21 s time average of the flow, 

LIF:BA2, BB2, BC2,BD2,BE2. 

3.1.3.2 Trajectory 

The trajectory of the advected thermal observed, from both the LIF experiments and from the 

suction method experiments, was shown in Figure 3.15. The LIF data came from 6 different 

camera settings and calibration procedures. The trajectories of the various LIF experiments 

were very consistent in each of two groups: the J series and all the other sets. Within each of 

these two groups there was a similar amount of variability between experiments from the same 

calibration as there was between those from different calibrations. 

There was a systematic variation between the trajectory of the J series and the other series, 

which was due to an air bubble trapped in the port as explained in Section 3.1.2.3. The 

trajectory data of the J series was not comparable to the other trajectory data and was not 

plotted. 

The relatively small scatter in the LIF results (accounting for the error due to the trapped air 

bubble) confirmed the reliability of the LIF calibration procedure, the reliability of the physical 

method of producing the advected thermal in the laboratory, and also the reproducibility of the 

method used to determine the z-coordinate of the advected thermal from the mid-point of the 

width. The first set of data, from the suction sampling method, showed the most variability 



which indicated that the improvement, allowing for fine tuning of the orientation of the port, 

worked and was necessary. 
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Figure 3.15: Comparison oj the trajectory oj the advected thermal using the LIF 

and suction methods 

3.1.3.3 Width growth 

The comparison of width growth showed a much larger scatter in the results than the trajectory. 

This was seen in Figure 3.16. The measurement of the profile width was a relatively imprecise 

measurement (i.e. error of 10-l5 %). This was due to the irregularity of the profiles as was seen 

in Figure 3.l1. The irregularity of the profiles was a result of the short time averaging period 

of the image capture, as explained previously in the discussion on minimum dilution. The 

irregularity affected the measurement in two ways. The first was in the determination of Cma" 

which in turn determined e-1Crnax , and thus the endpoint concentrations of the width (the process 

was illustrated in Figure 3.7). The second was through the irregularity of the profile which 

introduced an error in the determination of the location of the intersection of the e-tCmax line and 

the profile. 

The scatter in the width values came from the variability in the flow due to the sub-thermal 

structures, which were not averaged out during the time averaging period. The scatter increased 

with distance which corresponded to an increase in the size of the sub-thermal structures. 
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The rate of width growth decreased at approximately xllp•A =500 (x 750 mm), this distance 

was a short distance beyond where the initial development and protrusion of the subthermals 

from the main thermal occurred. It seems probable that this distance corresponded to the point 

at which the cross-section had developed into the Y-shape. 
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Figure 3.16: Comparison of width growth with horizontal distance, LIF and suction method 

The width that was measured was the vertical half width defined by e,lCmax on the centreline. 

This width was thus measured in the middle of the vortex pair as shown in Figure 3.4. Figure 

3.12 showed that while at some locations there will be a sub-thermal developing, as in Figure 

3 .12b, and the width grew at a faster rate, at other locations where there was not a sub-thermal 

developing, as in Figure 312a, the width grew at a slower rate. The time averaged values 

included both of these cases and the resulting growth in width determined would have depended 

on the relative amounts of each case occurring in the time-averaging period. 

The Figures 3.17, 3.18 and 3.19 illustrated the development of the normalized time-averaged 

profile shape with distance. The profile shapes were obtained by normalizing each profile with 

respect to its maximum dilution and its width. Figures 3.17 and 3.18 showed the increasing 

irregularity of the flow structure with distance seen as a profile shape that digressed more 



erratically from an approximately Gaussian shape. This was again due to the presence of the 

larger sub-thermal structures further from the port. Both Figures 3.17 and 3.18 were of 4.2 s 

time-averages. While the profiles in Figure 3.18 of the area closer to the port were smooth, the 

profiles of Figure 3.18 of the region further from the port were much more irregular. When 

the region further from the port was averaged for 21 s, see Figure 3.19, the profiles became 

more regular indicating that if a long enough time average was used, the sub-thermal structures 

would be averaged to an almost Gaussian shape. 
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Figure 3.17: Normalized profile shape offirst 800 mm of the flow, LIF:AC2 

(4.2s time average) 

The profiles approximated a Gaussian shape, the differences being initially a more abrupt 

increase in concentration at the leading edge and at the trailing edge always a more gradual 

decrease in concentration. Figure 3.17 showed an abrupt increase in concentration which 

occurred initially at the leading edge. At the leading edge there was a distinct boundary between 

the flow and the ambient, which produced a distinct and high concentration gradient at a given 

scaled (to the e-1Cmax width) distance from the centreline. This lasted until the sub-thermals 

began to form, which caused the position of the leading edge to be more variable due to the 

different rates at which the higher buoyancy regions (sub-thermals) fell compared to the lower 

buoyancy regions (between sub-thermals). Once the sub-thermals began to form the boundary 

was still distinct but very convoluted so that from a time averaged point of view it looked less 

distinct, as seen in Figure 3.19. 
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Figure 3.18: Normalized profile shape 700 to 1500 mm, LIF:BA2 
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In both Figures 3.17 and 3.19 the trailing edge of the profiles can be seen to have a more 

gradual decrease in concentration. As the thermal moved through the .ambi~nt some of the 

thermal fluid did not get caught in the developing vorticity and trailed behind the main flow. 



It was only very gradually mixed into the ambient fluid after the bulk of the thermal had moved 

past. Morton and Pearson (1974) also noticed that some buoyant fluid failed to be incorporated 

into the thermals and drifted down behind looking very much like a rough wake. This low 

trailing concentration became more marked at distances further from the port as seen in a 

comparison of Figure 3.17 of the region closer to the port and Figure 3.19 of the region further 

from the port. 

3.1.4 Results Compared to Those of Other Studies 

Data of the advected thermal, gathered using the laser induced fluorescence technique, have been 

analyzed to obtain important flow parameters such as trajectory, centreline dilution and width 

growth. The validity of these measurements was examined by making comparisons to 

parameters measured by other workers and to the numerical program developed by Wood et a1. 

(1993). 

The physical setup and the exact type of data that was collected in the different studies was 

noted because they caused certain systematic differences between the results. The studies 

compared were Knudsen (1988), Davidson (1989) and Wong (1991). Knudsen and Davidson 

had exactly the same physical setup for their experiments as they undertook their experimental 

program also at the University of Canterbury. Knudsen's trajectory data was obtained by 

observing the advected thermal that had been dyed with red dye, thus the whole thermal was 

viewed. Her concentration and width measurements came from data obtained by suction grid, 

as described for the suction experiments in this work. Davidson also gathered his trajectory and 

width data from a visual observation of the whole thermal dyed with red dye. His concentration 

data were instantaneous concentrations gathered with a conductivity probe. 

Wong had a different physical setup. A constant flow rate of fresh water was maintained in a 

flume to model the co-flowing ambient water and had the usual turbulence associated with open 

channel flow. The advected thermal was modelled by a port located on the bottom of the flume, 

pointing in the direction of flow and discharging heated water (the heat providing the density 

difference), The concentration, trajectory and width data was obtained with thermistors 

recording data in a grid across a perpendicular cross-section of the flow. The trajectory data 

was also obtained from visual measurements of the whole dyed advected thermal in order to 

compare the two methods. 
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3.1.4.1 Trajectory 

A dimensionless plot of the trajectory, Figure 3.20 showed that the trajectory data compared 

well to the data of Davidson (1989), Knudsen (1988) and Wong (1991). The data also matched 

very well with the output of the numerical program developed by Wood et at. (1993). When 

this data was fitted to the known power law of 2/3 it had a trajecotry coefficient of 1.3, which 

compares to 1.4 for Wong (1991) and 1.6 for Knudsen (1988). 
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Figure 3.20: Dimensionless trajectory, a comparison of the data with that of others 

3. Width growth 

The comparison of width growth was not precise due to the different definitions of characteristic 

widths reported by the others. The data obtained by earlier workers (including Davidson) 

studied the limits of the flow defined visually by the edge of the dyed region of the whole flow. 

When cross-sections were obtained, the width was calculated as the radius of an equivalent 

circle. Later work, including this study, obtained width data by examining the concentration 

data. The characteristic width was defined by e-1Cmax , where Cmax was either the maximum 

concentration of the cross-section or the maximum concentration on the vertical centreline of 

the cross-section. The widths, thus defined were either the horizontal width (bH), the vertical 

width of the whole cross-section (by of the cross-section) or the vertical width at the vertical 

centreline of the cross-section (by at the centreline). The widths were illustrated in Figure 3.21. 

The differences between the growth of these widths was shown in Figure 3.22. In a given 



cross-section, the different widths were, in order of increasing size, the vertical width at 

centreline defined by the maximum at the centreline (by at the centreline), the vertical width of 

cross-section defined by the maximum of the cross-section (by of the cross-section), and lastly 

the horizontal width defmed by the maximum of the cross-section (bH)' 
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Figure 3.21: Illustration of the different characteristic widths. 
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The characteristic that the vertical width of the centreline grew at a slower rate further from the 

port was due to the vortex pair shape of the cross-section. Once this structure had developed, 

a large fraction of the concentration layoff the centreline at the centre of each vortex pair and 

the full growth of these regions was not reflected in growth at the centreline. The development 

of the sub-thermals pulled a large fraction of the buoyancy out of the main thermal region. The 

basic shape of the cross-section then changed from a vortex pair shape to a Y -shape. 

Figure 3.23 showed a good comparison with the data of Knudsen, Wong and the numerical data 

for regions within X/lp,A = 500 of the port (i.e. before the sub-thermals formed). The data also 

showed the smaller characteristic width used in this study. This was expected since the smaller 

vertical width (bv) of the centreline was used. Larger differences in the width were seen at 

distances greater than 500 x/lpA from the port. It was postulated that these were due partly to 

the lack of time averaging and/or to the development of the sub-thermals and the concurrent 

decay of the vortex pair shape. The vortex pair shape development would show a lower growth 

rate at the centreline than in the whole cross-section, either vertically or horizontally. 
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Figure 3.23: Width growth with horizontal distance, a comparison of the data of this study 

with that of Knudsen and Wong, 

When the dimensionless width is plotted against elvation, z, the best-fit line has a slope 

(trajectory coefficient) of 0.26 up to zllpA and 0.12 beyond. This compares to 0.42 for 

Wong(1991) and 0.30 for Knudsen (1988). Wong and Knudsen's widths were for the whole 

cross-section rather than the centreline so were expected to be larger. (see also 7.4.2) 



3.1.4.3 Minimum dilution 

The characteristic minimum dilution on the centreline was compared to that of Knudsen, Wong 

and the numerical program of Wood et al. (1993), see Figure 3.24. The comparison with the 

numerical program was excellent. The results of Knudsen and Wong however showed greater 

dilutions, with Wong's data having up to twice the dilution, while Knudsen's was closer. The 

variation can be summarized by fitting the known squared law for dilution against elevation and 

finding the dimensionless dilution coefficient. This results in a value of 0.29 for this work, 0.56 

for Wong (1991), 0.40 for Lee (communication) and 0.41 for Knudsen (1988). Wong's 

experiments were conducted in an open flume, thus had a higher level of ambient turbulence 

than the experiments, in which the current was modelled by towing the port through still water. 

This is discussed further in Chapter 7 with the conclusion that ambient turbulence increase the 

dilutions. The reasons for the increased dilutions of Knudsen's data were not obvious. A 

possible cause could have been dilution from fresh water remaining in the suction tubes prior 

to an experiment, in spite of the overpressure applied to the tubes, accounting for up to 15% 

error. Another possibility was turbulence remaining in the tank due to the filling process. 
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Figure 3.24: Dimensionless minimum dilution versus horizontal distance, a comparison of 

the data of this study with that of Knudsen and Wong. 

The minimum dilution then was plotted against width in Figure 3.25. The dilutions of the 

others, when plotted against width, were closer to the dilutions in the present study. The level 

of ambient turbulence does not have an effect on the relationship between minimum dilution and 

width (refer to the chapter on the advected thermal in non-turbulent and turbulent ambient for 
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details). The dilutions found by other workers were 35 to 50% less than the those ofthe present 

study. The characteristic width used in this study was smaller (30 to 40% smaller) than that 

used in the other work, refer to Figures 3.21 and 3.22 for a deftnition of the widths. Therefore 

the dilutions in the present study would be expected to be higher for a given width, as seen in 

the results. 
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Figure 3.25: Dimensionless minimum dilution versus width, a comparison of the data 

of this study with that of Knudsen and Wong. 

3.1.5 Summary 

The laser induced fluorescence technique was compared to the suction method system and good 

agreement was found. The variation between the data collected simultaneously was ±2 % and 

the variation of the data collected over many trials was ± 5 % and increased further from the port 

due to the irregular structure of the advected thermal. A systematic variation was found in the 

trajectory and the cause was traced to an air bubble blocking the port, so the trajectories of 

experiments having this problem (J series) were rejected. 

The experimental data was found to be in agreement with that of 3 other researchers, Davidson 

(1989), Knudsen (1988) and Wong (1992). There were some systematic differences which were 

due to the differences between the flow properties that were recorded. 



3.2 Entrainment Velocities into a Single Buoyant Jet 

The presence of a current,density stratification or turbulence in the ambient fluid influences the 

behaviour of a buoyant jet. There is often a current (or wind) in the ambient fluid in situations 

commonly modelled using buoyant jets, e.g. the ocean outfall and the chimney plume. An 

investigation into the effect of a cross-flow (current) on the entrainment velocities into a buoyant 

jet was carried out using a particle image velocimetry (PlV) technique (Stevens & Coates 1994). 

The results suggested a modification to the integral equations describing a buoyant jet with 

Gaussian distributions of velocity and buoyancy released into a horizontal flow. The 

modifications are developed in section 4.2.2. Presented in the following sections are the 

motivation for these experiments, an explanation and verification of the PlV analysis and the 

resulting entrainment velocity flow fields of the experiments. 

3.2.1 Experimental Program: Goal and Details 

Existing integral models of the buoyant jet (e.g. Wood et al. (1993» did not include the effect 

of the cross-flow on the entrainment flow into the buoyant jet. Some recent work by Papps 

(1995) suggested that, as the ambient fluid was irrotational, the crossflow velocities and the 

entrainment velocities should be able to be superimposed. This implies that given the 

entrainment velocity for a buoyant jet in a stationary ambient, the entrainment velocity in a 

cross flow can be calculated by adding the crossflow velocity to the entrainment velocity in a 

stationary ambient. Figure 3.26 shows the proposed change to the assumed entrainment into the 

buoyant jet. This model results in an asymmetrical entrainment into the buoyant jet with greater 

entrainment occurring on the upstream side and an entrainment flow given by 

Qa = 2(Ua - U~sina.r JoTCcos<j>d<j». 

Experiments were performed to study the entrainment velocities of buoyant jets in stationary 

ambient and in small cross-flows to determine if the assumption of superposition of the 

entrainment and crossflow velocities was valid. The experimental program first investigated the 

entrainment velocities for a vertical centreline section of a vertical buoyant jet. The entrainment 

flow fields of the vertical buoyant jet in a stationary ambient and in crossflows of increasing 

magnitude (1.6, 2.5 and 5.7 mmJs) were determined. The resulting entrainment velocities of 

the jet in the cross flows were compared to the results of the jet in a stationary case ambient onto 

which the crossflow velocities had been numerically imposed. 
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As a horizontal cross-section of the vertical jet could not be obtained using the current 

experimental equipment, a horizontal buoyant jet was also studied. The entrainment velocities 

for a vertical centreline section were studied for the horizontal buoyant jet released into a 

stationary ambient and into a horizontal flow of 2.1 mmls. 

Section A -A 
U a symmetrical about 

the centreline 

:. Q a U a 2Jrb 

(a) Existing model used in Wood et a/. (1993) 

Section B - B 
U a is asymmetrical 

:. Qa 2(Ua• Uoosina, JoJrCOStpdtp) 

(b) Model including the effect of the crossflow on the entrainment velocities 

Figure 3.26: The proposed modification to the model used in the integral analysis 

A horizontal cross-section of the horizontal buoyant jet was obtained at 400 mm below the port 

exit. At this distance the jet flow was almost vertical and the entrainment velocities close to 

horizontal (i.e. similar to the vertical jet). The entrainment velocities of this cross-section were 



investigated for a stationary ambient fluid and for horizontal flows of2.1, 6.1 and 11.2 mmls. 

These results were used to assess the validity of the entrainment flow field proposed by the 

modified theory, as developed later in Section 4.2.2. 

The experiments were analyzed using a particle image velocimetry (PIV) analysis (Stevens & 

Coates 1994), which resulted in a vector map of the flow field of a section of the buoyant jet 

flow. Table 3.3 details the experiments performed and their initial parameters. 

Table 3.3: Initial parameters of experiments used in the study of entrainment velocities. 

a) Vertical buoyant jet: vertical centreline section 

Test dp Uo U_ U_/Uo Ao Fro Reo 

(nun) (nun/s) (nunls) (m/s2) Uo/~p 

NM 6.13 390 0 0.0 0.2195 10.63 2400 

NK 6.13 390 1.59 0.0041 0.220 10.62 2400 

NL 6.13 390 2.52 0.0065 0.2195 10.63 2400 

NN 6.13 390 5.70 0.0146 0.2155 10.73 2400 

Note: the buoyant jet changes from jet to plume behaviour at a distance of the order of the 
lengthscale MeoO.75/Qllo05", 60 mm 

b) Horizontal buoyant jet: vertical centreline section 

Test dp Uo U= UjUo Ao Fro Reo 

(nun) (nun/s) (nun/s) (m/s2) UoI~ 

NU 6.25 375 0 0.0 0.222 10.07 2350 

NV 6.25 375 0 0.0 0.2195 10.12 2350 

NQ 6.25 375 2.13 0.0057 0.228 9.93 2350 

Note: the buoyant jet changes from jet to plume behaviour at a distance of the order of the 
lengthscale MeoO.75/QIlO05", 60 nun 

c) Horizontal buoyant jet: cross-section at 400 mm below port 

Test dp Uo U_ UjUo Ao Fro Reo 

(nun) (nunls) (nunls) (m/s2) UoI"Aodp 

PA 6.25 375 0 0 0.22 10.11 2350 

PB 6.25 375 2.1 0.056 0.22 10.11 2350 

PC 6.25 375 6.1 0.016 0.22 10.11 2350 

PD 6.25 375 11.2 0.030 0.22 10.11 2350 
Note: the buo ant 'et chan es from et to Y J g J P lume behaviour at a distance ot the order of the 
lengthscaIe IJ,p= MeoO.75/~OO.5 '" 60 nun 

73 



74 

3.2.2 Particle Image Velocimetry Technique (Stevens & Coates 1994) 

The raw data for the PIV analysis of the buoyant jet flow in a seeded ambient was recorded 

onto video tape as described in Section 2.5. Image pairs, such as that shown in Figure 3.27, 

were selected from the video record. The PIV analysis program, 'Correlate' (Stevens & 

Coates, 1994), determined the fluid's movement in the time interval between the two images 

using a pattern matching routine, which detected displacement of groups of particles. This 

displacement data was further processed in Matlab with the program 'Winpost' and averaged 

before giving the results as a velocity vector map of the flow region captured in the image. 

L\t 

0.56 s 

Figure 3.27: An example image pair that was analyzed by the PN program 'Correlate' 

3.2.2.1 Analysis: 'Correlate', 'Winpost' 

The implementation of particle image velocimetry used to analyze these experiments was 

"Correlate" written by c.L. Stevens and M.l.Coates (1994). The program was run on the Unix 

system at the University of Canterbury. It used a pattern matching routine to find the 

displacement of the flow that occurred between a pair of images. 

Displacements were calculated at the nodes of an evenly spaced grid lying over the image. The 

grid spacing was 20 pixels (-20 mrn). Centred on each node was a source sub-image 20 x 20 

pixels (-20 x 20 mrn) in size . A maximum velocity (ie displacement) was selected and this 

determined the area from which the search sub-images were taken. The maximum velocity was 

chosen to exceed the expected velocities by a factor of 2 to 3. A correlation routine, calculated 

via FFTs, found the two best matches (correlations) between the source sub-image and the 



search sub-images. The output from this program was two possible displacement vectors for 

each node. As approximately SO % of the secondary displacement vectors were aligned in the 

same direction, indicating a systematic error, they were not used. It was also found that the 

program had difficulties picking up very low velocities and less "noisy" results were obtained 

for the stationary ambient cases by moving the camera past the jet during the video recording 

and numerically subtracting the camera velocity from the final data. 

For each experiment, 10-20 pairs of images were 'frame grabbed' and analyzed with 

"Correlate". The image pairs were grabbed at intervals of 2.25 or 4.5 s, so that if there was 

any seiche remaining in the tank, its effect would be averaged out by sampling over the whole 

cycle of the seiche. The time interval separating each pair of images ranged from O.4s - 1.12s. 

Each image pair had to be selected so that the images were separated by an even number of 

frames to avoid problems caused by interlacing of the video image. 

An example of the raw output from the Correlate program was shown in Figure 3.2Sa. It 

contained displacement vectors within the buoyant jet, which were not of interest in this study, 

and vectors that were obviously wrong, which were caused by noise or an indistinct particle 

pattern. Further processing was needed to remove these unwanted vectors. A Matlab program 

"winpost" written by Nathan Schmidt (postgrad in Civil Engineering, University of Canterbury) 

was used to selectively cull the vectors. The vectors were removed if they violated either of the 

following 2 criteria: exceedence of a specified absolute value (V) or exceedence of a specified 

deviation from the mean of the vectors in a 3 x 3 box local to the vector under consideration 

(devM). The vectors remaining after a culling session depended on the culling process because 

the exceedence of the mean criteria was calculated relative to existing vectors. It was found that 

the best culling was obtained by gradually decreasing the exceedence values. An example of 

the criteria for a culling process was as follows for an initial maximum velocity of 10: V 8, 

devM=6, V=6, devM=4.5, V=4.5, V=3.5, devM=3.5, V 3.5, devM=2.S, V=2.8, 

devM=2.5. The result of the selective culling procedure on the displacment vector map of the 

raw data of Figure 3.2Sa is shown in Figure 3.2Sb. 

Once the image pairs had been analyzed and selectively culled, they were converted into 

velocities by dividing by the time interval separating the pair of images. The velocities were 

converted from pixels/s to mmls using scaling factors determined from an image of a standard 

grid placed in the tank at the location of the laser sheet. The sets of velocity data were averaged 

and further culled to remove obviously anomalous vectors, resulting in the vector map shown 

in Figure 3.2Sc. The final data was obtained by spatially averaging over a 2 x 2 box (ie 

resulting in vectors at a grid spacing of 40 pixels) and are presented in section 3.2.3. 
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a) The raw 

displacement data 

from the analysis 

using the particle 

image velocimetry 

program 'Correlate' 

b) The displacement 

vector data after 

undergoing the 

selective culling 

procedure. 

c) The velocity 

vector map resulting 

from an average of 

20 image pairs. 

Figure 3.28: The results of the analysis and post processing of an image pair for 

entrainment velocities. 



3.2.2.2 Verification of Analysis Method 

The accuracy and repeatability of the velocities resulting from the particle image velocimetry 

analysis and the post processing were investigated by determining the accuracy of the velocities 

found and the repeatability of the experimental results. 

The accuracy of the velocities was determined by comparing the velocity at which the camera 

was driven past the stationary seeded ambient fluid to the velocity determined by the particle 

image velocimetry analysis of the resulting video record. Velocities of 2 and 4 mm/s were 

investigated, because they were representative of the range of velocities found in the entrainment 

experiments. The video record was analyzed according to the method described above, 10 

image pairs were selected and averaged for each velocity case. The effect of the magnitude of 

the time interval separating the image pairs was investigated by comparing the results from 

image pairs separated by time intervals of -0.5 sand -1.0 s. 

The mean and standard deviation of the velocity vectors over the whole image area were 

calculated for the cases of v = 2 mmls with At = 0.5 sand 1.0 s, v = 4 mmls with At = 0.5s 

and 1.0 s. The effect of increasing the number of image pairs in the average on the mean and 

standard deviation was also considered. The results, which were normalized by the true velocity 

(or camera velocity) are presented in Figure 3.29. The mean velocities with 10 image pairs 

were within 10% of the true value and the standard deviation was ~20% of the true velocity. 

The results indicated that the variability of the calculated velocities decreased with increasing 

number of image pairs in the average. There was no significant difference between the results 

from the image pairs with a time interval of 0.5 sand 1.0 s. 

The repeatability of the velocities found for a particular buoyant jet was determined by 

comparing the results from two different experiments of the same buoyant jet. The flow 

compared was a horizontal buoyant jet of Froude number -lOin a stationary ambient. The first 

experiment was recorded by a stationary camera and the second was recorded by a moving 

camera with the camera velocity subsequently subtracted from the resulting data. The similarity 

of the results was established by comparing the magnitude of the velocities at the same location 

from each experiment. It was found that 70% of the velocities were within 25 % of each other 

in magnitude, using the equation (v,-v2) I O.5(v, +v2). From Figure 3.30, it can be seen that 

the direction of the velocities were very similar. These results confirmed the reliability of the 

experimental and analytical procedures. 
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Figure 3.29: Accuracy of the velocities calculated using the particle image velocimetry 

analysis indicated by the mean and standard deviation of the velocities. 
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Figure 3.30a: Comparison of two similar experiments of a horizontal buoyant jet 

to determine repeatability. 
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Figure 3,30b: Comparison of two similar experiments of a horizontal buoyant jet 

to determine repeatability. 

3.2.3 Entrainment Velocity (PIV) Results 

The experimental results of the entrainment flow fields of the vertical buoyant jet at the 

centreline, of the horizontal buoyant jet at the centreline and of the horizontal buoyant jet at a 

cross-section 400 mm below the port were presented as vector maps of the entrainment 

velocities. The mouth of the port was located at (0,0) on the plots. The velocities are given 

in units of mmJs and the scale is indicated on each vector plot. 

3.2.3.1 Vertical buoyant jet: vertical centreline section 

A streak image and the corresponding flow field of the entrainment velocities for a vertical 

buoyant jet with a densimetric Froude number of 10 in a stationary ambient are shown in Figure 

3.3 L The entrainment flow was symmetrical about the buoyant jet and curved in towards the 

flow. The entrainment velocities were a maximum near the jet and of the order of 2 mm1s and 

decreased at increasing distances away from the jet as expected since the entrainment occurs 

symmetrically about the centreline or axis of the jet. 
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Taylor (1958) investigated jet induced flow. The flow in the external field was modelled by a 

distribution of sinks along the axis. For a forced jet, since the jet velocity, v, varies inversely 

with the distance, z, and the width of the jet, b, varies with the distance, z, the strength of the 

sinks, m = v b, is a constant. This implies that the entrainment flow is horizontal and the 

stream function describing the entrainment flow is 'If rcosO for a jet emerging from a 

horizontal plane and 'If r (1 + cosO) for the jet emerging into unbounded space. For a pure 

plume the strength of the sinks is not constant but varies with S2/3 and the streamlines are not 

strictly horizontal. The buoyant jet lies between these two cases and the results of Rouse et al. 

(1952) showed that the streamlines do not depart much from the horizontal. 

A difference was apparent between the results of the current study, in which the entrainment 

flow curved inwards towards the flow (Figure 3.31), and Taylor's (1958) results, in which the 

entrainment flow was horizontal. The difference was due to the experimental setup of the 

current study, in which the jet was released from a point 100 mm below the water surface. This 

meant that between the water surface and the jet exit level there was a sink strength of zero at 

the jet axis, i.e. an asymmetrical distribution of sink strengths along the axis. Because there 

was no entrainment flow demand above the port exit, the entrainment flow demand of the jet 

(below the port exit) was supplied from the ambient fluid both above and at the level of the 

entrainment, resulting in the non-horizontal entrainment flow observed. 

The vertical buoyant jet was also released into crossflowing ambients. The 3 different crossflow 

velocities chosen were 1.6,2.5 and 5.7 mmis, which have a magnitUde relative to the maximum 

entrainment velocity of 0.80, 1.25 and 2.80 respectively (i.e max Uo: > U~ for the crossflow 

of 1.6 mmis, and max Uo: < U~ for crossflows of 2.5 and 5.7 mm1s). The streak images and 

the flow fields of the buoyant jet in the cross flows of 1.6 mm1s, 2.5 mmls and 5.7 mm1s were 

shown in Figure 3.32a,b, 3.33a,b and 3.34a,b respectively. Each of these cases illustrated that 

in a crossflow the entrainment into the buoyant jet was asymmetricaL On the upstream side 

there was a greater entrainment velocity than in the stationary case. On the downstream side, 

when max uo:> U_, entrainment was less than the stationary case and, when max uo:< U~, 

there was no entrainment on the downstream side. The average magnitude of the entrainment 

velocities on both the up- and downstream sides of the buoyant jet were shown in Table 3.4. 

The magnitude of the entrainment velocities are approximately equal to max uo:(stationary) + U~ 
on the upstream side and max uo:(stationary) - U_ on the downstream side, i.e. they are exhibiting 

superposition of the entrainment velocities and the cross flow velocities. 'Numerical' referred 

to the entrainment velocities calculated as the crossflow velocity added to the experimentally 

determined entrainment velocity of the stationary case. 'Experimental' referred to the 

experimentally determined entrainment velocities for the jet in the crossflow. As seen in the 



Figures 3.32, 3.33, 3.34, the low crossflows had a negligible effect on the trajectory of the 

buoyant jets, hence the velocities could be added. 

Table 3.4: Magnitude of the entrainment velocities on the upstream and downstream side of 

the buoyant jet compared. 

U~ 

(mm/s) 

stationary 

max u", 

(mm/s) 

Vertical buoyant jet 

o 
1.6 

2.5 

5.7 

2 

2 

1.9" 

2.3* 

Horizontal buoyant jet 

o 
2.1 

2 

2 

Downstream of jet 

U~ + max u", 

numerical I experimental 

0.4 

0.6 

3.4 

0.1 

o to 0.5 

o to - 0.5 

- 3.5 to - 4 

o 

Upstream of jet 

U~ - max u", 

numerical I experimental 

3.6 

4.4 

8 

4 

3 to 3.5 

4 to 4.5 

7.5 to 8 

3.5 to 4 
* Entrainment velocities multlplle( by a factor to account tor the change in source strength with increase 
in crossflow velocity (see 4.2.2.2) 
max ti", is equal to 0.638aUeg 

Another method of determining if the crossflow velocity could be superimposed on the 

entrainment velocities was to numerically add the value of the crossflow velocity to the 

entrainment flow field of the buoyant jet in the stationary ambient and to compare it to the 

entrainment flow field of the buoyant jet in the physical crossflow. Numerical crossflows of 

1.6, 2.5 and 5.7 mm1s were added to the flow field of the stationary buoyant jet (shown in 

Figure 3.31) and were shown in Figures 3.32c, 3.33c and 3.34c respectively. In each crossflow 

case, the flow field of the numerical crossflow was the same, within experimental error (5-

10%), to that in the physical crossflow. 

3.2.3.2 Horizontal buoyant jet: vertical centreline section 

The entrainment flow field into the horizontal buoyant jet was investigated because a horizontal 

cross-section of the vertical buoyant jet could not be obtained with the current experimental 

equipment. As these experiments were done to confirm the similarity of the entrainment into 

the near vertical region of the horizontal buoyant jet to the vertical buoyant jet, only one 

crossflow was investigated. 
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The streak image and the flow field of the entrainment velocities of a horizontal buoyant jet with 

a densimetric Froude number of 10 were shown in Figure 3.35. The magnitude of the 

entrainment velocities was similar on both sides of the jet and the maximum near the jet were 

of the order of 2 mmls, which was similar to the vertical buoyant jet with a densimetric Froude 

number of 10. Again the magnitude of the entrainment velocities decreased at increasing 

distance from the jet due to the increased area from which the entrained flow originated. 

The entrainment into the near vertical region of the horizontal buoyant jet was close to 

horizontal everywhere except very close to the jet, where the entrainment became 3-dimensional. 

The horizontal buoyant jet did not have the non-horizontal entrainment velocities of the vertical 

jet because, due to the curved trajectory of the jet, there was no region of ambient from which 

there was no entrainment flow demand. 

The horizontal buoyant jet was released into a crossflow of 2.1 mm/s, which was slightly larger 

than the maximum entrainment velocity. The streak images and flow fields of the entrainment 

velocities were shown in Figure 3.36a and b. The magnitude of the average entrainment 

velocity on the upstream side was 3.5 to 4 mmls ( "" U~ + max lln.(stationary») and on the 

downstream side was approximately zero (= U_ max Ua(stationary») as listed in Table 3.4. 

Superposition of the crossflow and entrainment velocities was also confirmed by the similarity 

of the entrainment flow field of the stationary case with the cross flow added numerically, as 

shown in Figure 3.36c, when compared to the physical cross flow case shown in Figure 3.36b. 

