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Abstract 

The main contribution of this thesis is the development of high performing, re

duced complexity receivers for fading channels. Three different receiver structures 

are proposed and they operate without the need of any channel statistics. First, 

a double filtering receiver for systems employing DPSK modulation on channels 

with small delay and Doppler spreads is presented. BER performance results ob

tained via simulations and analysis show that the proposed structure outperforms 

the conventional matched filtering DPSK detector. Second, a polynomial predic

tor based sequence detector for flat-fading channels is presented. The receiver 

consists of a bank of polynomial least squares FIR predictors. The proposed 

reeeiver is not restricted only to systems using constant envelope modulation 

sehemes. Analytical and simulated BER results are presented. In some cases, 

the proposed receiver performs only a few dB worse than an MLSE receiver with 

known channel statistics. Third, a sequence detector employing the polynomial 

based GRLS channel estimator is presented. The GRLS estimator is a general

ization of the standard RLS algorithm and it requires a state space model of the 

channel to operate. It is shown that by using a polynomial or t-power series of the 

channel eoeffieients, a justifiable state space model may be derived without the 

need for any channel statistics. An analytical technique to evaluate the tracking 

performance of the GRLS estimator is also presented. The new analytical method 

may also be applied to the standard RLS algorithm with improved results. Sirnu-
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lated and analytical results show that in some cases, the tracking performances of 

the proposed channel estimator is almost as good as that of an optimal Kalman 

based channel estimator. BER results also indicate that the sequence detector 

using the proposed GRLS estimator performs just as well as one using a Kalman 

b14qed estimator. 
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hapter 

Introduction 

T his chapter provides a general introduction to the thesis. The problem 

of data detection in mobile systems is briefly discussed. An outline of the 

thesis is provided. A list of accomplishments presented in this thesis is also given. 

1.1 General Introduction 

"Make everything as simple as possible, but not simpler." - A. Einstein 

Over the past decade, we have seen tremendous growth in the telecommunications 

industry, especially in the mobile communications sector. It is expected that user 

demand for better quality and more sophisticated services and applications in 

wireless communications will continue to grow rapidly in tht~ future. This has 

naturally led to an increase in the research activities directed at better under-

standing and improving different aspects of mobile communications. Hopefully, 

these research endeavours will ultimately result in a wireless network which is of 

high quality, high speed, easily accessible and supports a large variety of different 

applications. 

1 



2 1.1 GENERAL INTRODUCTION 

Designing and implementing a functional system operating in a mobile envi

ronment is a difficult proposition as the problems encountered in wireless systems 

are vastly different and usually more challenging than those found in wireline 

systems. 1'Iobile channels, commonly known as fading channels, are generally 

random and time-varying [1,2]. Receivers designed for such systems must track 

the time variations of the channels to be effective. The difficulty is compounded 

by the fact that the available bandwidth and transmission power are stringently 

regulated by law. Complexity and mobility are also important issues in wireless 

communications. Considering the small physical size and short battery life of a 

typical mobile unit, some solutions of high complexity may not be feasible at all. 

This thesis details some new and improved techniques for data reception in 

wireless systems. vVe are motivated to develop low-complexity but high perfor

mance receiver structures. We do not advocate totally sacrificing high perfor

mance for the sake of complexity reduction, but there must be some balance 

between the two. A complex receiver design does not only refer to one which has 

a high computational burden. In our opinion, receiver structures which have been 

derived based on some unrealistic assumptions should be categorized as complex 

as well. This is because the implementation of such receivers usually includes 

additional effort. For example, there are many proposed receivers which can only 

operate with knowledge of channel statistics [3~5]. Although they perform excep

tionally well even in the most extreme conditions, the requirement for know ledge 

of channel statistics adds another layer of complexity to the design. vVe are 

particular concerned about this as it has been shown in [6] that acquisition of 

channel statistics is a difficult task and also requires an extensive period of time. 

Therefore, other than increasing the overall complexity of the receiver, it may 

also exceed the delay constraints of some systems. The three new receiver struc

tures presented in this thesis do not require any knowledge of channel statistics 



CHAPTER 1. INTRODUCTION 

to function. 

1.2 Problem Definition 

"The fundamental problem of communication is that of reproducing 

at one point either exactly or approximately a message selected at 

anotherpoint." - c.E. Shannon 

3 

As mentioned in the previous section, the research activities and results presented 

in this thesis pertain to receiver designs for fading channels. The primary task 

of a receiver is to correctly recover the transmitted data. Due to the nature of 

mobile channels, the received signals are not only corrupted by noise, but also by 

fluctuation of signal strength or intersymbol interference, and in some cases, both 

these phenomena. The receiver must by some means overcome these difficulties 

and perform its task at an acceptable level. In extreme channel conditions, re

ceiver structures may also perform estimation and tracking of the fading channel 

and its associated parameters to be effective [7]. 

The effectiveness of a receiver is usually measured by its error rate perfor

mances and it is desirable to achieve low error rates. They may be lowered 

further by increasing the signal power to minimize the effects of noise, and by 

techniques such as using coded data [8] and explicit diversity [9]. However, error 

rates performance is not the only consideration when it comes to designing a func

tional receiver structure. Other factors such as complexity, bandwidth efficiency, 

and delay must also be carefully considered. 

1.3 Thesis Outline 

This thesis consists of six chapters. The outline of the thesis is as follows. 



4 1.3 THESIS OUTLINE 

Chapter 2 serves as a primer to some technical aspects of mobile communica

tions engineering. The physical and statistical characteristics of fading channels 

are discussed in detail. Different channel models and methods of simulating them 

are also presented. Basic concepts pertaining' to equalizers and receivers are in

cluded. The chapter also contains a literature survey of receiver structures. 

In chapter 3, a simple receiver structure which not only performs equalization, 

but also exploits implicit channel diversity is presented. The proposed receiver 

docs not require any channel statistics to operate. It is specifically designed for 

channels with small delay spreads and Doppler bandwidths and systems using 

differentially phase shift keying (DPSK). The receiver structure is derived follow

ing the concepts of Nyquist pulse shaping [10]. The resulting receiver structure 

may be considered the frequency-selective fading equivalent of the structure pro

posed in [11]. Some practical implementation issues are also discussed. Simulated 

and analytical performance of the proposed receiver is included and compared to 

results of a standard matched filtering DPSK receiver. 

A polynomial predictor based receiver is presented in chapter 4. This receiver 

structure is an improvement over the one proposed in [12] as it is not restricted 

systems with constant amplitude samples. Hence, it is named the generalized 

polynomial predictor based sequence detector. It does not need knowledge of 

channel statistics to function. A strategy to select the proper polynomial order 

is also suggested. The simulated and analytical bit error rates of the proposed 

receiver for various system and channel parameters are also presented. Some of 

the results are compared to those of an equivalent maximum likelihood sequence 

estimator [4J. 

Chapter 5 presents the polynomial based generalized recursive least squares es

timator which is a robust and effective channel estimator for a general frequency

selective fading channel. It does not require any channel statistics to be imple-
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mented. The proposed estimator incorporates a credible state space model, based 

on the t-power series expansion of the channel coefficients, into the generalized 

recursive least squares algorithm [13-15]. An accurate analysis method is also 

developed for the estimator. A per-survivor processing based sequence detector 

coupled with the proposed estimator is also studied. Simulated and analytical 

performances of the estimator, in terms of its mean squared deviation or mean 

squared identification error, and the sequence detector, in terms of its bit error 

rates, are also included. These results are also compared to those of a Kalman 

based channel estimator and a sequence detector employing it [5]. 

Chapter 6 contains some concluding remarks and provides some possible di

rection for future research. 

1.4 Thesis Contributions 

This thesis presents several contributions towards improved and reduced com

plexity receiver designs for fading channels. Even without channel statistics, the 

performances of these reduced complexity receivers are almost as good as optimal 

receiver structures in some instances. The contributions of this thesis are listed 

as follows. 

A simple, non-adaptive receiver is derived for systems employing DPSK and 

channels with small delay and Doppler spreads. The receiver equalizes the channel 

induced lSI and also exploits the implicit diversity of the fading channel. Details 

and results pertaining to this receiver have been published in [16,17]. 

A polynomial predictor based sequence estimator is developed for fast fiat

fading channels. Unlike the sequence detector in [12], the proposed receiver is 

general, and it is not restricted to systems employing constant envelope modula

tion schemes. Details and results pertaining to this receiver have been published 



6 1.4 THESIS CONTRIBUTIONS 

in [18,19]. 

A new polynomial based channel estimator is developed and evaluated for a 

general frequency-selective fading channel. The estimator employs the general

ized recursive least squares algorithm which incorporates a realistic state space 

model. A technique to analyze the proposed estimator is also presented. The 

new analytical method is also applicable to the standard recursive least squares 

algorithm. Results show that the new analytical technique is more accurate and 

general than existing methods [20-22]. A sequence detector using the proposed 

channel estimator is also developed. Its error rates performances are studied 

simulations and analysis. Some preliminary results from this chapter have been 

published in [23,24]. Vie are also currently preparing manuscripts, containing 

more comprehensive results from this chapter, with the intention of submitting 

them to journa.ls and conferences. 



Chapter 2 

Mobile Communicatioll System 

his chapter serves as a primer to some technical aspects of mobile communi

cation systems which is necessary in understanding the following chapters 

of the thesis. The general overview of a typical communication system in a mo

bile environment is presented with emphasis on the physical layer of the channel. 

Concepts of bandlimited modulation, equalization and diversity systems are also 

presented. The fading channel is discussed in great detail. A brief literature 

survey of receivers and estimators for fading channels is also included in this 

chapter. 

2 .1 Introduction 

A communication system may be represented by the following basic elements: 

the information source, the source encoder and decoder, the channel encoder and 

decoder, the digital modulator and demodulators and the channel. The block 

diagram of a typical communication system is shown in figure 2.1. 

In a digital communication system, the information source emits sequences 

of binary data. They may be digitized samples of analog inputs such as conven-

7 



8 2.1 INTRODUCTION 

tional audio or video, or fully digital sources such as computer data. For most 

systems, limited bandwidth is either a physical or regulatory constraint, therefore 

the advantage of representing the source output with little or no redundancy is 

apparent. The efficient representation of the source output is performed by the 

source encoder and it is called source encoding or data compression. The source 

encoded sequences are then delivered to the ehannel encoding for further pro

cessing. As the information sequences are susceptible to channel interferences, 

redundancy is deliberately and systematically added to the data sequences to 

help overeome these undesirable effects. This is done by the channel encoder and 

it is usually known as channel encoding or error control coding. 

The interfacing of the digital information sequences to the channel "is per

formed by the digital modulator which maps these sequences onto corresponding 

electrical waveforms. The information source, source encoder, channel encoder 

and modulator are collectively known as the transmitter. The physical medium 

in which the signals are transferred from the transmitter to the receiver is known 

as the channeL Examples of channels are fiber optic cables, conventional tele

phone wire lines and in the case of mobile communications, the atmosphere. The 

characteristics of the channel may impair the transmitted signals. This may be 

attributed to atmospheric noise, thermal noise from the electronic components 

used in receivers, signal dispersion or echoing due to the presence of scatterers 

and Doppler effeets due to the relative motion of transmitters and receivers. 

At the other end of the channel, the digital demodulator recovers the data 

sequences from the transmitted waveforms. The demodulator sequences are then 

sent to the channel decoder to recompose the data streams prior to channel encod

ing. The raw information sequences are then reconstructed from these sequences 

using the source decoder. These elements are collectively known as the receiver. 

The fundamental objeetive in communication systems design is the effective 
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Figure 2.1: Block diagram of a mobile communication system. 
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delivery of information from the transmitter to the receiver with minimum errors. 

The common measure of effectiveness is the average ratio of the number of errors 

to the number of transmitted information bits. This is known as the bit-error 

rate or BER. Instead of attempting to achieve the lowest possible BER, a set of 

system parameters and constraints are usually provided for the system designers 

to find the most efficient means of meeting a given target BER. 

In this thesis, the focus is on certain aspects of the physical layer of the 

communication system. Although the physical layer typically includes source 

and channel coding, we are primarily concerned with the performance of the 

system with respect to the transmission and reception of raw data. Therefore, 

channel and source coding are not considered in this thesis. The following sections 

provides an introduction into those aspects of the communication system which 
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are pertinent to the thesis. Section 2.2 briefly discusses digital modulation and the 

concept of pulse shaping. Certain important aspects of the mobile radio channel 

are presented in section 2.3. Equalization techniques to improve the performance 

of the communication system are introduced in section 2.4 and the general idea of 

diversity systems is shown in section 2.5. A brief literature survey of equalization 

and estimation for fading channels is presented in section 2.6 and a summary of 

the contents in this chapter is given in section 2.7. 

2.2 Digital Modulation 

The modulator is the interface which maps the digital information into analog 

signal waveforms for transmission over a given communication channel. Like-

wise, the demodulator is the interface which recovers digital information from 

the analog signals received from the channel. 

The transmitted signals in the majority of wireless systems are bandpass sig-

nals. Prior to transmission, the analog signals modulate a carrier up to an ap-

propriate frequency fe. The bandpass transmitted signal model is written as 

s(t) = ?R {s(t) exp(27rfct)} (2.1) 

where s(t)+ = s(t) exp(27r Jet) is commonly known as the pre-envelope of the 

transmitted signal. The equivalent complex baseband transmitted signal is 

s(t) = L dkP(t - kT) (2.2) 
k 

where dk is the k-th transmitted data symbol, p(t) is the impulse response of the 

transmit filter and T is the symbol interval. 
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The sequence {dd contains symbols taken from a set of 1\IJ-ary signal points. 

In general, m information bits are mapped onto a symbol from a set with M = 2m 

symbols. These data symbols are generally complex valued. As the amplitude of 

the transmitted signal s(t) varies linearly with the symbol sequence, the signal 

of (2.2) is a linearly modulated signal. Linear modulation schemes are band-

width efficient and therefore they are attractive for use in systems where limited 

spectrum is available. 

There is also a class of nonlinear modulation schemes, such as continuous 

phase modulation (CPM) and continuous phase frequency shift keying (CPFSK). 

These non-linearly modulated signals have constant envelopes. Although they 

generally occupy more bandwidth than linearly modulated signals, they have 

several advantages. An important benefit is that they offer high immunity against 

channel disturbances such as FM noise and fading [25]. An example of a system 

using nonlinear modulation is the GSM1 cellular radio system where Gaussian 

minimum shift keying (GMSK) modulation is used. It should also be noted that 

GMSK is a special case of CPM which is bandwidth efficient. 

Like many other aspects of communication systems design, the choice of mod-

ulation format or signal constellation is usually dictated by power and bandwidth 

constraints and effective BER requirements. Two important parameters in the 

selection of a modulation scheme are power efficiency and bandwidth efficiency. 

The bit energy to noise power spectral density ratio E b/ No required to achieve a 

given BER is known as the power efficiency of the modulation format. The value 

of the transmitted data rate to the bandwidth of the modulated signal or R/ B 

bps/Hz is called the bandwidth efficiency and it measures the efficiency in the 

usage of signal bandwidth. It is apparent in most cases, that there is a trade-

IGlobal System for Mobile Communications (formerly known as Groupe Special Mobile) 
developed by the European Telecommunications Standards Institute. 
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off between power efficiency and bandwidth efficiency. On the one hand, with a 

multi-level signal constellation, such as QAM, there is improved bandwidth effi

ciency, but at the expense of increased average Eb/No. On the other hand, single 

level formats, such as phase shift keying (PSK), offer better power efficiency but 

with poorer bandwidth efficiency. 

The choice of modulation schemes is also dependent on other factors in the 

design of the system. For example, in a system where an absolute phase reference 

is lacking for demodulation, then differential modulation techniques such as dif

ferential phase shift keying (DPSK) are employed to overcome the problem. The 

transmitted data stream is easily recovered noncoherently from the differentially 

encoded channel symbols. However, due to the absence of a phase reference, the 

BER performance of a system using noncoherent demodulation is worse than that 

of an equivalent coherent system. 

Spectral usage in mobile communications is generally regulated by legal or 

other governmental organizations. In the majority of systems, the available band

widths are limited. Therefore, impulses, square pulses and other waveforms re

quiring wide bandwidths are unsuitable for transmission over mobile channels. 

Transmission of such signals will ultimately lead to intersymbol interference (lSI) 

where the energy of a particular data symbol is smeared and interferes with 

previous and successive symbols. Obviously, reduction of lSI can be achieved 

by increasing the bandwidth of the channel but regulatory and cost constraints 

prevent such a remedy. There are however spectrally efficient pulse shaping tech

niques which will reduce lSI and out-of-band radiation. A popular class of pulse 

shapes which has these properties is the raised cosine family of pulses [26]. These 

pulses satisfy the Nyquist criterion for lSI free transmission. The original deriva

tion of the :\yquist criterion is found in [10J. The impulse response of the raised 
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cosine filter is 

(
t) = sin('rrt IT) cos (OO7rt IT) 

90. 7rt IT 1 - 4oo2t 21T2 

4 

(2.3) 

where a is the normalized excess bandwidth or roll-off factor. Figure 2.2 shows 

examples of raised cosine pulses with various roll-off factors and is 0 :::; a :::; 1. By 

sampling at instances corresponding to integer multiplies of T, the interference 

from preceding and succeeding symbols is zero and therefore the samples are 

lSI free. As a increases, the frequency response of the raised cosine filter has a 

more gradual cutoff and therefore it is easier to implement. Furthermore, with 

increasing a, less energy is diffused into the adjacent symbols and therefore its 

performance in lSI reduction becomes less sensitive to timing jitters. However, 

it also occupies a larger bandwidth. When a = 0, then the raised cosine filter is 
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equivalent to an ideal "brick-wall" filter with cutoff frequency at 1/2T Hz. 

For an additive white Gaussian noi8e (AWGN) channel, it iR desirable to 

lIRe matched filtering to maximize the S:J\R [26]. Therefore, in this situation, a 

matched filter (MF) pair is employed where one is used at the transmitter and the 

other at the receiver. The frequency response of each MF is equal to the square 

root of the raised cosine response, and thus the overall raised cosine response is 

preserved and lSI free transmission is guaranteed. However, in systems which 

experience channel impairments such as fading and frequency-selectivity, then 

this approach cannot guarantee lSI free transmission and other forms of channel 

equalization must be used. 

There are other pulse shaping filters Ilsed in mobile systems which do not 

satisfy the Nyquist criterion. Although they do not alleviate lSI, they have other 

attractive qualities. An example is the Gaussian pulse shaping filter used in 

GSM. The Gaussian pulse can have sharp cut··off and low overshoot and it 1S 

therefore suitable for systems using cost effective and power efficient nonlinear 

RF amplifiers. 

2.3 The Mobile Radio Channel 

The characteristics of the mobile radio channel are greatly affected by its sur

rounding environment. As the environment changes, so will the behaviour of the 

channel. A mobile channel can vary from one with a direct line-of-sight (LOS) 

path to one which is highly dispersed and attenuated. Therefore, a simple deter

ministic characterization of the wireless channel does not exist. 

Characterization of the mobile channel can be separated into two categories: 

large-scale path l088 and small scale fading [25]. Large-scale path loss is con

cerned with the mean signal strength when the separation distance between the 
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transmitter and receiver is very large. Due to the physical size of the obstacles 

that cause shadowing, the scale of significant variations is in the order of hundred 

of wavelengths. There may also be sudden variation in signal strength due to 

obstacles in the way of the transmission. This is sometimes known as shadowing. 

However in this thesis, we place particular emphasis on small scale fading or sim

ply fading. It pertains to the rapid changes in the channel over small distances 

(fractions of a wavelength). 

2.3.1 The Multipath Fading Mechanism 

Information is conveyed in a mobile communication system by sending modu

lated radio waves from the transmitter to the receiver. In general, the propaga

tion medium is littered with trees, cars, buildings and other objects which reflect, 

diffract and scatter the radio signals. As a consequence, not one but several differ

ent versions of the transmitted radio waves arrive at the receiver and at different 

times. This is known as multipath propagation. Due to multi path propagation, 

the received signal consists of a large number of radio waves with different ampli

tudes and phases. The interference of these radio waveforms results in a randomly 

distorted or faded received signal. Rapid fluctuation in amplitude and phase of 

the received signal is observed in a fading channel over short distances and time. 

Even if both the transmitter and receiver are motionless, rapid changes in the 

received signal may occur due to the movement of the scatterers and reflectors. 

Consider a multipath channel with a total of P paths. Each signal path has its 

own individual path length and complex valued gain (or attenuation). Since the 

resultant signal at the receiver's antenna is a superposition of the signals from all 

P paths, we may write its bandpass representation, where s(t) is the transmitted 
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signal, as 

p 

r(t, x) = L lR {aps(t - xp/ c) exp(j211[!ct - Xp/ Ac])} (2.4) 
p=l 

where ap is the complex valued gain coefficient of the p-th path and xp is the 

p-th path length between the transmitter and receiver. The speed of light and 

wavelength of the carrier are c and Ac respectively. The quantity x is the known 

as the mean path length and it is defined as 

1 p 

x=pLxp, 
p=l 

vVe also define the differential path length of the p-th path as 

(2.5) 

(2.6) 

To further simplify (2.4), we can find appropriate values of D.xpS such that x = O. 

Using the fact that c = !cAc: then without any loss in generality, we rewrite (2.4) 

as 

The explicit dependence on x is removed and the p-th delay is defined as Tp = 

b.xp/c. The quantity within the square brackets in (2.7) is the complex envelope 

T(t) of the received signal It is clearly seen in the complex envelope that the 

received signal is not only aHected by the properties of the delayed paths but also 

the carrier frequency. Furthermore, the attributes of the transmitted signal s(t) 

also play an important role in determining the extent of the disruption induced 
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Figure 2.3: Variations in the magnitude of the channel in space caused by reflec
tors and scatterers. 

by the multipath channel. 

The radio signals ani ving at the receiver via the various paths interact and 

create a random field of standing waves. When there is no relative motion be-

tween the transmitter and receiver, fading can be viewed as a purely spatial 

phenomenon. This is illustrated in figure 2.3 where the amplitudal variation with 

respect to space of a typical mobile channel is shown. The units of the :cy plane 

are given in terms of carrier wavelengths. As shown in the figure, the magni-

tude of the signal strength varies as the receiver is located at different positions. 

Hence, when the receiver moves through the standing wave pattern, it experiences 

a fading effect as the received signal changes accordingly. 

Another phenomenon found in a fading channel is random frequency modula-

tion. Relative motion between the transmitter and receiver induces Doppler shifts 

to each of the multipath signals. This results in the frequency modulation and 
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spectral broadening of the transmitted signal. The Doppler shift is dependent 

on the carrier frequency and the relative velocity between the receiver and the 

transmitter. In some cases, the time between the arrival of signals from different 

paths becomes so large that the transmitted signal appears to have diffused with 

respect to time. This is known as time dispersion and induces lSI in the signal. 

2.3.2 Channel Classification 

As mentioned in the previous section, the properties of the transmitter signal also 

impact on the behaviour of the channel. In fact, several different channels with 

distinct qualities arise from (2.7) simply by using different types of input signal. 

First, we consider the cases where the channel is considered time invariant. 

vVe assume that the path delays 'Tp are either invariant or change insignificantly. 

This situation occurs when the receiver is stationary or when Ac » LlXp and 

thus changes in the phases are negligible. If the transmitted signal varies so 

slowly that it is unaffected by the individual delays, then s(t - 'Tp) ;::::: s(t). In 

other words, the signal is unaffected by the individual delays and occurs when all 

'Tp « 1/2B, where B is the one sided bandwidth ofthe transmitted signal. Using 

these conditions, we may rewrite (2.7) as 

p 

r(t) ;::::: s(t) Lap exp( -j 211" fc'Tp) = cos(t). (2.8) 
p=l 

Clearly, the channel is one that is time invariant and the signal is only perturbed 

by a constant factor Co, and behaves essentially like a LOS channel. This type of 

channel is usually known simply as a fiat channel as the channel does not vary 

with respect to either time or frequency. 

When 'Tp 1:- 1/2B, then the delays impact significantly OIl the transmitted 
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signal. Therefore, in this case, (2.7 becomes 

p 

r(t) ~ I: ap exp( -j27r fcTp)s(t - Tp) 
p=l 

P 

I: cps(t - Tp) 
p=l 

19 

(2.9) 

where cp = ap exp(j27r fcTp). Some of the delay duration may cause appreciable 

changes in the signal as they are within the resolution time of the transmitted 

signal. It may then be more appropriate to use the integral form 

(2.10) 

with 

C(T) = I: Cpc5(T - Tp). (2.11 ) 
P 

The channel is still time invariant, but it acts as a linear filter with impulse 

response c( T). This category of channel is known as time dispersive because the 

signal is "smeared" over time. It is also known as frequency-selective since the 

transmitted signal is generally subjected to variations in amplitude and phase 

across its bandwidth. 

The channels in most mobile communication systems are time varying as 

movement of the receiver is inevitable. Therefore it seems unlikely that the static 

channels described by (2.8) and (2.9) are suitable in representing mobile channels. 

However, many mobile systems transmit information·in bursts or frames. There 

are many instances where over the duration of the frame, the channel is essentially 

static and therefore the time invariant assumption is valid for such cases. 

Next we consider cases where there is relative motion between the transmitter, 

the receiver and the various reflectors The path delays thus become functions of 
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time. There are instances where positional changes do not noticeably affect the 

signal, but cause significant changes in pha.se. In such a situat.ion, the received 

becomes 

p 

r{t) ~ 8(t) 
p=1 

c(t)s(t) (2.12) 

where Tp(t) is the time varying p-th path delay and c(t) is t.he time varying 

complex gain of t.he channeL From (2.12) we can see that. as the receiver moves a 

fraction of a wavelength, it changes the pha.c;e of the received signal. This cat.egory 

of channel is commonly known as a timf~-selective channel. As the channel does 

not exhibit any variations across the frequencies occupied by the transmitted 

signal, it is also called a fiat-Jading channel. 

If one or more of the delay durations exceed the resolution time of the signal 

such that 1 /2B) then the transmitted signal is affect.ed significantly by the 

multipath channeL Together with the condition that the receiver is moving we 

write (2.7) as 

r{t) 1: c(t, T)S(t T) dT (2.13) 

where 

C(t,T) = (2.14) 
p 

and cp(t) ap exp[j21TTp(t)]. The channel behaves like a time varying linear filter 

with impnlse response of c( t, T) and it is the most general of channels found in 

mobile environments. Channel exhibiting such characteristics are commonly re-

ferred to as time- and freq-uencY-8elective, freqv,ency-select'ive fading or dispersive 

fading channels. 

In time varying channels, the movement of the receiver changes the delays Tp 
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and hence the phases of the arriving radio waves from the various paths. The 

phase of the signal arriving via the p-th path at time t to a particular location 

is 27rl::!.xp(t)/Ac. We assume that the source of transmission is far away such 

that changes in the arrival angle ep of the plane waves at the receive location is 

negligible. Therefore, the phase change due to the position change from time tl 

to t2 is [27] 

~: [I::!.XP(t2) - I::!.xp(td] 

27r v I::!.t e 
Ac cos p (2.15) 

where I::!.t = t2 - tl and v the speed of the receiver. The rate of change of phase 

with respect to time is 

v 
Ac cos ep 

27r I::!.t 

jd cos ep . (2.16) 

The quantity jd is the maximum Doppler shift. As the receiver moves, all fre-

quency components of the arriving signal experience an upward or downward 

shift by the amount given in (2.16). As a result, the bandwidth of the baseband 

transmitted signal undergoes spectral broadening known as Doppler spreading. 

The direction and amount of the shift is dependent on ep and jd' 

The time- and frequency-selective channel is considered the most general of 

the four different channel classifications as the other three may be considered as 

its special cases and derived directly from it. If no observable delay is present and 

the channel is time invariant, then we can justifiably set T = 0 and t = 0, and 

thus the signal equation in (2.13) reduces to the signal equation for a fiat channel 

shown in (2.8). Likewise, the signal equations for the fiat-fading channel (2.12) 
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and the dispersive channel (2.9) can be obtained from (2.13) by letting T = 0 and 

t = 0 respectively. 

