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G 
)q An overview of computed (or computerised. or computer-assisted) 

tomography (CT) is presented. A unified descriptive account of the 
underlying principles is given. The theory of CT image reconstruction 
is outlined. The applications of CT are. reviewed, and several 
illustrative examples of practical CT systems are described in detail. 
Promising approaches to CT software and hardware problems (which often 
arise due to the departure of a system's real-world behaviour from the 
ideal concepts of theory) are identified. 

The implications of CT image reconstruction from incomplete 
projection data are explored. It is found that when images which are 
of "piecewise constant density" are reconstructed from few projections, 
the boundaries of constituent regions are often clearly recognisable. 
Based on the excellent ability of the human brain to extract structural 
information from degraded images. an interactive reconstruction technique 
is developed. The interactive reconstruction scheme is found to be an 
effective and efficient way of incorporating a priori information. as well 
as constraining the image to be of an "acceptable form". based on the past 
perceptual experience of the human operator. 

The effects on reconstructed images of changes in the cross-section 
during scanning are investigated. It is found that significant variations 
in the densities of constituent regions (inside a cross-section) do not 
pr~vent the boundaries of those regions being clearly recognisable in the 
reconstruction. The implications of this finding for CT in general. and 
for X-ray CT imaging of the heart in particular. are discussed. 

The problem of spatially varying resolution in single photon 
emission CT (SPECT) is addressed. The effect of measuring rays within a 
"solid angle" (a diverging cone beam, of Gaussian cross-section) is 
analysed, and a computational procedural framework for compensating for 
the above effect is presented and illustrated. 
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The goal of computed tomography 
Is the imaging of cross-sections. 
It's based on Radon's theory of 
Reconstruction from projections. 

Projections can be measured when 
A body perturbs emanations 
Such as X-rays~ electron beams 
Or ultrasound vibrations. 

When a body is imaged using CT 
Only emanations go through. 
With CT you can have a slice of cake 
And no-t have to eat it too! 

InCT scanning projections are measured 
And stored as digital bytes. 
Reconstruction algorithms are then invoked 
Of these there are several types. 

Simple back-projection yields 
A radially blurred solution-
The projections must first be modified 
By rho-filtering or convolution. 

When there aren't enough measurements 
Or the object has high-contrast peaks 
It's sometimes more appropriate 
To use series expansion techniques. 

One of the features of CT 
Is its usefulness and diversity 
From diagnostic radiology 
To astronomy and microscopy. 

To the public the best-known application 
Is X-ray CAT-scanning~ by far. 
If Hounsfield so caught their imagination 
What will they think of the DSR? 

A recently successful technique 
Is known as NMR.. 
Now one can see what's inside the bowels 
Without X-rays or an enema! 

But CT is also romantic 
Revealing secrets of the beating heart 
With algorithms wild and frantic 
Like CLEAN and scientific ART. 
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There are many different CT techniqu,es 
Medical and industrial~ old and new. 
What's very clearly needed is 
Some kind of overview. 

And that is-why this thesis is
To seek and unify 
The mathematical and physical principles 
On which all CT systems rely. 

So here is the story of CT 
Its problems and its solutions 
Illustrated and extended by 
Original contributions. 
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Electrical Engineering as an undergraduate degree is perhaps unique 

in that it is a specialised scientific and technical qualification, yet 
in no way does it confine the graduate to a strictly limited range of 
occupations. The diverse fields of radio-astronomy, computer science, 

medicine and biology, satellite communications, robotics and power 
generation are all examples of areas where electrical engineers are 
qualified to make a useful contribution. It is possible to look 
further at this apparent paradox, and see that electrical engineers 
(together with some physicists and applied mathematicians) are in the 
rather singular position of being able to objectively survey specialised 
areas of knowledge, and identify common mathematical or physical 

fundamental principles underlying seemingly diverse and separate subjects. 

This thesis is such a survey; illustrated and extended by new insights 
and original contributions. 

Having completed my B.E. degree in Electrical Engineering at the 

University of Canterbury's School of Engineering in November 1979, I 
went on to obtain a Master's degree (M.E. Electrical) in the same 
department in March 1981. My project for the Master's degree, 

supervised by Dr V. Kerdemelidis, involved the deSign and construction 
of instrumentation to record the shape of the peripheral arterial blood 
pressure pulse. This introduction to inter-disciplinary research 
proved to be addictive, and I was extremely pleased when Professor 
R.H.T. Bates offered to supervise me in a Ph.D. programme supported by 
the Technicare Corporation. Technicare is based in Cleveland, Ohio, 
USA, and produces medical imaging technology. As I have already 
indicated, my thesis is written in the form of a surveyor "overview", 

the purpose of which is to identify and describe in a unifying way, 
the theory and concepts underlying the many and varied applications 

employing the techniques now known collectively as Computed Tomography. 
~luch of my work, by virtue of the mutual benefits expected as a result 

of the research contract with Technicare, has been based on specific 
problems, the solutions of which would enhance the usefulness of 

existing or deSign-stage machines or image processing techniques. Due 
to the rapidity with which concepts are nowadays transmuted into working 
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systems in the medical imaging world, such problems are often not mere 
technicalities but may be fundamental to the theoretical basis of the 
particular computed tomographic technique. Therefore, where these 
specific areas of work pertain to topics covered by the survey which 
makes up this thesis, they are used to extend, illustrate, exemplify 
and validate the relevant sections as they arise. In this way it is 
hoped to present a useful, readable account of computed tomography in 
all its diverse manifestations, with enough new information and ideas 
to indicate what are likely to be valuable and stimulating areas for 

future research. Insights of varying degrees of originality are 
inserted into the discussion (see §3.2.4, §3.5.3, §§6.3 to 6.8, §§7.2 
to 7.4, §§8.2 and 8.3). Furthermore, chapters 6, 7 and 8 contain new 

. material supported by significant theoretical analysis and sufficient 
computational examples and experimental findings to demonstrate that it 
would be worthwhile incorporating the results into practical CT imaging 

systems (see §6.8, §§7.3 and 7.4, and §8.2). 

Chapter 1 is a brief record of the early development of computed 
tomography, emphasising how many are the initially disparate techniques 

which can now be classed as branches of the subject. 

In chapter 2, computed tomography is set in context, as a class of 
inverse problem. Inverse problems in general are discussed, and the 

opportunity is taken to establish a set of portmanteau terms of 
reference, to facilitate unambiguous discussion of many important 
concepts recurring throughout the thesis. In particular, the term 
emanations is introduced, to refer to the physical process (such as 
electromagnetic radiation or ultrasound) which interacts with a body 

duri ng computed tomography. An underZying equation, descri b-i ng the 
interaction of the emanatiDns with matter, knowledge of which is, of 
course, fundamental to the derivation of any useful imaging scheme, is 

discussed in chapter 2. 

The approximate solutions to the underlying equation known to be 
useful in practice are introduced, discussed and compared. In 
particular, the Born, Rytov and extended Rytov solutions are commented 
on. Furthermore, the approx"imate, but very powerful, concept of II rays II 

has a specially useful role to play in computed tomography. The 
geometrical theory of diffraction allows this concept to be invoked in a 

very broad context and chapter 2 elaborates on this. In the final 



viii 

section of chapter 2 a definition is arrived at for "computed tomography", 
which holds throughout the thesis. The general problem of computed 
tomography is discussed within the framework of inverse problems, and 
three basic classes of CT problem are identified. 

The general theory of computed tomography is set out in chapter 3 
within the three categories of Remote Sensing, Remote Probing, and 
Combined Probing/Sensing. As a result, any CT system can be viewed 
in terms of its fundamental principles of operation as they fit into one 
of the three categories. Included in chapter 3 is a generalised approach 
to "corrected scatter" imaging, which makes useof transmission 
measurements, as well as scatter measurements, to account for attenuation 
of the emanations. 

In chapter 4 are presented the basic principles of CT image 
reconstruction. The reconstruction schemes there discussed are 
predicated upon the emanations having "straight rail behaviour, and upon 
all measurements being.made by ideal and noise-free transducers. The 
basic reconstruction problem is therefore seen to be that studied by 
Radon (1917) involving the reconstruction of a two-dimensional function 
from its line integrals. Two classes of reconstruction algorithm 
are identified and discussed - transform methods (which are 
deterministic, and involve the inversion of mathematical transform 
formulations of the problem), and series expansion techniques (which 
are iterative methods in which the problem is formulated as a series of 
linear equations or inequalities). 

The ideal ising constraints imposed in chapter 4 are necessary for 
the underlying theory of CT image reconstruction to emerge 
uncontaminated by the imperfections of the real world. However, it 
cannot for long remain unnoticed that transducers are of finite size, 
and measurements of emanations are degraded in various ways; bodies, 
especially those human, are fickle and prone to fidget during the 
finite time of data collection. These challenging problems, which 
can be thought of as the distorting medium between the sharp images of 
theory and the disappointing fuzziness of reality, are the province 
of the engineer. In order therefore to bring computed tomography 
"down to earth", chapter 5 is concerned with the practical 
implementation of CT in real-world applications. Five illustrative 
exampl es are presented - X-ray transmi ssion CT. ul trasound CT. em; ssion 
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CT, nuclear magnetic resonance imaging, and electrical impedance 
imaging. These examples are chosen to illustrate all three basic 
classes of CT problem, and are felt to be important applications in 
terms of current trends in usage and research. The emphasis of the 
discussion of each example is placed on the deviation of the practical 
CT system from the idealised concepts which are the basis of the CT 
image reconstruction techniques presented in chapter 4. Certain 
non-ideal factors are common to several practical CT imaging schemes; 
these include refraction and diffraction phenomena, and the need or 
desire to image entire volumes "instantaneously". Associated with the 
latter is the need for effective means of displaying three-dimensional 
information. Chapter 5 therefore also devotes attention to ray-tracing 
techniques and diffraction tomography, and to direct three-dimensional 
reconstruction and display. 

In chapter 6 are discussed the implications for CT image 
reconstruction of the projection d~ta being incomp in some way. 
Four main types of lIincompleteness" are identified a limited angular 
range of projections, truncated projections~ hollow projections, and 
few projections. It is noted that in many cases, image reconstruction 
from few projections does not prevent the boundaries of important IIfeature 
regions ll from becoming recognisable. A partial explanation for this 
significant finding is provided by Fourier analysis of the properties of 
images having regions of piecewise constant density. Methods for 
overcoming some of the problems inherent in reconstruction from 
incomplete data are discussed. In particular, a fresh approach to the 
latter task is introduced. An lIinteractive" algorithm is described, 
which capitalises on the excellent pattern recognition abilities of the 
human brain. The technique is found to be a very effective means of 
incorporating a priori information into the reconstruction. Several 
computational examples are presented, which emphasise that the remarkable 
ability of the human operator to recognise object boundaries in 
degraded images can be successfully expl~ited as part of a useful 
reconstruction scheme. 

In chapter 7, the effects on reconstructed images, of temporal 
changes "in the cross-section, are assessed. Two kinds of "change" are 
considered -object motion and density variation. It is suggested that 
the effects of motion can be assessed by decomposing the reconstruction 
into several reconstructions, each from an incomplete set of projection 
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data. Computational examples are presented to demonstrate the validity 
of this insight. The effects of density variation, which have not 
previously been studied explicitly, are assessed by means of computational 
examples. and experiments with physical phantoms. It is found that 
reconstructed images are not degraded to the point where the boundaries of 
features within the cross-section become unrecognisable. This is found 
to be so even when the density variation is extreme. 

When the heart is imaged using X-rays, contrast material must be 
injected into the ventricles because the X-ray attenuation properties of 
blood (which fills the ventricles) are very similar to those of the blood
perfused heart wall. This means that the heart not only moves during CT 
scanning, but may undergo significant density changes within the ventricles. 
The problem of reconstruction of the heart is therefore an excellent 
illustrative example of the practical significance of the concepts which 
are the topic of chapter 7. Of especial significance is the implication 
that the density within the ventricles need not remain constant during the 
scan time. This leaves scope for the recovery of extra information 
characterising the heart's dynamic performance, by measuring a tlcontrast 
dilution curve,tI, reflecting the density variation within the ventricles 
as a I'bolus" of contrast material flows through them during CT imaging. 
Also presented in chapter 7 is a demonstration of the V:Kinnon-Bates 
method of difference projections (McKinnon and Bates, 1981) for removing 
the streak artifacts from ECG-gated CT images, using projection data and 
the ECG record measured from a live dog. It is contended that the 
potential usefulness of this technique is significantly enhanced by the 
above-noted insensitivity of CT image reconstruction to density variation. 

Presented in chapter 8 is a means of improving the spatial 
resolution of single photon emission CT systems by accounting for the 
fact that the measurements recorded at the detectors are not straight-ray 
sums, but are the integrated intensity of the emanations lying within a 
diverging cone, having what can be usefully approximated by a Gaussian 
cross-sectional intensity. Computational examples are presented in 
support of the theoretical analysis of this problem. An approach to 
attenuation correction is also presented, which is predicated upon the 
source initially being concentrated at one location within the body. 

Conclusions and suggestions for future research are presented in 
chapter 9. 
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1. volution of Tomography 

Our ability to perceive objects and the environment without physically 
altering them was once limited by the possession of sense organs which 
rely almost exclusively on visible light. audible sound, smell and touch 
to gather information about our surroundings. These "senses!! serve very 
well in allowing us to form a mental picture of the surface of any object 
which we can see or touch. By the use of lenses which focus light we can 
extend our ability to see the surface of very small or distant objects. 
However, our abil ity to see "beneath the surface" of a.n object is 1 imited 
by the degree to which it may be penetrated by light. Hence shallow 
water in a stream does not prevent us seeing a trout, but the schools of 
fish deep in the ocean are invisible to us from the surface. When the 
sense of sight is inadequate in providing the required information, the 
other senses are turned to for ·assistance. Sound can be used, for 
example, to locate solid beams behind wall-boards. or to discriminate 
empty wi ne casks from full ones, by knock-j ng hard on the surface of the 
object and mentally assessing the quality of the sound. The sense of 
touch may also provide information about an object which cannot be deduced 
from visual or aural inspection. For instance, the location of a winding 
malfunction in a transformer may manifest itself as a "hot-spot", raising 
the local temperature of the outer housing; so too an infection inside the 
body may cause a local rise in skin temperature. Smell can also be 
useful - for example, in tracking down hidden biodegradable objects, long 
forgotten in some dark recess. 

In general, information about the inside of a body may be perceived 
by the unaided senses only if (a) the object allows transmission of 
visible light, (b) there is a mechanism for the conduction of heat from 
the inside of the body to the surface, (c) there is a pathway for the 
convection of air between the inside of the body and the observer, or (d) 
there is a pathway for the propagation of audible sound between the 
inside of the body and the observer. 

In the event that none of the above conditions are met, some other 
means of extracting information must be devised. One possibility, which 
was for centuries effectively the only option available, is to literally 
break open, slice uP. or remain in ignorance of, the object in question. 
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If the information is important, whereas the object is not, then the 
above technique may be justified since the object is then sacrificed in 
return for the information. Examples include techniques for the 
evaluation of "limits" such as the tensile strength of an object, or the 
amount of time an object can withstand certain extreme conditions. The 
"limit" remains unknown until the object is destroyed. 

Much 1 arger "objects II, such as the sea or outer space, are so vast 
on a human scale that even by actually getting inside the object, via 
for example, a submarine or spacecraft, only a very limited amount of 
information can be obtained. 

Special considerations also apply when the human body is the object 
of interest. Dead bodies can, of course, be dissected, which is how 
much early anatomical information was obtained. Modern surgical 
techniques also allow the live body to be investigated in many 
circumstances, but in most diagnostic contexts it would certainly be more 
convenient, and often less painful and dangerous, if some other means of 
eliciting the required information could be made available. 

The means of extending our perceptual abilities to include the 
insides of objects lies in the use of electromagnetic radiation beyond 
the visible light band, and acoustic pressure waves beyond the limits 
of audible sound. Any such physical processes, which include for 
example X-rays, electron beams, charged particles and ultrasound, are 
here called "emanations ll

, (A precise definition for lIemanations ll can 
be found in § 2.1.) Perhaps the most obvious manifestation of this 
ability to extend our perceptive limitations was occasioned by the 
discovery of X-rays by Roentgen in 1895, which enabled the inside of the 
body to be visualised for the first time without surgery. Of course 
X-rays are not "visible ll to the human eye and are therefore converted to 
visible light in the form of an image on a fluorescent screen or film. 
The process of gathering information about a body, and displaying it in 
such a way that it may be perceived (usually as a picture) by one or more 
of the human senses, is known as imaging. 

An interesting aspect of such imaging is that to be useful the 
interaction of the emanations with the body must be well understood, 
otherwise the interpretation of the resulting images becomes a rather 
haphazard exercise. This point is well exemplified by the work of one 
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Sergeant Dr Shearer during the first world war. Inspired no doubt by 
Roentgen's discovery and its implications for the future importance of 
medical imaging, Shearer claimed to have developed a method for lithe 
delineation of internal organs by an electrical method ll

• A description 
of his equipment and line drawings of some "anatomical" images were 
published in the British Medical Journal (Shearer, 1916a, 1916b). As 
it turned out, Shearer was a fraud,' and was subsequently court-martial led 
and sentenced to be shot, but because the interaction of electricity, 
magnetism and the human body was not then well understood, IIShearer's 
delineator" was for a short time the very latest thing in medical imaging. 

This thesis is concerned with a particular type of imaging problem -
computed tomographic imaging. The word "tomographyll comes from the Greek, 
meaning a "slice ll or IIcutting", and is used to indicate that tomographic 
imaging results in a picture-representation of a slice through an object. 
Because the inside of an object is the region of interest, emanations 
other than visible light and audible sound must be used, which implies 
that special equipment for sending or receiving the emanations is an 
important part of a tomographic imaging system. A very important point 
distinguishing tomographic imaging systems from other means for imaging 
the inside of an object is that a picture of a true cross-section through 
the object is formed. For example, conventional X-ray radiography 
projects information about the three-dimensional X-ray attenuation 
properties of the body onto a two-dimensional screen (Fig. 1.1a), whereas 
X-ray computed tomography (CT, or CAT-scanning) yields a two-dimensional 
image ofa two-dimensional "slice" through the patient (Fig. l.lb). 

The mathematical foundations of tomographic imaging have been long 
understood (Radon, 1917) but have only become useful in practical imaging 
contexts with the advent of the di gita 1 computer - hence the term 
"computed tomographyll. 

Computed tomography has found application in a wide variety of contexts. 
The first CT images were obtained around 1950 by radio-astronomers who 
were concerned with mapping the radio emission from celestial objects 
(Bracewell, 1956). Also in the late 1950s, Russian workers separately 
developed the theory of CT image reconstruction (Tetel 'baum, 1957) and 
presented a design for an analog CT system (Korenblyum et al., 1958). 

The Russian work was published in obscure Russian journals and had been 
overlooked entirely in the literature in the West before coming to the 



Fig. 1.1a 
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A conventional chest X-ray. 3-D information 

is projected on to a 2-D screen . 

.... 1 
..... I 

..... I ...... 

Fig. 1.lb An X-ray CT image of a cross-section at the level 

of the sternum. 2-D information in the image is 

directly related to the 2-D cross-section. 
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attention of Dr H. Barrett and colleagues (1983). It was not until 
the early 1960s that independent reports were published in the West 
regarding the possible medical applications of computed tomography 
(Olendorf, 1961; Kuhl and Edwards, 1963; Cormack, 1963, 1964). A few 
years later electron microscopists reported the use of computed 
tomography in the imaging of three-dimensional molecular structures 
(De Rosier and Klug, 1968; De Rosier, 1971), although this work was 
largely foreshadowed by much earlier research (Klug et aZ., 1958). 

The first medical X-ray CT body scanner was developed by Hounsfield 
in 1972 (Hounsfield, 1972); the CT scanner has now revolutionised medical 
diagnostic radiology and few large hospitals are without one. Recent 
trends in medical CT imaging include the development of ultra-fast X-ray 
scanners, ultrasound CT for breast imaging, radionuclide emission CT 
systems and perhaps the most promising new technique -- nuclear magnetic 
resonance, or NMR, imaging. A detailed discussion of each of the above
listed techniques, together with the appropriate references, can be found 
in chapter 5. 

The very wide range of CT applications, other than in diagnostic 
medicine, is illustrated by its use (or potential use) in the follow"ing 
areas: geophysical prospecting, including cross-sectional imaging of 
the whole Earth; deep sea exploration; imaging the solar corona; body 
composition analysis of animal breeding stock; and archaeology. (For 

details and references pertaininq to these techniques, refer to Tables 

3.1-3.4.) 

This thesis is concerned with the principles and practice of computed 
tomography in all its manifestations. The aim is to identify and 
discuss in a unifying way the mathematical principles, physical concepts 
and computational strategies which underly all computed tomographic 
imaging systems, and to extend or develop topics of especial interest. 

For a complete chapter by chapter summary of the way this thesis is 
presented, the reader is referred to the Preface. 
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2. Computed Context: 

A C 88 of verse em -
2. 1 INTRODUCTION 

The brief historical introduction presented in chapter 1 clearly 
demonstrates that the now widespread application of computed tomography is 
the result of diverse, and often independent. development in many different 
fields of endeavour. This segregated type of evolutionary process has led 
to subtle differences in the use of the term "computed tomo!=!raphyll 
(cf. computer-assisted tomography, computed axial tomography. computerized 
tomography) and to major differences in terminology describing the technology 
of computed tomography in different applications. The aim of this chapter 
is to ultimately ~rrive at a definition for computed tomography which can 
hold throughout this thesis. 

Computed tomography is considered as a special class of inverse (or 
imaging) problem. It is here convenient to define a set of "portmanteau" 
terms of reference. These terms are used throughout this thesis in order 
to facilitate unambiguous discussion and definition of the subject in a 
unified way. 

The experimenter is anyone performing or wishing to perform any 
kind of imaging. 

The body represents any object whose interior the experimenter 
wishes to study. 

The emanations represent any physical process (e.g., radiation, 
wave motion, static field etc.) used to study the body from 
outside. 

The system represents the combination of apparatus, measurement 
scheme and emanations employed by the experimenter. 

The density represents the spatial distribution of whatever 
material property of the body the system is designed to reconstruct. 
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2.2 THE 

All imaging systems are concerned with reconstructing the density 

of a body by interpreting measurements made outside (often far from) the 
body, of emanations that have interacted with it. The deductive process 

of interpreting the measurements is rigorously formulated within the 

demesne of inverse theory. 

Consider a body, B, suspended in space, T. The region of space 
immediately surrounding, or near to B is Tn' The rest o'f space, 
surrounding both B and Tn' is Tf . {Tf is to be thought of as being a 
part of free space and it is sometimes appropriate to describe Tf as being 
far from the body, though this is not always physically the case. 
Fig. 2.1 shows the relationship between B, Tn and Tf. 

Fig. 2.1 A body, B, is suspended in space, T. 

An experimenter wishing to study the body introduces emanations 
into T. The emanations can be represented by a mathematical construct 
called a field, which is defined to be ~i throughout T when the body is 
not present. Wi is to be thought of as the incident field, under the 
control of the experimenter. The emanations comprising ~i are chosen to 
be such that they interact in some measurable way with the body to yield 

information about the density of the body. Thus, when the body is 

introduced into Tn' where ~i exists, it causes the field throughout the 
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rest of space, Tf , to change. The resulting field ~ is made up of the 

incident field ~i' and a perturbed field ~p: 

The perturbed field ~p contains information about the body which the 
experimenter wishes to recover. 

(2.1) 

Two classes of problem may be posed concerning the interaction of 

emanations and matter. The direct problem is to calculate the perturbed 

field ~p given the incident field ~i and the density of the body B. The 

inverse problem (equivalently called the imaging problem) is to deduce the 

density of the body B given the incident field ~i and the perturbed field 

~p within Tfo In practise the inverse problem actually consists of 

determining ~p within Tn as well as the density of the body, since the 
emanations can often only be measured in Tf . 

2.3 BEHAVIOUR OF THE E·MANA TIONS 

2.3.1 THE UNDERLYING EQUATION 

"Emanations" as defined in the introduction to this chapter, is 

a collective term describing any physical process whose observable 

behaviour is affected by interaction with matter. 

The emanations vary in general throughout space and time, which 

is conveniently expressed by 

'f = 'f (x, t) . (2.2) 

Ordinarily the propagation of 'f is dispersive in the sense that its 

speed and attenuation are frequency dependent. This significantly 
complicates any attempt to analyse the behaviour of 'f. A more convenient 
analytical procedure is to investigate each spectral frequency component 
of 'f separately. The distribution of spectral components, equivalently 

named the temporal Fourier transform (Bracewell, 1978) of 'f, is here 

denoted ~ = w (x, k), where 

00 

'f(x, t) f ~ (x. k) exp (i k c t) d k (2.3) 
-00 
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where the wave number k can be written as k = 2TIjA, with A being the free 
space wavelength. For many species of emanation, the behaviour of ~ 
throughout space is adequately described by what is here called the 
underlying equation: 

where v = v(x), a = a(x) and f3 = f3(x) are constitutive parameters 
characterising the material properties of the body and are in general 
complex-valued. The parameter of particular interest in an imaging 
context is here called the density - refer to § 2.1. 

(2.4) 

The parameter k (i.e., the wavenumber) appearing in the underlying 
equation is of special significance. When k is neither very small, nor 
very large, the emanations are wavelike, and the underlying equation is 
the Helmholtz wave equation (Morse and Feshbach, 1953, p.125). When the 
wavelength of the emanations is much larger than the largest physical 
dimension of the body, k tends to zero and the behaviour of the emanations 
is closely approximated by that of a conservative fieid. This case is 
commented on further in § 2.3.4. When the wavelength is very small 
compared to the dimensions of characteristic anomalies in the body, k 
tends to infinity and the emanations can usefully be described by rays. 
This is a particularly important and useful concept in practical imaging 
systems. Section 2.4 is concerned with this "high-frequency" behaviour. 

2.3.2 POLARISATION SOURCE FORMULATION 

Insight into the consequences for imaging of the behaviour of the 
emanations can be gained by invoking the polarisation source formulation 
(Bates and Ng, 1972) of the inverse problem. 

In the analysis that follows, and in all theoretical exposition 
throughout this thesis (unless explicitly stated otherwise), the imaging 
problem is formulated in two dimensions for the following reasons. 
Although the most general imaging problem concerns a body that is three
dimensional, and emanations that propagate in three dimensions, the 
mathematical analysis is necessarily more complicated than for a two
dimensional problem. It is also worth noting that many aspects of 
field behaviour which are relevant in an imaging context in three
dimensional space, have a two-dimensional counterpart which can be more 
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simply analysed. For example, a field may be characterised by wavefronts 
which propagate along curvilinear ray paths in space. The two
dimensional counterpart of this behaviour ;s a field whose wavefronts 
propagate along curved paths confined to a plane. The two-dimensional 
formulation is therefore less complicated, while remaining general in the 
sense that the analysis may be naturally extended to three dimensions. 
It is also conceptually satisfying to note that any volume can be built up 
out of two-dimensional slices. This abstract concept is made concrete 
in practical computed tomographic imaging systems as is discussed at 
length in § 2.5. For all of the above reasons, only the two'-dimensional 
imaging problem is examined in this thesis. 
generally. 

It is however treated quite 

Consider Fig. 2.2. The cross-section of an inhomogeneous body B 
occupies space T, where T = TnUTf . The cross-section lies within a 

Fig. 2.2 An inhomogeneous body, B, occupies space 
T and is circumscribed by rc in Tn and 

rro in Tfo 

circle rc inside Tn' Circumscribing fc in Tf is rro' In free space 
the refractive index v = 1, a = O. and S = O. The essence of the 
polarisation source (or equivaZent source, or voZume source) formulation, 
is that the effect of introducing the body into an incident field t/!i can 
be analysed by considering that sources exist in place of the body. 
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producing an equivalent resultant field. The incident field must 
everywhere satisfy 

(2.5) 

The field due to the equivalent sources must of course correspond tOlJ!p 
the perturbed field of §2.2. (Recall that lJ!i +lJ!p = lJ! (2.1).) 

The equivalent total field lJ! must satisfy the underlying equation: 

(2.6) 

which may with the help of (2.5) be rewritten in the form 

(2.7) 

where S = S(x) represents the equivalent source distribution. Note that 
lJ!p is on the left hand side of '(2.7) while lJ! is on the right. (2.7) can 
be solved for lJ!p using the Green's function technique (Morse and Feshbach, 
1953, ch. 7). The Green's function describes the field response to a 
point source excitation and can therefore be readily incorporated into this 
analysis as 

lJ!(x, k) = lJ!dx, k) + ff S(x') G (x, x') dx' 
T 

(2.8) 

where G (x, x') is the free space Green's function for two dimensions, which 
is (Morse and Feshback, 1953, p.891) 

G (x, X I, k) - i /4 H ( 2) (kp) 
o 

(2.9) 

where p is the distance between the points described by x and Xl, i.e., 
p = Ix-x'i and H(2) denotes the Hankel function of the second kind (Jones, 

o 
1964, p.72). Approximate expressions for H(2) (kp) which may be used 

o 
only in the appropriate limiting cases are 

H~2) (kp) ~ (2/'rrkp)! exp -i (kp-1T/4), IkPI +00 (2.10a) 

H(2)(kp) = (-i2/1T) In(kp), ikpi+o. 
o (2.10b) 
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Note that for p = 2A. (2.10a) is an accurate expression for H~2)(kp) 
to within 1% (Abramowitz and Stegun, 1965. p.364. 9.2.8 - 9.2.10). 

substituting (2.7) and (2.9) into (2.8) and recalling (2.1). allows 
~p to be expressed as 

~p(x. k) = i/4ff{([v2(xl) -lJ k2 -2ia(x l ) k+B(x l )} ~(Xl) H(2)(kp) dx'. (2.11) 
T 0 

From (2.11) the direct problem can be solved for ~p. as ~i' v. a and S 
are all known. However. there are difficulties associated with the 
inverse problem since ~p in Tn' as well as v. a and B. must be estimated. 

(2.11) is a Fredholm integral equation of the first kind (Morse and 
Feshbach. 1953. ch. 8). The general method of solution of such an 
equation is based on the expansion of the unknown function in terms of a 
complete set of basis functions. The expansion has the form of a sum or 
integral over the. set of basis functions, with undetermined coefficients. 
When the expansion is introduced into the integral equation, a set of 
equations relating the unknown coefficients results. 

A Fredholm integral equation of the first kind is of the form 
(Kanwal, 1971. p.2) 

g(x) 
b 

= f f(x l ) K(x. Xl) dx ' a 
(2.12) 

where g{x) is a known, or given function, K(x, Xl) is known. and f(xl) 
is to be found on [a, bJ. Expanding f(xl) gives 

f(x) (2.13) 

where the ¢n form a complete set of basis functions on [a,bJ; preferably 
an orthogonal set such that 

(2.14) 

and w(x) is a density function chosen to approximate f(x) and thus improve 

the convergence of the series. 

(2.12) can now be written 
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g(x) 
b 

=: 2: an J K{x, X I) til (Xl) w{x I) dx I 
nan . 

(2.15) 

or, equivalently 

(2.16) 

where 

(2.17) 

The hn's are known functions, calculated from (2.17). The problem 
is thus reduced to finding the an's from the known properties of g and the 
hn's. Except in cases of especial simplicity (for example where the hn's 
are powers of x, or form an orthogonal set) it is necessary to first 
express the known function g{x) as a sum (or integral) over a set of 
complete basis functions: 

g (x) == 2: b X (x) m m m (2.18) 

where the Xm's form a complete set of basis functions. The functions 
X (x) are expressed in terms of the known functions h (x), as m n 

y (x) ;: 2: a . h (x) 
Hm nmnn (2.19) 

substituting (2.19) into (2.18) yields an expression for g(x) in terms 
of the hn's: 

(2.20) 

Comparison of (2.20) with (2.15) reveals that 

(2.21) 

and so before the integral equation can be solved the coefficients ~n 
must be evaluated. 

In order to evaluate the coefficients, ~n' the most obvious 
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requirement is that there be a finite number of them. In practice, the 
number of coefficients must not only be finite, but must be small enough 
to allow a reasonable computation time for inversion of the matrix. As 
a general guide, the computation time required to invert a square N x N 
matrix is proportional to N3 (Nash, 1979, p.40). 

Given that there are a finite number of coefficients, they can be 
determined by matrix inversion if m::: n. 

containing the an' B represent a vector 

the square matrix containing the ~n' 

A BK 

Let A represent a vector 

containing the bm and K represent 
(2.21) can then be written 

(2.22) 

which can be solved by inversion of K to give the unknown coefficients, 

B-

B (2.23) 

The size of the matrix K is an important factor affecting the 
feasibility of solution by matrix inversion. In general, the larger K 
is, the more error-sensitive and difficult it is to invert (Broyden, 1977, 
ch.2.1). The number of coefficients comprising K is related to the 
relative size of characteristic dimensions of the body to the wavelength 
of the emanations. Consider the field W as it passes through the body 

(refer to Fig. 2.3). 

Fig. 2.3 

Functional form of ~ 

Samples characterising 
W in B 

The function describing ~ inside the body 
may be approximated by closely spaced samples. 



15 

The function describing the field inside the body can be approximated 
by sampling the values of.~ at regular intervals. This;s shown 
diagramatically in F;g~ 2.3. As the size of the wavelength of the 
emanations decreases with respect to the characteristic dimensions of 
anomalies within the body, the number of samples needed to adequately 
represent the field increases. Hence the unknown matrix coefficients 
increase dramatically in number as k decreases. 

The Dimensionality Difficulty 

Close examination of the polarisation source formulation (2.11) 
reveals an inherent difficulty. On the left hand side of the equation 
~p is a function of two-dimensional position, and frequency. However, 
note that since ~p is the field due to equivalent sources on the body 
surface, its space-time evolution may be described as entirely outgoing 
with respect to the body. This means that knowing the value of ~ at 
every point around a circle in °Tf is sufficient to determine ~p completely. 
The radius of the circle is not important. as no new information about 
~p can be obtained by moving closer or further from the body. ~p is 
therefore effectively a two-dimensional function of angular position and 
frequency. Now observe the right hand side of (2.11). The total field 

~, consisting of ~i and ~P' exists throughout space (in Tn and Tf ) and is 
therefore a three-dimensional function of two-dimensional position and 
frequency. There is thus an inconsistency in the IIdimensionality ll of 
the problem, called the dimensionality difficulty (Bates and Millane. 
1981). 

The problem may be generally expressed as 

g (x) ff f (x I. Y I) K (x I, Y I, x) dx I dy I (2.24) 

where f(x ' , yl) is the unknown function. 
above f(x, y) is expanded as a series: 

Following the method described 

f(x, y) = E b <I? (x)n (y) mn mn m n (2.25) 

where the bmn's form a two-dimensional array. Such a series can be 
re-ordered so that the unknown co-efficients form a one-dimensional array: 

E bm <I? (x)n (y) = E B1 U1 (x, y) . mn n m n. 1 
(2,26) 
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There is no longer a dimensionality difficulty. but in general special 
constraints must be placed on the problem for the following reasons. 
Consider (2.22). The vector A consists of known values of ~p' However, 
these coefficients are known because they have been measured which 
implies that there are likely to be far fewer terms on the left hand side 
of (2.22) than on the right. Recall that for many practical situations 
K is a very large matrix, whereas the size of vector A is limited by 
constraints of time and measurement apparatus and geometry. In order then 
to use matrix inversion techniques in this sort of situation it is 
necessary to either increase the size of vector A or to decrease the size 
of vector B. The size of the measurement vector can be increased by 
numerical interpolation, extrapolation or analytic continuation techniques 
(Kantorovitch and Krylov, 1964, pp. 116 -117). The size of the unknown 
density vector B can be reduced by incorporating a priori information 
about the body. such as constraining the value of the density to be real 
and positive, to be restricted to a number of discrete points, or to lie 
between certai n upper and lower limits. (See § 6.2 for further comments 
on these techniques.) 

However. the exact solution is almost never numerically tractable 
and approximate techniques are usually invoked instead (Sabatier, 1983). 

2.3.3 THE BORN (RAYLEIGH-GANS) APPROXIMATION 

The Born approximation to solving the underlying equation requires 
that the perturbed field ~p be much smaller than the incident field, ~i' 
In such a situation the interaction of the body with the field may be 
described as weak perturbation. A particular example is weak scattering 
of X-rays by crystals; the Born approximation is in fact the basis of 
X-ray crystallography (Cowley, 1975). Note also that the wavelength of 
X-rays is so small that for practical measurement of ~p outside the body. 
the limiting expression (2.10a) for H(2)(kp) applies. Furthermore, a 

o 
typical linear dimension £ of a crystal is always very small compared to 
the distance is between the "centre ll of the crystal and the X-ray detector. 
This means that the factor lip! in (2.10a) can be replaced with negligible 
error by However, p cannot be treated as a constant within the 
exponent because £ divided by the X-ray wavelength is always a very large 

number. 
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For weak perturbation 

(2.27) 

The general solution of (2.4) may then be approximated using (2.27) and 
(2.10a) by 

(2.28) 

where 

C = -i/4[2/(TIkp)J-t exp(iTI/4)· (2.29) 

and 

f(x, k) = [\)2(X) - 1Jk2 - 2ia(x)k + s(x). (2.30) 

To evaluate the densities \)(x)~ a(x) and S(x) it is clearly necessary to 
solve (2.4) Art"three different frequencies to give three equations of the 
form (2.30) in the three unknowns \), a and S. Simultaneous solution of 
the three equations then yields the required densities. In practice, 
however. it is often the case that only one density of the body is of 
interest and so only one set of measurements (at a fixed frequency) is 
required. For example, in X-ray crystallography the refractive index \) 
is effectively unity,Sis zero,and the density a(x), representing the 
electron distribution, is reconstructed. 

(2.28) is especially simple if the incident field is a plane wave, 
such that 

(2.31) 

where k describes the direction and frequency of the plane wave: k = kk, 
where k = Ikl and A denotes a unit vector in the direction of the vector 
it surmounts. When 1J!p is measured outside the body (on I'm say) then 
p Ixl» Ix'i and (2.28) can be solved using a standard mathematical 
transform technique, in the manner outlined below. 

Substituting (2.31) into (2.28) then gives 

C expi(k\xl) ff f(x', k) exp(i(k-kX)·x') dx' . 
T 

(2.32) 
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If the value of ~p is known at all points where it exists on fm so that 
Ixl is of constant value (equal to the radius of fm) and the observation 
co-ordinates are transformed according to (see Fig. 2.4) 

u (k - ki) /21T (2.33) 

21TU 

Fig. 2.4 Observation co-ordinate transformation. 

then (2.32) may be written as 

co 
F(u) = JJ f((, k) exp(i21Tuot) dt (2.34) 

-co 

Note that the region of integration of (2.34) includes all space since 
f((, k) equals zero outside the body. 

By comparison with (2.3), (2.34) is seen to be a Fourier transform 
(Bracewell, 1978). When the transform is inverted the required density 
function is expressed in terms of F. For example, to reconstruct the 
refractive index of a body, with a and f3 equal to zero, the equation is 

co 

k2(\!2(() -1) ;:: JJ F(u) exp(- i21T(X O U) du (2.35) 
-co 

For the Born approximation to be applied usefully (2.30) must be 
valid. There are two points to consider. The first is that (\!2 -1) 
must be small so that the amplitude of ~p is small compared to ~i' 
Secondly, it is important that (\!2-1)kL be small, where L is the largest 
linear dimension inside ,so that the total accumulated phase change of 
the wave as it travels through the body is small. If L is greater than 
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a few wavelengths, the second restriction is particularly important, and 
if violated can cause large errors in the reconstruction of v. The Born 
approximation is really only appropriate if the region being probed 
consists of very small scatterers, or is very tenuous - i.e., the 
refractive index differs only marginally from unity, as is the case in 
X-ray crystallography. 

2.3.4 THE RYTOV APPROXIMATION 

The Rytov approximation to the inverse problem is similar to the 
Born approximation in that it too is based on a weak perturbation solution 
to the direct problem. The Rytov approximation is claimed to be more 

() 

accurate (Chernov, 196,5) because it requi res only that the integrated 
deviation of the refractive index from unity per wavelength be small. 
The accuracy of the solution is therefore comparatively insensitive to the 
size of the perturbing body. 

The Rytov approximation is made in the following way. The field W 

can be expressed as 

w == exp(y) 

where 

Yi is defined by 

where Wi satisfies the free space wave equation (2.5). Substituting 
(2.38) into (2.5) shows that Yi satisfies 

(2.36) 

(2.37) 

Using (2.39) and substituting (2.36) for W in the underlying equation (2.4) 
the resulting expression is 

(2.40) 
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A new function e is here introduced: 

By referring to (2.39) and (2.40)~ 8 is seen to satisfy 

The Rytov approximation is now made by requiring that 

or, equivalently 

8 can therefore be expressed in the form 

8(X, k) = C ff f(x', k)Wi(X I
, k) exp(-ikp) dx l 

T 

which can be treated in the same manner as (2.11). 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45) 

The Rytov approximation arises from the way in which the perturbed 
field Wp is defined. The Born approximation defines Wp by (2.1) -

(2.46) 

whereas the Rytov perturbed field e is defined by 

(2.47) 

Note that as 8 becomes very small with respect to Wi in (2.47) an equivalent 
approximate formulation is 

(2.48) 

which shows as expected that 8 = Wp for the weak perturbation case. 

Keller (1969) has demonstrated that the Rytov approximation is 
superior only when the total field W closely approximates a plane wave. 
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In such a case the perturbed field ~p must propagate generally in the 
same direction as the incident field and may be described as propagating 
in the forward direction. 

2.3.5 CONSERVATIVE FIELDS 

Consider the underlying equation (2.4) for the case where k = O. 

The equation reduces to 

(2.49) 

which is of course independent of frequency. The behaviour of the 

emanations described by (2.49) is that of a conservative field (Seagar, 
1983, ch.2). 

The solution of the integral equation (2.11) for conservative fields 
is possible for only a limited tlass of problem. As was pointed out in 
§ 2.3.2 the essence of any exact solution technique is to make sufficient 
independent measurements, or incorporate enough a priori information 
regarding the density, that matrix K in (2,22) is square and therefore 

invert i bl e. 

For wavelike fields the number of measurements may be increased by 

using many different frequencies. This cannot be applied to conservative 

field systems because there is only one possible frequency (k = 0). The 

only conservative field imaging problems which can be solved are 

therefore those in which the size of the unknown coefficient vector B can 
be reduced by using' extra information that is known or estimated a priori. 

For example, the density distribution may be known to lie on a given 

surface, or to be usefully approximated by regions of "piecewise constant" 

dens ity. 

2 

2.4.1 THE NEED FOR HIGH-FREQUENCY APPROXIMATE TECHNIQUES 

As was discussed in § 2.3.2, exact solut,ions to the underlying 

equation (2.4) governing the interaction of emanations with matter are in 



22 

general difficult to formulate and are ill-posed. The complexity of an 
exact numerical solution increases dramatically as the characteristic 
dimensions of the body increase with respect to the wavelength of the 
emanations. For this reason, approximate techniques have been developed 
for such "high-frequenci' analysis. 

The most conceptually simple high-frequency approximate techniques 
are based on ray concepts, which originate from the classical approach of 
geometrical optics. The basic principles of geometrical optics (GO, 
or equivalently ray optics) are outlined in § 2.4.2. The geometrical 
theory of diffraction (GTD), due to Keller (1958) , embodies and extends 
geometrical optics to include diffraction phenomena. The ray-optical 
concepts of the geometrical theory of diffraction are the basis of almost 
all computed tomographic image reconstruction algorithms. Section 2.4.3 
consequently contains an exposition of the principles of the geometrical 
theory of diffraction. To set the methods of geometrical optics and the 
geometrical theory of diffraction in a wider context, comparison is drawn 
in § 2.4.4 between the above methods and those of physical optics (PO) 
and its natural extension, the physical theory of diffraction (Ufimstev, 
1962) . 

Finally, § 2.4.5 describes an extension to the Rytov approximation of 
§ 2.3.4 which is made possible by the application of ray concepts. 

2.4.2 GEOMETRICAL OPTICS 

The principles of geometrical optics are used to determine the 
behaviour of a field, due to given sources, in terms of rays. In optics, 
where the emanations are visible light, a ray is the idealisation of a 
very narrow light beam. A light ray travelling in free space, or in a 
homogeneous medium, defines a straight line and the reflection and 
refraction of rays at interfaces between different media are conveniently 
described geometrically. 

The rays defining a field in a medium where the refractive index 
v depends on the pos it i on If' are determi ned by Fermat's pr-j nc i p 1 e (James, 
1976) which states that "a ray from point Iro to point r is a curve 
s(r , r) that makes the integral 

o 

s(lro, r) v(r) dcr (2.50) 
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stationary with respect to infinitesimal variations in path". Note 
that do in (2.50) is the element of arclength along s(r o' r). 

The integral (2.50) is called the optical path length and the 
determination of s(ro' r) is a problem in the calculus of variations. 
When the refractive index v(r) varies smoothly with position, it can be 
shown that the ray s(ro' r) satisfies 'a differential equation. For 
example (following Deschamps (1972)) if the parameter T, defined by 

dT = do/v (2.51) 

is substituted into (2.50) the resulting expression is 

(2.52) 

which is found to yield the following differential equation for a point 
r on the ray: 

(2.53) 

Consider now a particle of unit mass moving under the influence of a 
gravitational field characterised by the potential -g(x). The equation 
of motion for the particle is (Bullen, 1971, ch.9) 

(2.54) 

where x represents the position of the particle and t is the time in 
seconds. Comparison of (2.54) with (2.53) shows that the ray paths 
s(r o' r) can be thought of as the trajectories of such a point in a field 
whose potential is -v(r)2j2. 

At points where v(r) is discontinuous, (2.53) does not apply; 
instead, two rays are generated - a reflected ray and a refracted ray. 
Their directions are given by Snell's law (Born and Wolf, 1964, p.38) 
when the discontinuity surface is replaced by its tangent plane at the 
point of incidence (refer to Fig. 2.5), 
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Sne 11 I sLaws 

refracted 81 = 83 

ray v1sine1 = v2 s"in8
2 

'<..iJ.~H1"" Interface 

Fig. 2.5 Snell IS laws determine the directions of 
reflected and refracted rays. 

Consider the rays originating from a point ro which reach some 
region of space. For all points r in that region a ray given by s(ro , r) 
can be defined. s(ro ' r) is related to the phase of the field atr by 
multiplying by the free space wavenumber k (Deschamps, 1972). The surfaces 
in space for which s(ro ' r) is constant are called wavefronts, and from the 
family of wavefronts the system of rays can be deduced as shown in Fig. 2.6, 
since the rays are by definition everywhere normal to the wavefronts. 

Plane wave 

Spherical waves 

Perturbed wave 

Wavefront 
Representation 

Ray 
Representation 

- ... 

--... 
III" 

Fig. 2.6 The relationship between the wavefront representation 
and the ray representation of a field. 



25 

Having found the phase of the field (given by the ray system) the 

amplitude of the field within the .region must be deduced. 

The energy in a field may be considered as propagating along the 

rays with a speed v given by 

v = c/v (2.55) 

wh~re c is the free space velocity. 

The energy density is proportional to the square of the field 
amplitude, A. Hence the intensity I expressed by the energy crossing a 
unit surface element normal to the ray, in unit time, is (Deschamps, 1972) 

I = h A2 V (2.56) 

The constant of proportionality h in (2.56) is here normalised to unity. 
Consider now the "tube" of rays surrounding a ray that follows the path 

s(ro' r).· The cross-section of the tube ;s dLl at r 1 , and dL2 at r 2 • as 
is depicted in Fig. 2.7. The intensities at r~ and r 2 are II and 12 

respectively. 

Fig. 2.7 Intensity law: I 1 dL 1 = 12dL2 

(after Deschamps, 1972, p.1972). 

Conservation of energy is expressed by 

(2.57) 
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Characteristics of Diffracted Ray 

1 

Ray i ntens ity 0: 1/ p2 

where 

p = distance along ray. 

Rays lie on a cone such that e = ¢. 

~ 

Ray intensity o:l/p2 

Rays propagate in all directions. 

---1-:-:--..... //:. Ray intensity o:exp(-Sd) where S is a 

ray 

I 

Convex surface 

1 atera 1 ray 

Incident 
ray 

Interface between two 
media - VI > v2 

Sl it 

constant and d is the distance 
travelled by the ray. Rays "creep" 
into shadow region-hence the terms 

creeping or surface rays. 

Ray incident at critical angle sends 
a taterat ray along parallel to 
interface. Diffracted ray returns 
to denser medium by refraction. 

Rays may be "multi pl y diffracted ll
, 

for example, at a slit. 

Table 2.1 Diffracted rays. 
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so if II is known, 12 can be deduced by cDmputing dL: 2 /dL: 1 • 

Note that as defined above, the intensity at a point source is 
infinite. An infinite intensity is also predicted when an infinite 
number of rays converge to a given point (focus) or surface (caustic). 

Since this patently does not occur in practice it is one of the short
comings of the geometrical optics approximation. Generally, however. 
the strength of a source in a given direction (i.e., the intensity) can 
be expressed, using (2.57), as the amount of energy radiating from the 
source per unit time, per unit solid angle. 

Relationship Between Geometrical Optics and the Wave Equation 

Consider a general wave-function ~= ~(r). which is a solution of 
the underlying equation (2.4). The geometrical optics field developed 
above is such a wave-function, and is represented by 

~ = ~(r) = A(r) exp(-iks (r , r)) 
o 

(2.58) 

where A(r) is the field amplitude from (2.56) and (2.57) and ks(r , r) is o 
the phase of the field, from (2.50). 

Rays are high frequency approximants, as has already been discussed, 
so an appropriate form for A(r) is an asymptotic series in inverse powers 
of k - for example 

00 

A(r) = L:. ~ (r) (i/k)n 
n=O n 

On substituting (2.59) into (2.58), taking the gradient and then the 
divergence, gives 

(2.59) 

co 00 00 00 

V2~= exp(-ikS)~~oV2~n - 2ikVsn~oV~n - k2(Vs.Vs)n~o~n -ikV2SnEo~nJ/kn 

(2.60) 
where the symbols V and V2 are used conventionally to denote 3/3r and 
8 2/3r2 respectively. Direct substitution of (2.58) through (2.60) into 
the underlying equation (2.4) yields an expression which may be re-arranged 
in the form 

(2.61) 
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since all terms in like powers of k must add to zero. The equation 
corresponding to m=-2 in (2.61) is 

\ls·\ls = v 2 (2.62) 

which is called the eikonaZ equation of geometrical optics. By 
inspection of (2.52) it can be seen that the solution to (2.62) is the 
integral defining the optical path length on the right hand side of 
(2.50) • 

When m= -1 the equation to be solved is 

(2.63) 

and for m ~ a the general expression is 

Equations (2.63) and (2.64) are known as the transport and can 
be shown to embody the transport properties expressed in the intensity 
law (2.57) (Born and Wolf, 1964. pp. 118-119). (2.63) can be solved 

; 

by noting that (2.62) and (2.50) yield 

\Is = ov (2.65 ) 

where a is the unit vector directed along s at r, and 

s = \I. (\Is) = 3v/30 

(2.63) is therefore equivalently formulated as 

Integrating (2.67) with respect to a shows that 

Wo Bv- i exp(-f(a/3)do 

where B is an arbitrary constant of integration. Consider the case 
where the emanations are X-rays, and the body is a human one. The 

(2.66) 

(2.67) 

(2.68) 
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refractive index effectively equals unity and (2.68) reduces to 

Ao :::: B exp ( - f a do) (2.69) 

where B is a constant. In this example B is actually a scatter 

coefficient, and a is the X-ray attenuation coefficient. (2.69) 
describes how the intensity of a beam of X-rays decreases exponentially 

with respect to the X-ray attenuation characteristics of the body 

material lying in the beam path. 

The standard geometrical optics field is characterised by the 
first term in the summation in (2.59), i.e., 

A(r) tPo(r) 

The condition that the geometrical optics approximation be useful is 

that the sum of the remaining terms be small. It can be shown that 

(2.70) 

this requires that vtPo/\jJo be negligible (Deschamps, 1972). The condition 

is violated at a focus or caustic surface (James, 1976, ch. 4) where an 
infinite field is predicted, as demonstrated by (2.57). 

2.4.3 THE GEOMETRICAL THEORY OF DIFFRACTION 

In addition to the reflected and refracted rays of geometrical 
optics, the geometrical theory of diffraction introduces a class of 

diffracted rays. The latter are generated whenever an incident ray 
encounters a discontinuity, such as an abrupt change of surface slope 

(an edge or vertex, for example) or grazes a convex surface. As for 
the reflected and refracted fields of geometrical optics, the diffracted 
field is determined solely by the incident field and the local nature of 
the body surface. The situations where diffracted rays occur, and their 
behaviour, are summarised in Table 2.1. The trajectories of all the 
rays are such that they satisfy Fermat's generalised principle, which 

may be stated as: "a ray from point ro to point r is a locus s(ro' r) 
which makes the optical path length (2.50) stationary with respect to 
small variations in the path and satisfies the constraints imposed by 
the obstacle." For example. the constraint for a diffracting edge is 

that the ray paths s(ro ' r) intersect that edge at a single point. At 
any point P at some distance from the body. the field propagating along 
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a single ray path has the geometrical optics form 

(2.71) 

where the eikonal Sq = Sq(P) is the optical path length from the source to 

P (see (2.50)), and Aq varies (to a first approx"imation) according to the 
intensity laws of geometrical optics. 

Hence, the total field at P, formed by summing the individual ray 
contributions, has the form 

~(P) = L ~ (P) = L A exp(-iks (P)) q q q q q (2.72) 

Note that (2.72) is discontinuous when P crosses a shadow boundary or a 

caustic surface since the total number of rays reaching P changes. The 

field described by (2.72) is therefore not a useful approximation to the 

true field in some neighbourhood of these surfaces, which are often 

termed "boundary layers", or "transition zones". The ray paths along 

the surface of the body also generally fail to obey the laws of geometrical 

optics, as the field propagation is there governed by boundary conditions. 

