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Abstract 

This work presents X-band electron paramagnetic resonance studies of X-irradiated zircon 

and a-quartz single crystals at 15 K. The first of these is of the Zr3+ (a) electron centre in 

zircon where a doublet hyperfine splitting has been assigned unequivocally to interaction with 

a nearby 31 P nucleus rather that 89y as determined in earlier work. The site of the phosphorus 

ion has also been confidently identified. Three oxygenic-hole centres have been studied. Two 

of these are thought to be closely related, with one associated with yttrium and the other 

with an unknown ion. The third hole centre has been precisely determined as containing a 

boron ion substituting at a silicon lattice position. Three new Ti3+ centres have been identified 

with two determined as analogues of the well known ZrH substituted B(Ti3+) centre and the 

third as arising from a Ti3+ ion in a silicon lattice position. Studies of the high-spin Nb3+ 

(J = ~) and Gd3+ (8 = ~) centres were conducted in order to establish whether any high-spin 

Zeeman or mixed-spin terms might be determined but in both case were found to be small 

at best. Studies of an a-quartz single crystal have identified a previously unreported lithium

"compensated" aluminum oxygenic hole. It has been concluded that the electron vacancy in 

this centre is localised on one of the long-bonded oxygen atoms of the silicate tetrahedra and 

that the lithium compensating ion resides in one of the large c-axis cavities. 

The appropriate algebra for the inclusion of high-spin Zeeman terms of order BJ7 in the 

spin Hamiltonian has been derived. This has been included in the widely used EPR data fitting 

programme EPR-NMR and tested on the hyperfine line positions from the 49Ti isotope in the 

B(Ti3+) centre in zircon. A summary of the various formulations of high-spin terms in the 

spin Hamiltonian and their interrelations is presented along with a review of the mathematical 

description of the behaviour of the spin Hamiltonian under coordinate rotation. This serves as 

background for the inclusion of the appropriate matrix elements of proper rotations of odd-rank 

tensorial sets into the programme ROTTEN2. 
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Chapter 1 

Introduction 

Single crystals of inorganic compounds find application in a wide range of technologies. Pre

diction of the properties of these compounds relies on determination of the nature and concen

tration of impurity or defect centres which are included in their growth or created by ionising 

radiation. Such centres may be integral to the function of the compound or conversely may 

inhibit its desired properties. To fully exploit the potential of these compounds in applications 

such as semiconductors, solid state lasers and high temperature superconductors, a detailed 

understanding of the nature and structure of the defects they contain is essential. Of the many 

techniques available for the study of defects in crystals, electron paramagnetic resonance (EPR) 

is one of the best for the elucidation of the nature of defect centres and the local micro-structure 

which surrounds them. The EPR technique can only be applied to systems containing unpaired 

electrons. In single crystals, such paramagnetic centres may be created by irradiation or found 

with the inclusion of paramagnetic impurity ions. 

The major goal of this work has been to use the EPR technique to discover and characterise, 

in detail, a range of paramagnetic centres in zircon (ZrSi04) and a-quartz (Si02). Simulta

neously attempts have been made to develop and apply some aspects of the spin Hamiltonian 

used to interpret EPR spectra, particularly with regard to higher-order terms and coordinate 

rotations. 
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1.1 The resonance phenomenon 

Spin angular momentum 

The science of EPR is dependent on the interaction of electromagnetic radiation with the 

magnetic-dipole moments of electrons arising from their spin. Spin, or as it is more correctly 

known, spin angular momentum, can be thought of classically as the intrinsic momentum that 

would arise if a particle such as an electron was spinning around an axis. As with any classical 

interpretation of a quantum mechanical quantity, this is a rather crude description of the phys

ical reality. Nevertheless, it provides a useful insight into understanding a phenomenon which 

is otherwise best described in terms of Dirac's development of relativistic quantum mechanics. 

In the usual nonrelativistic treatment of the quantum mechanics involved in describing simple 

systems, the spin must be treated as an additional hypothesis. In a fashion analogous to the 

development of the orbital-angular momentum operators the spin angular-momentum operators 

fJ2, 8x , 8y , 8z 1 are derived and it is postulated that they are all linear and Hermitian. 82 

corresponds to the operator for the square of the magnitude of the total spin angular momen

tum of the particle and 8z to the operator which produces the z component of the particle's 

spin angular momentum. It is postulated that the spin angular momentum operators obey the 

same commutation relations as the orbital angular momentum operators and it follows that the 

eigenvalues of 82 are: 

8(8 + 1)11,2, 1 1 ~ 
8 = 0, 2' '2 (1.1) 

and correspond to the magnitude of the square of the spin angular-momentum vectors. The 

eigenvalues of 8z are: 

Msn, Ms = -8, - 8 + 1, ... , 8 - 1, 8 (1.2) 

corresponding to the projection of the spin angular-momentum vectors onto the z axis, the axis 

of quantization. The quantum number 8 is the spin of the particle and thus it follows that for 

1 Throughout this thesis operators are indicated with a circumflex. Angular properties described by vectors, 
matrices or tensors are written in bold face. Components of these and other mathematical variables are written 
in italic. 
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a single isolated electron (8 = !) that the spin eigenvalues are as shown in equations 1.3. 

SZ I+~) 
SZ I-~) 

+~~I+~) 
-~~I-~) 

(1.3a) 

(1.3b) 

As shown above, the lVIs = +~ matrix element is often described as an up or a spin and the 

lVIs = -! formulation is for the energy of down or (3 spin. In the case of a free electron the 

energy levels described by these states are degenerate. 

Interaction of spin angular momentum with a magnetic field 

It can be shown in both classical and quantum mechanics that the magnetic moment and the 

angular momentum are proportional to each other. In a classical description a charge orbiting 

in the xy plane has a magnetic moment pointing along the perpendicular z direction given by: 

(1.4) 

Equation 1.4 shows the relationship between the magnetic moment in the z direction (/Lz), the 

magnitude of the orbiting charge (q), and its mass (m) and the orbital angular momentum of 

the particle about the z axis (lz). The charge to mass ratio can be condensed into a single pro

portionality constant known as the gyromagnetic ratio (,) which converts angular momentum 

to magnetic moment. To convert this to its quantum-mechanical equivalent requires application 

of a result from Dirac's relativistic treatment of the electron: multiplication of the gyromagnetic 

ratio by the electron 9 factor (ge) whose value is 2.002319304386(20) [1]. Therefore, through 

equations (1.2) and (1.4) the component of the electron-spin magnetic moment of a free electron 

along the z direction is described by: 

(1.5) 
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where the negative sign is due to the charge on the electron. f3e is the Bohr magneton for an 

electron which is defined as [1]: 

f3e = lei n = 9.2740154(31) x 10-24 JT-1 

2me 
(1.6) 

The magnetic energy (U B) is proportional to the magnetic moment. Therefore with the angular 

momentum quantised in the z direction as shown in equation (1.5) and the z direction chosen 

to lie parallel to the magnetic field vector B it can be determined that the magnetic energy 

levels are defined by: 

(1.7) 

To induce a transition between two electronic Zeeman levels requires firstly that the resonance 

condition is satisfied. From a time-dependent perturbation treatment it can be shown that 

for a transition between two energy levels to occur there must be an electromagnetic field with 

magnetic component Bl oscillating at the appropriate frequency such that the photon energy hv 

matches the energy separation. Therefore, as shown in figure 1-1 for the simplest paramagnetic 

system, a free electron, it is required that: 

where B res is the magnetic field that satisfies the resonance condition. A second requirement 

Ms= 1/2 

E = gcl3"B(1/2) 

,1.E = hv = g,/3"B 
E 

t Ms= -1/2 
E = gc/3"B(-1/2) 

B=Q B --~) resonant field 

Figure 1-1: Energy level diagram for a free electron (8 = ~) as a function of the applied field. 
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for an electronic Zeeman transition is that the magnetic component Bl of the radiation causing 

the EPR transition must be perpendicular to the static magnetic field. The final principal 

requirement is due to conservation of angular momentum. Because a photon has only one unit 

of angular momentum a selection rule is imposed: 

I 6.lV1s I = 1 (1.9) 

This selection rule cannot be broken in the case of a free electron (8 = ~), for as shown 

in figure 1-1 there are only two energy levels and one possible EPR transition. In the EPR 

measurement of a free electron, observation of an isotropic single-line spectrum is expected. In 

real EPR experiments electrons are not isolated and many interactions affect the energy levels of 

the spin system giving information on the paramagnetic species involved and its surroundings. 

For systems with higher electronic and nuclear spins many more energy levels are available 

for occupation. This number is determined by the values of the electronic and nuclear spin 

quantum numbers (8 and I respectively) in the following relationship: 

Number of energy levels = II (28 + 1) x II (2I + 1) (1.10) 
S I 

In this situation not only are the number of spectral lines increased by the larger number of 

allowed transitions but also often through the observation of so-called "forbidden" transitions. 

These transitions break the selection rule 1.9 due to the mixing, via spin-orbit coupling, of higher 

states into the ground-state wavefunction. Effects of this type alone potentially make theoretical 

interpretation of the observed spectra complicated. However, in single-crystal studies it is also 

critical to take into account the effect of the nearby lattice, adding further to the complexity. 

The interaction of the unpaired electron of interest with the local crystalline electric field is 

responsible for the orientational dependence ofthe resonant energies. Therefore, once the effects 

of the Zeeman splitting, spin-orbit coupling and the crystalline electric field along with other 

interactions observed in higher-spin systems are included, there is potentially a forbiddingly 

complicated system to analyse. These interactions are normally interpreted in terms of a "spin 

Hamiltonian" which describes the effects of the spin multiplicity, orbital energy levels and the 

local crystal lattice in terms of a reduced number of parameters. 
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1.2 The spin Hamiltonian 

A paramagnetic ion in a crystal can exist in a defined number of discrete energy levels. These 

energy levels are the eigenvalues of the Hamiltonian operator which represents the total elec

tronic energy of the ion. 

(1.11) 

In this equation ii is the Hamiltonian operator which has the general form: 

~ ~ 

H = Ho + HZeeman + Hspill-orbit + HCl'ystal field + ... (1.12) 

The obvious way to analyse the energy levels of the paramagnetic system of interest would seem 

to be the diagonalisation of the complete Hamiltonian matrix. However, theoretical understand

ing of EPR spectra is achieved almost uniquely through analysis of an effective Hamiltonian 

operator known as the "spin Hamiltonian". Because traditional EPR experiments involve mea

surement of microwave transitions, only energy levels within the ground state manifold are 

accessible. In other words, any excited state In) that has matrix elements through spin-orbit 

coupling with the ground state 10) lies at an energy En such that En - Eo »hv. Other energy 

levels range from lOs to 100,000s of wave numbers above these and can be safely assumed to 

play no direct role in producing the spectra observed. The spin-Hamiltonian formalism first 

developed by Pryce [2] and Abragam and Pryce [3] describes the low-lying energy levels of any 

paramagnetic centre as functions of a true or fictitious effective electron-spin vector operator (8 

or 8' respectively), nuclear-spin vector operators i and the applied magnetic flux density vector 

B. The number of energy levels in the ground state of the system can be used to define an "ef

fective spin" (8'). This can be obtained by equating the number of ground-state energy levels 

to (28' + 1). Thus, by defining this fictitious spin 8', each energy level can be characterised 

by a quantum number MSI which corresponds to the lViJ quantum number used to describe 

energy levels arising from mixing of spin and orbital angular momentum in the ground state of 

the free ion. The major advantage of this method versus the complete Hamiltonian approach 

is that it allows for experimental results to be interpreted in terms of a vastly reduced number 

of parameters. This was particularly important when this theory was initially developed as the 
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facilities to diagonalise matrices, and thus obtain eigenvalues, were extremely limited. However, 

application of the spin Hamiltonian still serves as an excellent approach to the understanding 

of spectra since the simplification achieved in high-spin centres in low-symmetry sites and other 

complicated systems is still relevant and the basic understanding achievable through the inter

pretation of a small parameter set can rapidly lead to important insights into the fundamental 

properties of the system. 

The basic theory of Abragam and Pryce [3] has been extended considerably. Their second

order perturbation approach to the calculation of energies has been extended to higher orders 

and completely circumvented through modern exact diagonalisation techniques. In addition, 

polynomial expansion of the spin Hamiltonian by writing out of all possible terms and then 

allowing for restrictions enforced by group theory has also yielded essential information. 

Derivation of a basic spin Hamiltonian. 

Early formulations ofthe spin Hamiltonian were derived in terms ofthe spin and orbital angular 

momenta and the surrounding crystal field. Expressions describing the various interactions are 

now widespread throughout the literature and in text books. Because they give an appreciation 

of the types of interactions considered in the construction of a spin Hamiltonian the most 

important of these are listed below. These expressions are drawn from Pilbrow [4] and Abragam 

and Bleaney [5] both of which include extensive detail on this subject. The magnitude and 

symmetry of the crystal field about a particular paramagnetic crystal centre is assumed to 

depend only on the nearest-neighbour atoms. Taking the case of a 'singlet' orbital ground 

state, that is, with no orbital degeneracy but with (28' + 1) spin degeneracy as described 

above, then the interactions that need to be included in an analysis of the energy levels are as 

follows: 

Electronic Zeeman interaction - interaction of the electron spin with the external magnetic 

field. 

(1.13) 

Spin-orbit coupling - coupling of the spin and orbital angular momentum of the paramagnetic 

centre. 

Hso = ),(L . S) 

10 

(1.14) 



In the above equation A is the spin-orbit coupling parameter. 

Crystal field interaction - describes the effect of the environment on the electronic energy 

levels. In the case of transition ions the electrostatic repulsion between the ith electron on the 

metal ion (qi) and the charge qj, assumed to be a point charge, on the jth ligand is described 

by: 

(1.15) 

where the ligand coordinate Rj(Rj,(}j,<pj) and the metal-ion electron at rj(Tj,(}j,<Pj) have their 

angular components defined with respect to the crystal axes. The effect of the crystal field is to 

split the orbital energy levels so that, in the example of a transition ion in an octahedral field, 

the d-orbital energy levels which are 5-fold degenerate in a spherically symmetric environment 

are split into an orbital triplet and a doublet. 

Spin-spin coupling - coupling between electron spin angular momenta. 

fiss = -p L {t [LpLq + LqLp] - ~L(L + 1)8pq } SpSq 
p,q 

(1.16) 

In this case p is the spin-spin parameter. 

Hyperfine interaction (electron-nuclear) - coupling of the electronic and spin angular 

momenta. In this case the equation is based on a sum over all d electrons of the electron

nuclear dipole-dipole interaction. 

~ ~~ 3~~~~ 3~~~~ ~~ 
1-{HF = g-J[{eL(L + 1) - K;}S . I - -eeL . S)(L . I) - -eeL . I)(L· S) + L . I] 

2 2 
(1.17) 

where: 

(1.18) 

\ 1'-3) represents the expectation value for the inverse of the radial electron density and is a 

measure of the spin density at the nucleus which arises through core polarisation. In the above 

equations K; is an empirical parameter to account for core polarisation of the inner s-electron 

shells and their isotropic contribution to the hyperfine interaction. Core polarisation describes 

the magnetic polarisation of core electrons by an unfilled external shell. The origin of this effect 
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can be thought of in terms of electrostatic repulsions between s electrons in the inner shells 

and electrons in unfilled outer shells. The Pauli exclusion principle forbids two electrons with 

the same spin from occupying the same position in space. Therefore, it can be surmised that 

the electrostatic repulsion between an inner-shell s electron which is spin up with a d shell 

containing only spin-up electrons would be different from that containing only spin down, or in 

other words : 

giving a net polarisation at the nucleus which is described by K,f? Symbol ~ in equation 1.17 is 

defined in this case by: 
2l + 1- 48 

~ = 8(2l - 1)(2l + 3)(2L - 1) (1.19) 

Nuclear electric quadrupole interaction - interaction between a nuclear spin and the local 

electric field gradient caused by the near-by electronic distribution. This interaction is linked 

to the shape of the nucleus. When a nucleus has I > ! the electric field gradient can orient the 

charge ellipsoid of the nucleus and thus the spin direction. 

(1.20) 

where in equation (1.20): 

(1.21 ) 

0: is a constant which represents the admixture of an excited state into the ground state manifold 

and has to be determined by direct calculation. It can be shown that: 

2(2l + 1 - 48) 
(LI 10:1 IL) = =t= (2l _ 1)(2l + 3)(2L - 1) (1.22) 

where the value is negative for a shell less than half full and with the sign reversed for a shell 

greater than half full. Comparison with equation (1.19) shows the clear relationship with~. Q 

corresponds to the nuclear electric quadrupole moment, values of which are tabulated. 
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Nuclear Zeeman interaction - interaction of a nuclear spin with the external magnetic field. 

(1.23) 

The disadvantage in expressing the spin Hamiltonian as a sum of the terms shown above 

is that to determine the energy of the paramagnetic system requires not only evaluation of the 

appropriate matrix elements for angular momentum but also a large spin-orbit coupling matrix. 

Through rewriting the coefficients in these equations it can be shown [4] that a more concise ex

pression for these interactions which requires only evaluation of the angular-momentum matrix 

elements can be written as shown in 1.24. 

S·D·S i·A·S 
~ 

Hs = Electronic + Fine Structure + Hyperfine 

Zeeman term term interaction 

f3n B · gn . i 
Nuclear 

Zeeman term 

i·p· i 
+ Nuclear +. .. 

Quadrupole 

(1.24) 

This is the familiar expression for the spin Hamiltonian appropriate for the investigation of a 

large proportion of paramagnetic centres and it contains all the possible second-order terms. In 

an isotropic spectrum the parameters D, g, A and P are simply single-valued scalars. However, 

as will soon be discussed and as is extensively covered in chapters 7 and 8, in an anisotropic 

environment these parameters are best described as the 3 x 3 parameter matrices or second-rank 

tensors: D, g, A and P. 

With the spin Hamiltonian so expressed, the energies of a paramagnetic system may then be 

calculated. Historically this has been through the application of perturbation theory to derive 

expressions for the eigenvalues. However, with the advent of advanced computing facilities these 

energies are now routinely calculated through exact diagonalisation techniques. 

Expansion of the spin Hamiltonian to include high-spin terms 

Both Bleaney [6] and Koster and Statz [7] noted that the allowed terms in the spin Hamiltonian 

can be expressed in terms of polynomial with the form 

(1.25) 
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where the exponents lB, ls and lJ are non-negative integers. There are two further restrictions 

on the order of the operators, firstly: 

l B + l s + l J = even (1.26) 

This stems from the requirement that the spin Hamiltonian be invariant under time reversal. 

In addition it is required that: 

ls :s:; 28 and lJ :s:; 2I 

In theory lB may take on any value under the constraint of the first condition but at normal 

fields it can generally be assumed that lB :s:; 1. This formulation of the spin Hamiltonian 

clearly allows for the inclusion of many higher-order terms when the magnitude of S and I are 

sufficient. One of the original goals of this thesis was to determine the importance of so-called 

high-spin Zeeman terms which have the form BJ1J. In the past it has been common to ignore 

the possible influence of such terms in the spin Hamiltonian with the justification being that 

they will be small with respect to lower order terms. It has been demonstrated in recent work 

by the Canterbury EPR group that this is not necessarily the case through studies of an Fe3+ 

impurity centre in scheelite (Ca W04) [8] and a Ti3+ centre in zircon [9]. In both of these 

centres a satisfactory fitting of the angular variation of line positions is impossible without the 

inclusion of high-spin Zeeman terms. 

Orientational dependence of the spin Hamiltonian 

Directional effects on the energy levels are defined by writing the parameters D, g, A and P 

in equation 1.24 as 3 x 3 Cartesian matrices. As an example of how these may be constructed 

the 9 matrix is used. In the absence of other effects the effective magnetic field vector at a 

paramagnetic centre is described by: 

(1.27) 
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Therefore, the magnitude of the effective field is given by: 

(1.28) 

By defining a unit vector n parallel to the magnetic field as: 

B 
n=-

B 
(1.29) 

then 9 can be defined by: 

In the above equation g . gT equates to the 3 x 39 matrix being the product of two Cartesian 

vectors. Therefore, expression 1.24 can be rewritten in terms of parameter matrices and spin 

and magnetic field vector operators as: 

( 

l 1 T (9
XX 

9xy 9xz 1 ( Sx 1 (SX 1 T (DXX Dxy Dxz 1 ( Sx 1 
'Hs = f3e B m 9xy 9yy 9yz Sy + Sy Dxy Dyy Dyz Sy + 

n 9xz 9yz 9zz Sz Sz Dxz Dyz Dzz Sz 

( 

Sx 1 T (AXX Axy Axz 1 (IX 1 (l 1 T (9(n)XX 9(n)xy 9(n)xz 1 (IX 1 
Sy Axy Ayy Ayz Iy - f3n B m 9(n)xy 9(n)yy 9(n)yz Iy + ... 
Sz Axz Ayz Azz Iz n 9(n)xz 9(n)yz 9(n)zz Iz 

(1.30) 

The parameter matrices are usually symmetric and thus for each there are a maximum of 

six parameters to be determined by fitting to the orientational dependence of the measured 

line positions. Describing the orientational dependence of higher-order terms is considerably 

more complex as it requires that the 3 x 3 Cartesian matrices be replaced by tensors of higher 

rank. Several alternative formulations of these tensors exist and this is discussed extensively in 

chapters 7 and 8. 
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1.3 Experimental equipment and techniques 

All the experimental work in this thesis was conducted on a modified Varian E12 spectrome

ter. The microwave source was an X-band klystron within a Varian E-101 microwave bridge 

producing continuous wave X-band radiation (8.9-9.6 GHz). Frequencies were measured with 

a Systron-Donner frequency counter model 6054A with a frequency reference provided by a 

Hewlett-Packard 5081A caesium beam frequency standard with an accuracy of 1 part in 1010 . 

The magnetic flux density was determined with a Bruker NMR probe and a Bruker ER 035 

NMR gaussmeter (range 130-1000 mT). The microwave cavity was a modified Varian E235 wide

access cavity with external modulation coils operating at 100 kHz. Sample crystals were fixed 

with "Supa Glue" to copper holders which could then be screwed into the head of a closed-cycle 

helium refrigerator unit (model A5A 202 Displex refrigerator, Air Products). Early spectra were 

collected on a chart recorder. Large improvements in signal-to-noise were achieved through the 

availability of a computer based data digitisation and acquisition apparatus. Software for this 

was written by B. E. Williamson and K. L. Taylor [10j. The high reliability of this system 

allowed for extremely long scan times and the measurement of some very weak effects. The 

best example of this was the 22 hour 0.4 mT scans used to measure the 7Li spin-flip lines on 

the spectra of the new [AI04/Lij+ centre in quartz, as described in chapter 6. Much of this 

experimental set-up is summarised in the block diagram in figure 1-2. 

The zircon crystals analysed generally had well defined ac/bc faces which enabled accurate 

mounting. For more general orientations mounts machined to specific angles were used. Where 

crystal morphology allowed, some ab plane measurements were possible but with the exception 

of a crystal which had been specifically cut, these mountings tended to be less accurate. Only 

one a-quartz sample was examined and this had accurately cut faces as described in chapter 6. 

Once mounted, the samples could then be rotated about an axis precisely perpendicular to the 

static magnetic field. A Vernier scale on the stage supporting the Displex head and sample 

holder allowed for angular measurements which could be determined within 1 minute of arc. 

On insertion of the mounted crystal into the cavity, the system was sealed and a vacuum of 

....... 10-6 Torr created and maintained by a turbo-molecular pump and a rotary backing pump 

to minimise convective heat flux from the surroundings to the sample. In this fashion sample 

temperatures of as low as '" 15 K could be maintained indefinitely. Sample crystals were usually 
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Circulator 

AlDin 

D 

E205 Field controller 

Magnetic field probe 

D/A out 

Figure 1-2: Simplified block diagram of EPR spectrometer used in the University of Canterbury 
laboratory. 

X-irradiated with a target X-ray source (Phillips model PW2264-20 X-ray generator) 

running at 45 k V and 40 rnA. 

In most the crystal sample was irradiated at 77 K under liquid nitrogen and 

then transferred at this temperature to the head of the already cold Displex apparatus. 

facilitated the formation and measurement of many comparatively unstable centres which would 

have thermally bleached at room temperature. In some of these HUI:::iU'"'' the samples 

destroyed and were annealed at room temperature in order that the unstable centres would 

more stable centres measured with less interference and often increased mt,en:SI Some inves-

tigations were conducted into the effects of room-temperature X-irradiations and the discovery 

of new [B04]O centre described in chapter 3 is the result of one such study. 

highly precise measurements of all experimental variables possible with the equipment 

to the Canterbury EPR group are central to the data collections and analysis described 

in thesis. The experimental uncertainties in each of the measured quantities are summarised 

in table 1.1. 
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Table 1.1: Experimental uncertainties in measured parameters. 

Quantity Typical value Uncertainty 

Magnetic flux density 130 - 1000 mT ±O.OOl mT 
Microwave frequency 9.2-9.4 GHz ±10 kHz 
Rotation angle 0- 360° ±1' (±0.17°) 
Mounting angle 0° ±0.05° 

30-60° ±0.2° 
Temperature 15 K ±5K 

1.4 Data analysis 

The first stage of any analysis of experimental single crystal EPR data is generally the plotting 

of crude "road maps" (plots of line position against rotation angle) which allows the intercon

nection of data from different orientations in a particular plane and the identification of lines 

as belonging to a particular centre. This combined with other gross observables such as ob

vious patterns of hyperfine structure, fine structure splittings or site degeneracies helps in the 

construction of an initial hypothesis on the identity of the centre responsible for the measured 

transitions. This hypothesis can then be tested by least-squares refinement of the observed line 

positions and examination of the overall root-mean-squared deviation (RMSD) between the 

fitted and experimental data and the nature and fitting of the individual parameters produced. 

The software package EPR-NMR [11] is widely used throughout the EPR community for this 

operation. This programme sets up the required spin-Hamiltonian matrices and determines 

the eigenvalues or energies of the system using "exact" diagonalisation. EPR-NMR performs 

several operations which can prove invaluable in the comparison of experimental data with 

theoretical predictions and these have been divided by the authors into four groups: 

1. Energy level calculation 

2. Spectral simulation 

3. Comparison with observed data 

4. Parameter optimisation 
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Although all four of these are useful operations it is the last which produces the information 

most critical to understanding the raw data accrued from experimental measurements. Fit

ting of experimental data is often a difficult and laborious process involving not only correct 

identification of transitions but also weighting of data points relevant to the resolution of their 

respective measured lines. Although EPR-NMR will fit any sensible input, it is critical to in

clude correct starting parameters so that a physically reasonable result will be calculated. An 

often vital example of this is the identification of a correct nucleus and consequently a correct 

value of 9n, in the interpretation of hyperfine structure. The fitting of the Zr(a) centre and 

boron containing oxygenic hole serve as examples of this problem where satisfactory fitting of 

the data was not achieved until the correct interacting nuclei were identified. Sometimes, as 

with the Y(Ti3+) centre, the identity of the nucleus cannot be determined from data fitting 

alone and other paths to this information must be found. 

In EPR studies of single crystals the most useful information derived from these fittings are 

the principal directions of the parameter matrices. By examining the orientation of these and 

the magnitude of their corresponding eigenvectors, conclusions can be drawn on the direction of 

the interactions creating the fitted effect. By comparison of the principal directions with the x
ray crystallographic atom positions in the crystal unit cell, the site of not only the paramagnetic 

centre can often be determined but also the location of nearby interacting atoms. Improved cor

relations are sometimes achieved by taking account of distortions to the crystal lattice caused by 

the presence of the paramagnetic defect centre through ab-initio molecular orbital calculations. 

This represents a powerful tool for determining the nature of the microstructure surrounding 

a dilute paramagnetic centre leading to the term "EPR crystallography" often being used in 

reference to this work. 

1.5 Crystal systems and defect centres 

In the course of this work paramagnetic centres in both a-quartz (Si02 ) and zircon (ZrSi04) 

have been examined. Quartz is one of the most intensively studied systems in the EPR literature 

and serves as a classic example of a covalently bonded crystal. Interest in this system arises not 

only from the array of intriguing centres observed in quartz but also because of its piezoelectric 
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properties and a need to know how these are affected by the presence of impurities. Zircon 

represents an interesting crystalline system because it is intermediate between purely ionic 

and molecular crystals where covalent bonding is predominant. This arises because zircon is 

constructed from covalently bonded SiO!- tetrahedra ionic ally bonded to Zr4+ cations. It has 

been proposed that zircon could potentially find application in laser componentry due to its 

high refractive index while it also has the useful characteristics of hardness and resistance to 

chemical attack. The crystallography and properties of these crystals are discussed in detail in 

chapters 2 and 6. 

Paramagnetic centres in both of these crystals are usually created via irradiation. This 

serves to "knock out" electrons from the crystal lattice and potentially creates centres containing 

unpaired electrons which may then be detected using EPR. These are designated as electron 

centres when an electron released during irradiation is trapped at a new site in the crystal 

or as electron-hole centres if a paramagnetic site is created through loss of an electron. Such 

centres can theoretically be produced in 100% pure crystal samples. However, it is far more 

usual that they will be found associated with impurity atoms in lattice or interstitial positions. 

This thesis demonstrates that the nature of these impurities may very greatly. Because of the 

high sensitivity of the apparatus used in this work many impurity centres have been reported in 

crystals which are nominally pure indicating they are introduced in trace amounts in the original 

growth reagents. Larger concentrations of impurities may be observed in natural crystals and 

in those which have been doped when grown synthetically. 

For clarity, the naming and designation of the paramagnetic studied centres in this thesis 

is now defined. The two crystal systems studied in this work have quite different bonding 

as discussed above. To provide for a universal system for designation of the centres in both 

crystals they will be described in terms of the paramagnetic ion and relevant, local lattice and 

compensating ions and enclosed in square brackets. The charge assigned to this chosen unit 

will be calculated with respect to the pure-crystal lattice. Thus, the silicate tetrahedra in both 

crystals are written as [Si04]0 and the zirconium-oxygen dodecahedron in zircon is labelled 

[Zr08]0. Examples of this for electron-hole centres are: [AI04/Li]+ in a-quartz where an 

oxygen vacancy is created, Al3+ substitutes at a silicon position and a Li+ ion resides near-by; 

[B04]0 in zircon where B3+ substitutes for silicon and a hole is created on a lattice oxygen atom. 
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Substitution of Ti4+ at a Zr4+ lattice position initially creates [TiOs]o. With irradiation an 

electron centre is created and designated [TiOs]-. Electron centres in zircon are traditionally 

named by a letter for convenience and thus the [TiOs]- centre is often referred to as B(Ti3+). 

1. 6 Establishing site symmetry and crystal alignment 

In a crystalline environment essentially identical paramagnetic species can occur at various 

orientations determined by the symmetry of the crystal. The EPR technique does not detect 

translational differences in the positions of paramagnetic centres. However, detailed information 

on the orientation, relative to a fixed axis system, of anisotropic interactions may be obtained. 

Therefore, it is completely adequate to describe the symmetry related properties of a crystal 

in an EPR experiment in terms of its proper point group rather than its space group. When 

considering symmetry related sites, this can be restricted to the 11 point groups containing only 

proper rotations (Laue classes). This is justified on the basis that the measuring process does 

not detect a centre of inversion and thus the 11 crystal point groups containing rotary inversions, 

but not i itself, cannot be distinguished from the corresponding crystallographic point groups 

containing only proper rotations [12]. Because of this, the tensors Y describing the orientational 

dependence of the spectra of symmetry related sites can be transformed amongst each other via 

a similarity transformation defined by pre- and post-multiplication by a proper-rotation matrix 

Ri as defined in equation 1.31 

(1.31) 

It is important to note that the observed site symmetry is representative only of the local 

surroundings of the paramagnetic centre and may thus be lower (but not higher) than that of 

the pure crystal. 

There are three useful consequences of site splitting: 

1. By analysing site splitting sufficient data may be collected from rotation in one crystal 

plane to characterise every element of a parameter matrix, provided the symmetry of 

the centre is low enough and the plane carefully chosen. In theory, data collected from 

three distinct crystal planes are required to characterise all the elements of an interaction 

matrix. However, this may be overcome in the presence of site splitting as each site 
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represents an independent plane of data. 

2. From observation of the number of non-degenerate sites at various orientations in known 

crystal planes the symmetry of a centre can be determined. Rae [13] has calculated these 

values for all planes for each of the 11 Laue classes and with reference to this work the 

symmetry of a new centre may often be determined even before it has been characterised. 

3. By searching for orientations at which increased site degeneracy is observed, alignment 

of the crystal axes with respect to the static magnetic field can be determined. Taking 

zircon as an example, it is observed that with the crystal c axis aligned parallel with 

the static magnetic field all sites are equivalent and thus all centres collapse to a single 

spectrum at this orientation. 

1. 7 Thesis summary 

Chapters 2 to 6 are concerned primarily with zircon. The first of these contains a study of the 

Zr( a) centre and includes a detailed description of the identification and location of a phospho

rus ion in this centre. Chapter 3 presents a brief review of the reports of oxygenic-hole centres 

in zircon and goes on to investigate three such centres: one of which is shown to be associated 

with an yttrium ion; another, which interacts with an unknown ion, is found to have unusual 

anisotropy; while a third is identified as containing a boron nucleus substituted at a silicon lat

tice position. Titanium centres are the focus of chapter 4, with two new analogues of the well 

known Zr4+ substituted B(Ti3+) centre reported as well as a new silicon substituting centre. 

Two high-spin systems, Nb3+ and Gd3+, are investigated in chapter 5 to determine whether 

the effect of high-spin terms can be determined in their fittings. A new lithium- "compensated" 

aluminium oxygenic-hole centre in a-quartz is the subject of chapter 6 and investigations into 

the position of the oxygenic hole and lithium ion are presented. Chapter 7 describes the deriva

tion of algebra for the representation of BJ7 terms in the spin Hamiltonian and inclusion of 

this into the programme EPR-NMR [11]. The eighth chapter presents a summary of the var

ious formulations of high-spin terms in the spin Hamiltonian and their interrelations and also 

includes a review of how the coordinate frame of a spin Hamiltonian expressed in terms of 

spherical-tensor operators may be rotated. This serves as background for the inclusion of the 
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appropriate matrl.'{ elements of proper rotations of odd-rank tensorial sets into the programme 

ROTTEN2. 
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Chapter 2 

Reinterpretation of the Zr( a) centre 
III III In ZIrcon 

2.1 Introduction 

A full description of paramagnetic zirconium centres in zircon is fundamental to the understand

ing of processes and structure within this crystal. However, there is very limited information in 

the literature on these centres compared with the many detailed studies of electron holes and 

impurity atoms. Solntsev and Shcherbakova [14] made the initial report of the EPR of zirconium 

centres in zircon. They described three distinct Zr3+ based centres formed after irradiation by 

the capture of an electron by a Zr4+ ion and presented 9 values and fitting of the characteristic 

91Zr(1 = ~, 11.23% abundance) hyperfine data. These centres were labelled Zr(o:) , Zr((3) and 

Zr(r) with differences between them attributed to the position of the Zr3+ ion in the crystal 

unit cell and their association with near-by impurity atoms. Zr(o:) was initially described as 

having C2 symmetry, being lowered from that of the normal Zr4+ lattice position (42m) by the 

presence of an alkali ion. Zr((3) exhibited similarly reduced symmetry, in this case due to a 

neighbouring oxygen vacancy. It was concluded by analysis of hyperfine structure due to two 

100% isotopically dominant I = ~ atoms that the relatively weak spectrum of Zr(r) could be 

attributed to the presence of two 89y atoms occupying nearest cation positions. Claridge et 

al [15] presented a considerably more detailed study of the Zr(o:) centre and concluded that 

alkali ions were not present but instead that a clearly discernible doublet splitting, visible at 
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all orientations, was due to the presence of an 89y atom in a near-by lattice position. 

Initially, work on the Zr(a) centre was conducted with the aim of fitting small outrider lines 

on each of the main lines thought to be indicative of a 29Si hyperfine interaction. Attempted 

reproduction of the results of Claridge et al [15] revealed some considerable problems with the 

fitting of the proposed 89y splitting. Although this was certainly a reasonable assignment, the 

following chapter will show that this interpretation of the results was incorrect and that this 

splitting and the smaller outrider lines can both be explained with a high degree of confidence 

as arising from interaction with a 31 P nucleus. 

2.2 The crystal structure of zircon 

Zircon serves as a good example of a mixed ionic-covalent crystal. Covalently bonded SiO!

ions (distorted tetrahedra) are constrained by Zr4+ ions in the lattice structure which are 

in turn surrounded by eight oxygen atoms. As shown in figure 2-1, the Zr08 moiety is ap

proximately dodecahedral being constructed from two interleaving, distorted tetrahedra one of 

short- "bonded" and the other of long- "bonded" oxygens. Each of the Si4+ and Zr4+ ions lie 

on the 41 4-fold screw axis of the tetragonal I 41/ amd space group and each has 42m (D 2d) 

point-group symmetry so that the Si04 "tetrahedron" is also dodecahedral. Two perpendicular 

vertical mirror planes intersect along the screw axis and every atom in the unit cell of pure 

zircon is constrained to lie within one of these. There are also perpendicular C2 axes directed 

between zirconium and silicon positions as indicated in figure 2-1. 

The dimensions of the tetragonal zircon unit cell have been reported from X-ray crystallo

graphic measurements at 300 K as [16]: 

a 

c 

6.6042(4) A 

5.9796(3) A 

(2.1a) 

(2.1b) 

The zircon structure has four molecules per unit cell with atomic coordinates defined in terms 

of fractions of the unit-cell dimensions are listed in table 2.1. These coordinates were originally 

drawn from Wyckoff [17] where they are quoted with the origin taken at a centre of symmetry. 

Although this formulation produces a slightly simpler set of atom positions it is not the most 
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Figure 2-1: Portion of zircon unit cell showing interconnection of SiO!- tetrahedra and Zr4+ 
along the crystalline 41 axis. 

useful form for the structural discussions presented in this thesis. Instead the corners of the 

unit cell are chosen to coincide with zirconium lattice positions as implied by figure 2-1. This 

requires a translation of (0, -~, i) from the positions quoted by Wyckoff [17]. 

Table 2.1: Atomic coordinates of zircon given as fractions of the unit-cell dimensions 

Zr (0, 0, 0) 

Si (0, 0, ~) 

o ±(O, U- 1 
4' 

(~, 0, i) 

±(O, l-u 4 , 
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In table 2.1 the letters 'U and v correspond to measured parameters defined as [16]: 

'LL 

v 

0.0660( 4) 

0.1951( 4) 

(2.2a) 

(2.2b) 

The atomic positions and unit-cell dimensions define three principal bond lengths: two different 

Zr-O distances and one type of Si-O bond. This are quoted in reference [16] as: 

Zr-O (long) 

Zr-O (short) 

Si-O 

2.267(3) A 

2.128(2) A 

1.623(2) A 

Many zircon centres involve substitution of an impurity ion into a zirconium position. Because 

of this it has been common to translate the origin to the zirconium position at the centre of 

the unit cell (coordinates (~, ~, ~)). This simplifies the analysis of the interactions with the 

surrounding oxygen dodecahedron and local lattice but does not hinder the interpretation of 

centres at oxygen or silicon lattice positions. Henceforth, all zircon lattice positions will be 

quoted with respect to this new origin. 

The maximum site symmetry for a centre in zircon is 42m (D 2d) created by an unpaired 

electron localised about a silicon or zirconium lattice position. In this case only a single site 

will be observed at any orientation of the crystal in the static magnetic field and the parameter 

matrices derived from this data will be uniaxial. A uniaxial matrix has the form: 

YUlliaxial = (~ ~ ~) 
o 0 b 

with principal directions in terms of ((),¢) defined as (0,0), (90,0) and (90,90). Therefore, 

under this symmetry there are only two independent parameters that need to be fitted in the 

determination of most parameter matrices and only one in the case of those which are traceless 

(D and P). In the case of minimum measurable symmetry, I (C1), a maximum of eight sites are 

27 



observed and six independent parameters are determined from an interaction matrices except 

D and P which produce five. However, this appears to be very rare in zircon as it requires 

the presence of an atom outside one of the mirror planes. Such interstitial ions have not been 

identified with confidence in any EPR studies. The most common site symmetries observed in 

zircon are 42m (D 2d) and m (Cs ). 

2.3 Experimental details 

Experiments on synthetic zircon crystals with various degrees of doping as well as natural 

crystals from a range of sources indicate that the Zr(a) centre is extremely common. However, 

it is unstable at room temperature so any experiments must be conducted using cryogenic 

techniques. This was achieved by X-irradiating zircon crystals at 77 K under liquid nitrogen 

and transferring the sample to the previously cooled head of the Displex system. In the course 

of these transfers the samples never reached temperatures above 90 K although this was not 

critical as rapid decay of signal was not observed until temperatures well above this were 

reached. The particular sample chosen for this study was the same as that containing Y(Ti3+) 

([18] and chapter 4) and P(Ti3+) ([19] and chapter 4). This crystal was supplied by Aerospace 

Corporation having been grown by the flux-growth method described by Chase and Osmer [20] 

and is thought to have low levels of impurities. The crystal was later cut to a parallelepiped 

(dimensions 5.5 x 3.5 x 2 mm) with rectangular faces perpendicular to the crystallographic a, 

band e axes of the tetragonal zircon crystal system. 

Data were collected in two planes: firstly, with the crystal mounted so that the be plane was 

parallel to the static magnetic field and the a axis was perpendicular; secondly, with the crystal 

rotated from this position by 35.25° about the e axis, which is approximately the complement 

of the magic angle and for brevity will hence forth be referred to as the "magic-angle plane". 

This second plane was chosen to provide "arbitrary" orientations for later fitting of some off

diagonal elements of the parameter matrices not determined in the be plane due to extra site 

degeneracy. In each case, measurements were made at 5-10° intervals through a 180° rotation 

in the plane of choice. The large hyperfine splittings due to the 91Zr nucleus required that 

for increased accuracy and economy each group of lines be measured individually. Because of 
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the large intensity difference, the centre line due to the spinless isotopes was also measured 

separately. 

Highly precise alignment of the crystal in the magnetic field was achieved through obser

vation of the collapse of various low-symmetry centres into single spectra. The oxygen-hole 

aluminium centre designated [AI04]0 and named the "E centre" by Claridge et al [21] is par

ticularly sensitive in this regard and collapses from three distinct sites in a general be plane 

orientation to one with eiIB. Due to its narrow line width and moderate anisotropy the orien

tation at which this collapse occurs, and consequently the e-axis alignment, can be determined 

to within 2 minutes of arc. The spectrum of [AI04]0 with eilB is shown in figure 2-2. Fortu

itously, this centre is very common in zircon crystals including those with supposedly low levels 

of impurities as used in the experiments described in this chapter. 

2.4 Results 

Spectra 

Before irradiation the zircon crystal showed no paramagnetic centres observable by EPR. After 

irradiation, a number of paramagnetic species were created. As shown in figure 2-2, the spec

trum of the crystal described above, when irradiated at 77 K, is dominated by the Zr( 0:) centre. 

The e-axis spectrum of Zr( 0:) consisted of an intense central line from the abundant even (1 = 0) 

zirconium isotopes (90Zr (51.5%), 92Zr (17.1%), 96Zr (2.83%)) and six smaller hyperfine lines 

due to 91Zr (I = ~, natural abundance, 11.2%). In a general orientation, spectra due to four 

distinct sites were observed but in the be plane two of these sites were always degenerate giving 

three sets of lines. These collapsed further to two when b was parallel to B and to complete 

degeneracy with eiIB. A further two-fold splitting from a 100% abundant isotope with 1 = ! 
was visible at most orientations. The size of these splittings varied from less than the line width 

(rv 0.025 mT) to 0.22 mT. At many orientations satellite lines surrounding the main pair were 

readily measurable. These fell into two types, firstly a set separated by approximately 0.4 mT 

and centred about the main lines with intensities that varied with angle, reaching a maximum 

of close to 10% of their major compatriots. A second set were observed closer to the main lines 

but angular variations in line position meant that they were only measurable within 30° of e. 
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2-2: c-axis spectrum of zircon at 15 K after cold transfer. 
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Initially, it was to be important to produce parameter matrices in agreement with those of 

Claridge et al [15] before embarking on any attempt to characterise the interaction with nearby 

silicon nuclei. the sake of simplicity, only the data for the spinless isotopes was used in 

first fitting. By averaging the splittings due to the interaction with a I ! nucleus a 

fitting of the 9 matrix was readily achievable. This was in good agreement with the previous 

but seemed to indicate higher symmetry than the earlier report. Claridge et al [15] 

that their measurements of site splittings indicate site symmetry 

demonstrated in the fitting of their data which indicates that all elements of the 9 matrix are, 

within error, non-zero. However, all of the off-diagonal elements are very small, in comparison 

with both their calculated errors and the magnitude of the main diagonal elements. Therefore, 

it was not too surprising to find that more precise data, collected via digitised and computer 

averaged data acquisition instead of a plotter, seemed to indicate that two of these elements 

were in fact zero. Probably even more significant than the precision in measurement 
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of this data was the care taken in mounting the crystal. As mentioned previously, a four-fold 

site splitting is observed in measurement of this centre in a general orientation. Thus, any 

misalignment that may have occurred in the be-plane mountings described in the earlier work 

could easily give the appearance, through increased multiplicity of lines, of reduced symmetry. 

Repeated mountings of the crystal in the be plane seemed to bear out this conclusion as it 

was observed that the degenerate lines appeared to split when an inaccurate mounting was 

used. However, with good alignment this splitting was suppressed at all orientations indicating 

that within experimental uncertainty the point-group symmetry was higher than previously 

suggested [15], being m rather than 1. These conclusions are strengthened by noting that 

the line widths in these experiments ("" 0.025 mT) are considerably smaller than those of the 

previously reported measurements (0.06 - 0.08 mT) implying a greater degree of confidence in 

the results. 

Attempted fitting of doublet splitting using 89y nucleus 

With g well established, it was then thought that fitting of the doublet splitting would be a 

relatively trivial exercise. Surprisingly this did not turn out to be the case. The initial approach 

to this problem was to take the 9 matrix derived from the average line positions and the A(89y) 

matrix quoted by Claridge et al [15] and use programme EPR-NMR [11] to simulate the line 

positions and transition labels. The Hamiltonian used in this case was then: 

(2.3) 

where gn was given by the literature value for gn(89y) (-0.2748361) multiplied by a 3 x 3 unit 

matrix (U). This produced only a moderate reproduction of the line positions. Obviously, the 

9 anisotropy was well represented but there seemed to be some noticeable inadequacies in the 

A(89y) matrix. This was borne out by line positions for each pair whose average corresponded 

well to the average of the measured doublets but whose actual positions compared poorly. Using 

the literature values as a starting point, the data were then refined again using EPR-NMR but 

although some improvement in fitting was achieved, the RMSD was still unacceptably high in 

comparison with the size of the splittings. It was proposed at this point that the initial values 
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Figure 2-3: Effect of the size and sign of the hyperfine splitting on level labelling fo a S = ~, 
I = ~ system. 

of Claridge et al [15] may be somewhat in error and may not provide a satisfactory starting 

point for the refinement. These authors quote relatively large uncertainties on almost all of the 

elements of the yttrium hyperfine matrix indicating the potential for changes to their fitting 

was significant. 

An important observation from the data fitting was of changes in the relative intensities 

of the two possible energy level labelling schemes. In a S = ~, I = ~ system such as this, 

there are two distinct sets of possible EPR transitions. If the four energy levels are labeled 

from 1 to 4 such that 1 is the highest and 4 the lowest, then the possible pairs of "allowed" 

transitions (.6..JVIs = ±1, .6..JVIr = 0) are 1-4 and 2-3 or 1-3 and 2-4. As shown in figure 2-3 

the classic 1-4, 2-3 labelling scheme for the allowed transitions in a S = ~, I = ~ system can 

only be assumed when the energy due to the hyperfine interaction is the same sign and greater 

than the nuclear Zeeman interaction. When these are of similar magnitude the appropriate 

labelling of the allowed transitions may change as the size of the hyperfine interaction varies 

with orientation. Furthermore, if the hyperfine interaction and the nuclear Zeeman term are 
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very close in magnitude the intensities of the "forbidden" lines (tllVIs = ±1, I::!.MJ = ±1) 

become similar to those of the allowed lines. Thus, four, not two lines might be expected. With 

fitting, the intensities of these transitions were predicted to vary markedly with angle so that at 

various orientations the dominant energy level scheme altered. Because of this it was apparent 

that choice of an appropriate labelling scheme would be critical to achieving convergence on 

a true minimum. To facilitate this it was felt necessary to obtain an improved set of starting 

values for the refinement. This was attempted by fitting the observed hyperfine splittings from 

the be plane to equation 2.4. 

