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ABSTRACT 

This thesis deals with the effectiveness of various 

decision rules derived to approximate the objective 

function of a quadratic programme. The assumption of the 

study is that the constraint set of the QP is known precisely 

but the objective function is known only from the data of 

various observations made of that function. Various 

decision rules, some linear and some non-linear, are used 

to derive from the data objective functions to approximate 

the true but unknown function. 

A series of problems are generated to test the 

effectiveness of these decision rules. The problems are. 

stratified according to the nature of the true quadratic 

function and the size of the problem in terms of the number 

of constraints and variables. In addition to comparing the 

decision rules with each other the study also considers the 

effects of the type of quadratic function (matrix type), the 

size of the problem, the number of observations, the scatter 

pattern of the observations and the curvature (degree of 

nonlinearity) of the quadratic. 

In general the decision rules do not behave well 

except when the curvature is very slight. In most other 

cases the nonlinear decision rules give much the best 

results and particularly if the observations are scattered 

close to the true contrained optimum. The overall con-

clusion is that it 1S well worth the effort to obtain an 

accurate statement of the true objective function unless 

the function is known to be only slightly nonlinear. 
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CHAPTER 1 MOTIVATION 

1.1 Introduction 

The operations research analyst, having investigated 

the nature of the problem on hand has next to dec on 

the mathematical model appropriate for solution. On 

many occasions the formulation is obvious, but often 

i are made either for the of computa-

t viability or because evidence is to 

support a more complex structure. This is larly 

true the sphere of mathematical programming where 

1 programming (LP) is used as a 'good enough' 

appro x ion of a non-linear problem (NLP). 

LP is an attractive model structure. It s 

ionally because the simplex algorithm is now 

well developed, fast and robust, and in the 

post analysis of LP is extens and ly 

s Sometimes, therefore LP is chosen as a simpli-

f ion of a more complex NLP - the non-linearity, it 

is , can be ignored because it is insignificant. 

At other t 

estimated 

used by de 

s suspected non-linearity cannot be 

se there are insufficient data, so LP is 

t. 

This dissertation looks at the effects, within a 

rather 1 ted scope, of using a more simple mathematical 

programming structure than is really appropriate. What 

are the consequences of mis-specifying the model? Is a 

linear structure good enough when the non-linearity is 

we can sa 

An astute 

small? Are there circumstances in which 

y use LP when the structure is truly non-l 

st will spot non-linearity but what if 

ar? 
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there are f data or knowledge of structure 

to identify accurately? 

The by W.T. Baumol and R.C. Bushnell 

produced by 1 zation in mathematical programming", 

(Econometrica~ Vol. 35, No. 3-4, 1967), and Ph.D 

dissertation of R.C. Bushnell, The linear assumption &n 

the use of the linear programming model in Economics~ 

form the starting point for this dissertation. The 

work 

a quadr 

some questions about the ef 

function, i.e., reducing a 

of linearizing 

program 

(QP) to an LP. They present some surprising results. 

We will their enquiry by looking at a broader class 

of c functions and assume the of 

they did. The second of se extensions more data 

opens up 

mations of 

possibility of simplified QP's as approxi

true QP. 

1.2 The Problem 

(1-1) 

Let us consider the QP defined as 

Max z = c'x + x'Dx 

s.t. Ax < b 

x > 0 

llows:-

where x, c and bare n dimensional column vectors, D 

is an (nxn) dimensional negative defin lC 

matrix, A is an (mxn) matrix. 

Let us assume a decision-maker is with a problem 

of the of (1-1), but is not aware its ecise 

structure. We assume that the existence of variables 

and constraints and the values of the f ients of 
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the matrix A and vector b are known exactly. What 1S not 

known is the structure of the objective function. Our 

assumption is that knowledge of the objective function is 

contained in information received by observing the 

function (without error). 

At an observation x we assume that the decision-

maker observes the coefficients of the tangent hyper-

plane to the objective function, i.e., the vector h of 

(1-2) c + 2Dx = h 

How do we use the data from the observations to 

create a mathematical programming problem that approximates 

(l-l)? How good is such an approximation? Under what 

circumstances 1S the approximation good or bad? 

1.3 Relevant Characteristics of a Quadratic Function 

Consider the quadratic f(x) = c'x + x'Dx. The 

position of the unconstrained optimum is 

(1-3) 
o -1 

x = ~D c 

(where D is non-singular). 

Let A. be the jth eigenvalue of D. Let A be the 
J 

diagonal matrix with the A. 's as the diagonal elements. 
J 

The matrix of eigenvectors is the orthonormal matrix Q 

such that 

(1-4) 

Since D is negative definite, A.<O, j = 1,2, ... ,n. 
J 

Consider the transformation x=Qy. The quadratic 

form x'Dx becomes y'Q'DQ y or y'Ay from (1-4). Hadley 

[11], pp.269-72, shows that this transformation is a 

rotation of the co-ordinate system - the 'shape' of the 
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quadratic form remains the same apart from the rotation. 

The form yl~ has its principal axes parallel to the co-

ordinate axes, so the matrix Q gives the position of the 

principal axes of D. If q. is the jth column of Q then 
J 

q. is the direction vector of the jth principal axis of 
J 

D. 

(1-5) 

The length of the jth principal axis of x'Dx 

1 
ITI:T 

J 

1 is 

(Franklin [10] , p. 96) . 

If D is a diagonal matrix then D = A. The eigenvalues 

of D are the diagonal elements, and the matrix of eigen-

vectors is I, i.e., ~ = IIDI. In this case the quadratic 

form x'Dx has its principal axes parallel to the co-ord{nate 

axes. 

If D is a negative matrix (i.e., all elements are 

negative) then the eigenvector associated with the smallest 

eigenvalue (largest in absolute value) has all positive 

components (Franklin [10]). 

A quadratic form is homothetic, i.e., the tangent 

hyperplanes of the points on a straight line through the 

unconstrained optimum all have the same slope. This can 

be established easily. The gradient vector of f(x) at x 

1S 

Now 

and y is 

(1-6) 

\j f = c + 2Dx x 

let (x 0 + yd) where d is direction vector x = any 

any scalar, then 

\j f = c' + 
x 

o 0 2D(x +yd) = c' + 2Dx + 2yDd = 2yDd 

since c'+2Pxo = O. Hence the gradient vector is directly 
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proportional to~q, and since y 1S a scalar the slope of 

the tangent hyperplane is the same for all x o (x +yd) . 

(Of course, the coefficients will differ for different y) . 

Figure 1-1: Homothetic property of quadratic function 

These properties will be used as we develop and 

analyse our results. 

1.4 Linear Approximation of a QP 

One of the most significant forms of approximation of 

a QP - for our purposes - is an LP. Since the constraint 

set is known, only the objective function is approximated. 

We will look firstly at the different characteristics of 

QP and LP problems, and then at the effect of a linear 

approximation of the objective function. 

A comparison of quadratic programming and linear 

programming shows a number of important differences: 

(i) If an LP has a finite optimum then if the optimal 

solution is unique it is an extreme point of the feasible 

region, and if it is not unique it is always a boundary 

point with at least one alternative optima at an extreme 
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point. A QP may have its optimal solut at any poin-t 

on interior or boundary of the feas e 

(ii) The extreme point with the highest objective 

t value of a QP need not be on same of 

sible region as the optimal solution. s is 

illustrated in Figure 1-2. In linear the 

st extreme point is an optimal solution and lies on the 

same facet as all other optima. 

1-2: Best 

Best extreme point 

extreme 

facet of feas 
/ /negion. that 

/ QP optlmum 

A xl 

int 

(iii) The simplex method always goes to an 

extreme nt for an LP. 

A optimum of a QP is unique if the matrix D 

teo 

(v) In general, an optimal solution to an LP is 

reached a fraction of the effort required to find 

optimum a QP 

ns 
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Turning to the effect of linearization, we will look 

at this stage at some of the more obvious results. For the 

problem of Figure 1-2, all of the feasible region inside 

the large level curve glves a better objective function 

value than any of the three extreme points 0, A and B. 

When we linearize the quadratic using for the objective 

function the tangent hyperplane at an observation it is 

therefore likely that the LP solution will be inferior 

to the solution at the observation, in ter~s of the quad-

ratic function. In this simple case we can tell the parts 

of the feasible region that will send an LP to each of the 

extreme points. The ray L is the set of points which have 

the same tangency as the constraint line. All feasible 

points to the left of L generate LP's (as described above) 

that have A as their optimum, while all points on the right 

of L have LP's with B as their optimum. Points on L 

generate LP's that have A and B as alternative optima -

but it is not possible to choose between them or to pick 

the true optimal non-basic solution (which is also one of 

the alternative optima of the LP) . It is interesting to 

note that no feasible points would send an LP to 0 - the 

best extreme point. 

Let us illustrate this reasoning with a ~ore complex 

2 dimentional problem. In Figure 1-3 we consider the rays 

that correspond to each of the constraint lines, i.e., 

L. is the ray from the unconstrained optimum, which 
1 

contains the points with the same slope as constraint i. 

There are two rays with this property - one on either side 

of the unconstrained optimum. 

condition (1-7): 

We will choose L. to satisfy 
1 



(1-7) I f x. E L., then 
l l 

ith constraint. 

l a x. 
l 

l < 0, where a x < b. 
l 

10. 

lS the 

Condition (1-7) can be interpreted as saying that the 

direction of the ray L. is a feasible direction for 
l 

l constraint i from the hyperplane a x = b .. 
l 

Figure 1-3: Homothetic ray associated with the 
constraints 

constraint 
5."" -

A 

constraint 
2 

I A 
~~--~--~~----~~~-----------~l 

! . 
constralnt 1 

The feasible region in Figure 1-3 lS divided by the 

L. rays into those sections which send an LP - using the 
l 

tangent hyperplane at the feasible point as its objective 

function - to each of the extreme points. In this case 

there is a small region which sends an LP to the origin. 

(If the unconstrained optimum is in the non-negative 

orthant an LP with its optimum at the origin can exist only 

if the unconstrained optimum is strictly inside the feasible 

region) . 
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We will return to a more detailed analysis of the 

homothetic nature of the QP in Section 2-12. 

There is a related problem with linearization. 
n 2 Consider the function f(x) = L: c.X. + d. x .. 

j=l J J J J 
c. 

Its global optimum is at 0 where 0 J for each x , x. = 2d. J 
J 

(Le., when af (xo ) 0) . If have observation J = we an ax. 
J - - 0 af point x, with x. >x. for some j , then ax. (x) < 0, i . e. , 

J J 
J 

the objective function coefficient for x. in the LP is 
J 

negative for that observation. This means x. will be zero 
J 

at the LP optimum - even though the optimal QP value for 

that variable is non-zero. This result is caused solely 

by the position of the observation point. 

For the more general quadratic functions the situation 

is slightly more complicated. The position of the principal 

axes control where a point must be for one of the variables 

to go to zero. Figure 1-4 illustrates this. All points 

ln region A give xl a negative coefficient in the LP 

objective function, while all points in B give x 2 a 

negative coefficient. - 0 We can say, however, that if X.»x. 
J J 

then very likely x.=O at the associated linear programming 
J 

optimum. 

The consequences of this conclusion are most 

unfortunate. A variable that features prominently in the 

true optimal solution can be eliminated entirely from the 

approximate solution because at the observation point 

it has too large a value. In general, a variable is 

most likely to get favourable consideration by the LP if 

it has a relatively low value at the observation. 
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F 

--~------------------~\------.----~~-------- x 
1 

1.5 Baumol-Bushnell Results 

Let us look now at Baumol-Bushnell [1] and 

B shnell [2] Sl'nce they are cruc 1 groundwork for u . 

this dissertation we will consider them in some detail. 

The framework is a quadratic function over a linear 

constraint set. They use the special quadratic function 

(1-8 ) IT = 
n 
E 

j=l 

2 (c.x.+d.x. ) + K 
J J J J 

(where c
j 

and K are positive and d
j 

is negative), and cast 

their analysis in economic terms with the objective function 

being a profit function and the constraint set being 

resource restrictions. They use the idea of taking a 

point (an observation) and estimating from the data 

'observed' a linear objective function at that point. They 
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direct r work towards the analysis of six propositions 

( 1) A 1 ar approximation to a non-linear program 

not necess ly yield the true maXlmum. 

( 2) 1 approximation need not provide an answer 

r a randomly chosen initial point. 

(3) It may not even provide the best possible corner 

(4) A ion in the curvature of the profit sur e 

s not always guarantee improvement in the accuracy 

of a 1 approximation. 

(5) Proximity of the initial point to the maximum need not 

rease the accuracy of the linear approximation. 

(6) Only if the objective function is monotonic throughout 

can we be assured that a linear approximation will yield 

re ts which represent an improvement over the 1 

po 

To test these hypothesis, over 300 quadr c 

are constructed. They are grouped according to the s 

of various parameters in the system, in ular the size 

of the elements in the constraint matrix and the pos ion 

of the initial point relative to the uncon optimum 

and constraints. 

Two ways of estimating the linear are used. 

The st uses the tangent hyperplane at ini al point 

as the LP objective function. So the ve function 

ients for point x :== (xl ,x2 ,···xn ) are given by: 

(1-9) a. :== c. + 2d.x. 
J J J J 

An LP using (1-9) has as its objec ve n the rst 

Taylor expansion of the true function. The second 

method uses an averages procedure: 
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(1-10) IT 
a. 

J x. 
J 

- 2 
where IT = L(C.X. + d.x.) Since the objective function 

j J J J J 
of an LP is not a~fected by a multiplicative constant the 

a. coefficients can be defined as ~. 
x. 

J 
J 

Equation (1-9) is justified as a marginalist approach 

to using the data from the observation x. This approach 

assumes that the marginal coefficients observed at x are the 

coefficients of a linear function. Equation (1-10) is an 

averages approach which gives a unit of x. a coefficient 
J 

equal to the average profit. An LP using (1-10) gives a 

total profit of nIT at the initial point and a coefficient 

of the objective function of the LP inversely proportional 

to the relative size of x k to the rest of xj's. 

The overall result of their study is: 

"In general, the linear programming calculations 

did not yield results very close to the true 

maximum nor did the approximation improve 

substantially as the curvature of the objective 

function was reduced." 

(Baumol & Bushnell [1], p.447) 

On average the linear programming optimum is not only 

considerably inferior to the quadratic programming optimum, 

but yields a loss (a negative value of the true profit 

function) 

(1-11) 

The statistic used to make this comparison lS: 

profit at LP optimum 
profit at QP optimum 

The mean value of this statistic lS -9.7106 with a 

standard deviation of 47.5511. The theoretically best 

value for the statistic is 1. 
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In comparison to the initial point the LP optimum 

also fares badly. Here the statistic is: 

(1-12) 
difference in profit between LP optimUP.1 and initial point 

profit at initial point 

In this case the mean is -10.9720 and standard 

deviation 48.6330. The theoretically best value is zero. 

These figures give the conclusion that, on average, the use 

of linear programming leads to a decrease in profit over 

the existing position. 

A number of explanations are investigated for the 

overall results and differences in results for different 

classes of problem. The only explanatory variable of value 

'th t' (number of non-slack variables) 
1S e ra 10 mb f t' t . nu er 0 cons ra1n s This gives 

a correlation coefficient of -0.5229 with the statistic of 

(1-11) and -0.5241 with the statistic of (1-12). 

Curvature is very disappointing as an explanatory 

variable. Neither of the two curvature measures proposed 

give significant results. In fact, the first measure gives 

a correlation coefficient of the "wrong" sign - suggesting 

that performance of the linear programming approximation 

improve slightly with increased curvature. 

Analysis by Bushnell [2] subsequent to Baumol and 

Bushnell [1] explains the results almost entirely in terms 

of the position of the unconstrained optimum and the initial 

point. Three different procedures are used to generate 

the quadratic objective functions. When these procedures 

are compared, the differences reduce to whether the uncon-

strained optimum is outside or inside the feasible region 

and whether the initial point vector is less than the 

vector of the unconstrained optimum. When the initial point 
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is less than the unconstrained optimum which is in turn 

outside the feasible region the results are good -

t most of the linear programming optima co ded 

with the quadratic programming optima. An uncons ned 

imum within the feasible region is the lC 

programming optimum and will almost never coinc with the 

imum of the LP. 

1.6 Cri of Baumol-Bushnell 

The substantive contribution that Baumol and 

have made is to establish that mild non-lineari es can, 

if they are ignored, cause significant dis ons 

the solution of mathematical programming problems. s is 

in contrast with most other situations where mild non-

linearities are encountered. The reason 

1 s in the special nature of the optimum 

fference 

an LP, i.e., 

a basic feasible solution or an extreme point. 

Two matters left unanswered by them are is 

s present dissertation. What bias is there in the 

re s due to the rather simple quadratic function assumed 

Can more accurate results be obtained if more 

one observation is available? 

11 correctly sees the position of the uncon-

stra optimum as an important factor in explaining his 

re ts. However, it is so good an explanation, as to r se 

susp ion about the validity (or scope) of the results. 

ng noted that an unconstrained optimum aside the feasible 

region re s in a poor linear approximation, Bushnell 

comments on two batches of problems that virtually ensure 

unconst ned optimum is outside the feasible region -

s 
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"Those problems did astoundingly well. The 49 

cases of problems 802-851 yielded on the average 

95% of their potential improvement~ Thirty-five 

of the 50 cases (70%) even had as their quadratic 

solution points the precise solution points 

determined by the approximating linear program. 

The 48 cases of problems 852-901 yielding 

improvement achieved on the average 97% of their 

potential improvement. 31 of the cases (62%) 

had as their quadratic solution points the precise 

solution points determined by the approximating 

linear program." (Bushnell [2] p. Vl-38). 

Of the other 150 problems he comments: 

" ... in problems 1-50, 51-100 and 401-450 all 25 of 

the problems which did yield improvement hit the 

target perfectly ... that is to say, there 1S no 

difference between the linear programming 

approximation and the quadratic programming 

solution. This apparently fantastic result 

occurred simply because the feasible region was 

so constricted that relatively little change 

from the initial point could occur." 

Bushnell [2] , p. Vl-40). 

To Bushnell it 1S no surprise that a non-linear problem 

should have its optimum at a corner point. His dissertation 

(Chapter 3) in fact conjectures this result. The results 

of this present dissertation do not support that conjecture. 

On the contrary, the large proportion of problems that have 

linear programming and quadratic programming solutions coin

ciding makes us suspicious. Bushnell explains the good 
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results of ems 802-901 in terms of the uncons ned 

optimum outside the feasible region and ly 

few negat linear programming coefficients. This is, 

however, mere 

well outs 

saying that the unconstrained optimum is 

sible region - or that the level curves 

are "ne " by any meaningful criterion, This s Ie 

would cause both a higher probability of a corner point 

solution, (if the quadratic programming optimum is 

not a corner point) near optimal values for the corner 

points near the optimum of the quadratic program (see 

the sis of Chapter 2 of this dissertation). But is 

this 

of the 

prog 

also 

optima co 

Ie 

po 

whole answer? It certainly does not answer why 

150 problems (many of which had quadr 

optima inside the feasible region) 25 

c programrning and linear programmi 

iding. Bushnell's suggestion about the 

ion being highly constrained around the 

s not tell the whole story. It would be neces 

ial 

for the i al point not only to be near the boundary of 

the feas Ie set but also to be close to a corner 

or corner points and even that is not sufficient. 

1-5 illustrates this. Point x(l) in Figure 1-5 s 

its LP to the optimum of the QP - but x(2) does not nor 

s x(3). In fact the LP from x(3) goes to corner point A 

a long way from the optimum of the QP. The trend 

in F 1-5 is compounded considerably as the sions of 

increase. 

The explanation probably lies elsewhere. 

RHS generation procedure described by Bushnell [2] , 
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Figure 1-5: Initial point close to boundary 

x 
constraint 

D 

2 

constraint 

/3 / 

p.Vl-32 is roughly as follows:- after the initial point 

has been chosen the RHS coefficients are determined by 

adding a random number to the RHS that would exactly put 

the constraint through the initial point. If this random 

number is small, the constraints are all bunched closely 

around the initial point - and thus create corner points all 

close to that point and perhaps many redundant constraints. 

It is not surprising then that the optimal corner point 

is close to the initial point. Also since the unconstrained 

optimum is also very close for these 150 problems it is 

likely that the QP optimum finds a solution at one of 

the corner points clustered there. 

The second factor that enhances the results of 100 

of these 150 problems is that the initial point is strictly 

less than the unconstrained optimum. For an infeasible 

unconstrained optimum the level curves will thus be "well 
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behaved" towards the feasible region. When this is added 

to the facts that the unconstrained optimum is close, and 

that there are corner points clustered in the area, the 

likelihood of a corner point solution is further enhanced. 

There is yet a third factor which aids good results 

for all the problems. The principal axes of the level 

curves of the quadratic functions generated do not vary 

greatly in length. For all 250 problems the longest 

possible principal axis can be no more than 2.236 times the 

shortest possible. In fact they will usually be closer 

than this in length. The case of a very pointed level 

curve (as shown in Figure 1-6) is thereby excluded, yet 

there is the significantly "nonlinear" case (as opposed 

to the "near linear" case). For such a function -

particularly if the principal axes are parallel to the axes -

the likelihood of a corner point solution is more remote. 

Figure 1-6: The pointed-level-curve case 

o 
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It seems therefore that the results Baumol and 

Bushnell, though qualitatively correct and pessimistic 

the value of linear programming , may 

not be pessimistic enough for QP's with an unconstrained 

imum near, but outside of the feasib 

point that Bushnell says 

is the curious fact that the LP's he 

about 

s are often 

" rate" (according to his terminology). He 

less structural variables (non-sl abIes) 

non-zero value at the optimum to the LP 

maximum tted by the basic theorem of programming. 

He c this to be "surprising". His error is s 

s abIes are perfectly good variab s wi n 

scope of basic theorem - and in fact neither of the 

examp s quoted (Baumol and Bushnell ([1], p.464) are 

may, in 

proc 

in the true sense of the term. 

, confirm the suspicion that his 

has produced many redundant constra 

sobs ion 

A more substantial error we have not yet ment is 

in their aside which seeks to find s 

the linear programming approximation is of 

Propo 6 ( [1], p.455) conjectures that monotoni ty 

of 

ensure 

the t 

1 curves over the feasible region is enough to 

linear program gives an improvement over 

solution. This proposition is then used to 

provided one stays within a small area around 

point (thus hopefully remaining within 

scope of monotonicity) the linear programming 

will not be too bad. We will later on show that ir 

propo 6 is sec Figure 1-7 demonstrates in s 
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diagrammatic terms that the proposition need not be true; 

in it the level curves are all monotonic yet optimum 

to the LP (A} is r to the initial nt (1 ) 
x , 

Fi Counter sition 

1 

In summary, Baumol and Bushnell's lem simulation 

procedure seems to have brought in some unnecessary bias. 

It seems also there has been insuf variation in 

curvature to meaningfully test any conjectures that compare 

mild nonlinearity with severe nonlineari vJhile these 

and other errors of analysis blunt the e their results, 

the overall flavour of their conclusions seems correct. 



CHAPTER 2 FRArllE~'JORK FOR HIE ANALYSIS 

2.1 Introduction 

( 2-1) 

fundamental problem to be analysed is: 

We are given the QP 

Hax z 

s.t. 

c'x + x'Dx 

Ax < b 

x > 0 
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A and b are assumed to be known, but where the 

object has been observed only in the form 

(2-2 ) c + 2Dx :::: h 

at a number of ,different x. How do we approximate (2 1) 

with a mathematical programming problem using the 

ined from (2-2)? How good are these approximations? 

r what conditions are the approximations likely to 

improved or worsened? 

This chapter introduces ways of ing (2-1) 

us various decision rules. It also s a framework 

assessing the results of the approximations and discusses 

factors in the model structure which are, a ~or~y 

most likely to affect the results. Other s are also 

considered which are thought to be good indicators 

(qualitatively if not quantitatively) outcome of 

approximations. 

The whole of this study assumes that unconstrained 

optimum is not an interior point of e region. 

This is done to keep the scope of the manageable. 

Allowing for QP1s with interior point introduces 

another significant factor into the ana s. 
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A series of proposition~ are introduced. These are 

presented in a weak form but, depending on their outcome, 

we will endeavour to establish stronger results. Each 

proposition is to be tested by standard statistical tests 

of significance. 

2.2 Decision Rules 

Six decision rules are considered for approximating 

(2-1) using the data from (2-2). More complicated decision 

rules than Baumol-Bushnell used are possible because we are 

assuming more than one observation on the objective function 

The decision rules represent various ways of using the data 

available. Firstly, we define four LP decision rules based 

on all the information, or a selection of it. In addition 

to these four rules a QP decision rule is defined. To 

compare these with Baumol and Bushnell's first decision rule 

we include also the tangent hyperplane of one of the 

observations (chosen at random) as another decision rule. 

There is an aggregation problem that results from 

combining data from the tangent hyperplanes. It is simply 

illustrated by comparing the following examples:-

Example 1: Observation 1 glves 4x
l + 3x

2
, 

observation 2 gives 6x l + 8x
2

, 

and the mean of these 5x l 
11 

1S +2x 2° 

Example 2 : Observation 1 gives 4x l + 3x2 , 

observation 2 gives l2x
l + l6x

2
, 

and the 8xl + 19 mean 1S 2 x 2· 

Examples 1 and 2 are in fact looking at lines of the same 

slope, but they do not yield the same result when the 

criterion for combining them is the mean of the coefficients 

for each variable. This problem can be overcome by 



normalizing each of the functions defined by the tangent 

anes. The normalization procedure alters the 

magn of the coefficients so that the normal vector 

to the ion is of unit length. In both examples then, 

result is: 

ion 1 gives 4 + 3 
S-xl S-x2 ' 

tion 2 gives 3 + 4 
S-xl S-x2' 

7 7 
and the mean is IOx l + lOx 2 " 

normalizing the coefficients all hyperplanes of 

the same are given the same coefficients. Thus any 

ion procedure will not be affected by a scalar 

mult of any of the hyperplanes being aggregated. 

Let us ine some notation. If x(k) is the kth 

ion 1,2, ... ,p) then h (k) = (hI (k), h2 (k) , .. ,h
n 

(k» 

is the vector such that 

(2 3) + 2D (k) x , 

and 
(k) 

g (gl (k), g2 (k) , ... ,gn (k» is the 

vector where 

(2 4) 
(k) 

g. 
J 

Decision rule 1: 

h. (k) 
J 

n 
E (h.(k»2 

i==l 1 

A 
A 

A linear objective function 3 Maximize z 

with r. = the mean of the normalized co 
J 

observations" 

(2-5) .!. ~ g. (k) for each j. 
p k=l J 

ized 

n 
E r.x. I 

j=l J J 
ents of the 
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Decision rule 2: 

r. 
J 

A linear objective function is constructed with 

the median of the g. (k) 's for each j. 
J 

These first two decision rules are very straightforward 

Decision rule 3: 

A linear objective function is constructed with 

r. = the mean of the original coefficients of the 
J 

observations~ ~.e.~ 

P 
(2-6) r. = 1:. h. (k)for each j. 

J p k=l J 

This rule is used because it gives the objective function 

that results were the situation diagnosed (wrongly, of 

course) as a stochastic LP. Since this would be a stochas-

tic LP where only the objective function coefficients are 

uncertain, the mean of the observed values gives an unbiased 

estimate of the true mean of the coefficients. 

Decision rule 4: (Random LP decision rule) 

A linear objective function is constructed by 

choosing at random one of the observed tangent hyperplanes. 

This decision rule compares with the Baumol-Bushnell 

"marginalist" decision rule. It can be used as a standard 

for jUdging the other decision rules. 

Decision rule 5: 

A linear objective function ~s constructed with 

r. = the mean of the closest 50% of the normalised 
J 

coefficients~ for each x .. 
J 

The rationale for this rule 1S the idea that the outlying 

observations may be anomalies and thus should be discarded. 
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Decision rule 6: decision rule 

A quadratic objective function with no cross roduct 

terms is estimated from the data of (2-3). e 

approximating quadratic has the form 

(2 7) 
n 

f(x} = E 
j=l 

2 (a.x. + S.x. ) 
J J J J 

At point x the tangent hyperplane of (2 7) has coefficients 

(2 8) 

A 

Clf 
Clx. 

J 

:;::::; Ci. + 
J 

2S. x .. 
J J 

We can estimate (2-8) using ordinary least squares 

regression by assuming that the tangent hyperplanes of 

(k) 
c'x + x'Dx and (2-7) at x are the same, i.e. 

(2-9) h. (k) = 
J 

a. + 2S. x. (k) for all j. 
J J J 

Since only two parameters in the linear equation (2-8) 

have to be estimated, as few as two observations are 

red to construct the approximating QP of the form 

(2-7). If, by chance, the true QP has no cross product 

terms then (2-8) will estimate the true coefficients 

exactly. Once equations of the form of (2-8) have been 

e 

In 

for each j, (2-7) can be constructed trivially. 

to use a standard QP computer code the approximatin~ 

ion is restricted to being concave. So if 2S. is 
J 

estimated to be positive (inevitably with a standard error 

so that the null hypothesis cannot be rejected 

with any reasonable confidence) I S. is set to zero. 
J 

Geometrically, we are approximating a quadratic 

ion with axes in any direction, by one with axes 

parallel to the co-ordinate axes. A priori, this does not 

seem a good approximation. However, since it is the 
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optimal point that matters, and not the shape of the 

function, it may not be too bad, particularly if the 

observations are close to the true optimum. 

The QP decision rule goes some way to satisfying a 

hunch the analyst may have that the true objective 

function is non-linear. With the limited data available 

this type of simple polynomial is the most attractive. 

Each of these decision rules gives an objective 

function which is solved over the true constraint set -

creating either an LP (for decision rules 1-5) or a QP 

(decision rule 6). 

The effectiveness of a decision rule must be 

measured by the true objective function not the approxi-

mating objective function of the decision rule. Each 

decision rule results in a solution point - we will call 

this the decision rule solution. 

It is not sufficient to merely record the value of 

the true quadratic function at each decision rule solution 

since it will be necessary to compare decision rules 

for different problems. Hence we define the decision 

rule value (in terms of the value of the true quadratic 

function of the solution points) as: 

(2-10) 

value of true QP optimum - value of decision 
rule solution 

value of the true QP optimum 

'I~ fk \/{l.L.I.( D~\ ~k ikLt IfP oft~"'~'~L\ >0 

For every feasible solution (2-10) must be positive, and 

the "best" value it can assume is zero, because no feasible 

solution can have a value of the true objective function 

greater than the value of the true QP optimum. Any 
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decision rule value greater than unity implies a negative 

value of the true objective function at the decision rule 

solution, i.e., the decision rule solution is inferior 

to the point x = o. 

We now have the first propositions. 

Proposition 1A: 

The five LP decision rules can be distinguished~ 

~.e. the mean of their decision rule values are 

significantly different. 

In advance we have no clear reason to suppose that 

proposition lA is more likely to be true than its converse. 

Proposition 1B: 

The decision rule value of the QP decision rule is 

less than the mean decision rule value of any of the LP 

decision rules. 

We are postulating that the QP decision rule will be 

superior to the others. This is a reasonable a priori 

assumption since the QP decision rule is more complex and 

takes non-linearity into account. 

2.3 Gradient Stopping Rules 

The great disadvantage of the QP decision rule is 

that the computational effort required to solve a QP 

is much greater than that for solving an LP. It is 

difficult to give a precise comparison of computational 

time since the times are somewhat problem-dependent 

(i.e., vary not only according to the size of the problem 

but also according to the structure and coefficient 

values of a particular problem) and solution technique 

dependent. A particular version of Wolfe's algorithm has, 
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in our experience, taken from 20 to 500 times as long to 

solve a QP as it did to solve an LP with the same constraint 

set. other more modern systems may be much quicker. 

To mitigate the computational deficiency of the QP 

decision rule we introduce three stopping rules based on 

the approximating QP, but using a Frank-Wolfe algorithm to 

solve it (or partially solve it). This algorithm is a 

type of gradient method, which like most gradient methods 

gets quite close to the optimum in only a few iterations. 

It is possible to stop the convergence procedure at any 

time. The Frank-Wolfe algorithm is particularly interesting 

for this study because it uses an LP at each iteration; so 

it is in some ways an intermediate between an LP decision 

rule and the QP decision rule - it is a sequence of LP's. 

The three gradient stopping rules simply terminate 

the algorithm after three different numbers of iterations 

- 5 iterations, 10 iterations and 25 iterations. 

It is not a foregone conclusion that 25 iterations 

will perform better than 5 iterations because the algorithm 

is being applied to the approximating QP, but assessed ln 

terms of the true QP. Also if the algorithm converges to 

the optimum of the approximating problem very quickly the 

solution may be the same after say 5, 10, and 25 iterations 

- viz. the optimal solution to the approximating QP. 

The Frank-Wolfe [9 algorithm commences at some 

pre-determined feasible solution and continues to the 

optimum from there. Anyone of the observations is 

suitable for the initial solution for the algorithm. 

just one observation can be used, we commence at the 

observation used in the Random LP decision rule. Thus 

Since 
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we have an comparison between the Gradient 

Stopping rules and the Random LP decision rule. 

Terminate after 5 iterations of the Frank-Wolfe 

algorithm applied to the approximating using the 

observation asso ted with decision rule 4 (Random LP 

decision rule) as the initial solution. 

2: 

Terminate after 10 iterations of the Frank-Wolfe 

algorithm on the ximating QP commencing at the 

Random LP decision rule observation . 

Gradient Stopping Rule 3: 

Terminate er 25 iterations the Frank-Wolfe 

algorithm on the approximating QP commencing at the 

Random LP decision rule observation. 

These 1 to three propositions. 

on 2A: 

The decision rule value of e three gradient 

stopping rules can be distinguished. 

tion 2B: 

The decision rule value of any gradient stopping 

rule is less than that of the Random LP decision rule. 

tion 2C: 

The decision rule value of any of the gradient 

stopping rules can be distinguished from that of the QP 

decision rule. 
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2.4 Variable Metric Decision Rule 

By using some o£ the concepts of the variable metric 

method (Murtagh and Sargent [15] ) we can improve the 

estimate of the quadratic function. 

Briefly, in the variable metric method, it is assumed 

that initially the Hessian matrix 1S only estimated, i.e., 

it is either unknown or not known precisely. At each 

iteration a solution point is reached where the gradient 

is known. The information from the solution points and 

gradients is used to improve the estimate of the 1nverse 

of the Hessian matrix. So if xk 1S the solution after 

iteration k, and gk 1S the gradient then, by definition, 

if H is the true Hessian matrix 

or 

(2-11) 

-1 
Since we do not know H but only an estimate Sk at 

iteration k we require that 

(2-12) 

In order to have an effective updating procedure it is 

also necessary that 

(2-13) i<k ~ 

This means that Sk is updated in such a way that is satisfie~ 

all previous iterations as well as the current one. 

Murtagh and Sargent [8] show that if the original 

non-linear function is quadratic then the method produces 
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-1 
S = H after n iterations (where x 1S an n~tuple) . 

k 
There 

does not need to be any particular direction of movement 

at each iteration for this theorem to hold, provided only 

that the n observations are independent, so that each 

iteration adds genuinely new information. 

The variable metric method is, strictly, a gradient 

method technique for solving a non-linear optimization. 

Each iteration is a step in the optimization routine. In 

that context it is possible to generate sufficient steps 

and hence observations of the function to obtain a good 

-1 
estimate of H . 

For the purposes of our study we want to take only 

the matrix up-date scheme and apply it to obtain another 

estimate of the quadratic function. Each observation we 

obtain is treated as an iteration for finding a new Sku 

If the number of observations is greater than n then 

-1 
Sk = H after n iterations; S0 we have exactly determined 

D, since D = 2H. othen-lise we have an estimate of D 

which is 2S- 1 (where p is the number of observations) p-l 

Note that k+l observations are needed to perform k 

iterations. 

The variable metric decision rule 1S then derived as 

follows:-

The initial estimate S 
o 

-"-1 = !:2D . , where f = ex + x ' 6x, 

is the approximating QP. (If any of the diagonal terms 

of D are zero then the corresponding term of S is set at 
o 

-1. o. D is, of course, a diagonal matrix) . 

Method 2 of Murtagh and Sargent [15] is used to update 

the S matrix, so that we get after p-l iterations an 

estimate of H- l of S l' where S is a symmetric matrix. p- p-l 
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The variable metric decision rule uses 0 = 2S- l 
p-l 

as an estimate of D. The quadratic is then solved using 

this estimate of D. Although 0 is symmetric it may not be 

negative definite or semi-definite, hence Wolfe's QP 

algorithm [16] cannot be used. We use the Frank-Wolfe 

gradient algorithm [9] to find an optimal solution. 

Unfortunately, there is no guarantee that it will be a 

global optimum. This solution is the variable metric 

decision rule solution. We have then the proposition: 

Proposition :3 

The decision rule value of the variable metric decision 

rule is less than the value of the QP decision rule. 

The rationale of the proposition is that, since the 

estimate of 0 of the QP decision rule lS used to initiate 

the variable metric update scheme the final estimate of 

o resulting from the variable metric scheme should give 

a better estimate of 0 and presumably a better optimal 

solution. 

Against this there is no guarantee that a better 

estimate of 0 will give a better solution value especially 
Ccr'tCf:.t_V\: 

if the estimate of I) produces a non-GG-¥l:VeK function. 

2.5 Controllable Aspects of the Model Structure 

We wish to consider the performance of the decision 

rules in more than one set of circumstances. This enables 

us to test the sensitivity of our results to various 

assumptions we have made in the model structure. It 

provides insight into the situations in which we mayor may 

not expect good performance from certain decision rules. 

We also gain insight into the relative potency of the 

different decision rules. 
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To allow eve aspect of the structure to alter 

accurate the performance of the sion rules 

is too great a task. We therefore choose, 

cts which seem most likely to be Sl those a 

There is the risk that we have omitted to follow up 

an important 

rules. 

nant of the performance of decision 

lowing are studied in some 

their ef ct on the decision rule values: 

to determine 

(1) form of the 0 matrix of the true objective 

function. 

( 2) 

of vari 

The size of the problem - in terms 

s and constraints. 

the number 

(3) grouping structure of the 

(4) number of observations. 

( 5) The position of the true uncons ned optimum 

relat to constraint set. 

These are tested in different ways sometimes by 

considering many different problems and sometimes by taking 

a s problem and carefully altering the factor under 

cons ration. The method of testing is 

nature of factor. 

2.6 0 Matrix 

nature the 0 matrix 

the c function's contour lines 

Bushnell [1] dealt with the simplest case 

negat finite diagonal matrix. We 

negat finite matrices of a more 

Four types of 0 matrices are cons 

them 0 is symmetric: 

to the 

shape of 

Baumol and 

D being a 

this to 

form. 

- in all of 
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(1) General negative definite matrix. 

(2) Negative definite matrix with all diagonal 

elements negative but with non-diagonal elements of either 

sign. 

(3) Negative definite matrix with all negative 

elements. 

(4) Diagonal negative definite matrix. 

A general negative definite matrix can be constructed 

backwards using equation (1-4). Firstly the eigenvalues 

are determined and thus the matrix A. Then a set of 

orthogonal vectors is generated and these can be normalised 

to create the orthonormal matrix Q. Q, is, of course, 

non - singular, so from (1-4) we get 

(2-14) 

However, since D is symmetric, we have Q-l = Q' (see 

Hadley [11] , p.244). So from (2-14) 

(2-15) D QAQ' . 

There is a serious problem with this method of 

creating D. If Q is generated using a uniform distribution 

it is very unlikely that the Q matrix will create a D 

matrix with zero elements. In reality it is the rule 

rather than the exception that some cross-product terms are 

missing. One way of trying to overcome this is to create 

D via (2-15) and then make some of its non-diagonal elements 

zero. Though convenient, and possibly the only practical 

resolution of the problem, this procedure may render the 

new D matrix no longer negative definite unless we take 

steps to ensure it. 
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1 The second type of D matrix has 

diagonal elements with much smal elements 

of either sign There is no problem with mak some 

non-diagonal elements zero since this will not a the 

negative definite nature of the matrix. However, the 

structure is rather special and may, in gene 

signi cantly different results than the gene 

de D matrix. 

The third type of D matrix is the all-negative 

ve 

matrix. This type of matrix is negative definite if the 

agonal elements are considerably larger than the other 

elements. We will not allow zero non-diagonal terms. 

We mentioned in Section 1.3 that a matrix of this structure 

has a positive eigenvector for its largest eigenvalue 

(i.e. I the shortest axis is directed into the non ve 

orthant). From our analysis we expect that this x 

should give results better than in the gene case. 

The fourth case is the most speicalized of all. This 

case is considered in order to provide a comparison with 

the Baumol-Bushnell assumptions. There are good reasons to 

consider this special case as they pointed out (Baumol 

and Bushnell [1] , ppm 448, 457-9). 

These four cases lead to three propositions: 

tion 4A 

The decision rule value of each decision rule us~ng 

the general negative definite D matrix (type 1) is greater 

than for any other matrix structure (types 2~ 3~ and 4). 

n 4B 

The decision rule value of each decision rule us~ng the 
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all negative D matrix (type J) ~s less than for any 

other matrix structure~ except that the QP decision rule 

behaves perfectly with the diagonal D matrix. 

Proposition 4C 

The decision rule values for each decision rule 

(except the QP decision rules) using the diagonal D 

matrix (type 4) cannot be distinguished from those when 

the D matrix has negative diagonal elements but non-

diagonal elements of either sign (type 2) 

2.7 The Size of the Problem 

The size of the problem measured by the number of 

variables is likely to have some influence on the results. 

A first effect is the increase in the size of the feasible 

region as a consequence of increasing the dimensions of 

the space. 

There is another interesting effect which can be 

illustrated by a simple example. Consider the constraint 

set 

x
l

,x
2 

> 0 

The midpoint of the line segment is which is a 

distance of approximately 0.7071 from (0,0) and 0.7071 

from the other extreme points (1,0) and (O~l). Now 

consider 

xl + x 2 + x3 < 1 

x
l

,x
2

,x
3 

> 0 
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The midpoint of the facet is x = (~, ~, ~) which is a 

distance of 0.5774 from (0,0,0), but is 0.8165 from 

the other three extreme points (1, 0, 0), (0, 1, 0) and 

(0, 0, 1). This suggests that the decision rule value 

of the LP decision rules will worsen as the dimension of 

the space increases. This is particularly likely if the 

number of constraints is less than the number of non-slack 

variable - in that case there are no extreme points 

in the interior of the non-negative orthant. 

The following example strengthens this hunch and 

provides a special case in which it is true. Of course, it 

may not always be true - but we suspect that it is true in 

a substantial proportion of the cases. Consider the quad-

ratic function with the cross section shown in Figure 2-1 

in every dimension. The principal axis with direction 

into the origin is twice the length of all the others. 

Assume the unconstrained optimum is at x = (1,1, ... ,1) Max 

Figure 2-1: Cross section of Example quadratic 

x. 
J 

principal axes 
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The equation of the quadratic is, ln 2 dimensions: 

in 3 dimensions: 

in 4 dimensions: 

etc. 

