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The LFG. MD and Moon first-order quasi-chemical equations for 

modelling the activity of carbon in binary Fe-C austenite and ferrite were 

examined and shown to be mathematically equivalent. Divergence in the 

activity of carbon calculated using the LFG and MD equations at certain 

values of the carbon-carbon pairwise interaction energy was demonstrated 

to be the result of computer arithmetic precision truncation. The Moon 

equation was determined to be fully convergent. The numerical precision 

requirements and other characteristics of this equation were established 

for its subsequent use. 

The experimental procedures for determining the activity of carbon 

in iron by gas carburisation with mixtures of CO-CO2. CH4 -H2 and C02-H2 

were examined. It was concluded that the CO-CO2 gas mixture is 

unsuitable for this application. Suitable CH4 -H2 equilibration data for 

the activity of carbon in austenite and ferrite were selected for 

subsequent analysis. 

An improved method for determining the carbon-carbon interaction 

energies and relative partial enthalpies and excess non-configurational 

entropies of solution of carbon in austenite and ferrite by regressing the 

experimental activity data with the Moon equation was established. The 

selected experimental activity data were then regressed to determine these 

values. 

Finally. the a/~ equilibrium and solubilities of graphite in 

ferrite and austenite were calculated. 
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CHAPTER ONE 

INTRODUCI'ION 

It has been just over two decades since Aaronson. Domian and Pound 

(ADP) [lJ examined the thermodynamics of the austenite to pro-eutectoid 

ferrite transformation in Fe-C alloys. One of the principal features of 

this examination was the introduction of the Lacher. Fowler and Guggenheim 

(LFG) first-order quasi-chemical statistical thermodynamic equation for 

modelling the activity of carbon in binary Fe-C solid solutions. The 

first-order quasi-chemical formalism represents the minimum degree of 

sophistication necessary to accurately model the actiVity of carbon in 

austenite [2. 3J. However. ADP concluded that the LFG treatment does not 

yield the correct expression at the limit when the first nearest-neighbour 

carbon-carbon pairwise interaction energy in austenite approaches positive 

infinity (w ~ +00). In response to this finding, McLellan and Dunn (MD) 
""( 

[4J derived the MD equation, also based on a first-order quasi-chemical 

treatment of binary interstitial solid solutions. MD demonstrated that 

their equation yielded the requisite eXpression at the limit when wi~ +00. 

It has also been nearly a decade since Shiftlet, Bradley and 

Aaronson (BBA) [5J re-examined the thermodynamics of the pro-eutectoid 

ferrite transformation in Fe-C alloys. SBA compared the activities of 

carbon in austenite calculated with the LFG and MD equations. They found 

that the activities were numerically indistinguishable, except at 

relatively high values for w for which they diverge. 
""( 

Subsequently, SBA 

decided not to further examine these equations in a comparative manner. 

While the numerical equivalence of the two equations for lower values of 

w was unexpected, even more surprising was the fact that both equations 
""( 

subsequently yielded the same equation for the activity of iron. This 

result can only mean that the LFG and MD equations are in fact 
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mathematically equivalent. Therefore, the first task of this 

investigation was to comparatively re-examine the LFG and MD equations in 

order to establish the true properties of these equations. As a result, 

an alternative form of these two equations, the Moon equation, was 

subsequently employed for computational purposes. 

The first-order quasi-chemical formalism includes three parameters 

which cannot be determined from first principles. They are the 

carbon-carbon pairwise interaction energy. the relative partial molar 

enthalpy of solution of carbon in iron. and the relative partial molar 

excess non-configurational entropy of solution of carbon in iron (w, AH 

and A~s). The procedure for evaluating these parameters is to 

experimentally determine the activity of carbon in iron and then regress 

the activity data with the equation, treating the parameters as 

disposable. There are two distinct steps in this procedure. Firstly, 

generating the experimental activity data and, secondly, performing the 

regression analyses. 

The standard procedure for experimentally determining the activity 

of carbon in austenite or ferrite is to use the gas carburising technique. 

The two carburising gas mixtures that are usually employed are carbon 

monoxide-carbon dioxide (CO-CO2) and methane-hydrogen (CH4-H2). While 

both mixtures are commonly employed, there is some debate concerning 

various potentially detrimental influences on the equilibrium gas 

reactions. In particular, both ADP [1] and SBA [5] observed that the 

values determined for ware consistently higher for CO-CO2 equilibration 
'Y 

data than for CH4-H2 equilibration data. Therefore. the experimental and 

other relevant aspects were re-examined to determine which, if either of 

the two gas mixtures. yields valid results. In turn, suitable 

experimental data for the activity of carbon in austenite and ferrite were 

selected for subsequent use. An unusual feature of experimental data for 

the activity of carbon in ferrite is the residual carbon content that is 

observed. This carbon cannot be removed even by full decarburisation and 



must be corrected for when analysing the data. 

closely examined. 

3 

This feature was also 

The subsequent regression analyses procedures are based upon 

manipulating the activity equation and data into a form that permits 

least-squares linear regression analysis to be performed. However. the 

procedures traditionally employed are too simplistic. Therefore. a new 

procedure was devised and employed to analyse the selected experimental 

activity data. 

Having re-evaluated w, AH and A§Ks for austenite and ferrite. it 

remained to demonstrate the validity of these values. In particular. 

because the activity data selected originated from CH .. -H2 equi librations, 

it was expected that this would result in a small but significantly 

different evaluation of the austenite-ferrite portion of the equilibrium 

Fe-C phase diagram. . This expectation was based on the fact that when 

Chipman [6J prepared the Fe-C phase diagram for the 8th edition of the 

Metals Handbook for the American Society for Metals (ASM) [7J, he employed 

00-002 equilibration based data for establishing the solubility of 

graphite in austenite. Arguably the most significant finding is that the 

maximum solubility of carbon in ferrite is 20% less than that established 

by Chipman. The agreement with the graphite eutectoid and eutectic 

temperatures is excellent, as required. 
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aJAPTER TWO 

RE-EXAMINATION OF TIlE LFG AND MD STATISTICAL THERMODYNAMIC EQUATIONS FOR 

MODEU.ING TIlE ACfIVITIES OF CARBON AND IRON IN BINARY Fe-C AUSTENITE AND 

FERRITE 

The relatively high solubility of carbon in austenite implies 

that, if their distribution were entirely random, a large proportion of 

the carbon atoms would occupy interstitial sites with carbon atoms in one 

or more adjacent sites. However. experimental measurements of carbon 

activity demonstrate that the rate of increase in activity with carbon 

content is more rapid than Henrian behaviour would dictate [2J. The 

excess component of activity is understood to arise principally as a 

result of mutual interaction forces between adjacent carbon atoms [2J. 

In this event, the distribution of carbon atoms amongst the active 

interstitial sites will not be entirely random. since the mutual 

interaction forces will result in non-random configurations of lower 

energy occuring more frequently than random configurations of higher 

energy [8J. An excess activity component of this nature could be 

modelled by an excess configurational entropy term which is a function of 

the interaction energy [8J. 

In solid solutions where large interaction forces exist between 

solute atoms there are often also smaller interactions, some between 

solute atom configurations other than those for the large interactions 

[9J. For instance, there may be small differences between the 

vibrational entropies of two isolated carbon atoms and a pair of 

nearest-neighbour carbon atoms [4J. Therefore, a small component of the 

observed excess activity of carbon in austenite could be attributable to 

composition and/or temperature dependence of the partial enthalpy and/or 
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partial excess non-configurational entropy of solution of carbon in iron 

[2, 3, 4]. 

Since accurate calculations of the activities of carbon and iron 

are fundamental to the prediction of the equilibrium and non-equilibrium 

properties of Fe-C solid solutions [3], it is important that the activity 

equations model this non-Henrian behaviour in a realistic manner. Thus, 

McLellan and Chraska [2] and McLellan [3] evaluated the merits of various 

models and formalisms from a thermodynamic standpoint and concluded that 

the first-order quasi-chemical treatment embodies the minimum degree of 

sophistication necessary to realistically model the activity of carbon in 

austenite. The first-order quasi-chemical treatment only accounts for 

interaction forces between first nearest-neighbour interstitial carbon 

atom pairs and assumes that these pairs act independentlY. 

Two first-order equations that have been derived and employed with 

varying degrees of success [1, 4. 5. 10, 11, 12J are the LFG (Lacher [13J. 

and Fowler and Guggenheim [8J) equation [lJ and the MD (McLellan and Dunn 

[4J) equation [5J. The MD equation was derived in response to Aaronson. 

Domian and Pound (ADP) [lJ concluding that the LFG equation did not yield 

the requisite expression for the activity of carbon in austenite at the 

limit when the molar sum of the interaction energies between first 

nearest-neighbour carbon-carbon pairs (w ) approached positive infinity 
~ 

(infinite repulsion), i.e. all first nearest-neighbour sites to a carbon 

atom are excluded from occupation. The MD equation does yield the 

requisite expression [4J. However. one particular aspect of these two 

equations which has never been satisfactorily resolved concerns the 

observation by Shiftlet, Bradley and Aaronson (SBA) [5J that they are 

numerically equivalent at low values of w and subsequently diverge at high 

values. What SBA failed to realise was the implication of their further 

finding that both equations yield the same equation for the activity of 

iron, namely that the LFG and MD equations must be mathematically 

equivalent. 
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In this chapter the LFG and MD equations are critically 

re-examined. A straightforward proof of their mathematical equivalence 

is given and their divergence behaviour at high values of interaction 

energy is fully explained, including some interesting examples. 

Subsequently, an equivalent alternative equation not subject to divergence 

behaviour is adopted. The effective limits and computational 

requirements of the alternative equation are also established. First. 

however, the probable mechanisms of the mutual interaction forces between 

interstitial carbon atoms in iron are reviewed. 

2.1 The Probable Mechanisms of the Mutual Interaction Force Between 

Interstitial Carbon Atoms in Iron Solid Solutions 

The mutual interaction forces betweeen carbon atoms in Fe-C 

austenite and ferrite iron are thought to arise as a result of a number of 

factors. These include steric interference, the coulombic force between 

unshielded ion cores, and effects involving the Fermi surface of the 

conduction electrons [9J. The electronic factors originate from the 

higher valence of carbon than that of iron [lJ. Subsequently, there 

should be an increase in electronic energy associated with carbon atoms 

occupying adjacent interstitial sites and these carbon atoms are expected 

to repel each other to reduce the electronic energy. Therefore, the 

electronic component of the interaction energy is positive. Steric 

interference results from the effective size of the carbon atom being 

larger than that of the unoccupied interstitial site [lJ. Once the 

interstitial site is occupied, the consequential lattice strain involves 

the surrounding interstitial sites being either expanded or contracted 

depending upon their orientation. Consequently, the strain energy 

associated with occupation of these sites is respectively less than 

(attraction) or greater than (repulsion) that of occupation of an isolated 



7 

site. Therefore. the steric component of the interaction energy can be 

either negative or positive. 

For both the steric interference and the coulombic repulsion it is 

expected that the interaction forces can reasonably be represented by 

pairwise interaction energies [9J. However. the pairs need not 

necessarily involve first nearest-neighbour sites only. Steric 

interference can extend well beyond first nearest-neighbour site range and 

coulombic repulsion may operate between carbon atoms in second 

nearest-neighbour sites as well [9J. Alex and McLellan [14. 15J have 

derived equations for the effects of second and third nearest-neighbour 

interactions. In the case of the effects involving the Fermi surface it 

is not expected that a pairwise interaction energy will yield an adequate 

representation [9J. 

The quasi-chemical formalism is embodied in the term 

x (exp[xJ denotes e ) where 

exp [-~T] . 

w = molar sum of the interaction energies between first 

nearest-neighbour carbon-carbon pairs (J/mol.). 

R ='universal gas constant (8.3144 J/mol-oK). and 

T = absolute temperature (oK). 

wlNA (N
A 

is Avogadro's number) is the increase in energy of the Fe-C solid 

solution when two carbon atoms in isolated sites are moved into 

nearest-neighbour sites [9J. Thus. the probability of the existence of a 

given pair of carbon atoms in just such a configuration is proportional to 

exp[-wlkTJ (k is the Boltzmann constant) [9J. For w = 0 then exp[OJ = 1 

and the first nearest-neighbour interstitial sites will be randomly 

occupied. For w ~ +00 then exp[-ooJ = 0 and the first nearest-neighbour 
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interstitial sites will be excluded from occupation. For w < 0 then 

exp[+veJ > 1 and the probability that the first nearest-neighbour 

interstitial sites will be occupied is greater than for random occupation. 

This is referred to as clustering. 

Explanations vary as to why the interaction energy in austenite 

should be temperature dependent. as has been proposed [12J. ADP [IJ 

believe that significant variation in interaction energy with temperature 

is only physically reasonable if it is just an apparent interaction energy 

representing two or more single interaction energies in a manner presently 

inextricably combined. One possibility is that carbon atoms could occupy 

tetrahedral as well as octahedral sites at elevated temperatures [1J 

(refer to Section 2.3.2). Another possibility is that both pairs and 

triplets of carbon atoms could be present. each of which would be 

characterised by an interaction energy [1J. The latter possibility is 

supported by the experimental observations of Keefer and Wert [16J. 

Finally. the partial excess non-configurational entropy of solution may 

not be constant because there may be a small difference in the vibrational 

entropies of two isolated carbon atoms and two nearest-neighbour carbon 

atoms [4J. Therefore. the interaction energy may appear to be 

temperature dependent if the vibrational entropies are assumed to be 

temperature independent (equal) [4J. 

2.2 The LFG and MD Equations for the Activities of Carbon and Iron in 

Binary Fe-G Solid Solutions 

In order to re-examine the LFG and MD equations, it was necessary 

to employ the algebraic versions of these equations. Since previous 

investigators had only reported the numeric versions specific to austenite 

and ferrite. it was necessary to obtain these algebraic versions by 

adapting the original algebraic equations reported by Fowler and 
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Guggenheim [8J and McLellan and Dunn (MO) [4J. The adaptations are 

reported in Appendices A. B and C. and the algebraic versions are restated 

in Sections 2.2.1 and 2.2.2. Also. SBA's [5J findings on the LFG and MO 

equations for the activity of carbon in austenite are reviewed in Section 

2.2.3. 

2.2.1 The LFG Equations 

The LFG equation for the activity of carbon in binary Fe-C solid 

solutions 

Ena :::: z-2 En [n-(n::)xc] + !:. En [o-n+(n+2)Xc ] + 2zwRT + Acr:-s 

c 2 o+n-(n+2)xc RT 

(En denotes log) where 
e 

o :::: {n2 - 2n(n+2J)x + [n2 + 4(n+1)JJx2}~ 
c c 

and 

(exp[xJ denotes eX) was adapted in Appendix A from the first-order 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

quasi-chemical formalism of Lacher [13J and Fowler and Guggenheim [8J. 

The nomenclature is 

a :::: activity of carbon in iron relative to graphite. 
c 

X :::: mole fraction of carbon in solution. 
c 
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n = ratio of (active) interstitial carbon sites to lattice iron 

sites, 

z = number of first nearest-neighbour (active) interstitial 

sites, 

A~s = relative partial molar excess Gibbs free energy of solution 

of carbon in iron (J/mol), 

AH = relative partial molar enthalpy of solution of carbon in iron 

(J/mol) • 

ASXs = relative partial molar excess non-configurational entropy of 

solution of carbon in iron (J/mol-OK) , 

w = molar sum of the interaction energies between first nearest-

neighbour carbon-carbon pairs (J/mol), 

R = universal gas constant (8.3144 J/mol-oK). and 

T = absolute temperature (oK). 

The numeric versions of the LFG equations for the activity of 

carbon in austenite and ferrite, as first adapted by ADP [1J (excluding 

typographical errors), and later correctly reported by SBA [4J. can be 

obtained by substituting in n = 1 and z = 12 for austenite (~ - fcc 
~ ~ 

iron) and n = 3 and z = 8 for ferrite (a - bcc iron): a a In actual fact 

Za = 4 (refer to Section 2.3.2). 

ADP [1J attempted to validate the LFG model by obtaining the two 

expressions for the activity of carbon in austenite when the carbon-carbon 

pairwise interaction energy is firstly zero and then approaching positive 

infinity (infinite repulsion). 

first limit 

Lt 
w =0 

'Y 

.ena~ 
c 

ADP obtained as the expression for the 

(2.5) 



by directly substituting w = 0, and as the expression for the second 'Y 

limit 
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2na'Y = 32n[1-3x J 
c c 52n[1-2x J - 42n[1-xJ c c (2.6) 

by an unspecified "indirect method" [1; p755J. ADP concluded that. while 

the LFG model yields the requisite Henrian expression at the limit when 

the interaction energy is zero, it did not yield the requisite expression, 

in which all of the first nearest-neighbour sites to a carbon atom are 

completely excluded (blocked) from occupation, at the limit when the 

interaction energy approaches positive infinity. 

The LFG equation for the activity of iron in binary Fe-C solid 

solutions 

2 _ n(z-2) en[n(l-Xc ) ] + ~ 2n[o-n+2nJ+[n-2(n+l)JJxc ] 
naye - 2 n-(n+l)x 2 2J[n-(n+l)x J 

c c 

was derived in Appendix B via the Gibbs-Duhem equation [20J, 

x c 
I-x c 

dena c 
dx 

c 

dx c 

(2.7) 

(2.8) 

The numeric versions of the LFG equations for the activities of iron in 

austenite and ferrite. as first derived by ADP [lJ and Hsu and Mou [23J 

respectively, can be obtained by again substituting in n = 1 and z = 12 'Y 'Y 

for austenite and n = 3 and z = 8 for ferrite. a a 

2.2.2 The MD £qua tions 

The MD equation for the activity of carbon in binary Fe-C solid 

solutions 



12 

[
n-(n+1)XC ] z [ o-n+(n+2J)xc ] zw Aaxs 

~nac = (z-l)~n x + 2 ~n o-n+2nJ+[n-2(n+1)JJx + 2RT + ~ (2.9) 
c c 

where. as for the LFG equation, 

(2.2) 

(2.3) 

and 

J = 1 - exp [;~] (2.4) 

was adapted in Appendix C from McLellan and Dunn's statistical 

thermodynamic equation for binary interstitial solid solutions [4J. This 

was in turn adapted [4J from the first-order quasi-chemical formalism of 

Guggenheim [24J. The nomenclature is the same as given in Section 2.2.1 

for the LFG equation. MD unequivocally demonstrated that their equation 

yields the requisite expressions at both limits when the interaction 

energy is zero and approaching positive infinity_ 

The numeric versions of the MD equations for the activity of 

carbon in austenite and ferrite as first adapted by SBA [5J can be 

obtained by again substituting in n = 1 and z = 12 for austenite and 
"( "( 

n = 3 and z = 8 for ferrite. a a 

SBA derived the MD equation for the activity of iron in austenite 

and unexpectedly found it to be identical to the LFG equation for the 

activity of iron in austenite. Therefore the MD equation for the 

activity of iron in binary Fe-C solid solutions is given by Eqn 2.7. 
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2.2.3 Review of Shiftlet, Bradley and Aaronson's Findings on the LFG and 

MD Equations 

When SBA [5J studied the LFG and MD equations for the activity of 

carbon in austenite, they found that the two equations were numerically 

indistinguishable, except at very high values for w where "the activity 
7 

calculated from the MD expressions begins to fall while that of LFG 

remains essentially constant" [5; p10DlJ (see Fig. 2.1). This lack of 

numerical distinction was unexpected since the two equations appeared 

dissimilar [5J. However, given that the carbon-carbon pairwise 

interaction energy determined for austenite was more than an order of 

magnitude smaller than the value at which divergence of the two equations 

occurs, SBA concluded that the LFG and MD models should yield identical 

results. Subsequently, SBA considered the two equations to be 

interchangeable and thereafter referred to the 'LFGIMD model'. 

