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Abstract 

Developed in the Harmonic Domain, a new and general frame of reference for 
Network Harmonic Analysis, a more rigorous harmonic modelling of power systems is 
presented in this thesis. 

Linear and non-linear components of a power system are modelled in this frame 
of reference. The periodic behaviour of the later components are based in a linearization 
process about an operation point and the obtained linearised harmonic equivalents are 
combined with the linear part of the network. 

The Harmonic Domain is based in a unified multi-phase multi-harmonic Newton
type iterative solution for the entire network, which now incorporates the detailed rep
resentation of the synchronous machine harmonic conversion and magnetic saturation, 
multilimb transformer core saturation, mutual coupling between windings and the har
monic contribution of the transmission network. The Harmonic Domain solutions are 
efficiently obtained with a new sparse hybrid technique. 

The influence of non-linear effects of the synchronous machine and different 
transformer models is analyzed separately and then in combination with the transmission 
system. The case studies presented demonstrate the necessity of a detailed representation 
of these network components in harmonic studies. 

The phenomenon of harmonic cross-coupling, which can not be represented 
in conventional harmonic analyses is modelled in detail in the Harmonic Domain. The 
explicit representation of this phenomenon for a sufficiently wide spectrum of harmonics 
allows a more accurate prediction of the harmonic distortion. 

The influence on the harmonic distortion of the operation point in the trans
former magnetising characteristics, transformer connections, detail of the magnetic equiv
alent circuit representation, mutual coupling between windings and synchronous machine 
model is analyzed. 

A simple and accurate algorithm for the derivation of multi-frequency depen
dent equivalents in power systems is presented, as well as its potential application in the 
Harmonic Domain to reduce the order of the problem to be solved. 

It is shown that the harmonic distortion produced by conventional power net
work components ( without even taking into account solid state devices) can well exceed 
permissible harmonic levels. 





Chapter 1 

Introduction 

1.1 Overview on network harmonic analysis 

Under ideal operation conditions, an electric power system is expected to be completely 
balanced, with a constant, unique frequency and the network waveforms throughout the 
system sinusoidal of constant, specified amplitude. Unfortunately, this ideal operation 
does not take place in practical power systems as all the network components have the 
undesirable characteristic of distorting the ideal sinusoidal waveforms. The major con
tribution to this distorting effect, known as waveform harmonic distortion, comes from 
non-linear devices and loads. These components act as active harmonic sources in the 
power network. 

Non-linear phenomena such as the harmonic interaction between stator-rotor, 
magnetic saturation and saliency in the synchronous ma.chine, as well as saturation in the 
power transformer are well known examples of harmonic distortion sources. The intrinsic 
harmonic unbalance and natural resonances of multi-conductor transmission lines can ac
centuate this effect. On the other hand, as a consequence of the continuous technological 
advance, the increase on the use and rating of solid state devices for multiple applications 
in electric systems has grown dramatically, aggravating the problems associated with wave
form harmonic distortion such as additional losses in the system, reduction in the useful 
life of equipment and interference with protection, control and communication networks. 

The incorporation of the static power converter in high voltage transmission 
systems has allowed the transference of large amounts of energy over considerable dis
tance and the interconnection of systems with different frequency. The advantages of 
HV de transmission have resulted on the increase of new DC links commissioned and going 
into operation. However, the static power converter is considered as the main source of 
harmonic distortion in a power transmission system. 

The accumulated research and practical experience on diverse aspects of har
monic distortion in power systems such as its causes, effects, standards, measurement, 
simulation and elimination has been collected together and detailed described by Arril
laga, Bradley and Bodger (1985). 

The considerable growth and complexity of modern power systems has conse
quently resulted on the increase in the levels of harmonic content produced in the network, 
essentially produced by devices of non-linear nature, and has led to the development and 
adoption of standards, guidelines and regulations to limit the harmonic distortion. Sev
eral countries have already enforced an harmonic legislation [IEEE-519 1991), but unfor
tunately the importance of the subject is still seen with scepticism by the power utilities 
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of many nations. 
A different philosophy is now being followed by power utilities concerned with 

the increasing harmonic distortion in the network, as the potential necessity of adopting 
corrective measures increases in direct proportion to the problem. Corrective measures 
are usually expensive and therefore avoided whenever possible. The trend on the search of 
alternative preventive methodologies at the design stage has been reinforced on the basis 
that preventive actions are generally considerably cheaper than corrective measures. How
ever, preventive measures may be also expensive and therefore their minimization cost is 
always desirable. The development of theoretical predictive techniques has provided con
siderable help and insight to the planning engineering over the best preventive procedures 
to be taken for an adequate operation of the power system. 

Because of the economical and practical advantages of the digital simulation over 
physical scale-down prototypes, nowdays the harmonic analysis of power systems relies 
heavily on computer simulation techniques. Harmonic detection and harmonic prediction 
are currently the two main fields of digital harmonic analysis. The former determines 
and processes in real-time the monitored harmonic information of the network, while the 
later predicts the network behaviour based on analytical models implemented for digital 
simulation. To the later category belongs the research work now presented. 

An accurate prediction of the harmonic distortion in a power system depends not 
only on the use of rigorous simulation models but on appropiate and sufficient information 
of the relevant network parameters at harmonic frequencies. Unfortunately manufacturers' 
information generally tend to be insufficient and unreliable. 

Simulation models used to determine the power system behaviour under diverse 
operation conditions, i.e. transient and steady-state (addressed on this research), have 
gone through a natural evolutive process of sophistication and complexity which has been 
accelerated during the last thirty years with the application of the computer technology to· 
the solution of practical engineering problems and the development of advanced techniques 
of analysis. 

The simplest model of network analysis is represented by the single-phase fun
damental frequency load flow technique. Pioneering work was developed by Xia and Heydt 
(1982) for this analysis at harmonic frequencies. The work of Dunstan (1954) is one of the 
earliest computational models developed at fundamental frequency. This model assumes 
perfect symmetry and balance in the network components. The same assumption is kept 
for studies at harmonic frequencies, although this is not a realistic condition taking place 
during the operation of a practical power system. 

The harmonic currents produced by non-linear components are either specified 
in advance or derived from the solution obtained for the complete network from a single
phase load flow algorithm. These harmonic currents are then kept constant, in the form 
of invariant harmonic sources throughout the harmonic solution process. This approach 
is still widely used in filter design studies and for the determination of harmonic voltage 
levels at the points of common coupling. 

Unbalance is an intrinsic characteristic of multi-phase power systems. This ef
fect can not be described by single-phase techniques and more realistic representations of 
practical power networks were needed. At fundamental frequency, a method fo~ the anal
ysis of unbalanced three-phase networks was first proposed by El-Abiad and Tarsi (1967). 
The analysis of unbalanced transmission systems incorporating the static power converter 
was reported in the late seventies [Harker and Arrillaga 1979]. The research progress on 
the modelling techniques and analysis of unbalanced three-phase power systems has been 
detailed presented [Arrillaga and Arnold 1991]. 



1.1 OVERVIEW ON NETWORK HARMONIC ANALYSIS 3 

The necessity of assessing the impact on the periodic power system response 
of diverse network components has required the development of alternative simulation 
techniques for the analysis of the unbalanced operation of power networks at harmonic 
frequencies. 

In a method using the frame of reference of sequence components [Mahmoud 
and Schultz 1982] the propagation of characteristic harmonic currents is determined by 
initially injecting ideal current sources into the ac network. In more recent contributions 
[Densem, Bodger and Arrillaga 1984] and [Xu, Dommel and Marti 1991] the network 
harmonic solutions are obtained in the phase frame of reference. In these techniques the 
complete network is solved separately for each harmonic of interest, assuming harmonically 
decoupled system circuits. 

An Iterative Harmonic Analysis technique (IHA), based on successive approxi
mations of the Gauss-Seidel type has been used for the assessment of harmonics produced 
by non-linear devices such as the static power converter [Yacamini and de Oliveira 1980] 
and the power transformer [Dommel, Yan and Wei 1986]. The narrow margin of stability 
and slow convergence properties of the Gauss-Seidel technique has limited its application 
for the solution of practical problems in power systems. Numerical dominance of the 
leading diagonal of the matrix of system parameters is required to ensure convergence. 
This is not, however, a condition satisfied by weak or lightly loaded systems. A method 
to improve the convergence characteristics of the IHA has been proposed [Callaghan and 
Arrillaga 1990]. 

The harmonics produced by non-linear components are, in addition, cross
coupled between them. This phenomenon can not be represented with conventional har
monic techniques. However, it has been already represented in earlier detailed models 
of the synchronous machine [Roark and Gross 1978l[Semlyen, Egg~ston and Arrillaga 
1987] and the magnetising branch of a transformer [Semlyen, A.cha and Arrillaga 1987]. 
More recent models incorporating the effect of harmonic cross-coupling include the analy
sis of the inrush phenomenon [Rajakovic and Semlyen 1989], electric arcs [Acha, Semlyen 
and Rajakovic 1990], synchronous machines [Xu, Marti and Dommel 1991] and thyristor 
controlled reactors [Acha 1991]. 

Harmonic models describing the periodic behaviour of linear and non-linear 
components have been combined together to form a new, more general frame of reference 
for harmonic analysis [A.cha, Arrillaga, Medina and Semlyen 1989]. In this frame of 
reference busbars, phases, harmonics and cross-coupling between harmonics are explicitly 
represented and a unified solution for the complete network is obtained with a Newton-type 
iterative procedure. 

The network components are described by harmonic transfer admittances or 
Norton harmonics equivalents, depending on their linear or non-linear nature. The com
plete power system is described in the form of a Norton harmonic equivalent or its dual 
(Thevenin) when solved. This form is amenable to nodal analysis and allows flexibility for 
the incorporation of new harmonic models. 

In principle, the periodic behaviour of an electric network can be determined 
with the integration of the differential equations describing the system dynamics, once 
the transient response has died out and a periodic steady state is reached [Dommel 1969]. 
This procedure, however, has been criticized [Nakhla and Vlach 1976] on the basis of the 
computation effort involved, considering the need to carry out integrations over many 
cycles for the transients to decay to negligible proportions. The application of transient 
techniques is suggested by Dommel, Yan and Wei ( 1986) for the cases where the steady 
state can be reached rapidly in a few cycles. This is usually the case of systems where 
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ideal sources are represented and are, in addition, sufficiently damped. 
A technique has been proposed [Aprille and Trick 1972] to determine the periodic 

steady state without calculating the complete transient. Instead, integration of the system 
dynamic equations is carried out for one or two periods and afterwards the two-point 
boundary problem is solved through Newton-Raphson iterations. An harmonic balance 
technique was later proposed [Nackla and Vlach 1976] based in a phasor iterative procedure 
thus avoiding the integration of the system dynamic equations. It takes advantage of the 
fact that in many practical systems a large part of the network is linear. The non
linear network is sub-divided into the minimum possible number of linear and non-linear 
sub-networks; with the terminals of the linear sub-networks being excited by harmonic 
sources. The phase and amplitude of the harmonics are adjusted with an optimization 
algorithm. The number of optimized variables depends on the number of non-linearities in 
the system. However, convergence problems may take place when optimization is applied 
to a considerable number of variables, such as in higher order systems [Aprille and Trick 
1972]. 

The basic idea of Aprille and Trick (1972) has been adopted in recent work 
on harmonic analysis [Usaola and Mayordomo 1990]. Regular incursions are made into 
the time-domain to integrate the system dynamic equations. After each integration the 
solution is tested for periodicity ( convergence) and a new operation point is calculated 
with the Newton-Raphson algorithm if this condition is not satisfied. 

1. 2 Main aims 

Based on pioneering research work, this thesis has the following objectives : 

• To present the basic Harmonic Domain philosophy, the harmonic models representing 
the different power network components in this new and general frame of reference 
for harmonic analysis and to illustrate its application to determine the periodic 
behaviour of practical transmission systems. To evaluate its potential with respect 
to conventional techniques for harmonic analysis. 

• To develop a sparse hybrid formulation for the efficient solution of high order systems; 
with special reference to Harmonic Domain solutions. 

• To develop a more general harmonic model for the synchronous machine where non
linear phenomena such as the harmonic interaction between stator-rotor and mag
netic saturation can be fully represented in the Harmonic Domain. To this purpose, 
saturation has been modelled in direct phase coordinates. The synchronous machine 
model, in form of Norton or Thevenin harmonic equivalent should be capable of 
interfacing with the external network. 

• To develop a generalised modelling of three-phase power transformers which allows 
a detailed representation of their periodic non-linear behaviour. The transformer 
model should incorporate, in a unified representation, the effects of magnetic satu
ration in the different regions of multilimb cores, mutual coupling between windings 
and electrical winding connections. In addition, this generalised transformer mod
elling should allow different type and complexity of transformer representations. The 
transformer harmonic models should be easily interfaced with the external network. 

• To combine the detailed models of the synchronous machine ( as a Norton or Thevenin 
equivalent) and power transformer with the rest of the transmission system to assess 
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the impact of the combined non-linear effects of these components on the network 
harmonic response. To analyze the influence of different transformer connections 
and external network components, such as the multi-conductor transmission line, in 
the production of harmonic distortion. To examine the effect of the explicit represen
tation of cross-coupling between harmonics on the simulated network responses. In 
addition, to assess the effect on the harmonic distortion of two different synchronous 
machine models; one using a simplified representation using a passive reactance 
varying linearly with frequency and other a detailed machine representation. 

• To develop an accurate algorithm for the derivation of multi-frequency dependent 
equivalents in power systems with potential application to practical design studies, 
time-domain-simulations and harmonic analysis. It should reduce the order of the 
system detailed represented in the Harmonic Domain. 

• To open new ground in Network Harmonic Analysis with a more rigorous modelling 
of power transmission systems and to provide a new foundation to the Harmonic 
Domain to allow its further development. 

1.3 Thesis outline 

This chapter has briefly described the causes and effects of the harmonic distortion in power 
systems. The importance and necessity of accurate simulation models for the prediction of 
the harmonic distortion in power networks have been explained. After a concise overview 
of the state-of-art techniques for harmonic analysis the main aims of this research work 
have been presented. 

Chapter 2 presents the general formulation of the Harmonic Domain and the 
linear representation in this frame of reference of the basic components of a power trans
mission system. Case studies of practical transmission systems are carried out to illustrate 
the potential of the Harmonic Domain. 

Chapter 3 proposes a sparsity-oriented hybrid technique for the solution of 
large scale systems with hybrid excitations, i.e. voltages and currents. It is applied to the 
Harmonic Domain where the magnitude of the problem to be solved requires an efficient 
digital solution. An harmonic study is presented to demostrate its computational efficiency 
with respect to the solution obtained with a conventional numerical technique. 

Chapter 4 proposes a more general model of the synchronous machine for har
monic analysis. Non-linear effects such as the process of frequency conversion between 
stator-rotor and magnetic saturation are fully represented in the Harmonic Domain. Sat
uration is modelled in phase coordinates with a linearisation process in the Harmonic 
Domain rather than by conventional procedures based on the adjustment of parameters 
in the dq axes. The detailed synchronous machine model either in form of Norton or 
Thevenin harmonic equivalents is interfaced with external linear loads. 

Chapter 5 proposes a generalised harmonic modelling of three-phase power trans
formers. A linearisation process in the Harmonic Domain describes their periodic electro
magnetic behaviour. Magnetisation in the different regions of a multililimb transformer 
core is represented in detail, as well as the transformer electrical connections and mutual 
coupling between windings. A unified electro-magnetic equivalent is obtained, which in 
the form of a Norton harmonic equivalent is combined with the external network according 
to the winding connections. The harmonic response of a practical transmission network 
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(in open circuit) to different type of multilimb transformer core representations, where 
additionally the magnetic circuit is modelled with different degrees of detail, is examined. 
The effect of mutual coupling between windings is also analysed. 

Chapter 6 combines the detailed models of synchronous machine (in form of 
Norton or Thevenin harmonic equivalent) and power transformers. These models are then 
directly assembled with the rest of the power system. A lightly damped transmission sys
tem is used to examine the influence on the harmonic distortion of the combined non-linear 
effects of the generator and transformer and the contribution of the external transmission 
network. The network response is compared with the case where a simplified generator 
representation is used, i.e. a emf source behind a passive reactance x:. The effect of 
different transformer configurations and explicit representation of cross-coupling between 
harmonics is examined. 

Chapter 7 proposes a simple and efficient iterative technique for the derivation 
of accurate multi-frequency dependent equivalents in power systems. A practical trans
mission system is used to illustrate its ability to reproduce the system frequency response 
seen by a particular point of observation. The procedure for its incorporation into the 
Harmonic Domain is given. 

Chapter 8 draws the overall conclusions of this investigation and offers sugges
tions for future research work. 



Chapter 2 

General Frame of Reference for 
Network Harmonic Analysis 

2.1 Introduction 

Experience with field tests indicates that the harmonic distortion in practical power trans
mission systems is very asymmetrical. An adequate prediction of the network harmonic 
distortion requires the use of multi-phase models to take into account the existing phase 
unbalance throughout the system. The advancement on computer technology has al
lowed the development and application of more complex and rigorous algorithms for the 
harmonic analysis of electric networks. These techniques are of multi-phase and multi
harmonic nature and have been developed on different frames of reference. In an earlier 
work [Mahmoud and Schultz 1982] the sequence components were used as the frame of 
reference while more recent contributions [Densem, Bodger and Arrillaga 1984] and [Xu, 
Marti and Dommel 1990] use the phase frame of reference. In these approaches the three
phase network is solved for a selected range of frequencies, considering one harmonic at a 
time thus uncoupling the harmonic circuits from each other. 

However, the periodic non-linear behaviour of the power network exhibits cross
coupling between harmonics which requires to be represented during the network harmonic 
solutions. This effect, not considered in conventional techniques, was explicitly represented 
to describe the harmonic behaviour of the synchronous machine [Semlyen, Eggleston and 
Arrillaga 1987] and the magnetising branch of a transformer [Semlyen, Acha and Arril
laga 1987]. It is the heart of more recent contributions such as the harmonic analysis of 
the inrush phenomenon [Rajakovic and Semlyen 1991], electric arcs [Acha, Semlyen and 
Rajakovic 1990] and synchronous machines [Xu, Marti and Dommel 1991]. 

Further research work to the original work of Semlyen, Acha and Arrillaga 
( 1987) resulted in the development of harmonic models of three-phase transformer banks 
which, in addition, could be interfaced with the models representing the rest of the net
work components [Acha, Arrillaga, Medina and Semlyen 1989]. A new and general frame 
of reference for network harmonic analysis, now called the Harmonic Domain, has been 
developed which allows busbars and coupling between phases and between harmonics to be 
explicitly represented. The linear and linearised parts of the power network are assembled 
together to obtain a unified iterative solution of the complete network. 

The basic formulation of the Harmonic Domain is described in this chapter, 
as well as the linear representation in this frame of reference of different power network 
components. Case studies are presented for practical transmission systems to illustrate 
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the potential of the Harmonic Domain. 

2.2 The linearisation process in the Harmonic Domain 

The non-linear function y = f(x) is transformed to the phasor form Y = [F]X + YN by 
a linearisation process in the Harmonic Domain. The basic procedure is as follows 

Consider the non-linear relationship 

y = f(x) (2.1) 

where x and y are periodic variables, which when determined by infinite Fourier series are 
expressed as follows 

+oo 
x(t) = L xh ei hwt (2.2a) 

h=-oo 

+oo 
y(t) = L Yh ei hwt (2.2b) 

h=-oo 

Let X and Y be the vectors of Xh and Yh, Thus, eqn. (2.1) takes the form 

y = f(X) (2.3) 

If eqn. (2.1) is differentiable, then for small increments about base values Xb, Yb 

the following relationship is valid 

(2.4) 

Terms of eqn. (2.4) are defined as 

+oo 
~x = L ~xh ejhwt (2.5a) 

h=-oo 

+oo 
~y = L ~Yk eikwt (2.5b) 

k=-oo 

+oo 
J' (xb) = L Ci eiiwt (2.5c) 

i=-oo 

The linearised, general form of eqn. (2.4) can be written as 

~y = [F]~X (2.6) 

where 
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-n -1 0 1 n 
-n Co Cn-1 Cn 

-1 C-(n-1) Co Cn-1 Cn 

[F] = 0 C-n C-(n-1) Co Cn-1 Cn (2.7c) 

1 C-n C-(n-1) Co Cn-1 

n C_n C-(n-1) Co 

Matrix [F] of eqn. (2.6) is the Jacobian associated with eqn: (2.3). It is, in 
structure, a Toeplitz matrix having the harmonics in complex-conjugate pairs and the 
coefficients being of the form C-i = c;, as shown by eqn. (2.7c). 

Let us assume that the linearisation process takes place about an operation 
point Xb, Yb, i.e. 

where 

t:.-x = x - xb 
t:.Y = Y - i\ 

Substitution of eqns. (2.8) into eqn. (2.6) gives 

YN is a vector of Norton harmonic injections. 

(2.8a) 

(2.8b) 

(2.9) 

(2.10) 

Equation (2.9) can be interpreted as a Norton harmonic equivalent and repre
sents the linearisation of eqn. (2.1) in the Harmonic Domain. 

2.3 Harmonic multi-phase network representation 

The harmonic representation for the complete power system can be achieved following the 
rules of nodal analysis and· the linearisation process described in the previous section. The 
following change of variables is required if the variables of the general equation (2.6) are 
used to represent the entire power network. 

where 

S.1- ~y 

[YJ] - [F] 
~V - b.-X 

Equation (2.6) has now the general form 

[YJ] : harmonic admittance matrix for the entire network 
~V : vector of incremental voltages 

(2.11) 
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'5..J : vector of incremental currents 

The nodal admittance matrix of eqn. (2.11) contains all the network busbars, 
phases and the selected spectrum of harmonics, i.e. positive and negative. In this general 
frame of reference all the system components are assembled together. 

The basic nodal analysis used to form single and three-phase admittance ma
trices [Arrillaga and Arnold 1990] is applied to determine the admittance matrix of eqn. 
(2.11). The order of each building uriit of the non~singular matrix [YJ] is equal to the 
number of phases* (2 * number of harmonics+ de term) and is, in addition, structurally 
sparse. 

The vector of nodal injections of eqn. (2.11) consists of the internal sources 
associated with the linearised power system components, infinite busbars and additional 
network contributions. 

Equation (2.11) can be interpreted as a Norton equivalent for the complete 
electric system and is harmonic, multiphase and multinodal. 

2.4 Newton-type unified iterative solution 

Linear and linearised components of the power network are assembled together to obtain 
a unified solution of the complete system. An iterative solution is, therefore, of necessity. 
The re-linearisation, at each iterative step, of the non-linear components implies the re
linearisation of the complete system through a Newton-type procedure, where [YJ] plays 
the role of a Jacobian. 

A full Newton-Raphson solution is not obtained because part of the system is 
already linear and only a limited number of harmonics is represented. On the other hand, 
voltage and current excitations are applied to the network so that a partial inversion of 
[YJ] is required. This, however, does not affect the convergence properties of the iter
ative process, although a special technique is required for the· complete system solution 
where additionally the sparsity of matrix [YJ] needs to be efficiently exploited. A hybrid 
algorithm has been developed for this purpose [Medina, Arrillaga and Acha 1990] and is 
described in Chapter 3. 

