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Abstract 

The influence of acceleration on a number of physical systems is examined. We 
present a full relativistic treatment of a simple harmonic oscillator with rela
tivistic velocities. The line element for Schwarzschild geometry is expanded in 
a set of Cartesian coordinates and is shown to be locally equivalent (neglecting 
curvature) to the line element of a linearly accelerating frame of reference. We 

consider the rate of a linearly accelerating quantum mechanical clock and the 
measurement of frequency by non-inertial observers, requiring this measure
ment to be of finite duration. These analyses demonstrate the standard mea
surement hypothesis for accelerating observers only approximates the physical 
behaviour of these systems. 

We derive the output of an optical ring interferometer in a variety of ex

perimental contexts. A full relativistic reanalysis of the modified Laub drag 
experiment of Sanders and Ezekiel is performed, correcting a number of errors 

in their work and giving an overall discrepancy between experiment and theory 
of 1300 ppm. We examine the behaviour of a ring interferometer containing an 
accelerating glass sample. Our analysis predicts sideband structure will arise 
when a glass sample is oscillated along one arm of a Mach-Zehnder interfer
ometer and the resulting output Fourier analysed. We also predict a resonant 
cavity containing a linearly accelerating glass sample will display optical ring

ing. A rigorous analysis of a ring interferometer with angular acceleration is 

presented. This predicts a resonant cavity with angular acceleration will also 

display optical ringing and demonstrates the beat frequency in a ring laser with 
angular acceleration is the instantaneous Sagnac beat frequency. Finally, we 
analyse the optical output of a rotating ring laser with one mirror oscillating, 
predicting sideband structure in spectra obtained from Fourier analysis of the 
beat between the opposite beams, and the beat between adjacent modes when 

the laser has multimode operation. 
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Chapter 1 

Introduction 

1.1 Relativity and optics: an informal overview 

Special relativity grew out of Einstein's dissatisfaction with the state of the 
theory of electrodynamics at the turn of this century. Lorentz [82] was able 
to explain the phenomenon of angular aberration and the light drag experi
ment of Fizeau [45] by postulating a static ether which was not dragged along 
by the motion of material media. For Einstein, the special status this ether 
theory gave to the inertial frame in which it was stationary was entirely un
satisfactory. Lorentz's electrodynamics, as a preferred frame theory, was even 
more stringent than Galilean relativity for which, kinematically, no inertial 
frame was preferred. Furthermore, the form of Maxwell's equations within an 
ether theory were greatly complicated when electromagnetic phenomena were 
viewed from an inertial frame moving relative to the ether. 

A key example which led Einstein to reject the electrodynamics of Lorentz 
was an apparent asymmetry which arose when considering the behaviour of 
a conductor moving relative to a magnetic field. Within Lorentz's ether the
ory the description, based upon Maxwell's equations, of the behaviour of the 
conductor was substantially different for the two cases: i) the conductor sta
tionary with respect to the ether and the magnetic field moving; and ii) the 
reverse. Einstein rejected this asymmetry and introduced the principle of rel

ativity [37] in which it was postulated that the laws of nature take the same 
form in any inertial frame of reference. Combined with an additional postu
late that all observers agree on the value of the speed of light in vacuum, this 
principle led directly to the special theory of relativity. Within the special 
theory Einstein demonstrated that Maxwell's equations take the same form in 
any inertial frame of reference, which immediately removed the asymmetries of 
the Lorentz's ether theory. In his Autobiographical Notes, written forty years 
after publication of the special theory, Einstein stated 'The special theory of 
relativity owes its origin to Maxwell's equations of the electromagnetic field. 

1 



2 Chapter 1. Introduction 

Inversely the latter can be grasped formally in a satisfactory fashion only by 
way of the special theory of relativity' [62]. 

Aside from his conviction of the requirement for symmetry in any phys
ical theory, Einstein, as were Lorentz, FitzGerald and Poincare before him, 
was strongly influenced by the observation of angular aberration [19] and the 
results of the light drag experiment of Fizeau [45]. Although not critical in 
Einstein's development of the special theory of relativity, the null result of the 
experiment of Michelson and Morley [99], which was designed to detect a phase 
shift at second order in velocity due to the motion of the Earth relative to the 
ether, provided compelling experimental evidence in support of special relativ
ity. Historically this experiment has been (incorrectly) credited as one of the 
founding pillars upon which relativity was based. While this claim was repeat
edly denied by Einstein [62], the experiment of Michelson and Morley, more 
than any other experiment of nineteenth century, compelled Einstein's peers 
to accept the special theory of relativity as the most legitimate description of 
electromagnetic phenomena. 

Despite the successes of special relativity, Einstein was uncomfortable with 
the elevated status it gave inertial observers. Within two years of Einstein's 
publication of the special theory two highly significant discoveries were made 
which were to pave the way to the general theory. The first was Minkowski's 
realisation that, within the special theory of relativity, space and time could 
be described geometrically [100]. Within this framework Minkowski showed 
that spatial separations and time like intervals should be treated on an equal 
footing, a remarkable philosophical break from the Newtonian concepts of ab
solute space and absolute time. A second breakthrough which occurred in the 
same year was Einstein's discovery of the principle of equivalence [381, which 
exploited the empirical coincidence of inertial and gravitational mass. Gen
eralising the principle of relativity to hold under arbitrary coordinate trans
formations Einstein was led to the requirement of general covariance which, 
combined with the geometric description of flat space-time and the equivalence 
principle, led to the general theory of relativity [39], a geometric description 
of gravitation. 

In the decades following the publication of general relativity several optical 
experiments were performed which verified a number of important predictions 
of the general theory. Dyson, Eddington and Davidson [36] observed the bend
ing of light as it passed near the sun in the solar eclipse of May 29, 1919. This 
early verification of a novel prediction of the general theory marks a milestone 
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in the acceptance of general relativity by Einstein's contemporaries. Consider
ably more accurate measurements of the bending of electromagnetic radiation 
by a massive body were provided by Fomalont and Sramek in 1976 [46]. In 
their experiment Fomalont and Sramek successfully recorded the deviation of 
the path taken by radio waves emitted from a quasar as it was eclipsed by 
the sun, achieving experimental confirmation of general relativity to an accu
racy of - 1%. Closely related was the experiment, in 1979, of Reasenberg et 
al. [120] who tracked the path taken by a spacecraft which continuously emit
ted an electromagnetic signal. From the measured delay in propagation time 
from the satellite to the Earth based laboratory Reasenberg et al. were able 
to confirm the predictions of Schwarzschild geometry to 0.2%. 

One of the most significant laboratory based experiments to confirm a cen
tral prediction of any gravitational theory which incorporates the equivalence 
principle, of which the general theory of relativity is one, was that of Pound 
and Rebka [119] who located a Fes7 MOssbauer source and receiver at differ
ent heights in their laboratory, enabling them to measure the gravitational 
redshift induced by the Earth's gravitational field. Closely related was the 
experiment of Hay et al. [58] who mounted a MOssbauer source and receiver 
upon a rotating disk and detected the second order transverse Doppler shift. 
Colella, Overhauser and Werner [29] also measured a gravitationally induced 
phase shift in de Broglie waves using neutrons. In their experiment a ring 
neutron interferometer was inclined at a variety of angles relative to the sur
face of the earth. A phase shift arising from gravitational redshift in the de 
Broglie waves was detected through measuring the intensity of the recombined 

neutron beams as a function of the inclination of the interferometer. 

A ring interferometer has proved a valuable experimental tool for studying 
a variety of non-reciprocal phenomena arising within relativity theory. The 
classic light drag experiment of Fizeau [45], improved upon by Michelson and 
Morley [98] and Zeeman [156], employed a passive ring optical interferometer 
with water moving along along two arms. More recently several high precision 
light drag experiments have been performed, using a ring laser and moving 
glass samples, by Bilger and Zavodny [16], Bilger and Stowell [15] and Kowal
ski et al. [76]. Sanders and Ezekiel [128], in a closely related experiment, 
used a passive ring resonator technique to measure Fresnel drag. In these 
experiments a non-reciprocal phase shift was converted into a beat frequency 
between the opposite beams of the active cavity, enabling an improvement of 
several orders of magnitude in the resolution achieved. A phase shift in de 
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Broglie waves arising from the motion of media has also been detected using 
a ring neutron interferometer. Klein et al. [68J and Bonse and Rumpf [17J 
observed a phase shift when their sample's boundaries were moving relative to 
the laboratory, whereas Arif et al. [8J detected a null phase shift result when 
the boundary of the moving media was stationary with respect to the inter
ferometer. This null phase shift was predicted by Home et al. [63] and arises 
from the neutron-nucleus potential being independent of the velocity of the 

media when the neutron's energy is removed from a nuclear resonance. Arif 
et al. [6, 7] performed a similar experiment, this time using a sample with a 
nuclear resonance at thermal energies. As such the neutron-nucleus potential 
became velocity dependent, inducing a phase shift directly analogous to the 
historical experiment of Fizeau. 

As early as 1913 Sagnac, using a passive ring optical interferometer, re
ported an observation of the phase shift induced by rotation [125]. Since this 
first observation the Sagnac effect has become a topic of wide experimental 
and theoretical interest [118, 60, 5]. With the invention of the ring laser the 
sensitivity of optical devices to rotation was dramatically improved. The most 

precise of these is that possessed by the Canterbury Ring Laser Group, which 
has measured the Sagnac beat frequency induced by the rotation of the Earth 
with a precision of three parts in 1022 [139]. A rotationally induced phase 
shift has also been observed for super-conducting Cooper pairs [159], in neu
tron interferometry [153] I in atom interferometry with 40Ca beams (121] and 

in interferometry with bare electrons [56]. 

A ring interferometer and ring laser are also sensitive to a variety of post 
Newtonian gravitational effects [133, 130]. In particular, it has been suggested 

that the influence of Lense-Thirring frame dragging by a rotating massive body 

is detectable, in principle, by a ring laser. A comprehensive review of the var

ious classical and quantum gravitational effects to which ring interferometers 

and ring lasers are sensitive has been given by Stedman [136]. 

These experiments, along with numerous others, set Einstein's theory of 
gravitation on a firm empirical basis and have led to its almost universal ac
ceptance within the scientific community. While our discussion above has not 
attempted to fully review the labyrinth of interconnections which characterise 

the discipline of relativistic optics, this summary does highlight the strong 
links which exist between theoretical and experimental studies of the theory 
of relativity and the theory of optics. From this perspective it is valuable to 
search for further optical experiments which will test the mathematical for-
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malism of general relativity. This quest provides the underlying goal of the 
work performed throughout this thesis. 

Our primary interest in optical interferometry is in connection with the 
Canterbury Ring Laser Group. With this motivation we are led to consider 
experimental proposals for which a ring interferometer or ring laser is ideally 
suited. Given our desire to search for novel observable consequences of the 
formalism of standard relativity using optical interferometry it is most natural 

to seek generalisations of previous successful experiments. Obvious extensions 
include consideration of the effects of acceleration in the laboratory based 
experiments of Sagnac [125] and Sanders and Ezekiel [128], or to introduce 
time dependent boundary conditions in optical experiments performed in a 
rotating frame of reference. In this thesis we present a full analysis of precisely 
these generalisations. Chapters 6, 7 and 8 respectively present, within the 

context of optical interferometry, a relativistic treatment of light drag within a 
linearly accelerating dielectric sample, an analysis of the optical behaviour of a 
ring interferometer and ring laser with angular acceleration and we determine 
the optical response of a rotating ring laser with one mirror oscillating. 

However, along the path to mastering the dual formalisms of general rela
tivity and optical interferometry, required for the analyses presented in chap

ters 6, 7 and 8, several other problems of physical interest have arisen and 

been solved. Within this thesis we present the results of the most successful of 
these 'detours', all of which provide insight into the physical consequences of 
the theory of relativity. This thesis has the title Acceleration and optical inter

ferometry. It is the influence of acceleration and relativistic effects in optical 

interferometry which provide the threads which sew together the apparently 

self contained and independent blocks of work presented in each chapter. All 

work reported within this thesis belongs to either of these two categories in 

relativistic physics and the final three chapters combine these parallel interests, 
leading to a series of novel experimental predictions which either fall within, 
or just outside, the technological sphere accessible to todays experimentalist. 

1.2 Structure of this thesis 

Throughout this thesis we are primarily concerned with the manner in which 

acceleration affects the behaviour of physical systems. Our analyses, by their 
very nature, are intrinsically relativistic and this thesis should be regarded as 
the application of the theory of relativity to a number of problems, predom-
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inantly optical systems, of physical interest. Each chapter presents original 
material in its own right and is self contained. 

In chapter 2 we give an unorthodox derivation of hyperbolic motion, which 
describes the worldline of a uniformly accelerating particle. This approach is 
chosen as the formalism, when applied to the classical problem of a mass be
ing acted upon by an idealised spring obeying Hooke's law, provides a natural 
extension of simple harmonic motion into the relativistic realm. Having moti
vated the physical model, we present a full relativistic solution for the motion 
of a massive particle when attached to a centre of attraction by an idealised 
spring. 

In chapter 3 we expand the Schwarzschild line element and define a local 
Cartesian coordinate system with its origin a finite distance from the centre 
of the non-rotating, spherically symmetric gravitating body. This expansion 
enables a simple comparison to be drawn between the line element of an, 
appropriately chosen, linearly accelerating frame of reference. This comparison 
provides a clear illustration, using a well known solution of Einstein's field 
equations, of how the equivalence principle is incorporated into the general 
theory of relativity. 

Chapter 4 represents our first discussion of optical phenomena, which re
mains the focus for the remainder of the thesis. Within this chapter we derive 

the Doppler effect for two non-inertial observers, the first linearly accelerat
ing and the second stationary in Schwarzschild geometry, when the source 
is inertial. Unlike the geometric formalism of general relativity we find the 

Doppler shift relations are dependent upon the duration of the measurement. 
Before calculating these frequency transformation formula we discuss the rate 
at which a linearly accelerating clock runs, demonstrating that the rate of 
a quantum mechanical clock is affected by its acceleration. We also briefiy 
review the literature concerned with helicity-rotation coupling. 

From chapter 5 on our attention turns solely to relativistic problems in 
optical interferometry. In this chapter we present a full reanalysis of the light 
drag experiment of Sanders and Ezekiel. This reanalysis is motivated by a 
number of questions of principle which arise because of the especially compli
cated geometry used in this experiment, and the unsatisfactory treatment, or 
total neglect, of these features in the analysis of Sanders. Our analysis demon
strates an overall discrepancy between experimental results and theoretical 
predictions of 1300 ppm. This discrepancy is 4.7 times larger than Sanders 
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and Ezekiel's stated experimental uncertainty and is significantly worse than 

their claim of an overall agreement between experiment and theory to 60 ppm. 

We unify our interest in non-inertial systems and optical interferometry in 

the final three chapters of this thesis. In the first of these, chapter 6, we per

form an analysis of light drag in an accelerating dielectric using the covariant 

formulation of Maxwell's equations. As predicted by Tanaka [146], we find 

light which propagates through accelerating media suffers a shift in frequency. 

When the dielectric is accelerated along one arm of a ring interferometer this 

frequency shift leads to potentially observable experimental effects, causing the 

response profile of a resonant cavity to become asymmetric and induces a beat 

between the opposite arms of a passive ring cavity. If the sample is oscillated 

then Fourier analysis of the recorded beat between the opposite arms would 

produce sideband structure in the final spectra. We also consider an analogous 

case of a dielectric freely falling along an arm of a resonant cavity stationary 

in a gravitational field. 

Chapter 7 presents an analysis of the optical behaviour of a ring interferom

eter with angular acceleration. When the mirrors are separated by vacuum we 

utilise a transit time technique to calculate the observable phase shifts. When 

material media separates the mirrors we apply the covariant form of Maxwell's 

equations and formulate and solve the wave equation for this system. Both 

approaches yield identical predictions in the appropriate limits. Our results 

predict an asymmetric response profile for a resonant cavity with angular ac

celeration. We also show the beat frequency for a ring laser with angular 

acceleration is precisely that given by the Sagnac effect for an instantaneously 

co-rotating ring laser. 

In chapter 8 we derive the effect of oscillating a mirror within a rotating ring 

laser. To approach this problem we develop a novel formalism through which 

we may calculate optical phase shifts in non-Minkowskian frames of reference 

with time dependent boundary conditions. Our analysis predicts sideband 

structure will be observed when the beat between the counter-rotating beams, 

and the beat between adjacent modes of the ring laser, are recorded and Fourier 

transformed. This discussion is highly relevant to the current experimental 

interests of the Canterbury Ring Laser Group. 
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1.3 Notation and conventions 

Throughout this thesis we employ the Minkowski metric in Cartesian coor

dinates with 11/111 = diag( -1,1,1,1). We adopt the convention that inertial 
frames of reference are labelled I and non-inertial frames of reference S. Carte
sian coordinates of an inertial frame of reference are labelled with uppercase 
(T, X, Y, Z) and lowercase (t, x, y, z) are used to represent the Cartesian coor
dinates of a non-inertial frame of reference. Apart from the Schwarzschild line 
element, which is introduced by reference to a well known text [101], all other 
non-inertial coordinate systems used within this thesis are defined by a coordi

nate transformation from Minkowski space-time. We use SI units throughout, 
keeping all factors of c, G and h. Angular frequency is denoted w whereas 

natural frequency is denoted v w /21r. 



Chapter 2 

Hyperbolic Motion and the Relativistic Spring 

In this chapter we derive hyperbolic motion from the basic classical model of a 

uniformly accelerating particle. When moving from the classical domain into 
the relativistic realm we must replace the particle's classical momentum. with 
its relativistic counterpart. We also apply this prescription to the problem of 

a massive particle which is acted upon by an idealised spring. This leads to 
a natural relativistic generalisation of simple harmonic motion. We present a 

full relativistic solution for the motion of this massive particle. 

2.1 Classical motivation 

A particle undergoing constant acceleration and the simple harmonic oscillator 
are two elementary topics in classical mechanics that are thoroughly discussed 
in all of the standard expositions of the subject [49]. But while the relativis

tic generalisation of constant acceleration, defined with respect to instanta

neously comoving inertial frames, has received a complete treatment in the 

literature [3, 49, 101, 103], the relativistic extension of simple harmonic mo

tion, by comparison, has received considerably less attention. This omission is 

surprising as the simple harmonic oscillator is one of the most important prob
lems in classical mechanics and is thoroughly discussed in all of the standard 
expositions of the subject [49]. Furthermore, since the simple harmonic oscil
lator is a central idea in physics, from normal modes of vibration in molecules 

and solids to those in relativistic quantum fields, it is worthwhile considering 

a complete and rigorous relativistic treatment of the basic classical model. 

Synge [141] has given an exact expression for the period of a relativistic 
oscillator in terms of an integral which Goldstein [49] has identified as being 
expressible in terms of standard elliptical integrals. Skinner [135] covers the 
topic in a problem. All three of these authors give the relativistic correction 
to the period to leading order, but they have not calculated the world line 

9 
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nor analysed the motion in any detail. The question "What happens to a 
simple harmonic oscillator when the energy is such that the velocities become 
relativistic?" is a natural one to ask. Moreau, Easther and Neutze [105] were 
the first to provided a detailed and rigorous solution. In brief, the effect of 

time dilation along the world line is to cause simple harmonic motion at low 
energy to become anharmonic at high energy. 

In this chapter we derive and solve the equations of motion for a rela
tivistic particle attached to a centre of attraction by an idealised spring. We 
approach this problem from a somewhat different perspective to that previ

ously reported [105]. We begin, in section 2.2, by considering the motion 

of a relativistic particle which is acted upon by a constant force. We apply 

the prescription of Moller [103l and replace the particle's classical momentum 
with its relativistic momentum when making the transition from Newtonian 
mechanics to relativistic mechanics. The resulting solution is well known and 
the particle follows hyperbolic motion. This approach to hyperbolic motion, 

which is now regarded as somewhat 'old fashioned', is chosen as it highlights 
the physical assumptions made in deriving the relativistic corrections to the 

classical motion. Furthermore, in section 2.3 we are able to apply the same 
formalism to derive a very natural relativistic generalisation of the motion of a 
simple harmonic oscillator. In developing the relativistic oscillator by analogy 
with a well known problem in relativistic mechanics, the physical basis for 

this generalisation is made transparent. Having established the equations of 
motion for our relativistic oscillator we present a full solution in section 2.3.2. 

2.2 Hyperbolic Motion 

Hyperbolic motion is one of the standard examples of relativistic motion and is 

discussed in virtually all texts on general relativity. Its importance is twofold: 
it provides an intuitive example from which one can appreciate the distinction 

between rest mass and relativistic mass in relativistic mechanics; and, through 
the equivalence principle, accelerated motion provides a useful tool through 

which one can grasp many of the important features of gravitation without 
first mastering the full mathematical structure of general relativity. 

First consider, within the framework of Newtonian mechanics, a particle 
which is moving along the X axis of an inertial frame I and is acted upon by 

a force F applied parallel to the X axis which is independent of the particle's 
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position and velocity. Newton's equation of motion for this system is 

dpl 
(2.1) --F dT - , 

where 
pI =m dX 

dT 
(2.2) 

is the particle's classical momentum along the X axis of I, and m is the inertial 

mass of the particle. In Newtonian mechanics the inertial mass of a particle 

is identical to its rest mass mo and is independent of the particle's velocity. 

In classical mechanics the solution to Eq. (2.1) predicts that this particle will 

follow parabolic motion. 

We now follow the prescription given by Moller [103, pp.65-68j and make 

the transition from Newtonian mechanics to relativistic mechanics by: (a) 

identifying the variable T in Eq. (2.1) as parameterising the coordinate time 

of the inertial frame I; and (b) the inertial mass m of the particle in Eq. (2.2), 

which denotes the particle's resistance to acceleration, becomes the 'relativistic 

mass' m = mo 'Y, where'Y == 1/ Jl - (dX/ dT)2 / c2 = dT / dr and r is the proper 
time along the worldline of the particle. Applying this prescription to Eq. (2.2) 

we find the particle's momentum becomes 

I dX _ dX dX 
P = m dT = 1110 'Y dT = mo dr ' (2.3) 

which is the relativistic momentum of the particle. 

We again consider the motion of a particle, restricted to move along the X 
axis, which experiences a force F applied parallel to the X axis which is inde

pendent of the particle's position and velocity [103, p.73-7 41. The relativistic 

expression for Newton's equation of motion, Eq. (2.1), is therefore 

dpi d dX d2X dr 
dT = mo dT dr = 1110 dr2 dT = F (2.4) 

where we have simply replaced the classical momentum with its relativistic 

counterpart, defined by Eq. (2.3). IT we assume our particle is stationary at 

X = 0 when T = 0 then Eq. (2.4) has the solution 

T c . hear) - -sm - , 
a c 
c2 ar c2 

X - -cosh(-) --
a c a 

(2.5) 

(2.6) 

where we have defined the acceleration constant a = F / mo. This demonstrates 
that our accelerating particle will follow hyperbolic motion in I and is in 

agreement with the Newtonian case in the limit of ar/c« 1. 
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From the above formulation of this problem it would appear that we have 

chosen a special frame of reference from which to view this motion, namely the 

inertial frame I in which we have defined the force F acting on our particle. 

However, it is easily demonstrated that our particle will follow the same char

acteristic motion when viewed from any inertial frame of reference. If we make 

a Lorentz boost to another frame I' moving with velocity c tanh 8 relative to 
I, then the worldline of the particle in I' is described by 

T' - ~{Sinh(a; -8)+Sinh8} , (2.7) 

X' - : {cosh(ac'T - 8) - cosh 8} . (2.8) 

Thus, apart from a difference in the choice of the origin for primed and un

primed coordinates, the motion of the accelerating particle appears identical 

in any inertial frame. When 'T = c 8/ a the particle is instantaneously sta

tionary in I'. Eqs. (2.7) and (2.8) give, at this moment, d'T = dT' and 

d2 X' / d'T2 = ~ X' / dTI2 = a. Thus a particle following hyperbolic motion al

ways has an acceleration a with respect to the inertial frame with which is is 

instantaneously comoving. 

It is convenient to express the equation of motion, Eq (2.4) in in terms of 

the covariant form of Newton's second law 

(2.9) 

where FIJ is the Minkowski force acting on the particle and pI-' = modXIJ /d'T 
are the 4-vector components of the relativistic momentum. In the inertial 

frame of reference instantaneously comoving with the particle, Eqs. (2.7) and 

(2.8) with 8 = a'T/c give ~T'/d'T2 = 0 and ~X'/d'T2 = a such that the 

magnitude of the Minkowski force, 

(2.10) 

is constant. In a modem formulation of the problem of a uniformly accelerating 

observer one commonly uses this equation as a convenient starting point [101]. 

Thus, the prescription of replacing the particle's classical momentum with its 

relativistic momentum is consistent with a modem formulation of the problem 

of a uniformly accelerating observer. 
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2.3 Relativistic Spring 

In classical mechanics a particle which is attached by a perfect spring to a 

fixed point in an inertial frame I will follow simple harmonic motion. This 

problem has become one of the central ideas in physics, finding application in 
spectroscopy, the theory of solids, quantum field theory, and numerous other 
areas of current research. It is therefore of interest to derive and solve the 
equations of motion arising from a relativistic treatment of the basic classical 

model. 

2.3.1 Relativistic equations of motion 

As in section (2.2), we begin our relativistic treatment of a simple harmonic 
oscillator by first considering the classical formulation of the problem. Hooke's 

law in Newtonian mechanics states that the force acting on a particle connected 

by an idealised spring to the origin of an inertial frame I is proportional to 

the negative of the particle's displacement in I. Without loss of generality we 

assume that our particle is constrained to move along the X axis. Classically, 

Newton's equation of motion for the system is 

dpl 
-=-kX 
dT 

(2.11) 

where k is the spring constant. In classical mechanics the solution to Eq. 

(2.11) predicts that our particle will display simple harmonic motion. 

We now apply the same formalism which we used in section 2.2 and make 

the transition from classical mechanics to relativistic mechanics by identifying 

T as the coordinate time of I and replacing the classical momentum of the par

ticle in Eq. (2.11) with its relativistic counterpart, Eq. (2.3). The relativistic 

equation of motion for a particle attached to an idealised spring is therefore 

such that 

(2.12) 

where we have defined w = Jk/mo and is the angular frequency with which 
a classical harmonic oscillator would oscillate. It should be appreciated that 
Eq. (2.12) has been derived in a manner directly analogous to the derivation 

of Eq. (2.4) in section 2.2, which predicted that a particle acted upon by 
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a force of constant magnitude and direction would follow hyperbolic motion. 
The physical assumptions made in the derivation of this equation of motion 
for a relativistic oscillator are transparent and this formalism has provided a 
very natural generalisation of a classical oscillator into the relativistic realm. 
This approach is physically equivalent to those taken in all of the literature 
known to the author concerned with a relativistic generalisation of the classical 
harmonic oscillator [49, 105, 135, 141]. 

From the invariance of the magnitude of the four velocity we have 

(2.13) 

Differentiating with respect to 1" produces 

d2T dT _ ~ d2 X dX = 0 
d'T2 d'T c2 d'T2 d'T 

Using this expression to substitute for the d2 X/d'T2, Eq. (2.12) becomes 

~T + w2
XdX =0 

d'T2 c2 d'T 
(2.14) 

and integrating with respect to 1" we obtain 

dT W 2X2 
d'T + 2';;2 = C1 (2.15) 

The integration constant C1 is evaluated by choosing the initial conditions 

X = 0 and dX/dT = Vo at T = 1" = O. From Eqs. (2.12) and (2.13) 

Physically "Yo is the total energy of the particle expressed in units of its rest 
mass. This can be seen from the relativistic expression for energy when the 
particle is at the origin of I. At this point the potential energy is zero such 

that E = rnac2J1 + v5 "Y5 = moc2 "Yo, where we have used pI = rna "Yo Vo at the 
origin. 

Substituting Eq. (2.15) into Eq. (2.12) we obtain the equation of motion, 
with respect to the proper time variable 1", for a relativistic particle attached 
to an idealised spring with the centre of attraction the origin of I, 

(2.16) 
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This equation of motion may also be obtained from a Lagrangian formalism in 
which a relativistic particle is considered to move in the one dimensional har
monic oscillator potential i kX2, as was demonstrated by Moreau et a!. [105}. 

As in section 2.2, it is intuitive to recast these equations of motion in terms 
of the covariant form of Newton's second law, Eq. (2.9). This also serves to to 
illustrate the analogy between the classical description of an idealised spring 
and its relativistic generalisation. From Eq. (2.16), the X component of the 
Minkowski force is 

Combining Eqs. (2.13), (2.14) and, from Eq. (2.15), 

dT W 2X2 
- = 'Yo ---dr 2c' 

we obtain 

such that 

(2.17) 

(2.18) 

Written in this form the analogy between the classical idealised spring and 
its relativistic counterpart is striking. The magnitude of the Minkowski force 
exerted on the particle by the idealised spring is proportional to the negative of 
its displacement from the centre of attraction evaluated in the rest frame of the 
centre of attraction. This corresponds intuitively to the classical formulation 
of Hooke's law. Of course Eq. (2.18) is not form invariant under a Lorentz 
boost. Throughout this chapter we work entirely within a special frame of 
reference, namely that in which the centre of attraction is stationary. 

2.3.2 Solution to the equations of motion 

The solution of Eq. (2.16) determines the motion of our particle in terms of 
proper time for a given total relativistic energy 1110 c? 'Yo. Because of the tran
scendental nature of the equation, we can only obtain the solution in the form 
reX). Then Eq. (2.15) determines the world line in the form T[X, reX)]. But 
before solving these equations it is conceptually useful to discuss qualitatively 
the effect of the cubic terms in Eq. (2.16) and to obtain the nonrelativistic 
limit of this equation. 
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It is instructive to consider Eq. (2.16) in the form, 

rFX 2 [ K(X)] 
dr2 + w 1 + moc2 X = 0 , (2.19) 

where we have defined the kinetic energy of the particle at X by 

K X) = E - moe - - k X = mo c-- 'Yo - 1 - -( 2 1 2 _2 { w
2 

} 

2 2& 

Interpreting the instantaneous angular frequency of the relativistic oscillator as 

the coefficient of X, we find the angular frequency w(X) = w.)1 + K(X)/moe2 

varies with the kinetic energy K(X), from a maximum value of w../fO at the 

origin to a minimum value of w at the turning points. Thus the effect of time di

lation is to cause the relativistic oscillator to become anharmonic, with a range 

of angular frequencies along its world line. The strength of the anharmonic
ity increases with increasing total relativistic energy, and in the nonrelativistic 

limit the oscillator becomes harmonic. In this limit K(X)/moe? = v2/2e? « 1, 

and Eq. (2.19) becomes 

(2.20) 

with the proper time equivalent to the coordinate time at this order. This 

recovers Eq. (2.11) in the non-relativistic limit, which was the classical starting 

point for this analysis. 

To derive the relativistic solution we first multiply Eq. (2.16) by dX/ dr 
and integrate to obtain 

( 
dX ) 2 2 2 ( w

2 
X2) 2 ( 2 dr + w X 'Yo - ~ = c-- 'Yo - 1) , 

where we have used dX/dr = Vo 'Yo at X = 0 to evaluate the constant of 

integration. Rearranging we can express this in the form, 

2dX 
dr = ± , 

V(A~ - w2X2) (A~ - w2X2) 
(2.21) 

where A± = e .)2 (-yo ± 1), and the + sign is to be chosen for dX > 0 and 
the - sign for dX < 0 so that dr is always positive. Physically A_/w is the 

maximum amplitude of the oscillation. This can be seen as follows: when the 

particle is at its maximum amplitude, Xo, the particle has no kinetic energy 

such that all of its energy E = moe?'Yo will comprise of the particle's potential 

energy plus its rest mass. Therefore E = moe? + ! kXJ = moe? 'Yo and hence 

Xo = .:. .)2 (-yo - 1) = A_ . (2.22) 
w w 
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By a. change of variable, X = (A_Iw) sin a, Eq. (2.21) can be expressed in 

the standard form of an elliptic integral of the first kind [50], 

where K, = A_IA+ and ¢ = sin-1 (w XIA_). 

The world line T (X) can now be obtained from Eq. (2.17), 

( 
w2X2) 

dT = ,0 -~ d7' • 

If we substitute Eq. (2.21) for d7' and again make the change of variable 

X = (A_Iw) sin a, the integration produces 

(2.24) 

The integral in Eq. (2.24) can be expressed as [F (¢, K,) - E (¢, K,)] IK,2, where 

is an elliptic integral of the second kind [50]. Making this substitution and 

substituting Eq. (2.23) for 7', we find that 

T(X) = ~ {J2('Yo+1)E(.p''')-~F(.p,,,)} , (2.25) 

where X = (elw)J2 ('0 -1)sin¢ and K, = J(To -1) I (To + 1). 

In figure 2.1 we show plots of the normalised displacement, (w X)IA_, 
versus wT for Po = vole = 0.20, 0.90, and 0.99 for one complete cycle. The 

amplitudes for these three world lines are respectively 0.20, 1.61, and 3.49 to 

three figure accuracy. The three world lines show that, unlike simple harmonic 

motion, the period of the anha.rmonic relativistic motion is not independent 

of the amplitude. For Po = 0.20 the world line is very close to the sine wave 

form of nonrelativistic simple harmonic motion. At Po = 0.90 the curvature is 

becoming more concentrated at the turning points. At f30 = 0.99 the world line 

has become markedly anharmonic, being nearly straight between the turning 

points. Only in the vicinity of the turning points, where the magnitude of the 

Hooke's law force is maximum and the velocity is becoming nonrelativistic, is 

the force effective in changing the velocity. 
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Figure 2.1: The normalised displacement X(T)/Xo as a function of the normalised coor
dinate time, wT, for one complete cycle with Po = 0.20, 0.90, and 0.99. The corresponding 
amplitudes are 0.20, 1.61, and 3.49 to three figure accuracy. The world lines become more 
anharmonic with increasing energy. At f30 = 0.99 the world line is nearly straight between 
the turning points, indicating that only in these regions where the velocity is becoming non
relativistic is the force effective in changing the velocity. Unlike simple harmonic motion, 
the period of the relativistic motion is not independent of the amplitude. 

It is interesting to examine the motion in the ultra-relativistic region where 

"Yo » 1. In this case K, -+ 1 and A+ -+ A_ -+ c~. Then Eq. (2.25) becomes 

1" =! fI' rtj, sec ada = 1 In (1 +sin tP ) = 1 In (~ +X) , 
w V ;; Jo w yl2"Yo 1 - sin tP w yl2"Yo yl2"Yo - X 

(2.26) 
and Eq. (2.24) becomes 

yl2"Yo 1tj, . T = "Yo 1" - -- tan asm ada 
w 0 

(2.27) 

Substituting Eq. (2.26) for e in Eq. (2.27) and integrating by parts, after a 

cancellation we obtain the simple result, 

T = yl2"Yo sintP = X . (2.28) 
w c 

In the ultra-relativistic region the world line approaches that of a photon, 
X = cT, as the effect of the central force is negligible. Also, from Eq. (2.22), 
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the amplitude becomes very large: X_ ~ c.j2;0/w »c/w. In the limiting 
case where ;0 -+ 00, the amplitude X_ -+ 00, and the motion ceases to be 
periodic. Of course a massive particle can never reach this limit. 

Starting from a natural extension of the classical model of a simple har
monic oscillator we have derived the equations of motion for a relativistic 
particle attached to an idealised spring. In our approach the key physical 
assumption, that the classical momentum should be replaced by the relativis
tic momentum, entered in a natural and transparent manner. This approach 
complements our earlier derivation of the equations of motion starting from 
a suitably defined Lagrangian [105]. Our solution has shown that as the en
ergy of an oscillator is increased its worldline changes from the sine wave of 
simple harmonic motion to an anharmonic periodic wave with the curvature 
concentrated more and more at the turning points and the period increasing 
with amplitude. This anharmonicity is a relativistic effect due to time dilation 

along the world line. 





Chapter 3 

Local equivalence of Schwarzschild geometry 

with an accelerating frame 

In this chapter we draw a comparison between the line element of Schwarz schild 
geometry, expressed in local Cartesian coordinates, with an appropriately cho
sen linearly accelerating frame of reference. This comparison provides a clear 
illustration of how the equivalence principle is incorporated into general rela
tivity. 

3.1 The principle of equivalence 

In the last months of 1907 Einstein made the discovery which was to lead 
him to a geometric theory of gravitation. Within a review article on his spe
cial theory of relativity [381, published two years earlier, Einstein discussed 
the problem of how· to generalise this theory to include the measurements of 

non-inertial observers. He was convinced that the key to this extension lay in 
the empirical coincidence of the equality of inertial and gravitational mass. To 

interpret and exploit this coincidence, Einstein introduced a new physical prin
ciple, later to be called the principle of equivalence. This principle extended 
the observed equality between inertial and gravitational mass by stating that 
all observations performed in either a hypothetical homogeneous gravitational 
field or a uniformly accelerating frame of reference will be identical. Thus these 
two systems are indistinguishable and therefore physically equivalent, with the 
laws of physics taking the same form within both systems of reference. From 
this perspective the metric theory of Minkowski [1001, which described the 
observations of inertial observers in flat spacetime, if generalised to include 
metrics with non-vanishing curvature would describe the spacetime structure 
of a gravitational field. It was this conceptual leap, unanticipated by his con

temporaries, which led Einstein to a geometric description of gravitation. 

Experimental support for the equivalence principle is provided by several 

21 
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high precision experiments which have been performed which set limits on the 
difference between the accelerations, aA and aB, of objects A and B of different 
composition, when falling within the gravitational field of the Earth or Sun. 
The empirical independence of the acceleration of a body in a gravitational 
field from its internal structure is the origin of the so called 'weak equivalence 
principle' [155]. If we define the parameter 

then the pendulum experiments performed by Newton [Ill] set a limit of 

1111 < 10-3 and the torsion balance experiments of EotvOs [42] found 1111 < 10-9• 

Using a triangular torsion balance, with two masses of aluminium and one of 

gold at the vertices, Roll, Krotkov and Dicke [122] searched for a twenty four 
hour variation in the torque exerted on their balance by the gravitational field 
of the sun. A temporal variation would arise if the gravitational acceleration 
of aluminium and silver differed, due to the changing orientation of the sun 
relative to the Earth based laboratory. With this experiment they were able 

to demonstrate that the acceleration of macroscopic amounts of gold an alu
minium were equal to within 1111 < 10-11 • Braginski and Panov, using a similar 
experimental arrangement, improved on this sensitivity by an order of magni
tude when comparing the acceleration of aluminium to that of platinum [20]. 
Experiments to test the validity of the weak equivalence principle for individ
ual atoms and elementary particles have been inaccurate with the exception of 

neutrons, where Koester [69] set a lower limit of 11 < 10-4 • Adelberger [2] has 
discussed the motivation for a rekindling of interest in experimental tests of 

the universality of free fall. Because general relativity has proved an accurate 
theory for gravitational phenomena this interest is primarily concerned with 
the search for short range 'feeble' interactions which may lie hidden beneath 
gravitation. To date, however, no such interactions have been uncovered. 

Since the development of the general theory of relativity much has been 
written about the equivalence principle (see, for example, Norton [112] and 
references therein). Despite this large amount of literature and the wide variety 
of perspectives taken, Moreau, Neutze and Ross [106] were the first to provide 
a concrete example, taken from a specific solution of the field equations, of 
how the equivalence principle is incorporated into general relativity. Earlier 
failures [32] to draw an explicit comparison between an accelerating frame and 
a gravitational field stem from the fact that there does not exist a physical 
realisation of a homogeneous gravitational field in general relativity. Through 
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an appropriate choice of coordinate system for a linearly accelerating frame 
of reference, Moreau et a1. demonstrated the first order equivalence of a local 
coordinate system stationary in Schwarzschild geometry with an accelerating 
frame of reference. Disparity between the two coordinate systems was shown 
to arise directly from the curvature of the Schwarzschild spacetime manifold. 

In this chapter we present this demonstration of the local equivalence of 
Schwarzschild geometry with an accelerating frame of reference. We do not 
attempt, however, to provide a comprehensive review of the extensive litera
ture on the equivalence principle. Instead, in section 3.5 we touch briefly on 
some of the diverging interpretations which exist within the literature. From a 

pragmatic perspective, one is free to choose whichever philosophical interpre
tation of this principle one pleases, but the local equivalence of Schwarzschild 
geometry with a linearly accelerating frame of reference is irrefutable. 

The equivalence principle pertains to the equivalence of a uniformly accel
erated frame in flat spacetime and the local effects of a gravitational field in 
curved spacetime. In the context of Schwarzschild geometry, this equivalence 
would apply between a local, stationary frame whose origin is fixed at some 
radial distance R from the center of the spherically symmetric, non-rotating, 
gravitating body and an accelerated frame in flat spacetime with a suitable 

value of acceleration. Thus we are motivated to transform the Schwarzschild 
line element to a set of displaced rectangular coordinates. The resulting expres
sion for the Schwarzschild line element in a small region in the neighbourhood 
of the displaced origin consists of terms of two distinct types: (1) those that 
correspond to a line element in a uniformly accelerated reference frame in 
flat spacetime; and (2) those that correspond to curvature and are related to 

geodesic deviation. Only the second set of terms contribute to nonzero Rie

mann tensor elements. This dissection of the Schwarzschild line element into 
acceleration and tidal effects provides a specific example of the equivalence 
principle at work in general relativity. 

In chapter 6 we utilise this close relationship between Schwarzschild geom
etry and an accelerating frame of reference when we consider three optical ex

periments with linearly accelerating, and freely falling, dielectric samples. The 
local equivalence of Schwarzschild geometry with a linearly accelerating frame 
of reference enables us to discuss the propagation of light through an acceler
ating dielectric, and in a gravitational field, within the one unified framework. 
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3.2 Schwarzschild solution in local Cartesian coordinates 

In the first months of 1916 Karl Schwarzschild [132] published the solution 
of the spacetime manifold surrounding a non-rotating, spherically symmetric 
mass distribution. Interestingly Karl Schwa.rzsch.ild arrived at this solution 
shortly before Einstein's publication of his generally covariant theory of gravi
tation [39] and Schwarzschild's solution was based on the restricted field equa
tions of the 1913 paper of Einstein and Grossmann [41], which are valid for 
vacuum. Also in 1916 Johaness Droste [35] independently published a much 
simpler derivation of the Schwarzschild solution. The Schwarzschild line ele
ment in the coordinates of Droste is [101], 

ds2 = -(1 - 2m)c2 dt2 + (1 - 2m)-ldr2 + r2(d()2 + sin2 ()d¢2), (3.1) 
r r 

where m == GM/c2 is the geometric mass of a non-rotating, spherically- sym
metric body. 