2.3.3 Channel Parameters and Statistics 

The large number of propagation paths makes it quite impossible to characterize 

a typical mobile channel in a deterministic fashion. The problem is compounded 

by the time varying nature of the channel. Therefore, statistical methods must be 

used in characterizing the channels. An in-depth discussion of characterization 

of linear time variant channels is found in [1,28]. 

vVe assume that the distribution of each of the reflectors, and hence the prop-

agation paths is random. Due to the large number of arriving signals via the 

different pathways, and by the central limit theorem [29], the superposition of 

these signals has a complex Gaussian distribution. The multivariate complex 

Gaussian distribution is 

(2.17) 

where vector x contains m samples of Gaussian random process .T(t), X = E[x] 

and Rx = (1/2)E[(x - x)(x - x)HJ. As shown in (2.17), the complex Gaussian 

assumption offers a tractable way to describe the channel as it only requires the 

ensemble mean 

c(t, T) E [c(t, T)] (2.18) 

and its second moment 

(2.19) 

If the mean and auto covariance of the channel are themselves time varying, then 
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it is very difficult using these quantities to characterize the channel. However, we 

can make the problem more tractable by assuming that c(t, T) is constant and 

independent of time and that the autocorrelation depends only on time differences 

[26]. This is known as the wide sense stationary (WSS) assumption. Normally, 

the mean is assumed to be c(t, T) = O. The consequence of assuming that the 

mean is zero is that the envelope of the complex Gaussian channel response has 

a Rayleigh distribution and the phase is uniformly distributed over [0, 27r]. For 

this reason, the channel is sometimes called the Rayleigh fading channel. We also 

assume that the contribution of one delay path is not correlated with another [2]. 

This is the uncorrelated scattering (US) assumption. Using these assumptions, 

the channel is a wide sense stationary uncorrelated scattering (WSSUS) channel 

and its autocorrelation is 

(2.20) 

By setting llt = 0, the channel autocorrelation function (2.20) becomes Rc(O, T) = 

(J~ (T) which is the multipath intensity profile or delay power profile. It describes 

the distribution of the average power of the channel with respect to the delay 

parameter. For any particular delay Tl, the autocorrelation function may be 

written as 

(2.21) 

where (J~(Tl) is the average power and PTl (t) is the normalized autocorrelation 

function associated with the Tl delay. The statistics of the time evolution of Tl 

delay are described by (2.21). 

The range of delay where (J~ (T) is essentially non-zero is called T max, the 

multipath spread or maximum delay spread of the channel [2]. As a rule of thumb, 
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if the symbol period is T » "rmax , then the lSI caused by the channel delays is 

negligible. Other than "rrrwx, two channel parameters commonly used are the rnean 

delay and the rms delay sprcad. The mean delay is defined as [1] 

:LTp a~(Tp) 
T = -p-==---=----

:La~ 
(2.22) 

p 

and the rms delay spread is defined as Tl'ms = VT2 -"72 where the second moment 

of the delay spread is 

(2.23) 

p 

These channel parameters provide a means of quantifying the channel and com-

paring channels with different delay power profiles. 

The channel can be characterized not only in the T and tJ.t domains but also 

in their respective Fourier transformed domains. Taking the Fourier transform of 

c(t, T) with respect to T, we get the time varying frequency response 

G(t,1) = 1: c(t, T) exp( -j27r IT) dT. (2.24) 

If the channel is a zero mean complex Gaussian random process, then it follows 

that the time varying frequency response retains the same statistics as the Fourier 

transform is a linear operation [29]. Using the \VSSUS assumption and GCt, 1), 

we can define a list of system autocorrelation functions and parameters which 

characterize the channel [1,2]. First, we define the space-frequency, spaced-timc 
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cOTTelation Junction as 

E [C(t, h) C*'(t + D.t, h)] I: Re(i::'t, T) exp( - j2nt1JT) ciT 

Rc(llt, t1f) 

25 

(2.25) 

.vhere t1J = 12 - h. The correlation function in (2.25) in the frequency domain is 

only dependent on frequency separation t1f. In the same manner, the two other 

system correlation functions are the spaced-frequency Doppler spread cOTTelation, 

Sc(v, t1f) = I: Rc(t1t, t1f) exp( -j2nvt1t) df1t (2.26) 

and the channel scattering Junction 

(2.27) 

The relationships among the four correlation function are shown in figure 2.4. 

The detailed derivation and discussion of these functions are found in [1,2,28]. 

By setting t1t = 0, then (2.25) becomes 

(2.28) 

The range of frequency separations where Rc( t1f) is not zero is known as the 

coherence bandwidth, Be of the channel. Frequency components difTering by more 

than the coherence bandwidth are affected by the channel dilTerently. If B, the 

bandwidth of the transmitted signal, does not exceed Be, then all the frequency 

components of the signal are sent through the channel with equal gain and change 

linearly in phase. Owing to the Fourier transform relationship of the correlation 
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Figure 2.4: The Fourier transform relationships of the channel correlation func
tions. The arrows represent Fourier transformation with respect to the pru'ame
ters in the square boxes. 

functions, the coherence bandwidth is related to the maximum delay spread of 

the channel by Be ~ l/Tmax . 

Likewise, we can set flJ 0 and therefore (2.26) becomes 

80(1/,0) - 8c (1/) = ,[: Rc(flt) exp( -j21f1/flt) db.t. 

function 80(1/) gives power at the output of the channel as a function of the 

Doppler frequency parameter 1/. It is usually called the DoppleT power spectrum of 

the channeL The range of [/ where 8c(IJ) is non-zero is called the Doppler- .spread, 

Bd of the channeL Again, b.y the Fourier transform relationship of the correlation 

functions, we define a new parameter, coherence time of the channel, ~:, such 

that To ~ 1/ Bd , \Vithin Tel the channel is effectively time variant. The Doppler 
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spread is related to the maximum Doppler frequency by Bd = 2h. 

The parameters presented above provide a quantitative measure of the chan

nel. Generally, we may characterize channels according to the values of these 

indexing parameters. As coherence time and Doppler spread specify the rate at 

which the channel varies, a channel exhibits fast fading if T > Te and B < Bd, 

and slow fading if T « Tc and B »Bd . Similarly, the coherence bandwidth and 

delay spread of the channel are indicative of the degree of multipath propagation. 

Therefore, a channel exhibits frequency-selectivity if B > Be and T < Trms , and 

fiat-fading if B « Be and T » Trms . Notice that all these parameters are quite 

meaningless without specifying the bandwidth or signalling interval of the trans

mitted signal. Therefore, it is common practice to use the normalized values of 

these parameters Te/T, BdT (or hT), BeT and Trms/T. 

A parameter used to describe channels exhibiting both time- and frequency

selectivity is the spread factor or spread product of the channel which is defined 

as BdTmax [2]. If BdTmax > 1, then the channel is known as an overspread channel, 

otherwise, it is underspread. Overspread channels, such as underwater channels 

[30], are extremely difficult, if not impossible to estimate. 

The channel parameters described above vary from environment to environ

ment [30]. In ionospheric skywave high frequency (HF) channels, the delay spread 

can range from 100 f-Ls to 5 ms depending on the distance between the transmitter 

and receiver, and Doppler spread can vary from under 0.01 Hz to 2 Hz. High 

speed aircraft also tend to increase the Doppler spreading to about 10 Hz at a 

carrier frequency of 10 MHz. For tropospheric scattering channels where the scat

terers are more continuous and less symmetric than those in the ionospheric HF 

channel, the delay spread is between 0.1 f-LS and 0.2 f-LS and the Doppler spread 

is between 0.1 Hz and 10 Hz when transmitting at microwave frequencies. For 

terrestrial multipath channels, operating between 800 MHz and 900 MHz, the 
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Figure 2.5: Normalized Doppler spectrum of an isotropic scattering channeL 

delay spread can be as much as 10 ~LS with 1 ps to 3 ps being the most common, 

At the speed of 20 mis, the Doppler spread is about 50 Hz when transmitting at 

800 MHz. 

It is sometimes insufficient to describe the channel in terms of these channel 

parameters. Analyzing, benchmarking and designing communication of-

ten requires the specification of one or more of the channel correlation functions. 

A simple a.nd yet commonly used delay power profile is the two ray profile [25]. 

The channel consists of two resolvable and independently fading paths and the 

profile is written a.s 

(2.30) 
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Figure 2.6: Rayleigh fading process c(t) with normalized autocorrelation of 
Pc(i~.t) = Jo(27r Jdl,6.tl) and JdT = 0.1. The markers 0 represent symbol intervals. 

where 71, 72 are the path delays. If the total average power output of the channel 

is a;, then the power associated with each ray is related by a; = a; (71) + a;(72)' 

In the same manner, the two ray profile may be extended to profiles with more 

resolvable paths. Other useful delay power profiles can be found in [31]. 

The autocorrelation function which is ubiquitous in the analysis of system 

performance is the Jakes' model [27]. An isotropic scattering assumption is used 

in this model and the autocorrelation of the 7 path of the channel is 

(2.31 ) 

where Jo (.) is the zeroth order Bessel function of the first kind. The corresponding 
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normalized Doppler spectrum is 

(2.32) 

otherwise. 

The isotropic scattering gives the well-known "U" -shaped Doppler spectrum shown 

in figure 2.5. An polar plot of a typical fading process with the autocorrelation in 

(2.31) and a Rayleigh distribution is shown figure 2.6. As seen in the figure, the 

complex fading process c(t) has a looping quasi-periodic behaviour. Especially 

at low (l,mplitudes, c(t) exhibits rapid phase changes when it traverse close to the 

origin. This is better illustmted in the TImgnitude and ph(l,se plots of c(t) shown 

in figure 2.7. Phase inversions usually occur when the signal is the weakest (l,nd 

the SNR the poorest. This proves to be a problem for receivers employing phase 

locked loops and phase discriminators. It should also be remembered th(l,t the 

Jakes' (l,utocorrelation model assumed isotropic scattering. However, this IIlay not 

be true in all situations. Furthermore, if the scatterers are themselves not static, 

then the maximum Doppler shift may very well be greater than fd. Other exam

ples of channel autocorrelation and Doppler power spectrum are found in [31J. 

\\Te have so far only considered Rayleigh fading channels where the phase is 

uniformly distributed over [0,271 J and the pdf of the envelope 6 iii 

6 [62 ] p(6) = - exp -_. 
(J2 2(J2 

E E: 

(2.33) 

where (J; = E[6 2J. In cases where the channel has a non-zero mean or specular 

component, then the envelope 6 often obeys a Ricean distribution 

(2.34) 
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where a; is the variance of the complex Gaussian components, ]{ is known as the 

Ricean factor and defined as ]{ = lP /2a; where A is the maximum amplitude of 

the specular component. The Ricean factor ]{ measures the ratio of the power 

of the deterministic mean component and the variance of the random component 

[25]. Function 10 (-) is the zeroth order modified Bessel function of the first kind. 

In the special case where ]{ = 0, then the Ricean pdf reduces to the Rayleigh 

pdf. The Ricean distribution is particularly suitable in describing channels which 

have both a direct LOS component and multipath fading. 

Another useful pdf for fading channels is the Nakagami-rn distribution [32] 

which is 

(2.35) 

where ro is the gamma function and the parameter rn is the fading figure of the 

channel and is defined as Tn = a; / E[E2 - a;] [2]. In the special case of Tn = 1, the 

Nakagami-rn distribution in (2.35) reduces to the Rayleigh pdf. Like the Ricean 

distribution, it is a two parameter distribution. It is particularly suitable for 

modelling channels in urban environments [33]. 

2.3.4 Channel Models 

Mathematical modelling of channels is essential in the analysis, simulation and 

design of communication systems. As shown by (2.13), the time- and frequency

selective channel behaves like a time varying linear transversal filter. Therefore, 

the most common mathematical model used for the channel is the tapped delay 

line (TDL) model [1]. The physical interpretation of (2.13) is that the channel 

consists of a dense continuum of scatterers. 

It is sometimes more convenient to use a discretized version of the channel 

model. The transmitted signal is bandlimited and the channel fading processes 
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are also generally bandlimited. Therefore, there would be no loss of information 

if we sample the received signal at Ts = T / N s, where the number of samples 

per signalling interval Ns is chosen such that the Nyquist sampling criterion is 

satisfied [26]. The l-th sampled received signal is therefore 

rl = f-: c(lT.\, T)8(lTs - T) dT (2.36) 

where rl = r(lTs). The model may be further simplified by discretizing the 

transmitted signal since it is also bandlimited. By using the sinc interpolation 

function [26] to construct the transmitted signal in terms of its samples, we may 

rewrite the transmitted signal as 

s (t) = f 8m sinc (t -pT,\ ) 
T~ 

p=-= 

(2.37) 

where sp = s(pTs). Substituting (2.37) into (2.36) and rearranging the order of 

summation and integral, we get 

(2.38) 

The channel output is now given by the sum of discrete transmitted samples 8l 

and the integral on the r.h.s. of (2.38). "Ve define the integral on the 1'.h.s. of 

(2.:~8) as 

100 (. )' (PTs - T) 
Cl,p = c lTs) T SlIlC. dT 

-00 Ts 
(2.39) 

and then we may write the received samples in terms of discrete transmitted 

samples and channel samples as 

00 

rl = 2: Cl,pSI-p' 

p=-oo 

(2.40) 
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Figure 2.8: Sampled TDL model of the time- and frequency-selective channel. 

\Vith (2.40), we may represent the channel as a linear transversal filter with 

tap weights c[,p and delays of Ts as shown in figure 2.8. It is sometimes useful in 

llsing the composite channel with response h(t, T) = p(T) *c(t, T), where p(t) is the 

transmit filter response and * is the convolution operator. The sampled response 

of h(t, T) may also be formulated by way of (2.36) - (2.40). The TDL model for 

the time invariant frequency-selective channel may also be derived directly from 

(2.40) by having static tap weights Cp. 

The model for the strictly time-selective channel is but a speeial case of the 

time- and frequency-selective channel. \Ve can consider the model for the time

selective channel as a TDL model with only one tap and without any delay. 

Therefore, using (2.40) the received samples at the output of a time-selective 

channel is 

(2.41) 

where Cl = c(lTs). 

Other than the above models which are based on linear filtering structures, 

power series [1] based models have recently been reported [12,34-37]. The power 
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series model or polynomial model uses a localized Taylor's series expansion with 

respect to either the t or I parameters. 

The I-power series model approximates the frequency response of the channel 

by a Taylor's series expansion about the center frequency. To derive the I -power 

series model, we first rewrite the channel impulse response as 

C(t, r) = cm(t, r - T) (2.42) 

where T is the mean delay of the channel as defined in (2.22) and cm(t, r) is 

the mean shifted channel impulse response. Using the time delay and frequency 

shift duality of property of the Fourier transform [26], the time variant frequency 

response of the CIR becomes 

C(t, J) = Cm(t, J) exp( -j2n IT) (2.43) 

where Cm(t, J) is the Fourier transform of Gm(t,r). Ignoring the frequency shift 

term on the 1'.h.s. of (2.43), the time variant frequency response CrrJt, .f) may be 

expanded as a Taylor's series expansion. The complex baseband representation 

of the expansion about I = 0 is 

(2.44) 

where 

C;(n)(t) = [dnCm(t 1 J)] 
'Tn ' dfn . 

:J /=0 
(2.45) 

The frequency response is now approximated by a power series with respect to I 
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and with coefficients Cr~!) (t). We define 

(2.46) 

as the time-selective coefficients. Using (2.44) and (2.46), the frequency response 

in (2.43) becomes 

00 

C(t,J) = ~(n(t)(j27fJT)nexp(-j27fJT). (2.47) 
n=O 

The quantity (j27f J)n in the frequency domain is equivalent to an n-th ordpr 

differential operator in the time domain. Therefore, if the transmitted signal is 

s(t), the received signal is 

r(t) = f (n(t)Tndn{s~t: Tn. 
n=O 

(2.48) 

Figure 2.9 shows the J-power series channel model. The model represents the 

time- and frequency-selective fading channel as a sum of elementary channels. 

Each elementary channel acts as an n-th order differentiator on the transmitted 

signal. The differentiated signal is then multiplied by the respective time varying 

coefficients (n (t). Al though the model consists of an infinite number of elementary 

channels, it is truncated in practice to a reasonable length. If the delay spread 

of the channel is not very large, then only the first few terms of the series are 

necessary to give a good approximation to the channel [34,36]. The convergence 

properties and other details of the J-power series expansion are found in [1]. 

The time-selective analogue ofthe J power series is the t-power series [1,12,37J. 

It may be used in modelling the flat-fading channel as well as the time- and 

frequency-selective channel. The model approximates the fading process as a 

Taylor's series expansion about some position in time which is within the interval 
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Figure 2.9: The J-power series model of the time- and frequency-selective channel. 

of expansion. To derive the model, we begin by considering the purely fiat-fading 

channel as the model can be directly applied to the doubly selective channel. 

Consider the fiat-fading channel in (2.12). The channel fading process may be 

expanded as Taylor's series over some interval of interest It - TJTs I < n and about 

t = TJTs. The expansion is written as 

(2.49) 

where the random coefficients of the polynomial basis are formally defined as 

(2.50) 

It is seen in (2.49) that the fading process is now represented by a weighted sum 

oftime invariant bases. Although the t-power series is an infinite series, when the 
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Doppler spread is only a mere fraction of the signal bandwidth and the sampling 

rate, then only the first few terms are required in modelling the fading process 

as long as the interval of expansion is not too large. The convergence properties 

and other details of the t-power series are found in [1]. The t-power series shown 

in (2.49) is directly applicable the time- and frequency-selective fading channeL 

2.3.5 Channel Simulations 

There are many techniques used in generating different types of fading channels 

[38~t121. To generate a R.ayleigh fading process, zero mean complex Gaussian 

white noise is filtered by a low pass correlation filter. The correlation filter is 

also known as a Doppler filter as it produces correlated Doppler fading [25]. The 

autocorrelation of the fading process is shown in (2.31) and the frequency response 

of the filter is JSc(v) where Sc(v) is the normalized Doppler spectrum defined 

in (2.32). The corresponding impulse response of the Doppler filter is [43] 

yrJ;;; 
t=o r(5/4) 

hd(t) = (2.51) 
J1[4(27r Jdt ) 

otherwise 
0 

where J1/ 4 (-) is the one-fourth order Bessel function of the first kind. As the 

Doppler filter is implemented as a FIR filter and the impulse response in (2.51) 

has heavy tails, windowing is required in order to produce a smoothly fading 

process. This may be achieved by llsing a Hanning window [44]. The polar, 

magnitude and phase plots of a typical complex fading process c(t) presented in 

figures 2.6 and 2.7 were generated using the technique described above. 

A frequency-selective Rayleigh fading channel may be generated by llsing sev

eral Rayleigh fading simulators and a TDL model of the channel. Each tap weight 
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of the TDL model of the channel is a Rayleigh fading process. The normalized 

fading processes are first weighted according to the delay power profile of the 

channel before being used as tap weights of the CIR. Ricean fading channels may 

be generated by using a constant tap gain for the first branch of the TDL model. 

The fading process of the individual paths of the channel are sometimes cor

related as in the case of the composite channel response h(t, r) of c(t, r) and p(t) 

which has been described in the previous section. To simulate a correlated fading 

channel, a filter is necessary to correlate the fading processes of the channel before 

using them as tap weights. The details of implementing this are found in [42]. 

2.4 Channel Equalization 

This section provides a general overview of equalization techniques for fading 

channels. It is an understatement to say that equalization of fading channels 

is necessary, as the performance of systems transmitting over such channels is 

still far worse than an equivalent system with AWGN channels. This is shown in 

figure 2.10. In the case of coherent binary PSK, it is assumed that the receiver has 

complete knowledge of the channel to implement coherent detection. Comparing 

the BER curves of binary PSK for an AWGN channel and a Rayleigh fiat-fading 

channel, we can clearly seen there is a large difference between them. For the 

AWGN channel, the asymptotic decrease in BER with respect to the signal-to

noise ratio (SNR) is according to an exponential law. But in the case of the 

case of the Rayleigh fiat-fading channel, the asymptotic decrease of the BER has 

an inverse relationship to the increase in SNR [26]. The implication of this is 

that in a fading channel environment, a large increase in the SNR is necessary 

in order to achieve an acceptable BER. Likewise, for the binary DPSK case, the 

system also pays a BER penalty when transmitting over a Rayleigh fiat-fading 
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channel. When the channel also exhibits frequency-selectivity, the performance 

degradation is more severe. The BEll floors at a high level and further increase in 

the SNll does not improve the BEll as the dominant effect is due to lSI. Without 

channel equalization, the error floor cannot be lowered. V\lith faster fading, a BEll 

curve for DPSK may also floor at a high level due to the increased decorrelation 

of the channel between successive symbols. As differential modulation requires 

phase stability, the channel decorrelatioll degrades the performance of the system 

using DPSK. 

The rapid phase transitions caused by the fading channel would ultimately 

effect the BER performance of the system. For example, without any form of 

equalization, the BER performance for coherent PSI{ would be worse than the one 

shown in curve (c) of figure 2.10. Furthermore, channel equalization is necessary 

in alleviating the effects of channel induced lSI so that the BER performance is 

at a reasonably acceptable level. 

2.4.1 Linear and Decision Feedback Equalizers 

There are two popular equalization techniques for receivers making per symbol 

hard decisions. They are linear equalizers and decision feedback equalizers (DFE). 

Linear equalizers are essentially TDL structures with specially optimized tap 

weights [45]. In the case of the zero forcing (ZF) equalizer, the tap weights or 

tap coefficients are chosen such that all but one of the combined channel and 

equalizer samples are zero. The ZF equalizer approximates an inverse filter with 

frequency response being the reciprocal of the frequency response of the channel. 

Noise is enhanced at frequencies where the signal magnitude is low which is 

undesirable. To circumvent the noise enhancement problem, the optimization of 

the tap weights must also consider the noise. This is done by using the minimum 
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Figure 2.10: BER of binary PSK and DPSK for AW"GN channel and fading chan
nels. Solid lines represent results for coherent binary PSK and dashed lines for 
non-coherent binary DPSK. (a) and (b): A\tVGN channel. (c): Slow Rayleigh 
flat-fading with perfect channel state information. (d): Rayleigh flat-fading 
JdT = 0.005. (e): Rayleigh frequency-selective fading JdT = 0.005, 7 nTLs = 0.25T. 

mean squared error (MMSE) oJ the lSI and noise at the output of the equalizer 

as a criterion of optimality. Oonsider a linear equalizer of length 1\11 with tap 

coefficients w = [wo, WI," . ,WM - IV. The input vector at time kT' is Yk = 

[Ykl Yk-l, ... ,Yk_Jvf]'r where J/k = y(kT') and T' is delay between successive taps. 

Then the objective function to minimize is 

(2.52) 

where the output of the equalizer is Zk = w H Ykl the desired response is dk-~ and ~ 

is the decision delay. The .wHvISE tap weights are the solution to the WicncT-Hopf 
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Figure 2.11: Structure of a linear equalizer of length 11,11. 

equations [20] which is expressed as [2] 

(2.53) 

where p~ = E[dk-eYk] and Ry = E[Ykyf]. If vector Tk, with autocovariance 

matrix of Rn is the noiseless input vector corresponding to Yk and the additive 

noise is white with variance of (J~, then Ry = Rr + (J~I where I is an IvI x Iv! 

identity matrix. The MMSE is then 

(2.154) 

The M~1SE linear equalizer is attractive due its low complexity. However, its 

performance is easily affected by channels with bad spectral characteristics such 

as spectral nulls [2]. 

The decision feedback equalizer is particular useful for channels with severe 

amplitude distortion [46] and other bad channel characteristics. The DFE uses 



CHAPTER 2. MOBILE COMMUKICATIOK SYSTEM 43 

decision feedback to cancel lSI caused by symbols already detected. A typical 

DFE consists of a feedforward filter and a feedback filter as shown in figure 

2.12. The feedforward filter is similar to a linear transversal equalizer. The 

detected symbols are assumed to be correct and fed back to cancel the lSI which 

is attributed to them. The tap coefficients of the feedback filter are in fact 

the tail of the overall response of the channel and the feedforward filter. The 

coefficients of both the feedforward and feedback filters are jointly optimized. 

Let the tap weights of the feedforward filter be W j of length M and the feedback 

taps be Wb of length N. The input vector to the feedforward filter at interval 

kT' is Yk = [YkJ Yk-l," . ,Yk_M]T and the input to the feedback filter is d k = 

[dk-~-l' dk-~-2' ... ,dk-~-Nl and ~ is the decision delay. We define the combined 

decision feedback equalizer tap vector as Wdje = [w}, wrJT and the joint input 

vector as Y dje,k = [yI, dIlT . The objective function to be minimized is Emse = 

EI:lzk - dk_~12l where Zk = WMeYdje,k' Like the linear equalizer, the optimum tap 

weights for minimizing the mean squared error is the solution to the Wiener-Hopf 

equations and in this case it may be written as 

R - 1 
W dje = djePdje,~ (2.55) 

where Rdje is the auto covariance matrix of the input vector Y dje,k and Pdje,( = 

E[dk_~Ydje,k]' The MMSE may be expressed as 

1 H R- 1 
t mmse = - PdJe,~ djePdje,~. (2.56) 

It is clear from (2.53) and (2.55) that the statistics of the channel and noise 

are required to obtain the optimum tap weights of both the linear equalizer and 
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Figure 2.12: Block diagram of a typical decision feedback equalizer. 

the DFE, and may be unavailable. In a time varying environment, the statistics 

of the channel may also change over time. Therefore, the MMSE implementation 

shown above may not be realizable. However, the implementations of both these 

equalizers are easily made adaptive by using the least mean squares (LMS) or the 

recursive least squares (RLS) algorithms [45J. 

The LMS algorithm is a stochastic gradient technique [47]. It is attractive 

as it is simple to implement. The algorithm consists of the generation of an 

estimation error by comparing the filter output and the desired response and 

using the error to update the tap coefficients. In the case of the linear equalizer, 

the LMS algorithm consists of error calculation 

(2.57) 

where Wk is the tap weight vector at time kT', and the updating step 

(2.58) 

where p is a suitably chosen step size. The rate of convergence of the LMS 

algorithm is dependent on the step size p and the spectral properties of the 
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filter input [20]. The tap coefficients are adapted during a training period where 

known data symbols are transmitted. After the weights are either 

kept fixed or updated in a decision directed mode. application of the LMS 

algorithm to the DFE is straightforward and is detailed in [45]. 

The conventional RLS algorithm is a variant of the Kalman filtering algorithm 

[48]. In most situations, it offers faster convergence than the LMS algorithm. 

However, it is computationally more intensive than the LMS algorithm. Like 

the LMS approach, the RLS algorithm also computes an error term as in (2.57). 

Instead of using an appropriate adaptation step size, a gain vector is used. Using 

the same linear equalizer example, the update equation is 

(2.59) 

where Kk is the Kalman gain vector. The Kalman gain vector at each iteration 

is [20J 

(2.60) 

where the weighted inverse correlation matrix of Yk is 

(2.61 ) 

where ,\ is a positive constant close to unity. The algorithm is initialized by 

setting Wo = 0 and Po - 5-11 where 0 is the null vector, I is the identity matrix 

and 5 is a small positive constant. 

In the above discussion, the period T' at which input samples are spaced 

was not specified. If T' = T, then the equalizer is known as symbol-spaced or 

T-spaced and if T' = mT In where n > m, then it is known as a fractionally

spaced equalizer (FSE). Unlike the T-space equalizer, the performance of a FSE 
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is insensitive to the choice of sampler phase. It is also more robust and effective 

in compensating for severe delay distortion and amplitude distortion with less 

noise enhancement [49]. 

2.4.2 Maximum Likelihood Sequence Estimation 

. The equalizers presented in section 2.4.1 are both implemented as filtering 

structures. A departure from this classical equalizer structure is equalization 

using maximum likelihood sequence estimation (MLSE). In conventional equal

ization described in 2.4.1, the receiver first attempts to suppress the impairments 

caused by the channel and then makes a decision on the transmitted data on a per 

symbol basis. In MLSE, the receiver attempts to recover the entire transmitted 

sequence of symbols. It has been shown in [50] and [51] that the symbol-rate

samples of the output of a whitened matched .filter (WMF) and matched .filter 

(MF) respectively provide sufficient statistics for MLSE. Recently, it has been 

shown that, outputs from a fractionally spaced discrete time MF [52] or an arbi

trary bandlimited filter without any spectral null also provides a set of sufficient 

statistics for MLSE [53]. 

The maximum likelihood (ML) detection criterion is written as 

d = argmiLxp(Yld) 
d 

(2.62) 

where d is the detected symbol sequence, d is the hypothesized sequence and 

p(Yld) is the pdf of the vector ofreceived samples Y = [Yl, Y2,'" ,YJ(] conditioned 

on the hypothesized sequence. According to (2.62), the ML detector selects the 

hypothesized sequence that maximizes the conditional pdf as the transmitted 

sequence. It is clear that direct application of MLSE or "brute force" MLSE has 

a very high computational complexity if the transmitted sequence is long. 
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MLSE can be viewed as estimating the state sequence of a discrete-time finite 

state machine. Assuming that each received sample is affected by only the L 

most recent transmitted data symbols, then there are ML states where M is the 

size of the symbol alphabet. If the elements of the received sample vector yare 

conditionally independent of one another, then the joint conditional pdf may be 

expressed as 
K 

p(Yld) = II p(Ykl}Jk-l) (2.63) 
k=l 

where }Jk = {[Yl, Y2,' .. , Yk], d}. By taking logarithm of (2.63), the expression is 

simplified to 
K 

Inp(Yld) = Llnp(Ykl}Jk-l). (2.64) 
k=l 

If the received samples have Gaussian distributions, then the negative log likeli-

hood metric (2.64) reduces to a Euclidean squared distance metric. Hence, MLSE 

selects the sequence which minimizes the Euclidean distances of the received sam-

pIes. Recursive implementation of the MLSE may then be performed by a trellis 

search employing the Viterbi algorithm (VA) [54,55]. 

