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Abstract: Modelling can enhance the diagnosis and control of metabolic dis-
orders. Clinical effectiveness demands physiological accuracy, patient specificity
and identification with limited data. A two-compartment insulin kinetics model
and associated insulin-glucose pharmacodynamics are presented. Similarities with
a well validated C-peptide model are used to simplify parameter identifica-
tion. Critical patient specific parameters are identified using a novel convex,
integral-based method. The model and methods are validated using euglycaemic-
hyperinsulinemic clamp data (N=146). The identified parameter values are within
reported physiological ranges. The mean errors in the resulting glucose and insulin
profiles are eG = 5.9% ± 6.6% SD and eI = 6.2% ± 6.4% SD, which are within
measurement error.
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1. INTRODUCTION

Modelling of the insulin-glucose metabolic system
dynamics is essential for providing better clinical
control and diagnostic applications. Such mod-
elling has been reported as early as 30 years ago,
including the works of Sherwin et al. (1974) and
Bergman et al. (1979), as well as many others.
For a model to be clinically useful, it has to
capture the main physiologic dynamics, be readily
made patient specific, and be identifiable in clin-
ical real-time. These criteria translate to limiting
both model complexity and the number of patient
specific parameters to be identified, while also
maintaining accuracy.

Identifying key metabolic parameters is crucial
in physiological modelling, as these values can
vary widely within subjects and with time. A
key parameter in glucose modelling is insulin sen-
sitivity, a measure of the body’s ability to re-
duce blood glucose with insulin. Insulin resistance,
characterized by reduced insulin sensitivity, is a
defining characteristic of Type-2 Diabetes or obe-
sity (DeFronzo and Ferrannini, 1991; McAuley et
al., 2001; Del Prato et al., 2002). For critical care
patients insulin sensitivity can be significantly re-
duced and highly time-variable depending on the
state of their condition (Capes et al., 2000; Mi-
zock, 2001; Hann et al., 2005).



In modelling insulin kinetics, a key parameter
is the hepatic clearance rate, accounting for up
to 80% of the losses of insulin (Ferrannini and
Cobelli, 1987). This rate is dependent on many
factors such as blood flow, prandial state and
insulin concentrations and varies greatly between
subjects (Ferrannini and Cobelli, 1987; Brundin,
1999; Valera Mora et al., 2003).

In this research, a physiological model of the in-
sulin and glucose metabolism is presented along
with a convex method of patient specific system
identification. The methods presented utilize a
priori information to reduce the number of pa-
tient specific parameters. A convex identification
method is enabled using an integral-based for-
mulation that matches areas under measured re-
sponse curves, rather than the response trajecto-
ries themselves.

2. METHODOLOGY

2.1 The Model

The glucose-insulin pharmacodynamic model is
based on the Minimal Model of Bergman et al.
(1979). This model is further enhanced by glucose
clearance saturation dynamics in the form of a
Michaelis-Menten equation (Prigeon et al., 1996;
Natali et al., 2000). The model has been validated
for its ability to capture patient specific dynamics
and its 1-4 hour predictive ability (Hann et al.,
2005), as well as in clinical glycaemic control trials
in critical care (Chase et al., 2005).

The two compartment insulin pharmacokinetics
model is derived from earlier studies by Sherwin
et al. (1974) and Insel et al. (1974). The accessible
central compartment can be understood as plasma
+ fast exchanging tissues. The peripheral com-
partment represents interstitial fluid. The model
accounts for the major losses of insulin from the
central compartment by the liver and the kidneys
and the loss out of the peripheral compartment,
mainly insulin binding and eventual degradation
by the cells.

Transport between the compartments is assumed
to be by bi-directional diffusion. Using this trans-
port mechanism, mass conservation is strictly
maintained, which has not always been the case in
some previously reported insulin kinetics studies
where individual compartment transport parame-
ters are not constrained to guarantee this behavior
(Eaton et al., 1984). The resulting system model
is defined:

Ġ = −pGG− SI(G + GE)
Q

1 + αGQ
+

P (t)
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G Concentration of plasma glucose above
equilibrium level GE (mmol·l−1)

I Concentration of plasma insulin
(mU ·l−1)

u(t) Exogenous + endogenouse insulin input
rate (mU ·min−1)

