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Abstract
As regions of Antarctica undergo rapid melting, the inflow of freshwater leads to global
sea level rise, but what exactly is Antarctica’s contribution ?

Current satellites cannot measure ice discharge directly, but they can be used to ob-
serve processes on the surface, including, how the ice bends up and down with the tides
as it flows from the continent into the ocean. Measuring this surface bending along the
Antarctic coastline can then indirectly determine the ice flow underneath, but this con-
nection requires knowledge of the physical properties of ice as well as accurate prediction
of the tidal oscillation in coastal areas. However, the behaviour of ice when subjected to
a tidal forcing is uncertain, and complicated even further by inherently inaccurate pre-
dictions of tide models around Antarctica. Laboratory measurements of glacial ice prop-
erties deviate largely from field observations both in space and time, and modern tide
models are still most inaccurate in coastal areas. These limitations currently constrain
our knowledge about ice-ocean interaction from a regional to a continental scale and di-
rectly affect the reliability of predictions of future sea-level rise.

The present thesis targets these issues by combining a range of satellite remote-sensing
techniques with state-of-the-art finite-element modelling and traditional field measure-
ments in Antarctica. This synergistic approach allows to uncover the physical properties
of ice when responding to a tidal forcing. Previously reported, unphysical, temporal
changes of the Young’s modulus for Antarctic ice can be explained with a systematical
artefact of the representation of viscous damping in an elastic model for tidal flexure. Fur-
ther numerical simulations reveal that a viscoelastic model fits tiltmeter measurements
closely using a constant Young’s modulus of 1.6 GPa and an ice viscosity of ≈ 50.1 TPa s.
With this level of insight in ice rheology, other factors influencing tidal ice-shelf flexure
can be explored to further investigate previously only hypothesized controls on Antarc-
tic grounding-zone flexure. Besides the values for the Young’s modulus and ice viscos-
ity, the grounding-line geometry as well as the propagation of ocean tides in the sub
ice-shelf cavity influence the satellite-observed surface flexure. Within landward embay-
ments of the grounding line, which is the case for many fjord-like outlet glaciers along the
Transantarctic Mountains, lateral stresses from the surrounding grounded ice or from lat-
eral shear margins damp the flexural response of the ice to tidal forcing. In these areas, a
2-D viscoelastic model captures the satellite-observed damping behaviour that is missed
with simple 1-D elastic models. Similarly, horizontal strain on the ice-shelf surface caused
by compressional or extensional beam stresses has previously been misinterpreted by
satellite remote-sensing techniques as tidal grounding-line migration. This systematic
mislocation of the grounding line by up to the order of one ice thickness, however, can
be corrected by either extending model simulations of neutral-layer displacement to ice-
shelf surface flexure or by removing geometric effects of the ice-shelf’s thickness from the
satellite observations.

With this in mind, space-borne measurements of vertical ice-shelf displacement can
be used to significantly improve the accuracy of tide models along the feature-rich Antarc-
tic coastline, where contemporary tide models are the least accurate. By combining the
sub-centimetre accuracy and spatial benefits of radar satellite data with the temporal ben-
efits of tide models, traditional tide modelling is improved by up to 74% from 21.4 cm
to 5.6 cm root-mean-square-error against GPS measurements in feature-rich coastal ar-
eas. Numerical simulations of viscoelastic tidal flexure then reveal a fivefold reduction
of ice viscosity to ≈ 10 TPa s; supporting the lab-derived hypothesis that strain depen-
dent anisotropy significantly decreases effective viscosity due to the development of a
preferred orientation crystallographic fabric. A small-scale process affecting the ice dis-
charge of the continent with large-scale consequences.
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This sheds light on widely-used assumptions in grounding-zone glaciology: (i) Ice ho-
mogeneity can only be assumed in stagnant areas where the lack of shear weakening
keeps the ice isotropic. More dynamic areas like the outlet glaciers draining through
the Transantarctic Mountains show heterogenic patterns which can be linked to a large-
scale reduction of effective viscosity due to ice anisotropy. (ii) The common inversion of
ice-shelf freeboard (i.e. the distance between sea level and ice-shelf surface) to ice-shelf
thickness in the grounding zone can at the most serve as an initial ’best-guess’ for further
ice-thickness refinement using numerical models of tidal ice-shelf flexure. (iii) On the
tidal frequencies prevailing in the Ross Sea, grounding-zone flexure consists of a well-
defined elastic and a very systematic viscoelastic contribution, which can be separated
by consulting traditional tide models. These conclusions motivate future research in this
crucial transition zone between the ice sheets and the ocean; which will ultimately im-
prove current estimates of Antarctica’s future contribution to global sea-level rise in an
ongoing climate change.

Zusammenfassung
Die Schmelzwasserzufuhr einzelner, rasch abschmelzender Gebiete der Antarktis führt
zu einem weltweitem Anstieg des Meeresspiegels. Doch wie hoch ist der Beitrag der
Antarktis genau ?

Derzeitige Satelliten können den Eisfluss vom Kontinent in den Ozean nicht direkt
messen, aber sie können dazu verwendet werden um Vorgänge an der Eisoberfläche
zu beobachten, einschließlich der Art und Weise, wie sich das Eis mit den Gezeiten auf
und ab bewegt. Die Messung dieser Gezeitenbeugung an der Eisoberfläche entlang der
Küstenlinie kann darauf indirekt dazu verwendet werden um den darunterliegenden
Eisfluss zu bestimmen. Diese Verbindung erfordert jedoch die Kenntnis der physikalis-
chen Eigenschaften des Eises sowie eine genaue Vorhersage der Gezeitenschwingungen
in Küstengebieten. Allerdings ist das Verhalten von Eis, wenn es den Gezeiten ausgesetzt
ist, ungewiss und wird durch inhärent ungenaue Vorhersagen von Gezeitenmodellen in
der Antarktis noch zusätzlich kompliziert. Labormessungen der physikalischen Eigen-
schaften von Eis unterscheiden sich weitgehend von Feldmessungen, sowohl in räum-
licher, als auch in zeitlicher Hinsicht. Gegenwärtige Gezeitenmodelle sind in Küstenge-
bieten nach wie vor ungenau und verhindern somit eine erfolgreiche Umkehrung von
Oberflächenbeugung zu Eisfluss. Diese Einschränkungen begrenzen derzeit unser Wis-
sen über die Wechselwirkung zwischen Eis und Ozean von einer regionalen bis zu einer
kontinentalen Skala und wirken sich daher direkt auf die Zuverlässigkeit der Vorher-
sagen des zukünftigen Meeresspiegelanstiegs aus.

Die vorliegende Arbeit beschäftigt sich mit diesen Themen, indem sie eine Reihe von
Fernerkundungstechniken für Satelliten mit modernster Finite-Elemente-Modellierung
und traditionellen Feldmessungen in der Antarktis kombiniert. Dieser synergistische
Ansatz ermöglicht es, die physikalischen Eigenschaften von Eis zu bestimmen, wenn
es auf Gezeiten reagiert. Bislang berichtete, unphysikalische, zeitliche Änderungen des
Elastizitätsmodul für antarktisches Eis können mit einem Systemfehler der Darstellung
viskoser Dämpfung in einem elastischen Modell für Gezeitenbeugung erklärt werden.
Weitere numerische Simulationen zeigen, dass mit Hilfe eines viskoelastisches Modells
Tiltmeter-Messungen mit einem konstanten Elastizitätsmodul von 1.6 GPa und einer
Eisviskosität von etwa 50.1 TPa s wiedergegeben werden können. Mit diesem Erkennt-
nisstand in der Eisrheologie können andere Faktoren untersucht werden, die die Gezeit-
enbeugung an der Eisoberfläche beeinflussen. Somit können bislang lediglich hypo-
thetische Einflussfaktoren in Schelfeis Gründungszonen näher untersucht werden. Neben
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den Werten für den Elastizitätsmodul und die Eisviskosität beeinflussen sowohl die Schelf-
eisgeometrie als auch die Ausbreitung der Meeresströmungen die vom Satelliten beob-
achtete Oberflächenbeugung. In landeinwärts verlaufenden Gebieten der Gründungslinie,
wie dies bei vielen fjordartigen Auslassgletschern entlang des Transantarktischen Gebirges
der Fall ist, dämpfen seitliche Spannungen aus dem umgebenden geerdeten Eis oder aus
seitlichen Scherrändern die Beugungsreaktion des Eises. In diesen Bereichen erfasst ein
viskoelastisches 2-D Modell das vom Satelliten beobachtete Dämpfungsverhalten, das in
einfachen elastischen 1-D Modellen bislang fälschlicherweise vernachlässigt wurde. Auf
ähnliche Weise werden horizontale Bewegungen an der Eisoberfläche, die durch Druck-
oder Streckbeanspruchungen hervorgerufen werden, mit gegenwärtigen Satellitenfern-
erkundungstechniken als Wanderung der Gründungslinie fehlinterpretiert. Diese sys-
tematische Verschiebung der Gründungslinie um bis zu einer Eisdicke kann jedoch kor-
rigiert werden, indem entweder Modellsimulationen der internen Neutralschicht auf die
Beugung der Schelfeisoberfläche erweitert werden oder indem geometrische Effekte der
Schelfeisdicke von den Satellitenmessungen entfernt werden.

Vor diesem Hintergrund können Satellitenmessungen der vertikalen Oberflächen-
beugung auch dazu verwendet werden, um die Genauigkeit von Gezeitenmodellen in
Küstengebieten deutlich zu verbessern, wo gegenwärtige Gezeitenmodelle am unge-
nauesten sind. Durch die Kombination der Sub-Zentimeter-Genauigkeit und der räum-
lichen Vorteile von Radarsatellitendaten mit den zeitlichen Vorteilen von Gezeitenmod-
ellen wird die Genauigkeit traditioneller Gezeitenmodellierung im Vergleich zu GPS um
bis zu 74% von 21.4 cm auf 5.6 cm verbessert. Numerische Simulationen der viskoela-
stischen Gezeitenbeugung zeigen dann eine verfünffachte Reduzierung der Eisviskosität
auf etwa 10 TPa s. Dies unterstützt die Laborhypothese, dass die dehnungsabhängige
Anisotropie die effektive Viskosität aufgrund der Entwicklung eines kristallographischen
Gewebes mit bevorzugter Orientierung signifikant verringert. Ein Prozess im kleinen
Maßstab, der den grosskaligen Eisfluss des gesamten Kontinents beeinträchtigt.

Dies erhellt weit verbreitete Annahmen in der Glaziologie der Gründungszonen: (i)
Die Homogenität des Eises kann nur in stagnierenden Gebieten angenommen werden,
in denen das Fehlen einer Scherungsschwächung das Eis isotrop hält. Dynamischere Ge-
biete wie die Auslassgletscher, die durch das Transantarktische Gebirge fliessen, zeigen
heterogene Muster, die mit einer starken Verringerung der effektiven Viskosität aufgrund
der Eisanisotropie zusammenhängen. (ii) Die übliche Umkehrung des Schelfeis-Freibords
(d.h. der Abstand zwischen Meeresspiegel und Schelfeisoberfläche) in die Eisdicke des
Schelfeises kann allenfalls als ’erste Näherung’ für die weitere Verfeinerung unter Ver-
wendung numerischer Modelle der Gezeitenbeugung dienen. (iii) Bei den gegenwärti-
gen Tidenfrequenzen im Rossmeer besteht die Beugungsreaktion der Gründungszonen
aus einem gut definierten elastischen und einem sehr systematischen viskoelastischen
Beitrag, die durch die Anwendung von traditionellen Gezeitenmodellen voneinander
getrennt werden können. Diese Schlussfolgerungen werden die zukünftige Forschung in
dieser entscheidenden Übergangszone zwischen den antarktischen Eisschilden und dem
Ozean motivieren. Dies wird letztendlich die derzeitigen Abschätzungen des zukünfti-
gen Beitrags der Antarktis zum globalen Meeresspiegelanstiegs in einem anhaltenden
Klimawandel verbessern.
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Chapter 1

Introduction

“The explorers of the past were great men and we should honour them. But let us not forget that
their spirit lives on.”

– Edmund Hillary

1.1 Context and Motivation

Warming of the climate system is unequivocal, and since the 1950s, many of the
observed changes are unprecedented over decades to millenia. The atmosphere
and ocean have warmed, the amounts of snow and ice have diminished, sea level
has risen, and the concentrations of greenhouse gases have increased.

– IPCC Fifth Assessment Report

Currently global sea level is rising by an observed rate of 3.2 mm annually (Rahmstorf
et al., 2012). While Earth’s atmosphere has been warming successively over the last three
decades, we can attribute about 1.1 mm yr−1 (34%) to the additional heat-uptake by
the global ocean and the resulting thermal expansion of sea water. Melting of moun-
tain glaciers accounts for 0.76 mm yr−1 (24%) and changes in land water storage ex-
plain another 0.38 mm yr−1 (12%). Ice loss from the Greenland and Antarctic ice-sheets
have increased to 0.33 mm yr−1 (10%) and 0.27 mm yr−1 (8%), respectively (IPCC, 2013).
The current contribution of Antarctica seems small, but the West- and East Antarctic ice-
sheets hold together about 90% of Earth’s ice – enough to raise global sea-level by 58.3 m
(Fretwell et al., 2013). Although there has been substantial progress in our understanding
of recent changes in the climate system, it is the gap of 0.38 mm yr−1 (12%) in explain-
ing the present sea-level budget that undermines our confidence in model capability to
predict future rates of sea-level rise. However, we gained confidence since the previous
IPCC Assessment Report in 2007, because of the improved physical understanding of the
sea-level components and more specifically the inclusion of dynamical changes in the ice
sheets (Shepherd and Shepherd, 2017).

Conventional wisdom was once held that the remote Antarctic continent is isolated
from the rest of our planet. It was just within the previous century, that scientific explo-
ration has revealed it’s true role in the climate system. Fresh water discharge from the
melting ice impacts the global thermohaline circulation, and hence controls weather pat-
terns around the planet (Hellmer, 2004). Warming circumpolar deep water moves along
throughs in the continental shelf and erodes the underside of ice shelves – a paradigm
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shift, replacing ice berg calving as the largest ablation process in Antarctica with ocean-
warming induced basal melting of ice shelves (Pritchard et al., 2012). For the first time
in history, the international Antarctic community gathered in 2014 and agreed on the
overarching scientific themes through the SCAR Antarctic and Southern Ocean Science
Horizon Scan. While understanding Antarctica’s teleconnections on a global scale is the
main objective, the most pressing questions are how, where and why Antarctica is losing
mass on a regional scale (Kennicutt et al., 2015). The West- and East Antarctic ice sheets
have been stable over several thousand years, but the rate of ice discharge has increased
fivefold within the last decade with observed losses mainly from the Antarctic Peninsula
and the Amundsen Sea sector of West Antarctica (Shepherd et al., 2018).

East 
Antarctica

West 
Antarctica

Antarctic 
Peninsula Weddell

Sea

Bellinghausen
Sea

Amundsen
Sea

Ross
Sea

Transantarctic M
ountains

Ronne
Ice-Shelf

Ross 
Ice-Shelf

Pine Island Glacier

Thwaites Glacier

Larsen 
Ice-Shelf

Rutford 
Ice-Stream

Amery 
Ice-Shelf

Totten
 Glacier

Figure 1.1: Antarctica’s bed elevation (left panel, BEDMAP-2) and surface velocities
(right panel, MEaSUREs). Values range from low (blue) to high (red). Black contour
delineates the ASAID grounding line, blue line shows ice-shelf extend. Black star
at the South Pole, red star marks location of the Southern McMurdo Ice Shelf, blue
rectangle marks the Darwin Glacier.

1.1.1 West Antarctica 1: Antarctic Peninsula

The Peninsula reaches far beyond the Antarctic Circle and is the northernmost part of
Antarctica. Its mountaineous spine separates the Bellinghausen Sea from the Weddell
Sea and causes a large contrast between the maritime climate on the westcoast and the
much colder conditions on the eastcoast. This is reflected in the presence of ice shelves
in the Weddell Sea. While ice shelves have been observed to be stable south of the -
9◦C isotherm (Morris and Vaughan, 2003), extraordinary atmospheric (Vaughan et al.,
2001) and oceanic warming (Gille, 2008) around the Antarctic Peninsula have succes-
sively shifted this boundary even further south. Most of the ice shelves in this area are
retreating significantly (Rignot et al., 2014; Konrad et al., 2018), show early symptoms
of disintegration (Joughin et al., 2002) or have collapsed entirely (Scambos et al., 2004;
Rignot et al., 2004).

Although ’catastrophic break-up’ or ’ice-shelf collapse’ were already forecast as a
warning sign about 40 years ago (Mercer, 1978), it was the 1995 rapid disintegration of
the Larsen A and Prince Gustav ice shelves that sparked increased glaciological research.
The dominant mechanism for ice-shelf change, however, is still at the heart of an on-
going debate across the scientific community (Gudmundsson, 2013; Pattyn, 2018). The
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warming atmosphere at the Antarctic Peninsula has been attributed to the Antarctic Os-
cillation, the periodical strengthening and weakening of the circumpolar vortex (Broeke
and Lipzig, 2004). Although the Antarctic Peninsula is the stage of rapid atmospheric
(Vaughan and Doake, 1996) and oceanic warming (Cook et al., 2016), dramatic events of
ice-shelf collapse (Rott et al., 1996) and origin of several prominent ice bergs (Jansen et al.,
2015; Hogg and Gudmundsson, 2017), it has only a potential contribution to global sea
level rise of 0.2 m (Fretwell et al., 2013).

1.1.2 West Antarctica 2: Amundsen Sea

The non-linear nature of ice dynamics can trigger an irreversible retreat of ice sheets, once
a certain threshold in internal stresses is reached. Because ice flow increases strongly as a
function of ice thickness, glaciers and ice streams on a retrograde bed (i.e. areas where the
bed topography deepens inland as the ice thickens upstream) can be subject to a runaway
mechanism. If the ice thins beyond its level of floatation, the weight of the overlying ice is
insufficient to hold the submarine ice below from lifting off the bed. Thus the grounding
line is pushed further inland, enabling warm ocean waters to erode even thicker ice in
a self-reinforcing fashion, called marine ice sheet instability, until the bed slope changes
(Mercer, 1978; Weertman, 1974; Schoof, 2007; Durand et al., 2009).

Pine Island Glacier is with 0.13 mm yr−1 the largest regional contributor to contempo-
rary sea-level rise (Shepherd and Wingham, 2007), which is attributed to marine ice sheet
instability (Favier et al., 2014). Sustained glacier retreat of Pine Island Glacier is consistent
with an intensification of ocean-driven melting in the sub ice-shelf’s cavity (Jacobs et al.,
2011; Park et al., 2013). The onset of marine ice-sheet instability has also been identified
for the adjacent Thwaites Glacier, with a current contribution of 0.1 mm yr−1 (Scambos
et al., 2017) and the potential of rising future sea-level over 1 mm yr−1 alone (Joughin
et al., 2014). Other glaciers draining in the Amundsen Sea like the Haynes, Pope, Smith
and Kohler Glaciers have also retreated up to several tens of kilometres into areas where
the buttressing effect of ice shelf pinning points is vanishing (Rignot et al., 2014).

Based on our current insight, the collapse of the West Antarctic Ice Sheet could raise
projections of global mean sea-level rise by the end of this century up to several tenths
of centimeters (IPCC, 2013). While the West Antarctic Ice Sheet is inherently unstable,
because the majority is grounded below sea level on a retrograde sloping bed (Lythe and
Vaughan, 2001; Fretwell et al., 2013), it has ’only’ the potential to raise global sea level by
4.3 m (Bamber et al., 2009b; Fretwell et al., 2013).

1.1.3 East Antarctica

The vast majority of Earth’s ice mass is stored in the East Antarctic Ice Sheet (90 %). A
complete loss of the East Antarctic Ice Sheet has a potential contribution to global sea
level rise of 53.3 m (Fretwell et al., 2013). However, for a long time it has not been pos-
sible for experts to reach an agreement on its current state. In principle, three satellite
geodetic techniques to determine its ice-mass balance are distinguished: (1) Early anal-
ysis of gravimeter data from NASA’s GRACE satellite mission indicated that the East
Antarctic Ice Sheet is losing mass at a rate of −57± 52 Gt yr−1, especially in coastal re-
gions since the year 2006 (Chen et al., 2009). Improved models of mass change due to
glacial isostatic adjustment, in turn, changed this early finding and showed a net mass
gain of +60± 13 Gt yr−1 from gravimetry in East Antarctica (King et al., 2012). (2) This
trend was supported by +16± 11 Gt yr−1 from early radar altimetry data by ERS-1 and 2
data (Zwally et al., 2005) and 136± 28 Gt yr−1 from laser altimetry data acquired during
the ICESat satellite mission (Zwally et al., 2015). (3) The discussion has reignited with
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estimates from satellite radar interferometry showing a near-zero loss of −4± 61 Gt yr−1

(Rignot et al., 2008). While the three geodetic techniques agree on the continental scale,
they deviate for individual catchments. Careful consideration of the strengths and weak-
nesses of all three satellite geodetic methods, in turn, can make them complementary and
reduce overall uncertainty (Shepherd et al., 2012). The most recent combined estimate
from all satellite measurements together shows an average mass gain for East Antarctica
of 5± 46 Gt yr−1 over the period 1992-2017 (Shepherd et al., 2018).

