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Abstract— In this letter, the joint probability density function
(PDF) for the eigenvalues of a complex Wishart matrix and a
perturbed version of it are derived. The latter version can be used
to model channel estimation errors and variations over time or
frequency. As an example, the joint PDF is used to calculate the
transition probabilities between modulation states in an adaptive
MIMO system. This leads to a Markov model for the system. We
then use the model to investigate the modulation state entering
rates (MSER), the average stay duration (ASD), and the effects
of feedback delay on the accuracy of modulation state selection
in mobile radio systems. Other applications of this PDF are also
discussed.

Index Terms— Complex Wishart matrix, eigenvalues, random
matrix perturbation, MIMO communication systems, adaptive
modulation, Markov models.

I. INTRODUCTION

THE theory of random matrices has been widely applied
in many different areas in science and engineering. In

wireless communication, a key application is in the area of
multiple-input multiple-output (MIMO) systems. In particular,
the eigenvalues of a Wishart matrix (channel correlation
matrix) play a very important role in this field, since these
eigenvalues are the power gains of the virtual parallel links
(eigenmodes) intrinsic to the baseline MIMO channel [1] with
i.i.d. Rayleigh fading.

In such MIMO systems, with T antennas at the transmitter
and R antennas at the receiver, the channel matrix is often
perturbed by the addition of some other complex Gaussian
matrix, mathematically expressed as

Ĥ = αH + βA (1)

where Ĥ , H and A are all matrices of the same dimensions
(R × T ) with i.i.d. complex zero-mean Gaussian entries. We
postulate that the entries of both H and A have unit variances
so that the entries are CN(0, 1). The real constants α and β

determine the variance of Ĥ .1 If we denote m = min(R, T )
and n = max(R, T ), then there are m non-zero eigenvalues

in each of the Wishart matrices HH† and ĤĤ
†
. The main
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1Here we restrict α and β to be real valued to keep the notation simple.

However, to accommodate complex correlation coefficients that arise, for
example, in OFDM, we can allow α and β to be complex valued, replacing
ρ in (3) by |ρ| without any effect on the resulting analysis (as shown in [2]).

interest of this letter lies in the joint density function of these
2m non-zero eigenvalues.

Here we enumerate some cases where the perturbation in
(1) is encountered in the context of MIMO research:

• Additive channel estimation error: A very common
model for channel estimation error is expressed as the
additive noise:

Ĥ = H +
√

δ2A (2)

where δ2 is the variance of the additive error matrix. The
exact value of δ2 depends on the estimation method used.

• Imperfectly estimated and outdated CSI: In a realistic
system model with channel state information (CSI), im-
perfect CSI is fed back to the transmitter. Hence, the CSI
is imperfectly estimated as (2) at the receiver, and is also
outdated when it is used at the transmitter due to feedback
delay. As shown in [3] and [4], the estimated/outdated
channel (estimated at t − τ ) in such a scenario can be
written as

Ĥt−τ = ρ Ht +
√

δ2
e A (3)

where ρ is the correlation coefficient between two chan-
nel realizations, time τ apart. Also, δ2

e ≈ 1−|ρ|2+|ρ|2 δ2,
where δ2 is the measure of the estimation error as in (2).
This model has been frequently applied in the literature
(for example, in [4]).

• Single-tap channel model: The channel time-variation is
often modeled by using a “single-tap” filter (for example,
in [5]), which is expressed as

Ht = ρHt−τ +
√

1 − ρ2A (4)

In addition, (4) can be used to model the channel variation
in the frequency domain, which is applicable to research
on OFDM systems. In this case, ρ would be the modulus
value for the complex correlation coefficient between
OFDM sub-carriers. Also, some channel estimation error
models are realized using (4), where the power is scaled
to maintain the variance, in contrast to the models with
additive errors described in (2) and (3).

To the best of our knowledge, very little previous work
has addressed the joint statistics of the eigenvalues of HH†

and ĤĤ
†
. In [5], the joint density of the eigenvalues of

realizations at two successive time points, t and t+τ , has been
derived. This scenario is the same as in (4). In this letter, we
derive a more general joint PDF, which caters for any cases
that can be expressed in the form of (1). Hence, the result is
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more versatile, but with a much simpler derivation than that
found in [5].