Y = B cos 2e + C sin 2e + D (2.4) 

which can be expressed alternatively, through the use of trigonometric identities as: 

A = (D + B) cos2 e + (D - B) sin2 e + C sin 2e (2.5) 

To formulate the hyperfine matrix in terms of spherical polar-coordinates requires multiplication 

by the unit-magnitude vector in three dimensions, n, and its transpose where: 

[ sin e cos ¢ sin e sin ¢ cos e 1 

Assuming that the matrix A is symmetric gives: 

AHpherical polar n T . ACartesiall . n 

Axx sin2 e COS
2 ¢ + 2Axy sin2 e cos ¢ sin ¢ 

+ Ayy sin2 e sin2 ¢ + 2Axz sin e cos e cos ¢ 

+ 2Ayz sin e cos e sin ¢ + Azz cos2 e 

This conveniently simplifies in the be plane where ¢ = 900 and e is arbitrary to: 

A = Ayy sin2 e + Azz cos2 e + 2Ayz sin e cos e 
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By equating equations 2.5 and 2.8 it can 

Thus, the fitting of a simple function to 

be shown that: 

D B 

D+B 

c 

(2.9a) 

(2.9b) 

(2.9c) 

observed splitting data can apparently be used to 

determine first approximations to the values of the elements of the hyperfine matrix. As shown 

in equations 2.9 three elements are determined. However, although the Ary element cannot be 

defined by be plane data, the remaining distinct elements can be determined by derivation 

the other two distinct sites in be 1~his was achieved by multiplying by the appropriate 

rotation matrices of the C4 rotation group [12] and produced the following matrix: 

( 0.0317 ? 0.0285) 
-0.2180 0.0003 

0.0709 

(mT) (2.10) 

As shown in figure 2-4, the above fitting procedure indicated that the splitting data were well 

defined with small differences between the fitted and measured data points and certainly should 

have provided for a far better fitting than had been achieved through the usual H;aHH:;HHOUC of 

the 89y hyperfine matrix using EPR-NMR. 

An obvious inadequacy in this simplistic derivation of the hyperfine matrix elements is 

that is fails to take account of the effects of gn' It was thought initially that with the small 

size and expected isotropic nature of the nuclear Zeeman interaction this could be discounted, 

particularly as the were only intended as starting points for a more rigorous refinement. 

The hyperfine matrix elements as derived above were used as initial input into EPR-NMR 

and, as in the previous attempt to fit the data using this technique, an isotropic 89y nuclear 9 

matrix with values as defined in the literature was employed . .LJ~~.UL\:"~ Axy although undefined, 

was set to zero. was felt to be reasonable considering that the 9 matrix analysis seemed 

to indicate both this element and Ayz were probably constrained on symmetry grounds to 

be zero. If these were in fact satisfactory starting points for the 
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Figure 2-4: Experimentally measured splittings on each of three distinct sites and fitting with 
function Y = cos 2e + C sin 2e + D. 

used as the basis a simulation, reproduce a rea.'30nable fit to the experimental data. However, 

as shown in figure when used as input for a simulation run in EPR-NMR the result bore 

absolutely no resemblance either to the experimental data or to the trigonometric fitting. The 

correlation between the result of simulation and the experimental data was not significantly 

improved by refinement with EPR-NMR. It was assumed at this stage that for some unknown 

reason the translation from the trigonometric fitting to the full Hamiltonian analysis was flawed 

and this approach wa.'> abandoned. 

At this point the only remaining method which seemed to provide hope a satisfactory 

fitting was a systematic refinement using EPR-NMR. This was surprisingly difficult considering 

the simple nature of the system and was ascribed to the lack of seemingly satisfactory starting 

the difficulty in selecting the correct transition labels. This last point was particularly 

problematic as relatively small changes to the hyperfine matrix would often make sweeping 

vH'''~'F;vu to the transition scheme (1-3, 2-4 or 1-4, 2-3) predicted to have the intensity. 
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Figure 2-5: EPR-NMR simulation of I = ~ splittings using matrix derived from trigonometric 
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However, after a great deal of effort convergence on a fitting with a reasonably low RMSD 

(0.014 mT) was achieved and produced the parameter matrices shown in table 2.2. The RMSD 

and errors on the elements of each of the parameter matrices seem to indicate that this is a 

reasonable representation of the data but comparison of the splittings when plotted suggests 

otherwise. As can be seen in figure 2-6, although a Hu ...... HaLu' ...... in the fitting procedure appears to 

have been achieved it produces fitted splittings which are not a physically realistic interpretation 

of the observed data. Although the less isotropic are moderately well fitted, the critical 

failure is clearly in the representation of the splittings on two more anisotropic degenerate 

sites. The discontinuity given by the swap of energy level labelling schemes and required to 

give this fit is physically unrealistic. It can be seen from plotted data that the only reason 

the RMSD is as low as quoted is because this discontinuity happens to lie in a region in which 

there are no data due to the splitting being hidden within line width. 

Table 2.2: Best fitting of spinless isotope data with 89y nuclear g matrix. (Number of unit
weighted data points = 111, sum of weighting factors 127.7, RMSD 0.014 mT) 

Principal Principal 
value direction 

lvfatrix y' k Y", fh (deg)t 

g 1.924204(8) 0.0 -0.005597(6) 1 1.933604(6) 90 
1.933604(6) 0.0 2 1.924966(8) 97.75(1) 

1.883856(5) 3 1.883094(5) 172.25(1 ) 

Ajgef3e 0.020( 4) 0.0 0.019(3) 1 0.062(2) 156(13) 
(S9y) (mT) -0.192(2) 0.0 2 0.011(3) 114(13) 

0.054(3) 3 -0.192(2) 90 

*In all tables of spin-Hamiltonian parameters error estimates are quoted in 1:''''1 <;;lH,11''''''''. 

o is measured from the c axis. 
zircon if; is defined in a counterclockwise direction from a. 

Principal 
direction 
<Pic (deg)t 

90 
0 
180 

180 
0 
90 

At this point it was clear that a satisfactory fitting of the data was dependant on fitting of the 

anisotropy of the degenerate sites and in particular the change in sign of the hyperfine splitting. 

Apart from 

for the line 

trigonometric fitting, none of the fits had managed to produce a continuous curve 

of the degenerate sites which passed through zero. An attempt to resolve 

this was made by creation of a data set of splittings only. This was achieved by adding and 
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subtracting half the measured splitting from an isotropic field value corresponding to 9 2.0. It 

was hoped that this would prevent any errors due to the relatively large 9 anisotropy perturbing 

the fitting. A fitting otherwise similar to that attempted with the original data gave essentially 

same result for A(89y). A data set was then roT'c>.o:;+cu1 with the goal of fitting the degenerate 

alone. This was attempted by fitting only the degenerate site data as a single site (i.e. 

"tetragonal" symmetry). Although only three elements could be determined in this fashion it 

was hoped that some information could be gained into the nature of the problem. However, 

the result effectively converged to that of the previous unsuccessful attempts. Therefore, it was 

clear at this stage that not only were the data not at fault but also that no mistakes had been 

made in fitting process. 

Selection of an alternative nucleus 

Having exhausted all conceivable possibilities for the \JHHv.LUC .. H of the hyperfine matrix it 

seemed that the choice of nucleus should be reconsidered. There are several reports in 

the literature yttrium impurities in zircon [14, 18, 19, 22, 23, 24, 25] and this can readily 

be justified on the basis of its similarity, both in chemistry and ionic radius, with zirconium. 

Therefore, when spectra showing a splitting due to a 100% I ! nucleus are observed 89y is 

a reasonable choice. However, there are a number of other nuclei similarly have isotopic 

abundances dominated by a single isotope with I = ~ or two nuclei ,vith similar 9n values that 

between them are dominant. These are listed in table 2.3. 

If the value 9n is the critical factor in the fitting of the hyperfine splittings then rhodium 

and silver can be discounted as their values are similar both in and magnitude to those of 

yttrium. Thallium is known to be a rare element in nature and would not be expected to be 

found in the purified materials used in the production of synthetic zircon crystals. Fluorine ions 

might be expected to up an oxygen lattice position but are highly unlikely to be present 

in the growth materials and their ionic radii (1.33 A) are too large to in an interstitial 

position. Protons similarly do not have a suitable charge to enter the zircon crystal lattice but 

their smaller ionic radius (0.53 A) does not preclude them from interstitial positions. However, 

should this be the case, the observed symmetry of this centre would be as there would 

then be elements of the centre which no longer resided in any of the crystal mirror planes giving 
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Table 2.3: Elements with dominant 1= ! isotopes and their corresponding values of gn. 

Isotope % abundance gn 

1H 99.985 5.5856912 
19F 100 5.257732 
31p 100 2.26320 
89y 100 -0.2748361 
103Rh 100 -0.1768 
107Ag 51.83 -0.227249 
109Ag 48.17 -0.261743 
203Tl 29.5 3.244514 
205Tl 70.5 3.2754 

a maximum of C2 symmetry (with axis of rotation in the [11 0] direction). Although these last 

two ions could conceivably form some sort of bond to a lattice oxygen atom, this would tend 

to lower the symmetry to I unless the bonded atoms were somehow constrained to one of the 

crystal mirror planes. 

Thus, 31 P realistically appears to be the sole remaining candidate for the impurity atom. 

This seems quite reasonable if it is considered that the phosphorus atom takes the place of 

a silicon atom in the crystal lattice. As these two are neighbouring p-block elements on the 

periodic table they share many chemical characteristics. The oxidation states of phosphorus 

most likely to exist in a silicon site are pH and pH which have ionic radii of 0.44 and 0.35 A 

respectively. These are both close to that of Si4+ which has a radius of 0.42 A and consequently 

would easily be included substitutionally into the lattice. These conclusions are backed up by 

the reports in [25] which describe several phosphorus containing centres in both synthetic and 

natural zircons. 

Fitting of the doublet splitting using a 31 P nucleus 

Initially, it was decided to attempt a simulation using the same Hamiltonian as in the previous 

attempts with 89y (equation 2.3), with the elements of the hyperfine matrix as derived from 

the trigonometric fitting of the be-plane data, but with the nuclear Zeeman matrix defined 
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as gn 2.26320 xU. This rapidly gave a satisfactory representation of the data and was 

then used as the basis for a least-squares refinement using EPR-NMR. The resulting was 

very convincing, producing not only a small RMSD but also splittings which when plotted were 

physically realistic, giving continuous curves for both the nondegenerate and, most importantly, 

the degenerate sites. A new labelling scheme was clearly the reason for the continuity in the 

simulated splitting curves as all the lines fitted were now due to either 1-3 or 2-4 transitions with 

no change over to the alternative labelling scheme at any orientation. The resulting matrices 

and their corresponding principal directions are listed table 2.4. A three-fold reduction in 

RMSD and almost 50% decrease in the errors on the GLv.LuvLL"" of the hyperfine matrix confirmed 

this as a far better fit than had been achieved with S9y' A similar fit using the magic-angIe-plane 

data W&'3 also successful although a small increase in the calculated uncertainties compared with 

the 31 P be-plane result was observed. This was almost certainly due to increased error in the 

mounting of crystal and in the cutting of the mount. parameter matrices determined 

in this plane all agreed, within experimental uncertainty, with those from the be plane fitting. 

Table 2.4: Result of fitting spin less isotope data using 
unit-weighted data points = 202, sum of weighting factors 

9 matrix. (Number of 
218.04, RMSD = 0.0051 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk Ok (deg) ¢k (deg) 

1.924258(7) 0.0 -0.005606(5) 1.933634(3) 90 90 
g 1.933634(3) 0.0 1 1.925020(7) 97,75(0) 0 

1.883819(3) 2 1.833056(3) 172,25(0) 180 
3 

A/ge(3e 0.032(2) 0.0 0,027(2) 1 0,081(2) 152(4) 180 
(
31P)(mT) -0,214(1) 0,0 2 0,018(3) 118(4) 0 

0,067(1) 3 -0,214(1) 90 90 

Fitting of Zirconium hyperfine lines 

With the phosphorus hyperfine confidently assigned it was then possible to conduct an accurate 

fitting of the hyperfine structure due to the I ~ 91Zr isotope. The appropriate Hamiltonian 
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for this fitting was: 

'Hs = f3J3. g. 13+ 8· A(31 P)·I - f3nl. gn(31 P)· B +8· A(91 Zr)·1 - f3nl. gn(91 Zr ). B+I· p(91 Zr). I 

(2.11) 

Because of the large number of EPR transitions possible in such a system (144 per site) it was 

not initially clear which were the main allowed transitions. To overcome this an EPR-NMR 

simulation was run using the 9 and A(31 P) matrices from the be-plane fitting of the spinless 

isotope data, U x -0.521452 [1] for gn(91Zr), and A(91 Zr) and P(91 Zr) as quoted by Claridge 

et al[15]. The latter two were originally calculated from a data set in which the smaller doublet 

hyperfine splittings had been averaged. This was because the spectra in the earlier work had 

insufficient intensity for the hyperfine splittings to be satisfactorily resolved. The inaccuracy 

inherent in this approximation and other possible problems with these data led to a reasonably 

high reported RMSD of 0.077 mT. Nevertheless, it was felt this would be sufficient for prediction 

of the appropriate energy level labelling scheme and the line positions for identification from 

the spectra. 

Fitting of the data produced the parameter matrices presented in table 2.5 with very sat

isfactory RMSDs of 0.0095 mT for the be plane and 0.011 mT for the magic-angIe-plane data. 

The latter result is presented since a heavier weight of data from this experiment allowed the 

elements of the parameter matrices to be better determined than in the be plane despite the 

slight increase in RMSD. In addition, this fitting demonstrates the good correlation between the 

magic-angle and be-plane data sets since the 9 and A(31 P) matrices agree comfortably within 

experimental uncertainty with those listed previously in table 2.4. Comparison with the earlier 

reported results reveals a reasonable correlation between zirconium hyperfine matrices though 

obviously the attempt of Claridge et al [15] to fit with I symmetry makes evaluation of this 

more difficult. Inclusion of the phosphorus hyperfine splitting and a more precise data collection 

gives almost an order-of-magnitude improvement in the uncertainties on the hyperfine matrix 

elements. Discrepancies exist between the two fittings of the zirconium quadrupole matrices 

which are outside the combined experimental uncertainties. However, this is not surprising 

considering the matrix elements fitted in the earlier work are poorly determined, having errors 

of the same magnitude or larger than their values. 

41 



Table 2.5: Result of fitting 91Zr and 31 P hyperfine lines using magic-angIe-plane data (Number 
of unit-weighted data points= 456, sum of weighting factors = 568.2, RMSD = 0.011 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk (h (deg) rPk (deg) 

g 1.92424(1) 0.0 -0.005618(5) 1 1.93343(1) 90 90 
1.93343(1) 0.0 2 1.92500(1) 97.75(0) 0 

1.883742(4) 3 1.882978(4) 172.25(0) 180 

A/gef3e 4.889(1) 0.0 0.0641(6) 1 8.7852(5) 179.06(0) 180 
(91Zr)(mT) 4.805(1) 0.0 2 4.888(1) 90.94(0) 0 

8.7841(5) 3 4.805(1) 90 90 

P /gef3e 0.041(1) 0.0 0.0027(9) 1 0.080(1) 90 90 
(
91

Z r)(mT) 0.080(1 ) 0.0 2 0.041(1) 89.0(3) 0 
-0.1213(6) 3 -0.1213(6) 1.0(3) 180 

A/gef3e 0.039( 4) 0.0 0.021(2) 1 0.080(2) 152(4) 180 
(
31P)(mT) -0.216( 4) 0.0 2 0.028(3) 118( 4) 0 

0.068(1) 3 -0.216( 4) 90 90 

Fitting of the outrider lines 

As mentioned previously, the original goal of this study was to fit and interpret the outrider 

lines visible at most orientations surrounding the main lines. Claridge et al [15] interpreted 

these as silicon superhyperfine interactions. Although they did not present a hyperfine matrix 

they justified this assignment by comparing the intensities relative to the main lines. 29Si is the 

only natural isotope of silicon having nuclear spin and has an abundance of 4.7%. Therefore, if 

these lines are indeed due to silicon then the area under the outriders should always be equal 

to 4.7% of the area of the outriders and the main lines combined. As shown in figure 2-7 this 

is not always the case for as shown in the measured spectrum, these ratios vary for each site. 

This was confirmed by calculating the area under each of the outriders and the main lines 

at various orientations for every site. The intensity of the outriders was found to vary with 

orientation from less than 1% to 10% of that of the related main lines. By plotting the size of 

these splittings for each site against angle it was found that they were surprisingly isotropic. 

This fact combined with the variation in intensity led to the conclusion that these lines were 

not due to a less abundant isotope but were instead 31 P "spin-flip" forbidden lines. 
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Figure 2-7: Comparison of a) simulated and b) measured spectra for lines due to spinless 
zirconium isotopes. Crystal mounted on magic angle plane and rotated 50.85° from clIB, 
frequency = 9.21701 GHz. 

Spin-flip transitions are caused by simultaneous changes in Ms and MJ by exchange of a 

quantum of energy between the nuclear and electronic magnetic dipoles. Such spin flips can 

occur because the orbital parts of states of opposite spin belonging to different configurations 

are not a completely orthogonal set, leading to an overlap of the electron and nuclear spin 

manifolds [5]. These transitions are usually observed as weak outriders surrounding normal 

allowed lines with a separation from these proportional to the nuclear resonance frequency of 
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the flipping nucleus at the applied field is quantified as shown in equation 2.12. 

Spin-flip separation 11 d J
• 9nf3nB 

a owe 1ne = f.I 
gefJe 

(2.12) 

Since the only two variabJes in the above equation are 9n and B, measurement of spin-flip 

line positions potentially provides for unequivocal identification of an interacting nucleus. Fur

thermore, if the outrider lines observed in the Zr( a) centre were due to spin-flip transitions 

as proposed, then their separation from the main the low-field transitions (surround-

ing 91Zr M J = +~) should be measurably smaller than those at high field (surrounding 91Zr 

lvIr = -~). This was tested and confirmed at several orientations with the spin-flip separa

tions and field dependence in good agreement with the theoretical calculations. Simulation of 

the line positions using EPR-NMR [11J with the final of the fittings further 

validated these findings as the 1-4 and 2-3 transitions were found to a very satisfactory 

simulation of the outrider positions and relative intensities. To test that this hypothesis was 

correct, these lines were included in the data fittings and were found to a slight decrease in 

the RMSD in each case. Thus, there seemed little doubt that they were correctly characterised 

but more importantly, phosphorus had now been unequivocally identified as the atom leading 

to the splitting in the main lines. 

Figure 2-7 presents a comparison of experimental and simulated spectra at what is consid-

ered an "arbitrary" orientation. As shown, the positions of the forbidden 

represented as are their relative intensities. However) the ratio of their 

are very well 

to those of 

the lines appears to be a little low. This could be explained by the effects of the extra 

clearly visible on the main high-field line in figure 2-7 but not resolved on the others. If 

correspond to a two-fold splitting due to some other nearby I = ! nucleus they might be 

to reduce the intensity of the main line and increase that of the outriders. However, 

attempts to simulate this seem to indicate they would need to be of quite high intensity to 

have the desired effect. Nevertheless, this does not detract significantly from the fitting of the 

31 P spin-flip assignment is made unequivocal by correct prediction of positions and 

relative intensities between sites at any orientation. 
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The secondary superhyperfine interaction 

The second set of hyperfine lines described above were only measurable in a limited range of 

orientations. Even when visible they were generally only identified as shoulders on the main lines 

with the maximum splitting found to be '" 0.23 mT. Because of the limited amount and quality 

of data it was not possible to fit a hyperfine matrix. Before collecting any data, experiments with 

modulation were conducted to ensure that no unnecessary broadening was occurring. Below a 

value of 0.005 mT no improvement in resolution could be achieved, implying that these lines 

cannot be sufficiently well resolved at X-band at these temperatures. It is proposed that these 

transitions are due to 29Si superhyperfine interactions with nearby silicon atoms in the lattice. 

Note added in proof 

Recent electron-nuclear double resonance (END OR) studies conducted by R. F. C. Claridge [26] 

on a visit to the University of Paderborn have shown unequivocally that the nucleus responsible 

for the doublet splitting is 31 P. The ENDOR technique involves enhancement of intensity of 

transitions giving rise to hyperfine splittings via cross-relaxation processes stimulated by ra

diofrequency radiation. This requires placement of the sample in a specially designed cavity 

which allows penetration of a radiofrequency field. The EPR transition of interest is optimised 

then saturated by a several-fold increase in the microwave power level. A radio frequency field 

is then applied, via coils on the side of the cavity, and scanned through a range of the order of 

2-30 MHz. The recorded plot of the change in absorption intensity is the ENDOR spectrum. 

Pairs of lines separated by the hyperfine coupling constant (in MHz) can then be identified with 

a minimum of interference allowing for weak interactions from distant nuclei to be measured. 

Most important to the study ofthe Zr(a) centre is the observation that the mean frequency (D) 

of these line positions is close the NMR frequency of the bare nucleus at the applied magnetic 

field. This is defined by: 

(2.13) 

where B is the field corresponding to the EPR transition, and thus the identity of the nucleus 

may be determined from the value of 9n. The ENDOR spectrum of Zr( a) with ell B is shown 

in figure 2-8 with the lines corresponding to 31 P indicated. D of the 31 P lines in this spectrum 

45 



Distant Si 

2 3 456 
ENDOR frequency (MHz) 

7 8 

Figure 2-8: ENDOR spectrum of Zr(a) centre in zircon with ciIB. B = 355.60 mT. 

is 6.14 MHz at an applied magnetic field of 355.60 mT. From equation 2.13 this corresponds 

to gn = 2.265, in excellent agreement with the literature value of gn(31 p) = 2.26322 [t]. Also 

indicated in this figure are interactions with 29Si in agreement with the identification of the 

secondary hyperfine interaction described above. The observation of a contribution from a 

distant phosphorus atom is noted but remains unexplained. The variation of hyperfine splitting 

with angle was observed to agree very well with that determined from the EPR results [26]. 

2.5 Discussion 

Signs of the parameter matrices 

The Zr(a) centre is created by the capture of an electron at a Zr4+ site during X-irradiation as 

described in both previous reports [14, 15]. Fitting of the measured EPR data from this centre 

cannot determine the absolute sign of A(91 Zr) and as shown in table 2.5, these have arbitrarily 

been assigned positive values. Claridge et al [15] state that the signs of the principal values 
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of their A(89y) matrix are determined with respect to the zirconium hyperfine matrix. It is 

difficult to see how this could be the case from EPR experiments and is certainly not true for 

the phosphorus hyperfine data presented in this work. This was confirmed by changing the 

signs of all the elements of the Ae1 P) matrix and simulating the resulting line positions and 

intensities using the best fitted data from the 91Zr, 31 P data set. The result gave no change 

in the line intensities demonstrating that all of the selected transitions for the main lines were 

still fully allowed. It was noted that the sign change in A(31p) simply reversed, in pairs, the 

assignment of lines and otherwise gave exactly the same line positions. Therefore, a fitting with 

identical RMSD could have been achieved and it can be concluded that the sign is completely 

indeterminate from the EPR data. As would be expected, the signs of the principal values of 

p(91 Zr) are known relative to those of A(91 Zr) as they are both descriptive of interactions of 

the nuclear spin on the same nucleus. 

Structure 

Analysis of the structure of this centre revolves about the location of the phosphorus atom. In 

their attempt to explain the matrices derived from a fitting of 89y, Claridge et al [15] tentatively 

proposed that a y3+ ion had isomorphously replaced a Zr4+ ion which was the next-nearest

neighbour to the Zr3+ paramagnetic centre. This seems reasonable considering that all of their 

matrices, including A(89y), had eigenvectors close to the c axis which is the direction to the 

next zirconium position one unit cell away. However, the new fitting with Ae1p) paints a 

somewhat different picture. 

The "unique,,2 direction of the 9 matrix lies 7.25° away from the c axis direction. p(91 Zr) 

and A(91 Zr) have "unique" directions even closer to c being only 1.00 and 0.94 degrees away 

respectively. This is in agreement with the observations from the previous work. However, 

the phosphorus hyperfine matrix is quite different from all the others in terms of its princi

pal directions. Comparison of the principal directions of Ae1 P) with the crystallographically 

determined atom positions does not seem to suggest that the phosphorus atom lies in a po

sition close to the c-axis direction from the zirconium electron centre. Should this have been 

2 Strictly speaking, the unique direction corresponds to the principal value different from the other two in a 
uniaxial matrix. However, in a system with symmetry lower than, but close to uniaxial it is common to designate 
the principal direction most different from the other two as "unique". 

47 



the case the obvious location of the phosphorus atom would have been substitution into the 

silicon lattice position labelled Si(l) in , if instead the phosphorus atom 

is placed at the silicon position labelled Si(2) in 2-9, then, as shown in table 2.6, one 

of the principal directions(A2) lies only 3.60 away the Si(2)-Zr(1) bond direction. It is 

also noted that this direction is only 13.5° from Si(2)-0(2), the significance of which will 

become clear in the following discussion. From the of A(31 Ph it is concluded that 

c 

t 

Zirconium 

Silicon 

o Oxygen 

2-9; A portion of the zircon unit cell showing the relative orientations of 
directions of the 31 P hyperfine matrix. 

principal 

the phosphorus atom resides at the silicon position Si(2). A(31Ph lies perpendicular to ac 

plane on symmetry grounds (that is, due to the constraints placed on the matrix elements) and 

remaining direction corresponds moderately well to the Si(2)-0(1) direction. The 

principal value, Ae1 Ph, is perpendicular to the crystal mirror plane thought to 

contain the Zr3+ paramagnetic centre and the 31 P nucleus. This is consistent with spin density 

located on the non-bonding Py orbital of the phosphorus atom. It is proposed that spin density 

on nonbonding 4dxy orbital of the Zr3+ ion (Zr(l)) can be transferred onto the 2p7r orbital 

of the oxygen 0(2) with a further spin transfer between this oxygen orbital and the 2p7r on the 
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Table 2.6: Principal directions of phosphorus hyperfine matrix in relation to crystal bond 
directions from the silicon atom at fractional coordinates (~,O , i). 

A matrix Si atom at (~, 0, i) 
k Ak ek (h direction to: r(A) e 

1 0.081(2) 152( 4) 180 0(0.32,0,0.07) 1.61 131.5 180 

2 0.018(3) 118( 4) 0 Zr(O, 0, 0) 3.63 114.4 0 

3 -0.214(1) 90 90 -.l ac plane 

phosphorus atom at position Si(l). These interactions are illustrated in figure 2-10. 

Zr(4d'.).) ~<------'» O(2p)~(-------,» P(2p) 

Figure 2-10: Sketch ofthe 7r-bonding spin transfer between the orbitals ofthe zirconium, oxygen 
and phosphorous ions involved in the Zr( a) centre. 

To obtain a hyperfine interaction of the unpaired electron with the phosphorus nucleus 

requires Icp(O) 12 > 0 and this is thought to occur via an exchange-polarisation mechanism 

between the P2p and P s orbitals. 

Spin density calculations 

Calculations based on the zirconium and phosphorus hyperfine matrices can be used to pro

duce estimates of the spin densities on the orbitals of the Zr3+ ([Kr]4s24p64d1) and the pH 

(ls22s22p6 3s2) ions. The zirconium orbital in which the unpaired electron is principally lo

calised has been determined by the relative magnitudes of the principal values of g and A(91 Zr) 

respectively. As shown in table 2.5, gz < ~(gx + gy) and Az > ~(Ax + Ay) and thus, following 
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Swalen and Ibers [27], it can be assumed that unpaired electron is localised in the non

bonding dxy orbital. This needs to be established in that the tables of atomic parameters 

listed by MOTton and Preston [28J can be applied and spin densities confidently calculated. The 

A(91 Zr) matrix may be decomposed (neglecting elements) as shown in equation 

2.14. 

A(91 Z'r) ~ 172,62 (1 1 1) + ( -35,602 
-37.956 ) 

73.558 

(MHz) (2.14) 

From this equation the isotropic parameter a can be obtained, which is defined as: 

tr(A) 
a=--

3 

and in this case has a value of a = 172.62 MHz. The anisotropic 

through the relation: 

and is determined fOT A(91 Zr) to have a value of b ~ (-35.602 - 37.956) 

(2.15) 

is calculated 

(2.16) 

779. Using 

these values the spin densities on the 8 and d orbitals of the zirconium ion can be calculated 

by comparison of a and b with the atomic parameters A and P of Table 2 of . Thus, the 

contribution to the hyperfine splitting from the Zr 58 orbital is: 

I a I 1

172
.
62

1 Zr 58 contribution = A = -2753 0.063 (6.3%) (2.17) 

while that from the Zr 4d orbital is found to be: 

I 
b I -36.779 Zr 4d contribution = P = = 0.827(82.7%) 

adxy x 9 x -155.6 
(2.18) 

a in this last equation corresponds to an angular factor for a particular real atomic orbital and 

values for all p, d and f orbitals can be found in Table 2 of Morton and Preston [28]. 

orbital occupancy results seem consistent with what would be expected for an electron centre 

of this nature. 
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Similar calculations from the Ae1 P) matrix indicate only 0.5% of the total spin density 

resides in the 2py orbital of the phosphorus atom and a very small amount on P2s. This 

seems consistent with the model described above as the spin density on this ion arises from a 

"second hand" interaction with the Zr3+ electron centre through the intervening oxygen atom. 

Therefore, it is proposed that the remaining 10.5% is found on the oxygen atom 0(2). Assuming 

this resides only on the 021'Y orbital it is possible to estimate the size of potential 170 hyperfine 

splitting. Using the values of apy = -~ and P = -421.0 MHz [28] suggests b ::::; 0.9 mT. 

Hyperfine structure from 170 is characterised by a sextet of lines due to a nuclear spin of ~. 

Unfortunately, this is the only isotope of oxygen with 1#0 and has an isotopic abundance of 

just 0.038% making any measurements difficult. However, the Zr(a) center is often observed 

with extremely intense EPR spectra and resolution of these lines may be possible and provides 

for an important area of future investigation in order that the structure suggested above may 

be confirmed. 

Chemistry of formation 

An analogue of the Zr(a) centre without an association with nearby impurity ions has never 

been reported in the literature nor observed in any experiments during the course of this work. 

Instead, as shown in figure 2-2, strong signals due to the phosphorus associated centre are 

often dominant. It is thought that this can perhaps be explained in terms of the ionic charges 

involved. 

The zircon structure can be described as being constructed from ionic ally bonded [Si04]4-

and Zr4+ ions. With the addition of an electron to a [Si04/Zr]O moiety, as observed during 

the formation of Zr(a), an overall charge of -1 is created. It is difficult to see how this process 

could be favourable as it seems unlikely that there could be a strong attraction between a 

neutral part of the lattice and an electron. Furthermore, the -1 charge imbalance created must 

be stabilised. If a silicon atom is replaced by phosphorus in the +5 oxidation state then a +1 

charge is introduced to the lattice. The resulting diamagnetic [P04/Zr]+ centre will clearly have 

an electrostatic attraction for any electron produced by irradiation and the creation of charge 

neutrality by electron capture would be expected to lead to increased stability. Therefore, the 

Zr( a) centre is designated [P04/Zr]O. The inclusion of the +5 oxidation state in zircon seems 
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most likely considering this corresponds to inclusion of a phosphate (PO~-) ion in place of 

[Si04]4-. It is quite possible that phosphates of various types may have been included in the 

original gTowth mixture. Furthermore, PO~- is known to cocrystallise in zircon with yttrium 

[29]. YP04 (xenotime) is isomorphous with zircon [30] and solid solutions containing fractions 

of both crystals are formed readily [31, 32]. the similarities between zirconium 

and yttrium it seem highly plausible that phosphorus could enter zircon crystals without the 

presence of yttrium or that they could enter a zircon system together and be distributed 

separately throughout a particular crystal allowing for centres such as Zr( a), which is apparently 

only associated with phosphorus, to form. 
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Chapter 3 

Study of three oxygenic-hole centres 

• • In ZIrcon 

3.1 Introduction 

X-irradiation of zircon leads to a plethora of paramagnetic defect centres. Most of the work 

conducted by the Canterbury EPR group has involved irradiation of zircon crystals at 77 K so 

that thermally unstable centres could be examined. Subsequent annealing to room temperature 

releases electrons from some of these centres resulting in their partial or complete annihilation; 

Zr3+(a) ([14, 15] and chapter 2) and [Al04]O [21] are prominent examples. During annealing, 

other more thermally stable centres may be formed or have their intensities increased as in 

the case of both the B(Ti3+) [33] and C centres [34]. The so-called "oxygenic-hole centres" 

created by the loss of an electron from a lattice oxygen may be formed during either process. 

Recent experiments involving room-temperature irradiation of zircon have shown interesting 

results. Although many of the centres seen after cold irradiation are formed, some interesting 

new spectra have been measured, such as those of the boron associated oxygenic hole, [B04]O, 

reported herein. 

As oxygen is the sole negative ion in pure zircon, it appears to be the only site for an electron 

hole to be stabilised. The SiO!- ([Si04]O) tetrahedra are therefore considered to be the "base 

units" from which all oxygenic-hole centres are derived. Russian workers [25] and others have 

described a wide variety of hole centres in natural zircons and metamacites (natural crystals 
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damaged by radiation) which have been attributed to sioi- ([Si04]+), Si03 ([Si03]+)and 

SiO~- ([Si02]+) 3 base units often in association with stabilizing counter ions and vacancies in 

the zircon lattice. In many cases the exact nature of the counter ion and its charge and location 

is uncertain due to lack of resolved hyperfine structure in the EPR spectra. Figure 3-1, which is 

an extension of a similar plot in reference [25], summarises published data for what is thought 

to be the complete list of reported hole centres in zircon in terms of principal 9 values and, 

where known, observed counter ions. 4 In this plot the centres have generally been ordered by 

increasing anisotropy in g. The trends in these anisotropies suggest some interesting general 

conclusions. The earlier plot of these data [25] was constructed in a similar fashion and it is 

implied in this work that the 9 anisotropy is dependent principally on the number of oxygen 

atoms surrounding the central cation (Si4+, A13+, AsH) rather than the nature of the central 

ion or nearby compensators. As shown in the Russian report [25], the hole centres could be 

separated in terms of 9 anisotropy into what appeared to be three reasonably distinct groups. 

The most isotropic group consisted of centres which are said to contain two oxygen atoms while 

those containing three had distinctly increased anisotropy and the remainder, based upon sioi

([Si04]+), had the greatest anisotropy of all. The exact details of how these workers arrived 

at such assignments are not known and it is hard to imagine how EPR data could determine 

the number of oxygen vacancies. If such an effect is real then it may be related to the local 

crystalline electric field. A larger value of the crystal-field splitting corresponding to a stronger 

local crystalline electric field is expected to reduce the anisotropy of g. This is because a greater 

separation between the ground and excited states reduces mixing via spin-orbit coupling. It 

would be expected that the number of oxygen anions in the local environment of a hole centre 

will affect the crystal field and thus it might not be too surprising that trends in 9 related to 

this were observed. 

Inclusion of other reported oxygenic-hole centres as in figure 3-1 leads to a somewhat more 

confused picture. In practically all these papers the centres have been described as four oxygen 

centres with apparently little consideration given to the other two possibilities. As with the 

3n is common in the literature to designate oxygenic-hole centre in zircon with respect to the SiO!- ion rather 
than with the [Si04 jO related notation defined in chapter 1. When referring to the report of other authors where 
this has been the case, their original notation will be retained to avoid errors in interpretation. 

4Some of these reports of oxygenic holes are almost certainly of the same centre but have nonetheless been 
included for completeness. The AIO!- /[AIOjO centres are a particular example of this. 

54 



I 0 

2 
3 
4 
5 
6 
7 
8 
9 

10 

11 
12 
13 
14 
15 
16 

17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

Figure 3-1: Anisotropy 9 values of various oxygenic hole centres in zircon. 1 SiOl-!V(Zr) 
(C centre) [35] 2 SiO~-(D centre) [15], 3 - siol- (RT centre) [15], 4 Si03- [25], 5 
SiO~-!OH- [25], 6 - SiO!- [23], 7 SiO~-!y3+ [24], 8 - SiO~-!2y3+ [25], 9 - SiO~-!y3+ [25], 
10 - [Si03 - Si04J5--y3+ [14], 11 Si03!Y+ [25], 12 - SiOl-!y3+ [22], 13 - AIO~- [25], 
14 Si03!H+ [25], 15 - Si03!2H+ [25], 16 - Si03!V(Zr) [25], 17 - [B04JO [This 18 
SiO~-!OH- [25], 19 - AsO~- [25] 20 - SiO~-!2H+ [25], 21 - SiO~-!(H20 + V(Zr)) [25], 

22 SiOl-!H20 + V(Zr) [25], 23 - [Al04]O [21J, 24 - AlO!- [25], 25 AIO!- [14], 26 -
SiOl-!y3+ [25], 27 SiO~- [14], 28 - [Si04!Y]O [This report], 29 - [Si04!M] [This report]. 

original figure, all the centres can still be divided into three groups of 9 anisotropies. 

if the conclusions drawn on the effects of the local crystal are correct it is possible 

of the of these hole centres are incorrect in that they have failed to 

several 

account of 

possible oxygen One particular area of concern in the reports of hole centres in zircon 

revolves around the simplest possible configuration, that is, the centres based around a simple 

silicate tetrahedron with an electron missing from one of the ligand oxygen atoms ([Si04]+). 

As indicated figure 2-1 on page 26, there are two Zr-O distances in the zircon crystal lattice 

which are designated either long (2.267 A) or short (2.118 A) [16J. of this and the 

-Vb~'~~.v~ crystal system, there are two possible inequivalent sites, with l't><lnt>('1c to a particular 

zirconium atom position, for an oxygen-hole to be located. However, in a pure zircon crystal all 
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the oxygen positions are equivalent since any 0 atom which is short "bonded" to a particular 

Zr ion is also long "bonded" to the neighbouring zirconium and thus there should be only one 

[Si04]+ centre. Strangely, instead of one there are four such centres reported in the literature. 

On the basis of the trends in 9 anisotropy described previously it is possible that three of these 

(the D and RT centre of Claridge et al [15] and the report of Barker and Hutton [23]) could 

potentially be [Si02]+ centres and therefore it may be the centre described in [25] (25 in figure 

3-1) which is the true uncompensated [Si04]+ centre. 

The large number of oxygenic-hole centres reported in zircon is largely ascribable to the 

presence of impurity ions. These ions most commonly replace either Si4+ or Zr4+ in the crystal 

lattice creating a range of analogues to the centres discussed above. A well known example of 

the first substitution is the case of aluminium where the AlO~- [25] and AlO!- I [Al04] ° [14, 

21, 25] analogues of the silicon centred Si03 and SiO~- have been reported. As can be seen 

in figure 3-1 this substitution does not produce a great change in 9 anisotropy but obviously 

the hyperfine interaction with the 100% abundant 27 Al (I = ~) nucleus makes characterisation 

of these centres relatively straight forward. Substitution of an impurity cation into the Zr4+ 

lattice position produces a result similar to Si4+ replacement with moderate changes to 9 

but characteristic hyperfine splitting from interactions with the impurity nucleus. A common 

example of this is y3+ which readily substitutes into a zirconium lattice position and in this case 

hyperfine lines due to interaction with the 89y nucleus (100% abundant, I = !) are expected 

to be observed. 

In all the hole centres discussed so far the atoms involved are constrained to lie in normal 

lattice positions. With the electron vacancy localised on an oxygen atom the symmetry of all 

such centres consequently belongs Laue class 21m. It is noted that reference [25] describes the 

symmetry of many hole centres in terms of the point groups 2(C2), m(Cs ) or 2/m(C2h ). As 

discussed in the chapter 1, as these all belong to the same Laue class (21m) they all have spectra 

from four independent sites but can nonetheless be distinguished on the basis of the degeneracy 

of these site spectra at special orientations. Although there will certainly be distortions from 

the X-ray crystallographic positions, in the absence of interstitial ions these can only occur 

in directions within the mirror plane and consequently the symmetry remains unchanged. In 

all of these cases spectra from four distinct sites are expected at a general orientation of the 
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zircon crystal [13]. The symmetry of an oxygenic hole centre can be reduced from Laue class 

2/ m by the existence of an interstitial ion lying away from both the crystal mirror planes and 

the various rotation axes. In this case the minimum symmetry measurable by EPR, I( C i ), is 

observed and consequently eight sites are expected to be seen at an arbitrary crystal orientation 

[13]. Such low symmetry centres are extremely rare in zircon especially in synthetic crystals 

where the usual growth procedure [20] appears to preclude the inclusion of common interstitial 

ions such as H+ and the alkali metals. 

Of the centres discussed in this chapter two are closely related to the basic [Si04] + oxygenic

hole centre and for convenience will be collectively referred to as the "silicon oxygenic-hole 

centres". One of these centres is thought to be yttrium containing with designation [Si04/Y]O 

and has been reported previously [25] but not analysed to the precision which is sought in this 

work. The other related centre is previously unreported and has unknown compensation and is 

henceforth labelled [Si04/M]. The third centre is a boron containing oxygenic hole designated 

[B04]O and appears to be the first report of boron EPR measurements in zircon. 

3.2 Experimental details 

3.2.1 The silicon oxygenic-hole centres 

Both of these centres were observed exclusively in zircon crystals grown from molten LhSi03-

Mo03 as described by Chase and Osmer [20], with Ti4+ and y3+ doping. This was achieved 

through the addition of 0.1 molar % Ti02 and Y203 to the growth mixture [36]. As shown 

in figure 5-1 the crystals produced were pyramidally bicapped parallelepipeds with natural 

rectangular faces parallel to the ae and be crystallographic planes which were used to align 

the crystal precisely for EPR measurements. The chosen zircon crystal was X-irradiated at 

77 K and transferred cold to the previously cooled Displex head of the EPR cavity-goniometer 

system as it was observed that both centres were irreversibly destroyed on warming to room 

temperature. All measurements were made at rv 15 K with the crystal mounted on the be plane 

and data collected by rotating about the a axis (perpendicular to the static magnetic field) 

at 5-100 angular intervals through 2000
• Alignment of the crystalline e axis was confirmed 

by observing the Zr3+(a) centre which is known, from earlier experiments, to collapse from 
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Figure 3-2: Crystal growth habit of synthetic zircons. 

three symmetry-related species to one when the crystal e axis is parallel to the static field 

(see chapter 2). Unfortunately this method is not as accurate as the usual alignment using 

[AI04]O but as there was no evidence of this centre it was still the best option available giving 

an estimated uncertainty in e-axis alignment of rv ±4 minutes of arc. With the crystal e axis 

aligned with the field the silicon oxygenic-hole centres were partially overlapping and could 

not be fully resolved due to line-width constraints. The uncertainty in alignment meant that 

structure visible with eilB could not initially be assigned to the individual centres but was later 

resolved with the aid of predicted positions using the results of the data fitting. This indicated 

that there was a resonant field difference of around 0.05 mT between the two centres at this 

orientation. 

3.2.2 The boron oxygenic-hole centre 

Spectra from this centre were first observed in the nominally undoped zircon crystal which 

has been the subject of several studies in this work ( Zr(o;), P(Ti3+), Y(Ti3+)), having been 

grown as described in chapter 2. However, in this case the crystal was X-irradiated at room 

temperature. Measurements were made in the be plane at 100 intervals through 900. Finding 

the exact orientation of the e axis was difficult as the neither the Zr(o;) nor the [AI04]O centres 
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were visible. However, it was observed that new centre had the same pattern of site splitting 

as the silicon oxygenic-hole centres and thus its into a single spectrum with the crystal 

aligned with cilB acted as a guide to the crystal orientation. Unfortunately the spectrum was 

complicated having many hyperfine lines and its appearance changed considerably with small 

changes in orientation. As the expected W8...<l unknown, the alignment was 

initially relatively crude. This was later rectified by simulation of the c-axis spectrum with 

EPR-NMR [11] using the fitted data from other angles and comparison with measured spectra. 

Later data were collected using boron-doped synthetic [36] after irradiation at room 

temperature or at 77 K followed by cold transfer. Boron appears to enter the zircon lattice 

with a great deal of ease and because of this syntheses with even relatively low levels of B203 

dopant produced crystals whose spectra were broadened to a point that 

structure could not be resolved. However, crystals grown with only 0.02 

boron hyperfine 

percent B203 

[36] included in the flux-growth mixture produced nicely resolved spectra and it is these which 

are presented later in figures 3-5 (page 66) and 3-7 (page 72). 

3.3 Results 

3.3.1 The silicon oxygenic-hole centres 

Spectra 

The c-axis spectrum of the hole centres which are the subject of this chapter in relation to 

other, previously reported hole centres [15] and to the titanium centres B(Ti3+) [9, 33] and 

Si(Ti3+) [19] is shown in figure 3-3. Immediately obvious from examination of this spectrum 

is that the two hole centres described herein dominate the spectrum with intensities exceeding 

that of both titanium centres and dwarfing any other hole centres. As mentioned previously, 

spectra of the two centres are poorly resolved at this orientation and as shown in figure 3-3 

is structure due not only to their incomplete overlap but also outrider lines presumably 

indicative of further hyperfine interactions. Both sets of spectra were characteristic of an S 1 
"2 

paramagnetic species and as shown in figure 3-4 both centres have c-axis resonant fields and 

dependences which are very similar. Each centre has a maximum site splitting of 

as the crystal is rotated about the perpendicular a axis indicating point-group symmetry 
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centre appeared to arise from a hyperfine interaction with a 100% isotopically abundant nucleus 

with nuclear spin I 

Fitting 
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2' 

The lack of resolvable hyperfine structure on the "unsplit" [SiOL1/MJ centre meant that only the 

electronic Zeeman term could be fitted, Refinement of the split centre required fitting of the 

hyperfine doublet visible at all orientations and consequently the appropriate spin Hamiltonian 

for this analysis was: 

(3.1) 
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Figure 3-4: Variation of line position with crystal orientation in the be pane for the [Si04 /Y]O 
and [Si04 /M] hole centres in Ti3+ /y3+ doped zircon. 

Consideration of ionic radius and charge along with comparison with a similar report [25] (see 

figure 3-1) led to the conclusion that the observed splitting was probably due to the presence 

of a 89y nucleus. This seemed highly likely considering the y3+ doping added during the 

growth of this crystal. Therefore the 9n matrix was taken as -0.2748361 x U, where U is the 

3 x 3 unit matrix. Fitting of both centres was conducted using the programme EPR-NMR [11] 

and produced the matrices shown in table 3.1. It rapidly became clear in the course of fitting 

that the Yxy and Yyz elements of all three fitted matrices were, within experimental uncertainty, 

equal to zero. This is consistent with the m point-group symmetry determined for these centres 

from the tables of Rae [13] by the site multiplicity at various orientations. For centres with this 

symmetry in a tetragonal crystal the symmetry-related sites are represented by the C4 rotation 
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group while noting that the full rotation group is D4 [12]. In both cases the fit obtained was 

comfortably within the inherent scatter in the data, that is, the RMSD ~ ~ peak-to-peak line 

width. 

Table 3.1: Spin-Hamiltonian parameters for the [SiOl- /M] and [Si04/Y]O centres in zircon. 
[SiOl- /M]: number of unit-weighted data points = 72, sum of weighting factors = 74.02, RMSD 
= 0.009 mT. [Si04/Yjo: number of unit-weighted data points = 124, sum of weighting factors 
= 130.03, RMSD = 0.006 mT. 