Totten Glacier

The Totten Glacier draining the Wilkes Basins is a notable exception in East Antarctica.
With a potential contribution of 3.9 m to global sea-level rise, it is not only the largest
discharger of the East Antarctic Ice Sheet (Rignot, 2006), its ice volume equivalent is com-
parable to the 4.3 m of the entire West Antarctic Ice Sheet (Bamber et al., 2009b; Fretwell et
al., 2013). It is worrying that the Totten Glacier’s catchment, the Aurora Subglacial Basin,
is largely grounded below sea level making it susceptible to marine ice sheet instabil-
ity. Measurements from ice-penetrating radar revealed a sub-glacial fjord-like landscape,
consisting of a series of well-defined topographic channels cutting down several kilome-
tres below sea level (Young et al., 2011; Wright et al., 2012). Monitoring of the Totten
Glacier with satellite radar interferometry detected a retreat of 1 to 3 km between 1996
and 2013 (Li et al., 2015). Potential pathways for warm ocean water intrusion have been
identified within the continental shelf bathymetry (Greenbaum et al., 2015). Gravimetry
data from the GRACE satellite mission show that the Totten Glacier has continuously
lost mass in recent decades (Chen et al., 2008). This has been linked to changes in the at-
mosphere (Greene et al., 2017), upwelling of warm and salty modified circumpolar deep
water (Bindoff et al., 2000; Williams et al., 2011; Roberts et al., 2017) and a reduction
of sea-ice buttressing (Greene et al., 2018). These processes, or a combination of them,
directly affect ablation rates at the glacier’s grounding line and would explain the high
sub-ice shelf melt rate of 10.5± 0.7 m yr−1 (Rignot et al., 2013) similar to the 10 m yr−1

observed in West Antarctica (Shepherd et al., 2004).
While the Antarctic Oscillation has a warming effect for West Antarctica, near-surface

cooling occurs around East Antarctica (Broeke and Lipzig, 2004). Recently, coupled
glacier-ice shelf computer simulations suggest that the observed retreat of the Totten
Glacier is primarily ocean induced and predicts that continued ocean warming in this
region is the potential source of a substantial contribution to global sea-level rise over the
coming centuries (Roberts et al., 2017).

Grounding zone

HGLF

Tides

Bed

Shelf

Ice sheet

Ocean

Figure 1.2: Schematic representation of the grounding zone (after Fricker et al., 2009),
ranging between the landward limit of tidally induced flexure (F) and the landward
limit of freely-floating ice (H). The grounding line (GL) is the limit of ice floatation.
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1.1.4 Ice shelves

The Antarctic ice sheets channel towards the ocean through a network of glaciers and ice
streams (Rignot et al., 2011a, Fig. 1.1), each draining vast inland catchments (Zwally et al.,
2012). Ice shelves form the floating extensions of the grounded ice sheets into the ocean
(Cuffey and Paterson, 2010, Fig. 1.2). The grounding line, where the ice sheet first meets
the ocean water, forms a natural gate through which most of the ice mass is discharged
from Antarctica into the Southern Ocean (De Angelis and Skvarca, 2003). Grounding
zones form the junction between grounded ice sheets and floating ice shelves. Where ice
shelves shear past slower-moving ice and rock or are locally grounded on pinning points
(Thomas and MacAyeal, 1982), backstress stabilize their tributary glaciers (Dupont and
Alley, 2005) and restrain ice flow over the grounding line (Goldberg et al., 2009; Gagliar-
dini et al., 2010; Gudmundsson, 2013). Analysis of SAR data showed a significant speed
up of inland glaciers following the collapse of Larsen B ice shelf in 2002 (Rack and Rott,
2004; Rignot et al., 2004; Rignot et al., 2008). Dramatic glacier acceleration after rapid
disintegration of several other ice shelves in the Larsen embayment has since been the
topic of many studies (Scambos et al., 2004; Rott et al., 2011; Berthier et al., 2012). If ice
shelves are removed from their tributary glaciers, the reduced buttressing destabilzes the
grounded ice sheet which leads to accelerated ice flow velocities and dynamic thinning
(Shepherd et al., 2002; Dupont and Alley, 2005; Pritchard et al., 2009; McMillan et al.,
2014). Ice shelves in turn restrain this discharge through drag forces at their margins
(Goldberg et al., 2009). Surface lowering all around Antarctica has been estimated from
SAR data (Rignot et al., 2013) and agrees well with observations from satellite altimetry
data (Shepherd et al., 2010; Pritchard et al., 2012). CryoSAT-2 measurements hava also
been used to monitor dynamic thinning as a consequence of reduced buttressing by ice
shelves (McMillan et al., 2014). Ice-shelf thinning is most rapid along ice shelves in the
Amundsen Sea Embayment (Paolo et al., 2015) and the Antarctic Peninsula (Cook and
Vaughan, 2010). With even further warming of the Southern Ocean during the 21st cen-
tury, basal melting of ice shelves all around Antarctica is expected to increase (Pritchard et
al., 2012). Modelling of the sea-ice/ice-shelf/ocean system predicts a reduction in sea-ice
formation. This stratifies the water column and allows warm Circumpolar Deep Water
to access the Antarctic continental shelf and intrude into sub-ice shelf cavities (Naughten
et al., 2018).

Similar to freely-floating ice bergs, melting of ice shelves does not directly contribute
to sea-level rise, if the ice is in local hydrostatic equilibrium with the ocean. Frontal ice-
shelf areas can therefore be safely removed without affecting their tributary glaciers and
ice streams. Fürst et al. (2016) showed that further retreat of the ice-shelf margin beyond
their ’safety band’ yields important dynamic consequences upstream. With future thin-
ning of ice shelves due to sustained atmospheric and oceanic warming (Hellmer et al.,
2012), ice-shelf buttressing will be considerably reduced in areas where it matters most
for the ice sheets – that is within the ice-shelf grounding zone (Bindschadler, 2006). Where
the ice body comes in direct contact with the ocean water, tides cause the ice along the
coastline to bend up and down. Ocean tides have been shown to modulate ice-shelf but-
tressing on tidal time scales and might explain the fortnightly flow-variations at Rutford
Ice Stream (Robel et al., 2017). Tidal variations in the flow speed of tributary glaciers
regulate the rate of ice discharge into the ocean (Gudmundsson, 2006). The influence
of oscillatory ocean tides on the speed of the ice discharge has already received consid-
erable attention (Anandakrishnan et al., 2003; Bindschadler et al., 2003; Gudmundsson,
2006; Murray et al., 2007; Wiens et al., 2008; Marsh et al., 2013; Rosier et al., 2014; Rosier
et al., 2015). It is therefore, that the here presented research focuses entirely on the vertical
displacement caused by ocean tides.
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Vertical ice-shelf surface displacement is commonly measured from satellites using Dif-
ferential Interferometric Synthetic Aperture Radar (DInSAR). These satellites emit an
electromagnetic pulse which is reflected by Earth’s surface and again received on the
satellite. While the amplitude of the received signal deals with surface properties of the
illuminated target, its phase is linked to the distance of the wave travelling path. In prac-
tice, absolute phase values of a single SAR image seem randomly distributed. However,
differencing the phases of two consecutive SAR images removes the random contribution
to the received phase leaving a relative phase signal that depicts differences in distance
between the two SAR images. The phase difference between two images of the same area
obtained at different times is called the interferometric phase. The main contributions
to the interferometric phase is the vertical tidal motion, mixed with horizontal displace-
ment and a superimposed topographic contribution. The topographic phase contribution
can be removed from the interferogram by a synthesized phase signal using an auxiliary
digital elevation model. Nevertheless, this ’single-difference’ interferogram cannot sepa-
rate the horizontal from the vertical contributions. With a minimum of three consecutive
SAR images, two distinct single-difference interferograms can be calculated. By subtract-
ing the second from the first interferogram, the steady contribution of horizontal back-
ground flow is cancelled out, leaving only the tidal contribution to the interferometric
phase. This signal can be displayed in a periodic colour cycle, where one complete fringe
(=isophase lines) corresponds to a 2π phase difference (Massom and Lubin, 2006). In this
thesis, the notation of DInSAR 2123 = (1− 2)− (2− 3) = 1− 2− 2 + 3, where 1, 2 and
3 correspond to the first, second and third consecutive SAR image is employed (’image
triple combination’). The notation for an image quadruple combination is for example
DInSAR 2134 = (1− 2)− (3− 4) = 1− 2− 3 + 4.

1.2 Aims and Objectives

The primary objective of the presented research is to fully understand tidal variability
within ice-shelf grounding zones. The Antarctic ice sheets will be impacted first by the
predicted warming of the global ocean and the associated changes in the oceanic circu-
lation at their grounding line. This is where basal melt rates are highest and stresses in
the ice directly control the speed of the ice-mass discharge to the ocean and the stability
of the ice sheets. Knowledge of grounding zone processes that influence the location of
the grounding line is therefore vital to pin down the role of Antarctica in global climatic
change. This thesis is built around the following key questions:

1. What are the processes that control DInSAR measurements of the ice-sheet/ice-
shelf/ocean system? What is the maximum accuracy with which we can observe
change in grounding zones ?

2. With an ever increasing volume of available SAR measurements, what are the se-
lection criteria for the best satellite data acquisitions to monitor the grounding zone
around Antarctica ?

3. Can we use grounding-zone flexure to improve current estimates of Antarctica’s
mass balance?

The reseach questions addressed in this thesis fit very strongly with at least two of the key
scientific questions identified in the SCAR Antarctic and Southern Ocean Science Horizon
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Scan (Kennicutt et al., 2014): (25) What are the processes and properties that control the
form and flow of the Antarctic Ice Sheet ? (30) How do oceanic processes beneath ice
shelves vary in space and time ? On a more national scale, the following research is
clearly aligned with the first science priority of the New Zealand Antarctic and Southern
Ocean strategic initiatives 2010-2020: to improve understanding of the current state of
Antarctica and the implications of global change for Antarctica.

1.3 Structure of the thesis

This thesis is build around the content of six scientific manuscripts. All are either pub-
lished, currently in review or have been submitted to internationally recognized, peer-
reviewed journals. I am the lead author on three, and co-authored the other three papers.
The individual manuscripts are designed to form stand-alone documents, although a cer-
tain familiarity with the fundamentals of grounding-zone glaciology would be advanta-
geous to the reader. The heart of this thesis is the present synthesis, which ties all the
individual findings from these papers together and puts them into the wider perspective
of the research objectives identified above.

After drawing the frame of this research with an overview of Antarctic glaciology
in the introduction (Chapter 1), the relevant tools to address the science objectives are
explained with examples from the literature as well as from the field surveys and are
complemented with supplementary results where appropriate (Chapter 2). The first the-
sis paper focuses on the rheological properties of glacial ice at the Southern McMurdo Ice
Shelf (Chapter 3.1). This study is then expanded from one spatial dimension to a three
dimensional model assessment of grounding-zone flexure (Chapter 3.2). Thereupon, an
algorithm is developed how DInSAR can also be used to improve the poor quality of cur-
rent tide models along the Antarctic coastline (Chapter 3.3). The thesis is then concluded
by (i) answering the research questions identified above and (ii) shaping the future direc-
tion of my research in Antarctic glaciology (Chapter 4).

The Tidal Ice Deflection Experiment at the Darwin Glacier in November 2016.
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Chapter 2

Methodology

“With sufficient planning, you can almost eliminate adventure from an expedition.”

– Roald Amundsen

2.1 Research Areas and Characteristics

Meeting the research objectives requires an unprecedented wealth of information for ar-
eas that can be considered representable for the remainder of Antarctica. The require-
ments are: (1) Remote-sensing data from a multitude of satellites and sensors for at least
two different sites, (2) acquisition of cost- and labour intensive direct in-situ data for
calibration and validation purposes and (3) computational resources and the necessary
knowledge to integrate satellite and field data in computer simulations of tidal ice-shelf
flexure. Due to these requirements as well as logistical constrains, two research areas
have been identified as suitable candidates. Both are accessible during the austral sum-
mer months from Scott Base, the permanent research support station of New Zealand,
located on Ross Island. Surveys were conducted within the frame of the Tidal Ice Deflec-
tion Experiment (TIDEx) during the 2014/15 and 2016/17 Antarctic field seasons.

2.1.1 The Southern McMurdo Ice Shelf

The Southern McMurdo Ice Shelf (SMIS) is a small and mainly firn-covered ice shelf in the
western Ross Sea region (78◦15’ S, 167◦7’ E, Fig. 1.1). Ice inflow originates from the slopes
of White Island on its northern side with accumulation decreasing towards ablation areas
with blue ice near Black Island. In the south it is confined by the Minna Bluff Peninsula;
an area where basal refreezing has been detected previously. In the east, the fast-flowing
Ross Ice Shelf is causing a crevasse-rich shearing zone with the almost stagnant SMIS.
A crevasse-free study site within the accumulation zone has been identified from SAR
data, featuring a straight section of the ice-shelf grounding line and a narrow grounding
zone between White Island and the freely-floating part of the ice shelf. The study site is
a day’s Skidoo journey away from Scott Base (∼ 50 km). The field survey was conducted
in November 2014.

2.1.2 The Darwin Glacier

The Darwin Glacier is an outlet glacier within the Transantarctic Mountains (79◦53’ S,
159◦00’ E, Fig. 1.1). Compared to its larger neighbours, the Byrd Glacier in the south and
the Mulock Glacier in the north, it only drains a relatively small catchment of the East
Antarctic Ice Sheet (Gillespie et al., 2017). The Darwin Glacier is steepening upstream
of its grounding line, which increases the gravitational driving stress and causes faster
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ice flow from ∼ 40 to 100 m yr−1 (Scheffler, 2017). In the area of accelerated glacier
flow, the surrounding topography constains its width to about 5 km and forces the ice
flow to bend horizontally around Diamond Hill before it feeds into the Ross Ice Shelf. In
this transitional region, the Darwin Glacier passes a narrow, fjord-like embayment. Most
of the glacier surface consists of blue ice, although a number of frozen supraglacial lakes
and meltwater streams indicate surface melt in the late summer months. Crevassed areas
due to intensive horizontal shearing have been delineated from SAR data analysis and
optical satellite imagery apriori. The study site in the Darwin Glacier’s grounding zone
is located 270 km south of Scott Base and is accessible by ∼ 2 hours of Twin Otter flight.
Field-data acquisition was conducted in November 2016.

Figure 2.1: TIDEx study areas: the Southern McMurdo Ice Shelf with the Minna Bluff
Peninsula (left) and the Darwin Glacier with Diamond Hill (right).

Figure 2.2: TIDEx fieldsites: location of GPS receiver and tiltmeter arrays along pro-
files through the individual grounding zones.
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Figure 2.3: TIDEx study areas along the Transantarctic Mountains and perspectives of
the photos shown in Fig. 2.1.
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2.2 Field Measurements

Traditional glaciological methods were complemented by modern instrumentation to
gather a comprehensive data set of field observations. Special emphasis is put on un-
derstanding of grounding-zone processes that will ultimately improve our current inter-
pretation of satellite measurements on a continental scale.

2.2.1 Snow accumulation

Snow accumulation and wind-redistribution of fallen snow cause spatial variability in
ice-shelf thickness. The thicker the ice, the stiffer its reaction to tidal forcing causing the
width of the grounding zone to increase. A change in surface slope at the grounding
line can be similar to an obstacle that faciliates piling of drifting snow. Heterogeneity of
snow accumulation, in turn, impacts ice thickness distribution on an almost stagnant ice
shelf. In order to quantify this effect, a profile of snow depth was measured across the
grounding zone of the SMIS. Measurements of snow thickness above previous summer
melt layer along the profile consist of shallow snow pits at the locations of field stations
and penetrating the surface layer with snow probes in between. Snow fallen on the slopes
of White Island, is transported downhill with the katabatic wind. The redistribution
causes a maximum of measured snow accumulation (>1.5 m yr−1) at the grounding line
and leads to a three-fold decrease of accumulation rates in the first 3 km downstream of
the grounding line (Fig. 2.4).

Figure 2.4: Measurements of annual snow accumulation across the grounding zone of
the Southern McMurdo Ice Shelf (left) and firn densification with depth from a firncore
near field station number 3 (right).

2.2.2 Density measurements

A KOVACS ENTERPRISE Mark 2 coring system is used to retrieve a 9 cm diameter firn
core up to 1 m long. An engine drive with an engine-to-auger coupler is used to achieve
high drill rates. Several 1 m extension rods are sequentially linked together by using
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Figure 2.5: Firn core retrieval using the KOVACS system on the Southern McMurdo
Ice Shelf (left and top right) and ice cube retrieval from the surface of the Darwin
Glacier (bottom right).

connector pins to extend the depth range of the coring barrel down the borehole. We
removed ≈ 49 cm of surface snow and then retrieved an ≈ 9 m long firn core from 17
drillings in the grounding zone of the SMIS (Fig. 2.5. The core was then sampled in 5−
10 cm long slices which were weighed individually with a spring balance. Firn densities
ρ f irn, with depth d, are calculated as the ratio of the weighed mass (minus the 2 g bag)
and measured cylinder volume. Uncertainty intervals for each sample are estimated by
varying the cylinder length by up to 1 cm dependant on the compactness of the sample.
An exponentially increasing firn compaction model is then fitted to these measurements
to extrapolate the density profile to the ice-shelf base:

ρ f irn = ρice − (ρice − ρsur f )
cd, (2.1)

where ρ f irn(d) and d are the measurements, ρice = 917.0 kg m−3 is the literature value for
the density of pure ice (Cuffey and Paterson, 2010), and the values for surface density,
ρsur f = 339.23 kg m−3 and compaction rate, c = 0.053 m−1 are optimized by finding
the least-squares deviation to match the data. The required ice-shelf thickness was mea-
sured with GPR and is 253.19 m at the drillsite. With the depth-density profile at hand
the mean ice-column density is ρ̄ = 871.28 kg m−3 and the firn-ice transition defined
as ρ f irn = 830 kg m−3 is in d = 35.84 m below the surface (Fig. 2.4). At this depth,
pore close-off traps air in bubbles which can be used to reconstruct past climatic condi-
tions. This depth estimate can also be used to model the speed of radio wave propagation
through the snowpack to convert the two-way-travel time as measured with GPR to ice-
shelf thickness. Our estimate of d = 35.84 m fits well to the 40− 50 m on the Ross Ice
Shelf (Ligtenberg et al., 2011).
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As the Darwin Glacier consists mostly of blue ice and shows only a few areas that are
covered with firn, an ice cube was retrieved from its surface and measured using a ruler
(Fig. 2.5). The ice cube was then slowly melted and the volume of its water equivalent
measured at zero degrees. Density of pure water (1000.0 kg m−3) is assumed to translate
this volume measurement to mass. Ice density is then the ratio of the resulting mass to
the initial dimensions of the ice cube. To estimate uncertainty bounds for this method,
the length of the cube’s sides is varied by ±1 mm, as this is the ruler’s accuracy. The
resulting surface ice density at the Darwin Glacier is then 880± 15 kg m−3.

2.2.3 GPR and ApRES

Two types of ground-based radar-echo systems are employed to measure ice thickness
distribution. Both rely on the same principles of electromagnetic wave propagation through
the ice at radio frequencies. At the SMIS, a bistatic 25 MHz pulseEKKO PRO ground-
penetrating radar system was employed. The 4 m long transmitting and receiving anten-
nas were mounted on the skids of a sled (3 m horizontal separation). This ’antenna sled’
was attached to a wooden sled carrying the digital video logger, batteries and Trimble
GEO-XH GPS system. The radar sled was towed behind a Skidoo along a dense grid of
GPR transects in the south of White Island (Fig. 2.6). Ice is thickest near the grounding
line (≈ 250 m) and thins to ≈ 200 m within 3 km seaward of the coast (Ryan, 2016).

Unlike this single frequency impulse radar system, the ApRES transmitts a contin-
uous chirp that linearly ramps up frequency from 200 to 400 MHz during a 1 second
interval (Nicholls et al., 2015). That way, the ApRES can match internal layers between
bursts and achieve millimetre accuracy when measuring ice thickness. A dense network
of ApRES sites was distributed in the grounding zone of the Darwin Glacier. These point
measurements were then interpolated onto a rectangular grid using a piecewise cubic,
continuously differentiable, and approximately curvature-minimizing polynomial sur-
face. Ice thickness is largest upstream of the grounding line (≈ 1100 m) and thins non-
linearly to ≈ 500 m towards the freely-floating ice shelf (Fig. 4.2).

Figure 2.6: Employed ground-penetrating radar systems: (left) a 25 MHz pulseEKKO
PRO measuring ice-thickness profiles on the Southern McMurdo Ice Shelf, (right) one
of many ApRES point measurements on the Darwin Glacier. Diamond Hill in the top
right corner.

2.2.4 GPS receivers

A combination of Trimble NetRS and R9 GPS receivers were deployed to measure surface
displacements due to oceanic tides at very high spatial (millimetres) and temporal (sec-
onds) resolution. We set up arrays of GPS stations along the centerlines of both grounding
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zones, beginning on the grounded ice and finishing on the freely-floating areas (Fig. 2.2).
During the field installation, highest priority was given to the GPS stations which were
located on freely-floating ice, to maximise the record of tidal forcing for further analysis.
For differential correction, a permanent GPS station at Scott Base was used to refine GPS
data from the SMIS and a temporary base station was installed on static ice at the Dar-
win Glacier (second highest priority). Preliminary computer simulations of tidal flexure
revealed locations where the largest surface slopes due to tidal ice-shelf flexure could be
expected. As any presumed geometric influence or other grounding-zone process would
be most pronounced in areas of maximum surface tilt, the GPS receivers in these areas
were given third highest priority. Other GPS receivers near the grounding line or even
further upstream on the grounded ice had lowest priority during field installation. Re-
ceivers were powered with 110 amp h batteries with a 12 V power output. Batteries at
GPS stations were continuously charged using 65 W solar panels. All electronics equip-
ment was stored in insulated boxes (Fig. 2.7).

Figure 2.7: The freely-floating GPS station ’Shirase’ on the Darwin Glacier (left) and a
fully-equipped electronics box with GPS receiver and tiltmeter logger (right).

2.2.5 Tiltmeter

Modern tiltmeter record variation in slope along their longitudinal and transverse axis
over time. These sensors have a long tradition in glaciology and have originally been
developed to test the hypothesis of Doake (1978) that ocean tides dissipate their energy
by ice-shelf flexure which may explain the long-term loss of angular momentum from the
Earth-Moon system (Stephenson et al., 1979). This interesting hypothesis has since been
rejected (Ray and Egbert, 1997), but the extensive deployment of tiltmeter on many ice-
shelves around Antarctica has significantly improved our understanding of grounding-
zone processes. They have been applied to locate the grounding line (Stephenson, 1984;
Smith, 1991; Jacobel et al., 1994; Riedel et al., 1999), which led to the theory of a ful-
crum that transmitts flexural stresses from the floating ice shelf landward to deflect the
grounded ice up at low tide and down at high tide (Heinert and Riedel, 2007). A theory
picked up by Christianson et al. (2013) and Walker et al. (2013), who discuss subglacial
water pressure beneath the grounded ice as stabilizing or potenially destabilizing pro-
cesses. Tiltmeter have also been used to support the theory of Reeh et al. (2000), who ten-
tatively suggested that tidal flexure is best described by models incorporating viscoelas-
tic effects by explaining tiltmeter data from Nioghalvfjerdsfjorden, northeast Greenland
(Reeh et al., 2003).
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Figure 2.8: The grounding-zone tiltmeter station ’Tuati’ on the Darwin Glacier (top
left), tiltmeter sensor levelled on a 1 m pole (top right), tiltmeter logger box with ex-
ternal 12 V battery and solar regulator (bottom left) and screenshot of tiltmeter-display
program during levelling of the sensor (bottom right).