In this paper we use the joint statistics to study the temporal
behavior of an adaptive MIMO system. As a numerical exam-
ple, we consider the service process defined in [6] for MIMO
systems that merge singular value decomposition (SVD) and
adaptive modulation. This service process is modeled as a
finite state Markov chain (FSMC) over time. Specifically, we
compute the transition probability between states using the
PDF. Each of the states corresponds to a set of modulation
formats that are used among the multiple eigenmodes. In [6],
the FSMC for the service process (or modulation selection) of
a MIMO system has been employed in cross-layer design to
evaluate the maximum packet arrival rate (effective capacity)
at the data-link layer while the prescribed QoS is satisfied.
Here, we apply the FSMC model to examine the temporal
characteristics of MIMO-SVD systems, including the modu-
lation state entering rates (MSER), the average stay duration
(ASD), and the probability of modulation state selection error
(MSSE) due to the feedback delay.

The results show that for any initial state, the probability
that the channel transits to any other state within a short
time period is relatively high. In some states this probability
is extremely high. Hence, the impact of feedback delay on
the adaptation error performance of the SVD-based MIMO
system is particularly significant. Note that a practical Markov
channel-based feedback scheme for adaptive modulation has
been proposed in [7].

II. DERIVATION OF THE JOINT DENSITY

Denoting the eigenvalues of HH† and ĤĤ
†

by
λ1, . . . , λm and λ̂1, . . . , λ̂m respectively, using Bayes’ Rule,
the required joint density is:

f(λ1, . . . , λm, λ̂1, . . . , λ̂m) = f(λ̂1, . . . , λ̂m|λ1, . . . , λm)
× f(λ1, . . . , λm). (5)

Since the entries of H are i.i.d. CN(0, 1), HH† is Wishart
and the joint density of the ordered eigenvalues is given as
[8]:

f(λ1, . . . , λm) =
m∏

i=1

[(n − i)!(m − i)!]−1 exp

(
−

m∑
i=1

λi

)

×
m∏

i=1

λn−m
i

∏
i<j

(λi − λj)2. (6)

Rewriting (1) as:

Ĥ

α
= H +

β

α
A, (7)

we see that (7) is the sum of two scaled random matrices. This
has a similar form to a complex Brownian matrix diffusion
process, the structure of which can be expressed as

Bt+τ = Bt + CN(0, 2τI) = Bt +
√

2τ CN(0, I) (8)

with τ ≥ 0, where Bt represents the R×T complex Brownian
matrix at time point t, and CN(0, σ2I) denotes an i.i.d.
complex Gaussian matrix with entries which have zero mean
and magnitude variance σ2. Note that Bt and CN(0, σ2I)

are independent. The underlying eigenvalue process of Bt has
been studied in [9]. Most importantly, it was shown in [9] that
the m eigenvalues of BtBt

† evolve as m independent Squared
Bessel Processes (BESQ) conditioned never to collide. For
this system, define one eigenvalue at time t as w and a
second, possibly different eigenvalue, at time t + τ as ŵ. The
conditional density of ŵ given w is denoted the transition
density and is given by [9]:

f(ŵ|w) =
1
2τ

(
ŵ

w

) v
2

exp
[−w − ŵ

2τ

]
Iv

(√
wŵ

τ

)
(9)

where v = n − m and Iv is the vth-order modified Bessel
function.

Since the multiple eigenvalues processes are conditioned
never to collide, the ordering w1 > w2 > . . . > wm is
preserved, and the corresponding joint transition density of
the eigenvalues is given as [10]:

f(ŵ1, . . . , ŵm|w1, . . . , wm) =

∏
i<j(ŵi − ŵj)∏
i<j(wi − wj)

× G(w)

(10)
where the operator G(·) is the determinant defined as

G(x) = det

⎡⎢⎢⎢⎢⎣
f(x̂1|x1) f(x̂2|x1) · · · f(x̂m|x1)

f(x̂1|x2) f(x̂2|x2)
...

...
. . .

...
f(x̂1|xm) · · · · · · f(x̂m|xm)

⎤⎥⎥⎥⎥⎦
(11)

for multiple ordered processes x1, x2, . . . , xm.
In order to apply the results for the Brownian model, we

replace w, ŵ and 2τ in (9) with λ, λ̂ and (β/α)2 respectively.
Then, we multiply (10) with (6) to obtain the joint PDF of the

eigenvalues of HH† and (ĤĤ
†
)/α2. Since the eigenvalues

of ĤĤ
†

have been scaled by α2, we make a simple transfor-
mation to obtain the desired results. To recapitulate, we have
obtained

f(λ̂|λ) =
α2

β2

(
λ̂

α2λ

) v
2

exp
[−α2λ − λ̂

β2

]
Iv

(
2

α

β2

√
λλ̂

)
(12)

and

f(λ1, . . . , λm, λ̂1, . . . , λ̂m)

=

∏
i<j [

1
α2 (λ̂i − λ̂j)]

∏
i<j(λi − λj)

∏m
i=1 λv

i

α2m
∏m

i=1[(n − i)!(m − i)!]