2.3 Re-examination of the LFG and MD Equations 

While the lack of numerical distinction between the activity of 

carbon in austenite calculated via the LFG and MD equations at low values 

of interaction energy was unexpected because the equations appeared 

dissimilar, SBA [5J failed to realise the implication of their further 

finding that both equation~ yielded the same equation for the activity of 

iron. This is that the LFG and MD equations must be mathematically 

equivalent. This is patently obvious since the equation for the activity 

of iron yields a single expression at the limit when the interaction 

energy approaches positive infinity and must be uniquely related via the 

Gibbs-Duhem equation to a single expression for the activity of carbon at 

this same limit. In any case, a straightforward proof of their 

mathematical eqUivalence via the Moon equation, is given in Section 2.3.1. 
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Unfortunately, as a result of ADP [lJ mistakenly taking z = 8 a 

instead of z = 4, a number of investigators have employed the incorrect 
a 

value. While this error has since been reported by Bhadeshia [11J, the 

topics of the active interstitial sites and the relevant limitations of 

the first-order quasi-chemical formalism are reviewed in Section 2.3.2. 

15 

Having established the mathematical equivalence of the LFG and MD 

equations. it is necessary to explain the divergence in the carbon 

activity calculated at high interaction energies. This is demonstrated 

in Section 2.3.3 to be the result of computational precision truncation 

exacerbated by the algebraic arrangements of the LFG and MD equations. 

To illustrate the preference for using the alternative Moon equation. two 

examples are given where computational precision truncation, involving 

both the LFG and MD equations. has given rise to erroneous results. 

SBA's illustration of the numerical eqUivalence of the activity of 

carbon in austenite calculated via the LFG and MD equations (Fig. 2.1) 

also illustrates that. above certain values of interaction energy. the 

activity can essentially be taken as that when the interaction energy 

approaches positive infinity. Therefore, in Section 2.3.4 the dependence 

of the activity of carbon in austenite and ferrite on the carbon content. 

interaction energy. and absolute temperature is graphically illustrated 

and the implications are discussed. 

Finally, the requisite digital precision for accurately 

calculating the activities of carbon and iron is established in Section 

2.3.5. 

2.3.1 Proof of the Equivalence of the LFG and MD Equations via the Moon 

Equation 

It can readily be proven that the LFG and MD equations, and 

therefore the models. are exactly equivalent. This is achieved by 
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relatively straightforward rearrangements of the LFG and MD equations. 

(Appendices D and E respectively) to yield the common equation 

+ [
2[n-(n+ 1 )Xc J ] 

zEn o+n-(n+2)x . 
c 

(2.10) 

where. as for the LFG and MD equations. 

(2.2) 

and 0 (Eqn 2.3) can be rearranged as 

(2.11) 

The nomenclature is the same as given in Section 2.2.1 for the LFG 

equation. 

Thus the LFG and M1J model.s are identical.. 

Equation 2.10 coincides with a rearrangement of the original 

Fowler and Guggenheim [8J equation due to Moon [9J. which was subsequently 

adapted and employed by ADP [1J. The first term is the activity 

expression for an ideal interstitial solution (Raoult's law) [3J. The 

first two terms are the expression for a quasi-regular intersitial 

solution (Henry's law) [3J. assuming of course the second term is 

independent of composition. The third term comprises the non-Henrian 

component of the activity due to the carbon-carbon pairwise interaction 

energy. The extent to which the activity deviates from Henrian behaviour 

will also include contributions resulting from any composition and 

temperature dependence of the partial enthalpy and partial excess 

non-configurational entropy [2. 3, 4J. For purposes of distingUishing 

between the three versions of the carbon activity equation, Eqn 2.10 will 

be referred to as the Moon equation. 
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Now the expressions at the limits when the carbon-carbon pairwise 

interaction energy is firstly zero and then approaching positive infinity 

can be obtained by direct substitution yielding 

and 

Lt 
w = 0 

Lt 
w = 0 

Ena 
c 

Lt 
w ~ +00 

(j = n(1-x ) 
c 

[
X J Ac?'-=En c +_ 

n-(n+1)x RT 
c 

{j = n-(n+2)x 
c 

Ena c [
X ] ASXs [n-(n+1)Xc ] = En c - -- + zEn 

n-(n+l)x R n-(n+2)x 
c c 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

Note that for an infinitely large repulsive interaction energy the excess 

free energy is entirely attributable to excess entropy, the enthalpy of 

mixing being zero [9J, 

Lt AH = 0 (2.16) 
w ~ +00 

Obviously, ADP's 'indirect method' for determining the expression for the 

activity of carbon in austenite when the interaction energy approaches 

positive infinity was flawed and lead to an erroneous result and 

conclusion. 

Just as the equation for the activity of carbon can be arranged 

into specific components, so to can Eqn 2.7 for the activity of iron 

(Appendix F), 
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[
n-(n+l )Xc] 

E~e = n2n n(l-x) [
n(I-X )[o+n-(n+2)x J ] 

+ nz E c c 
:2 n [n-(n+l)x J[o+n(l-x )J (2.17) 

c c c 

The first term is the solvent activity expression for an ideal 

interstitial solution. The second term determines the extent to which 

the solvent activity deviates due to interstitial solute interaction 

energy. Assuming of course that the interaction is non-zero. then it 

will be computationally more efficient to use the slightly modified 

version of Equation 2.17 

= n(z-2) [n(1-xc )] 
2~e 2 En n-(n+l)x 

c 
+ 

nz En [o+n-(n+2)Xc ] 
:2 o+n(l-xc ) (2.18) 

Additional terms will occur if AH and/or A~s are composition dependent 

(refer to Apppendix B). 

2.3.2 The Active Interstitial Sites in Fe-G Austenite and Ferrite 

For austenite (face centred cubic iron) it has been determined 

that carbon atoms occupy the octahedral interstitial sites [25. 26. 27J. 

For ferrite (body centred cubic iron) it has been determined that at least 

85% of carbon atoms occupy the octahedral interstitial sites [28. 29J. 

However. internal friction data indicate that for ferrite the energy of 

occupation of the tetrahedral sites may only be slightly greater than that 

of the octahedral sites [29J. Hence there is a possibility that near 

lattice defects the energy of occupation of tetrahedral sites may be 

sufficiently decreased to enable appreciable participation in the 

equilibrium distribution of the carbon atoms [29J. ADP [IJ point out 

that all of the these observations are made at or below 3000 K and that 

different circumstances may prevail at considerably elevated temperatures. 

Of course, making the assumption that only the octahedral sites are 
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occupied in ferrite is necessary as the first-order quasi-chemical 

formalism is only capable of admitting one site type for any individual 

phase. 

For the octahedral interstitial sites the ratio of interstitial 

sites to lattice iron sites, n, and the number of first nearest-neighbour 

interstitial sites, Z, are n = 1 and Z = 12 for austenite [20, 25J and 
~ ~ 

n = 3 and Z = 4 for ferrite [30, 31J (see Table 2.1). a a Following ADP's 

mistaken use of Z = 8 many investigators have incorrectly employed this 
a 

value, which is in fact the coordination number for bcc iron. Bhadeshia 

[llJ was first to correct this mistake. 

2.3.3 The Explanation for the Divergence of the Activity of Carbon 

Calculated using the LFG and MD Equations 

The upper plot in Fig. 2.2 replicates in more detail the 

divergence behaviour reported by SBA [5] (see Fig. 2.1) when they 

calculated the activity of carbon in austenite using the LFG and MD 

equations. The results in the upper plot in Fig. 2.2 were obtained by 

calculations performed on a PRIME 750 computer using 8 byte real 

arithmetic. For this computer, 8 byte precision corresponds to 46 to 47 

bits [32] or 14.5 digits, while 4 byte precision corresponds to 22 to 23 

bits or 7 digits. 

SBA [5. p1001] reported that "the activity calculated from the MD 

expression begins to fall while that of LFG remains essentially constant." 

In fact the LFG equation subsequently diverges as well. In both cases 

the divergence is attributable to computer arithmetic precision truncation 

in the numerators of the excess configuational entropy terms of the LFG 

and MD equations 



Table 2.1 The ratios of interstitial sites to lattice iron 
sites and the numbers of first nearest-neighbour 
interstitial sites for the octahedral interstitial 

sites in ~ and a iron. 

n z 

~ - austenite 1 12 

a ferrite 3 4 

20 
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300 

precision (x = 0.01. T = 12730 K. AU = 3S55O J/mol. 
c 'Y 
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precision lost when' calculating the activity of 
carbon in austenite versus the carbon-carbon 
pairwise interaction energy. 



and 

[
o-n+(n+2)X ] 

z ~ c 
2' n o+n-(n+2)x 

c 
+ 

[
o-n+(n+2J}X ] 

z ~ c 
2' n o-n+2nJ+[n-2(n+1)J]x 

c 
+ zw 

2RT 
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respectively. Mathematically, as w ~ +00 then J ~ 1 (refer to Eqn 2.4). 

o ~ n-(n+2}x (refer to Eqn 2.3) and the numerators of the first terms 
c 

approach zero. However, on a digital computer the numerators will not 

approach zero smoothly. As w ~ 2x105 the difference between 0 and the 
'Y 

other terms in the numerators will exist only in the last digit and 

eventually not at all. The result is that the concomitant term zw /2RT. 
'Y 

which is still finite positive, will be swamped when the first terms are 

suddenly computed to be infinite negative and divergence occurs. 

Alternatively, the Moon equation is fully convergent because it is not 

overspecified in the manner which causes divergence in the LFG and MD 

equations. 

That the value of w at which the MD equation diverges in Fig. 2.2 
'Y 

differs from the value observed by SBA in Fig. 2.1 is entirely 

attributable to the difference in the digital (bit) precision of the 

computers employed. 

of their computer. 

Unfortunately, SBA did not state the make and model 

Also, while the values of w at which the LFG and MD 
'Y 

equations diverge due to differences in the formulations. the approximate 

value can be determined via the first derivative of the carbon activity 

(Moon equation) with respect to the interaction energy. 

da 
c 

dw = 
zx 

c 
oRT 

z+1 

[ 
Xc ] [2[n-(n+1)Xc]] [ACXS-w] 

n-(n+1}x o+n-(n+2)x exp RT 
c c 

(2.19) 
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(the derivation is given in Appendix G). The derivative may be 

interpreted as a condition number. The log (log is used to denote logio) 

of this condition number gives the approximate number of digits of 

precision that are lost [33J when calculating the activity of carbon as a 

function of the interaction energy. Thus. the lower plot in Fig. 2.2 

gives a value for w corresponding to the loss of approximately 14.5 
~ 

digits of precision. which is close to the value at which the MD equation 

diverges. 

The fact that divergence behaviour has previously resulted in 

erroneous solutions for the carbon-carbon pairwise interaction energy in 

ferrite is of significant interest. Employing the LFG equation with 

z = 8 and the activity data of Lobo and Geiger (LG) [34J. Bhadeshia [10J 
a 

concluded that w was positive (see Table 2.2). a . Later. Bhadeshia [llJ 

reported that both ADP [1] and Bhadeshia [10J mistakenly took the number 

of first nearest-neighbour interstitial sites in ferrite to be z = 8 
a 

instead of z = 4. a Now employing the MD equation and the activity data 

of LG. Bhadeshia [llJ again concluded that w was positive but much larger 
a 

(see Table 2.3). Bhadeshia further suggested that w could effectively 
a 

be taken as w = +00. 
a 

However. Bhadeshia [10J reported that during his first 

investigation he had to abandon using the MD equation because oscillatory 

behaviour during convergence made it appear that w was not single-valued. a 

Figs 2.3 and 2.4 compare the activity of carbon in ferrite calculated via 

the LFG, MD and Moon equations verses the carbon-carbon pairwise 

interaction energy using 7 and 14.5 digit precision respectively when 

x 
c 

= 0.0005 at T = 10000 K for AGKs = 70000 J/mol. For z = 8 and 7 digit 
a 

precision the MD equation in Fig. 2.3 clearly displays the oscillatory 

behaviour reported and diverges positively while w is negative. 
a 

While 

the LFG equation is also oscillatory, its divergence coincides with the 

values for w determined by Bhadeshia (see Table 2.2). 
a 

The greater value 



Table 2.2 

Average value 

The values for the carbon-carbon pairwise 
interaction energy in ferrite determined by 
Bhadeshia via the LFG equation, when z = 8. a 

T w a 
(oK) (J/mol) 

955 58 620 
975 92 530 

1000 -27 220 
1026 88 350 
1056 86 250 
1070 -36 030 
1086 84 160 
1121 41 870 

48 570 
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Table 2.3 

Temperature 
(OK) 

955 
975 

1000 
1026 
1056 
1070 
1086 
1121 

Average value 

The values for the carbon-carbon pairwise 
interaction energy and relative partial excess 
Gibbs free energy of solution of carbon in ferrite 
determined by Bhadeshia via the MD equation, when 

w 
a 

(J/mol) 

110 000 
132 000 
137 000 
133 000 
131 000 
144 000 
123 000 
149 000 

132 400 

z = 4. a 

!J:crs 
a 

(J/mol) 

71 946 
70 460 
69 981 
67 962 
67 080 
66 800 
66 518 
66 349 

25 
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a 
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for w determined by Bhadeshia [llJ in his second investigation (see Table 
a 

2.3) was not due to correcting the value for z , but to increasing the a 

precision from 4 to 8 bytes. For z = 4 and 14.5 digit precision, the a 

divergence of the MD equation in Fig. 2.4 coincides with the values for w 
a 

determined by Bhadeshia (see Table 2.3). 

Having demonstrated that the values coincide with divergence, one 

or both of the following explain why these erroneous results were 

achieved. Firstly, it may be that w = +00 but divergence circumvents a 

this result and the optimum alternative was the maximum convergent value. 

Secondly. due to divergence, the activity of carbon is not a unique 

function of the interaction energy and a.given positive value of w 
a 

corresponds geometrically to a negative value. It should be noted that 

Table 2.2 also includes two negative values of w which coincide with the a 

negative evaluations of ADP [lJ (see Table 2.4). 

2.3.4 The Dependence of the Activi~ of Carbon in Austenite and Ferrite 

on the Carbon Content, Carbon-Carbon Pairwise Interction Energy 

and Temperature 

Figures 2.2, 2.3 and 2.4 illustrate that above certain values of 

interaction energy the calculated activities of carbon in austenite and 

ferrite are effectively constant with respect to the carbon-carbon 

pairwise interaction energy. 

Assuming AGKs to be zero for demonstration purposes, the 

dependence of the activities of carbon in austenite, ferrite and 

supersaturated ferrite on carbon content, interaction energy and 

temperature are illustrated in Figs 2.5, 2.6, and 2.7 respectively. Each 

figure demonstrates that at constant carbon content the minimum value of 

interaction energy above which the activity is invariant increases with 

increasing temperature due to the relationship w/T. Comparison of 



Table 2.4 The values for the carbon-carbon pairwise 
interaction energy in ferrite determined 
by Aaronson. Domian and Pound via the LFG 

equation. when z = S. 
a 

1023 

1073 

(J 
a 

(J/mol) 

-31 690 

-39 770 

29 
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Figs 2.6 and 2.7 for normal and supersaturated ferr·ite demonstrates that 

at constant temperature the minimum value of interaction energy above 

which the activity is invariant increases with increasing carbon content. 

Comparison of Figs 2.5 and 2.7 for austenite and supersaturated ferrite 

demonstrate that at constant carbon content the minimum value of wIT above 

which the activity is invariant increases with increasing numbers of first 

nearest-neighbour interstitial sites (z). 

The most serious implication of these observations is that if 

w l - 15000 J/mol. then w will be virtually indeterminate. 
a a 

2.3.5 The Minimum Digital Precision Required to Calculate the Activities 

of Carbon and Iron using the Moon Equations 

The minimum digital precision is governed by the term [n-(n+2)x J2 
c 

in the equation for 0 (Eqn. 2.11). Since the smallest carbon content 

that is sensibly considered is of the order of 0.0001 wt.% (xc l 4x10-0) 

in the case of ferrite (refer to Section 3.2.3), then the minimum digital 

precision required is 14 digits or 8 bytes. 
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aIA.PTER THREE 

EXPERIMENTAL DATA ON THE ACfIVITY OF CARBON IN Fe-C AUSfENITE AND FERRITE 

Given that the first-order quasi-chemical formalism embodies the 

minimum degree of sophistication necessary to realistically model the 

activity of carbon in Fe-C solid solutions. no calculations can be 

- ~s performed until the terms w. AH, and AS have been evaluated for 

austenite and ferrite. Since these terms cannot be evaluated from first 

principles, it is necessary to do so experimentally. This involves two 

distinct procedures. Firstly, the measurement of reliable carbon 

activity data,and secondly, the regression analysis of the data using the 

carbon activity equation. thereby establishing w, AH and ASKS. 

While the experimental procedures for determining the activity of 

carbon in austenite and ferrite are broadly established, there are a 

number of factors which are thought to influence the resultant activity 

data. Two factors, for which there is no apparent consensus, are the 

choice of carburising gas mixture and various potential side effects. 

Therefore, these factors are critically examined in Section 3.1. Based 

on the findings, published experimental carbon activity data was selected 

from the literature and reported in Section 3.2. 

3.1 Experimental Determination of Carbon Activity 

The experimental procedures for determining the activity of carbon 

in austenite and ferrite are broadly established. These procedures and 

the requisite calculations are reviewed in Section 3.1.1. 

Two carburising gas mixtures are commonly employed, 

methane-hydrogen and carbon monoxide-carbon dioxide. The suitability of 

these two mixtures has been the topic of some debate. Their suitability, 
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along with that of the carbon dioxide-hydrogen mixture is critically 

examined in Section 3.1.2. 

Arguably the most confounding phenomenon is that of the residual 

carbon content observed in ferrite. While the cause of residual carbon 

is not fully understood, its influence on ferritic activity data is 

critical. This influence and its subsequent effect upon the 

determination of ~ and AGKs are examined in Section 3.1.3. 

3.1.1 The Experimental Procedures for Obtaining Carbon Activity Data by 

Gas Carburisation 

Experimental carbon activity data are obtained by passing a 

regulated carburising gas mixture through a temperature regulated 

refractory tube-type furnace in which a pure iron specimen is placed. 

The various gas carburising apparatuses employed by Dunn and McLellan 

[35J. Swartz [36J. Wada. Wada. Elliott and Chipman [37J. and Ban-ya, 

Elliott and Chipman [38J are illustrated in Figs. 3.1 to 3.4 respectively. 

The two carburising gas mixtures most often employed are carbon 

monoxide-carbon dioxide (00-002), and methane-hydrogen (CH4-H2) for which 

the equilibrium reactions are [39J 

Fe 

2 OO(g) ~ 002(g) + C(dissolved in Fe) C3.1) 

and 

Fe 

CH4Cg) ~ 2H2(g) + CCdissolved in Fe) (3.2) 

Fe 
C~ denotes that the reaction is catalysed by iron). Occasionally the 

002-Ha 'water-gas' mixture is employed [36J. for which the equilibrium 

reactions are [40J. 
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(3.3) 

in conjunction with the reaction of Eqn 3.1. It is the catalytic roles 

of iron in the reactions of Eqns 3.1 and 3.2 [40. 41J and cobalt in the 

reaction of Eqn 3.3 [36J which are responsible for the achievement of 

equilibrium between the carbon potentials of the gas mixture and the 

specimen. 

and 

where 

also where 

For 00-002 and CH4 -H2 at equilibrium [42J. 

2 
Poo 

apOO c 2 

Pi = partial pressure of component gas i (Pa) , 

P = atmospheric or total pressure (Pa) , atm 

(3.4) 

(3.5) 

(3.6) 

Pi = ratio of the partial pressure of the component gas 

i to the atmospheric or total pressure. 