The iterative solution of eqn. (2.11), started from the base case given by the 
three-phase load fl.ow solution, involves the re-evaluation and partial re-factorisation of 
[YJ] at each iteration. The computation time required is proportional to the spectrum 
of harmonics represented, the size of the system and the number of iterations needed to 
obtain the solution; the last aspect depending on the distortion effect produced mainly by 
non-linear components. . 

It has been observed that the multi-evaluation of [YJ] leads to identical solutions 
as in the case when this matrix is only evaluated at the first iteration. In fact with the 
last approach, besides efficient computation, faster convergence was obtained in all cases. 
However, it should be noted that considering the size of the problem to be solved for a 
practical system and th~ repetitive evaluation of numerically sensitive Fourier coefficients, 
roundoff errors may result from the multi-evaluation of [YJ]i specially in presence of con
siderable harmonic distortion in the power network. The phase-angle and magnitude of 
harmonic voltages and currents would be affected before the solution is obtained for the 
complete network. 
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2.5 Linear power network components 

Together with the periodic behaviour of the system's main non-linearities, the linear net
work components require to be represented at harmonic frequencies to determine the 
global response of the entire network. Moreover, in order to simplify the analysis, less rig
orous models of the generator and loads frequently ignore non-linear effects at harmonic 
frequencies. 

The linear component representations considered in this work are described in 
the following sections. 

2.5.1 Shunt, elements 

It is assumed that the positive sequence fundamental frequency impedance of these com
ponents is known. The self and mutual impedances of a three-phase representation are 
given by the expressions 

where 

Z (Z,h0 -Zsh1 ) 

shmutual = 3 

Zsho : zero sequence impedance of the shunt component 
Zshi : positive sequence impedance of the shunt component 

(2.12a) 

(2.12b) 

A conservative value for Zsho has been suggested by Dommel, Yan and De 
Marcano (1983), i.e. 

Zsho = 0.35 Zsh 1 

At a particular positive harmonic h eqns. (2.12) have the form 

Zsh,elfh = Rsh,elf + j hXsh,elf 

Z -R 'hX shmutualh - shmutual + J shmutual 

(2.13) 

(2.14a) 

(2.14b) 

The inversion of a 3 X 3 matrbc containing the self and mutual impedances will 
determine the respective self and mutual admittances. In the Harmonic Domain these 
admittances are represented in complex-conjugate pairs and for a particular harmonic 
order ±h the following relations apply 

Y. - Y* 
sh.,1f(-h) - sh.elf(h) 

Y.h - Y* 
S mutual(-h) - shmutual(h) 

2.5.2 RLC lumped branches 

(2.15a) 

(2.15b) 

Balanced or unbalanced loads in the form of RLC lumped branches can be present in 
the electric network. For this case, only the self terms of a three-phase representation 
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have been considered. For a particular phase m of a busbar k the fundamental frequency 
impedance is given by 

(2.16) 

For a particular positive harmonic h eqn. (2.16) takes the form 

(2.17) 

These components, determined in admittance form and represented in complex
conjugate pairs at any particular harmonic order ±h, are associated by the relation 

y; - Yi* RLC•elfk - RLC•elfk 
m(-h) m(h) 

(2.18) 

2.5.3 Series elements 

A series component connected between nodes i and j can be represented at harmonic 
frequencies by equivalent expressions to those describing a shunt element, i.e. eqns. (2.12) 
to (2.15). The resulting harmonic admittances should be appropiately incorporated into 
the system harmonic admittance matrix at busbars i and j and their negative value will 
determine the mutual admittances between busbars i - j and j - i. 

2.5.4 Passive synchronous machine reactance representation 

As indicated in the introductory section, a generalised Harmonic Domain model of the 
synchronous machine will be described in Chapter 4. The linear model is based on similar 
expressions to those presented for the shunt components. However, for harmonic studies 
it has been suggested (Clarke 1950] that the synchronous machine negative sequence reac
tance be approximated by the average addition of the subtransient reactances j hx; and 
j hx;. If the machine positive sequence reactance at harmonic frequencies is pressumed 
equal to the negative sequence reactance and, in addition, the synchronous machine is 
approximated by the subtransient reactance x;, the following equations can be written 

where 

Z R • II 

01 = a+ J Xd 

Zu.eiJ : self impedance of the synchronous machine 
Zomuiuai : mutual impedance of the synchronous machine 
Z90 : zero sequence impedance of the synchronous machine 
Z91 : positive sequence impedance of the synchronous machine 
Ra : armature resistance 
x; : direct axis subtransient reactance 

generally Ra is omitted from Z91 in this simplified machine representation. 

(2.19a) 

(2.19b) 

(2.20) 
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For the harmonic representation of the synchronous machine, eqns. (2.15) take 
now the form 

Y, - y• 
9.elf(-h) - 9self(h) 

Y. = y• 
9mutual(-h) 9mutual(h) 

2.5.5 PQ Loads 

(2.21a) 

(2.21b) 

In the absence of better information, a traditional model is often used assuming constant 
active and reactive power, specified at determined phase busbars. After the three-phase 
load flow solution, the load connected at phase m of a busbar k is calculated in admittance 
form as 

At a particular harmonic h eqn. (2.22) is given by 

BpQ Y - G . •elfkm 
PQ •elfk - PQ selfkm + J h 

m(h) 

and YPQ ,elf is calculated as 
km(-h) 

y -Y* 
PQselfk - PQ,elfk 

m(-h) m(h) 

2.5.6 Transmission Lines 

(2.22) 

(2.23) 

(2.24) 

The parameters of a multi-conductor transmission line are obtained for all frequencies of 
interest with the calculation of a lumped series impedance matrix [Z], consisting of three 
components [Galloway, Shorrocks and Wedephol 1964] 

where 

[Zc] : internal impedance of the conductors (fLkm-1 ) 

[Z9 ] : impedance due to the physical geometry of the conductor's 
arrangement (!1.km- 1 ) 

[Ze] : earth return path impedance (!1.km- 1 ) 

(2.25) 

Details for the calculation of these matrix components are given in Appendix 
D. Because these primitive matrices are symmetrical, only the elements of and above the 
leading diagonal need to be calculated. 

The order of matrix [Z], originally containing earth-wires and bundle conductors 
per phase, is reduced to an equivalent equal to the number of phases ( with the original 
bundle arrangement effect implicitly included) for its efficient computational manipula
tion; long line effects are then taken into account with the calculation of cascaded ABCD 
distributed parameters for the n individual sections of the transmission line(s). The ap
propiate interchange of block rows and columns and partial inversion of the equivalent 
ABCD matrix equation allows an admittance form representation of the transmission 
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line( s) to be obtained. This form is more amenable to harmonic analysis and can be 
expressed by the equivalent matrix equation 

(2.26) 

Subscripts S and R stand for starting and remote ends of the transmission line. 
In the Harmonic Domain the elements of eqn. (2.26) are represented in complex

conjugate pairs. For a particular harmonic order ± h the following relations can be written 

Is- = Is. 
'-h 'h 

IR =IR*. 
'-h 'h 

Vs = Vs*· 
1 -h 'h 

VR = VR*· 
'-h 'h 

In the above relations i, j = 1, ... , 3. 

2.6 Case studies 

(2.27a) 

(2.27b) 

(2.27c) 

(2.27d) 

(2.27e) 

(2.27f) 

(2.27g) 

(2.27h) 

The ten bus bar system (including the internal generator bus bars) illustrated by Fig. 2.1 
is part of the actual New Zealand grid. 

Tiwai _...._._ __ ....___._ 

Roxburgh 

90MW 
54 MVAR 

Figure 2.1 Test System 1. Reduced South-Island Transmission System. 

The relevant system data are given in Appendix A for the case where the Tiwai 
load is disconnected. 
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Field test carried out at Tiwai [Densem, Badger and Arrillaga 1984] have shown 
the presence of a parallel resonance at a frequency lying somewhere between the fourth 
and fifth harmonic frequencies. This observation is not exclusive to Tiwai but to a greater 
or lesser extent to several of the network busbars. 

Saturated transformers draw· harmonic currents of all orders. The predominance 
of a particular harmonic order depends on the system configuration and transformer con
nections. It will be shown from the case studies to follow that depending of the operation 
conditions in the network, transformer saturation can produce considerable harmonic dis
tortion in the network, which for the case of the test system under consideration consists 
mainly of fifth order components. 

The new frame of reference for the harmonic analysis of power networks pre
sented in previous sections has been used to obtain the system response to different op
eration conditions such as the system sensitivity to the alternating supply voltage at the 
Manapouri power plant and to the knee point position on the magnetising characteristic 
of the power transformers . 

Convergence is obtained when the change between successive iterations in the 
variables to solve is smaller or equal to 0.001 p. u. A passive generator representation 
is used with an emf behind the reactance x~ and the three-phase transformer banks in 
Grounded Star-Grounded Star connection are assumed in the network . This transformer 
type and configuration can be represented with eqn. (-5.44) by deleting the rows and 
columns corresponding to the neutral nodes, making the matrices of magnetic admittances 
[Yij] = 0 for i f. j and neglecting the primed leakage admittances. 

2.6.1 Nominal supply voltage of 1.0 p.u. 

Figures 2.2(a)-(d) illustrate a full period of the voltage waveforms obtained at relevant 
network busbars and Figs . 2.2(e)-(h) their respective harmonic content. The New Zealand 
power grid regulations impose harmonic limits of 2.3, 1.4 and 1.0 per cent for harmonics 
of order 3, .sand 7, respectively. It is clear from Figs . 2.2(e)-(h) that the levels of third 
and seventh harmonic are within the permissible limits. However, in all the busbars the 
percentage of fifth harmonic is far higher than the established limit, having its maximum 
value at Tiwai where is higher by a factor that oscilates between 3.5 and 5.0 for the three 
phases. Figure 2.2(h) illustrates the harmonic content at this busbar and Fig. 2.2(d) the 
respective voltage waveform. 
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Figure 2.2 Voltage waveforms and their harmonic content with supply voltage of 1.0 p.u. 
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2.6.2 Supply voltage of 1.10 p.u. 

Phase A 
Phase B 
Phase C 

An alternating supply voltage of 1.10 p.u. at the Manapouri power plant is now consid
ered as being injected to the network and, as expected, an amplification of the harmonic 
distortion is produced in the system. Figures 2.3(a)-(d) illustrate the resulting voltage 
waveforms and Figs. 2.3( e)-(h) their respective harmonic content. With respect to the 
nominal supply voltage considered in Fig. 2.2, the third and seventh harmonics are higher 
by an approximate factor between 2.5 and 3.0 for the three phases and the fifth harmonic 
by an approximate factor between 2.5 and 2.8. 
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2.6.3 Effect of knee point position 

The effect of the transformer magnetising characteristic knee point position on the net
work harmonic distortion was analyzed for a supply voltage of 1.0 p.u. at the Manapouri 
power plant. The saturation characteristic has been assumed to be the same for all trans
former units; it corresponds to the magnetising curve of a three-phase 25 MVA, 110/44/4 
kV, Y/Y/D power transformer measured using de excitation [Dick and Watson 1981). A 
close inspection of the operation point of the various transformers involved indicated that 
transformers 1, 2 and 3 are operating close to the linear region. Under these operation 
conditions, the variation of the knee point in these transformers does not have an ap
preciable effect on the distortion produced in the network voltage waveforms. However, 
transformer 4 is operating well into the saturation region and a variation of the knee point 
position has a strong influence on the harmonic distortion present in the electric system. 

The network sensitivity to an assumed knee point position <Pknee = 1.30 p.u. 
in the magnetising characteristic of transformer 4 is illustrated in Fig. 2.4 for the same 
selected busbars. With respect to the results presented in Figs . 2.2(e)-(h) and obtained 
using the nominal </>knee = 1.20 p.u., it can be noted from Figs. 2.4(a)-(d) that the fifth 
harmonic has been dramatically eliminated and a reduction of more than 100 per cent 
in the phase harmonic content has been produced; the seventh harmonic has practically 
disappeared and the third harmonic has been reduced by about 90 percent. 

~ 

'O 7 C 
::, 6 -

<1J- 5 
010 
0 (lJ 4 
=: Ol 3 Oo 
>c 2 

(lJ 
u 1 L. 

~o 
0 

hormone order 
C 

2 3 

b 

4 5 
harmonic order 

d 

6 7 

Figure 2.4 Voltage harmonic content for presumed <P = 1.30 p.u. in magnetising curve of transformer 4. 
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Figures 2.5( a)-( d) illustrate that with <Pknee = 1.45 p.u. the voltage harmonic 
content in the network is further reduced by about 100 per cent with respect to that 
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obtained with <Pknee 1.30 p.u., represented by Fig. 2.4. 
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Figure 2.5 Voltage harmonic content for presumed </> = 1.45 p . u . in magnetising curve of transformer 4. 
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In practical power transformers the position of the knee is usually placed between 
1.1 and 1..5 , although the price of the device is proportional to this value. It is clear that 
careful analysis would be necessary to determine the best practical value of <Pknee to satisfy, 
at the most, practical harmonic regulations but also considering the economical investment 
involved. 

2.6.4 Effect of harmonic cross-coupling representation 

The phenomenon of cross-coupling between frequencies, explicitly represented in the Har

monic Domain, is analyzed in this section with reference to the test system of Fig. 2.6; 
representing a power network where the transmission line is operating under no-load con
ditions. 

For this study a 0.95p. u. voltage is assumed for the internal generator emf; the 
generator and transformer have a combined impedance Zg-t = j 0.084 p.u.; the reactance 
of the shunt reactor is x sh = j l. 79 p. u. and the data for the transformer iron losses, 
magnetising characteristic and transmission line are as shown in Appendix C. 

For the same operation conditions, the effect of changing the number of harmon
ics represented during the Harmonic Domain process is analized. The results presented in 
Figs . 2.7(a)-(b) and 2.7(c)-(d) show the voltage waveform and harmonic content when 



0.6 

-0.4 

20 CHAPTER 2 GENERAL FRAME OF REFERENCE FOR NETWORK HARMONIC ANALYSIS 

1 2 3 4 

Figure 2.6 Test system 2 

the cross-coupling is explicitly represented for the first seven and twenty-one harmonics 
plus a de term, respectively. 

Considerable differences can be observed from Figs. 2.7(a) and (c) as a result 
of the alteration in the number of harmonics. Their respective spectra, illustrated by Figs. 
2. 7(b) and ( d) shows an unpredictable and asymmetrical harmonic content variation, as 
the number of harmonics represented increases. 

The results presented in Fig. 2. 7 clearly demostrate that the combined effects 
of non-linear transformer saturation and lightly loaded transmission systems can produce 
considerable harmonic distortion, which can only be appropiately predicted with a detailed 
non-linear transformer model and harmonic cross-coupling representation. The same phe
nomenon, although less pronounced, is expected to take place in a sufficiently damped 
power network. 
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Figure 2. 7 Voltage waveform and harmonic content as a function of the number of harmonics 
explicitly represented 

( a),(b) seven harmonics plus a de term 

(c),(d) Twenty-one harmonics plus a de term 

2. 7 Conclusions 

The Harmonic Domain, a new frame of reference for the harmonic analysis of power sys
tems has been concisely described. The network busbars and coupling between phases and 
between harmonics are explicitly represented. The harmonic representation of power net
work linear and non-linear components in this frame of reference has also been described. 

A Newton-type iterative procedure is used to solve the linear and linearised 
components of the power system. The convergence characteristics and computation time 
required for the harmonic solutions are considerably improved calculating the Jacobian
admittance matrix once , at the first iteration only, giving identical responses to those 
obtained with a multi-evaluated Jacobian-admittance matrix. 

This general frame of reference for network analysis has been applied to the 
harmonic solution of a practical transmission systems where the non-linear effect of three
phase transformer banks is modelled. It is shown that this single effect may be sufficient 
to exceed the permissible system harmonic levels. The network sensitivity to different 
levels of the suply voltages, the position of the knee point of the magnetising character
istics and the effect of the explicit representation of cross-coupling between frequencies 
has been analysed. A careful harmonic analysis at the planning stage will help to assess 
the best practical value of the transformer magnetising characteristic( s) to improve the 
overall economy of a particular system extension. With the system already in operation, 
this analysis will help to assess the influence on the network harmonic distortion of ex
isting nodal voltages and current levels, so that a re-distribution of harmonic flows by 
alternative control actions in real-time could be attempted when required. It has been 
demostrated that for an adequate prediction of the harmonic distortion in a power system, 
a detailed representation of the magnetic non-linearity of the transformer and harmonic 

cross-coupling is required. 





Chapter 3 

Sparsity - Oriented Hybrid 
Formulation of Linear Multiports 

3.1 Introduction 

Different studies in network analysis, such as the determination of the periodic response of 
nonlinear networks and the behaviour of linear and nonlinear dynamic networks frequently 
require of a hybrid representation of the involved linear or linearized multiport equations. 

The direct hybrid algorithm was first proposed [Hale and Goodrich 1959] for the 
solution of the load flow problem. Following the development of efficient computational 
techniques [Tinney and Walker 1967], new algorithms appeared which took into account 
the sparsity of the resulting coefficient matrix. However, existing algorithms [Ho, Ruehli 
and Brennan 1975] and [Hajj 1977] require additional equations to fully represent the 
hybrid network, i.e. each controlling variable needs to be represented by an extra equation. 
Moreover, a special pivot ordering strategy, i.e. [Tinney, Powell and Walker 1978], is 
required to retain a diagonal dominance and, at the same time, avoid possible divisions by 
zero during the factorization process. The sparse tableau approach [Hachtel, Brayton and 
Gustavson 1971] also requires an optimal pivot ordering technique; additional refinements 
are often used to minimize roundoff errors during the hybrid solution. 

The algorithm to be described in this chapter does not require an optimal pivot 
ordering scheme and exploits to the full the sparsity pattern of a coefficient matrix. Any 
standard method can be used for the factorization process and direct solution of the 
resulting system equations. 

An obvious application of the proposed hybrid formulation is in harmonic anal
ysis, where the fundamental frequency circuit contains only voltage sources while the 
harmonic sources are normally current injections. 

Moreover, recently proposed harmonic algorithms are multi-phase and multi
harmonic [A.cha, Arrillaga, Medina and Semlyen 1989], thus increasing the size of the 
problem to be solved by several orders of magnitude. The computational advantages 
of the proposed hybrid formulation are illustrated in this chapter with reference to the 
solution of a practical test system in the Harmonic Domain. 
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3.2 Hybrid representation of power networks 

In network analysis, a general system of linear equations can be represented by the matrix 
relationship 

[A]X= iJ (3.1) 

where 

[A] : coefficient matrix 
X vector of dependent (unknown) variables 
iJ vector of independent (known) variables 

In power system applications we generally represent the nodal voltages and 
currents with vectors X and B, respectively, and the transfer function between them is 
given by a nodal admittance matrix. Equation (3.1) takes the form 

[Y] V = i (3.2) 

where 

[,?"] nodal admittance matrix 
V vector of nodal voltages 
i vector of nodal currents 

However, power networks usually contain hybrid excitations such that in n1 

ports the currents are the independent variables and in n2 ports the voltages are the 
independent variables. The total number of ports n would be determined as n1 + n 2 . 

Figure 3.1 illustrates this practical situation. 
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Figure 3.1 Hybrid representation of a multiterminal network with voltage and current ports. 
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3.3 Conventional solution of hybrid multiport networks 

In Fig. 3.1, the voltage ports have been arbitrarily numbered last to simplify the involved 
numerical manipulations. Equation (3.2) can be represented in compound form as 

(3.3) 

The unknown nodal voltages v; at the current ports and the current injections 
Ik at the voltage ports can be obtained by partial inversion of eqn. (3.3). Thus 

note that 

In compact form eqn. (3.3) can be written as 

( Aii ) : nodal impedance matrix 
( Bik ) : matrix of voltage transfer ratios 
( Cki ) : matrix of current transfer ratios 
( Dkk) : nodal admittance matrix 

(3.5) 

Diverse steady-state and dynamic studies are required by the power industry 
that involve a hybrid solution of the form given by eqn. (3.5) 

3.4 Proposed algorithm 

An analitically simple and computationally highly efficient algorithm for the solution of 
power networks with hybrid excitations is now proposed. The formulation is as follows : 

Let us assume an electrical network described by eqn. (3.2) and represented for 
convenience in expanded form as 

Yi1 Y12 yli ylk Yim Yin Vi 11 
Y21 Y22 Y2i Y2k Y2m· Y2n Vi h 

: 

1'i1 1'i2 Y;i Y;k 1'im 1'in v; Ii 

= (3.6) 
Yk1 Yk2 Yki ykk Ykm Ykn Vi lk 

--- _., -, --

Y~1 Ym2 Ymi Ymk Ymm Ymn (Vm. Im 

Yn1 Yn2 Yni Ynk \Ynm Ynn Vn In 
I 

Now let us assume that at nodes i and m the nodal complex voltages are 
specified, so that v; and Vm are known a priori. If this is the case, then their respective 
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equations can be removed from eqn. (3.6), provided that the contribution of these nodal 
voltages is taken into account during the solution of the reduced system of equations. 
Elimination of equations for ½ and Vm in eqn. (3.6) yields the matrix equation 

Y11 Y12 Yu Yin Vi Y1i Yim 11 
Y21 Y22 Y2k Y2n Vi Y2i Y2m 12 

Yk1 Yk2 ykk Ykn Vk + Yki Ykm ( ::) Ik 
(3.7) 

Yn1 Yn2 Ynk Ynn Vn Yni Ynm In 

Solving eqn. (3.7) for voltages gives 

V1 Y11 Y12 Yu Yin 
-1 Ii Y1i Yim 

Vi Y21 Y22 Y2k Y2n h Y2i Y2m 

Vk Yk1 Yk2 ykk Ykn h Yki Ykm ( ::) 
Vn Yn1 Yn2 Ynk Ynn In Yni Ynm 

(3.8) 

After the nodal voltages have been calculated with eqn. (3.8), the nodal currents 
at terminals i and m are determined from the matrix product 

Vi 
Vi 

½ 

( l'i1 l'i2 l'ii J'ik l'im l'in ) (!~) (3.9) 
Ym1 Ym2 Ymi Ymk Ymm Ymn Vk 

Vm 

Vn 

Equations (3.8) and (3.9) are now generalized and expressed in compact form 
as 

(3.10) 

(3.11) 

where indices are identified as follows 
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p, q : current ports 
r reference voltage ports 
s current or voltage ports 

In eqn. (3.10), vector [Ip) represents the total contribution of nodal current 
injections at the different network terminals. It comprises explicit current sources, defined 
as ip, and current injections J(Vp), which are in a way function of nodal voltages. Thus, 
[Ip] can be expressed as 

(3.12) 

substitution of eqn. (3.12) into eqn. (3.10) gives 

(3.13) 

The power network represented by eqns. (3.11) and (3.13) can be now solved 
following a sequential iterative process. Solution of eqn. (3.13) will determine the nodal 
voltages appearing at the current ports, substitution of these voltages in eqn. (3.11) will 
allow the calculation of nodal currents injected at the voltage ports. Solution to the system 
of equations is obtained once the following criteria for convergence is satisfied. 

