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stract 

The Racah-Wigner calculus is formulated as a ring category. This leads to a deeper 

understanding and a frame for the structure of the calculus. This formulation is 

natural and results in some key concepts of the calculus defined differently. 

ery construct corresponds to a categorical principle giving more insight into its role 

within the calculus. This in turn results in a calculus that is easier to perform 

calculations in. The definition of a ring category is given and coherence proved. 

The central concept of a categorical prod uct is extended introducing the concepts of 

inside and outside projection, associated inclusion and component summation. This 

is used to define the notion of coupling. The natural isomorphisms of the category 

define recoupling. The rules of diagram projection are derived which allows one 

to obtain recoupling coefficient equations from the underlying recoupling structure. 

The process of group chain factorisation, Racah factorisation and the Wigner-Eckart 

theorem are given a categorical formulation. The Wigner symbols are defined and 

their properties with respect to the action on isotypical irreps of permutation, dual 

conjugation and change of coupling choice are given. Hence all the properties are 

derived within a categorical structure. In particular the underlying recoupling of 

3j, 6j and 9j symbols are found to be transpositions. The recoupling diagrams 

corresponding to the Biedenharn-Elliott and Racah backcoupling equations are de

rived. Finally some time is spent investigating calculation of recoupling coefficients 

resulting in a recursion algorithm for partitionable groups, a new concept defined 

here. 



Chapt 

Int 

The achievement of this thesis is to hang the various aspects of the the Racah

\\Tigner calculus on a structure that makes it clear what is happening, why and how 

each aspect of the calculus relates to every other aspect. This process is natural. 

The calculations within the calculus are consequently simpler and more informative 

due to the increased understanding, better notation and precise definitions. 

Given that the Racah-Wigner calculus is concerned with mappings between 

group representations, one needs to choose a mathematical structure which canon

ically describes mappings. In 1942 a new branch of mathematics called category 

theory was created by Eilenberg and Mac Lane [12]. It depends heavily on diagrams 

composed of arrows (called morphisms) and vertices (called objects). This thesis 

formulates the Racah-Wigner calculus as a ring category of group representations. 

The Racah-Wigner calculus has an important role to play in Quantum theory. 

Given the action of a symmetry group on a Hilbert space the matrix elements have 

an induced action under this group. It is these transformations that correspond to 

transition amplitudes, basis changes, expectation values and the list goes on. The 

Racah-Wigner calculus is indispensable to atomic and nuclear spectroscopy and 

crystallography. More generally any theory utilising the representation of a group 

has a Racah-Wigner calculus underlying its group invariant mappings. 

This thesis is comprehensive in its development of the Racah-,,\Tigner calculus. It 

is a complete and self-contained exposition. The key concepts are presented clearly 
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and concisely defined. This thesis begins with the basics of group representation 

theory. It then moves through the stages of basic category theory to tensor category 

theory to ring category theory presenting all relevant results, adding new ones as 

required. A good and relevant text on category theory, particularly tensor categories 

is Kassel [24]. 

Some texts already exist that provide a comprehensive survey of the Racah

Wigner calculus. The classic reference is Biedenharn and Louck [2, 3]. The first 

text which completely presents the Racah-Wigner calculus as a theory of mappings 

is Butler [7] built on his earlier paper [6]. This thesis takes the final and crucial step. 

A first move towards this objective was undertaken by Ross [31]. This thesis takes 

an alternative approach to Ross and achieves a rigorous statement of the Racah

\;Vigner calculus as a ring category of group representations which lays bare all the 

underlying structure and workings of the calculus. 

I present now a chapter by chapter overview. 

Chapter Two: Motivates the important role of symmetry in Physics .. Particularly 

with respect to quantum theory. The notion of group is introduced. The bra ket 

notation of Dirac is reviewed. 

Chapter Three: Presents the basics of group representation theory. Since the 

Racah-vVigner calculus is a calculus of mappings then Lie algebras are not directly 

relevant and omitted. Hence the interested reader should consult a relevant text 

[13]. The notion of primitive representation is developed. The definition of power is 

widened to a larger class of representations (called power representations) than just 

irreps. 

Chapter Four: This chapter presents the basic notions of category theory. That 

of object, morphism, functor and natural transformation. Next the crucial concept 

of product (and coproduct) is introduced. The universal property of products is 

the single most important underlying property of the Racah-Wigner category. The 

morphisms of a product are called projections. The concepts of associated inclusion, 

inside and outside projection, component and component summation are given. 

Chapter Five: The definition of tensor category is constructed given a bifunctor. 

The important bifunctors for the Racah-Wigner calculus are the tensor product and 
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the direct sum. The concepts of coherence and strictness are given. Binary trees are 

used to label binary bracketing of bifunctor statements. This provides an alternative 

to demanding that the tensor category is strict. Indeed in the case of symmetric 

tensor categories strictness is not necessarily possible. The idea of duality is defined 

for tensor categories and is based on Joyal and Street's duality of braided categories 

[18]. Duality is the categorical equivalent of transposition. 

Chapter This chapter joins two tensor categories together and arrives at a 

definition of ring category equivalent to the original given by Kelly [25] and Laplaza 

[27]. An alternative and straightforward proof of coherence for ring categories is 

given. Finally the notion of tensor functor and tensor equivalence is extended to 

that of ring functor and ring equivalence. 

Chapter Seven: The ring category freely generated by isotypical irreps is the basis 

of the Racah-Wigner category. This is taken with the canonical choice of natural 

isomorphisms. Couplings are given by products and recouplings by the natural iso

morphisms of the ring category. Recoupling coefficients are found to be components 

of recouplings projected outside by a complete set of couplings. The notion of the 

projected Racah-Wigner category is defined in order to remove the complication of 

the direct sum bifunctor. The rules for projecting out algebraic equations between 

recoupling coefficients from a given recoupling diagram are given. 

Chapter Eight: A group chain is used to factorise a morphism into component 

factors. Moreover, a complete group chain provides a procedure for generating a 

basis for the representation space. Factorisation of couplings is investigated. Racah 

factorisation is characterised. Finally, the Wigner-Eckart theorem is proved using 

a categorical approach. 

Chapter Nine: This chapter constructs the familiar Wigner symbols. However, 

the definitions have differences from the established notation. These differences to 

the established notation make no sense in the categorical formulation. The mor

phisms underlying 2jm and 3,im symbols are called 2-Wigner and 3-Wigner sym

bols respectively. The 2-Wigner symbols are used to construct a duality on the 

Racah-Wigner category. The origin of the K, M and A matrices of Derome and 

Sharp [11] are identified. The j symbols are constructed from 3-\Vigner symbols 
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using duality. The 3j, 6j and 9j symbols are found to arise from recoup lings cor

responding to transposition. Finally the recoupling diagrams corresponding to the 

Racah backcoupling and the Biedenharn-Elliott equations are determined. Hence 

these well-known equations are derived. 

Ten: This chapter begins with the notion of a triad partition. Not every 

group has a partition for all of its triads, groups that do are called partitionable. 

The power algorithm developed here utilises the pentagon equation and partition of 

triads. The algorithm iterates using a well-defined power for 6j symbols. Although 

this algorithm is not as widely applicable as one would like, it is a start towards 

developing an alternative to the Searle algorithm [32] and a better understanding of 

recoupling coefficient calculations. 
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Mechanics, 

heory 

The twentieth century has witnessed the development of quantum mechanics. In the 

1920's there were two competing mathematical formulations of quantum mechanics: 

Schrodinger's wave mechanics and Heisenberg's matrix mechanics. It was the enig

matic physicist Wolfgang Pauli who first realised that these two formulations were 

equivalent. It was left to the gifted mathematician John von Neumann to rigor

ously demonstrate that these two formulations were different representations of the 

same mathematical structure. Thus arose the language of operators and linear (or 

vector) spaces. The axioms of quantum mechanics (see Bohm [4]) were thoroughly 

established by von Neumann [35]. 

During the twentieth century physicists have come to realise the importance of 

symmetry in physics. Emmy Noether demonstrated in 1918 that conserved quanti

ties result from underlying symmetries of Lagrangian systems. Since then symme

tries have played a fundamental role in physical theories. Underlying symmetries 

give rise to conserved quantities, provide solutions to differential equations and sim

plify complicated physical systems. It is the presence of symmetry that allows us 

to give meaning to an otherwise chaotic world. The importance of symmetry is 

illustrated by general relativity which has very few symmetries and consequently 

very few explicit solutions. (Historically general relativity was the starting point 
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of Noether's investigation into the link between symmetry and conservation laws.) 

More recently the notion of internal or hidden gauge symmetry has provided the un

derlying structure for quantum field theories describing the electroweak and strong 

interactions and many attempts at a quantum theory of gravity. 

Symmetry 

The notion of symmetry has led to the development of group theory. A group is the 

mathematical abstraction of the concept of symmetry. 

Definition 1 A group G is a collection of objects with a binary map It; G x G -+ G, 

a map ~ : G -+ G and a zero object e E G called the identity. The zero object possess 

unique maps '" : {e} -+ G and (J : G -+ {e}. These maps are required to make 

the following diagrams commutative. Define the diagonal map : G -+ G x G by 

g H (g, g) and the canonical projections 7ri : G x G -+ G projecting onto the i th 

term of the Cartesian product. 

1. Associativity 

2. Left Inverse 

IX/L 
GxGxG----7) GxG 

/LxI 

G x G -----+) G 

GxG-----+GxG 

G G 

~/ 
{e} 
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3. Right Inverse 
lXt 

GxG-----+) GxG 

G G 

~/ 
{e} 

4. Left Multiplicative Unit 
1/xl 

G x G <.-( --- {e} x G 

G 

5. Right Multiplicative Unit 
GxG<c----Gx{e} 

G 

Note that there is a redundancy among the diagrams in the definition. The left in-

verse (resp. unit) follows from the associativity diagram and the right inverse (resp. 

unit) diagrams. The associativity diagTam commutes if and only if fL (g, fL (h, k)) 

fL(fL(9, h), k) for all g, h, kEG. The inverse diagrams commute if and only if 

fL(L(g), g) e fL(9, L(g)) for all 9 E G. The multiplicative unit diagrams commute 

if and only if fL(e, g) 9 = fL(g,e) for all 9 E G. Given objects g,h E G we define 

the product of 9 and h by gh fL(9, h) and the inverse of 9 by g-l I,(g). Conse

quently it is clear that the above diagrams represent the usual axioms of a group. 

This approach comes from category theory and provides a valuable technique for un

derstanding relationships between mappings. Define the flip map T : G x G --t G x G 

by (g,h) r--t (h,g). A group G is called Abelian or commutative if the following 
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agram commutes. 

GxG----tGxG 

G 

The commuting of this diagram gives gh 

for all g,h E G. 

Jl(g, h) Jl(h,g) 17,9 

The most widely studied and important class of finite groups are the symmetric 

groups Sn, the set of all possible permutations on n letters. Every group of finite 

order is a subgroup of Sn for some n. In crystallography symmetries of lattices are 

represented by the point groups. See Chen [9] for details. If G is also a topological 

space and the group operations are continuous then G is called a topological (or 

continuous) group. The classical matrix groups are infinite dimensional topological 

groups. are extremely important to many physical theories. 

Lie groups play an important role in physical theories ranging from the internal 

structure of classical mechanics to field theories and quantum mechanics. Much of 

this structure is due to the existence of a kinematical Lie group describing covariance 

of primitive observables. The generators of such groups give rise to corresponding 

primitive observables. For example, spatial rotation corresponds to angular momen

tum and time translation to energy. Although Lie groups are extremely important 

there are other finite groups equally as important, such as permutation groups for 

particle distinguishability and point groups for the lattice symmetry of crystals. 

An n~imensional Lie group G is both a topological group and a n~imensional 

manifold such that the product is smooth. (The inverse is smooth by the inverse 

function theorem.) The fact that it is also a manifold adds differential structure. In 

particular each group element of the connected component containing the identity 
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is generated by n infinitesimal generators. The set of infinitesimal generators for G 

forms a Lie algebra denoted g. Lie groups are inherently non~linear whereas their 

generating Lie algebra is by definition linear. Consequently the Lie algebra is more 

useful. A case in point is the rotation group SO(3). Invariance under rotations is 

usually approached using angular momentum operators which are the infinitesimal 

generators for rotations. In this approach one is furnished with ladder operators 

and Cartan operators which are used to construct a complete set of eigenstates for 

the system. 

The focus in the Racah~\Vigner calculus is on transformations between group 

representations. How these representations are determined is not the issue here. 

The issue is to study transformations between group representations. The Racah~ 

Wigner calculus is to be constructed for an arbitrary group G which in general will 

not be a Lie group. This is another reason for avoiding Lie algebras. It is interesting 

to note that there are super Lie algebras which do not correspond to any Lie group. 

These super Lie algebras model supersymmetry. 

2. Mechanics and the Dirac Notation 

The Dirac notation will be reviewed and in a later chapter extended to encompass a 

construction of the Racah-Wigner calculus more general than that required by ap

plied physics presently. In quantum mechanics a physical system is represented by a 

Hilbert space S) of states and a C* algebra of operators representing the observables 

of the system. Dirac notation a state 'l/J E S) is represented by a ket l'tP)· If'l/J is an 

eigenstate with eigenvalue a for an operator A then the state may be represented by 

the ket la). We may represent a ket formally by the arrow I'l/J) : C -* S). The dual 

to a state 1P is represented by the bra ('l/JI being the unique linear map ('l/JI : S) -* C 

such that ('l/JI'l/J 1 and ('l/JI1> a if and only if 1> ..L 'l/J. The Hilbert space S) is 

endowed with an inner product ( , ). The inner product gives transition intensities 

and probability amplitudes. The bra corresponding to 'l/J E S) is given by the inner 

product as (1/) I ( 'l/J, J. In Dirac notation the inner product is represented by ( I ) 

since ('l/JI(I1») ('l/J,I1») ('l/J,1» for all 1/),1> E S). An operator A: S) -* S) gives an 
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inner product (¢, A'ljJ) which in Dirac notation is denoted by (¢IAI'ljJ) as depicted by 

the diagram 

11/1) 

A 
--------+) S) 

c------+)c 
(cfJIAI1/1) 

(cfJl 

A projection operator onto a state 1'ljJ) is represented by 1'ljJ)('ljJI. Given an orthonor

mal basis Ii) for a finite dimensional S) we denote the corresponding projection 

operators by li)(il. Thus I:i li)(il = 1 and we can decompose an arbitrary state ¢ 

as I¢) = I:i li)(il¢)· (If S) is not finite then the sum will be an integral and some 

convergence conditions may be required.) Given a linear operator A we can decom

pose A into a matrix with respect to a basis Ii). The matrix Aij is represented by 

UIAli) and Ali) = I:j Ij)(jIAli). 

The inner product satisfies ('ljJI¢) = (¢I'ljJ). This allows one to define the adjoint 

of a linear operator A to be the operator At satisfying (At'ljJI¢) = ('ljJIA¢) for all 

'ljJ, ¢ E S). Thus we have for any operator U that (U¢IU'ljJ) = (¢lutU'ljJ). Hence U 

preserves the inner product if and only if U is isometric. In a finite dimensional 

Hilbert space, unitary corresponds to isometric. If U is unitary then all observable 

quantities (expectation values) are preserved under the transformation 1'ljJ) H UI'ljJ). 

The set of all unitary operators for S) forms a group. Unitary groups are internal 

symmetries of quantum states (preserving the inner product). 

An alternative and more geometric perspective is given by Wigner. There is a 

theorem due to Wigner stating that the orthogonal symmetries are exactly those 

self mappings of the state space admitting a representation by unitary of anti

unitary operators. In other words the physical notion of orthogonality demands 

that representations of a group on a Hilbert space are unitary. 
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resentat· 

This chapter provides the basics of group representation theory needed for con

struction of the Racah-Wigner category. Character theory is touched on (but not 

required) and the concept of primitive representation is introduced. The concept 

of primitive plays an important role in recursion schemes for calculating recoupling 

coefficients. 

3.1 Representations 

Recall that a group G embodies the abstract notion of a given symmetry of some 

physical system. The group requires a way of acting on the physical system. Thus 

enters the concept of a group action. In quantum mechanics the physical space is 

represented by a Hilbert space. More generally we suppose that the physical system 

is represented by a vector space 11 over the complex number field. Thus we define a 

representation of G to be a group action of G together with a representation space 

If on which the group action acts. Each group action element is a linear mapping 

from II to II. The set of all linear maps from II to II is denoted End(V). 

Definition 2 Given a group G a representation of G is a pair (p, II) where II is a 

vector space called the representation space and p : G -+ End(lI) taking g H p(g) zs 

called the group action, and satisfies the following two properties. 

1. p(e) = id1! 
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2. The following diagmm commutes for all g, h E G. 

p(g) 
V -------7) V 

p(hg) p(h) 

V 

The dimension of a representation is the dimension of its representation space. A 

representation (p, V) is called faithful if its group action is an injective mapping from 

G to End(V). An inner product ( , ) is G-invariant if (p(g)v, p(g)w) = (v, w) for 

all 9 E G and v, w E V. A representation (p, V) in which the representation space 

possesses a G-invariant inner product is called a unitary representation. group 

of unitary matrices for a Hilbert space is an example of a unitary representation. 

An identity (or one) representation is any representation (idv', V) where 11 is a 

one dimensional vector space written L Moreover, V is isomorphic to C so often 

an identity representation is written C. The zero representation is the origin {O} 

and is written O. Given a representation (p, V) the dual representation (p*, V*) 

has representation space V* = {f : V -+ C: f is linear } and group action 9 H 

p*(g)f = fp(g-l). The conjugate representation (15, V) has representation space V 

with the same additive structure as V but scalar multiplication defined as (k, v) H 

kv; and group action 15 p. If V has a G-invariant inner product ( , ) then V and 

V* are equivalent representations under the identification v H (v, ). (Equivalence 

of representations is made precise in the next section.) If V is a finite dimensional 

representation with basis {Vi}?=l then the group action can be written 

n 

P(g)'Ui = L P,ii(g)Vj , 
j=l 

(3.1) 

for all 9 E G. The matrix {piAg)} is the matrix representation for the group action 

with respect to the given basis. The matrix representation of the dual representa

tion is {Pji(g-l)} and the matrix representation of the conjugate representation is 
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A representation is called irreducible if it contains no proper subrepresentation. 

Such a representation is called an irrep for short if it is also finite. If G is Abelian then 

all its irreducible representations are one dimensional. Common representations of 

80(3) or its double cover 8U(2) are the spherical harmonics and the Pauli matrices 

(resp). Another example is the Lorentz group in special relativity whose irreducible 

representations give rise to particles with different kinematic properties. Often a 

representation is represented by its representation space V and the group action is 

implied by the product gv where 9 E G and v E V. 

There is an alternative approach to representations. One constructs the group 

ring qG] corresponding to a group G and considers modules over the group ring. 

This approach is taken in homological algebra [16]. Here we stay with represen

tations and group actions but give an outline of how the two concepts are linked. 

Suppose G is a finite group. The group ring qG] of Gover rc is defined to be the 

ring generated by the formal sums 2:
9E

G kgg taken over all kg E rc. A group action p 

induces a left action on its representation space V with base field rc thus gv = p(g)v 

where 9 E G and v E V. Hence one obtains a left qGj-module V with left action 

given by (2:gEG kgg)v 2:
9E

G kggv. If G is a compact Lie group then the sum the 

group invariant Haar integral and 9 H kg becomes a continuous function from G to 

rc. 

3.2 Schur Lemma 

In this section we characterise transformations that leave representation structures 

invariant. Schur's lemma is the most important property of these transformations 

and a prerequisite upon which the Racah-Wigner calculus is built. Let f : V -+ W 

be a mapping between two representations of G. To preserve the structure of the 

representation space f must be a linear transformation. To leave the group action 

invariant f must be G-equivariant. 

Definition 3 A linear transformation f : V -+ lV between representat'lons of G is 

G equivariant if the following diagram commutes for all 9 E G. 
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V------7W 

pv(g) 

V------7W 

A G-equivariant linear transformation is called a morphism (or homomorphism). If 

a morphism is an invertible transformation then it is called an isomorphism. The 

set of isomorphisms from V to W is denoted IsoG(V, W) and whenever this set is not 

the empty set we say V is isomorphic to Wand write V rv W. A representation V is 

called self dual if V ~ V*. If a representation V is finite then it is reflexive, that is to 

say V rv V**. The set of all morphisms between V and W is denoted HomG(V, TlV,) 

and called a Horn space. Morphisms for which V 11\1 are called endomorph isms 

and the set of endomorphisms for V is denoted EndG(V) HomG(V, V). The Horn 

space is a vector space. Schur's lemma determines the dimension of the Horn spaces 

between irreps. 

Theorem 1 (Schur-'s Lemma) Let V and W be irreps of G. 

1. If f : V --+ W is a mor-phism then either- f is an isomor-phism or- f is the zeTa 

map. 

2. If f : V --+ V is a morphism then ther-e exists k E <C s'uch that f ( v) kv for 

all v E V. 

{

I: V is isomorphic to W 
3. dim HomG(V, W) 

o : V is not isomor-phic to W 

For a proof see Brocker and torn Dieck [5]. 

More generally Schur's Lemma only holds for representations over algebraically 

closed fields such as <C. 

Direct 

The goal of this section is to decompose every representation into a direct sum of 

irreps. This is not possible for every group G. If we can always decompose the finite 
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representations of a group as described we call the group reductive and its represen

tations reductive. All finite groups and compact Lie groups are reductive. For the 

rest of this thesis it is assumed that G is reductive. Given two representations (p, V) 

and (a, TiV) their direct sum is the representation (pEBa, V EB W). The representation 

space V EB TiV is the vector space formally spanned by the set of vectors v EB w for all 

v E V and w E T1' where the direct sum EB satisfies: 

2. k(v EB w) = (kv) EB (kw) for all k E ee, v E V and w E W. 

The group action p EB a: G -+ End(V EB W) is given by 9 r-+ p(g)v EB a(g)w. Define 

to be a set of finite irreps for the group G subject to the following isotypical 

condition. If V is a finite irrep then there exists a unique A E IrrG such that V 

is isomorphic to A. Basically Irr G serves to label (with an irrep) the isomorphism 

equivalence classes. In other words each isomorphism equivalence class of irreps is 

given by rA] = {V : V is an irrep isomorphic to A} for some A E IrrG. 

Given a reductive finite representation V of G there exists a function m V : Irr G -+ 

N U {OJ taking A r-+ mr such that only finitely many mr are non~zero and V tV 

E9,XElrra mr A where each mr A is an isotypical component of V defined to be A. 

Note that the zero isotypical components OA are assumed not to be part of the direct 

sum making the direct sum finite. The number mr is called the multiplicity of A 

in V and is given by mr dim HomG(V, A). The decomposition into isotypical 

components is canonical in the sense of Schur's lemma. The decomposition of an 

isotypical component into irreps is arbitrary since IsoG(mr A, mr A) is isomorphic 

to the set of mr x mr invertible complex square matrices. For finite groups and 

compact Lie groups one decomposes using a G-invariant inner-product. Given a 

finite representation V of G and any inner product ( , ) on the representation 

space a G-invariant inner product is constructed as follows. If G is finite then 

(v,w)G = LgEG(gv,gw) defines a G-invariant inner product. For a compact Lie 

group one replaces the sum by the group invariant Haar integral. The G-inval'iant 

inner product allows one to write V ~ TiV EB W 1. where W is an irrep contained 

V and T1' 1. is the representation given by the orthogonal component of Till with 
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respect to the G-invariant inner product. Thus one can inductively decompose the 

representation V into a direct sum of irreps. 