In general relativity the fundamental concept is that of the spacetime man
ifold. The intrinsic, observer independent properties of the spacetime manifold 
are described by the metric tensor and its derivatives. A coordinate system 
is a one-to-one onto map from a subset of the manifold M to an open subset 
of r [152]. A change from one coordinate system to another merely relabels 
the events on the spacetime manifold. Thus a coordinate transformation does 
not result in any change to the motion of physical objects on the spacetime 
manifold, but merely represents an alternative choice for the description of this 
motion. 

As motivated above, we are interested in a local coordinate system using 

rectangular coordinates whose origin is fixed at coordinate distance R from 
the center of the spherically symmetric, non-rotating, gravitating body. The 

coordinate transformation to this set of displaced rectangular coordinates with 
the z axis pointing directly from the centre of attraction is given by 

x = r sin () cos ¢; y = r sin () sin ¢ z=rcos()-R. (3.2) 

Solving Eqs. (3.2) for r, we have 

2z X2+y2+Z2 
r=R 1+ R+ R2 (3.3) 

Taking the differential of Eq. (3.3) and squaring, 

2 [ 2z x2 + y2 + z2j-l [X2 2 y2 2 ( Z ) 2 2 
dr = 1 + R + R2 R2 dx + R2 dy + 1 + R dz 



3.3. Linearly a.cceleraiing coordinaie lI)'IItema 25 

+ ~; dxdy+~ (1+ ~) dxdz+~ (1 + ~) dydz]. (3.4) 

We can also write 

(3.5) 

with the final term given by Eq. (3.4). 

Substitution of Eqs. (3.3), (3.4), and (3.5) into Eq. (3.1) gives the Schwarzschild 

line element expressed in the displaced rectangular coordinates. 

ds2 = - [1- 2mlR ] c2dt2 +dx2 + dV2 + dz2 

VI + ~ + :z:2+~!+z2 

[ 
2z x2 + y2 + z2]-1 {[ 2ml R ]-I} - 1 + - + 1 - 1 - -;=============:::====;:: 
R R2 V1 + it + 3:2+~;+z2 

[
X2 y2 (Z)2 

X R2dx2 + W dy2 + 1 + R dz2 

+~;dxdy+ ~ (1+ ~) dxdz+~ (1+ ~) dvdz] (3.6) 

Equation (3.6) is exact for all values of R > O. 

We are interested in a small region about the origin x = y = z = 0 and 

assume IxIRI, lylRI, and IzIRI« 1. We do not assume mIR« 1, and so do 
not make a weak field approximation. Neglecting second order terms in Ixl RI, 
Ivl RI, and IzI RI in all factors in Eq. (3.6), we write a first-order expression 
for the line element as 

2 (2m 2mZ) 2 2 2 2 ( 2m 2mZ) -I 2 ds = - 1--+-- edt +dx +dy + 1--+-- dz R R2 R R2 

+ 4m (1- 2m + 2mZ)-1 (~dxdz + ]{dydZ) (3.7) 
R RR2 R R' 

for small displacements about the origin with no restriction on the magnitude 

of2mlR. 

3.3 Linearly accelerating coordinate systems 

For the purposes of comparison with the first order Schwarzschild line element, 

Eq' (3.7), and the interpretation of its diagonal terms, we consider the line el
ement of an accelerating frame of reference in Hat spacetime. As discussed in 

the previous section, a coordinate system is merely a choice for the labelling 
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of spacetime points on the spacetime manifold. A change from one coordinate 
system to another does not alter the spacetime manifold itself. We therefore 
search for a convenient coordinate transformation from an inertial frame of ref
erence, I, in Hat spacetime which represents an accelerating frame of reference 
suitable to our purposes. 

An inertial frame I in Hat spacetime using Cartesian coordinates which 
span the entire manifold is described by the Minkowski line element, 

(3.8) 

As discussed in section 2.2, an observer 0 with constant linear acceleration 
relative to the inertial frame with which 0 is instantaneously comoving will 
follow hyperbolic motion in I. Without loss of generality we restrict the mo
tion of this observer to lie along the Z axis of I and assume 0 defines the origin 
of an accelerating frame of reference, S. A Lorentz boost from I to an inertial 
frame of reference moving parallel to the Z axis leaves the X and Y coordinates 
unchanged. It is therefore natural to define the spatial coordinates perpendic
ular to the acceleration of S by x = X and y = Y, where we have adopted the 
convention, used throughout this thesis, that uppercase {T, X, Y, Z} represent 
inertial time and spatial coordinates, and lowercase {t, x, y, z} represent non
inertial coordinates. If we require that both Z and z are zero when T = t = 0, 
combined with the requirement that 0, who defines the origin of S, follows 
hyperbolic motion, we are led to a set of coordinate transformations from I to 
S which are given by [3] 

T - ~ fez) sinh (act) 
X - x, 

y - y , 

e (at) c2 (3.9) Z - - fez) cosh - - - f(O) a c a 
where, in complete generality, fez) may be an arbitrary function. It should 
be noted that if all {x, y, z} are fixed then every point in S follows hyperbolic 

motion in I, which demonstrates that this relabelling of the spacetime manifold 
has defined a set of linearly accelerating coordinate systems. 

It is very natural to define a coordinate system for which z = Z when S 

is instantaneously comoving with I, which occurs when at t = T = O. This 
system is unique and is given by 

az 
fez) = 1 + 2' ' 

c 
(3.10) 
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which is defined for z > -c?-/ a. The line-element for this accelerating coordi
nate system is given by the substitution of Eqs. (3.9) and (3.10) into Eq. (3.8), 
which yields 

(3.11) 

This choice for an accelerating frame of reference has the nice feature that the 
spatial components of the metric are Euclidean. Furthermore, by making a 
Lorentz boost of Eqs. (3.9) to a frame ]' moving with velocity c tanh 0 relative 

to ], it is easily demonstrated that the spatial coordinates of S are identical 
to those of the inertial frame with which the origin of S is instantaneously 

comoving. This provides an intuitive interpretation of this coordinate system 

as we recognise that coordinate displacements represent proper distances in 
S. It is for this reason that this coordinate system is commonly referred to 

as a rigid accelerating frame of reference [3, 32, 101, 103, 104]. An alternative 
derivation of this coordinate system is given by Misner et al. [101]. They 
consider a a uniformly accelerating observer who is Fermi-Walker transporting 

an orthonormal tetrad of basis vectors, one of which, eo, is parallel to the 

the observer's 4-velocity. Because the orthogonal spatial coordinates of this 
tetrad are defined to measure proper spatial distances, the coordinate system 
above is recovered. For reasons of priority this coordinate system has become 
commonly known as a uniformly accelerating frame in Fermi coordinates and 
we adopt this convention. 

General relativity predicts that a free particle will follow a geodesic of the 

spacetime through which it is moving, described by the geodesic equation [152, 

Eq. 3.3.3] 

(3.12) 

where l' is the proper time along the worldline of the particle, and we have 

adopted the Einstein summation convention. The Christoffel symbols rJ.& <kjJ are 

given by [152, Eq. 3.1.30] 

Calculating the equation of motion for a particle freely falling along the z axis 

of an accelerating frame in Fermi coordinates we find 

,pz 2 ( az) -=-a'" 1+-
d1'2 I c2' (3.13) 
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where 'Y = dt/d". = 1/)1- (dz/dt)2/C2. Thus the acceleration of a free parti
cle is dependent on both its velocity and position in S. The geodesic equation 
for a particle freely falling in Schwarzschild geometry is given by the substitu
tion of the metric components of the line element Eq. (3.7) into the geodesic 
equation. For purely radial motion we obtain, at r = R, the equation of motion 
for a particle freely falling in Schwarzschild geometry [101, Eq. 25.28], 

d2r G M 
---- (3.14) d".2 - R2 

which is independent of the velocity of the particle. Because this equation 
of motion is independent of the particle's velocity at R, whereas Eq. (3.13) is 

not, it follows that Fermi coordinates do not provide an appropriate choice 
with which to make a comparison with our first order Schwarzschild line ele

ment, Eq. (3.7). We therefore return to Eq. (3.9) and search for an alternative 
accelerating coordinate system for which the geodesic equation for a particle 
restricted to move along the z axis is independent of the velocity of the particle. 

We proceed by substituting the Eq. (3.9) into Eq. (3.8), which yields the 
line element for an arbitrary linearly accelerating frame of reference, 

(3.15) 

where t(z) == dJ(z)/dz. From Eq. (3.12) and the line element above we obtain 
the equation of motion for a particle freely falling along the z axis of this 
arbitrary frame of reference, 

a
2 

[t(Z) JII(Z)] (dZ)2 
c2[J(z) J'(z)J + J(z) + J'(z) d". . 

Requiring Eq. (3.14) gives us two conditions which much be satisfied, 

a2 R2 
t(z) = G M c2 J(z) , 

which have the solution 

t(z) J"(Z) 
J(z) + j'(z) = 0 , 

~ 
J(z) = YK.+ -;2 , 

(3.16) 

(3.17) 

where a = G M / R2, K. is a constant of integration, and J (z) is defined on the 

region z > -K. t? /2a. 

From Eq. (3.15) this accelerating coordinate system has the line element 

( 
2aZ) ( 2aZ)-1 ds2 = - K. + -;2 c2 dt2 + d,x2 + dy2 + K. + -;2 dz2 . (3.18) 
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This line element, with K. = 1, was previously obtained by French [471, who 

suggested that, because of its apparent similarity with the Schwarzschild line 

element, it would enable a pedagogical introduction to gravitation to be pro

vided for students familiar to special relativity but unfamiliar with the general 

theory. Broucke [221 also discussed this line element, suggesting that it pro
vided the most natural description of a linearly accelerating frame of reference 
as it could be derived from a linearisation of the Schwarzschild line element. 

While the article of Broucke appeared a few years earlier than that of French, 

it has become commonplace to refer to this coordinate system as a uniformly 
accelerating frame using French's coordinates. We also adopt this convention 

throughout this thesis. 

Because of obvious differences between this line element, Eq. (3.18), and 

the line element for Fermi coordinates, Eq. (3.11), one should appreciate that 

the variable z in French's coordinates does not represent proper distance in 

S but is related to distances measured by standard measuring rods aligned 

along the z-axis by o-(z') = J:z~J (K. + 2 a zlc)-1/2 dz. In a small spatial interval , 
surrounding K. - 2 a z I c = 1 the spatial coordinates of French are equal to the 

spatial coordinates of a Fermi frame and therefore represent proper spatial 

intervals. 

3.4 Comparison of the first-order Schwarzschild and ac

celerating frame line elements 

H we compare the first-order Schwarzschild line element, Eq. (3.7), with the 

line element for an accelerating frame of reference using French's coordinates, 

Eq.(3.18), we see that, with a = MGIR2 and K. = 1- 2m1R, the two are 

identical except for the off diagonal terms in the former. These extra terms 

correspond to curvature that is still present in the small region about the 

origin in which Ixl RI, Iyl RI, and Izi RI « 1. In fact only the off-diagonal 
terms in Eq. (3.7) contribute to the elements of the Riemann tensor while 

the diagonal terms correspond exactly to accelerated motion in flat spacetime. 

This may be seen by multiplying the off-diagonal components of the metric 

tensor by a factor Q, 913 -+ 913Q and 923 -+ 923Q in Eq. (3.7). Calculation 
of the components of the Riemann tensor using this modified line element 

demonstrates all nonzero components of the Riemann tensor vanish as Q -+ O. 
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For example, to first order we obtain 

(3.19) 

which becomes zero as Q ...... O. The persistence of curvature in the region of 
small displacements about the origin confirms the result of Ohanian [113]. 

In deriving Eq. (3.17) we have required that the equation of motion of a free 
particle moving parallel to the z axis of our accelerating frame is identical to 
the equation of motion of a particle falling radially in Schwa.rzschild geometry. 
Thus the off diagonal terms in the first order Schwarzschild line element which 
correspond to curvature do not affect the worldline of a radially falling particle 
at first order. As discussed in section 3.3, the z coordinate does not measure 
proper distance in the z direction in the accelerating frame. For the same 
reason z (and T) do not measure proper distance in Schwarzschild geometry. 

The key point, however, is that for geodesic motion along the z axis (dx = 

dy = 0), in both the Schwarzschild manifold and the flat spacetime manifold 
the z coordinate is related to proper distance in the same way to first order, 
and worldlines z(t) of test particles will be the same to this order. 

It is interesting to compare where coordinate time t is kept in the two 
spacetimes as it demonstrates the effect of time dilation in each of them. From 
Eq. (3.18), with a = MG/R2 and K, = 1-2m/R, we see that coordinate time 
in the accelerated frame is kept by a clock fixed at z = R. Equation (3.1) 
indicates that the Schwarzschild coordinate time is kept by a clock at spatial 
infinity. A clock fixed at Tl = R in Schwarzschild geometry will run at the same 

rate as a clock fixed at the origin of the accelerating frame. In comparison, a 

clock located at Z2 = tl.z in the accelerating frame will run at a different rate 

to a clock located at T2 = Tl + tl.z in Schwarzschild geometry. The rates of 
these second clocks compared to the first clocks is 

(3.20) 

where tl.¢> = m tl.z21 R2 in the accelerated frame in flat spacetime and tl.¢> = 
m/ R - m/(R + tl.z2 ) in the Schwarzschild spacetime. Thus Z2 = R in the 
accelerated frame corresponds to Z2 ...... 00 in the Schwarzschild geometry. The 
linearly rising potential in the accelerated frame in flat spacetime takes only 
a finite distance R to generate the same time dilation as the -m/ T potential 
in the Schwarzschild geometry in an infinite distance. Thus both cases exhibit 
time dilation and coordinate times will coincide to first order in the vicinity of 
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the origin if coordinate time is kept by a clock fixed at z = R in the acceler
ated frame in flat spacetime and a clock fixed at infinity in the Schwarzschild 
spacetime. 

3.5 What is the significance of the principle of equiva

lence? 

In this chapter we have drawn a comparison between a specific solution to 
Einstein's field equations and an accelerating frame of reference in flat space

time. Throughout we have avoided any weak field approximation. This demon
strates, in a pedagogical manner, how the equivalence principle is incorporated 

into general relativity. The resulting expressions show the gravitational field 
surrounding a non-rotating spherically symmetric gravitating body can, in a lo

cal region, be separated into two distinct components: that which corresponds 
to an accelerating reference frame in flat spacetime and that which corresponds 
to curvature. It is worthwhile to briefly reflect on how this example relates to 
the wider literature concerned with the equivalence principle. 

A modern definition of a 'true' gravitational field is that it is a spacetime 
manifold for which the curvature is non-zero. This is closely related to the fact 
that the presence of any gravitational source, that is energy or momentum, 
will cause the spacetime to become curved. Without the presence of gravita

tional sources the spacetime will remain flat. From this perspective inertial 
or 'fictitious' forces which arise from accelerated motion do not induce 'true' 

gravitational fields. It would therefore appear that a traditional statement of 
the equivalence principle, such as that given by Pauli [117, p.145], is flawed. 
Pauli's statement of the equivalence principle reads: 

For every infinitely small world region (ie a world region which 

is so small that space- and time-variation of gravity can be neglected 

in it) there always exists a coordinate system KO(Xb X 2 , Xa, X 4 ) in 

which gravitation has no influence either on the motion of particles 

or any other physical processes. 

Eminent relativists such as Synge [142, p. ix] have argued strongly against 
this and other formulations of the equivalence principle which claim the local 
effects of gravitation can be transformed away: 

I have never been able to understand this Principle. .... Does 
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it mean that the effects of a gravitational field are indistinguish

able from the effects of an observers acceleration? If so it is false. 
In Einstein's theory, either there is a gravitational field or there 

is none, according as the Riemann tensor does not or does van

ish. This is an absolute property, it has nothing to do with any 
observer's worldline. 

Furthermore, Ohanian [113] has shown that the effects of curvature, manifest 

as tidal distortions to microscopic idealised liquid droplets, remain even as the 
dimensions of the laboratory become arbitrarily small. It is therefore possible, 

in principle, for any observer to determine whether they are embedded within a 
'true' gravitational field, that arising from curvature of the spacetime manifold, 

or if their apparent gravitational field arises from 'fictitious' inertial forces. 

However, in adhering to the definition that a gravitational field is curvature 

alone one is throwing away the predominant effect of a gravitational field on 

the motion of bodies within it, which is identical to the effect of acceleration, 

as demonstrated in this chapter for Schwarzschild geometry. Furthermore, 
and more importantly, one is also resurrecting precisely the distinction whose 

breakdown was crucial for Einstein's discovery of the general theory of rela
tivity. It is significant that throughout his career Einstein was unwaivering 

in his presentation of the equivalence principle as the physical equivalence of 

a hypothetical homogeneous gravitational field with an accelerating frame of 
reference. For Einstein a linearly accelerating frame is physically equivalent 

to a homogeneous gravitational field, hence special relativity, a theory of flat 

spacetime, is a theory of a special type of gravitational field. It was this dis

covery which led Einstein to generalise Minkowski's metric description of flat 

spacetime to include metrics of non-vanishing curvature and thus provided 

the genesis of the general theory of relativity. This perspective was succinctly 

stated by Einstein in 1918 [40]: 

Inertia and gravity are wesensgleich (identical in essence). From 
this and from the results of the special theory of relativity it nec

essarily follows that the symmetrical "fundamental tensor" (g~/I) 

determines the metrical properties of space, the inertial behaviour 

of bodies in it, as well as gravitational action. 

This interpretation of the equivalence principle, which implies that non
inertial frames of reference in flat spacetime provide a legitimate representation 
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of the predominant effects of gravitation, is clearly that adhered to by the 
numerous authors who have appealed to the equivalence principle to relate 
their measurements or predictions for accelerated systems to those which would 
be observed in a 'true' gravitational field. Throughout this thesis we also take 

this perspective. A very good review of the debate concerning the equivalence 

principle, and the most convincing presentation of the interpretation favoured 

above that this author has read, was given by Norton [112]. 





Chapter 4 

Measurement of Frequency by non-inertial 

observers 

In this chapter we are concerned with the measurement of frequency by non
inertial observers. We derive the Doppler shift transformations for both a 
linearly accelerating observer and an observer stationary in Schwarzschlld ge
ometry when the radiation source is inertiaL Unlike the geometric formalism 
of general relativity we find the Doppler shift relations depend explicitly on 
the duration of the measurement. Before calculating these frequency transfor
mation formula we show a simple quantum mechanical clock will violate the 
accelerating clock principle, and the minimum magnitude of this violation is 

dependent on the mass of the clock. We also briefly review a related discussion 
on the coupling of the helicity of light to rotation. 

4.1 General covariance and the hypothesis of locality 

In his introduction to his celebrated paper of 1916, 'The foundation of the 

general theory of relativity' [39], Einstein discussed at length the physical basis 

of the theory of measurement within a classical context. From these reflections 
Einstein concluded that all measurements consisted merely of the detection of 
point like spacetime coincidences. As the occasion of a spacetime coincidence 
is entirely independent of the motion of any observer who notes this coinci
dence, we find that any coordinate system carried by any observer provides a 
perfectly legitimate description of these spacetime events. Thus the coordinate 
system used to describe any measurement is immaterial and one is left with 

no alternative but to regard all imaginable systems of coordinates as equally 
valid. This leads immediately to the requirement of general covariance [39]: 

The general laws of nature are to be expressed by equations 

which hold good for all systems of coordinates, that is, are covariant 

with respect to any substitution whatsoever (generally co-variant). 

35 
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This principle, applied to the special case of inertially moving observers, com
bined with the assumption of the constancy of the velocity of light in vacuum, 
led directly to the special theory of relativity. Upon Einstein's discovery of 
the principle of equivalence [38] (see chapter 3), based upon the empirical co
incidence of inertial and gravitational mass, his conviction in the principle of 
general covariance led ultimately to the general theory of relativity, a geometric 
description of gravitation. 

Based upon the principle of general covariance the general theory of rela
tivity contains an unambiguous prescription for predicting the results of any 
measurement performed by any observer with arbitrary motion. In answer
ing the question, how are the measurements of non-inertial observers related 
to those of inertial observers, general relativity responds: the results of mea

surements performed by an accelerated observer at any point in spacetime are 

identical with those of the hypothetical inertial observer at the same event with 

the same velocity [881. While this prescription has been elegantly incorporated 
into the mathematical formalism of general relativity, it should be recognised 
that its status is that of a central assumption upon which the theory of rel
ativity is founded, and therefore deserving of scrutiny. This assumption is 
referred to as the hypothesis of locality, or the standard measurement hypothe
sis, and can be regarded as a natural consequence of the classical concept that 
all measurements simply consist of the recording of spacetime coincidences. 

With the advent of quantum mechanics, however, it has become appar
ent that this classical notion of measurement needs refinement. In particular, 
the simultaneous determination of conjugate physical quantities is intrinsi
cally restricted by Heisenberg'S uncertainty principle. Many attempts have 

been made to develop a quantum theory of gravitation. Several physicists 
have argued that the reconciliation of the principle of general covariance with 
a quantum description of measurement poses grave difficulties [154, 86]. Mash
hoon, one of the strongest proponents of the need for physics to move beyond 
the assumption of locality, has suggested that if the acceleration length and 
time scales of the observer, C and C/c respectively, are of a similar magni
tude to the phenomena under observation then the locality hypothesis will be 

violated [91]. 

In this chapter we are primarily concerned with the measurement of the fre

quency of light by non-inertial observers. If we were to accept, unconditionally, 
the prescription of general relativity then this problem would simply require a 
straightforward application of the mathematical formalism of geometric optics 
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and little physical insight would be gained. However, as is well known, the mea
surement of frequency cannot be resolved instantaneously but is fundamentally 
limited by the Heisenberg energy-time uncertainty relation [30]. Even classical 
arguments based upon Fourier analysis show that if a frequency resolution Av 

is desired then the characteristic duration of the measurement must be at least 

AT '" 1/ Av. If an instantaneous measurement of frequency were attempted 
then AT = 0 such that Av = 00 and no information at all is revealed. The 

desire to avoid the assumption that the measurement of frequency is merely an 
instantaneous point like event, implicit in the formalism of general relativity, 
has motivated the work of Mashhoon [86, 87, 89, 90, 91, 92, 95], Moreau [104] 

and Neutze and Moreau [108, 109]. All of this work accepts general relativity 
as providing an accurate description of electromagnetic wave propagation in 
non-inertial spacetimes, but applies the additional physical constraint that the 
time interval characteristic of the measurement of frequency is non-zero. These 
analyses have shown the Doppler shift relations predicted by the formalism of 

general relativity, which assumes the validity of the locality hypothesis, are 

only approximate when the ratio CAT / C is not negligible within the desired 
accuracy of the measurement, where C is the length scale characteristic of the 
acceleration of the observer. While these analyses have all been classical in na
ture, their conclusions may be regarded as indicating the nature of corrections 

which would arise from a fully quantum mechanical treatment of the problem. 

In order for an observer 0 to accurately measure the frequency of a light 
signal 0 must carry along her world line a sufficiently accurate clock. We 
therefore initially discuss the measurement of time by accelerating clocks and 

provide, to our knowledge, the first treatment of a simple model of a quan

tum mechanical clock with linear acceleration. In section 4.3 we briefly review 

previous discussions of the measurement of frequency by rotating observers. 

This problem is closely related to our primary interest in the influence of ac
celeration on the measurement frequency. This literature has revealed that the 

frequency of light when measured by a rotating observer will differ from that 

predicted by general relativity because of coupling between the helicity of light 

and rotation. Sections 4.4 and 4.5 represent our most significant contribution 

to the debate concerning the measurement of frequency by non-inertial ob
servers. In these sections we calculate, respectively, an analytic expression for 

the Doppler shift for an accelerating observer and for an observer stationary 
in Schwarzschild geometry when the light source is moving inertially. These 
transformation formulae demonstrate that the Doppler shift relations derived 
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using the geometric formalism of general relativity are only approximate when 
the effects of acceleration are not negligible over the time scale characteristic 
of the measurement. 

4.2 Measurement of time by accelerating clocks 

If we accept the hypothesis of locality it follows immediately that the rate at 

which a clock with arbitrary motion records the passage of time is identical 

to that of a hypothetical instantaneously comoving inertial clock. This conse

quence of the standard measurement hypothesis is itself referred to as the stan

dard clock hypothesis. The most significant experimental evidence in support 

of this clock hypothesis has been provided by Hafele and Keating [53]. Trans
porting atomic clocks in jet aeroplanes both eastward and westward around 

the earth, Hafele and Keating continuously com pared the rate of these moving 

clocks with a reference clock based on the Earth's surface. From their experi
mental data they were able to verify the validity of the clock hypothesis under 
moderate accelerations. 

Nevertheless, the standard clock hypothesis has received some scrutiny. 
Most notable objections are those of Khan [66, 67] and Kowalski [71]. In 

this work both authors have suggested that both the acceleration and the 

instantaneous velocity of a clock affects its rate. 

Khan introduced a principle of reciprocity so as to motivate the rejection of 

the accelerating clock hypothesis. Khan's reciprocity principle required that 

two observers in relative motion make identical assessments of one another's 
motion through the use of their own measuring devices. When applied to the 

case of a linearly accelerated observer, Khan's principle of reciprocity leads to 

the conclusion that there would be no twin paradox. The existence of the twin 
paradox has been well established, with experimental support provided by the 

experiment of Hafele and Keating [53]. Therefore, Khan's violation of the twin 
paradox is sufficient to reject his theory as it was originally formulated. 

Kowalski has also suggested an alternative to the accelerating clock prin

ciple. Kowalski considered the example of two identical clocks which are both 
synchronised and stationary in an inertial frame I and separated by a proper 
distance L. Kowalski then accelerated these clocks and eventually brought 
them to rest in a second inertial frame I', again requiring them to be sepa
rated by a proper distance L. The physical assumption which forms the basis 
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of Kowalski's alternative to the accelerating clock principle is Kowalski's de
mand that these two clocks also be synchronised in the second inertial frame 
I'. Within the geometric formalism of general relativity, however, two accel
erating clocks which maintain their spatial separation do not remain synchro
nised with respect to their instantaneously comoving frame of reference. This 
asynchronisation effect can be interpreted as the origin of the phenomenon of 
gravitational redshift within an accelerating frame. Thus Kowalski's theory 
goes beyond the accelerating clock hypothesis. 

Mainwaring and Stedman included both of these authors' discussions of the 
accelerating clock hypothesis within one generalised framework [85]. In pre
senting alternatives to the standard clock hypothesis Mainwaring and Stedman 
expressed the rate of an accelerating clock as a power series of the proper ac

celeration a, such that 

(4.1) 

where Ta represents the time interval recorded by an accelerating clock, Tj is 
the time interval recorded by interval of the hypothetical instantaneously co
moving inertial clock and 9n a coefficient with dimensions L -nT2n . Terms 

of first order in Eq. (4.1) were sufficient to describe the alternative theories 
of Khan and Kowalski. Within their framework, Mainwaring and Stedman 
clearly demonstrated the alternative theories of Khan and Kowalski were pre
ferred frame theories. As such the transverse Doppler shift experiments of 
Hay et al. [58] and Turner and Hill [148], who mounted an FeST Mossbauer 
source and receiver on a rapidly rotating disk and measured the absorption as 
a function of angular velocity, are able to place stringent limits on the param

eter A. Drawing this comparison Mainwaring and Stedman concluded A « 1 
for both alternative clock principle theories, which is significantly less than the 
magnitude of the accelerating clock principle violations suggested Khan and 
Kowalski, whose theories both assumed A was the order of unity. 

Another significant discussion of the role of clocks in a non-inertial context 
is that of Salecker and Wigner [126], who proposed to measure spacetime 
separations using quantum clocks and light signals. This analysis aimed to 
determine the fundamental limitation which quantum mechanics places on the 
measurement of spacetime (f'lstances in a gravitational context. Their work was 
motivated by the underlying principle of general relativity that coordinates 
have no meaning independent of their observation [154]. Salecker and Wigner 
showed the accuracy of a quantum mechanical clock is inevitably limited by 
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its mass. Assuming the uncertainty in the location of the clock is not so 
large as to cause further significant uncertainty in recording time intervals by 
a macroscopic detector, they showed the measurement of a spatial distance 
using a clock of mass m intrinsically contained an uncertainty of the order 

D..Z '" cD..T '" JliT /m. 

Salecker and Wigner's model for a microscopic quantum clock which could 
measure spacetime distances consisted of two mirrors separated by an unknown 
spatial distance d, with the time interval for a minimum uncertainty light 
wavepacket to propagate back and forth between the mirrors being recorded 
by a quantum clock of mass m. From the measurement of this time interval the 
separation of the mirrors can be inferred. In the work below we reconsider the 
arguments of Salecker and Wigner but assume the spatial distance d between 
each mirror is known and treat this apparatus as a clock in its own right. Such 
a clock, assumed to be moving along a geodesic, has been described by Misner 
et aI, [101, pp. 397~3991 as a useful model for a clock in a gravitational context. 
The recording of a time interval using such a clock consists of the counting the 
number of times the wavepacket intercepts one of the mirrors in an interval of 

duration T. 

First consider such a clock which is stationary in an inertial frame I and 
aligned so that the wavepacket propagates along the Z~axis. Each detection of 
the wavepacket at the first mirror would correspond to a time interval2d/c so 
the rate at which this clock runs is c/2d counts per second. For each count to 
be resolvable the spread of the wavepacket must be less than the dimensions of 
the clock, cD..T < d, where D..T is the temporal spread of the wavepacket and, as 
such, also corresponds to the fundamental temporal resolution achievable with 
our clock. Upon each re:B.ection off the mirrors of the clock this wavepacket im

parts an indeterminate momentum '" li/cD..T to the clock, which follows from 
the Heisenberg position/momentum uncertainty relation. This uncertainty is 

at least the order of magnitude of the uncertainty in the momentum of the clock 
itself, which is assumed to have an uncertainty in its position D..Z ::; d. Be
cause of this indeterminant momentum our clock has a minimum uncertainty 
in its velocity given by D..v '" li/mcD..T where m is the mass of the clock. 
Therefore, at a later time T the clock may be a distance TD..v '" TIi/mcD..T 
from where it would have been located in classical mechanics. A macroscopic 
observer 0 records the time interval measured by our microscopic clock by 
receiving light signals from the clock itself. In order to maintain the accuracy 

of our clock we demand the uncertainty in the location of the clock does not, 
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itself, lead to an uncertainty contribution greater than 6.T in the recording of 
time by our macroscopic detector. Therefore T6.v ..... IiT/mc6.T < c6.T from 
which it follows that 6.T > JIiT /mc2, which recovers the result of Salecker 
and Wigner [126]. Thus the mass of our clock, which is accurate to 6.T over 
a time interval T, is required to be 

liT 
m> (c6.T)2 . (4.2) 

We now assume our clock is stationary in a rigid accelerating frame of 
reference, which has the spacetime metric given by Eq. (3.11). We locate 

the two mirrors at z = Zo and z = Zo + d and the light propagates parallel or 
antiparallel to the z-axis. The coordinate time for the centre of our wavepacket 
to complete a round trip from a mirror at z = 0 to a second mirror at z = d 

and back is found by calculating the null geodesics of the accelerating frame. 
Substituting ds = dx = dy = 0 into Eq. (3.11) and integrating we find 

6. I f
zo

ZO
+

d 
dz = .: In {1 + a(zo + d)} -In {1 + azo} 

t zo ..... zo+d = Jr. c(1+az/c2) a c2 c2 

~ ~ (1- a(zo;d/2») , 

6.tlzo+d ..... zo = r o 
(1 dz / 2) ~ ~ (1 _ a(zo ~ d/2») 

Jzo+d c + a z c c c 

Therefore the coordinate time interval for the light pulse to make a round trip 
of the clock is 

6.t = { 1 _ a(zo ~ d/2)} 2: . (4.3) 

In an inertial context the arrival of the wave-crests at the mirror corresponds 
to a proper time interval 2d/c. If 0 were to assume her clock was unaffected 
by acceleration and therefore accredited successive arrivals of the wavepacket 
as representing a proper time interval 6.7' = 2d/c, such that we can replace 
2d/c by 6.7' in Eq (4.3), 0 would register a relation between the rate of her 
clock and the rate of coordinate time 

which, at first order in a(zo + d/2)/t?, corresponds exactly to the relationship 
between proper time and coordinate time for an observer located at z = zo+d/2 
using the formalism of general relativity, which assumes the standard clock 
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hypothesis. If we adopt the notation of Mainwaring and Stedman, Eq. (4.1), 
we find 

dTo -1 ± ad 
dT; - 2c2' 

where the positive (negative) sign applies to an observer who counts the 

wavepacket detections at the lower (upper) mirror and, as previously stated, 

To represents the time interval recorded by our accelerating clock and T; repre

sents that of a hypothetical instantaneously comoving inertial clock. Thus, for 
our simple model, one finds the accelerating clock principle is violated by a fac
tor ±d/2£', where £, is the length scale characteristic of the acceleration. For 

example if our clock had d", 10 cm and a '" 100 m.s-2 then this discrepancy 

is of the order of 5 parts in 1017• 

One could, of course, decrease the separation of the mirrors until a sat

isfactory agreement between our clock and the accelerating clock principle is 

achieved. However, decreasing d comes at a cost. As was previously discussed 

for the case of an inertial clock, for our clock to operate at all we require the 

resolution c~T < d. If we decrease the dimensions of the clock to the level of 

an infinitesimal separation between the mirrors then, as given by Eq. (4.2), the 
mass of our clock would have to become infinite for our clock to be functional. 

From Eq. (4.2), a functional clock of mass m which is accurate to ~T over a 

time interval T is required to have d > c~T > J Ii T / m. Therefore we find, 

based upon a simple model of a quantum mechanical clock, a violation of the 

accelerating clock hypothesis is predicted with 

I dTa - 11 > ~ {iT . 
dTi - 2c2 V-;;;: (4.4) 

The author believes this novel prediction, or a similar version of it, would 

also be reached if one were to consider the behaviour of a more sophisticated 

model of a quantum mechanical clock when accelerating. We note, however, 

that we have maximised this violation in our derivation by requiring the light 

to propagate parallel or antiparallel to the direction of acceleration. In order 

to gauge the significance of this minimum violation of the accelerating clock 

principle we consider a clock with a mass '" 1 amu (for example a single Cs 
atom) and acceleration 100 m.s-1 which we require to have maximal accuracy 

for 1000 years, then the RHS of Eq. (4.4) is only'" 2 parts in 1015 • 

Despite the above conclusions, we will accept the standard clock hypothesis 
as a valid description for the behaviour of clocks when accelerating throughout 

the remainder of this thesis. This discrepancy may be overcome by increasing 
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the mass of the clock until agreement with the accelerating clock principle is 
achieved to the desired accuracy, or simply correcting the rate of the clock to 
take into account the infiuence of acceleration. We do, however, wish to draw 
the readers attention to the physical basis of this conclusion. In this case the 
length scale characteristic of the measurement is the dimension of the clock, d, 
and the acceleration length scale for the clock is C = c2 / a. As we find through
out this chapter, and as discussed in detail by Mashhoon [86], the violation of 
the hypothesis of locality for the measurement of time is proportional to d/ C, 

the constant of proportionality being t in this instance. 

4.3 Helicity-rotation coupling 

Experimental and theoretical studies of the infiuence of rotation in optical 
interferometry are now entering their second century [5]. Through the olr 
servation of the Sagnac effect [125], and the experimental verification of the 
second order Doppler effect using a Mossbauer source and receiver mounted on 
a rapidly rotating disk [58] I the infiuence of rotation has played an important 
role in modern physics through providing verification of the theory of rela
tivity in an accelerated context. It is therefore aesthetically appealing that, 
through experimental study of the effects of rotation on optical and neutron 

interferometry, it may be possible to search for spin-rotation coupling induced 
violations of the theory of relativity [88, 95, 61, 134]. 

In this chapter we are primarily concerned with the measurement of the 
frequency of light by non-inertial observers. When considering the measure

ment of the frequency of circularly polarised light by rotating observers the 
concept of helicity-rotation coupling arises naturally. From this perspective, 
spin-rotation coupling is closely related to our primary interest. We there
fore briefly review the physical basis for the discussions reported within the 
literature concerned with helicity-rotation and spin-rotation coupling. 

The hypothesis of locality provides a correct and consistent description 
of systems involving classical point particles and electromagnetic rays whose 
interactions, by definition, do not involve any extension in space and time. 
Mashhoon has suggested a natural prescription for the extension of this hy
pothesis to include the measurement of wave phenomena. This prescription 
reads [90]= 'the hypothesis of locality can be employed to define the elec
tromagnetic field quantities as measured by the accelerating observer. The 
(nonlocal) Fourier analysis of the field is then used to define the frequency 
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and propagation vector of radiation in a covariant manner'. By the use of the 
term nonlocal, Mashhoon is alluding to the fact that Fourier analysis cannot 
instantaneously resolve frequency, but rather is an integral over the time his
tory of the radiation. If the observation has a characteristic duration 6:r then 

a resolution in frequency 6.1/ '" 1/6.T may be obtained. 

We now apply this prescription, as did Mashhoon, to the problem of the 
frequency of circularly polarised light measured by an observer 0' with angular 
velocity n. From general relativity, which incorporates the locality hypothesis, 
the components of the electromagnetic tensor FQIJ in a. non-inertial frame S 

are 

(4.5) 

where FlJv specify the components of the Faraday tensor in an inertial frame I, 
and xQ denote the non-inertial coordinates of S. Let S be rotating with angular 
velocity n parallel to the Z-axis of I. The natural coordinate transformation 
from I to S is 

t - T, 

x - X cos(nt) + Y sin(nt) 

y - Y cos(nt) - X sin(nt) 

z - Z. 

Consider right (left) circularly polarised light propagating in vacuum parallel 
to the Z-axis of I with frequency w in I. This is described by the vector 
potential 

A = X {Ao(X ± iY) exp -iw(T - Z/c)} , 

such that, according to an observer 0' stationary in S, the vector potential is 

A' = X{Ao(~ ± iy) expi(wZ/c - [w T n]t)} . (4.6) 

Applying the prescription of Mashhoon and defining the frequency of light 
observed by 0' as the Fourier transformation of Eq. (4.6) with respect to 
the proper time along the worldline of 0', we find the frequency of this light 
measured by 0' is w' = 1(WT n), where 1 = Ih/1- (x2 + y2)nZ/c2 when 0' is 
located at (x, y, 0). If the duration of the measurement 6.T is sufficiently long 
that a frequency resolution less than n is achievable, 6.T > l/n, then we may 
expect to observe a frequency splitting between radiation of opposite helicity. 
The Doppler shift transformations of general relativity predict, in this context, 
that w' = 1W for both right and left circularly polarised light. It is the vector 
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nature of the electromagnetic radiation, combined with Mashhoon's non-local 
prescription for defining frequency, which leads to the discrepancy between this 

result and the result of general relativity which is based upon the invariance of 
the phase. Thus the difference in frequency between general relativity and the 

prediction of Mashhoon, =F,O, is a consequence of the coupling of the helicity 
of the light with rotation. 

In general the Frequency transformations which include the effect of helicity
rotation coupling are given by [90], 

w' = , { w - 11 • Ie - II . n} (4.7) 

where iI = ±cle/w is the helicity of the photon, the positive (negative) sign 
chosen for right (left) circularly polarised light and 11 = n x r is the velocity of 

0' in I. Again this expression differs from the standard Doppler shift, given by 

w' = ,{ w - 11 • Ie}, because of helicity /rotation coupling. If we attempted to 

resolve this discrepancy we would require a measurement with a characteristic 

duration ;j:r > 1/( ,II. 0). From this perspective Mashhoon's application of a 

non-local definition of frequency, which led to the prediction of helicity-rotation 

coupling, and the requirement that the measurement be of finite duration in 

order to resolve this violation of the standard Doppler shift formula, is closely 

related to other material presented within this chapter. In sections 4.4 and 

4.5 we also predict a discrepancy between the geometric formalism of gen

eral relativity and the Doppler shift transformation formulae for non-inertial 

observers. This difference arises from the fundamental requirement that any 

measurement of frequency must be of finite duration. Unlike the prediction 

of helicity /rotation coupling our predictions do not depend upon the vector 

nature of light. 

An interesting consequence of Eq. (4.6) is that, with right circularly po

larised light and 0 = w, the radiation field loses its temporal variation when 

viewed by 0'. One should appreciate that Eq. (4.6) is a direct result of the 

formalism of general relativity, and is independent of Mashhoon's extension of 

the hypothesis of locality. This loss of temporal variation is in contrast with an 

important feature of special relativity, that a time dependent electromagnetic 

field is time dependent when viewed by any inertial observer. Mashhoon [94] 

has motivated a non-local theory of electrodynamics on the basis of this feature 

of special relativity, postulating that an electromagnetic field which is time de

pendent when viewed by an inertial observer also appears time dependent with 

respect to arbitrary observers. To achieve this Mashhoon suggested that the 
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Faraday tensor for an accelerating observer be given by 

Fa/1 = F~/1 + !~ Ka/8(T, T')F;8(T') dT' , (4.8) 

where TO is the time 0 begins to accelerate and the kernel Ka/1 -,8 (1', r) is anti
symmetric in its first and second pair of indices and depends on the acceleration 
of O. To recover a Lorentz invariant theory Mashhoon required that the ker
nel vanishes when there is no acceleration and the nonlocal part of Eq. (4.8) 
be proportional to AI C, vanishing in the eikonal limit. Developing a theory 
within this framework on the basis that no obsenJer can remain at rest with 

an electromagnetic wave, Mashhoon concluded that the field as measured by 
the rotating observer would be 

F = / w [1 T n ei<.ilT] F' , 
w' w 

such that, with n = w, the field varies linearly with proper-time and the 
amplitude is larger (smaller) for positive (negative) helicity radiation. It was 

suggested that the difference in amplitude between right and left circularly 
polarised light could be searched for as experimental justification for this non
local theory. However, without empirical evidence to suggest the general theory 
of relativity should be modified to include terms of the the form of Eq. (4.8), 
this suggestion of Mashhoon will remain an imaginative extension of general 
relativity without compelling physical basis. 

While outside of our current interest in the measurement of the frequency 
of light by accelerating observers, it is appropriate that we pause, briefly, to 

review some closely related experimental proposals reported in the literature. 
It has been suggested by a number of authors [88, 95, 61, 134] that it may be 
possible to experimentally detect the coupling of the intrinsic spin of fermions 

to rotation. The analogue of Eq. (4.7) for fermions is 

Wi = / {w - v . k - cr • n I Ii} , (4.9) 

which has been derived from natural assumptions for the evolution of spin in a 
rotating frame in reference [95]. Spin-rotation coupling has also been predicted 
by Hehl and Ni [61], who used the covariant framework of general relativity to 
transform the Dirac equation into a rotating frame of reference. 