I v;+1 (3.14) 

(3.15) 

where 

k iteration 
Cv criterium of convergence for voltages 
CI criterium of convergence for currents 

It is proved later that the incorporation of modern sparsity techniques on the hy
brid formulation previously detailed will dramatically increase the computation efficiency 
of the iterative solution process for the whole network. In addition, it is interesting to note 
that updating the currents of [Ir) with eqn. (3.11) at each iteration does not have any 
effect in the subsequent calculation of nodal voltages [Vp]· This means that eqns. {3.11) 
and (3.13) are uncoupled from each other, so that for practical purposes it is sufficient 
to iterate eqn. (3.13) until the criterium for convergence given by eqn. (3.14) is met. 
Nodal current injections at the network voltage ports are then calculated with eqn. (3.11) 
once convergence has been achieved. This consideration will further speed-up the network 
iterative solution. 

3.5 Sparsity - oriented techniques in network analysis 

The relationship between variables in a practical power network can be represented by eqn. 
(3.2) and when solved for the unknown variables, efficient numerical techniques should be 
used in order to optimize computation time and memory requirements. Exploiting to the 
possible extent the original sparsity ( ratio of zero to nonzero elements) of the square matrix 



28 CHAPTER 3 SPARSITY - ORIENTED HYBRID FORMULATION OF LINEAR MULTIPORTS 

[Y] and vectors J and V provides the answer to this restriction as only operations between 
nonzero elements take place. However, in some applications the numerical accuracy is 
adversely affected by the strategy followed to preserve the original matrix sparsity, as this 
aspect may be dependent of the order in which pivots (nodes) are selected to obtain the 
inverse of [Y]. 

With the use of sparsity techniques, storage of coefficient matrices is no longer 
done using bi-dimensional arrays. Instead, vectors containing only nonzero diagonal 
and/or off-diagonal elements are used. Auxiliary vectors are used to identify the row 
and column of these elements, to form linked lists identifying their memory locations 
(non-continuous when during the symbolic pivot elimination new nonzero elements ("fill
in") are created ), as well as to determine the number of nonzero elements in each row or 
column. 

Nowdays, almost any problem in power systems makes use of an adequate pivot 
ordering scheme and a factorization method for its efficient digital solution. Because of 
their importance as tools of numerical analysis in this work, these algorithms are briefly 
described in the next two subsections. 

3.5.1 Pivot {node) ordering schemes 

Starting from the late decade of the fifties and up to mid-seventies, intensive research 
was devoted to the development of efficient numerical techniques of network analysis, in 
order to optimize the limited facilities of an still emerging computer technology. Essential 
to this research effort was the determination of a pivot ordering algorithm which could 
best preserve the sparsity of a coefficient matrix, representing an interconnected network, 
so that the minimum computation time and memory requirements were obtained with, 
however, non-existing or negligible roundoff errors resulting from arithmetical operations. 
A comprehensive review on sparse matrix research and its applications [Duff 1977] compiles 
the achievements obtained during this period of time. 

Based on the strategy followed for pivot elimination, pre-ordering and dynamic 
ordering schemes were proposed. vVith pre-ordering schemes, the sequence in which pivots 
will be processed is selected a priori, from direct examination of a connected graph or 
number of nonzero elements in each row ( column) of a coefficient matrix. On the other 
hand, in a dynamic ordering, at each step of the matrix symbolic elimination the next 
pivot (node) to be eliminated is selected from direct examination of the reduced matrix 
or its associated connected graph. 

Pre-ordering schemes are restricted to problems involving reduced order ma
trices because in practical applications their associated generation of nonzero elements is 
considerably higher than produced by dynamic orderings. 

Basically, dynamic orderings are divided into near-optimal and optimal schemes. 
In the optimal ordering algorithms minimum "fill-in" is guaranteed, but often at the 
expense of excessive computation time required to define the sequence of pivot processing. 
Because of this serious limitation, its application is not justified in most practical problems. 
In a near-optimal scheme, a compromise between generation of nonzero elements ( usually 
close to that obtained with an optimal ordering algorithm) and processing time is made 
to define the pivot ordering. 

In a comparative study of different ordering techniques [Stott and Hobson 1971], 
a near-optimal algorithm based in the least number of connected branches in the reduced 
graph emerged as the technique offering better computation advantages. This ordering 
scheme, long ago proposed [Tinney and Walker 1967] is still the most widely used in sparse 
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calculations of practical networks and has been programmed in the sparsity software of 
the present research work. 

The algorithm is based in selecting, at each elimination step, the node of the 
reduced graph with the least number of connected branches. This process is equivalent to 
select the pivot associated with the row and column of a reduced matrix with the least 
number of nonzero elements. If more than one pivot (node) satisfies this condition then 
any of them can be selected. 

The sequence of elimination is illustrated in Fig. 3.2 for a simple connected 
graph. Note that when nodes 1 and 3 are selected new trajectories 2-5 and 2-7 are created. 
In a matrix representation of this graph, nonzero elements 2-5 , 5-2, 2- 7 and 7-2 would be 
generated. 

(a) 

(c) ( d) 

(e) (f) 

Figure 3.2 Node elimination according to minimum number of branches in a reduced graph. 

(a). Original connected graph. 

(b) - (!). Reduced graphs resulting from node elimination. 
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3.5.2 Matrix factorization process 

Once the sequence of pivot elimination has been determined, an appropiate factorization 
method is required for the actual numerical calculations, such that the original form of a 
coefficient matrix or its inverse is calculated as the implicit product of 2n factor matrices. 

A review on matrix factorization techniques [Brameller, Allan and Haman 1976] 
gives a detailed description of each method, merits and shortcomings. Among these al
gorithms, the bi-factorisation technique [Zollenkopf 1971] has been programmed in this 
work because of its algorithmic simplicity and efficiency. A matrix inverse can be directly 
calculated from the product of its 2n factor matrices. Numerical accuracy is ensured dur
ing the calculation of these factors with. a diagonal dominance of the original coefficient 
matrix. Fortunately this is the usual case in practical power network studies. 

The bi-factorisation algorithm is based on the calculation of 2n factor matrices, 
such that their product satisfies the restriction 

where 

[A] : original coefficient matrix 
[ L] : left - hand factor matrices 
[R] : right - hand factor matrices 
[U] : unit matrix 

[U} (3.16) 

After a few algebraic steps, it can be proven that A-1 can be calculated as 

(3.17) 

Note that R(n) is a unit matrix and can be omited from numerical calculations. 
Besides, if A is symmetrical in sparsity and numerical value, the factor matrices R will be 
implicitly determined with the calculation of only factor matrices L. 

At a particular elimination step, the factor matrices L and R of the affected 
node k will be given by 

1 1 

1 1 
[L](k) = Lkk [ R](k) = 1 Rkj Rkn 

Lik 1 1 

Lnk 1 1 
(3.18) 

where 

Lkk = 1 k 1, ... n 
~ 

aold 

Lik = -?ob i = k + 1, ... n 
akk 
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j = k + 1, ... n 

i, j = k + 1, ... n 

3.6 Sparse hybrid formulation 

The incorporation of the pivot order.ing scheme and the factorization algorithm described 
above increases dramatically the computation efficiency during the solution of eqn. (3.13). 
Making [Ypq]- 1 = [AJ- 1 and substituting eqn. (3.17) into eqn. (3.13) yields 

[Vp] [R](l)[R](2) ... (R](n-l)[R]("l[£](n)[£](n-l) ... [£](2)(£](1) {[ip + f(Vp)] - [Ypr] [Vri} 
(3.19) 

Note from eqn. (3.19) that is not required the explicit calculation of [YpqJ- 1 but 
only of sparse factors [L] and [R], which for practical purposes will have memory locations 
non-continuously arranged in vector form with the help of linked lists. 

3. 7 Practical application of the algorithm to harmonic 
studies 

Among the many potential applications of the proposed algorithm in network analysis, 
the prediction of harmonic distortion in power systems is an obvious one, considering the 
size of the matrices involved. This aspect is of critical importance for network analysis 
in the Harmonic Domain. Here the variables representing the entire network are complex 
quantities and the harmonic admittance matrix is numerically asymmetrical. A limited 
range of harmonics (truncated because of practical necessity), incorporating the realistic 
coupling between positive and negative frequencies and DC term is explicitly represented. 
Thus , each bus bar will be described by number of phases * (2 * number of harmonics + 
DC term) equations. . 

By way of example, Fig. 3.3 illustrates the sparsity structure of the harmonic 
admittance matrix for a simple radial system composed by generator ( approximated by a 
linear model) , transformer and transmission line. Note the Toeplitz arrangement of terms 
at all phases of the non-linear components describing explicitly the cross-coupling between 
harmonics. In linear components, such as transmission lines, there is no coupling between 
harmonics of different order. Figure 3.3 clearly details this situation. 
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Figure 3.3 System Representation in the Harmonic Domain 

(a) Radial system. 

(b) Sparsity structure of the Jacobian-admittance matrix. 

2 

The linearization of non-linear components requires , by necessity, that an it
erative approach be adopted during the solution process. Thus , at each iterative step a 
re-linearization of the non-linear components is required and this procedure may be seen 
as a re-linearization for the entire network. 

In the Harmonic Domain , the analysis for the complete electrical network is 
based in the following matrix equation 
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3.7 PRACTICAL APPLICATION OF THE ALGORITHM TO HARMONIC STUDIES 

where 

[YJ] : 
.6.-V: 

S.1: 

.6.I 

harmonic admittance matrix of the entire network 
vector of incremental harmonic voltages 

vector of incremental harmonic currents 

33 

(3.20) 

Note that eqn. (3.20) has the same form as eqn. (3.2). The incremental voltages 
and currents indicate a linearization process about an operation point Vi and h- The 
network harmonic solution is found through a Newton-type algorithm where the harmonic 
admittance matrix plays the role of a Jacobian. Considerable reduction in computation 
requirements, without adversely affecting the algorithm consistency, is obtained when the 
Jacobian-type matrix is evaluated once, at the beginning of the iterative process, and kept 
constant during subsequent iterations. 

3.7.1 Case study 

A harmonic study was carried out for the Test System of Fig. 2.1. An spectrum of seven 
harmonics and a de term is considered, so that a 450 set of linearized equations is solved. 
Voltage sources are assumed at the Manapouri and Roxburgh generation terminals and 
the internal node of Manapouri is used as the slack busbar (with 0.95 p.u . voltage). The 
remaining busbars are represented by current injections of the form given by eqn. (3.12). 
Each transformer of the test system is modelled as a combination of a linear harmonic 
lattice equivalent circuit with the appropiate electrical connection and a linearized Norton 
harmonic equivalent representing the transformer magnetizing branches . Because the net
work contains voltage and current excitations, a hybrid iterative solution of the form given 
by eqn. (3.5) is needed. Initial undistorted conditions for the network iterative solution 
are derived from a three-phase load flow. Convergence for the test system is achieved in 
four iterations using a criterium for convergence Cv = Ci = 0.001 p.u. volts/amps. 
Figures 3.4( a)-( d) show a full period of voltage waveforms obtained at relevant system 
busbars following convergence. The corresponding harmonic spectra are illustrated in 
Figs. 3.4( e)-(h) as a percentage of the fundamental voltage. 
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Figure 3.4 Voltage waveforms and harmonic content at relevant system terminals when altenrating 
supply voltage is 0.95p.u .. 
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3.8 Computational efficiency of the new algorithm 

The proposed algorithm for the solution of power networks containing hybrid excitations 
is now discussed with reference to its computational efficiency. For this purpose, the 
harmonic response of the test system, obtained with a conventional explicit solution of the 
form represented by eqn. (3.5) (without using sparsity techniques) has been compared with 
the sparse hybrid solution, represented by eqns. (3.19) and (3.11). The relevant features 
of both approaches are summarized in Table 3.1, in terms of the CPU time requirements 
of each iterative technique. The CPU times have been measured in a VAX-3500 computer 
system. 

DO 

PI PF O:' DS GT 
IRC 

EHS 1307 - - 2.66 1408 

SHS - 2.1 2.07 0.66 46 

Table 3.1 CPU time (in secs) consumed at relevant stages of the Sparse Hybrid Solution. 

where 

EH S : explicit hybrid solution 

SH S : proposed sparse hybrid solution 

PI : partial inversion 

PF : partial factorization 

DO a I RC : dynamic ordering and interchange of rows and columns 

DS direct solution for unknown voltage and current injections 

[ eqn. (3.5) for EHS and eqns. (3.19) and (3.11) for SHS] 

GT global time, including the three phase load flow iterations 

In the EH S, 202 500 elements of the coefficient matrix required to be processed. 
On the other hand, after the dynamic ordering and interchange of rows and columns of the 
coefficient matrix, only 5 192 nonzero elements required to be processed with the SH S. 

The CPU times shown in Table 3.1 do not include input/output operations. 
Note that during the EH S the bulk of the computational effort is due to the partial 
inversion process. In the SH S, once the dynamic ordering and interchange of rows and 
columns has been realized for the obtained coefficient matrix, the factorization process 
requires only 2.1 secs of CPU to be executed, i.e. an almost 600 times reduction with 
respect to the partial inversion in EH S. This is due to the fact that only 5192 nonzero 
elements need to be processed at the factorization stage. Note also that the duration of 
the direct solution procedure (DS) in the SH S has been reduced by a factor of 4 with 
respect to the EH S. Finally, it can be seen from Table 3.1 that the CPU time required by 
the SH S for the global iterative solution (including the three phase load flow iterations) 
is about 30 times shorter than that of the EH S. The potential of the proposed sparse 
hybrid solution of power networks is clearly evident. 
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3.9 Conclusions 

Because of the computational burden associated with the explicit direct solution of mul
titerminal networks containing hybrid excitations ( voltage and current), its application 
is limited to the solution of restricted problems. A simple and highly efficient algorithm 
has been proposed to overcome these limitations. It fully incorporates the advantages of 
sparse matrix techniques and does not require any special ordering strategy to preserve 
the diagonal dominance during the factorization process. 

During the sparse hybrid solution arithmetic operations are executed between 
nonzero elements only, and the greater the number of reference port injections in the net
work, the more efficient the algorithm will be because of the logic reduction in processing 
time required for the dynamic ordering, factorization and forward and backward solution 
of the resulting system of equations. 

A fast calculation of the unknown variables corresponding to the reference port 
injections is ensured, as only elements of the original coefficient matrix are involved for 
their evaluation. Further efficiency in the iterative network solution is obtained if calcula
tion of these variables is omitted from the iterations and calculated only after convergence 
is achieved. 

A harmonic study based on the Harmonic Domain frame of reference has been 
presented. The harmonic solution has been obtained by a conventional explicit hybrid 
approach and by the now proposed sparse hybrid technique. The potential of the sparse 
hybrid solution has been clearly shown , as for the case analyzed, the factorization process 
is approximately 600 times faster than the partial inversion needed by the explicit hybrid 
solution, and the computational time necessary for the global iterative solution has been 
reduced by a factor of 30 with respect to the EH S. 



Chapter 4 

Synchronous Machine Model 
the Harmonic Domain 

4.1 Introduction 

• 
In 

The analysis of any practical multi-phase, unbalanced power system under transient or 
steady-state operation conditions requires adequate models to simulate the behaviour of 
its prime component; the synchronous machine. 

After the two-reaction theory of synchronous machines was stablished [Park 
1929] and [Park 1933] almost all mathematical models in current use are based in the 
transformation from abc to dqO variables. However, analytical models have been also 
developed in direct phase-coordinates for transient studies [Subramaniam and Malik 1971] 
and [Arrillaga, Campos-Barros and Al-Khashali 1978]. 

The use of a/30 components was proposed by Clarke (1950) as a natural transi
tion between abc quantities and dqO components in systems where there is an appreciable 
harmonic content in phase currents and voltages, as well as fundamental frequency and de 
components. In addition, it was observed [Hwang 1965] that for asymmetrical fault studies 
further transformation of the dqO equations is required, as they assume constant speed 
in the synchronous machine, thus precluding the condition of power swings. It has been 
noted [W.A. Lewis; discussion on the work of Hwang (1965)] that the original Clarke's 
components have the disadvantage of not being power invariant under the effect of the 
transformation. This limitation was overcomed with the use of a/31 components [Hwang 
1965]. Basically these components have the same form as the original Clarke's a/JO, except 
that the zero-sequence quantities are modified to obtain a power invariant transformation. 

Models in current use based on transformations from phase quantities to dqO or 
dqO-a/31 components are derived by initially omitting non-linear effects such as hysteresis 
and saturation. Usually hysteresis effects are neglected assuming isotropic magnetic ma
terial, so that its magnetising characteristic is single-valued [Ahamed and Erdelyi 1966]. 
Saturation effects are incorporated into the initially assumed lossless model by adjusting, 
generally by iterative procedures [Anderson and Fouad 1977], the linear inductances in 
the d or dq axes, depending on whether saturation is represented in one or both axes. 

In the past, much of the research effort has been devoted to the development 
of analytical models describing the machine's transient or steady-state operation at fun
damental frequency; little attention has been given to develop appropiate models to rep
resent their periodic behaviour. The synchronous machine, as a source of harmonics and 
the complex frequency conversion phenomenon taking place between rotor-stator has been 
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concisely described by Clarke (1950) and Arrillaga, Bradley and Bodger (1985). 
The harmonic representation of the synchronous machine based on empirical 

models or as an emf in series with hx;, or the average of hx; and hx; (Clarke 1950], 
can not take into account the process of harmonic conversion; more rigorous models are 
required. It should be noted that the process of frequency conversion is, in addition, 
affected by non-linear effects such as saturation and the direct contribution of the external 
network. 

Synchronous machine models have been developed for the harmonic analysis of 
unbalanced power networks [Roark and Gross 1978] and [Semlyen, Eggleston and Arrillaga 
1987) that can simulate the mechanism of frequency conversion. To this purpose, the 
machine is described by an admittance matrix where cross-coupled odd and even harmonics 
are explicitly represented. In recent work (Xu, Dommel and Marti 1991] the saturation 
effect of the air-gap flux is iteratively calculated in the form of a current injection in dqO 
components and then, after being transformed to phase quantities, is incorporated to the 
synchronous machine model with frequency conversion. 

Based in the previous investigation of Semlyen, Eggleston and Arrillaga (1987), a 
more general synchronous machine model for harmonic studies is presented in this chapter. 
The process of frequency conversion is fully represented in the Harmonic Domain for a 
practical harmonic spectrum -n to +n. Taking advantage of the potential of this new 
frame of reference for network analysis, magnetic saturation is modelled in direct phase
coordinates rather than in the conventional dq components by a linearisation process in the 
Harmonic Domain. The linearised model has the form of a Norton harmonic equivalent, 
which can be directly combined with the machine and network equations. 

The synchronous machine model with frequency conversion and saturation in
cluded has modular form, so that it can be easily interfaced with the external network 
either as a Thevenin or Norton harmonic equivalent. 

4.2 The process of frequency conversion 

During the transient or steady state operation of synchronous machines, the asymmetry 
of the winding distribution and structure of the rotor, in addition to the influence of a 
set of unbalanced or distorted stator currents, create mmf s in the rotor which rotate 
one relative to each other; these in turn induce unbalanced voltages and further stator 
current distortion. This is a repetitive process at harmonic frequencies. However, with 
only linear loads connected at the machine terminals, the currents and voltages of higher 
order being sequentially generated will be progressively smaller since in this case the rotor 
reaction field effectively opposes to the presence of high frequency flu.x components. Non
linear effects or harmonic magnifications on the external system would, on the other hand, 
require of an harmonic balance to be reached between rotor and load, with no necessarily 
negligible higher order currents and voltages. 

In a cilindrical rotor machine, a negative sequence current of order h injected to 
the stator will create a flux of order h+ 1 in the rotor, which in turn will induce a negative 
sequence voltage of order h. For the case of a positive sequence current of order h injected 
to the stator a flux of order h - 1 is produced, which in turn produces a positive sequence 
voltage of order h. 

For the case of a salient pole machine, a negative sequence current of order h 
produces two counter rotating fluxes of order h + 1 in the rotor; one inducing a negative 
sequence voltage of order h and other a positive sequence voltage of order h + 2 in the 
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stator. Similarly, a positive sequence current of order h in the stator produces counter 
rotating fluxes of order h - 1, which in turn induce a positive sequence voltage of order h 
and a negative sequence voltage of order h - 2. The same process is repeated for a current 
injection of order h - 2 and of higher harmonic orders in the stator. 

In general terms, it can be noted that in phase coordinates any harmonic current 
of order h injected in the stator will produce harmonic voltages of orders h - 2, h and 
h+ 2. 

4.3 Harmonic model of the synchronous machine 

The synchronous machine periodic behaviour is to be represented with a cross-coupled, 
multi-harmonic three-phase model; derived from quantities in dq axes using accepted vari
able notations [O'Kelly and Simmons 1968]. 

The relevant differential equations describing the non-linear machine behaviour 
are 

Vd =Rid+ p(Ldid + MdjiJ + lvldsis) - w(Lqiq + Mqtit) 

Vq = Riq + p(Lqiq + M9tit) + w(Ldid + j\;fdJiJ + Mdsis) 

VJ = 0 = RjiJ + p(L1i1 + lvldJid + Mjsis) 

( 4.la) 

( 4.lb) 

( 4.lc) 

( 4.ld) 

(4.le) 

The variables s and t in eqn. ( 4.1) represent a closed damper winding in axes d 
and q, respectively. In the analysis to follow, it is assumed that if the applied field voltage 
is constant no harmonics are present in v f [Roark and Gross 1978], thus this variable is 
set to zero in eqn. ( 4.lc). 

The harmonic domain linearisation process requires a phasor representation of 
eqns. ( 4.1 ). At a particular frequency h, the required variables of eqn. ( 4.1) are described 
in phasor form as follows [Semlyen, Eggleston and Arrillaga 1987] 

( 4.2) 

where phasor Wh is 

( 4.3) 

In the harmonic domain the operator p is defined as 

p = jhw (4.4) 

Writing eqns. (4.1) in phasor form and solving for dq quantities yields 

( 4.5) 

For harmonic h eqn. ( 4.5) is written in compact form as 

( 4.6) 
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4.4 Two-phase transformation dq to a/3 

The relationship between the space-stationary, orthogonal dq axes and a three-phase (abc) 
winding is determined depending on whether this winding is stationary or rotating. To 
account for both conditions, a winding transformation has been defined [Clarke 1950] be
tween the three-phase ( abc) and hypothetical two-phase orthogonal ( a/3) windings, such 
that the phase separation between the winding axes remains constant irrespective of wind
ing rotation. The a axis is rigidly fixed to phase a and the {3 axis is 90 degrees ahead, 
in the direction of rotation. If the three-phase winding is stationary, the a/3 and dq axes 
are presumed coincident. However, if winding rotation is to be considered, then a second 
transformation between the rotating two-phase a/3 and stationary dq windings is required. 
This case, associated with a practical synchronous machine in operation is modelled in 
the analysis to follow. 