The TIDEx campaign continues the long-lasting tradition of tiltmeter deployment in
Antarctic grounding zones. We installed several tiltmeter arrays along the centerlines
of the SMIS and the Darwin Glacier (Fig. 2.2). RION ACA826T dual-axis sensors were
used with full temperature compensation (−40 to +85◦C). Their maximum measurement
range is ±10◦ with a resolution of 0.0005◦ and 0.001◦ absolute accuracy. The sensors are
housed in custom built sealed metal boxes and mounted on 1 m poles drilled into the ice
surface. The tiltmeter logger is stored together with a 12 V battery within an insulated
electronics box. The battery is charged with a 40 W solar panel. The metal box holding
the sensor is at first levelled using an attached circular level. A remote tiltmeter data dis-
play program was then used during a second levelling step to minimize the sensor’s 1 s
readings in both horizontal directions. Their 60 s average is then recorded on an internal
micro-SD card, together with geographic position, barometric pressure and temperatures
at the logger as well as the sensor. The tiltmeters’ longitudinal axis was orientated in the
main direction of ice-surface flexure as derived from preliminary analysis of SAR data.
Flags in up- and downstream direction were used to take bearings of the identified flex-
ure (Fig. 2.9). Tiltmeter were placed at locations where the average difference between
preliminary elastic and viscoelastic model simulations was most pronounced to best cap-
ture viscoelastic effects. We also installed one tiltmeter each at the location of maximum
expected surface tilt as well as upstream of the grounding line where an opposite sign in
surface tilt would support the theory of a fulcrum.
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Figure 2.9: Orienting tiltmeter sensors in the direction of main surface flexure using
flags in upstream (left) and downstream (right) direction.

After retrieval of the stations from the field, each tiltmeter record was individually de-
trended for its long-time drift or abrupt onset of drifting towards one axis. Third-order
polynomial functions over the entire time series or over individual sections, best matched
the observed drift and were therefore removed from the raw data. Harmonic analysis of
the remaining anomalies using t_tide (Pawlowicz et al., 2002) then separated the tidal
constituents from non-tidal effects (Fig. 2.10). The identified harmonics allowed phase
and amplitude comparisons of corresponding tidal constituents between sites as well as
reconstruction of the observed surface tilt at each tiltmeter location if all identified con-
stituents were added up (Fig. 2.11). The resulting records of surface tilt over time were
later integrated in computer simulations of tidal flexure and allowed for smooth compu-
tation of numerical model experiments.

The reconstructed tiltmeter records show a well pronounced diurnal signal with approx-
imately fortnightly occurring spring-neap tide cycles. This pattern is characteristic for
the tidal oscillation in the Ross Sea (Padman et al., 2018). Surface tilts are smallest just
upstream of both grounding lines, where the signals are close to the accuracy of the sen-
sors. Tilt amplitudes are largest just downstream of the grounding line and decrease
non-linearly towards the ice shelf. Harmonic analysis of the data set from the two field
sites does not confirm the theory of a grounding-line fulcrum, as the phase shifts of the
tiltmeter on the grounded ice are not equal to 180◦. However, tiltmeter on the grounded
ice show a significant time delay behind sensors close to the freely-floating areas, which
are almost in phase with the ocean (Fig. 2.12).

The 64 d record of tiltmeter data at the SMIS allowed for a very accurate extraction of di-
urnal and semi-diurnal tidal constituents. Their signal-to-noise ratio was generally well
above 1.0 as estimated from harmonic analysis using t_tide. A shorter tiltmeter record of
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Figure 2.10: Tiltmeter records from seven sensors distributed along the Darwin
Glacier’s centerline. The raw data is first detrended and then reproduced with its
significand consituents using harmonic analysis.

16 d due to logistical constrains at the Darwin Glacier prevented the successfull retrieval
of a full set of tidal constituents. Further analysis therefore focuses on the dominant lu-
nar diurnal K1 constituent with a period of 23.93 h. The phase of this harmonic was most
accurately retrieved with a signal-to-noise ratio from 8.5 for the grounded ice and up to
29.3 for the tiltmeter located at the maximum difference between elastic and viscoelastic
model solutions (station 4 ’Blake’). The tiltmeter sensor at stations 5 ’Tuati’ and 6 ’Hillary’
recorded the largest amplitude of the K1 constituent as expressed in surface tilt. Any pre-
sumed geometric effect due to tidal flexure of a plate is therefore most likely observable
at these locations.

Numerical modelling of tidal ice-shelf flexure can be used to further investigate the
observed time delay of the flexural response towards the grounding line. If model so-
lutions are compared against tiltmeter measurements, their RMSE can be calculated for
every time step. The mean RMSE over all time steps is therefore a measure of overall
model performance. It’s value is only dependent on ice properties as determined by the
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Figure 2.11: Tiltmeter data reconstruction from harmonic analysis of the six records at
the SMIS.

Figure 2.12: K1 components of the freely-floating GPS and several tiltmeter records
from harmonic analysis of field measurements at the Darwin Glacier (solid lines). Un-
certainty intervals of each K1 harmonic (dashed lines).

Young’s modulus E and ice viscosity ν. The mean RMSE is generally reduced if viscosity
is included in model equations of tidal flexure. A Young’s modulus of E = 1 GPa and a
viscosity of ν = 1013.0 Pa s (= 10 TPa s) best match tiltmeter data from the Darwin Glacier
(Fig. 2.13).

2.3 Relevant Satellite Remote-sensing

The aim of this thesis is to develop methods that can be applied on the continental scale
or at least for single catchments. Space-borne measurements are therefore inevitable to
provide full coverage of the vast Antarctic continent. While individual satellites and their
respective measurement principles are a theme for themselves, it is their combination that
can be used to answer the identified research objectives.
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Figure 2.13: Individual model performance of the simulated parameter combinations
and their RMSE to tiltmeter measurements at the Darwin Glacier. The elastic solution
is denoted in black, the viscoelastic solution as colour-coded dots, depending on the
viscosity value. The darker the colors, the longer the time delay of the ice-shelf re-
sponse to a tidal forcing. Note that including viscosity in model simulations mainly
reduces the errors to tiltmeter measurements. Published values for Young’s modulus
in blue (Vaughan, 1995), magenta (Rignot, 1996), brown (Gudmundsson, 2011) and
green vertical lines (Petrenko and Whitworth, 1999).

Figure 2.14: Surface elevation from CryoSAT-2 data at the Southern McMurdo Ice
Shelf (left) and from TanDEM-X data for the Darwin Glacier (right). Black dots show
locations of high-quality radar altimeter measurements on the floating ice. Both rela-
tive to WGS-84 ellipsoid.
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2.3.1 Altimetry

Space-borne altimetry measures the two-way travel time of an emitted signal between
the satellite and the surface. When combined with precise spacecraft orbit information,
these measurements yield absolute surface elevation at the time of illumination. Satellite
measurements of surface elevation change can then be related to ice-volume change over
time (Wingham et al., 1998). Two methods of altimetry are distinguished:

Radar altimetry

Altimetry from radar data is the first method and the longest geodetic record (Wingham
et al., 2009). Since the launch of the ERS-1 satellite in 1991, the radar coverage extended
for the first time over the ice sheets to ±81.5 degrees. With its descendants ERS-2 (1995),
Envisat (2002) and CryoSAT-2 (2010) the polar radar record nearly spans three decades
to date. These data have been used to measure ice-sheet surface elevations for the whole
of Antarctica (Bamber, 1994; Davis and Ferguson, 2004; Helm et al., 2014; McMillan et al.,
2014). In this thesis, DEMs for the grounding zone of the SMIS and the Darwin Glacier
are derived from five years of CryoSAT-2 data (2011-2015). The purpose of this exercise is
to validate the approach of Chuter and Bamber (2015) who derive grounding-zone thick-
ness from the inversion of ice-shelf freeboard. This approach is questionable, because
ice in the grounding zone is not in hydrostatic equilibrium (Bindschadler et al., 2011).
CryoSAT-2 is in a low earth (730 km), non Sun-synchronous orbit and performs synthetic
aperture radar processing around the ice-sheet margins with its second radar antenna
as an interferometer (ESA, 2014). This radar altimeter tends towards a relatively poor
spatial coverage and vertical accuracy near Antarctica’s margins and in other areas of
steep topography (Bamber et al., 2009a; Abulaitijiang et al., 2015). This was found to be
the case at the Darwin Glacier, where the erroneous CryoSAT-2 DEM was replaced with
high-resolution (8.87 m) TanDEM-X data (Fig. 2.14).

To avoid topography-induced erroneous measurements at the SMIS, all CryoSAT-2
data over grounded ice or dry land surface were masked out and an iterative 1 σ filter
along each track was applied to remove possible outliers. The remaining ’high quality’
measurements are then linearly interpolated onto a rectangular grid in a polar stereo-
graphic coordinate system (Fig. 2.14 left). The underlying CryoSAT-2 product is by
default corrected for tidal variability, the applied averaging over several years of data
additionally removes any residual tidal contamination of the measurements.

Laser altimetry

Laser altimetry is the second space-borne method and is used for range measurements
between the surface and the satellite. Detecting changes in ice-shelf grounding zones
around Antarctica is an important part of ice sheet monitoring, the primary objective of
the ICESat mission (Schutz et al., 2005). A laser onboard the space-craft illuminates a spot
(or footprint) on the Earth’s surface and transforms its position into geodetic coordinates
and elevation. ICESat tracks have a 65 m footprint and 172 m along-track spacing. The
satellite was launched in 2003 into a near-circular, near-polar orbit with an altitude of
approximately 600 km and a 91-day repeat pass. Tracks are therefore sampled during
different phases of the tidal oscillation which allows to locate the landward and seaward
limit of tidal ice-shelf flexure (Fricker and Padman, 2006). Surface elevations are rou-
tinely corrected for vertical displacements due to ocean and load tides. This allowed,
for instance, the estimation of a mean ice-shelf thickness from ICESat tracks crossing
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Figure 2.15: The EIGEN-6C4 geoid model, a result from the GOCE and GRACE satel-
lite missions. A fast nearest-neighbour interpolation was used at the Southern Mc-
Murdo Ice Shelf (left) and a computationally expensive linear interpolation algorithm
the Darwin Glacier (right). Both relative to WGS-84 ellipsoid.

individual ice shelves (Han and Lee, 2014). Chuter and Bamber (2015) validated their
Antarctic-wide CryoSAT-2 DEM with ICESat data and found a mean bias of 0.56 m over
all ice shelves. This corresponds to a mean ice-thickness bias of 5.23 m in hydrostatic
equilibrium (Eq. 2.2). With a mean ice thickness of the SMIS of ≈ 200 m, this equates to
just 2.6 % of uncertainty. The local DEM derived from CryoSAT-2 data at the SMIS can
therefore be considered valid in the freely-floating areas.

2.3.2 Gravimetry

Satellite gravimeters measure local change in ice mass by repeated and very accurate
measurement of Antarctica’s gravity field (Velicogna, 2009). EIGEN-6C4 is the latest
global gravity field model. It has been inferred from the combination of several space-
borne gravimeter missions. The GOCE satellite directly measures gravitational gradients
using three pairs of proper accelerometers onboard the space craft. Contrary, the GRACE
twin satellites take detailed measurements of how their distance varies over time. If the
leading satellite passes through a gravitational anomaly it is pulled slightly ahead of the
trailing satellite. Their K-band microwave ranging link between them is sensitive enough
to detect the separation change which is then linked to Earth’s geopotential. Both data
sets were combined and released as the EIGEN-6C4 geoid model, which has been shown
to improve on EGM2008 during an airborne gravimetric evaluation campaign (Förste et
al., 2014). The spatial resolution is about 9 km. Two different spatial interpolation tech-
niques are explored: (1) the EIGEN-6C4 is upsampled to a relatively-coarse 50 m grid
using a nearest-neighbour algorithm at the SMIS and (2) to very high spatial resolution
of 8.87 m using a linear interpolation algorithm at the Darwin Glacier (Fig. 2.15). Both
resulting geoids increase from the flat ice-shelf areas towards the Transantarctic Moun-
tains. However, their gradients across the study sites is almost negligible when compared
to the spatial variability of surface elevation (Fig. 2.14).
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2.3.3 Differential InSAR

Floating ice shelves undergo a continuous vertical motion due to ocean tides (Holdsworth,
1969; Holdsworth, 1977). As ice masses are lifted off the underlying bed by the increasing
hydrostatic pressure, the ice-shelf’s landward limit of floatation may even migrate back
and forth with the tidal oscillation. Tidal variability in ice-shelf surface flexure occurs
between a narrow ’grounding zone’ between the landward limit of ice flexure from tidal
movement and the hydrostatic line at which ice begins to freely oscillate with the full
tidal amplitude (Fig. 1.2). DInSAR is a widely used practice for delineating the location
of both the grounding and hydrostatic lines.

SAR systems are emitting an electromagnetic wave and link the echoed phase to the
distance of the wave travelling path (Massom and Lubin, 2006). A minimum of three
consecutive SAR images is required to separate the vertical tidal signal from the superim-
posed horizontal and topography induced displacement. The tidal signal is characterised
by a narrow band of interferometric fringes (full color cycles) that can be used to map the
landward (Konrad et al., 2018) and seaward limits of the grounding zone (Fig. 2.16).
DInSAR imagery provide intertwined snapshots of the tidal displacement at high spa-
tial resolution over wide remote areas and yield accuracies down to sub-centimeter scale.
Images contain high-quality information on the tidal oscillation, the physical properties
of glacier ice and the ice-thickness distribution within the grounding zone. However, the
correct interpretation of DInSAR imagery is difficult, because they represent the result of
a double difference between three or four SAR images to extract the vertical signal. The
question arises if these double-difference images can be unraveled into their individual
components in order to facilitate the interpretation of DInSAR measurements.
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Figure 2.16: Double-differential interferogram at the Southern McMurdo Ice Shelf (top
left) and the Darwin Glacier (top right). The grounding zone is between the grounding
line (solid) and the hydrostatic line (dashed) and consists of a dense band of interfer-
ometric fringes.
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2.4 Freeboard Inversion

Freeboard, also referred to as ice draft in the literature, is the difference between the ice-
shelf’s surface, h, and the elevation of the ocean. The former corresponds to a DEM, the
latter is assumed to be identical with the geoid model, N. Freeboard, zs, is then defined
as h− N 6= 0 as long as both data sets have a common reference system (WGS-84). The
relation between freeboard zs and ice thickness H is:

H = (zs − ∆z)
ρsw

ρsw − ρ̄
= [(h− N)− ∆z]

ρsw

ρsw − ρ̄
, (2.2)

and is determined by the firn correction factor ∆z, the density of sea water ρsw = 1027
kg m−3 and the mean density ρ̄ of the ice column. For a freely-floating iceberg, ∆z = 0
and ρ̄ = ρice = 917.0 kg m−3. This ’iceberg relation’, however, needs to be adjusted for
the effect of snow accumulation and further compaction if it is applied to firn covered ice
shelves. The relation between freeboard and ice thickness is then influenced by either the
depth of the firn layer, a reduced mean density of the ice column underneath the surface
or a combination of both. If a two-layer model of firn and pure ice is assumed (ρ̄ =
ρice, which is commonly done in processing of GPR data) the freeboard inversion is only
controlled by ∆z. Its value can be tuned to satellite observations of ice-shelf freeboard and
ground measurements of ice thickness. If this exercise is performed for the TIDEx study
sites, the analysis gives ∆z = 5.46 m for the freely-floating area only, and ∆z = 5.95 m for
pixels within the grounding zone at the SMIS. In hydrostatic equilibrium, these values
correspond to 50.98 m and 55.56 m of firn. Literature values of recommended ∆z are
16.0± 4.0 m (corresponding to 149.38± 37.35 m of firn), which would lead to a drastic
underestimation of ice-thickness distribution at the SMIS (Fig. 2.17).

Figure 2.17: Freeboard to ice thickness conversion for (left) the Southern McMurdo Ice
Shelf and (right) the Darwin Glacier. The comparison of various inversion techniques
as outlined in section 2.4.

A shallow firn core can be used to improve the recommended relation between freeboard
and ice thickness. By knowing the values of surface density ρsur f = 339.23 kg m−3 and
firn compaction rate with depth c = 0.053 m−1 from the firncore measurements, the
compaction model Eq. 2.1 can be foreshortened or extended for depths d > 0 m. For
any given depth, the mean ice-column density ρ̄ can be calculated and directly converted
to freeboard zs using Eq. 2.2. As the depth of the profile corresponds to synthetic ice
thickness, a non-linear relation for the freeboard inversion can be derived from the firn
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core at the Southern McMurdo Ice Shelf (Fig. 2.17). For a measured ice thickness of
H = 253.17 m at the drillsite, the mean density of the ice-column underneath was ρ̄ =
871.28 kg m−3. If the ice would be in local hydrostatic equilibrium with the ocean, this
translates to a theoretical value of zs = 37.76 m freeboard (Eq. 2.2). The remote-sensing
analysis shows zs = 32.89 m freeboard for the pixel containing the firncore drillsite. The
difference of 4.87 m corresponds to an equivalent of 45.47 m ice thickness. It is concluded
that the ice near the firncore drillsite is at least partially supported by stresses from the
grounded ice and not freely-floating on the ocean. It is therefore necessary to exploit
other techniques to estimate grounding-zone ice thickness at the SMIS.

A similar analysis is performed within the grounding zone of the Darwin Glacier.
Here, a lack of snow accumulation on the ice shelf’s surface simplyfies the freeboard to
thickness inversion. As the Darwin Glacier consists largely of blue ice, the firn correc-
tion is zero and mean ice-column density is the single control of the relation between
freeboard and ice thickness (provided hydrostatic equilibrium is assumed). The ’ice-
berg relation’ is therefore optimized with a value of ρ̄ = 910.7 kg m−3 best matching
the data (Fig 2.17). This also fits well to our manual measurement of surface density
ρsur f = 880± 15 kg m−3 (Section 2.2.2). The resulting ice thickness maps from freeboard
inversion are compared against our ice-thickness measurements using GPR and ApRES
data, respectively (Fig. 2.32).

Figure 2.18: Grounding-zone ice thickness from GPR and percentage pixel distance
from the grounding line (left), vertical scaling and horizontal compression/extension
of the characteristic function (right).

The ice thickness within the grounding zone of the SMIS shows a non-linear relationship
with grounding-zone width. A ’characteristic function’, guided by GPR measurements
within the study area and percentage grounding zone width as determined from DIn-
SAR, describes this relationship. The function is the result of a least-squares fifth-order
polynomial fitting technique, which is weighted by the point density value for each pixel.
I hypothesize that this function (dashed black curve in Fig. 2.18) is representative for the
remainder of the SMIS: It is therefore fitted along transects1 through the grounding zone

1The presented algorithm to find transects across ice-shelf grounding zone is inspired by the centerline
module of the OGGM (Maussion et al., 2018) to identify flowlines of mountain glaciers. Here, both the
hydrostatic line and the grounding line are resampled to an equal number of vertices. The algorithm then
iterates over the nodes along the hydrostatic line (start) and finds the grounding-line node with the closest
Euclidean distance (end of the profile). It lastly extracts pixels which lay on a straight line between them
using Bresenham’s line theory.
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by vertical scaling with ice thickness from freeboard at the hydrostatic line and horizon-
tal compressed/extended with the percentage width between hydrostatic (100%) and
grounding line (0%). The resulting ice-thickness profiles run between the correspond-
ing up- and downstream pixels. These profiles are considered to be the upper limit of
grounding zone ice thickness as it is guided by GPR measurements within an accumula-
tion area. In order to provide a lower limit for ice-thickness distribution, the ice thickness
as deduced from freeboard inversion along the hydrostatic line is extended linearly along
the same profiles. Gaps between these profiles are then interpolated using a cubic inter-
polation method. This is resulting in two maps of linearly extended and non-linearly
increasing ice thickness. Both maps are then compared to a third map which is assuming
hydrostatic equilibrium within the grounding zone. The same analysis as presented in
Chapter 3.2 are performed for both ice-thickness maps.

Figure 2.19: Ice-thickness maps from CryoSAT-2 radar altimetry for the Southern Mc-
Murdo Ice Shelf. Linear extension of hydrostatic-line ice thickness across the ground-
ing zone (left), and non-linear extrapolation (right). The red line encloses the area of
GPR measurements for validation.

With the three possible ice thickness maps at hand, elastic and viscoelastic model sim-
ulations are now performed. These simulations are computed for every possible com-
bination of ice thickness (linear, non-linear and hydrostatic), flexure model (elastic and
viscoelastic) and tidal forcing (CATS and t_tide) leading to nine different numerical so-
lutions. These are then compared individually to the DInSAR measurements to identify
their best combination for further interpretation of the satellite measurements (Fig. 2.20).
Flexure models based on the ice-thickness map assuming hydrostatic equilibrium in the
grounding zone best match the 12 DInSAR interferograms. The hypothesis of validity of
the characteristic function is therefore rejected and has been excluded from publication.
Modelled standard deviations suggest that the ’real’ ice thickness in the grounding zone
of the SMIS is closer to linear than non-linear theory. Every combination of flexure model
and tidal forcing which is based on linear theory reduces the modelled standard devia-
tions compared to the non-linear ice thickness distribution. In terms of tidal forcing, the
CATS tide model significantly improves on the t_tide model. Note that an elastic tidal
flexure model is only dependant on the absolute value of the tidal amplitude and (in this
case) does not capture any difference between CATS and t_tide.
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Figure 2.20: Pixel based standard deviation between the numerical model solutions
for 9 DInSAR observations, (left) using a linear extension of ice thickness along the
hydrostatic line and (right) a non-linear extrapolation of hydrostatic line thickness
across the grounding zone. Simulations were performed using the adjusted CATS
tide model and the adjusted t_tide forecast.
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2.5 Numerical modelling

Figure 2.21: Comparison of (black) the Burgers rheological model to (red) the Maxwell
model. Hookean springs and Newtonian dashpots representing instantaneous and
damped deformation, respectively. The complex shear moduli for a suite of loading
periods (Fig. A1 in Gudmundsson, 2011). For diurnal frequencies 100 the simple
Maxwell model is equivalent to the more complex Burgers model.