The role of ray tracing in the geometrical theory of diffraction 

is fundamental. The solution of any field problem begins with the 

determination of the system of optical paths - i.e., with the tracing of 

reflected, refracted and diffracted rays. The field propagating along 

each ray is then determined. The intensity of the diffracted field can 

be related to the intensity of the incident field by several methods. 
The simplest is to approximate the true incident field and body by a 

simple model. There is a kitset of simple models, known as canonical 

diffraction problems, to which asymptotic solutions may be found 

analyt"ically (Keller et al., 1956; Kouyoumjian, 1965). For example, 

consider the perturbation of microwave radiation from a distant antenna, 

by a razor-back mountain ridge. Such a situation is depicted in 
Fig. 2.8. The interference pattern corresponding to this arrangement of 

incident field and perturbing body has been predicted successfully by 

Carlson (1973). The geometrical theory of diffraction is used to analyse 

a diffracting object whose transverse profile consists of two or more 

straight line segments. It is evident from Fig. 2.6 that a mountain ridge 
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A mountain ridge diffracts microwave 
radiation into the shadow zone. 

has a transverse section which can be approximated by an inverted 'V'. 

When illuminated by an incident field, such a profile causes edge 

diffraction, as shown in Table 2.1. The conditions under which a 

field of significant intensity is diffracted into the shadow region can 
be calculated using the rigorous formulas obtainable for the canonical 
problem of edge diffraction of an incident plane wave (Hunter, 1972, 

pp. 12-16), and conclusions about the much more complicated problem of 

terrestrial microwave links may be drawn from them. 

Note that the asymptotic solutions to canonical problems do not 
in general describe the field in the neighbourhood of the diffracting 

point. An alternative approach to finding the intensity of the 
diffracted fie'ld is the method of boundary layers (Borovikov and 
Kinber, 1974). The essence of the technique is to consider that the 
diffracted field propagates through a boundary layer, or transition 

zone, before resuming a ray structure. The width of the transition 

zone tends to zero as k tends to infinity. The solution inside that 
zone is constrained on the body side by the boundary conditions at the 
body surface, and on the other side by the assumption that the field 
away from the transition zone has the intensity of the incident field 
and is ray-structured. The method of boundary "layers has been appl ied 



32 

to reconstruction of the field in shadow boundaries and caustic surfaces 
(Babitch, 1972) and near an edge (Keller and Buchal, 1960). 

The geometrical theory of diffraction is conceptually simple due 
to its use of ray analogies, and can be applied in a wide variety of 
circumstances. There have been a large number of successful 
verifications of the theory by comparison with asymptotic expansions of 
solutions to canonical problems, and the theory has had a major influence 
on antenna design; see for example, Rusch and Sorensen (1975), James and 
Kerdemelidis (1973), Kinber (1962). The geometrical theory of 
diffraction does in fact predict the dominant effects of high-frequency 
field behaviour under fairly arbitrary conditions (James, 1976; Felsen and 
Deschamps, 1974). 

2.4.4 COMPARISON OF RAY TECHNIQUES WITH PHYSICAL OPTICS AND THE 
PHYSICAL THEORY OF DIFFRACTION 

The methods of physical optics, based on Kirchoff's approximation 
(Jones, 1964, pp. 633-640), have been widely used in the past as a high
frequency approximate technique (Kouyomjian, 1965; Lewis, 1969). The 

physical optics approach involves replacing the incident field with 
equivalent current sources on the body surface. For reflection from 

smooth surfaces the physical optics method yields the correct main term 
in the asymptotic expansion for the reflected field (Borovikov 

and Kinber, 1974). A finite value is predicted for the field 
intensity at a focus or caustic, whereas the geometrical optics field 
has infinite values in such regions. 

The physical optics method also predicts diffraction at ribs and 
edges, although the predicted diffracted field differs from the true one 
in the first term of the asymptotic series (Borovikov and Kinber, 1974). 
Recall that no diffracted waves are predicted by geometrical optics. 
There is therefore a fairly wide range of problems amenable to solution 
by either physical optics or the geometrical theory of diffraction ( ai 

et at.. 1978). However, physical optics fails to allow for the fact 
that the diffracted field may further interact with the body. as is the 
case for example when a narrow slit is illuminated (Table 2.1). 

The difference between the true edge-diffracted field and that 

predicted by physical optics is "regular" in the sense that the true 
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field may be represented as the sum of a physical optics field and a 
corrective field, characterised by regurar !ledge waves". In terms of 
the equivalent current sources of physical optics, this corresponds to 

representing the body surface as a sum of current sources (due to 
physical optics), and extra corrective current sources near the edge 
(Borovikov and Kinber, 1974). This concept forms the basis of the 

physical theory of diffraction (LJfimstev. 1962). 

The solution given by the physical theory of diffraction should 
be the same as that predicted by the geometrical theory of diffraction, 
with the important exception that finite values of intensity are 

predicted at caustics (Knott and Senior, 1974). However. this advantage 
is outweighed by the difficulty involved in solving the integrals which 
characterise the physical theory of diffraction solution, and so the 
simple and successful methods of the geometrical theory of diffraction 

are much more widely used. 

In general, rigorous solutions of field problems involving the 
perturbatlon of wave motion by a large body are beyond the scope of 

existing analytical and computational techniques. The high-frequency 
approximate technique of geometrical optics is used to obtain a good 
approximation to the reflected and refracted fields from smooth curved 
surfaces. The advantages of the technique lie in its computational 
simplicity and the physical insight afforded by the use of ray concepts. 
Unfortunately, geometrical optics does not provide an accurate 
representation of the field in many regions of critical interest in 
engineering situations - for example. in the IIspill-over" region of 
microwave reflector antennas (Rusch and Potter, 1970). Physical optics 

provides supplementary information about the field when the body causes 

diffraction of the incident field because of its size, or because it 
possesses an edge. A technique which may be applied more generally, 

for example when the body is characterised by diffracting discontinuities 

such as tips or convex surfaces, is the geometrical theory of diffraction. 
In addition to being useful in a wider variety of situations than physical 

optics, the geometrical theory of diffraction seems to yield much the 
same results, where the physical optics solution is available, at 

considerably less computational expense (Rusch and Potter. 1970). 
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The geometrical theory of diffraction, like all pure ray techniques, 
predicts infinite values for the field at caustic surfaces. The 
physical theory of diffraction overcomes this problem but at considerable 
computational cost. A successful compromise seems to be to use the 
geometrical theory of diffraction to compute the field everywhere except 
in the regions of difficulty. wherein it can be combined with special 
techniques, such as the physical theOl~y of diffraction (Wu et al.. 1969), 
or the method of moments (Thiele and Thomas, 1975). Fig. 2.9 shows 
graphically the relative accuracy, compared to the complexity of the 
solution. of the high-frequency approximate techniques discussed above. 

PO 

II GTD 
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GO + 
special 
tprhnin JP<:' 

Fig. 2.9 Relative complexity vs. accuracy of solutions 
due to high-frequency approximate techniques. 

2.4.5 EXTENDED RYTOV APPROXIMATION 

Bates et al. (1976) describe a method which partially takes into 

account the IJyP IJyP rm in (2.40). 

Recall that a fi d which with wave-like behaviour 
can be approximated by IItubes ll of rays (§ 2.4.2). Using this concept 

the field may be expressed as 

\J d r) (2.73) 
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where the integral on the right hand side ;s evaluated along dr between 

the points rand r, Hence 
o 1 

f\ 
y. + Y '" i k f \I dr - 1/2 1 n \I • 

1. P 
(2.74) 

It is here convenient to define unit vectors T and s whose directions are 

shown in Fig. 2.10. i points from ro to r1 while s points 

Fig. 2.10 Unit vectors sand i. 

along the tangent to the ray. A possible representation for VYi is then 

Vy. i k i 
1. 

(2.75) 

and so 

(2.76) 

Assume that s is approximately parallel to T, so that 

(2.77) 

Instead of neglecting VYp'VYp in (2.40), (2.76) and (2.77) are substituted 
into (2.45), but f(x', k) in (2.42) must be redefined to be 

Because the terms on the right hand side of (2.78) have different 
k-dependence they can be separated by making measurements at different 
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frequencies. Dunlop et al. {l976} have obtained numerical results which 
demonstrate the increased accuracy of the extended Rytov method relative 
to the conventional Rytov, and also Born, procedure. In absolute terms 

however, the accuracy of the solution is unlikely to be useful unless 
most of the perturbed field continues its propagation in the forward 

direction, which condition also applies to the other approximate solution 
techniques. 

2 GENERALISED TOMOGRAPH PROBLEM 

It is convenient to here introduce three more portmanteau terms 

before a concise definition of computed tomography is declared and 

discussed. 

A neighbourhood is the smp 11 est vol ume of a body. or sma 11 est 

area of a cross-section of a body that can be resolved by the system. 

A olean image of the density is one for which the value 

reconstructed at any spatial point is (ideally) uncontaminated by values 

of the true density outside the neighbourhood of the point. 

A transduoer is any source or sink of the emanations that is' under 

the experimenter's control (e.g., transmitting or receiving antenna, 

probe, X-ray tube, scintillation counter, electrode etc.). 

2.5.1 COMPUTED TOMOGRAPHY: A DEFINITION 

The following definition holds throughout this thesis: 

COMPUTED TOMOGRAPHY (CT) is the reoonstruotion of a olean image 

of the density of a body from digital oomputational operations on 

measurements of emanations that have interaoted with the body. 

It should be immediately obvious that computed tomography is a special 

class of imaging problem. Conventional imaging systems are not in 
general tomographic because even though the imaging instrument may have 
appreciable depth of focus, it cannot form a clean image of the density. 
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Such instruments form images by bringing to a focus wave-motion (e.g., 

light, electron beams etc.) which is continuous in space and time" 
Fig. 2.11 shows that such a focusing system causes unavoidable 
contamination of the density outside the neighbourhood of the focus 
point, since the emanations must naturally converge before, and diverge 
after, being focussed. 

Body Focusing System 

Fig. 2.11 The focusing. effect of a conventional 
imaging instrument causes unavoidable 
contamination of the surrounding density. 

Conventional instruments can of course form a clean image of the surface 

of a body, but that is irrelevant in the context of this thesis because 
the aim of using computed tomography is to reconstruct the inside of a 
body. The volume comprising the interior of any body can be built up 
from a series of parallel cross-sections; this concept is invoked in 
almost all CT systems, not only in principle but also in practice. 
Computed tomographic measurement systems are usually designed to 
reconstruct a thin cross-sectional slice of a body. Most often this is 
effected by collimating the transducers as shown in Fig. 2.12. For 
example. the source of the emanations may be collimated in such a way that 
the field intensity describing the emanations is of significant value only 
within a certain narrow strip in the third dimension (left side of 
Fig. 2.12) or, equivalently, the detectors may be collimated in such a 
way that the measurement system responds only to those emanations arriving 
at the detector from within the desired thin "slice" of space, as shown 
in the right of Fig. 2.12. The degree of collimation which can be 
applied to the transducers is limited by the need to detect a significantly 
large amount of the emanations over a reasonable time. This consideration, 
together with the constraints imposed by the physical size of the 
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Coll imator 

Source Source 

Collimated source Collimated detector array 

Fig. 2.12 Collimation of source or detectors 
to define a thin "slieet!. 

transducers, largely determines the size of the neighbourhood. The 
thickness of the body slice is therefore not negligible and the variation 
of the density of the body in the third dimension must be considered. 
The density variation along the third dimension must be small compared to 
the slice thickness. The slice thickness in turn is determined not 
only by the transducers, but by the ray paths taken by the emanations 
inside the body. All these considerations are further discussed in 
§ 3.2. 

2.5.2 BASIC CLASSES OF CT PROBLEM 

All CT systems can be understood to fall within three categories, 
depending on the relationship between the nature and location of the 
source of the emanations. and the location of the body. There are two 
general classes of sources of the emanations. Interior sources are 
those which exist inside the body, and over which the experimenter has 
little or no control. In such cases the source distribution is in fact 
the density to be reconstructed, This relates to what is here termed 
"Remote Sensing CTII. Exterior sources are those which lie outside the 
circumscribing circle and are {ideally} completely under the control of 
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the experimenter. This configuration is r~ferred to here as "Remote 
Probing CT II , The following chapter (3) describes the measurement 
schemes that underlie the above two classes of CT, and also a third 
class, here called I'Combined Probing/Sensing CT", which is shown to 
be a combination of the two former classes. 
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,,1 

This chapter describes the principles underlying all physical 
systems designed to gather data suitable for computed tomographic image 
reconstruction. (The way the data are then used to reconstruct an image 
is the subject of chapter 4.) The measurement schemes fa 11 natura 11 y into 
three categories corresponding to the three classes of CT problem 
descri bed in § 2.5 - remote sens i ng CT, remote probi ng CT, and combi ned 
probing/sensing CT. sential and influential components of all CT 
systems are transducers - physical devices that detect, or are the source 
of, emanations. (For a precise 'definition of a "transducer", see § 2.5.) 
The concepts necessary for understanding the role of transducers in a 
measurement system are explained in § 3.2. The following three sections, 
§§ 3.3, 3.4 and 3.5. are respect i ve ly concerned with exp 1 a"i ni ng the 
principles of remote sensing CT, remote probing CT and combined probing/ 
sensing CT. Each section contains a table listing practical CT systems 
which may be categorised within that particular class of problem. 

Because CT images are essentially two-dimensional, this chapter 
describes measurement schemes that gather data suitable for reconstructing 
a two-dimensional cross-section of a body. Direct three-dimensional 
reconstruction schemes are commented on in § 5.8. 

It is convenient to visualise the cross-section as being enclosed 
by a circumscribing circZe (represented by fc in Fig. 3.1). The medium 
filling the space outside fcis assumed to be tenuous (i.e., its density 
is negligible). In practice, the body must be supported in such a way 
that the emanations interact only with the body and the measurement system. 
If in fact part of the supporting structure intercepts the emanations, then 
it must be treated as part of the body. 

In all systems the measurements are made outside the circumscribing 
circle. Since the measured emanations are entirely "outgoingll with 
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Fig. 3.1 A body of density f(r; e) is circumscribed 
by circles and rro' The space outside 

is tenuous. 

respect to the body (in the sense explained in §2.3.2), it is sufficient 
from an information theoretic point of view to make the measurements on 
a single circle which encloses re' Such a circle is here called the 
measurement circZe (denoted r in Fig. 3.1). Note that for remote ro 
probing CT the exterior sources of the emanations lie outside the body, 
and although they rarely lie on rro' it is conceptually satisfying. and 
theoretically justifiable, to picture them as doing so. 

The symbol f = f(r; e) is here introduced to represent the density 
of an arbitrary point P inside r . 

c 

3.2.1 PARAMETERS DESCRIBING A TRANSDUCER 

Recall that in any CT system emanations radiated by sources inside 
or outside the body, are measured by detectors outside the body. The 
usefulness of the measurements, in terms of the information they contain 
about the spatial distribution of the density, depends on the behaviour of 
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the emanations inside the body (which was discussed in chapter 2) and on 
the physical characteristics of the transducers. The size of any 
transducer determines the neighbourhood (as defined in §2.5) and hence 
limits the spatial resolution of a system in the following way. A 
transducer is a physical device that detects or radiates emanations. 
The aperture dimension, d, of the transducer ;s the size of the physical 
structure which allows emanations to pass from the transducer to the 
outside world, or vice versa. The region of space over which the 
transducer sends or receives emanations is called the beam, for which a 
precise definition is needed. All transducers discussed here are 
understood to satisfy the reciprocity requirement (Blake, 1966, p.37) in 
the sense that the beam is the same whether the transducer acts as a 
source radiating or transmitting emanations, or as a detector 
receiving emanations. 

It is convenient to define the beam in terms of a transmitting 
transducer. The emanations ~ emitted by the transducer spread out 
through all of space, but usually are of greater strength in some 
directions than in others. In order to classify the regions of space 
where the beam does, or does not, respectively, exist, it is helpful to 
introduce a threshold level !1/J,Q,(r)I say, where r is the radial distance 
away from the centre of the transducer's aperture. The value of 11/J,Q,(r)I 
must be such that the locus of points where the strength of the emanations 
is precisely equal to the threshold level defines a closed surface Sb 
outside of which, on the spherical surface defined by any particular 
value of r, II/J! is everywhere less than 11/J,Q,(r)I· While the average value 
of II/J! of course exceeds 11/J,Q,(r)I on the part of the spherical surface 
inside Sb' nevertheless II/JI can fall below !1/J,Q,(r)I on parts of this 
interior surface. The point is that, for values of r appreciably less 
than r

1 
(introduced below). the magnitude of the emanations inside Sb 

varies rapidly in directions perpendicular to the r-direction. The 
emanations exhibit such behaviour throughout all of the part of space 
known as the transducer's Fresnel zone (Silver, 1965, §6.9). 

The threshold level 11/J,Q,(r)I is a function of r because of the 
"radiative spreading" of the emanations away from the transducer. This 
weakening cannot be accurately related to a simple inverse power of r 
unless the medium is lossless, and the transducer acts like a point' 
source. The shape of the curve Sb which defines the beam shape depends 
in general upon the frequency of the transmissions. The following 
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discussion applies to a transducer operating at a single frequency; a 
practical beam has a shape which is the result of averaging the shapes 
due to the different frequency compon~nts in the emanations. 

It is convenient to recall, with the aid of Fig. 3.2, some basic 
properties of radiating transducers. The solid lines in Fig. 3.2 
illustrate the general form of the projection of Sb onto a plane 
containing the beam axis of what is here called a focused transducer. 

Transducer 

axis 

Fig. 3.2 Radiation from a focused transducer. 

The width of the aperture in this plane is d. The beam axis, which passes 
through some central point in the transducer's aperture, indicates where 
the emanations are directed. The emanations are concentrated as much as 
possible at a point on the beam axis, distant ro from the aperture. This 
may be achieved in practice by specially shaping the surface of the 
transducer or by using arrays (Macovski, 1976). Such focusing is only 
possible if ro is less than the Rayleigh range r

1
, which is defined by 

(Macovski.1976) 

(3.1) 

where A is the wavelength within the propagation medium at the frequency 
at which the transducer is transmitting. 

The amount by which the emanations can be concentrated at a 
particular point falls off as ro increases (Born and Wolf, 1965, ch.8). 
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The width of the beam in the region of maximum concentration varies from 
roughly A close to the aperture, up to d at the Rayleigh range. For 
values of r greater than r

1 
the beam steadily diverges in such a way that 

it can be characterised by a beamwidth 0b' The "edges" of this diverging 
part of the beam are customarily defined to be where the power-flow, at any 
range r, is either one-half or one-tenth of that on the beam axis, The 
minimum practical value of 0b is roughly A/d, where ro is set equal to r

1 

( equivalent to "focusing at infinity!!) and when the density of equivalent 
sources is uniform over the aperture (Silver, 1965, ch.6). 

By concentrating the equivalent sources towards the centre of the 
aperture, the strength of the emanations outside Sb can be reduced. This 
is called apertUl'eiZlwnination tapering in radio-science (Silver, 1965, 
ch.6) and apodisation in optics (Born and Wolf. 1965, p.417). It widens 
the beam somewhat but can greatly reduce the sideZobes, which characterise 
the emanations outside Sb (see Fig. 3.3). 

11J! I(r)= i1J!9, ~r) 

Fi g. 3.3 Beam i ntens ity at a di stance r> r 1 from the 
transducer. -Ob/2 and 0b/2 define Sb in this 
range. 

There are optimum compromises between the value of 8b and the 
sidelobe level (Cook and Bernfeld, 1967, ch.7; Blake, 1966, § 5.7). The 
latter usually falls off noticeably as r increases from r 1 to 2r1 • after 
which the beam is said to be in the Fraunhofer region or far fieZd. which 
is defined to be where the beam shape is independent of r. 
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It is now possible to characterise the aforementioned threshold 
level of the emanations 1l)J.Q,1 precisely and appositely. It is necessary 
to have a IIreference amplitude ll

, A say, for the emanations transmitted by 

the transducer. A convenient value for A is the average value of I~I 

inside Sb when r = d. Then 

1l)J.Q,1 = A :>::(r) exp (-yr) (3.2) 

where y is the attentuation coefficient of the medium at the transmission 
frequency and :>::(r) is a IIfocusing factor" which, while in practice it must 
be very complicated for r<d (refer to Silver, 1965, §6.2), can be 
usefully approximated by 

~ ( r) = 1 + rtr / r 0 r < r 0 

= 1 + (r1 - r)rt/(r1 - ro), ro < r< r 1 

= l/r r> 3rd2 

(3.3a) 

(3.3b) 

(3.3c) 

where rtA is the value of 1l)J1 on the beam axis at the point where the 
focusing is most effective. The form of rt = rt(r o) depends in detail on 
the way the transducer is focused. It is unity when ro = r 1 and is 
roughly (A/d)t when ro is of the order of d. 

The important practical implication of the above argument is that 
a physically tiny transducer. with a very small aperture, has a 
necessarily wide beam, whereas one with a narrow beam must be of 
appreciable size in practice. A convenient distinction is made between 
wide-beam and narrow-beam transducers. Wide-beam transducers ideally 
receive or radiate in all directions with equal strength. This is what 
happens in principle, for example, when a light bulb. or an X-ray source, 
is switched on. Rays of light, or X-rays, spread out from the source in 
all directions, as is depicted in Fig. 3.4. In practice of course, 
physical anomalies in the manufacture of the device mean that the beam 
actually varies significantly in intensity over a range of angles subtended 
at the source. 

An ideal narrow-beam transducer is one with an infinitesimal beam
width. Consider a IIpointll light source placed at the focal point of a 

parabolic reflector. The two components comprise a practical narrow-beam 
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transducer (shown in Fig. 3.5), since most of the emanations are directed 
as a pencil of light. Note that the rays diverge into a beam 
characterised by a particular solid angle once the Rayleigh range is 
exceeded. A second example of a narrow-beam transducer is a collimated 

X-ray source (also shown in Fig. 3.5). Only a narrow beam of X-rays 
exists in the region outside the transducer. In both cases it is easy 
to see that the shape and size of the beam must in reality be of 
significant dimensions if enough emanations (from a measurement/statistical 
point of view) are to be emitted or detected. This practical 
consideration is further discussed in § 3.2.4. 

Light bulb X-ray source 

Fi . 3.4 Wide-beam sources. 

parabolic reflector X-ray source 

Fig. 3.5 Narrow-beam transducers. 
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3.2.2 COHERENCE OF SOURCES 

An important property of sources embedded in a medium is their 
degree of spatial coherence. The term "coherence" expresses the ability 
of the sources to produce ihterference patterns when their beams are 
superimposed. The concept is conveniently demonstrated by considering 
the classical experiment of Thomas Young (Born and Wolf, 1965, pp. 260-
261). Fig. 3.6 represents the experiment diagramatically. 

Opaque Barr i er 

I S 
T, I 

P 

T2 I 
Fig. 3.6 Young's double-slit experiment. 

A very small quasi-monochromatic source So illuminates two small holes 
Tl and T2 in an otherwise opaque barrier. It is well known that 
"fringes ll of varying intensity are observable in the plane P; this 
strong interference pattern is the direct result of the emanations from 
Tl and T2 being spatially coherent. By replacing the small source So 

with an extended source distribution S, each small element of S gives 
rise to an interference pattern at P. Provided each element is randomly 
phased with respect to its fellows, superposition of all these patterns 
creates a blurring of the fringes so that interference is suppressed 
completely when S is greater than some critical size. The emanations 
from Tl and T2 are then said to be spatially incoherent. Consequently, 
the term "spatially incoherent source distribution ll is generally 
understood to mean one composed of elements which are statistically 
independent of each other (cf. Beran and Parrent, 1974). Furthermore, 
the physical extension of a typical element must be appreciably smaller 
than the "neighbourhood ll (as this term is defined in § 2.5). (Note. 
however that this extension cannot be infinitesimal if the source 
distribution is to radiate finite power.) 
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It is possible to distinguish another type of coherence situation 
with the aid of Fig. 3.7 which shows a conventional Michelson interferometer 
(Born and Wo lf, 1965, pp. 300 - 302) . The 1 i ght from a small monochromatic 
source S is directed as a parallel beam (via a suitable lens) towards a 
semi-reflecting surface M inclined at 45° to the incident rays. The o 
surface Mo is such that when illuminated by a 45° incident beam it 
transmits half of the light. and reflects the other half. By tracing one 
particular ray through the system it can be seen that the incident light 
is "split" at Mo' each new beam is reflected by Ml or M2? and redirected 
via Mo to a lens which focuses at P. Th~ two split beams arrive at P at 
exactly the same time if their respective optical path lengths are equal, 
implying that the distance ~ (shown in Fig. 3.7) is zero. 

Monochromatic 
Source 

S 

typical 
ray 
path 

p 

M 

MI 
1 

1 

M2 

Fig. 3.7 Michelson's interferometer. 

Suppose that the optical path distance is varied from zero to some critical 
value. It is well known that with conventional sources the interference 
fringes observable at P progressively vanish (not necessarily monotonically, 
of course), their contrast decreasing from unity. say, fora small optical 
path difference, to zero when the optical path difference reaches values 
that depend on the spectral purity of the light. At such a stage the 
light can be decomposed into frequency components contributing various 
interference fringe systems that are blurred at critical values of the 
optical path difference. Each component must of course be statistically 
independent of its fellows. This is equivalent to saying that the light 
coming from each branch of the apparatus is temporally incoherent. If 
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the effective bandwidth of the light is ~w then its coherence length (i.e"~ 

the value of ~ for which the fringes effectively vanish) is c/~w. 
Associated with the coherence length is the colwrence time, Tc' which is 
defined to be l/~w. 

It is convenient to represent the complex amplitude ~(t) of the 
emanations as an analytic signal (Beran and Parrent, 1974), i.e., 

~(t) ::; m(t) exp(iwt) (3.4) 

where, using communication engineering terminology, m(t) is called the 
waveform and exp(iwt) is the carrier (cf. Cook and Bernfeld, 1967, pp. 60 
64). It is appropriate to write 

m(t) = a(t) exp(i¢(t)) (3.5) 

where, again invoking the termirlOlogy of communication engineering, a(t) 
and ¢(t) represent, respectively, amplitude and phase modulation of the 
carrier. 

It is worth recognlslng that only real signals exist in the real 
world so that it is really Re {~(t)} rattier than ~(t) itself which is the 
actually measurable quantity. ~(t) is a fluctuating quantity whose mean 
value ~(t) is zero, and for which the mean square value a2 (t represents 
the energy. In general the emanations are not monochromatic. and it is 
therefore appropriate to introduce the spectrum M(k) of m(t) through the 
Fourier transform relationship (refer to (2.3) and §4.2): 

00 

m(t) ::; f M(k) exp(ikct) dk (3.6) 
_00 

For a narrow band waveform~ the range of k throughout which M(k) has 
significant value (say lkl <~k) is small compared with w/c. Note that 
~k = ~w/c. where ~w is the effective bandwidth of the emanations, 
introduced above. 

3.2.3 NON-IDEAL TRANSDUCERS 

An ideal detector has an output signal whose statistical properties 
and behaviour are exactly those of the perturbed field reaching the 
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transducer from the source via the body. In practice, however, the 
output signal is distopted due to the significant size of the transducer 
aperture, the finite times characterising its response to an input, and 
the fact that it is the mean square value of the emanations which is 
"detected". These factors are here termed invariant system factors, as 
they remain constant. The output signal is also corrupted by noise 

which is the accumulated effect of such factors as the statistical nature 
of the emanations, the statistical variation of the transducer parameters, 
thermal noise and the presence of "background" emanations. This 
subsection considers, first, the effect of noise on the detection of 
signals, and secondly. the effect of the invariant factors characterising 
the detection system. 

Noise 

The detection of signals in the presence of noise has been widely 
studied (Whalen, 1971) especially in radio and communication engineering 
(ITT, 1972). For example, a simple detection problem may be posed as 
"Does the received signal contain information about the body or not?", 
In order to decide, a decision function 0 is constructed based on the 
relative probability that the signal contains information or not. The 
decision function must include the known distribution and correlation 
properties of the noise. If the noise is Gaussianly distributed then 
the relative frequency of occurrence of different values of D for a given 
signal will also be Gaussianly distributed (Hanson, 1979). Fig. 3.8 
shows two probability distributions for D one corresponding to a 
signal in the presence of noise, and one corresponding to noise only. 
The signal-to-noise ratio SIN corresponding to the situation depicted in 
Fig. 3.8 is 

where 6D is the difference in the mean values for the two cases and 
is the rms deviation of each distribution. 

(3.7) 

Note that a threshold Dc must be chosen as the criterion on which 
to base the decision. Obviously there is a finite probability of 
deciding that a signal contains information when it really only contains 
noise. Likewise, there is a finite chance of rejecting information, and 
so there is always a trade-off involved in choosing Dc· 
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0.4 

o ________ ~ ____ _ 
Decision function D 

" 

Fig. 3.8 Probability distributions of the decision 

function for a signal containing noise only, 

and for a signal plus noise. (After Hanson, 

1979. ) 

In many practical CT systems the properties of the noise corrupting 

the signal is best analysed by "photon-counting statistics", which are 

relevant to the situation where a body causes strong fluctuations or 

scintillation of the perturbed field. Such an analysis is appropriate, 

for example, in considering the interaction of X-rays, visible light, and 

gamma rays with matter. 

Consider a source transducer which emits radiation having some 

characteristic statistical properties. The emanations are perturbed by 

the body, and then interact with the photo-sensitive material comprising 

the aperture of the detector. The photo-sensitive material produces 

photo-electrons. which are then amplified and electronically processed 

to yield an output signal. Ideally. the latter exhibits the same 

statistical properties as the perturbed field, but in practice the 

measurement system introduces noi se. There are many sources of no; se -

for example, the random photo-electric emission process, thermally excited 

detection due to random motion of change carriers, shot noise due to 
dark currents and random fluctuation of parameters such as the lIdead time" 

after receiving a signal. during which no further counts are detected. 

The term "photon-counting statistics" is applied to signal detection 

which relies on the counting of current-pulses generated by the emission 
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of photo-electrons from the photocathode comprising the aperture of the 
detector of the incident photons. According to semi-classical theory~ 
when the detector aperture is a single point, the emission of photo
electrons is a doubly stochastic random process governed by (Jakeman and 
Pusey~ 1980) 

o:J 

P(n;~t) = J(EU)n/n! exp(-EU)P(U) dU (3.8) 
o 

where P(n;~t) is the probability of counting n photo-electron emissions in 
the time interval ~t when the integrated intensity U is 

t+~t/2 

U U(t;~t) == J I \f(t l )12 dt' 
t-~t/2 

(3.9) 

The factor E in (3.8) is a constant efficiency factor, so that P(n;~t) is 
the distribution of counts available for processing after measurement. 

Since the purpose of the statistical analYSis of the detected 
emanations is to o~tain the properties of U(t), a logical step is to 
first determine p(U) from P(n;~t). This may be achieved theoretically 
by the transformation (Jakeman and Pusey, 1980) 

00 00 

p(U) = 1/2n exp(EU) J E (ix/E)n P(n;~t) exp(-ixU) dx (3.10) 
_00 n=O 

In practice, however, (3.10) is not used to obtain the distribution of the 
integrated intensity. This;s because in most applications a statistical 
model for the field describing the emanations is well understood and can 
be used to calculate the expected properties of P(n;~t). P(U) is then 
found by fitting model parameters to give the best agreement with the 
experimental data. For example. consider a Gaussian field whose 
intensity fluctuates with time. Two limiting cases can be identified. 
The first concerns a very short detection time, such that U(t) 1\f(t)12~t. 

where ~t is significantly less than the coherence time Tc of § 3.2.3. In 
this case 

p(U) = exp(-U/U)/U (3.11) 

-
where U is the mean value of U, which is constant. From (3.8) the photon 
counts obey a geometrical distribution: 
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(3.12) 

In the second case, if ~t is much longer than the coherence time of the 
emanations then temporal smoothing occurs and the photon counts are 
Poisson distributed: 

P(n;~t) = (n! r 1 (EU)llexp(-EU) (3.13) 

which indicates that two sources of randomness are present: the randomness 
of the incident emanations and that of the photo-electric events (Selloni, 
1980) . 

Gaussian variables, which characterise many fields of practical 
significance, may be specified analytically if they obey the short
sampling-time distribution (3.11), and the power spectrum is known 
(Jakeman and Pusey, 1980). It is however often difficult in practice 
to sample the field in a time which is significantly less than the 
coherence time Tc (see § 3.2.3), in which case certain "twofold ll statistical 
properties of the incident emanations must be measured (Saleh, 1978). 
The temporal .behaviour of the field can also be characterised by its 
correlation functions (Mehta, 1970). 

Invariant System Factors 

The size of the detector aperture, and the times characterising its 
response to an input signal, combine to distort the shape of that signal. 
Fig. 3.9 shows the response of what might usefully be termed a typical 
transducer to an impulse function. 

Input Output 

~ton ~toff 

t. 
1 

~t 

Fig. 3.9 Response of a typical transducer to an 
impulse function, 
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The main features of the response) shown in Fig. 3.9, are a broadening 
of the signal due to spatial averaging over the area of the detector 
aperture, the time delay Llt and the shape of the "on" and lIoffll response 
curves. 

Consider first the broadening of the signal, This is due to the 
significant aperture size, and hence beamwidth, of the transducer. 
Recall with the aid of Fig. 3.2 that the beamwidth of a transducer 
focused at infinity, of aperture dimension d, is approximately constant 
(~d) out to the Rayleigh limit r 1 = roo This means that if a transducer 
occupies contiguous positions, as shown in Fig. 3.10, the beams are also 
contiguous and do not overlap. Provided the body does not extend beyond 
the Rayleigh limit of the transducers, the neighbourhood is given by the 
aperture dimension d. This is an important design consideration in 
practical CT systems, since if part of the body lies outside the Rayleigh 
range the neighbourhood is given by reb' The size of the neighbourhood 
can be reduced by focusing the transducer at ro < rl such that the width 
of the beam at ro is do < d. 

d 

d 

d 

d 

I r J 
1 I 

Fig. 3.10 Four contiguous positions of a transducer focused 
at infinity. 

If the transducer occupies successive positions spaced by the aperture 
dimension d, parts of the body never lie within the beam (see Fig. 3.11a). 
To ensure that the entire body is "interrogated ll successive transducer 
positions must not be spaced by more than do> This requires that the 
transducers be physically overlapped as shown in Fig. 3.11b, or that an 
array of transducers by IIdynamically" focused (Macovski, 1976) > 
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These pOints are never within the beam 

Fig. 3.l1a Four contiguous positions of a transducer 
focused at roo 

Fig. 3.11b Eight overlapped positions of a transducer 
focused at rD. 

Suppose now that successive positions of the transducer are 
spaced closer than do' No advantage is gained unless some procedure is 
invoked to effectively reduce the beamwidth. This cannot of course 

be achieved physically, but can be effected computationally by a process 
known as deconvolution. The latter is a Fourier transform technique 
(Bates. 1982, § 5.4) which enables the effer.ts of the transducer response 
characteristics (shown in Fig. 3.9) to be extricated from the signal. 
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It is here convenient to define convolution first in order that the 
deconvolution technique can later be meaningfully discussed. 

Convol ion 

The convolution of one function with another is here denoted by 
writing the symbol e between the two functions. The convolution of two 
one-dimensional functions f = f(x) and g g(x) is defined by (Bracewell, 
1978, ch. 3) 

00 

f e g = f g(~) h(x -~} d~ = g e f (3.14) 
-00 

The convolution theorem states that 

00 

f (f@g) exp(i21Tux) dx F(u) G(u) (3.15) 
-00 

where F(u) and G(u) are the one-dimensional Fourier transforms of f and g 
respectively (refer to (2.3) and §4.2). The important statement made 
by the theorem is that convolution in image space is equivalent to 

multiplication in Fourier space. It should be recognised that the 
usefulness of this theorem is exemplified by the lIinverse li of the 
statement above. That is. deconvolution in image space is equivalent 

to division in Fourier space. Deconvolution is always necessary to 
obtain a clean image of the density when normal reconstruction yields an 
image consisting of the true density distribution convolved with some 
other function. This often occurs in practice when the instrument used 
to perform the measurements introduces error due to its response 
characteristics. Consider again the receiving transducer whose response 
to an impulse signal is as shown in Fig. 3.9. The response can be 
thought of as the convolution of the true signal with a IIspreading 
function", which represents the physical "imperfections of the transducer. 
By measuring the response of the transducer to a point or a line. an 
estimate is made of the spreading function usually called a point 
spread function or line spread function (Bates et al., 1982). This 
function can then be used to deconvolve the measurements by compensating 
at least in part for the effect of the detector response. 

Consider a signal f = f(x), measured by a system, which consists 
of the true input signal g = g(x) convolved with a point spread function 
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h ~ h(x) describing the system response 

f ~ g 0 h (3.16) 

Taking the Fourier transforms of the measured signal f~ yields 

F(u) G(u) H(u) (3.17) 

from the convolution theorem (3.13). 

Recall that h(x), the point spread function, can be estimated by 
measurement, so.that H(u), its Fourier transform, is known. The 
instinctive thing to do next is therefore a simple division -

G(u) H(u)/F(u) (3.18) 

followed by the Fourier transform to yield g(x) which is the desired 
signal. However, nothing is ever so simple, and the pure, albeit 
convolved, signal f(x) is in reality always contaminated by noise. A 
slightly more sophisticated approach (cf. Bates, 1982, § 5.4) must be 
invoked as indicated below. 

Wie ner Filter 

An equation that more accurately describes a measured signal which 
is the convolution of the true signal with a point spread function is 

f = g0h + n (3.19) 

where n represents measurement "noise". Taking the Fourier transform of 
both sides of (3.19) now yields 

F = GH + N (3.20) 

and simply multiplying (3.20) by 1/H gives 

F/H = G + N/H (3.21) 

In practice H can, for certain values of u, be very small compared to N 
and so deconvolution by simple division actually amplifies the noise and 
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leads to image degradation instead of enhancement. A more suitable choice 
of deconvolution function is the Wie·ner filter which is designed to 
produce the best estimate of g {in a least squares sense) from f in the 
presence of Gaussian noise. The transfer function of the WL~ner filter 
(Brault and White, 1971) is 

(3.22) 

where PN is the noise power and Ps is the signal power. 

Because neither H nor the signal to noise power ratio are exactly 
known in practice, they must be estimated in order to implement the 
Wei ner fi 1 ter. H can be estimated as described above by measuring the 
system response to a "pointll object. 

The signal to noise .power ratio is seldom known a priori. but is 
often assumed for convenience to be constant out to the Rayleigh diffraction 
limit (recall Fig. 3.2). The quantity IHI2 PN/Ps is thus taken to be a 
constant, here denoted by ¢N' The Fourier transform of the Wiener-filtered 
image is then (cf. Bates et al .• 1984) 

(3.23) 

¢N in (3.23) prevents the filter function from becoming alarmingly large 
when H is small. The value of ¢N is usually established experimentally 
as that which gives the most pleasing results. 

There are occasions when deconvolution can improve resolution by 
more than an order of magnitude. The overall effective width \H(u)1 must 
then of course be many times that of its central lobe; (it is the latter 
that determines the resolution of the blurred image). This occurs when 
H(u) possesses many large sidelobes or long, slowly-decreasing tails, or 
h(x) consists of a wide distribution of quasi-randomly distributed 
impulses, as is the case for instance in speckle imaging (Bates. 1982). 
In most CT situations, unfortunately, the point spread function tends to 
have the form of a smooth peak with monotoni ca lly decreas i ng ski rts on 
both sides, as typified by a Gaussian curve for instance. The rate at 
whi ch the ski rts of the '1 atter fa 11 off with i ncreas i ng I u I makes it very 
difficult to do better than double the resolution. It must be emphasised, 
however, that a resolution improvement of only 1.5, say, is often worth 
taking the trouble to achieve. 
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An example of practical deconvolutibn is shown in Figs. 3.12 through 
3.14. Fig. 3.12 represents perspective-type displays of images 
reconstructed by a low-resolution X-ray CT scanner. Locally designed and 
built, the scanner is used for radio-therapy treatment planning, for which 
its 7-8 mm resolution is sufficient. The scanner is described in more 
detail in §7.3. The scanned object consists of 2 rods, 1.2 mm in diameter, 
separated by 5, 6, 7, 8 and 9 mm respectively corresponding to Fig. 3.12 
(a) (e) respectively. The point spread function (psf) of the scanner was 
measured by reconstructing an image of a single rod, located near to where 
the rod pairs had been imaged. The psf is shown in Fig. 3.13. The 
Fourier transforms of the images and the psf were calculated, and the images 
deconvolved by Weiner filtering. The resulting deconvolved images 
corresponding to rods spaced apart by 4, 5, 6 and 7 mm respectively are 
displayed in Fig. 3.14 (a) - (d). Although the background is somewhat more 
'Ispiky" in nature, the improvement in the resolving capability of the 
scanner is clearly evident, being increased from only about 7 or 8 mm, to 
4 or 5 mm. 

Because the psf for CT scanning varies over the image plane (Peters, 
1981), an appropriate strategy for almost doubling the resolution of the 
above scanner would involve measuring the psf in many subregions of image 
space, and using the appropriate one to deconvolve each subregion of an 
extended image. 

3.2.4 TRANSDUCERS IN COMPUTED TOMOGRAPHY 

Consider Fig. 3.15. A wide-beam transducer is positioned at point 
A and a narrow-beam one at point B. The dotted lines indicate the edges 
of the beams. Notice that since wide-beam transducers can be physically 
small they seldom limit the size of the neighbourhood. However, systems 
comprising wide-beam sources and wide-beam detectors lead to error-sensitive 
and numerically awkward reconstruction algorithms. Typical of these are 
all viable schemes for imaging with low-frequency electric currents, either 
passively as when attempting to deduce cardiac currents from ECG signals 
measured on the surface of the torso (Bones and Bates, 1981; Nelson and 
Geselowitz, 1976), or actively by injecting currents into the Earth during 
geophysical prospecting (Keller and Frischknecht, 1966; Din.es and Lytle. 
1981) or the human body for imaging organs and blood vessels (Henderson and 
Webster, 1978; Seagar, 1983). 
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(a) (b) 

(c) (d) 

(e) 

Fig. 3.12 Reconstruction of two 1.2 mm diameter metal rods spaced apart 

by a. 5 mm 
b. 6 rnm 
c. 7mm 
d. 8 mm 
e. 9 mm 
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Fig. 3.13 Point-spread function measured by reconstructing a 
single 1.2 mm diameter metal rod. 

(a) 4 mm spacing (b) 5 mm spacing 

(c) 6 mm spacing (d) 7 mm spacing 

Fig. 3.14 Reconstructions of the two metal rods described in the 
caption to Fig. 3.15 after deconvolution by Wiener 

fil tering. 
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Fig. 3.15 A wide-beam transducer is located at A on fm' and a 
narrow-beam transducer is located at B. Dotted 
lines indicate the edges of the non-ideal beams. 

When the system incorporates narrow-beam detectors (regardless of 
the type of source transducer) each measurement is sensitive only to that 
part of the density intercepted by the beam (e.g., the cross-hatched 
region of Fig. 3.15). This makes the reconstruction procedure much more 
straightforward and stable, as is explained in chapter 4. However, the 
size of a narrow-beam transducer, because its aperture dimension is 
inversely proportional to its beamwidth, does set a lower limit on the 
size of the neighbourhood. Recall that for a focused transducer the 
width of the beam close to the aperture is roughly of the order of A, 

and increases to approximately the width of the aperture d at the Rayleigh 
range. Consequently, unless dynamic focusing (see §5.3) is used, the 
lower limit to the size of detectable structures which can be resolved is 
effectively the aperture dimension d, as was discussed i.n §2.3.2. This 
is precisely the situation when narrow-beam ultrasound transducers are 
used in medical applications. Even when the wavelength of the emanations 
places no lower limit on the beamwidth (and hence the resolution), as is 
the case in most CT applications employing X-rays or electron beams, it is 
often necessary to use relatively large apertures to ensure that a 
statistically useful number of emanations is detected, as was considered 
in §2.3.3. 
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Table 3.1 lists species ·of emanations which are used in practical 
CT systems, the transducers used to send or receive them, the densities 
which they are used to.image, and general areas of application. 

For ease of exposition of the principles of CT measurement schemes 
as outlined in the following three sections, transducers are considered 
to be ideal, i.e., a wide-beam transducer radiates with equal strength in 
all directions, and a narrow-beam transducer has an infinitesimal beamwidth. 

This section concerns measurement schemes which gather data suitable 
for computed tomographic image reconstruction when the sources of the 
emanations are inside f , and are not under the experimenter1s direct 

c 
control. This means that the physical CT system is entirely passive in 
the sense that it only receives emanations. The density to be 
reconstructed in such systems is the source distribution itself, here 

denoted by fs = f s (r;8). However, if the sources inside the body produce 
emanations that interact with some density of the body, fb fb(r;8) say, 

it is in general impossible to separate the effects of fs and fb on emanations 
measured outside the body. A clean image of the source density fs can only 
be reconstructed when the emanations are negligibly perturbed by the body, 
which is then said to be tenuous, as is assumed throughout this section. 
The source density is therefore henceforth denoted simply by f f(r;e). 

Table 3.2 lists the measurement schemes based on the principles of 
remote-sensing CT. The basic,principle of the technique is indicated in 

each case. The inherent limitations and the status of each method are 
summarised. 

It is convenient to consider separately those cases where the 
detectors are wide-beam, and those where they are narrow-beam. Consider 
a wide-beam transducer positioned at point A on fm,as shown in Fig. 3.16. 

The sources inside radiate emanations which propagate outwards -- in the 

direction of the wide-beam transducer. The strength of the emanations 
from an individual source depends on the source density f(r;8) and the 

distance of the point P at (r;e) from the transducer. Because the 
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EMANATIONS 

X-rays 

Gamma-rays from radioisotope-
labelled ingested, injected, or 
natural substances 

Compton-scattered X- and y-rays 

~eavy particles; pions, alphas, 
protons, neutrinos etc. 

Electron (wave) beams 

Ultrasound; also seismic or 
acoustic waves 

Low-frequency electric 
currents 

Magnetic fields 

Radio frequency (RF) and 
microwave (~wave) fields 

Spatially inCOherent electro-
magnetic radiation from uwave 
to soft X-rays 

e 3.1 ons, 

DENSITIES 

X-ray attenuation coefficients-
related to atomic weight and 
electron density 

Concentration of radio-labelled 
substance 

Electron density or distribution 
of atomic number 

Scattering/abs·orption cross-
section 

SchrHdinger potential 
distribution 

Attenuation; refractive index, 
changes in acoustic impedance 

Electrical conductivity 
distribution 

Distribution of nuclear spins; 
blood flow 

Electron spins, permittivity and 
conductivity distributions 

Volume temperature distributions; 
celestial brightness distri-
bution. 

itles sense, 

TRANSDUCERS APPLICATIONS 

X-ray sources. X-ray detectors - Diagnostic radiology; animal 
e.g., scintillation counters, las science; non-destructive testing 
ionisatior chamber, solid (Refer to Tabl.e 3.3) 
devices 

Diagnostic radiology; nuclear 
Scintillation counters medicine; physiological research 

(Refer to Table 3.2) 

Diagnostic radiology; non-
X-ray sources destructive testing; X-ray 
X-ray detectors crystallography (Refer to Table 

3.4) 

Linear accelerators Diagnostic radiology; non-
destructive testing; geophysical Stacked de~ectors exploration (Refer to Tables 3.3 
and 3.4) 

Electron guns Microscopy of "weak" specimens 
Film (Refer to Table 3.3) 
Photomultiplier/TV 

Diagnostic radiology; non-
Any electro/mechanical destructive geophysical 
transduction device exploration to Table 

3.3) 

Crude imaging of blood vessels; 
Electrodes geophysical prospecting; non-

destructive testing (Refer to 
Table 3.3) 

(Electro)magnets Nuclear magnetic resonance; 
RF coils; magnetometers magneto-hydrodynamics (Refer to 

Table 3.4) 

Nuclear magnetic resonance; 
Capacitors; coils, loop, dipole, mapping distributions of (RF and 
horn, etc., antennas ~wave) dielectric constant and 

conductivity (Refer to Table 3.3) 

Horn, etc., antennas; radio, Mapping temperature distributions 
infrared, optical, ultraviolet, inSide human and other bodies; 
X-ray telescopes. ~;~~~n~m~~al imaging (Refer to 

in i ons. 



TECHNIQIJE 

Single Photon Emission 
SPECT 

Positron Emission 
PET 

(or Paired Photon Emission) 

ECG (or 
and EEG 

Radiometric 

Super Synthesis 
(e.g., Earth rotation 
synthesis telescope) 

BASIC PRINCIPLE 

Radio-labelled substance inside the 
body emits photons detected by, for 
example, gamma ·cameras (Jaszczak et 
at., 1979; Kak, 1979; Budinger et aI., 
1979; Knoll, 1983). 

Positronium-labelled substance inside 
body emits oppositely 
photons in pairs, detected by. for 
example, ring of counters 
coincidence circuits. (Kak. 1979; 
Budinger et al., 1979) 

Current sources within body generate 
voltages, detected on body surface 
with electrodes. 

Thermal radiation emitted because 
. inside of body is hot. 

i nco.herent surface sources 
d radiate, detected by 

coherent interferometer having 
movable elements on a moving 
platform. 

Table 3.2 Sensing Appl ions. 

I NHERENT LI~lIT ATiONS 

Detected photon flux depends on 
attenuation through body, as well 
as on source density. Refer to 
possible improvement noted in 
Table 3.4. 

Same as 
probab ly 

CT only possible for· discrete· 
sources (Lynn et al., 1967; 
Yamashita, 1982); specialised 
brain conduction may make EEG CT 
impossible (Nunez et al., 1981). 

Reabsorption and re-emission of 
radiation bound to make 
reconstruction algorithm very 
error sensitive. 

Resolution limited by maximum 
baseline and need for good final 
SIN; response limited by need to 
separate signals into 
narrow bands i 
proportional to maximum 

STATUS 

Routinely used for shadow imaging 
(Knoll, 1983). Rotating-camera 
systems in cl inical use (Keyes 
et al., 1977; Jaszczak et al., 
1977). Stationary detector 
systems undergoing development 
(Rogers et aL, 1982). 

Rotating dual detectors or Anger 
cameras used clinical {Brownel 

Muehl et al. , 
devices -

multislice etc. 
trials (Ter

Pogossian et al., 1982; Tanaka et 
al., 1982; Oerenzo et al.,1982). 

Routinely used for mapping 
surface fields; no reported CT 
applications. 

Routinely for remOte sensing 
of surfaces Earth (Reeves, 
1974; Sabins, human 
(Barret & Myers, del Blanco 
et aZ., 1974; Enander Larson, 
1974)). No reported CT 
application. 

Routinely used for mapping the 
radio heavens (Hanbury-Brown, 
1974; Jennison, 1966; Ryle, 1974); 
solar corona (Altschuler, 1979); 

for future high resolu
telescopes 

1982; Hers, 

0'\ 
I'..i1 
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Fig. 3.16 Remote sensing of int~rior of re by wide-beam 
transducer at A, positioned at angle ¢ on rm' 
The closed curve C.is inside re' 

datum 

wide-beam transducer at A is an ideal one, it receives emanations from 
all the sources inside re' The received signal s(¢) is therefore such 
that 

s(¢) = }\{f(r;O) ; w} (3.24) 

where }\{.;-} is some integral operator spanning the interior of re. and 
w is the distance from P to A. The functional form of }\{.;-} depends 
upon the particular problem being considered. and can be constructed using 
the principles established in §2.3. 

Note that s(¢) in (3.24) is "one-dimensional" in the sense that it 
depends only upon the line OA makes with the datum (see Fig. 3.16). On 
the other hand. f(r;8) is inherently I'two-dimensional" in that it can vary 
arbitrarily with rand 8. This is the "d"imensionality difficulty" 
discussed in §2.3.2. For example, in the special case of a cylindrically 
symmetric density. for which f(r;8) reduces to fer). the signal s(¢) is 
necessarily a constant, s say, independent of ¢. Since }\{.;.} is an 
integral operator, there are infinitely many forms for fer) that give the 
same value of s. Similarly. When the density varies with ¢ as well as r, 
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so that the signal depends upon ¢, there is an infinity of functions 

f(r;e) compatible with any given s(¢). 

Recall that in the event ofa "dimensional ity difficulty", unique 

image reconstruction is only possible when extra information is available. 
For example, if it is known a priori that the sources exist at only a 

finite number (N say) of discrete points inside rc. measurement of s(¢) 
for N discrete values of ¢ is in principle sufficient to permit the form 

of f(r;e) to be reconstructed. The dimensionality difficulty no longer 

exists because, as is explained in §2.3.2. the discrete points at which 
f(r;e) exist can be ordered as a one-dimensional array, and provided 
enough independent measurements have been made around rro. f(r;e) is 
uniquely recoverable. 

Consider the ECG (EKG) and EEG techniques listed in Table 3.1. The 
signals involved vary so slowly that they are effectively described by the 
underlying equation (2.4) .with k.= 0, which specifies the behaviour of a 

conservative field. This means their transducers are necessarily wide 

beam, so that unique solutions to the inverse problems of electroencephalo

graphy (Nunez, 1981) and electrocardiography (Yamashita. 1982; Bones and 

Bates, 1981; Lynn et al .• 1967) cannot be obtained unless the interior 
sources can be taken to be either discrete or confined to a given surface. 
Even then, the uniqueness may vanish if the interior of the body is 

inhomogeneous (Bones and Bates, 1981) Or anisotropic (Nunez, 1981). This 
can be understood by appreciating that, in terms of the polarisation source 
formulation (§2.3.2) the inhomogeneities are represented by extra sources 

distributed throughout the interior of rc. and so the dimensionality 

difficulty returns. The implications of this point are explored further 
in §5.6, where electrical impedance CT is discussed in detail. 

Consider now the other techniques listed in Table 3.2. These 

systems all employ narrow-beam transducers, and in all cases the sources 

are spatially incoherent, in the sense explained in §3.2.2. Consider 
such a transducer positioned at A in Fig. 3.17 and directed toward point AI. 

