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Abstract7

Intercellular calcium (Ca2+) waves are an important signalling mechanism in a wide variety8

of cells within the body, crucial for cellular coordination and control. In order to investigate9

calcium dynamics in coupled cells, a minimal model describing intracellular Ca2+ dynamics10

in a single cell is extended to describe two adjacent cells coupled by a flux of Ca2+ via gap11

junctions. The Ca2+ dynamics of the single cell system are either excitable, nonexcitable12

or oscillatory, depending on the strength of external stimulus to the inositol trisphosphate13

(IP3) dependent Ca2+ release pathway. We investigate how the stability and asymptotic14

dynamics of a system of two heterogeneous cells depend on the single-cell dynamics and15

the coupling strength. We show analytically that, in the case of very strong coupling, the16

asymptotic dynamics are the same as in a single cell whose IP3 stimulus strength is the17

average of the two coupled cells. In cases where one or both cells have an unstable steady18

state when uncoupled, coupling causes a qualitative change in behaviour. This can include19

amplitude-modulated oscillations, mixed mode oscillations, and the coalescence of multiple20

frequencies as the cells eventually become synchronised.21
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1. Introduction24

Calcium (Ca2+) is an important signalling messenger in a wide variety of cells [1–3].25

Many cell types exhibit Ca2+ oscillations or Ca2+ spikes in response to external stimulation26

[4–7]. This can be in the form of excitable behaviour, meaning that a small stimulus does27

not produce a Ca2+ spike, but a sufficiently large stimulus can lead to a spike [8]. When28

a population of cells exhibits excitable behaviour or Ca2+ oscillations, they may be able to29

support a travelling wave of Ca2+ propagating through the cell population. Travelling Ca2+
30

waves have been documented in several cell types including hepatocytes [9, 10], epithelial31

cells [11], astrocytes [12], pancreatic beta cells [13] and pancreatic acinar cells [14]. There are32

two possible mechanisms for generation of a propagating Ca2+ wave: gap junctions that allow33

Ca2+ or other cytoplasmic messengers such as inositol trisphosphate (IP3) to move directly34

between the cytosols of adjacent cells; and the release of diffusible paracrine messengers into35

the extracellular space [5, 12, 15].36

There is evidence that intercellular signalling via propagating Ca2+ waves is a crucial37

means of cellular coordination and control [4, 16]. For example, smooth muscle cells (SMC),38

which line the arterial wall and effectively control the local supply of oxygen and glucose39

necessary for cellular function, are known to support travelling Ca2+ waves [17, 18]. Experi-40

mental studies have shown that synchronised Ca2+ oscillations in a population of SMC will41

induce vasomotion, the rhythmic dilation and contraction of the blood vessel wall [19–21].42

Propagating Ca2+ waves may play a role in pathologies associated with impaired functional43

hyperaemia such as cortical spreading depression, migraine, and stroke [22].44

In order to analyse the underlying dynamics of coupled cells, a possible starting point is45

to examine the Ca2+ dynamics of a single cell. There are many mathematical models of Ca2+
46

dynamics, ranging in complexity. Minimal models aim to reproduce observed phenomena,47

such as sustained Ca2+ oscillations, on a qualitative level with the minimum number of48

variables and channels [5]. Examples of minimal models describing the dynamics of cytosolic49

Ca2+ based on IP3-initiated Ca2+ release from intracellular stores include [23–28]. More50

complex models include greater detail of the cellular physiology, such as the calcium channel51
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gating characteristics [29], the nonlinear interaction of membrane potential and intracellular52

calcium [30], coupled Ca2+ dynamics in different cell types [16], and stochastic effects [31–33].53

For a review of different types of Ca2+ dynamics in single cells, see [34]. Phase-difference54

approximations can be used to describe the dynamics of pairs of electrically coupled neural55

oscillators, such as the Fitzhugh-Nagumo equations or Morris-Lecar model [33, 35, 36], but56

this approximation is only valid for weak coupling. Synchronisation of Ca2+ dynamics in57

systems of two coupled cell models has also been studied in [37–41].58

Here, we focus on a minimal model of intracellular Ca2+ dynamics based on Ca2+-induced59

Ca2+ release (CICR) from an intracellular Ca2+ store via a combination of IP3-sensitive and60