Two numerical models of ice-shelf flexure are employed. Traditional elastic approxima-
tion as developed by Holdsworth, 1969, an early strategy followed by many other studies
by Holdsworth, 1977; Lingle et al., 1981; Stephenson, 1984; Smith, 1991; Vaughan, 1994;
Vaughan, 1995. Schmeltz et al. (2002) extended the elastic formulation from vertical dis-
placement of a beam to a plate of constant thickness. The elastic approximation can be
implemented with a spatial variable ice thickness as formulated by Walker et al. (2013):

kw +∇2(D∇2w) = q, (2.3)

where w(t) is the vertical deflection of the neutral layer in a beam (1-D space) or a plate
(2-D space), ∇2 is the Laplace operator and k = 5 MPa m−1 a spring constant of the
foundation which is zero for the floating part. The applied tidal force q(t) is defined by:

q = ρswg[A(t)− w], (2.4)

with g = 9.81 m s−2 the gravitational acceleration and A(t) the tidal amplitude. The
stiffness of the ice shelf is given by Love (1906, p. 443):

D =
EH3

12(1− λ2)
, (2.5)

where E is the Young’s modulus for ice, H ice thickness and λ = 0.4 the Poisson’s ratio.
The elastic model is compared to a more realistic model for tidal ice-shelf flexure by in-
corporating viscosity into the model equations. The viscoelastic formulation is derived
by Walker et al. (2013) and a modification of simple Euler-Bernoulli elastic beam theory.
It employs a Maxwell rheology where viscous damping affects the timing of the flexu-
ral response, while elastic behaviour continues to dominate the solution. This has been
demonstrated to be sufficient for the purpose of tidal bending by Gudmundsson (2011).

∂

∂t
[
kw +∇2 (D∇2w

)]
+

Ek
2ν(1− λ2)

w =
∂

∂t
q +

E
2ν(1− λ2)

q, (2.6)
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where ν is ice viscosity. The following boundary conditions are applied for both mod-
els: the boundary of the model domains on the grounded portion are anchored rigidly
(w = 0,∇2w = 0), the freely-floating boundaries are equal to the tidal amplitude (w =
A(t),∇w = 0) and the boundary between the grounded and floating portion is repre-
sented by a grounding-line fulcrum (w = 0). Both ice-shelf flexure models are imple-
mented in the finite-element simulation software COMSOL Multiphysics. Its integrated
user interface environment allows for directly entering coupled systems of partial dif-
ferential equations and features a selection of various numerical solvers. Previous mod-
els of tidal flexure using elastic theory considered the floating ice shelf clamped to a
fixed grounding line over a stiff bedrock – therefore known as ’stiff-fixed’ models (e.g.
Holdsworth, 1977). Building on this pioneering work, Walker et al. (2013) replaced the
clamp with a fixed fulcrum at the grounding line (Fig. 2.22) to study upstream deforma-
tion as hypothesized by Heinert and Riedel (2007). I build on these modelling efforts and
although DInSAR has been unable to give observational confirmation of a grounding-
line fulcrum to this day (Brunt et al., 2010; Rignot, 1998; Rignot et al., 2011a), the shape
of the here observed flexure curves is generally best described using a fulcrum boundary
condition. It is worth adding that we linked in Rack et al. (2017) (Chapter A.1) an ap-
parent migrating grounding-line fulcrum to a misinterpretation of horizontal motion on
the ice-shelf’s surface in the DInSAR measurement and revealed a fixed grounding-line
position as opposed to a tidally-migrating one.

F GL H

Ice Stream

Bed

Ice Shelf

Ocean

Tides

Figure 2.22: Illustration of the model geometry after Walker et al. (2013). Inland limit
of tidal flexure is denoted by F, the position of the grounding line by GL and the hy-
drostatic line by H. Note that inland uplift is approximately 1% of the tidal amplitude.
Neutral layer at the center of the beam (dashed).

Figure 2.23: Synthetic finite-element modelling experiments. A sine-shaped forcing
with color-coded rates of tidal change (left) and finite-element solutions for elastic
(dashed) and viscoelastic (solid) at eight snapshots during the ’tidal oscillation’ (right).
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The elastic model for tidal flexure is only forced by the ’apparent’ tidal amplitude (Eq.
2.3), which can be measured directly from the interferogram on the freely-floating area. A
viscoelastic model additionally incorporates the time derivative of the tidal forcing (Eq.
2.6) and hence captures the rate of tidal change. This information, in turn, can not be
deduced directly from the interferogram which makes the usage of auxiliary tide models
inevitable. For this reason, an elastic solution for neutral layer displacement is axissym-
metrical with the viscoelastic solution always lagging behind. The viscoelastic time delay,
in turn, is most pronounced when rates of tidal change are maximal – this is during the
zero crossing of the tidal wave (Fig. 2.23). With the rate of tidal change vanishing at its
turning point (i.e. at the peak of high and low tide) the viscoelastic contribution to the
tidal flexure becomes zero and the viscoelastic model formulation (Eq. 2.6) reduces to the
elastic approximation (Eq. 2.3).

However, these models of tidal ice shelf flexure only describe vertical displacement
of a neutral layer located half-way down the ice-shelf’s thickness. A direct comparison
between any ice-shelf surface observation (DInSAR, GPS, tiltmeter) is thus spuriously ig-
noring geometric effects of the ice shelf’s thickness on the observed surface flexure. Tidal
stresses due to horizontal compression or extension within the beam must be accounted
for when modelling surface flexure accurately. My analysis reveals that this ’bending ef-
fect’ is directly proportional to the slope of the neutral layer. It’s magnitude, in turn, is
only determined by the distance to it. As DInSAR is sensitive to range displacements in
the radar’s line of sight, this horizontal motion is misinterpreted as vertical displacement.
To allow a direct comparison between the flexure model results and DInSAR measure-
ments, the ’bending effect’ can either be added onto the model solutions for neutral layer
displacement (done for the SMIS) or be removed from the satellite observations (done
for the Darwin Glacier). Both strategies require a rotation of the coordinate system from
polar stereographic easting and northing, into the radar look direction. The imaging ge-
ometry of the satellite’s sensor is defined by the satellite’s heading and incidence angle,
both are crucial for the correction. For the TerraSAR-X satellite, the easting and northing
components of the bending effect, Bex and Bey, are rotated in radar look direction Belook
by:

Belook =
−Bex sin(φ) + Bey cos(φ)

tan(TSXincidence)
, (2.7)

where φ = 90◦ − TSXheading and TSXincidence are the satellite’s flight and incidence angle
which depend on the individual satellite track (Fig. 2.25). With the satellite imaging
geometry given, the bending effect in look direction can be directly computed from both
flexure models and is then added on the solution for neutral layer displacement.

Figure 2.24: Beam bending effect at high and low tide. Tidal stresses causing compres-
sion (red) or extension (blue) within a beam of constant thickness. Arrows are propor-
tional to horizontal motion due to tidal strain. The model is run for a tidal amplitude
of A = ±1.0 m, its solutions for vertical displacement are 1000 times exaggerated.
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Figure 2.25: Apparent vertical motion due to horizontal surface strain at the surface
as simulated with an elastic flexure model for two satellite geometries.

2.6 Oceanic Tides

The ocean circulation in the study areas is estimated from several tide models. A multi-
tude of tide prediction models of different complexity and spatial scales have been pub-
lished (see Stammer et al., 2014, for an overview). The ’real’ tidal oscillation which is
experienced by ice shelves, however, is a combination of three major contributors to the
tidal forcing: (1) the harmonic constituents of the tidal oscillation, (2) the effect of tidal
loading of each constituent on the Earth’s crust and (3) atmospheric pressure variability
on the ice-shelf’s surface. In order to predict oceanic forcing q as employed by the tidal
flexure models Eqs. 2.3 and 2.6, these contributors need to be added.

Several tide models from regional to global scales are computed to predict the tidal
oscillation at the SMIS and the Darwin Glacier. For validation purposes, tide models are
run for the coordinates of the ’freely-floating’ GPS stations as they can be expected to
experience the full tidal oscillation as predicted by the tide models. These GPS stations,
in turn, can also be used to derive local tide models from harmonic analysis of their
individual records using t_tide (Pawlowicz et al., 2002). Similar to tide models, tidal
loading is also modelled using a meanwhile deprecated (TPXO6.2) and an up-to-date
version (TPXO7.2) of the global TOPEX/POSEIDON model (Egbert and Erofeeva, 2002).
The inverse barometric effect has to be derived from nearby AWS stations, as the acquired
barometric records during the field surveys do not span the time period of the available
satellite radar imagery.
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Figure 2.26: Contributions to vertical tidal displacement. Traditional tide modelling
as the sum of a tide model, load tides due to isostasy and the inverse barometric effect
(IBE) which is derived from nearby automatic weather stations. The AWS validation
period is gray shaded. Note that time-intervals are weeks for the Southern McMurdo
Ice Shelf and months for the Darwin Glacier. Vertical gray lines correspond to times
of SAR data acquisition. The gray-shaded area corresponds to the validation period
with barometer records shown in Fig. 2.29.

2.6.1 Inverse Barometric Effect

While the contribution of load tides to the net tidal oscillation is small, the IBE is a rela-
tively large component of vertical displacement (Ponte and Gaspar, 1999; King and Pad-
man, 2005). Only atmospheric pressure variations (i.e. anomalies from the mean) in-
fluence its magnitude. An observed bias between local barometric records and nearby
AWS stations is therefore negligible. The correlation between the Scott Base AWS pres-
sure record and the local barometric measurement at the SMIS is R = +0.998 over a
64 d period. If the freely-floating GPS data is considered the absolute truth, the tide and
load model output can be removed from the GPS record. The remaining ’residual er-
ror’ can then be used to further investigate the IBE. The residual error is compared to
both pressure anomaly records at Scott Base and the local barometric measurement at the
SMIS. The best-fit linear relationships between the data are -0.0101 m hPa−1 and -0.0102
m hPa−1, respectively (black dashed lines in Fig. 2.27).
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Figure 2.27: Comparison between a locally installed barometer at the SMIS and a
nearby (≈ 50 km) pressure record at Scott Base. Vertical gray lines correspond to
times of SAR data acquisition. Scatterplots are color-coded by point density.

Both atmospheric pressure records can be scaled individually and are subsequently re-
moved from the residual error, which greatly reduces uncertainty (top left panel in Fig.
2.28). This computation, however, assumes that pressure anomalies have an instanta-
neous effect on the vertical displacement as measured with GPS. In order to examine a
suspected dependency of the IBE correction on temporal smoothing of the underlying
pressure records, a suite of running means is applied to the Scott Base AWS record con-
sisting of various window sizes. The resulting IBE values for each window length are
then determined from the comparison of pressure anomalies and residual errors as de-
scribed above. The respective IBE values are subsequently used to scale the pressure
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Figure 2.28: Improvement of the residual error in GPS data by inclusion of the IBE.
The dependence of the IBE value on the used window-size for temporal smoothing of
pressure data and its resulting RMSE to GPS measurements.

anomalies. Lastly, the RMSE between these scaled pressure anomalies and the residual
error is calculated. A smaller RMSE corresponds hereby to an improvement. Between
zero and two days of temporal smoothing, the IBE correction worsens linearly by 2 cm
RMSE (top right panel in Fig. 2.28). This might be explained by the ’weather band’ with
characteristic frequencies ω of Antarctic weather systems of 0.03 < ω < 0.5 cycles per
day (Padman et al., 2003). The weather band signal at the SMIS is more likely towards the
upper limit of this range. However, the application of any running mean on the pressure
data generally worsens the fit to GPS measurements on the freely-floating ice shelf. For
this reason, the here derived IBE of -0.0101 m hPa−1 is chosen for further analysis at the
SMIS and use the literature value of -0.01 m hPa−1 at the Darwin Glacier, both with only
a temporal smoothing of 1 h of the underlying pressure records (as this is the temporal
resolution of tide models).

For the Darwin Glacier, the AWS station ’Marilyn’ provides the closest (≈ 120 km) per-
manent record of barometric pressure. The Marilyn record correlates well (R = +0.989
over a 14 d period) with a mean of seven barometers (Fig/ 2.29). Short-time variability
of its 10 min barometric record was smoothed using a 1 h running mean.
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Figure 2.29: Validation of the utilized AWS stations with barometric records. The IBE
calculation is explained in section 2.6.

2.6.2 Tide-model adjustment using DInSAR

Traditional tide modelling consists of a tide, load and IBE component and is used to
predict the tidal amplitude for the times of SAR data acquisition. However, this tidal
prediction is far from perfect and matching highly-accurate DInSAR measurements of
vertical displacement is a true exception. Mismatches between DInSAR and tide model
predictions are up to 0.4 m at the Darwin Glacier, where a suite of modern tide-models
not even agrees on the sign of the net tidal amplitude (circles in Fig. 2.30). If these
tide data is used to force the numerical models, a direct comparison of flexure-model
output with the 45 available DInSAR measurements of sub-centimetre accuracy would
be meaningless.

In contrast to the predicted net tidal amplitude, tide models agree within ≈ 0.2 m for
the tidal amplitude at the 12 times of SAR data acquisition (circles in Fig. 2.31). This
observation can be used to find the least adjustment of each tide model to match the 45
DInSAR measurements. However, as DInSAR itself is subject to noise in the individual
interferograms (due to spatially-variable phase coherence), the residual mismatch may
never be zero. These residual errors, in turn, can be minimized by finding the least-
squares adjustment at the 12 times of SAR data acquisition. After the adjustment the
average residual error is just 7 mm, which is within the known limits of radar phase
noise (crosses in Fig. 2.30).
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Figure 2.30: Comparison of predictions of traditional tide modelling with DInSAR
measurements of vertical displacement at the Darwin Glacier. DInSAR image IDs cor-
respond to the SAR image combinations used to calculate the double difference (for
example, 2123 = (1− 2)− (2− 3) = 1− 2− 2 + 3). Circles represent the mismatch
before adjustment of the tide models, crosses show the residual mismatch after adjust-
ment to DInSAR.

Figure 2.31: Tide-model output for times of SAR data acquisitions. Circles represent
the predictions before adjustment of the tide models, crosses show the predicted ver-
tical displacement after adjustment to DInSAR.

The adjustment is only valid if the location that is used to run the tide models can be as-
sumed to experience the full range of tidal motion as predicted from the tide models. This
assumption, in turn, can only be made with confidence if this location is in hydrostatic
equilibrium with the ocean. One way to validate hydrostatic equilibrium is to calculate
the difference between measured ice thickness and ice thickness derived from the inver-
sion of ice-shelf freeboard (Section 2.4). If their mismatch is zero (or close to zero), the
corresponding pixel is located in a freely-floating area and should experience the full
range of predicted tidal oscillation. The individual locations of tide model computation
at the SMIS and the Darwin Glacier are in areas where freeboard inversion replicates the
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measured ice thickness (Fig. 2.32). GPS receivers were deployed at these locations and
further analysis of their individual records supports this finding. DInSAR measurements
of the vertical displacement of the pixel containing the tide-model/freely-floating GPS
locations can therefore be used to adjust the tide-model output.

Figure 2.32: Validation of ice thickness from freeboard inversion using radar mea-
surements. Blue colors mark areas where the freeboard inversion over-estimates the
ice thickness, white areas correspond to freely-floating parts of the ice shelves. Note
a systematic over-estimation of ice thickness along both grounding lines. Validation
on the Southern McMurdo Ice Shelf with 25 MHz GPR (left) and using a network of
ApRES point measurements at the Darwin Glacier (right). Location of GPS stations
that are assumed to be in areas of local hydrostatic equilibrium with the ocean (red
triangles), array of seven tiltmeter along the centerline (orange rectangles).
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2.6.3 Unraveling of DInSAR to Single Tides

DInSAR imagery show vertical tidal displacement of ice shelves as a result of several
intertwined snapshots in time. Only the double-difference of three or four SAR images
is able to extract the tidal signal from the net interferometric phase. Interpretation of
DInSAR measurements is complex, as imagery display a mixture of several stages within
the tidal oscillation. Viscoelastic effects on the timing of the tidal flexure (Section 2.5),
geometric controls on the satellite measurement (Section A.1), crevassing at the ice-shelf
base (Section A.2) and grounding line migration between satellite overpasses (Section
A.3) are processes that currently complicate the correct interpretation of DInSAR. The
successful reconstruction of vertical ice-shelf displacement at the single times of SAR
data acquisition simplifies this interpretation and is now outlined.

For the SMIS, 12 TerraSAR-X scenes from three different satellite tracks were acquired
in 2014. These allowed for the generation of 9 highly-coherent DInSAR interferograms
by combining the SAR images in every possible combination (Fig. 2.34, Rack et al., 2017).
The SAR scenes for the Darwin Glacier were acquired in 2016 and share the same satellite
track. This allowed the generation of 45 separate DInSAR images (Section A.3).

With the available DInSAR imagery it is not only possible to adjust tide-model out-
put to match these satellite measurements, (Section 2.6.2), but also to generate a map of
average tide-deflecton ratio (α-map, Han and Lee, 2014). With the α-map and an ad-
justed tidal forcing at hand, the DInSAR images can now be unraveled into individual
maps of vertical displacement for the times of SAR data acquisition (’single tides’). As
this is a computationally expensive task, the least-squares routine is first solved on a
finite-element mesh and then interpolated back to SAR image resolution. For every mesh
node the double-differential vertical displacement is extracted directly from each DInSAR
interferogram. These values are then subtracted from the corresponding α-predictions
which themselves are the result of combining the adjusted tide forcing with the α-map
and SAR image combination matrix. These misfits, in turn, are a result of unique off-
sets at the individual times of SAR data acquisition times. Similar to the workflow to
adjusting the tide models, this linear system is solved simultaneuously by finding the
least-square combination of offsets that minimize the residual sum of misfits. For ev-
ery mesh node 12 discrete offsets result from this strategy. These offsets describe how
much an α-prediction would over-estimate the vertical displacement as measured with
DInSAR; they can therefore be removed from an α-prediction for the times of SAR data
acquisition. In order to minimize the effect of phase noise in the original DInSAR im-
agery, the resulting vertical displacements at the mesh nodes are interpolated back to
SAR resolution using a piecewise cubic, continuously differentiable, and approximately
curvature-minimizing polynomial surface. The procedure is sketched in Fig. 2.33 and
results in 12 smooth maps at the times of SAR data acquisition which have the least de-
viation of an α-prediction of average vertical displacement (Fig. 2.35).

It is now possible to perform any combination of the reconstructed maps of vertical
displacement at the times of SAR data acquisition. If the combinations of image triples
and quadruples corresponding to DInSAR are calculated, the least-square solutions can
be directly compared against the respective satellite measurements (Fig. 4.1). Their dif-
ferences are generally within interferogram noise (< 1 cm). Errors between ’modelled’
and ’observed’ double-differential interferograms can then be calculated for each pixel in
the SAR scene. The standard deviation of the errors within the pixel is then a proxy for
the quality of the fit; with a smaller standard deviation indicating a better fit.
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Figure 2.33: Processing chart of the presented workflow. Green boxes indicate appli-
cations, red boxes interim output and orange boxes required input for the workflow.
Blue boxes correspond to processing steps.
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Figure 2.34: DInSAR imagery of the SMIS: nine double-differential interferograms
were derived from twelve individual TerraSAR-X scenes.
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Figure 2.35: Reconstructed maps of vertical displacement at times of SAR data acqui-
sition.
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Thesis papers

“I have come to the conclusion that life in the Antarctic Regions can be very pleasant.”

– Robert Falcon Scott
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ABSTRACT. Grounding zones are vital to ice-sheet mass balance and its coupling to the global ocean cir-
culation. Processes here determine the mass discharge from the grounded ice sheet, to the floating ice
shelves. The response of this transition zone to tidal forcing has been described by both elastic and visco-
elastic models. Here we examine the validity of these models for grounding zone flexure over tidal time-
scales using field data from the Southern McMurdo Ice Shelf (78° 15′S, 167° 7′E). Observations of tidal
movement were carried out by simultaneous tiltmeter and GPS measurements along a profile across the
grounding zone. Finite-element simulations covering a 64 d period reveal that the viscoelastic model fits
best the observations using a Young’s modulus of 1.6 GPa and a viscosity of 1013.7 Pa s (≈ 50.1 TPa s). We
conclude that the elastic model is only well-constrained for tidal displacements>35% of the spring-tidal
amplitude using a Young’s modulus of 1.62 ± 0.69 GPa, but that a viscoelastic model is necessary to
adequately capture tidal bending at amplitudes below this threshold. In grounding zones where
bending stresses are greater than at the Southern McMurdo Ice Shelf or ice viscosity is lower, the thresh-
old would be even higher.

KEYWORDS: glaciological model experiments, ice shelves, ice/ocean interactions, ice rheology, remote
sensing

1. INTRODUCTION
The vast majority (74%) of Antarctica’s outer margins are con-
fined by freely-floating ice shelves and ice tongues
(Bindschadler and others, 2011). These areas are separated
from the ice sheets by grounding zones where the ice detaches
from the bedrock or sediment at its base. Mass flux from the ice
sheets, can be measured across this transition and depends on
a complex interaction of stresses (Schoof, 2007).

Thinning ice shelves (Pritchard and others, 2009, 2012)
reduce the amount of buttressing (Dupont and Alley, 2005)
and may lead to an enhanced ice discharge to the ocean
on a retro-grade bed (Gudmundsson, 2013). Recent decrease
in ice-shelf volume (Paolo and others, 2015) is attributed to
both atmospheric variability (Scambos and others, 2013)
and modified oceanic conditions (Dutrieux and others,
2014). The mass input from tributary ice streams to ice
shelves, combined with knowledge of accumulation on the
ice sheets, provides a basis for modelling the mass balance
behaviour of Antarctica (Rignot and Thomas, 2002).

Grounding zones extend between the landward limit of
ice flexure from tidal movement (Rignot, 1996; Rignot and
others, 2011) and the hydrostatic line at which ice begins
to oscillate with the full tidal amplitude (Fricker and others,
2009). The influence of oscillatory ocean tides on the
speed of the ice discharge has received considerable atten-
tion (Anandakrishnan and others, 2003; Bindschadler and
others, 2003; Gudmundsson, 2006; Murray and others,
2007; Wiens and others, 2008; Marsh and others, 2013;
Rosier and others, 2014, 2015).