Mashhoon [95] has recently argued that indirect experimental verification of 
this phenomenon has already been reported, claiming that Venema et al. [151], 
who searched for exotic spin interactions using the nuclear magnetic precession 
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of atomic mercury, recorded the coupling of spin to the rotation of the Earth 
as a bias in their results. In the presence of of a magnetic field", 10-3 G, the 
nuclear spin precession frequencies of two ground state mercury isotopes, 199Hg 
(1= !) and 201 Hg (1= ~), contained in the same vapour cell were measured. Two 
magnetic field configurations were considered, parallel and anti-parallel to the 
rotation of the Earth. The influence of the rotation of the earth, '" 11.6 JlHz, 
was systematically subtracted out and the resolution obtained after several 

runs was a factor of 20 below this frequency. Furthermore, because of the 
random alignments of the atoms in the gas, it was considered that the orbital 
contributions would cancel and would not simulate the effect of spin-rotation 

coupling. 

Silverman [134] has proposed that the degenerate hydrogen states 1S(F=li 
mF = ±l) could also be split by the rotation of the Earth. The equivalence of 
this proposal with the claim that the intrinsic spin of an elementary particle 
will coupling to the Earth's rotation follows from the converse of Larmor's 
theorem whereby the dynamics of particles in a rotating frame of reference 
manifest a formal equivalence (at first order) to the dynamics of particles in 
a constant magnetic field. As Zeeman splitting occurs when Hydrogen atoms 
are exposed to a magnetic field, their degenerate magnetic substrates should 
also be split by rotation. Silverman suggested a direct search for hyperfine 
splitting induced by the rotation of the Earth could prove successful if current 
experimental uncertainty can be reduced by a further two orders of magnitude. 

A polarised neutron interferometer may also provide a convenient instru
ment with which to search for spin-rotation effects. As proposed by Mashhoon 
and Werner [881, the polarisation of neutrons could be flipped in one arm of 
the interferometer and then allowed to propagate a distance Al before being 
realigned and combined with the opposite beam at the detector. In such an 
experiment a spin-rotation induced phase shift of the order OAl / Vn should 

be observable, where Vn is the speed of the neutrons. As this phase shift is 
significantly less than the usual Sagnac phase shift it was suggested that a 
figure of eight interferometer be used to remove the dominant Sagnac bias. 
Audretsch and Lammerzahl [9] have analysed a similar experimental proposal 
using atomic beam interferometry. An improvement of several orders of mag
nitude is expected for the atomic case as atoms can be slowed, using laser 
cooling techniques, to very low velocity. 

While these experimental proposals fall outside of the primary interest of 
our work reported within this chapter, concerned with the Doppler shift rela-
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tions for light propagating in vacuum when measured by non-inertial observers, 
they do illustrate the need for physics to move beyond the locality hypothesis 
is receiving serious consideration from the scientific community. Furthermore, 
several of the predictions arising from a natural extension of the locality hy
pothesis would appear to be within, or just beyond, the current technological 
sphere. It is therefore highly desirable to further examine the experimental 
consequences of relaxing the locality hypothesis. In the following section we 
continue this examination and consider the measurement of frequency by a 
linearly accelerating observer and an observer stationary in Schwarzschild ge
ometry when the source is inertial. 

4.4 Frequency measurement by a linearly accelerating 

observer 

We now turn our attention to the measurement of frequency by linearly accel
erating observers. Interest in this problem [S7, 104, lOSI again stems from the 
fundamental restriction that frequency cannot be measured instantaneously. 
From our previous discussion we would expect the Doppler shift relations 

derived assuming the hypothesis of locality to be only approximate when 
c6:r / c, = a aT / c is not negligible, aT representing the time characteristic 
of the measurement of frequency and a is the linear acceleration of the our 
observer O. This proves to be the case, with the Doppler shifted frequency 
differing by an amount 1I a aT / c from the prediction of standard relativity. 

Using his prescription for extending the locality hypothesis based upon 

Fourier analysis, Mashhoon [S7] calculated the frequency components of the 

electromagnetic field when measured by a linearly accelerating observer. Con
sidering a Gaussian light wavepacket with a temporal variation exp( -iwoT -
tT2 / aT2) in an inertial frame I, Mashhoon showed the frequency profile of 
this radiation when recorded by an accelerating observer became asymmet
ric. The degree of asymmetry could be parameterised by the ratio a aT / c, 
becoming highly asymmetric when this was the order of unity. Thus the hy
pothesis of locality, which would predict that the frequency distribution of the 
light would remain a Gaussian independent of the acceleration of the observer, 
proves to be approximate when CaT / c, is not negligible. Physically this asym
metry stems from the measurement of frequency using Fourier analysis being 
non-instantaneous, with aT characterising the duration of the wavepacket in 

this example. 
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In this and in the following section we build upon the analysis of Mashhoon 
and derive analytic expressions for the Doppler shift for both a linearly accel
erating observer and an observer stationary in Schwarzschild geometry. The 
model we use is inherently classical and is not based on Fourier analysis. In

stead we assume an inertial harmonic source emits a pulse of radiation of finite 
duration, A.-r. The frequency of this radiation is measured by a non-inertial 
observer O. From the measured duration of the pulse and the invariance of 
the number of wavecrests 0 determines the frequency of the pulse with an 
associated uncertainty. In this classical model the uncertainty arises from the 
uncertainty of the phase at either end of the pulse as the signal may be be
tween peaks at the end points. Classically this introduces an uncertainty in 
O's counting of the peaks AN = ±l. Thus the minimum uncertainty in the 
frequency for N peaks is given by [30] 

Av"", liAr 

By enabling an analytic expression for the frequency for non-inertial observers 
to be calculated, this model explicitly illustrates the manner in which the 
non-instantaneous nature of frequency measurement affects the Doppler shift 
formula. Our expressions for the respective Doppler shifts contain a depen

dence on the duration of the measurement when the observer is non-inertial. 
This dependence is not predicted by the frequency transformations derived 
using the standard geometric formalism of general relativity. 

One of the aims of this work is to illustrate the likely consequences for 
the Doppler effect which a full quantum mechanical treatment of this problem 

would unveil. While our model illustrates the effect of frequency measurement 
being of finite duration, thus containing an important feature of a quantum 
mechanical theory of measurement, the model itself is inherently classicaL 
In order for phase to be well defined we require a large photon number for 
the quantum state of the electromagnetic field [83]. Therefore, this model 
should not be regarded as a prescription for measuring the frequency of a single 
photon. The reader should also appreciate that we accept the validity of the 
standard clock hypothesis throughout, assuming the clocks of our non-inertial 
observers run at the rate predicted by standard relativity. Furthermore, we 
do not diverge from general relativity when describing the propagation of an 
electromagnetic pulse in vacuum. Our only physical assumption which goes 

beyond the theory of relativity is our requirement that the measurement of 

frequency cannot be performed instantaneously. This physical basis is entirely 
consistent with the central argument used by Mashhoon when extending the 
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Figure 4.1: The first and final (dotted) planes oC constant phase oC the wavepacket which 
intersect the accelerating observer 0 at T = 0 and at T respectively. This illustration is 
viewed from the inertial frame I 

locality hypothesis to apply to the measurement of wavelike phenomena [86, 
87, 89, 90, 91, 92, 95]. 

4.4.1 Calculation of the Doppler effect 

Consider a monochromatic source of electromagnetic radiation, E, which is 

moving inertially in Minkowski spacetime and has mass m. E emits a plane 
wave pulse of finite duration ~T containing N wave peaks, which propagates 
in vacuum until it intercepts the worldline of an observer, 0, who is following 
hyperbolic motion. We assume the effect of radiation back reaction on the 

worldline of E and the effect of E on spacetime curvature are negligible. This 
requires h 11 « mc2 and is itself small. AJ3 discussed in section 4.2, we also 
assume the clock carried by 0 is sufficiently massive that we may neglect its 
uncertainty in measuring proper time intervals [126], yet not so massive that 
its effect on spacetime curvature is significant. 

Let'T denote the proper time along the worldline of O. At'T = 0,0 detects 
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the arrival of the electromagnetic radiation. Define I as the inertial frame in 
which 0 is stationary at this instant. Choose the axes of I such that 0 passes 
through the origin of I at time T = T = 0 and continues along the Z axis. 
Eq. (2.5) gives the worldline of 0 in I as X = Y = 0 and 

T -

Z -

.:. sinh(~) , 
a c 
CZ aT CZ 
-cosh(-) --
a c a 

(4.10) 

(4.11) 

When measured in I this radiation pulse has frequency V, wave vector Ie and 
duration AT, as illustrated in figure 4.1. The angle between the Z axis of I 
and Ie is {}. The worldlines of the points where each end of the electromagnetic 
pulse cuts the Z axis are given respectively by 

Z cos{} - cT , 

Z cos{} - c(T - AT) ( 4.12) 

We wish to evaluate the proper time interval between the detection of each 
end of the wave-train by O. From our construction, the beginning of the pulse 
intercepted the worldline of 0 at T = O. The time at which 0 detected the end 

of the pulse is found by substituting (4.10) and (4.11) into (4.12) and solving 
for T. Noting the identities 

A sinh a + B cosh a = ..; A2 - B2 sinh (a + ~ In ~ ~ ~) (4.13) 

where A > IBI and 

In(a + Va2 + 1) = sinh-1 a I 

we obtain 

~ = ~ = ;a {Sinh-
1 (aA~~~~~OS{}) +sinh-

1 C:::I)} , ( 4.14) 

where v' is the frequency as determined by O. 

This formula is singular when {} = 0 or 1(' as the identity (4.13) does not 
hold when IBI = A. These special cases are obtained directly from (4.10), 

(4.11) and (4.12). When () = 0 

1. = ---=-In (1- aAT) I 

II Na c 
(4.15) 

which agrees with that previously derived by Moreau [104] if we set N = 1 

and AT = l/v. When () = 1(' 

-=-In 1+- . 1 c ( aAT) 
II Na c 

(4.16) 
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If the acceleration of 0 is low and the duration of the pulse in I is short then 

the velocity obtained by 0 in lover the time required to measure frequency 

will be small. This non-relativistic approximation for the frequency measured 

by 0 is found by combining (4.14), (4.15) and (4.16) and expanding by order 

of aATlc, 

II = 1_~cos(J AT + O(a
2

AT2) . (4.17) 
v e 2 c2 

This Doppler shift relation differs, at first order, from that derived by apply
ing the hypothesis of locality (which automatically yields v' = v) by v c AT / C, 

where C = c2 la is the acceleration length scale for O. The assumption that 

an accelerating detector is physically equivalent to a momentarily comoving 

inertial detector yields an accurate prediction for the frequency observed by an 

accelerating detector in the limit aAT Ie « 1. One cannot demand, however, 
that AT -p 0 and obtain v = II. In such circumstances the uncertainties 

associated with the measurement of frequency become infinite. It is a simple 

consequence of Fourier analysis that a radiation pulse which approximates a 

delta function has virtually indeterminant frequency. Only in the unphysi

cal ray limit AS -P 0, when the radiation behaves in a completely point like 

manner, may one allow AT -P 0 and recover the locality hypothesis. The 

novel feature of this analysis is that our model has enabled an analytic expres

sion for the Doppler effect for accelerating observers, including the transverse 

frequency shift, to be derived. A discrepancy arises between this result and 

that predicted through application of the hypothesis of locality because the 

measurement of frequency is not instantaneous. As with the example of the 

linearly accelerating clock, section 4.2, and the frequency spectra recorded for 

a Gaussian wavepacket when resolved by a linearly accelerating observer [87], 

it is the ratio of the intrinsic duration of the measurement with the time scale 

characteristic of the acceleration which gives the magnitude of the locality 

hypothesis violation. 

The dependence of the Doppler shift relation, Eq (4.17), on the duration 

of the measurement is not reHected by the the standard frequency transforma

tions calculated using the geometric formalism of general relativity [54, 28]. 

This implies a rigorous quantum mechanical treatment of frequency measure

ments by accelerated observers would expose a dependence of the Doppler 

effect on, for example, the coherence time of the emitted radiation. A quan

tum mechanical treatment of the measurement of frequency by non-inertial 

observers clearly falls outside the standard geometric formalism of general rel

ativity and therefore remains to be formulated. Such a theory would almost 
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certainly provide a better understanding of the Unruh effect [149, 18], which 

predicts that an observer accelerating in vacuum appears to be immersed in a 

thermal bath. The close relation of the Unruh effect to Hawking radiation [57], 

a cornerstone of modern treatments of quantum gravitation, implies that a rig

orous quantum mechanical theory of measurement for accelerating observers 
would also be of significance to quantum gravitation. 

To illustrate the magnitude of the extra terms in Eq. (4.17) we suppose 
that our accelerating observer wishes to resolve a radio wave of AM broadcast 

frequency, v "" 105 , to within an accuracy of one part per million. Therefore 

we require N "" 106 such that the pulse duration ilT "" 10 s. If 0 has 

an acceleration of 10 m.s-2 then, with (J = 0, the frequency correction from 

Eq. (4.17) is -v cos (J ailT /(2 c) "" -0.15 Hz, which is significant within the 

desired level of accuracy. This discussion represents a more realistic assessment 

of the importance of these classical corrections to the Doppler effect than that 

presented earlier [108]. Previously we neglected to consider the importance of 
uncertainties within a classical context. 

4.5 Frequency measurement by observers in Schwarz

schild geometry 

As in section 4.4 we derive the Doppler shift in frequency when the source is 

inertial and the observer is non-inertial. In Schwarzschild geometry an inertial 

source is one which is freely falling. For simplicity we assume our radiation 

source, r:, is freely falling from infinity. In the following analysis we consider 

two observers, A and B, who are stationary in the spacetime manifold but are, 

respectively, above and below the source when the signal is emitted, illustrated 

in figure 4.2. In section 4.5.1 we calculate this frequency shift predicted by the 

geometric formalism of general relativity. In the section 4.5.2 we repeat the 

calculation but this time treating the radiation as a pulse of finite duration. 

This work reported the first derivation of the Doppler effect in a gravitational 

context which explicitly discussed the effect of frequency measurement being 

of finite duration [109]. As with all the results within this chapter, we find the 
resulting Doppler shift relations differ from the predictions of general relativity 

due to the finite duration of the measurement. 
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Figure 4.2: Location of the falling source relative to observers A and B in the Schwarzschild 
spacetime at the time of emission of two wavepackets 

4.5.1 Frequency measurements in general relativity. 

The Schwarzschild solution to Einstein's gravitational field equations describes 
the space-time geometry outside a non-rotating, spherically symmetric central 
body of mass M. The line element for Schwarzschild geometry is given by 

Eqs. (3.1), 

( 4.18) 

where TO = 2G M 1 c? is the Schwarz schild radius and {t, T, 0, ¢} are the usual 
spherical spacetime coordinates. 

Again we consider a radiation source, 'E, of frequency v and mass m. As in 
section 4.4.1 we assume the effect of radiation back reaction on the worldline 

of 'E, and the effect of S on spacetime curvature, are negligible. The propaga
tion of radiation emitted by E must be treated in accordance with Maxwell's 

equations. If, however, A = cl v is much less than the radius of curvature of the 
spacetime then the radiation may be considered to follow null geodesics [101, 

p.571-6]. 

Let E fall in Schwarzschild geometry from T = 00 along 0 = 71"/2, ¢ = o. 
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The worldline of E is described by [101, p.667] 

T - _1 R3/2 _ 2 Rl/2 + In { Rlj!tl } 
- 3 RI -1 ' 

T = -iRi/2 , 
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(4.19) 

(4.20) 

where R = r/ro > 1, T = ct/ro and T = cT/ro, T being the proper time along 
the worldline of E. The use of uppercase letters to define dimensionless time 
and radial co-ordinates represents a change of convention, as we have used 
uppercase T to represent the coordinate time of an inertial frame of reference 
elsewhere in this thesis. However, we do not define a locally inertial frame 
freely falling with E in the following derivation and therefore this change of 
convention should not cause confusion. 

When at R = Rl > 1, E simultaneously emits two bursts of radiation, one 
radially away from the central mass and the other radially toward it. Denote 
the 4-wavevectors of the outwardly and inwardly propagating radiation as k+ 
and k_ respectively. In the geometrical optics approximation we may use the 
following geometric (frame independent) identities to evaluate k+ and k_ : (i) 

the wave vector is null, k± . k± = 0, and (ii) the frequency of emission, 271" v = 
-k±,uI:IRl [152] where UI:IRI is the 4-velocity of E at R1• From Eqs. (4.19) and 
(4,20), dT/dRIR=Rt = -RV2/(1- R1-

1
) and dT/dTIRt = 1/(1- R1-1) along 

the worldline of S. The 4-velocity of E at Rl in the stationary Schwarzschild 

coordinates is thus 

{UI:}IAIRt = c { 1 _1' -R1-1, 0, o} , 
1-Rl 

such that 

{k±}1A = 271" V {-I ± R1-1, ±1 _1,0, o} 
c 1±R1 

k+ and k_ are tangent to the null geodesics along which the radiation prop
agates. If elA denotes the components of a Killing vector field, then the con
traction elAklA is constant along the the geodesic which the radiation propa
gates [152, p.4421. The two radiation pulses emitted by E are detected by 
two stationary observers, A located at RA ~ Rl and B located at RB , where 

1 < RB ~ R{' In the:tat~onary Schw~ild frame A a~d B have 4-~el~citi~s 
{UA}IA = c (1 - RA 1)-2, 0, 0, o}, which are both UnIt vectors pomtmg m 

B B 

the direction of the timelike Killing field elA = (1,0,0,0) [152, p.137j, such that 

elA 
{ u~}1A = J -elAelA A ' 

B 
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It follows immediately that frequency of the radiation measured by A and B 
predicted by the geometric formalism of general relativity is [1521 

_.1 

k+ . 11." 1- RI :I 
(4.21) 

21t' - v 
(1- R,,-l)i 

, 
_.1 

k_·1I.B 
II 

1 +RI :I 
(4.22) - (1- Ril)! 21t' 

VB -

4.5.2 Non-instantaneous measurement of frequency 

We now apply the classical definition of frequency presented in section 4.4 to 
determine the frequency measured by the observers A and B. The electromag

netic pulses emitted by L: are no longer considered to be point-like particles 
but are regarded as wavetrains of duration fl:r, measured along the world 

line of L:, and containing N wave peaks. The uncertainty or spread in fre

quency associated with these wavetrains is .6.v ,....., 1/.6.'1", where our discussion 
of uncertainties concerns only orders of magnitude. In the following it is conve
nient to write the duration of the radiation pulse in dimensionless coordinates, 

.6.T = c.6.'1"/ro. 

From our construction, L: was at Rl when the emission of the two wavetrains 

began. This event occurred along the worldline of L: at 1i. = T(Rt}. The 

wavetrain emitted by L: ceased at 72 = 1i. + .6.T, when L: was at R2 • From 
Eq. (4.20) 

(4.23) 

We assume, as in the previous section, observers A and B are located at RA and 

RB respectively, now requiring Rh RB and .6.T to be such that 1 < RB ~ R2• 

Furthermore, as discussed in section 4.2, we assume that the clocks of A and 

B are sufficiently massive that we may neglect their uncertainty in measuring 
proper time intervals [126], yet not so massive that their effect on spacetime 

curvature is significant. Observers A and B measure the frequency of the 
radiation emitted by L: by recording the duration of the radiation along their 

worldlines, .6.'1"" and .6.'1"B, and counting the number of complete cycles of the 
radiation, which is N as the number of radiation cycles in any wavetrain is 

conserved. The frequency measured by A and B is thus VA = N/.6.'1"A, with 
B B 

associated uncertainties .6.VA ,....., 1/.6."..... 
B B 

The wavetrain duration measured by A and B is calculated by treating 
each end of the two electromagnetic pulses as separate null-rays, which prop-
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agate radially from their points of emission to observers A and B. These 
null-geodesics are obtained by substituting ds = d¢ = dB = 0 into Eq. (4.18), 
producing a first order differential equation with solution 

T:!: = ±R ± !n(R - 1) + const:!: , (4.24) 

where T + and T _ describe the outwardly and inwardly propagating geodesic 
paths respectively. The integration constants are found by demanding the 
worldlines representing the beginning of the two electromagnetic pulses inter
sect RI at T(R1), where T(R1) is defined by Eq. (4.19), and the worldlines 

representing the end of the two pulses intersect R2 at T(R2)' Combining Eqs. 
(4.19) and (4.24), the coordinate time interval between the detection of either 
ends of the respective wavetrains at A and B is 

The proper time duration of the electromagnetic pulses measured by A and B is 
related to the coordinate time duration by Eq. (4.18), t::.1A = (l-RA-I)lt::.T'L 

B B B 

Realising VA/V = t::.T / t::.1A and VB/V = t::.T / t::.TB , and expanding Eqs. (4.23) 
and (4.25) by order of t::.T, we obtain 

VA 1- R
1
-! 

t::.T + O(t::.T 2) (4.26) -
(1- RA-I)! v 4R12 (1 - Ril )1 

-~ 
VB 1 + RI 2 + t::.T + O(t::.T 2) (4.27) -v (1 - RiiI)! 4Rl (1 - Rii I )l 

These expressions agree with those obtained by applying the 4-vector formal
ism of general relativity, Eqs. (4.21) and (4.22), to leading order in t::.T. 

However, as discussed in the case for an accelerated observer, one cannot de
mand that t::. T -+ 0 and obtain agreement between the two derivations, as 
the uncertainties associated with the measurement of frequency would become 

infinite in such circumstances. Only in the unphysical ray limit As -+ 0 may 
one allow t::. T -+ 0 and recover the previous geometric results. 

Again, as in section 4.4, the Doppler shifts, Eqs (4.26) and (4.27), are de
pendent on the duration of the radiation, a dependence not predicted by the 
geometric formalism of general relativity. In this example the discrepancy be
tween the results of our analysis and the predictions of general relativity is 
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proportional to ±vaAT/[4c)1- ~], where a = -MG/R~ is the apparent 
acceleration of E relative to observers A and B when the pulse is emitted. 
When comparing this discrepancy with the equivalent result of section 4.4.1 
we find an extra factor of 2 )1-~ appear in the denominator. This arises 
because of the effect of time dilation in Schwarzschild geometry, and also be
cause E is moving relative to A and B at the time the wave train was first 
emitted. However, the central conclusion remains, that the finite duration of 

the measurement causes the frequency transformation formulae of general rel
ativity to be only approximate in a non-inertial context. Thus all conclusions 
drawn for linearly accelerating motion will apply to Schwarzschild geometry. 
Again this example highlights the need for a rigorous quantUm mechanical 
treatment of frequency measurement when the observer is not moving iner
tially in Minkowski spacetime, as does all of the material presented within this 
chapter. 

To observe the divergence of Eq. (4.26) from (4.21) one must accurately 
determine RI . This, however, comes at a cost as a decrease in the uncertainty of 
the position of E will result in an increase the uncertainty of the momentum 

of E, increasing the uncertainty of the measured frequency. This effect is 
negligible in comparison with the uncertainty due to the wavetrain being of 
finite duration if, as we have assumed, mr? » h/ AT. We require that the 
discrepancy between Eqs. (4.21) and (4.26) is larger than their uncertainty. 
This condition is expressed as 

(4.28) 

where numerical factors have been omitted. For example, at the surface of 

the earth using the M5ssbauer effect in Fe57 , transition energy 14.4 ke V [51, 
p.87], the condition (4.28) requires ATs ~ 1O-6 s, which is an order of mag
nitude greater than the lifetime of this Mossbauer transition. Longer lived 

Mossbauer transitions, such as the Zn67 93.3 keY transition with a half-life 
of 9.4 x 10-6 s [51, p.497], or the AgI07 93.1 keY transition with a half-life of 
43 s [51, p.504], would appear too experimentally problematic to enable a di
rect observation of any transition time dependence in gravitational frequency 
shifts. Nevertheless, by the principle of equivalence, large gravitational fields 
may be studied in the laboratory through acceleration. An obvious approach 
would be to modify earlier experiments which successfully detected the trans
verse Doppler effect using Mossbauer spectroscopy [58]. In these experiments 
both source and observer were mounted on a rotating disk. If, for example, the 
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MOssbauer source were fixed in the laboratory displaced from the absorber axis 

of rotation, it would introduce a time dependence in the relative velocities of 
the source and observer. This may allow a direct observation of any transition 
time dependence in the Doppler effect for accelerating systems. 

Significantly, the resolution requirement (4.28) becomes less stringent as 
rl - roo While the validity of our classical derivation may be questioned in the 
strong gravitational regime, this example illustrates that a measurement of the 
frequency of radiation from a source falling into a black hole will show effects 
stemming from the non-instantaneous nature of frequency measurement. 

Finally, from Eqs. (4.26) and (4.27), the ratio 

VA _ (1- Ra
I)! {1- RI-i _ .6T } O(.6T2) 

VB - 1- Rit 1 + R1-i 2Rl (R/i + 1)2 + , 

is dependent on .6T. This indicates the 4-vector formalism of general relativity 
is only approximate when used to predict the ratio of frequency measurements 
performed by separated stationary observers. The dependence of VA/VB on 
.6T would cancel if both observers were directly above or both directly below 
the falling source. It is apparent, however, that the ratio of frequency mea

surements performed by separated observers will, in general, be dependent 
on the duration of the measurement. One obvious exception is when both 
source and observer are stationary in Schwarzschild geometry. In this instance 
the geometric formalism of general relativity predicts the correct expression, 
VA/V = .jl- RI-

1/.jl - Rit, which was first observed using Mossbauer spec
troscopy by Pound and Rebka [119], where Rl represents the location of the 

Massbauer source. 

In all of the examples analysed within this chapter we obtained a discrep
ancy, proportional to C.6T / C, between the predictions of general relativity and 
predictions derived assuming the hypothesis of locality. Throughout we found 

our non-instantaneous prescription used to describe a physical measurement 

ultimately led to a violation of the locality hypothesis. This central conclusion 
is in full agreement with that of Mashhoon and this work further motivates 
the search for a quantum mechanical formalism which will describe the mea
surement of frequency by non-inertial observers. 





Chapter 5 

Reanalysis of the light drag experiment of 

Sanders and Ezekiel 

In this chapter we present a full relativistic reanalysis of the modified Laub 
drag experiment of Sanders and Ezekiel [128]. In their analysis they neglected 
a number of relativistic corrections which are potentially significant at the or
der of 100 ppm. Our calculation demonstrates an overall discrepancy between 
the experimental results of Sanders and Ezekiel and theory of 1300 ppm, which 

is substantially larger than their claimed overall agreement to 60 ppm. Fur

thermore, this discrepancy is 4.7 times larger than their stated experimental 
uncertainty. 

5.1 Fresnel drag 

Despite the popular mythology which surrounds the historical development of 

the special theory of relativity, Einstein repeatedly claimed the famous ether 

drag experiment of Michelson and Morley [99] had only an indirect influence 

on his thinking, through the writings of Lorentz, in the period leading up to his 

publication of the special theory of relativity [37]. Instead Einstein consistently 

stated [62] that the key results which led to his belief in the validity of the 
special theory were: (a) his conviction that the electromotive force induced 
in a body in motion in a magnetic field was nothing other than an electric 
field; and (b) the results of the Fizeau light drag experiment [45] and the 
phenomenon of angular aberration [19]. Thus, the observation of light drag in 

media moving relative to the frame of the laboratory had a profound influence 
on the scientific revolution at the turn of this century which was to radically 
alter our perception of the nature of space and time. 

Within the special theory of relativity the concept of light drag is easily 
understood. Suppose a dielectric sample with refractive index new) is moving 
with velocity v relative to a laboratory fixed in an inertial frame I. In the frame 

61 
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of the dielectric ]' the velocity at which a plane of constant phase propagates 

is wl/IIe/1 = c/n(w/). Making an inverse first order Lorentz boost from ]' to ] 
we find 

w = w' + " . le' = w' { 1+ n(w') "~k'} , 
llel = lle' + w~"1 = WI {1+ c:;;)} , 

such that, in ], the velocity of a plane of constant phase is 

w C .. I ( 1) 
jkj = n(wl) + 11 ·Ie 1 - [n(w')]2 . (5.1) 

This expression for the velocity of light dragged by media moving relative to 
an inertial observer was first proposed by Fresnel [481, for the special case of 
11 II Ie, on the basis of an elastic ether theory. For reasons of priority the 
dragging of light in moving media has become known as Fresnel drag. 

In Eq. (5.1) w' is related to w by the Doppler effect, with the exact form of 
w' being specific to the apparatus used in any light drag experiment [116]. If the 
boundary of the dragging medium is stationary in ] and the medium's velocity 
parallel to the incident beam, assumed to be normal to the medium's surface, 

we find Wi = w{l- n(w')v/c} such that n(w' ) = n(w) -wn(w) dn/dw vic and 
therefore, at first order in velocity, 

w c ( 1 w dn) c jkj = ;:;: + v 1 - n2 + ;- dw =;;: + V fLorent% • (5.2) 

where n = n(w) and we have defined the Lorentz drag coefficient, fLorenb , orig

inally derived by Lorentz [82]. However, if the surface of the moving medium 

is stationary in ]' and the incident beam propagates through vacuum, we find 

Wi = w{l - vic} such that 

w c ( 1 w dn) c jkj = ;;: + v 1 - n2 + n2 dw =;;: + V fLaw (5.3) 

where the dragging coefficient in this context, fLaub, was first obtained by 

Laub [78]. 

The first quantitative measurement of Fresnel drag was performed in 1851 
by Fizeau [45]. In this experiment water flowed through two pipes of 5.3 mm in 
diameter and 1.49 m in length with a mean velocity of 3.7,5.5 and 7.1 m.s- l . 

Because the air/water interface was stationary relative to the interferometer 
Lorentz's expression, Eq. (5.2), provided the correct formula for the velocity 
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of light through the dragging media. In this experiment Fizeau [45] was able 
to confirm the dragging coefficient to an accuracy of 16% [12]. This was an 

excellent result given that thirty years later Michelson [98], using wider How 
tubes and a more reliable light source, was only able to reduce the overall 

experimental uncertainty to 5 % [12]. The principle experimental advantage 
in using a ring interferometer was that the opposite beams followed the same 
path around the interferometer and through the dragging medium. As such 

inhomogeneities in the refractive index of the sample and surrounding air af
fected both beams in a symmetrical manner! hence spurious phase shifts of 
one beam relative to the other did not arise. 

In order to study the effect of Fresnel drag in glass, Harress [55] constructed 

a circular ring interferometer entirely from adjacent glass prisms, with a total 

beam path through the polygon of 1.22 m. For convenience Harress rotated his 

entire interferometer with angular velocity from 38 to 76 rad.s-1 , thus achieving 

motion of his glass interferometer relative to the laboratory through which the 
effects of Fresnel drag could be studied. Two wavelengths of light were used 
in this experiment, centred at A = 535 nm and A = 625 nm respectively. 

Harress's results, however, contained an inexplicable bias in the fringe shift, 
which was not correctly interpreted as arising from the Sagnac effect [125] until 
after Haness's early death. Subtracting the Sagnac bias, an overall uncertainty 

of 2% and 3% was obtained for the modified Lorentz drag coefficient at the 

respective wavelengths [12]. 

Zeeman [156, 157, 158] further refined the use of a passive optical interfer

ometer as a tool for measuring light drag. With collaborators, Zeeman [156] 
not only repeated the experiment of Michelson, reducing the overall exper

imental error in the determination of the light drag coefficient for moving 

water by a factor of six [12], but also provided the first measurement of the 

Laub drag coefficient, defined by Eq. (5.3), using samples of quartz [157] and 

ftint glass [158] with length from 1.0 m to 1.4 m and velocities exceeding 10 
m.s- t • In these experiments Zeeman achieved an experimental accuracy in 

the measurement of €LGub of 5% for quartz and 1.7% for ftint glass [12], both 
of which were sufficiently accurate to demand the inclusion of the dispersion 

term in Eq. (5.3). Furthermore, the dispersion of the ftint glass samples was 
such that this experiment provided the first clear experimental distinction be

tween €Lorentz and €LGub, the latter being demonstrated to be the appropriate 
coefficient in these experiments. 

With the advent of the ring laser and related optical instruments, high 
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precision measurement of Fresnel drag in moving media became greatly facili
tated. By converting a non-reciprocal phase shift into an easily resolvable beat 
frequency between the opposite modes of the ring laser cavity, an active optical 
device can achieve a sensitivity several orders of magnitude greater than its 
associated passive device. 

Bilger and Zavodny [16] and Bilger and Stowell [15] placed a rotating fused 
silica disk along one arm of a ring laser with wavelength 633 nm. Light entered 
the plane face of the disk off centre and at an oblique angle of incidence, set at 
the Brewster angle so as to minimise losses from reflection and to maximise the 
sensitivity of the experiment. Fresnel drag in the rotating dielectric induced 
a non-reciprocal change in the optical path of the laser beams which resulted 
in an observable beat between the opposite beams. From the measured beat 
frequency and the angular velocity of the dielectric the drag coefficient was 
determined to an accuracy of 0.5% [16] and 400 ppm [15] respectively. In 
the earlier analysis Bilger and Zavodny [16] assumed the dragging coefficient 
had a Lorentz rather than a Laub form as the air/medium interface remained 
stationary in the laboratory frame. This was confirmed by Parks and Dow
ell [116J who generalised the drag formula to include arbitrary angles between 
the velocity vector of the medium and the incident and refracted light beam. 
However, the more accurate measurement of Bilger and Stowell differed from 
their theoretical prediction by two standard deviations, which was considered 
too small to claim a discrepancy. 

Sanders and Ezekiel [128] employed a passive ring resonator, also with 

wavelength 633 nm, and used a shuttle rod arrangement at the drag site, sim
ilar to that used by Zeeman, whereby their glass samples were oscillated along 
the optical path of their optical cavity. By using the Ezekiel-Balsamo passive 
resonator technique [129] they converted an asymmetrical phase shift into a fre
quency shift such that their observable was also the beat frequency between the 
counter-propagating beams. With the corresponding improvement in experi
mental sensitivity they measured the value of the Fresnel drag coefficient with 
an overall experimental uncertainty of 280 ppm, and claimed agreement with 
their theoretical calculation to 60 ppm. This experimental result of Sanders 
and Ezekiel therefore appears to be the most accurate verification of the Fres
nel drag coefficient in moving media to date. However, this claim can only 
be justified on the basis of a much fuller analysis than attempted by Sanders 
and Ezekiel. At levels of 1000 ppm or less one may expect a wide variety 
of geometrical and relativistic complications to affect the observed frequency 
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difference. 

Bilger and Stedman [13] have made an extensive attempt to include all of 

the corrections which will arise at this sensitivity. In this chapter we improve 
on this earlier work and concern ourselves entirely with theoretical corrections 
to the analysis of the experiment of Sanders and Ezekiel. Novel aspects of this 
analysis include the derivation of the phase shift for the experiment of Sanders 
and Ezekiel from first principles, rather than through the addition of a number 
of small corrections as different effects are analysed piecewise. We also include, 
throughout our derivation, geometric effects arising from the specific geometry 

of the optical cavity used by Sanders and Ezekiel. This chapter is unique in 

this thesis as it, alone, is not concerned with acceleration. While the glass 
samples in this experiment were oscillated, an analysis assuming the samples 

are moving with constant velocity is sufficient for our purposes. 

Since the publication of the experiment of Sanders and Ezekiel the only 

significant light drag experiment to be reported in the literature is that of 
Kowalski et al. [76]. In this experiment a sample of fused silica and two mirrors 
were mounted on a platform which was linearly accelerated along the path 
of a ring laser. In their analysis Kowalski et al. presented their results as 
experimental verification of the, not unexpected, phenomenon that a plane of 

constant phase propagates at the phase velocity through their glass sample, 
which had a modest acceleration of ,..." 0.053 m.s-2 • If this is reinterpreted as 

the measurement of the Laub drag coefficient we find the accuracy of their 

experiment was an order of magnitude below that claimed by Sanders and 

Ezekiel [75]. 

In recent years there have been several successful experiments using ther
mal neutrons which are analogous to the passive interferometer light drag 

experiments discussed above. As is the case with light drag experiments, the 
resulting phase shift is dependent on whether the boundary is moving with the 

dragging media or is stationary in the laboratory. However, this distinction 

for neutrons is considerably more pronounced than it is for light. Whereas 

only the coefficient of the dispersion term distinguishes the the two cases in 
optical interferometry, Horne et al. [63] have shown that when the boundary 
of the moving medium is stationary relative to the neutron interferometer no 

phase shift results if the neutron-nucleus potential of the material medium is 
independent of the velocity of the medium, which holds if the medium does 

not have a nuclear resonance at thermal energies. 
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The first successful neutron Fizeau effect experiment was that of Klein et 

al. [68] in 1981. In this experiment a square quartz rod was rotated along the 

path of both the separated neutron beams. The axis of rotation of this quartz 
rod, which was aligned parallel to the vector area of the interferometer, passed 

through the centre of the interferometer so that each beam encountered the 
rod moving in opposite directions. Through this arrangement Klein et al. were 
able to achieve an experimental verification of the expected drag coefficient to 

9 %. Bonse and Rumpf [17], who used a rotating sample shaped like a four 

winged propeller, were able to improve upon the experiment of Klein et al. 

and achieve an overall accuracy of 1.5 %. 

Arif et al. [8] confirmed the prediction of Horne et al. by observing a null 
phase shift for a neutron de Broglie wave when the boundary of the moving 

media was stationary relative to the interferometer. Arif et al. [6, 7] extended 
this result by performing a similar experiment, but this time with the moving 

media having a nuclear resonance at thermal energies. As such the neutron 
beams experienced an energy dependent potential inducing a phase shift anal

ogous to the historic experiment of Fizeau. Upon measuring this velocity de

pendent phase shift for the neutron de Broglie waves the dragging coefficient 

was determined with an overall accuracy of 18 %. 

5.2 The experiment of Sanders and Ezekiel 

Sanders and Ezekiel [128] employed a passive ring resonator technique to mea

sure the Fresnel drag coefficient for a variety of glass samples of different indices 

of refraction and dispersion. Their square optical cavity contained two plane 

mirrors and two concave mirrors with a mirror separation of 0.7 m. The con

cave mirrors were located at opposite corners of the cavity and each had a 

radius of curvature R ~ 1.2 m. The dimensions of their glass samples were 

from 0.6 em to 1.9 em, the indices of refraction ranged from 1.46 to 1.84 and 
dispersion from -0.029 J,Lm-1 to -0.14 Ilm-1. In order to avoid experimen

tal complications arising from multiple reflections within their glass samples, 

Sanders and Ezekiel inclined each sample's normal to an angle (J relative to 

the optical axis of the optical cavity, where (J varied from 5.15° to 15.65°. The 

glass sample was then moved sinusoidally along the optical axis of the passive 
cavity without changing its tilt. Because the boundary of the sample moved 

with the medium, this experiment was itself a modified Laub drag experiment. 

Light drag within the dielectric sample resulted in a non-reciprocal phase shift 
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which, in turn, led to an observable beat frequency between the opposite beams 
of the cavity. Sanders and Ezekiel claimed an overall agreement between their 
experimental results and theoretical predictions of 60 ppm. 

A full reanalysis of the experiment of Sanders and Ezekiel, including all 
phenomena which may affect the observed beat frequency at this level of sen
sitivity, constitutes the focus of this chapter. However, before proceeding with 
this somewhat detailed theoretical analysis we outline some of the assumptions 
implicit in, and systematic errors arising from, the experiment of Sanders and 
Ezekiel. These have previously been discussed in detail by Bilger and Sted
man [13} 

5.2.1 Systematic errors 

Bilger and Stedman noted that the technique used by Sanders and Ezekiel to 
cope with the non-uniformity of the motion of their glass samples, and with 
finite sampling time, is not clear from their account, despite its importance 

in achieving measurement accuracies at the level of 100 ppm. Each sample 
was moved sinusoidally with a frequency of 5 Hz and a peak velocity of 25.525 

cm.s-1 • The driver which oscillated the samples had to be carefully constructed 
so as to insure to constancy of the tilt of the glass samples relative to the opti
cal axis of the interferometer. Since only about 100 counts can be accumulated 
during a half period (a typical beat frequency is 1 kHz) careful precautions 
have to be taken in order to maintain an overall accuracy of 100 ppm. Pe

riod counting with proper gating of the interferometric velocity readout would 
achieve the required accuracy. 

The opposite faces of all glass samples were assumed to be parallel. Sanders 
and Ezekiel gave the thickness with a typical error of 0.5 p,m, which implies 
a sufficiently small divergence of the opposite faces for this assumption to be 
accepted. All samples were anti-reflection coated, although the nature and 
thickness of the coatings was not reported. If we assume all anti-reflection 
coatings consist of a film of MgF2 (refractive index n = 1.38) of thickness 
633/ ( 4 x 1.38) nm = 115 nm we find corrections to the measured drag coefficient 
of between 3 and 24 ppm arise due to the presence of anti-reflection coatings. 
This correction, while contained within our final analysis for completeness, is 

practically negligible within the overall uncertainty of the experiment. 

As did Sanders and Ezekiel, we assume the material is homogeneous with 
constant refractive index n,(w) and dispersion dn,(w)/dw against vacuum, 
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where the subscript 8 denotes the refractive index of the glass sample. In 
their manuscript [128] Sanders and Ezekiel quoted the refractive indices as 

supplied by the manufacturer. However, through his own experience, Bilger 

was aware that manufacturers always quote the refractive index of glass sam

ples relative to air not vacuum. At 20°C and 100 kPa the refractive index of 

air is nil = 1 + 2.7 X 10-4• The leading term in the drag coefficient of Sanders 
and Ezekiel is proportional to the refractive index of their sample, so we may 

immediately expect a correction at the order of 270 ppm arising from this 
oversight. 

A major obstacle to the ultimate precision of the experiment of Sanders 

and Ezekiel was their decision to allow their beams to propagate through an 

air filled cavity. The moving sample pushes the surrounding air back and 

forth causing additional drag. The induced turbulence makes the magnitude 

of this component of the drag difficult to evaluate. This problem is well known; 
the classic work of Zeeman[156] included very careful attention to end effects 

in cells containing the moving fluid. In experimental arrangements where 

the motion of the sample is traverse, such as that employed by Bilger and 

Zavodny [16} and Bilger and Stowell [15}, the problem is greatly lessened. 

Fortunately, Sanders and Ezekiel noted the additional drag was independent 

of the lengths of the glass used and were able to determine it separately by 

linear extrapolation of the total observed drag to zero glass length. From this 

extrapolation a beat frequency offset of 9.9 ± 0.7 Hz was obtained, from which 

it is inferred that the thickness of the air moved is an order magnitude greater 

than the thickness of the glass itself. The uncertainty in their extrapolation 

in a typical measurement of 1 kHz amounts to a systematic error contribution 

of 700 ppm. This is a very substantial error in the quest to achieve an overall 

accuracy of 100 ppm. 