Direct sum decomposition parallels the process of block diagonalisation. Given a 

reducible representation (p, V) then the group action p : G -+ EndG ( ffi>'EIrrG mf A) 

is block diagonalised thus 

p(g) pf(g) (3.2) 

where each pf is a group action on the isotypical component nf A of l1. The group 

action pf is block diagonal and given by 

p>.(g) 

pf(g) = (3.3) 

p>.(g) 

where P>. is the group action for the irrep A. The fully block diagonalised group 
v 

action is p(g) = EB >. EB:'\ P>. (g). Given a morphism between the representations 

V and ltV then T can be viewed as a morphism from EB>'EIrr mf A to EB Elrr m::V J1 
G J1. G r 

block diagonalised as T ffi>. T>. where T>. : mf A -+ m:;: A is a morphism between 

isotypical components. 

Tensor 

In quantum mechanics the total physical system of two separate component physi

cal systems is represented by the tensor product of their individual representation 

spaces. This may be the coupling of orbital to spin angular momentum or a collec

tion of identical particles. A central preoccupation of group representation theory is 

to perform direct sum decompositions of a tensor product of two or more represen

tations. To achieve this in angular momentum theory one uses the Clebsch-Gordan 

formula. The goal of this chapter is to define and characterise the tensor product of 

two representations. 

Let V and W be two finite dimensional vector spaces. The tensor product of 

vEil with 10 E TtV is v 10 and satisfies the following 
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3. k(v 0 w) = (kv) 0 w v 0 (kw) 

for all v, VI, V2 E V, W, WI, W2 E Wand k E <C. The tensor product of V and fiV is 

the vector space V 0 W spanned by all finite sums I:vEV,wEW avwv 0 w. 

4 Given two representations (p, V) and (a, W) the tensor prodv,ct rep

resentation is (p 0 a, V 0 W) where the group action p 0 a : G --7 Enda (V 0 fiV) is 

defined by (p 0 a)(g)(v 0 w) p(g)v 0 a(g)w for all V E V, w E Wand 9 E G. 

We list the isomorphic properties of tensor product and direct sum in the next 

proposition. 

Proposition 1 Let U, V and W be representations of G. Then the following iso

morphic relationships hold. (When the relationship holds for both 0 and the 

notation 0 is used and taken to mean either choice.) 

1. (U 0 V) 0 W '" 0 (V 0 W) 

2. 11 0 W S:! W 0 V 

3. U 0 (V EEl W) '" (U 0 V) EEl (U 0 W) 

4. V 01 '" 1 

5. V EEl 0 rv V 

6. V 00 ~ 0 

The above properties generate the entire set of possible isomorphism relationships 

between bracketed combinations of representations taken with tensor product and 

direct sum. These basic properties have a fundamental role to play in recoupling 

theory. 

If If 0 W is decomposable then 

V 0 W ~ E9 mf'w A ) 

",ETno 
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where we have abbreviated m;:w = mr0W. In light of the previous proposition we 

can list some of the properties of multiplicity. 

Proposition 2 Let V and W be finite representations of a group G. Multiplicity 

has the following properties. 

1. dim 11 = ~>'EIrrG mf dim .\ 

2. If V rv lV then mf = mlv for all .\ E IrrG 

3. mrEflW = mf + m;:' for all .\ E IrrG 

5. m~ = b~ for all .\, fL E IrrG 

3.5 Character Theory 

This section begins by examining the relationship between duality and HomG spaces. 

This relationship allows the construction of the trace of an endomorphism required 

to define the character of a group. We begin by introducing an important canonical 

map relating the tensor product of two representations to HomG spaces. Define 

o : V* 0 W ~ HomG(\1, W) by O(v*,w) : u H v*(u)w where U E V. This map is 

an isomorphism only if V or Ware finite. This gives the following important result 

between HomG spaces. 

Proposition 3 Let VI V and ltV be finite representations then HomG(V 0 V, Till) rv 

HomG(V, V* 0 Till). 

This result shows that a representation can be shifted around within the HomG 

space argument provided duals are taken whenever representation spaces switch 

sides. The canonical isomorphism 8: HomG(V, W) ~ HomG(V 0 HI*, 1) is defined 

by 8f : v 0 w* H w*(f(v)). Suppose {Vi} and {Wj} are bases for V and lV 

respectively and that both representations are finite. Then for f (Vi) I:.i fijWj 

we have (8j)(vi 0 Wj) Wj(f(Vi)) = wj(~k fikwk) = ~k fikwj(Wk) fij. If 

liV 11 then one defines the trace Tr : HomG(V, V) ~ tC by Trf = trO-1f where 
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tr: v*0u H v*(u). If a basis is given then 0-lf 'Eij .fijVi Vj and Trf = 'Ei.fii. 

Trace has all its usual properties. 

The properties of representations can be approached by analysing the algebraic 

properties of characters. The character of a representation provides an identification 

up to isomorphism. 

Definition 5 Let (p, V) be a representation for G. The character of the represen-

tation V is the map Xv : G -+ <C given by Xv (g) Tr p(g). 

The character of a representation has the following properties which mirror the 

properties of trace. 

Proposition 4 Let V and W be representations of G and g, hE G. 

1. If V c,,; W then Xv = Xw. 

3. XVEBW Xv + XW· 

4· Xv®w = Xv' XW· 

6. Xv Xv· 

7. xv(e) = dim V. 

The second property shows that the character of a representation is a class function. 

That is, it is constant on conjugacy classes. For finite groups and compact Lie 

groups one can define an inner product ( , ) on characters. If G is finite this is given 

by (Xv,Xw) Xv(g)Xw(g). If G is a compact Lie group then is 

replaced by the group invariant Haar integral. This inner product has the important 

property (Xv, Xw) dim Home (W, V). In particular if 11 and lV are irreps then by 

Schur's lemma (Xv) Xw) 1 if and only if V c,,; W otherwise it is zero. Characters 

of non-isomorphic irreps are orthogonal and the characters of irreps are normalised. 
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Note that the multiplicity of an irrep ), in a finite representation V is given by 

mr = (Xv, X>J and we have Xv L»Elrra mf X»· 

The character of a representation can be used to classify irreps. This is achieved 

by constructing the Frobenius-Schur invariant. Let V be an irrep of a finite group 

or compact Lie group. irrep is said to be of complex type if if V. Otherwise 

there exists a conjugate linear G-equivariant map J : V ~ V such that either J2 = 1 

or J2 = -1. In the former case V is said to be of orthogonal (or real) type and 

in the latter of symplectic (or quaternion) type. The map J is called the structure 

map of V. One defines the Frobenius-Schur invariant to be cv = I~I LgEC XV(g2) 

for finite groups and make the usual replacement of summation by the Haar integral 

for compact Lie groups. Then the irrep type is classified by this invariant thus 

cv 

3.6 Primit 

1 <=> V is of orthogonal type, 

o <=> V is of complex type, 

<=> V is of symplectic type. 

Representations 

(3.5) 

Primitive representations have an important role to play in recursion schemes for 

calculation of recoupling coefficients. A primitive representation generates all the 

irreps of Irrc using the tensor product and direct sum decomposition. For simple 

and semi-simple groups the primitive representations are irreducible. An irrep ), is 

said to be generated by or contained in a representation V if ), is isomorphic to an 

irrep in the direct sum decomposition of V. In short mf 2 1 and we write), c V. 

Vie now define primitive representations. 

Definition 6 A primit'ive representation for a group is any faithful representation 

of G of minimal dimension. 

The notion of primitive was introduced by Butler and Wybourne [8]. Any primitive 

representation taken with its dual representation is capable of generating the entire 

set of finite irreducible representations through the tensor product. The basic result 

is a consequence of the Peter-Weyl theorem. finite group and compact Lie 
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group admits a primitive representation E such that 

c { E if E is self~dual , 
E ED E* otherwise , 

(3.6) 

generates all irreps. Let V be a representation and define V k = 0~=1 V, the k~fold 

tensor product of V. 

Theorem 2 Let G be a finite group or compact Lie group and E a primitive repre

sentation for G. Every irrep of G is contained in some ® E*l. 

Proof: The details can be found in Brocker and tom Dieck [5]. 

The dual representation, of the primitive representation is required to generate the 

identity representation amongst many others. This is partially because 1 c V ® V* 

a consequence of Homa(V, V) rv HOffia(V ® V*, 1). The power of .\ is defined by 

Butler and Wybourne [8] to be the smallest p(.\) such that .\ C cp(>'). If E is not 

self~dual then 

p(>') 

cp (>,) ::::: EB Ek ® E*P(>.)-k • (3.7) 
Al=O 

The power of the identity irrep is defined to be zero. We now extend this definition 

to include a larger class of representations. Given representations V and TY then if 

mf < mr' for all .\ E Irra we write V c Wand say that V is a subrepresentation 

of W. The relation c is a partial ordering on the set of representations. 

Definition 7 Let c be a primitive representation for the group G. A representation 

If is said to be a power representation if there exists a k such that V C . The 

smallest k is called the power of V and we set p(V) k. 

The power representations have the following properties. 

Proposition 5 Let.\ be an irrep and U, V, W be power representation.s of G. 

1. If U c V then p(U) :; p(V). In particular if U ~ V then p(U) p(V). 

2. p(U*) p(U) p(U). 

3. U ® V is a power representation with p(U ® V) < p(U) + p(V). 
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4. If A C U EB V then p(A) ::; max{p(U),p(V)}. 

5. If U C V ® W then Ip(V) - p(lV) 1 ::; p(U) ::; p(V) + p(W). 

Proof: The first two statements are obvious. Statement three follows from U ® V C 

EP(U) ® EPW) C EP(U)+P(V). Statement four follows by observing that A C U V if 

and only if A C U or A C V. For the last statement suppose U C V l/fl. Hence 

p(U) ::; p(V) p(liV) proving the second inequality. Since HomG(V W, U) rv 

HomG(W ® U*, V*) Cd. HomG(U* ® V,ltV*) then V* C liV ® U* and ltV'" C U* ® 

V. Hence p(V*) ::; p(W) + p(U*) and p(W*) ::; p(U*) + p(V). Using the second 

statement and rearrangement we obtain p(V) - p(W) ::; p(U) and -p(V) p(W)::; 

p(U). Combining the inequalities we obtain Ip(V) - p(W) 1 ::; p(U) proving the first 

inequality. 

A power representation U with U C V ® liV where V and ltV are power rep

resentations is called stretched if p(U) = p(V) + p(W) and compressed if p(U) 

Ip(V) p(W) I· 
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C 

Category heory 

This chapter introduces the basics of category theory. The important concepts of 

functor and natural isomorphism are defined. The notion of product is introduced 

which is crucial to the coupling structure of the Racah~\;Yigner calculus. In fact one 

might say that the universal property of products is to the Racah-Wigner calculus 

as Schur's lemma is to representation theory. The origin of category theory is in 

1942 when Eilenberg and Mac Lane [30] introduced it to study groups. In a nutshell 

category theory is a mathematical structure for describing mappings (called mor

phisms in category theory). Category theory provides a global perspective of the 

collection of morphisms of interest and a diagrammatic presentation of morphism 

properties. Diagram techniques are used to prove many results in category theory. 

4.1 and Examples of Categories 

The basic concept of a mapping is a rule assigning to each element in one set 

an element in another set. This rule is called a mapping and supports function 

composition, which is associative. A category is an axiomatic definition of our 

intuitive notion of a closed set of mappings. 

Definition 8 A category C consists of a set obj( C) of objects, a set mor( C) of mOT

ph isms, functions dom ,cod : mor{ C) --+ obj( C) and a composition for morphisms. 

Given a morphism f with dom f = a and cod f b we say that f is a morphism 
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from a to b and call a the domain of f and b the codomain of f. Given morphisms 

f taking a to band 9 taking b to c there exists a morphism denoted 9 0 f taking a 

to c. The composition satisfies the following properties: 

1. Associativity: Given morphisms f, g, h then (h 0 g) 0 f h 0 (g 0 f). 

2. E.'Eistence of Identities: For each a E obj( C) there exists an identity morphism 

la E mor( C) satisfying f 0 la = f for all f E mor( C) with dom f 

Ib 0 9 9 for all 9 E mor(C) with cod 9 = b. 

a and 

If f is a morphism of C then we write f : a -+ b to mean dom f a and cod f = b. 

Moreover we represent f by arrows as pictured in the following diagram. 

a-----+b 

Intuitively a morphism may be though of as a mapping satisfying a list of prop

erties characterising the particular category to which it belongs. In group theory 

this is mirrored by the concept of homomorphism whose characterising property is 

preservation of the group structure. The composition law of morphisms is repre

sented by the following diagram. If f : a -+ band 9 : b -+ c then 9 0 f : a -+ c is a 

morphism such that the diagram 

a b 

~lg 
c 

is given by composing the morphisms as represented by the arrows. Any diagram 

that gives a true statement as a result of composing the morphisms as directed by 

the arrows is said to commute. Associativity and existence of identity morphisms 

are represented by the commutativity of the following diagrams. 
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1. Associativity: 

Q, c 

/1 " } " 

b d 

of Identities: 

b b 

A category is said to have zeros if there exists a family of morphisms {Oa,1i : a -t 

b }a,bEobj(C) such that given morphisms f : a -t band 9 : b -t c we have Ob,e 0 f Oa,e 

and 9 0 Oa,b = Oa,e. The morphisms are called zero morphisms. 

The most intuitive example of a category was that used here to motivate the 

definition. U be a well-defined collection of sets taken to be our universe of sets. 

This set is assumed to contain all sets of interest to us. The category Set is that 

entity whose objects are all sets in U and whose morphisms are all functions between 

sets in U. The category Vectp has as objects all vector spaces over the field in U 

and as morphisms all linear maps between these spaces. The category RePG has as 

objects all complex representations of G in U and as morphisrns all G-equivariant 

linear mappings between these representations. The category URePG has as objects 

all unitary complex representations of G in U and as morphisms all G-equivariant 

linear mappings between these unitary representations. Our final example is the 

category A-Mod whose objects are A-modules ill U and morphisms are module 

maps between these modules. 

The product of two categories C and D is the category whose objects are obj(C) x 

obj(D) and morphisms are mor(C) X mor(D) with function composition defined 

by (f,f') 0 (9,9') (f 01',9 0 9') for all f)f' E mor(C) and 9,9' E mor(D) 

whenever cod f dom 9 and cod l' = dom 9' and identities by l(a,b) (1(1) Ib) for 
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all a E obj(C) and b E obj(D). 

The Hom set for two objects a, b E C is the collection of all morphisms between a 

and b. This set is denoted Homc(a, b). For RepG we have Homc(a, b) = HomG(a, b). 

Let f E Homc(a, b) then f is called a monomorphism if fog = f 0 h implies 9 = h 

and is called an epimorphism if go f = h 0 f implies 9 = h. A morphism f : a -+ b 

is invertible if there exists a morphism 9 : b -+ a such that fog = lb and go f = la. 

Whenever such a 9 exists it is unique. We denote 9 by f- 1 and call it the inverse of 

f. An invertible morphism is called an isomorphism. If there exists an isomorphism 

between two objects a and b we say that a and b are equivalent or isomorphic 

and write a c:,,; b. Note that in Set monomorphism corresponds to injection and 

epimorphism to surjection. Moreover, in this case if f is both a monomorphism 

and an epimorphism then it is an isomorphism. If dom f = cod f then f is called 

an endomorphism. An endomorphism that is also an isomorphism is called an 

automorphism. 

4.2 Functors 

A mapping between categories that preserves compositions is called a functor. In 

other words a functor is a category structure preserving (or homomorphic) map 

between categories. 

Definition 9 Let C and D be categories then a functor (F, G) consists of an object 

map F : obj(C) -+ obj(D) and a morphism map G : mor(C) -+ mor(D) satisfying 

the commutative diagram 

F(a) ~ F(b) 

G{q~ 1", 
F(c) 

for all a, b, c E C, f E Homc(a, b) and 9 E Homc(b, c), and satisfying G(la) = IF(a) 

for all a E C We denote this functor by (F, G) : C -+ D. 
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We represent the object and morphism maps of a functor by the same symbol and 

write F : C ----+ D. 

An important class of functors are the forgetful functors which embed a category 

C in another category D by simply forgetting the structure of the objects of C not 

possessed by D. Of course C must have all the structure that D has. Examples are 

forgetting the representation structure of representations in Repc to obtain Vectc 

and forgetting the unitary structure of unitary representations in URepc to obtain 

Repc· 

A subcategory B of a category C is a functor I : B ----+ C such that I is an 

inclusion obj (B) C obj (C) of sets on objects and an inclusion mor(B) C mor( C) 

of sets on morphisms. We simply write B C C. The subcategory B is called 

full if I(HomB(a, b)) = Homc(I(a),I(b)) for all a, b E obj(B) and faithful when 

I : HomB(a, b) ----+ Home (I(a) , I(b)) is injective for all a, b E B. We see that from 

the examples of categories given above URePG is a full subcategory of RepG' 

Let C, D and B be categories. A functor (F, G) : C X D ----+ B plays a central 

role in tensor categories and is called a bifunctor for emphasis. It follows that 

(F( ,d), G( ,ld)) : C ----+ B is a functor for all d E D and (F(c, ), G(lc, )) : D ----+ B 

is a functor for all c E C. Let 0 : C X C ----+ C be any bifunctor for C then we make 

the identifications: O(a, b) = a 0 b for all a, b E obj(C) and O(J, g) = fOg for 

all f, g E mor(C). Two important bifunctors for Repc and URepG are the tensor 

product and the direct sum. 

4.3 Natural Transformations 

In the previous section the concept of a functor was introduced between categories as 

a map that preserves the composition structure and identities of the categories. This 

section introduces transformations between functors that preserve their functorial 

properties. 

Definition 10 Let F : C ----+ D and G : C ----+ D be functors between categories 

C and D. A natural transformation is a mapping 'TI : obj(C) ----+ mor(D) where 

c H 'TIc E HomD(F(c), G(c)) for all c E C and satisfies the following diagram, for all 
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a,b E C. 

F(a) 
1)a 

) G(a) 

FJ1 1,,1 
F(b) 

1)b 
) G(b) 

where f E Home (a, b). We write 1] : F --t G to mean 1] is a natural transformation 

between F and G. 

A natural transformation is called a natural isomorphism (or natural equivalence) of 

functors if it has an inverse that is a natural transformation. We say two functors F 

and G are equivalent if there exists a natural isomorphism between them and write 

F ~ G. The identity natural isomorphism 1e for a category C is defined by a, H 1a 

for all a. Given two categories C and D we define the functor category funct(C, D) 

as the category whose objects are all functors from C to D and whose morphisms 

are natural transformations between these functors. 

Now that we have the important concept of natural transformation we can define 

when two categories are equivalent. 

Definition 11 Two categories C and D are said to be equivalent if there exist func

tors F : C --t D and G : D --t C and natural isomorphisms 1] : 1D --t FG and 

e : GF --t 1e. 

The categories RePG and C[G]-Mod are equivalent. If G is a compact Lie group 

or a finite group then every representation has a G-equivariant inner product and 

so URePG and RePG are equivalent. 

A functor F : C --t D is called essentially surjective if for all d E D there 

exists c E C such that F(c) ~d. It is called faithful if F : Home(a, b) --t 

HomD(F(a,) , F(b)) on morphisms is injective. It is called fully faithful if this injec

tion is bijective. A functor is an equivalence if and only if it is essentially surjective 

and fully faithful. We refer the reader to Kassel [24] for a proof. 

28 



4.4 Products and Coproducts 

The notion of product (and its opposite, coproduct) plays a pivotal role in the con

struction of couplings and recouplings in the Racah-Wigner category. In this section 

we describe the concept more generally. In a nutshell a product is a way of con

structing a morphism from component morphisms utilising the product's collection 

of projections. Note that the concept of product (resp. coproduct) generalise simply 

to the categorical notion of limit (resp. colimit) of a diagram. This more general 

position is not adopted here and is not considered relevant to the immediate goals 

of this thesis. 

Definition 12 Let {ai} be a family of objects in the category C. A product of {ai} 

is a family of morphisms {Pi: a -t ai} called projections with the following universal 

property. Given b E C then for every family of morphisms {fi : b -t ai} there exists 

a unique morphism f : b -t a such that Pi 0 f = Ii. 

Note that the object a could be any isomorphic choice a' where the new product 

is {pi 0 ¢} with ¢ : a' -t a the isomorphism between a and a'. This product is 

represented by the following diagram. 

f 
b ------+) a 

~lp; 
a· ~ 

Given two products {pi : a -t ai} and {qi : b -t ai} then by their universal prop

erties there are unique morphisms f : a -t band g : b -t a such that the following 

two diagrams are commutative. 

f 
a ) b 

~/ 
a· ~ 

9 
a( b 

~/ 
a· ~ 

Thus Pi = qd and qi = Pig and therefore Pi = qi 0 f = Pi 0 (g 0 1). Since la is 
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the unique morphism such that Pi 0 1a = Pi then g 0 f = 1a,. Similarly, fog 1b 

and we conclude that f and g are isomorphisms that are the inverse of each other. 

This sho'ws that a product of a family of objects is uniquely determined up to iso

morphism. 

Opposite to the idea of projection is that of inclusion. 

Let {ad be a family of objects in a category C. A coproduct of 

{ad is a family of morphisms {qi : ai --+ a} called inclusions with the following 

universal property. For every family of morphisms {fi : ai --+ b} there exists a 

unique morphism f : a --+ b such that f 0 qi = fi. 

The coproduct is represented by the following diagram. 

As for products a coproduct of a family of objects is uniquely determined up to 

isomorphism. A product {Pi} and a coproduct {qd for a family of objects {ai} are 

said to be associated if Pi 0 qi = 1a; as shown by the following diagram. 

a 

/~ 
The product is said to have an association and the associated family of morphisms 

is represented by raising the index or placing a bar upon it. That is the associated 

family of morphisms to {Pi} is represented by {pi} or {Pi}. Hence Pi 0 pi = 1a;. 

Of particular interest are products that project out factors of a bifunctor. Let C 

be a category with a bifunctor 0 : CxC --+ C. A family of products for the bifunctor 

o is a family of morphisms {1f~1,a2 : alOaZ --+ at, ,a2a10aZ --+ a2}(al,a2)ECxC such 

that the families {1f~1,a2} and {1f~1,a2} are products for {al,az} for all at,a2 E C. 
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Similarly one defines a family of coproducts for the bifunctor. If {7f~ a } has an 
1, 2 

association then 7f~1 ,a2 0 7f~1 ,a2 = 1ai and consequently (7f~1 ,a2 0 7f~1 ,a2) (7f~1 ,a2 0 

7f~l,aJ = (7f~1,a2 0 7f~l,aJ 0 (7f~1,a2 0 7f~l,aJ = 1al 0 1a2 = 1alOa2· 

The classic example of a family of products with association are those correspond

ing to canonical projection of the direct sum in Vectc. Although the tensor product 

is equally important it does not form a product through its canonical projections. 