For time varying channels and channels inducing lSI, an estimate of the chan

nel is necessary to perform MLSE [3,50,51,56]. The channel estimates may be ob

tained from channel sounding techniques such as pilot tones and symbols [57,58], 

wiener filters [4,59] or decision directed estimators using LMS [60], RLS [61] or 

Kalman filtering [5]. For decision directed channel estimators, the estimator re

ceives decisions from the output of the VA [62]. If the decision delay is long and 

the channel is varying rapidly, the estimator will perform poorly. This is solved 

by employing per survivor processing (PSP) where each survivor path in the VA 

maintains its own channel estimates [6l]. This comes at a cost of increased com-

plexity. It should be noted that under certain conditions, sequence detection 
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implemented by the VA only approximates MLSE [63]. 

2.4,3 Other Equalization Techniques 

The symbol-by-symbol maximum a posteTioTi (MAP) algorithm is another opti

mum strategy that may be used for equalization [64]. The MAP recursion involves 

a forward and backward trellis search and therefore it is computationally more 

intensive than the MLSE. 

Equalization algorithms that do not require any explicit training are known 

as blind or self-recovery algorithms. A class of these algorithms is the constant 

modulus algoTithms (CMA) which is derived from the method of steepest descent 

[65-67]. These algorithms, however, require long periods of time to converge and 

they are therefore unsuitable for mobile communications. Other blind algorithms 

rely on the higher order statistics of the channel to estimate channel and then 

use it to compute the equalizer coefficients. Examples of such algorithms are 

shown in [68,69]. These algorithms require large amount of data and eomputation 

to obtain aceurate estimate of the higher order statistics. Furthermore their 

performances are sensitive to model order mismatch. 

2.5 Diversity Systems 

The concept of a diversity works on the premise that errors in reception usually 

occur when the channel goes into a deep fade and attenuation is large. If by some 

means, several versions of the transmitted signal are available to the receiver, 

then the probability of error can decrease dramatically [2]. Diversity techniques 

may be categorized into explicit and implicit diversity. 

The most common explicit diversity technique is antenna diveTsity or spa.ce 

diveTsity [9,70-72]. In such systems, multiple receive antennas spaced several 
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wavelengths apart are used to obtain uncorrelated versions ofthe signal. Usually, 

the antennas must be spaced at least 10 wavelengths apart to completely decorre

late the received signal [2]. Figure 2.13 shows the BER performances of coherent 

binary PSK transmitted over a slowly fading channel with different numbers of 

antennas. The difference in performance between L = 1 and L = 2 is great. How

ever, with increasing number of antennas, the marginal improvement diminishes. 

Another factor one must consider before implementing antenna diversity is the 

constraint of physical space. To decorrelate the diversity branches, the antennas 

must be spaced at least one-half wavelength apart. Therefore, in situations where 

space is limited, antenna diversity cannot be effectively implemented. Other less 

common explicit diversity techniques are frequency diversity and time diversity 

where multiple versions of the data signal are transmitted in different frequency 

bins or time slots. 

Implicit diversity may at first appear to be counter intuitive. It is based on 

the fact that the received signal from a channel exhibiting time-selectivity or 

frequency-selectivity or both, is made up of several versions of the transmitted 

signal. With increasing time- and frequency-selectivity, the fading that each of 

version of the transmitted signal experiences will become increasingly decorre

lated. Therefore, the more extreme the channel, the greater the implicit diversity 

effect. However, it must be remembered that any performance gain from implicit 

diversity is only possible if a receiver which can exploit this form of diversity 

exists. 

2.6 Literature Survey of Receiver Structures 

The general theme ofthis thesis is equalizers and receiver designs for mobile com

munication systems. This section provides an overview of some receiver structures 
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Figure 2.13: BER of coherent binary PSK over slow Rayleigh fading channel 
with diversity reception using maximal ratio combining (MRC). L is the number 
of antennas. 

and techniques for fading found in the literature. 

A symbol-by-symbol MAP equalizer has also been been proposed for the fiat

fading channel [64]. This receiver uses a bank of Wiener filters to acquire the 

estimates of the channel. A similar detector is shown in [73] but in this case, the 

channel estimates are obtained by using Kalman jilters (KF). Dam and Taylor [74] 

propose an adaptive per symbol detector using a matrix inverse channel estimator. 

Another adaptive symbol-by symbol Bayesian detector is shown in [75]. More 

conventional symbol-by-symbol equalizers, such as linear equalizers and DFEs 

for use in fading channels have also been extensively studied [76--79]. 

Sequence detection based receivers are also used extensively in fading chan-

nels. Morley and Snyder [80] have presented an MLSE structure using a bank of 
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continuous time filters to estimate the channel impulse response. Ungerboeck's 

MLSE receiver has been extended to the time- and frequency-selective channel 

in [72]. Hart and Taylor also propose a MLSE based receiver which estimates not 

only the channel, but also the auto covariance of the channel and noise [6]. In [3], 

the authors use autoregressive (AR) modelling of the Rayleigh fading channel to 

design an MLSE based receiver with a linear prediction channel estimator for 

CPM. A similar structure using predictors has been proposed in [35,81] for PSK 

signals. Earlier, Kam has presented an almost identical approach where the chan

nel estimates are obtained by Wiener filtering [59]. Yu and Pasupathy propose a 

MLSE based receiver using a discrete-time innovations approach in [4,82]. The 

receiver consists of a bank of normalized prediction error filters to compute the 

decision metric. Some sequence detection schemes employ Kalman filters as esti

mators. In [83], a MAP sequence detection based receiver uses a bank of Kalman 

estimators. In [5,84]' MLSE based receivers with Kalman estimators have been 

presented. Kalman filters are computationally intensive, and there exist simplifi

cations to the algorithm [85,86]. Various algorithms have also been proposed to 

reduce the complexity of the VA [87-89]. 

Adaptive receivers have been proposed to avoid the overt need for channel 

statistics [62,90-93]. In these structures, RLS or LMS algorithms in one form 

or another have been used to adapt the receiver to the channel characteristics. 

Detailed studies of LMS, RLS and Kalman based estimators are found in [14,15]. 

The authors in [94], have suggested a coupled RLS-Kalman estimator. The RLS 

algorithm is used to adaptively update the parameters of the state space model. 

Recently, the t- and f-power series models presented in section 2.3.4 have 

given rise to some novel receiver structures. The t-power series have been used 

in designing the receivers and estimators in [11-13,37]. Clark and Hariharan [13] 

explicitly model the tap coefficients of the channel as linearly time-varying at 
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constant rate or a two term t-powel' series modeL The receiver for the flat-fading 

channel in [11] also uses a two term t series. Instead of using any adaptive 

algorithm or channel statistics, the double filtering receiver makes use of the 

polynomial relationship of the output of the filters to formulate the metric. The 

MLSE receiver in [12] replaces the MMSE predictor of the receiver in [3] with a 

polynomial predictor [95]. Borah and Hart has also proposed a channel estimator 

for the frequency-selective fading channel which models the tap coefficients as 

polynomial expansions [37]. The coefficients of the expansion are estimated using 

a sliding window least squares algorithm. Receivers using the i-power series are 

found in [34,36,92,96]. 

2.7 Summary 

This chapter has presented an introduction to mobile communications. The con

cepts of modulation, fading channels, equalization and diversity systems have 

been discussed, A brief literature survey of various receivers and estimators for 

fading channels has also been provided. 
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simple DPSK receiver for the linearly frequency-selective fading channel 

is presented. The channel is modelled as an f-power series truncated to 

the first two-terms [1,34, 96J. The concept of Nyquist pulse shaping for lSI free 

transmission is extended to this channel. Two specifically designed time invariant 

filters are used to remove the channel induced lSI and separate the two implicit 

diversity branches. The received samples from each filter are then differentially 

decoded and linearly combined for diversity gain. Analytical and simulation re

sults for binary DPSK show that this receiver shows significant improvement over 

the conventional receiver which uses matched filtering and a product demodula

tor. 

53 
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3.1 Introduction 

Differential phase shift keying (DPSK) is a used in a wide variety of communi

cation systems. It offers a simple way to circumvent the carrier phase recovery 

problem caused by fading since an absolute phase reference is not necessary for 

demodulation [2]. DPSK is an attractive modulation scheme especially for sys

tems that require low complexity as the receiver is easily implemented using a 

differential decoder and a prod uct detector. 

Although easy to implement, the effectiveness of a conventional DPSK receiver 

is restricted to very slow flat-fading channels. There are two major problems asso

ciated with the reception of DPSK signals over a more general frequency-selective 

fading channel: lSI introduced by the channel delay spread and rapid phase vari

ations caused by fading. Both these phenomena contribute to a relatively high 

floor in the bit error performance curve of the receiver. DPSK systems using a 

conventional receiver are therefore unsuitable for applications requiring lower bit 

error rates. 

Without any channel equalization, the lSI present in the received signal causes 

the conventional DPSK receiver to perform worse than in an equivalent flat-fading 

channel. Even for channels with relatively small delay spread, the performance of 

the receiver becomes degraded [97]. Equalization schemes may be used in tandem 

with DPSK [78,79] but increase the complexity of the receiver and therefore may 

be unsuitable for systems with limited computational resources which is what 

makes DPSK attractive in the first place. 

For best performance of differential demodulation of DPSK signals, there must 

be phase stability in the received signal over at least two successive symbols [2]. 

However, even in slow fading, the channel induces phase fluctuations between 

successive symbols and this results in a performance penalty. Receivers devel-
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oped in [74,93,98] are capable of reducing or eliminating the error floor caused 

by the phase variation problem. These receivers employ channel estimation to 

compensate for the phase variations of the channels. But again, these receiver 

require higher complexity than the conventional DPSK receiver. 

Another common technique to improve the performance of a conventional 

DPSK receiver is explicit diversity [70,99] which was briefly discussed in 2.5. 

Instead of having just a single received signal, several versions of it are pro-

cessed together to improve the overall performance of the system. This is usually 

achieved by having multiple antennas which are sufficiently spaced apart to en-

sure that the received signals are from independently faded branches. Although 

the multi path propagation induces lSI, it also introduces implicit channel diver-

sity since multiple delayed versions of the transmitted signal are received. Like a 

receiver exploiting explicit diversity, a receiver could process these signals appro-

priately and achieve some diverflity gain. Then there could be an improvement 

in the performance of the sYfltem over an equivalent flat-fading channel which is 

without any implicit channel diverflity [72]. 

In chapter 2 we have shown that a fading channel may be represented by a 

truncated T'aylor's series expansion with respect to either the time parameter t 

or the frequency parameter f. These are known as the t- and i-power series 

models respectively. In the case of the t-power series, the time-selectivity of the 

channel over a finite time interval is eflsentially depicted by a set of time invariant 

polynomial basis functions. Likewise, in the case ofthe i-power series model, the 

frequency-selectivity of the channel over a finite frequency range is described by 

a set of static polynomial basis functions [1]. 

Special C(h'les of the general t- and i-power series model are the linearly time,· 

and the linearly frequency-selective channel models respectively [1]. Each of these 

models consists of a two-term polynomial series. The linearly time-selective chan-
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nel model may be considered as a channel with a constant "gain slope' with 

respect to time. In the case of the linearly frequency-selective channel, the chan

nel varies linearly over the frequency band of interest. Although these models 

seem excessively simple, they are in fact good approximations for certain fading 

channels with moderate fade rates or small delay spreads [11,34,96, 100J. 

Simple but yet effective equalizers may be designed using these parsimonious 

channel models [11,96,100]. In [11,100], the two-term t-power series model has 

been used to develop simple receiver structures which exploit the implicit diversity 

of the time-selective channeL Each of these receivers consists of two equalization 

filters which alleviates the lSI induced by the channel. The outputs of these filters 

are un correlated and may be combined to improve the BER performance of the 

system. The equalizer for the linearly frequency-selective channel shown in [96] is 

a single filter structure which mitigates lSI but does not provide any performance 

gain due to implicit channel diversity. 

In this chapter, we extend some of the ideas from [11,100] to the linearly 

frequency-selective channel. The channel is assumed to be slow fading and have 

a small delay spread such that a two-term J-power series expansion [1,34,96] 

is sufficient in approximating it. This is known as a linea.rly fn:.quency-select'ive 

fa.ding channel. By representing the channel in this form, the received signal is 

clearly shown to consist of two diversity branches. The proposed receiver employs 

two time invariant filters specifically designed to isolate each of the diversity 

branches and mitigate the effects of lSI. The sampled outputs from these filters 

are then added together before decisions arc made. This is similar to fixed ratio 

diversity combining 1. 

IThe receiver does not apply gain to either of the diversity branches, therefore it is struc
turally similar to an equal gain combiner. However, the average signal energies from either 
branches are unequal and their ratio is fixed according to the ,JJ.annel parameters. Hence, the 
term ji.'Ved ratio diversity combining applies. 
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The chapter is organized as follows. The system and signal models used in 

designing the receiver are presented in section 3.2. In section 3.3, the development 

of the detector structure and design of the transmitter and receiver filters are 

shown. The analysis and performance of the receiver are provided in sections 3.4 

and 3.5. Other possible filter designs are discussed in section 3.6. Finally, the 

contents of this chapter is summarized in section 3.7. 

3.2 The Signal Model 

The complex baseband transmitted signal may be written as 

s(t) = L dkP(t - kT) (3.1) 
k 

where p(t) is the impulse response of the transmitter filter, T is the symbol 

period and the dk is the k-th differentially encoded NI-ary data symbol. The k-th 

differentially encoded data symbol is related to the uncoded Af-PSK symbol (XI.; 

by 

(3.2) 

where Q;k = exp(jak) and ak E {,Bm = 27rm/ M; m = 0,1, ... ,AI - 1}. Signal s(t) 

is then transmitted over a time- and frequency-selective Rayleigh fading channel 

with impulse response 

c(t, T) = L Cp(t)cl( T - Tp) (3.3) 
p 

where cp(t) is the zero mean complex Gaussian fading process associated with 

the p-th ray of the channel. The delay of the p-th path is represented by Tp. The 

channel is also assumed to be a wide sense stationary uncorrc1ated scattering 

(WSSUS) channel [:I.]. 
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Instead of the conventional TDL channel model as shown in (2.40) and figure 

2.8, we model the channel as an J-power series expansion [1,34,96]. For channels 

with small delay spreads (TrTns ::; O.05T), a two-term J-power series is adequate in 

representing the channel [34,96]. This is known as a linearly frequency-selective 

fading channel. We also assume that the fading is slow and piecewise constant 

over each symbol interval. Using this model and by (2.48), we may write the 

received signal as 

r(t) = L (2 dkP(t - kT - T) + La dkP(t - kT - T) + w(t) (3.4) 
k k 

where the time-selective coefficient is (J: = (n(kT), T is the mean delay of the 

channel and 

'(t) = Td{p(t)} 
Pd' ,t 

(3.5) 

The additive white Gaussian noise at the front end of the receiver is denoted 

by w(t) and has power spectral density, No. The coefficients (E and (k are zero 

mean complex Gaussian random variables for the k-th symbol interval associated 

with the first and second term of the series model respectively. In section 2.3.4, 

we have shown the relationship bet'vveen the time-selective coefficients (n (t) of 

the J-power series model and the time varying transfer function C(t,.f) of the 

channel. Due to the Fourier transform relationship between the transfer function 

and the impulse response of the channel, it can be shown that these coefficients 

are related to the channel impulse response (3.3) by [1,34] 

(3.6) 

Since we assumed a WSSUS channel, \ve write the correlation of the fading coef-
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(3.7) 

where the autocorrelation function Rc([k - l]T) = E [cp(kT) c;(lT)] and m, n = 

{O,l}. It is clear from (3.7) the energy of the second fading coefficient E [1(lI2] 

increases with increasing delay spread. However, with increasing delay spread, 

the higher order terms of the f -power series model may become significant as well 

and the two-term series cannot be justifiably used to approximate the channel. 

Without any loss in generality, we may assume that the mean delay T = O. 

In practice, this is achieved by having the timing recovery circuit locking onto 

the mean delay of the channel which effectively sets it to zero [34]. By setting 

the mean delay to zero, we can infer from (3.7) that the correlation between the 

fading coefficients becomes 

(3.8) 

Therefore, each term on the r.h.s. of (3.4) may be viewed as the output of an 

uncorrelated diversity branch of the channel. With T = 0, the received signal 

(3.4) becomes 

r(t) = L (f dk p(t - kT) + La dk p(t - kT) + w(t). (3.9) 
k k 

3.3 Receiver Realization 

In this section, we derive a DPSK receiver which mitigates the channel induced lSI 

and exploits the implicit diversity of the frequency-selective fading channel. The 

concept of Nyquist pulse shaping for lSI free transmission is extended to the case 

of the linearly frequency-selective channel. First, the conventional DPSK detector 

is briefly reviewed. Next, the derivation ofthe proposed receiver is presented. The 
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effect of the additive noise on the proposed receiver is also discussed in detail. 

3.3.1 Conventional DPSK Detector 

In a conventional DPSK detector, the received signal r(t) is first filtered by a 

receiver filter q(t). Normally, the response of the receiver filter is q(t) = p*(-t), 

so that the transmitter and receiver filter form a matched tilter pair and the 

overall response of the two filters is full Kyquist. This is usually achieved by 

employing tilters with square root raised cosine responses for both the receiver 

and transmitter filters. Using (3.2) and (3.3) and assuming fading is slow, the 

filtered and sampled received signal at t = IT becomes 

Zl = L L dkcp(lT)Pz([l- k]T - Tp) + wAl) (3.10) 
Ie p 

where pz(t) = p(t) * q(t) and wz(l) = [w(t) * q(t)]t=lT' Clearly, from (3.10), the 

received sample is impaired by phase variations and lSI. The detector attempts 

to recover the transmitted symbols by differentially demodulating the sampled 

output of the filter to obtain 

(3.11) 

Symbol decisions are then made by a decision device using the demodulated sam-

pIes (3.11). If the phase is invariant over successive samples and the samples are 

lSI free, then at is but an attenuated version of the uncoded transmitted data 

symboL Therefore, the performance of the conventional receiver is only limited 

by additive noise. However, as shown in figure (3.10), the received samples expe-

rience phase variations and contain lSI in general. Hence, the receiver performs 

poorly and results in an irreducible error floor in the BER performance curve as 

shown in 2.10 and [97]. 
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The block diagram of the proposed receiver is shown in figure 3.1. Like the flat

fading receivers of [11,100], the proposed receiver also consists of two receiver 

filters with impulse responses of qx(t) and qy(t). From (3.9), the sampled outputs 

of the two receiver filters at time t = IT are 

k k 

and 

k k 

where 

Px(t) p(t) * qx(t) (3.14) 

Px(t) p(t) * qx(t) (3.15) 

Py(t) p(t) * qy(t) (3.16) 

Py(t) p(t) * qy(t) (3.17) 

wx(l) [w(t) * qx(t)]t=IT (3.18) 

wy(l) [w(t) * qy((lt=IT' (3.19) 

It is seen in (3.9) that the noiseless received signal r(t) is made up of two com-

ponents. We may consider one component as the desired signal and the other 

as interference and vice versa. It should also be noted that the received signal 

components contain lSI. Therefore, using the receiver filters, it is desirable to 

minimize the lSI in these signal components and isolate them so that the ener-

gies from both branches are utilized constructively. The design of the receiver 

filters will be addressed in the next section. Ideally, all lSI is removed and the 
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two signal branches are completely separated. The desired sampled outputs of 

the receiver filters are then 

Yl 

(IOdl + wx(l) 

(ld l + wy(l). 

The samples are then differentially demodulated resulting in 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

where cif and ar are noisy and scaled estimates of the l-th uncoded data symbol. 

Both the additive noise w(t) and phase instability caused by fading contribute 

to the noisiness of the estimates (3.22) and (3.23). The demodulated samples 

are then linearly combined. This is equivalent to fixed ratio combining. The 

contribution of each branch is determined by the energies of the fading coefficients 

(? and (l as shown in (3.7). Symbol decisions are made by the decision device 

using a product detector which computes the decision metric [70] 

(3.24) 

The detector makes the decision Oil = exp(j,Bm) if,Bm maximizes the metric (3.24). 

The proposed receiver is a diversity combining receiver since contributions 

from each implicit diversity branch are used for the decisions. As the delay spread 

of the channel increases, the contribution from the second diversity branch also 

increases. However, for larger delay spreads, the approximation of the channel 

using a two-term j-power series may no longer be accurate as the higher order 
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terms of the series become more significant. Clearly, the receiver will still operate 

with only one of the two receiver filters but the implicit diversity of the channel 

will not be exploited. 

3.3.3 Derivation of the Nyquist Filters 

To achieve the ideal samples (3.20) and (3.21), the following conditions, 

Px(lT) 

Px(lT) 

py(lT) 

py(lT) 

o 

o 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

must be met. The function 010 = 1 for 1 = 0 and it is zero otherwise. Therefore, 

the filter responses Px(t) and Py(t) are lSI free. The filter responses Py(t) and 

Px(t) must be zero at the sampling epochs. 

In order to design the filters p(t), qx(t) and qy(t) meeting the conditions (3.25) 

to (3.28) we follow the method used in [11] for the flat-fading receiver. \iVe begin 

by applying the Poisson sum formula [29] to (3.25) and (3.26), resulting in 

LPa: (1 - ~) 
l 

T (3.29) 

~1\ (f- c~) o (3.30) 

where Pa; (1) 1 Px (1) are the Fourier transforms of Px (t) and Px (t) respectively. 

Condition (3.29) is equivalent to the Nyquist criterion for lSI free transmission 
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[26]. We also note that the transforms of the filter responses are by 

Px(J) P(J)Qx(J) (3.31) 

Fx (J) j27r iT P(J)Qx(J) (3.32) 

where P(J), Qx(J) are the frequency responses of the transmitter filter p(t) and 

receiver filter qJ;(t) respectively. At this point, we assume that the filters are 

bandlimited to -liT::; i ::; liT, but this condition will be relaxed in section 

3.6. Therefore, we may write (3.29) and (3.30) as 

(3.33) 

for 0 ::; i ::; liT. Solving these equations we obtain 

P(J)Qx(J) T(l - iT). (3.35) 

Similarly, for the negative frequencies -liT::; i ::; 0, we get 

P(J)Qx(J) = T(l + iT). (3.36) 

The solutions shown in (3.35) and (3.36) are equivalent to the ones presented 

in [96] obtained using a more tedious calculus of variations technique. 
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Similarly, applying the Poisson sum formula to (3.27) and (3.28) results in 

o (3.37) 

T. (3.38) 

The filter responses satisfying (3.37) and (3.38) are obtained by using the above 

approach. The responses are 

for -liT::; f ::; 0 

(3.39) 

for o ::; j ::; liT. 

The overall responses (3.35), (3.36) and (3.39), of the transmitter and reeeiver 

filters must be achieved to meet the eonditions (3.25) to (3.28). Note that the 

overall responses P(f)Qx(f) and P(f)Qy(f) are lSI free Nyquist pulses with 

100% excess bandwidth. 

3.3.4 Filters Selection and Noise Figures 

There are numerous ehoices of P(f), Q;r;(f) and Qy(f) whieh satisfy (3.35), (3.36) 

and (3.39). A simple family of solutions arises if we partition the frequency 

responses(3.35) and (3.36) such that 

and 

{ 

[T(l + jT)]P 
Qx(f) = 

[T(l- jT)]P 

{ 

[T(l + jT)]l-p 
P(f) = 

[T(l - jT)]l-P 

for 

for 

for 

for 

-liT <::: f::; 0 

o ::; j ::; liT 

-liT::; j ::; 0 

o ::; j ::; liT 

(3.40) 

(3.41) 
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where the partition index p has values in the range 0 S p S 1. Setting p = 1/2 

effectively matches the transmitter filter p(t) to the first filter qx(t). We also note 

that 

{ 

T2 p-l (1) 
Q~(J) = p 

_pT2 p-l(J) 

for 

for 

-1/TS1s0 

Os 1 S l/T 
(3.42) 

where Q~(J) is the first derivative of Qx(J) with respective to the frequency 

variable 1. Therefore, using (3.39) and (3.42) we may write the transfer function 

of the second filter as 

Hence, the impulse responses of the filters qx(t) and qy(t) are related by 

( ) 
_ t qx(t) 

qy t - --. 
pT 

(3.43) 

(3.44) 

The family of solutions is appealing as it exhibits the relationship of time-frequency 

duality. From (3.5), we know that p(t), the second diversity term, is the first 

derivative of the transmitter filter response p( t). Similarly, the filter transfer 

function Qy(J) in (3.43) which is used to isolate and equalize the second diversity 

branch is but the derivative of the response of filter Qx(J) with respect to f. 

The noise terms wx(t) and wy(t) are also affected by the responses of the 

filters. Hence, the choice of the partition index also affects the noise statistics. 

In general, the noise correlation function is expressed as [26] 

Ruv(~) 

No [: Qu(J) Q~(J) exp(j27r 1~) df. (3.45) 

For the autocorrelation of wx(t), u = v = x and for the autocorrelation of wy(t), 

u = v = y. In the case of the cross-correlation between the two noise terms, we 
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let u = x and v - y. 

By using using (3.40) and (3.43), we evaluated the integral (3.45) for Ryy(O), 

the variance of wy(t). It turns out that Ryy(O) does not eonverge for any values of 

p ::; 1/2. Hence, the only acceptable values of the partition index are in the range 

1/2 < p ::; 1. Choosing otherwise will cause a large amplification of noise at the 

output of filter qy(t). It should also be noted that in general, the cross-correlation 

between wx(t) and wy(t) is not zero, therefore, they are eorrelated. 

Solving the integral (3.45) for the noise variances, we get 

and 

for 1/2 < p ::; 1. 

2N T 2p-l 
R (0) - _0 __ 

xx - 2p + 1 

N T 2p-l 
R (0) = ---:c-0c-----:-

'yy 27J"2(2p-1) 

(3.46) 

(~).4 7) 

In the special case of p = 1, the transmitter filter becomes an ideal low pass 

filter and therefore all pulse shaping is done at the receiver. The impulse response 

of the receivers are then qx(t) = sine2(t/T) and qy(t) = tT- 1 sinc2(t/T). 

3.4 Performance Analysis 

To evaluate the performance of the receiver, we compute its bit error probability. 

Given the transmitted symbol at = exp(j,6'm), the receiver makes an error if it 

decides on symbol O:t = exp(j PilL) where al =1= 0:/. This is the pairwise probability 

of error Pr (clal)' The detector makes an error ifthe metric (3.24) for 0:/ is greater 

than that of al. Therefore, we define the decision variable D a.s 

(3.48) 
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As the received samples {Xl} and {Yl} are conditionally Gaussian, so is the deci-

sion variable D. The pairwise probability of error may be expressed as 

(3.49) 

Using (3.22) to (3.24), we express (3.48) as 

(3.50) 

where gl = CI:[ - (}:[ = exp(j fJm) - exp(j /JfijJ. The expression (3.50) may be 

rewritten in matrix-vector form as 

(3.51 ) 

where the complex Gaussian random vector X = [Xl, Xl-I) Yl, Yl_l]T and the el-

ements of matrix G are implicitly defined in equation (3.50). The expression 

(3.51) is the Gaussian quadratic form of D. Random variable D may be ex-

pressed as [101] 
4 

D = LAklVkl2 (3.52) 
k=1 

where {VI,,} is a set of Li.d. zero mean complex Gaussian random variable with unit 

variances and Ak is the k-th eigenvalue of RxG, where Rx is the autocorrelation 

mat.rix of the random vector X. The characteristic function of D is the two sided 

Laplace transform of its pdf and it is written as 

I: p(D) exp( -sD) dD 

4 1 

IT1 + sAk' 
k=1 

(3.53) 
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The region of convergence of the characteristic function W D (s) is the vertical strip 

about the jw axis and bounded by the two closest poles on either side of the .jw 

axis. Using (3.53), the pairwise probability of error is computed using residue 

calculations [102] 

Pr(l! < 0) = L Residue [iii ~(s) ]l.h,P' (3.54) 

where l.h.p. denotes the distinct poles on the left-hand-side plane. 

By taking the union bound on the error event probabilities, an upper bound 

on the BER is obtained. The upper bound on the BER is then 

(3.55) 

where Pr(ad is the probability that az is transmitted, 'D is the set of all possible 

data symbols, c is the set of all possible errors and e(E) is the number of bit 

errors associated with error event E. 