An additional systematic error arises from the presence of air in their optical 

cavity which cannot be easily estimated. When a glass sample is moving rel

ative to the optical interferometer, the relativistic form of Snell's law predicts 

that the opposite beams will suffer different refraction through the moving me

dia. Therefore the counterclockwise (ccw) and clockwise (cw) beams become 

separated by the motion of the dielectric sample. Because the opposite beams 

do not follow identical paths around the optical cavity, but are separated by 

relativistic effects as a consequence of tilting the glass sample, it does not fol

low that inhomogeneities in the refractive index of the air around the paths 

of the opposite beams automatically cancel. This may lead to spurious non-
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reciprocal phase shifts of the opposite beams relative to each other and hence 
additional systematic uncertainty in the measured drag coefficient. We shall, 
of necessity, follow Sanders and Ezekiel in ignoring these problem and assume 
that the air is homogeneous and dispersionless, with refractive index nell and 
is always at rest in the laboratory. However, within the stated aim of Sanders 
and Ezekiel to achieve an accuracy to 100 ppm, it is clear that this would 
have been better facilitate by evacuating the optical cavity through which the 
opposite beams propagate. 

5.2.2 Flelativistic effects 

Within their manuscript Sanders and Ezekiel did not present their calculation 
of the modified Laub drag coefficient appropriate for their experiment. Sur
prisingly they simply quote the result, without explicit reference to Sander's 
PhD thesis [127] in which it is calculated. The calculation of the modified 
Laub drag coefficient is greatly complicated by the tilting of the glass sample. 

Sanders, in his analysis, provided a partial solution but neglected a number 
of effects which are potentially important at the order of 100 ppm. Below we 
outline the important relativistic corrections to this analysis, and discuss how 
these were incorporated into, or neglected by, the analysis of Sanders. The 
remainder of this chapter is then dedicated to incorporating all of the effects 
discussed below. 

All of the glass samples used by Sanders and Ezekiel had significant dis
persion. This dispersion was highly desirable within their experiment as a 

key aim of this work was to provide an irrefutable experimental distinction 
between the modified Laub drag coefficient and the Lorentz drag coefficient . 

. However, the presence of dispersion complicates the theoretical analysis of this 
experiment. As discussed in section 5.1, the refractive index which appears in 
Fresnel's light drag formula, Eq. (5.1), must be evaluated at the frequency of 
the light, w', as measured in the moving frame of the sample ['. Dispersion 
enters through ns(w') = ns(w) + {w' - w} dns/dw and Wi ¥: w because of the 
Doppler effect. Sanders used a transit time approach in his calculation and so 
the appropriate phase velocity of light through the moving media is an issue 
of central importance to his analysis. We note that, within this derivation 
of the modified Laub drag coefficient, Sanders [127] was careful to accurately 
distinguish between the different roles of ns(w' ) and ns(w) in Eq. (5.1). 

In order to calculate the path taken by light through the moving dielectric, 
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the relativistic form of Snell's law has to be applied at the moving boundary. 

This calculation is best performed in the moving frame of the sample, [', 

Again the refractive index of the sample which is used in the expression of 

Snell's law should be n,,(w') and this was used by Sanders. However, Sanders 

assumed the glass was immersed in vacuum when applying Snell's law and 

the correction to angles arising from the refractive index of air was neglected. 

In the following analysis we include all effects arising from the sample being 

immersed in air when we apply the relativistic form of Snell's law, which we 

discuss in detail in section 5.3.1. A further error in Sander's analysis also arose 

because he neglected the influence of angular aberration when transforming all 

angles from l', the frame of the moving dielectric, back into [, the frame of the 

laboratory. This neglect of aberration is the primary cause for the eventual 

discrepancy between Sander's algebraic expression for the dragging coefficient 

and the result which we derive below. In our analysis we use a snapshot 

approach to calculate of the modified Laub drag coefficient. As a result we 

are able to utilise the in variance of k~dx~ in our expression for the phase shift 

through the glass sample, and thereby calculate this contraction in I'. This 

enables us to avoid complications arising from aberration, as we do not need 

to transform any angles from I' back to [. 

We mention, in passing, an apparent ambiguity in the transit time analysis 

given by Sanders which relates to the different roles of group and phase velocity 

in optical systems with dispersion. Sanders correctly began with the assump

tion that a plane of constant phase will propagate in [' through the dielectric 

sample with velocity cjn(w'). However, when transforming the magnitude of 

this velocity into [ (Sanders consistently neglected aberration) Sanders used 

the particle or group velocity transformation formula. It is well known that 

group and phase velocity transform differently under a Lorentz boost [138], 

and one would expect, at a first glance, that it would be the phase velocity 

transformation formula which should be used in this case. A correct interpre

tation of this starting point of Sanders is that he has treated the 'points' where 

planes of constant phase intercept the path taken by the laser beam through 

the dielectric as 'particles' in their own right. As such these 'particles' trans

form under the group velocity transformation law. While this is an acceptable 

perspective to take in a transit time calculation, Sanders made no attempt to 

explain or justify this surprising use of the transformation laws. 

A potentially significant effect of tilting the dielectric sample relative to 

the optical axis of the cavity is that the laser beam is perturbed off the optical 
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axis. This perturbation was not included at all in the analysis of Sanders. 
Partial attempts to include this perturbation have been made by Bilger and 
Stedman [13), although these were never satisfactorily brought to a conclusion. 
In our analysis we give a full treatment of all geometric effects which arise from 
the tilt of the glass sample relative to the optical axis of the resonant cavity. 
Thus we provide the most comprehensive analysis of the modified Laub drag 
experiment of Sanders and Ezekiel to date. 

Our results consistently differ from the theoretical predictions of Sanders 
and Ezekiel by 1200 ppm and an overall discrepancy between experiment and 
theory of 1300 ppm is found. This clearly demonstrates that Sanders and 
Ezekiel were unjustified in their claim of agreement between the observed Laub 
drag coefficient and theory to 60 ppm. 

5.3 Phase shift through the moving glass sample 

We introduce our calculation of the phase shift induced by the motion of the 
glass sample in the experiment of Sanders and Ezekiel by first considering the 

apparently trivial case of the dielectric stationary in I. We do this so as to 
lay the groundwork for what is to follow and to familiarise the reader with the 
definitions of several variables used in the remainder of this chapter. 

In figure 5.1 we illustrate the path taken by a photon through the glass 
sample of thickness L when the dielectric is stationary in the laboratory frame 
I. An immediate consequence of tilting the normal of the glass sample by an 

angle fJ relative to the optical axis of the cavity is that the incident beam is 
no longer parallel to the optical axis of the cavity but is skewed by an angle 

a. The algebraic form for this perturbation angle a is calculated explicitly 
in section 5.4. As we would expect, a is dependent on fJ, L and the specific 

geometry of the optical cavity. 

Using a snapshot calculation, with AT = 0, we find the change phase of 

the laser beam upon a traverse of the glass sample is 

wn. L 
~. = klJAXIJ = k.· P = ---- , 

c cos¢ 

where ¢ is defined by Snell's law 

no sin(fJ - a) = n. sin ¢ , 

(5.4) 

(5.5) 

w is the frequency of the laser beam and we adopt the notation n. = n. (w) for 

convenience. In later sections we use the notation n~ = n.(w' ) = n. + (Wi -
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Figure 5.1: Schematic illustration of the path P (bold line) taken by a photon through 
a glass sample stationary in I. An immediate consequence of tilting the normal of the 
glass sample by an angle (J relative to the optical axis of the cavity (dashed line) is that 
the incident beam becomes perturbed off the optical axis by an angle Q. The optical axis 
defines the X axis of I. 

w }dn3/ dw SO as to distinguish these two different uses of the refractive index 
of our sample. 

5.3.1 Relativistic form of Snell's law 

We now allow our sample to move with velocity v parallel to the optical axis 

of our cavity. This models the experimental situation of Sanders and Ezekiel. 

We first derive the relativistic form of Snell's law as viewed in I', the frame of 

the glass sample in which the boundary is stationary. 

Snell's law for plane waves can be derived by matching the phase at the 

boundary separating samples of different refractive index. We illustrate this 

matching condition in figure 5.2. The velocity at which the point where both 
planes of constant phase intercept the glass/air boundary moves along the 

surface of our sample is given by 

u' u' u = a --.!.-
sin(O - o'} - sin,8' ' 

(5.6) 
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Figure 5.2: The velocity with which the point of intersection of planes of constant phase 
moves along the air/sample boundary must be equal on both sides of this boundary. From 
this requirement we are a.ble to derive the rela.tivistic form of Snell's law, Eq. (5.8). 

where u~ and u~ represent the phase velocity in l' of the light through air 
and the glass sample respectively. If the dielectric is stationary in I then 

u~ = Ua = c/na and u~ = U" = c/n. and we recover Snell's law, Eq. (5.5), 
with a' = a and (3' = ¢>. When the dielectric is moving relative to I we find 

u~ = c/n~ and, from Eq. (5.1), u~ = c/na - V· k(l-l/n;). The angle a' suffers 
aberration upon being boosted from I to 1', given by [138] 

, sin a 
tana =-----

cos a - v /(cna) 
(5.7) 

Substituting Eq. (5.7) into Eq. (5.6) we are led to the relativistic form of Snell's 

law when the dragging medium is moving relative to air 

, . (3' nO. sine (} - at) 
n" SIn = ~ 

1 - (no. - l/na ) v . k/c 
(5.8) 

To the best of our knowledge this relativistic expression for Snell's law has 
not previously been reported. Sanders, within his analysis, used this equation 
in the limit a - 0 and nO. - 1. In the otherwise highly relevant discussions of 
Bilger and Stowell [16], Bilger and Zavodny [15] and Parks and Dowell [116] 
the expression used for Snell's law is again Eq. (5.8) in the limit nO. - 1. Our 
expression, however, contains a term arising from Fresnel drag in air which 
appears in the denominator of the RHS of Eq (5.8). Because (3' is dependent 
upon the velocity of the glass sample and the corresponding expression for the 
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beam propagating in the opposite direction is recovered from Eq. (5.8) with 
the substitution v -+ -v, we find tJ:m, ':/: 11CCV1 and hence the opposite beams 
follow different paths through the dielectric and around the optical cavity. 

In l' the glass sample is stationary. Because our sample is homogeneous and 
isotropic the group velocity of a photon as it passes through the sample will be 
parallel to the phase velocity when viewed from 1', However, because group 
and phase velocities do not transform in the same manner under a Lorentz 
boost [1381, they will not appear parallel in I. Similarly, the laser beam when 
propagating through air will have its group and phase velocities parallel in I, 
and therefore not parallel in I'. The different angular aberration laws for group 
and phase velocity can be regarded as yet another consequence of Fresnel's 
drag relation, Eq. (5.1). Saca [1241 has shown how the different aberration 
laws for group and phase velocities can easily be derived from the definition 
9 = dw / die and the Lorentz transformation laws relating the coordinates of I to 
I', The different roles of group and phase aberration were entirely overlooked 
by Sanders [1271 within his analysis, who failed to account for any aberration 
effects whatsoever. This is a significant error in his analysis as he chose to 
calculate the phase shift from I, whereas we use a geometric identity to enable 
us to calculate the phase shift entirely from I', which thus sidesteps aberration 
effects. 

5.3.2 Snapshot of the glass sample in I' 

Now that we have established the relativistic form of Snell's law we begin our 
calculation of the phase shift induced by the motion of the glass in earnest. 
Our approach to calculating phase shifts in this analysis is based upon the 
'snapshot' approach, in which a moment in time is fixed and the phase shift is 

found by integrating Ie II • dr along the path of the laser beam through the glass 
sample. If we set DaT' = 0 we observe a snapshot of the dielectric from I'. 
In this figurative snapshot we would see a wave pattern stretching across the 
dielectric sample along the path P', as illustrated in figure 5.3. The opposite 
ends of P' are separated by 

t:1X,' = L cos ( fJ - te') , 
cos te' 

DaY' = L sin(fJ - te') , 
cos te' 

where L / cos te' is the length of the beam through the dielectric. 

(5.9) 

(5.10) 
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LlX' 

Figure 5.3: A snapshot of the dielectric taken from r. The heavy unbroken line represents 
the path, pi, along which the beam stretches at the instant when 6.T' = O. Algebraic 

expressions for 6.X' and 6.Y' are given by Eqs. (5.9) and (5.10). The light dashed line 
represents the optical axis of the cavity and defines the X' axis of ['. 

As we have argued in the previous section, the group velocity of our light 

through the glass sample is parallel to the phase velocity when viewed from 

1'. Therefore, because the physical path taken by a photon is determined by 

its group velocity, we would initially expect that K,' = {3', where {3' was defined 

by the relativistic form of Snell's law, Eq. (5.8), which gives the orientation of 

the phase velocity, However, as we show below! P' is not in fact parallel to 

the group velocity in l' because the incident beam moves across the surface of 

the glass sample in [', It follows that P' .It k~ such that K,' =f:: {3', 

In all of the experiments of Sanders and Ezekiel the opposite faces of their 

glass samples were parallel. This results in the beam emerging from the di
electric being parallel to the incident beam. We show in section 5.4 that the 

requirement that emerging and incident beams be parallel results in the laser 

beam selecting a well defined orientation within the optical cavity, with the 

beam always intersecting the plane mirror opposite the glass sample on the 
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I· vAT 

·1 
Figure 5.4: Two snapshots of the dielectric sample, taken from I, separated by a time 
interval aT, where aT is the time required for a photon to complete a transit of the 
dielectric sample. The dashed image represents the earlier snapshot, taken at the time the 
incident photon enters the sample, and the unbroken image represents the later snapshot, 
taken when the photon emerges from the sample. The light unbroken line stretching from 
the opposite corners of the parallelogram represents the physical path of the photon through 
the moving glass sample. Because the incident beam is not parallel to the velocity of the 
dielectric the Y coordinate of where the beam is incident upon the boundary will change 

by an amount ali = vaT sin a cos 9 sec(9 - a) in the interval aT. Therefore dlildT = 
vsina cos 9 sec(9 - a). 

optical axis. This orientation of the laser beam is illustrated in Figure 5.6. As 
the velocity of the dielectric is not parallel to the laser beam the glass sample 
will pass through the laser beam as well as moving along it. Consequently, in 
the frame of the dielectric the incident beam appears to be moving along the 

dielectric's surface. 

We now view the dielectric from I, as is illustrated in Figure 5.4. In 
I a photon will take a time interval AT to propagate through the moving 
glass sample. In figure 5.4 the dotted image represents the snapshot of the 
dielectric and laser beam when a photon first enters the dielectric, and the 
unbroken image illustrates the snapshot when the photon emerges from the 
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Figure 5.5: Because the incident beam moves across the surface of the dielectric in I' 
{3' ::/: ,,'. The light dashed line represents the physical path of a photon which emerges 
from the RHS of the dielectric when this snapshot is taken in 1'. The heavy unbroken line 
represents the laser beam at the time of the snapshot. In the time interval AT' required 
for this photon to propagate through the sample, the incident beam has moved a distance 
Al along the surface to the dielectric. ,,' and {3' are related by L tan ,,' = Al + L tan {3'. 

{3' denotes the angle by which the incident beam is refracted when it enters the dielectric, 
determined by the relativistic form of Snell's law, Eq. (5.8). 

dielectric sample, a time interval 6.T later. The physical path of this photon 

through the dielectric is represented by the lighter unbroken line. The angular 

displacement of this path can be found by transforming the angle P' from I' 

to I using the group aberration formula, but to the accuracy required in the 
following argument (leading order) we may assume the path followed by the 
photon is an angle if> from the optical axis of the cavity, defined by Eq. (5.5). 

A simple geometrical argument gives dY;/ dT = v sin (l' cos () / cos( () - (l'), where 

Y; represents the Y coordinate of the point where the incident beam intersects 

the glass surface. A Lorentz boost into I' gives dY/ / dT' = dY;,/ dT + 0 (v) such 
that the velocity with which the incident laser beam slides across the dielectric 

surface is v II = sec () dY/ / dT = v sin {l' sec «() - (l'). 

Figure 5.5 views the same situation, but now from I'. 6.1 represents 
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the amount which the laser beam has moved across the dielectric surface 
during the time interval ~ 7' for the dashed photon to traverse the dielec

tric. Explicitly ~7' R$ L sec q,/Ig' I = L secq,(n~ + wlJn~/aw)/c, where it 
is the group velocity which determines the time required for the photon to 
complete a transit of the dielectric, and we use an approximate sign as we 
are only concerned with the leading order contribution. Therefore ~l = 
v. ~7' = v sin a sec(O - a) sec q, L (n~ + wlJn~/lJw)/c. From Figure 5.5 we 
obtain, through simple trigonometric arguments, at .first order in velocity 

t it {J' ~l t {J' v sin a (nll+wlJn./lJw) anx; = an + - = an + , 
L c cos q, cos(O - a) 

(5.11) 

and x;' - {J' is the angular separation of pi and k:. 

5.3.3 Phase shift through the moving sample 

In the preceding sections we have viewed the dielectric sample using a snapshot 
in I'. This has enabled us, through straight forward but algebraically tedious 
arguments, to determine algebraic expressions for {J' and X;'. With the physical 
basis and algebraic expressions for these angles established we may proceed to 
calculate the the shift in phase suffered by the laser beam as it passes through 
the glass sample. 

We are interested in the phase shift induced by a motion of the dielectric 
when viewed from the laboratory frame I. In line with our previous discussion, 
we proceed by taking a snapshot of the moving sample, but now from I. 

Through this approach we find the change in phase of the laser beam as it 
passes through the dielectric is 

4>,1 = k,· P = kp.~X'" , 
AT:=(} 

(5.12) 

where the final equality follows as ~T = O. This expression is of the same 
form as that found when the sample is stationary in I, Eq. (5.4), but both k. 
and P differ from that given earlier because the sample is now moving relative 
to I. 

In Eq. (5.12) the contraction kp.~'" is a geometric quantity and, as such, is 
independent of frame in which it is evaluated. In the case at hand it proves ex
tremely convenient to evaluate this contraction in l' rather than in I. Through 
choosing to evaluate this contraction in I' we are able to avoid further algebraic 
complications which would arise because of the effects of angular aberration 
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when transforming f3' and ",' from l' to [. Thus we are able to sidestep one 

of the most significant errors in the analysis of Sanders [127J, who neglected 
angular aberration entirely. 

With AT = 0 a first order Lorentz transformation from [ to [' gives AX = 
AX', AY = AY', AT' = -v/dl AX, such that 

w,1 = k~ AXil-' = k.' . pi- w~ AT' = k.' . pi + ~ w: AX'. (5.13) 
.o.T=O (,-

In [' the surface of the dielectric is stationary and therefore w~ = w~ = w'. A 

Lorentz boost from [ to [' gives 

Wi = Wa - ka • v = Wa (1 - ! na cos a) 
c 

From the vector product we have 

I I L ' I L 
k' . P' = n.,w -- COS(",' _ f3') = n.,w -_ , 

II C cos ",' c cos ",' 

(5.14) 

as Ik:1 = n~w'/c and in the last step we have used Eq (5.11) giving ",' - f3' f'V 

av/c such that cos(",' - f31) = 1 at first order in velocity. Substituting into Eq. 

(5.13) we find 

I Wi L {V } tPll = I n: + - cos(9 - ",') , 
.o.t=O c cos'" c 

(5.15) 

where we have used Eq. (5.9) to substitute for AX. Eq. (5.15) is the expression 

at first order in velocity for the relative phase of the incident and emerging 

beams when viewed from [ and is the central result of this section. We note 

that, in the limit as v -+ 0, Wi -+ W, n~ -+ n, and ",' -+ rp which recovers 

Eq. (5.4). 

Before we evaluate the modified Laub drag coefficient for the experiment of 

Sanders and Ezekiel we must first pause to consider the effect of the motion of 

the glass sample on the phase shift in the light beam as it propagates around 

the optical interferometer through air. This we do in the following section, 

and we calculate the explicit form of the Laub drag coefficient in section 5.5. 

5.4 Phase shift in air 

Sanders and Ezekiel employed a square optical cavity with a mirror separation 

of l ~ 0.7 m in their Fresnel drag experiment. Their optical cavity contained 

two plane mirrors and two concave mirrors. The concave mirrors were located 
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ax 
+ 

1 

+ 
Figure 5.6: The geometry of the resonant cavity of Sanders and Ezekiel. The presence of 
the dielectric sample deflects the beam (unbroken line) off'the optical axis of the resonant 
cavity (broken line). M2 and M. are the two concave mirrors of the optical cavity, their 
centres of curvature being denoted by a cross diagonally opposite these mirrors. 

at opposite comers of the cavity and each had a radius of curvature R = 
1.2 ± 0.05 m. This optical cavity is illustrated in figure 5.6. In this section 

we determine an expression for the perturbation angle a which arises because 
of the tilt of the normal of the dielectric sample at an angle () relative to the 
optical axis of the cavity. We determine both the effect this has on the path 
of the laser beam, and the phase shift of the laser beam as it stretches around 
the cavity perimeter. 

Again we begin by taking a snapshot of the interferometer from I. With 
aT = 0 we first trace the path of the clockwise beam around the interferometer 
using a linear optics approximation for this calculation. It therefore proves 
convenient to define a new coordinate, e, which is at right angles to the optical 
axis of the cavity and denotes the distance of the beam from the optical axis. 

The e axis lies in the plane of the interferometer and the positive e direction is 
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chosen as that which points away from the centre of the cavity. At each mirror 
the optical axis of the cavity makes a 90° clockwise turn, such that the e axis is 
also rotated 90° clockwise. At the jth mirror, Mj I we denote the e coordinate 
of the incident beam e; and the e coordinate of the reflected beam e; I where 

j = 1 to 4. It is apparent that e; = -e; due to the rotation of the e axis at 
Mj • The e coordinate where the clockwise beam emerges from the dielectric 
sample is denoted eo. Similarlyes labels the e coordinate at the point where 
the clockwise beam is incident on the sample. 

We also denote aj as the angle of the laser beam relative to the optical 
axis of the cavity between the mirrors Mj - 1 and Mj • Because the faces of the 
dielectric sample are parallel the beams incident upon and emerging from the 
glass sample are also parallel. As in the previous section we denote a as the 
angle with which the laser beam is orientated relative to the optical axis of the 
cavity along the arm in which the glass sample is located. At the Mj, aj and 
aj respectively label the angles of the incident and reflected beams relative to 
the optical axis of the cavity. 

A linear optics approximation predicts that e is altered by an amount 

(5.16) 

when the beam propagates a distance d along the cavity perimeter from the 
point ej to ej+l' Similarly, the matrix operation representing each mirror is 

( e,: ) (-1 0) ( e~ ) ~ = +l//j -1 ~ , 
(5.17) 

where!; = Rj cos 45° /2 with R = 1.2 m for M2 and M4 and R = 00 for Ml 
and M3 • Because 1//1 = 1/ h = 0 we define / = h = 14, which is the focal 
length of the two concave mirrors. 

We first note that the distance separating the points e; and e;+i is itself 

dependent on the coordinates e; and e;+ll the separation being dj +1 = l-e;
e;+l' Therefore 

e;+1 = e; + a (1- e;+1 - e;) . 
However, as the beam suffers only a small perturbation off the optical axis we 

have e;+l +e; - a I, such that a (ej+l +{j) - a2 1 which is negligible within our 
linear optics approximation. We may therefore assume the distance between 
the points e; and ej+l is 1 when calculating e coordinates. Furthermore, we 
denote the distance along the optical axis of the cavity from M4 to es as b and 
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from eo to Ml as a, where M4 and Ml specify the location of the fourth and 
first mirrors along the optical axis in this context. Clearly a + b = 1 - ~x! 

where ~x is given by Eqn. (5.9). 

Starting at the dielectric, Figure 5.6 shows M2 is the first concave mirror 
which the clockwise beam intersects. From the above matrix operators we find 

o:~ = -0:0 = -0:. Upon reflection from M2! 

(5.18) 

which defines 'Y. Tracing the beam from M2 to M" gives ai = -'Y such that 

(5.19) 

where, in the last step we note 0:4 = 0: by our earlier definition of 0:. Eqs. (5.18) 

and (5.19) give e! = -e~ such that e; = -e; = 0, independent of the dimen
sions of the dielectric sample. Therefore the laser beam always intersects the 

plane mirror opposite the glass sample on the optical axis. It should be ap
preciated that the only physical assumption made in deriving this result is 

that the opposite faces of the dielectric sample are parallel and therefore the 
incident and emerging beams are also paralleL This proves our claim in sec

tion 5.3.3 that the laser beam remains fixed relative to the optical cavity and 
the dielectric moves diagonally across the fixed beam. 

With e; = 0 we have d = -'Y 1 such that, from Eq. (5.19), 

Tracing the beam around the perimeter of the interferometer gives 

and hence 

0:= 
41 - ~x + 2 [2/ (f - 1) 

In order for the laser beam to join at either edge of the dielectric we require 

eo - e5 = ~y where ~y is given by Eq. (5.10). Sanders and Ezekiel used 

dielectric samples with L :5 1.5 cm, () :5 15° and n. :5 1.9. Therefore ~y :5 0.2 

cm such that 10:1 :5 3 x 10-3 rad. As 0: is so small it eventuates that both 
terms of 0(0:2) and of O(do:/dv) lead to corrections to the modified Laub 
drag coefficient which are less than 10 ppm, which is negligible within this 
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experimental context. We therefore treat a as independent of velocity and 
keep only first order in a. Thus, at first order in a we have 

L sin(9 - ¢) sec¢ 
a = - 41 - t:.x + 212 l(f - I) , (5.20) 

where ¢ was previously defined by no sin (9 - a) = n.sin¢, Eq.(5.5), and is 
the angle of the refracted beam relative to the normal of the dielectric when 
the sample is stationary. Values of a are given in table 5.1. An uncertainty of 
30 % in a arises from an uncertainty in R = 1.2 ± 0.05 m. 

Again we calculate the phase shift of the laser beam due to its propagation 
around the ring perimeter by taking a snapshot of the interferometer in I. At 
first order in a the distance the laser beam stretches through air around the 
perimeter of the interferometer from the opposite edges of the dielectric is 

(a - eD + (I - er - e~) + (1- e; - e;) + (I - e; - ei) + (6 - e~) 
i=1 

- 4l- t:.X , (5.21) 

where we have noted e; = -ej. Within a linear optics approximation we find 
that, apart from t:.X being dependent on a, the path length of the beam is 
unchanged by the perturbation of the beam off the optical axis. It follows 
immediately that the phase shift in air of the clockwise beam upon traversing 
the interferometer perimeter is 

(5.22) 

where we have noted ka = na wal c. 

5.5 Modified Laub Drag coefficient 

Having calculated the shift in phase of the ccw laser beam as it propagates 
through the moving glass sample and around the perimeter of the optical 

interferometer, we are now in a position to determine the modified Laub drag 
coefficient for the experiment of Sanders and Ezekiel. By definition the Laub 
drag coefficient expresses the amount the total phase shift in the interferometer 
is altered by the velocity of the dielectric. 

We proceed by differentiating the total phase 4> = 4>. +4>a with respect to v 
and then set v = O. This yields the first order correction for 4> in a Taylor series 
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expansion. Substituting in Eqs. (5.15) and (5.22) and then differentiating we 
obtain 

d .1 
dv v=o 

From Eq. (5.14) we find 

and hence 

dw' Wo. nO. cos 0: 

dv = - c 

dn~ I dnll dw' I W nO. cos 0: dnll 

dv v=o = dw l dv v=o = - c dw 

When differentiating sec;;,' we use the identity 

:v sec;;,' Iv=o = {Sin;;,' :v tan;;,'} Iv=o = sin ¢I :v tan;;,' Iv=o ' 

(5.23) 

(5.24) 

which follows from sec;;,' = VI + tan2 ;;,'. Setting v = 0 after differentiation 
causes ;;,' -+- ¢I, where ¢I is the angle of refraction when the sample is stationary. 

Substituting cos(fJ - ;;,') = cos fJ cos;;,' + sin fJ sin;;,' into Eq. (5.22) we find 

d A'. Lwo. nO. . fJ d I 

dv
'.l:"a - - sm - tan;;, 

c dv ' 

- - L Wa {n" sin ¢I cos 0: + nO. cos ( fJ - 0:) sin o:} dd tan;;,' , (5.25) 
c v 

where, in the last step, we have written sin fJ = sine fJ - 0:) cos 0: + cos( fJ - 0:) sin 0: 

and have identified nasin(fJ - 0:) = n"sin¢l, Eq. (5.5), which defined ¢I. 

Using the above results to perform the differentiation in Eq. (5.23) we 
obtain 

d I Lwo. sec ¢I { dns } 
dv • v=o = c2 -nO. nil cos 0: + cos ( fJ - ¢I) - na cos 0: Wo. dw 

+ Lwo. {n" sin ¢I (1 - cos 0:) - nO. cos(fJ - 0:) sin o:} dd tan ;;,'1 (5.26) 
c v v=o 

The final term, which remains to be differentiated, explicitly gives the change 
in the phase shift of the clockwise beam due to the velocity dependence of ;;,'. 
As ;;,' describes the orientation of the beam through the dielectric, this term 
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predicts a measurable. phase shift at first order in velocity due to the path the 

beam follows through the sample being velocity dependent. Differentiating 
Eq. (5.11) gives 

d t'l d t If I (n. +wOn./8w) sin a - an I\, = - an + ...:......;~---.;;~-:-!-~~ 
dv 11::::0 dv .=0 C cos t/J cos( 8 - a) , 

where the effect of the incident laser beam moving across the surface of the 

glass sample has appeared explicitly as the final term. Differentiation of tan (3' 

is aided by the identity 

d (.I' 1 d. I 

-d tanp = 3 (3' -d sm (3 , v cos v 

which follows from tan (3' = sin (3'Jt/1- sin2 (3', From Eq (5.8), 

!!:.- sin (3' I = 
dv 11=0 

d { sin(8-a' ) } I 
na dv n~ [1 - v cos a (na - l/na)/e] 11=0 

na . w dn. ( sin a 
- -sm¢cosa---cos8-a)--

nil e dw nile 

( 1) sin¢ cos a + na - - , 
na e 

(5.27) 

where we have differentiated both sides of Eq (5,7) to obtain da'/ dv 111::::0 = 
sina/(cna). Upon setting v = 0 we find n~ -+ n., a' -+ a, (3' -+ ¢ and 1\,' -+ ¢. 

It is helpful to consider the physical origins of Eq (5.27): the first term arises 

from dispersion causing n~ :f: nil because w' :f: w due to the Doppler effect; the 

second term stems from the angular aberration suffer by the incident beam 

when boosted from I to 1'; the final term arises from Fresnel drag in air as the 

incident beam does not propagate with phase velocity c/na when viewed from 

I', 

In the experiment of Sanders and Ezekiel a ranged from 3 x 10-4 radians to 

12 x 10-4 radians such that a 2 < 1.4 x 10-6 , which is negligible. The dominant 

term in the correction of Eq. (5.26) stemming from the differentiation of tan "",' 

is the term which is proportional to dispersion. However, this leads only to 

corrections ranging from 0.6 ppm to 4.2 ppm in all of the experimental runs 

of Sanders and Ezekiel, which is negligible in this experimental context. It 
follows that all terms in Eq. (5.26) which stem from the application of the 

relativistic from of Snell's law, Eq. (5.8), as opposed to the non-relativistic 

form, Eq. (5.5), and the term which arose from the motion of the glass sample 

diagonally through the incident laser beam, are experimentally insignificant. 
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Nevertheless, it would not be difficult to construct an experiment for which 
relativistic terms in the expression for Snell's law would produce an appreciable 
phase shift. Consider, for example, an experimental arrangement where the ve
locity of the dielectric is inclined relative to the axis of the optical cavity so that 

Q = 1r /4. In such an experiment terms arising from the relativistic application 
of Snell's law, and the motion of the sample through the laser beam, would 
be of the same order of magnitude as the leading order terms in Eq. (5.26). 

Therefore we are led to the conclusion that while the experiment of Sanders 
and Ezekiel was (quite deliberately) not designed, nor sensitive enough, to 
test the relativistic form of Snell's law, such an experiment could easily be 
constructed. It would be of interest to apply the fully relativistic formalism 
developed within this chapter to the experiment of Bilger and Stowell [15], 
who inclined their rotating sample such that the laser beam was incident at 
the Brewster angle. Such an analysis has not been performed to date. 

If we neglect all terms which contribute less than 10 ppm then Eq. (5.26) 
reduces to 

(5.28) 

which defines the modified Laub drag coefficient EN which results from our 
calculation. It should be noted that our definition of the drag coefficient dif
fers from that of Sanders and Ezekiel in so far as we have incorporated the 
factor sec t/J into EN' This expression has previously been obtained by Bilger 
and Stedman [13] on the basis of a first order calculation. Their analysis did 
not successfully incorporate all geometric effects arising from tilting the glass 
sample relative to the optical axis of the cavity and, as such, our analysis pro

vides a significant improvement on this earlier work. This comparison shows, 
however, that our calculation, while approached from a different perspective 
to earlier work (our calculation has proceeded entirely from :first principles), is 
in full agreement with that of Bilger and Stedman in the appropriate limit. 

5.5.1 Comparison with the analysis of Sanders 

In his thesis Sanders obtained [127] the expression 

dtPsl LWIl {(() ) _ Wa dfi s ( 2)} - = -2- sec t/JO cos - t/JO - ns na - - -- 1 - tan t/Jo , 
dv v=O C nil dw 
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Lwo 
- -- €SE c2 (5.29) 

where we have noted that 
dn, dn. d>' c dn. dn. 

Wo dw = Wo d>' dw = - z;: d>' = ->'0 d>' ' 

where >. = c/ w is the wavelength in vacuum and >'0 = c/ Wo. In this expres

sion we use the notation ¢o to represent the fact that this angle is calculated 

assuming Q = 0, and n, is used to represent the refractive index of the sample 

relative to air, which is quoted by manufacturers and was (incorrectly) used 

by Sanders and Ezekiel in their numerical analysis, whereas their derivation 

assumed n. represented the absolute refractive index of their sample. 

All terms which define €N and €SE in Eqs. (5.28) and (5.29) differ. We 

consider, in turn, the physical origin of each of these terms and the magnitude 

of the discrepancy between our result and that of Sanders and Ezekiel. 

Physically, the term proportional to cos ( f) - ¢) in eN arises in our analysis 

because simultaneous events in I (the frame in which we took our snapshot) 

are not simultaneous in I' (the frame in which we calculated ""'). This term 

differs from that calculated by Sanders and Ezekiel because ¢ i: ¢o. These 
angles are not equal because the laser beam is perturbed off the optical axis of 

the cavity by an angle Q and because the absolute (n.) rather than that relative 

(n,) value of the refractive index must be used in the numerical application 

of Snell's law. However the later correction is typically an order of magnitude 

down on that due to Q i: O. In the experiment of interest the term proportional 

to cos( B-¢) in €N contributes corrections to the analysis of Sanders and Ezekiel 

from 15 ppm to 89 ppm, with a mean correction of 36 ppm. Corrections to 

the numerical value of the factor sec ¢ in €N because tP i: tPo are also in the 

range from 15 to 90 ppm. While these represent the smallest of our numerical 

corrections to the analysis of Sanders and Ezekiel, they are significant given 

that Sanders and Ezekiel claimed an overall agreement of 60 ppm between 

theory and experiment. Furthermore, because these corrections arise out of an 

effect completely neglected in the analysis of Sanders they are important for 

reasons of completeness. 

Our second term in our modified Laub drag coefficient is proportional to 

n, no. This term has its physical origin in the Doppler effect, with w' - w 

proportional to vno. Because it is the magnitude of the wave vector, Ik:1 = 
n~ w' / c, which is used to calculate the phase shift through the sample we find, 

upon differentiating the total phase with respect to velocity, the term propor

tional to n, no appears in our expression for eN. In this instance our expression 
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differs from that obtained by Sanders and Ezekiel because n, nG :f: ti, nG. As 

mentioned earlier, Sanders and Ezekiel incorrectly believed that manufacturers 

quoted the absolute rather than the relative refractive index of their glass sam

ples. This numerical error in their analysis was first detected by Bilger who, 

from his own experience, was aware of this misleading convention adopted by 

manufacturers. Corrections to the modified Laub drag coefficient arising from 
this term range from 535 ppm to 826 ppm, which clearly constitutes a very 

significant analytical error in the quest to achieve an overall accuracy of 100 

ppm. The mean discrepancy arising from this term over all experimental runs 

reported by Sanders and Ezekiel is 700 ppm. 

Again our final term, which is proportional to dispersion, is significantly 

different to that reported by Sanders and Ezekiel. This term also arises because 

of the Doppler effect. Because Wi :f: W we find n~ :f: n, and their difference 

(Wi - w) dn/dw is velocity dependent, which leads to a dispersion term in the 

drag coefficient €N. Factors of nG by which our expression differs from that of 

Sanders and Ezekiel arise because of Sanders' decision to neglect corrections 

in the dispersion term due to the fact that the experiment was performed in 

air [127, p.178j. The spurious term tan2 </>0 in Eq. (5.29) is an algebraic error 

in Sanders' work which derives from his failure to include angular aberration 

throughout his analysis. As previously mentioned, we sidestepped algebraiC 

complications arising from aberration by using the invariance of our expression 

for phase. The magnitude of our correction to Sander's prediction arising from 

this term ranges from 174 ppm to 1394 ppm, with a mean discrepancy of 523 

ppm. Again this constitutes a very significant error in the analysis of Sanders 

and Ezekiel in their aim to achieve experimental verification of FresneIs' light 

dragging law to 100 ppm. 

A final correction in the analysis of this experiment arises because all sam

ples were anti-reflection coated. We account for the presence of two thin films 

on each glass sample by regarding each sample as the sum of two slabs of 

different refractive index. Assuming all anti-reflection coatings are a film of 

MgF2 (refractive index n = 1.38) with thickness 633/{4 x 1.38) nm = 115 nm 
we obtain corrections to the measured drag coefficient between 3 ppm and 24 

ppm in our numerical analysis. This small effect is negligible within the overall 

uncertainty of the experiment. 

Numerical results from the analysis of each run are given in Table 1. Our 

discrepancy with the calculation of Sanders and Ezekiel ranges from 860 ppm 

to 2190 ppm, with a mean of 1200 ppm and standard deviation 360 ppm. 
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We therefore conclude, as stated in the introduction of this chapter, that the 
analysis of Sanders and Ezekiel contained a number of errors and did not 
accurately account for all relativistic effects. From the results presented above 
it is apparent that their claim of experimental agreement with theory to 60 
ppm was unjustified. 

5.5.2 Comparison with the experimental results 

Sanders and Ezekiel compared their predictions for the modified Laub drag 
coefficient with their measured, and corrected, beat frequency when the ve
locity of each sample was 225.525 (235 ppm) cm.s- I . Below we provide an 
analysis which enables us to experimentally determine the modified Laub drag 
coefficient €erpt from the measured beat frequency 6.v. 

From Eqs. (5.15) and (5.22), when the dielectric is stationary the total 
optical path-length of the ring cavity is 

L 
P = Po + {nil - na cos(O - ¢)} --;;: , 

cos 'Y 

where Po = 4 na 1 is the optical path length of the cavity in the absence of the 
glass sample. This expression corrects that given by Sanders and Ezekiel [128, 

p6671 who found 
L 

PSE = Po + {nil - na} --A,.- • 
cos 'Yo 

Our correction to the optical path length, however, results in a correction to 

€erpt which is less than 10 ppm and is regarded as insignificant. 

For optical resonance to occur we require the total change in phase of the 

laser beam upon a transit of the ring perimeter to be an integer multiple of 271" 
radians. If the glass sample has velocity Vo the resonant condition is 

Wa P d~1 --+vo -
d 

=271"m, 
c v v=O 

(5.30) 

where m is an integer. Substituting Eq. (5.28) into Eq. (5.30) and solving for 

Wa we obtain 

{ 
Vo L } 

Wa = Wo 1 - -; P €N , (5.31 ) 

where Wo == 271" m c/ P is the resonant frequency when the dielectric is station
ary. At this point we remind the reader that Eq. (5.31) gives the resonant 
frequency for the beam propagating parallel to the velocity of the dielectric, 
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this being the cw beam when defined by figure 5.6. As we would expect, the 
dragging of the wavefronts of the beam propagating with the glass sample has 
caused the optical path length to decrease (as EN, defined by Eq. (5.28), is 

negative) and hence the resonant frequency to increase. Our prediction for the 
ccw beam is recovered from Eq. (5.31) with the substitution Vo -+ -Vo. 

Upon combining the opposite beams at optical resonance a beat frequency, 
in hertz, is predicted with 

6. v = (wa)cw - (wa)ccw = -Wo ~ L EN . 
21r 1rC P 

(5.32) 

.Al; such we find the experimentally observed modified Laub drag coefficient is 

PAo 
fe:z:pt = 2 L Vo 6.v , (5.33) 

where AO = c/wo = 632.99 nm in the experiment of Sanders and Ezekiel. 

By accurately measuring the free spectral range of the cavity in the absence 
of any dielectric sample Sanders and Ezekiel determined Po = 294.3496 (2 
ppm) cm. They took the refractive index of air to be 1.00027 (10 ppm) at Ao. 
To distinguish the drag effect from various sources of drift and noise Sanders 
and Ezekiel oscillated their glass sample at a frequency of 5 Hz. The velocity of 
the glass sample was determined interferometrically using a stabilised He-Ne 
laser source and a mirror attached to the same mount as the glass sample. All 
reported data was recorded for Vo = 25.525 ± 0.006 cm.s-1• 

In table 1 we provide a full numerical comparison between fe:z:pe, ESE and 
EN' Conclusions drawn from the comparison of the two predicted drag coeffi
cients have been discussed in section 5.5.1. When comparing the experimental 

results of Sanders and Ezekiel with our predicted drag coefficient we find our 
predictions for the modified Laub drag coefficient are consistently larger than 
that observed by between 450 ppm and 2860 ppm, with an overall mean dis
crepancy of 1300 ppm and standard deviation 590 ppm. 

In figure 5.7 we plot the distribution of the discrepancies between Sanders 
and Ezekie1s' experimental results and theoretical predictions. It is apparent 
that every measurement of the drag coefficient is significantly below that pre
dicted by the above analysis. This clearly demonstrates Sanders and Ezekiel's 
claim of an overall agreement between theory and experiment to 60 ppm was 
false. If we accept Sanders and Ezekiel's estimate of their experimental uncer
tainty to be 280 ppm we find our theoretical and experimental analyses differ 
by 4.6 standard deviations. This is an extremely large discrepancy and would 
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warrant the rejection of the theoretical foundations of this analysis if one had 
a high degree of confidence in this experimental result. However, in light of 
the discussion presented in section 5.2.1, it is apparent that the accuracy of 
this experiment would have been greatly improved if the opposite beams prop

agated through an evacuated chamber. This author takes the opinion that not 
all systematic errors arising within this experiment were accurately accounted 
for by Sanders and Ezekiel, and this neglect degrades the quality of their work. 