IP3-insensitive channels [24]. The model, which is described in Sec. 2.1, is for a non-61

electrically excitable cell and does not include membrane potential or fluxes of any second62

messengers other than Ca2+. The Ca2+ dynamics are either excitable, nonexcitable or os-63

cillatory, depending on the strength of external stimulus to the IP3 dependent Ca2+ release64

pathway, which is treated as a bifurcation parameter. The simplicity of the model, although65

not quantitatively realistic, is advantageous because it allows analytical insight into the sim-66

plest possible mechanism that can generate synchronous or asynchronous Ca2+ oscillations67

in coupled cells.68

In this paper, we extend the minimal Ca2+ model of [24] to describe a system of two69

cells with different IP3 stimulus levels, coupled via Ca2+ gap junctions (Sec 2.2). We then70

investigate how the stability and asymptotic dynamics depend on the single-cell dynamics71

and the coupling strength. We derive analytical results for the asymptotic dynamics in the72

limiting case of strong coupling (Sec 3.1). We then use numerical solutions and spectral73

analysis to investigate qualitative changes in the dynamics of two heterogeneous cells as the74

coupling strengths changes. This numerical analysis is split into two cases: a system of75

two oscillatory cells (Sec. 3.2) and a system of one oscillatory and one excitable cell (Sec76

3.3). Many previous analyses have focused on systems of coupled cells that are identical77

in their dynamics and only differ in their initial condition or have asymmetric coupling78

[36, 42–45]. Our results differ from these by analysing the Ca2+ dynamics in heterogeneous79
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cells and how these vary with coupling strength from zero coupling through to the strong80

coupling limit. Although we use a very simplified model of Ca2+ dynamics, its cubic nullclines81

and bifurcation structure are similar to or contained within those of some more complex82

models [33]. Therefore, our results give broad qualitative insights into potential mechanisms83

underlying intercellular Ca2+ communication (Sec. 4).84

2. Methods85

2.1. Single cell model86

The minimal model [24] is composed of two state variables, the cytosolic Ca2+ concen-87

tration z and the Ca2+ concentration y in the IP3-insensitive Ca2+ pool, referred to as the88

internal Ca2+ store. The dynamics are governed by differential equations for z and y:89

dz

dt
= v0 + v1β − v2(z) + v3(z, y) + kfy − kz, (1)

dy

dt
= v2(z)− v3(z, y)− kfy. (2)

The terms v0 and kz relate, respectively, to the flux of Ca2+ into and out of the cell. The90

term kfy refers to a nonactivated, leaky transport of Ca2+ from the internal (IP3-insensitive)91

store to the cytosol and the term v1β refers to the flux of Ca2+ from the IP3-sensitive pool.92

The terms v2 and v3 are the rate of Ca2+ pumping into the internal store and release from93

the internal store, respectively, and are given by the algebraic equations94

v2(z) = VM2
zn

Kn
2 + zn

, (3)

v3(z, y) = VM3
ym

Km
R + ym

zp

Kp
A + zp

, (4)

where VM2 and VM3 denote respectively the maximum rates of Ca2+ pumping into and release95

from the intracellular store. These rates are described by Hill functions with cooperativity96

coefficients n and m, respectively. The parameter p denotes the degree of cooperativity of97

the activation process.98

When the cell receives an external signal via binding of an agonist, such as adenosine99

triphosphate (ATP), it triggers an increase in IP3 [46]. This is implicitly modelled by an100
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Parameter Value Unit Description
β 0 to 1 Saturation constant of the IP3 receptor
v0 1 µM s−1 Ca2+ influx into the cell
k 10 s−1 Rate of Ca2+ efflux out of the cell
kf 1 s−1 Rate of nonactivated, leaky transport from the IP3-insensitive

Ca2+ store
v1 7.3 µM s−1 Rate of Ca2+ influx from the IP3-sensitive pool
VM2 65 µM s−1 Maximum rate of Ca2+ pumping into the IP3-insensitive Ca2+

store
VM3 500 µM s−1 Maximum rate of Ca2+ release from the IP3-insensitive Ca2+ store
K2 1 µM Pumping threshold constant
KR 2 µM Release threshold constant
KA 0.9 µM Activation threshold constant
n 2 Pumping cooperativity coefficient
m 2 Release cooperativity coefficient
p 4 Activation cooperativity coefficient

Table 1: Model parameters and values, taken from [24].

increase in the saturation constant β, which in turn leads to a rise in cytosolic Ca2+ con-101

centration. The parameter β thus represents the strength of external stimulus to the IP3102

pathway, and may be varied between 0 and 1. We treat β as a bifurcation parameter. The103

other parameter values are taken from [24] and are listed in Table 1.104

We non-dimensionalise the system by defining the following parameters and variables:105

t = kf t, Z =
kf

v0

z, Y =
kf

v0

y,

v1 =
v1

v0

, VM2 =
VM2

v0

, VM3 =
VM3

v0

, k =
k

kf

, K2 =
kfK2

v0

, KR =
kfKR

v0

, KA =
kfKA

v0

.