It should be noted that the effect of residual lSI due to the remainder term of 

the i-power series expansion was not included in the computation of the BER. 

Thus, the upper bound shown in (3.55) is but an approximation. However, at 

low SNIt, where the additive noise term dominates, the analytical BER computed 

using the above approach should be a good approximation to the true BER. 

3.5 Numerical Results 

The performance of the proposed double filtering receiver was evaluated by anal-

ysis and simulation using various channel parameters. Binary DPSK was used 

as the modulation scheme. For the results to be consistent, the transmitter and 



CHAPTER 3. NYQUIST PULSE SHAPING FOR LINEARLY 

FREQUENCy-SELECTIVE FADING CHANNELS 

10-1 

10-2 

'. , 
", 

0::: 
"-

", 
-', 

Matched filtering conventional receiver. 

Single equalization filter q", (t). 

Proposed double filtering receiver. 

Matched filtering conventional receiver 
with second order antenna diversity. 

71 

~ 10-3 
p:) 

'~~~'~~7~-- ______________________________ _ 

10-4 

10-5 

10-6 

o 10 20 30 40 50 60 70 80 

Eb/No (dB) 

Figure 3.2: Analytical BER performance curves for JdT = 0.01, ~,.ms = 0.025T. 

receiver filters were normalized so that their impulse responses have unit energies. 

A channel with two delayed paths was used. The channel has an autocorrelation 

similar to (2.31). It is also assumed that the channel has an equal power split 

delay profile such that (J'~(T1) = (J'~(T2), where T1 and T2 are the first and second 

path delays respectively. The signal-to-noise ratio (SNR) is defined as 

SNR = Eb = E [ldk I
2
] (J'~ J~oo Ip(t) * Qx(t)12 dt 

No Nolog2 A1 
(3.56) 

where (J'~ = (J'~ (T1) + (J'~ (T2) is the total average power of the channel and * 

represents the convolution operator. 

Figures 3.2 to 3.4 show the analytical BER performances of the proposed 

receiver for various fade rates and delay spreads. The partition index of the 
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filters is p = 0.75. vVe have also included results for a receiver consisting of only a 

single equalization filter qx (t) and a differential demod ulatoL In the latter case, 

only the first channel branch is equalized and no diversity effect is observed since 

the contribution from the second branch is absent. For comparison, we have 

also included the results for a conventional DPSK receiver as discussed in section 

3.3.1. The transmitter and receiver filters used in this case are matched with 100% 

square root raised cosine responses. The results are computed by extending the 

method in [97] to account for the effects of pulse shaping. Since filters qx(t), qy(t), 

the transmitter filter p(t) and square root raised cosine filter q(t) have 100% excess 

bandwidths and for relatively small delay spreads, we may safely assume that the 

lSI contributions from beyond 10 symbol periods are negligible. Therefore, the 

impulse responses of these filters are truncated to 10 symbol periods. We have 

also included the results for a conventional DPSK matched filtering receiver with 

second order explicit antenna diversity [99]. 

Figure 3.2 shows the analytical results for fade rate of idT = 0.01 and root 

mean square (nns) delay spread of Tnns = 0.025T. With the use of a single 

equalization filter q:/;(t) , the BEn. is almost comparable to that of a conventional 

matched filtering DPSK receiver. However, at higher SNR where the lSI term 

dominates, the DPSK detector using qAt) performs slightly better since most of 

the channel induced lSI has been reduced. The proposed double filtering receiver 

in fact has a slightly poorer performance at lower SNR than the conventional 

DPSK receiver. This is probably due to the correlatecinoise samples from each 

of the filters qx(t) and (jy(t) as mentioned in section 3.3.4. 

The very low error floor of the proposed receiver shown in figure 3.:-3 may 

be overly optimistic as the higher order terms were not included in the BER 

calculations. Nevertheless, the double filtering receiver still performs better than 

the conventional DPSK detector in the 15dB to 35dB SNR range. Comparing 
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Figure 3.3: Analytical BER performance curves for idT = 0.001, Trms = 0.025T. 

the results of the double filtering receiver and the receiver employing a single 

equalization filter qx(t), we can see that the diversity effect of utilizing both 

implicit diversity branches of the linearly frequency-selective channel also becomes 

evident at about an SNR of 20dB. For a more extreme channel of JdT = 0.01 and 

Trms = 0.05T, the proposed receiver also shows considerable improvement over 

the conventional DPSK receiver. The BER results are shown in figure 3.4. 

In all the BER results shown, the performance of the double filtering receiver 

is between that of the single branch conventional DPSK detector and one with 

second order explicit antenna diversity. There is a 6dB to 10dB difference between 

in the BER of the proposed receiver and the receiver with second order explicit 

diversity. This is expected as the overall SNR of the receiver with second order 

explicit diversity is greater than that of the proposed receiver. 
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Figure 3.4: Analytical BER performance curves for JdT = 0.01, 'Tms = 0.05T. 

The effects of the partition index is also studied and presented in figure ~3.5. A 

channel with fade rate of JdT = 0.001 and rms delay spread of'l'ms = 0.05T was 

used. We also set the symbol period to unity. First, we let the partition index 

be slightly greater than 0.5 (p ~ 0.5). Next we allow the partition index range 

over 0.6 < p < 1. As p tends to the critical value of 0.5, the noise term 7i!y(t) , 

dominates the output of the second filter qy(-t) and the effective signal energy is 

very smalL Thus, the diversity effect due to the second branch is negligible. The 

result is almost identical to a receiver using only the first equalization filter qx(t;). 

It is also observed that as n increases, the performance of the receiver improves. 

However, as n tends to unity, the marginal improvements diminish accordingly. 

Computer simulations of the proposed double filtering receiver were also per-
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for the proposed double filtering receivers with various values of the partition 
index p. 

formed to verify the analytical results. Although we assume a two-term i-power 

series model in designing the receiver, we still employ the TDL channel model 

in the channel simulations. The two ray fading channel was simulated by the 

method discussed in section 2.3.5. The simulated BER results are presented in 

figures 3.6 and 3.7. Figure 3.6 shows the BER curves for the proposed receiver 

used for channels with delay spread of Inns = O.025T and various fade rates. 

Over the range of SNR, the simulated and analytical BER results agree remark-

ably well with one another. The results for various fade rates and delay spread 

of 'rms = 0.05T are shown in figure 3.7. Likewise, for the range SNR values 

considered, the simulated results agree well with the analytical results. 
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The transmitter and the receiver filter pairs have spectral properties which makes 

their implementation difficult, if not impossible. As shown in (3.35), (3.36) and 

(3.39), the overall frequency response of the transmitter and the first receiver 

filter, Px (J) is triangular and the overall response of the transmitter and the 

second receiver filter, Py(J) is a phase shifted brick wall spectrum. The sharp 

transitions and cutoffs present make these filters unrealizeable. 

We have arrived at the filter responses presented in (3.35), (3.36) and (3.39) 

because they are assumed to be bandlirnited to -1 IT :s; f :s; 1 IT. If we do 

not restrict the bandwidths of the filters, then there are other possible solutions 

that satisfy the conditions (3.25) to (3.28). The overall impulse response of the 

transmitter filter and the first receiver filter corresponding to the transfer function 

expressed in (3.35) and (3.36) is Px(t) - g§(t) where go(t) = sinc(tIT). It has been 

shown in [103]' that integer powers of go(t) are Nyquist lSI-free pulses. Without 

the bandwidth restrictions, it can be shown that Px(t) = ggU) and g~(t) also 

satisfY conditions (3.25) and (3.26). The response Py(t) = K,Px(t) also agrees with 

(3.26) and (3.27), where K, is some normalization constant and Px(t) is the second 

derivative of PJJt) with respect to t. Therefore, by partitioning the transmitter 

and the receiver filter pair such that the frequency responses P(J) = G~3) (J), 

Qx(J) = VG~3)(J) and Qy(J) = -j27[} G~3)(J) where G~3)(J) is the Fourier 

transform of g8(t), leads to a set of solution filters for the proposed receiver. In 

doing so, at the l-th sampling instant, the output of the first diversity branch 

is Px(lT) = d1.98(0) and the second branch is py(lT) = d1K,jjJ!(0) and they are 

both lSI-free terms. vVe suspect that employing the overall impulse response of 

Px(t) = g'O(t) where n > 4 would also lead to possible solutions. 

The impulse responses Px(t) = g8(t), Px(t) and ijx(t) are shown in figure 3.8. 
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Note that Px(t) and Py(t) = K,px(t) are lSI-free pulses and Px(t) = Py(t) is zero at 

all sampling instants. Figure 3.9 shows the frequency responses corresponding to 

impulse response Px(t) = sinc3 (t/T) and J)x(t). It can be seen in the figure that 

P.T(J) requires 200% excess bandwidth. The bandwidth increases accordingly 

with the increased powers of the filter impulse .90 (t). Unlike the .95(t) case, the 

spectrum of .93(t) does not exhibit any sharp cutoffs and transitions. This im

proves the prospects of practical implementation of the filters. It is also ohserved 

that the frequency response j27r f P.T(J) is very similar to the modified duobinary 

partial response signalling pulse found in [2] which has a notch at i = O. An

other improvement by using these filters with expanded handwidths is that the 

amplitude about the sampling point other than the peak is relatively small. This 

makes them less sensitive to timing jitters. 

If a matched filter pair has a frequency response of P(J) = Q(J) = jG(3)(J), 

where Q(J) is the Fourier transform of the receiver filter q(t), then the out

put p:z(t) from the receiver filter is lSI-free even if the channel is a quadratic 

frequency-selective channel (three term i-power series). Similarly, if P(J) = 

Q(J) = jG(4)(J), where G(3)(J) is the Fourier transform of .9ti(t) , then the out

put of the receiver filter is lSI-free even if the channel is an i-power series with 

four terms. Furthermore, if we employ an overall response Px(t) = .9ti(t) , then it is 

possible to derive a double filtering receiver equivalent to the one presented in this 

chapter. These obsevations suggest that equalization via Nyquist pulse shaping 

is possible even for channels with larger delay spread but it requires additional 

bandwidth. 
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3.7 Summary 

A new DPSK receiver for the linearly frequency-selective channel has been pre

sented. The proposed receiver consists of two time invariant filters which not only 

mitigate the effects of channel induced lSI, but also exploit the implicit diversity 

of the channel. Derivation of the transmitter filter and the pair of receiver filters 

follows directly from the Nyquist criterion for lSI-free transmission. Analytical 

and simulated results show that under certain channel conditions, the proposed 

receiver performs significantly better than a conventional DPSK detector with 

matched filtering. It should be noted that the transmitter and receiver filters 

used in this approach have 100% excess bandwidth. Based on these results, we 

have also shown that there are other possible filter configuration. Although these 

filters have improved spectral properties which make them suitable for practical 

implementation, they occupy wider bandwidths. 



Chapter 4 

Sequence Estimation for 

Flat-Fadi Channels 

Many of the optimal detectors for Rayleigh Hat-fading channels presume 

that channel statistics are known, However, this is usually not the case 

in practice, Effective estimation of these channel parameters may require long 

periods of time and adds another layer of complexity to the receiver structure, 

It is therefore advantageous to design detector structures which do not require 

channel statistics, In this chapter, the generalized polynomial predictor based 

sequence estimator for the Rayleigh flat-fading channel is presented, The channel 

is modelled explicitly as a truncated Taylor's series expansion and using least 

squares estimation, predictors are derived to estimate the channel. Unlike the 

polynomial based receiver shown in [12], the generalized polynomial predictor 

based sequence estimator is not limited to a few specific modulation schemes, 

The BER performances of the proposed receiver are analyzed and simulated. It 

is shown that even without channel statistics, the proposed receiver performs 

within a few dB of optimal YILSE [4]. 

81 
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4.1 Introduction 

The characteristics of a purely time-selective channel have been discussed in chap

ter 2. vVhen the coherence bandwidth of the channel, Be is larger than the 

bandwidth of the the transmitted signal B, then the channel is a flat-fading 

channeL Many receivers have been designed specifically for the flat-fading chan

nels [3,64,74,81,83]. Although these receiver structures perform remarkably 

well even under extreme channel conditions, they limited to a few very specific 

systems. The structures in [3,64] only work for systems employing CP~1 and 

the receivers in [74,81] are designed for idealized rectangular signalling pulses. 

Furthermore, many of these receivers require channel and noise statistics to op

erate [3,64,81,83] and these generally not available to the receiver a priori. This 

has lead to the development of detectors which do not require these quantities 

to function. An example is shown in [11] which is essentially a blind detector. 

H~wever, the proposed receiver requires 100% excess bandwidth. 

Recently, Borah and Hart introduced the polynomial predictor based sequence 

detector for the flat-fading channel [12]. The proposed equalizer structure requires 

neither channel nor noise statistics to operate. The structure is essentially similar 

to the one presented in [3]' where a sampled estimate of the fading channel is 

obtained by a division operation and it is then used to predict the future estimate 

of the sample. The difference lies in the fact that the more recent detector uses 

a polynomial based predictor rather than an MMSE predictor. The prediction of 

polynomial functions is not new and has been used in other disciplines. In fact, the 

predictors used in [12] may be directly derived from the well established method 

of Prony [104,105] which was first used in fluid mechanics. A similar predictor 

structure was also used in [95] to predict a fading process. However, like [3], 

the receiver in [12] is only applicable to systems employing baud rate sampling 
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PSK, constant envelope modulation schemes or modulation formats which are 

approximate constant modulus, like 71 /4 DPSK. This prevents its implementation 

for common multi-sampling systems using PSK or QAM. 

In this chapter, a polynomial based predictor sequence estimator for the flat

fading channel is presented. However, unlike the detector shown in [12], the 

proposed structure, in theory, is not restricted only to a few specific modulation 

formats or sampling rates. It does not require any channel statistics to operate 

and it is also robust to changes in the Doppler spectrum of the channel. 

The chapter is organized as follows. Section 4.2 presents the signal and system 

models which are used in deriving the proposed receiver. The MLSE detector for 

fiat-fading channels is briefly discussed in section 4.3. The polynomial predictor 

based receiver for constant envelope signals [12] is introduced in section 4.4. The 

derivation of the proposed sequence detector is detailed in section4.5. The non

uniqueness of the polynomial predictors is discllssed in section 4.6. Performance 

analysis and numerical results are shown respectively in sections 4.7 and 4.8. 

Finally, the main points of this chapter are summarized in 4.9 

4.2 The Signal Model 

As shown in chapter 2, the impulse response of a strictly time-selective channel is 

c(t, T) = C(t)6(T). The channel c(t) is usually modelled as a zero mean complex 

Gaussian fading process with a poweT spectral density (psd) which has finite 

support over If I <:.:: Jd where fel is the maximum Doppler frequency of the channel. 

Therefore, the noiseless received signal is expressed as 

dt) = c(t)s(t) (4.1) 
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s( t) r(t) y' (t) YI 

>< q(t) 

c(t) w(t) 

Figure 4.1: Signal model of the flat-fading channel. The received signal y'(t) 
contains the transmitted signal s(t) distorted by channel c(t) and corrupted by 
noise w(t). The receive filter has impulse response q(t) and the l-th filtered 
received sample is Yl. 

where s(t) is the transmitted signal. For linearly modulated signals, the trans-

mitted signal may be expressed as 

I{-l 

s(t) = L dkP(t - kT) (4.2) 
k=O 

where T is the symbol period, dk is the k-th data symbol from an 1\!J-ary complex 

constellation, p(t) is the impulse reponse of the transmit filter and ]{ is the length 

of the transmitted data sequence. The received signal r(t) is further corrupted 

by noise w(t) at the front end of the receiver. Noise w(t) is normally modelled as 

zero mean additive white Gauss'ian noise (AWGN) with a noise psd of No. This 

is shown in figure 4.1. Therefore, using (4.1) and (4.2), the noisy received signal 

is written as 
£(-1 

y'(t) = c(t) L dkP(t - kT) + 'w(t). (4.3) 
k=O 

The noisy received signal y'(t) is then passed through a receive filter with impulse 

reponse q(t). The receive filter q(t) is assumed to be an ideal low pass filter with 

bandwith Bq such that it can accomodate the entire Doppler spreaded spectrum 

of the received signal. The filtered signal is y( t) and the noise term at the output 
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of the receive filter is n(t;). The filtered signal is then sampled at the Nyquist rate 

of Is = l/Ts = 2Bq where Ts = T / Ns and Ns is the number samples per symbol. 

These Nyquist-rate samples form a set of sufficient statistics for detection [5]. 

As the impulse response p(t) of the transmit filter is bandlimited, it is therefore 

unlimited in time. However, in practice, we assume that most of the energy of the 

pulse is concentrated in a few symbol intervals. Hence, we may truncate p(t) to 

a finite duration of Lp symbols. For convenience, we let the l-th filtered received 

sample be Yl = y(lTs), the noise sample be nl = n(lTs) and the fading channel 

sample be c[ = c(lTs). Therefore, we may write the vector of received samples as 

y = [Yo, Yl,'" I Y(K+Lp-l)NB-l] with 

r: 

Yt Ct L dkP(lTs - kT) + nt 
k=K-Lp+l 

CtSt +nz (4.4) 

where,," = ll/ NsJ. The channel samples Cz are zero mean complex Gaussian ran-

dom variables and noise samples nz are uncorrelated zero mean complex Gaussian 

random variables with variances of O'~ = 2BqNo = No rr~. 

4.3 Maximun1. Likelihood Sequence Estin1.ation 

for Flat-Fading Channels 

As the sequence estimator we are proposing is derived from the maximum like-

lihood sequence estimator, it is appropriate that we begin the derivation of the 

former by revisiting the structure of the latter. Using the signal model shown 

in section 4.2, the MLSE receiver may be designed using the approach presented 

in [4]. 



86 4.3 MSLE FOR FLAT-FADING CHANNELS 

The ML detection approach is one which finds the hypothesized data sequence 

dML that maximizes the conditional pdf p(Yld(m)). This is achieved by finding 

the data sequence which minimizes the detection metric such that 

(4.5) 

where d(m) is the m-th hypothesized data symbol sequence for 1 S m S MJ(. The 

metric of the m-th sequence is e(m) which may be derived from the log likelihood 

function shown in (2.64) and equals [~3] 

e(m) - I: YI - Y1II-l m + 1 {2 ( )} (K+Lp-1)Ns -1 [I ( ) 12 1 
- 2 () n CTll-1 m CT m I 

1=0 lll-l 

(4.6) 

where 

(4.7) 

and 

(4.8) 

are the mean and variance of sample YI conditioned on the sample vector Y I- 1 

and data sequence d(m), and where Y 1 = [Yo, YI,' .. 1 yd. 

The conditional mean and variance may be computed using a Kalman filter 

[5, 84]. Another method is by using an invariant linear filter with precomputed 

tap coefficients [3,4]. In [4], the metric (4.6) is computed by a bank of normalized 

prediction error filters. The channel is assumed to have finite memory length of P 

samples, then there are altogether Ns (MLp+fP/N" 1) filters in the filter bank.These 

filters are in fact normalized MMSE prediction error filters [20]. The Viterbi 

algorithm with (M Lp+fP/N.l- 1 ) states is used to recursively implement MLSE. 

If constant envelope modulation is employed, then the predictor based MLSE 
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may be further simplified [3,81]. In the case of [81], where rectangular transmit 

pulse shaping is used and Sz at, the metric (4.6) simplifies to 

p 2 

(4.9) 
r=l 

for 1 ::; m ::; 114'[( where k ll/NsJ, q l(l - r)/NsJ. The quantity oY) is the 

r-th tap coefficient of a order l'vLVISE prediction filter of the channel fading 

samples ct. The operation Yl-r d;(m) recovers the a noisy estimate of the channel 

sample from the received sample at time (l- r). Therefore, each received sample 

is rotated by the appropriate hypothesized data and the resulting quantity is then 

used as input to the prediction filter. Due to the constant envelope modulation, 

the conditional variances of the prediction become independent of the transmitted 

signal and therefore are omitted from the metric. 

These MMSE prediction filter based MLSE receivers are optimum in the max-

imum likelihood sense. However, in order to design the MMSE filters, the au-

tocovariances of the channel and received SNR must be known. Furthermore, 

any given set of filter coefficients is only optimized for channels with specific 

autocovariances. Therefore, if these statistics are time varying (non-stationary 

statistics), then the receiver must find some means to track the changes and this 

adds another layer of complexity to the structure. 

4.4 Predictor based 

The polynomial predictor based sequence detector (PPSD) presented in [12] is a 

robust receiver structure which will work for a wide variety of channel conditions 
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and does not require the channel autocovariance and received SNR. The main 

drawback of the receiver is that it is only designed for systems using modulation 

schemes yielding samples which have constant modulus such a.s constant envelope 

modulation, "~1-PSK sa.mpled at baud rates which are ISI-fi'ee or schemes which 

are approximately constant envelope such as IT / 4-DQPSK. 

The PPSD minimizes the metric 

P 2 

Yl - s~m) L f37~P) ci:tJ ( 4.10) 
7'=1 

where s~m) is the l-th transmitted sample of the m-th hypothesized sequence and 

( 4.11) 

is the noisy est.imate of the l-th channel sample based on the m-th hypothesized 

sequence. The primary reason for the restriction is that like the detector in [3], 

noise enhancement occurs with the division operation in (4.11) if the value of s}m) 

is small. Unlike the MMSE predictor receivers in [3,81]' the r-th coefficient /1r 

is derived from a polynomial or t-power series model which was shown in section 

2.3.4. The values of the filter coefficients do not depend on the autocovariance of 

the channel but on the order N of the truncated t-power series used to approx-

imate the fading process and the length P of the predictor. The derivation of 

the filter tap weights is detailed in [95] and a few examples of tap coefficients of 

various orders and length are shown in table 4.1. It has been shown in [12] that, 

although the performances of the PPSD with various parameters are marginally 

worse than the MLSE receiver, they are robust t.o changes in the channel paI'am-

eters. However, the performance of MLSE suffers greatly if t.he parameters of the 

channel and the MMSE predictors are mismatched. 
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Length Order Tap Coefficients 
p N {/31, /J2, ... ,/Jp} 
2 0 {1/2, 1/2} 
2 1 {2, -1} 

3 0 {1/3) 1/3, 1/3} 
3 1 {4/3, 1/3, -2/3} 
3 2 {3, -3, 1} 

Table iLl: Polynomial predictor tap weights for various parameters. P is the 
length of the predictor and N is the order of the assumed truncated t-power 
series model. 

4.5 The Generalized Polynomial Predictor based 

Sequence Estimator 

In this section, we will derive a predictor based sequence estimator that is appli-

cable not only to systems employing constant modulus signalling but also other 

modulation formats as well. The predictors are designed based on a t-power series 

or polynomial model of the channel. However, the optimization of the predictor 

tap coefficients is not by the Larange's multiplier technique shown in [95], but by 

the direct method of least squares [20]. Furthermore, the predictors are optimized 

for both the transmitted samples and the channel. Therefore, the receiver does 

not perform any explicit division operation on the received samples. Thus, the 

application of the proposed sequence estimator is not limited to schemes with 

constant modulus samples. 

4.5.1 Derivation of the Generalized Polynomial Predic-

tors 

We revisit the t-power series channel model presented in section 2.3.4. The chan-

nel fading process c(t) may be expanded as an N-th order Taylor's series over 
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some interval of interest It - TJT~ I :::; D about t = TJTs and is expressed as 

N 

c(t) = L a~n)b;~(t) + RN(t) (4.12) 
71=0 

where RN(t) is the remainder term due to the truncation of the infinite Taylor's 

series, 

( 4.13) 

is the polynomial basis and a~) is the n-th random coefficient of the polynomial 

basis defined as 

(4.14) 

Over the finite interva.l of expansion, the random coefficients are time invari-

ant. It is also noted that the remainder term RN(t) ---+ 0, as N ---+ 00 or D ---+ O. 

Since the Doppler spread is much less than the sampling frequency, only the first 

few terms of the expansion are significant. The remaining terms may be ignored 

if the expansion is llsed in the vicinity of t = TITs. Therefore, without loss of 

generality, we can expand the series about any TJ-th channel sample and the l-th 

channel sample becomes 
N 

c/ = L a~)b~,l' (4.15) 
71=0 

The choice of 1] is arbitray, as long as equation (4.15) is satisfied. Hence the 

received l-th sample (4.4) becomes 

( 4.16) 

where the references to 1] a.re omitted such that a~!) = a~n) and b17 ,1 := b/. 

For every tra.nsmitted sequence of length P, a predictor using the t-power se-
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ries model may be formulated as in [12]. However, the approach shown in [12] re

quires a division operation which could enhance the noise in the received samples. 

It is therefore desirable to find a technique where the explicit division operation 

is absent. On closer observation, it is clear that the polynomial predictors used 

in [12,95] are in fact least squares predictors. Least squares optimization follows 

directly from the Lagrange multiplier technique [106]. It should be noted that 

instead of the t-power series model, any other appropriate and credible model 

may be used to design suitable least squares predictors. 

It is clear from (4.16) that an estimate of the received sample Yl is obtainable 

from the polynomial basis b1 and the coefficients a(n). The bases are known 

but the coefficients of the polynomial expansion are not directly observable from 

the received samples. However, we can acquire an estimate of these coefficients. 

This is done by simply setting up a system of linear equations with solution 

containing the estimates {a(O), a(l)"" ,a(N)}. In general, a unique solution exists 

if P ;:::: N + 1, where P is the number of observations or equations. If the 

transmitted samples are known, then the system of equations at time I is written 

as 

( 4.17) 

where Yl-1 = [Yl-1, YI-2, ... ,Yl_p]T is the P x 1 vector containing the received 

samples and a = [a(O),a(l), .. · ,a(N)]T is a (N + 1) x 1 vector containing the 

estimates of the basis coefficients. The matrix G 1- 1 = [g[l' g[2,' .. ,g[pJT 

is a P x (N + 1) matrix where gl = 81b1 is a 1 x (N + 1) vector and b1 = 

[1, b1, br, ... ,bfl is the 1 x (N + 1) basis vector. For any given transmitted sequence 

{81-1, 81-2, ... ,81-P}, the matrix G 1- 1 is fully known since the polynomial bases 

{b1- 1 , bl - 2 , .•. ,b1- P } are also completely specified. 
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The solution to equation (4.17) is 

~ - G t a - 1-]Yl-1 (4.18) 

where GL1 = (GEl G1- 1) -1 Gf~l for an over-determined system. This is known 

as the least squares solution for vector a. The matrix GL1 is commonly known as 

the Moore-Penrose genemlized inverse or pseudoinverse of G I - 1 [20,107, 108].To 

obtain an estimate of the received sample at time l, the least squares solution 

(4.18) is pre-multiplied by vector gl yielding 

(4.19) 

The pseudoinverse in (4.18) only exists if the matrix G 1- 1 has full column rank. In 

this case, rank(G1_ 1) = N + 1 is necessary for the existence of the pseudoinverse. 

To show that this is indeed true, we factorize G'-l such that 

( 4.20) 

where 

81-1 0 0 0 

0 81-2 0 0 
s= (4.21 ) 

0 0 81-P 
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is a P x P diagonal matrix and 

1 bZ_ 1 

B= 

b'2 
1-1 bN 

I-I 

b{'':_2 
(4.22) 

is a P x (N + 1) Vandermonde matrix [lOB]. All entries in the main diagonal of S 

are assumed to be non-zero and finite, and therefore all columns are linearly inde-

pendent and rank(S) = P. This is a valid assumption as the transmitted samples 

may be chosen such that none corresponds to zero [35]. Since a Vanderrnonde 

matrix is always full rank [10BL then B is also full rank with rank(B) = (N + 1). 

Using corollary 17.5.2 in [lOB] for evaluating the rank of a product of two 

matrices, we get 

rank(SB) = rank(S) + rank(B) - P + rank [(I - BB-)(1 - SS-)] 

where S- and B- are generalized inverses of Sand B respectively. Noting that 

S- = S-I, it follows that (I - SS-) is always the null matrix. Therefore the last 

term of the sum on the 1'.h.s. of (4.23) is always zero. Since rank(S) - P = 0, 

it is clear that rank(SB) = rank(B) = (N + 1) and G I- 1 always has full column 

rank. 