This tidal deformation is produced by the imbalance
between cryostatic pressure on grounded ice and the

hydrostatic pressure at the adjacent ice shelf and has been
modelled as an elastic beam, resting on a horizontal elastic
foundation (Holdsworth, 1969; Vaughan, 1995). Their ana-
lytical 1-D approach has been expanded by Schmeltz and
others (2002) to cover the vertical displacement of a 2-D
elastic plate due to oceanic tides.

Elastic models of tidal deformation cannot match observa-
tions in different locations with a single value of the Young’s
modulus E without a reduction of the effective ice-shelf thick-
ness (Holdsworth, 1969, 1977; Lingle and others, 1981;
Stephenson, 1984; Vaughan, 1994). Vaughan (1995)
concluded from a variety of locations the effective Young’s
modulus E= 0.88 ± 0.35 GPa adequately describes tidal
bending. However, the analysis of SAR interferometry profiles
for Petermann Glacier, Greenland reveals E= 3.0 ± 0.2 GPa
(Rignot, 1996). This led to the physically unrealistic conclu-
sion that the Young’s modulus of ice oscillates over short
time periods – thus violating linear elastic theory (Schmeltz
and others, 2002). The variation has been ascribed to visco-
elastic effects resulting in a time delay between oceanic
forcing and ice-shelf response (Reeh and others, 2000).
Reeh and others (2003) suggested that tidal flexure might be
better described by a Burgers rheological model supported
by tiltmeter data from Nioghalvfjerdsfjorden, northeast
Greenland, while Gudmundsson (2011) suggests that a
Maxwell model may be equally suitable over tidal timescales.

In addition, there is a disagreement of an order of magni-
tude between field observations (E≈ 1.0 GPa) and laboratory
measurements using sound-wave propagation in isotropic
polycrystalline ice (E= 9.0 GPa) (Petrenko and Whitworth,
1999). The difference implies an instantaneous elastic
response followed by a time-dependent viscoelastic deform-
ation. Gudmundsson (2011) shows that this response to tidal
loading can be expressed by a Maxwell rheological model
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over tidal timescales, being essentially identical to the more
complicated Burgers material of Reeh and others (2003), with
E= 4.8 GPa and a Poisson’s ratio for ice of λ= 0.4.

Walker and others (2013) considered this rheological
model and improved on simple Euler–Bernoulli elastic
beam theory, providing a flexure profile dependent on tidal
stress history. Thus viscous damping modifies the timing of
ice flexure, while elastic deformation still dominates on
shorter timescales. Gudmundsson (2007) concluded a
purely elastic response on the Rutford Ice stream for tidal fre-
quencies between 1 h and 50 d. However, the viscous pro-
portion of the displacement is increasing nonlinearly with
ice temperature and shear stress. It is apparent that both
vary spatially across Antarctica and so it is necessary to
define the conditions when the elastic theory is suitable to
model tidal flexure.

We compare the well-known elastic solution to a pub-
lished viscoelastic model using high-resolution flexure
data, and explain the shortcomings in the elastic model
due to the absence of viscous damping effects. This is
achieved as follows: First we describe the two models and
the chosen boundary conditions. Second we present the
field data used for model validation. Third we conduct a thor-
ough sensitivity analysis reviewing the effect of a modified
flexural rigidity and viscosity on the shape and timing of
the ice-shelf response in comparison with field data.

2. TIDAL FLEXURE MODELS
We now model the ice-shelf system both elastically and vis-
coelastically as a 1-D semi-infinite slab of varying ice thick-
ness. Both models are derived from classic Euler–Bernoulli
beam theory assuming a large length to depth ratio.We imple-
ment a 25 km long profile, with 5 km up- and 20 km
downstream of the grounding line to eliminate possible
edge effects. The grounding line is assumed to be anchored
at x= 0 m, which represents its mean sea level position. The
floatingpart is supportedby thehydrostatic pressureunderneath
the ice shelf whereas the grounded part is resting on an elastic-
ally deforming foundation represented by a series of springs.

2.1. Elastic model
Following Holdsworth (1969), the vertical deflection of an
elastic beam with a variable flexural rigidity is described by
Walker and others (2013):

kw þ ∂2

∂x2
D

∂2

∂x2
w

� �
¼ q; ð1Þ

where x is the horizontal plane in the Cartesian coordinate
system and w(x, t) the model solution for vertical displace-
ment from the mean. The tidal forcing q(t) is given by

q ¼ ρswgðAðtÞ �wÞ; ð2Þ

withρsw= 1030 kg m−3 thedensityof seawater,g= 9.81 m s−2

the acceleration due to gravity and A(t) the time-dependent
tidal amplitude. We use the flexural rigidity D(x) of a thin
plate rather than that of an elastic beam given by (Love,
1906, p. 443):

D ¼ Eh3

12ð1� λ2Þ ≠ const: ð3Þ

Here, E is the Young’s modulus, h(x) is the ice thickness and
λ= 0.4 the Poisson’s ratio. While this is a 1-D model,
Poisson’s ratio is included to account for transverse deform-
ation due to longitudinal strain. At this point, we introduce
the two simplifying assumptions: (1) Spatial variation in flex-
ural rigidity is only a function of ice thickness, (2) Poisson’s
ratio can be fixed when exploring the range in values of
the other parameters. Therefore, the glaciological parameters
E and λ are constant along the profile. The effect of changing
Poisson’s ratio within the well-known plausible range of λ is
balanced by small changes in the Young’s modulus.
Hereafter, parameter uncertainty is discussed for E only
within the range of reported bounds. We build on earlier
work and use the value k= 5 MPa m−1 of the spring constant
derived by Walker and others (2013) to match observations
of Heinert and Riedel (2007) at Ekstroem Ice shelf,
Antarctica.

2.2. Viscoelastic model
Our viscoelastic model employs a Maxwell rheology, analo-
gous to a Newtonian damper and a Hookean spring in series,
and is based on the model of Walker and others (2013):
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where ν is ice viscosity. In this study we ignore ice inflow and
gravitational driving stress, which lead to unbounded
deformation at the ice shelf. This model of viscoelastic tidal
flexure incorporates the time derivative of the tidal forcing
(∂q/∂t). Its magnitude represents viscous damping effects
that cause a time delay of the ice-shelf response to the tidal
forcing. As with the other glaciological parameters, the vis-
cosity does not vary spatially across the model domain.
The viscous time delay shortens for increasing viscosity and
becomes zero in the theoretical limit (ν→∞) corresponding
to an instantaneous elastic response. We test viscosities
between 1013.6 and 1016.0 Pa s, where the floating point expo-
nent indicates a logarithmic distribution of the values due to
the high model sensitivity within relatively low viscosities.
We observe that the viscoelastic model for ν= 1016.0 Pa s
almost perfectly reproduces the elastic solution.

Both elastic and viscoelastic formulations have been split
up into two non-linear systems of partial differential equa-
tions. These systems are discretized implicitly in time and
numerically integrated using the commercial finite-element
software COMSOL Multiphysics. The grid resolution is 50 m,
creating a mesh composed of 501 nodes. Elastic model simula-
tions were performed with Young’s moduli in the range of
0.1≤ E≤ 9.0 GPa using 0.1 GPa steps. A coarser parameter
variation in Young’s moduli was used for the viscoelastic
model using 13 values distributed between 0.5 and 9.0 GPa.

The upstream end of the domain (x=−5 km) is rigidly
anchored to a tributary ice stream (w= 0, ∂2w/∂x2= 0),
while the downstream end (x= 20 km) rises and falls freely
with the tidal cycle (w=A(t), ∂w/∂x= 0). The grounding
line (x= 0 km) is represented by a fixed fulcrum (w= 0) to
investigate an inland transmitted signal of the tidal load
due to leverage of the ice shelf.
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3. FIELD VALIDATION ON THE SOUTHERN
MCMURDO ICE SHELF
Tidal flexure was measured across the grounding zone of the
Southern McMurdo Ice Shelf during the 2014/15 Antarctic
season (Fig. 1). At this field site in the western Ross Sea
region the ice is largely stagnant. We select a profile across
a straight part of the grounding zone to avoid any influence
of curved grounding lines on the tidal flexure pattern
(Marsh and others, 2014).

The first six field stations are separated by 500 m and are
equipped with high-precision tiltmeters.We installed RION
ACA826T dual axis sensors with full temperature compensa-
tion. These flexure measurements were continuously com-
plemented by differentially corrected GPS data at stations
two, four, six and seven to record the tidal signal at different
locations in the grounding zone. Additional data acquired for
the flexure analysis are snow and ice stratigraphy, basal ice
properties derived from radar as well as information on
snow morphology from snow pits and firn cores. Ice thickness
in this region was measured using a 25 MHz pulseEKKO PRO
Ground Penetrating Radar (GPR). The initial 3 m GPR trace
spacing has been interpolated using a cubic spline function
on a 50 m equidistant grid. The resulting first and last values
of the profile (200 and 203 m, respectively) are extrapolated
up- and downstream of the flexure region (Fig. 2).

The grounding line (x= 0 km) is placed at a fulcrum iden-
tified here from nine differential TerraSAR-X interferograms.
We observe an almost stagnant position as well as a steep
bedrock slope. This fixed grounding line is supported by
the analysis of Anandakrishnan and others (2007) showing
that tide-dependent grounding-line movement is small com-
pared with the flexural length scale of ice shelves in areas of
steep bedrock topography.

3.1. Tiltmeter measurements
We installed six tiltmeters across the grounding zone to
measure changing surface slope caused by oceanic tides.

Each sensor was mounted on a 1 m long aluminium pole
drilled into the ice surface and levelled using a mounted
spirit level. We recorded surface tilting at six locations over
a 64 d period with 1 min intervals starting on 20 November
2014. The tiltmeter dataset is detrended and interpreted
using the t_tide software (Pawlowicz and others, 2002).
Each location features a diurnal signal with a clear ∼14 d
spring-neap cycle. Station two exhibits the largest surface
slope variations (±0.02°), which become progressively
smaller towards the freely-floating ice shelf (Fig. 3c). We
placed one tiltmeter ∼100 m upstream of the grounding
line, which shows a diurnal tidal signal with amplitudes
close to the precision of the sensor. All model solutions for
vertical displacement are differentiated with respect to x, as
tiltmeters detect the time-dependent surface slope. The
root-mean-square-error (RMSE) between the modelled
flexure profile and the tiltmeter record can then be calculated
to assess model performance.

3.2. GPS measurements
GPS measurements along the profile provide the tidal ampli-
tude in the grounding zone at high temporal resolution. We
located four GPS receivers along our glaciological profile
(Fig. 2). The GPS at station seven is freely floating (located
∼4.4 km downstream of the grounding line) but operated
only over a period of 11 d because of technical difficulties.
In this period, we could extract the dominant K1 component
(23.93 h) with an amplitude of 0.27 ± 0.07 m and a corre-
sponding Greenwich phase of 201 ± 15° allowing us
to conclude that station six (2.4 km downstream of the
grounding line) oscillates synchronously (0.32 ± 0.01 m
and 207 ± 2°) and can also be assumed to be on the freely-
floating part of the ice shelf. This extends our record of
tidal amplitude from 11 d to a 75 d period starting on
9 November 2014 until 23 January 2015. The t_tide predic-
tion is used as input for both models (Fig. 3a, b). All GPS mea-
surements have been analysed with the t_tide software to
predict the relative phase lag. Also the long-term drift of the
sensors as well as short-term fluctuations could be removed
from the GPS measurements.

4. RESULTS
In this section we present the effects of changing the ice rhe-
ology on the modelled flexure curves by systematically
varying Young’s modulus and viscosity. Variations of E
have the largest effect on the flexural pattern for large tidal
displacements by changing the width of the flexure zone
(Fig. 4 upper panel). This is also seen in the migration of
the upstream limit of tidal flexure ‘hinge line’ (coloured
triangles in Fig. 4). In contrast, the ice viscosity affects the
shape of the flexural profile most strongly at steeply rising/
falling tides as the ice closest to the grounding line
experiences the most time delay relative to the displacement
on the freely-floating portion.

Downstream of the grounding line, beam stresses trans-
mitted from the grounded ice prevent the ice shelf from
freely floating. The imbalance leads to a region where the dis-
placement is greater than the tidal amplitude (Bindschadler
and others, 2011). In an elastic model this peak displacement
is 104% of the tidal forcing. Reducing the Young’s modulus
shifts the bulge towards the grounding line (Fig. 4 upper
panel). Downstream of the bulge, vertical displacement

Fig. 1. Landsat 8 imagery from 1 December 2015 of the Southern
McMurdo Ice Shelf, overlaid with a differential interferogram from
three TerraSAR-X scenes, acquired on 30 October 2014, 10
November 2014 and on 21 November 2014. The flexure zone is
determined by the dense band of DInSAR fringes. Each full colour
cycle corresponds to ∼3.1 cm of vertical displacement. (red) Locations
of field measurements, (black) the interferometric grounding line and
(arrows) the main ice-flow directions. Closeup shows positions of
tiltmeter and GPS sensors across the grounding zone.
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Fig. 2. Ice thickness transect along the field stations through the grounding zone recorded by GPR. The grounding line location and bedrock
topography underneath the grounded ice are indicated. Black arrows show possible locations of basal crevasses in the radargram. The 8 km
transect is part of the model domain used in this study.

a

b

c

d

e

Fig. 3. Time series of tidal motion during the first half of December 2014. (a) The tidal amplitude and (b) its time derivative, (c) detrended
surface tilt at six locations across the grounding zone, (d) calculated best-fit Young’s modulus for the elastic model determined by a
minimum RMSE to the tiltmeter measurements. (e) Bending stresses at the grounding line calculated from four values of the Young’s
modulus possibly exceeding the theoretical elastic limit of ±200 kPa.
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tends towards the tidal forcing. A 1 cm difference is chosen to
represent the onset of hydrostatic equilibrium (coloured
circles in Fig. 4).

In the viscoelastic model the shape of the flexure
profile depends not only on the tidal displacement but also
on its time derivative (Eqn. (4)). For a negative rising tide or
a positive falling tide, reducing the viscosity increases the
difference between the tidal amplitude and the peak
deflection and shifts its location further upstream (Fig. 4
lower panel). In the case of a negative falling tide or a positive
rising tide the difference between the tidal amplitude and
the peak deflection still increases but its location moves
downstream. As the magnitude of this effect depends on
the time derivative of the tidal forcing, it is largest at rapidly
changing tides – that is during the zero crossing of the tidal
oscillation.

4.1. Viscoelastic time delay
The Ross Sea is characterized by well pronounced diurnal
tides and weak semi-diurnal tides (Padman and others,
2003). In order to investigate the variation of vertical dis-
placement and flexural response with distance from the
grounding line, we compute a harmonic analysis of the
GPS and tiltmeter record using the t_tide software. We
compare these data to ten tidal components (K1, O1, Q1,
M2, S2, N2, K2, P1, Mf, MM) from the CATS tide model, cor-
rected for their tidal load (Padman and others, 2008). The
results reveal an increasing time delay from the freely-floating
ice shelf towards its grounded part upstream of the grounding
line (Fig. 5). Relative to the tidal amplitude from station six,
the dominant K1 component lags ∼40 min behind at station
two, 30 min at station three, 20 min at station four and 5 min

at station five. Time delays of a similar magnitude are observed
in the semi-diurnal components.

4.2. Temporal variability of Young’s modulus
As an elastic constant, Young’s modulus should not vary with
time. Nevertheless, the Young’s modulus, which fits best our
data requires modifying its value depending on the tidal
forcing. An increasing time delay towards the grounding
line causes an apparent shift in the peak displacement,
which is represented in the elastic model by gradually
reducing the Young’s modulus. Fitting the elastic model
to the tiltmeter data results in a sawtooth shape over each
12 h period (Fig. 3d).

Over the tiltmetervalidationperiod,we identifya skeweddis-
tribution of Young’s moduli with the major mode E≈ 1.6 GPa
(Fig. 6). The peak at the upper boundary of the investigated
parameter range (E= 9.0 GPa) is generated during the zero
crossing of the tidal wave and a result of an indetermined
elastic solution. To eliminate this artefact of our tuning strat-
egy, we apply a threshold of A � ±0:2 m corresponding to
35% of the maximum measured tidal amplitude (0.56 m).
This yields an elastic Young’s modulus of E= 1.62 ± 0.69
GPa over the remaining time period.

4.3. Viscous damping
To produce a more realistic representation of the flexure we fix
the Young’s modulus and viscosity in time. A minimum cumu-
lative RMSE corresponds to an over-all best fit. Over
the analysed parameter range, the viscoelastic model matches
best the tiltmeter record (Fig. 7). This confirms our Young’s
modulus of E= 1.6 GPa and reveals an ice viscosity of ν=
1013.7 Pa s that captures best the measured surface flexure.
Over the entire validation period and thus for all tidal ampli-
tudes, this parameter combination yields an overall cumulative
RMSEof 1.72° – close to the 1.58° resulting froma time-varying
elastic solution. For this reason, including viscous damping
effects in themodelling approach explains previously observed
unphysical variations in the elastic formulation.

Fig. 4. Model sensitivities to Young’s modulus (upper panel) and
viscosity (lower panel). Tidal flexure curves in the upper panel are
from the lowest recorded tide (−0.6 m on 23 December 2014
02:30:00). The close-up shows upstream bending on the grounded
ice due to a fixed fulcrum at the grounding line (black dot). The
locations where vertical deflections become <5 mm are marked
with coloured triangles. The onset of approximate hydrostatic
equilibrium is characterized by displacements within 1 cm of the
tidal amplitude and is marked with coloured circles. Tidal flexure
curves in the lower panel with E= 1.6 GPa are at the largest rising
tide (A=−0.07 m on 04 January 2015 06:30:00).

Fig. 5. Timelag of the GPS (upper panel) and tiltmeter (lower panel)
record behind the CATS model predictions. The respective signals
have been separated in diurnal (K1, O1, Q1) and semi-diurnal
(M2, S2, N2) tidal constituents.
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4.4. Temporal decomposition
While cumulative RMSE is a good indicator for overall model
performance we are also interested in model validity under
different tidal conditions. In 71% of the tiltmeter record
the viscoelastic model performs better than the elastic formu-
lation. This is especially the case around small tidal ampli-
tudes or in other words for steeply rising and falling tides
(Fig. 8). When ∂A/∂t is ≈0, the ice has sufficient time to
adapt to the applied tidal load and therefore both solutions
are almost identical at high and low tides.

The applicability of the elastic model is in theory controlled
by the prevailing bending stress at the grounding line.
Laboratory experiments yield a stress range of 20–200 kPa,
covering ice temperatures down to −50 °C, for the elastic
theory (Budd and Jacka, 1989). Bending stresses at the ground-
ing line are calculated by (Holdsworth, 1969; Hughes, 1977):

σ ¼ 3ρswgE
ð1� λ2Þhgl

 !1=2

AðtÞ: ð5Þ

For our location, hgl= 199.5 m at the grounding line. We cal-
culate tide-dependent bending stresses for 0.5≤ E≤ 3.0 GPa
and find that they might exceed the theoretical elastic limit
around the maximum tidal amplitude (Fig. 3e). Therefore, we
have tested the applicability of elastic theory as suggested by
Schmeltz and others (2002).

5. DISCUSSION
We analysed tidal bending using six tiltmeters across the
grounding zone of the Southern McMurdo Ice Shelf. The tilt-
meter record implies that a viscoelastic model with a Young’s
modulus of E= 1.6 GPa and an ice viscosity of ν= 1013.7 Pa s
can be used to predict tidal flexure for all times at this loca-
tion, thus including viscous damping effects. This confirms
the findings of Reeh and others (2000) that the general inclu-
sion of viscoelastic properties in model formulations is useful
to model tidal bending.

We attribute the observed time dependence of the
Young’s modulus to a systematic artefact of the representa-
tion of viscous damping in the elastic model. While this
effect is small during high/low tides, it leads to a violation

of the elastic approximation, which does not allow the
Young’s modulus to be constrained for small tidal displace-
ments when the rate of tidal change is large. In this location,
this is where tidal displacements are smaller than 0.2 m,
corresponding to 35% of the maximum observed tidal amp-
litude. The remaining 52% of the time series data are above
this threshold, yielding a mean value of the Young’s modulus
of E= 1.62 ± 0.69 GPa, which is close to the value obtained
from viscoelastic theory.

Other studies around Antarctica and Greenland used an
elastic model to derive a value for the Young’s modulus
from a single snapshot in time. These studies neglect the
potential for an apparent temporal variation in the Young’s
modulus caused by viscous damping effects, which are
likely also present at these other locations. The smaller the
relative tidal displacement, the higher the likely error in the
resulting Young’s modulus. Rignot (1996) finds a value of
E= 3.0 ± 0.2 GPa matches interferometry at Petermann
Glacier. Thecalculationhasbeenperformed for a tidal displace-
ment of 0.16 m – corresponding to 15% of the maximum tidal
amplitude of ∼ ± 1.1 m in northeast Greenland. In this case, an
elastic model is likely to overestimate the Young’s modulus.
Similarly, Schmeltz and others (2002) find E= 3.0 GPa at Pine
Island Glacier with a relative tidal displacement corresponding
to 35% of the spring-tidal amplitude in the Amundsen Sea
sector. The bending stresses at both locations exceeds the
elastic limit. In contrast, the Drygalski Ice Tongue (David
glacier) is much thicker at the grounding line with bending
stresses well within elastic theory. This is similar to the
Beardmore Glacier, where E= 1.5 ± 0.5 GPa best matches
interferometry with 65% relative tidal displacement (Marsh
and others, 2014). We suggest the elastic model is valid when
the derivative of the tidal wave is small and bending stresses
are <200 kPa at the grounding line. Our investigation points
to a well-pronounced viscoelastic flexural behaviour below
our suggested threshold of 35% relative tidal displacement.
The derivation of an elastic Young’s modulus from smaller
tidal displacements is not possible without capturing a visco-
elastic signal.

We suggest that this is valid at other grounding zones,
although ice temperature, firn compaction, tidal surface
cracks and basal crevassing reduce the effective ice thickness

Fig. 7. Individual model performance of the simulated parameter
combinations. The elastic solution is denoted in black, the
viscoelastic solution as colour-coded dots. Published values for
Young’s modulus in blue (Vaughan, 1995), magenta (Rignot,
1996), brown (Gudmundsson, 2011) and green vertical lines
(Petrenko and Whitworth, 1999).