3.2.3.3 Horizontal buoyant jet: cross-section 

The entrainment flow field of a cross-section of the buoyant jet that was both horizontal and 

perpendicular to the jet trajectory was to be examined. This would enable the effect of the 

superposition of the crossflow and the entrainment velocities around the full circumference of 

the buoyant jet to be seen. The horizontal buoyant jet was chosen, as mentioned before, due 

to the limitations of the experimental equipment. A cross-section at a distance of 400 mm below 

the port was selected, because the trajectory of the horizontal jet was near vertical at this point, 

as seen in Figure 3.35. Also the location of this cross-section, at mid-depth in the experimental 

tank, minimized the boundary effects on the entrainment flow. 



'\. '- J \ ..... \ \ \ I 

o J 1 \ \ \ ........ \ '" 
\ \. .... \ \ '- ..... '" / / 

-100 \ " " " \. '" ........ --........ . I / 

- " '" "\. '- '" ........ --........ 
. / 

I '\ \ 

\ \ \ , 
I , I . 

'" / I / 

I I / / 

\ 

, 
\ , 

./ / 

'" /' / 

I -

Scale 

2 mm/s 

83 

a) Streak image 

(4 s) of 

entrainment flow . 

b) Entrainment 
~-200 ..... I " " 

, ...... -.... ........ . '''-- j 
, / / I flow field E 

.s 
N " "- '" ..... " \. ...... ~ ,.- I I - 1 mm/s 

-300 \ , 
'- " " '- -......~ ./ I I / / I I I 

determined from the 

\ '" '- ..... '" " -...... '" . 
.- ,/ I / I / I I PIV analysis. 

-400 '" '\. " \. ,'- ---......... ./ /' ..... / / / ,/ / 
..... '\. '\. ...... '" ................ .......,. . ./ / / / ./ ... ./ 

-500 ..... ...... ..... 
"\. '" '-... .......,. "'" // I I / / ./,/ 

............ -.... ..... 1-- " --..' ' /-r_ '" ./ / 

-200 0 200 400 600 
X (mm) 

Figure 3.31: Vertical buoyant jet Fr=IO) in a stationary ambient: 

vertical centreline section. 
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Figure 3,32: Vertical buoyant jet (Fr=lO) in a crossflow of 1.6 mmls: 

vertical centreline section. 
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a) Streak image 

(4 s) of 

entrainment flow. 

b) Entrainment 

flow field 

determined from 

the PIVanalysis. 

c) Entrainment 

flow field formed 

from numerically 

adding a crossflow 

of 2.5 mmls to the 

stationary ambient 

flow. 

Figure 3.33: Vertical buoyant jet (Fr = IO) in a crossflow of 2.5 mm/s.· 

vertical centreline section . 
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Figure 3.34. Vertical buoyant j et (Fr= 10) in a crossflolV of 5.7 mmls: 

vertical centreline sectioll. 
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a) Streak image 

(4 s) of 

entrainment flow-

b) Entrainment 

flow field 

determined from 

the PN analysis. 

Figure 3.35: Horizontal buoyant jet Fr=10) in a stationary ambient: 

vertical centreline section. 
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The streak image and resulting entrainment velocity flow field of a cross-section at z = 400 mm 

for the buoyant jet in the stationary ambient were shown in Figures 3.37a and b respectively. 

The entrainment flow was roughly symmetrical about the buoyant jet axis and the magnitude of 

the entrainment velocity at the jet boundary was approximately 2 mm/s. A small asymmetry 

of greater inflow along the x-axis than along the y-axis existed. This was due to the effect of 

the finite extent of the tank into which the experimental buoyant jets were released. The width 

of the tank was 1.3 m and the length 6 m, so the entrainment flow was limited more by the 

boundary conditions at the sides of the tank than by the boundary conditions at the ends of the 

tank. 

The experimentally observed entrainment velocities did not indicate conservation of volume in 

the two-dimensional slice illuminated by the laser sheet, (from which the entrainment velocities 

were calculated). The magnitude of the entrainment flow into the jet was calculated at four radii 

from the jet axis. A semi circle, centred on the centre of the cross-section was drawn over the 

measured entrainment velocities. The magnitude of the velocity vectors lying on or near the 

semi-circle were averaged and multiplied by 2nr to calculate the entrainment flow volumes. The 

entrainment flow was calculated at rib values of 1.3, 1.7, 2.0 and 2.60 mm (h "" 115 mm for 

this flow) resulting in measured entrainment flow rates of 1.6 x 10-3, 1.8 X 10-3, 2.2 X 10-3 and 

2.5 x 10-3 m3/m/s respectively. The increasing flow rate with radius was explained by 

examining the variability of the flow from the Gaussian distribution. The percentage of time 

that the flow was present at the particular rib values of 1.3, 1.7, 2.0 and 2.6 were 17.5%, 

6.3%, 1.4% and 0.01 %. Thus the flow rates calculated at the 3 smallest radii have a large 

error component due to disturbance of the entrainment flow by the jet flow. This error was also 

seen in Figure 3.35, where the entrainment flow at z=400 mm had an increasingly large vertical 

component as the radius decreased. This was due to the increasing effect of the downward 

moving jet flow. However at an rib value of2.6, there is negligible disturbance by the jet flow, 

thus the estimated total entrainment flow into the jet was 2.5 x 10-3 m3/mfs. 

The entrainment velocities into the cross-section of the buoyant jet were examined for three 

cross-flows. The streak images and entrainment flow fields of the buoyant jet in cross-flows 

with magnitudes of2.1, 6.1 and 11.2 mm/s were shown in Figure 3.38a,b, 3.39a,b and 3.40a,b 

respectively. For the crossflow of 2.1 mm/s the entrainment was almost entirely from the 

upstream side of the jet and reduced to near zero leaving a cusp on the downstream side. For 

the crossflows of 6.1 and 11.2 mm/s all the entrainment occurred at the upstream side and none 

on the downstream side. The trends identified were, that as the crossflows increased, less 

entrainment occurred on the downstream side of the jet and the entrainment flow originated from 

a width which reduced in magnitude with increasing crossflow velocity. 
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Figure 3.37: Horizontal buoyant jet (Fr= 10) in a stationary ambient: 

cross-section at z = 400 mm. 
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a) Streak image 

(4 s) of the 

entrainment flow. 

b) Entrainment 

flow field 

determined from f 

he PlVanalysis. 

c) Entrainment 

Jlmv field formed 

from numerically 

adding a crossflow 

of 2.1 mmls to the 

stationary ambient 

entrainment flow . 

Figure 3.38. Horizontal buoyant jet (Fr= 10) in a crossflolV of 2.1 mm/s' 

cross-section at z = 400 mm. 
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Figure 3.39: Horizontal buoyant j et (Fr = 10) in a crossflow of 6.1 mm/s: 

cross-section at z = 400 mm. 
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a) Streak image 

(4 s) of the 

entrainment flOw. 

b) Entrainmellf 

flow field 

determined frolll 

the PIVanalysis. 

c) Entrainment 

flow field formed 

from numerically 

adding a crossf!Oll' 

of 11.2 mmls {O {he 

s[alionary ambiel1l 

entrainment flow 

Figure 3.40: Horizontal buoyanljel (Fr=10) in a crossflow of 11.2 mm/s. 

cross-section at z = 400 mm. 
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The superposition of the entrainment velocities in the irrotational region were checked by 

comparing the entrainment flow field of the jet in a physical crossflow to the entrainment flow 

field of the stationary case with the crossflow added numerically. The result of numerically 

adding the crossflow of 2.1 mmJs to the entrainment velocities for the stationary case (shown 

in Figure 3.37b) was shown in Figure 3.38c. The comparison of the entrainment flow field of 

the numerical crossflow to the physical crossflow was very good with very similar magnitudes 

and the directions of the velocities. Again the entrainment flow decreased from a maximum at 

the upstream side of the jet to close to zero on the extreme downstream side of the jet. 

The entrainment flow field for the stationary entrainment, modified to account for the change 

in source strength with increasing crossflow velocity (see 4.2.2.2), with a numerically added 

crossflow of 6.1 mmJs was shown in Figure 3.39c and compared to the physical crossflow in 

Figure 3.39b. The comparison was good with similar magnitudes of the velocities. However, 

the numerical case flow field did not as clearly show the ambient flowing in behind the jet. 

The entrainment flow field for the stationary entrainment, modified to account for the change 

in source strength with increasing crossflow (see 4.2.2.2), with a numerically added crossflow 

of 11.2 mmls was shown in Figure 3 AOc and compared to the physical crossflow in Figure 

3AOb. The comparison was adequate, as the magnitude of the velocities was within 20%. 

However details of the ambient flowing around the jet fluid were not visible in the numerical 

crossflow case. At a crossflow of 11.2 mmJs the buoyant jet was approaching the transition 

from the Gaussian to the vortex pair distributions of velocity and buoyancy. In the transition 

region strict superposition of the velocities does not apply and could account for the differences. 

3.2.4 Summary 

The entrainment flow fields obtained from the PIV analysis of the buoyant jets in a physical 

crossflow have shown that the cross flow has an effect on the entrainment into the buoyant jet. 

As the crossflow increased the entrainment into the buoyant jet was increasingly asymmetricaL 

Once the crossflow was greater in magnitude than the stationary entrainment flow there was a 

region on the downstream side of the jet over which no entrainment occurred. This no

entrainment region increased with increasing crossflow velocity. The good comparison between 

the entrainment flow field results formed by numerically adding a crossflow to the stationary 

entrainment flow field and the physical cross flow supported the theory of superposition of the 

crossflow and entrainment velocities in the irrotational flow region. In the following chapter 

the theoretical model was modified to include this observation. 



Theory of the Mean Properties 

of Buoyallt Jets 

4.1 Introduction 

The flow of a buoyant jet is driven by its excess buoyancy and its excess momentum relative 

to the ambient fluid into which it is released. The excess buoyancy and momentum cause the 

turbulence of the jet flow and determine its mean trajectory, velocity, width growth and 

dilution. 

The behaviour of the buoyant jets has been analyzed, most commonly using either dimensional 

analysis or integral analysis. Dimensional analysis is used to describe the basic buoyant jets, 

which are limiting cases of the flow behaviour dominated throughout the flow by one or a 

combination of two initial parameters. The relationships obtained from this analysis are 

combined with experimentally determined constants to fully describe the flow. The dimensional 

analyses of the four basic buoyant jet types were presented in Appendix F. More complex 

flows, which can be described as composite jets, whose dominating parameters change with 

time, are analyzed with the integral analysis. The integral analysis uses the equations of motion 

(conservation of momentum, conservation of buoyancy flux), geometrical relationships, assumes 

the flow is self-similar in cross-section and requires a closure equation. 
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The experiments investigating the entrainment into the single buoyant jet in the previous chapter 

clearly indicated that the crossflowing ambient affected the entrainment into the buoyant jet. 

The observations were explained by superposition of the crossflow velocity and the entrainment 

velocity in the irrotational flow region outside the jet. The integral analysis of a buoyant jet 

with Gaussian distributions of velocity and buoyancy released into a horizontal flow, which was 

presented in Wood et al. (1993), has been modified to include this observation. The 

modifications showed how the normal entrainment formulation changed naturally into the forced 

entrainment formulation. The modified model was tested by checking the limiting flow cases 

of a pure jet and a pure plume in a stationary ambient. The flow behaviour predicted by the 

theory was compared to the experimental results presented in Chapter 3. 

A series of experiments were conducted to investigate the mean properties of an advected 

thermal with and without initial excess momentum. It was observed that the time-averaged data 

hid a lot of the details of the instantaneous behaviour of the flow, which was characterised by 

sub thermal formations. Further investigations of the advected thermal behaviour are described 

in later chapters: chapter 5: a quantitative description of the instantaneous structure in terms 

of concentration fluctuations and the intermittency of the flow, chapter 6: an investigation of 

the periodicity of the 3-dimensional subthermal structures, and chapter 7: the effect of 

turbulence in the ambient on the mean properties. 

Integral Analysis 

The integral analysis uses the equations of motion (conservation of momentum, conservation of 

buoyancy flux), the geometrical relationships and requires a closure equation. The integral 

analysis (1) for a buoyant jet in a stationary ambient, (2) for a buoyant jet with Gaussian 

distributions of velocity and buoyancy in a current, and (3) for a buoyant jet with vortex-like 

distributions of velocity and buoyancy in a current are presented by Wood et al. (1993). (1) and 

(2) were modified to include the superposition of a small crossflow on the irrotational 

entrainment into the buoyant jet and (3) was reviewed. The inclusion of the superposition of 

the cross flow and entrainment velocities in the irrotational region showed how the normal 

entrainment formulation for a stationary ambient changed naturally into the forced entrainment 

formulation in a crossflow. 

The following assumptions were made about the properties of the flow: 

1. The flow is incompressible and turbulent. 

2. The variations of the fluid density throughout the flow field are small compared to a reference 



density, Pa' This implies that although the density difference, L\p" is important in the buoyancy 

terms, its variation can be neglected when considering the inertial terms where Pa + L\PI == Pa' 

The reference density is normally the density of the ambient fluid. L\PI is then the deviation 

from this density. This is the Boussinesq assumption and allows the conservation of mass flux 

equation to be replaced by a conservation of volume flux equation. 

3. The density of the fluid is assumed to be a linear function of either salt or temperature. 

The integral analysis requires some details of the flow behaviour, which have been obtained 

from experimental observations. The buoyant jet flow is fully turbulent and the ambient flow 

is non-turbulent and irrotational. This implies that the flow has no dependence on viscous forces 

and the velocity, concentration and density excess can be written as the sum of the time 

averaged value (u, C, ,1) and the turbulent fluctuation (u', c', L\'). As the buoyant jet is 

discharged into the ambient fluid, the velocity profile at the port exit is the approximately 

rectangular velocity profile of turbulent flow in a pipe. As the flow enters the ambient fluid a 

high shear layer exists at the jet boundary producing eddies, which diffuses the jet fluid 

laterally. The turbulence penetrates inwards to a central wedge-like region or potential core, 

in which the velocity remains at the exit velocity. The region of flow extending up to the end 

of the potential core is known as the zone of flow establishment (ZFE) and is approximately 7 

port diameters in length. 

Beyond the ZFE is the zone of established flow in which the flow is long and narrow, with 

changes in the direction of the flow, which are an order of magnitUde smaller than changes 

perpendicular to the flow. The experimental results ofPapaniculaou (1984) illustrated the self

similarity of the velocity, tracer and excess buoyancy profiles. The velocity profiles have been 

shown to be Gaussian and described as 

(4.1) 

where ueg and Ueg are the local mean excess velocity and the centreline mean excess velocity, 

r is the distance from the jet centreline and b is the radius where the mean excess velocity was 

U/e. The time averaged concentration profiles are described as 

c ( r2) C = exp- )..2JJ2 
(4.2) 

where c and C are the local mean and centreline mean concentrations, and A is the measure of 

97 



98 

the difference in the spread of the velocity and concentration. The excess buoyancy profiles are 

described as 

t., • exp (~2) (4.3) 

where AI and A are the local time averaged and centreline time averaged excess buoyancy. 

4.2.1 Buoyant Jet Released into a Stationary Ambient 

The vertical buoyant jet released into a stationary ambient is the simplest case and will be 

examined first. The flow and the control volume for which the equations are developed are 

illustrated in Figure 4.1. 

u +u' eg og u 

inflow ----7iE:1 -\-"":":"--1 inflow 

u 

control volume 

r 

b 

r 

b 

Self-similar 
distributions 
of excess 
velocity and 
buoyancy 

Figure 4.1: Schematic of the flow and control volume of a vertical buoyant jet 

in a stationary ambient 

The equation for the conservation of vertical momentum and pressure force is 

~ ~ 

~ f p (u 2 + ~)21trdr = ((p p )g21trdr ds. a eg p • a 
o a 0 

(4.4) 



where s is the distance along the jet centreline and p is the static pressure in the flow. 

Substituting the mean and turbulent components and averaging results in 

(4.5) 

where iii g(P-Pa)/pa is the local time averaged excess buoyancy. 

In a 2-dimensional turbulent jet (Miller and Cummings, 1957, and Bradbury, 1965), the static 

pressure and turbulent velocity deviation terms are of opposite sign and pip + ii'2 « u2. 

Assuming that this also holds for an axisymmetric buoyant jet yields 

~ 

d (- 22 
- I U n:rdr:= 
ds. eg 

o 

(4.6) 

The continuity of buoyancy flux is 

~ 

~ (L\IU 2n:rdr 
ds • eg 

o 
o (4.7) 

The self-similarity profiles obtained by Papaniculaou (1984) are integrated so that the equations 

are expressed in terms of a shape constant and the mean centreline values of the relevant 

parameters. The definition of the shape constants and their values for a gaussian profile are 

r ueg 2n:1l dll 
"0 Ueg 

'" 1t 

~ - 2 

.f (Ueg
) 2101 dll 

o Ueg 

1t 

2 

II'k 

UNIVERSITY OF CANTEFi!E:vR'I 

(4.8) 

(4.9) 
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~K 

f _I 21t11 dl1 
-K o 

where 11 is rib. These shape constants are substituted into equations 4.6 to 4.7 to get 

d (I KD b 2
) qA eg o 

The geometric relationship provides an additional equation 

dz = 1 
ds 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

A final closure equation is required. The most commonly used is a spread equation of the form 

where ks is the spread coefficient. 

db = k 
ds s 

(4.15) 

Alternatively an entrainment coefficient, IX, describing the rate of inflow into the jet is used, 

(4.16) 
Ueg 
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which implies the equation of continuity given by, 

(4.17) 

The equation of continuity sates that at any radius the entrainment velocity into a buoyant jet in 

a stationary ambient flow is proportional to the maximum plume velocity and it implies that the 

entrainment velocity varies inversely with the radius. It is traditional to use the velocity at a 

radius of b (defined as the location where ue/Deg = lie) and this velocity is <xDeg (= UJ. 

To examine the entrainment velocity distribution into the vertical jet released in a stationary 

ambient, consider again the control volume shown in Figure 4.1. The assumed Gaussian 

velocity is 

The upflow within a circle of radius r is given by 

r 211 

Qr J J uegrdedr 
o 0 
r 211 

== J J Uegexp -c~r rdedr 
o 0 

r 

= 2n UegJ r exp -(~r dr 
o 

= 2nUeg [-tb2exp-(~rI 
= 2nU [_!b2exp_(~)2 +!b2] 

eg 2 b 2 

Qr = n Uegb
2 

[ 1 -exp -(~n 
The total upflow , i.e. when r 00, is given by 

Qt = n Uegb 2 

Therefore 

upflow within radius r Qr 

total upflow Q! 

(4.18) 

(4.19) 

(4.20) 

(4.21) 
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By definition the incremental entrainment over an increment of the trajectory is dQt = aUeg2n:b 

and at r = r the incremental entrainment is dQr = ur2n:r, as illustrated in Figure 4.2. 

t 
inflow 

= 27tbexUeg 
:::: dOt 

:::: increment of total entrainment 

r 

t 
inflow at radius r 

:::: ur2:n:r 
::: d Or 

= increment of entrainment 
at radius r 

Figure 4.2: Incremental entrainment into the vertical buoyant jet. 

Considering continuity we can equate the change in the upflow within a radius r to the 

entrainment flow at a radius r, which is given by 

(4.22) 

Differentiating this gives 

Since the flow is self-similar then 

(4.24) 

Therefore the first term on the RHS of equation 4.23 goes to zero, resulting in 

(4.25) 
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(4.26) 

And rearranging this gives the distribution of the radial entrainment velocity, ur or ua;, which 

is graphed in Figure 4.3a. 

(1 e -(rib)) 

(rib) 
(4.27) 

The entrainment flow described above is investigated by examining the ratio of the entrainment 

flow within a radius r to the total entrainment flow graphed in Figure 4.3b and given by, 

::: ::: (4.28) 

The entrainment flow increases up to the total entrainment flow as rIb increases. The turbulent 

nature of the flow described by the Gaussian velocity distribution implies that the averaged total 

entrainment will not be reached until an rIb value is reached within which the flow completely 

resides. At rIb 3 the flow is present for only 0.01 % of the time and hence the entrainment 

flow is approximately equal to the total entrainment flow beyond rIb = 3. 
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Figure 4.3: a) The entrainment velocity in a stationary ambient implied by the Gaussian 

excess velocity distribution and the self-similarity of the flow. 

b) The ratio of the entrainment flow at a radius r to the total entrainment flow. 
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The vertical buoyant jet in a stationary ambient is modelled as a line of sinks (following Taylor, 

1958), with sink strengths of 21t bexUeg and an entrainment velocity distribution given by eq. 

4.27. The resulting streamline function approximating the entrainment flow is, 

(4.29) 

For the finite surroundings in the tank where the width, a', is much less that the length and 

where the streamlines are horizontal, the streamline function is 

n=oo 

1\1 == o;Uegb(l exp-(-~rt=_", arctanY+;a' (4.30) 

This streamline function also applies for a horizontal jet in a stationary ambient in the near 

vertical region of the flow, where the entrainment velocity is close to horizontal. The velocities 

predicted by this streamline function, using the sink strength of 2.5 x to,3 m3/s estimated from 

the experimental data shown in Figure 3. 37b from the average of the measured velocities at an 

rib value of 3, as described in section 3.2.3.3, is shown in Figure 4.4. This should be compared 

to the experimental data in Figure 3.37b. 
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Figure 4.4: The radial inflow for the vertical region of a buoyant jet 

in a stationary ambient calculated from the theoretical streamline function, 

which corresponds to the experimental data of Figure 3.37b. 

The magnitudes of the velocities are very similar, allowing for the irregularities of the 

experimental data, and therefore confirm the validity of the estimated sink strength. The 

following theoretical entrainment flow rates into the jet at several rib values can be compared 

to the experimental data given in section 3.2.3.3 (p.89): at rib of 1.3, 1.7, 2.0 and 2.6 the 
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entrainment flow rate is 2.0 x 10-3 , 2.3 X 10-3, 2.4 X 10-3 and 2.5 x 10-3 respectively. The flow 

rates were greater at the small radii for the theoretical flow, which was due to the larger errors 

present in the experimental data close to the jet due to the intermittency of the jet. The 

comparison was excellent at an rIb value of 2.6, as expected since the sink strength was 

estimated from data at this radius. The same small asymmetry of greater inflow along the x-axis 

than along the y-axis due to the constraints of the tank are seen in both entrainment flow fields, 

although it is more pronounced in the experimental data. 

The next simplest case is the buoyant jet, having self-similar Gaussian distributions of excess 

velocity and buoyancy, ejected horizontally into a stationary ambient. The flow and control 

volume, for which the equations summarized below were developed, are shown in Figure 4.5. 

I 

Figure 4.5: Flow and control volume oj a horizontal buoyant jet in a stationary ambient. 

The equations for conservation of horizontal momentum, vertical momentum and buoyancy, 

(with the Gaussian shape constants) are 

o (4.31) 

(4.32) 



106 

d (1 KU b 2
) qA eg o 

The geometric relationships provide 2 additional equations 

dx - ;:::; casu 
ds r 

dz 
ds 

The required closure equation is again either a spread equation of the form 

db = k 
ds s 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

or the entrainment coefficient, which implies the continuity equation of equation 4.17, describing 

the rate of inflow into the jet, 

(4.37) 

4.2.2 Buoyant Jet with Gaussian Distributions of Velocity and Buoyancy Released 

into a Horizontal Flow 

The buoyant jet with Gausssian distributions of excess velocity and buoyancy released into a 

cross-flow at an angle to the horizontal is assumed to be advected at the mean crossflow velocity 

with the turbulence and pressure distributions unchanged by the advection. The advected excess 

velocity distribution is shown in Figure 4.6. 

The crossflow velocity is U~, the centreline absolute velocity is Ua and the Gaussian velocity 

distribution which is advected with the ambient flow is ueg . The advected Gaussian velocity 

distribution is defined by equation 4.18, where U eg is the centreline excess velocity, ueg is the 

local velocity at a distance r measured perpendicular to Ueg, b is the position where ueglUeg = 

lie and etc is the angle between U~ and Ueg. 



UO) 

Ueg 

Figure 4.6: The assumed Gaussian distribution of excess velocity in an advected buoyant jet. 

At any radius the entrainment velocity into a buoyant jet in a stationary ambient flow is 

proportional to the maximum plume velocity. If it is assumed that, when the plume is advected, 

its advected mean velocity and the turbulence and pressure distributions are unchanged by the 

advection, then the entrainment velocity relative to the advection velocity will be proportional 

to the maximum plume velocity measured relative to the advected velocity, (Uo/U_ oc Ue/U_), 

and this results in an assumed advected entrainment velocity as given by equation 4.28 and 

shown previously in Figure 4.3. 

The existing model of Wood et al. (1993) is modified in the following pages to include the 

superposition of the cross-flow velocity and the irrotational entrainment velocity in the equations 

of motion. 

A stationary cylindrical control volume perpendicular to Ueg of width b and thickness ds is 

considered. In the Wood et al. (1993) model the entrainment was considered to be unaffected 

by the crossflow and thus equal to Un around the circumference of the control volume as shown 

previously in Figure 3.26a. The experimental results described in 3.2 indicated that the 

irrotational entrainment velocities were superimposed on the advected velocity in the irrotational 

flow region outside the jet. This implies that, provided the entrainment velocity is greater than 
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the crossflow velocity, then in stationary coordinates on the axis of the plume parallel to the 

crossflow the entrainment velocity on the upstream side is U(t + U~sinOGr and on the 

downstream side is U(t - U~sinOGr' When the entrainment velocity is less than the crossflow 

velocity there will be a region on the downstream side over which no entrainment will occur. 

The control volume showing the horizontal, vertical and radial components of the inflow velocity 

is shown in Figure 4.7. This control volume has an asymmetric entrainment into the buoyant 

jet with greater entrainment occurring on the upstream side than on the downstream side. 

(a) ELEVATION 

(b) SECTION A-A 

k 

uasinarcos41 - Uoo 

ua - Uoosina,.cos41 

Figure 4.7: The control volume used in the analysis of an advected buoyant jet showing the 

horizontal, vertical and radial components of the inflow velocity. 
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4.2.2.1 The entrainment with a very small crossflow 

Considering the stationary control volume shown in Figure 4.7 and using the assumption above 

the continuity equation is 

R 

d J (Ueg + U ",COSO: r) 211;rdr 
o 

2n 1-exp-(~y R 211 

-(J o:Uegb R b "bdCP+UooSinO:rJcosCPbRdCP)ds = 0 
o h-) 0 

(4.38) 

Hence provided that RIb is large such that all of the entrainment is included, the above equation 

reduces to 

R 

d J(ueg +U""coso:r)211;rdr-211;bo:Uegds 0 (4.39) 

o 

It is notable that the term involving the entrainment does not involve U= (when the cross flow 

velocity is not very small this is not the case). The maximum crossflow for which this equation 

applies can be determined by calculating the maximum radial velocity in a stationary crossflow 

(given by eq. 4.28 and plotted in Figure 4.3) and setting it equal to the maximum resoved 

component of the cross flow velocity (i. e. cos <I> = 1). 

(4.40) 

The maximum or limiting crossflow velocity is then given by U=sina,./a,Ueg equal to 0.638. For 

an ambient velocity less than or equal to this value, we can obtain the map of the area from 

which the entrainment originates by solving for the streamfuntion set to zero. For the two

dimensional case, \Jf is the normal two dimensional stream function for a sink (1st term) in a 

crossflow (2nd term) defined by 

4> 

W -0: Uegb f(l-exp-(~))dCP + U",fsino:rsinCP 
o (4.41) 

= -o:Uegb(l-exp-(~)) arctan(~) + U",ysinO:r 
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It should be noted that, due to the three dimensional flow near the axis (seen in Figures 3.35, 

3.36), the discharge decreases and hence the value of'll decreases along the two dimensional 

streamline. The entrainment into the buoyant jet flow is bounded by 'If equalling zero and 

hence for the limiting cross flow velocity, 

(l-exp-(if) 4> 
= U .. sinQ;r rsin4> 

Q;Ueg b (4.42) 

= 0638 r . b 

When rIb tends to infinity and $ tends to n, this yields ylb equal to 4.92 and thus the complete 

entrainment comes from a width of approximately lOb. The bounds of the entrainment for the 

limiting crossflow velocity are plotted as the middle curve in Figure 4.8. It is worth noting that 

the entrainment function implies a cusp on the centreline similar to that seen in the experimental 

data of Figure 3.38. The cusp may be the start of the obvious change from a Gaussian 

distribution to a vortex pair distribution of excess velocity and buoyancy, which is always 

observed in a jet or buoyant flow in a crossflow. The outermost curve plotted in Figure 4.8 is 

the case with a crossflow velocity of 0.5 of the limiting velocity (0.319). In this case the line 

enclosing the complete entrainment is the same as a sink in a uniform flow and the cusp is no 

longer there. 

U", sin a. 
-~<x U.s = 0.319 
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Figure 4.8: The entrainment bounds for a buoyant jet in a crossflow 
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To compare the entrainment flow given by the streamline function to the experimental data we 

must allow for the width of the tank, a', and this gives a streamline function of 

n=~ I 

cxUegb(l-exp-(~)) f ... arctan(y:a ) (4.43) 

+ U.,Ysincxr 

For a sink strength of 2.5 x 10-3 m3/m1s and a crossflow of 2.1 mm/s this gives the velocity 

vector map in Figure 4.9, which can be compared to the experimental data of the flow field of 

a cross-section of a horizontal buoyant jet in a crossflow of 2.1 mm1s shown in Figure 3.38. 
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Figure 4.9: Entrainment flow field for a cross-section of buoyant jet in a crossflow 

equal to the maximum radial velocity in the stationary ambient (2.1 mmls) 

calculated from the theoretical streamline junction, 

which corresponds to the experimental data of Figure 3.38b. 

The comparison is good as the magnitude of the velocities is very close. The same general flow 

pattern is seen with most of the entrainment occurring on the upstream side, a cusp and a 

stagnation point visible on the downstream side and very little entrainment on the downstream 

side. The difference between the flow patterns is the greater upstream width from which the 

entraining flow originated in the theoretical as compared to the experimental data. This was due 

to the more pronounced asymmetry in the x and y direction in the experimental data as seen in 

the comparison for the jet in a stationary ambient (Figures 3.37b and 4.4). 
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4.2.2.2 The entrainment when the crossflow is greater than the maximum 

entrainment velocity 

When the crossflow is greater than the limiting value, there will be a section of the jet on the 

downstream side over which no entrainment will occur. The point of zero radial velocity can 

be detennined, as previously, by equating the entrainment velocity to the resolved part of the 

cross flow velocity along the radius. This yields 

1 -exp-(.!j 
aU b 

eg (~) 
(4.44) 

The maximum value of the dimensionless entrainment velocity, (1 - exp -(r/b)2)/(r/b), is 0.638 

and occurs at rib equal to 1.121. Thus the minimum value of <\> at which the entrainment occurs 

is <\>1 given by 

(4.45) 

At the limiting crossflow velocity, when (U~sin(Xr)/(XUeg is equal to 0.638, <\> is zero. For 

crossflows greater than the limiting value, when the value of (U~sin(Xr)/(XUeg is greater than 

0.638, there is a minimum value of <\>. For example, if (U~sin(Xr)/(XUeg has a value of 1 (Le. 

(Xr is zero, UeglU~ is 10 and (X is 0.1), then <\>[ is 50°. Converting into Cartesian coordinates, 

this gives a minimum value or yJ/b of 0.86 (1.121 sin500). From this point the trace of the 

zero two dimensional stream function ('V = 0) is 

$ Y 

W = 0 -o:Uegb !(l-exp-(i})d<l> + U",sino:r! dy (4.46) 

$1 Yl 

Integrating across the limits yields 

(4.47) 

When rib tends to infinity, <\> tends to 1t and this yields 

aU 
= --.---"eg'-(n -<I> ) 

U",srnO:
r 

1 
(4.48) 
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For the case where (U_sina,.)/a,Ueg is 1, the value of yjb is 3.11. Thus the zero streamline 

goes from an xlb of infinity and ylb of 3.11 to Xtlb of 0.72 and y,1b of 0.86 as plotted as th 

inner curve in Figure 4.8. This shows the flux of volume at x equal infinity and suggests that 

it is 

or 

2(U",sinO:r(Y., -Yl) + U.,SinO:rYl) 

= 2(O:Uegb(1t -<1>1) + U",Sin!XrYl) 

r=co 2n 

! J J(U",sinO:r +Ueg)rdrd<l> 
o 0 

2(U",sino:r(y", -Yl) + U",Sin!XrYl) 

= 2(o:Uegb(1t -<1>1) + U.,Sin!XrYl) 

Noting that the superposition of velocities implies 

r=" 2n 

! J J U",sinO:rrdrd<l>= 0 
o 0 

and defining 

r=ro 2n 

q = ! J J Ueg rdrd<l> 
o 0 

(4.49) 

(4.50) 

(4.51) 

(4.52) 

hence noting that the maximum natural entrainment velocity occurs at rib of approximately 1.1, 

(4.53) 

or 

(4.54) 
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The graph of the value of the ratio of the entrainment to the normal entrainment assumption, 

q/2ncxUegb, is shown in Figure 4.10. This graph illustrates, that for crossflows less than the 

maximum entrainment velocity of 0.638cxUeg (COS<PI 1 and <PI 0), the entrainment flow is 

given by the normal entrainment assumption of q = 2ncxUegb. As the crossflow increases, the 

entrainment drops slightly, then increases linearly with increasing crossflow velocity. 
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Figure 4.10: The ratio of the entrainment to the normal entrainment assumption 

as the cross flow increases 

The same information was presented slightly differently as the ratio of the entrainment to the 

forced entrainment assumption (q =2U~b) in Figure 4.11. This figure illustrated that when the 

crossflow is large (or U~sin oy'cxUeg is large), then COS<PI tends to 0 and <PI tends to nl2 and the 

dimensionless entrainment, q/2U=b, becomes asymptotic to 1.1, i.e. very close to the forced 

entrainment formulation. The rapid increase in <PI with increasing crossflow, once the crossflow 

is greater than 0.638cxUeg, is shown in Figure 4.12. 