The properties of least squares estimation are well known [20]. The most 

important feature is that if the noise samples TLI are white, zero mean and Gaus-

sian, which is true in this case, then the least squares estimator is in fact the 

minimum vaTiance 'Unbiased est-imatoT (MVUE). Since the estimates in (4.1 9) 

are linear combinations of the least squares estimates, it follows that Yl+ 1 is also 

an MVUE [109]. The variance of the least squares estimate (4.18) is given by 
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(T~(GtlGl-l)-l [20] and it is easy to show that the variance of the estimate in 

(4.19) is 

(4.24) 

The expression (4.24) is predicated on the assumptions that the remainder term 

RN(t) = 0 and that a truncated t-power series is an exact representation of the 

channeL 

The estimation algorithm described above is rather cumbersome and compu-

tationally intensive as it involves matrix inversions. A simpler and more elegant 

solution is achieved by noting from (4.18) and (4.19) that 

(4.25) 

VVe then introduce the 1 x P vector 

( 4.26) 

The vector u! is invariant for any particular transmitted sample sequence and 

t-power series order N. The obvious interpretation of (4.25) and (4.26) is that 

the elements of {Ul,l) Ul,2) •.• ,Ul,P} of vector Ul are tap coefficients of a linear FIR 

filter which Hlters the sequence {Yl-l) YI-2, ... 1 Yl-P} and produces the estimate 

Yl. Therefore, Ul acts as a one step linear predictive filter. The variance of the 

prediction is derived from (4.24) and is expressed as 

(4.27) 

It should be noted that if the sample matrix S = I, then the predictor tap 

weights reduces to those used in [12,95]. Since the polynomial predictors found 



CHAPTER 4. SEQUENCE ESTIMATION FOR FLAT-FADING CHANNELS 95 

in [12,95] are but a special case of the proposed predictors, the latter are known 

as the generalized polynomial predictors (OPP). 

Since gl and G I- 1 are dependent on the transmitted sample sequence, then 

so is the predictor coefficient vector Ul. As shown above, the elements of matrix 

B are completely known, and therefore, a predictor coefficient vector may be 

precomputed for any given transmitted sample sequence. For clarity, we now 

define the predictor coefficient vector for the l-th transmitted sequence of the 

m-th hypothesis s}Tn) = {sfTn\ sf:"l, ... ,sf:')} as 

( 4.28) 

Although the tap weight vector ufm) of the predictor is subscripted with l to 

indicate a dependence on time, there are altogether only NsMLp+iP/N.l sets of 

filter coefficients as there are only the same number of distinct sequences s}mJ for 

alll and m. 

4.5.2 Implementation of Sequence Estimation 

A bank of the generalized polynomial predictors derived in section 4.5.1 may be 

used an estimator for sequence detection. Although the receiver is not derived 

from maximum likelihood principles, we may use a path metric similar to the.\lIL 

metric shown in (4.6). Instead of obtaining the conditional mean and variance 

using IVTMSE filters, they are computed by filtering the received samples with the 

appropriate generalized polynomial prediction filters as shown in section 4.5. 

Using (4.26) and (4.27), the conditional mean of the m-th hypothesized se-

quence is 
p 

Y111-l(m) = L ut;)YI-r' (4.29) 
7'=-:1 
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and the conditional variance is 

2 , _ 2 (m) 2 

[ 
P 1 all l - 1(m) - an 1 + ~ IU1,r I . (4.30) 

At the i-th iteration, the branch metric contributing to the ML branch metric is 

written as 

( 4.31) 

where YiNs+K(m) and alNs +K (m) are the mean and variance conditioned on the 

rn-th hypothesis. 

If the received signal SNR is unavailable and the value of a; is unknown, then 

the ML metric cannot be used. However, like the sequence estimator in [3,35], 

a modified metric without the noise variance term may be used. The modified 

path metric is 
(K+Lp-l)N.-l 

e(m) = I: IYl - Ylll_l(m)1 2 ( 4.32) 
1=0 

where the conditional mean Y111-l(m) is obtained as per (4.29). The branch metric 

at the i-th iteration associated with the modified path is 

( 4.33) 

The modified metric is equivalent to the ML metric if constant envelope modula-

tion scheme is used [3]. However, it has been shown that even in situations where 

the transmitted sa.mples are not of constant amplitude, the modified metric is 

still applicable [35]. 

Like the sequence detectors shown in section 4.3 and 4.4, the proposed se-

quence estimator is implemented using the Viterbi a.lgorithm by using the branch 
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metrics (4.31) and (4.33). In this case, there are altogether NsJ.VILp+IP/N.l pre

dictors in the filter bank constituting the estimator and }v]Lp+I-P/Nsl-l states in 

the Viterbi algorithm. 

It should be noted that unlike the polynomial predictor sequence detector 

in [12], the proposed receiver does not need to perform any explicit division 

operation on the received samples and hence no decoupling of the channel samples 

from the received samples is necessary. The GPP is jointly optimized for both 

the channel and transmitted sample sequence. 

4.6 N on-Uniqueness of the Prediction Filters 

Consider two distinct sequences s}ml and s~n) such that sin) = J(s~rn). The quan

tity J( is a complex valued constant in generaL Therefore, sirn
) and st·) differ only 

by a constant multiple. Using (4.18) and (4.26), we can see that the predictor for 

the m-th sequence uirn
) and the one for the n-th sequence uin

) are equal. 

The above observation leads to some interesting insights to the generalized 

polynomial predictors. If constant X is such that IXI = 1 and angle of X, LX =I- 0, 

then it is a constant phase shifter. Therefore, like the predictor receivers shown 

in [3,4], the proposed sequence detector suffers from a phase ambiguity problem. 

Sequences which only differ by a constant phase shift have the same predictor 

tap coefficients and ultimately yield metrics which are equal. To circumvent 

the problem, we can either periodically insert a reference in the data stream 

[81] or use differentially encoded data symbols [44]. If the constant X is such 

that IXI =I- 0,1 and angle LX = 0, then it behaves like a real valued constant 

gain. It therefore means that the proposed sequence estimator also experiences an 

"amplitude" ambiguity problem. When sequences differ by only a real constant 

factor, their respective generalized polynomial predictors are the same. Therefore, 
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the metrics computed by using them would also be the same. To solve this 

"amplitude" ambiguity problem, we can either insert a known reference symbol 

into the data stream or use schemeR where data are encoded onto the ratio of the 

amplitudes and phase difference between successive symbols [110]. In instances 

when IXI =I- 0, 1 and angle LX =I- 0, then reference symbols or schemes like the 

one in [110] may be used to solve the ambiguity problem as welL 

4.7 Performance Analysis 

An analytical BER of the generalized polynomial predictor based sequence es

timator presented in section 4:.5 may be evaluated using the classical Gaussian 

detection theory approach [101,111]. The ML receiver for Rayleigh fading chan

nels is also analyzed using this method [82]. 

Suppose the true transmitted symbol sequence is d(O). An estimated path 

which is due to another transmitted symbol sequence d{l) diverges from the cor

rect path at time k and then re-merges with the true path again at time k + n. 

This is illustrated by figure4.2. Except for the period between and including time 

k and k + 71., the paths due to d(O) and d(l) are the same. Therefore, an error 

event E(n) of length n is said to have occurred if the receiver makes a decision 

that d(l) is the transmitted sequence instead of d(O). For the sequence detector to 

generate the error event E(n), the path metric between time k and k +n associated 

with the true sequence d (0) must be greater than that of the error sequence d (1). 

The pairwise probability of error is Pr (E(n) I d (0)) is the probability that the error 

sequence has a path metric that is less then the metric of the correct sequence. 
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k k+n 

[I 0 0 [J 0 

0 0 0 

U 0 0 0 0 0 

time 

Figure 4.2: An error event of length n. The squares represent the Viterbi states, 
the saUd arrows represent the path associated with the true transmitted data 
sequence d(O) and the dashed arrows show the path associated with the error 
sequence dO). 

The pairwise probability of error may be expressed as 

If the ML metric is used, then 

v(m) = 
l,r 

(J~l-l (m) 
1 r=O 

r1=O 

( 4.34) 

( 4.35) 

where u;;) and and (J~l_l(m) are the predictor tap coefficient and prediction 

THE LIBRARY 
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variance shown in (4.28) and (4.30) respective. The quantity £5(m) is defined as 

k+n 
5(m) = I: In(CJ~1_1(m)). ( 4.36) 

l=k+l 

It is clear from (4.35) that vi,r;:) is the T-th normalized tap coefficient of the 

prediction error filter for YI, of the m-th hypothesized sequence. If the modified 

metric of (4.32) is used, then 

v(m) = { 
1,T' 

1 1'=0 

_'u(m) 
1,1' 

(4.37) 

and 5(m) = 0 for all m. The path metrics in (4.34) may be expressed in matrix 

vector form, such that the metric of the m-th hypothesis is expressed as 

(4.38) 

where the (n + P) x 1 vector y = [Yk+n, Yk+n-l," . ,Yk-pF' and the elements 

of the (n + P) x (n + P) Hermitian matrix v(m) are defined implicitly by the 

prediction error filter relationship shown in (4.~)4). Therefore, expression (4.34) 

may be rewritten as 

Pr (yHV(l)y - yHV(O)y < ()(O) _ ()(1)) 

= Pr (yHVy < 5) = Pr(D < £5) ( 4.39) 

where V = V(1) - V(O) and 15 = 15(0) - J(l). The decision variable D is the 

Gaussian quadratic form in the random vector y as its elements are Gaussian 

random variables. 
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It is known that we may express D as [101] 

J( 

D = I>\k IXk 12 ( 4.40) 
k=l 

where {xd is a set of i.i.d. zero mean complex Gaussian random variables with 

unit variances. The quantity Ak is the k-th eigenvalue of Ry V, where Ry is the 

autocorrelation matrix of vector y. There are altogether K non-zero and distinct 

eigenvalues. We now define the characteristic function of D as the two sided 

Laplace transform of its pdf and express it as 

I: p(D) exp( -sD) dD 

J( 1 

II 1 + SAk 
k=l 

(4.41 ) 

and the region of convergence of the characteristic function is the vertical strip 

about the jw axis and between the two closest poles on either side of the jw axis. 

Using (4.41) and following [102]' the pairwise probability of error Pr(D < 6) may 

be computed by the residue calculations 

I: Residue [e;6 \]I D (s) 1 
l.h.p. 

for 6 > 0 

Pr(D < 6) = (4.42) 

- I: Residue [ e;6 \]I D(S)] 
r.h.p. 

for 6 < 0 

with l.h.p. and r.h.p. denoting the distinct left-hand plane poles and right hand 

plane poles respectively where the residues are computed. 

An upper bound on the BER is obtained by using the pairwise probability 

of error and the union bound on error events. The upper bound on the BER is 
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expressed as 

(4.43) 

where Pr(d) is the probability that sequence d is transmitted, 1) is the set of 

all possible transmitted data symbol sequences, E is the set of all possible error 

events beginning at time k and e(f.) is the number of bit errors associated with 

error event f.. 

Due to the large number of error events, the upper bound on the BER given 

by (4.43) is computationally intractable. However, we can compute the infimum 

of the upper bound by only considering only the shortest error events. In the case 

of uncoded modulation, the shortest error event occurs when the error sequence 

and the correct sequence are the same except for the l-th and (l + l)-th symbols. 

For differentially encoded modulation, the shortest event happens when the error 

sequence and the correct sequence differ only at the l-th symbol and due to 

differential encoding the subsequent data symbols are correctly decoded. 

4.8 Numerical Results and Discussion 

Some analytical and simulated results are presented in this section. A raised 

cosine pulse with 50% excess bandwidth is used as the transmitter filter and it 

is truncated to Lp = 2 symbol periods. Differential BPSK is the modulation 

format used and the receiver processes Ns = 2 samples per symbol. vVe stress 

that this leads to a non-constant envelope in the transmitted signal. The isotropic 

scattering or Jakes' channel model [27] as described in section 2.3.3 is used. The 

signal-to-noise ratio (SNR) is defined as 

SNR = Eb = E IIdk l2] E [1c11212=t~~1 Ip(lT~)12 
No Ns a?t log2 J\I[ 

( 4.44) 
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The channel is simulated using the technique detailed in [t13] and shown in section 

2.3.5. The analytical results are obtained by the method detailed in section 4.7. 

4.8.1 BER Results 

In figure 4.3, solid lines and dashed lines represent the analytical BER curves for 

receivers using the ML metric (4.31) with predictors of size P = 4 and P = 3 re

spectively. Their corresponding simulated BERs are represented by the inverted 

triangle and circle markers. The polynomial order N used is also indicated in 

the figure. In all cases, the order N = 2 receivers are slightly inferior to the 

other receivers at low SNR. This is consistent with the fact that the noise aver

aging property of least squares estimation improves as the ratio of observations 

(predictor length P) to the number of estimated parameters (or polynomial co

efficients N + 1) increases [105]. However, at higher SNR the noise term becomes 

less significant with respect to the modelling error or remainder term Rrv(t), and 

therefore the N = 2 receiver performs better. For the case of N = 2, the P = 4 

receiver out performs the P = 3 receiver by about 3dB at high SNR. However, 

in the cases of N = 0 and N = 1, the P = 3 receivers have slightly better perfor

mances at higher SNR. This is again attributed to the fact as the predictor length 

increases, the error due to the remainder term RN(t) becomes more pronounced 

with decreasing polynomial order N. 

The computation of the ML metric of (4.31) requires knowledge of the noise 

variance. However, this may not be readily available in practical situations. 

Therefore, we study the efFects of using the modified metric (4.33) instead of the 

optimum ML metric. The BER results are shown in figure 4.4. The solid lines 

represent the analytical results for the receivers using the ML metric and the 
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Figure 4.3: BER performances of proposed receivers using ML metric for fade 
rate of !dT = 0.1, predictor lengths P 3 and P = 4. 
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Figure 4.4: BER performances of proposed receivers using both ML and modified 
metrics, and the MLSE for fade rate of JdT 0.1 and P = 4. 
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Figure 4.5: BER performances of proposed receivers using the modified metrics 
for fade rate of fdT = 0.01, predictor lengths P = 3, P = 4. 

dashed lines arc for the receivers using the modified metric. Their correspond-

ing simulated BER arc shown by the inverted triangle and cirele markers. All 

predictors have length P = 4. The differences for the IV = 0 and IV = 1 cases 

are negligible. For the IV = 2 case, the receiver using the ML metric out per-

forms the modified receiver by about ;3dB. The BER performance curve of the 

MLSE receiver [4] is also included in figure 4.4. It is seen that the MLSE receiver 

performance is only about 3 dB better than the proposed receiver using the ML 

metric and about 6dB better than the one using the modified metric. It should be 

noted that the receiver using the modified metric does not have any knowledge of 

channel statistics. Another important observation is that the IV = 0 and N = 1 

receivers ultimately exhibit error Hoors in their BER curves. However, the N = 2 

receivers, even using the modified metric do not show any error floors for the 

range of SNR values shown. 
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The performances of receivers using the modified metric at the fade rate of 

JdT = 0.01 is shown in figure 4.5. As expected, receivers with N = 0 out perforrns 

the receivers using N = 1 and N = 2 at low SNR. However, at high S:\"R, the 

receivers with N = 1 is superior to ones using N = 0 and N = 2. Although 

at higher SNR, the noise term becomes less prominent, but at a slower fade 

rate, the modelling error is also equally negligible. The N = 1 receivers are not 

only adequate in dealing with the slower fade rate but also have superior noise 

suppression properties as shown above. This is consistent with the results shown 

in [12]. 

4.8.2 Selection of the Polynomial Order 

It has been shown in the previous section that the performance of the proposed 

receiver is dependent on the choice of predictor length P and the order of the 

Polynomial approximation of the channel N. In most situations, the predictor 

length is fixed. Even if the modified metric (4.32) is used, in order to achieve 

the best performance for a given SNR and fade rate, it is imperative that filters 

with appropriate polynomial order N be chosen. If both the SNR and fade rate 

are known, then the exercise becomes trivial, as predictors of the appropriate 

polynomial order may be selected based on precomputed BER results similar to 

those shown in figures 4.3 to 4.0. However, in most applications, the fade rate 

and SNR are not known a priori. There are methods to estimate these channel 

parameters [6] but they usually require long convergence times. It also adds 

another layer of complexity to the receiver. In this section, \ve show that the 

polynomial order selection technique proposed in [53] may also be applied to the 

proposed sequence detector. 

For reasons which will be clear later, we wish to compare the metrics computed 



CHAPTER 4. SEQUENCE ESTIMATION FOR FLAT-FADING CHANNELS 107 

1 ,----,---,----,---~~~~~_.-__ ~_~ __ ~ __ ~ __ ~_= __ ~_.~. =c~_-=~=~~==~ 
_.D-'- -

0.9 

0.8 

0.7 

8 0.6 

_V 0.5 
Q 
'--" 

0::: OA 

0.3 

0.2 

0.1 
............ '1...... . .. :J........ ~ ...... 

5 10 15 

9'/ 
/ 

, , , 
/:' 

c;/.· 

,//V" 

20 25 30 

EVNo (dB) 

..... ,0--
.,." ,*" 

~// 
: 0' 

N=2 

!:J. Simulated LT = 5 

~ Simulated LT = 3 

o Simulated LT = 2 

Analytical LT = 5 

Analytical LT = 3 

Analytical LT = 2 

35 40 45 50 

Figure 4.6: Probability that the metric computed by predictors with N is less 
than the metric by predictors with N - 1, for P = 3, JdT = 0.1 and using the 
modified metric. LT is the number of training symbols used to compute the 
metric. 

using predictors of different polynomial order and assuming that the transmitted 

samples are known. As an example, we consider predictors with length P = 3. 

We let the metric associated with the predictors of polynomial order N be eN. 

As a means of comparison, we evaluate the probability that the metric computed 

using a set of predictors with order N is less than the metric computed using 

predictors with N - 1, or Pr (D' < 0 ) where D' = eN - eN-I. The simulated and 

analytical results are shown in figures 4.6 and 4.7. The analysis is done using the 

Gaussian quadratic form approach similar to the one shown in section 4.7. 

It has already been shown in figure 4.3 that at low SNR, the N = 0 predictors 

perform the best for JdT = 0.1. At SNRs between 5dB and 30dB, the N = 1 

predictors perform the best and above SNRs of 30dB, the N = 2 predictors are 

the best performing. In figure 4.6, we see that the best performing predictor set 
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Figure 4.7: Probability that the metric computed by predictors with N is less 
than the metric by predictors with N - 1, for P = 3, J'dT = 0.01 and using 
the modified metric. £'1' is the number of training symbols used to compute the 
metric. 

also has a high probability of yielding the smallest metric. The probability of the 

best predictor set giving the shorter metric improves when more samples are used 

to compute the metrics. Similarly, for idI = 0.01, the best performing predictor 

set also has a high probability of giving the shortest metric. This is shown in 

figure 4.7. From figure 4.5, we know that the N = 1 predictor set outperforms 

the N = 2 predictor set for SNR values shown. This is reflected in figure 4.7 

where Pr(82 < 8d is close to zero for all values of SNR shown. 

Using the above results, we can design the receiver sci that during an initial 

training period all sets of predictors with different polynomial order are used. The 

metrics calculated using the different sets of predictors are then compared and 

the set providing the shortest metric is then chosen as the one to be used during 

data detection. As shown in figures 4.6 and 4.7, some channel conditions cause 
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the Pr(D' < 0) curves to change sharply. These are known as the transition 

regions. In these regions, the probability of selecting the incorrect polynomial 

order increases. However, if we refer to the BER results in figures 4.3, 4.4 and 

4.5, we see that under these channel conditions, using the incorrect predictor set 

has little effect on the BER performances of the receiver. 

4.9 Summary 

The generalized polynomial predictor based sequence estimator for the Rayleigh 

flat-fading channel has been presented in this chapter. The predictors are derived 

directly from the principles of least squares estimation. The BER performances of 

the receiver have been analyzed and simulated. Although knowledge of the input 

SNR improves the performance of the proposed receiver, it performs exceedingly 

well even without any knowledge of channel statistics. At high SNR, the BER 

performance of the proposed receiver without any channel statistics is within 

6dB of the equivalent MLSE. Unlike the polynomial predictor receiver presented 

in [12], the proposed receiver is not limited to specific modulation schemes. 
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Chapter 5 

Sequence Estimation for Time-

and Frequency-Selective 

Channels 

T his chapter introduces a new channel estimator known as the polynomial 

based generalized recursive least squares (GRLS) estimator. The proposed 

estimator is applicable to a general fading channel which exhibits both frequency-

and time-selectivity. It does not require any channel statistics to operate and its 

computational complexity is equivalent to that of a corresponding Kalman based 

channel estimator. Each time varying channel coefficient is modelled as at-power 

series expansion and with it an alternative state transition matrix of the channel is 

derived. The newly formulated state transition matrix is then used by the GRLS 

algorithm to track the channel. The proposed estimator is particularly useful for 

faster fading channels which may only be adequately modelled as higher order AR 

processes. Analytical techniques are developed for both the tracking performance 

of the channel estimator and lower bounds the symbol-error rates on a PSP based 

sequence detector which employs it. An additional and unexpected result from 
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112 5.1 INTRODUCTION 

the development of this channel estimator is that we have also derived a new 

and improved method for analyzing tracking performance of the conventional 

R.LS algorithm. Numerical results for both tracking performance of the channel 

estimator and error rate performance of a sequence detector using the estimator 

are presented. 

5.1 Introduction 

When the coherence bandwidth Be of a fading channel is much less than the sig

naling bandwidth B, the channel is a dispersive fading channeL The channel not 

only exhibits time variation but also the effects of time dispersion. The dispersive 

fading channel is essentially a time varying transversal filter with random tap co

efficients that introduces time-varying lSI into the received signaL The channel 

response exhibits variations across the frequency band of interest and hence the 

name frequency-selective fading channel. 

Equalization employing sequence estimation has been shown to be effective in 

recovering data transmitted over frequency-selective fading channels [2,5,60,61]. 

Sequence estimation is usually implemented using the Viterbi algorithm (VA). 

R.eliable estimates of the channel are essential for the successful operation of the 

sequence detector. 

The more conventional approach to channel estimation employs adaptive al

gorithms such as the least mean sq'u,ares (LMS) and recursive least squares (RLS) 

algorithms [2,60,61]. The channel estimator normally undergoes a training period 

where it adapts to channel conditions by employing known training symbols. Af

ter the initial training period, the channel estimator functions in decision-directed 

mode, where past decisions are used to update the channel estimator in order to 

track the time varying channel [2]. If the channel variation is relatively fast, then 
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the lag error of the channel estimate due to decision delays may afled the perfor

mance of the receiver significantly. The sequence detector shown in [2] also uses 

a single universal channel estimate to compute all branch metrics. This will also 

lead to performance degradation as errors in past decisions will affect the channel 

estimates for computing all the branch metrics. 

Per surV1:vor pTOcessing (PSP) offers a solution to the two above problems 

[61]. In a PSP based sequence detector, the metric at each state is computed 

using a channel estimate associated with its path history. Instead of llsing past 

decisions to update the channel estimator, tentative decisions associated with 

each transition state are used. Therefore, the problems due to decision delays 

and error propagation are solved. 

The performances of PSP based sequence detectors using either LMS or RLS 

channel estimators are acceptable for certain channels [60,61]. However, these 

algorithms cannot aptly track channels which exhibit more extreme fading. This 

is due to the inherent C'lag noise" found in channel estimates using either LMS or 

RLS algorithms [112,113]. Lag noise increases as the fade rate increases and the 

channel becomes more decorrelated. This ultimately leads to a high error floor 

in the BER performance curve as any further increase in SNR cannot eliminate 

the tracking errors attributed to lag noise. 

Improved tracking performance of the fading channel may be achieved by 

using the Kalman filtering algorithm as it is a minimum variance estimator [3, 

5]. Kalman filtering is computationally more involved than either the LMS or 

RLS algorithms and suboptimal simplifications have been derived to reduce the 

processing burden [86,114,115]. Other than being a computationally intensive 

algorithm, Kalman filtering also requires that the channel be parameterized as a 

state space model to operate. The state space parameters are derived from the 

statistics of the channel [5,86,114,115]. Direct estimation of channel statistics is 
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a tedious exercise and may require long periods of time [ 6]. Nonlinear extended 

Kalman filtering may possibly be used to jointly estimate both the channel and 

these parameters [20]. However, being a nonlinear optimization strategy, it may 

not readily converge. Davis et. al. proposed an algorithm where a Kalman filter 

is coupled with a RLS filter which jointly estimate both the channel and these 

required parameters [94]. In this scheme, channel estimates from the Kalman 

filter are fed back to a parallel RLS filter which recursively estimates the channel 

parameters required by the Kalman algorithm. This technique suffers from slow 

convergence and convergence is not always guaranteed [94, 116]. 

A novel adaptive channel estimator using theRLS-Kalman algorithm was pre

sented in [13-15]. The conventional RLS algorithm is but a special case of the 

RLS-Kalman or generalized RLS (GRLS) algorithm. It incorporates a state space 

model in the estimation process. The estimator shown in [13~ 15] models each tap 

coefficient of the channel impulse response (eIR) as a two term t-power series. 

Instead of estimating the coefficients of the eIR, the time invariant coefficients 

of the t-power series are estimated. Due to the inflexibility of the assumed state 

space model, the proposed channel estimator is only suitable for linearly time 

varying channels where each channel tap coefficient fades at a constant rate. 

Another RLS based channel estimator is the rectangular windowed RLS (R\N

RLS) estimator [37]. The RvV-RLS algorithm is a recursive implementation of an 

unweighted least squares estimator over a fixed window of observation. It is in 

fact a special application of the sequential least squares algorithm shown in [117]. 

Again, the coefficients of the eIR are modelled as t-power series expansions but 

without any restriction on the order of expansion. The coefficients of the se

ries expansions are estimated and used to reconstruct the eIR. The numerical 

properties of the algorithm are improved by orthogonalizing the polynomial basis 

vectors by QR decomposition [20]. The size of the observation window remains 
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constant by "downdating" any received sample beyond the observation window. 

Complexity of the RW-RLS algorithm is approximately twice that of the conven-

tional Kalman filtering algorithm. For the N-th order t-power series expansion, 

certain parameters used in the RW-RLS algorithm grow as a N-th power oftime 

and cause numerical problems. An additional normalization procedure must be 

included to alleviate this issue. Furthermore, it has been reported in [37] that for 

a high expansion order, the algorithm is unstable and periodic re-initialization is 

necessary. 

In this chapter, we present a novel and improved channel estimator which also 

employs the GRLS algorithm and t-power series channel modelling. Unlike the 

RLS-Kalman estimator, the application of the proposed channel estimator is not 

limited to channels which are varying linearly with time. Although a polynomial 

channel model is assumed, the proposed estimator directly estimates the CIR 

instead of the t-power series coefficients. As the state transition matrix of the 

proposed channel estimator is fixed, it does not suffer any numerical problems 

like the RW-RLS estimator and it does not require any additional normalization 

stage to improve its numerical performance. Its complexity is equivalent to that 

of a Kalman filter. 

This chapter is organized as follows. The signal and system models used in 

developing the GRLS channel estimator and the PSP based sequence detector 

employing such an estimator are presented in section 5.2. A general discussion 

of the implementation of sequence estimation in a frequency-selective fading en-

vironment given in section 5.3. The derivation of the polynomial based GRLS 

channel estimator is detailed in section 5.4. Performance analyses of both the 

GRLS channel estimator and the sequence detector employing the polynomial 

GRLS estimator are presented in section 5.5. Simulated and analytical perfor-

mance results are presented in section 5.6. A scheme to dynamically select the 
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most appropriate estimator parameters is discussed in section 5.7. Finally: the 

main elements of this chapter are summari:,.-;ed in section 5.8. 

5.2 The Signal Model 

In this section, the system and signal models which are used in the derivation of 

the proposed receiver are presented. Together with the commonly used models, 

the sub-channel model, state space model and the t-power series channel model 

are also discussed. 

5.2,1 The General System Model 

A block diagram of the communication system considered in this chapter is shown 

in figure 5.1. A sequence of 1\I-ary symbols {dk } linearly modulates a tram,mitter 

filter response p( t) such that the complex baseband transmitted Rignal is expressed 

as 
K-l 

s(t) = L dkP(t - kT) (5.1 ) 
k=O 

where T is the symbol period and J{ is the length of the transmitted sequence. 