Fig. 6. Distribution of the time-dependent Young’s modulus
determined by the elastic model as a function of the tidal
amplitude. Published values for Young’s modulus in blue
(Vaughan, 1995), magenta (Rignot, 1996), brown (Gudmundsson,
2011) and green vertical lines (Petrenko and Whitworth, 1999).

578 Wild and others: Viscosity and elasticity

49



and would therefore change the effective Young’s modulus (S.
H. R. Rosier, O. J. Marsh, W. Rack, G. H. Gudmundsson, C. T.
Wild and M. Ryan, in preparation). Two-dimensional effects
have also been shown to influence the width of the flexure
zone (Rabus and Lang, 2002).

6. CONCLUSION
An elastic and a viscoelastic model have been compared
with field observations for a range of plausible values of the
Young’s modulus and ice viscosity. The validation shows
that the utilization of a viscoelastic model to describe
tidal bending in the Southern McMurdo Ice Shelf region
is in general preferable to an elastic model. We found
that values of the Young’s modulus and the ice viscosity of
E= 1.6 GPa and ν= 1013.7 Pa s, respectively, fit best the
available tiltmeter data.

The simulations of temporal changes in tidal bending
reveal that systematic variations in Young’s modulus are
required to match tiltmeter observations using the elastic
approach. These can be explained by incorporating viscous
damping effects in the model. This might partly explain the
range of reported field derived values for the Young’s
modulus of ice, which have been mostly calculated for snap-
shots in time and neglect the temporal evolution of the
flexure pattern. If the elastic model is to be used, we
suggest a threshold of >35% of the spring-tidal amplitude
to derive the Young’s modulus.

The temporal decomposition reveals an almost elastic
flexural response at high or low tides despite a clear visco-
elastic signal dominating on falling or rising tides. An
inverse modelling approach to calculate ice thickness or
Young’s modulus should be possible with careful satellite
data acquisition.

Petermann Glacier and the Rutford Ice Stream show hori-
zontal ice dynamics as well as bending stresses at the
grounding line significantly beyond the theoretical elastic
limit. Both characteristics can be neglected at the almost
stagnant Southern McMurdo Ice Shelf with bending stresses
up to 270 kPa, but a similar study needs to be undertaken in
an area with comparable bending stresses and non-negligible
horizontal ice flow to confirm our findings. Complications
arising from complex grounding line geometries or fjord-
like embayments have also been exluded from this study.

Hence, the influence of grounding line configuration on
the tidal flexure pattern remains to be investigated.
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Unraveling InSAR Observed Antarctic
Ice-Shelf Flexure Using 2-D Elastic
and Viscoelastic Modeling
Christian T. Wild*, Oliver J. Marsh and Wolfgang Rack

Gateway Antarctica, University of Canterbury, Christchurch, New Zealand

Ice-shelf grounding zones link the Antarctic ice-sheets to the ocean. Differential

interferometric synthetic aperture radar (DInSAR) is commonly used to monitor

grounding-line locations, but also contains information on grounding-zone ice thickness,

ice properties and tidal conditions beneath the ice shelf. Here, we combine in-situ data

with numerical modeling of ice-shelf flexure to investigate 2-D controls on the tidal

bending pattern on the Southern McMurdo Ice Shelf. We validate our results with 9

double-differential TerraSAR-X interferograms. It is necessary to make adjustments to

the tidal forcing to directly compare observations with model output and we find that

when these adjustments are small (<1.5 cm) a viscoelastic model matches better, while

an elastic model is more robust overall. Within landward embayments, where lateral

stresses from surrounding protrusions damp the flexural response, a 2-D model captures

behavior that is missed in simple 1-D models. We conclude that improvements in current

tide models are required to allow for the full exploitation of DInSAR in grounding-zone

glaciology.

Keywords: grounding line, ice-shelf flexure, viscoelastic bending, 2-D finite element model, McMurdo Ice Shelf,

TerraSAR-X, CryoSat-2, interferometric SAR

1. INTRODUCTION

Grounding zones form the junction between grounded ice-sheets and floating ice-shelves. They link
the ice-sheets with the global ocean and are vulnerable to change (Gudmundsson, 2013). Oscillation
of ocean tides causes the ice in this region to bend which strongly influences temporal variations
in ice-mass discharge and affects the location of the grounding line, where the ice body comes
in direct contact with the ocean water. Understanding these short-term processes is necessary to
estimate the transmission of longitudinal stress gradients across the grounding line, which in turn
are important for calculating long-term ice-sheet mass balance and predicting future sea-level rise
with confidence.

Since Goldstein et al. (1993) successfully observed glacier motion from space at the Rutford Ice
Stream, Antarctica, interferometric synthetic aperture radar (InSAR) has become a widely used
tool in glaciology. This method determines surface displacement with centimeter accuracy and has
been applied to measure temporal and spatial variations of ice-flow velocities (Mouginot et al.,
2014; Minchew et al., 2017). In the grounding zone, satellite interferometry can identify horizontal
ice flow and vertical tidal deflection. The phase contribution of steady horizontal ice flow can be
removed by differencing the 2 InSAR signals (Rignot, 1996), leaving only vertical deflection due to
ocean tides. These 2 InSAR pairs can be a triple or quadruple image combination of 3 or 4 coherent
SAR images. This space-borne measurement is known as double-differential InSAR (DInSAR).

53



Wild et al. Modeling Bending of Ice-Shelf Flexure

While DInSAR is often used to delineate the grounding line
(Rignot et al., 2011) the flexure pattern also contains additional
information on ice-shelf thickness, material properties and ocean
tides at the snapshots of SAR data acquisition. In combination
with numerical modeling of grounding-zone flexure, DInSAR
has been used to estimate ice-thickness distribution (Schmeltz
et al., 2002; Marsh et al., 2014). Additionally, grounding-line
retreat over time can be monitored (Rignot, 1998; Sykes et al.,
2009; Rignot et al., 2014) as an indicator for the onset of
marine ice-sheet instability (Weertman, 1974; Schoof, 2007;
Durand et al., 2009). The main difficulty interpreting DInSAR is
that images originate from a combination of several snapshots
in time and do not display the vertical displacement for a
single tidal amplitude (Rignot et al., 2000). The derived flexure
pattern is a combination of multiple separate states of the tidal
oscillation. Theoretical considerations of tidal flexure indicate
that grounding-line curvature complicates the bending pattern
(Rabus and Lang, 2002). A 1-D beam model may therefore
be representative of grounding-line profiles across straight and
seaward protrusions (convex sections), but fails to predict
the vertical deflection within landward embayments (concave
sections) at the same spatial scale. This is a particular problem as a
large portion of ice is discharged through fjord-type embayments
around Antarctica.

In this manuscript, we carefully address the complex
interpretation of double-differential imagery and explore the
uncertainty of some of the applications outlined above. We
achieve this as follows: First we introduce the study area, the
available data set and methods used for the analysis. Second we
derive a suite of ice-thickness distributions across the Southern

FIGURE 1 | (Left) Ice-thickness distribution at the Southern McMurdo Ice Shelf: White contours show 5 m freeboard intervals based on CryoSat-2 radar altimetry,

corresponding to a change in ice thickness of 46.7 m. Note (in yellows) the relatively thick ice south of White Island and (in black) zero ice thickness in areas with

changing surface types. The red box delineates the area of GPR measurements for field validation. The black line encloses the grounding-zone area between the

grounding line (upstream) and the hydrostatic line (downstream). Surface classification in (I) freely-floating area, (II) grounding-zone area, and (III) grounded ice is based

on double-differential InSAR. The blue dot is placed at the firn core drillsite within the grounding-zone area. The red star in the insert marks the location of the study

area in the western Ross Sea region. (Right) The model domain, finite-element mesh and boundary conditions. The map background is a contrast-stretched Landsat

8 panchromatic imagery. The geographic projection is Antarctic Polar Stereographic with easting and northing coordinates shown in kilometers.

McMurdo Ice Shelf (SMIS) and adjust two tide models with
information stored in DInSAR. Third we numerically model
the ice-shelf bending using two different types of materials
to describe the behavior of ice. We then compare the model
solutions to nine double-differential TerraSAR-X interferograms
and make a statement about the applicability of both numerical
models.

2. STUDY AREA AND OBSERVATIONS

2.1. The Southern McMurdo Ice Shelf,
Antarctica
The study area is a small and almost stagnant ice shelf in the
western Ross Sea region (78◦15′ S, 167◦7′ E, Figure 1). The main
ice inflow into the SMIS originates from the accumulation areas
on the slopes of White Island, but is less than 10 m yr−1.
The grounding zone has a variety of configurations like
embayments and protrusions and is supported locally by an ice
rise. A dedicated field-survey was conducted in the ice-shelf
grounding zone during the 2014/15 Antarctic season, where we
collected tidal flexure measurements concurrent with satellite
data acquisitions.

2.2. Data Set and Processing
2.2.1. Satellite Data

The TerraSAR-X satellite operates in an 11 day repeat pass polar
orbit. Its SAR antenna (X-band 3.1 cm at 9.6 GHz) provides
high-quality radar images with up to 3 m spatial resolution and
a scene size of 30 × 50 km in StripMap imaging mode. We
derived 9 DInSAR images from 12 TerraSAR-X scenes between
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October and December 2014 and calculated surface displacement
caused by vertical ice deformation using the Gamma software
package (Werner et al., 2000). Figures in the Supplementary
Material (Figures S1–S3, top middle panels) show examples
for relative differential interferograms with each color cycle
(fringe) corresponding to about 2.2 cm vertical displacement.
The grounding and hydrostatic line, at which the ice oscillates
with the full tidal amplitude, were determined from these
interferograms and placed at the inward and seaward limits
of tidal fringes to ensure that all floating data is included in
the analysis. To determine ice thickness, we derived a Digital
Elevation Model (DEM) from 5 years (2011–2015) of CryoSat-
2 baseline-C data (section 3). As the satellite’s radar altimeter has
been shown to be sensitive to changes in surface type (Chuter
and Bamber, 2015), we filter each track by a moving window
of 9 consecutive measurements and remove the samples outside
1 standard deviation of the running mean. Additionally we
used the latest global combined gravity field model EIGEN-6C4
(Förste et al., 2014) which is a result of the GRACE and GOCE
satellite missions.

All data were reprojected and resampled onto a 50 m regular
Antarctic Polar Stereographic grid. We define easting in positive
x-direction, northing in y-direction and depth below surface in
z-direction of a Cartesian coordinate system (Figure 1).

2.2.2. Field Data

We measured ice thickness in the south of White Island with
a 25 MHz pulseEKKO Pro Ground Penetrating Radar (GPR).
Six tiltmeters along a transect across the grounding zone were
used to derive the rheological parameters for ice in a previous
study (Wild et al., 2017). We also installed a number of GPS
receivers to record horizontal and vertical ice movement due to
tidal bending processes (Rack et al., 2017). Here we use 75 d of
GPS data from the freely-floating part of the ice shelf to correct
for the Inverse Barometric Effect (IBE, Padman et al., 2003b).
Atmospheric pressure data originates from a nearby weather
station at Scott Base on Ross Island (linear distance ≈ 50 km),
which correlates well (R of +0.998) where it overlaps with our
64 d barometric record at SMIS. Two tide models are used to
predict the tidal oscillation at SMIS: (1) the circum-Antarctic tide
simulationmodel CATS2008a_opt (CATS) developed by Padman
et al. (2008), which is corrected for the deformation of the Earth’s
crust due to the water load by using TPXO6.2 load tide model
(Egbert and Erofeeva, 2002); (2) the t_tide prediction (Pawlowicz
et al., 2002) of a previously IBE corrected GPS record from the
freely-floating area of the SMIS.We restrict the analysis to these 2
records, as other global or regional Antarctic tide models include
the SMIS into their land mask.

3. ICE THICKNESS FROM FREEBOARD

Our GPR data set only covers parts of the SMIS with an atypical
straight grounding line. In order to investigate any presumed
2-D control of grounding-line shape on tidal flexure, we derive
ice thickness from freeboard to cover areas with grounding-line
configurations that are more representative for the Antarctic
coastline. We classify the study area into 3 categories: (I) the

freely-floating area bordered by the hydrostatic line which is
determined by the seaward limit of tidal flexure from DInSAR
(Fricker and Padman, 2006, accuracy within one sixth of a fringe),
(II) the ice-shelf grounding zone between the hydrostatic line and
the landward limit of tidal fringes (Rignot, 1996) and (III) the
grounded portion fully resting on land (Figure 1). We define the
location of these regions a priori from 9 DInSAR images.

At first, ice thickness distribution on the freely-floating ice
shelf is derived from CryoSat-2 measurements and hydrostatic
equilibrium principles. The CryoSat-2 DEM is translated from
surface elevations to freeboard by assuming that the mean sea
level underneath the ice shelf corresponds to the geoid model.
We neglect changes in sea-level height due to mean dynamic
topography as they are not directly measurable on the ice-
shelf surface (Griggs and Bamber, 2011). The relation between
freeboard zs and ice thickness H is:

H = (zs − 1z)
ρsw

ρsw − ρ̄
, (1)

and is determined by the firn correction factor 1z, the density of
sea water ρsw = 1, 027 kg m−3 and the mean density ρ̄ of the
ice column. For a solid iceberg 1z is zero and mean density is
equal to the density of pure ice ρice = 917 kg m−3; however, the
iceberg relation needs to be modified for an ice shelf with a layer
of firn at its surface. We use a firn core and GPR measurements
to estimate the correction 1z and find that accumulation and ice
thickness both increase non-linearly toward the grounding line.
The principles of hydrostatic equilibrium also break down in the
grounding zone (Bindschadler et al., 2011). We use 3 methods
to provide lower and upper limits of ice thickness in this area:
(1) a constant extrapolation of the freely-floating ice thickness
across the grounding zone, (2) a scaled extrapolation of the freely-
floating ice thickness across the grounding zone guided by GPR
measurements in our field area and (3) directly from freeboard in
the grounding zone with1z = 5.9m . Compared to the GPR data
these 3 methods produce errors of −7.4 ± 13.2 m, 2.4 ± 8.9 m
and 0.0 ± 12.4 m, respectively. Here we use method (3) which
corresponds to a percentage ice-thickness error of ±5.6 %, with
the largest errors along the grounding line, where the hydrostatic
equilibrium assumption breaks down.

4. TIDAL FORCING

Tidal load and atmospheric pressure variability both influence
ice-shelf surface elevation. An increase of 1 hPa in atmospheric
pressure causes an isostatic response of −1 cm on the freely-
floating ice shelf (Padman et al., 2003b). This signal is known as
the Inverse Barometric Effect (IBE) and needs to be accounted
for when predicting tidal amplitudes accurately. Even after the
IBE correction, the 2 tidal forcings do not perfectly match the
DInSAR observed tidal amplitudes on the freely-floating ice
shelf. These IBE corrected misfits are up to 14.6 cm for the
CATS and 10.3 cm for the t_tide record (Table 1), making a
direct comparison of the gradient of the modeled and satellite-
observed flexure pattern meaningless. It is therefore desirable
to derive a tidal forcing for the finite-element simulations that
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TABLE 1 | SAR combinations of 12 images (see Table 2) used to generate 9

double-differential interferograms.

ID: SAR

combination

ADInSAR ACATS At_tide µCATS µt_tide

1 −(3–6) + (9–12) 0.465 0.413 0.406 0.052 0.059

2 (4–7) − (7–10) 0.413 0.267 0.403 0.146 0.011

3 −(2–5) + (8–11) 0.374 0.386 0.417 −0.012 −0.043

4 (5–8) − (8–11) 0.009 0.013 0.079 −0.003 −0.069

5 (1–4) − (4–7) −0.089 0.011 −0.163 −0.100 0.073

6 (6–9) − (9–12) −0.188 −0.118 −0.086 −0.070 −0.103

7 (3–6) − (6–9) −0.276 −0.294 −0.319 0.018 0.044

8 −(1–4) + (7–10) −0.327 −0.278 −0.239 −0.049 −0.087

9 (2–5) − (5–8) −0.386 −0.398 −0.496 0.012 0.110

Vertical displacements (A in m) at the freely-floating ice shelf as modeled by 2 tide models

and their misfit (µ in m) to DInSAR observations.

reproduces the DInSAR observations on the freely-floating ice
shelf. This new tidal forcing must preserve the phase information
about the tidal constituents gained from harmonic analysis of
GPS data, and require minimal data intervention. We calculate
the 9 original misfits, µ, between the double-differential tidal
predictions and the DInSAR observations. These misfits result
from the combination of individual offsets, θ , between the
modeled and observed tides at each SAR data acquisition. The
system is solved for all 9 double-differential interferograms
simultaneously by finding the least-squares combination of
offsets that result in zero net misfit. A continuous adjustment
function is interpolated between these discrete offsets using a
cubic spline function and then added to the tidal prediction
(Figure 2). This adjustment corresponds to 2.1 ± 2.3 cm for the
CATS tide model and 0.4 ± 2.3 cm for the t_tide prediction
(Table 2).

Although both tide models now perfectly match the DInSAR
observations on the freely-floating area, they differ in the timing
of the applied tidal forcing. Harmonic analysis of our GPS data
suggests that the phase of the CATS model is leading the t_tide
model (Wild et al., 2017). This is reflected in the temporal
evolution of the difference between the tide records (red curve in
Figure 2), which varies by ±8.8 cm. Similarly, the absolute tidal
range of the CATS record (1.07 m) is smaller than for the t_tide
record (1.24 m). This implies that the tides within the t_tide data
set are changing more rapidly (0.166 m h−1) than expected from
the CATS record (0.136 m h−1).

5. NUMERICAL MODELING OF TIDAL
ICE-SHELF FLEXURE

The vertical displacement of an ice shelf due to ocean tides is
described by 2 finite-element models. Both models are separated
at the grounding line into grounded and floating portions.
The grounded part is resting on an elastically deforming bed
expressed by a series of springs, the floating portion experiences
the hydrostatic pressure from the ocean underneath. First we
introduce the well-known elastic theory (Holdsworth, 1969;

Vaughan, 1995; Schmeltz et al., 2002) as formulated by Walker
et al. (2013):

kw+ ∇
2(D∇2w) = q, (2)

where w(t) is the vertical deflection of the neutral layer in a plate,
∇2 is the Laplace operator in 2-D space and k = 5 MPa m−1 a
spring constant of the foundation which is zero for the floating
part. The applied tidal force q(t) is defined by:

q = ρswg(A(t)− w), (3)

with g = 9.81 m s−2 the gravitational acceleration and A(t) the
tidal amplitude given by the adjusted tide records. The resistance
offered by the ice shelf while undergoing tidal bending is given by
Love (1906, p. 443):

D =
EH3

12(1− λ2)
, (4)

where E = 1.6 GPa is the Young’s modulus for ice, H(x, y) the
ice thickness distribution and λ = 0.4 the Poisson’s ratio. We
compare the elastic model with the more realistic viscoelastic
approach developed by Walker et al. (2013):

∂

∂t

(

kw+ ∇
2
(

D∇2w
))

+
Ek

2ν(1− λ2)
w =

∂

∂t
q+

E

2ν(1− λ2)
q,

(5)
where the rheological parameters E = 1.6 GPa and the value
for viscosity ν = 50.1 TPa s are predetermined from tiltmeter
data (Wild et al., 2017). We implement the following boundary
conditions for both models (Figure 1): the upstream boundary
of the model domain of the grounded portion is anchored
rigidly (w = 0,∇2w = 0), the downstream boundary of the
freely-floating ice shelf is equal to the tidal oscillation (w =

A(t),∇w = 0) and the grounding line is represented by a fulcrum
(w = 0). Both models are implemented in the finite-element
software COMSOL Multiphysics. The models are discretized in
space using a mesh of 44,853 triangular elements leading to an
average mesh size of 585 m and numerically integrated with a
fully implicit time stepping method (backward differentiation
formula). Strict time steps are taken by the MUMPS numerical
solver to minimize errors induced by the temporal discretization.

These numerical models of tidal flexure calculate vertical
displacements w(x, y) for the neutral layer half-way down the ice
column. Here, longitudinal stresses are generally zero and neither
compressional (δx, δy < 0) nor tensional strains (δx, δy > 0)
are present. Tidal flexure, in turn, is generally measured on
the surface of ice shelves using either in-situ data from GPS
(Vaughan, 1994), and tiltmeters (Smith, 1991; Reeh et al., 2003),
or SAR imagery (Rignot et al., 2011). A direct comparison
between model solutions and any surface observation is thus
spuriously assuming that displacement at the surface is the same
as at the neutral layer (Schmeltz et al., 2002; Reeh et al., 2003; Han
and Lee, 2014). We build on earlier work by Rack et al. (2017)
but assume that curvature is directly proportional to the bending
moment, because the slope of the neutral layer is small compared
with the flexural length scale. This approximation allows us to
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FIGURE 2 | The tidal oscillation as predicted by (Top) a regional tide model of the circum-Antarctic ocean and (Bottom) a harmonic analysis of GPS data from the

freely-floating area. The raw model forecasts are both adjusted to match DInSAR observations using a least-squares fitting technique as explained in section 4. The

(Center) red line shows the differences between the adjusted tide predictions. Gray vertical lines coincide with times of SAR data acquisitions. Values for the prevailing

tidal amplitudes and their adjustment at these times are given in Table 2.

integrate the horizontal surface strain components, δx and δy,
to yield a straightforward equation for the additional horizontal
motion (Be, hereafter “bending effect”):

∫

x
δx dx = Bex =

H

2
w′
x

∫

y
δy dy = Bey =

H

2
w′
y.

(6)

Here, H/2 is the distance to the neutral layer to be in accordance
with classic Euler–Bernoulli beam theory and w′

x and w′
y are

the first spatial derivatives of vertical deflection of the neutral
layer. As SAR sensors are sensitive to displacement in line of
sight (look direction), we rotate the coordinate system from
longitude/latitude to radar look direction for each SAR image
(satellite imaging geometries are given in Table 2). This converts
the horizontal components Bex and Bey to apparent vertical

motion as captured with DInSAR. We then add this component
onto all model output for vertical deflection of the neutral layer
to match the observations seen with DInSAR.

6. RESULTS

We now compare the satellite observations to the model
solutions. First, we assess any control of curved grounding lines
on tidal flexure. Second, we investigate differences between elastic
and viscoelastic models. Third, we analyze the quality of the tide
models and their potential to affect our flexure model results.