Away from the buoyant jet flow, the value of the total inflow is the strength of the sink (q) and 

this yields for the streamline, 

w = 

_a U_eg",--b (1 eXP-(!.))((1t _arccos(O.638.aUeg)) + _U_"" 1.1Sin$lj arcronfI) 1t b U",sma
r 

aUeg ....... ,'\x 
(4.55) 

+ U""Y 
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Figure 4.11: The ratio of the entrainment to the forced entrainment assumption. 
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Figure 4.12: The increase in eV1 with increasing crossflow. 

The experimental data of the entrainment velocities for the buoyant jet with a Froude number 

of 10 suggested that the maximum entrainment velocity was 2.2 mm/s (i.e. 0.638 aUeg = 2.2 

mm/s). Thus for the crossflow velocities of 6.1 and 11.2 mm/s, the values of UjaUeg were 

1.75 and 3.25 respectively. The eV, values can be calculated and were 1.20 and 1.38 

respectively. Thus the values of q/2naUegb were 1.19 and 1.70 respectively. These values of 
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sink strength were then used in the streamline function of equation 4.56, which allowed for the 

finite dimensions of the tank. 

aV b 
W = 1teg (1 -exp-(-~)) 

(( os( 0.638aVeg)~ V", . 1 ~ t~n/y+na/) 
1t -arcc . + --1.1sm<f>1 L:...i atc,--

V",smar aVeg n=-'" X 

(4.56) 

+ V",y 

This gave the velocity vector maps in Figures 4.13 and 4.14 for a cross-section of the buoyant 

jet in a crossflow of 6.1 and 11.2 rnmfs respectively. These Figures can be compared to the 

corresponding experimental data shown in Figures 3.39 and 3.40 respectively. 
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Figure 4.13: Entrainment flow field for a cross-section of a buoyant jet in a cross flow 

of 6.1 mmls calculated from the theoretical streamline junction, 

which corresponds to the experimental data of Figure 3.39b. 

The comparison for the crossflow of 6.1 rnmfs was good as the magnitudes of the velocities 

were very close. The same general flow pattern was seen with all of the entrainment occurring 

on the upstream side, the flow going past the jet and closing in on the downstream side where 

no entrainment occurred. The difference between the flow patterns was the greater upstream 

width from which the entraining flow originated in the theoretical as compared to the 

experimental data. This was due to the more pronounced asymmetry in the x and y direction 

in the experimental data as seen in the comparison for the jet in a stationary ambient (Figures 

3.37b and 4.4). 
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Figure 4.14: Entrainment flow field for a cross-section of a buoyant jet in a crossflow 

of 11. 2 mmls calculated from the theoretical streamline junction, 

which corresponds to the experimental data of Figure 3.40b. 
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The comparison for a crossflow of 11.2 mmJs was reasonable as the same general flow pattern 

was seen with all of the entrainment occurring on the upstream side, the flow going past the jet 

and closing in on the downstream side where no entrainment occurred. A difference was 

present in the magnitude of the velocities, with the experimental velocities approximately 10 to 

20 % smaller. A difference between the flow patterns was the greater upstream width from 

which the entraining flow originated in the theoretical as compared to the experimental data. 

In the experimental data some of the ambient in the projected width of the jet flowed around the 

jet and was not entrained, whereas in the theoretical data it was. Some of the differences can 

be accounted for by the more pronounced asymmetry in the x and y direction in the 

experimental data as seen in the comparison for the jet in a stationary ambient (Figures 3.37b 

and 4.4). However in this case, the major cause of the differences is that, at this crossflow, the 

buoyant jet is approaching the transition from the Gaussian to the vortex pair distribution of 

excess velocity and buoyancy, at which point the theory no longer applies. 

The theoretical entrainment bounds for the three experimental crossflows of 2.1,6.1 and 11.2 

mmJs can be calculated using equation 4.46. They are plotted in Figure 4.15 and can be 

compared to the experimental data in Figures 3.38, 3.39 and 3.40. 
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Figure 4.15: The theoretical entrainment bounds for the experimental data of entrainment 

into a buoyant jet in a crossjlow of 2.1, 6.1 and 11.2 mmls. 

The theoretical entrainment bounds for a crossflow of2.1 mmls did not show such a pronounced 

cusp as was seen in the experimental data of Figure 3.38a. However, this can be explained by 

the sensitivity of the presence of the cusp to the magnitude of the crossflow near this crossflow 

value. The theoretical entrainment bounds for the crossflow of 6.1 mmls corresponded to the 

experimental data of Figure 3.39a. The experimental data showed a width of 2.Sb to 3b at a 

distance of 3b upstream of the jet. The theoretical data showed a width of 2.9b at this distance 

which widened to a width of 3.Sb far upstream of the jet. The details of the flow at the sides 

of the jet were good, indicating that entrainment occurred to approximately the centre of the jet 

(i.e. midway between the upstream and downstream sides). The theoretical entrainment bounds 

for the crossflow of 11.2 mmls also corresponded well to the experimental data of Figure 3 AOa. 

The width of 1.9b, over which the entrainment flow originated, was the same. The theoretical 

entrainment bounds also indicated that the ambient fluid flowed around the jet as seen in the 

experimental data. 

There are two implications with the assumption of superposition of the crossflow and 

entrainment velocities. Firstly, it allows the normal continuity to be used rather than the 

empirical spread function used by Wood et al. (1993) and others. Secondly, when the crossflow 

is large ( (U~sinoc,.)/<xUeg is large) the entrainment is close to the forced entrainment formulation 

introduced by Frick in 1984. The forced entrainment formulation states that the entrainment 

flux in a crossflow, q, equals the projected area defined by 2U~b by assuming that since the 

flow in the wake of the plume is tangential to the plume surface there is little entrainment from 

the wake. The wakes behind a cylinder and a jet are distinctly different as shown by Fric and 
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Roshko (1994). Some measurements were made a considerable distance from the floor and in 

contrast with the solid cylinder, where the flow separates from the solid surface, the flow around 

the transverse jet does not separate but closes in around the jet leaving little or no open wake. 

This is not surprising since the vorticity equation implies that, without a solid body or a distinct 

difference in density in the two flowing fluids, separation is not possible. The vortical structure 

apparent in the flow behind a jet in a crossflow is caused by the interaction of the boundary 

layer of the wall at which the jet issues. 

4.2.2.3 The effect of the non-radial velocity on the momentum equations 

The continuity equation can be written 

R 

d J (ueg + U ",COS Q;r)21trdr 
o 

211 2" 

= (J u(tRd<f> + U",sinQ;r J COS<f>Rd<f» ds 
o 0 

The horizontal momentum equation is 

R 

d J(Ueg + U",COSQ;r)(U", +UegCOSQ;r) 21trdr 
o 

211 

= ds J(U(t + U",sinQ;rcos<f> )(u(tsinQ;rcos<f> +U",)Rd<f> 
o 

Then U~ times the continuity equation is 

R 

d J U",(Ueg +U",cOSQ;r)21trdr 
o 

2" 2" 

= (J U",u(tRd<f> + U':sinQ;rJ COS<f>Rd<f»ds 
o 0 

(4.57) 

(4.58) 

(4.59) 
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Subtracting the horizontal momentum from this gives 

R 

! J(Ueg + U""COSO:r) Ueg COS O:r 21trdr 
o 

2n 2n 

= U",U!lRSin20:r J cos2</>Rd</> + U:RsinO:r J COS</> R d</> 
o 0 

= nU",U!lRRsin20:r 

Now 

and if Rib is large enough then the flux of horizontal momentum becomes 

In the same way the flux of vertical momentum becomes 

The flux of buoyancy is 

The geometry equations are 

R ! f(Ueg +U",cOSo:r)Uegsino:r2nrdr = 

o 
R 

- n b U .. 0: U egsin"r cosO:r + J .a 21t rdr 
o 

R 

f(ueg + u",coso:r)a2nrdr = qao 
o 

dz 
ds 

(4.60) 

(4.61) 

(4.62) 

(4.63) 

(4.64) 

(4.65) 



dx = U", + UegCOS IXr 
ds U",COSIXr + Ueg 

(4.66) 
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Now if R is sufficiently large that the integral of the Gaussian distribution of excess velocity and 

buoyancy become finite, then the equations can be written using the shape functions (1'1' 1m, I'lt. 

and 1,\ , defined in equations 4.8 to 4.11) as follows. 

Continuity 

Conservation of horizontal momentum 

Conservation of vertical momentum 

Conservation of buoyancy 

!(ImU~b2Sinn:r + U",IqUegb2cosIXrsinn:r) 

= 1tbU",IX Uegsinn:rCOSIXr + Ia Il. b 2 

Angle defining the entrainment for crossflows greater than the limiting value 

Geometric equations 

dz 
ds 

dx 
ds 

U", +UegCOSIXr 
U",COSIXr + Ueg 

(4.67) 

(4.68) 

(4.69) 

(4.70) 

(4.71) 

(4.72) 

(4.73) 
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The assumption that the buoyant flow is simply advected implies that, moving with the advected 

velocity, the normal entrainment part of the total entrainment is the same as the stationary case. 

It should be noted that, for a stationary ambient, whether the flow is momentum or buoyancy 

driven, the rate of spread relative to the ambient velocity is, within the limits of experimental 

measurement, constant (dbl ds = 0 .11). However, the entrainment constant (X depends on the type 

of flow. With a vertical buoyant jet in a stationary ambient, the value of (X (Wood et al. 1993) 

can be written 

(4.74) 

The first term is due to the momentum and the second term due to the buoyancy. For a pure 

jet it can be shown that (X equals (0.11 Ii2n) and for a pure plume (X equals 0.11(5 Ii6n). The 

second term in the entrainment constant equation deals with the buoyancy forces and thus it is 

reasonable to include sincx,. in the buoyancy term giving 

(4.75) 

Equations 4.67 to 4.74 are sufficient equations to solve for b, Ueg , (X" x and z as a function of 

s. 

The equations are made dimensionless by dividing all lengths by d (b' = bid, s' = sid, x' 

= x/d and z' z/d) , all the velocities by Uo (U' Ucg/Uo and U~' UjUo) and the density 

differences are divided by 110 (A' A/Ao). 

Continuity 

(4.76) 



Conservation of horizontal momentum 

Conservation of vertical momentum 

(4.18) 

Conservation of buoyancy 

(4.19) 

Geometric equations 

U °sina: r (4.80) 
U· cos a: + U· 

'" r 

dx l U· +U·cosa: 
co r (4.81) 

(4.82) 

4.2.2.4 The limits for a crossflow tending to zero 

Consider a buoyant jet which is ejected vertically into a very small crossflow. At a distance 

from the port it is observed that the time-averaged velocity distribution changes from being 

approximately Gaussian to being appropriate to a two dimensional distribution of vortices. 

Assuming that this occurs when Ue/U~ is very much greater than one and assuming 0;. is 
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approximately equal to nl2 (sina." equals approximately 1 and cosa." equal a small number), the 

small terms in the equations can be neglected and the equations can be written as below. The 

limits of this approximation will be discussed later. For the limiting crossflow tending to zero, 

~l is zero and the continuity equation becomes 

The remaining equations become 

dz' 
ds' 

dx' dx' 
ds l dz' 

(4.83) 

(4.84) 

(4.85) 

1 (4.86) 

(4.87) 

u" + U"'coso: 
()Q r (4.88) 

U* 

The first four equations are the normal buoyant jet equations. At the origin the flux of 

discharge is (nI4) Uod
2 and the flux of momentum is (nI4) U0

2d2. These are equated to the 

discharge and flux of momentum expressions with the shape constants (discharge (~Uob02) and 

momentum flux (ImU02b02) and show that at the origin bo equals (nI4)0.5(Im
o.5/Iq) dp (Wood et al. 

(1993». It is convenient to non-dimensionalize lengths with bo (x· =xlbo• z· =zlbo and b' = blbo) , 

velocities with Uo (U' = Ue/Uo and U_' = UjUo) and the density deficit with ilo (11* = Alilo) , then 

noting that ds = dz these equations can be written as 

(4.89) 



(4.90) 

(4.91) 

I u· a *b*2 = ~ 
qA 4 (4.92) 

dx* (4.93) 
dz" U* 

The cases to be considered are (a) a pure jet (with no buoyancy) and (b) a pure plume (with no 

initial momentum). In both cases the zone of flow establishment is ignored. 

(a) The pure jet 

The momentum and continuity equations are 

(4.94) 

~(I U"b .. 2 ) = 21tb*o:U" 
dz* q 

(4.95) 

The solutions are 

(4.96) 

1 (4.97) 

0: z" 

125 



126 

Integrating the horizontal momentum (eq 4.91) and substituting U· from eq. 4.97 yields 

1 

U .. (41&)2 + coso: = 0: - z 
r '" 1 

m 

(4.98) 

Multiplying each side by U· and substituting a for a pure jet (Wood et al. 1993) leads to 

U*cosa r u* 
21 '" 

m 

Then substituting eq. 4.99 into the trajectory equation ( eq 4.93) gives 

dz" 
dx+ 

U" = -----
U"(l+~) ., 21 

m 

(4.99) 

(4.100) 

Substituting U· from eq. 4.97 into the trajectory equation eq. 4.100 and integrating gives 

z 

2 2 I 

( 
1& Uo d)4 1 

4 (Xrz 
(U",d)~ d 

(4.101) 
d 

If the advection velocities are very small, the velocity distributions will be approximately 

Gaussian, then substituting in the Gaussian shape constants and the entrainment coefficient, a, 

for a jet of 0.11 (Wood et al. (1993)) the equation will be 

z d "" 2.69 
(4.102) 

The numerical experiments of a lagrangian model (JETLAG) by Lee and Cheung (1990) gave 

a corresponding trajectory coefficient of 2.65. 

If the effect of the different entrainment on the upstream and downstream side of the jet was not 

allowed for, the trajectory constant would have been 3.8 as in Wood et al. (1993). We cannot 

make a comparison of the trajectory coefficient for the very low UjUo values used in this 
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study, because at these low crossflows there is very little change in the trajectory. The ratios 

of UjUo in this study were 0.004 to 0.03. For the lowest crossflows given in Wood et al. 

(1993) with UjUo of 0.02 to 0.08, the trajectory coefficient was between 1.5 and 2.0, but this 

does not preclude the value of 2.7 detennined by this theoretical development, due to the 

difficulties of getting the trajectory coefficient at the very low crossflows. 

It remains to check whether the assumptions of <Xc approximately equal to rcl2 amd Ue/U~ much 

greater than 1 used in the basic equations are reasonable. 

A measure of the length to the transition between an advected jet and a momentum vortex is 

1,:MY 
= IJ,MY (= U;d'J 

~ (4.103) 

bo V",bo 
1 

J2 U. 
m '" 

Then substituting U· into eq. 4.99 gives 

z .. 
(4.104) 

or, when the jet is advected without change in the velocity distribution (i.e. substituting in the 

Gausssian shape constants) 

z· 
cos~r = 0.39--

IJ:MY 
(4.105) 

Wright's (1977) experimental results suggest that at the transition z/lJ,MV is of the order of 1. 

Thus the trajectory equation only holds for a portion of the advected jet (say up until z/IJ.Mv is 

less than 0.2). It remains to check that before the transition Ue/U~ remains large compared 

to one. 

(4.106) 

With ZIlJ,MV of the order of one and substituting the Gaussian shape constants then Ue/U~ is of 

the order of 6 and the approximation is satisfied. 
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(b) The pure plume 

For a pure plume the solutions of the first three equations of continuity and conservation of 

momentum and buoyancy (eqA.89, 4.90, 4.92) are 

b
.. 6.,. .. 

= -(XZ 
51q 

(4.107) 

U* = (~ 1111: )3( qllQ )3 _1_ 
48.,.2 I I (X2 U3d .. ! 

m ql1 0 Z 3 

= K (~)3_1 
p U 3d .. ! o Z 3 

(4.108) 

Substituting the Gaussian shape constants and the entrainment coefficient gives a value fo ~ of 

(4.109) 

and 

(4.110) 

It remains to solve the remaining two equations for the variation in trajectory. The horizontal 

momentum equation substituting U· from eq. 4.108 and b' from eq. 4.107 is 

(4.111) 
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Integrating gives 

(4.112) 

Substituting U* and b' gives a solution for cosar. 

(4.113) 

Thus 

Iq .. 
U"cosa =-U 

r 21 '" 
m 

(4.114) 

and substituting into eq. 4.93, the trajectory equation becomes 

1 

K (~)3 
dz* U" p U3d 

(4.115) eo 
== 

dx" 
U*(l +~) ( I) .. 1 1 +-q z"3 

'" 21 21m m 

Integrating and neglecting the zone of flow establishment 

(4.116) 

This solution is only a reasonable approximation provided that a r is close to n/2 (and thus sinar 

tends to a very small value) and UeglU~ is much greater than one. Exploring the effect of ar 

first. The equation for cosar can be written as 

(4.117) 
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Substituting for the Gaussian shape constants and noting that Ip,A is <ko/U} we get 

(4.118) 

Thus, when zllp,A is less that 1 and when the flow is an advected plume, the assumption for (Xr 

is valid, (when zllp,A = 1 then cos(Xr=O.23 and sin(Xr=O.97) . 

o 

10 . A 0 

10-2 

• Advected Thermal 
(Vortex like flow J 

o Advected Plume 
(Gaussian v'elocify 
distribution J 

10 ' 

Figure 4.16: A plot of dimensionless dilution as a junction of zllpA' 

Wright 1977 (where IPA = qAr/cf~) 
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Experiments show that the transition, from the advected plume with a Gaussian velocity 

distribution to the advected thermal with a two-dimensional vortex pair velocity distribution, 

occurs when z/lp,A is approximately equal to one, as seen in Figure 4.16. 

The solution for U* (eq. 4.108) implies that Ue/U~ is given by 

Ueg = K (QAO ]~_1 
U p U3d ~.! 

., "" Z 3 

K (QAO]1 
P U3 

""z 

(4.119) 

For the case when the crossflow velocities are very small and the velocity and density 

distribution are assumed to be approximately Gausssian, with an allowance for the difference 

between the spread of velocity and density difference and for the turbulent transport of the flux 

of buoyancy, Wood et al. (1993) suggests that the values ofIq , 1m, It,. and Iqt,. are n, nl2, 3.5767 

and 1.9903 respectively. Substituting with these values and noting that IpA = q,..ofU} , the 

equation for UegfU~ is given by 

(4.120) 

The experimental evidence (Figure 4.16) suggests that the transition between the time mean 

Gausssian velocity distribution and the mean velocity of the two dimensional buoyant vortex pair 

occurs when z equals Ip,A' Thus UegfU= has a minimum value of 4 and over the majority of the 

flow it is likely to be well in excess of this value. This confirms the approximations made in 

the original equations. 

With these approximations the trajectory equation (eq. 4.116) is 

I 

{1~ 3 
"1LI.O -

Z = 2.1- x 4 (4.121) 
3 

U 4 

"" 

The numerical experiments of a lagrangian model (JETLAG) by Lee and Cheung (1990) gave 

a corresponding trajectory coefficient of 2.3. 

If the plume was purely advected and the different entrainment on the upstream and downstream 

sides were not allowed for, the trajectory coefficient would be 3.6 as given by Wood et al. 

(1993). Again we cannot compare the trajectory coefficient from the experiments of this study 



132 

because at these very low crossflows the trajectory barely changes. The trajectory coefficient 

data in Wood et al. (1993) was between 1.2 and 1.7 for cross flows with UjUo grater that 0.07, 

hence they do not preclude the value of 2.1 predicted by this theory. 

The integral analysis of a pure jet in a coflow has been investigated in Appendix G, using a 

modified entrainment coefficient to move smoothly between the strong jet and the weak jet 

regions. The resulting equations for the velocity, width and dilution of the jet in a coflow were 

compared to experimental results and good agreement was found. 

4.2.3 Buoyant Jet with Vortex-like Distributions of Velocity and Buoyancy 

Released into a Horizontal Flow 

Wood et al. (1993) develops the following analysis for the general case of a flow with a vortex

like distribution. When the Gaussian component of the velocity becomes small the buoyant fluid 

is simply advected with the cross-flow. In such a flow, the flow through the planes that are 

moving with the advected flow become small and the properties of the buoyant fluid between 

the planes generate a flow similar to a vortex pair with distributed vorticity. This is illustrated 

in Figure 4.17. Each element moves at the ambient flow velocity from section 1-1 to 2-2 to 3-

3. The volume between AA and BB is that released in time dt dx/U~ and has a buoyancy 

of <1Aodx/U~. If there was no buoyancy then in a similar manner, the momentum in the element 

is M[~Jdx/U~]. A section through the element would show a vortex-like distribution. The 

rate of growth of this advected vortex is slow and thus the velocity and buoyancy distributions 

are self-similar. For the particular case where buoyant effluent is released at close to the 

ambient velocity Knudsen (1988) and this study measured concentration contours and 

demonstrated this self-similarity. The velocity components of the flow are illustrated in Figure 

4.18. 
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the initial momentum 

Figure 4.17: The advected vortex flow 

excess velocity of advected thermal 
relative to the ambient velocity 

Uev U"" ambient velocity 

U a total velocity of advected thermal 

Figure 4.18: The velodty components of the advected vortexflow. 

The horizontal and vertical momentum equations are respectively, 

"" 
~ JUevdAdx sinlXr cos IX r = ~McoSlXrdx 0 
dt 0 dt 

(4.122) 

'" 

![uevdAdxSin
2

IXr = :tMdxSinlXr (4.123) 
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where dA is an elemental area in the vortex plane, dx sin~ is the width of the element 

perpendicular to the plane, Uev is the local vortex induced velocity, AI is the local buoyancy of 

the element dA and M is the total momentum per unit distance in the x direction in the vortex 
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pair ( fo ~ u.,y dA sinar ). 

The self-similarity allows the shape functions to be written as 

(4.124) 

(4.125) 

where Uev is the velocity with which the vortex pair is moving through the ambient flow, L1y, 

is the characteristic buoyancy in the vortex pair, and b is the characteristic width. Substituting 

into the buoyancy flux equation gives 

(4.126) 

The planes of the vortex distribution have a constant horizontal velocity so dx is also constant 

and the momentum equations become 

d -Mcoso: = 0 
dt r 

(4.127) 

(4.l28) 

The values of the properties at some known time on the trajectory are now defined by the 

subscript T. The vertical and horizontal momentum equations give 

(4.l29) 

(4.129) 

Thus 

(4.131) 
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and 

1 

M = [(qAOtfU", + MTsinarTi + (MTcoSarr)2]2 (4.132) 

The spread equation is 

(4.133) 

From the solution of these equations and the definition of M the values of Uev can be obtained 

and finally the trajectory can be obtained from 

dz 
dt 

(4.134) 

(4.135) 

The solution of these equations gives a smooth transition between a vortex like flow dominated 

by the initial momentum and one dominated by the buoyancy induced momentum. 

When a r = rrJ2, there are particularly simple solutions. For this case the geometry equations 

can be written as 

dz 
dx 

and noting that dx U~dt and dz Uev equations 4.128 and 4.133 become 

db =m 
dz 

(4.136) 

(4.137) 

(4.138) 

When the effluent contains no buoyancy and is ejected into a crossflow, such that a r equals n12, 

a vortex pair is generated by the initial momentum alone. This will be called a momentum 

generated vortex. 
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For this case if a virtual origin is assumed then 

Z = (_3 )0.33 (~l°.33(~l°.33 
d I m2 U2d2 d p v cop P 

(4.139) 

(4.140) 

and 

(4.141) 

In the far field, the form of the trajectory equation has been verified in the experiments of 

Wright (1977), Pratte and Baines (1967) and Chu (1975). 

The second simple case is that where the vortex motion is dominated by the vorticity generated 

by the buoyancy. If the effluent contains buoyancy then in the far field the buoyancy generated 

momentum will appear as an advected line thermaL For this case, if again a virtual origin is 

assumed, then 

Z = (_3 )0.33 (~10.33(~10.66 
dp 2' m2 U3d d "-v co p P 

(4.142) 

(4.143) 

(4.144) 

The advected line thermal is discussed further in chapter 7. 



137 

4.2.4 The Transition between the Gaussian and Vortex-like Flows 

In the general case of a buoyant jet flow in a flowing ambient the velocity and buoyancy 

distributions will start off as Gaussian distributions and at some point will change to vortex-like 

distributions. Experimental observations indicate that this transition is abrupt. Wood et al. 

(1993) has suggested that it occurs when the ratio of the advected Gaussian velocity to the 

component of the ambient velocity perpendicular to the advected Gaussian velocity falls to a 

particular value. This value, which was determined from Wright's (1977) data of a vertical 

buoyant jet in a cross flow, is Ue/U~ = 0.95/~o.66. The values of the momentum, flux of 

buoyancy and dilution for the vortex-like flow at the transition are found by matching them to 

their respective Gaussian flow values at the transition. 

4.3 Experiments of a Flow Approaching the Advected Thermal Flow 

The behaviour of a buoyant jet in a current will result in an advected thermal if the ambient is 

deep and non-turbulent. This series of experiments consisted of pure advected thermals and 

horizontal buoyant jets in a co-flow which soon became advected thermals. A brief description 

of the behaviour of the pure advected thermal has been given previously in the verification 

chapter, in which the some of the present experimental results were compared to previous 

experimental results to confirm the accuracy of the laser induced fluorescence method (LIP). 

The buoyant flows were studied from a longitudinal section at the centreline, from which time 

averaged data and instantaneous data was obtained. The time averaged data is presented in this 

chapter. It was observed that the time averaged data hid a lot of the details of the instantaneous 

behaviour of the flow, which is investigated in succeeding chapters. 

4.3.1 Experimental Method and the Program of Experiments 

The buoyant flows were created by discharging a salt solution from a horizontal port into a tank 

offresh water as described in section 2.2.2. The ambient flow was modelled by towing the port 

through the tank. The laser induced fluorescence method, described in section 2.4, was used 

to obtain an image of a vertical centreline section of the flow. Por each particular flow, two 

sets of images were obtained which together recorded the flow up to a distance of 1500 mm 

from the port. The time averaged trajectory, width growth and dilutions were obtained from 

a 4.2 s time averaged image. 
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The experimental program consisted of 5 buoyant jets: a pure advected thermal and 4 horizontal 

buoyant jet in a co-flow with increasing values of initial excess momentum. The initial nominal 

parameters of theses flows are given in Table 4.1 and the detailed values for individual 

experiments are given in Appendix D. 

Table 4.1: Nominal initial parameters of Series A,B, C and D 

Flow L10 Fr Uo/U~ qAO Meo 
(m/s2) (m4/s3 x 10-6) (m4/s2 x 10-6) 

Vo:110 0.22 2.3 1.0 2.0 0 

Vo:170 0.22 2.5 1.5 3.2 0.6 

Vo:220 0.22 4.6 2.0 4.1 1.0 

Vo:250 0.22 5.3 2.3 4.6 1.3 

Vo:470 0.22 9.8 4.3 8.8 4.4 

4.3.2 Experimental Results 

The results have been plotted in dimensionless form, by dividing by the length scale Ip,A' on a 

log/log scale (except for the width growth) to illustrate how they compared to the advected 

thermal relationships determined from the dimensional analysis. The graphs are given in 

Figures 4.19, 4.20 and 4.21 for the trajectory, width growth and minimum centreline dilution 

respectively. The flows all approached the advected thermal flow as expected. The advected 

thermal flow was identified, because it followed the predicted relationships, i.e. for the 

trajectory: z ~ X2/J , for the width growth: b ~ z and for the dilution: S ~ Z2. An anomaly was 

seen in the width growth, initially the width grew linearly with elevation at a rate of ~ 0.3, 

then the growth appeared to reduce to a rate of - 0.1. This reduction in width growth was due 

to the shape of the cross-section changing from a vortex pair shape to a Y -shape as discussed 

in section 3.1.3.3. 
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Figure 4.19: Dimensionless trajectory of the flows approaching the advected thermal flow 
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Figure 4.20: Dimensionless width growth of the flows approaching 

the advected thermal flow 
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Figure 4.21: Dimensionless minimum centreline dilution of the flows approaching 

the advected thermal flow. 

The results of the trajectory, width growth and minimum centreline dilution were then compared 

to the numerical procedure based on the integral analysis. The numerical predictions for the 

trajectory are good, as seen in Figure 4.22. The best match was for the pure advected thermal. 

The matches for the other flows were not as good, however, the model did predict the changes 

in the slope of the trajectory. 
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Figure 4.22: Trajectory offlows approaching the advected thermal compared to the 

numerical integral model of Wood et al. (1993) 
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The numerical model in general overpredicted the width, as seen in Figure 4.23. For the pure 

advected thermal the prediction was good until the point at which the cross-section shape 

changed to a Y-shape and the width growth reduced. (The numerical width would, however, 

probably correspond to the width of a disc of equivalent area.) The width predictions of the 

flows with the lower initial excess momentum were good close to the port but again were 

overpredicted further from the port where the change in cross-section shape had taken place. 

The flow with the greatest initial excess momentum overpredicted by a factor of 2 which started 

at the point where the model predicted a transition from Gaussian distributions of the velocity 

and buoyancy to the vortex-like distribution. This indicates that the model of the transition 

could be improved. 
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Figure 4.23: Width growth offlows approaching the advected thermal compared to the 

numerical integral model of Wood et at. (1993) 

The minimum centreline dilutions were compared to their predicted values in Figure 4.24. The 

dilutions predicted for the pure advected thermal were very good. The dilutions for the flows 

with the initial excess momentum were considerably underpredicted. The predictions were for 

the centreline dilution and their underprediction could have been the result of a more pronounced 

separation of the vortex pairs causing less of the buoyant fluid to remain at the centreline. 
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Figure 4.24: Minimum centreline dilution of flows approaching the advected thermal 

compared to the numerical integral model of Wood et ai. (1993) 

The cross-section results from Chapter 7 (The advected thermal in turbulent ambient compared 

to the advected thermal in non-turbulent ambient) were examined to determine the relationship 

between the centreline minimum dilution and the minimum dilution over the whole cross-section 

(i.e. at the centre of one of the vertices). On average the minimum dilution over the whole 

cross-section was 90 % of centreline dilution. Wood et al. (1993) have suggested that the vortex 

dilution is 66 % of the centreline dilution. The suction results were area-averaged as well as 

time-averaged and the data points from which the concentrations were determined were not 

closely enough spaced to define the concentrations very accurately. This can be seen from 

looking at the cross-section images in Chapter 7. The suction data has a greater error term that 

the LIP data, although it is more robust as it is simpler and prone to fewer mistakes than the 

LIP method. 

The shape of the profiles was investigated to determine if there was a significant change in the 

profile shape as the initial excess momentum was increased. The profiles of all 5 flows 

investigated, when normalized by the centreline time-averaged maximum concentration and by 

the characteristic width, approximated the Gaussian shape. The profiles are shown in Appendix 

D. 
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4.4 Conclusions 

The integral analysis for the buoyant jet in a stationary ambient was reviewed and extended to 

describe the entrainment flow into the jet. The analysis for the buoyant jet with Gaussian 

distribution of buoyancy and excess velocity in a crossflow was modified. The effect of the 

non-radial velocity on the irrotational entrainment, which was suggested by the experimental 

results in 3.2, was included in the equations of motions describing the flow. These equations 

showed how the normal entrainment changed naturally into the forced entrainment formulation 

as the crossflow increased. The modified analysis was then checked for the limiting cases of a 

pure jet and a pure plume. This theory was compared to the experimental resultsof the 

entrainment velocities presented in Chapter 3 and a good agreement was found. The equations 

for a buoyant jet with vortex-like distributions of excess velocity and buoyancy were reviewed. 