P (t) Exogenous + endogenouse glucose in-
put rate (mmol·min−1))

VP Plasma volume (+Fast exchanging tis-
sues) (l)

VQ Interstitial fluid volume (l)
VG Glucose distribution volume (l)
nK Kidney clearance rate of insulin from

plasma (min−1)
nL Liver clearance rate of insulin from

plasma (min−1)
nI Diffusion constant of insulin between

compartments (l·min−1)
nC Cellular insulin clearance rate from in-

terstitium (min−1)
pG Clearance rate of plasma glucose at

basal insulin (min−1)
SI Insulin sensitivity (l·mU−1·min−1)
αI M-M parameter for liver clearance rate

saturation (l·mU−1)
αG M-M parameter for insulin-stimulated

glucose clearance saturation (l·mU−1)

2.2 A Priori Parameter Identification

The goal of physiological system identification is
to fit the model parameters within a physiological
range, and minimize patient specific fitting. Min-
imizing the number of patient specific parameters
reduces complexity as well as the number of data
points required. To achieve this task, only the
most important parameters that account for the
major dynamics are fit. The remaining parameters
are identified a priori using previously reported
and validated population averages.

The key parameter of the insulin kinetics model
is the clearance rate by the liver, nL, accounting
for up to 80% of the total disposal of insulin
(Ferrannini and Cobelli, 1987). This parameter
can vary significantly between individuals and
failure to accurately identify it can result in poor
estimation of the insulin in both plasma and in-
terstitial fluid. In the glucose pharmacodynamic
equation, insulin sensitivity, SI , is the most vari-
able and important parameter, as it controls the
resulting shape of the endogenous glucose balance
and the effect of insulin to remove glucose. En-
dogenous glucose clearance, pG, is variable, but
less sensitive, so it is still patient specific. Hence,
there are three main patient specific parameters



to be identified: nL, SI and pG. The remainder
are determined from a priori data reported in the
literature.

Table 1 shows the values of the a priori identified
parameters, with the values selected discussed in
this section. The saturation parameters αI and
αG are assumed to be constant at population
mean values obtained from the literature (Chase
et al., 2004). To determine further insulin kinetic
parameters, similarities with the kinetics of C-
peptide are analyzed since it is secreted by the
pancreas in equimolar amounts to insulin and has
a similar molecular size.

Given that C-peptide is only cleared by the kid-
neys, its kinetics are easier to capture in a two
compartment model (Eaton et al., 1980). The
parameters VP and nI are assumed to be transfer-
able between models of the two peptides (insulin
and C-peptide) given their molecular and tran-
scapillary transport similarity. Specific values are
thus taken from a population model of C-peptide
kinetics by Van Cauter et al. (1992), which have
been well validated in several studies (Toffolo et
al., 1995; Jones et al., 1997; Hovorka et al., 1998).

The volume of the peripheral compartment, VQ,
is set to 11% and 9.3% body weight, for male and
female individuals respectively (Boron and Boul-
paep, 2003). Insulin clearance by the kidneys, nK ,
varies between 1−2× the glomerular filtration rate
(GFR) of approximately 120 ml·min−1 (Zavaroni
et al., 1987; Despopoulos and Silbernagl, 2003)
depending on a variety of conditions. In this study
it is set to the GFR, allowing any differences to
appear in the liver losses term.

The transcapillary diffusion constant, nI , is pa-
tient specific and fixed at k1·VP , as calculated
by Van Cauter et al. (1992). This value assumes
a comparable diffusion rate to C-peptide for in-
sulin. The degradation of insulin by the cells de-
scribed by nC is difficult to measure in vivo. It
is thus fixed at nC = nI/(VQ(γ − 1)) to achieve
the reported steady state concentration gradient
γ = Iss/Qss = 5/3 between the compartments
(Sjostrand et al., 2005).

In the glucose pharmacodynamic equation, VG

is fixed to 1.2 · (VP + VQ). This value accounts
for the additional volumes of distribution for glu-
cose versus insulin, such as fast storage in the
liver and insulin independent uptake in the brain
(Waterhouse and Keilson, 1972; Despopoulos and
Silbernagl, 2003). The equilibrium glucose concen-
tration GE is fixed at the fasting value.