As was discussed in §3.2.1, an ideal narrow-beam transducer has 
infinitesimal width, but in practice the beam has a finite width which 

vari es with di stance from the transducer. The "edges II of the beam, 

corresponding to Sb in §3.2.1. are denoted by dotted lines in Fig. 3.17. 
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Fig. 3.17 Remote probing/sensing of interior of rc by narrow
beam transducer at A, directed towards AI; (the 
angles ¢ and u define this direction). 

The power flow associated with the emanations from sources in the 
neighbourhood of the point P is attenuated by a factor proportional to 
l/R by the time it reaches A, because the power radiated by a point source 

in two dimensions must spread out cylindrically. However, the width of 
the beam at P is proportional to R. Consequently. within the limitation 

on the size of the neighbourhood set by the width of the beam, the signal 
received at A is proportional to the integrated source intensity along 
the ray AAI. The signal received by the transducer can now be 

meaningfully written as s(¢, u) emphasising that it is "two-dimensional", 
because it depends upon where A is on and in which direction the 
transducer is pointing (refer to Fig. 3.17). Therefore, 

.Q,(A
1

) 

s(</l, u) = f f(r;S) d9, 
9,(A) 

(3.25) 

where 9, is the co-ordinate along the ray whose beginning and end points 
are denoted by 9,(A) and 9,(AI) respectively. 

Note that (3.25) is free of any dimensionality difficulty. Both 

the measured quantity s(¢. u) and the quantity to be reconstructed, 
f(r;S), are two-dimensional. Therefore, given s(</l, u) for sufficient 
pairs of values of ¢ and u to characterise f(r;s) to the required 
resolution, a clean image of the latter can be reconstructed in a numerically 

stable manner. 
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Specific examples of remote sensing CT applications are discussed 

in detail in §5.~. 

The sources of the emanations in remote probing CT systems are 

here taken to be located on fm and are assumed to be completely under the 
control of the experimenter. Fig. 3.15 is relevant to this section. 
The density f to be reconstructed is some material property of the body, 

i.e .• of the medium filling Table 3.3 lists the measurement techniques 
and species of emanations that are of practical importance for remote 
probing CT. Recall (from §2.2) that the behaviour of the emanations is 

conveniently analysed by expressing the total emanations ~ = ~(r, e, k) as 
the sum of incident and perturbed fields, ~i = ~i(r, e, k) and 
~ = ~p(r, e, k) respectively. 'That is, restating (2.1) for convenience, 

(3.26) 

By invoking the polarisation source formulation of §2.3.2 the behaviour of 

the emanations can be formulated exactly. Recall that this formulation 
gives the perturbed field ~p by ascribing it to an equivalent source 
distribution inside f e . It is however an lI un -physical" formulation in 

the sense that \)Jp cannot be "interpreted straightforwardly as a field which 
progresses in some measurable way, due to the effect of the body's interaction 

with the incident emanations whose sources lie on f m. Instead, the total 
perturbation is completely specified all at once and does not convey any 
sense of "cause and effectll. 

A second approach. which is physically more satisfying, can be 

applied when the emanations are radiative or have the character of wave 

motion (as is true for most emanations having appl ication in CT). In 
such cases it is intuitively appealing to think of "wavefrontsll spreading 

out from the sources. As discussed in §2.4.5, a wavefront can be 

distorted by reflection and/or refraction. It can also suffer from 

dispersion, in that the relative amplitudes of the wavefront's frequency 
components can alter, e.g .• if a pulse is emitted by the sources, the 

pulse shape changes as the wavefront progresses. However. wavefronts are 
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TECHNIQUE BASIC PRINCIPLE INHERENT LIMITATIONS STATUS 

Total X-ray attenuation measured along No serious limitations, but This is the standard or convention-
all rays through body; image attention directed towards al CT (Brooks.& Oi Chiro, 1976a) •. 

Transmitted X-rays reconstructed using standard CT correct i ng for beam harden i ng" High-speed systems undergoing 
algorithms (Robb, 1982; Scudder, 1978) rejection of scattering, faster development (Robb et aZ., 1983; 

scan times and whole volume Boyd & Lipton, 1983). 
imaging. 

Same as above, in principle, with Same as above, in principle, but Interesting experiments in progress 
, 

Transmitted Heavy Particles heavy particles substituted for X-rays it is not yet clear whether the for non-destructive testing using 
(Budinger et al., 1975; Benton et aL , many practical difficulties will neutrons (Richards et al., 1982; 
1975) lead to any basic limitations. De Volpi I Rhodes, 1982). 

Echo-location measurements made at Not yet clear whether it is This is the standard B-scan 
Reflected Ultrasound enough transducer positions to gather possible to allow for ray~bending, (Fatemi & Kak, 1980; Wells, 1977; 

suffi·ci ent data for CT algor; thms to variable propagation speed and Feigenbaum, 1976). 
be used. diffraction. 

Transmission measurements (of Same as above. Several promising approaches to 
attenuation or pulse travel time) at medical (esp. breast) images 
enough transducer locations to allow (Greenleaf & Bahn, 1981), acoustic 

Transmitted Ultrasound CT algorithms to be used. {Kak, ocean tomograph (Munk & Wunsch, 
1979; Wade, 1979; Greenleaf, 1981) 1979, 1982), compensation for 

refraction and diffraction (Devaney 
1983; Schomberg, 1978): 

Same as for reflected ultrasound Rarely any problem with ray Proposed schemes for medical 
except that ~wave radiation is used bending and variable propagation imaging (Baribaud, 1982; Bolomey 

Microwave (Adams & Anderson, 1982; Munson et al., speed, but formidable in et aL, 1982; Halevy & Wade; 1983). 
(Radar) 1983); Skolnik (1980). practice to gather enough data 

to form a reasonable image using 
a CT algorithm. 

Voltages measured all around perimeter Analogies with conventional CT Promising experimental systems for 
of cross-section, for current source are illusory (Bates et al., 1980): medical (Hend~rson & Webster, 1979; 

Electrical Impedance connected across enough pairs of image reconstruction algorithms Price, 1979; Barber et aZ., 1983) 
pOints or perimeter to allow an image very error sensitive (Seagar, and geophysical (Dines & Lytle, 
to ·be reconstructed (Price, 1978; 1982), but may be satisfactory 1979, 1981). 
Seagar, 1982). for simple types of image. 

Specimen mounted on tilt stage; Specimen must be "weak" for Several useful results obtained in 
micrographs recorded at enough ,micrograph to truly represent a microbiology (Misell, 1978) 

Electron Microscopy inclinations of stage to allow CT projection; operation of tilt especially with phages and 
algorithms to be used on basis of a stage tricky. Specimen can be membranes (Henderson & Unwin, 
micrograph being a "projection" 
(Huxley & Klu9, 1971; Misell, 1978). 

damaged by the measurement. 1975) . 

Any of the techniques listed in this table could be used, ~he little that has been so far achieved 
Non-Destructive Testing (see for example ,\::;:tel'iaZs Evaluation, vol. 40, nos. 11 & 12, 1982) emphasises the potential of this 

area. 
-- ~-

e 3.3 Remote Probing CT ications. 
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easily detected in practice. Consider pulses of microwave energy or of 
ultrasound emitted into the kinds of media that figure in practical 
applications. It is always possible to place probes in the path of the 
emissions to sense the passing wavefronts, even if the media introduce 

appreciable attenuation, reflection, refraction and dispersion. It also 

makes sense to think of an X-ray plate as a detector of a pulsed X-ray 
wavefront. It can be convenient therefore to take ~i to be the portion 
of ~ that follows (or is inseparably associated with) the initial 

wavefront, which is the part of the emanations from the sources that first 
arrives at any point within f e . The physical interpretation of o/p is 
then straightforward because it is comprised of all the perturbed 
emanations from all points inside f e . When the medium is tenuous, the 

total emanations ~ reduce to ~i for both of the above approaches. 

Whichever approach is adopted, the perturbed field ~p is given by 
(2.11) which is of the form 

~p(cp, t) = [2{f(r;e); ~(r, e, t); w} (3.27) 

where ~ (cp. t) is the amplitude of ~ (r, e, t) on fm and [2{.;.;.} is the 

integra 1 operator of (2.11) spanni ng the i nteri or of f e' The inverse 

problem, i.e., the recovery of f{r; e) from measurements of ~p on fm' is 
discussed in §§2.2 and 2.3. The Born approximation of §2.3.2, in which 

~p is assumed to be very small compared to ~i throughout f e • applies very 

accurately in non-relativistic quantum mechanics and X-ray crystallography 
because the refractive indices of the relevant media are extremely close 
to unity. For other wave-like emanations, however, the Born approximation 

fails in many situations of practical interest where the wavelength is 
roughly the same size or smaller than characteristic anomalies in the body; 

(refer also to §2.3.2). In such a case ~i of the "wave-front" approach 
above tends to be delayed with respect to ~i of the II po l ar isation source" 
formulation, after traversing the body, by at least a quarter of the 
period of the highest significant frequency component of the emanations. 

It follows that approximations based on the polarisation source formulation 
are of practical use, in inverse problems, only for low frequency CT. as 

for example in ECG and EEG studies and in electrical prospecting (Bones 

and Bates, 1981; Dines and Lytle, 1981; Keller and Frischknecht, 1966; 

Nelson and Geselowitz. 1976). These approximations can also be applied 
in some of the situations considered in the following sub-section. 
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3.4.1 ECHO-LOCATION CT 

The principles of echo-location, applicable in contexts typified 
by comparatively small scatterers embedded in an effectively tenuous 
medium, can be usefully described as part of a unified approach to 
computed tomography. In conventional radar, the position of a target is 
determined by the delay of the echo and the direction in which the antenna 
is pointing. The resolution in range is usually much better than the 
angular resolution. Suppose that there are narrow-beam transducers at 
A and B in Fig. 3.18 transmitting short pulses towards a point target at 
Q and receiving the reflections. The beams necessarily diverge with 
increasing range, while the pulsewidth is, of course, independent of range. 
The intersection of the two "range resolution cells" in Fig. 3.18 
immediately suggests how the overall resolution might be improved by 
"triangulation". Sophisticated radar systems employ this routinely. and 
it is successful when (as is usual) the targets are sufficiently isolated 
to prevent ambiguities arising. 

"-
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Fig. 3.18 Echo location of targets inside Narrow-beam 
radar transcei vers are at A and B - thepa irs of 
parallel circular arcs indicate their respective· 

"range resolutions" in the neighbourhood of Q. 
Narrow-beam ultrasonic scan transceiver is at c. 

Fig. 3.18 also relates to standard medical ultrasonic B-scan, in 

which a transmit/receive transducer (at C say) probes the interior of 
The scanning is effected either by moving C along fm or by changing the 
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direction (represented by the angle u) of the beam or (as is often the 
case) by a combination of both scanning motions (Feigenbaum, 1976; Wells, 

1977) . 

There is a generalised approach to echo location CT that can be 
outlined with the aid of Fig. 3.19. Suppose there are wide-beam 

transducers at A and AI, the former transmitting and the latter receiving. 
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Fig. 3.19 Generalised approach to echo location. Transmitting and 
receiving transducers at A and B and at AI and Bf, 

respectivelj. The pairs of parallel elliptical arcs, 

labelled a - a and 6- 6, respectively, identify the 
respective resolution capabilities of the transducer 
pairs AAI and BBl. The neighbourhood of Q is the 

envelope of all pairs of elliptical arcs corresponding 

to all pairs of transducers belonging to the CT system. 

The two quasi-parallel curved lines labelled a-a are ellipses with A and 

AI as foci. The separation of these ellipses indicates the resolution of 
the system. Reflections from all targets within these ellipses arrive at 
AI at the same instant. The total reflection is proportional to the 

target density integrated over the area between the ellipses. Recognising 
that the separation of the ellipses equals the diameter of the neighbourhood, 

it makes sense to integrate the density along the mean ellipse {identified 
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below by the symbol a). Consider targets within the neighbourhood of the 
point Q. They can be isolated by changing the positions of the transmitting 
and receiving transducers; one such pair of positions is Band 81

, for which 
the corresponding pair of ellipses are the curved lines labelled 13- 13. By 
taking sufficient pairs of transducer positions, a clean image of the 
density can be reconstructed. Note that the signal, which is conveniently 
written as s (A, A I ;a), pi cked up at A I, from the targets between the 

ellipses labelled a - a can be usefully approximated by the "integral of the 
density along the mean ellipse. In conventional radar and ultrasonic/B-scan 
situations, AI and A are coincident so that s(A, AI ;a) reduces to a two
dimensional quantity, s(A;a) say, which when appropriately normalised can 
be expressed .as 

s (A ; a) Jf(r;S)d9. 
a 

(3.28) 

where d9. is now arc length along the mean ellipse, which reduces, of course, 
to a circle because the two foci A and AI coincide. As with (3.25) there 
is no dimensionality difficulty. While a reconstruction algorithm based 
on (3.28) cannot be as convenient numerically as an algorithm based on 
(3.25), because of the non-rectilinear path of integration in (3.28), it 
is certainly theoretically tractable, as Cormack showed nearly twenty years 
ago (Cormack, 1963, 1964) and has recently been reconfirmed (Dietz et az' , 

1979) . 

Radar systems that employ the synthetic-aperture principle - in 
aircraft for terrain mapping CBrown and Porcello, 1969) or glaciology 
(Gudmansen, 1975, 1980), and in earth satellites for remote sensing of 
land masses and oceans (Reeves, 1975, pp. 454 - 475; Sabins, 1978, pp. 187 -190) 
- come closest to being capable of taking advantage of the approach to 
image reconstruction outlined in the previous paragraph. It is difficult 
to conceive of a physical situation in which it would be both feasible and 
worthwhile to construct a radar system in which the antenna(s) could be 
moved right round the targets. However, there are many practical 
applications of ultrasonic imaging (in nondestructive testing and medical 
diagnosis, for instance) in which the transducers can be scanned all 
around a body. Although some resolution improvement, by approaches 
equivalent to that outlined in the previous paragrap~, is being claimed 
(Robinson and Knight, 1981; Schomberg, 1978) it is limited by the 
appreciable spatial variations in propagation speed exhibited by most of 
the media that are important in practice. These variations restrict the 
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accuracy with which distances can be estimated by echo location. 
Interesting parallels between synthetic-aperture radar and CT have been 
reported recently (Adams and Anderson, 1982; Munson and 
Jenkins, 1981; Jenkins et at., 1982; ~1unson et aL, 1983). 

3.4.2 CT WITH RAYS 

Most species of emanation useful in CT (other than very low 
frequency ones) can be approximated in practice as bundles of rays (ray 
concepts are discussed in §2.4). In fact, the replacement of full-wave 
theory by ray-optical techniques has enormously simplified the design of 
antennas, optical systems, electron lenses, microwave and acoustic 
waveguides, etc., and it has made it quite a straightforward matter to 
calculate the interaction of wave motion with complicated structures 
(Hawkes, 1978; James, 1976; Felsen and Marcuwitz, 1973). As explained 
in §2.4.2, the laws of geometricQl optics allow for the attenuation and 
propagation of ~i' through f e • due to reflection and refraction. 
Diffraction is of no importance for CT applications involving gamma-rays 
and X-rays, and it can be neglected in some instances for electron beams 
and ultrasound. Furthermore, when diffraction effects have to be 
accounted for (as virtually always with microwaves, for instance, and 
often for acoustics and ultrasound) they can usually be adequately handled 
by the geometrical theory of diffraction (refer to §2.4.3). 

Despite the successes of ray techniques enumerated in the previous 
paragraph, which relates, by the way, entirely to direct problems, it is 
provi ng very di ffi cul t to incorporate them into a general II inverse" 
formulation. 

There is one situation of great practical importance for which the 
IIwavefront approachll can be combined with ray techniques to produce an 

inverse formulation that is virtually perfect, This occurs when the rays 
travel in straight lines,which applies most notably to conventional X-ray 
transmission CT. It is convenient to discuss this case with reference to 
Fig. 3.17. Narrow beam transmitting and receiving transducers are 
positioned at A and A', respectively. The density f(r;8) corresponds to 
either incremental attenuation or incremental delay of the ray in the 
neighbourhood of P. The signal detected at A' is thus expressible as 
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5/, (AI) 
S(AI) = Lexp(-K J f(r;8)d5/,) 

5/,(A) 
(3.29) 

where Land K are constants and the integral is the same as the one on the 
right hand side of (3.25). It is straightforward, therefore. to recover 
from the received signals estimates of the values assumed by this integral 
for all pairs of ~ and u. The processed signals are therefore written as 
s(~,u), which still satisfies (3.25). (3.29) is in fact the basis of 
conventional CT image reconstruction which is the topic of chapter 4. 

The principle of conventional CT has been extended to ultrasonic 
transmission imaging (Bates and Dunlop, 1977; Blyth et aI., 1979; Carson 
et aI., 1978; Dines and Kak, 1979; Greenleaf, 1983). Useful results have 
only been obtained, however, for media that exhibit comparatively small 
spatial variations of refractive index, such as the female breast and various 
excised organs of animals. Furthermore, the images have been reconstructed 
using conventionalCT algorithms, predicated upon the rays travelling in 
straight lines (i.e., no bending of the rays, due to spatial variation of 
the refractive index, is taken into account). Compensation for ray 

curvature has been attempted with several iterative schemes (Bates and 
McKinnon, 1979; Johnson et aI., 1975; Wade et aI., 1979) and, most 
intriguingly, with the recently introduced "back propagation" technique 
(Devaney, 1982, 1983) which is presently being extended to vector wave 

motion (Boerner et aI., 1982). 

Specific examples of remoted probing CT are discussed in depth in 
§§ 5.2, 5.3 and 5.6. 

/ 

There are some CT applications which cannot be classed as either 
remote sensing or remote probing CT. The applications to which this 
section is relevant rely on both interior and exterior sources. and are 
therefore conveniently described in a unified way by a. combination of the 
concepts introduced in §§3.3 and 3.4. Table 3.4 lists the CT measurement 
systems which are here classed as combined probing/sensing applications. 

3.5.1 PHYSICALLY SEPARABLE MEASUREMENTS 

Combined probing/sensing CT systems fall into two categories. 



- -- -

TECHNIQUE BASIC PRINCIPLE INHERENT LIMITATIONS STATUS 

Static or low-frequency magnetic fields Image resolution dependent on Commercial systems now available 
induce sources (aligned "spins" accuracy with which magnetic field for clinical diagnostic use 

Nuclear Magnetic preceSSing around field lines); pulsed gradients can be maintained. (Hinshaw & Lent, 1983; Kambic, 
Resonance r.f. fields amplify the preceSSion at Relaxation times of nuclei set 1982; Kaufman et al., 1982; 

(NMR) points in the body where the r.f. lower limits on scan times. Wittenburg et at., 1980). 
frequency corresponds to the magnetic Tissue characterisation not 
field strength; r.f. field relaxation straightforward (Morris et at. , 
is measured (Cho et at., 1982; Hinshaw 1979). 
& Lent, 1983). 

Internal sources imaged conventionally Attenuation compensation based on Constant attenuation algorithms 
after attenuation of emanations constant attenuation coefficient incorporated into working 

Corrected Emission through body is estimated, taking body through body; not yet known systems (Budinger et al., 1979). 
contour into account. whether iterative algorithms can 

correct for varying attenuation 
(Gullberg, 1979). 

Induced emanations are the photons This technique is simple provided Interesting experimental results 

Uncorrected Compton scattered from electrons in the body. attenuation of lncident and (Battista I Bronskill, 1981; 
Scatter scattered X-rays is negligible. Harding, 1981). -...! 

-...! 

Same as above except that attenuation Main limitation likely to be Proposed for bone mineral content 

Corrected Compton of incident and scattered X-rays available photon flux since studies (Clark & Van Dyk. 1973l. 
found from preliminary transmitted co 11 imation of fhe transmitted Should be useful in NDT. e.g., Scatter X-ray CT measurement (Clark & Van Dyk, and received beams is necessary. for archaeology. (Simil ar 
1973; Bates et at., 1983). technique proposed for ultra-

sound - McKinnon, 1983.} 

Low-frequency magnetic field applied to Main limitation is the huge Interesting experiments (Salles-
Magneto-Hydrodynamic body having conducting fluids flowing magnetic field needed to Cunha et al., 1980) show I 

(MHD) across cross-section; induced voltages generate sensible voltages. reconstruction is possible. 
measured at perimeter of cross-
section. 

Soundwaves induced by neutrino beam The "hardware" for this Projects planned for future 
NeutrinO-beam CT directed towards earth's centre are ambitious scheme is beyond present exploration of earth's crust 

of the whole earth detected at surface normal to direction technology, but feasible nonethe- and whole earth tomography 
of incident neutrinos. less. A mobile circular (Rujula "t al .• 1983). 

submarine accelerator (MOTeV) is 
envisaged (Rujula at al.. 1983). 

le 3.4 Combi Probing/Sensi CT Applications. 
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For the first, the remote sensing and remote probing aspects can be 
physicaZZy separated in the sense that two different sets of measurements 
are obtained, one set due to the interior sources alone, and one set due 
to the external sources alone. From the two sets of measurements. the 
density is uniquely retrieved. Such a procedure is necessary, for example, 
when interior sources exist inside a body which perturbs the emanations they 
emit. (This is pure remote sensing for a dense medium, as described in 
§ 3.3.) Recall that in such a case a single set of measurements made 
outside the body is necessarily a function of two inseparable densities -
here ca 11 ed the source dens i ty f s and the body dens ity f b' However, if 

the body density can be measured or estimated by remote probing measurements, 
then the unobscured source density can be recovered. This is the situation 
in nuclear medicine when the distribution of a radio-labelled substance 
within the body is imaged with a gamma camera (refer to Table 3.4). There 
are two densities to be taken into account: the intensity of the source f s • 

and the attenuating properties of the body fb. Gunberg (1979) has 
studied iterative sch~mes for corr~cting for attenuation of the emanations 
from f s due to the presence of fb. Whil e the convergence of the iterati ons 
cannot be assured in general, it is numerically manifest in examples 
reported by Gull berg. Perhaps because the iterati ons tend to be 
computationally protracted. the only correction commonly applied to gamma 
cameras is predicated upon a constant attenuation coefficient (its value is 
chosen on the basis of remote probing experience) ..;... the effectiveness of 
such correction is materially increased if the actual boundary of the body 
cross section is incorporated into the attenuation~compensation algorithm. 
The crudest correction procedure, which sometimes improves images noticeably, 
is to average measurements made from diametrically opposite sides of the 
body (Kuhl and Edwards, 1978). 

3.5.2 INDUCED SOURCES 

In the second main category for combined probing/sensing systems, 
interior sources are induced by experimentally controlled exterior sources. 
The interior sources, called induced sources in this context, are therefore 
indirectly controlled by the experimenter and must be such that the induced 

emanaHons they radiate can be distinguished from thos.e of the exterior 
sources. Measurement of the induced emanations is then equivalent to 
performing remote sensing CT, as described in §3.2.The schemes listed 
in Table 3.4 which fit into this category are nuclear magnetic resonance 
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imaging (NMR), magneto-hydrodynamic imaging (MHO) and scatter imaging 
techniques using X-rays or ultrasound. 

Note that the induced sources of combined probing/sensing CT are 
theoretically identical to the interior sources of remote sensing CT. 

There is, however, one important difference between the two classes of CT
for remote sensing CT both the location and intensity of the interior 
sources must be deduced; in combined probing/sensing CT the location of the 

induced sources is known, and only the intensity must be calculated. This 
extra information is superfluous if the sources exist inside a tenuous 
medium, but for sources in a dense medium the extra information means that 
simple correction schemes can be devised, allowing for the attenuation of 
the induced emanations with the body. This type of correction procedure 
is certiinly feasible for Compton scatter imaging, and may have application 
to ultrasound scatter CT. A generalised approach to the problem is 

developed in §3.5.3below. 

3.5.3 CORRECTED SCATTER IMAGING 

Consider Fig. 3.20 which depicts a narrow-beam transducer at A 
directed towards a point P inside the body. The incident emanations 

0 1 

s 

Fig. 3.20 Emanations from A induce a source at p. 

Induced emanations from P are detected at Q. 
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reaching P are either transmitted, so that they pass through point AI, or 
scattered so that emanations are detected by a narrow-beam transducer at 
Q. This is here regarded as combined probing/sensing in that the incident 
emanations from A are thought of as inducing a source at P, of strength 
equal to the local scattering cross-section. The "scattered" emanations 
are therefore thought of as induced emanations and by sensing them it is 
hoped to reconstruct the induced source density; i.e., the scatter cross
secti on. 

Note that in scatter imaging the induced emanations are inherently 
the same as the incident emanations. In order that there is no confusion 
over which emanations are being recorded at Q. the emanations must be such 
that their behaviour is adequately described by ray paths which are straight 
lines. or approaching straight lines, so that they can be meaningfully 
detected by narrow-beam transducers. Suitable emanations are, for example, 
X-rays, electron beams, and ultrasound under certain circumstances (see 
§ 5.3). 

Note, with reference to Fig. 3.20, that if the body is tenuous then 
Q records exactly the induced source density at P, and by appropriately 
scanning A and Q along the line SSI and DDI respectively, a clean image of 

the density is obtained directly. (Recall that for remote sensing CT a 
line integral (3.29) of the density comprises each measurement.) However, 
because the induced emanations are inherently the same as the incident 
ones, they are themselves prone to scatteriing as they travel outwards 
through the body to the detector. . Attenuation is therefore a problem 
which must be corrected for in any scatter-imaging system if quantitative 
results are to be obtained. The following sub-sections describe approaches 
to attenuation correction based on separate transmission measurements. 

Direct Measurement of a Scatter Cross-section Using Two Transmission 

and Two Scatter Measurements 

In any situation where the attenuation of a transmitted beam of 
emanations by a body is partly due to scattering, the scattering cross
section at any point can be reconstructed by making two transmission and 
two scattering measurements. Consider Fig. 3.21. A source transducer 
is located at A, and detectors are placed at AI and Q. All transducers 

are narrow-beam. The scattering cross section at point P is fs = (p) 
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AI 

fl, 

Fig. 3.21 Transducer locations pertaining to corrected 
scatter imaging .. 

and the density of the 
(r;O) is ::: (r;o). 
(3.29), so that 

body at the point defined by polar co-ordinates 
The signal at AI, denoted by S(A,A I) is given by 

9, (AI) 
S(A,A I) L exp(-K J fb(r;e) d9,) 

9, (A) 
(3.30) 

where the integral is to be interpreted similarly to the right hand side 
of (3.25). Consider now the signal at Q due to the induced source at P. 
The intensity of the induced source isS(A,P) (P) so that the signal at 

Q, denoted S(A,P,Q) is 

9,(P) 9,(Q) 
S(A,P,Q) ::: L exp(-K J fb(r;8)d9,) f (P)exp(-K J fb(r;e)d9,) 

9,(A) S 9,(P) 
(3.31) 

Consequently, on taking the negative lOgarithm of this signal and subtracting 

out any extraneous constants, the processed signal ~(A.P.Q) received at Q is 

(3.32) 

Suppose now that the measurement system is rotated by 180° so that the 
source transducer is positioned at AI. and the detectors are at A and QI. 
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~ 

The processed signal, S(A ,P,Q ) is 

S(A',P,Q') (3.33) 

Adding the two processed signals (3.32) and (3.33) together then gives 

S(A',P,Q') + S(A,P,Q) = 
9.. (Q ') 

)d9.. + f fb (r;8)d9.. + 2fs(P) . 
9..(Q) 

Inspection of (3.34) reveals that it is a simple matter in principle to 
subtract out the integrals on the right hand side by first making the 

appropriate remote probing measurements ~(A,A') and ~(Q,Q'). 

(3.34) 

The above correction scheme involves only simple additions and 
subtractions to yield a clean image of the density fs' and was proposed by 
Clarke and Van Dyk (1973) for measurement of bone mineral content using 
Compton-scattered X-rays. The te~hnique involves two scattering and two 
transmission measurements to evaluate at each point in the cross-section, 
and a 1800 rotation of the. equipment is necessary. McKinnon (1982) has 
proposed a similar technique for ultrasound which is discussed further in 
§5.3. A much simpler technique which is theoretically feasible in the 
case where the attenuation of the incident emanations is almost entirely 
due to scattering is described below. 

Recu~sive Calculation of Scatter Density by a Simple Scanning Technique 

When the attenuation of the emanations inside the body is due almost 
exclusively to scattering, as is the case for example when X-rays are used 
to probe biological media (Stanton, 1969) correction for attenuation is in 
principle very simple. Refer again to Fig. 3.20. A source transducer 
is again positioned at A and a detector at Q. Because the attenuation of 
the emanations is due to scattering only (in the ideal case) the density of 
the body, fb • is -i nherently the same as the scatter cross-section f s; (the 
constant of proportionality is here normalised to unity). The processed 

signal received at Q is therefore 

9..(P} 
~(A.P,Q) = f f(r;8)d9.. + f(P) 

9.. (A) 

9.. (P) 
+ f f(r;6)d9, 

9,(P) 
(3.35) 
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Suppose now that the body can be divided into a two-dimensional array 
of small subregions, as shown in Fig. 3.22. Let the average density 

inside an arbitrary subregion a be denoted fij~ and let the processed 

signal corresponding to A ::: Xi and Q = Yi (refer to Fig. 3.22) be denoted 

Sij' Then (3.35) may be rewritten 

By first measuring Sll' then the Si1,i 
recursively from 

S11 = fll 

S21 ::: f21 + f11 

= I,m the f. are determined 
11 

(3.36) 

(3.37) 

Sm1 ::: fm1 + f (m-1) 1 + ... + f21 + f11 

By beginning each successive new row. at aij and working through i = I,m, 
the entire density array f ij • i = I,m; j l,n can be calculated recursively. 

Density of 
pixel aij is 
f .. 

1J 

m 
m source positions 

n n detectors 

Q Detector at Q Yj 
- __ -~ records signal 

Sij 

S S' 

Fig. 3.22 The body is divided into a two-dimensional array 

of small rectangular subregions aij of density f ij . 
A source transducer is at A::: x· and a detector is 

1 

at Q == y .. 
J 
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If an array of n detectors is positionedalongDD I as shown in Fig. 3.22 
then a clean image of the density can, in principle, be obtained directly 
by scanning the source transducer through n positions on SSI, The technique 
described above is therefore not only very s"imple, but potentially very fast. 
The main problem associated with this recursive technique (apart from the 
general practical considerations discussed below) is that measurement 
errors are allowed to propagate throughout the calculation, becoming 
progressively worse. Consequently, the error is smallest for f~~, and 
worst for fmn • This could "in part be alleviated by using two arrays of 
detectors on diametrically opposite sides of the body, and working 
recursively towards the centre from each side. Battista et al. (1977) 

suggest that some reduction in error might be achieved by progressively 
correcting the integrated density along each row using transmission 
measurements. 

Practical Considerations in Scatter ImCtJli!!.9.. 

The major practical problem in scatter imaging is ensuring that 
enough of the induced emanations are detected to satisfy the measurement/ 
statistical requirements discussed in §3.2.4. Because emanations are 
generally Iiscattered" in all directions, there is only a very weak signal 
corresponding to any given scattering direction. There are certain 
applications however where high intensity emanations and a fairly long 
detection time do not present any difficulty. An example is the non
destructive testing of archaeological objects in a museum, for which a 
corrected scatter imaging technique could well prove feasible and effective. 
Recall that the image is produced directly without recourse to intricate 
computation so that the technique is necessarily less expensive to implement 
than other high-resolution CT systems which rely extensively upon a digital 
computer. 

Also worth noting is that, even when the incident emanations comprise 
a range of frequency components, and each of those components is attenuated 
according to a different law (this is termed beam-hardening when the 
emanations are X-rays; refer to §5.2), the effect is IIcancelled ouV I when 
transmission measurements are used to correct scatter signals. There is 
a proviso though that the induced emanations have approximately the same 

spectral energy distribution as the incident emanations. This is the cas~ 
for Compton-scattered X-rays which are deflected through less than about 50° 

(Stanton, 1969, ch. 4). 
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The way in which a cross-section is reconstructed from measurements 

of emanations which have interacted with the body depends on the nature of 
the interaction, and on the kind of transducers comprising the measurement 
system. The most conceptually and computationally simple reconstruction 

procedure arises when the emanations propagate as straight rays through 
the body, and either the detectors or sources are narrow-beam transducers. 
For such a CT system the measurements consist of line integrals of the 
density along the straight ray paths connecting the source and each 

detector; (refer to §3.4. (3.25)). The mathematics pertaining to the 

reconstruction of a two-dimensional function from its line integrals has 
been understood for over 50 years. Radon (1917) showed that a three

dimensional function could be completely determined from its plane integrals 
(projections). The theory was later extended by John (1955, p.13) to 

cover the reconstruction of a function of n variables in terms of integrals 
over (n -1) dimensional hyperplanes. The theory was applied 

independently. over a number of years, in diverse fields. as noted in 
chapter 1. In addition to those there listed, Bates and Peters (1971) 

and Ramachandran and Lakshminarayanan (1971) were instrumental in 
developing useful reconstruction algorithms. 

The theory of image reconstruction based on mathematical transforms 
is exact, and the numerical algorithms derived from it are accurate, 

stable and insensitive to noise and experimental error. Nearly all 

existing practical CT systems make us~ of reconstruction algorithms which 
assume that the emanations are straight rays. This assumption is valid 
for X-ray CT. for which the algorithms were first developed, and is 
reasonable for ultrasound CT where the body consists of a fairly 

homogeneous medium-- such as comprises the human female breast. This 
type' of reconstruction is here considered to be basic CT image 

reconstruction, and is the subject of this chapter. 
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There are two main conceptually different approaches to the basic 
CT image reconstruction problem. The first to be considered here, in 
§4.2, is the transform method approach. which is invoked in almost all 
commercial CT systems. The second approach consists of series expansion 

techniques, discussed in §4.3. 

There are many potentially useful CT systems which are presently 
limited by the inapplicability of basic reconstruction algorithms, 
predicated upon straight-ray behaviour of the emanations. These include 
all systems employing both wide-beam sources and detectors, and narrow
beam systems for which the ray paths are palpably not straight lines. 
The special, problems presented by these systems are discussed in the 
following chapter (§§5.7 and 5.8) which deals with practical CT imaging 
systems and the strategies adopted for image reconstruction under non
ideal circumstances. 

This chapter is concerned with the basic theory of CT image 
reconstruction, hence many idealisations are invoked: all transducers 
are ideal transducers, as defined in §3.2; all measurements are noise
free; the emanations maY.be described by straight rays, and the material 
properties of the body are space- and time-invariant. 

4.2.1 SYSTEM CO-ORDINATE GEO~IETRY 

Figure 4.1 illustrates the co-ordinate geometry that applies 
throughout this section. In practice the co-ordinate geometry is 
chosen to be consistent with physical properties of the measurement 
system, but the reconstruction principle is unaffected. The x, y and 
r;e co-ordinates (cartesian and polar respectively) in Fig. 4.1 describe 
image space. (Note that a semicolon is used to indicate polar 
co-ordinates.) The~. n co-ordinates (cartesian) can be rotated about 
the origin with respect to the x, y co-ordinates. The physical 
significance of this is that CT measurements are usually made over a wide 
range of viewing angles, relative to the body. by physically rotating 
either the body or the measuring system. The density of the cross
section to be reconstructed is denoted f f(r;O) = f(x,y). Consider 
now Fig. 4.2. A source transducer occupies positions along AA' such 
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IMAGE SPACE FOURIER SPACE 

Fig. 4.1 Image space and Fourier space 

co-ordinate geometries. 

Source transducer moves 
from A to A' as one 
projection is 
recorded. 

B' 

array 

Fig. 4.2 A source transducer moves from A to AI emitting 
emanations which propagate as straight rays 
towards the detector array at BB'. 

u 
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that emanations propagate as straight rays through the body and are 
detected by an array of detectors along BBl. The signal recorded by 
any array element is (refer to §3.4, (3.25)) s(~,~), where 

(X) 

f f (~, n)dn (4.1 ) 
_00 

Note that 

S(-~;~+1T) = s(~;~) (4.2) 

The set of line integrals measured by the detector array along BBI as 
the source moves along AAI (parallel to the ~-axis) forms a projection, 

since the set of signals represents a projection of the two-dimensional 
density distribution onto a one-dimensional line. The reconstruction 
problem is to estimate the density distribution of a cross section from 
its one-dimerisional projections. The way this can be done by 
mathematical transform methods relies on Fourier transform theory and the 
projection theorem, which are discussed in the next sub-section. 

4.2.2 FOURIER TRANSFORM THEORY AND THE PROJECTION THEOREM 

The notational scheme invoked here is based on that of Bates and 
McDonnell (1984, ch.2). 

Let f = f(x) and F F(u) be functions of one variable (x and u 
respectively). The functions form a Fourier transform pair if the 
fo 11 owi ng relationship holds: 

(X) 

} 
F(u) = f f(x) exp(i21Tux)dx 

-00 

00 
(4.3) 

f(x) = f F( u) exp( i21Tux)dx 
-(X) 

When f and F are functions of two variables, they form a Fourier transform 
pair when 

F (u)· 
00 

fff(x) exp(i21Tu·x)dax 
-00 

::: (4.4) 
-00 

0021T ( )) ::: f f f(r'O) exp(i2TIprcos ~-8 r d8dr 
o 0 ' 
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and 

f(x) 
00 

exp(-i211x'u)dEu 

1 
f F(u) 

-00 

00 

(4.5) = f fF(u) exp(-i211[ux+ vy])dudv 

I 
-00 

00 211 
exp ( - i 211rpcos (8-¢) p d¢dp = ffF(p;¢} 

o 0 

where the co-ordinates u,v (cartesian) and p;¢ (polar) are said to 

describe Fourier space (refer to Fig. 4.1), and dox and dEu are the 
elements of area in image space and Fourier space respectively. For 
convenience, the Fourier transform relationships defined above are here 

abbreviated by writing 

f (4.6) 

where the subscript n denotes the dimensionality of the transformation. 

When a function of two variables undergoes a one-dimensional 
transformation, the relevant variable is noted as a parenthesised 

subscript beneath the function name, and the corresponding variable 
occurring in the transform is noted as a second subscript beneath the 
~. For example, suppose g is a function of two variables, a and b. 

and the one-dimensional transform involves b only. The transform is 
then written as 

00 

= fg(a,b) exp(i211sb)db (4.7) 
-00 

Consider now the co-ordinate geometry for image space and Fourier 

space depicted in Fig. 4.1. Note that there are cartesian co-ordinates 

a.S in Fourier space which are rotated by the same angle ¢ with respect 
to the cartesian co-ordinates u,v, as are the rotating co-ordinates in 
image space. Elementary analytic geometry shows that 

and 

ux + vy = a~ + Sn 

U acos¢ - ssin¢ 

v = asin¢ + Scos¢ 

(4.8) 

} (4.9) 
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Combini ng (4.8), (4.9) and (4.4), and setting S = 0 yields 

~f(x,y)} = F{acos¢, asin¢) = ]Jf(x,y) exp{i2TIa~)dnd~ (4.10) 
-00 

since the element of area can be written as dnd~ just as well as dxdy. 
Recall that a projection of f(x,y) at angle ¢ is given by (4.1). 
Substituting from (4.1) into (4.10) gives the following expression: 

~f(x,y)} = F(p;¢) == F(u,v) == fs(~;¢) exp(i2TIp~)d~ (4.11) 
-00 

(4.11) is the projection theorem in two dimensions. The Fourier inverse 
of (4.11) is (from (4.4)) 

co 

s(p;¢) = f F(p;¢) exp{-i2TIp~)dp (4.12) 
-co 

Convol ion 

Recall from §3.2 that the convolution of one function with another 
is denoted by writ-ing the symbol e between the two functions. The 
convolution of two one-dimensional functions is defined by (3.14). The 
convolution of two-dimensional functions f f(x) and g = g(x) is defined 
to be 

00 

= fff(a,b) g (x - a, y - b) dadb 
} (4.13) 

00 

f e g f f f (ill) g (x - a ) d oa 
-00 

-co 

and the convolution theorem for two dimensions is 

Jf(fG9) exp(i2TIu·x)dox == F(u)G(u) =$teg} (4.14) 
-00 

Sampling Theorem for Fourier Transforms 

When the cross-section whose density distribution is to be 
reconstructed is of finite size, it is convenient to think of it as 
existing inside a rectangular box centred at the origin of image space, 
such that 
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f(x,y):;; a for Ixl > Lx/ 2 

\yl > Ly /2 

Such a cross-section is depicted in Fig. 4.3. 

L 
x 

} 

Fig. 4.3 A density distribution f(x,y), of f-ini 

extent, exists inside a rectangular box 
of dimensions Lx, Ly. 

(4.15) 

The length and breadth of the box are Lx and Ly respectively -- these 
represent the extents of the object in the x- and y-directions 
respectively. Inside the box, f(x,y) can be represented by a 
trigonometric Four;er series -

f(x,y) (4.16) 

where the Fn . are constants, known as Four; er coeffi ci ents. When, as 
""m 

is assumed throughout (most of) this thesis, f(x,y) is real, the Fourier 
coefficients must satisfy 

F = F* 
-£,-m £,m (4.16a) 

Idea lly, £ and m must in general be summed over i nfi nity - that 
is, Mx and My are infinite. In practice, however, the measurements are 
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contaminated by noise and some image "detail" is lost. The unrecoverable 

detail is encoded in the F~,m for which I~I and Iml exceed certain values, 
say Mx and My, since these are associated with high-frequency, low 
amplitude Fourier coefficients. Hence the meaningful recoverable 

information is encoded in 19..1 < Mx and Iml < My, where the size of Mx and 
My depend on the contamination. So, the smaller the amount of noise in 
the measurements, the more Fourier coefficients are worth including to 
resolve the achievable detail (Bates, 1969). Combining (4.15) and (4.16) 
it is seen that 

where the function "sinc ll is defined by (Woodward, 1955) 

sinc(a) = sin(ITa)/(ITa) 

From (4.18), notice that for an integer b 

which shows that 

from (4. 17) . 

s"inc(a - b) = 1 for b = 0 
= 0 for b:;t 0 

F(~/l ,mil ) x y F 9..,m 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.20) is the sampling theorem for Fourier transforms in two 
dimensions. The one-dimensional form is simply derived from (4.17) by 
sett i ng F () 

x."m 
o for either 9.. Oorm:;tO. Figure 4.3 illustrates the 

theorem diagramatically. showing the samples in Fourier space corresponding 
to the image space of Fig. 4.3. The essence of the sampling theorem is 

that an image of finite siz~ in image space can be represented by discrete 
samples in Fourier space, which are spaced by the reciprocal of the 
extents of the rectangular domain supporting the image. The 
reconstruction problem of estimating the value of f(x,y) can therefore be 
alternatively posed as finding the (21Vlx + 1}{2My + 1) valuesof F(u,v) 

at the points shown in Fig. 4.4. 
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1/Lx 

H 
v 

0 0 0 0 ~ 0 0 0 0 

I 2My + 1 poi nts 
0 o· 0 0 0 0 0 

Illy 
0 0 0 0 0 0 0 

A A ~ ..... 
U 

0 0 () 0 0 0 0 0 

0 ·0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

1- 2Mx + 1 points -i 

Fig. 4.4 Fourier space samples corresponding to the 
image space of Fig. 4.3. 

Fourier transforms are very efficiently computed by means of a 

now standard algorithm known as the Fast Fourier Transform or FFT 
(Brigham, 1974). This algorithm is based on the discrete Fourier 
transform, which is the Fourier series representation of the continuous 
Fourier transform. When the sampling theorem holds, the discrete 

Fourier transform and the continuous one are equivalent, as explained 
above. The important point is that, in order to make use of the FFT 
algorithm, the function to be transformed must be sampled on a rectangular 
grid as shown in Fig. 4.4. 

4.2.3 RECONSTRUCTION BY DIRECT INVERSION 

The projection theorem (4.11) can be used for CT image 
reconstruction in the following way. 
section it ;s known that 

For all points x,y in the cross-

00 

f(x,y) = ffF(u,v) exp(2ni[ux + vy])dudv (4.21) 
-co 

If the value of F(u,v) is known for all u,v the density f can be 
reconstructed directly from (4.21). However, only certain values of 

F(u,v) can be calculated from the measured projections s(~;¢). According 
to (4.11) 

co 

F(p;¢) fs(~;¢) exp(i2npUdt; (4.22) 
-DO 
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This corresponds to knowing the values of F(u,v) along a line in Fourier 
space, passing through the origin, that makes an angle ¢ with the u-axis. 
After transforming all the projections. F(u,v) is known along all lines 
through the origin in Fourier space corresponding to the angles at which 
the projections were measured. Figure 4.5 displays the lines along 
which values of F(u,v) are know~.superimposed on a rectangular grid of 
sample points which are those that completely define F(u,v). 

v 

Fig. 4.5 Solid radial lines indicate where the known values 
of F(u,v) exist. Dots indicate the location of 
the set of samples which completely define F(u,v). 

The reconstruction procedure based on direct inversion of the 
above estimate of the two-dimensional Fourier transform of the density 
may be summarised as follows: 

(1) Calculate the one-dimensional Fourier transforms of the 
projections. 

(2) Interpolate between the lines in Fourier space to estimate 
F(u,v) at the required sample points. 

(3) Calculate the inverse two-dimensional Fourier transform based 
on the estimated samples to yield a reconstructed image of 
f(x,y). 

The direct inversion reconstruction procedure above is conveniently and 
concisely described using the Fourier "shorthand ll (introduced in §4.2.1) 

as 

f(x,y) f(r'O) = eY{ q . {s(t;;--J,)}}. , J~ J' 1 (E;) , 'f' (4,23) 
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The chief difficulty with this method lies in the need for very 
accurate interpolation from polar to cartesian co-ordinates (step (2) 
above). The exact nature of this blurring can be derived by 

considering first the projectioh theorem (4.12) relating the projections 

s(~;¢) and th,e two-dimensional Fourier transform F(p;¢) of the image: 

00 

s(~;¢) ::! F(p;¢) exp(-i2np~)dp (4.24) 
-00 

Now let f(r;8) denote the reconstructed density at (r;8) after simple 
back-projection. 

n 
f{r;8) ::: !s(rcos(8-¢),¢)d¢ 

o 
(4.25) 

Substituting (4.24) into (4.25) yields 

f(r;8) ::: 71 fp-1F(p;¢) exp[i2nrpcos(8-¢)]pdpd¢ (4.26) 
o 0 

which can be rewritten 

(4.27) 

The inverse transform of p-l is r- 1 (Budinger and Gullberg, 1974), which 

is therefore the blurring function. Recall that this interpolation is 
dictated by the requirements of the sampl"ing theorem (refer to §4.1) in 
order that the efficient FFT algorithm may be employed. The interpolation 
problem is discussed by Smith et aL. (1973), Crowther et al. (1970) and 
more recently by Bates and McDonnell, 1984). 

Reconstruction by direct Fourier inversion was first applied by 

Bracewell (1956) in the field of radio-astronomy. (See also Christiansen 
and Warburton, 1955), and was suggested by De Rosier and Klug (1968) and 
Hoppe et al., (1968) for application in electron microscopy; (see also 

Rowley, 1969 and Crowther et al., 1970). The recently developed medical 
imaging technique of nuclear magnetic re$onance imaging (NMR) seems 
particularly well suited to direct inversion reconstruction because the 
Fourier transforms of the projections may be measured directly (Louis, 

1982; Hinshaw and Lent, 1983). NMR imaging is discussed further in §5.5. 
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4.2.4 SIMPLE BACK-PROJECTION 

A reconstruction technique which has its foundations in early 
medical tomography (see, for example, Bocage, 1922; Vallebona, 1930) 

is here called simpZe back-projection. The name is appropriate because 

the projections are simply smeared back across image space along the 
directions in which they were originally measured. An estimate of the 

density of each point in the image is thereby obtained by suml11ing all 

the rays intersecting at that point. Fig. 4.6 shows the back-projection 
in image space of projections of a small circular region of high density 

in tenuous surroundings. Clearly noticeable is the tendency of the 
overlapping projections to give rise to radially dependent blurring, on 

which the "true"image is superimposed. 

~,' .. 
"'",' 

.': .... ..... 
:: .:: 

: .; .. ~ 
.~.~.::: . 

':':-::'(V 

/ 

Fig. 4.6 Simple back-projection of projections 
corresponding to a small circular region 

of high density. 

This superpos~tion of projections was first proposed for 

IItransverse section scanning" by Anger et al. (1967) using an optical technique. 

The digital implementation was reported first by Kuhl (1968) for nuclear 

medicine, and for electron microscopy by Hart (1968) and Vainshtein 

(1970). The technique, though simple. cannot give the clean density 
distribution, since each point in the reconstructed image consists of 
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the superposition of each projected ray passing through the true object at 
that point. This causes blurring - the effect at each point being 

similar to that shown in Fig. 4.5. 

Although the reconstructed density at each point can be 
normalised in several ways by contriving to make the total densities 

equal before and after back-projection (Vainshtein, 1971; Gilbert, '1972b) 
the method can never do more than provide a heavily blurred version of 
the true object. It can nevertheless be of considerable practical value 

since the image can be formed optically and recorded on photographic 
film with an inherently very high resolution. Therefore, if the object 
has high enough natural contrast to overcome the effects of the blurring, 
very useful images can be produced by a highly skilled practitioner. 
Tomographic devices which are based on simple back-projection (often 

known as linear tomography) are due to Edholm (1960) and Reichmann (1972). 
Other commonly used names for techniques based on the same principle are 
"longitudinal section scanningu (Kuhl and Edwards, 1963; Freedman, 1970, 
1972); "photolaminagraphy" (Miller et at., 1971); "tomosynthesis" 
(Garrison et aZ., 1969; Grant, 1972) and II po lytropic montage" in electron 

microscopy (Hart, 1968). 

However, now that computers are commonplace, the radial blurring 
can be conveniently compensated in the ways described below. 

4.2.5 RHO-FILTERED BACK-PROJECTION 

(4.27) expresses the relationship between the true density 
distribution f(r;El), and that obtained by simple back-projection, f(r~El): 

f(r;El) = f(r;El)0r- 1 (4.28) 

Bates and Peters (1971) have derived an algorithm based on deconvolving 
r- 1 from f(r,El). From the convolution theorem (4.14) 

~(r;El)} ~(r;e)}~r-l} 

The Fourier transform of r- 1 (Budinger and Gullberg, 1974) 

~r-l} 2rrJr- 1 Jo (2rrpr) r dr 
= p-l 

} 

(4.29) 

(4.30) 



where Jo (2TIpr) 
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TIl 2 

i/1r f exp(i2TIprsin¢) d¢ (Watson, 1966), The 
-TI/2 

re'lationship between the true density and the simple back-projection 
image is therefore 

(4.31) 

which result is derived in detail by Bates and Peters (1971); (refer 
also to Vainshtein, 1971; Gilbert, 1972; and Grant, 1972). 

The reconstruction procedure embodied in (4.31) may be stated in 
words as: 

(1) Reconstruct an image by simple back-projection. 

(2) Compute the two-dimensional Fourier transform of the image. 

(3) Multiply each Fourier coefficient by its respective radius in 
Fourier space. 

(4) Compute the inverse two-dimensional Fourier transform to obtain 
the true image. 

A more computationally convenient approach is to modify each of 
the projections s(~;¢) before back-projecting. This approach was 
suggested by Bracewell and Riddle (1967). Gilbert (1972) and Ramachandran 
and Lakshminarayanan (1971). Bates and Peters (1971) suggested 
implementing the technique optically. and Peters (1973) did so. Consider 
the density f(r;e) written in terms of its two-dimensional Fourier 
transform (refer to (4.4)) -

00 TI 
f(r;e) = f f Ip\ F(p;¢) exp[ -i2TIprcos(8-¢)]dp d¢ (4.32) 

-00 0 

Let s(~,¢) be the inverse Fourier transform, with respect to ~. of 
\p!F(p,¢). (4.32)can then be written 

f(r;e) 
TI ~ 
f s(rcos(8-¢),¢) d¢ (4.33) 
o 

(4.31) and (4.32) show that 

(4.34) 

(4.33) describes back-projection of modified projections (cf. 
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(4.25)). (4.34) shows that the projections are modified by application 
of a ramp filter in Fourier space. This is termed pho-filtering by 
Bates and Peters (1971) due to the conventional use of the symbol "p" 
to denote the radius in Fourier space. 

4.2.6 CONVOLUTION BACK-PROJECTION 

An alternative way of implementing (4.33) and (4.34) is a 
convolution method which can be mathematically justified if the object 
is of finite size - as is nearly always true in useful CT applications. 
Consider (4.32). Inspection of the p-integral shows that it is the 

inverse Fourier transform of Ipl~(~fs(~;~)}. Now let 

00 s = s ( C; cp) = f q ( ~ I - ~) s ( ~ ; cp ) d~ (4.35) 
-00 

Frqm the definition (3.14), q can be seen to be a convolving function and 
is defined to be such that its inverse Fourier transform approximates Ipl. 
That being so, it is seen that 

'IT ~ 

f(r;8) = f s(rcos(e-~)y, ~) dcp (4.36) 
o 

(4.36) again corresponds to a modified back-projection. The equivalence 
of (4.36) and (4.33) is easily confirmed using the convolution theorem 
(3.15) since 

'" s = q e s 

Jf(~) $q2%) 

$11) = Ip~s) 

s ~I~)} 
~" 

s = s 

(4.37) 

(4.38) 

(4.39) 

(4.40) 

(4.41) 

Unfortunately, the Fourier transform of Ipi does not exist. but 
. if the object is hand limited in the sense that there is an upper limit 

Pm on the frequency that can be meaningfully reconstructed, then q could 
be calculated as follows: 

Pm 
q (r) = f I p I exp (i 2'ITpr) dp 

o 
(4.42) 
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Integration of (4.42) by parts gives (Budinger and Gullberg. 1974) 

q(r) = Pm/(nr) sin(2npmr) -1/[2(nr)2J(1- cos(2npmr)) (4.43) 

Note however that (4.42) calls for a sudden truncation of the rho-filtered 
Fourier coefficients at Pm' It is well known that this kind of truncation 
introduces ripples similar to Gibb's phenomenon into the reconstruction. 
The severity of the errors introduced in this manner is in fact comparable 
in magnitude (although different in nature) to those introduced by the 
interpolation from polar co-ordinates to rectangular co-ordinates which is 
required for direct inversion reconstruction (refer to §4.2.2). Therefore, 
instead of us"ing \pl in (4.42) a "rolled-offtl function, here denoted Iplro 
is defined as shown in Fig. 4.7. 