The transformation between a/3 and dq components of voltage can be determined 
with the relationship given by Clarke (1950). The equations are conveniently acommo
dated to represent harmonic voltages as variables. The ·convention used to define the 
resultant harmonics as h1 = h ± 1 [Semlyen, Eggleston and Arrillaga 1987] is kept. Thus, 
the matrix equation is written as 

( V~h ) = ( cos wt 
Vph sin wt 

(4.7) 

Phasors Vdh and Vqh can be expressed in the trigonometric form of eqn. ( 4.2) 
as 

Vdh v~h cos hwt v~hsin hwt (4.8a) 

Vqh v:h cos hwt v;hsin hwt (4.8b) 

where 

1 .h e-jhwt) cos hwt -(eJwt+ ( 4.9a) 
2 

sin hwt 2~ ( eihwt _ e-ihwt) ' (4.9b) 

eihwt cos hwt + j sin hwt (4.9c) 

e-ihwt cos hwt j sin hwt (4.9d) 

similar expressions apply for cos wt and sin wt. Substitution of eqns. ( 4.8) and ( 4.9) into 
eqn. ( 4. 7) and after several algebraic steps yields, when combined into phasors of the form 
given by eqn. ( 4.3), to the following equations 

v:h-1 = ~ (Vdh - j Vqh) (4.10a) 

v:h+t = ~ (Vdh + j Vqh) (4.10b) 
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~ (j Vih + Vqh) ( 4.10c) 

~ (-j Vih + Vqh) ( 4.10d) 

A particular solution of eqn. ( 4. 7) for h = 0 will result in equations (3.10) multiplied by a 
factor of 2. The transformation between a/3 and dq quantities can be obtained assembling 
together eqns. ( 4.10). In matrix form these equations are written as 

(4.11) 

An identical transformation applies to the currents. For a practical harmonic spec
trum -n to +n, where n is the number of harmonics to be analyzed, matrices Va/3, Vdq 

and [ C] have the form 

(CJ=! 
2 

where 

1vr 
N• M• 

N• 2Af° 
N• N 

2M 
M 

Jl1l = N* = ( l. j) 
-J 1 

4.5 Admittance matrix [Ya,e] 

N 
N 

M 

To derive [Ya/J] the general matrix equation is first written for all harmonics as 

( 4.12a) 

(4.12b) 

(4.12c) 

(4.13) 

( 4.14) 

Variables Vdq are determined by inverse transformation of eqn. (4.11). Identical 
procedure is made to calculate variables idq• Thus, the following expressions are obtained 

Vdq = [C]* VafJ 

Jdq = [C]* fa/3 

Substitution of eqns. ( 4.15) into eqn. ( 4.14) gives 

(4.15a) 

( 4.15b) 
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ix(] = [Ya(]] Va(] ( 4.16) 

where 

[Ya(]] = [ Cl[Ydq ][ C]* ( 4.17) 

matrix [Ya(]] has the form 

[Yaf3] = 

-n -n + 1 -h ... -2 -1 0 1 2 h n-1 n 

-n A* n B~-1 

-n+ 1 A~-1 

D~-1 B* h 

-h A* h 

D* h B2 

-2 A* 2 B* 1 

-1 D* 2 A" 1 Do 

0 D* 1 Ao D1 
1 Bo A1 D2 

2 B1 A2 

B2 Dh 

h Ah 

Eh Dn-1 

n-1 An-1 
n Bn-1 An 

( 4. 

where 

Ao= (MYdq_ 1 M + NYdq1 N)/2 ( 4.19a) 

A1 = (2MYdq0 M + NYdq2 N)/4 ( 4.19b) 

Ah = (MYdq(h-1)"1\IJ + NYdq(h+l)N)/4 h = 2, ... , n - 1 (4.19c) 

An ::::; MYdqn-l M / 4 ( 4.19d) 

Bo = MYdqo N /2 ( 4.19e) 

B1 = MYdq1 N /2 ( 4.19f) 

Eh= MYdqhN/4 h = 2, ... ,n-1 ( 4.19g) 

Do = NYdqo M /2 ( 4.19h) 

Dh = NYd%M/4 h = 2, .. . , n - 1 ( 4.19i) 
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the expanded representation of fcx/3 has the same form as Va/3 of eqn. (4.12a). Note from 
eqn. ( 4.19a) that the de component Ao depends on negative and positive components of 
fundamental frequency. The use of an expression for Ao depending only on the positive 
frequency component may not be convenient nor adequate [Roark and Gross 1978]. Terms 
Bo and Do = B0, omited in previous contribution [Semlyen, Eggleston and Arrillaga 
1987], play an important role in the mechanism of frequency conversion and their effect 
should be included. Terms Ah depend on negative and positive harmonics h - 1 and h + l, 
respectively. Bh and Dh depend on the same harmonic order h. 

Note from eqn. ( 4.18) that no cross-coupling exists between even and odd harmon
ics. Thus, precluding interaction between these harmonics. 

It can be observed from eqn. ( 4.16), taking the expanded matrices la/3, [Yaf3] and 
Vaf3, that a particular current Iaf3h depends on voltages at three harmonics, i.e. VafJ(h-2 ), 

Vaf3h and Vaf3(h+ 2 ). Or, in other words, the voltage Vaf3h produces harmonic currents of 
order h- 2 and h + 2. The same is valid in phase quantities, as described by Xu, Dommel 
and Marti (1991]. 

4.6 Admittance matrix [Yabc] 

A direct admittance transformation from the two-phase a/3 reference to the three-phase 
abc cannot be done because the conversion matrix has non-square form, thus precluding 
inversion. This problem is solved by augmenting [Ya/3] with a zero sequence diagonal 
matrix of order equal to the harmonic spectrum analized and adding to the transformation 
matrix, defined as Th for a particular harmonic h, a third row of equal numerical constants. 
The augmented matrix [Ya/3"1] has the form 

( 4.20) 

The zero sequence component satisfies the condition of having zero contribution or 
being uncoupled from the machine a/3 and dq components [O'Kelly and Simmons 1968]. 
With the incorporation of the zero sequence component the following relationships can be 
defined for any harmonic h 

where 

Va/hh = [Th] Vabch 

lafJ"th = [Th] jabch 

1 1 
-2 1 

-2 

[Th]= 0 fl _fl 
2 2 

1 1 1 
3 3 3 

Eqn. ( 4.16) can be re-written in a/31 components as 

( 4.21a) 

( 4.21b) 

( 4.22) 

( 4.23) 
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Dropping subscript h and substitution of eqns. ( 4.22) into eqn. ( 4.23) leads to 

(4.24) 

where 

[Yabc] = [TJ-1 [Ya,s-y] [T] ( 4.25) 

Note that in eqn. ( 4.24) the terms abc are sequentially accomodated for each 
harmonic h in blocks of order 3. A different representation is .required for the harmonic 
domain solution where the complete harmonic spectrum (positive and negative harmonics) 
is used for each phase. As an example, considering 3 harmonics and a de term, the current 
and voltage vectors of eqn. (4.24) have the form 

and the structure of matrix [Yabc], with dots indicating non-zero elements, is illustrated in 
Fig. 4.1. 

a b C 
-3 -2 -1 0 2 3 .3 -2 -1 0 2 3 -3 -2 -1 0 1 2 3 

-3 
n----+--+----l--+--+---+--++---+---+---+--+--+---<l---++--1---+--1---1---+-+---H 

-2 
•l ll---+--+----+-+----;---t--tt----t--t---t--+---+---1i----tt--t----;--t---+--+--t---tt 

0 

2 

3 

-3 
-2 ll----+--+----l--+--+---+--++---+--+---+--+--+---<l---++--l---+--1---1---+-+---tt 

-1 
0 ll----+--+----l--+--+---+--++---+---+---+--+--+---<l---++--l---+--1---1---+-+---H 

1 

2 

3 

-3 
-2 ll----+--+---!--+---;---t--tt----t--t---l--+---+---1i----tt--t---+--t---+--+--t---tt 

-1 

0 

1 

2 

3 

Figure 4.1 Structure of matrix [Yabc] 

4. 7 Synchronous machine saturation 

Several mathematical models have been developed for the representation of magnetic satu
ration in synchronous machines. Invariably these techniques are based in the modelling of 
saturation either along the ficticious d axis or, additionaly, considering saturation on the q 

axis. Generally the effect of saturation is taken into account by iteratively modifying the 
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self and mutual inductances on the dq axes [Anderson and Fouad 1977). Because of the 
lack of information about saturation on the q axis, a common accepted practice corrects 
for saturation the self-inductance on the d axis only and neglects this effect on the q axis 
[Slemon 1971] and [Anderson and Fouad 1977). However, it has been reported [Shackshaft 
and Henser 1979] that for large modern synchronous machines, saturation of the direct 
and quadrature axes is quite diferent, and experiments have confirmed [Shackshaft and 
Neilson 1972] that in some cases the q axis saturates as much or even more than the 
d axis. In a comparative analysis of different approaches followed for the simulation of 
synchronous machine saturation [Harley, Limebeer and Chirricozzi 1980] the importance 
of modelling saturation on the q axis is highlighted, based on the simulation results ob
tained from different studies of a three-phase short-circuit condition ocurring close to the 
generator terminals. 

On the other hand, it has been noted [Adkins and Harley 1976] that saturation in 
one of the dq axes affects the other and viceversa. This phenomenon is usually referred 
to as "cross-magnetising effect" [El-Serafi, Abdallah, El-Sherbiny and Badawy 1988]. The 
necessity of its representation has been suggested earlier [Brandwajn 1980]. 

In other works [Brandwajn 1980] and [Xu, Dommel and Marti 1991], saturation in 
the air-gap flux is assumed to be a function of the total mmf in the air-gap, i.e. combined 
effects of field and dq axes, including damping windings. Thus, saturation depends on the 
total mmf rather than on separate contributions of the d and q axes. 

A phase-coordinate model for the representation of magnetic saturation in syn
chronous machines is now presented. The original dq differential equations are not mod
ified. Instead, saturation is modelled as a Norton harmonic equivalent obtained from a 
linearisation process in the Harmonic Domain. The phase~coordinate nature of the math
ematical model makes unnecessary an iterative procedure to correct the dq inductances. 
The harmonic equivalent is calculated at each iteration with the rest of dependent vari
ables during the unified solution of the entire power network. Each stator phase has 
associated with it the same magnetising characteristic, but saturates differently, according 
to the phase unbalance at generator terminals, which depends on the rest of the network 
contribution. 

The stator magnetic and electrical parts are represented by the state equations 
describing the non-linear behaviour of an ideal inductor, i.e. 

V =p<f> ( 4.27) 

i = f ( </>) (4.28) 

In the Harmonic Domain eqns. ( 4.27) and ( 4.28) are linearized as 

~V = {jhw} ~</> ( 4.29) 

( 4.30) 

Note that 

(4.31) 

where 
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hg : base current, obtained from generator magnetising characteristic 

½g : base voltage at generator terminals 

Substitution of eqns. ( 4.31) into eqn. ( 4.30) allows a solution for I to be obtained, 
which in general form can be expressed with the matrix equation 

j = [Hg] V + IN ( 4.32) 

where 

jN = jbg - [Hg] Viig ( 4.33a) 

[Hg]= [Fg] {jhw }-1 ( 4.33b) 

Eqn. ( 4.32) represents the Norton harmonic equivalent for the generator stator 
combining together its magnetic and electrical parts. IN is a vector of Norton harmonic 
currents and [Hg] is a_square harmonic matrix of Norton magnetic admittances. 

In a unified solution when the generator model is incorporated with the rest of 
system equations the numerical stability and convergence properties of the Harmonic Do
main iterative process are improved when eqn. ( 4.33b) is calculated only once, at the first 
iteration, and eqn. ( 4.33a) is updated at each iteration step. 

The effect of saturation, modelled as a Norton harmonic equivalent is combined 
with the machine abc quantities according to the winding connections. As an example, 
the structure of the resulting matrix [Yabc] + [Hg] is shown in Fig. 4.2 for the case of the 
machine with windings in grounded Star arrangement. 

a b C 
.3 -2 -1 0 2 3 -3 -2 -1 0 2 3 -3 -2 -1 0 1 2 3 
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Figure 4.2 Structure of matrix [Yabc] + [H9 ] 

Note from Fig. 4.2 that now an explicit cross-coupling between even and odd 
harmonics appears in phases a, b and c. However, even harmonics are only present if hys-
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teresis effects are taken into account, if they are externally excited or if the magnetising 
characteristic is asymmetrical on its positive and negative regions. For single-valued sym
metrical magnetising curves, only odd harmonics are produced and only cross-coupling 
between these harmonics takes place. 

4.8 Synchronous machine harmonic equivalents 

The synchronous machine harmonic model with frequency conversion and saturation ef
fects included can be represented either as a Norton or Thevenin equivalents. Both repre
sentations are illustrated next. In the analysis to follow, a generator notation is assumed 
and for simplicity of variable manipulations Y9 = Yabc and brackets are dropped at inter
mediate algebraic steps. 

4.8.1 Norton harmonic equivalent 

Figure 4.3 illustrates the Norton equivalent representation of a synchronous generator in 
open-circuit 

Io 

~ 

I 

Figure 4.3 Generator Norton harmonic equivalent. 

The generator current I is calculated as 

I= -(Y9 + H9 )V +Io+ 19 

+ 

V 

( 4.34) 

Assuming the excitation perfectly smooth Io is only affected by positive sequence 
fundamental frequency current [Semlyen, Acha and Arrillaga 1987]. Thus, 10 is determined 
as 

10 = (Y9<+> + H9<+>)V(+) + I(+) - 19<+> 

Substitution of eqn. ( 4.35) into eqn. ( 4.34) gives 

I= -(Y9 + H9 )V + (Y9<+> + H9<+>)l/i+) + I(+) - 19<+i + 19 

The currents I(+) and 19<+> can be written in terms of currents I and 19 as 

( 4.35) 

( 4.36) 
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l(+) =Tl 

lg<+> = T lg 

where 
fundam. 

1 a a2 

(T] = ~ 
a2 1 a 

3 
a a2 1 

0 

h 

0 

0 

( 4.37a) 

( 4.37b) 

( 4.38) 

Substitution of eqns. ( 4.37) into eqn. ( 4.36) and re-arranging terms leads to the 
following matrix expression 

( 4.39) 

If a balanced or unbalanced linear load Yi is connected at the terminals of the circuit 
of Fig. 4.3, the current circulating through this component will be given by 

l = YiV ( 4.40) 

Substitution of eqn. ( 4.40) into eqn. ( 4.34) and after simple algebraic substitutions 
gives the following matri.x equation 

(4.41) 

4.8.2 Thevenin harmonic equivalent 

Alternatively, the synchronous generator can be represented by a Thevenin equivalent, 
such as Fig. 4.4 illustrates for an open-circuit condition. 

1 y 
g 2 

+ 
jii 

--i> 

h 

V1 Ha lg Vi 

Figure 4.4 Generator Thevenin harmonic equivalent. 
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From the circuit of Fig. 4.4 the following equations are written 

Yg(Vi - Vi) = 11 

Yg(V2 - Vi)+ Hg Vi = lg 

Arranging eqns. ( 4.42) in matrix form 
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( 4.42a) 

(4.42b) 

( 4.43) 

In eqn. (4.43) Vi = V(+) is a known (reference ) positive sequence fundamental 
frequency voltage. 

If a balanced or unbalanced load Yi is connected at generator terminals, eqn. ( 4.43) 
takes the form 

-Yg ) (Vi) (Ii) 
Yg +Hg+ Yi Vi - lg 

( 4.44) 

The current through Yi is calculated as h = Yi V2• 

4.9 Case studies 

The effect on harmonic distortion of different synchronous machine models has been as
sessed with the help of a simple test system, where a grounded linear unbalanced load is 
being supplied by a synchronous generator. An extreme case of load unbalance is assumed 
as phase A consists of a resistance, phase B of an inductive reactance and phase C of a 
capacitive reactance; all of them have a value of 1.0 p.u. The studies are restricted to the 
first ·9 harmonics. The voltages are obtained at generator terminals and the currents are 
those circulating through the unbalanced load. 

4.9.1 Passive generator reactance representation. 

Figures 4.5( a )-(b) illustrate the voltage and current waveforms obtained with this repre
sentation. For this study, the reactance of the generator is approximated by x;; calculated 
from generator parameters. 

In this case, there are no non-linear effects present in the system so that no cross
coupling between harmonics exist. Therefore, the harmonic interaction between stator
rotor can not be described with this simplistic model. Sinusoidal unbalanced waveforms 
with zero harmonic content should result from this generator-load representation, as shown 
in Figs. 4.5. 
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Figure 4.5 Voltage and current waveforms across unbalanced load; generator represented with x~. 

(a),(b) Voltage and current waveforms. 

4.9.2 Detailed generator model without saturation 

Figures 4.6( a)-( d) illustrate the voltage and current waveforms and their harmonic content, 
obtained when the process of frequency conversion in the generator is explicitly represented 
in the Harmonic Domain. Comparing Figs. 4.6(a),(c) with Figs. 4.5(a),(b), note the 
effect of a detailed generator representation on the network response. The harmonics 
produced as a result of the frequency conversion process have dramatically changed the 
voltage and current waveforms in amplitude, phase and form. Figure 4.6(b) illustrates the 
voltage harmonic content , highly unbalanced as a consequence of the load characteristics. 
However, the unbalanced load has a different effect in the distortion produced in the 
current waveforms . The harmonics are more evenly distributed in the load phases . Note 
that a high permeability path to ground exists for 3rd harmonic flows. 
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Figure 4.6 Voltage and current waveforms and their harmonic content across unbalanced load; 
detailed generator model without saturation. 

(a),(b) Voltage waveforms and harmonic content. 

(c),(d) Current waveforms and harmonic content. 

4.9.3 Detailed generator model with saturation 

This case is illustrated by Figs. 4.7(a)-(d). Note from Figs. 4.7(a),(c) that the incorpora
tion of the non-linear saturation effects in the generator modifies mainly the voltage and 
current amplitudes, rather than their form; a phase shift is in addition produced in phases 
B and C. Voltage levels have been reduced in phases A and C and additional 7th and 
9th harmonics have been produced; see Fig. 4. 7(6 ), whose effect is more pronounced in 
phase B, thus modifying more noticeably its harmonic distortion. The phase currents, on 
the contrary, show a re-distribution on their harmonic content (Fig. 4. 7( d) ). Saturation 
and frequency conversion effects in the generator have now a predominant influence in the 
harmonic distortion of the current circulating through the capacitive component and less 
pronounced in the inductive load. 
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Figure 4. 7 Voltage and current waveforms and their harmonic content across unbalanced load; 
detailed generator model with saturation. 

(a),(b) Voltage waveforms and harmonic content. 

(c) ,(d) Current waveforms and harmonic content . 

4.10 Conclusions 

9 

A synchronous machine model m the Harmonic Domain has been presented. It takes 
into account the frequency conversion phenomenon between stator-rotor and magnetic 
saturation; the last effect modelled in direct phase-coordinates. The synchronous machine 
model has a modular form that allows its representation either as a Norton or Thevenin 
harmonic equivalent. 

To assess the effect of a detailed representation of the synchronous machine, with 
respect to a passive machine representation using the reactance x~, harmonic studies were 
carried out connecting an unbalanced linear load at generator terminals. It is shown that 
the harmonic response obtained with both representations is very different. A simple 
synchronous machine model based in a passive reactance x~, linearly dependent with the 
frequency, can not represent the complex process of harmonic conversion, as cross-coupling 
exists between harmonics of different order. A detailed model, such as the one described 
in this contribution is required. The rigorousity of the model has been increased with the 
addition of a technique to simulate magnetic saturation. This non-linear effect is seen to 
further excite the mechanism of harmonic conversion. It is shown that only odd-harmonics 
are present if non-linear effects such as hysteresis are negligible and the stator does not 
have even harmonic order excitations. 
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Chapter 5 

Generalised Transformer 
Modelling in the Harmonic 
Domain 

5.1 Introduction 

The power transformers, illustrated in Fig. 5.1 according to their magnetic core type, 
are basic and essential components of any transmission system whose importance has 
encouraged, over the years, an intensive research effort to determine adequate models 
capable of accurately reproducing their behaviour under transient conditions and/ or the 
normal steady-state operation of the electric network. 

The simplest transformer model, used in single-phase fundamental frequency 
studies such as load-flow and short-circuit analysis, represents the transformer with its 
leakage reactance in series with an ideal auto-transformer. In an early model [Stagg and 
El-Abiad 1968] the transformer is represented as an equivalent 1r circuit, incorporating the 
effect of the turns ratio tap in each branch. However, a three-phase analysis is required to 
account for the existing phase unbalance in practical power networks and more adequate 
models were needed. Following a phase-coordinates analysis, models for three-phase banks 
of single-core transformers were derived [Laughton 1968] and represented as lattice equiv
alent circuits, depending on the winding electrical connections. A later contribution [Chen 
and Dillon 1974] made use of matrix algebra to obtain electric equivalents for single-phase 
banks and common-core transformers. 

To fully describe the transformer electromagnetic behaviour, however, the trans
former electric and magnetic circuits must be included in the equivalent model. The 
magnetic circuit involves more difficulty for its adequate representation as it depends on 
the magnetic and physical core characteristics. Several models with different degrees of 
complexity and rigurousity have already been developed that combine the transformer 
electrical and magnetic parts, although the main interest has been for the analysis of 
electromagnetic transient phenomena. On the other hand, the periodic behaviour of the 
power transformer requires a rigorous electromagnetic model representation, so that an 
appropiate prediction of the harmonic distortion in the transmission system can be made. 

Research efforts in time domain analysis have led to the development of mathe
matical models of multilimb three-phase transformers. An early model [N akra and Barton 
1973) was proposed for the study of transformer transients, such as inrush currents. Sim
ulation of hysteresis is briefly described, but no specific details are given of the referred 
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experimental data used. The frequency dependence of the transformer, such as eddy cur
rents is neglected. This aspect is addressed in a later contribution [Avila-Rosales and 
Alvarado 1982] for single-core transformers. Here eddy currents and hysteresis are mod
elled with a lumped equivalent circuit. 

A model explicitly including the core geometry of a multi-limb three-phase 
transformer [Hatziantoniu, Galanos and Milias-Argitis 1988] was proposed for slow tran
sient studies following temporary overvoltages in ac/dc networks, produced by transformer 
saturation. The same magnetising characteristic is used to simulate saturation in the dif
ferent core branches and comparative studies are presented with saturation modelled as 
piece-wise linear and incremental approximations. The difference observed in the transient 
simulations is mainly attributed to the different magnetising characteristics used, however, 
reference is made to the use of different representations of the three-phase core in both 
cases. Although the system response is expected to be affected by the different saturation 
approximations used, a decisive factor which should affect the simulation results is the 
way in which the three-phase core is modelled. 

In an analysis of electromagnetic transients following out-of-phase synchroniza
tion of five-limb three-phase transformers [Arturi 1991], a transformer model is presented 
where the iron-core branches in the magnetic circuit are represented by non-linear reluc
tances and the leakage paths by linear reluctances, placed in parallel with the iron-core 
branches. The principle of duality [Cherri 1948], i.e. each magnetic variable replaced by 
its associate electrical variable, is used to obtain an electrical equivalent circuit. The same 
principle is used for the same transformer type in a previous transient model [Davies, Far
rier and German 1989] and adopted in recent work (de Leon and Semlyen 1992]. Models 
of multilimb three-phase transformers replacing the magnetic variables by their associate 
electrical quantities have been proposed earlier (Macfadyen, Simpson, Slater and Wood 
1973] and (Diseko and Bickford 1980] for transient applications such as transformer ener
gization (inrush). 