K(T) = equilibrium reaction constant for the gas mixture m 
m 

in contact with graphite at the absolute 

temperature T, and 

a = activity of carbon in iron relative to graphite. 
c 



Rearranging Eqns 3.4 and 3.5. 

and 

where 

and 

also where 

= 

r = gas mixture pressure ratio. m 

41 

(3.7) 

(3.9) 

(3.10) 

The equilibrium reaction constant for the gas mixture in contact 

with graphite at absolute temperature T is defined [43J as 
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FAG(T) ] 
K(T)~ = exp RT m (3.11) 

where 

AG(T) = Gibbs free energy change for the reverse (left to m 

right) reaction (J/mol). 

Thus, for the CO-CO2 gas mixture reaction 

(3.12) 

the Gibbs free energy chftnge for the reverse reaction is 

(3.13) 

where 

AG~xy(T) = standard Gibb's free energy change of formation of 

compound XY from its elements X and Y at temperature T. 

For the CH4-H2 gas mixture reaction 

(3.14) 

the Gibbs free energy change for the reverse reaction is 
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(3.15) 

Thus, respectively substituting Eqns 3.13 and 3.15 into Eqn 3.11 yields 

(3.16) 

and 

[-AG~CH4 (T)] 
= exp RT 

(3.17) 

The gas mixture pressure ratio, r , can be determined by measuring 
m 

either the volume fractions or flow rates of the component gases. As all 

of the gases employed are effectively ideal at the temperatures and 

pressures concerned [44J, then for an open apparatus, i.e. exhausting to 

the atmosphere. 

. 
p V V c c c 

Pc = = = . 
p V V atm m m 

(3.18) 

where 

V = volume (cm3). and 

V = volume flow rate (cm3/sec). 

Appropriate substitutions of Eqn 3.18 into Eqns 3.9 and 3.10 gives the gas 

mixture pressure ratios as 
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(3.19) 

= (3.20) 

and 

(3.21) 

= (3.22) 

The volume flow rates, V, are typically controlled and measured using 

capillary impedence manometric flowmeters (see Figs 3.1 and 3.2) [35, 36, 

38J, while absolute volumes may be measured using either gravimetric 

absorption or gas chromatography [38J. 

Following equilibration. the specimen's carbon content may be 

determined using either combustion analysis [35, 38, 39J or differential 

weighing [34. 38. 45J. The latter requires that the pure iron specimen 

be weighed before equilibration and is unsuitable if the specimen weight 

is reduced during equilibration as a result of the sublimation of iron 

[38J. However. when suitable. it does have the apparent advantage of 

compensating in a straight-forward manner for the residual carbon contents 

observed for ferritic equilbrations [35. 39J (refer to Section 3.1.4). 

The internal friction method employed by Swartz [36J is not recommended 

[35J as it is a comparative method. In particular, k. the Snoek peak 

proportionality constant relating the carbon content to the height of the 

Snoek peak. can differ from specimen to specimen and is apparently 
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dependent on the equilibration temperature and the state of the 

polycrystalline structure [2J. 

3.1.2 Selection of the Carburising Gas Mixture 

The choice as to which of the three gas mixtures CO-CO2 , CH4-H2 • 

and C02 -H2 to employ has traditionally been somewhat arbitrary. The 

CO2 -Hz mixture is rarely employed. probably because of the additional 

reaction step which requires a cobalt or similar catalyst and the 

attendant additional activity calculations. In comparison. the CO-CO2 

and CH4-Hz gas mixtures are extensively employed. although there is debate 

as to their relative merits and demerits [34. 35. 38J. Dunn and McLellan 

(DM) [35; p1081J express the view that "the equivalence of the early data 

on ferrite of Smith [39J (CH4-Hz mixtures). and Dunwald and Wagner [46J 

(CO-CO2 mixtures) seem to indicate that the choice of carburising mixture 

is not important provided the appropriate limits of pressure and 

temperature are not exceeded." However. this view is incompatible with 

the findings of both ADP [1J and SBA [5J that values for w determined 
'Y 

from CO-CO2 equilibrations are significantly higher than those determined 

from CH4-Hz equilibrations. Clearly then. it is necessary to establish 

the reason or reasons for this observed difference in order that the 

requisite gas mixture can be identified. 

Two specific reactions have long been suspected to impair. to a 

degree. equilibrations performed with the CH4-H2 and CO-CO2 mixtures. 

The first involves the formation of higher hydrocarbons from methane [47J. 

and the second involves the decomposition of carbon monoxide to amorphous 

carbon. and carbon dioxide [38J. These stem from the fact that the 

decomposition reactions 
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(3.12) 

~d 

(3.14) 

can be activated both catalytically ~d thermally, i.e. non-catalytically. 

In contact with ~ iron catalyst. catalytic decomposition of carbon 

monoxide occurs over the entire temperature r~ge of practical interest 

[49 J, whilst catalytic decomposition of met~e only occurs at 

temperatures above 623°K [49J. In contact with subst~ces of little or 

no catalytic value, such as silica etc .• thermal decomposition of carbon 

monoxide only occurs at temperatures below approximately 1234°K [48J. 

whilst thermal decomposition of met~e only occurs at temperatures above 

956°K [49J (AG~CH4 > 0 when T > 843°K [41J). 

The requisite conditions for thermal reactions are provided by the 

usual arrangement for a carbon activity gas equilibration rig where the 

iron coupon is positioned near the centre in a ceramic (usually silica) 

tube-type furnace (refer to Section 3.1.1). In the short interval of 

time between the gas mixture entering the furnace tube ~d passing over 

the iron specimen (1.1 sec/cm of tube in the case of the recommended flow 

velocity of 0.9 cm/sec [34J) the gas mixture is rapidly heated to the 

equilibration temperature. It is during this period that ~y thermally 

activated reaction(s) will adversely influence the gas-iron specimen 

equilibrium. In both cases. the decomposition of meth~e ~d carbon 

monoxide c~ result in the deposition of carbon [38, 41. 48. 49]. 

Although the appear~ce ~d texture of the carbon deposited 

once deposited the carbon itself c~ act as a catalyst [49]. 

varies, 

Ban-ya. Elliott ~d Chip~ (BEC) [38; p1201] state that "in all 

studies of CO-C02 equilibrium, carbon deposition is one of the 

difficulties which the experimenter must overcome .... the effect is to 
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lower the carbon potential in the gas and correspondingly in the metal." 

The source of this difficulty lies in the fact that carbon monoxide is 

increasingly stable with respect to its standard Gibbs free energy of 

formation [43J as the temperature increases. Essentially then, for an 

equilibration performed at a high temperature, the requisite rCO-C0
2 

gas 

pressure ratio will be in excess of the equilibrium ratio corresponding to 

a lower temperature. Of course, the carbon monoxide and carbon dioxide 

are, out of practical necessity. stored. metered and mixed at or near room 

temperature. Thus. there is no means of avoiding the fact that OO-C02 

mixtures must be heated through a temperature range over which they are 

unstable. Over this temperature range carbon monoxide will decompose in 

order to achieve the instantaneous equilibrium gas pressure ratio. 

BEe [38J constructed their furnace (see Fig. 3.4) so that the 

CO-CO2 gas mixture was introduced directly into the hot zone in an attempt 

to avoid the decomposition of carbon monoxide. However. decomposition 

cannot be avoided. merely minimised. During testing of their furnace at 

1423. 1573 and 16730 K. BEe [38.50J observed that the quantities of carbon 

dioxide exhausting from their apparatus were greater than those at the 

inlet. At 1423°K BEe [38J measured the carbon dioxide contents for two 

mixtures at various positions within the furnace, as well as at the inlet 

and exhaust (see Table 3.1). In both cases the carbon dioxide content 

increased between the inlet and the specimen position. For the ini tial 

content of 0.13 vol.%C02. the increase was by about 5.6% of the initial 

content. while for 0.39 VOl.%C02 it was by about 0.96%. The influence on 

the plot of the gas activity verses the equilibrated specimen carbon 

content is readily demonstrated (see Fig. 3.5). The activity curve 

plotted as a broken curve in Fig. 3.5 is the assumed activity curve should 

thermal decomposition of carbon monoxide not occur. For the first case 

m 
(0.13 vol.%C02) the gas ratio employed corresponds to a = 0.96. c 

If the 

activity decreases by approximately 5.6% due to decomposition of carbon 

monoxide, the final equilibrated carbon content, 
m' 

x, 
c 

will be that 



Table 3.1 

Inlet CO2 
content 
(vol.%) 

0.13 

0.39 

48 

The carbon dioxide contents measured at various 
positions in the furnace arrangement of Ban-ya. 

Elliott and Chipman. 

Sample Positiona Peak height Average of the 
recorded by gas heights recorded 

chromatograph 
(inches x 10- 1

) 

(inches x 10- 1
) 

inlet 3.6 3.6 3.7 3.6 

below 3.7 3.7 3.8 3.7 

at 3.8 3.7 3.8 

above 4.8 4.8 4.8 4.8 

outlet 5.1 5.1 5.2 5.1 

inlet 10.2 10.3 10.3 10.3 

below 10.2 10.3 10.3 

at 10.4 10.3 10.4 

above 11.1 11.0 11.1 

outlet 11.1 11.2 11.2 

a. below. at, and above, refer to sample positions relative to the position 
that the specimen would occupy (gas flow is upwards). 
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m' 
corresponding to the lowered activity, a = 0.91, but will be plotted 

c 

against the predetermined activity, am = 0.96, i.e. point m instead of m'. c 

For the second case (0.39 vol.% CO2 ), the activity is an = 0.32. If the 
c 

activity decreases by 0.96% due to decomposition of carbon monoxide, the 

experimental outcome will result in the point n being plotted instead of 

the true point n'. Clearly then. the influence of decomposition is 

greater the higher the activity. The result of this is a significantly 

increased upwards curvature which will, of course, lead to a larger value 

of carbon-carbon pairwise interaction energy being determined than would 

have been determined if thermal decomposition of carbon monoxide had not 

occurred. 

It is interesting to note that despite the furnace temperatures 

employed by BEC being above that for which thermal decomposition of carbon 

monoxide can occur, the carbon dioxide content above the normal specimen 

position and at the outlet were consecutively higher than that at the 

specimen position. This is attributable to the fact that BEC placed 

molybdenum thermal radiation shields just above the specimen position and 

a gas cooling chamber on top of the furnace (see Fig 3.4). Molybdenum is 

a catalyst for the decomposition of carbon monoxide [51J, and, as with 

iron, it will result in a Mo-C solid solution. Thus the increase in 

carbon dioxide above the specimen position would be explained by the 

relatively bulky molybdenum being carburised. The further small increase 

in carbon dioxide content before the outlet is attributable to both 

thermal and catalytic decomposition as the mixture cools in the cooling 

chamber. The catalytic decomposition will occur because of both the 

nickel [51J suspension wire and previously deposited free carbon [49J. 

Kaufman, Radcliffe. and Cohen (KRC) [47J were the first to report 

that the CH4 -H2 mixture equilibration reaction of Eqn 3.14 is open to 

question because of the formation of higher hydrocarbons. Indeed. 

thermal decomposition of pure methane is accompanied by the formation of 

higher hydrocarbons [41. 49, 52J. These include small quantities of 



51 

ethane. ethylene and acetylene (C2 H6 • C2 H4 • and C2 H2 ) [52J which form 

rapidly (see Fig. 3.6) via the generalised dehydrogenation reactions [41J. 

(3.23) 

(3.24) 

and 

(3.25) 

All gas phase equilibria are governed by the partial pressures and 

the Gibbs free energy of reaction. Therefore. the equilibrium ratio of 

the partial pressures of the higher hydrocarbons to the total pressure for 

given experimental conditions can be readily calculated. Taking the case 

when the equilibration temperature is 1000oK. and the ratio of methane to 

then at equilibrium (refer to Appendix H for the relevant calculations) 

PCH4 
~ 0.082 . 

PH2 

~ 0.918 ~ 

PC2 H6 

~ 1.5 X 10-6 
~ 

PC2 H4 
~ 5.1 X 10-9 

and 

PC2 H2 

~ 1.3 X 10-7 
~ 

The ratio's of the partial pressures of the higher hydrocarbons to the 

total pressure are four orders of magnitude less than that for methane. 

Similar calculations at other equilibration temperatures yield comparable 

results. Therefore. the formation of higher hydrocarbons will have 
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insignificant influence on CH4-H2 gas equilibrations. 

In view of these findings. I contend that the thermal 

decomposition of carbon monoxide is the legitimate explanation for ADP's 

[lJ and SBA's [5J. finding that the values for w determined from 00-002 
'I 

gas equilibrations were significantly higher than those determined from 
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CH4-H2 gas equilibrations. While this apparently confines the legitimate 

source of activity data to that derived from the CH4-H2 gas mixture. in 

fact the 00-002 reaction of Eqn 3.1 is still tenable if the 002-H2 gas 

mixture reaction of Eqn 3.3 is employed instead. This is because the 

relative Gibbs free energy of formation for the reaction of Eqn 3.3 

proceeding from left to right decreases with increasing temperature [43J. 

Again. it is a consequence of carbon monoxide being more stable at higher 

temperatures. 

Unfortunately, both the CH4-H2 and 002-H2 gas mixtures are subject 

to a reaction involving hydrogen and silica. Smith [39; pl166J observed 

that for CH4-H2 gas mixtures at 12730 K. there is a slight reduction of 

silica in the furnace tube. and that "part of the silicon so produced 

vapourises and is absorbed by the sample." For austenitic samples of 

about 1.4 wt.% carbon, the increase in silicon was about 0.011 wt.% per 

day. Smith believed that the rate of reaction was insufficient to alter 

the gas composition appreciably. However, measurements made at 14730 K 

proved the rate of silicon pick-up by the samples to be about ten times 

greater than that at 1273°K. Tombs and Welch [54J have studied the 

relevant equilibrium reaction. 

(3.26) 

Thus. it is the gaseous silicon monoxide which is absorbed into the 

specimen. 

While the rate of absorption of silicon might be insignificant, 

the effect of the reaction on the gas composition is not. This arises 
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from a combination of facts. Firstly, the water vapour produced is known 

to react with methane [38J, 

(3.27) 

and secondly, the maximum ratio of methane to hydrogen employed at 1273°K 

never exceeds 1:100 (rCH4- H2 ~ 0.00935). The net effect is that an 

almost constant quantity of methane is consumed in this subsequent 

reaction. The experimentally determined activity of carbon as a function 

of equilibrated carbon content will be in accordance with that illustrated 

in Fig. 3.7 and will be characterised by a negative intercept carbon 

content and a significantly higher value of w. This was confirmed 

following the analysis of Smith's [39J data at 12730 K (see Table 4.5). 

Meanwhile, the results of the analyses of data at lower temperatures 

indicate that, at temperatures up to 1121°K at least. the hydrogen-silica 

reaction has no obvious influence on the equilibration reactions (refer to 

Section 4.2). 

In the case of the C02-H2 gas mixture, gaseous silicon monoxide 

will react with carbon dioxide, 

(3.28) 

This will result in a shift in the equilibrium reaction of Eqn 3.3 to the 

right and so increase the final equilibrated carbon content. Thus the 

C02 -H2 gas mixture will only be tenable below the same temperature as that 

for the CH4-H2 gas mixture. 
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3.1.3 The Residual Carbon Content Phenomenon 

A serious source of error in experimental carbon activity data for 

ferrite is due to the residual carbon content phenomenon. In keeping 

with theory, the equilibrium carbon content should be zero when the gas 

activity is zero. However, Smith [39J, and Dunn and McLellan (DM) [35J 

observed for ferrite that, when the equilibrated carbon contents where 

linearly regressed against the gas ratios, using least-squares regression 

scheme positive intercept values of carbon content resulted (see Tables 

3.2 and 3.3). Unfortunately, DM's data at 848°K, 883°K, and 948°K (see 

Table 3.10; Section 3.2.3) include points for which aa > 1 (within the 
c 

a+graphite two-phase field). Excluding these data points yields the 

intercept carbon contents given in Table 3.4. Smith confirmed that his 

intercept carbon contents were valid observations by measuring the 

residual carbon contents of specimens following full decarburisation in 

pure hydrogen (Table 3.5). Similarly, DM decarburised specimens at 948°K 

and 1098°K, and found that the residual carbon contents were in good 

agreement with the intercept carbon contents. Also, DM's analysis of the 

untreated iron foil yielded a carbon content close to the maximum 

intercept carbon content, at 948°K. 

The residual carbon contents measured by Smith differed 

significantly for the two 'types' of iron, electroytic and carbonyl. 

Spectroscopic analysis indicated no appreciable quantities of any element 

which forms a highly stable carbide. Therefore, Smith conjectured that 

the variation might be attributable to slight differences between the 

equilibrated iron phases. Smith gave two examples of possible 

differences. Firstly, the extent of distortion of the unit cube brought 

about by interstitial solution of an element such as oxygen, and secondly, 

prior cold work. The latter proposition is supported by the intercept 

carbon contents (see Table 3.4) determined from DM's activity data. The 

thinner specimens exhibited relatively higher intercept carbon contents. 



Table 3.2 

1023 

1073 

1073 

The intercept carbon contents determined 

from Smith's activity data by this author. a 

Intercept carbon content 
(wt.%) 

0.0039b 

0.0040 

0.0005 

Type of Iron 

electrolytic 

electrolytic 

carbonyl 

a. Refer to Table 3.8 for the activity data. 
b. Last data point excluded (refer to Section 3.2.3). 
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Table 3.3 

848 

883 

948 

1008 

1073 

1098 

a. Refer 
b. These 

The intercept carbon contents determined 
from Dunn and Mclellan's activity data by 

themselves. a 

Intercept carbon content 
(wt.%) 

Specimen thickness 
(inches) 

0.0012b 0.01 

O.OOBb 0.01 

0.0022b 0.001 

0.0011 0.001 

0.0009 0.001 

0.00004 0.01 

to Table 3.10 for the activity data. 
results depend upon including data points for which 

r CH4- H2 > K(T)CH4-H2' 
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Table 3.4 

848 

883 

948 

1008 

1073 

1098 

The intercept carbon contents determined 
from Dunn and McLellan's activity data, for 

which aa ( 1, by this authora , c -

Intercept carbon content 
(wt.%) 

0.0013 

0.0023 

0.0011 

0.0009 

0.0004 

Specimen thickness 
(inches) 

0.01 

0.01 

0.001 

0.001 

0.001 

0.01 

a. Refer to Table 3.10 for the activity data. 
b. Insufficient data points to determine an intercept carbon content, 
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Table 3.5 The residual carbon contents measured by Smi th 
following full decarburisation in hydrogen. 

Residual carbon contenta 

(wt.%) 

0.0040 

0.0008 

a. Uncertainty error of ± 0.0007 wt.% 

Type of Iron 

electrolytic 

carbonyl 
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DM speculated that a greater amount of cold work provides more sub-grain 

boundaries that could retain carbon, therefore not contributing to the 

lattice solubility. 

Inspection of Table 3.4 also reveals that for a given specimen 

thickness the intercept carbon content decreases with increasing 

equilibration temperature. DM believed that a possible explanation for 
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this variation lay with the recrystallisation phenomenon. Here the rates 

of recrystallisation are greater for greater amounts of cold work. and 

higher temperatures of annealing. Thus, the higher the temperature the 

greater the rate of recrystallisation, leaving fewer sites of low energy 

of occupation for retaining carbon after a given time. DM also noted 

that since carburisation takes place simultaneously with 

recrystallisation, the former inhibits completion of the latter as well as 

subsequent grain growth. While this explanation conveniently fitted the 

observations, Smith noted that there is clear evidence that even after 

several days annealing at 10730 K. the effects of cold work are only 

partially removed. 