, 
I' , 
I , 
I 
I 
1 
I 
I 

Fig. 4.7 The function \plro is chosen to approximate 
Ipl in such a way that Gibb's phenomenon is 
avoided. 

P 

The convolving function q(r) is therefore often approximated in practice 

by calculating the inverse Fourier transform of Iplro IpIW(p) where W = W(p) 
is some specially chosen window function. 

window functions are: 

Examples of commonly-used 

Ipi > A/2 , W(p) 0 

ipl :£A/2 W(p) 1 (Ramachandran and Lakshminarayanan, 1971) 

W(p) = Isinc(p/A)I (Shepp and Logan, 1974) 

v.J(p) O',+(l-O',)cos (2rrp/A), 0:£0',;,;1 Generalised Hamming 
(cf. Harris, 1978) 

(4.44) 
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The smooth shape of curve in the roll-off region ensures that IPlro is 
everywhere smooth and tapered during the"truncation". This is always 

essential in practical image reconstruction, so throughout the rest of 

this section jpl is understood to be the rolled-off function IPlro' 

The technique of convolution back-projection was first proposed by 

Bracewell and Riddle (1967). then rediscovered by Ramachandran and 

Lakshminarayanan (1971). Shepp and Logan (1974) and Lewitt et al. (1978) 

have developed the theory of convolution back-projection reconstruction in 

great detail. 

4.2.7 EFFECT OF MEASUREMENT SYSTEM GEOMETRY 

The reconstruction techniques discussed thus far have been derived 
in terms of the geometry depicted in Fig. 4.1. The projections, according 

to this geometry. are measured along ray paths parallel to the n-axis and 

are hence called parallel-ray proj~ctions. To measure a parallel beam 

projection in practice requires that either a single source be translated 

along AA' in Fig. 4.1. or that an array of narrow-beam sources be placed 

along that line. The latter is impractical due to the size (and often 

expense) of the transducers (recall §3.2) and the former involves an 

inherently long data collection time and extra mechanical motion. In 

practice therefore it is often more convenient to use a wide-beam source 

and detector array, as shown in Fig. 4.9, to instantaneously measure each 

single projection. 

~vi de-beam 
source. 

Array of narrow
beam detectors. 

Fig. 4.8 Fan-beam projection using a wide-beam source 

and narrow-beam detectors. 
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These considerations are very important in practical image reconstruction, 
but a full derivation of diverging-ray reconstruction formulae is neither 
necessary nor appropriate in the context of this thesis. However, the 
main points and important formulae are stated here for completeness. 

The implications of diverging-ray projections for image reconstruction 
are conveniently analysed in terms of the geometry shown in Fig. 4.9. 

Fig. 4.9 Co-ordinate geometry pertaining to 
reconstruction from diverging-ray projections. 

x 

The beam originates at A, and an arbitrary ray makes an angle ~ with the 
central ray which is directed along the n-axis. The projected density, 
measured as a function of S, is obtained by integrating along the line 
q = O. El elllentary geometry reveal s that s = Rtan 1jJ. The measured 

projection, here denoted sd{Rtan~, <jJ) is 

00 

sd{Rtan1jJ;<jJ) = ff{x,y)!q=o dw 
-00 

(4.45) 

Note that provided the diverging ray projections are measured over an 
angular range of 1800 plus the fan angle defining the beam, it is possible 
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to Hrebin" the data by 2-D interpolation onto parallel-ray data points, 
and then use the conventional convolution back-projection algorithm for 
parallel projections to reconstruct the image. This technique is useful 
when short scan-times are desirable, but the interpolation procedure 
necessarily limits the accuracy of the reconstruction. 

The diverging ray reconstruction transform formula (corresponding to 
(4.23) for parallel rays) is 

(4.46) 

Recall that parallel-ray projections correspond to straight lines passing 
through the origin of Fourier space. The latter are conveniently thought 
of as IIstraight spokes ll (see Fig. 4.l0a). Fan-beam projections,on the 
other hand, correspond to IIcurved spokes" of the kind shown in Fig. 4.l0b,c 
(Peters, 1973). 

v 

(a) Purallel rays 
E = _00 00 
? , 

¢=O,7T 

Fig. 10 

u 

v 

(b) Diverging rays 
1; 0,00 
¢ = 0,27T 

Sampling in Fourier space corresponding to 
three different measurement geometries. 

v 

The effect of having the known samples of F(p;¢) lying on curves is to 
render interpolation onto the cartesian u, v co-ordinates even more 
difficult than the interpolation from polar to cartesian co-ordinates 
that would be required for parallel-ray projections (refer to §4.2.2). 

u 
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An alternative approach is to back-project the projected ray-sum 
recorded by each detector along the line which matches the path traversed 
by the ray during data collection. The blurring function for diverging 
ray data is r- 1 weighted by some factor b = b(r;e) which is a function of 
position (Peters and Lewitt, 1977). This means that images cannot be 
reconstructed exactly (even in principle) by rho-filtering. However. it 
is found that b is close to unity for some region of the image surrounding 
the origin, the effect being that the image is much better reconstructed 
towards the centre than it is at the periphery of image space. Gullberg 
(1979) has, in fact, successfully used rho-filtered back-projection for 
fan-beam image reconstruction. 

Fan-beam Convolution Back-Projection 

Recall that parallel-ray projections may be modified before 
back-projection by convolving each one with a function whose Fourier 
transform approximates Ipl. (Note that Ipi is the "rolled-offl! function 
Iplro discussed above; §4.2.6.) When diverging-ray geometry is used, the 
projections are modified according to 

~ 00 

Sd(i;';tjJ) = fsd(i;;tjJ)coSl/Jq(Usin (l/JI -l/J))dl/J 
-00 

where i; I 

i; 

R tan l/J I , 

R tan 1.jJ 

(4.47) 

(4.48) 

and U is the distance from the source to the point (r;e). The major 
difference between (4.47) and (4.35). the corresponding expression for 
parallel ray geometry, is the presence of U in the convolution integral. 
For computational efficiency it is desirable to remove the U-dependence of 
the convolution operation. This is done by choosing q(U sin l/J) such that 

it can be separated into two parts (Lewitt, 1983) 

q(U sin l/J) qB(C,U) qC (l/J) (4.49) 

The projections are then modified by convolving with qC (l/J), and the 

factor qB(C,U) is introduced as a multiplicative weight in the back

projection along divergent rays. 

After making the manipulation above, and allowing for the factor 
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cos~ in (4.47), fast, efficient fan-beam reconstruction algorithms, directly 
analoQ9us to those for parallel-ray geometry, can be derived. 

ONSTRUCTION METHOD 

4.3.1 FUNDAMENTALS 

Contrasting with the transform reconstruction methods of §4.2 are 
senies expa'(lsion t~chniques (Censor, 1981, 1983) - also known as albegraic 
techniques, iterative methoqs, or optimization theory reconstruction 
(Gordon and Herman, 1974; Herman and Lent, 1976). The essence of series 
expansion techniques is to begin by introducing into image space a 
cartesian array of ~mall square elements, which are here called pixels. 
The size of the array is such that it encloses the cross-section to be 
reconstructed, as shown in Fig. 4.11. 

1 2 3 

)~ -.... 
\. 

~ ~ 
!' 

........ 

I 
\f(x ,y) 

~ I 

" ~ V 
n-l n 

Fig.4.11 An array of pixels is defined to enclose 
the cross-section in image space. 

Following Censor (1983) the pixels are numbered sequentially beginning at 
top left-hand corner of the array and ending at the bottom right. The 
density within the jth pixel is here denoted fj' Consider now a source 
which emits m rays, and a detector positioned as shown in Fig. 4.12. The 
length oJ intersection of the ith ray with the jth pixel is aij' for all 
i = 1, m; j = 1, n. aij therefore represents the contribution of the jth 
pixel to the total attenuation along the ith ray. 
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Detector 
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Source 

Detail of ith ray passing through 
jth pixel. 

Fig. 4.12. The length of the segment of the ith ray from 

the source as it intersects the jth pixel is aij' 

The line integral of the density along the ith ray, here denoted 

si. is therefore a finite Sum of contributions along the ray path, and 
the complete set of line integrals may be written as 

== 1, m (4.50) 

(4.50) represents a series of linear equations which can be represented in 

matrix notation by 

where Sl 

s S2 

sm 

Sis ca 11 ed the 
image vector. 

matri x A. For 

S AF (4.51) 

r
au a12 : 

Ll 
f1 

'A 
a21 and. F :: 

fn 

measurement vector, A the projection matrix. andF the 
In principle, (4.51) can be solved for F by inverting the 

any practical situation, however. A is very large and its 

inversion is consequently numerically complicated and error sensitive 

(refer to §2.3). The long computing time, the need for sufficient angular 
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measurements to satisfy (4.51), and the effect of measurement errors have 
prompted the development of iterative schemes for image reconstruction. 

A useful alternative description of the model expressed by (4.50) 
is, following Censor (1983), to consider a set of basis density functions 

given by 

(r;8)E jthpixel 

} ;:: 0 otherwi se 

The total density distribution can then be represented by a linear 

combination of the basis functions 

n 
f d (r;8) = ,2: fj bj (r;e) 

J=l 

(4.52) 

(4.53) 

where fd :::: fd(r;8) is callec\ the digiUsation of f with respect to the basis 
'functions {b, ; j 1, n}. Now let~; i = I,m} be a set of linear and 

J ~ ~ 
continuous functionals which assign a real numbe(2/2i f to any image f(r,e). 
For basic CT reconstructio~f is the line integral of f(r;8) along the 
ith ray and so 

£ f~b,(r;8) 
j=l J -' J 

(4.54) 

which is equivalent to (4.50) since 

(4.55) 

This formulation is very flexible because the functional~ do not have to 
be line integrals -- they may represent attenuated line integrals or curved 
ray paths and may include compensation for fixed system parameters. In 
the interest of clarity howeve~ this discussion proceeds on the basis of 
straight line integrals. 

The set of linear equations (4.54) is by no means a simple problem 
of linear algebra for several reasons. The first is that the number of 
required image density values fi (the unknowns) and the number of equations 
may be so large that sta,ndard techniques for solving the equations are 
computationally unfeasible. The second reason iS,that the number of 
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equations obtainable from the projection data may be fewer than the number 
of unknowns. The problem then arises of having to choose, from an 
infinite number of possible solutions, one which is the best approximation 
to the original object, using additional a priori information. The third 
problem is the measurements of the integrated density are experimentally 
obtained and therefore contain errors. This makes it very likely that 
there is no exact solution for the system of equations. 

The equations (4.48) are therefore usually in practice formulated 
as inequalities, so that some tolerance is built in to allow for experimental 
error. (4.48) then becomes 

s· -:L 

n 
S . E f· a·· & s:L' + E:L' J :LJ (4.56 ) 

The incorporation of pairs of inequalities makes the set of 
equations twice as large, but has no effect on the rationale for solving 
the system. The rest of this section is therefore concerned with solving 

(4.54) which is "neater ll to deal with when explain;'ng the principles of 
iterative reconstruction techniques. 

4.3.2 ALGEBRAIC RECONSTRUCTION TECHNIQUES 

Algebraic reconstruction techniques, or ART, (Gordon et aZ., 1970; 

Herman et aZ., 1973) comprise a class of methods devised to solve the 
system of linear equations (4.54). which is restated here for convenience: 

n 

) 
si fj aij j = 1, m 

(4.57) 

or, equivalently S ::; AF 

The first published "ARTII algorithm was due to Gordon et aL (1970). 

However the general class of methods was known and used much earlier (see 
for example Kaczmarz, 1937; Agmon, 1954; Motzkin and Schoenberg, 1954). 

ART methods are iterative procedures which produce a sequence of image 
vectors F(l) , HZ) ••• which are intended to converge to a solution of 
(4.54). At each step an updated image vector F(k+1) is obtained from the 
previous one F(k) by considering a single ray, corresponding to the ikth 

equation. Only the image values of the pi~els intersecting the ith ray 
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are changed. The difference between the measured ray-sum si and the 
pseudo-projection Si j~l aij f{k) obtained from F(k) is proportionally 

allocated to each pixel according to its weight aij' This procedure is 
known as unconstrained ART (Gordon and Herman, 1974) and is represented 

mathematically as 

F(k+l) (4.58) 

where Ai is the vector aij ; j l,n and the brackets <. ,'> represent the 

vector scalar product operation, i.e. 

n 
< a ,b >::: . L:l a. b. 

J= J J 
(4.59) 

and 

Iia 112 = <a,a> (4.60) 

,,(k) in (4.58) is called areZaxationparameter and is a real number. When 

A ::: 1 the algorithm is known as ART witlwut relaxation. It is known that 
if the equations (4.54) are taken in a cyclic order (i .e., i k = k(mod m) + 1) 
and if the relaxation parameters A(k) satisfy the weak conditions (see for 

example Herman and Lent, 1978)) 

(4.61) 

then for any choice of starting image vector F(O) , the sequence F(O). F(l) ••• 

determined by (4.58) converges to a solution of (4.54), provided it exists. 

The relaxation parameters are very important in practical 'implementation. 
In practice ,,(k) is usually chosen to be small, for example, of the order 

0.01, (Gordon and Herman, 1974). 

There are now many modifications of ART. All make use of the 

flexibility of the technique in being able to incorporate a priori 

information or assumptions, in which case the algorithms are said to be 
constrained. One simple, albeit extremely useful, modification involves 

setting to zero those pixels in the image that must be zero because they 

correspond to a measured ray sum of zero. This effectively constrains 
the data and provides an important boundary condition for iterative 

techniques. 
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Other versions of ART have been adapted to cope with certain 
non-linear problems (see for example Gullberg. 1979. 1980; Censor et al., 

1979) and the effects of noise (Herman, 1973). 

ART methods, because they operate on only one ray path at a time, 
are recognised to be pow-action methods. In contrast to these is a 
technique developed by Gil bert (l972a)which he names SIRT. This 
simultaneous iterative reconstruction technique progresses by altering the 
image density for each pixel by using data from all the rays simultaneously 
at each iteration. 

4.3.3 OPTIMISATION THEORY 

It is stated above that for consistent equations, unconstrained ART 
converges to a solution for the required density distribution. It is 
convenient to introduce f, which denotes the mean density of the solution 

{fj' j l,n} and V,which denotes the vaPiance of the solution. 

- n 
f == E f· 

n jo=:l J 
(4.62) 

1 n -
V .E

1 
(f. f)2 

n JO=: J 
(4.63) 

Herman et (1973) prove that for consistent equations, unconstrained ART 
converges to the solution with the smallest variance. In other words, if 
more than one solution exists, the algorithm converges towards the 
"smoothest" one. However, for experimental projection data equations 

(4.54) are inconsistent (Gilbert, 1972). In such a case the successive 
iterations produced by unconstrained ART at first improve, then become 
progressively worse. Optimisation theopy provides the criteria on which a 

suitable "stopping point" should be based. 

A typical reconstruction problem might be posed as: 

Optimise: (Stopping criterion) 
n 

Subject to: E a .. f. == s· , i==l,m 
j=l 1J J 1 . . 

and 
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Other constraints which might be applied are interval constraints on sp 

such that 

i-I,m (4.64) 

and/or box constraints on fj. such that 

j 1,n (4.65) 

Some of the more widely used stopping criteria are here briefly discussed. 

Maximum Entropy Criterion 

The ART algorithms originally derived by Gordon and Herman actually 
eventuated as a "spin-off" from their studies of Monte Carlo techniques 
(Gordon and Herman, 1971), which involve finding a solution to (4.54) that 
is least biased in the sense that it maximises the entropy. 

of a solution is most often defined to be 

n 
E - - E f In f 

j=l 

The entropy 

(4.66) 

although this expression is really a typical member of a whole family of 

suitable expressions (Nityananda and Narayan, 1982). The solution 
satisfying (4.66) can be thought of as having the least information content 
while still being consistent with the available data (Minerbo, 1979). The 
use of this concept is rigorously formulated in many areas where information 

theory has a major role - for example, in image restoration and statistics 
(Burg, 1978). However, in practical CT image reconstruction, the type of 
information sought by the experimenter is often related to shapes and sizes 
of structures within the cross-section, which necessarily must be related 
to regularity and natural morphological structure in the cross-section. 
encompassing whole groups of pixels in the image. From this point of view, 
the maximum entropy reconstruction is not only the least biased estimate, 
but also the least likely in practice. The maximum entropy approach to 
image reconstruction is discussed by Lent (1977), Baba and Murata (refer to 

Censor, 1983), Gull and Daniell (1978), Shaw (1977), Frieden (1980), and 
Nityananda and Narayan (1982). 

Quadratic Optimisation 

Many series expansion techniques use some form of quadratic 
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optimisation as a stopping criterion. 

methods which seek to minimise IIF\! 2. 

These include all norm-minimisation 

If f is considered .to be constant 

for all acceptable solutions. then this is equivalent to minimising the 

variance V. All ART and SIRT techniques are therefore classed as quadratic 
optimisation methods. 

Other examples are least-squares regularisation techniques (Goitein. 

1971; Herman and Lent. 1976a) in which the functional to be minimised is 

II Si - , 
J 

n 

which is seen to be a function of the difference between the measured 

projection and the calculated projection at each iteration. 

(4.67) 

The Bayesian approach, which assumes an a priori distribution of the 

solutions and a statistical model of the relationship between the image and 

the projections, aims to produce the most likely picture in the sense of 

Bayes (refer to Herman et at., 1977.1979; Tasto, 1977).· Herman and Lent 

(1976) have implemented this approach. which is yet another form of 

quadratic optimisation. 

Herman and Lent (1976) describe a generalised quadratic optimisation 

formulation, and derive an algorithm which reduces to several existing 

reconstruction techniques under special conditions. Another unified 

approach to quadratic optimisation is due to Artzy et at. (1979). 

4.3.4 COMPARISON BETWEEN TRANSFORM METHODS AND SERIES EXPANSION METHODS 

Although the first medical CT scanner (Hounsfield, 1972) employed 

an ART-type algorithm. all present commercial medical CT scanners use 

reconstruction algorithms based on convolution back-projection. This is 

because the transform methods are presently much more efficient, and in 

X-ray transmission CT the data is almost always very complete in the sense 
that a large number of well-sampled projections are measured over a complete 

angular range. Advances in computer technology will inevitably speed up 

the iterative techniques to a degree where the reconstruction time is not 

the main consideration in choosing an algorithm. There are various 

practical considerations which even now determine certain areas of 

applicability for which one approach may be more suited than the other. 
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For example, applications involving high-contrast density distributions, 
as often occur in industrial CT contexts, seem more amenable to series 
expansion reconstruction than to transform methods (cf. Barton et at. , 

1979; Fraser. 1978). 

Series expansion methods are potentially very flexible in terms of 
adapting to changes imposed by new geometrics of data collection, or to 
different models of the underlying physical process. This general approach 
may therefore prove useful for CT applications in which the behaviour of 
the emanations deviates from propagation along straight ray paths, as occurs 
in ultrasound transmission CT (see for example Schomberg, 1981; refer also 
to §5.3) and electrical impedance CT (Dines and Lytle, 1979; Tasto and 
Schomberg, 197&; refer also to §5.6). 

There is some evidence that iterative algorithms generally perform 
better than transform methods when there are only a few projections (less 
than 10, say) available for reconstruction. This is probably due to the 
inherent incorporation of a priori information in iterative algorithms, 
since any stopping criterion must impose subjective constraints on the 
reconstructed images (Heffernan, 1981). It is dem6nstrated in chapter 6 

however that over a wide range of objects, transform reconstruction methods 
yield very useful images from only a few projections. Some other 
situations for which the data are palpably incomplete, such as when only 
a limited range of views are available, may be more conveniently dealt with 
by series expansion methods. It is worth noting, however. that the 
standard reconstruction methods perform well when the projection data are 
IIhollow ll or11truncated" (Lewitt and Bates, 1978a,b; see also §§6.5 and 6.6) 

in which the terms hollow and truncated are defined precisely). 

Several series-expansion approaches have been proposed to handle 
the problem encountered in. uncorrected emission CT (see Table 3.2) where 
the projections depend on both the interior source density and the 
attenuation properties of the body (recall §3.3). The attenuation 
correction problem is further discussed in §5.3. 

Transform methods then are fast efficient algorithms which yield 
excellent results for fixed system geometrics, when a large number of well 
sampled projections are measured over a complete angular range. Such is 
the situation for medical X-ray transmission imaging. Series expansion 
techniques. though slower and not always guaranteed to yield a solution, 
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may be more adaptable to non-standard imaging problems. These include 
situations for which the emanations do not propagate as straight rays; 
where the density distribution is very high contrast; and where the data 
are very incomplete in some sense. 
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III 

In 

1 INTRODUCTION 

There comes a time in every study of practical significance, when 

the idealised concepts and pleasing equations of theory must be twisted. 

transmuted and materialised into working physical systems. This process 
is traumatic at best, and this chapter is therefore designed to act as a 

bridge between the basic theory and concepts presented earlier. and the 

original work reported in later chapters. which are largely concerned 

with solving problems arising from the ~eviation of practical CT systems 

from ideal ones. 

The transition is here effected by considering selected illustrative 

examples of practical CT systems. The range of chosen examples includes 

what are considered to be the important CT applications in terms of current 

trends in research and usage. The limitations and practical 

considerations peculiar to each technique are discussed in the relevant 

sections (§§ 5.2 - 5.6) while considerations of a more general nature. 

affecting several or all CT applications, are separately discussed in 

§§ 5.7 and 5.8. 

2 XAMPlE 1: X-RA TRANSMISSION 

CLASS: Remote Probing 

5.2.1 UNDERLYING PHYSICAL PROCESS 

The physical process exploited by X-ray CT is the attenuation of 

X-rays by matter. The mechanism by which this occurs is well understood. 

but is not simple-especially in a practical situation. The attenuation 

process is now described in sufficient detail that the important practical 

considerations discussed in subsequent subsections can be understood and 
meaningfully discussed. 

When X-rays are transmitted through an homogeneous object, the beam 



116 

is attenuated in accordance with the exponential equation (Stanton, 1969) 

(5.1) 

where Ix is the intensity of the beam after passage through homogeneous 

matter of thickness x, 10 is the initial intensity and ~ is the X-ray 
attenuation coefficient of the material. Fig. 5.1 shows values of log I 

plotted against x. A lin~ar relationship holds provided the beam is 
strictly monoenergetic (i.e.; monochromatic). The slope of the line is 
related to the wavelength of the X-rays - the steeper the slope, the 
longer the wavelength and the "softer" the beam. 

1 og I 

x (penetration) 

Fig. 5.1 Log I vs x. Plots 1 and 3 represent emanations of 
the same wavelength. but different initial 
intensities. Plot 2 has the same initial intensity 
as plot 1. but the emanations are of longer wave 

length. 

The attenuation coefficient ~ of a material can be thought of as 
a composite parameter which is contributed to by coefficients which 
represent the different kinds of absorption and scattering that make up 
the total attenuation. Fig. 5.2 de~icts graphically some of the many 
ways in which a beam of X-rays is attenuated by matter. 
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Incident beam 

Absorbing medium 

Fluorescent 
X rays 

\ 
Heat 

Transmitted 
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compton recoil 
electrons 

Scattered X-rays 

Unmodified Conpton modified 

(Coherent) (Incoherent) 

Fig. 5.2 Attenuation of X-rays by matter. 

Photo-electrons 

In the realms of medical and industrial radiology, where beam 

strengths of the order of a few tens to a few hundred keV are of 
interest, three main attenuation processes occur (Johns and Cunningham, 
1971). These are: 

(1) Photo-electric absorption 

(2) Coherent scattering 

(3) Compton scattering. 

Photo-electric absorption is a major cause of. attenuation when 

the body is comprised of material having a high atomic number, Z. If 
the beam energy is high enough (~116 keV for uranium (Harding, 1981)) a 

K-shell absorption is the most likely interaction of X-rays with the body. 
The most probable outcome of a K-shell absorption is the subsequent 

de-excitation of the atom by radjation of fluorescence photons, here 
termed fluorescent X-rays. 

The mechanism by which coherent scattering occurs is as follows. 

When a beam of X-rays encounters electrons in a medium, its oscillating 
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electric field causes sympathetic oscillations of the electrons about 
their mean positions. These electrons then emit electromagnetic waves 
due to their continuous acceleration and deceleration. The electrons 
are said to scatter X-rays, the "scattered" beam being the one induced 
by the incident beam. The scattered beam has the same frequency and 
wavelength as the incident beam, and is said to be coherent with it, since 
their phases are directly related (refer to §3.2.2) .. ThiS attenuation 
process is important for materials of high atomic number, or for low 
energy photons. since the degree of binding of the electrons is the 
important factor (Clark, 1955). 

Compton scattering is an attenuation process which occurs when 
X-rays encounter loosely bound or free electrons. This mechanism of 
interaction is therefore important for materials containing atoms of 
low atomic number - these naturally include all biological media. The 
Compton effect can best be understood by conSidering the incident beam 
as a stream of photons, each of energy hv 1 • When one of these photons 
strikes a loosely bound electron, the collision is elastic and is 
analogous to the collision of two billiard balls. The electron is 
knocked aside, and the photon's direction of motion is deviated through 
an angle e, and its lower energy hV2 is evidenced by a change of wave
length. Fig. 5.3 depicts such a collision. 

BEFORE COLLISION 

- - - - - -..:::= --=-===~~~_'9}------ - - -0 - - - -
Photon Electron 

Energy hVl 

",,"~rgy hv, 

<~ .::.--~ -- - - - - -

AFTER COLLI SIGN 

..... ' ...... ~ 

~~ 

Fig. 5.3 Billiard ball collision illustrating the 
Compton scattering of a photon by an 
electron. 
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The relationship between the energies of the incident and scattered 
photons (Ei and Es respectively) and the scatter angle e is (.Compton, 
1923) 

(5.2) 

where mec 2 is the rest mass of the electron. The energy difference, 
imparted as kinetic energy to the electron, is eventually dissipated as 
heat in the region of the collision. As noted above, the loss of energy 
by the photon implies that its wavelength must be greater, after collision; 
the magnitude of the change is given by (Clark, 1955. p.108) 

~\ = 0.0243(1 -cose) (5.3) 

where ~\ is expressed in ~ngstrom units. The phase of the scattered 
radiation has no fixed relation to the phase of the incident beam, so Compton 
scattering is often also known as incoherent scattering. 

Since each free electron ina body contributes to the total amount 
of Compton scattering experienced by a beam of X-rays. the attenuation due 
to this process is directly related to the electron density p - defined to 
be the number of electrons per unit volume. Therefore, the total X-ray 
attenuation coefficient ~ depends heavily on the electron density for most 
materials of interest in medical X-ray CT, but is more dependent on the 
atomic number for substances of higher atomic number which are often 
encountered in non-destructive testing applications, or where highly 
radio-opaque materials are used in medical applications to enhance the 
contrast of, for example, the blood pools inside the heart (Verel and 
Grainger, 1973). 

5.2.2 IMAGING PRINCIPLE 

Consider (5.1) which describes the exponential decrease in intensity 
of an X-ray beam as it traverses an homogeneous body. When the body is 
inhomogenous. so that ~ ~(x) is a function of the distance x travelled 
through the body, the following equation holds (Robb, 1982) 

(5.4) 

where I is the intensity of the transmitted beam, 10 is the initial 

intensity and ~(x) is the X-ray attenuation coefficient at x. .Q, identifies 
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the ray path jOining the X-ray source and the detector at which I is 
measured. Note that the ray path is a straight line because the effective 
refractive index is everywhere very close to unity in all practical imaging 
contexts. 

The reconstruction problem for X-ray transmission CT is to recover 
~(x) from measurements of I and the known value of 10 , (5.4) is therefore 
rearranged as 

f~(x)dx = -In(I/I o ) 
)!, 

(5.5) 

Provided enough line integral measurements corresponding to (5.5) are made 
such that the ray paths sample image space to within the requirements set 
out in §4.2.2. the distribution of the attenuation coefficients can be 
reconstructed by any of the methods introduced in §§4.2 and 4.3. In 
practice, convolution back-projection algorithms (refer to §4.2.6) are 
found to be fast and accurate.and are used in all modern commercial scanners. 

5.2.3 MEASUREMENT SYSTEM: THE BODY-SCANNER 

The measurement systems used in medical X-ray transmission CT are 
genera lly known as IIbody-scanners" or II CAT -scanners ". They are des i gned 
to reconstruct thin transverse slices of a patient's body. Body scanners 
have evolved through several recognisable generations of source/detector 
configurations. The first generation scanners consist of a single source 
and detector pair which are alternately translated and rotated in such a 
way that all ray-paths are sampled by the beam (refer to Fig. 5.4a). A 
full scan using such a machine takes several minutes to implement. By 
including more detectors in a small array (about 30) the incremental 
angle between rotations can be increased, reducing the scan time to about 
20 seconds. This is the basic operating premise of second-generation 
machines (refer to Fig. 5.4b). The natural trend to larger arrays in 
the development of CT scanners soon led to the rotate-only machines of 
the third generation. The latter employ an array of collimated 
detectors which completely spans the cross-section of interest (see 
Fig. 5.4c). By reducing the scanning motion to a pure rotation, third 
generation machines collect the projection data in about 4 seconds. 
The great majority of scanners now commercially available, and routinely 
used in hospitals, are fourth generation machines, for which a circular 
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X-ray source X-ray source 

J 
Single detector 
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Fig. 5.4 Evolution of X-ray CT scanner measurement geometries. 

a. First generation: A single source/detector pair 
alternately translate then rotate through a small 
incremental angle, until 1800 scan is completed. 

b. Second generation: As for first generation, except 
that small array of detectors yields faster scan 
times. 

c. Third generation: Source and detector array are 
mounted on a rotating gantry. No translation motion 
necessary. 

d. Fourth generation: Fixed ring array of detectors 
surrounds body. X-ray source rotates inside ring. 
Data are stored as "detector-fans", i.e., for each 
detector, the changing attenuation as the source 
rotates is recorded; image reconstruction is not 
affected. 
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array of detectors completely surrounds the body, so that only the X-ray 
source rotates, as is depicted in Fig. 5.4d, resulting in minimum scan 
times of about 2 seconds. 

The physical components comprising a typical fourth generation 
scanner, and some of the important practical considerations, are described 
in the following subsections. 

The Detectors 

Important factors to bear in mind when considering the detector 
transducers are the aperture size, which determines the neighbourhood 
(as defined in §2.5) and hence affects the spatial resolution of the 
reconstructed image (refer to §3.2.1) and the efficiency with which the 
detector converts photons into a detectable signal (refer to §3.2.3) 
whith affects the contrast resolution. 

There are three different types of detector used in X-ray CT 
systems. The most common are scintillation crystal detectors, coupled 
with photo-multiplier tubes. X-rays striking a scintillation crystal 
(usually sodium iodide or bismuth germanate) are converted to light in 
proportion to the amount of energy absorbed. The photo-multiplier then 
converts the light signal to a continuous current analogue signal, which 
is sampled by a computer. Scintillation crystals are highly efficient-
i.e .• nearly 100% of the incident X-ray photons are converted to light 
photons. The sodium iodide detectors are cheaper, but suffer from 
"after-glow" -- a phosphorescence effect (Waggener and McDavid, 1980). 
This problem is much less significant for bismuth germanate. of which the 
most commonly-used detectors are presently made. 

Less efficient are the second kind of detectors. These consist 
of chambers filled with pressurised gas (Xenon, for example) which produce 
positive ions in the presence of X-rays. An array of detectors is formed 
by separating a single gas volume into many small cells using thin metal 
(usually tungsten) plates. The distance between adjacent plates defines 
th~ aperture size of a single detector. Alternating plates are used to 
collect the positive ions and are connected to electronic amplifiers which 
produce current proportional to the X-rays entering the detector cell. 

The third type of detector - solid state -- is relatively new. but 
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is comparable in efficiency to scintillation and gas detectors, with the 
advantage of much higher stability and reliability. Caesium iodide 

photo-detectors are used in several recently developed CT systems (Robb. 
1982) . 

Scattering 

Although the X-ray source is usually coll imated into a fan-beam. 
and X-rays are assumed to travel in straight lines, it is necessary to 
collimate the detectors because of scattering. (Collimation also helps 
define the aperture size of the detector.) Fig. 5.5 shows how collimating 
the detectors reduces the chances of detecting unwanted Compton-scattered 
photons. 

Source Source 

ed ray Transm ray 

Wanted and I Unwanted but 
detected : detected 

I 

Wanted and I Unwanted and 
detected I undetected 

Collimator 

Detector array Detector array 

Fig. 5.5 Collimation of the detector array reduces the 

probability of detecting scattered photons. 

Existing thin-section scanners are not particularly susceptible 
to accidental detection of scattered X-rays. Most estimates place the 
total amount of scattered radiation detected at a few per cent of the 
total radiation. Judy (1976) estimates that less than 0.2% of detected 
radiation in an early EM! scanner is non-primary. These small amounts 
do not seriously affect image quality. However, future scanners are 

likely to incorporate "cone-beam" scanning configurations to achieve 
three-dimensional volume imaging (see §5.8). and scattering will then be more 

difficult to compensate for. Boyd and Lipton (1983) explain that the amount 
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of scattered radiation increases as the cube of the cone width, and 
predicts that for a moderate-width cone beam the amount of scattered 
radiation could exceed the amount of transmitted (image-forming) radiation. 
One possible approach to the problem is lIenergy-windowing"~ based on the 
assumption that the scattered X-rays are of a lower average energy and 
can be selectively filtered out (Wagget and Wilson~ 1978). Another 
approach might be to exploit the scattered radiation by making both 
scattered and transmission measurements so as to be able to form the image 
by some such direct technique as is discussed in §2.4. 

The Source and Beam-Hardening 

Early scanners (first and second generation) incorporated oil-cooled~ 
fixed anode. continuously-operating X-ray sources. Modern scanners now 
use air-cooled~ rotating anode, pulsed sources with typical average beam 
energies of 50 keV (at about 200 rnA). The beam is decidedly not mono
energetic. but typically has a range of energies as shown in Fig. 5.6. 

Relative 
Intensity 
(

0/ \ 3 
10 ) 

2 

Photon energy (keV) 

Fig~ 5.6 Energy spectrum for a typical X-ray beam. 

Because standard image reconstruction techniques are based on a model 
assuming mono-chromatic emanations, the departure of the practical beam 
from an ideal one gives rise to noticeable image degradation. This can 
best be understood by considering that, as the beam travels through a 
medium, the photons of lower energy are preferentially absorbed. so that 
the beam distribution shifts to higher and higher energies. This is 
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termed "beam hardening". For example, the average energy of the beam of 

a typical medical X-ray CT scanner before interacting with the body is 
40-60 keV; after interaction the beam energy is 70-75 keV (Robb, 1982). 

Recall that for a mono-chromatic beam, a plot of attenuation versus 

distance travelled through an homogeneous object is a straight line (see 
Fig. 5.1). For a practical polychromatic beam the corresponding plot is 

a curve, as shown in Fig. 5.7. 
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Fig. 5.7 Effect of IIbeam hardening" as a polychromatic 

beam propagates through an homogeneous body. 

The effect of beam hardening, therefore. is to cause an apparent decrease 
in the attenuation coefficient as the penetration of the body by the beam 
increases. For example, Fig. 5.8 shows the difference in the projections 

through a circular disc of uniform density when the beam is mono-chromatic, 
and when the beam is polychromatic. 

A simplistic approach to correcting for beam hardening is to place 

attenuating material around the outside of the body in such a way that the 

integrated densities along all ray paths are of similar value. For 
example. the head is roughly elliptical, but by placing water bags 

appropriately against the skull a more circular density distribution is 
obtained. This approach was used in early CTscanners (McCullough et aZ. , 

1974). 
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Fig. 5.8 Beam hardening causes an apparent decrease 
in attenuation. 

Measured 
projection 

Routinely incorporated in modern CT scanners is a linearising 
correction corresponding to "straightening" the curve of Fig. 5.7 which 
is mathematically implemented by applying a non-linear correction factor 
to the measured data. The correction factors are pre-estimated by 
scanning an homogeneous object (Brooks and Di Chiro, 1976b). This 
technique is only adequate when the integrated density along all beam 
paths through the object is similar to that of the calibrating material.· 
More sophisticated techniques are required to correct for the non-linear 
beam hardening effects which arise when the cross section of interest 
contains dense regions such as bone or radio-opaque contrast material. 

Two approaches have been devised to compensate for beam hardening 
when the cross-section contains dense regions. The most widely 
investigated methods (Ruegsegger et at., 1978; Joseph and Spital, 1978; 
Nalcioglu and Lou. 1979), are iterative procedures in which the cross
section is first reconstructed in the normal way. so that the amount of 
bone and tissue present in each ray path can be estimated. For example, 
the method of Nalcioglu and Lou (1979) involves calculating a correction 
term, based on the relative lengths of the ray path segments which 
intersect bone and tissue respectively, which is then added to the ray
sum. A second reconstruction then yields the corrected image. There 
is obviously a trade-off to be made between extra computational cost and 
improved image quality, but the extra time could often be justified as 
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beam hardening artifacts, typified by streaking and IIcupping" (Brooks and 
Di Chiro, 1976b; Duerinckx and Macovski, 1979), are evident in most 
reconstructions of body cross-sections. 

The second approach to correcting for beam hardening is termed 
dual-energy scanning, proposed by Alvarez and Macovski (1976). This method 
involves re~ognising that the attenuation coefficient ~ contains contributions 
due to photoelectric absorption and Compton scattering, and that these two 
effects have different, known, energy dependencies. The attenuation 
coefficient ~ is modelled as 

~(x,E) a1 (x)g(E) + a2(x)h(E) (5.6) 

where a1(x)g(E) is the photoelectric contribution at x and a2(x)h(E) is the 
Compton-scattering contribution at i. 

a1 (x) and a2 (x) are materi~l properties of the body (i.e., densities). 
g(E) represents the energy dependence of the photoelectric absorption 
effect and is given by (Alvarez and Macovski. 1976) 

g(E) ~ 1/E3 (5.7) 

h(E) represents the energy dependence of the Compton~scatter effect and is 
given by the well known Klein-Nishina formula (Johns and Cunningham, 1971) 

h(EI) [(1 + E1)/E'J [2(1 + E')/(l + 2E') - (1/EI)ln(1 + 2E f )J 

+ (1/2E 1 )ln(1 + 2E') - (1 + 3E')/(1 + 2E')2 

where E' = E /510.975 and E is in keV. 

(5.8) 

Th~ important point is that g(E) and h(E) are not dependent on any 
material property of the body, but are solely dependent on energy. The 
intensity measured at a detector can now be expressed as 

where Io(E) 'is the intensity of incident photons in the energy range 
E + E + dE. Substitution of (5.6) into (5.9) then yields 

(5.9) 

(5.10) 



where 

and 
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Al :;;: {a1 (x)d9, 

A2 :;;: Ja 2 (x)d9, 
9, 

} (5.11) 

By determining Al and A2 for each ray, al(x) and a2(x) can be calculated, 

and the distribution of the attenuation coefficients ~(x) can be 

reconstructed from (5.7). To determine Al and A2, measurements must be 

made using two different source spectra SI(E) and S2(E), thus yielding two 
equations of the form (5.10) in the two unknowns Al and A2: 

::::::::: ~ ::::::::::~::::::: : :::::::::: .) (5.12) 

The two different source spectra could be obtained by making two separate 

scans using two different monoenergetic isotope sources, but a more easily 
implemented approach would be to make a single scan using "split detectors II 

which are sensitive to two different narrow energy bands (Brooks and 

Di Chiro, 1978; Alvarez and Macovski. 1976). Provided the source spectra 
are of sufficiently narrow band width as to be effectively mono-chromatic, 

the integral equations (5.12) can be solved for Al and A2, and al(x) and 

a2(x) may then be reconstructed by a conventional CT method (refer to 
chapter 4). If, asis usually the case, the source spectra have 

appreciable widths, quite a few more than two different spectra must be 

employed to accurately determine the values of Al and A2, 

In an attempt to eliminate the problem of beam hardening by doing 

away with the conventional X-ray source, Reugsegger et at. (1977) have 
developed a scanner which uses a radioactive isotope source. This soDrce 

(Iodine 125) is of low energy and limited intensity and is, naturally, 
monoenergetic, but its usefulness is limited due to the longer scan time 

imposed by the need to satisfy photon-counting statistical requirements 

(refer to §3.2.3). 

Boyd et at. (1979) have proposed a more powerful scanner based on 
the same principle, using Gadolium 153 and high-resolution solid-state 

germanium detectors. 
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5.2.4 FUTURE DIRECTIONS FOR X-RAY CT 

The "potentials" governing the evolution of CT machines are the 
need to achieve scan times which are very much less than the period of 
involuntary movements inside the body (such motion causes blurring and 
streaking in reconstructed images; refer to §7.2), and the desire to 
image ~hole volumes instantaneously .. 

With respect to the scan time, the mechanical properties of the 
X-ray source itself are major limiting factors. Conventional fourth 
generation scanners operate with beam intensities of about 200 mA to yield 
high qual ity images. However, it is possible to operate X-ray tubes at 
much higher intensities (-1000 mAl for short exposure times, so that scan 
times could theoretically be reduced by a factor of 5 (corresponding to 
a fastest scan-time of """0.2 seconds). Unfortunately, the angular velocity 
required to transport a typical rotating-anode tube through the required 
angle (at least 1800 plus the fan ,beam) would impose stresses well beyond 
the mechanical rating of the tube (Boyd, 1981), and'so simply making 
conventional scanners "go faster" is impractical. Because of the great 
potential of very fast scan times for stop-action imaging of moving 
structures such as the heart, and dynamic physiological systems such as 
the circulation, several researchers are developing high-speed scanners. 

High-speed scanning can be achieved using available technology if 
many sources are incorporated into a, single scanner. One such approach, 
proposed by Redi ngton (1980), i nvo 1 ves us i ng three sources and three 
rotating detector fans. Scan times of 100-200 ms would be realised in 
this way. However, the reigning king of the multiple-source scanners 
must certainly be the Dynamic Spatial Reconstructor (DSR), developed at 
the Mayo Clinic Biodynamics Research Unit (Robb et at., 1979; Ritman 
et at., 1980; Robb et at., 1980; Robb et at., 1983). The DSR comprises 
28 X-ray sources and multiple 2-D fluoroscopic video camera assemblies 
on a rotating gantry; (14 units are presently in operation). The system 
is shown diagramatically in Fig. 5.9. The DSR is designed to provide 
stop-action (10 ms), rapidly sequential (60/s), synchronous volume (240 
simultaneous transaxial sections) reconstructions. A specific aim is to 
reconstruct and display the beating heart. 

Note that in addition to being extremely fast, the DSR is 
essentially a three-dimensional reconstructor, making use of "cone beam" 
geometry to simultaneously scan many parallel thin cross-sections. 
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chains 

Fig. 5.9 The Dynamic Spatial Reconstructor scanning geometry 
(after Robb eta"l.~ 1983). 

The cone beam, illustrated in Fig. 5.10, projects the three dimensional 
density distribution onto a two-dimensional qetector. The type of 
detector employed by the DSR is a fluorescent screen which is viewed by 
a video camera (refer to Fig. 5.9). 

Clinical experiments reported to date have been cardiac studies~ 
aimed at stop-action imaging of the beat-ing heart (Robb et oz. .• 1979, 

1980. 1983). An important problem of course is how to display the wealth 
of three-dimensional information that is obtained. This problem which is 
common to many other CT applications where volume information is required, 
is discussed separately in §5.8. 

Other approaches to high-speed X-ray CT involve radically different 
design strategies for the X-ray source. Maydan et oz.. (1979) propose 
using a rotating cathode filament with a fixed large circular anode. The 
cathode would be the only moving part of the scanner, and since it is a 
light-weight rigid structure. high angular velocities could be attained. 
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Fig. 5.10 A cone-beam source of X-rays projects a 
three-dimensional density distribution onto 
a two-dimensional detector. 

The envisaged scan time is. less than 100 ms. This system also has 
potential for direct volume imaging by incorporating multiple anode rings 
and cathode filaments. 

Another class of high-speed scanner requires no mechanical scanning, 
but instead involves magnetic deflection of an electron beam. The first 
proposal exploiting this concept was due to Iimuma et aZ. (1977), who 
based their idea on an existing scanner developed by Watanabe (1977) which 
combined mechanical rotation with electron-scanned fan beam generation. 
Haimson (1979) has independently developed a prototype scanner based on 
magnetic deflection. A pulsed electron beam is swept around a large 
diameter target which surrounds the patient (see Fig. 5.11), thereby 
produci ng a sequence ,of intense X-ray sources. The feas i bi 1 i ty of 
manipulating an electron beam in this manner has been demonstrated 
(Haimson. 1975), although a careful (and expensive) system of beam 
handling and control is necessary. Haimson's machine is designed to 
produce 300 source positions around 360 0 in 16.7 ms. 

Note by inspecting Fig. 5.11 that the beam path for Haimson's 
scanner is deflected through two "bends". A conceptually and practically 



X-ray ring 
target anode 

Detector 
ring 

132 

Fig. 5.11 High-speed X-ray CT scanning using a swept 
electron beam and circular fixed target. 
(After Haimson, 1975.) 

simpler system, involving only one IIbend li in the beam, is the basis of a 
machine developed by Boyd (1983). Known as the Cardiovascular Computed 
Tomographic Scanner (CVCT). the machine is expected to have the following 
capabilities: scan time 33-50 ms; multiple 1 cm slices encompassing the 
heart; high repetition rate for flow and motion studies; and image 
quality (and price) comparable to atypical fourth generation scanner. 
A production version of the CVCT is planned to be commercially available 
late in 1983 (Boyd and Lipton, 1983). 

CLASS: Remote Probing and Combined Probing/Sensing 

5.3.1 UNDERLYING PHYSICAL PROCESS 

The physical process underlying ultrasound CT systems is the 
perturbation of pulses of acoustic energy by matter. Robinson and 
Greenleaf (1984) define ultrasound to be any type of acoustical energy 
containing frequencies higher tha~ the upper audible limit, but point out 
that in a medical imaging context longitudinal waves with frequencies 
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between 0.5 and 15 MHz are implied, Note that at 1 MHz the wavelength 
is 1.5 mm (assuming a velocity of approximately 1500 ms 1 in soft tissue) 
which is an indication of the theoretical resolution; (refer to §3.2), 

To better explain the physical interaction of ultrasound with tissues, 
the mechanism of ultrasound production is first briefly discussed. 

Production of Ultrasound 

A property of some naturally occurring' crystals is the development 
of an electric potential across their faces when compressed. This is 
known as the piezo-eZectric effect, and is easily demonstrated by striking 
a quartz rock in a dark room upon impact the quartz will glow brightly. 
The reverse effect is used in the production of ultrasound, where ' 
synthetic ceramic forms the piezo-electric element. An example of such 
a ceramic is barium titanate-lead circonate, produced in the form of a 
disc (Taylor. 1979). An electric potential is placed across the ceramic 
for a few microseconds. The ceramic responds by undergoing a series of 
mechanical deformations, alternately compressing and then relaxing; these 
compressions are transmitted into the surrounding medium, as shown in 
Fig. 5.12. 

Applied potential 

(1"---. 
. I I 
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I 
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Pressure 

Fig. 5.12 Production of a wave of ultrasound. An electric 
potential is placed across the ceramic transducer 
T which cause it to undergo phYSical deformation 
(dotted line) and produce a pressure wave in the 
surrounding medium. 
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Because the transducer tends to "r"i I1gl1 after the potenti a 1 has been 
removed, the ceramic disc must be backed with some damping material if 
the emitted ultrasonic pulses are to be of short duration (about one 
wavelength). Note that a single transducer may act either as a source 
or a detector, since the piezo-electric property of the ceramic ensures 
that an electric potential acro~s the transducer leads to production of 
pressure waves and, conversely, pressure waves impinging upon the face of 
the transducer are converted to electrical signals. 

Interaction of Ultrasound and Tissue 

The propagation of acoustic energy in a medium can be thought of 
as the progressive disturbance from equilibrium of pressure, temperature 
and particle positions within the medium. The disturbance is assumed to 
be wave-like, and is a function of the material properties of the body. 
The problem then for ultrasound tomography is to determine information about 
the inside of the body based on measurements of parameter~ which 
characterise the strong and complicated interaction of ultrasound with the 
body. Consider a short pulse of ultrasound propagating through some 
medium with a speed characteristic of the medium. Neglecting diffraction 
effects for the time being, the pulse is subject to attenuation. The 
intensity of the pulse decreases exponentially with the distance travelled, 
and the attenuating property of the medium increases approximately linearly 
with frequency. (This is what prevents higher and higher resolution being 
achieved simply by using emanations of higher and higher frequency.) 

An inhomogeneous medium which supports the propagation of ultrasound 
energy may be characterised by the spatially varying acoustic velocity 
c = c(r) throughout the body. c(r) is related to the ambient density 
P = p(r) (mass/unit volume) of the medium, and the medium compressibility 
K :: K(r), as (Round,1982) 

c = (K/P)t (5.13) 

Note that c may be used to define the refractive index v(r) of the medium 
by setting 

(5.14) 

where cw(r) is the acoustic velocity in water. . The characteristic 
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impedance, z == z(r), of the medium is defined as (Round, 1982) 

(5.15) 

When a pulse of ultrasound is incident upon an interface between 
two media of different refractive index, Snell's laws apply (refer to 
§2.4.2). Part of the pulse is reflected back to the transducer. while 
the rest of the energy is transmitted into the second medium. An 
important distinction is here made between specular reflections, and wide
angle back scattered echoes. Specular reflections occur when a pulse of 
ultrasound is incident on an interface between two media of significantly 
different refractive index. Consequently. if the interface (or its 
tangent at the point of incidence of the pulse) is normal to the 
transducer axis, a very strong signal is recorded at the transducer, often 
corresponding toa large fraction of the incident energy being reflected. 
Clearly, the signal recorded at the transducer is very dependent on its 
orientation with respect to the interface. 

Markedly different in nature are wide-angle back-scattered echoes; 
these are the low-intensity echoes scattered over a wide angular range in 
the beam plane due to inhomogeneities within the medium. Such 
inhomogeneities may be thought of as small (with respect to the wave 
length) regions having a refractive index which is different to that of 
their immediate surroundings. Since the back-scattered echoes are largely 
independent of the angle of incidence of the ultrasound pulse, they form 
the basis of the most useful ultrasonic reflection (or pulse-echo) imaging 
systems. Pulse-echo imaging with ultrasound is discussed in §5.3.2. 

There are obviously many parameters which characterise the 
interaction of a pulse of ultrasound with tissue. These include the 
strength of the back-scattered reflections, the attenuation of the 
transmitted pulse, the propagation time (time-of-flight) of the transmitted 
pulse and such other things as Doppler effects, and frequency dependence 
of the three former parameters. 

Mathematical Model of Ultrasound Propagation 

The propagation of acoustic energy is commonly modelled mathematically 
as a wave equation formulation. The simplest form of the model is 
developed in terms of a lossless medium having a spatially varying acoustic 
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speed c(r) (Nicholas, 1977), The wave equation is derived from 
conservation of mass and momentum relations and the thermodynamic equation 
of state under the assumptions of small acoustic perturbations. spatially 
varying compressibility or velocity, and time harmonic dependence (Waag. 
1980). Following Waag (1980). the result, expressed in terms of a 
harmonic amplitude velocity potential, 1/1, which is proportional to pressure 
and whose negative gradient gives acoustic particle velocity, is 

(5.16) 

where w is as usual the radian harmonic frequency and c(r) is given by 
(5.13). 

In the spirit of §2.2 the velocity potential 1/1 is now considered to 
be comprised of two components 1/1i and 1/18 representing the incident wave and 
the scattered wave (equivalent to. the perturbed field 1/1p of §2.2). 
Writing the acoustic speed c = c(r) in terms of a steady value Co and a 
small perturbation c1 then allows the formulation of an equation containing 
the scattered wave and the inhonogeneities of the medium (which it is hoped 
to image) explicitly: 

(5.17) 

where Yc = c1/C O and k w/c o' Note that 1/1i does not appear on the left 
hand side of (5.17) because it must satisfy the free space wave equation 
(reca 11 § 2.3) 

(5.18) 

Reference to §§2.3 and 2.4 makes it clear that after invoking the Born 
approximation. an appropriate formulation for 1/18, 1/1s(r) in terms of the 
variation in acoustic speed within a scattering volume V, is 

(5.19) 

Note that the Green1s function corresponding to three dimensions is 
appropriate here, whereas the two-dimensional one was appropriate in §2.3. 
Treating (5.19) in the same way as (2.28) leads naturally to an expression 
for the scattered ultrasound emanations in terms of the product of a 
frequency-dependent factor and the three-dimensional Fourier transform of 
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the variations in acoustic speed. The implication of this is that under 
certain conditions, explored below, scattered wave measurements can be 
inverted via a Fourier transform to obtain the spatial variation in 
acoustic speed. A similar expression can be derived for the spatial 
distribution of the compressibility of the medium. 

5.3.2 IMAGING PRINCIPLES 

Ultrasound Transmission CT 

Consider a narrow beam of ultrasound incident on a body. Provided 
sufficient energy propagates in the forward direction to permit 
statistically significant measurements to be made (refer to §3.2.3), and 
provided the emanations propagate as rays, so that diffraction effects 
can be neglected, then a direct analogy with X-ray CT may be drawn and 
similar image reconstruction stra~egies applied. For example, ultrasound 
CT may be performed using narrow-beam ultrasonic transducers in a scanning 
configuration as shown in Fig~ 5.13. Recall that each transducer can act 
as either a source or a detector. Note too that the ultrasonic probes 
must be coupled to the body in such a way that there are no drastic changes 
in impedance in the beam path. At the frequencies used, this means that 
any air space between the probe and the body is unacceptable as it causes 
most of the beam to be reflected. Instead, the body must be immersed in 
water, or surrounded by water bags. If probes are placed directly against 

Transducers 

Fig. 5.13 Transducer configuration for ultrasound transmission 
CT. A transducer at A acts as a source. The 
transducer at Q acts as a detector. 
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the skin an acoustic coupling jelly must be used, but this is not very 
convenient in practical CT, where the probes must either move during 
scanning, or form a circular array. Suppose that the source transducer 
at A emits a short pulse of ultrasound energy, directed towards point Q. 
If the pulse propagation is ray-like. then the signal S(Q) received at Q 
is of the form 

R,(B) 
S(Q) Aexp(- J f(x)dR,) 

R,(A) 
(5.20) 

where f(x), here called the density (in the sense defined in §2.1) can be 
either the ultrasonic attenuation coefficient of the medium, or the 
acoustic velocity, depending on whether the pulse's attenuation or 
propagation time (time-of-flight) respectively is the measured quantity. 