This lack of canonical product is the single factor preventing the Racah-Wigner 

calculus from being trivial. 

4.5 Componentisation of Morphisms 

This section presents the categorical equivalent of linear algebra corresponding to 

projecting out the components of a linear transformation. In other words the rela

tionship between linear transformations and matrices. Also presented is the problem 

of constructing the original morphism from its components. This requires the gener

alisation of the notion of summation. For this section we assume that the products 

are finite. 

Let f : a ----+ b be a morphism. Given the coproduct {pi : ai ----+ a} and the prod

uct {qj : b ----+ bj }, we can factor out the components of f by the following diagram. 

I 
) b a 

P'I 1" 
ai 

Iji 
) bj 

We call this process projecting outside and one refers to the projections and in

clusions as being external. Moreover, we have the converse. Given a collection of 

morphisms iJi : ai ----+ bj by the universality of the coproduct there exists a unique 

fj : a ----+ bj such that f/ = iJ 0 pi. Then for the collection of morphisms fj and 

by the universality of the product there exists a unique morphism f : a ----+ b such 

that fj = qj 0 f. Hence f is the unique morphism making the above diagram 
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commutative. The (external) components of f are defined to be the morphisms 

f/ = fj 0 pi = qj 0 f 0 pi : ai -t bj . 

If two products for a and b have associations then we can define self-products 

for each object a and b which can be used to construct components for any mor

phism f between a and b. We call this process projecting inside. We define the 

internal projections by Pi = pi 0 Pi : a -t a and Qi = qi 0 qi : b -t b. We then 

have pi
2 = Pi 0 Pi = pi 0 Pi 0 pi 0 Pi = pi 0 Pi = Pi using Pi 0 pi = lai' and similarly 

QJ = Qj. We define the (internal) components of f by the commutativity of the 

following diagram. 

f 
) b a 

Pol 1 Qj 

a 
f/ 

) b 

As for the external case we have the analogous universal property. That is, given the 

morphisms f/ there exists a unique morphism f making the above diagram com

mutative. If the category has zeros then the internal projections {Pi} are called 

orthogonal if Pi 0 Pj = Oa,a whenever i =J j. As an example consider a com

plex vector space V then an internal projection is a linear operator P satisfying 

p 2 = P. An orthogonal set of internal projections forms a product for V if they 

satisfy PiPj = 6ij Pi and "Ei Pi is invertible. The components of a linear operator A 

are given by A/ = PjAPi. Moreover, if"Ei Pi = 1 and the components A/ are given 

then the unique linear operator A with these components is given by A = "Eij A/. 

In the example just given summation is used to construct the linear operator 

A from its components. We wish to generalise this process for any category. This 

requires a generalisation of the notion of summation. Let {Pi : a -t ai} be a 

product with association. The map 2:: is defined to be the inverse of the map 

Homc(b, a) -t ITiHomc(b, ai) given by f H (Pi 0 fk Let {fi : b -t ai} be a col

lection of morphisms, then 2::(ji)i is the unique morphism f : b -t a making the 

following diagram commutative. 
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We write f = ~i pi 0 k If there are only a finite number m of projections in 

the product then we write f = ~:l pi 0 k This definition is well defined because 

the collection of projections has an association. The existence of the generalised 

sum is guaranteed by the universal property of products. The generalised sum has 

the property that ~i pi 0 Pi = la. One can also define a generalised sum relative to 

coproducts. Let {pl : bj ----+ b} be a coproduct with association. The map I: is defined 

to be the inverse of the map Homc(b, a) ----+ IIjHomc(bj , b) given by f H (j 0 plk 
Let {fj : bj ----+ a} be a collection of morphisms, then I:(jj)j is the unique morphism 

f : b ----+ a making the following diagram commutative. 

f 
b )a 

~I/ 
b· J 

We write f = ~j jJ 0 Pj. 

Given a collection of morphisms {f/ : ai ----+ bj } and products with association 

{Pi : a ----+ ai} and {qj : b ----+ bj } one can construct the unique morphism f : a ----+ b 

with components {f/} by either one of two equivalent procedures: 

For the first diagram we sum with respect to {pi} to obtain fj = ~i f/ 0 Pi and 

then sum with respect to {Qj} to get f = ~j qj 0 fJ. Alternatively we can sum 
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according to the second diagram to get f = L.::i po Pi where p = j f' S'· q o. j. lIlce 

both give the same morphism by the uniqueness of universal properties one writes 

f pi 0 f/ 0 Pi. Note that the sum is defined with respect to a given prod

uct which in this case is a sum for a and another for b. Moreover, if the Einstein 

summation convention is employed then the summation symbol can be dropped 

altogether. 
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ategories 

Tensor categories or monoidal categories were first defined in 1963 by J. Benabou [1]. 

However, the correct notion is due to Mac Lane. A tensor category is a category with 

a bifunctor and relationships between binary bracketed nestings of the bifunctor. 

They will be seen to give rise to the notion of coupling and a consistent description 

of recoupling in the Racah-Wigner calculus. The basics of tensor categories can be 

found in Kassel [24] and Mac Lane [30] . 

. 1 Definition of a Tensor Category 

Given a category with a bifunctor we wish to define natural isomorphisms that 

represent relationships between isomorphic bifunctor products of the category. 

Definition 14 Let C be a category and 0 : C X C --+ C a bifunctor. A tensor 

category is a sextuplet (C, 0, a, f, t, e) where e is an object of C called the identity 

and a, [ and t are natural isomorphisms as follows. 

1. Natural Associativity: a: 0(0 x 1) --+ 0(1 x 0) where 

(aOb)Oc (la.b.c) aO(bOc) 

2. Natural Left Identity: (: O(e X 1) --+ 1 where 

ra 
eOa ----7) a 

3. Natural Right Identity: t: 0(1 x e) --+ 1 where 

r" a 0 e ------7) a 
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These nat'ural isomorphisms are required to make the following two diagrams com

mutative. 

Triangle Diagram: 

(a 0 e) 0 b __ (f_u,_e,b_-+) a 0 (e 0 b) 

,.~ /0, 
aOb 

Pentagon Diagram: 

((aOb) Oc) Od --------~ (aOb) 0 (cOd) 

1 1 '.,',,0' 

(a (b 0 c)) 0 d aa,boC,d) a 0 ((b 0 c) 0 d) laOflb,c.d> a 0 (b 0 (c 0 d)) 

Note that the triangle diagram applies to the triple product (a 0 e) 0 b with the 

identity object in the centre. The corresponding diagrams for the other two arrange

ments are as follows. 

(e a) 0 b __ fle,_a,b_---+) eO (a 0 b) (aOb)Oe aO(bOe) 

-~~ ~ /0" 
aOb aOb 

These diagrams commute as a result of the pentagon and triangle diagrams (see 

Kassel [24]). 

Symmetric Tensor 

symmetric tensor category is a tensor category that possesses a natural isomor

phism for commutativity satisfying the symmetry diagram. If the symmetry dia

gram is dropped then one is dealing with braided tensor categories as defined by 
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Joyal and Street [19]. It is braided tensor categories that provide a categorical char

acterisation of the Yang-Baxter equation of knot theory. Define the flip functor 

r: C X C -+ C x C by r(a, b) = (b,a) for all a,b E obj(C) and r(j,g) = (g,1) for 

all f,g E mor(C). 

A symmetric tensor category is a heptuplet (C, 0, 0, c, r, t, e) wher'e 

(C, 0, 0, r, t, e) is a tensor category and c is a natural isomorphism defined as follows 

5. Natur'al Commutativity: c: 0 -+ Or where 

a 0 b 'a,b) bOa 

The natural isomorphisms ar'e required to satisf.1J the two diagrams below. 

Symmetry Diagram: 

'n,b 
b -----+) bOa 

aOb+-<---bOa 
Cb,a 

Hexagon Diagram: 

(aOb)Oe au,b,c) aO(bOe) 'a,hOc) (bOe)Oa 

(bOa) Oc ---+ bO (aOe) lbO'a,c) bO (eOa) 

The natural isomorphisms 0, c, [and t are referred to as the canonical isomorphisms 

ofthe (symmetric) tensor category. The first diagram asserts that Cb,aCa,b - 1aOb. In 

other words c:~ Cb,a' The hexagon and the triangle diagrams imply the following , 
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expected diagram. 

O 
(c,a 0 e a --------+) a e 

~/ 
a 

important example of a symmetric tensor category is given by (Repa, ®, a, c, (, t, q 
with the canonical isomorphisms defined by 

1. au,v,w((u ® v) ® w) = U ® (v ® w) , 

2. cu, v ( U ® v) v ® 'u , 

3. [v( c ® v) = cv , 

4. tv(v®c)=cv, 

for all c E C, U E U, v E 11 and w E W and representations U, V, lV. This is 

not necessarily the only choice for the canonical isomorphisms but it is the most 

natural to make. Similarly (URepa, ®, a, C, 1, t, C) is a symmetric tensor category 

with the same choice of canonical isomorphisms. Another example of a symmetric 

tensor category is (Repa, EB, a, c, [, t, 0) where 0 is the origin with the canonical 

isomorphisms defined by 

1. au,1l",w((u EB v) EB w) = U EB (v EB w) , 

2. cU,v(u EB v) = v EB u , 

3. (v(O EB v) = v , 

4.tv(vEBO)=v, 

for all u E U, v E 11 and W E Wand representations U, V, W. Again Repa can be 

replaced by URePa to obtain a symmetric tensor category with the same choice of 

canonical isomorphism. 
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5.3 Tensor Category Functors and Natural Trans~ 

formations 

We begin by defining tensor category functors as being functors that preserve the 

triangle and pentagon diagrams up to isomorphism. 

Definition 16 Let (G1) 01) a1) (1) t1) e1) and (G2) 02) a2) [2, t2, e2) be tensOT cate

gOTies. A tensOT categoTY functoT is a tTiplet (F, cp, 'l/J) consisting of a functoT F : 

G1 -+ G2) an isomoTphism cp : e2 -+ F(e1) and a natuml isomoTphism 'l/J : 02(F X 

F) -+ F01 taking (a, b) H 'l/Ja,b : F(a) 02 F(b) -+ F(a 01 b) fOT all a, bE G1. The 

maps F) cp and 'TJ make the following thTee diagmms commutative fOT all a, b, c E G1. 

If the tensOT categoTies aTe symmetTic then the tensOT functoT is TequiTed to make 
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the following additional diagram commutative for all a, b E C 1 . 

F(a) 02 F(b) 
'2 F(a),F(b) 

) F(b) 02 F(a) 

··,·1 1··,· 
F(a 01 b) 

F( '1 a,b) 
) F(b 01 a) 

A natural tensor transformation between functors is a natural transformation 

that is compatible with isomorphisms and natural isomorphisms implicit in the 

given tensor functors. 

Definition 17 Let (F, ¢, 'ljJ) and (F', ¢/, 'ljJ') be tensor functors between the tensor 

categories (C1 , 01, aI, h, tl, el) and (C2, 02, a2, b, t2, e2). A natural tensor transfor

mation TJ between (F, ¢, 'ljJ) and (F', ¢/, 'ljJ') is a natural transformation 7] : F --+ F' 

making the following diagrams commutative for all a, b E C1 . 

F(a) 02 F(b) __ 'ifJa_,b_-+) F(a 01 b) 

'"O,,,j 1 '"0,' 

F'(a) 02 F'(b) ) F'(a 01 b) 
'ifJ~,b 

A natural tensor isomorphism is a natural tensor transformation that is also a nat

ural isomorphism. 

The tensor functors and natural tensor transformations generate a category as 

follows. Given two tensor categories <t = (C1 , 01, aI, h, tl, el) and 1) = (C2, 02, a2, b, t2, e2), 
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Tens( (t, ~) is the category whose objects are tensor functors between tensor cate

gories in the universe 11. and whose morphisms are natural tensor transformations. 

Definition 18 Two tensor categories (t and ~ are tensor equivalent if there exists 

tensor functions F : (t -t ~ and G : ~ -t (t and natural isomorphisms rJ : 1:0 -t FG 

and e : 1('; -t GF. 

Two tensor categories that are tensor equivalent are (C[G]-Mod, 0) and (Repc, 0). 

5.4 Strict Tensor Categories 

The tensor category bifunctor is only associative up to isomorphism which means 

parentheses must be taken account of very carefully. In this section we present 

one way of avoiding this complication by trivialising the canonical isomorphisms. 

However, the distinction is vital in the case of the Racah-Wigner category. Never

theless the procedure presented here can be used to turn any collection of canonical 

isomorphisms into the trivial choice of canonical isomorphisms for symmetric ten

sor categories. The Racah-Wigner category is symmetric and hence is not strict. 

Nevertheless a natural choice of canonical isomorphisms does exist. 

A strict tensor category is a tensor category in which all the canonical isomor

phisms are identities. This statement needs some clarification. Consider the asso

ciativity canonical isomorphism u. The objects (a 0 b) 0 c and a 0 (b 0 c) are 

identical in a strict tensor category and must be viewed as different labels for the 

same object. Thus associativity is given by Ua,b,c = l(aOb)Oc = 1aO(bOc) for all 

objects a, b, c. Similar remarks follow for the other canonical isomorphisms. 

Proposition 6 Every tensor category is tensor equivalent to a strict tensor cate

gory. 

Let (t be a tensor category. The proof proceeds by constructing a tensor functor 

between the category of all finite sequences of obj((t). A finite sequence (aI, a2, ... , an) 

is associated with ((- .. (al 0 a2) ... an-I) 0 an) and the functor is the identity on 

morphisms. Next one shows that this functor is a tensor equivalence, the details of 

which can be found in Kassel [24]. 
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5.5 Binary Trees 

In this section we show how one can represent any binary bracketed product of 

bifunctors by a binary tree. This relationship was investigated by Comtet [10] and 

can be found in the context of the Racah-Wigner calculus in Biedenharn and Louck 

[2]. A (connected) binary tree (with levels) is an ordered triplet (V, E, l) where V is 

a finite set whose objects are called vertices, E C V x V is the set of edges and l is 

the level map taking V into N U {O} with the following properties. 

1. There exists a unique vertex p E V called the principal at level O. That is, 

l(p) = 0 

2. Every vertex except the principal is connected to a unique vertex on the next 

level down. That is, if v E V and l(v) > 0 then there exists a unique w E V 

such that (v, w) E E and l(v) = l(w) + 1. 

3. Each vertex is only connected to vertices in adjacent levels. 

4. Every vertex is connected to either one, two or three vertices and never to 

itself. 

The level of a vertex v is given by l (v). The only vertex connected to two vertices, 

if any is the principal. Vertices connected to only one vertex are called terminal 

vertices. Vertices connected to three vertices are called internal vertices and are 

connected to one vertex one level down and two vertices one level up. The number 

of edges is one less than the number of vertices. The size of a binary tree lEI is 

the number of terminal vertices. The number of internal vertices is IEI- 2. Binary 

trees are represented by directed trees. As an example consider the binary tree 

({a,b,c,d,p},{(a,c), (b,c), (c,p), (d,p)},l) with l(a) = l(b) = 2, l(c) = l(d) = 1 and 

l(p) = O. The binary tree is represented by the following directed tree. 

a b 
~ II' 

c d 
'\t lI' 

p 
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A finite statement for a bifunctor 0 is defined to be any binary bracketing of a 

finite number of objects with respect the bifunctor O. Examples are ((a 0 b) 0 c) 

and a 0 ((dO c) 0 (e 0 1) ). They can be represented by the following binary trees 

respectively. 

a b d C e f 
\t Ii \t Ii \t Ii 

a~ lic 

(a 0 b) 0 C 
d~ /1 

a~ (d7(e O J) 

a 0 ((d 0 c) 0 (e 0 1)) 

Usually one suppresses the internal and principal vertices and denotes these bi

nary trees as follows. 

a b d C 

~/ ~/ 
C 

~/ 

We now make the relationship between binary trees and bifunctor statements ex

plicit. Let B be a binary tree with n terminal points and principal point p then 

we wish to define the mapping [ ]B : (obj(c))n ---+ obj(C) by (CI' C2, ... , cn) H 

[CI' C2, ... , cn]B. We map the point (CI' C2, ... , cn) bijectively onto the terminal points 

of B. The binary tree is drawn with the terminal points labelled in order from left 

to right. 
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p 

We label the internal and principal vertices starting with the highest level work

ing our way down to the principal. Let n be the highest level of B. We label all 

internal vertices at the n - 1 level with the bifunctor product of the two connect

ing nth level vertices. By induction we continue this process terminating with the 

labelling of the principal vertex. A typical internal vertex is labelled as follows. 

level n a b 

~/ 
level n - 1 aOb 

The image [CI, C2, ... , cm]B is defined to be the principal vertex label. If we wish 

to permute the terminal vertices then we introduce a permutation 7r E 5n on the 

terminal vertices thus [7r(CI, C2, ... , Cn)]B. This is permutes the objects comprising 

the bifunctor statement. To represent which bifunctor the binary bracketing refers 

to we introduce the alternative notation [Oi]B C7r(i)' The map [ ]B to a functor in 

the obvious way. Moreover, the functor [ ]B may be thought of as a functor taking 

TIL : en --+ e to the functor [Oi]B : en --+ e. This functor has an inverse which 

we denote []-B. 

The identification of bifunctor statements with binary trees induces the following 

formal actions of the canonical isomorphisms on binary trees. 

a b b C 

"\./ '\t/ 
C a 

~/ "\./ 
a b b a 

"\./ '\t/ 
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1 a 

~/ a 

a 1 
'\./ 

t 
a 

Using bifunctor statements of the canonical isomorphisms a and c one can map 

any given binary tree onto any other binary tree containing the same number of 

terminal points. In other words these two canonical isomorphisms can be thought 

of as inducing the action [7r( )]B. The left and right identities contract a binary tree 

by removing an identity element. These actions generate the entire set of formal 

transformations on a binary tree. 

Let Sn be a bifunctor statement of length n of objects On = {aI, a2, ... , an}. The 

associativity and commutativity isomorphisms induce re-bracketing of parentheses 

and permutation of objects on Sn. The set of possible bracketings of Sn is isomorphic 

to the set of all bifunctor induced binary trees whose terminal points are On. Denote 

this set by lB(on). The size of this set is given by the nth Catalan number Cn = 

1 ( 2n - 2 ) where n 2:: 2. Let IBn be the set of formal point transformations taking 
n n-l 

each element of lB(on) to another element of lB(on). The set IBn = lB(on) X lB(on) 

where we interpret (BI , B 2 ) to be the formal transformation taking BI to B2 • The 

size of this set is c;. The set of re-bracketing and permuting operators on Sn is 

isomorphic to Sn x IBn. The isomorphism is given by (7r, (BI ,B2 )) t--+ [[1r( )tBl]B2 

and the size of the set Sn x IBn is n!c;. 

5.6 Coherence 

Coherence plays an important role in the removal of potential ambiguity in the 

process of identifying isomorphic objects. For the Racah-Wigner calculus we re

quire a coherence property of symmetric tensor categories that guarantees that the 

canonical isomorphisms a and c faithfully generate re-bracketing and permuting 

transformations. In other words the domain and codomain determine the transfor-

mation. A formal statement of the problem will be given in the next chapter. To 

state the basic result we needed to make a few convenient definitions. An iterate of 
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a natural transformation 0: is any natural transformation induced by the bifunctor 

and identity natural isomorphism containing 0: only once. An example of an iterate 

of 0: is (1 0 (1 0 0:)) 0 1. A canonical diagram is any formal diagram whose arrows 

are iterates of canonical isomorphisms or the inverse of canonical isomorphisms. In 

the symmetric case the inverse of canonical isomorphisms are not required but the 

flip map needs to be included. Note that these formal diagrams are in a one to 

one correspondence with the diagrams induced by re-bracketing and permuting bi

functor statements. However, we can not guarantee that the canonical diagrams 

commute. The solution is the Mac Lane coherence theorem [30]. 

Theorem 3 (Mac Lane Coherence Theorem) In a (symmetric) tensor category 

every canonical diagram is commutative. 

Since every tensor category is equivalent to a strict tensor category and every strict 

tensor category is trivially coherent then it follows that every tensor category is 

coherent. The prooffor a symmetric tensor category can be found in Mac Lane [29]. 

on Tensor Categories 

In this section we introduce the concept of a duality on a tensor category. It is based 

on dualities as defined by Joyal and Street [18] for ribbon categories. The proofs not 

given in this section can be found in that reference. The later part of this section 

extends duality to symmetric tensor categories. It is found that the commutativity 

isomorphism induces a duality from a left (or right) duality. 

Definition 19 Let (C, 0, el, l, t, e) be a tensor category. A left duality is a triple 

(*, ,6*) where * : obj( C) -+ obj( C) taking a H a*, 6.* : obj( C) -+ mor( C) taking 

a H 6.; : e -+ a 0 a*, and 6* : obj(C) -+ mor(C) taking a H 6; : a* 0 a -+ e. 

These mappings are required to make the following two diagrams commutative for 

all a E obj(C). 
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eOa (a 0 a*) 0 a aO (a* 0 a) 

"1 110O
,; 

a < 
fa 

aOe 

a* Oe a* 0 (aO a*) (a* 0 a) 0 a* 

,0,1 
fa' 

1 ':010, 
a* < eOa* 

Note that for every tensor category there always exists a left duality. A right dual

ity is defined similarly, the details of which we do not give. In a symmetric tensor 

category every left duality has a corresponding right duality (*, *~, *0) defined by 

* a a* and the commutativity of the following diagram for all objects a. 

a* Oa 

If *a = a* for all a E obj(C) and both a right duality and a left duality exists 

we called the quintuple (*, ~ *, *~, 0*, *0) a duality. Note that a duality is always 

defined on a tensor category with a canonical isomorphism corresponding to com

mutativity. A tensor category may have both a left and right duality in which case 

it is called autonomous and *(a*) rv a rv (*a)*. 

A category with a left (respectively right) duality allows us to define the concepts 

of left (respectively right) transpose. A category with both a left and right duality 

allows for the definition of trace and dimension. Let f : a -t b be a morphism. 

Vve define the left transpose of f to be the morphism 1* : b* -t a* defined by the 

commutativity of the following left hand side diagram. 
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b* *b 

~ f b* / 
b* Oe eO*b 

11,,0,,; 1',,·01.. 
b*O(aOa*) (*aOa)O*b 

11" 01t01 .. ) 1 (1·.01101.. 
r b* 0 (b 0 a*) (*a 0 b) 0 *b *f 

1-' 1 ". , .. ab* b u* . . ' . 

(b*Ob)Oa* *a 0 (b 0 *b) 

1,;'01." 11..0'" 
eOa* *aOe 

/- ~ 
a* *a 

Similarly one can define the right transpose * f : *b --t *a of f : a --'-t b given by 

the commutativity of the above right hand side diagram. If the tensor category is 

symmetric then we have a duality, and the left and right transposes are equal as the 

following diagram shows. 
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*f 

The two side regions commute by the definitions of left and right transpose. Work

ing our way down the centre regions starting at the top we see that the first is the 

triangle diagram. The next two commute by the naturality of commutativity and 

the correspondence between left and right dualities. The next two by naturality of 

commutativity. The next region commutes by coherence. The next two commute by 

naturality of commutativity and the correspondence between left and right dualities. 