The limited range of experiments of a buoyant jet changing to an advected thermal illustrated 

the ability of the dimensional analysis to describe the limiting flow cases. The comparison of 

the results to the numerical procedure for the integral model indicated that more information is 

needed about the transition from the Gaussian to the vortex-like flow. 
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Instantaneous Structure of the Advected 

Line Thermal 

5.1 Introduction 

The study of buoyant jets, including advected thermals, had previously been concerned with the 

time-averaged behaviour of the flow. This data did not give details of the actual structure of 

the flow, which includes variations in the concentration of the flow in space, time and intensity. 

This can be important in some applications, for example toxic concentrations of pollutants and 

combustible mixtures of gases. The difference between the time-averaged and instantaneous 

view of the advected thermal is illustrated in Figures 5.1. The time-averaged representation of 

the advected thermal had smooth and even concentration contours. The actual or instantaneous 

flow exhibited greater variations in shape, structure and concentration gradients than the time

averaged image. A short description and illustration of the flow structures visible in the 

instantaneous view of the advected line thermal follows. Quantitative measures of the 

instantaneous structure were obtained by studying the structure statistically. The magnitude of 

the concentration fluctuations were quantified by the root mean squared difference between the 

instantaneous and the average data and the temporal variations in the location of the flow were 

quantified by intermittency of the flow. 
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Figure 5.1: The time averaged and instantaneous structure of an advected thermal. 

5.2 Structure of the Advected Line Thermal 
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The laser induced fluorescence technique enabled fine details of the flow structure of the 

advected line thermal to be seen. The complexity of the flow was revealed through longitudinal 

centreline sections and perpendicular cross-sections. In Figure 5.2 the time development of a 

longitudinal centreline section was shown. The development of a length of the advected thermal 

was followed as it fell through the ambient and was advected away from the port with the cross

flow velocity (i.e. the camera was stationary in the experimental setup). Figures 5.3a and 5.3b 

showed two examples of the flow development, as seen from a perpendicular cross-section. 

These images indicated that the traditional two-dimensional model is a simplification of the real 

flow. The two-dimensional model of the flow is a counter rotating vortex pair structure. As 

the distance from the origin increases the vortex centres slowly diverge and the overall size of 

the vortex pair flow region increases as the flow entrains ambient fluid. The entrainment occurs 

primarily from fluid entering through the rear of the vortex pair. The mechanism for 

entrainment is similar to that proposed by Morton & Ibbetson (1994) for a vortex ring, which 

is explained in Appendix H. 
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Figure 5.2: Development of the advected line thermal seen from a longitudinal centreline 

section of the flow. 
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Figure 5.3.' Development of the advected line thermal seen from a perpendicular cross

section of the flow. 

147 



148 

The flow structure seen in images such as Figure 5.2 and 5.3 indicated a complex and irregular 

three dimensional flow. The flow initially bore some resemblance to the two dimensional vortex 

pair model but as the distance from the port increased the structure broke up and became 

irregular. In the later stages of development, the structure was dominated by the formation of 

three dimensional sub-thermal structures protruding from the main structure. The flow just after 

release, the significant stages in the flow development and the development of the sUbthermal 

structures are explained in more detail below. 

Initial release 

The buoyant fluid was released from the port, which was towed through the ambient fluid to 

model the ambient velocity. Upon release, the fluid developed the structured flow pattern shown 

in Figure 5.4. This structure was initiated by the vorticity shed from the port exit and was due 

to the discontinuity of velocity at the port exit resulting from the velocity profile in the port, as 

illustrated in Figure 5.5. This initial flow structure was regular and was similar to the coherent 

structures seen by Perry and Lim (1978). Perry and Lim (1978) found periodic coherent three

dimensional structures in the flow of smoke issuing from a glass tube, which were regular when 

the tube was forced and more random when the tube was unforced, as in the advected line 

thermal flow described here. They suggested that the structure might be relevant to the large

scale motions in fully turbulent flow. In the advected thermal flow the later development of the 

subthermal structures was determined in part by the initial disturbance to the linear distribution 

of the buoyant fluid (i.e. formation of the structures at the port exit). 

port 
buoyant fluid 

scale 

o 10 20 

Figure 5.4: Structure of advected thermal flow close to the port exit. 

The buoyant fluid was also disturbed shortly after release by the wake structure caused by 

towing the port. An investigation into the von Karman vortex street, resulting from towing the 

port through the ambient, is described in detail in 6.5.4. It indicated that the wake would cause 

vortices at intervals of 70 to 80 mm downstream from the port. These vortices only. affected 

the flow for a very short vertical distance from the port, as seen in time lapse photos. 
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However, they may have influenced the variations in the buoyancy distribution, which later 

detennined the dominant spacing of the subthermals. 

velocity of buoyant 
fluid relative to 

port 

velocity of port 
relative to 
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velocity of buoyant 
fluid relative to 
ambient fluid 

Figure 5.5: Relative velocities of buoyant and ambient fluid due to velocity profile in port. 

Stages in Flow Development 

Distance from Observation of flow structure 

port (mm) 

0-200 

200 - 400 

400 < 

cL 

cL 

cL 

(The observations of the flow were obtained from centreline 

longitudinal sections or by perpendicular cross-sections as marked 

by cL or ..1 respectively.) 

The initial release structures formed and the flow was fairly 

coherent. 

The initially Gaussian concentration distribution developed into a 

vortex pair distribution as the downward motion of the buoyant 

fluid began. 

The flow was becoming less coherent with some of the initial 

structures merging and diluting thus increasing in size and other 

initial structures disappearing as their buoyant fluid was drawn into 

the larger structures and they were becoming replaced by ambient 

fluid, see Figure 5,6. 

The negatively buoyant fluid began to concentrate in the lower half 

of the flow region with high density gradients at the leading edge 

of the flow, see Figure 5.7. 

The vortex pair shape continued to develop with the centres of the 

vortices spreading further apart as the flow was diluted. The 

buoyant fluid began to break up into non-contiguous regions. 

The irregularity of the longitudinal distribution of the buoyant fluid 

increased as subthermals began to form and to fall away from the 

main flow region. 
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The cross-sections can now be divided into 2 general categories: 

subthennal or between subthermal. Between subthennals the cross

section was a non-contiguous horseshoe shape in which the 

dominant motion was that of the vortex pair. At the sub thermals 

the cross-section was Y-shaped, with the 'leg' being the subthermal 

and containing most of the buoyancy and the farms' being the 

remains of the vortex pair structure. (refer to Figure 5.3). 

2000 > cL The flow was characterized by the subthennal structures which had 

formed at somewhat regular spacings and contained most of the 

buoyant fluid. 
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Figure 5.6: Lateral movement of the buoyant fluid in the advected thermal leading to the 

breaking up of the initial flow structure. 
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Figure 5. 7: Vertical distribution of the buoyancy in the advected thermal flow. 
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Sub thermal Structures 

Subthermal structures occurred because disturbances at release caused the buoyant fluid to 

become unevenly distributed along the advected thermal. The leading edge of the advected 

thermal was hydrodynamically unstable so any initial disturbance increased in size with time. 

Regions of the flow, in which there was relatively more buoyant fluid, fell faster due to their 

greater buoyant force and protruded from the main flow as subthermals. As shown in Figure 

5.8, the subthermals were initially similar to an axisymmetric thermal, forming a cap, within 

which was a vortex ring, and entraining fluid at their rear. The subthermals were connected 

back to the main flow region by a stem of buoyant fluid. As the buoyant fluid was carried 

downwards in the subthermal structures, buoyant fluid from the main region started to flow 

towards the subthermals, as shown in Figure 5.6. 

t = 7.0 s t = 9.2 s 

t = 10.2 s t = 11.2 s t = 12.2 s 

cleo 

grid at 50 mm 

Figure 5.8: Initial development of a subthermal showing cap and vortex pair structure 

In later stages of the subthermal development successive cap and vortex ring structures formed. 

As the first cap and vortex ring fell it became diluted and the fluid drawn in behind it was then 

denser so it fell through the centre of the old cap forming a new cap and vortex ring. This 

could repeat a number of times as illustrated in Figure 5.9. 
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Figure 5.9: Later stages of subthermal development showing successive cap and vortex pair 

structures. Arrows show circulation patterns. 

5.3 Experimental Method 

The quantitative data for both the concentration fluctuations and the intermittency of the 

advected thermal were obtained from the series of experiments whose initial parameters were 

given in Table 5.1. In these experiments, the stationary camera recorded, on Super VHS video 

tape , the concentration data of a vertical longitudinal centreline section of the advected thermal, 

refer to section 2.4 .3 for details of the experimental setup . A set of instantaneous images of 

light intensity were subsequently " grabbed " from the video tape and the profiles of interest were 

obtained from these images to be analyzed . 



Table 5.1: Initial parameters of experiments used in the study of rms c' Ie and intermittency 

The following parameters were constant for all experiments: 

~ = 0.0104 m, Uo = U_ 0.11 mis, Co 30 gil salt, R" "" 1100 

The following parameters varied with temperature fluctuations 

boo CLo Fr 

Test: LIF (m/s2
) (m4/s3) 

LIF: KD 0.218 2.04 E-6 2.31 

LIF: KE 0.216 2.02 E-6 2.32 

LIF: KF 0.216 2.02 E-6 2.32 

LIF: KH 0.220 2.05 E-6 2.30 

LIF: KI 0.218 2.04 E-6 2.31 

LIF: KJ 0.218 2.04 E-6 2.31 

Tests KD, KE, KF provided the data for the profiles at x/IpA = 141, 285, 429 and 573. 
Tests KH, KI, KJ provided the data for the profiles at x/IpA = 785 and 976. 

Ip•A 

(m) 

0.00153 

0.00152 

0.00151 

0.00154 

0.00153 

0.00153 

5.4 Concentration Fluctuations: Comparison of 

Instantaneous Data 

Averaged 

153 

The actual advected thermal did not display the smooth concentration gradients seen in the time

averaged data due to its turbulent nature and the developing vortex or sub-thermal structures. 

These flow characteristics were the entrainment mechanisms through which the flow became 

diluted. As ambient fluid was entrained into the flow, the flow developed regions with 

relatively higher concentrations, in which more of the buoyant fluid was located, and regions 

with relatively lower concentrations, in which more of the ambient fluid was located. These 

regions fluctuated in size and concentration as the flow developed, resulting in concentration 

fluctuations throughout the advected thermal. The concentration fluctuations were quantified 

along a profile across the flow primarily though the root mean squared deviations between the 

instantaneous and the averaged concentrations, which were normalized by the maximum of the 

averaged profile, rms c' ICmax' 
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This was given by, 

where the concentration fluctuation at a point 

maximum oj the averaged profile 

n = the number oj data points 

(5.4.1) 

Further information about the flow was obtained by comparing the shape of the rms c' ICrrox to 

the shape of the averaged profile and to the maximum concentration values along the profile. 

5.4.1 Previous Studies 

There have been many previous studies of the concentration fluctuations in axisymmetric and 

plane jets and axisymmetric and plane plumes, but not for advected line thermals. Kotsovinos 

(1975) studied the concentration fluctuations in plane jets and plumes using a thermistor probe 

to record the temperature fluctuations. He found, for the plane jet-like flows, the rms c'/Crrox 

was self-similar with a double peaked shape and increased in magnitude with distance along the 

jet. In the plane plumes, the rms c'/Crrox was self-similar with a top hat shape having a peak 

value of 0.40. Papaniculaou (1984) studied axisymmetric jets and plumes. The rms c'/Cmax 

profiles were self-similar when scaled by the width and the maximum concentration of the 

average data. The axisymmetric jets had a double peaked profile with peak values of rms 

c'/C= = 0.25 at rib ±0.6 which dipped to 0.22 at the centreline. The axisymmetric plumes 

initially had the double peaked shape, which, further from the port, changed to a rounded bell 

shape with a peak value of 0.40. An analysis of the rms c' Ie for an axisymmetric jet was done 

by Papps (1995), using the equipment and methods used in this investigation, whose results 

compared well with those of Papaniculaou, thereby validating the method used in this study. 
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5.4.2 Analysis 

The data of the instantaneous concentrations was recorded as light intensity images with an area 

resolution per pixel ofO.68lp,A wide by 0.731p,A high (lP,A = 0.00153 m), a laser sheet thickness 

of 2.0 lp A, and a temporal resolution of 0.04 s. The concentrations were calculated from the 

light intensity data of the calibration image and the instantaneous images (following the method 

explained in section 2.4.4) along profiles across the flow. The calculations were carried out in 

a spreadsheet, which allowed real mumber (as opposed to integer) calculations, and hence all 

graduations of concentration. A number of profiles were investigated at distances from the port 

of X!Ip,A = 141, 285, 429, 573, 785, and 976. The data for each profile came from 3 different 

experiments, with approximately 20 profiles taken from each experiment for a total of 60 

instantaneous profiles at each location. 

The average profiles were obtained as c defined by, 

1 n 

C = '" cinstantaneono n-1-' .... (5.4.2) 

The average profile was plotted and the maximum concentration, the width and the midpoint of 

the profile were found as illustrated in Figure 3.7. The root mean squared value of the 

concentration was calculated according to equation 5.4.1, which normalized the fluctuation with 

the maximum concentration of the averaged profile. The profile was further normalized with 

the width of the averaged profile and plotted as rib centred on the midpoint of the width of the 

averaged profile. 

The possible range of the magnitude of the fluctuations along the profile was investigated by 

noting the maximum and minimum concentrations found in the instantaneous profiles. The 

maximum and minimum concentration profiles were also normalized by the maximum 

concentration, width and midpoint of the width of the time averaged profile. 

5.4.3 Results 

The data contained in the profiles was analyzed to determine the characteristics of the magnitude 

of the concentration fluctuations. This was accomplished through examining the instantaneous 

profiles, the averaged profiles, the maximum and minimum instantaneous concentration profiles 

and the root mean squared concentration deviation profiles. 



156 

5.4.3.1 Instantaneous concentration profiles 

The instantaneous profiles of the advected thermal illustrated some of the characteristics of the 

flow structure as compared to the time-averaged data. Some random examples of instantaneous 

profiles at distances of x/lpA = 141 and 573 were shown in Figures 5.10 and 5.1 L A large 

degree of variability in the location and magnitude of the concentrations was visible in these 

Figures, which indicated that at any particular point in the flow the instantaneous concentration 

could fall within a range of values. The profiles closest to the port at x/lpA = 141 were single 

peaked, but further from the port the profiles had multiple peaks. This was due to the 

development of the subthermals, which entrained ambient fluid into the thermal at different 

depths, causing large concentration gradients. 
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Figure 5.10: Instantaneous profiles at xllpA = 141 cornpared to the time-averaged profile. 
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Figure 5.11: Instantaneous profiles at xllpA =573 compared to the time-averaged profile. 
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5.4.3.2 Averaged concentration profiles 

The averaged concentration profiles along the length of the advected thermal were calculated 

according to equation 5.4.2. The profiles were normalized by the maximum concentration and 

by the vertical half width of the averaged profile and plotted in Figure 5.12 to show the shape 

of the averaged profile. The profiles approximated the Gaussian shape but with the previously 

discussed (refer to section 3.1.3.3) more abrupt increase at the leading edge and a more gradual 

decrease at the trailing edge. The averaged profiles were needed for later calculations and to 

confirm that the spatial averaging used in this analysis compared to the time-averaging procedure 

used elsewhere. The similarity of the time and spacial averaging was confirmed by comparing 

Figure 5.12 to Figures 3.18 and 3.20. 
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Figure 5.12: Profile of averaged concentrations of the advected thermal normalized by the 

maximum concentration and the vertical half width of the averaged profile 

5.4.3.3 Maximum and minimum instantaneous concentrations 

The variability in the instantaneous profiles seen along the length of the advected thermal 

indicated the need for some attempt at quantifying the variations. At any particular point in a 

certain profile, the value of instantaneous concentration could fall anywhere within a range of 

values. A large range in possible instantaneous concentrations occurred as a result of the 

turbulent nature of the flow and, in particular, as a result of the sub thermal structures. A 

particular point in space could be occupied by a developing subthermal (high concentration), by 

a region of clear fluid between subthermals (low concentration) or by any other part of the 
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advected thermal (range of concentrations). 

The extreme values to which the concentrations fluctuated were investigated through the 

maximum and minimum instantaneous concentrations that were found for every point in each 

of the investigated profiles (at x/lp,A 141, 285, 429, 573, 785, and 976). The minimum 

concentrations were zero along each profile. This indicated that ambient fluid could be present 

at any location in the flow as a result of entrainment and the development of the subthermals. 

The peak or maximum concentrations found in the instantaneous profiles along the trajectory 

were plotted in Figure 5.13. The concentrations were normalized, by the maximum 

concentration and vertical half width of the time averaged profile at that location, to check for 

self-similarity along the trajectory. The general shape of the maximum concentration profiles 

were self-similar. The peak values of concentrations were up to 3.5 to 4 times greater than the 

maximum of the averaged data. 
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Figure 5.13: Profile of the maximum concentrations from the instantaneous profiles 

normalized by the maximum concentration and vertical half width of the averaged profile. 

The shape of the profile was skewed with higher maximum concentrations found near the 

leading edge. This was expected since fluid with higher concentrations, i.e. a greater buoyancy 

deficit, fell initially to the leading edge of the flow, then fell away from the leading edge as it 

developed into a subthermal. An abrupt increase in maximum concentration occurred at 

r/bv= 1.5 to 2. The average concentration profiles in Figure 5.12 showed that the non-zero 

concentrations started at r/bv = The abrupt increase indicated the high concentration 

gradients at the leading edge of the thermal. At the trailing edge, maximum concentrations of 
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approximately 0.5Cmax (of the averaged profile) from r!by = -2 onwards occurred, which 

indicated the presence of buoyant fluid that did not get entrained into the downward moving 

vortex structures but was left in a sort of wake stretched out behind the main advected thermal 

flow. 

5.4.3.4 Rms cltcmax 

The root mean squared deviation of the instantaneous concentrations from the average 

concentrations quantified the concentration fluctuations. Profiles of rIDS c' ICmax at various 

distances along the advected thermal were illustrated in Figure 5.14. The profiles were self

similar and showed a skewed distribution with rms c' ICmax increasing towards the leading edge. 

The shape of the profiles were similar to those of the maximum instantaneous concentration 

profiles. The maximum rms c'/Cmax of 0.8 occurred around r!by 0.25 to 1.25, i.e. towards 

the leading edge of the flow. An abrupt (although somewhat variable) increase in rms c'/Cmax 

occurred at a distance of between r!by = 1.5 to 2, again corresponding to the high concentration 

gradients at the leading edge of the advected thermal and its subthermals. The variability in the 

abrupt increase of rms c'/Cmax was due to the averaging out of the different distances to which 

the subthermals extended downwards at a given distance from the port. At the trailing edge, 

the decrease in rms c'ICmax was more gradual and tailed off to a value of approximately 0.1 at 

r/by = -2.0. These non-zero values of rms c'/Cmax again indicated the presence of small 

amounts of buoyant fluid that got left behind by the main downward movement of the advected 

thermal. 

The repeatability of the rms c' ICmax values between experiments was examined by comparing 

the rIDS c'/Cmax profiles of the 3 different experiments which formed the data set. The profiles 

were shown in Figure 5.15. The close similarity between the 3 data sets confirmed the 

repeatability and magnitude of the rms c'/Cmax values along the profiles. The degree of 

variability seen is due to the relatively small size of the data sets. 
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Figure 5.14: Profile of root mean squared instantaneous concentration fluctuations 

normalized by the maximum concentration and vertical half width of the average profile. 
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Figure 5.15: Variation in rms c'ftmax profiles of different experiments. 
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5.5 Intermittency 

Intermittency of a flow is a measure of the temporal fluctuations in the position of the flow. 

The advected thermal was an intermittent flow due to its turbulent nature and the irregular 

development of the sub-thermals. The intermittency, y, quantified the fraction of time that the 

flow could be expected at a given location. The presence of the flow was detected by a 

threshold concentration, ct , which was a fraction of the maximum of the averaged concentration 

profile. The intermittency was defined as, 

1 Previous Studies 

T 

y lim 1 f I(t) dt 
T-., T 0 

where let) 1 if c(t) :<:: ct 

o if c(t) < ct 

(5.5.1) 

Some previous studies have looked at the intermittency of buoyant jet flow. Kotsovinos (1975) 

looked at the intermittency of a plane plume. He found that the intermittency was not self

similar, with the width and magnitude decreasing with distance from the port. However this 

may be explained by the fact that his threshold concentration was not scaled to the maximum 

concentration of the averaged profile for that profile, but was an arbitrary value and the same 

for all profiles. Papps (1995) looked at the intermittency of merging buoyant jets and found 

they were self- similar when scaled to the maximum concentration of the averaged profile for 

that profile. 

5.5.2 Analysis 

The raw data for the intennittency analysis was the data set that was also used for the 

concentration fluctuation analysis. The profiles were therefore at distances from the port of 

x/lp,A= 141,285,429,573,785, and 976. The profiles of concentration data were analyzed 

according to equation 5.4.1, in which a value of I(t) 1 represented the presence of the flow, 

and a value of I(t) =0 represented the absence of the flow. The threshold concentration, cp used 

to detect the presence of the flow, was scaled to the maximum concentration of the time 
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averaged profile. Various magnitudes of Ct were compared and a value of ct=O.15 Cmax was 

chosen. This threshold value showed the most detail, without becoming highly variable due to 

the resolution of the image at the threshold concentration (Le. to close to the margin of error 

of the light intensity images). The value of I(t) was calculated for all the instantaneous profiles, 

then the average value of I(t) was found. This represented the fraction of time that the location 

was occupied by the flow, or equivalently, the probability of finding the flow at that location. 

The profiles of intermittency were normalized by the width and the midpoint of the width of the 

averaged concentration profile. 

5.5.3 Results 

The profiles of the intermittency of the advected thermal at various distances along the trajectory 

were shown in Figure 5.16. The profiles were normalized with respect to the vertical half width 

ofthe averaged profile and the midpoint of this width. The profile was approximately Gaussian, 

but offset horizontally by 0.3 r!bv towards the trailing edge and upwards by 0.09 (with the 

leading edge then approaching -0.09) and the peak of the profile was reduced asymmetrically 

with a greater reduction at the side of the leading edge. 
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Figure 5.16: Profile intermittency (fraction of time the location is occupied by the advected 

thermal) normalized by the vertical half width. 
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The intermittency profiles did not reach a value of 1 at any point in the profile, which indicated 

that at some point in time there could be ambient fluid at any point in the flow region. This can 

be inferred from Figures 5.2 and 5.3 due to the 'broken up' and irregular nature of the flow. 

It was also indicated by the minimum instantaneous concentrations at any point in the profiles 

being zero (as described above in section 5.4.3.3). This is in contrast to a jet, which has an 

intermittency value of 1 about the centreline indicating that jet fluid is always present at the 

centreline. The shift of the intermittency profile towards the trailing edge, as compared to the 

average profile, can be explained by the higher concentrations found towards the leading edge. 

These higher concentrations meant that the flow was present less often to average out to a given 

average concentration at the leading edge as compared, to the trailing edge. An intermittency 

of between 0.05 and 0.15 extending away from the trailing edge at approximately r/bv= -2, 

again indicated the presence of buoyant fluid that was left behind by the main downwards 

advected thermal flow. 

5.6 Summary 

A visual inspection of the advected line thermal indicated that it was a complex and irregular 

flow, characterized by subthermal formation. 

The investigation into the instantaneous character of the advected thermal up to x/lpA = 1000 

through statistical studies of the maximum and minimum of the instantaneous concentration 

profiles, the root mean squared concentration deviations and the intermittency of the flow 

revealed the variability in the flow. Maximum instantaneous concentrations of up to 3.5 to 4 

times the maximum concentration of the averaged flow were found in a profile that was skewed 

towards the leading edge of the flow. Minimum instantaneous concentrations of zero were 

found throughout the flow. The rms c'/Cmax profiles had a maximum value of 0.8 which was 

found towards the leading edge. The shape of the rms c'/Cmax profile was similar to that of the 

maximum instantaneous concentration profile. The maximum value of rms c'/Cmax for the 

advected thermal was greater than that for both the plume and jet because of the large scale 

variability in the flow caused by the subthermal structures. The intermittency of the flow was 

found to almost follow a shortened Gaussian profile that was offset towards the trailing edge of 

the flow as compared to the averaged concentrations. 

These statistical studies indicated several details of the instantaneous structure. Intermittent but 

high concentrations occurred towards the leading edge of the advected thermal and its 

subthermals. High concentration gradients at the leading edge were caused by these regions of 
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high concentration at the leading edge. These regions of high concentrations led the downwards 

flow because of the greater buoyancy force driving their motion, as compared to the less 

concentrated regions. Small amounts of buoyant fluid did not get entrained into the main 

downward movement of the advected thermal and trailed behind as a sort of wake. The study 

also illustrated the fluctuating and intermittent character of the advected thermal, which was due 

mainly to the turbulent development of the subthermal structures. 



Characterization of the Structure 

the Advected Thermal and an 

Investigation into the Periodicity 

6.1 Introduction 
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To model an advected thermal, the buoyant fluid is released from the port at the same velocity 

as the ambient velocity (Uo/Uoo = 1). The buoyant fluid, having no excess velocity relative to 

the ambient fluid, is advected along at the ambient velocity. As it is advected, it falls vertically 

through the ambient, driven by the force resulting from the buoyancy difference between itself 

and the ambient fluid. The advected thermals develop into complex 3-dimensional structures, 

which is due to sub-thermals forming from the leading edge of the flow. Sections 6.2 to 6.4 

examine the use of the concentration integral of vertical profiles through the flow to identify 

subthermals, to determine the variability in the vertical concentration profiles and to characterize 

the behaviour of the instantaneous and time-averaged structure. In 6.5, the concentration 
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The developing sub thermals could be identified in the images as protrusions from the leading 

edge of the flow. The somewhat regular spacing of the subthermals prompted an investigation 

into the periodicity of their formation. The location of the subthermal was characterized by the 

concentration integral of a vertical profile for the following reason. As the advected thermal 

had no excess momentum, a vertical section moving at the ambient velocity, had no flux of 

buoyant fluid through it, apart from a small amount of horizontal movement due to the 

entrainment into the 3-dimensional sub thermals and their subsequent expansion. The relationship 

between the concentration integral of a vertical profile and the distance along the trajectory was 

investigated. It was postulated that peaks in the concentration integral would correspond to the 

visually identified subthermals, because the subthermals formed due to a concentration of 

buoyant fluid, which having a greater buoyant force than the surrounding fluid fell faster and 

protruded from the main flow. The concentration integral peaks were used to investigate the 

periodicity of the subthermals. 

6.2 An Attempt to Identify the Subthermals using Concentration 

Integrals of a Vertical Profile 

The advected thermal flow had an irregular distribution of its buoyant fluid, which caused the 

formation of subthermals. The vertical concentration integral was plotted against distance and 

exhibited a random pattern of peaks and troughs. The graph was examined to determine if peak 

values corresponded to visually identified subthermals. The time development of the 

subthermals was also compared to the time development of the peaks in the concentration 

integral plot. 

6.2.1 Experiments 

The experimental program examined the time development of a vertical longitudinal centreline 

section of the advected thermal using the LIF method (described earlier in section 2.4). A 

stationary camera recorded an 800 mm by 500 mm image of data on to videotape, from which 

the instantaneous images were later grabbed. A detailed description of the setup was given in 

section 2.4.3. The experiment used in this analysis was experiment FA, whose parameters are 

listed below in Table 6.1. 
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Table 6.1: Parameters of experiment FA used for subthermal identification 

~ Uo= Uoo Co L\o <JAo Fr Re Ip,A 

Experiment m mls gil mls2 m4/s3 m 

LIF:FA 0.0104 0.11 30 0.220 2.06E-6 2.30 1150 0.00154 

6.2.2 Analysis 

Three instantaneous images of the time development of this advected thermal were selected and 

were shown in Figure 6.1. The first image captured the first 800 mm of the flow from the port 

and the second and third captured the development of this section of flow 6.0 sand 12.2 slater 

respectively. The subthermals were identified visually from these images and their locations 

noted. 

The integrals of the concentration were calculated for vertical centreline profiles located at 

intervals of 5 pixels (or 5.3 mm 3.5 IpA) across the images. The location of every second 

profile was shown to scale in Figure 6.1. The length of the profile, over which the 

concentration was integrated, was selected for each image so that it extended to the depth to 

which the buoyant fluid had fallen. The profile lengths were 140, 200 and 260 pixels for images 

6.1A, 6.1B and 6.1C respectively. The concentration was integrated over the full length of the 

profile. A small error term accrued due to integration along the sections of the profile where 

there was no buoyant fluid. This term was negligible compared to the final concentration term, 

as confirmed by the near zero value of the concentration integral for the first few profiles from 

Figure 6.1A (in which no buoyant fluid was present along the complete profile). 

The value of the concentration integral had no absolute meaning but was used to make relative 

comparisons. The vertical profile was a line with a width in the y-direction defined by the 

thickness of the laser sheet of 3 mm, and a width in the x-direction defined by the pixel width 

of 1.16 mm. The integral was, therefore, calculated for a fixed volume of fluid. This fixed 

volume of fluid was a decreasing percentage of the flow volume, as the distance from the port 

increased and the volume occupied by the flow increased as it was diluted. The volume of a 

slice of the cross-section varied as the width squared, whereas the volume over which the 

concentration integral was calculated varied linearly with the width. The relationship between 

the volume of fluid in the profile and that in the flow was further complicated because the shape 

of the flow cross-section changed as it developed. Figure 6.2 illustrated schematically possible 

developments of the cross-section shape. 
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occurring as the flow develops, 

6.2.3 Results 
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The plots of the concentration integrals versus position were shown for each of the images in 

Figure 6.3. The location of the subthermals identified visually from each image was 

superimposed on the integral plots of Figure 6.3. More peaks existed in the plot of the 

concentration integrals than there were subthermals identified visually. However, most of the 

identified subtherrnals corresponded to a peak in the concentration integral plot. From an 

examination of Figure 6.1, it was seen that concentrations of buoyant fluid also occurred within 

the main flow without protruding from it. They would protrude as distinctly visible sub

thermals only once they had gathered enough buoyant fluid to have a buoyant force large enough 

to form a subthermal and break away from the main flow. The location of the subthermals was 

therefore not defined uniquely by peaks in the concentration integral plot. The vertical 

distribution of the buoyancy along the vertical profile was investigated in the following section 

to determine where in the profile the higher concentrations were located. 



170 

o 

20 

c 
o 

40 

~ 60 
C 

100 200 

horizontal position (x pixels of screen) 

300 400 500 600 700 800 

B Or---~----~~------~----~----------~-r~---c 
8 
c 
~ 
Ol 
Q) 

:f; 

2 

40 

direction of time 
development 

A 
t = 0 s 

B 
t = 6.0 
s 

C 
t = 12.2 

visually identified 
subthermal 

Figure 6.3: Time series development of concentration integrals for the advected thermal. 

The time development of the flow could be followed by comparing the location of the 

subthermals identified in the first image to those in the second and third images shown in Figure 

6.1. Some sub thermal locations corresponded but their development was not clear, because by 

the second and third image the flow had become much more complex. The complexity resulted 

from the merging, the dying out and the later development of subthermals during the time 

interval separating the images. 

6.3 Variability in Vertical 

Thermal 

Profiles an Advected 

The preceding section determined that sub thermals were not uniquely identified by peaks in the 

vertical concentration integral plot. A visual examination of the development of the flow, shown 

in Figure 6.1, suggested that concentrations of buoyant fluid were found dispersed along the 

vertical profile. The vertical distribution of the buoyancy will be further investigated by 

examining the instantaneous vertical profiles and comparing them to the time-averaged profiles. 

6.3.1 Experiments 

Time averaged (4.2 s) and instantaneous images (0.4 s) of a vertical longitudinal section of the 

advected thermal were obtained using the LIF method. Section 2.4.3, described the 

experimental setup for the longitudinal section captured using the camera mounted on the trolley, 
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which viewed the flow via mirrors. The experiments used in this analysis were AC and BA, 

images 1 (instantaneous) and 2 (averaged), whose initial parameters were detailed below in 

Table 6.2. 

Table 6.2: Parameters of experiments AC and BA used for examining the vertical 

distribution of buoyancy in a vertical profile. 

dp Uo= UM Co 6.0 ~o Fr Re Ip,A 

Experiment m mJs gil m/s2 m4/s3 m 

salt 

LIF:AC 0.0104 0.11 30 0.215 2.01E-6 2.33 1150 0.00151 

LIF:BA 0.0104 0.11 30 0.217 2.03E-6 2.31 1150 0.00152 

Note: ExperIment AC captured the flow from x-O to 800 mm and experIment BA captured the flow 
from x= 750 to 1550 mm. 