3 2 --x 2 1 

Let us consider the objective function value of the 

extreme points of the unit simplex in each case. 

In 2 dimensions f2 (x) 
1 for ( 1 , 0) (0,1) . = x = or 2 

In 3 dimensions f 3 (x) 
1 for ( 1 , ° , 0), ' (0,1,0) x = or 2 

or (0,0,1) . 

In 4 dimensions f 4 (x) = ; for x 

or (0,0,1,0) or (0,0,0,1). 

(1,0,0,0) or (0,1,0,0) 

We see that if the unit simplex were the only 

constraint then the extreme points of the constraint set 

other than zero get increasingly worse objective function 

values. Yet any LP decision rule must have one of these 

points as its decision rule solution. 

Besides the actual dimensions of the space, it seems 

possible that the decision rule values may depend on the 

relative number of constraints (m) and non-slack variables 

(n) . Consider the ratio (~). The higher this ratio is the 
m 

worse we expect the linear programming approximations to 

be. This is because the optimum of a QP is usually non-

basic. With fewer constraints there are more non-basic 

variables. Also with more constraints there are more corner 
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points, and hence there is a better chance good ones 

near to the imum of the QP. If (~) is less than unity m 

then there are probably some corner points on the interior 

of the non orthant. This, in many cases, should 

considerably the chances of an LP sion rule 

finding a good ision rule solution. 

In cone ion we have the following proposi 

The cision rule values for each decision rule are 

related to n 
n 
m 

As nand n increase the 
m 

cision rule 

values increase. 

2.8 Number of Observations 

In 1 more observations provide more data. But 

can we the decision rules to per better with 

more data? e is no reason, in , to suppose 

that an LP sion rule with more data 11 de ne an 

object ction that goes to a r corner point. It 

all where the best corner nts are. Even the QP 

decision may not improve with more observations since 

the s cal model implied by approximating QP is 

mis-speci so that regression anal is need not provide 

a better estimate of the coeffi s despite there being 

more s of freedom. For the able metric decision 

rule more observations would allow problems to have 

their atic function specif exactly - since this 

occurs any problem where n ~ p+l. We did not, however, 

ana e variable metric rule in s regard. 
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Proposition 6 

An increase &n the number of observations does not 

decrease the decision rule values~ on average~ of any 

of the decision rules (other than the variable metric 

decision rule). 

2.9 Grouping Structure of Observations 

Three different groupings of the observations are 

considered. 

(1) Random scatter over the whole feasible region. 

(2) Random scatter within a hypersphere centred at 

the true constrained optimum. 

(3) Random scatter in only that part of the hyper-

sphere of (2) that contains points less than the true 

constrained optimum. 

A random scatter over the whole feasible region is 

hard to achieve computationally. The difficulty is caused 

by the dimensionality of the problem. Let us consider the 

largest value each of the variables can assume - for our 

problems this will occur at the intersection of a constraint 

with the co-ordinate axis of the variable. We will call 

the vector of all these largest values x. Consider now 

the set P = {xlx<~,x > O}, as the dimensions of x increase 

so the proportion of P that is also feasible to the 

constraints falls rapidly. (For example, if the only 

constraint is the unit simplex than P = {xlx~l, x>O}. 

1 If the dimension of x is 2 then - of the points in Pare 
2 

1 
feasible; if the dimension of x is 3 then 4 of the points 

in P are feasible; if the dimension of x is 4 then ~ of 

the points in P are feasible. In general the proportion is 

For this reason the search for feasible solutions 
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in set P becomes very time-consuming as the dimensions 

of space increases. 

A "quasi-random" process is therefore suggested. 

at X, a 

randomly. 

point x (1) 
I 

If x (1) is 
I 

in the interval [0 xl is 

feasible then it becomes 

the obse point, if xI(l) is not feasible one of the 

( 1) . 
1S chosen at random to be reduced in 

value to obtain ( 2) 
xI . The procedure is repeated until 

a feas e solution is obtained. This is not a true 

sel process from the set P and hence the fea e 

is biased against solutions with a very 1 

ue of any of the variables. 

reason for the second grouping of 

good trial and error management 

s within a% of the true optimum of the QP. This 

often been found to be the case in practical 

is 

res studies. The idea could be interpreted two wayst 

observations should be within a% of the true 

solution, or observations should have solution values 

w a% of the true optimal solution va These are 

cle y not identical - but may be rather close. We will 

use the first interpretation, since the second is difficult 

to simulate. It might be hoped that ob close 

to the true optimum will give data that will Ie the 

sion rules to make good approximations. s may not 

true of the LP decision rules since on the 

position of the extreme points. However, we may expect 

the QP decision rule to be better for ob ons of this 

type particularly if a is small. The QP ision rule 

should provide a good estimate of the the level 

curves in that region since the are clustered 
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ther. If the approximating QP has a s 

curve to the true QP near the true 

programming optimum the QP decision rule will 

value. 

The grouping is included because of the 

diff ul with negative coefficients mentioned in 

1-4. By observations with no components 

than the optimum there is little likelihood of 

a coef ient for the tangent hype ane, 

the poss is not altogether excluded. 

We now state three propositions: 

c 

a good 

Section 

ater 

although 

e cision rule values of the de on rules are 

gr1eater r a quasi-random scatter of observations (type 1) 

than for either of the other two types of scatter of 

observations. 

ion ?B 

e sion rule values of the random scatter within 

a hypersphere of the true QP solution ( pe 2) are greater 

than that when the scatter is restricted to the region 

below the true QP solution (type 3). 

For type 2 and 3 scatters~ the decision rule values 

of ea decision rule are less for erspheres of smaller 

us. 

2.10 Pos ion of Unconstrained 

Bushnell observed, with some jus cation, that the 

po tion of the unconstrained optimum may have a very 

si cant effect on the decision values. On one 
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hand an unconstrained optimum within the feasible region 

plays havoc with any LP decision rule (which, of necessity, 

has its decision rule solution on a corner point). On the 

other hand if the unconstrained optimum is well outside 

the feasible region, the decision rule values are likely 

to be good. In this latter case the level curves are 

quite flat thus having three effects. Firstly, they are 

more likely to give a optimum to the QP at a corner point . 

Secondly they make it more likely that the LP decision rules 

will go to good corner points. Thirdly the corner points 

adjacent to the optimum of the QP are likely to have good 

objective function values. Figure 2-2 shows the effect of 

three positions of the unconstrained optimum relative to 

the feasible region - the objective function is kept the 

same but the feasible region is altered by a scalar. In 

the three cases points B(a) and B(b) and B(c) are reached 

by LP's commencing from points within in the cone L1L2 -

these are, in each case, the best corner points. Yet for 

constraints l(a) and 2(a), the proportion of the feasible 

region within the cone is small, and B(a) does not have a 

very good objective function value. The most likely corner 

points A(a) and C(a) both have very bad objective function 

values. For constraint set l(b) and 2(b) f corner points 

A(b) and C(b) are still the most likely to be achieved, 

and they have bad objective function values. B(b) the best 

corner point in this case has quite a good objective 

function value. For constraint set l(c) and 2(c) not only 

is B(c) much the most likely extreme point to be reached 

it is also the optimal QP solution. In this case even 
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sitions of the uncons 

x, 
J / 

l(b) 

/ 

A(c) and C(c) have relatively good solutions. This simple 

example illustrates the three in which the situation 

is advantageous when the unconstrained optimum is well 

outside the sible region. 

This conjecture can be tested a glven problem by 

changing the scale of the object function - leaving the 

feasible region constant. If the conjecture holds true 

the optimum of the QP should tend to a corner point as 

the c moves outward, and that corner point should 

become the predominant one for the LP decision rule solutions 

In addi other corner points d have relatively 

better function solut 
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The decision rule values are inversely related to 

the standardized distance between the unconstrained optimum 

and the constrained optimum. (The distance between the 

unconstrained optimum and the constrained timum is 

standardized by dividing by the length of the uncons 

optimal vector). 

2.11 Curvature 

The discussion of Section 2.10 would be more 

s sfactorally couched in terms of curvature. Baumol 

and Bushnell [1) found their measure of curvature to 

ined 

an unreliable indicator of the decision rule value. When 

Bushnell uses the position of the unconstrained 

as an explanatory factor, he is using it as a proxy an 

definition of curvature. This is not 

satisfactory because there are situations where uncon-

d optimum is close to the feasible region and yet 

the level curves are "near-linear" over the feasible 

- as shown in Figure 2-3. 

2-3: Near-linear level curves 
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To show that it is not merely curvature of the level 

curves that matters Figure 2-4 illustrates two quadratic 

functions - one can be considered a rotation of the other. 

One has the desired property of near-linearity over the 

feasible region while the other is distinctly nonlinear. 

Yet at a point such as x the curvature of the level curves 

is (by any measure) about the same for both functions. 

Figure 2-4: Two constrasting cases of curvature 

The difficulty arises when we try to characterize 

these two cases. One way of attempting it is in terms 

of the position of the unconstrained optimum and the 

lengths and directions of the principal axes. For an 

unconstrained optimum in the non-negative orthant, if the 

axis in a positive direction (for all dimensions) is the 

shortest axis then the result should be better than when 
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the shortest s is in some other direction. (This is 

the bias In results for all the negative D matrix). In 

two s such analysis is clear cut, although it 

lS 1 only when the unconstrained optimum is out 

to north east. In more than two dimensions s 

much to unravel in these terms. A better i resul tE 

from Baumol and Bushnell's suggestion about monotoni of 

level curves. Their suggestion of monotonically 

as level curves is too restrictive/ because 

assumes so that the position of the unconstra optimum 

is out constraint set in a north-east 

A much more general characterization could be by 

cons r the range of observed tangent hyperplane 

s s. 

s can be used by taking the angle the 

vectors to the tangent hyperplanes. We would 

ct the curve to be more non-linear over the 

set as the greatest angle between two of the 

s increased. If v(k) is the normal vector to 

the 

v(k) 

(2 16) 

observations/ then the cosine of the 

v(r) is given by 

(k) I (r) 
v v 

I ~TkTII v(r) I 
Cos e 

n 
L: 

i=l 

(k) v. 
l 

(see Hadley [11] p.32) For our purposes 

mea in radians. 

We wi / however/ test for curvature as 

monotonicity. The measure of curvature used 

is one derived from fitting a hypersphere to 

e 

(r) v. 
l 

is 

1 as 

s study 
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curve at a point. (This measure was by Dr D.F. 

Robinson, of Mathematics, University of 

Canterbury). The curvature measure is inverse of the 

radius of the It is consistent in that it 

gives constant curvature to all points on a curve 

that is a hyper 

on a straight 1 

where A 2 = I 

For a general 

K 

X. 
1 

- and it gives o to a point 

Curvature is given by 

2 

c, 

f (x) = Ic.x. + I I d .. x. x. , (with d .. d .. ) 

we have 

af 
ax. 

) 

1 = 
A 

a 
x

k 

= 

E 
j 

j ) 

c. + 
) 

2d .. 
)) 

[ E (c . + . ) 
) 

( 1 ) 
A 

2 

) 
) i 1) 1 ) 

Ix. d .. 
i 

2 

2E 
i 

1 1) 

I(c. + 2E 
j) i 

X.d .. )2] 
1 1) 

-~ 
~[ A 2] [ E4d

k 
. (c. . ) ) 

) 

-3 
2A I(dk · . ) 

) 

+ 

. ) "" 
) 

1) 

-~ 2Ex.d .. )2] 2 

) 1) 

)1 
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(2-17) K =(n=l)~O.: 2d .. + 2:(-2A-
3 
2:(dk.~f) ~f)) 

A JJ k loX
1
· oXk J 

When comparing the value of K from problem to 

problem there is a magnitude difficulty. The effect of 

transforming all variables by a scalar multiple y with 

the structure remaining identical is to reduce the value 

of K by l/y since the radius of the hypersphere is 

increased by y. To overcome this, K is standardized by 

multiplying through by the distance from the origin to 

the constrained optimum of the QP. 

Proposition 9A 

The decision rule values for each decision rule are 

inversely related to the greatest of the angles between 

the normals of any two observed hyperplanes. 

Proposition 9B 

The QP decision rule &s not significantly related 

to the angles between the normals of the two hyperplanes. 

Proposition 9C 

Curvature~ as measured by equation (2-17) and 

standardized by the length of the constrained optimum~ 

has zero correlation with the decision rule values. 

2.12 More on the Homothetic Properties of a Quadratic 

Let us consider the intersection of some of the 

constraint lines of problem (2-1) holding with strict 



equality. Their indices define the set I. 

the set S of points in this intersection as 

(2-18) b.,alliEI} 
1 
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So we define 

We further define the convex polyhedral cone C of the L. 
1 

lines for those L. associated with the intersecting 
1 

constraint lines that define S: 

(2-19) C L L. 
iEI 1 

This definition is equivalent to: 

(2-20) C ={ L 
icI 

1 
11·X , 

1 

1 11.>0, iEI}, x EL. 
1- 1 

Theorem: A solution xO is the optimal solution to the QP 

of problem (2-1) if and only if either 

( i) 
o x ESnC for some I ~ ¢, where 

S = {xiaix = b, for all iEI} 

and C is defined by (2-20), or 

(ii) x O = x (the unconstrained optimum) 

Proof: 

( i) The Kuhn-Tucker conditions at o x , viz. , 

(2-21) i 0 b' d i 0 a x - ., lEI; an a x >b., 
1 - 1 

iiI, 

and there exist a.>O, for all iEI, such that 
1-

(2-22) L 
iEI 

i a.a 
1 

a.= 
1 

0, iiI, 

o are necessary and sufficient for x to be optimal to 

problem (2-1) (Hadley [12] ,pp 212-214). 
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o 
If the K-T conditions hold, then clearly x sS. 

If xOsS (some i~¢), then (2-21) hold for that I. 

We will now show that (2-22) lS equivalent to xOsC 

for some i~¢. By definition xOsC if and only if 

But 

and 

iff 

o 1 
X = 2: )1.X , 

is I 1 

1 some )1.>0, isI, and x sL. 
1- 1 

'Vf(x
O

) = 2Dxo 

i 
= A.a , 

1 

= 2D( 2: )1.x1
) 

is I 1 

= 2: )1. 2Dx 
iSI 1 

1 

1 
2: )1.A.a 

isI 1 1 

some 1...>0, 
1-

isI. 

isI 

o Hence x sC 

but )1.>0 and 1...>0, so we define a. = )1.1...>0. Hence 
1- 1- 1 1 1-

2: 
isI 

i 
a.a some a.>O, 

1 1-
isI. 

So xOsSIiC is equivalent to conditions (2-21) and (2-22) 

for some l~¢. 

(iii) If there is no set of I~¢ for which the Kuhn Tucker 

conditions (2-21) and (2-22) apply then, since the optimum 

exists and is unique, it must be that I~¢, . 0 . 
1.e., x lS 

the unconstrained optimum. 

The theorem is illustrated by the point at the 

intersection of constraint 2 and constraint 3 in Figure 2-5. 

other interesting insights into the system are gained 

when this homothetic property is used to analyse the 

linearization (by tangent hyperplane) and approximation 

by linear programming. 

Already, we have seen that there lS a convex polyhedral 
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Figure 2-5: Diagrammatic illustration of the 
theorem 

/ 
constraint 

1 
2 

constraint 
3 

solution 

--------f---------+-------~~------_T--------_T------------xl 

cone associated with each extreme point of the feasible set. 

Every feasible solution in that cone yields an LP (with 

the tangent hyperplane at that solution as its objective 

function) that has its optimum at the associated extreme 

point. 

This enables us to say that a feasible point will 

probably yield a good approximation, if it belongs to a 

cone associated with an extreme point near to the QP 

optimum. Unfortunately this statement is difficult to 

analyse in an actual example because, by assumption, the 
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QP optimum is unknown. 

We can, however, return from here to our quest for 

a meaningful concept of near-linearity of the objective 

function. We may say that a quadratic is near linear 

over a constraint set if: 

(i) the nature of the L. lines is such that most feasible 
l 

solutions send an LP to a corner point near the 

QP optimum, and 

(ii) the corner points near the QP optimum have objective 

function values close to the optimal QP objective 

function value. 

Conversely a quadratic lS significantly non-linear 

over the feasible region if: 

Figure 2-6: Near-linear objective function 
over the feasible region 

D 

-B 

constraint 
2 

constraint 
1 
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( i) lines give only a small area going to corner 

nts near the optimum of the QP, and 

(ii) all corner points have relatively bad objec 

func on values. 

2-7: Significantly non-linear objective funct 
over the feasible 

x 

constraint 
2 

insight into the structure is ned by 

testing its sensitivity to the position of 

position of the L. lines depends both on 
1 

of quadratic function and the position of the 

con lines. Results get worse as the obj 

is more "pointed" into the feas Ie 

I 

shape 

(i.e., the axis into the feasible reg is relatively 

s. 

longer), and as the constraint lines become c ser in slope. 
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A quadratic which points into the feas region 

has its lines closer together - thus cones of 

se to 

1S 

feas e solutions going to the corner 

the QP optimum are smaller than when the 

near-linear over the feasible region. 2-6 and 2 7 

illustrate this. In Figure 2-6 almost the whole 

ion sends its LP's to either B or C, 

F 2-7 only a very small proportion of 

r does. In addition a quadratic which 

the feasible region usually gives the corner 

worse objective function values than a near-l 

s. 

Figure 2-8 shows the effect of dif s 

ible 

into 

nts much 

ar quadratic 

constr nt lines. As constraint 1 is pivoted at B to 

A further away, so the cone that sends LP's to B 

and the cone that sends LP's to A increases -

the objective function value of A worsens 

manoeuvre. 

ng the same 

s analysis leads us to the hunch that if we 

some re ts there is a good chance that we 11 have 

the situation of Figure 2-7 and the results will 

all be bad because the structure dictates Con-

ver , if we strike very good results there is a 

the situation is like Figure 2-6 st 

all of the results will be good. It's rather 1 the 

little with the curl in the middle of her 
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Figure 2-8: Altering the slope of a constraint 

L' 
1 

constraint 

A 

constraint ;1 
c 

AI 

To develop a usable criterion from these ideas 

we will look at the values of the different LP solution 

points in terms of the LP objectives that go to the other 

points. 

If we consider Figure 2-6, any objective function that 

goes to C will give both Band D good objective function 

values. Similarly any function going to D will give C 

and B relatively good values. This is not so clear for 

functions going to B. They will give C a reasonably 

good value but the value at D will not be so good although 

it should oe significantly better than 0.0. 

A consideration of Figure 2-7 gives a quite 

different result. Any LP goinq to B or C will give a 
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good function value at any of the other points. The 

likelihood of such LP's is small because the area of 

the feasible region that derives such LP's is a small 

part of the total feasible region. Most LP's 

going to A or D will, however, give at least some of 

the other corner points very poor function values. In 

some cases the value will be below 0.0, the value at 

the origin. 

Taking the observation points and finding the 

tangent hyperplanes at those points and the LP's using 

those hyperplanes as objective functions we_derive 

various corner points as the LP optima. We will then 

measure the optimal solution derived from one observation 

in terms of the LP objectives derived from the other 

observations. For each observation we will thus have p 

(the number of observations) values to compare,all 

measured in terms of the hyperplane at that observation. 

So that we can make comparisons between observations 

and problems these values are standardized using the 

ratio: 

Value at LP optimum - value at corner point 

value at LP optimum 

2 For each problem there will be p such values, 

although p of them will be 0.0 by definition. How 

should we use these to measure the curvature of a single 

system? Three methods seem appropriate. 

(i) The mean of all the standardized values. This 

measure mitigates the effect of any freak results. It 

is appealing as the overall measure of the system. Its 

disadvantage is that the extremely poor values may be 
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the best cator that the curvature is rather non-

1 ar. So we have 

(ii) The worst mean of the standardized values 

any observation. 

By us 

most 1 

s measure we take the observation that is 

to indicate that the curvature is near-

1 ar or significantly non-linear. 

(iii) The worst value for any corner point and 

any ane. 

It can argued that even (ii) takes some of the st 

ly poor value. Rather the very poor out 

is 

a 

truest measure of non-linearity. It does, however, 

carry the sk of being a freak value and thus being 

ative. 

We 1 these LP curvature indicators. 

The decision rule values are proportional to 

the values of LP curvature indicators: 

(i) The mean of all the values. 

(ii) 

(iii) 

The worst mean of the standardized value 

for any observations. 

The worst value for any corner point and 

any hyperplane. 
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CHAPTER 3 THE SET-UP Ar~D RATImMLE OF THE EXPERH'IENTAL 
SYSTE~l 

The propositions of chapter 2 are tested by a 

computer program designed to simulate the required type 

of quadratic programming problem. This chapter discusses 

the setup of this experimental system. 

In broad terms we set up a QP, solve it, find 

approximate solutions using the decision rules, and 

then analyse the results. Almost all of this is performed 

by the main computer program, but some analysis is done by 

subsid~ary programs and hand calculations. 

Most aspects of the particular QP, and the observations 

on it, are generated randomly. Limits on the values of . 

parameters are set, then the system generates a value within 

that range assuming that the parameter is uniformly 

distributed. (Hence in future discussion in this chapter 

the terms "distributed in the range .... " means uniformly 

distributed - unless otherwise stated). 

In discussing the details of the generating procedure 

it may be necessary to consider the rationale of some 

calculations not yet discussed. Where a procedure is 

justified elsewhere this is indicated in the discussion. 

Also, since the experimental system is coded in FORTRAN 

the notation of this chapter is cross-referenced with 

the FORTRAN notation in Appendix 3.1 of this chapter. vve 

also indicate how and where the computer program handles 

particular calculations. 

The symbol f'.". (i=l, ... ) is reserved for control 
1 

parameters fed into the system. Other symbols will be 



62. 

defined as they are used. 

3.1 Creating the QP 

The system generates a QP of the form 

Max cx + x'Dx 

(3-1) s.t. Ax < b 

x > 0 

The dimensions of A are (mxn) , Dare (nxn) , care (lxn) , 

x are (nxl) and bare (mxl). 

(i) Firstly, the system generates m and n. They are 

randomly distributed, respectively, in the ranges 

6
1 

< m < 6 2 

63 < n < 6 4 

where 6
1 

> 2, 62 < 16, 63 > 2, and 6 4 
< 26. 

- - - -

(ii) Then the matrix A is generated, first by determining 

its density, then by generating each non-zero element. 

We find the density of A through a uniform random 

variable ° , distributed in the range 
1 

(3-2) 

°
1 

gives the number of non-zero elements in A (excluding, 

of course, those zeros associated with the slack variables) . 

Having found the number of zeros, we distribute them 

randomly amongst the elements of A. 

The non-zero elements in A are each distributed 1n 

the range 

(3-3) 0.01 < a .. < 6
6

. 
1J 
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If any of the rows (or columns) are given only zero 

values through the random distribution of the zeros, those 

rows (or columns) are dropped, and m (or n) are adjusted 

accordingly. 

(iii) How to generate the elements of the vector has 

been the source of some concern. They could have been 

generated simply from a uniform distribution over some 

range. However, intuitively it seems that they should be 

related more closely to the values of the a .. 'so For 
1J 

this reason a more complicated procedure is used. 

with each constraint a "price" or "value" (p.) is 
1 

generated: 

(3-4) 1.0 < p. 
- 1 

Then c. is determined by 
J 

(3-5 ) c. r. L: 
J J i 

where r. is distributed 
J 

(3-6) 0.1 < r 
j 

The effect of (3-5) 

< I'::, 

- 7 

the equation 

p. a .. , 
1 1J 

in the 

< I'::, 

8 

range 

is to weight randomly using r. -
J 

the "value" of the constraint coefficients of the jth 

variable - in order to find c .. 
J 

The calculations in (i), (ii) and (iii) are performed 

in subroutine SETUP. The program reverts to MAIN for the 

next calculations. 

(iv) The four types of D matrices are controlled by 1'::,9" 

1'::,9=0 gives the matrix with all negative elements, 1'::,9=1 

gives a diagonal matrix, 1'::,9=2 gives the general negative 

definite D matrix, and 1'::,9=3 gives a matrix with negative 
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diagonal elements. 

The size of the diagonal 

11 =1 is control 
9 

s 119=0 and 

are distributed 

in the range 

(3-7 ) 

The non-di 

as a propor 

i~j is dis 

(3-8 ) 

elements for 11 =0 are 
9 

1111 of the diagonal e 

in the range 

rmined 

s, i.e. d .. , 
lJ 

The parameter 1111 enables us to control the extent by which 

the quadratic function varies in nature from the simple 

(non cross-products) quadratic function. 

For 11 2 the method of calculation was discussed In 

Section 2.6. the program this is performed in 

subroutine GEND. 

The vector A of eigenvalues is generated first in 

the range 

(3-9) -0.0024 < A. < -0.016 
l 

Then the orthonormal matrix Q is generated co by 

column with column ing a unit length vector with 

elements uniformly distributed between 0 and 1. 

column is cons to be orthogonal to the previously 

generated columns. 

For 119=3 method is similar to 

except that the range of values for d .. lS 
JJ 

case where 11
9

=0, 



and d .. I iij 
lJ 

(3-11) 

is 

0.002 < d .. < 0.01 
JJ 
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subroutine GGEND s these calculations. 

The D matrix is made less dense for 

The of zero elements among the non-dia-

gonal terms is stributed in the range [0, 2/1, 12]' If 

an element d .. is made zero then d .. 0 also to maintain 
lJ Jl 

the symmetry of D. 

Having rmined D the program then finds eigenvalues 

and the corresponding eigenvectors D. 

(v) We can now ulate the unconstrained optimum of the 

o objective function, x . 

(vi) The RHS vector is determined from unconstrained 

optimum xO. This is done in order to control the position 

f 
0, , 

o x Vls-a-V1S constraint set. ally the vector 

o 
b is generated so that x is not a ible solution. If 

o necessary, as we will see in a moment, x can be made 

feasible. . th f b . d h 1 component 0 lS generate so t at 

it is within some range of cons value at 
o , 

x,l.e., 

(3-12) o 0 
0.50:: a .. x,)/I,13 < b. < 1.5 (Ea .. x.)/I,13· 

i lJ J 1 i lJ J 

If the result of (3-12) is negative then its 

absolute value is used for b.. Also if the vector b 
1 

generated is that 0, f 'b x. lS· eaSl 
J 

then that vector is 

discarded and a new one generated. 

Use of /1,13 enables us to make x
O 

very close to being 

feasible, or ternatively allows some constraints 

to be far However, a small /1,13 has the danger 
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that it will cluster the intersections of the constraint 

1 
o s close together and close to x . 

(vii) nally, in the generation of the QF we position 

by a parameter 02 which is distributed in range 

(3-13) 

the final value of xO is then 

(3 14) 

S 
AO 
X is determined by the vector c and matr D, 

there needs to be an adjustment in these. It is suf cient 

to ter only the value of c so that 

(3 15) 

3.2 Solvi 

To solve the QF the program uses the Wol a ithm 

[16]. It sets up the problem in subroutine QF and s 

it in subroutine SOLVE. SOLVE is a simplex s 

that will form either the ordinary simplex or the 

re basis method required for QF. The imum is 

cal x con 

3.3 the observations ints 

are three observation types controll by the 

va of n lS ' If nlS=O a point is generated in the re 

region, if nlS=l the point is within a proportion 

of the length of the vector of the constrained maximum, 

and if 6
15 

2 the point is always algebraically s than 

the unconstrained maximum in the same region as when nIl. 

When n
l 

0 the feasible limits at each x. ) 
] 

are found and the first trial value for the ini solution 
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is und by finding, for each j, a point in the xI(j) 

i [0 x.l. The points are uniformly 
J 

the interval. If the trial-vector xI 

is not feasible we determine randomly one index k and reduce 

the value of (k) so that xI(k) = y3 xI (k) where y is a 

uni rm random variable over the interval [0 1]. If the 

new vector is not feasible another index k is 

chosen xI(k) to be reduced. This is continued until 

a sible solution is found. 

When L'll 1 or 2 a direction vector d is found by 

ge each element randomly. If L'l15 1 the e 

are distributed in the interval [-0.5 0.5]. If L'l15 2 

the 

When 
"-

we d. 
J 
'" 

feas Ie d 

s are distributed in the interval [-1 0]. 

L'l15=1, d may 

I d·1 when 
J 

not be a feasible direction. 

x con If d is still not 

-d becomes the direction but maintaining 

rst 

condition d. 
J 

Idjl when xcon(j)=O. If this s 11 is not 

ible the value of d. when:x (.) 0 is reduced by 
J con J 

d. yd .• 
J ] 

(For y defined as above). This last procedure 

is repeated up to four times to attempt to a feasible 

direction. If a feasible direction is still not achieved 

the program reverts to generating a compl new d vector 

and the process is repeated. 

~vhen L'llS=2 we need only ensure that if xcon(j)=O then 

d. o. 
J 

Having found a feasible direction the point xI is found 

in the interval 

x con x con II d < x < 
I -

If xI is not feasible a new d is found 

A set of L'l17 observations is gene using the same 



values of 6
15 

and 6
16

. 

3.4 Seven ExperiQents 

68. 

The program is designed to perform seven variations 

of the basic theme. Each of these is related to the collection 

of specific data for the later comparisons. 

(a) Experiment 1 

Having generated a problem experiment 1 shifts the 

position of the unconstrained optimum 02 = 3 (see equation 

3-13). At each pass through the experiment ~o is increased 

b f f 3 · ~o 3 AO y a actor 0 , l.e. x = x. The experiment goes through 

6 18 passes. The experiment is repeated for 619 different problems 

(b) Experiment 2 

This experiment generates a set of 6 19 separate problem~. 

(c) Experiment 3 

A problem is generated and at each subsequent pass the 
A 

density of the A matrix is increased. In equation (3-2) 6
5 

is increased, 6 5 = 6 5 + 6 20 . Again the whole experiment is 

repeated for 6 19 different problems. 

(d) Experiment 4 

At each pass of this experiment new values of 6 11 and 6
9 

are read. This permits the same constraint set to be solved 

but with different objective functions. 6
19 

different problems 

are solved. 

(e) Experiment 5 

Using this experiment a particular problem is analysed 

for another set of observation points - identical in character 

to the previous set - at each pass. 6 19 different problems 

are solved. 

(f) Experiment 6 

Having solved a problem with a D matrix which is not a 
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diagonal matrix, this experiment solves another problem 

with the same constraint set and a D matrix which is a 

diagonal matrix with principal axes the same length as the 

original objective function. 

remains in the same position. 

for 6
19 

different problems. 

(g) Experiment 7 

The unconstrained optimum also 

This procedure is repeated 

A more general version of experiment 5 is achieved by 

this experiment. ~18 passes are made each solving the same 

problem for different sets of observations of the same type. 

Further series of passes (a new value of 6 18 ) can be made 

on the same problem but with observations having different 

characteristics and/or sets of more or less observations. 

After each series of passes a new control card is read which 

glves new values to 615,616,621,617,618,622. 6 21 is the 

index of the starting observation of the new set of 

observations. If 6 21 = k then the first k observations of 

the previous set are retained with sufficient new observation 

added to make a set of 6 17 observations. 6 22 is an indi-

cator. If 6 22 = -1 a new problem is constructed. As before 

6
19 

different problems are analysed, however, each problem 

passes through as many passes as determined by the set of 

6
18

's read during the running of the problem. 

3.5 Calculating the Decision Rules 

Subroutine ANALYS starts by calculating the decision 

rules. Since the decision rules are based on the coeffi-

cients of the tangent hyperplane at each observation point 

we find these coefficients by taking the first derivatives 

of the quadratic function at each of the points. These are 

(k) 
the vectors h , k=l, ... ,p, defined in equation (2-3) 
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they form array D2. The standardized coef cients-

the vectors g(k) equation (2-4) are s in array C2. 

The coe ients for a given vari are now 

analysed. Having put the standardized coef cients into 

the array C4 in descending order of magnitude the mean 

and median are calculated, and entered in a C3. The 

non-standardi mean is calculated from array D2, and 

the mean of the closest 50% of the elements of C4 are also 

calculated. These are also entered in array C3. Thus 

for each coe cients (index J) we have decision rule 1 

coefficients in C3(l,J), and decision s 2, 3 and 5 in 

C3(2,J), C3(3,J) and C3(5,J) respect y. The observatior 

point for ision rule 4 is selected 

The approximating QP for decision 6 is calculatec 

variable by variable using ordinary least squares on 

equation (2 9) - thus estimating a. and 2S .. These are 
J J 

stored in C6(l,l,J) and C6(l,2,J) ctively. The 

least s regression program used is MISR with an 

additional check - if 2S.>0 then 2S. is 
. J J 

to zero. 

When 213.>0 
J 

standard error is such that the coefficient 

is highly insignificant and since our quadratic program-

ming code s only with concave the 2S.=O 
J 

1S a re adjustment. These are then used 

to find unconstrained optimum the approximating 

function - the array XMXEST. 

3.6 s of Observations 

We rst solve the LP, for each observation that 

would t from using its tangent hyperplane as the 

object function. These solutions are stored in the 

array XLP. The subroutines LP and SOLVE solve LP 

problems. 
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A number of distances between vectors are then 

calculated ~ the distance between the uncons and 

constrained optima (called DISTMC) I the distances between 

constrained optimum and the observations ts (the 

array DISTCI) and the distance between the cons ned 

optimum and the LP solutions in XLP (the array DISTCL). 

Distance is calculated via the function DIST. 

The true objective function value of the ob 

points, LP solutions and the approximating c value 

of the LP solutions are found using the function 

ZVALUE. These are stored in arrays ZINTL, ZLP, ZLPEST 

respetively. 

Using a further 50 observations and so ng 

the "best known" corner points are found. ZBEST 

r LP's 

s 

three best corner points and KOUNT the which 

occurs (our of the 50). Subroutine BESTLP does this. 

programme then writes XIYIAX, XMXEST, XCON, XSAMPL, D2, 

XLP, ZBEST, and KOUNT onto the line-printer. 

s 

The observations are further analysed by finding the 

st angle between any of the tangent hyperplanes at 

observations. See equation (2-16). ANGLE stores 

lANK, IANKK the observations concerned. 

standardized data for each variable is summarized by 

largest coefficient (C~ffiX), the smallest coefficient 

(CMIN), the mean value C3(1,?) and the range between c~mx 

CMIN (CRANGE). ANGLE, lANK I IANKK, 01IN, CI'ffiX, C3 (1, ?) 

CRANGE are written onto the line-printer. 

3.7 

us 

the Decision Rules 

The program next solves the constrained problems 

decision rule objective functions. Decision 
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rule 4 the random LP decision rule - selects an obser 

and its LP solution at random. The observation 

number if JRNSMP. The time it takes to set up and so 

e imization is also calculated. TIMl is the 

before LP (or QP) is called and TIM2 is 

of return to the calling program. The decision 

so are stored in XLP. 

The ision rule objective functions (C3) and 

s rule optimal solutions (XLP) are written onto 

1 -pr 

DISTCR is the distance betwen each decision rule 

so (XLP) and the constrained optimum (XCON). 

3.8 is of observations and decision ru s 

The curvature at each observation is calculated us 

ion (2-17) CRVINL contains the curvature s. 

However, as indicated in section 2-11 the standardized 

curvature is more useful. The length of the XCON vector 

(ALNCNN) is used for standardizing. The zed 

curvature is in array STDCRV. 

The true objective function values of XHAX and XCON 

constrained and unconstrained optima) are Z~ffiX and ZCON 

with ZLPR and ZLPRET being the values of the 

decision rule solutions calculated on the true 

and approximating quadratic respectively. 

The stances DISTCI, DISTCL, DISTCR 

mal 

c 

DISTMC are 

standardized using ALNCNN giving STDCI, STDCL, STDCR and 

respectively. 

We calculate now the standardized ue of the LP's 

from the observations, viz (ZCON ZLP)/ZCON called STDZLP. 

Also the "decision rule values ll (ZCON-ZLPR)/ZCON - called 
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STDZLR. 

We now write onto the line-printer ALNCNN, DISTMC, 

ZMAX, ZCON, STDHQ; arrays DISTCI, DISTCL, CRVINL, ZINTL, 

ZLP, ZLPEST, STDCI, STDCL, STDCRV, STDZLP: DISTCR, ZLPR, 

ZLPRET, STDCR, STDZLR, and the difference between TIM2 

and TIMI - called DTIM. 

3.9 The Gradient decision rules 

Starting at the observation point number JR NS~W, 

subroutine APPROX solve the approximating quadratic over 

the constraint set. APPROX finds the solution point at 

5, 10, and 25 iterations, called ITLIMl, ITLIM2, and ITLIM3, 

respectively. The values of the true objective function 

at these solutions are ZLIMl, ZLIM2, ZLIM3 respectively. 

standardizing these we calculate the decision rule values 

PROPZl, PROPZ2, and PROPZ3. APPROX also calculates the 

time to complete 5, 10 and 25 iterations - there are Tl, 

T4, and T5. The time and number of iterations to get 

to within 1% and 5% of the true optimum are T2 and IPCl 

(for 1% and T3 and IPC5 (for 5%). 

ZLIMl, PROPZl, ITLHll, Tl, ZLU12 , PROPZ2, ITLIN2, 

T4, ZLIN3, PROPZ3, ITLIN3, T5, IPCl, T2, IPC5 and T3 are 

written onto the line printer. 

3.10 Card output 

For further analysis the salient data are punched onto 

cards. This is M,N, BESTCP (the value of the best corner 

point discovered not only from those BESTLP but also those 

found from decision rules etc), ANGLE (but in radians 

instead of degrees), STDMQ, STDZLR. 

Also calculated are the highest and lowest objective 

function values of the observations. Standardized these 
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are called AMXITL and AMNITL. These are punched on cards. 

The data from the gradient decision rules, PROPZ1, 

PROPZ2, PROPZ3 together with STDZLP, STDZLR, and RANINT 

(the standardized value of observation JRNSMP) are punched 

onto the third card. 

3.11 Variable metric decision rule 

The solution of the variable metric decision rule 

was done subsequent to the main run of the program. 

However, the program developed for this will fit into the 

main program. 

1 
Subroutine VA~mT takes (2)/C6(1,2,J) elements of the 

diagonal matrix that forms the initial S. If C6(1,2,J)<0 

then the element is set at -1.0. Using the observations" S 

is updated until no observations are left. 

as DEST. AEST is the array C6(1,1,J). 

Since DEST may not be negative semidefinite APPROX 

is used to solve the QP. ZLIM3 is set to 100, so APPROX 

terminates after 100 iterations. 
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ApPENDIX 3,1 NOTATION 

Cross-reference of notation Chapter 3 
and the FORTRAN program 

Ch.3 FORTRAN Ch.3 FORTRAN Ch.3 FORTRAN 

C A Y PI fj INIT 

D D fj7 RGPI fj 16 RGXNTL 

A C fjS RGRJ x. XBAR (J) 
1 

b RHS fj9 NDIAGL x XINTL 
I 

m M fj10 RGBJ d DIRECT 

n N fj11 PRODG x XCON con 

fj1 BOTM A EIG Ilx II ALNCNN con 

fj2 TO PM Q B fj 17 NSEEK 

fj3 BOTN fj 12 ZEROD [,18 NCOUNT 

fj4 TOPN 0 XMAX fj 19 NTIIV'iliS x 

°1 Nf\1ZERO fj13 RGRHS fj20 DINCR 

fjS RGDENY °2 ALPHA fj21 ISEEK 

fj6 RGC fj14 AMULT fj22 KTRIP 
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ApPENDIX 3.2 INPUT INSTRUCTIONS 

1. Header Card (215, 115, 1115) 

Required at the start of each type of experiment or 

each time a new parameter card is desired. 

Columns 

1-5 

6-10 

11-25 

26-30 

31-35 

36-40 

41-45 

40-50 

51-55 

NEXP 

NTH'lES 

1PX 

NEW 

NCOUNT 

NSEEK 

ND1AGL 

1N1T 

1XCON 

- number of experiment type (1 to 7) 

- number of replications of the 

experiment 

- initial seed for random number 

generator 

= 0 if there is no new parameter card 

(see below) 

1 if there is a new parameter card. 

- number of replications within the 

experiment 

- number of observation points « 10) 

0 D matrix type 3 

= 1 D matrix type 4 

= 2 D matrix type 1 

= 3 D matrix type 2 

= 0 observation scatter type 1 

1 observation scatter type 2 

2 observation scatter type 3 

= 0 if true constrained optimum has 

to be found 

= 1 if true constrained optimum is 

read in on cards (see below) 
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56-60 IPUNCH = 1 if summary results are to be 

punched on cards 

o otherwise. 

2. Parameter Card (16F5.0) 

Follows the header card when NEW = 1. Further 

explanation of the parameter is given in Chapter 3. 

Columns 

1-5 RGDENY 41-45 

6-10 RGC 46-50 

11-15 RGAP 51-55 

16-20 RGBJ 56-60 

21-25 RGRHS 61-65 

26-30 RGXNTL 66-70 

31-35 RGPI 71-75 

36-40 RGRJ 76-80 

3. Constrained Optimum Card (8F10.0) 

Required when IXCON = 1. 

PRODG 

TOPN 

BOTN 

TO PM 

BOTM 

AMULT 

DINCR 

ZEROD 

The values of the constrained optimum are read in 

for all m+n variables. 

4. Experiment 4 Card (F5.0, IS) 

Required when NEXP = 4, for each replication (after 

the first) within each experiment of type 4, i.e. (NCOUNT-l) 

cards are needed for each experiment. It allows for the same 

constraint set to be solved using different matrix 

structures. 

Columns 

1-5 

6-10 

PRODG 

NDIAGL 
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5. Experiment 7 Card (IS, F5.0, 415) 

Required when NEXP = 7. The card is read when NCOUNT 

sets of observations of a particular type have been 

generated. It allows for different sets of observations of 

different types and with various numbers of observations. 

Use of ISEEK permits the previous set of observations to 

be extended by adding further observations. 

Columns 

1-5 

6-10 

11-15 

16-20 

21-25 

26-30 

INIT 

RGXNTL 

ISEEK - observation number of first initial point 

generated 

NSEEK - observation number of last initial point 

generated 

NCOUNT - number of sets of observations to be 

generated with these characteristics 

KTRIP = -1 if a total new problem is to be 

constructed, i.e., the next value in NTIMES 
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ApPENDIX 3.3 OUTPUT 

A3.3.1 Normal Output on the Printer 

1. A copy of the header card. 

2. A copy of the parameter card. This also is printed 

each time an experiment 7 card is read. 

3. The vector A for the non-slack variables. 

4. The matrix D for the non-slack variables. 

5. The matrix C for the non-slack variables. 

6. The vector RHS. 

7. The lengths of the principal aX8S of the quadratic 

defined by D (AXES). 

8. The direction vectors of each of the axes of the 

quadratic defined by D (DEIGEN). This is excluded for 

type 4 D matrix since in that case they are the unit 

vectors. 

9. The value of the seed (IX) to RANDOM at the start 

of generating the observations (statement 500) . 