Finally the bottom region is the triangle diagram. Hence it follows that the region 

outside the diagram commutes showing that * f = f*. 

The left transpose has the following expected properties the proof of which can 

be found in Kassel [24]. 
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Proposition 7 Let <t be a tensor category with bifunctor 0 and a left duality then 

the following hold for all objects a, band c and morphisms f and g of <to 

1. (jog)*=g*oJ* 

3. Homda 0 b, c) rv Homda, c 0 b*) 

4· Homda* 0 b, c) ~ Homdb, a 0 b) 

5. (a 0 b)* ~ b* 0 a* 

The trace is only defined on autonomous tensor categories. That is, categories 

with both a left and right duality. Ribbon categories have a twist function which 

is introduced into the definition of trace and is then called a quantum trace [18]. 

The left trace of an endomorphism f : a --+ a is defined to be the endomorphism 

Trd : e --+ e making the following diagram commutative. 

e 

~ 

e 

Similarly we can define a right trace Trr : e --+ e by replacing 6.* and 0* with 

* 6.. and 0* respectively. In a symmetric category with duality the left and right 

traces coincide as proved by the following diagram. 
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e e 

~ 
Ca,a* 

;/ 
aOa* ) a*Oa 

Trd 1 fOlo' 11 
•• 

Of Trr! 

Ca,a* 
aOa* ) a* Oa 

/ ~ 
e e 

The side regions commute by the definition of left and right duality. Top and 

bottom regions commute by the correspondence between left and right duality. The 

middle region commutes by naturality of commutativity. Hence the outside region 

commutes showing Trd = Trd. 

The dimension of an object a is defined by dim a 

dimension of an object have the usual properties. 

Tr la. The trace and 

Proposition 8 Let <!: be a symmetric tensor category with biflLnctor 0 and a duality 

(*, Ll *, * Ll, J*, *J). The following hold for all oby'ects a and morphisms f and 9 of <!:. 

1. Tr(f g) = Tr(g J) 

2. Tr(f 0 g) = Tr(f) Tr(g) 

3. Tr(f*) = Tr(f) 

4- dim (a 0 b) = dim (a) dim (b) 

5. dim (a*) = dim (a) 

These results have been proved in Kassel [24] for ribbon categories. Since a sym

metric tensor category with a duality is a ribbon category with a trivial twist then 

the proposition follows. 

As an example consider the symmetric tensor category of finite dimensional 

complex vector spaces Vectc with bifunctor tensor product and the canonical choice 

51 



of canonical isomorphism. A duality (*, ~ *, *~, 6*, *6) is defined by taking V* as 

the dual space of V, 6,> : v* 0 w f----t v*(w) the right evaluation map on V* 0 V 

and *611 : v 0 w* f----t w*(v) the left evaluation map on V 0 V* where v, w E V and 

~v : k f----t k ei 0 ei and * ~11 : k f----t k Ei ei 0 ei the left and right diagonal maps 

defined with respect to a given basis k E C. Let f : V -+ lV be a linear map. Let 

{ei} and {ej} be bases for V and W respectively then fei Ej fijej. The transpose 

is given by f*e~ fjiej. The trace is given by Trf(k) = k fii which is usually 

thought of as Trf(1) = Ei fii. Finally the dimension is given by dim V(k) klVI 
which gives the dimension of the space when k = 1. 
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hapter 6 

Ring Categories 

The Racah-Wigner calculus is the calculus resulting from the action of the tensor 

product and the direct sum on the collection of irreps for some given group. In 

essence one is interested in a category with two bifunctors, one bifunctor behaving 

like a product and the other like a sum. Such categories are known as ring categories. 

It is the intention of this section to define a ring category and prove its coherence. 

Ring categories are defined and their coherence proved in Kelly [25] and Laplaza 

[27]. A ring category is by nature symmetric. In fact construction of a coherent 

non-symmetric ring category is potentially highly non-trivial if not impossible. The 

bulk of this chapter concerns the proof of the coherence of ring categories. This 

proof is inductive and is an alternative to those of Kelly [25] and Laplaza [27]. 

6.1 Semiring Categories 

A semi tensor category is a tensor category without left and right identity canonical 

isomorphisms. Consequently the only diagram is the pentagon diagram. Moreover, 

these categories and their symmetric counterpart are coherent. In this chapter we 

often omit the subscripts on the canonical isomorphism to simplify the notation. 

The context always indicates what the subscripts will be. 

Definition 20 A semiring category is a 9-tuple (C, ®, EB, ax, a+, 'x, '+, (lr, (lr) where 

(C, ®, ax, 'x) and (C, EB, Ci+, '+) are symmetric semitensor categories and (lr and (l. 
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are natural isomorphisms satisfying the following 

6. Natural Left Distributivity: ()[ : 0(1 x EB) --+ EB( 0 x 0) where 

a0(bEBc) ilCa,b,c) (a0b)EB(a0c) 

7. Natural Right Distributivity: ()c : 0(EB x 1) --+ EB(0 x 0) where 

()l'a be 

(aEBb)0c ") (a0c)EB(b0c) 

These isomorphisms in addition satisfy the following diagrams for all objects a, b, c, d E 

obj( C). The first five of these diagrams we call rectangle diagrams because it is ratio

nal to write them in the following rectangular form where each vertical side composed 

of two distributivity isomorphisms serves to transform between associativity isomor

phisms. 

Rectangle Diagrams: 

Rx: 

(a 0 (b EB c)) 0 d ___ 0 __ ---+) a 0 ((b EB c) 0 d) 

((a0b)EB(a0 c))0d a 0 ((b 0 d) EB (c 0 d)) 

( (a 0 b) 0 d) EB ((a 0 c) 0 d) ---7) (a 0 (b 0 d)) EB (a 0 (c 0 d)) 
oGlo 
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(a ® b) ® (c ED d) __ -.-:a~_4) a (b (c d)) 

a®((b®c) (b®d)) 

( ( a ® b) ® c) ED ((a ® b) ® d) ) (a ® (b ® c)) ED (a ® (b ® d)) 
o$a 

R xr : 

( (a b) ® c) ® d ___ 0'------_4) (a ED b) ® (c ® d) 

((a®c) ED (b®c)) ®d 

( (a ® c) ® d) ED (( b ® c) ® d) ~--> (a ® (c ® d)) ED (b ® (c ® d)) 
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((a EB b) EB c) 0 d) ___ a0_
1
_---+) ((a EB b) EB c) 0 d) 

( (a EB b) 0 d)) EB (c 0 d) (a 0 d) EB (( b EB c) 0 d) 

DrEEll lEElDr 

( (a 0 d) EB (b 0 d) ) EB (c 0 d) a) (a 0 d) EB (( b 0 d) EB (c 0 d)) 

10a 
a 0 ((b EB c) EB d) ------+) a 0 (b EB (c EB d)) 

Dr Dr 

(a 0 (b EB c)) EB (a 0 d) (a 0 b) EB (a 0 (c EB d)) 

DrEEll lEElDr 

( (a 0 b) EB (a 0 c)) EB (a 0 d) a) (a 0 b) EB (( a 0 c) EB (a 0 d)) 
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Nonagon Diagram (N): 

(a ® (c d)) EB (b ® (c EB d)) _"r_EB"_r -+) ((a ® c) EB (a ® d)) ((b ® c) (b ® d)) 

( ( ( a ® c) EB (a ® b)) EB (b ® c)) (b ® d) 

nEB1 

( (a ® c) EB ((a ® b) EB (b ® c))) (b ® d) 

( a b) ® (c EB d) (1EBc)EB1 

( (a ® c) EB (( b ® c) EB (a ® b))) (b ® d) 

nEB 1 

( ( (a ® c) EB (b ® c)) EB (a ® b) ) (b ® d) 

n 

((a b) ® c) EB ((a EB b) ® d) ---+) ((a ® c) EB (b EB c)) EB ((a ® d) (b ® d)) 
llrEB()r 
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Square Diagram (S): 

a ® (b EB c) ----+) (b EB c) ® a 

(a ® b) EB (a ® c) ------+ (b ® a) EB (c ® a) 
effie 

Left Square Diagram (Sl): 

10c 
a ® (b EB c) ----+) a ® (c EB b) 

(a ® b) EB (a ® c) -----c+ (a ® c) EB (a ® b) 

Right Square Diagram (S1.): 

c01 (a EB b) ® c ----+) (b EB a) ® c 

(a ® c) EB (b ® c) -----c+ (b ® c) EB (a ® c) 
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As a consequence ofthe square and left (resp. right) square diagram the right (resp. 

left) square diagram commutes and is redundant. This follows by considering the 

following diagram. 

(eL ® c) (!i (b ® 0) --------------}l (b ® c) (!i (eL ® c) 

,01 
(a(j1b)®c -------+ (b(j1a)®c 

c ® (a (j1 b) -------+ c ® (b (!i a) 
10, 

(C®eL)(!i(c®I') -------::---------}l (c®b)(j1(c®a) 
'61 , 

The inner square and outer square commute by naturality. The left hand and right 

hand side regions are square diagrams. The top region is 8r and the bottom region 

is 81• Hence if 8 commutes then 81 commutes if and only if 8r commutes. 

In a semiring category there is a redundancy among the rectangle diagrams. One 

needs only four of the rectangles, the fifth following as a consequence. In particular 

if the diagrams 81 and 8r commute, then R+l commutes if and only if R+r commutes. 

This is a redundancy not identified in Laplaza [27]. 
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This result follows from the following diagram. 

«a 0 d) E9 (b 0 d)) E9 (e 0 d) ----------------------+1 (a 0 d) E9 «b 0 d) E9 (e 0 d)) 

«a E9 b) 0d) E9 (e0 d) 

,$, 

"18)1 
«a E9 b) E9 e) 0 d ----+ (a E9 (b E9 e)) 0 d 

d 0 «a E9 b) E9 e) ----+ d 0 (a E9 (b E9 e)) 
118)" 

(d 0 (a E9 b)) E9 (d 0 e) 

lEaD r 

(a 0 d) E9 «b E9 e) 0 d) 

,$, 118)('$,) 

(d 0 a) E9 (d 0 (b E9 e)) 

lE!n'J r 

«d 0 a) E9 (d 0 b)) E9 (d 0 e) -----------::------------+1 (d 0 a) E9 «d 0 b) E9 (d 0 e)) 

The inner and outer squares commute by naturality. The two regions on the left 

hand side are Sl and the two on the right hand side are Sr. Hence the side regions 

commute. The top region is R+l and the bottom region is R+r . Thus R+l commutes 

if and only if R+r commutes. 

The functor 0 is called the product bifunctor and the bifunctor EB is called the 

sum bifunctor. Examples of semiring categories are URePG, RePG and Vectrc with 

the bifunctors tensor product and direct sum. 

6.2 Ring Categories 

A ring category has the complication of identity isomorphisms and requires the 

introduction of canonical isomorphisms corresponding to left zero and right zero. 
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Definition A pseudo-ring category is a i3-tuple (C, ®, (lx, (l+, ex, e+, (lr, (l\., [x, t x , 

[+, t+) 1,0) where (C, ®, (lx, (l+, eX) e+, (lr, (lr) is a semiring category and (C, ®, (lx, ex) (x) t x , 1) 

and (C, ED, u+) , [+, t+, 0) are symmetric tensor categories. In addition the natural 

isomorphisms for left and right identity satisfy the following two diagrams 

Left Triangle Diagram (11): 

l®(aEDb) ---t(l®a)ED(l®b) 

Right Triangle Diagram: 

(a ED b) ® 1 _0_< --l-) (a ® 1) ED (b ® 1) 

aEDb 

There is a redundancy of diagrams in the above definition. We can drop 

by the following diagram. 
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(a EB b) ° 1 ----------+) 1 ° (a EB b) 

a0b 

[Ell [ 

(a 01) EB (b 01) ---cEll-c ----+) (10 a) EB (10 b) 

The outside square is S and so commutes. The top and bottom triangles are triangle 

diagrams and by definition commute. The left hand side region is ~. and the right 

hand side region is Tt. Hence Tt commutes if and only if Tr commutes. 

Definition 22 A ring category is a 17-tuple (C, 0, EB, ax, a+, cx, c+, (J[, (Jr, [x, t x, [+, t+, Ot, 

0[,1,0) where (C,0,EB,ax,a+,cx,c+,(Jr,(Jr,[x,tx,f+,t+,1,0) is a pseudo-ring cate-

gory and O[ and Or are natural isomorphisms satisfying the following. 

8. Natural Left Zero: O[ : 00 ---+ 0 where 

Ora 
00 a -------+) 0 

9. Natural Right Zero: Or : 00 ---+ 0 where 

Ora 
a 00 -------+) 0 

The canonical isomorphisms satisfy the following additional diagrams. 
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Trapezium Diagram (Tp): 

(a ® 0) ® b __ (1_----4) a ® (0 ® b) 

o,·®l 

O®b a®O 

~/ 
o 

Left Trapezium Diagram (Tp!): 

(0 ® a) ® b -----t 0 ® (a ® b) 

o ® b ----------+) 0 
Or 

Right Trapezium Diagram (TPr.): 

(a®b)®O --~ a®(b®O) 

O~-----a®O 
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Left Box Diagram (BI): 

l®r 
a®(OEBb) ------+) a®b 

(a 0) EB (a ® b) -----t 0 EB (a ® b) 

Right Box Diagram (Br): 

t®l 
(a O)®b------+)a®b 

(a®b) (O®b)----+(a®b)EBO 

Left Zero-angle Diagram (Ol): 

(a b) ® 0 ----+ (a ® 0) EB (b ® 0) 

Or 

o ~----- 0 EB 0 
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Right Zero-angle Diagram (Or): 

o (a EB b) -----t (0 ® a) EB (0 ® b) 

o +------- 0 EB 0 

Left Mixed Box Diagram (Emi): 

a ® (b 0) __ l®_t_--7l a ® b 

(a® b) (a ® 0) -----t) (a ® b) EB 0 
1E!:lOr 

Right Mixed Eox Diagram (Emr); 

[®1 
(0 EB a) ® b ------*) a ® b 

ti" 

(O®b)EB(a®b) ----+ OEB (a®b) 

65 



Left Contraction (Cl ): 

l@O----~O 

1 

o 
Right Contraction (Cr ): 

O@1----40 

Or 

o 

Zero~angle Diagram (0): 

a@O------40@a 

Or 

o 

There are a number of redundancies. Namely, we can drop the diagrams Tprl 

On en Bml and Bmr because of the following lemma . 

.L.lv ...... u ......... 1 Given a semiring category with left and right zero natural isomorphisms 

then the following statements hold. 

1. Given that the 0 diagram commutes then the commutativity of any two of Tp, 

TPI and TPr implies the commutativity of the third. 

Given that 0 commutes then 0 1 commutes if and only if Or commutes. 
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S. comrn'ldes if and only if B, commutes. 

4. If any two of 0, Bl and Bml are commutative then the third is commutative. 

5. If any two of 0) B, and B m , are commutative then the third is commutative. 

ri. If and 0 commute then C l commutes if and only if C, comrrmtes. 

To prove 1. consider the following diagram. 

-------------+ 0 +----------- a @ 0 

(a@O)@b 
(j ) a@(O@b) 

°r®l 

~11 1°,1 
0 b < (O@a)@b a@(b@O) a@O 

-1 -I 
O@ a@b) 

, 

Or Or 

Or 

The centre region is the hexagon diagram. The outside region is equivalent to 

ororl 1 and oro;l = 1 and hence commutes. The bottom, top left hand and top 

right hand regions are 0 which commute by hypothesis. The top region is Tp, the 

bottom left hand region is TPI and the bottom right hand region is . Hence it 

follows that if any two of these three are commutative then the entire diagram is 

commutative and the result follows. 
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To prove 2. consider the following diagram. 

(a EEl b) ® 0 ----------7) 0 ® (a EEl b) 

0,· o[ 

o 

(a ® 0) EEl (b ® 0) ---------7) (0 ® a) EEl (0 ® b) 
eElle 

The outside region is the square diagram and so commutes. The bottom and top 

regions commute because 0 commutes. The left hand region is Or and the right 

hand region is Oz. Hence Oz commutes if and only if Or commutes. 

To prove 3. consider the following diagram. 
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(0 EB a) 0 b -----------+) (a EB 0) 0 b 

0/a0b) ) (a0b~0 

/~rffil IffiO:~ 
(00 b) EB (a 0 b) ----------+) (a 0 b) EB (00 b) 

The outside region is S, the bottom trapezium is a natural diagram and the top and 

bottom triangles are T; all of these commute. The left hand region is Bl and the 

right hand region is Br. Thus Bl commutes if and only if Br commutes. 

To prove 4. and by symmetry 5. consider the following diagram. 
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a (if) b --,,---------------------4 b a 

I®l 

1 

o E9 a@b)-------+)OE9(b@a) 

a ® b ------------------------7 

The outside region trivially commutes. The top and bottom regions commute by 

naturality. The inner top square is S and so commutes. The inner bottom square 

is 0) the left hand side region is Bl and the right hand side region is Bml . Hence if 

any two of 0, B/ and Bml are commutative then the whole diagram commutes and 

the result follows. 

To prove 6. consider the following diagram. 
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10 0 ~------------1- 001 

Or 

1 o 1 

100 -------------1-) 00 1 

The outside region trivially commutes. The top region is 0 and the bottom re

gion is both of'these commute. The lef't hand side region is Cl and the right hand 

side region is Cr. Hence C l commutes if' and only if' Cr commutes. 

6. 

A category with a tensor or ring structure generates isomorphic objects freely 

through its bifunctor(s). The consistent identification of' such isomorphic objects 

through natural isomorphisms is a property called coherence. Before verifying co

herence for the bifunctor structures of this chapter one needs to make the notion of 

coherence precise. We achieve this by utilising the notion of a binary tree already 

introduced in the previous chapter. Let (C, 0, ... ) be a tensor or ring category pos

sibly supplemented with the prefixes symmetric, pseudo of semi. Let F c {0, EB}, 

F non-empty and Q c {sym, id, zero}. Define the category Bp( Q) as follows. The 

objects are finite binary trees with internal and principal vertices labelled by bi

functors from the set F. The terminal vertices maybe labelled with 0 if EB E F 

and id E Q or if 0 E and zero E Q, or with 1 if 0 E F and id .E Q. Let m 

be the remaining unlabelled terminal vertices. Each remaining vertex is labelled 

with a distinct element of the set {-l' ... , -m}' The length of' an object is defined 

to be m and we call such an object an m-vertex. The arrows of' Bp(Q) are formal 

and parallel the natural isomorphisms of' the bif'unctor structures. Let 0 E F and 
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B l ) B2) B3) B4 represent binary tree fragments found in BF(Q). The arrows of the 

category are freely generated by the following list of primitive arrows: 

1. The identity arrows are in BF(Q). 

2. The following are arrows. 

3. If F = {EB, (8)} then the following are arrows. 

Bl B3 B2 B3 
\t l.!' \t l.!' 

(8) (8) 

~/ 

4. If sym E Q then the following is an arrow. 

5. If id E Q and e denotes the identity for 0 then the following are arrows. 

e Bl Bl e 
\t l.!' Bl \t l.!' 

0 -t 0 
-t B2 -t 

B2 B2 
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6. If zero E Q and ® E F then the following are arrows. 

A diagram of Bp(Q) is a finite graph whose edges are primitive arrows and 

vertices are objects of Bp(Q). A polygon is a connected diagram such that each 

vertex is at the junction of exactly two edges. A polygon that has had a connected 

section removed is called a chain. The choice of F and Q mimics the bifunctor 

structure on a. If a is tensorial then F = {EB} or F { ® }. If a is ring then F = 
{ EB, ® }. The set Q qualifiers the structure, semitensor implies Q 

Q {id}, semiring implies Q = {sym}, pseudo-ring implies Q 

0, tensor implies 

{ sym, zero}, ring 

implies Q {sym, id, zero} and the symmetric qualifier adds sym to Q. 

The category Bp(Q) gives the structural frame for diagrams in a through the 

following functor 

00 

[ ]: Bp(Q) --+ funct(EB am, a) (6.1) 
m:=:O 

where objects B H [7r_]B with some of the terminal vertices already filled and is 

a natural and obvious extension of section 5.5. The permutation 7r is determined 

by the order of {-ll ... , -m} reading left to right. The arrows map to the obvious 

natural isomorphisms of the bifunctor structure. Let D be a diagram for Bp(Q) 

and B an m-vertex of D. An iterate of B is [7rCl, ... , cm]B for (Cl, "', cm) E am. Two 

examples are Cl EB (0 ® 1) and (Cl EB ((C5 EB C4) ® (C3 ~))) ® 1. Let d be an edge 

of D whose domain is an m-vertex. An expansion of d is the natural isomorphism 

[7rCl, ... ,cm ]B H [7rd]B[1fCl, . ..,cmlB ' All expansions are composed ofbifunctors from F, 

identities and exactly one isomorphism resulting from a natural isomorphism of the 

bifunctor structure. Two examples are (lcI ® O(3)C2)C5) lq and lc2 EEl (( (10 EEl CC3lC4) ® 

lcJ ® 11)' 

Definition 23 A category a with a bifunctor structure is coherent if every diagram 

of Bp(Q) under the functor [ ] commutes in a. 
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Since each diagram can be viewed as a collection of connected diagrams and each 

connected diagram as a family of polygons then we have the following useful lemma. 

'C',L1,".LU.a. 2 A category C with a bifunctor structure is coherent if and only if every 

polygon of BF(Q) under the functor [ ] commutes in C. 

Senl.iring Categories 

We have the following coherence result From Mac Lane [29, 30] for semitensor cat-

Theorem 4 A category with a bifunctor and a natural isomorphism for associativity 

is coherent if and only if the pentagon diagram holds for all objects of the category. 

Furthermore, if this category has a natural isomorphism for commutativity then it 

is coherent if and only if the pentagon and hexagon diagrams hold. 

We now come to the main result of this chapter. The proof of this result follows 

the approach taken in Mac Lane [29]. 

Theorem 5 A category with product and sum bifunctors and natural isomorphisms 

for associativity, commutativity and left and right distributivity is coherent if and 

only if the nonagon, pentagon, hexagon, four rectangle (Rx, RXlJ Rxr and either of 

R+l 01' R+r ) and two square (S and either of SI or Sr) diagrams commute for all 

objects in the category. 

Proof: Proof is by induction on a suitably defined polygon rank. Define the rank 

for a vertex to be the maximum number of applications of distributivity expansions 

possible to bring a given vertex into the form Al EEl (A2 EEl ... (An- l EEl An) ... ) where 

each Ai ali 0 (a2i 0 .... 0 (ani-Ii 0o,nii) ... ) and the aij are the objects of C that 

make up the iterate. Given a polygon we define its rank to be the maximum of its 

vertex ranks. The proof hinges on the fact that an application of an expansion of 

distributivity on a vertex reduces rank. 