6.3.2 Analysis 

The light intensity images obtained from the LIF method were processed and analyzed as 

described in Section 2.4.4, to get concentration data. Vertical profiles across the image were 

obtained at intervals of approximately 55 rum from the time averaged images and instantaneous 

images. These were then normalized by the maximum concentration and the width (defined by 

a concentration of e-1Cmax) of the time averaged profiles. 

6.3.3 Results 

Figures 6.4a and 6.4b showed examples of the instantaneous profiles compared to the time 

averaged profiles for profiles at intervals along the trajectory up to a distance of 1600 rum (or 

1000 IpA)' A considerable variation in concentrations was present in the instantaneous profiles 

and they had multiple peaks (e.g. in Figure 6.4b the profile at x = 843 rum) indicating 

concentrations of buoyancy dispersed along the length of the vertical profile. 

The normalized time averaged concentration profiles approximated a Gaussian shape with more 

variability at locations further from the port, Figure 6.5b (for x = 700 to 1550 rum) was more 

irregular than 6.5a (for x = 0 to 700 rum). The increased variability, which was described in 

detail in Sections 3.1.3.1, and 3.1.3.3, was due to the development of the subthermals and the 

relatively short time averaging period. The instantaneous concentration profiles were normalized 

with the maximum concentration and width of their respective time-averaged profiles and the 
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result shown in Figure 6.6a and 6.6b. These normalized profiles did not exhibit a Gaussian 

shape, but were very irregular with concentrations ranging up to two to three times larger than 

the maximum of the time-averaged profiles and down to near zero. Again, the dispersal of the 

concentration peaks along the length of the vertical profile was seen. The larger peaks were 

found from rib = -0.5 to 2.0, which meant they were mostly in the lower 5/8 of the profile. 

A large variation in the position of the peak concentration regions (high buoyancy regions) was 

found. These regions of higher concentration, once they had amassed a great enough buoyancy 

force, would later develop and flow away from the main body of the advected thermal flow 

protruding as subthermals. Examples of this were seen in Figure 6.3. The early development 

of the subthermals marked as X, Y and Z was seen as peaks x, y and z respectively in the 

concentration integral plot. 
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6.4 Investigation into the Behaviour of the Instantaneous and Time

averaged Structure of the Adveded Thermal using a Concentration 

Integral of a Vertical Profile. 
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A vertical section through an advected thermal has no flux of buoyancy along the x-axis, since 

the buoyant fluid is merely advected at the ambient flow velocity. It is characterised by the 

integral of a vertical concentration profile. The relationship of the concentration integral of a 

vertical profile with distance along the trajectory for the time-averaged images was investigated, 

from which some information about the changing shape of the cross-section was deduced. Peaks 

in the vertical concentration integral did not uniquely define fully developed subthermal, as 

indicated in the previous section some peaks indicated the early stages in the development of the 

subthermals. The integrals of vertical profiles from the instantaneous images were compared 

to the integrals from the time-averaged images and gave an indication of the variation from the 

mean along the trajectory. The graph of the instantaneous vertical concentration integrals 

against distance was examined visually to see if a periodicity of peaks (and therefore possibly 

of the development of the subthermals) could be identified. 

6.4.1 Experiments 

Time-averaged (4.2 s) and instantaneous images (0.4 s) of a vertical longitudinal section of the 

advected thermal were obtained using the LIP method (as for section 6.1). The experiments 

used in this analysis were the experiments AJ, CA, BA, BB, BC, BD, and BE. Images 1 and 

3 were instantaneous and image 2 was time-averaged. The experimental parameters are listed 

in Table 6.3 

6.4.2 Analysis 

The light intensity images were analyzed using the calibration images to obtain concentrations, 

as described in Section 2.4.4. Vertical profiles at intervals from the port of 5 pixels (= 5.8 mm 

= 3.8 Ip,A) up to a distance of 1500 mm (or 980 IpA) were selected. The integral of their 

concentrations, J cdz, was calculated for both the time averaged and instantaneous images. The 

length of the profile, over which the concentration was integrated, was selected for each image 

so that it extended to the depth to which the buoyant fluid had fallen. The profile lengths were 

160 pixels for the experiments AC and AJ, and were 175 for the experiments BA, BB, BC, BD 
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and BE. The concentration was integrated over the complete length of the profile. Again a 

small error term accrued due to integration along the parts of the profile where there was no 

buoyant fluid, however this term was negligible compared to the final concentration term. 

The profiles from the instantaneous images were partially normalized by plotting them as 

(fcinstdz- fcavgdz) / Icavgdz. An estimation of the average variation in the concentration integrals 

was calculated as the root mean squared value of the difference between the instantaneous 

concentration integral and the time averaged concentration integral normalized by the averaged 

value, i.e. rms I fcinstdz -fcavgdz I / fcavgdz. 

Table 6.3: Parameters of experiments used to examine the properties of the vertical 

concentration integral. 

dp Uo= Uoo Co t.o <Jao Fr Re Ip,A 

Experiment m mls gil mls2 m4/s3 m 

LIF:AC 0.0104 0.11 30 0.215 2.01E-6 2.33 1150 0.00151 

LIF:AJ 0.0104 0.11 30 0.217 2.03E-6 2.31 1150 0.00152 

LIF:BA 0.0104 0.11 30 0.217 2.03E-6 2.31 1150 0.00152 

LIF:BB 0.0104 0.11 30 0.216 2.02E-6 2.32 1150 0.00152 

LIF:BC 0.0104 0.11 30 0.219 2.05E-6 2.30 1150 0.00154 

LIF:BD 0.0104 0.11 30 0.221 2.06E-6 2.29 1150 0.00155 

LIF:BE 0.0104 0.11 30 0.218 2.04E-6 2.31 1150 0.00153 
Note: Ex eriments AC an{ AJ ca tured the flow from x-O to 800 mm and ex enments BA, BB BC p p P 
BD and BE captured the flow from x= 750 to 1550 mm. 

6.4.3 Results 

The relationship between the concentration integral and horizontal distance from the port was 

shown in Figure 6.7. The graph plotted as log/log indicated 3 regions of behaviour along the 

horizontal distance investigated. The first section, A, was in the overexposed part of the image 

(i.e. in the flow regions where the concentration (light intensity) was too high to be analyzed 

with the calibration image). This region of the graph, therefore had no physical meaning. The 

second section, B, included the region from x 150 to between 500 and 600 mm (or xllp,A = 100 

to 330-390). In this region the concentration integral varied with X-O.37. In region C, which 

started at about x = 500 to 600 mm (or 335 to 390 x/lp~ the concentration integral varied with 

x-O· 9• 
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The decreasing ratio of the area over which the concentration was integrated to the volume of 

the thermal cross-section with distance would increase the steepness of the slope in the log-log 

graph of the relationship between Icdz and the horizontal distance. This effect, however, was 

small and did not account for the abrupt change in slope in the graph between regions Band C. 

This change in the slope appeared to indicate a change in the flow behaviour. 

The changing behaviour of the flow, as indicated by the change in slope of the graph between 

regions Band C, was also seen in the changing shape of the instantaneous perpendicular flow 

cross-section and in the width growth and dilution relationships of the initial experimental 

results. From the cross-sections the flow was seen initially as a fairly compact counter-rotating 

vortex pair. As the flow developed, the vortex pair become more widely separated drawing the 

higher concentrations in each vortex away from the centreline. Later, the vortex pair structure 

altered as subthermals formed from the leading edge of the flow. This caused the pear shaped 

vortex pair to change to a Y -shape, again altering the concentration distribution in the cross

section. The point at which the subthermals began to significantly affect the flow cross-section 

was determined visually from the cross-sections to occur in the region of x 500 600 mm. 

This observation was in agreement with the point at which the change in slope between regions 

Band C of Figure 6.7 occurred. 
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Figure 6.7: The concentration integral of a vertical profile of the time-averaged images 

along the trajectory of an advected thermal. 
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The relationship between the concentration integral of a vertical profile and horizontal distance, 

predicted by the dimensional analysis of an advected thermal presented in Appendix F, is 

examined. The Icdz, represented by the concentration times the area of the vertical profile, 

C . a, is to be expressed as a function of the horizontal distance, x: C· a = f(x). Figure 6.2 

illustrated the area of vertical profile, a, and the area of the of the cross-section, A. By 

inspection, it is seen that 

(6.4.1) 

(6.4.2) 

where b is the vertical half width of the cross-section. 

From the theoretical analysis presented in Appendix F, the following relationships were 

determined, 

Z 0< x2/3 

b oc z 

Co 2 S - 0< Z 
C 

Substituting (6.4.4) and (6.4.3) into (6.4.1) gives, 

and substituting (6.4.3) into (6.4.5) gives, 

C 0< X-4/3 

Combining (6.4.6) and (6.4.7) gives the final relationship of 

0< X -0.66 

(6.4.3) 

(6.4.4) 

(6.4.5) 

(6.4.6) 

(6.4.7) 

(6.4.8) 
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The complete equation, including all the variables and the constants is, 
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AV ill Av 

(6.4.9) 

The theoretical analysis does not predict the change in slope seen in Figure 6.7, but predicts a 

slope between that of region B and that of region C. Further investigation of the behaviour of 

individual flow parameters from the initial experimental results in Chapter 3 indicated the same 

behaviour as seen in Figure 6.7. From the experimental data of Figure 3.23, the width growth 

as a function of horizontal distance was found to be: 

for x < 600 mm (as predicted by dimensional analysis) 

for x > 600 mm 
(6.4.10) 

This indicated that the width growth reduced with the development of the subthermals. From 

Figure 3.24, the relationship between the concentration and horizontal distance could also be 

separated into two regions: 

for x < 600 mm 

C DC X-4/3 for x > 600 mm ( as predicted by dimensional analysis) 
(6.4.11) 

As before since a DC b, then the above results indicated that 

for x < 600 mm 

DC X-1/3 

(6.4.12) 

C . a DC X-4/3 • X'3 for x > 600 mm 

These results corresponded to the results seen in Figure 6.7, in which in region B (x < 500mm) 

fcdz oc X_O.37 and in region C (x > 500 mm) fcdz DC x-O·9• Some additional data from Series 

K was compared to the data of the initial experiments. These data appeared to confirm the 

trends seen in the initial data. 

The change in the behaviour of the advected line thermal, in the region in which the dimensional 

analysis predicted constant behaviour, was consistently observed in several different sets of 

experiments with the data analyzed via different routes. A complete physical explanation for 

the changing behaviour has not been found, although it appears to be linked to the onset of 
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sub thermal formation. 

The integrals of the concentrations of the vertical centreline profiles were calculated for the 

instantaneous images. The integrals were normalized as (Jcjnstdz- Jcavgdz) I Jcavgdz so that the 

variations in the integral were expressed as a fraction ofthe averaged integral. The results were 

plotted in Figure 6.8. Figure 6.8 showed the results from 14 different instantaneous images. 

The plot from each of these images was examined individually and no trend or periodicity could 

be detected visually from the variations in the concentration integral. Figure 6.8 did indicate 

that the variations in the concentration integrals fell into an envelope that ranged from 

0.7JCavgdz below the average to l.1JCavgdz above the average, where JCavgdz was the average 

value of the concentration integral for that profile. The average value of the variation in the 

concentration integrals was found using the root mean squared of the difference between the 

instantaneous and averaged value, normalized by the average value. The result of this 

calculation was shown in Figure 6.9 and indicated an average variation in the concentration 

integrals of 0.15 Cavg . 
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Figure 6.8: The integral of the vertical centreline profiles from instantaneous images of the 

advected thermal normalized by the integrals from the time-averaged images. 
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In the preceding section, the behaviour of the instantaneous structure of the advected thermal 

was investigated using the variation along the trajectory of the integral of the concentration of 

vertical profiles. No obvious periodicity was evident from a visual inspection of the 

instantaneous plots, so a numerical technique was used to further investigate the presence of 

periodicity in the data. A numerical method, which could find the periodicity or dominant 

wavelengths within "noisy" data sets, was needed and the Fast Fourier analysis was chosen. 

The data of the previous section was analyzed to find the dominant wavelengths present in the 

vertical concentration integral of the advected thermal. The wavelengths found raised the 

question of whether the behaviour could be characterized as chaotic behaviour. 

6.5.1 Theory of Fourier Transforms 

A physical process can be described either in a time domain, in which a quantity h is a function 

of time: h(t), or it can be expressed in the frequency domain, in which the amplitude H of the 
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process is a function of frequency: H (t). In our case, the equivalent of the time domain was 

h fcdz as a function of position, and the frequency domain was H as a function of the inverse 

wavelength. The Fourier transform equations allow one to go back and forth between these two 

representations, which are shown below. 

H(f) J h(t)e2lllft dt (6.5.1) 

h(t) :: J H(f)e -2IIift df (6.5.2) 

From these equations it can be seen that the Fourier transformation, H, is a linear operation. 

This can be expressed as H(af + bg) = a H(t) + b H(g). A physical interpretation of the data 

using the Fourier transform is obtained by expressing the data in a spectral representation. H(f) 

is known as the spectral density and measures the intensity of h(t) in the frequency interval 

between f and Llf. The integral 

(6.5.3) 

can be interpreted as the total energy of the physical system; hence an integral of 1 H(f) 12 from 

a to b gives the contribution of the frequencies f between a and b to the total energy. The 

relative amounts of energy contained in each frequency interval reflects the dominance of that 

frequency within the data. 

The above Fourier transform equations apply to a continuous function. Additional aspects need 

to be considered in the discrete Fourier transform for discrete functions resulting from discretely 

sampled experimental data. The experimental data discretely sampled at evenly spaced intervals 

of 0 is represented as hn = h(no), n=0,1,2,3,... For any sampling interval 0, there is a 

Nyquist critical frequency, fe, given by 

f -c 
1 

20 
(6.5.4) 

To explain fe• consider a sine wave of the Nyquist critical frequency. If it was sampled at its 

positive peak value, the next sample would be at its negative trough value, the next at the peak 
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and so on. So the critical sampling is 2 points per cycle. When time is measured in units of 

sampling interval, the Nyquist critical frequency is the constant 112. 

The Nyquist critical frequency is important for two reasons. The first, known as the sampling 

theorem, is: if a continuous function h(t), sampled at an interval 8, happens to be bandwidth 

limited to frequencies smaller in magnitude than fc' i.e., if H(f) 0 for all f ~ fc' then the 

function h(t) is completely determined by its samples ho. The second is, if a function is not 

bandwidth limited to less than fe' then all the power spectral density that lies outside the 

frequency range 0 < f < fc is spuriously moved into that range, which is known as aliasing 

(falsely translated). To determine if a discrete sample has been competently sampled ( i.e. 

aliasing minimized), a check should be made to see if the Fourier transform approaches zero as 

the frequency approaches fc from below ( or equivalently as the period approaches life from 

above). 

As the data samples that were analyzed in this section were relatively short, 120 to 160 points, 

the question arose as to the effect on the periodogram of a faster sampling rate. Press et al. 

(1992) stated that when sampling at a finer sampling interval, the frequency resolution is 

unchanged, but the Nyquist range extends to a higher frequency. Thus the variance of anyone 

particular frequency's estimated power spectral density is not reduced. It was, however, 

observed that small changes (5-10 %) in the power spectral density versus frequency plot resulted 

when the length of the data set was changed . 

6.5.2 Analysis with Discrete Fast Fourier Transforms 

Data sets 

The experimental data used for this analysis was that also used in for the analysis in 6.4, i.e. 

from the experiments AC, AJ, BA, BB, BC, BD and BE. The experiments AC and AJ 

provided 4 data sets of the section of the flow 0 to 800 mm from the port and the experiments 

BA, BB, BC, BD and BE provided 8 data sets of the flow 750 to 1500 mm from the port. The 

integrals of the concentration of vertical profiles at intervals of 5 pixels were obtained along the 

trajectory. The integrals of the concentration of vertical profiles from the instantaneous images 

were normalized with the time averaged integrals of the concentration of vertical profiles as 

follows: Jciostdz/Jcavgdz. This partially accounted for the decreasing ratio of the area of the 

integral to the area of the cross-section. The data sets consisted of 120 to 160 pairs of data, 

with each pair comprising the distance from the port and value of the normalized concentration 

integral. 
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Matlab analysis 

The data sets were analyzed in MATLAB. The MATLAB Fast Fourier transform function, fft, 

employs a radix-2 fast Fourier transform algorithm if the length of the sequence is a power of 

2, and a slower mixed-radix algorithm if it is not. A MATLAB program was written to 

perform the following calculations: 1) the Fast Fourier transform of the concentration integral, 

which resulted in the discrete spectral density, 2) the power of the discrete spectral density, and 

3) the frequencies of the data which were converted into wavelengths. The program then plotted 

a periodogram of the power spectrum, hence allowing the peaks in the power spectrum to be 

determined, which identified the dominant wavelengths. 

The competency of the 5 pixel sampling interval was checked by comparing the analysis of one 

data set, that of BA3, using a sampling interval of 5 pixels to one using a sampling interval of 

1 pixel. The plot of the raw data, the concentration integral versus distance along the trajectory 

was shown in Figure 6.10a and b for the sampling interval of 1 and 5 pixels respectively. The 

fast Fourier transform was calculated and the periodograms of the results were shown in Figures 

6.11 a and b for the samp ling interval of I and 5 pixels respectively. The peaks in the 

periodogram with the sampling interval of 1 were at 24, 37, 48, 74, 94, and 222 pixels and the 

peaks in the periodogram with the sampling interval of 5 were at 27,47,73,92 and 216 pixels 

respectively. The periodograms were almost identical indicating that a sampling interval of 5 

pixels was sufficient. Also, it was observed in both cases that the Fourier transform approached 

zero as the period approached life (equal to a spacing distance of 2 sampling intervals) from 

above indicating that the sample had been competently sampled. 
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Figure 6. lOa and b: The plots of the concentration integral against distance from the port 

for a sampling interval of 1 and 5 pixels respectively. 
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Figure 6.11a and b: The periodograms of the result of the fast Fourier transform of the 

concentration integral data with sampling interVals of 1 and 5 pixels respectively. 

Each of the data sets had relatively few sampling points and there was a degree of randomness 

in the experiments, so the Fast Fourier transforms of the corresponding data sets were summed 

to get an "average". This allowed the most common wavelengths to stand out more prominently 

as the less common wavelengths were "averaged out" of the resulting periodogram. The data 

sets of CAl, CA3, An and AJ3 were summed for the results of the first section of the flow and 

the data sets of BAl, BA3, BBI, BB3, BCl, BDI, BEl and BE3 were summed for the results 

of the second section of the flow. The data sets were all trimmed so they were the same length, 

thus the discrete power spectra were calculated at the same frequencies and could, therefore, be 

summed. 

6.5.3 Results 

The periodograms, which resulted from the summation of the Fast Fourier transforms of the 

individual experiments, were shown in Figure 6.l2a and b for the first section of the flow, from 

150 to 800 mm, and for the second section of the flow, from 750 to 1500 mm respectively. The 

dominant wavelengths found in the first 150 to 800 mm section of the flow were 70 and 116 mm 

(equivalent to 12 and 20 sample intervals (8 = 5 pixels) or 45 and 75 Ip,A), of which the 

wavelength of 70 mm was the more prominent. In the first section the structure of the thermal 

was still in the development period up to x "" 500 mm, which was shown as section B in Figure 

6.7. The summed fft analysis was repeated using only the data from x = 150 to 515 mm to 

isolate the behaviour of developing period. The analysis was performed by both averaging the 

transforms of the individual experiments and by concatenating the data from all the individual 

experiments and calculating the transform of the concatenation. Both analyses resulted in only 
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a single dominant wavelength of 70 mm. The dominant wavelengths found in the second 750 

to 1500 mm of the flow were 116 and 232 mm (equivalent to 20 and 40 sample intervals (S=5 

pixels) or 75 and 150 Ip.A' of which the wavelength of 116 mm was the more prominent. This 

would suggest that the 116 mm wavelength found in the fft of the section x = 150 to 800 mm 

was due to the self similar part of the flow, which was beyond x = 500 mm. 
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Figure 6.12a and b: The periodograms resulting from the summation of the Fast Fourier 

transforms from the individual experiments for x 0 to 800 mm and x = 750 to 1500 mm 

The Fast Fourier transform was calculated for each individual data set and the dominant 

wavelengths recorded from the resulting periodograms. The dominant wavelengths found in 

each experiment were tabulated below in Table 6.4. The dominant wavelength of 70 mm found 

from the summed results of the first section of the flow, shown in Figure 6.12a, was observed 

in each of the individual data sets. For the second section of the flow, in 5 of the 8 data sets 

at least one of the dominant wavelengths was observed. 

Within each experiment, the dominant wavelengths were examined to find the size relationship 

between them. The first dominant wavelength was selected as the basic wavelength, A, and all 

larger wavelengths were then expressed as multiples of this basic wavelength. The wavelength 

multiples for each experiment were presented in Table 6.5 below. Patterns in the relationships 

between the wavelengths seemed to be evident in the data. The strongest pattern was a doubling 

of the wavelengths, identified by wavelengths A, 2A, 4A, 8A, ... however not all the multiples 

were necessarily present in all the experiments and other wavelengths could also be present. The 

experiments, in which the doubling was found, were AJI (A,2A,4A), AJ3 (A, 4A), CAl (A, 

4A), CA3 (A, 2A), BB3 (A, 2A), Bel (A, 2A, 4A, 8A), BD1 (A, 2A) and BE3 (A, 2A, 4A). 

Another pattern found was a tripling, identified by wavelengths of A and 3A. This pattern was 

found in CAl, BA1, BB 1 and BD 1. 
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Table 6.4: Dominant wavelengths of the individual experiments 

For x = 0 to 800 nun 

Test Periods (mm) 

(value of power spectral density) 

AIl ® 94 143 283 
· 

(148) (78) (52) (50) ~ 
i 

AJ3 48 ® 190 . · . 
(47.6) (85.4) (66) 

! 

CAl 17 30 42 52 

I 
® 191 . · 

(18) (23.4) (46.7) (25.1) (38.2) (71.3) 

CA3 44 I 58 ® 116 · . 
(20) (46) l (139) (105) 

: , 

For x = 700 to 1500 nun 

Test Periods (mm) 

(value of power spectral density) 

BAI 76 @ @J 
(103) (305) (214) 

BA3 102 @ 
(121) (380) 

BBI 76 98 @ 
(81) (103) (210) 

BB3 68 98 140 353 

(82) (51) (44) (139) 

BCl 42 86 176 353 

(48) (75) (102) (203) 

BDt 58 @ 176 

(74) (194) (248) 

BEt 98 ® 
(136) (238) 

BE3 62 92 124 248 

(82) (116) (203) (88) 
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Table 6.5: Dominant wavelengths expressed as multiples of the first dominant wavelength 

of the individual experiments. 

For x = 0 to 800 nun 

Test Periods as multiples of the shortest period 

(value of power spectral density) 

All CO 
I 

1.34 

I 
® (9 · 

(148) (78) (52) (50) 
, 
~ 

AD CD 1.5 0 . . · 
(47.6) (85.4) (66) 

CAl ~ I 
1.75 

i 
2.5 (3' 

I 
<D 11 

, 
( 8) (23.4) i (46.7) (25.1) (38.2) (71.3) 

CA3 0.75 I CD i 1.2 (J) ~ 
! · 

(20) ! (46) ! (139) (105) 

For x 700 to 1500 nun 

Test Periods as multiples of the shortest period 

(value of power spectral density) 

BAI 
~~1-

1.5 3 

(103) (305) (214) 

BA3 I 2.3 

(121) (380) 

,"""'"'-,,-
BBI : I ' 1.3 3 

(81) (103) (210) 

BB3 CD 1.44 CD 5.2 

(82) (51) (44) (139) 

BCI CD (;) (4) ® 
(48) (75) (102) (203) 

BDI (~) CD 3 
'. 

(74) (194) (248) 

BEl I 2.3 

(136) (238) 

BE3 (0 1.5 CD 0 
(82) (116) (203) (89) 
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6.5.4 Discussion 

The Fast Fourier transform was effective in finding a periodicity within the data. A dominant 

wavelength of 70 mm was found in the developing section of the flow, section B in Figure 6.7. 

The dominant wavelengths of 116 and 232 mm were found in the self-similar region of the flow, 

section C in Figure 6.7. This seems to indicate that there is a preferred interval at which the 

subthermals will form. It is not known what would be the cause of this preferred interval. 

Possible influencing factors are the geometry of the system, the length scales of turbulence that 

remain in the ambient, and the wake caused by the towing of the port through the ambient. 

A wake structure was caused by towing the port through the ambient to model the ambient 

coflow. The port consisted of a straight section of pipe extending from the water surface down 

to the exit depth of ~ 10 port diameters, then the pipe was bent through an angle of 90" and 

a straight section with a length of 8 port diameters led to the exit. The port was considered as 

a straight cylinder and the wake, in which the free shear layers developed into alternating 

vortices was investigated. For the case of a vertical cylinder in a crossflow, the alternate 

shedding of vortices with a dominant periodicity is most pronounced for 100 < Re < 200 000 

(McCroskey1981). The periodicity of the vortices is defined by the Strouhal number, 

S = (f d)/U~, where f is the cycle frequency, d is a length perpendicular to the flow and U= 

is the mean crossflow. From a figure in McCroskey (1981), for the Reynolds number of 103 

of our flow case the Strouhal number lies in the range of 0.18 to 0.21. Inserting the values of 

d 0.015 m (the outside diameter of the pipe) and U~ = 0.11 mls gave a cycle frequency in 

the range of 1.32 to 1.54. Dividing the mean flow velocity by this frequency gave spacing 

between vortices in the range of 70 to 80 mm. 

The initial periodicity found in the advected thermal flow was 70 mm thus it appeared that the 

wake could have been the cause of this initial periodicity. From the flow images it was seen 

that the disturbance by the wake structure extended only a short distance below the elevation of 

the port and thus affected the flow only until it had fallen below this elevation. The wake may 

have affected the structure of the flow in the initial flow section extending to x 500 mm, but 

did not appear to have a continuing effect on the structure as the periodicity seen in the flow 

beyond this distance was not characterized by this length. 

Examination of the dominant wavelengths within each experiment found patterns in the 

relationship between the wavelengths. The patterns found were a doubling pattern and a tripling 

pattern. The existence of the doubling pattern provoked an brief investigation into chaos theory 

and the possibility of its applicability to this experiment. 
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The main ideas of chaos theory can be found in many references of which a selection are 

Argyris et a1. (1994), Mullin (1993) and Takens (1981). The ideas most pertinent to these 

results are those of period doubling cascades as a route to chaos. Fast Fourier transforms are 

a common method of analysis used to look for evidence of chaotic behaviour. Time series data 

is analyzed and typical results corresponding to system behaviours with given attractors as 

solution spaces can be identified. The results of the current experiment could possibly have a 

limit cycle or a torus as a solution space. 

Libchaber and Maurer (1982) studied a Rayleigh-Benard convection experiment, which is a 

strictly controlled hydrodynamic instability experiment. They found a period doubling cascade 

to chaos as the Rayleigh number was increased. The evidence of this was found from an 

investigation of a fast Fourier transform of the temperature data, in which bifurcation patterns 

were seen as the following frequency sequences: f -7 f/2 -7 f/4 -7 f/8 -7 f/16, f -7 fl2 -7 f/6 and 

f -7 f/2 -7 f/4 -7 f/20. The first two of these sequences have also been found in the present 

study. 

The possibility of this experiment exhibiting chaotic behaviour remains an open question. Most 

systems that are studied to identify chaotic behaviour have fewer degrees of freedom, the 

experimental parameters are more closely controlled, and highly precise data is collected over 

a much longer time span. Period doubling sequences are usually identified by changes in the 

behaviour as a single parameter is gradually increased. In this experiment, the control of the 

parameters was not of the precision needed, the time series of the data was relatively short, and 

only one nominal set of parameters was investigated. 

6.6 Sunlmary 

The integrals of the concentration of vertical profiles across the advected thermal were 

calculated. The variation of the concentration integrals was compared visually to an image of 

the flow. Subthermals protruding from the flow all corresponded to peaks in the concentration 

integral plot, however, there were additional peaks in the concentration integral plot that did not 

correspond to subthermals. The variation in the concentration along the vertical profiles was 

examined and it was found that peak concentrations could be found in the lower 5/8th of the 

profile. Therefore, some concentration integral peaks would correspond to high concentrations 

that had not yet protruded from the main flow as subthermals. 
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The relationship, between the vertical concentration integral and the distance from the port for 

a time averaged image of the advected thermal, illustrated that there were two distinct regions 

of behaviour. Up to 500 to 600 rum, the flow was still developing with the dilution not 

following the relationship predicted by the dimensional analysis. After this point the behaviour 

changed, with the dilution relationship changed to that predicted, by both the dimensional 

analysis and the integral analysis present in the theory chapter, but with a reduced width growth, 

which was caused by the changing cross-section shape brought about by the sub thermal 

development. The concentration integrals from the instantaneous images indicated that the 

variations in the concentration integrals fell into an envelope that ranged from -0.7 to 1.1 times 

the value of the time averaged concentration integral. 

The investigation of the periodicity of the subthermals using a fast Fourier transform analysis 

found that there was an identifiable periodicity in the data. A dominant wavelength of 70 was 

found in the developing region of the flow, 0 to 500 rum from the port, and corresponded to the 

wake structure formed by towing the port through the ambient. Dominant wavelengths of 116 

and 232 mm were found in the self-similar region of the flow, 500 to 1500 rum from the port. 

Examination of the dominant wavelengths occurring in each data set, discovered a pattern of 

wavelength doubling in three-quarters of the data sets. However, it remains an open question 

as to whether this was indicative of chaotic behaviour. 
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Advected Thermal in Non-

Turbulent and Turbulent 

7.1 Introduction 

Buoyant jets are studied in the laboratory because they model the release of many of our wastes 

into the oceans or into the atmosphere. For the most general case of a buoyant jet in a co-flow 

or cross-flow, the flow will go from a jet-like region (momentum dominated) to a plume-like 

region (buoyancy dominated) to an advected thermal-like region (buoyancy and ambient velocity 

dominated). The advected thermal-like region is the final behaviour of all effluent releases if 

the ocean is deep and non-turbulent. The behaviour of the buoyant jet is affected by 

environmental parameters and this chapter looked at the effect on the advected thermal of 

turbulence in the ambient. The work was done at the beginning of the PhD study. 

Advected thermals have been studied in the laboratory in non-turbulent conditions. However, 

there have been a number of experiments in which advected thermals were released in open 

channel flumes, which have the normal open channel turbulence. This experimental study was 

carried out to investigate and compare the properties of the advected thermal in non-turbulent 

and turbulent ambient to determine what effects the turbulence can have on the dynamics and 

structure of an advected thermal. The structure of the thermal may be disrupted by the 
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turbulence, which would have an effect on the dilution obtainable for the effluent. 

In the advected thermal flow, the motion of the fluid is driven by the buoyant forces of the flow, 

which act in the vertical direction, while the thermal is advected in the direction of the 

crossflow. As the thermal moves in the direction of the buoyant forces, the shear stress acting 

around the circumference of the buoyant fluid causes a pair of counter-rotating vortices to form. 

Figure 7.1 illustrated Woodward's (1959) experimental data for the behaviour of axisymmetric 

thermals, which at a centreline section was qualitatively the same as for a vertical cross-section 

of the advected line thermal. The ambient fluid was deflected around the sides of the flow 

region and entrained at the rear. The mechanism for entrainment has been suggested by Morton 

and Ibbetson (1994) to be due to the pressure field, but resulting from the diffusion of vorticity 

in the interior of the vortex core as described in the Appendix H. Once entrained the fluid 

circulates around the vortices. 

a) Paths of the particles of fluid relative 

to the thermal and computed from average 

velocities 

1.! 

b) Distortion of an initially horizontal 

layer offluid, which is caused by the 

mean motions of the thermal 

Figure 7.1: Flow structure of the advected thermal showing the internal circulation and the 

entrainment. (Woodward 1959) 
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7.2 Theory of the Advected Thermal 

The advected thermal has been analyzed using both dimensional analysis and integral analysis 

to derive the governing equations for the bulk motion (see Appendix F and section 4.2.3 

respectively). The resulting equations for trajectory, width and dilution are, 

(7.1) 

b = mz (7.2) 

(7.3) 

7.3 Experimental Method and Program 

The experiments were performed to compare the behaviour of the advected thermal released into 

a non-turbulent ambient to one released into a turbulent ambient. The advected thermals were 

created by discharging a salt solution from a horizontal port into a tank of freshwater as 

described in section 2.2.2. The non-turbulent ambient was obtained by allowing the tank to 

settle for a few hours and the turbulence in the ambient was created with an array of bubble jets 

as described in section 2.2.1. Two advected thermals having densimetric Froude numbers of 

2.3 and 0.7 were observed in non-turbulent ambient and the advected thermal with a Froude 

number of 2.3 was released in the turbulent ambient. Their nominal parameters are given in 

Table 7.1. 