Alternatively. the decrease in intercept carbon contents could be 

viewed as indicative of the onset of the reaction of hydrogen with the 

silica furnace tube (refer to Section 3.1.2). This reaction results in a 

negative intercept carbon content being observed for austenitic 

equilibrations at 12730 K (see Table 4.5; Section 4.2.2). However, the 

influence of this reaction is refuted by DM's finding that the residual 

carbon content at l09SoK was in good agreement with the intercept carbon 

content. 

While the cause of residual carbon is not fully understood, the 

immediate concern is to what extent does this phenomenon influence the 

equilibrium thermodynamic properties of ferrite. Smith's approach was to 

subtract the measured residual carbon content from the equilibrated carbon 

contents to yield the active or lattice carbon contents. Similarly, DM 

subtracted the intercept carbon content. This approach assumes that the 



62 

residual carbon content is constant for all equilibrated carbon contents. 

Alternatively, the residual (inactive) carbon content may be 

variable. The basis of this proposition is that if the residual carbon 

is confined to structural features such as sub-grain boundaries, then 

followil'\g full decarburisation an ini tial carbon content gradient wi 11 

exist at these sub-grain boundaries. This is schematically illustrated 

in Fig. 3.8. If the lattice carbon content is subsequently increased 

from zero to some finite amount, then the driving force for the gradient 

such as low energy of occupation [35J, may result in a modified gradient 

which will yield an increased residual (inactive) carbon content. The 

residual carbon content is proportional to the area of the triangles 

defined by the carbon content gradients in Fig. 3.8. 

The net effect of this proposed variable residual carbon content 

is schematically illustrated in Fig. 3.9. The lower plot illustrates the 

lattice carbon content curves obtained by subtracting the variable and 

constant residual carbon content curves from the equilibrated carbon 

content curve. Consequently, if the residual carbon content is 

incorrectly assumed to be constant, then subsequent regression analysis 

~s will yield both a lower value for AG ,and a higher value for w than 
a a 

would otherwise have been determined. Of course, any variation in the 

residual carbon content is expected to be proportional to its initial 

fully decarburised value. Thus. if this were sufficiently small, then 

the assumption that the residual carbon content is constant may be 

satisfactory. 

Results of the analyses of both ferritic and austenitic activity 

data support this variable residual carbon content mechanism (refer to 

Section 4.2). However, the thermodynamiCS of ferrite cannot be 

completely understood at least until the residual carbon content 

phenomenon is fully resolved. 

So far, no investigator appears to have determined the residual 

carbon content for austenite. It would be unrealistic to expect there to 
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Figure 3.8 

location of 
sub-grain boundary 

modified carbon 
content gradient 

/ initial carbon 
content gradient 

Distance 

lattice 
carbon content 

I 

Schematic illustration of the proposed variation in 
the residual (inactive) carbon content gradient at 
sub-grain boundaries. or similar localised structural 
features. 
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Figure 3.9 

~constant residual carbon content 
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UPPER: Schematic illustration of the constant 
residual. variable residual and equilibrated carbon 
content curves. 

LOWER: Schematic illustration of the lattice 
carbon content curves obtained by subtracting the 
variable and constant residual carbon content 
curves from the equilibrated carbon content curve. 
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be none if sub-grain boundaries or a similar common structural feature is 

involved. Regression analysis of Smith's activity data at 1073°K (see 

Table 4.5. Section 4.2.2) suggests that if austenite does exhibit a 

residual carbon content. then it is probably of the same order of 

magnitude as that for ferrite. This supports the viewpoint that the 

mechanism for residual carbon is a common feature of both phases. 

3.2 Selected Experimental Carbon Activity Data 

Having identified CH4 -H2 as being the requisite carburising gas 

mixture. relevant experimental activity data were selected from the 

literature for subsequent use. The basis for selection was the high 

regard with which the sources are viewed by other investigators and the 

adequacy of the determination of the experimental uncertainty errors. 

Unfortunately, the reporting of uncertainty errors by some investigators 

is inadequate. Their importance should not be underestimated. They 

comprise an integral component of any valid regression analysis (refer to 

Section 4.1.2), and should therefore be accorded equal status with the 

data values. The selected experimental carbon activity data and 

uncertainty errors are reported in Sections 3.2.2 and 3.2.3. 

First, however. the evaluation of the equilibrium reaction 

constants and their uncertainty errors is reported in Section 3.2.1. 

3.2.1 The CH4-H2 Equilibrium Reaction Constant 

The equilibrium reaction constant for the CH4 -H2 gas mixture 

reaction 

(3.14) 
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is (refer to Section 3.1.1) 

(3.17) 

The requisite values were calculated by employing thermodynamic 

data from the JANAF Thermochemical Tables [43]. Here, values for 

AG~CH4(T) are tabulated at intervals of 100oK. However. the variation in 

AG~CH4(T) and log K(T)CH
4

' which is also given. means that it is better to 

linearly interpolate the thermodynamic variables in the equation [43] 

(3.29) 

also tabulated at 1000 K intervals. where 

AH~CH4(T) = standard enthalpy change of formation of methane from 

carbon (graphite) and hydrogen at temperature T. and 

= standard entropy of element or compound X at 

temperature T. 

The equilibrium reaction constant has an inherent uncertainty 

error arising from uncertainty errors in the standard enthalpy change and 

entropies. The absolute uncertainty errors reported [43] were for the 

values at the reference temperature. 298. 150 K. These were assumed to be 

valid in the temperature range of interest. Therefore, the absolute 

uncertainty error in the standard Gibbs free energy change of formation of 

methane is 
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= ± 80 + T[±0.01 ± 0.0 ± 2(O.1)J 

= ± [80 + 0.03TJ cal/mol. (3.3'0) 

The uncertainty errors in the equilibrium reaction constants were 

subsequently calculated by subtracting the values calculated without from 

those calculated with the uncertainty error for the standard Gibbs free 

energy change of formation of methane added. 

An additional uncertainty error in the equilibrium reaction 

constant also arises from the uncertainty error in the measured 

equilibration temperature. This additional error was similarly obtained 

by subtracting the reaction constant values calculated without from those 

calculated with the temperature error added. 

3.2.2 The Experimental Carbon Activi ty Data for Austeni te 

The experimental carbon activity data for austenite were drawn 

from two sources, the investigations of Smith [39J, and Lobo and Geiger 

(LG) [45J. 

Smith's CH4 -H2 equilibration data are reported in Table 3.6. He 

employed electrolytic iron exclusively for the austenitic eqUilibrations. 

While he only performed eqUilibrations at 1073 and 12730 K, the quantity of 

data is considerable. The equilibrations at 12730 K were accompanied by 

the slow absorption of silicon by the specimens (refer to Section 3.1.3). 

Smith believed this to be of negligible influence. However, the rate of 

absorption at higher temperatures proved to be excessive. 

Smith employed a calibrated Pt/Pt-Rh thermocouple for temperature 

measurement and control. The variation in temperature during any run was 



Table 3.6 Smith"s CH4 -H2 equilibration data for the activity 
of carbon in austenite. 

a. 
b. 
c. 
d. 
e. 
f. 

Ta 

(Ko) 

1073e 

± 10 K. 
± 3.3%. 

r CH4 -H2 

0.0159 
.0209 

.0228 

.0241 

.0267 

.0316 

.0361 

.0367 

.0396 

.0410 

.0438 

.0444 

.0449 

0.00154 
.00151 
.00157 
.00254 
.00304 
.00355 
.00462 
.00512 
.00540 
.00647 
.00722 
.00746 
.00910 
.00926 

b Carbon content 
(wt. %) 

0.356 
.454 

.484£ 

.516 

.567 

.654 

.733 

.736 

.790 

.803 

.852 

.872 

.877 

0.326 
.331 
.338 
.534 
.631 
.729 
.880 
.974 

1.015 
1.160 
1.258 
1.274 
1.440 
1.476 

± 1% or ± 0.005 wt.%, whichever is greater. 
Ref er to text. 
Electrolytic iron. 

c 
K(T)CH

4
-H

2 

0.0467 
± 0.0024 

± 0.0004 

0.00935 
± 0.00043 
± 0.00006 

d 

This datum point was obtained using the 10% CH4 -H2 primary mixture. 
All others were obtained using the 60% CH4 -H2 primary mixture. 
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This was assumed to be the uncertainty error for this 

analysis. 

As methane is not stable at the temperatures required in the 

purification train (i.e. thermal decomposition). Smith premixed the 

~ethane with hydrogen to give three primary mixtures containing about 10%, 

26%. and 60% methane. These primary mixtures were analysed by combustion 

over copper oxide. The uncertainty error was ± 0.5% of the total methane 

present. Smith determined the gas mixture pressure ratios by metering 

the volume flow rates of the primary mixture and additional hydrogen. 

The uncertainty error in metering was ± 0.5%. Consequently, the 

uncertainty error in the flow rate of methane will be ± 1%. while that for 

hydrogen will be between ± 0.5% and ± 1%. For purposes of this analysis 

it was taken as approximately ± 0.8%. Inspection of Eqn 3.22 reveals 

that the uncertainty error in the gas mixture pressure ratio, rCH H ' can 
4- 2 

conservatively be taken as approximately ± 3.5%. 

Smith employed the combustion method to determine the carbon 

contents. As he did not report the uncertainty error for the high carbon 

content method, the accuracy specification for the LEOO model GC-90 

gravimetric carbon determinator was adopted for this analysis, i.e. ± 1% 

of the carbon present or ± 0.005 wt.% carbon whichever is greater [55J. 

The equilibrium reaction constants, KCH H {T)'s and their 
4- 2 

uncertainty errors were calculated as outlined in Section 3.2.1. The 

first uncertainty error reported is due to the uncertainty error in the 

relative Gibbs free energy of formation of methane, while the second is 

due to the uncertainty error in the equilibration temperature. 

Lobo and Geiger's (LG) [45J CH4-H2 equilibration data are reported 

in Table 3.7. While they performed equilibrations at four temperatures, 

the quantity of data gathered and the temperature range is less than that 

by Smith. LG's investigation was done in conjunction with another on 

ferrite [34J. 



Table 3.7 

Ta 

(oK) 

1056 

1073 

1086 

1121 

a. ± 10 K. 
b. ± 2%. 
c. ± 2%. 
d. Refer to text. 

Lobo and Geiger's CH4 -H2 equilibration data for the 
activity of carbon in austenite. 

b Carbon contentC 
K(T)CH

4
-H

2 

d r CH4 -H2 (wt.%) 

0.0288 0.469 0.0549 
.0384 .611 ± 0.0029 
.0480 .743 ± 0.0005 

0.0142 0.306 0.0467 
.0189 0400 ± 0.0024 
.0237 .493 ± 0.0004 
.0284 .589 
.0331 .674 
.0379 .763 
.0426 .841 

0.0109 0.273 0.0413 
.0146 .361 ± 0.0021 
.0255 .609 ± 0.0004 
.0365 .833 

0.0051 0.204 0.0302 
.0129 0492 ± 0.0015 
.0154 .587 ± 0.0003 
.0206 .766 
.0257 .926 
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LG employed two chromel-alumel thermocouples for temperature 

measurement and control. The measuring thermocouple had been calibrated 

against a pre-calibrated Pt/Pt-10%Rh thermocouple. The temporal and 

spatial variations in temperature during any run were ± 0.5°K each [34J. 

The total variation of ± 10 K was assumed to be the uncertainty error in 

the equilibration temperature for purposes of this analysis. 

LG determined the gas mixture pressure ratios by metering the 

volume flow rates of the pure methane and hydrogen. The uncertainty 

error in metering was ascertained to be about ± 0.5%. Inspection of 

Eqn 3.22 reveals that the uncertainty error in the gas mixture pressure 

ratio can be taken as ± 2%. 

LG determined the carbon contents by the differential weighing 

technique. With this method the specimen is fully decarburised in pure 

hydrogen and then weighed. This weight is then subtracted from the 

normally equilibrated specimen weight to give the weight of the carbon. 

This method is of particular benefit for ferritic equilibrations since it 

automatically corrects for the residual carbon content observed in ferrite 

(refer to Section 3.1.3). However. if the decarburised specimen weights 

were determined at the reported equilibration temperatures, then carbon 

contents reported by LG will be corrected for the residual cabon content 

in ferrite as opposed to that in austenite. Unless the residual carbon 

content in austenite is significantly larger than that in ferrite, this 

'correction' will have negligible influence because it will be swamped by 

the uncertainty error in the carbon content which was reported as ± 2% of 

the carbon content. 

3.2.3 The Experimental Carbon Activity Data for Ferrite 

The experimental carbon activity data for ferrite were drawn from 

three sources. the investigations of Smith [39J. Lobo and Geiger (LG) 

[34J, and Dunn and McLellan (DM) [35J. 



Smith's CH4-H2 equilibration data are reported in Table 3.8. 

While Smith only performed equilibrations at 1023°K and 10730 K, he also 

employed carbonyl iron at the latter temperature in addition to 

electrolytic iron. 
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If the data at 1023°K are plotted (pressure ratio versus carbon 

content) then all data points, except the last, indicate a linear 

dependency. The last point significantly deviates to the right hand side 

indicating that it falls within the ferrite plus austenite two-phase 

field. Consequently, this point was excluded from the analyses. 

The experimental method and the uncertainty errors are essentially 

the same as detailed in Section 3.2.2 for his austenitic equilibrations. 

One difference was the combustion analysis. Here Smith employed the 

low-pressure method with an uncertainty error of ± 0.0007 wt.% carbon. 

Smith determined the residual carbon contents for the two irons by fully 

decarburising samples in pure hydrogen. The results were 0.0040 wt.% 

carbon for the electrolytic iron, and 0.0008 wt.% carbon for the carbonyl 

iron. Both have an uncertainty error of ± 0.0007 wt.% carbon (see Table 

3.5). 

The equilibrium reaction constants and their uncertainty errors 

were again calculated as outlined in Section 3.2.1. The first 

uncertainty error reported is due to the uncertainty error in the relative 

Gibbs free energy of formation of methane, while the second is due to the 

uncertainty error in the equilibration temperature. 

LG's [34J CH4-H2 equilibration data are reported in Table 3.9. 

Unlike their austenitic data, they cover a reasonable temperature range, 

but again there is minimal data at each temperature. Three typographical 

errors in the gas ratio's had to be corrected. This was done by dividing 

the reported activities by the reported equilibrium reaction constants. 

One typographical error in the carbon contents had to be corrected. The 

last figure of the highest carbon content at 1086°K was missing. It was 

determined to be a 3 by visual inspection of LG's plot of the activity 



Table 3.8 Smith's CH4 -H2 equilibration data for the activity 
of carbon in ferrite. 

Ta b Carbon contentC 
K(T)CH

4
-H

2 

d r 
(oK) CH4 -H2 (wt .%) 

1023e 0.0144 0.0090 0.0765 
0.0226 0.0122 ± 0.0041 
0.0295 0.0146 ± 0.0008 
0.0363 0.0168 
0.0436 0.0196 

0.0529 0.0244g 

1073e 0.00045 0.0045 0.0467 
0.00092 0.0046 ± 0.0024 
0.0014 0.0051 ± 0.0004 
0.0025 0.0064 
0.0033 0.0074 
0.0050 0.0088 
0.0065 0.0100 
0.0066 0.0104 
0.0090 0.0130 
0.0091 0.0125 
0.0108 0.0146 
0.0128 0.0152 
0.0129 0.0161 
0.0138 0.0171 

1073f 0.0025 0.0027 0.0467 
0.0051 0.0052 ± 0.0024 
0.0065 0.0063 ± 0.0004 
0.0111 0.0103 
0.0114 0.0104 
0.0127 0.0121 

a. ± 1 K. 
b. ± 3.5%. 
c. ± 0.0007 wt.%. 
d. Refer to text. 
e. Electrolytic iron (residual carbon 0.0040 wt.% ± 0.0007 wt.%). 
f. Carbonyl iron (residual carbon 0.0008 wt.% ± 0.0007 wt.%). 
g. This data point excluded because it falls within the a+~ two-phase 

field. 
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Table 3.9 

955 

975 

1000 

1026 

1056 

1070 

Lobo and Geiger's CH4-Ha equilibration data for the 
activity of carbon in ferrite 

0.0257 
0.0771 
0.1027 
0.0284 
0.1629 

0.0518 

0.0777e 

0.0036e 

0.1295 

0.0263 
0.0569 
0.0613 
0.0701 
0.0876 

0.0129 
0.0193 
0.0322 
0.0386 
0.0450 
0.0514 
0.0546 

0.0048 
0.0096 
0.0144 
0.0192 
0.0240 

0.0048 
0.0097 
0.0145 

c Ca.rbon content 
(wt.%) 

0.0013£ 
0.0038 
0.0047 
0.0061 
0.0074 

0.0042 

0.0062 

0.0082 
0.0101 

0.0038 
0.0090 
0.0089 
0.0098 
0.0131 

0.0043 
0.0052 
0.0103 
0.0110 
0.0135 
0.0156 
0.0164 

0.0028 
0.0054 
0.0079 
0.0110 
0.0137 

0.0033 
0.0070 
0.0103 

0.162 
± 0.009 
± 0.002 

0.129 

± 0.007 

± 0.001 

0.0975 
± 0.0053 
± 0.0010 

0.0742 
± 0.00039 
± 0.0008 

0.0549 
± 0.0029 
± 0.0006 

0.0480 
± 0.0025 
± 0.0005 
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1086 0.0036 
0.0055 
0.0073 
0.0091 
0.0102 

0.0109 

1121 0.0026 

0.003ge 

a. ± 10 K. 
b. ± 2%. 
c. ± 2% (refer to f). 
d. Refer to text. 
e. Corrected typographical errors. 

c Carbon content 
(wt.%) 

0.0036 
0.0053 
0.0072 
0.0095 
0.0099 

0.0103e 

0.0049 

0.0072 

f. Uncertainty error increased to ± 0.00005 wt.%. 

0.0413 
± 0.0021 
± 0.0004 

0.0302 

± 0.0015 
± 0.0003 
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data. 

The experimental method and the uncertainty errors are essentially 

the same as detailed in Section 3.2.2 for the austenitic equilibrations, 

with the exception of the uncertainty error for the very first value 

carbon content. Here the uncertainty error was increased to ± 0.00005 

wt.% carbon, the round-off error. 

Dunn and McLellan's (DM) [35J CH4 -H2 equilibrium data are reported 

in Table 3.10 without the intercept carbon contents having been 

subtracted. There was one typographical error which has been corrected 

here to yield the reported intercept value (see Table 3.3). 

The data cover an even greater temperature range than those of LG. 

However. eight data points at the lower temperatures have gas ratios which 

exceed their equilibrium reaction constants, i.e. they fall within the 

ferrite plus graphite two-phase region. However. the apparently 

equilibrated carbon contents indicate a behaviour that could be 

interpreted as supersaturation, completely unlike the behaviour associated 

with the ferrite plus austenite two-phase field. DM obviously believed 

that these data points were valid as they employed them in their analyses. 

However. LG [34J were of the opposite opinion. The latter opinion is the 

prudent approach in view of the potential for decomposition of methane 

leading to a similar result to that for CO-CO2 gas mixtures (refer to 

Section 3.1.l). Therefore, all eight data points were excluded. 

DM employed a chromel-alumel thermocouple to measure the furnace 

temperatures, but did not report its accuracy or whether or not it had 

been calibrated. Therefore, it was assumed to be of the • special , type 

which has an accuracy specification of ± 0.4% of the temperature in 

degrees centigrade or ± 1.1°K. whichever is greater [56J. DM reported 

that the furnace controller was specified to control the temperature to 

within 2°K. This was interpreted to mean ± 2°K and was added to the 

uncertainty error for the thermocouple to give the total uncertainty 

errors in the equilibration temperatures. 