When n = 0, the polygon involves expansions of a and c only. The objects Ai are 

iterates of 0 and form a semitensor category with EEl. For these diagrams natural 
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isomorphisms with respect to different bifunctors commute (by naturality). Hence 

polygons of r~nk 0 commute by theorem 1. Suppose we are given a polygon with m 

vertices and of rank n. Let the vertices be labelled in order as ai, a2, ... , am. We will 

nest this polygon in a polygon of rank n - 1. The two polygons are connected by 

distributivity expansions connecting each vertex of the rank n polygon to a vertex in 

the rank n -1 polygon in such a way that each connecting diagram is commutative. 

Using the induction hypothesis we conclude that the given polygon is commutative. 

The rank n - 1 polygon is constructed as follows: for each edge of the hypothesised 

polygon, connect each terminal vertex to a new vertex of rank less than n. Using 

an expansion of distributivity construct a chain of rank less than n connecting these 

two new vertices such that the diagram formed is commutative. The diagram con

structed is as follows. 

di 

biH ~ ... +------ bi 

The di's are expansions of distributivity and the bi's are vertices of rank less than n. 

If ai has rank n then take di to be the outermost expansion of distributivity nearest 

the left hand end of the iterate ai. Otherwise we take di = 1. Hence we have defined 

the d/s and b/s. It remains to consider the possible choices of Ii and to construct 

for each a chain connecting bi to biH such that the diagram formed is commutative. 

We can assume with out loss of generality that li is an expansion of a, c, (l[ or (lr 

and that the rank of aiH is less than or equal to the rank of ai. If rank ai < n then 

we complete the diagram as 
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ai+l ai 

11 11 
bi+! ( 

/; 
bi 

Suppose now that rank ai - n. If Ii modifies a different section of vertex (or 

iterate) than di ) and fi does not change the rank of ai, then Ii and di commute by 

naturality. We complete the diagram as 

The II is the expansion related to fi that makes the diagram commutative. Now 

suppose that Ii and di modify the same section of the iterate ai. If rank ai+l < n 

then fi is an expansion of distributivity. If di is outermost we take di = fi and 

complete the diagram as 

Otherwise the vertex ai is of the form (A EB B) ® (C D) for A, B, C, D sub

iterates. Moreover, Ii ur, di = (l1: and di+l L We complete the diagram using 

the nonagon diagram. If rank ai+l = n then fi is an expansion of a or c. Suppose 

first that Ii is an expansion of c. The vertex ai is of the form A ® (B EB C) or 

(A EB B) ® C where A, B, C are sub-iterates. Moreover, Ii is c, 1 ® cor c ® 1 and di 

is ur or (It. Thus di+! is (lr or (lr because it is an expansion of outermost distributivity. 

Hence we can complete the diagram using one of the defining diagrams. The above 

construction follows through similarly for Ii an expansion of a, where the rectangle 
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diagrams are used in place of the square diagrams. This completes the proof. 

Note that the proof requires the nonagon diagram even if commutativity is re

moved from the hypothesis of the theorem. The nonagon diagram requires a com

mutativity natural isomorphism. Hence the possibility of constructing a coherent 

non-symmetric ring category appears to be highly non-trivial if not impossible. 

6.5 Coherence of Ring Catergories 

The goal of this section is to derive the coherence results for ring categories corre

sponding to those derived earlier for semiring categories. The coherence of symmet

ric and non-symmetric tensor categories is addressed in Mac Lane [30]. We extend 

coherence of tensor categories in the following proposition which is required for the 

main coherence result of this section. 

Proposition 9 Given a category 0 with bifunctor 0 that contains a zero object 0 

and natural isomorphisms for associativity, left and right identity and left and right 

zero: 

1. Category 0 is coherent if and only if the P, T, Tp, TPI, Tp1'! 0 1 and 01' 

diagrams commute. 

2. If category 0 possess a commutativity natural isomorphism, it is coherent if 

and only if the P, H, T, Tp, TPI, 0 1, 01' and 0 diagrams commute. 

We prove 2. and then 1. follows by removing those parts of what follows pertaining 

to commutativity. The proof follows that of theorem 1, except this time the rank 

of a vertex is the maximum possible number of iterates required to reduce a vertex 

to one without any zeros. Hence we need to construct for every diagram of rank n 

a diagram of rank n - 1 that by the induction hypothesis commutes and so implies 

the rank n diagram commutes. We employ the same construction technique with 

the di's expansions of Or or 0t. Without repeating the details, we note that the 

trapezium diagrams are used when fi is an expansion of a, the zero-angle diagram 

when fi is an expansion of c, and the left and right contraction diagrams when fi is 

an expansion of ( and t. 
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Theorem 6 Suppose we are given a category with bifunctors EB and 09; identities 

o and 1; and natural isomorphisms for associativity, commutativity, left and right 

distributivity, left and right identity and left and right zero. This category is coherent 

if and only if the diagrams N, P, H, T, 4R's, 2S's, II, Tp, TPI, E l , Gl , 0 and Oz 

hold. 

We prove this result by extending the proof of theorem 5; using proposition 9 in 

place of theorem 4. To complete the proof then, we need only construct chains 

from bi to bi+1 such that the diagram created is commutative for h an expansion 

of identity or zero. Recall that the d/s are outermost expansions of distributivity 

and that ai is the iterate A 09 (E EB G) or (E EB G) 09 A where A, E and G are 

sub-iterates. Suppose fi is an expansion of [then ai is 109 (A EB E), A09 (0 EB E) or 

(0 EB E) 09 A. All three reduce rank by at least one so dHl = 1 and the diagram is 

completed using the left triangle, the left box or the right mixed box diagrams. A 

similar construction works for fi an expansion of t. Suppose fi is an expansion of 

Or, then ai is 009 (A EB E). As before di+1 = 1 and we can complete using the left 

zero-angle diagram. For fi an expansion of Ot a similar construction results. This 

completes the proof. 

6.6 Ring Functors and Naturality 

The definition of ring category functors and natural ring transformations is an ob

vious extension of tensor functors and natural tensor transformations (in section 

4.3). 

Definition 24 let (Gi , 09i, EBi, nix, nH, "ri, "ti, [ix, tix, [H, ti+, Ori, Oti, Ii, Oi) be a ring 

category for each i = 1,2. A ring functor is a 5-tuplet (F, ¢x, ¢+, 'ljJx, 'ljJ+) such that: 

and the following diagrams commute: 
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F(a) 02 (F(b) EB2 F(c)) lJ
C2F

(a)'F(b),F(C) (F(a) 02 F(b)) EB2 (F(a) 02 F(c)) 

F(a) 02 F(b EB1 C) F(a 01 b) EB2 F(a 01 C) 

F(a 01 (b EB1 C)) ----------7) F((a 01 b) EB2 (a 01 C)) 
F(lJCl a,b,cl 

A similar diagram holds for Dr; 

OC2F(a) 
02 02 F(a) -----------7) O2 

F(01) 

A similar diagram holds for Or. 

The notion of a natural ring transformation leads to that of natural ring isomorphism 

and ring equivalence. 

Definition 25 A natural ring transformation 'T] between ring functors (F, ¢x, ¢+, 'l/Jx , 'l/J+) 

and (F', ¢'x, ¢', 'l/J~, 'l/J~) is a natural transformation 'T] : F ----+ F' such that 'T] is both 

a natural tensor transformation between (F, ¢x, 'l/Jx) and (F', ¢'x, 'l/J~) and a natural 

tensor transformation between (F, ¢+, 'l/J+) and (F', ¢~, 'l/J~). 
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An important example ofring equivalent categories are the ring categories (Repc, 0, EEl, ... ) 

and (C[G] - Mod, 0, EEl, ... ). 
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acah-Wigner C 

Category theory provides a powerful tool when employed to describe the Racah

Wigner calculus. The result is a mathematically rigorous calculus that clarifies and 

simplifies the construction of matrix elements and recoupling coefficients and the 

relationships and properties of the Racah-Wigner calculus. This chapter defines the 

Racah-Wigner category of a group G as a full ring subcategory of the ring category 

of unitary representations of a group G freely generated by a complete collection 

of isotypical irreps. Note that the constructions of this chapter are not dependent 

on the unitary nature of the representations. In other words the Racah-Wigner 

category can be generalised to all representations and is constructed in exactly 

the same way as the unitary case. Next we introduce projection and inclusion 

morphisms which are products and coproducts with some additional structure. A 

special class of projections are the coupling morphisms which explicitly decompose 

a tensor product of two isotypical irreps into a direct sum of isotypical irreps. The 

choice of coupling morphisms is arbitrary but necessary in order to construct matrix 

elements and recoupling coefficients. These are constructed in the later parts of this 

chapter. The existence of a complete set of couplings is dependent on the group 

G. Completeness is only guaranteed for reductive groups. Finally we introduce a 

procedure known as diagram projection that constructs the constraint conditions 

of recoupling coefficients. Two important examples are the pentagon and hexagon 

equations. 

81 



7.1 Definition of the Racah-Wigner Category 

The Racah-Wigner calculus is intuitively thought of as an algebra whose elements 

are unitary representations and whose binary operations are the tensor product and 

the direct sum. However, the collection of unitary representations for a group is a 

ring category and not an algebra at all! Moreover, every object is only determined 

up to isomorphism. In order to perform computations one has to make a choice of 

object for each isomorphism class. Consequently, in order for the Racah-Wigner 

calculus to be computationally robust one must remove such qualifications as 'up 

to isomorphism' or 'up to a phase factor' by making a suitable choice of isomorphic 

object for each isomorphism class. The first step to a remedy is the concept of an 

isotypical irrep. Recall in chapter two that all irreps are required to be finite which 

excludes infinite dimensional irreducible representations. This restriction is needed 

to construct a suitable duality on irreps. Recall the following important definition 

from chapter two. 

Definition 26 We define a set of isotypical irreps to be a set IrrG satisfying the 

following: 

1. If V is an irrep of G then there exists a unique A E IrrG isomorphic to V. 

2. 0,1 E IrrG. 

As a convention Greek letters are used to label the isotypical irreps. We can now 

define duals and conjugation on the isotypical irreps without the 'up to isomorphism' 

qualification as follows. Let A E IrrG then define A * (resp. .\) to be the unique 

representation in IrrG isomorphic to the dual (resp. conjugate) representation of A. 

Hence if A is self-dual (resp. self-conjugate) then A* = A (resp . .\ = A). Finiteness 

of irreps gives A ** = A. 

We denote the ring category of unitary representations by RURepG = (URepG, 0, EB, u, c, u, 
There is a canonical choice of natural isomorphisms for this ring category defined 

by the following list: 

Ua ,t3,J: (a 0 b) 0 c H a 0 (b 0 c) 

82 



Ca ,j3 : a 0 b f---7 bOa 

[j3 : eO b f---7 b 

to' : a 0 e f---7 a 

(l[a,j3,1' : a ® (b EEl c) f---7 (aEElb)®(aEElc) 

(lca,j3,1' : (a EEl b) ® c f---7 (a EEl c) ® (b EEl c) 

o[j3 : 0 ® b f---7 0 

Oca : a ® 0 f---7 0 

where a E O!, b E {J and c E '"Y. This choice of natural isomorphisms we call the 

canonical choice and is independent of all basis choices for the underlying repre

sentation spaces. Note that the this choice does not make RURePG strict but 

nevertheless is just as good as we shall see. 

Define a statement of isotypical irreps in RURePG to be any binary bracketed 

finite bifunctor product constructed from IrrG using the tensor product and direct 

sum bifunctors. An example is ((A EEl p,) ® v) EEl (a ® p). 

Definition 27 The Racah-Wigner category RW G is defined to be the full ring sub

category ofRURePG with the canonical choice of natural isomorphisms whose object 

set is the set of (finite) statements freely generated over the isotypical irreps. 

Every representation of the Racah-Wigner category for a reductive group is decom

posable. Conversely, every finite representation of a reductive group is isomorphic 

to some object of RW G. 

7.2 Projections, Inclusions and Con1.ponents 

Being able to project out an irrep plays a central role in the Racah-Wigner category. 

It allows one to obtain the components of a morphism and hence the matrix elements 

of the morphism. In RW G we require procedures for projecting out the components 

of the bifunctor products A EEl P, and A ® p,. In the former case there is a canonical 

projection which has the universal property of an associated product. In the latter 

case one has to give a complete set of coupling morphisms which is the subject of 
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the next section. The canonical projections for )'1 EB A2 are 7fi : Al EB A2 ----+ Ai where 

i = 1,2 defined for all vectors Ui E Ai by 7fi(U1EBu2) = Ui. Thus {7fih=1,2 is a product 

with association for Al EB A2' The associated inclusions are given by 7r1 U1 = U1 EB 0 

and 7r2U2 = 0 EB U2. Thus the canonical decomposition for the direct sum has the 

properties 7fi7rj = 6ij hi and L:i 7ri7fi = h 1Ell),2' The component morphisms of any 

morphism! : Al EB A2 ----+ /-L1 EB /-L2 determined by projecting out are given by the 

commutativity of the following diagram. 

Ai ----7) /-Lj 
Iji 

The components of ! are iJi = 7fj !7ri and are orthogonal if !ji = 0 whenever i #- j. 

The component morphisms of ! when projecting in are 7rjiJi7fi. The original mor

phism can be reconstructed as ! = L:ij 7rj!ji7fi and ifthe components are orthogonal 

as ! = EBi iii. 
The two component canonical projection for the direct sum extends to state

ments with n summands. Let [aI, ... , an]B be the binary tree representation of an n 

summand statement. The n components are projected out according to the brack

eting. Denote the induced canonical projections by 7ff : [a1,"" an]B ----+ ai. I~ Every \ 

statement of isotypical irreps in RW G can be projected into a collection of tensor 

product statements. I This is best seen by considering the binary tree representation 

of a statement: Start at any internal vertex corresponding to direct sum. Project 

out each upper branch attached to this vertex and re-attach each to the lower vertex 

to form two binary trees. This is depicted in the following diagram. 

1 2 
\t Ii 

EB 
-t 
3 

1 2 

1 1 
3 3 

We do this for each internal vertex corresponding to a direct sum. If there are 

n of these vertices then 2n binary trees result. This process of projection is inde-
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pendent of the order in which the internal vertices are taken. Thus every object 

of the ring category RW G can be projected into the projected Racah-Wigner cate

gory defined to be the full subcategory of RW G whose objects are those statements 

constructed solely by tensor product. This category is a symmetric tensor category 

which we denote by 7r RW G. Hence every statement of RW G can be viewed as a 

collection of statements from 7rRW G. Often in what follows we will work in 7rRW G 

for which the statements are not complicated unnecessarily by direct sums. 

7.3 Coupling 

The concept of coupling is the key to the Racah-Wigner category. It allows one 

to construct the computationally important morphisms of the category. Moreover, 

the recoupling coefficients arise as a result of coupling. The key property of these 

couplings is the universal property of products and coproducts. 

Definition 28 Given two isotypical irreps f.L and v a coupling is a product {pi : 

f.L ® v -+ Ai} of projections with an association, of f.L ® v such that I:i PiPi = 1/10Y • 

Each projection is called a coupling morphism. 

Recall that a projection is called orthogonal if PiPj = 0 whenever i # j. Since 

a coupling is minimal then the number of projections in the coupling is given by 

I:AEIrra m~·y. Let B be a binary tree of this size. Then the mapping [EBJBpi[6..l;~L_]B : 

f.L ® v -+ [EBi]B Ai is an isomorphism. Denote this mapping by [EBiPi]B. The iso

morphic nature follows from the following commutative diagram. 
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Since ~djiPi is invertible then [EBi PilB is invertible and its inverse is glven by 

composing the arrows around the right hand side and top of the diagram. By the 

definition of a coupling ~djiPi = 1. Thus the inverse is ~l!U[EBilBpi_lB. This we 

denote [~iPilB. 

A coupling {Pi}i has the property that there are exactly m~'v projections onto 

A. Hence we represent a coupling by {Pk.xh,.x where A E TrrG and k = 1,2, ... , m~·v. 

The coupling is represented by the following diagram. 

Whenever the meaning is clear the arrow is sometimes just labelled by the multiplet 

label k. Suppose we have a second coupling {qlaha for p,®v then the transformation 

between the two couplings is given by: 

A -----------+) (J 
QlaPkA 
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Schur's lemma implies qlu'Pk).. = 0 whenever (Y #- A and for fixed A the matrix of 

components given by (qv..f5k)..hl is non-singular. The induced isomorphisms are re

lated by the following diagram. 

A complete set of couplings is a collection of couplings such that for each product 

fJ 01/ of isotypical irreps there is a unique coupling {p~;Jh,).. in the collection. Thus 

for any statement of isotypical irreps one can decompose any product of two irreps 

in the statement using a unique coupling. Using the left and right distributivity 

to re-arrange bracketing between the products and sums, the statement can be 

uniquely decomposed into a direct sum of isotypical irreps. This is the mechanism 

behind the widely known result Repc rv flIrrG Vectc. The Racah-Wigner category 

requires a complete set of couplings as a reference frame for the morphisms of the 

category. This is analogous to a vector space requiring a basis order to write linear 

transformations as matrices. A Racah-Wigner calculus may be characterised as the 

Racah-Wigner category together with the choice of a complete set of couplings. 

Consider a function f : a 0 (3 -+ ,0 6' then the components ik)"lp, define the 

morphism corresponding to f for a given direct sum decomposition by the commu

tativity of the following diagram. 

f 
a 0 (3 ------+) ,06' 

[= a'fJ]B1 1[1T\ "(.olB' =k>. Pk>' <:DIp. Pm" 

[EBk>.lB A B' B) [EBltLlB' fJ 
[Eak>'ll.] fk>'lp. 

morphism Bi [EBk)"ltL]B fk)"ltt : [EBk)..]B A -+ [EBltL]B' fJ is the matrix of represen

tation of f with the kA, lfJ entry given by component morphism fk)"ltL taking the 
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kth multiplet of A to the lth multiplet of J1. Note that by Schur's lemma .ik)'lJ1. = 0 

whenever A =1= J1 and hence B'[EBk)'lJ1.l B fk)'lJ1. = B'[EBk)'llB fk)'l)" 

7.4 Dirac Notation 

The formulation of the Racah-Wigner calculus has been basis independent so far. 

However, Dirac's bra ket notation depends on a basis so we generalise the Dirac 

notation to reflect this independence. A representation a is written as the ket la), 

its conjugate a is written as the ket la) and its dual a* is written as the ket la*) 

and identified with the bra (al because in the standard Dirac bra ket notation if 

'0 E a then (~I E a*. A morphism f : a ----+ b between two representations a and b is 

written (blfla). The ordering of a and b is important because if 9 : b ----+ c then the 

morphism 9 f is given by 

(clgfla) = (clglb)(blfl a) , (7.1) 

obtained notationally by contracting Ib) (bl = 1. If a basis is given for the represen

tations then inserting basis labels transforms the morphisms into matrix elements 

and gives the usual Dirac notation for matrix multiplication: 

(cklgflai) = L(cklglbj)(bjlflai ) . 
j 

(7.2) 

A projection morphism from a to A is written (Ala) and the associated inclusion 

(Ala) is written as (alA). Note that there is potential for ambiguity so one may 

need to add primes or multiplet labels to distinguish between different projections. 

In particular a coupling morphism p~;: from a complete set of couplings {p~;:h). is 

written (kAIJ1.lI). Usually a comma is used instead of a point but since the tensor 

product is a product and not list-like it makes more sense to use the point. The 

comma will be reserved for the direct sum which is not unlike a list. 

7.5 Recoupling 

Recoupling concerns the isomorphic relationship between different statements of 

7rRW G. Recoupling concerns the permutation and rebracketing of isotypical irreps 
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in finite statements. Consider a statement of length n called an n-statement. One 

can permute the isotypical irreps; the set of which forms the nth symmetric group 

Sn. The rebracketing group Bn is defined to be the collection of all bijections on the 

set of possible rebracketings of n isotypical irreps. If one labels the set of possible 

bracketings from 1,2, ... , Cn where Cn is the nth Catalan number then Bn ~ Sen' The 

nth recoupling group is then given by Rn = Bn x Sn. The size of these groups are 

given by ISnl = n!, IBnl = cn! and hence IRnl = n!cn !' We can now define recoupling. 

Definition 29 An n-recoupling scheme is any faithful action p of the nth recoupling 

group on the set of n-statements of 7f RW G. For each l' E Rn the bijection p( 1') is 

called an n-recoupling. 

A recoupling scheme is given by a collection {n-recoupling scheme}nEN. The canon

ical choice of n-recoupling scheme is the unique scheme generated by the canonical 

isomorphisms of 7fRW G. Conversely if the action is natural with respect to the 

tensor product bifunctor then it provides an alternative choice of canonical isomor

phisms for 7fRW G. From this point forward a recoupling scheme will mean the 

canonical choice. A straightforward induction argument on labelled binary trees 

shows that recouplings are generated by 1, " ,-1, a and a-i. The following dia

grams correspond to cyclic permutation of 3-statements. 

(a.f3)., 

/~ 
(,.a).f3 +-( --C-11 -- (f3.,).a 

f3.('.a) ---n-c -----t) ,.(a.f3) 

These diagrams give (ea)3 = 1 and (ae)3 = 1. Hence by either relation a-I = eaeae. 

Since ,-1 = e then every recoupling is generated by 0, 1, e, a. Hence the following 
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two recouplings form the building blocks of all recouplings: 

1. Associative recoupling given by natural associativity (O'.0(3)&ry rv 0'.0((30,,/). 

2. Commutative recoupling given by natural commutativity 0'.0 (3 rv (30 o'.. 

The remainder of this section characterises the action of the recoupling group Rn 

on n-statements for n = 1,2,3,4. We begin by considering the action of Sn first on 

a given binary bracketing. The symmetric group Sn is generated by a transposition 

and an n-cycle. This gives one some freedom to choose generators whose represen

tations require a minimum number of canonical isomorphisms. The following table 

gives the minimal generators for Sn on a given binary bracketing. 

n binary bracketing permutation from Sn canonical representation 

1 1 1 

2 (12) c 

3 1 ~ C.·)., (12) c.1 

(123) en 

2 ~ ·.C.·) (23) 1.c 

(132) ac 

4 1 ~ (( ... ) .. )., (12) (c.1).1 

(1432) ca(a.1) 

2 rv ( •• ( ••• ))., (23) (1.c).l 

(1432) ( a.1)en 

3 ~ ( ... ).( ... ) (12) or (34) c.1 or 1.c 

(1423) a(c.1)ca or ac(1.c)a 

4 ~ ·.(C.·).·) (23) 1.(c.1) 

(1432) ac(1.a) 

5 ~ .. ( .. ( ... )) (34) 1.(1.c)) 

(1432) (1.a)ac 

The binary bracketings in the above table have been given labels. Thus we can 

identify Bn with Sen' The next table gives generators for Bn. 
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n permutation from En ~ SCn re br acketing canonical representation 

3 (12) 1 H 2 a 

2 HI a-I = eaeae 

4 (12) 1 H 2 a.1 

2 HI a-I.1 = (caeae).l 

(12453) 1 H 2 a.1 

2H4 a 

4H5 1.a 

5H3 a-I = eaeae 

3H 1 a-I = eaeae 

Note that the representations comprising (12453) come from the pentagon diagram 

which is equivalent to (12453)5 = lor a2 = (a.1)a(1.a). We write the representations 

as ordered en-tuples where the ith entry is the natural isomorphism corresponding 

to the action on the ith bracketing. The component of the tuple is also called a 

recoupling. The generators of Rn for n = 1,2,3,4 are as follows: 

n generators for En X SCn n-recouplings 

1 (1, 1) 1 

2 (1, 1) 1 

(1, (12)) e 

3 (1, 1) (1, 1) 

(1, (12)) (e.1,1.e) 

(1, (132)) ((ae)2, ae) 

((12),1) (a, a-I) 

4 (1, 1) (1,1,1,1,1) 

(1, (23)) ((a-I (1.e)a).l, (1.e).l, a-I(1.(a(e.1)a-I))a, 1.(e.1), a(e.1)a-I) 

(1, (1432)) (ea(a.1), (a.1)ea, a- I (l.a)aea,ae(l.a), (l.a)ae) 

((12),1) (a.1, a-I.1, 1, 1, 1) 

((12453),1) (a.1, a, a-I, 1.a, a-I) 
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7.6 Recoupling Coefficients 

Recoupling coefficients are computationally important components of the Racah

Wigner calculus. These components are constructed by coupling to the isotypical 

irreps. This construction requires the specification of a complete set of orthogonal 

couplings. Given such a set one can project out the components of a recoupling 

obtaining its recoupling coefficients. Every recoupling is generated by 1, @, a and 

c and hence so is every recoupling component. Firstly we construct associative and 

commutative recoupling coefficients which generate all other recoupling coefficients. 