10. The regression results for estimating and approximating 

QP. For each variable where c. = a. + ~S.x. the printout 
J J J J 

gives a. IS., standard error of S., ~S. (or 0 if 
J J J J 

S . >0) • 
J 

11. The experiment type, replication, replication within 

the experiment and the number of observations in each 

set. 

12. Unconstrained optimum, estimated unconstrained optimum 

using the approximating quadratic function, the true 

constrained optimum, the observation points (up to the 

first seven), the LP objective function implied by that 

observation and the solution to the LP using that 

objective function. 
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13. 1st, 2nd and 3rd best known corner nts with their 

frequency of occurrence out of 50 t also 

14. Cosine of the st angle between the normals of 

any pair of ons and the obs 

15. Summary of the standardized LP object 

coefficients giving the smallest, 1 

range for each variable. 

involved. 

function 

t, mean and 

16. Objective function coefficients for decision rule 

(except the decision rule, i.e., 6) and the 

resulting so 

17. Length of 

ion using the decision 

vector of the constra 

e. 

optimum,distance 

18. 

between unconstrained and constrai optima, the 

solution va s (in terms of the true jective 

function) of unconstrained and constrained optima, 

and the distance between the constrained and 

unconstrained optima standardized by the length of 

the cons optimum. 

For each observation the distances 

constrained optimum and the ob 

tween the 

point, and the 

constrained optimum and the LP solution associated 

with the ervation. Also the curvature at the 

observation. The objective 

initial solution and the LP so 

of the true quadratic. The LP 

terms of the approximating 

The distances between the con 

ob point and the assoc 

curvature standardized by the 

optimum. 

The value at the LP solution 

values at the 

point in terms 

ution point value in 

c. 

optimum and the 

LP and also the 

of the constrained 

zed by the value 
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of true constrained optimum. 

19. For each decision rule: 

The distance between the constrained optimum 

and decision rule optimum 

The decision rule value 

The value of the decision rule solution in 

terms of the approximating quadratic 

The distance between the constrained and 

decision rule optimum standardized by the length 

of the constrained optimum 

The decision rule value standardized by the 

value of the true optimum 

The time taken to solve the problem generated 

by the decision rule. 

20. Solving the approximating QP by the gradient algorithm: 

The observation number used as the starting point 

After 5, 10 and 25 iterations: 

The decision rule value 

The decision rule value standardized by the true 

constrained optimum 

The time taken (in 1/60 of a second) 

The number of iterations and time taken to get 

within 5% and 1% of the true optimum. 

21. The summarized data punched on cards for further 

analysis: 

number of constraints 

number of variables 

best corner point 

angle (see 14) 

standardized distance between the constrained 
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unconstrained optima 

- the s dec lon rule values 

- the zed values of the st and lowest 

initial solutions 

decision rule values of the three gradient 

stopping rules 

- the s zed value of the observation used to 

commence the stopping rules. 

A3.3.2 on Printer 

1. I CAN'T FIND OBSERVATION TYPE 

Error mess when more than 500 have been 

made to find a asible observation. Also prints the 

upper bound on 

a feasible 

The execution s 

2. TOTT = TOT 

variable and the last 

after this mess 

SUM = 

THE ANSWERS TO QP ARE RUBBISH 

Error mes when the solution 

at finding 

the QP algorithm 

does not s s the Kuhn-Tucker conditions. 

SUI-1 is the true RHS value of the of condition. 

TOT is the RHS ue implied by the sol 

TOTT = TOT-SUM which must be less than 10 4 the 

solution to be accepted. 

3. NOT FEASIBLE 

Error mes when the LP/QP algorithm cannot reach a 

feasible solution, For our purposes this normally indicates 

a difficul in a previous section of program since, 

by construction, all our problems ible solutions. 
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A3.3.3 Card 

Only received when 1PUNCH 1 

214 9F8.5 

Colunm 

1-4 - no. of constraints 

5-8 - no. of variables 

- best known corner point 9-16 

17-24 

25-32 

- largest angle between tangents at observations 

33-40 

41-48 

49-56 

57-64 

65-72 

73-80 

- standardized distance between constrained and 

unconstrained optima 

- LP decision rule 1 value 

- LP decision rule 2 value 

- LP decision rule 3 value 

- LP decision rule 4 value 

- LP de s rule 5 value 

- QP decision rule 

2. Second card 

Column 

1-8 - ~argest initial solution 

9-16 - smal st initial solution 

3. Third card 

Column 

1-8 

9-16 

17-24 

25-32 

33-40 

41-48 

- random 

- QP 

stopping rule 1 

nt stopping rule 2 

s-topping rule 3 

LP decision rule (DR4 ) 

ision rule 

1 solution associated with DR4. 



CHAPTER 4 DECISION RULES, STOPPING RULES AND 
PROBLEM CLASSES 

4.1 Introduction 

84. 

In the first set of experiments used to test the 

propositions of Chapter 2 we generate and analyse a number 

of different problems. The problems are classified 

according to the nature of their D matrix and according 

to the number of their constraints and variables. 

For each type of D matrix 30 different randomly 

generated problems are considered. These were generated 

in six groups (5 in each goup) according to the numbers 

of constraints and structural (non-slack) variables in 

the problem. We will call these groups problem classes~ 

the definition of the problem classes is as follows: 

Problem Number of Number of 
Class Constraints (m) Structural variables (n) 

1 2 to 8 2 to 9 

2 9 to 15 2 to 9 

3 2 to 8 10 to 17 

4 9 to 15 10 to 17 

5 2 to 8 18 to 26 

6 9 to 15 18 to 26 

The problems are stratified according to problem classe~ 

to help monitor the effect of varying levels of m and n. 

Six problem classes are chosen to compromise between the 

opposing factors of experimental control and the number 

of replications required to give statistical significance. 
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Each problem takes a considerable amount of computer 

time and while it would be desirable to have more 

replications,S in a class with 30 overall proves 

satisfactory. Seldom does it appear that the conclusions 

are hampered by lack of replications. 

For each problem five initial points (observations) 

are generated. These observations are drawn randomly 

from the whole feasible region. The effect of different 

assumptions about the observations is handled in a later 

chapter. 

The general D matrix is used as the core of the 

results. When generating the matrix a range of eigenvalues 

of -0.0184 to 0.0024 is used. These, of course, will change 

when zeros are inserted into the final D matrix. The values 

of the other parameters are shown in Table 4-1 in Appendix 

4.1. Sections 4.3 and 4.4 discuss the results of the 30 

problems generated uSlng the general D matrix. 

Then we compare the other three structures of the D 

matrix. In each case 30 problems are generated and 

analysed in the same way as for the general D matrix. 

Sections 4.5 to 4.8 compare these results. 

Consideration of the gradient algorithm stopping rules 

is left to section 4.9. These are compared with the 

results of the QP decision rules, and Random LP decision 

rule and the value of the initial solution associated with 

that LP decision rule. 

In section 4.10 we compare the QP decision rule and 

the variable metric rule. 

Firstly, however, we will survey the results of section~ 

4.3 to 4.9 in section 4.2. This will make a reading of 



these later sections much easier. 

4.2 Summary of major results 

86. 

We recall that a decision rule value of 0.0 

indicates that it has the same objective function value 

as the true optimum, a decision rule value of 1.0 indicates 

that the objective function value is zero and a decision 

rule value greater than 1 indicates a negative objective 

function value at the decision rule solution. In view of 

this we see from Table 4-2 and Table 4-4 that the overall 

ability of the decision rules and the gradient stopping 

rules to approximate the true optimum is rather poor. 

The LP decision rules give particularly poor results 

for matrix types 1, 2 and 4. On all but one occasion their 

mean value is greater than 2.0, i.e., the objective function 

value at the decision rule solution was negative with a 

larger absolute value than the positive value of the true 

optimum. Matrix type 3 gives much better results as pre

dicted in Chapter 2. Here the objective function value 

of the decision rules a~e approximately half that of the 

true optimum. When we compare the five LP decision rules 

statistically we find (see Table 4-5) that they cannot be 

distinguished at the 95% level of confidence for any of 

the matrix types. Thus we cannot state with confidence that 

the differences in the mean values of the different 

decision rules carry any significance. They are equally 

bad! 

A non-parametric ranking test on the five LP decision 

rules over all four matrix types yielded a more definite 

conclusion. (The non-parametric tests are normally 

weaker than parametric ones, however, they have the 
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advantage that they do not require that the underlying 

distribution be normal) . The five decision rules can 

be distinguished with 99% confidence. Using a pairwise 

comparison we test to see if the Random LP decision rule 

is significantly inferior to any of the other LP decision 

rules thus justifying the aggregation of the data for LP 

decision rules over just using an LP from a single 

observation. The result is that LP decision rules 1 and 

3 are ranked higher than the Random LP decision rule -

with more than 99% confidence and LP decision rule 2 is 

ranked higher with more than 95% confidence. 

The QP decision rule is considerably better than the 

LP decision rules although still not good in general. The 

result for matrix type 2 is rather poorer than the others. 

It is, however, greatly influenced by two occurrences of 

a QP decision rule value of over 14.0. The zero value 

for matrix type 4 is due to the fact that the QP decision 

rule is a perfect approximation of the true QP for that 

matrix structure. In this case, the QP decision rule always 

gives the true optimal solution. When for each matrix 

type we test the QP decision rule against an LP decision 

rule (in each case the one with the lowest mean value) 

we find that they can be distinguished with 99% confidence 

for matrix types 1 and 3 and for certain with matrix type 4. 

However, they cannot be distinguished for matrix type 2 

with 95% confidence, probably because of the high variance 

generated by the two very large QP decision rule values 

just mentioned. Since normality is seriously affected 

the use of a non-parametric test is more appropriate. with 

this test the QP decision rule is distinguished from LP 
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decision rule 3 with 99.997% confidence. Overall we can 

assert that the QP decision rule is superior to any LP 

decision rule. 

The LP decision rule values can by their nature be 

no better than the solution value at the best corner point. 

The restriction of LP solutions to corner point solutions 

may be one of the causes of the poor results of the LP 

decision rules. It is very difficult to find with 

certainty the best corner point of a particular problem 

but we can generate a number of corner points and hope to 

find the best one or at least a very good one. By this 

method we compare the LP decision rule values with the 

solution values at the best known corner point. Clearly the 

latter can be no worse than any LP decision rule value since 

they represent known corner points and no greater than 1.0 

since the origin is a feasible corner point. The mean 

values of the best known corner points are 0.55086, 0.50769, 

0.22525 and 0.53417 respectively for the four matrix types. 

Comparing them with the LP decision rules we find that they 

are considerably better. Thus the restriction of the LP 

decision rules to corner solutions is not sufficient to 

explain the poor LP decision rule results. 

A rather simple test of the worth of the decision 

rules is to compare them with the initial solutions from 

which they were derived. Since there are five initial 

solutions for each problem, we compare the decision rule 

values with the solution values at the best initial 

solution (the largest initial solution) and the worst 

initial solution (the smallest initial solution). Within 

the structure of this study we assume these data to be known 
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by the decisionmaker. The nature of the sample data makes 

it necessary to use ranked data rather than cardinal data 

to get meaningful results for this comparison. When LP 

decision rule 1, the highest ranked LP decision rule, 

is compared with the largest initial solution, it is 

found to be inferior for matrix type 1 with 98% confidence 

and inferior for matrix type 4 with 95% confidence. However, 

for matrix type 3, the LP decision rule is superior with 

99.7% confidence. For matrix type 2, the confidence level 

is only 57% that the largest initial solution is superior. 

Over the four matrix types, the largest initial solution 

is superior with only 74% confidence. Thus, it may be that 

we are better to stick with the solution at the best initial 

point than to try using an LP decision rule, although this 

cannot be asserted confidently. The LP decision rule is 

superior to the worst initial solution with more than 99% 

confidence for each matrix type. 

When we look at the comparison of the QP decision rule 

and the largest initial solution, using a non-parametric 

test on the rank data, we find that for each matrix type 

the QP decision rule is superior with at least 97% 

confidence and for matrix type 2 and 3 with more than 99.9% 

confidence. Of course, the QP decision rule always gives a 

perfect solution for matrix type 4. Hence, with reasonable 

confidence we can expect the QP decision rule to improve 

on the best initial solution. 

We have divided the problems into six classes according 

to the number of variables and constraints. We want to know 

if the decision rule results are substantially different for 
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the different problem classes. Table 4-3 surrnnarizes the 

results of the means of the LP decision rules (aggregated) 

and the QP decision rule of each matrix type for the six 

problem classes. There appears to be a rough pattern for the 

LP decision rules that as the number of variables increases 

the decision rule values increased (i.e., from problem 

class 1 to 3 to 5, or problem class 2 to 4 to 6) but it 

decreases as the number of constraints increase (i.e., 

problem class 1 to 2, 3 to 4 or 5 to 6). The second effect 

is more pronounced than the first. When we look at the 

significance of these differences we find in Table 4-5 that 

for all four matrix types the problem classes are distin

guishable with 99% confidence. Overall the LP decision rule 

results are rather better for small problems than for 

larger ones. 

This pattern 1S much clearer for the QP decision rule 

where we find that class 1 and 2 results are very good. The 

drop in performance of the QP decision rule is very marked as 

the problem size increases. Looked at for statistical 

significance, these results indicate a difference in class 

means with 99% confidence. 

Another approach in our analysis is to try to predict 

the value of the LP decision rule or QP decision rule. We 

use three exogenous variables - the largest initial solution 

(MXINTL), the number of variables - other than slack 

variables (n) and the number of constraints (m). Since 

the value of the LP decision rule (YLP) and the value of 

the QP decision rule (YQP) cannot be negative and can be 

zero, we place retrictions on the model structure, In fact, 

it is necessary to restrict the equation to go through zero 
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values of YLP or YQp . We have 

equations for each matrix type that the 

vest t although in most cases the fit is not very good 

(We shall see in Chapter 5 that the set of initial 

solutions, from the largest initial solution 

can cause substantial changes to the decision rule values 

for the same problem. In addition, problems of the same 

slze can structures which cause substanti 

differences in formance of the decision s) • 

The most important exogenous term is (~) or a variant m 

of it. This supports our rough observation decision 

rule s increase with n and decrease with m. Also 

MXINTL s substantially to the fit of the in most 

s even though its coefficient is not always signifi-

cant at 95% level. 

Let us now look at the gradient stopping rules. These 

solve same QP as the QP decision rule (called the 

approximating QP) by a gradient algo thm. Stopping rule 1 

is solution value after 5 iterations of the algorithm, 

ng rule 2 is after 10 iterations and stopping rule 3 

25 iterations. The results 4 4 need some 

because stopping rule 1 seems tter sometimes 

than even the optimum of the approximating QP, i.e., the 

QP decision rule. The reason is that if the approximating 

QP is not a good approximation, i.e., QP decision rule 

value is poor - the stopping rules may at a better 

on (in terms of the true QP) than the optimum of the 

approximating QP. In fact, it sometimes that, as 

algorithm progresses past the 5th iteration (stopping 

rule 1 value) I it goes to increas y worse solutions. 
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Only for matrix type 4, where the approximating QP is 

the true QP, does the algorithm always give no worse 

solutions as the number of iterations increases. When we 

test this data for statistical significance, we find that 

for the first three matrix types, the stopping rules are 

not distinguishable with 95% confidence. In fact, the 

QP decision rule is also not distinguishable from the 

stopping rules with 95% confidence. For matrix type 4, 

the three stopping rules are distinguishable with 99% 

confidence. 

When we break down the stopping rule results according 

to problem classes over the first three matrix types, we 

get further enlightenment. In problem classes 1 and 2 where 

the QP decision rule performs well in terms of its cardinal 

values it also performs well when ranked against the 

stopping rules. For these two problem classes the stopping 

rules can be distinguished with 95% confidence and they can 

be ranked: 1st - QP decision rule; 2nd - stopping rule 3; 

3rd - stopping rule 2; 4th - stopping rule 1. For the other 

problem classes distinction between the stopping rules or 

a pattern within these criteria cannot be made with reasonablE 

confidence. 

So overall - and particularly for larger problems -

we may expect a gradient algorithm on the approximating QP 

to provide after only a few iterations (a not very time 

consuming procedure) a solution as good as the QP decision 

rule (which takes a lot of time to obtain) . Interestingly, 

the QP decision rule performs best for the problems where 

it also does not take much time to solve, i.e., the smaller 

problems. 
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4.3 1 Matrix - Decis s 

A summary of the results of this are given 

in Table 4 7. Let us survey this data. For three problems 

all the decis rules give the true QP optimum Otherwise, 

there are only three instances where a decis rule gives 

a result within 1% of the true optimum another 

occasions when the result is within 5%, and more times 

when it is within 10% of the true optimum. Thus, on only 

31 of the 180 occasions (17.2% of the does a decision 

rule within 10% of the true optimum. 

At the r end of the scale, 87 the 180 decision 

rule values are greater than 1.0 (48%), 55 of them (30.6%) 

are greater than 2.0 (i.e., the decision gives a true 

objective tion value more negative positive 

value of the true optimum), and on 8 (4.4%) occasions the 

decision e values are greater than 5.0. 

This cursory survey alone indicates that in general 

the sion rules approximate the true problem very badly. 

It seems that the QP decision rule (decision rule 6) is 

much the best since it gives a deci on rule value no 

greater than any of the LP decision s for 24 of the 

30 and for only one of those 24 was a better 

corner nt found than the QP decision rule optimum. 

The QP decision rule value is ss than 0.1 for 11 

of the 30 problems (36.7%), than 1.0 for 5 of the 

30 problems (16.7%), greater than 2.0 twice (6.7%) and 

greater than 5.0 only once (3.3%). The results are 

conside 

rules. 

better than the for all the decision 



940 

More precise statistical testing can be done using 

anaZysis of variance (ANOVA). Analysis of variance 

splits the overall variance between each "source of 

variance" (or effect). For this first experiment, the 

effects used are: problem classes (C), decision rules (D), 

and replications within each problem class (R). Within 

each effect there are a number of cells, i.e., 6 problem 

classes within C, 6 decision rules within D and 4 repli

cations within R. The null hypothesis for a particular 

effect is that the population means of the cells in that 

effect are equal. The alternative hypothesis is that they 

are not equal. The null hypothesis is accepted at the a 

level of significance (i.e. with (I-a) (100%) confidence) 

if the F(l-a) (with appropriate degrees of freedom) is 

greater than the computed f for the comparison of the mean 

square for the effect with the residual mean square. The F 

test assumes that the true distributions are normal. There 

is a temptation to use analysis of variance with little 

regard for this assumption. It is not too seriously affected 

by minor deviations from normality. In our case the 

distribution is not normal but the normality assumption 1S 

not unreasonable provided the upper tail is not very long. 

Later we will have cause to suspect some of our results 

because normality seems to be seriously violated. The 

ANOVA tables for this study were produced using the BMD 

computer package BMD08V. Values of F(l-a) are given 

for a=0.05 and a=O.Ol. (Since we will be using ANOVA a 

great deal there is a high probability of Type I and Type 

II errors in our interpretation. Therefore, overall we 

feel more comfortable if the results do not fall between 
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the a=0.05 and a=O.Ol significance levels, i.e., we r 

reject them at the 95% confidence level or accept them 

with 99% confidence.} 

We can also use non-parametric tests by ranking the 

testing whether the ranking is significant 

with 95% and 99% confidence. For a simple comparison of 

two criter , the sign test is used. The null hypothe s 

is are ranked first equally often. The sign 

test produces a statistic z which is tested for significance 

by normal distribution. For more than two criteria, 

the test is Fpiedman's two-way analysis of 

vapiance which (for large problems) produces a statist 

which is distributed as X2
. Both of these tests 

the that they do not assume any underlying 

stribution for the data. They have the disadvantage 

that they are weaker than appropriate tests on the 

From Table 4-8 we see that the cell means the 

sion rules are respectively 2.28369, 1.82128, 2.23200, 

2.04074, 2.52739, 0.63339. The null hypothesis effect 

D is that these are all from the same dis ution, and 

estimates of the same mean value. In Table 4 we have the 

ANOVA table for this experiment. The 

is 1.4347 while F(.95) = 2.27, hence the 

is not rejected at the 95% confidence 

is surprising since the mean for decision 

f D 

hypothesis 

1. This result 

6 is 

considerably less than the others; it may have been swamped 

by the other five decision rules. We will return to this 

question shortly. Firstly, let us cons 

means of the LP decision rules can be s 

r whether the 

shed. 
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Table 4-10 gives the ANOVA table for the five LP decision 

rules only. The computed f for the decision rule effect 

(D) is 0.1884 while F(.95) = 2.44. So, with 95% confidence, 

we accept the null hypothesis that the cell means of the 

decision rules are equal. In fact, even with a=0.25, i.e., 

F(.75)=1.37),the null hypothesis is accepted. Using this 

form of statistical test, the LP decision rules cannot be 

distinguished with reasonable confidence. This is an 

important conclusion. It means that no LP decision rule 

can be excepted, on average to give a better decision rule 

value than any other LP decision rule. Since decision 

rule 4 simply solved the LP from the data at a single 

observation, we conclude that none of the schemes for 

aggregating data to form a different linear objective 

function can be expected, on average, to give a better 

solution. 

To check whether decision rule 6 can be distinguished 

from the LP decision rules we compare it with just one 

of the LP decision rules - since they cannot be distinguished 

it does not matter which one we choose. We will use decision 

rule 2 since it has the lowest estimated mean. The ANOVA 

table for this comparison is Table 4-11. Now the computed 

f for D is 14.129 while F(.95) = 4.04, and F(.99) 7.19. 

with 99% confidence the null hypothesis (i.e., that the 

true means of decision rules 2 and 6 are the same) is 

rejected. By looking at the respective values we conclude 

that the QP decision rule gives significantly better 

results, on average, than the LP decision rule with the 

lowest estimated mean. 

Comparing LP decision rule 2 and the QP decision rule, 
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the latter is pre rred 24 times and the former 1 time. 

The sign test gives z 4.4 for 24 out of 25 preferred 

z 4.4 is s cant at least at the 0.0003 level. 

This re t is much stronger than the ANOVA result. 

Thus while we cannot expect the aggregation of 

data that an LP to improve the problem, we can 

e t data aggregation that forms a QP (with a s 

objective function consisting of only 1 

and terms) to give a significantly solution 

than the LP derived from a single observation - or any 

other LP ci on rule. 

We must not ignore the fact that the mean of 

decision 1S 0.63339, i.e., on average we would 

expect optimal solution of the approximating to 

be y 36.66% of the true optimal value. We can 

conc that this is a satisfactory result. However, 

best LP decision rule mean is 1.82128, i.e., on 

we would expect the optimal LP solution to be 

with an absolute value almost twice that of the true 

value. 

We can also rank the LP decision rules each 

and see if the rankings can be distinguished 

s cally Now we are not testing whether one 

can be expected, on average, to give a decision 

r than another, but whether one sion 

will, on average, perform better than another r a 

ular problem. It is possible that a ision rule 

will, on average, be ranked above another but not 

a mean value that can be distinguished from 

is test gives significant results then we must doubt 

If 
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whether normality is a reasonable approximation for the 

original distributions. Then the ANOVA conclusions are 

also suspect. 

Table 4-12 ranks the five LP decision rules. A unique 

first is given a value 1, a unique second 2, third 3, 

fourth 4, and fifth 5. If there is a tie for any rank the 

appropriate scores are averaged, e.g., if there are three 

2nd, they each get 2+;+4 = 3. We use the Friedman two

way analysis of variance on this data. The overall scores 

are respectively 77.5, 88, 86, 97.5 and 101 for the five LP 

decision rules. The value of 
2 

4.7133 which is Xr = 

distributed approximately 2 with 4 degrees of freedom. as a X 

The difference in ranking is not significant with 70% 

confidence. So even though there is a reasonable difference 

in the ranking the non-parametric test supports the ANOVA 

result that the LP decision rules cannot be distinguished. 

Since the results of the LP decision rules depend on 

where the corner points of the feasible region are, we 

may ask whether they perform almost as well as they can 

within this restriction. It is extremely difficult to 

find with certainty the corner point with the best solution. 

This would require us to perform the formidable task of 

finding every corner point. By solving for a large number 

of observations we determined a "best known corner point" 

(best cP) • Sometimes no corner point with a solution 

better than 0.0 was found. Since the origin is a feasible 

corner point it is then the best known one. The LP decision 

rules can perform no better than the best CP but do they 

perform significantly worse? The mean of the best CP is 
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0.55086 compared with 2.28369, 1.82128, 2.23200, 2.04074 

and 2.52739 five LP decision rules. Clearly, 

significantly 

known corner po 

results are obtained at the best 

(so certainly at the 

point) than those of the best LP decision 

best corner 

e. It is 

not, then, corner point restriction of LP alone 

that causes bad LP decision rule results. 

Another stion is whether the LP and QP decision 

rules perform than the initial solutions that we 

observed. S there were five observa s this 

question cannot be answered unambiguously, we can however 

compare the sion rules with the 1 st (best) initial 

solution value and smallest (worst) al solution value. 

LP decision 

rules. The 

whether the 

worst initi 

2 is used to represent 

st initial solution is 

ision rules do not even 

solution. 

LP decision 

luded to see 

on the 

There are two ways we look at this analysis. 

Firstly we to see whether we can expect the decision 

rules to give a better solution, on , than the 

largest or lest initial solution, i.e., look at the 

mean of the solution values. Secondly, we look at the 

ranking of solution values_ 

Using first approach we find mean of LP 

decision rule 2 is 1.82128 while the 1 st initial 

solution s a mean of 0.72980. The ANOVA table - Table 

4-13 rejects null hypothesis that se both estimate 

the same population mean. The computed f D is 16.9281, 
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while at the 99% confidence level F = 7.19. However, 

the smallest initial point has a mean value of 2.31313. 

From the ANOVA table - Table 4-14 we accept the null 

hypothesis that this has the same population mean as 

decision rule 2. The computed f is 1.9412, and at the 

95% confidence level F = 4.04. We conclude that the 

largest initial point is expected to give a substantially 

better solution than the LP decision rules. The obser

vations are from a random scatter so this conclusion is 

not biased by having the initial points close to the true 

optimum. Compared with the smallest initial point the 

LP decision rules cannot be shown to provide a significantly 

better result. 

When we compare the QP decision rule with the largest 

and smallest initial points the conclusion is different. 

The mean of the QP decision rule is 0.6339. Table 4-15 

shows that the QP decision rule cannot be distinguished 

statistically from the largest initial point - the computed 

f of D is 0.2514 and F at a=0.05 is 4.04. However, from 

Table 4-16, we see that the smallest initial point is 

clearly inferior to the QP decision rule. This time the 

computed f is 30.9297 while F=7.19 at the 99% confidence 

level. Thus the QP decision rule can be expected to 

provide a significantly better solution than the smallest 

initial solution but neither better nor worse than the 

largest initial solution. 

Table 4-17 gives the ranking of these four criteria. 

A cursory glance at this table suggests that the QP decision 

is clearly dominant and the smallest initial point is 

dominated. The Friedman two-way analysis of variance 
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gives = 59 83 with 3 degrees of freedom. This 

significant at 0.001 level. So we can conc that 

the four criteria are ranked significantly di ly. 

Comparing LP decision rule and the largest i al 

solution we have the null hypothesis that they are s 

tingui 

largest 

and the alternative hypothesis that 

al solution is better. The initial solution 

is supe 24 out of 30 times. The sign test ves 

z = 3.108 which is significant at the 0.0009 1. Thus 

we conc that the LP decision rule will usual give a 

worse solution than the largest initial solution, in a 

particular problem. A similar comparison of LP de sion 

rule and st initial solution gives z 2.373 

which is gni cant at the 0.0087 level. This t 

with 99% idence we conclude that the LP decis rule 

will usual improve on the worst initial solut n. 

For QP decision rule and the largest 

solution we have a value of z = 2.73861 the sign test. 

This is significant at the 0.003 level so we conclude that 

the QP ision rule will usually give a better solution 

than largest initial solution a 

It follows from the dominance of the QP 

the la st initial solution that it must 

the smallest initial solution. 

f rent conclusions that we 

cular problem. 

sion rule over 

so dominate 

from the two 

approaches to the problem again causes us to suspect the 

reasonableness of the normality assumption on the 

distributions (particularly the two i rule dist-

ributions). In that case the ANOVA results on the cardinal 

data are also suspect. The ordinal test in this case 
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is to be preferred. 

Since we observe the true objective function value 

at the initial points it is of interest to know how well 

this information can be used for predicting the decision 

rule values. A number of regression equations were tried. 

The ones for LP decision rule 2 are shown in Table 4-18. 

MXINTL is the value at the largest initial point and 

MNINTL is the value at the smallest initial point. The 

equation 

(4-1) YLP = 1.67624MXINTL + 

(0.53352) 

0.76708MXINTL 2 

(0.34814) 

gives the best fit of the equations tried and both of the 

coefficients are significant at the 95% level. The equation 

is constrained to go through zero for three reasons. 

Firstly YLP cannot be negative, secondly YLP may sometimes 

be zero and thirdly, MXINTL cannot be negative. This 

equation is quite a good fit. Since it is constrained 

through the origin the normal R2 is a doubtful statistic, 

however, the sum of squares of the residual is 3.45434 

and is equivalent to R2 = .6887 for an equation not through 

the origin. 

Table 4-19 gives a similar set of regression equations 

for the QP decision rule. The QP decision rule value YQP 

must always be non-negative and like YLP can have a zero 

value, so again, the equations do not have a constant term. 

For similar reasons we reject equations 4 and 5 since 

both of these predict negative YQP for certain values of 



MXINTL and MNINTL 

(4-2 ) 

So we choose the equation 

= 0.9334l(MXINTL)2 

(0.07000) 
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The sum of square lS only a little worse than that 

of equation 5: .. 2 It is equivalent to R = .8249 an 

equation with a constant. This again is a good t. 

These ssion equations enable us to 

quanti qualitative comments about decision 

rules and st and smallest points. We can predict 

with some idence both the outcome of LP sion rule 

2 and the QP sion rule. 

4.4 D Matrix - Problem Class -----

A pe of Table 4-8 shows that the on rule 

results va considerably for the dif 

classes. Ove 1 it appears that the class mean is lower 

for high m and low n. So the odd numbered sses have 

higher means than the even numbered classes immediately 

above them, i.e., the ones with the same ran of n but 

higher m. Also, the class means as n 

increases with the exception of classes 4 6. This 

trend is present for each decision rule, and is 

parti y pronounced in decision rule 6 ( QP decision 

rule) there is not even the exception of classes 4 

and 6. 

The ANOVA table for the six decision s, Table 4-10, 

shows that problem class effect (C) s a computed f 

of 10.886 and F(.99)=3.14. We therefore reject the null 

hypothesis on the class means with 99% conf nce. The 

conclus that the decision rules d significantly 
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fferent results according to the size of the problem. 

r ANOVA tables used to decision 

rules more carefully all yield the same conclusion 

about the problem class means. 

Our observation that the decision ru s all follow 

sub ally the same trend is veri stically 

by ignificance of the interaction term CD. 

The ationship between the decision value and 

the size of the problem can be tested even using 

regression analysis. A number of equation structures were 

tried. As we predicted in Chapter 2, the 

one or another is very significant. 

cision rule value of decision 2 ) was 

regressed on a number of different combinations of m and n. 

se are shown in Table 4-20. We explained in section 4.3 

that cannot be negative so equations through origin 

are 1 to be the most acceptable. We have shovVD some 

equations not constrained through the origin. These co rm 

our a i reasoning and are rejected (the ones with a 

negative constant term are rejected because they es 

negative , and the ones with a positive constant term 

because exclude the realistic possibility of ) . 
Of equations 4 to 9, we reject 7, 8 and 9 on simi 

grounds. 

even though 

ion 6 is preferable to equations 4 and 5, 
2 

(~) is not quite significant at the 95% 
m 

level, because the sum of squares of the residuals is 

considerably So we get: 



(4-3) 0.77423~ + 
m 

(0.21771) 

0.09109(~)2 
m 

(0.05454) 
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The sum of squares of the residual is 32.0158 and is 

2 
equivalent to R = .71151 for an equation with a constant. 

This is an acceptable fit. 

We now consider explaining YLP using both the size of 

the problem and the value of the best initial point. 

Equations 10 to 12 of Table 4-20 give the three structures 

we tried. Equations 11 and 12 are considerably superior 

to equation 10. Since the MXINTL variable is so insignifi-

cant in equation 11, we choose equation 12. This equation, 

viz; 

(4-4) 0.76835 (MXINTL)2 + 

(0.24928) 

0.70968~ 
m 

(0.15219) 

is a marked improvement over either (4-1) or (4-3). The 

sum of squares of residuals of 26.1368 to equivalent to 

R2 = .7645 for an equation with a constant. 

We go through similar reasoning to find regression 

equations for YQP - the value of the QP decision rule. 

Table 4-21 gives the more important equations that we 

estimated. Equations 1, 2, 3, 6, 7, 8,9, and 11 are 

rejected because they produce negative values of YQP . SO 

we are left with only equations 4 and 5 to provide an 

acceptable relationship between YQP ' m and n. Of these 

equations 5 is considerably better with a sum of squares 

of the residuals of 10.0248 compared with 21.1236 for 

equation 4. So we have 
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m 

(0.01251) 
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The sum of squares of the residuals of 10.0248 is 

2 equivalent to R = .7609 for an equation with a constant. 

When we consider including MXINTL as an independent 

variable as well as have either equation 10 or 12 that is 

structurally suitable. Equation 12, viz., 

(4 -6) y ,= 
QP 

0.04961(MXINTL)2 + 

(0.02491) 

0.63727(~)2 
m 

(0.16305) 

gives the best fit and the estimated coefficients are 

significant at the 95% level. The sum of squares of the 

residuals is 6.4025 which is considerably better than 

that of equation (4-5). 2 It is equivalent to R = .8473. 

4.5 Results of Type 2 Matrix - Matrix of all-negative 
Diagonal Elements 

We now consider the results of an experiment similar 

to the experiment with the general D matrix, only this 

time the matrix has negative terms in the diagonal and 

positive, negative or zero non-diagonal elements. Table 

4-22 summarizes the results. 

The overall results are not as good as for the 

general matrix. 15%(17.2% for general matrix) of the 

decision rule values are within 10% of the true optimum. 

However, 51% (48%) are over the value 1.0, of these 

32.7% (30.6%) are over 2.0 and 12.8% (4.4%) are over 

5.0. 

The QP decision rule still seems to be the best. 

It is better than any LP decision rule 23 times out of 

30. In 36.7% (36.7%) of the times it is within 10% of 
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true optimum, greater than 1.0 20% (16,7%) of the 

time, greater than 2.0 13.3% (6.7%) of and 

r then 5.0 6.7%(3.3%} of the time - however on 

two occasions it performed very poorly. 

The cell means given in Table 4-23 show the 

ove 1 mean of each decision rule is worse 

same one using the general matrix. 

Using analysis of variance Tables 4-24 and 4-25 

qualitatively the same result as for the 

- the LP decision rules cannot be di 

The sing new result is that the QP decision 

cannot be distinguished from LP decision rule 3 - as 

shown on 4-26/ with 95% confidence. However/ us 

non-parametric sign test we have the QP decision e 

super to LP decision rule 3 on 26 occasions and 

same once. This gives z = 4.08 which is signif ant at 

the 0.00003 level. So we conclude that the ANOVA results 

are to 

LP cis 

rejected and hence that the QP decision rule is 

of the general D matrix experiment that the 

s are significantly worse than the best 

known corner point is confirmed for the type 2 matrix. 

The mean of best CP is 0.50769 which is considerably 

lower 1 LP decision rule mean of 2.84745. 

When of matrices type 1 and 2 are considered 

lowing the effect M (matrix type) - we 

get ANOVA tab sTable 4-27 and 4-28. Over the 

two s 5 LP decision rules are indistin-

gui re is no significant interaction (MD) 

s and the decision rules, i.e., 
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they behave much the same in both matrix types. When the 

QP decision rule is compared with LP decision rule 2 

over the two matrix types, they are shown to be 

distinguishable with 95% confidence but not with 99% 

confidence. Once again there is no significant inter-

action. In both ANOVA tables the matrix effect }1 is 

not significant at the 95% level. This indicates that 

there is no substantial difference in the decision rule 

values for matrix type 2 over matrix type 1. 

The data for this experiment do not support all the 

previous results about the largest and smallest initial 

solutions. Using the first approach, the means for the 

largest and smallest valued initial points are 0.71316 

and 8.44478 compared with the LP decision rule 3 and the 

QP decision rule values of 2.28005 and 1.34603. Yet the 

decision rules cannot be distinguished statistically from 

the initial point values. Table 4-29 to 4-32 give the 

results that in each case the D effect is significant at 

the 95% level. There is no problem with the results given 

in Table 4-29 and 4-31 for the largest initial solution, 

they show that the statistical evidence does not permit 

a distinction between this and the LP decision rule or the 

QP decision rule. Where the problems arise are in Tables 

4-30 and 4-32. The distribution for the smallest initial 

solution has a high variance and is highly skewed -

evidenced by one value of 115.0503 (see Table 4-22). 

This invalidates the ANOVA results. 

We again use a ranking procedure to overcome these 

difficulties. Table 4-33 shows the ranking of LP decision 

rule 3, the QP decision rule and the largest and smallest 
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initial solutions. The Friedman two-way analysis of 

variance gives a X2 of 52.85 which is significant at the 
r 

0.001 level. Clearly, the smallest initial solution is 

most often worse than any of the other three. In comparing 

the LP decision rule with the largest initial solution, 

we see that the latter is better on 17 of the 30 occasions. 

using the sign test we get z = 0.5477, which is significant 

at only the 0.29 level so we accept that they cannot be 

distinguished. On the other hand, the comparison of the 

LP decision rule with the smallest initial solution, 

gives a value z = 3.4689 (since the former is superior 

25 of the 30 times). This is significant at the 0.00025 

level so we reject that the two criteria have the same 

ranking. Finally, the QP decision rule is superior to the 

largest initial solution on 24 of the 30 occasions giving 

a value z = 3.1038 for the sign test. This is significant 

at the 0~0008 level. We can conclude that the QP decision 

rule will result in an improvement over the largest initial 

solution in a significant proportion of problems. 

Looking now at the class means given in Table 4-23, 

we get a somewhat different picture to that of Table 4-8. 

Particularly apparent are the different means for classes 1, 

4 and 5. For class 1, the mean has risen from 0.50133 to 

3.44729 which is largely due to the result of problem 1.2 

(see Table 4-22). For class 4, the comparison of Table 4-7 

and Table 4-22 show that the results are generally better 

in the latter case. Class 5 is the reverse situation of 

Class 4, here matrix type 2 results are generally worse than 

those of type 1. We will see whether these differences 

are statistically significant when we look at the analysis 
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of variance. 

The class effect is still significant 1n the ANOVA 

tables - Table 4-24 and 4-25. Again Table 4-26 provides 

the exceptional result, namely, that the class effect is 

not significant. This is due perhaps to classes 1, 5 

and 6 having similar (and large) means values. 

When the data of the two matrix types are considered 

jointly (Tables 4-27 and 4-28) the class effect is seen 

to be significant at the 99% level. Of new interest is 

the significant interaction term Me in Table 4-27. This 

indicates that the class means are significantly different 

for the two different matrix types. 

When we attempt to get regression equations to fit 

the data of Table 4-22 the results, given in Table 4-34, 

are not nearly as satisfactory as those for the general D 

matrix. For LP decision rule 3 expressed in terms of the 

size of the problem the equation 

(4-7) 1.18463(~) 
m 

(0.31946) 

provides the best fit of any form where the coefficients 

are statistically significant at the 95% level. Adding 

either n or (~)2 to the relationship improves the fit a 
m 

little but the coefficients of these additional variables 

are not statistically significant. So we reject any system 

more complex than (4-7). In terms of the largest and 

smallest initial solutions (MXINTL and MNINTL) the best 

statistically significant equation 1S 



(4 - 8) 2.65487MXINTL 

(1.07461) 

IlL 

Combining both the problem size and initial 

ut values as independent variables does not give 

any worthwhi 

statis 

(4 -9) 

result. The best compromise of 

significance and fit is ationship 

= 1.84713(~) 
m 

(0.56798) 

2.49242(MXINTL)2 

(L 78029) 

Equation (4 9) has two undesirable atures. rstly the 

coeffic nt of (MXINTL)2 is negative and may estimate 

negative YLP values. Secondly this coef 

signif ant at the 95% level. The relat 

ent is not 

does, 

however, fit the dependent variable consi better 

than (4 7). The sum of squares of residuals are 

re Y 442.851 and 474.999. The ion 

gives a poor For an equation with a constant, a 

sum of s of 442.851 is associated with 0.1400. 

Let us now consider the QP decision rule as the 

dependent variab Table 4-35 gives a number of relat 

ships for this case. Interestingly, the number of 

constr nts, m, does not feature significantly ei on 

its own or 

better than 

variable. 

ratio (~). 
m 

2 n on its own lS much 

variant of the (~) ratio as the 
m 

is achieved by including n or (~) 
m 

along with in both cases the additional variable is 

insignificant at 

(4-10) 

95% level. So we choose 

= O.00718n2 

(0.00178) 
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Equation (4-10) has a sum of squares of 263.911. 

The QP decision rule results expressed in terms of 

the initial solutions do not give as good fit. (MXINTL) 2 

is the best independent variable. No combination of 

MNINTL and ~~INTL adds significantly to the fit achieved 

using (MXINTL)2. Equation (4-11) shows this relationship. 

It has a sum of squares of the residual of 309.405. 

(4-11) 2.52381(MXINTL)2 

(0.80816) 

When we attempt to combine the relationships (4-10) and 

(4-11) we find that (MXINTL)
2 

gives almost no additional 

explanation over n 2 . The equation 

(4-12) 0.00655n 2 

(0.00301) 

+ 0.32834(MXINTL)2 

(1.26275) 

has a sum of squares of 263.252 (compared with 263.911 

for equation (4-10) and the (NXINTL)2 term is highly 

insignificant at the 95% level. 

Again to gauge the meaning of the sum of squares 

values we note that 263.911 is equivalent to R2 = 0.2726, 

309.405 is equivalent to R2 = 0.1472 and 263.252 is 

equivalent to R2 = 0.2744. 

We conclude again that the fit of the relationships 

1S not very satisfactory. 

4.6 Results of Type 3 Matrix - Matrix of All-negative 
Matrix Elements 

We repeat the basic experiment conducted this time 

on problems with a negative-definite D matrix which has 

all its elements negative. Table 4-36 summarizes the 

results of this experiment. These results are better 
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r of the previous matrix types. 34% (17.2% 

matr and 15% for type 2 matrix) of the 

decision ues are within 10% of the true optimum. 

end 14% (4B%, 51%) are over the value 1.0, At the a 

of these 5% (30.6% 32.7%) are over 2.0 and 0% (4.4%, 

l2.B%) are over 5.0. 

cision rule again seems better than LP 

de s s. It is better than any of them 24 out of 

The QP decision rule is within 10% of the true 30 

mum 63% (36.7%, 36.7%) of the time. It is 

than 1.0 on 6.6% (16.7%, 20%) of the occas ns and greater 

than 2.0 on 0.0% (6.7%, l3.3%) of the occasions. 