Theoretically, time domain procedures can determine the periodic steady-state 
behaviour of the power transformer ( or the complete system). However, its application 
is only suggested for problems where the solution can be obtained in a few cycles ( often 
an aspect difficult to know beforehand) as otherwise excessive computation time may be 
required before the final distorted solution is achieved, as in the case of lightly damped 
networks [Dommel, Yan and Wei 1986]. Thus, a steady-state technique based on harmonic 
phasors is essential for the modelling of power transformers and other network components. 

The emergence of the Harmonic Domain as a new technique for network analysis 
has allowed the development of new and more rigorous harmonic models of non-linear 
components, among them the power transformer now discussed. 

A basic electromagnetic model for the magnetising branch of a transformer was 
developed in this frame of reference [Semlyen, A cha and Arrillaga 1987). The single-phase 
representation is modelled in the form of a Norton harmonic equivalent. The generalization 
of the Harmonic Domain to represent multi-phase networks having multiple transformer 
units is presented in a later contribution [ A cha, Arrillaga, Medina and Semlyen 1989). Each 
harmonic electromagnetic equivalent, schematically described by a harmonic lattice circuit 
has the form of a Norton equivalent, interfaced with the rest of the network according to 
the transformer electrical connections. 

In general, three-phase transformers have multilimb magnetic cores. In another 
contribution [Semlyen 1988] a basic procedure for the harmonic modelling of common
core three-phase transformers is given. In an application of the Harmonic Domain to 
the analysis of inrush currents (Rajakovic and Semlyen 1991] a simplified representation 
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for multilimb transformers is used that accounts for the core geometry parameters. The 
interface with the network is obtained following a Thevenin equivalent approach. 

This chapter describes a generalised modelling of multilimb power transformers 
in the Harmonic Domain. Multilimb magnetic cores have different saturation levels in each 
magnetic region and this aspect is explicitly taken into consideration by modelling satura
tion in each magnetic branch with a separate magnetising characteristic linearised in the 
Harmonic Domain. The mutual couplings between transformer windings and individual 
winding leakage admittances are incorporated into a more general multilimb transformer 
model. The complete linearised transformer model, combining electric and magnetic cir
cuits in the form of a Norton harmonic equivalent, is then combined with the rest of the 
power network according to the transformer electrical configuration. 

C: - ) 

C: 

( 
) 

a b 

C 

Figure 5.1 Transformer magnetic cores. 

( a) single-magnetic core 

(b) three-limb magnetic core 

(c) five-limb magnetic core 
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5.2 Norton Harmonic Equivalent 

5.2.1 Basic Electromagnetic Component 

In the magnetic branch k, illustrated in Fig. 5.2, the equation 

(5.1) 

describes the non-linear relation between the magnetic drop (h produced by the flux 'Pk 
and the equation 

{5.2) 

the mmf produced by the magnetising current ik, The resultant magnetic potential 
difference for branch k is given by 

(5.3) 

The applied voltage Vk is related to the flux ¢>k by the expression 

(5.4) 

+ 

I 

/ 

Figure 5.2 Magnetic branch k. 

note that for the magnetic branches other than phase branches the number of turns 
Nk = 0. Equation (5.1) can be linearized about an operating point Ob, 'Pb in the 
form 
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(5.5) 

In the harmonic domain, eqn. (5.5) is expressed as 

(5.6) 

where 

(5.7) 

and Fk, the incremental magnetic reluctance, is given by 

A 
fk(j+l) fk(j-l) 

(5.8) 
<Pk(j+l) <Pk(j-1) 

or 

Fk 
0k(j+l) 0 k(j-1) 

( 5.9) 
<Pk(j+i) <Pk(j-l) 

for a particular operation point j. 
Substitution of eqns. (.5.6) and (5.2) into ( 5.3) yields the following linearized 

equation in the Harmonic Domain 

(5.10) 

where all the variables except Nk are phasors. 
In terms of incremental magnetic conductance, defined as Gk and solving for 

magnetic fluxes, eqn. (5.10) can be written as 

(5.11) 

5.2.2 Generalization to Multi-limb Transformer Cores 

In the analysis to follow brackets are used to represent a matrix and the tilde symbol a 
vector array. 

Generalizing eqn. (5.11) to include all the magnetic branches yields the matrix 
equation 

¢-/Q, = [ G] N i - [ G] {/ - [ G] On (5.12) 

Choosing a per unit system leads to the following simplification 

Ni = 1 (5.13) 

and eqn. (5.12) becomes 

[G]i - (G] 1/ - ¢n (5.14) 
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where 

(5.15) 

Pre-multiplying eqn. (5.14) by (R] = (GJ-1 gives 

[R] ¢ = z ~ o' - [R] ef>n (5.16) 

and pre-multiplying eqn. (5.16) by the connection matrix node - magnetic branch [A]t 
results in 

[A]t (R] ¢ = [Ar 1 - [Ar 01 
- [A]t [Rl ef>n (5.17) 

The following variables are defined for the magnetising branches 

t - -(Al i = inode (5.18) 

and 

0 1 = [Al 0node (5.19) 

where Znode is a vector of node magnetising currents and 0 1 and 0node are vectors of branch 
and node magnetic potentials, respectively. 

Substitution of eqn. (5.18) and (5.19) into eqn. (5.17) and solving for Onode 

gives 

0node = - [1'"11l { [Alt (Rl ¢ + [Ar [Rl ¢n - Znode} (5.20) 

where 

[ 1vf1l { [Ajl [Ul [A] }-1 ( 5.21) 

[U] : unit matrix 

Substitution of eqns. (5.19) and (5.20) back into (5.14) and solving for i yields 

(5.22) 

where 

(M2] = (Rl - [Al [M1l (Alt (Rl (5.23) 

Let us now include the interface with the external system. The derivative of </J 

in eqn. (5.4) is calculated in the harmonic domain as 

4> = jhw </> (5.24) 
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where 

Solving for¢, eqn. (5.4) is expressed in matrix form as follows 

J = Diag { j h w } - 1 v 

Substitution of eqn. (5.25) into eqn. (5.22) yields 

Equation (5.26) is finally written as 

i = [Y] v + in 
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(5.25) 

(5.26) 

(5.27) 

(5.28) 

(5.29) 

(Y] is a matrix of Norton harmonic magnetic admittances and in a vector of Norton 
harmonic current injections. 

5.3 Representation of magnetising characteristics 

Network components with magnetic cores such as transformers, reactors and synchronous 
machines show a non-linear magnetization characteristic whose accurate representation is 
essential for a close prediction of the transient and periodic response of the transmission 
system. 

In rigorous harmonic studies, the accurate reproduction of the saturation region 
in an experimental magnetising curve has special importance as it is a region rich in 
harmonics, cross-coupled between them which requires an appropiate representation. 

Practically, in digital network studies each magnetising curve can be stored in 
the computer as a set of points ( </>-i), such that each flux value impressed in the magnetising 
characteristic numerically provides the corresponding current value. However, a significant 
number of points is required for an accurate solution, although at the expense of increased 
computation time. 

Alternatively, the experimental magnetising curves can be analitically approx
imated. Extensive research has been devoted to the development of adequate analytical 
models to represent magnetic core saturation. Algorithms based on linear interpolation 
(Trutt, Elderlyi and Hopkins 1968], rational-fraction polynomial [Widger 1969] and expo
nential series [Macfadyen, Simpson, Slater and .Wood 1973] and [Teape, Simpson,Slater 
and Wood 1974] have been proposed earlier. In the linear interpolation approach the 
magnetising characteristic should be sub-divided into sections so that an adequate curve 
fitting can be obtained. On the other algorithms based on rational-fraction polynomi
als and exponential series, the coefficients required by the exponential series formulations 
need iterative procedures to be determined. A close reproduction for certain magnetising 
curves has been reported using the rational-fraction approach. However, its cumbersome 
formulation has limited practical application, specially in studies where a repetitive simu
lation of the core saturation is essential. The polynomial series approximation, truncated 
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after the second term [Prusty and Rao 1980] and [Semlyen, Acha and Arrillaga 1987] has 
won wide acceptance because of its simple formulation and relative simple procedure for 
the calculation of the required equation parameters. 

These algorithms are adequate to represent magnetising curves with a smooth 
rounded knee region that levels off at deep saturation values of <f>-i. However, this is not the 
common pattern of network components with a magnetic core. Generally the magnetising 
curve of synchronous machines and different core regions of multilimb transformers are 
characterized by large slopes in the saturation regions. The application of the techniques 
previously described would be inappropiate to represent these characteristics .. 

As an example, the experimental magnetising characteristics for 3 and 5 limb 
three-phase transformers [Dick and Watson 1981] have been approximated by a two term 
polynomial of the form 

(5.30) 

Table 5.1 gives the correspondence between the core branches for 3 and 5 limb 
transformers and their associated magnetising characteristics 

3¢-3/imb 3¢ - 5 limb 

Branch Curve Branch Curve 

Main 1 Main 1 

Yoke 2 Yoke 5 

Leakage 3 Leakage 

outside phase 4 

Leakage 

centre phase 3 

Table 5.1 Correspondence between transformer core branches and magnetising curves. 

Figure 5.3 illustrates the polynomial approximation to the curves described by 
Table 5.1. The calculated order n of eqn. (5.30) was 23, 3, 13, 9 and 7 for the curves 1 
to 5, respectively. Although a close approximation for curve 1, the </>-i :fitting results for 
the remaining curves were poor because of their larger saturated magnetising inductances 
and more pronounced knee regions; close reproductions of the saturation regions can be 
obtained if represented by a straight-line equation ( i = m </> + i0 ). However, this has 
the limitation of representing the linear and saturation regions by independent equations, 
as in the case of two straight-line approximation algorithms [Talukdar et al 1974]. 

Computationally it is desirable to use a single equation, analitically simple, as 
less computation time is required during the repetitive calculation of currents i or fluxes 
¢, and accurate enough to reproduce a wide range of magnetising curves. An hyperbolic 
formulation [Semlyen and Castro 1975], first proposed for histeresis simulation [Maizieres 
and Fourquet 1968] can satisfactorily meet these requirements. It is based in the following 
function 
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Figure 5.3 Comparison of experimental and polynomial approximation of magnetising characteristics. 

where 
m1 , m2 : slopes (inductances) of the unsaturated and saturated regions 
b1 , b2 : ordinates to the origin of the asymptotes to m1 and m 2 

~ ¢ : correction term 

(5.31) 

The term~¢ allows the modulation of the knee region. When this is not required 
~¢ = 0. The solution of the hyperbolic function in the first quadrant leads to the following 
expression for the magnetising current 

where 

B 

. -B - J(B2 - 4AC) 
i = 2A 

m1(b2 - ¢) + m2(b1 - ¢) 

C = ¢2 - ¢( b1 + b2 + 0 

(5.32) 

(5.33a) 

(5.33b) 

(5.33c) 

Four significative digits in the specified variables m1 and m2 have been found 
sufficient to ensure an accurate determination of the magnetising current values. 
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Figure 5.4 illustrates the same set of magnetising curves approximated by the 
hyperbolic function. Note the excellent curve fitting obtained with this model. 
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Figure 5.4 Comparison of experimental and hyperbolic approximation of magnetising characteristics. 

5.4 Transformer harmonic electro-magnetic models 

Based on nodal analysis general harmonic models for multilimb three-phase transformers 
can be derived. The primitive electro-magnetic parameters are converted into nodal quan
tities with the use of incidence matrices describing the transformer electrical connections 
and internal core configuration. 

Figure 5.5 illustrates a three-limb three-phase transformer with mutually coupled wind
ings. For simplicity, primary and secondary windings are represented by a single equivalent 
coil. 

The primitive electric parameters at the six coil terminals are related by the 
matrix equation. 
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Figure 5.5 Primitive network for a multilimb three-phase transformer. 

I II 

Y1 Y1 V1 

II Ill 

Y1 Y1 V2 

I II 

Y1 Y1 V3 

Ill II Ill 

Y1 -y1 YI Y1 Y1 V4 

is 
II I 

Y1 Y1 
II 

Y1 YI -y1 V5 

Ill II 

Y1 Y1 V6 

YI : leakage admittance which would be obtained by a short-circuit test 
y; : mutual leakage admittance between primary coils 

(5.34) 

y;' : mutual leakage admittance between primary and secondary coils on different 

y;" : mutual leakage admittance between secondary coils 

In practical terms, the leakage admittances of primary, secondary and mutual 
between these windings ( on the same limb) are approximately equal in numerical value 
[Chen and Dillon 1974]. Thus, these admittances (with their appropiate short-circuit sign) 
are referred as YI in eqn. (5.34). 

The full harmonic model is obtained with the incorporation of the magnetically 
coupled core contribution, represented by [Y] and in in eqn. (5.27). It has been suggested 
[Dommel 1975] .that in the absence of construction details, the per unit magnetising ad
mittance can be distributed equally between all terminals, i.e. halved and placed at both 
sides of the leakage admittance. This approach has been used here for the treatment of 
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the self and mutual terms of the Norton admittance matrix [Y] and the Norton current 
injections, described by Zn· 

Equation (5.34), modified to represent the multilimb transformer with a fully 
coupled harmonic electromagnetic model and with the appropiate sign for the elements of 
[Y] takes the form 

[Yj] + t[Yu) 

[Yj) 1 
- ½[Y131/ / +½[Y12l 

, 1 II II 
-[Yd [Yj) - 2[Y12l [Yj) [Yj) 

1• +½IY13) / 

[Yd+ ½[Yul 

+½[Yd 
II Ill 

-½[Yd 
II Ill 

- ½[Y13) -[Yzl [Yi) [Yj) [Yj) [Yj] 

i1+½IN1 
+½IY13J 

IYil + ½IY22l 
i2 + ½1N1 , 1 II 

+½IY2il 
I II 

[Yj) - 2 (Y21) [Yj) -[Yj) [Yj) - ½[Y23) [Yj) 

i3 + ½IN2 +½IY23) 

i4 + iIN2 [Yj) + ½[Y22) 
II Ill 

- ½[Y21l +½[Y21l 
II Ill 

- ½[Y23) is+ tIN3 [Y,J [Y1J -[YiJ [Yd [Yd 

i5 + iIN3 
+½[Y23] 

[Yj) + ½[Y33) 
I 

- ½[Y3i) 
II I 1 II 

+½[Y31) [YiJ [Y,J [Yd - 2[Y32) [Yd -[Yd 

+½(Y32) 

[Yj) + ½[Y33) 
II Ill 

-½[Y31) 
II Ill 

- i[Y32) +½IY31J [Yj) [Yj) [Yj) [Yj) -[Yj) 

+½IY32J 
( 5.35) 

5.4.1 Transformation from branch primitive parameters to nodal quan
tities 

The primitive branch parameters of eqn. (5.34) are transformed to nodal quantities with 
the use of connectivity matrices, mathematically representing the physical transformer 
configuration. As an example, the relation between the primitive branch voltages and 
nodal voltages for the Star-Star, Grounded Star-Delta and Delta-Delta transformer con-
nections are described by the matrix equations 

Star-Star connection : 

VA 
A a B b C C N n 

V1 1 1 -1 Va 

V2 2 1 -1 VB 

V3 3 1 -1 Vi. 
(5.36) 

V4 4 1 -1 Ve 

V5 5 1 -1 Ve 

V6 6 1 -1 VN 

Vn 

u1 

u2 

u3 

u4 

u5 

u5 
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Grounded Star-Delta connection : 

A a B b C C 

V1 1 1 VA 

Vz 2 1 -1 Va 

V3 3 1 VB 
(5.37) 

V4 4 1 -1 Vi 

V5 5 1 Ve 

VB 6 -1 1 Ve 

Delta-Delta connection : 

A a B b C C 

V1 1 1 -1 VA 

Vz 2 1 -1 Va 

V3 3 1 -1 VB 
(5.38) 

V4 4 1 -1 Vi 

V5 5 -1 1 Ve 

VB 6 -1 1 Ve 

In compact form the above equations can be written as 

- t -
Vprim = [ C] Vnode (5.39) 

Note from eqn. ( 5.36) that each Grounded Star co~nection can be represented 
removing the respective column of neutral terms from the connection matrix [CJ'. This is 
clearly illustrated in eqn. (5.37) for the Grounded Star-Delta connection. 

In similar form, the relation between primitive branch currents and nodal cur
rents can be represented by the equation 

fnode = [CJlprim (5.40) 

Writing eqn. ( 5.34) in compact form yields 
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iprim = [Yprim] Vprim (5.41) 

Substitution of eqn. (5.39) into (5.41) and the resulting equation into eqn. 
(5.40) yields 

- t -
Inode = [Cl[Yprim][C] Vnode (5.42) 

where 

(5.43) 

matrix [Ynode] is the nodal admittance matrix for the mutually coupled transformer circuits 
depending of the winding connections. 

5.4.2 Full harmonic electromagnetic representation 

The application of the transformations given by eqns. (5.40), (5.42) and (5.43) allows the 
determination of full harmonic electromagnetic models for multilimb power transformers. 
Generalised models for transformers in Star-Star, Grounded Star-Delta and Delta-Delta 
configurations are represented by the harmonic nodal matrix equations (5.44), (5.45) and 
(5.46). Models for other transformer connections can be directly obtained from these basic 
equations. Figures 5.6, 5. 7, and 5.8 illustrate their associate harmonic lattice equivalents. 

It should be noted that a per unit analysis has been followed, so that primary 
and secondary voltages have a nominal voltages of 1.0 p.u. To keep this relationship, 
in a Star (Grounded Star)-Delta connection the mutual terms between ABC - abc and 
abc-ABC must be divided by the factor v13 and the Delta side terms ( abc) by 3 [Laughton 
1968] and [Chen and Dillon 1974]. 
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Figure 6.6 Lattice equivalent circuit for a Star-Star transformer. 
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5.5 Equivalent magnetic circuit 

An equivalent magnetic circuit is required to describe the relationship between magnetic 
potential and flux across the branches of a common-core transformer. As an example, Fig. 
5.9 illustrates the equivalent circuit associated with a five-limb three-phase transformer 
with leakage paths in all phases. 

I. 2. 3 centre limbs 
4.5 yoke 
6, 7 outer limbs 
8, 9. 10 phase-leakage paths 

</,9 

+ 
es 

Figure 5.9 Equivalent magnetic circuit for a five-limb three-phase transformer. 

Note that branches 9 and 10 should be removed from the equivalent circuit if the 
leakage flux through air is modelled with a single path at the center phase only. Branches 
6 and 7 are also absent in the case of a three-limb core transformer. 

An oriented connected graph can appropiately describe the flux distribution 
throughout the magnetic circuit. Figure 5.10 illustrates the oriented connected graph 
associated with the equivalent circuit of Fig. 5.9. Node O is selected as the reference node. 
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Figure 5.10 Oriented connected graph for the magnetic circuit of Figure 5.9 
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The incidence of branches to nodes is determined with a magnetic branch - node 

incidence matrix [A] having the form 

where 

[Al 

1 
2 

3 
4 

.s 
6 
7 

8 
9 

0 1 

1 -1 

1 
1 

1 

1 -1 
1 

-1 
-1 1 

10 -1 

2 3 

-1 
-1 

-1 
-1 1 

(5.47) 

-1 
1 

1 

Aij = 1 if the ith branch is incident to and oriented away from the jth node 
Aij = -1 if the ith branch is incident to and oriented towards the jth node 
Aij = 0 if the ith branch is not incident to the jth node 

Since all variables are measured with respect to the reference node, then the 
column corresponding to the reference node can be deleted from matrix [A], resulting 
in a reduced matrLx [A]. Its transposed, [A]t, is the node - magnetic branch incidence 
matrix. These matrices are used in section 5.2 for the derivation of the transformer 
Norton harmonic equivalent. 

5.6 Unified Harmonic Domain iterative solution 

The linearised transformer equivalent( s) and linear components of the power network are 
solved together , following a unified iterative procedure. The problem is of considerable 
magnitude, considering the size of the matrices involved and requires a computationally 
efficient numerical algorithm to be solved. The benefits of a new sparse-hybrid technique 
[Medina, Arrillaga and Acha 1990], described in Chapter 3, have been exploited during 
the unified iterative solution of the entire electric network. The main steps of the iterative 
procedure are as follows : 

( a) A three-phase load flow program is run initially to derive the steady-state 
operating conditions. These include the currents ib and fundamental frequency voltages 
Vb at the transformer terminals. 

(b) The base voltage Vb is integrated to calculate a complete (discrete) cycle of 
the flux <Pb at each of the transformer's main (phase) branches. The discrete flux values at 
the main branches are then used to derive complete flux cycles in the remaining magnetic 
branches; taken as a basis the suggested procedure [EMTP 1986] for the approximate 
evaluation of magnetic fluxes in multilimb core transformers. A transformer magnetic 
equivalent, such as that shown in Fig. 5.9 for the case of a three-phase five-limb transformer 
with leakage paths in all phases is, in addition, solved to determine the flux circulating in 
all branches. 

( c) The flux waveform in each branch, and its associated magnetising charac
teristic, are used to obtain the corresponding magnetising current waveform ib( t) in the 
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time domain. From the slope of the magnetising curve, the incremental reluctance R(t) is 
determined with the central difference formula, i.e. at each incremental time tx the flux 
value </>x is impressed in the magnetising characteristic, so that the required Rx value is 
calculated as 

R _ ix+I - ix-1 
x - <Px+I - <Px-1 

(5.48) 

(d) The FFT is applied to variables ib(t), </>b(t) and R(t) to determine their re
spective harmonic complex coefficients in the frequency domain, i.e. ib (i~, i~), <Pb(</>~,</>~) 
and R ( r~, r~). 

( e) By linearising the transformer electromagnetic circuit equations, a matrix 
[Y] of magnetic Norton harmonic admittances and a vector in of Norton harmonic current 
injections are obtained. 

(f) The linearised transformer model is interfaced with the external system ac
cording to the transformer electrical connections. By assembling together the linear and 
linearised networks, a unified solution of the entire power system is performed to deter
mine a new operation point ( h, Vb) which includes fundamental frequency and harmonic 
components. If the criterium for convergence has not been met, and the iteration counter 
is within limits, the control is transferred to step ( b ); otherwise the process has been 
completed. 

The iterative process has been found to be more reliable and faster towards 
convergence, even in cases of deep saturation in one or more of the magnetic branches, when 
matrix [Y] is singly evaluated. This has the computational advantage that the harmonic 
admittance matrix for the complete network is only calculated and factorised at the first 
iteration step and kept constant in successive iterations. Although the multievaluation 
of [Y] produced identical solutions, convergence was slower and in some cases made the 
solution sensitive to cumulative round-off errors, which, in addition, produced unexpected 
even harmonics. 

5. 7 Case studies 

The potential and necessity of the Harmonic Domain algorithm described in previous 
sections is demostrated with the analysis of the practical test system of Fig. 2.6 . 