Table 3.10 

848g 

±4 

883g 

±4 

948 
± 5 

1008 
± 5 

1073 
± 5 

Dunn and McLellan"s CH4 -H2 gas equilibration data 
for the activity of carbon in ferrite 

0.3300 

0.6756£ 

1.1171£ 

1.6189£ 

2.1740£ 

0.1538 
0.2042 
0.2751 

0.4646£ 

0.5439£ 

0.6938£ 

0.0379 
0.0759 
0.1209 
0.1339 
0.1693 

0.2188£ 

0.0154 
0.0434 
0.0527 
0.0599 
0.0680 

0.0054 
0.0067 
0.0085 
0.0101 
0.0113 
0.0115 
0.0126 

Carbon contentC 

(wt.%) 

0.0021 

0.0028 

0.0040 

0.0051 

0.0065 

0.0026 
0.0029 
0.0036 

0.0051 

0.0057 

0.0066 

0.0040 
0.0055 
0.0079 
0.0081 
0.0097 

0.0121 

0.0037 
0.0088 
0.0102 
0.0112 
0.0129 

0.0056 
0.0061 
0.0075 
0.0089 
0.0106 
0.0102 
0.0110 

0.665 

± 0.040 

± 0.038 

0.405 
± 0.024 
± 0.021 

0.176 
± 0.010 
± 0.010 

0.0896 
± 0.0048 
± 0.0046 

0.0467 
± 0.0024 
± 0.0022 
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1098 
±5 

0.00231 
0.00364 
0.00480 
0.00597 

c Carbon content 
(wt.%) 

0.0034e 

0.0050 
0.0063 
0.0081 

a. ± [0.004 x (temp. in °C) + 2J oK. 
b. ± 2%. 
c. ± 2% or ± 0.0005 wt.%. whichever is greater. 
d. Refer to text. 
e. Corrected typographical error. 
f. rCH H > K(T)CH H therefore excluded. 

4- 2 4- 2 

0.0370 
± 0.0019 
± 0.0016 
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DM also determined the pressure ratios by metering the volume flow 

As they did not report the metering accuracy, only that the 

apparatus was similar to that of LG [34J, it was assumed that the accuracy 

was the same, i.e. ± 0.5%. Inspection of Eqn 3.22 reveals that the 

uncertainty error in the gas ratios can be taken as ± 2%. 

DM employed a LEOO low-carbon analyser to measure the equilibrated 

carbon contents. They reported that once calibrated the LEOO was capable 

of analysing NBS standards within 1-2% of the specified carbon contents. 

Unfortuantely, DM did not specify the LEOO model nor accuracy. However, 

Natessan and Kassner [57J reported using a LEOO low-carbon analyser with 

an accuracy specification of ± 2% of the carbon content or ± 0.0005 wt.% 

carbon whichever is greater. Therefore, this was assumed to be the 

uncertainty error in the carbon contents for purposes of this analysis. 
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OIAPTER FOUR 

EVALUATION OF THE MOLAR CARBON-cARBON PAIRWISE INTERACfION ENERGIES AND 

RELATIVE PAlITIAL MOLAR ENTIIALPIES AND EXCESS NON-a>NFlGURATIONAL 

ENTROPIES OF SOLUfION OF CARBON IN AUSTENITE AND FERRITE 

Having established the effectiveness of the CH4-H2 gas carburising 

mixture and selected the experimental activity data accordingly, it 

- ~s remains to evaluate w, AH and AS for austenite and ferrite by regression 

analysis of the data using the Moon equation. 

4.1 The Requisite Regression Methods and Schemes for Analysing the 

Experimental Carbon Activity Data using the Moon Equation 

Before discussing the procedures for analysing the experimental 

activity data, it is useful to establish the meaning of two terms. 

Firstly, the term 'regression method' or 'method' refers to the manner in 

which the activity equation, and subsequently the activity data, are 

manipulated in order to perform the regression analyses. Secondly, the 

term 'regression scheme' or • scheme' refers to the least-squares linear 

regression schemes for fitting these equations to the data. 

The result of any regression analysis is only valid if the correct 

method and scheme is employed. Unfortunately, this has not been the case 

for previous analyses. Therefore, it is necessary to establish the 

requisite methods and schemes. 

4.1.1 The Requisite Regression Methods 

The two previous methods for determining w, AH and ASKS by 

regressing the experimental activity data with either the LFG or MD 
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equations are the '~n-~n' and 'linear-linear' methods. They are reviewed 

in Appendix I. Both methods are based upon separately regressing the 

activi ty data at each equi libration temperature to yield values for (J and 

The principal flaw in these 'constant temperature' methods is that 

~s the values for AG must then be linearly regressed against temperature to 

determine AH and ASKs as constants. 

The key to the requisite regression method lies in the realisation 

that the activity of carbon describes a surface of complex curvature when 

plotted as a function of carbon content and temperature. Therefore the 

activity data should be collectively regressed as a surface. In the case 

of the Moon equation (Eqn 2.10). this • surface' method involves linearly 

regressing 

i{ 
[ 

ri ] [Xi ] m c 
RT ~n i -~n . 

K(T ) n-(n+1)x1 

m c 

-z~n 
[

2[n-( n+1 )x!J]} 
i 6+n-(n+2)x c 

. (4.1) 

Here w. which may be a trial function of temperature. is iteratively 

varied until the sum of the squares of the errors for the linear 

regresssion. X2 (refer to Section 4.1.2). is minimised. 

regression is _ASKS and the intercept is AH, as required. 

The slope of the 

The • surface' regression method of Eqn 4.1 now offers the 

potential for determining the composition and temperature dependence of Ali 

Using the mUltiple linear regression scheme. the left hand 

side of Eqn 4.1 could be regressed against x!, Ti and Ti2 to yield 

A-H AH -ASKS d ASKs h c • xc' an - T ' were 
c 

AH = AH + x All 
c c x (4.2) 

c 
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and 

(4.3) 

This method also circumvents the requirement for large numbers of 

data points at constant temperature. This is particularly beneficial, 

since it is now possible to include data from the upper and lower regions 

of the austenite and ferrite phas~ fields where the carbon solubility is 

severely restricted. However, it does require that any residual carbon 

content be corrected for by means other than determining an intercept 

carbon content. 

This does not mean that the 'constant temperature' method is 

entirely redundant. Apart from determining intercept carbon contents 

when necessary, determining individual values of w and A~s serves to 

indicate both potential temperature dependency and suspicious data. In 

the case of the Moon equation, the 'constant temperature' method involves 

linearly regressing 

i 
r 
m 

K=(=T~)- vs 
m [2[n-(n+l)X~J]Z o+n-(n+2)x 

c 

(4.4) 

using a scheme that forces the line of regression through the origin. 

Again. w is iteratively varied until X2 is minimised. The slope of the 

-::::xs line of regression is the term exp[AG IRTJ. 

To determine an intercept carbon content an iterative procedure 

needs to be followed. An estimate of the intercept carbon content is 

subtracted from the equilibrated carbon contents and w is iteratively 

varied until X2 is minimised. The procedure is then repeated for a new 

estimate of the intercept carbon content until a given combination of 

intercept carbon content and w yields an overall minimum value of X2. 
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A degree of caution must be exercised when employing an intercept 

carbon content as an estimate of the residual carbon content, particularly 

when there is only a small number of data points. This is because in 

determining an intercept carbon content, concomitant values for w and Aaxs 

are determined. Subtraction of the intercept carbon content from the 

equilibrated carbon contents predisposes the results of subsequent 

analyses towards these values for w and Aaxs . Of course, the best method 

of avoiding this circumstance is to preferably measure the residual carbon 

content directly. or alternatively, negate its influence by employing the 

differential weighing method. 

4.1.2 The Requisite Regression Schemes 

The generalised least-squares scheme for linearly regressing the 

variables yi against zi is [59J 

where 

)(2 = 
i y = 
i 

z = 
m = 
b = 
(ai )2 = 
n = 

sum of 

(yi_mzi_b) 2 

(a i }2 

the squares 

ordinate values, 

abscissa values, 

of the 

slope of regression, 

ordinate intercept value. 

effective variance values. 

number of data points. 

(4.5) 

regression errors, 

and 

The effective variance values, the inverse of which are referred to as the 

weighting values. are given by 
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(4.6) 

where 

i 
= uncertainty error in Y t and 

t i 
. i = uncer a nty error In z . 

If the abscissa values are exact (± Azi = 0), and the uncertainty 

i errors in the ordinate values are all equal (± Ay = constant). then the 

general form of Eqn 4.5 reduces to the 'unweighted' form [59J 

x2 = ~ (yi_mzi_b )2 
i=1 

In respect of the regression methods of Eqns 4.1 and 4.4, 

(4.7) 

uncertainty errors in the ordinate and abscissa values arise from the 

uncertainty errors in the experimental activity data values employed in 

their determination (refer to Section 3.2). Furthermore, the uncertainty 

erros are not constant. 

For the 'constant temperature' method of Eqn 4.4, then for 

regression through the origin (b=O) , and weighting according to the 

two-way uncertainty errors, the requisite scheme is 

The slope is determined by minimising X2 with respect to m [59J 

9:!i2 

8m = 

(4.8) 

(4.9) 

Because it is not possible to rearrange this equation to give an explicit 



equation for m, it is necessary to iteratively solve for m by the 

Newton-Raphson method 

where 

m = m -p+1 p 

[8)(2/8m] 

[82)(2/8m2] 

82)(2 = ~ {(Z~)2 + [2m(mzi _yi)(Azi )2J2 

8m2 i=l (0
1 )2 [oi)2J3 
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(4.10) 

(4.11) 

The first estimate of the slope is obtained via the 'unweighted' scheme 

)(2 = ~n (yi_mzi)2 
i=l 

Taking the first derivative with respect to m and rearranging Yields 

n p denotes ~ ) 
i=l 

Subsequently, 2n iterations of Eqn 4.10 ensure convergence. 

( 4.12) 

( 4.13) 

Assessing the uncertainty errors ± Ayi and ± Azi is best done via 

a differencing scheme. Thus, in the case of the term on the left-hand 

side of Eqn 4.4, 

ri + Ari 
Ayi = _-=m~ __ m;.;.;..-_ 

K(T) - AK(T) m m 

( 4.14) 
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where ± Ari and ± AK(T) are the absolute uncertainty errors in the values 
m m 

for the gas ratio and the equilibrium reaction constant for the gas 

mixture m. For the term on the right-hand side of Eqn 4.4. substitute 

iii (x + Ax ) for x and subtract the original term from the modified term to 
c c c 

• A i glve uZ • Note that the uncertainty error in the temperature. AT. has 

not been included in the latter difference, even though the term 

exp[-wIRTJ occurs in the term 0 (Eqn 2.11). The reason for this is 

fundamental. If w = 0, then the uncertainty error in the equilibration 

temperature will be excluded from the analysis by default. It is for 

this reason that the uncertainty error in the equilibration temperature 

must be accounted for via the uncertainty error for the equilibrium 

reaction constant (Section 3.2.1). as would be the case for an ideal 

solution. 

For the • surface' method of Eqn 4.1, and for weighting according 

to the one-way uncertainty error. the requisite scheme is 

( 4.15) 

The one-way uncertainty error arises from the fact that the uncertainty 

error in the equilibration temperature is once again accounted for via the 

uncertainty error in the equilibrium reaction constant. This approach 

was adopted for two reasons. Firstly. it ensures that the uncertainty 

error is uniquely accounted for, since Ti is present in both regression 

terms. Secondly, one-way weighting enables explicit expressions for m 

and b to be derived. The expressions are [59J 

EB - CA 
m = DB _ A2 ( 4.16) 



and 

b DC-EA 
= DB A2 , 

where (~ denotes ~n ) 
i=l 

i 
C = ~ ..... y'--

(Ayi)2 

and 

B 

D 

E 

~ 
1 = 

{Ayi)2 

= ~ 
(zi)2 

{Ayi)2 

i i 
= ~ 

xy 

{Ayi)2 

Assessing the uncertainty error ± Ayi is again done by a 
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( 4.17) 

(4.18) 

differencing scheme. The original term is subtracted from the modified 

iii i i r + Ar ,K{T) - AK(T ) , and x -m m m m c term, where i Ax have been 
c 

substituted for ri , K{Ti ) , and xi respectively, 
m m c 

to yield Ayi. 

Unfortunately, while there are a number of statistical packages 

which perform multiple linear regression, none of those that were 

available permitted variable weighting of the data. This prevented 

determining the composition and temperature dependence of AH and ASKs via 

the 'surface' method, as discussed in Section 4.1.1. 

4.2 6), Aif and ASKS for Fe-C Austenite and Ferrite 

Having established the requisite . surface' method of analysis for 

- -;o{s 
the experimental carbon activity data, W, AH and AS can now be 

determined for austenite and ferrite. 

As discussed in Section 4.1, the 'constant temperature' method of 

analysis is still required for determining intercept carbon contents. It 
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is also useful for independently examining data and comparing results at 

different temperatures, or, alternatively sourced data and results at the 

same temperature. Therefore, full advantage was taken of this method 

when analysing the activity data. 

Experimental scatter in the data can give rise to erroneous 

results if too few data points are regressed. Unfortunately, there are 

very few data points at some temperatures. Therefore, it was arbitrarily 

decided that a minimum of five data points were necessary to ensure a 

satisfactory degree of reliability whilst still enabling results to be 

determined at a reasonable number of temperatures. 

4.2.1 Ii} • 
a 

AH and JJf's 
a a 

The 'constant temperature' method results for Smith's [39J data 

for the activity of carbon in ferrite (see Table 3.8) are given in Table 

4.1. The intercept carbon contents are almost identical to those 

determined from Smith's data using unweighted linear regression (see Table 

3.2) . Likewise, they are in excellent agreement with the residual carbon 

contents measured by Smith (see Table 3.5). Subsequently, the residual 

carbon contents were subtracted from the equilibrated carbon contents to 

give the lattice carbon contents. Also. the uncertainty error in the 

residual carbon contents, which is equal to that for the equilibrated 

carbon contents, was added to the latter to give the uncertainty error in 

the lattice carbon contents. ° ~s At 1073 K the value for AG for carbonyl a 

iron is observed to be Significantly higher than that for electrolytic 

iron. This observation is discusssed further when the results for all of 

the data are compared later in this section. 

The 'constant temperature' method results for LG's [34J data for 

the activity of carbon in ferrite (see Table 3.9) are given in Table 4.2. 

There were insufficient data points at 9750 K. 1070oK, and 1121°K to 

reliably determine the intercept carbon contents. The effectiveness of 



Table 4.1 

T 
(oK) 

1023a 

1073a 

1073b 

a. 
b. 

The intercept carbon contents and values for ~ , a 

and AGKs determined by the 'constant temperature' 
a 

method from Smith's data for the activity of carbon 

in ferrite. 

89 

Determination of Residual carbon 
intercept carbon content content removed 

Intercept ~ A(f<s ~ A(f<s 
carbon a a a a 

content 
(wt.%) (J/mol) (J/mol) (J/mol) (J/mol) 

0.0038 + <Xl 65860 -26300 66154 

0.0040 + <Xl 65009 + <Xl 65009 

0.0005 + <Xl 65516 -42400 66418 

Electrolytic iron. 
Carbonyl iron. 
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Table 4.2 The intercept carbon contents and values for w 
a 

and AGKs determined by the 'constant temperature' 
a 

method from Lobo and Geiger's data for the activity 

carbon in ferrite. 

Determination of Residual carbon 
intercept carbon content content removed 

Intercept w AGKs 
w AfIXs 

carbon a a a a 

T content 
(OK) (wt.%) (J/mol) (J/mol) (J/mol) (J/mol) 

955 0.0002 -34500 72370 + (X) 71694 

975a ,b + (X) 70900 

1000 -0.0001 -21100 69848 -31900 70110 

1026 0.0009 -46200 70008 +00 67920 

1056 0.0004 -44900 68326 + (X) 67030 

1070a 

1086 0.0001 -29900 66778 + (X) 66525 

1121a 

a. Less than five data points at these temperatures. 
b. Origin comprises the fifth datum point. 
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the differential weighting method is evidenced by all but one of the 

intercept carbon contents being small. The large scatter in the activity 

data at 10260 Kis almost certainly responsible for the high intercept 

carbon content. In turn, this would account for the high value for A~s 
a 

in comparison to the other values. Alternatively, if the origin is 

~s included in the regressions, then the values for AG vary regularly with a 

temperature. 

The 'constant temperature' method results for DM's [35J data for 

the activity of carbon in ferrite (see Table 3.10), are given in Table 

4.3. The intercept carbon contents were intially determined by allowing 

w to take the value which Yielded the optimum regression fit, as for 
a 

previous intercept determinations. However, at 10730 K, the value for 

A~s is significantly higher than the values at the other two 
a 

temperatures. Subsequently, the intercept carbon contents were 

redetermined by taking w = O. 
a 

The new value for A~s at 10730 K is now 

in good agreement with the values at the other two temperatures. The 

reason for the aberration at 1073°K is a combination of the activity data 

being confined to the upper half of the solubility range, and apparent 

experimental deviation of the first datum point. The data and results at 

1073° were therefore rejected .. 

The values for w and A~s determined from Smith's (Table 4.1. a a 

residual carbon content removed), LG's (Table 4.2, no intercept carbon 

content), and DM's (Table 4.3, w = 7) data are plotted against 
a 

temperature in Figure 4.1. Other than the apparent linear dependence of 

A~s on temperature, the most notable feature is the low values for 
a 

Smith's data based on electrolytic iron. Given that the only known 

difference between Smith's equilibrations with electrolytic and carbonyl 

iron is the high residual carbon content for the former in comparison to 

the latter (Table 3.5), then this result can be explained by the variable 

residual carbon content theory (refer to Section 3.1.3). Indeed, the 

value of A~s for DM's data at 94SoK, which also have a relatively high 
a 
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Table 4.3 The Intercept carbon contents and values for w 
a 

and A~s determined by the 'constant 
a 

method from Dunn and McLellan's data 

of carbon in ferrite. 

w = ? a 

Intercept 
carbon 

T content w Af1's 
a a 

(oK) (wt.%) (J/mol) (J/mol) 

848a 

883a 

948 0.0023 -28000 71232 

1008 0.0010 - (X) 69747 

1073 0.0032 -66000 73986 

1098a 

a. Less than five data points 
at these temperatures. 

temperature' 

for the activity 

w = 0 a 

Intercept 
carbon 

content Af1' 
a 

(wt.%) (J/mol) 

0.0023 71142 

0.0010 69752 

0.0010 66491 



w X 10- 3 

a 
(J/mol) 

!J.CXs X 10- 3 

a 
(J/mol) 
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Figure 4.1 

I 

III 

• - Lobo and Geiger 
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I 
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• 
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I 

.... • 
T 

I 
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The values for hl and AGKs determined by the a a 
'constant temperature' method from Smith's, Lobo 
and Geiger's, and Dunn and McLellan's data for 
the activity of carbon in ferrite. 
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intercept carbon content (see Table 3.4), is similarly observed to be 

slightly low. Of course, a degree of variation arises from experimental 

scatter in the activity data. Large experimental scatter in LG's data at 

1026°K, as discussed earlier, is believed to be the reason that A~s at a 

this temperature is also observed to be slightly low. The very good 

agreement amongst the remaining values of A~s suggests that the residual 
a 

carbon content in the iron employed by LG is comparable to that for 

Smith's carbonyl iron and DM's intercept carbon content at 100SoK, 

typically ~ 0.001 wt.% carbon. 

The values for w cannot be sensibly compared because the majority 
a 

are determined to be positive infinite. 

It is my belief that the previously discussed explanations for the 

low values of A~s are valid and constitute sufficient grounds for 
a 

rejecting the associated data in favour of the remaining 

data. Subsequently, Smith's carbonyl iron data with the residual carbon 

content subtracted, all of LG's data except that at 1026°K, and DM's data 

at 100SoK, were collectively regressed by the • surface' method to yield 

w , AH and A§Ks (see Table 4.4). a a a A marginally better regression fit was 

achieved when w was assumed to be a linear function of temperature than a 

when it was assumed to be constant. In both instances, the linear 

temperature dependence of A~s (see Fig. 4.2), is consistent with the a 

variation exhibited by the individual evaluations. 