6.1. Two-Dimensional Controls on Tidal
Flexure
The overall model performance is characterized by the standard
deviation of the differences between the DInSAR observations of
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TABLE 2 | SAR images used in this study and the prevailing satellite geometries at times of data acquisition (the flight direction is from North, the incidence angle is from

the surface normal).

SAR: Date, time (UTC) Flight, incidence (◦) ACATS At_tide ȦCATS Ȧt_tide θCATS θt_tide

1 25/10/14, 12:31:32 275.4, 44.5 0.309 0.296 0.020 0.059 −0.000 0.025

2 28/10/14, 13:14:05 265.0, 44.6 0.207 0.186 0.066 0.118 −0.003 −0.003

3 30/10/14, 14:13:39 250.1, 39.3 0.126 0.138 0.079 0.124 −0.009 −0.008

4 05/11/14, 12:31:32 275.4, 44.5 0.176 0.159 −0.036 −0.003 0.025 −0.031

5 08/11/14, 13:14:15 265.0, 44.6 0.373 0.365 0.002 0.039 −0.008 −0.049

6 10/11/14, 14:13:49 250.1, 39.3 0.369 0.387 0.026 0.053 −0.000 −0.007

7 16/11/14, 12:31:32 275.4, 44.5 −0.044 −0.066 0.009 0.022 −0.049 −0.012

8 19/11/14, 13:14:15 265.0, 44.6 0.154 0.158 −0.034 −0.023 −0.000 0.014

9 21/11/14, 14:13:49 250.1, 39.3 0.335 0.361 −0.045 −0.031 0.026 0.037

10 27/11/14, 12:31:32 275.4, 44.5 0.149 0.122 0.089 0.118 0.024 0.018

11 30/11/14, 13:14:04 265.0, 44.6 −0.056 −0.039 0.034 0.045 0.003 0.007

12 02/12/14, 14:13:39 250.1, 39.3 0.114 0.145 −0.013 −0.022 −0.017 −0.022

Model predictions for the tidal amplitude (A in m), the rate of tidal change (Ȧ = dA/dt in m h−1) and the corresponding offsets (θ in m) to match the DInSAR observations as explained

in section 4.

vertical displacement and the flexure model output. A relatively
large standard deviation originates from a poor model fit.

The elastic model (Equation 2) is forced only by the value
of the net tidal amplitude. The misfit between the elastic model
and the DInSAR is generally within 1 fringe in the grounding
zone with a mean standard deviation of 2.19 cm (Figure 3) Areas
where the standard deviation exceeds this value are evidence of
ice heterogeneity, e.g., the Ross Ice-Shelf Shear Zone or around
the Edgar Ice Rise. The viscoelastic model, in turn, incorporates
the time derivative of the tidal forcing (Equation 5). It therefore
captures the different behavior between the smoothly oscillating
CATS record and the more rapidly changing t_tide model. The
viscoelastic CATSmodel matches our satellite data set better than
the viscoelastic t_tide model as the standard deviation is smaller
within the grounding zone (mean standard deviations of 2.24 and
2.62 cm, respectively, Figure 4).

All combinations of flexure and tide models fit equally
well along straight parts of the grounding line and seaward
protrusions but exhibit the largest standard deviations at
locations within landward embayments of the grounding line.
Changing λ has a negligible effect within embayments with best
results for λ = 0.4, as defined initially. Varying ice thickness
within the specified bounds (section 3) produces the same pattern
in variation of standard deviation, but of larger magnitude. We
therefore restrict further analysis to the ice thickness map of
Figure 1 that assumes hydrostatic equilibrium in the grounding
zone as it presents the overall smallest standard deviation.

To further investigatemodel performance within embayments
we define a transect across the grounding zone. This profile
begins on the grounded ice, then runs through the peak error
located within the embayment between White and Black Island
and ends on the freely-floating part of the SMIS.We perform 1-D
elastic and viscoelastic simulations using the same ice thickness,
forcings and corrections as for the 2-D simulations. These flexure
curves act as “control runs” for 2-D effects as they are not
influenced by the shape of the grounding line (Figure 5).

FIGURE 3 | Pixel-based standard deviation between the elastic model

solution for 9 DInSAR observations. The blue line shows the location of the

elastic transects shown in Figure 5.

6.2. Tide-Model Quality
As ice is a viscoelastic material (Reeh et al., 2000, 2003;
Gudmundsson, 2011), a viscoelastic model should generally
improve the elastic model fit. However, our analysis reveals that
in the case of an inaccurate tide model elastic theory is preferable
overall to describe the DInSAR observations, due to its simplicity.

The differences between the elastic and viscoelastic models are
largest around relatively small tidal amplitudes, when tides are
steeply rising or falling. This is expected as the rate of tidal change
has a strong impact on the viscoelastic model (Wild et al., 2017).
To investigate the effect of tidal conditions during SAR data
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FIGURE 4 | Pixel based standard deviation between the viscoelastic model solutions for 9 DInSAR observations, (Left) using the adjusted CATS tide model and

(Right) the adjusted t_tide forecast. The green and magenta lines show the location of the viscoelastic transects shown in Figure 5 for the CATS and t_tide

predictions, respectively.

acquisition we more closely examine three individual DInSAR
combinations.

DInSAR-2 results in a relatively large net displacement
(41.3 cm, Table 1), although all 3 SAR images are acquired
at relatively small tidal amplitudes (SAR 4-7-10 in Table 2).
For this reason, the viscoelastic model is expected to largely
improve the elastic fit (Wild et al., 2017). This is supported by
the viscoelastic model using the adjusted t_tide record which
almost perfectly reproduces the DInSAR observation (Figure 5,
top and Figure S1). Here, only a small misfit to the t_tide forecast
(1.1 cm, Table 1) results in a good match with DInSAR. The
CATS forecast, in turn, shows a large misfit (14.6 cm, Table 1).
This misfit introduces uncertainty in the rate of change of the tide
increasing the error in the viscoelastic model. In this case there is
no obvious improvement over the elastic model.

DInSAR-4 features the smallest net tidal displacement (0.9 cm,
Table 1), with SAR data acquisitions during one large and two
relatively small tidal amplitudes when the rate of tidal changes
are high (SAR 5-8-11 inTable 2). Viscoelastic effects are therefore
most likely to be observed in this DInSAR measurement.
Nevertheless, the elastic model at first seems preferable across
the SMIS (Figure S2). As the net tidal displacement is positive,
the elastic solution is characterized by seaward upward bending.
In contrast, the viscoelastic model reproduces the general s-
shaped flexure curve as observed withDInSAR (Figure 5, center).
Although this pattern is captured by the viscoelastic models, its
amplitude is overestimated and worsens from the 1-D control
runs to the 2-D simulations. Here, the CATS forcing required
the least net adjustment (−0.3 cm) whereas the t_tide record was
heavily modified (−6.9 cm) to match the DInSAR observation.
The effects of this adjustment are evident (Figure 5, center).

DInSAR-9 features the largest negative net displacement
(−38.6 cm) and is a combination of two large and one small tidal

displacement (SAR 2-5-8 in Table 2). SAR images 2 and 8 are
both acquired during steeply rising and falling tides, respectively.
In this case, the CATS forecast requires a much smaller overall
tidal adjustment (1.2 cm) than t_tide (11.0 cm). Since there is
almost no adjustment for the CATS model, it is expected that
there will be a good fit (Figure 5, bottom and Figure S3).

We rationalize that the theoretical superiority of the
viscoelastic model over elastic approximation is only
valid, when the tide model output requires minimal
adjustment. For net adjustments (i.e., misfits µ) smaller
than ≈ 1.5 cm, the viscoelastic model outputs result in a smaller
root-mean-square-error in the grounding-zone areas than elastic
model output (Figure 6). Differences between the two flexure
models are increasing for larger net adjustments (> 4.0 cm) and
the viscoelastic model performance becomes more variable.

7. DISCUSSION

7.1. Evaluation of Tide Models
In order to directly compare satellite measurements to model
solutions, tidal forcings need to perfectly match the observed
vertical displacements on the freely-floating part of an ice-shelf.
Centimeter-scale adjustments are currently necessary which
not only modify the tidal amplitudes at times of SAR data
acquisitions, but also alter the rate of tidal change. As the
viscoelastic model incorporates the time derivative of the tidal
forcing, it captures the adverse consequences of this adjustment.
The elastic model in turn, is only dependent on the prevailing
tidal amplitude and ignores any information on the tidal stage.
Therefore, the elastic modeling approach performs better with
an inaccurate tidal forcing when directly compared to DInSAR
measurements. Despite this, the viscoelastic model is preferable
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FIGURE 5 | Transects as shown in Figure 4, (Left) using the CATS forcing and (Right) the t_tide model. Ice-shelf flexure curves for (Top) a positive net tidal

amplitude, (Center) almost zero net tidal amplitude and (Bottom) a negative net tidal amplitude. The black lines show the highly-accurate DInSAR observations, solid

lines originate from transects through 2-D model results and dashed lines from 1-D simulations along this transect.

when the tidal forcing does not require significant adjustment
(< 1.5 cm).

Inaccuracies in the tidal forcing can be a consequence of
(1) the quality of the tide model, (2) the IBE correction, or
(3) a combination of both. Current Antarctic tide models are
estimated to be accurate within a root-mean-square deviation of

10 cm around the Ross Sea (Padman et al., 2002). These errors
are a result of insufficient bathymetric measurements underneath
ice shelves, inaccuracies in grounding-line locations and the
scarcity of tide-model assimilation data around Antarctica (King
and Padman, 2005). The IBE correction reduces the standard
deviation of the residual error for the CATS prediction from
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FIGURE 6 | The difference between elastic and viscoelastic

root-mean-square-errors within the grounding-zone areas as a function of the

net adjustment (misfits) of the utilized tide model. A positive difference

corresponds to an improvement of viscoelastic theory over the elastic

approximation.

7.9 to 5.8 cm and from 8.9 to 7.0 cm for the t_tide prediction
over a 75 d period of GPS data. However, this correction is
developed for long time-scales and freely-floating ice shelves far
away from the grounding line and shear margins (Padman et al.,
2003b). The shallow sea under the SMIS is likely to alter the
ocean’s response to pressure fluctuations, because coastal effects
cannot be excluded. Harmonic analysis of these residual errors
shows: (1) the CATS model only captures diurnal (O1, K1, NO1,
J1) and semi-diurnal (S2, N2, M2, L2) tidal constituents within
centimeter accuracy, (2) the t_tide forecast reproduces these
short-period components down to millimeter accuracy, but only
captures the amplitudes of the long-period signals (MM,MSF) to
within centimeters.

Even a perfect tide model can theoretically only match
DInSAR measurements within its own accuracy. Rignot et al.
(2011) obtained a detectable InSAR signal above noise within less
than 1 cm vertical deflection. We therefore consider the DInSAR
measurement as the absolute truth as it is one to two orders of
magnitude more accurate than the CATS tide model (Rack et al.,
2017). DInSAR-4, using the adjusted CATS forcing, appears to
be a special case in that the net displacement is almost zero.
Although the s-shaped bending pattern was generally captured by
viscoelastic models, its magnitude was overestimated leading to
smaller errors with the elastic approach. Despite the larger errors,
the viscoelastic model better represents the physics of ice-shelf
flexure. The larger errors, in turn, are probably due to tide model
inaccuracies and/or consequences of ice heterogeneity across the
SMIS.

A logical step further is to perform a similar analysis for a
suite of tide models. Han and Lee (2014) investigated two global
tide models: TPXO7.1 (Egbert and Erofeeva, 2002) and FES2004
(Lyard et al., 2006), and two regional Antarctic tide models:
CATS2008a (Padman et al., 2002, 2008) and Ross_Inv (Padman

et al., 2003a). The authors used linear regression analysis and
found that Ross_Inv performed best when compared to DInSAR
data on the freely-floating portion of the Campbell Glacier
Tongue. Unfortunately, these tide models do not include the
SMIS.

7.2. Variability in Ice Rheology
In this study, it is assumed that variation in flexural rigidity
is only a function of ice thickness distribution. Ice is an
inhomogeneous material which experiences spatial variations in
its rheological properties. Similarly, ice stiffness and viscosity
are affected by the thermal regime of the ice shelf, with ice
temperature at the base equal to the freezing point of seawater
and surface conditions varying with surface climate and ice
dynamics (Cuffey and Paterson, 2010). Larour et al. (2005) used
a map of surface velocity from Radarsat-1 interferometry to
derive rigidity and ice viscosity variation over the Ronne Ice
Shelf, although the observed stiffness variability is larger than
expected from surface temperatures alone. Additionally, density
variations with depth and crevassing can lead to large changes in
ice rheology (Rosier et al., 2017). These reduce the ice stiffness
and explain why modeled standard deviations in the grounding
zone increase toward the east, where advection of basal crevasses
originating from the Ross Ice-Shelf Shear Zone is expected. Basal
crevassing is also expected around the Edgar Ice Rise, but our
derived ice thickness is likely underestimated there (Figure 1, left
panel), which further complicates the interpretation of modeled
standard deviations in this area.

7.3. Uncertainties in Ice Thickness
Our freeboard to thickness conversion neglects effects of basal
refreezing under the ice shelf which may alter the resulting
freeboard. Marine ice is present in the western and southern parts
of the SMIS (Fitzsimons et al., 2012), but wasn’t detected within
the area of our field survey. The model domain does include
surface ablation areas and we may therefore overestimate ice
thickness in areas of blue ice. Similarly, basal crevassing has been
observed around the ice rise (Clifford, 2006) and toward the shear
zone with the Ross Ice Shelf (Ryan, 2016). Ice fracture reduces
the effective ice thickness in these areas and may cause the high
standard deviations of model misfits.

7.4. Two-Dimensional Controls During
Small Tidal Deflections
Along straight sections and seaward protrusions of the grounding
line, 1-D simulations of tidal flexure yield very similar results
to 2-D flexure models (not shown here). In contrast, 2-
D simulations largely improve the match to DInSAR within
landward embayments, especially for large net displacements
(Figure 5, top and bottom panels). For small tidal displacements
the 1-D model seems to perform better at first, but fails
to reproduce the flexure pattern as observed with DInSAR
(Figure 5, center panels). Therefore, a viscoelastic model is
necessary to describe the physics of ice-shelf flexure for small
tidal displacements. We notice that the value of viscosity has
a larger effect in 2-D models than in 1-D models, where
the floating ice within the embayment is supported by the

Frontiers in Earth Science | www.frontiersin.org 9 April 2018 | Volume 6 | Article 28

61



Wild et al. Modeling Bending of Ice-Shelf Flexure

surrounding ice. Along our transect this is most distinctly
noticeable within 1.5 km of the grounding line and for small
tidal deflections (Figure 5, center panels). Additionally, all our
viscoelastic models overestimate the s-shaped flexure curve as
measured with DInSAR. This points to a slightly higher value for
ice viscosity than the one we derived from tiltmeter data earlier
(Wild et al., 2017).

8. CONCLUSION

Here we show that tidal flexure patterns in grounding zones
observed using DInSAR can be reproduced within a few
centimeters using finite-element modeling. We find that model
misfits are generally largest within landward embayments of the
grounding line, where the support of neighboring ice dampens
the vertical flexure. When comparing an elastic and a viscoelastic
model, we find that the quality of input data is crucial in
determining which model should be used. Viscoelastic models
are superior, particularly in landward embayments or when tidal
amplitudes are low. Unfortunately they are also much more
sensitive to errors in tidal forcing, as they rely on the rate of
change of the tide. Here we use two tide models, validated by GPS
data and find that centimeter-scale adjustments are necessary to
match DInSAR observations on the SMIS. These adjustments
fail to correct for any errors in the rate of tidal change, which
impacts the output from viscoelastic models. A logical further
step is to investigate the performance of various tide models to
force grounding-zone flexure in areas where a suite of tidemodels
are available.

It is worth mentioning that our 75 d record of high-
resolution GPS measurements improves the CATS forecast for
short-period tidal constituents but is too short to sufficiently
capture long-period tidal components. A longer time series
of GPS measurements (>1 year) is necessary to extract the
tidal constituents to develop a tide model matching DInSAR
accuracy. This finding underlines the need for ongoing, long-
term field observations to support the full interpretation of
DInSAR measurements – an inevitable tool in grounding zone
glaciology.
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Supplementary Material:
Unravelling InSAR observed Antarctic ice-shelf
flexure using 2-D elastic and viscoelastic modelling

1 SUPPLEMENTARY FIGURE 1

Figure S1: Example for an improved model fit using a viscoelastic formulation and the t tide record.
Comparison between the 2 numerical models and 1 DInSAR observation (ID 2 in Table 1). The black
cross is the location of CATS tide model simulations and the red dot marks the location where tidal
components were extracted from a GPS station. (Top left/right) The elastic/viscoelastic model solution
using the adjusted t tide forcing, (top center) the space-borne observation using TerraSAR-X data. The
dense band of interferometric fringes along the coastline defines the grounding-zone between the grounding
and hydrostatic line. Each fringe corresponds to 2.2 cm of vertical displacement due to ocean tides. Note the
amplified signal within landward embayments which is absent in seaward protrusions. (Bottom left/right)
the deviations of the elastic/viscoelastic model of the satellite data and (bottom center) the difference
between the models. Transects are color-coded to match Fig. 5.

1

64



Supplementary Material:
Unravelling InSAR observed Antarctic ice-shelf
flexure using 2-D elastic and viscoelastic modelling

1 SUPPLEMENTARY FIGURE 2

Figure S2: Example for the viscoelastic model reproducing the s-shaped flexure curve, but a more
robust elastic solution for the CATS model. Comparison between the 2 numerical models and 1 DInSAR
observation (ID 4 in Table 1). The black cross is the location of CATS tide model simulations and the
red dot marks the location where tidal components were extracted from a GPS station. (Top left/right)
The elastic/viscoelastic model solution using the adjusted CATS forcing, (top center) the space-borne
observation using TerraSAR-X data. Each fringe corresponds to 2.2 cm of vertical displacement due to
ocean tides. (Bottom left/right) the deviations of the elastic/viscoelastic model of the satellite data and
(bottom center) the difference between the models.
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Supplementary Material:
Unravelling InSAR observed Antarctic ice-shelf
flexure using 2-D elastic and viscoelastic modelling

1 SUPPLEMENTARY FIGURE 3

Figure S3: Example for the viscoelastic model overestimating the tidal bending using the heavily adjusted
t tide model. Comparison between the 2 numerical models and 1 DInSAR observation (ID 9 in Table
1). The black cross is the location of CATS tide model simulations and the red dot marks the location
where tidal components were extracted from a GPS station. (Top left/right) The elastic/viscoelastic model
solution using the adjusted CATS forcing, (top center) the space-borne observation using TerraSAR-X
data. The dense band of interferometric fringes along the coastline defines the grounding-zone between
the grounding and hydrostatic line. Each fringe corresponds to 2.2 cm of vertical displacement due to
ocean tides. Note the amplified signal within landward embayments which is absent in seaward protrusions.
(Bottom left/right) the deviations of the elastic/viscoelastic model of the satellite data and (bottom center)
the difference between the models.
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Abstract. Differential interferometric synthetic aperture radar (DInSAR) is an essential tool for detecting ice-sheet motion

near Antarctica’s oceanic margin. These space-borne measurements have been used extensively in the past to map the location

and retreat of ice-shelf grounding lines as an indicator for the onset of marine ice-sheet instability and to calculate the mass

balance of ice sheets and individual catchments. The main difficulty in interpreting DInSAR is that images originate from a

combination of several SAR images and do not indicate instantaneous ice deflection at the time of satellite data acquisition.5

Here, we combine the sub-centimetre accuracy and spatial benefits of DInSAR with the temporal benefits of tide models

to infer the spatiotemporal dynamics of ice-ocean interaction during the times of satellite overpasses. We demonstrate the

potential of this synergy with TerraSAR-X data from the almost stagnant Southern McMurdo Ice Shelf. We then validate

our algorithm with GPS data from the fast-flowing Darwin Glacier, draining the Antarctic Plateau through the Transantarctic

Mountains into the Ross Sea. We are able to match DInSAR derived vertical displacements to 7 mm; generally improve10

traditional tide model output by up to -39% from 10.8 cm to 6.7 cm RMSE against GPS data from areas where ice is in

local hydrostatic equilibrium with the ocean; and up to -74% from 21.4 cm to 5.6 cm RMSE against GPS data in feature-rich

coastal areas where tide models have not been applicable before. Numerical modelling then reveals a Young’s modulus of

E = 1.0± 0.56 GPa and an ice viscosity of ν = 10± 3.65 TPa s when finite-element simulations of tidal flexure are matched

to 16 days of tiltmeter data; supporting the hypothesis that strain dependent anisotropy may significantly decrease effective15

viscosity compared to isotropic polycrystalline ice on large spatial scales. Applications of our method range from (i) refining

coarsly-gridded tide models to resolve small-scale features at the spatial resolution and vertical accuracy of SAR imagery, to

(ii) separating elastic and viscoelastic contributions in the satellite derived flexure measurement and (iii) gaining information

about large-scale ice heterogeneity in Antarctic ice-shelf grounding zones, the missing key to improve current ice-sheet flow

models. The reconstruction of the individual components forming DInSAR images has the potential to become a standard20

remote-sensing method in polar tide modelling. Unlocking the algorithm’s full potential to answer multi-disciplinary research

questions is desired and demands collaboration within the scientific community.
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1 Introduction

The periodic rise and fall of the ocean’s surface is caused by the gravitational interplay of the Earth-Moon-Sun system and

our planet’s rotation. Knowledge of ocean tides is fundamental to fully understand oceanic processes, sedimentation rates and

behaviour of marine ecosystems. In Antarctica, the tidal oscillation also controls the motion of ice sheets near the coastline and

ocean mixing in the sub ice-shelf cavity which modifies heat transport to the ice-ocean interface (Padman et al., 2018).5

SAR satellites repeatedly illuminate Earth’s surface and record the backscattered radar wave. While the SAR signal’s am-

plitude depends on reflection intensity and is mainly characterized by the surface, the recorded phase holds information about

the distance travelled by the signal (Massom and Lubin, 2006). Two-pass interferometry (InSAR) can be used to determine

surface motion with sub-centimetre accuracy over vast remote areas, and InSAR has been applied to measure surface velocity

of floating ice (e.g. Tong et al., 2018) and to observe tidal strain of landfast sea ice (Han and Lee, 2018). In grounding zone10

areas, where an ice sheet comes in contact with the ocean for the first time and forms floating glaciers and ice shelves, InSAR

has become the state-of-the-art practice to measure the flux divergence of ice-flow velocity (Mouginot et al., 2014; Han and

Lee, 2015) and thus the mass balance of many ice shelves around Antarctica (Rignot et al., 2013). InSAR can also be used to

identify vertical deflection due to ocean tides. Horizontal and vertical motion cannot be distinguished in single interferograms

but the unsteady tidal contribution can be extracted by DInSAR using triple or quadruple combinations of SAR images. This15

is based on the assumption that horizontal flow is time invariant, and that its phase contribution therefore cancels out. The

double-differential measurement of vertical displacement only is known as Differential InSAR (DInSAR). While DInSAR has

often been applied to detect the grounding line movement around Antarctica (Konrad et al., 2018) the signal can also be used to

measure spatial variability of ocean tides at very high ground resolution. This second application is complicated by the fact that

DInSAR interferograms show a combination of multiple stages of the tidal oscillation. Tidal migration of the grounding line20

as well as viscoelastic time delays in ice displacement, tidally-induced velocity variations and geometric effects on the surface

flexure also complicate the correct interpretation of DInSAR interferograms to date (Rack et al., 2017; Wild et al., 2018).