By allowing each of the transducers in the array (refer to Fig. 5.13). 
in turn to act as a source. and sweeping the beam direction of that source 
across the body to the appropriate detectors on the other side of the array, 
a complete set of CT projections is obtained and f(x) can be reconstructed 
by the methods described in chapter 4. Note, however, that in practice 
the rays are not ideally straight, so that some sort of "ray-tracing" 
correction must be made; (refer to §5.7). 

First attempts at ultrasound transmission CT were based on attenuation 
measurements; (see for example, Greenleaf et aZ., 1974). However, 
attenuation is an unreliable imaging parameter for tissue characterisation. 
since it is contributed to by both absorption and reflection (back-
scattered and specular), and the separate effects are not easily separated. 
Another problem is caused by coherent interference of wave fronts at the 
face of the receiving transducers. The use of phase insensitive 
transducers has been proposed (Klepper et aZ., 1981) as a means of 
overcoming this interference effect, but such transducers presently suffer 
from low sensitivity. 

Ultrasound transmission tomography using time-of-flight data seems 
to be less sensitive to reflection and refraction effects (Greenleaf et aZ .• 

1975; Bates and Dunlop, 1977) and yields useful images of reasonably 
homogeneous objects such as the female breast, even when straight ray paths 
are assumed (Greenleaf et aZ., 1978). The use of ray-tracing techniques 
and curved path algorithms (refer to §5.7) seems to improve gross shape 
and dimension. but to only slightly improve resolution (cf. Johnson et aZ .• 

1975; Schomberg, 1978a;McKinnon, 1983). 
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Note that since the wavelength of acoustic energy is comparable to 
the size of small anomalies inside the body, the resolution of 
reconstructed images is diffraction limited. Solutions to the inverse 
CT problem which allow for diffraction effects make use of the Born 
(§2.3.4) and Rytov (§2.3.5) solutions to the underlying equation (2.4). 
Based on such an approximation, Kaveh et al. (1979) have invoked a 
perturbation ~pproximation to the propagating field to solve for the 
ultrasonic velocity distribution; (see also Mueller et al. (1980)). A 
different approach, which also allows for diffraction of the beam, is due 
to Devaney (1982, 1983), who has devised a back-propagation algorithm 
analogous to the convolution-back-projection algorithm of conventional CT; 
(refer to §4.2.6), 

Ray-tracing and diffraction techniques are likely to be important 
in several other CT ~pplications, and are separately discussed in §5.7. 

Ultrasound Reflection Imaging Techniques 

Before embarking on a description of ultrasonic CT systems based on, 
reflection measurements, it is appropriate to consider the widely used 
non-tomographic pulse-echo imaging modalities of which reflection CT is a 
natural extension. 

Consider the small echo reflected back to the transducer when a 
pulse of ultrasound energy is incident at the interfac~ between two 
media. The location of the interface can be calculated from the velocity 
of sound in the transmitting medium, and the elapsed time between the 
emitting of the pulse and the receiving of the echo. Using an oscilloscope 
it is therefore possible to generate a display in which the horizontal 
deflection corresponds to distance from the transducer, and ,the vertical 
deflection corresponds to the amplitude of the echo. This is known 
conventionally as an A mode display (refer to Fig. 5.14). Alternatively, 
the amplitude of the received echoes may be represented by altering the 
brightness of the display. This means a two-dimensional brightness 

modulated display (or B-scan) can be generated by translating the transducer 
as shown in Fig. 5.14. Yet another display alternative is to let the 
horizontal deflection represent distance from the transducer, and let the 
vertical deflection correspond to time. This is achieved by displaying a 
single line of a B-scan image, and either sweeping the oscilloscope beam 
or moving the recording paper. In this way it is possible to record 
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Fig. 5.14 Generation of A-mode and 8-scan displays. When the 

transducer is fixed at one position, reflections from 

each interface are represented as spikes (A-mode) or 

dots (B-scan). A two-dimensional 8-scan image is 

generated by translating the transducer parallel to· 

AA', 

detailed information about the movement of structures inside the body, 

hence the term M-mode for this display configuration (refer to Fig. 5.15). 

ay 
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Fig, 5,15 A transducer is directed along AAI. A brightness 

modulated single line display is recorded over time 

by translating the recording chart, or sweeping the 

oscilloscope beam. (After Taylor, 1979.) 
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The combination of ultrasonic B-scan and M-mode displays allows 
real-time imaging of moving structures such as the heart,and useful 
assessment of the motion of such important cofuponents as the heart valves. 
Other important applications of B-scan ultrasound are visualisation of the 
soft-tissue structures of the abdomen, and especially of the human foetus. 

To image an entire cross-section using ultrasound reflection 
measurements the general principles of echo-location CT are invoked (refer 
to §3.4.1). A circular array of transducers is again employed, as shown 
in Fig. 5.13. When one transducer, the one at A say, acts as a source, 
emitting a pulse of ultrasound whiCh it extends across the entire body, 
then as a wide beam detector, the signal it receives represents the 
amount of ultrasound energy reflected directly back to A. At any instant 
the received signal can be thought of as the line integral of the back-
scattered signal around a circular arc having A as its centre. If one 
transducer acts as a source, and another detector receives the back
scattered ultrasound, then the integral is along elliptical paths. All 
this is explained in §3.4.1. Norton and Linzer (1979a, b) have shown 
that the image may be reconstructed from these "projections" in the usual 
CT way (refer to chapter 4). 

Also based on reflection measurements is an approach described by Wade and 
Mensa (1980) which involves measuring the doppler components of the 
backscatter signal from a rotating body. The doppler components, measured 
by a single large transducer, are related to a straight line integral. 
However, reflection "speckle" as discussed by Robinson (1982) needs to be 
accounted for in any ultrasound reflection CT system. (Speckle is caused 
by deviations in magnitude and phase from the assumed spherical wavefront 
reflected from each "point" in the object.) The point is that the 
measured quantity in reflection CT is not simply a line integral of the 
scalar scattering strengths, and it is not yet fully understood how speckle 
affects reconstructions (Robinson, 1982). Naturally, the effects of 
refraction and diffraction must be considered for reflection CT as well as 
for transmission CT with ultrasound - this is discussed in §5.7 below. 

5.3.3 FUTURE DIRECTIONS FOR ULTRASOUND CT 

Combined Transmission/Reflection Ultrasound CT 

Because all acoustic parameters relevant to ultrasound CT imaging 
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may be measured using a circular array of transducers, it is likely that 
all such parameters could be measured efficiently in a single imaging 
operation. The three basic sets of measurements are time-of-flight data 
and attenuation data (transmission measurements) and backscatter data 
(reflection measurements). These can be processed separately to form the 
usual attenuation, acoustic velocity, and backscatter images, but greater 
potential undoubtedly lies in the combination of these modalities. How 
such a combination might best be effected is not yet clear, but approaches 
could range from simply superimposing the different reconstructed images, 
weighted appropriately. to form a composite image, to actually using 
transmission data to correct for the attenuation effects in scatter-images 
and so form a corrected image. The latter has been proposed by McKinnon 
(19B3) but it is as yet uncertain whether such a technique can overcome 
certain limitations imposed by refraction (Bates and McKinnon, 1979). 

Further improvement in ultrasonic CT will be heavily dependent on 
gaining a better understanding of the way in which ultrasound ;s attenuated 
and diffracted by tissue. For example, studies by Brandenburger et al. 

{19B1} show that the effect of anisotropy of acoustic parameters may be 
at least as important as diffraction effects. It is also unclear as yet 
how CT reconstruction of vector quantities such as blood flow velocity 
might best be approached (Greenleaf, 1983). 

With regard to the measurement system components, an optimal 
transducer design and configuration has yet to be established. 
Considerations include beamwidth, focusing, phase cancellation, operating 
frequency and sensitivity. Problems of reflection and phase cancellation 
can, to some extent, be overcome by the use of suitable receivers. The 
superiority of acousto-electric receivers over piezo-electric ones is 
thought to be due to the elimination of phase-cancellation effects (Miller 
et aZ., 1979). Because piezo-electric transducers integrate the phase 
of the signal over the aperture surface, an incorrect estimate of the 
intensity may eventuate when extended apertures are employed. Hence 
small apertures (of the order of one wavelength) should be used, preferably 
with decreased-phase-sensitivity receivers. The latter of course implies 
a decrease "in ampl itude sensitivity, but it has been suggested that this 
can be regained by employing integrating receivers which correlated the 
measured signals against expected signals (Lee, 1960). 
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XAMPlE EMISSION 

CLASS: Remote Sensing 

5.4.1 UNDERLYING PHYSICAL PROCESS 

Radio-isotopes inside the body emit photons which are detected 
outside. The emission CT imaging system attempts to reconstruct the 
distribution of the sources inside the body. Two basic types of photon
emitters are suitable for emission CT studies - those which emit single 
photons, and those which emit pairs of photons as a result of a positron 
annihilating with an electron. The former are associated with single 
photon emission CT (SPECT) and the latter with position, or more correctly, 
paired-photon, emission CT (PET). The decay processes leading to single 
photon emission are beta emission, electron capture, and isomeric 
transition (Evans, 1955). The energies of emitted photons useful in 
medical imaging range from 80 to ,511 keV (Budinger et at., 1979). A 
commonly used isotope, for example, is technetium 99m, which decays with 
a half-life of six hours by rel~ase of single 140 keVphotons. 

When positron emission occurs, fol16wed very rapidly by annihilation 
with an electron, the energy is divided equally between two photons (511 keV 
each) which travel away from each other at exactly 180 0 separation. 
Positron emitters have short half-lives and are expensive compared to 
single-photon emitters, and so where they are required a cyclotron must 
exist on the premises or very close by. 

5.4.2 IMAGING PRINCIPLES AND EQUIPMENT 

Single Photon Emission CT (SPECT) 

The aim of SPECT systems is to reconstruct the source distribution 
corresponding to the location of radioactive single-photon-emitting 
material inside a body. The radio-isotope emits photons in all 
directions, so that provided the body is tenuous a narrow-beam detector 
outside the body records a signal s(~;<j» such that 

00 

s(i;;<j» = J f s(x) dn 
-00 

(5.21) 

where fs(x) is the source intensity at x. 
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Fig. 5.16 A source distribution fs(x) inside a body 
emits photons, in all directions. A narrow
beam detector at A records the integrated 
source intensity along AAI~ 

SPECT systems are either camera-based or scanner-based. A simple 
SPECT camera is the one developed by Anger which consists of one large 
scintillation crystal viewed by an array of photo-multiplier tubes. A 
simple SPECT scanner is a single section rectilinear scanner in which a 
detector consisting of a lead collimator and crystal/photo-multiplier 
combination is scanned back and forth over all angles, as described by 
Kuhl and Edwards, 1963 and Tanaka et al., 1974. The simple camera and 
scanner described above are primitive forerunners of the systems presently 
used. which employ special collimation techniques, large active detector 
areas, etc. For example, a typical camera system (see, for example, 
Jaszczak et al .• 1977; Keyes et al .• 1977) comprises a large field-of
view scintillation camera often called an Anger camera 
Anger (1958) mounted on a rotatable gantry as shown in Fig. 5.17. A 

rotation of 1800 enables all the projections for CT to be collected. 

Another approach to data collection is to scan a linear array of 
detectors around the body or to surround the body by a "ring" of detectors. 
For example, Kuhl et al. (1973) describe a system, which consists of an 
array of thirty-two sodium iodide crystals in the form of a square "ring", 
and Williams et al. (1979) describe a circular configuration. 
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Anger camera 

Fig. 5.17 An Anger camera may be used for data collection 
in a camera-based SPECT system. 

Positron Emission Tomography 

Positron emission CT systems involve the detection of sources 
which represent an annihilation event. Two photons are produced at the 
site of each event and travel away from each other at 1800 separation. 
Hence the line on which the event occurred is described by the line 
jOining two detectors which each coincidentally detect a photon. 
Positron emission systems can be used in coincidence mode, as described 
above, or simply as single photon systems. A great advantage of these 
systems is that electronic collimation is possible. 

The systems for emission CT can be divided into three categories -
planar arrays, circumferential systems, and multiplane systems (Tanaka 
et al., 1979). Examples of planar array systems are the Anger positron 
camera and the multi-crystal or multi-wire chamber positron camera which 
are deployed as shown in Fig. 5.18, except that the latter must also be 
translated slightly at each angle to increase sampling (Muehllenher et al., 

1976, 1977). Planar array systems were originally designed for 2-D or 
long focal plane tomography. They can be used in a multi-plane transaxial 
mode, but single plane efficiency is then low. Because of the need to 
physically rotate the gantry on which the camera is mounted, minimum scan 
times are limited as is the amount of information which can be obtained 
(refer to §3.2.3). 
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Fig. 5.18 Two diametrically opposed Anger cameras 

mounted on a rotating gantry may be used 
for data collection in PET. 

Alternative measurement configurations for emission CT are 

II circumferential systems ll (Tanaka et al., 1979) in which the body is 

surrounded by an array of transducers and a transverse section is imaged .. 

The array may be, for example, a circular ring (Cho et al., 1976; Bohm 

et al., 1978; Derenzo et al., 1979) or a hexagonal array Muehllenher et al., 

1983) as shown in Fig. 5.19. 

Hexagonal array Circular ring 

Fig. 5.19 Circumferential transducer arrays for 

data collection in emission CT. 
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These systems feature high signal to noise ratios and high count 
rates, while their geometries naturally reduce scattei and random 
detection. Systems presently being developed use BGO crystals 
and incorporate rotation and IIwobble motion ll to significantly improve 
the circular ring sampling (Nohara et aZ. I 1980; Herman, 1979; Brooks 
et aZ., 1979). 

Much interest is being shown in the development of mUlti-plane 
systems, which have greatly increased sensitivity but are subject to 
increased noise. The latter problem may be resolved by cunning geometric 
design; considerations are detector packing, collimation, and the choice 
of a suitable system diameter. An interesting thing to note about 
multi-layer systems is that the resolution in the cross-planes is likely 
to be better than that of an ordinary transaxial section plane. 

Multi-planar imaging systems undergoing development are described 
by Budi nger et aZ. (l979). 

5.4.3 PROBLEMS IN EMISSION CT 

Detector Collimation 

Single photon systems require physical collimation of the detector 
in order to define the direction of arrival of a photon. Clearly, the 
harrower the collimation slit, the finer the control over the acceptance 
angle for which the detector can receive photons. However, there is a 
lower limit on the size of the collimation slit imposed by the need to 
satisfy photon-counting statistical requirements in a reasonable time 
(refer to §3.2.3). The effect this has in practice is to allow the 
detector to receive photons from a solid angle of the body, as depicted 
in Fig. 5.20. The measurements do not then correspond to straight line 
integrals. but to integrals measured over a beam which diverges in three 
dimensions and has a Gaussian profile (Ansari and Wee, 1977). The effect 
that the appreciably varying beamwidth has on reconstructed "images is to 
increase the size of the neighbourhood (refer to §3.2.1) and to decrease 
the faithfulness of the reconstruction. The spatial resolution of SPECT 
systems is therefore largely determined by the widths of the apertures 
(defined by the collimators) of the detectors. An original approach to 
overcoming this important practical limitation is described in detail in 
chapter 8. 
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Collimator 

Fig. 5.20 The width of the collimation aperture for 
SPECT is such that the detector receives 
emanations from a solid angle of the body, 
instead of an" ideally narrow straight beam
path. 

Attenuation Correction 

For transmissiDn CT, the attenuation properties of the body are 
reconstructed, and each projection measurement corresponds' to a line 
integral of the X-ray attenuation coefficients ~(x); (refer to §5.2), 
i . e. , 

co 
S (t;; <p) := J ~ (x) dn (5.22) 

-co 

where the notation of (4. 1 ) is relevant here. In emission CT, the 
source distribution inside the body is the "density" to be reconstructed, 
so that the emanations measured outside the body are line integrals of 
the source intensity only if the attenuation of the body can be neglected. 
In practice, attenuation effects are very noticeable in images 
reconstructed on this assumption; for example, a uniform disc of source 
activity appears bright around the rim, but gradually becomes dimmer 
towards its centre since the emanations radiating from that region are, 
in fact, more heavily attenuated. To account for the attenuation effect 
some a priori information about the body's attenuation properties must be 
incorporated into the reconstruction scheme. The problem of reconstructing 
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the source intensity from measurements made outside the body corresponds 
to remote sensing CT for a dense medium, as described in §3.2. Employing 
the notation of chapters 3 and 4, the measured projections for position 
emission CT are 

00 00 

s(t.;;.p) = ffs(x)dn exp(-ffb(x)dn) 
-00 -00 

(5.23) 

where fs(x) is the source density and fb(X) (=]J(x)) represents the 
attenuating properties of the body. The strategy for attenuation 
correction based on (5.20) is clearly very simple since exp(-lfb(x)dn) 

-00 

can be measured directly using a conventional remote probing technique 
(refer to §3.3) or estimated, based on a constant attenuation coefficient, 
and the known body outline. 

The problem of attenuation correction is much more difficult for 
SPECT. The projections are then given by 

(5.24) 

vlhere 

00 

a(x,t.;;.p) eXP(-ffs(x l
) dn') 

x 
(5.25) 

Note that (5.24) and (5.25) are only approximate representations for the 
projection measurements, since the appreciable width of the detector 
collimators (refer to the previous sub-section) ensures that the paths of 
integration in (5.24) and (5.25) are not simply straight lines. However, 
to facilitate a clearer discussion of the separate effects of attenuation, 
(5.24) and (5.25) above are deemed to be satisfactory estimates of the 
projection measurements. For a full treatment of the "sol id angle 
problem" mentioned above, refer to chapter 8. 

Early attenuation correction methods involved averaging opposite 
projections. The "average" may be either the arithmetic mean (Keyes, 
1973) or the geometric mean (Budingeret aZ., 1979, Jaszczak, 1977). Another 
simple technique is to use a model (or phantom) of the body cross-section 
to obtain an estimate of the attenuation distribution (Kuhl et aZ., 1976). 

Such an approach is useful for brain imaging where the object can be well 
modelled by a phantom. The above simple methods cannot, however, be 
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expected to provide adeq~ate correction for more sophisticated attenuation 
distributions. 

Most practical SPECT systems employ a correction procedure based on 
a constant attenuation coefficient, and usually use information about the 
body contour. An example is the algorithm due to Tretiak and Metz (1980). 
The outline of the body can be modelled by a simple shape such as an 
ellipse, or determined experimentally. for example, by analysing scattered 
radiation using an energy-windowing technique (Jaszczak et al .• 1979). Once the 
boundary cross-section is defined the exponential attenuation factor is 
incorporated into the reconstruction procedure by either convolutional or 
iterative methods. Convolutional methods are described by Tretiak and Delaney. 

1978, and Gullberg and Budinger (1981). The techniques are deemed to 
be fast and mathematically elegant. The iterative approach is more 
versatile in the sense that both constant and variable attenuation effects 
can be incorporated. The attenuation coefficients are incorporated into 
an iterative (usually least-squares) method based on projection equations 
of the form (4.50), i.e., 

n 
s·:::: L: f.a .. fb · 
~ j=l SJ ~J J 

1, m (5.26) 

where the notation is the same as for (4.50), except that now both the 
source density f sj ' and the attenuation f bj , of the jth pixel, are 
accounted for. 

Iterative methods require a significant amount of computational 
capability for their implementation. Chang (1978) has developed a more 
straightforwardly implemented method which involves first applying a 
multiplicative correction matrix to an uncorrected image, then 
reprojecting (Peters, 1981) through the resulting corrected image to 
obtain an error image. The error image is next used additively to form a 
second order corrected image. 

Other methods for attenuation compensation include an iterative 
technique in Fourier space (Hsieh and Wee, 1976) which attempts to 
compensate for the solid angle problem as well as attenuation effects; 
and a formal approach due to Ansari and Wee (1977) where the inverse 
problem is reduced to solving a Volterra integral equation. 

An original method for correcting for the attenuation in SPECT, 
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which can be applied when the source distribution is initially confined 
to a very small (ideally a pOint) region inside the body. is described 
in §8.3. 

5.5 EXAMPLE 4: NUCLEAR MAGNETIC RESONANCE IMAGING 

CLASS: Combined Probing/Sensing 

5.5.1 UNDERLYING PHYSICAL PROCESS 

All nuclei having an odd number of protons or neutrons have 

associated with them a spin and a magnetic moment,~. In the presence 
of a magnetic field, such nuclei .can be thought of as precessing about 
the external field directioni in mUch the same way as a spinning top 
precesses about the gravitational field (Fig. 5.21). 

Fig. 5.21 A spinning top precessing about a gravitational 

field is a useful analogy to the behaviour of a 
nucleus having an odd number of protons or 
neutrons, in the presence of a magnetic field. 
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The precession frequency, wo' known as the Larmor precession frequency, 
depends on the strength Ho of the magnetic field, i.e. (Hinshaw and Lent, 
1983) 

W := -yH o 0 
(5.27) 

where y ;s a constant called the gyromagnet;c (or magnetogyric) ratio. 

The gyromagnetic ratio is a physical property of the nucleus of an 
atom. so different elements, and different isotopes of the same element, 
have different values of y. Current medical imaging systems are designed 
in such a way that the nucleus of interest is that of free hydrogen, 
i.e., a single proton. The proton density of biological tissue is largely 
a function of the water content. The Larmor frequencies of water protons 
in biological tissue vary from 2 to 70 MHz when the applied static 
magnetic fields are in the range. 0.05 to 1.5 T (Cho et aZ., 1982). 

Consider a body containing free hydrogen nuclei. In the absence 
of a magnetic field, the nuclei (which can be classically thought of as 
small spinning bar magnets), are randomly orientated; (refer to Fig. 5.22). 

Fig. 5.22 Hydrogen nuclei in a body are randomly orientated 
(left of schema) until they experience a magnetic 
field, when they tend to become aligned with the 
field (right of schema). 
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When placed in a strong magnetic field, a proportion of the nuclei 
experience a magnetic torque which causes them to become aligned with 
the external field. (Thermal agitation prevents alignment of all nuclei, 
even though all possess the required magnetic moment.) Fig. 5.22 also 
depicts nuclei, aligned with a magnetic field, precessing about the field 
direction at their Larmor frequency. Departing from the classical 
picture and exploring the situation further in quantum mechanical terms, 
the effect of applying a magnetic field to a nuclear spin system of 
protons is that, statistically, an energy absorption state is created 
(Cho et al., 1982). When proton nuclei; are placed in a magnetic field 
they occupy two energy states - -~Ho and +~Ho' This is referred to as 
Zeeman splitting of the energy levels. Suppose that a pulse of 
electromagnetic radiation of energy 2~Ho is applied to the system. Some 
of the protons occupying the lower energy level are boosted to the higher 
level. After removal of the irradiating energy, Hl (an r.f. magnetic 
field),the excited protons tend to return to the lower energy state in 
accordance with the Boltzman distribution. This process, known as 
relaxation, involves the emission of electromagnetic radiation which is 
called the free induction decay (FlO) signal. 

The way the above quantum description of energy absorption and 
emission is made to fit into the classical "spinning magnet" model is as 
follows. Application of a pulse of r.f. energy is thought of as knocking 
the spinning nucleus through some angle e (Fig. 5.23). 

Fig. 5.23 A spinning nucleus jn a magnetic field is aligned 
with that field (left of schema) until a pulse of 
r.f. energy perturbs it through some angle e. 
The nucleus continues to precess about the field 

direction. 
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The angle of perturbation.e is related to the length of time for which 
the pulse is applied. This model provides a pleasing mental picture 
whereby the concept of relaxation may be further explored. 

Two relaxation mechanisms are associated with a perturbed spin 
system. Suppose that an assemblage of protons in a magnetic field is 
perturbed through 90 0

, After removal of the perturbing pulse, the 
protons gradually realign themselves with the external magnetic field in 
a time TI' which is called the longitudinal or spin-lattice relaxation 

time. For water protons in biological tissue this time is -0.5 s 
(Mansfield, 1976). The second aspect of the "relaxation" of the protons 
concerns their magnetisation in the plane transverse to the field 
direction. The equilibrium magnetisation in this plane is, of course, 
zero and the relaxation of the transverse magnetisation back to this value 
is governed by the spin-spin or transverse relaxation time T2, Transverse 
relaxation is caused by the tendency of the protons to realign themselves 
with the magnetic field, as is spin-lattice relaxation, but T2 is also a 
function of magnetic coupling between nuclei, inhomogeneity of the magnetic 
field and of any field gradients which might be imposed on the system. 
T2 can be thought of as the dephasing time, during which the transverse 
orientation of the individual spins becomes randomised. The transverse 
magnetisation signal, which is recorded after the r,f. pulse, is in fact 
the free induction decay described above, and the time constant of the 
decay is of course T2. Transverse relaxation is quicker than spin-lattice 
relaxation (-0,5 and 50 ms respectively for tissue) and both are sensitive 
to the molecular structures and environments surrounding the nuclei. 

The general expression for the time-varying nuclear magnetisation 
M{t} of a body in the presence of a magnetic field H(t) is the Bloch 
equation (Bloch, 1946): 

dM = yM x H - (M i + M j) IT 2 at x y 
{M - M )kIT z 0 1 

(5.28) 

where, following Hinshaw and Lent (1983), Mx' My, Mz are cartesian 
co-ordinates of M in the directions i, j, k respectively, and Mok is the 
equilibrium nuclear magnetisation. Fig, 5.24 represents the geometry 
diagramatically. Note that (5.28) indicates that the longitudinal 
component of magnetisation Mzk is related to T1 , while the transverse 
magnetisation Mxi + ~j is separately related to T2. 
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tlg. O.~4 beometry pertaining to the Bloch equation (5.28). 

5.5.2 IMAGING PRINCIPLE 

The basis of all NMR imaging techniques is the ability to spatially 
encode signals according to (5.23). Because the Larmor precession 
frequency of any nucleus is uniquely a function of the applied magnetic 
field, spatial information may be gathered by imposing known gradients on 
the magnetic field, causing the nuclei at different spatial locations to 
precess at different (known) frequencies. Pioneering work in NMR imaging 
is due to Lauterbur (1973, 1974), Lauterbur et at. (1974), Mansfield and 
Grannell (1973, 1975), Tanaka et at. (1974), Hinshaw (1974), 
Hutchison et at. (1975), Garroway at. (1974), and Kumar et at. 
(1975a, b). In terms of the general description of combined probing/ 
sensing CT, the body is llprobed" with r.f. energy in the presence of a 
controlled arrangement of magnetic field gradients. As a result, sources 

. of r.t. energy are induced inside the body (corresponding to the llrelaxingll 
protons). The induced emanations are then detected and parameters related 
to the proton distribution are reconstructed. 

There are obviously many possible gradient sequences and pulse 
strategies, but most systems presently undergoing clinical trials 
incorporate one or both of two Fourier transform reconstruction methods 
(Bottomley, 1983). as is explained below. To reconstruct a cross
sectional CT image through the body, both Fourier transform reconstruction 
methods employ a Il se lective excitationl! technique (Garroway et at., 1974). 

This involves setting up a pulsed magnetic field gradient in a plane 
normal to the image plane, so that each plane in the object, parallel to 
the image plane, corresponds to a particular frequency. In the presence 
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of this gradient, a low-level r.f. pulse of about 10 ms duration is 
applied to the body. The r.f. pulse contains only a chosen narrow band 
of frequencies, so that the slice in the object corresponding to only 
those frequencies experiences resonance. The location of the resonant 
plane can be shifted simply by altering the frequency of the r.f. pulse. 

After a particular plane (slice) in the body has been selectively 
excited, a field gradient is applied parallel to the image plane, and the 
FlO is measured. For example, suppose that the image plane is defined by 
x, y co-ordinates. A suitable field gradient for recording the FlO would 
then be along the x-axis (refer to Fig. 5.25). 

Ho + aHo/ax 

t , t 1 

~~ 
x 

NMR signal 

Fig. 5.25 A linear field gradient is used to spatially encode 
the NMR signal, which is the Fourier transform of 
the frequency spectrum. 

The frequency spectrum obtained by taking the Fourier transform of the 
time-domain signal. is in fact a one-dimensional projection of the'NMR 
signal from the plane onto the x-axis. Hence, by altering the direction 
of the field gradient in the x-y plane incrementally around at least 180°, 
enough projections are collected to reconstruct the NMR image using 
standard CT image reconstruction techniques, such as those described in 
chapter 4. In mathematical terms, the relationship between the three
dimensional proton-spin density distribution and the FlO signal s(t) is 
(Hinshaw and Lent, 1983) 
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s(t) 
t . 

= Kffff(x,y,z) exp[-yf{xGx(t ' ) +yGy(tl) +zGz(t')}dt'J dxdydz 
o . (5.29) 

. where Gx(t), Gy(t) and Gz(t) are time dependent field gradients along the 
x, y and z axes respectively. K is a constant, and f(x,y,z) is the 
magnetisation of the body at X,y,z, and is the parameter which it is hoped 
to recover. 

From (5.27) it is clear that the FlO signal, s(t), is the Fourier 
transform of the spin density distribution. The dimensionality of the 
transform is determined by the specific NMR technique employed. In the 
example discussed in the previous paragraph. only one-dimensional 
projections need to be recorded since. a gradient is applied in only one 
dimension. An alternative technique (the second of the methods 
incorporated in most developmental systems) involves the two-dimensional 
Fourier transform, as is explained below. 

, 
The two-dimensional Fourier transform (20FT) technique also involves 

projection of the entire plane onto a line lp (parallel to the x-axis~ say) 
but instead of altering the direction of the gradient in the x, y plane, 
another gradient normal to lp (parallel to the y-axis, say) is varied in 
strength to produce phase encoding of position along the perpendicular 
grad;ent;{refer to Fig. 5.26). Each time a signal is recorded, 
corresponding to a y-gradient of different amplitude, a single line of 
samples in 2-D Fourier space is obtained. Recall from §4.2.1 that for 
conventional CT, where the projections are recorded from many directions, 
the samples in 2-D Fourier space correspond to "spokes ll through the 
origin, and are therefore best expressed in terms of polar co-ordinates. 
For the 2-D NMR imaging method described above, the sample lines in 
Fourier space are parallel, as shown in Fig. 5.27. The important 
implication of this is that the image may be accurately reconstructed by 
direct Fourier inversion, since no interpolation is necessary in Fourier 
space; (refer to §4.2.3). Three-dimensional, or volume, imaging is also 
relevant to NMR. and is discussed in §5.S. 

An important feature of NMR imaging is the ability to perform 
tomographic reconstruction directly, without recourse to Fourier techniques. 
Such direct imaging is possible because by suitable field gradient 
manipulations the FlD signal from a small volume within the body. called 
a sensitive point (Hinshaw, 1976), can be identified. By "scann"ingll the 
sensitive point raster-fashion throughout the object, a cross-section or 
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selective excitation pulse 

Fig. 5.26 An image plane ;s isolated by selective excitation 
(r.f. pul~e in the presence of a z-gradient). A 
y-gradient pulse is then applied, and an NMR signal 
recorded in the presence of an x-gradient. By 
varying the amplitude of the y-gradient. 2-D Fourier 
space may be completely sampled line by line on a 
Cartesian grid. (After Bottomley, 1983.) 

v 

l 
.. u 

Fig. 5.27 The two-dimensional Fourier transform NMR technique 
yields parallel lines of samples in Fourier space. 
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volume may be directly imaged. Examples of sensitive point imaging are 
to be found in Hinshaw (1974, 1976). Damadian et at. (1976). and Gordon 
et al. (1980). Hinshaw (1976) and Mansfield (1976) have discussed 
Il sens itive line ll scanning whereby single lines of material are selectively 
illuminated. 

Of most interest, however, are fast planar and three-dimensional 
techniques which result in data being collected in the form of line or 
area integrals (Hinshaw and Lent, 1983), so that reconstruction may be 
achieved by projection methods (convolution back-projection) see, for 
example, Lauterbur (1973), direct Fourier inversion (Kumar et at., 1975), 
or echo-planar imaging techniques (Mansfield, 1976). Recent comprehensive 
reviews of image reconstruction options in NMR are due to Cho et al. (1982), 

Hinshaw and Lent (1983) and Kaufman et aZ. (1982). 

5.5.3 TISSUE CHARACTERISATION 

The picture generated by NMR imaging is the spatial distribution 
of the NMR signal f(x) measured by the r.f. receiver. This signal is a 
function of at least three parameters -- proton density d, spin-lattice 
relaxation time T~, and transverse relaxation time T2. Other parameters 
may relate to fluid flow or specific detection methods. However. the 
measured NMR signal may be generally approx'imated by (Andrew, 1980) 

(5.30) 

For fluids and soft tissues, T1 and T2 are approximately equal, so 
the NMR signal is a measure of proton density. For solids, T2 «T1• 
resulting in a weak NMR signal. This is the basis of tissue characterisation 
in human images: strong signals are obtained from fluids, fats and soft 
tissues, intermediate signals from tendon. muscles and other structures, 
depending on their "hardness", and weak signals from teeth, cortical bone 
casing and voids (Andrew. 1980). By a suitable choice of imaging 
strategy (sequence of r.f. pulses and magnetic gradients) either T1• T2 or 
d can be made to dominate in the reconstruction, but the image is never 
dependent on anyone parameter alone. It is, therefore, crucial that 
image interpretation is based on a good understanding of the imaging 
strategy used to produce the reconstruction. For example, -dependent 
images of head cross-sections show superb contrast b~tween grey and white 
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matter, while proton density images show the brain as almost uniformly 
dense (Gore, 1982). Tl has been demonstrated to be very useful for 
tissue characterisation, not only between normal tissues of different 
organs and structures, but also for many disease conditions (Davis et at., 
1982) , 

It is important to realise that NMR imaging techniques are 
potentially suited to mapping elements other than hydrogen. To observe 
other nuclei much stronger fields will be required. Of particular 
interest, for example, are phosphorus ( 31 p). carbon and sodium, which 
require field strengths which are up to four times greater than those 
used for proton imaging (Kramer, 1982). Phosphorus NMR offers the 
opportunity to study metabolic responses in almost real time, and is 
discussed by, for example, Burt et at. (1977), Ackerman et at. (1980), 

and Kramer (1982), 

5.5.4 PHYSICAL SYSTEM COMPONENTS 

All NMR imaging systems incorporate the following indispensible 
items: 

(a) A magnet capable of generating a uniform magnetic field of 
0.05 -1.5 T in an air gap large enough to accommodate the object 
of interest, i,e., the whole human body in medical systems. 

(b) A coil system for controlling the magnetic field gradients. 

(c) A radio-frequency (2 - 70 MHz) transmitter) receiver coil system 
to deliver r.f. pulses and record the FlO signals. 

(d) An NMR spectrometer. 

(e) A computer for central control of imaging sequences, data 
collection, image reconstruction and display. 

Fig. 5.28 shows an NMR imaging system in diagrammatic form. 

The favoured choice of magnet for large-scale (whole body) imaging 
seems to be a multiple-coil air-cored electromagnet design (La; and 
Lauterbur, 1978). Non-ferrous materials such as aluminium foil are used 
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A. x-gradient 
B. y-gradient 
C. z-gradient 
D. RF-coil 
E. Main magnet 

Fig. 5.28 An NMR imaging system. 
(After 'Cho et aI., 1982.) 

coil 
coil 
coil 

for the coils. To ensure homogeneity of the magnetic field, additional 
correction coils (shims) are usually necessary to compensate for the 
effect of nearby ferro-magnetic materials such as structural steel which 
can severely distort the flux path. (Air-core magnets may have 
significant field strengths several metres from the magnet one NMR 
imaging facility is rumoured (Gough, 1983) to be plagued by confused 
pigeons!} The magnet coils must be cooled, usually by a pressurised 
water system. The power supplies to the coils must deliver a steady 
current (~'80 Amps) at -170 V DC. The long-term stab;l ity of the power 

, 
supplies can be improved by "feed-back" of an NIVIR error signal from a 
reference material. 

An important feature of all NMR systems is the means by which 
magnetic field gradients are controlled. In most imaging techniques. 
good linearity of the gradients is important, and in some applications 
rapid switching of the gradients is necessary. A typical set of gradient 
coils for one direction is shown in Fig. 5.29. 

To maintain consistent temperature and resistance of the coils 
during an experiment, each gradient coil must have a current-controlled 
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Fig. 5.29 Configuration of a y-gradient set of coils. 
(After Lai and Lauterbur, 1978.) 

source and a separate current-regulated power amplifier and stabilising 
compensator. Gradient-field control is probably best achieved using a 
micro-processor, separate from the central computer. 

The design of the transmitter/receiving coil system is based on 
constraints of r.f. field homogeneity, field strength and circuit 
impedance. Saddle-shape Helmholtz-wound coils are suitable (by virtue 
of their geometry and performance) for medical' NMR imaging. Such a 
coil is depicted in Fig. 5.30. 

5.5.5 INHERENT LIMITATIONS 

The relaxation parameters T1 and T2 impose fundamental limitations 
on both the time available to record the FlO, and the total imaging time. 
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Fig. 5.30 A single-coil NMR transmitter/receiver 
coil system wound in Helmholtz saddle 
shape, (After Lai and Lauterbur, 1978.) 

T1 is an important constraint on total imaging time in techniques which 
require several measurements of the magnetisation in the body. This 
consideration affects "projection" imaging techniques. Techniques which 
produce a complete 2-D i~age from a single excitation (e.g., 2-D direct 
Fourier imaging) suffer from a very poor signal to noise ratio, so that 
the measurement must be repeated several times, and averaged. The 
process of repeated FlO measurement can be hurried along somewhat by 
pulsing the system at intervals ll.t such that the system does not relax 
completely back to equilibrium. Signals subsequent to the initial FlO 
are reduced by a factor of (1- exp(-ll.t/Tl)). The total scan time 
therefore depends on ll.t and the total number of projections (or lines in 
other techniques) and could never be reduced beyond the limit which 
corresponds to t/T1 -2 3 seconds (Gore, 1982). 

T2 imposes constraints on the time available for recording the FlO, 
and may also affect the spatial resolution in an image. Consider a 
linear magnetic field gradient G which exists across a slice of width d. 
The bandwidth of the resulting NMR signal is ll.f where 

ll.f = ydG/2n (5.31) 

(Gore, 1982). In order to resolve m lines across the slice, the 
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bandwidth of the signal corresponding to each line must not exceed 6f/m. 

Hence the constraint 

ydG/2m> liT 2 (5.32) 

For high resolution imaging, mid must be large, so T2 must be long 
or large gradients must be used. Present typical NMR imaging systems 
perform data collection in times of the order of 1 to 2 minutes (longer 
for whole-body imaging). However. fast echo-planar techniques (see, for 
example, Ordidge et al., 1982) are being developed with the aim of real
time imaging of moving organs (notably the heart). 

56 XAMPlE . . 

CLASS: Remote Probing 

5.6.1 UNDERLYING PHYSICAL PROCESS 

IMAGING 

When a body of conductivity a = a(r;e) is placed in an electric 
field E = E(r;e), the equation for the continuity of the current flowing 
through the body is derived from Maxwell IS equations (Maxwell, 1904) to 
yield 

V.J -ap/at (5.33) 

where p is the free charge density and J = J(r;e) is the conduction 
current density, which is defined by the generalised form of Ohmls Law 
(Jones. 1964, §1.6): 

J :: aE (5.34) 

For the types of imaging system considered in this section, the 
permittivity E and the largest linear dimension L of the body are such 
that WE « a and L «A, where A is the wavelength correspondi ng to the 
angular frequency W of the highest significant frequency in the spectra 
of J and E. It follows that the field is conservative in the sense that 
E can be written as the negative (this is conventional) gradient of 
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potential function (Plonsey and Fleming. 1969), i.e. 

E = -\IV 

where V is called the electric potential. or merely the voltage. 
Furthermore, op/3t is negligible so that (5.32) reduces to 

\7.J = o. 

(5.35) 

(5.36) 

Substituting (5.34) into (5.36) and using (5.35) then yields an equation 
which V must'satisfy throughout the body: 

(5.37) 

where 

T ~ T(r;e) In(a) (5.38) 

5.6.2 IMAGING PRINCIP 

Consider Fig. 5.31, which (following Bates et al., 1980) shows a 
conductivity distribution a = a(r;e) circumscribed by a circle of unit 
radius. An arbitrary pointP has polar co-ordinates (r;8), with origin O. 
Audio-frequency voltages are applied to the circumference of the circle. 
The imaging problem is to infer T (as defined in (5.38)) from measurements 
of the current density J c = Jc(e) flowing across the circumference of the 
circle, given the voltage Vc = Vc(8) applied to the circumference. 

The impedance imaging problem is here classed as remote probing, 
since voltages or currents are active1y applied to the body. from 
outside, by the experimenter. It is worth noting, however, that ray 
concepts cannot be straightforwardly invoked for electrical CT and the 
problem is inherently ill-posed (as is discussed below and in §3.3). 
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Fig. 5.31 A circle of unit radius circumscribes a 
conductivity distribution o. An arbitrary 
point P has co-ordinates r;S. 

Note that the measured signal is one-dimensional. whereas the 
conductivity distribution is inherently two-dimensional. This is, of 
course, the dimensionality difficulty discussed in §2.3, and referred to 
in §3.3. It is not yet clear whether there is any unique solution in 
general to the problem of electrical conductivity imaging. since the 
dimensionality difficulty in this context is even more severe in terms 
of the required measurements, than for other types of CT, as is explained 
below. However, it can be shown (Seagar. 1983; Bates and McKinnon. 1979) 
that the impedance CT problem may be solved if the conductivity distribution 
consists of regions of piecewise constant conductivity. as was discussed in 
§2.3 and §3.3. 

Electrical Impedance CT 

The difficulty of interpreting J c • when a varies arbitrarily in two 
dimensions, has led several researchers (Price, 1979; Lytle and Dines. 
1978; Schomberg. 1978b)to investigate an imaging approach which is 
analogous to conventional computed tomographic reconstruction based on 
projection data. Consider Fig. 5.32. A voltage is applied around the 
circumference of the circle (which is the same unit circle as shown in 
Fig. 5.31) corresponding to 

v = cos(S -¢) (5.39) 
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Fig. 5.32 Current "streamlines ll corresponding to a 
circumferentially applied voltage of 
V c cos (e - ¢) . 

If the conductivity is constant throughout the circle. then the current 
may be thought of as flowing along parallel IIstreamlines". Suppose that 
the conductivity distribution varies with r;8. The streamlines are now 
best described in terms of curvilinear co-ordinates a, S. as indicated in 
Fig. 5.33. 

Streamlines 

Equipotentials 

Fig. 5.33 Inhomogeneities in the conductivity distribution 

cause the streamlines (and hence the equipotentials) 
to be curved. Appropriate curvilinear co-ordinates 
are a, S. 
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The dotted lines are everywhere normal to the streamlines, and are 

called equipotenti~l lines (Seagar, 1983). Electrical impedance CT is 

predicated upon the streamlines in the presence of a variable conductivity 

distribution being parallel in some useful sense. If so, the ratio of 

current to applied voltage along the streamlines can be expected to be 
approximately linearly dependent on the line integral of the conductivity. 
For example, suppose that a body having a resistivity distribution f(x, y) 

is injected with electric current J via electrode pairs; (refer to Fig. 
5.34). Each pair (e.g., A-AI) has the same n-co-ordinate. The current 

flows along paths parallel to streamlines (dashed) determined by f(x, y). 
Perpendicular to the streamlines are equipotentials (dotted). For 
convenience, a curvilinear co-ordinate system a, S is made to coincide with 

the streamlines and equipotentials. 

n 

A 

Streamlines x 
Equipotentials 

Fig. 5.34 Co-ordinate geometry for electrical impedance imaging. 
Cartesian co-ordinates are rotated by an angle ~ with 
respect to Cartesian co-ordinates x, y. Curvilinear 
co-ordinates a, S describe the streamlines and equi-

potentials. (After Seagar, 1983.) 

The voltage difference V between a pair of electrodes with n = no' 

is (Seagar, 1983) 

a 2 
= f p ( a , B 0 ,cp) I J (a, 1\ ,~) I da 

al 
(5.40) 
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where So is the streamline which meets the body surface at no' An 
immediate analogy with X-ray transmission CT is evident in that an 
impedance projection V(n,~) may be obtained by measuring the voltage 
difference between a 11 pairs of detectors wi th the same co-ordi nate. 
Notice that one can also define "conductivityll projections by taking the 
voltage gradient as the dependent variable. 

When conservative electric fields are used (as has been tried in 
medical imaging (Barber et al. , 1983; Price~ 1979) and geophysical 
prospecting (Lytle and Dines~ 1978)) it has been shown that projection-based 
reconstruction using measurements of V(n,~)for many angles ~, does not 
unambiguously determine f(x, y) (Bates et al. ~ 1980; Schomberg, 1981). 
The problem is that many of the projections are linearly dependent and so 
there is insufficient information available to uniquely determine f(x~ y). 

Unfortunately, a'ny IIprojection" approach to lIelectricaP imaging 
is likely to be useful only wher~ ray propagation can be assumed as with 
the high frequency electromagnetic wave techniques of Dines and Lytle~ 

1981). When the assumption of ray behaviour is valid, back-projection 
reconstruction may be used, although iterative techniques including 
compensation for ray curvature (see §5.7) must also be invoked. 

There is no known straightforward method for recovering the forms 
of electrical conductivity distributions from impedance measurements. 
At present the best reconstruction strategies are iterative model-fitting 
procedures whereby a model of the conductivity distribution is iteratively 
adjusted until measurements based on the model match those obtained 
experimentally to within some acceptable limit (Seagar, 1983). It seems 
to be questionable whether electrical impedance CT can form faithful images 
of other than very simple conductivity distributions. 

RAY 

The techniques of basic CT image reconstruction, as described in 
chapter 4, are predicated upon the assumption that the emanations 
propagate as straight rays through the body. However, in several 
potentially useful CT systems - notably ultrasound CT, where the refractive 
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index varies markedly - the ray paths are significantly curved. This 
effect is described as refraction of the rays, and may be compensated in 
part by ray tracing techniques. as discussed in §5.7.1. Diffraction must 
also be taken into account in CT applications when the wavelength of the 
emanations is significant compared to characteristic anomalies in the body. 
CT reconstruction methods which consider diffraction effects are classed 
as diffraction tomography and are the subject of §5.7.2. 

5.7.1 RAY TRACING TECHNIQUES 

The curvature of the rays caused by refraction may be accounted for 
in a reconstruction scheme by making use of ray tracing techniques. The 
latter involve making an initial estimate of the refractive index 
distribution v = v(x) using a conventional straight-ray reconstruction 
method, estimating the ray paths through the body, and then using the 
estimated ray paths in an1terative reconstruction scheme (Schomberg. 1981; 
Johnson et at., 1975). The ray paths must satisfy the constraints 
imposed by their endpoints, and Fermat's principle of fastest propagation 
time (refer to §2.4.2), and can be computed with the so-called "shooting 
method" (Stoer and Bulirsch, 1973) using a Runge-Kutta scheme with properly 
chosen step length (Dahlquist and Bjorck. 1974). The reconstruction 
problem is then formulated as a set of linear equations, as described in 
§4.2.4. i.e., 

s i = Ea· . ( v) f J· ,i = 1. m . 1.J 
J 

(5.41) 

where the notation is as defined for (4.50). but a .. the length of the ray 
1.J 

traversing the jth pixel, is now a function of the entire refractive index 
distribution v(x), and is known because the ray system is computed as 
descr-ibed above. Reconstruction then proceeds on the basis of the finite 
series expansion techniques described in §4.3. Note that at each iteration 
a new (hopefully better) estimate of the conductivity distribution is 
available. and so a new estimate of the ray system can also be computed. 

An alternative approach to refraction correction, described by 
Norton (1983), is a perturbation technique, for mildly inhomogeneous 
refractive index distributions, which requires neither ray-tracing nor 
iterative techniques. While correction for ray-curvature has been 
demonstrated by means of computer simulation to improve image quality 



171 

(Schomberg, 1981), the convergence of such schemes in general has not 
been proven (McKinnon & Bates, 1980) and experiments with real data 
indicate that correction for refraction is somewhat akin to a rubber-sheet 
transformation of the image. i.e., morphological features such as shape 
and size are improved, but it is unreasonable to expect an improvement in 
resolution, It can be shown that even allowing for refraction, certain 
acoustic velocity distributions can never be reconstructed by time-of-flight 
tomography (Bates and McKinnon, 1979). 

5.7.2 01 FFRACTION TOMOGRAPHY 

Diffraction techniques for tomography are based on the inversion of 
approximate versions of the wave equation (Slaney and Kak, 1983) - the 
simplicity. conceptual and mathematical, of the ray approximation is 
relinquished. 

It is not possible in general to obtain an exact, closed form 
expression for the field behaviour of emanations which interact with a 
density distribution f(x. y) such that diffraction is accounted for. 
However, the Born (§2.3.3) and Rytov (§2.3.4) approximations to the wave 
equation are suitable contenders for describing the field behaviour 
provided certain assumptions hold. When these approximations are 
incorporated, the density distribution f(x, y) is related to the measured 
projection data s(~;¢ ,k) (refer to Fig. 5.35) by (Devaney. 1983) 

00 00 

f s(~;¢ ,w) exp( i ~ K)d~ == fff(x,y) exp{ i[K~ + (k 2 - K2)t - k)n}]dxdy (5.42) 
-00 -00 

where K can assume all values in the range [-k,k], w is the angular frequency 
of the emanations and k is the wavenumber. 

The measured data s(~;¢,w) is related to the complex amplitude of 
the perturbed field portion of the total field (refer to §2.1) for the 
Born approximation and to the difference in the complex phase of the total 
field and the incident field for the Rytov approximation (Mueller et at .• 

1979). 

Follow"ing Devaney (1983) it is convenient to introduce two unit 
vectors 

p == Ijk(K (5.43) 
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x 

incident plane 
wave 

Fig. 5.35 Geometry for diffraction tomography. 
(After Devaney, 1983.) 

(5.44) 

where ~ and n are unit vectors along the s.n axis respectively. Note 
that Po represents the unit propagation vector of the incident emanations. 
For \KI ;;; k, (5.42) can be expressed in terms of (5.43) and (5.44) as 

00 00 

F(p;<jl,w) = f s(s;<jl,w) exp(-iks)ds :::: fff(x,y) exp(ik(s -so)·r dxdy 
~OO -00 

(5.45) 

where the vector r defines the point (x,y). From (5.38) it can be seen 
that the one-dimensional Fourier transform F(p;<jl,w) of s(s;<jl,w) is equal 
to the two-dimensional . Fourier transform of f(x,y) evaluated over the 
locus of points defined by 

(5.46) 
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where s. assumes all values for which s·so > O. The values of 1 satisfying 
(5.46) for fixed So are depicted in Fig. 5.36. 

/ 

s~ 
/ 

Fig. 5.36 The locus of points 1 satisfying (5.46) is a 
semi-circle centred at -k so' with radius k. 
(After Devaney, 1983.) 

The locus of points is a semi-circle, centred at -ks o' with radius k. 
By varying So (i.e., changing the angle of incidence of the emanations), 
it is possible to sample F(lx. ly) over an ensemble of semi-circular arcs. 
The reconstruction problem is then to determine f(x,y) from values of 
F(lx' ly) known over the ensemble of arcs. 

A tempting strategy for regaining f(x,y) is to perform a direct 
2-D inversion of the measured Fourier transform. This technique was used 
in early attempts at diffraction tomography (Mueller, 1980; Kenue and 
Greenleaf, 1982; Kaveh et al., 1982) but the problem of interpolating the 
samples from points on semi-circular arcs to points on a Cartesian grid 
suitable for use with the FFT introduces errors into the reconstructions. 
(Recall that the difficulty of interpolating from polar samples to 
Cartesian samples in Fourier space is what prevents direct 2-D inversion 
being useful in conventional X-ray CT.) A review of diffraction 
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tomography techniques, with computational examples, is presented by ~laney 
and Kak (1983). 

Another strategy for diffraction tomography is a back-projection 
algorithm (analogous to back-projection for basic CT reconstruction) in 
which the projections are back-propagated in image space, allowjng for 
diffraction effects (Devaney, 1982, 1983). Excellent results have been 
produced by computer simulation using an improvement to this method 
(Devaney, 1983) but it is unclear how well more complicated images might 
be reconstructed. An inversion algorithm which is implemented in Fourier 
space and does not require interpolation is described by Kaveh et aZ. 

(1982). No attempt has as yet been made to perform diffraction tomography 
in three dimensions. All work so far has been for two-dimensional 
geometry. It seems particularly important that reconstruction algorithms 
for diffraction tomography be inherently three-dimensional as there is no 
way of confining emanations subject to refraction and diffraction to a 
single plane. 

5.8 RECON DISPLAY 

5.8.1 THREE-DIMENSIONAL RECONSTRUCTION 

With the advent of cone-beam scanning geometries in X-ray CT, and 
because of their inherent suitabil ity for reconstruction in NMR imaging, 
direct three-dimensional reconstruction techniques are becoming 
increasingly important. The qualifying adjective "directll is used to 
distinguish the techniques considered in this section from reconstruction 
schemes which build up a volume image from a series of parallel cross
sections and therefore rely essentially on two-dimensional reconstruction 
methods. The latter techniques may be used, for example, in conventional 
X-ray CT to build up a three-dimensional image by separately reconstructing 
the transverse section slices of which the three-dimensional body is 
composed. The same approach is the basis of multi-section emission CT 
systems, except that the volume data may there be collected in a single 
scan by the use of planar detector arrays (refer to §5.4). For very fast 
volume imaging using X-rays, the reconstruction problem cannot in general 
be practically realised as multiple parallel transverse sections, since 
the data collection time involved is much too great. Instead, cone-beam 
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scanning is feasible, as mentioned in §5.2.2. Because the cone-beam 
is divergent, a single ray may intersect several transverse sections of 
the volume to be imaged, as is illustrated in Fig. 5.37. 

cone beam 

Volume composed of 
contiguous transverse 
sections 

Fig. 5.37 A single X-ray from a cone-beam source may 
intersect several transverse sections of 
the body. 