Regardless, this result, with a mean discrepancy of 1300 ppm, is 30 % less ac
curate than that of Bilger and Stowell [15], who achieved agreement between 
experiment and theory to 1000 ppm. Unlike Sanders and Ezekiel, Bilger and 

Stowell found their experimental results gave a slightly larger drag coefficient 
than expected. Therefore, Sanders and Ezekiel's claim that their experiment 
provided the most accurate verification of the Fresnel drag relation to date was 
unjustified. 

Within this chapter we have provided a thorough and definitive analysis of 

the light drag experiment of Sanders and Ezekiel. This analysis has built upon, 
and corrected, previous attempts at a complete analysis by Sanders [127] and 

Bilger and Stedman [13J. Our most novel contribution is to provide a com

prehensive treatment of how the modified Laub drag coefficient is affected by 
tilting each glass sample relative to the optical axis of the cavity. We have also 

given a fully relativistic treatment of Snell's law in this context, although the 

relativistic corrections thus uncovered are not significant experimentally. Our 
calculated discrepancy of 1300 ppm between theory and experiment illustrate 
that Sanders and Ezekiel did not improve on the accuracy of Bilger and Stowell 

(1000 ppm) in this experiment. 
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on. 10). Q (deg) .u..c::u. tcar,-tN 

tN iN 

n. (I'm-I) L (em) (J (deg) (30%) All (Hz) €er:pl ESE €N (ppm) (ppm) 

BK-7 
1.51537 (66) -0.03422 0.64050 (70) 5.15 (4.9%) 0.021 944.4 (1100) 0.5388 (1100) 0.53877 (200) 0.53927 -920 -960 
1.51537 (66) -0.03422 0.64050 (70) 6.45 (3.9 %) 0.026 945.1 (1100) 0.5392 (1100) 0.53954 (200) 0.54008 -1000 -1710 
1.51537 (66) -0.03422 0.64050 (70) 10.00 (2.7%) 0.041 950.5 (1300) 0.5422 (1300) 0.54250 (240) 0.54322 -1310 -1800 
1.51537 (66) -0.03422 0.64050 (70) 12.70 (2.3%) 0.052 956.5 (1600) 0.5457 (1670) 0.54563 (280) 0.54653 -1640 -15SO 
1.51537 (66) -0.03422 1.28100 (70) 5.15 (4.9%) 0.041 1885.3 (1200) 0.5384 (1100) 0.53877 (200) 0.53928 -930 -1700 ~ 

SF-l 1 
1.71275 (58) 0.62378 (SO) 5.15 (4.9 %) 1323.5 (760) 0.7756 (775) 0.77572 (155) 

<:It 
- 0.09625 0.025 0.77640 - 860 - 1070 

1.71275 (58) - 0.09625 0.62378 (SO) 6.60 (3.7 %) 0.032 1325.8 (750) 0.7769 (775) 0.77675 (155) 0.77754 -1000 -790 S' 
1.71275 (58) - 0.09625 0.62378 (SO) 10.15 (2.6 %) 0.049 1332.3 (980) 0.7S07 (1030) 0.78035 (120) 0.78151 -14SO -1000 

g 

t ;;. 
SF-57 2-

1.839SO (54) -0.13829 0.59854 (84) 6.60 (3.8%) 0.034 1523.9 (850) 0.9308 (860) 0.93067 (140) 0.93156 -960 -780 
.... r 

1.839SO (54) -0.13829 0.59854 (84) 10.00 (2.7 %) 0.051 1530.0 (USO) 0.9346 (1180) 0.93439 (170) 0.93513 -1430 -1240 ! 1.839SO (54) -0.13829 1.19708 (84) 6.65 (3.7 %) 0.067 3042.0 (690) 0.9307 (150) 0.93012 (140) 0.93162 -910 -1040 
~ 

i 
F.S. ~ 

1.45704 (41) -0.02904 0.19910 (251) 15.65 (1.9 %) 0.019 265.6 (3770) 0.4870 (3760) 0.48736 (210) 0.48843 -2190 -2860 !. 
1.45704 (41) -0.02904 0.49520 (101) 10.20 (2.8 %) 0.030 6521.1 (1700) 0.4810 (1680) 0.48068 (110) 0.48136 -1420 -770 i 
1.45704 (41) -0.02904 1.04290 (50) 5.15 (4.8 %) 0.031 1359.9 (1030) 0.4167 (1050) 0.47705 (125) 0.41752 -1000 -1750 a 
1.45704 (41) -0.02904 1.49370 (35) 5.15 (4.8 %) 0.044. 1948.9 (1080) 0.47731 (1050) 0.47705 (125) 0.41752 -1000 -450 2-

til 

l 
~ 

Table 5.1: Numerical compari!!OllS between the theoretical and experimental results of Sandel'll and Ezekiel with the analysis presented 
g 
~ 

within this chapter. The modified Laub drag coefficients are labelled respectively Eezpt (experimental), ESE (Sandel'll and Ezekiels' theoretical ~ 
~ 

prediction) and EN (our theoretical prediction). A mean discrepanq' of 1300 ppm arises between the experimental results of Sanders and it 
Ezekiel and the theoretical analysis presented in this chapter. 
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Figure 5.7: Comparison between experimental results and theoretical predictions for the 
light drag experiment of Sanders and Ezekiel. It is apparent that every measurement of the 
drag coefficient is significantly below that predicted by the analysis presented within this 
chapter. Each bar has thickness 0'/2 = 295 ppm and the mean discrepancy is 1300 ppm. 





Chapter 6 

Fresnel drag in a linearly accelerating 

dielectric 

In this chapter we apply the covariant formulation of Maxwell's equations to 

the problem of light propagation through an accelerating dielectric. As pre
dicted by Tanaka [146J, we find light which propagates through accelerating 

media suffers a shift in frequency. We investigate three potential experiments 

which are, in principle, sensitive to this frequency shift. All proposals involve 
a glass sample being accelerated, or freely falling, along one arm of a ring 
interferometer. We show the response profile of a resonant cavity is asymmet
ric when a glass sample is accelerating relative to the optical interferometer, 

and we predict sideband structure will be observed when the sample is oscil
lated along one arm of a passive optical interferometer and the resulting beat 
between opposite arms Fourier analysed. 

6.1 Optical tests of Maxwell's covariant equations 

Light propagation through moving media is one of the basic and interesting 
problems in electrodynamics. When the media through which light is propagat

ing is moving inertiaily in fiat spacetime, the original formulation of Maxwell's 

equations [96] will fully describe this phenomenon. This is a direct consequence 
of the form invariance of Maxwell's equations under a Lorentz boost. When 

the media is moving non-inertially, however, the problem cannot be analysed 
within Maxwell's theory, as Maxwell's equations do not maintain their stan

dard form under arbitrary coordinate transformations. For the description 
of light propagating through accelerating media a covariant formulation of 
Maxwell's equations must be employed. 

There have been several high precision light drag experiments in which di
electric samples are moved non-inertially. Bilger and Zavodny [161 and Bilger 
and Stowell [15] placed a rotating fused silica disk along one arm of a ring laser. 

95 
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Fresnel drag in the rotating dielectric induced a non-reciprocal change in the 

optical path of the laser beams which, in turn, produced a beat frequency be

tween the opposite beams. From comparing this observed beat frequency with 

the velocity of the dielectric the light drag coefficient was obtained. In these 

experiments the drag coefficient was measured to an accuracy of 0.5% [16] 

and 0.04% [15] respectively. However, their more accurate measurement dif
fers from their theoretical predictions by two standard deviations, which was 

considered too small to claim a discrepancy. In their modified Laub drag ex
periments Sanders and Ezekiel [128] oscillated their glass samples along the 

path of their optical cavity. As discussed in detail in chapter 5, their anal

ysis contained a number of errors which invalidate their claimed agreement 

between experiment and theory of 0.02%. Kowalski et al. [76] mounted a di

electric and two mirrors on a platform which was linearly accelerated along 

the path of a ring laser. If the results of Kowalski et al. are reinterpreted as 

the measurement of the Laub drag coefficient then their results were accurate 

to 0.2% [75]. 

All of these experiments were performed using dielectrics moving non

inertially. One may therefore expect a satisfactory understanding of these 

experimental results to require a description in terms of the covariant form 

of Maxwell's equations. Because of the modest accelerations involved, how

ever, all authors assumed the effect of acceleration on the measured phase shift 

was negligible, and provided analyses concerned only with Fresnel drag at the 
instantaneous velocity of of the glass sample. Sanders and Ezekiel recorded 

their beat frequency when the glass sample had maximum velocity and no 

acceleration. Kowalski et aL used samples with a typical acceleration'" 0.053 

m.s-2• Bilger et al. [15} rotated their glass sample with a range of angular ve

locities from 8 Hz to 17 Hz with the laser beam passing through the dielectric 

sample up to 2cm off the axis of rotation, such that the maximum centripetal 

acceleration was '" 5 m.s-2• Even if the dielectrics used in these experiments 

had sufficiently large acceleration for the acceleration induced phase shift to 

be experimentally significant, it would be almost impossible to resolve as it 

would manifest itself as a small correction to the dominant velocity induced 

phase shift. From these reflections one is led to conclude that these highly ac
curate, non-reciprocal light drag experiments were not sensitive to acceleration 

induced light drag. While they all provided excellent optical tests of the effect 

of light drag in media with constant velocity, which is accurately explained in 

terms of Maxwell's original formulation of electrodynamics, these experiments 
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have not provided. an optical test of the covariant formulation of Maxwell's 
equations. 

There have, however, been several optical tests for light propagating in 
a gravitational field which cannot be explained in terms of the original for
mulation of Maxwell's equations. Dyson, Eddington and Davidson [36] first 
observed the bending of light as it passed near the sun in the solar eclipse 
of May 29, 1919. This experiment, with an accuracy of '" 10% (although 
a modem estimate is '" 50 %), provided early verification of one of the novel 
predictions of the general theory of relativity, and was a milestone in the accep
tance of general relativity within the scientific community. Using radio waves 

emitted. from a quasar as it was eclipsed by the sun, Fomalont and Sramek [46] 

were able to improve the accuracy of light bending experiments to '" 1%. A 
closely related experiment is the measurement of the time interval required 
for a light signal emitted from Earth to propagate to a known target and re

turn. Reasenberg et al. [120], by tracking a spacecraft which was emitting an 
electromagnetic signal, were able to confirm the predictions of Schwarzschild 
geometry to 0.2%. However, all of these experiments were performed with 

light propagating in vacuum. While they provide excellent verification of the 
covariant formulation of Maxwell's vacuum equations in Schwarzschild geom
etry, they do not provide any information on the propagation of light through 
non-inertial media. 

Similarly, Pound and Rebka's [119] experimental verification, using Moss
bauer spectroscopy, of the frequency shift induced by the Earth's gravitational 

field, and the closely related experiment of Hay et al. [58], using a Mossbauer 

source and receiver mounted upon a rotating disk, do not provide tests of the 

the effect of matter on optics in a gravitational context. Even if these experi

ments were not performed. in vacuum the observed frequency shifts would be 

independent of whether material medium or vacuum separated. the Mossbauer 
source and detector as gravitational redshift observations may be explained 

purely in terms of time dilation effects between separated clocks. 

Experimental support for the covariant formulation of Maxwell's equations 
in non-inertial media has been provided by the observation of the Sagnac ef

fect [125]. Using a covariant formulation of Maxwell's equations, Post [1181 
demonstrated that the fringe shift observed in a rotating optical interferometer 
is dependent on whether the light source and the medium through which the 
light propagates are stationary in the laboratory or rotating with the interfer

ometer. The development of high precision, rotation sensitive ring lasers [26] 
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has provided further support for the theory of non-inertial optics in material 

media. Nevertheless, to date the Sagnac effect has only been verified to first 
order in the rotation rate, f2. An observer at rest in a rotating frame has a 
centripetal acceleration which is second order in f2. Therefore, even the nu

merous [5] high precision rotation experiments to date have not provided a 
test of the propagation of light through material media at the order at which 
centripetal acceleration effects can be expected to be observed. 

It is therefore of fundamental interest to consider if it is possible to design an 
experiment which is intrinsically sensitive to the effect of acceleration induced 

light drag by accelerating media. In this chapter we answer this question by 
providing three, closely related, experimental proposals which are sensitive 

to light drag in an accelerating dielectric. Crucial to the following analysis 
and any feasible experiment is that our acceleration induced effects are not 
swamped by dominant velocity induced effects. 

In section 6.2 we sketch the standard formulation of Maxwell's equations 

in a spacetime with arbitrary metric. We highlight the physical basis for the 
definition of the standard constitutive relations, which relate the components 
of the suitably defined electric displacement D and magnetic intensity H to 
the components of the electric field E and magnetic field B. Having estab

lished a covariant formulation of Maxwell's equations with suitable constitutive 
relations, we then apply these to the problem of an electromagnetic wave prop

agating through an accelerating dielectric. We perform this analysis from an 
accelerating frame, 8, using French's coordinates, introduced in section 3.3. 

From the result of chapter 3 we can relate this accelerating coordinate system 

to a local frame of reference stationary in Schwarzschild geometry. We are 

therefore able to treat the analogous problems of light propagation in an ac

celerating frame and light propagating in Schwarzschild geometry within one 

unified framework. 

We derive the wave equation for light propagating in 8 in section 6.3. 

In the section immediately following we solve the wave equation when an 
accelerating dielectric is stationary in 8. We then consider the example of 

a monochromatic light source, stationary in an inertial frame I, being incident 
upon this accelerating dielectric. Upon propagating through the dielectric it 

is observed that the light suffers a change in frequency proportional to the 
acceleration of the dielectric, its thickness and the difference of its refractive 
index from unity, but this frequency shift is independent of the velocity of 
the dielectric. This effect was first predicted by Tanaka [146]. However, we 
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go beyond the work of Tanaka and analyse two experiments which would, in 
principle, be sensitive to the light drag in the accelerating dielectric. 

In the first proposal we examine the Fourier spectra which would result 
from an experiment in which light from a highly stable source is split, one 
of the two beams transmitted through an oscillating dielectric, and then the 
beams are recombined with their beat frequency being recorded. Because 
of the frequency shift induced by the acceleration of the dielectric we would 
expect to observe sideband structure in the spectra thus obtained, with the 
spacing between each line proportional to the frequency at which the sample 
was oscillated. This experiment appears to be on the borderline of current 

technology. In the second experimental proposal we consider the effect of a 
linearly accelerating dielectric on the optical response of a resonant cavity. 
This calculation predicts asymmetry in the temporal response profile arising 
from Fresnel drag in the accelerating glass sample. Experimental verification 
of this effect would appear outside of current technology, as the quality of the 
optical cavity is significantly decreased by the presence of the dielectric sample. 

In the final section of this chapter we examine an experiment analogous 
to that above. In this instance we allow our glass sample to freely fall within 
a resonant cavity stationary on the surface of the Earth. Again we find the 
frequency of light incident upon this glass sample is shifted because of the ac
celeration of the sample relative to the source, now stationary with respect to 
the Earth's surface. As in the previous example, this frequency shift results in 
an asymmetric response profile for the resonant cavity. However, the physical 
interpretation of the propagation of light through the moving media differs in 

principle from the previous experimental proposal. This difference in interpre
tation arises from the fact that the frame of the media is an accelerating frame 
in the first proposal, whereas the dielectric itself defines a locally inertial frame 
of reference when falling in a gravitational field, the situation discussed in the 
second proposal. 

6.2 Covariant formulation of Maxwell's equations 

In an inertial frame of reference we define the antisymmetric covariant Faraday 

tensor [33, Eq. 18.24] 

IME Lf8RARY 
ualVERSITY OF CANTERBURY 

CHAtSTeHUROH. IfZ 

(6.1) 
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where A#' are the components of the electromagnetic 4-vector potential and 

A#, = g#,vAv. In terms of the components of the electric field E and magnetic 
field B we have, 

0 -E7; -E" -E: 

FI'V = 
E: 0 cB: -cBlI 
ElI -cB: 0 CB7; 
E:; cBlI -CB7; 0 

Maxwell's equations in an inertial frame of reference are 

F#,v,p + Fvp,p. + Fp#"v = 0 , 

F#'/./ = -110 Jp. t" ,.,.. , 

(6.2) 

(6.3) 

(6.4) 

where JJ.o is the vacuum permeability, Jp. is the 4-vector current density and 
FI'V = 1}°#'rl/./ Fo/3 is the contravariant Faraday tensor. 

These field equations maintain their form under a Lorentz boost. To obtain 
Maxwell's equations under an arbitrary coordinate transformation we apply 
the prescription given by Misner et al. (101] and replace all partial derivatives 

in Eqs. (6.1) to (6.4) with covariant derivatives, and we also let 1}#,/./ -I> g#,," 

the metric tensor of an arbitrary spacetime. In the form of an exercise with 
the solution given, Schleich and Scully [130] have shown that this prescription 
leads to the covariant form of Maxwell's equations being written 

Fp././ = Ap.,v - Av,#, , 

F#,v,p + Fvp,#, + Fpp.,/./ = 0 , 

J=g (-J-gFP.V),v = -1-'0 Jp. , 

(6.5) 

(6.6) 

(6.7) 

where 9 = det gI'V and only the contravariant field equation has been affected 
by the change to arbitrary coordinates. 

When there are no free charges but material media is present the current 
densities described by J#' arise from electric and magnetic displacement cur

rents within the media. For this situation it proves convenient to incorporate 
the components of J#' into the LHS of Eq. (6.7) by defining the contravari
ant electromagnetic tensor density [4] GI'V, such that Eq. (6.7) is simplified to 

become 

Gp.v = 0 , 
.v (6.8) 
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and the components of GI·w are 

o cD: cDy cD~ 

GJJv = -cD~ 0 H~ -Hy (6.9) 
-cDy -H~ 0 Hz 

-cD~ Hy -Hz 0 

Eqs. (6.6) and (6.8) may therefore be written in the familiar vector form as 

'lxE 
aB 

(6.10) - at , 
'l·B - o , (6.11) 

'lxH 
aD 

(6.12) - at 
, 

'l·D - o . (6.13) 

These equations, valid in an arbitrary spacetime geometry, have an identical 
form to Maxwell's equations in an inertial frame of reference, but this similarity 
is misleading. This is because the vectors E and D, and B and H, are no 

longer directly proportional to each other, as is the case for a linear dielectric 
in an inertial frame, but are dependent on both the dispersive properties of 
the medium and the spacetime metric. 

Up until this point the generalisation of Maxwell's equations into an ar

bitrary frame of reference has followed a straightforward mathematical pre
scription. However, when we relate the components of the generalised electric 

displacement D and magnetic intensity H to the components of the electric 
field E and magnetic field B we must choose a particular prescription, mo

tivated by physical considerations. As Eqs. (6.10) to (6.13) are valid in any 

frame of reference it is clear that in an inertial frame I with stationary, linear 
and homogeneous media 

D - uoE , 

B - J.tJ.to H , 

(6.14) 

(6.15) 

such that Maxwell's equations take their familiar form in I, where eo and J.to 

are respectively the permittivity and permeability of the vacuum and f and J.t 

are the dielectric and magnetic constants of the medium. 

In generalising this result to include media with arbitrary acceleration, 
Heer [59] imposed the physical assumption that the above constitutive rela

tions hold in the inertial frame of reference instantaneously comoving with the 
accelerating media. This assumption is tantamount to assuming that the op
tical properties of accelerating media are unaffected by its acceleration. While 
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this would clearly be only approximate in conditions of extreme acceleration, 
we accept this prescription throughout this thesis. Following Heer, but adopt
ing the notation of Tanaka [145], we obtain the constitutive relations in an 
accelerating frame in which the material media is stationary by making use 
of the transformation properties of FIJII and GIJII. Under arbitrary coordinate 
transformations xIJ -+ xIJ(XV) the Faraday tensor and tensor density transform 
according to 

oxa oxP 
FJ.l'v = ox"" oxv Fop , 

I det (ox
P 

) I GIJ'II' = ox"" o:r;V Gap 
oxv oza oxP 

The determinant in the transformation formula for GIJ'V arises because this 

transforms as a tensor density [103, Eq. 9.70] rather than a tensor. If our 
unprimed coordinate system is inertial then it has the metric l1af3 such that 

.j -det( l1a(3) = J -11 = 1. Therefore, from the transformation properties of the 
second rank tensor gPII' if we transform from an inertial coordinate system I to 

an accelerating coordinate system S then Idet (oXf3 / OXIl) I = .j -det(gIJII) = 
J-g [103, Eq. 9.46]. By transforming FJ.lII and GIJII from the an inertial frame 
instantaneously comoving with the accelerating dielectric, into the accelerating 
frame of the dielectric, we obtain the constitutive relations [145] 

(6.16) 

(6.17) 

where the indices k, I run from 1 to 3, FJ.lII - g}JQgllf3 Faf3 and GplI = 
g}JQgllpGaP. In vacuum E = P = 1 such that 

/¥9EO 
GJ.l1I = -- FplI , 

Po 

and Eq. (6.7) in the vacuum limit is recovered from Eq. {6.8} 

Several authors have studied the propagation of electromagnetic waves in 
a linearly accelerating medium using the above formulation of Maxwell's equa

tions. Anderson and Ryon [4, 123] and Mo [102] both derived a wave equation 
for the propagation of light through a dispersionless dielectric with constant 
acceleration, and obtained an approximate solutions to this wave equation. 
Tanaka [145] was the first to find an analytic solution for the propagation of 

electromagnetic waves through a dielectric stationary within an accelerating 
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frame using Fermi coordinates. In this work Tanaka demonstrated that the 
relativistic energy and phase velocity addition laws for an arbitrary wave prop
agating within accelerating media are equivalent to the well known Einstein 
velocity addition laws for media moving at the instantaneous velocity of the 

accelerating media. Similarly, for normal incident light, Tanaka proved that 
the amplitude and frequency for an electromagnetic wave reflected from an 
accelerating dielectric surface is given by the standard Doppler relations for 

reflection from an identical dielectric boundary moving inertially at the instan

taneous velocity of the accelerating surface. In a later publication, Tanaka [146] 
showed that light propagating through an accelerating dielectric is shifted in 

frequency by an amount proportional to the acceleration of the glass sample, 
its thickness and the difference of its refractive index from unity. Significantly 
this frequency shift is independent of the velocity of the dielectric. 

6.3 Wave equation in a linearly accelerating frame 

In this section we derive the wave equation for light propagating through media 

stationary in an accelerating frame of reference. Our first task is to choose an 
accelerating coordinate system convenient for our purposes. In section 3.3 we 
presented the line elements for two linearly accelerating coordinate systems, 

Fermi coordinates and French's coordinates. Because of the analogy between 
the French coordinate system and Schwarz schild geometry, it is convenient to 
analyse all the experimental proposals using the French coordinate system for 

an accelerating frame. This choice of coordinate system enables the problem 

of light propagating in an accelerating frame of reference and in Schwarzschild 

geometry to be approached within the same framework. 

The line element for a linearly accelerating frame of reference S in French's 

coordinates is 

( 2aZ) ( 2aZ)-1 ds2 = - K, + --;;:- c2 dt2 + d:J;2 + dy2 + K, + --;;:- dz2 • (6.18) 

The close analogy of this line element with the Schwarzschild line element was 

discussed in detail in chapter 3. We note det(g,..,,) = -1 and, as the metric is 

diagonal, gJAV = 1/ g,..". A coordinate transformation from an inertial frame I 
to . our accelerating frame S is defined by 

T _ ~VK,+ 2;Z sinh (:t) 
X - x , 
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Y - y , 

Z _ Cl J K, + 2az cosh (at) _ Cl VK. 
a c2 c a 

(6.19) 

In section 6.4 we assume our interferometer is stationary in I and S is the 
frame of the accelerating glass sample. In the final section of this chapter 
we reverse these roles and assume that our interferometer is stationary on the 
surface of the Earth and the glass sample freely falls within this spacetime. We 
can model the spacetime of Schwarzschild geometry with sufficient accuracy 
using our accelerating frame S, and the freely falling sample defines a locally 
inertial frame I. 

For simplicity we assume, in both cases, our wave is propagating parallel to 
the acceleration of the dielectric such that k is parallel to the z axis. It follows 
immediately that Ez = 0 and we orientate our x and y axes so that the electric 
field is polarised in the x direction. IT our dielectric sample is stationary in 
S then the covariant constitutive relations, Eqs. (6.16) and (6.17), and the a 
metric components of Eq. (6.18), enable us to find the non-zero components of 
the vectors D and H: 

( 
2aZ)-1 

Dx = f*fO Ex K, + --;]£"" , 

1 (2 a Z) Hy = BlI K, + --r-
J.l * J.lo c 

By taking the curl of Eq. (6.10) and using Eqs. (6.10) to (6.13) and the 
expressions above to substitute Ex in favour of Dx, Hy, By, we obtain the wave 

equation for an x-polarised light wave propagating parallel to the acceleration 
of the dielectric. In French's coordinates the wave equation is 

( 
2az)2 82Ex 2a ( 2aZ) 8Ex n2 82Ex 0 

K, + --;]£"" 8z2 + ~ K, + --;]£"" 8z - c2 8t2 = , (6.20) 

where we have used fo J.Lo = l/Cl and fJ.l = n2 where n is the refractive index 
of the medium. It is interesting to note that this wave equation has a very 
similar form to that derived by Tanaka [145] for the propagation of waves in 
an accelerating dielectric stationary in a Fermi coordinate system. However, 
as we have. chosen to use the French coordinate system, the coefficients of the 
partial derivatives with respect to z are powers of goo of the French metric, 
whereas Tanaka obtained similar coefficients but with powers of J'iOO of the 
Fermi metric. Furthermore, and closely related, the wave equation derived by 
Tanaka does not have the factor of 2 in the second term. 
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6.4 Accelerating dielectric within a stationary cavity 

Consider an experiment in which a dielectric is accelerated within an evacuated 

optical cavity, illustrated in figure 6.1. Our glass sample is assumed to be 

stationary in the accelerating frame, 5, has parallel faces and is of proper 

thickness h. We align this sample with its surface normal parallel to the z 

axis. From Eq. (6.18) if one boundary of our sample is at z = 0 then the 

second boundary is at z = h Vi. Because K. is a parameter which specifies the 
location of the coordinate time in S, we are free to choose any convenient value 
for K.. It is advantageous to let coordinate time be kept by a clock located at 

the first boundary of the dielectric. This choice leads to K. = 1. From Eq. (6.19) 

with K. = 1 we observe the spatial coordinates of 5 are equal to those of I in 

a small region about the origin when t = O. Furthermore, upon a Lorentz 

boost into an inertial frame I' instantaneously comoving with 5, Eq. (6.19) 

gives that these spatial coordinates are also equal in a small region about the 

origin. This provides the physical interpretation of the coordinate system of 

French. 

In the laboratory frame, I, in which the resonant cavity is stationary, an X 

polarised arbitrary electromagnetic signal which propagates along the Z axis 

is injected into the cavity. This radiation is incident upon the accelerating 

dielectric and is described by 

where 

Ex = ! (if!vac) 

1 
By = - ! (if!vac) , 

c 

if! vac = -wo T + k Z , 

Wo = ck as the light is propagating in vacuum and !(if!a) is an arbitrary 

complex wave function which satisfies Maxwell's vacuum wave equation in I. 

Using the covariant transformation properties of the Faraday tensor, Fpv, we 

can express this electromagnetic wave in the lowercase coordinates of S, 

~ (at) E;r: = VI + 7" exp --; !(¢vac), (6.21) 

where 

woc{ ~ (at) } 
¢VtlC = -;;:- VI + 7"exp --; -1 , (6.22) 

and we have modified the convention that lowercase coordinates represent 

those measured in 5 to include the lowercase ¢a to represent the phase of 
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Z=B Z=A 
a 

detector source 

glass sample 

Figure 6.1: Resonant cavity containing an accelerating dielectric. 

the arbitrary wave-function as measured in S. This electromagnetic wave is 
propagating in vacuum and, as such, will satisfy the vacuum wave equation 

in S, Eq. (6.20), in the limit n - 1. When n =F 1 the wave equation can be 
solved by noting that n appears only as a factor scaling the partial derivative 

of Ex with respect to t. Therefore, if we replace t by tIn in Eqs. (6.21) and 
(6.22) our solution will now satisfy the wave equation in S, derived assuming 

the dielectric is stationary in S. Thus we find 

(6.23) 

satisfies the wave equation Eq. (6.20), where ¢d is the phase within the dielec

tric and is given by 

(6.24) 

At the boundaries of the dielectric we must match the amplitude and phase 
of the incoming and outgoing waves. We assume that the dielectric sample has 
been coated with multi-layered thin films to enhance its transmission of the 
incident light. For simplicity we neglect the phase contribution of the thin 

film in the remaining analysis. This simplification assumes the only effect of 
the boundary is to decrease the amplitude of the electric field by a factor of 

T, where T < 1. We also ignore internal reflections within the dielectric in this 
analysis. One could, for example, tilt the dielectric to the Brewster angle [110] 
to remove experimental complications arising from multiple reflections. This is 
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similar to the method used by Sanders and Ezekiel [128] to avoid experimental 

complications induced by multiple reflections within their dielectric samples. 
This tilting of the dielectric sample would, of course, further complicate the 

theoretical analysis. We assume the simplest possible case in this analysis 

in order to avoid the central result being obscured by detail. For the anal
ysis of a specific experiment one would, of course, be required to include all 
complications arising from the surface coatings of the dielectric and internal 

reflections. 

The phase of the incident light at the boundary of the dielectric is given 

by Eq. (6.22) with z = O. We also note, at z = 0, 

A. (wo C)l-ll (A. Wo C)ll Wo C 
~vac= - ~d+---a a a (6.25) 

Hz :# 0 but 0 ~ z ~ h then the RHS of Eq. (6.25) gives the phase of the light 

within the dielectric in S. Similarly, if we raise the amplitude modulation term 

in Eq. (6.23) by a power of n we can match this to the amplitude modulation 

in Eq. (6.21) at the boundary of the dielectric. 

We now assume the input signal in I is harmonic and monochromatic, with 

frequency Wo and complex amplitude Eo exp i1/1, such that 

At the boundary of the dielectric we match the phase of the incident and 

transmitted light, and reduce the electric field amplitude by a factor of r, for 

all values of t. These boundary conditions give the value of the electric field 

within the dielectric sample as 

( 2aZ)1l/2 (at) 
rEo 1+7 exp-~ 

{WoC ( 2aZ)1l/2 (at) W C } 
x expi --;- 1 + 7 exp -~ - -;- + 1/1 . (6.26) 

That this solution satisfies the wave equation, Eq. (6.20), follows immediately 

from the fact that it has the same form as the general solution, Eq. (6.23). If 
we chose f( ~vac) = exp iq>vac and take the nth power of the RHS of Eq. (6.23) 

we recover Eq. (6.26) to within a complex amplitude. 

At z = h this signal emerges from the dielectric. Again we match the phase 

and amplitude at the boundary, with the electric field amplitude decreasing 

by a factor of r. Repeat of the matching procedure above at the second dielec-
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tric/vacuum interface leads to 

~t = :z ( 
2ah)(n-1)/2 ~ (at) 

r2Eo 1+& yl+-;;2exp 7 

{
w c ( 2ah)(n-1)/2 ~ (at) 

xexpi -!- 1+~ yl+~expi -7 

Wo C "I,} --+y; 
a 

which, when transformed back into I, gives 

( 
2 h) (n-1)/2 

E:t(T,X) = EOS2 1 + ~ expi {-wdT - Z/c) + 7/J + 67/J} , 

where the frequency of the emerging beam is 

( 
2 a h) (n-I)/2 

Wl = Wo 1 + -2- , 
C 

and the phase has changed by 

c 
67/J = - (WI - wo) 

a 

(6.27) 

(6.28) 

(6.29) 

Equation (6.28) predicts that light which has propagated through the accel
erating dielectric has suffered a shift in frequency by an amount dependent 
on the acceleration but independent of the velocity of the dielectric. This 
frequency shift was first predicted by Tanaka [146], who derived this result 
assuming the glass sample was stationary in a Fermi coordinate system. Our 

result agrees with that of Tanaka at first order, which is the order to which 

the Fermi and French coordinates have the same physical interpretation. This 
shift in frequency can be understood by considering the transit of a single pho

ton through the dielectric. Suppose when measured at the first boundary in 

S this photon has a frequency Ws (assuming, of course, that within this clas

sical system the act of measurement does not destroy or affect the photon). 

When it propagates to the second boundary it will have suffered a gravita
tional redshift in S, but this gravitational redshift is independent of whether 
the photon has propagated through a medium or vacuum. Therefore, in S, the 

frequency of our hypothetical photon at the second boundary is independent 
of the presence of the dielectric sample. However, the presence of the dielectric 

does cause an extra delay of h (n - 1)/c in the photon's transit from the first 

to the second boundary. In I this extra delay enables the second boundary 
to accelerate to a velocity a h n/ c relative to the first boundary, rather than 
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the velocity difference being a hi c as is the case when our photon propagates 

through vacuum. This extra velocity of the second boundary relative to the 
first results in the frequency shift given by Wo a h (n - 1) I c, which is the first 
order expansion of Eq. (6.28). 

It is interesting to note that the covariant form of Maxwell's equations pre-
dict the electric field amplitude is increased by a factor of (1 + 2 a hlc2)(n-l)/2 

upon propagating through our glass sample. However, this increase is several 

orders of magnitude less than the losses in amplitude at the dielectric surfaces. 

We therefore neglect this contribution to the electric field amplitude in the re-
mainder of this analysis, as this would be impossible to resolve experimentally 

with current technology. 

6.4.1 Passive interferometer containing an oscillating glass sample 

First consider a passive interferometer for which the change in phase of the 

light for a single pass of the dielectric is measured. This interferometer is 

illustrated in Figure 6.1, where the detector records the relative phase of the 
opposite beams. Expanding Eq. (6.28) in a Taylor series and keeping only 

first order in a hi c2 we obtain the extra phase shift due to the presence of an 

accelerating glass sample measured by a detector located at Z = B > h at 

time T as 
~ {aT aB} .6.CP = - h (n - 1) 1 - - + - . 
c c c2 

(6.30) 

The first term is precisely the change in phase due to the presence of a sta

tionary dielectric. By noting aT = v is the instantaneous velocity of dielectric 

sample, the second term can be interpreted as the phase shift induced by Laub 

drag in the medium due to its instantaneous velocity. The final term is new and 

arises from the frequency shift suffered by the light which has passed through 

the dielectric. Despite the existence of a new term in the above phase, we 

could not expect to experimentally resolve this effect as it is swamped by the 
much larger Laub drag term. 

Suppose that instead of recording a phase shift, our detector records the 

beat frequency induced by the acceleration of the dielectric between the op

posite beams of this interferometer. In an experiment one would oscillate the 

dielectric sample along one arm of the passive optical interferometer and use a 

high precision laser as a frequency source. Because the frequency shift induced 

in the light from its propagation through the glass sample is proportional to 

the sample's acceleration, then oscillating the dielectric will cause frequency 
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modulation of one beam. Upon recombining the two beams we will observe a 

time dependent beat frequency at the detector. Fourier transformation of this 

signal will unveil sideband structure in the resulting frequency spectrum. Side 

band analysis in a precision ring laser has been discussed in detail by Stedman 

et al. [139]. If our sample is oscillated at an angular frequency n we find the 

photo-multiplier tube would record a signal 

Vet) - 'R.{Ycexpi[!sin(,Bt)]} , 

- 'R. {VcWct [JoCT) + 2 t. (i J2n- 1CT) sin([2n -l],Bt) 

+ J2n (')') sin (2n,Bt) ) ]} . 

where 

')' = (WI - wo)/n 

and is the ratio of the maximum frequency shift suffered by the light divided 
by the angular frequency of oscillation. If ')' is small then the height of the first 

and largest sideband relative to the carrier peak is given by [311 

J I CT) ')' h Ao n 
R = Jo CT) ~ 2' = Wo 2 c2 (n - 1) , 

where Ao is the amplitude of the oscillation of the dielectric. To date the Can

terbury ring laser has achieved a noise floor 60 dB below the carrier. Therefore 

if R > 10-3 the first sideband should be resolvable. With Ao = h '" 10 cm and 

n '" 2 we require n > 6.2 Hz. This corresponds to a minimum acceleration 

of'" 4 m.s-2 , which is easily attained within the laboratory. From Eq. (6.28), 

with the wavelength of the incident beam 633 nm, we find a shift in frequency 

of 2 mHz would result from one pass of the dielectric sample. The Canterbury 

ring laser has achieved a frequency resolution of 0.16J.LHz. If we were to use 

the output of the Canterbury ring laser as a stable light source then a fre

quency shift of 2 mHz should be, in principle, experimentally resolvable. If 
this frequency shift were less than the resolution of the frequency source then 

any structure in the predicted spectra would be unresolvable, as sidebands 

would be broadened and reduced in amplitude to the point where they are 

indistinguishable from noise. 

An important feature of this experimental proposal is that the central phe

nomenon under investigation, a shift in frequency induced by the acceleration 

of the glass sample, is independent of the velocity of the glass sample. There
fore the effect we wish to investigate is not obscured by a dominant contribu

tion from the velocity of the glass sample, but manifests itself as the central 



6.4. Accelerating dielectric within a stationary cavity 111 

experimental feature. However, in an experiment care would have to be taken 
to isolate the frequency source and the detector from optical feedback due to 
light scattered off the accelerating dielectric, and mechanical feedback from 
the vibration of the sample. Both of these effects would result in spurious 
structure in the Fourier resolved spectra, also with a line spacing of n. Opti
cal feedback would cause spurious structure because the light refiected off our 
accelerating dielectric would be Doppler shifted by the velocity of the glass 
sample, which is also varying sinusoidally. If this refiected light were to reach 
the photo-multiplier tube then this would superpose its own structure on the 
final spectra. Tilting the glass sample relative to the incident beam will pre
vent the refiected beam feeding back into the optical interferometer, but light 
scattered off the glass surface will be a significant experimental obstacle. An
other important and possibly fatal experimental limitation of this proposal is 
the infiuence of amplitude modulation on the resolved spectra. Because of dis
persion (neglected in this analysis) and the presence of anti-refiection coatings 
on our glass sample, the transmission properties of the dielectric will be veloc
ity dependent. As such a time dependent transmission amplitude will result 
with its Fourier transform also showing sideband structure which could mask 
the central experimental feature of interest. Nevertheless, the apparent acces
sibility of this experiment within current technology clearly warrants further 
investigation. 

6.4.2 Resonant cavity containing a linearly accelerating glass sam

ple 

We now turn our attention to another, closely related, experimental proposaL 
We are motivated by previous investigations of optical systems when the optical 
path length is time dependent. Optical systems in which the frequency of an 
external laser and the resonant frequency of an optical device cross over in time 
display the phenomenon of optical ringing. Ioannidis et al. [64, 65] observed 
ringing in an optical fibre ring resonator, a variable optical path length being 
obtained through wrapping a length of optical fibre around a piezoelectric 
cylinder. Upon exciting a high finesse ring cavity with a frequency modulated 

external laser, Li et aL [79] were able to determine the finesse of this cavity 
through the observed ringing profile. An asymmetric response profile was also 
observed by Li et aL [80] when the scanning rate of a scanning Fabry-Perot 
interferometer multiplied by the decay time of the interferometer squared was 
the order of unity. Neutze (107) has predicted that optical ringing will be 
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observed when a ring optical interferometer with angular acceleration is excited 
by an external monochromatic signal. 

In our previous discussion of a passive optical interferometer we placed an 
accelerating dielectric along one arm of the interferometer. If instead of mea
suring a phase or frequency shift we allowed the counter clockwise beam to 
continuously propagate around the optical interferometer then our interferom
eter will behave as a resonant cavity. As the velocity of this sample changes 
the effect of Laub drag within the sample will alter the optical path length of 
the cavity. Therefore the optical path length of the optical cavity will be time 
dependent, suggesting that optical ringing will occur as the resonance of the 
cavity moves through the frequency of the external light source. 

Suppose our interferometer consists of three mirrors which form a closed 
optical path, as illustrated in figure 6.1. At Z = A we locate our radiation 
source which injects the monochromatic signal through the first mirror, MI' 

At Z = B > h we locate our second mirror, Mz, and our detector now records 
the intensity of light which is transmitted through M2• The third mirror, M3 , 

merely closes the optical path of the light and it is located anywhere convenient, 
causing the total optical path length of the evacuated interferometer to be its 
perimeter P in the absence of the glass sample. Because our interferometer is 
planar we may assume its resonant modes are linearly polarised [141. Along 
the interferometer arm which contains the accelerating dielectric sample we 

align the x axis parallel to the electric field polarisation. 

At the detector the electric field will consist of an infinite sum of partial 

contributions, E,(T, B), which have traversed the ring perimeter l times and 

have therefore passed through the accelerating glass sample l + 1 times. Upon 
each pass through the dielectric the electric field suffers a drop in amplitude of 
rZ. Each transit of the ring perimeter also causes the amplitude to decrease by 
a factor of S3 due to three reflections from the mirrors of the interferometer. 
Finally, transmission through MI and M2 cause a further decrease in amplitude 
of a factor of (1 - 8 2). Therefore 

E,(T, B) = Eo (1 - 8
2

) r2 (S3 r 2)' expi {WO [-CT + B 

-h (n - 1) (1 - a~ + :;)] + ~, + 1/1 } (6.31) 

where ~, is the phase contribution due to the electric field component E,(T, B) 
having traversed the ring perimeter l times. This phase is calculated directly 
from the Taylor series expansion of the phase in Eq. (6.27). If we take a 
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snapshot at time T and match the phase upon each transit of the interferometer 
we find 

q>, _ :O{l (p+h(n-l)+::(n-l)(-CT+B)) 

+12 :: (n - 1) p} , (6.32) 

Thus the electric field at the detector is 

Eout(T, B) = (1 - 8
2

) r2 Eo 

x expiwo { -cT + B - h (n - 1) (1 - a~ + :;) + 1P} 
00 , 

xL: (s3 r2) exp {i q>,} . (6.33) 
1=0 

The summation within Eq. (6.33) is of the same form as that which arises 
in the analysis of the optical response of a scanning Fabry-Perot interferom
eter [80]. Li et al. derived the temporal variation of the output intensity 

of a scanning Fabry-Perot interferometer by utilising its equivalence with the 
intensity profile of a Fabry-Perot interferometer with a frequency modulated 
input signal. In Appendix A we present the calculation which enabled the 
summation in Eq. (6.33) to be completed. Applying the solution, Eq. (A.6), 

to the problem at hand, and identifying the variables through the analogy of 
Eq. (6.30) with Eq. (AA), we obtain the output intensity of a resonant cavity 

with angular acceleration. If we assume optical resonance occurs when the di

electric is stationary, such that T of Eq. (AA) corresponds to P/c+ h(n -1)/c, 
we observe 

(6.34) 

where [I] 

w( () = ~ roo dv exp( _v
2

) = exp( _(2) erfc( -i() 
7r 1-00 ( - v 

(1m ( > 0) , 

erfc( -i() being the complex error function. The asymmetry parameter 11 = 
{3/r2, where (3 == -2 Wo (n-l) a h P/(c [P+h(n-l)]2) and -{3 is almost exactly 
twice the change in frequency from each traverse of the ring perimeter divided 
by the duration of each traverse, and r = 2c (1-s3r2)/(Ps3r3) is the power rate 

of decay of the cavity. The variable (== ±exp( -i7r/4){ -ir + {3(T - B/c)/(l 
+[n - l]h/P)}/J8'P, the sign being positive when (3(T - Zoic) > 2r(1 + 
[n - l]h/ P) and was chosen to keep the imaginary part of (positive. The 
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Figure 6.2: Intensity profiles for a resonant cavity containing a linearly accelerating di
electric sample, from numerical evaluation of Eq. (6.34) at various values of the asymmetry 

parameter 11: (a) 11 = 0.5, (b) 11 = 0.1 and (c) 11 = 0.01. The normalised time is related to 
real time by T = rT. 

factor (1 - 82)2/(1 - 83r2)2 ~ [2(1 - 8)/ {3(1 - 8) + 2(1 - r)}]2 in Eq. (7.13) 

expresses the fact that this cavity has transmission losses from 3 mirrors and 
two surfaces of the dielectric, whereas a Fabry-Perot interferometer [80] suffers 
losses from only two mirrors. 