× exp

(
−

m∑
i=1

λi

)
× G(λ) (13)

where G(λ) can be calculated based on (11) and (12).

III. NUMERICAL EXAMPLE: A FSMC FOR AN ADAPTIVE

MODULATION SERVICE PROCESS

For SVD-based MIMO systems, adaptive modulation over
the eigenmodes can be applied to further improve the MIMO
system throughput [1]. The service process for an adaptive
modulation system is simply the modulation selection over
time [6]. Here, we construct a FSMC for the service process
by using the joint PDF to compute the transition probabilities
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TABLE I

POSSIBLE MODULATION SCHEME PAIRS FOR ADAPTIVE MIMO SYSTEMS

WITH TWO EIGENMODES

State λ1 λ2

1 Outage Outage

2 BPSK Outage

3 BPSK BPSK

4 QPSK Outage

5 QPSK BPSK

6 QPSK QPSK

7 8-PSK Outage

8 8-PSK BPSK

9 8-PSK QPSK

10 8-PSK 8-PSK

11 16-QAM Outage

12 16-QAM BPSK

13 16-QAM QPSK

14 16-QAM 8-PSK

15 16-QAM 16-QAM

between states. Using (4), we set α = ρ and β =
√

1 − ρ2 for
the time-varying channel model. Assuming the time variation
is governed by Jakes’ model, we have ρ = J0(2πfDτ),
where J0(·) represents the zeroth-order Bessel function, fD

is the Doppler frequency, and τ is the time displacement.
Additionally, λi and λ̂i are the eigenmode gains at time t
and t+τ respectively. We consider a MIMO channel with two
antennas at the transmitter and four antennas at the receiver in
an i.i.d. Rayleigh flat fading environment (m = 2 and n = 4).
The joint PDF (13) for this particular case, after a little algebra,
can be written as

f(λ̂1, λ̂2, λ1, λ2) =
λ̂1λ̂2λ1λ2 (λ̂1 − λ̂2) (λ1 − λ2)

12 (ρ6 + ρ10 − 2ρ8)

× exp
(−λ1 − λ2 − λ̂1 − λ̂2

1 − ρ2

)
×
[
I2

(
2ρ

1−ρ2

√
λ1λ̂1

)
I2

(
2ρ

1−ρ2

√
λ2λ̂2

)
− I2

(
2ρ

1−ρ2

√
λ1λ̂2

)
I2

(
2ρ

1−ρ2

√
λ2λ̂1

)]
.

(14)

Assuming five modulation options: BPSK, QPSK, 8-PSK,
16-QAM or outage (no transmission), there are 15 possible
modulation pairs over the two eigenmodes, as tabulated in
Table I.

We use particular SNR levels as modulation switching
thresholds. These thresholds are the minimum SNR levels
required for each modulation scheme to achieve a target BER
of 10−3. Assuming that the transmission power is evenly
distributed and the SNR on both eigenmodes is 9dB (normal-
ized noise level), the corresponding eigenmode gains for these
modulation types can be calculated by approximation methods
in [11] (for PSK) and [12] (for square QAM), as summarized
in Table II.

To compute the probability, Pij , that state i transits to j
after time τ , serial integration of the joint PDF is required.

TABLE II

CORRESPONDING EIGENMODE GAIN REGIONS FOR DIFFERENT

MODULATION METHODS

Modulation Corresponding Eigenmode Gain Regions

Outage 0 ≤ λ < 0.3310

BPSK 0.3310 ≤ λ < 1.2702

QPSK 1.2702 ≤ λ < 4.8738

8-PSK 4.8738 ≤ λ < 6.6229

16-QAM 6.6229 ≤ λ
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Fig. 1. Simulated vs. calculated transition probabilities from state i to state
j, with i = 4, 7, 11, and 14. Mobility level fDτ = 0.1325.

For example, if a ≤ λ1 < b, c ≤ λ2 < d holds for state i, and
e ≤ λ̂1 < f , g ≤ λ̂2 < h holds for state j, then

Pij =
P (i, j)
P (i)

=
�

h
g

�
d
c

�
f
e

�
b
a

f(�λ1,�λ2,λ1,λ2) dλ1 d�λ1 dλ2 d�λ2�
d
c

�
b
a

f(λ1,λ2) dλ1 dλ2
.