The latter consideration prevents the cone-beam problem from being easily 
separated into a number of single-slice reconstructions, and means that 
the volume image must be reconstructed as a single entity. 

Relevant to X-ray CT featuring cone-beam geometry is the X-ray 
transform which associates a three-dimensional function with its one
dimensional line integrals. Consider an X-ray passing through an 
arbitrary point x in a three-dimensional body of density f(x). "in the 
direction defined by the unit vector 6 (where e may indicate any possible 
direction in three-dimensional space). An X-ray transform ~f(x),e} 
is defined by (Louis and Natterer. 1983) 

(5.47) 

A function is uniquely defined by its integrals (5.47) corresponding 
to all possible values of e (Solomon, 1976). 
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Relevant to NMR imaging is t~e three-dimensional Radon transform, 
which associates a three-dimensional function with functions of one 
variable, which are interpreted as area integrals. The Radon transform 
R{f} of a three-dimensional function f = f(x) (e.g., an NMR spin-density 
distribution - see §5.5) in the unit direction 0, is given by 
(Altschuler et at., 1982) 

R {f(t) ,a} = ff f(x) da 
x-e=t 

(5.48) 

A 

where the element of area da is in the plane x-a = t, and the vectors x and 
o are defined in three-dimensional space. (In NMR this implies measuring 
the FlD signal corresponding to a IIslice ll through the distribution of 
relaxing nuclei~) Radon (1917) showed that within certain constraints, 
a function f(x) is uniquely determined by all its integrals of the form 
(5.48). Hence, to reconstruct a three-dimensional density distribution 
via the Radon transform, the area integrals over all planes trans-secting 
the body must be known. 

It is immediately evident that a relationship exists between the 
X-ray and Radon transforms. The practical manifestation of this is that 
for X-ray cone-beam scanning, each two-dimensional projection (corresponding 
to a two-dimensional map of values of the X-ray transform) may be converted 
into values of the Radon transform by integrating along lines in the two
dimensional projection. Conversely, values of the X-ray transform can be 
determined by two-dimensional image reconstruction of the Radon transform 
values. 

Reconstruction strategies exist via inversion of both the X-ray 
transform and the Radon transform, because of the physical situations 
giving rise to the measurements available for image reconstruction. 
Clearly, the natural way to treat cone-beam reconstruction using X-rays is 
vi q the X-ray transform, whereas for certain NMR imaging techniques 
(Hinshaw and Lent, 1983) and synthetic aperture radar (Bracewell, 1967) 
the Radon transform is the most direct approach. It is worth noting that 
the difficulties of practical three-dimensional image reconstruction arise 
because there is usually a wide range of missing data, corresponding to an 
inability to direct the emanations through the body from all the required 
angles. 

Particularly simple approaches to three-dimensional image 
reconstruction are associated with geometrics that permit decomposition of 
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the reconstruction problem into simpler formulations in either image 
space or Fourier space. Examples are situations where the volume can 
be reconstructed as a set of stacked parallel cross-sections or a folio 
of reconstructed dihedral planes. The former applies to simplistic 

. X-ray CT scanning of many transverse cross-sections (Lauterbur and Lai, 
1980; Marr et aZ., 1980), as discussed above, and also to cone-beam 
scanning when the divergence of the beam can be ignored. so that several 
pseudo-parallel cross-sections are reconstructed (Wood et aZ., 1979). 

The latter applies to a situation where a cone beam source is translated 
during data collection. The rays then intersect in dihedral planes. 
which can be separately reconstructed (Kowalski, 1977). 

The conventional techniques of two-d"imensional image reconstruction 
based on the projection theorem (4.11) can be applied equally well in 
three dimensions jf the measurements correspond to values of the Radon 
transform of the object (Barrett, 1982). This is because the analogous 
two-dimensional projection theorem (or central slice theorem) {Merserau 
and Oppenheim, 1974} equates the Fourier transform of a three-dimensional 
object with the one-dimensional Fourier transform of the Radon transform. 
Fourier and convolution methods can therefore be applied in NMR and radar 
imaging. and in X-ray CT if the projections are parallel-ray meas~rements. 
and rays through adjacent sections are also parallel. The norm for X-ray 
CT scanning is, however, likely to involve cone-beam geometry for which 
Radon-based reconstruction is unsuitable. Attempts have been made though 
to modify Fourier and convolution methods for use with cone-beam geometry. 
When the Radon transform is known completely, convolution techniques are 
very simple. Simple back-projection {recall §4.2} in three dimensions 
yields the image convolved with a blurring function whose Fourier transform 
is proportional to 1/p 2 , so that the appropriate three-dimensional version 
of rho-filtering {refer to §4.2. } is rho-squared filtering. Note that p2 

is essentially a smooth function, whereas Ipl (applicable in two dimensions
see {4.32}, §4.2.5) has,a slope discontinuity. The effect of the smooth 
nature of the three-dimensional filter is that only local filtering 
operations are required, and can be computed using only points in the 
immediate neighbourhood of the image point which is being deconvolved 
(Barrett. 1982). 

Examples of modifications of the convolution approach to cone-beam 
reconstruction are described by Denton et aZ. (1979), Altschuler et aZ. 

(1982) and Minerbo {1979}. Series expansion techniques (refer to §4.3) 
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involving suitable' constraints have been developed by Altschuler et al. 

(1980) to handle the projection data recorded by the DSR (refer to §5.2.4). 
Other methods are due to Minerbo (1979) and Colsher (1977). 

5.8.2 DISPLAY OF 3-D INFORMATION 

The abil ity to calcu.1ate 3-dimensional density distributions (or 

4-dimensional, if time is considered) has prompted much bewilderment about 

how best to display the information obtained. Whilst simply displaying 
the slices (at chosen orientations) which go to make up the whole volume 
may be suitable in some circumstances, important structural 3-D information 
may be difficult to perceive. There is a strong psychological element 
involved in that little is known about the wayan observer perceives 
structure from "slice" information (Soroka, 1979). Two approaches to the 
problem have been identified bY,Udupa (1983). The first involves 
displaying a 3-D density distribution as a continuous image in 3-D space. 
The second approach involves extracting important information, such as 
boundary surfaces, and displaying them effectively in two dimensions. 
The first approach is implemented using optical techniques in other words, 

all done with mirrors. Depth cues are provided by parallex due to motion 
of the viewer's head, and stereo-viewing, where different views are 
presented to the left and right eyes. Mirror-based systems are described 
by Udupa (1983) as consisting of four major components: an image presentation 
device, a mirror assembly. a system control, and a screen; (refer to 

Fi g. 5.38). 

Image Presentation Devi 

/ 
Viewing Direction 

System Control 
Mirror Assembly 

Fig. 5.38 Mirror-based three-dimensional display system. 

(After Udupa. 1983.) 
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Slices of an image are presented sequentially and the perceived 
position on the screen is determined by the relative positions of screen 
and mirror. The viewer perceives all the slices in their associated 
relative positions in 3-D space. Mirror-based systems are described by. 
for example, Szillard (1977), Rawson (1969), Baxter (1981) and Sher (1982). 

A dlsadvantage of this method is that underlying structures may be 
obscured by dense regions surrounding them. An alternative approach to 
image display, which overcomes this problem, is to use sophisticated image 
processing techniques to select and effectively display only the 
information which is considered interesting. This may simply involve 
reslicing the image volume so that more useful information is presented. 
For example, in medical diagnosis physicians are more familiar with 
coronal and sagittal anatomical sections than with the transverse sections 
obtained by X-ray CT scanners. In other cases the structure of interest 
may lie fundamentally in one plane. An example is the spine, which may be 
more usefully displayed "lengthwlse" than as a series of transverse 
cross-sections (Glenn et a'l., 1979). 

There is a great deal of interest in boundary surface detection 
and display. where selected structures, such as the heart, can be 
identified and displayed as a perspective view of a cut-away solid. The 
computer techniques used are described by Newman and Sproull (1979) and 
Sunguroff and Greenberg (1978), and several examples of typical image 
displays may be found in Bloch and Udupa (1983), and Udupa (1983). 

Holography (see, for example, Greguss, 1977) is at present 
considered impractical for image display because of problems involved 
in preparing the holographic plates on which the image is recorded. 
The procedure is complicated and time consuming, does not lend itself to 
interactive image manipulation, and in any case, affords only a limited 
range of viewing angles. 

A necessary step in the advancement of CT techniques must be automatic 
identification and parameterisation of objects and structures. This is 
essential if analysis of vast amounts of information is to be kept to 
within a reasonable time. 

An important factor in analysing the effectiveness of display 
strategies is the psychological factor of how much information is accurately 
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perceived by the viewer. This important and difficult area must be more 
thoroughly investigated by those directly involved with display design; 
it is quite poss"ible that a better understanding of the way in which 
information is perceived will lead to better and different display 
strategies. 
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6. 
fa 

6.1 

The techniques described in chapter 4 for basic CT image 
reconstruction yield very accurate and. in the case of transform methods. 
fast replications of the original object, under ideal conditions. 

"Theoretically" ideal conditions are satisfied when all line integrals 
spanning the image plane are known. This is of course an infinite 
number and cannot be achieved in practice. However. experience has 
shown that very faithful images are reconstructed under the "practicallyll 
ideal conditions that many projections are measured over a complete 
angular range, and each projection is the projected density of the whole 
object. In general, if the resolution it is hoped to achieve is d, then 
the minimum number n of projections required is given approximately by 
(Crowther et al. , 1970) 

n'" nD/d (6.1) 

where 0 is the diameter of the cross-section which it is desired to image. 

Each projection is of course assumed to contain enough ray-sums to satisfy 
the sampling constraints set out in §4.2.2. 

Another way of thinking about the conditions for IIpracticallyll 

ideal CT reconstruction is to recognise that the reconstructed density at 
any point in an image is determined primarily by the rays that pass through 
or near that point. Hence each point in the original object, whose 
neighbourhood it is hoped to resolve, must be IIviewed ll by the source of 
the emanations from many viewing angles spanning a complete angular range. 
This perspective is particularly illuminating when analysing the potential 
implications of incomplete projection data for image reconstruction by 
convolution back-projection, which is here deemed to be the most effective 
and useful method available. 

There exist many practical situations where it is either physically 
impossible, by virtue of the geometry of the body and the measurement 
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system, or undesirable under constraints of data collection time, 
comp~tational efficiency or ex~ense, to collect a set of projection 
measurements that is complete in the sense implied above. In the absence 
of measured projections it is necessary to exploit the known consistency 
of the projections (which 'is discussed in §6.2 and basically ensures that 
the ray-sums contributing to each projection add together to give the 
known total density of the cross-section) and/or whatever information is 
known or can be estimated a priori regarding the density distribution. 
The role of a priori information is discussed in §6.3. 

It is convenient to categorise four different kinds of incomplete 
projection sets. The first category, which is the subject of §6.4,is 
characterised by a limited angular range of views. Practical examples of 
situations where the latter might arise are in airborne side-looking 
synthetic aperture radar (Munson et al., 1983), where it would certainly 
be impractical for the aircraft to circumnavigate a region of interest, 
and also when certain kinds of detector systems are used in emission CT 
(Tam et al., 1980; Vogel et al., 1978; Nalcioglu et al., 1980). The 
second and third categories of incomplete data considered here are in a 
sense complementary. In both cases there is a full range of angular 
views, but a part of each projection is missing; truncated projections are 
discussed in §6.5, and hollow projections are the subject of §6.6. The 
former arise when the size of the body is greater than the field of view 
of the CT detector system. This sometimes happens when a gamma camera 
is used in emission CT (Chang, 1979). In practice, projections may be 
deliberately truncated to reduce patient dosage if only a small region of 
the body is of interest, or when it is considered desirable to neglect 
unreliable or "noisyll portions of the projections. Hollow projections 
can result when the body contains a very dense region that totally absorbs 
the emanations used to probe it. This may occur in X-ray CT, for example, 
when there is a highly radio-opaque object inside the body, such as a 
prosthetic joint, or an implanted (or accidentally swallowed) metallic 
object. The final class of incomplete data considered in this chapter 
is that of few projections. The fourth category is distinct from the 
first in that the few projections are understood to span a "completell 
angular range in the sense that they are evenly, but thinly, (this is why 
their number is few), spread over the required range. 
from few projections is considered in §6.7. 

Reconstruction 

A fresh approach to image reconstruction from data which are 
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palpably incomplete is introduced in §6.8. The method is interactive, 
capitalising on the excellent pattern recognition abilities of the human 
brain, and exploiting the Fourier properties of images having regions of 
piecewise constant density. Computational examples are presented to 
illustrate the use of the technique for reconstruction from few projections, 
and from a limited angular range of projections. 

y 

Recall from §4.2.3 that the Fourier transform of a projection yields 
samples along a straight line in Fourier space, passing through the origin, 
at an angle equal to that at which the projection was measured (refer to 
Fig. 4.4). So a set of projections gives rise to an array of "spokes" in 
Fourier space. Under ideal conditions, the samples in Fourier space, 
corresponding to ~ufficient such spokes, completely determine the image. 
However, when the projection data are incomplete there are inevitably 
regions of Fourier space which are effectively "unsampled". If these 
"unfilled ll parts of Fourier space are allowed to retain a zero value, 
reconstruction by deterministic methods such as direct inversion, or 
convolution back-projection (refer to §4.3 and §4.4), leads to artifacts 
in the reconstructed image. This must be so, since the projection data 
which would give rise to zero regions in Fourier space are necessarily 
inconsistent. For example, there is no object encountered in practical 
CT imaging which is completely invisible for some viewing angles, but not 
for others. Instead, there are certain properties of the projections 
which can be invoked so that the unknown region of Fourier space can be 
completed in a way that does not conflict with (i.e., is consistent with) 
the given projection data. The unwanted image artifacts can hence be 
reduced. It must be emphasised that the calculation of consistent 
projections does not involve any attempt to fabricate unmeasured data; 
rather, it provides data that are consistent with those already measured 
- no new information is obtained, but the obviously wrong information is 
eliminated. 

The consistent projection data may be calculated as follows. 
Consider a density distribution f(r;8) which is everywhere finite-valued, 
and is zero outside a circle of radius b in image space. It follows that 
F(p;8), the Fourier transform of f(r;8), is an entire function (Bates, 
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1969). Both F(p;~) and f(r;8) can be expanded as angular Fourier series 
(Lewitt and Bates, 1978a): 

00 

f(r;8') = E f (r) exp(im8) 
m=-oo m 

) where 
2n 

fm(r) = 1/2n f f(r;8) exp(-im8)d8 
o 

F (p ; <jl) = 'f F m ( p) ex p ( i m<jl ) 
m=-OO 

where 
2n 

= 1/2n f F(p;<jl) exp(-im<jl) d<jl. 
o 

The coefficients fm(r) and Fm(P) are related by the Hankel transform 
formula (Papoulis, 1968, ch. 5) 

mOO 
fm(r) = 2n(-i) f F (p) J (2npr) pdp 

o m m 

(6.2) 

(6.3) 

(6.4) 

Using the limiting expression for Jm(2npr) as r becomes very small it is 
possible to write (following Lewitt and Bates, 1978c) 

00 

r-+o 
Lim {fm(r)} = 2( i)m(nm+l/m!)rm f pm+l F (p) dp o m (6.5) 

which shows that fm(r) can be expressed as a sum of terms in powers of r, 
where the lowest order term is rill. If lower order terms existed, the 
implication would be that the cross-section is of infinite extent or has 
infinite density. The latter possibilities are inconsistent with II real
world tl objects of interest in CT. 

Consider now the measured projections s(~;<jl): 

s(~;<jl) 
b 
ff(r;8)dn 
-b 

where the notation and geometry of §4.2 are invoked. 

(6.6) 

(Note that the 
limits of integration -b and b are effectively the same as _00 to 00, since 
the density is zero for r> b.) Substituting (6.2) into (6.6) it is 
possible to express s(~;<jl) as (Cormack, 1963) 

b 1 

S(~;<jl) = E exp(im<jl).2. ffm(r)cos[mcos 1(Ur)]r/(r2 - ~2)2 dr (6.7) 
m. ~. 
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Since s(~;~) is a function of polar co-ordinates it is appropriate to 
expand it as an angular Fourier series: 

00 

s(~;~) = E sm(~)exp(im~) 
m"" -00 

(6.8) where 
21T 

sm (~) :::: 1/21T f s ( ~ ; ~ ) ex p ( - i m~) d ~ 
0 

By comparing (6.7) and (6.8) it is evident that 

b 
sm(~) :::: 2 f fm(r)cos[ncos 1(~/rnr/(r2-

~ 

1 

)2 dr . (6.9) 

m 
If fm(r) in (6.9) is now replaced by (rib) • the corresponding angular 
Fourier series projection component is 

b 1 

.2 J (rib )mcos[mcos-1 (Ejr) JI (1- ~2/r2) 2 dr (6.10) 
~ 

(6.11) 

where Urn (Ej b) is a Chebys hev pol ynomi a 1 of the second kind (cf. Abramowi 
and Stegun, 1964, ch. 22). Hence, from (6.8), it can be shown that the 
projections may be calculated as (Altschuler et al.. 1982) 

s(t;;~) ::: (1-
n=-oo 

cm,nUm(t;/b)exp(in~) 

where the coefficients cm,n of the expansion satisfy the consistency 

condition 

cm, nO, m < I n I 

(6.12) 

(6.13) 

whi ch ensures that the image is of fi nite extent (r < b) and of fi nite 
density. 

6 A 

In general, when an image is reconstructed from incomplete data 

(even if the entire projection set is consistent in the sense of §6.1) 
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the result looks somehow unsatisfactory or "wrong", The basis of this 
subjective estimation is usually the a priori information (or assumptions) 
which the experimenter has regarding the body. For example, it is often 
known a priori that the density should always be positive, as well as real, 
and that the cross-section is of finite extent. It may sometimes be 
justified to constrain the density values to lie within certain upper and 
lower limits, based on the known properties of the materials comprising the 
cross-section. (The above, and other, constraints are also discussed in 
§4.3.3.) Equally valid in many situations, but much more subtle, is the 
expectation. and recognition, of structure within a cross-sectfon. It is 
sometimes fair to say that the most useful information to be deduced from 
an image is in fact related to the size,shape. location and orientation 
of separate recognisable structures. Because the often regular morphology 
of natural forms, and the even more simple and recognisable shapes that 
characterise man's own handiwork, are so easily recognisable to human 
observers. based on all their perceptive experience, certain patterns and 
structures are recognised as acceptable in a given context. whereas others 
are strongly rejected. The above reasoning is of course the basis of 
many a priori-type constraints which may be invoked in reconstruction 
algorithms. In particular, maximum~likelihood techniques can be invoked 
to estimate parameters relating to the most likely "form" of the image 
(Rossi. 1983) based on estimates of size, shape, boundary locations, etc. 
The point is though that even in images which are severely degraded due 
to insufficient measurements, there is structure visible to a human 
operator which would be extremely difficult (if not impossible) for a 
computer pattern-recognition algorithm to pick out. Of course one never 
gets something for nothing, since the same brain which performs 
complicated pattern-recognition may also have (unwarranted) preconceived 
expectations, or draw over-optimistic conclusions regarding the image, 
depending on what the motivation behind extracting the information is. 
Nevertheless, it is here felt that there is still no algorithm, 
deterministic or otherwise, that can compete with the human brain for 
extracting structural information from degraded images. Because of this, 

I 

an interactive computational technique has been developed in order that 
a priori information can be incorporated into the reconstruction process 
in what is here considered a very effective manner. This interactive 
reconstruction technique is described in §6.8. 
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PROJECTIONS 

6.4.1 THEORETICAL CONSIDERATIONS 

In this section, and throughout the rest of this chapter, the 
mathematical analyses are based on the co-ordinate system geometries of 

Fig. 4.1. For convenience, the figure is reproduced below, but the 

reader is referred to §4.2.2 for a full description. Parallel-ray 
projection geometry is assumed for convenience. 

y y 

IMAGE SPACE FOURIER SPACE 

Fig. 6.1 Co-ordinate geometries for image space and 

Fourier space (after Fig. 4.1). 

Suppose that many projections are measured over the angular range 
-1jJ/2:;;; ¢:;;; ljJ/2. The known samples in Fourier space are then confined to 
the double-fan-shaped region of Fourier space shown in Fig. 6.2. For a 
density distribution f{x,y) which is of finite size, the principles of 

analytic continuation ensure that an infinite number of noise-free 
projections allow f{x,y) to be uniquely reconstructed, even for a limited 
angular range of views (Louis and Natterer, 1983). However, the small 
strain that this places on the imagination is insignificant compared to 
the practical impossibility of collecting, within any particular 
restricted angular range, an infinite number of noise-free projections, 

and there has consequently been very 1 ittl e evi dence of .success in 
attempting to analytically compute missing projections (Inouye, 1979). 
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u 

Fig. 6.2 The known samples of Fourier space lie within the 
range -W/2 ¢ ~ W when projections are measured 
over the corresponding angles. 

The probable reason for this is the essentially ill-posed nature of the 
problem. This is demonstrated by Hanson (1982a) (see also Davison, 1983) 
who argues that the limited angle reconstruction problem can be posed as 
requiring the inversion of a matrix whose spectrum of eigenvalues is split 
into two parts. Some eigenvalues are close to unity and others are close 
to zero. Hanson shows that the problem is increasingly better 
conditioned as the range of missing angles decreases, since the number of 
eigenvalues close to unity increases. This accords well with common 
sense and with what is observed in practice. The problem with images 
characterised by small eigenvalues (close to zero) is that any noise in 
the projection data can lead to large differences in reconstructed images 

(Davison, 1983). 

The limHed-angle problem as it affects reconstruction by 
convolution back-projection may be considered with reference to Fig. 6.2. 
The two-dimensional Fourier transform F(u,v) of the image f(x,y) is given 
inside the shaded region characterising the angular range W of the 
measured projections. Direct inversion of F{u,v) to yield f(x,y) can 
therefore be expressed as 

utanW/2 
00 

f(x,y) = f f F(u.v)exp[i21T(UX + vy)] dvdu 
-00 -utanw/2 . 

(6.14) 
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Consider the case where the image is a two-dimensional delta 
function located at the origin, i.e., 

f(x,y) = 8(x)8(y) 

The two-dimensional Fourier transform of f(x,y) is 

F(u,v) = 1 

and the reconstruction of f(x,y) from the limited angular range of 
projections ~ is then expressed by 

00 utan~/2 
f f exp[i21T(ux+vy)]dvdu 

-00 -utan ~/2 

which. when integrated, Yields (Tam and Perez-Mendez. 1980) 

flim(x,y) = 1/{1T2[(tan~/2)y2 - x2/(tan~/2)]} • (x.y);z: (O,O) 

(6.15) 

(6.16) 

(6.17) 

(6.18) 

which is plotted for ~/2 = 45° in Fig. 6.3. The distorted delta function 
flim(x.y) has positive values in the fan Ixl < IYltan(~/2), and negative 
values in the fan Ixl > lyltan(#2). Note that close to the lines 
x = ±y tan~/2. which define the "edges" of the fan, the positive distortion 
becomes very large in the region Ixl < lyl tan(~/2), and the negative 
distortion also becomes large on its side of the lines. These high values 
appear as ridge functions, or streaks, bordering the "edges" of the fan. 
The positive distortion causes the distorted delta function to be elongated 
in the y-direction. (6.18) indicates that this elongation is particularly 
serious for small values of tan~/2. which is naturally what one would expect 
in practice. The computational examples presented in §6.4.2 illustrate 
these points. 

6.4.2 COMPUTATIONAL EXAMPLES 

Fig. 6.4 shows the specifications for a computer-generated lI phantom" 
consisting of 14 elliptical boundaries enclosing regions of given density. 
The phantom itself is displayed in Fig. 6.5{a). and its reconstruction from 
a full angular range of 180 projections is shown in Fig. 6.5{b). The 
images are displayed ih such a way that densities of zero or less are 
'represented by black, and densities of 80 or over are represented by white. 
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Fig. 6.3 The "distorted delta function ll which results 
from reconstructing a point source from 
projections spanning 90°, 

40 

50 40 

N.T.S. 

Fig. 6.4 Specifications for the computer phantom. 

Densities lying be.tween 0 and 80 are mapped linearly onto 9 different 
grey levels. For conciseness, the image is said to be IIwindowed" 
between 0 and 80. All images are displayed in a circular area of 

diameter 64 pixels. 
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(a) (b) 

Fi g. 6.5 (a) A computer-generated phantom (refer also to Fi g. 6.4) and 

(b) its reconstruction from 180 projections spanni ng a full 

angu l ar range. 

(a) (b) 

(c) (d) 

Fig. 6.6 Reconstruc tion of the phantom shown i n Fig. 6.5(a) when t here 

is a r ange of mis s i ng angles of (a) 30°, (b) 60° , (c) 90 ° , 

and (d) 120° . 
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Figs. 6.6 (a) - (d) are images of the phantom of Fig. 6.5(a), 
reconstructed from a limited angular range .of projections. The missing , 
range for each image is, respectively, of width 30° ,60° , 900 <and 1200

• 

The missing range of projections i.s effected by setting ~qual to zero 
those projections from the full set of 180 which lie in the selected 
range. In all cases (Figs. 6.6 (a) - (d)) the central projection of the 
missing range is the projection taken "vertically" through the phantom. 
The "elongation" is therefore clearly seen to be in the direction of the 
known projections, and the streaking is evident. 

Note that the portions of the boundaries whose tangents lie in the 
direction of a known projection are well reconstructed, whereas those 
boundaries whose tangents lie in the directions of the missing projections 
cannot be unambiguously inferred. This may be further appreciated by 
considering Fig. 6.7 which shows two boundaries, a circle and a rectangle. 
and the portions of these boundaries which can be reconstructed from a 90° 

range of projections centrally distributed about the vertical. 

known angular range of 
projecti ons 

Unknown portions 
of boundaries may 
lie anywhere within 
these regions 

Fig. 6.7 The boundary segments having tangents which are 
parallel to the known projection viewing angles 
are sharply imaged. 
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The dotted lines indicate the range of possible boundaries in the region 
which is poorly reconstructed. The only way of estimating where within 
this range the true boundary lies is to make some subjective assumptions 
about the object, based on either some a priori information or expectation 
of certain structural and morphological considerations. 

6.4.3 RECONSTRUCTION STRATEGIES TO MINIMISE DISTORTION 

The streaking which is observed in images reconstructed from a 
limited angular range of projections can be reduced by a variety of 
techniques. One possibility, which does not require any a priori 

information about the object, is to calculate the missing projections 
using the consistency conditions discussed §6.2. The coefficients cm,n 
in (6.12) are calculated for ~/2 ~ ¢ ~ ~/2 (where ~ characterises the 
missing range) and are used to compute consistent projections to replace 
the missing views (Louis, 1980; Peres, 1979). Less sophisticated is the 
technique due to Hanson (l982a) in which the sharp nature of the streaking 
is reduced by "filtering" Fourier space in such a way that the edges of 
the fan of known samples are rolled off smoothly, rather than just being 
allowed to stop dead. This does slightly reduce the streaking, but at 
the expense of sacrificing some -of the information contained in the 
measured data, so that there is no clear basis on which to judge the 
resulting image as "improved", It is important to realise, of course, 
that images reconstructed from incomplete data in the absence of a priori 

information can never be made to yield more information than is implicit 
in the measured projections. However, the chances of retrieving what 
information is ava-ilable can be maximised by applying standard image 
processing techniques. For example, the method described above for 
"smoothing" the edges of the fan of known samples in Fourier space could 
be improved by using the technique, known as edge extension (McDonnell and 
Bates, 1975; Lewitt and Bates, 1978b. c). The latter involves angular 
extrapolation of the fan in Fourier space in such a way that the roll-off 
begins at the edges of the known fan. and tapers to zero in the unknown 
region. In this way the undesirable sharp change in the values of the 
sample in Fourier space is avoided, while retaining all the measured 
projection data. The essential difference between the edge-extension 
method proposed here, and the filtering technique described above, is 
illustrated in Fig. 6.8. 
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~/2 ~ 

(a) Truncated (b) Fi ltered (c) Edge-extended 

Fig. 6.8 (a) F(p;~) for some fixed value of p. 
(b) F(p;~) after filtering as per Hanson (1982a). 
(c) F(p;~) after edge extension. 

Another approach to limited-angle reconstruction is to consider 
the characteristics of images obtained by simple back-projection. Recall 
from §4.2.4 that when all the projections are known, the image 
reconstructed by simple back-projection is the true image f(r;S) convolved 
with a blurring function b = b(r), where b 1/r. When only a limited 
range of projections is available, the true image is convolved with a 
blurring function whose Fourier transform B = B(p;~) is given by (Tuy, 
1981) 

= 0 elsewhere } (6.19) 

(6.19) renders the practical problem of deconvolution very difficult. 
One method described by Davison and Grunbaum (1981) involves finding a 
different convolving function for each angle ~. such that the back-projected 
image of a point object (i.e., the point spread function) is a good 
approximation to a delta-function. 

It is worth re-emphasising that no amount of computational 
manoeuvring or streak suppression can recover information irretrievably 
lost because the set of measured projections are palpably incomplete. 
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Therefore, in order to obtain a more "acceptable" image (in the sense 
discussed in §6.2), iterative tech~iques must be invoked, incorporating 
a ppiopi information. For example, constraints may be placed on the 
extent of the image (cf. Hanson, 1982b), and on the density values it may 
assume (Lent and Tuy, 1981)~ Other iterative algorithms which allow 
incorporation of a ppiopi information to compute missing samples in 
Fourier space are due to Gerchberg (1974), Papoulis (1975) and Youla 
(1978) , In some instances it might be known that the image is comprised 
only of known "shapes", or is a member of a restricted ensemble of possible 
reconstructions. In the latter case, optimisation techniques such as 
those described in §4.3.3 can be invoked (see, for example, Andrews and 
Hunt, 1977). 

It is probably fair to say that in most images reconstructed from 
an incomplete angular range of projections there are enough well 
reconstructed portinns of object boundaries for a human observer to make 
a "good guess" at the nature of the true object. The interactive 
reconstruction method described in §6.8 is based on this idea. Several 
computational examples illustrating interactive reconstruction from 
incomplete data (including reconstruction from a limited angular range 
of views) are presented there. 

Consider Fig. 6.9, which represents a cross-section of a body, 
and a projection through that cross-section. The cross-section is such 
that it can be separated into two parts, f+ and f-. 

The density is required to satisfy 

f(x,y) = 1 (x,y) E f+ U f-

} f(x,y) 
(6.20) 

= 0 elsewhere 

All emanations pass through both f+ and , but the field of view of the 
detector system is such that those passing through f+ alone are not 
detected. The resulting projections are said to be truncated, and are 
seen to depend on both f+ and f-. It is not in general poss i b 1 e in theory 
to obtain a unique reconstruction of f(x,y) from the truncated projections. 
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x 

2a 
Fig. 6.9 The body is separable into two regions. 

t+ and The density of the body is 
1 inside f+ and f-. and is zero elsewhere. 

However, consider Fig. 6.10. 

known range of rays 
passing through 
(r,e) 

Fig. 6.10 Points inside f- are intersected by rays 
spanning a complete angular range. Points 
in f+ are intersected by rays whose directions 
are in the range 8 sin-lair, 8 + sin-lair. 
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Every point inside f- is "viewed ll from all angles; in other words all 
points in f- are intersected by rays spanning a complete angular range of 
directions. However, for a point (r;O) in f+, the range of viewing angles 
is [0 - sin-1(a/r)] to [0 + sin-1(a/r)] .. This suggests that the region 
inside r should be reconstructable in some acceptable sense by convolution 
back-projection, and that points in f+ must be increasingly poorly 
reconstructed as their distance from f- increases. The above reasoning 
is certainly born out in practice. as evidenced by Fig. 6.11a, which is 
the reconstruction from truncated projections of the computer phantom shown 
in Fig. 6.5a. Clearly, the reconstruction of the central region (correspond
ing to r ~ a in Fig. 6.9) corr'esponds well to the original object in terms 
of the relative locations and densities of features in that region, except 
at the "edge ll of r where a rim of high density is observed. This positive 
distortion is due to the absence from the summation of modified ray-sums, 
of any compensating negative values which would have been contributed by 
the rays passing through f+, close to the circumference of f-. Hence, the 
latter problem can only be alleviated by employing some such technique as 
edge-extension (refer to §6.3) to estimate the ray-sums in f+ near f-. 
However, it is demonstrated below that it is a relatively simple matter to 
faithfully reconstruct the density inside f- from truncated data. This is 
confirmed by other published simulations (see, for example, Lewitt and 
Bates, 1978c; Natterer, 1980), and supports the view of Louis and Natterer 
(1983) who conclude that truncated data determine f(x,y) 'in the interior 
of f- up to a function which is almost constant. 

To improve the reconstruction outside f-, and effectively eliminate 
the IIriml' of positive distortion noted above, the truncated projections 
may be pre-processed by some form of extrapolation. For example, the 
projections can be "completed" by fitting segments of some chosen function 
to the data in such a way that each completed projection assumes its true 
value of over the known range of values, and has extrapolated end 
segments (Lewitt, 1979). The slopes of the "edge-extended" segments 
should match the slopes of the known projection curves at the points 
where they join and the projections can also be made to fulfil the 
consistency conditions of §6.2. Basically, this means ensuring that the 
integrated density for each projection is the same (or, in graphical terms, 
the areas under the projections are equal). If the latter condition is 
met, the extrapolation procedure is known as consistent completion; any 
other kind of extrapolation is here called simple completion. In 
practice, rather crude extrapolation can improve reconstructed images 
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significantly. For example, a, very simple extrapolation scheme was 
applied to the truncated data which were used to reconstruct Fig. 6.11a. 
The missing portions of each projection were replaced with linearly 
interpolated segments whose endpoints were the endpoints of the known data, 
and zero, as shown in Fig. 6.12. 

Fig. 6.12 Completion of a truncated projection by 
simple linear extrapolation. 

The resulting reconstruction is shown in Fig. 6.11b, from which it is 
evident that the detail inside f+is much more readily seen. 

66 HOllOW 

Consider Fig. 6.13, depicting a cross-section giving rise to hollow 
projections, one of which is illustrated. The density of the body 
satisfies 

f(x,y) = 1 

f (x ,y) 00 

f(x,y) = 0 

(x,y) E f+ 
(x,y) E f

(x,y) tj.f+Uf-

(6.21) 
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(a) (b) 

(c) 

Fig. 6.11 Reconstructions of the phantom shown i n Fig. 6.5(a) 

from: 

(a) truncated projections 

(b) simply-comp l eted truncated projecti ons 

(c) hollow projections 

(d) simply-completed hollow projections 
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y 

x 

2a 

Fig. 6.13 Hollow projections result when some region 
inside the body. is of infinite density. The 
body comprises f+, of density 1, and f-, of 
infinite density. 

The infinite density inside f- implies that no emanations pass through 
that region. The resulting projections of f(x,y) are termed hollow and 
are seen to depend only on f+. The density f(x,y) inside f+ can be 

uniquely recovered from the hollow projections, as was demonstrated by 

Cormack (1963). However, his inversion formula, although exact, does 
not lead to a practical reconstruction algorithm. Lewitt and Bates 
(1978a) derive such an algorithm for exact reconstruction from hollow 
projections, but deduce that any noise, error or aliasing in the 
projection samples is intolerably magnified in the process, rendering the 
technique impractical. 

It is natural to attempt conventional convolution back-projection 
reconstruction from the hollow projections. This leads to artifacts in 
the reconstruction which become severe close to the region of infinite 
density. This can be understood by considering Fig. 6.10, from which it 
is clear that when hollow projections are measured, each image point 

(which exists only in f+) is viewed over a limited angular range, and the 
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range is dependent upon the position of the image point with respect to the 
very dense region. The missing range of angles (see Fig. 6.10) is 
[8 sin-1(a/r)] < ¢ < [6 +sin-1(a/r)]. This implies that points far from 
the dense region have a smaller missing range of views and are therefore 
better reconstructed. Points close to the dense region are viewed from 
over small angular ranges and can therefore be expected to produce 
characteristic streak artifacts. To demonstrate this, the computer 
phantom of Fig. 6.5a is shown in Fig. 6.11c reconstructed from hollow 
projections. Note that the reconstruction becomes progressively worse 
towards the centre, as evidenced by greater streaking of the small high
density spots, and the "drawing out II of the larger elliptical rings as they 
approach the missing core. 

The streak artifacts originating from the dense structures near the 
inner boundary of the image region can be reduced by completing the 
projections in the manner described for truncated projections (refer to 
§6.5), except that interpolation" is, of course, appropriate, rath~r than 
extrapolation. (Note however that such interpolation procedures are 
again "edge-extension" techniques, as discussed in §§6.3 and 6.4.) Lewitt 
and Bates (1978b,qshow that consistent completion of the projections leads 
to reconstructions that are much more accurate than those achieved by 
simpler completion methods. This is only to be expected since all the 
points in a "hollowl! image are reconstructed from a limited angular range 
of projections. In order therefore to effectively eliminate the resulting 
streak artifacts it is necessary that the extra (computed) ray-sums 
accurately cancel out the positive and negative distortions during back
projection. This is unlikely to happen accidentally. when consistency 
of the projections is not deliberately ensured in the interpolation 
procedure. This is very evident from Fig. 6.11d, which is a reconstruction 
of the phantom in Fig. 6.5a from the hollow projections (used to reconstruct 
Fig. 6.11c) after simple completion by linear interpolation between the 
known inner "endpoints" of the projections; (refer to Fig. 6.14). 
Fig. 6.11d does exhibit less streaking than Fig. 6.11c, but cannot really 
be described as significantly improveq. However, when the "simple" 
completion is replaced by something more sophisticated, such as is 
described by Lewitt and Bates (1978c), the reconstructed image is found to 
be very similar to Fig. 6'.5a for r> a. 
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Fig. 6.14 Completion of hollow projections by 
simple linear interpolation. 

Recall (6.1) which is a simplistic expression for the number of 
projections needed to reconstruct an image to within a given spatial 
resolution. The number of projections needed for a faithful 
reconstruction of most real-world images is sometimes in fact 
significantly fewer than predicted by this formula. This can often be 
ascribed to the high probability that there is form and structure in the 
object, and that the latter is manifest in the image. This point is 
clearly demonstrated by Figs. 6.15 a - d which are images of the phantom 
shown in Fig. 6.5a recohstructed from 90, 30, 10 and 4 projections 
respectively. Clearly, the resolution decreases with the number of 
projections. as evidenced by the disappearance of the lower spiral of 
small dots in the reconstruction from 10 projections, but note also that 
the brighter small dots are still visible, and that the larger ellipses 
are still very much in evidence. Even in the reconstruction from 
4 projections, the image still contains information about the object, 
i,e., that it has a general tendency towards point (180 0

) symmetry. 
Consider also Fig. 6.16a. which is another computer phantom. showing a 
bean-shaped region of constant density superimposed on a circular disc 
of half the density of the bean. Figs. 6.16 b d show the phantom shown 
in Fig. 6.16a reconstructed from 30, 12 and 8 projections respectively. 
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(a) (b) 

(c) (d) 

Fi g . 6.15 Reconstruct i on of the computer phantom shown in Fi g. 6.5(a) 

from (a) 90, (b) 30, (c) 10 and (d) 4 pro j ect i ons . 

(a) (b) 

Fig. 6.16 (a) Computer generated phantom and its reconstructions 

from (b) 30, (c) 12 and (d) 8 proj ections. 



204 

If the important information about the object is considered to be the 
51 ,location and boundary of the bean-shaped region, then clearly even 
the reconstruction from 8 projections is useful. 

Practical experience, illustrated by the above examples, suggests 
that many objects can be usefully reconstructed from few projections, in 
the sense that within the images (which can be considered as having piece
wise constant density) the boundaries of the larger constituent regions 
can be clearly identified in the reconstructed images. The basis in 
theory for the above observations may be argued by Fourier analysis of the 
class of problem here discussed, 

6.7.1 FOUR,IER PROPERTIES OF PIECEWISE CONSTANT IMAGES RECONSTRUCTED 

FROM FEW PROJECTIONS 

The co-ordinate geometry inustrated in Fig. 6.1 is applicable to 
this section, which is developed along the lines of Bates and Garden (1981), 
Garden and Bates (1983). Image space ;s partitioned into two non
intersecting regions, ~_ and ~+. The former, which is of finite extent, 
is itself partitioned into M non-intersecting regions, the mth being 
denoted~. Hence 

Throughout ~, the density f(x,y) of the body is 

f(x,y) = 0 , (x,y) E ~+ 

= km, (x ,y) E ~_ } 

(6.22) 

(6.23) 

(6.24) 

where {km; m 1,2 ... M} isa set of (different, in general) real constants. 
The area of ~ ;s denoted by Am, so that 

(l/Arn)fff(x,y) dxdy == krn • (6.25) 
~ 
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Consider now N projections {s(~;¢n); n=1,1 ... N} of f(x,y) such that N is 
not large enough to satisfy the sampling constraints determined by the 
linear dimension of the smallest significant detail in the image; (refer 
to §4.2.2). The given projections therefore correspond to .a sparse 
covering of Fourier space. It is convenient therefore to partition 
Fourier space into a pair of non-intersecting regions: 

(6.26) 

where 3_ is the region effectively covered by the one-dimensional Fourier 
transforms of the given projections. It is convenient to denote by 2 the 
interior of the circle, centred on the origin of Fourier space., which just 
encloses When N is small, the intersection of 3 and E spans only a 
small part of~. The available data are represented, not by F(u,v) itself, 
but by [F(u,v) H(u,v)] where 

H(u,v) ~ 0 
:: 1 

(u,v) E 

(u,v) E .} 
It follows that the two-dimensional inverse Fourier transform of 
[F(u,v) H(u.v)] can be written as 

f(x,y) = ffF(u,v)exp(-2n[ux + vy])dudv 

which is the best version off(x,y) that can be recon$tructed without 
invoking any of the available a priori information. 

It is appropriate to examine the behaviour of 

t,(x.y) = ffexp(=i2n[ux + vy])dudv 

(6.27) 

(6.28) 

(6.29) 

The more of 3 spanned by ,the closer t,(x,y) becomes to the two-dimensional 
delta function 6(x,y). Even when 3 represents a very sparse covering of 
Fourier space, t,(x,y) consists of a central lobe (whose width is inversely 
proportional to the radius of E) together with side lobes (which tend to be 
large and irregularly distributed throughout ~). In fact, t,(x,y) has the 
character of the "dirty beam ll of a radio astronomical synthesis telescope; 
the point is that there are always appreciable gaps in such a telescope's 
coverage of Fourier space (Hogbom, 1974). 
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It is now possible t~ explain. in part at least, why boundaries of 
individual regions tend to be apparent in images reconstructed from 
incomplete and/or distorted data. The definition (6.29) of ~(x,y), which 
is appropriately called the "dirty delta function ll

, could of course 
characterise awide class of imperfect sets of data, provided the definition 
of is suitably modified. 

The members of the set {km; m=l,2 ... M} of constants are defined by 

kmAm = I f(x ' ,yl )dx'dy' 
Q'm 

(6.30) 

where the dummy variables Xl and yl are introduced to make the next step 
in the argument easier to appreciate. A dash is attached to the symbol Q 

when the x,y -co-ordinates are replaced by the Xl ,y'-co-ordinates. 
Invoking (6.28) and (6.29), and recalling from (4.4) the form of the inverse 
Fourier transform of F(u,v), shows that (6.30) can be rewritten as 

~ M 
kmAm = 2: k,Q, II II ~(Xl - x,yl - y)dxldy'dxdy 

,Q,=1 Qj(, Q'm 
(6.31) 

In the lIideal case", when ~(x,y) becomes 6(x,y), the inner integral 
in (6.31) only has value for points (x,y) in~. The summation then 
collapses to its mth term, which is km multiplied by the integral of unity 
over~. The latter is Am, by definition. So, km becomes km' as 
expected, when effectively spans all of 2, which is the equivalent to 
saying that N is sufficient to satisfy all inherent sampling constraints. 

It is crucial for the remainder of the argument to appreciate that 
adjacent sidelobes of ~(x,y) must differ in phase by TI because the shape 
of ~_ is necessarily symmetrical about the origin of Fourier space. This 
follows from the projection theorem and the fact that f(x,y) is real, 
which ensures that 

IF(u,v)1 1F(-u,-v)1 

Note further from (6.29) that 

II~(x,y)dxdy::: 1 
Q 

(6.32) 

(6.33) 
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provided the origin of Fourier space lies within 3_, which it does by 
definition. The inner integral in (6.31) is therefore unity for the 
majority of points (x,y) in~. This integral is likely to be oscillatory 
near the boundary~ and outside, of ~. with the amplitude of the 
oscillations tending to be small outside of~. Hence (6.29) can "in 
general be re-expressed as 

M 

k =(1+s )k + 2:s k 
m m,m m ~=1 ~,m ~ 

(6.34) 

~;t:m 

where the Sn are real constants. For any ~;t:m, ISn I can naturally be 
!VIm !V,m 

expected to be significantly less than unity. On the other hand. the 
magnitude of sm/m must depend upon the ratio of the typical linear 
dimensions of ~ and the central lobe of ~(x,Y). Therefore, the larger 
Lm is. the sma 11 er can I sm,m I be expected to be. where Lm is the 1 ength 
of the shortest straight line connecting points on the boundary of ~. 
ISm,ml can also be expected to.decrease as (I\n/A_) decreases, where A_ 

is the area of ~. It follows that km must approach km as the size and 
aspect ratio of ~ become larger and smaller respectively. It is not 
really surprising, therefore, that the boundaries of the more prominent 
of the ~ are apparent in the reconstructed image, even when N is quite 
sma 11 . 

68 TECHNIQUE FOR IMAGE RECONSTRUCTION 

FROM DATA 

It has been noted in earlier sections of this chapter that images 
reconstructed from incomplete data often exhibit recognisable (to a human 
viewer) structure, from which useful information should be extricable. 
This is perhaps most noticeably true for images reconstructed from few 
projections. for which it is demonstrated (theoretically and 
computationally) in §6.7. that the boundaries of the prominent "features" 
constituting a cross-section are readily recognisable in the reconstructions, 
in spite of the streak artifacts which also characterise reconstructions 
from few projections. It is important to realise that the above 
observation is a tribute to the pattern recognition abilities of the human 
brain, which cannot as yet be emulated unaided by the digital computer. 
In order to take advantage of this natural ability, and to efficiently make 
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use of the a priori information that the true image is piecew'ise constant 
(and any other a priori information that might be known), an interactive 
reconstruction technique has been developed, for which a human operator 
provides all the insight, and a computer does all the computation. The 
algorithm is described below, with the specific aim of reconstructing 
images from few projections. This the algorithm is found to do quite 
faithfully, but it is further noted that interactive reconstruction 
techniques can be applied to other classes of incomplete data, and 
computational examples are presented to illustrate the point. 

6.8.1 THE ALGORITHM 

The terminology and notation of §6.7 are applicable to this section, 
as are those of §4.2. As the first step in the reconstruction of f(x,y) 
from few projections, convolution back-projection (refer to §4.2.4) is 
invoked to reconstruct f(x,y) from the set {s(l;,;q,n); n::;l,2 ... N} of given 
projections. The number M of separate regions into which f(x,y) appears 
to be divided is estimated by visual inspection of f(x,y). The boundaries 
of the pieces are also estimated by visual inspection and are traced out 
by the human operator with a cursor. The regions ~ occupied by these 
estimated pieces are thus entered into computer memory. Note that, for 
none of the m, is ~ likely to be identical to Urn, nor can M always be 
expected to be the same as M. (Of course, M may often be available as 
a priori information, but this is not a necessary constraint.) 

A A 

The computer calculates the area Am of each Urn and also its average 
A 

image amplitude km' which is defined by 

km = (l/Am)JJ f(x,y)dxdy 
nm 

A first piecewise constant estimated image f(x,y) is defined by 

f(x,y) 0 (x,y) E 0+ 

) 

(6.35) 

(6.36) 

where 0+ is the region of 0 outside the region 0_ within which the human 
operator deems that all significant parts of f(x,y) reside. 
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Reconstruct an image 

from the incomplete 

projection data 

Estimate boundaries 

interactively using 

the cursor on a 
graphics terminal 

Calculate average 
densities inside chosen 

boundaries. Form 
piecewise constant 
estimated image. 

Re-project through 
estimated image, 

subtract from original 
projections, and 

reconstruct difference 
image 

NO 

YES 

Add difference image 

to piecewise constant 
estimated image. 

Fig. 6.17 Flow chart describing the interactive image 
reconstruction algorithm. 
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The computer next calculates the set {i(~;~n); n=1,2 ... N} of 
projections of f(x,y), in such a way that the error associated with 
reprojecting through an array of pixels is minimised (refer to Heffernan 
and Bates (1982. §2) in which the computational aspects of reprojection 
are discussed). A set of difference projections {s ~;~n}; n=l,2 ... N}, 
is then calculated, such that 

(6.37) 

From the difference projections is reconstructed, by convolution back-
projection, a difference image, (x ,y). 

If visual inspection of f_(x,y) reveals that its amplitude is 
everywhere negligible, then f(x,y) is taken to be the best available 
estimate of f(x,y) itself. If the amplitude of the difference image is 
deemed significant, (x,y) is added to f(x,y), and the algorithm resumes 
with the human operator again identifying M and the ~m. It continues 
iteratively until the human operator deems the amplitude of (x,y) to be 
everywhere negligible, at which time the current f(x,y) is taken to be the 
best available estimate of f{x,y). The basic steps of the algorithm are 
summarised in the flow chart shown in Fig. 6.17. 

, / 

6.8.2 TERMINOLOGY AND RATIONALE 

Before presenting several computational examples demonstrating the 
use of the interactive image reconstruction algorithm, it is appropriate to 
first establish a precise terminology. This also serves to re-emphasise 
the rationale behind the method. The interactive recoristruction procedure 

/ 

may be summarised as follows: 

1. An image is reconstructed from the incomplete data by convolution 
back-projectio~. This image is called the originaZ reconstructed 

image. (The cross-section to be reconstructed is called the true 

imagej the object or the phantom.) 

2. The boundaries of the piecewise constant constituent regions of 
the original reconstructed image are identified by the human 
operator, making use of available a priori information and 
subjective knowledge of acceptable structural form and shape 
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(i,e" natural morphology). The act of identifying the 
boundaries by eye is known as boundary estimation and is a form 
of pattern recognition, since the latter simply implies the 
recognition of groups of pixels which are correlated in some way 
(Rosenfeld and Kak, 1982). The estimated boundaries are 
entered into computer memory by the human operator, who views the 
image on the display screen and guides a reference marker (known 
as a cursor), around the estimated boundaries of the piecewise 
constant regions apparent in the image. This interactive 
algorithm therefore exploits the pattern recognition abilities of 
the human brain, which are indisputably far superior to those of 
computer algorithms designed to fulfil similar tasks. 

3. The computer calculates the average value of the density within 
each piecewise constant constituent region, and displays a 
piecewise constant estimated image, for which each chosen region is 
allocated the appropriate constant average density. 

4. The computer calculates projections through the piecewise constant 
estimated image, subtracts them from the corresponding measured 
projections to yield difference projections, and from the latter 
reconstructs a difference image. The difference image is assessed 
by the human operator as to whether or not it harbours useful 

information. It is important to realise that due to the 
incompleteness of the original data, there is a lower limit to the 
achievable spatial resolution in the reconstructed image. Hence 
all the useful information in the difference information corresponds 
to those groupings of pixels having correlated density values, 
rather than to individual pixel values. even though such isolated 
points may be of high value. Clearly then, some form of pattern 
recognition must again be employed to discriminate between 
useful difference information, and isolated pseudo-random difference 
values, which may here be classed as noise. Once again, the human 
operator is chosen to perform this task, although a reasonably 
sophisticated computer algorithm could probably be devised to make 
a yes/no decision on whether or not to proceed with the next 
iteration. If the human operator decides that there is no useful 
information present in the difference image, the first piecewise 
constant estimated image is accepted as adequately meeting the 
a priori constraints and as being of an acceptable form. The 
image is then said to be adequately satisfyinp. If the human 
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operator deems that there i8 significant useful information 
contained in the difference image the algorithm proceeds as follows. 

5. The difference image is added to the piecewise constant estimated 
image. The latter is then said to be enhanced. The enhanced 
piecewise constant estimated image then assumes the role of the 
original reconstructed image, new boundaries are estimated, and 
the algorithm proceeds from step 2 above. 

6.8.3 COIVlPUTATIONAL EXAMPLES 

To "illustrate the use of the interactive reconstruction algorithm 
described in §6.8.1, Figs. 6.l8a-h represent each step involved in the 
reconstruction of the phantom shown in Fig. 6.5a from 8 projections using 
the a priori information that M :- 2, and the outer boundary is circular. 
(The phantom is redisplayed in Fig. 6.181, since a different graphics display 
system is used to implement the interactive algorithm. All images are 
windowed between 0 and 60 (refer to §6.4 where "windowing" is discussed). 
Fig. 6.18a shows the reconstruction from 8 projections. Fig. 6.l8b 
represents the first estimate of the boundaries of the two piecewise 
constant regions, which is effected by moving a cursor around the chosen 
regions. Note that the boundary in this case is quite easy to see, so 
for the purposes of i 11 ustrat ion. dec; dedly "wrong" boundari es are 
deliberately chosen. The computer calculates the average value of the 
densities inside the chosen regions, and replaces the image density values 
with the appropriate average. as shown in Fig. 6.18c. Projections are 
then calculated through the piecewise constant estimated image of Fig. 6.18c, 
subtracted from the original projections, and the resulting difference 
projections are used to reconstruct the difference image, shown in 
Fig. 6.18d. Note that the difference image has in general both positive 
and negative values; only the positive differences are displayed in 
Fig. 6.18d. Comparison of Fig. 6.l8d with Fig. 6.l8b shows that the 
regions where the boundary was incorrectly guessed show up strongly in the 
difference image as groupings of pixels of similar density. Since this 
constitutes useful information, the difference image is next added to the 
piecewise constant estimated image of Fig. 6.18c, and the resulting image 
is displayed in Fig. 6.l8e. Once again, the boundaries of the two regions 
are estimated, and they are drawn in with the cursor, as shown in Fig. 6.l8f. 
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the new piecewise constant estimated image is formed (Fig. 6.18g) and the 
difference image is calculated (Fig. 6.18h). This time, the difference 
image is judged tocontainlittl e useful information, s inceonlyisolated 
"random ll points have significant value and the imageshbwn in Fig.6.18g is 
deemed to .be an adequately satisfying estimate of the true image. 
Comparison pf Fig. 6.18g and Fig.6.18i shows thattt is indeed a good 
est·imate, whi.ch is of course to be expected, since the initial 
reconstrUction (Fig. 6.18a) is itself quite faithful. 