The ave 1 decision rule mean (given in 4.37) 

is 0.46760 compared with 1.9230B and 2.59721 r 

rst two matrix types. When the decision s are 

individually we see that each is at most 30% of 

the of the same decision rule for the gene D 

x. 

s 4-3B, 4-39, 4-40 give s support to the 

bas conclusions previously made about the decision rules. 

In 4~39 the result is clearly in favour of the null 

hypothesis that the five LP decision es have the same 

mean. Table 4~40 indicates that we reject the null 

sis with respect of LP decis rule 2 and the 

sian rule, since the computed f of 10.5004 is greater 

F( 99) = 7.19. This last is 

result of the type 2 matrix. 

If we rank LP decision ru 

latter is superior 26 times 

2 

contrast with the 

the QP decision rule, 

once. The sign 

test result of z = 4.0B is signi cant at the 0.00003 level. 
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Again, we see that the best known corner point is 

much better than LP decision rule 2 even though mean 

value of 0.46197 of LP decision rule 2 for s matr 

type is lower than the mean of the best corner 

the general D matrix (0.55086). For the type 3 D rna x 

the mean value of the best CP is 0.22525. This sts 

that the whole system has better results 

matrix than for the previous two matrix types. 

theoretical development of Chapter 2 predicted s 

of 

result, since this matrix structure for D always ves a 

positive direction vector to the shortest principal axis 

of the ellipse of the level curves. 

Introducing the M effect into the analysis of var 

of the 5 LP decision rules, gives Table 4 41. The matr 

effect is highly significant with computed f .876 and 

F(.99) ~ 6.75. The mean for the general D matrix is 

2.18102 while it is only 0.52265 for matrix type 3. 

decision rules are again indistinguishable and is 

no significant interaction between the matrix type and 

the decision rules (MD term) . 

When comparing LP decision rule 2 and the QP 

rule in Table 4-42, the conclusion about M e 

sion 

is 

the same. There is also a strong result about the s 

rules. With a computed f of 19.8924 and F(.99) 

they are clearly distinguishable. 

6.91 

In Table 4 43 and 4-44 we compare LP decision rule 2 

with the largest and smallest initial solutions using 

f st approach of section 4~3. In the first case the LP 

decision rule mean of 0.46197 is indistinguishable from the 

largest initial solution mean of 0.66227. Unlike the 
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previous two matrix types the mean of the largest initial 

solution has a greater value than the LP decision rule, 

although not significantly so. In the second of these 

ANOVA tables, Table 4-44, the mean of the smallest initial 

solution (8,06433) is not distinguished from the mean of 

LP decision rule 2(0.46197) despite the obvious difference. 

The reason is that the estimated variance of the decision 

rule component is 12.30353. This arises from the variance 

of the values of the smallest initial solution, which is 

evident from even a cursory glance at Table 4-44. So we 

have the same difficulty as we had with matrix type 2, 

i.e., that the distribution is very skewed thus invalidating 

the F test and the ANOVA results. 

The QP decision rule is compared with the largest and 

smallest initial solutions in Table 4-45 and 4-46. From 

Table 4-45 we see that the QP decision rule is significantly 

better than the largest initial solution at the 99% level. 

In Table 4-46 we fall victim again to the highly skewed 

distribution of the smallest initial solution so that 

analysis of variance gives us the curious result that QP 

can be shown to be better than the largest initial solution 

but not better than the smallest. 

It is necessary that we consider the non-parametric 

tests. The rankings of the two decision rules and the two 

initial solutions are given in Table 4-47. The Friedman 

two-way analysis of variance gives X2 = 72.67 which is 
r 

significant at the 0.001 level. Thus we conclude that the 

four criteria are distinguishable. The smallest initial 

solution is always the worst value so both decision rules 

are significantly better than this initial solution. Both 
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LP decision rule 2 and the QP decision have a better 

overall ranking the largest initial solution. The 

sign test for the LP decision rule when compared with the 

largest initi solution is z = 2.738 s the former is 

superior 23 of 

.003 level. The 

30 times giving z 

30 times. This is ficant at the 

decision rule is super 26 out of 

3.834 which is gni cant at the 

0.00007 level. Hence we can conclude this type of D 

matrix that both decision rules can be expected to improve 

the solution that of the largest tial solution. 

Let us now consider the problem c s results for 

of the class the type 3 D The general 

means shown in Table 4-37 is very simi to the pattern 

in Table 4 8. If anything the pattern is more regular 

giving an increase in value as n increases and a decrease 

as m increases. Consistent with all of the results of 

this experiment, the problem class means are always better 

in Table 4 37 in Table 4-8, although class 2 is only 

a little better (0.766 of the mean the general D matrix 

result). The fference in means is shown to be signifi 

cantly di in the two matrix structures through 

the interaction term (MD) in Tables 4-41 and 4-42. In 

both ANOVA s this term is signi ant with 99% 

confidence. 

As for 

it is always 

class effect (C) in ANOVA tables, 

ghly significant. In all of Tables 4-38 

to 4-42, the class effect is significant with 99% con 

Thus we can conclude that we would expect problems 

of different sizes to give substanti ly different results. 
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estimating LP 

s the regression equations 

ision rule 2. The ratio (~) 
m 

117. 

its 

variants provide good estimates for s matrix 

type. The best 

provides a 

n n 2 (-) and (-) . 
m m 

is given by On its own it 

anation than the combination of 
2 

Including n or m with (~ ) does not give 
m 

significant improvement. So we have 

(4 -13) 
2 

0.00960 (~ ) 
m 

(0.00097) 

with a sum of s of residuals of 4.544. 

When we look at the initial solutions as independent 

variables t is not riearly as good. combination 

of MXINTL and (MXINTL}2 gives much the best t and the 

coefficients are both significant at the 95% . They 

give 

(4 -14) = 1.06329 MXINTL 

(0.24259) 

and a sum of squares of 11.031. 

equation is negative coefficient 

means MXINTL > 2.8578 

0.18603 (MXINTL)2 

(0.06203) 

fficulty with this 

(HXINTL)2. It 

again. However, this value for MXINTL is 

YLP will decrease 

ly high and 

should not cause much problem. 

Comb 

solution va 

the 

ng the size of the problem, and the initial 

as independent vari es does not improve 

much. 
2 

Neither MXINTL nor (MXINTL) are 

signi cant additions to (4-13). In both cases the coeffi-

cient is insigni cant at the 95% 1 and the sum of 

squares 1S improved only slightly. It seems that (4-13) 

is in itself. 
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For comparison, the sum of squares value of 4 544 is 

valent to R2 = 0.6731 and 11. 031 is equ to 

0.2065. We can thus regard (4-l3) as a re 

f to the data. 

Turning to Table 4-49 we have the equations r 

explaining the QP decision rule. As with LP sion 
2 

rule (~ ) provides the best fit of the data. It is 
m 

considerably better than (~) or (:}2, or the combin 

of both of them. So we have 

(4 -15) 
2 

0.00386(~ } 
m 

(0.00067) 

with the sum of squares of residuals of 2.116. 

In terms of the initial solutions, again it is 

combination of r-1XINTL and (MXINTL) 2 that gives 

f This is shown in (4-16) 

best 

(4 16) 0.44025 MXINTL 

(0.12304) 

0.06795 (MXINTL)2 

(0.03146) 

sum squares of residuals is 2.838. The turning value 

MXINTL is 3.2395 which is even higher than it was in 

(4-14) and so the negative term is not an important 

f culty. There is no viable combination of vairables 

associ with the problem size and the initial solutions 

improves on (4-15). So we use (4-15) as our general 

sum of squares of residuals of 2.116 is equivalent 

to R2 = 0.4049 and 2.838 is equivalent to R2 = 0.2018. The 

(4-15) is acceptable but not very good 
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4-7 Results of Type 4 Matrix - Diagonal Matrix 

When the D matrix is a negative definite diagonal 

matrix some of the results are rather different. In 

particular the QP decision rule, by its nature, always 

gives the true QP optimum since it determines the D 

matrix exactly. For this reason the QP decision rule must 

perform better than any other criterion. Hence, we do 

not include it in our comparisons. 

Let us survey the results given in Table 4-50. The 

results of the LP decision rules give 11% (13% for type 

1 matrix, 10% for type 2 matrix, and 30% for type 3 matrix) 

within 10% of the true optimum. Conversely, 53% (56%, 

57%, 15%) of them are over the value 1.0, 29% (37%, 37%, 7%) 

of them are over the value 2.0, and 16% (5%, 15%, 0%) of 

them are over the value 5.0. From these figures we can 

expect the LP decision rules to behave rather poorly. 

In comparison with the other three matrix types the 

overall mean LP decision rule value is 3.09274 while the 

others are 2.18102, 2.84745 and 0.52265 respectively. Each 

LP decision rule (except LP decision rule 3) has a higher 

mean value for this matrix structure (as shown in Table 4-51) 

than it has for the general D matrix. 

Using analysis of variance on the data of Table 4-50, 

we find in Table 4-52 that the LP decision rules are again 

indistinguishable. The null hypothesis is accepted at 

the 95% level. The previous conclusion about the best 

corner point and the LP decision rules holds again for 

this matrix type. The mean of the best corner point is 

0.53417 which is similar to that of type 1 and 2 matrices -

although higher than for the type 3 matrix. Compared with 
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the mean of the LP decision rules, viz., 3.09274, it is 

considerably sSG 

Although our survey of Table 4-50 suggested the 

results for this D matrix are worse than 

matrix this is not supported statisti 

4-53 the matr (M) is not signi 

general D 

In Table 

cant over the 

5 LP decision rules nor are any of the interaction terms. 

So we can make no conclusions about there two matrix 

structures ng fferent results. 

We now look at the comparison of the LP decision rule 

3 and the st and smallest initi solutions. Firstly, 

let us cons analysis of variance on 

Table 4 55 cons the largest initial 

cardinal data. 

ution and LP 

decision rule 3. From this we reject the null hypothesis 

with 95% confi (although not with 99% idence) that 

the LP decision rule is from the same distribution as the 

largest ini 

largest 

rule result 

we accept 

solution. Since the mean value of the 

solution is better than LP decision 

are 0.70145 and 2.10592 re ctively) 

the largest initial solut is a superior 

criterion. When comparlng this LP decis rule with the 

smallest initi solution (mean value 4.54742) Table 4-56 

indicates that they cannot be distingui at the 95% 

level. We do not have the same st sti problem with 

this data that we had with the data for the type 2 and 3 

matrices, so we conclude that these two 

indistinguishable. Using the ranking 

results in 4-57. Since the QP 

teria are 

we have the 

ision rule has a 

perfect top score we know that it can never do worse 

than the al solutions. The son of the LP 
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decision rule and the largest initial solution using 

the sign test gives a value z = 1.643 which is signifi

cant at exactly the 0.05 level. So we can tentatively 

conclude that for this matrix type the largest initial 

solution is superior to the LP decision rule. The sign 

test for the comparison between the LP decision rule 2 

and the smallest initial solution is z = 3.834 which is 

significant at the 0.00007 level. So the LP decision rule 

will usually give a better result than the smallest 

initial solution but a worse solution than the largest 

initial solution for a problem with a diagonal D matrix. 

Let us now look at the problem classes. Table 4-51 

shows that the class means in this case follow a different 

pattern than for the other matrix types. For each range 

of m values the means "peak"at the middle range of n 

values whereas in the other cases the mean values (roughly) 

increase as n increases for given m. Some of the 

responsibility for this result lies with the results of 

problem 3.2, 3.4 and 4.4. It is only class 3 and 4 that 

have a higher mean for the type 4 matrix than for the 

general D matrix - but they both show a marked increase. 

For this matrix structure we accept that the class 

effect is significant with 99% confidence, as shown in 

Table 4-52. In the comparison of matrix types 1 and 4 for 

the 5 LP decision rules (Table 4-53) the class effect 

is again significant with 99% confidence. In addition 

the interaction between the matrix type and problem 

classes is not significant at the 95% level. Our previous 

discussion did suggest a different trend in the matrix 

structures. However, this difference cannot be 
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substantiated stati cally with reasonable confidence. 

(It is to say, however, that it is si ficant 

at a conf 1 only slightly lower than 95%, and 

more data change the conclusion). In 4-55 

the null hypothesis is not quite rejected with 99% 

confidence. So overall we can still con ly conclude 

that the class e t is significant. 

The regression equations with LP decision rule 3 as 

the dependent variable are shown in Table 4-58. Once 

again the 
n 

(-) features as a significant relationship. 
m 2 2 

There is 1 to choose between (n) (~) and (~ ) . m' m m 

Since the sum of squares of the residuals is slightly 

n smaller for (-) we choose that term. m 

worthwhile re ts from using both (n) 
m 

though the sum of squares is smaller, 

are not signi cant at the 95% level. 

with a sum of squares of 201.48. 

(4-17) 

Using 

YLP = 1.24531(~) 
(0.21781) 

initial solutions as 

We do not 
2 

n and (-) 
m 

achieve 

because, 

coefficients 

we have (4-17) 

independent 

variables we that the co~bination of MXINTL and 

r-1NINTL 

(MXINTL) 2 

s much smaller sum of 

on ir own. Also the coe 

than MXINTL or 

icients are 

significant at the 95% level. Equation (4 18) gives 

this relationship with a sum of squares 232.591. 

(4-18) 2.05425 MXINTL + 0.15003 MNINTL 

(0.91602) (0.08665) 

2 
(n) d th an MXINTL toge er m s an improvement 

in fit. However, as we see from (4-19) the coefficient 
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of MXINTL is not statistically significant at the 95% 

level. 

(4-19) 
2 

1.14228 MXINTL + 0.25225(~) 
m 

(0.89814) (0.08305) 

The sum of squares for this equation is 192.604. 

2 
The R values that correspond to the sum of squares 

of 201.48, 232.591 and 192.604 are 0.3365, 0.2341 and 

0.3658 respectively. These do not represent a good fit 

to the data. 

4.8 Results over four matrix types 

Let us consider briefly the results for all four 

matrix types taken together. It may be that trends are 

present in the data which are not strong enough to be 

picked up in the analysis of any single matrix type but 

which become apparent when all are considered together. 

We look firstly at the five LP decision rules. The 

ANOVA table in Table 4-59 shows that the decision rule 

effect D is still clearly insignificant at the 95% level. 

Thus even over all four matrix types, as given in Table 

4-60, we cannot distinguish between their mean values. 

Table 4-59 does clearly distinguish between the four 

matrix types, this is shown by the effect M which is 

significant at the 99% level. It is due largely to the 

matrix type 3 result where the mean is 0.52265 compared 

with 2.18102, 2.84745 and 3.09274 for the other three 

matrix types. We can also distinguish confidently between 

the six problem classes since the c effect is also signifi-

cant at the 99% level. This is not surprising since 

problem class 2 has a mean of 0.17297 which is much smaller 
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than that of any problem class. At the other 

extreme problem asses 3 and 5 have much the worst mean 

values. 

Let us now see if the result is f if we 

consider the ranking of the LP decision s. For all 

four matrix types ranking scores the five LP 

decision rules are 325, 369, 325.5, 412.5 368 

respectively. 

the overall rank 

of variance we 

the 99% level. So 

lower this value is, the higher 1S 

g). Using Friedman's two-way analysis 

2 
Xr 17.70 which is significant at 

would seem that LP decision 

rules can be distinguished from each r. Since the 

cardinal data consistently and over-whe1ming1y accepted 

the hypothesis that they are the same must be that the 

assumption of normality of the distributions is unacceptable 

and thus that non-parametric tests are to be preferred. 

It is interest to compare LP decision rule 4 (the 

Random LP) with other rules. Tab 4-61 gives the 

relevant pairwise comparisons. We see that LP decision rules 

1 and 3 are c 1y superior at the 99% level and LP 

decision rule 2 is superior at the 95% 1. It is of some 

comfort to find this result since it g evidence to 

support the aggregation of the data, especially using 

either the s zed or unstandardized means of the 

coefficients, in of using a sing random observation. 

As we may expect the QP decision e is superior to 

the best LP sion rule overall. 4-62 gives the 

ANOVA table the comparison between LP decision rule 3 

and the QP on rule. Only the st three matrix 

types are cons since the speci result of matrix 
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type 4 would heavily favour the QP decision rule. However, 

while "the D effect which compares these two rules is 

significant, it is only significant at the 95% level. 

The result is much clearer, in fact overwhelming, using 

a pairwise ranking of these two decision rules. Of the 

90 occasions the QP decision rule is superior 72 times 

and the same 4 times. The sign test statistic z = 6.146 

is -4 significant at a level less than 10 . 

The other interesting comparisons are between the 

decision rule values and the initial solution values. We 

discovered earlier that the non-parametric tests are more 

suitable for this comparison. Over the four matrix types 

the largest initial solution is superior to LP decision 1 

on only 64 of the 120 occasions. (For this comparison LP 

decision 1 is used instead of the ones which were used 

for the individual matrix comparisons, because we saw that 

LP decision rule 1 has the best overall ranking of the 5 

decision rules). The sign test statistic is z = 0.639 

which is significant at only the 74% level. Overall then 

we accept the hypothesis that the two criteria are 

indistinguishable. This is an interesting conclusion 

because it means that we are at least as well off to use 

the best initial solution as try to find an LP solution 

using the best LP decision rule. A quite different result 

comes from comparing the largest initial solution with 

other decision rules. For example, ranked in comparison 

with the LP rules that have the lowest mean for each 

matrix type the initial solution is superior 94 of the 

120 occasions - making it superior with over 99% confidence. 

Compared with the smallest initial solution LP 
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decision rule 1 is superior 100 times out 120. The 

sign test s z 7.21 which is signi cant at a level 

less than 10 4 

The QP sion rule is ranked above largest 

first three initial solution 73 out of 90 times 

matrix types. The sign test gives a z = 5.79 

which is signi cant at a level less than 10-4 . Thus we 

have estab the overall superiority of the QP 

decision rule over the largest initial solution. 

4.9 Results Gradient 

Besides decision rules for 

approximating mathematical programs we 

Rules 

rmining different 

consider 

solving the approximating QP problem by a gradient algorithm< 

Since the algorithm is not solving the true QP 

there is no reason to suppose, in advance, that it will 

reach better solutions to the true QP as more iterations 

are performed. Hence, we test the solution for different 

numbers of of the algorithm, z., 5 iterations, 

10 iterations and 25 iterations. These are stopping rules 

1, 2, and 3 

observation 

vely. The algorithm is run using the 

the random LP decision as the commencing 

solution. 

The results of the 30 problems the general D 

matrix are shown in Table 4-63, with the cell means in 

Table 4-64. Similarly, the results other three 

matrix types are given in Tables 4-65 to 4-70. For 

comparison solution of the Random LP decision rule, 

the QP sion rule and the initial solution of the 

random LP are so shown. 

In Tab 4 71 we have th~ ANOVA table comparing the 
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e stopping rules with the two decision es mentioned 

and the initial solution value. The rst thing we 

erve is that the matrix effect (M) is signi cant 

at the 99% level. More specifically this would suggest 

the mean of this conglomeration of criter is 

significantly lower for matrix type 3 with a mean of 

0.41592, than for matrix type 2 with a mean of 2.16377. 

result we have now come to expect for class fect 

occurs again, with there being a rejection of null 

hypo sis at the 99% level. The decision 

is also significant at the 99% level. The 1 means 

are 0.40600, 0.47396, 0.51500, 2.10456, 0.54293 and 2.56683 

for six criteria. We can conclude that at least 

Random LP decision rule with a mean of 2.10456 and 

in al solution value with a mean 2.56683 are 

to stinguished from the other four te 

We now look just at the four crite a, vi z. , 

e gradient stopping rules and the QP s e. 

Tab s 4-72 to 4-75 give the ANOVA tables for these, 

e matrix type. The results for the rst 

s are similar. In each case the class e 

matrix 

C is 

gnificant at the 99% level. This is the normal result. 

In each case also the decision rule effect is cant 

at 95% level. This leads to the important conclusion 

that in general the QP decision rule, i.e., the optimum 

of approximating QP, gives no better result the 

value of true QP obtained by stopping early 

ent algorithm which is solving the approximating QP. 

Table 4 75 reflects a different situation to the 

tables. Here the approximating QP is, in 
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true QP so the results will always be lower for the QP 

decision rule than for any of the stopping rules. Also 

with more iterations of the gradient algorithm the 

results are always better. Thus we see that the decision 

rule effect is significant at the 99% level. It is also 

noticed that the interaction term (CD) is significant at 

the 99% level. This shows that the four criteria behave 

substantially differently for different problem classes. 

This difference can be observed in Table 4-70. The 

relationship is that for each stopping rule the result 

improves as m increases but worsens as n increases. However, 

this trend lS much more pronounced for stopping rule 1 

than it is for 'the other two stopping rules. 

For the three stopping rules alone Tables 4-76 to 

4-79 give the ANOVA tables. The conclu~ions are the same 

as those when the QP decision rule was included. For D 

matrix types 1 to 3 the three stopping rules are 

indistinguishable statistically. However, for the type 4 

matrix they can be differentiated at the 95% level. 

Having considered the relative performance of the 

SlX criteria in terms of the expected solution value, 

we will now consider their ranking performance. Tables 

4-80 to 4-83 give the ranking of the six criteria for the 

four matrix types. Table 4-83 reflects the fact that for 

matrix type 4 no criterion can be better than the QP 

decision rule and stopping rule 1 cannot be better than 

stopping rule 2 which in turn cannot be better than 

stopping rule 3. 

For all four matrix types the Friedman two-way analysis 

of variance test is significant at the 0.001 level -



2 
Xr values for the four tables are respec 

63.81, 71.90, 145.60. Over the four x 

X2 value is 289.38 which is significant at much 
r 

129. 

45.54, 

s the 

ss than 

the 0.001 level. Thus we can conclude that 6 teria 

behave significantly differently, 

Table 4-84 gives us the data for a pai se son 

of the QP decision rule and each of the s ng rules. 

Using the sign test on these data, we have results in 

Table 4 85. It is illegitimate to test the of 

type 4 since we know the answer by definition. For 

rst three matrix types the QP decision is only once 

superior or inferior to a stopping rule at 95% I, 

z., for stopping rule 1 in matrix type 3 when it is 

at the 0.0006 level. Over the three s 

together the QP decision rule is not super r to 

any stopping rule at the 95% level. 

A similar pattern emerges when the stopping es are 

with each other pairwise. The data and sign test 

are given in Table 4-86. Again only stopping rule 1 in 

3 can be distinguished from the others at the 95% 

In this case it is clearly inferior. 

These results reinforce the ANOVA results on the 

I with the additional conclusion for matrix 

3 that stopping rule 1 is inferior to stopping rules 

2 and 3 and the QP decision rule. 

Surveying the data of Tables 4-80 to 4-82 we notice 

ranking of stopping criteria is different for 

f problem classes. In Table 4-87 we have the rankine 

score of only the three stopping rules and the QP decision 

ru six problem classes. Stopping rule 1 improves 
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consistently as we go through the classes, and at the same 

time the QP decision rule deteriorates. There is a 

lesser trend of improvement in stopping rule 2 and 

deterioration in stopping rule 3. Let us relate these 

results back to the cardinal data. We noticed earlier 

that the QP decision rule value roughly gets worse as we 

get to higher problem classes. (More exactly its 

n deterioration was related to (-) or some derivation of it). m 

So there is a rough relationship between the relative 

performance of the stopping criteria and the value of 

the QP decision rule, i.e., as the QP decision rule value 

deteriorates it performs relatively worse than the three 

stopping rules and at the same time stopping rule 1 performs 

relatively better. We see, however, from Table 4-87 that 

only for problem classes 1 and 2 can the different ranking 

be sustained with at least 95% confidence. 

The pairwise comparisons given in Table 4-88 break 

down the situation in more detail and some interesting 

results are revealed. For problem class 1 we can rank 

the four criteria with 95% confidence in the order: QP 

decision rule, stopping rule 3, stopping rule 2, stopping 

rule 1. For problem class 2 a similar order results 

except that stopping rule 2 is superior to stopping rule 

1 with only 91% confidence. No significant ranking can be 

sustained for the rest of the problem classes, except that 

the QP decision rule is inferior to stopping rule 3 with 

95% confidence in problem classes 5 and 6, and is inferior 

to stopping rule 2 with 95% confidence in problem class 6. 

What is surprising, given the results of Table 4-87, is 

that the QP decision rule cannot be shown to be inferior 
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to stopping rule 1 or 2 in problem classes 5 and 6. 

4.10 Results of Variable Metric Decision Rule 

The results of the variable metric decision rule 

for the first three matrix types are given in Table 4-89. 

Since the QP decision rule finds the D matrix exactly 

for matrix type 4 the variable metric rule also yields 

the exact matrix and so the results are the same as for 

the QP decision rule. 

A comparison of the cell means of the.QP decision 

rule and the variable metric decision rule are given in 

Table 4-90. We observe that there appears to be very 

little difference between these two rules. Using ANOVA, 

the results of Table 4-91, confirm this impression. The 

hypothesis that the two means are the same cannot be 

rejected at any reasonable significance level. The 

matrix types (M) can be distinguished at the 99% level, 

and so can the class types (C). These results are the 

same as for the QP decision rule and the variable metric 

rule taken separately as indicated by the insignificant 

MD and CD effects. 

This result is surprising since we hypothesised 

that the additional refinement in the estimate of D 

yielded by the variable metric update procedure might 

be expected to improve the solution. An examination of 

the estimates of the D matrix given by the variable metric 

rule suggests that the procedure often created D matrices 

which were not negative definite or semi-definite. This 

may be the cause of the result. 
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If we look at Table 4-92 where the pairwise 

ing of the two rules is considered we find that the 

QP decision rule is more often superior for all three 

s. In fact for matrix type 2 it is signi 

super at the 95% level. Overall the QP decision rule 

is s superior at the 99% level. The dif rence 

between this result and the ANOVA result is that we can 

expect the QP decision rule to more 0 

g better decision rule value, but overall we cannot 

expect mean value of the QP decision rule to be r 

to the variable metric decision rule. 

conclusion is then that with 5 observation points, 

even though the variable metric matrix update procedure 

may " TnT>"".-,,,,,·,,,1I the estimate of D, it does not produce an 

est D that produces an improved optimal so on. 

:1 



Table 4-1: Parameter ranges 

Parameter Upper Limit Lower Limit 

RGDEW 0.7 0.1 

RGC 2_0 0.01 

RGAP 0.2 0.0 

RGB) 0.01 0.002 

RGRilS 0.6 0.0 

RGPI 10.0 0.0 

RGR.J 0.8 0.1 

PRODG 0.1 0.0 

Table 4.2: Mean value of the decision rules for the four matrix 

~ 

:!-{a trlx 
~n)e. 2 

DecisionRUles 
3 4 QP 

2.28369 1.82128 2.23200 2.04074 2.52739 0.63339 

2 2.31733 2.94124 2.28005 3.64805 3.05056 1.34603 

3 0.50928 0.46197 0.51412 0.61596 0.51194 0.19231 

i j' 4 2.98189 3.84436 2.10594 2.11349 4.41805 0.0 

Table 4.3: Problem-class mean values; LP decision rules 
and OP deCISIon rules. 

~la t rIX Problem Classes 
Type. 1 2 3 4 5 6 

p 1 0.59308 0.19622 2.73442 2.26675 5.94052 1.35513 
2 4.12126 0.16623 3.95183 0.69335 5.25055 2.90147 
3 0.20955 0.15035 0.29408 0.14916 2.02072 0.31107 
4 0.36830 0.17910 8.09692 3.34378 5.08122 1.48715 

~P 1 0.04246 0.00400 0.27708 0.39389 2.25563 0.82727 
·2 0.07744 0.07227 0.18449 0.21414 3.86036 3.66748 

3 0.00541 0.00339 0.20706 0.13936 0.71925 0.07940 
4 0.0 0.0 0.0 0.0 0.0 0.0 

Table 4.4: Gradient Stopping rule me-ans for the four 

matr~x types. 

\Matrix Type Stopping Rules 
1 2 3 

1 0.47250 0.53853 O.S7b'lS 

2 0.87005 1.13935 1. 27603 

3 0.20323 0.18919 0.19386 

4 0.07820 0.02876 O.013b~ 

Table 4.5 Significance levels for the reiectin~ of the 

hypothe-sis that factors in the followine comrarison~ 

are" statistically indistinguishable. 

Comparisons Matrix Types 
2 3 

~ LP decision rules. >0.05 >0.05 >0.05 
P and LP decision 

>0.05(1) rules. <0.01 <0.01 
LP decision rule and 

largest initial 
~0.008(3) ~0.29(3) ~0.003(4) solution (2) . 

LP decision rule and 
smallest initial 
solution (2). ~0.009 =0.00025 <0.003 

pP decision rule and 
largest initial 
solution (?). =0.03 =0.0008 =0.00007 

~roblem classes(6). <0.01 <0.01 <0.01 
radient stopping 
rules. >0.05 >0.05 >0.05 

(l)Using a non-parametric test it is significant at 

(2)Based on ranking data - not cardinal data. 

(3)H
l

: largest initial solution is superior. 

(4)H
1

: LP decision rule is superior. 

4 

>0.05 

(5) 

=0.05(3) 

=0.00007 

(5) 
<0.01 

<0.01 

0.00003 level. 

(5)Not meaningful since the QP decision rule always gives the 
optimal solution. 

(6)Applies to LP decision rules and Qr des ion rule taken together 
or separately. 
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• I ml n i LP D.R. 1 

1.1 4 5 0.14091 1.13911 0.41926 0.14091 a.Hon 
1.2 4 3 0.42802 1.52135 0.11236 0.42802 0.42802 
1.3 7 4 0.0.)205 1. 63363 0.15714 0.80543 0.80543 
1.-1 7 7 0.05297 1. 32994 0.28451 0.05297 0.05297 
1.5 8 5 0.02092 0.99076 0.22686 . O.6~526 0.63526 
2.1 10 2 0.00000 0.56491 0.32609 0.00000 0.00000 
2 .. 2 14 7 0.09887 0.75224 0.35542 0.34496 0.34496 
2.3 10 3 0.00000 1.14144 0.21432 0.00000 0.00000 
2.4 9 2 0.00000 0.71384 0.23222 0.00000 0.00000 , - 12 7 0.09479 1.35175 0.27206 0.54842 0.68747 L.~ 

3.1 8 16 0.52155 1.58476 0.34519 0.68578 4.44427 
3.2 5 11 0.18913 1. 39626 0.38553 0.18913 0.90827 
3.3 7 16 1. 00000 1.62-520 0.22152 4.59299 4.73489 
3 .. -z S 12 1. 00000 L 85558 0.12226 1.62240 2.29681 
3.5 5 16 1. 00000 1. 57691 0.35103 2.27320 2.30767 
4.1 9 14 0.93229 1.37997 0.34431 2.64784 2.64784 
4.2 10 117 1. 00000 1.64526 0.44283 2.09298 2.10888 
4.3 14 15 1.00000 1.74126 0.35282 2.29217 1.27240 
~. 4 9 17 1. 00000 1 64265 0.16512 4.49616 1.62302 
4. 14 113 0.27816 1. 31773 0.48106 0.43704 0.63745 
5.1 .3 18 1. 00000 1.65079 0.68145 26.01759 9.48925 
S.2 1 6 24 0.69018 1.46578 0.31432 2.37746 2.56375 
5.3 i 7 21 1.00000 1.58331 0.37908 3.26487 3.27211 

5.', ' " 1.00000 1.43990 0.36066 2.32744 3.03264 
5.5 7 16 1.00000 1.32093 0.37635 1.6]628 3.49891 
6.:1020, 0.87415 1.29765 0.35650 1.97434 1. 83217 

6.
21521

1 
0.68729 1. 41896 0.28761 3.78725 1. 45937 

6.3 14 20 0.34537 1. 20952 0.30742 1.05083 0.90043 
6.~i 14 24 0.76251 1. 74853 0.42225 0.76251 1.85095 
6.5114120 0.36673 1.35524 0 •. 17821 1.04643 0.66225 

Best CP . best corner point of those discovered by the LP's from the 
decision rules plus the origin. 

Angle - largest angle bet~een gradient vectors at the observations. 

Distance - distance from the unconstrained optimum to the constrained 

0.14093 0.23460 0.23460 ('. :5~9~ 0.93992 
1I.4Z80Z 1. 27791 1. 27791 O.3~.)')S 2.81971 
0.86683 0.04205 0.46209 0.2-1-108 0.95551 
0.05297 0.59555 0.0574-1 O.3-12r'll 1 .. :03"'1: 
0.63526 2.19781 2.19781 O. 311 :-15 0.63l1bO 
0.00000 o.oocoo 0.00000 0.19-190 0.5~180 
0.34496 0.36630 0.34496 0.002,)2 O.2~f.21 O.~9lb1 

0.00000 0.00000 ·0.00000 0.00000 0.1-12S1 0.6lL'60 
0.00000 0.00000 0.00000 0.00000 O. :;0172 0.75305 
0.54842 0.68747 0.63747 0.01760 0.26112 0.66629 
0.68578 3.17863 4.44427 0.26:31 O.9LO:' 1.962n 
0.18913 0.95095 0.9S78? 0.02221 0.703(;6 3,,6~~S~ 
4.17715 4.74231 4.73489 0.41479 0.~OO37 5.77060 
1.64398 2.78026 ~. 78026 0.06517 0.99501 2.7SS09 
2.]0380 2.77367 8.13156 0.6209-1 0.$8853 :.99903 
2.64784 2.63351 2.66619 0.12346 0.6S026 1 .. 3:30.3 
1.86743 1. 84082 L 35290 0.SS377 0.bS335 3. S2106 
2.29217 2.25156 1.17563 0.20733 0.S8-173 3.1~S-3 

4.49616 8.67676 2.92303 0.48577 0.83235 3.12951 
0.43704 0.51067 0.64149 0.26910 0.S3572 1. .\ 3-1 36 

26.01759 3.1R605 19.7RD63 6.0-1-131 2. -11,) 1 0 6~3l.!26 
3.00112 0.84764 2.97929 0.39282 O.PS26 6 .. 59 ...... 3 
2.98626 9.84448 7.77RZ3 0.38514 0.5519-1 2~(l'::37"; 

2.32744 2.47834 3.03265 3.04326 L 56956 2.09..16~ 
1.61628 3.49891 1.66887 1. 41260 0.990.1; 1.99l'7':; 
L 97434 1.01993 1.14969 0.69746 0.71341 2.11::"71 
2.30534 1.17929 1.55823 1. 21974 0.9315S 1.4H54 
1.05083 0.46339 0.88341 0.77197 0.6S783 2.091H 
1.07657 2.14780 0.77050 0.25250 1.48551 3.11935 
1.04643 0.81497 1.11094 1.19468 0.80195 1. 59200 

observations plus those from SO other points, plus those from the LP 

optimum. 



Table 4.6: Regression eguations. 

~la1 1ype.' 

I 

. 

1 YLP = 0.76835 MXINTLZ 
+ O. 70968 (~) 

(0.24923) (0.15219) m 

YQP " 0.04961 HXINTL2 + 0.63727 (!!.)2 
(0.02494) (0.16305) m 

2 YLP " 2.49242 HXINTL2 .. 1.84713 (!!.) 
(1. 78029) (0.56798) m 

YQP e 0.32834 HXIXTL 2 
+ 0.00655 n 2 

(1. 26275) (0.00301) 

3 YLP 
= 0.00960 (!!~) 

(0.00097) m 

: YQP 
1 

2 
O. 00336 (!! ) 

(0.00067) m 

* j .. 0.25225 (!l) 2 4 I YLP = 1.14228 HXINTL 
(0.89814) (0.08305) m 

is no equation for :tQP since YQp=O.O always 

Table 4-8 

Problem I 
Classes 

1 

2 

3 

4 

5 

6 

Overall 

Cell ~\.cans - General D Matrix (Type 1 matrix) 

1 2 3 

0.41252 0.41252 0.42480 

0.17868 0.20649 0.17868 

1.87270 2.93838 1. 75997 

2.39324 ' 1.65792 2.34813 
: 1 

[7.12073 '4.37133 [7.18974 

1. 72427 1.34103 1.49070 

2. 28369 1.82128 12.23200 

4 : 5 

i 0.86958 II· 0.84597 

0.21075 0.20649 . . 
2.88526 i 4.215771 

3.18266 1. 75185 

3.97108 7.04973 

L 12508 1.09455 
• I 

6 

0.04246 

0.00400 

0.27708 

0.39389 

2.25563 

0.82727 

2.04074 12.527391 0.63339 

: Overall I 
0.50131 

0.16418 

2.32486 

1. 9 5461 

5.32637 

1.26715 

1. 9 2308 

Table 4-9: ANALYSIS OF VARIANCE - General D m:ltrix - 5LP decision rules 
and QP decision rule 

SOURCE F CmlPUTED SUN OF SQUARES DEG. OF NEA:\ SQUARE 
Ct=.05 Ct= •. Ol f FREEDml 

MEAN 665.6835 1 665.6335 
C 2.27 3.14 10.8886 518.7072 5 103.7414 
D 2.27 3.14 1. 4347 68.34533 5 13.66908 
CD 1. 59 1. 91 0.4744 113.0036 25 4.S~0)J3 
R(CD) 1371.969 lU 9 .. 52i56.J 

Table 4-10: ANALYSIS OF VARIANCE - General D Matrix - 5 LP decision rules 

SOUF-CE F COMPUTED S1.iN OF SQUARES DEG. OF ~fEA:-; SQUARE 
0:=. 05 0:=.01 f FREEDO~! 

MEAN 713.5272 1 713.5272 
C 2.29 3.17 9.6098 539.76~3 S 107.9529 
D 2.44 3.47 0.1884 8.466237 4 2. .116559 
CD 1. 65 2.03 0.3292 73.95202 20 3.697601 
R(CD) 1348.040 120 11. 23366 

Table 4 -11: ANALYSIS OF VARIANCE . GC'nC'rai D matrix - LP decision rule 
ana QJ! deCISIon rule 

SOURCE F COMPUTED SU~! OF SQUARES DEG. OF HEAS SQU.-l.RE 
a=.05 a=.Ol f FREE DOH 

MEAN 90.38073 1 90.3S(l~S C 2.41 3.42 9.1004 68.16558 5 13.63312. 
D 4.04 7.19 14.1290 21. 16626 1 21.1662.6 CD 2.41 3.42 1. 7128 12.82972 5 2.5659H R(CD) 71. 90764 48 1. -I9S076 

f-' 
w 
U1 



Problem LP Decision Rules 
"umber. 2 3 4 SOURCE F COMPUTED SU~! OF SQUARES DEG. OF ~IEA:-; SQUARE 

n=.05 n:.10 f FREEDD:.i 

1.1 2 2 2 4.5 4.5 MEAN 97.6Z00~ 1 97.6200-1 
1.2 2 2 2 4.5 4.5 C 2.44 3.42 9.1218 48.14619 5 9.6::1235 
1.3 3.5 3.5 5 1 2 D 4.04 7.19 16.9281 17.86936 1 17.86986 
1.4 2 2 2 5 4 CD 2.44 3.42 3.5936 18.9677~ S 3.7935-19 
1.5 2 2 2 4.5 4.5 R(CD) SO.670H 48 1-055635 
2.1 3 3 3 3 3 
2.2 2.5 2.5 2.5 S 2.5 
2.3 3 3 3 3 3 
2.4 . 3 3 3 3 3 
2.S .1. 5 4 1.5 4 4 Jable 4- 14: ANALYSIS OF VARIA"CE - Gencr~l D m~trix - LP deciscion rule 2 
3.1 1.5 4 .. 5 1.5 3 4.5 ana smalIest lnl tlaI solutIon 
3.2 1.5 3 1.5 4 5 
3 .. 3 1 2.5 5 4 2.5 
3.4 1 3 2 4.5 4.5 SOURCE F COMPUTED Silll OF SQUARES DEG. OF ~IEA~ SQUARE 
3.5 2 3 1 4 5 (1=.05 (1~.01 f FREE DOH 
4 .. 1 3 3 3 1 5 , ~ 4 5 3 2 1 ~." MEAN 256.3997 1 256.3997 
4.3 3.5 Z 3.5 5 1 C 2.44 3.42 10.2347 95.66232 5 19.1:;246 
4.4 3.5 1 3.5 5 2 D 4.04 7.19 1.9412 3.628732 1 3.628-32 
4.5 1.5 4 1.5 3 5 CD 2.44 3.42 0.4047 3.782993 5 .75659S6 
5.1 4.5 2 4.5 1 3 R(eD) 89.729S5 -18 1.869372 
5.2 2 3 5 1 4 
5.3 2 3 1 5 4 
5.4 1.5 4.5 1.S 3 4.5 
5.5 1.5 4.5 1.S 4.5 3 
6.1 4.5 3 4.5 1 2 TABLE 4-15 : ANALYSIS OF VARIANCE - General D matrix - P decision rule 
6.2 4.5 2 4.5 1 3 an 1argost lnitH!l scolution 
6.3 4.5 3 4.5 1 2 
6.4 1 4 3 5 2 SOURCE F cmtpuTED Silll OF SQUARES DEG. OF ~IE-\~ SQUARE 
6.5 4.5 1 4.5 2 3 (1z.05 (l~.01 f FREEDON 

Total 77.5 88 86 97.5 101 MEAN 27.87H2 1 27,,87422 
C 2. 44 3.42 6.5980 18.29678 5 3.659356 
D 4.04 7.19 0.2514 .1394310 1 .1394310 
CD 2.44 3.42 1.3742 3.810705 5 .7621-110 
ReCD) 26.62185 48 .5546197 

TABLE 4-16 : ANALYSIS OF VARIANCE - General D P decision rule 
an smallest InItl:! 

I--' 

SQUARE 
W 

SOURCE F cmlPUTED SUM OF SQUARES DEG. OF NE.l,:\ 0"\ 
a.~.05 0.=.01 f FREE DOJ.I 

MEAN 95.1720 130.::293 1 130.:::::93 
C 2.44 3.42 6.5673 44.93137 5 8.9S6373 
D 4.04 7.19 30.9297 42.32288 1 42.3:::288 

CD 2.44 3.42 1. 3895 9.506992 5 1.901398 
R(eD) 65.68113 48 1. 363357 



Type 1 D matrix. 