Principal Principal Principal 
Matrix Y k value direction direction 

Yk Bk (deg) tPk (deg) 

[Si04/M] 
g 2.08026(1) 0 0.05356(1) 1 2.11497(2) 57.05(0) 0 

1.99527(1) 0 2 1.99762(2) 147.05(0) 0 
2.03233(1) 3 1.99527(1) 90 270 

[Si04/YjO 
g 2.040952(6) 0 0.026129(6) 1 2.062809(7) 50.09(0) 0 

2.003487(6) 0 2 2.009716(7) 140.09(0) 0 
2.031574(6) 3 2.003487(6) 90 90 

A/ge(3e 0.139(2) 0 0.010(2) 1 0.144(2) 61.3(8) 0 
(89Y)(mT) 0.117(2) 0 2 0.120(2) 151.3(8) 0 

0.126(2) 3 0.117(2) 90 90 

Although the yttrium doping of this crystal and the high intensity of the split hole centre 

make its assignment as y3+ compensated quite confident, it is interesting to consider other 

alternatives. As reported in the previous chapter, the Zr(a) centre [14, 15] was remeasured 

and refitted revealing that the hyperfine structure previously attributed to 89y could only 

be satisfactorily fitted to 31 P. The essential difference arises from the difference in nuclear 9 

factors which differ both in sign and magnitude with that of 31p (gn = 2.26320) being an order 

of magnitude greater than for 89y (gn = -0.2748361). From the split hole centre data it is 

impossible to distinguish between these two possibilities as use of the nuclear 9 factor for 31 P, 

after adjusting energy level labels, produces an equally good fit to the data with a hyperfine 

interaction matrix which is within error indistinguishable from that obtained assuming 89y' 

Nevertheless, yttrium doping of the subject crystal suggests that the latter possibility is far 

more probable which is in agreement with the previous report [25] of apparently the same 
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centre where the observed hyperfine structure was also attributed to S9y' 

3.3.2 The boron oxygenic-hole centre 

Spectra 

As demonstrated by the e-axis spectrum shown in figure 3-7 (page 72) interpretation of this 

centre was initially complicated by the presence of many forbidden lines. As with the other 

two hole centres [B04]O showed a maximum site splitting of three in the be plane collapsing to 

two with bilB and one with eiIB. Therefore, this indicated, as with the other centres, point

group symmetry m. At some orientations four equally spaced lines had intensities considerably 

greater than those from forbidden transitions and thus the centre was identified as involving an 

interaction with an isotopically dominant I = ~ nucleus. 

Fitting 

Initially, average line positions were calculated for each site at every angle to allow a crude 

fitting of the 9 matrix. This was done so that the 9 anisotropy could be compared with that 

of other known centres. From this fitting two conclusions could be drawn. The first of these 

was that this centre was a hole centre since its 9 values were always above the free electron 

value. The second conclusion, as evident from figure 3-1, was that this particular hole centre 

had not previously been reported. Of those listed, only the two arsenic containing centres fulfill 

the requirement for an impurity ion with I = ~. As with the other two hole centres it was 

clear that the gxy and gyz elements of the 9 matrix were equal to zero within experimental 

uncertainty, confirming that the symmetry of the centre was m. 

Fitting of the hyperfine lines required correct choice of the compensating nucleus and con

sequently the correct value of nuclear g. As shown in table 3.2 there are several elements with 

dominant isotopes having I = ~. Although some of these are very unlikely compensators in 

zircon, this still represents a large number of possible candidates. Fortunately, all of these 

have relatively distinct gn values and it was felt that this could allow the correct nucleus to be 

identified. Thorough testing of each of the more probable nuclei would have been a laborious 

process not only because of their number but also due to the large number of lines in each 

spectrum. To avoid this an alternative approach was tried. In this analysis the appropriate 
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Table 3.2: Isotopically dominant nuclei with I = ~ 

Isotope % abundance 9n 

7Li 92.5 2.170977 
9Be 100 -0.7850 
lIB 80.2 1.792437 
23Na 100 1.478402 
35CI 75.77 0.5479198 
39K 93.26 0.2609928 
75As 100 0.959654 
159Tb 100 3.580 
197 Au 100 0.097969 

spin Hamiltonian in the absence of any high-spin terms is as shown below. 

(3.2) 

Instead of fixing gn as a 3 X 3 unit matrix multiplied by one of the literature values of 9n quoted 

in table 3.2, it was instead constrained to be isotropic but fitted with the elements of all the 

other parameter matrices. Initially, only lines which could be identified confidently as due to 

normally allowed transitions were included in the data fitting. The resulting matrices had some 

elements poorly determined but were used to produce estimates of the forbidden line positions 

with EPR-NMR [11]. These acted as a rough guide to match the correct transitions labels with 

the appropriate lines and eventually, once a reasonable number of forbidden transitions had 

been correctly identified, the fitting began to consistently correspond to the measured data. As 

shown in table 3.3, the final fitting was highly precise with an RMSD of only 0.0028 mT being 

less than one tenth of the average line width of 0.03 mT and consequently, as shown in table 3.3, 

the parameter matrices produced were also very well defined. Of particular interest was the 

9n matrix which had values which agreed to three significant figures and within experimental 

uncertainty with that of boron. Therefore, the compensating nucleus had been identified from 

fitting of the experimental data alone. 

As a highly precise fitting of the data had been achieved it was thought that anisotropy in 
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Table 3.3: Spin-hamiltonian parameters for the [B04]O centre in zircon. Number of unit-
weighted data points = 94, sum of weighting factors = 138.4, RMSD = 0.0025 mT. 

Principal Principal Principal 
Matrix Y k value direction direction 

Yk (h (deg) rPk (deg) 

g 2.037702(2) 0 -0.015591(1) 1 2.047430(2) 58.04(0) 180 
2.003858(2) 0 2 2.012714(2) 148.04(0) 180 

2.022442(2) 3 2.003859(2) 90 270 

gn 1.795(2) 0 0 1 1.795(2) 180 180 
1. 795(2) 0 2 1.795(2) 90 270 

1.795(2) 3 1.795(2) 90 0 

P /gef3e -0.0048(1) 0 0.0057(1) 0.0047(2) 149.1(7) 180 
(llB)(mT) 0.0035(2) 0 0.0035(2) 90 90 

0.0013(1) -0.0082(2) 59.1(7) 180 

A/gef3 e 0.3201( 4) 0 0.1607(2) 1 0.5193(2) 141.1(1) 180 
(llB)(mT) 0.4884(3) 0 2 0.4884(3) 90 90 

0.3897(4) 3 0.1904(3) 51.1(1) 180 

gn might be detectable. This was investigated by allowing the same elements as fitted in the 

other parameter matrices to be refined but the result was a matrix which, within experimental 

uncertainty, was isotropic. 

Although the fitting results were convincing, observation of lines due to the minor boron 

isotope was felt to be important for an unequivocal assignment of this centre. Unfortunately, at 

almost all orientations in the be plane any lines due to lOB (19.8% abundant, I = 3) were almost 

completely obscured by the many lines due to 11 B (80.21% abundant, I = ~). The exception 

to this was with the crystal b axis aligned parallel to the static magnetic field where the 11 B 

spectrum of the degenerate sites consisted almost exclusively of the four main allowed lines. 

As demonstrated in figure 3-5, this allowed for the measurement of all seven lines from the less 

abundant I = 3 isotope and thus there could be no doubt that this centre contained boron. For 

conformation that these lines are indeed due to the minor isotope the ratio of the gn values was 

taken and compared with the ratio of the hyperfine splittings. To a good approximation the 

hyperfine splitting is proportional to the nuclear 9 value, as shown for the dipolar interaction 

described by equations 1.17 and 1.18 of the introduction. Therefore, in the case of the boron 
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Figure 3-5: Spectrum of [B04]o: sites degenerate in the be plane with bilB showing lines from 
both boron isotopes. 

isotopes: 
gn(lOB) "-' A(lOB) 
gn(llB) "-' A(llB) 

(3.3) 

The ratio of the gn values calculated using the literature values is 0.334 while the ratio of the 

mean hyperfine splittings measured from the spectrum of the degenerate sites on the b axis is 

0.337. This excellent agreement completes the determination of the impurity ion as boron. 

3.4 Discussion 

Within experimental error the point-group symmetry of all three centres is the same as that 

of the 0 atom, namely m, implying that any distortions due to y3+, B3+ or other charge 

compensators do not change the point-group symmetry of the paramagnetic centre. This is as 

would be predicted because any distortions caused by an impurity atom in a lattice position 

are expected, due to symmetry constraints, to be within the crystal mirror planes. 
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Table 3.4: Parameter matrix principal directions in relation to crystal bond directions. The 
origin is taken as: 0(0.32, 0.0, 0.07) for 9 Zr(Y)(0.5, 0.0, -0.25) for A(S9y), Si(B)(0.5, 
0.0, -0.25) for P(llB) and A(llB). 

EPR Results data 

k Yk (h direction to: r (A) e 

[Si04/M] 

g 1 2.11497(2) 57.09(0) 0 1.623 48.5 0 

2 1.99762(2) 147.09(0) 0 2.267 147.6 0 

3 1.99527(1) 90 90 -L to mirror plane 

[Si04/YjO 

g 1 2.062809(7) 50.09 0 Si(~,O, i) 1.623 48.5 0 

2 2.009716(7) 140.09 0 Zra,O, 2.267 147.6 0 

3 2.003487(6) 90 90 -L to mirror 

A(S9y) 1 1.44(2) 61.3 0 Si(O,O, 3.63 65.64 ° 2 1.20(2) 151.3(8) 0 0(0.32,0,0.07) 2.267 147.6 0 

3 1.17(2) 90 90 -L to mirror 

[B04Jo 

g 1 2.047430(2) 58.04(0) 0 Si(~,O, ~) 1.623 48.5 0 

2 2.012714(2) 148.04(0) 0 Zr(~,O, i) 2.267 147.6 0 

3 2.003859(2) 90 90 -L to mirror plane 

P(llB) 1 0.047(2) 149.1(7) 0 Zr(O,O,O) 3.63 114.36 0 

2 0.035(2) 90 90 -L to mirror plane 

3 -0.082(2) 59.1(7) 0 0(0.32,0,0.07) 1.623 48.5 0 

A(llB) 1 0.5193(2) 141.1(1) 0 Zr(O, 0, 0) 3.63 114.36 0 

2 0.4884(3) 90 90 -L to mirror plane 

3 0.1904(3) 51.1(1) 0 0(0.32,0,0.07) 1.623 48.5 0 
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As shown in table 3.4, the orientation of the g principal directions show strong similarities in 

all three centres. A survey of the literature indicates these are also common in other reports of 

oxygenic-hole centres in zircon. In every case there appear to be interactions in directions close 

to that of one of the Zr-O long "bonds" and one of the Si-O bonds with the third principal 

direction constrained to lie perpendicular to the mirror plane containing the oxygenic hole. 

Because of the requirement for orthogonal axes and as the Si(l)-O(l)-Zr(l) angle indicated in 

c 

Zirconium 

o Silicon 

o Oxygen 

Figure 3-6: A portion of the zircon unit cell showing the relative orientations of the 9 principal 
directions as fitted for the [Si04/YjO centre. 

figure 3-6 is close to right angular (99.1°) substitution of impurity ions at either the Si(l) or 

Zr(l) positions will produce a similar set of principal directions. Therefore, association of an 

oxygenic hole in zircon with a variety of ions may occur and still give similar g principal values. 

It should be noted that there is no symmetry requirement in a site of point-group symmetry 

m for the g-matrix principal directions in the mirror planes containing 0, Zr and Si atoms for 

any direction to be preferred. 

The principal directions of the hyperfine and quadrupole matrices are similar to those of 

each g but in these cases the orientation of the eigenvectors must be compared with the lattice 
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atom positions using the proposed site of the impurity ions as the origin. As expected, in all 

cases there is an eigenvector directed towards the oxygen position 0(1). As before, another 

must be directed perpendicular to the mirror plane containing all the relevant atoms. With 

these two requirements the third principal direction is effectively constrained to the orientation 

shown. Table 3.4 compares these to a silicon lattice positions for A(89Yh and a zirconium 

lattice position for A(ll Bh and P(ll Bh but it is felt that at best such interactions would be 

very small due to the distance between the relevant ions. 

3.4.1 The [Si04 /YjO and [Si04 /Mj centres 

Both the similarity ofthe roadmaps in figure 3-4 and the near coincidence ofthe centres with the 

c axis parallel to the static magnetic field strongly suggest that the silicon oxygenic-hole centres 

are very similar. It seems clear that the split centre is the same as previously reported in [25] and 

is thus thought to be an yttrium compensated [Si04]+ centre designated [Si04/Yjo. From the 

89y hyperfine matrix of [Si04/Y]O it is reasonable to infer that y3+ isomorphously replaces Zr4+ 

at atomic position (!, 0, -~) (table 3.4). The new unsplit centre is not so easily characterised 

due to the lack of resolved hyperfine and its unusually large anisotropy. However, although 

there is no resolvable hyperfine structure this centre is not thought to be the uncompensated 

analogue of the split centre. As explained in the introduction, there can only be one such 

uncompensated centre and satisfactory results for this have apparently been reported previously 

[25]. This suggests that there must be an impurity ion involved but hyperfine structure due 

to an interaction with this ion is not resolved within the inherent line width of the spectrum. 

Evidence of this may be given by the large line width of this centre (0.184 mT compared with 

0.051 mT for the yttrium containing centre) possibly indicating broadening due to unresolved 

hyperfine structure. 

Although it is considered that the yttrium compensated centre is well characterised, the 

unsplit centre is comparatively unusual. Comparison of the 9 matrix with other hole centres 

in zircon (see figure 3-1) shows two striking characteristics. Firstly, this centre has far greater 

anisotropy than any hole centre so far reported and secondly, it is the only centre with prin

cipal 9 values below that of the free electron. The first consideration in explanation of these 

observations is whether in fact this is a hole centre rather than an electron centre. As shown 
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in figure 3-1, hole centres, having a positive value of the spin-orbit coupling coefficient, usually 

have 9 matrices whose principal values are all above the free electron value. However, the new 

unsplit centre seems to buck this trend with 92 (1.99762) and 93 (1.99527) both less than 2.0023. 

As shown in table 3.1, 91 is considerably higher with a value of 2.11497 and consequently the 

average of the 9 principal values is significantly larger than ge, being 2.03595. This gives a 

strong indication that [Si04/M] is indeed a hole centre since a survey of reports of electron 

and hole centres in the literature suggests that the average of the 9 principal values are almost 

always below or above the free electron 9 value respectively. On the very rare occasion that this 

is not so, the deviation is very small. A second piece of evidence in favour of this centre having 

hole-like characteristics arises from intensity calculations. The area under all the lines visible in 

the EPR spectrum of this crystal was calculated by integrating and fitting with Lorentzian line 

shapes. The requirement for overall charge balance suggests that the total intensity of the hole 

centres should be equal to that of the electron centres. The best calculation for this is obtained 

when the new unsplit centre is included in the sum of the holes. The principal directions give a 

third piece of evidence in favour of the new centre being an electron hole. As described previ

ously, the principal directions with the centre located on an oxygen atom correspond well with 

the directions along Zr-O and Si-O bonds. Such a correlation cannot be obtained by placing the 

paramagnetic centre on either of the zirconium or silicon lattice positions. Therefore, oxygen 

appears by far the most likely site of the centre and due to its negative charge will lose an 

electron and form a hole rather than gain an electron to form an electron centre. It should be 

noted that these arguments preclude the paramagnetic centre from being on a transition metal. 

Explaining the large anisotropy of [Si04/M] is difficult considering that, as shown in figure 

3-1, the oxygenic-hole centres in zircon can be grouped readily by similar anisotropy. One 

possibility is that there is an adjacent Ti4+ substituting in the Si(l) position. It is in this crystal, 

deliberately doped with Ti, that a new centre, shown to be formed from Ti substituting for Si 

in the lattice, was found and reported ([19] and chapter 4) so that such inclusion in the new 

hole centre would not be entirely unexpected. However, it was not possible to resolve hyperfine 

lines from 47,49 Ti isotopes on the unsplit centre spectra. It is expected that the unpaired 

electron is mostly localised in the p orbitals of the oxygen atom suggesting that only very small 

superhyperfine splittings from adjacent nuclei would be produced by such an interaction. The 
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small 89y hyperfine splitting observed for the [Si04/YjO centre exemplifies this expectation. A 

further, although less likely, possibility to account for the difference in 9 anisotropy, is that 

the unpaired electron in the [Si04/Mj hole centre interacts simultaneously with both Y and Ti 

nuclei respectively at sites Zr(l) and Si(l) indicated in figure 3-6. 

3.4.2 The [B04]O centre. 

This centre is thought to be formed via creation of an electron vacancy on an oxygen atom 

during irradiation which is stabilised by the presence of a nearby boron ion. The stabilisation 

can be explained by charge balance. With the loss of an electron the SiO!- moiety is oxidised 

to a charge of 3- which may be stabilised if a boron atom in the common 3+ oxidation state is 

substituted into the silicon lattice position. With this assignment the centre is then designated 

[B04jo. 

Analysis of the A(l1 B) and P (11 B) principal directions indicates that the boron atom is 

substituted into a silicon lattice position. In both these matrices the "unique" direction corre

sponds to the eigenvector closest to the Si-O bond direction. Assignment of the boron ion to 

the silicon lattice position can be further justified on the basis that these elements share far 

more chemical characteristics than do zirconium and boron. In addition the ionic radius of B3+ 

(0.23 A) is far closer to that of Si4+ (0.42 A) than Zr4+ (0.79 A) and thus less distortion of the 

crystal lattice is required in the first case. 

Although the structure of this centre is thought to be similar to other analogous silicon 

substituted oxygenic-hole centres, its spectra were unusually complicated. At many orientations 

all 16 possible EPR transitions were readily measurable. As shown in the simulation of the c

axis spectrum shown in figure 3-7, the observation of such a large number of forbidden lines can 

almost completely be ascribed to the effect of the nuclear Zeeman interaction on the hyperfine 

energy levels. Although, as indicated in this figure, the effect of P(ll B) on the overall 

appearance of the spectrum is relatively subtle the sign of its elements is still critical to correct 

fitting of the data. Simulation of the spectrum using the matrices produced from the data 

fitting but with various sign combinations of A(llB) and P(llB) indicated that their relative 

signs were fixed. The absolute signs of these matrices could not be determined with respect to 

g and gn (11 B) from the EPR data. 
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Chapter 4 

Study of three new titanium centres 
Ell • In ZIrcon 

4.1 Background 

The observation of a Ti3+ electron centre in X-irradiated zircon created by capture of an electron 

by a Ti4+ impurity ion was first reported by Solntsev and Shcherbakova [37]. These authors 

reported a strong central line due to the spinless (I = 0) isotopes (46 Ti (8.0%), 4sTi (73.7%), 

50Ti (5.3%)) along with transitions due to the 47Ti (I = ~, 7.4%) and 49Ti (I = f, 5.4%) 

isotopes. Lack of observed site splitting in the spectra indicated that the Ti3+ ion occupied a 

site of point-group symmetry 212m (D 2d) in the tetragonal zircon structure. This could have 

included either the Si4+ or Zr4+ atom positions as sites of possible substitution. The apparent 

high site symmetry of the centre and lack of superhyperfine structure indicated by the spectrum, 

implied that no charge compensation was involved. Claridge et al [33] and Tennant and Claridge 

[9] reproduced this work by X-irradiation of a synthetic zircon single crystal at 77 K. These 

authors used comparison with the EPR parameters for the equivalent uncompensated Ti3+ 

centre in a-quartz which was designated [Ti04]- by Bailey et al [38], point-charge calculations 

and analysis of Si superhyperfine structure to determine that in this zircon centre the Ti3+ 

occupied a Zr4+ site. Therefore, the [TiOs]- designation was adopted and this has henceforth 

been referred to as B(Ti3+). Extremely accurate measurements performed in the more recent 

work allowed for the determination of highly precise spin-Hamiltonian parameters. Included 
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in these were the 47Ti and 49Ti hyperfine, nuclear electric quadrupole and nuclear Zeeman 

parameter matrices together with ]4, ]3S, ]5S, B]3 and B]5 terms. 

Ti4+ is found commonly in zircon crystals as it has an ionic radius (0.068 nm) very similar to 

that of Zr4+ (0.079 nm) and shares many chemical characteristics. After X-irradiation, electron 

capture leads to the formation of Ti3+ which has an ionic radius even closer (0.076 nm) to 

that of Zr4+. Almost all the natural and synthetic crystals examined during the course of this 

thesis, including those which were supposedly undoped or pure, have been found to contain the 

B(Ti3+) centre. This obvious affinity for zircon lead to the conclusion that other Ti3+ based 

centres might exist. This was confirmed by the eventual discovery of the previously unreported 

Y(Ti3+), P(Ti3+) and Si(Ti3+) centres described in this chapter. Figure 4-1 shows the relative 

positions of the B(Ti3+), Y(Ti3+) and P(Ti3+) centres in a nominally undoped zircon crystal 

oriented with the e axis parallel to the static magnetic field direction. The Si(Ti3+) centre is 

not shown as it is not seen in the same crystal but is pictured later in figure 4-5. 

4.2 The Y(Ti3+) centre 

4.2.1 Experimental details 

The crystal used in this work and in the study of P(Ti3+) was the same as that used by 

Claridge et al [33] and Tennant and Claridge [9] in their investigations of the B(Ti3+) centre, 

as well as the Zr(oo) centre described in chapter 2. After X-irradiation at 77 K, the crystal was 

transferred cold to the previously chilled Displex head of the cavity goniometer and cooled to 

15 K. Alignment was confirmed in the usual fashion by searching for the orientation at which 

the symmetry related species of the Zr3+( a) and [Al04]O centres collapsed to single spectra with 

eiIB. With the orientation of the crystal established, the crystal was then rapidly warmed to 

room temperature by filling the cavity with helium and after about one hour (the time taken for 

the sample to reach room temperature) recooled to 15 K. This heat treatment removed all traces 

of Zr3+(oo) and [Al04]O as well as the plethora of other, as yet, unreported temperature-unstable 

centres. All the B(Ti3+), P(Ti3+) and Y(Ti3+) centres were then at maximum intensity and 

clearly visible. Data for the Y(Ti3+) centre were collected in two distinct crystal planes: in the 

be plane, that is, by rotating about the a axis while this axis is at all times perpendicular to 
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Figure 4-1: spectrum of zircon after irradiation at 77 K and annealing at room 
temperature. Frequency 9.22499 GHz. 

the static magnetic field; in the plane obtained by rotating from the be plane by 60° about the 

e axis. This second plane will be referred to henceforth as the 60° plane. Measurements were 

made over a 180° range in 5-10° intervals. 

4.2.2 Results 

Initial observations 

shown in figure 4-1, the EPR spectrum with the static magnetic field parallel to the tetrag

onal c axis consists of a central pair of equally intense lines with a splitting of 0.097mT. The 

linewidths along the c axis were around 0.03 mT and to a maximum of 
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around 0.06 mT in other crystal directions. In general orientations, as seen in the 60° plane, 

four pairs of lines are observed. These collapsed into three pairs in the be plane and to a single 

pair along the e axis. By consultation with the tables of Rae [13] it was determined that this 

behaviour corresponded to a site symmetry of Laue class 2/ m, point group m. This relatively 

low site symmetry was thought to be due to the interaction of the Ti3+ with a nearby I = ! ion 

leading to lowering of the symmetry from the usual uniaxial situation. The Ti3+ assignment was 

confirmed unequivocally by observation along the e axis of 47Ti and 49Ti hyperfine structure 

corresponding to I = ~ and I = ~ nuclear spins respectively and with intensities corresponding 

to the known abundances of the two isotopes. These are indicated in figure 4-1. 

Fitting of data 

The doublet splittings visible at all orientations in the spectra of the Y(Ti3+) centre were ini

tially attributed to 89y superhyperfine structure [18]. However, following the work on the Zr( 0:) 

centre described in chapter 2 this had to be reconsidered and the possibility of an interaction 

with 31 P also examined. With the observation in zircon of spectra containing doublet splittings 

due to a 100% I = ! isotope, the most obvious candidates are 89y and 31 P due to similarities 

in chemistry and ionic size with zirconium and silicon respectively. As explained in the inves

tigation of the Zr(o:) centre, the other elements which are dominated by I = ! isotopes can be 

disregarded on the grounds of ionic charge, size and rarity. Unfortunately, the Y(Ti3+) centre, 

unlike Zr( 0:), shows no evidence of any outrider lines which could possibly be interpreted as 

spin-flip forbidden lines and potentially lead to a positive identification of the nucleus responsi

ble for the superhyperfine interaction observed. Because of this it was hoped that fitting of the 

measured data to both models might indicate which was the better interpretation. In fitting 

with either 89y or 31 P the same basic Hamiltonian is applicable (equation 4.1). 

( 4.1) 

However, in the case of yttrium gn(89y) = -0.2748361 X U while for phosphorus gne1p) 

2.26320 x U. 
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Fitting with 89y hyperfine 

Initially, interpretation of the data was attempted with an yttrium nuclear 9 matrix. Fitting of 

the elements of the 9 and A parameter matrices was initiated by allowing all of their elements 

to be varied during minimisation. However, it rapidly became clear that the Y12 and Yi3 off

diagonal matrix elements were non-zero within error. This confirmed the interpretation of the 

.observed site splittings and is in accord with the assumed m site symmetry. During the early 

stages of the refinement the matrix g rapidly became well determined with errors on the varied 

elements of 1 part in 105 - 106. In contrast, the elements of A(89y) were poorly determined and 

it was noted that there was some incorrect labelling of transitions. As explained in chapter 2, 

when the nuclear Zeeman and hyperfine terms are comparable the appropriate labelling of the 

allowed transitions may change as the size of the hyperfine interaction varies with orientation. 

To overcome the difficulty in initiating a satisfactory fit of the hyperfine matrix a different 

approach was tried which was similar to that used in the attempted fitting of 89y hyperfine 

structure on the Zr(a) centre. This involved the attainment of good initial estimates of the 

89y hyperfine matrix elements by fitting of the observed hyperfine splittings from the be plane 

measurements to equation 4.2. 

Y = A + B cos(2e) + C sin(2e) (4.2) 

As described in chapter 2, A, Band C are linear combinations of the hyperfine matrix elements 

A ij . Thus, a basic trigonometric fitting can be used to construct an initial estimate of the 

hyperfine matrix A. With these values and the g and gn matrices as described above, EPR

NMR [11] was used to simulate the line positions and intensities for both planes of data. This 

simulation was particularly important in this case because the relative sizes of the S . A . ! 
and ,en! . gn . B terms meant that at some orientations the usual 1-4, 2-3 transitions were less 

intense than the 1-3 and 2-4 transitions. An ab initio assignment of these transition labels and 

prediction of the orientations at which the predominant labelling scheme changes is difficult even 

in a relatively simple system. From these intensity calculations the level labels were allocated so 

that all the hyperfine lines corresponded to the most intense (most strongly allowed) transitions. 

Fitting required reduced weighting of some data as the lines simultaneously broadened and lost 
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intensity when the crystal was rotated away from the crystal c axis. The resulting parameter 

matrices were well defined as shown in table 4.1 and the overall RMSD of 0.0079 mT was very 

satisfactory being well within a third of even the smallest peak-to-peak line width. 

Table 4.1: Result of fitting Y(Ti3+) centre hyperfine splittings as due to S9y (number of unit
weighted data points = 110, sum of weighting factors = 156.131, RMSD = 0.0079 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk Ok (deg) ¢k (deg) 

g 1.954650 (7) 0.0 0.0 1 1.954650(7) 90 0 
1.940564(9) -0.011838(5) 2 1.945940(8) 114.42(1) 90 

1.919867(4) 3 1.914492(5) 24.42(1) 90 

A/ge(3e -0.042( 4) 0.0 0.0 1 -0.042(4) 90 0 
(89Y)(mT) -0.057(7) -0.017(3) 2 -0.051(6) 109(2) 90 

-0.100(1) 3 -0.105(1) 19(2) 90 

Fitting with 31p hyperfine 

As with the S9y hyperfine interpretation of the doublet splittings, the fitting with the 31 p 

nuclear 9 was begun using the hyperfine matrix derived from the trigonometric fitting of the 

measured splittings to simulate line positions and transition intensities. The simulation seemed 

to indicate that there was no change over in transition labels at any orientation but that the 

1-3, 2-4 transition scheme was completely dominant. As shown in table 4.2, a well defined set 

of parameter matrices is again produced. 

Comparison of the two fits 

Comparison of tables 4.1 and 4.2 reveals that both the 9 and A matrices from the two differ

ent fittings are, within experimental uncertainty, almost indistinguishable. There is a slight 

reduction in RMSD (4%) when fitting with 31p, but this can probably be attributed to the 

difficulty in selecting appropriate weightings, when refining the S9y data, near the orientations 

where both transition schemes have comparable intensity. The larger uncertainties on A(S9y) 

are consigned to this problem. Both fittings indicate that spin-flip lines would be very hard to 
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Table 4.2: Result of fitting Y(Ti3+) centre hyperfine splittings as due to 31p (number of unit
weighted data points = 110, sum of weighting factors = 156.131, RMSD = 0.0076 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk (h (deg) <Pk (deg) 

g 1.954652(7) 0.0 0.0 1 1.954652(7) 90 0 
1.94056(1) -0.011837(5) 2 1.945938(9) 114.42(1) 90 

1.919866( 4) 3 1.914492(5) 24.42(1) 90 

A/gePe -0.045(2) 0.0 0.0 1 -0.045(2) 90 0 
(S9Y)(mT) -0.052(3) -0.017(2) 2 -0.047(3) 107(2) 90 

-0.105(1) 3 -0.110(1) 17(2) 90 

measure even if more intense spectra could be created. When 89y is the interacting nucleus the 

forbidden lines are so close to the allowed lines that they would be unresolvable spectroscopi

cally. In the case of a nearby 3Ip atom the spin-flip lines are predicted, from EPR-NMR [11] 

calculations, to have vanishingly low intensity. Therefore, it seems that there no direct way to 

determine which of these nuclei actually creates the doublet hyperfine splitting from the EPR 

data. Figure 4-2 shows a comparison of the data fittings, which are indistinguishable on the 

scale shown, with the experimental data collected in the be plane. 

Measurement of titanium hyperfine lines 

Because of the low intensity of the Ti hyperfine lines it was not possible to obtain 47Ti and 49Ti 

hyperfine parameter matrices. Along the crystallographic e axis, as show in figure 4-1 where 

high instrumental gain and long sampling periods were used to maximise signal intensity, pairs 

of very weak lines were identified unequivocally as the 47Ti and 49Ti lines. Also indicated in 

this figure is the expected 89y /31 P hyperfine splitting as observed in the stronger I = 0 central 

line. The average of the measured Ti splittings was 3.14 mT which can be taken as a first 

order approximation to 'All' for both isotopes. This value is comparable to that found in the 

B(Ti3+) centre where All = 2.97 mT for the 47Ti and 49Ti isotopes. Site splitting reduces the 

line degeneracy, with rotation away from the e axis and consequently the intensity falls making 

any reliable measurement problematic. 
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Figure 4-2: Comparison of experimental and fitted data for the variation of line position with 
angular orientation of the Y(Ti3+) centre in the be plane. 

4.2.3 Discussion 

Location of Ti3+ 

From examination of the principal directions in tables 4.1 and 4.2, it is clear that 9 and 

A(89y /31 P) interaction matrices are very close to coaxial although on the grounds the site 

symmetry ( m) there is no requirement for this to be the case. All "HOC"",,","''' have 

two principal lying in the mirror plane parallel to be with the major axis of the 9 

matrices an angle of 24.42° with the tetragonal crystal axis (the e axis). The third axis 

is to be orthogonal to the other two and is thus parallel to a. It is clear that both 

9 matrices describe interactions whose principal directions are only slightly distorted from the 
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uniaxial symmetry observed in the B(Ti3+) centre [9, 33]. In addition, the principal values of 

the two centres are very similar. It therefore seems reasonable to assume that in both cases 

the Ti3+ ion occupies the same tetragonal Zr4+ substitutional site. The difference in alignment 

and the lower site symmetry arise from the interaction with a nearby S9y or 31 P nucleus. 

Proposed structure with S9y included 

To account for the m symmetry of both the 9 and A(S9y) interaction matrices the Y atom has to 

be situated in one of the mirror planes of the zircon crystal structure. Examination of table 4.1 

indicates that the "unique" principal values of both the 9 and A matrices lie in the mirror plane 

parallel to be. If the Ti3+ substitutes into lattice position Zr(I), which as shown in figure 4-3 

has fractional coordinates (0,0,0), and this is taken as the origin, then 92 lies in the be plane, 

making an angle of 65.580 with the e axis. This is only 0.60 away from the direction of the 

vector along the Zr-Zr bond direction. With similar alignment of the A2 principal direction, 

there is therefore, evidence for an S9y nucleus situated in a nearest-neighbour Zr4+ lattice 

position with fractional coordinates (0, -~, i). This is shown in a) of figure 4-3 but with the 

vectors rotated by 1800 about the crystal e axis for comparison with the 31 P directions. As the 

e axis coincides with the D4 axis of the zircon unit cell, this transformation produces completely 

equivalent positions. Thus, as shown, 92 intersects the equivalent Zr(2) lattice position which 

has fractional coordinates (O,~, i). 

Proposed structure with 31 P included 

An analogous treatment reveals that a satisfactory structure for a Ti/P centre can also be 

constructed. However, in this case a set of direction cosines e~ and ¢~ (e~ = 180 - ek , ¢~ = 

360 - ¢k) equivalent to those listed in table 4.2 corresponding to the same eigenvectors of g 

and A are compared with the crystal atomic positions. The symmetry of the zircon unit cell 

means that the 92 vector is then oriented only 0.60 away from the Zr(l)-Si(l) bond direction. 

Combined with similar evidence from the A2 principal direction it seems reasonable to conclude 

that a phosphorus atom is located at the Si4+ position with fractional coordinates (0, ~, - i). 
The relationship between the 9 principal directions interpreted in terms of a possible phosphorus 

substitution and the crystal axes and bond directions in the zircon unit cell are depicted in b) 
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a) 

b) 

c 

c 
... 

Zirconium 

Silicon 

o Oxygen 

Orientation of g principal directions with respect to zircon atom coordinates. Ti3+ 
,,1":1T111U::.r1 for Zr(l) and a) interpretation with 89y at Zr(2) position or b) interpretation with 
at Si(l) position. 
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of figure 4-3. 

Overall, the analyses described above demonstrate that the principal directions derived from 

the fittings do not give any way of differentiating between the two possible interpretations. 

Electronic information from EPR results 

If the A (47Ti and 49Ti) matrices are assumed to be coaxial with 9 then the maximum hyperfine 

splitting would be expected to lie along a direction making an angle of 24.42° with the c axis. 

Hyperfine structure was sought along this orientation but as indicated earlier, site splitting 

reduced the intensity to a level where pairs of lines could not unequivocally be assigned to 47Ti 

and 49Ti. Obviously this excludes any direct analysis of the electronic nature of the titanium 

as derived by Claridge et al [33] using a ligand field analysis. Using the tables of Morton 

and Preston [28] in a manner identical to that described in the analysis of the Zr(a), the two 

hyperfine matrices can be used to determine estimates for the amount of spin density on the 

S9y and 31 P atoms. These calculations suggest that at most 2.8% of the spin density resides 

on the S9y or 0.14% on the 31 P. 

Assignment of centre on the basis of chemistry 

It is well established that titanium can replace zirconium atoms in the zircon crystal structure 

[33] producing the B(Ti3+) centre on X-irradiation. With the creation of this centre a local 

charge imbalance of -1 is created which may be compensated remotely or by an EPR silent ion. 

With the further inclusion of an yttrium atom (only common oxidation state +3) at a neigh

bouring zirconium site, the local charge imbalance is increased to -2. Thus, the S9y containing 

model for the Y centre would be designated [TiOs/yF- with the required 2+ compensation 

provided by some undetected ion(s). In the 31 P model a Si4+ ion of one of the SiO!- tetrahedra 

neighbouring the titanium ion is suggested to be replaced by a pH ion creating a phosphate 

group (PO~-). With this structure the effective -1 charge at the electron centre is balanced by 

the inclusion of the phosphorus ion and thus overall neutrality is achieved suggesting a desig

nation of [TiOs/P]o. The increased stability achievable through the balancing of charges in the 

second model is a strong argument in favour of a phosphorus containing centre. This conclusion 

is supported by the growth of Ti/y doped zircon single crystals whose EPR spectra, although 
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containing very intense B(Ti3+) lines, show no evidence of the Y(Ti3+) centre . 

. On balance, in the light of the evidence in chapter 2, it is most probable that this is a 

phosphorus containing centre. 

4.3 The P(Ti3+) centre 

4.3.1 Experimental details 

This centre was observed in the same synthetic crystal and under the same experimental con

ditions as the B(Ti3+) and Y(Ti3+) centres. However, unlike these centres the P(Ti3+) centre 

showed an unusual requirement for extended warming to become clearly defined. The greatest 

intensity measurements were observed when the crystal was irradiated at 77 K in the usual 

fashion but then left at room temperature for about three months. In addition this treatment 

elucidated an apparent I = ! splitting that had not previously been noted. Subsequent warm

ing and cooling in the process of experiment appeared to slowly reduce the resolution of this 

splitting until only single lines for each site could be observed. This was accompanied by a 

concurrent reduction in the intensity of the P(Ti3+), Y(Ti3+) and B(Ti3+) centres. Measure

ments were carried out at 5-10° intervals in the be plane and in the planes obtained by rotating 

the crystal 30°, 45° and 60° from b about e (referred to hereafter as the 30°, 45° and 60° 

planes respectively). A series of ab-plane measurements were also attempted but unfortunately 

confident determination of the P(Ti3+) centre lines was not possible due to their overlap with 

the large number of B(Ti3+) forbidden transitions visible at all orientations in this plane. 

4.3.2 Results 

Initial observations 

With appropriate annealing, the spectrum of the P(Ti3+) centre with any of the crystal a, b or 

e axes parallel to the static magnetic field consists of a single pair of hyperfine lines (see figure 

4-1). When the crystal is rotated in the be plane, two 2-fold degenerate sets of lines are observed 

at all other orientations. In the 30°, 45° and 60° planes 4, 3 and 4 doublets respectively were 

observed. From these observations it is clear that P(Ti3+) had point group symmetry 2( C2 ) or 

very close to this [13]. This differs significantly from almost all other Laue class 2/ m species 
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so far studied in zircon which have mainly consisted of oxygen-hole centres (see chapter 3) as 

well as the Y(Ti3+) centre reported above with point group symmetry m (C s). As both of 

these point group symmetries are contained in the same Laue class, 2/ m (C2h ), all the spin 

Hamiltonian parameters can, in principle, be obtained from data collected in a single arbitrary 

plane of measurement using the method of symmetry-related sites [39]. As will be discussed 

later, there are some special planes for which all the P(Ti3+) centre parameters may not be 

determined. 

Fitting of site data 

Initially, any measurable hyperfine splittings were averaged so that a fitting of g could first be 

accurately carried out. The result was a 9 matrix which was well defined but seemed to have 

quite unusual symmetry. As shown in table 4.3 the gxx and gyy elements are, within error, an 

identical pair while gxz and gyz have opposite signs but the same magnitude. Fitting in all four 

planes mentioned above confirmed that gxy was zero. Constraining these elements to have these 

relationships produces an identical result with exactly the same RMSD of 0.0088 mT. These 

observations are consistent with 2 (C 2 ) point-group symmetry. 

Table 4.3: P(Ti3+) centre g-matrix fitting with no parameters constrained. (number of unit
weighted data points = 88, sum of weighting factors = 88.0, RMSD = 0.0088 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk (h (deg) ¢k (deg) 

g 1.93605(3) 0.0 0.01807(1) 1 1.93680(1) 137.36(0) 135 
1.93605(3) -0.01807(1 ) 2 1.93605(2) 90 45 

1.94280(8) 3 1.91253(1) 47.36(0) 135 

Fitting of splitting data 

When the crystal was annealed for an extended period a doublet splitting was visible at some 

orientations. This splitting had a maximum (0.087 mT) when the crystal c axis was parallel 

with the field and was reduced on rotation until at r-.J 40° from this initial position it became 

unresolvable. Nevertheless, these were sufficient data to precisely determine a hyperfine matrix. 
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As with the Y(Ti3+) centre analysis, characterising the atom responsible for the observed 

splitting was problematic due to the lack of any spin-flip lines but in this case it was hoped that 

the greater anisotropy in the hyperfine interaction would allow for identification from fitting of 

the EPR data. 

The appropriate spin Hamiltonian (equation 4.3) to be used was as with the Y(Ti3+) centre 

analysis. 

(4.3) 

Fitting with S9y hyperfine interaction 

As before, the observed hyperfine interaction was initially ascribed to the presence of an S9y 

nucleus and thus gn was fixed as -0.2748361 x U. Because the variation of the magnitude of the 

splittings with angle was relatively simple, there was no need for any preliminary trigonometric 

fitting and instead a hyperfine matrix was calculated directly using EPR-NMR [11]. Just as 

in the analogous interpretation of the Y(Ti3+) centre, intensity calculations indicated that 

a change in the dominance of transition schemes was occurring. N ear the c axis where the 

splitting was large, the dominant transitions were calculated to be 1-4 and 2-3. With rotation 

away from this orientation it was predicted that these transitions would gradually lose intensity 

being replaced by 1-3 and 2-4. The fitted positions for the equivalent lines in each set of 

transitions were seldom predicted to differ by fields resolvable experimentally. Nevertheless, 

the line positions were given weightings appropriate to their predicted intensities in the course 

of data fitting to ensure that the choice of transition label and line positions was optimised. 

As shown in table 4.4 the resulting fit had a reasonable RMSD of 0.0084 mT, but was quite 

disappointing in terms of defining the S9y hyperfine matrix and principal directions. 

Fitting with 31 P hyperfine interaction 

Using the same Hamiltonian as above but with gn = gne1 P) = 2.26320 x U produces a markedly 

different result for the hyperfine matrix. In this case there is no change in the dominant 

transition scheme with orientation and instead, the 1-3 and 2-4 transitions are predicted to 

have intensities orders of magnitude greater than their alternatives. As shown in table 4.5 

the fitting of the data was considerably more successful than the attempt with S9y producing 
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Table 4.4: Result of fitting P(Ti3+) centre hyperfine splittings as due to S9y (number of unit 
weighted data points = 66, sum of weighting factors = 68.8, RMSD = 0.0084 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk (h (deg) ¢k (deg) 

g 1.93602(3) 0.0 0.018057(6) 1 1.96387(1) 42.52(0) 315 
1.93602(3) -0.018057(6) 2 1.93602(3) 90 45 

1.940454(6) 3 1. 91260(1) 47.48(0) 135 

A/ge(3e 0.011(13) 0.0 0.015(3) 1 0.066(3) 158(126) 135 
(89Y)(mT) 0.011(13) -0.015(3) 2 0.011(13) 90 45 

0.57(5) 3 0.002(11) 68(126) 135 

almost a 50% reduction in RMSD and hyperfine matrix elements that are all defined to well 

within experimental uncertainty. These results leave little doubt that the splitting arises from 

interaction with phosphorus and not yttrium. 

Table 4.5: Result of fitting P(Ti3+) centre hyperfine splittings as due to 31 P (number of unit
weighted data points = 58, sum of weighting factors = 63.4, RMSD = 0.0044 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk (h (deg) ¢k (deg) 

g 1.93614(2) 0.0 0.018071(4) 1 1. 963936(8) 42.60(0) 315 
1.93614(2) -0.018071(4) 2 1.93614(2) 90 225 

1.940439(3) 3 1.912644(9) 132.60(0) 315 

A/ge(3e 0.126(6) 0.0 0.002(1) 1 1.26(6) 89.35(5) 315 
(
31P)(mT) 0.126(6) -0.002(1) 2 1.26(6) 90 45 

-0.0819(9) 3 -0.819(9) 179.35(5) 315 

Identifying the presence of titanium 

Unequivocal characterisation of the P(Ti3+) centre as a titanium impurity requires location and 

measurement of the 47Ti and/or 49Ti isotope hyperfine lines. Data with eilB were collected with 

a very long accumulation time to maximise possible signal-to-noise. Unfortunately appropriate 

pairs of lines as seen in the more intense Y(Ti3+) centre measurements could be not found. 
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Despite this, it seems reasonable to infer that centre is a Ti centre because of the similarity 

of the g-matrix principal value magnitudes and anisotropy to those observed in other Ti centres 

in zircon. 

4.3.3 Discussion 

Symmetry and structural considerations 

The P(Ti3+) centre is defined very accurately to have point-group symmetry 2 (C2 ) by the 

line degeneracies in the be symmetry is highly unusual in any of the paramagnetic 

centres so far studied in zircon. Constraining the 9 matrix to have this symmetry produces no 

measurable change in the to the experimental data and consequently it seems sensible to 

assume that the I ~ superhyperfine matrix also has point group symmetry 2 (C2 ) and thus 

has a two-fold axis coaxial with the 9 matrix. 

The P(Ti3+) centre undoubtedly lies, at least on the EPR time scale, on the 2-fold axis 

along the [1 1 0] (or equivalently [I 1 0]) direction of the zircon crystal structure and interacts 

with a single I = ~ nucleus. It is necessary, to explain the C2 symmetry, to have both the 

Ti3+ ion and I ~ nucleus lying along the 2-fold (dihedral [1 1 0]) axis. This 

restricts the two interacting impurity ions to take up either the Zr (0,0,0) (Zr(l) in figure 4-4) 

or Si (~)~) 0) (Si(l) in 4-4) unit-cell positions. There also exists a remote possibility that 

a compensating ion could be located in one of the channels within the crystal structure and 

lying on the 2-fold axis. The presence of a +1 compensator could be justified on the basis of 

the local -1 charge imbalance created by the capture of an electron and the formation of 

at a Zr4+ lattice position. However, there is no direct EPR evidence of such counter ions in 

zircon crystals grown from melts. 

Structure including phosphorus 

shown in fitting of the experimental data, the I = ~ nucleus is far represented as 

31 P rather than 89y' This assignment is reinforced by drawing similar conclusions as in the 

Y(Ti3+) centre elucidation. Firstly, the presence of 3Ip in this crystal has been demonstrated 

conclusively through investigation of the Zr( a) centre. The identification of spin-flip forbidden 

and extensive fitting investigations have shown conclusively that this centre (and thus this 
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Figure 4-4: Relationship of P{Ti3+) centre g and A principal directions to zircon atomic posi
tions. 

crystal) contains Secondly, EPR studies of Ti/Y doped crystals show no evidence 

P(Ti3+) centre. Finally, as this centre can thus be thought of as an isomer of the Y(Ti3+) 

centre, the same charge balancing calculations apply. Should yttrium (3+ oxidation state) be 

included in the lattice then the centre would be designated [TiOs/y]2-, requiring compensation 

by an ion or with charge 2+. However, with the inclusion of phosphorus (P(V)) in the 

form of a phosphate group (PO~-), charge balance is achieved suggesting a centre which would 

be more readily formed in a crystal not known to contain mobile interstitial In 

this case the centre is designated [TiOs/Pjo. 

In the case of the P(Ti3+) centre there is further evidence in favour of the inclusion of 3Ip 

instead of S9y' Considerations of similar chemistry make is reasonable to assume that y3+ will 

up a 

axis 

lattice position. To place a Ti atom at a neighbouring position along the [1 1 0] 

that it enter a Si4+ site. However, in the crystal containing Y(Ti3+) and P(Ti3+), 
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the Si(Ti3+) centre described in the third part of this chapter is not observed, making any case 

for an yttrium compensated analogue very weak. Furthermore, the hyperfine structure on the 

main lines appears to arise only from the I = ~ 100% nucleus. There is no evidence of minor 

structure from two adjacent 91Zr nuclei (I = !, 11.23% abundance) as would be expected of 

Ti3+ in position Si(l). 

The aforementioned structural conclusions are effectively summarised in figure 4-4 where it 

is clear that both g and Ae1 P) have a principal direction lying along the [1 1 0] direction as 

required by symmetry. In addition the two larger principal directions of Ae1 P) lie almost in the 

ab plane with A2 lying exactly along [1 1 0] and Al lying within 0.6° of [-1 0 0], corresponding 

to directions to silicon lattice positions. The 31 P A matrix is in fact almost uniaxial about the 

crystal c axis. There is no symmetry requirement for either of the two principal values gl or 

g2 of the 9 parameter matrix to be aligned along any special crystallographic directions in the 

plane perpendicular to [1 1 0]. The largest 9 value lies'" 15° from the direction to the zirconium 

atom at fractional coordinates (!, O,!) and that corresponding to the smallest 9 value lies'" 10° 

away from the zirconium at fractional coordinates (!, 0, -!) (see figure 4-4). 

Algebraic analysis of the P(Ti3+) centre matrices 

The general form of the interaction matrices of the P(Ti3+) centre can expressed as shown in 

equation 4.4. 

( 4.4) 

Factorising the secular determinant of this matrix yields eigenvalues and eigenvectors which 

can be expressed in the explicit algebraic form shown below. 

Eigenvalues of 4.4: 

a 

a+b 1J 2 -- ± _. (a - b) + 8c2 
2 2 

90 

( 4.5a) 

(4.5b) 



Normalised eigenvectors of 4.4: 

1 

where: 

Z 

and: 

o} 
-b 

cZ ~} 

(4.6) 

(4.7) 

(4.8) 

( 4.9) 

From the eigenvalues expressions for the variation of 9 or A in any specific plane 

can readily be obtained. Of particular interest is the variation of these interactions in the 

ab plane. It can be shown that the variation of 9 in this plane depends on the principal 

direction designated (h table For the 9 matrix with a fitted value of 42.60°) the angular 

dependence is calculated to be almost isotropic. It would be exactly isotropic in this plane 

with angle e1 . This behaviour is closely followed by the principal values of Ae1p) 

where, within error, one principal direction lies along the crystal c axis and the remaining two 

principal directions are almost isotropic in the ab plane. 