Detailed information about the magnetisation of multilimb transformer cores is 
rarely available. In one of the few information sources available [Dick and Watson 1981) ex
perimental magnetising characteristics of three and five-limb three phase transformers are 
obtained from field measurements. Using this information to define the slope of the linear 
and saturation regions of the magnetising curves _and the hyperbolic approach described 
in section 5.3, the curves of Fig. 5.11 were obtained. 

Information about mutual coupling between transformer windings (y;, y;' and 
y;") is not commonly available from the manufacturers. Because their magnitude is con
siderable smaller than the YI values, they are usually neglected in conventional studies. 
However, more rigorous models of multilimb three-phase transformers, such as those pre
sented in this work, require the effect of these parameters to be explicitly included [Chen 
and Dillon 1974]. Although in practice y;' and y;" are smaller than YI, for the case studies 
presented in the following sections it is assumed that y; = y;' = y;". 
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current, p.u. 

Figure 5.11 Magnetising characteristics associated with transformer of test system. 

Because of its simplicity and greater flexibility for harmonic flows, a Grounded 
Star - Grounded Star transformer connection has been considered. One per-unit voltage 
is assumed for the internal generator emf. With convergence criterium of 0.0001 per unit 
for the voltages, convergence was achieved within ten steps in all cases. The relevant test 
case parameters are shown in Appendix C. 

The work of Dommel, Yan and de Marcano (1983) is the only reference to be 
found with sufficient experimental information to verify the present model, although the 
verification is restricted to three-phase transformer banks. 

5.7.1 Single-core model 

The simplest transformer-core representation is that of a three-phase bank of single-phase 
units. In this case, the core transformer of each phase is magnetically isolated from the 
others and saturation is represented by curve 1 of Fig. 5.11, assuming identical core 
geometry and magnetic material in each unit. 

The voltage waveform, illustrated in Fig. 5.12(a) shows considerable distortion. 
The corresponding harmonic spectrum of Fig. 5.12(b) displays high harmonic content, 
which in the case of the seventh harmonic is almost 12 per cent of the fundamental in 
phase B. 

5.7.2 Three-limb core model 

Figures 5.13(a) and 5.13(b) illustrate the voltage waveform and harmonic content related 
to the three-limb three-phase transformer core with a single leakage path represented at the 
centre phase. The transformer yoke, leakage and main branches are assumed to saturate 
according to their associated characteristics in Table 5.1. 

In this case, the flux will circulate mainly troughout the common-core. The 
simultaneous contribution of the mm/ sources causes higher flux concentration in the 
phase branches, which in turn produces higher fundamental voltage levels than in the 
case of the single core-model. The harmonic fluxes are distributed among the different 
paths of the common-core. However the reluctances associated with these trajectories are 
higher than in the single-core model, thus resulting in reduced harmonic fluxes. Note 
from Fig. 5.13(b) (represented in different scale) that the harmonic levels are significantly 
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Figure 5.12 Voltage waveform and harmonic content at primary side of transformer in test system. 
Single-core model. 

smaller than those of Fig. 5.12(b) and the terminal voltage waveforms of Fig. 5.13( a) 
show significantly less distortion than those in Fig. 5.12(a) . 

To assess the effect of air leakage paths, an alternative case is studied, with 
leakage paths in all phases of the three-limb transformer, Figs. 2.14(c)-(d). The same 
magnetising curve for the leakage branch is used for each of the three phases. 

The consideration of additional flux trajectories trough air causes a flux redis
tribution of the common-core harmonic fluxes . Note that the detailed representation of 
saturation in the air paths of phases A and C have produced additional trajectories for 
the circulation of the harmonic fluxes of all orders, and this is reflected in an increase in 
the harmonic content, Fig. 5.13(d), of the voltage waveforms in Fig. 5.13(c), with respect 
to those of Figs. 5.13(a)-(b). Note that predictably the greater harmonic variation occurs 
in phases A and C. 
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Figure 5,13 Voltage waveform and harmonic content at primary side of transformer in test system. 
Three-limb core model. 

(a),(b) Leakage path represented at the centre phase only 

(c),(d) Leakage path represented at all phases 

5.7.3 Five-limb core model 

The first case to be analised corresponds to a five-limb three-phase transformer representa
tion with a single leakage pa.th , placed in the centre phase. Figures 5.14(a)-(b) correspond 
to this particular case. The equivalent circuit of Fig. 5.9 with branches 9 and 10 omited 
determines this condition. Curves 5,4,3 and 1 of Fig. 5.11 represent the magnetising 
characteristics for the yoke, leakage and main branches, respectively. 

With respect to the three-limb case, the presence of the outer limbs in the five
limb core, Figs. 5.14( a)-(b ), provides additional magnetic paths for the harmonic fluxes . 
These paths have critical importance in the presence of third harmonic fluxes, as these 
may reach significant levels in transformers connections such as the one selected for the 
test system. 

As compared with the three-limb model, a redistribution and reduction of the 
common-core flux takes place and this in turn produces a reduction in the fundamental 
frequency voltage. A reduction of the harmonic asymmetry between phases is evident 
from Fig. 5.14(b ). The flux circulation in the outer limbs, connected to the centre limbs 
of phases A and C, have a direct effect on the harmonic distortion produced at these 
phases. Note from Fig. 5.14(b) the increased levels of harmonic content in phases A and 
C , resulting from the outer limbs' contribution. The limbs, however, have little effect on 
the harmonic content of the centre phase (B). 

The use of a five-limb model with multiple leakage paths, represented by the 
equivalent circuit of Fig. 5.9, produced the results illustrated in Figs. 5.14( c)-( d). The 
individual magnetising curves are as described in Table 5.1, and it should be noted that the 
leakage branches of the centre and outer phases saturate according to different magnetising 
characteristics. As in the similar three-limb case, the additional leakage paths of phases 
A and C provide alternative trajectories for the circulation of harmonic fluxes and this is 
reflected in an increase in the harmonic content of these phases, see Fig. 5.14( d). Note 
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that the use of leakage paths in phases A and C have a negligible effect on the harmonic 
content resulting in phase B. 

In all the cases described so far, the following values have been assumed for the 
mutual coupling between windings 

y; = y;' = y;" = 0.0 - j 0.01 

To assess the influence of the mutual couplings, a case study is presented where these 
couplings have been increased tenfold, i.e. 

y; = y;' = y;" = 0.0 - j 0.1 

Such a reduction in the mutual impedances is expected to produce higher levels of 
harmonic currents and fluxes. The case of a five-limb core with a leakage path at the 
centre phase has been selected for this study. 

Figures 5.14(e)-(f) illustrate this case. With respect to the case illustrated by 
Fig. 5.13(b ), note from Fig. 5.14(f) that the phase harmonic content has kept approxi
mately the same percentage with respect to the fundamental frequency component, but 
an approximate increase of 5 per cent is produced in the voltage magnitudes; see Fig. 
5.14( e). 
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Figure 5.14 Voltage waveform and harmonic content at primary side of transformer in test system. 
Five-limb core model. 

( a),(b) Leakage path represented at the centre phase only 
(c) ,(d) Leakage path represented at all phases 
(e) ,(f) : Leakage path represented at the centre phase only, 

with y; = y;' = y;" = 0.0 - j 0.1 p.u . 

5.8 Conclusions 

A generalised modelling of power transformers has been developed in the Harmonic Do
main. It allows detailed and accurate representation of saturation in different regions of 
the multilimb core and of the mutual coupling between windings. The transformer electric 
and magnetic circuits are joined together forming an harmonic electromagnetic equivalent, 
which appropiately takes into consideration the electric winding connections. 

Each linearised transformer model is interfaced with the rest of the electric 
network as a Norton harmonic equivalent. A unified solution of the complete network has 
been achieved, based on a multiphase, multifrequency Newton-type iterative technique. 

The effect in the harmonic distortion of various multilimb core representations 
on a practical transmission system has been analysed. It has been shown that the use 
of single-core models yield pessimistic results. On average, the harmonic content derived 
from the multilimb models is down by about 30 per cent . 

The proposed generalised transformer modelling has great potential in harmonic 
analysis of practical power networks. At . present, detailed manufacturers' information 
about magnetisation characteristics of the individual core branches is seldom available 
and that of mutual coupling 'between windings practically non-existent. A closer pre
diction of the periodic electromagnetic behaviour of multiwinding multilimb three-phase 
transformers requires of this practical data. 

The detailed mathematical model presented in this work for the simulation of 
multilimb three-phase transformers is, at present , ahead of the models currently in use in 
time domain programs. 



Chapter 6 

Harmonic Interaction Between 
Generation and Transmission 
Systems 

6.1 Introduction 

In assessing the rating of power plant components, such as generators and generator
transformers, current practice relies on harmonic voltage and current distortion levels cal
culated by direct harmonic flow studies on the assumption that the power generation and 
transmission system is perfectly linear. In practice, however, the transformer magnetising 
current harmonics will cause the generator to produce harmonic currents and voltages of 
different orders due to the harmonic interaction taking place between rotor and stator. 
This process of harmonic conversion, described in Chapter 4, alters the transformer flux 
waveforms and, therefore, their magnetising current spectrum; the new magnetising cur
rent harmonics re-excite the process of harmonic conversion in the synchronous generator. 
It should be noted that any harmonic contribution from the rest of the transmission net
work plays an important role in the harmonic interaction between these two non-linear 
components. 

Harmonic Domain models for the synchronous machine and power transformer 
have been presented in Chapters 4 and 5, respectively. Their periodic non-linear be
haviour has been separately analyzed with other power components assumed or being 
linear . However, a rigorous assessment of the harmonic distortion in power generation 
and transmission systems requires a detailed generator model as well as a detailed repre
sentation of the periodic electro-magnetic transformer behaviour. The interface between 
these two non-linear components can be obtained with a unified harmonic equivalent, to 
be combined with the rest of the power network. 

The effect on the harmonic distortion of a detailed network representation in the 
Harmonic Domain where generator frequency conversion and magnetic saturation, multi
limb core saturation, electrical winding connections, mutual coupling between windings 
and harmonic contribution of the transmission network is incorporated, will be compared 
with the solution obtained using a conventional generator representation consisting of an 
internal emf source and a passive reactance. 

The effect of harmonic cross-coupling can not be analyzed with conventional 
frames of reference. This is, however, an intrinsic characteristic of the Harmonic Domain 
formulation whose relevance will be made evident from harmonic studies to be presented. 
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6.2 Generator-transformer equivalent models 

In the Harmonic Domain the interface between generator and transformer can be achieved 
representing the generator either as a Norton or Thevenin equivalent. Both models are 
presented next. The representation of other linear power components after the trans
former is straight forward and is implicitly included in the Case Studies section. Although 
the model incorporates the complete representation described by Medina and Arrillaga 
(1991), for simplicity of presentation the formulation uses the single-phase notation and 
the transformer is represented by a basic lattice diagram. 

6.2.1 Interface with Norton equivalent generator representation 

Figure 6.1 illustrates the interface between generator and transformer with the generator 
represented as a Norton equivalent 

Io 

or 

where 

--t> 
I 

1 Yi 2 

Figure 6.1 Interface generator-transformer with generator Norton representation. 

From Fig. 6.1 the current I is given by 

I= -lpr + Htr Vi + Yi(Vi - Vi) 

- lpr + Htr Vi+ Yi(Vi - Vi)= -(Yu+ Hu)Vi + 19 + lo 

lpr = l,.ec = ½IN : Norton harmonic current source 
Htr : Transformer Norton harmonic admittances 

(6.1) 

(6.2) 

If the excitation IO in the synchronous machine is assumed affected only by a 
positive sequence fundamental frequency current, eqn. (6.2) takes the form 

-lpr + Htr Vi+ Yi(Vi - Vi)= 

-(Y9 + H9 )Vi + 19 + Y91 Vic+>+ H91 Vic+> + Ic+> - 19<+> (6.3) 
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in eqn. (6.3) Y91 and H91 are the fundamental frequency terms of Y9 and H9 , respectively. 
The current J( +), defined with eqn. ( 4.37a) is repeated here for convenience. 

I(+) =TI (6.4) 

Substituting eqn. (6.4) into eqn. (6.3) and using similar expressions for Vic+> 
and 19(+) leads, after algebraic substitutions, to the expression 

[(U - T)(Htr +Yi)+ Y9 + H9 ]Vi - (U - T)YiV2 = 
(Y91 + H 91 )TVi + ( U - T)( Ipr + I 9 ) 

Nodal analysis at node 2 gives 

- l~Vi +(Yi+ Htr )V2 = fsec 

Re-arranging eqns. (6.5) and (6.6) in matrix form 

(U - T)(Htr + Yi) 

+Y9 + H9 

-Yi 

-(U-T)Yi 
(Y91 + H91 )TVi + 
(U - T)(Ipr + 19 ) 

6.2.2 Interface with Thevenin equivalent generator representation 

(6.5) 

(6.6) 

(6.7) 

In Fig. 6.2 the interface between generator and transformer is illustrated with the gener
ator represented as a Thevenin equivalent 

1 2 Y, 3 

Figure 6.2 Interface generator-transformer with generator Thevenin representation. 
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From Fig. 6.2 the following nodal equations can be written 

Yg(Vi - V2) = Ii 

Yg(V2 - V1) +(Hg+ Htr)Vi + Yi(Vi - Vi)= lg+ Ipr 

Re-arranging eqns. (6.8) in matrix form 

0 Vi 

-Yi 

0 -Yi fsec 

(6.8a) 

(6.8b) 

(6.8c) 

(6 .9) 

In eqn. (6.9) Vi = Vi<+> is the positive sequence fundamental frequency voltage 
at the network reference (slack) busbar, generally taken as the internal generator node. 
Since Vi is known, eqn. (6.9) is solved for v2 and V3 by partial inversion of the network 
admittance matrix. A hybrid technique has been developed [Medina, Acha and Arrillaga 
1990] for this purpose. 

The generator-transformer interface representations, given by eqns. (6.7) and 
(6.9) lead to similar solutions. Although in eqn. (6.7) one busbar less is required to be 
represented , the terms associated with the generator terminals need to be modified by the 
transformation matrix T. 

The simpler Thevenin equivalent representation of eqn. (6 .9) corresponds to that 
of the basic load flow problem where the network reference busbar is explicitly represented 
and provides a straight forward interface for the generator with other network components. 

6.3 Case studies 

The test system of Fig. 6'.3 is used to demonstrate the need and performance of the general 
unified algorithm described in previous sections. It consists of a salient-pole synchronous 
generator connected to a three-limb transformer where the leakage flux path is represented 
at the center phase; on the high voltage side the transformer is connected to a 398 km., 
345 kV transmission line of flat configuration with a passive light load at the remote 
end. The line is represented by distributed parameters incorporating frequency dependent 
effects. Appendix D gives a concise description of the multi-conductor transmission line 
and further details of the test system are given in the Appendix C. 

Several case studies are presented in the following sections involving different 
degrees of complexity on generator representation and alternative transformer connections 
to assess their impact on the network harmonic response. 

The starting point in each case is a load flow study at the fundamental frequency; 
the generator internal node is used as the reference (slack) busbar with a voltage magnitude 
of 0.95 p.u. 
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Figure 6.3 Test System 3. 

6.3.1 Grounded Star-Grounded Star transformer connection with the 
generator modelled as a passive reactance 

Figure 6.4( a) illustrates the voltage waveforms at the generator terminals (primary side 
of transformer) and Fig. 6.4(b) their harmonic content, restricted to the first 9 harmon
ics and a de term. Note that when working into saturation this transformer connection, 
represented by eqn. (5.44), provides relatively high permeability paths to earth for all har
monic flows and can draw considerable fifth harmonic. This is the predominant harmonic 
observed from Fig. 6.4(b ). An accentuated harmonic unbalance occurs in phase B as a 
result of the system operation conditions. Figs. 6.4( c )-( d) illustrate the network harmonic 
response at the far end of the transmission line. For this particular transmission line 
length the quarter wavelength resonance corresponds to the third harmonic. Therefore, 
with the transformer in Grounded Star-Grounded Star connection the voltages at node 4 
are dominated by the transmission line resonance at the third harmonic, as shown in Fig. 
6.4(d). 
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Figure 6.4 Voltages with passive generator model and Grounded Star-Grounded Star transformer 
connection . 

(a),(b) Waveforms and spectrum on busbar 2 

(c),(d) Waveforms and spectrum on busbar 4 

6.3.2 Grounded Star-Grounded Star transformer connection with de
tailed generator model 

In this case the generator (like the transformer) 1s modelled in the Harmonic Domain 
and the test system includes explicit representation of the harmonic interaction between 
stator-rotor and magnetic saturation instead of a passive reactance linearly varying with 
frequency. Figs. 6.-5( a)-(b) represent the voltage waveforms and harmonic content at 
the generator terminals, respectively. As compared with Fig. 6.4( a)-(b ), the combined 
effect of transformer saturation , generator frequency conversion and generator saturation 
increases the voltage harmonic content. An interesting point to note is the existence of 
a predominant third harmonic contribution at the generator terminals, rather than the 
fifth , predicted by the simpler model. Also the fifth harmonic has approximately doubled 
the level predicted by the simplified generator representation. 

Node 4 is predictably less affected by the harmonic interaction between generator 
and system, as can be observed from Figs. 6.5(c)-(d) with respect to Figs. 6.4(c)-(d). 
However , Fig. 6.5(d) shows that the third harmonic is nearly 30 per cent greater than in 
Fig. 6.4(d), while smaller variations are observed for the fifth and seventh harmonics. In 
all cases, the detailed representation of saturation and frequency conversion process in the 
generator has given origin to increased levels of harmonic voltages in the network. 
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Figure 6.5 Voltages with detailed generator model and Grounded Star-Grounded Star transformer 
connection. 

(a),(b) Waveforms and spectrum on busbar 2 

(c),(d) Waveforms and spectrum on busbar 4 

20 

16 

12 

6.3.3 Grounded Star-Delta transformer connection and passive genera
tor reactance representation 

The effect of connecting a Grounded Star-Delta transformer, described by eqn. (5.45), in 
the network of Fig. 6.3 is illustrated in Figs. 6.6(a)-(b) which show the voltage waveforms 
and harmonic content at the generator terminals . Similarly to the previous transformer 
connection, the transformer saturation causes predominantly fifth harmonic voltage and 
the highest harmonic unbalance still occurs at the seventh harmonic, but now the harmonic 
content in phase A is the largest ( about three times higher than those of phases B and C). 

The harmonic voltages at node 4 are illustrated in Figs. 6.6( c )-( d ). These show 
the remarkable influence of the transformer connection on the network periodic response, 
when compared with the results of the previous section. In this case the third harmonic 
is confined to circulate in the transformer delta winding and the third harmonic voltage 
at the end of the line is practically eliminated; the remaining third harmonic content is 
basically due to the load in grounded star connection at the far end of the transmission 
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line. A comparison of Figs. 6.6( d) and 6.4( d) also shows that all the harmonics considered 
have decreased. A redistribution of the phases harmonic content can be observed for all 
the harmonic orders, particularly in the case of the seventh harmonic. 
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Figure 6.6 Voltages with passive generator model and Grounded Star-Delta transformer connection. 

( a),(b) Waveforms and spectrum on bus bar 2 

(c),(d) Waveforms and spectrum on busbar 4 

6.3.4 Grounded Star-Delta transformer connection with detailed gener
ator model 

The harmonic voltage waveforms and their spectra at node 2 of the test system are il
lustrated in Figs. 6.7(a)-(b). Comparing Figs. 6.7(b) with 6.6(b) we observe that with 
exception of the harmonic content in phase A at fifth and ninth harmonics, higher har
monic levels result from a detailed generator representation. The third, rather than fifth, is 
now the predominant harmonic. It is worth noting in Fig. 6. 7(b) that the third harmonic 
estimated with this model differs at least by 100 per cent (in phase B) with respect to that 
calculated with the simpler generator model. As in the previous transformer connection 
case, the long transmission line reduces the effect of the generator-transformer harmonic 
interaction at the end of the line. The distortion at node 4 is therefore similar to that 
derived with the simpler generator model; this is evident in Figs. 6.7(d) and 6.6(d). 
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Figure 6. 7 Voltages with detailed generator model and Grounded Star-Delta transformer connection . 

(a),(b) Waveforms and spectrum on busbar 2 

(c),(d) Waveforms and spectrum on busbar 4 

6.3.5 Effect of harmonic cross-coupling 

The harmonics produced by the non-linear behaviour of power components are very closely 
coupled. In addition, usually in harmonic studies the effect of higher frequencies is not 
represented based in their assumed negligible effect. 

However, non-linear phenomena such as magnetic saturation in power trans
formers and generators can produce cross-coupled harmonics of all orders, which injected 
into the generator stator will re-excite the mechanism of frequency conversion, modifying 
the existing harmonic components and producing harmonics of different orders. These 
harmonics, injected back into the transformer and with the contribution of the rest of 
the system, will modify the network harmonic distortion and consequently new harmonic 
voltages and currents will be present at generator terminals. This repetitive process will 
continue until an harmonic balance is finally reached between generation, transmission 
and load networks. 

The harmonic contribution of non-linearities such as converters, SVCs etc., in 
addition to higher order resonances which may be associated to a particular transmission 
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system configuration will further excite the process above described. 
To assess the effect of the explicit representation of cross-coupling on the har

monic response of the test system illustrated by Fig. 6.3, an increased number of harmonics 
was considered, i.e. the first thirteen and a de term. The simulation results are illustrated 
in Fig. 6.8 assuming a grounded star-delta transformer connection. The generator has been 
represented with a passive reactance and with a detailed model incorporating frequency 
conversion and saturation effects. The former case is illustrated with Figs . 6.8( a)-( d) and 
the later with Figs. 6.8(e)-(h). 

Compared with Figs. 6.6(a)-(d), note from Figs. 6.8(a)-(d) that the additional 
harmonics represented have a noticeable effect in the harmonic distortion observed from 
the voltage waveforms of Figs. 6.8(a) and 6.8(c) . This effect is specially marked in phases 
A and C of bus bar 2 (Fig. 6.8(b)) and more evenly distributed at bus bar 4, as shown 
by Fig. 6.8(d). Excluding the last harmonic order previously represented (9th), little 
variation is observed in other harmonic orders. 

For the detailed generator model, a comparison of Figs. 6.8( e )-(h) with Figs. 
6. 7( a)-( d) indicates a pronounced effect of the harmonic cross-coupling additionally repre
sented in Fig. 6.8. The combined non-linear effects of this representation makes the phase 
harmonic content more sensitive to the number of cross-coupled harmonics analyzed when 
a detailed generator model is used, as noted from a direct comparison of Figs . 6.8(f) and 
6.7(b). This effect is predictably less pronounced at busbar 4, as illustrated by Fig. 6.8(h). 
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Figure 6.8 Voltages with passive and detailed generator models, with Grounded Star-Delta tran~ 
former (thirteen harmonics and a de term represented). 