Problem Decision Rules Initial Solutions Equation Independent Coefficient 
Number Va riable Value 

1.2 3 1 2 4 
1.3 3 1 2 4 
1.4 2 1 3 4 
1.S 4 1 2 3 
2.1 1.5 1.S 3 4 
2.2 3 1 2 4 
2.3 1.5 1.5 3 4 

1 ~IXI NTL 2.72946 0.25275 10.79890 4.0754.1 
2 NNINTL 0.79310 0.09501 8.3.!~29 6.03390 
3 (MXI NTL) 2 1.74708 0.17744 9.S45S5 4 .. i1723 
4 MXINTL 2.13348 0.54-30 3.89S19 

~ININTL 0.20709 0.1690B 1.224~8 3.86092 
5 MXINTL 1.67624 0.53352 3.14193 

(MXINTL) 2 0.76708 O.348H 5.20224 3.4543.1 

2.4 1.S 1.S 3 4 
2.5 4 1 2 3 
3.1 4 1 2 3 
3.2 3 1 2 4 
3.3 3 1 2 4 
3.4 3 1 2 4 
3.5 3 1 2 4 
4.1 4 1 2 3 
4.2 3 2 1 4 
4.3 3 1 2 4 
4.4 3 1 2 4 
4.5 2 1 3 4 
5.1 4 2 1 3 
5.2 3 1 2 4 

Equation Independent 

I 
Co"ffi cient Standard T isum of 

Number Variable Value Error ,'a 1 ue , of Res dual 
5.3 4 1 2 3 
5.4 4 2 1 3 ~IXD!TL 1.21304 0.17897 .7778(\ 2.0~340 
5.5 4 2 1 3 
6.1 3 1 2 4 

MXINTL 0.29273 0.0:-080 .13469 3.3503-1 
(MXINTL) 2 0.93341 0.07000 .33438 0.73.!11 

6.2 4 2 1 3 MXINTL 1. 76869 0.37956 .65986 
6.3 3 2 1 MNINTL -0.19308 0.11726 .64657 1. 85693 
6.4 3 1 2 4 
6.5 1 3 2 4 I 

5 MXINTL - 0.34749 0.23669 1.46813 
(MXINTL) 2 1.13657 0.15445 .35889 0.67985 

Total 89.S 39.S 60 111 



Table 4-20: General D Matrix - Regression Equations - Dependent Variable 

- Value of Decision Rule 2 

! i I coefficientl 
i 

RZ 

I 
!Equation Independent Standard T Sum of 
i Variable Value Error Value Square 

I 

I 
1 Constant. -0.35151 

n/n 1.23401 0.15505 7.95892 0.6935 34.0186 
2 Constant 0.13976 

nlm 0.66167 0.45627 1. 45018 
(n/m) 2 0.10794 0.08107 1.33144 0.7124 31.9227 

:3 Constant 0,71673 

m 0.10860 0.17735 0.61235 

! . 
I 

n -0.06824 0.12966 -0.52629 
n/m 1.47778 1. 58904 0.92998 

I (n/ll1) 2 0.03003 0.17395 0.17261 0.7167 31.4368 

" nlm 1.10467 0.09375 11. 78343 35.3237 
S Cn/m) 2 0.26732 0.02709 9.86755 47.0114 
Ii nlm 0.77423 0.21771 3.55616 

I Cn/J;!) 2 0.09109 0.05454 1. 67024 32.0158' 
7 n -0.03636 0.03077 -1.18177 

n/m 1. 33210 0.21378 6.23102 33.5865 
8 m 0.02033 0.04868 0.41764 

n -0.00906 0.06138 -0.14757 
n/m 0.71650 0.60324 1.18776 
(n/m)2 0.10693 0~09086 1.17687 

I 
31. 7734 

9 III -0.14326 0.18427 -0.77742 
n 0.47204 0.13814 3.41721 

2 -0.00567 0.01127 -0.50290 III 
2 0.01187 0.00536 2.21553 51. 0161 n 

10 MXINTL 1.04197 0.68633 1. 51818 
n/m 0.71355 0.27343 2.60963· 32.5455 

11 MXINTL -0.05048 0.76122 '0.06632 
CMXINTL) 2 0.77997 0.30857 2.52772 
n/m 0.72266 0.24967 2.89442 26.1253. 

12 (HXINTL) 2 0.76835 0.24928 3.08225 

26.1368J n/J;! 0.70968 0.15219 4.66299 

Table 4-21: General D Matrix Regression Equation Dependent Variable -

-quation I 

1 \ 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Value of QP Decision Rule 

Independent 
Variable 

Constant 
n/m 
Constant 
n/m 
(n/m) 2 

Constant 
m 
n 
n/m 
Cn/m) 2 

nlm 
(n/m) 2 

n/m 
Cn/m)2 
n 
(n/m) 2 

m 
n 
n/m 

MXINTL 
(nlm) 2 

~lXINTL 

(MXINTL) 2 

(n/m) 2 

CMXINTL) 2 

(n/m) 2 

Coefficient I Standard 
Value • Error 

-0.59187 
0.69644 

0.40594 
-0.46720 

0.21946 

0.47247 

-0.01150 

0.06898 
-1.21327 

0.30832 
0.47827 

0.13858 

-0.14026 

0.17051 
-0.00168 

0.14056 

0.03120 

0.04035 

-0.84497 
0.27112 

-0.11573 
0.13100 
0.00224 

-0.00151 
0.20462 

0.12169 
-0.37132 

0.05164 
0.84230 

0.04961 

0.63727 

0.11092 

0.23884 
0.04244 

0.08241 

0.06025 

0.73836 

0.08083 
0.07250 

0.01251 

0.11880 

0.02976 

0.00994 
0.01730 

0.02263 

0.02853 

0.28043 
0.04224 
0.14148 
0.10606 
0.00865 

0.00411 
0.22360 

0.02231 

0.22276 
0.02418 
0.20018 

0.02494 

0.16305 

T 
Value 

6.27861 

-1.95612 
5.1i126 

-0.13959 
1.14~91 

-1.6~320 

3.81453 
6.5973: 

11. 07753 

-1.18067 

5.72972 

-0.16S54 

8.12235 

1. 37900 

1.41394 

-3.01313 
6.41911 

·0.SlS02 
1.235:2 
0.25836 

-0.36S33 
0.91513 
S.4536~ 

1. 66692 

2.13511 
4.20777 

1. 98967 

3.90846 

12 

0.5847 

0.7914 

0.8381 

I 

Su::: 0 f 
Squares 

17.4110 

8.1473 

6.787'-
21.1236 

10.024S 

21.1236 

9.5327 

10.0143 

I 6.8662 
I 

30.0721 

9.7232 

5.7843 

6.4025 

f-' 
W 
CO 



Best CP Angle i Distance 
!LP q m n D.R. 1 LP D.R. 

1.1 3 8 0.13638 1.68942 
I 

0.25578 
, 

0.30581 0.30744 
1.2 2 6 L 00000. 1. 58560 I 0.34210 7.68250 23.97452 
1.3 5 8 0.05357 1.46558 0.08734 , 0.10806 0.07842 
1.4 7 7 0.08038 

I 
1.15462 

I 
0.30347 0.08038 0.27614 

1.5 4 8 0.15730 1.34195 0.48402 0.15730 0.15730 
2.1 14 7 0.06190 1.28387 0.23693 0.07145 0.17841 
2.2 9 3 0.00000 O. 0.21234 0.00000 0.00000 
2.3 12 4 0.01267 O. 0.46045 0.13527 0.13527 
2.4 13 6 0.09033 1. 73216 0.36353 0.09033 0.09033 
2.5 14 9 0.30941 1.68380 0.17354 0.46539 0.54696 
3.1 6 13 1.00000 1. 73543 0.32434 2.43024 2.19959 
3.2 7 15 0.45706 1.41042 0.28945 1.06511 1.09234 
3.3 8 10 0.33434 1. 73073 0.27258 12. 79725 15.75688 
3.-1 4 13 0.38418 1.63869 0.11955 3.33397 2.83457 
3,,5 3 13 1.00000 1.63014 0.37769 1.04085 2.07856 
4.1 10 14 0.29992 1.67264 0.25497 0.77803 0.29992 
4.2 11 11 0.42149 1. 78836 0.43003 0.45736 1.34465 
4.3 13 14 0.21346 1. 42214 0.44100 0.63363 0.65309 
d.4 15 14 0.35100 1.51076 0.48196 1.05071 0.35100 
4.5 14 10 0.01000 1.33129 0.37938 0.15547 0.15547 
5.1 7 25 1.00000 1.61490 0.00000 7.56373 11.94289 
5.2 4 26 1. 00000 1. 71922 0.00000 4.65900 4.40133 
5.3 7 20 0.53342 1.48770 0.38629 1.61603 1.34959 
5.4 8 23 1. 00000 1. 56679 0.48069 1.49117 2.60528 
$.5 6 18 1.00000 1.63268 0.20576 3.89871 5.35127 
6.1 11 24 1.00000 1.68752 0.56145 6.05124 3.01677 
6.2 15 23 0.36610 1. 30307 0.26919 3.48934 1.98731 
6.3 12 20 L 00000 1.56546 0.42470 4.65064 1.62055 
6.4 14 25 0.95767 1. 58667 0.38832 1. 75571 1.43253 
6.5 12 18 1. 00000 1. 51652 0.49639 L 50469 2.01872 

Best CP - best corner point of those discovered by the LP's from the 
decision rules plus the origin. 

Angle - largeSt angle between gradient vectors at the observations. 

Distance distance from the unconstrained optimum to the constrained 

I Largest initial S::tal1est I 
2 LP D.R 3 LP D, R. 4 • LP D.R. 5 ' QP DR solution initial sC'l"tion ! 

0.30 0.63176 0.307H 0.16007 0.72320 2 .. 03:;12 
23.97 2.39360 23.39360 0.19595 0.39175 r .6:~O7 

0.1 6.87520 0.05357 0.0129, 0.6>1912 23~79365 

0.27614 0.21608 0.08038 0.00529 0.2800'; 0.99.182 
0.15730 0.97279 0.15730 0.01291 O.606()$ 1 .. ::1300 
0.07145 0.06190 0.07145 0.01365 0.27S3~ 1.8109. 
0.00000 0.00000 0.00000 0.00000 0.11300 0.85J6-1 
0.13527 0.13527 0.13527 0.00040 0.196-16 0.7S(,65 
0.09033 0.32915 0.09033 0.00039 0.27921 0.933-3 
0.46539 0.30941 0.54696 0.3.169~ 1.0-180 1.61515 
2.49219 3.14189 1.74711 1.0-1.;79 0.752';5 2.0n -.\ 
1.06511 L 75457 0.75661 0.10859 0.62733 L3S-51 
1.09629 12.79725 1l.9H45 0.OlS23 O • .179.17 1..12291 
3.33397 1. 55263 2.83457 0.02395 0.61663 405969-1 
2.14187 5.45718 2.07856 0.72690 1.40103 .L06:;~7 

0.49237 0.71209 0.60080 0.19068 0.31796 3 .. 3S3ClS 
0.75149 0.98166 1.37352 0.33761 0.6-1137 1.91503 
0.63363 0.49820 1.06018 0.30753 0.39925 1.9:952 
0.64296 1.19498 1.65619 0.12293 0.08835 2. J.l7 SO 
0.15547 1.08466 0.11556 0.11197 O. i5-13S 1.1021$ , 
4.50435 6.91319 10.95581 14.08224 1.30$70 10.92690 I 
4.65900 15.99939 15.34839 0.65709 0.82667 7~O~7:4 

, 
1. 61603 7.42711 1.20445 1. 36.109 1.11978 6.9J3SS I 1. 93412 2.03555 2.60528 0.SS627 0.S65~S 9.213.16 
3.97555 5.34852 1.85752 2.31210 0.93364 lIS. 05030 , 
1.40153 5.82199 3.01677 1.79706 0.92294 3.59.1~6 

3.38483 4.40258 L 40244 14.20121 0.73761 1.S7878 
4.65064 6.39952 2.79699 0.09600 0.66366 1. 3.\063 
2.38126 2.45968 1.80478 2.12393 0.8930': 2.21391 
1. 50469 1.53356 2.04809 0.11918 0.80030 1.45834 

observations plus those from 50 other points, plUS those from the LP 



\ 

Table 4-Z3: Cell Means - Matrix with Negative Diagonals (Type 2 I>latrix) 

iProb1e:o I Decision Rules 

lasses : 1 2 3 4 5 6 Overall 

1 1. 66681 4.95873 4.96437 4.21789 4.79846 0.07744 3.44729 
2 0.15249 0.19019 0.15249 0.16715 0.16880 0.07227 0.15057 
3 4.13348 4.79239 2.02589 4.94070 3.86666 0.18449 3.32394 

I 
4 0.61514 0.56083 0.53518 0.89432 0.86125 0.21414 0.61348 
5 I 3.84573 5.13007 3.33781 7.54475 6.39439 3.86036 5.01885 

6 I 3.49032 2.01518 2.66459 4.12347 2.21381 3.66748 3.02914 
'I 

t:Jvera11 -r 2.31733 2.94124 2.28005 3.64805 3.05056 1.34603 2.59721 

Table 4-24: AXALYSIS OF VARIANCE - Type 2 matrix -5 LP decision rules and 

SOURCE 

HEA~ 
C 
D 
CD 
R(CD) 

Table 4-25; 

SOURCE 

!-lEAN 
C 
D 
CD 
R(CD) 

F 
a~.05 a-.01 

2.27 3.14 
2.27 3.14 
1. 59 1. 91 

A~ALYSIS OF 

F 
a=.05 a=.Ol 

2.29 3.11 
2.44 3.47 
1. 65 2.03 

QP decision rule 

COMPUTED SUM OF SQUARES DEG. OF MEAN SQUARE 
f FREEDOM 

1214.190 1214.190 
5.5091 516.6882 :; 103.3376 
1.0148 95.17529 5 19.03506 
0.4003 187.7353 25 7.509414 

2701. 119 144 1B.75777 

VARIANCE - T~~e 2 matrix 5 LP decis ion rules and 
QI' declsion rule 

COMPUTED SUM OF SQUARES DEG. OF NEAN SQUARE 
£ FREEDOM 

1216.192 1 1216.192 
5.0572 511. 2296 5 102.2459 
0.4800 38.81911 4 9.704777 
0.2605 105.3285 20 5.266427 

2426.166 120 20.21805 

Table 4-26: ANALYSIS OF VARIA!':CE - Type 2 matrix - LP decision rule:; and 
QP decision rule 

SOURCE F CO~IPUTED SUH OF SQUARES DEG. OF HEA!': SqUARE 
Ct=.05 a=.Ol f FREEDOH 

MEAN 197.2273 
C 2.41 3.42 1.4121 109.8383 
D 4.04 7.19 0.8412 13.08600 
CD 2.41 3.47 0.7529 58.56683 
R(CD) 746.7193 

1 19~.2273 

5 21.96~06 

1 13.08600 
5 11.~133~ 

48 15.55665 

Table 4-27: ANALYSIS OF VARIANCE - Tvpes 1 and 2 matrices - 5 LP decision 
rules 

SOURCE 

MEAN 
M 
C 
D 
HC 
HD 
CD 
MCD 
R (MCD) 

Table 4-28: 

SOURCE 

MEAN 
M 
C 
D 
Me 
ND 
CD 
NeD 
R(MCD) 

F 
a~.05 a~.Ol 

3.88 6.75 
2.25 3.10 
2.41 3.40 
2.25 3.10 
2.41 3.40 
1. 62 1.96 
1.62 1. 96 

COMPUTED SUM OF SQUARES DEG. OF HEA~ SQUARE 
f FREEDO~I 

1896.~LO 1 lS96.~10 

2.1181 33.309':1 1 33.309':1 
10.7260 80.3791 5 16S. b-58 

0.3000 18.871~0 4 4.71--99 
2.6~04 2Q7.61-\7 5 -11.5::95 
0.4517 2S.HH5 4 7,,10:;537 

0.2272 71.446~3 20 3.5-:322 
0.3429 107.8341 20 5.391706 

377-1.206 240 15.72586 

ANALYSIS OF VARIANCE - Tv t' 1 ~nd 2 matrices - LP deci~ ion 
"i'ule rule an eC:l~lon 

MEA~ SQUARE F COMPUTED SID! OF SQUARES DEG. OF 
a~.05 a~.Ol [ FREEOON 

3~0.90:5 1 340.9025 

3.94 6.91 2.3684 25.1882l1 1 25.185:0 

2.31 3.21 3.2511 172.S753 5 3~.S~S06 

3.94 6.91 5.4624 58.09222 1 SS .. 09::.2Z 

2.31 3.21 0.5526 29.3S665 S 5.S77330 

3.94 6.91 0.1170 1. 244295 1. :.\..\:95 

2.31 3.21 1.1612 61.74859 5 12. 2 

2.31 3.21 0.6912 36.75191 5 7. 2 
1020.960 96 10.63500 

I-' 
.!::> 
0 



Table 4-29: A1iALYSIS OF VARIAr\CE - Tne 2 matrix - LP decision rule 3 Table 4-33: Ranking for D matrix Tn e Z of Decision Rules 
ana: largest 1nltIa1 solut10n 

and Initial Solutions. 
SOURCE F COMPUTED SUN OF SQUARES DEG. OF MEAN SQUARE 

a=.05 a=.Ol f FREEDOM Problem Decision Rules Initial Solutions 
Number. LP QP Largest Smallest 

MD.!'l 134.3900 1 134.3900 
C 2.41 3.42 0.8776 43.26532 5 8.653063 1.1 2 1 :; ~ 
D 4.04 7.19 3.7349 36.82735 1 36.82735 1.2 3 1 ~ 
CD 2.41 3.42 0.7803 38.46911 . 5 7.693821 1.3 2 1 :; 4 
ReCD) 473.2981 48 9.860378 1.4 2 1 3 <I 

1.5 2 1 3 4 
2.1 2 1 3 .. 
2.2 1.5 1.5 3 -I 
2.3 2 1 3 -I 

Table 4 -30 : A!\ALYSIS OF VARIA:\CE - THe 2 matrix - LP decision rule 3 2.4 2 1 3 4 
ana: smallest initial solution 2.5 2 1 3 -I 

3.1 4 1 " 3 k 

SOURCE F CO~IPUTED SUM OF SQUARES DEG. OF MEAN SQUARE 3.2 3 1 2 4 
, a=. 05 a=.Ol f FREEDOM '3.3 3 1 2 4 

3.4 3 1 2 4 

~!EAC'I 1725.330 1 1725.330 3.4 3 1 2 -I 
4.1 2 1 3 oj C 2.41 3.42 1. 7533 1906.349 5 381.2699 4.2 3 1 2 -I D 4.04 7.19 2.6215 570.0571 1 570.0571 4.3 2 1 3 4 CD 2.41 3.42 1.2209 1327.489 5 265.4977 4.4 2 1 3 4 ReeD) 10437.78 48 217.4537 4.5 2 1 3 -I 
5.1 2 4 1 3 
5.2 3 1 2 4 
5.3 3 1 2 -I 
5.4 3 2 1 -I 

Table 4-31: AS'ALYSIS OF VARIANCE TrEe 2 matrix - QP decision rule 5.5 3 2 1 <I - and 6.1 2 3 1 4 largest Initial solution 6.2 3 4 1 2 
SOURCE F CONPUTED SUM OF SQUARES DEG. OF MEAN SQUARE 6.3 4 1 2 3 

6.4 4 2 1 3 a=.05 a=.Ol· f FREEDOM 6.5 4 1 2 3 
HEAC'I 63.60397 1 63.60397 
C 2.41 3.42 1.8012 51.67658 5 10.37532 Total 78.5 41. 5 67 113 D 4.04 7.19 1.0430 6.007873 1 6.007873 
CD 2.41 3.42 1. 2911 37.18342 5 7.436685 
ReCD) 276.4846 48 5.760095 

Table 4-32: ANALYSIS OF VARIANCE - T e 2 matrix - P decision rule and 
I--' sma est 1nIt1a solutIon 
~ 

SOURCE F COHPUTED SUM OF SQUARES DEG. OF MEAN SQUARE I--' 

a=.OS a m .01 f FREEDOM 

~(EA-" 1437.899 1 1437.899 
C 2.41 3.42 1. 7853 1904.453 5 380.8907 
D 4.04 7.19 3.5429 755.8830 1 755.8830 
CD 2.41 3.42 1. 2530 1336.710 5 267.3420 
R(CD) 10240.96 48 213.3534 
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Table 4<'>4: Regression Equations for Type 2 D Matrix Hith L!,_Dec:i2i(jl 

Rule 3 as the Dependent Variable 

y -0.63851m + 0.72193n + 0.02274m2 - 0.01899n 2 

(0.82817) (0.47274) (0.04843) (0.01587) 

0.00949m - 0.19528n + 3.45564(~)- 0.31169(~)2 
m m 

(0.17057) (0.17880) (1.41320) (0.22889) 

1.65590(~) - 0.12526(~)2 
(0.74969) (0.17988) 

1.18463(~) 
(0.31946) 

2 
0.04653(~ ) 

(0.01781) 

3 
0.00169(~ ) 

m 
(0.00794) 

2 
0.23344(~) 

(0.08255) 

-0.08390n + 1.66667(~) 
m 

(0.10261) (0.67139) 

-0.03771m + 1.27876(~) m 
(0.09641) (0.40396) 

1.97605MXINTL + 0.OS820MNINTL 

(1.14881) (0.03944) 

2.65487MXINTL 

(1. 07461) 

0.08537 MNINTL 

(0.03738) 

6.24356 MXINTL - 3.85192 (MXINTL)2 

(3.86840) (3.98833) 

2.33122 (MXINTL)2 

(1.14061) 

-2.18231 MXINTL + 1.81418(~) m 
(2.01534) (0.66290) 

0.89406 NXINTL + 1.77333 (~) - 3.18511 (MXINTL)2 

(4.03389) (0.66727) (3.61287) 

1.84713(~) 
(0.56798) 

2.49242(HXINTL)2 

(1.78029) 

Sum of Square~ 

Residual 

521.129 

428.101 

466.619 

474.999 

569.450 

609.564 

550.933 

463.519 

472 . 32 3 

538.103 

581.506 

597.069 

562.088 

616.318 

455.229 

442.016 

442.851 
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Table 4-35: Re $5i0I1 Equations for Type 2 D ~!atrix with QP Decision 

Ru1~ as the Dependent Variable 

y -0.17408m 0.14756n + 0.01577m
2 

(0.56664 ) (0.32345 (0.03314) 

-0.15440n + 0.01443n2 

(0.12923) (0.00632) 

o .00718n 2 

(0.00178) 

-0.18332m + 0.36185n - 1.05621(!::) m 
(0.13468 (0.14117) (1.11584) 

1.15668 (~) 0.14148(~)2 
(0.64153) 

0.62436(~) 
(0.27516) 

(0.15393) 

0.10907(~)2 
(0.06881) 

O. 03789 (~h 
(0.01351) 

0.00164(~3) 
(0.00058) 

0.53477(~) + 0.01049n 2 

(0.41842) (0.00313) 

2.21110 MXINTL + 0.00191 MNINTL 

(0.89612) (0.03076) 

2.23337 MXINTL 

(0.80641) 

0.03230 MNINTL 

(0.03065) 

+ 0.01417n 2 

(0.01086) 

+ 0.01578(!!.)2 
m 

(0.18073) 

-1.52500 MXINTL + 4.03405 (MXINTL)2 

(2.85503) (2.94354) 

2.52381 (MXINTL) 2 . 

(0.80816) 

0.08876n + 0.95216 (MXINTL)2 

(0.07766) (1.59281) 

0.00655n 2 + 0.32834 (MXINTL)2 

(0.00301) (1.26275) 

3 
0.00083(~ ) • 1.72988 (MXINTL)2 

(0.00076) (1.08179) 

Sum of Squares 
of residual 

243.965 

250.659 

263.911 

266.898 

341.684 

352.376 

382.823 

327.559 

324.20.n 

248.856 

327.421 

327.467 

401.249 

306.169 

309.405 

295.127 

263.252 

296.158 



Table 4-36: Summary of results of 30 problems - Matrix 

Best CP Angle Dis tance I 
" I ::l n 

I LP D.R. 1 LP D.l<. 

\1.1 
i 

I 3 5 0.13878 1.33268 0.26400 0.28156 0.14984 
11. 2 I ;) 8 0.14990 1.71174 0.33429 0.40792 0.40792 

11. 3 

I 
4 3 0.00635 L 31103 0.OJ643 0.00828 0.00828 

1.4 6 4 0.05248 0.81380 0.43486 0.05248 0.05248 
i 1. 5 4 4 a 04429 1.79050 0.66749 0.14335 0.14335 
: 2.1 i 1 0 4 0.46793 1.18873 3.33911 0.58650 0.58650 
2.2 i i 0 4 0.01665 0.69900 0.42883 0.10674 0.10674 

12 . 3 14 4 0.00000 .0.50491 0.36994 0.00000 0.00000 
2.4 14 7 0.00001 0.73009 0.41497 0.05294' 0.05294 
2.5 11 8 0.OJ967 0.79049 0.28.20 0.04141 0.04648 
3.1 7 11 0.19666 1.18169 0.75254 0.40628 0.42164 
3.2 5 14 O. [J 36 () 1 1.39478 0.28980 0.03661 0.03661 
3.3 2 15 0.32857 1.52805 0.55070 0.57352 0.8(,501 
3.4 7 15 0.02917 0.74241 0.76252 0.13755 0.13755 
3.5 ~ 10 0.06042 0.79515 0.27828 0.06513 0.06513 , 
~. 1 9 13 0.00037 0.08693 0.48753 0.02099 0.02099 
4.2 12 17 0.07693 1.19513 0.83892 0.14099 0.14099 
J.3 J3 16 0.04283 0.24234 2.00061 0.09269 0.09269 

.4 10 1: 0.05567 1.30835 0.69184 0.34903 0.34956 
-L5 11 16 0.12393 1.12762 1.06949 0.14789 0.1519S 
5.1 2 20 1. 00000 1. 64594 0.77819 3.68785 1. 73867 - , 
~.- :; 22 1. 00000 1.23004 1. 85026 3.01478 3.04843 
5.3 3 22 0.76137 1.45190 1 32651 1.47552 1.42771 
5.4 3 24 0.98396 1. 64993 0.87730 0.98396 1.00070 
5.5 4 21 0.37206 1,10644 1. 79962 1. 44283 1. 72863 
6.1 11 23 0.08681 1.40050 1.01703 0.08681 0.08681 
6.2 10 21 0.09294 0.27367 2.29328 0.16957 0.21265 
6.3 ]3 21 0.21557 0.23662 1. 84530 0.21852 0.21852 

16.4 12 25 0.23492 0.28263 1.22936 0.33549 0.33549 
is.S 10 24 0.16251 0.44030 0.82134 0.21124 0.22486 

Best CP best corner point of those discovered by the LP's from the 
decision rules plus the origin. 

Angle - largest angle bet~een gradient vectors at the observations. 

Distance - distance from the unconstrained optimum to the constrained 

Type 3 

Lar~C'st initiali 
2 1.1' n.R. 3 LP D.R. 4 L1' D.R.5 'I' $('Ilutl0n i 

0.52667 0.52667 0.28156 0.00657 O.~~650 5.1-~::-

0.,10792 0.43346 0.41101 0.01(,49 0.215S~ 1.:931-
0.00B28 0.19724 0.19724 0.000i9 0.02098 0.SJ9bS 
0.05248 0.05248 0.05248 0.00109 0.20995 1.0767(\ 
0.14335 0.14335 0.14335 0.00210 0.20675 O.~1l1-59 

O.58()50 0.58650 0.467:59 0.00141 O.23~55 1. S693l1 
0.10674 0.10674 0.04021 0.00515 0.21675 0.7Q105 
0.00000 0.00000 0.00000 0.00024 0.19369 O.9J.l91 
0.05294 0.05294 0.05294 0.00001 O.~77$9 0.71351 
0.04141 0.0'1184 0.04184 0.01010 0.73,10$ 0.9::000 
0.40628 0.42164 0.421114 O.OO-llS 0.-00::1 1 $~$~6 
0.03661 0.27961 0.03661 0.02575 0.71899 0 6215 
0.57352 0.32857 1.48953 0.50150 4. tl:"' 3~ J 17~.'1l1SQ 

0.13755 0.13755 0.13755 0.38:>50 0.91263 1 90767 
0.06513 0.06513 0.07001 0.06042 0.577J4 1.:-626 
0.02099 0.02099 0.1(1187 O.ilLl50() (1.32t,S.! 0.5ol3S7 
0.14099 0.14099 0.14099 0.02344 0.~0735 2.0JS93 
O. 09269 0.08658 0.09269 0.00251 0.55289 0.93133 
0.34576 0.12811 0.28436 0.OSO·12 0.51337 2.·130::$ 
0.14789 0.22425 0.15198 0.53539 0.66969 0.962-~ 

3.68785 2.98027 2.98027 0.23276 1.13399 2.17951 
3.01478 3.98341 3.01478 0.82068 0.75309 13.10948 
J.42771 1.44410 0.76137 0.10520 0.72002 3.4SSJ.l 
0.98396 1. 00070 1.01969 1.00070 0.798.\3 9.993.+0 
1. 44283 1. 52365 1. 72863 1.43691 0.73262 3.25236 
0.08681 2.27532 0.14658 0.03803 0.48.)93 1.79~90 

0.16957 0.12935 0.21265 0.11178 0.41739 1. 5 :;3()~ 
0.21852 0.24941 0.21852 0.00531 0.t;6572 O.97b36 
0.33549 0.33549 0.33549 0.11617 0.70888 1.12157 
0.16251 0.57639 0.22486 0.12568 0.42402 0.32616 

observations plus those from 50 other points, plus those from the LP 



.Tab1e 4-40: ANALYSIS OF VARIA1\CE • Tree :; matrix LP decision rule ? 
ana Qr oeclslon rule 

Problem Decision Rules Overall Classes 1 2 3 4 5 6 

SOURCE F COMPUTED Sm! OF SQUARES DEG. OF HEA~ SQUARE 
oc=.05 oc=.01 f FREEDO~j 

1 0.17872 0.15237 0. 22774 1°.27184 0.21713 0.00541 0.17553 

2 0.15752 0.15853 0.15752 0.15760 0.12048 0.0.0339 0.12586 

3 0.2<1382 0.30519 0.24382 0.24650 0.43107 0.20706 0.27958 

MEAN 6.421346 1 6.4213.16 
C 2.41 3.42 20.2501 10.51738 5 2.103;176 
D 4.04 7.19 10.5004 1.090729 1 1.090729 
CD 2.41 3.42 3.7627 1.954273 5 .390S5.)5 
R(CD) 4.986001 48 .1038750 

4 0.15032 0.15124 0.14966 0.12018 0.17438 0.13936 0.14753 
5 2.12099 1. 78883 2.11143 2.18643 1. 90095 0.71925 1.80464 

6 0.20433 0.21567 0.19458 0.71319 0.22762 0.07940 0.27246 

r OVerall 
1 

0.509281 0.46197 0.51412 0.61596 0.51194 0. 19231 1 0.46760 
--

SOURCE F CO~!PUTED SUN OF SQUARES DEG. OF ~!lOr\X SQUARE 
oc=.05 oc=.Ol f FREEDOM 

MEAN 548.2390 1 
M 3.88 6.75 35.8760 206.2633 1 

Table 4·~8: ASALYSIS OF VARIANCE·- Tne 3 matrix - 5LP decision rules C 2.25 3.10 16.5616 476.0905 5 95.21809 
and gP dedslon rule D 2.41 3.40 0.1966 4.521056 J 1.130:6.1 

MC 2.25 3.10 4.5808 131.6832 5 :6.33(;63 
SOURCE F COMPUTED SUM OF SQUARES DEG. OF MEAN SQUARE MD 2.41 3.40 1. 882 4.327813 4 1.081953 

CD 1. 62 1. 96 0.3395 39.03785 20 1.951S92 0.=.05 oc=.01 f FREEDON 
MCD 1. 62 1. 96 0.3157 36.3009 : 20 1.8150-16 

MEA:; 39.35652 1 39.35652 R(MCD) 1379.8.10 240 5. i..\9332 

C 2.07 3.14 55.7061 64.97005 5 12.99401 
D 2.27 3.14 2.7961 3.110746 5 .6221492 

Table 4-42: ANALYSIS OF VARIANCE - Tyses 1 & 3 matrices - LP deci 5 ion CD 1. 59 1.91 1.0729 6.246320 25 .2498528 
R(CD) 33.53525 144 .2328837 rule L ah- qP aecislon rule 

SOURCE F CO~IPUTED SU~I OF SQUARES DEG. OF ~!EA;<; SQUARE 
0=.05 oc=.01 f FREEDOM 

Table 4- 39: A~ALYSIS OF VARIANCE Type 3 matrix - 5 LP decision rules MEAN 72.49185 1 72..19185 
M 3.94 6.91 30.350B 2.\.31027 1 ::.l.31\l~7 
C 2.31 3.21 16.0493 64.27568 5 12.8551.\ 

SOURCE F COMPUTED SUM OF SQUARES DEG. OF MEAN SQUARE D 3.94 6.91 19.8924 15.93335 1 15.93335 
0.=.05 0.=.01 f FREEDOM ~!C 2.31 3.21 3.5974 14.40728 5 2.S81.\57 

ND 3.94 9.91 7.8949 6.323639 1 6.323639 
MEA.." 40.97509 1 40.97509 CD 2.31 3.21 2.32B2 9.324314 5 1.S64863 
C 2.29 3.17 51.3277 68.00934 5 13.60187 MCD 2.31 3.21 1. 3633 5.459680 5 1.091936 
D 2.44 3.47 0.3610 .3826318 4 .9565796E-O R(MCD) 76.B9364 96 .SOQ9iS5 I-' 
CD 1. 65 2.03 Q.2617 1.386751 20 .6933754E-O ...". 
R(CD) 31. BOO07 120 .2650006 V1 





Table 4-48: Regression equations - Type 3 m3trix - with LP decision rule 
2 as the dependent variable 

y -0.07664m + 0.10839n + 0.00030m 2 " 0.00205n 2 

(0.10149) (0.05878) (0.00686) (0.00223) 

-0.00518m - 0.00523n + 0.23416(~) 
(0.01905) (0.02051) (0.15405)m 

0.15989(~) + 0.0045(~)2 
(0.06368)m (0.00837) 

0.19230(~) 
m 

(0.02057) 

2 
0.00960 (~ ) 

(0.00097) 

3 
0.00044 (~) 

m 
(0.00005) 

2 
-0.00268m + 0.00972(~ ) 

m 
(0.00924) (0.001065) 

2 
-0.00544n + 0.01051 (~ ) 

m 

(0.00805) (0.00166) 

0.02437 (!!.)2 
m 

(0.00298) 

0.91956 MXITL - 0.01845 MNITL 
(0.24089) (0.00774) 

= 0.42036 MXINTL 
(0.12875) 

= 0.00722 MNITL 
(0.00466) 

= 1.06329 MXINTL - 0.18603 (MXINTL)2 
(0.24259) (0.06203) 

0.05422 (MXINTL)2 
(0.03730) 

- 0.00261(~)2 
(0.01466)m 

-0.30517 MXITL + 0.24442(~) + 0.02068 (MXITL)2 

(0.26345) (0.03818) (0.05092) 

0.20854(~) 
(0.02246) 

O. 03323(MXITL) 2 

(0.02080) 

2 
-0.05516 MXINTL + 0.01009(~ ) 

(0.09446) (0.00128) 

2 
0.b0982(!!. ) - 0.01144 (MXINTL) 2 

m 
(0.00106) (0.01982) 

Sum of square 
of residual 

7.929 

4.796 

4.875 

4.928 

4.544 

4.972 

4.529 

4.468 

6.014 

12.148 

14.706 

18.704 

11.031 

18.880 

4.281 

4.502 

4.487 

4.488 



y - 0.02 589m + 0.04093n - 0.0033m2 
(0.05402) (0.031288) (0.00365) 

-0.01452m + 0.00349n + 0.16256Cg) 
(0.01230) (0.01325) (0.099 

O. 11734 (!!) 
m 

0.00569(!!.)2 
m 

(0.04231) 

0.07644(g) 
(0.01386) 

2 
0.00386(~ ) 

(0.00067) 

3 
0.00018(!! ) 

m 
(0.00003) 

0.00888(!!.)2 
m 

(0.00203) 

(0.00556) 

. 2 
0.00027m + 0.00385(!! ) 

m 
(0.00632) (0.00073) 

2 
0.00209n + 0.00352(!!. ) 

m 
(0.00552) (0.00114) 

0.38443 (MXINTL 

(0.11969) 

= 0.00416 MNINTL 

(0.00220) 

== 0.44025 MXINTL 

(0.12304) 

0.00661 MNINTL 

(0.00384) 

0.06795 (MXINTL)2 

(0.03146) 

0.031.53 (MXINTL)2 
(0.01756) 

2 
0.00374 (!!. ) 

(0.0072) m 
+ 0.00654 (MXINTL)2 

(0.01355) 

2 
0.03972 (MXINTL + 0.00352 (~ ) 

m 
(0.06441) (0.00088) 

0.0062n 2 

(0.00118) 

0.01l64(!!)2 
m 

(0.00947) 

148. 

Sum of squares 
of residual 

2.247 

2.002 

2.152 

2.236 

2.116 

2.140 

2.765 

2.116 

2.105 

2.999 

4.145 

2.838 

4.183 

2.098 

2.087 



• Tah1e J-50: SU:lllnary of results of 30 problems - Diagonal ~fatrix 

Best CP Angle Distance , I m n LP n.R. 1 LP n.R. 

1.1 3 5 0.26861 1.26861 1.56550 0.27473 0.58234 
1.2 6 7 0.17659 1.70883 0.25121 0.60679 0.51088 
1.3 4 4 0.04645 1.12526 0.19147 0.06979 0.07811 
1.4 6 6 0.0~574 1.35212 0.44243 0.16315 0.16315 
1.5 4 6 0.30173 1.87936 0.21828 0.39120 0.39120 
2. 1 11 5 0.05167 1. 25427 0.42126 0.08488 0.08488 
2 .. 2 9 7 0.04238 1.53147 0.16090 0.04238 0.15390 
2.3 15 ~ 0.01162 1.19022 0.49943 0.0.3596 0.15292 
2. ~ 13 5 0.06781 1.56495 0.43391 0.06781 0.40723 
2.5 11 7 0.03301 1.07157 0.24735 0.03301 0.13022 
3.1 7 16 1. 00000 1.61937 0.22390 1.63771 5.03560 
3.2 5 16 0.71914 1. 69709 0.24H7 26.66818 50.90692 
3.3 8 15 0.BR1I22 1.55017 O. H1075 1.~3263 1.0%49 
3.4 4 12 1.00000 1.64871 0.21260 4.15039 1.10272 
3.5 6 12 1. OOOuO 1. 46807 0.23654 2.14517 2.14517 
4. l 9 IS 0.50908 1.48048 0.22543 1. 09967 1.42321 
4. Z 12 17 0.46904 1. 52297 0.34035 0.60905 0.76200 
4.3 12 17 0.24238 1. 55616 0.28038 0.97903 0.94645 
4;~ 9 16 0.25810 1.50542 0.36800 14.73639 12.84039 
4.5 9 10 0.16029 1.63157 0.30643 0.32111 0.32111 
5.1 7 19 1. 00000 1.56606 0.32316 3.69294 6.19539 
5.2 8 24 1. 00000 1. 5431~ 0.16845 4.60699 2.%443 
5.3 3 18 1.00000 1.60788 0.38578 10.07374 10.07374 
5.4 8 21 1.00000 1.60851 0.21126 1. 30537 2.75568 
5.5 6 24 1.00000 1.43732 0.17594 5.99499 6.%222 
6.1 11 24 0.80561 1. 52377 0.34999 1.96997 '2.69655 
6.2 9 23 0.88067 1.63076 0.28222 2.14217 1.20183 
6.3 14 18 0.19071 1. 32034 0.50362 0.36826 0.37775 
6.4 IS 25 0.85634 1.35478 0.33972 1.98583 1.11413 
6.5 !l 25 1. 00000 1.53516 0.24945 1.55977 L 764Z4 

Best CP - best corner point of those discovered by the LP's from the 
decision rules plus the origin. 

Angle - largest angle between gradient vectors at the observations. 

Distance - distance from the unconstrained optimum to the constrained 

2 LP n.R. 3 LP D.R. 4 

0.58234 
0.60(,79 
0.07811 
0.16315 
0.39120 
0.08488 
0.04238 
0.03596 
0.13434 
0.03301 
1.63771 
4.52033 
1. 0%49 
1.10272 
1. 22278 
1. 09967 
0.60905 
0.97903. 
4.73639 
0.32111 
3.69294 
4.60699 
0.07374 
1.30537 
5.99409 
1.96997 
2.14217 
0.36826 
1.98583 
1. 55977 

0.79325 
0.60679 
0.06979 
0.23412 
0.56382 
0.OR488 
0.32381 
0.49497 
0.31712 
0.30799 
5.01586 
0.71914 
1. 9R220 
1.10845 
2.43516 
0.50908 
0.79722 
1.17213 

13.4(l432 
0.32111 
7.23037 
3.22257 
5.33272 
1.42192 
8.06464 
1.90143 
1. 20183 
0.34313 
1.17231 
2. 19242 

LP D.R. 5 

O.5BB4 
0.3(l437 
0.07811 
0.16315 
0.39120 
0.08a8 
0.15390 
0.15293 
0.37924 
0.65394 
5.03560 

16.85454 
!. \·1523 

60.18051 
2.14517 
1. 45329 
0.76151 
0.70256 

12. 30842 
0.32111 
6.89940 
2.02]40 
3.98281 
1.61281 
6.95Z22 
2. 69655 
1.20183 
0.33553 
1.11413 
1, 81289 

Largest initiall Smallest 
LP D. R. 6 solution initial solution' 

0.00000 
0.00(100 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00\100 
O. (lOl100 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 
0.00000 

0.17862 
0.92551 
0.IH53 
0.'~S53 
O. I (l~ 22 
0.:56S1 
0.75302 
0.15140 
0.15727 
0.23598 
O. 9~30 I 
0.51999 
0.8~~;-

0.735t>7 
0.62883 
O. S 1 7113 
0.94278 
0.69366 
0.78352 
O. 2~1990 
0.~(>6S3 

1.05255 
1.40539 
0.848 7 9 
0.6Si% 
0.75063 
1.35n7 
0.97178 
0.93491 
1.09439 

0.92151 
!.40(lJ5 
0.S9Slo 
2.10(196 
!.S0810 
I. 26l1J2 
1.3:519 
0.89023 
0.7:0~: 
0.75S50 
3.361:9 
S.7:'9~0 

IS. ;:021 
15.6t1 522 
1.~9JS: 
2.195J5 
3.57305 
1.79181 
3.1::'-94 
0.87J53 
4.7"".= .:; .. 
2.6S6SJ 

35.77521 
3. s::.! 33 
2.5JJt>t> 
2.S:(lS9 
2.03777 
3.0303'7 
2.00949 
8.75924 

observations plus those from SO other points, plus those from the LP 



Table 4'51: Cell )Ienns . Diagonal Hatri. (Type rna trix] 

0.3~265 0.34514 0.36432 0.45355 0,31583 0.0 0.30692 

10.05281 0.18583 0.06611 0.30575 0.28498 0.0 0.14925 

3 7.18682 12.05738 1.91601 2.25216 17.07221 0.0 6.74743 
, 3.54905 3.25863 3.54905 3.25277 3.10938 0.0 2.78648 

5.13481 5.78829 5.13481 5.05444 4.29373 0.0 4.23435 

6 1.60520 1. 43090 1. 60520 1.36222 1.43219 0.0 L 23929 

Overall 2.98189 3.84436 2.10592 2.57728 

Table 4·52: Ar;ALYSIS OF VARIANCE • Type 4 D matrix LP decision rules 

SOURCE F COMPUTED SUH OF SQUARES DEG. OF MEAN SQUARE 
a·.OS"·.01 f FREEDO){ 

1434.757 1 1434.757 
Z. 29 3.17 -i. 9 752 118B.716 5 237.7433 
2.44 3.41 0.6696 121.9932 4 31.99329 

CD 1.65 2,03 0.7598 726.1660 20 36.30830 
R(CD) 5134.253 120 47.78544 

Table 4-53: AXAL¥SIS OF VARIANCE· TYEes I and 4 matrices - 5 LP decision 
rules 

SOURCE F 
,,=.05 a-.Ol 

cm!PUTED SUM OF SQUARES DEG. OF MEAN SQUARE 
f FREEDOM 

>lEA.1I 2065.941 2085.~41 
>I 3.88 6.75 2.1126 62. 34 260 62.34260 
C Z. 25 3.10 9.5344 1406.786 281.3571 
D 2. 41 3 . .\0 0.6452 76.16004 4 19.04001 
HC 2.25 3.10 2.1803 32 .6950 5 64.33900 
)'ID Z. 41 3.40 0.5108 60. • 15.07484 
CD 1.62 1. 96 0.8210 484. 20 24.22831 HeD 1.62 1.96 0.5347 315. lO 15.77760 R(HCD) 7082.293 240 29.50955 

Table 4-55: A.~ALYSjS OF VARIAXCE • Type 4 matrix - LP decision rule 3 
and largest InItial SOlutIon 

SOURCE F 

MEA!, 
C 
D 
CD 
R(CD) 

"'·.05 0".01 

2.61 
4.04 
2.41 

3.42 
7.19 
3.42 

COMPUTED SU~{ or SQUARES DEG. OF MEAN SQUARE 

2.6242 
6.7126 
1.7217 

118.2199 
57.53359 
29.58766 
37.94347 
211. 5722 

FREEDOM 

1 
5-
1 
5 

48 

118.2199 
11. 56678 
29.58766 
7.588694 
4.047755 

SOURCE F COflPUTED SU~I OF S~lI\RES [lEG. OF mAX SQUARE 
".05 ".01 f FREn,,1~1 

MEAN 06-1. UtI .J.ll oJ.!. oo~o 
C 2. 41 3.42 2.7448 363.~3.!':: 5 7:.6~6S3 
D 4.04 7.19 3.3763 89 . .\1'\4~ 1 89.41 .. 7 
,CD 2. 41 3.42 0.8313 1l0.01So 5 ~~.0037~ 
R(CD) 1270.44~ 48 26.46754 

Table 4·57: Ranking of the Decision Rules and Initial Solutions 

Type 4 D ~atrix. 