Dropping the overbars, the system becomes106

dZ

dt
= 1 + v1β − v2(Z) + v3(Z, Y ) + Y − kZ, (5)

dY

dt
= v2(Z)− v3(Z, Y )− Y, (6)

where107

v2(Z) = VM2
Zn

Kn
2 + Zn

, (7)

v3(Z, Y ) = VM3
Y m

Km
R + Y m

Zp

Kp
A + Zp

. (8)
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2.2. Coupled cell model108

For the coupled cell model, we consider two adjacent cells coupled by Ca2+ gap junctions,109

modelled in a similar manner to previous studies [10, 47]. We use Zi and Yi to denote the110

Ca2+ concentrations in the cytosol and the internal store, respectively, and βi to denote the111

saturation constant for cell i (i = 1, 2). All other parameters are assumed to take the same112

value for both cells.113

We assume that transport of Ca2+ between the cells is linearly proportional to the differ-114

ence in Ca2+ concentrations between the cytosol of the two cells. This is a simple, Fickian115

diffusion mechanism that ignores voltage-and concentration-dependence in the gap junction116

permeability and any voltage-dependent effects on the transport of charged ions [48]. A117

more complex coupling method used widely in cell modelling is the Goldman–Hodgkin–Katz118

(GHK) equation, which calculates the ionic exchange based on the electrochemical gradient119

from a variety of ions present in the cells [21, 49]. Nevertheless, there are a large number of120

modelling studies that have assumed a simple linear gap junction coupling [10, 50, 51].121

The transport term introduces a new parameter d, which represents the permeability of122

the gap junctions. We refer to d as the coupling strength, with units of s−1. To obtain123

an approximate value for d, we note that linear coupling of adjacent cells within a large124

population corresponds to Fickian diffusion of Ca2+ with diffusivity P = dh2, where h is the125

length of a single cell [52]. We take h to be a typical cell length of approximately 50 µm.126

The diffusivity of free, extracellular Ca2+ is of the order 105 µm2 s−1 [53], which corresponds127

to d = 40 s−1. Intercellular transport of Ca2+ via gap junctions is likely to be much slower128

than this, but the precise value of the effective diffusivity P is not known. We therefore129

consider a range of values for d = P/h2. In the special case where d = 0, then there is no130

coupling and the cells behave independently.131

To non-dimensionalise the coupled cell system we defineD = d
kf

. The non-dimensionalised132
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differential equations for the coupled system are:133

dZ1

dt
= 1 + v1β1 − v2(Z1) + v3(Z1, Y1) + Y1 − kZ1 +D(Z2 − Z1), (9)

dZ2

dt
= 1 + v1β2 − v2(Z2) + v3(Z2, Y2) + Y2 − kZ2 +D(Z1 − Z2), (10)

dY1

dt
= v2(Z1)− v3(Z1, Y1)− Y1, (11)

dY2

dt
= v2(Z2)− v3(Z2, Y2)− Y2, (12)

There is no coupling term in the equations for Ca2+ in the internal store (Y1 and Y2) because134

this is an internal compartment within the cell, whereas the gap junctions are isolated to the135

cell membrane. The coupled cell system, Eqs. (9)–(12), is solved in Matlab using the ode45136

solver.137

3. Results138

Before presenting results for the coupled system of two cells, we briefly review the be-139

haviour of the single cell model in Eqs. (5)–(8). A steady state of this dynamical system140

must satisfy:141

0 = 1 + v1β − kZ, (13)

0 = Y m+1 +

(
VM3

Zp

Kp
A + Zp

− VM2
Zn

Kn
2 + Zn

)
Y m +Km

R Y − VM2
Zn

Kn
2 + Zn

. (14)

Eq. (13) clearly has a unique solution Z∗ = (1 + v1β)/k. Eq. (14) has been obtained142

from Eq. (6) by multiplying both sides by Km
R + Y m to obtain a polynomial in Y . It is143

straightforward to show that, for the parameter values considered (see Table 1), Eq. (14) is144

a cubic with exactly one non-negative root, which we will write as Y ∗ = f(Z∗), noting that145

the function f is independent of β. Hence, the system has a unique steady state (Z∗, Y ∗)146

for any value of β. The Jacobian matrix for the system is147

J(Z, Y ) =

 a(Z, Y )− k b(Z, Y )

−a(Z, Y ) −b(Z, Y )

 ,
where a(Z, Y ) = ∂/∂Z(−v2 +v3) and b(Z, Y ) = 1+∂v3/∂Y . The determinant of this matrix148

is kb(Z, Y ), which is always positive. This implies that the steady state is stable if and only149
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Figure 1: Phase space of the single-cell model in Eqs. (5)–(8) for three different values of the bifurcation pa-
rameter: (a) β = 0.2, the steady state is stable but the system is excitable meaning that a small perturbation
from the steady state can result in a large excursion in phase space; (b) β = 0.5, the steady state is unstable
and there is a stable limit cycle corresponding to sustained calcium oscillations; (c) β = 0.8, the steady
state is stable and the system is not excitable. Graphs show the nullclines dZ/dt = 0 (solid) and dY/dt = 0
(dashed), steady state (stable = filled circle, unstable = open circle) and stable limit cycle (dotted). In (a),
each pixel is shaded according to the maximum value of Z to which the trajectory increases, after starting
from an initial condition at the location of the pixel: dark regions correspond to initial conditions that lead
to a large excursion before returning to the steady state. Other parameter values as shown in Table 1.