Plots of loudla versus the normalised time T = rT/(l + [n -l]h/P) for 
P » h and 1] = 0.01, 0.10 and 0.50 are given in Figure 6.2. With 1] '" 0.10 
the asymmetry is easily resolved experimentally. Consider a state of the art 
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ring cavity with a perimeter of three metres containing commercially available 
mirrors with 1 - 8 ,...., 10 ppm. This cavity has r rv 6000 Hz. Inclusion of 
a dielectric within the cavity, however, dramatically decreases the ring-down 
time of the cavity, Tc = 1/r. If we assume that the multiple thin layer coatings 
on the dielectric achieve an optical transmission such that 1- r ,...., 10-4, which 
is approximately the current limit of optical technology, then we obtain r ,...., 
46,000. With a dielectric of 10 cm in length and refractive index n = 2 we 
would require an acceleration of a ,...., 2000 m.s-2 for our asymmetry parameter 
1/ ,...., 0.1. Furthermore, for the dielectric to have sufficiently changed its velocity 
so that the cavity has scanned through the full optical resonance we require 
r t:J.T ,...., 40. Thus, if the dielectric were to be mechanically oscillated, or 
oscillated by a piezoelectric crystal, the period of oscillation must be greater 
than 10-3 s. While it may be possible to achieve the necessary acceleration 

by oscillating the dielectric with an amplitude""" 50 Jlm at 1000 Hz, one would 
expect insurmountable experimental problems to arise upon attempting to 

impart such large acceleration to a macroscopic sample. 

Nevertheless, the minimum acceleration is proportional to [3(1 - 8) + 2(1-

r)]2 and P-l. An improvement of an order of magnitude in the transmission 

losses of the electromagnetic field at the dielectric boundary, and a similar 
improvement in the reflection of the mirrors, could result in this proposed 
experiment falling within the achievable technological sphere, now requiring 
a ,...., 20 m.s-2

• However, in the above analysis we have neglected amplitude 
losses within the dielectric itself, which would also lower the quality factor of 
the cavity. From these considerations it would appear that the above experi

mental proposal falls outside of current experimental realms. 

Despite the experimental problems it should be appreciated that this pro

posal is sensitive to light drag induced by the acceleration of the glass sample. 

In the above derivation of an asymmetric output spectra for our resonant cav

ity, our central result again stems from the frequency shift suffered by a photon 
which has propagated through a linearly accelerating dielectric, Eq. (6.28). Our 
asymmetry parameter 1/ is proportional to the dielectric's acceleration, thick
ness and n - 1, but is independent of the velocity of the dielectric. Therefore, 
the effect of primary interest will not be not be swamped by a dominant velocity 
induced contribution. Furthermore, unlike the previous proposal where ampli
tude modulation effects arising from dispersion in the sample (neglected in this 
analysis) and the presence of anti-reflection coatings masked the experimental 

feature of interest, this proposal is not affected by the velocity dependence of 
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the transmission properties of the sample. This is because we are searching 
experimentally for a distortion of the response profile when the sample has 
high acceleration relative to the low acceleration case. Any distortion of the 
output spectra due to a velocity dependence of the transmission properties of 
the sample will appear in the low acceleration limit and can be subtracted out 
from the spectra obtained when the sample has high acceleration. 

Having established the optical output of a resonant cavity containing an 
accelerating glass sample is distorted by the acceleration of this sample, it is 
interesting to relate this result to the discussion of chapter 4 concerned with 
the hypothesis of locality. Our asymmetry parameter 11 represents the extent 
to which the output intensity of our resonant cavity would deviate from an 
equivalent cavity containing an identical glass sample, but moving inertially 
with its velocity instantaneously that of the accelerating sample. We found 

11 = {3 /r2 ~ -2wo Te X Te a h (n -1) / Pc, where Te = l/r e is the 'ring-down time' 
or radiation lifetime of the cavity. As discussed in chapter 4, it is the ratio of 
the intrinsic time scales of the phenomenon under observation with the time 
scale characteristic of the acceleration, C/c, which determines the magnitude 
of any violations of the locality hypothesis. In this example the acceleration 

time scale is a h/c2, and the characteristic time of the measurement is Te. 

Thus the asymmetry parameter 11 is proportional to eTe/ L, scaled by a phase 
factor Wo Te(n - 1) due to the presence of the accelerating media, specific to 
the experimental arrangement. This result supports our contention that it is 

the desired frequency resolution which determines the time scale characteristic 
of the measurement when considering the magnitude of deviations from the 

locality hypothesis. This follows from the fact that l/Te provides a fundamental 
limit to the frequency resolution of the cavity, which is also further limited by 

other factors such as frequency drift and backscatter. 

6.5 Freely falling dielectric within a cavity stationary in 

Schwarzschild geometry 

In the previous section we have demonstrated that a glass sample accelerating 

within a ring interferometer stationary in an inertial frame I will cause the 
optical response profile of a resonant cavity to become distorted. For the sake 
of symmetry it is interesting to consider the opposite case, in which the inter
ferometer is fixed in a gravitational field and the dielectric sample is allowed 
to freely fall along one arm of the interferometer. 
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source Z=A 

glass 

detector Z=B 

Figure 6.3: Resonant cavity containing an accelerating dielectric. 

We align our interferometer in a laboratory on the surface of the earth with 
the arm containing the glass sample vertical. This arrangement is illustrated 
in figure 6.3. We allow our glass sample to freely fall so that, from the point 
of view of an observer stationary in Schwarzschild geometry, the dielectric 
sample accelerates downwards towards the centre of the Earth. Thus the 
experimental situation is analogous to that studied in section 6.4. There are, 

however, some important distinctions of principle which make the two cases 

independently interesting. In the previous example the acceleration of the 
dielectric caused a photon to deviate from a geodesic path as it passed through 
the glass sample. That is, from the point of view of an observer in I, Laub 
drag causes the photon itself to accelerate. When the dielectric sample is 
freely falling within a gravitational field, however, it defines a locally inertial 
set of comoving geodesic coordinates. In this geodesic frame, I, a photon will 
propagate through a comoving dielectric sample at constant velocity. Thus the 
photon will follow a geodesic path as it propagates through a freely falling glass 
sample, albeit a non-null geodesic. Within the experimental context discussed 
below, which could not hope to achieve an accuracy beyond first order in 
a hi c?, this distinction does not cause any potentially resolvable differences. 

The spacetime manifold at the surface of the Earth is described by the 
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exterior Schwarzschild solution [101] 

2 2m2 2 2m ds = -(1 - -)c- dt + (1 - _)-ldr2 + r2(d62 + sin2 6dc/>2) 
r r 

We locate the frame of our laboratory, S', on the surface of the earth with its 
origin at T = R. In the following analysis we neglect the effects of tidal forces. 
We use the result of chapter 3 and approximate S' in a small region about 
its origin by an accelerating frame, S, in French's coordinates. The lower case 
coordinat~ of S are related to those of the geodesic coordinates of our dielectric 

sample, I, by Eq. (6.19) with I'\. = 1-2GM/RCZ and a == GM/R2. An economy 
arising from our choice of French's coordinates is now apparent. In section 6.3 

we derived the wave equation describing the propagation of electromagnetic 
radiation parallel to the z axis of S. Because of the close analogy between 
French's coordinates and the Schwarzschild solution, Eq. (6.20) also describes 
the propagation of electromagnetic radiation along an axis perpendicular to the 

surface of the earth. This equation does not, however, contain any information 
on the infiuence of spacetime curvature on the propagation of electromagnetic 
radiation. Nevertheless, this approximation is quite satisfactory within the 

following experimental context. 

At z = A > 0 we locate a harmonic and monochromatic radiation source. 
In S our freely falling dielectric accelerates in the negative z direction. We 
are interested in the problem directly analogous to the analysis of the previous 

section in which the acceleration of the dielectric was parallel to the direction of 
the propagation of the radiation. We therefore search for a solution to the wave 

equation which describes an electromagnetic wave propagating in the negative 

z direction. Light from our stationary harmonic source which is incident upon 

our freely falling sample is assumed to propagate through vacuum. As such 

we require that dc/>vGC/ dtlz:A = Wo and is independent of time. Assuming also 
that the amplitUde does not change with time we are led immediately to the 

vacuum solution 

E% = Eo exp -i {wo (t 2
c
a In [I'\. + 2; Z]) - ..,p} . (6.35) 

From Eq. (6.10) we find the non-zero magnetic field component, 

E% ( 2aZ)-1 B =-- 1'\.+-- . 
11 C c2 

(6.36) 

This solution, valid throughout the accelerating frame S, is only valid at first 

order in az/CZ within the Schwarzschild spacetime as this is the order to which 
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the accelerating frame's metric and the Schwa.rzschild metric match. Trans

forming Eq. (6.35) into I we find that the non·zero electric field component 
is 

Ex -

, (6.37) 

where we have defined the constant eo = y'K,c2 /a for notational convenience. 

At the first dielectric surface, located at Z = 0, the electric field suffers 

a reduction in amplitude by a factor of r. Eq. (6.37) with Z = 0 gives the 

incident amplitude and phase at this boundary. In the geodesic frame I, the 

covariant constitutive relations give Dx = f:f:o Ex and By = ILlLo Hy such that 

Maxwell's equations produce the usual wave equation for an inertial frame of 

reference: 
a2Ex n2 a2Ex 
------=0 az2 c2 81;2 

with solution Ex = f(iPd), where iPd = wT + kX, nw = ck and f(iP) is an 
arbitrary wave.function. Thus, within the dielectric 

Elc (Z, T) = n Z : :ao + cT exp -i {wo ; In [; (n Z + eo + CT)] - 'IjJ} , 
(6.38) 

which clearly matches Eq. (6.37) at Z = 0 and the amplitude decreases by 

a factor of r upon transmission through the boundary. As previously our 

dielectric sample has thickness h. In I the spatial coordinates label proper 

distances such that the second boundary is located at Z = -h, negative as the 

wave is propagating in the negative z direction. We match the electric field at 

this second dielectric surface with the beam emerging from the dielectric into 

vacuum by comparing Eq. (6.38) with Eq. (6.37) at Z = h, after substituting 

Eo -+ Elt Wo -+ WI and'IjJ -+ 'IjJ+A'IjJ. As we are only interested in first order in 

ah/ c2, we assume that a2 h T / c4 « 1 and is negligible. From this assumption 

we are led to 

E:,t(z, t) - r2 Eo (1 + c:~(n - 1)) 
x exp -i {WI (t + c:) + wo; In y'K, + 'IjJ + A'IjJ} . (6.39) 

WI is found by matching the time derivatives of both phases at the boundary 

surface when T = O. This yields 

WI = Wo (1 + ~ ~ (n - 1)) . (6.40) 
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This frequency shift is almost exactly that predicted by Eq. (6.28) at first order 

in a h/c2
• It does, however, contain an extra factor of fi in the denominator. 

On the surface of the Earth If, -1 = -2GM/M = 2aR/c? - 1.4 x 10-9 and 
we may neglect this divergence from unity in an experimental context. While 

Tanaka [1451 has previously predicted a frequency shift for an electromag
netic wave propagating through an accelerating dielectric sample, the above 
prediction constitutes the first derivation of a frequency shift for light having 

propagated through a dielectric medium freely falling in a gravitational field. 
From Eqs. (6.39).and (6.40) it follows that the change in phase, 

h fl."" = -Wo r.;:(n - 1) 
Cylf, 

(6.41) 

Equations (6.39) to (6.41) with If, = 1 are directly analogous to the first 
order expansions of Eqs. (6.27) to (6.29), apart from differences in signs arising 
from the fact that, in this second example, the wave is propagating in the 

negative z direction. If we were to proceed to calculate the optical response of a 

resonance cavity in a gravitational field with a glass sample freely falling in one 
arm, we would recover the result of section 6.4. In particular, this cavity would 
display optical ringing. However, the experimental constraints for observation 
of this phenomenon are even more rigorous than in the previous section as we 
are limited by the gravitational acceleration on the surface of the Earth of 10 
m.s-2 • It follows that a successful experimental observation of this asymmetric 
response profile is well outside the experimental sphere accessible with current 
technology and would require better than an order of magnitude improvement 

in the reflection/transmission losses at each mirror/dielectric boundary for this 

experiment to be viable. 



Chapter 7 

Optical interferometer with angular 

acceleration 

In this chapter we analyse the optical behaviour of a ring interferometer with 

angular acceleration. A transit time technique is used to calculate the observ
able phase and frequency shift when the optical cavity is evacuated. When 
material media separates the mirrors we apply the covariant form of Maxwell's 

equations and solve the wave equation for this system. Both approaches agree 
in the appropriate limits. Our analysis predicts an asymmetric response profile 
will be observed for a resonant cavity with angular acceleration. We also show 
the beat frequency for a ring laser with angular acceleration is precisely that 
given by the instantaneous Sagnac effect. 

7.1 Sagnac effect 

In 1893 Sir Oliver Lodge [81] first proposed the detection of rotation by an 

optical interferometer. Within the context of an ether theory, Lodge derived 

an expression for the phase shift induced by rotation which yields the correct 

expression for the Sagnac phase shift when transformed into relativity theory. 
On the basis of this calculation Lodge suggested that the rotation of the Earth 
could be detected with an interferometer with an area of a square kilometre. 
This speculative idea was later borne out, in 1925, by the superb experimental
ist Michelson [97] who, along with Gale and Pearson, constructed a 2010 ft by 
1113 ft (and so 0.21 km2) optical interferometer which successfully measured 
the phase shift induced by the rotation of the Earth. 

The enduring significance of Sagnac's celebrated paper [1251 is that it was 
the first to report an experimental observation and correctly interpret the 

optical phase shift induced by rotation. For an optical interferometer with 

121 
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area A and rotation {l Sagnac predicted and observed a shift in phase 

A·{l 
A~=4wC2 ' (7.1) 

of the counterclockwise (ccw) beam relative to the clockwise (cw) beam, when 
both had completed a full circuit of the interferometer before being recombined 
at the detector. 

A few years previously, Harress (55] had performed a very similar experi
ment. Studying the effects of light drag in glass, Harress constructed a circular 
ring interferometer in which the opposite beams propagated entirely through 

adjacent glass prisms. For convenience Harress rotated the entire interferome
ter, thus achieving motion of his glass interferometer relative to the laboratory, 

enabling the effects of light drag to be studied. His results, however, contained 
an inexplicable bias in the fringe shift, which was not correctly interpreted as 
arising from the Sagnac effect until after Harress's early death. In hindsight 
Harress's experiment provided a more accurate observation of the Sagnac ef
fect than Sagnac's own later experiment. Moreover, it demonstrated that the 
observed fringe shift is unaffected by dispersion [118]. 

With the invention of the laser the sensitivity of optical devices to rotation 

was dramatically improved. Ring lasers [84] and fibre optic gyroscopes [150] 
are now commonplace and are used in inertial navigation systems [26] and as 

a novel seismic instrument [139]. A rotationally induced phase shift has also 

been observed for super-conducting Cooper pairs [159], in neutron interferom
etry [153), in atom interferometry with 40Ca beams [121] and in interferometry 
with bare electrons [56]. It has also been proposed that rotation should induce 

a detectable phase transition in superfiuid Helium gyroscopes [115]. 

Excellent reviews of the history and development of the Sagnac effect have 

been given by Post (118], Heer [60], Hasselbach and Nicklaus [56] and An

derson et al. [5]. There exists an exhaustive experimental and theoretical 

literature concerned with the effect of constant rotation on various types of 
interferometers. While an interferometer with constant angular velocity has 
received a comprehensive treatment in the literature, the extension to include 
angular acceleration [10, 143,43,44] is considerably less extensive. This omis

sion is surprising as technological applications of ring laser gyroscopes are 
not restricted to instances of constant rotation. Highly developed for inertial 
guidance systems, they often operate under relatively high angular accelera
tions [26]. Dither [26], when a ring laser is rapidly oscillated by a piezoelectric 
crystal so as to unlock the opposing beams, contributes significant angular 
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acceleration to the ring laser. Furthermore, the theory of ring laser seismo
graphs, which detect variations in the rotation rate of the Earth and motion 
of the Earth's surface, requires the inclusion of angular acceleration [139]. 

Belenov and Markin [101 considered a circular ring laser with angular ac
celeration about its axis of symmetry. Appealing to the equivalence principle 
they assumed a photon spends its life climbing through the gravitational field 
associated with the acceleration of the interferometer and thus obtained a fre
quency shift, in addition to the usual Sagnac effect, between the oppositely 
propagating beams. This conclusion, however, is invalid as they neglected the 
change in angular velocity of the ring during the photon's transit. 

More satisfactory analyses of an angularly accelerating ring laser have been 
given by Takahashi and Baierlein [143] and Fateev [43, 44J. Both worked from 
the time-dependent spacetime geometry of an angularly accelerating frame of 
reference. Maxwell's equations within this geometry were solved by postulating 
the spatial dependence of the electromagnetic wave. Examining a circular ring 
laser with acceleration about its axis of symmetry, Takahashi and Baierlein 
concluded that the beat frequency at any instant of time is that of an equivalent 
comoving ring laser without angular acceleration, so giving an 'instantaneous 

Sagnac effect'. Fateev gave a more general treatment of wave propagation in a 
fibre optic interferometer with angular acceleration, concluding that the beat 
frequency of a ring laser differs from the instantaneous Sagnac beat frequency 
by an amount proportional to the vector product of the angular acceleration 
and area of the ring. 

In light of these contradictory positions it is desirable to approach the 
problem of a ring interferometer with angular acceleration from an alternative 
viewpoint. In sections 7.2-7.4 we work entirely from an inertial frame of ref
erence, which sidesteps the problems associated with interpreting Maxwell's 
equations in a frame of reference with a time dependent metric. Using the 
transit time approach, with the assumption that the mirrors are separated by 
vacuum, we derive the phase difference between oppositely propagating beams 
in a Sagnac interferometer in section 7.2. The frequency shift induced by the 
angular acceleration of the interferometer is obtained from the time derivative 
of the phase upon completion of a transit of the ring perimeter. A novel ap
plication to the optical response of a resonant cavity with angular acceleration 
is presented in section 7.3, the output intensity as a function of time being 
asymmetric due to ringing in the optical cavity. This may provide a direct 
experimental test of the response of an optical device to angular acceleration. 



124 Chapter 7. Optical interferometer with angular acceleration 

In section 7.4 a ring laser with angular acceleration is analysed. This analy

sis generalises the result of Takahashi and Baierlein [143] to a ring laser with 

arbitrary geometry accelerating about an arbitrary axis. An error in the work 
of Fateev [43] is also corrected. 

Our assumption that vacuum separates the mirrors of the ring interferom
eter enables us to work entirely from a reference inertial frame I, providing a 
simple and intuitive presentation of the problem of an interferometer with an

gular acceleration. However, a physical ring laser must contain a gas within the 

lasing cavity with population inversion along at least a portion of it. Therefore, 

in section 7.5 we re-examine the problem of a ring laser assuming a dielectric 

of constant refractive index separates the mirrors. We approach this problem 

by formulating and solving Maxwell's equations in an angularly accelerating 

frame of reference. For mathematical convenience we make the additional as

sumption that both the angular velocity and angular acceleration are parallel 

to the vector area of the ring laser. Our results are in full agreement with 

those of Takahashi and Baierlein in the appropriate limit. We also recover all 

of the results of sections 7.2-7.4 in the limit that the mirrors are separated 

by vacuum. That our solution to the covariant form of Maxwell's equations 

produces the same results as the, much simpler, transit time approach illus

trates the power of this transit time technique when applied correctly in the 

appropriate context. 

7.2 Sagnac interferometer with angular acceleration 

In the experiment of Sagnac the oppositely propagating beams of an optical 

interferometer complete a circuit of the interferometer before being recombined 

at the source. We first examine the effect of angular acceleration on the phase 

shift which is observed in this experiment. We also include the rotation of 

the Earth in our analysis, assuming that our interferometer is held within a 

laboratory which is itself rotating with the Earth. 

Let the centre of the earth, following a geodesic about the sun, define the 

origin of two coordinate systems. The geodesic coordinates, I, are locally 

inertial so that Maxwell's equations take their familiar form in I. S, however, 

is defined to be stationary with respect to the Earth's surface, rotating relative 

to I with angular velocity 0, its period being the sidereal day. At first order 
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in velocity t = T and [49] 

dR(T) = dr(t) + 0 x R(T) 
dT dt ' 

where we have maintained our convention that inertial coordinates are rep
resented by uppercase letters and non-inertial coordinates are lowercase. Let 
~(T) and r,(t) specify, in I and S respectively, the location of N mirrors, 
separated by vacuum, which form an arbitrary closed optical path. The 'coun
terclockwise' path (ccw), as opposed to the clockwise path (cw), is defined as 
that for which i increases. 

In S at t = 0 our optical interferometer is assumed to have angular velocity 
w and angular acceleration a about an axis which passes through p. We 
construct a Taylor series for ~(T) about T = 0 and keep only first order in 
0, w and a; this neglects terms of the order of centripetal acceleration. We 

assume coincidence of the axes when T = 0 and define ~(O) = riCO) = rio 

For small T 

T2 
~(T) = ri + {O x rj +W x (ri - p)} T + a x (ri - p)"2 . (7.2) 

Having made the identification ~(O) = riCO) = ri we could have used the 
notation ~ in favour of ri on the right side of Eq. (7.2). The use of lowercase 
rj may possibly cause confusion as it would appear that we have mixed the 

coordinates of I with those of Sin Eq. (7.2). We prefer to use lowercase ri as 
these have a more intuitive interpretation, being the location of the ring laser 

in the laboratory frame at T = O. If one keeps in mind that rj are constant 

vectors then no confusion should arise. 

At Ro(T) we locate a harmonic source which is moving with the interfer

ometer and has wavenumber k, and therefore time dependence Ao exp -ick T 

when measured by a comoving observer, where T is the proper-time along the 

worldline of our source. In a Sagnac interferometer the oppositely propagating 

beams complete a circuit of the interferometer before being recombined at the 

source, where their phase difference is measured. We calculate this difference 
in phase by determining the difference in the time for the opposite beams to 

complete a circuit of the interferometer. When considering accelerated motion 

this transit time approach in the vacuum limit has significant calculational 
advantages over the widely used 'snapshot' technique [34]. In the snapshot 
technique f k . dr, integrated around the geometry of the interferometer at 
a given instant of time, determines the phase at the detector relative to the 

source. If no allowance is made for the anharmonic nature of the light due 
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to the acceleration of the source and mirrors then the effect of angular accel
eration is lost and the Sagnac effect with the instantaneous angular velocity 
will be recovered. The transit time approach, however, explicitly includes the 
angular acceleration throughout. 

Restricting attention to the ccw path, the time interval for a plane of 
constant phase to propagate from the (i - 1 )th mirror to the ith mirror is 

determined by 

C (Ti - Ti-d - I Rt(Ti) - Rt-l (Ti-l) I , 
- {Arl + 40· A; (7i - Ti - 1) + 4w· ai (7i - Ti- 1) 

2 2 }1/2 +2 a . ai (Ts - Ti- 1) , (7.3) 

where c is the speed of light in vacuum, Ari = rj - ri-l! Ai = ri x Ard2 = 

r i-I x A r d 2 is the vector area of the triangle formed by the origin, r i and r i-I, 

and ai == (ri-p)xArd2 = (ri-l-p) xArd2 is the vector area of the triangle 
formed by p, rj and ri-l. The physical basis for Eq. (7.3) is the fact that in 
vacuum the phase velocity and group velocity for a photon are always parallel. 

Thus a point of constant phase propagates along a null geodesic, which is a 

straight line in the locally inertial frame I, from Rt-I(Ti-d, the spacetime 
point where it intersected the (i - l)th mirror, to Rt(Ti), the spacetime point 
where it intersects the ith mirror. 

Solving Eq. (7.3) for Ti - 7i-l we obtain 

(7.4) 

A reversal of sign on the left side of Eq. (7.3) describes the propagation of the 

cw beam from the ith mirror to the (i - 1 )th mirror. An almost identical 

calculation to that above produces 

(7.5) 

Eqs. (7.4) and (7.5) are both dependent on the time when their respective 

phase planes intersect the (i - l)th mirror. Choosing both phase planes to 

return to the source at T we obtain, at leading order, 

N Ar
(Ti-1)ccw ~ T -2: _3 , 

j=i C 
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i-l6.r· P 
(Ti-t}cw ~ T - L: -' ~ 2 T - - - (Ti-1)ccw , (7.6) 

j=1 c c 

where P = E 6.ri is the perimeter of the ring. The summation of Eq. (7.4) 

or Eq. (7.5) is dependent on the geometry of the interferometer. However, by 
subtracting Eq. (7.5) from Eq. (7.4), using Eq. (7.6) to substitute for (Ti-1)cw 
and summing from i = 1 to N, we obtain the difference of their sums. This 
difference determines the time by which the two phase planes, which intersect 
the detector at T, were separated when they left the world line of the source at 

(To )ccw and (To )cw respectively. Along the world line of the source the radiation 
has wavenumber k such that the phase difference observed at T is 

6.~ = ck {(TO)ccw - (TO)cw} = 4c
k 

A· {n + WI + a (T - ::)}, (7.7) 

where T denotes the proper time along the worldline of Ro(T). At first or

der (TO)ccw = (To )ccw and (TO)cw = (To)cw, which produces the final term in 
Eq. (7.7). 

When 0: = 0 we recover the usual Sagnac effect for a ring of arbitrary 

geometry with rotation WI on the surface of the Earth, Eq. (7.1). This simple 
construction has demonstrated the linearity of the Sagnac effect under the ad
dition of angular velocities about separated and non parallel axes of rotation. 
When 0: =F 0 however, this phase difference is not equivalent to the Sagnac 

effect for an identical, instantaneously comoving ring without angular accel
eration. Eq. (7.7) is of the same form as the Sagnac effect but has, for the 
angular velocity of the interferometer, its average over the time of flight of the 

phase plane around the ring. This phase shift agrees with that obtained by 

Fateev [43, Eq.(22)] when a difference in convention is noted: Fateev chose 

T = 0 when the signal left the source. 

Upon reflection off each mirror moving relative to I the beam suffers a 
change in wavenumber. It is crucial to our understanding of the resonance 

cavity and ring laser to obtain the cumulative effect of these Doppler shifts. 
While this can be derived from the Doppler effect due to the motion of the 
source and each mirror, and this calculation has been performed as a test 

of consistency, a more direct derivation is given below. In this derivation 
we obtain the frequency shift of the wave having completed a circuit of the 
interferometer from the time derivative of the phase measured by a comoving 
observer. 

In the following work we neglect the phase changes upon reflection off each 

of the N mirrors as these only change the phase by a constant factor. This 
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assumed, consider the phase <P ccw(T) of the ccw phase plane which intersects an 
observer 0 comoving with Ro(T) at T. This phase will be precisely the phase 
it was when it left the source at (7"o)ccw, explicitly <Pccw«7"o)ccw) = -c k x 
(7"o)ccw, where 7", as defined earlier, is the proper-time along the worldline 
of 0 and, at first order, 7" = T. Substituting Eq. (7.6) into Eq. (7.4), 
differentiating with respect to T and performing the summation from i = 1 to 

N we obtain d(To)ccw/dT = 1 - 2a· A/c2• The frequency as measured by 0 
will be d <Pccw(7")/d7", such that 

k d<Pccw(T) = k[l- 2a . A] 
cccw= dT C c2 ' (7.8) 

Repetition of this calculation for the cw beam gives a frequency shift of the 
same magnitude but with opposite sign. If one were to recombine the beams 
at Ro(T) then 0 would observe a beat, that is a time dependent phase shift, 
between the opposite modes in a passive Sagnac cavity of frequency 

a·A Iwccw - wcwl = 4k -
c 

With a ring interferometer of area 1 m2 and an angular acceleration of 10 rad.s-2 

we would require a frequency resolution of one part in 1018 for this beat to be 
experimentally resolvable. The Canterbury ring laser has achieved a frequency 
resolution of one part in 3 x 1021 [139], and thus an experimental observation 
of an angular acceleration induced beat in a passive Sagnac interferometer 
should be attainable within current technology. An obvious approach would 
be to oscillate the ring interferometer and record the output beat frequency 
with time. Upon Fourier transformation of the optical output we would expect 
to observe sideband structure in the output spectra. However, because a pas
sive cavity is several orders of magnitude less sensitive to phase shifts than its 
corresponding active ring laser device, it is considerably more straightforward 
to detect this time dependent phase shift using a ring laser, as is discussed in 

sections 7.4 and 7.5. 

It is a simple extension of Eq. (7.8) to show that an observer comoving with 

the interferometer at ri will register a shift in wavenumber of -2 k/c2 E~=l OJ' 

a in the ccw beam. In particular, if there is no angular acceleration then all 
observers located along the beam and comoving with the ring interferometer 
will measure the same frequency. 
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7.3 Resonant Cavity with angular acceleration 

Optical ringing has been investigated in a variety of systems in which the 

frequency of an external laser and the resonant frequency of the optical device 
cross over in time. Ioannidis et al. [64, 65] observed ringing in an optical fibre 
ring resonator, a variable optical path length being obtained through wrapping 
a length of optical fibre around a piezoelectric cylinder. Upon exciting a high 

finesse ring cavity with a frequency modulated external laser, Li et al. [79] were 
able to determine the finesse of this cavity through the observed ringing profile. 

An asymmetric response profile was also observed by Li et al. {801 when the 

scanning rate of a scanning Fabry-Perot interferometer multiplied by the decay 

time of the interferometer squared was the order of unity. In section 6.4.2 we 

showed a dielectric sample linearly accelerating within an optical cavity causes 
the cavity to display a ringing profile. 

When a ring interferometer has angular acceleration the optical path length 

around its perimeter is changing with time. We therefore expect ringing to be 

observed as the resonance frequency of the cavity passes through the frequency 

of an external monochromatic signal. In the following we present a novel anal

ysis of a resonance cavity with angular acceleration, obtaining an asymmetric 

response profile. 

Comoving with the mirror at Ro(T) we place a monochromatic source 

which injects an electromagnetic signal with time dependence Ao exp{ -i ck 7' } 

into the cavity, where Ao is a complex constant. Also at Ro(T) we locate a 

detector which records the intensity of the radiation which is transmitted out 

of the cavity through this mirror. The electromagnetic field at the detector 

will consist of an infinite sum of waves A,(T, Ro(T)) which have traversed the 

ring perimeter I times. To evaluate A,(T, Ro(T)) we first determine the time 

for a ccw phase plane to complete 1 circuits of the ring perimeter by summing 

Eq. (7.4) from i = 1 to Nl. As this summation has no general solution we 

consider an optical cavity which forms a planar N -sided regular polyhedron. 

Define C as the centre of symmetry of this optical cavity when T = 0, thus 

a·A 1 
a . a· = -- + - a x (C - p) . Ar· 

t N 2 t • 
(7.9) 

We define 'Ii as the time the ccw phase plane leaves the source before traversing 

the ring perimeter 1 times and intersecting Ro(T) at T = 0. Summing Eq. (7.4) 
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from i = 1 to Nl with (TN')CC1lJ = 0 gives 

1i = -I {~ (1 + 9 ~ h) + 2A
. (~+ w)} + 12 ~ a . A , (7.10) 

where 9 = a x (C - p) and is the linear acceleration of the centre of symmetry 

of the ring, L:f=l j tJ.rj = N (ro - C) = N h and we have used L:J=d = 
(q2 + q)/2. 

Again neglecting the phase changes upon reflection off each mirror we 
find the phase of each component wave at the detector is the phase of the 

source at the time this wave left the source. Therefore A,(O) = (1 - S2) S'N 
X Ao exp{ -i ck 1i}, where S2 is the reflectance of all N mirrors, the first factor 

giving the reduction in amplitude due to two transmissions through the mirror 

at ro(t) and the second factor is due to losses from I N reflections. further

more AI(T) = Az(O) exp{ -i c k T [1- 2l a' Alc2]} as each transit of the ring 
perimeter results in a frequency shift given by Eq. (7.8). Thus the field at the 

detector is 
00 

Aout(T, Ro(T)) = (1- S2) Ao exp{-ickT} 2: S'N exp{i4»z}, (7.11) 
1=0 

where 

{ a.A} 
~, = -c k 1i - 21 ~ T . (7.12) 

The summation of Eq. (7.11) is identical in form. to that obtained for the opti

cal response of a scanning Fabry-Perot interferometer [80], and that derived in 

section 604.2 for a resonant cavity containing an accelerating dielectric sample. 

As previously discussed, Li et al. obtained the output intensity of a scanning 

Fabry-Perot interferometer as a function of time by utilising its equivalence 

with the intensity profile of a Fabry-Perot interferometer with a frequency 

modulated input signal. In Appendix A we summarise this mathematical re

sult. Applying the solution, Eq. (A.6), to the problem at hand, and identifying 

the variables through the analogy of Eq. (7.12) with Eq. (Ao4), we obtain the 

output intensity of a resonant cavity with angular acceleration. If we assume 

that optical resonance occurs when the interferometer is stationary, such that 

T of Eq. (Ao4) corresponds to Pic, we observe 

lout = IAoutl
2 = ( 1 - 8

2
) 2 "::"lw()12 , (7.13) 

10 IAol2 1 - 8 N 81] 

where [1] 

i (XI exp( -v2 ) 
w( () = ;: J -00 dv (_ v = exp( _(2) erfc( -i() (1m ( > 0) , 
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erfc( -i() being the complex error function. The asymmetry parameter TJ = 
{J/r2, where {J = 2k ex· A/ P and corresponds to the change in frequency from 
each traverse of the ring perimeter divided by the duration of each traverse, 
and r = 2c (1- sN)/ PsN is the power rate of decay of the cavity. The variable 

( = ± exp( -i1r/4) {-ir + 2 (J(t - zoic)} /y'8j1, the sign being positive when 
(J(T - zoic) > r and was chosen to keep the imaginary part of (positive, and 
Zo = -[Pg· h + 2A . (n + w)/cl/2o. . A merely shifts the origin of time. 
The factor (1 - 8 2)2/(1 - 8N )2 :::::: (2/N)2 in Eq. (7.13) expresses the fact that 
this cavity has transmission losses from N mirrors, whereas a Fabry-Perot 
interferometer [80] suffers losses from only two. 

Plots of lout! 10 versus the normalised time 'i = rt for TJ = 0.01, 0.10 and 
0.50 are given in Figure 7.1. With TJ '" 0.10 the asymmetry is easily resolved 
experimentally. Consider a state of the art square ring cavity with a perime
ter of four metres [79]. Commercially available mirrors with 1 - 8 fV 10 ppm 
give r '" 6000 Hz for this cavity. If this cavity is excited with radiation of 
wavelength 633 nm then we require a '" 5 rad.s-2 to obtain TJ '" 0.10. This 
surprisingly low acceleration is certainly within the realms of experimentation 
and could be achieved by oscillating the platform on which the interferom
eter rests at a frequency of 70 Hz with an amplitude of 10-3 radians. The 
minimum acceleration does, however, vary with p-3 and (1 - 8)2. Improving 
the reflectance of the mirrors will lower the minimum angular acceleration re

quired to observe ringing, but the perimeter of the ring interferometer must 
be kept relatively large. Furthermore, acceleration induced distortions to the 
interferometer and frequency drift in the extemallaser would lead to spurious 

asymmetries in the output intensity as a function of time. 

It is important to appreciate that the monochromatic source, the detec
tor and the interferometer are all stationary when viewed from the angularly 
accelerating frame of reference. In this frame the asymmetry in the optical 
output must be interpreted as a direct consequence of the time dependence of 

the spacetime metric, Eq. (7.17). Therefore an observation of optical ring
ing in an optical cavity with angular acceleration would provide a significant 
experimental test of general relativity, as the experiment of Hay et al. [58], 
Champeney et al. [24, 25] and Kundig [77], who all mounted a Mossbauer 
source and receiver on a rotating disk, verified the general relativistic 'grav
itational' redshift in a uniformly rotating frame of reference. Unlike a ring 
laser with angular acceleration, for which the beat frequency is exactly that 
of an identical instantaneously co-rotating ring laser (derived in sections 7.4 



132 Chapter 7. Optic:a.l interferometer with angular accelera.tion 

.S 
11=0.5 

.4 

0.0 

-.4 
-4 -2 0 2 4 

f 1 
c: 11=0·1 
.! 
.5 
"C 
Q) 

.~ 
n; 
E ... 
0 

0 z 
-10 -5 0 5 10 

1 
11=0·01 

0'------.1.---1---......... ----' 
-100 -50 o 50 100 

Normalized scanning time 

Figure 7.1: Intensity profiles for a resonant cavity with angular acceleration, obtained 
from numerical evaluation of Eq. (7.13) at various values of the asymmetry parameter '1: 

(a) '1 = 0.5, (b) '1 = 0.1 and (c) '1 = 0.01. The normalised time is related to real time by 
1" = rt. 

and 7.5), this optical output differs from that of an instantaneously co-rotating 

passive interferometer with constant angular velocity. In predicting an asym

metric optical response profile the angular acceleration plays an important and 

transparent role. In this sense an observation of an asymmetric optical output 

for a resonant cavity with angular acceleration would provide a direct verifi

cation of the influence of angular acceleration on optics, as it is not obscured 

by an otherwise dominant rotation induced effect. 
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This result is closely related to the debate concerning the locality hypoth
esis, discussed in chapter 4. In this instance we are concerned with the in
fluence of angular acceleration on a rotating (non-inertial) interferometer, but 
the underlying principle is the same. Deviation of the output from that of an 
instantaneously comoving ring interferometer with constant angular velocity 
is characterised by the parameter"., == /3/r2 = 2ckTe X Te a . A/Pc, where 
Te = lIre is the 'ring-down time' or radiation lifetime of the cavity. In chap
ter 4 we found, for a variety of non-inertial systems, that it is the ratio of the 
intrinsic time scales of the phenomena under observation with the time scale 
characteristic of the acceleration, £Ic, which determines the magnitude of any 
violations of the locality hypothesis. In this case the acceleration time scale 
is £/c = Pc/(a· A) and the characteristic time of the measurement is Te. In 
this context the asymmetry parameter ." is proportional to CTe/ L, scaled by 
a phase factor c k Te specific to the experimental arrangement. This result, as 
did the result of section 6.4.2, again supports our contention that it is the de
sired frequency resolution which determines the time scale associated with the 
measurement when considering the significance of deviations from the locality 
hypothesis. This follows from that fact that lITe provides a fundamental limit 
to the frequency resolution of the cavity. 

Finally, should this experiment be performed it could provide limits on 
the extent to which electrodynamics in angularly accelerating frames of ref
erence differs from the covariant formalism of general relativity. One would 
expect, for example, that the non-local theory of electrodynamics suggested 
by Mashhoon (93] would lead to small differences in the output spectra for this 

experimental arrangement. This calculation, however, has not been pursued 
within the framework of this thesis but would provide an interesting avenue 

for further research. 

7.4 Ring laser with angular acceleration 

A ring laser enables one to measure angular velocities because the Sagnac effect 
results in the counter-propagating beams being separated in frequency by an 
amount proportional to the angular velocity of the ring. This feature has found 
application in ring laser gyrometers, used in inertial guidance systems (26], and 
as a novel seismic detector (139]. In both of these applications, however, the 
ring laser often has angular acceleration about an unknown axis of rotation. 
It is therefore important to gain an understanding of the operation of a ring 
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laser in these conditions. 

A ring laser will resonate provided the phase of the source and a phase plane 

upon its return to the source differ only by an integer multiple of 21r radians. 

If the optical path length of the lasing cavity is constant with time then one 

need only match the phase of the source and returning phase plane to obtain 

the eigenmodes of the cavity. When a ring laser has angular acceleration, 

however, the optical path length is not constant but is changing linearly with 

time. Therefore, both the phase of the source and its first time derivative 

must be matched to the returning phase plane in order to determine the lasing 

frequency. 

As in section (7.3) we first consider a ring laser which forms a planar 

N-sided regular polyhedron. If we define kccw(T) as the wavenumber of the 

laser as measured by an observer 0 comoving with Ro(T), then the reference 

phase plane, which intersects 0 at T = 0, had wavenumber kccw(7i) when 

it previously intersected 0 at 7i, given by Eq. (7.10). From Eq. (7.8), this 

reference phase plane has wavenumber kccw(7i) [1 - 20: . A/c2] when it again 

intersects 0 at T = O. Because of the necessity of matching the first time 

derivatives of the phase of the laser and the returning wavefront at Ro(T) we 

require kccw(O) = kccw(7i) [1 - 20: . A/c2]. We also require the phase of the 

laser at Ro(T) to have evolved an integer multiple of 21r radians over the time 

of flight of the reference phase plane around the ring laser, thus 

21rm = (0 ckccw(T) dT . 
iTt 

As the optical path of the lasing cavity is changing linearly with time we 

assume a linear variation of kccw(T), giving kccw(T) = k(O) {1- 2 A· 0: T /cP}, 
which leads to, upon integration, 

kccw(T) = K {I -9 ~ h - c~ A· (n + w + 0: T)} , (7.14) 

where K == 2m 1r / P is the lasing frequency of the unperturbed laser. Repeat 

of this calculation for kcw(T) produces a similar expression, recovered from 

Eq. (7.14) with the substitution A -+ -A. 