Hence, of the original 12 model parameters in
Equations 1-3 only three need to be identified
directly from the data. The remaining 9 are set

1 Van Cauter et al. (1992)

Table 1. A priori identified parameters
of the model.

Value Units

αI 0.0017 l·mU−1

αG 0.015 l·mU−1

VP f(BMI, BSA, sex) 1 l
VQ 11%BW (m); 9.3%BW (f) l
VG 120%(VP + VQ) l
nK 2.2× 10−4×BW min−1

nI k1·V 1
P l·min−1

nC nI/(VQ(γ − 1)); γ = 5/3 min−1

GE Fasting glucose mmol·l−1

to reported population values, as presented in
Table 1. Note that this approach and these values
have worked well in predictive clinical control
applications with similar pharmacokinetic and
pharmacodynamic models (Chase et al., 2004;
Chase et al., 2005).

2.3 Integral System Identification

The remaining parameters, nL for insulin kinetics,
and pG and SI for glucose-insulin pharmacody-
namics, are identified using measured data and an
integral based fitting method. The fitting method
uses the integrals of the differential equations to
reduce the nonlinear estimation problem to a set
of linear equations that can be easily solved by
minimizing the L2-norm between the measured
and estimated values. The method has the dual
advantages of being convex and not starting point
dependent. Equally important, parameters can be
defined as stepwise constants for different time
segments to enable identification of time varying
parameters if required.

The fitting process is performed in two steps.
First, Equations 2-3 are used to identify the in-
sulin kinetics using measured insulin data. If such
data is not available, nL must be set a priori.
Second, Equation 1 is used with measured glucose
data, using the solution of Equation 2 as input, to
identify pG and SI .

Therefore, when integrating in a chosen time
interval t ∈ [t0, t1], the following expression is
obtained:

I(t1)− I(t0) = −nL

t1∫

t0

I(t)
1 + αII(t)

dt−

− (nK +
nI

VP
)

t1∫

t0

I(t)dt +
nI

VP

t1∫

t0

Q(t)dt +

+
1

VP

t1∫

t0

u(t)dt (4)

where the analytical solution of Equation 2 can
be used.



Q(t) =
nI

VQ

t∫

0

I(τ)e
−(nC+

nI
VQ

)(t−τ)
dτ (5)

Thus, a single linear equation for nL can be ob-
tained for each integral. Therefore, integrating
over several time steps provides several such equa-
tions, and the problem is reduced to solving the
following set of linear equations:

Ā{nL} = b̄ (6)

The same approach is followed for Equation 1,
leading to solving the system of equations:

Ā

{
pG

SI

}
= b̄ (7)

where constraints can be placed on the least
squares solution to keep the parameter within
known physiological ranges. Note that pG and SI

can be defined to vary piecewise with time, which
would yield several such variables in Equation 7
and require a larger number of integration inter-
vals and equations.

To best compute the integrals in all timesteps, the
profiles of G and I are approximated using simple
linear interpolation between the data points. The
resulting approximation errors can be shown to
be very small due to the integrations over several
time intervals (Hann et al., 2005). The integral
functions also have the advantage of being robust
to noise in the measured data, effectively provid-
ing a low-pass filter in the summations involved
in numerical integration.

Finally, note that this integral-based approach
effectively matches the area under the measured
response curves, rather than matching the re-
sponse trajectory. Given the multiplication and
summation operations used in the numerical in-
tegration there are several analogies to a digi-
tal filtering identification that could possibly be
made. More importantly, this approach converts a
computationally intense non-convex problem into
a much simpler convex problem, offering several
advantages in speed and quality of the results.

3. RESULTS

The model is validated using hyperglycaemic-eu-
glycaemic clamp (DeFronzo et al., 1979) trial data
(N=146). The data was obtained from a lifestyle
intervention study by McAuley et al. (2002). Dur-
ing the clamp trial insulin is infused for 120 min-
utes at a fixed rate after an initial loading protocol
and glucose is infused at a variable rate to obtain
a steady state glucose level. Insulin samples are
taken at 0, 60, 90 and 120 minutes and glucose
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Fig. 1. Example fit of a clamp trial. Top: In-
fusion profiles of glucose (solid) and insulin
(dashed), Middle: Glucose profile, Bottom:
Insulin profile in plasma (solid) and intersti-
tial fluid (dashed).

samples every 10 minutes. An example fit using
the methods presented for a randomly selected
subject is shown in Figure 1.