The associative recoupling projects outside according to the following diagram. 

(a@(3)@,--Il-----t)a@((3@,) 

(m"I"·~)®l, 1 l'a®(nVI~") 
p,@, a@v 

(kAl"·,)1 1 (/Aln.v) 

,X ----------+) ,X 
(a. ((3.,,( )nv;l>-I (a.(3)m/-!.,,(;k>-) 

The notation for the recoupling coefficient labelling the bottom arrow of the above 

diagram is basically that of Butler [7]. To represent the binary tree structure of 

statements and the process of projecting outside we introduce the following nota

tion for the associative recoupling component. 

nv 

a 

(<Y. (iJ.1' )nv; 1,\ I (a·iJ)mfl.:y; k'\) = \ 

((3 (a (3) , ) 
mp, , 

k,X l,X 

By Schur's lemma every recoupling component is a multiplicative factor times the 

identity 1,>.. This factor is called a recoupling coefficient and is represented by the 

same symbol as the recoupling component. 

For commutative recoupling the recoupling coefficient is defined by the following 

diagram. 
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O! ® (3 ---~) {3 ® O! 

('-"".~Il 1 (1A1~·"1 
A -------*) A 

(!'1.ai1..\la.!'1ik..\) 

Similarly as before we introduce the following notation for the commutative re

coupling coefficient. 

O! (3 ) 
ZA ) 

A primitive recoupling statement R is any recoupling statement composed from 1, 

0, a and c such that a and c appear no more than once and never in the same state

ment. Every recoupling is a composition of primitive recouplings. The minimum 

number required is called the degree of the recoupling. Moreover, every primitive 

recoupling coefficient is either an associative or a commutative recoupling coeffi

cient. Let A, B, C, D be finite statements. The primitive recouplings divide into 

three non-embedded types: 

1. lA A --------4-) A 

2. CA,B 
(A ® B) ----+ (B 0 A) 

3. (A ® B) ® C Il
A

,B,O) A ® (B 0 C) 

The remaining properly embedded primitive types are generated by either a type 

(2) or a type (3) through ® with finitely many type (1) non-embedded primitive 

recouplings. We illustrate how the recoupling coefficients simplify by an example. 

Let P~a represent the composition of couplings projecting out the ath component of 

O! according to the bracketing of isotypical irreps in the statement A. 
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1 ,pf, 1 l"p~ 
(a.({3.'Y )nVil>-1 (a.{3)mj1..'Yik>-) .1p 

A0p ) A0p 

(,pIA.p) 1 1 (UffIA.,) 

(a. ({3.'Y )nVil>-1 (a.{3)mj1..'Yi k>-) 
a -------------+) a 

The top square commutes by naturality of u. The next is the definition of the 

associative recoupling coefficient. The third commutes since the tensor product is a 

bifunctor. The final square commutes by linearity of recoupling coefficients. Note 

that the recoupling coefficient labelling the bottom arrow is viewed as a multiplica

tive coefficient. Thus the recoupling coefficient is given by: 

((Aaa).( (BbfJ). (Cc,)nlJ) .lA. (Dsp); UO'I (Aaa). (BbfJ)mfL. (CC,)kA. (Dr p); to') 

= (1! (1! (f3 nv 1') (1! mil. f3) l' 1') 
lA kA 

Similar expressions hold for all other types of primitive recoupling coefficients. Fi

nally the composition of two primitive recoupling coefficients is given by summing 

over all internal labels in the ket of the left hand coupling coefficient common to 

those internal labels of the right hand recoupling coefficient in the bra. 
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7.7 Diagram Projection 

This section formulates the rules for the projection of recoupling diagrams onto 

recoupling component diagrams. In other words this section extracts recoupling co

efficient equations from recoupling diagrams. The process of obtaining a recoupling 

equation from a diagram is called diagram projection. A recoupling diagram is taken 

to be any closed polygon formed from recouplings. A recoupling diagram is called 

primitive if it is constructed from primitive recouplings. Projection of an n vertex 

diagram gives rise to an algebraic equation with exactly n recoupling coefficients. 

Each arrow gives rise to a recoupling component. Every recoupling diagram can 

be changed into a primitive recoupling diagram by replacing each recoupling by a 

product of primitives. The rules for diagram projection of a primitive recoupling 

diagram are as follows: 

1. Cut the diagram at any two vertices (possibly the same vertex). 

2. Represent each primitive recoupling (arrow) by its projected recoupling coef

ficient. 

3. Compose each recoupling coefficient from right to left. 

4. Sum over all internal labels (reading left to right) that appear first in a ket 

and last in a bra. 

5. Equate the recoupling coefficient expressions obtained. 

Note that one never sums over labels appearing in the bra of the first coefficient nor 

the ket of the last coefficient. If the diagram was only cut at one vertex then the 

recoupling coefficient expression obtained is equated to one. 

Recoupling diagrams corresponding to naturality transformations gIVe trivial 

recoupling equations. That is, each side of the equation is just a reordering of coef

ficients (which commute). All other diagrams give rise to recoupling equations that 

place constraints on the recoupling coefficients. Next is presented a list of some 

important low order recoupling equations. 
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Symmetry Equation: (,2 = 1) 

2( ((3 If a a kf (3) (a PA (3 

Pentagon Equation:(a2 = (1.a)a(a.l)) 

a (~ v) 

~( a s¢ 

w~ 

A (, 0) 

. ( A mv 

n~ 

mv 

sep 

qry 

Hexagon Equation:(aca(c.l) = (1.c)a) 

(a kA (3) v V) 

n~ 

(A pry 1') J J) 
u~ 

«(3 IJ1. 1') J J) 
rep 

(a qry J1.) J J) 
u~ 

(a 

kA 

pry 

(a kA (3) I' 1') 

r~ 

(a ,) ~ 

mv ~ ) / v ~ ~ v ) 
\ t~ s~ 

t~ 
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( 

13 (a 

. 13 

s~ 

mv ((3 n>. " ) 1 1) ((3 n>. " 

r~ 

a 13 ) . 
kA 

The second equation is closely related to the Biedenharn-Elliott equation and the 

third is a generalisation of the Racah-backcoupling equation. 

7.8 Unitarity and Endomorphisms 

The Racah-Wigner category is constructed within the category of unitary represen

tations. The unitary condition of the representations places restrictions on endomor

phisms ofthe category. That is, if f : a ---+ b then it is an isometry and by definition is 

invariant under the inner product. Hence for all aI, a2 E a, (aI, a2)a = (I(ad, f(a2)h 

Consequently if f is an endomorphism (a = b) then ft f = la. Moreover if a rv b 

then the definition of adjoint extends by defining ft to be the unique morphism sat

isfying (It y, x) = (y, f x). In particular the canonical isomorphisms a and , satisfy 

a-I = at and ,-1 = ,t. Hence we have the following additional recoupling equations 

corresponding to unitarity. 

~(" 
(13 ,) (a 13) 1 1) a nv rTJ 

ZA sA 

(" 
(13 ,) (a 13) 1) = 1 a rTJ mp, , 
sA kA 

L(" (3 (3 ")((3 a a (3 ) -1 
T ZA rA rA kA 

Since c l = , then the complex conjugate of commutative recoupling corresponds 

to flipping the bra keto 

( 
13 a 

ZA 
a 13) (a 13 

kA - kA 
13 a ) 

ZA 
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hapter 8 

roup Chain Factorisation 

Group chains play an important role in the description of representations. It is in 

essence a systematic procedure for constructing a basis for a given irrep. In atomic 

physics angular momentum theory labels basis vectors for an irrep of the rotation 

group SO(3) according to the group chain SO(2) c SO(3). The notion of a group 

chain and use in representation theory is extensively spelt out in Butler [6] but 

we reformulate it here using category theory. This chapter begins by studying the 

basic element of a group chain, that of a subgroupcgroup chain. Following this 

we investigate a general group chain. The importance of group chains is that they 

are used to induce bases and factorise couplings (Racah factorisation). Finally the 

Wigner-Eckart theorem is stated in complete generality and a categorical prove 

gIven. 

8.1 The Subgroup-Group Chain 

Given a group G with subgroup H we call H eGa subgroup-group chain. Every 

representation of G upon restriction to H is a representation for H. The isotypical 

irreps for G are representations of H. Let A E IrrG then A rv EB'lEIrrH m~p,. As 

we encountered before for couplings we had the problem of decomposition into a 

direct sum up to isomorphism which was not satisfactory for computation. Hence, 

as before, we introduce a collection of projection morphisms forming a product. 
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Definition 30 Given a subgroup-group chain H eGa factorisation is a product 

{H(kP,IA)G : A -t p, hEIrra, /lEIrrH with association satisfying 

2=: G(Alkp,)HH(kP,IA)G = 1,\ . (8.1) 
k/l 

If H(kP,IA)GG(Allp,) H = 6kl then the factorisation is called orthogonal. 

Given complete sets of couplings for RW G and RW H one can decompose the prod

uct of two isotypical irreps of G in two different ways. These decompositions are 

given in the following diagram. 

The left hand side is thought of as a factorisation according to the chain H C G c G ® G 

and the right hand side a factorisation according to the chain H C H ® H c G ® G. 

The horizontal arrow represents a basis change. This will be considered more ex

tensively in subsequent sections. 

8.2 Group Chains 

A group chain is any finite chain of groups G I C G 2 C ... C Gn . Each G i C G i +1 

is a subgroup-group chain and the length of the chain is n. A group chain is called 

proper if all adjacent groups satisfy Gi -# GHI . The group chain is called a basis if 

the terminal group G I is Abelian and complete if G I rv {e}. Recall that the irreps of 

an Abelian group are one-dimensional and that the group {e} has only the identity 

irrep. A group chain factorisation is a collection of subgroup-group chain factori

sations, one for each of the n - 1 adjacent subgroup-group chains in the chain. An 

isotypical irrep of Gn factors as follows. 
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n-l 

(

An ) kn_I:An_1 

klAI 

1 0"_, (k,,_ ,A""", I A,,"_, )0"_, 

The morphism defined by the diagram is called a group chain factor. A group 

chain factorisation gives rise to a collection of group chain factors called the factors 

of the group chain. These factors satisfy the following properties. 

Lemma 3 Given a collection of factors for a group chain {(An' kn-1An-l, ... ,k1Alfhi,Ai 

then the following properties hold. 

3. If the factorisation is orthogonal then 

The number of group chain factors for an irrep An is given by IAnl, the dimension of 

the representation space. 
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Chain Basis Induction 

Let G1 C G2 C ... Gn be a basis group chain and .\ E IrrG;. A collection of 

group chain factors provides a mechanism for generating basis vectors of the under

lying representation space of the isotypical irrep An- This is extremely important in 

quantum mechanics where a group chain can be chosen reflecting the structure of 

the physical situation. The group chain will then give rise to a basis for the state 

space utilising the symmetry layers of the group chain. Angular momentum uses the 

group chain 80(2) C 80(3) labelling the states by total angular momentum and a 

component of momentum along some freely chosen arbitrary axis. The group G1 is 

Abelian and has only one dimensional irreps. This induces a basis on An under the 

identification: 

>-n 

) kn_lAn_l 

(8.2) e - ( An,kn-l,An-l, ... ,kl,Al -

1<1>-1 

Given an endomorphism from f : An --t An between isotypical irreps then the com

ponents are given by the commutativity of the following diagram. 

Note that by Schur's lemma ).~ = AI' 

Suppose the given group chain is complete (that is, G1 {e}) and {e} = HI C 

H2 C ... C Hm = Gn is another complete group chain. Ai E lrrG; and fl.j E IrrHj 

with An - fl.m. Because {e} has only the one isotypical irrep then Al = 1 = P'I

A second group chain induces an alternative factorisation. The following diagram 

defines the group chain factor change morphism transforming factors of one group 
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chain to that of another. 

JLm --------+ An 

( ')'" ) k n - 1:,),,,-1 

kl,),1 

JLl ) Al 

( 
,),n /1-m 

) kn-l,),n-l lm-llLm-l 

kl,),1 11/1-1 

These group chain factor changes are also called basis changes and have the fol

lowing properties . 

....,'Vu.",,_J.Aa 4 The basis change morphisms have the following properties: 

)( 
2. If the factorisation is orthogonal then 

( 
,),n An 

) = rr~;;i'" k,ki" A, 'i 1" . 
k~_lA~_l kn~l>'n-l 

kjA kl,),1 

/1-m 

lm-l,um-l 
,),n \ 

k,,_I')',,_1 / 

kl,),1 

A group chain basis change is given by (borrowing Einstein's summation convention 

from tensor analysis) 

(8.3) 

,),,, ,),1 

) (1) . ( 
n 

h MAn,kn-l,An-l, ... ,kl,A11 k,,-I')',,-1 k:1._1>'~_1 

were A' k' A' k' >.' Al 
1P n-l' n-l"'" 1> 1 

klAI k;A 

(8.4) 
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8. of Canonical 

Given a basis group chain then one can canonically project out the components of 

a given canonical isomorphism i : [®k]B Ak -t [®k]B' A1f(k). The factorisation is given 

by the following diagram: 

( 
mk::kn J 

[®kl B 
: 

mk21"k2 

mkl l 

1 ------------t) 1 

( 

m"(k~:~~(k)" J 
[®kl B ' : 

m,,(k)21",,(k)2 

m,,(k)1 1 

The canonical isomorphisms iB (l, 1) and iB ' (l, 1) are compositions of [ and 1 serving 

to contract finite statements of 1 to the single statement 1. The bottom arrow gives 

a factor of the canonical isomorphism i. 

Corollary 1 If 1r RW G is has the canonical choice then all the factors of all canon

ical isomorphisms are one. 

This proposition follows from the basis independence of the canonical choice of nat

ural isomorphism. Later when dealing with dual properties of Wigner symbols and 

construction of the classical 6j-recoupling coefficients the canonical choice removes 

technical complications. 

8. Factorisation 

The Racah factorisation lemma concerns the splitting of a group chain decompo

sition for a coupling. Let G1 C Gz C ... C Gn be a group chain and Ai E IrrGi' 

A coupling is factorised through this group chain according to the following diagram. 
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VI ) VI 
An./l-n An .IL n 

( 'nV n kn_1A n -l·m n -l/-l n -l ) 
k l >'1·m ll"l 

'IVl IVI 

The bottom horizontal arrow gives the components for the group chain factori

sation of a coupling coefficient. An alternative perspective is that this component 

is a group chain basis change from the chain Gl C Gl ® Gl C ... C Gn ® Gn to 

the chain G l C ... C Gn C Gn ® Gn. The classic example of this factorisation is in 

angular momentum theory for the group chain 50(2) C 50(3). Two representa

tions Ijl) and Ij2) are decomposed into a direct sum of kets Ij) through a coupling 

U!Jl.j2)' Note that in the case of 50(3) all irreps are of multiplicity one or zero and 

hence the multiplicity label is suppressed. The group chain components are given 

by Um!Jlml.j2m2)' 

The Racah factorisation lemma concerns splitting a given group chain at an ar

bitrary position and factorising out the coefficient from above and below. That is, 

one can factor through Gr ® Gr C ... Gn ® Gc to Gr C ... Gn C Gn ® Gn or through 

Gl C Gl ® G l ... Gr ® Gr to Gl C Gr. This factorisation is represented by the 

following commutative diagram. 
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An @ ftn 
G n (ln VnI AltJ-tn}Gn 

) 1/n 

( ,._:.;._' H m,,:':,,_, J 
k.,.A r mrJ-Lr 

( "-~'-' J 
lrvr 

Ar @ ftr ) 7/r 

( 
An./l- n An.J.1.n 

) lnvn kn-l.\n ~l·mn -I/Ln-l ( ,.-:;.-, H m.:";._, J lrvr kpA.,..TH.,.lLr ( ,.-,:.-, J 
klAl mll'l IVI 

Al @ ft1 > 1/1 ( ',"'. An·Pn 

) lnvn kn_1An_l·mrt_lfttt_1 

11 V l kl Al.mll'l 

The centre morphism can be factored out in two ways: 

( 
A".I'" ,.,. ) ( ". ) lnvn kn-1An-l.:mn-ll'n-l = In-lV,,-l 

I.,. v.,. k,pA.,..mrP.,. l"vr 

G" (InvnIAnl'n)G" ( ( 

An 

)0( 
I'n } kn_l,xn_l mn-lfLn-l 

(8.5) 

k.,.">"r mrJL" 

or, 

1,,1.1,. 

(8.6) ( 
An.J1.n 

lntin 

11 vI 

Wigner-Eckart 

The Wigner~Eckart theorem concerns collections of tensor operators transforming 

as an irrep. In short this theorem factorises the components of group chains out 
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using the given action on the collection tensor operators. 

Definition A tensor operator representation is a subset of HomG(a, b) zsomor-

phic to some representation of G. 

The group action on HomG(a,b) is given by g: f H gfg~l. We denote a tensor 

operator representation of HomG(a, b) by TC(a, b) where c is the representation of G 

isomorphic to the tensor operator representation. That is, c S:! TC(a, b). The tensor 

operator representation TA (a, b) is called irreducible if A is an irrep. 

Definition An irreducible set of tensors {t~h is any basis for (a,b). 

A group chain factorisation of a given tA E TA(a, b) gives an irreducible set of tensors. 

Conversely given an irreducible set of tensors then any tensor is written tA - I::k akt~ 
and one can define projections that project out each ak. These projections constitute 

a group chain factorisation for the group chain {e} C G. Hence every irreducible 

set of tensors can be induced from a tensor operator factorisation over some group 

chain. 

Let (A2ItAIAl) E TA(AI' A2) be any tensor operator between two isotypical irreps 

Al and A2' We use group chain factorisations for the isotypical irreps A, Al and A2 

to factorise the tensor operator and thus obtain the Wigner~Eckart theorem. This 

is a new proof utilising the techniques of category theory. A standard proof may be 

found in Butler [7]. 

Theorem 7 (The Wigner~Eckart Theorem) Let (A, knttn' ... , klttl)'i', (AI, k1n1ttlnl' ... 

,kll/l'll)'i' and (A2' k2n2 tt2n) ... , k21tt21f be group chain factors for the isotypical ir

reps A, Al and A2. Given an irreducible set of tensors {t~,knttn, ... ,klttJ induced by a 

group chain factorisation for A then there exist complex numbers (A21ITAIIAl)r where 

r = 1,2, ... , m~~·A such that 

>'1 

)-.\:ln1Jllnl 

r 
hl1iLl1 

(8.7) 

"\ 
TA2 Al· A 

) (/'11 "/'11/'21) " 
k2n2 J-L 2n 2 kInl Jlln 1 .knJ-Ln 

k 21 iL21 klliLll·k'iL' 
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Proof: Define t : Al TA(All A2) ~ A2 to be the evaluation map (v, e·) I---t tAv. 

Consider the following diagram: 

fL21 

( 
A2 Ai 

) A':2112 Jt2n2 
tA 

kln1Jllnl 

A,kni'n' ...• k1i'1 

k2ii'2i hii'll 

A 0A------+ 

r , .. :;,., ) 0 ( '"~" ) 

\ klllLll kiILi 

fLll·P1 -------------------------7 fL21 

( 
"A2 Ai. A 

) kZn2 JL2n2 klntJlllll,kn/L n 

k2i IL21 k11 ILll·kl ILi 

The top triangle serves to define (fL21It~,knJ.tn, ... ,kl/.L1lpll'Pl)' The region below this de-
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fines the group chain factors {TA, ... , k1i-Ll)T for a group chain factorisation of t. The 

left hand side region defines the isomorphism (AlTA) using the universal property of 

group chains. The bottom region is a factorisation through the tensor product. The 

central square defines the complex numbers (A21ITAIIAl)' The right hand side region 

commutes because of the linearity of group chain factorisation morphisms. Hence 

the outside region commutes and summing over 'r one obtains (8.8). This proves the 

VVigner-Eckart theorem. 
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ols and 
<I' 

Ion 

The Wigner symbols have permutation properties that result from the action of the 

symmetric group 83 on the couplings of the Racah-Wigner category. The first step 

to constructing Wigner symbols is to characterise coupling so that each irrep is on 

an equal footing. Once this is appropriately defined we proceed to define all the 

familiar Wigner symbols and phases. However, it should be noted that some im

portant differences exist. The 2.im's are conjugated and don't include unnecessary 

multiplicative factors. This is a direct result of the close relationship between 2jm's 

and duality uncovered in this chapter. Consequently the definition of .i symbols 

also differ. Alternative 3j, 6j and 9j symbols are introduced that don't suffer from 

categorically inappropriate factors. The.im symbols are obtained by group chain 

factorisation and their properties are derived. The.im symbols are used to construct 

the 3j, 6j and 9j symbols and their permutation properties are derived. These j sym

bols are derived from recouplings corresponding to transposition. The recouplings 

that generate the j symbols are used to derive the Biedenharn-Elliott equation and 

the Racah backcoupling equation. Finally note that many of the standard results, 

but not all, depend on the canonical choice of natural isomorphism for 1fRW G. 
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9.1 Symmetry of 

Given a complete set of couplings {(r')'lo:.,8)} it is not clear what the permutation 

properties are between couplings because the irreps appear in both the bra and keto 

We remedy this in what follows. 

Let A and fL be isotypical irreps then Home (A, fL) Co!. Home (A fL*, 1) and thus 

m;·JL dim Home(A.fL, 1) dimHome(A, fL*) = bAJL ... Hence the only products of 

two isotypical irreps containing 1 are A* ® A for any A E Irre. Given a complete set 

of couplings, the sub-collection of morphisms {(1IA.A*) : A ® A* -+ I} induces an 

equivalence between the couplings and triple product morphisms of isotypical irreps. 

This induction is demonstrated by the following diagram. 