4.4 Si(Ti3+) centre 

4.4.1 Experimental details 

Although this centre has never been observed in the supposedly relatively pure that the 

previously described Ti centres are found, it was easily measurable in crystals grmv'TI in 

a fashion [20] but with additional Ti4+ and y3+ doping [36]. As described with the 

\J.!.C;''''".L\'''H of the Y(Ti3+), P(Ti3+) and B(Ti3+) centres, the crystal was X-irradiated at K a.nd 

transferred cold to the previously cooled Displex head. Under these conditions the spectrum 

Si(Ti3+) centre in the be plane was clearly visible as a strong central line surrounded by 

a set eight hyperfine lines. In the e-axis spectrum of a Ti/Y doped crystal shown in figure 

B{Ti3+) also had reasonable intensity but neither Y(Ti3+) nor P(Ti3+) were measurable. 
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Alignment of the e axis was impeded by the weak Zr( a) lines in this crystal and the complete 

absence of the [Al04]O centre. Fortunately, the collapse of the new hole centres described in 

chapter 3 served as a reasonable substitute. Lack of precision due to line width constraints in 

these centres were later corrected by systematic variation of the e-axis value during fitting of the 

Si(Ti3+) data to minimise the RMSD. As with experiments on the undoped crystal, the crystal 

was allowed to warm for one hour to room temperature and then recooled to 15 K for further 

measurements. As observed in all earlier experiments on zircon crystals, this heat treatment of 

the Ti/Y doped crystal destroyed the Zr( a) centre but in this case, also removed all traces of 

Si(Ti3+). Measurements were carried out at 5-10° intervals in the be plane only as these data 

were sufficient to characterise completely the elements of the parameter matrices. 

B(Ti3+) centre 
Even isotopes (1 = 0) I 

"Ti (/= 5/2) I I I 
49Ti(1=712)1 I I I 

330 340 

I 
I~ 

I 
I 

Zr(u) 

350 
Field strength (mT) 

Si(Ti3+) centre 

I Even isotopes (1 = 0) 
I I I"Ti(1=5/2) 
I I I I49Ti (1= 7/2) 

360 370 

Figure 4-5: e-axis spectrum of a Ti3+ and y3+ doped zircon crystal. Frequency = 9.22300 GHz. 

4.4.2 Results 

As shown in figure 4-6, no site splitting was observed at any orientation in the be plane and 

therefore it was concluded that the Ti impurity must occupy a site with tetragonal symmetry. 
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Figure 4-6: Variation of line position with angular orientation for the Si(Ti3+) centre in zircon. 

In other words, the impurity must lie on the 41 axes of the tetragonal zircon 141/ amd crystal 

space group. Observation of the hyperfine multiplets, as visible figure 4-5, corresponding 

to I = ~ and I = ~ with intensity ratios appropriate to the and 49 isotopes of titanium 

established beyond doubt that the EPR spectra did arise from a impurity. The basic 

similarity in appearance and symmetry to the be-plane measurements of the B(Ti3+) centre 

suggested the need to further for more subtle angular variation in line intensity and 

positions indicative of higher order interactions. "Forbidden" hyperfine lines rapidly begin to 

dominate the spectrum of the B(Ti3+) centre with rotation 

were found to be crucial in the understanding and fitting of 

intermediate orientations in be-plane measurements of the 
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of orientations were investigated with long accumulation times, no evidence of any such lines 

could be found. Variations in the nuclear quadrupole parameter matrices and effects of higher 

order terms in the B(Ti3+) centre also removed the coincidence of the six 47Ti (1 =~) hyperfine 

lines with the six inner 49Ti (1 = hyperfine lines as the crystal was rotated away from the 

c axis. This was not the case with the Si(Ti3+) centre where, within experimental uncertainty, 

the lines due to each isotope were coincident at all orientations. 

Angular spectral data were 

Hamiltonian: 

using the programme EPR-NMR [l1J and the spin 

( 4.10) 

Due to the tetragonal of the site, the matrices g, A and P are necessarily diagonal 

and uniaxial. Matrix gn wa.") set to the isotropic value for 47Ti by defining: 

47 gn = -0.31539 x U ( 4.11) 

and for by uvJ.Uu.uF,. 

49gn = -0.315477 xU ( 4.12) 

where U is the 3 x 3 unit matrix. The spin Hamiltonian parameters resulting from the fittings 

described above are listed in table 4.6. 

The 47 and 49 hyperfine lines are always, within error, coincident. As explained in chapter 3 

in the analysis of the 11 B and lOB hyperfine lines in the [B04Jo oxygenic-hole centre, the ratio of 

the A for each titanium isotope would be expected to differ, at a approximation, 

as ratio of their isotropic gn factors. As shown in equation 4.13, this ratio is very close to 

unity and thus any difference in A is predicted to be minimal. 

49 A = 49gn (47 A) = -0.315477 = 1 00028(47 A) 
47 gn -0.31539' 

( 4.13) 

A similar analysis can be conducted on the P matrices. From [5] and [40J it can be shown 

that to a good approximation the nuclear-electric quadrupole is proportional to the electric 

quadrupole moment (Q), the nuclear spin quantum number (1) and the expectation value of 
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Table 4.6: Spin-Hamiltonian parameters for the Si(Ti3+) centre at 15 K. 

Matrix Y 

g 

A/gePe (mT) 

P/gePe (mT) 

Unit weighted 
data points 

weightings 

RMSD (mT) 

47Ti parameters 

Principal values 

Yjl Y.l 

1.836155(9) 1.980606(9) 

2.5299(9) 0.7274(13) 

0.0157(20) -0.0078(10) 

-0.31539 -0.31539 

87 

95.95 

0.0113 

1,-3 in the following relationship: 

parameters Spinless isotopes 

Principal values Principal values 

Yjl Y.l Yjl Y.l 

1.83615(1) 1.98048(1) 1.83617(1) 1.98055(2) 

2.5392(7) 0.7268(10) 

0.0067(18) -0.0034(9) 

-0.315477 -0.315477 

118 23 

126.74 22 

0.0141 0.0081 

Therefore, in the absence of pseudo-nuclear quadrupolar effects such as those observed for the 

B(Ti3+) centre [9] approximating (r- 3 ) to be the same for both isotopes, the nuclear 

electric quadrupole interaction matrices of 47Ti and 49Ti would be expected to be related by : 

47p 

( 
21) x 47 Q = (21) x _0._29-:-x-;-c-_-;::-;---;:: 
10 49Q 10 0.24 x 

2.5375 ( 4.14) 

This is in with the calculation using the values in table 4.6 which 

47pJ.. 

49pJ.. = 2.29 (4.15) 

Discussion 

lack site splitting in the EPR spectra of the Si(Ti3+) centre implies uniaxial site sym

metry. Therefore the site of the impurity Ti must be either the Zr or lattice positions in the 

unit cell, each of which has dodecahedral, 42m (D2d), point-group As described at 
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the beginning of this chapter, the B(Ti3+) centre has already been established as a Ti replacing 

a Zr in the crystal lattice. From the relative magnitudes of the 9 and A values of the Si(Ti3+) 

centre (Table 4.6), the ground state is the same as the B(Ti3+) centre and a similar analysis can 

be used. From the crystal-field analysis of Tennant and Claridge [9] it has been shown that the 

ground state orbital is, dx 2_y 2. However, it can easily be shown that a rotation of coordinates 

by 45° about the z direction produces an identical result but with the labels of the dxLy2 and 

dxy energy levels exchanged. This assignment with a dxy orbital ground state is preferred since 

it places the unpaired electron in a nonbonding orbital whose lobes are directed between the 

zircon crystal mirror planes. From [9] the equations relating 9 and A values to the orbital levels 

under the D2d point-group symmetry are, to second-order perturbation: 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

where N = (1- ~x2 _y2)~, X = (2/ f'::.E2 , y = (Ii f'::.El and (pI), is the isotropic contact interaction 

where: 

(4.20) 

and K, is a parameter representing core polarisation of the s electrons defined as: 

I), = -8m5 (ri) /r-3) 
3 \ 3d 

(4.21) 

In this case f'::.El = Ebl - E b2 , f'::.El = Ee - Eb2 where dx2_y2 rv b1, dxy rv b2 , dxz , dyz rv e and 

dz 2 rv al under D 2d symmetry. Furthermore, the spin-orbit coupling constants (1 and (2 are 

defined by (1 = kl( and (2 = k2( where kl and k2 are orbital-reduction factors which are a 

measure of covalent interactions which lower the spin-orbit coupling constants from the free-ion 

values. If these factors are unknown, the free ion spin-orbit coupling constant ( must be used 

and thus produces results which are the maximum possible and almost certainly overestimated. 
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Table 4.7: Electronic and nuclear properties of the Si(Ti3+) and B(Ti3+) centres derived from 
fitting of second-order perturbation equations to experimental 9 and A matrices. 

Si(Ti3+) B(Ti3+) 

Quantity 47Ti isotope 47Ti isotope 

(/D..El 0.02073 0.03036 
(/ D..E2 0.01022 0.00908 

7430 16967 cm-1 

D..E2 15064 5072 cm-1 

(p -16.5628 X 10-4 cm-1 -21.3081 X 10-4 cm-1 

K. 0.6807 0.6325 

(r-3
)3d 1.6476 a.u. 2.1227 a.u. 

(pK./2gnf3n 7.0297 T 8.403 T 

Since the orbital reduction factors were not known, x and y were treated as parameters to be 

obtained from the experimental 9 values and equations 4.16 and 4.17. Using the experimental 

9 values (Table 4.6) equations 4.16 and 4.17 were solved iteratively for x and y as an analyt

ical solution proved to be impractical. (p and K. could then be obtained from equations 4.18 

and 4.19 the experimental A values. The parameters obtained from these calculations, 

together with related derived quantities, are listed in table 4.7. Also listed in this table are the 

comparable quantities for B(Ti3+) tal{en from reference [9]. 

Comparison of the numerical values of the quantities for Si(Ti3+) and B(Ti3+) table 

4.7 indicates some marked differences. Firstly, the ordering of the energies the orbital states 

defined by and D..E2 is different for each centre. The ordering of orbital ~U·WL"'.LvU of B(Ti3+) 

shown below is transformed from the results of Tennant and Claridge [9] by rotating about z 

by and thus exchanging the dx Ly2 and dxy orbital energies. 

Orbital energies of B(Ti3+) [9] 