The signal s(t) is transmitted over a dispersive fading channel with time variant 

impulse response c(t, T), which is the response of the channel at time t due to 

an impulse applied at instant t - T. The channel is assumed to be a WSSUS 

zero mean complex Gaussian fading channel. A more detailed discussion of the 

channel is found in chapter 2. The noiseless received signal is 

K-l 1= 
r(t) t; dk -(Xl p(t - T - kT) c(t, T) (iT 

J(-l 

L dk h(t, t - kT) (5.2) 
k=O 
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where 

h(t, t - kT) = I: p(t - T - kT) c(t, T) dT 
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(5.3) 

is the overall or composite channel impulse response. Since the impulse response 

of the transmitter filter p(t) is bandlimited, it is therefore unlimited in time. For 

most practical purposes, the energy of p(t) is usually concentrated in a few symbol 

intervals. Hence, we may truncate p(t) to a finite duration of Lp symbol periods 

such that it only occupies the interval 0 ::; t < LpT. We also assume that the 

channel impulse response c( t, T) is non-zero over a delay range of 0 ::; T ::; T max 

where the maximum delay spread Trnax = LeT. Hence, the overall channel impulse 

response h( t, t - kT) is non-zero for (tiT) - Lh < k ::; (tiT) where Lh = I Lp + Lc l. 
At the front end of the receiver, the received signal is further corrupted by noise 

w(t). As in the previous chapter, front end noise w(t) is modelled as zero mean 

AWGN with psd of No. Hence, the noisy received signal becomes 

K-l 

y'(t) = L dk h(t, t - kT) + w(t). (5.4) 
k=O 

As the channel is random and unknown, matched filtering at the receiver cannot 

be implemented. An ideal noise limiting low pass filter is used as the receiver 

filter instead. The ideal low pass receiver filter q(t) has bandwidth Bq > B + fd 

where fd is the maximum Doppler frequency of the channel. This implies that 

the bandwidth of the receiver filter Bq is wide enough to accommodate the entire 

Doppler spread spectrum of the received signal. We define the filtered received 

signal as y(t) and the filtered noise term as n(t). The filtered signal is then 

sampled at the Nyquist rate of fs = IITs = 2Bq where Ts = TINs and Ns is 

the number of samples per symbol interval. This ensures that the noise samples 

remain uncorrelated. For brevity and convenience, we let the i-th received sample 
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Figure 5.1: Block diagram of the communication system under consideration. 

be Yi - y(iTs), noise sample be ni n( iTs) and the overall channel sample 

be hi,k = h( iTs 1 kT.~). The fractionally spaced received samples are defined as 

y = {YOl YJ, ... ,Y(K+I'h-1)N. l} with 

Yi = (5.5) 

where K = l'i/NsJ. The set of channel samples contributing to the i-th received 

" .. ) hi,ili:NJ. The noise samples 

ni are uncorrelated zero mean complex Gaussian random variables vvith variance, 
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Consider a set of symbol spaced received samples y(-Y), such that y(-y) = {Yi I i 

mod Ns = I} where 0:::; I :::; Ns - 1. Using (5.5), we can show that the samples 

y(-y) only include contributions from the set of symbol spaced channel taps H~')') 

such that Rtf) = {hi,')'HN"I i mod Ns = I}, where 0 :::; k :::; Lh - 1. If the 

noise samples are uncorrelated, then effectively we have Ns separate and distinct 

symbol spaced sub-channels, one for each such set of received samples. 

Assuming that the channel estimation algorithm used does not consider the 

correlation between channel taps of different sub-channels or if the correlation 

is small, then we may reformulate the fractionally spaced channel estimation 

problem as one pertaining to Ns parallel symbol spaced sub-channels. Without 

any loss in generality, we write the l-th symbol spaced received sample of the I-th 

su b-channel as 

(5.6) 

,. h (-y) (-y) - n and I' b) 
vV ere Yl = Y1Ns +')' , n1 - 'IN.d-')' '1,1-/-1 

Ns -1. 

Using Ns parallel T-spaced sub-channels instead of the general fractionally 

spaced channel model of (5.5) reduces the computation burden in the channel 

estimation process. Vve assume that channel estimation is performed at each 

sampling interval. If the general fractionally spaced model is used, then all LhNs 

unknown tap coefficients of the channel impulse response are estimated, even 

though Lh (N.~ - 1) tap coefficients have no bearing on the received sample at 

that instant. If the sub-channel model is used instead, then at any sampling 

interval, only Lh tap coefficients need to be estimated. Further details of sub

channel decomposition are found in [53,118,119]. 



120 5.2 THE SIGNAL MODEL 

5,2.3 Autoregressive and State Space Modelling 

State space modelling of the channel is necessary for Kalman filtering based 

channel estimation [5,84,86,94]. As the fading channel c(t, T) is \VSS, then 

so too is the overall channel response h(t, t - kT). Therefore, we may assume 

that the channel tap coefficients of the ,-th sub-channel may be modelled as a 

Pa-th order vector autoregressive (VAR) process [120] 

Pa 

~}1) = 2: 2l}1) Df2!r + 3i1) (5.7) 
r=l 

where ~}1) = [h~~), h}}), ... , hi1,,_1]T and 3i1 ) is the (Lh x 1) process noise 

vector which is complex white Gaussian with autocovariance matrix, R;1) = 

E [3}1)3}I)H]. By post-multiplying equation (5.7) with D~1)H for various values of 

q and taking expectation, the vector Yule-Walker equations are obtained. The 

matrices 2(ll) , 2(~ 1) , ... ,2l~: containing the VAR coefficients are determined by 

solving the vector Yule-Walker equations 

for q = 1,2, ... ,Pal (5.8) 

where autocorrelation matrix Rt~-r = E [D~I) ~~I)H] is defined by the statistics 

of the channel. The autocorrelation of the process noise vector R~I) is computed 

by 
Pa 

R~1) = R~~6 - 2: 2l}l) Rt~1" (5.9) 
1'=1 

The choice of the VAR order Pa is a trade-off between complexity and accuracy 

[94]. If an insufficient order is used in modelling the channel, then the random 

component of the model which is represented by the process noise vector tends to 

be large. ~When a high degree of accuracy is warranted, then Pa is selected such 
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that the variances of the elements of the process noise vector J}') are as small as 

possible. 

The characteristic equation of the VAR process (5.7) is 

Pa 

det IL - ~ 2.((1') Z-I' = 0 
h i'...-J T 

(5.10) 
r=l 

where 1m is the m x m identity matrix and z-l is the unit delay element. For 

the VAR process to be stable, the roots of the characteristic equation (5.10) must 

reside within the unit circle of the z-plane [120]. 

Using the VAR description of the channel and (5.6), we express the l-th chan

nel sample and the received sample of the ,-th sub-channel as the state model 

(5.11) 

and observation model 

Y(,) - d h(r) + n(r) 
I - I I I' (5.12) 

T 
Here we have the (LhPax 1) channel state vector h)') = [ry},)T, ry)~)t,···, ry~~~I"l] 

T 
and the (Lh,Pa x 1) augmented process noise vector z)') = [,,),)T,OlXLh(P,,-l)] 

where Omxn is the (m x n) null matrix. The (LhPa X LhPa) state transition matrix 

IS 

2!(r) 
1 

2.((,) 
2 

2.((1') 
Pa-l 

2!Cr) 
Pa 

IL" OL"xLh OLhXLh OLhXL" 

ACr) = 
OLhXLh (5.13) 

I Lh OLhxL h OLhXLh 

OL",xL", hh °LhXLh 

and the l-th measurement vector is (1 X LhPa) in size and is defined as d 1 
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The state space model shown above is specifically for a sub-channel assuming 

symbol spaced sampling for the purpose of designing the channel estimator we are 

proposing. However it may be easily extended to the more general fractionally 

spaced sampling case [5,86]. 

5.2.4 The Polynomial Series Model 

Following the procedure shown in section 4.5.1, we may represent each random 

channel tap coefficient as a t-power series expansion [1]. Without any loss in 

generality, the composite channel impulse response of the I'-th sub-channel may 

be expressed as an N-th order polynomial expansion with respect to time t about 

some midpoint t = TJT. Therefore, the eIR is written as 

IV 

h(-r)(t,T) = La~n'I')(T)b~'Y)n(t) +R~)(t,T) (5.14) 
n=O 

where the coefficients 

(5.15) 

and the elementary basis functions are 

(5.16) 

with the superscript b) denoting the association with thel'-th sub-channeL The 

remainder term due to truncating the Taylor's series to the first N terms is 

denoted by R~) (t, T). It is noted that R~)(t, T) ---t 0, as N ---t DC or if the window 

of expansion is small. 

Assuming that an N-th order t-power series is sufficient to render the remain-
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der term sufficiently small, we may write the p-th tap coefficient of the symbol 

spaced sampled erR of the ,-th sub-channel at time l as 

N 
rty) = ~ a(n,,) b(,)n 

I,ll L-" 11,/·1 T),l (5.17) 
n=O 

5.3 Implementation of Sequence Detection 

Although the receiver and channel estimator we are proposing are not strictly 

ML, we begin the derivation of the proposed sequence detector by reiterating the 

MSLE approach as discussed in section 2.4.2. Maximum likelihood detection de

termines the data sequence DML that maximizes the conditional pdf p (YID(m)) 

and is expressed &'3 

DML = argmaxp (YID(m)) 
n(m) 

(5.18) 

where D(m) is the 'm-th hypothesized data symbol sequence for 1 :::; m :::; .i11J(. 

By letting Y k = [Yo, Yl, ... ) Yk], the log likelihood metric of the m-th hypothesis 

e(m) directly derived from (5.18) may be written as 

(J<+Lh-l)N3-1 II ( ) 12 -
e (m) = , Yk - Yklk-l m + 1 {'2 ()} 

L-" a~ (m) n aklk- 1 Tn 
A~=O klk-l 

(5.19) 

where 

(5.20) 

and 

(5.21) 
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are respectively the mean and variance conditioned on Y k - 1 and data sequence 

D(m). It has been suggested that Kalman filters be used to estimate the condi

tional means and variances of each hypothesized sequence as they are optimum 

minimum mean variance estimators for Gaussian processes [3,5,84]. If MJ{ is 

large, then "brute force" MLSE using a tree search may not be feasible. A PSP 

based Viterbi algorithm with J11Lh - 1 states may be employed to approximate 

MLSE [60]. However, it should be noted that a trellis search sequence detector 

in this case is strictly no longer maximum likelihood. A detailed treatment of 

the sub-optimality of VA detectors for fading channels is presented in [63]. "Ve 

may also explain the sub-optimality of the VA based sequence detector heuristi

cally from the perspective of error propagation in the channel estimates. As the 

Kalman based estimators are recursive in nature, the metrics of the VA are in 

fact dependent on the entire history of the transmitted data sequence. Since the 

VA has a finite number of states (usually MLh- 1), there are instances where all 

survivors of the trellis search contain incorrectly detected data symbols in their 

recent histories. This will affect the channel estimates and the optimality of the 

detector. However, it may be argued that at high SNR where errors are rare, the 

VA based detector is a good approximation to the MLSE receiver. 

Kalman filtering requires state space modelling of the channel and signals [20]. 

As shown in section 5.2.3, channel statistics are required to formulate the channel 

state model. Furthermore, the input SNR is also required in the Kalman ftltering 

, algorithm [20]. Although online estimation of the parameters of the state space 

model has been proposed [94], its usage is limited as it suffers from convergence 

problems [116]. Therefore, other sub-optimal channel estimation approaches, such 

as LMS and RLS based filtering, must be used [2,60,61]. In these situations, the 

ML metric in (5.19) is no longer applicable. Instead, we may use the modified 
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path metric for the m-th hypothesis [2,60,61] 

K+L/,-I 

a(m) = L e}m) 
1=0 

and the associated branch metric at the l-th recursion is 

Ns-l 

e?n) = L lyf'Y) - Yi11~1 (m) 12 
-(=0 
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(5.22) 

(Ei.23) 

where Yi~~l (m) is the estimate of received sample yt() of the '"'(-th T-spaced sub

channel based on aU prior (l - 1) samples and the no-th hypothesized sequence. 

The metrics (5.22) and (5.23) are used by the sequence detector proposed in this 

chapter. The proposed receiver is also implemented using the VA with PSP. 

5.4 The Polynomial Prediction based General-

ized RLS Channel Estimator 

As seen in the previous section, the proposed sequence detector recursively com-

putes the decision metrics (5.22) and (5.23). In order to achieve this, an estimate 

of the recei ved sample Yi11~ 1 is required. In this section we will present a novel es

timator which employs the generalized recursive least squares algorithm (GRLS) 

and the t-power series channel modeL 

The GRLS algorithm is not new [13,121]. Like the conventional RLS algo-

rithm, it is an exponentially weighted recursively implemented method of least 

squares estimation. However, unlike conventional RLS which presupposes a ran-

darn walk channel model, the GRLS algorithm offers more freedom in channel 

modelling as it only assumes a general state model. The derivation of the GRLS 

algorithm is given in appendix A. 
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In this section, we show the development of the proposed polynomial predic-

tion based GRLS channel estimator. First, we discuss the Clark channel estima-

tor [13-15], which is the first to use both the GRLS algorithm and a polynomial 

channel model. Its limitations and other disadvantages are also discussed. We 

then derive the proposed receiver and discuss its advantages over conventional 

estimators and the Clark estimator. 

5.4.1 The Clark Channel Estimator 

Like the Kalman filter, the GRLS algorithm or Kalman-RLS algorithm [13-15, 

121] requires the channel be modelled in state space form, although the input 

SNR is not necessary. If the Clark estimator is llsed for the ,,(-th T-spaced sub-

channel, we may write the state model of a general T-spaced channel defined by 

Clark et. al. [13-15] as 

(5.24) 

and the associated observation model as 

Y
b ) - d a(') + n b ) 
I - I I 'I (5.25) 

T 
1 b) [(0,,) (0,,) (0,,) (1,,) (1,,) (l"l] d tl t t t . 

W lere az = aO,1 ,aO,2 ,"', aO,L" ,aO,l , a O,2 , ... , aO,Lh an - Ie s ,a e ,ranSI-

tion matrix 

ILh I b}7}1,IILh 
_._._._._._1_._._._._._ 

I 
(5.26) 

OL"XL" j hit 
I 

Using the above state space model of the channel and received samples, the 

estimator proposed by Clark et. ai. then employs the GRLS algorithm shown in 

(A.28)- (A.32) to recursively estimate the dispersive fading channel. 
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There are two major differences l between the state space model shown in 

section 5.2.3 and the one shown in (5.24). First, is the fact that the latter is 

derived using the two-term polynomial model of the channel tap coefficients. The 

channel state vector a}l') and state transition matrix B}~lll in (5.24) respectively 

contain coefficients and bases of the polynomial expansion (5.17) with 77 = L - 1. 

Second, the state model in (5.24) is an unforced dynamical model as it is not driven 

by an external proceflfl noise [20]. If the covariance of the procefls noifle vector is 

relatively small, then the unforced dynamical model is a good approximation to 

the true model. 

As shown in (5.24) to (5.26), the efltimator proposed by Clark et. al. is 

only useful for channels with linearly time varying tap coefficients, such afl the 

HF channel [13-15J. Extension of the approach to accommodate higher order 

polynomial termfl and therefore a wider variety of channels, may appear to be 

straight forward. However, in doing flO, numerical and stability problemfl in the 

estimation algorithm may become more pronounced. Aflflurning that an N-th 

order polynomial is used, the higher order terms in the series expansion no longer 

increase linearly with time, but with respect to the N-th power of time. The 

RW-RLS estimator presented in [37J provided a solution to this problem by in-

troducing a re-normalization sub-routine. However, it also doubles the computa-

tional complexity as the algorithm involvefl an additional "downdating" step at 

each iteration. 

lThe original estimator proposed by Clark et. al. only considered three tap coefficients. 
But since the generalization to any L/., taps is trivial, we did not used the original formulation 
in (.5.24) -(.5.26). 
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5.4.2 The Proposed Channel Estimator 

The Clark estimator as shown in section 5.4.1 has certain advantages over the 

more conventional Kalman filtering based on YAR channel modelling. First, as 

shown in (A.28) - (A.32), the GRLS algorithm does not require the input SNR 

to operate. Second, and more importantly, the state space model formulated by 

Clark et. al., is derived from the t-power series expansion and therefore does 

not require channel statistics as the YAR based state space model shown in 

section 5.2.3. It is therefore desirable to derive an estimator using both the 

GRLS algorithm and the t-power series channel model but for a general channel 

and without the numerical or stability problems. 

It clear from (5.7) and (5.13), that the matrices 2t~"I), 2t~"I), ... , Ql~:, of the 

YAR model contain one-step predictor coefficients of the channel vector htl
). For 

a Pa-th order YAR model, channel vectors at times {l - 1, l - 2, ... ) 1 - Pal 

are used to predict h}"Il. To compute the matrices Qlfl) , Ql~"I) , ... , 2t~:, channel 

statistics must be known. 

We now derive an alternative state space model to the one based on YAR 

modelling shown in section 5.2.3. Using the N-th order t-power series model 

(5.17), we may write the p,-t,h tap coefficient of the A(-th sub-channel as 

(5.27) 
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(N + 1) x P polynomial basis matrix is 

1 b(r) 
71,1-1 

bh )2 
1),/-1 

1 b(r) 1(,)2 
Bh') - 71,1-2 }1I,1-2 

71,/-1 -

1 b('Y) ("()2 
71,l-P b·,/,I_P 

For any given midpoint point of the polynomial 

AND 
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(5.28) 

expansion TI, the elements 

of B~7{-1 are completely defined by (5.16). \Ve may use the least squares technique 

to compute the coeffieient a~:l given the channel vector hf~t't and assuming that 

P ~ N + 1. The least squares solution is 

(5.29) 

where B~'Y,1)_t1 = (Bh)H B(f') ) -1 BC'y)H is the pseudoinverse of the basis matrix 
'f 71,1-1 1/,/-1 71,1-1 

[20, 107]. Using (5.27) and (5.29), "ve can make a one-step prediction of the 

channel sample as 

(5.30) 

are the P length, N -th order least squares polynomial predictor coeffidents of the 

tL-th channel tap weight, Although we have obtained predictor coefficients 

by the least squares approach, they may also be computed using the Lagrange 

multiplier approach [95]. An important characteristic of u~~l is that it is invariant 

with respect to the choices of 1; T} and For any Nand p) the predictor 
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coefficients remain the same and hence we may omit the reference to I, TI and 1. 

Examples of these coefficients u = [,81, {12' ... ,,8pj for various orders N and length 

P are given in table 4.1. 

Assuming that each tap coefficient of the ,-th sub-channel is modelled as a 

t-power series of order N and that the series converges over a window of size 

P + 1.we may then write 

p 

~fYl = L llr~}~r + e}'Y) (5.31) 
r=l 

where the channel vector has been explicitly defmed in section 5.2.:3 and the 

(Lh x Lh) polynomial predictor matrix is llr = {1r I Lh . The noise vector e}l') is due 

to the expansion error term R~) (IT, j.1T) of each channel coefficient. Comparing 

equation (5.:31) to (5.7), we see that they are similar in form. Other than having 

different predictor coefficient matrices m}.l'l and llr, the noise vectors e}l'l and 3fl') 

are also different. The noise vector efl'l of (5.31) is not necessarily white or zero 

mean. 

If the elements of the covariance matrix of e}l'l are negligible, then a state 

space model with unforced dynamics may be formulated using the polynomial 

predictor coefficients (5.:31). At t.he (l + l)-th ;.;ymbol interval and for the ,-th 

sub-channel, the state space model is 

(5.32) 
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and the state transition matrix is 

u= 

The corresponding observation model is 
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(5.33) 

where the l-th measurement or data vector is d l [d l , dl- 1 , .•• ,dl - Lh+1 , 0IXLh(P-l)] . 

Using the newly derived state space model and the GRLS algorithm, we may 

recursively estimate the channel state vector given prior received samples for each 

symbol-spaced sub-channel. Following (A.28) to (A.32), the GRLS algorithm 

used to estimate the channel state vector for the ,-th sub-channel is 

~t'Y) 
h 11l- 1 

~t'Y) 

Uhl-lI1-1 (5.35) 

pt'Y) 
11l-1 

,,\-IUpCY) U II 
l-111-1 (5.36) 

~(I) ht'Y) + Kt'Y) (y(l) - d ht'Y) ) (5.37) hili 111-1 l l I lll-1 

ph) 
ifl (hh P - Kfl)d l ) pi~~1 (5.38) 

p(r) dII 
K(I) 111-1 I 

(5.39) I 
(1 + dlP~ll~ld{I) 

where h}~)_1 is the l-th estimate ofthe channel state vector based on all (l-1) prior 

received samples, ,,\ is the RLS "forget faetor", p~~) is the intermediate rnatrix2 

2In the literature concerning the conventional RLS algorithm, p}i[l is usually known as the 
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and K}') is commonly known as the Kalman gain vector in the literature [20]. 

To initialize the algorithm, the estimated channel state vector is set to the null 

vector and P~I~1 = 0- 1 hhP , where c5 is some small positive real constant. Using 

the estimated channel state vector (5.35), the estimate of the l-th received sample 

may be written as 

::;(,l - d ~h(,l 
Ylll-l - I 111-1' (5.40) 

Therefore, with (5.40), the sequence detector may recursively compute the branch 

metric (5.23). 

The most important feature of the polynomial predictor based GRLS channel 

estimator is that it does not require any channel statistics to operate. Another 

feature of the proposed channel estimator is that the elements of the state tran-

sition matrix are invariant and therefore do not lead to numerical or stability 

problems like the R\V-RLS estimator [37J. 

5.5 Performance Analysis 

Techniques to analyze the performance of the sequence detector which employs 

the polynomial predictor GRLS channel estimator of section 5.4.2 and the channel 

estimator itself are provided in this section. First, the analysis of the mean sq'l1are 

deviation (MSD) or mean sq'l1ared identification error (MSIE) of the channel 

estimator is presented. Next, the approach to analyzing the BER performance of 

the sequence detector using the proposed channel estimator is developed. 

inverse input autocorrelation matrix [113,122]. This is generally not the case for the GRLS 
algorithm and hence the term intermediate matrix. 
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In practice, the proposed channel estimator usually operates on transmitted data 

frames which are relatively short in duration. As the estimator is adaptive, it may 

still be in the transient phase of the adaptation process during the reception of 

each data frame. The analysis of the transient tracking behaviour of the estimator 

is difficult and may not be tractable. However, it is possible to analyze the steady 

state tracking performance of the proposed channel estimator. In the steady state, 

the statistics of the system parameters are assumed to become invariant. If the 

estimator converges rapidly, then its steady st.ate tracking performance is a good 

approximation of its true performance. 

vVe use the mean square deviation (MSD) [20] as the numerical indicator in 

assessing the tracking performance of the proposed channel estimator. For the 

i-th sub-channel, the MSD is defined as 

2 () _ E' [II h(7) 'h(7) 112] a:tviSD i - 'Ji - 'Jill-l (5.41 ) 

where II . II denotes the euclidean norm, and ~}~~l is the estimate of ~}'Y) at t.he 

l-th symbol period based on information up to and including the (l-I)-th symbol 

interval. The MSD of the overall CIR is 

(5.42) 

To facilitate the analysis of the algorithm, we make the following assumptions: 

(i) the transmitted data symbols are known to the estimator, 

(ii) after long periods of operation, the statistics of the estimate as well as the 

parameters associated with estimation converge to their respective steady 
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state values, 

(iii) data vector d 1 and the estimate h}~~1 are uncorrelated, 

(iv) in the steady state, the elements of the intermediate matrix P}~) converge 

to some fixed values represented by elements of the matrix pb). 

Assumption (i) has been used in [37] in computing the MSIE, assumptions (ii), 

(iii) and (iv) have been used extensively in the analysis of the conventional RLS 

algorithm [113]. 

As it will be shown later, the computation of the MSD requires the nominal 

matrix pb). Unlike the autocorrelation matrix of the input to the conventional 

RLS, WIT E [dfl dL] W is generally singular. Therefore, pb) cannot be approxi

mated using the weighted inverse of W H E [dfdlJ w. To compute the nominal 

matrix, we follow [113], and model the inverse of the intermediate matrix in the 

steady state as 

pbJ -1 _ E [pb) -1] + Do. 
III - III 1 (5.43) 

where Do. I is a zero mean complex Gaussian perturbation matrix. If the variances 

of the elements of ill are small, we may reasonably let pb) -1 = liml--too E [pfii)-l]. 
Our study shows that like the RLS algorithm in [113]' the above assumption holds 

only for)' --+ 1. If smaller values of ). are used, pb) -1 does not converge to the 

statistical mean of P}~) -1. 

To evaluate pb), we use the expressions (A.22), (A.23) and the definitions of 

the model parameters in section 5.4.2, to get 

1· E [pbJ -1] l' ['WITpb) -1 W dHd] nn III = nn /\ 1-111-1 + I I . 
1--+= 1--+00 

(5.44) 

where W is the backward state transition matrix and by definition [20], it is 

W = V-I. Using' the recursive formulation shown in (A.22) and (A.23), we may 

\ \ 
I \ \ J 
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E [p~~f)-l] AWHE [AWHpf2)2~~2W + dfd l ] W + E [dfdtJ 
, t 

Al(WH)l p~I~~;l(W)l + L AkWHRd W + Rd 
k=l 
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Al(WH)l p~I~~1 (W)l + (AI:~ -1 A) WHRd W + R d (5AS) 

where E [df dlJ = Rd - Evaluating the asymptotic vaJue of the first term on the 

Lh.s. of (5,45) as 1 --+ 00 is generally intractable. However, we assume that the 

system reaches steady state for some suitably chosen large vaJue of l. Hence, we 

compute (5,45) for that value of l. An approximation to pcr) is then obtained 

by inverting the resulting matrix. There are instances for which this matrix is 

ill-conditioned and direct inversion leads to inaccurate results. To circumvent 

this problem, we assume that the autocorrelation matrix of d l may be factorized 

into Rd = 1)H1), where 1) is a square matrix of size LhP x LhP. Therefore, 

/ (5,45) may be expressed as 
C 1/ t.' , 

E [ph) -1] - E [pcr) -1] + 1)H 1) 
III - 111-1 (5,46) 

and 

E [pl'Y)-1] = AWHE [p('Y)-1 ] W. lll-l 1-1Il-1 
(5,47) 

Using the matrix inversion lemma [20], we may then write (S,4S) in the recursive 

form 

I\ 
~ , ; 

, \ 

. I ~I 
\" 

) t i\"! 
\.. I 

(5,48) 

Lif 
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where p}~) = (E ~ p~~) -1]) -1. The steady state intermediate matrix is p('Y) = 

p~~) for large values of l and P~T~l = P~T~1' In this manner, matrix p('Y) may 

be calculated recursively and without any of the numerical problems associated 

with matrix inversion. It has been observed that as A --+ 1, a larger value of l is 

needed for pf~) to reach steady state. 

The computation of the MSD also involves the use of the VAR and state space 

models of section 5.2.3. \i\Te assume that the true channel is accurately represented 

by the Pa order VAR model of (5.7). There are three eases to consider. First, we 

show the analysis of the estimator when P = Pa. This is followed by eases where 

the polynomial predictor length and the AR order are mismatched. 

Case 1 : When P = Pa. Using (5.6), (5.11), (5.35) and (5.37), we write the 

channel state identification error vector of the ')'-th sub-channel at l-th symbol 

interval as 

(5.49) 
, -

- A('Y)hb ) b) T T~h('Y) 'UK('Y) (d 1 Cr) (1') d h~b) ) 
- I-I + Zl~\ - '- 1-111-2 ~ I-I I-I \-1 + n1_ 1 - I-I 1-111-2 . 

We have assumed that the tap coefficients of the fading channel evolve according 

to a Pa-th order VAR model and may be appropriately described by the state 

model (5.11). Noting that K}'Y) = pi~)dfI as in (A.27), we may express (5.49) as 

v('Y) = Uvb ) + Gb)h('Y) + z('Y) ~ Upb) dEl d vb) - UP('Y) dH n b ) 
I /-1 /-1 /-1 1-111-1 /-1 /-1 I-I /-1Il-1 I-I 1-1 

(5.50) 

where Ab) = U + G('Y). From assumption (ii), we know that as l --+ 00 and 

steady state is reached, the asymptotic covariance matrix of the error vector is 

such that E ~ vtr)v}'Y)H] = E ~ Vl(~)1 VI(~):I]. Using assumption (iv) and taking the 
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expectation of (5.50) in the steady state, we get 

RC-;) = GC-;)R(I') [I - R dP(l'lH] U H + G(l'lRb ) Gb)H + Rbl 
v,O hv,O LhP" h,D z 

+UP(I')a~(r)Rdpb)HUJI + U [ILhPa - P(I')Rd] R~~ZGblJI 

+U ["Rb) + p(l')pp(I')JI _ pb)R R b ) _ "R(I')R pblJI] UJI 
.L""'v,0 d v,O .L""'v,0 d 
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(5.51) 

where Rb) = [vb)Vb)H] Rbl = [h(l')h(l'lH] R(I') = [hblvb)JI] 
v,k ! !-k 'h,k ! l-k 'hv,k ! l-k , 

R~I') = [zfl') z}I')H] and a~ (r) is the variance of the additive white Gaussian 

noise n}l'l. The quantity P is given by 

;v;. E [dH d b) b)HdH d ] 
"¥ = l-1 I-lV1- 1 vI_I /-1 I-I . (5.52) 

To evaluate the expectation in (5.,52) requires the fourth moments of the distribu-

tion of the data symbols dl • A simpler approach is to use direct averaging. Since 

the transmitted symbols are taken from a set of I'll symbols, there are only lVILh 

possible permutations for vector d l . Therefore, we may remove the conditional 

dependence on d1 by averaging over all possible data vectors and leaving only 

elements of RSI 6. , 

In order to eompute the correlation matrix R~C 0' we post.·multiply (5.,50) by , 

h}=\JI and pre-multiply the hermitian transpose of (5.11) by V}~)I' Taking the 

expectations of the results lead to the system of equations 

(5.53) 

and 

R b ) - R(1'). A(I')JI + R tI) 
vh,O - vh,1 z . (5.54) 

Since RS~~ = R~~ 0' the system of equations (5.53) and (5.54) may be solved to , , 
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obtain the correlation matrix R~~ 0' , 

For any given system, the parameters U, C(r), R d , R/"Y) J a; (ry) and R~~6 

are known. vVe have also shown methods to obtain the matrices ph) and R~~ o. , 

Therefore, substituting all these known parameters into (5.51) yields a sufficiently 

determined system of equations, and we may solve for the autocorrelation matrix 

(J). (JJ (J)T (J)T h)7' .. . 
[ ] 

T 

Rv,o' Smce hi = ~l '~l-I' ... J ~l-P-t-l ,the mean square devIatIOn of the 

GRLS estimate for the r-th sub-channel is given by 

Lh 
2 (,,) _ ~ [R (r) ] 

aMSD Y - L..t v,D k,k 
k=l 

(5.55) 

where [AJ .. denotes the element in the i-th row and j-th column of matrix A. 
~,J 

The overall MSD is then computed using (5.42). 