Proble~ Decision 
Number. Ll' Rule 3 

.1.1 3 
1.2 2 
1.3 2 
1.4 2 
1.5 3 
2.1 2 
2.2 2 
2.3 2 
2.4 2 
Z.S 2 
3.1 3 
3.2 3 
3.3 3 
3.4 3 
3.5 4 
4.1 3 
4.2 2 
4.3 3 
4.4 4 
4.5 3 
5.1 3 
5.2 4 
5.3 3 
5.4 3 
5.5 4 
6.1 3 
6.2 4 
6.3 2 
6.4 3 
6.5 3 

Total 8S 

Rules 
QP 

1 
1 
1 
1 
1 
I 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

30 

III i t ial 
l."r~('st 

3 
1 

3 
3 

2 
2 
3 
2 
2 
2 

2 
2 
3 
2 
2 

70 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
3 
4 
4 
4 
3 
4 

" 3 
.\ 
4 
3 
4 
:; 
4 
4 
4 

115 

I--' 
v"1 
C 



151. 

Table 4-58: Regression equations - Type 4 matrix - LP decision 
rule 3 as dependent variable 

y 

= 

-0.61216Tn + 0.67668n + 0.02162m 2 

(0.59405) (0.36173) (0.03599) 

-0.02703m + 0.08563n -0.05310(~) 
m 

(0.11951) (0.13019) (1. 29983) 

2 
0.68890(~) + 0.16342(~) 

m m 
(0.50262) (0.13332) 

1. 24531(~) m 
(0.21781) 

2 
0.06545(!! ) Tn 
(0.01149) 

3 
0.00292(!! ) 

Tn 
(0.00058) 

0.32844(~)2 
Tn 

(0.05815) 

-0.03204n + 1.44963(~) 
(0.07558) (0.53029) 

2.05425 MXINTL + 0.15003 MNINTL 

(0.91602) (0.08665) 

.2.11003 MXI NIL 

(0.70756) 

0.27937(MXINTL)2 

(0.06916) 

-0.74850 MXINTL + 1.48213(~) m 

(1.50834) (0.52583) 

1.29652(~) 
Tn 

(0.46506) 

- 0.16652 (MXINTL)2 

(1. 32931) 

2 
-0.10996 MXINTL + 0.06722(~ ) Tn 

(1. 33788) (0.02456) 

2 
1.14228 MXINTL + 0.25225(~) 

m 
(0.89814) (0.08305) 

0.01637n 2 

(0.01241) 

-0.24310(~)2 
m 

(0.2052) 

Sum of squares 
of residual 

218.242 

187.454 

190.863 

201.486 

202.325 

230.724 

204.143 

200.154 

232.591 

258.417 

275.914 

199.665 

201.369 

202.274 

192.604 



Table4-59: A!\ALYSIS OF VARIANCE . 5 LP decision ru1es- Table 4-61: Pairwise comEurisons of LP dt'cision ru1t' -I "'; th the 

4 matrix trEes. other LP decision ru1cs for the four matrix tYEes. 

Source F Computed Sum of Dcg. of Mean decision rule 4 LP decision rulte$ 
a=.05 ",=.01 f Squares freedom Square 2 3 5 

Better 34 38 :;0 -10 
:~ean 2801.862 1 2801. 862 Worse' 65 $9 70 56 
!>! 2.62 3.83 10.1228 603.5889 3 201.1963 Same as 21 23 20 2 .. 
C Z. 2 3 3.06 13.8666 1378.028 5 275.6056 
D 2.39 3.36 0.5940 47.2Z082 4 11.80520 Sign test z= 3.02 2.03 3.9(1 1. 53 MC 1. 69 2.07 3.1184 929.6918 15 61.97946 
!-ID 1. 72 2.23 0.5385 128.4403 12 10.70336 P= 0.0013 0.02 0.00005 0.06 

CD 1. 60 1.92 0.7114 282. 7961 20 14.13981 
MCD 1. 36 1. 53 0.5233 624.0372 60 10.40062 
R(MCD) 9540.259 480 19.87554 

Table 4-60': Mean values of 5 LP decision rules - 4 matrix trEes. 
Source F Computed Sum of Deg. of ~lean 

a=.05 0.=.01 f Squares Freedom Square 

Problem Decision Rules Overall Mean 259.049 1 259.-149 
Class. 2 3 4 5 Means. M 3.06 4.75 3.8951 68.8203 2 3<1 • .\ 1 G 1 

C 2.27 3.14 4.2017 181.403 5 30.:807 
D 3.91 6.81 4.7181 40.7393 1 .\0.7:;93 

1 0.65518 1.46720 1.49531 1.45322 1. 54435 1. 32305 MC 1. 89 2.44 0.9867 85.193$ 10 8.51985 
2 0.13537 0.18526 0.13870 0.21031 0.19519 0.17297 MD 3.06 4.75 0.7084 12.2335 2 6.11678 
3 3.35920 5.02333 1.48642 2.58116 6.39643 3.76931 CD 2.27 3.14 0.6117 26.4098 5 5.28197 
4 1.67694 1.40715 1.64551 1.86248 1.47421 1.61326 NCO 1. 89 2.44 O.S6c.1 74.7859 10 7.~7S59 
5 4.55556 4.26963 4.44345 4.68918 4.90970 4.57350 R(MCD) 1243.40 144 8.63471 
6 1. 75603 1.25069 1.48877 1.83099 1. 24204 1.51370 

i-' 
Ul 

Mean 2.02305 2.26721 L 78302 2.10456 2.62699 2.16097 N 



Table 4-63: Criteria for Gradient Stopping Analysis - General D matrix 

--, Prob1e'" Stopping rules Dc ci s i on Rules Initial 
;>~u::-.ber 1 2 3 Random LP QP SOlution 

1.1 0.04399 0.02992 0.02699 0.23460 0.()1758 0.49161 
1 .. 2 0.10196 0.05252 0.16382 0.04205 0.15463 2.23723 
1.3 0.16932 0.16530 0.16382 0.042,05 0.15463 0.37426 
1.4 0.02377 0.00711 0.00301 0.59555 0.00023 0.34260 
1.5 0.06313 0.02021 0.00868 2.19781 0.00038 0.48227 
2. 1 0.00000 0.00000 0.00000 0.00000 0.00000 0.5520B 
2.2 0.032B7 0.01763 0.00782 0.36630 0.00242 0.79461 
2.3 0.00000 0.00000 0.00000 o.oooon 0.00000 0.421147 
Z-4 0.00000 0.00000 0.00000 0.00000 0.00000 0.38684 

2.5 0.06249 0.03986 0.02832 0.68747 0.01760 0.64048 
3.1 0.21595 0.22200 0.24307 3.17863 0.26231 1.36513 
3.2 0.04221 0.03130 0.02990 0.95095 0.02221 3.62782 
3 .. 3 0.22760 0.39127 0.35499 4.74231 0.41479 1.97665 

3.4 0.09180 0.07371 0.05974 2.78026 0.06517 0.99501 

3.5 0.16099 0.34854 0.50559 2,77367 0.62094 2.07691 

4.1 0.18240 0.13717 '0.15094 2.63351 0.12346 0.87753 
4,2 0.22766 0.78181 0.86070 1.34082 0.88377 2.86005 

.\.3 0.25028 0.20851 0.19036 2. 25156 0.20733 1. 06640 

4.4 0.30460 0.34314 0.37156 8.67676 0.48577 3.12952 
4.5 0.30290 0.27800 0.27455 0.51067 0.26910 1.43436 

5.1 5.32558 4.96708 5.47432 3.13605 6.04431 2.41410 

'5.2 0.34896 0.40240 0.34750 0.84764 0.39282 0.96534 

5.3 0.15244 0.Z3350 0.29261 9.84448 0.33514 0.55194 

5.4 2.19346 2.98128 3.01790 2.47834 3.04326 1. 56956 

5.5 1. 34526 1. 34118 1.37193 3.49891 1.41260 1.21807 

6.1 0.32356 0.44301 0.54586 1.01993 0.69746 1.77280 

6.2 0.58401 0'.91827 1.09518 1.17929 1.21974 0.97262 

6.3 0.34369 0.55197 0.53114 0.46339 0.77194 0.98162 

6.4 0.35311 0.22557 0.24123 2.14780 0.25250 2.91996 

6.5 0.10093 0.94300 1.04247 0.81497 1.19468 0.36094 

Table 4- 64: Cell means for the Gradient StoEEini' Rules for 
D matrix 

Problem Stopplng Rules L\:'('i~ l('n 1~1l1t.'~ lEI ";11 
Class 1 2 3 [1R~ Pl,~ Solu:ion 

1 0.08043 0.05501 0.05135 0.S69SS tl.l1~'::~t1 0. -SS59 

2 0.01907 0.01150 .o.01l7~:; 0.2][l~5 ll.llOWl' O.5~l150 

0.14771 0.21346 0.23866 2.885:6 c. ~7-L1S :!.Ol)S~O 

4 0.25357 0.34973 O. 3696~ 3.1S26b o ~ 3~13$:) 1~S-:;5-

1.87314 1. 98509 2.10085 3.97108 2. 253t1':- 1.34380 

6 0.46107 0.61636 0.69118 1.12508 o. $2--=-:~J 1. 50159 

Overall 0.47250 0.53853 0.576-1S 2.0.107~ tJ~ b3:'':;~j I I. 3-l55t> 

0.09409 0.09495 0.08780 4.,.:!liS9 O.O--J.\ 2.13135 

0.07236 0.07117 O. 01207 0.16715 l,).l;""""':- OA77Co 

3 0.16038 0.16331 0.17285 4.94070 0.18·1-19 1.76059 

4 0.20114 0.21174 0.20600 0.89432 0.:1.11-1 1.16767 

5 2.21303 3.27545 3.62223 7.5H75 3.86036 20~9056S 

6 2.47929 3.01945 3.49520 4.12:54i 3.66748 1. 77625 

Overall 0.87005 1.13935 I.Z7603 3.64805 1. 34603 4.70510 

the general 

L'h;t:'r.11 i '\eeL"l 
StC't'pir .... i! Rule 

ll.06~::-

0.01:60 

0.1999-1 

o. 3:~::;1 
1.95656 

O.5S95~ 

0.52917 

O.(l9:~S 

O.O-IS:-

0.16552 

0.20629 

3.036i1 

2.99:-98 

1-09514 

f--' 
l.il 

W 



Table 4-65: Criteria for Gradient Stopping Analysis - TYEe 2 D matrix Table 4~7: Criteria for Gradient Stopping Analv~is - Tvpe :; matrix 

Probleml Stopping rules Decision rules Ini ti al 
!~uJ;'jbe r I 1 2 3 Random LP QP Solution 

Problem Stopping rules Decision Rules Initial 
Number 1 2 3 Random U' QP SC'lution 

1.1 0.03375 0.02499 0.01887 0.52667 0.00657 1.1-1091 
1.1 0.16228 0.15610 0.15618 0.63176 0.16007 0.72320 

1.2 0.01627 0.01419 0.01080 0.439~6 0.01649 0.~1554 
1.2 0.19881 0.24873 0.23209 2.39360 0.19595 7.02661 

1.3 0.00131 0.00095 0.00092 0.19724 0.00079 0.S~965 
1.3 0.02925 0.01861 0.01608 16.87520 0.0129.7 0.69912 

1.4 0.00795 0.00253 0.00165 0.052')S 0.00109 0.SSS23 
1.4 0.04957 0.02672 0.01288 0.21608 0.00529 0.99482 

1.5 0.03801 0.01094 0.00653 0.14335 0.00210 0.89030 
1.5 0.03052 0.02461 0.02177 0.97279 0.01291 1. 21300 

2.1 0.04912 0.03435 0.02097 0.58650 0.00141 0.46617 
2.1 0.02180 0.01696 0.01721 0.06190 0.01365 0.39461 

2.2 0.01546 0.01413 0.00954 0.10674 0.00515 0.5~921 
2.2 0.00000 0.00000 0.00000 0.00000 0.00000 0.11306 

2.3 0.00024 0.00024 0.00024 0.00000 0.00024 0.51069 
2 .. 3 0.00067 0.00082 0.00049 0.13527 0.00040 0.19646 

2.4 0.00001 0.00001 0.00001 0.05294 0.00001 0.53287 
2.4 0.03093 0.01879 0.00724 0.32915 0.00039 0.60939 

2.5 0.01147 0.01368 0.01094 0.04184 0.01016 0.73908 
2.5 0.30842 0.31929 0.33541 0.30941 0.34693 1.07180 

3.1 0.05855 0.02854 0.01473 0.42164 0.00-115 1.00680 
3.1 0.10586 0.07805 0.06478 3.14189 0.04479 0.98495 

3.2 0.19776 0.13812 0.12914 1. 75457 0.10859 4.38761 

3.3 0.06544 0.05194 0.04086 12.79725 0.01823 1.18086 

3.4 0.10~22 0.07180 0.04625 1. 55263 0.02395 0.72225 

3.2 0.09181 0.02537 0.03053 0.27961 0.02575 1.04970 I 
3.3 0.56150 0.56150 0.56150 0.32857 0.56150 4.67824 I 
3.4 0.41142 0.38145 0.39664 0.13755 0.38350 0.97595 I 
3.5 0.06042 0.06042 0.06042 0.06513 0.06042 l.r626 

3.5 0.32863 0.47666 0.58323 5.45718 0.72690 1.52728 
4.1 0.00506 0.00506 0.00506 0.02099 0.00506 0.71598 

4.1 0.24935 0.20074 0.19956 0.71209 0.19068 1. 35705 
4.2 0.03124 0.02856 0.02584 0.14099 0.02344 0.92217 

4.2 0.22491 0.30391 0.29681 0.98166 0.33761 0.64137 
4.3 0.00237 0.00173 0.00220 0.08658 0.00251 0.S5393 

4.3 0.24264 0.29151 0.29418 0.49820 0.30753 0.89925 
4.4 0.07362 0.07475 0.07557 0.12811 0.OS042 2.43028 

4.4 0.10979 0.14536 0.12268 1.19498 0.12293 2.14780 

4 :5 0.17901 0.11717 0.11675 1.08466 0.11197 0.79288 
4.5 0.37303 0.36330 0.54008 0.22425 0.58539 0.94075 

5.1 0.40979 0.24870 0.24902 2.9S027 0.23276 1.43..171 
5. 1 7.10981 12.20S53 13.45675 6.91319 14.08224 10.92690 

5.2 0.82569 0.82069 0.82069 3.983-11 0.82068 0.75309 
5.2 0.52293 0.68391 0.56325 15.99939 0.65709 0.94197 

5.3 0.20469 0.15395 0.13453 0.44410 0.10529 0.72002 
5.3 1.23982 1.13418 1. 27376 7.42711 1.36409 1.54460 

5.4 1.00070 1.00070 1.00070 1.00070 1.00070 4.73965 
5.4 0.88945 0.76142 0.86046 2.03555 0.88627 0.86548 

5.5 1. 4 3692 1.43692 1.43692 1.52365 1.43692 0.79972 
5.5 1. 30314 1. 58923 1.95695 5.34852 2.31210 90.24931 

6.1 0.03786 0.03210 0.03577 2.27532 0.03808 0.48493 
6.1 0.63934 1.49728 1. 56756 5.82199 1.79706 0.92294· 

6.2 0.11257 0.11574 0.11355 0.12935 0.11178 0.41739 
6.2 10.17307 11.66582 13.74931 4.40258 14.20121 4.40258 

6.3 0.00548 0.00527 0.00518 0.24941 0.00531 0.66572 
6.3 0.14338 0.09830 0.06911 6.39952 0.09600 1. 26486 

6.4 0.09437 0.10362 0.10852 0.33549 0.11617 0.95706 
6.4 1. 32042 1. 71836 1.97850 2.45968 2.12393 1.49055 

6.5 0.12026 0.11751 0.11152 1.53356 0.11918 0.80030 
6.5 0.12633 0.11156 0.11790 0.57639 0.12568 0.42402 



Table 4-6~: Ccll Means for the Gradient Stopping Rules for the nIl negative 
D matrlx 

Problem Stopping Rules I Decis ion Rules I Initial Overall mean 
Class 1 2 3 DR4 DR6 Solution Stopping Rules 

1 0.01946 0.02072 0.00775 0.27184 0.00541 0.79693 0.01264 
2 0.01526 0.01246 0.00834 0.15760 0.00339 0.55960 0.01202 
3 0.23674 0.21146 0.21276 0.24650 0.20706 1. 79739 0.22032 
4 0.09706 0.09468 0.12975 0.12018 0.13936 1.17262 0.10716 
5 0.77556 0.73219 0.72837 2.18643 0.71927 1. 68944 0.74537 
6 , 0.07532 0.07366 0.07618 

i 
0.71319 0.07940 0.58982 0.07505 

Overall 0.20323 0.18919 0.19386 0.61596 0.19232 I 1.10097 0.19543 

Table 4-70: Cell means for the Gradient Stopping Rules for the 
dlagonal D matrlx 

P::-c,b1e'l:l Stopping rules Decision rules I Initial i Overall mean 
Class 1 2 3 DR4 DR6 Solution Stopping rule 

I 
1 0.03025 0.01718 0.00940 0.45355 0.0 1.09068 0.01895 

Z 0.02710 0.01073 0.00408 0.30575 0.0 0.61124 0.01397 

3 0.07~70 0.02373 0.01251 2.25216 0.0 5.06769 0.03698 

4 0.05067 0.02575 0.01343 3.24277 0.0 1. 49068 0.02995 

5 0.17581 0.05292 0.02352 5.05444 0.0 8.77775 0.08408 

6 0.11069 0.04223 0.01889 1. 36222 0.0 1.66812 0.05727 

O\'erall 0.07820 0.02876 0.01364 2.11349 0.0 3.11769 0.04020 

Overall mean 0.89196 

Table 4-69: Critcri~ [or Stopping Rule analysis' Type J m3trix 

Problem Stopping rules Decision rules InitLl1 
Number 1 2 3 R-lnJom u' QP Sol utionl 

1.1 0.03336 0.02419 0.01408 0.793:3 0.00000 0.59506 I 
1.2 0.05607 0.02464 0.01341 0.606~9 0.00000 0.91370 

1.3 0.01000 0.00537 0.00251 

I 

0.069"9 0.00000 0.89516 

1.4 0.01403 0.00738 0.00392 0 .. 23":12 0.00000 1.23838 

1.5 0.03778 0.02434 0.01310 0.56382 0.00000 1.80810 

2.1 0.02726 0.01168 0.00S06 0.08.188 0.00000 0 . .I68~.\ 

2.2 0.01818 0.00622 0.00248 0.32381 O.OOl'OQ 1.02673 

2.3 0.00259 0.00001 0.00000 0.4949 7 0.00000 0 .. 29257 

2.4 0.03443 0.01444 0.00642 0.31712 0.00000 0.72082 

2.5 0.05306 0.02131 0.00642 0.30799 0.00000 0.54714 

3.1 0.04657 0.01254 0.00706 5.01586 0.00000 3.36129 

3.2 0.12409 0.01437 0.00685 0.71914 0.00000 4.63Z02 

3.3 0.11253 0.04683 0.02452 1.98220 0.00000 0.8.1877 

3.4 0.01725 0.00530 0.00246 1.10545 0.00000 15.60522 

3.5 0.07304 0.03962 0.02165 2.43516 0.00000 0.89113 

4.1 0.06181 0.03554 0.01705 0.50903 0.00000 1.038-12 

4.2 0.03575 0.02086 0.01212 0" 79722 0.00000 1. 65363 

4.3 0.07031 0.04047 0.02356 1. 71213 0.00000 0.93109 

4.4 0.04694 0.01255 0.00510 13.46':32 0.00000 3.1239~ 

4.5 0.03856 0.01935 0.00932 0.32111 0.00000 0.70633 

5.1 0.08302 0.01548 0.00534 7.23037 0.00000 4.:-7~34 

5.2 0.09396 0.05983 0.03522 3.22257 0.00000 1.05255 

5.3 0.41337 0.05458 0.01370 5.33272 0.00000 35.77521 
5.4 0.09174 0.03365 0.01630 1.42192 0.00000 1.bOQf7 

5.5 0.19694 0.10106 0.04702 3.06464 0.00000 0.68796 

6.1 0.13752 0.04143 0.01526 1.90143 0.00000 1.Sb5Z1 

6.2 0.09961 0.03765 0.02247 1.20183 0.00000 1. 79762 

6.3 0.03050 0.01484 0.00882 0.34313 0.00000 1.87389 

6.4 0.07881 0.03874 0.02123 1.17231 0.00000 2.00949 

6.5 0.20703 0.01847 0.02668 2.19242 0.00000 1.09439 



Table 4-75: ing rules & P 
eC1S1on atrlx type 

SOURCE F CO~IPUTED SUN OF SQUARES DEG. OF !>lEAN SQUARE SOURCE F CONPUTED SU~I OF SQUARES DEG. OF ~IEAS SQUARE 
a~.05 a:.Ol f FREEDOM a=.05 a"'.Ol f FREEDO~! 

;·tEA~ 873.6496 1 873.6496 
~1EAN .1090815 1 .1090815 ~! 2.62 3.82 6.5083 300.6378 3 100.2126 
C 2.30 3.20 6.2811 .39060S0E-01 5 .~S12099E-02 C 2.23 "3.05 8.9963 692.6106 5 138.5221 
D 2.70 3.98 28.0826 .1047332 :5 .3.i9:!772E-Ol D 2.23 3.05 7.3052 562.4188 5 112.4838 
CD 1. 77 2.23 2.6654 .4972536E-01 15 .331502.iE-OZ ~!C 1. 69 2.07 2.0604 475.8779 . 15 31. 72519 
R(CD) 96 .12-137.!7E-02 J-fD 1. 69 2.07 0.8042 185.7400 15 12.38267 

CD 1. 5.j 1. 80 1.2699 488.8384 25 19.55354 
I·ICD 1. 31 1. 46 0.7489 864.8399 75 11.53120 
MeD L 31 1. 46 0.7489 864.8399 75 11.53120 
R(HCD) 8869.064 576 15.39768 

Table 4-76 : ANALYSIS OF VARIANCE - 3 StoEP ins rules - ty:ee 1 D matrix 

TZlble 4-72: A;-;ALYSIS OF VARIANCE - 3 P 
SOURCE F CO~IPUTED SU~I OF SQUARES DEG. OF NEAS SQUARE eC1S10n ru e -

a=. OS a=.Ol f FREEDOH 
SOlJRCE F CO!4PUTED SUM OF SQUARES DEG. OF MEAN SQUARE 

MEAN 25.20171 1 25.:0171 a~.05 ""'.01 f FREEDOM 
C 2.35 3.29 10.9418 41.43377 5 8.2S6-5. 

36.99269 D 3.13 4.92 0.1097 .1661259 .S3l1()~96E·Ol ~EA;'; 1 36.99269 
CD 1.97 2.59 0.0218 .1647297 '10 .16-17:!97E-Ol C 2.30 3.20 14.4740 59.14652 5 11.82930 
R(CD) 54.52913 72 .7573490 D 2.70 3.98 0.1674 .4105093 3 .1368364 

CD 1.77 2.23 0.0364 .4463867 15 .2975911E-Ol 
ReCD) 78.45860 96 .8172771 

Table 4-77 : ANALYSIS OF VARIANCE 3 Stopping rules - type 2 D r.latrix 

Table 4-73: AXALYSIS OF VARIA:\CE ing Rules & P decis ion SOURCE F COMPUTED SUN OF SQUARES DEG. OF NEA:;' SQUARE 
ru e . a=. 05 a:.01 f FREEDOM 

S'OURCE F COMPUTED SUN OF SQUARES DEG. OF MEAN SQUARE MEAN 107.9400 107.9·:00 
0.-.05 a=.Ol f FREEDOM C 2.35 3.29 4.2927 166.4750 5 33 .. :9~99 

D 3.13 4.92 0.1650 2.560189 2 1.:S009.t !olEAN 160.8777 1 160.8777 CD 1. 9 7 2.59 0.0698 5.415722 10 .5HS722 C 2.30 3.20 5. 7949 251.5306 5 50.30612 ReCD) 558.43% 72 7.756105 
D 2.60 3.98 0.1527 3.976464 3 1. 325488 CD 1. 77 2.23 0.0632 8.225460 15 .5483640 R(CD) 833.3924 96 8.681171 

VARIANCE . 3 3 D matrix 

Table VARIANCE SOURCE F COMPUTED SUM OF SQUARES DEG. OF ~IEAS SQU.-\RE 4-74 : A.,)ALYSI S OF P decision a=.05 a=.Ol f FREEDO~I f-' 

3.J373!S V1 MEAN 3 .. .13734S 1 
OJ SOURCE F COMPUTED SUM OF SQUARES DEG. OF MEAN SQUARE 

C 2.35 3.29 19.1857 5.385829 5 1.17~166 0.:.05 a~.Ol f FREEDOM 
D 3.19 4.92 0.0250 .300718:£-02 2 .1533S~lE·0: 

CD 1. 97 2.59 0.0166 .101765SE·Ol 10 .10176SSE-02 J.lEA!'< 4.546709 1 4.546709 
ReCD) 4.417660 72 .6135639£-01 C 2.30 3.20 24.0245 7.698784 5 1.539757 

D 2.70 3.98 0.0171 .3285131E-02 3 .1095044E-02 
CD 1.77 2.23 0.0183 .1760725E-01 15 .1173817E-02 
R(CD) 6.152746 96 .6409111E-01 



Table 4-79: ASALYSIS OF VARIANCE - 3 Stopping rules trEe 4 matrix Table 4 - 81 : Ranking of Gradient Storring Rules - T"r e 2 matix. 

SOURCE F COMPUTED SUM OF SQUARES DEG. OF MEAN SQUARE 
a=.05 a=.Ol f FREEDOM 

Problem Stopping Rules R~ndom QP Decision Initi~l 

~(EA." .1454420 1 .1454420 Number. 1 2 3 LP Rule Solution. 

C 2.35 3.29 6.2B11 .S208066E-01 5 .1041613E-01 
D 3.13 4.92 20.6300 .6B42267E-01 2 • 3421133E- 01 

1.1 4 1 5 3 6 CD 1. 97 2.59 2.2134 .3670520E-01 10 .3670S20E-02 
ReCD) .1193998 72· .1658330E-02 1.2 2 4 3 5 1 6 

1.3 4 3 2 6 1 5 
1.4 4 3 2 5 1 6 
1.5 4 3 2 5 1 6 
2.1 4 3 2 5 1 6 
2.2 3 3 3 3 3 6 
2.3 4 3 2 5 1 6 
2.4 4 3 2 5 1 6 

Table 4-BO: Ranking of Gradient StoEEing Rules - TrEe 1 Matrix. 2.5 1 3 4 2 5 6 
3.1 4 3 2 6 1 5 
3.2 4 3 2 5 1 6 

p'rob1em Stopping Rules Random QP Decision Initial 3'.3 4 3 2 6 1 5 
SU::1ber. 1 2 3 LP Rule Solution. 3.4 4 3 2 6 1 5 

3.5 1 2' 3 6 4 5 
4.1 4 3 2 5 1 6 

1.1 4 3 2 5 1 6 4.2 1 3 2 6 4 5 
1.2 4 2 3 5 1 6 4.3 1 2 3 5 4 6 
1.3 5 4 3 1 2 6 4.4 1 4 2 5 3 6 
1.4 3 2 6 1 5 4.5 4 3 2 6 1 5 
1.5 4 3 2 6 1 5 5.1 3 4 5 1 b 2 
2.1 3 3 3 3 3 6 5.2 1 3 2 6 4 5 
2.2 4 3 2 5 1 6 5.3 2 1 3 6 4 5 
2.3 3 3 3 3 3 6 5.4 5 1 2 6 4 3 
2.4 3 3 3 3 3 6 5.5 1 2 3 5 4 6 
2.5 4 3 2 5 1 6 6.1 1 3 4 6 5 2 
3.i 1 2 3 6 4 5 6.2 3 4 5 1.5 6 1.5 
3.2 4 3 2 5 1 6 6.3 4 3 1 6 2 5 
3.3 1 3 2 6 4 5 6.4 1 3 4 6 2 5 
3.4 4 3 1 6 2 5 6.5 4 2 1 6 3 5 
3 .. 5 1 2 3 6 4 5 
4. 1 4 2 3 6 1 5 
4.2 1 2 3 5 4 6 Total 87 84 76 151. 5 79 152.5 
4.3 4 3 1 6 2 5 
4.4 1 2 3 6 4 5 
4.5 4 3 2 5 1 6 
5.1 4 3 5 2 6 1 
5.2 2 4 1 5 3 6 
5.3 1 2 3 6 4 5 
5.4 2 4 5 3 6 1 
5.S 3 2 4 6 5 1 
6.1 1 2 3 5 4 6 f-' 
6.2 1 2 4 5 6 3 lJl 
6.3 1 4 3 2 5 6 -....J 
6.4 4 .1 2 5 3 6 
6.5 1 4 5 2 6 3 

Total 83 83 83 140 92 149 



Problem Stopping Rules Random QP-Decision Initial 
Sumber. 1 2 3 LP Rule Solution. Problem 

Number. 

1.1 4 3 2 5 1 6 
1.2 4 2 1 6 3 5 . 1.1 
1.3 4 3 2 5 1 6 1.2 
1.4 4 3 2 5 1 6 1.3 
1.S 4 3 2 5 1 6 1.4 
2. 1 4 3 2 6 1 5 1.5 
2.2 4 3 2 5 1 6 2.1 
2.3 3.5 3.5 3.5 1 3.5 6 2.2 
2.4 2.5 2.5 2.5 5 2.5 6 2.3 
2.5 3 4 2 5 1 6 2.4 
3.1 <I 3 2 5 1 6 2.5 
3.2 4 1 3 5 2 6 3.1 
3~3 3.5 3.5 3.5 1 3.5 6 3.2 
3.4 5 2 4 1 3 6 3.3 
3.5 2.5 2.5 2.5 5 2.5 6 3.4 
4 ~ 1 2.5 2.5 2.5 5 2.5 6 3.5 
4.2 4 3 2 5 1 6 4.1 
4.3 3 1 2 5 4 6 4.2 
4.4 1 2 3 5 4 6 4.3· 
4.5 3 2 4 5 1 6 4.4 
5.1 4 2 3 6 1 5 4.5 
5.2 5 3 3 6 3 1 5.1 
5.3 4 3 2 6 1 5 5.2 
5.~ 3 3 3 3 3 (; 5.3 
5.5 3.5 3.5 3.5 6 3.5 1 5.4 
6.1 3 1 2 6 4 5 5.5 
6.2 2 4 3 5 1 6 6.1 
6.3 4 2 1 5 3 6 6.2 
6.4 1 2 3 5 4 6 6.3 
6.5 4 1 2 6 3 5 6.4 

6.5 

Total 103 77 75 140 71 164 
Total 

Stopping Rules 
1 2 3 

4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 1.5 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 
4 3 2 

120 90 59.5 

Random QP-Decision 
LP Rule 

6 1 
5 1 
5 1 
5 1 
5 1 
5 1 
5 1 
6 1.5 
5 1 
5 1 
6 1 
5 1 
6 1 
5 1 
6 1 
5 1 
5 1 
6 1 
6 1 
5 1 
6 1 
6 1 
5 1 
5 1 
6 1 
6 1 
5 1 
5 1 
5 1 
6 1 

162 30.5 

Initial 
Solution. 

6 
6 
6 
6 
6 
6 
5 
6 
6 
5 
6 
5 
6 
5 
6 
6 
5 
5 
6 
5 
5 
(; 

6 
5 
5 
6 
() 

6 
5 
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].!a trix Q1' decision Stopping Rules ! . 
Type. rule is: 1 2 3 Matrix IStoppmg (a) is better than Stopping Rule 

Type. ,Rule (below) (b) is same as 

Better than 13 13 10 
Same as :; 3 3 1 (a) 12 :=0.385 1:; :=0.385 

(b) 3 P=0.35 3 P=0.35 

2 Better than 16 15 2 (a) l-l :=0.0 
Same as 1 1 (b) 3 P=0.5 

3 Be tter than 18 12 14 2 1 12 :=0.7.\3 13 :=0.371 
Same as 7 8 8 1 1'=0.23 1 P=0.35 

4 better than 30 30 29 
Same as 0 0 1 

Matrix Hypothesis HI Stopping Rule 
Type. 2 3 

1 QP docis ion rule z=o.O z=0.0 z=O.O 
is infer:ior 1'=0.5 P=0.5 P=O.S 

2 QP decision rule z=0.743 z=0.371 z=O.O 
is superior P=0.229 P=0.355 P=0.5 

Problem Stopping rules QP decision i p 
3 decision rule z=2.502 z=0.213 z=L 066 Class. 1 2 3 rule r 

superior P=0.006 P=0.41 P=0.15 

1 58 42 31 19 33.00 <0.001 
2 47 42 34 ,. 

" I 9.32 >O.O~ 

4 Of necessity the QP decision rule is 3 45 37 35 33 3.32. >0.:0 
f-' 

inferior to any of the stopping 4 37.5 36.5 35.5 40.5 0.56 >0.30 l.n 
5 34 31 38 47 5.80 >0.10 

\.D 
6 33 32 36 49 7.40 >0.05 

1 to 3 QP decision rule z=1.800 z=0.340 z=1.472 
is superior P=0.036 P=0.367 P=O.071 Overall 254.5 220.5 209.5 215.5 8.14 >0.02 



Problem Stopping (a) Better Stopping Rules QP Decision 
Class. Rule is: (b) Same 2 3 Rule 

1 1 (a) 1 z~2.582 I z~2.:'82 0 z=3.615 Matrix Type 

(b) 0 P~O.OOS 0 P~0.005 0 P=0.OO5 
Class 

, :5 -
2 (a) 3 z=2.066 1 z=2.582 

(b) 0 P=O .. 002 0 P=O.OOS 0.14853 0 • .13 5S 0.01808 
0.00000 2.35 H O.021b3 

3 (a) 1 z=2.582 0 0.00000 O. a 3 37 0.00000 
(b) 0 P=0.005 0.00180 0.1I0 71 0.00000 

0.30244 0.-111 , ~ 0.00000 
:2 (a) :2 z=1. 333 I z=2.0 1 z~2.0 

(b) 6 P=0.09 6 P~O.02 6 P=O.02 0.00000 o ~ lhl ~ ., 7 O.OOOl;O 
0.06-112 0.0(1000 0.00000 

2 (a) 1 z=2.0 1 z=2.0 2 0.00000 O.OOCOO 0.000'.'0 
(b) 6 P=O.02 6 P=0.02 0.00000 0.00560 0.0003.1 

0.26112 a .105S2 0.0"'223 

3 (a) 1 z=2.0 
(b) 6 P=0.02 0.65577 0.09.)06 0.39353 

0.53.)83 0.~9635 0.02S.)$ 

3 (a) 4 z=1.109 4 z=1.109 4 z=1.109 3 0.3(>(163 o • t1 ~)(l 9 9 0 .. 29935 
(b) 2 P=O.13 2 P=O.13 2 P=0.13 0.40000 0.89792 O.3~(>15 

0.43479 1Z.b0595 O. l.j 

:2 (a) z=O.SSS 6 z=O.O 
(b) P=0.29 2 p=o. S 0.lR095 0.:; I ,lSS O.OOS;l 

3.32283 [1. ell S 71 0.0.\0:; .. 
3 (a) 5 z=0.S5S 4 0.64562 1.08371 O.O33~O 

(bl 2 P=O.29 1.242S1 0.380S7 0.0023-1 
0.27-105 0.11~2:; 0 10 -1 3 

1 (a) 6 z=0.267 7 z=o.O 8 z=0.267 
(b) 1 P=0.39 1 P=O.S 1 P=O.39 0.31754 7.76209 O .. 29~23 

2.74522 0."8S36 0.43-E.9 

2 (a) 7 z=O.O 7 z=O.O 5 0.37608 0.26681 0.1'251 
(b) 1 P=O.S 1 P=O.S 0.25067 1. 9~;99 1,,70275 

0.55744 o .(1S333 0.3-1779 
3 (a) 8 z=0.267 

(b) 1 P=0.39 2.,,9269 2.35013 O .. :894~ 
2.84529 (1. 1(>221 0.13175 

5 (a) 8 z=0.555 8 z=O.555 9 z=1.109 6 0.24101 0.08411 0.010:;S 
(b) 2 P=0.29 2 P=0.29 2 P=O.13 0.489-11 :;.39154 0.80750 

0.43092 0.35.)34 0.03803 
2 (a) 8 ;>;=0.866 9 z=1.44:> 

(b) 3 P=0.19 3 P=O.07 Mean 0.65274 1.23.)51 0.2255.1: 

3 (J) 10 
(b) 3 

i-' 

6 1 raj 9 z=0.516 9 z=0.516 9 z=0.516 O'l 

(b) 0 P=O.30 0 P=O.30 0 P=0.30 0 

2 (a) 10 z=1.033 12 z=2.066 
(b) 0 P=O.1S 0 P=O.02 

3 (a) 13 z=2.582 
(b) a p=o.OOS 

is that the rule with the highest score is superior. 



Table 4-90Cell Means for QP decision rule and variable Metric Table 4-92 Pairwise ranking of the QP decision rule with the 

Decision Rules Variable Metric Decision Rule 

Matrix Type 

2 3 
Matrix 
Type 

QP decision 
rule is: 

Sign Test 

Class QP VM QP VM QP VM 
Better 17 times 

1 0.04246 0.09055 0.07744 0.64675 0.00541 0.00794 Same 3 times 
2 0.00400 0.06505 0.07227 0.02394 0.00339 0.01451 liorse 10 times z 1.154 P =.124 
3 0.27708 0.47840 0.18449 2.79825 0.14617 0.33498 
4 0.39389 1.13319 0.21414 0.43387 0.13936 0.04983 Better 20 times 
5 2.25563 0.84939 3.86036 2.23577 0.71925 0.68057 
6 0.82727 1.29986 3.66748 1.26847 0.07940 0.26541 

S"me 1 time 
Worse 9 times z = 1.8569 P =.032 

3 Better 18 times 
Same 0 times 
Worse 12 times z 0.9128 P =.1S1 

Tab1e4-91 A~OVA.for gP decision rule and variable Metric decision Overall Better 55 times 

rule over 3 Matrix THe s and 5 reE1ications in 
Same 4 times 
Worse 31 times 6 classes z = 2.480 P =.006 

of Problem 

Source Error F Computed Sum of Deg. Of Mean Square Tenn f Squares Freedom 

HO: that the two rules rank "better" equally often. 

ot =.05 ot =0.01 

1 Hean 91.35151 1 91.35151 
2 ~! R(ECD) 3.06 4.75 5.2180 35.84160 2 17.92080 
3 C R(ECD) 2.27 3.14 3.9706 68.28338 5 13.63668 
4 0 R(ECD) 3.91 6.81 0.0035 .1190232E-Ol 1 .1190232E-Ol 
5 ~IC R(ECD) 1. 89 2.44 0.9218 31.65835 10 3.165835 
6 ~1Il R(ECD) 3.06 4.75 0.0304 .2084936 2 .1042468 
7CD R(ECD) 2.27 3.14 1. 0968 18.83408 5 3.766817 
8 ~ICD R(ECD) 1. 89 2.44 0.7900 27.13277 10 2.713277 
9 ~ICD 494.5546 144 3.434407 
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CHAPTER 5 OBSERVATIONS EFFECT 

5.1 Introduction 

In deriving the results of chapter 4 we used only 

a single assumption about the type and number of initial 

points (or ions). We assumed that 

observations were drawn randomly from the asible region 

and that there were five of them for each em. 

In this chapter, we study the ef of different 

assumptions about the scatter of observations and the 

number of observations. The types of rvations fall 

into five , viz., observations drawn 

(1) randomly from the whole feas region 

(2) randomly from feasible solutions within a 

hypersphere at the true optimum), whose radius 

is 0.2 of length of the optimal solution vector 

(3) randomly from the feasible re on within a 

hypersphere centred at the true optimum whose radius 

is 0.6 of the length of the optimal solution vector. 

(4 ) randomly from the region of ible solutions 

smaller than the true optimum, i.e., xI < X 1 and within con 

a hyper - centred at the true optimum - whose radius 

is 0.2 of length of the optimal solution vector. 