~~; = 3.345 =:} d xy > dxz,yz > d x Ly2 

Orbital energies of Si(Ti3+) 

~~~ = 0.493 =:} dxz,yz > dxy > 
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The latter ordering agrees with point-charge calculations for the Si site in zircon (Figure 2 and 

associated calculations in [9]). On this basis it can confidently be stated that the Si(Ti3+) centre 

arises from Ti3+ substituting for Si4+ in the crystal lattice and is thus designated [Ti04]-. 

It is useful to compare the quantities 8J, K, and (r-3l 3d of table 4.7 for the Si(Ti3+) centre 

with those of the B(Ti3+) centre. As described in chapter I, 8J is defined by: 

( 4.22) 

and is a measure of the spin density at the nucleus which arises through core polarisation. K, IS 

an empirical parameter which describes the core polarisation of the inner s electrons and their 

isotropic contribution to the hyperfine interactions. When multiplied together these give the 

net polarisation at the nucleus: K. 8J and (r-3l 3d were treated as variable parameters to be 

obtained from equations 4.18 and 4.19. As shown in table 4.7 these are both considerably smaller 

than the corresponding values for the B(Ti3+) centre. Apparently the more compact 4-fold 

coordinate site of the Si(Ti3+) centre results in a rather smaller value of (r-3 l3d corresponding 

to a larger radial distribution of the 3d electron. The effect of this on core polarisation might 

be thought of in terms of reduced overlap of the 3d and s orbitals on the Ti3+ ion reducing 

the polarisation interaction with the core electrons and thus lowering the spin density at the 

nucleus. 

Comparison of Si(Ti3+) and B(Ti3+) matrices 

Useful information can be obtained by comparison of the 9 and A matrices of the Si(Ti3+) 

centre with those of the previously determined B(Ti3+) centre [9, 33]. The magnitudes of the 9 

matrices are ordered in the same way in each centre with 911 < 9J.. and All > AJ..in both cases. 

However the isotropic and anisotropic parts are very different. In the uniaxial symmetry of 

these two centres, the anisotropic part of the 9 matrix corresponds to the uniaxial parameter 

(b) defined in this case as in equation 4.23. 

b = (911 - 9J..) 
3 
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This calculation produces a b value of 0.04815 for Si(Ti3+) and 0.00465 for B(Ti3+) or in other 

words an order of magnitude greater value for the new centre. Less disparity is observed in 

the anisotropic parts of the hyperfine matrices: A(Si(Ti3+)) (b(47Ti) = 1.8025 mT, b(49Ti) 

= 1.8034 mT)i A(B(Ti3+)) (b(47Ti) = 2.0728 mT, b(49 Ti) = 2.1084 mT [9]). 

Using the values of isotropic and anisotropic parts of the experimental hyperfine matrices, 

the procedure described by Morton and Preston [28] for calculation of spin density can be 

applied to the two uncompensated Ti3+ centres. Using the same calculations described in 

chapter 2 with the Zr(a) centre and the experimental values of Tennant and Claridge [9] the 

hyperfine matrix for the B(Ti3+) centre can be expressed as: 

( 

1 ) (-19.363 
A(B(Ti3+)) ~ 44.546 1 1 + -19.363 ) 

38.727 

MHz ( 4.24) 

According to the Table 1 of Morton and Preston [28] the isotropic parameter A for titanium is 

-782.0 MHz and thus the proportion of the spin density on the 48 orbital is calculated as: 

I 
a I 144.5461 48 contribution = A = -782.0 = 0.0570 = 5.70% ( 4.25) 

Similarly the contribution of the 3d orbital to the hyperfine splitting is found by calculation 

with the anisotropic parameter P and the orbital factor a giving the following relation for the 

uniaxial symmetry of this centre: 

b 
3d contribution = 

Pa(dx Ly2) 

19.363 
= 0.9203 = 92.03% 

(-73.64 x 9) (4.26) 

Therefore, in this case almost all the spin density is thought to be found on the titanium atom. 

Similar calculations on the Si(Ti3+) centre reveal a slightly different situation. In this case the 

experimental hyperfine matrix can be rewritten as: 

A(Si(Ti3+)) = 
( 

-16.838 

-16.838 ) + 37.223 ( 1 

33.677 
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and thus the 43 contribution = 4.76% and that from the 3d orbital = 80.00%. The significant 

reduction in the calculated contribution of the 3d orbital is due to a smaller anisotropic part of 

the hyperfine matrix compared with B(Ti3+). 

91 Zr hyperfine structure 

The e-axis spectrum of the Si(Ti3+) centre shown in figure 4-5 has a pair of hyperfine lines 

flanking the 1 = 0 Ti isotope line. In this orientation the spacing of these lines is 0.75 mT but 

as the crystal is rotated away from eilB the lines merge into the main line before reappearing 

when the crystal b axis is oriented close to parallel with B. If the titanium atom substitutes 

into a silicon lattice position then superhyperfine lines can be expected to be visible from 

interactions with neighbouring zirconium atoms with structure surrounding the main line due 

to the hyperfine sextet of the 91Zr isotope (1 = ~, 11.15%). The nearest-neighbour zirconium 

nuclei in this case are positioned half a unit cell away, in the positive and negative e-axis 

directions, from the titanium substituted silicon lattice position. On the assumption that 

the two lines observed arose from the outer transitions of a 91Zr sextet, the e-axis spectrum 

was simulated using Lorentzian first derivative lineshapes and a hyperfine splitting factor of 

0.;5 = 0.15 mT. A good fit to the observed spectrum could be obtained in this fashion but 

despite this no attempt was made to obtain a 91Zr hyperfine matrix because even the outer 

transitions of the sextet were unresolved in the intermediate orientations in the be plane. It 

seems highly likely that this interaction accounts for a large proportion of the missing spin 

density. 
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Chapter 5 

Invest- two high-spin 

centres - zircon crystal 

5.1 Introduction 

One of the major areas interest in the course of this work has been the investigation of high

spin Zeeman terms in the Hamiltonian. The detailed theory of the representation and 

inclusion of these terms is described elsewhere (chapters 7 and 8) but of particular relevance to 

this chapter is the constraint placed by the magnitudes of the interacting spins. As described in 

chapter 1 it is well established [6, 7J that the terms in the spin Hamiltonian can be rerlreE;eIl1Ged 

by a polynomial with the form: 

where the radicals ,Is and II are non-negative integers whose values are restricted to 

IB + Is + h even and Is ~ 28, h ~ 21. At the fields used in X-band it 

can generally be that IE ~ 1. Thus, with the spin Hamiltonian formulated in 

fashion a plethora of high-spin terms can theoretically be included in the analysis providing 

the magnitude one or both of the electron and nuclear spins is sufficiently high. 

selection of suitable candidate centres for possible measurement of high-spin Zeeman terms first 

requires identification of spectra corresponding to larger values of 8 or 1. Two 

were found in a single zircon crystal derived from a natural source. 
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5.2 Experimental details 

Crystal characteristics 

The crystal analysed in the course of these experiments was supplied to the Canterbury EPR 

group by the Institut Fur Mineralogie, Universitat Marburg. This crystal was labelled "Zr44" 

and was purported to contain a number of potentially paramagnetic impurities, the presence 

of which was indicated by mottled red-brown colouring. As quoted by the suppliers, Zr44 

contained 0.5% aluminium, 0.43% iron and 2.15% hafnium in unknown oxidation states. Of 

particular interest was the inclusion of iron which in the high-spin (S = ~) Fe3+ oxidation 

state potentially requires the inclusion of Zeeman terms of order as high as BS5 . Equally 

interesting was the inclusion of hafnium which enters the crystal as Hf4+ and forms a S = ~ 

paramagnetic centre on irradiation with the formation of Hf3+ [41] but also exhibits structure 

due to hyperfine interactions with 177Hf (I = ~, 18.6%) and 179Hf(I = *, 13.7%). The nuclear 

spins of the less abundant isotopes theoretically allow for the inclusion of nuclear Zeeman terms 

as high as BI9. As shown in figure 5-1, orientation and mounting of the crystal was facilitated 

by the identification of a be (or ae) face by relating the crystal morphology to the growth habit 

observed in synthetic crystals. 

b 

r 

Figure 5-1: Relationship ofthe morphology of Zr44 to the internal crystal axes. Shaded face is 
parallel to be plane. 
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Creation and initial measurements of spectra 

As with usual cold-transfer experiments, Zr44 was X-irradiated for one hour under liquid ni

trogen before being transferred to the previously cooled head of the Displex cooling system. 

During the course of the irradiation the crystal changed colour from red-brown to very dark 

blue consistent with similar treatments on other zircon crystals. Alignment of the crystal in the 

be plane was facilitated by the presence of the [AI04]O centre [2:1.]. Unfortunately, the relatively 

low intensity of this centre in Zr44 meant that alignment was not as accurate as can often be 

achieved using this method. Nevertheless, the crystal was still aligned to better than 4 minutes 

of arc and this level of precision was later improved through iterative correction during the re

finement process. The e-axis spectrum revealed not only the aluminium centre but also several 

centres overlapping at 9 rv 2 presumably corresponding to a number of oxygen-hole centres. 

Several unidentified centres at slightly larger 9 values were also noted but of greater interest 

were two centres whose lines were spread over a far wider field range. 

5.3 Interpretation of a ten-line spectrum 

At all orientations there were visible ten hyperfine lines with similar spacings. The obvious 

pattern of the hyperfine splittings along with characteristic line shapes and widths (rv 0.15 mT) 

made the assignment of all ten lines as belonging to one centre unmistakable. The most sensible 

explanation for the observed spectra was an impurity ion with I = l Initially it was thought 

that this could be hafnium which was a known impurity in this crystal and has one isotope 

(179Hf) with the correct spin. However, the lack of lines due to either the I = ~ or I = 0 isotopes 

meant this could not be the correct assignment. Although the lines had quite low intensity, 

it seemed reasonably certain that a 100% abundant I = ~ isotope was required. Therefore, 

there were only three candidates which could be considered: 93Nb (100%), 115In (95.84%), 209Bi 

(100%). Only niobium appears to be a realistic candidate since both indium and bismuth are 

relatively rare elements and it would be highly unusual for either of them to be found as an 

impurity in any of the growth materials. 

In the initial data collection, wide scans of 200 mT at 5 - 100 intervals were used as a basis 

for a reasonable initial fitting for comparison with literature reports. These spectra revealed a 
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complete absence of site splitting and thus it was clear that the 93Nb atom was located at a 

tetragonal site in the crystal lattice. Unfortunately, no superhyperfine interaction was visible 

that could have assisted in determining whether this involved taking up a Si4+ or Zr4+ crystal 

position. The appropriate basic spin Hamiltonian, in the absence of higher-order terms, is as 

shown in equation 5.2. 

(5.2) 

In this case gn (93Nb) = 1.3712 xU. Least-squares refinement of these initial crude measure

ments using the programme EPR-NMR [11] gave the parameters shown in table 5.1. The 

average peak-to-peak line width of these spectra was rv 0.15 mT and normally it would be 

hoped to achieve an RMSD in fitting of less than i of this value. The RMSD of 0.072 mT is 

noticeably above this, due to the uncertainties introduced by frequency variation during the 

course of the long scans used and possible errors in alignment introduced by the use of a natural 

crystal. 

Table 5.1: Spin-Hamiltonian parameters for Nb3+ centre in natural zircon Zr44. Number of 
unit-weighted data points = 236, sum of weighting factors = 236.2, RMSD = 0.072 mT. 

Matrix Y 111 Y..l 

g 1.90873( 4) 1.86212( 4) 

A/gef3e (mT) -28.732(3) -13.005(3) 

P /gef3e (mT) -0.1024(4) 0.051(4) 

At this stage it was fully intended to remeasure this data to reduce the RMSD and errors on 

the spin-Hamiltonian parameters in preparation for a possible study of the effect of high-spin 

Zeeman terms. However, observation of apparently the same centre in an A13+ doped synthetic 

crystal [20, 36] with sharper lines and greater intensity lead to a change in sample choice. 

The c-axis spectrum of this crystal after X-irradiation at 77 K and cold transfer also showed 

lines identified as belonging to Zr(a), B(Ti3+) and Si(Ti3+) as well as intense signals due to 
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[AI04]O. The larger intensity of the aluminum oxygenic-hole centre meant that the orientation 

of the c axis could be better defined to r..J 2 minutes of arc. Measurements were conducted 

through 180° at 5-10° intervals and to maximise accuracy each line of the niobium decuplet was 

measured individually using a 1 mT scan range. The effort expended on these measurements 

was rewarded by a greatly reduced RMSD of 0.010 mT (a factor of seven improvement from 

the first results). As shown in table 5.2, g and A had the uncertainties on their elements 

reduced by almost an order of magnitude while those of P remained effectively the same as in 

the previous fitting of the Zr44 data. Although the matrices produced in the second fitting do 

not agree within experimental uncertainty with those of the first, the similarities in symmetry 

and obvious resemblance in the matrix elements preclude them from being different centres. 

Table 5.2: Spin-Hamiltonian parameters for Nb3+ centre in AI3+ doped synthetic zircon. Num
ber of unit weighted data points =187, sum of weighting factors = 187.5, RMSD = 0.010 mT. 

Matrix Y 111 Y..l 

g 1.909010(7) 1.862390(7) 

A/ge(3e (mT) -28.7196(4) -13.0158(4) 

P / ge(3e (mT) -0.0805(5) 0.0403(5) 

Inclusion of higher-order effects 

It was hoped that with the reduced uncertainties produced in the fitting of the second Nb3+ 

data set the possibility of fitting small effects due to higher-order terms might be realised. 

Aside from theoretical limitations, the number of terms which can be included in this analysis 

is limited by the available algebra and its inclusion in EPR-NMR [11]. In theory, the following 

terms are permitted as additions to the minimal spin Hamiltonian: 

I a where a 4,6 

BIb where b 3,5,7,9 
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SIC where c 3,5,7,9 

BSId where d 2,4,6,8 

However, EPR-NMR currently only has facility to fit 14,16, BI3, BI5, SI3, SI5 and all of these 

were tested for their possible significance. Input of higher-order terms in EPRNMR is in the 

form of coefficients of tesseral combinations of spherical-tensor spin operators (see chapter 7 

for details) with the appropriate expression of the spin Hamiltonian for the available terms as 

shown in equations 5.3 and 5.4. 

where: 

Hs = f3J, . g . B + S . A· I - f3n 1 . gn . B+Hhigher-order terms 

Hhigher-order terms 

I 
~ ~ BO,O,I'2s (I) 
~ ~ I,m I,m 

1=4,6m=-1 

+G' { ~ (B 1,o,3U' ) + ~ (B 1,o,3U' )} 
~ 2,m 3,2,m ~ 4,m 3,4,m 

m=-2 m=-4 

+G' { ~ (B 1,O,5u,' ) + ~ (B 1,O,5u,' )} 
~ 4,m 5,4,m ~ 6,m 5,6,m 

m=-4 m=-6 
2 4 

+ L (Bg:~3U3,2,m) + L (B~:~3U3,4,m) 
m=-2 m=-4 

4 6 

+ ~ (BO,1,5U ) + ~ (B O,1,5U ) 
~ 4,m 5,4,m ~ 4,m 5,6,m 

m=-4 m=-6 

(5.3) 

(5.4) 

The matrices in 5.3 are constrained by the 42m site symmetry to be diagonal and uniaxial. 

In equation 5.4 G' = -gnf3nB, Ulr,l,m are functions of the tesseral spherical-tensor operators 

'2s1,m(1) and '2s1,m(B) for the primed set and '2s1,m(1) and '2s1,m(S) for the unprimed set. The 

coefficient BIIB,lsh correspond to the fitted parameters in the refinement of these higher order-,m 

terms in the spin Hamiltonian and as shown in Table 4 of McGavin and Tennant [42] are 

restricted by the 42m site symmetry to those for which l = 2,4 and m = 0,4. Therefore, with 

all these higher-order terms included the 5 independent parameters of the initial fitting with 

the basic spin Hamiltonian is increased to: 2(g) + 2(A) + l(P) + 2(14) + 2(16) + 3(BI3) + 

106 



4(B]5) + 3(S]3) + 4(S]5) = 23. With this degree of increased parameterisation it would be 

very difficult to separate any improvement in an already well defined refinement from the extra 

flexibility in fitting provided for by the many extra parameters. Therefore, it was felt that the 

best approach would be to fit the pairs of related high-spin terms individually. Inclusion of 

]4 and ]6 terms produced almost no reduction in RMSD and the resulting B11B,lr coefficients ,m 

had calculated errors considerably larger than their values. Adding high-spin Zeeman terms to 

the basic Hamiltonian produced a similar result with a insignificant reduction in RMSD and 

coefficients which were statistically not defined. A slightly more positive result was produced 

on inclusion of S]3 and S]5 with a 4% reduction in RMSD. The resulting coefficients are listed 

in table 5.3. Considering that the number of refined parameters has been increased from five 

to twelve it is still doubtful that this is significant and it is therefore concluded that the Nb3+ 

centre can be fitted very satisfactorily without the inclusion of any parameters except those 

from g, A and P. 

Table 5.3: Values of the high-spin parameters S]m for Nb3+ centre in units of mT. 

l = 2,m = 3 
l = 4,m = 3 
l = 4,m = 5 
l = 6,m = 5 

BO,m 
1,0 

-0.00018(8) 
0.00015(9) 
0.000014(8) 

-0.0000016(95) 

BO,m 
1,4 

0.0002(1) 
0.000004(13) 

-0.000026(13) 

5.4 Interpretation of a set of broad, anisotropic lines 

Initial studies 

The discovery of several broad and highly anisotropic lines in the spectra of Zr44 was initially 

treated with some interest as it thought that these could perhaps be indicative of the presence 

of iron. As mentioned previously this crystal was quoted as containing 0.43% iron. Observation 

of a cos 48 dependence of the resonant field of some of the transitions with rotation in both the 

be and ab planes (see figure 5-2) suggested that higher order effects could also be significant. 
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Studies on an Fe3+ centre in scheelite (CaW04) [8, 43, 44, 45] have shown conclusively that 

high-spin Zeeman terms are required in fitting of the observed line anisotropies. Because of 

these results it was felt that a similar centre in zircon could potentially show a requirement for 

such terms and to this end attempts to grow iron doped zircon crystal have been attempted 

[36]. Unfortunately, these attempts have not only produced small poor-quality crystals but 

also, according to EPR measurements, the inclusion of iron was unsuccessful. Although iron 

is supposedly common in natural zircon crystals there are only two reports of EPR studies 

of such impurities in the literature. The first of these [46] describes two iron centres due to 

the isomorphous replacement of Zr3+ and Si4+ with Fe3+ in a natural zircon crystal. In this 

study the parameters for both of these uniaxial systems are presented as derived from Q-band 

measurements at 77 K. The second report [47] confirms the presence of iron in synthetic zircon 

crystals through application of a range of analytical techniques. However, the EPR studies in 

this work contain no analysis of the spin Hamiltonian nor angular variation of line position and 

were thus not useful in the discussions in this chapter. 

Measurement 

The greatest problem with measurement of this centre was the nature of the line shapes. Al

though at some orientations the majority of the transitions presented a reasonably well defined 

first-derivative line shape with a peak-to-peak width of rv 0.3 mT, on many occasions the lines 

were broad (rv 0.7 mT) and saturated. An attempt was made to remove this saturation by 

systematically reducing the microwave power. However, although some improvement was pos

sible, reduction of the microwave power from 2 to less than 0.01 m W still left many lines at 

least partially saturated. This combined with the concomitant loss in signal intensity meant 

that no significant improvement in the precision of line measurement was achieved. 

Preparation and mounting of the crystal was as described in the previous discussion of the 

niobium centre. Similarly, alignment of the crystal was with observation of the collapse of 

[AI04]O into six main lines as described previously. Data were collected at 50 intervals through 

1800 using 20 minute, 200 mT scans. 
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Attempted fitting with iron 

Simulation of the measured data was initially attempted using EPR-NMR [Il] and the spin

Hamiltonian parameters for Fe3+ in zircon quoted by Vinokurov et al [46]. The parameters 

from neither the Zr4+ nor the Si4+ substituted centres described by these authors produced 

numbers and angular variations which seemed to bare any resemblance to those measured. 

These parameters were thus discarded but a further attempt to fit the centre as an iron impurity 

was attempted. This involved the assumption that all the lines (some being forbidden) belonged 

to a single centre, which seemed reasonable from the obvious patterns in intensity at some 

orientations. Because of the interest in the possibility of including iron in the zircon crystal 

lattice, considerable effort was expended attempting to fit the line positions with this basis. 

However, it eventually became clear that this was not the correct interpretation. 

Fitting with gadolinium 

Investigation of reports in the literature of potential candidates revealed that the line anisotropies 

were very similar to those reported for a gadolinium centre in zircon. There are two reports 

of such centres in zircon [48, 49] with the most accurately defined parameters quoted by Abra

ham et al [49] who conducted measurements at a range of temperatures including some at 

4.2 K. These results were converted to the appropriate units and forms of the parameters as 

used in EPR-NMR and are listed in table 5.4 for later comparison with those from the centre 

in Zr44. Gadolinium has three naturally occurring spinless (I = 0) isotopes (l56Gd (20.5%), 

154Gd (2.2%), 152Gd (0.2%)) and two I = ~ isotopes (157Gd (15.7%), 155Gd (14.8%)). Although 

there are reports of measurements of the hyperfine structure due to the I = ~ isotopes [49] the 

broad lines in this crystal meant they were not resolved in the experiments described in this 

chapter. The ground state of Gd3+ is 8S1 and therefore the Hamiltonian, excluding hyperfine 
2 

interactions, is as shown in 5.5. 

its = (3 J3 . g . B + S . D . S+ 'Hhigher-order terms (5.5) 

In this case the higher order terms allowed are S4, S6, B S3 , B S5 , B S7 . As mentioned in the 

Nb3+ analysis, EPR-NMR does not have the facility to fit the last of these but the remaining 
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Table 5.4: Spin-Hamiltonian parameters for Gd3+ centre in zircon as derived from the results 
of Abraham et al. 

Matrix Y 111 Y..l 

g 1.9917(5) 1.991(1) 

D/gef3e (mT) -28.260(7) 14.130(7) 

BO,m 
1,0 

BO,m 
1,4 

84 

l = 4,m = 4 -0.1408(5) 1.17(2) 

86 

l = 6,7n = 6 0.00051(3) 0 

terms expressed as tesseral combinations of spherical-tensor spin operators for input into EPR-

NMR are: 

I 
~ 

7-i higher-order terms "" "" BO,l 2r (8) D D I,m I,m 
1=4,6m=-1 

+G' { ~ (B 1
,3 u' ) + ~ (B1

,3 u' )} D 2,m 3,2,m D 4,m 3,4,m 
m=-2 m=-4 

Abraham et al [49] effectively fitted their data using the Hamiltonian in 5.5 and terms for 8 4 

and 8 6 . The resulting spin-Hamiltonian parameters (table 5.4) were used as initial input into 

EPR-NMR and simulation revealed a reasonable correlation with the measured data. With 

refinement a satisfactory RMSD of 0.12 mT was attained and it was therefore determined that 

the observed lines were indeed due to a gadolinium impurity centre. 

Comparison of tables 5.4 and 5.5 shows that the new fitting is in close agreement with 

Abraham et al [49]. Apart from g, where the new fitting produces lower levels of uncertainty, 
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Table 5.5: Spin-Hamiltonian parameters for Gd3+ centre in natural zircon Zr44. Number of 
unit-weighted data points = 63, sum of weighting factors = 64.0, RMSD = 0.16 mT 

Matrix Y Yil Y..L 

g 1.9911(1) 1.9912(2) 

D/gef3e (mT) -28.262(7) 14.131(7) 

84 

BO,m 
l,O 

BO,m 
l,4 

l 4,m 4 -0.1412(7) 1.172(1) 

86 

l 6,m 6 0.00050( 4) 0.0005(2) 

the errors on all the terms are very similar to the earlier results. Nevertheless, it was that an 

investigation of the importance of high-spin terms might still be worthwhile. Initially, only the 

parameters corresponding to were included with the terms required in addition to those 

in 5.5 and 5.6 being &'3 shown below. 

(5.7) 

Somewhat surprisingly, the inclusion of these terms lead to a reduction in lli\1SD from 0.16 

to 0.098 mT. The extra terms required were all defined within experimental uncertainty 

and are listed in table 5.6. The other fitted parameters were essentially unchanged from the 

earlier fitting but had a slight increase in the calculated uncertainties. A further 

fitting with B85 terms was also attempted but the parameters related to these extra terms 

were not defined within experimental error. 

Despite 

values of the 

Measurement of 

nearly 40% reduction in RMSD and the apparently statistically significant 

parameters, the need for the inclusion of these terms is far from conclusive. 

transition fields was significantly hindered by broadness and saturation 
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Table 5.6: BS3 parameters as fitted fitted for Gd3+ centre by EPRNMR. 

B l
,3 0.00009(2) 2,0 

B l
,3 0.00004(1) 4,0 

B l
,3 -0.00014(1) 4,4 

of the lines. This may well be attributable to strain effects in the crystal (see discussion, page 

114) whose dependence on spin quantum number and field may well have biased the collection 

of consistent line positions at each orientation. Therefore, despite the apparently positive result, 

it seems imperative that better quality crystals with more satisfactory line shapes be obtained 

before any strong conclusion be drawn on the importance of high-spin Zeeman terms in the 

fitting of this centre. 

5.5 Discussion 

5.5.1 The Nb3+ centre 

There are two previous reports of the d l Nb3+ centre in zircon [50, 51] both of which describe the 

creation of the 3+ ion by capture of an electron by a Nb4+ impurity during irradiation. The care 

taken in measurement and the large volume of data collected in the course of the experiments 

described in this chapter allowed for a 100 fold reduction in the calculated uncertainty compared 

with the earlier reports. Despite this, no higher-order effects could be conclusively determined 

and consequently the conclusions drawn from these results are essentially the same as those of 

previous investigators. Comparison of ionic radii strongly suggests that the niobium ion will 

reside in a Zr4+ lattice position in the zircon crystal lattice. Nb4+ has an ionic radius of 0.74 A 

which is very similar to that of Zr4+ (0.79 A) but would seem to make it too large to readily 

replace Si4+ which has a radius of only 0.42 A. On this basis the ground state of Nb3+ in the 

NbOs dodecahedron is expected to be the same as that of the B(Ti3+) centre [9, 33], that 

is, dxy . Furthermore, as with B(Ti3+) and Si(Ti3+) (chapter 4) the observation that gil < g1.. 

and All> A1.. is also consistent with a dxy ground state. 
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5,5.2 The GdH centre 

The GdH centre is also created by electron capture by the 4+ ion during irradiation. The elec

tronic configuration is [Xe]4.f and consequently GdH has a total electronic spin of 8 = ~ and 

seven EPR transitions are therefore expected. There has been considerable study of gadolinium 

in zircon and other similar structure silicates due mainly to interest in its 8 state (L = 0) char

acter [49,52]. The so-called "8 state" ions (having half filled shells) and their interaction with 

crystal fields of various symmetries has also been studied in some detail [52]. As the results 

described previously in this chapter are not significantly better than earlier reports and the 

theory describing them is well established there is little point recovering the interpretational 

parts of this study. 

The conclusions which may be drawn are firstly that the broad lines in this natural crys

tal have been confidently identified as due to GdH . Therefore, EPR experiments have been 

successful in identifying the presence of an element which the technique originally used to de

termine the impurities in this crystal was unable to. Secondly, fittings suggest that there may 

well be a case for the inclusion of high-spin terms in the spin Hamiltonian. As stated earlier, 

the crystal which was the subject of this study is inappropriate for further investigation in this 

area due to the broad and saturated lines visible at all orientations. Further studies require the 

synthesis of crystals with better line-width and saturation characteristics. 

Line-shape effects 

The measured line shapes of this centre appear to show dependence on both orientation and 

transition label. Similar variations have been observed in the reports of previous authors but 

have remained unexplained. It is proposed that these variations can in part be explained by a 

so-called "D-strain". This effect can be explained by consideration of the effect on energy level 

splittings in the spin Hamiltonian. 

According to Weil et al [1] the second-order energy levels from the spin Hamiltonian 

(5.8) 
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for any S and I are: 

where: 

U(l11J, JIII8) = g(3eBJIIIs + 1 (3M; - S(S + 1)) + 
1 

2 (3 B (dz df)(81\1; + 1 - 4S(S + 1) )1I1s + 
9 e 

1 
8 (3 B(T)(2S(S + 1) - 2M; -1)1118 + 
9 e 

K1\I/slvifJ 
1 

+ 2g(3e
B

(A 2(e - d1 )K(3A1; S(S + 1))1\11]) (5.9) 

T tr(D2) - 2d2 + df - 2d_1 det(D) (5.lOa) 

A ~ (tr(A.AT) - ki) 1\IIs (1(1 + 1) - MJ) - de~A) (S(S + 1) - JII/;) MI + 

e 

n 

(kf - K2)1\IIs1\lI] (5.lOb) 

T T n .g.g ·n 

(nT .g.Dn.gT ·n)lg2 

(nT . g. A. AT . . n)lg2 

(n T . g . A . AT . A . . g T . n) 1 g2 K2 

T 1 T T ) T 22 (n . g . 2" (D . A . A + A . A . D . g . n) Ig K 

B 

B 

(5.10c) 

(5.lOd) 

(5.10e) 

(5.lOf) 

(5.lOg) 

(5.10h) 

Generally, the separation of two adjacent energy levels is given by: 

and thus from 5.9: 

6.U g(3eB + 3d11\l1] 

~T6J\;ls + 2S2 + 
8 

U(1\,1I, 1\II8) - U(1\IIJ, M8 1) (5.11) 

1 (d d2 ) 24111s - 9 + 4S2 + 4S + 2" -2 + 1 -~--:::..------ + KMI + 
2 6Ms - 3 + 3K MJ ____ +_e--::-+_2_d_1_1\II....:..s_-_d_...1 

g(3eB 
(5.12) 
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Considering the transitions available in an S = ~ system produces the following expressions for 

the transition energies: 

fiU5- 6 

The effect of strain on the energy levels of an ion in a crystalline lattice is to perturb 

them from their theoretically unique values and create instead a distribution of energies. This 

distribution is characteristic of the varying strains which are created throughout the crystal 

during growth. From examination of the expressions 5.13 it is clear that there is a rapid 

increase in the coefficients of the S-dependent terms as the values of 111181 increases. Changes 

in the energy of the local environment of the Gd3+ ion will thus be expected to have the 
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greatest effect on the transitions between energy levels with larger values of INIs I. Therefore, 

the distribution of energies caused by strain effects will be greatest for these transitions and 

consequently they will have larger line widths than those involving transitions between energy 

levels due to smaller values of INIsl. This seem to agree well with the observed trend in line 

widths and the effect is thus attributed to D-strain. 

It is further noted that there appears to be some sort of directional effect on the line 

widths. The spectra collected show greatest line width when the crystal is oriented with the c 

axis parallel with the static magnetic field and narrowest when oriented with biIB. The dark 

colouration of the natural crystal used in these experiments suggests a high level of impurities 

and it is suggested that the resulting strain field may be greatest in the b direction. 
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Chapter 6 

Discovery and interpretation of a 

new [AI04 /Li]+ centre in a-quartz 

6.1 Introduction 

The piezoelectric properties of a-quartz (Si02) give it wide application in electronic instrumen

tation. These and other important characteristics of quartz crystals are affected by the presence 

of defects in the crystal lattice due to structural imperfections or impurity atoms. 

Aluminium impurities are ubiquitous in quartz crystals due to similarities in chemistry and 

atomic radii between Al3+ and Si4+. It is now well known that the colouration of "smoky" 

quartz crystals is due to the presence of ionised defects of this nature. Griffiths et al [53] 

reported the first study of such an impurity in irradiated a-quartz by EPR techniques. They 

and O'Brien and Pryce [54] concluded that the aluminium atom was placed at a silicon position 

in one of the [Si04]O tetrahedra that comprise the quartz crystal structure and that the centre 

was EPR active due to the presence of an electron vacancy on one of the oxygen atoms of 

this unit. Since that time, a number of studies have extended this work but the most definitive 

descriptions of the interaction parameters and the microscopic nature of this and several related 

centres have been provided by the EPR group at the University of Saskatchewan. In the first 

of a series of reports they described in detail the structure of the original aluminium oxygenic

hole centre, henceforth known as the uncompensated aluminium centre and designated [A104 ]O 

[55]. Further reports in this series characterise a double-hole centre, [A104 ]+ [56] and three 
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"compensated" centres [AI04/H]+ , [AI04/Li]+ [57]and [AI04/Na]+ [58]. As will be explained 

in more detail later, the compensating ions are required for charge balance in the diamagnetic 

precursors of these paramagnetic centres. After low-temperature irradiation the loss of an 

electron from one of the oxygen atoms removes this requirement but the compensating ions 

remain near the aluminium centres as there is insufficient thermal energy for them to diffuse 

away. For convenience, these paramagnetic centres will be referred to as the "compensated" 

or "M+ -compensated" centres, where M+ refers to any of the known compensating ions. It is 

these centres and their relationship to the uncompensated form that are of particular relevance 

to this chapter in the light of the discovery of a previously unreported lithium-compensated 

aluminium oxygenic-hole centre. 

6.2 The crystal structure of a-quartz 

A great deal of confusion exists in the literature in the choice of different conventions for the 

description of the properties of a-quartz. This is described in detail by Donnay and Le Page 

[59] and has been standardised for EPR measurements by Nuttall and Weil [55]. a-quartz has 

two enantiomorphic forms, left- and right-quartz, having structures which belong to the trigonal 

space groups P3121 and P3221 respectively. It is important to note that these designations apply 

when a right-handed coordinate system is used. Each unit cell contains three Si02 molecules 

giving a total of nine atoms whose positions are given as fractions of the unit-cell dimensions 

by Wyckoff [60] as shown in table 6.1. Actual values of x, y, z and u are listed in table 6.2 on 

page 121. 

Table 6.1: Atomic coordinates of a-quartz given as fractions of the unit-cell dimensions. 

Si (u, 0, 0) 

o (x, y, z) 
(x - y, -y, -z) 

(-u, -uo, 1/3) 

(y - x, -x, z + 1/3) 
(y, x, 2/3 - z) 
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(0, u, 2/3) 

(-y, x - y, z + 2/3) 
(-x, y-x, 1/3-z) 



Effect of temperature on unit-cell 

As the data for this centre was collected at K it was it was thought to be important to 

take account of the effect of temperature on the unit-cell dimensions and structural parameters. 

The series of papers published by Nuttall and Weil [55, 56, 57] and Dickson and \i\Teil [58] on 

various silicon-substituting aluminium impurities in a-quartz present detailed calculations on 

positions of atoms in lattice and compensating ions. In all these calculations they have 

apparently used 94 K crystal in interpretation of their 35 K measurements as they felt 

that any differences would be This choice for the unit-cell dimensions is justified 

in terms of the work of Danielsson et al [61] where single-crystal measurements to determine 

cell dimensions in the temperature range 86-298 K were reported and used to describe trends 

through equations 6.1 and 6.2. 

a = 4.9157 7.6 X 10-5(298 T) + 4.5 X 10-7(298 - T? - 1.3 X 10-9 (298 - T)3 (A) (6.1) 

c 5.4062 - 6.3 X 10-5(298 T) + 2.1 X 10-7(298 - T)2 - 3.5 X 10-1°(298 - T)3 (A) (6.2) 

Similarly, the importance of changes to the structural parameters x, y, z, u was judged, in 

earlier by to the work of Le Page et al [62] who report such variations in 

a.-quartz at temperatures between 94 and 298 K Using these data it is possible to determine 

linear trends in the structural parameters with temperature. However, they state specifically 

that the eX])l'eissi()ns describing these changes are only valid in the range of their measurements. 

Nevertheless, to give an approximate idea of the significance of such changes in terms of the 

results on the new [AI04 /Li]+ centre, calculations for 15 K have been carried out (see table 

6.2). More recently, Lager et al [63] have presented time-of-flight neutron diffraction data at 

as low as 13 K making extrapolations such as those described above unnecessary. 

As a means of comparison, the values of the relevant pcu:ameters are table 6.2 for 

94 K, extrapolation to 15 K and 13 K measurements. It is noted that the K parameters 

do not agree within uncertainty with the either the 94 K or extrapolated 15 K data. On 

basis and as the 13 K data is measured at temperatures very close to those used in the 

experiments described below it would thus seem preferable to the 94 K values as a basis 

investigation of atom positions within the unit cell. However, in the context of the errors 
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Table 6.2: Comparison of unit-cell dimensions at different temperatures using different tech
niques. 

15 K* 94 Kt 13 Kt 

1l 0.46733(4) 0.46808(6) 0.4680(2) 
x 0.41278(3) 0.41303(14) 0.4124(2) 

Y 0.27186(3) 0.27068(13) 0.2712(2) 
z -0.11556(5) -0.11651(9) -0.1163(1) 

a (A) 4.9008(7) 4.9079(11) 4.9021(1) 
c (A) 5.3973(7) 5.3991(11) 5.3997(1) 

* 15 K Data calculated by extrapolation from 94 K X-ray diffraction data [61, 62]. 
t 94 K X-ray diffraction data [62]. 
:j: 13 K Neutron diffraction data [63J. 

accrued during the measurements and the considerable distortions to the lattice caused by 

the inclusion of aluminium and formation of an electron hole, these differences are considered 

insignificant. For convenience, in comparison with previous reports, the 94 K data will be 

used in any interpretation of EPR data with respect to crystallographically determined atomic 

positions. 

Defining the coordinate system and sense of rotation 

It is convenient to use the hexagonal unit cell as a right-handed coordinate system which can 

then be characterised by two 2-fold axes, al and a2, at an angle of 1200 and a third axis (c) 

parallel to al X a2. Quartz is piezoelectric and the positive end of one of the aforementioned 

a axes is defuled as developing a negative charge during compression of the crystal along that 

axis. this information a right-handed Cartesian coordinate system may be defined. The 

system is talcen as parallel to one of the 2-fold axes with the same sense (determined 

response) and the z axis is parallel to c. Following the choice of Nuttall and 

Weil [55J the sense of the z axis and the choice of x axis are defined by z c and x al. 
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a3 

= Oxygen 

= Silicon 

@ = Typical silicon 
atom - site of 
aluminium 
substitution 

Figure 6-1: Projection of right a-quartz atomic positions onto the plane perpendicular to c. 
Sense of screw axes indicated by directional arcs. Short bonds are lightly shaded. Atomic radii 
are not to scale. 

Morphology 

As shown in figure 6-1, the structure of a-quartz can be regarded as consisting of interlocking 

Si04 tetrahedra. These tetrahedra are slightly distorted and consequently the Si-O bond Lv"-F.v~m 

vary and are as either short (1.6101 A) or long (1.6145 A). The «"-IS"LU"JeLC of these 

tetrahedra produces two types of channels in the crystal lattice, and as shown in 6-1, these 

are either large, such as that at the centre of this figure, or small, such as the six surrounding. 

The smaller channels are apparently too small to contain interstitial atoms but the larger type 

have sufficient room and serve as the site of all known compensating ions found in a-quartz 
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Effect of crystal symmetry on spectra 

The point group of a-quartz is D3 (equivalent proper-rotation group also D3) and consequently 

when the crystal is aligned at some arbitrary orientation with respect to the applied static 

magnetic field B, a paramagnetic centre with i symmetry will produce six symmetry related 

EPR spectra. When the crystal is aligned with one of the two-fold a axes perpendicular to the 

field B, these spectra become two-fold degenerate and consequently collapse into three. If the 

alignment of the c axis is then simultaneously made parallel with B then a further collapse to 

one six-fold degenerate spectrum will be observed. 

6.3 

EPR measurements described in 

assignment of the handedness of 

results 

chapter were conducted on a sample of right a-quartz. The 

crystal was determined by Professor J. A. Weil through 

experiments using the optical rotation of plane polarised white light. These experiments are 

based on the observation that right-quartz is dextrorotatory and this designation has been con

firmed on other quartz by determination of the space group via X-ray crystallography 

[55]. 

Crystal 

The a-quartz crystal examined was originally grown hydrothermally by Sawyer Research Prod

ucts in 1975 but was supplied to the Canterbury EPR group in 1998 by Professor J. A. WeiL 

The hydrothermal method for growing quartz crystals involves reactions under extreme condi

tions in a vessel known as an autoclave. This is a metal cylinder, closed at one end and strong 

enough to withstand extreme internal temperatures and pressures. Small of pure but 

un faced quartz called lascas are placed in a wire mesh basket and lowered into bottom half 

of the autoclave. Slices of natural or cultured quartz, known as seed, are mounted in the upper 

half of the reaction vessel to which is then added either sodium carbonate or sodium hydroxide. 

lower half of the sealed vessel is then heated to a temperature of 350 - 4500 C while the 

top half is kept rv 500 C cooler. Heating causes the solution to expand and generates a high 

pressure within the autoclave. The lascas dissolves in the heated solution and convection causes 
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the resultant solution to rise to the top part of the vessel. As it reaches the temperature of the 

upper vessel, the solution becomes supersaturated causing the dissolved Si02 to crystallise on 

the seed. The depleted, cooled solution then returns to the bottom of the vessel to repeat the 

cycle. 

The type of hydrothermal growth used to grow the crystal investigated in this chapter 

was known as 1400Y, meaning that the boule was grown on a y- seed (a crystal plate with a 

small x dimension). The run used 0.81 M sodium carbonate and 0.02 M lithium carbonate as 

mineralisers, that is, complexing agents used to increase the overall solubility of the reactants. 

The run lasted 64 days and produced crystals with approximately 34 inclusions per cubic inch. 

The quality factor (Q), a measure of the acoustic loss across the crystal, was a relatively poor 

value of 0.155 x 106 and implied a high concentration of defects. The growth was conducted 

without a silver liner within the autoclave as is usually done on research-quality runs. Because 

of this, it is highly likely that a small concentration of iron may have entered the crystals 

grown. Indeed, recent EPR measurements [36] on crystals from this growth have confirmed the 

presence of the [Fe04/H+]O centre [64] . Apart from this, the crystal is thought to be quite 

pure without the inclusion of germanium or other impurities common in quartz. 

When received, the crystal was unirradiated and colourless and had been cut so as to be 

approximately cubic having dimensions 5.09 x 5.24 x 5.33 mm. The faces of this cube were 

chosen so that two nearly corresponded to a plane perpendicular to the crystallographic c axis 

while two others were close to perpendicular to one of the a axes. EPR measurements of the 

unirradiated crystal showed no observable paramagnetic centres. Annealing was achieved by 

heating the sample to 500°C being sure to remain well below the transition temperature of 

575°C above which a transformation to ,6-quartz would have occurred [60]. 

The crystal was glued to an adjustable copper mount in such a way that when screwed into 

the spectrometer the c (z) axis would be close to the plane of the static magnetic field and 

one of the a axes (x) would be almost perpendicular. The mount consisted of a tapped copper 

rod screwed onto a ball and socket joint into which grooves had been cut at 900 intervals. To 

allow for maximum precision in adjustment of alignment the crystal was glued so that its faces 

were between these grooves. The grooves were accessible from outside the evacuated cavity 

to a simple screwdriver apparatus. Thus, rotation of the ball joint was possible giving limited 
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control of the crystal in three dimensions. 

X-irradiation was conducted at 77 K in a fashion identical to si mil m' treatments of zircon 

crystals. The crystal was irradiated for 15 minutes on each of four faces and then transferred 

cold to the previously chilled head of the Displex cooling system. Any colour changes that may 

have occurred during irradiation were hard to discern through the frosted faces of the crystal. 

Alignment 

As explained previously, when an a-quartz single crystal is aligned with the c-axis parallel to 

the static magnetic field, the spectra from all symmetry related sites, of each paramagnetic 

centre, become identical. However, the c-axis spectrum in the aluminium centre region of the 

crystal studied in this chapter was initially very complicated as the exact orientation in the 

plane of the field was not known and the crystal was slightly canted so that the vertical a-axis 

was not completely perpendicular to the plane of the static magnetic field. To correct this 

required a systematic adjustment of the crystal orientation with the screwdriver and ball-and

socket mounting apparatus. This process involved the search for maximum simplification of the 

spectra. More specifically, because a correct alignment with the yz plane parallel to B makes the 

sites doubly degenerate, related pairs of lines were located and brought to convergence by careful 

realignment of the crystal. This process often proved difficult as location of these pairs was 

nontrivial when the crystal was more than a few degrees out of alignment. In addition, changes 

made by rotation at one screwdriver groove usually lead to a change in the previous, apparently 

accurate, setting at a groove 900 away. Because of this, when alignment was close to correct 

an iterative process was adopted for optimisation. The reward for the effort required in this 

alignment procedure was an extremely accurate final determination of the crystal orientation 

in three dimensions (±1 minute of arc). As a result, the potential for highly accurate and 

reproducible data was maximised. 

Initial spectra 

Figure 6-2 shows the c-axis spectrum after successful alignment following cold transfer. All of 

the centres visible in this spectrum (including [H404]+ [65]) are hole centres created by the 

loss of an electron from a lattice oxygen atom during irradiation. Spectra due to the well 
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known [AI04]O and [AI04/Li]+ centres are clearly visible and the presence of these centres was 

confirmed by simulating the line positions with 

programme EPR-NMR [11]. 

published parameter matrices [57] and the 

[AIO/Lif(new)·_·_·_·-.-._._.-._._._._. 

[AIO.]" - - - -- - - - - -- -- - -- -
[AIO/Lif (known) 

324 325 326 327 328 329 330 331 

Field strength (mT) 

Figure 6-2: c-axis spectrum of a-quartz after cold transfer, at 15 K. Frequency 9.27389 GHz. 

The resolution of the quartets in the lithium compensated centre was considerably superior 

to those shown in figure 4 of Nuttall and Weil [57]; the uncompensated centre was also sharp 

and well defined. It is interesting to note at this point that it quite unusual to observe the 

uncompensated centre directly after a cold-transfer experiment. are only a small number 

of reports of in the literature [55, 66, 67] and the consequences will be discussed later. 

Also marked on figure 6-2 is the new centre which was initially unidentified but due to its 9 

value; overall morphology; and a slight splitting on each line (not indicated on figure 6-2), was 

suspected to be some new compensated aluminium centre. 
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Temperature effects 

At sufficiently high temperature, [AI04 /Li]+ and the other previously reported compensated 

centres become unstable and form [AI04]O by the release of their interstitial compensating ion. 

[AI04 /H]+ is the most stable due to bonding of the proton to near-by oxygen atoms [57, 68] but 

nevertheless decays rapidly well below room temperature. Comparison of the stability of the 

new centre with these involved warming by turning off the Displex, filling the cavity with helium 

gas and allowing the crystal to reach near equilibrium with room temperature over a period of 

approximately one hour. The gas was then evacuated and the crystal rapidly cooled again to 

15 K. As shown in figure 6-3 this treatment completely removed [AI04 /Li]+ , as expected [57], 

since the lithium ion is not required for charge compensation and at raised temperatures can 

obtain sufficient energy to diffuse away and interact with negative species in the crystal. This 

significantly reduced the complexity of the spectra but consequently increased the intensity 

of the uncompensated centre. Nevertheless, it was clear that the annealed sample provided 

the best medium for interpretation of the new data. Somewhat surprisingly, the new centre 

appeared almost unaffected by this treatment. Indeed, its stability was comparable to [AI04]O 

showing no significant change in intensity even after heating to 373 K. 

First measurement of data 

Initially, data were collected with relatively wide scans (20 mT) and reasonable length accumu

lation times ("-'20 minutes). With these settings no attempt to determine the small hyperfine 

splittings on the new centre was being made. Instead, it was felt important to first collect data 

on the larger interactions giving the main line separations. The new centre and [AI04]O both 

had very similar angular variation in 9 anisotropy causing the spectra of each to be at least 

partially overlapped for all sites at every orientation. This obviously lead to problems in resolv

ing the plethora of lines visible in many spectra but fortunately a large volume of information 

due to each centre meant that collecting sufficient data for analysis was not difficult. Data for 

refinement were collected at 100 intervals through a 1800 rotation in the yz plane. Alignment 

of the crystal was confirmed at each new orientation by checking for any sign of splitting on 

the lines of the uncompensated centre. 
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Figure 6-3: of [AI04Jo and new [AI04/Li]+ centre in a-quartz after annealing 
to room temperature, measured at 15 K. Frequency = 9.27411 GHz. 