Case 2 : "Vhen P > Pa. In situations where the length of the polynomial 

predictor exceeds the order of the VAR model of the channel, the dimensions 

of matrices A h) and U are mismatched. In order to used the same analytical 

technique as in case 1, we must augment matrix AC'Y) to a (LhP x LhP) matrix 

(1') Q{.h) 
OL"xLh OLhxL" 2{J Pa 

hit OLhXLh OL"xL" OL"xL" 

A(J)= 
OL"xL" hit (5.56) 

The augmented transition matrix in (5.56) is equivalent to one formulated using 

a P-th order VAR process but with the (P - Po, + 1)-th to P-th sub-matrices 

set to 0 L" xL". The augmented matrix A (r) is dimensionally compatible to U. 

Then, using A (J) instead of A (r), we may follow the technique used for case 1 to 
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compute the MSD of the estimator. 

139 

Case 3 : When P < Pa. There may be instances where the length of the 

polynomial predictor used in the proposed estimation algorithm is less than the 

order of the actual VAR model representing the channeL The dimensions of the 

state model of the actual channel and the one used by the channel estimator are 

therefore mismatched. If this is the case, then the above approach to analyz-

ing the tracking performance of the channel estimator cannot be used without 

modification. 

For notational convenience, we define the matrix operation for a general m x n 

matrix X, such that 

(5.57) 

for LhPa > nand LhPa > m. Without any loss in generality, we may augment 

the observation model in (5.34) and the state model in (5.32) respectively to 

(5.58) 

and 

(5.59) 

[ ] -() [tI)T (1)1' b)T] l' where d1 = d1, dl - 1,·.·, dl- Ld1 , OlXLh(Pa-l) and hll = hI ,Ol-P"'" r)l-pu+ 1 . 

Kote that the measurement and channel vectors are no longer length LhP but 

length L/i.Pa . Although the augmented matrix-vector equations in (5.58) and 

(5.59) differ in size from the original observation and state space equations of 

(5.32) and (5.34), they are algebraically equivalent. We also define the estimated 
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augmented channel state vector at time I based on the aH previous l ~ 1 esti-

• -::{y)T ,. ---'(-y)T ""'(ry)T ---'(r)T] T '.. . • r 
mates as h'll-l = l h 111 - P Ql-PI1-P+l) ... I QI-Pa+lll-Pa . WIthout modlf:pllg the 

estimation equation (5.35) and (5.37) algebraically, we may write 

(5.60) 

Following (5.49) and (5.50) and using (5.60), we IIlay write the augmented channel 

state identification error 

') -() ~(ry) 
-VI' - h ~t, - h 
VI - I 11-1 (5.61) 

= Ut-v('Y) + G-b)-h(r) + z(') ~ Utp('Ylt d-H d-I_ :;-;(r) utp-(rlt d~ H (r) 
/-1 11 11 l-111-1 1-1 ' 1'1-1 ....... 1-111-1 [-lnl-l' 

with A (r) = U t + Gir). Like the previous case, the asymptotic steady state 

covariance matrix of the augmented ehannel state error identification vector may 

then be expressed as 

R~r) = Gb)R~2J [I Rd-p(rlW] U:J:H Gh)R~'Y)Gh)H + R('Y) 
V,o hv,O LhP" h,O Z 

+UtpbH(j2(ry)R_P('YltHUtH + U t rll! p - F)(r)tR-] R(r)HG(r)H 
n d ·h " d hv,O 

+u+ [R~r) + phl+<]}+p('YltH p(rltR-R~!.) - R~'Y~R-ph)tH] U tH(5.62) V,a d V.O V,L d 

whprp R- - E 'dHd] R b ) E 'l'v('Yl:y(r)H] R('Y) - E [h(rlh('Y)H] and R('Y) -
~. d - l I I I v,A: I I-A: , il,A: -j I l-k ' ~,k -

E [h~r):yt)t]. Following the approach used in the case where Pa = P, we can 

solve for the autocovariance matrix of the augmented identifi,cation error vector 

in steady state. Since hi'l [h}'YlT, fJ~2~', ... , fJ}2):~+I]T, t.he MSD of the 

GRLS estimate of the ry-th sub-channel is therefore 

(5.63) 
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and the overall MSD is computed by (5.42). 
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An interesting situation is when the polynomial order is N = 0 and the 

length of the predictors used is P = 1. In this specific case, the proposed GRLS 

based channel estimator reduces to the conventional RLS estimator and the above 

technique may be used to analyze the tracking performance of the conventional 

RLS algorithm. Analysis techniques for the conventional RLS algorithm found in 

the literature [113,122] result in very simple closed form expressions. However, 

they assume that the estimated parameters vary according to the random walle 

model. The analytical approach presented in this section is much more involved 

but it is not restricted to any specific AR model and is applicable not only to 

the cOIlventional RLS but also to the GRLS algorithm. In the context of GRLS 

filtering, the term "lag error" is at best a crude description which may have been 

adopted from earlier studies pertaining to LMS filtering [112]. The so called 

"lag error" is in fact an error resulting from model mismatch as the estimated 

parameters may vary according to some higher order AR model rather than a 

simple random walk model. 

5.5.2 Error Rate Analysis 

Analytical bounds on the symbol-error rates (SER) of the proposed sequence 

detector employing the GRLS based estimator are obtainable for special cases and 

under certain assumptions. The analysis follows the classical Gaussian detection 

theory approach [101,111]. To simplify and facilitate the analysis, we assume that 

the channel estimator has reached steady state and that A --+ 1. Although the 

proposed sequence detector is PSP based and maintains several channel estimates; 

we employ a single, universal channel estimate, derived from the true transmitted 

sequence in the analysis. 
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Consider the true transmitted data sequence D(O) and a sequence D(1) which 

is detected by the sequence estimator. The paths of the detected sequence D(1) 

and the true sequence D(O) are the same except between time k and k + n. At time 

k, the path of the detected sequence diverges from the path of the true sequence 

and re-merges with it at time k + n. An error event of length n is said to have 

occurred. This is similar to the illustration shown in figure 4.2. In this situation, 

the sequence detector makes a decision consisting of 71, errors. The error vector 

is defined as e = D(O) - D(1) = {O, ... ,0, ek+l, ek+2, ... ,ek+n-Ld 1, 0, ... ,O}. As 

the channel spans Lh symbols, n 2: Lh for an allowable error sequence. 

The pairwise probability of error is required for the evaluation of the error 

rate bounds and it is defined as the probability that the metric associated with 

the transmitted sequence D(O) is greater than that due to the detected sequence 

D(l). We now introduce the difference between the instantaneous metrics of the 

two sequences at the l-th sampling interval and for the ~(-th sub-channel as 

{Jlh ) Iyb) - ~y') (1) 12 - I·yh) - ~y,) (0'112 
1 111-1 1 111-1, 

Id(O)/vtf ) - e$;') + 71,[')1 2 -ld;O)v;,) + nf') 12 (5.64) 

where el = h,el-l, ... ,el-Lh+1,OIXLh(P-l)] and d(1)1 = din) +el and d(O)!, and 

d(l)l are the l-th channel state vectors associated with the sequences D(O) and D(l) 

respectively. The error state vector vf') has been used ih (5.64) for notational 

brevity and does not imply that only estimators with P = Pa and P > Pa may be 

used in the analysis. The analysis is in fact general and vi') in (5.62), for the case 

P < Pa , may be used as well. For an error event of length 71, beginning at time 

k + 1, we may write the difference between the path metrics of the transmitted 
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k+n Ns-l 

D = L I: 19}'). 
l=k+l ,=0 
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(5.65) 

Hence, the pairwise probability of error may be written as Pr( D < 0). We 

may then apply the analytical technique presented in section 4.7 to compute the 

pairwise probability of error. However, the direct use of (5.64) in the analysis is 

complicated by the fact that the metric is dependent on not only the error state 

vector el but also on the data vector d l . vVe may consider the term dlvi') of 

(5.64) as errors arising from the channel estimator. Therefore, we may simplify 

(5.64) by replacing dtv},l by an estimation noise term wtf ) so that it becomes 

(5.66) 

with 

(5.67) 

Cross correlations between wi,l and the other random parameters is also possible 

by averaging over all data vectors d l and their associated error state vectors el. 

In this manner, the metric becomes independent of the data vector d l and the 

pairwise probability of error is only dependent on the error sequence. 

By employing (5.66), the difference in metric (5.65) may be expressed in 

quadratic form in terms of hi,l, W 1
h ) and ni'). We now denote the difference 

(5.65) by D( e) to indicate that for any given channel, SNR and channel estimate, 

it is dependent on the error sequence c. For notational convenience and brevity, we 

, ) " . _ [(0) (1) . (N.-l)] ']' _ [(0) (1) (N8- 1)] T define the vectors :N z - 711 ,TLI , ... , TL z , VI - WI ,wI l"" Wi 
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I-""(O)T ""(l)T ,,",(Ns-llT]T 
and 1{t = l hi ,hl ') ... , hi . ext, using these vectors we define a zero 

mean complex Gaussian vector 

"'IT ","'7' NT]'1' 
... , vk+1l' J'k+1"" 1 k+n (5.68) 

with auto covariance matrix quadratic form of Gaussian decision variable 

D(e) in (5.65) may be written as D(e) XHOX where the elements of matrix 0 

are implicitly defined by equations (5.65) and (5.66). The random variable D(e) 

may also be expressed as LI01] 

[( 

D(e) (5.69) 
1;;=1 

where {xd is a set of Li.d. zero mean complex Gaussian random variables with 

unit variances and AI;; is the k-th eigenvalue of RxO. A')smning that there are 

K distinct and non-zero eigenvalues of RxO, we may write the characteristic 

function of D (e) as 

I: p(D(e)) exp( -sD(e)) dD(e) 

K 

(5.70) 

,:vhere the region of convergence of the characteristic function is the narrow ver-

tical strip about the jw axis and bounded by the two nearest poles on the either 

side ofthe vertical axis. Following [102] and using (5.70), the pairwise probability 

of error may be evaluated by the residue computations 

Pr(D( e) < 0) Residue (5.71) 
l.h.p. 
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and Lh.p. denotes the distinct poles on the left hand plane where the residues 

are computed. 

An upper bound on the SER is derived from the union bound on all possible 

error events and is written as 

SER:::; Lw(e) Pr(e) Pr(D(e) < 0) (5.72) 
eEc 

where w(e) is the number of non-zero terms in the error sequence e, Pr(e) is 

the probability of the occurrence of e and G is the set of all possible error se-

quences. Recall that we have assumed that only the channel estimate due to the 

transmitted sequence is used. It is expected that the SER computed under this 

assumption is lower than that of the actual receiver. It is clearly unjustifiable 

to use (5.72) as an upper bound as it may be lower than the SER of the actual 

receiver. In this case, it is then more appropriate to derive a lower bound on the 

SER As in [60], it is possible to formulate a lower bound 

(5.73) 

where {At.;} denotes a set of eigenvalues. As the pairwise probability of error is 

dependent only on the set of eigenvalues {Ad of R:x;!l, we may let Pr(D( e) < 

0) = Pr (D ( { Ak}) < 0). Note that different error sequences may share a common 

set of eigenvalues. The quantity PrmaX(D({Ak}) < 0) is the maximum pairwise 

probability of error defined as 

(5.74) 

and G{la~} is the set of possible error sequences with a common set of eigenvalues 
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The analysis shown above requires the autocorrelation matrix of the zero 

mean complex Gaussian vector X which may be obtained from the autocovari

ances of hf!') , h}~~l' vfr) , the covariances between them and also the covari

ances between these vectors from various sub-channels. The covariance matrix 

RS~i;) = E [v}')v}K:)lI] may be derived following the technique used for comput

ing RS~b. As in (5.51) we may write the covariance matrix between the error state 

vector of the ~(-th and KAh sub-channels 

+Glr)R (!"K:) [r> - R p(K:)II] U II + U [r - P(r)R ] R (r,K:)H G(K.)IJ 
hv,O Lhl a d LhPa d hv,O 

+G(r)Rlr,K:)G(K:)lI (5.75) 
h,O 

where Y = E [dEldl-lVf2)lV[~)tdf~ldl-l] which may be evaluated using the 

direct averaging method as discussed in sectioIl 5.5.1. Likewise, following (5.53) 

and (5.54), we obtain the sYfltem of equations 

(5.76) 

and 

R (K:,!,) = R (IC,,) A (r)H 
vh,O vh,! . (5.77) 

S· 'R(IC,7) R(r,K:)H. l' h t f' ) . (- 7h) (", 76) d , lllce vh,O = hv,O ,we may flO ve t e sys ern 0 equatlOns b. '), o. an 

(5.77) for RS!'c;) and Rh~ICJ. Assuming that the error state vector vi!') is inde-, , 

pendent of the data sequence, we may employ the fltate space models (5.11) and 

(5.50) to solve for the covariance matrices for various lags by observing that 

(5.78) 
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and 
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(5.79) 

(;sing the fact that hi') - £.i~~ 1 = vi') we may write the following system of 

equations 

R(I,I£) 
vh,D 

R (1,1£) _ R (1,1£.) 
h,D hh,D (5.80) 

R(I,I£) 
v,D 

R(I,I£) - R("K) 
hv,D hv,D (5.81) 

R('?'2I£) 
vh,D 

R('?'2I£) - R~"K). 
hh,D h,D 

(5.82) 

Solving equations (5.79) and (5.82) appropriately yields covariance matrices R~"I£) = 
h,D 

E [£.i')£.il£)H] and R~~~~ = E [£'}')V}I£)H]. We may generalize the technique in 

(5.78) and (5.79) to compute these covariance matrices for various time lags. 

The above methods to compute the necessary covariance matrices may be readily 

extended to cases where P 1= Pa.. 

5.6 Nun1.erical Results and Discussion 

Simulated and analytical results are presented in this section. The results are 

obtained using a system consisting of a transmitter filter with a raised cosine 

impulse response with 50% roll-off' factor that is truncated to Lp = 2 symbol 

intervals. A channel with a three ray profile is used. Using the symbols defined 

in section 2.3.3, the delay power profile of the channel used in obtaining the 

numerical results is written as 

(5.83) 
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where the average power of the rays are related as (j~(O) = (j~h) = (j~(T2) and 

the delays are such that Tl - T2 = T2 - T3. The normalized maximum delay 

spread is set at Tma:r/T = Lc = 1. Therefore, the delay spread of the overall 

channel h(t, T) is Lh = 3. The channel is assumed to be vVSSl:S and each ray 

has autocorrelation similar to (2.31), which is the Jakes's model. The channel is 

simulated according to the method discussed in section 2.3.5. As mentioned in 

5.2.1, an ideal anti-aliasing filter is used as the receiver filter q(t). Binary PSK 

is chosen as the modulation format and the number of samples per symbol is set 

at Ns = 2. The signal-to-noise ratio is defined as 

(5.84) 

where a~ = L~=l a-;(Tk) is the total average power of the channel and a-~ = 

E 1:ldzl2J is the average energy per data symbol. In the simulations, the transmitted 

sequences are divided into frames of LF = 142 symbols with Ld = 116 data 

symbols and a training preamble of LT = 26. This is illustrated in figure 5.2. 

The parameters Lp , Ld and LT are equivalent to those in standard GSM [25J. 

However in GSM, the training symbols are placed in the middle of frame instead of 

the beginning. Unless specified otherwise, the above channel system parameters 

are used in obtaining the results presented in this section. 

5,6,1 Mean Squared Deviation Performance 

In the simulation study of the MSD of the proposed estimator, the transmitted 

symbols are assumed to be known to the estimator. The estimator is consid-

ered to be operating in transient mode over the duration of the training period 

and therefore, the first LT symbols of each frame are not included in computing 

the MSD. Ten thousand transmitted frames were used to obtain the simulated 
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Figure 5.2: Transmitted frame structure. The frame length is LF = 142, the data 
sequence length is Ld = 116 and the training preamble length is LT = 26. 

MSD for a given SNR. The squared Euclidean norm between the actual chan-

nel coefficients and the estimated coefficients are computed at every sample and 

accumulated for each sub-channel. TheMSD of the given sub-channel is then cal-

culated by averaging the total squared Euclidean norm between the actual and 

estimated channel coefficients over all 10000Ld transmitted symbols. The overall 

simulated MSD is evaluated using (5.42). 

Simulated and analytical MSD results for channel with fade rates JdT = 

0.002, 0.01 , estimators using polynomial orders N = 0,1,2 and forget factor 

A = 0.9 are shown in figures 5.3 and 5.4. The size ofthe proposed GRLS estimator 

is fixed at P = 3 and the size of matrix U is therefore LhP = 9. The analyses 

assumes the channel AR orders to be Pa = 2 and Pa = 3 for fade rates JdT = 0.002 

and JdT = 0.01 respectively. As a means for comparison, the MSDs of the 

conventional RLS estimator and a Kalman based estimator [5,20] are also included 

in the graphs. Note that the analytical results for the conventional RLS estimator 

are obtained using the method developed for the GRLS estimator in section 

5.5.1 by setting P = 1 and N = O. At GSM specifications3 , the fade rates of 

:l1]sing symbol duration of 3.697 J1,S and nominal carrier frequency of 900 MHz [25]. 
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Figure 5.3: Simulated and analytical mean square deviation (T~1SD of the proposed 
estimators of size P = 3 with A = 0.9, N = 0,1; 2 and channel with fade rate 
of JdT = 0.002. MSD of conventional RLS estimator and a comparable Kalman 
based estimator are also included. Note that the analytical MSD curve of the 
GRLS P = 0 estimator is hidden by that of the conventional RLS estimator as 
they are equal. 

! i I J 

JdT = 0.002 and !dT = 0.01 are equivalent to mobile speeds of v ~ 650 km/h 
,( 

and v ~ 3247 km/h. 

From figures 5.3 and 5.4, we see that in all but one of the cases, the simu-

lated and analytical MSDs are in close agreement. In all cases, a small bias is 

observed which may be attributed to some of the assumptions used in deriving 

the analytical MSD which are approximations to the actual tracking behaviour 

of the estimator [122]. For the case of the GRLS estimator with N = 2 at a fade 

rate of JliT = 0.c)02. there is a large difference, about an order of a magnitude, 

between the analytical and simulated MSDs at high SNR. The analytical MSD 
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Figure 5.4: Simulated and analytical mean square deviation alrsD of the proposed 
estimators of size P = 3 with .\ = 0.9, N = 0,1,2 and channel with fade rate 
of JdT = 0.01. MSD of conventional RLS and a comparable Kalman based 
estimators are also included. Note that the analytical MSD curve of the GRLS 
P = 0 estimator is hidden by that of the conventional RLS estimator as they are 
equal. 

does not show any irreducible floor in the range of SNR considered but it appears 

that the simulated MSD floors at about 1 x 10-4 beginning at an SNR of 35dB. 

Recall that the MSD analysis assumes that the estimator is operating in steady 

state. This may not necessarily be true in the simulations as we have only al-

lowed a start-up period of LT = 26 symbol intervals before computing the MSD. 

To investigate this further, we performed another simulation for the N = 2 and 

JdT = 0.002 case but doubling the start-up period to LT = 52 symbol intervals. 

The MSDs from this simulated trial, the original simulation and the analysis are 

tabulated in table 5.1. The simulated MSD with a longer start-up period is in 

close agreement with results obtained by analysis. It thus appears that the esti-
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mator is still operating in the transient mode after LT = 26 symbol periods. The 

MSD obtained from the second simulation trial does not exhibit any irreducible 

floor and agrees quite closely with the analytical MSD. This suggests that the 

steady state has been reached after a start-up period of LT = 52 signalling in

tervals4 . If this is indeed true, then there should also be a discrepancy between 

the analytical and simulated MSD for an estimator using parameters other than 

N = 2 and fdT = 0.002 as welL To assists us in explaining the absence of such 

observations, we crudely model the actual MSD obtained by simulation CT~imMSD 

as 

2 2 2 2 
CTSimMSD = CTMSD + CT'1'ra.ns - (TRias (5.85) 

where CT~SD is the analytical steady state MSD as previously defined. The term 

CT~ans is the variance of some noise term attributed to the transient operation of 

the estimator and CT~ias is the bias term most likely due to SOlIle of the approxima-

tions we have used in arriving at the analytical MSD. If the estimator is operating 

in the steady state, then CTiTalls = O. In a situation where the steady state MSD 

(TlrSD > > CT~ans, the simulated MSD is essentially equal to the analytical steady 

state MSD and the small bias term. This is observed in results presented in 

figures 5.3 and 5.4 except for the N = 2, fdT = 0.002 case. If CT~[SD ~ CTirans' 

then the contribution of the transient noise term becomes significa.nt. This is 

seen in figure 5.3 for the N = 2 case at SKR between 35dB and 50dB. A similar 

phenomenon is observed when the "forget factor" is increased. An increase in A 

lengthens the memory but also slows down the convergence to steady state. If a 

larger "forget factor" is used the MSD not only becomes larger at high SKR, but 

the difference between the analytical and simulated MSD would also become large 

if the other system and channel parameters remain unchanged. This is clearly 

4The data sequence size is retained at Ld = 116. Hence, the overall frame size is Lp = 168. 
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SNR (dB) 5 10 15 

Analytical 2.1308e-1 6.7382e-2 2.130ge-2 

Simulated, LT = 26 1.7490e-1 5.4840e-2 1.7372e-2 

Simulated, LT = 52 1.4584e-1 4.6056e-2 1.4506e-2 

SNR (dB) 30 35 40 

Analytical 6.7487e-4 2.1413e-4 6.8436e-5 

Simulated, LT = 26 6.0408e-4 2.3990e-4 1.2143e-4 

Simulated, LT = 52 4.6363e-4 1.4891e-4 4.7530e-5 
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20 25 

6.7392e-3 2.131ge-3 

5.5984e-3 1.8000e-3 

4.6225e-3 1.4511e-3 

45 50 

2.2363e-5 7.7931e-6 

9.2196e-5 7.0228e-5 

1.6124e-5 6.0753e-6 

Table 5.1: Analytical and simulated mean squared deviations for GRLS estimator 
with N = 2, Lh = 3, P = 3, A = 0.9 and fade rate of idT = 0.002. 

illustrated in figure 5.5 which compares the steady state analytical MSD and the 

simulated MSD for estimators with A = 0.95 and two different start-up periods. 

With the shorter training period of LT = 24, the discrepancies between the ana-

lytical and simulated MSD is quite large,especially for the N = 2 estimator. By 

using a longer start-up period of LT = 100 symbol intervals5 the analytical and 

simulated results are in closer agreement. 

It should also be noted from figure 5.5 that the decrease in MSD for the N = 1 

and N = 2 GRLS estimator using a larger "forget factor" is quite significant at 

low SNR, but the same cannot be said for the N = 0 case. 

Another interesting observation is that the tracking performance of the con-

ventional RLS estimator and the proposed GRLS estimator with N = 0 are 

almost indistinguishable from each other. This is predicted in the analysis and 

confirmed by the simulated results. From the perspective of least squares fil-

tering, they are equivalent. The conventional RLS estimator is but a recursive 

implementation of the linear least squares algorithm with a least squares matrix 

5Data sequence length is still set at Ld = 116. Hence,overall frame size used is LF = 216. 
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Figure 5.5: Comparison of analytical and simulated MSDs for the proposed GRLS 
estimator with N = 0,1,2, "forget factor" >. = 0.95, fade rate JdT = 0.002 and 
training lengths of LT = 24,100. 

of rank one. It is essentially an averaging filter which averages out the noise over 

the entire memory of the filter characterized by the "forget factor" >.. Likewise, 

the GRLS estimator with N = 0 is a.lso a noise averaging filter. It first performs 

averaging over the most recent Lh samples and the accumulated mean values are 

then averaged over the entire memory of the filter. Over relatively long intervals, 

the MSD results from both these different estimators should be equivalent. 

The results in figure 3.3 also show that at a slower fade rate of JdT = 0.002 

and low SNR (5dB 10dB), there is practically no difference in the MSD of the 

conventional RLS, GRLS with N = 0 and Kalman channel estimator. In such an 

environment, it is therefore sensible to use the RLS based estimator which has less 

complexity. As mentioned previously, the RLS estimator acts as a noise averaging 
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filter and hence it is not surprising that it performs rather well in an environment 

dominated by noise. As the SNR increases, the effects of the fading channel begins 

to become significant and performance of these estimators become limited. Both 

MSD of the simple RLS and GRLS with N = 0 floor at about 3 X 10-3. With 

the GRLS estimators using higher order polynomials, the floor in the MSD is 

suppressed to less than 1 x 10-4
. In fact, the N = 1 GRLS estimator performs 

almost as well as the equivalent Kalman based estimator. Like the Kalman filter, 

the N = 1 and N = 2 GRLS estimators are predictive filters and they track 

the time variations of the channel up to an SNR of 40dB reasonably well. In 

theory, if steady state is indeed reached after the training preamble, then beyond 

an SNR of 40dB, the N = 2 GRLS estimator should have a smaller MSD than 

its N = 1 counter. However, as discussed previously, there may be a penalty in 

terms of the MSD if the estimator is still operating in transient mode. Hence, in 

our simulations, the N = 1 estimator actually outperforms the N = 2 estimator. 

As shown in figure 5.4, at a more extreme fade rate of idT = 0.01, the effect of 

the fading channel is significant even at low SNR. Therefore, the noise averaging 

property of simple RLS and N = 0 GRLS estimators have limited use even at low 

SNR. Their MSDs floor at about 1 X 10-1. Other than the optimal Kalman based 

estimator, the best performing estimator in such an environment is the N = 1 

GRLS estimator. One would expect that in a more extreme channel environment, 

the N = 2 estimator should outperform the N = 1 case. However, as noise is 

still significant in this range of SNR, the estimator with better noise suppression 

properties will therefore perform better. As shown in section 5.4.2, the coefficients 

{,BT} found in the estimator matrix U are in fact optimized according to the 

principle of least squares. Since the predictor length is set at P = 3, for the 

N = 1 case, these coefficients are derived from an over-determined system and 

for the N = 2 estimator, they are from a sufficiently determined system. From 
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the theory of least squares, we know that least squares filters with P > N + 1 

performs noise suppression [105J and filters with P = N + 1 does not. Although at 

higher SNR, the N = 2 GRLS estimator outperforms the N = 1 estimator which 

floors at a MSD of about 2 x 10-2
, the performance of the former is far from that 

of the optimal Kalman based estimator. Furthermore, at an SNR of 30dB, its 

MSD begins to floor at about 4.5 x 10-3
• But it should be remembered that the 

channel has a normalized Doppler bandwidth of felT = 0.01 and it is therefore 

an extreme case of a frequency-selective channel. One way to reduce the MSD 

flooris by decreasing the memory of the estimator. As shown in appendix A, the 

estimates are optimized over the entire memory of the estimator. A smaller value 

of A implies that more emphasis is placed on the most recent channel samples 

and this may be advantageous in situations where the channel is exhibiting faster 

fading. Figure 5.6 shows the simulated MSDs of the N = 2, P = 3 GRLS 

estinlator with "forget factors" of A = 0.7,0.8,0.9 and a comparable Kalman 

based estimator, at felT = 0.01. In decreasing A from 0.9 to 0.7, the floor in 

the ::vrSD of the N = 2 GRLS estimator is reduced by more than an order of 

magnitude to possibly less than 1.5 x 10-4
• Using a smaller "forget factor" leads 

to the enhancement of the adaptation noise which is dependent on the SNR. 

Therefore, in the intermediate range of SNR between 25dB and 35dB, the MSD 

performance of an estimator with A = 0.8 is superior to one which used A = 0.7. 