(5) same way as those in (4) that the 

radius of hyper sphere is 0.6 of the length of the 

optimal solution vector. 

Twelve the problems of chapter 4, two for each 

problem class of the General D matrix problems, were 

selected randomly for this study. For each problem four 

sets of 5 observations are generated each observation 
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In addition one of these sets 5 observations 

is to 10 observations. 

Using these data, we wish to see if any observation 

s produce significantly better re s than others 

the LP decision rules, QP decision 

stopping rules. We do not examine the e 

or gradient 

t on the 

vari e metric decision rule. Since the 1 

ion was found in chapter 4 to be a comparat 

solution will be considered in this chapter 

w to assess in a similar way the effect 10 

observations compared with 5 observations. 

initial 

good 

so. We 

We reasoned in chapter 2 that a priori there is no 

good reason to suppose that observation types 2, 3, 4 and 

5 would give better LP decision rule results 1. 

S observation types 2 and 4 give ob 

consistently closer to the true optimum, the QP de sion 

e would be expected to perform better for 

it will r estimate the quadratic function 

area. It likely that the gradient stopping swill 

continue to behave the same vis-a-vis the QP 

as did in chapter 4 (i.e., where the QP dec 

rule 

but 

s a good result they will behave worse than 

gives a bad result they will behave better) . 

, the largest initial point.will be significantly 

observations restricted to be close to true 

optimum. 

When we consider 5 additional observations does 

not seem to be good analytical reasons for the LP 

rules to better results. The additional may 

improve the QP decision rule but this is not ce s 
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the model being estimated is misspecified. In this 

situation there is no interest in the gradient stopping 

rules since they depend only on which observations is 

arbitrarily chosen as the initial solution. However, the 

largest initial solution can only improve as more 

observations are added to the existing set. 

5.2 Overview of Results 

A survey of Table 5-1 does not reveal that there is 

a clear difference between the LP decision rule values for 

the different observation types. There does, however, seem 

to be a difference between the QP decision rule values. In 

general, it seems that observations selected randomly 

from the whole feasible region give a worse QP decision rule 

value, on average, than those for any of the other obser

vation types. It also seems that there is less disparity 

in the QP decision rule values between problems for 

observation types 2 to 5 than there is for type 1 obser

vations. 

Naturally, the value of the largest initial solutions 

improve as the observations are restricted to be closer to 

the true optimum. Yet only in 18 of the 240 cases studied 

is the QP decision rule value inferior to that of the 

largest initial solution. Hence it seems that while sets 

of observations close to the true optimum yield a better 

largest initial solution they also improve the QP decision 

rule value just as much. 

The improvement in QP decision rule value does not 

apply for the LP decision rules. When we look at the 

mean values of the LP decision rules for each observation 

type, it appears that observation type 1 gives better 
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values than the other four observation types do. In 

section 5.3 we will test this result for statistical 

significance. 

Similarly, Table 5-3 indicates clearly the difference 

in mean value of the QP decision rule for different 

observation types. In particular observation type 1 has 

a much higher value. Also however, it seems that type 

2 and 3 observations are superior to types 4 and 5. The 

mean values also imply that the 0.2 level is preferable 

to the 0.6 level in both cases. Again we will test 

the significance of these results in section 5.3. 

A comparison of Table 5-3 and 5-4 tends to confirm 

the superiority of the QP decision rule over the largest 

initial solution. The reversal of this for observation 

types 4 and 5 is very largely caused by one case in 

problem 1.1 - observation type 4, and two cases in problem 

3.4 - observation type 5. These are valid cases but they 

may swamp the rest of the results. Further tests on these 

data are left for section 5.5. 

Table 5-5 details the results of the gradient stopping 

rules. As anticipated only when the QP decision rule 

does not give a good solution are the three gradient 

stopping rules better than it and this occurs only 6 times 

out of 192 for observation types 2to 5 - although it 

happens 28 of the 48 times for observation type 1. Hence 

we see from Table 5-6 that for observation type 1 the 

QP decision rule has the highest mean value of the four 

criteria. The overall results of observations type 2, 

3 and 4 confirms our survey of the data. However, for 

observation type 5 the QP result is inferior to stopping 
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rules 2 and 3 - this may be the influence of the two 

cases in problem 3.4. The statistical testing of the 

data is in section 5.4. 

The last set of results in Table 5-7 is the comparison 

of the results of the last replication for each observation 

type in each problem with the results obtained by adding 

five more observations to each of these cases. There is 

no obvious trend in the LP decision rule results - in 

some cases they are better with 5 observations and in 

some with 10 observations - without any seeming. dominance. 

There does, however, seem to be an improvement in the QP 

results. In only 11 of the 60 cases is the 5 observation 

case superior to the 10 observation case and on 3 occasions 

they are the same. There are five occasions when the 

largest initial solution is better than the QP decision 

rule value (three times for the 5 observation case and 

twice for the 10 observation case) . 

these data further. 

Section 5.6 analyses 

5.3 Effect of Observation types on the LP and QP Decision 

Rules 

In Table 5-2 we saw the mean values of the LP decision 

rules for the 5 observation types. We want to know if 

there is any significant statistical difference between 

the means of the observation types, any significant 

interaction between the observation types and the decision 

rules, and any significant interaction between observation 

types and problems. 

that the mean varies 

From Table 5-8 we find, as expected, 

significantly with the problem being 

solved. This is shown by the P effect. We find also 

that the overall means of the observations effect (0), 
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shown in Table 5-2, are also distinguishable at the 99% 

level. We will show the pairwise comparisons below. 

It is no surprise that the decision rule e (D) is not 

significant. Looking at the interaction terms we find 

that there is no significant interaction between the 

observation types and the different LP decision rules. We 

can assert, however, significant interaction, with 99% 

confidence, between the observation s and the different 

problems (PO). So while we can conclude that the obser-

vation types significantly dif 

cannot use the overall behaviour to 

y overall, we 

idently predict 

the behaviour 

problem. In 

observation 

observation types a icular 

5-9 we see that over the 12 problems 

1 gives relatively even results while 

the other observation types have a much greater variation 

of value. It is Table 5-10 that best s the reasons 

for the signi ant PO interaction term. While type 1 

observation was the best 7 out of 12 times, it was also 

the worst on two occasions, convers observation type 

5 was worst 5 of the 12 problems but was also best 

once. 

Tables 5-11 to 5-14 give se comparisons of the 

observation types. The first two comparisons are between 

observation type 1; i.e., observations scattered randomly 

over the whole feasible region and the 0.2 level of the 

other two scatter types. Table 5 11 indicates that the 0 

effect is significant with between 95% and 99% confidence. 

It is not, however, significant the comparison of 

Table 5-12 at the 95% level even though the mean values of 

observat types 1 and 4 are substantially different 
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(see Table 5 2). In both cases, but particularly in 

Table 5 12, the PO interaction is very significant. 

Un ly, these two tables did not indicate c y 

what is re ible for the significant 0 effect of Table 

5-8. 

A ss explanation, however, is suggested by 

5 10. We ce that it is problem class 2 problems 

reverse overall trend. Problem class 2 has 9 to 15 

cons sand 2 to 9 variables. The intuitive ng 

we in chapter 2 is most appropriate when are more 

than variables. Whereas with more nts 

than s the homothetic rays create a region near the 

F 5 1: More Constraints than Variables 

constraint 
3 

type 2 
obs. 

constraint 
2 

ype 4 & Sobs. 

constraint 
1 

type lobs. 

5-2: More Variables than Constraints 

& 3 obs. 

& Sobs. 

lobs. 

L 
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true optimum yielding points that go to good LP solution, 
\I(lC~W. hi" S, Ct1V,s+h:,~":l,, 

when there are more e'oHBtr'~ms than '\ffi;~,~cD.J,~ the reverse 

can be true and observation type 1 is more favourable. These 

cases are illustrated in Figure 5-1 and 5-2. 

In Tables 5-13 and 5-14 we get the comparisons of 

observation types 2 and 3, and observation types 4 and 5 

respectively, i.e., in each case the two different levels 

of the same basic type of scatter. In both tables the 0 

effect is clearly insignificant at the 95% level or even 

the 75% level (which has F = 1.47). Thus we can conclude 

that there is no significant difference in the results for 

the two distances from the constrained optimum. In parti-

cular we do not get any better results to the LP decision 

rules as we get near to the constrained optimum. 

Let us now analyse the QP decision rule results for 

the 5 observation types. We saw from a perusal of Table 

5-1 and from the mean values in Table 5-3 that there 

appears to be a significant difference in the QP decision 

rule values for different observation types. This is 

confirmed in Table 5-15 where the 0 effect is clearly 

significant at the 99% level. Also the PO effect is 

significant at the 99% level, i.e., the results for 

different observation types are different relative to 

each other for different problems. The data in Table 5-16 

indicates that while observation types 2 to 5 in general 

yield vastly better results than type 1 observations, 

there are instances where they also yield poor results, 

e.g., problem 1.1 observation type 4 and problem 3.4 

observation type 5 (we noticed earlier the cases that 
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cause s) . 

We will look briefly at the cause these three poor 

s. The QP decision rule is based on an estimated 

quadrat function of the form E(c.x. 2 
Normally + x. ). 

] ] ] 

the c. IS are positive and the d. IS are ative - but if 
] ] 

d. IS are estimated to be positive but with a high 
] 

error, they are set to zero to enable us to use 

the Wol QP algorithm. In these three cases, one of the 

important variables (i.e., one that has a value at 

the true constrained optimum), has its value estimated 

to be ive and its d. value at zero. Using these 
] 

e of the parameters, the QP decision rule gives 

the a zero value which results a very poor 

QP decision rule value. Perhaps common sense and a 

knowledge of the situation would, in i , make us 

suspicious of this result and thus remove se "bad" 

cases. 

For the QP decision rule we have done a pairwise 

comparison of the observation types as we the LP 

decision rules. Table 5-17 to Table 5-20 the analysis 

of As we may expect the 0 e ts in Table 

5-17 and e 5 8 are significant at ly the 

99% since these give the comparison of observation 

type 1 with 2 and 4 respectively. However, for the 

two ls of the same types of scatter 5 19 and 

Table 5-20 the 0 effect is insignificant at the 95% level. 

This t corresponds with the LP decision rule result 

that is no distinguishable dif ence the 

performance of the decision rules as we c ser to 

the con optimum - within the s we have 
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been considering. 

Our overall conclusion for the QP decision rule is 

that it will most often perform very well when the 

observations are drawn from a scatter surrounding the 

constrained optimum. This performance is significantly 

better than is the case where observations are drawn 

randomly from the whole feasible region. 

It is interesting to observe that for both the LP 

decision rules and the QP decision rule the results are 

better for observations type 2 than for type 4, and for 

type 3 than for type 5. Yet the region from which the 

observations were drawn for observations of type 4 is 

a subset of the region for type 2, as the region for 

type 5 is a subset of the type 3 region. This result 1S 

in contrast to a contention made by Bushnell, that the 

results are best when the observation comes from a point 

strictly less than the constrained optimum. 

5.4 Effect of Observation types on Gradient Stopping 

Rules 

In chapter 4 we noticed that there is little difference 

between the three gradient stopping rules (i.e., the 

termination of the gradient algorithm after 5, 10. and 

25 iterations respectively,oi the QP decision rule). There 

does, however, seem ~o be a differ~nce between the relative 

performance of these criteria for different observation 

types, depending on the size of the QP decision rule value. 

The 0 effect in Table 5-21 is significant - as we 

would expect because it was significant for the QP decision 

rule and the overall trend as shown in Table 5-6 is much 

the same as the trend for the QP decision rule. As we 
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suspected, the D effect 1S insignificant at the 95% level. 

This indicates the same result as that obtained in 

chapter 4. The other term of interest in Table 5~21 is 

the OD effect which is significant at the 99% level 

indicating that the difference in the relative performance 

6f the decision criteria for the different observation 

types is statistically significant. From the ranking 

figures given in section 5.2 it is clear that observation 

types 2, 3, 4 and 5 with only 6 exceptions rank the criteria 

in the order: QP decision rule, stopping rule 3, stopping 

rule 2, stopping rule 1. On the other 6 occasions the order 

is reversed. However, for observation type 1 this order 

holds on only 17 of the 48 times. 

The general conclusion is that for observations 

clustered around the true constrained optimum, the 

gradient algorithm is best run to as many iterations as 

possible. For observations scattered throughout the 

entire feasible region, the nebulous conclusions of 

chapter 4 still hold true. 

5.5 Largest Initial Solution 

In chapter 4 we discovered that the largest initial 

solution is, for the general D matrix, usually a better 

solution than the best LP decision rule but inferior to 

the QP decision rule. Now we wish to study the effect 

of the different observation types on the largest initial 

solution value and its relationship to the LP decision 

rule 3 (since that is the "best" LP decision rule) and 

the QP decision rule. 

The mean value of the largest initial solution for 

observation type 1, as shown in Table 5-4, appears to be 
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substant ly different to that of observation types 2 

to 5. This difference is to be expected since type 1 

observations draw initial points from allover the sib 

region while the others draw them from only near the 

constra optimum. The ANOVA table, Table 5-22, 

shows the a effect is in fact statistically 

signi at the 99% level. 

When we compare LP decision rule 3 with 1 st 

al solution, as shown in Table 5-23, we find the 

D e t which distinguishes these two criteria 

s at the 99% level. Since the mean of LP 

decision rule 3 is 2.23341 and the mean of the 

solution is 0.14913, we can conclude that 

latter is a superlor criterion. The significant OD 

raction in Table 5-23 suggests that the 

behaviour of the two criteria is also different 

dif observation types. An examination of 

suggests that the largest initial solution is 

the observation types near the con 

optimum than it is for randomly scattered obs 

st 

data 

Let us now compare the largest initial solution and 

QP decision rule. In chapter 4 for the D 

matr and observations-over all the feasible 

we could not decide statistically between mean 

ues of these two criteria. We did however, stinguish 

them when we ranked them - then the QP decision 

is clearly superior. When we look at f 

observation types the original conclusion about 

the two criteria still holds as we see 

5 24 where the D effect is not quite signi 

means 

at the 
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95% level. However, when we compare the two criteria by 

ranking we get the results shown in Table 5-25. The 

hypothesis that the QP decision rule is superior to the 

largest initial solution is accepted at the 0.00003 level 

for z>4.0. Hence we can conclude that for each observation 

type the QP decision rule is superior to the largest 

initial solution. The reasons for the difference in 

conclusion using the ranking rather than the mean values 

are firstly, the hypothesis that is being considered, i.e., 

which one most often performs the best compared with which 

one will give, on average, the best value. While the 

QP decision rule performed worse than the largest initial 

solution only 18 times out of 240, on 3 of those occasions 

it performed very badly indeed in comparison with the 

largest initial solution. Secondly, the QP decision rule 

distributions are heavily skewed to the left, while the 

largest initial solution is not too far from normally 

distributed. Since ANOVA assumes all distributions to 

be normal the non-parametric test is likely to be the 

more meaningful. 

5.6 Number of Observations 

To compare a case with five observations with one with 

ten observations we take the last replication of each 

observation type for each of the 12 problems, add an 

additional five observations and analyse the problem again. 

This gives us 60 comparisons - 12 for each observation 

type. We noticed in section 5.2 that there appeared to 

be no difference between LP dec,ision rule results for the 

observation sizes. The ANOVA table in Table 5-26 is to be 

interpreted differently from previous ANOVA tables. 
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Here the 0 effect is the two observation set sizes, 

i.e., the observation types are regarded as replications. 

So from Table 5-26 we accept at the 95% level the null 

hypothesis that there is no difference in the performance 

of the LP decision rules for the two different observation 

sizes. Table 5-27 gives the cell means associated 

with these data. 

Looking now at the QP decision rule we get mean 

values of 0.06906 and 0.03888 respectively for the five 

observation and ten observation cases. ANOVA, Table 

5-28, does not allow us to distinguish between these two 

means because the 0 effect is not significant at the 

95% level. However, surveying the data we find that on 

46 occasions the ten observation case is superior and 

on 11 occasions the five observation case is superior. 

They are the same on 3 occasions. Using the sign test 

on these data we get z = 4.00, which is significant 

at the .00003 level. Hence using the ranked data we 

accept that ten observations give a better QP decision 

rule result than five observations. Again the skewness 

in the data makes the ANOVA results statistically 

unacceptable. 

It is clear from how the data were derived and the 

results just given about the LP decision rules and QP 

decision rules, that the results of section 5.5 on the 

largest initial solution will be qualitatively the same 

for the ten observation case as they were for the five 

observation case. 
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Table 5-2: Means over 12 !2roblems of the 5LP decision rules 
':or each observatlon tY!2e 

Overall 
D 1 2 3 4 5 !·lean 

0 1 1.28336 1.58316 1.22769 1.79322 1.79307 1.54610 
2 2.~8585 2.30882 2.55320 2.53935 2.37526 2.45250 
3 2.H162 2.24618 2.14971 2.36106 2.36375 2.25247 
.: 2.63522 2.45609 2.59530 2.79375 2.62931 2.62104 
5 2.70081 3.08992 2.64114 2.80051 3.01118 2.84871 

Overall 2.24937 2.33683 2.23341 2.45758 2.43452 

Table 5-3: OP decision rule mean for each observation type 
over 12 l2roblems 

Overall 
0 1 2 3 4 5 Mean 

0.46487 0.00024 0.00115 0.01835 0.02427 0.10177 

Table 5-4: Lar9:est initial solution - mean for each observation 
tZl2e over the 12 !2roblems 

Overall 
0 1 2 3 4 5 Hean 

0.71119 0.00580 0.00962 0.00563 0.01343 0.14913 

Table 5-1;: l:ean values of the c;radient Stoppina rules ann QP decision 
rule for each observation type over the 12 problems 

D 1 2 3 4 Overall 
0 1 0.35654 0.39715 0.43624 0.48628 0.41905 

2 0.01089 0.00870 0.00645 0.00024 0.00657 
3 0.01483 0.01126 0.00783 0.00115 0.00876 
4 0.03122 0.02923 0.02631 0.01835 0.02628 
5 0.02538 0.02070 0.01785 0.02427 0.02205 

Overall 0.08777 0.09341 0.09894 0.10606 }1ean 

Table 5-8: ANOVA table - 5LP decision rules 

Source F Computed Sum of Squ.:lres Deg. of llean Square 
a=.05 a=.Ol f Freedom 

1 l-IEAN 6583.872 1 6583.S72 
2 P 1. 80 2.26 191.5686 4262.840 11 387.5309 
3 0 2.58 3.78 4.2578 241.1572 4 60.28930 
4 D 2.58 3.78 1.6026 10.15565 4 2.536911 
5 PO 1.39 1.58 6.9996 623.0243 44 1~.15964 

6 PD 1. 39 1.58 0.7831 69.70537 44 1.58~213 
7 aD 1. 70 2.11 0.9473 18.43545 16 1.152216 
8 POD 1. 21 1. 30 0.6013 214.0750 176 1.216335 
9 R(POD) 1820.642 900 2.022935 

Table 5-9: Heans of observation tZ!2es for different l2roblems 

0 1 2 3 4 5 

p 1 0.22460 0.25712 0.25244 0.22992 0.22523 
2 0.60835 1.03589 0.50974 0.78189 1. 78~52 
3 0.29274 0.17080 0.16828 0.13950 0.18875 
4 0.53496 0.49228 0.45090 0.35332 0.16036 
5 2.49522 4.37604 2.29393 2.69446 3.65836 
6 2.63817 6.13723 5.86521 6.11432 7.15290 
7 2.25569 2.40578 2.85524 2.14204 2.6~933 

8 0.98477 1.56899 1.70158 1.62067 1.82218 
9 2.85982 5.00430 4.98442 8.96321 6.94243 

10 2.92073 4.16301 3.67750 ~.89287 5.40656 
11 1. 56158 2.47547 2.54579 2.09326 2.66282 
12 1. 05654 1.34304 1.72456 1.43777 1. 33106 

Table 5-10: Ranking means of observation tZ!2es for different oroblems 

o = 1 2 3 5 

p 1 1 5 4 3 2 
2 2 4 1 3 5 
3 5 3 2 1 4, 

4 5 4 3 2 1 
5 2 5 1 3 4 
6 1 4 2 3 5 
7 2 3 5 1 4, 

8 1 2 4 3 5 
9 1 3 2 5 4, 

10 1 3 2 4 5 
11 1 3 4, 2 5 
12 1 3 5 4 2 
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Table 5-11: k.'lOVA table - 5 LP decision rules Table 5-14: ANOVA table - 5 LP decision rules 
- Observation types 1 and 2 - Observation types 4 and 5 

Source F Computed Sum of Squares Deg. of Mean Square 
Source F Computed Sum of Squares Deg. of Jo'.ean Square 

Q=.05 a=.Ol f Freedom a=.05 a=.Ol f Freedom 

1 !-!Ek." 1909.066 1 1909.066 
1 MEAN 3591.354 1 3591.354 

2 p 1. 81 2.20 41.6600 998.5141 11 90.77401 2 P 1. 81 2.20 115.1413 2911. 532 11 264 .. ES~7 
3 0 4.84 9.65 8.3177 100.7743 1 100.7743 

3 0 4.84 9.65 0.8G56 6.171180 1 6.171180 
4 D 2.58 3.78 1. 2051 6.029377 4 1.507344 4 D 2.58 3.78 0.5803 2.946773 4 .7366932 
5 PO 1. 81 2.20 5.5604 133.2717 11 12.11561 5 PO 1. 81 2.20 3.1014 78.42293 11 7.129358 
6 PD 1.40 1. 61 0.5741 55.03663 44 1.250833 6 PD 1.40 1. 61 0.5522 55.85383 44 1.269405 
7 OD 2.58 3.78 1.4163 10.23090 4 2.557726 

7 OD 2.58 3.78 1.7856 7.125063 4 1. 781266 
8 POD 1.40 1. 61 0.8288 79.46103 44 1.805832 8 POD 1.40 1. 61 o .4340 43.89279 4~ .9975635 
9 R(POD) 360 2.178922 9 R(POD) 827.5613 360 2.298781 

Table 5-12: k.'lOVA table - 5 LP decision 
Table 5-15 : 

rules 
ANOVA table - QP decision rule 

- Observation t~Ees 1 and 4 
Source F -Computed Sum of Squares Deg. of Mean Square 

Sou:::-ce F Computed Sum of Squares Deg. of Mean Square a=.05 a=.Ol f Freedom 
,,=.05 a=.Ol f Freedom 1 MEAN 2.485911 1 2.485911 

2 P 1. 84 2.36 3.3367 2.415762 11 .2196147 
1 MEAN 2074.709 1 2074.709 3 0 2.43 3.46 10.3253 7.931604 4 1.982901 
2 P 1. 81 2.20 104.9254 1457.273 11 132.4793 4 PO 1. 45 1.67 2.9178 8.449916 44 .1920435 
3 0 4.84 9.65 3.8862 141.4851 1 141.4851 5 R(PO) 11.84739 180 .6581886£-01 
4 D 2.58 3.78 2.4703 10.50154 4 2.625385 
5 PO 1. 81 2.20 28.8346 400.4741 11 36.40674 
6 PD 1.40 1. 61 0.8417 46.76273 44 1.062789 Table 5-16 : Cell means for QP decision rule 
7 OD 2.58 3.78 1.5473 6.361662 4 1.590415 
8 POD 1.40 1. 61 0.8141 45.22734 44 1. 027894 0 1 2 3 4 5 
9 R(P~D) 454.5378 360 1.262605 

P 1 0.01069 0.00005 0.00028 0.21528 0.00003 
2 0.01941 0.00080 0.00128 0.00354 0.00220 
3 0.00218 0.00004 0.00014 0.00003 0.00003 

Table 5-13 : J!..NOVA table - 5 LP decision rules 4 o .03H9 0.00041 0.00043 0.00033 0.00273 
- Observation tZEes 2 and 3 5 0.40855 0.00021 0.00928 0.00015 0.00011 

6 1. 37259 0.00077 0.00036 0.00041 0.285H 
7 0.30735 0.00011 0.00024 0.00009 0.00004 

Scurce F Computed Sum of Squares Deg. of Mean Square 8 0.23616 0.00014 0.00070 0.00003 0.00007 
0.=.05 a=.Ol f Freedom 9 1. 355 97 0.00008 0.00036 0.00017 0.00003 

10 0.61858 0.00003 0.00017 0.00002 0.00022 
1 l~" 2656.399 1 2656.399 11 0.73548 0.00004 0.00004 0.00002 0.00007 
2 P 1. 81 2.20 62.1130 1608.066 11 146.1878 12 0.47731 0.00015 0.00047 0.00012 0.00029 
3 a 4.24 9.65 1.0972 4.801498 1 4.801498 
4 D 2.58 3.78 0.2481 1.628501 4 .4071251 
5 PO 1. 81 2.20 1.8594 48.13828 11 4.376207 

5-17 : ANOVA table - QP decision rule 6 PD 1.40 1. 61 0.6974 72.21588 44 1.641270 Table f-' 
7 OD 2.58 3.78 0.6224 2.809920 4 .7024801 - Obsel"vation tr~)es 1 and 2 CO 

8 POD 1. 4 0 1.61 0.4796 49.66489 44 1.128748 f-' 

9 R(POD) 847.2887 360 2.352580 Source F Computed Sum of Squares Deg. of Mean Squares 
a=.05 a=.Ol f Freedom 

1 MEAN 5.191776 1 5.191776 
2 P 1. 93 2.51 3.0921 5.199833 11 .4727121 
3 0 4.84 9.65 10.9633 5.181242 1 5.191242 
4 PO 1. 93 2.51 3.0913 5.198602 11 .4726002 
5 R(PO) 11. 00727 72 .1529787 



Source 

1 l-'.E;.N 
2 ? 
3 0 
4 PO 
5 E(PO) 

Source 

1 !-SA!> 
2 P 
3 0 
4 PO 
5 R(PO) 

Source 

1 !-s~"'i 

2 P 
3 0 
4 PO 
5 R(PO) 

Source 

1 ISAN 
2 P 
3 0 
4 D 
5 PO 
6 PD 
7 OD 
a POD 
9 R(POO) 

Table 5-18: ANOVA table - QP decision rule 
- observation types 1 and 4 

F 
0=.01 0=.05 

1.93 2.51 
4.84 9.65 
1.93 2.51 

computed 
f 

2.7668 
9.2673 
3.2151 

Sum of Squares 

5.603999 
4.887812 
4.785176 
5.679885 
11. 56325 

Deg. of 
Freedom 

1 
11 

1 
11 
72 

Table 5-19: ANOVA table - QP decision rule 
- observation types 2 nnd 3 

F 
0=.01 0=.05 

1. 93 
4.84 
1.93 

2.51 
9.65 
2.51 

computed 
f 

0.9868 
1.49-04 
0.9651 

Sum of Squares 

.4581607E-04 

.1498474£-03 

.1985620£-04 

.1465463£-03 

.9939470£-03 

Deg. of 
Freedom 

1 
11 

1 
11 
72 

Table 5-20: N,OVA table - QP decision rule 
- observation types 4 and 5 

F 
0=.01 0=.05 

1. 93 
4.84 
1. 93 

2.51 
9.65 
2.51 

computed 
f 

1.6585 
0.0364 
1. 98 38 

Sum of Squares 

.4359174E-Ol 

.2126214 

.8418242E-03 

.2543292 

.8391421 

Deg. of 
Freedom 

1 
11 

1 
11 
72 

Mean Square 

5.603999 
.4~4346S 
4.785176 
.5163532 
.1606007 

Mean Square 

.4581607E-04 

.1362249E-04 

.1985620£-04 

.13 32239£-04 

.1380482E-04 

Mean Square 

.4359174E-Ol 

.1932922E-Ol 

.8418242E-03 

.2312083E-Ol 

.1165475E-Ol 

Table 5-21: NJOVA table - 3 gradient stopping rules 
and QP decision rule 

F 
0=.01 0=.05 

1.80 2.27 
2.58 3.78 
2.89 4.44 
1.39 1.59 
1.46 1.69 
1.83 2.32 
1.25 1. 35 

computed 
f 

10.0773 
10.9246 
1.6210 

10.3363 
0.1638 
6.4177 
0.0971 

Sum of Squares 

8.947659 
6.110069 
25.01720 
.4390951E-Ol 
25.18991 
.2979739 
.4120230 
.7062119 
39.68659 

Deg. of 
Freedom 

1 
11 

4 
3 

44 
33 
12 

132 
720 

Mean Square 

8.947659 
.5554608 
6.254300 
.1463650E-Ol 
.5724979 
.9029511E-02 
.3433525E-Ol 
.5350090E-02 
.5512026E-Ol 

Source 

1 MEAN 
2 P 
3 0 
4 PO 

Table 5-22: ANOVA table - largest initial solution 

F 
0=.01 0=.05 

1. 84 
2.43 
1. 45 

2.36 
3.46 
1.67 

computed 
f 

8.7186 
47.1461 

9.9832 

Sum of Squares Deg. of 
Freedom 

Mean Square 

5 R(PO) 

5.337747 
.9656644 
18.95673 
4.422936 
1.812430 

1 
11 

4 
44 
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5.3377n 
.8778768£-01 
4.739182 
.1005213 
.1006906E-Ol 

Source 

1 MEAN 
2 P 
3 0 
4 D 
5 PO 
6 PD 
7 OD 
8 POD 
9 

Source 

1 MEAN 
2 P 
3 0 
4 D 
5 PO 
6 PD 
7 OD 
8 POD 

Table 5-23: ANOVA table - comparison of LP decision rule 3 
and largest initial solution 

F 
0=.01 0=.05 

1. 81 2.20 
2.58 3.78 
4.84 9.65 
1.40 1.61 
1.81 2.20 
2.58 3.78 
1.40 1.61 

Computed 
f 

-50.0052 
1.5646 

14.6231 
1.9380 

45.0991 
9.1831 
2.6667 

Sum of Squares 

681.1801 
434.8037 
9.587527 
521.3044 
67.40388 
392.1443 
77.43073 
92.75033 
284.5690 

Deg. of 
Freedom 

1 
11 

4 
1 

44 
11 

4 
H 

360 

Mean Square 

681.1801 
39.52761 
2.396882 
521 .. 3044 
1.531906 
35.6~948 
19.35768 
2.107962 
.7904693 

Table 5-24: ANOVA table - comparison of QP decision rule and 
largest initial solution 

F 
0=.010=.05 

1. 81 
2.58 
4.84 
1. 40 
1. 81 
2.58 
1.40 

2.20 
3.78 
9.65 
1. 61 
2.20 
3.78 
1.61 

Computed 
f 

6.5796 
24.9789 

4.6609 
6.7768 
1.5218 
8.4415 
0.9337 

Sum of Squares Deg. of Nean Square 
Freedom 

1 
11 

4 
1 

44 
11 

4 

7.554516 
.2496578 
6 .. ~:;302": 
.2691426 

9 R (POD) 

7.554516 
2.746236 
25.69210 
.2961426 
11.31406 
.6351910 
1.196237 
1.558792 
13.65982 

44 
360 

• 2571377 
.5774':64£-01 
.2990592 
.3542708E-Ol 
.3794396£-01 



Table 5-25: Number of times OP decision rule is superior to 
laroest initial solution and vice versa 

Observation types 

1 2 3 4 5 Overall 

OP <!ecision rule 40 46 45 46 45 222 su;:erior 

largest initial 8 2 3 2 3 18 solution superior 

sign test z 4.47 6.21 5.92 6.21 5.92 13 .10 

Table 5-26: ANOVA table - number of observations 

Source F computed Sum of Squares Deg. of Mean Square 
a.-.05 am.Ol f Freedom 

1 ME.:...!J 3015.093 1 3015.093 
2 P 1. 81 2.28 78.8131 2078.144 11 189.7404 
3 0 4.84 9.65 2.1962 5.898533 1 5.898533 
4 D 2.5a 3.78 0.5356 1.715400 4 .42e8500 
5 PO 1. III 2.28 1.1156 29.54379 11 2.685799 
6 I'D 1. 40 1.61 0.3)26 35.23044 44 .8006917 
7 00 2.58 3.78 0.1825 .5746707 4 .1436677 
a POD 1.40 1.61 0.3269 34 .63102 44 .7870687 
9 R(f-OD} 1155.587 480 2.407473 

Table 5-27: Cell means - LP decision rules 
and two observation sizes 

o - 1 2 3 4 5 Overall 

o - 1 2.35211 2.30328 2.36010 2.28225 2.40644 2.34084 
2 2.15593 2.05149 2.07802 2.15983 2.26740 2.14254 

OVerall 2.25402 2.17738 2.21906 2.22104 2.33692 

Table 5-2B: ANOVA table - OP decision rule: 
two observation sizes 

Source F Computed Sum of Squares Deg. of Mean Square f-' 

0.=.01 a.m.05 f Freedom CO 
W 

1 MEA.'I .3495227 1 .3495227 
2 I' 1.88 2.43 1.1058 .6611298 11 .6010271E-Ol 
3 0 4.24 9.65 1.0576 .2731894E-Ol 1 .2731894E-Ol 
4 PO 1.88 2.43 0.4753 .2841427 11 .2583115E-Ol 
5 5.217584 96 .5434984£-01 



184. 

CHAPTER 6 CURVATURE 

6.1 Introduction 

It was mentioned in chapters 1 and 2 that the most 

obvious determinant of the success or failure of the 

LP approximation is the curvature of the objective 

function. It is less obvious for the QP approximation. 

We also explained some of the difficulties involved in 

defining a meaningful measure of curvature. Four basic 

ways were suggested: 

(i) The measure of actual curvature of the level 

curves at the initial solutions. 

(ii) The angle between the tangent hyperplanes at 

the initial solutions. 

(iii) The distance between the unconstrained optimum 

and the constrained optimum. 

(iv) The solution values of the various LP 

solutions using the LP's derived from the other initial 

solutions. 

To test these criteria two experimental structures 

were used. The first structure tested them over all the 

problems generated for the analysis of chapter 4. This 

structure has the advantage of breadth since there are 

120 problems with differing characteristics. However, there 

is not a great deal of variation in the distance between 

the unconstrained optimum and constrained optimum in 

those problems. This factor had been controlled quite 

tightly in order to reduce the "noise" in the results of 

chapter 4. We may expect, therefore, that the results of 

this broad experiment are often not conclusive. 

The second structure involves taking the same 12 
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problems used in chapter 5 and studying them in depth. 

We do this by holding constant the constraint set and the 

shape of the objective function, but shifting the objective 

function progressively further from the origin. We 

shifted it to get 5 situations, viz., the original 

solution, the solution with the unconstrained optimum at 

twice the original unconstrained optimum, and solutions 

at 4, 8 and 16 times the original unconstrained optimum. 

The first experimental structure is analysed by 

regression analysis to see if there are significant 

numerical relationships between the statistic derived 

from each criterion and different LP decision rule values 

and the QP decision rule value. 

The second experimental structure is analysed using 

analysis of variance to decide whether there is significant 

difference in the decision rule results at the 5 different 

levels of distance between the constrained and unconstrained 

optima. 

6.2 Definitions of the curvature criteria 

(i) Measure of the curvature of the level curves 

Since there is a curvature value at each initial 

solution we either combine these or choose only one as our 

statistic. We will choose two statistics. The first is 

the mean of the curvature values and the second is the 

curvature at the initial point used for the random LP 

decision rule. These are called CURVEI and CURVE2 

respectively. 
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(ii) Angle between the tangent hyperplanes. 

Again there are five tangent hyperplanes and hence 

potentially many values for this criterion. However, 

as discussed in chapter 2, the best proxy for the 

curvature is the greatest angle between any pair of 

hyperplanes. This becomes our statistic ANGLE. 

(iii) Distance between the unconstrained and constrained 

optima. 

This criterion is not useful as a predictive 

measure since under the assumptions of our analysis we 

do not know either of the values of the optima. We 

include it, however, in case it is a useful descriptive 

criterion for the purposes of analysing the behaviour of 

the system. The statistic (DIST) in this case is 

unambiguous. 

(iv) LP curvature indicator 

For this criterion we take the optima found from 

the LP's using the slope of the tangent hyperplanes at 

each of the initial solutions as the LP objective 

functions. We then find the functional values of each 

of these optimal points in terms of the tangent hyperplanes 

at the other initial solutions. These values are 

standardized using the actual LP optimum for each 

hyperplane. Section 2-12 described this process in 

detail. We define three different statistics for each 

problem; (i) the mean of all the standardized values, (ii) 

the worst of the mean values of each of the hyperplanes, 

and (iii) the worst value for any point and any hyperplanes. 

The last of these is the most appealing since if the very 
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worst value is good, this would strongly indicate low 

curvature. The problem is that a very poor result may 

arise from a freak solution in an otherwise favourable 

problem structure. The first and second statistics are 

attempts to temper this possibility, but in so doing they 

lose some of the bite of the extreme results which are 

valid indicators of the true non-linearity. We call the 

LP curvature indicators LPCRV1, LPCRV2, LPCRV3, respectively. 

In chapter 4 we found that LP decision rules 1, 2 and 

3 performed the best, yet they were not clearly distin

guishable using ANOVA. We will thus regress on each of 

these. In addition we will regress on the mean value of all 

five LP decision rules to give an overall (but vague) 

appreciation of the relationship. (It could be aruged that 

this is the expected result if we choose randomly between 

the decision rules). 

6.3 Results for the LP decision rule variables 

with reluctance we excluded two of the 120 observations 

for the first set of regressions on the LP decision rules. 

One was excluded because of its very high value for the 

decision ruies. The other was excluded because of its 

very high values for LPCRV1, LPCRV2, LPCRV3. These two 

observations totally dominated the results. 

In Table 6-1 we have regression equations for the 

different curvature criteria. Neither of the curvature 

measures, CURVEl and CURVE2, give a significant 

relationship. This result confirms our premonition that 

the actual curvature of the level curves gives no useful 

indication of the decision rule results. In this sense 

of curvature the LP results do not depend on the curvature 



of -the function. 

The results for the ANGLE values is more encouraging. 

For the pure LP decision rules 1, 2 and 3, the coefficients 

are significant, but the fit of the equation is rather poor. 

2 (An increase in the power of ANGLE to (ANGLE) does not 

give significant coefficients). For the mean of the LP 

decision rules it gives a considerably better fit. This 

is perhaps caused by a good relationship for either LP 

decision rule 5 or 6. In each case we are able to conclude 

a significant relationship between the decision rule result 

and ANGLE, suggesting that curvature, measured this way, 

is indeed an important factor in the decision rule 

results. The positive sign of the coefficient indicates, as 

we would expect, that the greater the angle between the 

two tangent hyperplanes which are widest apart, the poorer 

the decision rule results. 

We look at DIST as an explanatory variable but not a 

predictive one. It is not, however, statistically 

significant. Since DIST has a very low mean (0.4625) 

and variance (0.2019) it is possible that it was the 

experimental technique that restricted the range of values 

of this factor too much for it to give a significant 

result. 

Each of the three statistics LPCRV1, LPCRV2, LPCRV3, 

glve significant results as cubics. Overall, LPCRV3 

gives a greater t value for the coefficients. It gives 

a better fit then LPCRVl consistently, and is better than 

LPCRV2 for LP decision rules 1 and 3 and only marginally 

worse for the other two dependent variables. (We only 

marginally rejected a quartic in LPCRV3). Thus we have 
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another curvature measure that gives significant results. 

Unfortunately the equation fit is not good. 

On the basis of the variables ANGLE, LPCRV1, LPCRV2, 

LPCRV3, we can conclude that curvature is a determinant 

of the LP decision rule values. However, the significant 

measures of curvature are not the strict mathematical 

measure but proxy measures such as those described. 

Since we discovered in chapter 4 that the ratio 

(n/m) is also significant in relation to the LP decision 

rules, we combined this ratio with the curvature measures. 

Table 6-2 gives the results. A quadratic in (n/m) is 

statistically significant at 95% level. Low correlations 

between the (n/m) variables and the curvature variables 

mean that the combining of them greatly improves the 

fit. Of the LPCRV1, LPCRV2, LPCRV3 variables, again LPCRV3 

gives the most satisfactory relationship. In fact, 

taking it to a quartic gives a significant coefficient for 

(LPCRV3)4, though not for LPCRV3. The quartic gives 

quite a good improvement in fit over the cubic equation. 

The equation using ANGLE also has significant coefficients 

at the 95% level. However, the fit is not as good as 

those for the LPCRV1, LPCRV2, and LPCRV3 equations. 

6.4 Results for the QP decision rule 

There is no a priori hypothesis that the QP decision 

rule value should be related to curvature. It is therefore 

not surprising and, in fact, consoling to find that the 

regression equations relating the QP decision rule and 

the curvature values are very poor. These are given in 

Table 6-3. 

While there appears to be some significant 
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coefficients when the LPCRVl, LPCRV2, and LPCRV3 are 

used as independent variables, the R2 values indicate that 

the fit is very poor. From the F-test we find that all 

equations are to be rejected at the 95% confidence level. 

6.5 Results of 12 problems studied in depth 

Let us now consider the 12 problems that were studied 

at five levels of distance between the unconstrained and 

constrained optima. Table 6-4 gives the means of the 

decision rule values for the different decision rules and 

distances. A cursory survey of the distance levels 

indicates that the results of the decision rules improve 

with the level. This is confirmed by ANOVA (Table 6-5) 

which shows that the distance factor (D) is significant 

at well above the 99% confidence level. The significance 

of the decision rule factor (R) at the 95% confidence 

level would suggest that the QP is distinguishable from the 

LP decision rules. However, both the data of Table 6-4 

and the value of computed f for the DR factor, point 

to the different behaviour of the QP decison rule to that 

of the LP decision rules as the distance level is 

increased. 

Table 6-6 confirms that the LP decision rules are 

indistinguishable with 95% confidence, and that the 

distance levels are significant for those rules taken alone. 

Also we notice that the computed f for the DR factor has 

fallen considerably, showing that there is no significantly 

different behaviour among the LP decision rules as the 

distance level increases. 

From Table 6-7 we see that the distance levels are 

also significant at the 99% level for the QP decision rule. 
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However, the F~test shows the difference to be ss 

significant the LP decision rules. 

If we consi r only the third, fourth and 

distance vels we nd that the six decision rules are 

indistingui at the 95% level. Of importance is 

that the QP decision rule is not significantly better 

than the LP cision rules. These results are shown in 

Table 6-8. 

fourth and 

cell means would suggest that 

levels the LP decision rules are at 

as good as QP decision rule. 

So we conc that all the decision behave 

signi 

constrained 

fact, when 

better as the distance between 

unconstrained optima is increased. In 

distance becomes very large, i.e., on 

average 13.1056 times the length of the vector of con-

strained optimum, the decision rules are all n 2% of 

the true optimum. 

For a 

the curvature 

cular problem this distance related to 

the level curves as we saw in section 2-10. 

