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Introduction

A spatial sampling design determines where sam-
ple locations are placed in a study area. The main
objective is to draw sample locations in such a
way that valid scientific inferences can be made
to all regions of a study area. A common fea-
ture in natural resource sampling is that nearby
locations tend to be similar because they interact
with one another and are influenced by the same
set of factors. This means sample efficiency can
be increased by spreading sample locations over
the study area. Stevens and Olsen (2004) called
this approach spatially balanced sampling.

Spatial Balance

Let π(x) = nf (x) be an inclusion density func-
tion, where f (x) : [0, 1)2 → R≥0 is a bounded
probability density function. For a sample,
{x1,x2, . . . ,xn} ⊂ [0, 1)2, the Voronoi polygon
for xi is

ωi =
{
x ∈ [0, 1)2 : ‖x− xi‖ ≤ ‖x− xj‖

for all j = 1, 2, . . . , n
}
.

A sample of size n is spatially balanced if
vi =

∫
ωi
π(x)dx ≈ 1,

for i = 1, 2, . . . , n.
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Figure 1:(Left) a simple random sample (SRS) of n = 50
points from [0, 1)2. (Right) an equal probability BAS sam-
ple of n = 50 points from [0, 1)2. In this case, vi is propor-
tional to the area of ωi (shown in red). BAS has far better
spatial balance than SRS because the areas of each ωi are
more similar in size.

Halton Sequence

The random-start Halton sequence {xj}∞j=1 in
[0, 1)d is defined as follows. The ith coordinate of
the jth point in this sequence is

x
(i)
j =

∞∑
p=0


ui + j

bpi

 mod bi
 1
bp+1
i

,

where ui is a random non-negative integer, bi is a
positive integer and b·c is the floor function. The
bases bi are chosen to be small, co-prime integers
to ensure the points are evenly spread over the
unit box. The random-start Halton sequence is

{xj}∞j=1 =
{

(x(1)
j , x

(2)
j , . . . , x

(d)
j )

}∞
j=1

. (1)

Let B = ∏d
i=1 b

Ji
i , where Ji is any non-negative

integer. It can be shown [3, 4] that B consecutive
points from (1) will have exactly one point in each
of the Halton boxes defined by

d∏
i=1

[
mib

−Ji
i , (mi + 1)b−Jii

)
, (2)

where mi is an integer satisfying 0 ≤ mi < bJii ,
for all i = 1, . . . , d. The sequence is also quasi-
periodic (period B) because points of the form
xj+αB with α = 0, 1, . . ., are in the same box.

BAS and HIP

Balanced acceptance sampling (BAS) [2] is a spa-
tially balanced sampling design that draws its
sample using the random-start Halton sequence.
Consider drawing n sample locations from an
areal resource Ω ⊂ [0, 1]2 with λ(Ω) > 0, where
λ is the Lebesgue measure. An equal probabil-
ity BAS sample is simply the first n points from
(1) that fall within Ω. If x1 6∈ Ω, discard the
sequence and generate another [3]. Unequal in-
clusion density functions can also be utilized with
an acceptance rejection sampling technique [2].

Halton iterative partitioning (HIP) [4] extends
BAS to point resources. It partitions the resource
into B ≥ n boxes that have the same nested
structure as (2), but different sizes. These boxes
are then uniquely numbered using a random-start
Halton sequence of length B. The HIP sample is
obtained by randomly drawing one point from
each of the boxes numbered 1, 2, . . . , n. Unequal
probability samples can be drawn by altering the
inclusion probability of each box.

Halton Sequence, Halton Boxes and a HIP Partition
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Figure 2:(Left) A BAS sample of n = 216 points with x1, . . . ,x6 in red and x7, . . . ,x36 in green. Hence, contiguous sub-samples
are also spatially balanced. (Centre) Halton boxes for B = 22×3 = 12 and B consecutive points from (1). The first three points
in the sequence are numbered and their boxes shaded. (Right) A HIP partition for a N = 12 point resource using B = 12.
Using the box numbering from the centre figure, an equal probability HIP sample of n = 3 points from the resource is shown.

Concluding Remarks

Spatially balanced sampling designs are com-
monly used for sampling natural resources and
a variety of designs have been proposed. The
main advantages of BAS and HIP include be-
ing conceptually simple, computationally efficient
and being able to draw spatially balanced over-
samples. This makes them particularly useful
for sampling natural resources because imperfect
sampling frames and accessibility problems result
in fewer units being observed than planned. BAS
and HIP samples can be drawn using the SDraw
package in the R programming language.
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