(TlI(a . .B)./'*) ')' ')'* 

~) 
1 

Thus every complete set of couplings is isomorphic to a set ofmorphisms {(r11 (0:.,8).')'*)} 

and one says that this set is induced from this complete set of couplings. We refer 

to these morphisms as triplet morphisms and the morphism (11')'.')'*) as a doublet 

morphism. 

Lemma 5 Given a collection ofmorphisms {(rll(o:.,8).')')}r induced from a set of 

couplings then they have the following properties: 

1. The collection of morphisms has the universal property of products. 

2. The collection of morphisms forms a basis for Home((o:.,8).,)" 1). 

3. ) (r')'* 10:.,8). 

4. If the couplings are orthogonal then (811(0:.,8).')')( rl 
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Proof: The above properties are induced by the morphisms (11,.,),*) from the prop

erties of the couplings. 

Given a collection of triple morphisms {(dl(a.,8).,),)} we can construct a set of 

couplings in the following way. Referring to the above diagram we see that the right 

hand side is given. First we specialise to give the self-coupling morphism. Then the 

diagram determines the coupling morphism automatically. Let (111.1) be an isomor

phism satisfying (11(1.1).1) (111.1)((111.1).1 1) then the self-couplings are defined 

by (111'.')'*).11 (11.1 )(1lb.')'*).l). The complete set of couplings inducing the 

initial collection of morphisms is defined by (r')'la.,B).l,* = (1 ) (r11 (a.,8).')'*). 

This process of reverse induction is unique up to the initial choice of (111.1). 

Consider two complete sets of couplings {I (rnla.,B)} and {2(r2')'la.,B)}. The 

component morphisms 2(r2')'/rI')'h take one set of couplings to the other thus 

(9.1) 
7'1 

The doublet morphisms transform by 

(9.2) 

The {1 -+ 2, ')'} is a phase factor satisfying {1 -+ 2, ')'}{2 -+ 1, ')'} 1. Hence 

{2 -+ 1,,),} = 
Let the induced triplet morphisms be denoted {I (rl11(a.,B).')')} and {z(r21 I (a.,B).')') } 

resp ecti vely. 

Proposition 10 The transformation between two induced collections of triplet mor

phisms is given by: 

(9.3) 
7'1 

where 

(9.4) 

Proof: The change of morphism set is given by the following diagram. Each side 

region defines the triplet morphisms. 
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( 
l(a.,ll).')' ( ) a.f3 ."( -------------+) a.f3."( 

--------------------------------7) 1 

Note that the bottom region gives (9.4) by Schur's lemma. 

The collection of morphisms {(rll (a.f3).,,()} induced from a complete set of cou

plings have all three isotypical irreps a, f3 and "( in the ket and permits an action 

of 83 . The action of the permutation group 8 3 on the three irreps is as follows: Let 

7f E S3 then we define the group action on Homc((a.f3)."(, 1) by 

(9.5) 

where in is the canonical isomorphism taking (a.f3).,,( to (7fa.7ff3).7f"(. The matrices 

representing this representation satisfy 

(9.6) 
s 

This representation can be decomposed into a direct sum of irreps for 8 3 . The irrep 

classes of 83 are given by the Young tableau [3], [21] and [13]. If the representation 

has just one isotypical component corresponding to [3] (resp. [1 3
]) then the repre

sentation is of bosonic (resp. fermionic) type. The representation [21] gives rise to 

mixed type. 

9.2 Wigner Symbols 

In the standard theory of angular momentum the couplings have symmetry under 

the permutation of irreps. However, this is not true in general. Nevertheless we 

borrow the notation. Let {(rll(a.f3).,,()} be a collection morphisms induced from a 
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given set of couplings. These morphisms we call3-\Vigner symbols and following the 

notation of Derome and Sharp [11] denote them by (0: f3 , y. These symbols facto rise 

through a complete group chain giving rise to 3jm symbols. The transformation 

between two 3-Wigner symbols defined by differing complete collections of couplings 

is given by 

(9.7) 
s 

where the subscripts label the complete collection of couplings. The matrix 

{1 -t 2, 0: f3 , }~; is given by 2 (r21i rtl h and may be identified with the f{ matrix of 

Derome and Sharp [11]. 

The action of 3--'Vigner symbols under 1f E S3 is given by, 

(9.8) 

The matrix representation of this action is defined by, 

(9.9) 
s 

The matrix {1f, 0: f3, r~ is called a 3-\Vigner phase matrix. This is the column 

permutation matrix M of Derome and Sharp [11]. In the case of angular momentum 

this matrix is and for even permutations is the identity. The properties of the 

3-\Vigner phase matrix are given in the following lemma. 

Proposition 11 Let 1f E S3 then the 3-Wigner phase matrix {1f, 0: f3,}~ has the 

following properties: 

1. {1f, 0: f3, t 1 if and only if invariant under 1f. 

1f, (0: 

1f, 

1 

113 

r,* 
(J) "I "I) . 
1 



Proof: The first statement follows from the definition of 3-Wigner symbols. The 

next statement is a result of the following diagram: 

(0;. fJ). ry ____ i"_,, ------*> (( a7T ) 0;. (a7T ) fJ). (a7T h 

i". 

1 

1------------------+1 

The left hand and right hand side regions and outside rectangle are the definitions 

of phase. The top region commutes by coherence. Hence by the universal 

property the bottom region proves the second statement. The third statement fol-

lows by taking a = in the above diagram. The final statement follows by noting 

that the left hand side region defines the recoupling given in the fourth statement. 

The conj ugate 3-Wigner phase matrix {7T, 0; fJ ry }: is defined by 

(9.10) 
s 

If the symbols are orthogonal then 

Ort 7T(0; fJ ryY'7T(o; fJ ry)t 

{7T, o;fJry}:{7T, o;fJry}~(o;fJryr(o;fJryt 
su 
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su 

Hence, 

(9.11) 
s 

The 2-Wigner symbol is defined by h',*) = UIJ.'*)' This differs from the usual 

definition of a 2jm by conjugation and a multiplicative factor 1,1 ~. The action of 

the permutation group on this symbol is given by 1fh',*) = (1f,1f,*)in where 1f E S2. 

This action defines the 2-Wigner phase, denoted {I}, according to the commuta

tivity of the following diagram: 

,.,* ) ,*., 
(n') 1 1V7

) 

1 1 

Since (2 = 1 then {,H,*} = 1 and {,*} = {I}' Moreover, the 2-Wigner phase is 

given by the (-recoupling coefficient: 

/ ' ,* ,* 1 ') . {I} = \ 1 (9.12) 

9.3 Factorisation of Wigner Symbols 

The classical 2jm, 3jm, ... symbols are group chain factorisations of Wigner symbols 

for the chain SO(2) C SO(3) [4]. Generalisation to any group chain is both natural 

and obvious [6]. Consider a complete group chain {e} = G1 C G2 C··· C Gn G 

then the 2-Wigner factor is given by: 

(11*) ,.,* --------7) 1 

( ""~" J. ( "::: J 
C2"Y2 C2f2 

ell ci 1 

(1ILl) 
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Note that the label ci is not the complex conjugate of Ci and serves only to la-

bel the multiplet ,i, However, as a result of Schur's lemma is the dual of ,i, 
In the usual nomenclature the 2-Wigner factor is represented by a single column. 

This is avoided here because it is easily confused with the group chain factorisation 

notation already defined. Note that canonically in the above diagram one would 

use either [ or t to map 1.1 to 1. We say that the set of couplings coincides with 

identities if (,11.,) Ly and (,1,.1) = t, for all isotypical irreps ,. The 2-Wigner 

factor inherits the properties of the 2-Wigner symbol including 

( 
"I "1*) ("I "1*) Cn~n en *'Yn" Cn"Yn en *"Yn *' 

Cn ,···)Cl(Yn,.··,'l : ",.: *' : 't": 
Cl~l ci 11 Cl f ! cl rl 

1. (9.13) 

In the standard 2jm nomenclature the sum is omitted which introduces a multi

plicative factor of 1,lt into the standard definition of 2jm. It is clear that this 

extra factor runs contrary to the underlying category structure of products, but 

nevertheless must be included to convert into the standard nomenclature. 

Proposition 12 The Wigner factor is given by 

( 

Q (3 

an~n b"(3,, 

a 1'''1 bl (31 

This factor differs from the established 3jm notation by a multiplicative factor. 

Proof: Consider the following diagram: 
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--------------------------------------------------~ 1 

(71'*) 

{T'/'* 100.tl).1, 
(O! .f3)., ----------+> ,*., 

1.1 > ,t- 1 
1''1* a.f3 

\ 
c: ')'~ UnO'n ,bn f3n 

)1" 
c2i2 alaI·hlf3l 

(1 ILl) ci1'i 1 

1 -----------------------------------------------7 
r,' a.f3 

\ 
c~')'~ anOn .bnf3n ) 
c2i2 al 0'1 .hlf3l 

cil'l 1 

The top region defines the 3-Wigner symbol. The left hand and right hand side 

regions are group chain factorisations. The middle square is a factorisation of a 

coupling. The bottom region follows from naturality of phase factors and the fact 

that'l 1. Hence the outside region gives the desired factorisation of the 3-Wigner 

factor. 

The 3-Wigner factor inherits the universal property of products and satisfies: 

( " fJ , r Co""" 

(3 

'"~" r an a n bn (3" Cn/"'fl b,,(3,.. 

,tlj,Ck,,/,k : ijk Ui 
hlfJl q,l alaI b,(3, el,l ulctl 
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(
"I "I") \ :"1*. * * en 'Yn 

c
n :"In c

n :"In : 

* * '* * c2 ')'2 
cl ')'1 cl ')'1 * * 

cl ')'1 

0.{3 

r"'(* 

\ 
"" cn'Yn 

* ~, 
c2'Y2 

(9.14) 

9.4 Duality of Wigner Symbols 

In this section we construct a duality from a given set of 2-Wigner symbols. Duality 

of tensor categories was presented in an earlier chapter. We pick up on this to induce 

a duality on the projected Racah-Wigner category 7rRW G. SO far only the left dual 

of the isotypical irreps has been defined. We extend this definition to any finite 

statement [0k]B A7f(k) where 7r E Sn and B is a binary tree of degree n. The left dual 

of this finite statement is defined to be ([0k]B A7f(k))* = [0k]B A;(k)' Recall that in a 

symmetric tensor category the right dual is equal to the left dual. 

N ext we define left duality on the morphisms between isotypical irreps which is 

then subsequently extended to finite statements. We require the following restriction 

on a given complete set of couplings. 

Definition 33 A complete set of couplings {(kAla.jJ)} is said to coincide with iden

tities if 

(J·I1.jJ) = [t1 for all fJ E IrrG , 

0-Ia.1) = too for all a E IrrG . 

If a set of couplings is coincides with identities then 

C 1 " 
a 1) = 1 , 

1 

for all a E IrrG. This is a direct result of the triangle diagram. 
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Lemma 6 Given a canonically complete set of couplings a left duality (*,6,*,5*) on 

the isotypical irreps is given by: 

a 

where" E IrrG o.nd Ro = \ " 

Proof: Consider the diagram: 

(a* 

1 

a) (a a*) 

1 

--------------------------------------~) a 

a. 

a --------------------------------------~) a 
Ret 

Ret 

(9.18) 

(9.19) 

(9.20) 

The outside region commutes because RaRa = 1. The left hand side region com

mutes because of the triangle diagram. The right hand side region defines the 
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recoupling Ra. The top and bottom regions are natural. The remaining regions ex

cluding the central one define 6~ and 6~. Hence the region in the centre commutes 

which is the first of the two diagrams needed for a left duality. The other diagram 

follows similarly. 

One sees that the 2-Wigner symbols provides a left duality for the isotypical 

irreps. Since 1T RW G is symmetric we can induce a right duality through the commu

tativity isomorphism in the standard fashion and obtain a duality (*,6*, * 6,6*, *6) 

on the isotypical irreps from the 2-Wigner symbol given by 

*a = a* , (9.21) 

6~ = (a a*) , (9.22) 

* 6 a = {a }(a* a) , (9.23) 

6~ = Ra(a* a) , (9.24) 

*6a = Ra{a}(aa*) . (9.25) 

Note that these dualities satisfy 6~* 6 a = *6a6~ = Ra{ a}. 

The final step is to extend the duality on isotypical irreps to a duality on finite 

statements. Let [®k]Bak be a finite statement then we define 6[0klBak and 6[0klBak 

by the following diagrams: 
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The canonical isomorphisms i(a, c, 1) and i(r,l) serve to rearrange and contract 

finite statements respectively. Coherence guarantees that these definitions are inde

pendent of the choice of i(a, c, 1) and i(l, 1) and hence these terms are well-defined. 

The natural commutativity isomorphism of 1fRW G induces * ~ and *6. 

Theorem 8 (*, , *6, 6*) defines a duality on the projected Racah-Wigner cat-

egory 1f RW G with respect to a complete collection of couplings coinciding with iden

tities. 

Proof: To show this we merely have to verify the two diagrams in the definition of 

a left duality. We verify only one diagram since the second is verified similarly. 
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.1 

qn ,e ,1) 

([@klBL'.;'.k)·I 
(l®K]Bl).[QhlB"'k ----. --+1 ([®klBO'k'''');)'[®klB'''k 

i(I,I).1 

([®kl Buk).1 --:-1.-:::/1*;:-----+1 ([®klB"'k)'(([®kl
B

", * *k)'[®klB"'k) 
[@klBak 

1.i(I,1) 

i( o,e, 1) l(n.',I) 

The canonical isomorphism i(a, c, 1) is a composition of a, c and 1 serving to re

bracket and reorder the finite statement. The canonical isomorphism i(t, 1) is a 

composition of ( and 1 used to contract finite statements composed only of 1 'so The 

outside region commutes by the previous lemma. The left hand and right hand re

gions commute by coherence. The top and bottom regions are natural diagrams of 

the canonical isomorphism i( a, c, 1). The regions above and below the centre region 

define and 8* on the set of finite statements. Hence the centre region commutes 

as claimed. 
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We define the action of irrep conjugation on a 3-Wigner symbol by the linear 

transformation * : (a (3 "( y f----7 (a* (3* "(*). The matrix representation in terms of the 

left duality is 

(9.26) 
s 

The matrix {*, a (3 "(}~ corresponds to the conjugation matrix A of Derome and 

Sharp [11]. We have the following diagram: 

,6.* 

1 (a.{3).-y) ((a.(3).,,().((a*.(3*).,,(*) 

(a*.(3*).,,(* +-( -- l.((a*.(3*)."(*) 

and hence 

(9.27) 
s 

The 3-Wigner symbol is said to have dual symmetry whenever it is the identity. In 

other words this occurs when the conjugation operator * is identical to left duality 

conjugated. 

Proposition 13 The inverse of {*, a* (3* "(*}~ is given by 

(9.28) 

If the 3-Wigner symbols are dual symmetric then {a }{(3}{ "(} = 1. If the 3-Wigner 

symbols are orthogonal then 

(9.29) 
s 

Proof: The canonical choice is independent of basis so the bracketing of products 

and canonical isomorphisms can be omitted by linearity. Thus (9.27) gives 

s 
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Therefore, 

L {*, a* f3* ,*}:(a* a)(f3* f3)(,* ,) 

. (~ {*, a Ih }(n')(.il7F) (cw') (a Ih)'l) .1 

{a}{f3}{,} L{*, a* f3*,*}:{*, af3,};(af3,)t. 
st 

{a}{f3}{,} L{*, a* f3*,*}:{*, af3,}; = 6rt , 
st 

(9.30) 

and the first statement follows. If the 3-Wigner symbols are dual symmetric then 

{*, a f3,}~ = 67•s and the second statement follows by substitution into the first 

statement. If the 3-Wigner symbols are orthogonal then 

6rt (a* f3* ,*y(a* f3* ,*)t 

L{*, af3,}:{*, af3,}:(af3,)s*(af3,)u* 
su 

L{*, af3,}:{*, af3,}: ((af3,)U(af3,)Sr 
su 

su 

s 

and the third statement holds. 

The 3-Wigner symbol factorises under conjugation as given in the following 

proposition. 

Proposition 14 For any complete group chain factorisation the 3- Wigner symbols 

satisfy 

( 

a* 

k* A' n n 

krAr 

(3* 

(9.31) 
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If in addition the group chain factorisation is orthogonal and the 3-Wigner symbol 

is dual symmetric then we have the classical result: 

( 

0:* 

/.~~ )..~ 

ki',,\i 

"(* ) l' (a a,,) ((3 (3*) p~ v~ l.'n An J..'n >I< An * ffin /Ln ffin '" /Ln >!' 

pi vi h:AI .'1"' AI" m~ILI m," ILl " 

(

'""" ~ ~:": ) (,.""," "':.,'" '":") l' 

PIVI PI VI J.~1)..1 ffilJ.Ll Plvl 

(9.32) 

9.5 Pern1.utation Properties of Recoupling Coef-

ficients 

In this section we consider the well-known 3j, 6j and 9j symbols. We don't use 

the j symbols directly but introduce a more appropriate symbol called the j symbol. 

These j symbols treat every irrep and every 3-Wigner symbol equally, These j 

symbols turn out to be components of recouplings corresponding to transposition. 

It is to be emphasised that these j symbols do not directly involve rebracketing. 

The relationship between j symbols and the corresponding recoupling coefficients 

are determined. In particular symmetries of the 3-Wigner symbols give rise to 

symmetries of the j symbols. To obtain the familiar forms of j symbols one utilises the 

canonical choice of natural isomorphisms. The basic algebraic structure underlying 

the 3j and 6j symbols is described by Turaev and Viro [34] in terms of the Yang

Baxter equation. In this section we do more. We motivate and define them using 

the underlying structure of 7f RW G. 

We begin by considering the 3j symbol. This symbol is intimately linked with 

commutative recoupling. We formally define it by the following diagram: 
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[2 

1 +-( --- (1.1).1 

1 ("~.,,,).,,; 
( (a. a*). ((3 (3*) ) . (A. A *) 

11(",,1) 

(( a* .(3*) .A). (((3.a).A *) 

1 (u' P' A)'.(PuA·)1 

1 ~(----1.1 

The relationship between the 3j symbol and commutative recoupling is given in 

the next proposition. Thus the 3j symbol is generated by commutative recoupling 

corresponding to the transposition (12). 

Proposition 15 The 3j symbol is given by: 

a (3 ) 
rA 

(9.33) 

and 

T 

Proof: The canonical choice of natural isomorphisms is independent of basis so, 

by linearity, we can omit bracketing of products and canonical isomorphisms in the 

following. 

{a (3'Y}lk1,>- - (a* (3* A)k.((3aA*)1 ((aa*).((3(3*).(AA*)) 

~ ((a a*). ((3 (3*). (A * A)) { *, a (3 A *} ~ ( a (3 A *) T • ((3 a A *) I 
T 

. ((aa*).((3 (3*).(A A*)) 

Therefore, 

7' 

7' 
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We have 

r 

Hence the conclusion follows. 

The 6j symbol is defined by the diagram: 

rUN 
1 +-< ----- ((1.1).1).((1.1).1) 

1 II ";.";).";). I I ";." n·":) 

( ( ( aa*). ((3(3*) ) . (fLfL *) ) . ( ( (TY*) . (AA *) ) . (vv*) ) 

1 '1",,1) 

(( (v.a).A *). (( ,,(.(3) .v*)). (( (fL·"(*)·A). (( a* .(3*) ·fL*)) 

1 IIV" A')' .17 P v')" )·11"7' A)' ·Ia' P' "')m) 

1 f-( ------ (1.1).(1.1) 
[( U) 

Note that the irreps in the columns of the 6j symbol never appear together in 

the same 3-Wigner symbol and each irrep appears in exactly one 3-Wigner symbol 

with any other irrep not in its own column. If a group chain factorisation is given 

for a complete group chain {e} = G1 C ... c G N the 6j symbol is given by 

'c ) n n;vN 

~, '" njyVN 

m~"~ (9.36) 
* ) m 

m l l1-1 
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Note that the 2-~Wigner factors are conjugated (unlike 2jm's) and the 3~Wigner 

symbols (vaN)l and (fl,* A)k are traditionally taken to be (aA* V)l and (r* Afl)1c 

respectively. This differs from the notation of Derome and Sharp [11] and Butler 

[7]. The ordering of these triads mimics that of the projection diagram of the 1(13) 

recoupling. 

16 The 6j symbol is generated by the canonical isomorphism i(13) 

(c.l)ca: (a,f3)., -t (r,f3),a corresponding to the transposition (13) thus 

Proof: Similar to Proposition 15. 

fJ) 'Y 'Y) 

SA 

(9.37) 

The transposition (13) recoupling is given by i(13) = (c.l)ca giving the following 

relationship between associative recoupling and i(13)~recoupling. 

/ (r (3) 

\ nv a 

lA 

(a 

v ) (" " (fJ 

l' A \ 
l' A 

n'v 

Hence the 6j symbol is given by, 

{
af3fl} 1>-
, A v 

lnkm 
rsn'l' 

a (f3 ,) 

,{(12),aVA'}r( " ":v 

[f A 

(a 
mp, 

f3 

n'v 

fJ) 'Y 'Y) 

kA 

(a (3) , ) 
rfl* , ' 

SA 

(9.38) 

The 6j symbol originates fundamentally from a permutation rather than from a 

rebracketing. Moreover, it originates from the transposition (13) which satisfies 

i(13) 1. Thus we have the following result. 
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Proposition 17 IJ the 3-Wigner symbols are orthogonal then 

I:{a f3 p,} {a f3 p, 
km r A v r A v 

lnkm 
} 

= 611' 6nnl • 

l'n'km 

(9.39) 

Proof: A direct computation reveals 

Lkm {
a f3 p,} {a f3 p,} 
r A v r A v 

lnkm l'n'km 

lA 

(r 

= 2:.,," {.\}{ *. "iJ /L J;n{ *. /L'1'.\ 'J: \ nv 

f3) (a 

f3) 

tp,* 

(a f3) r 
l' ) {*. /L'1'.\'J:{*,"iJ/LJ~{'\J 

lf A uA 

The last line holds by Proposition 13. This completes the proof. 

The 6j symbol has transformation properties under permutation of columns and 

inversion of any pair of columns. The proof of these transformations is straightfor

ward (but tedious) so is not given. 

Proposition 18 The 6j symbol has the Jollowing properties: 

1. Cyclic permutation oj columns, 

{ 
a3 al a2 

f33 f31 f32 } 
= I: {(123), a3 f3; f32}:~{(123), ai a; an:! 

828384 
Tl T2T3T4 

} """" (9.40) 

and 

{~: ;: ;: t".", 
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2. Transposition of columns, 

and 

0!1 0!3 } 

/31 /33 
1'11'21'31'4 

{(23), 0!3 /31 /3n~~ {(12), O!~ O!; O!D~! { 0!1 
/3~ 

0!2 0!1 } :L {(12), 0!3 /31 /3n~! {(13), /3; 0!2 /33}~~ 
/32 /31 s1 8283 s 4 

7'11'21'37'4 

((12), /3:; 0!1 /32}~~{(13), O!i a; aD~! { 0!1 
/3~ 

3. Inversion of two columns, 

{ 
/31 /32 0!3} 
0!1 a2 /33 

7'11'21'31'4 

{(123), O!~ 0!2 a3}~:{(132), O!~ /3; O!;}~: { O!l 
/31 

{ ;: 

and 

130 

(9.44) 



Note the pairings in each column remain constant up to duals in all symmetries. 