When the oppositely propagating beams are recombined a beat will be 

observed with wave number 

(7.15) 

Thus the beat frequency is that predicted by the Sagnac effect for an identical 

ring with an angular velocity equal to this ring's angular velocity at the instant 
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of measurement. Eq. (7.15) is also the correct expression for the beat frequency 
of a ring laser with arbitrary geometry. This follows from Eq. (7.7), valid 
for any ring geometry, giving the difference between (T1)ccw and (T1)cw as 
-4/r? A· {O + w - Pa/2c}. Upon determining the lasing frequency for the 
opposite modes and taking the difference to obtain the beat frequency, one 
finds that all other terms of order a cancel and the correct expression for the 
beat frequency for a ring laser of arbitrary geometry is given by Eq. (7.15). 

This provides a significant generalisation of the result of Takahashi and 
Baierlein [143] and now encompasses arbitrary ring geometry with both angular 
acceleration and velocity about separated and arbitrary axes. Takahashi and 
Baierlein found the beat frequency of a ring laser in the special case of a 
circular ring laser with angular acceleration about its centre of symmetry and 
parallel to the vector area of the interferometer. Furthermore, this analysis 
demonstrates the linearity of the Sagnac effect for an active ring laser device 
under the addition of non-parallel angular velocities. An error in the analysis of 
Fateev [43, Eq.(29)] has also become apparent. Fateev matched the phases of 
the opposite beams upon a transit of the ring perimeter, but failed to account 

for the changing frequency of the laser and thus incorrectly obtained an extra 
contribution of -2 K a . A / c to the beat frequency. In section 7.5 we derive 
the optical response of a ring laser by solving Maxwell's equations. From this 
approach we again obtain Eq. 7.15 and the error of Fateev is transparent. 

An unexpected consequence of Eq. (7.14) is that, through the presence of 
the term -K g. h/c2, a ring laser is, in principle, sensitive to the location of 
the axis of acceleration at first order in a. If clocks of arbitrary accuracy were 
to measure the frequency of the ccw laser beam at three mirrors, then the value 

and direction of 9 = a x ( C - R) relative to the plane of the ring laser could be 
deduced. From the time derivative of the beat frequency a . A is also known. 
Combining these four measurements one is able to determine where the axis 

of acceleration intersects the plane of the ring laser. This novel prediction 
is in contrast with the Sagnac effect for a ring laser with constant angular 
velocity, for which the lasing frequency is independent of the location of the 
axis of rotation at first order in angular velocity. However, this prediction is 

not expected to be observable within current technology, but it does provide 
an interesting feature as a matter of principle. 
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7.5 Solution of Maxwell's equations for a ring laser with 
angular acceleration 

In the previous three sections we have provided a comprehensive treatment 
of an accelerating interferometer which has its mirrors separated by vacuum. 
This vacuum assumption enabled us to work entirely from a reference inertial 
frame I, providing a straightforward and intuitive analysis. The analysis given 

for a ring laser with angular acceleration demonstrated that its beat frequency 
is exactly that of an instantaneously comoving ring laser with constant angular 

velocity, irrespective of the relative orientations of the ring laser and angular 
acceleration. 

In assuming the mirrors were separated by vacuum we have, however, failed 
to accurately model a ring laser, which requires a low pressure gas with popu

lation inversion along a portion of the beam for lasing to occur. Therefore, in 
this section we treat the ring laser as containing a gas with constant refractive 
index, n. We formulate and solve the covariant form of Maxwell's equations in 
the angularly accelerating frame of our ring laser. The solution thus obtained 
immediately determines the lasing frequency and output beat frequency and 

these results are in complete agreement with the results of sections 7.4 in the 

vacuum limit. While this provides a better model for an active ring laser de
vice with angular acceleration than that given in the previous section, there 
are several obvious shortcomings in this model. For example, an effect of an

gular acceleration is to compress the gas, causing a gradient in the refractive 
index throughout the ring laser. Furthermore, because a portion of the beam 

is excited by a radio frequency power supply, we cannot regard the gas as 

homogeneous and dispersionless. Nevertheless, the effects of inhomogeneity in 

the refractive index of the gas cancel if the beams follow identical paths but 

in opposite directions. This simplification results in the assumption of con
stant refractive index providing a sufficiently good model for the predominant 
features of the optical output to be predicted. 

In formulating Maxwell's equations we make the additional assumption, 
for calculational simplicity, that the angular acceleration vector is parallel to 

the vector area of the ring laser. This assumption is not unreasonable within 
the experimental sphere of the Canterbury Ring Laser Group. Interest in a 

ring laser with angular acceleration stems from the use of the Canterbury Ring 
Laser to monitor torsional modes in an earthquake [139]. In so far as we may 
approximate the angular acceleration felt by the ring laser during an earth-
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quake by a time dependent vector perpendicular to the Earth's surface, this 
analysis provides a satisfactory model. From the Sagnac effect for a ring laser 
with constant angular velocity and the results of the previous section, we would 
not expect predictions obtained using this approximation to be unrealistic. We 
would expect, however, upon considering a more general case, the predicted 
beat frequency would have to be multiplied by the cosine of the angle between 
the vector area of the ring laser and its angular acceleration. If that were the 
only experimentally significant effect of such a generalisation, then the mea
sured beat frequency of the ring laser could not, in itself, resolve the relative 
orientation of a to A, being indistinguishable from a reduced magnitude of the 
angular acceleration. The solution of this more realistic model of a ring laser 
with angular acceleration provides the theoretical foundation for the Fourier 
analysis methods used when analysing the output spectra of the Canterbury 
Ring Laser recorded during an earthquake. 

7.5.1 Maxwell's equations in a angularly accelerating frame of ref

erence 

A coordinate system, S, with both angular velocity n and angular accelera
tion a about the z axis of an inertial frame I may be defined by a Galilean 
transformation to rotating coordinates, 

T - t , 
X - x cos ( fU + a t2 /2) - y sin (nt + a t2 /2 ) 

y - y cos ( nt + a t2 /2) + x sin (nt + a t2 /2) 

Z - z , (7.16) 

which is valid on a restricted region of the spacetime manifold J x2 + y2 < 
c/(w+at), and again we adopt the convention that uppercase letters represent 
inertial coordinates and lowercase letters represent non-inertial coordinates. 
If an arbitrary point (x, y, z) in S is fixed then Eqs. (7.16) predict that this 
point will follow a circular trajectory in I with angular acceleration a about 
the origin, such that S defines a frame of reference with angular acceleration 
relative to I. The line element for Sis 

ds2 = _ (1 _ (n + a t)~(x2 + y2)) c2 dt2 + dx2 + dy2 + dz2 

+ (n + at)(xdy - ydx) dt . (7.17) 
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At first order in n and a this coordinate system has det(glU') = -1 and 
glU' = glU'. 

There has been considerable debate within the literature concerned with 

the correct physical interpretation of coordinates used to describe a rotating 

frame of reference [147, 103, 52, 23}. Our perspective is that S merely provides 

a convenient choice for labelling the points of the flat spacetime manifold. In 

so far as we may neglect the effects of length contraction in our ring laser, 

which arises at second order in n and a, then our ring laser a.ppears stationary 

when viewed from S. Through this perspective we avoid the debate concerned 

with the physical interpretation of our rotating coordinate system. It is noted, 

in passing, that the Galilean transformation has been universally accepted 

as an appropriate description of a rotating frame of reference at first order 

in angular velocity, which is the order to which we are interested. Further

more, the coordinate transformations Eq. (7.16) are equivalent to those used 

by both Takahashi and Baierlein [143] and Fateev [43, 44] when considering 

the behaviour of a ring laser with angular acceleration. 

For mathematical simplicity we assume the vector area of our ring laser A 
is parallel to its angular acceleration Q, which automatically aligns A parallel 

to the z axis. In the Canterbury Ring Laser the electric field is polarised 

parallel to A and therefore the only nonzero component of E is Ez , which 

is itself independent of z. The covariant formulation of Maxwell's equations 

in a non-Minkowskian spacetime has been presented in section 6.2. Equation 

(6.10) leads immediately to the conclusion that Bz is also zero. From the 

covariant constitutive relations, Eqs. (6.16) and (6.17), and using the a metric 

components of Eq. (7.17), we obtain the non-zero components of the vectors 

D and Has 
€o 

Dz = €€o Ez + - (n + a t) (x B~ + Y By) , 
J.L 

1 €o 
B~ = -B~ - - (n + a t) x Ez , 

J.LJ.Lo J.L 
1 €o 

By = -By - - (n + at) y Ez , 
J.LJ.Lo J.L 

where we have used €o J.Lo = lie? By taking the curl of Eq. (6.10) and using 

Eqs. (6.10) to (6.13) and the expressions above to substitute Ez in favour of 

Dz , B:ra By, B~, By, we obtain the wave equation for the electric field with z 
polarisation in a frame of reference with angular accelera.tion about the z axis, 
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-32. {x aE% _ y aE% } 
& lJy ax (7.18) 

This wave equation, derived assuming the gas of refractive index n through 
which the light is propagating is angularly accelerating with the ring laser, 
forms the basis of the following analysis. 

7.5.2 Solution of Maxwell's equations for a ring laser with angular 
acceleration 

Schleich and Scully [130, pp.1068-1071] have given the solution to the wave 

equation when a ring laser has constant angular velocity in vacuum, which 
Eq. (7.18) reduces to in the limit Q -+ 0 and n -+ 1. If again we locate 

N mirrors at rz respectively and define the counterclockwise (ccw) path to 
be that for which 1 increase, then the solution of Schleich and Scully for the 

electric field along the perimeter of the ring joining the mirrors at rz and r'-l 
is 

(7.19) 

where k, = Ik,l = wo/cin vacuum and k,Jk = kz = (r,-r'_l)/Ir,-r'_ll is the 
unit normal in the direction of the ccw laser beam, and cP, is a constant phase. 
This solution is valid only along the path the beam follows. If one wished to 
obtain the solution in a small region surrounding the optical axis of the cavity 
then a numerical Gaussian beam optics approach would have to be used. For 

our current interests an analytic solution along the perimeter of the ring laser 
is sufficient. It should be appreciated that while we have adopted the vector 
notation, this solution and the remainder of this work has A II 0 II a. This 
vector notation is adopted as it is more succinct than writing these equations 
in their component form. 

In searching for a solution to Eq. (7.18) we modify Eq. (7.19) to include 
angular acceleration and we also require that n ::j: 1. The most immediately 
obvious changes are to let 0 -+ 0 + at, Ot -+ Ot + at2/2 and Wo = c k -+ 

Wo = c k/n. However, if we now substitute these modifications to Eq. (7.19) 
into Eq. (7.18) we find that the wave equation is not satisfied. By introducing 
quadratic terms in kz . (r - rZ-l) in the phase and damping the electric field 
amplitude we are able to cancel any additional terms which arise. Through 
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this approach we are led to the solution 

E~ = E {1 i. ie, . (r - r,-d 
o - r'-l x "'I • a c2 

A· a (.. ct)} +2--c:P"" lei' (r - r,-l) - -;;:- expi<Pl' (7.20) 

where 

<PI = - (1 -2 A . (0 + atI2)) Wo t + (1 _ 2 A· (0 + a t)) Ie,. (r - rl-d 
ncP ncP 

~ A 2 
L (n ) Ie, . (r - rl-l) ._ (Ie, . (r - r,-d) 

+r,-l x "',. u + at - r'-l X "'I . a 2 2 nc c 
.. 2 

A k (lei' (r - rl-l)) A, (7.21) + . a c2 P + 'Yl , 

The first term in <P, quadratic in ie, . (r - r,-d was introduced to compensate 
for the time dependence of the term immediately before it, as the second term 
quadratic in ie· (r - ri) compensates for the time dependence of the coefficient 

of lei' (r - r,-d. With the addition of these quadratic terms in the phase we 
find 

- - - - + ~ - = - Wo (0 + at) . r'-l X Ie , (
d<P) 2 (d<P) 2 2 (d<P) 2 

dx dy c2 dt c2 

where we have used Wo = c kin. Along the perimeter of the ring laser this 
result leads to the real portion of the LHS of Eq. (7.18) being equal to the 

first, and real, term which arises from the substitution of Eq. (7.20) into the 

RHS of Eq. (7.18). In drawing this equality we note r'-l X Ie = r X Ie if r lies 

along the line joining r'-l and r,. 

Imaginary terms on the LHS of Eq. (7.18) arise from both the second order 

derivatives of <P, and damping terms in the electric field amplitude. When we 

substitute Eqs. (7.20) into the wave equation we find that the imaginary terms 

arising from the second order derivative of <P, with respect to t are cancelled 

by the terms arising from the second order derivatives with respect to x and 
y of final term in Eq. (7.21). However, the second order derivatives of the 

first term quadratic in ie, . (r - r,-d in Eq. (7.21) produce an imaginary term 

-i a . r'-l x Ie E~/c2 on the LHS of Eq. (7.18). Along the ray perimeter, 

r'-l X Ie = r x Ie and therefore this term is exactly a third of the imaginary 
term which arises from the substitution of Eq. (7.20) into the final term on 
the RHS of Eq. (7.18). By damping the electric field amplitude by the term 

proportional to r'-l X ie, . a, as was done in Eq. (7.20), we are able to equate 
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the imaginary terms arising on both sides of Eq. (7.18) and thus fully satisfy 
the wave equation. 

However, without the term proportional to 2 A·a k,.(r-r,-d in Eq. (7.20), 

the tracing of a snapshot in S around the ring perimeter would show the electric 
field amplitude is decreased by 2 Eo A· a/t?o If Ell is to represent the electric 
field amplitude of a ring laser then it must return to its starting value when 

traced around the ring perimeter, otherwise the field would be multivalued. 

We are therefore forced to add the term 2 Eo A . a kl . (r - r,-d/(P t?) to 

the electric field amplitude, which guarantees the electric field amplitude is 

unchanged when traced around a full transit of the ring perimeter. Addition 

of this term in tum requires the addition of 2 Eo A . at / (P n c) to the electric 

field amplitude for Maxwell's equations to be satisfied. This provides the 

physical motivation for all of the damping terms in Eq. (7.20). In tracing the 

electric field around the ring perimeter we have, of course, neglected the losses 

at each mirror and the subsequent gain in in the electric field amplitude at the 
radio frequency source. 

In section 7.4, within the context of a transit time calculation, we found 
the lasing frequency of the ring laser by requiring the phase of the source to 
have evolved an integer number of 211' radians over the time of flight of a point 

of constant phase around the ring perimeter, and the frequency of the light 

having traversed the perimeter of the laser cavity was required to match the 

frequency of the source upon its return. In this section we show our solution 

does in fact describe a ring laser by applying very similar arguments, now 

within the context of a snapshot calculation. 

At time t an observer 0 located at a point r between the mirrors at r'+l 

and r, will record a frequency 

w(r, t) _ ~!' (r, t) 

_ Wo {I _ 2 A . (0 + a t/2) 
ncP 

( 
A ~ ) k, . (r - r l - d } + 2 P - r'-l x lei • a c2 ' (7.22) 

where T is the proper time along the worldline of 0, equal to t at first order. In 
S all of the mirrors are stationary and therefore the frequency of the incident 

and reflected light are equal at each mirror. Matching Eq. (7.22) at each mirror 
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gives the frequency of the light at r, at t, 

(7.23) 

where 6.rj = Irj - rj-ll = kj . (rj - rj-l) and we have noted r,-l x k, 6.rl = 
r'-l x r, = 2 Al along the path of the laser beam. The frequency of our laser 
beam at rN at any instant t is found by summing Eq. (7.23) from j = 1 to N. 

Both summations add to A and cancel, predicting that the frequency of our 

laser beam at rN = ro is w(rN, t) = w(ro, t) so that the frequency at ro is 
single valued, which is required for our solution to describe a ring laser. An 

almost identical argument to that above demonstrates that the amplitude of 
E% returns to its initial value when traced around the ring perimeter. 

For our solution to describe a ring laser operating at its resonant frequency 

we require, at any moment t, that the phase change upon a transit of the ring 

perimeter is an integer number of 271" radians. Fixing t, Eq. (7.21) gives the 

phase change upon a transit of the ring perimeter as 

(7.24) 

The first summation vanishes automatically, which demonstrates that k is 

independent of time for arbitrary ring geometry. This is an important issue of 

consistency, as Maxwell's equations would not hold if k was time dependent. 

The second summation is more difficult. If, however, each arm of the ring 
laser cavity is of equal length, as is the case for the Canterbury ring laser, then 

6.rj = PIN and this summation equals PIN {A - A} which also vanishes. 
Setting 6.~ = 271"m we obtain k = 271"miP such that Wo = 271"mcl(nP). 

The solution for the clockwise (cw) beam is found by by letting kl -!> -k,. 

ln order to satisfy the wave equation we must change the sign of all terms 

proportional to 0 and a in Eq. (7.20) and Eq. (7.21). Upon recombining the 

beams, Eq. (7.22) predicts a beat frequency 

A·(O+at) 
6.w(t) = Iwccw(t) - wcw(t)1 = 4wo P , 

nc 
(7.25) 
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which, again, is the beat frequency for a uniformly rotating ring laser instan
taneously co-rotating with our angular accelerating ring laser. In the vacuum 
limit we recover Eq. (7.15), the key result of section 7.4, but calculated from 
an entirely different perspective. We remind the reader that throughout this 
derivation we have assumed A /I n /I a, but the shape of our planar ring 
laser, and the location of the centre of rotation relative to the ring laser, are 
arbitrary. This provides a significant generalisation of result of Takahashi and 
Baierlein [143} who also solved Maxwell's covariant equations but considered 
only the simpler problem of a circular ring laser with angular acceleration 
about its centre of symmetry. 

In order to complete the comparison with the results of section 7.4 we 
return to the case of a ring laser which forms a regular N sided polyhedron 
with its centre of symmetry located at r = C. As in section 7.3, we can now 
replace a' Aj in the summation of Eq. (7.23) with a' A/N + 1/2 a xC· tl.rj. 
The summation then produces 

{
g' h} w(r" t) = Wo 1 - ---;;2 , (7.26) 

where, in this instance, h = rl - ro and again 9 = a x C. This reproduces 
exactly the gravitational redshift effect predicted by Eq. (7.14), and is inde
pendent of the refractive index of the medium. Thus our solution for a ring 
laser with angular acceleration is in full agreement with our previous results 
derived using a transit time approach. Our solution to Maxwell's equations, 
however, also contains information on the time and spatial dependence of the 
electric field amplitude. This information could also have been derived from 

the transit time approach if we had chosen to calculate changes in the electric 
field amplitude when the light was reflected from mirrors moving relative to I. 

An intuitive picture for the beat frequency measured by a ring laser with 
constant angular velocity was given by Schulz-DuBois [131]. At any instant 
of time, in the inertial frame l' with which C is comoving, Schulz-DuBois 
envisioned a standing electromagnetic wave pattern which stretches from one 
mirror to the next, rather like pearls on a necklace. In I' the detector has an 
angular velocity 0, and it samples the antinodes of the standing wave pattern 
as it moves. In this model of Schulz-DuBois it is the sampling of the antinodes, 
or the pearls of the necklace, which is the observed beat frequency. If we now 
extend this model to the case of a ring laser with angular acceleration we 
observe that at any instant of time the centre of the ring laser cavity has an 
acceleration g. Therefore the frame with which Schulz-DuBois' standing wave 
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pattern is comoving, S', is now a frame with linear acceleration g. Schulz
DuBois' standing wave pattern must now satisfy Maxwell's equations in S'. 
In an accelerating frame gravitational redshift is a familiar concept and the 
term -Wo g. hie- in Eq. (7.26) is naturally interpreted as arising from this 

gravitational frequency shift. In S' the detector has an angular velocity n + at 

relative to Schulz-DuBois' standing wave pattern such that the observed beat 
frequency is that predicted by Eq. (7.25). 

7.5.3 Sagnac interferometer with angular acceleration: a compari
son 

Having established the consistency of our solution to Maxwell's equations for 
a ring laser with our vacuum transit time approach of section 7.4, we return 
to the example of a Sagnac interferometer with angular acceleration. This 

both demonstrates that our solution to Maxwell's equations in this context is 
consistent with our earlier calculation given in section 7.2 and, through this 
analysis, the error made by Fateev when calculating the beat frequency for an 

angularly accelerating ring laser becomes transparent. 

If we locate a harmonic source with frequency Wo and constant electric field 

amplitude Eo at ro, then the wave equation, Eq. (7.18) with these boundary 
conditions has the solution 

where now 

{ 
~ kl . (r - rl I)} 

Ez = Eo 1 - r'-l x k, . Q Cl - exp i<bl , (7.27) 

k/.(r-rl-l) 
-wo t + k, . (r - r,-d + rl-l x kl . (0 + Q t) --..;....----.::..:.. 

nc 
(kl • (r - r,_l))2 

-rl-l x k1 • Q 2 c2 + 4>1 • (7.28) 

By matching the frequency of the light at each mirror we find that light which 
has propagated once around the ring perimeter has changed in frequency and 
become 

w(rN) = Wo {1-2 Q ~A} , 
which is independent of time as our source is harmonic and stationary in 
S. This frequency shift, which is also independent of the refractive index 
of the material through which the light propagates, is exactly that predicted 
previously for vacuum using a transit time calculation, Eq. (7.8). 
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Calculation of the phase shift observed in a Sagnac interferometer with 
angular acceleration is complicated by the fact that Ikd = nw,fc for the ccw 
beam is no longer constant around the ring interferometer but is given by 

(7.29) 

which follows from matching w, at each mirror. The terms quadratic in k· (r
r,) in Eq. (7.28) cancel upon taking the difference between the phase of the 
ccw and cw path. The terms linear in k· (r - r,) produce a phase difference of 

4 Wo A . (n + at) I c? between the opposite beams, which is the instantaneous 
Sagnac phase shift. The contribution to the phase shift due to the variation of 

k around the beam perimeter can be calculated by noting that, at any point 

r along the ring perimeter, kccw - kcw = -2 k a . Alc, which follows from 
Eq. (7.29) and its cw equivalent. Upon summing around the ring perimeter 
this effect contributes a phase shift -2 n Wo a . API 2. Thus the total phase 
change due to the motion of the interferometer is 

(7.30) 

which is of the same form of the Sagnac effect, but has the angular velocity of 
the interferometer averaged over the time of flight of a photon around the ring 
in place of the usual angular velocity. This result agrees with Eq. (7.7) in the 

limit as n - 1, which demonstrates the consistency of the two approaches. 

Fateev's solution of Maxwell's equations [43] reduces to Eq. (7.27) in the ap

propriate limit. This solution is only valid if the source has constant frequency. 

Fateev then applied this solution to the case of a ring laser by demanding the 

total change in phase upon a circuit of the interferometer be 27r radians. This 
requirement led to the conclusion that Wo was a function of time. However, 

as Eq. (7.27) explicitly requires Wo to be constant for Maxwell's equations to 

hold, the solution which Fateev claimed described a ring laser with angular ac
celeration is not itself a solution of Maxwell's equations. Fateev failed to add 

the additional terms quadratic in k,. (r - r,-l) to the phase, which appear in 
Eq. (7.21), and the terms linear in a . A in the amplitude, given in Eq. (7.20), 

which are required for the wave equation and boundary conditions to be satis
fied. Furthermore, as the frequency and amplitude of Eq. (7.27) change upon 
a transit of the ring perimeter, Fateev's description of the electric field within 
a ring laser with angular acceleration is not even single valued. This error 

led Fateev to the incorrect conclusion that the beat frequency measured when 
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a ring laser has angular acceleration differs from that of the instantaneous 
Sagnac effect by an amount - 2wo a . AI c2 • 

In this chapter we have given the most complete analysis of a ring interfer
ometer with angular acceleration yet reported. Our results complement and 
correct previous attempts at this problem. We have analysed the problem 

of light propagating in an interferometer with angular acceleration using two 
distinct calculational methods: a vacuum transit time approach was used in 
sections 7.2-7.4; and we formulated and solved the covariant form of Maxwell's 
equations in a frame of reference with angular acceleration in section 7.5. 

Our results have shown the phase shift which would be observed in a Sagnac 

interferometer with angular acceleration is given by an expression of the same 
form as the usual Sagnac effect but has, for the angular velocity of the in
terferometer, its average over the time of flight of a photon around the ring 
perimeter. Furthermore, light propagating around an interferometer with an

gular acceleration is shifted in frequency by 

A·a 
Dow = -2wo-

c2 

for each transit of the ring perimeter. We have demonstrated that a resonant 
cavity with angular acceleration will display optical ringing, having an asym

metric temporal response profile, the degree of asymmetry being proportional 
to the angular acceleration of the interferometer. Finally, the beat frequency 
for a ring laser with angular acceleration is given by the Sagnac beat frequency 

for an identical ring laser instantaneously co-rotating with our angularly ac

celerating ring laser. 



Chapter 8 

Oscillating mirror within a rotating ring laser 

In this chapter we derive the optical response of a rotating ring laser with one 
mirror oscillating. For this analysis we develop a novel formalism, based upon 
geometric quantities, which enables phase shifts in non-Minkowskian frames 
of reference with time dependent boundary conditions to be calculated. We 
predict sideband structure will be observed when the counter-rotating beams, 
and when adjacent lasing modes, are combined and the output signal Fourier 
transformed. 

8.1 Ring laser locking 

In a provisional experiment of February 1993, a single mirror of the Canter
bury Ring Laser was mounted on a piezo-electric crystal and oscillated with 
an amplitude of 0.05 pm and a frequency between 10 Hz and 1 MHz. At the 

adjacent mirror the clockwise and counterclockwise beams were combined, as 

illustrated in figure 8.1. Upon Fourier analysis of this signal no sideband struc

ture was observed, nor was a reduction in the effect of mode pulling recorded 

for high frequency oscillations. Throughout this chapter this experiment will 

be referred to as the 'February 1993 oscillation of a piezo mounted mirror'. 
This provisional experiment was motivated by the suggestion of Kowalski [73} 
that oscillating a mirror parallel to its normal should lead to a reduction of 

coupling between the opposite beams of the ring laser, which is the physical 
cause of mode locking. 

Mode pulling, which arises from coupling between the counter-propagating 

beams of a ring laser, is the source of one of the major experimental limitations 
associated with the performance of any ring laser. Dust and imperfections on 
the surface of the mirrors within a ring laser cause light from the ccw beam 
to be 'back-scattered' into the cw beam. If the opposite beams are of similar 
frequency then backscatter causes the frequency of the ccw beam to feedback 

147 
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Oscillating mirror Detector 

Figure 8.1: Schematic representation of the location of the oscillating mirror relative to 
the detector in the February 1993 oscillation of piezo mounted mirror experiment. 

into the cw beam, and vice versa, and this optical feedback 'pulls' the frequen
cies of the opposite beams together [140J. If the contribution of backscatter 
becomes too large the opposite beams become locked, thus lasing at the same 
frequency and no beat between the opposite beams is observed. If we consider 
a ring laser which is sensitive to rotation through the Sagnac effect, then mode 
pulling may be understood through a simple intuitive model. While lasing the 

opposite beams of a ring laser form an electromagnetic standing wave pattern 
around the ring perimeter, rather like the beads of a pearl necklace [131]. As 
the ring laser rotates the detector moves past the beads of the necklace, the 
detection of the antinodes being the observed Sagnac beat frequency. In the 
absence of dirt and imperfections on the surface of the mirrors the beads are 
unaffected by the motion of the mirrors. When there is dirt, however, the 
beads tend to stick to the mirrors, causing a partial dragging of the necklace 
by the rotation of the ring laser. Because the necklace is now partially rotating 
with the laser itself, the rate of sampling of the antinodes, and thus the beat 
frequency, is reduced. If backscatter is so large that the entire necklace is held 
rigidly to the laser then no beat frequency is detected and the ring laser is 

'locked', with the opposite beams lasing at the same frequency [140]. 

A common method for unlocking the opposite beams is to rapidly oscillate, 
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or dither, the entire ring laser [261. This results in the opposite beams being 
frequency modulated in a non-reciprocal manner. A second method is to os
cillate the cavity mirrors in a direction parallel to the plane of the mirror [27]. 
This generates a Doppler shift in the back-scattered light which reduces the 
coupling between the counter-propagating beams but does not modulate the 
lasing frequency. In both of these mechanisms the key idea is that the fre
quency of the light back-scattered from the ccw beam into the cw beam is 
substantially different from the lasing frequency of the cw beam. Because this 
frequency difference is significantly increased from when the laser is uniformly 
rotating with all mirrors stationary, the coupling between the opposite modes 
is reduced and the beams become unlocked. 

In 1993 Kowalski suggested that oscillating a mirror parallel to its surface 
normal should also unlock the opposite beams of the ring laser [73]. This 
oscillation causes both beams of the laser to become frequency modulated. 
Central to Kowalski's proposal is that the frequency modulations of the ccw 

and cw beams are not simultaneous at all points along the perimeter of the 
laser. Therefore, the counter-propagating beams have an enhanced separation 
in frequency at each point around the perimeter of the ring. Because of this 
difference in frequency, calculated in detail in the following sections, Kowalski 
concluded that the back-scatter induced coupling between the opposite beams 
should be reduced, leading to a reduction in the effects of mode pulling. 

In the following work we provide a full analysis of the effect of oscillating 
a mirror within a ring laser rotating with constant angular velocity O. Apart 

from the partial solution of Kowalski [73} , the Canterbury ring laser collabo
ration has been unable to uncover any literature concerned with this problem. 
This is in spite of the many years of development of servo mechanisms of this 
sort, in which a mirror is mounted upon a piezo-electric crystal and is moved 
to compensate for drift in the lasing frequency arising from fluctuations in the 
ring perimeter due to thermal and pressure effects. Our work generalises that 
of Kowalski [73} in three significant aspects. Unlike Kowalski we assume a dis
persive medium separates the mirrors of the ring laser. This provides a better 
physical model than that given by Kowalski, who assumed the light signals 
propagated at the speed of light in vacuum. Furthermore, Kowalski only con
sidered the requirement that the optical path of the ring laser be 211' n radians 
when calculating the lasing frequency. In his analysis he neglected the Doppler 
effect off the moving mirrors entirely. As shown in section 7.5.3, neglect of the 
Doppler effect led to errors in the work of Fateev when analysing the behaviour 
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of a ring laser with angular acceleration. One of the features of our analysis 
is that we are very careful to incorporate the influence the Doppler effect due 
to the motion of the mirror. Finally, by working from the rotating frame of 
reference of the ring laser we include the effect of rotation within the calcu
lational framework, whereas Kowalski added the Sagnac effect as a constant 
beat frequency at the conclusion of his calculation. Nevertheless, within this 
generalised framework, the central conclusions of Kowalski are recovered. 

We do not derive the extent to which oscillating a mirror may unlock the 
opposite beams, as this work is outside the expertise of the author and beyond 

the scope of this thesis. Instead, we predict the Fourier transformed frequency 

spectra which would be recorded when a mirror is oscillated within the Can

terbury Ring Laser. We obtain both the spectra recorded when the ccw and 

cw beams are mixed at the detector, and calculate the resulting spectra when 

two ccw beams are combined when the laser has several longitudinal modes 
operating simultaneously. From this perspective we regard oscillating a mirror 
within a ring laser cavity as simply an experiment in ring laser spectroscopy, 
and the predictions of this chapter contribute directly to the current experi

mental interests of the Canterbury Ring Laser Group. 

Before proceeding with the analysis of this optical system it is intuitive to 

reflect upon the likely physical effects of moving a mirror within a lasing cavity. 
There are two obvious mechanisms which will both lead to the lasing frequency 
of the cavity being time dependent. Firstly, the motion of the mirror decreases 
(or increases) the perimeter of the lasing cavity. Because the lasing frequency 
is proportional to the inverse of the cavity perimeter, the changing optical 
path length of the cavity due to the motion of the mirror leads to the resonant 

frequency of the cavity becoming time dependent. A second mechanism for 

changing the lasing frequency arises from the Doppler effect. The rate at 

which the Doppler shift changes the frequency of the light within the lasing 

cavity is equal to the change in frequency upon each reflection divided by the 
time required for a point of constant frequency to propagate around the ring 
perimeter. An important conclusion of our analysis is that we show the rate 

at which the moving mirror causes the resonant frequency of the cavity to 

change is exactly the rate at which the Doppler effect changes the frequency of 
the light within the lasing cavity. Thus, any photon which is at the resonance 

frequency of the cavity at any time whatsoever will remain at the, now time 
dependent, resonant frequency of the cavity because of the influence of the 

Doppler effect. 
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We could begin our analysis by deriving the wave equation in a rotating 
frame, S, and proceed to search for a solution which satisfies the boundary 
condition that one mirror is moving. This approach would be similar to that 
followed in chapter 6 and section 7.5, where we derived and solved the wave 
equation for light propagating through linearly accelerating and angular ac
celerating dielectrics respectively. However, it is more economical to derive 
the lasing frequency using a snapshot approach. Our snapshot approach is 

based upon an invariant (frame independent) expression for the phase at one 
spacetime point relative to another. From this result it is straightforward 

to calculate the beat frequency between the counter-propagating beams, and 

the beat frequency between two counterclockwise beams when the laser has 
multi-mode operation. 

The motion of the mirror causes the frequency of the laser beam to be 
Doppler shifted upon each reflection. Because we wish to determine the rate at 
which the Doppler effect changes the frequency of the light within the cavity 

we must determine the time required for a shift in frequency to propagate 

around the ring perimeter. We therefore calculate the velocity of a frequency 

modulated signal using standard Fourier methods. Again we base our Fourier 
analysis on an invariant expression for the phase. A bonus of this calculation 
is that it provides a transparent interpretation of the transit time technique, 
often used to calculate phase shifts in optical interferometry. This clarification 

is highly desirable as confusion over the interpretation and application of the 
transit time technique has resulted in some bizarre experimental predictions 

being reported in the literature [144, 70, 72, 74] 

8.2 Invariant phase in a rotating frame of reference 

We locate a ring laser of arbitrary geometry in a frame S with angular velocity 
n about the origin of an inertial frame I. This laser has N mirrors located 
in S at ri(t) respectively. The time dependence in ri(t) arises because these 

mirrors may have motion in S. We let Xi-l = xf-l ep and Xi = xf ep represent 
two separated spacetime points which lie along a spacetime curve C contained 

within the world sheet of our laser beam. Within a ray optics approximation 

the phase at Xi relative to Xi-l is 

(8.1) 
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where dx'" follows the curve C. We note that this expression is based upon 
the coordinate-invariance of the phase and excludes the influence of helicity
rotation coupling, which was discussed in section 4.3. This neglect of helicity
rotation coupling can be justified on the basis that the magnitude of any such 

coupling would be down on the influence of the Sagnac effect by the ratio 
of the wavelength of light to the perimeter of the ring and would therefore 
be experimentally insignificant. Our expression for the difference in phase 

between two spacetime events is closely related to that given by Opat [114]. 
Opat began his analysis by defining the action functional 

S{X('\),Xi,Xi-d = 1~~1 .c(x('\),dx('\)/d'\) d'\ . 

where the integration is along the curve C. Noting, for arbitrary endpoint 
variations DS = liklJDxlJ = 1i{j'l>, Opat obtained an expression for the phase 

1 ri 

'l>(Xi) - 'l>(xi-d = n. 1:1:i_1 .c d'\ . 

From this argument it is clear that Eq. (8.1) can be recovered directly in the 
limit Dx -+ dx, which provides the link between the two approaches. Further

more, the approach outlined below for the specific example of a rotating ring 
laser with an oscillating mirror is as flexible as the formalism of Opat and can 
be applied to the problems of wave propagation through media, in an arbitrary 
spacetime, and with time dependent boundary conditions. 

Because the contraction kIJdxIJ is an invariant it follows that Eq. (8.1) is 
independent of the frame in which it is evaluated. We are therefore free to 

evaluate this geometric expression in which ever coordinate system proves con

venient. In the current analysis we work within the spacetime of the rotating 

frame S in which our ring laser is stationary. 

Our rotating frame S, at first order in f2, has the spacetime metric given 

by Eq (7.17) with Ct = 0, 

ds2 = -c'l dt2 + dr 2 + {} . r x dr dt 

It follows that the difference in phase between two points along C is 

«>(Xi)-«>(Xi-l) = {zit {-CkOdt+le.dr+(}.rXledt+
kO 

{}.rXdr} , 
. 1z1t_l C 

(8.2) 

where Ie = (k:r:,kll,kZ) and dr = (dx,dy,dx) and these variables are evaluated 
in S. The variables k'" are not required to be constants in the above analysis, 
but may be functions of the spacetime coordinates, k"'(x). 
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In general relativity the frequency measured by any observer 0 who has a 

4-velocity 11.'" is given by w = -k",11.'" [152, p.137] , which is independent of the 
frame in which it is measured. All observers stationary in S have a 4-velocity 
11.'" = (c, 0, 0, 0) at first order in 0, such that 

- w = g",,, k'" 11." = -c kO + (} . r x k , (8.3) 

where w represents the frequency of the laser beam as measured by an ob

server stationary in S. A second useful geometric invariant arises from the 

contraction of the wave vector with itself. An inertial observer, 0 1
, instan

taneously comoving with an observer in S would also determine the light to 

have frequency w. Furthermore, because the dielectric is stationary with re

spect to 0 1 at the instant of measurement, the light would have a wavenumber 

Ikll = n(w)w/c according to 01
• The spacetime of 0 has a Minkowski metric 

such that k~kl'" = _w2 (1 - [n(w)12)/~. As this is a geometric quantity it 
immediately follows that it also holds in S such that 

w2 

- ~ (1- [n(w)]2) - k",k'" 

2 
- _(kO)2 + k· k + - kO (}. r x k 

c 
w2 

- -~+ k·k 

where we have taken the square of Eq. (8.3) and substituted this into the RHS 

of Eq. (8.4) in the final step. Therefore, in S, Ikl = n w/c, where we set 

new) = n for notational convenience. 

If the medium through which the light is propagating is homogeneous and 

isotropic it follows that the group velocity, 9 and phase velocity, p, are parallel. 

If we integrate along the path of the beam in S such that dr " 9 we also find 
dr \I k. Substituting of Eqs. (8.3) and Ikl = n w/c, into Eq. (8.2) we find 

l :1:i { nw w } q>(Xi) - q>(xi-d =. -w dt + - dr + _2 (}. r x dr . 
:1:.-1 c~-

(8.4) 

It is important to appreciate that the only physical assumption made in de

riving Eq. (8.4), valid at first order in 0, is that the medium at rest in S is 

homogeneous. This medium may be dispersive. Because Eq. (8.4) was derived 
from general principles we do not require that w is constant along the path of 

integration, but may be a function of the spacetime coordinates X"'. In sec
tion 8.4 we find w, which describes the frequency of the laser beam in S when 

a mirror is moving, is both a function of time and the spatial coordinates. 
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Therefore, the flexibility within our formalism above is utilised in our calcu

lation the lasing frequency for a ring laser with both rotation and one mirror 
oscillating. 

It is useful, however, to consider the form of Eq. (8.4) if the wave at Xl-i has 

constant frequency. In section 7.2 we demonstrated, at first order in n, that 

the frequency of light propagating from one observer stationary in a rotating 

frame of reference to another is unchanged if the frame does not have angular 

acceleration. Using a simple geometric argument, Misner et al. [101, pp.63-4j 

also showed that light does not suffer a gravitational redshift at first order 

in n in a rotating system. Experimental support for this null redshift result 

at first order in n has been provided by several experiments performed using 

Mossbauer spectroscopy [58, 24, 25, 77] in which both source and receiver were 

mounted on a rotating disk. All of these experiments provided experimental 

verification of the transverse Doppler effect, which gives a frequency shift at 

second order in In x rile. Equivalently, one can regard this frequency shift 
as a gravitational red shift induced by the effective gravitational field of the 

rotating frame of reference. Therefore, if the source is harmonic in S at Xi-l 

then w in Eq. (8.4) is independent of x and is identical to the frequency of 

the radiation as measured at Xi-I' This result is particularly useful when we 
develop our transit time approach based on Fourier methods, as a harmonic 

basis wave-function at the source will be harmonic throughout S. 

8.3 Sagnac effect 

We first illustrate the consequences of Eq. (8.4) by considering the example of a 

Sagnac interferometer. Such an interferometer has all of its mirrors stationary 

in S and we locate a harmonic source with frequency Wo at roo Taking a snap

shot of the interferometer, such that dt = 0, and integrating Eq. (8.4) around 

the perimeter of the interferometer, we find that the beam has undergone a 

change in phase of 

tPccw = :0 {np + 2 n ~ A} . (8.5) 

The phase shift for the cw beam has an identical form but with A -+ -A. 
Taking the difference between the ccw and cw beams we find 

n·A 
AtP = 4 Wo -2- , (8.6) 

c 
which is precisely the Sagnac phase shift. This calculation is closely related to 

that of Dresden et al. [34], who determined the phase shift by taking a snapshot 
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in the inertial frame I and then calculated the influence of the Doppler effect 

on the wave vector upon each reflection off the mirrors moving relative to I. 
In this approach we have worked entirely from the rotating frame. Therefore 

our mirrors are stationary and as such we need not concern ourselves with the 
Doppler effect. 

Again we use the example of a Sagnac interferometer to illustrate how 

Eq. (8.4) can be incorporated into a transit time approach based upon Fourier 

analysis. A bonus of this analysis is that we derive an expression for the rate 

at which a frequency modulation of an input signal will propagate around 

the perimeter of the interferometer. In our analysis of a ring laser with an 

oscillating mirror it is necessary to determine the time interval required for 

a frequency modulation, induced by reflection from the moving mirror, to 

propagate around the perimeter of the ring. From this information we can 

determine the influence of the Doppler effect on light within the lasing cavity. 

Assume a source at ro injects an electromagnetic signal with time depen

dence let) into the cavity. Decomposing this signal into its Fourier components 

at ro we find 

1 100 

lew) = In= let) exp{ -iwt} dt . 
v21r -00 

(8.7) 

If we now take a snapshot of the ring interferometer then Eq. (8.4) tells us 

that the phase of each component wave at rl is related to that at ro by 

~(rl! t) = ~(ro, t) + w{n.6.rI/c + 20 . AI/c2
}, where .6.rl = rl - ro and 

Al = tro x rl' Thus the frequency components of the signal at rl, D(w), are 
related to the frequency components of the wave at ro, lew), by 

. {(n.6.r l o· AI)} D(w) = lew) x exp~ w -c- + 2 c2 • 

An inverse Fourier transform of D(w) gives the time dependence of the field 

at rl: 

OCt) _ ~ roo O(w) exp{iwt} dw 
v21r 1-00 _ ~ i: lew) x expi {w (n~rl + 2

0 ~:-l)} exp{iwt} dw 

- let) ® (t) , (8.8) 

where ® represents the Fourier convolution, and 

1 roo . {(n.6.r l O· AI)} {' (t) = ..fj; 1-00 exp't w ---;;- + 2 c2 exp 'twt} dw , 
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(8.9) 

where 6(t - to) represents the Dirac delta function and we have expanded the 
refractive index n about a carrier frequency Wo such that 

n w = no Wo + ! {n w }I (w - wo) = no w + Wo :: I (w - wo) , 
wo wo 

and no = n(wo). Combining Eqs. (8.8) and (8.9) we find 

O(t) = I (t -n,~r, -2 0/,) exp { -iwJ 62 ;:IJ ' (8.10) 

where the group velocity refractive index 

ani ng = no + Wo 8w wo 

This derivation of O(t), derived using Fourier methods, provides an extension 
to a rotating frame of reference of earlier work of Stedman, who was concerned 
with the use of transit time techniques for phase calculations in an inertial 
frame [137]. 