Further reduction of the forget factor to A < 0.7 does not lead to any apparent 

reduction of the MSD floor within the range of SNR considered. 

"Ve are unable to provide any analytical ::vrSD results for the GRLS estimator 

with A less than 0.9 because assumption (5.43) no longer holds. Although the 

steady state intermediate matrix p(r) is obtainable, using it to compute the MSD 

leads to erroneous results. For example, the analyses of the N = 2 GRLS esti

mator with A = 0.7 and 0.8, would lead to R~!6 with negative diagonal elements. , 
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Figure 5.6: Simulated mean square deviation aK1SD of the proposed GRLS esti
mators of size P = 3 with N = 2, /\ = 0,7, 0.8, 0.9 and channel with fade rate of 
JdT = 0.01. The MSD of a comparable Kalman based estimator is also included. 

This is clearly incorrect. 

5.6.2 Improved Analysis of Conventional RLS 

The GRLS algorithm also provides a basis for developing an improved and prob

ably the most general analysis technique for the conventional RLS algorithm. 

There are several ways to analyze the tracking performance of the conventional 

exponential window RLS filtering. Frequency domain approaches for analyzing 

the algorithm [21,22] are applicable to cases where the transfer function of the 

parameters being tracked is available. These transfer function based techniques 

provide accura.te results for the MSD due to la.g error but omit the contributions 

of adaptation noise. The adaptation noise component must still be computed us-
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ing standard theory [20,113]. Numerical integration is also necessary in general. 

Furthermore, the frequency domain method presented in [21,22], presupposes 

that the elements of the state vector (channel coefficients) are uncorrelated and 

they all have identical autocorrelation functions which i:-; generally untrue. 

A more common analysis approach results in a simple closed form expression 

[20], but it is only applicable to systems which vary according to a first order 

Markovian model. Therefore, it may not yield accurate results for systems which 

exhibit faster time variations. Using' this method based on a first order Markovian 

model of the channel, the MSD of a conventional RLS estimator tracking the 'Y-th 

sub-channel may be expressed as [20] 

2 ( (1 -.\) 2() [-IJ 1 [11'lJ 
O'MSD "'I) ':::' -2- O'n 'Y tr Rd + 2(1- .\) tr R z (5.86) 

where tr [.J represents the matrix trace operator. Note that both autocorrelation 

matrices Rd and R~'I'l are Lh x Lh in size. 

The MSD expression in (5.86) is simple. However, when the time variations of 

the channel become more pronounced, the rather rudimentary first order Markov 

model is no longer adequate in representing the channel. Using the expression 

in (5.86) may therefore lead to inaccurate MSD results. This is illustrated in 

figure 5.7 which compares the :-;imulated MSDs ofthe conventional RLS estimator 

for channel with fade rates of fdT = (J.(ll and fdT = 0.002 to their respective 

analytical MSD obtained using (5.86). A:-; previously shown, the MSD analy:-;is 

technique for the GRLS estimator may also be applied to the conventional RLS 

algorithm as the latter i:-; but a special case of the former when P = 1 and N = O. 

Analytical MSDs obtained using expression (5.86) and the newly derived 

GRLS method are also shown in figure 5.7 for fdT = 0.002 and fdT = 0.01. 

For fdT = 0.002 and fdT = 0.01, a second order Pa = 2 and third order Pa = 3 
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Figure 5.7: Comparison of conventional mean squared deviation analysis of the 
RLS tracking to the improved analytical technique for fast fading channels. 
"Analysis (conventional)" denot.es the analytical lVISD obtained by using (5.86) 
and "analysis (new)" represents the analytical MSD obtained using the technique 
developed in sect.ion 5.5.1 for the GRLS estimator. 

VAR model are assumed respectively. It is clearly seen in figure 5.7 that the con-

ventional lVISD analysis of the RLS estimator is overly optimistic for fast fading 

channels. V\lith faster fading, the decorrelation between successive channel sam-

pIes become significant and this is not reflected in the simple random walk model. 

Therefore, a significant contribution to the Jag error due to decorrelation of the 

channel is omitted in the results. It is also shown that the analytical approach 

presented in section 5.5.1 yields very accurate results as it is applicable to any 

general VAR model. The development of the GRLS estimator and associated 

analysis tools has led to an improved way of analyzing the tracking performance 

of the conventional RLS. 
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5.6.3 Error Rate Performance 

Analytical and simulated BER results of a sequence detector using the proposed 

GRLS channel estimator are presented in this section. The analytical lower bound 

derived in section 5.5.2 is specifically for symbol enor rate (SER). However, as 

. we are using binary PSI( as the modulation format, the SER is equivalent to the 

BER of the system. Since the length of the overall channel response is Lh = 3, the 

sequence detector is implemented using the Viterbi algorithm with Jvl Lh -
1 = 4 

states. A decision delay of 20 symbols is used. The receiver uses PSP [61] where 

each survivor in the Viterbi algorithm operates an individual channel estimator. 

In the simulation, entire frames of length Lp = 142 are generated and decoded. 

The channel estimators adapt to the channel conditions during the initial training 

period of each frame. Simulation for each selected SNR value terminates only after 

200 or more errors are observed and at least 10000 frames have been transmitted. 

The BER is then computed by averaging over the total number of bits which 

were generated. 

Figure 5.8 presents both the analytical lower bound and the simulated BER 

results for PSP based sequence detectors using the proposed GRLS estimator 

with polynomial order N = 0,1,2 and channel with fade rate of fdT = 0.002. It 

is clearly shown that the analytical lower bound differs greatly from the simulated 

BER, especially in the higher SNR region. It should be noted that we have made 

rather optimistic assumptions in computing the lower bound. The assumption 

that probably has the most profound impact on the analytical lower bound is 

the use of only correct channel estimates. In a PSP based receiver, there may be 

instances where an incorrect decision is made and is used to update the channel 

estimator. This will lead to a degradation in the channel estimates. During the 

simulations, we have observed that for receivers using the N = 1,2 cases and in 
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Figure 5.8: Analytical lower bound and simulated BER of PSP based sequence 
detectors using the proposed GRLS estimators with N = 0,1,2, A = 0.9 and fade 
rate of idT = 0.002. 

the high SNR region, the majority of the errors occur in bursts. It seems that 

when the channel goes into a deep fade, the receiver will make incorrect decisions 

which are fed bade into the estimators. These errors will degrade the quality ofthe 

channel estimates and may lead to further incorrect decisions. This discrepancy 

between a PSP based sequence detector and one using correct symbol feedback 

(CSFB) has also been observed in [60]. The obvious remedy to this problem is to 

increase the number of states in the VA, so that essentially there is an increase 

in the number of channel estimates and the probability of at least one of them 

using the correct symbol sequence is markedly improved. However, we must also 

consider carefully the practical implication of increasing the number of states as it 

leads to an exponential increase in complexity. Fllrthermore, we have considered 
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Figure 5.9: Comparison of the simulated BER of PSP based sequence detectors 
using the proposed GRLS estimators with N = 0,1,2, A = 0.9 and the Kalman 
MLSE at fade rate of fdT = 0.002. 

a channel with a relative small over delay of Lh = 3. There are situations where 

the overall delay is longer6 and this would require VA to have an increased number 

of states which makes the previous proposition of employing more states rather 

unattracti ve. 

In figure 5.9, the simulated BER results of the receivers and fade rate as 

those presented in figure 5.8 are compared to the simulated BER of an equivalent 

sequence detector using a Kalman channel estimator and ML metric in (5.19) [5]. 

It is clearly seen that at lower SNR, the BER performances of all receivers are 

almost the same. The BER curve of the receiver with N = 0 GRLS begins to 

level at an SNR of 25dB and the error floor is about 7 x 10-2
. In the moderate to 

6For example, a GSM hilly terrain profile (lIT) has a maximum delay spread of 20t1s [12.3] 
which is Lc = 5 symbols. 
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Figure 5.10: Comparison of the simulated BER of PSP based sequence detectors 
using the proposed GRLS estimators with 1'1 = 0, 1, 2, ,\ = 0.9 and the Kalman 
MLSE at fade rate of JdT = 0.004. 

high SNR range, the BER performances of the remainder of the receivers are still 

very close. Above SNR of 40dB, the Kalman based MLSE outperforms the 1'1 = 1 

and 1'1 = 2 GRLS based receivers and the latter two detectors begin to exhibit 

flooring in their BER curves. As shown in figure 5.3, the MSD of the estimates 

from both the 1'1 = 1 and 1'1 = 2 GRLS estimator does not improve above the 

SNR of 40dB and this reflected in the BER results of sequence detectors using 

these channel estimates. Figure 5.10 illustrates the simulated performances of the 

proposed receiver with polynomial orders of N = 0,1,2 and the Kalman based 

sequence detector for a channel with a fade rate of JdT = 0.004. At this fade 

rate, the difference between the BER of a receiver using estimators with N = 1 

and one using N = 2 is pronounced in the high S::\R region. In the former case, 
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the BER curve floors at about 7 x 10-3 beginning from an SNR of 35dB and in 

the latter case, the floor is about 7 x 10-4 starting from 45dB. Except at an SNR 

of 50dB, the BER performances of a Kalman based PSP sequence detector and 

one using the N = 2 GRLS estimators are almost identical. 

It has been shown in figures 5.8 to 5.10 that the BER performances of receivers 

using various channel estimators at the low and moderate SNR regions, except 

for the receiver using the N = 0 GRLS estimator, are essentially the same. It 

appears that the differences in the MSD among the different channel estimators 

have little or no effect in this range of Sl'\R. Only in the high SNR region do we 

see some improvement in the BER according to the reduction in the MSD of the 

channel estimator used. 

The error floors in the high SNR regions may be further reduced by reducing 

the "forget factor" A. As shown in figure 5.6, a smaller "forget factor" may lead to 

a decrease in the MSD and as shown in figures 5.8 to 5.10, at the high SNR region, 

a reduction in MSD translates into an improvement in the BER performance of 

the receiver. We have tabulated some BER results for receivers with channel 

estimators using a smaller "forget factor" in table 5.2. For a channel with 

JdT = 0.002, we considered receivers using polynomial order N = 1. By reducing 

/\ to 0.8, the BER is almost halved. F\uther reducing the "forget factor" to 0.7 

actually made the BER performance worse. Recall in figure 5.6 that the MSD 

curve is shifted right and downward towards the bottom right hand corner of the 

graph if A is reduced. The right shift increases the MSD for the range of SNR 

considered. The downward shift lowers the MSD floor but it may be outside 

the range of SNR considered. Therefore, in the range of SNR considered the 

performance of a receiver using estimators with A = 0.7 is worse than when using 

A = 0.9. ''''e also observe a similar trend in the case when the !dT = 0.04 and 

the receivers employ estimators with N = 2. It is also noted that the BER 
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SNR (dB) 30 35 40 45 

JdT = 0.002 

Kalman 9.20690e-3 2.26551e-3 3.93103e-4 1.09657e-4 

N = 1,A = 0.9 1.05736e-2 2.88684e-3 4.62270e-4 2.04307e-4 

N = 1,A = 0.8 1.60l31e-2 3.27894e-3 7.0l462e-4 1.67621e-4 

N = 1) = 0.7 2.3328ge-2 7.04211e-3 2.51580e-3 8.44745e-3 

SNR (dB) 30 35 40 45 

JdT = 0.004 

Kalman 1.59517e-2 3.39827e-3 9.89467e-4 5.05172e-4 

N = 2) = 0.9 1.5028ge-2 3.26315e-3 1.00526e-3 5.84211e-4 

N = 2) = 0.8 2.49157e-2 6.58684e-3 1.8078ge-3 7.68421e-4 

N = 2,A = 0.7 4.86543e-2 1.3300le-2 2.83158e-3 1.39474e-3 
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50 

4.07182e-5 

1.22762e-4 

7.67602e-5 

3.0424ge-4 

50 

2.38650e-4 

6.92110e-4 

3.37211e-4 

9.5345e-4 

Table 5.2: Simulated BER of receivers using various channel estimators at high 
SNR for fade rates of JdT = 0.002 and JdT = 0.004. Channel estimators consid
ered are the Kalman based estimator and the proposed GRLS with N = 1,2 and 
A = 0.7,0.8,0.8. 

performances of the Kalman based receiver and one using the GRLS, A = 0.8 are 

almost equal. 

5.7 Dynamic Selection of the Polynomial Order 

and "Forget Factor" 

In the previous section, we have seen that by appropriately selecting the poly-

nomial order N and the "forget factor" A, a PSP sequence detector employing 

the polynomial GRLS channel estimators, may perform almost as well as one 

employing the optimal Kalman channel estimator [5]. If the channel conditions 

are known, then the most suitable polynomial order and "forget factor" are eas-
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ily chosen. However, the channel characteristics are unknown a pT'ioTi and the 

receiver must by some means adaptively select the most appropriate parameters 

of the estimator. In this section we will briefly investigate one possible way of 

adaptively selecting these parameters. 

The selection strategy we suggest is very much like the one for the sequence 

detector for flat-fading channels presented in section 4.8.2 and [53]. During the 

start-up period, the receiver computes the accumulated mean squared errors 

(MSE) or metrics between the received samples and their respective estimates 

obtained by using various polynomial orders and "forget factor". Obviously, this 

strategy is based on the assumption that the BER is directly related to the MSE 

computed during the training period. A larger metric infers a greater BER. vVe 

let the metric associated with a channel estimator of polynomial order Nand 

"forget factor" A be eN,> ... The best values, No and Ao, are selected such that 

(5.87) 

where {N, A} is the set of all possible values of Nand A. In other words, the 

parameters which yield the smallest metric are then selected and used for data 

reception. We assume that the estimator will still be operating in adaptation 

mode during the first LA symbols of the training sequence. Therefore, only 

estimates obtained from the last LT - LA symbols of the preamble are used 

in computing the metric. Assuming that the polynomial predictor length P is 

fixed, we can ignore all values of N such that N +1 > P. Furthermore, the results 

in section 5.6.3 also imply that we may omit "forget factors" less than 0.8. 

To assess the validity of the suggested selection strategy, we simulated the 

system and computed the probability Pr(8NlL ,,\(J < 8 Nb :,\J. The metric is accu

mulated over the last LT - LA = 5 symbol intervals of the preamble. In figure 
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Figure 5.11: Simulated probabilities that the metric computed by an estimator 
using the polynomial order N is less than an estimator using N - 1. Parameters 
used are N = 1,2, A = 0.9, JdT = 0.002,0.004 and Dr - LA = 5. 

5.11, we plotted the probabilities Pr(81,o.9 < 8 0,0.9) for fade rates JdT = 0.002 

and JdT = 0.004. As the BER performances of receivers using the N = 1 and 

N = 2 polynomial order, for fade rate JdT = 0.002, are effectively the same, we 

have omitted the Pr(82,0.9 < 81,0.~J) curve for this fade rate. Choosing the param

eters associated with either 8 2,0.9 or 8 1,0.9 for JdT = 0.002 would not significantly 

penalize error rate performance. Also included is the Pr(82,0.9 < 8 1,0.9) for fade 

rate JdT - 0.004. At lower SNR, there is little difference in the BER perfor-

mances between the N = 1 or N = 2 receiver. At high SNR, the best performing 

receiver should use N = 2. In figure 5.11, the proposed selection strategy shows 

a very high probability of selecting the N = 2 polynomial order. From the BER 

results shown in section 5.6.3, we know that for JdT = 0.002 and JdT = 0.04, 
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Figure 5.12: Simulated probabilities that the metric computed by an estimator 
using A = 0.8 is less than an estimator using A = 0.9. Parameters used are N = 2, 
idT = 0.002, 0.004 and LT - LA = 5. 

the receivers with N = 1 outperform the N = 0 based receivers at high SNH. 

In figure 5.11, we see that there is a high probability that the correct N value 

will be chosen using the proposed selection strategy. Although in the moderate 

SNR region, where t.he probability curves in figure 5.11 are in transition from 

low probabilities to high probabilities, t.he receiver is likely to make an incorrect 

selection, it should not gravely affect the performance of the receiver as the error 

rates associated with an N = 0 and N = 1 are about the same in this region. In 

figure 5.12, we plotted t.he probabilities Pr(8N ,Aa < 8 N ,Ab) for Au = 0.8, Aa. = 0.9, 

N = 2 and fade rates of JdT = 0.002,0.004. The results presented in table 5.2 

show that at high SNR, the BEH performances of receivers Ilsing A = 0.8 are 

better than those using A = 0.9, and therefore, for the selection strategy to work, 
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Pr(82,Aa < 8 1,AJ must be high for this range of SNR. This is confirmed by the 

results in figure 5.12. 

5.8 Summary 

In this chapter, we have presented a new channel estimator known as the polyno-

mial predictor based generalized recursive least squares estimator for the frequency-

selective fading channel. The proposed estimator does not require any channel 

statistics to operate. A polynomial model of the channel is assumed and from 

it a state space model of the channel is derived. A technique to analyze and 

evaluate the tracking performance of the proposed estimator is also developed. 

Simulated and analytical MSD results show that the novel estimator outperforms 

the conventional exponential windowed RLS channel estimator and in some cases 

its performance is comparable to that of a Kalman filter. Furthermore, the an-

alytical technique derived for evaluating the new estimator may be applied to 

conventional RLS algorithm as well, and with improved results. The perfor-

mance of PSP based sequence detectors using the proposed channel estimator 

with various parameters have also been studied. An analytical lower bound has 

been derived for the BER performances. Analytical and simulated BER results 

have been presented and show that under some conditions, the sequence detec-

tor using the proposed channel estimator performs a.lmost as well as one using 

estimates obtained by Kalman filtering. 



170 5.8 SUMMARY 
----------~---~.--........ -----------



Chapter 6 

Conclusion 

T his chapter summarizes the maj or achievements and contri butions of this 

thesis. It also includes a list of suggestions for possible future research. 

6.1 Achievements 

The work presented in this thesis has shown that it is possible to design relatively 

simple and yet effective receiver structures for fading channels. In some cases, the 

performances of the proposed receivers are almost, if not equally, as good as more 

complex optimal structures. It is also shown that there is a trade off between the 

generality and the complexity of the receiver. A structure which is specifically 

designed for a less extreme mobile environment is usually also less complex than 

one which may be applied to almost any channeL The most important achieve-

ment is that all the proposed receiver structures do not operate on the unrealistic 

assumption that channel statistics are known. 

In chapter 2, a simple DPSK receiver was presented and it may be considered 

the frequency-selective fading dual of the receiver shown in [11]. It has been 

derived from the principle of Nyquist pulse shaping [10]. The proposed receiver 

171 
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not only equalizes the ISI induced by the fading channel, but also exploits the 

implicit diversity due to the channel. Although it has been designed specifically 

for a channel with small delay and Doppler spreads, it is extremely attractive 

as the detector structure only consists of invariant FIR filters and standard dif

ferential demodulators. Simulation and analytical results show that the receiver 

outperforms the conventional matched filtering DPSK receiver. 

The sequence detector proposed in chapter 3 is a generalization of the receiver 

presented in [12] for fiat-fading channels. The receiver in [12] is applicable only to 

systems employing constant envelope modulation schemes. However, the receiver 

described in chapter 3 does not have this restriction. The predictors used in 

estimating the channel have been developed from a t-power series or polynomial 

model ofthe channel. Unlike the polynomial predictors shown in [12,95], we have 

derived the predictors using the method of least squares. The proposed sequence 

detector is robust as it works even for extremely fast fading channels. We also 

show that the polynomial order selection strategy used in [53] is also applicable 

to the proposed receiver. Analytical and simulated BER results are presented. 

They show that the difference in the BER performances of the optimal MLSE 

receiver [4] and the proposed receiver is at most a few dB. 

Chapter 5 presented a channel estimator based on the GRLS algorithm and 

also a sequence detector which uses the proposed channel estimator. The com

plexity of the proposed GRLS estimator is equivalent to that of a corresponding 

Kalman filter. However) unlike the Kalman filter, it does not require any channel 

statistics to operate. An analysis technique to evaluate the tracking performance 

of the proposed estimator has also been developed. The new analytical method 

is also applicable to the standard RLS algorithm with improved results. Simu

lated and analytical MSD or MSIE results show that by selecting the appropriate 

estimator parameters, the proposed GRLS estimator performs just as well as its 
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Kalman filtering counterpart. BER results of the sequence detector employing 

the channel estimator are also presented. These results indicate that the proposed 

receiver performs just as well as the Kalman based sequence detector [5] under 

most circumstances. An extension of the polynomial selection strategy of [53] 

is developed for the proposed receiver to dynamically choose the most suitable 

polynomial order and "forget factor" . 

6.2 Future Research 

In this section, a list of possible extension of the research work presented in this 

thesis is provided . 

., Extension of the double filtering receiver presented in chapter 3 to chan

nels which supports higher order j-power series models. We have already 

suggested some possible solutions in chapter 3, but they all require excess 

bandwidths. There may be a possibility to develop some bandwidth efficient 

solutions to the problem. 

• The generalized polynomial based sequence detector presented in chapter 4 

is specifically designed for the fiat-fading channel. \Ve believe that the di

rect extension of the structure to accommodate a doubly selective channel is 

impossible. This is due to the fact that the least squares predictors cannot 

be realized if the system may be rank deficient and this is true in gener

ally for a time- and frequency-selective fading channel. However, by the 

principle of estimable jv,nctions [109,124]' it is possible to implement least 

squares smoothers. The main concern in using smoothers in tandem with 

seqnence estimation is that the number of states in the Viterbi algorithm 

increases. 
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.. The complexity of the polynomial based GRLS channel estimator presented 

in chapter 5 could possibly be reduced. The GR.LS algorithm is but a 

generalization of the standard RLS algorithm that incorporates an internal 

state space structure. The algorithm still requires the online computation 

of the Riccati update equation which dramatically increases the overall 

complexity of the algorithm. It may be possible to develop a LMS equivalent 

of the GRLS algorithm so as to reduce computational burden. 

«I The analysis technique for the GRLS algorithm is also applicable to the 

standard RLS algorithm. It may also be possible to use the method to 

provide an improve tracking performance analysis of the conventional LMS 

algorithm. 

III The effects of varying the "forget factor" ) polynomial order and length of 

the GRLS estimator should also be further investigated. 
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Appendix A 

Derivatio of the Generalized 

Recursive east Squares 

Algorithm 

The derivation of the genemlized 7'eCU7'sive least squares algorithm (GRLS) is 

found in [13,12:1.]. In [121L the GRLS algorithm is only derived for real parameters 

and the treatment is in some ways heuristic. The approach used in [13] is from first 

principles by using established optimization techniques. However, the algorithm 

has been derived with a set of specified state transition matrices. Furthermore, 

many of the notations used are archaic and incompatible with those found in 

the literature pertaining to state space modelling. For the sake of clarity and 

completeness, we shall revisit the derivation of the GRLS algorithm for complex 

parameters and a general state transition matrix. 

Consider a general diserete time process which may be described by the state 

model 

(A.l) 
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where Xk is the NI x 1 state vector at time k and F k1k- 1 is the M x 1\4 state 

transition matrix relating the state vector at time k - 1 to the one at time k. 

Vector Zk is the 1~4 x 1 process noise vector modelled as complex zero mean 

Gaussian and has correlation of 

k=l 
(A.2) 

The measurement equation describing the observation is 

(A.3) 

where 'Yk is the observation, gk is the 1 x .!vI measurement vector and Wk is the 

k-th complex Gaussian zero mean measurement noise with correlation of 

k = l 

k-=/=l 
(A.4) 

It has been shown in [20] that the optimal recursive minimum mean squared 

estimator for the process described in (A.l) - (A.4) is the Kalman filter. However, 

to implement the Kalman filter, a~}) R z ) gk and F k1k- 1 must be known for all k. 

If any of these quantities are unavailable then another strategy must be used to 

estimate Xk. 

Now, consider the weighted least squares cost function at time k of estimating 

Xk. Using (A.l) and (A.~1), the cost function may be expressed as 

k 

J(k) = L ).,k-l 1'Y1 - glXl!112 (A.5) 
1=0 

where xklk is the k-th estimate of the state vector Xk given all information up to 
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and including information at time k and --\ is the weighting or "forget factor". 

:\;linimizing the cost function J(k), in fact minimizes the weighted sum of all the 

squared errors up to and including the k-th error. We may rewrite (A.S) in terms 

of estimate xklk as 
k 

J(k) = L --\k-l 1:111 - gzFl1kXklkl2 (A.6) 
1=0 

where 

(A.7) 

The expression (A.6) is obtained by using the properties of the state transition 

matrix where [20] 

(A.S) 

and 

(A.9) 

where Fk-1lk is considered the backward state transition matrix from time k to 

k - 1. The cost function may be expanded as 

J(k) 
k 

L --\k-l (:Ill - glFllkXklk)*(:IIl - glFllkXklk) 
l:c:::O 

k 

(A.10) 

~ \ k-l ( * * F ~ ~H FH H ~H FH H F ~ ) L.-t A :Ill :Ill - :liz gl llkXklk - Xklk llkgl :Ill + Xklk llkgl gl IlkX*, 
1=0 

We assume that it is a unimodal function with a global minimum at a particular 

value of J(k) in the space spanned by vector xklk' To minimize the cost function, 

the gradient of J(k) with respect to xklk is evaluated and then equated to zero. 

The definition of the complex gradient operation for vectors and matrices is found 
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in [20]. The gradient of J (k) with respect to xkIk is 

k 

"J(k) - ~ \k-l ( 2FH gH,y + 2FH gHg F I ~x ) v - L...J /I - 11k I I 11k 1 r. I k klk . (A.l1) 
[=0 

Equating the gradient (A.l1) to zero and rearranging the terms yields 

(A.12) 

Equation (A.12) is in fact the weighted time average normal equations. In Wiener 

filter theory, the tap coefficients giving the minimum mean squared error are 

obtained by solving the normal equations. In this case, not the statistical mean 

squared error but the weighted sum ofthe squared differences between the desired 

responses and their estimates is minimized. The solution to the normal equations 

gives the optimized estimate of the state vector. By first letting 

k 

R ~ \ k-l FH [J F 
klk = L...J /I [Ikgl gl 11k (A.13) 

1=0 

and 
k 

Q ~ \k-1FH H 
klk = L...J /I llkgl Yr., (A.14) 

1=0 

the normal equations (A.12) become 

(A.15) 

A recursion is obtained by using (A.S), (A.13), (A.14) and the fact that Fk!k = I 

where I is the identity matrix of the appropriate size. The recursive formulation 

of (A.13) is 

(A.16) 
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and for (A.14) is 

Replacing QkIk in (A.17) by Rk1kXkk we get 

Using (A.9), the relationship in (A.16) is rewritten as 

Substituting (A.19) into (A.18) and rearranging the terms yields 

195 

(A.17) 

(A.18) 

(A.19) 

(A.20) 

where Xkik-1 = F klk- 1Xk-1Ik-l and Pkl k = R~~. EquatioIl (A.20) is known &'3 the 

recursive estimate update equation. The Ilew estimate xklk on the 1.h.s. of (A.20) 

is updated by the weighted error term, which is the second term on the r.h.s. 

of (A. 20). Similar equations are also found in other algorithms such as Kalman 

filtering and LMS. The recursion is dependent on parameter Pklk and therefore, 

a recursive update equation for it must also be derived. To do so, we define 

and obtain the relationship 

p-l 
klk-l 

(A.21) 

( 
-1 H )-1 A Fklk-lPk-1Ik-lF klk-l 

AFkI_llkPk~llk_lFk-llk . (A.22) 
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Therefore, llsing (A.22), the expression in (A.16) becomes 

(A.23) 

The matrix inversion lemma or Woodbury's identity [201, is then llsed to express 

the recursion (A.23) as 

(A.24) 

where the Kalman gain vector is defined as 

(A.25) 

Further simpIication of the algorithm is achieved by post-multiplying (A.24) by 

g~I and obtaining 

(A.26) 

Substituting (A.25) into (A.26) yields 

(A.27) 

The derivation of the GRLS algorithm is completed. From (A.7), (A.20), (A.21), 
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(A.2/1),(A.25) and (A.27) the algorithm is summarized as 

Fklk-1Xk-llk-l 

A -1 FkI.~:-lP k-1Ik-lFEk-l 

which are the prediction components of the GRLS algorithm and 

" xklk-l + Kk(Yk - gkxklk-t) Xj;lk 

P kk - (I - Kkgk) Pklk- 1 

P II 

Kk 
klk-lgk 

(1 + gkPklk-lgt;) 

(A.28) 

(A.29) 

(A.30) 

(A.31) 

(A.32) 

which are the filtering components. To initialize the algorithm and to ensure that 

is nonsingular for all k, we set Po -1 = 0- 1 1 where 0 is a small real positive 

constant and = O. 

An important point to note is that if the state transition matrix k-l = I 

for all time k, then the GRLS algorithm reduces to the conventional exponential 

window RLS algorithm [20]. 
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