Deconvolution of initial spectra 

Careful examination of the c-axis spectrum shown in figure 6-3 reveals that there are some 

noticeable correlations between the line positions of the uncompensated and the new centre. 

Although the new centre clearly had a greater spread of lines and a slightly average 

9 value, their pattern and intensity was quite similar. These traits were similarly expressed 

at every orientation so it seemed safe to assume that the aluminium atoms in these centres 

had symmetries. To circumvent the problems associated with ab initio assignment of 

transition labels to a complex centre such as this, the aluminium matrices for [AI04]O, where 

an UUIJC'U'~U spin is interacting with the I = ~ nuclear spin of a near-by aluminium atom, were 

as a starting point for fitting of the new centre's line positions. 

with this basis, fitting still proved problematic due to the difficulty in separating the 

lines of the two overlapping centres. To overcome this, EPR-NMR [l1J was used to simulate all 
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possible EPR transitions of the uncompensated [AI04]O centre at every angle and the appro

priate lines identified. At this point it seemed sensible to take advantage of excellent spectra 

and fit the lines in question. This was felt worthwhile as it would ensure that no trivial errors 

were being made in alignment and sense of rotation and would provide for comparison with 

the results of the University of Saskatchewan group [55] in terms of possible field shifts and 

accuracy of measurement. 

The first result of the simulation and fitting described above was confirmation that the 

crystal was in fact mounted up-side-down with respect to the measurements of Nuttall and Weil 

[55]. In other words, the vertical piezoelectric x axis was pointing in the opposite direction with 

reference to the static magnetic field and hence the sense of the of the C 2 rotation about this 

axis was reversed. This was most obviously evidenced by the angular 9 dependencies of the line 

positions which were reversed with respect to rotation in the yz plane. There are two ways in 

which this problem could be overcome. Firstly the signs of the xz and yz elements of all the 

interaction matrices can be reversed, effectively swapping the direction of the interaction in the 

z direction to compensate of the change in crystal direction. Alternatively, the measured angles 

can be swapped on fitting to artificially create the correct sense of rotation. This second choice 

was preferred as it seemed less likely to lead to error in translation from, and comparison with, 

the literature. 

Fitting of [AI04]O 

Fitting of the uncompensated centre followed the procedure of Nuttall and Weil [55] using the 

same spin Hamiltonian (equation 6.3). 

fis = f3 /3 . g . B + S . A . i - f3n S . gn . B + i . p . i (6.3) 

EPR-NMR was used to refine the elements g, Ae7 AI), pe7 Al) while the 27 Al nuclear 9 matrix 

was constrained to the literature value (1.456601[1]) multiplied by a 3 x 3 unit matrix (U). It 

was noted that Nuttall and Weil were restricted to a less precise value of 9n = 1.4554 at the 

time of publication of their results [55]. However, fitting of the experimental data with each 

value of 9n gave results which were indistinguishable within experimental uncertainty. 
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The transformation of rotation sense described above was confirmed by an excellent com

parison between the fitted [AI04]O matrices and those already present in the literature. All the 

elements of the field independent matrices A(27 AI) and p(27 AI) were in agreement within error. 

However, there was some small systematic variations in the elements of g. This was expected 

and can almost certainly be accounted for by slight differences in the absolute field measure

ment made near the cavity of each spectrometer. Comparison of these matrices shows that the 

measurements made with the University of Canterbury instrument give a regular decrease of 

0.00003 in the 9 values corresponding to a positive field shift of only 0.0057 mT. 

The result of this fitting (table 6.3) was in fact considerably superior to those reported in 

the literature [55], producing significant improvements in the uncertainties on the elements of 

the interaction matrices and a 50% reduction in RMSD. These improvements are accounted for 

by narrow line widths (0.011 mT), high precision measurements and a heavy weight of data 

(over 1000 lines included in fitting). 

Table 6.3: Spin-Hamiltonian parameters for the [AI04]O centre. (number of unit-weighted data 
points = 892, sum of weighting factors = 935.99, RMSD = 0.0017 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk 8k (deg) ¢k (deg)* 

g 2.0161093(7) 0.0179299(6) -0.0150682(5) 1 2.0601509(7) 60.76(0) 237.63(0) 
2.0365550(7) -0.0184479(5) 2 2.0085238(6) 124.36(0) 305.12(0) 

2.0179141( 4) 3 2.0019038(7) 48.28(0) 357.57(0) 

A/ge(3e -0.57112(9) 0.02107(6) -0.05109(6) 1 -5.0364(8) 45.29(1) 206.98(1 ) 
(AI) (mT) -0.60152(8) -0.02590(6) 2 -6.1229(8) 91.0(4) 296.0( 4) 

-0.56150(6) 3 -6.1820(8) 44.73(2) 25.1(8) 

P / ge(3e 0.00242(2) 0.01231 (2) -0.02188(2) 1 0.3783(2) 44.73(5) 214.73(9) 
(Al)(mT) -0.01216(2) -0.01819(2) 2 -0.1539(2) 120.04(9) 160.4(1) 

0.00974(2) 3 -0.2244(2) 119.65(8) 269.7(1) 

* In studies of a-quartz, ¢ is defined by a counterclockwise rotation from y. 

Higher order effects in [AI04]O 

The extremely high accuracy of the fitting of the uncompensated centre suggested that some 

more subtle effects might be discernible. Recently, Tennant and Claridge [9] have reported 

130 



measurements of an anisotropic 9n matrix derived from the description of the B(Ti3+) centre in 

zircon. In this work, the small angular variations in line position which revealed this anisotropy 

were resolved due to extremely accurate measurement and a large volume of fitted data. To see 

whether similar effects could be determined in the [AI04]O refinement, the diagonal elements of 

gn were allowed to vary during fitting giving the matrix shown below. 

( 

1.455(1) 0 

1.4566(8) 

:4561(6) ) 

(6.4) 

The result of this fitting is a nuclear 9 matrix which is, within experimental uncertainty, isotropic 

and in agreement with the value [1]. As shown in table 6.4, when all the elements are 

refined the result is a matrix with diagonal elements showing similar errors as calculated in the 

previous fitting as well as one off-diagonal element (9n(xz)) which is defined within experimental 

uncertainty. There is a distinct correlation between the principal directions of this matrix and 

those of A(27 AI) (table 6.3). Clearly the principal directions of 9n(3) and 9n(l) are related to 

A3 an'd Al respectively, while 9n(2) is related to the equivalent directions O~ and ¢~ 5 of A 2 . On 

the strength of these relations it seems fair to conclude that the anisotropic interaction is 

and not just an artefact of the fitting procedure. 

Table 6.4: Fitted nuclear 9 matrix of the [Al04]O centre. (number of unit-weighted data points 
= 892, sum of weighting factors 935.99, RMSD = 0.0017 mT) 

Principal Principal 
value direction direction 

Matrix Y k Yk Ok (deg) ¢k 

1.456(1) -0.00003(69) 0.0023(6) 1 1.4582(8) 41.71(2) 12.27( 4) gne7 AI) 1.4562(8) 0.0004(6) 2 1.4562(8) 92(9) 100(10) 
1.4561(6) 3 1.4535(8) 48.4(6) 188(18) 

As 27 Al a nuclear spin of ~, theory permits the inclusion of higher-order terms in 

the spin Hamiltonian [69] and of these ]4, S]3 and B]3 seemed most likely to be determined. 

360 ¢k 
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Amongst the others allowed, SI5 and BI5 are usually, but not necessarily [9], smaller being even 

higher-order effects and the algebra for BSI2 and BSI4 has not been shown to produce unique 

solutions and hence these terms are not included in the programme EPR-NMR and are per 

force excluded from any fitting. The major problem with this type of fitting is that expression 

of higher-order terms requires the inclusion of many new fitted parameters. In the case of SI3 

and BI3 in the I symmetry of the site of interest, a maximum of 14 varied parameters need to 

be included to fully describe each term, more than doubling the number from all the interaction 

matrices should both be included. Similarly, inclusion of the 14 term adds 9 more parameters 

to be fitted. This makes it extremely difficult to separate reduction in RMSD due to the fitting 

of small effects from improvements due to the many extra degrees of freedom permitted. The 

best result that could be achieved with either term included was a reduction of'" 1% in RMSD 

with none of the parameters being well determined. In the context of the problems described 

above this is certainly insignificant. 

Fitting of new centre 

With the [AI04]O centre fully characterised and its corresponding lines identified in the spectra 

at every orientation, it was then possible to separate those due to the transitions of the new 

centre. These data were fitted using the same spin Hamiltonian as for the uncompensated centre 

(equation 6.3) and as in the initial aborted fitting attempt, included the [AI04]O matrices as 

a reasonable starting point for refinement and to identify transition labels. This was very 

successful as well-defined matrices were eventually produced and are presented in table 6.5. 

As mentioned earlier, at most orientations the main lines of the new centre were split into 

quartets due to a hyperfine interaction with a I = ~ nucleus. In the initial fitting of the 9 and 

aluminium matrices, these effects were ignored by measuring all the lines, when resolved, and 

averaging and using the mid point in each case as the input value. 

The final result (RMSD = 0.0041 mT) was very pleasing considering that far fewer lines 

were clearly measurable than for the uncompensated centre. This difficulty in measurement 

was due to line broadening caused by unresolved quartets increasing the probability of overlap 

with the sharp [AI04]O lines and making weaker "forbidden" transitions harder to measure. 

Nevertheless, the fitting is well determined with more than fifteen times more unit weighted 
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Table 6.5: Spin-Hamiltonian parameters for the new [AI04/Li]+ centre fitted using average line 
positions of quartets. (number of unit-weighted data points 287, sum of weighting factors = 
348.45, RMSD = 0.0041 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk (h (deg) 4>k. (deg) 

g 2.012764(2) 0.014889(1) -0.013354(1) 1 2.055669(2) 58.57(0) 240.51 (0) 
2.034552(2) -0.018080(1) 2 2.008600(2) 127.93(1) 302.06(1) 

2.0191655(9) 3 2.002213(2) 53.72(1 ) 357.16(1) 

A/gef3e -0.7158(2) 0.0195(1) -0.0471(1) 1 -0.6394(2) 40.299(8) 210.87(1) 
(AI) (mT) -0.7375(1) -0.0285(1 ) 2 -0.7489(2) 97(2) 129(3) 

-0.6861(1) 3 -0.7511(2) 129.5(5) 225(4) 

P /gef3e -0.00491(9) 0.01274(7) -0.02151(5) 1 0.02816(7) 48.9(5) 216.9(8) 
(Al)(mT) 0.00117(9) -0.00689(7) 2 -0.00421(8) 120.6(6) 275.7(6) 

0.00374(5) 3 -0.02395(7) 56.3(1) 342.5(2) 

data points than varied 

Identifying the compensator ion 

It was clear from the splittings observable on the new centre that some ion with 

spin ~ was located near to the aluminium-atom oxygen-hole moiety. Most likely candidates 

this "compensator" were the ions of the group I metals Na and Li whose presence in quartz is 

well documented [57, 58, 67]. Also considered was K+ although its large ionic radius (1.33 A) 

made this possibility seem less likely due to consideration of stericfactors. 

Unequivocal identification of such ions can be made through the measurement of so-called 

"spin-flip" forbidden lines. As described in chapter 2, spin-flip transitions are caused by simul-

taneous <OiL"''''!','''" Ms and !Vh and are observed as weak outriders surrounding allowed 

lines. The of these lines from the corresponding allowed lines is proportional to the 

nuclear resonance frequency of the flipping nucleus at the applied field B and is quantified by: 

Spin-flip separation from allowed line = f3 
ge e 

(6.5) 

applying equation 6.5, it was possible to calculate the expected positions of the spin 
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flips corresponding to each of the three compensating nuclei of interest around the centres 

of the quartets of the new centre. Furthermore, it can readily be shown, using a first order 

perturbation treatment, that such a quartet will be surrounded on each side by three spin-flip 

lines separated from each other by the same splitting as the hyperfine on the main line. The 

calculated separation is then from the average of the quartet line positions to the centre line 

of the triplet on each side. As shown in table 6.6, the field separations as calculated using 

equation 6.5 are quite distinct for the three ions of interest. 

Table 6.6: Separation of spin flips from allowed line at 325.8174 mT. 

Nucleus Spin-flip field shift 

7Li 0.1924 mT 
23Na 0.1310 mT 
39K 0.0231 mT 

Despite this detailed information, measurement of these lines was difficult due to their ex

tremely low intensity. In addition, the constant overlap of the two aluminium centres made 

it difficult to find lines that could potentially have spin flips visible on both sides for reliable 

identification. This was compounded by a plethora of weak lines due to oxygen and silicon 

hyperfine interactions on both aluminium centres and the spectra of various hydrogen and 

lithium containing centres. However, spin flips were confidently measured at six orientations 

by searching near lines with minimal interference from other centres. To overcome the inten

sity problems very long scan times were employed taking ",,22 hours to measure 0.4 mT. The 

excellent reduction in noise achieved eventually produced some nicely resolved spectra such as 

shown in figure 6-4 and it soon became clear that the compensator was Li+. As shown in this 

figure, the measured spin flips are in good agreement with the calculated value (0.1924 mT), 

especially when the frequency shift during the course of the collection of the spectrum is consid

ered. In agreement with prediction, two groups of three lines whose splitting was equal to that 

of the main line are observed. The lack of structure on the high-field side of the central line 

near 325.9484 mT clearly indicates no Na+ is present (assuming measurable intensity). Should 

K+ be the compensator, the corresponding spin flips would be within the shoulders of the 
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Figure 6-4: Main allowed line from new [AI04/Li]+ centre showing measured spin-flip outriders. 

main line. Nevertheless, the repeated measurement of Li+ spin-flip lines at several orientations 

conclusively identifies the compensating ion. 

Measurement of 7Li splittings 

Determination of the 7Li splittings on the new centre was difficult as they were always small, 

never c;a,''''>UHIb values above 0.024 mT. This was compounded by a strong anisotropy which 

meant line separation of two of the three sites passed through zero at two orientations 

within a 1800 rotation in the yz plane (figure 6-5). Consequently, no data could be collected 

near as the splittings were not resolved within the line width (0.010-
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Figure 6-5: Variation of hyperfine splitting with rotation in yz plane. Comparison of average 
of measured values and fitting. 

0.015 mT). At many orientations the hyperfine splitting was close to this line width and as a 

result identification of the individual line positions was constantly hindered. was particu-

larly a problem for the inner two lines of the quartets where the influence of gn [58] regularly 

combined with small quadrupolar effects to make separation impossible. 6-4 shows a 

typical example of this effect where a marginally measurable splitting of 0.014 mT permits 

ready measurement of the outer two lines of the quartet but 

unresolved. Obviously, to measure such small effects required av1rra'rna 

inner two almost totally 

accurate alignment of 

the crystal. When slight misalignment occurred, the concurrent splitting of the lines into pairs 

usually to completely obscure the Li hyperfine splittings. As the expected line shapes 

were completely unknown, the uncompensated centre was used as a measure of the accuracy of 

alignment. However, it became apparent that this was not sufficient as slight adjustments to 

which made no apparent changes to the appearance of the lines of [Al04]O were 

observed to influence strongly the shape and resolution of 

It is important to note that the splittings could not 

136 

splittings on the new centre. 
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equally spaced quartet structure. The published [AI04/Na]+ spectra of Dickson and Weil [58] 

clearly show that nuclear 9 and quadrupolar effects can produce line shapes well removed from 

such a structure. However, as 7Li has a considerably smaller electric quadrupole moment than 

23Na ([-0.040 versus 0.108] x lei x 10-24 cm2) it was initially decided that the best approach was 

to try to adjust systematically the alignment and attempt to simply maximise any observable 

splittings. The changes to the alignment required were too small to be affected by the screw

driver and ball-and-socket device described earlier. Instead, it was found that slight adjustment 

could be made by taking advantage of the small amount of slack in the o-rings sealing the ro

tating goniometer apparatus and the Displex head to the cavity and vacuum outlet. Pressure 

could be applied to the appropriate side of the marked goniometer top plate by tightening of a 

brass nut down a tapped shaft screwed into the unmovable stage which serves as the foundation 

of all the apparatus within the magnetic coils. Slight canting of the crystal introduced by this 

method could be tuned to give maximum resolution. This procedure was required for resolution 

of the splittings in a region spanning approximately 800 of rotation in the yz plane. The most 

strongly anisotropic sites were able often to be resolved into groups of four sharp lines where 

previously only one broad line was visible. Overall, the approximately evenly spaced quartet 

lines, when separable, indicated a strongly dominant first order hyperfine interaction with only 

weak quadrupolar effects. 

Data were collected at ten-degree intervals through 1800 and at each orientation attempts 

were made to measure at least two groups of lines for each site. This was not always possible 

as interference between sites and from the uncompensated centre lead to regular unresolvable 

overlap. Once suitable candidate quartets had been identified, fifteen minute scans over a range 

of 0.2 mT were used to collect a sizable data set. This data collection was done in three parts as 

information from early fittings and improvements in alignment steadily gave more information 

on the desired results. 

Fitting of the 7Li data 

Inclusion of a 7Li atom in the refinement of the new centre led to a vast increase in the number 

of possible EPR transitions. Therefore, it was necessary to determine some initial estimates 

for the A(7Li) and P(7Li) matrices before fitting the entire spectrum. This was achieved by 
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measuring the splittings for all the measured quartets and calculating an average for each site 

at each measured angle. The average values were then used to fabricate a set of line-position 

data by adding to an isotropic central field value corresponding to 9 = 2.0. The simple spin 

Hamiltonian shown in equation 6.6 was used to get a first estimate of ACLi) by setting g to 

2.0 x U, gnCLi) to 2.170961 x U and PCLi) to 0.0 x U. 

(6.6) 

This last assumption was justified previously on the basis of the simple quartet structure. A 

well defined ACLi) matrix was eventually derived (RMSD = 0.0074 mT) and was instrumental 

in not only determining where error had occurred in measurement but also indicated where 

misalignment was unnecessarily inhibiting determination of hyperfine splittings. This matrix 

together with the previously determined g, A(27 AI) and p(27 AI) parameter matrices were used 

to simulate the measured spectra. The resonant field of every possible transition for all three 

sites at every orientation was then calculated. Transitions corresponding to observed lines were 

identified by considering similarities in measured and predicted fields and relative intensities. 

An excellent resulting fit was achieved with an extremely low RMSD (0.0023 mT). As 

shown in table 6.7 the elements of the g and aluminium matrices were fitted simultaneously 

with ACLi) and PCLi). All of g, A(27 AI) and p(27 AI) were well determined and, within 

experimental error, agreed with the earlier values. Obviously, the uncertainties calculated on 

these matrices are greater than those on the previous refinement as the amount of data specific 

to their fitting is vastly reduced. The lithium hyperfine matrix is well determined with the 

principal directions all showing small uncertainties. Unfortunately, the PCLi) matrix was very 

small and consequently not well defined. 

With the fitted matrices as reported above it was hard to be certain that the lithium 

quadrupole matrix was actually measurable. To determine this, PCLi) was constrained to be 

0.0 X U and the data then refined again. This led to minimal changes in the resulting fits for the 

other parameter matrices and only raised the overall RMSD from 0.00227 mT to 0.00231mT, 

an increase of less than 2%. Clearly any discernible quadrupole effects were at the very limits 

of measurement as constrained by accuracy of alignment and inherent line width. 
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Table 6.7: Spin-Hamiltonian parameters for [Al04/Li]+ centre. (number of unit-weighted 
data points = 270, sum of weighting 280.94, RMSD = 0.0023 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk ()k (deg) <Ph (deg) 

g 2.012787(3) 0.014880(2) -0.013354(2) 1 2.055681(2) 58.56204(5) 240.50878(6) 
2,034576(2) -0.018067(2) 2 2,008643(2) 127.96(1) 302,02(1 ) 

2.019291(2) 3 2,002240(3) 53,75(1) 357,14(1) 

A/gef3e -0,7140(3) 0,0193(2) -0,0469(2) 1 -0,6395(2) 40.46(1) 209,84(2) 
(AI) (mT) -0,7385(2) -0.0277(1) 2 -0.7483(3) 111(2) 146(4) 

-0,6861(2) 3 -0,7507(2) 123(2) 251( 4) 

P/gef3e -0,0065(1) 0.01270(9) -0.2074(9) 1 0.0274(1) 49(1) 219(2) 
(AI) (mT) 0,0023(2) -0,0069(1 ) 2 -0,0034(1) 58(1) 96(1) 

0.0042(1 ) 3 -0.0241(1) 122.1 (2) 162.8(3) 

A/gef3e 0.0254(4) 0.0045(3) -0.0175(2) 1 0,0322(3) 70.1(6) 186.2(9) 
(Li)(mT) -0,194(3) -0,029(1) 2 -0.0195(3) 107(3) 102(1 ) 

-0,0165(2) 3 -0,0232(2) 154(2) 229(6) 

P /gef3e 0,00002(73) -0,0002(5) 0.0009(4) 1 0.0025(6) 33(50) 306(166) 
(Li)(mT) -0.001(1) -0.0019(8) 2 -0,0003(8) 104(85) 14(59) 

0,001(1) 3 -0.0023(8) 60(26) 96(17) 

In the hope that some information might be gleaned from the quadrupole parameters, the 

data set was edited to lower the weighting of some poorly determined lines, mentioned 

earlier, the two central lines in many of the qUal'tets were very poorly resolved. Quadrupole 

effects usually act to perturb the first-order line shapes caused by hyperfine interactions and it 

was thus felt important that possible misinterpretation of such be avoided. As shown in 

table 6.8 this does lead to a small overall improvement in the errors but nevertheless there is 

little potential much useful information to be extracted from this data. Furthermore, this 

process leads to a reduction in the number of data points to noticeably less than the acceptable 

value of ten the number of varied parameters and consequently raises some small concerns 

over the statistical significance of the result. 
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Table 6.8: Fitted quadrupole matrix of the new [AI04/Li]+ centre. Poorly resolved data re
moved. (number of unit-weighted data points 238, sum of weighting factors = 245.64, RMSD 
= 0.0023 mT) 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk Ok (deg) ¢>k (deg) 

P /ge{3e 0.0002(7) -0.0004(5) 0,0012(4) 1 0.0027(5) 38(38) 316(85) 
CLi)(mT) -0.0012(9) -0,0019(7) 2 -0.004(6) 208( 49) 21( 44) 

0.001(1) 3 -0,0023(8) 58(24) 100(17) 

Effect of the 6Li isotope on the quartet line shapes 

The fitting of A(7Li) described to this point has only included the hyperfine interaction with 

the 92.5% abundant I ~ 7Li nucleus. However, lithium has a second isotope, 6Li, with an 

abundance of 7.5 % and a spin of 1= 1. The spectrum of such atoms would be expected 

to exhibit three lines, however they were not directly measurable in this work, being obscured 

by lines from the UVJLl1111c\;1l isotope. To see if any effect on the line shape due to the minor 

isotope could be detected, spectra were simulated using EPR-NMR [11] and compaJ:ed with 

those measured. 

As the 7Li splitting could not be measured it was decided to approximate by 

multiplying the splitting by the ratio of the nuclear 9 values of each isotope as shown below. 

gn(6Li) 0.8220514 
Ratio of nuclear g values = gnCLi) = 2.170961 = 0.379 (6.7) 

In a fashion ':>l1J'''"',"" to the examination of the isotope effects on the spectra of the [B04]O centre 

in zircon (chapter 3), this can be justified with reference to equations similar to 1. and 1.18 

in chapter 1. ,\Vith this calculation, simulated spectra of the combined 6Li, 7Li could 

then be produced. This involved simulating the more abundant isotope lines in the usual way 

and then adding the predicted 6Li lines ~ith the hyperfine splittings estimated as above and 

the intensities modified with respect to isotopic abundance. It was assumed in this process that 

the widths of the lines due to each isotope were identical. As shown in 6-6 the addition 

of abundant isotope produces a noticeably improved correlation with the measured line 
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shapes. Most significant is the improvement in the simulation of the central splitting. This is 

most obvious when the hyperfine splitting is poorly resolved as inclusion of the minor isotope 

tends to reduce the resolution of the two middle lines of each quartet. Apart from producing a 

more satisfying simulation of the experimental data, this has some important ramifications for 

the fitting of the lithium quadrupole matrix. It seems highly probable that the small lithium 

quadrupolar interaction is mostly determined by the changes in the splittings of the middle two 

lines. If the splitting of these lines is perturbed by the effect of 6Li it probably adds weight to 

the conclusion that P(1Li) may not determined within experimental uncertainty. 

6.4 Discussion 

As the new centre has properties related to both the [AI04]O and [AI04/Li]+ it is important to 

first thoroughly describe the characteristics of these and other relevant centres. In the following 

discussion summaries of the results and interpretations from several reports of [AI04]O and the 

compensated centres are interspersed with studies of the results obtained from this work. For 

the sake of convenience, the lithium compensated centre described by Nuttall and Weil [57] 

will be referred to as [AI04/Li]~) while the new isomer will be labelled [AI04 /Li]it where the 

subscripts refer to differences in the position of the electron hole which will be discussed later 

and are abbreviations for "short bonded" and "long bonded" respectively. 

The uncompensated aluminium centre - early studies 

As mentioned in the experimental section, [AI04]O was first reported by Griffiths et al [53] using 

X-band EPR techniques. It was determined that the complex structure of the spectrum was 

due to the interaction of an electronic spin S = ! with nuclei possessing nuclear spin I = ~. The 

data was successfully fitted to an appropriate spin Hamiltonian producing values in reasonable 

agreement with the observed spectra. Spectrographic analyses and the small number of 100% 

isotopically abundant I = ~ nuclei demonstrated that the nuclear spin belonged to a 27 Al 

nucleus and the theoretical study of O'Brien and Pryce [54] confirmed that the aluminium was 

substituting for a silicon atom in the crystal lattice. The electron spin was thought to be due 

to the formation of a hole trapped in a non-bonding p orbital of an oxygen atom near to the 
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Simulation, 7Li only Experimental Simulation, 7Li and 6Li 

b) 

c) 

Figure 6-6: Comparison of various simulated line shapes with experimental measurements, 
demonstrating the effect of including 6Li. a) A(7Li) = 0.0136 mT, line width = 0.0166 mT b) 
A(7Li) = 0.0186 mT, line width = 0.0181 mT, c) A(7Li) = 0.0184 mT, line width = 0.0093 
mT. 
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27 Al nucleus caused by electron loss during It was further noted that the oxygen 

atoms of the Si04 (and Al04) tetrahedra were equivalent in pairs with only one type trapping 

the hole. 

Recent results 

More recent studies of this centre have huge advantages in the sensitivity of instrumentation 

for measurement and increased computational power for fitting of data and, consequently, 

understanding has advanced considerably. The excellent fitting of EPR data as described 

by Nuttall and ''Veil [55] and in this chapter along with optical measurement [70] and the 

considerations described above little doubt that the centre involves an aluminium ion 

substituted into a silicon position. That the source of electron paramagnetism is an 

oxygen hole seems unquestionable. Exact assignment of the position of this hole has been 

achieved both through of the principal directions of parameter matrices derived form 

EPR results [55] and via molecular-orbital calculations [71]. 

Structural relationships 

From analysis of the principal directions of parameter matrices, the most definitive information 

has been obtained results of fitting hyperfine interactions of 170 (1 = ;) atoms in 

the Al04 tetrahedron. measurements are difficult due to the extremely low isotopic 

abundance (0.0037% [72]) of the paramagnetic isotope. Nevertheless, Nuttall and Weil [55] 

were able to measure a A(170) matrix and determine the principal directions. As shown 

in table 6.9 they are found to be nearly coaxial with g although it should be noted that 

the "unique" principal directions do not correspond. Under the a.<;sumption that the unique 

principal direction of A(17 0) serves as a good estimate of the direction of the p orbital containing 

the unpaired electron, this can then be related to the known crystal structure. expected, 

the unique direction (A(170))s is close to perpendicular to the Si(Al)(0)-0(EB)(1)-Si(5) plane 

(as defined in figure 6-1) corresponding to the direction of the non-bonding p orbital on the 

the third 

oxygen atom. (Aoh corresponds reasonably well to the Si(Al)(0)-Si(2) direction 

interactions with the aluminium and silicon atoms bonded to the oxygenic hole and 

is constrained to lie perpendicular to the other two. From information it has 
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Table 6.9: Comparison of principal directions of [AI04]O with atomic positions in 94-K quartz 
structure. 

91 
92 
93 

(Aoh 
(Aoh 
(Aoh 

Relevant atom positions*' Deviation (D)t 

Si(Al)(0)-Si(5) 7.9 
In plane Si(Al)(0)-0(EEl)(1)-Si(5) 2.2 
-L plane Si(AI)(0)-0(EEl)(1)-Si(5) 3.7 

Si(AI) (0)-Si(5) 8.9 
In plane Si(AI)(0)-0(EEl)(1)-Si(5) 2.9 
-L Si(Al)(0)-0(ED)(1)-Si(5) 5.3 

(AAlh plane Si(Al)(0)-0(EEl)(1)-Si(5) 24.8 
(AAlh -L plane Si(AI)(0)-0(EEl)(1)-Si(5) 25.0 
(AAlh Si(AI) (O)-O(EEl)(l) 4.6 

(PAlh 
(PAlh 
(PAlh 

(ASih 
(ASih 
(ASi )3 

0(3)-0(4) 
plane 0(EEl)(1)-Si(Al)(0)-0(2) 

Si(Al)(O)-O( EEl )(1) 

In plane Si(Al)(0)-0(EEl)(1)-Si(5) 
-L plane Si(Al)(0)-0(EEl)(1)-Si(5) 
Si(5)-0( EEl )(1) 

* Atom labels as indicated in figure 6-1 
t As calculated by vVeil et al [55]. 

1.4 
2.0 
1.7 

1.3 
1.7 
9.0 

been determined not only that the hole exists on an oxygen atom but also that this oxygen is 

one of the long-bonded pair [55]. As shown in table 6.9 all three principal directions of each 

parameter 

following 

can generally be rationalised with respect to atomic po..<;itions. However, the 

will be limited to the most important of these amongst the aluminium and 

silicon (A(27 AI) h, (pe7 AI))3 and (Ae9Si) h The first two eigenvectors correspond 

closely to the Si(Al) (0)-0 (EEl) (1) bond direction while the third is near to the Si(5)-0(EEl)(1) 

orientation and together these are characteristic of the interaction of the oxygenic hole with 

"~.J"",u~VlUHL~ aluminium and silicon atoms. Comparison of the calculated midpoint of the 

l'lrtl"~AQT line between these two vectors [55] and the X-ray crystallographic determination of 

the oxygen position confirms the conclusions of the oxygen hyperfine analysis. There is sure to 
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be some lengthening of the Al-O(E9) bond compared with the normal Si-O [55] and indeed the 

length calculated by this method (1.88 A) corresponds to an increase of 0.27 A. 

Ab initio calculations 

The substitution of aluminium into the silicon position and the existence of a hole on a neigh

bouring oxygen atom is expected to introduce significant distortions to the local lattice. As 

the above discussion relies on atom positions derived from 94 K X-ray crystallography data of 

pure quartz, comparisons with the principal directions of [Al04]0 are, at best, approximate. 

Mombourquette et al [71] overcame this problem via the application of ab initio Hartree-Fock 

self-consistent-field molecular-orbital (HF jSCF-MO) calculations. They used Gaussian-70 [73] 

and a modified version of Gaussian-76 [74] with an STO-3G atomic orbital basis set to study 

limited cluster models of the centres and surrounding atoms of interest. These calculations 

were mostly successful but had some shortcomings reflecting limitations in software and com

puting facilities when this work was conducted. More recent work has improved on then' data 

but generally the drawn remain sound. Very recently Dr. R. G. A. R. Maclagan 

[75] has reworked many of these calculations using Gaussian-94 [76] and produced considerably 

improved results. Discussion of this study will be directed towards the most relevant 

rather than the details of these calculations as they were not conducted by the author of this 

work, although considerable consultation was given. 

Initial calculations focused on the pure quartz tetrahedral structure. This was approximated 

by a Si50 4H12 model cluster corresponding to [Si04]0 bonded to 4x SiH3 units which were rep

resentative of the surrounding lattice. The coordinates of the tetrahedron were in excellent 

agreement with the 94 K X-ray crystallographic positions when calculated at the HF j6-31G* 

level of theory. The differences between the calculated and experimental coordinates for Si(O), 

0(1&2), 0(3&4) defined in diagram 6-1) were 0.007, 0.036 and 0.046 A respectively cor

responding to Si-O bond distances of 1.609 and 1.617 A, both within 0.002 A of the X-ray 

crystallographic values. This gave a great deal of confidence for calculations on the geometry 

of aluminium centres. With this established the geometry of the diamagnetic impurity 

[AI04]- (isoelectronic with [8i04]0) was determined so it could be used as a starting point for 

calculations on aluminium oxygenic-hole centres. The bond lengths in this case were found to 
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be 1. 717 and 1. 734 A with the lengths in the same order as in the silicate tetrahedron and with 

the C2 symmetry preserved. 

Removal of an electron from [AI04] to produce [AI04]0 is calculated to remove the C2 

symmetry and create a localised spin density, an electron hole, on a long-bonded oxygen atom 

(0(1)) in agreement with the EPR The calculated AI-O bond lengths were 1.667,1.676, 

and 1.689 A for 0(2), 0(3) and 0(4) while the hole-bearing oxygen atom 0(1) had moved to 

be 1.973 A from the aluminium position. This indicates a change in geometry from quasi

tetrahedral ([Al04]-) to quasi-trigonal with the O-Al-O bond angles between non-hole-bearing 

oxygens being in the range 115.9 118.9°, while those involving the oxygen hole were between 

99.6° and 100.0°. This is with a trend from sp3 to sp2 hypbridisation of the Al3+ 

orbitals. 

An excited state of the uncompensated centre 

The situation where is trapped on one of the short-bonded oxygens of the uncompen-

sated centre corresponds to a thermally accessible excited state. EPR measurements of this 

centre, henceforth labelled [Al041~s' have been reported by Schnadt and Schneider [70] but 

neither aluminium nor silicon hyperfine splittings have been studied. This is almost 

due to the extremely low intensity of the spectra. 

By comparison of at different temperatures, these authors were able to vU,lvU""""'-' 

the energy separation of the ground state and the excited state. They used the 

expression in equation 6.8, 

(6.8) 

where N* and N are the populations of the excited and ground states respectively, to fit intensity 

data and obtain The result of this fitting was a value of flE = 2.9 ± 0.6 kJ /mol. Applying 

this to the K temperatures used in the experiments described in this chapter that 

the excited state would be a factor of f'.J 1010 times weaker that the ground state and thus 

unmeasurable. 

Unfortunately, more modern calculations of the structure of [Al041~s are not currently avail-

able. Mombourquette et al [71] optimised its geometry and a bond length 
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to the hole-bearing oxygen 0(3) of 2.010 bonds from aluminium to the other three oxy

gens were found to be 1.647 and 1.669, 1.685 A for 0(1), 0(2) and 0(4) respectively and 

consequently there is a similar trend in structure as found with the ground state with the 

resulting quasi-trigonal geometry indicating a trend towards sp2 hybridisation. The authors 

estimate the uncertainty in these calculations to be about 0.01 A which seems to imply that 

within experimental error the 

theless, the optimised models UL,"U\AkU 

ground state by 2.9 kJ/mol 

optimisations produce very similar structures. Never

that the energy of the excited state is higher than the 

not quoted). This appears to be in good agreement 

with the value calculated temperature dependence studies of the EPR signals. 

Overall, the calculations seem to indicate that the electronic structure of [AI04]O and 

[AI04]~s are very similar and only differ significantly in the location of the electron hole. 

Previously reported compensated centres 

Until the discovery of 

quartz had fully 

new [AI04/Li]+ centre, four compensated aluminium centres in a

Their basic assignment is [AI04/M]+ where M H+ 

Li+, Na+ or When an aluminium atom substitutes for a silicon in the quartz lattice 

a net negative v"'~~F,v is produced at the new diamagnetic centre [AI04]-. Using an ionic 

model we can justify this on the basis that silicon has a charge of +4 while aluminium is only 

+3. This excess ~"'~L"',~ can be stabilised by the presence of a +1 compensating atom at a 

near-by interstitial position. With exposure to ionising radiation a hole centre may form on 

one of the oxygen atoms adjacent to the aluminium impurity. As with the uncompensated 

centre, this is then paramagnetic and EPR techniques can be used to probe the nature of the 

aluminium impurity centre and its interaction with the local impurity ion. 

ions remain near the paramagnetic centre at low 

stated previously, 

but will diffuse 

away if provided with sufficient thermal energy. The matrices of Nuttall and Weil [57] and 

Dickson and Weil [58] for the proton and alkali atom substituted centres are listed in table 

6.10. The silver compensated centre is not so relevant to the current discussion. 

147 



Table 6.10: Comparison of spin-Hamiltonian parameters for [AI04 /M]+ centres with hole on 
short-bonded oxygen. A and P matrices are in units of mT. 

Principal Principal Principal 
value direction direction 

Matrix Y k Yk Ok (deg) ¢k (deg) 

g 2.008566(13) -0.009064(11) -0.004201(9) 1 2.056931(7) 52.21(1) 104.44(2) 
[AI04 /H]+ [57] 2.034569(10) 0.025015(8) 2 2.008056(10) 120.13(5) 167.70(6) 

2.024346(7) 3 2.002495(6) 52.38( 4) 231.14(7) 

g 2.008250(5) -0.008103( 4) -0.003271(4) 1 2.061016(3) 51.67(0) 101.51(0) 
[AI04 /Li]+ [57] 2.037062(5) 0.027648(4) 2 2.008259(4) 116.44(2) 168.36(2) 

2.025919(3) 3 2.001957(3) 49.77(2) 233.48(3) 

g 2.007970(3) -0.004537(3) -0.00595(2) 1 2.044143(3) 53.26(0) 97.85(1 ) 
[AI04 /Na]+ [58] 2.028985(3) 0.019284(2) 2 2.008591(3) 113.41 (2) 168.99(2) 

2.018446(2) 3 2.002668(3) 45.90(1) 234.18(3) 

A/gef3e (27 AI) -0.9027(14) -0.0492(11) -0.0248(8) 1 -0.8244(11 ) 66.01(36) 129.82(39) 
[AI04 /H]+ [57] -0.8873(12) 0.0389(8) 2 -0.9396(8) 130.4(22) 197.5(29) 

-0.9253(9) 3 -0.9513(8) 50.0(19) 241.8(73) 

A/ gef3e e7 AI) -0.7739(5) -0.0505(5) -0.0228(4) 1 -0.6907(4) 69.27(17) 126.35(15) 
[AI04 /Li]+ [57] -0.7435(5) 0.0335(4) 2 -0.8105(4) 119.6( 45) 204.0(37) 

-0. 7977( 4) 3 -0.8140(4) 37.4(30) 246.0(77) 

A/ gef3e (27 AI) -0.8339( 4) -0.0520(3) -0.0231(3) 1 -0.7455(4) 69.80(10) 125.22(12) 
[AI04 /Na]+ [57] -0.7978(3) 0.0346(2) 2 -0.8705(4) 107.6(35) 208.5(15) 

-0.8586(3) 3 -0.9742(3) 27.3(24) 260.7(61) 

P / gef3e (27 AI) 0.0012(13) -0.0284(5) 0.0018(6) 1 -0.342(8) 86.9(11) 231.31( 61) 
[AI04 /H]+ [57] -0.0113(9) 0.0018(9) 2 0.0102(10) 3.2(19) 56(44) 

0.0100(10) 3 0.0241(10) 90.3(30) 141.33(61) 

P/gef3e (27AI) -0.0037(5) -0.200(2) -0.153(2) 1 0.0246(3) 53.38(58) 140.93(52) 
[AI04 /Li]+ [57] -0.0008(2) 0.0009(4) 2 0.0017(3) 39.17( 42) 280.0(14) 

0.0045(4) 3 -0.0263(3) 110.62(56) 217.53(44) 

P/gef3e (27 AI) 0.0005(4) -0.0145(2) -0.0167(2) 1 0.0247(3) 49.6( 5) 151.1 ( 5) 
[AI04 /Na]+ [58] -0.0065(3) 0.00027(3) 2 -0.0035(3) 48.0(5) 291.1(10) 

0.0060(3) 3 -0.0212(3) 111.4(6) 221.7(6) 

A/gef3e (lH) 0.098 -0.066 0.Q23 1 0.129 98.45 157.37 
[AI04 /H]+ [57] -0.035 -0.013 2 -0.050 16.43 217.14 

-0.047 3 -0.063 76.01 69.49 

A/gef3e eLi) 0.021 -0.019 -0.003 1 0.028 87.39 160.00 
[AI04 /Li]+ [57] -0.025 -0.001 2 -0.024 16.94 258.61 

-0.025 3 -0.032 73.27 69.21 

A/gef3e (23 Na) 0.01098(16) -0.01628(12) 0.00098(11) 1 0.01910(14) 93.79(21) 153.69(18) 
[AI04 /Na]+ [58] -0.01421(16) -0.00252(12) 2 -0.01085(12) 9.9(5) 221.3(17) 

-0.01101(11) 3 -0.02250(16) 80.9(6) 64.30(18) 

P/gef3e (23 Na) -0.0186(6) 0.0211(5) -0.0031(6) 1 0.0242(6) 85.5(15) 64.1(19) 
[AI04 /Na]+ [58] 0.0137(8) 0.0032(5) 2 0.0053(6) 8.3(10) 187(10) 

0.0049(5) 3 -0.0295(3) 97.0(9) 153.6(9) 
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Structure of the compensated centres 

Examination of table 6.10 shows some obvious correlations in the principal directions of the 

parameter matrices of each of the compensated centres. Taking first the 9 matrices, the differ

ences between the three centres are less than 5°. Importantly, these values differ markedly from 

those of the uncompensated centre listed in table 6.3 implying that the paramagnetic electron 

hole is in a different position. In the work of Schnadt and Schneider [70] mentioned above, 

EPR studies of the excited state of [Al04]O were reported and although not including hyperfine 

analysis they do present a fitting of the 9 matrix. Comparison of their reported values and con

sequent principal directions with those of the compensated centres indicates a clear correlation. 

Therefore, it can be concluded that in the uncompensated centres the electron vacancy resides 

on one of the short-bonded oxygen atoms. 

These conclusions agree with those drawn by comparison of the principal directions with 

atomic positions in the a-quartz unit cell. Similarity of the unique directions of g and Ae7 AI) 

with the Si(Al)(0)-Si(6) and Si(Al)(0)-0(3) directions respectively confirms the location of the 

hole on the short-bonded oxygen. Examination of the other "non-unique" principal directions 

of the 9 matrices of the compensated centres shows that one is very close to perpendicular to 

the Si(Al)(0)-0(3)-Si(6) plane. As with the analysis of [Al04]O, this agrees with the conclusion 

that the unpaired electron exists on the p orbital of an oxygen atom but identified in this case 

as short-bonded 0(3). 

Ab initio calculations - [Al04 /M]+ 

The conclusions drawn above were confirmed by the calculations of Mombourquette and Weil 

[68] and the more recent work of Maclagan [75]. Using the same cluster models as in the 

investigation of [Al04]O in these respective studies, and a nearby compensator, it was confirmed 

that the hole centre was localised on one of the short-bonded oxygen atoms. As with the 

geometry optimisation of [Al04]O, the three non-hole-bearing oxygens tend to relax to positions 

approaching trigonal geometry about the aluminium ion. The positions of the compensating 

ions were also determined and found to be in agreement with those determined from the EPR 

results. These latter calculations were through a point-dipole - point-dipole approximation 

using the compensator hyperfine matrices, as described later in this chapter in location of the 

149 



Li+ ion in the new centre. These positions those predicted from the ab initio calculations 

are summarised later in figure 6-7 (page 155) and as indicated the compensating ions are found 

exclusively within the large c-axis cavity. 

Structural conclusions on the new lithium-compensated centre 

Comparison of the respective 9 matrices of the new [AI04/Li]it centre and [AI04]O reveals 

that their principal directions agree to within 30. Thus there seems little doubt that the new 

centre involves an aluminium atom substituted at a silicon site with a paramagnetic aIQ.I"1"l"·r.T> 

hole located on a long-bonded oxygen atom. The similarities in g extend also to A(27 AI) and 

p(27 AI) where there is again a correlation in the principal directions of each centre. There 

are some greater deviations between matrices and the "non-unique" principal values have 

swapped in relative magnitude. Nevertheless, they add weight to the conclusions drawn from 

the 9 matrix. 

Calculation of the isotropic part of A(27 AI) for each of the uncompensated centres produces 

values noticeably greater than the uncompensated centre. The isotropic part of A(27 AI) is 

defined as in equation 6.9 and has values for the various aluminium hole centres as shown in 

table 6.11. 

Ae7 AI)iso = tr(Ae7 AI))/3 (6.9) 

From table 6.11 it is clear that the isotropic component of A(27 AI) of [AI04]O is considerably 

smaller than that calculated for the compensated centres. 

Table 6.11: Isotropic components of the aluminium hyperfine matrices of various aluminium 
centres. 

Centre Aiso(Al) 

[AI04]O -0.57805 

[AlO4/Hj+ -0.9051 

[AlO4/Lil~) -0.7717 

[Al04/Na]+ -0.8301 

[AlO4/Lijit -0.7131 
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This is consistent with the oxygen hole being further away from the aluminium atom as we 

would expect in the long bonded case due to a reduced Fermi contact interaction. Such a 

conclusion needs to be treated with some caution as there are doubtless measurable effects from 

the compensating nuclei which could potentially effect the aluminium hyperfine interaction. 

However, the value of Aiso for the new lithium centre is noticeably lower than the equivalent 

short bonded lithium compensated centre consistent with a greater distance between the oxygen 

hole and the 27 Al atom. 

Position of the compensating ion 

As a good first approximation, the position of the compensating ions can be inferred from 

their hyperfine matrices. This is achieved through correlation of the anisotropic part of the 

hyperfine matrix with the magnetic dipole-dipole interaction between the unpaired electron 

on the oxygen p orbital and the nuclear spin on the alkali compensator. By assuming the 

extent of the oxygen p orbital to be negligible it is possible to use a point-dipole - point-dipole 

calculation to determine the distance of the compensating ion from the oxygen hole and then 

use the direction of the "unique" principal value of A(1Li) to locate the ion. 

The dipolar part of a hyperfine matrix A (in field units) for a one electron uniaxial system 

is given by equation 6.10 [1]. 

!-La f3 -3 I 12 T = 47f gn nR CA, X (6.10) 

In the above equation T is the isotropic part of the hyperfine matrix, !-La is the permeability of 

a vacuum defined as !-La = 47f x 10-7 JC-2s2m-1 and R is the distance between the unpaired 

electron distribution and the nucleus of interest. The factor ICA, xI2 is the square of the coeffi

cient of the A orbital on atom X and takes account of the contribution of this particular orbital 

to the unpaired electron wavefunction. 

Therefore, to calculate the distance of the lithium ion from the electron hole in [AI04/Li]!t 

first requires separation of the isotropic from the anisotropic part of A(1Li). The hyperfine 

interaction is described below by the diagonal matrix defined by the principal values derived 
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from the experimental data. 

( 0.0322 

-0.0195 J (mT) 

-0.0232 

(6.11) 

As shown in equation 6.9 the isotropic component of the hyperfine interaction is given by one 

third of the trace of A ' (7Li). Subtracting this value (Aiso(Li) = -0.0035 mT) from the original 

matrix leaves only the anisotropic shown in 6.12. 

AAllisotl'opiC / ge(3 e 

( 

0.0357 

-0.0160 

J 
(mT) 

-0.0197 

(6.12) 

This is then approximated to symmetry for application of equation 6.10 by averaging 

the two "non-unique" to give the final matrix shown below. 

A;lllixiadge(3e (0.0357 -0.0179 J (mT) 

-0.0179 

(6.13) 

Assuming then that the anisotropic component of A(7Li) arises entirely from dipolar interac

tions, this matrix can then be equated with the right-hand-side of equation 6.10 and solved 

for the value of R. Calculations of the orbital coefficients can be derived from 

hyperfine where the s-orbital character is characterised by [57J: 

and the p-orbital coefficient is defined as: 

(6.14) 

previously defined, a is the isotropic component of the hyperfine interaction. b is the so-called 
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uniaxiality parameter and is defined by equation 6.15 [1]. 

(6.15) 

In the above equation Ai (i = 1, 2, 3) denote the principal values of the hyperfine matrix. 

These are ordered so that IA21-IA31 is positive and no larger than IAII-IA21 or IAII-IA31. 
The values ao and bo are the free ion values and were originally calculated by Nuttall and 

Weil [55] using a computer programme employing restricted Hartree-Fock wavefunctions and 

thus ignoring core polarisation. By testing with a range of values they determined that these 

parameters depend weakly on the total charge on the oxygen atom. To take covalency into 

account the effective charge of oxygen ions in quartz has previously been assigned a value of 

-0.5 [55]. It was proposed that the substitution of aluminium in place of silicon in the crystal 

lattice would not have a significant effect on the charge on the neighbouring oxygen atoms. 

Thus, if an electron is removed from one of the oxygen atoms by ionising radiation the resulting 

charge should be +0.5. This is the value used by Nuttall and Weil [57] in their calculations 

of ao and bo and consequently the values of Icsl and ICpI. The value of the coefficient of the 

p-orbital calculated in this fashion is 0.87 but as stated by these authors this value is too low 

due to the exclusion of core polarisation. The SFC-MO calculations of Maclagan [75] indicate 

that the charge on the hole bearing oxygen 0(1) of [Al04/Lilit is -0.480 being reduced from the 

[Si04]O value of -0.858 while that on 0(3) of [Al04/H]+ and [Al04/Li]~) is -0.481 and -0.466 

respectively being reduced from the pure lattice value of -0.846. Interpolating between the 

range of ICpI values of Nuttall and Weil [55] calculated for various oxygen charges suggests that 

the corresponding value of the coefficient of the p orbital in all these centres is approximately 

0.96. This value will be used in the following calculations. Having determined ICpl as described 

above it is then possible to apply equation 6.10 to the elements of matrix 6.13 and calculate 

the distance of the compensating ion from the oxygen hole. In the case of [Al04/Li]it this 

calculation predicts that the compensating lithium atom is approximately 3.839 A from the 

oxygen hole. 

The next step is to project this distance from the position of the hole-bearing oxygen along 

both of the two complimentary directions of the unique principal value of the lithium hyperfine 
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matrix. This produces approximations to two possible positions of the lithium atom. The 

unique direction is defined by polar coordinates B A 70.1(7)°, ¢ A = 186.2(9)° or, equivalently, 