Example 2 

This example illustrates the use of the interactive algorithm for 
reconstruction from few projections of the computer generated phantom 
displayed in Fig. 6.19a. The densities of the smallest and largest and 
each of the enclosed discs are 120, 20 and 40 respectively. All images 
for this example are windowed between 0 and 80. (The computer phantom 
was not revealed to the operator ~ntil after image reconstruction.) The 
available a priori information is that the object is comprised of 4 circular 
discs. The original reconstruction from 8 projections is shown in 
Fig. 6.19b, and the first estimated boundaries are displayed in Fig. 6.19c. 
Note that three of the circles are readily estimated, while the fourth, of 
lowest density, is severely degraded due to the streaking originating from 
the small high-density disc. The piecewise constant estimated image is 
shown in Fig. 6.19d, and the difference image is displayed in Fig. 6.1ge. 
The difference image is very revealing, showing that the large circular 
boundary was wrongly guessed. The lower right inner disc also seems to 
have been slightly misplaced. The enhanced image shown in Fig. 6.19f was 
used to re-estimate the boundaries, leading to the piecewise constant 
estimated image of Fig. 6.19g, and the difference image of Fig. 6.19h. 
Visual assessment of Fig. 6.19h suggests that there is only a small amount 
of useful information in the difference image; (the lower right grouping 
of pixels having similar density indicates that the lower inner disc is 
still slightly misplaced). Based on this assessment, one more iteration 
could perhaps be justified. However, the human operator decided not to 
continue with another iteration, and accepted Fig. 6.19g as an adequately 
satisfying estimate of the object. Comparison of Fig. 6.19g with the 
phantom (Fig. 6.19a) shows that the former is indeed an adequate estimate 
of the original object, and is certainly more useful, in any practical 
sense, than the original reconstructed image, Fig. 6.19b. Note that the 
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(h) Secor "diffel~ence image" 
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(g) Second "piece-vJi se const a nt 

estimated image" - accepted as 

sati sfactol'Y, based on (h). 

Figs. 6.18 a to h. Step-by-step illustration of interactive 

image reconstruction. 

Fig. 6.18 i . Original object. The densities of the "bean" 

and the circular background are 40 and 20 

l'especti ve 1'y. 
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(f) Second cho i ce of bounda r ies 

( i ) Pha ntom 
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(e) Enhanced i mage, (d) + (c) 
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(b) 

(g) (h ) 

Fi g. 6.19 a Computer generated phan tom . True densities of discs are indica t ed. 

b Reconstruction of phantom from 8 project ions. 

c Firs t choice of boundaries 

d Firs t piecewise constant esti ma ted image. Calcula t ed average densities 
are indicated. 

e First difference i mage. 

f Enhanced i ma ge from which new boundaries chosen . 

9 Second piecewise cons t ant esti mated image (average values shown ) -
accepted as satisfactory. 

h Second difference image. 
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quantitative information in the caption to Fig. 19 a - h, regarding the 
densities of the piecewise constant constituent regions after each 
iteration, tends to reflect the convergence of successive estimated images 
towards a more and more satisfying result. 

Example 3 

Fig. 6.20a shows the computer phantom of Fig. 6.18i reconstructed 
from 8 projections. The projections are contaminated by "noise" in such 
a way that the measured ray-sum may be in error (greater or smaller than 
the true ray-sum) by up to 10% of its value. The loss of spatial 
resolution in Fig. 6.20a as compared to Fig. 6.18a (which is the same 
reconstruction, only from noise-free projections} is immediately obvious. 
However, again us i ng the apriorii nformat ion thatM = 2, and the outer 
boundary is circular, Fi'g. 6.20b shows the estimated boundaries. 
Fig. 6.20 c and d are the corresponding piecewise constant estimated 
image, and the difference image,' respectively. (All images are windowed 
between 0 and 60.) Although the pixels in the difference image are of 
significant value when considered separately, there is no apparent 
correlation between them and so 
contain any useful information. 
an adequately satisfying image. 

the difference image is demmed not to 
Fig. 6.20c is therefore accepted as 
The point is that the loss of spatial 

resolution inherent in the '1noisy" projections cannot be overcome by 
"interactive manipulation of this kind - indeed, if this was so then the 
entire method would be rendered suspect. 

Example 4 

Reconstruction from a limited angular range of views can also be 
approached interactively. Fig. 6.21a shows the computer phantom of 
Fig. 6.18i reconstructed from 120 projections spanning 1200

• (Note that 
for parallel-beam reconstruction, which is here simulated, this 
corresponds to 600 of missing data.) The a priori information is here 
restricted to knowledge of the circular shape (but not size) of the 
outer boundary. All images are windowed between 0 and 60. The number 
of constituent regions, M, is initially unknown. Fig. 6.21b shows the 
estimated boundaries of regions in the image which appear to have piecewise 
constant density. The projections through the resulting piecewise 
constant estimated image (not shown) are calculated for the full angular 
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Fig. 6.20 a Reconstruct i on of the computer phantom shown in 

Fig. 6.18i from 8 "noi sy" projections. 

b Estimated boundari es. 

c Piecewis e constant est i mated i mage 

d Difference image. 
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Fig . 6.2 1a. Reconstruc tion of the computer phan t om shown in Fig. 6. 18i, 

from 120 projecti ons spanni ng a limi ted angu l ar r ange of 

120°. 

Fig. 6. 21b. regi ons, from which 

are compu t ed the pi ecewise constant ima ge . 

Fi g. 6 . 21c . of projec t ions; cons is ting 

of 120 origi na l project i ons , and 60 proj ecti ons calcu la ted 

for the unknown range by reproject ing thro ugh the piecewise 

constant estimated image. 
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range (180°). The calculated projections corresponding to the missing 
range of data are then used to supplement the measured projections, making 
up a full set. Conventional reconstruction by convolution back-projection 
then yields a (hopefully) better estimate of the true object; the 
reconstructed image for the example under discussion is shown in Fig. 6.21c. 
The latter image certainly resembles the true object better than that of 
Fig. 6.21a, which was reconstructed directly from incomplete data. Note 
especially that the circular outer boundary is accurately reconstructed in 
the interactively processed image (Fig. 6.21c) even though this boundary 
was not particularly accurately estimated to begin with. Note also that 
the "background" is considerably smoother in the processed image, indicating 
that M is not likely to be 4, as originally guessed, but is more likely to 
be 2 or 3. 

6.8.4 FURTHER POSSIBLE REFINEMENTS 

The interactive approach to reconstruction from incomplete data 
suggested and introduced above has scope for almost unlimited extension 
and refinements. Perhaps the most important aspect is the way in which 
the difference information is used to enhance or correct the initial 
estimate of the image. For the examples presented in §6.8.3, the 
difference image is added directly to the piecewise constant estimated 
image. This generally yields an image which is slightly better (i.e., 
within which the inherent structure of the object is more readily seen) 
than the original reconstruction, and so an improved set of boundaries 
can be estimated. For all the computer-generated and real-world examples 
so far studied, only two or three iterations have been required (and often 
only one is sufficient) to arrive at an adequately satisfying estimate of 
the image by this means. However, a refinement of the algorithm is 
possible, whereby the difference image is itself subjected to piecewise 
constant boundary estimation before it is added to the piecewise constant 
estimated image. This would prevent the streak artifacts, inherent in 
the reconstruction of the difference image from few projections, from 
creeping back into the estimated image. As noted above, these artifacts 
are not severe in that the operator is not prevented from making a better 
choice of boundaries because of them, but removal of the artifacts would 
probably make the boundary identification exercise slightly less fatiguing. 
In the event of the above refinement being incorporated, an automatic 
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pattern recognition program could be used for the second and successive 
boundary estimations, with the human operator 1I0utlining" only the 
difference image. 

Other types of iterative image reconstruction, such as the IIfit 
and iterative method" (FAIR) described by Hanson (1982) could benefit from 
making the first step in the algorithm an interactive one, thereby 
efficiently incorporating the available a priori information and exploiting 
whatever structure or information is revealed by the initial degraded 
reconstruction. In this way, the constraints on the iterative solution 
(see §4.3) would be entered interactively at the start of the reconstruction, 
and of course some facility for redefining the constraints after each few 
iterations could be ~asily incorporated. 

The algorithm presented in this section is aimed at exploiting the 
superb pattern-recognition abilities of the human brain in such a way that 
a good estimate of the object r~sults. The computational examples verify 
that interactive reconstruction does yield useful images. It is 
interesting too to note that the reconstruction procedure is fairly 
insensitive to possible bias in the choice of boundaries. That is, a very 
wrong initial estimate of the image does not cause successive iterations 
to tend towards a wrong solution. It must be remembered of course that 
the data are always palpably incomplete (or else interactive 
reconstruction would not be necessary) so that the best estimate of the 
image arrived at by interactive image reconstruction is not to be thought 
of as the true object, so much as the Illost likely estimate of the true 
object, in terms of what is morphologically acceptable,and within the 
other a priori constraints. 
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As stated in §2.5, CT image reconstruction has throughout this 
thesis been discussed under the implicit assumption that the cross-section 
of the body being imaged remains inviolate during data collection (or 
scanning). Hence, the reconstruction techniques described in chapters 4 
and 6 are predicated upon the spatial distribution of the density of the 
cross-section remaining constant in time. The latter restriction to a 
large extent determines the useful applications of a given CT measurement 
system. For example, in imaging the human body, attention must be paid 
to the possible inclusion of moving organs (such as the heart) within the 
cross-section, respiratory motion and peristaltic action. Although the 
breath can be held, the heart continues to beat and the period of its 
motion is significantly less than the fastest available scan times of 
conventional X-ray CT body-scanners. In other applications which require 
a much longer scan time (such as for emission CT systems) there exists the 
possibility that the entire body might move slightly during the scan. It 
is of interest therefore, as to just what effect motion has on reconstructed 
images, and so this is the topic of §7.2. 

Another mechanism by which the cross-section may change during the 
scan is, for the body to remain stationary. while the densities of 
constituent regions within the cross-section of interest vary. This is 
precisely the situation which arises when the heart is imaged using X-ray 
CT. as radio-opaque dye flows through the heart via the circulatory system 
during scanning. A more subtle phenomenon which may be regarded as a 
varying-density effect concerns the fluctuation of system parameters such 
as the source intensity. and experimental measurement system errors, which 
can collectively be termed "noise" for the purposes of this discussion. 
It is here contended that any temporally varying system noise can be 

equivalently modelled by considering that the measurements are noise-free. 
but that the density of the cross section is temporally varying. Hence, 
examination of the effects on reconstructed images, of temporal variations 
in the density of the cross-section. should enable insight to be gained 
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not only into the consequences of great changes in the density (such as 
occur when imaging the heart) but also regarding the stability of CT 
reconstruction in the presence of noise. 

in §7.3. 

Density variation is discussed 

Notice, from the above comments, that in imaging the beating heart 
using a conventional CT scanner, both motion and density variation are 

encountered. For this reason, and because the heart is undeniably one of 
the most important, and elusive (in terms of imaging), of human organs, 
§7.4 is devoted to the problem of CT reconstruction of the heart. 

7.:2 EFFECTS OF MOTION ON RECONSTRUCTED IMAGES 

In general, the effect of motion on CT images is to decrease the 
contrast resolution and the spatial resolution in the region of the motion 
(Heffernan, 1981). Depending on-the periodicity of the motion (if any) 
and the total scan time, artifacts may also extend over the whole image. 
It is here contended that the nature of the motion artifacts is best 
analysed by decomposing the reconstruction into a sum of reconstructions 
from subsets of projections. The above contention is best explained by 
considering a single small "spot" as it moves about within a cross-section 
of uniform lower density. Fig. 7.1a shows such a spot, whose density is 
40, positioned in the middle of a circular region whose density is 10, and 
whose radius is r = 1. All images in this section are displayed using a 
window of 0 to 30. All reconstructions are made from 180 projections. 

Suppose that the spot alternates between two points p+ and P- on 
the vertical axis, where the locations of the points are given by 
r+ = 0.125 and r- = -0.125 respectively. The motion is "jerkyt' in that 
the spot spends half a second at, say, p+ then instantaneously arrives at 
P- and spends half a second there. Hence during a 16 second scan time 
(for which the 180 projections are collected over 180°) the spot spends 
eight seconds altogether at each position. The reconstruction 
corresponding to the latter situation is displayed in Fig. 7.1b. The 
way the reconstruction may be "decomposed" is as follows. Suppose that 
during the entire scan time two stationary spots exist at both p+ and P-. 

However, consider that the spot at P+ is viewed by the source over a range 
of once every 11.5°. The spot at P- is viewed for the other 5.8° every 
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(a ) (b) 

( c) (d) 

Fi g, 7.1 

a A "spotl! ~ of de nsity 40, i s located within a circular cross - s ection 

of clens ity 2 0 and ra di us L 

b Th e spot moves "jerkil y", from a poi nt P- (r = 0.125) to a poi nt 

p+ (r = +0 .125) on the vert ica l ax i s , once e very ha l f second, 

dur i ng a scan t ime of 16 s econds. 

c The spot moves as des cri bed for (b) above. but the scan t i me is 

2 seconds . 

d 
+ The spot spe nds the f i r s t hal f o f t he scan t ime at P and the s econd 

half of the scan at P . 
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11.5°. The known samples of Fourier space corresponding to the two 
hypothetical spots are shown in Fig. 7.2. 

v 
Spot at P 

--..... u 

+ Spot at P 
v 

u 

Samples fill half of Fourier space. Samples fill other half of Fourier 
space. 

Fig. 7.2 Fouri~r space subregions corresponding to 
projections thr6ugh spots at ~+ and P- for 

a scan time of 16 seconds., 

The reconstruction of the two spots, each from an incomplete data set, 

is clearly identical to the reconstruction of the moving spot described 
above. The image shown in Fig. 7.1b is therefore understood to be the 

same as that which would result by adding together the two images 
reconstructed from the 'two incomp,lete data sets.' This clearly explains 

the "stellar ll nature of the artifacts in Fig. 7.1b, since each incomplete 
data set is characteristic of few projections (actually Ilbunches li of 

projections) as discussed in §6.7. 

Consider now that the scan time is just two seconds, so that the 

reconstruction may be thought of in terms of the two subsections of 
Fourier space shown in Fig. 7.3. The reconstruction is thus seen to be 
composed of two reconstructions from limited data sets corresponding to 
a single point at each of p+ and P-. The nature of the incomplete data 
is that two limited angular ranges of projections are known for each 

location. The artifacts can therefore be expected to consist of streaks 
at 90 0 intervals centred on each spot location. These streaks are in 
fact evident in Fig. 7.1c, which is the reconstructed image corresponding 
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Fig. 7.3 Fourier space subregions corresponding to the 
spot being at P- and p+ during a two second 
scan. 

to a 2 second scan time, when the motion of the spot is as described 
above. 

A very different situation results when the spot spends half the 
scan time consecutively at P-, then instantaneously arrives at p+ where 
it spends the rest of the time. Fig. 7.1d shows the relevant 
reconstruction. The nature of the reconstructed image is clearly 
understood by considering that the projections can be again split into 
two groups corresponding to the point being only at P-, then only at pt. 

Each set clearly corresponds to reconstruction from a limited angular 
range of views (90°), so that each spot in Fig. 7.1d appears elongated in 
the direction of the relevant set of known projections, and characteristic 
streaking is evident along the edges of the relevant fan (refer to §6.4). 
Comparison of Fig. 7.ld with Fig. 7.1b, and even with Fig. 7.lc, shows that 
it is desirable to try and ensure that the separable reconstructions 
correspond to reconstruction from few projections (or bunches of 
projections) rather than a single limited angular range of projections. 

An interesting point to consider is that the reconstruction shown 
in Fig. 7.1b could have resulted from either the alternating motion of the 
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spot as described above, or by collecting the projections in a different 
order, if the spot behaved as described for Fig. 7.1d. Likewise. Fig. 7.ld 
could have resulted from the projections being measured in a different 
order, if the point moved as described for Fig. 7.lb. This has important 
implications for NMR imaging, since the order in which the projections are 
measured need not be incremental from, say, a to 180°. So as to avoid 
characterising the instantaneous location of a typical point in the object 
by a limited angular range of projections, it is possible inNMR imaging 
to adopt a pseudo-random order for the projection viewing angles. (The 
same is not true of X-ray CT, since the scan time would become very long 
if the gantry had to rotate back and forth in an erratic manner. ) By 
measuring the projections from randomly-ordered viewing angles. the 
instantaneous location of a typical moving point iSlTIore likely to be 
characterised by a set of few, evenly distributed projections, for which 
the associated artifacts are evenly distributed (like the spokes of a 
bicycle wheel) over the image, and for which spatial resolution is better 
preserved. 

Comparison of Fig. 7.lb with Fig. 7.lc shows that the relative time 
spans of the motion, and the scan, are an important influence on the degree 
of image degradation. This point is well illustrated by considering the 
smooth periodic motion of the spot between points p+ and P- located at 
r+ == 0.75 and r-=-0.75 along the vertical axis. The motion is simple 
harmonic, of period one second, and the spot is initially at the centre of 
the large circle. The projections are measured incrementally beginning 
with the source at 0° (top of figures) and rotating anti-clockwise through 
180°. Figs. 7.4 a - d show reconstructions of the moving spot for scan 
times of 0.5, I, 2 and 16 seconds respectively. on the left, and plots of 
the vertical position of the spot against time on the right. Very strong 
artifacts are present in the first three images. This is not surprising 
since at each point during its motion there exists a limited angular range 
of projections characterising the spot at that position. Reconstruction 
at any point therefore gives rise to characteristic streaking along the 
edges of the "fan" of measured projections (refer to §6.4). Since the 
motion of both the spot and the source is smooth, the change in direction 
of the streaking is also smooth so that the smooth curves noticeable in 
Figs. 7.4 a - c are generated, in much the same way as a spirograph curve 
is drawn. Note the positive-negative nature of the streaking, which has 
been shown to typify artifacts arising from limited-angle reconstruction. 
Consider now Fig. 7.4d, for which the scan time was 16 seconds. Here, 
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(a) (b) 

(c ) (d) 

Fig. 7. 4 The spot moves with simple harmonic motion along the 

vertical axis. Its initial position is at the centre 

of the cross-secti on (r = 0) , and its initial direct ion 
+ is towards P at r = 0.75. The amplitude of the moti on 

is 1.5 (from p+ at r ~ 0.75 to P- at r = -0.75 ) and the 

period of the motion is one second. The reconst ructed 

images correspond to the spot moving as described above 

during a scan time of (a ) 0 .5 seconds 

(b) 1.0 seconds 

(c) 1.5 seconds 

(d) \6.0 seconds 

The initial projection direction is vertical, and the 

"scanner '! rotates anti -c1 ockwi se. 
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each spot location is viewed from 16 evenly spread IIbunches ll of 
projections, so that the image is more characteristic of many reconstructions 
from few projections, and is seen to represent a kind of averaging effect. 
The trajectory of the spot is evident, and the reconstruction is brighter 
at the ends of the trajectories where the spot in fact spent more time. 
The degradation of the image see~to be largely restricted to within a 
circle whose diameter is given by the extent of the motion. The obvious 
implication then is that unless the scan-time can be made very short with 
respect to period of the motion (in which case the cross-section can be 
considered to be effectively invariant), the projections should actually 
be collected over as long a time as possible. Since it has been 
demonstrated (in §6.7) that reconstructions from as fewas8 or 10 
projections can be quite satisfactory, a general guide is that the scan-
time should be at least 8 to 10 times the period of the motion. Of 
course, if the moving region is of very high or very low density, much 
longer scan-times are necessary to avoid the characteristic spoke-like 
artifacts which result when such regions are reconstructed from few 
projections. 

Based on the rationale and examples presented above, it is here 
concluded that the best general strategy to adopt for image reconstruction 
when it is known that part of the cross-section moves periodically during 
the scan is to randomise the order in which the projections are measured, 
and to maximise the scan-time with respect to the period of the motion. 
The implications of this conclusion as they affect CT imaging of the 
beating heart are discussed in §7.4.2. If, however, the motion is 
generally random in nature, the order in which the projections are 
measured is of little influence. The blurring induced by the random 
motion of a spot about a fixed point within a given radius has been 
studied by Heffernan (1981) who concludes that the plurring in such a case 
depends only on the time for which the point moves, and the effective 
radius to within which its movement is confined. 

The effects on reconstructed images of density variations ~ithin the 
cross-section during CT scanning have not been previously reported. 
Interest in the phenomenon has here arisen from the need to enhance the 
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scan-time 

100 

20 
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scan-time 

40 
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O~ __________ ~~ __ ~~ 

(d) 

Fig. 7.5 Effects of density vari ation during scanning. 
a. Computer generated phan tom 
b-d. Images (left of schema) reconstruc"ted when the 

density of the variable region changes as shown 

at the right. 

scan-time 
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contrast between the heart wall and the ventricles during imaging of the 
beating heart (refer to §7.4), but the results obtained to date indicate 
that consideration of the effects of density variation has far-reaching 
consequences for many other aspects of CT image reconstruction. The 

'simple, and somewhat surprising, indication is that CT reconstruction 
techniques are largely insensitive to density variations during scanning, 
as illustrated by the following examples. 

7.3.1 COMPUTATIONAL EXAMPLES 

Fig. 7.5a represents a computer-generated phantom consisting of 
10 ellipses, whose densities are as shown on the right of the figure. 
The density of the central large ellipse can be made to vary during the 
scan time, so this ellipse is referred to as the variabZe region. The 
remainder of the phantom is the constant region. Figs. 7.5 b-d show 
images (left of schema) reconstructed from 180 projections, of the phantom 
shown in Fig. 7.5a, when the densHy of the variable region changes 
during the scan in the manner shown at the right of each respective image. 
All images are windowed from 0 to 40. Although each of the demonstrated 
types of density variation is extreme in its own way, the boundary of the 
variable region is readily identifiable in the reconstructed images, and 
the interesting features of the constant region (i.e., the small dots) 
remain in evidence. 

The above examples indicate that density variation, which is by 
any reasonable standard extreme, does not degrade the reconstructed images 
to a corresponding degree; the images remain useful in terms of identifiable 
structural detail. This observation has been further tested using physical 
phantoms, as described in §7.3.2. 

7.3.2 SIMULATION USING PHYSICAL PHANTOMS 

To experimentally assess the effects of density variation during 
scanning, use was made of a locally designedt and builttt low resolution 
X-ray CT scanner. The scanner is used for radio-therapy treatment planning, 
and is of a third-generation configuration (refer to §5.2). having 120 

t The scanner was built, and construction 'initiated, by Dr T.M. Peters, who 
is currently an Assistant Professor in Neurology and , 
Radiology and Medical Physics, at the Montreal Neurological Institute, 
McGill University, Montreal Canada. tt The scanner was built at Christchurch Public Hospital, and is located 
in the Radiotherapy Department. 
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(a) The bas ic components 

of a phantom are a plastic 

outer housing, a hollow wax 

core, and si x "core components" 

comprised of a wa x/silicon 

carbide mi xture i n differing 

proport ions. 

(c) The phantom is driven to and fro longitud inally, by a sma ll 

motor, in a persoex ho l ding j i g. 

Fi g. 7.6 Construction of a va~ying-density phantom. 
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Fig. 7.6d When the jig and phantom assembly are placed in the scanner. 
a cross-section of constant shape. but varying density 
appears in the image plane as the phantom moves back and 

forth during the scan time. 
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detectors, and measuring 118 projections over a range of 180 0 plus the 
fan beam ~ngle. The resolution of the scanner is about 7 mm. 

Phantoms were constructed to simulate a circular cross-section 
containing a single variable region as depicted in Fig. 7.6 a-c. A 
plastic housing was filled with wax, but leaving an unfilled central core, 
whose transverse cross-section was made to be that of the required variable 
region. 
12 cm. 
a depth 

The diameter of the outer housing was 10 cm, and its axial was 
Six separate core components were then manufactured, each having 

of 2 cm, and having the shape of the required variable region. 
Each core component was made of wax, into which had been mixed silicon 
carbide in known proportions. In this way the density of each core 
component could be specified. Fig. 7.6a shows the plastic housing, the 
wax surround in which has been left a circular hollow core, and the six 
core components which are of increasing density. The phantom was completed 
by stacking the core components one on top of the other, and inserting them 
into the outer wax surround and housing as shown in Fig. 7.6b. The phantom 
thus far is therefore seen to be a cylinder of wax, whose central core 
varies in density with respect to distance along the axis of the cyl·inder. 
The phantom was then placed in a jig, driven by a small motor, as shown in 
Fig. 7.6c. This enabled the phantom to be moved back and forth 
longitudinally. Hence, when the entire assembly was placed in the scanner 
as shown in Fig. 7.6d, and moved back and forth normal to the scan plane, 
the cross-section presented for imaging was always of the same shape, but 
the density of the core varied during the scan time. 

Two sets of three phantoms were devised. The first set was designed 
to study the effect of the nature of the density variation within the 
variable region (which was a circle of diameter 6 cm for all three phantoms). 
Figs. 7.7 a -d are the reconstructions obtained for the first set of 
phantoms. The uppermost reconstruction is the cross-section through the 
stationary phantom at a level where the highest contrast exists between the 
wax surround and the variable region. (This is referred to as the constant-

.) The high-density cross-section at the top of 
the gure serves as a reference with which to compare the reconstructions 
of the varying density cross-section (phantom moving axially) (centre of 
schema) when the density varies as shown on the right; Note that for the 
first two cases (Figs. 7.7b and c) where the density change is smooth, the 
reconstructed image is not noticeably degraded compared to the constant
density reconstruction. The third reconstruction (Fig. 7.7d) is slightly 
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No r illa 1; sed 
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Fig. 7.7 a. Reconstruction of constant high-density end of phantom. 

b-d. Reconstructions of three nhantoms having the same 

cross-section, but whose densities vary as shown on the ri ght. 

imp 
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Fig. 7.8 a. Dimensions of the variable regions of the t hree phan t oms. 
b-d. Reconstructions of cons t ant high-density cross-sec t ion 
(left) and varying-density cross-section (right). The density 

varies according to t he right of Fig. 7.7b. 
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degraded, which is to be expected since the density variation is of an 
1I0n-offll form, whi ch means the effects on the image are s imil ar to those 
expected as a result of reconstruction from few projections. 

The second set of phantoms was designed to study the effects of the 
size and shape of the variable region on reconstructed images. Fig. 7.8a 
shows diagramatically the three cross-sections chosen. All phantoms were 
built so that the density varied according to the graph at the right of 
Fig. 7.7b. Figs. 7.8 b - d are the pairs of reconstructed images; note 
that the constant-density section is to the left, and the varying-density 
reconstruction is to the right. Observe that for each phantom, part of 
the variable region is characterised by a linear dimension which is smaller 
than the spatial resolution of the scanner; for example, the cross-piece on 
the H, and the small bar of the E have such dimensions. These regions in 
the reconstructed images are perhaps slightly degraded in the varying
density reconstructions, relative to the constant-density reconstruction, 
but the overall shape and size of the variable region is once again 
consistently well preserved. 

The above results obtained from actual measured data confirm the 
conclusions drawn previously from the results of the computational examples: 
density variations during CT scanning do not degrade reconstructed images 
to a point where characteristic boundaries and important features of the 
image become unrecognisable. This goes quite some way towards explaining 
why in general CT image reconstruction yields useful images, even when the 
projection data are incomplete or subject to contamination by noise. Note 
that the latter imperfections in'the data suggest that there is no unique 
solution to the reconstruction problem (refer to §4.3), but in practice the 
algorithms are noted to be surprisingly stable in the sense that the 
reconstructed image is nearly always a recognisable estimate of the true 
object. However, as noted above, the imperfections (or noise) in the 
projection data can be equivalently regarded as density variation of the 
cross-section during scanning. Hence, based on the results presented 
here, one would expect that even for quite heavy contamination of the 
projection measurements by noise, useful information such as the positions 
of boundaries should be evident in the reconstructed images, although some 
loss of spatial resolution is of course inevitable. This conjecture is 
certainly born out in practice, since if CT image reconstruction was in 
fact as sensitive as one might at first suppose to imperfections in the data, 
there would be no useful real-world applications. 
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Data which are palpably incomplete can also be modelled in terms of 
somewhat extreme cross-sectional density variations. For example, a 
cross-section for which only half the projections are known, may be thought 
of as changing in density during the scan time in such a way that each 
point in the image assumes its true value for half the time, and zero value 
for the other half of the time, From chapter 6 it can be seen that for 
many types of incomplete data useful reconstructions are still obtained, 
and this isto be expected in light of the findings presented in this 
chapter. 

A more specific consequence of the insensitivity of CT reconstruction 
to density variations during scanning is that there is now reason to assume 
that images of the beating heart will not suffer noticeable degradation 
as a result of the changing levels of contrast material in the ventricles. 
The following section, §7.4, examines the problem of imaging the beating 
heart in more detail. 

Non-invasive visualisation of the anatomy of the heart has long been 
a goal of researchers, since heart disease and malfunction are still the 
leading cause of death in the developed world. Ideally. the beating heart 
would be imaged in real time by reconstructing rapidly sequential images 
through many slices characterising the entire heart volume. This is the 
goal of the DSR, discussed in §5.2,4. but of course is well beyond the 
capabilities of conventional X-ray CT scanners, Most hospitals, however, 
have access to a conventional scanner, so that it is of interest to assess 
just how much useful information about the heart can be gained using such 
a machine. 

When X-rays are used for CT image reconstruction of the heart, it 
is necessary to infuse a radio-opaque dye into the blood-fined chambers 
(or ventricles) of the heart, because in the absence of such a contrast 
agent the X-ray attenuation properties of the ventricles are very similar 
to those of the surrounding heart wall. The way the contrast medium is 
administered. and the nature of the temporal density variations which can 
be expected within the ventricles, are discussed in §7,4.1. 
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When the heart is imaged using conventional X-ray CT techniques, 
the heart moves significantly (often executing several complete "beats"). 
The resulting images are found to be blurred in the region of the heart, 
but are not significantly degraded outside that region (McKinnon and Bates, 
1981). §7.4.2 considers what ihformation, if any, can be obtained by 
straightforward reconstruction of the beating heart. Computer . , , 

simulations are presented which suggest that under certain conditions, some 
detailed information can be retrieved regarding the maximum and minimum 
extents of the ventricles as the heart beats, but such detailed information 
is not generally evi~ent in clinical images of the heart for reasons which 
are discussed in §7.4.2. However, it is pointed out that certain useful 
information regarding the size and location of relatively stationary 
infarcts can be obtained from such images. 

To gain more detailed information about the heart, the motion must 
be stopped somehow. This is achieved by a technique known as ECG-gated 
CT, which is the topic of§7.4.j. Pseudo-stationary reconstructions can 
be obtained corresponding to the heart being in anyone particular position 
(or epoch) during its cycle, but only a few projections are available for 
,such reconstructions. The images are therefore found to be heavily 
contaminated by streak artifacts originating from the high-density 
structures in the cross section (notably the spine and sternum). A 
technique developed by McKinnon and Bates (1981) is shown to adequately 
remove the streak effects from reconstructed images, not only when the 
density within the ventricles remains constant during the scan (as was 
felt to be necessary by the originators of the method) but also when the , 
ventricles exhibit significant temporal density variation. It is 
suggested that this finding is of considerable practical significance, 
implying that streak-free images of the pseudo-stationary heart in which 
the boundaries of the ventricles are clearly recognisable can be obtained 
under realistic clinical conditions by ECG-gated X-ray CT. 

7.4.1 CONTRAST MEDIUM 

The first consideration for X ray CT imaging of the heart is that 
the natural attenuation properties of the blood-perfused heart wall and 
the pools of blood filling the ventricles of the heart are very similar. 
Therefore, because the sizes and shapes of the ventricles during the 
heart cycle are of primary importance, a radio-opaque dye (called a 
contrast medivm) must be injected into the ventricles, either directly, 
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using a catheter, or indirectly, via an injection into a vein in the upper 

arm say. The contrast material can be administered as a constant drip 
infusion, in an effort to maintain the density of the ventricles at a 
reasonably constant level. However. as was demonstrated in §7.3, density 
variation during scanning does not greatly affect reconstructed images, so 
that the contrast medium can be more easily administered as a single bolus 
injection into a vein in the arm. The bolus typically shows little 
dispersion as it travels to the right ventricle, through the pulmonary 
system, into the left ventricle and then into the coronary arteries. 
Depending on the efficiency of the circulation, the time from injection to 
left ventricle entry may be as little as 3 seconds, but is typically from 
6-10 seconds. The great potential advantage of using a bolus injection 
rather than a constant drip infusion of material is that it gives scope 
for characterising the dynamic performance of the heart by measuring 
"contrast dilution" curves, The latter describe the passage of the 
bol~s through the heart, and are-analogous to the radio-isotope dilution 
curves obtained by tracing a bolus of radio-isotope using a scintillation 
counter (Van Dyke et al., 1972; Thornpson et at., 1963). Radio-i sotope 
dilution curves are used as an aid to evaluation of cardiac performance, 
and since there is no reason to expect that a bolus of contrast material 
will be transported any differently through the heart, contrast dilution 
curves should be equally useful. They should, in fact, exhibit exactly 
the same shape and properties as isotope dilution curves. Characteristic 
dilution curves for six areas of interest in the central circulation are 
shown in Fig. 7.9. 

7.4.2 HEART MOTION 

Because the heart beats approximately once per second, and 
conventional X-ray CT scanners have a fastest scan time of about 2 seconds, 
routine imaging of the heart yields pictures which are blurred over the 
moving region. (Refer to §7.2.) However, useful information can be 
obtained from images of the "moving heart", since the scan-time can be 
chosen to be such that the reconstruction is essentially a time-averaged 
representation of the cross-section, exhibiting little degradation outside 
the heart region. It is here convenient to introduce a computer phantom 
comprised of 4 ellipses, as shown in Fig. 7.10a. The densities of the 
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Fig. 7.9 Characteristic dilution curves for six areas 
of interest in the central circulation (after 
Van Dyke et aZ., 1972). 

30 secs 

ellipses are as shown at the right of the figure. The phantom represents 
a greatly simplified cross-section through the thorax~ comprising two 
ventricles within the heart wall (of density 20), and a single nearby 
dense bone (of density 120). The density of each ventricle can be made 
constant (equal to 30) or can be made to vary separately as shown in 
Fig. 7.10b. Note that the density variation implied by Fig. 7.10b 
indicates that the density of the right ventricle is initially high (70) 
and decreases during the scan to the density of the heart wall (20), 
whilst the density of the left ventricle is initially that of the heart 
wall, and increases during the scan to a value of 50. This behaviour is 
a simple model for the passage of a bolus of contrast material through the 
heart. The linear dilution curves (Fig. 7.10b) are not considered to be 
too gross an approximation since computational experimentation (Sates and 
Garden, 1981) has shown that there is very little difference in 
reconstructed images when the contrast dilution curves are more accurately 
fitted to those of Fig. 7.9. 
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(20 ) 

Vent ri cles - variabl e 
s i ze and variable dens ity 

Compute r -generated "beat in g heart" phant om. The ventric l es 

va ry i n size smoothly (with simple harmoni c mot i on) between 

t he maximum and mi ni mum extents once per second. The densities 

of the vent ri cl es can remain constant (e.g. at a level of 60, 

as shown above) or made to vary separately accord ing to 

Fig . 7. 10b . 
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Ventricular den s i ty variation du ring the scan time. (Note 

that the density of t he heart wall and the bone remain constant 

at 20 and 120 respecti ve ly.) 
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The ventricles of the simulated heart beat once per second, 
varying smoothly in size between the minimum and maximum extents indicated 
in Fig. 7.10a. Hence any point on the boundary of a ventricle executes 
simple harmonic motion of period one second, and is initially located on 
the boundary characterising the minimum extent of the ventricle. 

To study the effects of conventional CT reconstruction of the 
beating heart, images were reconstructed corresponding to scan times of 
2 seconds and 16 seconds. Figs. 7.11a and b are i~ages obtained for 
2 seconds scan times and Figs. 7.llc and d correspond to 16 second scan 
times. The reconstructions shown in Figs. 7.11a and c correspond to the 
density in the ventricles remaining constant at 60 during the scan, whereas for 
Figs. 7.11b and d the density of the ventricles varied according to 
Fig. 7.10b. The first point to note is that, as expected, the density 
variation of the ventricles does not degrade the reconstructed images 
significantly, in the sense that the sizes and locations of the ventricles 
are still readily estimated in th~ images. The second point is that, 
again as expected, the images corresponding to 16-second scan times are 
much less seriously affected by streaking than those reconstructed for 
2-second scan times. (The reason for this is explained in §7.2.) Note 
also however that for the 16-second scan-time reconstructions (Figs. 7.11 G 

and d) the time-averaging effect is very evident in that the sizes of the 
ventricles at both their minimum and maximum extents is evident. This 
result also follows from the observations of §7.2. 

The above observation might suggest that by scanning the heart for 
a relatively long scan-time (~16 seconds), a time averaged reconstruction 
results in which both the inner and outer boundaries of the ventricles are 
observable. This is not what is observed in practice, for several 
reasons. The main factor concerns the nature of the heart motion, which 
is neither uniformly smooth (McKinnon, 1981) nor confined to purely 
expansile and contractile motion in the image plane. In fact, from the 
point of view of CT image reconstruction, the motion of the heart is 
fairly described as jerky and erratic. so that even for scan times 
considerably less than 16 seconds, the blurring is confined largely to 
the region of motion, and large streak artifacts are rarely apparent. 
This is fortunate in other respects, since the longer the scan time, the 
more chance there is of inadvertent patient motion or respiration, and 
the less distinctive are the boundaries defining the ventricles of the 
heart. The latter obfuscation occurs as the contrast material gradually 
IIsoaksll into the heart wall. 
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(a) (b) 

(c) (d) 

Reconstruct i ons of the computer- generated "beat ing heart" 

phantom shown in Fig. 7. 10a . 

a. Scan ti me = 2 seconds 
Ventri cu'l ar dens it i es constant (60) . 

b. Scan time :.:. 2 seconds 

Ven t r i cular de ns iti es vary as shown in Fi g. 7 . 10b . 
c. Scan time = 16 seconds 

Ventr-i cu l ar densiti es constant (60) . 
d. Sca n time = 16 seconds 

Ventri cul ar densit ies vary as s hown in Fig. 7. 10b. 

Al l reconstructio ns are f rom 180 project ions, and al l i mages 

are windowed from 0 to 100. 
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The practical considerations noted above do not however render 
conventional CT scanning of the heart totally pointless. The time
averaged nature of the image may not be useful for determining the 
maximum and minimum extents of the ventricles, but should~ for instance, 
a portion of heart wall tissue remain relatively stationary during the 
scan, this would indeed be expected to show up in the reconstructed 
image. The latter behaviour ;s in fact typical of infarcts (areas of 
dead tissue)~ the location and size of which constitute valuable 
diagnostic information, and there is mounting clinical evidence (refer to 
Boyd and Lipton, 1983) to indicate that such information can be obtained 
by conventional CT scanning of the heart. 

Other potentially recoverable information concerns the dilution 
curve, characterising the passage of a bolus of contrast material through 
the heart. The results presented above and in §7.3 indicate that 
application of the contrast medium by bolus injection is certainly feasible 
in terms of acceptable image reconstruction. Since all the temporal 
density variation within the cross-section can be ascribed to the contrast 
material, the curve showing the variation in the total amount of material 
present in the cross-section can be obtained simply by plotting the total 
density recorded at each projection against time. 

It appears that the information retrievable from conventional CT 
scanning of the heart comprises the time-averaged extents of the ventricles 
(which have been shown to correspond well with the end-diastolic volumes 
(Ringertz et at., 1982)), the location of relatively stationary infarcts, 
and the variation in the amount of contrast material present in the cross
section as a function of time. To retrieve quantitative information 
regarding the sizes of the ventricles at any particular "epoch'! of its 
motion, it is clearly necessary to stop the heart from beating. The way 
this may be done non-destructively is explained in §7.4.3. 

7.4.3 ECG-GATED X-RAY CT 

The Electrocardiogram 

Rhythmic contraction of the heart is caused by an electrical impulse 
generated at the sino-atrial node within the heart. As the impulse 
passes through the heart, electrical currents spread into the tissues 
surrounding the heart, and a small proportion of these spreads all the way 
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to the surface of the body. If electrodes are placed on the body surface 
on opposite sides of the heart, the electrical potentials generated by the 
heart can be recorded (Bones, 1982). This recording is known as the 
electrocardiogram (ECG or EKG). The ECG is normally of the form shown 
in Fig. 7.12. 

R 

P T 

Q 

S 

Fig. 7.12 Configuration of a typical scalar 

electrocardiogram. 

The P-wave and the QRS complex are due to currents generated by 

depolarisation of the atria and ventricles respectively (corresponding 
to contraction of the heart), while the T-wave arises from currents 
generated when the ventricles recover from depolarisation (i.e., when 
the heart relaxes, to be refilled with blood). 

The periodic motion of the heart can therefore be correlated 
directly with the periodic ECG waveform. If the period of heart motion 
is divided into a number adequately short time intervals, the heart 
can be considered to be Ilquasi-stationaril within each interval. 

These quasi stationary epochs of the heart are characterised by 
corresponding segments of the ECG. Just as each epoch occurs once each 
cycle, so too does each particular segment of the ECG. It is therefore 
possible to tell from an ECG waveform which epochs of the heart occurred 

at any given instant during the recording. This is the basis of the 
following stroboscopic technique for X-ray CT imaging of the heart. 
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CT 

"Stroboscopic" ·imaging of the heart, based on the quasi-periodicity 
of its motion and the corresponding quasi-periodicity of the ECG, is known 
as ECG-gated CT (Harell et aZ., 1977; Berninger et aZ., 1979; Sagel et aZ., 

1977). The technique is predicated upon the heart motion remaining 
periodic throughout the scan time, and the rest of the body remaining 
stationary. A necessary practical implication of the latter constraints 
is that the patient's breath must be held to prevent motion of the thorax 
and aperiodic heart behaviour. The scan-time is therefore restricted 
to about 12 seconds. During the scan time the patient's ECG is recorded, 
and as many projections as possible are measured over a complete angular 
range. It is then a straightforward matter the scan to identify 
sets of projections corresponding to the heart epochs (refer to Fig. 7.13). 
(An alternative approach is prospectiveZy gated CT, descr·ibed by Garnic 
et aZ. (1982), in which the patient's ECG is used to electronically Ilgate" 
the position of the source during data collection.) Note that for epochs 
where the heart i~ rapidlymoving~ there may be only as many projections 
as there are heart beats during the scan (i.e., 10-12). Imaging anyone 
epoch of the heart therefore constitutes a problem of reconstruction from 
few projections, as discussed in §6.7. Also note that during the scan
time the densities of the ventricles may vary appreciably, for the reasons 
explained in §7.1. 

Insight into the effects of reconstruction from few projections, 
on gated CT images of the heart, can be gained by considering Figs. 7.14a 
to d. Figs. 7.14a and b are gated reconstructions from 10 projections of 
the computer phantom described in §7.2, corresponding to the ventricles 
being at their minimum extent (end-systole). The left-hand image 
corresponds to the density of the ventricles remaining constant during 
the scan-time, and the right-hand image corresponds to the densities of 
the ventricles having varied according to Fig. 7.10b. The above description 
of Figs. 7.14a and b applies equally to Figs. 7.14c and d, except that 
the ventricles are there at the maximum extent (end-diastole). The 
most striking feature of all the images is the heavy streaking originating 
from the high density Ilbone ll (corresponding to the spine or breastbone in 
practice) and extending over the heart region. The effects of density 
variation are insignificant in comparison, so the immediate problem is how 
best to reduce the severe streak artifacts. 
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Projec tio n timi ng spikes 

EC G 
I' I 

Illl.I · 

~ Epoc hs 

Fi g. 7.13 The ECG i s used to identify sets of pro jec tio ns cor respond ing 

to pseudo-s tat ionary "epoc hs " of t he hea rt. 

(a) (b) 

(c) (d) 

Fi g. 7.14 Gated recons t r uct ions (fr om 10 pro ject io ns) of the "beating 

hea rt" phantom shovm in Fi g. 7.10a. 

a. Ve nt r i cles at minimum extent . Densi t i es of ventr i cles = 60. 

b. Ve nt ricles at mini mum exte nt . Densi ti es of vent r i cl es vary 

accord i ng to Fi g. 7.10b. 

c. Ven t r icles at maximum extent . Dens it ies of vent r icles = 60. 

d. Ventricles at max imum ext ent. Densit ie s of ventricles vary 

accordi ng to Fig. 7. 10b . 
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Reduction of S~reaking from High-Density Regions 

An effective method of almost completely eliminating the streak 
artifacts which result when a small high-density region is imaged using 
few projections is due to McKinnon and Bates (1981). 

The essence of the "de-streakingll procedure is as follows: 

(1) The patient's breath must be held during scanning so that the heart 
remains stationary (except for beat"jng) with respect to the rest 
of the thorax. 

(2) Each scan should take between 10 and 15 seconds so that there are 
about 12 heart beats per scan. 

(3) The patient's ECG must be recorded during each scan, so that the 
projections can be allocated to their respective epochs of the heart 
cycl e. 

(4) Radio-opaque dye (contrast material) must be infused into the 
pati ent' s bloodstream, so that the di fference in X-ray attenuati on 
of blood and heart muscle can be detected. 

(5) An image is reconstructed in the usual way from the complete scan 
data. All available evidence suggests that the stationary part of 
the thorax is imaged sharply, even though the heart region is 
blurred. 

(6) From the reconstructed image are computed the projections which 
would have been measured if the heart had not been inside the 
thorax. This is effected by interactively identifying the blurred 
heart region in the reconstructed image using a cursor, and having 
the computer set the pixels within that region to the average 
background value, recorded around the boundary. (This is the 
computational equivalent of the act that Aztec priests once 
performed on their sacrificial victims!) 

The projections through the image array are computed by means of a 
standard reprojection scheme (Peters, 1981). Corrections made to 
largely compensate for the numerical errors introduced by 
reprojection through the cartesian array of pixels, but faint 
diagonal lines corresponding to projection angles of 45° and 135 0 

may sometimes be apparent in images reconstructed from such 
projections (Heffernan, 1981). 
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(a ) (b ) 

(c) ( d ) 

Fi g. 7.15 The capt ion fo r Figs . 7. 14a - d applies, but t he McKinnon-Bates 

dest rea king meth od of "difference projec t i ons" has been app lied 

to each reconstruc tion. 
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(7) These calculated projections are 
projections to leave thelldifference projections" which would 
have been measured if the heart could have been scanned .outside 
the thorax. 

(8) The difference projections are grouped according to the phase of 
the heart at which they were measured, so.that each phase can be 
reconstructed. Since there are only 12 or so projections 
avail abl e to reconstruct each phase of heart motion, the images 
are palpably imperfect, but they are certainly superior to the 
images reconstructed from the original projections. Thatth;s;s 
so can be appreciated by referring to Figs. 7.15a tod , which 
correspond to Fi gs. 7.14a to d, except that the. McKtnnon-Bates 
destreak; ngprocedure has been appl ieO. Although the images are 
still palpably.imperfect, because there~re still only ~few 
projections ~va iJ able for reconstruction, the severe streak 
artifacts evident in Figs. 7.14a to d are absent from the counter
part images of Figs. i.15a to d. The boundaries of the ventricles 
in the latter set of images are clearly identifiable, even when the 
density varies separately within each ventricle during the scan. 

The above destreaking procedure has been applied to ECG-gated CT 
reconstruction of a canine thoraxt. Projection data and anECG record 
corresponding to a 16psecond scan-time were obtained. Thedog's 
respiration was suspended, and the ventricles of the heart were infused 
with contrast material throughout the scan; Fig. 7.16a shows the cross-
section reconstructed from ungated data. Note that the spine and ribs 
are clearly imaged. The aorta is also evident. The heart is 
represented as. a relatively uniform region surrounded by the low-density 
lung area. Fig. 7.16b shows the same cross-section after the heart has 
been interactively removed from the image. This constitutes the heartless 
image through which the projections are calculated (step (6) above). 
Consider now Figs. 7.16c and d. These correspond to reconstructions of 
the canine thorax from 24 gated projections at end-diastole and end-systole 
respectively. The effects of reconstruction from a small number of 
projections are marked, and although the heart regions in each image now 

t 
The projection data and ECG recording were provided by Dr P.F. Judy of 
the Harvard Medical School (Department of Radiology, Division of Physics 
and Engineering) in Boston, MA. The scanner used was an Ohio Nuclear 
Delta-scan 2020 machine. 
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(a ) (b) 

(d) 

(e ) ( f ) 

Fig. 7.16 Recons tructi ons of can i ne hear t 

a. Whole cross-sec t ion re constr uc t ed f rom 240 projecti ons. 

b. Heart in terac t i vel y remo ved from cross-sec t i on, leavi ng hear t l es s 

image through whi ch t he projecti ons required for the McKin non-Bates 

destrea king me t hod are calc ul ated. 

c. Gated end-di as t olic re construction from 24 projec t ions. 

d. Gated end-syst olic reconstruct i on from 24 projecti ons. 

e. As for (c), after des t reakin g usi ng t he McKin non-Bates method . 

f. As for (d), aft er des treaking using t he McKinnon-Bat es method. 



253 

exhibit spatial variations in density. the effect can just as readily be 
ascribed to streak artifacts as to ventricular structure. After 
application of the McKinnon~Bates destreaking technique to the end-diastolic 
and end-systolic reconstructions, the resulting heart cross-sections are 
displayed in Figs. 7.16e and f respectively. The absence of streak 
artifacts is evidenced by the much "smoother" nature of the images. 
(The faint diagonal lines evident in Fig. 7.16f are the result of the small 
numerical error introduced during reprojection - see step (6) above.) It 
would be hasty to draw any firm conclusions regarding the anatomy of the 
cross-section from this single example, and in the absence of corroborating 
surgical evidence, but the reconstructed images shown in Figs. 7.15e and f 
are certainly encouraging, since the size of the ventricle (the left 
ventricle is the only one evident in the images) is palpably greater at end 
diastole than at end-systole, which must of course happen .in practice. 

A slightly different formulation of the McKinnon-Bates technique 
has been proposed by Heffernan ~nd Robb (1982). The interactive 
identification of the heart region is eliminated, and instead the 
difference projections are formed by reprojecting through the intact 
ungated reconstructed image. Provided the blurred heart region of the 
latter image is of almost the same extent as the pseudo-stationary heart 
at any particular epoch, the resulting difference image represents the 
streak artifacts alone, which are therefore subtracted from the gated 
image. It is probable that in practice, however, the gated images will 
still be contaminated by artifacts resulting from the extent of the 
blurred reconstruction of the heart being in general larger than the 
actual heart at anyone epoch. These artifacts are likely to be most 
apparent in the region of the moving boundaries characterising the 
ventricles and the outside of the heart; these are precisely the regions 
where it is necessary to maintain the integrity of the reconstructed image. 
The above possible disadvantage may therefore offset the advantage, 
inherent in the method, of not having to identify the moving region within 
the first reconstructed image. Initial computational and clinical results 
are, however, encouraging (Heffernan and Robb, 1982). 

Retrievable Information 

Based on the examples presented above, and corroborating reports 
published by others (e.g .• Lackner and Thurn, 1981) it appears that the 
boundaries defining the sizes and shapes of the ventricles are recognisable 



254 

in reconstructed images of the pseudo-stationary heart. and can be expected 
to be cZea:pZy so when some means of reducing the streaking from high
density regions is implemented. The boundaries are here found to be 
readily identifiable even when the temporal variation of the density 
within the ventricles is great, and the overall amount of contrast material 
is small. The implication of this is that a bolus injection of contrast 
material should provide adequate enhancement of the ventricles, and at the 
same time allow retrieval of a contrast diZution curve from the projection 
measurements. This constitutes an important finding because it has been 
assumed up until the present time by researchers working with ECG-gated CT 
systems, that a prerequisite for satisfactory image reconstruction is that 
the density remains constant during the scan. That this is not so has 
been demonstrated in §7.3, and so the potentially valuable information 
pertaining to cardiac dynamics which is embodied in the contrast dilution 
curve should be recoverable. from conventional X-ray CT scanning of the 
heart (gated or ungated). 

In clinical practice, ECG-gated CT can be expected to yield 
information about the size, shape and dynamic behaviour of the ventricles; 
the location and extent of myocardial scars (infarcts), and intracavity 
masses; the location, course and patency of coronary bypass grafts; and 
also the "efficiency" of the cardiac pumping system, based on the contrast 
dilution curve measurement, 

Perhaps the most informative means of displaying ECG~gated CT 
reconstructions of the heart is as a video "movie" loop in which the 
various epochs of the heart motion are sequentially displayed. This has, 
in fact, been impressively demonstrated by a group at the Harvard Medical 
School (Judy, 1982). Alternatively, a display analogous to the M-mode 
presentation of ultrasound CT (refer to §5.3.2) could be presented by 
using standard image processing techniques to "track" the key features of 
sequential pseudo-stationary images along a s"ingle 1 ine through the cross
section. The display would then be a plot of the position of the key 
features versus time. Mattrey et az' (1983) have described a display 
based on the principles described above, which they term a "chronogram". 