(a),(b) Waveforms and spectrum on busbar 2; passive generator representation 
(c) ,(d) Waveforms and spectrum on busbar 4; passive generator representation 
(e),(f) Waveforms and spectrum on busbar 2; detailed generator representation 

(g),(h) Waveforms and spectrum on busbar 4; detailed generator representation 
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Although for the particular transmission line used in the test system the quarter 
wavelenght resonance corresponds to the third harmonic, resonances may potentially take 
place at any of the odd triplen harmonics. A further study was carried out considering the 
first fifteen harmonics and a de term. Figures 6.9( a)-( d) illustrates the solution obtained 
with a passive reactance generator representation and Figs. 6.9( e )-(h) corresponds to the 
detailed generator model. 

A resonance to the 15th harmonic takes place in the transmission line and this 
resonance strongly affects the complete lightly loaded transmission network, as the delta 
transformer side can effectively absorb in most of the third harmonic components, but 
other harmonic flows can , circulate. 

Note from Figs. 6.9(a)-(b) and 6.9(e)-(f) that this resonance is reflected at the 
primary side of transformer (generator terminals) . With respect to the similar cases of 
Fig. 6.8, other harmonics but the thirteenth have remained nearly unchanged. As a result 
of the resonance present in the system, the fifteenth harmonic at busbar 4 is considerably 
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higher than the rest of the harmonic components; phase A has the highest harmonic 
content, being larger than the fifth harmonic by 100 per cent for the case shown in Fig. 
6.9( d) and about 80 per cent larger than the seventh harmonic for the case illustrated 
by Fig. 6.9(h). For both generator representations the harmonic content in phases B 
and C is about 20 per cent larger than the obtained for the fifth harmonic order. The 
similar harmonic distribution produces identical voltage waveforms (although different in 
amplitude) with both generator models, as shown by Figs. 6.9(c) and 6.9(g). 
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Figure 6.9 Voltages with passive and detailed generator models, with Grounded Star Delta trans
former (fifteen harmonics and a de term represented) . 

(a),(b) Waveforms and spectrum on busbar 2; passive generator representation 
(c),(d) Waveforms and spectrum on busbar 4; passive generator representation 
(e),(f) Waveforms and spectrum on busbar 2; detailed generator representation 

(g),(h) Waveforms and spectrum on busbar 4; detailed generator representation 

6.4 Conclusions 

The detailed model of a synchronous generator has been combined with the Norton har
monic equivalent of a multilimb transformer model to produce a unified equivalent for 
Network Analysis in the Harmonic Domain. 

The generator-transformer unit and a long transmission line with a passive 
load at the remote end have been analyzed using a conventional generator representation 
and the proposed model in the Harmonic Domain. The results have shown considerable 
differences in the levels and asymmetry of the harmonic voltages; in some cases the levels 
predicted by the simpler models are in error by more than 100 per cent. 

It has been shown that the harmonics produced by the non-linear components 
in the electrical system are very closely coupled and that neglecting the apparently less 
significant higher orders has a considerable effect on the prediction of the network harmonic 
distortion. This effect is shown to be dramatic when in addition to the harmonic distortion 
produced by the complex interaction between non-linear components, i.e. generator and 
transformer units, higher order resonances are excited on the external system. 

A lightly loaded transmission system has been used to emphasize the effects 
analyzed in the different case studies presented. A similar network behaviour, with less 
harmonic distortion, would be expected in a sufficiently damped power system. 

The test system comparisons clearly illustrate the need for Harmonic Domain 
Analysis to derive accurate harmonic information. Its further expansion involves the in
corporation of other non-linear components, such as static converters, SVCs, induction 
machines etc. With suitable frequency-dependent component models, time domain simu
lation may provide the only acceptable alternative to the Harmonic Domain. This is an 
area in need of detail investigation. 





Chapter 7 

Multi - Frequency Dependent 
Equivalents in Power Networks 

7.1 Introduction 

The dynamic and quasi-steady-state analysis of power plant components often require a 
detailed modelling of a restricted part of the network, while the rest can be represented 
by an equivalent circuit. Thus, the computation effort required for the simulation of a 
power network is significantly reduced and considerably simplified. However a synthezised 
equivalent circuit should reproduce adequately the network behaviour in order to be of 
practical use. 

The simplest equivalent model is generally derived from short-circuit impedances 
at fundamental frequency. For studies such as fault analysis, this approach is considered 
accurate enough. However for studies where the system response should be reproduced 
at harmonic frequencies this model is inadequate as it can not approximate the system 
behaviour at frequencies different from the power frequency. The necessity of alternative 
equivalent models is clearly evident for the satisfactory network representation at harmonic 
frequencies. 

The correct simulation of the impedance or admittance harmonic equivalent of 
a power system has special significance in studies such as, 

a). Design of HVdc systems and AC/DC interconnections. 
b ). Design of AC filters. 
c). Determination of overvoltages due to transients in power networks, switching 

operations, blocking - unblocking and fault conditions at converter stations and energiza
tion of ac filters. 

In these studies an accurate estimation of the minimum damping at different 
frequencies and of the maximum or minimum values of phase angle, at least from the 
fundamental up to the thirteenth harmonic [Hingorani and Burbery 1970] is required. 

In addition to the above aspects, more rigorous harmonic studies are required for 
the prediction of the harmonic distortion in present power systems. The Harmonic Domain 
meets this requirement following a more rigorous harmonic formulation to represent the 
periodic behaviour of non-linear components, as decribed in detail in previous chapters. 
The number of equations involved on a multi-phase Harmonic Domain analysis for a 
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practical network depends on the number of system terminals and spectrum of harmonics. 
Computation requirements would be of concern for a system of moderate complexity, i.e. 
1.50 bus bars ( considering the total phase terminals) and a simulated harmonic spectrum 
containing the first 25 harmonics. This problem could be alleviated by substituting part 
of the network, involving mainly linear components, with an appropiate equivalent. In the 
Harmonic Domain high order harmonics are not neglected as their effect may be significant 
when considering the phenomenon of cross-coupling between harmonics. Thus, an accurate 
equivalent model capable of reproduce the network response for a range sufficiently wide 
of harmonics is necessary for this application and those previously cited. 

7.2 Algorithms for the synthesis of RLC lumped 
equivalent circuits 

Early dynamic models of AC/DC interconnections used a simple "Thevenin" equivalent 
for the AC system. An improved T - equivalent model [Bowles, 1970] was later adopted 
for simulator and computer studies that matched reasonably well the low order harmon
ics (below the 5th). Such equivalent is suitable for AC/DC interconnections with low 
short-circuit ratio (SCR), where prospective parallel resonances between the convertor 
filter capacitance and the AC system inductance are likely to occur at low frequencies. 
However, parallel resonances can also occur at higher harmonic frequencies and the T 
- equivalent is not sufficiently accurate to predict the behaviour of the convertor plant 
during disturbances. Because of its limitations, this model could not gain acceptance for 
applications where the network response should be accurately approximated at frequencies 
beyond the 5th harmonic (i.e. design and analysis of HVdc systems, design of AC filters, 
rigorous harmonic studies and overvoltages due to transient phenomena, etc.). 

A more rigorous model based on RLC parameters has been proposed [Hingorani 
and Burbery 1970] to match the system impedances at a wider range of frequencies. The 
merit of this model is the simplicity of its formulation. However, peaks at parallel res
onances given by the lumped equivalent circuit are usually considerably higher than the 
respective of the actual network and significant deviations may be expected at series reso
nances. Impedances at resonant frequencies can not be corrected following this approach. 
Besides, an unfortunate characteristic of this original algorithm, as accurately pointed 
out long ago (Marched and Brandwajn 1983] is that its response degrades quickly as the 
frequency increases as a consequence of the model analytic simplifications, not sufficiently 
corrected afterwards. 

A similar lumped equivalent circuit was later proposed (Marched and Brandwajn 
1983] for electromagnetic transient studies. In this approach, synthesis of the RLC equiva
lent makes use of an iterative procedure to determine branch resistances. The least-squares 
fitting technique was applied (Do and Gavrilovic 1984] for the synthesis of equivalent mod
els representing networks, even with high losses. For the range of frequencies analized, 
good agreement between circuit and network responses were obtained with the last two 
algorithms. 

More recently (Watson and Arrillaga 1987], multi-variable optimization tech
niques have been applied to the original formulation of Hingorani and Burbery to improve 
the equivalent circuit response at lower frequencies. Although ·watson and Arrillaga could 
match well the lumped circuit response to that of the system for a range of low order 
frequencies, in most cases poor matching could be obtained at higher frequencies and 
often an improved circuit response at low frequencies was obtained at the expense of 
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deteriorating its response at higher frequencies. In an effort to overcome this problem 
correction branches RLC were incorporated into the initially calculated equivalent circuit 
to reproduce the system response at these frequencies. Unfortunately a good high fre
quency simulated response can not always be guaranteed with their approach and often 
difficulty was found to match, at fundamental frequency, the phase angle obtained with 
the equivalent model to that of the actual network. The incorporation of an additional 
correction branch into the equivalent circuit would be required to improve its frequency 
response in this region. 

In the next sections a simple and accurate algorithm for the calculation of 
frequency-dependent AC equivalents is presented. Because of its mathematical simplic
ity, the original lossless formulation of Hingorani and Burbery is used as an initial ap
proximation. The equivalent circuit response is then compared simultaneously at differ
ent frequencies with the actual system behaviour and scaled accordingly at these points; 
branch resistance parameters are determined by an iterative process and, finally, correc
tion branches are added to the generated lumped equivalent circuit to adjust its response 
at higher frequencies. 

7.3 Network harmonic admittances 

The frequency response of a transmission network can be obtained by assembling, at any 
particular frequency, its respective admittance matrix from the individual system com
ponents. The transfer function between nodal harmonic currents and voltages appearing 
throughout the system busbars is represented by the matrix equation 

where 

[Yh] : harmonic admittance matrix 
i\ : harmonic nodal voltages 
h harmonic nodal currents 
h : harmonic order 

(7 .1) 

The nodal impedance matrix equation can be represented at any frequency in 

expanded form as 

Zn Z12 Z1i Zlk Zin 

Z21 Z22 Z2i Z2k Z2n 

Zi1 Z;2 z .. Zik Zin 
[Zh] = II 

(7.2) 

Zk1 Zk2 Zki Zkk Zkn 

Zn1 Zn2 Zni Znk Znn 

To obtain the system equivalent impedance, as seen from one or more terminal 
busbars , it is only necessary to extract from eqn. (7.2) the relevant information concerning 
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the interface nodes, as they determine the required network T - equivalent, any other 
nodes can be ignored. By way of example, a system, as seen by nodes i and k would be 
represented by the impedances Zii, Zik, Zki, and Zkk· In polyphase networks each element 
of the admittance ( impedance ) matrix is replaced by a square matrix with dimensions 
equal to the number of phases. 

7.3.l Frequency response of a practical system 

The section of the New Zealand primary transmission network, illustrated in Fig. 2.1., 
has been used as a test system. It is first required to derive the actual system harmonic 
response at the point of harmonic injection, which for the case analized is the Tiwai 
busbar. Multi-conductor harmonic penetration software [Arrillaga Bradley and Bodger 
1985], incorporating the effect of asymmetrical and mutual couplings, is used to derive the 
harmonic Thevenin equivalent impedances seen from Tiwai. 

Relevant information of network resonances can be assessed from X-R loci dia
grams. Here the reactance changes from inductive to capacitive and viceversa determine 
the resonance frequencies at which the system is purely resistive. However, impedance 
magnitude and phase angle - frequency diagrams give a more explicit description of these 
parameters at resonance frequencies. This is the approach presented in this work. By way 
of example, the impedance magnitude and phase - angle are shown in Figs. 7.l(a)-( d), for 
the first 25 harmonics. Indicated in Fig. 7.l(a) are the frequencies of parallel and series 
resonances. Parallel resonances take place at maxima impedances (tending to infinite) 
and series resonances at minima impedances ( tending to zero). In the last case, the only 
network damping is given by its resistance. For the test system under consideration, the 
following simplifications .apply : 
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1(),0 1250 

Each self and mutual matrix term of the multi-phase Thevenin harmonic equivalent 
impedance, seen from a reference busbar, can be represented by a RLC equivalent cir
cuit of the form illustrated if Fig. 7 .2( a). The impedance magnitude - frequency diagrams 
assumes zero frequency as the first series resonance. Thus, reactance to de is zero so that 
the first branch of an equivalent model does not include a capacitor. The circuit represen
tation for a three-phase network is shown in Fig. 7 .2(b ). An accurate algorithm is now 
described to derive the required R, L and C branch parameters of a particular equivalent 
circuit. 

AC system 

(a) 
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+ 
a 

n 

+ 
C 

b 

(b) 

Figure 7.2 Frequency-dependent AC equivalent circuit. 

(a) . Single - phase equivalent circuit 

(b ). Circuit incorporation into a three - phase network 

(i). Inductances and capacitances are calculated as described in Section 7.6 
from a lossless model approximation. Here the resistance of branches is initially ignored 
to simplify the mathematical formulation. Once these parameters have been determined 
the resistances obtained from the source network, in the vicinity of series resonances, are 
incorporated into the respective branches. Thus, the impedance of any branch k at a 
particular angular frequency w is given by 

(7.3) 

(ii). At series resonances the response of the equivalent circuit is in reasonable 
agreement with that of the actual network. However, large differences are expected at the 
parallel resonant frequencies and scaling of the calculated L and C parameters is required 
to reduce this error. Multiple scaling factors are simultaneously applied to the equivalent 
circuit. At any specific matching frequency the scale factor is defined by the expression 

where 

SF : scale factor 
Zee : equivalent circuit impedance 
Yee : equivalent circuit admittance 
Zs : system impedance 
Y., : system admittance 

(7.4) 

At each branch, the calculated inductance is divided and the capacitance mul
tiplied by its respective scale factor . Matching of the actual system response is done at 
intermediate frequencies between series and parallel resonances. Resistance dominates at 
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the resonance frequencies. Thus, a scale factor calculated in the vicinity of these frequen
cies would adversely affect the equivalent model in the region dominated by the particular 
branch. 

The application of multiple scale factors to the equivalent circuit gives a better 
response at. lower frequencies than if a single scale factor were used for the whole range of 
frequencies. At high frequencies , the parallel resonances are shifted of their true resonant 
points. However it will be shown later that this inconvenience can be easily corrected, so 
that the original resonance frequencies can be recovered. Simultaneously, the impedance
frequency response is accurately matched. 

As an example, Figs. 7 .3( a) and (b) show the equivalent circuit approximation 
given to the original impedance-frequency response of term Zbb, Fig. 7.l(a), when single 
and multiple scale factors are respectively used. 
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Figure 7 .3 Equivalent circuit aproximation of Zbb 

( a) . with a common scale factor 
(b) . with multiple scale factors 
( c). after iterative correction of branch resistances 

(d) . after addition of two correction branches 
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Note from Fig. 7 .3( a) that the use of a single scale factor calculated at 127 
Hz for the whole range of frequencies, results in noticeable larger peaks. After the third 
parallel resonance, the original pattern of the system response has been lost and can not 
be recovered by further strategies . The parallel resonant frequencies are preserved with 
the use of a single scale factor,see Fig. 7.3(a), but shifted at higher frequencies as a result 
of the simultaneous scaling at various frequencies, as shown in Fig. 7.3(b ). 

(iii). The equivalent model response is then corrected iteratively at series res
onances frequencies. The initial difference between the actual impedance at each series 
resonance frequency and the corresponding calculated one from the lumped model is mini
mized at each iteration step until the change observed in absolute value between successive 
iterations satisfies a specified tolerance for convergence, i.e. Cz = 0.005 for the cases here 
presented. 

The branch resistances, obtained from the actual network response, are used 
as initial variables in the iterative process, while the L and C parameters are kept con
stant. The adjustment of a branch resistance will additionally correct the closest parallel 
resonance peak( s) in the way shown in Fig. 7.4. 

Figure 7 .4 Effect of Ron a parallel resonance with L/C fixed. 

Small increments are used while adjusting the resistance values to avoid "over
shooting" the solution. Thus, convergence is ensured and more accurate network damping 
representation is obtained. 

Each RLC branch of the equivalent circuit is tunned to have a significantly 
larger contribution to the total impedance for a particular series resonance or range of 
frequencies than the rest of parallel branches. An adequate strategy to calculate the 
branch resistances should be used to obtain a good simulated response of the equivalent 
model. Thus, resistances at all the RLC parallel branches are simultaneously corrected 
according to the following procedure , exemplified for a series resonance (represented by 
branch k). 



7.4 PROPOSED ALGORITHM 

if : 

where 

IZsl > IZbkl(n) j Rb;) = Ri~) + D..Rk 

IZsl < IZbkl(n) j Rb;) = Ri~) - D..Rk 

Rb;) : new ( updated ) branch resistance 

Ri~) : previous ( old ) branch resistance 
tl.Rk : incremental resistance correction 

This process is repeated until the following condition is satisfied 

k=l,2, ... ,n 
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(7.5a) · 

(7.5b) 

(7.6) 

Figure 7 .3( c) illustrates the impedance - frequency response of the equivalent 
model obtained after the iterative process has been completed. It should be noted that 
peaks at lower frequencies have been noticeably corrected and now closely reproduce the 
actual parallel resonances. 

(iv). In order to correct the peak of parallel resonances at high frequencies, it 
is necessary the use of extra RLC branches, inserted in parallel with the branches of the 
original equivalent circuit. For the range of frequencies considered here, two correction 
branches have been found sufficient to appropiately match the system frequency response. 
Signicantly better results are obtained if the parallel resonance at the highest frequency 
is corrected first, then the preceding parallel resonance. 

The highest discrepancy regions are sequentially matched at three different 
frequencies to determine the R, L and C parameters of the correction branch required 
to improve the circuit response. The procedure followed to calculate these parameters is 
detailed in Appendix E. 

For the test system analized, the parallel resonance at 976 Hz is closely repro
duced when the equivalent circuit response is matched at frequencies of 920, 1040 and 1060 
Hz. An additional correction branch is calculated matching the impedances of network 
and model at 840, 880 and 895 Hz. 

The final frequency response for Zbb, calculated with the simplified equivalent 
circuit is shown in Fig. 7.3(d). 

(v). A modified procedure is followed to reproduce the system response having 
an impedance magnitude - frequency characteristic of the form shown in Fig. 7 .l(b) for 
the mutual term Zab• With respect to Fig. 7.l(a) a single parallel resonance takes place 
at 277 Hz and sharp transitions in phase angle are observed at 847 and 883 Hz, see Fig. 
7.l(d), as a result of the closely ocurring series and parallel resonances, respectively. 

Figure 7.5(a) illustrates the circuit response for Zab after multiple scale fac
tors have been applied to the L and C branch parameters . A noticeably smaller and 
phase-shifted peak represents the system parallel resonance at 277 Hz while a large peak 
represents the network resonance at 883 Hz. To obtain a better circuit simulated response 
the first peak is corrected before proceeding with step (iii). 
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Figure 7 .5 Equivalent circuit approximation of Zab 

(a). with multiple scale factors 
(b) . with correction of the R/L ratio of the first branch 
(c). after iterative correction of branch resistances 

(d). after addition of two correction branches 

(d) 
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At parallel resonance, the quality factor (Q) of an RLC branch (with R fixed at 
certain value) will depend on the ratio L/C, as illustrated in Fig. 7.6. 

The discrete adjustment of the scale factor used for the first branch provides 
simultaneously the adequate Q and the correct resonant frequency, as it can be seen from 
Fig. 7 .5( c ). After the scale factor is corrected, the iterative process of step (iii) is executed. 
The final impedance - frequency response, obtained after two correction branches have 
been incorporated to the original circuit is shown in Fig. 7.5( d). The two correction RLC 
branches have been calculated at matching frequencies of 850, 895, 915 Hz and 650, 750, 
830 Hz, respectively. 

7 .5 Lumped equivalent circuits frequency response 

The self and mutual terms of the Thevenin equivalent frequency-dependent impedances of 
the power network, as seen from the Tiwai busbar are shown in Fig. 7.7. The impedance 
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Figure 7 .6 Effect of the L/C ratio on a parallel resonance with R fixed. 

magnitudes are shown in Figs . 7.7(a)-(d) and their respective phase angles are illustrated 
by Figs. 7.7(e)-(h). 
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Figure 7. 7 Test system impedances. 

actual system 
equivalent circuit 

(a) . IZaal 

(b ). IZbbl 

(e). Baa 

(f) . 0bb 

(c). IZabl 

(d). IZacl 

f'll!"OUE"CY llhl 

(g). Bab 

(h). Bae 

When compared with the corresponding elements of the actual network, in 
continuous line in Fig. 7. 7, good agreement of the circuit response is observed for the 
selected range of frequencies, 50 to 1250 Hz. 

Because the next parallel resonance taking place beyond the simulated range of 
frequencies is not included in the formulation, some differences in impedance magnitude 
and phase angle are expected above the selected matching range. 

The frequency response of the equivalent model depends of the selected criterium 
for convergence Cz. For the cases presented in this chapter the same Cz has been used 
in step (iii) to adjust all resistances at series resonances, although individual tolerances 
for convergences can be used at these points to improve the circuit response at specific 
frequency regions. 

If required, after calculation of the basic correction branch( es), the equivalent 
model response can be further improved at lower frequencies with a final refinement of the 
ratio L/C in the regions of interest or the incorporation of an extra correction branch. 

The block diagram of Fig. 7 .8 gives a concise description of the sequence fol
lowed for the derivation of the required parameters R, L and C of a frequency-dependent 
equivalent circuit . 
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Figure 7 .8 Block diagram for synthesis of lumped RLC equivalent circuit. 

107 



108 CHAPTER 7 MULTI - FREQUENCY DEPENDENT EQUIVALENTS IN POWER NETWORKS 

7.6 Synthesis of the frequency-dependent AC equivalent 
circuit 

Let us assume a lossless LC branch, represented in admittance form as 

or 

Y(s) = [ ] L s2 + _1_ 
LC 

s 

ls 
Y(s) = ( L ) 

s2 + w2 

For a circuit of n parallel branches we have 

1 s 1 s _Ls 

y ( s) = ( Li ) + ( ½ ) + ... + ( Ln ) 
s2 + wf s2 + w~ s2 + w; 

or in com pact form 

(7.7) 

(7.8) 

(7.9) 

(7.10) 

A series resonance takes place when the denominator of eqn. (7.10) tends to 
zero and a parallel resonance when the numerator tends to zero. Since series resonances 
are determined by the roots of the denominator in eqn. (7.10) , we change arbitrarily the 
notation to represent vVj (j = l , 2, ... n) as the respective series resonant frequencies . 
Equation (7.10) is now written as 

(7.11) 

Equating coefficients of sin eqn. (7.9) 

s2n- 2 : 

(7.12) 

s2n-4 ; 

n l [ n l n-1 Ly- I:wt = I:w} 
k=I k i=I j=I 

i# 

(7.13) 
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s2n-6 : 

n 1 [ n-1 n l Ly- L L w;w; 
k=l k p=l i=p+l 

n-2 n-1 

= L L W,;WJ 
m=l j=m+l 

(7.14) 

p,i:/=k 

so: 

n-1 

= rrwJ (7.15) 
j=l 

Equations (7.12) - (7.15) are solved simultaneously to determine the inductances 
Lk, Capacitances are calculated as 

k=l,2, ... ,n (7.16) 

where 

Wk : angular frequency at series resonance 

Now incorporating resistances to the initially assumed lossless equivalent circuit; 
the admittance of any branch k to a particular frequency f will be given by 

1 1 
yk = - = --~-----

Zk Rk + j [ wLk - wbk] 
(7.17) 

The contribution of n parallel branches to the same matching frequency is 

(7.18) 

7. 7 Equivalent circuit representation in the Harmonic 
Domain 

Lumped frequency-dependent equivalent circuits, derived according to the procedure de
scribed in previous sections, are required to determine the self and mutual terms of a 
multi-phase network representation; as seen by an observation point. These equivalent 
circuits, calculated in admittance form as shown by eqn. (7.18) can be incorporated in 
the Harmonic Domain to represent a part of the system at harmonic frequencies. 