The trajectories of the advected thermals were measured from photographs of the dyed flow 

(details in section 2.3.1). The detailed structure of the advected thermals was obtained using 

a grid of suction probes to sample an array of points over a vertical cross-section of the flow. 

The details of the sample collection and the salinity meter analysis of this data were given in 

section 2.3.2. The cross-sections were obtained at different distances along the trajectories of 

the advected thermals as detailed in Table 7.2. 
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Table 7.1: Summary of experimental parameters for advected thermals 

Thennal name I 2 

Port diameter ~ (rrun) 10.4 6.25 

Initial velocity of effluent 110 27 
= Uo (mmls) 

Ambient velocity 110 27 
= U_ (mmls) 

i 

Flow rate = Q (mlls) 9.34 0.83 

%0 by mass of salt 30 30 

°/00 by mass of dye I 1 

Initial buoyancy =~ 0.22 0.22 

Initial Froude number 2.3 0.7 
= Fr (nominal) 

Reynolds number 1150 170 
i 

= Re (nominal) 

Table 7.2: Summary of cross-section of the advected thermals 

State of Thermal Cross-sections at 
ambient name distances from the port 

of: (m) 

Non-turbulent 1 0.20, 0.50, 0.70, 1.00, 
1.30,2.00 

Non-turbulent 2 0.15,0.30,0.50, 0.70 

Turbulent 1 0.70, 1.00, 1.30 

The cross-section data was plotted to scale and the contours of concentration were sketched in 

as shown previously in Figure 3.4 to show the structure of the advected thermal. The maximum 

concentration of the cross-section, Cm, was found (at the centre of the vortices for the non

turbulent cross-sections). The vertical width, 2b, measured off the cross-section, was the 

distance between the contours of e-1Cm and the elevation of the cross-section was the midpoint 

of the width. (Note: this is different from the widths and dilutions of Chapter 3, which were 

defined from the maximum concentration on the centreline rather than the maximum of the 

cross-section) 
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7.4 Experimental Results 

The results of the tests outlined above are given in the following section. The general flow and 

concentration structure was examined at a vertical centreline section from the video images, and 

at cross-sections from the suction probe data. The characteristics of trajectory, width and 

dilution of the advected thermal, released into non-turbulent and turbulent ambient, are presented 

and compared to the theoretical model and to results from previous researchers, with an 

emphasis on the differences due to the turbulence in the ambient. 

7.4.1 General Flow and Concentration Structure 

Flow visualization by dye injection allowed the trajectories of the thermals to be determined and 

the general structure of the flow to be identified. The trajectory of the advected thermals, when 

released in the non-turbulent and turbulent ambient, were compared in Figure 7.2. The 

centreline of the trajectories were very similar but the thermal released in the turbulent ambient 

had a greater width, and also greater irregularity of the flow boundaries. The trajectory of the 

thermals were consistent in the non-turbulent ambient as seen in Figure 7.3a. In comparison, 

in the turbulent ambient, although the trajectories followed the same general path, there was a 

greater fluctuation about the mean trajectory, which would be due to the turbulent eddies 

interacting with the thermal, as seen in Figure 7.3b. The data is compared to the numerical 

analysis of Wood et al. (1993). 
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Figure 7.2: Trajectory of the advected thermal in turbulent and non-turbulent ambient. 
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Figure 7.3: Trajectories of the individual experiments compared for consistency 

The advected thermal has been modelled as a 2-dimensional structure. This was a good model 

when applied to the time-averaged behaviour of the thermal, however a closer look at the 

instantaneous behaviour showed 3-dimensional behaviour, which has been described in Chapter 

5 and in Chapter 6. The trailing edge of the thermal was smooth, due to a stable density 

gradient. The leading edge was more irregular, due to an unstable density gradient, and this 
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was seen as smaller thermal elements protruding from the main trajectory path. The exact 

pattern of these sub-thermals differed in each realization because they were triggered by small 

non-reproducible disturbances. In the non-turbulent ambient the sub-thermals dropped down to 

a relatively smooth enveloping line, as shown schematically in Figure 7.4. The turbulence in 

the ambient affected the growth of the sub-thermals. The main trajectory path showed more 

variation, as did the growth of the sub-thermals in that they did not protrude to such a smooth 

enveloping line, as shown schematically in Figure 7.4. 

The advected thermal in non-turbulent ambient 

The advected thermal in turbulent ambient 

Figure 7.4: Schematic sketch of the advected thermal illustrating the subthermal formations 

The effect of turbulence on the flow structure was also seen from a top view of the advected 

thermal. In the non-turbulent ambient a vortex pair structure had developed shortly after 

release, X/lpA =200. This could be seen as two slowly diverging lines of more darkly dyed fluid, 

which became more distinct at distances further from the port. In contrast, in the turbulent 

ambient, the development of the vortex pair structure could be seen initially close to the port 

as two distinct lines, however, this structure was soon disrupted by the ambient turbulence 

indicated by the breaking up of the lines causing them to become indistinguishable 

The concentration structure of vertical cross-sections were obtained by analysing the samples 

collected by the grid of suction tubes. This data gave a detailed picture of the structure in the 

form of an m x n array of data points, from which concentration contours were drawn. Selected 

cross-sections of the advected thermal in non-turbulent ambient are shown in Figure 7.5, 

(additional cross-sections in Appendix I). Most cross-sections in this averaged were vortex pair

like in structure view with two areas of maximum concentration at the centre of each vortex. 



199 

In some cases the resolution of the grid was not fine enough to show the details of the structure 

as seen in thermal 1:1B,2A and thermal 2:1B (Appendix I). The vortex pair structure was 

similar to that seen by Knudsen (1988) for advected thermals and by Tsang (1971) and Richards 

(1963) for line thermals. The self similarity assumption was checked by graphing the scaled 

e-1Cm contour of each vertical cross-section on the same axes, which is shown in Figure 7.6 for 

the selected cross-sections of Figure 7.5 and in Appendix I for the remainder. In general the 

contours were very similar, however there was some variation in the definition of the vortex 

pair structure. At distances further from the port, the separation between the vortex centres 

became more pronounced. The self-similarity of the cross-sections reconfirmed Knudsen's 

(1988) observations. 

The advected thermal was also released into turbulent ambient and the vertical cross-sections 

similarly obtained. These were quite different from the cross-sections in the non-turbulent 

ambient, as seen for selected cross-sections in Figure 7.7 (additional cross-sections in Appendix 

I). They did not show the vortex pair structure but instead showed a random roughly circular 

structure with a maximum concentration at the centre. The size of these cross-sections was 

much larger (by a factor of 1.7) than the non-turbulent cross-sections for any given location 

along the trajectory. The thermal oscillated about its mean position during the time-averaging 

interval so some of the increase in width was due to the oscillation of the whole thermal and the 

remainder was due to an increased rate of spread from the increased turbulent diffusion. The 

degree of self-similarity was determined by graphing the scaled e-1Cm contours on the same axes 

as seen for the selected cross-sections in Figure 7.8, (the remainder in Appendix I). No regular 

structure was evident from this plot. 

Figure 7.5: Cross-sections of the advected thermal released in non-turbulent ambient 
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b) Advected thermal 1 (Fr=2.3) 
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Figure 7.6: Contours of e-J Cm of the advected thermal (Fr = 2.3) in non-turbulent ambient 

scaled as rib to show self-similarity 

Figure 7.7: Cross-sections of the advected thermal (Fr 2.3) released in turbulent ambient. 
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b) Advected thermal 1 (Fr=2.3) 
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Figure 7.8: Contours of e-1c'n of the advected thermal (Fr = 2.3) in turbulent ambient 

scaled as rib to show self-similarity. 
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7.4.2 Bulk Flow Properties of the Advected Thermal 

The detailed data of the advected thennals are tabulated in Appendix I. The trends in 

behaviour, trajectory, width growth and minimum dilution, exhibited by the advected thennals 

are examined below. 

According to the theory, equation (7.1), the trajectory of the advected thermal should follow a 

2/3 power law. The trajectories of the advected thermals released in both non-turbulent and 

turbulent ambient, as shown in dimensionless form in Figure 7.9, had a slope close to 2/3. They 

compared well to the experimental data obtained by Wong (1991), Knudsen (1988) and Davidson 

(1989), also shown in Figure 7.9. 

1000 

100 

z -
IpA 

10 

slope 213 

10 100 1000 

Gaskin:non-turbulent 

Gaskin:turbulent 

10000 

Figure 7.9 Trajectory of the advected thermal in non-turbulent and turbulent ambient. 

Note that the trajectory followed was the same for the advected thennal in both the non-turbulent 

and the turbulent ambient which means that [Ivm2] was a constant for both non-turbulent and 

turbulent ambient velocity, see equation (7.1). This meant that as the width growth (spread) 

coefficient changed in the turbulent ambient so did the shape constant Iv but in the opposite 

direction. (The trajectory points were taken as the centre of the concentration cross-sections of 

the advected thennal.) From the non-turbulent trajectory data with a slope of 2/3, the value 

of the trajectory coefficient [3/2 Iv m2]O.33 was 1.32. This compared to a value of 1.35 from 

Knudsen's data reported in Wood (1993). The value of m from these experiments (see section 

7.4.2.2 Width growth) was 0.42, for the concentration half width, which would give a value of 

Iv of 3.7. From Knudsen's data, m for the concentration width, b, was 0.30 but this value was 



204 

divided by 'A = 1.2 to get the growth of width for a velocity defined width, which gave a value 

ofIv of 6.8. The turbulent trajectory data had a value of m 0.55 and Iv = 2.1. 

The vertical half width of the flow has a linear relationship with elevation, equation (7.2). The 

vertical half width of the trajectory was taken as half of the vertical width of the concentration 

cross-section defined by e-1Cmaxo Crnax was the greatest concentration in the thermal, and was 

either the centre or one of the vortex centres. The results for both the non-turbulent and 

turbulent ambient were shown in dimensionless form in Figure 7.10. The best-fit line for the 

non-turbulent data had a slope of m = 0.41 and went through the origin since a virtual origin was 

assumed. This relationship was very close to Wong's (1991) data, which had a slope of 0.42, 

and within range of Knudsen's (1988) data, which had an equivalently defined slope of 0.36, 

(also seen in Figure 7.10). Note Knudsen (1988) defined her width as half the horizontal width 

of the cross-section defined by e-I('ACJ and Wong defined his width as fbHbv where bH, bv are 

the horizontal and vertical half widths defined by e-1Crnax • For a discussion and illustration of 

the different definitions of widths and their relative magnitudes refer back section 3.1.4.2 and 

Figure 3.21 and 3.22. (In this study the vertical width was 1.15 times the horizontal width) 

80 
0.42 non-turbulent ambient 

70 0.55 turbulent ambient 

60 

50 

bv 40 
A 

80 

~
. 0 Gaskin: non-turbulent 

A Gaskin: turbulent 

X Knudsen 

-Wong 
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Figure 7.10 Width growth of an advected thermal in non-turbulent and turbulent ambient. 

The advected thermal in the turbulent ambient showed a significantly greater jet width for a 

given rise of the thermal. The best-fit line had a slope of 0.55 i.e. an increase in width of35 % 

at a given elevation. 
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According to the theory, equation 7.3, the minimum dilution of the cross-section is proportional 

to the square of its rise. The results in both the non-turbulent and turbulent ambient were shown 

in Figure 7.11. The non-turbulent results, although fairly scattered, followed a squared law, 

(some of the scatter was due to the problem, discussed in chapter 3, of the air bubble trapped 

in the port causing a change in the trajectory), and were within range of Wong's (1991) and 

Knudsen's (1988) data. The dilution obtained in the turbulent ambient was greater than in the 

non-turbulent ambient. The results followed a -./2 power law. A direct comparison can be 

made of thermal 1 at distances of x = 0.7 m, 1.0 m and 1.3 m. In turbulent ambient the 

dilution increased by a factor of 2.1, 1.6 and 1.4 respectively. The increase in dilution 

compared to the non-turbulent situation seemed to decrease further from the port, again seen in 

Figure 7.11. These results indicated an increase in dilution in the turbulent ambient, however, 

due to limited number of experiments, the dilution can only be estimated as roughly 50% greater 

than the non-turbulent case. 
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Figure 7.11: Minimum dilution with elevation oj an advected thermal. 

A plot of the minimum dilution versus the vertical half width, in dimensionless form, showed 

a squared law for the thermal released into both the non-turbulent and the turbulent ambient, 

seen in Figure 7.12. This was consistent with equations 7.2 and 7.3 combined, which predicted 

a dilution proportional to [I,w][Ujqo]b2
• The results of Wong (1991) and Knudsen (1988) also 

showed a very good comparison with the present data. In the advected thermal Ujqo was a 

constant. Thus IAV could be computed from the intercept of this line and was constant in both 

non-turbulent and turbulent ambient giving a value ofI"v between 2.5 and 3.5. This compared 

to a value ofI"v of between 1.6 and 4 forWright's (1977) data of the advected thermal region 
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of a vertically ejected buoyant jet. The dilution depended on the concentration distributions and 

these were different for the non-turbulent and turbulent cases, so it is surprising that StIllV 

appeared to be constant for a given width. 
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Figure 7.12: Minimum dilution of an advected thermal against characteristic width. 

7.5 Discussion 

There was a clear vortex structure visible in most of the cross-section of the thermal in the non

turbulent ambient, which was also seen by Tsang (1971) and Richards (1963) for line thermals 

and Knudsen (1988) for advected thermals. The cross-sections not showing a clear vortex pair 

structure did not have a fine enough sampling grid resolution to observe this detail. 

The thermal released in the turbulent ambient had a significantly greater width and dilution at 

a given point on the trajectory. This was due to the additional diffusion from the turbulence in 

the ambient flow. The dilution in the turbulent ambient was approximately 50 % greater than 

the dilution in the non-turbulent ambient, at the distances examined in these experiments. 

In this investigation, the thermal released in the non-turbulent ambient had a strongly defined 

vortex structure. In a turbulent ambient flow the structure broke down rapidly as the distance 

from the port increased. The larger eddies in the turbulence, with length scales of the same 

order as the thermal, moved regions of the flow as a whole. This was noticeable in the 

oscillations in the trajectory of the thermal in the turbulent ambient. Smaller eddies caused a 
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disruption within the thermal and broke down the vortex pair structure. As the thermal 

increased in size and the vortex pair structure (and hence the large scale mixing) was continually 

disrupted, the dilution of the thermal would increasingly be due to the turbulent diffusion 

process. Within the advected thermal traces of the vortex structure probably remained, 

however, they would not be detectable with the time-averaging method of sampling used here. 

Wong (1991) had suggested that the existence or otherwise of the double maxima (vortex pair) 

structure could depend on the degree of circulation in the thermal. The stronger the circulation 

or circulation velocity the more likely a double maxima. By dimensional analysis he showed 

that a double maxima was present if the initial buoyancy effect was large enough, and that the 

structure could develop with time if the double maxima structure existed in the first place. This 

theory was put forward after examination of the cross-section of the advected thermals, produced 

in his experiments, which did not exhibit strong vortex pair structures. In view of the effect of 

the induced turbulence on the thermals in the present investigation, Wong's (1991) thermals 

released in a flume with the normal open channel turbulence were probably also subject to 

disruption of the structure due to turbulence. This was supported by looking at some of his 

photographs of thermals from above. The thermals showed a double peaked concentration 

structure close to the port, especially at the lower flow rates. The double peaked structure seen 

was the slowly diverging centres of the vortices of the vortex pair which were visible as more 

darkly dyed fluid. However, this double peaked structure broke down in the short distance 

shown in the photograph. The conductivity probes which measured the cross-sections further 

down stream did not find the vortex pair structure. In his experiments, those cross-sections 

showing the strongest suggestion of a vortex pair structure were those in the lowest ambient flow 

rate and those closest to the port. These two conditions had the least potential for turbulence 

to disrupt the structure. 

The properties of the turbulence present in the turbulent ambient of the current work and in the 

flume used by Wong (1991) differed. The turbulence of this work was a crude attempt at 

isotropic turbulence as the jets of air bubbles resulted in a wide range in magnitude of the 

turbulent eddies. The largest eddies were large enough to cause 'wobbles' in the trajectory. 

The 'wobbles' in the trajectory led in turn to the much larger observed widths. The turbulence 

in the flume would have been more isotropic and homogenous and would have had a smaller 

maximum eddy size. It is postulated that this would lead to the vortex structure being disrupted 

but not causing a great increase in width since there could be no large scale 'wobble' of the 

trajectory. 
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Wong's (1991) data still followed the bulk equations of motion which supported the view of 

Tsang (1971) that "the governing equations for the bulk motion of a line thermal can be obtained 

... without restricting the vorticity distribution to a vortex pair". ie Wong's thermals followed 

the equations while not having a vortex pair structure. 

Earlier research on advected thermals had resulted in a large variability in the experimental 

constants found for the governing equation of the bulk flow. Previously this was attributed to 

the difficulties of the experimental methods of producing line thermals, however, Morton, 

Cresswell and Nguyen (1992a) have suggested that this was due to the inherent variability of the 

advected thermal. The leading edge of the advected thermal is a boundary between a denser 

fluid overlying a less dense fluid, which was an unstable situation. This boundary was subject 

to being destabilized by wavelengths of disturbances of a scale smaller than the diameter of the 

port as the bulk downward motion of the fluid progressed. This instability resulted in small 

subsidiary thermals developing from the main thermal. Since these thermals were caused by 

random disturbances they could not be reproduced exactly and were thus the reason for the 

variability found in the experimental constants. The subsidiary thermals were of a more random 

nature in the turbulent ambient. 

7.6 Conclusions 

The main objective of this section of the study was to determine the effect of ambient turbulence 

on the development of an advected thermal. It has been found that the ambient turbulence 

disrupted the vortex pair structure to a more random structure when viewed in a time-averaged 

cross-section. The turbulence also caused an increase in the rate of width growth which 

explained the greater dilutions found in the turbulent ambient. The ambient turbulence, 

however, did not affect the bulk behaviour of the flow, which meant that the trajectory path 

remained the same. 

The subsidiary thermals which developed off the leading edge of the thermal, which was an 

unstable density gradient, were identified as a 3-dimensional characteristic of the advected 

thermals. These have been identified as the cause of variability in the experimental constants 

in the equations describing the flow. 
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Conclusions 

The mean properties of the advected thermal were studied first using a system of withdrawing 

flow samples with a suction system and then using the planar laser induced florescence technique 

(LIF). The entrainment velocities into a single buoyant jet in a crossflow were studied using 

a particle image velocimetry technique (PIV). 

The first experimental results presented verified the accuracy of the laser induced fluorescence 

technique by comparing it to the suction data. The data agreed to within ±5 %. The mean 

properties of the advected line thermal were presented and a good comparison was found with 

the theoretical predictions and with experiments of other workers. 

The results of theexpel'iments investigating the entrainment into the single buoyant jet in a 

crossflow were presented. The entrainment flow fields were shown in streak images and 

quantitatively as velocity vector maps obtained from the PIV analysis. The results showed that 

the crossflow had an effect on the entrainment into the buoyant jet. As the crossflow increased 

the entrainment into the buoyant jet was increasingly asymmetrical and, at crossflows greater 

than the entrainment velocity in a stationary ambient, all entrainment occurred on the upstream 

side of the jet. The good comparison, between the entrainment flow field results formed by 

numerically adding a crossflow to the stationary entrainment flow field and the physical 

cross flow , supported the hypothesis of superposition of the crossflow and entrainment velocities 

in the irrotational flow region. 
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The integral analysis for the mean properties of buoyant jets in stationary and crossflowing 

ambients was presented. The case of the single jet with Gaussian distributions of buoyancy and 

excess velocity in a stationary ambient was reviewed and extended to describe the entrainment 

velocity distribution into the buoyant jet. The hypothesis of superposition of the crossflow 

velocity on the irrotational entrainment suggested by the experiments was incorporated into the 

analysis for the buoyant jet with Gaussian distribution of buoyancy and excess velocity in a 

cross flow. The resulting equations showed how the normal entrainment changed naturally, as 

the crossflow increased, into the forced entrainment formulation. The forced entrainment 

formulation says that in a crossflow the entrainment flux, q, equals the projected area defined 

by 2U=b. The modified analysis was then checked with the limiting cases of a pure jet and a 

pure plume. The predictions of the theory was compared to the experimental results presented 

in Chapter 3 and a good agreement was found. The equations for a buoyant jet with vortex-like 

distributions of excess velocity and buoyancy were reviewed. 

A limited range of experiments of a buoyant jet changing to an advected thermal illustrated the 

ability of the dimensional analysis to describe the limiting flow cases. The comparison of the 

results to the numerical procedure for the integral model indicated that more information is 

needed about the transition from the Gaussian to the vortex-like flow 

Further experiments were presented which were used to investigate the instantaneous or unsteady 

behaviour and three dimensional structure of the advected line thermal using statistical studies 

of instantaneous jet properties. A visual inspection of the advected line thermal indicated that 

it was a complex and irregular flow, characterized by subthermal formation. Maximum 

instantaneous concentrations of up to 3.5 to 4 times the maximum concentration of the averaged 

flow were found in a profile that was skewed towards the leading edge of the flow. Minimum 

instantaneous concentrations of zero were found throughout the flow. The root mean squared 

of the concentration fluctuations ranged up to a maximum, found towards the leading edge, of 

0.8 times the mean value. The concentration fluctuations for the advected thermal were greater 

than those for both the plume and jet because of the large scale variability in the flow caused 

by the subthermal structures. The intermittency of the flow was found to almost follow an 

offset and shortened Gaussian profile, indicating that pure ambient could be found anywhere 

within the mean flow boundaries. The intermittent character of the advected thermal was due 

mainly to the development of the subthermal structures. 

The three dimensional structure of the advected line thermal was investigated using the integral 

of the concentration in a vertical profiles across the advected thermal. The peak values of the 

concentration integrals were found to correspond to fully developed or imminent subthermal 
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formations. A change in the mean flow behaviour, within the region that was predicted as 

constant by the dimensional analysis, was found to be linked to (but non fully explained by) the 

onset of sub thermal development. The periodicity of the subthermal formation was investigated 

using a Fast Fourier transform analysis. A dominant subthermal spacing of 70 was found prior 

to the onset of subthermal formation and corresponded to the wake structure formed by towing 

the port through the ambient. After the onset of sub thermal formation, dominant subthermal 

spacings of 116 and 232 mm were found. Examination of the dominant wavelengths occurring 

in each data set, discovered a pattern of wavelength doubling in three-quarters of the data sets. 

However, it remains an open question as to whether this was indicative of chaotic behaviour. 

A final set of results were presented, which examined the effect of ambient turbulence on the 

development of an advected thermaL The ambient turbulence disrupted the mean vortex pair 

structure to a more random structure. The turbulence also caused an increase in the rate of 

width growth, which explained the greater dilutions found in the turbulent ambient. The 

ambient turbulence, however, did not affect the bulk behaviour of the flow, which meant that 

the trajectory path remained the same. The subsidiary thermals which developed off the 

unstable density gradient at the leading edge of the thermal caused the variability in the 

experimental constants in the equations describing the advected thermal flow. 

8.1 Future Work 

Many problems remain in understanding the behaviour of buoyant jets. For the problem of a 

buoyant jet in a crossflow, I believe top priority should be the following: 

1) To modify the numerical model of Wood et al. (1993) to include the equations resulting 

from the superposition of the crossflow and entrainment velocities. To do further experiments 

of weakly advected single buoyant jets, so that the observed mean properties of trajectory, width 

growth and dilution can be compared to the model predictions. 

2) To investigate the transition of the single buoyant jet from Gaussian distributions to vortex

like distributions of excess velocity and buoyancy. This could be done by observing the flow 

concentrations with a series of vertical sections parallel to ambient flow which would extend 

across the full width of the flow cross-section. Cross-sections could be built up from a 

compilation of profiles of data from the vertical sections as shown in Figure 8.1 
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Figure 8.1.' Suggested experiments for studying the cross-sectional development of a single 

buoyant jet as it goes from Gaussian to vortex-like distributions of excess velocity and 

buoyancy. 
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Appendix A 

Calibration of conductivity meter 

The Radiometer conductivity meter, CDM 83, was calibrated to fmd the relationship 
between the conductivity of a salt solution and its concentration. The relationship for 
both the salt solution and the dyed salt solutions were determined. 
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The following constants of the conductivity meter were determined. 
Reference temperature = 19.2 C 
Cell constant = Kc =:: 1.375 Icm 

Temperature coefficient 2.25 IC 

Table A1." The salt concentration and conductivity data for the salt solution 
and the dyed salt solution 

Salt solution I Dyed salt solution 
30 gil salt in fresh water 1 gil dye, 30 gIl salt in fresh water 

Concentration Conductivity Concentration Conductivity 
gil uS/cm gil uS/em 

0.05 249 0.05 253 
0.1 348 0.1 349 

0.25 612 0.15 435 
0.5 1042 0.2 527 
1 1890 0.25 607 

1.5 2700 0.5 1050 
2 3560 1 1870 

concentration = 0.00059 (conductivity) - 0.106 

o 

DATA 

i 0 30 g salVI , 

• IJ. 1 gil dye, 30 9/ saltl 

I ~ best fit line .. 

A-I 

o 500 1000 1500 2000 2500 3000 3500 4000 

Conductivity uS/cm 

Figure A.1: Calibration of conductivity meter 
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Appendix 

Corrections to calibration images 

for B,C,D and J 

The final calibration image for the time-averged LIF images of Series A, B, C, D and J were 

corrected for the light intensity 'dip' that was due to the method of obtaining the calibration 

image as described in detail in Section 2.4.3. The following 3 graphs present the correction 

constants for the calibration images of Series B, of Series C and D and of Series J respectively. 

The corrections for Series A were given in Section 2.4.3. 
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Correction constants were added to the calibration image 
light intensity values to correct for the "dip". 
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The correction constant ,K, was as follows: 
x = 0 to 300, K = 0 
x = 300 to 400, K = 0.21 x -63 
x= 400 to 540, K= -0.193 + 104.1 
x= 540 to 767, K= 0 
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x, horizontal distance in pixels across image 

The profile was at y=300 
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Figure B.l: Corrections for time-averaged calibration image of Series B. 
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The correction constant, K, was as follows: 

x = 0 to 275, K = 0 
x = 275 to 438, K= 0.196 x-54 
x 438 to 560, K = - 0.230 x + 128.5 
x=: 560 to 767, K = 0 
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Figure B.2: Corrections for time-averaged calibration image of Series C and D 
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Figure B.3: Corrections for time-averaged calibration image of Series J 
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Appendix C 

Errors in the dilution results 

caused by scattered light 

A small error occurred in the dilutions determined with the LIF method due to scattered light 

fluorescing dye out of the laser sheet. The error was included in the light intensity which was 

converted into dilutions. In Cl the effectiveness of shielding the laser sheet to reduce this error 

was examined. In C2, the magnitude of the error was compared to the background noise to 

determine if it was significant. 

Cl The effectiveness of shielding the laser sheet to reduce the errors 

caused by scattered light fluorescing dye outside the laser sheet 

The error in the light intensity images came from light scattered out of the laser beam (and 

therefore out of the sheet), which caused additional unwanted light from fluorescing particles 

lying outside the laser sheet. The laser light was scattered out of the beam by dust particles in 

the air and water through which the beam passed, and any reflective surfaces worsened the 

problem by reflecting the scattered light back into the flow. To reduce the error caused by light 

scattering, additional shielding was placed around the laser beam and sheet. The relative 

effectiveness of the shielding was determined by comparing the light intensity of images with 

different levels of shielding. The images were taken of a source of fluorescence (a cell filled 

with a set concentration of fluorescent dye), which was placed at different locations relative to 

the laser sheet. 

C1.1 Experimental setup 

In the investigation into the relative effectiveness of shielding the laser beam to reduce the errors 

caused by scattered light, the laser sheet was produced down the centre of the tank and the 

camera placed on a stationary trolley to view the tank via mirrors, as shown in Figure C.la. 

A more detailed description of this general setup was given previously in section 2.4. A 

reference cell, containing a solution of jet fluid diluted 20 times (fluorescent dye concentration 

of 0.005 mg/l), was placed in the laser sheet and also between the camera and the laser sheet 
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at centreline distances of 60 rom and 160 rom from the sheet. The details of the relative 

positions of the laser sheet and reference cell were shown in Figure C.1h. 

camera 

laser sheet 

camera ------? IQJ 
laser sheet 

1 
1 

Y.diaJl.r 
mirrors - .... ~ 

-E--- calibration cell containing 
jetfluid diluted 10 times 

side view end view 

Figure C.la: Experimental setup for investigating the iffectiveness of shielding the laser 

sheet and beam to reduce scattered light errors. 

Cell absent: zero image Cell in laser sheet 

laser sheet tank 
cell 

100mm 35 rilm 

viewing direction viewing direction 

Cell offset by 60 mm Cell offset by 160 mm 

60mm 160mm 

-.-.-.~-.-.-.-.-.-.-.-.-.-.-.-.-.- -.-.-.~-.-.-.-.-.-.-.-.-.-.-.-.-.-

viewing direction viewing direction 

Figure C.l b: Details of the exact position of the reference cell relative to the laser sheet for 

the four positions used in the investigation 
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Time averaged images, with three different degrees of shielding of the laser sheet, were taken 

both with the cell in the different positions and without the cell. The shielding reduced the 

amount of scattered light around the laser sheet. The initial shielding had the rotating mirror 

assembly covered by a narrow box with the end towards the tank open. Additional vertical 

shielding was added by blocking off the vertical angle of spread of the laser sheet to restrict it 

to the minimum necessary for the flow images. This reduced the light scattering because it 

reduced the area of the laser sheet and also reduced the distance along which the laser beam 

reflected against the tank floor, from both of which light scattering could originate. The 

additional horizontal shielding was added by blocking off all but a narrow 15 mm slit on the 

glass at the end of the tank through which the laser sheet could pass. This reduced the area 

through which scattered light reflected by the mirror assembly box could pass into the tank. 

The details of the shielding of the laser sheet were illustrated in Figure C.2. 

Vertical shielding reduced original 
tank laser sheet laser sheet 

calibration cell ~ 1 1 
-----------+-------------------------------- ---\---~-~:~;;~~ 

\v~··· 
.It#' ._" 

"." ... ". .. .' .. " ....... . 
"' .. "' ...... " ...... " ..... 

;" .. ' fE-- vertical shielding 
,../ ./ to reduce area 

.. /" .. "" of laser sheet 
'\\ \ \ \ \ \ \ \ \ \ \ \ \./ 

scattering of laser sheet due to 
reflection off the base of the tank 

Horizontal shielding 

laser sheet 

~ 

<---'r--'> 

diffuse scattered 
laser light 

20 mm gap 
for laser sheet 

---;r ~ 

cardboard screen placed 
at the end of the tank to 
block the diffuse light 

Figure C.2: Details of the additional shielding of the laser sheet and beam. 
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C1.2 Analysis 

The investigation into the relative effectiveness of shielding the laser beam to reduce errors due 

to scattered light first examined the distribution of greyscale values in the images for each case 

(without cell (zero image), cell at laser sheet (reference image), cell 60 mm offset from the laser 

sheet, and cell 160 mm offset from the laser sheet) with each of the three degrees of shielding. 

The absolute change in greyscale values resulting from the additional shielding could be seen 

by comparing the shift in the distribution of greyscale values of the pixels. Shielding reduced 

the greyscale values because there was less fluorescence due to the scattered light. 

The percentage change in the greyscale value which would be caused in the reference image by 

the fluorescence originating from the cell offset from the laser sheet was calculated as, 

(case image) DIP (zero image) x 100% 
(reference image) 

(C.l) 

in which 'case image' was an image recording the effect of the cell offset from the laser sheet, 

I zero image I was an image of the laser sheet without the cell and I reference image I was an 

image of the cell in the laser sheet. DIF was a Global Lab function which returned the absolute 

value of the difference in the greyscale values of corresponding pixels in the images, i.e. the 

variation between the images. The results were expressed as cumulative percentage of pixels 

showing greater than a given change in greyscale value. The analysis was done for the case of 

the cell offset by 60 mm and for the case of the cell offset by 160 mm from the laser sheet. For 

each case the calculation was done for each of the different degrees of shielding of the laser 

sheet to find the reduction in the error accomplished by the shielding. These analyses were done 

on an area of the image 400 pixels high by 400 pixels wide for a total of 160 000 pixels. 