if the trace of J(Z∗, Y ∗) is negative, and the only possible type of bifurcation of the steady150

state is a Hopf bifurcation, which occurs when the trace of J(Z∗, Y ∗) changes sign.151

Figure 1 shows the phase portrait of the single cell model for three different values of the152

bifurcation parameter β and Figure 2 shows the bifurcation diagram. When β is small (Fig.153

1(a)), the steady state is stable. However, initial conditions that are shaded dark grey in154

Fig. 1(a) lead to a large excursion in phase space (i.e. a Ca2+ spike) before returning to the155

steady state [54]. The boundary between the light and dark shaded regions in Fig. 1(a) is156

the excitability threshold. As β increases, the steady state moves closer to the turning point157

of the Z-nullcline. This means that the size of perturbation required to cause a Ca2+ spike is158

smaller, i.e. the cell becomes more excitable. At β ≈ 0.29, there is a Hopf bifurcation (Fig.159

2), resulting in loss of stability of the steady state and creation of a stable limit cycle (Fig.160

1(b)). At β ≈ 0.77, there is another Hopf bifurcation resulting in the steady state regaining161

stability and the limit cycle being destroyed. For β > 0.77, all trajectories tend to the stable162

steady state and the cell is no longer excitable (Fig. 1(c)).163

We now turn to the two cell model in Eqs. (9)–(12), with non-dimensional coupling164
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nonexcitableexcitable oscillatory

Figure 2: Bifurcation diagram for the single cell model in Eqs. (5)–(8) with β varied, showing the Hopf
bifurcations (filled squares), stable steady state (solid black), unstable steady state (dashed black) and
stable limit cycle (solid red). The dynamics are excitable for β < 0.29, oscillatory for 0.29 < β < 0.77 and
non-excitable for β > 0.77. Other parameter values as shown in Table 1.

strength D and bifurcation parameters β1 and β2. We focus on the long-term behaviour165

of the cells, i.e. after the transient effect of initial conditions. Transient behaviour may be166

biologically relevant in some situations, for example when there are fast and slow timescales167

[55]. However, under the present model, the cells typically converge onto an attractor (either168

a steady state or a limit cycle) within a few seconds, so studying long-term behaviour is169

reasonable.170

3.1. Steady state and stability analysis171

In this section, we will use (Z∗
i , Y

∗
i ) to denote the steady state of a single, uncoupled cell172

with β = βi, and (Zi, Yi) to denote the coupled cell system. The steady state conditions for173

the coupled cell system are:174

0 = 1 + v1βi − kZi +D(Zj − Zi), (15)

Yi = f(Zi), (16)

for i = 1, 2, j 6= i, and where f(Z) denotes the root of Eq. (14), as in the single cell case.175

Straightforward algebra shows that this system has a unique steady state given by176

Z1 = Z̄∗ − k

k + 2D
∆Z∗, (17)

Z2 = Z̄∗ +
k

k + 2D
∆Z∗, (18)
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and Yi = f(Zi), where Z̄∗ = (Z∗
1 +Z∗

2)/2 is the mean of the steady states for cell 1 and cell 2177

when uncoupled and 2∆Z∗ = Z∗
2 −Z∗

1 is the difference between the uncoupled steady states.178

The stability of the steady state of the coupled system is determined by the 4×4 Jacobian179

matrix J , which can be written in block form as:180  J(Z1, Y1)−DM DM

DM J(Z2, Y2)−DM

 , where DM =

 D 0

0 0

 .
In the case of two identical cells (β1 = β2), the steady state is the same as in the181

uncoupled case (Z∗, Y ∗), for any coupling strength D. The matrices J(Z1, Y1) and J(Z2, Y2)182

are both equal to J(Z∗, Y ∗). Hence, the eigenvalues of the 4× 4 Jacobian are given by the183

two eigenvalues of J(Z∗, Y ∗), together with the two eigenvalues of J(Z∗, Y ∗) − 2DM . The184

trace of J(Z∗, Y ∗)− 2DM is clearly less than the trace of J(Z∗, Y ∗), and the determinant of185

J(Z∗, Y ∗)− 2DM is positive. Hence, the stability of the steady state is always the same as186

that of the uncoupled steady state, regardless of coupling strength D.187

When the cells are non-identical (β1 6= β2), Eqs. (17) and (18) show that as D increases,188

the steady state approaches the mean of the uncoupled steady states (Z̄∗, Ȳ ∗). Since the189

steady state value of Z is linear in β (see Eq. (13)), this steady state is equal to that of190

a single cell with the average of the two coupled cells’ values of the bifurcation parameter,191