BB = 109.9(7)°, ¢B = 6.2(9)°. Converting these to the equivalent vectors in rectangular 

coordinates and multiplying by the length of the vector, as calculated above, produces the two 

sets of Cartesian coordinates 6.16a and 6.16b. One of these corresponds to the position of the 

compensating ion relative to the paramagnetic centre. 

A 

B 

(-3.6839, -0.4019, 1.3396) A 

(3.689,0.4019, -1.3396) A 

(6.16a) 

(6.16b) 

If we take the origin to be at centre of one of the large channels in the crystal structure 

as shown in figure 6-1 then appropriate tetrahedron for this analysis is that centred on 

the silicon (aluminium) atom translated along the x-axis in a positive direction but with zero 

translation relative to the y and z axes as defined previously. Using initially the crystallographic 

positions of pure the long-bonded hole-bearing oxygen atom (0(1)) has the coordinate..., 

(3.2301,0.6050, -1.1707) relative to the origin and thus by adding these to the values derived 

above, the Cartesian 6.17a and 6.17b are produced. 

A' 

B' 

( -0.359, 0.213, O. 134) A 

(6.819,0.997, -2. 476) A 

(6.17a) 

(6.17b) 

which of these represents the location of the lithium atom comparison 

with the of the atoms in the a-quartz lattice. The position B' is only 1.896 A from 

a position equivalent to 0(2). The ionic radius of 0 2 - is 1.32 A and of is 0.68 A giving 

a combined radius of 2.00 A. Therefore, there would be a considerable repulsion 

if the lithium ion was located at position B' and on this basis it can be discounted. shown 

in 6-7 the position A' correlates to a site close to the centre of one of the large c-axis 

channels of the quartz structure on the opposite side of the [Al04]O tetrahedron from the oxygen 

hole. 

seems a reasonable position for the lithium compensator on two major grounds. For 

reasons of electrostatic repulsion and steric hinderance the large channel is certainly the lowest 
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" 

oxygen = silicon 

short-bonded hole 

() = M. O. compensator position 

(j) aluminium positions 

= long-bonded hole 

o = EPR compensator position 

Figure 6-7: Position of the compensating ions in three aluminium oxygenic-hole centres with 
respect to the a-quartz lattice as derived from EPR results and ab initio calculations. The 
crystal lattice is shown in positions determined by X-ray crystallography. Short Si-O bonds are 
shaded. 
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energy site for any non-bonding charged atom. In this position the lithium ion is surrounded by 

an almost tetrahedral arrangement of oxygen anions contained in the walls of the large channel. 

For this reason, possible inclusion of an alkali ion in one of the six smaller channels surrounding 

the main c-axis channel or at some other arbitrary position seems unlikely. Obviously, should 

bonding occur between the alkali ion and one of the oxygen atoms then this situation could 

change. It is well known that a proton can bond to an oxygen atom bridging two metal 

ions. This produces a p,-hydroxo group containing tricovalent oxygen [57] and explains the 

close proximity of the proton to one of the oxygen atoms of the large channel calculated for 

[Al04/H]+ and shown in figure 6-7. However, alkali +1 ions are not thought to form such 

bonds [57] and thus we would expect to find them almost exclusively near the centre of the 

large channels. Furthermore, it is noted that the result for the position of the Li compensator is 

close to that of the isomeric [Al04/Li]~) centre. As stated earlier in discussions of the ab initio 

molecular-orbital calculations, Al04 clusters with the electron hole located on the short and 

long-bonded oxygen ions are electronically very similar. The only significant difference is the 

position of the hole. Therefore, it seems highly probable that the lithium compensated versions 

of these clusters will have similar properties. As shown in figure 6-7 the positions of the lithium 

ions in both centres, relative to the respective oxygen holes are very similar when calculated by 

point-dipole - point-dipole methods. 

The effect of different values of Icpl on the oxygen-hole - compensating-ion separation cal

culated by a point-dipole - point-dipole approach can be determined by comparison with the 

molecular orbital theory results. Table 6.12 shows this comparison between the molecular

orbital values of Maclagan [75] and point-dipole calculations using Icpl = 0.87 and Icpl = 0.96. 

Mombourquette and Weil [57] note that by increasing the value of 1<::p1 from 0.87, the calculated 

position of the compensating ions in the various [Al04/M]+ centres becomes further removed 

from the ab initio calculations. This is certainly true when the crystallographic coordinates 

of the hole-bearing oxygen are used as the basis for these calculations. However, by using the 

geometry-optimised coordinates to define the position of the oxygen-bearing hole, it is observed 

that increase in Icpl and consequently R gives a closer result for the lithium-compensated cen

tres. This is in better agreement with the expected trend towards a larger value of Icpl. For 

the [Al04/Li]it centre, the molecular-orbital calculation of the oxygen-hole position [75] as de-
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Table 6.12: Comparison of compensator positions calculated by different methods. R(EB-M+) 
represents the distance between the oxygen hole and the compensating ion. "M.O. oxygen" 
implies compensator position calculated from oxygen coordinates derived from molecular-orbital 
calculations. "X-ray oxygen" implies crystallographic position used . .6..M.O. is the difference in 
position between the molecular-orbital theory calculation of the compensator position and the 
coordinates shown. All distances x 10-10 m. 

M.O. oxygen X-ray oxygen 
R(EB-M+) Coordinates .6..M.O. Coordinates .6..M.O. 

H+ 
M.O. theory 3.201 (4.096,0.092,1.344) - - -

Icpl = 0.87 3.256 (4.152, -0.030, 1.126) 0.256 (4.336, -0.091, 1.108) 0.383 
Icpl = 0.96 3.474 (4.351, -0.113, 1.158) 0.376 (4.535, -0.174, 1.140) 0.552 

Li+(sb) 
M.O. theory 4.027 (4.836, -0.167, -0.191) - - -

Icpl = 0.87 3.543 (4.462, -0.213,0.476) 0.746 (4.689, -0.061,0.466) 0.682 
Icpl = 0.96 3.783 (4.688, -0.103,0.465) 0.675 (4.914, -0.143, 0.455) 0.651 

Li+(lb) 
M.O. theory 3.721 (-0.265,0.125, -0.163) - - -

Icpl = 0.87 3.595 (-0.131,0.202, -0.1367) 0.156 (-0.131,0.238,0.051) 0.277 
Icpl = 0.96 3.839 (-0.359,0.177, -0.537) 0.153 (-0.359,0.213,0.134) 0.324 

scribed below was used to approximate a better set of coordinates and this calculation with 

Icpl = 0.96 is taken as the best interpretation of the experimental results. 

ab-initio calculations on the new lithium-compensated centre 

Maclagan [75] has produced calculations on the new lithium compensated centre as extensions 

of those described earlier. These calculations confirm the experimentally determined model for 

this centre with the dominant spin density on the long-bonded oxygen 0(1) and the lithium ion 

located near the centre of the large c-axis cavity (coordinates (0.125, -0.163,0.690) as shown 

in figure 6-7). As expected, the calculated geometries of the two lithium compensated centres 

do not differ to a great extent, with the new centre showing the trigonal distortion of oxygen 

atom positions now familiar in the aluminium oxygenic hole centres in a-quartz. The energy 

of [AI04/Li]lt is calculated to be 40.5 kJ Imol higher than its short-bonded isomer. 
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Chemistry of the [AI04]O and [AI04/M]+ centres 

Having determined the nature of the new lithium-compensated centre, it remains to rationalise 

its existence. The two major issues that must be confronted are firstly the apparent high 

stability of this centre and secondly why this isomer of short-bonded [Al04/Lil~) is produced 

at alL 

Paramagnetic aluminium centres in a-quartz are generally produced by irradiation of dia

magnetic centres of the type [AI04/M]O which are EPR silent. In this fashion an electron can 

be removed from a non-bonding orbital on one of the oxygen atoms of the Al04 moiety pro

ducing a paramagnetic species. With the loss of an electron there is no longer any requirement 

for the M+ ion to remain near the centre as the need for compensation is removed. However, 

if the irradiation is conducted at sufficiently low temperatures, as in the initial experiments 

described earlier, there is insufficient thermal energy available to allow the compensator to 

diffuse away. This is the situation observed in the formation of [AI04/H]+, [Al04/Na]+ and 

[AI04/Lil~). If these centres are heated to above about 160 K they rapidly begin to decay as 

diffusion becomes prevalent [57,58]. EPR measurements show that the result ofthis process is 

ground-state [Al04]O with the paramagnetic hole centre moved from the short-bonded oxygen 

position found the compensated centres to the long-bonded oxygen. This process is due to 

the comparatively unstable [Al04]~s excited state relaxing to the ground-state configuration. 

The compensating ions are attracted to electron centres such as [Ge04J- to form which 

are neutral with respect to the lattice such as [Ge04/Li]O [77]. 

Interestingly, this cannot be the only method of formation of [Al04]O for as shown in the 

cold irradiation and transfer experiments described in this chapter, the uncompensated centre 

is produced the crystal having never reached sufficient temperatures for diffusion of the 

interstitial Although unusual, these observations are backed by several by other 

workers who note similar results [36, 66, 67]. Comparison with the system here is 

difficult as workers have used ionising radiation with far greater energy ("'" 1.7 Me V) 

than the equipment applied in the creation of the new centre. At these radi-

ation induced abstraction and migration of atoms occurs readily whereas in the lower energy 

eflJffielltS only electrons and electron holes are affected. Therefore, there is currently no 

satisfactory explanation for the observation of the uncompensated centre low temperature 
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irradiation, but it is clear that the current reaction scheme [55] is incomplete. 

The apparent extremely high stability of the [AI04/Li]~ centre cannot be explained in 

terms of structural differences because, as demonstrated, the lithium ion sits near to the centre 

of the large c-axis channel and is morphologically very similar to its temperature-unstable 

isomer. Thus, it is proposed that this centre is not markedly more stable than its other alkali 

ion relatives. Instead it seems more likely that the uncompensated centre is produced in the 

normal fashion when the crystal is heated to room temperature but that for some reason there 

are insufficient negative charges within the crystal to combine with all the lithium ions that 

are present. Consequently, when the crystal is recooled these ions may reassociate with ground 

state [AI04]O prevalent throughout the crystal and create the new centre. 

There are clearly two requirements for this mechanism to be feasible. Firstly, there must 

be some process whereby many of the unpaired electrons within the crystal are not available 

for combination with Li+. It was noted during the course of these measurements that only 

very weak signals of possible electron centres such as [Ge04]- were visible. This is hard to 

explain when it is required, assuming that the crystal initially has no overall charge, that the 

number of positive and negative charges must be equal. Secondly, there needs to be some 

degree of enhanced attraction between the uncompensated [AI04]O centre and the diffusing ion 

as compared with a normal [Si04]O tetrahedron. If this were not so, appearance of this centre 

would rely on chance encounters of the lithium ion and with the aluminium impurity. This is 

clearly not the case as the intensity of [AI04/Li]~ is greater than [AI04]O, even after annealing, 

which could not occur by chance unless [AI04]O vastly outnumbered [Si04]O and huge numbers 

of interstitial Li+ ions were present. 

Although the structure of this new centre is now well established, the description of its 

formation remains incomplete. The formation at low temperature is difficult to explain as 

Li+ ions are not thought to diffuse readily through the crystal at temperatures below 77 K. 

Measurement of [AI04/Li]~ under such conditions is possibly related to the highly unusual 

observation of [AI04]O after cold transfer. 
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7 

Expression BJ7 Zeeman 

the spin 011 Olllan 

7.1 Background 

The original goal of this section of work was to make changes to the widely used programme 

EPRNMR [11] that would enable least-squares refinement of BJ7 (J S· or J) high-spin 

Zeeman terms in the spin Hamiltonian (SH). A wide range of SH terms are already available in 

EPRNMR [l1J suitable for the data refinement of most centres. However, an interest in BJ7 

(and implicitly, by symmetry, J J1) terms arose partly due to a desire to make the programme 

as complete as possible but also from recent results obtained in the of the B(Ti3+) centre 

in zircon [9]. Titanium has two isotopes with high values of nuclear (47Ti (J = ~) and 49Ti 

(J = ~)) suggesting that in the analysis of a paramagnetic Ti3+centre numerous higher-order 

effects could potentially be observed. Indeed, highly precise measurement and careful fitting 

of the B(Ti3+) centre in zircon by Tennant and Claridge [9J has shown that several higher

order terms are required to fit the observed cos4(} angular dependence of both the position and 

line intensities of many of the hyperfine lines. In fitting the anisotropy of the many forbidden 

hyperfine lines observed from each isotope in the spectra of B(Ti3+), the BJ3 and BJ5 terms 

in the SH analysis were found to be large and, significantly, similar magnitudes. On the 

basis of these observation it was proposed that the BJ7 theoretically permitted 

in the analysis of the 49Ti (J ~)), might also be significant. for this was through 
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the observation that although an excellent fitting to most line anisotropies was possible, due 

to a mainly to the inclusion of 813 , 815 , B13 and B15 high-spin terms, some transitions 

were still not well represented. Unfortunately, this hypothesis could not be tested due to the 

limitations of EPRNMR. According to the manual supplied with latest version of EPRNMR 

(6.08), calculation of higher-order SH terms is conducted in a "hybrid" fashion with the field 

independent part of the SH calculated using Steven's operators and the field-dependent part 

with tesseral combinations of spherical-tensor operators. Therefore, to remain compatible with 

this as well as for other reasons discussed in the following chapter it was determined that this 

latter form was appropriate for expression of B J7. 

7.2 The spin Hamiltonian 

In many early studies the conventional SH was constructed with a phenomenological approach 

and such a formulation remains appropriate to the many relatively simple spin systems often 

studied today. In this fashion a paramagnetic system with 8 ::> 1 and 1 ::> 1 may be expressed 

as in equation 7.1. 

Inclusion of higher-order terms as suggested above is only applicable for 8 or 1 ?:- ~. Both 

Bleaney [6] and Koster and Statz [7] noted that the allowed terms in the SH can be expressed 

in terms of polynomial with the form: 

(7.2) 

where the radicals lB, ls and lJ are non-negative integers. There are two further restrictions on 

the order of the operators. Firstly: 

l B + l s + l J = even (7.3) 

161 



Table 7.1: Allowed terms in the spin Hamiltonian for S :::; 2, I :::; 1 and linear in or independent 
of B. 

S f=O f 1 f=l ... '2 
1 BS Sf, BS f2, Sf, Bf, BS, BSf2 ... '2 

1 S2, BS Sf, ,BS, Bf, BS2 f 
J2, Sf, Bf, BS, BSf2, ... 
S2, S2[2, BS2f 

3 S2, BS, BS3 BS, S2, BS3 , Bf, Sf J2, Sf, Bf, BS, BSf2, ... 
"2 S3f S2, S212, BS2 f, BS3, S31 , 

J2, Sf, Bf, BS, BSJ2, 
BS, , BS3, Bf, Sf 

2 S2, BS, BS3, BS5 S2, s2J2, BS2f, BS3, S3f ... 
, S3 [, S4, B S4 f 

S4, S4 f2, B S4 f 

This stems from the that the SH be invariant under time reversal. In addition it 

is required that: 

Is :s:: 28 and II :s:: 21 (7.4) 

which arises from the ,u".'"U.HhL condition of vector coupling. In theOTY, IE may take on any 

value under the constraint of the first condition. At normal fields (such a..'l those 

band EPR experiments in this thesis) it can generally be assumed that IE 1 for 

in X-

terms 

although there are some reports of determination of higher-order field terms in the presence of 

large magnetic fields. This formulation of the SH clearly allows fOT the inclusion of a plethora 

of higher-order terms when 8 and 1 have sufficient magnitude. As table 7.1 demonstrates, the 

number of allowed terms increases rapidly with the increase in 8 and A large number of 

terms immediately suggests that the number of variables that will be required in the fitting of 

such a system will data refinement difficult on two counts. Firstly, with the inclusion of 

all allowed terms in the SH, least squares refinement of their respective parameters becomes 

computationally arduous due to the enormous number of independent variables. Secondly, 

analysis of the importance of the various terms becomes difficult as the bewildering array 

of parameters makes it difficult to separate genuine effects flexibility in fitting due to 

increased parameterisation. Because of this, there has been considerable interest in expressing 

the terms in the SH in a fashion which involves a minimum number of fitted variables 
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but retains all allowed terms, that is, the formulation of a maximally reduced spin Hamiltonian. 

Alternative expressions of the spin Hamiltonian 

In EPR studies of single crystals the orientation dependence of the resonance energy levels 

provides the basis for studies of microstructure surrounding a paramagnetic defect. Therefore, 

the parameters in the expression of the SH are expressed in terms of parameter matrices or 

tensors as shown in expression 7.5. 

It has been noted by several authors [1, 5, 78] that g and A are not strictly speaking 

2nd-rank Cartesian tensors but are better described as 3 x 3 parameter matrices or "pseudo 

tensors". A tensor is defined as an n-dimensional array that transforms in three dimensions in 

a defined way. Taking for example the case of first and second-rank tensors, these transform 

according to: 

3 

T( 
2 2..= liqTq (7.6a) 

q=l 

3 3 

T(, 
2) 2..= 2..= lipljqTpq (7.6b) 

p=lq=l 

In the case of the Zeeman terms and the hyperfine interaction, the 9 and A "Cartesian tensors" 

are linear in components of two different vectors. Therefore, they may not possess the properties 

under transformation of axes of the elements of 2nd-rank Cartesian tensors as the components 

of the two different vectors need not be referred to the same coordinate frame. Conversely, 

2nd-degree terms quadratic in a single vector do have the proper transformation properties 

with a common example being the D tensor of the 8 2 term. It has been noted by McGavin 

[78] that if all vectors are referred to the same set of Cartesian axes, and any axis rotation 

applies equally to all the Cartesian axes for all vectors, then the 3 x 3 matrices may be properly 

described as 2nd-rank tensors. In an experimental situation, where on the EPR time scale all 
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spins have defined orientations fixed with respect to the crystal axes and where all orientations 

are referred to the laboratory axes, these conditions are satisfied and thus it is quite correct, in 

this case, to describe g and A as 2nd-rank Cartesian tensors. 

The formulation of the SH, in terms of the standard spin angular-momentum operator 

j (8 or I) and Cartesian tensors, works well for simple systems with J :::::; 1 which do not 

require higher-order interactions. However, such an expression including higher-order terms 

requires that the directional characteristics of the spectrum be described by multiplication of 

the operators by higher-rank tensors. This proves to be a relatively inefficient method for high

spin systems involving many redundancies and producing many parameters to be fitted to the 

observed angular characteristics of the measured spectra. The details of this will be discussed in 

chapter 8. BS5 serves as an example of the problems involved in expressing the high-spin terms 

in the spin Hamiltonian as Cartesian tensors. It has been shown [78] that for I symmetry 63 

parameters are required to describe the angular behaviour of the BS5 term in Cartesian-tensor 

notation while the spherical-tensor notation featured in this chapter requires only 22. 

To overcome the problems involved in terms of the angular-momentum operator j, it is now 

widely accepted that for J ~ ~ the SH should be expressed as a series of operator equivalents or 

tensor operators which are functions of j. Unfortunately a number of different formalisms have 

been developed the first of which is attributed to Stevens [79] in terms of operator equivalents. 

Interrelations between the most common of these are described in chapter 8. The most elegant 

expression of the high-spin terms in the SH appears to be in terms of spherical-tensor operators 

which are maximally reduced and transform in well defined ways under coordinate rotation. 

Origin and investigations of high-spin terms in the spin Hamiltonian 

There exists amongst some members of the EPR community a certain degree of skepticism 

over the significance, or even existence, of high-spin Zeeman (such as BS5 ) and mixed-spin 

field-independent effects (such as IS5 ). However, as stated previously, it has been shown 

theoretically that these terms may be included in the SH [6, 7]. Experimental reports of 

such terms are relatively rare but the early EPR results of Bleaney from measurements of Ce3+ 

[6], Ham et al [80] on Co2+ centres and the ENDOR studies of de Wijn and Schrama [81] 

have provided evidence for various higher-order terms. The more recent results of Claridge 
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et al [8] from analysis of a high-spin I symmetry centre in scheelite (Ca W04) present 

seemingly unequivocal measurements of the of BS3 and BS5 terms on line anisotropies. 

As described earlier, studies of the B(Ti3+) centre in zircon [9] give equally convincing arguments 

for the inclusion of high-spin terms, in this case SI3, SI5
, BI3, BI5. It has been proposed [5] 

that high-spin terms arise when the effective spin used in the construction of the SH has no 

simple relation to the actual momenta as would be expected in a case where there is 

considerable mixing of excited states into the ground-state manifold. Claridge et al [9] have 

suggested that high-spin terms may arise from the magnetic-field mixing of zero-field 

energy levels. This idea has backed by recent calculations [82] which suggest that mixing 

of the excited state into ground state via spin-orbit coupling is not responsible for the 

observed in the B(Ti3+) centre. Higher-order terms have been studied in the V2+ centre in MgO 

by Woodward and [83] who were able to show that the effects of including SI3 in 

their spin Hamiltonian were attributable to a low-lying excited state. Overall, it is fair to say 

that the cause of these higher-order terms is currently a source of conjecture and consequently 

an important area research. 

7.3 Formulation of the spin Hamiltonian in terms of 

tensor operators 

Using the definition of Racah [84] we define an irreducible spherical-tensor operator Tl(V) of 

rank I for any vector V to be a set of (21 + 1) functions Tl,m(V), -l < m < l, which trans-

form under the finite rotations in three-dimensions like the corresponding "f.',,"V"'\"«k!. harmonics, 

has the great advantage that their proportionality to Yi,m(V) means they have 

one of the properties of spherical harmonics which is that the norm of their coefficients is 

under axis rotation. It can be shown that for the tensor operator describing the 

interaction with magnetic field this relationship is [85, 86]: 

(7.7) 

alB 1 for Is = 0 or 1. 
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Generally speaking, as expressed in this form the tensor operators TZJ ,mJ (J) are functions of 

the spin angular-momentum operators J± and Jz. These functions are calculated by following 

the general formula for spherical-tensor products defined as [78]: 

(7.8) 

( 
kl k2 k ) where is the Wigner 3jm coefficient which is equal to zero unless: 
ql q2 -q 

(7.9) 

and the triangle condition, 7.10 holds: 

(7.10) 

The starting point for the calculation of all TZ J ,mJ (J) (k == lJ, q == mJ) are the spherical-tensor 

components for lJ = 1 as defined in [87] and shown below in equations 7.26. 

Tl,O(J) Jz (7.11a) 

Tl,l(J) 
1 

(7.11b) --J+ 
y0 

T1,-1(J) 
1 

y0J_ (7.11c) 

Thus, through repeated application of 7.8 to equations 7.26 all tensor functions TzJ,mJ (J) can 

be calculated. The spherical-tensor operators TzJ,mJ (J) are fully tabulated [87] for lJ ~ 7. 

Expression of Zeeman terms in terms of spherical-tensor operators 

Generally, the nuclear Zeeman SH for terms of degree BZB JZJ can be written in terms of double-
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~ IB IJ ( ~) vector tensor operators Tl,~ B, J . 

1n=-1 

IB,lJr~eB,lJ (B .1) 
al,m I,m , (7.12) 

In this expression a11B,lJ is a complex coefficient which incorporates the magnitude of B to the ,m 

power of IB while B is the unit vector in the direction of the magnetic field. Equation 7.12 is 

not a very useful form of the as the tensor operator depends on the direction of the applied 

field and the coefficients a11n,IJ on its magnitude. However, a more useful form can be obtained ,m 

by decomposing the double-vector tensor operator according to [87]: 

I ) TIB,mB (B) T1J,mJ (.1) 
rn 

(7.13) 

where (IB IJ l ) is the Wigner 3jm coefficient which is equal to zero unless: 
mB mJ m 

(7.14) 

and the triangle condition: 

(7.15) 

Therefore, from equations 7.12 and 7.13 the general expression for the Zeeman SH for terms 

linear in B (lB 1) in terms of single-vector spherical-tensor operators is: 

2J l+IJ 1 1 II 

iii1h) L L L a~,~ J2T+1 (_1)1+1J+m 

IJ=ll=II-IJI m=-l mf3=-lmJ=-II 
I even 

(7.16) 

In order to express the SH in terms of tensor operators with real coefficients, tesseral combina-
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tions of spherical-tensor operators are through the relations6 : 

C} -..... l,m-
} anyl;O<m<:l (7.17) 

& 
'SZ,-m 

There is some argument in the literature over the possibility of terms with odd values of l 

but it now seems generally accepted that these should not be included in the SH [69]. The 

corresponding real coefficients BIIB h are related to their complex counterparts by the relations: ,m 

} O<m<:l (7.18) 

where C = gef3eB if J 8 and C gnf3nB if J = I. It should be noted that in the t:>VT~1't:>",l1rm 

CIB, IB is an exponent 

energy to the power (1 

than a superscript. The parameters Blln h have the dimensions of ,m 

lB) and are field independent. The above expressions for the 

tensor operators for Zeeman terms may readily be applied to mixed high-spin terms such as 

185 where the decomposition is in terms of the products of single-vector operators (8) 
and TI1,mI(i). In such cases the operators are identical but the coefficients are obviously not 

multiplied by the "-''-'''-'H'.UH splitting factor C. 

7.4 Outline of BJ7 derivation 

Expression in terms of mUltiple-vector spherical tensors 

In the case of the BJl terms: IB = 1 and IJ = 7. Therefore, from the triangle condition 

(equation 7.15) l 6, 7, 8 with the constraint (7.3) that the sum of the exponents be even 

° The 1\m(V) and $}1,m(V) are abbreviated to TI,m and for expressions and where the 
identity of vector V is clear. 
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limiting this to l = 6 or 8 and thus from 

6 8 

'Rp,7) = a,~::T~:: (B)) + a~::T~:: (B)) 
rn=-6 m=-8 

(7.19) 

Resolution into a product of single-vector spherical tensors 

Resolving the T~:: (B)) and T~:: (B)) two-vector spherical-tensor operators in 7.19 into 

single-vector operators requires application of 7.16 giving for the first term where l = 6, m = 

-6, -5, -4, ... 0, .. .4, 5, 6, lB 1, mB ,0,1, lJ 7, mJ = -7, -6, -5, ... 0, ... 5, 6, 7: 

(7.20) 

and for the second terms which is similar to the first except that l = 8, m = -8, -6, ... 0, ... 6,7,8: 

7 
(7.21) 

The next step is to evaluate the numerical factors by multiplying the product of the ':aLL"-i'~

vector operators for both values of l and all values of mB and mJ. These expansions lead to 

a large number of terms and for the purposes of this outline only the derivation of the term 

arising from l 6 and m 1 will be described. The Wigner 3jm coefficients were calculated 

using the programme RACAH [88]. Taking the T~:J (B, j) term as an example, multiplication 

by this result and expansion gives for all values of mE: 
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Conversion to tesseral form 

The spherical-tensor operators are converted to their tesseral forms through relations 7.17 

producing the relationship shown below for the T~;{ (B, j) term: 

-~ (~) [~l,l(B) - i~l,-l(B)] [~7,2(j) - i~7,-2(j)] 

+ Jr (~) [~l,o(B)] [~7,1(j) - i~7,-1(j)] 
- (~) [~l,1(B) +i~l,-l(B)] [~7,O(j)] 

(7.23) 

The real form of the parameter a~'i must now be calculated using relationships 7.18 giving: , 

a1,7 = -G (B1,7 _ iB1,7 ) 
6,1 -V2 6,1 6,-1 (7.24) 

All complex parts can now be removed by adding T~;i (B,J) to T~;~l (B,J) and rewriting 

so that the terms are expressed as multiplied by either B~'i or B~'~l. It is also convenient to , , 

note that [69]: 

~l,o(B) B z lx B (7.25a) 

~1,1 (B) Bx lyB (7.25b) 

~l,-l(B) By lzB (7.25c) 

where (lx ly lz) is the unit vector along which the static field of magnitude B is directed. 

Therefore, the final expression of the two-vector spherical-tensor operators as products of single

vector spherical tensors in tesseral form can then be expressed in terms of UZJ,Z,m as: 

U7,6,-1 

{ v0 Bx~7,O - 4Bz~7,1 - V6 [Bx~7,2 + BY~7,-2] } 

{v0BY~7,O - 4Bz~7,-1 + V6 [BY~7,2 - BX~7,-2]} 

The complete list of these terms as derived for J = 7 are shown in tables 7.2 and 7.3. 
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Table 7.2: UIJ,I,m lJ 7; l lJ - 1; -l :::; m :::; l 

lJ m UIJ,I,m 

7 6 0 { -V7Bz~7,O 2Bx~71 , 2BY~7,-1 } /ViS 

7 6 1 { V7Bx~7,O 4Bz~7,1 J6 [Bx~7,2 + BY~7,-2]} /V35 

7 6 -1 {V7BY~7,O - + J6 [BY~7,2 - BX~7,-2]} /V35 

7 6 2 { Bx~7,1 BY~7,-1 J6Bz~7,2 - V3 [Bx~7,3 + BY~7,-3 ] } / v'I4 

7 6 -2 { Bx~7,-1 + BY~7,1 - J6Bz~7,-2 + V3 [BY~7,3 BX~7,-3]} /v'I4 

7 6 3 {V2 [Bx~7,2 - BY~7,-2] - 4Bz~7,3 - vTI [Bx8:7,4 + } /V42 

7 6 -3 { V2 [Bx~7,-2 + BY~7,2] 4Bz~7,-3 + vTI [BY~7,4 - } /V42 

7 6 4 {0., .. & BxZJ7,3 - By ZJ7,-3 vTI [Bz~7,4 + Bx8:7,5 + B y 8:7,-5] } / V35 

7 6 -4 {Bx8:7,-3 + BY~7,3 + v'lI [-Bz8:7,-4 + BY~7,5 } /V35 

7 6 5 {BX~7'4 2V2Bz~7,,5 - V26 [BxS<7,6 + } /2V70 

7 6 -5 {BY~7,4 + 2V2Bz~7,-5 + V26 [By 8<7,6 BX~7,-6] } /2V70 

7 6 6 {BX~7,5 V26Bz8:7,6 - V9I [BX8<7,7 + BY~7,-7] } / V210 

7 6 -6 {B ~7~ + y ,0 V26Bz8<7,-6 + V9I [By8<7,7 } /V210 
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Table 7.3: Ul,J,I,m for b 7;b + 1; -l S m S l 

7 8 0 {4Bz §7,O V7 [BX§7,1 + BY §7,-1]} /v'35 

7 8 1 { 2V6B",§7,O + yl42Bz §7,1 - V7 [B",§7,2 + BY§7,-2] } /4V5 

7 8 -1 { 2V6By §7,O + + V7 [BY§7,2 - B",§7,-2] } / 4V5 

7 8 2 {-13 [B",§7,1 - + 2V2Bz §7,2 - B",§7,3 - B/'h,-3} /4 

7 8 -2 {-13 [BYS:7,1 + + 2V2Bz §7,-2 + B y §7,3 - B",§7,-3 } /4 

7 8 3 { vTI [B",S:7,2 BY §7,-2] + V22Bz S:7,3 - V2 [B",§7,4 + BY §7,.-4] } /4-13 

7 8 -3 {vTI [By S'7,2 + + V22Bz §7,-3 + V2 [BY§7,4 - BXS:7'~4]} /4J3 

7 8 4 { yTI [B",§7,3 BY §7,-3] + 4Bz §7,4 - B",§7,5 - B y S:7,-5 } /2v'IO 

7 8 -4 { vTI [BY §7,3 + B",§7,-3] + 4Bz §7,-4 + By S:7,5 - B",S:7,-5} /2v'IO 

7 8 5 {v'26 [Bx §7,4 BY§7,~4 + B Z §7,5] - Bx §7,6 - BY §7,-6} /405 

7 8 -5 { v'26 [BY§7,4 + B",§7,-4 + B Z §7,-5] + B y S:7,6 B X S:7,-6} /405 

7 8 6 {.J9I [Bx S:7,5 BY§7,-5] + 2yT4Bz §7,6 - B x §7,7 BY §7,-7} /4v'f5 

7 8 -6 {.J9I [BY§7,5 + BX§7,-5] + 2yT4Bz §7,-6 + B y §7,7 } /4JI5 

7 8 7 { V7 [Bx §7,6 BY§7,-6] + ..;2Bz §7,7 } /4 

7 8 -7 {V7 [BY §7,6 + B X S:7,-6] + V2Bz §7,-7} /4 

7 8 8 {BX S:7,7 BYS:7,-7} /..;2 

7 8 -8 {BY§7,7 + Bx §7,-7 } /V2 
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7.5 Calculation of the matrix elements of the B J7 tesseral spherical-

tensor terms 

Basic technique 

With the operators established in tesseral form it was then desirable to calculate their matrix 

elements. As complete tabulations of the Tz,m spherical-tensor operators in terms of the step 

operators J± and the linear operator Jz are available for tensor of rank up to seven [87] these 

provided the logical basis for these calculations. In this form the standard matrix element of 

the spin operators can be utilised: 

(J, mJI Jz IJ, mJ) mJ (7.27a) 

(J, mJ + 11 J+ IJ, mJ) 
1 

[J(J + 1) - mJ(mJ + 1)]2 (7.27b) 

(J, mJ + 11 J_IJ, mJ) 
1 

[J(J + 1) - mJ(mJ -1)]2 (7.27c) 

'2 
(J, mJ + 11 J IJ, mJ) J(J + 1) (7.27d) 

Using equations 7.17 these matrix elements of the Tz,m operators can then be converted to be 

in terms of their tesseral forms. The expressions for many of these matrix elements are often 

long. Therefore, a shorthand notation has been established for economy and is shown in the 

example of the derivation of the matrix elements of ~7,±7(j) shown below. 

Example of matrix element calculation: ~7,±7(j) 

It was useful to first calculate the matrix elements of the relevant spin angular-momentum 

operators before using these results to determine the matrix elements of the Tz,m spherical

tensor operators. An example which also serves to demonstrate the shorthand applied is shown 

below: 

J; {J(J + 1) - mJ(mJ + I)}! ImJ + 1) (7.28a) 
, 1 

J+{J(J + 1) - mJ(mJ + 1)}2 {J(J + 1) 

1 

-(mJ + l)(mJ + 2)}2 ImJ + 2) (7.28b) 
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1 1 
{J(J + 1) - mJ(mJ + 1)}2 {J(J + 1) - (mJ + l)(mJ + 2)}2 

1 

X{J(J + 1) - (mJ + l)(mJ + 2)}2 ImJ + 3) (7.28c) 

This is abbreviated to: 

(7.29) 

where the subscripts relate to the value added to the first and second terms in mJ. Similarly, 

1 
x{J(J + 1) - (mJ - l)(mJ - 2)}2 ImJ - 3) (7.30) 

which is abbreviated to: 

(7.31) 

Taking for example the T7,±7(J) terms then from [87] this is defined as: 

(7.32) 

Therefore: 

(7.33) 

and by symmetry: 

(7.34) 

To convert these matrix elements to be in terms of the tesseral combinations of the spherical

tensor operators requires application of equations 7.17 which then gives: 

(mJ + 71 2s7,7(J) ImJ) 

(mJ - 71 2s7,7(J) ImJ) 

(mJ + 71 2s7,7(J) ImJ) 

(mJ - 71 2s7,7(J) ImJ) 

1 
16 JOl J12h3h4J45J56 J67 

-1 
lltfJOIJ12J23J34J45J56J67 

-z 
16 JOd12h3 J34J45 J56 J67 

z 
16 J01 J1'2 J23 J34J45 J56 J67 
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The full table of matrix elements can be divided into a upper and lower triangle such that the 

upper triangle contains elements of the (mJ ± ml ?st,m(1) IniJ) while the lower triangle 

contains their reverse elements (mJI ?s1,m(1) ImJ ± m). Following the derivation outlined above 

it can be shown that these elements are identical to their conjugates as would be expected 

Hermitian operators. The complete set of the upper-triangular matrix elements are listed in 

table 7.4. 

In this table the following abbreviations are used for economy: 

F± 

7.6 

~{429m:i + 231[10 3J(J + 1)]m~ + 21[101-105J(J + 1) + 15J2(1 + 1)2]m} 
4 429 
+[180 - 882J(J + 1) + 385J2(1 + 1)2 35J3(1 + 1)3]mJ} (7.36a) 

~{429m~ ± 1287m~ + 165[23 - 3J(J + 1)]mj ± 495[11- 2J(J + I)Jm} 
16 429 
+3[1832 - 645J(J + 1) + 45J2(1 + 1)2]m} ± 9[332 - 160J(J + 1) + 15J2(1 + 1)]mJ 

+5[144 - 108J(J + 1) + 20J2(1 + 1)2 J(J + 1)3]} (7.36b) 

~{143m~ ± 715mj + 55[37 2J(J + 1)]m} ± 55[59 - 6J(J + 1)]m} 
8 143 
+[2862 490J(J + 1) + 15J2(1 + 1)2]mJ + 15[72 - 18J(J + 1) + J2(1 + 1?}(7.36c) 

~{143mj 858m} + 11[215 - 6J(J + 1)]m} ± 66[49 3J(J + l)mJ 
8 286 
+3[600 62J(J + 1) + J2(1 + 1)2} 

~{13m} ± 78m} + [179 - 3J(J + 1)]mJ ± 6[25 - J(J + I)]} 
8y 13 

16~{13m} 65mJ + 90 - J(J + I)} 

v'7 
8y12(mJ + 3) 

1 
16 

the BJ7 algebra into EPR-NMR 

(7.36d) 

(7.36e) 

(7.36f) 

(7.36g) 

(7.36h) 

The programme [l1J had its first incarnation as "EPR", a FORTRAN programme 

for the fitting and simulation of EPR data only, which was created through the amalgamation 

of four programmes EPRMIN, EPRSIM, MIN EULER and ESEMIN subsequent extensive 

rewriting. Numerous authors have made contributions to EPR-NMR but principal among 
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Table 7.4: Matrix elements (mJ ± ml {i7,m(J) 1m,,) 

0 0 AO 

+1 +1 B+.101 

-1 B- .101 

-1 +1 -iB+ .101 

-1 iB- .101 

+2 +2 C+ .101.112 

-2 C- .101.11"2 

-2 +2 -iC+ .101.112 

-2 iC- .101 Jpl 

+3 +3 D+.101.112h3 

-3 .101 .11'2.123 

-3 +3 -iD+ .101.h2h3 

-3 iD- .101 .11'1.123 

+4 E+ .101.112.123.134 

.101.112.123J34 

-4 +4 -iE+ .101.112 h3 .134 

-4 .101.11'2.1,},'3.134 

+5 +5 F+ .1Ol.112.h3h4.145 

F- .101 .1F2.1,}.3.1rn.145 

-5 -iF+ .101 .112.123.134.145 

iF- .101.112.123.1,?'.4J45 

+6 +6 CO .1Ol.112.h3.134.145.156 

-6 CO .101.112.123.134.145.156 

-6 +6 -iCO .101.112.123.134.145.156 

-6 iCo .101.112 .123 .134 hs .156 

+7 HO .101.112.h3.134.145.156.167 

H O .101 .112.123.134h±5.156.167 

-iHO .101.112.123.134.145.156.167 

iRO .101.h2h3.134.145.15S.1S7 
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these are M. J. Mombourquette, J. A. Weil and D. G. McGavin. The result of this work is 

the most modern version (6.08) which r'>n-d,,-rrn a wide array of useful functions at advanced 

levels of theory with equal application to either EPR or NMR investigations. EPR-NMR is 

now used extensively, particularly throughout the EPR community, and is especially useful in 

interpretation of paramagnetic centres in single crystals as described in this thesis. 

Having derived what was thought to be the correct algebra for the calculation of SH terms 

of order BJ7, it seemed that the next obvious step was to include these into EPR-NMR so 

that their parameters could be fitted and potential importance gauged. This proved to be a 

somewhat forbidding task due to the length of the FORTRAN code ("-' 25,000 lines) which 

was often sparsely commented and, having been written by various authors, not always written 

in a consistent style. This lead to numerous problems coding the correct input and output. 

A further problem arose in 

and expressions of the 

input of the functions for the calculation of the coefficients 

of the BJ7 term. It was observed with careful examination 

of the code that not only were the matrix elements not calculated as shown previously in 

this chapter but also, in contrast to the statement in the user's manual for EPR-NMR, the 

high-spin terms BJ3 were not strictly calculated in terms of tesseral combinations of 

spherical-tensor operators. Comparison of the expressions for the operators used in EPR-NMR 

for the calculation of and B J5 terms with those of Buclanaster et al [87] indicated that 

they were in terms of the spherical-tensor operators TI,±m(J) consistent with a formulation as 

derived above. However, although the input and output of EPR-NMR for high-spin Zeeman 

terms is in terms of the coefficients of tesseral combinations of spherical-tensor operators, the 

coefficients used in the internal calculations are those of Stevens' operators. The interrelation 

between the coefficients of spherical-tensor operators Bl,rn and the coefficients of conventional 

Stevens' operators BIn is fully described by equations 8.19 and 8.20 (page 188) and the factors 

in table 8.1 of chapter 8. By systematically picking out the appropriate terms the tables 
~17 

of 8'l,~ (7.2 and 7.3) for each value of l, m and component of the magnetic-field vector, and 

their numerical coefficients, these conversions could be made and the expression for 

the Stevens'-operator coefficients in terms of the spherical-tensor operator coefficients written 

down. expressions are not tabulated here as this represents a straightforward, though 

laborious, process. With the inclusion of these and the expressions for the T7,±rn(J) listed by 
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Buckmaster et al [87] the coding was completed and the programme was then set to include 

the fitting of BJ7 in EPR data analysis. 

As described previously, the results of the fitting of the B(Ti3+) centre in zircon were one of 

the main inspirations for this work on BJ7 terms. Many of the high-spin terms in this system 

have been fitted and found to have statistically significant values. With the observation that 

the size of the coefficients of B13 and B15 were comparable in the analysis of the hyperfine 

structure from the 49Ti isotope [9], it was suggested that the coefficients of B17 might also be 

determined. To determine initially which of these coefficients were non-zero was by reference 

to Table 4 of McGavin and Tennant [42]. Under the 42m (D 2d) symmetry of the zirconium 

site which is the position of the Ti3+ substitution in the B(Ti3+) centre in zircon, the non-zero 

ffi' t f B13 B 1,3 B 1,3 B 1,3 d f B15 B 1,5 B 1,5 B 1,5 B 1,5 Tl £ b coe Clen s 0 are 2,0' 4,0' 4,4 an 0 are 4,0' 4,4' 6,0' 6,4' 1ere ore, y 

induction it was determined that the coefficients of B17 which were potentially non-zero were 

B~'~, B~'l, B~'~, B~'l. Fitting of these terms was with the same data set as that used by Tennant 
, J ) ) 

and Claridge [9] for the refinement of the 49Ti (I = f) hyperfine lines. This revealed that the 

coefficients of the Bf terms were 10 to 100 times smaller than the other high-spin Zeeman 

terms and had uncertainties which were either the same size as, or comparable to, their values. 

Inclusion of this term lead to a small reduction in RMSD of 1.4% but simultaneously caused 

a slight increase in the calculated uncertainties on many of the other fitted parameters. This 

sort of behaviour is consistent with the effects of increased parameterisation and suggests that 

the Bf term can not be determined from these data. 
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Chapter 8 

Coordinate and equivalent 

• expreSSIons spin Hamilt 

8.1 Background 

This chapter sets out to explain the changes made to the programme ROTTEN [89]. This 

programme was designed to compute the "new" values of components of 2nd and/or and/or 

6th rank tensors in irreducible tesseral form under a general coordinate rotation. As part 

of this thesis ROTTEN has been extended (new version named ROTTEN2) to include the 

appropriate expressions for odd-rank tensors in order that the programme may be applied 

to a spin Hamiltonian (SH) defined by parameters from high-spin Zeeman terms and field

independent mixed-spin terms such as 815 . Most of the background theory described in this 

chapter in not new, indeed much of the basic algebra describing the coordinate rotations was 

known long before the advent of EPR. However, the matrix elements of proper rotations of odd

rank tensors, as originally derived by VV. C. Tennant [82], have not previously been reported. 

The following discussion is designed to explain the theory behind the function of ROTTEN2 

and to act as a summary of the coordinate rotation algebra and matrix elements as well as 

a reference for the definitions of and interrelatioIh'l between various operator formalisms as 

employed in this programme. 

The programme ROTTEN was written by W. C. Tennant [89] to perform the two pri

mary tasks. Firstly, it used relationships reported in the literature to transform between the 

179 



coefficients of the three most commonly used forms for SH terms of order greater than two: 

conventional Stevens' operators, normalised Stevens' operators and spherical-tensor operators. 

Secondly, it used derived A~:~ rotation matrices to rotate the coordinates of the SH to any 

desired orientation and calculated 

of the common operator 

corresponding new values of the parameters for all three 

full coding of this programme is not appropriate for 

inclusion in this work but it is proposed that it will be made available through the International 

EPR society. 

In writing an expression it is desirable to choose a form which not only obeys the-

oreticallimitations but is also economic and easily transformable between reference frames. The 

main theoreticalllITut:anons, as described in the previous chapter, are due to the requirement for 

time reversal invariance and the maximum order of spin-Hamiltonian terms as constrained by 

the magnitude of the J (S or I) of the system. These are not part of the main thrust of this 

chapter and will not be discussed in detail. However, economy of expression and transformation 

properties will be studied more closely. 

With of electron or nuclear spin many terms are theoretically permitted in 

the SH. Consequently a vast number of parameters may potentially need to be fitted in the 

interpretation of these terms. An economic expression for these parameters is required not 

only to reduce the computational difficulty of fitting but also to allow for the determination 

of real effects as distinguished from the improvements in fitting allow(:'fl for by increa..'led para

meterisation. Unfortunately, a number of different formalisms have been developed to describe 

higher-order terms in the SH. The mathematical relationships between all of these is now well 

established and experimental results expressed in any of the more popular 

Tnrrnl"n into anyone of the others. 

can be trans-

A useful property of an irreducible tensorial set of parameters is that of preservdtion of norm 

under coordinate rotation. This is used in the programme ROTTEN2 to perform the following 

functions: 

.. rotation to coordinates which diagonalise a dominant term (usually the electronic Zeeman 

or fine structure in EPR studies) to facilitate perturbation calculations 

rotation to coordinates which diagonalise a parameter matrix in order to calculate its 
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principal values and directions 

" transformation of a SH from "crystal" to "magnetic" coordinates to facilitate examination 

of magnetic fine structure 

iii comparison of SH parameters where different sets of reference axes have been chosen 

• systematic rotations over the angles a, (3, "( to search for axes of pseudo-symmetry 

in the fourth and sixth terms of the SH 

8.2 Expressions the Hamiltonian 

Cartesian-tensor notation 

In studies of Slll.!2:le-Crvst EPR the orientation dependence of the resonance energy 

provides the basis for studies of microstructure surrounding a paramagnetic defect. For 

spin systems with J ~ 2 this is usually described by 2nd-rank Cartesian tensors as shown in 

equation 8.1. 

( 

l 1 T (grere grey grez 1 ( Sre 1 ( Sx 1 T (DXX Dxy Drez 1 (sre 1 
ii, ~ Pe

B ~ ::: :::: ~: +~: ~:: ~:: ~:: Sy + 

( 

Sre 1 T (AXX Arey Axz 1 (Ire 1 (l 1 T (g(n)rere g(n)reu g(n)rez 1 ( 1 
Sy Axy Ayy Ayz Iy - IBnE m g(n)rey g(n)yy g(n)yz Iy 

Sz A yz Azz Iz n g(n)rez g(n)yz g(n)zz Iz 
(8.1) 

There is some debate as to whether the tensors relating different vectors are true or pseudo 

tensors. this has been discussed in the previous chapter and all of these will now 

be included in the set of Cartesian tensors of rank 2. In systems with J ~ ~) higher-order 

terms are theoretically permitted in the SH. When expressed in terms of Cartesian tensors 

terms rapidly add considerable complexity and with large values of J a bewildering array 

of are required to fit the measured spectral data. 

Throughout this chapter the Zeeman terms will be used in examples of the various notations. 

181 



Although not the most simple case they are >'",'",ue'TVI" to the previous chapter and are a central 

area of interest in this thesis. In nomenclature the familiar linear electronic 

Zeeman term BS can be described by: 

(8.2) 

where the superscripts are U">LHC'U by it~IB,ls). It is not possible to represent terms such as BS3 

in this way because its are elements of a fourth-rank tensor written as a 3 x 3 x 3 x 3 

matrix. This problem can be overcome by noting that equation 8.2 may be written as a sum 

of terms describing the 9 tensor elements [78]. Thus the electronic Zeeman term becomes: 

itp,l) fleB:L :L gj,/BjSl (8.3) 
j=x,Y,Z l=x,y,z 

In a similar fashion we can now express the BS3 and BS5 Zeeman terms in Cartesian tensor 

form: 

it(l,3) 
s :L :L :L :L gj,lmnBjSISmSn (8.4) 

j=x,y,z l=x,y,z m=x,y,z n=x,y,z 

it(l,5) 
8 fle B :L :L :L :L :L :L gj,lmnBjS/SmSnSpS.r (8.5) 

j=x,y,z l=x,y,z m=x,y,z n=x,y,z p=x,y,z r=x,y,z 

In the above expn~SSlOrlS the comma between the subscripts on the 9 tensors distinguishes the 

SUbscript associated with a component of B from the subscripts associated with components 

of S. At a first glance it appears that the BS3 and BS5 SH terms 

arrlet.ers respectively for a description of their angular behaviour. Fortunately, neither 

parameterisations represents a fully-reduced set and indeed it is known that the 

formulation of the SH contains a greater number of redundancies than any 

other. When a set of parameters does not represent a fully-reduced (or irreducible) set then it 

can be shown that there are linear relations amongst some of them [78]. Such redundancies are 

undesirable when fitting of highly complex systems begins to tax computing facilities 

and deconvolution of various effects become difficult. Consideration of redundancy relations 

shows that the number of independent parameters required to describe BS3 in Cartesian-
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tensor form is reduced from 81 to 30 and the number to describe BS5 is lowered considerably 

from 729 to 63. However, these still represent large and reducible sets of parameters. 

Formulations of Stevens' operators 

To overcome the problems involved in describing the SH in terms of Cartesian tensors and the 

angular-momentum operator j, it is now widely accepted that for J ? ~ the SH should be 

expressed as a series of operator equivalents or tensor operators which are functions of the spin 

operator j (8 or I). Unfortunately, a number of different formalisms have been developed. The 

first of these expressions is attributed to Stevens [79] who described the operator equivalents 0i 
(now known as Stevens' operator equivalents) where land m are integers such that 0 ~ l ~ 2J 

and -l ~ m ~ l. It was advantageous to use these operators because they were derived from 

the well known potential functions used in crystal-field theory and had a 1:1 correspondence to 

spherical harmonics making their matrix elements readily tabulated [79]. 

Most widely used in the EPR literature are the so-called conventional Stevens' operators, 

Or 7 which are defined by tesseral combinations of the Stevens' operator equivalents as shown 

below [42]. 

m=O 

m> 0 (8.6) 

Thus, the most general expression for the SH in terms of conventional Stevens' operators is: 

I 

Hs= L L BrOi (8.7) 
I m=-l 

The parameters Br are coefficients of the conventional Stevens' operators whose value is deter

mined from the experimental data. In many early tabulations the operators with m < 0 were 

not included and thus the theoretical analysis of EPR results in terms of conventional Stevens' 

operators was often flawed. For comparison with the equivalent Cartesian-tensor form, the 

7That 0 1 and o;±m are vector operators has not been signified with bold type and a circumflex as the 
symbolism shown is widely accepted throughout the literature. 
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electronic Zeeman terms for order up to are listed below. 

ii(l,l) 
s 

j=x,'Y,z m=-l 

3 

f3e B I: I: BjBrOr 
j=x,'Y,z m=-3 

5 

f3e B I: I: BjBSOS 
j=x,'Y,z m=-5 

(8.8a) 

(8.8b) 

(8.8c) 

Although this formulation appears to give an economic expression for the SH it has two major 

drawbacks. Firstly, 

Cartesian-tensor 

arrLetlers Br, although containing fewer redundancies than their 

are still not fully reduced for Zeeman terms and lnixed-spin 

terms (such as SIS) [78]. Secondly, the parameters do not transform consistently under proper 

rotations. In the case of 

m 

conventional Stevens' operators: 

coordiuate rotatiouF =1= I:[Bl:fter coordinate rotatiollF 
m 

(8.9) 

According to Rudowicz [90], the Stevens' operators may be transformed consistently with the 

application of appropriate algebra. However, for maximum usefulness it is best that their 

transformation properties can be directly determined using the readily available [91,92] matrix 

elements of rotations. The nature of these rotations and their application will be described 