Within the temperature range of the experimental activity data w 
a 

is determined to be negative according to the linear temperature dependent 

evaluation. However, this dependence gives w positive when T < 62BoK. 
a 

This qualitatively disagrees with the value of w = - 7950 J/mol 
a 

determined by Keefer and Wert (KW) [16J at 24SoK using the internal 

friction technique. Alternatively, the constant value of w = - S660 a 

J/mol is in very good quantitative agreement. However, this value for w 
a 

cannot be considered to be very reliable. This is because the activity 

of carbon in ferrite is, for all practical purposes, constant with respect 



Table 4.4 - ~s The values for ~ , AH , and A~ determined by the 
a a a 

• surface' method from Lobo and Geiger' sa, Smith'sb, 

and Dunn and McLellan'sc data for the activity of 

w 
a 

(J/mol) 

35500-56.5T 

-8660 

a. 
b. 
c. 

carbon in ferrite. 

Ail a 
(J/rnol) 

109613 

109863 

Excluding data at 1026°K. 
Carbonyl iron data. 
Data at 1008°K. 

39.71 

40.00 
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GJ X 10- 3 

a 
(J/mol) 

ACfCS X 10-3 

a 
CJ/mol) 

o 
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Figure 4.2 

/' (Va ;:::: - 8660 J/mol 

-----------------------

= 35500 - 56.5T J/mol 

= 109613 - 39.71T J/mol 

AG"-S ;:::: 
a 

"'" 109863 - 40.00T. J/mol~ ~ ~ 

1000 1100 

Temperature (oK) 

The dependence of w and A'f1's on temperature a a 
determined by the • surface' method from Smith's. 
Lobo and Geiger' s. and Dunn and McLellan' s data 
for the activity of carbon in ferrite. 
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to w when wIT> -15 (see Fig. 2.6, also note the composition 
a a 

dependence) . Under this condition, w will be very sensitive to 
a 

variations in the data. The lowest temperature for which data was 

97 

included in the analysis was 956°1{. Therefore, only if w < -14340 J/mol a 

(approximately) can any degree of confidence be placed in a specific 

value. This is the case for the temperature dependent evaluaton. This 

does not mean that the constant value result should be dismissed. If 

indeed w is constant in reality, then the only valid conclusion that can a 

be drawn on the basis of this result is that w > -14340 J/mol. a 

4.2.2 w • 
-r 

The 'constant temperature' method results for Smith's [39J data 

for the activity of carbon in austenite (see Table 3.6) are given in 

Table 4.5. The most obvious result is the very large negative intercept 

carbon content and higher value for w at 1273°1{. 
-r 

This is the 

consequence of hydrogen reducing silica from the silica furnace tube 

(refer to Section 3.1.2). This result clearly refutes Smith's conclusion 

that the extent of this reaction was not sufficient to change the gas 

composition appreciably. Two results are given for Smith's data at 

The first is for all data points, while the second excludes the 

datum point obtained using the 10% CH4-H2 primary mixture. The further 

removal of anyone datum point only results in a maximum variation in the 

intercept carbon content of ± 0.001 wt.%. This strongly suggests that 

there may be systematic differences in the activity data obtained from 

different CH4-H2 primary mixtures. If this is the case, then it is 

necessary to reject any result based on data originating from more than 

one primary mixture. This is because mixing the data can only lead to 

erroneous results. Consequently, the first result was rejected in favour 

of the second result. 



Table 4.5 

1073 

1273 

The intercept carbon contents and values for w and 
'Y 

A~s determined by the 'constant temperature' method 
'Y 

from Smith's data for the activity of carbon in 

austenite. 

Intercept carbon 

content w f(f<s 
'Y 'Y 

(wt.%) (J/mol) (J/mol) 

0.010 3164 26553 

0.004 3730 26293 

-0.060 7676 21869 

a. Datum point from 10% CH4-H2 primary mixture removed. 

98 



99 

The intercept carbon content for the second result is especially 

interesting. as it is equal to the residual carbon content measured by 

Smith in ferritic electrolytic iron (see Table 3.2). While it is not 

possible to conclude on the basis of this one result that austenite 

exhibits a residual carbon content. it cannot be rejected either. If 

indeed this result is valid, then it indicates that the mechanism for 

residual carbon is not unique to ferrite. This result also augurs well 

for the differential weighing method employed by LG, since their fully 

decarburised specimens were ferritic. Of course, the question arises as 

to whether this is an aberration based on the 60% primary mixtue being in 

error. Again, while it is not possible to reject this case, any 

systematic difference in the primary mixtures is expected to be reflected 

. h I f w and '~G s h han' h i b ln t e va ues or II rat er t ln t e ntercept car on content. 

While the validity of employing the weighted regression scheme is 

not in doubt, the error in employing the unweighted regression scheme is 

demonstrated by the very different results given in Table 4.6. 

The 'constant temperature' method results for LG's [ 4S] data for 

the activity of carbon in austenite (see Table 3.7). are given in Table 

4.7. There were insufficient data points at 1056°K and 1086°K to 

reliably determine the intercept carbon contents. Those determined at 

10730 K and 1121°K are evidence of the suitability of the differential 

weighing method for austenitic equilibrations. This is particularly 

important, since the fully decarbised specimens were ferritic. This also 

supports the intercept carbon content result determined for Smith at 

Subsequently, the origin was included in the regressions. At 

1086°K the origin comprises the fifth data point. 

The values for w and AGKs determined from Smith's and LG's data 
"'{ "'{ 

are plotted against temperature in Fig. 4.3. Unlike w~. w"'{ can be 

compared. The values for Smith are clearly at variance with the 

consistent values for LG. as was the case for Smith's ferritic values for 

electrolytic iron. The high value for w and low value for AGKs is 
"'{ 'Y 



Table 4.6 

T 

(OK) 

1073 

1073a 

1273 

The intercept carbon contents and values for w and 
'Y 

A~s determined by the 'constant temperature' method 
'Y 

from Smith's data for the activity of carbon in 

austeni te using 'unweighted' regression. 

Intercept carbon 

content w lJ.~s 
I' I' 

(wt. %) (J/mol) (J/mol) 

0.010 3166 26554 

0.012 3245 26554 

-0.077 8466 21357 

a. Datum point from 10% CH4-H2 primary mixture removed. 

100 



101 

Table 4.7 The intercept carbon contents and values for w 
"Y 

and AGFs determined by the 'constant temperature' 
"Y 

method from Lobo and Geiger's data for the activity of 

carbon in austenite. 

Determination of 
intercept carbon content 

Intercept carbon w Acrs 
"Y "Y 

T content 

(oK) (wt.%) (J/mol) (J/mol) 

1056a 

1073 -0.001 1673 26886 

1086a ,b 

1121 0.000 1405 26588 

a. Less than five data points at these 
temperatures. 

b. Origin comprises the fifth datum point. 

Regression through 
origin 

w Acrs 
"Y "Y 

(J/mol) (J/mol) 

1605 26924 

1837 26989 

1405 26588 



W X 10-3 

"Y 

(J/mol) 

A(J'S X 10- 3 

"Y 

(J/mol) 

4 ,.... 

2 ,.... 

a -
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I 

1100 1200 

Temperature (oK) 

The values for w and A~s determined by the 
a "Y 

'constant temperature' method from Smith's, and 
Lobo and Geiger's data for the activity of carbon 
in austenite. 
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consistent with the result expected if the residual carbon content is at 

least as great as that for ferritic electrolytic iron and as variable. 

This discrepancy cannot be attributed to any error in the 60% primary 

mixture being employed, as this would result in w and AGXs both being 
~ ~ 

high or low. Therefore, Smith's data were rejected. 

Subsequently, LG's data at 1073°, 1086°K and 1121 0 K were 

collectively regressed by the 'surface' method to yield w , AH and 
~ ~ 

ASXs (Table 4.8). 
~ . 

A marginally better regression fit was achieved when 

w was assumed to be a linear functon of temperature than when it was 
~ 

assumed to be constant. The linear temperature dependence of w (see 
~ 

Fig. 4.4), is consistent with the variation exhibited by the individual 

In both instances the linear temperature dependence of AGXs 
~ 

evaluations. 

(see Fig. 4.4) is consistent with the variation exhibited by the 

individual evaluations. In both cases, within the temperature range of 

LG's activity data, w is determined to be positive and in good agreement 
~ 

with the earlier evaluations of SBA [5J, also employing the data of LG. 

However. the negative slope for the temperature dependent evaluation gives 

w negative when T > 1302°K. 
~ 

No comparison can be made with any internal friction result 

because the temperature range for Fe-C austenite is too high for this 

technique [16J. 
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Table 4.8 The values for w , AIl , and ASKS determined by the 
"Y "Y "Y 

• surface' method from Lobo and Geiger'sa data for the 

W 
"Y 

(J/mol) 

5430-3.621 

1466 

activity of carbon in austenite. 

AH 
"Y 

(J/mol) 

35321 7.748 

36443 8.774 

a. Excluding data at 1056°K. 



w X 10-3 

'Y 

(J/mol) 

Ac:,S X 10- 3 

(J/mol) 
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Figure 4.4 

"w = 1466 J/mol 
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Temperature (oK) 

The dependence of w and AGKs on temperature 
'Y 'T 
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1200 

determined by the • surface' method, and the values 

for w and AGKs determined by the 'constant 
'T 'T 

temperature' method from Lobo and Geiger's data 
for the activity of carbon in austenite. 



aIAPTER FIVE 

CALaJLATION OF THE MEfASTABLE a/'Y EQUILIBRIUM AND THE SOLUBILITIES OF 

GRAPHITE IN AUSTENITE AND FERRITE 

106 

The values for w, AH and ASKs determined for austenite and ferrite 

were employed to calculate the metastable al'"r equilibrium and the 

solubilities of graphite in austenite and ferrite. The requisite 

equations and methods of solving them are discussed in Section 5.1 and the 

results are presented in Section 5.2. In an attempt to determine the 

validity of the assumptions that W and ware either linearly dependent 
'Y a 

on temperature or constant, the calculations were repeated for both cases 

and the results compared and evaluated. 

5.1 The Equilibrium Equations and the Methods of Solution 

The solubilities of graphite in austenite and ferrite (the 

'"r/'"r+graphite and a/a+graphite stable equilibrium phase boundaries) were 

calculated by solving [42] 

and 

for x over the appropriate temperature ranges. 
c 

(5.1) 

(5.2) 

An iterative interval 

search and bisection root-solving method was employed. The convergence 

criteria for each equation was 5 and 7 decimal place accuracy for x • 
c 

respectively. 

The a/a+'"r and '"r/'"r+a metastable equilibrium phase boundaries were 

calculated by the usual free energy-composition curves 
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tangent-construction method [42J. This involves equating the partial 

molar Gibbs free energies of solution of iron and carbon in austenite and 

ferrite, i.e. 

and 

where 

RT-B a 
~e 

RT-Bnaa :::: RT-Bna'Y 
c c 

AG;;a :::: Gibbs free energy change for the fcc to bcc 

transformation in iron (J/mol). 

(5.3) 

(5.4) 

Equations 5.3 and 5.4 could not be solved for x exactly. 
c Instead. the 

carbon contents for ferrite and austenite were iteratively varied by iO.5% 

and iO.1% of their total contents respectively until the convergence 

criteria were achieved. These were a maximum difference between the 

left- and right-hand sides of iO.1 J/mol and i1 J/mol for Eqns 5.3 and 5.4 

respectively. Thus, the uncertainty error in the equilibrium carbon 

contents is not worse than iO.5% and iO.1% for ferrite and austenite 

respectively. Attempts at tightening the above convergence parameters 

lead to difficulties in achieving convergence. Below 9500 K the carbon 

content for ferrite had to be iteratively varied by i1% of the total 

content to achieve convergence. It is not immediately obvious why this 

should be the case. 

Kaufman. Clougherty and Weiss's [60J tabulated values for the 

Gibbs free energy change for the fcc to bcc transformation in iron (Table 

5.1) were employed in this investigation because they were the most 

comprehensive evaluation that I was aware of. Values at temperatures 
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Table 5.1 The Gibbs free energy change for the fcc to bcc 
transformation in iron (cal/mol) as determined by 

Kaufman. Clougherty and Weiss. 

T (oK) 0 20 40 60 80 

0 -1303 

100 -1297 

200 -1223 

300 -1085 -1043 -1021 -990 -956 

400 -921 -888 -855 -819 -784 

500 -749 -706 -681 -649 -619 

600 -586 -553 -517 -491 -462 

700 -424 -400 -375 -342 -312 

800 -282 -256 -230 -201 -178 

900 -158 -133 -120 -105 -89 

1000 -76 -63 -50 -39 -29 

1100 -20 -13 -8 -4 -1 Oa 

1200 3 6 9 11 13 

1300 14 15 16 16 17 

1400 17 17 17 16 16 

1500 15 13 12 10 8 

1600 6 4 2 0.5 Ob -2 

1700 -4 -7 -11 -15 -19 

1800 -25 -31c 

a. a ~ ~ at 1185°K. 
b. ~ ~ 0 at 1665°K. 
c. 0 ~ liquid at 1810oK. 
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between those which are tabulated were calculated by linear interpolation. 

This conveniently yields the temperature for the fcc to bcc transformation 

as 11850 K. in agreement with current evaluations [6. 7J. 

5.2 The Calculated aI~ Equilibrium and Solubilities of Graphite in 

Austenite and Ferrite 

The calculated solubilities of graphite in austenite (~/~+graphite 

stable phase boundary) for the two cases when w is assumed to be either a 
~ 

linear function of temperature or constant. together with that reported by 

Chipman [6 J. are given in Table 5.2. There is significant divergence in 

the solubilities for the two cases as the temperature increases. While 

the w constant case yields the lower solubility. in both cases they are 
~ 

higher than that determined by Chipman [6J when he prepared the Fe-C phase 

diagram for the 8th edition of the Metals Handbook of the American Society 

for Metals (ASM) [7J. However. this was expected to be the case as his 

was determined from the experimental CO-CO2 activity data of Ban-ya. 

Elliott and Chipman (BEC) [38. 50J (refer to Section 3.1.2). 

The temperature at which the solubility of graphite intercepts the 

~/~+liquid phase boundary (~-solidus) is that of the graphite (stable) 

eutectic. Buckley and Hume-Rothery [61J experimentally confirmed earlier 

evaluations of the graphite eutectic temperature of 1426°K ±2°K. Chipman 

subsequently increased it by 10 K to 1427°K. in accordance with the 

International Practical Temperature Scale of 1968. Thus. any legitimate 

determination of the solubility of graphite in austenite must yield the 

graphite eutectic temperature within the prescribed uncertainty. 

According to Chipman, the best determination of the ~-solidus is 

that of Benz and Elliott [62J. Their ~-solidus. as reported by Chipman. 

is given in Table 5.3. Chipman gave the ~-solidus of Benz and Elliott a 

slight inflection with onward curvature near its lower end to ensure that 

his solubility of graphite met the above criteria. However. for this 

investigation. the ~-solidus reported by Chipman was linearly extrapolated 



Table 5.2 The calculated solubility of graphite in 
austenite ("Y/"Y+graphite phase boundary) 

a. 
b. 
c. 

W 
"Y 

linear f[T] 

1010a 0.72a 

lO11a 

1023 0.76 

1073 0.91 

1123 1.07 

1173 1.25 

1223 1.44 

1273 1.64 

1323 1.86 

1373 2.08 

1409b 2.25c 

1425b 

1427b 

Graphite (stable) eutectoid. 
Graphite eutectic temperature. 

Carbon content 
(wt.%) 

W 
"Y 

constant 

0.72a 

0.76 

0.91 

1.07 

1.24 

1.42 

1.60 

1. 79 

1.97 

2.16c 

Maximum stable solubility of carbon in austenite. 

Chipman 

(reported) 

0.68a 

0.87 

1.19 

1.53 

1.89 

2.08c 
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Table 5.3 The 'Y-solidus ('Y/'Y+liquid phase boundary) 

a. 
b. 

c. 

d. 
e. 

f. 
g. 

h. 
i. 

T Carbon content 
(oK) (wt.%) 

Chipman "(-solidus linear 

1800a 0.0 

1768 0.17 

1723 0.42 

1673 0.71 

1623 1.01 1.01b 

1573 1.30 1.30b 

1523 1.59 1.59b 

1473 1.85c 

1427h 2.08d 

1425h 2.16e 

1421i 2.11 f 2.18f 

1409 2.25g 

The metastable melting temperature of "(-iron. 
The solubilities employed for the purpose of linearly extrapolating 
the "(-solidus. 
The solubility employed by Chipman to give a slight inflection with 
downward curvature to the "(-solidus. 
The maximum stable solubility of carbon in austenite (Chipman). 
The maximum stable solubility of carbon in austenite (w constant). 

"( 

The maximum metastable solubility of carbon in austenite. 
The maximum stable solubility of carbon in austenite (w = f[T]). 

"( 

Graphite eutectic temperature. 
Cementite eutectic temperature. 
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instead. Subsequently, the calculated solubility of graphite for the 

case when w is constant intercepts the linearly extrapolated ~-solidus at 
~ 

14250K and 2.16 wt.% carbon. In the case of w a linear function of 
~ 

temperature it intercepts at 14090K and 2.25 wt.% carbon. On the basis of 

these two intercept temperatures. the case for w constant was taken to be 
~ 

proven. while the case for w being a linear functon of temperature was 
~ 

taken to be rejected. However. this finding can only be regarded as 

tentative. This is principally because the quantity and temperature 

range of the austenitic activity data employed was very limited. The 

calculated solubility of graphite in austenite when w is constant and the 
~ 

linearly extrapolated ~-solidus are illustrated in Fig. 5.1. The 

cementite (metastable) eutectic temperature has been established to be 

14210K according to Chipman. The ~-solidus composition at 14210K is 2.18 

wt.% carbon. Thus the maximum stable and metastable solubilities of 

carbon in austenite are determined to be 2.16 wt.% carbon at 14250K and 

° . 2.18 wt.% carbon at 1421 K respectively. 

The calculated solubilities of graphite in ferrite (a/a+graphite 

stable phase boundary) for the two cases when w is assumed to be either a 
a 

linear function of temperature or constant. exhibited a maximum difference 

of approximately 0.5% of the total carbon content at 1010oK. Because 

this difference is the same size as the uncertainty error in determining 

the a/a+~ metastable phase boundary (refer to Section 5.1). and having 

regard to the finding that w is constant, then the solubility for the 
~ 

case when w constant was adopted. 
a 

The solubility is given in Table 5.4, 

together with that reported by Chipman. and illustrated in Fig 5.2. 

The metastable a/~ equilibrium was calculated for the case when 

both w and ware constant. in accordance with the calculated stable a ~ 

solubilities of graphite. The ~/~+a phase boundary is given in Table 5.5 

and illustrated in Figs 5.3 and 5.1. The graphite eutectoid is 

determined to be 0.72 wt.% carbon at 1010oK. in comparison to 0.68 wt.% 

carbon at 1011°K determined by Chipman. While the temperature difference 
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1600 r-----~-------.--~--~-------.-------.------~ 
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'Y + liquid 
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1400 a. 2.16 wt.%C / 1421°K 
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Figure 5.1 

d 10000K 

1.0 2.0 3.0 

Carbon content (wt.%) 

The calculated solubility of graphite in austenite 
(w constant) and the ~-solidus line. 
~ 
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Table 5.4 The calculated solubility of graphite in ferrite 
(a/a+graphi te phase boundary) 

T Carbon content 
(oK) (wt.%) 

w Chipman 
ex 

constant (reported) 

1011 0.0206a 

1010 0.0165a 

1000 0.0145 

973 0.0100 0.0127 

950 0.0072 

923 0.0048 0.0063 

900 0.0033 

873 0.0021 0.0028 

850 0.0014 

823 0.00085 0.00117 

800 0.00053 

773 0.00030 0.00043 

723 0.00009 0.000135 

700 0.00005 

673 0.000037 

a. Maximum metastable solubility of carbon ferrite. 
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a. 0.0165 wt.%C 
b. 0.0167 wt.%C 

a + 'i 

a 

a 10100 K 
- - --- Ib 10000 K .--..--

."".. 