Each self or mutual frequency-dependent equivalent circuit is represented in the 
Harmonic Domain in complex-conjugate pairs, i.e. for a particular harmonic order ±h the 
following relation can be written for the equivalent circuit admittance of eqn. (7.18). 

; for i , j = 1, ... , 3 (7.19) 
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7 .8 Conclusions 

When in dynamic or quasi-steady state studies in power systems part of the system is 
replaced by a network equivalent to simplify the analysis complexity, the relevant in
formation at the interface busbars can be extracted directly from the nodal admittance 
(impedance) matrix. 

An algorithm for the determination of frequency-dependent a.c. equivalents has 
been presented. It makes use of a simple formulation leading to a basic lumped equivalent 
circuit. The frequency response of this basic circuit is then corrected to closely reproduce 
the actual network response. This is achieved with the help of several important features, 
such as the use of multiple scale factors, an iterative impedance correction at series res
onances, adjustment of particular scale factors when required and incorporation into the 
equivalent circuit of correction RLC branches. For the range of frequencies simulated, 
two correction branches have been sufficient to ensure a close reproduction of the system 
harmonic impedances. 

A relatively simple lumped equivalent circuit can be derived capable of accu
rately approximate the original system response over any selected range or frequencies. It 
can be applied in diverse dynamic and quasi - steady - state studies of power networks. 
For the case of harmonic studies, it can be easily incorporated into the Harmonic Domain 
formulation so that, when required, the harmonic behaviour of part of the power system 
can be closely approximated by paralleled RLC equivalent circuits, allowing a substantial 
reduction in size and complexity of the Harmonic Domain computations. 



Chapter 8 

Conclusions and suggestions for 
future research work 

8.1 General conclusions 

The clear advantages of an evolving computer technology and advanced numerical tech
niques available, have accelerated the development of digital simulation models for the 
prediction of the system behaviour over physical scale-down models. 

The necessity of a more accurate prediction of the harmonic distortion in power 
systems has given place to the development of more detailed and rigorous simulation 
models for the representation of the complete electric network and its components. A 
concise overview on the development of strategies and techniques for network harmonic 
analysis was presented in the introductory chapter of this thesis. 

The main aim of this research work has been to provide a more rigorous harmonic 
modelling of power transmission systems. The Harmonic Domain, providing a general 
frame of reference for the representation and unified solution of linear and non-linear 
network components has proven to be the essential tool necessary towards the achievement 
of this objective. 

Generalised harmonic models of the synchronous machine and multilimb power 
transformer have been presented. The periodic electro-magnetic behaviour of these non
linear devices has been represented in detail in the Harmonic Domain using Norton ( or 
optionally Thevenin for the generator case) harmonic equivalents combined with the har
monic models of other network components, which represent the external system. This 
interface has taken into consideration the electrical connections. 

To assess the individual effect of a detailed representation of the synchronous 
machine and power transformer on the harmonic distortion produced in the system, their 
non-linear behaviour has been considered separately, with only the contribution of the 
external network taken into account. The detailed models have been then adequately 
interfaced and assembled with the rest of the transmission system, to examine the net
work response to the combined non-linear effects of generator and transformer and the 
contribution of the transmission network. The studies presented for the three different 
cases have shown the dramatic effect that on the prediction of harmonic distortion in the 
network has the detailed modelling of these non-linear components. Case studies have 
also shown the considerable influence of factors such as voltage levels in the system, knee 
point position of the transformer magnetising curves, transformer electrical connections 
and natural resonances of the transmission network. 
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The harmonics produced in the power network are very closely coupled. This 
phenomenon can not be reproduced with conventional techniques for harmonic analysis 
but is, however, explicitly represented in the Harmonic Domain. Case studies, involving 
different type and transformer connections and generator models, have been presented to 
demonstrate the considerable influence of harmonic coupling, including the higher orders 
(normally ignored in conventional harmonic studies). It should be noted, however, that 
this effect is more pronounced in systems poorly damped, such as those considered in the 
case studies. 

The static power converter has been generally considered as the only serious 
source of harmonic distortion in the transmission system and the effect of other network 
components has been neglected or under-estimated. It can be concluded from this investi
gation that the sole presence in the power system of basic components such as synchronous 
machines, transformers, transmissions lines and other conventional components can pro
duce harmonic distortion in the network that well exceed the permissible harmonic levels. 

The magnitude of the problem to be solved in the Harmonic Domain would 
limit the practical application of this technique if the solutions were to be found through 
conventional numerical methods. An alternative way of solution was thus needed. A 
sparsity-orierited algorithm for the solution of large scale systems with hybrid excitations, 
i.e. voltage and current sources, has been developed. Compared with a conventional 
numerical method, the use of the proposed technique with the Harmonic Domain solutions 
has shown an impressive reduction in the computation time. 

The detailed modelling of multilimb power transformers in the Harmonic Do
main indicates that the prediction of harmonic distortion in electric networks mdng three
phase transformer banks will be generally pessimistic. Priority has been given in this 
research to assess the influence that a detailed representation of specific effects, such as 
non-linear magnetic saturation and mutual coupling between windings has on the pro
duction of harmonic distortion. It is expected that the proven relevance of this scarse 
experimental data will soon be noticed by manufacturers and power utilities and that 
such information will be made available for research, design or operation studies of power 
systems in the future. 

The network harmonic response to the effect of two different transformer connec
tions with different generator representations was described in Chapter 6. This work can 
be extended to include other transformer configurations. In addition, the influence on the 
harmonic distortion of different representations of the magnetising curves, i.e. piecewice 
linear or incremental approximation, for transformer and synchronous generator cores can 
be analyzed. Both approximations of the magnetising curves can be obtained with the 
hyperbolic function described in Chapter 5. 

Different types of three-phase transformers, ie. multilimb or single-core banks, 
may be connected in a practical power network. This practical situation can be represented 
in the Harmonic Domain Analysis program. 

Further rigorousity on the modelling of mutual coupling between windings in 
the multilimb transformer model can be achieved considering all the primitive leakage 
admittances with different value, rather than symmetrically valued, as in the case of the 
primed admittances used in this work. The derivation of the harmonic electro-magnetic 
equivalents for each transformer configuration should then be based on this premise. Sim
ilarly, a more rigorous evaluation of the fluxes circulating through the different magnetic 
branches can be obtained following a different calculation strategy than the one presently 
used. The procedure described by Siemon (1953) can be an interesting alternative. 

An assumption of perfectly smooth excitation has been used in the synchronous 
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machine model. The derived machine equations should be conveniently modified to allow 
the removal of this constraint. 

The multi-conductor transmission lines, because of their unbalanced nature, 
natural resonance frequencies and transposed or untransposed arrangement can have a 
profound effect in the harmonic distortion produced in the network. The Harmonic Do
main considers a detailed frequency-dependent representation of the transmission line. 

A simple and fast iterative technique has been developed for the accurate deriva
tion of frequency-dependent equivalents in power systems. It has potential applications in 
time-domain and harmonic studies. Applied to the Harmonic Domain, it will considerably 
reduce the order of the problem to be solved and will be specially advantageous if the 
network reduced to an equivalent is composed by elements of linear characteristics . 

. The reader may have noted some differences in the presentation of results 
throughouth the thesis. A large proportion of the information contained has been al
ready presented in international journals. The author has preferred to leave the results as 
published, as in some cases the original format has been changed to meet the requirements 
of such journals. 

8.2 Future research work 

This research work is intended to be a step forward towards a more rigorous harmonic 
modelling of power transmission systems. It is expected that a basic foundation has 
been already developed in the Harmonic Domain that will allow its expansion in multiple 
directions. The author hopes the suggestions to be offered for further investigation will 
mean interesting material for future research contributions. 

From this stage of research, the author suggests to proceed in the following 
directions: 

• It has been shown that the position of the knee-point in the magnetising character
istics for three-phase transformer banks can have a considerable effect on the overall 
harmonic distortion produced in the network. In fact, it can significantly reduce the 
harmonic content. The same effect is expected to take place in multilimb three-phase 
transformers. This is an interesting point to take into account at the design stage, 
where preliminary studies will determine the characteristics of the equipment to be 
installed in an annexed sub-system. However, with the power system already into 
operation, expensive investment would be required to replace a transformer unit by 
another having a larger linear region or the instalment of filters to reduce the har
monic levels; alternative actions should be attempted first. It is suggested that the 
Harmonic Domain calculations be monitored in real-time to determine if one or more 
of the power transformers or any other component with magnetic non-linearities is 
operating in deep saturation. With this condition detected, a remedy could be at
tempted with an optimal re-distribution of the harmonic flows in the network, so 
that the harmonic distortion could be minimised in the system, but specially at the 
critical points of the network. 

• The computation time required for the Harmonic Domain solutions depends on the 
number of iterations required for convergence and the number of arithmetic calcula
tions required during the iterative process. Although convergence has been generally 
obtained in less than ten iteration steps, the reduction on the number of iterations 
for convergence is desirable to improve the computational efficiency of the algorithm. 
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To this purpose, a numerical strategy based on the Newton-Raphson technique, such 
as that originally proposed by Aprille and Trick (1972) may enhance the convergence 
properties on the Harmonic Domain. In addition, matrix manipulations should be 
fully handled with the use of sparse vectors to further speed-up the iterative process 
and minimize the memory requirements. 

• Work should be done to incorporate new harmonic models to those already combined 
in the Harmonic Domain. The basis has been provided for the development of 
non-linear harmonic models such as single and multi-core saturable reactors and 
induction machines. The incorporation in the Harmonic Domain of models for non
linear frequency-dependent PQ loads, static power converter, static var compensator 
and thyristor controlled reactors will further increase its potential as a digital tool 
for the harmonic analysis of power transmission systems. 

• It is expected that the interface between the Harmonic Domain and the Iterative 
Harmonic Analisis (IHA) will overcome the convergence difficulties of the IHA alone 
and, simultaneously, a more rigorous model for the generator-transformer-converter 
connection will be obtained. 

• Models of the synchronous machine in direct phase coordinates have been developed 
for time domain studies and referenced in Chapter 4. These models avoid transfor
mations to the ficticious reference axes dqO and af}1 conventionally used in existing 
synchronous machine models. The philosophy and structure of the Harmonic Do
main is amenable to the development of an harmonic model for the synchronous 
machine in direct phase coordinates. 



Appendix A 

Parameters of the South Island 
Reduced System 

The data of the test system 1 used in Chapters 2, 3 and 7 are as follows: 

A.1 Transmission Lines: 

Earth resistivity: 100 n - m 

The phase conductors of the first three transmission lines are arranged in a 
double circuit configuration; symmetrically placed with respect to the tower vertical axis. 
There are two conductors per phase and the coordinates, given for one of the circuits, are 
taken from the center of the tower at the ground level. The fourth transmission line is a 
two single-circuit line of flat configuration with one conductor per phase. The coordinates, 
given for the two circuits, are taken from the extreme left conductor at the ground level. 

1. I nvercargill220 - Jvl anapouri220. 

Line length: 152.9 km 
Conductor type: GOAT(30/3.71+7 /3.71 ACSR) 
Earth-wire type: (7 /3.05 Gehss) 

Conductor coordinates (in meters): 

Phase a 

Phase b 

Phase c 

Earth-wire 

2. M anapouri220 - Tiwai220. 

Line length: 175.60 km 

4.80 12.50 

6.34 18.00 

4.42 23.50 

0.00 29.00 

Type and coordinates of earth-wire and phase conductors are identical to those 
of line Invercargill220-Manapouri220. 

3. Invercargil/220- Tiwai220. 

Line length: 24.3 km 
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Conductor type: GOAT(30/3.71+ 7 /3.71 ACSR) 
Earth-wire type: (7 /3.05 Gehss) 

Conductor coordinates (in meters): 

Phase a 4.77 

Phase b 6.29 

Phase c 4.41 

Earth-wire 1.52 

4. Invercargil/220- Roxburgh220. 

Line length: 131.00 km 

12.50 

17.95 

23.41 

28.26 

Conductor type: Zebra(54/3.18+ 7 /3.18 ACSR) 
Earth-wire (2) type: (7 /3.18 Gehss) 

Conductor coordinates of circuit one (in meters): 

Phase a 0.00 12.50 

Phase b 6.47 12.50 

Phase c 12.94 12.50 

Earth-wire 1.86 18.41 

Earth-wire 11.08 18.41 

Conductor coordinates of circuit two (in meters): 

Phase a 22.94 12.50 

Phase b 30.14 12.50 

Phase c 37.34 12.50 

A.2 Generators: 

Generator x" d x" 0 

Manapouri1014 0.0370 0.0197 

Manapouri2014 0.1480 0.0788 

Manapouri3014 0.1480 0.0788 

RoxburghlOll 0.0620 0.0323 

A.3 Transformers: 

Transformer x, 
Manapouri220 Manapouri1014 0.0269 

Manapouri220 Manapouri2014 0.1072 

Manapouri220 Manapouri3014 0.1072 

Invercarg033 Invercarg220 0.1029 

Invercarg033 Invercarg220 0.1029 

Roxburg-220 Roxburgl0ll 0.0382 

Roxburgh-011 Roxburgh-220 0.07632 

Roxburgh-011 Roxburgh-220 0.07632 



A.4 LOADS: 

A.4 Loads: 

Load 

Roxburgh-011 

Manapouri2014 

A.5 System parameters: 

Base frequency: 50.0 Hz 
Base power: 100.0 MVA 
Base voltage: 220.0 kV 
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P (MW) Q (MVAR) 

90.0 54.0 

135.0 36.0 





Appendix B 

Synchronous Generator Data 

The following generator data (in p.u.) were used for the case studies presented in Chapters 
4 and 6. 

x;=o.2 
R=0.005 

R1=0.0005 

Rs=Rt=0.02 

Ld=l.2 

Lq=0.8 

L1=l.2 

Ls=l.0 

Lt=0.831 

Mdj=l.0 

Mds=l.0 

1vlqt=0.6 

M1s=l.0 

Ro=0.0 

Lo=0.0 





Appendix C 

Parameters of Power Network 
Components 

Part or the totality of the following data were used in the case studies of Chapters 2, 3, 
4, 5 and 6. 

nals. 

1. Generator magnetising curve parameters. 

Curve Mi (linear) M2(,at.) 

1 26.5 

2. Transformer data. 

xi=0.117 p.u. 
I II Ill 

X1=X1 =X1 =100 p.U. 

5.125 

Knee Flux Knee Cur. 

1.009 0.042 

bi b2 

0.015 0.9 

Rcorelosses=620p.u. halved and placed on both sides of the transformer termi-

3. }If agnetizing curve parameters. 

Curve 1vl1 (linear) M2(sat.) Knee Flux Knee Cur. 

1 292.38 0.67 1.037 0.0035 

2 292.38 1.67 1.037 0.0035 

3 6.00 1.44 0.050 0.2900 

(r 173.33 1.48 0.504 0.0030 

'·9 173.33 1.67 0.505 0.0030 

4. Transmission line data of test systems 2 and 3. 

Earth resistivity: 100 n-m 

b1 b2 

0.0 1.03 

0.0 1.03 

0.0 0.22 

0.0 0.50 

0.0 0.50 

Phase conductors arranged in a horizontal configuration with two 954 MC:M

ACSR conductors· per phase and two f galvanised steel earth-wires. Relevant parameters 
are: 

Line length: 398 km 
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Conductor type: 954 MCM-ACSR 
Phase conductor height: 13.18 m 

Phase spacing: 8.5 m 

Earth wires height: 22.97 m 

Earth wires spacing: 12.5 m 

System base power: 100 MVA 



Appendix D 

The multi-conductor transmission 
line 

The frequency-dependent representation of the multi-conductor transmission line is briefly 
described in the sections to follow. 

D.1 Components of [Z] for a multi-conductor 
transmission line 

D.1.1 Earth impedance matrix [Ze] 

Based on Carson's work (1926), the non-linear variation with frequency of the impedance 
due to the earth path can be expressed as 

where 

Ze E 

J(r, 0) = 

Tjj = 

Dij = 
Dij = 

0ij = 

0ij = 
w = 

µa = 
f 

ze = lOOOJ(r,0) (O.km-1 ) 

[Ze] 

wµa {P(r,0)+jQ(r,0)} 
7r 

17-Dij 

J(hi + hj )2 + d[j i =I j 

2hi t = J 

dii 
arctan ( hi + hj) i =I j 

0 i=j 

2rrf ( rad.s- 1 ) 

4rr X 10-7 (H.m- 1 ) 

frequency (Hz) 

(D.1) 

(D.2a) 

(D.2b) 

(D.2c) 

(D.2d) 

(D.2e) 

(D.2f) 

(D.2g) 

(D.2h) 

(D.2i) 



124 APPENDIX D THE MULTI-CONDUCTOR TRANSMISSION LINE 

p 

height of conductor i (m) 

horizontal distance between conductors i - j ( m) 

permeability of free space 

earth resistivity (f!.m) 

For problems associated to transmission line parameter calculation, the solution 
of eqn. (D.1) is defined by eight different infinite series. 

D.1.2 Geometrical impedance matrix [Z9 ] 

The geometrical impedance is formulated in terms of potential coefficients theory, assuming 
equipotential conductor and earth surfaces. 

The self potential coefficient 7Pii for the ith conductor and the mutual coefficient 
7/Jij between the ith and jth conductors are calculated as 

where 

where 

2h· 
1Pii = In-' 

ai 

ai : radius of the ith conductor ( m) 

If the air is assumed to have zero conductance [Z9 ] is calculated as 

[w] : matrix of potential coefficients 

(D.3a) 

(D.3b) 

} 

(D.4) 

The lumped shunt admittance matrix [Y] is completely defined by the inverse 
relation of the matrix of potential coefficients [Galloway, Shorrocks and Wedephol 1964], 
i.e. 

(D.5) 

where 

fa = 8.854 x 10-2 F.m-1 (permittivity of free space) 

Matrices [ Z9 ] and [Y9 ] are linear functions of frequency, thus are calculated only 
once and scaled for other frequencies. 

D.1.3 Conductor internal impedance matrix [Zc] 

Resistance and inductance are non-linear frequency-dependent and require to be calculated 
at each harmonic frequency. The internal impedance of a conductor of annular cross
section can be determined with an expression based on the solution of Bessel functions 
[Semlyen and Abdel-Rahman 1982], i.e. 
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(D.6) 

where 

(D.7a) 

Xj 
· ✓jwµa J --ai 

Pc 
(D.7b) 

ae external radius of the conductor (m) 

ai internal radius of the conductor ( m) 

J0 Bessel function of the first kind and zero order 

J; derivative of the Bessel function of the first kind and zero order 

N 0 Bessel function of the second kind and zero order 

N; derivative of the Bessel function of the second kind and zero order 

Pc resistivity of the conductor material at the average conductor temperature ( n. m) 

The Bessel functions and their derivatives are solved with the use of their asso
ciated infinite series for a specified accuracy. Asymptotic expansions are frequently needed 
for problems with difficult convergence characteristics. 

An algorithm based on the curve fitting of Carson and Bessel equations has 
been proposed [Cameron, Acha and Arrillaga 1990] for the efficient calculation of [Ze] and 

[Zc]• 

D.2 Reduced equivalent matrices of [ Z] and [Y] 

Transmission lines contain a large number of conductors, i.e. earth-wires and bundle 
conductors per phase. Computationally, it is more convenient to reduce the order of the 
original problem to one equal to the number of phases, but with the original configuration 
effect implicitly considered. 

Assuming equal voltage from line to ground for all conductors in the bundle and 
zero for the earth wire, an equivalent matrix [Z"] can be obtained with the equation 

[z"] = [Bf[Zl[B] (D.8) 

where 

[Bl, [Bf : transformation matrices dependent on the bundle conductors distri-

bution 

A similar equation can be written for [\JI"]. A partial inversion is applied to [ z"] 
and [1J1 11

] so that all but a number of elements equal to the number of phases are inverted. 
The non-inverted elements correspond to the conductors per phase. Reduced matrices of 
[Z] and [Y] are thus obtained of order equal to the number of phases. 
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D.3 Distributed parameters 

To account for the increase of electrical distance with frequency, long line effects must be 
taken into account in harmonic propagation analysis. 

The ABCD parameters for a distributed element, i.e. a transmission line section, 
can be detemined with the matrix equation 

(Vs) = CA] Ir [C] 
[B]) ( Vr ) 
[D] -Ir (D.9) 

where 

[A] [Ti] X Diag(cosh,ml) X [Tut 1 (D.lOa) 

[B] [Tv] X Diag(z0 msinh 'Yml) X [Ti]-1 (D.lOb) 

[C] (Ti] X Diag(-1-sinh 'Yml) X [Tut 1 
Zorn 

(D.lOc) 

[D] = [Af (D.lOd) 

[Tv] eigensolution of [Zl[Y] 

[Ti] eigensolution of [Y][Z] 

To take into account all the discontinuities along the transmission system with 
n individual sections, all the units are cascaded to derive an equivalent matrix equation 
of ABCD parameters, i.e. 

(D.11) 

For the analysis of standing waves along transmission lines or the determination 
of harmonic distortion in the transmission system, it is more convenient to determine the 
parameters of the line in admittance form. This is obtained with a process of interchange 
of block rows and columns and partial inversion of eqn. (D.11). In compact form, the 
following equation can be written for the complete system 

(D.12) 



Appendix E 

Derivation of the Correction 
Branch Parameters 

The impedance of a correction branch representing the deviation between Zs and Zee in 
a particular frequency region is defined as 

(E.1) 

To calculate the parameters R, L and C of Zeb, three frequencies w1 , w2 and 
W3, representing the maximum deviation region between Zs and Zee are considered. For 
simplicity, their respective differences given by eqn. (E.l) are expressed as Z1 , Z2 and Z3 • 

Thus, the required equations are written as 

IZ,12 = R2 + [w,L - w'.c]' 

IZ,12 = R2 + [w,L - w!c r 
(E.2) 

(E.3) 

(E.4) 

We first calculate the L and C parameters by eliminating R from eqns. (E.2) 
and (E.3) 

(E.5) 

Similarly, substracting eqns. (E.3) and (E.4) and rearranging 

(E.6) 

Substitution of eqn. (E.6) into (E.5) gives 
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(E.7) 

After eqn. (E. 7) is solved, eqn. (E.6) will determine the capacitance value. 
Finally, knowing L and C, the resistance R can be calculated from eqn. (E.2), (E.3) or 
(E.4). 
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