β̄ = (β1 +β2)/2. When coupling is strong (large D), the matrices J(Z1, Y1) and J(Z2, Y2) are192

both approximately equal to J(Z̄∗, Ȳ ∗). Hence, via the same argument as above for identical193

cells, the stability of the steady state in the strong coupling limit (D → ∞) is the same as194

that of a single cell with β = β̄.195

We test the stability of the coupled system for intermediate coupling strengths with196

numerical calculations of the eigenvalues of the 4×4 Jacobian matrix evaluated at the steady197

state given by Eqs. (17) and (18). Figure 3 shows two-parameter bifurcation diagrams in198

the (β1, β2) space for four different coupling strengths. In the uncoupled case, stability is199

simply determined by the behaviour of the individual cells: the system as a whole is stable if200

and only if both individual cell steady states are stable (Fig. 3(a)). Increasing the coupling201

strength stabilises systems where one cell is excitable (βi < 0.29) and the other is oscillatory202
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Figure 3: Two-parameter bifurcation diagrams for two cells: (a) uncoupled (D = 0); (b) coupled with
D = 2; (c) coupled with D = 5; (d) in the strong coupling limit (D → ∞). Light and dark regions
respectively show combinations of the two cells’ bifurcation parameters β1 and β2 for which the steady
state is stable and unstable. In (a)–(c), stability is determined by calculating the dominant eigenvalue of
the 4 × 4 Jacobian matrix evaluated at the steady state given by Eqs. (17) and (18). In (d), stability is
determined by numerically calculating the dominant eigenvalue of the 2 × 2 Jacobian matrix evaluated at
the steady state of a single cell with β̄ = (β1 + β2)/2. Solid diagonal line corresponds to identical coupled
cells (β1 = β2). Dashed horizontal/vertical lines show the locations of the Hopf bifurcations in the single-cell
system at β = 0.29 and β = 0.77. Other parameter values as shown in Table 1.
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but close to the Hopf bifurcation (βj > 0.29), and destabilises systems where one cell is203

excitable (βi < 0.29) and the other is non-excitable (βi > 0.77) (Fig. 3(b-c)). In the strong204

coupling limit, stability is determined by the behaviour of the a single cell with the average205

of two cells’ values of β (Fig. 3(d)). Note that for coupled identical cells (diagonal lines206

in Fig. 3), the stability of the coupled system is always the same as that of a single cell,207

regardless of the coupling strength D.208

These results establish the unique steady state and its stability for a pair of coupled cells.209

When the steady state is stable, it is possible that other non-equilibrium attractors, such as a210

stable limit cycle, could arise as a consequence of coupling. However, numerical explorations211

with varying initial conditions have shown no evidence of any bistability. Thus, when two212

excitable cells are coupled (β1, β2 < 0.29 in Fig. 3), the result is always convergence to the213

stable steady state. For the remainder of the paper, we focus on two representative cases214

where the steady state is unstable: coupling two oscillatory cells and coupling an oscillatory215

and an excitable cell.216

3.2. Coupling two oscillatory cells217

Figure 4 shows attractors for two coupled oscillatory cells, with β1 = 0.4 and β2 = 0.5,218

for a range of values of the coupling strength D. When uncoupled (D = 0), the cells oscillate219

independently, with different amplitudes and frequencies due to their different values of β.220

The time series of the uncoupled cells is shown in Fig. 5(a). When coupled (D > 0), the221

flux of Ca2+ between cells affects the oscillations, causing both cells to oscillate with variable222

amplitude (i.e. amplitude-modulated oscillations). This can be seen as cycles of different223

amplitude within the trajectories with D > 0 (Fig. 4), and in the time series shown in Fig.224

5(b) for D = 1. As the coupling strength D increases, the intercellular flux of Ca2+ becomes225

larger. Eventually, when the coupling strength is above around D = 2, the cells synchronise226

and oscillate with a common frequency. There is a phase lag between the two cells (see227

Fig. 5(c) for example). In general, we use the term synchronisation to include phase-lagged228

oscillation at a common frequency. The phase lag becomes gradually smaller as D increases229

further, although fully in-phase synchronisation requires a value of D much higher than230

12



Figure 4: Attractors in the respective (Z, Y ) phase space of two oscillatory cells with β1 = 0.4 (red) and
β2 = 0.5 (black), for various values of the coupling strength D. Each panel shows a single trajectory plotted
for 5 ≤ t ≤ 50 to ensure that transient behaviour is discarded and only long-term dynamics are shown. The
initial condition is (Z1, Y1, Z2, Y2) = (1.5, 0.5, 1.0, 0.8) in all cases, but different initial conditions produce
identical graphs. Other parameter values as shown in Table 1.
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Figure 5: Time series for cytosolic Ca2+ concentration Zi for two oscillatory cells with β1 = 0.4 (red) and
β2 = 0.5 (black) for three coupling strengths: (a) D = 0, the cells are uncoupled and oscillate independently;
(b) D = 1, the cells oscillate asynchronously and with variable amplitude; (c) D = 2.5, the cells are
synchronised with a phase lag. Each solution is plotted for 5 ≤ t ≤ 25 to ensure that transient behaviour is
discarded and only long-term dynamics are shown. The initial condition is (Z1, Y1, Z2, Y2) = (1.5, 0.5, 1.0, 0.8)
in all cases, but different initial conditions produce identical graphs. Other parameter values as shown in
Table 1.