/ ,/' 

/' 
/ / 

a+ graphite / 
/ 

/ 
/ stable 

/ metastable 

/ 
metastable extrapolated 

0.01 0.02 

Carbon content (wt.%) 

The calculated a/a~ phase boundary and solubility 
of graphite in ferrite (w and w constant). a ,. 



Table 5.5 The calculated 7/7+a phase boundary 

1185a 

1175 

1150 

1125 

1100 

1075 

1050 

1025 

10IQb 

1000c 

950 

900 

850 

800 

750 

700 

a. 7~ transformation temperature. 
b. Graphite (stable) eutectoid. 
c. Cementite (metastable) eutectoid. 

Carbon content 
(wt .%) 

w' s constant 

0.0 

0.017 

0.060 

0.12 

0.20 

0.32 

0.45 

0.61 

0.72b 

0.79c 

1.18 

1.67 

2.27 

2.96 

3.71 

4.38 
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is minimal, the higher carbon content is due again to the fact that 

Chipman employed 00-002 based activity data as opposed to the CH4-H2 based 

data employed here. The cementite eutectoid temperature has been 

established to be 10000 K according to Chipman. The ~/~+a phase boundary 

gives the cementite eutectoid carbon content as 0.79 wt.%, in comparison 

to 0.77 wt.% carbon determined by Chipman. 

The a/a+~ phase boundary, together with the carbon contents 

determined by Stanley [63J using a decarburisation technique, are given in 

Table 5.6 and illustrated in Fig. 5.2. The agreement with Stanley's 

carbon contents is excellent. The a/a+~ phase boundary intercepts the 

a/a+graphite phase boundary at 1010oK. as required. and gives the maximum 

stable solubility of carbon in ferrite as 0.0165 wt.%, in comparison to 

0.0206 wt.% carbon determined by Chipman. The lower solubility is 

explained by the fact that Chipman employed the apparently faulty activity 

data of Smith [39J (refer to Section 4.2.1). At the cementite eutectoid 

temperature of 10000 K the a/a+~ phase boundary gives the maximum 

metastable solubility of carbon in ferrite as 0.0167 wt.%. in comparison 

to 0.0218 wt.% carbon determined by Chipman. 

A particular point to note is that below 10000 K the a/a+~ phase 

boundary exhibits a rapid onset of retrograde behaviour. while the ~/~+a 

phase boundary exhibits little deviation (also refer to Table 5.6 and Fig. 

5.3). 



Table 5.6 The calculated metastable a/a+7 phase boundary 

(U's 

constant 

1185a 0.0 

1148 0.0038 

1123 0.0062 

1098 0.0090 

1073 0.0120 

1048 0.0141 

1023 0.0158 

1010 0.0165b 

1000 0.0167c 

980 0.0168 

960 0.0169 

900 0.0145 

850 0.0132 

800 0.0104 

750 0.0074 

700 0.0046 

a. ~~ transformation temperature. 

Carbon content 
(wt.%) 

b. Maximum stable solubility of carbon in ferrite. 
c. Maximum metastable solubility of carbon in ferrite. 

Stanley 

(decarb. ) 

0.004 

0.0065 

0.0095 

0.012 

0.014 

0.016 

ll8 
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rnAPTER SIX 

mNCLUSIONS 

Even though the LFG. MD and Moon first-order quasi-chemical 

equations for the activity of carbon in Fe~C austenite and ferrite are 

mathematically equivalent. only the Moon equation is suitable for 

performing calcula~ions on a computer. Furthermore. the arithmetic 

precision of the computer is of primary importance to the accuracy of the 

calculations. According to the first-order quasi-chemical formalism. it 

is not possible to distinguish a positive value for w . 
a 

Two significant improvements in evaluating w. AH and ASXs by 

treating these terms as disposable and fitting the equation to 

experimental activity data have been made. The first involves the use of 

the • surface' regression method. This allows experimental activity data 

covering a range of temperature to be grouped and regressed as a whole. 

The use of this method is considered essential. since it reflects the 

purpose for which the values of w, AH and ASXs are intended. This method 

can also be readily modified to account for any composition and 

temperature dependence in AH and ASXs . The previous 'constant 

temperature' method of regressing activity data remains a useful tool for 

determining residual carbon contents. The second significant improvement 

involves the use of weighted regression analysis when fitting the equation 

to the activity data. This accounts for the variation in the uncertainty 

error in the data and hence the reliability. 

The uncertainty concerning the suitability of the CO-CO2. CH4-H2. 

and C02-H2 gas carburising mixtures has been resolved. The CO-CO2 

mixture is fundamentally unsuitable because it is subject to thermal 

decomposition as a result of the experimental procedures employed. 

Previously suspected formation of higher hydrocarbons from methane is 

inconsequential. However. the CH4-H2 and C02-H2 gas mixtures are 
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unsuitable for use above a certain temperature if a silica furnace tube is 

employed. The critical temperature is between 1121°K and 12730 K. 

Previously. investigators have simply subtracted the residual 

carbon contents observed in ferrite. on the assumption that this carbon 

content is inactive. Analysis results indicate that the inactive carbon 

content may increase with increasing equilibrated carbon content. If. 

however, the residual carbon content is sufficiently small, then the error 

in subtracting it from the equilibrated carbon contents should be 

negligible. 

As with previous investigations, w. is concluded to be finite 
~ 

positive. While regression analysis of the data yielded a slightly 

better fit if w is assumed to be temperature dependent. calculation of 
~ 

the solubility of graphite in austenite favoured the constant value. 

While the constant value was subsequently preferred, no firm conclusion 

can be drawn on the temperature dependence of w because of the limited 
~ 

quantity of data employed. While w was determined to be finite a 

negative, the value essentially fell within the range where the activity 

of carbon in ferrite is independent of w . 
a Thus, even though regression 

analysis yielded a slightly better fit if w is assumed to be temperature a 

dependent, calculation of the solubility of graphite in ferrite 

essentially failed to distinguish between the two. 

Calculation of the aI~ equilibrium and solubilities of graphite in 

austenite and ferrite yielded significantly different results from those 

reported by Chipman when he revised the Fe-C phase diagram. The maximum 

solubility of carbon in ferrite was determined to be 20% less than that 

reported by Chipman. This result is considered to be a better 

determination than Chipman's, which was based on the apparently defective 

activity data of Smith. The maximum solubility of carbon in austenite 

was determined to be 6% higher than that reported by Chipman. This 

result is also considered to be a better determination than Chipman's, 

since he employed data based on equilibration with 00-002. Similarly, 
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the solubility of carbon at the eutectoid is determined to be 

approximately 2.6% higher. The calculated graphite eutectic and 

eutectoid temperatures were in excellent agreement with the established 

values. 

Four recommendations can be made : 

(1) The use of the Moon activity equation for computational purposes. 

(2) The use of the 'surface' regression method and weighted regression 

scheme. 

(3) The use of CH4-H2 and 002-H2 gas carburising mixtures and the 

avoidance of use of the 00-002 gas mixture. 

(4) The use of an alternative material to silica for furnace tubes in 

gas equilibration rigs. 
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APPENDIX A 

ADAPTATION OF TIlE LFG EQUATION FOR TIlE ACfIVITY OF CARBON IN BINARY Fe-C 

SOLID SOLUfIONS 

The LFG (Lacher, Fowler and Guggenheim) statistical thermodynamic 

model of binary Fe-C solid solutions is adapted from Lacher's [13J, and 

Fowler and Guggenheim's [8J first-order quasi-chemical formalism for a 

'quasi-regular localised monolayer' of gas molecules adsorbed to a solid 

surface. 'Monolayer' refers to the adsorbed layer being not more than 

one molecule thick. 'Localised' means that there are defined sites of 

adsorption, which here are associated with the interstitial sites that 

carbon atoms occupy when dissolved in the iron lattice. 'Quasi-regular' 

means that the distribution of molecules among the available sites is not 

completely random, as interaction forces that occur between molecules 

forming nearest-neighbour pairs will result in each configuration of lower 

energy occuring more frequently than those of higher energy. 

The absolute activity, A, of the adsorbed molecules in a 

quasi-regular localised monolayer is [8J 

= [q,] w' z' [(/3-1 +2q,) (.!.:::V] 
2n 1-q, - 2nao + kT + '2 2n (/3+1-2q,)' q, 

(2n denotes log) where 
e 

(A.1) 

(A.2) 
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4> = fraction of adsorption sites occupied, 

z' = number of first nearest-neighbour adsorption sites, 

w = sum of the 'half energies' of interaction between an 

adsorbed molecule and all first nearest-neighbour adsorbed 

molecules (J). 

aO = partition function. 

k = Boltzmann constant (1.3806x10- 23 J/OK) , and 

T = absolute temperature (oK). 

The origins of the terms on the right-hand side of Eqn A.l are as 

follows. The first term is the condition for equilibrium between the 

monolayer and the vapour phase [8J. It is known as Langmuir's adsorption 

isotherm [17J. Multiplied by the universal gas constant, R, it gives the 

configurational entropy of the monolayer [18J. The second term is a 

partition function. It comprises the minimum energy to evaporate an 

adsorbed molecule and a partition function for the internal degrees of 

freedom of the molecule. including vibration relative to its mean position 

in the adsorption site [8J. The third and fourth terms, when multiplied 

by the universal gas constant, give the excess configurational entropy of 

the monolayer as a result of the interaction force between adsorbed 

molecules forming first nearest-neighbour pairs. Summation of the 

energies involved in first nearest-neighbour pairs comprises the 

'first-order quasi-chemical' solution component. 

Proceeding with the LFG adaptation, let 

zw = w' (A.3) 
2RT kT 
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w = molar sum of the interaction energies between first 

nearest-neighbour carbon-carbon interstitial pairs (J/mol), 

z = number of first nearest-neighbour (active) interstitial 

sites, and 

R = universal gas constant (8.3144J/mol-oK). 

The second term on the right-hand side of Eqn A.1 is related to 

the relative partial Helmholz energy [19J, 

AA = - RTEnao (A.4) 

For a solid solution at constant pressure, volume and temperature [19J, 

(A.5) 

where 

AGKs = relative partial molar excess Gibbs free energy of 

solution of carbon in iron (J/mol) [2J. 

Thus 

= - Enao (A.6) 

Also, 

(A.7) 
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. All = relative partial molar enthalpy of solution of carbon in 

iron (J/mol) [2J, and 

ASXs = relative partial molar excess non-configurational entropy 

of solution of carbon in iron (J/mol-OK) [2J. 

Taking the first and fourth terms on the right-hand side of 

Eqn A.l and re-arranging 

= z-2 n [1-$] + !:.. n rl3-1+2$] 2 ~n $ 2 ~n~+1-2$ 

The adsorption site occupancy fraction. $, can be restated in terms of the 

mole fraction of carbon and the ratio of active interstial carbon sites to 

lattice iron sites in. the geometric model as 

where 

$ = 
x 

c 
n{l-x ) 

c 

x = the mole fraction of carbon. and 
c 

n = ratio of (active) interstitial carbon sites to lattice iron 

sites in the geometric model. 

Substituting in and multiplying the terms in square brackets. top and 

bottom. by n{l-x ). 
c 

z-2 [{I-Xc)n-xc] 
= -- P,n 2 x 

c 
+ [

{I-X )nl3-{I-x )n+2x ] 
Z n C C C 
- con 2 {1-x )nI3+{I-x )n-2x c c c 
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o = (l-x )n/3 c (A.8) 

and rearranging. 

z-2 [n-(n+l )XC] z [O-n+(n+2)XC] 
- -- I!n + - I!n ...",.--..,.----,:::--::-.;;.. - 2 x 2 o+n-(n+2)x 

c c 
(A.9) 

Substituting these two terms for the first and fourth terms in Eqn A.l. 

while substituting Eqns A.6 and A.3 for the second and third terms 

respectively. yields 

z-2 [n-(n+l)Xc ] z [o-n+(n+2)Xc ] 
I!na = -2 I!n + :zl!2 n ~ (2) + c x u+n- n+ x 

c c 
(A.10) 

where 

a = activity of carbon in a binary Fe-C solid solution relative 
c 

to graphite 

Substituting Eqn A.3 into Eqn A.2. and the resultant equation into 

Eqn A.S. yields 

Now substitute in Eqn A.10 and let 

(A.l1) 
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Expanding and regathering the terms, 

(A.12) 

Equations A.IO, A.II. A.12. and A.7 constitute the requisite algebraic 

version of the LFG equation for the activity of carbon in binary Fe-C 

solid solutions relative to graphite. 



135 

APPENDIX B 

DERIVATION OF 11IE LFG EQUATION FOR 11IE ACfIVITI OF IRON IN BINARY Fe-C 

SOLID SOLUfIONS 

The Gibbs-Duhem relationship [20J between the activities of iron 

and carbon in a binary Fe-C solid solution is 

(~n denotes log) where 
e 

J
ena (x ) 

c c 

-(X) 

x 
_c_ dena 
I-x c 

c 

x = mole fraction of carbon in solution. 
c 

Applying the chain rule to Eqn B.I. and re-evaluating the limits of 

integration yields 

f
:K X 

C C 

o I-x c 

dena 
c 

dx c 
dx 

c 

(B. 1) 

(B.2) 

The LFG equation for the activity of carbon (Eqn 2.1) can be rearranged as 

where (Eqn 2.3) 

z-2 [n-(n+I)Xc ] 
enac ::: 2 en --x---

c 
z 

+ 2 ~n[6-n+(n+2)xcJ z - 2 ~n[6+n-(n+2)xcJ (B.3) 

(B.4) 



and (Eqn 2.4) 

x (exp[xJ denotes e ). 

composition, then 

l36 

(B.5) 

Assuming that w and A~s are independent of 

_d_ena..".-c_ = z-2 [ Xc ] [-(n+1)Xc -:n-(n+1)Xc] 
dxc 2 n-(n+1)xc Xc 

+ ~ [1 ] [-2n(n+2J )+2[n
2
+4(n+1)JJXc + ] 

2 o-n+(n+2)x 20 (n+2) 
c 

z[ 1 ] [-2n(n+2J)+2[n
2
+4(n1)JJXc ] 

-- -(~2) 2 0+n-(n+2)x 20 
c 

z [-n(n+2J )+[n
2
+4(n+1)JJXc ] [ ] 

+ 20 -n+(n+2)x +6 + ~ -n+(~:~)x +0 
c c 

[
-n(n+2J)+[n

2
+4(n+1)JJx ] [ 2 ] 

z c + ~ n+ (B 6) 
- 20 n-(n+2)x +6 2 n-(n+2)x +6' . 

c c 

Inspection of the last four terms reveals that the terms in large square 

brackets are all general elliptic functions of the form [21J 
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and 

P = ax2 + bx + C 
C C 

Multiplying top and bottom by (R2 - YP) • 

In rearranging Eqn B.6 to this form. inspection of the second and fourth 

terms of Eqn B.6 reveals that the R1R2 terms would add, and the R1 terms 

cancel. Inspection of the third and fifth terms reveals that the RiR2 

terms cancel. and the R1 terms add. Consequently, 

dEna 
-"dx-

c
,;;.. -

c 
z-2 [ n ] 
~ x [n-{n+l)x J c c 

z [ {-n{n+2J)+[n2+4{n+l)J]xc}[n-{n+2)xc ]+{n+2)02 ] 

- 8 [n-{n+2)x ]2 - 02 
C 

z-2 n 
= - ~ x [n-(n+l)x J 

c c 

z [n{-n(n+2J)+[n2+4(n+l)J]xc}+(n+2)[n2-n(n-2J)XcJ] 

- 8 [-2n{n+2)+2n{n+2J)]x +{(n+2)2-[n2+4{n+l)J]}x2 
c c 



z-2 n 
x [n-(n+l)x J c c 

z [2n
2

(I-J)+[4n(n+I)J-2n
2
-2n(n+2)J]XC] 

4n(J-I)+[4+4n-4(n+I)J]xc 

= n(z-2) [ I ] n
2
z [I-XC J 

2 x [n-(n+l)x] - 2 x [(n+l)x -nJo c c c c 

Substituting for dEna Idx in the Gibbs-Duhem equation (Eqn B.2), 
c c 

n _ n(z-2) fXc dxc 
~n~e - 2 0 (x -1)[(n+l)x -n] 

c c 

The first integral is of the form [22J 

dx 
c 

(ax +b )(px +q) 
c c 

_ C I 
- bp-aq [

PXc +q]Xc 
En ax +b 0 

c 

_ n(z-2) 
= 2 [

I.] [n-(n+I)X JX 
-(n+I)+n En I-x c oC 

c 

n(z-2) 
= 2 

= n(z-2) [n(I-Xc )] 
2 En n-(n+l)x 

c 

f
X

o 

dxc 
[(n+l)x -nJo 

c 
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(B.7) 



The second integral is of the form [21J 

x 

cIa c :-_~dx--;:::::c:;::;::=== 
(px +q)~ax2+bx +c 

c c C 

which has a solution dependent on the value of 

2 2 b aq + cp - pq 

4 2( ) 4 2 3 2 3 3 4112 J = n +411 n+ 1 J+n + n +n -2n-2n -411 J-

= n2 
; which is always positive. 

Hence the integral solution for this case is [21J 

nz 
=2 

[
2CP-bq+[bP-2aqJX -2~(aq2+cp2-bPq)P]X 

~n c c 
px +q a 

C 

[
2n2 (1-2J)+[-2n(n+1)(n+2J)+2n{n2 +4(n+1)J}JX -2nO]X 

~n c c 
(n+1)x -n a 

C 

[
2n2 (1-2J)+2n[4(n+1)J-2nJ-2J-nJx -2nO]X 

_ ~ ~n c c 
- 2 (n+1)x -n a 

C 
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nz {[2n
2

-411
2
J+2n[2(n+1)J-n]Xc-2nO] [2n

2
(1-2J)-2n

2
] } 

- - ~n - ~n ------- 2 (n+1)x -n -n 
c 

_ nz { [2n{n-2nJ+[2(n+1)J-n]Xc -O}] [~]} 
- 2 ~n (n+1)x -n + ~n 4nJ 

c 

nz [O-n+2nJ+[n-2(n+1)J]Xc] 
= :2 ~n 2J[n-(n+1)x

c
J (B.8) 
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Gathering the evaluations of the two integrals (Eqns B.7 and B.8) yields 

En = n(z-2) En [ n(l-xc ) ] + nz En [o-n+2nJ+[n-2(n+I)J]xc ] 
~e 2 n-(n+l)xc 2 2J[n-(n+l)x J 

c 

(B.9) 

Equations B.9, B.4, and B.5 constitute the LFG equation for the activity 

of iron in binary Fe-C solid solutions. 

and A~s are independent of composition. 