C1.3 Results 

This analysis gave the relative effectiveness of shielding the beam in reducing unwanted 

fluorescence that layaway from the laser sheet. The effect of the different degrees of shielding 

of the laser beam and sheet was shown in Figures C.3a for the zero image and the reference 

image, and in Figure C.3b and C.3c for the images with the cell offset from the laser sheet by 

60 mm and 160 mm respectively. 
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Greyscale value of reference image and zero image 

a) The zero image and reference cell 
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mean of 5 greyscales 
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Greyscale value of pixel 

._-- 1) initial shielding 

2) additional vertical 
shielding 

3) additional vertical & 
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10 12 

b) The reference cell offset by 60 mmfrom the laser sheet 

40 

Figure C. 3: The effect of shielding of the laser beam on the magnitude of the greyscale 

values of pixels in the images. 
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10 

Figure C. 3: The effect of shielding of the laser beam on the magnitude of the greyscale 

values of pixels in the images. 

In the zero image, the shielding had a negligible effect as expected since there was no 

fluorescent dye to be fluoresced. In the other cases the shielding reduced on average the 

greyscale values by 1 to 3, the details of the reductions were shown in Table C.1. The 

additional horizontal shielding did not reduce the additional fluorescence for the case of the cell 

offset by 160 mm from the laser sheet. This was due to the fact that at this distance the initial 

shielding was effective and no reduction in scattered light occurred at 160 mm from the laser 

sheet due to the additional shielding. 

To find the magnitude of the error reduction due to the shielding, the percentage change in 

greyscale value was calculated for each of the different degrees of shielding of the laser sheet. 

The results were shown in Figures CAa and CAb for the case of the errors due to the cell lying 

60 mm and 160 mm from the laser sheet respectively. For the cell lying 60 mm from the laser 

sheet, the vertical shielding reduced the errors from 11 % to 8 % and the horizontal shielding 

reduced the errors from 8% to 6%. For the cell lying 160 mm from the laser sheet, the 

horizontal shielding made no difference but the vertical shielding reduced the error from 6 % to 

3 %. These results indicated that the shielding was effective in halving the errors caused by the 

scattered light, with the additional horizontal shielding being most effective for fluorescence 

lying closer to the laser sheet. 
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Table C-J: Reduction in greyscale value caused by shielding of the laser 

sheet in the different image cases. 
_. 

Reduction in greyscale value caused by: 

Image case additional vertical shielding additional vertical & 
horizontal shielding 

zero (Le. no cell) 

reference cell 

cell offset by 60 mm 

cell offset by 160 rum 

100 

m 
1U 

90 

f!! 
0) 80 
<tl QJ 
0)-

.!; ~ 70 > ~ ro 
J:: f!! 
(/) 0) 

60 Qi c x .-
'n QJ 
_0) 

50 o C 
QJ ro 
O)J:: 
ro 0 

- QJ 40 c: 0) 
QJ ro 
0-..... C 
QJ QJ 30 0..0 
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::::; 
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0 2 
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2 (from 33) 

1 (from 7) 
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4 6 

0 

3 (from 33) 

2 (from 7) 

1 (from 5) 

---1) initial shielding of 
laser sheet 

-- 2) additional vertical 
shielding 

................ 3) additional vertical & 

horizontal shielding 
'-------

8 10 
Percentage change in greyscale value in the pixel 

a) For the case of the cell offset by 60 mm from the laser sheet 

Figure C.4: Reduction in percentage error in greyscale value produced 

by shielding of the laser sheet. 

12 
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12 14 
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b) For the case of the cell offset by 160 mm from the laser sheet 

Figure C. 4: Reduction in percentage error in greyscale value produced 

by shielding of the laser sheet. 

C2: Investigation of the average to an of a reference 

light intensity caused by a fluorescent jet offset from laser sheet. 

In the experiments of C1 it was determined that shielding the laser beam reduced the errors 

caused by the scattered light. The scattered light error then needed to be investigated to see if 

it was a significant problem, i.e. caused a greater variation than the background noise. This was 

investigated by comparing the overall changes to a region of a reference image caused by 

scattered light fluorescing a jet offset from the laser sheet to background variations in a region 

of the reference image not affected by scattered light from a jet. 

C2.1 Experimental setup 

The tank was organized with the laser sheet illuminating a vertical longitudinal section, as shown 

in Figure C.S. The camera was positioned on a stationary trolley and viewed the tank via 

mirrors, again refer to section 2.4 for more details of this arrangement. A calibration cell, 

containing a solution of the buoyant jet fluid diluted 10 times (fluorescent dye concentration of 

0.01 mg/l), was placed in the line of the laser sheet. A set of images was obtained of this cell 
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surrounded by the stationary ambient fluid. The set of images consisted of three 250 frame 

averaged images (10 seconds) and 10 instantaneous (single frame or 0.04 second) images. Next 

a vertically oriented port, from which a vertical buoyant jet was produced, was positioned in 

the tank 250 mm from the laser sheet and between the calibration cell and the camera. The port 

had a diameter of 8 mm, the buoyant jet had a flow rate of 18 mlls of a fluid with a buoyancy 

of 0.216 m2/s and a dye concentration of 0.10 mg/l. A second set of images were taken of the 

reference cell while the buoyant jet was flowing. 

port 

camera ---~ ~ 1 laser sheet 

1 
[diru~r 

mirrors --77 

camera port 

1 1 laser sheet 

1 

.{'-~~ ___ jet placed between _---'''' 
camera and laser 

side view 

sheet 

-~- calibration cell containing __ --1--+ _--+-:;;1 

jet fluid diluted 10 times 

end view 

Figure C.S: Experimental setup for determining the effect of a fluorescently dyed buoyant jet 

placed between the camera and the laser sheet on a reference cell image. 

C2.2 Analysis 

The effect of a dyed fluorescent buoyant jet, placed between the laser sheet and the camera, on 

the instantaneous and averaged images of a reference light intensity, was analyzed. The analysis 

compared the variation in light intensities recorded in the images in a region influenced by the 

jet (JI) to the light intensities in a region not influenced by the jet (NJI), which was used as the 

control. These regions and their positions relative to the jet were shown in Figure C.6. Both 

regions were 200 by 380 pixels in size for a total of 76 000 pixels. 
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Figure C. 6: The relative positions of the port, the jet influenced region (JI) and the non-jet 

influenced region (Nfl) in the analysis of the effect of a dyed fluorescent buoyant jet placed 

between the laser sheet and the camera. 

The variations that occurred in the images in both the regions JI and NJI were defined by 

analysing the variation in the greyscale values quantifying the light intensity in the images. The 

comparisons were performed by analysing the images using the DIF function in Global Lab. 

The DIF function returned the absolute value of the difference in the greyscale values of 

corresponding pixels in the images, i.e . the variation between the images . A histogram was 

taken of the result of the DIF operation . The histogram summarized the number of pixels 

recording each magnitude of change in greyscale value. The results of this analysis were plotted 

as percentage of pixels showing a given percentage change in greyscaJe value. The percentage 

change in greyscale value was obtained by dividing the absolute value of the difference in 

greyscales by the mean greyscale value (MGV) of the reference light intensity image. The 

MGV was found by recording the histogram of the average greyscale values for each region of 

interest (JI and NJI) and for each situation (without the jet and with the jet). The values of 

MGV of 142 and 182 for the NJI and JI regions respectively were shown in Figure C.7. These 

histograms showed the very similar distribution of greyscale values between the different cases. 
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Figure C. 7: Histogram of greyscale values in the jet influenced 

and nonjet influenced regions. 

The purpose for and method of each comparison were detailed below. 

IIiII JI av 

.. JI fav 

it. JI in 

l1li JI fin 

o NJI av 

o NJI fav 

l':, NJI in 

o NJlfin 

250 

1. To quantify the background level of variation between averaged images, the variation between 

the averaged images without the jet present (av) was found. 

(JI: av DIF av. NJI: av DIF av) = > the short form description of the comparison used in the 

figures that follow 

(average of 3 results) = > 3 images were recorded, so 3 comparison were made and the 

average of the 3 results graphed 

2. To quantify any change in the background level of variation between the averaged images 

that was caused by the jet, the variation between the averaged images with the jet present (fav) 

was found. 

(II: fav DIF fav, NJI: fav DIF fav) (average of 3 results) 

3. To find the variation due to the presence of the jet, the variation between the averaged 

images without the jet (av) and the averaged images with the jet (fav) was found. The 

significance o~ this variation was found by comparing it to the background levels of variation 

found in comparisons 1 and 2. 

(II: av DIF fav, NJI: av DIF fav) (average of 9 results) 

4. To quantify the background level of variation present in the instantaneous images, the 

variation of the instantaneous images without the jet (in) relative to the averaged image without 

the jet (avl) was found. 

(JI: avl DIF in, NJI: avl DIF fin) (average of 10 results) 
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5. To quantify any change in the background level of variation in the instantaneous images that 

was caused by the jet, the variation of the instantaneous images with the jet (fin) relative to the 

averaged image with the jet (favl) was found. 

(JI: favl DIF fin, N1I: favl DIF fin) (average of 10 results) 

6. To quantify the variation in the instantaneous images caused by the jet, the variation between 

the averaged image without the jet (avl) and instantaneous images with the jet (fin) was found. 

The significance of the variation caused by the jet was determined by comparing it to the 

background levels of variation in the images found in comparisons 4 and 5. 

(11: av1 DIF fin, NJI: avl DIF fin) (average of 10 results) 

C2.3 Results 

The comparisons were performed to compare the background levels of variation in the images 

to the levels of variation in the images 9aused by the fluorescent jet offset from the laser sheet. 

The results of the comparisons l, 2 and 3 for the time-averaged images were shown in Figure 

C.8. There was a negligible difference in the number of pixels showing a variation in 

greys cales between the jet influenced region (solid symbols) and the non-jet influenced region 

(open symbols). In all the cases, on average 95 % of the pixels had less than 2 % change in 

greyscale value. This indicated that for the averaged images the level of variation, caused by 

the scattered light fluorescing dye lying out of the laser sheet, was only slightly greater than the 

background level of variation in the images. The background variation would be due to the 

noise in the system, slight variations in laser power and the presence of random small bubbles 

in the tank reducing the effective light power of the laser. 

The comparisons 4, 5 and 6 for the instantaneous images were shown in Figure C.9. In the 

instantaneous images, the same levels of variation were recorded in all three comparisons for 

each of the jet influenced region (solid symbols) and the non-jet influenced region (open 

symbols). This indicated that the level of variation caused by the scattered light was within the 

background level of variation in the images. There was a small difference between the values 

for the jet influenced region and the non-jet influenced region. This difference was due to the 

magnitUde of the mean greyscale value (MGV) used to calculate the percentage change in 

greyscale value for each of the regions, which was 182 in the jet influenced region and 142 for 

the non-jet influenced region. The MGV for the non-jet influenced region was lower because 

it was further from the laser source and hence was illuminated by a lower laser power. 
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Figure C. 8: The analysis of the variation in greyscales recorded in the averaged images 

in the regions JI and NJI. 
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Figure C. 9: The analysis of the variation in greyscales recorded in the instantaneous images 

in the regions JI and NJI. 

The level of variation in the instantaneous images was greater than that in the averaged images. 

This was expected because there was a Gaussian variation in the greyscale values of pixels 

illustrated by the half Gaussian distribution of the absolute value of the differences in the 

instantaneous images, as seen in Figure C.9. In the averaged images much of the instantaneous 
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variation would cancel out during averaging, resulting in the lower variation of the averaged 

images seen in Figure C.8. 

The above comparisons considered the overall increase in the variations between the images for 

a region of which a quarter of its area was visibly affected by the offset jet. Overall the 

increase in variations was negligible, however, the images resulting from the comparisons 3 and 

6, shown in Figures C-lO and C-ll respectively, indicated that the variations were greatest in 

the regions masked by the higher concentrations in the offset jet. A more specific investigation 

of the percentage errors caused in these regions was needed as it was in these regions that the 

experimental data was collected. 
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N.B . The dark stripe 
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glass tank blocking the 
laser beam in one image 
and not the other, 

Figure C.IO: The variation in the averaged image caused by fluorescence 

offset from the laser sheet. 
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Figure CII: The variation in the instantaneous image caused by fluorescence 

offset from the laser sheet. 

C3 Summary 

The results of the above indicated that shielding was effective in halving the errors in the 

dilutions caused by scattered light and that the errors caused were greater than the background 

nOIse. 



Table Di: initial Parameters of the experiments A, B, C and D 

Experiments X-range of dp Uo qo t.o qllo Uinf Uo/Uinf Moo Fr Re 
Image (mm) (mJs) (m~/s) (mJs2

) (m4/s') (mJs) (m4/s1) 

(mm) x 10-6 x 10" X 10.6 

~ 
~ 
~ 
~ 

AC 0-800 10.4 0.110 9.34 0.215 2.01 0.11 1.00 0 2.33 1150 
AJ 0-800 10.4 0.110 9.34 0.217 2.03 0.11 1.00 0 2.31 1150 
CA 0-800 10.4 0.110 9.34 0.218 2.04 0.11 1.00 0 2.29 1150 
BA 700 1500 10.4 0.110 9.34 0.217 2.03 0.11 1.00 0 2.31 1150 
BB 700 - 1500 10.4 0.110 9.34 0.216 2.02 0.11 1.00 0 2.32 1150 
BC 700 - 1500 10.4 0.110 9.34 0.219 2.04 0.11 1.00 0 2.30 1150 
BD 700 - 1500 10.4 0.110 9.34 0.221 2.06 0.11 1.00 0 2.29 1150 
BE 700 1500 10.4 0.110 9.34 0.218 2.04 0.11 1.00 0 2.31 1150 

Avg: BA,BB 700 - 1500 10.4 0.110 9.34 0.218 2.04 0.11 1.00 0 2.29 1150 

0 
~ 

~ 

~ 
~ ~ 

~ 
r':l 
~ 
~ 

~ ~ 00 
BC,BD,BE 

AH 0-800 10.4 0.170 14.50 0.221 3.20 0.11 1.54 0.56 3.55 1800 
AI 0-800 10.4 0.170 14.50 0.219 3.18 0.11 1.54 0.56 3.56 1800 

Avg: AH,AI 0-800 10.4 0.170 14.50 0.220 3.19 0.11 1.54 0.56 3.55 1800 
BI 700 1500 10.4 0.170 14.50 0.225 3.26 0.11 1.54 0.56 3.51 1800 
BJ 700 1500 10.4 0.170 14.50 0.223 3.23 0.11 1.54 0.56 3.53 1800 

Avg: BI,BJ 700 - 1500 10.4 0.170 14.50 0.224 3.25 0.11 1.54 0.56 3.52 1800 

AI( 0-800 10.4 0.220 18.70 0.214 4.00 0.11 2.00 1.03 4.66 2300 
CB 0-800 10.4 0.220 18.70 0.221 4.13 0.11 2.00 1.03 4.58 2300 

00 & a ~ ~ 
0 e a ~ 

~ 
~ 

('I:'> 
1-1 := 

~ ~ = 9 """. ~ 
~ =r 

BM 700 - 1500 10.4 0.220 18.70 0.219 4.09 0.11 2.00 1.03 4.61 2300 
BN 700 - 1500 10.4 0.220 18.70 0.222 4.15 0.11 2.00 1.03 4.58 2300' 

Avg: BM,BN 700 - 1500 10.4 0.220 18.70 0.220 4.11 0.11 2.00 L03 4.59 2300' 

AD 0-800 10.4 0.250 21.25 0.214 4.55 0.11 2.27 1.31 5.30 2600 
BL 700 - 1500 10.4 0.250 21.25 0.220 4.67 0.11 2.27 1.31 5.23 2600 

,..-. ~ r 
== ~ ~ ..........., 
~ """. ~ 

CC 0-800 10.4 0.470 40.00 0.225 9.00 0.11 4.27 4.39 9.72 4900 
CD 0-800 10.4 0.470 40.00 0.225 9.00 0.11 4.27 4.39 9.72 4900 

Avg: CC, CD 0-800 10.4 0.470 40.00 0.225 9.00 0.11 4.27 4.39 9.72 4900 
DC o 800 10.4 0.470 40.00 0.220 8.80 0.11 4.27 4.39 9.82 4900 

=r 
0 a 

DO 0-800 10.4 0.470 40.00 0.219 8.76 0.11 4.27 4.39 9.84 4900 
Avg: DC,DD 0-800 10.4 0.470 40.00 0.225 8.78 0.11 4.27 4.39 9.83 4900 

""". := """. DA 700 - 1500 10.4 0.470 40.00 0.222 8.88 0.11 4.27 4.39 9.77 4900 
DB 700 1500 10.4 0.470 40.00 0.221 8.84 0.11 4.27 4.39 9.80 4900 

_ Avg:DA,DB __ 700 - 1500 10.4 0.470 _ _ ~O:OO _ _ 0.2~~ '---__ 8.86 _ 0.11 _ ___ 4.27 '-----_4.3_9 __ 9.78 4900 

=to 
~ 
1-1 

~ .... 
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Experiment(s) 

Ip.A x 
(mm) (mm) 

1.509 
50 
108 
165 
223 
281 
339 
397 
454 
512 
570 
628 
686 
743 
801 

Experiment(s) 

Ip.A x 

(mm) (mm) 

1.532 
28 
86 
143 
201 
259 
317 
375 
432 
490 
548 
606 
664 
721 
779 

Experiment(s) 

Ip.A x 
(mm) (mm) 

2.397 
50 
108 
165 
223 
281 
339 
397 
454 
512 
570 
628 
686 
743 
801 

Table D.2: Bulk Flow Properties of the experiments A, B, C and D 
(from profile data) 

AC Experiment(s) 

Z 2by Smin IP.A X 

AJ 

Z 

(mm) (mm) (mm) (mm) (mm) 

1.523 
15 23 7.9 50 16 
23 31 9.5 108 28 
35 36 12.5 165 38 
45 38 16.9 223 50 
56 43 21.7 281 58 
68 42 24.2 339 67 
77 45 30.0 397 76 
81 56 35.7 454 84 
88 62 42.9 512 92 
97 66 45.5 570 97 
102 65 46.2 628 103 
103 66 57.7 686 112 
113 81 68.2 743 118 
121 82 78.9 801 122 

2by 

(mm) 

22 
24 
31 
35 
38 
43 
52 
55 
63 
68 
72 
69 
75 
78 

CA Experiment(s) Avg:BA,BB,BC,BD,BE 

Z 2bv 8m;" 
(mm) (mm) 

Ip.A X 

I 
z 2by 

(mm) (mm) (mm) (mm) 

1.532 727 119 66 
12 19 7.7 785 125 70 
24 23 9.0 843 132 72 
36 27 9.9 901 139 74 
50 30 12.7 958 144 76 
56 33 15.9 1016 150 74 
67 36 18.6 1074 155 74 
74 41 23.1 1132 160 77 
80 43 24.4 1190 166 80 
86 48 30.0 1247 169 82 
93 53 35.7 1305 174 84 
101 57 39.0 1363 184 82 
106 59 42.3 1421 190 84 
110 63 48.4 1479 194 91 
116 68 52.6 1536 197 94 

Avg: AH,Al Experiment(s) Avg:BI,BJ 

Z 2bv SOlin Ip •A X Z 2bv 

(mm) (mm) (mm) (mm) (mm) (mm) 

2.440 727 125 64 
12 23 8.1 785 132 67 
20 29 9.0 843 139 71 
31 32 10.2 901 146 76 
43 33 12.1 958 151 72 
53 37 14.5 1016 159 76 
64 42 15.9 1074 170 74 
75 45 20.7 1132 176 82 
83 48 24.2 1190 185 89 
92 54 31.6 1247 193 95 
101 57 35.7 1305 201 92 
109 60 39.0 1363 203 95 
117 61 42.9 1421 212 105 
125 62 44.1 1479 214 99 
131 62 45.5 1536 219 97 

Smin 

7.9 
9.0 
11.2 
14.2 
17.8 
19.6 
24.6 
28.6 
33.7 
38,5 
44.8 
46,9 
54.5 
60.0 

Smin 

53.6 
58.8 
66,7 
75,0 
78.9 
84.3 
85.7 
93.8 
100,0 
98.4 
106.0 
106.0 
120.0 
130.4 
136.4 

Smill 

40.0 
46,2 
55.6 
65,2 
73.2 
76.9 
76.9 
83,3 
85.7 
90,9 
83.3 
88.2 
96,8 
107.1 
125,0 



Experiment(s) 

IP.A x 

(mm) (mm) 

3.007 
50 
108 
165 
223 
281 
339 
397 
454 
512 
570 
628 
686 
743 
801 

Experiment(s) 

Ip,A x 

(mm) (mm) 

3.098 727 
785 
843 
901 
958 
1016 
1074 
1132 
1190 
1247 
1305 
1363 
1421 
1479 
1536 

Experiment(s) 

IP.A x 

(mm) (mm) 

3.512 727 
785 
843 
901 
958 
1016 
1074 
1132 
1190 
1247 
1305 
1363 
1421 
1479 
1536 

Table D2: Bulk Flow Properties of the experiments A. B. C and D 
(from profile data) 

AK Experiment(s) 

Z 2bv Smin Ip.A x 

(mm) (mm) (mm) (mm) 

3.105 
14 24 7.7 28 
20 31 8.8 86 
29 36 9.8 143 
38 38 11.2 201 
49 35 12.6 259 
59 38 13.8 317 
68 42 16.5 375 
79 49 21.3 432 
90 55 24.8 490 
101 59 28,8 548 
113 66 30.6 606 
122 70 36.1 664 
130 74 44.8 721 
138 80 48.4 779 

AVG:BM,BN Experiment(s) 

Z 2bv Smio lp.A x 

(mm) (mm) (mm) (mm) 

127 65 31.91 3.417 
137 66 35,3 50 
147 73 39.0 108 
155 79 46.9 165 
161 81 56,6 223 
169 89 60.0 281 
175 91 66.7 339 
180 90 76.9 397 
187 93 78,9 454 
196 98 78.9 512 
203 102 83.3 570 
211 100 78.9 628 
216 94 85,7 686 
224 92 93.8 743 
227 98 111.1 801 

BL Experiment( s) 

Z 2bv Sruin Ip,A x 

(mm) (mm) (mm) (mm) 

122 68 46.9 6.762 
131 68 52,6 28 
140 81 58.8 86 
150 78 54.5 143 
161 81 66.7 201 
146 88 76.9 259 
176 91 76.9 317 
186 97 83.3 375 
196 100 85.7 432 
207 91 81.1 490 
216 89 81.1 548 
219 84 81.1 606 
222 93 93.8 664 
224 95 107.1 721 
226 97 111.1 779 

D-3 

(cont') 

CB 

Z 2bv Smill 

(mm) (mm) 

11 19 7.8 
16 28 9,2 
24 34 10.1 
35 37 11.0 
47 40 12.0 
57 42 12.3 
67 43 14,0 
78 42 15.7 
86 45 17.2 
95 49 20.1 
104 60 24.6 
109 65 32.6 
118 75 37,5 
124 77 37.5 

AD 

Z 2bv Smin 

(mm) (mm) 

15 15 8.0 
18 23 8.9 
25 29 9.5 
33 33 10.6 
43 36 11.6 
54 39 12,3 
64 44 15,3 
75 52 18.9 
86 58 25.2 
98 69 29.1 
102 . 62 30,6 
108 57 36.6 
116 58 42.9 
122 61 " 52,6 

Avg:CC,CD 

Z 2bv Smin 

(mm) (mm) 

14 19 7.2 
16 32 8.5 
19 41 9.3 
23 50 9.8 
28 58 10.5 
37 65 10.8 
44 66 10.5 
52 69 11.7 
61 70 12,0 
71 72 12.4 
85 73 13.8 
95 73 14.5 
104 78 16.2 
113 80 17.8 
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Experiment(s) 

Ip.A x 
(mm) (mm) 

6.762 
6 
64 
121 
179 
237 
295 
353 
410 
468 
526 
584 
642 
699 
757 

Table D.2: BuCk Flow Properties of the experiments A. B, C and D 
(from profile data) 

Avg:DC,DD Experiment(s) 

Z 2bv Smin lp.A x 

(mm) (mm) (mm) (mm) 

6.762 672 
12 19 8.6 729 
14 31 9.3 787 
18 40 10.0 845 
23 47 10.8 903 
30 51 11.8 961 
38 58 12.2 1018 
47 59 13.1 1076 
55 62 14.9 1134 
63 62 16.5 1192 
73 66 16.9 1250 
83 69 20.0 1307 
92 72 22.4 1365 
101 71 24.0 1423 
112 79 27.5 1481 

(cant') 

AVG:DA,DB 

Z 2b. Smin 

(mm) (mm) 

90 72 24.4 
100 74 30.3 
111 72 33.0 
119 71 36.1 
128 71 40.0 
136 73 44.8 
146 76 47.6 
158 97 52.6 
173 96 60.0 
183 96 75.0 
185 99 76.9 
193 112 90.9 
200 119 93.8 
210 135 96.8 
219 131 100.0 
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Figure D.l: Normalized profiles of the horizontal buoyant jet flows with 

UolU~ values of 1, 1.54, 2 and 4.27. 

-2 -1.5 
leading edge 

-1 -0.5 o 
rIb 

0.5 

Profile normalized with 
respect to maximum 
concentration on profile and 
half-width of profile 

1.5 2 
trailing edge 

Location of profile 
relative to port at x=O 

--x=50mm 

-~x=108mm 

x=165 mm 

--x=223mm 

--x=281 mm 

--x=339mm 

-~x=397mm 

--x=454mm 

--x=512mm 

--x=570mm 

--x=628mm 

-~-x=686mm 

--x=743mm 

.- ~x=801 mm 
i 

i --Gaussian shape i 

D-5 

Figure D.l a: Normalized profile shape of horizontal buoyant jet flow with UolU~ of 1 for 

profiles from x = a to 800 mm. Data was a 4.2 s time-average. 
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Figure D.lb: Normalized profile shape of horizontal buoyant jet flow with UolU~ of 1 for 

profiles from x = 700 to 1500 mm. Data was a 21 s time-average. 
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Figure D.1e: Normalized profile shape of horizontal buoyant jet flow with UolU~ of 1.54 for 

profiles from x = 0 to 800 mm. Data was a 16.8 s time-average. 
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Figure D.1e: Normalized profile shape of horizontal buoyant jet flow with Ur/U_ of 2 for 

profiles from x = a to 800 mm. Data was a 4.2 s time-average. 
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Appendix 

Data of the single buoyant jet in a cross flow (PIV) 

Table E.l: Initial parameters of experiments used in the study of entrainment velocities. 

a) Vertical buoyant jet: vertical centreline section 

Test <4 Uo U~ U~/Uo Ao Fro Reo 

(mm) (mmls) (mmls) (m/s2
) UoNAo<4 

NM 6.13 390 0 0.0 0.2195 10.63 2400 

NK 6.13 390 1.59 0.0041 0.220 10.62 2400 

NL 6.13 390 2.52 0.0065 0.2195 10.63 2400 

NN 6.13 390 5.70 0.0146 0.2155 10.73 2400 

Note: the buoyant jet changes from jet to plume behaviour at a distance of the order of the lengthscale 
IJp = MeoO.75/CUo05", 60 mm 

b) Horizontal buoyant jet: vertical centreline section 

Test <4 Uo UM UjUo 60o Fro Reo 

(mm) (mmls) (mmls) (m/s2
) UoNAo<4 

NU 6.25 375 0 0.0 0.222 10.07 2350 

NV 6.25 375 0 0.0 0.2195 10.12 2350 

NQ 6.25 375 2.13 0.0057 0.228 9.93 2350 

Note: the buoyant jet changes from jet to plume behaviour at a distance of the order of the lengthscale 
IJ P= M",,0.75/CUO°.5 "" 60 mm 

c) Horizontal buoyant jet: cross-section at 400 mm below port 

Test <4 Uo U~ UjUo Ao Fro Reo 

(mm) (mmls) (mm/s) (m/s2) UJ..,j6oodp 

PA 6.25 375 0 0 0.22 10.11 2350 

PB 6.25 375 2.1 0.056 0.22 10.11 2350 

PC 6.25 375 6.1 0.016 0.22 10.11 2350 

PD 6.25 375 11.2 0.030 0.22 10.11 2350 
Note: the buo ant 'et chan es trom et to )lume behavIOur at a distance of the order of" the len rthscale Y J g J p g 
IJ•p = MeoO.75/CL.o°.5 "" 60 mm 
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Table E2: Trajectory data of single buoyant jets with Fr = 5, 10 and 15 
in crossf/ows of 0, 1.5%,3.0% and 4.5% of U o 

a) Trajectory data of horizontal single buoyant jet: Fr = 5 

Re=1160, Uo=O.186 mIs, L1o=O.214 m/s2,IJ,p=O.030m 

U =0 U =2.7 Ip.A = 64 U = 5.7 Ip.A = 6.6 U = 8.5 
(mm/s) (mm/s) (m) (mm/s) (m) (mm/s) 

x Z X Z X Z 
.. 

X 

(mm) (mm) (mm) (mm) (mm) (mm) (mm) 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 

32.5 1.8 30.6 1.8 29.2 1.6 41.1 

52.5 7.2 75.4 17.1 72.0 15.3 87.9 

79.3 25.1 114.6 44.9 109.4 40.3 140.4 

94.5 35.0 166.2 130.2 158.7 116.9 199.6 

133.7 88.9 210.1 231.7 200.6 208.1 252.1 

177.6 189.5 234.0 346.6 223.4 311.3 306.6 

201.5 286.5 

204.4 370.0 

b) Trajectory data of horizontal single buoyant jet: Fr = 10 

Re=1160, Uo=O.375 mIs, L1o=O.214 m/s·, IJ,p=O.058 m 

U =0 U = 5.7 Ip.A 13.3 U = 11.3 Ip.A = 1.7 U = 16.9 
(mm/s) (mm/s) (m) (mm/s) (m) (mm/s) 

X Z X Z X Z X 

(mm) (mm) (mm) (mm) (mm) (mm) (mm) 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 

3.0 47.8 4.0 36.3 2.0 59.2 -1.0 

13.0 91.7 16.0 97.4 19.0 125.1 14.0 

42.0 141.3 53.0 171.9 60.0 200.6 53.0 

115.0 197.7 130.0 240.7 149.0 292.2 123.0 

232.0 254.0 241.0 305.6 265.0 369.6 215.0 

340.0 272.2 347.0 364.8 356.0 432.6 298.0 

. 414.0 280.8 

c) Trajectory data of horizontal single buoyant jet: Fr = 15 

Re=1160, Uo=O.516 mIs, L1o=O.214 m/s2
, IJ,p=O.09 m 

U =0 U = 8.5 Ip.A = 6.0 U 16.9 Ip.A = 0.76 U = 25.2 
(mm/s) (mm/s) (m) (mm/s) (m) (mm/s) 

X z X z X z X 

(mm) (mm) (mm) (mm) (mm) (mm) (mm) 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 

43.0 0.9 39.2 0.9 58.3 0.9 46.8 

92.6 8.1 100.3 4.5 124.2 9.0 102.2 

175.7 33.2 183.4 27.8 221.6 29.6 202.5 

267.4 110.5 297.0 90.7 333.3 88.0 316.1 

335.2 191.3 390.6 182.3 442 .. 2 166.1 415.4 

388.7 307.1 462.2 281.1 536.7 251.4 510.0 

Ip,A 2.0 

(m) 

Z 

(mm) 

0.0 

5.4 

17.1 

62.9 

144.6 

241.6 

338.5 

Ip.A = 0.51 

(m) 

Z 

(mm) 

0.0 

55.4 

129.9 

213.0 

296.1 

396.3 

456.5 

, 

Ip.A = 0.23 

(m) 

Z 

(mm) 

0.0 

1.8 

5.4 

26.0 

67.4 

122.1 

189.5 
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Appendix 

Dimensional analysis of the single buoyant jet 

Dimensional analysis has been used to analyze the behaviour of the basic jet types by many and 

a clear exposition is given by Knudsen (1988). The parameters which are important in defining 

the buoyant jet flow are the initial volume flux, qo = It/4d/Uo, the initial buoyancy flux, 

qAo = It/4dp
2L\,Uo, the initial excess momentum, MeO It/4d/Uo I Uo-U~ I, and the ambient 

velocity, U~ (Uo is the initial velocity, L\, is the initial buoyancy). These parameters vary with 

distance, z, along the flow trajectory. In the basic jet types the flow is dominated by one or a 

combination of two of these parameters. In general the initial volume flux is ignored, which 

corresponds to the flow coming from a virtual origin with a volume flux of zero. The four basic 

jet types, which will be analyzed, are a momentum driven jet in a still ambient fluid (pure jet), 

a buoyancy drivenjet in a still ambient (pure plume), a buoyancy driven jet in a strong ambient 

flow (advected thermal) and a momentum driven jet in a strong ambient flow (momentum puff 

/ weak: jet), 

The following assumptions were made on the properties of the flow: 

1. The flow is incompressible and turbulent 

2: The variations of the fluid density throughout the flow field are small compared to a 

reference density, Pa' This implies that although the density difference, ApI> is important in the 

buoyancy terms, its variation can be neglected when considering the inertia terms where Pa + 
ApI == Pa' The reference density is normally the density of the ambient fluid. ApI is then the 

deviation from this density. This is the Boussinesq assumption and allows the conservation of 

mass flux equation to be replaced by a conservation of volume flux equation. 