That is a with ",(, 13 with A and J1 with v. Finally we note that the irrep conjugate 

of the 6j symbol satisfies 

13* J1* 

{ * 13* *}m { a 13 J1 } . *, a J1 u . 

"'( A v 
rstu 

(9.48) 

This is shown by applying the irrep conjugate to equation (9.36) and then by con

tracting 2-Wigner symbols. 

9.6 The 9j Symbol 

The construction of the gj symbol is analogous to the construction of the 6j symbol. 

Without giving the messy details a gj symbol is induced by anyone of the canoni-

cal isomorphisms i(23) : 6.((a.f3)."'() -+ a.((6.f3).",(), i(34) : (a.(f3.",()).6 -+ (a.(f3.6)).",(, 

i(23) : (a.f3).("'(.6) -+ (a.",().(f3.6), i(1432) : ((a.f3).",().6 -+ f3.("'(.(6.a)). We consider the 

first canonical isomorphism in the list. The recoupling coefficient corresponding to 

the first recoupling i(23) is given by: 

6.v a.a 

(kAI'·v) 1 1 (/Ala.a) 

A------4) A 
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The recoupling component is 

0: ( (0 (3) ,) 0 ((0: (3) ,) 

( 0: (pTJ ,) 0 (mfJ ,) ) (9.49) 
0: q(J 0 nv 

LA kA 

The gj symbol is constructed in an analogous manner to the 6j symbol. The gj 

symbol is generated by the above recoupling and is denoted by the symbol, 

0:* (3* fJ m 

(J* TJ , q 

A 0* v* k 
(9.50) 

p n 

The gj symbol factors out in terms of 2-Wigner and 3-Wigner symbols as 

0: (3 fJ m 

(J TJ , 

A 0 v 

p n 

q 

k 

(

{3* '1* 0*) p ( 1'* b';vf3'!v h'!vl1fv d7v.5~ m'!vIJ,~ 
. . .. . . ., . . .. . 

** ** *,~ ** b, {3N h,'ll dlo l TnII'1 

The gj symbol has permutation properties for: 
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,~" 
)

n 

";:';' (9.51) 
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1. cyclic permutation of rows, 

2. cyclic permutation of columns, 

3. transposition. 

These properties are not given here but are derived in much the same way as they 

are for the 6j symbols. 

9.7 Recoupling Equations of j Symbols 

All recouplings are generated by c and a provided that c2 = 1, and that the pentagon 

diagram (a2 = (l.a)a(a.1)) and the hexagon diagram (aca = (l.c)a(c.1)) are satisfied. 

Recall that by coherence these diagrams generate all other diagrams in a symmetric 

tensor category. Since the 6j symbol is generated by (c.1) en we denote this recoupling 

by 6j and similarly c by 3j. Hence all recouplings are generated by the recoupling 3j 

and 6j. The gj symbol is generated by (1.6j)(1.3j)3j6j3j(1.3j)(1.6j) which we likewise 

denote by gj. The coherence of all recoupling diagrams is guaranteed by the set: 

Symmetry diagram: 3j2 = 1 

Hexagon diagram: 6j2 = 1, [6j(3j.1)j3 = 1 

Pentagon diagram: 6j3j6j = (6j.1)(3j.1)6j(3j.1)((3j.1).1)(6j.1) 

(9.52) 

(9.53) 

(9.54) 

These results are obtained by direct substitution of a = c(c.1)6j and c = 3j into 

the indicated diagram. Projection of these recoupling diagrams with respect to a 

complete set of orthogonal couplings gives the recoupling equations corresponding 

to 3j symbols and 6j symbols. 

The transformed Hexagon diagram gives the six vertex diagram: 
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Diagram projection gives 

(, (3) 

z;( nv 

Z)., 

r f-L* 
(3 

(a 
(3 

. / a , 

\ t(J 

((3 a) , 

kA "I ) 

Substituting for each recoupling coefficient one obtains 

Hence the Racah backcoupling equation is 

~{).,}({*, a(3f-L}-1):{(12), (3 a f-L}r;: { ~ ~ :} 
Ink a 

= I: ( { *, a, (J*} -1 ) ~ ( { *, (J (3 )., *} -1 ) ~ ( { *, (3 a f-L} ) -1: {( 12), (3, v*} ~ 
(J"stuvpqw 

{
a, (J*} {(3 a f-L} .{(12), ,a (J*}f 
(3)., v ').,(J 

lsqp vukw 

(9.55) 

The transformed Pentagon diagram gives the nine vertex diagram: 
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((a.,6).7).8 _----'-6j_.l --+) (b./3).a).8 

6j t,P)] 
(8·7)· (a.,6) ((/3·7)·a).8 

v 

1,11 
(a.,6).(8·7) (a·(/3·7))·8 

&1 1~ 
((8·7)·,6)·a (8·(/3·7))·a 

~/-
((/3·7)·0).a 

This diagram projects to give 

(P {J) a (a ,6) P P) ( ~. ~. ) p p 
hr/ 0: mfi,* 

ab l)" 
b)" u).. 

b)" 

.(6 7) p,* (p,* 7) 6 ) 
rp p,* So' 0 

u).. k)" 

(0 7) /3 (/3 7) 
b 6) ( v v ) 

",dpnt, ( 

0 0 
rp /3 nv 

CT/ dry 
hT/ CT/ 

.(6 v) a (a v) 

6)( a pa a) v v 
dT/ a pp 0 

qa 
l)" k)" 

. ({J nv 'I 'I tv {J) (h tv {J) a a 
(a /3) 7 \ 

mp,* 7 ) 

qa So' 
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Substituting for each recoupling coefficient one obtains 

Hence the Biedenharn-Elliott equation is 

Hence we have projected out the recoupling diagrams composed of 3j and 6j re

couplings that guarantee coherence and obtained the Biedenharn-Elliott and Racah 

backcoupling equations. These two equations are the underlying constraints of all j 

symbols. 
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11apter 0 

Calculation of Recoupling 

Coefficients 

The Racah research group at the University of Canterbury specialise in the recursive 

calculation of recoupling coefficients and its use in atomic structure calculations. 

They employ an algorithm that can be found in Searle [32] and Searle and Butler [33]. 

This chapter presents an alternative algorithm employing the power of an irrep to 

order recoupling coefficients. The recoupling coefficients satisfy recursive equations 

that are the outside projections of recoupling diagrams. The algorithm presented 

here uses the pentagon equation and requires every triad of irreps to have a partition. 

The concept of triad partition is a new concept introduced here. We conjecture that 

the Lie groups SU(2n) are partitionable. Not every group is partitionable which 

currently restricts the wide applicability of the algorithm presented here. 

10.1 Triads 

The notion of a triad is the underlying structure determining the existence of recou

pling coefficients. This section presents the basic properties of triads. 

Definition 34 A triad is a triple (0'.(3,) ofirreps satisfying 1 C (0'..(3).,. 

A triple ( 0'.(3,) is a triad if and only if,* C 0'..(3. In other words ,* is of non-zero 

multiplicity in the product 0'..(3. Moreover, the triad maintains its triadic property 
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under permutation of a, {3 and "{. Let E be the primitive representation of chapter 

two used to define the concept of power. Recall that the power p(A) of an irrep A 

is defined to be the smallest non~negative integer n such that A C En where E is 

defined by (3.6). The triad is called stretched if ph) p(a) p({3) and compressed 

if p( "{) Ip( a) p({3) I. The definition of compressed is a natural extension of 

stretched introduced by Butler [7]. By the cyclical nature of triads a triad ( a {3 "{ ) is 

stretched if and only if the triads ( "{ a (3) and ({3 "{ a ) are compressed. The following 

proposition shows that an irrep can be decomposed into irreps which stretch it. 

Proposition 19 Given an irrep A of power nand 0 ~ m ~ n then there exist irreps 

a and (3 stretching A with p(a) = m and p({3) = n - m. 

Proof: Decompose and En - m into the direct sums ttJkfJk and ttJllJl respectively. 

Hence En ~ ttJkl(fJk 0Vl)' Hence there are k and l such that A C fJk 0Vl. Moreover, 

n ~ p(A) ~ p(fJk) p(Vl) ~ m + (n - m) = n. Hence p(fJk) m and p(Vl) n - m. 

Take a = fJk and {3 Vl to complete the proof. 

The algorithm to be presented in this chapter depends on the new notion of a 

partition of a triad. 

Definition 35 A partition for a triad (A fJv) is a triplet h, 6, r;) such that (Jr;* A), 

(r;"{* fJ) and hJ* v) are stretched triads. 

Explicitly the partition h, J, r;) satisfies 

(6 r;* A) is a triad with p(),) = p(J) + p(r;) , 

( r; "{* fJ) is a triad with p(fJ) = p( r;) + ph) , 

("{J* v) is a triad with p(v) = ph) + p(J) . 

(10.1) 

Solving the above system of linear equations for p(J), p(r;) and ph) one finds that 

ph) 
2 

p(6) 
p(A) p(fJ) 

(10.2) 
2 

p(r;) 
p(A) + p(fJ) - p(v) 

2 
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Thus if a triad is partitionable the above set of equations implies that an even 

number of the powers p(A), p(p,), p(v) are odd. Summing the above formulae one 

finds 

1 
p(6) + p(1]) = 2(p(A) + p(p,) p(v)). (10.3) 

Hence their sum p(A) + p(p,) p(v) is divisible by two and the power of the triad 

is an integer. A group is called partitionable if every triad of irreps has a partition. 

We conjecture that the Lie groups SU(2n) are partitionable and the Lie groups 

SU(2n + 1) are not. No time was available to pursue the matter. 

1002 Associative Recoupling Coefficients 

The Biedenharn-Elliott equation arises from a nine vertex diagram and is conse

quently entangled with commutative recoupling coefficients. In order to avoid this 

problem it is easier to deal directly with associative recoupling coefficients instead 

of the 6j recoupling coefficient and to use the pentagon equation. We define the a 

symbol, mimicking the 6j symbol, thus 

[ ~ ~ ~ 1 1,\ 
!nkm 

/ 0: ((3 ,) 

\ 0: nv 

LA 

mp* 
(3) 'Y ') 

[ . (10.4) 

kA 

(0: 

Hence by substitution into (9.37), 

(10.5) 

This equation allows the reordering of irrep labels in the a symbol using the proper

ties of the 6j symbol. The a symbol is non-singular if and only if the following are 

triads: (0:* (3* p,* ), (, (3 v* ), (p, ,* A) and (v 0: A * ). In order to identify the triads 

in a given a symbol one may like to refer to the following diagram. 
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· )2 ( .. 3)3 
6* ' 4* 5· ' 

C" 2' 3')' (10.6) 

The power of the a symbol or equivalently the 6j symbol is defined to be 

[
afJJ-l] P 
, .\ v 

lnkm 
p{: ~:} 

ITlkm 

p(a) + p(fJ) + p(,) + p(J-l) + p(v) + p(.\) (10.7) 

Note that there are no a symbols of powers 1,2 and 5. The algorithm to be presented 

in the next section requires a symbols to be arranged in a standard way. This 

arrangement is called the standard form and is given by the next definition. 

36 The a symbol [a fJ J-l] is said to be in standard form when-
, .\ v 

nlkm 
ever p(a) + p(fJ) + p(v) ;?: ph) + p(.\) + p(J-l). 

A similar definition holds for 6j symbols. Every a symbol arises from a 6j symbol and 

so can be rearranged into standard form by cyclic permutations and pairwise column 

flips. This can be achieved in the following manner. Cyclically permute so that the 

largest irrep occurs in left hand column. If required flip this column pairwise with 

either one of the remaining two columns to ensure that the largest irrep appears 

in the top left hand position. Flip the middle and right hand columns pairwise if 

required to ensure that the sum of the top middle and bottom right powers is greater 

then or equal to the sum of the top right and bottom middle powers. Now the a 

symbol is in standard form. 

1 . Power Algorithm 

The power algorithm is an inductive scheme for calculating a symbols. The power 

algorithm solves power by power using the pentagon equation as a system of equa

tions. This system is linear in highest power except for a select type of a symbols 
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called exceptional. These exceptional types are dealt with separately. The power 

algorithm has two underlying prerequisite assumptions: 

1. Every a symbol can be brought into standard form. 

2. Every triad has a partition. 

Note that the second prerequisite is dependent on the partitionability of the group 

G. The pentagon equation for future reference is 

I:[a fJ Aj [A 
n v a ¢ 0 

wsnk 

"( :L~ a 

=I:l fJ 
"( p,j [a P, 7]j la 

/-L lq1' 0 ¢ V 0 a ¢ "( 
1'lsm tqWl' 

~ A j (10.8) 

7] P, qlpk 

Moreover, the pentagon equation which is at the heart of the algorithm is linear in 

highest power provided all of the irreps except p, is the identity. We call an a symbol 

containing at least one identity irrep exceptional. 

Assume that the first coefficient in the pentagon equation is in standard form 

and of power n. It will be shown that there is a choice of ,,(, 7], 0 such that the second 

coefficient in the pentagon equation is non-zero and of power less than n and of the 

three coefficients on the right hand side of the pentagon equation, at most only one 

is of power n. Choose the first coefficient to be non-zero and of power n then there 

exists a partition (7], ,,(, 0*) of the triad (v* a A*). That is, 

( "( 0* v* ) with p(v) = pb) + p(o) , 

(0* 7]* a) with p(a) = p(o) + p(7]) , 

(7]"(* A*) withp(A) =p(7]) +pb)· 

l A "( 7]* j Hence is non-singular and 
o a v 

"( 7]* j 
a v 

p(A) + pb) + p(7]) + p(o) + p(a) + p(v) , 

3 
2(p(A) + p(a) + p(v)) , 
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3 
:::; 4(p(a) + p(fJ) + p(cp) + p(;\) + p(a) + p(v)) , 

~p [a fJ ;\* 1 . 
4 v a cp 

Thus, 

p [;\ 'Y 'T}* 1 
5 a v 

(10.10) 

This coefficient has power n if and only if n = 0 which is an exceptional case. The 

right hand side of the pentagon equation is non-zero only if 

min{p(fJ) + p("(),p(a) + p('T}),p(cp) + p(5)} ;?: p(jj) 

;?: max{lp(fJ) - p('Y) I, Ip(a) - p('T}) I, Ip(cp) - p(5)1} . (10.11) 

This condition gives bounds on jj which we use to find bounds on the power of the 

a symbol involving jj. 

p [fJ 'Y jj* 1 :< p(fJ) + p("() + p(a) + p('T}) + p(5) + p(cp) + p(v) 
5cpv" 

- n - p(a) - p(;\) + p( 'Y) + p('T}) + p(5) 
1 

n - p(a) - p(;\) + 2(P(v) + p(a) + p(;\)) 

1 
n + 2(P(v) - p(a) - p(;\)) . 

Similarly, 

1 
n + 2(p(a) - p(v) - p(;\)) 

and 

[
a fJ ;\* 1 1 p :::; n + -(p(;\) - p(a) - p(v)) . 
'Y 'T} jj 2 

(10.12) 

(10.13) 

(10.14) 

If any two of the three above a symbols are of power n then at least two out of 

;\, a, v are fully stretched with the third irrep the identity. Thus the pentagon is 

non-linear in highest power only for exceptional a symbols. 
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10.4 The Case 

The exceptional a symbols are classified according to the number of identity irreps. 

The standard form types are: (A, fL, vi-I) 

Type I: 
[ 111111] 

Type II: [A A* 1] 
1 1 A* 

[ 1 A A*], [A* 1 A], [A ).* 1] Type III: 
lA A AlA A Al 

Type IV: [A A* :] with 2p(A) p(v)? 2p(fL) 
fL fL inll 

We now solve each of these types explicitly: 

Type I: The pentagon equation gives 

(10.15) 

Hence, 

[::~]1. (10.16) 

Type II: The pentagon equation gives 

[~ ~. :.] [~ ~ ~] [~':. ~] [~ ~ :.] [~ :' :. J ("017) 

and hence, 

[~. :. ~ II ~ ~. :. J 1. (10.18) 

Since every a symbol can be arranged into standard form; there exists c E <C such 

that 

c [~' :. ~] [~~. :.] 
(10.19) 
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. _ {),*}f*,)'*1 ),}2{(123),), 1 ),*)2 
where m fact c - {*,111}{*,),),*I}{(12),U*1}' Hence, 

This equation is easily solved, having the two roots ±JC. 
Type III: The pentagon equation gives 

Hence, 

where the right hand side a. symbols are type II. 

(10.20) 

(10.22) 

Type IV: This type is faced with the prospect of solving a non-linear homoge

neous system of linear equations. The pentagon equation gives 

[
A A* 1] [1~. 1 1 
I-" I-" v lnll I-" t'" I-" 

[ : ~ ~ 1 [~:: 1 [;:*:* 1 
p nipi lpl1 

(10.23) 

Since by assumption every recoupling coefficient can be rearranged into standard 

form then there exists c~f E C such that 

(10.24) 

A tedious calculation shows that 

cnp _ {I-"}{*, AA* 1}{*, 1 1-"1-"*}{(123) , 11-"* 1-"}{(132) , A* 1A} 
st - {A}{*, A*lA}{(12), 11-"1-"*} 

. (~({., A' I'J-l)WI32), VAI")~{(12), A'I'V'}:) 

. (~( ((12), A' I' v') -1)~ {(12), A VI"):) (10.25) 
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Hence, 

1 1 A* 

This equation holds whenever the following linear equation holds. 

cnp 
st [

A 

st It 

A* 1] [: : :] 
v = i5

np 

[A A * 1 1 ' f.t stll 

1 1 A* 

where the right hand side a symbols are type II. 

1 ] =0 
V Lpll 

(10.26) 

10.5 Systems of Non-exceptional Symbols 

The pentagon equation has non~trivial solutions because otherwise the a symbols 

would not exist. The existence of a unique non~trivial solution depends on the 

system of equations being inhomogeneous. Moreover, the rank of a homogeneous 

system must match the number of unknowns. This section investigates when a given 

pentagon equation is a homogeneous system of equations. 

The pentagon equation is homogeneous if 

min{p(,B) p(,),p(a) + p(rJ),p(<fJ) p(i5)} 

max{lp(,B) - p(!)I, Ip(a) - p(rJ)l, Ip(<fJ) - p(i5)l} . (10.27) 

There are nine ways that this condition can hold. The a symbols are non-exceptional 

so p(,B) + p(!) Ip(,B) - p(,) I, p(a) + p(rJ) Ip(a) - p(rJ) I and p(<fJ) p(i5) 

Ip( <fJ) -p( 15) I· This rules out three possibilities leaving six. Suppose that p(,B) +p( A) 

Ip(a) p(rJ) I then 

p(,B) 
1 
i(P(v) + p(A) - p(a)) 

1 
Ip(a) - i(p(A) + p(a) - p(v))1 . (10.28) 
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This holds if and only if 

p(A) = p(a) - p((3) or p(a) + p((3) = p(O") - p(V) . (10.29) 

The second condition contradicts the a symbols being in standard form. This is 

proved as follows: Since p(A) :s; p(a) + p((3) and p(A) ~ p(O") - p(v) then p(A) = 

p( a) + p((3). Also since the a symbol is non-exceptional then in particular p(v) > 0 

and so p((3) < p( 0"). Consequently, p( cjJ) :s; p(v) + p((3) < p(v) + p( 0"). Hence, 

p(a) + p((3) + p(cjJ) = p(A) + p(cjJ) < p(A) + p(v) + p(O") violating the standard form 

condition. The other five possibilities give similar conditions. In conclusion we have 

shown that the condition (10.27) holds for a symbol in standard form if and only if: 

p(A) = Ip(a) - p((3) I , 

p(v) = Ip((3) - p(cjJ) I , 

p(O") = Ip(cjJ) - p(a)1 . 

(10.30) 

These conditions demand that the pentagon equation is homogeneous in highest 

power. Non-trivial solutions to homogeneous systems of linear equations require 

the introduction of arbitrary parameters. 

146 



hapter 

onclusion 

The deep structure of the Racah-Wigner calculus has been revealed through its 

formulation as a ring category. This thesis has clearly and concisely defined all im

portant concepts. The practical consequence of this is to make calculations simpler 

through the increased understanding of the calculus and better definitions of key 

concepts within the calculus. 

The Racah-Wigner calculus for a group G has been formalised as a full ring 

subcategory of the category of unitary representations of G. The tensor product and 

the direct sum are the bifunctors for this category. The projected Racah-Wigner 

category is defined which effectively removes the direct sum bifunctor and hence 

the complications associated with having two bifunctors. Couplings are realised as 

products which have unique associated coproducts. These products perform the 

important task of projecting out recoupling coefficients. Recouplings are generated 

by the canonical isomorphisms of the category. The rules for diagram projection 

are given. The Wigner symbols are defined without reference to a group chain 

factorisation. The 2-Wigner symbols are used to construct a (left) duality. The 

K, M and A matrices of Derome and Sharp [11] are identified. The K matrix 

corresponds to a matrix transformation between different choices of coupling. The 

A matrix corresponds to the relationship between irrep conjugation and the left 

duality conjugate generated by 2-Wigner symbols. The M matrix corresponds to 

the action of permutations on the irreps of the 3-Wigner symbol. The 6j symbols 
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are constructed from the 3-Wigner symbols using duality. The Racah backcoupling 

and Biedenharn-Elliott equations and their corresponding recoupling diagrams are 

derived. The process of group chain factorisation is outlined, Racah factorisation is 

characterised and the Wigner-Eckart theorem is proved. 

The new categorical concepts of associated inclusion, inside versus outside pro

jection and component summation are introduced. The definition of ring functor 

and natural ring transformation are obvious extensions from the symmetric tensor 

category case. An alternative definition of a ring category is given and coherence 

proved. The notion of trace and duality is presented for symmetric tensor categories 

and is extracted from the work of Joyal and Street [19]. 

A new algorithm for calculating recoupling coefficients is developed. The algo

rithm utilises the pentagon equation and depends on every triad of irreps having 

a partition. The associative recoupling coefficient is used to define the a symbol; 

a convenient alternative to the 6j symbol. The power of this symbol is defined 

to be the sum of the irrep powers. Bounds on the power of each a symbol in the 

pentagon equation is defined given a particular choice of external irreps. Hence a 

linear (in highest power) equation is found suitable for recursive calculation of 6j 

symbols. This algorithm is an alternative to the Searle algorithm [32] and another 

step towards understanding the recursive calculation of recoupling coefficients. 

Many directions of extension are revealed in this thesis. The generalisation of 

the Racah-Wigner structure to a completely categorical formulation without ref

erence to RePG and such results as Schur's lemma. Given that the relationship 

between a Lie group and its Lie algebra is functorial one would naturally expect 

the Racah-Wigner structure to transfer onto that of the category of representations 

of its generating Lie algebra. Construction of higher power j symbols. Proof of 

the partition nature of the SU(n) Lie groups conjectured in chapter 10. The next 

generation of algorithms for calculating recoupling coefficients. 
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