(15)
Note that P (i, j) and P (i) are the steady state probabilities.
The boundary values of the integrals a, b, . . . , h, may depend
on λi or λ̂i. For example, P11 involves integrating over the
regions 0 < λ2 < λ1 < 0.3310 and 0 < λ̂2 < λ̂1 < 0.3310.
In all cases, calculation of a, b, . . . , h is straightforward
and is omitted here. Hence, by numerical integration of (15)
we can calculate the probabilities for all transitions. Selected
results are shown in Fig. 1. The simulations were carried out
using fDτ = 0.1325 and 2 × 106 samples in total. Clearly,
the calculations agree well with the simulations. For larger
systems, such an approach may become prohibitive due to
the need for a large number of integrations. However, for
applications where only a few eigenvalues are of interest, the
numerical calculations are quite rapid and stable to compute.
The transition probabilities in (15) can be used to assess the
temporal behavior of the system, as shown in the following
sections.

A. MSER and ASD

In [13], the simultaneous LCR for multiple eigenmodes
was approximated by crudely assuming the eigenmodes are
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Fig. 2. Simulated vs. calculated modulation state entering rates.

independent processes2, which merely gauges how often mul-
tiple eigenmodes enter the outage state simultaneously (i.e.,
have a two-state model with states: all eigenvalues below
a threshold and otherwise). Thus, the method in [13] only
allows us to determine how often state 1 (outage for all
eigenmodes) occurs while all other possible states are not
examinable. Fortunately, with the new joint PDF derived in
this letter, we can perform a more exact analysis of the joint
temporal behavior of the eigenmodes with better accuracy and
applicability. In particular, we can evaluate the MSERi, which
is defined as the number of times per second that the channel
enters a particular state i from any other state. Based on the
adaptive system described in this section, it is simple to show
that the MSERi can be written as

MSERi =
∑
i�=j

P (j)
τ

× Pji =

∑
i�=j P (i, j)

τ
. (16)

A comparison between calculated and simulated MSERi

values is shown in Fig. 2. It is clear that certain states are
much more likely to be entered than others.

To determine how long the channel stays in the state i, the
ASD needs to be evaluated. This is trivial to calculate since

ASDi =
P (i)

MSERi
. (17)

Our results are shown in Fig. 3. The MSER and ASD are key
parameters for setting the feedback/adaptation rate.

B. Impact of Feedback Delay

Using the FSMC model, we now investigate the impact
of mobility on the probability of MSSE for state i, denoted
PMSSE,i. This is the probability that an inappropriate modu-
lation state is chosen because the channel has changed from
state i to another state during the feedback interval τ . This
probability can easily be written as:

PMSSE,i = 1 − Pii . (18)

2Note that such assumption does not reflect reality as the eigenmodes
processes are in fact dependent.
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Fig. 3. Simulated vs. calculated average stay duration.
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Fig. 4. The probabilities of MSSE for two mobility levels: fDτ = 0.0663
and fDτ = 0.1325.

We have generated PMSSE,i for two different mobility levels:
fDτ = 0.0663 (moderate mobility) and fDτ = 0.1325 (high
mobility). The results plotted in Fig. 4 show that moderate
mobility levels can have a significant impact on modulation
selection. The probabilities of choosing an inappropriate mod-
ulation state are surprisingly high. The adaptive system is
particularly sensitive to time-variation when the eigenmodes
occupy certain states (e.g., when i = 1, 2, 3, 4, 7, and 10).
We observe that when the system is in state 1 (outage for
both eigenmodes), it is almost guaranteed that the channel will
switch to another state during the feedback period. Fortunately,
from the transition probability calculations, we see that the
chance of entering state 1 in the first place is very slim.

IV. CONCLUSION

In the context of MIMO systems research, we often need
to model changes in the channel due to temporal or frequency
variation and imperfect estimation. This can often be modeled
by a Gaussian perturbation. This paper has two main contri-
butions. Firstly, we have derived the joint PDF for the eigen-
values of the original and the perturbed channel. Secondly, we
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have examined the time-varying characteristics of the MIMO
channel. In particular, our joint PDF has been employed to
compute the transition probabilities between modulation states
in a MIMO-SVD system, and the calculations have been
verified through Monte Carlo simulations. From the resultant
FSMC, we have analytically computed the MSER and ASD,
and observed that system mobility can dramatically affect the
adaptive modulation selection performance due to the time-
correlated Rayleigh channel changing rapidly in certain states.
Our investigation has provided further insight into the time-
varying characteristics of MIMO channels.
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