considered here (results not shown). The attractors shown in Fig. 8 are insensitive to a231

range of initial conditions suggesting that there is no bistability.232

Viewing the dynamics as time series or in phase space offers little insight into the changing233

frequencies of oscillation as the coupling strength increases and the cells approach synchroni-234

sation. We therefore examine the power spectrum of each cell’s cytosolic Ca2+ concentration235

Zi(t), which decomposes the time series into a distribution of sinusoidal functions with dif-236

ferent frequencies. The power Pi of a given frequency ω is defined as237

Pi(ω) =

∣∣∣∣∫ T

0

Zi(t)e
−iωtdt

∣∣∣∣2 . (19)

This was calculated using Matlab’s fft function. The power spectrum provides an additional238

means of analysing the change in behaviour as the coupling strength D increases.239
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Figure 6: Power spectra of the time series shown in Fig. 5 for two oscillatory cells with β1 = 0.4 (red),
β2 = 0.5 (black), for the same three different coupling strengths D: (a) D = 0, the cells are uncoupled
and oscillate independently; (b) D = 1, the cells oscillate asynchronously and with variable amplitude; (c)
D = 2.5, the cells are synchronised and share a common set of frequencies. Power spectra are computed
according to Eq. (19). Other parameter values as shown in Table 1.
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Figure 7: The difference in power spectra (cell 1 minus cell 2) between two oscillatory cells with β1 = 0.4 and
β2 = 0.5, as a function of coupling strength D. Red indicates frequencies at which cell 1 has higher power;
black indicates frequencies at which cell 2 has higher power. The cells synchronise when the frequencies
coalesce at around D = 2. Other parameter values as shown in Table 1.

Figure 6 shows the power spectra of each cell at the same three coupling strengths as240

shown in Fig. 5. When the cells are uncoupled (D = 0), their respective power spectra are241

independent (Fig. 6(a)). When the cells are coupled with D = 1, the two power spectra are242

irregular, indicating that the cells are exhibiting complex behaviour composed of multiple243

frequencies (Fig. 6(b)). When the coupling is sufficiently strong (D = 2.5), the two power244

spectra are almost identical, with differences only in the magnitude of the power (Fig. 6(c)).245

This indicates that the cells have become synchronised.246

Since both the trajectories and the frequency distributions of the cells qualitatively change247

as the coupling increases, we expect some form of bifurcation to occur in the frequency248

domain when the cells synchronise. To better understand the dynamics in the approach to249

synchronisation, we plot the difference in power spectra (power for cell 1 minus power for250
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cells 2) as a function of coupling strength D (Fig. 7). The colour represents the difference251

in power between the cells, with red representing the frequencies at which cell 1 has greater252

power and black representing the frequencies at which cell 2 has greater power. At D = 0,253

there are pairs of points in black and red, indicating the independent frequencies of the two254

uncoupled cells. As the coupling strength increases additional frequencies are introduced,255

corresponding to the amplitude-modulated oscillations seen in Fig. 5. These frequencies are256

gradually drawn closer together as the coupling strength increases. At approximately D = 2,257

groups of frequencies coalesce into a primary common frequency of around 1.4 Hz, together258

with higher harmonics. This corresponds to synchronisation of the cells.259

3.3. Coupling an oscillatory and an excitable cell260

We now examine the dynamics of an excitable cell (β1 = 0.25) coupled to an oscillatory261

cell (β2 = 0.35). The attractors for each cell are shown in Figure 8 for a range of coupling262

strengths D. When weakly coupled (D ≤ 0.5 in Fig. 8), the small flux of Ca2+ between the263

cells causes the excitable cell to oscillate with small amplitude, but this perturbation does not264

reach the threshold required for a large-amplitude Ca2+ spike. When the coupling strength265

is higher (D ≥ 0.75 in Fig. 8), the Ca2+ flux into the excitable cell is large enough to push266

its Ca2+ concentration beyond the excitation threshold. As a consequence, the trajectory of267

the excitable cell makes a large excursion in phase space, in the form of a large-amplitude268

Ca2+ oscillation. At certain coupling strengths (e.g. D = 2.0, D = 2.25 in Fig. 8), the269

excitable cell undergoes a mixture of small- and large-amplitude oscillations, i.e. a mixed-270

mode oscillation. Eventually, when the coupling strength is sufficiently high (D ≥ 2.5 in Fig.271

8), these mixed-mode oscillations cease and the cells synchronise. The attractors shown in272