In addition there has been an interes ng unexpected 

re about the relationship of the QP decision rule 

to the LP 

the QP 

LP is 

or1ginal 

of, 3.0370 

deci 

De 

shows 

performs 

sion rules. As the distance increases so 

ion rule loses all of its over the 

rules. So at aryy distance over 4 times the 

1, i.e., on average, a zed distance 

LP decision rules are as good as the QP 

te these results a ranking 

for all levels of distance the 

tter more often than LP decision 

Table 6-9 

decision rule 

1. This 
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cannot, however, be established with reasonable 

the last three leveis of distance and does 

the conclusion that the mean decision rule 

the QP decision rule is, at level 5, no better 

LP decision rules. 

Let us now relate the results of these 12 problems to 

the measures of curvature. In Table 6-9 we observe that 

1 measures ANGLE, LPCRV3 and CURVEI decline as 

distance level increases. The LP decision rule and QP 

sion rule so decline apart from the occasional mild 

revers the LP decision rule in problems 3.1 and 4.5 

QP ision rule in problems 2.2 and 2.5). 

When we graph the LP decision rule values nst 

of curvature criteria we get Figures 6-1, 6-2 and 6 3. 

In gure 6-1 there is a fairly clear relationship 

LP decision rule value and ANGLE for each problem 

y and for the problems taken together. 

small values of ANGLE, e.g., ANGLE < 0.5 s (or 

approximately 300
), the LP decision rule s are consi-

better, on average, than those r 4. Hence 

with some confidence we can expect ANGLE to provide a 

Ie predictor of the LP decision 6 10 

zes the band of values from Figure 6 1 in which, if 

se 12 problems can be assumed to be representative, the 

LP decision rule will fall for various ues ANGLE. 

The other measures of curvature LPCRV3 CURVEI give 

each problem a decreasing set of ues of both the 

curvature measure and the LP decision However, for 

problems taken together the scatter points yields 



no meaningful relationships. 

and 6-3. 
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This is shown in Figures 6-2 

The results for ANGLE from the previous section 6.3 

are confirmed over these 12 problems, viz., that ANGLE is 

a significant predictor of the LP decision rule values. 

LPCRV3 is not a useful predictor when the wider range of 

curvature and LP decision rule values is considered. This 

is contrary to the section 6.3 result. However, the CURVEl 

relationship is not established either here or in section 6.3. 

Thus we can only confirm that ANGLE is an adequate measure 

of the curvature of the level curves as this affects the 

decision rule values. 

Figure 6-4 looks at the relationship between ANGLE 

and the QP decision rule for each of the 12 problems. The 

pattern lS similar to the LP decision rule 1 pattern. It 

would seem that ANGLE provides some explanation of the QP 

decision rule value overall. We anticipated that this would 

not be so. The trends are rather small for some of the 

problems, e.g., 1.1, 1.2, 2.2, 2.5, 3.4. Also the scatter 

of points is wider for the QP decision rule than the LP 

decision rule if we take the lower end of the range as a 

proportion of the upper end. (Compare Tables 6-10 and 6-11). 

It is not surprising that no significant regression re

lationship was found in section 6.4. Possibly the trend 

in the QP decision rule values is related to the fact that 

the approximating QP gets level curves nearer to linear 

as ANGLE decreases. We would thus expect it to do as well 

as the LP decision rules when the curvature is slight and 

provided that is better than the expected QP decision rule 

results for a high curvature there must be the trend 



indicated in Figure 6-4. 
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Figure 6-2: Results of the 12 problems for LP 

Decision Rule 1 and LPCRV3 
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Figure 6-3: Results of the 12 problems for LP 

Decision Rule 1 and cURVE1 

CURVE 1 
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Results of the 12 

Decision Rule and ANGLE 

ANGLE 



Ta!:lle 6-1: Re~ression results for LP decision rules and Table 6-2: Re9:ression of LP decision rules on (n/J:1) and 
Curvature cr:!. teria - ll8 observations from selected curvature cr~ter~a ll8 observat~ons 

oroblem of 4 J:1atrix class of chapter 4 

Dependent Variables 
Dependent Variable's 

W In~-e?endent LPDRI LPDR2 LPDR3 Mean Ll-'DH's Variable,etc. Coeff. t value Coeff. t vCllue Coeff. t value CoefL c vCllue 
variable,E:tc. Caeff. t value CoefL t value CoeH. t value Coeff. t value 

n:: (n/m) -3.4649 -3.5130 -3.3463 -3.4427 -3.7538 -3.5198 -4.4827 -L8990 
lJ.J CC?'Sl 0.5317 0.9506 0.6692 1.2200 0.1380 0.2284 0.8586 1.5680 (n/m)' 0.6032 2.5257 0.5818 2.4724 0.6788 2.6289 0.7807 3.5237 
I- Cc::s':ant 1.61Cl 1.5061 1.6787 2.0772 Constant 4.1ll6 4,0027 4.1221 5.4003 
CL E: 0.0077 0.0127 0.0004 0.0208 n' 0.1357 0.1313 0.1274 0.2337 
-< 

C~2·.""E2 o .1l94 0.2495 0.0529 o .1l24 -0.2489 -0.4834 0.3376 0.7171 LPCRVl 4.4965 2.5344 5.7052 3.3350 4.4399 2.3027 4.4812 I 2.80ll 
L.) Ccr.stant 1. 81s! 1.8205 1.8806 2.3383 (LPCRVl) , -1. 7095 -2.0421 -2.2037 -2.7300 -1. 7298 -1. 9013 -1.0085 -1. 335 9 

p2. 0.0005 0.0001 0.0020 0.0044 (LPCRVl) , 0.0967 1.9226 0.5395 2.587~ 0.098~ 1. 8000 0.0487 1.0i53 
c-::: ;'~:GLE 2.6860 3.5013 2.6350 3.4935 2.4109 2.8745· 3.4029 4.6659 (n/m) -3.0637 -3.1076 -2.8120 -2.9581 -3.3604 -3.1364 -3.97~8 -~ .4710 
0 Constant -1.7205 -1.0916 -1. 489.5 -2.0552 (n/m) , 0.5737 2.4329 0.5394 2.3725 0.6499 2.5359 0.7374 3.·:680 
L'- P.L 0.0956 0.0952 0.0665 0.1580 Constant 2.6204 2.0920 2.6599 3.6803 

R' 0.1842 0.2150 0.1680 0.3167 
(I) DIST -0.0279 -0.9019 -0.8470 -1.2415 -0.4715 -0.6283 -1.1848 -1.7435 

LPCRV2 2.3327 2.5654 3.4720 4.0506 2.3186 2.3460 2.4994 3.079~ 
W Const.ant 2.1725 2.2401 1. 9675 3.0643 (LPCnv2) , -0.4545 -2.0453 -0.6590 -3.1461 '-0.4740 -1. 9625 -0.2958 -1.4913 ...J ?L 0.0069 0.0131 0.0034 0.0255 
t:Q 

(LPCRV2) , 0.0105 1.9553 0.0152 2.9997 0.0111 1.8902 0.0062 1.2833 

-< LPCRVI 5.9754 3.4054 6.9843 4.1532 5.9367 3.ll80 6.4418 3.8750 (n/m) -3.0946 -3.1491 -2.7592 -2.9785 -3.3945 -3.1780 -3.9832 -4.5-109 

~-
(LPCP:ll) 2 -2.2037 -2.5980 -2.6294 -3.2345 -2.2271 -2.4198 -1.6645 -2.0713 (n/m) , 0.5820 2.4719 0.5443 2.4524 0.6586 2.5735 0.7461 3.5498 
(LFCPVl) , 0.1241 2.'; 241 0.1491 3.0389 0.1259 2.2674 0.0851 1. 7 54 9 Constant 2.6299 1.7489 2.6744 3.5696 
Constant 0.3134 0.0170 0.1974 0.6645 n' 0.1857 0.2511 0.1693 0.3317 

.-4 ?' . 0.0995 0.1440 0.0845 0.1674 
LPCRV3 -1.6909 -1.4747 -0.9498 -0.8743 -1.4546 -1.1744 -0.5142 -0.4922 

L:::C?V2 3.0556 3.3884 4 .0369 4.7880 3.0483 3.ll46 3.4396 4.0650 (LPCRV3) 2 0.8817 2.3713 0.7516 2.1213 0.8357 2.068} o .5}0 0 1.5554 
LO (LFCR'12) 2 -0.5798 -2.5709 -0.7561 -3.5855 -0.5998 -2.4504 -0.4589 -2.1686 (LPCRV3) , -0.0464 -2.5100 -0.0408 -2.3182 -0.04-13 -2.2069 -0.0285 -1.6840 

(LPC?"2) , 0.0134 2.4429 0.0174 3.4031 0.0139 2.3421 0.0099 1. 9233 (LPCRV3) , 0.0004 2.5444 0.0004 2.}672 0.0004 2.2412 0.0003 1.7127 
X Co::stant 0.3299 -0.2183 0.2179 0.5991 (n/m) -2.8361 -2.9445 -2.5162 -2.7410 -3.0798 -2.9423 -3.8252 -4.3335 

~ 
E2 0.0993 0.1852 0.0839 0.1832 (n/m) 2 0.4549 1.9514 0.4221 1.8999 0.5}00 2.0921 0.6655 3.ll52 

Constant 3.9779 3.0925 3.7720 4.4723 
Z LPCRV3 1. 4 04 9 3.6914 1.7620 4.9159 1.5066 3.6772 1.6342 4.5327 R' 0.2353 0.2812 0.2203 0.3385 
lJ.J (LPCRV3) 2 -0.08ll -3.4538 -0.1008 -4.5534 -0.0864 -3.4138 -0.0770 -3.4599 
Q.. (LPCRV3) , 0.0008 3.3255 0.0010 4.3812 0.0009 3.2805 0.0007 3.1263 LPCRV3 1. 0553 2.7274 1.4763 4.0183 1.1645 2.7867 1.1737 3.3610 
Q.. Ccnscant 0.4021 -0.0217 0.1582 0.7042 (LPCRV3) 2 -0.,0625 -2.6544 -0.0855 -3.8239 -0.0681 -2.6773 -0.0525 -2 ... 696 

c,: p! 0.1095 0.1826 0.1088 0.1768 (LPCRV3) , 0.0006 2.5812 0.0006 2.5812 0.0006 2.5951 0.0004 2.1923 
(n/m) -2.9975 -3.0452 -2.6593 -2.8453 -3.2342 -3.0424 -3.9247 -4.~179 
(n/m) 0.5588 2.3774 0.5142 2.3041 0.6294 2.4797 0.7296 3.093 

Constant 2.6489 1. 9141 2.4999 3.6525 
R' 0.1907 0.2449 0.1850 0.3210 

ANGLE 1.9229 2.3638 1.9038 2.3753 1.5928 1.7928 2.4017 3.2477 
(n/m) -3.0877 -3.1499 -2.9729 -3.0781 -3.4414 -3.2144 -4.0116 -4. 5 018 
(n/m) , 0.5958 2.544 0.5746 2.4901 0.6727 2.6301 0.7715 3.6237 

Constant 1.1872 1.1075 1.6997 1.7478 
n 2 0.1761 0.1722 0.1513 0.2986 



Distance- QP 

Level LP decision rule decision }:ean 
rule 

1 2 3 4 5 

R' 
1 L 30310 L 70992 L 18140 1.60744 1.68503 0.60372 1.348~4 

Y'" -0.2606 + 0.7599 ANGLE 0.0217 2 0.28194 0.42170 0.29100 0.42953 0.43920 0.19381 0.342~b 
(0.5473) F 1. 932 for 1,87 d.o.f. 3 0.10561 0.13171 0.10561 0.10225 0.14983 0.08572 o .1l3~5 

R' 0.0063 
4 0.03177 0.05497 0.03177 0.06658 D.060S2 0.03510 0.04733 

0.9006 0.3451 DIST 5 0.01706 0.01533 0.01706 0.01912 0.01455 0.01933 O.OliOi 
(0.4659) F 0.5484 for 1,87 d.o.f. 

CURVE1 R' 0.0213 
Mean 0.34789 0.46673 0.32537 0.44498 0.46988 0.18814 

0.5093 + 0.5960 
(0.4333) F 1.8920 for 1,87 d.o.f. 

0.6715 + 0.1255 CURVE2 R2 0.00153 
(0.3437) F 0.1333 for 1,87 d.o.f. 

0.6385 + 0.1627 LPCRVl R' 0.0132 
(0.1506) F 1.1669 for 1,87 d.c.f. SOURCE F COMPUTED St;N OF DEG. OF }!E.Al~ SQG;"RE 

a=.05 a=.Ol f SQUARES FREEDOM 
0.6659 + 0.0521 LPCRV2 R' 0.0088 

(O.0594) F 0.7682 for 1,87 d.o.f. Mean 168.9652 50.31009 1 50.31009 
D 2.40 3.38 75.7159 90.17891 4 22.54473 

0.0613 + 0.5992 LPCRV3 - 0.0342 (LPCRV3)'+ 0.00034 (LPCRV3l 3 R 2.24 3.08 2.4352 3.625386 5 .7250771 
(0.2746) (0.0166) (0.00017) DR 1.61 1. 94 1. 3079 7.787829 20 .3893914 

R2 0.058 P(DR) 98.25890 330 .2977542 
F = 1. 7648 for 3,85 d.c.f. 

SOURCE F COMPUTED SUN OF DEG. OF MEA."< SQ1!ARE 
a=.05 a=.Ol f SQUARES FREEDOM 

MEAN 158.1713 50.66916 1 50.ECOlE 
D 2.40 3.39 72.7373 93.20373. 4 23.30093 
R 2.40 3.39 0.8917 1.142613 ( .2856533 
DR 1.68 2.p7 0.3809 1. 952115 16 .122007.2 
P(DR) 88.09448 275 .3203436 

I---' 
\0 
v 

SOURCE F COMPUTED Sl'~: OF DEG. OF Y.EA.'l SQL;RE 
a=.05 a=.Ol f SQU},RES FREEDOH 

MEAN 11. 4915 2.123709 1 2.1:37(;9 
D 2.54 3.68 3.8025 2.810892 4 .7027231 
P(D) - 10.16442 55 .1848076 
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Problem Distanoe LP Decision QP Decision 
# Level Rule 1 Rule DIST ANGLE LPCRV3 CURVEI 

1.1 1 0.14091 0.01758 0.41926 1.13911 1. 00260 0.001304 
2 0.02749 0.00463 1.64753 0.49935 0.20805 .000639 
3 0.00080 0.00080 3.96246 0.22506 0.0 .000313 
4 0.0 0.0 8.65455 0.10750 0.0 .000151 
5 0.0 0.0 18.25242 0.05245 0.0 .000074 

1.2 1 0.42802 0.03946 0.11236 1. 52135 1.36343 .001265 
2 0.04320 0.02535 1.16217 1.01579 0.24790 .000758 
3 0.01263 0.00437 2.85869 0.56268 0.11270 .000421 
4 0.00860 0.0 6.43927 0.28468 0.05361 0.000i18 
5 0.00687 0.0 13.65313 0.14123 0.02588 0.000109 

2.2 1 0.34496 0.00242 0.35542 0.75224 0.39971 0.000571 
2 0.07779 0.00055 1. 32397 0.30838 0.09615 0.000246 
3 0.00015 0.0 3.27780 0.13880 0.02967 0.000113 
4 0.00010 0.00010 7.39569 0.06636 0.00019 0.000019 
5 0.0 0.0 15.65969 0.03246 0.00013 0.000027 

2.5 1 0.54842 0.01760 0.27206 1.35175 0.89552 0.000489 
2 0.16138 0.00510 1. 08785 0.55875 0.10291 0.000232 
3 0.02924 0.00165 2.98267 0.25104 0.04252 0.000107 
4 0.01269 0.0 6.86426 0.118-54 0.01577 0.000051 
5 0.00611 0.00002 14.64582 0.05757 0.00373 0.000025 

3.1 1 0.68578 0.26231 0.34519 1.58476 2.13448 0.000412 
2 0.11612 0.17765 1.18600 1. 02749 1.01877 0.000240 
3 0.04497 0.12338 2.82478 0.52896 0.44575 0.000122 
4 0.00742 0.09395 6.16467 0.25690 0.16437 0.000060 
5 0.10362 0.05805 12.74131 0.12533 0.05965 0.000029 

3.4 1 1. 62240 0.06517 0.12226 1.85558 0.99779 0.000276 
2 0.37079 0.01791 0.85783 1. 38602 0.69364 0.000201 
3 0.36397 0.00510 2.33576 0.68040 0.36123 0.000104 
4 0.12833 0.00203 5.33137 0.30844 0.14254 0.000049 
5 0.01557 0.00068 10.68564 0.14495 0.08122 0.00023 

4.1 1 2.64784 0.12346 0.34431 1.37997 0.25,816 0.000246 
2 0.80109 0.06132 1. 23250 0.78310 0.07957 0.000135 
3 0.21745 0.01875 2.72555 0.37977 0.00862 0.000065 
4 0.02700 0.01074 5.21315 0.18287 0.00304 0.000032 
5 0.0 0.0 8.66196 0.08936 0.00258 0.000016 

4.5 1 0.43704 0.02910 0.48106 1.31773 1.24114 0.000173 
2 0.17200 0.17757 1.32912 0.74973 0.55441 0.000098 
3 0.04175 0.11780 3.26116 0.36758 0.22977 0.000048 
4 0.01594 0.07717 7.27988 0.17756 0.08365 0.000023 
5 0.01652 0.05216 15.06253 0.08683 0.02865 0.000011 

5.4 1 2.32744 3.04326 0.36066 1.43990 1. 63585 0.000151 
2 0.72914 0.92935 1. 30745 0.99493 0.88603 0.000104 
3 0.27221 0.31139 3.08949 0.53968 0.42356 0.000056 
4 0'.09302 0.06684 6.15706 0.26950 0.21210 0.000028 
5 0.03437 0.00396 11.01189 0.13316 0.10656 0.000014 

5.5 1 1. 61628 1.41260 0.37635 1.32093 1.11682 0.000215 
2 0.42344 0.55332 1.48961 0.78764 0.32657 0.000121 
3 0.10497 0.29731 3.00365 0.39564 0.10611 0.000061 
4 0.02441 0.15131 6.17335 0.19328 0.05331 0.000030 
5 0.00459 0.08563 11. 42195 0.09497 0.02770 0.000015 

6.2 1 3.78725 1.21974 0.28761 1. 41896 0.92387 0.000107 
2 0.29316 0.16174 1.28832 0.86540 0.39481 0.000065 
3 0.12847 0.04118 3.08169 0.42378 0.22806 0.000032 
4 o 04044 0.00620 6.31087 0.20235 0.12235 0.000016 
5 0.00950 0.00152 12.71435 0.09820 0.01210 0.000008 

6.3 1 1.05083 0.77197 0.30742 1.20952 0.26850 0.000174 
2 0.16762 0.21126 1.24692 0.68207 0.07769 0.000090 
3 0.05066 0.10689 3.04125 0.35053 0.04378 0.000044 
4 0.02328 0.04883 6.29256 0.17527 0.00738 0.000022 
5 0.00751 0.02893 12.75630 0.08707 0.00240 0.000011 



SOURCE 

!-ZA.'i 
D 
R 
DR 
P(DR) 

Table 6-8: MIOVA table for 6 decision rules, 
3 levels of distance and 12 problems 

F COMPUTED SUM OF DEG. OF 
u=.05 a=.Ol f SQUARES FREEDQ!.l 

105.7379 .7592381 1 
3.04 4.71 24.3610 .3498428 2 
2.26 3.11 0.5826 .2091756E-Ol 5 
1. 87 2.41 0.3561 .2557021E-Ol 10 

1.421715 198 

MEAN SQUARE 

.7592381 

.1749214 

.4183512E-02 

.2557021E-02 

.7180376E-02 

Table 6-10: Range of ANGLE and LP Decision Rule 1 values 

M1GLE 
(Degrees) (Radians) 

10 
20 
30 
40 
50 
60 
70 
80 

0.17 
0.35 
0.52 
0.70 
0.87 
1. 05 
1. 22 
1. 40 

Range of values of 
LP Decision Rule 1 

0.001 - 0.10 
0.10 - 0.18 
0.01 - 0.42 
0.02 - 0.68 
0.03 - 0.95 
0.06 - 1.50 
0.20 - 2.15 
0.35 - 3.70 

Table 6-11: Range of ANGLE and QP Decision Rule values 

ANGLE 
(Degrees) (Radians) 

10 
20 
30 
40 
50 
60 
70 
80 

0.17 
0.35 
0.52 
0.70 
0.87 
1. 05 
1.22 
1.40 

Range of values of 
QP Decision Rule 

0.0 - 0.125 
0.0 - 0.26 
0.001 - 0.38 
0.002 - 0.54 
0.010 - 0.75 
0.015 - 0.17 
0.015 - 2.00 
0.020 - 2.85 
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CHAPTER 7 CONCLUSIONS 

7.1 Introduction 

In this chapter we will take in turn, each 

proposition of chapter 2 and summarize the results found 

in chapte~4, 5 and 6 in order to get a global view of 

our findings. In many instances the results have not 

been as conclusive or as beneficial to an analyst as we 

might have hoped. Often all the rules we have used to 

cope with the lack of information about the objective 

function have given poor solutions. 

Until we dealt with the situation of having the un-

constrained optimum far from the feasible region all the 

LP decision rule results were so poor that they gave, 

in general, solutions far worse than the zero solution. 

The results often gave a loss greater than the profit of 

the true optimum. 

Decision rules which allowed for non-linearity also 

performed poorly, in absolute terms, for observations 

scattered throughout the feasible region. However, when 

observations were scattered near the true optimum these 

decision rules performed well. Overall the non-linear 

decision rules gave better results than the LP decision 

rules. 

7.2 Decision Rule Propositions 

Proposition lA: 
-

The five LP decision rules can be distinguished~ 

i.e, the mean of their decision rule values are 

significantly different. 
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In section 4.8 we see that over all four matrix types an 

ordinal ranking of the five LP decision rules gave scores 

of 325, 369, 325.5, 412.5 and 368 respectively. (Where a 

higher score indicates a poorer ranking). These are 

distinguishable at the 99% level. Clearly, LP decision 

rules 1 and 3 are indistinguishable and they are both 

significantly better than LP decision rule 4 (the Random 

LP decision rule). This result means that an aggregation 

using the decision rules of either the mean or standardized 

mean of the observations will, on average, lead to a 

better solution than would be obtained by deriving an LP 

from a single observation. The LP decision rules 2 and 5 

gave worse results than LP decision rules 1 and 3 but 

the distinction cannot be accepted with reasonable 

confidence. 

ANOVA gave the result that all five decision rules 

are indistinguishable. However, we reject this result 

because of the effect on ANOVA of the actual statistical 

distributions. 

Thus we accept proposition lA; concluding that LP 

decision rules 1 and 3 are clearly superior to LP decision 

rule 4 and rank better also than decision rules 2 and 5. 

Proposition lB 

The decision rule value of the QP decision rule ~s 

less than the mean decision rule value of any of the 

LP decision rules. 
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Again section 4.8 gives the result that for the 

first three matrix types (i.e., 90 problems) the QP 

decision rule is ranked superior to LP decision rule 3 

with at least 99.99% confidence. For matrix type 4 is 

su?erior with certainty. When the distance between 

the constrained and unconstrained optimum becomes much 

greater than in the general experiments this conclusion 

is changed. In section 6.5 we find that the QP decision 

rule and LP decision rules are then indistinguishable in 

their ability to find a good solution. Even here it is 

not that the QP decision rule performs badly but that the 

LP decision rules are very much improved. (This result 

is not surprising since it reflects the situation of the 

level curves being nearly linear) . 

Proposition lB is therefore accepted where there is 

reasonable non-linearity in the objective function. 

We conclude, in response to propositions lA and lB 

that for reasonably non-linear objective functions the 

QP decision rule is the best and that the LP decision rules 

which use either the standardized or non-standardized 

means of the tangent hyperplanes are the next best. Also 

we see that the additional information from more than one 

observation aggregated in one of these three ways is 

significantly better than the result from one observation 

alone (the Random LP decision rule). 

7.3 Gradient Stopping Rule Propositions 

Proposition 2A 

The decision rule value of the three gradient 

stopping rules can be distinguished. 



205. 

Both ANOVA and non-parametric tests give, at the 

95% confidence level, the result that overall the three 

stopping rules are indistinguishable. The overall mean 

values are 0.40600, 0.47396 and 0.51500 respectively. 

However, in certain situations there is a significant 

ranking. This occurs when the QP decision rule gives 

good results, i.e., low problem classes, matrix type 4 

and, to a lesser extent, matrix type 3. Here the ranking 

is, in order of preference, stopping rule 3, stopping rule 

2, stopping rule 1. Section 4.9 gives these results. 

In general, then, proposition 2A is rejected. 

Proposition 2B: 

The decision rule value of any gradient stopping 

rule is less than that of the Random LP decision rule. 

In section 4.9 we show that with at least 99% 

confidence we can distinguish the Random LP decision rule 

and the observation on which it was based from the three 

gradient stopping rules and the QP decision rule. The 

overall mean of the Random LP decision rule is 2.10456. 

Thus, we conclude that using the gradient stopping 

rules with as few as 5 iterations on the approximating 

QP is significantly better than either the initial 

observation or the LP result using the tangent hyperplane 

of the initial observation. 

Proposition 2B is accepted. 

Proposition 2C 

The decision rule value of any of the gradient 

stopping rules can be distinguished from that of the 
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QP decision rule. 

The result of this proposition follows closely that 

of proposi on 2A. In general, the QP decision s , 

with a mean of 0.54293, is indistinguishable from 

(in 

rules except when it performs we 

terms). These occasions are the same as 

when 

s 

ficant ranking occurs under propos on 2A. 

rather an important result. It means 

so 

, we are no better off getting the exact 

to the approximating QP than we are ge 

a few iterations of a gradient 

on same problem. The latter is much less cost 

Thus we ect proposition 2C in general. 

7.4 e Metric sition 

The decision rule value of the variable metr 

cision rule is less than the value of the 

rule. 

thm 

sion 

Ignoring the bias that matrix type 4 would add to 

the results we found in section 4.10 that ision 

rule gni cantly superior to the variable metr 

sion rule at the 99% confidence level. 

matrix type, however, are not so s 

fact only matrix type 3 confirms the 

at 95% confidence level. The two results 

r similarly, but it is a surprise that 

results 

t 

additional 

inement of the variable metric method has no effect. 

Thus we reject proposition 3 overall. 
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7.5 Matrix Type Propositions 

Proposition 4A 

The decision rule value of each decision rule us~ng 

the general negative definite D matrix (type 1) is 

greater than for any other matrix structure (types 2~ 3~ 

and 4). 

section 4.5 shows that for the LP decision rules and 

QP decision rule the matrix effect, comparing matrix 

type 1 and 2 are indistinguishable at the 95% level. 

This is despite the fact that overall the results of 

matrix type 2 are worse than those of matrix type 1. 

The LP decision rule mean is 2.84745 compared with 2.18102. 

The general behaviour of the decision rules for these two 

matrix types is similar. It is somewhat different, 

however, over the problem classes due to some very poor 

results in matrix type 2. 

So comparing the first two matrix types proposition 

4A is rejected. 

The comparison of matrix types 1 and 3 shown in 

section 4.6 is quite clear cut. Here the matrix effect 

is significant at least at the 99% level of confidence. 

The overall LP decision rule mean value is 0.52265 

compared with the·2.18102 of the type 1 matrix. For 

both matrix types the relative behaviour of the decision 

rules is much the same. The pattern over the problem 

classes is also similar. 

Proposition 4A is thus accepted for matrix types 

1 and 3, not so much because matrix type 1 gives poorer 

results than other matrix types but (as we shall see) 
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because matrix type 3 glves better results. 

Finally, in section 4.7, there is comparison n 

matrix types I and 4. Here the overall LP dec 

mean is 3.09274. Apart from LP decision rule 3 all 

LP decision rules have higher mean values for x 

type 4. However, we cannot accept this di 
\ 

statistically with 95% confidence. Also, is no 

statistically significant difference in the way the 

decision rules behave relative to each other or the 

problem classes. There is, however, a di 

pattern over the problem classes. 

In general proposition 4A is not accepted. For 

matrix types 2 and 4 the results are worse than for 

matrix type 1 although this cannot be stated with 

confidence. Only for the type 3 matrix is the propo-

sition accepted. 

4B 

The decision rule value of each decision rule using 

the all negative D matrix (type 3) is less than 

other matrix structure~ except that the QP cision rule 

haves perfectly with the diagonal D mat x. 

From sections 4.6 and 4.8 we have that the mean 

of the LP decision rule value for matrix type 3 

0.52265 is significantly different at the 99% conf 

level from the means of the other matrix types, i.e., 

2.18102, 2.84745 and 3.09274 respectively. This con rms 

the theoretical hypothesis that matrix type 3 gives 

results. The results are substantially better. 

Whereas for problems with matrix type 1 we expect, on 
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average, the LP decision rules to yield a substantial 

"loss" f those th matrix type 3 1 on averag-e, yield 

a result of f the IIprofit" of the true optimal solution. 

The QP decision rule is also signi 

for matr 3 than it is for matrix 

the 99% conf 

giving a per 

results for 

Propos 

Proposition 4C 

level. Of course, 

estimate of the true 

QP decision rule. 

4B is accepted. 

cantly superior 

1 and 2 at 

x type 4, in 

elds superior 

The cis ion rule values for each c~s~on rule 

(except the decision rules) using the diagonaZ D 

matrix ( 4) cannot be distinguish from those when 

the D matrix has negative diagonal eZements but non

diagonal elements of either sign (type 2). 

The mean of the LP decision rules these two 

matrix 

are indi 

s are 3.09274 and 2.84745 respectively. These 

shable at the 95% level. 

We conclude that this propos ion is accepted. 

The 1 conclusion for propositions 4A, 4B and 

4C is that type 3 gives s icantly superior 

results, matiix type 1 performs better than either 

type 2 or 4 (except for the QP ision rule in the 

latter case) although not signi antly better. 

s matrix structure cannot be presumed to be 

known advance, under our conditions, this may not 

be a useful predictive result. It is, however, 

to know certain structures of the quadratic 



210. 

lead to significantly better or worse approximations. 

7.6 Problem Size Proposition 

Proposition 5 

The decision rule values for each decision rule are 

re lated to n and ~ As nand 
n 

increase the decision 
m m 

rule values increase. 

This proposition was tested separately for each 

matrix type and for all matrix types jointly. 

It was tested in two ways, firstly by finding whether 

or not the different problem classes gave significantly 

different resuLts, and secondly by estimating relationships 

between the decision rule values and the problem size 

parameters. There is a rough pattern that the decision 

rule values increase with n and decrease with m. 

The difference in problem classes is significant 

at the 99% level over all matrix types taken together 

for both the LP decision rules and QP decision rules. 

Taking each matrix type individually the problem classes 

are distinguishable with 99% confidence for the LP and 

QP decision rules for matrix types 1 and 3. For matrix 

type 2 there is one ANOVA table that does not yield a 

significant difference but, in general, even for this 

matrix type there is a significant difference in decision 

rule values for different problem sizes. Also for matrix 

type 4 the problem classes are distinguishable with 

99% confidence for the LP decision rules. 

So we have a broad result that the problem size does 

have significant effect on the decision rule values. 

The pattern is not the same for each matrix type, (it 
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is clearer matrix types 1 and 3) but roughly the 

results worse for bigger problems, particularly as 

n gets relatively larger than m. 

we attempt to find a functional relationsh 

en decision rule values and the values of m 

and n as exogeneous variables we use a selected LP 

decis rule to represent all LP decision s and we 

use QP decision rule. For each matrix 

s ly substantially different coeffic and 

rela are found. This is not surpr ing since 

f overall decision rule results and different 

problem class patterns have already been exposed. 

s 

For matrix type 1 the preferred re tionsh s are: 

0.77423(~) + 0.09109(~)2 
m m 

0.1705l(n)2 
m 

For matrix type 2 they are: 

1.18463(~) 
m 

2 0.007l8n 

For matrix type 3 they are: 

2 
0.00960(~ ) m 

2 
=0.00386(~) 

m 

For matrix type 4 we have only 

= 1.2453l(~) 
m 

0.71151 

R2 = 0.7609 

0.1400 

0.2726 

0.6731 

0.4049 

0.3365 

These equations support the view that (n is a 

f ant determinant of the decision results and 

the relationship is much more pronounced 

ral matrix (type 1) and the type 3 matrix S 
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the coefficients of (~) are positive and that in many 
m 

n 2 n 2 
cases the (-) or (-) terms are significant we accept m m 

that the decision rule values increase (i.e., get worse) 

as (~) increases, and to a lesser extent, as n alone 
m 

increases. 

From both approaches we accept proposition 5. 

For small problems and problems where the number of 

constraints is large relative to the number of structural 

variables the results are significantly better than 

for large problems and fewer constraints. 

7.7 Proposition on the Number of Observations 

Proposition 6 

An increase ~n the number of observations does not 

decrease the decision rule values~ on average~ of any 

of the decision rules {other than the variable metric 

decision rule}, 

In chapter 5 we compared for 12 problems and 5 

observation types the results from 5 observations with 

the results from 10 observations. We found that there is 

a slight improvement in the LP decision rule values but 

this improvement is not statistically significant. Using 

ANOVA there is no significant improvement in the QP decision 

rule either. However, a 'non-para~etric test did yield a 

significant result that the QP decision rule was superior 

for 10 observations. This result is contrary to the a 

priori expectation that the mispecification of the 

quadratic would outweigh the extra observations. 

Proposition 6 is accepted for the LP decision rules 

but rejected for the QP decision rule. The variable metric 
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result follows by definition where the number of variables 

is between 5 and 9 in which case it will specify the 

true QP exactly for the 10-observation case where it would 

not have done so for the 5-observation case. 

While we have found that more than one observation 

improves the results, an increase from 5 to 10 observations 

only improves the QP decision rule results. Any effort 

to get more imformation is therefore of value only if 

used with the QP decision rule and the variable metric 

decision rule. 

7.8 Observation Type Propositions 

Proposition 7A 

The decision rule values of the decision rules 

are greater for a quasi-random scatter of observations 

(type 1) than for either of the other two types of 

scatter of observations. 

In section 5.3 we found that the difference in the 

LP decision rules using the five observation types (i.e. 

the random scatter and two levels each of the scatter 

within a hypersphere and the scatter in the "south west" 

quadrant of the hypersphere) is significant at the 99% 

level. However, it is the random scatter that has the 

lowest mean value (performs the best). A reason for this 

is given in section 5.3. This result is muddied by a 

significant interaction between the problems and the 

observation type which indicates that different problems 

behave substantially differently when results from the 

observation types are compared. 

results are poor. 

In all cases the 
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In fact, the largest initial solution, because of 

the way the observations are selected, is better for 

the observation types 2 to 5. This means for those 

types of observations, it is much superior to the LP 

decision rules. 

The QP decision rule, however, showed the reverse 

trend. The decision rule values are significantly 

different at the 99% level with observation type 1 

yielding substantially worse results than the other 

four observation types at the 99% level. In fact obser-

vation types 2 and 3 give mean values within 0.11% of 

the true QP and types 4 and 5 within 2.5% of the true 

QP. These are very acceptable results. It would be 

expected that the last four observation types would give 

a better estimate of the approximating quadratic in so 

far as it approximates the level curve at the optimal 

solution. 

The behaviour of the gradient stopping rules is 

generally dependent on the magnitude of the QP decision 

rule value. When the QP decision rule value is very 

small the gradient stopping rules perform better for 

more iterations, but when it is large they perform more 

erratically perhaps even getting worse with more iterations" 

Since the QP decision rule value is generally large for 

observation type 1 and small for the other observation 

types the gradient stopping rules behave erratically and 

poorly for the first observation type and predictably 

well for the other types. In absolute terms all of the 

gradient stopping rules perform well for the last four 

observation types. 
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Proposition 7A is thus accepted for the QP decision 

rule and the gradient stopping rules but rejected for the 

LP decision rules. 

Proposition ?B 

The decision rule values of the random scatter within 

a hypersphere of the true QP solution (type 2) are greater 

than that when the scatter is restricted to the region 

below the true QP solution (type 3). 

There is little difference in the overall mean of the 

decision rules for observation types 2 and 3 compared with 

observation types 4 and 5. They are 2.45250, 2.25247, 

2.62194 and 2.84871 respectively. While these were not 

tested by ANOVA, a ranking test on the overall means rejects 

them as distinguishable at the 70% level. The values of 

the means might even suggest that the observations in the 

south-west quadrant give inferior results. 

Proposition 7B is rejected. 

Proposition ?C 

For type 2 and 3 scatters~ the decision rule values 

of each decision rule are less for hyperspheres of smaller 

radius. 

Chapter 5 indicates that there is no significant 

difference between the results for scatters within the 0.6 

and 0.2 radii of the constrained optimum. This is so for 

both types of scatter. The LP decision rules behave badly 

while the QP decision rules behave well irrespective of the 

radius. For the QP decision rule there is even evidence 

that the 0.6 radius gives superior results, although this 
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is not established at a reasonable confidence 1. 

Thus proposition 7C is rejected. 

In general, the clustering of observations around the 

true optimum does not yield better results using LP 

sion rules. The results are worse although not 

significantly. However, the QP decision rule does f 

from these types of observations. For that decision e and 

the gradient stopping rules with it the results are very 

good when the assumed data points are close to the true 

o imum. Since, in reality, trial and error may get 

close to optimal this is an interesting result. 

7.9 Curvature sitions 

n B 

The decision rule values are inversely related to 

the s dized distance between the unconstrained optimum 

and e constrained optimum. (The distance between the 

unconstrained optimum and the constrained optimum is 

standardized by dividing by the length of the unconstrain 

op mal vector). 

Using the 120 problems of chapter 4 we found in 

6 that the distance between the constrained and 

unconstrained optima was not a significant determinant of 

sion rule values. However, this distance was held 

thin a rly tight range for those problems as part of 

control. 

Taking 12 of the problems and deliberately increasing 

s stance produced clear results. Values were taken 

at twice, four times, eight times and sixteen times the 

ori nal distance. These distances represent a shift from 

s 



) 

217. 

around 0 8 of the unconstrained opt 1 vector to 13 times 

that vector. The mean of the decision rules are 1.34844, 

0.34286, 0.11345, 0.04733 and 0.01707 r the five distances 

respec lye These are significantly fferent at the 99% 

confidence 1. The LP decision improve 

much more the QP decision rule. at the initial 

distance the decision rule was signi 

levels of distance all s 

better, for 

the last sion rules 

are indist shable. 

These ts are such that the 1 poor conclusions 

of chapter 4 must be modified when the lem involves mild 

non-lineari consistent with the unconstr ned optimum 

being well outside the feasible region, i.e., 3 times the 

distance the constrained optimum as constrained 

optimum is the origin. 

on 9A 

The cision rule values for each cision rule are 

inversely related to the greatest of the angles between 

the normals of any two observed hyperplanes. 

This angle is the first of the measures curvature 

that we consider is possible within the as of 

our system. 6 finds that both over the 120 lems 

of chapter 4 and 12 problems studied in depth LP 

decision rule s are significantly corre with this 

measure. However, when ANGLE is relatively large, i.e., 

o greater than 1.0 an (or 59 ), the band of LP sion 

rule values becomes very broad. Also the regression 

equation for the 120 problems though giving sign icant 

coefficients is a poor fit. 
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Thus we conclude that ANGLE is a significant measure 

of curvature as it affects the LP decision rule values 

even though it may not predict the value with much 

accuracy. 

This proposition is accepted. 

Proposition 9B 

The QP decision rule ~s not significantly related 

to the angles between the normals of the two hyperplanes. 

For the 120 problems of chapter 4 we found in chapter 

6 that there is no significant relationship between ANGLE 

and the QP decision rule value. The coefficients are 

insignificant at the 95% level and the F test on the 

equation is rejected at the 95% level. When the greater 

range of ANGLE values are considered there does seem to be 

a relationship. This is not as strong as for the LP decision 

rule and may exist because the QP decision rule becomes 

similar to the LP decision rule for small ANGLE values. 

Proposition 9B is accepted only over a wide range of 

values of ANGLE. 

Proposition 9C 

Curvature~ as measured by equation (2-17) and 

standardized by the length of the constrained optimum~ 

has zero correlation with the decision rule values. 

We looked at the mean of the curvatures at the initial 

points and the curvature at the random LP observation. 

Chapter 6 shows that for the 120 problems of chapter 4 the 

regression equation for both of these measures give 

insignificant coefficients at the 95% level. In addition the 
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12 problems studied in depth con rm s result over a 

much wider of values of both the curvature measure 

and the LP decision rules. 

As we cted the curvature of level curves (in 

the precise meaning of the term) is not a useful measure 

of type of non-linearity which gives good or poor decision 

rule results. Proposition 9C is 

The cision rule values are propor anal to 

the values of LP curvature indicators: 

(i) The mean of all the values. 

( ii) e worst mean of the stan 

for any observations. 

zed value 

(iii) worst value for any corner point and any 

hyperplane. 

In r 6 we find that all 

are significant at the 95% confidence 

decision rules over the 120 problems of 

(iii) is, overa ,the best of the 

the 12 problems where a much greater 

obtained measure (iii) does not give a s 

relationship. s conflict leaves us 

of these measures 

1 for the LP 

er 4. 14easure 

However, for 

of values is 

ficant 

/Since the 

regression ions give a very poor t (even though the 

coefficients are significant) and the in- study does 

not produce a relationship we reject the stence of a 

relationship between these measure and LP decision rules. 

Th±s proposition is rejected. 

Of the measures of curvature that can observed 

within the assumptions of our problem only ANGLE is signi-
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ficant in explaining the decision rule results. This 

measure attempts to cope with the degree of nonlinearity of 

the level curve across the feasible region rather than the 

unhelpful measure of the curvature at a point. There is 

obviously a close relationship between the position of the 

unconstrained optimum vis-a-vis the feasible region and the 

curvature of the level curves. It has been established 

that this is also closely related to the decision rule 

results. 

Thus we conclude that curvature does effect the decision 

rule results and those of the LP decision rules in particular. 

However, the only measure of curvature to be effective is 

the greatest angle between the normals of any two observed 

hyperplanes. 

7.10 Overall Conclusion 

Certain characteristics of the problem can be identified 

which enable a rough estimate to be made of the value of 

the various decision rules. 

The LP decision rules are likely to yield a solution 

which is within 10% of the true optimal value only if: 

( 1) the ratio (n/ ) is very small, i.e., about 0.125, or 
m 

(2) the true objective function is near linear, i.e., the 

greatest angle between the normals of the observed tangent 

hyperplanes is no more than 170
. 

The nonlinear decision rules are likely to yield a 

solution which is within 10% of the true optimal value only if: 

( 1) the ratio (n/ ) is small, i.e., about 0.85, or 
m 

(2) the true objective function is near linear, 1.e. the 

greatest angle is no more than 7.50
, or 

(3) the cluster of observations is close to the true 
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opt or, 

(4) there are no cross product terms in the true quadr c. 

In situations other than these any effort to obtain 

an accurate statement of the true objective function would 

well worthwhile. 
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