The fitted parameters, nL, pG and SI are kept
constant over the entire 120 minutes of the trial,
although that is not required. The mean errors
in the glucose and insulin fits were eG = 5.9% ±
6.6% SD and eI = 6.2%± 6.4% SD, respectively.
Note that these errors are all within the reported
measurement errors. The identified parameters
are given in Table 2 along with the a priori values
for the entire N=146 population. Note that pG

is not identified as less than zero, but has a few
larger valued outliers on the high side resulting in
the standard deviation shown.

Table 2. Identified parameter values for
the clamp population (N=146). The pa-
rameters nL, pG and SI are identified
using the integral method, the remain-

ing parameters a priori.

Value ±SD Units

nL 0.103± 0.023 min−1

pG 0.003± 0.005 min−1

SI 5.78× 10−4 ± 1.96× 10−4 l·mU−1·min−1

VP 4.49± 0.37 l
VQ 9.37± 1.38 l
VG 16.63± 2.61 l
nK 0.021± 0.003 min−1

nI 0.272± 0.028 l·min−1

nC 0.02± 0.002 min−1

GE 4.85± 0.59 mmol·l−1

4. DISCUSSION

The fitting method proves to be effective in re-
ducing the nonlinear, non-convex problem to a



simple system of linear equations. By estimating
most parameters a priori using reported data and
population averages, and constraining the fitting
of the remaining parameters to within physiologic
ranges, the model could be fully identified without
compromising physiological accuracy. The fitting
of only the most dominant dynamics proves to
be as accurate as the noise in the measurements
allows, as seen in the goodness of fit.

The downside of reducing the number of fitted
parameters is a reduction in the degrees of free-
dom. However, this reduction is necessary to iden-
tify the insulin kinetics equations, given the low
density of data. Again, the errors reported were
within measurement error so a better result might
not have been available. That said, the lack of
insulin data in the first 60 minutes of these trials
may have resulted in missing dynamics that a
greater number of freedoms might have been able
to fit.

When fitting more dynamic trials containing fast-
ing and transient states, such as the intravenous
glucose tolerance test (IVGTT), the distribution
volumes will likely be key parameters of the model
and would also have to be individually identified.
These distribution volumes can have a significant
impact on the resulting concentrations and for
some cases gender and population averages may
not suffice. However, the fitting method presented
provides the capability to easily fit multiple pa-
rameters at once, given enough resolution and
sampling frequency.

More specifically, the model in Equations 1-3 is
largely linear with selected saturation and phar-
macodynamic non-linearities. However, the inte-
gral method is able to account for and manage
the non-linear dynamics. More importantly, the
integral method and model are shown to be an
effective pair, able to both identify the critical
metabolic parameters, as well as the physiologi-
cally measured, highly dynamic responses of the
system.

Finally, the identified values for hepatic insulin
clearance, nL, are on the lower end of the ranges
reported by others in normal subjects (Ferrannini
and Cobelli, 1987; Tranberg and Dencker, 1978).
This could be due to the grade of obesity of the
population (mean BMI=33.8), which has been
shown to be associated with a reduction in hepatic
insulin clearance (Valera Mora et al., 2003).

Insulin sensitivity, SI , and endogenous glucose
clearance, pG, are within physiologically reported
ranges from a large literature review (Doran,
2004). However, it should be noted that the
model presented deliberately excludes endoge-
nous insulin and glucose production as the clamp
test suppresses these dynamics (DeFronzo et al.,

1979), which may lead to some error in exact-
ness. Overall, these results reinforce the model’s
capability to capture the observed dynamics in
conjunction with the convex fitting method pre-
sented.

5. CONCLUSION

The integral-based physiological system identifi-
cation method presented for the insulin and glu-
cose metabolism is shown to be effective on eugly-
caemic clamp data. The results show small fitting
errors eI and eG that are within measurement
error, indicating that better fits could not be
justified with the data available. These results
also indicate that the system model presented is
capable of capturing the highly dynamic transient
states in the euglycaemic clamp. The method is
computationally fast and convex, and thus well
suited for real-time clinical control applications.
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