Fig. 8 are insensitive to a range of initial conditions suggesting that there is no bistability.273

Figure 9 shows the amplitude of the oscillations as D increases. This reveals the threshold274

value of the coupling strength (D ≈ 0.55) required to produce a large-amplitude Ca2+ spike275

in the excitable cell. It also shows that following synchronisation (D ≥ 2.25), there is a276

sudden drop in the amplitude in the excitable cell, but not in the oscillatory cell.277

To analyse the dynamics in the approach to synchrony, we plot the difference in the278
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Figure 8: Attractors in the respective (Z, Y ) phase space of an excitable cell with β1 = 0.25 (red) coupled
to an oscillatory cell with β2 = 0.35 (black), for various values of the coupling strength D. When D = 0,
cell 1 has a stable steady state (red cross). When the coupling strength D is sufficiently high (D ≥ 0.75),
the flux of Ca2+ from the oscillatory cell to the excitable cell is enough to exceed the excitation threshold,
causing the excitable cell to oscillate with large amplitude. Both cells then exhibit amplitude-modulated
oscillations, before eventually synchronising. Each panel shows a single trajectory plotted for 5 ≤ t ≤ 50 to
ensure that transient behaviour is discarded and only long-term dynamics are shown. The initial condition
is (Z1, Y1, Z2, Y2) = (1.5, 0.5, 1.0, 0.8) in all cases, but different initial conditions produce identical graphs.
Other parameter values as shown in Table 1.
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Figure 9: Amplitude of oscillations in an excitable cell with β1 = 0.25 (red) coupled to an oscillatory cell
with β2 = 0.35 (black) for varying coupling strength D. Amplitude is measured as the difference between
the minimum and maximum values of Zi(t) on the attractor. For D < 0.55, the excitable cell undergoes
sub-threshold oscillations as coupling is insufficient to produce a Ca2+ spike. For 0.55 < D < 2.25, coupling
induces large-amplitude oscillations in the excitable cell and the cells oscillate asynchronously. For D > 2.25,
the cells are synchronised. Other parameter values as shown in Table 1.

power spectra of the cytosolic Ca2+ concentration Zi for the two cells (cell 1 minus cell 2),279

shown in Figure 10. For relatively weak coupling (D < 0.55), the frequency distributions of280

both cells are the same, but the oscillatory cell (cell 2) has greater power indicated by the281

black lines. This indicates that both cells are oscillating with the same frequency, but cell282

2 has larger amplitude. This corresponds to the excitable cell receiving a stimulus that is283

below the excitation threshold, as seen in Fig. 9. At around D = 0.55, the excitable cell284

(cell 1) switches from a small-amplitude, sub-threshold oscillation to a limit cycle consisting285

of a large-amplitude oscillation followed by a small-amplitude oscillation. As D approaches286

approximately 0.72, the excitable cell undergoes a complex transition, eventually resulting287

in a large-amplitude oscillation at a single dominant frequency around half the natural288

frequency of the oscillatory cell. As coupling strength increases up to D = 2, there is little289

further change in the power spectra of each cell. At D = 2, additional frequencies are290

introduced to the excitable cell’s oscillations in an apparent period-doubling cascade. These291

frequencies coalesce with those of the oscillatory cell at around D = 2.25, leaving a simple292

limit cycle where the cells are synchronised and oscillate with a common frequency.293
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Figure 10: The difference in power spectra (cell 1 minus cell 2) between an excitable cell with β1 = 0.25 and
an oscillatory cell with β2 = 0.35, as a function of coupling strength D. Red indicates frequencies at which
cell 1 has higher power; black indicates frequencies at which cell 2 has higher power. The cells synchronise
when the frequencies coalesce at around D = 2.25. Other parameter values as shown in Table 1.
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4. Discussion294

We have studied the dynamics of Ca2+ within a system of two coupled cells using a mini-295

mal Ca2+ model [24], which is based on Ca2+-induced Ca2+ release. This model can produce296

either excitable or oscillatory dynamics depending on the strength of external stimulation to297

the IP3-mediated Ca2+ release pathway. We extended the model to two adjacent, coupled298

cells via a linear coupling term representing Ca2+ flux between the cells via gap junctions.299

We investigated the dynamics of the coupled system when the cells had different values of300

the bifurcation parameter, and across a range of coupling strengths.301

The dynamics of coupled cells described by different parameter values is physiologically302

relevant because cells can exhibit spatial variation in behaviour. This can arise as a conse-303

quence of a spatial concentration gradient in some exogenous signalling factor. An example304

is the blood-borne mediator ATP, which modulates the production of IP3, and which varies305

spatially depending on the blood vessel wall shear stress [56, 57]. Cells can also exhibit306

intrinsic heterogeneities in their response to stimuli [58].307

When two heterogeneous oscillatory cells are coupled, they exhibit amplitude-modulated308

oscillations and their frequencies are drawn together as the coupling strength increases.309