This of course assumes that w 

If AH, where (Eqn 2.2) 

(B.IO) 

is a linear function of carbon content, i.e: 

AH = AH + x AH c c x 

an additional term must be added to Eqn B.9. This term is 

-f:c x d(x AH IRT) c c x 
dx I-x dx c c c 

x 
-AH foc x 

= x c 
dx RT I-x c c 

which according to [22J, 

AH x 

RT
x [l-x -En(l-x )J c 

c c 0 

AH = x [x +En(l-x )J 
RT c c 

(B. 11) 
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APPENDIX C 

ADAPTATION OF TIlE lID EQUATION FOR TIlE ACfIVITY OF CARBON IN BINARY Fe-C 

SOLID SOLUTIONS 

McLellan and Dunn's (MD) [4J original statistical thermodynamic 

model of binary interstital solid solutions was adapted from the 

first-order quasi-chemical formalism of Guggenheim [2.4J. According to 

MD [4J the absolute activity, au' of the solute molecules is 

a 
u = 

9/(3 
1-9/{3 

x (exp[xJ denotes e ) where 

also where 

4> = l-{ l-(l-exp [~]) * (1 

2(l-exp[!~]) 

9 = molar ratio of interstitial solute atoms to lattice 

solvent atoms, 

(C. I) 

(C.2) 

{3 = ratio of active interstitial sites to parent lattice sites, 

z = number of first nearest-neighbour (active) interstitial 

sites, 

A6 = the binding energy of a first nearest-neighbour pair of 

interstitial solute atoms (J), 
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A~S' = relative partial excess Gibbs free energy of solution of 

solute in solvent (J). 

k = Boltzmann constant (l.3806xlO- 23 J/oK). and 

T = absolute temperature (oK). 

Proceeding with the adaptation. rearranging Eqn C.l. 

z 
= [l_S/~]Z-l [SI ~-~]2 

au S/~ l-S/~-~ [ 
ZAE.] [A~S ' ] 

exp T 2kT exp kT 

Taking the natural log (in denotes log) 
e 

For carbon (u=c). let 

and 

where 

AE. -(,J 

kT = RT 

(,J = molar sum of the interaction energies between first 

(C.3) 

(CA) 

(C.S) 

nearest-neighbour carbon-carbon interstitial pairs (J/mol). 

A~s = relative partial molar excess Gibbs free energy of solution 

of carbon in iron (J/mol). and 

R = universal gas constant (8.3l44J/mol-oK). 
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(C.6) 

where 

AH = relative partial molar enthalpy of solution of carbon in 

iron (J/mol). and 

ASKs = relative partial molar excess non-configurational entropy 

of solution of carbon in iron (J/mol-oK). 

Substituting Eqn C.4 into Eqn C.2. 

Letting 

then 

¢ = l-{l-(l-exp [iIT]l (l-1)t 

2(1-exp [;~]) 

(C.7) 

(C.S) 

The molar ratio of interstitial solute atoms to lattice solvent atoms, e, 

can be expressed in terms of the mole fraction of carbon atoms, xc' as 

x 
c 

e = l-x 
c 
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Letting n=~.substituting for e and ~ in Eqn C.8 and the first and second 

terms of the right-hand side of Eqn C.3. then multiplying top and bottom 

by n(l-x ) yields 
c 

n(l-x ) - {n2 - 2n(n+2J)x + [n2+4(n+l)J]x2} 
~ = c c c 

2n(1-x )J c 

and 

[ 
n-(n+l)x ] [X -n(l-x H ] 

z-l ~n c + ~ ~n c c 
() x 2 n-(n+l)x -n(l-x )~ c c c 

Letting 

2 2 2 ~ o = {n -2n(n+2J)xc + [n +4(n+l)J]xc } 

and substituting Eqn C.ll into Eqn C.g yields 

~ = 2n(1-x )J 
c 

n(1-x )-0 
c 

(C.g) 

(C. 10) 

(C. 11) 

Substituting for ~ and multiplying top and bottom by 2J in the second term 

of Eqn C.lO, yields 

[
n-cn+l)X ] [0-n+(n+2~~ ] 

z-l ~n c + ~ ~n . c J 

() x 2 o-n+2nJ+[n-2(n+l)J]x 
c c 

Substituting these two terms for the first and second terms in Eqn C.3. 

Eqn C.4 into the third term, and Eqn C.5 for the fourth term, yields 
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[
n-(n+I)XC] z [o-n+(n+2J)Xc ] zw A~s 

2nac=(z-I)2n x + 2 2n o-n+2nJ+[n-2{n+I)J]x + 2RT +~. (C.12) 
c c 

where 

a = activity of carbon in iron relative to graphite. 
c 

Equations C.12. C.6. C.II. and C.7 constitute the algebraic version of the 

MD equation for the activity of carbon in binary Fe-C solid solutions. 
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APPENDIX D 

REARRANGEMENT OF THE LFG EQUATION FOR THE ACTIVITY OF CARBON 

The LFG equation for the activity of carbon is (Eqn 2.1) 

-2 [n-(n+1)X] [o-n+(n+2)X ] zw AGKs 
.ena = z.en c + ~ .en c++ 

c x 2 o+n-(n+2)x 2RT -rrr-
c c 

(D.1 ) 

where (Eqn 2.3) 

(D.2) 

and (Eqn 2.4) 

(D.3) 

Substituting Eqn D.3 into Eqn D.2, and separating out the exponent term, 

(D.4) 

Taking the second term of Eqn D.1 and multiplying both the numerator and 

denominmator by the denominator, 

[

[o-n+(n+2)X ][o+n-(n+2)x J] 
~.en c c 

2 [o+n-(n+2)x J2 
c 
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Substituting for 0 in the numerator, 

~ [n-(n+l)x ] {}] z c c -w 
- en exp -
2 [o+n-(n+2)x ]2 RT 

c 

z [n-( n+ 1 )Xc] = - - en + 2 x c 
[ 

4[n-(n+l)x ]2 ] [{ }] z c z -w - en + - en exp -
2 [o+n-(n+2)x ]2 2 RT 

c 

z [n-(n+l)Xc ] [2[n-(n+l)Xc ]] zw 
= - - en + z en - --2 x o+n-(n+2)x 2RT c c 

Substituting for the second term of Eqn D.l the activity of carbon is now 

[
X] A~s [2[n-(n+l)Xc ]] 

enac = en n-(n~l)x + ~ + z en o+n-(n+2)x 
c c 

(D.5) 



.ena 
c 

APPENDIX E 

REARRANGEMENT OF TIlE MD EQUATION FOR TIlE ACfIVITI OF CARBON 

The MD equation for the activity of carbon is (Eqn 2.9) 

[
n-{n+1)XC ] z [ o-n+{n+2J)xc ] 

= {z-l)En + '2 .en ---------
Xc o-n+2nJ+[n-2(n+1)JJx 

c 

where (Eqn 2.3) 

and (Eqn 2.4) 
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(E.1) 

(E.2) 

(E.3) 

Substituting Eqn E.3 into Eqn E.2. and separating out the exponent term. 

(E.4) 

Taking the second term of Eqn E.1. and multiplying both the numerator and 

denominator by [o+n-{n+2J)x J. c 



z [[0-n+(n+2J)XcJ[0+n-(n+2J)XcJ ] 
- en ---------.,;;~----.----:;---
2 {0-n+2nJ+[n-2(n+l)JJx }[0+n-(n+2J)x J c c 

_ ~ en ________ c ________ _ 

[ 

02-[n-(n+2J)x J2 1 
- 2 {[0-n+(n+2J)x J+2nJ-2(n+2)x }[0+n-(n+2J)x J c c c 

02 
- {n2 - 2n(n+2J)x + [n2+4(n+J)JJx2} 

z c c 
== 2 en ---------------------~-------------~-----

[0+n-(n+2J)x J + 2J[n-(n+2)x J[0+n-(n+2J)x J c . c c 

Z 

[

02 - {n2 2n(n+2J)x + [n2+4(nl)JJx2} + 4(1-J)Jx2 ] 
=-en c c c 

2 02 
_ [n - (n-(n+2J)x J2 + 2J[n-(n+2)x J[6+n-(n+2J)x J c c c 

[ 

62 - 62 + 4(1-J)Jx2 
z c - - en 

- 2 02 
_ 02 + 4(1-J)Jx2 + 2J[n-(n+2)x J[0+n-(n+2J)x J] c c c 

[
4(1-J)X

2 
] 

= ~ en 4(1-J)x2 + 2[n-(n+2;x J[6 + n-(n+2J)x J 
c c c 

[ 

4x2(1-J) 

= ~ en 4x2(1-J) + 2[n-(n+2)x Jo + 2~n-(n+2)X J{[n-(n+2)x J + 2(1-J)x }] 
c c c c c 

[ 

4x2(1-J) 

= ~ en 4x2(1-J) + 4x [n-(n+2)x J(~-J) + [n-(n+2)x J2 + 2[n-(n+2)x JO] 
c c c c c 

z [ 4x~(1-J) ] = 2 en ------------.,;;..-----------
4x [n-(n+l)x J(l-J) + 2[n-(n+2)x J2 + 2[n-(n+2)x J6 c c c c 

z [ 4xc (l-J) 
= 2" en ----------------------

{[n-(n+2)x J2 + 4x [n-(n+l)x J(l-J)} + 2[n-(n+2)x Jo ... c c c c 

+ [n-(n+2)x J2 ] 
C 
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where the term in the brackets { } is 02 

4x
2
(1-J) ] = ~ En [ _______________ c ______________ _ 

02 + 2[n-(n+2)x Jo + n-(n+2)x J2 
c c 

z [4x~(1-J) ] = 2" En --~-----
[0+n-(n+2)x J2 

c 

z [ 4x~ 1 z = 2" En + 2" En[1-JJ 
[Mn-(n+2)x J2 

c 

= Z En [ 2x c ] - 2~~ 
0+n-(n+2)x 

c 

= [n-(n+1)Xc] [2[n-(n+1)XcJ] zw 
- z En x + z En 0+n-(n+2)x - 2RT 

c c 
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Substituting for the second term of Eqn E.1 the activity of carbon is now, 

Ena 
c [

X ] AGxS z [2[n-(n+1)Xc J] 
= En n-(n~1)Xc + ~ + 2" En 0+n-(n+2)x

c 
(E.5) 
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APPENDIX F 

REARRANGEMENT OF THE LFGIMD EQUATION FOR THE AcrIVITY OF IRON IN BINARY 

Fe-C SOLID SOLUfIONS 

The LFGIMD equation for the activity of iron is (Eqn 2.7) 

where (Eqn 2.3) 

and (Eqn 2.4) 

[

o-n+2n+[n-2(n+1)JX ] 
+ nz .en c 

2 2J[n-(n+1)x J c 

(F .1) 

Substituting Eqn F.3 into Eqn F.2. and separating out the exponent term 

(F.4) 

Taking the second term of Eqn F.I. the numerator in large square brackets 

is identical to the denominator in large square brackets of the second 

term of Eqn E.1. 

[o+n-(n+2J)x J c 

Therefore. similarly multiplying top and bottom by 

nz .e c 
[ 

J[o+n-(n+2)x J2 ] 

:2 n 2J[n-(n+l)x
c

][o+n-(n+2J)xcJ 



[ 

[0+n-(n+2)x J2 
= n~ .en c 

2[n-(n+I)xc J[0+n-(n+2)xc J + 

[ 

[0+n-(n+2)x J2 
= n~ .en c 

2[n-(n+2)x J[0+n-(n+2)x J + 
c c 

2x [0+n-(n+2)x J 
c c 

[ 

[o+n-(n+ 2 )x J2 
= n~ .en c 

2(0+x )[n-(n+2)x J + 2x 0 + 2[n-(n+2)x J2 
c c C c 

[ 

[0+n-(n+2 )x J2 
= n~ .en c 

2(0+x )[n-(n+2)x J + 2x 0 + [n-(n+2)x J2 
c c C c 

[ 

[0 + n-(n+2)x J2 
= n~ .en c 

2x [0+n-(n+2)x J + [n-(n+2)x J2 
c c C 

[ 

[0+n-(n+2 )x J2 ] 
= n~ .en c 

2x [0+n-(n+2)x J + [0+n-(n+2)x J2 
c c C 

[

0+n-(n+2)X ] = n~ .en c 
2x + [0+n-(n+2x J 

c c 

[

0+n-(n+2)X ] 
= n~ .en c 

o+n( I-x ) 
c 
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Substituting for the second term of Eqn F.I. the activity of iron is now 



or 

n(z-2) [ n(l-xc ) ] 
~~e = 2 ~n 

n-(n+l)x 
c 

+ nz ~n 
2 [

o+n-{n+2)XC] 

6+n(l-x ) 
C 

n ~n [_n_-_(_n+_l_)_X...;;.,C] 

n{l-x ) 
+ nz ~n C C 

[

n(l-X )[o+n-{n+2)x] ] 

2 [n-{n+l)x ][o+n(l-x )] 
C C C 
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(F.5) 

. (F.6) 



APPENDIX G 

DERIVATION OF TIIE FIRST DERIVATIVE OF TIIE ACfIVITY OF CARBON WIm 

RESPECf TO TIIE CARBON-CARBON PAIRWISE INTERACfION ENERGY 

The Moon equation for the activity of carbon is (Eqn 2.10) 

a = c [ 
Xc ] [ACi'S] [2[n-(n+1)XCJ]Z 

n-(n+1)x exp ~o+n-(n+2)x 
c c 

where (Eqn 2. 11) 

Applying the chain rule 

da da do 
c c 

dw = do dw 

where 
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(G.1) 

(G.2) 

(G.3) 

da c 
do = 

(z-l) 

[
X] [ACi'S] [2[n-(n+1)X J] [ -2[n-(n+1)x Jj 

n-(n~l)x exp ~ z o+n-(n+2)x
c 

[o+n-(n+2)x J2 
c c C 

= [ Xc ] [ACi'S] 
n-(n+1)x exp ~ 

c 

a [ -z ] = c o+n-(n+2)x 
c 

z 

[
2[n-(n+1)X J] [-Z ] 
o+n-(n+2)x

c 
o+n-(n+2)x c c 

(G.4) 



and 

-2x [n-(n+l)x ] [-w] 
== c c exp RT 

6RT 

Multiplying Eqn G.4 by Eqn G.5 yields 

da 
c == a zXc [2[n-(n+l)Xc ] [-w] 

c 6RT 6+n-(n+2)x exp RT 
c 

Substituting for a . 
c 

dac =: zXc [X ] [2[n-cn+l)X J]Z+l [ACf'] 
dw oRT n-(n~l)x 6+n-(n+2)X

c 
exp RT-

w 

c c 
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(G.5) 

(G.6) 
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APPENDIX H 

CALaJLATIONS OF THE EQUILIBRIUM RATIOS OF THE PARTIAL PRESSURES OF THE C2 

HYDROCARBONS TO THE TOTAL PRESSURE 

Methane thermally decomposes to its component elements via the 

equilibrium reaction (Eqn 3.14) 

The Gibbs free energy change for the reverse (right to left) reaction at 

10000 K is (Eqn 3.15) [43J 

:::: 4625 cal/mol . 

The equilibrium reaction constant is (Eqn 3.17) 

= exp[ -4625 ] 
1.987x1000 

= 0.0975 

Assuming that the ratio of methane to hydrogen employed is the maximum 

practicable (i.e. a =1), then, according to Eqns 3.10 and 3.8, 
c 



Note that 

= K(10000K)CH
4

_H
z 

= 0.0975 

...., 0.082 

...., 0.9182 

AG(T)CH H = - RT2n 
4- z ] . 

Ethane forms from methane via the dehydrogenation reaction (Eqn 3.23) 
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for which the Gibbs free energy change for the reverse reaction at 10000K 

is [43. 53J (the temperature of 10000K is dropped from the notation for 

convenience) 

= 2x4625 - 26130 - 0 

Rearranging, 



~ 0.082
2 -1[ 16880 ] 

~ 0.918 exp 1.987xl000 

Ethylene forms from ethane via the dehydrogenation reaction (Eqn 3.24) 
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for which the Gibbs free energy change for the reverse reaction at 10000 K 

is [43. 53J 

Rearranging. 

= AG~C2H6 - AG~C2H4 - AG~H2 
= 26130 - 28431 - 0 

= - 2301 cal/mol 

~ 1.5xl0-
6 

-1 [ 2301] 
~ 0.918 exp 1.987xl000 

= 5.1xl0- 7 

Acetylene forms from ethylene via the dehydrogenation reaction (Eqn 3.25) 
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for which the Gibbs free energy change for the reverse reaction at 10000 K 

is [43J 

= 28431 - 40522 - 0 

12091 

Rearranging. 

~ 5.1xl0-
7 

-1 [12091 ] 
~ 0.918 exp 1.987x1000 

= 1.3x10-9 

As the partial pressures of ethane, ethylene and acetylene at equilibrium 

are negligible. then these first approximation calculations can be 

expected to be reasonably precise. 
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APPENDIX I 

PREVIOUS METHODS FOR REGRESSION ANALYSIS OF EXPERIMENTAL CARBON ACfIVITI 

The first is the '~n-~n' method which was employed by ADP [lJ. SBA 

[5J, and Bhadeshia [10, I1J to regress experimental activity data with the 

LFG and MD equations. It is based on the assumption that A~s is 

independent of composition. For the LFG equation (Eqn. 2.1), given the 

requisite value for w, the plot of 

vs 

i 
z-2 [n-{n+l )Xc] 
2~n i 

x 
c 

i 
z [o-n+{n+2)Xc ] 

+ '2 ~n i 
5+n-(n+2)x 

c 

+~ 
RT 

(Ll) 

will yield a straight line with a slope of one and an intecept value that 

l' S 1 -:::XC s/RT ( th . t I.l e superscr1p i denotes the i'th values of experimental 

activi ty data). The requisite value for w is determined by trial and 

error. 

ADP themselves criticised this method on the basis of the limited 

sensitivity of ~n-~n plots. However, as the calculations are performed 

on a digital computer, this criticism has little justification. 

The regression slope of one is the means by which the requirement 

is met that the activity is zero when the carbon content is zero. For 

ferrite, the inability to achieve the regression slope of one at some 

temperatures [5J was thought to be attributable to the residual carbon 

content phenomenon. However, in the case of Bhadeshia [10. 11J, it is 

certain that precision truncation played a major role. 

Of course, the simplest method of ensuring that the activity is 

zero when the carbon content is zero, is to employ a 'linear-linear' 

plotting scheme and force the line through the origin. This is the basis 
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for the method employed by McLellan and Dunn (MD. alternatively DM) [4, 

58J. However. rather than regress the activity data directly with the MD 

equation (Eqn. 2.9). they first regressed each set with a cubic 

polynomial. 

i 
r vs m 

K(T)m 
(1.2) 

via a least-squares method using Cramer's rule. Having determined the 

t · 1 for A-::::%.G s th th d th 1 . 1 respec lve va ues II ~. ey en regresse e po ynomla s 

MD equation, 

[n-(::l)x~l 
c 

0- n+(n+2J)x Z-l[ i ] 

o-n+2nJ+[n-2(n+l;JJx
i 
c 

exp [ zw ~] exp [Il~sl vs 
2RT RT 

iii a 1 x + a x 2 + a x 3 c 2 C 3 C 

with the 

(1.3) 

using a least-squares linear regression scheme. Here. w was iteratively 
~ 

varied until the sum of the squares of the errors, X2
, was minimised. 

For their first investigation, MD [4J to be 

independent of carbon content, and determined it from the slope of the 

polynomial at the origin. For their second investigation, DM [58J 

employed a non-linear temperature dependent equation for Il~s. 
~ 

This had 

been derived by Ban-ya, Elliott, and Chipman (BEC) [50J, using a 

semi-empirical activity equation to model their data determined at several 

temperatures (the same data being employed by DM). 

It is patently obvious, however, that the polynomial regression is 

both a limiting and redundant step. The limitation arises from the fact 

that a significant amount of information is lost by modelling the activity 

data with a cubic polynomial, since the first-order quasi-chemical 
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formalism is not cubic in nature. The redundancy arises from the fact 

that the MD equation, excepting the term exp[A~sIRTJ, can be regressed 
'Y 

directly against the activity data. 

varied until X2 is minimised. 

~s exp[AG IRTJ. 
'Y 

Again, w would be iteratively 
'Y 

The slope of regression is the term 
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