3. The density of the fluid is assumed to be a linear function of either salt or temperature. 

Fl Momentum Driven Jet in a Stationary Ambient (pure Jet) 

The pure jet is a non-buoyant source of momentum. The behaviour of the flow, described by 

the centreline mean velocity, U, and the half-width, b, is determined by the parameters of initial 

volume flux, qo, initial momentum flux, Meo ' and the distance from the port, z. 

(F.I) 
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Using dimensional analysis, U and b can be expressed as undetermined functions of qo, Meo and 

z. Far from the origin the initial volume flux is much less than the entrained volume flux so 

U and b are independent of qo. The form of the functions thus determined are 

u (M~5l K. -
JU Z 

or expressed in dimensionless form in the basic variables 

and 

b = ISo Z 

(F.2) 

(F.3) 

(FA) 

The conservation of tracer flux, qo in terms of the centreline tracer concentration, C, is 

then 

or 

qt 

M°.5 eo z 

(F.5) 

(F.6) 

(F.7) 

The constants K ju, Kjb and Kjc are determined experimentally as 7.57,0.11 and 6.06 respectively 

(Papaniculaou, 1984). 

F2 Buoyancy Driven Jet in a Stationary Ambient (pure Plume) 

The pure plume is a continuous source of buoyancy. Initially the momentum flux is zero but 

increases with height because the buoyant forces generate momentum. The behaviour of the 

flow, described by the centreline mean velocity, U, the time average centreline buoyancy, ii, 
and the half-width, b, is determined by the parameters of initial volume flux, qo, kinematic 
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viscosity, 1), and the distance from the port, z. 

(F.8) 

Using dimensional analysis, U, A and b can be expressed as undetermined functions of qo' 1) 

and z. Par from the origin the flow will be fully turbulent and independent of 1). The form of 

the functions are thus determined as 

or 

_ (q!~3) 
-K -

pu zO.33 

u _ ( 1t )0.33 0.66 ( Z )-0.33 - K - Pro -
U pu 4 d ° p 

where Pro is the densimetric Proude number at the origin, Uo/(L~odp)O.5. 

Using the continuity of buoyancy flux 

or 

b = K Z pb 

- K 0.66 -1.66 
- pA qAO Z 

(F.9) 

(F.lD) 

(F.ll) 

(F. 12) 

(F. 13) 

The values of ~u, ~b and ~t\ have been determined experimentally as 3.85, 0.105 and 11.1 

respectively (Papaniculaou, 1984). 

F3 Buoyancy Driven Jet in a Strong Ambient Flow (Advected thernlal) 

The advected thermal is a continuous source of buoyancy discharged at the same velocity, Uo, 

as the ambient flow velocity, U=, resulting in a cylinder of buoyant fluid laid out and advected 

by the ambient flow. As the cylinder rises due to the buoyant force a counter rotating vortex 

pair is formed. The behaviour of the flow is dominated by the effect of the ambient velocity 

on the other initial parameters. However, the flow can be understood by comparing it to the 
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simpler case of a line thermal in stationary fluid. The parameters describing the flow of the 

characteristic rising velocity of the flow, Uev, the time average centreline buoyancy, 3., the half

width, b, and the advected thermal height, Z, are determined by the initial parameters per unit 

length of thermal, which are initial volume flux per unit length, qo/U~, initial buoyancy flux per 

unit length, q~o/U~ and the distance from the port, xlU=. 

= <l> (~. qAO, ~l 
U., u., U'" 

(F.14) 

Using dimensional analysis, Z, Uev, and b can be expressed as undetermined functions of qo/U=, 

q~o/U~ and x/U~. Far from the origin the initial volume flux is much less than the entrained 

volume flux so Z, Uev, and b are independent of qo/U=. The form of the functions thus 

determined are then expressed in terms of a dimensionless length, Ip.A 

of Z. 

I 2 

Z '" K (1 )3 x 3 Ax P,A 

b = KAb Z 

Using the conservation of buoyancy flux per unit thermal length, 

~o/U} and in terms 

(F.15) 

(F.16) 

(F.l?) 

(F.18) 

The values of KAx, KAb and KM are reported by Knudsen (1988) to be 1.6, 0.3 and 2.4 

respectively. Wood (1993) has Kax as 1.35. 

F4 Momentum Driven Jet in a Strong Ambient Flow (Momentum Puff! 

Weak Jet) 

These flows are a continuous source of momentum discharged into a strong ambient flow. In 

the advected momentum puff the excess momentum, Mea. is perpendicular to the ambient 
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velocity, U~. In the weak jet the excess momentum is parallel to the ambient velocity. The 

weak jet cannot be analyzed solely with dimensional analysis. The advected momentum puff 

is created by a jet discharging at an angle into the ambient flow so that the component of Uo 

parallel to U~ is equal in magnitude to U~ and the perpendicular component of Uo is much less 

than U~. It can be analyzed by relating it to the simpler flow of a momentum line puff in a 

stationary fluid. Because the behaviour of the flow is dominated by the effect of the ambient 

velocity on the other initial parameters, the parameters describing the flow of the excess velocity 

(perpendicular to U_), Uern, the half-width, b, the distance from the port in a direction 

perpendicular to U_, z, and the average tracer concentration, C, are determined by the initial 

parameters per unit length of thermal, which are initial volume flux per unit length, qo/U=, 

initial excess momentum per unit length, Me/U= and the distance from the port, x/U= (where 

x is parallel to U=). 

(F.l9) 

Using dimensional analysis, Uern' band z can be expressed as undetermined functions of q/U=, 

MeO/U= and x/U_. Far from the origin the initial volume flux is much less than the entrained 

volume flux so Uern' band z are independent of qo/U=. The form of the functions thus 

determined are 

(F.20) 

(F.2l) 

(F.22) 

Using the conservation of tracer flux, the average tracer concentration, C, is 

(F.23) 
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Appendix G 

The pure jet in coflow 

The following development of the integral equations for a pure jet in a coflow allowed for a 

gradual transition from the strong jet behaviour, (Ueg }) U~), to the weak jet behaviour 

(Ueg «U~). The resulting equations for the velocity, width and dilution were compared to 

experimental data. 

Note that all distances were divided by d as denoted by' (x' = xld, z' = zld, b' = bId), all 

velocities were divided by U~ (U' Ue/U=, Uo' = Uo/U~) and the buoyancy divided by the 

L\ (A' = A/L\). 

Consider the simple case of a horizontal jet in a coflow. The continuity equation is 

The momentum equation is 

Defining 1" as 

and scaling G.1 and G.2 gives 

Let 

~ (I b!2UI\ = 2K U'b'1{; ds' q ) el 

1/1 = (ljd,wj)2 =: ~ U/2 + 1{; U' 
4 0 4 0 

2K U'b"1{; el 

(G.l) 

(G.2) 

(G.3) 

(GA) 

(G.S) 

(G.6) 



Now the equations become 

e+f 1 =: eo +fo 

1 I d 2Ke1 'lt 2Ke1 'lt 
(~U/b/~ == (1 -e)2 -(e) = 

1 1 ds" 12 
m ~ 

The entrainment into a weak jet is different from the strong jet and is written as 

Hence 

where 

Kel =: 0.055(1-e)n 

d -(e) 
ds" 

=: 0.275 

Letting f = I-e, then de = -df and m = 2n + 1, 

Substituting back in for m, 

df 

2f 

2f 

= K dsl/ 
q 

= K s /I + constant q 

= K s If + constant 
211+1 q 

(l-2n)(f)-2 

G-2 

(G.7) 

(G.8) 

(G.9) 

(G. 10) 

(G. 11) 

(G. 12) 

(G.l3) 

(G.14) 

(G.15) 
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2 
= K 8" 

211-1 q 

2 
2n-1 

(1 - 2n) (f)-2 (1 - 2n) (fo'}-2 

Rearranging to get f gives, 

I-f 
f 

(¥KqSII(fol-T + 1)"'" f, 

fo 

(G.16) 

(G.17) 

(G.18) 

Substituting into equation G.18 the equation for U' derived from equations G.5, G.6 and G.7 

yields, 

Substituting in the values of the shape functions and the value for K sub q 

2n -1 0.275s"(f ,:zn;1 + 1 = (
2fo +f ):zn

2
_1 

2 ()..I U' 0 

+ fo):zn2-1 1 
U' S II = .--C-, __ -'--__ _ 

2n -1 0.275 (fo') :zn;1 
2 

(G. 19) 

(G.20) 

(G.21) 



Assuming fo equals 1 

(
2 ):1 -+1 

Sll = 7.27 _U_
I 
___ _ 

1 
(G.22) 

(2n -1) 

or for large U' 

( 
2)2n2_1 

1+-
s /I = 7.27 _--:V::-

/ 
__ _ 

2n-1 

(
1 + 2n + 1 2 

= 7.27 2 V 

1 

(G.23) 

2n 1 

or 

Sll = 7.27 (G. 24) 
Vi 

and this is independent of n for small U' 

S II 
(~y' (G.25 

7.27 
(2n -I) 

When n equal 1.5 then 

II 7,27 s =--
Vi 

(G.26) 

and there is no approximation and this agrees with the data shown in Figure G .1. 
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Thus the entrainment into the weak jet is different from the strong jet and is 

(G.27) 

This is a generalisation and makes sense. When there is no coflow, the non-dimensional 

momentum is one and the entrainment constant has the normal value. When the value of the 

excess velocity tends to zero, there is no entrainment. 

The width is 

bl! = 0.11 

0.0120s/(2, 

1 +0.275 S" 

1 

(1 +0.275 S/~2 

This satisfies the experimental data as shown in Figure G.2. 

Now the spreading constant is 

db" '" 0.11 (1 +0.1388'1 

00" 3 

(1 +0.275 S'12 

(G.28) 

(G.29) 

(G.30) 

(G.31) 



or 

1 

U i2 (U 1 + 1) 
0.11 ---'---'-

3 

(U 1 +2)"2 

G-6 

(G.32) 

When U' is very large, db"/ds" is 0.11 and when U' is very small db"/ds// is O.l1""U'/B. 

Now for the dilution, 

or 

where 

assuming that 

C 
Dilution = S =~ 

= Iqe Uegb 2 
+ Ie U",b

2 

Ceg Q 

I U /b //2 + I b //2 
qc c S 
~ 

2 LU 
"JJW '" 

~ = I U /b //2 + I b //2 
2 qc c 

1 .. U 
JJW '" 

~ = (I 7.27 + I) 0.0120 S//2 e U qc sl! C 1 +0.275s" 
j,jw «> 

IqA = Iqc = 1.9903 
IA Ie::: 3.5767 

(G.33) 

(G.34) 

(G.35) 

(G.36) 

(G.37) 

(G.38) 

(G.39) 
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the dilution becomes 

1 +0.2478 /12 
---- (0.1748") 
1+0.2758" 

The agreement with the experimental dilution data was shown in Figures G.3. 
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Appendix 

The entrainment into a vortex ring 

Morton and Ibbetson (1994) have proposed the following mechanism for entrainment in a 

viscous vortex ring. First examining the flow of a classical inviscid vortex with a moderately 

thin toroidal core of vorticity, as shown in Figure H.I. The vortex ring is self preserving in 

size and moves with a constant speed. As the vortex ring moves, the fluid indicated by the 

thick line moves along with it, so in a frame moving with the vortex, this fluid is constant in 

size. Points A and B are regions of high pressure or stagnation points and C and D are low 

pressure points. The pressure high at A deflects an approaching fluid element around the body 

of fluid surrounding the vortex ring, and the low pressure at C accelerates the fluid around to 

B where the high pressure deflects the fluid off into the free stream again. The position of the 

stagnation points and the magnitude of the pressure gradients in their vicinity are associated 

directly with the distribution and magnitude of the vorticity in the toroidal core. 
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fluid body moving 
with vortex ring 

path taken by a 
fluid element 

-i!I>- streamlines past 
inviscid vortex 

A, B high pressure or 
stagnation points 

C, D low pressure 
points 

Figure H.i: The flow around a classical in viscid vortex ring 

Consider now a viscous vortex ring. As the vortex ring propagates, the thin core will thicken 

through viscous diffusion and increase in mean ring-radius through entrainment. Once the 

diffusion has extended the vorticity distribution to the propagation axis, some circulation is lost. 

This change corresponds to a weakening of the flow field in the evolving vortex ring, pressure 
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perturbations becoming smaller and the stagnation points moving outwards from the centre. As 

shown in Figure H.2, the path of a fluid element around a viscous vortex ring approaches the 

high pressure at point A and is deflected around the side. In the time during which the element 

is following the dashed line from A to B, the core has become more diffuse and the second 

stagnation point B has moved out to B'. Because this high pressure has moved outwards, the 

element, when it senses the high pressure, is deflected inwards and entrained into the vortex ring 

instead of being deflected off into the free stream. This mechanism for entrainment is due to 

the pressure field and is therefore inertial, but results from diffusion of vorticity in the remote 

interior of the vortex ring where the highest vorticity gradients occur. 

9' 

--- size of fluid body moving with 
vortex ring at t when the fluid 
element is approaching A 

size of fluid body moving with 
vortex ring after the effect of 
viscous diffusion on the vortex 
core over time t taken for 
the fluid element to travel 
from A to B' 

path of fluid element, which 
gets deflected by the high 
pressure B' into the vortex 
ring and is thus entrained 

Figure H.2: l1le flow around and entrainment into a viscous vortex ring 
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Appendix I 

Mean data and cross-sections of the advected thermal 

in non-turbulent and turbulent ambient. 

Summary of experimental data of an advected thermal, in non-turbulent and turbulent ambient, 

whose concentration data was obtained with a vacuum grid system and conductivity meter. 

Table 1.1: Nominal parameters of the advected thermal experiments 

Thermal name 1 2 1 

State of ambient non-turbulent non-turbulent turbulent 

Uo (m/s) 0.11 0.027 0.11 

U~ (mls) 0.11 0.027 0.11 

~ (m) 0.0104 0.00625 0.0104 

.10 (m/s2
) 0.216 0.213 0.221 

qM (m4/s3) 2.02 x 10"" 1. 76 X 10-1 2.07 x 10" 

Co (gIl) 30 30 30 

Fr 2.32 0.74 2.29 

Re 1170 172 1170 

lp,A 0.00152 0.0089 0.00155 
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Table 1.2: Trajectory datajor advected thermals 

Thermall 
non-turbulent ambient 

x Z Width 
(ill) (ill) (ill) 

0.000 0.000 0.010 
0.105 0.017 0.020 
0.234 0.035 0.033 
0.346 0.050 0.040 
0.507 0.076 0.060 
0.653 0.095 0.078 
0.703 0.095 0.078 
0.849 0.104 0.080 
0.996 0.114 0.095 
1.173 0.133 0.110 
1.313 0.149 0.118 
1.490 0.170 0.135 
1.568 0.166 0.140 
1.736 0.171 0.153 
1.931 0.185 0.155 
2.085 0.200 0.155 
2.231 0.210 0.160 
2.364 0.219 0.175 
2.433 0.225 0.188 
2.602 0.234 0.195 
2.774 0.246 0.200 
2.956 0.255 0.200 
3.107 0.265 0.215 
3.231 0.270 0.215 
3.299 0.271 0.230 
3.458 0.285 0.240 
3.655 0.295 0.250 
3.817 0.312 0.250 
3.953 0.321 0.255 
4.116 0.334 0.268 

Thermal 2 
non-turbulent ambient 

x Z Width 
(ill) (ill) (ill) 

0.000 0.000 0.010 
0.069 0.035 0.036 
0.175 0.072 0.041 
0.270 0.099 0.086 
0.375 0.125 0.109 
0.499 0.158 0.136 
0.602 0.179 0.159 
0.707 0.199 0.177 
0.820 0.220 0.205 
0.927 0.237 0.227 
1.036 0.257 0.250 
1.174 0.279 0.277 I 
1.328 0.303 0.314 
1.438 0.322 0.336 

Note: width is the visual vertiCal width of the advected thermal 

Thermall 
turbulent ambient 

x Z Width 
(ill) (ill) (ill) 

0.000 0.000 0.010 
0.060 0.005 0.022 
0.134 0.017 0.031 
0.210 0.035 0.046 
0.336 0.050 0.060 
0.425 0.053 0.065 
0.525 0.073 0.076 
0.617 0.076 0.095 
0.743 0.076 0.114 
0.839 0.090 0.118 
0.945 0.107 0.134 
1.061 0.118 0.146 
1.184 0.137 0.174 
1.310 0.127 0.186 
1.436 0.142 0.202 
1.560 0.144 0.233 
1.698 0.166 0.147 
1.804 0.166 0.216 
1.907 0.176 0.209 
2.037 0.206 0.233 
2.169 0.192 0.275 
2.312 0.210 0.309 
2.471 0.214 0.243 
2.580 0.202 0.210 
2.735 0.224 0.279 
2.890 0.247 0.282 
3.056 0.247 0.318 
3.198 0.255 0.358 
3.329 0.284 0.342 
3.480 0.257 0.299 
3.624 0.266 0.323 
3.783 0.285 0.381 
3.969 0.291 0.365 
4.121 0.329 0.419 
4.290 0.365 0.402 
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Table 1.3: Concentration cross-section data/or advected thermals 

Thennal 1, non-turbulent ambient 

Run ~ Uo= U~ Co Ao qllo Fr Re Ip.A 

m mls gil mls2 m4/s3 m 

initial 0.0104 0.11 30 0.216 2.02E-06 2.32 1144 0.00152 

XTlCIA 0.0104 0.11 30 0.214 2.00E-06 2.33 1144 0.00150 

XTlClB 0.0104 0.11 30 0.210 1. 96E-06 2.35 1144 0.00147 

XTlC2A 0.0104 0.11 30 0.215 2.0lE-06 2.33 1144 0.00151 

XTlC2B 0.0104 0.11 30 0.220 2.06E-06 2.30 1144 0.00154 

XTlC2C 0.0104 0.11 30 0.220 2.06E-06 2.30 1144 0.00154 

XTlC2D 0.0104 0.11 30 0.222 2.07E-06 2.29 1144 0.00156 

XTlC3A 0.0104 0.11 30 0.215 2.0lE-06 2.33 1144 0.00151 

XTlC4A 0.0104 0.11 30 0.210 1. 96E-06 2.35 1144 0.00147 

XTlC5A 0.0104 0.11 30 0.220 2.06E-06 2.30 1144 0.00154 

XTlC6A 0.0104 0.11 30 0.222 2.07E-06 2.29 1144 0.00156 

XTlC7B 0.0104 0.11 30 0.221 2.07E-06 2.29 1144 0.00155 

XTlC7C 0.0104 0.11 30 0.220 2.06E-06 2.30 1144 0.00154 

XTlC8A 0.0104 0.11 30 0.223 2.08E-06 2.28 1144 0.00157 

Run X Z Cm Am Sm S' m 2bH 2bv 
m m gil mls2 (CJCm) (AJAm) mm mm 

XTlCIA 0.200 0.0320 2.58 0.01950 12 11 43.6 40.2 

XT1CIB 0.200 0.0400 2.83 0.02150 11 10 41.2 37.2 

XTlC2A 0.500 0.0776 0.80 0.00620 38 35 78 56 

XTlC2B 0.500 

XTlC2C 0.500 0.0776 0.89 0.00680 34 32 67.6 62.2 

XTlC2D 0.500 0.0351 1.03 0.00780 29 28 61.2 

XTlC3A 1.000 0.0915 0.36 0.00270 83 80 110 88 

XTlC4A 2.000 0.1950 0.12 0.00098 250 214 167 158 

XTlC5A 2.000 0.1950 0.10 0.00069 300 319 200 165 

XTlC6A 1.300 0.1500 0.16 0.00128 188 173 150 135 

XTlC7B 1.000 0.1200 0.26 0.00206 115 107 115 100 

XTlC7C 1.000 0.1200 0.26 0.00206 115 107 130 110 

XTIC8A 0.700 0.1000 0.45 0.00344 67 65 89 79 

Note: see page 1-5 for centreline data used in the comparison of Chapter 3. 
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Thermal 2, non-turbulent ambient 

Run dp Uo= U~ Co fio Q80 Fr Re lp.A 

m mls gil mls2 m4/s3 m 

initial 0.00625 0.027 30 0.213 1.76E-07 0.740 169 0.00896 

XT2CIA 0.00625 0.027 30 0.213 1. 76E-07 0.740 169 0.00896 

XTIClB 0.00625 0.027 30 0.212 1.76E-07 0.742 169 0.00892 

XT2C2A 0.00625 0.027 30 0.219 1. 8IE-07 0.730 169 0.00922 

XTIC2B 0.00625 0.027 30 0.223 1. 85E-07 0.723 169 0.00938 

XTIC3A 0.00625 0.027 30 0.219 1. 8IE-07 0.730 169 0.00922 

XTIC3B 0.00625 0.027 30 0.221 1.83E-07 0.726 169 0.00930 

XTIC4A 0.00625 0.027 30 0.221 1. 83E-07 0.726 169 0.00930 
i 

Run X Z COl fim 8m Sm 2bH 2by 

m m gil mls2 (CoICm) (fiol fim) rom mm 

XT2CIA 0.150 0.080 0.50 0.00383 60 56 56.8 58.3 

XTIClB 0.150 0.108 0.34 0.00265 88 80 58.7 60.5 

XT2C2A 0.300 0.110 0.15 0.00118 200 186 99.1 95.4 

XTIC2B 0.300 0.110 0.16 0.00128 188 174 94.5 102 

XTIC3A 0.500 0.170 0.08 0.00059 375 371 124 124 

XT2C3B 0.500 0.170 0.07 0.00049 429 451 141 144 

XTIC4A 0.700 0.220 0.04 0.00030 750 737 179 160 

Thermal 1, turbulent ambient 

Run dp Uo= U~ Co fio QAO Fr Re Ip.A 

m m/s gil mls2 m4/s3 m 

initial 0.0104 0.11 30 0.221 2.07E-06 2.29 1144 0.00155 

XTlT2A 0.0104 0.11 30 0.222 2.07E-06 2.29 1144 0.00156 

XTlT1A 0.0104. 0.11 30 0.221 2.07E-06 2.29 1144 0.00155 

XTlTlB 0.0104 0.11 30 0.223 2.08E-06 2.28 1144 0.00157 

XT1TlC 0.0104 0.11 30 0.221 2.07E-06 2.29 1144 0.00155 

XTlT3A 0.0104 0.11 30 0.222 2.07E-06 2.29 1144 0.00156 

XTlT3B 0.0104 0.11 30 0.222 2.07E-06 2.29 1144 . 0.00156 

XT1T3C 0.0104 0.11 30 0.218 2.04E-06 2.31 1144 I 0.00153 

Run X I z Cm fim 8m 8m 2bH 2by 

m m gil mls2 (CoICm) (fiolfim) rom rom 

XTlT2A 0.700 0.092 0.21 0.00157 143 141 120 109 

XTlT1A 1.000 0.128 0.17 0.00130 176 170 135 139 

XTlTlB 1.000 0.105 0.17 0.00130 176 172 128 135 

XTlT1C 1.000 0.120 0.15 0.00114 200 194 142 135 

XTlT3A 1.300 0.150 0.11 0.00085 273 261 150 150 

XTlT3B 1.300 0.150 0.11 0.00084 273 266 140 160 

XTlT3C 0.700 0.092 0.10 0.00766 300 28 152 180 ! 
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The following data was determined from the centreline profile data instead of from the whole 
cross-section, i. e. Cel m , Sci m , bv cl defined by e-'CC1 m , Z defined as the midpoint of bv cl • 

This data was used in the comparisons in Chapter 3. 

Thermal 1, non-turbulent ambient 

Run X z· Celm Sci m 2bvcl 

m m gil (Co/Cel m) mm 
! 

XTlCIA 0.200 0.036 2.6 12 38 

XTlCIB 0.200 0.036 2.7 11 38 

XTIC2A 0.500 0.079 0.78 38 59 

XTlC2B 0.500 

XTlC2C 0.500 0.075 0.80 38 

XTlC2D 0.500 0.040 1.1 27 

XTlC3A 1.000 0.091 0.36 83 89 

XTlC4A 2.000 0.205 0.11 266 129 

XTlC5A 2.000 0.219 0.08 375 112 

XTlC6A 1.300 0.165 0.165 182 93 

XTlC7B 1.000 0.128 0.26 115 76 

XTlC7C 1.000 0.128 0.27 111 89 

XTlC8A 0.700 0.103 0.38 79 78 
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Figure 1.1: Cross-sections of the advected thermal released in non-turbulent ambient 

a) Advected thermal 1 (Fr=2.3) 

non-turbulent ambient 

cross-section 1 B 

x = 200 mm 

z = 40 mm 

Cm = 2.83 g/l salt 

S = 10.6 

2bv = 27.2 mm 

(concentration contours in g/l salt) 

b) Advected thermal 1 (Fr=2.3) 

non-turbulent ambient 

cross-section 2A 

x = 500 mm 

z = 78 mm 

Cm = 0.80 g/l salt 

S = 38 

2bv = 56 mm 

(concentration contours in g/l salt) 

c) Advected thermal 1 (Fr=2.3) 

non-turbulent ambient 

cross-section 2C 

x = 500 mm 

z = 77 mm 

Cm = 0.89 g/l salt 

S = 34 

2bv = 62 mm 

(concentration contours in g/l salt) 
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mm 

80r---~--~--~----~--~--~---' 

60 
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mm 

0'1_~ 
0.2 

0.3 

0.4 

46 57 68 80 
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150 

d) Advected thermal 1 (Fr=2.3) 

non-turbulent ambient 112 

cross-section 3A 

x = 1000 mm 75 

z =92 mm 

em = 0.36 g/l salt 

S = 83 37 

2bv 88 mm 

(concentration contours in g/l salt) 00 21 43 64 86 107 128 150 
mm 

240 

e) Advected thermal 1 (Fr=2.3) 

non-turbulent ambient 
180 

cross-section 78 

x = 1000 mm 
120 

z 120 mm 

em = 0.25 g/l salt 

S = 120 60 

2bv = 100 mm 

(concentration contours in g/l salt) 0 
0 60 120 180 240 

mm 

240 

f) Advected thermal 1 (Fr=2.3) 

non-turbulent ambient 

cross-section 4A 
180 

x = 2000 mm 
120 

z = 195 mm 

em = 0.12 g/l salt 

S = 250 
60 

2bv = 158 mm 

(concentration contours in g/l salt) 
0 

0 60 120 180 240 
mm 



g) Advected thermal 2 (Fr=0.7) 

non-turbulent ambient 

cross-section 1A 

x = 150 mm 

z = 80 mm 

em = 0.50 gil salt 

S = 60 

2bv:::: 58 mm 

(concentration contours in gil salt) 

h) Advected thermal 2 (Fr=0.7) 

non-turbulent ambient 

cross-section 1 B 

x 150 mm 

z;:: 108 mm 

em 0.34 gil salt 

S:::: 88 

2bv:::: 60 mm 

(concentration contours in gil salt) 

i) Advected thermal 2 (Fr=0.7) 

non-turbulent ambient 

cross-section 2A 

x = 300 mm 

z;:: 110 mm 

em = 0.15 gil salt 

S;:: 200 

2bv ;:: 95 mm 

(concentration contours in gil salt) 

1-8 

mm 

150 

112 

0.0 

75 0.1 

37 

00 21 43 64 86 107 128 150 
mm 

150 

112 

75 

37 

00 21 43 64 86 107 128 150 
mm 
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150 

j) Advected thermal 2 (Fr=0.7) 

non-turbulent ambient 

cross-section 28 112 

x::: 300 mm 

z::: 110 mm 75 

em = 0.16 g/l salt 

S = 188 

2bv::: 102 mm 37 

(concentration contours in g/l salt) 

0
0 21 43 64 86 107 128 150 

mm 

240 
k) Advected thermal 2 (Fr:::O.7) 

non-turbulent ambient 

cross-section 3A 
180 

x::: 500 mm 

z = 170 mm 120 

em 0.08 g/l salt 

S::: 375 

2bv::: 124 mm 60 

(concentration contours in g/l salt) 

0 
0 60 120 180 240 

mm 

I) Advected thermal 2 (Fr=0.7) 
240 

non-turbulent ambient 

cross-section 38 
180 

x = 500 mm 

z::: 170 mm 
120 

em ::: 0.07 g/l salt 

S 430 

2bv = 144 mm 
60 

(concentration contours in g/l salt) 

0 
0 60 120 180 240 

mm 
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240 

m) Advected thermal 2 (Fr=0.7) 

non-turbulent ambient 180 

cross-section 4A 

x = 700 mm 120 

z = 220 mm 

Cm 0.04 gil salt 

S;::: 750 60 

2bv ;::: 160 mm 

(concentration contours in gil salt) 0 
0 60 120 180 240 

mm 

240 

n) Advected thermal 1 (Fr=2.3) 

turbulent ambient 

cross-section 1A 
180 

x;::: 1000 mm 
120 

z 120 mm 

Cm = 0.17 gil salt 

S = 175 
60 

2bv 139 mm 

(concentration contours in gil salt) 0 
0 60 120 180 240 

mm 

240 

0) Advected thermal 1 (Fr=2.3) 

turbulent ambient 

cross-section 1 C 180 

X 1000 mm 

z = 120 mm 
120 

Cm = 0.15 gil salt 

S;::: 200 

2bv;::: 135 mm 
60 

0.02 

(concentration contours in gil salt) 
0 

0 60 120 180 240 
mm 
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p) Advected thermal 1 (Fr=2.3) 

turbulent ambient 

cross-section 3A 

x = 1300 mm 

z = 150 mm 

Cm = 0.11 gil salt 

S = 270 

2bv = 150 mm 

(concentration contours in gil salt) 

q) Advected thermal 1 (Fr=2.3) 

turbulent ambient 

cross-section 38 

x 1300 mm 

z = 150 mm 

Cm = 0.11 gil salt 

S = 270 

2bv = 150 mm 

(concentration contours in gil salt) 

240 

180 

120 

60 

0 
0 60 120 180 240 

mm 



Figure 1.2 Contours of e-1Cm of the advected thermal scaled as rib to show self-similarity 

a) Scaled concentration contours of e"Cm 

for advected thermal 1 (Fr=2.3) 

in a non-turbulent ambient 
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b) Scaled concentration contours of e-1Cm 

for advected thermal 2 (Fr=O.7) 

in a non-turbulent ambient. 
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c) Scaled concentration contours of e-1Cm 

for advected thermal 1 (Fr=2.3) 

in a turbulent ambient. 

Distance from port of 
1A 

cross-section 
18 

2A 

1A at x = 1.00 m 

18 1.00 m 

1C 1.00m 

2A 0.70 m 

3A 1.30 m 

38 1.30 m 

3C 1.30 m 

rIb 

rIb 

3A 
38 
3C 


	Abstract
	Acknowledgements
	Table of Contents
	List of Figures
	List of Tables
	Notation
	Chapter 1
	1.1 General Introduction
	1.2 Literature Review
	1.3 Overview of the Study

	Chapter 2
	2.1 Introduction
	2.2 Physical Layout
	2.3 Original Data Acquisition Method
	2.4 Laser Induced Fluorescence Technique
	2.5 Particle Image Velodmetry Technique

	Chapter 3
	3.1 Mean Properties of the Advected Line Thermal
	3.2 Entrainment Velocities into a Single Buoyant Jet

	Chapter 4
	4.1 Introduction
	4.2 Integral Analysis
	4.3 Experiments of a Flow Approaching the Advected Thermal Flow
	4.4 Conclusions

	Chapter 5
	5.1 Introduction
	5.2 Structure of the Advected Line Thermal
	5.3 Experimental Method
	5.4 Concentration Fluctuations: Comparison of Time Averaged and Instantaneous Data
	5.5 Intermittency
	5.6 Summary

	Chapter 6
	6.1 Introduction
	6.2 An Attempt to Identify the Subthermals using ConcentrationIntegrals of a Vertical Profile
	6.3 Variability in vertical concentration profiles of an advected thermal
	6.4 Investigation into the Behaviour of the Instantaneous and Time averaged Structure of the Adveded Thermal using a Concentration Integral of a Vertical Profile
	6.5 Investigation of the periodicity of the advected thermal through a Fast Fourier transform of the cdz
	6.6 Summary

	Chapter 7
	7.1 Introduction
	7.2 Theory of the Advected Thermal
	7.3 Experimental Method and Program
	7.4 Experimental Results
	7.5 Discussion
	7.6 Conclusions

	Chapter 8
	8.1 Future Work

	References
	Appendices
	Appendix A
	Appendix B
	Appendix C
	Appendix D
	Appendix E
	Appendix F
	Appendix G
	Appendix H
	Appendix I