fully later in this chapter. 

Normalised Stevens' operators 

The desirability of rotational consistency has lead to a several attempts to the Stevens' 

r.r;,07'<;>,+r.·rCl with appropriate coefficients. Most notable of these is by .J...)l,llA\.lllC",,"'Ol [93] who ob

that individual Stevens' operator equivalents OIn and 0im separately defined, 

than as conventional Stevens' operators, transform like the corresponding spherical har

LJ.L,-,",LJ\J'" Yl,m(8, ¢). Therefore, as with spherical harmonics, their norm is preserved under axis 

rotation. Buckmaster went on to define new operator equivalents 6tm related to otm by ra

tional factors. As defined, they have the properties of tensors and transform consistently under 
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finite rotations so that the matrix elements d(l), of finite rotations can be employed directly rn,rn 
in any axis reorientation. These new operator equivalents are Racah [S4] operators which form 

an irreducible set of tensor operators [94]. By definition, the set of 2l + 1 operator equivalents 

Or (m = l, l - 1, l - 2, ... - l) transform under rotation of coordinates as: 

-~ Or = V (2T+1) x Yi,rn(e, ¢) (S.10) 

Furthermore, as they have the properties of tensors they transform consistently under finite 

rotations. As with the definition of the conventional Stevens' operators in terms of tesseral 

combinations of the Stevens' operator equivalents, the so-called normalised Stevens operators 

Of±rn can be defined in terms of the otrn operator equivalents [95] as shown below. 

0 ,0 - kOO-o 
I - I I m=O 

Ofrn = jz[(-l)rnOr +Olrn] } 
o,-rn - '~[(_1)rn+10rn + o-rn] 

I -'l.j2 I I 

m>O (S.l1) 

Normalised Stevens' operators are thus proportional to tesseral Harmonics and consequently 

have real coefficients. The general SH in terms of these operators is then defined by: 

I 

Hs = I: I: BfrnOfrn (S.12) 
I rn=-l 

where the coefficients Bfrn have a norm which is conserved under rotation of the coordinate 

frame and thus: 

I:[Bfbefore coordinate rotation]2 = I:[Bf~fter coordinate rotation1
2 (S.13) 

However, the appropriate rotation matrix elements of the normalised Stevens' operators are not 

those of finite rotations. To apply the matrix elements d(l), of finite rotations to transform the rn,rn 
coordinate frame of a SH formulated in terms of normalised Stevens' operators would require 

application to the otrn operator equivalents. This is inconvenient as these may have complex 

coefficients. 
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From 8.12 it is clear that the electronic LlG'GHJ.U,H terms of order up to 5 are expressed as 

follows: 

I 
fi"I,I) 

s 
B·Blma,m 

J I I (8.14a) 
j=x,y,z m=-l 

3 
fl(1,3) 

s I: B·Blma'm 
J 3 3 (8.14b) 

j=x,y,z m=-3 

5 
fl(1,5) 

8 fle B I: B·B/ma'm 
J 5 5 (8.14c) 

j=x,y,z m=-5 

Formulation of the spin Hamiltonian in terms of spherical-tensor operators 

An elegant alternative approach is through the application of spherical-tensor operators Tl,m' 

These have been discussed in the previous chapter but for completeness a brief 

Buckmaster [87] used the definition of Racah [84] to review will be presented again 

an irreducible tensor of rank I to be a set of (21+ 1) quantities Tl,m, -l < rn < I, which trans-

form under the finite rotations in three-dimensions like the corresponding spherical UUJL.LH',n 

Yi,m(e, ¢). This has a advantage over the conventional Stevens' approach, in that 

proportionality to Yi,m (e, ¢) means that they have one of the properties of spherical harmonics 

which is that the norm their coefficients is preserved under axis rotation. Furthermore, un

like the normalised Stevens' operators, coordinate rotations of their tesseral forms can be made 

through direct application of the tabulated matrix elements of proper rotations. 

As with the previous two formulations it is usual to take tesseral combinations of the 

spherical-tensor to ensure that real coefficients are produced. These are defined 

as: 

~I,O = 1'1,0, I even 

& ::.sl,m [(-l)m TI,m+ TI,_m] /0 } 
any I; 0 < rn ~ I 

[ 
m+1 A ~ ].10 i (-1) Tl,m+TI,-m /v2 

(8.15) 

The corresponding real coefficients Bin h are related to their complex counterparts by the 1,'Tn 
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relations: 

(8.16) 

where G = gef3eB if J S or G gnf3nB if J I. The general expression of the Zeeman 

terms of degree BIB JIJ can be written terms of double-vector tensor operators i';~J (B, J) : 

lB+IJ I 
~ aIB,IJi'IB,iJ (B j) 
D I ,Tn I,Tn , (8.17) 

-IJlm=-1 

and thus the electronic Zeeman terms of order up to five are represented as: 

R(1,l) 
8 {

B l ,l9'l,l(B S) + ~ Bl,l9'l,l (B S)} 
0,0 0,0' D 2,m 2,m , 

Tn=-2 

(8.18a) 

{ 
2 B 1,3 9'1,3 (B S) + ~ B l ,3 9'1,3 (B S)} 

2,m 2,Tn' D 4,Tn 4,m , 
m=-2 Tn=-4 

R(1,3) 
s (8.18b) 

R(1,5) 
s [3,B L~-, Bi:!:;,i:;,,(B, S) + =t6 Bi:;"si:;"(B, S) } (8.18c) 

To make these eXI)ressi()ns applicable to experimental problems the two-vector operators have 

to be resolved into products of single-vector operators (B or S), as described in the previous 

chapter. However, this formulation of the SH is still the most favourable not only because its 

parameters represent an irreducible set and the operators are consistently into a new 

coordinate frame by proper rotations but also because these expressions are easily extended to 

terms. 

8.3 Interrelations between spin-Hamiltonian 

programme ROTTEN2 rotates the coordinate frame of a SH expressed in terms of conven

tional and normalised Stevens' operators by first converting them to spherical-tensor form. This 

is vocau.'''' as there are relatively straight-forward relationships between all three formulations 
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of the SR. The conventional Stevens' operators can be written in terms of the spherical-tensor 

operators through the relations: 

m 0 

m>O (8.19) 

where the coefficients Atm [42] listed in table 8.1 relate the coefficients of the conventional 

Stevens' operators and tesseral spherical-tensor operators through the relation: 

(8.20) 

Similarly, the normalised ."'''I".'''''T'''' operators, Of±m can also be written in terms of the spherical-

Table 8.1: Factors 
Stevens' operators 

m 

±O 

±1 

±8 

1 

1 

1 

~LU'UU"h the coeffients of spherical-tensor operators and conventional 

2 3 4 5 6 7 8 

J6 VW 2V70 6J14 4V231 4V429 

M J7 2y'42 2Jll 801.29 
vI3 vis V7 

V2 fl J14 .Y1I 4v'22 
V3 vis vis 

2 1 12 
vis 

2V2 2fl .!Y:'IT 
vis vI3 

4 M 
vis 

4V2 4V15 

8 2V2 

8V2 
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tensor operators r.rl,m as shown in equations 

a'7n 
_ 

I -

a,-m 
l 

m 0 

m>O (8.21) 

In this case the coefficients Kz relate coefficients of the normalised Stevens' and tesseral spherical 

tensors through the relation: 

B KzBz
,m 

I,m (8.22) 

As both of these forms are tensor operators their relationship depends only on l and not 'Tn and 

thus it can be shown that Kz A? and therefore 8.22 can be rewritten as: 

B AOzB/,m 
I,m 

and therefore these UV'::;U.l'u.lC;,l.lLQ can be extracted directly from the first row of table 8.1. 

8.4 Behaviour of the spin Hamiltonian under coordinate 

tion 

(8.23) 

An orthogonal transformation of the coordinate frame of a spin vector J transforms its compo

nents such that: 

J = aJ' (8.24) 

In equation 8.24 JI represents the vector J with its coordinates now referred to the new coor

dinate frame. As inversions and reflections are not involved in the transformation of interest, 

aisa3x3 rotation matrix which is constrained by the orthogonality relations: 

Laikajk Dij (8.25a) 
k 

Lakiakj Dij (8.25b) 
k 
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Similarly: 

(8.26) 

For pure rotations a further condition is imposed: 

det(a) = +1 (8.27) 

A rotation matrix of any order which obeys the above conditions is termed a proper-rotation 

matrix. Under the transformation in 8.2L1 the rotation of the elements of the D parameter 

matrix (shown in 8.1) can be written as: 

(8.28) 

Multiplying out and rearranging the traceless and symmetric properties of D gives [42]: 

Dl 

D2 
A(2) 

hk Dxy (8.29) 

Dxz 

Dyz Dyz 

where Dl = !(Dxx - Dyy) and A~~ is a 5 x 5 proper-rotation matrix. A 

similar expression can be written for g but the vector of matrix elements cannot expressed 

so neatly. All 

operator vector j. 

operator formalisms discussed in this chapter are functions of the spin-

described previously, for any of these forms 

of operator components within each I manifold. Therefore, the most 

rotation of the coefficients of such an operator can be expressed as: 

[B1,m]' 

(2l+1)x1 

[A~k] 
(2l + 1) x (2l + 1) 

x 
[B/,m] 

(21 + 1) x 1 

is a 21 + 1 basis set 

expression for the 

(8.30) 

where Bl,m is the coefficient of the operator in the SH and A~k is the appropriate proper

rotation whose rows and columns are indexed by 1 ~ h ~ (2l + 1) and 1 ~ k ~ (2l + 1) 
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respectively. 

The set of finite rotations which transform a reference frame R into a new frame R' can be 

described by the Euler angles a, {3, , which are described by [85]: 

1. A rotation of initial coordinates (x, y, z) about the z axis by an angle a giving new 

coordinates (x', y' z'). 

2. A rotation about the y' axis by an angle {3 to give new axes (x", y", Zll). 

3. A rotation about the x" axis through an angle, giving new axes (XIII, y"', Zll'). 

Rotation of the coordinates of a spin Hamiltonian formulated in terms of spherical-

tensor operators 

The matrix elements of the finite rotations ill, ({3) are tabulated for l :( 6 ([91, 92] and this m,m 

chapter). From these tables the transformation relations amongst the 1'I,m(J) spherical-tensor 

operators can be determined explicitly for any axis rotation. This rotation of coordinates can 

be expressed in terms of the Euler angles as [87]: 

I 

1'I,m(J) = eima L (-l)m'-md~"m({3)1'I,m,(J')eim'l (8.31) 
m'=-I 

The prime on the integer m' does not refer to an axis rotation but instead comes from the 

original definition of the proper rotation dell, ((3) where m' is a different value of m in the m,m 

same manifold of m values. It has been shown [87] that an operator R( a{3,) can be expressed 

which rotates the coordinates of a reference frame about the origin as: 

(8.32) 

A similarity transformation of an angular-momentum operator 1'I,m(J) using the rotation op

erator as defined above gives: 

I 

R(a{3,)1'I,m(J)R-1 (a{3,) == 1'I,m(J') = L D~'m(a{3,)1'I,m,(J) (8.33) 
m=-I 
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where: 

(8.34) 

The term d~"m(f3) == D~'m(O f3 0) is real and can be expressed via recursion formulae but in 

practise is calculated from the tables of Buckmaster [91, 92]. Usefully, by taking the inverse 

similarity transformation it can be shown that [87]: 

d~, m(f3) , ( -l)m'-md~,m,(f3) 

(_l)m'-md~, m( -(3) , 

( -l)m'-md~~,_m,(f3) 

(8.35a) 

(8.35b) 

(8.35c) 

When the transformation defined in 8.31 is applied to the SH it can be shown [42] that the linear 

relations between the parameters (Bl,m)' in the new coordinate frame and the Bl,m parameters 

in the old frame are: 

(BI,O)' 

(Bl,-m)' 
I 
~ (_l)m'-m Kl,m {[_dB + (_l)mdB ] B , D K I rn/,m m',-m l,-m 

m'=O I,m 

+ [d~"m + (-l)md~,,_mJ Bl,-m' } (8.36c) 

where in the above equations: 

(8.37) 

and Kl,O = 1 and Kl,m = 0 (m =I 0). Thus there is an explicit expression for equation 8.30 

and using the tabulated matrix elements d(l), (f3) (table 8.4) and equations 8.35 all the matrix m,m 

elements A~k can be determined. 
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of the derivation of the matrix elements A~k 

Since the rotations required are trigonometric functions of Euler angles equation 8.37 can be 

rewritten as: 

d':n',m + id':n',m d~"m({3) [cos(m'a + m,,) + isin(m'a + m,,)J (8.38) 

and thus by equating the real and "V'""iJ"'JJ>. parts it can readily be shown: 

d(l), ((3) cos( m' a + m,,) 
1n ~1n 

d~"m({3) sin(m'o: + m,,) 

Taking for example (B6,4)', equations 8.35 and 8.39 give: 

(B6,4)' = V2 { d~~l ({3) cos 4" + d~~~4 ((3) cos( -4,,) 

+ d~~l ({3) 4" + d~~~4 ((3) sin( -4,) } B6,o 

{ dl~l ((3) cos( 0: + 4,,) + dl~~4 ((3) cos( 0: 4,,) } B6,1 

{ d~~l ((3) sin( 0: + 4,,) + di~~4 ((3) sin( 0: 4,,) } 

+ { d~~l ((3) cos( 0: + 4,) + d~~~4 ((3) cos( 0: - 4,,) } 

+ {d~~l({3) sin(2a + 4,,) + d~~~4({3) sin(20: 4,,)} 

(8.39a) 

(8.39b) 

+...... (8.40) 

The relationships 8.35 the equivalent and reduced equations: 

V2 {d~~l({3) cos4"B6,O} 

{ di~l ((3) cos( 0: + 4,,) + di~~l ((3) cos( 0: 4,,) } B6 ,1 

{di~l({3) sin(o: + 4,,) + di~~l ((3) sin(o: 4,,)} B6,-1 

+ {di~~({3) cos(o: + 4,,) + d~~~2({3) cos(o: 4,,)} B6,2 

+ {d~~~({3) sin(20: + 4,,) + d~~~2({3) sin(2a 4,,)} B6,-2 

+ ..... . 
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Before calculating A~k some notation first needs to be defined. Programme ROTTEN2 does 

not use the rotation matrix elements expressed in terms of Euler angles a, (3, , but instead in 

terms of the components aij of the rotation matrix a introduced in equation 8.24. This form 

of the rotation matrix elements proves to be convenient in applications such as perturbation 

theory [42]. The relationships between the two [42] are: 

(±1 + cos (3)e[i(=fa -,)] 

a33 cos (3 

(8.43a) 

(8.43b) 

(8.43c) 

(8.43d) 

A convenient contracted notation has been developed to aid in the compilation of the table of 

A~k matrix elements. Using the relationships in equations 8.50 the contracted notation shown 

in table 8.2 can be applied. 

Table 8.2: Definition of contracted notation used in compilation of tables of A~k. 

Euler angle notation aij notation Contracted notation 

(1 + cos (3) cos(a +,) an + a22 al+ 
-(1- cos (3) cos(a -,) an - a22 al-
-(1 + cos (3) sin(a +,) a12 - a21 a2-
-(1 - cos (3) sin(a -,) a2 + a21 a2+ 

sin (3eia a13 + ia23 
- sin (3e-h a31 + ia32 

cos (3 a33 
sinn (3eina (a13 + a23)n Gna + iSn<> 

(-l)n sinn (3e-in, (a31 + ia32)n Gn, + iSn, 
(1 + cos (3)n e-in(a+,) (a1+ + ia2_)n Gna +iSna 

(-l)n(l- cos (3)n ein(a-,) (al- + ia2+)n Gnb + iSnb 

The coefficients Gnz , Snz (n = 2,3,4,5,6; z = a",a,b) are obtained from the expansions 

listed in table 8.3. 
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Definition of A};?k 

Table 8.3: Expansion of coefficients Cnz , Snz 

y2 
3y2) 

C4z 6x2y2 + y4 
C5z = x(x4 10x2y2 + 5y4 
C6z x6 15x4y2 + 15x2y4 _ y6 

S2z 
S3z = y(3x2 y2) 
S4z 4xy (x2 y2) 
S5z y(5x4 lOx2y2 + y4) 
S6z 2xy(3x4 lOx2y2 + 3y4) 

where: 

z a I a b 

x a13 a31 al+ al

y a23 a32 a2- a2+ 

Each of the terms derived from the expansion of (B1,Tn)' using equations 8.35 for each BI,Tn 

corresponds to an element of matrix A~t This is achieved by equating values of the row , 

and column indices hand k with the values of the Tn quantum numbers of (B1,Tn)' and (BI,Tn) 

respectively. This relationship is: 

h or k 

Tn 

1,2,3,4,5, ..... 2l, 2l + 1 

0,1, -1,2, -2 ..... ,1,-l 
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So the matrices are constructed: 

k 

o 1 -1 2 -2 1 2 3 4 5 

0 1 

1 2 

mh -1 Amh,m" h 3 Ah,k 

(8.45) 

2 4 

-2 5 

Therefore, from the calculations on (Bz,m)', and using the results presented in the table of 

d(l), ((3) (table 8.4), the results in 8.41 can be used to calculate A h(6k) • m,m ) 

(8.46) 

where: 

s = sin (3, e = cos (3 (8.47) 

Converting to an expression in terms of the elements of the rotation matrix a through applica

tion of equations 8.50 gives: 

(6) 3.j7 4 2 2 4) ( 2 AS1 = --(a31 - 6a31 a32 + a32 11a33 -1) , 16 
(8.48) 

This can be rewritten using the shorthand notation in table 8.3: 

(6) 3.j7 2 
AS1 = -C4,-y(lla33 - 1) , 16 

(8.49) 

Similarly: 

A(6) 
S,2 

y'3 16 {-s3(1 + e)(33e2 - lle - 2) cos(a + 4,) 

+s3(1 - e(33e2 + lle - 2) cos(a - 4,)} (8.50a) 
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(6) (6) 
where h,1 and f 4 ,,+1 are defined as in table 8.4. 

e(33e2 + 11e 2) sin(o; 4,)} 

(a2- C3, + a1+S3,)f~~~ + (a2+ C3, + a1_S3,)fl~~1} 

(8.50b) 

(8.50c) 

(8.50d) 

The complete 169 element ((2l + 1) X (2l + 1); l 6) matrix is determined in a fashion similar to 

that described for the three terms shown above. The complete list of A~~k matrix ","""U".u 

tensors of rank 1 6 are listed table 8.5. These tables were originally derived by McGavin 

and Tennant [42, 82]. In course of testing ROTTEN2 a number of typographical errors 

were discovered. This was determined by checking the consistency of the norms calculated for 

each rank tensor. Identifying which particular elements were incorrect was through application 

of the orthogonality relations in equations 8.25. It can now be stated with some confidence that 

the rotation matrix ele:ments in ROTTEN2 are error free. 

8.5 Tables of d~, m(3) matrix elements , 

In the following tables notation shown below is used for brevity: 

s = sin (3 e = cos (3 

The relations: 

d?J m,((3) , (_1)m-m'd(l) ((3) 
m',rn 

d?J =,((3) , (-1)m-m'd?J, =((3) , 

allow the non-tabulated matrix elements to be obtained from listed. 

197 



Table 8.4: d;;:, m ((3) elements for l 2-6 , 

rn' m d<;J, m ((3) (l) _ (I) (c) 
fm'nt - fm'm , , , 

2 2 ±2 h1 c? 

±1 ± c) 

a 

1 ±1 1 ( ) (2) 2' 1 + c f 1,±1 2c =F 1 

a 

a a ~(3c2 1) 

3 3 1 + 3c2 ±3c+ 1) '8 

±2 ± 2c+ 1) 

±1 IJA s2(1±C) 

a 

2 ±2 1 (2 2 )l3) 4" c ± c+ 1 2,±2 3c=F 2 

±1 ± c)f(3) 
2,±1 3c =F 1 

a v'3O S2c 
4 

1 ±1 1 ( )tc3) "8 1 ± C l,±l 15c2 =F lac - 1 

0 -4s(5c2 -1) 

0 0 ~c(5c2 - 3) 

4 4 l6 (1 ± c)4 

±3 -¥s(l ± c)3 

±2 .vs2 (1 ± c)2 

-1'* s3(1 ± c) 

0 y'7O S4 
16 

3 1(1±c)3tc4) 
8 3,±3 4c =F 3 

±2 - YEs(l ± c)2 i4) 8 3,±2 2c =F 1 

±1 ::L1 s2(1 ± c)i4) 8 3,±1 4c =F 1 

0 - v}5s3c 
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m/ 17" d~, m(f3) /1) = /1) (C) 
, m',m m',m 

4 2 ±2 1(1 ± c)2/4) 4 2,±2 7c2 =F 7c+ 1 

±1 _fls(1 ± C)f(4) 
8 2,±1 14c2 =F 7c - 1 

0 Yfs2(7c2 - 1) 

1 ±1 1( )f(4) 8" 1 ± C 1,±1 28c3 =F 21c2 - 6c ± 3 

0 -Y}-sc(7c2 - 3) 

0 0 ~(35c4 - 30c2 + 3) 

5 5 ±5 l2 (1 ± c)5 

±4 -'Ws(1 ± c)4 

±3 3: s2(1 ± C)3 

±2 -\Ws3(1 ± C? 

±1 vgJD s4(1 ± C) 

0 _Ms5 
16 

4 ±4 A (1 ± c)4 fi~l4 5c =F 4 

±3 _Ms(1 ± c)3 f(5) 32 4,±3 5c=F 3 

±2 fls2(1 ± C)2/5) 
8 4,±2 5c =F 2 

±1 -~s3(1 ± C)f(5) 16 4,±1 5c =F 1 

0 3v'70 S4C 
16 

3 ±3 l2 (1 ± c)3 f~~l3 45c2 =F 54c + 13 

±2 -.Y:2s(1 ± c)2 f(5) 16 3,±2 15c2 =F 12c + 1 

±1 v'42 s2(1 ± C)f(5) 32 3,±1 15c2 =F 6c - 1 

0 - \fs3(9c2 - 1) 

2 ±2 1(1 ± c)2 f(5) 4 2,±2 15c3 =F 18c2 + 3c ± 1 

±1 _fls(1 ± C)/5) 
8 2,±1 15c3 =F 9c2 - 3c ± 1 

0 YfOs2c(3c2 - 1) 

1 ±1 1 ( )f(5) 16 1 ± C 1,±1 105c4 =F 84c3 - 42c2 ± 28c + 1 

0 - \Ws(21c4 - 14c2 + 1) 

0 0 ~c(63c4 - 70c2 + 15) 
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m' m 
(I) _ (I) 

fm' m - fm' m(C) , , 

6 6 ±6 (1 ± c)6 

±5 --fzls(l ± c)5 

±4 \¥s2(1 ± c)4 

±3 -Ws3 (1 ± c)3 

±2 (1 ± c)2 

±1 - 3fl2 s5(1 ± c) 

0 fi3I S6 
32 

5 ±5 1 (1± )5/6) 32 c 5,±5 6c =f 5 

±4 -~s(l ± c)4f(6) 32 5,±4 3c=f 2 

±3 VI65 s2(1 ± c)3/6) 32 5,±3 2c=f 1 

±2 _VI65 s3(1 ± c)2 /6) 32 5,±2 3c=f 1 

±1 .i§§s4(1 ± c)/6) 32 5,±1 6c=f 1 

0 _3Vft
S
5

C 16 

4 ±4 l2(1 ± c)4fl~l4 
±3 _ V30 s(l ± c)3/6) 32 4,±3 =f + 13 

±2 ~s2(1 ± c)2/6) 64 4,±2 llc2 llc+2 

±1 _ V3 s3(1 ± c)/6) 16 4,±1 33c2 =f 22c + 1 

0 3jJAs4(l1c2 - 1) 

3 l2 (1 ± c)3 f~~l3 110c3 =f 165c2 + 60c =f 1 

3 ( )2 /6) -32 s 1 ± C 3,±2 55c3 =f 55c2 + 5c ± 3 

±1 3v'N g2(1 ± c)/6) 32 ' 3,±1 22c3 =f llc2 - 4c ± 1 

0 -7s3c(l1c2 - 3) 

2 1 ( )2/6) 64 1 ± C 2,±2 495c4 =f 660c3 + 90c2 ± 108c 17 

±1 -:Li]s(l ± c)2/6) 32 2,±1 99c4 =f 66c3 - 36c2 ± 18c + 1 

0 s2(33c4 18c2 +1) 

1 ±1 
(6) 

l6 (1 ± c)f1,±1 198c5 =f 165c4 - 120c3 ± 90c2 + lOc =f 5 

0 {Fsc(33c4 - 30c2 + 5) 

0 0 (231c6 315c4 + 105c2 - 5) 
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8.6 (l) 
Tables of Ah k 

) 

the aij notation 

The notation used in this table has been fully described in the text. The functions ll~ = , m,m 

f~~ m(c) = f~i m(a33) are obtained from table mh and mk are the m quantum numbers , , 

corresponding to hand k respectively. 
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Table 8.5: A~k in the aij notation 

h k mh mk 
A(l) 

h,k 

1 1 1 0 0 a33 

1 1 2 0 1 a13 

1 1 3 0 a23 

1 2 1 1 0 a31 

1 2 2 1 1 all 

1 2 3 1 -1 a21 

1 3 1 0 a32 

1 3 2 -1 1 a12 

1 3 3 -1 -1 a22 

2 1 1 0 0 ~(3a~3 1) 

2 1 2 0 1 V3a13 a33 

2 1 3 0 -1 V3a23a33 

2 1 4 0 2 

2 1 5 0 -2 

2 2 1 1 0 V3a31 a33 

2 2 2 1 1 1 (2) (2) ) 
2" a1+hl + al-h-l 

2 2 3 1 -1 1 (2) (2) ) 
2( -a2-f1,1 + a2+h-l 

2 2 4 1 2 ~ {a13(a1+ + al-) + a23(a2- a2+)} 

2 2 5 1 -2 ~ {a23(a1+ + al-) + a13(a2+ a2-)} 

2 3 1 -1 0 V3a32a33 

2 3 2 -1 1 1( l2) l2) , 
2" a2- 1,1 + a2+ 1,-1) 

2 3 3 -1 -1 1 (2) (2) ) 
2(a1+fl,1 - al-h-l 

2 3 4 -1 2 ~ {a23 (al- - a1+) + aI3(a2+ + a2-)} 

2 3 5 -1 ~ {aI3(a1+ - al-) + a23(a2+ + a2-)} 
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h k mh mk 
A(l) 

h,k 

2 4 1 2 0 :flC 
2 2, 

2 4 2 2 1 ~ {a31 (a1+ + al-) - a32(a2+ + a2-)} 

2 4 3 2 -1 ~ {a32(al- - a1+) + a31(a2+ - a2-)} 

2 4 4 2 2 ~(C2a + c2b ) 

2 4 5 2 -2 ~(S2b - S2a) 

2 5 1 -2 0 :flS 
2 2, 

2 5 2 -2 1 ~ {a32(a1+ + al-) + a31(a2+ + a2-)} 

2 5 3 -2 -1 ~ {a31(a1+ - al-) + a32(a2+ - a2-)} 

2 5 4 -2 2 ~(S2a + S2b) 

2 5 5 -2 -2 ~(C2a - c2b ) 

3 1 1 0 0 ~a33(5a~3 - 3) 

3 1 2 0 1 2ia13(5a~3 - 1) 

3 2 3 0 -1 2ia23(5a~3 - 1) 

3 1 4 0 2 ill C 2 a33 2a 

3 1 5 0 -2 ill S 2 a33 2a 

3 1 6 0 3 VSc 
2v'2 3a 

3 1 7 0 -3 ~S 2v'2 3a 

3 2 1 1 0 1a31(5a~3 - 1) 

3 2 2 1 1 1 (3) (3) ) 
g(a1+fl,l + al-iI,-l 

3 2 3 1 -1 1 (3) (3) ) g( -a2-f1,1 + a2+iI,-1 

3 2 4 1 2 ~ {(a13a1+ + a23a2-)f~~{ + (a13 a l- - a23a2+)f~~21} 
3 2 5 1 -2 vp {(a23a1+ - a13a2-)f~~{ + (a23 al- + a13a2+)f~~21} 
3 2 6 1 3 vp {(a1+C2a + a2-S2a) + (al-C2a - a2+S2a)} 

3 2 7 1 -3 vp {(a1+S2a - a2-C2a) + (al-S2a + a2+C2a)} 
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h k mh mk 
A(l) 

h,k 

3 3 1 -1 0 -¥a32(5a§3 - 1) 

3 3 2 -1 1 1 (3) (3) ) 
g(a2-fl,1 + a2+f1,-1 

3 3 3 -1 -1 1 (3) (3) ) 
g(aHfl,1 - al-f1,_1 

3 3 4 -1 2 -vp {(a23aH - a13a2-)j~~{ - (a23al- + a13a2+)jJ~21} 
3 3 5 -1 -2 vp { (a13a l + + a23a2- ) f~~{ + (-a13a l- + a23a2+) f2{ } 

3 3 6 -1 3 - VJ5 {(aH S 2a - a2-C2a) - (al-S2a + a2+C2a)} 

3 3 7 -1 -3 vp {(a H C2a + a2-S2a) + (-al-C2a + a2+ S 2a)} 

3 4 1 2 0 ~ C 2 a33 2, 

3 4 2 2 1 - VJO {( -a31 a l+ + a32a2-)f~~{ - (a31 a l- - a32a2+)f22 1} 

3 4 3 2 -1 - vp {(a31a2- + a32aH)j~~{ - (a31 a2+ + a32al-)j~~21} 
3 4 4 2 2 1 { (3) (3) } 

4 C2a f 2,2 + C 2b f 2,-2 

3 4 5 2 -2 1 { (3) (3) } 
4 -S2af2,2 + S2bf2,-2 

3 4 6 2 3 if {(a13C 2a + a23 S 2a) + (a13 C 2b - a23 S 2b} 

3 4 7 2 -3 if {(a23C 2a - a13 S 2a) + (a23 C 2b + a13 S 2b} 

3 5 1 -2 0 v'i5 S -2-a33 2, 

3 5 2 -2 1 vp {(a31 a2- + a32aH)j~~{ + (a31 a2+ + a32al-)j~~21} 
3 5 3 -2 -1 - VJO {( -a31 a H + a32a2-)j~~{ + (a31 a l- - a32 a2+)j22 1} 

3 5 4 -2 2 1 { (3) (3) } -4 -S2af2,2 - S2bh-2 

3 5 5 -2 -2 1 { (3) C (3)} 4 C 2a f 2,2 - 2bh-2 

3 5 6 -2 3 - v;! {(a23 C 2a - a13 S 2a) - (a23 C 2b + a13S 2b} 

3 5 7 -2 -3 if {(a13 C2a + a23 S 2a) - (a13 C 2b - a23 S 2b} 

3 6 1 3 0 ~C 4 3, 

3 6 2 3 1 VJ5 {(a H C 2, - a2- S 2,) - (-al-C2, + a2+ S 2,)} 

3 6 3 3 -1 vp {( -al-C2, - aHS2,) - (-a2+C2, - al-S2,)} 

3 6 4 3 2 -if {( -a31 C2a + a32S2a) + (-a31 C2b + a32S2b)} 

3 6 5 3 -2 -if {(a31 S 2a + a32C 2a) - (a31 S 2b + a32C2b)} 

3 6 6 3 3 k {C3a + C3b } 

3 6 7 3 -3 k { -S3a + S3b} 204 



h k rnh rnk A(l) 
h,k 

3 7 1 -3 0 ~S 4 3, 

3 7 2 -3 1 - 'T' {( -a2-C2, a1+S2,) + (-a2+ C2, - al-S2,)} 

3 7 3 -3 -1 :iTI g"{(aHC2, aHS2Af) + (-al-C2, + a2+ S 2,)} 

3 7 4 -3 2 4 {(a3IS2a + a32C2a) + (a31 S 2b + a32C2b)} 

3 7 5 -3 -2 -4 {( -a31 C2a + aS2S 2a) ( -a31 C2b + a32S2b)} 

3 7 6 -3 3 -i {-S3a SSb} 

3 7 7 -3 -3 ~ {C3a - C 3b } 

4 1 1 0 0 ~(35o,§3 30a~3 + 3) 

4 1 2 0 1 y'iO 2 
-ra13a3s(7aS3 3) 

4 1 3 0 -1 7a2sass(7a~3 3) 

4 1 4 0 2 -1) 

4 1 5 0 -2 1S 2a(7a§s 1) 

4 1 6 0 3 

4 1 7 0 -3 

4 1 8 0 4 

4 1 9 0 -4 

4 2 1 1 0 7aS1ass(7a§s - 3) 

4 2 2 1 1 1 (4) (4) ) 
g(o,1+hl + al-11,-1 

4 2 3 1 -1 (4) (4) ) 
fll + a2+fl -1 , , 

4 2 4 1 2 { (4) ( ) (4) } (alS a1+ + a23a2-)f2,1 + a13a l- - a23a2+ 12,-1 

4 2 5 1 -2 { (4) ) (4) } (o,2S a1+ - alsa2-)f2,1 + (a23 al- + a13a2+ 12,-1 

4 2 6 1 3 { (4) ) (4) } (a1+ C 2a + a2- S 2a)1s,1 + (O,1- C 2a - a2+S2a f 3,-1 

4 2 7 1 -3 { (4) ( ) (4) } (a1+ S 2a - a2-C2a)1s,1 + al-~(h:t. + a2+C2a 1S,-1 

4 2 8 1 4 {(a1+ + al-)C3a + (a2- O,2+)S3a} 

4 2 9 1 vp {(a1+ + al-)SSa + (a2+ a2-)C3a} 
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h k mh mk 
A(l) 
. h,k 

4 3 1 -1 0 vpa32a33 (7 a~3 3) 

4 3 2 -1 1 1 ( (4) /4) ) 
8 a2-11,1 + a2+ 1,-1 

4 3 3 -1 -1 1 ( /4) (4) 
"8 al+ 1,1 al-II -1) , 

4 3 4 -1 2 { -(a23al+ ) (4) ( ) (4) } a13a2- 12,1 + a23a1- + a13a2+ 12,-1 

4 3 5 -1 -2 {(a 13al+ + a23a2-)Jt; - (a13a1- - a23a2+)I~~1} 
4 3 6 -1 3 { (4) ) (4) } a2- C2oJ13,l + (a1- S 2a + a2+C2a 13,-1 

4 3 7 -1 -3 { W )W} (al+C2a + a2-S2a)fs,1 - (a1- C 2a - a2+S 2a 13,-1 

4 3 8 -1 4 {(a1- al+)S3a + (a2+ + a2-)C3a} 

4 3 9 -1 -4 {(aH al-)C3a + (a2+ + a2-)S3a} 

4 4 1 2 0 ~ 45C21(7a~3 1) 

4 4 2 2 1 { (4) ) (4) } (a31 a l+ - a32a2-)J2,I + (a3Ia l- - a32a2+ 12,-1 

4 4 3 2 -1 { (4) ) (4) } -(a3I a2- + a32a H)J2,1 + (a31 a2+ + a32aI- 12,-1 

4 4 4 2 2 1 ( (4) G l4) ) 4" C2a12,2 + 2b 2,-2 

4 4 5 2 -2 1 ( (4) S /4) ) 4" -S2aI2,2 + 2b 2,-2 

4 4 6 2 3 { W )W} (a13 C2a + a23S 2a)J3,2 + (a13C 2b - a23S 2b 13,-2 

4 4 7 2 -3 { W )W} (a23 C2a - a13S 2a)J3,2 + (a23C 2b + a13S 2b 13,-2 

4 4 8 2 4 {C2a(C2a + C2b ) + S2a(S2a - S2b)} 

4 4 9 2 {S2a( C2a + C2b ) + C2a (S2b - S2a)} 

4 5 1 -2 0 4S21(7a~3 - 1) 

4 5 2 -2 1 { (4) ) (4) } (a31a2- + a32aH)12,1 + (a31 a2+ + a32a1- 12,-1 

4 5 3 -2 -1 { (4) ) (4) } (a31a H - a32a2-)12,l - (a31a l- a32a2+ h-l 
4 5 4 -2 2 1 (4) (4) ) 

4"(S2aI2,2 + S2bh-2 

4 5 5 -2 -2 l( (4) (4) ) 
4: C 2a12,2 - C2bI2,-2 

4 5 6 -2 3 { (4) )l4) } -(a23C2a - a13 S 2a)13,2 + (a23 C2b + a13 S 2b 3,-2 

4 5 7 -2 -3 { W )W} (a13 C2a + a23S 2a)J3,2 - (a13 C2b a23S 2b 13,-2 

4 5 8 -2 4 :It {S2a(C2b - C2a) + C2a (S2a + S2b)} 

4 5 9 -2 -4 :It {C2a(C2a - C 2b ) + S2a(S2a + S2b)} 
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h k mh mk 
(I) 

Ah,k 

~ ..... -

4 6 1 3 0 m c 4 °,33 37 

4 6 2 3 1 f {(0,1+C27 ) (4) ( ) (4) } 0,2- 827 131 + 0,1-C27 - 0,2+ 8 27 1 3 - 1 , , 

4 6 3 3 -1 ¥ { -(0,2-C27 + 0'1+827)fJ~ + (0,2+C27 + 0,1_827)IJ~I} 
4 6 4 3 2 ~ {(0,31C2a (4) ) (4) } 0,3282a)f3,2 + (0,31 C2b - 0,32 8 2b 13,-2 

4 6 5 3 -2 { (4) ) (4) } (0,31 8 2a + a32C2a)f3,2 + (0,3182b + 0,32C2b 13,-2 

4 6 6 3 3 l(C r(4) C /4) ) "8 3a. 3,3 + 3b 3,-3 

4 6 7 3 -3 1 (4) 8 /4) ) S( -83aI 3,3 + 3b 3,-3 

4 6 8 3 4 ¥ {0,13 (C3a + C3b) + 0,23 (83a - 83b )} 

4 6 9 3 -4 {a23(C3a + C3b) + 0,13 (83b - 83a )} 

4 7 1 -3 0 

4 7 2 -3 1 fl { (4) ( ) (4) } 
8 (0,2-C21 + 0,1+ 827)13,1 + 0,2+C27 + 0,1-827 13,-1 

4 7 3 -3 -1 { (a1+C27 - a2_821)fJ~ - (0,1-C21 0,2+8 27 )fJ~1 } 

4 7 4 -3 2 { ~ )W} (0'318 2a + 0,32C2a)13,2 + (0,31 8 2b + 0,32C2b 13,-2 

4 7 5 -3 -2 { (4) (0,31 C2a - 0,328 2a) h,2 - (0,31 C2b 0,:l282b)IJ~2 } 

4 7 6 -3 3 1 (4) 8 /4) ) 
8(83aI3,3 + 3b 3,-3 

4 7 7 -3 -3 ~(C3ah,3 - C3blJ:3) 

4 7 8 -3 4 {a23(C3b - C3a) + 0,13 (83a + 83b )} 

4 7 9 -3 { 0,13 (C3a C3b ) + 0,23 (83a + 83b )} 

4 8 1 4 0 

4 8 2 4 1 {(o,l+ + al-)C37 - (0,2+ + a2_)831} 

4 8 3 4 -1 {-(a2- - a2+)C37 + (0,1- o,1+)837} 

4 8 4 4 2 {C27(C2a + C2b ) - 821(82a + 82b)} 

4 8 5 4 -2 {C21(82b - 82a ) - 827 ( C2a C2b)} 

4 8 6 4 3 {o,31(C3a + C3b) - 0,32 (83a + 83b)} 

4 8 7 4 {o,31(83b - 8 3a ) + 0,32(C3b - C3a)} 

4 8 8 4 4 (C4a + C4b) 

4 8 9 4 l6 (84b - 84a) 
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h k 7nh 7nk 
A(I) 

h,k 

4 9 1 -4 0 v'35S -8- 4')' 

4 9 2 -4 1 vp {(a2+ + a2-)C3')' + (a1+ + a1-)S3')'} 

4 9 3 -4 -1 vp{ (al- a1+)C3,), + (a2+ - a2-)S3')'} 

4 9 4 -4 2 11- {(S2a + S2b)C2~1 + (C2a + C 2b )S2,),} 

4 9 5 -4 -2 11- {(C2a C2b)C2,), (S2a - S2b)S2,),} 

4 9 6 -4 3 4 {a31(S3a + S3b) + a32(C3a + C3b)} 

4 9 7 -4 -3 4 {a31 (C3a C3b ) + a32(S3b - S3a)} 

4 9 8 -4 4 115 (S4a + S4b) 

4 9 9 -4 -4 l5 (C4a C4b) 

5 1 1 0 0 1 4 2 ) ga33(63a33 - 70a33 + 15 

5 1 2 0 1 v]§a13(21a§3 2 ) 14a33 + 1 

5 1 3 0 -1 2 ) 14a33 + 1 

5 1 4 0 2 1)C2a 

5 1 5 0 -2 q5a33(3a~3 -1)S20: 

5 1 6 0 3 (9a~3 - 1 )C30: 

5 1 7 0 -3 1)S30: 

5 1 8 0 4 

5 1 9 0 -4 

5 1 10 0 5 

5 1 11 0 -5 

5 2 1 1 0 42) (21a33 - 14a33 + 1 

5 2 2 1 1 {(5) (5) } al+f1,1 + al-f1,_1 

5 2 3 1 -1 { (5) (5) } -a2-f1,1 + a2+h-1 

5 2 4 1 2 { (5) (a13 al+ + a23a2-)f2,1 + (a13 al- (5) } a23 a2+ )f2,-1 

5 2 5 1 -2 { ) (5) ( ) (5) } (a23 a1+ - a13a2- f 2,1 + a23a1- + a13a2+ f2,-1 

5 2 6 1 3 {(al+C20: + a2_S20:)f~:] + (a1- C20: n } a2+S20:)f3~_1 
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h k mh mk 
A(l) 

h,k 

5 2 7 1 -3 { (aH S 2a: C ) (5) ( ) (5) } a2- 2a: 13,1 + al-S2a: + a2+C 2a: 13,-1 

5 2 8 1 4 { (5) ( (5) } (aH C3a: + a2- S 3a:)f4,1 + al-C 3a: - a2+S3a:)14,_1 

5 2 9 1 -4 \r {(aH S 3a: ) (5) ( (5) } a2-C3a: 14,1 + al-S 3a: + a2+C30:)14,_1 

5 2 10 1 5 {(aHC40: + 0'2- S40:) + (a1-C4a: - a2+S40:)} 

5 2 11 1 -5 {(aH S4a: a2-C4a:) + (al-S40: + a2+C4a:)} 

5 3 1 -1 0 7 a32(21a§3 14a~3 + 1) 

5 3 2 -1 1 - { (5) (5) } -a2-11,1 - a2+11,-1 

5 3 3 -1 -1 { (5) aH11,l 
(5) } al-!t,-1 

5 3 4 -1 2 { (a23a H )1(5) ( ) f(5) } a13a2- 2,1 - a23al- + a13a2+ . 2,-1 

5 3 5 -1 -2 { (5) ) (5) } (a13a H + a23 a2-)12,1 + (-aI3a l- +a23a2+ 12,-1 

5 3 6 -1 3 { (aH S2a ) (5) ( ) (5) } a2-C 2a: is,l - al-S2a + a2+C2a 13,-1 

5 3 7 -1 -3 { ) (5) ( ) (5) } (aH C2a: + a2-S 20: 13,1 + -al-C2a + a2+S 2a 13,-1 

5 3 8 -1 4 { (aHS3a: ) (5) ) (5) } a2-C3a: hI - (al- S 3a + a2+C3a: 14,-1 

5 3 9 -1 -4 { (5) ) (5) } (aHC3a: + a2- S 3a:)14,1 + (-al- C3a: + a2+S 3a: h-l 

5 3 10 -1 5 {(aHS4a: - a2- C4a) - (al- S4a + a2+C4a)} 

5 3 11 -1 -5 {(aH C40: + a2-S4a) + (-al-C4a + a2+S4a:)} 

5 4 1 2 0 (3a~3 1)C21' 

5 4 2 2 1 { ) (5) ( ) (5) } (-aH a31 + a2_ a32 12,1 - al-a31 - a2+a32 12,-1 

5 4 3 2 -1 { (5) ( (5) } (-a2- a31 + aHa32)12,1 - a2+ a31 + al-a32)12,_1 

5 4 4 2 2 1 { C (5) C lSI } 4: 2a12,2 + 2b 2,-2 

5 4 5 2 -2 1 { (5) (5) } 
4: -S2a12,2 + S2bI2,-2 

5 4 6 2 3 { (5) ( ) (5) } (a13 C2a + a23 S 2a)13,2 + a13C2b - a23S 2b !s,-2 

5 4 7 2 -3 { (5) ( ) (5) } (a23 C 2a - a13 S 2a)13,2 + a23C2b + a13S 2b 13,-2 

5 4 8 2 4 { (5) ( (C2a:C 2a + S2aS 2a)h2 + C 2a:C2b (5) } S2a S 2b)h-2 

5 4 9 2 { (S2a C2a - C2aS2a)fl~J + (S2a C2b + C2a:S2b)ll~22} 
5 4 10 2 5 {(C3a: C 2a + S 3aS2a) + (C30:C2b S3a: S 2b)} 

5 4 11 2 {(S3a:C2a - C3a: S 2a) + (S3a:C2b + C3a: S 2b)} 
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h k rnh rnk 
A(l) 

h,k 

5 5 1 -2 0 ~a33(3a§3 - 1)S2')' 

5 5 2 -2 1 :Ii { ) (5) ( ) (5) } 8 (a31 a2- + a32a1+ f 2,1 + a31 a2+ + a32 a1- f 2,-1 

5 5 3 -2 -1 :Ii { ) (5) ) (5) } - 8 (-a31 a1+ + a32 a2- f 2,1 + (a31 a1- - a32a2+ f 2,-1 

5 5 4 -2 2 1 {(5) (5) } 
4: S2af2,2 + S2d2,-2 

5 5 5 -2 -2 1 { (5) (5) } 
4: C2a f 2,2 - C2bh-2 

5 5 6 -2 3 ~ { . ) (5) ) (5) } - 16 (a23 C2a - a13 S 2a f 3,2 - (a23 C2b + a13 S2b h-2 

5 5 7 -2 -3 V6 { (5) ) (5) } 16 (a13 C2a + a23 S2a)f3,2 - (a13 C2b - a23S 2b h-2 

5 5 8 -2 4 fl { (5) ) (5) } - 8 (S2aC2a - C2aS2a)f4,2 - (S2a C2b + C2a S 2b h-2 

5 5 9 -2 -4 fl { ) (5) ( ) (5) } 8 (C2aC2a + S2a S2a f 4,2 - C2aC2b - S2aS 2b h-2 

5 5 10 -2 5 - 'J? {(S3aC2a - C3a S2a ) - (S3a C2b + C3a S2b )} 

5 5 11 -2 -5 'J? {(C3aC2a + S3aS2a) - (C3aC2b - S3a S2b)} 

5 6 1 3 0 ~(9a§3 - 1)C3')' 

5 6 3 3 1 ~ {(a1+C2')' - a2_S2')')f~~{ - (-a1- C2')' + a2+S2')')f~~21} 
5 6 3 3 -1 ~ { -(a2-C2,), + a1+S2')')f~~{ + (a2+ C2,), + a1_S2')')f~~21} 
5 6 4 3 2 ~ { (5) ) (5) } - 16 (-a31C2a + a32S2a)f3,2 + (-a31 C2b + a32 S 2b f3,-2 

5 6 5 3 -2 ~ { (5) ( ) (5) } - 16 (a31 S2a + a32C2a)f3,2 - a31 S2b + a32C2b h-2 

5 6 6 3 3 1 {(5) (5) } 32 C3a f 3,3 + C3d 3,-3 

5 6 7 3 -3 1 { (5) (5) } 32 -S3af3,3 + S3bh-3 

5 6 8 3 4 3(.f { (a13C3a + a23S3a)f~~J + (a13 C3b - a23S3b)f~~23 } 

5 6 9 3 -4 3(.f { (a23C3a - a13S3a)f~~J + (a23 C3b + a13S3b)f~~23 } 

5 6 10 3 5 3f.f {(C2aC3a + S2aS3a) + (C2aC3b - S2aS3b)} 

5 6 11 3 -5 3f.f {(S2aC3a - C2aS3a ) + (S2aC3b + C2aS3b)} 

5 7 1 -3 0 \IP(9a§3 - 1)S3')' 

5 7 3 -3 1 -~ {-(a2-C2')' + a1+S2')')f~~{ - (a2+ C2,), + a1_S2')')f~~21} 
5 7 3 -3 -1 ~ {(a1+C2')' - a2_S2')')f~~{ + (-a1- C2')' + a2+S2')')f~~21} 
5 7 4 -3 2 V6 { (5) ) (5) } 16 (a31 S 2a + a32C2a)f3,2 + (a31 S 2b + a32C2b h-2 

5 7 5 -3 -2 ~ { (5) ) (5) } -16 (-a31 C2a + a32S2a)f3,2 + (a31C2b - a32 S 2b h-2 

5 7 6 -3 3 1 { (5) (5) } 
- 32 -S3af33 - S3d3 -3 
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h k mh mk 
A(l) 

h,k 

5 7 7 -3 -3 1 { (5) (5) } 
32 C3af3,3 - C3d 3,-3 

5 7 8 -3 4 - { (a23C3a ) (5) a13 S3a f4,3 n } (a23C3b + a13S3b)f4~_3 
5 7 9 -3 -4 3f} {(a13C3a + a23S3a)f/i~i - (a13C3b + a23S3b)fl~23 } 

5 7 10 -3 5 -331 {(S2aC3a C2aS3a) (S2aC3b + C2a S3b )} 

5 7 11 -3 -5 {(C2aC3a + S2a S3a) + (-C2aC3b + S2a S3b)} 

5 8 1 4 0 

5 8 2 4 1 { (-a1+ C3')' + a2- S3')' )fl~{ - (al-C3')' - a2+ S3,), )f:,~i } 
5 8 3 4 -1 { ) (5) ( ) a(5)} (a2- C3')' + a1+ S3,), f 4,1 - a2+C3,), + al- S3')' f4,-1 

5 8 4 4 2 { (5) ) (5) } (C2,),C2a - S2,),Sza)f4,z + (C2,),C2b - SZ,),SZb f4,-2 

5 8 5 4 -2 { (5) ( ) (5) } -(CZ,),S2a + S2')'C2a)f4,2 + CZ,),SZb + SZ,CZb h-z 
5 8 6 4 3 {( -a31C3a + a3zS3a)fl~i - (a31C3b n } a32 S3b) f4~-3 

5 8 7 4 -3 { (5) (5) } (a31S3a + a32C3a)f4,3 - (a31 S3b + a3zC3b)h_3 

5 8 8 4 4 { (5) (5) } C4af4,4 + C4bf4,-4 

5 8 9 4 -4 { (5) (5) } -S,laf4,4 + S4bh-4 

5 8 10 4 5 {(a13C4a + a23S4a) + (a13C4b - a23S4b)} 

5 8 11 4 {(aZ3C4a - a13 S4a) + (az3C4b + a13S4b)} 

5 9 1 -4 0 

5 9 2 1 { ) (5) ( ) a(5)} (az_C3, + a1+ S3, f4,1 + aZ+C3, + a1- S3')' h-I 
5 9 3 -4 -1 {( -a1+C3, + az_S3,)fi~{ + (al-C3')' az+ S 3')' ) f:'~i } 

5 9 4 2 { (5) (5) } -(CZ,SZa + Sz,CZa )f4,z - (CZ,),SZb + S2,C2b )h_z 

5 9 5 -2 { ) (5) ( ) (5) } (CZ,),CZa - S2,),S2a h2 - CZ,),CZb - S2,S2b h-z 
5 9 6 -4 3 { (5) (5) } (a31 S3a + a3zC3a)f4,3 + (a31 S 3b + a32C3b)h'3 

5 9 7 -3 { ( -a31 C3a + a32S3a) fi~l + (a31 C3b a32S3b)fi~23 } 

5 9 8 4 {(5) (5) } S4af4,4 + S4bh-4 

5 9 9 { (5) (5) } C4af4,4 - C4d 4,_4 

5 9 10 5 {(aZ3C4a - a13S4a) - (az3C4b + a13S4b)} 

5 9 11 -5 ~ {(a13C4a + a23S4a) - (a13C4b aZ3S4b)} 
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h k 771h 771k 
A(l) 

h,k 

5 10 1 5 0 ~C 16 s/ 

5 10 2 5 1 1JD {(a1+ C4/ - a2- S4/) + (al- C4/ - a2+ S4/} 

5 10 3 5 -1 1JD {-(a2_C4/ - a2- S4/) + (al- C4/ + a2+ S4/} 

5 10 4 5 2 - vJP {( C3/C2a + S3/C2a) + (-C3/C2b + S3/ S2b)} 

5 10 5 5 -2 -vJP {(-C3/S2a + S3/S2a) - (C3/S2b + S3/C2b)} 

5 10 6 5 3 3# {(C2/C3a - S2/S3a) + (C2/C3b - S2/S3b)} 

5 10 7 5 -3 3# {-(C2/S3a + S2/C3a) + (C2/S3b + S2/C3b)} 

5 10 8 5 4 -1f5 {( -a31 C4a + a32 S4a) + (-a31 C4b + a32 S4b)} 

5 10 9 5 -4 -1f5 {(a31 S4a + a32C4a) - (a31 S4b + a32C4b)} 

5 10 10 5 5 l2 {CSa + CSb } 

5 10 11 5 -5 l2 { -SSa + SSb} 

5 11 1 -5 0 ~S 16 s/ 

5 11 2 -5 1 -1J5 {-(a2_C4/ + a1+ S4/) - (a2+C4/ + al- S4/} 

5 11 3 -5 -1 1J5 {(a1+ C4/ - a2- S4/) + (-al- C4/ + a2+ S4/} 

5 11 4 -5 2 vJP {(C3/S2a + S3/C2a) + (C3/S2b + S3/C2b)} 

5 11 5 -5 -2 - vJ!5 {( -C3/C2a + S3/ S2a) + (C3/C2b - S3/ S2b)} 

5 11 6 -5 3 _3# {-(C2/S3a + S2/C3a) - (C2/S3b + S2/C3b)} 

5 11 7 -5 -3 3# {(C2/C3a - S2/S3a) + (-C2/C3b + S2/S3b)} 

5 11 8 -5 4 vJ:5 {(a31 S4a + a32C4a) + (a31 S4b + a32C4b)} 

5 11 9 -5 -4 -1f5 {( -a31C4a + a32 S4a) + (a31 C4b - a32 S4b)} 

5 11 10 -5 5 -l2 { -SSa - SSb} 

5 11 11 -5 -5 l2 {CSa - CSb } 
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h k mh mk 
A(l) 

h,k 

6 1 1 0 0 (231a6 
33 

4 01:': 2 ) 315a33 + 1 oa33 - 5 

6 1 2 0 1 (33a§3 30a53 + 5) 

6 1 3 0 -1 30a~3 + 5) 

6 1 4 0 2 2 ) -18a33 + 1 

6 1 5 0 -2 18a~3 + 1) 

6 1 6 0 3 3) 

6 1 7 0 -3 

6 1 8 0 4 1) 

6 1 9 0 -4 1) 

6 1 10 0 5 

6 1 11 0 

6 1 12 0 6 

6 1 13 0 -6 

6 2 1 1 0 (33a§3 30a~3 + 5) 

6 2 2 1 1 (6) (6) ) 
(al+f1,1 + al-f1,-1 

6 2 3 1 -1 (6) (6) ) 
(-a2-fl ,1 + a2+h-1 

6 2 4 1 2 { (6) (6) } (a13al+ + a23a2-)f2,1 + (a13al- - a23a2+)h_l 

6 2 5 1 -2 W { (a23al+ - aI3a2-)f~~{ + (a23al- + aI3a2+)f~~21} 
6 2 6 1 3 3'3JO { (al+C2a + a2_S2a)f~~{ + (al-C2a - a2+S2a)fJ~21} 
6 2 7 1 -3 3~ { (al+S2a - a2_C2a)f~~{ + (al-S2a + a2+C2a)fJ~21} 
6 2 8 1 4 11- {(al+C3a + a2_S3a)fl~{ + (al-C3a ) (6) } a2+S3a h-l 

6 2 9 1 -4 ~ { (6) ) (6) } 16 (al+S3a - a2-C3a)f4,1 + (al-S3a + a2+C3a h-l 

6 2 10 1 5 W {(al+C4a + a2_S4a)f~~{ + (al-C4a a2+S4a)f~~21} 
6 2 11 1 5 W {(a1+ S4a - a2_C4a)f~~] + (al-S4a + a2+C4a)f~~21} 
6 2 12 1 6 3W {(al+ +al-)C5a + (a2- a2+)S5aJ 

6 2 13 1 6 3W {(al+ + al-)S5a + (a2+ - a2-)C5a } 
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h k 1nh 1nk 
A(l) 

h,k 

6 3 1 -1 0 70,320,33 (33a~3 30a~3 + 5) 

6 3 2 -1 1 1 ( (6) 1(6) ) 16 0,2-11,1 + 0,2+ 1,-1 

6 3 3 -1 1 1 ( l6) (6) ) 
16 0,1+ 1,1 0,1-11 -1 , 

6 3 4 -1 2 -y}Q { (0,230,1+ 32 
) (6) ( 0,130,2- 12,1 - 0,230,1 (6) } + a13 a2+)h, ___ 1 

6 3 5 -1 2 ~ {(a13o,1+ + o,23a2-)1~~{ - (0,130,1- (6) } o,23o,2+)f2,_1 

6 3 6 -1 3 _3~ {(o,1+ 82a - o,2_C2a)1J~{ - (a1-82a + a2+C2n)1~~21} 
6 3 7 -1 -3 3¥F {(o,1+C2a + a2_82n)1~~{ - (a1-C2a (6) } o,2+82a) 13,-1 

6 3 8 -1 4 -Yl {(a1+ 83n - a2_C3n)1~~{ - (al_ 83a + a'2+C3a)1~~21} 
6 3 9 -1 -4 V3 { ) (6) (C 8 ) (6) } 16 (a1+C3n + o,2-83a hI - 0,1- 3a - 0,2+ 3a 1 4,-1 

6 3 10 -1 5 - v;:; {(a1+ 84a - o,2-C4a)f5,1 - (al- 84a + o,2+C4a)fJ~21} 
6 3 -1 -5 1f {(a1+ C4a + a2_84a)f~~{ - (al- C4a (6) } a2+84a) 1 5,-1 

6 3 12 -1 6 {(a1+ o,1_)85a - (0,2+ + a2-)C5a } 

6 3 13 -1 -6 a1-)C5a + (0,2+ + a2 __ )85a } 

6 4 1 2 0 1rC2,y(33a~3 - 18a~3 + 1) 

6 4 2 2 1 { (0,310,1+ 'a32a2-)1~~{ + (0,310,1- ) (6) } 0,320,2+ 12,-1 

6 4 3 2 -1 ~ { -(0,310,2- + a32a1+)1~~{ + (0,310,2+ + a32al-)f~~21} 
6 4 4 2 2 (C2a 1J6J + C2bi2,-2) , 

6 4 5 2 -2 .(6) (6) ) (-82a i 22 + 82bi2 -2 , , 

6 4 6 2 3 { (6) ( (a13C2a + a2382a) 13,2 + a13C2b a2382b)1~~22 } 

6 4 7 2 -3 { ) (6) ( ) (6) } (a23C2a - a1382a 13,2 + a23C2b + a1382b 13,-2 

6 4 8 2 4 {(C2aC2a + 82a82a)1i~d + (C2aC2b ) (6) } 82a82b 14,-2 

6 4 9 2 -4 { W )W} (82a C2a - C2a82a) 14,2 + (82nC2b + C2a82b 14,-2 

6 4 10 2 5 { ) (6) ( ) (6) } (C3aC2a + 83a82a 15,2 + C3aC2b - 83n 82b 15,-2 

6 4 11 2 -5 {(83aC2a - C3a82a)1~~J + (83aC2b + C3a82b)j~~) } 

6 4 12 2 6 {C4a ( C2a + C2b ) + 84a(82a 82b)} 

6 4 13 2 -6 {84a (C2a + C2b ) + C4n (82b 82a )} 
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h k mh mk 
A(l) 

h,k 

6 5 1 -2 0 vgpS21'(33a§3 18a§3 + 1) 

6 5 2 -2 1 v'TI5 {( )/6) ( )l6) } 32"" a31a2- + a32al+ 2,1 + a31a2+ + a32al- 2,-1 

6 5 3 -2 -1 -'1 {(-a31a1+ + a32a2-)j~~{ + (a31 al- a32a2+)i~~21 } 

6 5 4 -2 2 1 (6) (6) ) 
64 (S2ai2,2 + S2bi2,-2 

6 5 5 -2 -2 1 (C l6) C2bi~622) 64 2a 2,2 , 

6 5 6 -2 3 332 { -(a23C2a (6) (6) } a13S2a)!a,2 + (a23C2b + a13S2b)!a,--2 

6 5 7 -2 -3 l2 {(a13C2a + a23S2a)i~~d - (a13C2b a23S2b)i~~22 } 

6 5 8 -2 4 ~ {( -S2aC2a + C2aS2a)il~d + (S2o:C2b + C2o:S2b)i~~22} 
6 5 9 -2 -4 ~ {(C2aC2a + S2aS2a)i~~d - (C2aC2b ) (6) } S2aS2b i 4,-2 

6 5 10 -2 5 1? { -(S3aC2a ) (6) ) (6) } C3aS2a i s,2 + (S3aC2b + C3a S2b i s,-2 

6 5 11 -2 -5 { (6) ( (C3aD2a + S3a S2a)is,2 - C3aC2b ) (6) } S3a S2b i s,-2 

6 5 12 -2 6 {S4a(C2b - C2a) + C4a (S2a + S2b)} 

6 5 13 -2 -6 {C4a (C2a C2b ) + S4a(S2a + S2b)} 

6 6 1 3 0 1Fa33CSI'(11a53 - 3) 

6 6 2 3 1 { (6) (a1+C21' - a2-S21')i3,1 + (al-C21' ) (6) } a2+S21' i 3,-1 

6 6 3 3 -1 {(a2-C21' + a1+S21')i~~{ - (a2+C21' + al_S21')i~~21} 
6 6 4 3 2 { (6),) (6) } ( -a31 C2a + a32 S2a)!a,2 + ( -a31 C2b + a32 S2b i 3,-2 

6 6 5 3 -2 { (6) , ) (6) } (as1S2a + a32C2a)i3,2 - (a31 S2b + aS2C2b !a,-2 

6 6 6 3 3 { (6) (6) } CSai s,3 + C3bi s,-3 

6 6 7 3 -3 { (6) (6) } -Ssais,s + SSbis,-3 

6 6 8 3 4 { ) (6) (a1sC3a + a2s S3a hs + (a1sC3b (6) } a2sSsb)i4,_s 

6 6 9 3 -4 { (6) (6) } (a2sCSa - a13 S3a)j4,3 + (a2sCsb + a1sS3b)h_s 

6 6 10 3 5 { ) (6) ( ) (6) } (C2aC3a + S2a S3a i s,3 + C2aCSb - S2aS3b i s,-3 

6 6 11 3 -5 { (6) ) (6) } (S2aC3a - C2aS3a)is,3 + (S2aC3b + S2a S3b i s,-3 

6 6 12 3 6 {C3a (CSa + C3b ) + S3a(S3c£ S3b)} 

6 6 13 3 -6 {S3a(C3a + C3b ) + C3a (S3b S3a)} 
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h k mh mk A(O 
h,k 

6 7 1 -3 0 yI2IO S (1 16 a33 3")' 3) 

6 7 2 -3 1 { ) (6) ( ) (6) } (a2- C2")' + al+S2,,), 13,1 + a2+ C2,,), + a1- Sz")' iJ,-l 
6 7 3 -3 -1 { (aHC2,,), ) (6) ) (6) } az-S2")' 13,1 - (a1-C2~1 - aZ+S2,,), 13,-1 

6 7 4 -3 2 { 1 ) (6) ( ) 96) } (a31 SZa + a32C2a 13,2 + a31S2b + a3ZC2b !s,-z 

6 7 5 -3 -2 { (a31C2a a32S2a)jj~2 - (a31C2b - a3zS2b)1j~~z} 
6 7 6 -3 3 1 (6) (6) ) 

32 (S3a13,3 + S3b13,-3 

6 7 7 -3 -3 (C /6) 
Sa 3.S 

(6) 
C3bi3,-3) 

6 7 8 -3 4 { ) (6) ) (6) } (a23C3a - a13 S3a h3 - (a23C3b + a13 S3b h-s 

6 7 9 -3 -4 { ) (6) (6) } (a13 C3a + a23S3a h3 - (a13C3b - a23SSb)14,_3 

6 7 10 -3 5 { ) (6) ( C -; ) (6) } ( -S2a.C3a + C2a. S3a A3 + S2a 3b + C2a. SSb 15 ,-3 

6 7 11 {(C2a.C3a + SZa.S3a)f.~~] - (C2a.C3b - SzaS3b)1i~23} 
6 7 12 -3 6 {S3a(C3b - C3a) + C3a(S3a + S3b)} 

6 7 13 -3 -6 {C3a(C3a C3b ) + S3a(S3a + S3b)} 

6 8 1 4 0 3«C4,,), (l1a§3 1) 

6 8 2 4 1 { (6) ) (6) } (aH C3,,), - a2-S3")')14,l + (a1- C3")' - az+S3,,), 14,-1 

6 8 3 4 -1 { (6) ( ) (6) } -(a2_C3")' + aHS3")')14,1 + a2+C3,,), + a1-S3")' h-l 

6 8 4 4 2 ~ {(C21C2a - S2")'S2a)1~~d + (CZ,,),CZb - S2")'S2b)j~~~2} 
6 8 5 4 -2 ~ { -(C2,,),S2a + S2")'C2a)ji~J + (C2,,),S2b + S21C2b)1~~22} 
6 8 6 4 3 {(a31C3a - a32S3a)1i~] + (a31C3b a32SSb)1~~23 } 

6 8 7 4 -3 v'3O { (6) 1 ) (6) } 32 -(a32C3a + a31 S3a)14,3 + (a32 C3b + a31 S3b h-3 

6 8 8 4 4 1 (6) (6) ) 
32 (C4a14,4 + C4b14,-4 

6 8 9 4 -4 1 96) (6) ) 
32 (-S4a14,4 + S4b14,-4 

6 8 10 4 5 'W {(a13C4a + a23S4a)1i~2 + (a13C4b a23S4b)1i~24 } 

6 8 11 4 -5 ~ {(a23C4a - a13S4a)ji~2 + (a23C4b + a13S4b)1i~24} 
6 8 12 4 6 ~ {C2a (C4a + C4b ) + S2a(S4a - S4b)} 

6 8 4 -6 v'66 64 {S2a(C4a + C4b) + C2a(S4b S4a)} 
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h k mh mk 
A(l) 

h,k 

6 9 1 -4 0 3¥S4,(l1a53 1) 

6 9 2 -4 1 y'3 { ) (6) (C )} (6) 16 (a2-C3, + aHS3, f4,l + a2+ 3, + a1~S3, f4,-1 

6 9 3 -4 -1 {1- {(aH C3, 
(6) )} (6) a2-S3,)f41 - (al- C3, a2+S3, h-l , 

6 9 4 -4 2 iF {(C2,S2a + S2,C2a)f~~d + (C2,S2b + S2,C2b)f~~22} 
6 9 5 -4 -2 ~ {(C27C2a S2,S2a)f~~d - (C2,C2b (6) } S2,S2b)f4,_2 

6 9 6 -4 3 1l {(a31 S3a + a32C3a)f~~1 + (a 31 S3b + a32C3b)f~~23 } 

6 9 7 -4 -3 i30{ ) (6) ( a32S3b)f~~23 } 32 (a31 C3a a32S3a f43 - a31 C3b , 

6 9 8 -4 4 1 { (6) (6) } 
32 S4af4,4 + S4bf4,-4 

6 9 9 -4 -4 1 { (6) C (6)} 
32 C4af4,4 - 4bf4,-4 

6 9 10 -4 5 'iff { -(a23C4a - aI3S4a)fJ~2 + (a23 C4b + aI3S4b)fJ~24} 
6 9 11 -4 -5 'iff {(a I3C4a + a23S4a)fJ~2 - (a13 C4b (6) } a23 S4b) f 5,-4 

6 9 12 -4 6 W {S2a(C4b C4a ) + C2a(S4b + S4a)} 

6 9 13 -4 -6 {C2a(C4a - C4b) + S2a(S4a + S4b)} 

6 10 1 5 0 

6 10 2 5 1 { (aH C47 a2_S4,)f~~{ + (a1- C4r ) (6) } a2+S4, f5,-1 

6 10 3 5 -1 { ) (6) ( ) (6) } (a2- C4r + aHS4, hI + a2+C4r + al~S41' f 5,-1 

6 10 4 5 2 { (C3rC2a - S3,S2a)fJ~d + (C3rC2b ) (6) } S3rS2b f 5,-2 

6 10 5 5 -2 { ) (6) ) (6) } -(C3rS2a + S3rC2a f5,2 + (C3rS2b + S3,C2b f 5,-2 

6 10 6 5 3 { (C2rC3a - S2,S3a)f~~1 + (C27C3b ) (6) } S21'S3b f5,-3 

6 10 7 5 -3 { ) (6) ( ) (6) } -(S2,C3a + C2,S3a f5,3 + S2rC3b + C2rS3b f5,-3 

6 10 8 5 4 {(a31C4a - a32S4a)f~~2 + (a31 C4b (6) } a32 S4b)f5,_4 

6 10 9 5 -4 { ) (6) ( ) (6) } -(a31S4a + a32C4a f5,4 + a31 S4b + a32C4b f 5,-4 

6 10 10 5 5 { (6) (6) } C5af5,5 + C5d 5,-5 

6 10 11 5 -5 {(6) (6) } S5ais,5 + S5d5,_5 

6 10 12 5 6 {a13 (C5a + C5b ) + a23(S5a S5b)} 

6 10 13 5 -6 {a23( C5a + C5b ) + a13(S5b S5a)} 
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h k 111h 'Ink 
A(l) 

h,k 

6 11 1 -5 0 30M S 16 a33 5, 

6 11 2 -5 1 v: {(a2-C4, + a1+S4,)j~~1 + (a2+ C4, + al_S4,)j~~21} 
6 11 3 -5 -1 W {(a1+ C4, a2_S4,)1~61- (a1-C4, ) (6) } a2+ S4, 15,-1 , 

6 11 4 -5 2 1? {(S3,C2a + C3,S2a)j~~i + (S3,C2b + C3,S2b)1~~22} 
6 5 -5 -2 ~ {(C3,C2a - S3,S2a)j~~i - (C3,C2b ) (6) } S3,S2b 15,-2 

6 11 6 -5 3 1? {(C2,S3a + S2,C3a)j~~1 + (C2,S3b + S2,C3b)1~~23} 
6 11 7 -5 -3 1? {(C2,C3a - S2,S3a)1~~1- (C2,C3b ) (6) } S2,S3b 15,-3 

6 11 8 -5 4 {(a31S4a + a32C4a)1i~1 + (a31 S4b + a32C4b)1J~24} 
6 9 -5 -4 'W {(a31 C4a - a32S4a)j~~1- (a31 C4b a32S4b)1~~24 } 

6 10 -5 5 1 (6) (6) ) 
32 (S5a15,5 + S5d5,-5 

6 11 11 -5 -5 (6) (6) ) 
(C5a15 ,5 C5b15 -5 , 

6 11 12 -5 6 12- { a23 ( C5b C5a ) + a13(S5a + S5b)} 

6 11 13 -5 -6 {a13(C5a - C5b) +a23(S5a + S5b)} 

6 12 1 6 0 

6 12 2 6 1 3@ {(a1+ + a1-)C5, - (a2+ + a2-)S5,} 

6 12 3 6 -1 {(al- a1+)S5, + (a2+ a2-)C5,} 

6 12 4 6 2 {( C2a + C2b)C4, - (S2a + S2b)S4,} 

6 12 5 6 -2 {(S2b S2a)C4, + (C2b - C2a)S4,} 

6 12 6 6 3 {(C3a + C3b)C3, - (S3a + S3b)S3,} 

6 12 7 6 -3 {(S3b - S3a)C3, + (C3b C3a)S3,} 

6 12 8 6 4 {(C4a + C4b)C2, - (S4a + S4b)S2,} 

6 12 9 6 {(S4b - S4a)C2, + (C4b C4a )S2,} 

6 12 10 6 5 {a31 (C5a + C5b ) - a32(S5a + S5b)} 

6 12 11 6 -5 {a31 (S5b - S5a) + a32(C5b C5a)} 

6 12 12 6 6 {C6a + C6b } 

6 12 13 6 -6 {S6b S6a} 
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h k mh mk 
A(l) 

h,k 

6 13 1 -6 0 

6 13 2 -6 1 {(a2+ + a2-)Cs')' + (aH + al-)Ss')'} 

6 13 3 -6 -1 {(aH al-)Cs')' + (a2+ - a2- )Ss')'} 

6 13 4 -6 2 {(S2a + S2b)C4,), + (C2a + C2b)S4')'} 

6 13 5 -6 -2 {(C2a C2b )C4,), + (S2b - S2a)S4,),} 

6 13 6 -6 3 {(S3a + S3b)C3~1 + (C3a + C3b )S3,} 

6 13 7 -6 -3 {(C3a C3b)C3, + (S3b - S3a)S3,} 

6 13 8 -6 4 {(S4a + S4b)C2, + (C4a + C4b )S2,} 

6 13 9 -6 -4 {(C4a C4b)C2, + (S4b - S4a)S2,} 

6 13 10 -6 5 {a31(SSa + SSb) + a32(CSa + CSb)} 

6 13 11 -6 {a31 (C5a C5b ) + a32(Ssb - S5a)} 

6 13 12 -6 6 {S6a + S6b} 

6 13 13 -6 -6 {C6a C6b } 
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9 

ummary and conclusions 

This thesis has presented detailed characterisations of paramagnetic centres in zircon and in 

a-quartz. With the expansion in the number of EPR studies on zircon it is now becoming 

possible to draw some wider conclusions on the nature of centres in this crystal. One of these 

wa..':l the realisation that 89y3+ may not be the dominant I ~ impurity ion as suggested by 

many studies in the past. As indicated by the unequivocal identification of 31p5+ in the Zr(a) 

centre, phosphorus certainly plays an important role. This is reiterated by similar conclusions 

on the P(Ti3+) centre and the observation that the hyperfine on the Y(Ti3+) centre are equally 

well fitted with 31 P and S9y. With consideration of the charges involved it seems far more 

likely that the extra negative charge associated with the formation of an electron centre will 

be stabilised by phosphorus in the 5+ oxidation state (as in PO~-) rather than yttrium whose 

most common ionic is 3+. The opposite should be true of electron-hole centres and this 

is borne out by the observation of very intense signals from the [Si04 /YjO centre (chapter 3) 

in an yttrium doped synthetic zircon. As discussed in chapter 2, 89y and 31 P are by far the 

most likely of any I 

outlined above it is 

~ nuclei to enter the zircon lattice. With this in mind and the ideas 

(J'<T~>"t~>ti that in studies of zircon the observation of a two-fold splitting on 

an electron centre may usually be associated with a nearby 31 P nucleus while the observation 

of a similar splitting on a electron-hole centre can be assigned to 89y 

The ability of the EPR technique to determine the identity of elements in paramagnetic 

centres has been tested thoroughly in the course of this work. When obvious patterns of 

hyperfine structure determined by spin and isotopic abundance which are unique to particular 
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elements cannot be measured, other methods must be employed to determine the nature of 

impurity ions. Obviously, in the absence of hyperfine or fine structure splittings it is not 

possible to gain much useful information on identity of local ions. However, should hyperfine 

structure be observed, the measurement of "spin-flip" forbidden lines is a conclusive method 

determining which element is responsible an observed splitting, assuming that the V~V~U'Juv 

of interest has a gn value distinct from other similar nuclei. The theory of such lines has been 

known for some time but has apparently never previously been applied to the identification of 

impurities in zircon reported in the literature. With the observation of spin-flip lines in the 

Zr( 0:) centre in zircon and the [AI04 /LilR) centre in quartz the presence of 31 P (now 

by ENDOR studies [26])and 7Li was confidently established. Unfortunately, these 

lines are often weak or not resolved the main lines. In these situations it has been shown 

that it may be possible to extract the nature of the impurity ion from the data alone. 

This has been thoroughly demonstrated in the case of the 31 P hyperfine on the Zr( 0:) centre. In 

this case only phosphorus could be fitted to the data while systematic attempts to fit with 89y 

produced a physically unreasonable result with unsatisfactory Rl'viSD. Fitting of the P(Ti3+) 

centre presented a slightly weaker case where reduction of RMSD and errors on the elements 

of the A matrix indicated that phosphorus was the right choice. For reasons of structure and 

charge balance this conclusion was later reinforced. Perhaps the most interesting result was in 

the fitting of the [B04]O centre in zircon. In this case the gn matrix was allowed to vary with the 

other parameters during fitting. The excellent agreement of the elements of this matrix with the 

literature value left little doubt that the centre contained boron. This suggests a approach 

to the determination of the element responsible for hyperfine structure, in some centres, which 

would not be inhibited by the preconceptions of the investigator. Instead, it might provide an 

"unbiased" method for determining the nature of a centre. The three centres mentioned above 

all had characteristics of their hyperfine splitting such as significant anisotropy or complexity 

due to the effects of gn which allowed the local impurity ions to be determined. Unfortunately, 

in centres such as Y(Ti3+) where the splitting is a simple doublet and relatively isotropic, there 

is insufficient information to determine which nucleus is responsible. 

Successful structural studies of all centres have been reported. Most significant amongst 

these are of the Zr( 0:) centre in zircon and the [AI04/Li]Pb centre in quartz. In the first case, 
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the principal directions of the 31 P hyperfine matrix determined the position of the phosphorus 

atom and indicated that the original conclusions on the site of the impurity ion near the Zr3+ 

paramagnetic centre were incorrect. Moreover matrix had its largest magnitude eigenvalue 

directed towards the non-bonded p orbital of the phosphorus atom as might be expected of a 

spin-polarisation interaction with the unpaired spin in the Zr3+ dxy orbital via a lone pair of 

electrons on the intervening oxygen atom. In the case of [AI04/1ilB) the principal direction of 

the 9 matrix indicated that the position of the oxygenic hole was on one of the long-bonded 

oxygen atoms. Furthermore, 71i hyperfine matrix and a point-dipole - point-dipole 

calculation the location of the compensating ion was determined and found to be in excellent 

agreement with that predicted molecular-orbital calculations. When such results were 

combined with crystal-field, perturbation and spin-density calculations on some of the centres 

described in this work, it was possible to obtain a description not only of the microstructure 

surrounding these paramagnetic centres but also of the interactions between ions and their 

orbital energies. 

In the chapters 7 8 some contributions to the theoretical development of the spin 

Hamiltonian are reported and made applicable to EPR investigations by inclusion into the 

programmes EPR-NMR [Ill and ROTTEN2. Derivation of the appropriate algebra the 

BJ7 terms and inclusion of this into EPR-NMR brings closer the availability of a "complete" 

spin Hamiltonian with all theoretically permitted terms able to be fitted for ~u",~~-,,,...,.u systems. 

As mentioned in chapter 7, the expression for the BJ7 term is applicable to 817 and 

187 terms and thus the capacity for calculating these terms should in the be added to 

EPR-NMR. Testing for high-spin Zeeman terms apparently produced negative results in the 

studies of Nb3+ Gd3+ in zircon (chapter 5) despite some extremely precise measurements 

of the first of Furthermore, it was determined that the term was insignificant in 

the fitting of 49Ti hyperfine lines in the B(Ti3+) centre in zircon. Despite these negative 

results it is felt that further investigation of such higher-order is important and should 

be continued both theoretically and experimentally. With the inclusion of the expressions for 

the general coordinate rotation of odd-rank tensors in irreducible 

ROTTEN2 l'or,,"oe,anh:J another useful tool in the analysis of 

form, the programme 

crystal EPR data. With the 

calculations of the behaviour of the spin Hamiltonian under coordinate rotation and its ability 
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to transform between the most commonly expressions for high-spin terms, it allows for the 

ready interpretation of the reports of EPR studies, irrespective of the coordinate 

system or operator formalism lh'led in the analysis. 

Overall, this thesis has striven to produce highly precise EPR measurements of paramagnetic 

centres in single crystals and to interpret these results as thoroughly as possible in terms of 

their nature and structure. Simultaneously, attempts have been made to contribute to the 

understanding and application of the theory of high-spin terms in the spin Hamiltonian. 
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