When an oscillatory cell is coupled weakly to an excitable cell, the excitable cell undergoes310

sub-threshold oscillations. As the coupling strength increases above a critical level, the311

excitable cell starts to undergo large-amplitude oscillations, which can include mixed-mode312

oscillations.313

When the coupling strength is sufficiently high (i.e. gap junctions permit rapid transport314

of Ca2+ between the two cell cytosols), the cells become synchronised. This is consistent315

with results from a previous study [10], which modelled Ca2+ oscillations in heterogeneous316

hepatocytes coupled via Ca2+ gap junctions. In addition, our results show that strongly317

coupled cells exhibit the same dynamics (either excitable or oscillatory) as a single cell with318

the average of two coupled cells’ parameter values. Our spectral analysis is not a mathe-319

matically rigorous characterisation of the synchronisation of two heterogeneous oscillators.320

Nevertheless, it does gives insight into the complex dynamics that occur in the approach to321
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synchrony. As cells are coupled increasingly strongly their frequencies are drawn gradually322

closer together until they coalesce. However, in some cases there are additional frequency323

bifurcations as coupling strength increases, including apparent period-doubling cascades.324

Synchronisation of the coupled cell system (i.e. phase-lagged oscillation with a common325

frequency) occurs at a dimensionless coupling strength D between 2 and 2.5 in the cases326

studied (Figs. 7 and 10). However, there are still differences in amplitude and phase between327

the two oscillating cells following synchronisation. Much stronger coupling is required to328

eliminate these differences. This is consistent with the very strong coupling required to329

bring the steady state of the coupled system close to that of the averaged single cell model330

(Fig. 3). The coupling strength required for either in-phase synchrony or equalisation of331

steady states corresponds to a Ca2+ diffusion coefficient that is comparable to experimental332

estimates from extracellular free Ca2+ diffusion. The coupling between adjacent cells via gap333

junctions is likely to correspond to much smaller values for the coupling strength. Hence,334

complete equalisation of adjacent cells is unlikely under the model considered, and either335

amplitude-modulated oscillations, or phase-lagged synchronisation is more likely.336

Our results show that the movement of calcium between two cells can lead to behaviour337

that is fundamentally different from what one would predict from looking at either cell in338

isolation. This is particularly true when two oscillatory cells with different frequencies are339

coupled, or an oscillatory cell is coupled to an excitable cell. We have shown this phenomenon340

using a very simple model of intracellular Ca2+ dynamics. The analytical results we have341

given for coupled cells are specific to this simple model, particularly the assumption that the342

rate of change of cytosolic calcium is linear in the bifurcation parameter. More sophisticated343

models include more chemical species, ion channels, and membrane potential [16, 30, 59].344

Many of these models contain a similar bifurcation structure to the model we have studied345

[24], with Hopf bifurcations separating a region of oscillatory dynamics from stable regions,346

e.g. [16, 23, 59–61]. Despite the simplicity of the model we have used, we conjecture that347

some of the qualitative behaviour we have demonstrated, for example amplitude-modulated348

oscillations and coalescence of frequencies, will also occur in more sophisticated models.349
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An additional limitation of our model is the assumption of a linear coupling term, corre-350

sponding to Fick’s law, for the transport of Ca2+ from high to low concentration. In reality,351

movement of charged ions is governed by a combination of concentration gradient and mem-352

brane potential. This can be modelled by more complex coupling mechanisms, such as the353

GHK electrodiffusion equation [21]. An example of this coupling mechanism has been used to354

model the flow of ions (specifically Ca2+, K+, Na+ and Cl−) between two cells [48]. A similar355

coupling expression could be applied to examine whether a more accurate and complex cou-356

pling term would affect the underlying dynamics of the system. Deterministic models such357

as these rely on average concentrations of ions such as Ca2+, but it is increasingly recognised358

that stochasticity can significantly affect the dynamics due to relatively small numbers of359

individual ions [31, 32]. This can be a major driver of the macroscale patterns that emerge360

from cell coupling [62, 63].361

Real cells do not occur in pairs but in large populations, with an irregular spatial struc-362

ture. These can be modelled as a continuum of oscillators [42, 43], regular grids forming a363

tissue slice [59, 64, 65] or as general network topologies [66, 67]. Nevertheless, our approach364

provides a framework that can aid in the understanding of complex calcium dynamics that365

can occur in multiple, coupled, heterogeneous cells.366
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[51] T. Höfer, A. Politi, R. Heinrich, Intercellular Ca2+ wave propagation through gap-493

junctional Ca2+ diffusion: a theoretical study, Biophysical Journal 80 (1) (2001) 75–87.494

[52] E. A. Codling, M. J. Plank, S. Benhamou, Random walk models in biology, Journal of495

the Royal Society Interface 5 (25) (2008) 813–834.496
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