It is certainly evident that a wealth of useful information can be 
obtained from reconstructions of the heart, made with the aid of a 
conventional X-ray CT scanner. Much of the information is probably well 
suited to recovery via interactive image processing techniques, such as 
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the one discussed in §6.B, and it is fair to say that there remains vast 

scope for the development of useful, efficient algorithms for extracting 
as much information as possible from ECG-gated scan data. 
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Single photon emission computed tomography (SPECT) is introduced 
in §5.4. Among the general points noted in that section are two major 
problems for SPEeT reconstruction. They are compensation for attenuation 
of the emanations by the body (which is discussed in §5.4), and the fact 
that the detector measurements do not correspond to straight line 
integrals of the source intensity. The latter problem exists whether 
or not some attempt is made to compensate for the attenuation. In this 
chapter are presented a technique for improving the spatial resolution of 
SPECT systems (§8.2) and Some irisights into the attenuation problem (§8.3). 
The analytical results developed in §8.2.1 to §8.2.3 are used to devise a 
conveniently implemented strategy for variable resolution compensation in 
SPEeT. which is illustrated by computational examples in §§8.2.4 and 
8.2.5. 

8.2.1 STATEMENT OF THE PROBLEM 

The detector system used to measure the emanations (photons) 
emitted by a radioisotopic source distribution inside a body is a 
scintillation camera consisting of a collimator and a detector. In 
general. the collimator is a block of lead with parallel or converging 
holes drilled in it. and the detector consists of a scintillation 
crystal. photomul tipl iers and associated digital hardware (Yzuel et al. , 

1982). In medical imaging applications. the acceptance angle of the 
collimator must be of sufficient width that photon-counting statistical 
requirements (refer to §3.2.4) be met within a reasonable ti~e. As a 
result, the detector records a measurement which is not a simple straight 
line integral of the intensity of the emanations, as is implicitly 
assumed in existing reconstruction algorithms. Instead, the detector 
receives emanat-ions from within a "solid angle li

, as shown in Fig. 8.1. 
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Fig. 8.1 The acceptance angle of a SPEeT system collimator is 
such that the detector receives emanations from 
within a "501 id angle", 
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The detector response is appropriately characterised by its point 

spread function (refer to §3.2.4). Because of the appreciable 
acceptance angle of its collimator, the point spread function of an 

Anger camera can be usefully approximated by a Gaussian distribution 
(Hsieh and Wee, 1976), the full width at half maximum (FWHM) of which 
varies linearly in an inverse sense with respect to the distance between 
the pOint of interest and the collimator surface (Payne et al .• 1973). 

To conveniently analyse the effect the spatially varying point 

spread function has on SPECT image reconstruction, it is appropriate to 
establish an appropriate co-ordinate geometry. To this end, the 
co-ordinate systems of §4.2 (Fig. 4.1) are invoked. Fig. 8.2 displays 
the co-ordinate geometry of image space, within which a circle of radius a 
is defined. It is appropriate to consider a source density distribution 
f(x,y,z) (since the emanations cannot be confined to two dimensions in 

SPECT) and it is convenient to define 

f(x,y) = f(x,y,O) (8.1 ) 

Note that for an "ideal ll SPECT system (i .e .• one that perfectly mimics 

conventional CT) the output of a detector s(~;¢) (which is here called 
a CT projection) depends only on that part of f(x,y) lying on the straight 

line defining the detector axis (AA' in Fig. 8.2): 

00 

s(~;¢) = ff(x,y)dn (8.2) 
-00 

From chapter 4, it is seen that provided sufficient measured projections 
s(~;¢) exist, the density distribution f(x,y) can be recovered by standard 

CT reconstruction methods. 

Consider now the IIpractical " situation, where the detector views 

sources lying within a finite beam, which is here taken to be circularly 
symmetric and of a Gaussian spread; (refer again to Fig. 8.1). The aim 
of the SPEeT reconstruction is to recover the source distribution f(x,y) 
within the circular cross-section of radius a shown in Fig. 8.2. Let 

(~;¢) and s-(~;¢) denote, respectively. the intensity sensed by the 
detector when it is at A and A'. By analogy with (8.2) it is possible 

to write 

00 

s±(~;¢) - ff±(~;¢)dn (8.3) 
-00 
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where f±(s;¢) is the contribution to the detected intensity from the 
sources lying within the detector beam when the axis of the latter lies 
in the x,y-plane and is parallel to the n-axis at a distance s from it. 
It is clear then that the values of f±(s;¢) are sensitive to the z-variations 
of f(x,y,z). Since the quantities (s;¢) are two-dimensional, because 
they depend only on sand ¢, the z-dependence of f(x,y,z) would introduce 
a new dimensionality difficulty (refer to §2.3 and §3.3) if it were to be 
taken literally. The only practical way to proceed is to admit that one 
cannot really reconstruct f(x,y), but only a weighted average of f(x,y,z) 
over the range of z to which the detectors are sensitive. Consequently, 
if f(x,y) is understood to represent such a weighted average, rather than 
f(x,y,O) as indicated by (8.1). the two-dimensional quantities s±(s;¢) can 
be meaningfully represented as depending upon the two-dimensional unknown 
quantity f(x,y). Even though the source distribution is of finite extent, 
it is convenient - as in the conventional CT case (see (8.2)), to put 
infinite limits on the integral in (8.3L but note that (s;¢) = 0 
outside the circle of radius a shown in Fig. 8.2. Any emanation from a 
point in the n.z-plane is weakened, by the time it reaches the detector, 
by the inverse square of the distance from the point to the detector. 
Provided the effective beamwidth e of the detector is small enough (say 
10° or less). all such distances can reasonably be approximated by In±al 
(refer to Figs. 8.1 and 8.2). Since In±al 2 = (n±a)2, because n is 
real, it follows that 

00 

(s;¢) = fff(x,y) exp( -[(s s')2 + z2]/[2(n ± a)2e 2] ds 'dz/(n ± a)2 (8.4) 
-00 

where it must be remembered that f(x,y) should strictly be interpreted as 
the weighted average defined in the discussion following (8.3). This 
represents an "irreducible" apprOXimation, in the sense that the 
following theory of image reconstruction is only strictly consistent if 
the z-variation of f(x,y,z) is negligible, but it is probably quite 
acceptable in most practical instances because it is l-ikely to introduce 
less error than the generally adopted attenuation-compensation techniques 
(see §5.4 and §8.3). 

A SPECT projection is here defined by 

(8.5) 
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The basis of the definition (8.5) is that it is common practice to 
implement a crude attenuation compensation by taking the mean value of 
diametrically opposed projections (Budinger et aZ .• 1979, §5.13). The 
specific problem here addressed is given s{~;~) throughout -a < ~ < a 
and 0 ~ ~ < /T. reconstruct f{x,y). 

8.2.2 ANALYSIS 

Several approximations are made in the following analysis. Each 
is carefully explained, so that its implications can be gauged from a 
physical and/or practical point of view. 

As in conventional CT. it is assumed that f(x.y,z) varies negligibly 
with z within the detector beam. This implies that (8.1) can be invoked 
so that f(x,y,z) can be replaced with f(x,y) in (8.4). Substituting 
s for z/ (n ± a) then yi e 1 ds 

(8.6) 

The s-integration is now seen to be a standard Gaussian integral: 

1 00 

(~;¢) = C2/T)28 ff(x,y) exp( (~-~')2/2(n±a)282) d~'/(n±a) (8.7) 
-00 

Inspection of Fig. 8.3 reveals that x and y in (8.7) can be written in 
terms of ~' and n as 

x = ~'cos(~) - nSin{¢) 

} and 
y = ~'sin(¢) + ncos(¢) 

which means that (8.7) can be rewritten as 

1 00 

(2/T)28 f f{~'cos(¢) - nsin(¢), 
-00 

~ICOS(~) + nsin(~) 

exp(-( ')2/2(n ± a)282) I/(n±a) 

which can be further transformed, with the aid of the substitution 
~ I = ~ + (n ± a) S, to 

(8.8) 

(8.9) 
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, 1 00 

(2n)"28 J f ( [~ + (n ± a) d cos (¢) - ns i n (¢) , 
-00 

[~ + (n ± a) L;] sin (¢) + ncos (cp) ) x 
exp(-c:;2/28 2) dc:; 

Writing f(o,.) in terms of its two-dimensional Fourier transform 
(expressed in terms of Cartesian co-ordinates F(u,v)) (8.10) becomes 

(~;cp) 
1 00 

= (2n)28JJJF(u,v) exp(-i2n{([~+ (n±a)L;] 

Now note that 

co , 

-00 

cos (cp ) ns in (cp )) u + 
([~+ (n±a)c:;]sin(cp) +ncos(cp))v}
<;2/28 2) dc:; du dv 

fexp(i2nn{(sin(cp) - z;;cos(cp'))u - (cos(cp) + c:;sin(cp))v}dn 
-00 

::: o((sin(cp) - c:;cos(cp))u - (cos(cp) + c:;sin(cp))v) 

where 0(·) denotes the Dirac delta function, Because of (8.12), 
substituting (a.11) into (8,3) gives 

(8.10) 

(8.11) 

(a.12) 

+ 1 00 

s-(~;cp) ::: (2n)28[.UF(U,v) exp(-i2n[~± ac:;] x (a.13) 
[ucos(¢) + vSin(cp)] - c:;2/28 2 ) x 
o((sin(cp) - c:;cos(¢))u - (cos(cp) + c:;sin(cp))v) dc:; du dv 

It is now convenient to introduce the Cartesian co-ordinates u' and 
v', rotated in Fourier space with respect to the co-ordinates u and v, and 
defi ned by 

U' ::: ucos(cp) + vsin(cp) 
and (a.14) 

v' ::: vcos(cp) usin(cp) 

Comparison of (a,13) and (8.14) indicates that the former can be rewritten 

as 

00 

(2n) JJJF(u'cos(¢) v's"in(cp), u'sin(cp) + v'cos(cp)) 
-00 

o(-u'c:; - v') exp(-i2n[~ ± ac:;]u' 
c:;2/28 2 ) dc:; du' dv' (a,15) 



263 

Making the substitution A=U'(;, and recalling that the Dirac delta function 

is even, it is found that 

1 00 

= (2TI) 28 J J J F (u ' co s (<p) - v's i n (<p ), u' sin (<p) + V ' co s (<p )) 0 (A + V I ) 
-00 

exp(-i2TI[~u' ±aAJ - A2/2(u 'e)2) dAdu'dv'/u ' . 

Since u l and Vi are now merely variables of integration, they can be 

replaced by u and v respectively. Operating with the delta function to 
perform the A-integration in (8.16) then gives 

s±(~;<p) = (2TI)-!effF(ucos(<p) - vsin(<p), usin(<p) +vcos(<p)) x 
-00 

exp(i2TI[±av - ~uJ - (v/ue)2/2) du dv/u 

It is appropriate to define 

Note also that 

00 

Jexp(i2TI~[p - uJ) d~ = o(p - u) 
-00 

Substituting (8.17) and (8.19) into (8.18), and operating with the delta 

function gives 

F±(p;<p) = (2TI)!e fF(pcos(<p) - vsin(<p), psin(<p) + vcos(<p)) 
-00 

exp(±i2TIav - (v/pS )2/2) dv/p 

(8.16) 

(8.17) 

(8.18) 

(8.19) 

(8.20) 

It is now convenient to re-express F(·,·) within the integral as a function 
of polar co-ordinates: 

1 

F(pcos(<p)-vsin(~), psin(<p)+vcos(<p)) = F((1+t2)2p;<p+ljJ) (8.21) 

where 

t = v / p = ta n (ljJ ) (8.22) 

so that (8.20) can be rewritten as 
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(p;<p) 
1 00 1 

(21T)28 f F( (1 + V)2p;<p + tjJ) exp(:l:i21Tap t - t 2 fJ 22) dt 
-co 

It is next appropriate to express F(p;<p) as a trigonometric 
Fourier series: 

co 
F ( p ; <p)::: E F m ( p ) ex p ( i m<p ) 

m=-co 

(8.23) 

(8.24) 

Expressing F±(p;<p) similarly, and noting that <p only appears in the angular 

functional dependence of F(·;·), within the integral in (8.23). allows (8.23) 
to be decomposed into its Fourier components: 

co 1 

fFm((1+t2)2"p) exp(±i21Tap t+ "imtjJ - t2/2( 2)dt 
-co 

(8.25) 

The only approximation made so far is the assumption that the 
weighted average over z of f(x,y.i) can be replaced by the f(x,y) defined 
by (8.1) - refer to the discussions following (8.3) and (8.4). It is now 
necessary to make further approximations in order to progress in the analysis. 

Second Approximation 

It is desired to integrate the integral in (8.25). The detector 
beam is known to be reasonably narrow in practice. Consequently, the 
factor exp(-t2/28 2), in the integral, markedly restricts the range of t 
which is of concern, i.e .• it is justifiable to take t as being appropriately 
"small". This suggests that it should be useful to introduce the 
approximation 

where the dash here denotes the derivative. 

Third Approximation 

The factor exp(imtjJ) also prevents immediate evaluation of the 
integral in (8.25). However, on referring to (8.22), the "sm,allness" of 
t suggests that the following approximation should make sense: 

(8.26) 

(8.27) 
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After introducing the approximations (8.26) and (8.27) it is possible to 
retain the infinite limits on the integral in (8.25) because of (the presence 
of) exp{-t2/2e2) in the integral. 

The Filter Functions 

Substituting (8.26) and (8.27) into (8.25) yields 

(p~a;0)Frr: (p)} (8.28) 

where 

Qnt= (p ~ a;8 ) 
00 

:;;; f exp(i[m ± 2nap]t - F/282 - imt3/3 dt 
-00 

(8.29) 

and 
. 00 

(p/2) f exp(i[m ±'2nap]t - F/2e 2 - imtJ/3)F dt (8.30) 
- 00 

The term "filter function" is here applied to both Qm± (p,a;e) and P±(p~a;e) 
for the following reason. SPECT reconstruction with improved spatial 
resolution is seen as consisting of first measuring the quantities s±(~;~). 
From these can be computed the F~ (p). So, provided the two terms on the 
right-hand side of (8.28) can be isolated, the F~ (p) can be divided through 
by appropriate factors to recover the pristine Fm(p). This reconstruction 
strategy is further discussed in §8.2.3; the analysis here proceeds with an 
investigation of possible means of evaluating the filter functions. 

Zeroth Order Term 

Both Q: (p,a;e) and Pm± (p~a;e) reduce to Gaussian integrals when 
m = O. Putting m = a in (8.29) gives 

Qo (p,a;e) 'lexp( 2napt- F/2e 2)dt 
-00 

Completing the square in the usual manner gives 

(8.31) 

(8.32) 
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+ After completing the square for Po (p,a;e), and making the substitution 
t ±i2nape 2 +T, (8.30) becomes, for m=O, 

because 

00 

f Texp(-T 2/2e 2) dT == 0 
-00 

since the integrmld is odd. The Gaussian integral in (8.33) is standard, 
and it reduces to 

Non-Zeroth Order Terms 

(8.33) 

(8.34) 

(8.35) 

When m ~ 0, the right-hand sides of both (8.29) and (8.30) can be 
reduced to Airy integrals (Abramowitz and Stegun, 1964, ch.lO), as is now 
demonstrated. First of all, the substitution t == T + k is made in (8.29), 
where k is a constant. k;s chosen such that the term in T2 vanishes in 
the exponent. It is found that 

k = i/2me2 (8.36) 

so that 

00 Qri (p.a;e) :::exp([l 6(m±2nap)me4 ]/12me6
) L"exp( i(mT 3 /3-

[m ± 2nap - 1/4 I1B 4] T ) ) dT (8.37) 

which can be expressed with the aid of the substitution t (m/3)1/3 T, as 

where 

x (8.39) 

and the Airy integral is written in the form 
00 

Airy(x) f exp(-i[P - Xt]) dt (8.40) 
-00 
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which can be expressed in terms of Bessel functions of order ±1/3 and 
argument proportional to X3

/ 2. It is emphasised that, despite their 
apparent complexity, Airy integrals are conveniently computed - an enormous 
amount of work has been done on devising efficient numerical routines for 
evaluating Bessel functions (Abramowitz and Stegun, 1964. ch.9). 

Manipulating (8.30) in the same way gives 

P~{p,a;8):= (p/2)(3/m)V;exp{[1~6(m±21Tap)m84]/12m86) x 

((3/m)% AirY 2(X) +2(3/m)% kAirYl (X) +k2Airyo (X)) 

where 

Airy,Q,(X) == exp(-i[t 3 - xt])t,Q, dt 

Notice that Airyo(X) Airy(X) and 

Hence it is plausible that efficient algorithms for evaluating the right
hand sides of both (8.38) and (8.41) could be devised. 

However, it would be preferable not to have to implement such 
algorithms in practice, if appropriate alternatives could be found. A 
remarkably simple alternative is introduced in §8.2.4 and is illustrated 
there with computational examples. For completeness though, it is 
appropriate to first discuss with this section a final point bearing on 

(8.41) 

(8.42) 

(8.43) 

image reconstruction for SPECT incorporating variable resolution compensation. 

8.2.3 IMAGE RECONSTRUCTION 

Since it is known that F m (p) must be proporti ona 1 to p iml as p -+ 0, 
because 

00 

where 
Fm(p) ex: ffm(r)Jm(21Tpr)rdr 

o 

} (8.44) 
co 

f(r;8) E fm(r)exp(im8) 
m=o 
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then knowing the forms of Q±(p,a;e) and P±(p,a;e), and being given the 
F: (p) as data, it is immediately possible to integrate the right-hand side 
of (8.28) numerically, as the following argument demonstrates. 

Suppose G(X) is given in the closed interval [O,L] and it is known 
that 

A(X)Y'(X) + B(X)Y(X) G(X) 

where the forms of A(X) and B(X) are also known. By dividing through by 
A(X), (8.45) can be transformed into 

(8.45) 

yl(X) + C(X)Y(X) = H(X) (8.46) 

where both C(X) and H(X) are obviously given a priori. It is now 
convenient to define 

x 
I(X) = exp(fC(X)dX) 

o 

and remark that 

d(I(X)Y(X))/dX = I(X)H(X) 

It follows that 

x 
Y(X) = (fI(X)H(X)dX)/I(X) o . 

When Y(O) is known, the right-hand side of (8.49) can be immediately 
integrated numerically throughout [O,L]. For m7'O, all the Fm(O) are 
zero, as has already been noted. Since Po± (o,a;e) = 0, it is seen from 
(8.28), (8.33) and (8.32) that 

All of the Fm(P) can be recovered, therefore, by numerical integration, 

(8.47) 

(8.48) 

(8.49) 

(8.50) 

but at a considerable computational cost. It would obviously be preferable 
to avoid all this by neglecting the P: (p,a;e) and assuming that it is 
sufficient to calculate the Fm(p) by dropping the first term on the right
hand side of (8.28), i.e., 

(8.51) 
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As is implied by (8.5), the estimate for Fm(P) is obtained by 
averaging the quantities associated with superscript + and superscript -

8.2.4 DISTORTION INTRODUCED BY STANDARD SPECT PROC ING 

Since the theory presented above is linear, just as for conventional 
CT, the adequacy of the technique for resolution improvement can be studied 
by analysing its effect on single, isolated features of a cross-section. 
A numerically convenient choice is a Gaussian feature, whose density is 
denoted by fg(r;8), centred at (b.B) and of effective radius R, i.e., 

fg(r;8) = exp(-[r2 + b2 - 2rbcos(8 - S)J/2R2) 

Note that the Fourier transform Fg(p;¢) of fg(r;8). and its mth 
angular Fourier coefficient Fgm(p) are given by 

Fg(p;¢) R2exp(i2TIbpcos(¢ - B) - 2TI2R2p2) 

Fgm(p) R2imJm(2TIbp)exp(-2TI2R2p2) } 

(8.52) 

(8.53) 

I f the "dens iti' of photon-emitting sources in the cross-sect i on 
being imaged consists of parts all of effective width (in any direction) 
greater than, say, R then this density can be adequately represented by a 
distribution of "Gaussian features" typified by fg(r;8) as defined in (8.52). 
It is possible to usefully write, therefore, 

12TI 
f ( r ; 8) = R 2 J J A ( b; S) ex p ( - [ r 2 + b 2 - 2 r bco s (8 - S) ] / 2 R 2 ) b dB db 

o 0 
(8.54) 

1 2 TI 
F(p;¢) = R2exp(- R2p2)J J A(b;S)exp(i2TIbpcos(¢ - S))b dSdb 

o 0 
(8.55) 

where it should be noticed that the radius a of the cross-section has been 
normalised to unity. Reference to (8.18) now shows that 

+ 1 2TI + 
F - ( p ; ¢) = J J A ( b ; S) Hg- (p, b ; ¢ ; S ) b d S db 

o 0 
(8.56) 

where 

Hg± = Hi (p,b;¢;S) exp(-2TI2R2p2)exp(i2TIpbcos(¢ - S) (1 + 4TI2R2 p28 2ft x 

exp(2TI2([±1 - bsin(¢ - B)]2p28 2)/[1 + 4TI 2R2 p28 2J) (8.57) 
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Now recall the definition (B.2) of a SPECT-projection. The 
Fourier transform (one-dimensionally with respect to s) of the latter is 

1 21T ~ 

= f fA ( b ; S) Hg ( P • b ; S) b d p db o 0 
} 

where 

Remember that 8 in the above analysis represents the effective 
viewing angle of the detectors. Representative values for Rand e are 
here considered to be 

R - 0.05 and EJ 0.05 

(B.5B) 

(B. 59) 

(B.60) 

let fg (r;8) denote what is obtained by two-dimensionally Fourier-transforming 
F(p;cp) when 

(B.61) 

where (b' ;8') is the position of a single Gaussian feature. It is seen 
that comparison of i(r;e) with the original Gaussian feature shows the 
distortion to be associated with standard SPECT processing. The major 
degradations are changes in the apparent amplitude and width of the feature. 
These changes are dependent upon where the feature is centred within the 
cross-section. Such degradations have been computed for the set of 
"distortion test-points" shown in Fig. B.3a. The radius of each small 
feature is 0.05, and its intensity (density) is 50, compared to a background 
level of 20 inside the large circle of radius 1. All images are windowed 
between 0 and 50. Shown in Fig. B.3b is the reconstruction from 90 
projections which is obtained when EJ 0 (i.e., using conventional CT 
projections). Figs. B.3c-e are reconstructions (from 90 SPECT-projections) 
when the beamwidth EJ is 0.02, 0.05, and 0.10 respectively. Recall that 
diametrically opposite projections are averaged before reconstructing. The 
increasingly poor resolution of the test points as EJ increases is evident. 
Based on Fig. B.3c, it is fair to say that a beamwidth of order 0.02 is 
acceptable for SPECT -- this represents a beamwidth which is slightly more 
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(b) (c) 

(d) (e) 

Fig. 8.3 Distortion i ntroduced by SPECT reco ns truction for various 

bea rrw i dt hs. (N . B. Opposite projections are averaged). 

a. Computer-generated phantom consist ing of sma ll 'test points' 

of intensity 50 and rad i us 0.05 in s i de a circular cros s -secti on 

of background i ntensity 20 and rad ius 1. 

b-e. Reconstructions corresponding to bearrw i dths of 

(b) a (i. e. conventional CT re construction), 

(c) 0.02, 

(d) 0.05 and 

(e) 0.10 radians. 
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than twice as narrow as those in current use. From Fig. 8.3d~ which 
corresponds to a "typical beamwidth" of 8 = 0.05, it is clear that the 
test-points are significantly distorted, although the image is certainly 
still useful. This of course verifies the fact that existing practical 
SPECT systems do yield useful images, but that these images could be 
significantly improved by the method described below. 

8.2.5 IMAGE RESTORATION AND PRACTICAL IMPLEMENTATION 

For any given point (b ' ;8 1) in imag'e space~ it is possible to 
calculate the corresponding SPECT distortion function Rg(p~b' ;~;81) from 
(8.57) and (8.59). It follows from (8.1) through (8.6) that the Fourier 
transform of (F(p;~)/Hg(p,b';~;81)) restores perfectly the part of f(r;8) 
centred at (b ' ;8 1

). It is evident that any SPECT image for which e is 
known can be restored at all points by sequentially deconvolving the 
distortion function corresponding to each point from the projections, and 
thenre-reconstructing the point to its restored value. Although very 
accurate~ the above procedure is computationally protracted, involving as 
many backprojection operations as there are image pOints. A simpler 
approach is to assess the feasibility of using only the distortion functions 
corresponding to a few (3 to 6 say) "reconstruction points" distributed 
over the image. By way of investigating this possibility, the distortion 
introduced at the test points shown in Fig. 8.4a by "restoring ll them using 
a distortion function corresponding to a single point in image space~ has 
been assessed. 

0 

0 
0 o Test point 0 

0 ® ® x Recons tructi on .3 .6 
0 0 

0 
0 0 

0 

Fig. 8.4 Test points for assessing the distortion 
introduced by IIrestorationll based on a single 
reconstruction point. 

poi nt 
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Fi g. 8 . 9 Reco ns t ruct i ons of t he phantom shown in Fi g. S.3a for 

G ~ 0.05 after restorati on based on a si ngl e recons tr uc t i on 

poi nt l ocated on the x-axis at b ' = (a) 0.3, (b) 0 .6 , 

and (c) 0. 9. 
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Maximum ampl itude 

Transverse spread 

y 

Lateral spread 

Fig. 8.5 Characterising the distortion of a pseudo-Gaussian feature. 
FWHI\ and FWHMy denote full wi dths between hal f maxima in 

the x and y directions respectively. 



IDEAL IMAGE 

Maximum amplitude: 1.00 
Lateral spread 1 .00 
Transverse spread: 1 .00 

BLURRED ORIGINAL IMAGE 

Maximum amplitude: 0.49 
Lateral spread 1 .40 
Transverse spread: 1.40 

RESTORED IMAGE 

Maximum amplitude: 0.92 
Lateral spread 1.00 
Transverse spread: 1.14 

Fig. 8.6 Example of distortion parameters characterising a Gaussian 
test feature located at (b, e) (0.6,0) based on a 

reconstruction point at (-0.3, ~/4). 
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X-AXIS (8 = 0) 
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.9 

RP 
0.0 

.3 

.6 

.9 

RP denotes reconstruction point; dotted line indicates amplitude of 

blurred original; true a~plitude is normalised to unity 
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Norma 1 i sed 

amplitude 

6 

••• i e" ~ •• ., ••• " •••• I> •••• t ....... ". D'" •••••• '1'--__ 

a ~----------~------------~ 
-.9 0.0 .9 

Y-AXIS (8 = n/2) 

0.0 

.3 

.6 

.9 

Fig. 8.7 Amplitude distortion for test points along the x- and y-axes, 
for four different reconstruction points on the x-axis 

(refer to Fig. 8.4). 
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RP = Reconstruction point 

BO Blurred original 

2 

80 
----L -- ------J BO -- -- -.",... ...... , 

...... , 

Normalised 

Spread 

,3,6 

'RP= 0 

O~ ____________ ~ __________ ~ O~------------~----------~ 

- . 9 0 . 0 .9 - .9 

X-AXIS (e = 0) 

Note that true spread is normalised to unity 

2 

BO 
I _--------, ;,........ ...... ...... ,., , 
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-.9 0.0 .9 -.9 

,., 

0.0 

BO 

_----L.. ~~ ........ -...., 
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0.0 
Lateral spread vs position Transverse spread vs position 

V-AXIS (e = 1T/2) 

Fig. 8.8 Spread distortion for test points along the x- and y-axes, 
for four different reconstruction points on the x-axis; 

(refer to Fig. 8.4). 

.9 

.9 
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To assess the distortion of a feature, its effective widths (full width 
at half maximum (FWHM) (refer to Fig. 8.5)) in both the x- and y-directions 
have been calculated as has its maximum amplitude. (An example is shown 
in Fig. 8.6.) For ease of presentation, the distortion values are plotted 
separately for the x- and y-axes. Fig. 8.7 shows the amplitude distortion 
corresponding to 8::: 0.05. The dotted 1 ines represent the distortion 
introduced by standard SPECT processing. The dotted lines represent the 
undistorted amplitude (normalised to unity). Four sets of distortion 
curves (solid lines) are presented simultaneously and correspond to the 
chosen reconstruction point being at b l =0,0.3,0.6 and 0.9 respectively 
on the x-axis (i.e., 8 1 :.::::0). Note that the solid lines are of amplitude 
unity when the position of the test point corresponds exactly to the 
location of the reconstruction point. The corresponding points on the 
y-axis are not reconstructed perfectly of course, since 

Curves corresponding to those of Fig. 8.7 are plotted in Fig. 8.8 for the 
IIspread distortion ll

• The most striking thing about the amplitude' 

(8.62) 

di stortion curves is the 1 arge increase in ampl itude observed at the lIedges II 

of the image. This is caused by the "tails" of the distortion curve 
corresponding to the chosen reconstruction point dropping away more quickly, 
to a very small number, than the corresponding portions of the true 
distortion curves corresponding to points near the edge of the image. The 
ensuing division by a tiny number during restoration of the Fourier 
coefficients results in the observed dramatic increase in image amplitude. 
However, note by observation of Figs. 8.7 and 8.8 that for reconstruction 
points having b l f; 0.3, the central portion of the image (r;;:; 0.5) is better 
reconstructed after restoration than by standard SPECT processing. This 
observation is further illustrated in Figs. 8.9a c, which show the SPECT 
reconstruction of Fig. 8.3d (8:= 0.05) restored using reconstruction points 
of b' ::: 0.3, 0.6 and 0.9 respectively. 

Observe that the test points in the restored images, Figs. 8.9b and c, 
corresponding to reconstruction points of b' = 0.6 and b' = 0.9 respectively, 
are better resolved within a broad strip of the image, in the sense that 
their locations and shapes are much closer to the true ones than those of 
the corresponding blurred SPECT image (Fig. 8.3c). This is encouraging 
because the improved resolution over a large part of the image is obtained 
using the distortion function corresponding to only a single point. In 
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some special cases therefore, when the region of interest is located in 
the central portion of the image, it should suffice to base the restoration 
on a single distortion function. However, it is clearly necessary, for a 
generally applicable method, to eliminate the high-amplitud~ distortion 
artifacts extending from the outer portions of the II restored II images, and to 
find a way of restoring the image over its full extent, rather than in only 
one strip. It is suggested that an easily implementable approach is to 
divide image space into several smaller subregions, as shown for example in 
Fig. B.I0. 

Restored using RPl 

~ ,Restored using RP2 

~ Restored using RP3 

RP = Reconstruction point 

Fig. B.10 Three reconstruction points should suffice to 
usefully restore the component regions of the 
blurred SPECT reconstruction. 

For 8=0.05, it is felt that only 3 or 4 reconstruction points would serve 
to restore the whole of image space. For larger beamwidths, say 8 = 0.10, 
it has been found that the amplitude distortion is much worse, so that 
either more reconstruction points should be used, or a "roll-off" filter 
applied first to each of the corrected projections in order to decrease 
the effect of the large amplitude distortion at the edges. 

To further illustrate the usefulness of the approach to SPECT 
resolution enhancement presented in this section. Fig. B.11a shows a 
conventional CT reconstruction of a computer-generated phantom, (details 

at left of figure), representing a source intensity d,istribution. 
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(b ) (c) 

Fi g. 8.11 Restora t ion of aSP ECT- reconstruc t i on. 

a. De ta ils of the computer-generated phantom an d t he 
sing le reconstruc t ion point (l eft of schema) and t he 

reconstruction of the phantom by convent ional CT us ing 
90 projec t ions (right of schema). 
b. Re cons t ructi on f r om 90 SP ECT- projections. 

c. Res tored image, after processing us i ng the dis t orti on 

f unction calcula t ed for the sing l e point (b' ,8 ' )=(0 .6, 45°). 
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(a) 

(d) 

Fig. 8.12 Res torat i on of a SP ECT- reconstruction by appropriate 

choice of reco nst ruct i on po i nt . 
a. Deta i ls of computer-gene ra ted phantom and reconstruct i on 

poin ts (left of schema) and convent i onal CT reconst ruction 

from 90 pro jectio ns . 

b. Reconst r ucti on from 90 stan dard SPECT- projecti ons. 

c. Restored image, us i ng the reconstruct i on poi nt (b l ,e l
) ~ 

(0.6,450
) . 

d. Restored image, us i ng the reco ns truction po int 

(b l ,8 1 )"=(0.8,900
). 



282 

residing within a body whose density is tenuous (i.e., attenuation of the 
emanations is not a problem). The distorted image which would be 
reconstructed by a standard SPECT system is shown in Fig. 8.1Th. Using 

the corrective filter function calculated at point RP = (0.6, 45°) on 
Fig.8.11a (left of schema), the distorted image of Fig. 8.11b was restored 

to that of Fig. 8.11c, and is seen to compare favourably with the original 
image for all three small feature points. 

A second example illustrates the effect of the steeply-rising portions 

of the amplitude distortion curve shown in Fig. 8.7. A computer-generated 

phantom is reconstructed in fig. 8.12a. There is an interesting feature located 
at r=0.9 (where the radius a in Fig. 8.2 is normalised to unity). The 

distorted standard SPECT reconstruction shown in Fig. 8.12b indicates that 
the fine detail of the feature (i .e., the two small IIdots") are 

significantly distorted, and cannot really be confidently resolved in the 

image. However, when attempting to restore the image of Fig. 8.12b, using 
a distortion filter function based at RP = (0.6,45°) (refer to Fig. 8.12a), 
the image shown in Fig. 8.12c results. The restored image of Fig. 8.12c 

is, in this case, not an improvement over the original SPECT reconstruction. 
The high-amplitude distortion noted above severely degrades the restored 

image. However, by choosing a reconstruction point closer to the feature 
of interest (at RP=0.8, 90°) the satisfactorily restored image of Fig. 8.12d 
results. 

The theoretical analysis of §§8.2.1- 8.2.4, and the computational 

examples presented in this section, all demonstrate the feasibility of 

resolution improvement in SPECT. It is suggested that practical implementation 
would best be effected by using several "reconstruction points" to restore a 
whole image, possibly in conjunction with a roll-off filter in Fourier space. 

It is worth noting here that any method for improving spatial resolution in 

SPECT must retain its efficacy whether or not the attenuation of the 

emanations is taken into account (Jaszczak et al., 1979). However, 

attenuation compensation is still the major problem for all emission CT 
systems, and the full benefit of gains in spatial resolution will not be 
realised until the attenuation problem is alleviated. A tentative solution 

to the latter problem is presented in §8.3. 

The following method of attenuation correction may be applied when 
the average attenuation coefficient ~ for the cross-section is known, and 
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the width of the cross-section along one ray is known. The latter could 
be simply effected in practice~ This ray is here called the "reference 
ray". The following procedure is likely to work best if all the radio
active material is initially concentrated within a single (as small as 
possible) volume within the body. All data for the "attenuation correction" 
computations are assumed to be gathered during this initial period, when it 
is assumed that there is a single "point source" within each cross-section. 

Preliminary Image 

The measured projections are processed on the assumption that they 
are conventional CT projections. This means the position of the point 
source within the cross-section can be estimated. Hence. its distance 
D~,¢ from the projection plane along any ray can also be estimated. Note 
that any projection s(~;¢) must be small except in the neighbourhood of a 
particular ~, if the radio-active material is truly concentrated at a point 
within the cross-section. 

Boundary Estimation 

Along an arbitrary ray. the measured projection s(~;¢) is 
interpreted as 

s(~;¢) (8.63) 

where A is the total emis~ivity of the point source; !~.¢ is the distance 
between the boundary of the cross-section and the face of the gamma camera. 
Let W~,¢ denote the width of the cross-section along the ray defined by the 
co-ordinates ~ and ¢. By definition then, 

Note now that, given the "preliminary" image reconstructed as 

described 'above. it is possible to calculate both !~.¢ and !_~,¢ + IT for 
the reference ray, for which it is then possible to compute both 

(8.64) 

D~,¢ - !~,¢ 
D~:¢exp(- fa II dn) (8.65) 

and 
(8.66) 
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because estimates of all the parameters occurring in (8.65) and (8.66) are 
available (for the reference ray only, of course). In this way A can be 
estimated from the available data along the reference ray. 

From any of the other rays for which the measured data are above 
the noise level, it is possible to calculate 

8(i;;</l)f( 
Wi;.¢ , 

;¢+'IT) == (A2jD2 D2 ) exp( f lldn) 
i;.</l -i;,</l + 'IT 0 

(8.67) 

from which Wi;,</l can be computed because estimates of all the other parameters 
are known. 

Consequently, an estimate of the boundary of the cross-section can 
be rapidly and economically computed. 

Attenuation Correction 

Having estimated the boundary cross-section the attenuation can then 
be compensated for in the conventional manner (see. for example, Knoll, 1983). 
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An overview of computed tomography has been presented. This account 
is considered to be timely~ in that the application of computed tomography 
in diverse. seemingly unrelated fields, has always been the norm and its 
potential areas of useful exploitation will no doubt continue to diverge. 
It is to the benefit of all such fields of application that the underlying 
principles and theory of computed tomography be presented collectively. in a 
unified way. Not only has this been attempted here, in chapters 2 to 4, but 
enough specific information regarding what may be considered the major 
applications of CT has been presented to provide the interested practically
minded reader with some idea of the way the theory and principles are 
applied usefully in the real world. 

Chapters 6 to 8 are concerned with CT image reconstruction under 
palpably non-ideal conditions, dealing with techniques for incomplete data, 
the effects of changes in the cross-section during scanning, and reconstruction 
from diverging rays. 

This final chapter presents conclusions, and suggestions for further 
research, related to the future of computed tomography in general, and to 
what are considered the main original contributions. Several of the points 
made in a recent comprehensive review (Bates, Garden and Peters, 1983) are 
reiterated and expanded in §9.1. 

The specific findings concerning the apparent ease with which the 
boundaries of feature regions can be recognised (and incorporated into 
interactive image processing schemes) in images reconstructed from palpably 
incomplete projection data, even when the density of the cross-section varies, 
is potentially of considerable significance. The method devised for 
compensating for variable resolution of detectors in SPECT systems should also 
help to improve their overall performance. These matters are discussed 
further in §§9.2 to 9.4. 
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It has been claimed that we are witnessing the end of an Ilindustrial 
age li and entering what has been heralded as an liinformation age ll

, Poised 
on the brink of an era when the technology available for storing, processing 
and retrieving vast quantities of digital information is becoming more 
powerful, more compact, less expensive and more familiar to more people, it 
is impossible to overestimate the degree to which techniques such as computed 
tomography will become increasingly sophisticated and diversely applied. 
However. such future development, as in the past, will to a large extent be 
contingent upon significant advances in many loosely-related disciplines. 
It is true that much exciting and rewarding progress will result from the 
continued crossing of traditional interdisciplinary boundaries, not only 
within the phYSical sciences, but also amongst the life and social sciences. 

With respect to computed tomography, several main focuses for research 
and development are identified and discussed below. 

9.1.1 BEHAVIOUR OF THE EMANATIONS 

A fundamental area of research concerns basic understanding of the 
interactions between the emanations and the body, The extent to which such 
interactions are understoo~ and accurately mathematically modelled is 
perhaps the most fundamental limitation on CT imaging systems (and in fact 
any imaging system). It is probably safe to state that the behaviour of 
X-rays is adequately understood, as far as their employment for CT is 
concerned. They travel in straight lines, are not subject to diffraction 
effects, and are attenuated by a combination of absorption and scattering in 
accordance with relatively simple laws. It is possible to distinguish many 
pathological conditions from healthy tissue by inspection of X-ray images 
(Wittenburg et al., 1980). Some other kinds of emanations are less well 
understood. Ultrasound, which seems to be harmless at the intensity levels 
ordinarily employed in clinical practice (Lele, 1979; Repacholi, 1983) does 
not produce properly quantifiable images, mainly because of our ignorance 
of fine details of the interaction of the wave motion with biological tissue. 
Concerted efforts are required to rectify this deficiency. in order that all 
the different information available (attenuation, scattering, time-of-flight) 
be optimally exploited. NMR imaging, which is proving to be a very 
exciting and versatile new technique, could also benefit from further study 
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of the way in which the information obtained (a composite function related 
to proton-density and two different relaxation parameters) can be 
quantitatively related to known physiological properties of the body. Of 
course one must not lose sight of the diagnostic function of all CT systems. 
If the images produced -by a particular system are repeatable and free of 
artifacts, and if clinicians or technicians can learn to relate features of 
images to normal and abnormal anatomy. it could be argued that a lack of 
basic physical understanding is of little consequence. For example, CT 
images of the female breast formed from ultrasonic time-of-flight data, and 
reconstructed using the conventional "straight-ray" algorithms, are providing 
useful diagnostic information (Greenleaf et al., 1980; Greenleaf, 1983). 
However, if no effort is made to understand the tissue/ultrasound interaction 
better then there is a danger that improvements in hardware and software, 
while permitting the previous information to be displayed to finer resolution 
perhaps, will neither uncover any new kinds of information nor lead to 
improvements in clinical practice. 

9.1.2 ALGORITHMS REQUIRING FURTHER DEVELOPMENT 

A second area within which there is plenty of scope for further 
improvement concerns refinement of existing image reconstruction algorithms, 
and the development of radical new approaches. Examples of possible 
refinements are compensation for beam hardening and scattering. Both of 
the latter problems will probably involve some modification or addition to 
the hardware (especially the detectors) of CT systems, as well as new 
software techniques for recognising the relevant artifacts and ameliorating 
them. 

When imaging structures close to the base of the skull (posterior fossa) 

one often encounters rapid density changes perpendicular to the cross-section 
being imaged (i.e., from bone to soft tissue). This is known to cause 
severe streaking artifacts which degrade the diagnostic usefulness of the 
reconstructed images. It is worth noting that such artifacts seem to be 
absent from NIVlR i mages of the posterior fossa (Bydder et al., 1982). 

The only current method of correcting for the streaking artifacts noted 
in the previous paragraph is to materially reduce the width of the cross 
section being examined. However, this either increases the noise level or 
greatly increases the dose to the patient. Processing techniques for 
compensating for this and other nonlinear effects are urgently needed. 
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Theoretically valid and computationally stable (and efficient) image 
reconstruction algorithms are more urgently needed for emission CT than for 
conventional X-ray CT. Corrections are required for spatially varying 
resolution and for attenuation of the emanations on their passage through the 
body. Conclusions regarding correction for the former (presented in chapter 
8 of this thesis) are discussed in §9.4. 

CT measurement data are sometimes sparse, as discussed in chapter 6. 
While many interesting approaches and some useful accuracies have been 
demonstrated (Baba and Murata, 1982; Hanson, 1982; Heffernan and Bates, 1982) 
there is need for improvements in efficiency. Conclusions and suggestions 
regarding interactive image reconstruction from incomplete data (as discussed 
in §6.8) are presented in §9.2. 

Perhaps because of the beautiful simplicity of conventional CT image 
reconstruction, and the overwhelming success and usefulness of X-ray 
transmission CT, there has been a tendency to force other CT imaging 
modalities into unnatural and somewhat perverted analogous relationships 
with X-ray CT. When the emanations do not propagate as straight rays~ but 
are subject to refraction, reflection and diffraction, simple transmission 
measurements can be expected to capture only a small fraction of the 
information potentially available. even when compensation for ray curvature 
is included. It is here suggested that a deeper and more valuable 
understanding of the CT imaging problem will result from its formulation as 
a "full-wave" problem (Bates, 1983), and that CT theorists will benefit 
from immersion in some of the newer numerical methods such as regularisation 
techniques, which have already produced striking results in several fields 
(Deschamps and Cabayan, 1972). It is here felt that electrical impedance 
CT is almost entirely a matter of numerical analysis because such large 
systems of simultaneous linearlised equations have to be solved and in a 
stable manner. Conventional CT algorithms are inappropriate for electrical 
impedance CT (Bates et aZ., 1980) as is emphasised by the uncertain results 
obtained with intuitively based approaches (Schomberg, 1973; Barber 
et al.~ 1983). Another CT imaging modality receiving much recent attention 
is microwave synthetic aperture tomographic imaging (Ermert et aZ., 1981; 

Adams et aZ., 1982; Bolomey et aZ., 1982). It is generally accepted that 
diffraction tomography techniques are appropriate when using microwaves to 
probe the human body. Frequencies of around 3 GHz are realistically 
proposed, to yield a spatial resolution of half a wavelength. The wave
length of microwave radiation of 3 GHz in air is of order 10 cm, but in water 
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is of order 1 cm, so that a resolution of around 5 mm is theoretically 
feasible. This is only true however.for cross-sections which have a 
dielectric constant close to that of water, and for which the microwaves 
are applied via a dielectric slab matched to water, and the body is "immersed 
in a tank. It is difficult, therefore, to imagine what kind of 
reconstruction algorithm the developers of the proposed Safescan (Lineback, 
1983) have in mind when they claim their system will provide "high-resolution" 
imaging using microwaves in the range 700 MHz to 1.3 GHz. (Note that the 
wavelength in air at 1 GHz is of order 30 cm, and in water (or the body) is 
of order 4 cm.) The published article claims, somewhat ambiguously, that 
"(a full-body image) can be displayed on a screen with a resolution of 
0.1 mm". This must surely constitute either some sort of breakthrough, or 
perhaps a misapprehension? 

Three-dimensional image display is another branch of CT algorithms 
requiring extensive development. It is here felt that the key areas worth 
investigating are largely psycho-physical. By understanding better the way 
in which human observers perceive, extract and retain three-dimensional 
information from their environment, the result will undoubtedly be new and 
better digital and optical displays of CT reconstructions. 

9.1.3 TRENDS IN MEASUREMENT SYSTEM DEVELOPMENT 

The main trends in CT measurement system development seem to be 
towards instantaneous, even-higher-resolution, whole-volume imaging. 

Real-time imaging of rapidly moving structures (e.g., the human heart 
which beats roughly once a second, whereas the fastest commercial X-ray 
scanner needs at least 2 seconds to complete a scan) is of current interest. 
Techniques at present routinely employed for the study of such organs are 
palpably invasive (sometimes dangerously so, as on occasion with cardiac 
angiography) (Verel and Grainger, 1973) but they are simple, useful, 
inexpensive, and well understood. However, even accepting the inevitably 
greater expense involved, safe non-invasive alternatives to traditional 
methods are obviously worth investigating. It is not yet clear whether 
true real-time imaging should be attempted, as with the dynamic spatial 
reconstructor (DSR) (Robb et aZ., 1983) or by cardiovascular computed 
tomography (CVCT) (Boyd, 1981), or whether a stroboscopi c approach such as 
ECG-gated CT (refer to §7.4) might be more appropriate. The DSR and cvcr 
approaches are potentially much more powerful but they are bound to be 



290 

significantly more expensive than ECG-gated CT, if only because new apparatus 
must be developed, purchased and installed. 

To obtain significantly better resolution from many CT systems, 
narrower X-ray beams are needed. The main difficulty here is to maintain 
the photon flux without subjecting the X-ray tube to excessive heating 
stresses. Boyd's CVCT scanner (Boyd, 1981), which utilises an anode 
effectively surrounding the patient, thus having a high heat capacity because 
of its large mass, can be regarded as a partial solution to this problem. 
There is the possibility of materially reducing the 99% photon loss, caused 
by coll imation and shielding, suffered by conventional X-ray CT systems. 

The timing resolution of emission CT detectors (particularly for 
positron-emission CT) needs to be improved without sacrificing sensitivity. 
The chief requirement for NlvlR systems is magnetic fields with greater spatial 
and temporal uniformity - a further need is for the optimisation of wide-band 
radio-frequency probe design. For-ultrasonic CT, the main need is for 
efficient wide-band transducers. For non-medical CTapplications, existing 
hardware does not constitute a limiting factor, because improved performance 
can only come from increases in the size and power of whole systems. 

While the main difficulties associated with electrical impedance CT 
are algorithmic, the reliable injection of currents into bodies (and the 
reliable measurement of voltages on the surfaces of bodies) is far from 
trivial in practice (Cromwell et aZ .• 1973). Standard designs do not exist 
for arrays of electrodes, all of which can be connected effectively 
identically to humans or animals, or even geological or archaeological 
specimens. The electrical prospecting techniques routinely employed in the 
fi e 1 d (Ke 11 er and Fri schknecht, 1966), are in real i ty very crude when 
regarded as imaging methods. 

As intimated in §9.2, the main problems for ultrasonic CT are 
algorithmic. However, there are also significant problems associated with 
transducer hardw~re. Whenever ultrasonic (or acoustic, for that matter) 
radiation is used for remote probing (e.g., in medical diagnosis, non-destructive 
testing, atmospheric sounding, or by animals such as bats or porpoises) it 
seems that the wavelength is not much smaller than the detail which it is 
hoped to resolve. This means that the achievable resolution tends to be 
limited by thes;zes of the apertures of narrOW-beam transducers. 
Consequently, there is a definite need to devise systems that improve 
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resolution by appropriate combinations of ingenious algorithms, clever 
signal processing, and optimized transducer design (Foster et aZ., 1981; 

Johnson et aZ., 1979). 

With regard to medical CT applications, there seems to be growing 
evidence that different kinds ofCT can characterise tissues in significantly 
different ways. So, if it becomes feasible to form a variety of CT images 
of a particular part of a particular patient during a single visit to a 
clinic. the chances of making an accurate initial diagnosis must be improved. 

A worthy challenge to engineers is to design systems incorporating all 
the major medical CT techniques in such a way that they function reliably, 
without demanding continuous multifaceted servicing, and without requiring 
increased numbers of support personnel. Technology by itself is not 
contributing all that much to the increasing cost of health care. The trouble 
is that every time a fresh invention is adopted by the medical profession, a 
new horde of salaried acolytes housed in new buildings is deemed necessary to 
minister to it. Our profession should be capable of reversing this trend. 
Something else engineers should be concerned with is simplifying the routine 
operation of CT systems, which will certainly be vitally important if several 
types of CT are ever incorporated into a single overall system. 

It is also felt important to emphasise that one is likely to miss 
profitable opportunities by attempting to restrict the concept of CT to a 
single area, such as medical diagnostics. Excellent opportunities for the 
useful application of CT imaging exist in such diverse fields as animal 
breeding and genetics (Skjervold et aZ., 1980; Garden et aZ., 1983), 

evaluation of uncut timber (Benson-Cooper et aZ., 1982; Onoe et aZ., 1983; 

Garden et aZ., 1983) and archaeology. The principles of CT apply widely, 
and, as in all science nowadays, advances are much more likely to come from 
crossing interdisciplinary boundaries than from unswerving allegiance to a 
narrow field. 

9 INTERACTIVE 

It was demonstrated in chapter 6 that for many situations where the 
projection data are palpably incomplete, the image is usually well enough 
reconstructed in part at least for a human observer to make a "good guess ll 

at the nature of the original object. Implicit in such a "guess" is the 
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incorporation of all a priori information about the true object. Such 

information may consist of explicit knowledge, such as the extent of the 

object or the number of constituent component regions with the cross-section, 

but also may include all the past perceptive experience of the human regarding 
what "form" or "structure" is acceptable in a given context. For examp 1 e, 

it is claimed on the basis of the research reported in chapter 6 that the 

pattern-recognition abilities of the human brain render the task of boundary 
estimation in images reconstructed from few projections particularly 

straightforward. By exploiting this unparalleled human ability., the 

interactive algorithm described in §6.8 efficiently incorporates a priori 

information into the reconstruction, to yield images that satisfy not only 
the explicit (and usually trivial) constraints normally incorporated in 

interative schemes, but also the far more refined and subtle requirements of 

acceptability in terms of the natural morphology acceptable in the particular 

imaging context. With regard to the particular algorithm presented in §6.8, 

there exists ample scope for refinement by making more effective use of the 

"difference information". For example, it may be appropriate to form a 
piecewise constant estimate of the difference 1mage befor~ adding it on to the 
piecewise constant estimated im3ge. In a broader context though, the whole 

question of the role of interactive approaches to image reconstruction and 

image enhancement bears further investigation; it simply cannot be denied 
that the human brain completely outclasses any existing automatic pattern 

recognition algorithm. It is certainly not here suggested that such 
algorithms are worthless or pointless; rather, it is emphasised that only by 

better understanding the way the human brain extracts information from a 

digital scene, can there be any hope of having a computer perform the same 

tasks. In the meantime, why not make the most Gf the best tool available-

the human? 

9.3 EFFECTS OF DENSITY VARIATION 

The apparent insensitivity of CT i~age reconstruction to density 

variations during data collection (discussed in §7.1) has probably been 

tacitly noted and accepted as implicit by observant practitioners of CT. 

The phenomenon is here considered ~orthy of explicit mention however, because 
the findings reported in §7.3 help explain why CT image reconstruction is 
relatively insensitive to noise, and yields images which are useful (even if 

only to a small degree) when the data are inconsistent and/or incomplete. 
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That the boundaries of regions within which the density varies during CT 
scanning are usually recognisable in the reconstructed image is potentially 
of practical significance for ECG-gated CT. The implications of the above 
finding is that the boundaries of the ventricles will be readily estimated 
when contrast material is administered as a bolus injection. especially after 
application of some IIde-streaking" procedure to the gated reconstruction; 
the McKinnon-Bates method of difference projections is therefore seen as 
being worthy of practical implementation. The motivation behind injecting 
the contrast material into the ventricle in the form of a bolus injection is 
that information about the dynamic performance of the heart as a pump can 
potentially be retrieved in the form of a contrast dilution curve. It is 
suggested that there is now adequate evidence, based largely on computational 
studies, to indicate that much useful information might be routinely obtained 
using ECG-gating techniques and a conventional X-ray CT scanner. The main 
impetus in this area should revolve around clinically useful implementations. 
The techniques need to be tried out on human beings rather than animals (see 
§7.4). With due apologies to Al~xander Pope, the thing to do is 

Know then thyself 

Presume not dogs to scan 

The proper study of mankind 

Is man! 

9.4 RESOLUTION IMPROVEMENT IN 

The scheme presented in §8.2 for resolution improvement in SPECT has 
been shown to theoretically compensate for the diverging ray behaviour of 
the emanations. In practice, it would render the reconstruction very 
lengthy to implement the correction at every point in image space. It is 
suggested though that two correction functions, to be applied to the inner 
and outer regions of image space respectively. should provide satisfactory 
resolution improvement at almost all points. The efficacy of the algorithm 
in the absence of any attenuation effects has been demonstrated. Whether in 
practice the attenuation of the emanations would render the above improvement 
in resolution unnoticeable has yet to be demonstrated. Despite this, it is 
felt that the boundaries of those regions which do show up in conventional 
SPECT images will be better delineated after correction by the method proposed 
in §8.2. 
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