If we apply Eq. (8.10) to a full transit of the ring perimeter in the ccw 
direction we find the value of the wave-function at the output is 

O_(t) = I (t - n,c
P 

- 2 0/) exp{ -iwJ ~ ;:IJ . (8.11) 

Similarly, the wave function for the output of the cw beam is given by the 
same expression but with A ~ - A. Thus we find, apart from dispersion 
causing a phase shift as the beams propagate around the ring perimeter, the 
temporal variation of the wave-function is unchanged by this transit. It is, 
however, retarded by a time interval ng Pjc ± 20· Ajc2 , with positive and 
negative signs corresponding to the ccw and cw beams respectively. It is this 
difference in the degree of retardation which is the origin of the Sagnac effect. 
If we assume the input signal is harmonic, 1(t) = 10 exp{-iwot}, then this 
analysis again predicts that the phase of the beam having completed a transit 
of the interferometer relative to the phase of the source is 

Wo { n.A} ~ccw ="7 nP+2-
c
- , 
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and the ccw and cw beams differ in phase by 

a·A 
~q;=4wo~ . 
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Thus we recover Eqs. (8.5) and (8.6) but derived from a substantially different 
point of view. 

An important consequence of Eq. (8.11) occurs when we assume that I(t) is 

not harmonic but is frequency modulated. In this instance an observer located 

at "0 who measures the frequency of ccw beam when it has completed one 
circuit of the interferometer will observe that a frequency modulation of the 

source has taken a time interval 

(8.12) 

to propagate once around the perimeter of the interferometer. 

It is worthwhile to consider how Eq. (8.11) should be interpreted in the 
context of a transit time calculation in an inertial frame of reference. If we 

let n -+ 0 then S becomes an inertial frame of reference. Equation (8.11) 
therefore proves that the phase of the output signal is equal to the phase of the 

input signal retarded by a time interoal equal to the distance separating these 

two observations divided by the group velocity of the signal. In interpreting 
this proof it is tempting to assume that it is a point of constant phase which 
has propagated at the group velocity from the source to the receiver. Such an 
interpretation, however, is quite clearly incorrect. The temporal variation of 
the phase of I(t) may be any function, but an observer at "0 would conclude 
that the points of constant phase are propagating at the phase velocity, c/n =1= 

c/ng if the medium is dispersive. Eq. (8.4) tells us that the output, O(t), has 

an identical temporal variation as I(t), and the amount by which the output 

lags the input depends on the group velocity. This does not imply that it is 

a point of constant phase which has propagated between each observation at 
the group velocity. 

Nevertheless, several authors have derived the phase shift induced by ro
tation and Fresnel drag using a transit time approach through tracing points 
of constant phase around the perimeter of an optical interferometer. In most 
instances, when the source is harmonic and the boundary conditions are in
dependent of time, such a technique will yield accurate predictions when one 
uses the phase velocity to extrapolate phase shifts. However, Takahashi [144] 
used a transit time approach to calculate the Sagnac effect when viewed from 

an inertial frame of reference. A misinterpretation of the roles of phase and 
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group velocity led Takahashi to claim that the relevant velocity when calcu
lating the Sagnac phase shift was the group velocity when the dimensions of 

the interferometer were greater than the neutron or photon wavepacket, but 
one should use the phase velocity if the interferometer is smaller than the 

wavepacket. In a series of articles [70, 72, 74], Kowalski has calculated the 
phase shift within an optical and neutron interferometer containing acceler
ating media. In formulating these problems, Kowalski used a transit time 
approach and, for calculational simplicity, assumed the samples were moving 
with constant velocity, this velocity being the average velocity over the time 
required for a phase plane to propagate around the interferometer. While this 

approach may provide a correct first order result, Kowalski claimed a violation 
of the equivalence principle at higher orders. This apparent violation of the 
equivalence principle arises from the use of the transit time approach outside 

its scope of validity. If Kowalski had formulated and solved the covariant form 
of the appropriate wave equation in the experimental context discussed, as we 

did in chapter 6, then no violation of the equivalence principle would have 
been predicted. This may also be seen from the central result of chapter 3, 

where an accelerating frame and Schwarzschild geometry are equivalent if we 
neglect the influence of curvature. 

In section 7.2 we used a transit time technique to calculate the phase shift 
induced by a ring interferometer with angular acceleration. In this calculation 

we assumed the mirrors were separated by vacuum. Therefore ng = n = 1 and, 
as such, no confusion arose because of differences between group and phase 

velocity. In this context the transit time approach has a natural interpretation 

as the tracing of a point of constant phase around the ring interferometer. 

8.4 Rotating ring laser with a moving mirror 

Having established the mathematical structure required in the following cal

culation, and demonstrated its consistency with respect to the Sagnac effect, 

we consider the case of a ring laser with a mirror at ro moving with velocity 

dro(t) ---...;...;..;.. = v 
dt 

in S. To establish the Doppler shift in frequency suffered by a photon reflected 
from this moving mirror we first consider a similar situation, but viewed from 
an inertial frame I. Suppose a photon with wavevector ki and frequency Wi is 
incident upon a mirror with constant velocity v in I. The rest frame of the 
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mirror is denoted 1'. In [' the incident wave has frequency w~ = Wi - V • k, at 
:first order in v I e. A:; the mirror is stationary in [' the frequency of the reflected 

beam W~+1 = w~ with wave vector k~+l = ki+l - tJwi+l/c? Transforming back 
into [ we find, at :first order in velocity, 

(8.13) 

where kHl = (rHI - ri)/lri+l - rij and is the unit normal in the direction of 
the reflected beam, and ki is Similarly defined. This calculation is similar to 
that of Dresden et a1. [34J. However, Dresden et al. found, upon transforming 
in to the moving frame of their dielectric, 

{ 
1 ~ .} 

ki+1 = ki 1 + ;;; v . (kHl - k i ) • 

If we were to assume k = n wi e in [ then this result appears in conflict with 
Eq. (8.13). The cause of this discrepancy uncovers an important and sub

tle feature of special relativity. In their calculation Dresden et al. assumed 

the medium was comoving with the mirror, the mirror being attached to a 

rigid interferometer rotating about an arbitrary axis. Therefore, in [' we have 

k' = nw' Ie such that k = nwle {1-v.k(n-1/n)} in [. In deriving Eqs. (8.13), 

however, we assumed the mirror was moving relative to a dielectric of re

fractive index n which was stationary in [. Therefore k = nw I e in [ and 

k' = n w' Ie {I + v . k( n - lin)} in ['. Our result differs from that of Dresden 
et al. because we matched the frequency of the incident and reflected beam in 
a frame in which the dielectric was not stationary, 

In the current problem of interest the frame of reference in which the dielec

tric is stationary, S, is a rotating frame. As such it does not necessarily follow 

that the Doppler shift arising from reflection off the moving mirror is given 

by Eq. (8.13). To calculate this Doppler shift in S we first use the coordinate 

transformation relations, Eqs. (7.16) with Q = 0, to transform our incident 

4-wavevector from S to [. We then note that if a mirror at ri in S has velocity 

Vi in S, then its velocity in [ is Vi + n x ~, where again we adopt the notation 

that spatial coordinates in an inertial frame are uppercase. Using Eq. (8.13) 

to determine the frequency of the reflected beam in [ and transforming our 
4-wavevector back into S we find Eq' (8.13) does, in fact, give the correct ex
pression for the frequency of the reflected beam, to first order in velocity and 

angular velocity. 

Because a ring laser contains at least two concave mirrors a modest mis

alignment in the orientation of the mirrors will be automatically compensated. 
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In such circumstances the laser beam is perturbed off the optical axis of the 
cavity and establishes a new orientation for which optical resonance can be 

maintained. When we oscillate a mirror in the ring laser cavity the ability of 
the ring laser to compensate for the perturbation of the cavity geometry is 

crucial for lasing to be maintained. 

In figure 8.2 we illustrate the effect of the motion of the mirror on the opti

cal beam path. In the following analysis we neglect path length and phase shift 

effects arising from the fact that the orientation of the incident and reflected 

beams, 1:0 and 1:1, are not constant with time. If the amplitude of the oscilla
tions of the mirror at ro is ao, then this assumption is accurate to (au/ ~ri)2. In 

the February 1993 oscillation of a piezo mounted mirror experiment, discussed 
in section 8.1, the amplitude of oscillation was '" 5 X 10-8 m and the separa

tion between each mirror was '" 1 m, such that (au/ ~r)2 '" 2.5 x 10-15, which 

justifies this approximation within the current experimental context. From 

figure 8.2 the change in path length of the optical beam in a time interval ~t 

is 

~p = -v ~t {CoS( 0 - 6) + cos( 0 + 6)} = 2 v ~t cos 0 , 
cos 6 cos 6 

(8.14) 

where 0 is the angle between the incident beam and the normal of the mirror, 

equal to half the angle between each arm of the interferometer. Figure 8.2 also 

illustrates 

such that 

WHI = Wi {I + 2 n cos 0 ; } . (8.15) 

For our laser with a moving mirror to operate we require that the change 

in phase upon a full transit of the ring perimeter is an integer number of 211" 

radians, with the boundary condition that the lasing frequency increases in 

magnitude by 2wc.cwn cosOv/c per transit of the interferometer. This bound

ary condition is a direct consequence of Eq. (8.15), which states that this is 

the change in frequency for each reflection off the moving mirror. 

In section 8.3 we established that a frequency modulation of the ccw beam 

will take a time interval ~tcC1D' given by Eq. (8.12), to propagate around 
the perimeter of the ring interferometer. For the frequency of the reflected 

beam at ro(t), which we define wccw(t), to match the frequency of the light 

which has completed a circuit of the interferometer in a time interval ~tCC1D 

and again been reflected, we require that the source has evolved in frequency 
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Figure B.2: Change of the opticaJ. path length due to the motion of the mirror. This change 

of opticaJ. path is the sum of two terms, given by Eq. (8.14) 

by 2wccw n cos ()v/c in this time interval. It immediately follows that wccw(t) 
has the temporal variation 

dwccw( t) = 2 Wccw cos ()!!:.. .:!!.. 
dt ng P 

(8.16) 

To calculate the change in phase upon a transit of the ring perimeter we 
take a snapshot of the laser at t = O. Because the frequency modulation 
induced by the moving mirror at ro(t) will propagate around the ring laser at 
the group velocity, it follows that there is a linear variation of w( r) around 
the ring perimeter at the time of the snapshot. Defining A as the distance 
around the ring perimeter in the ccw direction from ro at t = 0 we find the 
frequency at A is the frequency at ro retarded by A ng/c. Integrating Eq. (8.16) 
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and substituting t = A ng/ c we obtain 

and hence 

k(A) = 1-2ncosO-- -2-- ncosO--, n Wccw { v A} w!u, an I v A 
c cP caw cP 

~ ....... 

where Wccw is the frequency of the reflected beam at ro at t=O, and we have 
expanded the refractive index in a Taylors series of first order in frequency. 
Substituting into Eq. (8.4) we find 

<Pccw f {k(r) dr+ w;; n'r x dr} 

_ rP 
k(A)dA+2w7 n·A , 10 c 

n WCCUI P {I 0 V} 2 WCC'W n A - c - ng cos :; + 7 . 
- 211'm , (8.17) 

and we have used ng = n + WCC'W an/ow. It immediately follows that the 
frequency at t = 0 is given by 

{
V n· A} 

WCCW = Wnat 1 + ng cos 0 :; - 2 n Pc' (8.18) 

where Wnat = 211'mc/(nP) and is the frequency at which the laser would operate 
at if n = 0 and all mirrors were stationary. 

For an arbitrary time t the integration of Eq. (8.16) yields, 

n vt 
wccw(t) = WCCUI + 2 Wnat cos 0 - -P . 

ng 
(8.19) 

The reader should appreciate that this expression for the time dependence of 
the frequency at ro(t) was derived from consideration of the Doppler effect. 

Given that the frequency at the source at t = 0 was defined by Eq. (8.18), 

such that the laser was at resonance at t = 0 I then the requirement that the 

frequency of the light at ro(t) always equals the frequency of the Doppler 

shifted light as it returns to ro(t) led directly to Eq. (8.19). 

However, it is not obvious that the influence of the Doppler effect con
strains the frequency of the light within the lasing cavity to always be at the 
resonant frequency of the optical cavity. The requirement for optical resonance 
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at an arbitrary time follows from Eq. (8.14) which gives P( t) = P - 2 cos (J v t. 
Substituting this time dependent optical perimeter into Eq. (8.18) and differ
entiating with respect to time tells us that the time dependence of wccw(t) for 
optical resonance to be maintained is 

:tWccw(t) - 27rmc :t (n~) , 
_ w at {_.!. dP _! dn} 

n P dt n dt 

- wn .. {2COS8;-!:L~tW,=(t)} 
Moving the final term onto the LHS, dividing both sides by the coefficient of 
dwccw(t)/dt and integrating we find 

n vt 
wccw(t) = Wccw + 2wnat cos(J - -P , 

ng 

which is identical to Eq. (8.19). Thus we have demonstrated that the influence 
of the Doppler effect and the influence of the time dependence of the optical 

path-length of the cavity perimeter lead to identical expressions for the tem
poral evolution of the lasing frequency. This proves that the two mechanisms 

by which a moving mirror alters the frequency of the light within the lasing 
cavity are not competing but require exactly the same temporal evolution of 
the frequency. Our analysis, therefore, provides justification for Kowalski's 
neglect of the influence of the Doppler effect [73]. 

It is, of course, possible to use the transit time technique derived in sec

tion 8.3 to calculate the phase shift upon a transit of the interferometer, as 

we did for the phase shift induced by rotation in a Sagnac interferometer. If 

one in careful to note that the path length of the ring laser perimeter is time 
dependent then Eq. (8.17) is recovered. 

8.5 Output spectra of a rotating ring laser with one 

mirror oscillating 

In the February 1993 oscillation of a piezo mounted mirror experiment per
formed at Canterbury, discussed in section 8.1, the mirror did not move with 
constant velocity but was oscillated. Our results of the previous section may 
be generalised to this situation by letting v ..... -ao {3 sin({3t), where ao is the 

amplitude of the oscillation, and {3 is the angular frequency of the oscillation. 
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If follows that v(t}lt=o vanishes in Eq. (8.18) and vt ...... JJ v(f)df = ao cos!3t 

in Eq. (8.19). Similar expressions are found for the frequency of the cw beam 

with the additional change that A ...... -A in Eq. (8.18). 

A second alteration to the the previous analysis arises from our definition 

of wccw(t} as the the frequency of the laser beam in S when reflected off the 

oscillating mirror at t. In an experiment one would not attempt to mix the two 

beams at the moving mirror, but would combine these beams at a stationary 

mirror located at rd. In section 8.3 we demonstrated that the frequency at r d 

is merely wccw(t} delayed by the ccw distance around the ring perimeter from 

ro(t) divided the group velocity of the light. Therefore, as our detector at rd 

is a distance D from the oscillating mirror at ro, where D = 2:t=16ri, the 

frequency at this mirror will be wccw(t - Dng/c}. Similarly the frequency for 

the cw beam at rd will be wcw(t - [P - DJ ng/c} where P is the perimeter of 

the ring laser. 

8.5.1 Beat frequency between opposite beams 

We first consider an experiment in which the ccw and cw beams are combined 

at the detector and the intensity recorded as a function of time. Eq. (8.19) with 

v t ...... ao cos(!3{ t - D ng / c}} gives the time dependence of the lasing frequency 

for the ccw beam at rd. Similarly, with vt - ao cos(!3{t - [P - D] ng/c}} we 

obtain the time dependence for the cw beam. Combining the two beams at rd 

we predict, from Eqs. (8.18) and (8.19), a beat frequency 

Wnat {-4 _n_. A_ 
nPc 

-2n cosO ~ _!3..:...[P_~_2_D...:.I sin (13 [t - ~:g]) J8.20) 

where we have expanded sin(!3[P - 2Dlng/2c) to first order, which arises from 

the algebraic identity cos A - cosB = 2sin{(A + B)/2}sin{(B - A}/2}. 

When comparing this result with that obtained by Kowalski [73, Eq. 61, 
who assumed the mirrors were separated by vacuum, we find full agreement 

when n ...... 1. Kowalski obtained both of the terms in Eq. (8.20), although his 

derivation was considerably simplified by the vacuum assumption. further

more, Kowalski added the Sagnac beat frequency as a bias at the completion of 

his calculation, whereas we have deliberately included the influence of rotation 

within our formalism. Of crucial importance for Kowalski's suggestion that 

oscillating a mirror should unlock the opposite modes of the ring laser is that 
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the frequency separation between the opposite beams arising from the motion 
of the mirror will be larger than the Sagnac effect if ao f3 (P - 2D) > n· A/n. 
A large amplitude of oscillation at high frequency should have a significant 
impact on mode pulling if L - 2D is not zero for all mirrors. We note that 
for a square (or rectangular) ring laser, which includes that possessed by Can
terbury, the frequency modulating term vanishes at the mirror opposite the 
oscillating mirror. Thus, this geometry will significantly suppress any mode 

coupling improvements achieved by oscillating a mirror parallel to its normal. 
It is interesting to note that, despite the inclusion of dispersion throughout 
this analysis, the only influence of dispersion on this beat frequency is through 
the dependence on ng of the phase of the sine function, which would be unre
solvable experimentally. 

We now compare this prediction with the result of the provisional February 
1993 oscillation of a piezo mounted mirror experiment. In this experiment the 
ccw and cw beams were combined at the mirror adjacent to the oscillating 
mirror. The Canterbury rung Laser is rectangular with sides 0.838 m and 
0.900 m, such that D = 0.900 m and P = 3.476 m. Sideband analysis in 
a precision ring laser has been discussed in detail by Stedman et al. [139]. 
A signal with the beat frequency given by Eq. (8.20) will produce an output 
potential at the photo-multiplier tube given by 

Vet) - n{Yc expi[wct+,sin(f3t)]} , 

- n {Yc expiwct [Jo(r) + 2 ~ (i J2n- 1(,) sin([2n -l]f3t) 

+ J2n(r) sin (2nf3t) )]} . (8.21) 

where In(x) is an nth order Bessel function and 

P-2D , = 2wnat n ao cos () cP 

and is the ratio of the maximum frequency shift suffered by the light divided 
by the angular frequency of the mirror oscillation. We note that all factors 

of f3 have cancelled in this definition of " which causes the amplitude of any 
sidebands to be independent of the frequency at which the mirror is oscillated. 

In the experiment of interest the mirror was oscillated from 10 Hz to 1 MHz 
with a maximum amplitude of 0.05 fJm. This amplitude, with Wo = 3 X 1015 

and () = 1r /4 as Canterbury ring laser forms a right angled rectangle, yields 
, ~ 0.33, which results in the height of the first, and largest, sideband relative 

to the carrier peak being [31] R = J1(r)/JO(r) ~ 0.17. In February 1993 
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Figure 8.3: Numerical generation of the predicted spectra with 'Y = 0.33 and the noise 
floor 60 dB below the signal. In this example we assume {3 = 30 Hz, although the relative 
amplitudes of the sidebands is independent of {3. The central peale. is at 68.95 Hz, which 
corresponds to the beat between the opposite beams due to the rotation of the Earth. 

the Canterbury ring laser had achieved a noise floor 60 dB below the carrier. 

Therefore any sideband with R > 10-3 should have been resolvable. If the 

amplitude of the oscillation was accurately estimated to be 0.05 pm then the 

amplitude of the predicted sideband is two orders of magnitude larger than 
this noise floor, and should have been clearly visible. A numerical generation 
of the spectra expected in this experiment is given in figure 8.3. As stated in 
the introduction to this chapter, only a constant beat frequency of 68.95 Hz 

was observed, which arises from the Sagnac beat induced by the rotation of 

the Earth, and appeared unaffected by the oscillation of the mirror. Fourier 
analysis of the recorded output did not uncover any sideband structure. 

In light of the analysis presented above there is strong motivation to repeat 
this experiment, being very careful to accurately gauge the amplitude at which 
the mirror is oscillated and also perform a thorough analysis of the resulting 
data. At low frequency it is possible to achieve ao '" 0.2 pm, which would 
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provide a very large amplitude range, more than ample for a full investigation 

of the predictions of this section. A new ring laser, C - I I, made entirely 
from one block of zerodur is currently under construction and is expected to 

significantly improve on the current optical performance of the Canterbury 

rung Laser. C - II will be installed at Canterbury in the first months of 1996 

and will have one mirror permanently mounted upon a piezo-electric crystal, 

which will be used as a servo mechanism. As such a repeat of the experiment 

described above will be easy and we therefore expect that this experiment will 
be performed in the foreseeable future. 

8.5.2 Beat frequency between adjacent modes 

When the gain of the radio frequency source which drives the Canterbury Ring 

Laser is increased it is possible to excite more than one longitudinal mode of 

the ring laser cavity. In the Canterbury rung Laser the difference in frequency 

between successive longitudinal modes is c/(Pn) = 86.39 MHz. H we beat 

two adjacent longitudinal modes together then a signal of 86.387 MHz will be 

detected at the output photo-multiplier tube. This may, in tum, be combined 

with a suitably tuned stabilised radio frequency source, producing a resolvable 

beat of the order of a few tens of Hz. This experimental technique, in which 

an output signal is combined with an external stable frequency source before 

recording the data for analysis, is commonplace and is known as heterodyne 

detection. Because heterodyne detection enables the carrier frequency to be 

moved to any convenient frequency for Fourier analysis, this method is particu

larly convenient when the output signal is of radio frequency. It is important to 

appreciate that this technique simply shifts the origin of the resulting Fourier 

spectrum to a frequency more convenient for analysis, and does not affect any 

structure within the spectrum itseH. 

H the gas through which the laser beams propagate is dispersionless then 

the spacing in frequency between successive longitudinal modes is constant. 

When measuring the beat between several adjacent longitudinal modes we 

would find, in such circumstances, all signals superpose and only one peak 

at 86.39 MHz would be observed. When the gas has dispersion, however, 

the spacings between adjacent longitudinal modes differ. Therefore, spectra 

recorded with several longitudinal modes operating simultaneously find several 

peaks at 86.387 MHz, but all evenly spaced by a few tens of Hertz. 

To date, several frequency spectra have been recorded for the Canterbury 
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Ring Laser using heterodyne detection for multimode analysis. Considerable 
structure has been observed in the recorded output spectra. Spacing between 
peaks has typically been in the range from 100 to 200 Hz and is a function 
of the pressure within the cavity and gain of the lasing medium. These ex
perimental parameters significantly change the optical properties of the gas 
through which the laser beam propagates and it is no surprise that the output 
spectra is affected. It is clear, however, that this multi-peak structure does not 

arise purely from dispersion within the gas. Backscatter from the cw beam 
into the ccw beam also causes structure in the resulting spectra as the Sagnac 
beat frequency is superposed onto the multimode observation. Furthermore, 

frequency pulling caused by hole burning in the laser gain curve and by optical 
feedback from the cw beam into the ccw beam, again an artifact of backscatter, 
may cause the spacing between adjacent longitudinal modes to shift, resem
bling the effect of dispersion. Because of these experimental complications it 
has not yet been possible to distinguish the effect of dispersion within the gas 
and other competing effects when analysing the structure in spectra obtained 
through heterodyne detection for multimode analysis. A thorough analysis of 
the behaviour of a laser with multimode operation has been given by Ben
nett [11]. However a detailed account of the behaviour of the Canterbury Ring 
Laser with multimode operation falls outside of the scope of this thesis and 

the reader is referred to Bennett's book for a more detailed analysis. 

Bearing the limitations of our model in mind, in the following analysis we 
predict the spectra observed when two adjacent ccw longitudinal modes are 
combined at the output of a ring laser containing an oscillating mirror. Our 
model, which forms a preliminary analysis for the experimental situation, as

sumes (incorrectly) that all sideband structure observed in the heterodyne 
resolved spectra to date stems from the influence of dispersion. Unfortu
nately, the method of heterodyne detection for multimode analysis had not 
been utilised at Canterbury when experimental data was recorded from the 
February 1993 oscillation of a piezo mounted mirror. Therefore, as yet, there 

does not exist experimental data with which to compare the following pre
dictions. Nevertheless, as stated above, we anticipate a careful repeat of this 
experiment will be performed at Canterbury in the foreseeable future. As we 
found in the previous section when analYSing the beat between the opposite 
beams of the ring laser, sideband structure is predicted for the resulting output 
spectra. Unlike the previous example the amplitude of the sidebands relative 
to the carrier signal is dependent on the dispersive properties of the medium 
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and the frequency at which the mirror is oscillated. However, as the analysis 
of spectra arising from the multimode operation of the ring laser is not as 

well understood as the Sagnac spectra arising from beating the ccw and cw 

beams, the analysis presented in this section must be regarded as a preliminary 

theoretical study. 

Because we are only interested in the ccw beams we may, without any loss 

of generality, redefine the origin of our time coordinate such that wecw(t) now 

describes the frequency of the laser beam recorded at the detector at time t. 
Again we assume a single mirror is oscillating sinusoidally within a ring laser 

with amplitude ao cos(jJt). Equation (8.19) with vt - ao cos(jJt) gives the 

temporal variation of the counterclockwise beam. If we mix the frequency of 

modes m and I together we find 

.::lW[I,m)(t) - w,(t) - wm(t) 
21rc 

- (l-m)n(wm)P 

x {1- 20' A} 
ncP 

( 
ao n ) 1 + 2 cos f) P n; cos(jJt) 

(8.22) 

Comparing this result with Eq. (8.19) with vt - ao cos(jJt) we find Eq. (8.22) 

has an extra factor of l/ng in the coefficient of cos(jJt). This factor stems from 

the requirement that we must evaluate the ratio n/ng in Eq. (8.19) at W, and Wm 
respectively before we evaluate Wl(t) - wm(t), and n/ngiwl :F n/ngiw", because 

of dispersion. Once the difference has been taken the distinction between 

n/nglw1 and n/nglw", becomes negligible, and as such n/n; in Eq. (8.22) may 

be evaluated at Wm • As the rotation of the ring laser only re-scales Eq. (8.22) by 

an experimentally negligible amount, we drop this final factor in the remaining 

analysis. 

We first consider an experiment in which three longitudinal modes are 

operating and all mirrors stationary. With three modes operating we would 

expect to see three peaks in frequency, .::lW[m+l,m), .::lW[m+2.m+l) and .::lW[m+2.m), 

but the final frequency difference would fall outside of the frequency domain of 

the resulting Fourier spectrum. From Eq. (8.22), the separation between the 

two peaks in our spectrum would be 

1 (21r C ) 2 On I 
.::lW[m+2.m+l) - .::lW[m+l.m) = - n(wm) n(wm) P 8w 101", • 

(8.23) 

If the signal is dispersionless then this separation vanishes and only a single 

peak is observed. 
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To date, as discussed above, the multimode experiments performed using 
the Canterbury rung Laser have shown a typical spacing of 100 to 200 Hz 
between each 86.4 MHz signal from adjacent longitudinal modes. If we assume, 
for the sake of argument, that a typical separation between peaks ,...., ±100 Hz 

is entirely due to dispersion then Eq. (8.23) with c/(n P) = 86.4 MHz gives 
8n/aw ,...., 2.1 x 10-15 such that ng/n = 1 + (w/n) On/8w ,...., 1 ± 6.3. This value 
for ng is unreasonably large and shows that the observed structure cannot be 
entirely due to dispersion within the gas. 

Brillouin [21] has demonstrated that the group velocity of light may di
verge substantially from the phase velocity near an optical resonance. In such 

circumstances one must take care when interpreting the velocity at which light 
signals propagate. Within any lasing cavity the beam propagates through a 
gas with an atomic resonance at the lasing frequency. This atomic resonance 
is unavoidable as population inversion along a portion of the laser beam is 
required for lasing to occur. In our analysis presented above we have neglected 
second and higher order derivatives of n with respect to w. This implicitly as
sumes 82n/8w2 = O. While this is certainly not true at the resonance frequency 
of the lasing gas, allowing higher order partial derivative to be non-vanishing 
does not provide a more satisfactory model for the above observations. 

To explain the observation of an unexpectedly large spacing between the 
peaks in heterodyne resolved multi mode spectra, one would be required to 
model the dispersion curve within the lasing cavity and include all effects such 
as the Sagnac frequency splitting between ccw and cw beams being superim
posed on the resulting spectra through backscatter, and pulling effects between 
ccw and cw beams within the cavity causing a shift in the lasing frequency 

of each longitudinal mode, exaggerating the dispersion induced spacing. A 
rigorous approach to such a problem, although highly desirable within the 
interests of the Canterbury rung Laser Group, falls outside of the research un
dertaken within this thesis. The work of Bennett [11], if modified so as to be 
applicable to the situation described above, would provide a valuable starting 
point for such an analysis. Nevertheless, in the following we assume that ng 

differs from n by a modest, but potentially significant amount and predict the 
simplified Fourier spectra which would result in such circumstances. Support 
for this pragmatic approach is supplied by the numerous experiments using 
a ring lasers with time dependent boundary conditions which have been per
formed and analysed without theoretical complications arising from extremely 
large dispersion. This analysis, while clearly incomplete, motivates a repetition 
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of the February 1993 oscillation of a piezo mounted mirror experiment, this 

time recording multimode spectra as well as the usual Sagnac beat frequency. 

Furthermore, this work provides a useful preliminary analysis from which to 

interpret these spectra once recorded. 

We now assume only two adjacent ccw longitudinal modes are operating. 

From Eq. (8.22) the signal incident upon the detector will be frequency modu

lated by the oscillation of the mirror. This frequency modulation will result in 

sidebands being observed within the final Fourier transformed spectra. Again 

we ask the reader to refer to the article of Stedman et al' [139] for the details of 

sideband analysis in a precision ring laser. If we again make the expansion of 

the signal recorded at the photo-multiplier tube in terms of Bessel functions, 

Eq. (8.21), we find 

V(t) - n {Yc expi[wet + 'Ysin(,8t)]} 

- n {Yc expiwet [Jo(')') + 2 ~ (i J2n- 1(')') sin([2n - l],8t) 

+ J2,.('Y) sin(2n,8t))]} . (8.24) 

where We is the difference in frequency between the radio frequency source used 

in heterodyne analysis and 2 'lre/ (nP) and, in this instance, 

ao n 2'1rc 
l' = -cos9 P n; ,8nP , 

where the only effect of heterodyne mixing, apart from shifting the origin to 

a convenient frequency, is to reduce l' by a factor of 2 from its value without 

heterodyne mixing. If we assume the mirror is oscillated with an amplitude 

ao I'V 0.05 /-lm, which is the estimated amplitude in the previous experiment, 

we find with 9 = 'Ir/4 that l' I'V -5n/(ng ,8), which is the order of unity for 

low oscillation frequency. Fourier analysis of Eq. (8.24) predicts the resulting 

spectra will show considerable sideband structure with a spacing of ,8 Hz be

tween each peak. The ratio of the sidebands relative to central carrier is given 

by I n (')')/ Jo(')'). 

Sample spectra with,8 = 20 and 200 Hz, assuming n/ng = 1, are generated 

in figure 8.4. These illustrate the relative heights of the side bands depend on 

,8. Unlike the case where ccw and cw beams are combined, in this instance 

l' is dependent on ,8 and n g • Through accurately measuring the amplitude 

of the sidebands in experimentally obtained spectra the parameter l' can be 

recovered. If the uncertainty in ,8 and, with more difficulty, ao is low then 
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Figure 8.4: Numerically generated spectra assuming two adjacent ccw modes are operating 
simultaneously. These spectra correspond to an oscillation amplitude ao = 0.05 pm and 
frequency 20 Hz and 200 Hz respectively. We have, arbitrarily, set the carrier frequency to 
be 80 Hz. In an experiment using heterodyne techniques one is free to choose a convenient 
frequency for the carrier. 

it may be possible to use this technique to measure ng and thus determine 

the dispersion within the lasing gas. However, given that the model analysed 

here is considerably simpler than that which would generate experimentally 

observed spectra, these predictions are more likely to find a qualitative rather 
than a quantitative application in the first instance. Nevertheless, such an 

experiment in ring laser spectroscopy would uncover valuable information on 
the behaviour of a ring laser when the mirrors are oscillated, which may, in 
turn, improve our understanding of the subtleties of beam coupling and mode 
pulling. 

Within this chapter we have given a rigorous description of the behaviour 

of a rotating ring laser with one mirror oscillating. We have, however, quite 
deliberately neglected the influence of backscatter, mode pulling and hole burn
ing on the spectra predicted in this section. Therefore this analysis opens the 
way for further theoretical and experimental analyses of direct relevance to the 
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current interests of the Canterbury Ring Laser Group. In deriving these result 
we have developed a new and flexible method for calculating phase shifts in 
an interferometer in a non-inertial spacetime with dispersion and time depen
dent boundary conditions. This calculational technique was based upon purely 
geometric quantities and, as such, will find application in a number of other 
experimental contexts. 





Chapter 9 

Conclusion 

All work presented within this thesis has been concerned with two topics within 
the theory of relativity: the influence of acceleration on physical systems and 
optical ring interferometry. In each chapter we discussed a problem of phys
ical interest and presented a full solution in a self contained manner. In this 
sense each chapter is independent of the others. However, all chapters share 
a common thread, consisting of studies of acceleration, optical interferometry 

or both. 

In chapter 2 we presented a full derivation of the motion of a relativistic 
particle attached to an idealised spring, of interest because of the wide variety 
of physical applications in which the basic classical model features. Chapter 3 
provided a pedagogical demonstration of the local equivalence of Schwarzschild 
geometry with an appropriately chosen accelerating frame of reference. This 
local equivalence provides insight into the manner in which the equivalence 
principle has been incorporated into the general theory of relativity. In chap
ter 4 we discussed the assumption of locality, implicit within the general theory 
of relativity. Using the examples of a simple quantum mechanical clock with 

linear acceleration and the measurement of frequency by non inertial observers, 
we showed the locality hypothesis only approximates the physical behaviour 
of these systems. Chapter 5 was dedicated to a full relativistic reanalysis of 
the modified Laub drag experiment of Sanders and Ezekiel. This analysis cor
rected a number of errors in their work and completed earlier partial treatments 

of this problem by Bilger and Stedman. Our result demonstrated an overall 
discrepancy between experiment and theory of 1300 ppm, considerably worse 
than 60 ppm which was claimed by Sanders and Ezekiel. The following chapter 
extended our discussion of light drag into the context of linearly accelerating 
media. Using the covariant formulation of Maxwell's equations we predicted 
sideband structure would be observed if a glass sample was oscillated along one 
arm of a passive optical interferometer and the resulting signal Fourier anal
ysed. We also showed a resonant cavity containing a linearly accelerating glass 
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sample will display optical ringing. These predictions pave the way for novel 
experimental tests of the covariant form of Maxwell's equations in the future. 

Chapter 7 contains the most complete analysis of a ring optical interferometer 
with angular acceleration reported to date. This work predicted a resonant 

cavity with angular acceleration will also have an asymmetric response profile 
due to the phenomenon of optical ringing. Our analysis also demonstrated 
the beat frequency in a ring laser with angular acceleration is given by an 

instantaneous Sagnac effect. Our final research chapter was concerned directly 
with an experiment of interest to the Canterbury Ring Laser Group. In this 
chapter we analysed a rotating ring laser with one mirror oscillating. We pre

dicted sideband structure will appear in spectra obtained from Fourier analysis 

of the beat between the opposite beams of the same mode order! and Fourier 
analysis of the beat between adjacent modes when the laser has multimode op

eration. These results provide strong motivation for a repetition of the earlier 
preliminary experiment performed at Canterbury. 

Throughout this thesis I was motivated by the desire to link my theoretical 
work to experiment. This link is transparent in chapters 5 to 8. In particular 

I have received a good deal of satisfaction from the conclusions of the final 
three chapters, in which I demonstrated an extension of the theory of optical 

interferometry into an accelerating context leads to a number of interesting 

and potentially observable experimental consequences. 



Appendix A 

Temporal response of a Fabry-Perot 

interferometer to a frequency modulated signal 

Using a scanning Fabry-Perot interferometer, Li et al. [80] observed an asym

metric response profile when the input signal was monochromatic. In their 

analysis of this observation, Li et al. utilised its formal equivalence with a 

Fabry-Perot interferometer with a frequency modulated input signal and thus 

derive an analytic expression for the temporal response of the scanning Fabry 
Perot interferometer. Because the complex summation which arises within 
this analysis is of the same form as those obtained in sections 6.4.2 and 7.3 we 
reproduce their argument below. 

The amplitude transfer function of a Fabry Perot interferometer with mirror 

separation d excited by a monochromatic signal Ao exp i(koZ - woT) has the 
form 

1 - 82 

H(w) = 2 .( ) = (1 - 8
2

) 2: 8 2l expiw'il , (A.I) 
1- 8 exp't W - Wo 'i l 

where 8 is the amplitude reflectance of each mirror, 'i = 2 d/ c is twice the time 

of flight of a photon between mirrors and Wo = 211" m/'i is frequency for exact 

resonance. This may be approximated by H(w) = [1- 2i(w - wo)/rj-l, where 

the power rate of decay of the cavity r = 2 c (1 - 82) / P 82• Eq. (A.l) has as its 
Fourier transform 

h(t) = (1 - 8
2

) 2: 82
' 8(T - I 'i) , 

l 

where 8(T - I 'i) is the Dirac delta function. 

Consider an input field which is ramped in frequency: 

Ain = Ao exp {-i [wo + ~.B(T - z/c)] (T - Z/C)} , (A.2) 

where .B is the frequency scanning rate. The instantaneous frequency is W = 
Wo + .B (T - Z/c), which follows immediately from the time derivative of the 

phase. With k = w/c this input satisfies the vacuum wave equation. 
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The output of the Fabry Perot interferometer is given by the convolution 
of the input field with the impulse response of the cavity: 

Aout(T, Z) - (1 - 8
2

) 2: 8 21 Ain(t - nT) , 
1 

- (1- 8
2

) Ao expi {koZ - woT + {3T Z/C - ~{3T2 - {3 Z2 /2c2} 

X 2: 82l expi.p, , (A.3) 
I 

where 

(A.4) 

Because this summation is of the form LI albl2 it is difficult to perform di
rectly. Instead this summation was evaluated by Li et aL, to within a phase 
factor, by using Fourier methods to directly determine the output spectra of 
the interferometer with a frequency ramped input signal. From the equality 
of the two approaches the infinite sum could be evaluated. 

The input signal, Eq. (A.2), has the Fourier Transform 

Ain(w, Z) = A:. exp i {kOZ _ ~ ~2} 

x f: dT expi {(w - Wo + {3Z/c)T - ~{3T2} 

By multiplying this input function by the response of the Fabry Perot inter
ferometer, Eq. (A.l), and performing the inverse Fourier transformation using 

standard integration methods, Li et al. [801 we able to derive the temporal 
response of a Fabry-Perot interferometer with a ramped frequency input. The 

temporal response for such a system is given by 

Aout(T, Z) = ::r:exp ii If, Ao exp i {koZ - woT - ~{3(Z/c - T)2} w«) , 

(A.5) 
where [1] 

w( () = i 100 

dv exp( _v
2

) = exp( _(2) erfc( -i() 
7r -00 (- v 

(1m (> 0) , 

erfc( -i() being the complex error function. The asymmetry parameter f'J = 
{3/r2, where r = 2c (1 - 82)/ P82 is the power rate of decay of the cavity. 
The variable (= ±exp(-i7r/4){-ir+2{3(T-Z/c)}/J8jj, the sign being 
positive when (3(T - Z/c) > r and was chosen to keep the imaginary part of 
(positive. This definition of ( corrects an algebraic error in the definition of 
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( in Appendix C of Li et al [80]: z and t variables should be primed in Eq. 
(C.6) and the coefficient of the primed variables in the definition of G and ( 
should be 211. Furthermore, z and t should be unprimed in Eq. (C.S). 

Taking the modulus of Eqs. (A.3) and (A.S) we find 

(1 - 8
2

) I ~ 82l 
exp i<R1 I = 81('11 Iw( ()I (A.6) 

Our analyses of the optical response profile of a resonant cavity containing 
an accelerating dielectric, section 6.4.2, and a resonance cavity with a angular 
acceleration, section 7.3, both produced summations of the same form as the 

LHS of Eq. (A.6). This result provides the mathematical foundation for the 
conclusions drawn in these sections. 





Appendix B 

Published papers 

An analysis of a relativistic particle undergoing oscillatory motion, similar to 

that presented in chapter 2 but approached from a Lagrangian formulation of 

the problem, has been published in the article: 

W. Moreau, R. Easther and R. Neutze, 

Relativistic (an )harmonic oscillator, 

Am. J. Phys, 62 (6) 531-535, June 1994 [106]. 

Our demonstration in chapter 3 of the first order equivalence of Schwarzschild 

geometry with a linearly accelerating frame of reference was also published in 

the American Journal of Physics: 

W. Moreau, R. Neutze and D.K. Ross, 

The equivalence principle in the Schwarzschild geometry, 

Am. J. Phys, 62 (11) 1037-1040, November 1994 [105]. 

Both of our derivations in chapter 4 of the Doppler shift relations for a linearly 

accelerating observer and an observer stationary in Schwarzschild geometry 

have been published in Physics Letters A: 

R. Neutze and W. Moreau, 
Frequency measurements by uniformly accelerating observers, 

Phys. Lett. A, 179 (6) 389-390, August 1993 [108], 

R. Neutze and W. Moreau, 

Quantum implications for frequency measurements in Schwarzschild 

geometry, 

Phys. Lett. A, 183 (2,3) 141-144, December 1993 [109], 

Of the analyses presented within this thesis concerned directly with optical 
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interferometry, only the derivation in chapter 7 of the optical response of a 
ring interferometer with angular acceleration has been published to date: 

R. Neutze, 

Ring interferometer with angular acceleration, 

Phys. Rev. A, 51 (6) 5039-5042, June 1995 [107]. 

We intend to submit three further manuscripts concerned with optical inter
ferometry for publication in the near future. These manuscripts will be based 
upon material presented in chapters 5, 6 and 8. We also consider the discussion 
of the rate of a linearly accelerating quantum mechanical clock, presented in 

section 4.2, may be appropriate as a letter. 
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