Present-day displacement measurements by interferometry are exacerbated by the requirement of phase unwrapping, which

is the most crucial processing step in any InSAR method. Discontinuities in the fringe pattern can cause jumps in the un-

wrapped phase and may therefore bias the continuous motion field.25

Due to these complications, only very few studies have attempted to derive a tide model from DInSAR: Minchew et al.

(2017) developed an unprecedented spatially and temporally dense SAR data acquisition campaign for the Rutford Ice Stream,

Weddell Sea. Their novel Bayesian method to unequivocally separate a complete set of tidal harmonics from nontidal ice-

surface variability is unique, but beyond the data availability for the remainder of Antarctica. Baek and Shum (2011) succeeded

in using data from the ERS-1/2 tandem mission to map the dominant tidal costituent (O1) in Sulzberger Bay, Ross Sea, but data30

limitations prevented them from developing a full tidal model. In this case, too short a time span (71 days) eliminated a change

of the observed tidal amplitudes as the repeat-pass cycle of the SAR satellites masked the sensor’s sensitivity to tidal variability.

However, even identifying only the dominant tidal consituent is valuable; as it indicates ways in which tide models need to be

changed, and these changes will ultimately filter into other consituents. In the Ross Sea, the tidal oscillation is dominated by
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diurnal harmonics (Padman et al., 2018). An accurate inversion of TerraSAR-X data with an exact integer number of repeat

passes to a complete set of tidal constituents is therefore not possible from DInSAR measurements alone.

Tide models can be consulted to predict both the timing and magnitude of the dominant harmonics. Numerous tide models

of various spatial scales (global vs regional) and complexity have been developed (see Stammer et al., 2014, for an overview).

While forward models integrate the equations of fluid motion subjected to a gravitational forcing over time, inverse models5

assimilate measurements of vertical displacement from laser altimetry, tide gauges and GPS (Egbert and Erofeeva, 2002;

Padman et al., 2003, 2008). Since the modelled physics is generally simple and gravitational forces are well known, tide model

predictions are of high quality in areas where ice is freely floating on the ocean . In coastal areas, in turn, tide models are prone

to inaccuracies due to errors in model bathymetry, grounding-line location and insufficient knowledge of the ice water drag

coefficient (Padman et al., 2018). Another source of error arises from the conversion of ice-shelf draft to ice-shelf thickness10

and subsequent estimation of water-column thickness. This freeboard conversion assumes that ice near the coastline is in local

hydrostatic equilibrium, whereas stresses from the grounded ice clearly prevent a freely-floating state. A bias of the hydrostatic

solution towards thicker ice (Marsh et al., 2014), and therefore a thinning water-column thickness, may negatively affect the

tidal prediction. In summary, the relatively coarse spatial resolution and underlying assumptions of contemporary tide models

introduce inaccuracies especially in feature-rich coastal areas such as fjord-type outlet glaciers. Although average tide model15

accuracy has improved markedly in coastal areas over one decade, from about ±10 cm (Padman et al., 2002) to ±6.5 cm

(Stammer et al., 2014), they are still a magnitude larger than the sub-centimetre accuracy of DInSAR (Rignot et al., 2011). For

this reason, we consider DInSAR as the absolute truth and use these space-borne measurements to correct tide-model output.

In this manuscript, we show how the spatial benefits and high accuracy of DInSAR can be used to refine coarse resolution

tide models to adequately resolve ocean tides along the feature-rich Antarctic coastline. First we introduce the necessary data20

set, describe the preprocessing and guide through the work flow. Second we test the algorithm for the Southern McMurdo Ice

Shelf (SMIS), a small and almost stagnant ice shelf with a simple grounding-zone geometry, and expand the study to the Darwin

Glacier, a relatively fast-flowing outlet glacier within a complex fjord-like embayment. We validate our results with dedicated

field measurements taken within the Transantarctic Ice Deflection Experiment (TIDEx) in 2016. We then demonstrate how this

exercise can also be applied to reveal errors in interferometric phase unwrapping and answer fundamental questions about the25

physical properties of ice in Antarctic glaciology.

2 Methodology

2.1 Summary of SAR image processing

To develop the method, we use 11-day repeat-pass TerraSAR-X data in StripMap imaging mode. The satellite acquires X-band

radar data (wavelength 3.1 cm, frequency 9.6 GHz) with a ground resolution of slightly below 3x3 m and images covering an30

area of 30x50 km. We calculate vertical surface displacement due to ocean tides using the Gamma software package (Werner

et al., 2000). InSAR and DInSAR image combinations are generally chosen so that a later image is always subtracted from

an earlier image. For image triplets, the central SAR image serves as a common reference during the co-registration. We then
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correct the resulting DInSAR interferograms for apparent vertical displacement due to horizontal surface motion (Rack et al.,

2017) using the method presented in Wild et al. (2018).

2.2 Tide models

The predictions of five tide models are validated: the regional barotropic models (1) Circum-Antarctic Tidal Solution (CATS2008a_opt)

developed by Padman et al. (2008), (2) Ross Sea Height-Based Tidal Inverse Model (Ross_Inv_2002) developed by Padman5

et al. (2003), (3) Ross Sea assimilation model (Ross_VMADCP_9cm), (4) the fully global barotropic assimilation model

(TPXO7.2) from Oregon State University developed by Egbert and Erofeeva (2002), and (5) the (t_tide) prediction of GPS

data from freely-floating areas following the harmonic analysis of Pawlowicz et al. (2002) which is based on Foreman (1977).

The t_tide software is a widely-used toolbox for performing classical harmonic analysis of ocean tides. It can analyse any time

series record and outputs the amplitude and phase of its dominant harmonics with error estimates, along with a tidal prediction10

that is free from non-tidal effects. The isostatic deformation of the Earth’s lithosphere underneath the moving water masses is

modelled using TPXO7.2 load tide model (Egbert and Erofeeva, 2002), which itself is based on 13 tidal constituents and added

to all tide model predictions except t_tide. In addition to the tidal motion underneath the floating ice, much of the ice-surface

variability can be attributed to the Inverse Barometric Effect (IBE, Padman et al., 2003). A +1 hPa anomaly of atmospheric

pressure translates to an instantaneous -1 cm change on the ice-shelf surface. It is noteworthy to mention that we did not apply15

a running mean to the pressure records, as the application of any window length worsened the fit to available GPS data. To cor-

rect for the IBE outside the GPS period, we make use of atmospheric pressure records obtained by nearby automatic weather

stations on Ross Island (Scott Base AWS) and the Ross Ice Shelf (Marilyn AWS). We validate these records with separate

barometric measurements taken within the TIDEx campaign and find very good agreement.

In this paper, we use the terms ’traditional tide-modelling’ or ’tide model’ to refer to the sum of ocean-tide, load-tide model20

outputs and the IBE. Freely-floating areas of ice shelves and glaciers are expected to experience the full oscillation of this tide

model. Traditional tide-modelling, however, neglects ice mechanics in grounding zones where tidal flexure significally affects

the surface elevation signal in reality. Other signals that change sea-level height such as mean dynamic topography and storm

surges are also excluded from this type of tide model.

2.3 In-situ data25

We set-up a number of GPS receivers to measure ice-surface motion at millimetre accuracy and high temporal resolution.

Although we used GPS data from the freely-floating parts to develop local tide models using t_tide, all GPS data was only

used for validation purposes and did not feed into the algorithm. GPS measurements were differentially corrected using static

base stations to increase their spatial accuracy. We also installed an array of seven tiltmeters to record surface flexure over 16

days across the grounding zone to confine the physical properties of Antarctic ice. The tiltmeters were complemented by a30

dense network of point measurements of ice thickness using the new autonomous phase-sensitive radar echo sounder (ApRES,

Nicholls et al., 2015).
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2.4 Combining DInSAR and tide models

To allow a correct interpretation of DInSAR images covering grounding zones, it is desirable that tide models replicate DInSAR

observations in freely-floating areas. We first adjust the tide-model output to match the highly-accurate DInSAR measurements

using a least sum of squares routine (Wild et al., 2018). By doing so, we consider just the tide model amplitude to contain errors.

Possible tide-model phase errors are then accounted for by adjusting the absolute amplitude and thus the rate of tidal change5

during the times of SAR data acquisition. Second we build on earlier work by Han and Lee (2014) and develop an empirical

displacement map showing tide-deflection ratio throughout the satellite image (α-map). By feeding the α-map with the adjusted

tide model output, the ’point forecast’ is then spatially extended to predict the mean vertical displacement for every pixel at the

times of SAR data acquisition. We then perform the double differences of the empirical model corresponding to the SAR image

combinations used to generate the DInSAR images. The original DInSAR satellite measurements are subsequently removed10

from the mean DInSAR images to calculate their misfits, µ. We now compute the least-squares solution to the equation Ax= b

such that the 2-norm |b−Ax| is minimized. Here, A is the m×n DInSAR matrix of SAR image combinations with m rows of

SAR images and n columns of coherent DInSAR interferograms; b is a vector of α-prediction misfits and x the least-squares

solution of this system of linear equations. The values of x correspond to how much an α-prediction deviates from the ’real’

vertical displacement at the times of SAR data acquisition. We therefore subtract these offsets, ∆A, from the α-prediction15

maps.

We now demonstrate the workflow in one spatial dimension with an example of the Southern McMurdo Ice Shelf (78◦15’ S,

167◦7’ E, SMIS). In this study area, we derived 9 DInSAR images from 12 TerraSAR-X scenes in 2014 (Rack et al., 2017).

The low number of DInSAR images is a consequence of the SAR scenes being acquired on 3 different satellite tracks. The

resulting system of linear equations is therefore underdetermined as there are more offsets, ∆A, than misfits, µ, to constrain20

the least-squares solutions. We choose a pixel on the freely-floating end of a profile through the ice-shelf grounding zone to

represent the unrestricted ice shelf movement and calculate the percentage vertical displacement of every other pixel from this

location. Averaged over the 9 DInSAR interferograms this pixel retains 100% vertical displacement (red areas in Fig. 1), while

grounded areas experience zero net uplift (purple areas). Individual pixels on the freely-floating part of the SMIS may show

α-values slightly above 100%.25

We now extract the α-values along the profile from the α-map. This α-profile can be multiplied with the individual DInSAR

measurements on its freely-floating end which results in empirically derived α-predictions (Fig. 2 center). These mean predic-

tions do not perfectly replicate the DInSAR measurements (Fig. 2 top). Their misfits, however, show a very systematic pattern

(Fig. 2 bottom). It is desirable to find a combination of offsets that have the least deviation from the α-predictions. We therefore

hypothesize that this rather systematic signal can be reconstructed using a least-squares strategy. We solve the underdetermined30

system simultaneously by finding the combination of offsets that result in a minimal sum of squares. The reconstructed offsets

must then be removed from the α-prediction for the times of SAR data acquisition (Fig. 3 top). The computed least-square

offsets generally replicate the pattern of the misfits (Fig. 3 center) and result in smooth displacement profiles in the ice-shelf

grounding zone (Fig. 3).
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3 Results

In this section we apply the workflow in two spatial dimensions to the Darwin Glacier (79◦53’ S,159◦00’ E). In this study

area, we derived a total of 45 DInSAR images from 12 SAR scenes being acquired on the same satellite track. SAR image

combinations were generally chosen consecutively so that a later image is always subtracted from an earlier image. For image

triples, the central image was taken as a common reference/master image. Additionally the data gap between SAR 8 and 9 was5

taken into account (no 8-9 combination as loss of coherence over this relatively long interval). The advantage of using every

other remaining combination (Tab. 2) is that more double-differential measurements of tidal amplitude are available for the

least-squares fitting algorithm than only using consecutive pairs alone. The system of linear equations is then overdetermined.

A dedicated field campaign was conducted in the Darwin Glacier grounding zone in 2016 and in-situ data is available for

numerical modelling and field validation purposes. In contrast to the simple geometry at the SMIS, the Darwin Glacier consists10

of a feature-rich embayment that is constrained by steep topography at its margins. Additionally a buttressing ice rise to the

Ross Ice Shelf restricts outflow in the North.

3.1 Reconstruction of displacement maps during satellite overpasses

From the interferogram dataset we identify a corridor of only about 2 km width along the centerline where the glacier can be

assumed to be freely floating (Fig. 1). This area is expected to experience the full oscillation predicted from tide models. We15

run five tide models to predict the tidal oscillation at the GPS station ’Shirase’ over the time span of SAR data acquisitions.

Here we use atmospheric pressure data from the automatic weather station ’Marilyn’ which is located about 120 km away on

the Ross Ice Shelf to correct for the inverse barometric effect. This record correlates well (Pearson’s correlator 0.989) with

a mean of seven barometers installed over 14 days across the Darwin Glacier during the TIDEx campaign. All tide-model

predictions show a clear fortnightly occuring spring-neap tidal cycle which is superimposed by a dominant diurnal signal (Fig.20

4). The approximately fortnightly occurring spring/neap tides are largely owed to the difference in wavelength between the K1

and O1 constituents.

We apply t_tide to our 16 day record of the ’Shirase’ GPS to test the potential of short-term GPS surveys to improve current

Antarctic tide models. The problem with using such a short window to determine a full set of tidal constituents results from

the interplay of the lunar diurnal tide (K1, 23.93 h) with the solar diurnal tide (P1, 24.07 h) as they are close in frequency and25

P1 has an amplitude of 15− 20 % of K1. Without accounting for their inference, t_tide just extracts an apparent K1 from a

16 day record that is really K1+P1. As a consequence, the K1 tide from our harmonic analysis can vary by 30− 40 % over

a 6-month period and its amplitude is only controlled by the exact time that the GPS data was acquired within the K1+P1

modulation cycle. Additionally, harmonic decomposition of GPS data is subject to inaccuracies itself with errors in both the

extracted amplitudes and phases. These errors were found to be of the same magnitude as the K1+P1 inference. For this reason,30

we did not use inference to separate K1 and P1 (or similarly to separate the semi-diurnal S2 and K2 constituents), but perform

a thorough analysis on the identified uncertainty range. While the analysis captures the dominant K1 constituent in the Ross

Sea within a reasonable signal-to-noise ratio, fortnightly harmonics could not be retrieved adequately from this time series
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alone. The t_tide prediction is therefore the least accurate tide model and requires the largest adjustment to match DInSAR

(Tab. 1). Although all the corrected tide model outputs now replicate our DInSAR measurements, their rate of tidal change

is affected by the adjustment. Offsets computed for the Ross_Inv_2002 tide model are generally below 10 cm, whereas other

tide models require adjustments of up to 13.3 cm (Tab. 1). This agrees well with the findings of Han et al. (2013), who find

that the Ross_Inv_2002 model is the optimum tide model for the Terra Nova Bay with a 4.1 cm RMSE against 11 days of tide5

gauge data. We therefore choose Ross_Inv_2002 for numerical modelling purposes to minimize any effects on a viscoelastic

model, but use TPXO7.2 to reconstruct vertical displacement at the times of satellite overpasses as it fits best to our GPS

measurements. We refer to the Appendix for a validation of individual tide model output with GPS data from ’Shirase’ (Fig.

A1).

After the adjustment, modelled tidal amplitudes range from -0.966 m to 0.781 m over the whole SAR period (Fig. 4). Mean10

absolute residual error to the 45 DInSAR measurements at the tide-model location ’Shirase’ is just 7 mm (Tab. 2), which can

be explained by interferogram noise. We attribute this accuracy to the exceptionally high phase coherence of the TerraSAR-X

data set. The reconstruction algorithm results in 12 smooth vertical displacement maps for the times of SAR data acquisition

(Fig. 6).

3.2 Validation with GPS measurements15

We now validate these reconstructions with available field data. As both GPS records overlap with the acquisition of SAR

image 11, we extract the vertical displacement along the glacier’s centerline and plot the profiles against the two GPS point

measurements. The GPS measurement at ’Hillary’ is 0.169 m, which is close to the reconstruction of 0.156 m. The ’Shirase’

GPS measurement is 0.566 m, which is slightly above the reconstruction of 0.522 m. We attribute the deviations of +1.3 and

+4.4 cm, respectively, to a combination of interpolation artefacts, temporal smoothing of the GPS data and residual errors20

of the least-squares algorithm. The overall shape of the vertical displacement is well reproduced as observed with both GPS

measurements (Fig. 7).

3.3 Applications

3.3.1 Tide-model refinement

A map of tide-deflection ratio (α-map) can be combined with the tide model to predict an average time series of vertical25

displacement between the times of SAR image acquisition. With this approach, the coarse grid of traditional tide models is

refined to resolve small-scale features of vertical tidal displacement throughout the embayment. The α-value for the pixel

containing the ’Hillary’ GPS station is 46.06%. We use this value and linearly scale the adjusted tide-model output for the

location of the ’Shirase’ GPS to predict vertical tidal motion within the flexure zone. This scaling maintains the tide model’s

high correlation (Pearson’s correlator 0.95) with the ’Shirase’ record, but improves the RMSE between the TPXO7.2 output30

and the ’Hillary’ record from 21.4 cm to 5.6 cm, which corresponds to an improvement of -74% to GPS data (Fig. 8). The
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primary reason for this large improvement, however, is that the tide model now takes the damping of the tidal signal by ice

mechanics in the grounding zone into account.

3.3.2 Ice heterogeneity

With the 12 reconstructed displacement maps at hand, it is now possible to perform any image combination. We mosaic the

45 double differences corresponding to DInSAR combinations (Tab. 2) to allow a more direct comparison between measured5

and modelled interferograms. SAR image combinations were chosen so that the loss of coherence between SAR 8 and 9 was

taken into account and that a maximum number of consecutive, double-differential interferograms was available for the least-

squares fitting routine. The synthetic interferograms replicate not only simple tidal fringes as measured with DInSAR, but also

show complicated viscoelastic signals within the grounding zone (Fig. 5). For an overall assessment of model performance

we calculate again the misfit between each modelled and observed interferogram for every pixel, but this time after using the10

adjusted tide-model output. The standard deviation of these misfits is shown in Fig. 9, with the majority of the glacier surface

below noise level of interferograms (σ < 1.0 cm). We identify a narrow band with higher standard deviations (σ ≈ 2.0 cm)

from the inner shear margin of the Darwin Glacier extending along flow direction onto its ice shelf. Standard deviations are

largest out in the shear zone of the fast-flowing Ross Ice Shelf and above steep rocky cliffs (σ > 4.0 cm) which is a result of

poor phase coherence or layovers in SAR images in these areas .15

3.3.3 Detection of errors in phase unwrapping

We now extend the earlier one dimensional analysis of the SMIS to a two dimensional re-analysis of the SMIS data set and

calculate misfits of 9 DInSAR interferograms. Resulting standard deviations are generally smaller in this area (σ < 0.3 cm) and

smoothly distributed throughout the map. We identify two regions of phase discontinuities between adjacent cells at the SMIS.

Both extend from the center of an ice rise towards Black Island (cyan and green areas in Fig. 9) with σ ≈ 0.4 cm and σ ≈ 0.5 cm,20

respectively. We interpret these rapid increases as a proxy for errors in the DInSAR measurements, as the modelled least-square

interferograms originate from a curvature-minimizing polynomial interpolation. We re-evaluate the remote-sensing part of the

analysis and find discontinuities in DInSAR interferograms ID:1 and ID:8 that match the course of the two phase jumps in the

standard deviation map. These discontinuities, in turn, occurred during phase unwrapping and can now be corrected.

3.4 Finite-element modelling of viscoelasticity25

We hypothesize that any non-linear signal due to viscoelastic ice properties is significantly reduced or even completely lost

during the averaging step to compute the α-map. This signal can then be reconstructed by finding the offsets to match obser-

vations made with DInSAR. We therefore subtract the α-prediction again from the 12 reconstructions to extract the theorised

viscoelastic signal (Fig. 10). This signal is negligible at times during neap tide (SAR 4 and 9) but well pronounced for SAR

images acquired during spring-tide periods (SAR 1,6,7,10 and 11).30
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In order to further explore this pattern, we now make use of the tiltmeter array and ApRES network of ice-thickness mea-

surements at the Darwin Glacier (Fig. 12). We match the numerical solutions from two finite-element models to seven tiltmeter

records, with the goal to derive information on the physical properties of Antarctic ice. Thereby, the Young’s modulus, E, is a

measure of ice stiffness and controls the width of the flexure region. The value for ice viscosity, ν, influences the timing of the

flexural response within the grounding zone (Wild et al., 2017). Two numerical models of ice-shelf flexure are employed. The5

elastic approximation (Holdsworth, 1969; Vaughan, 1995; Schmeltz et al., 2002) as formulated by Walker et al. (2013):

kw+∇2(D∇2w) = q, (1)

where w(t) is the time-dependent vertical deflection of the neutral layer in a plate,∇2 is the Laplace operator in 2-D space and

k = 5 MPa m−1 a spring constant of the foundation which is zero for the floating part. The applied tidal force q(t) is defined

by:10

q = ρswg[A(t)−w], (2)

with g = 9.81 m s−2 the gravitational acceleration andA(t) the time-dependent tidal amplitude given by the adjusted Ross_Inv_2002

tide model. We choose this model, in contrast to the TPXO7.2 model, for finite-element simulations to minimize any potential

effects of tide-model adjustment on viscoelasticity (Tab. 1). The stiffness of the ice shelf is given by (Love, 1906, p. 443):

D =
EH3

12(1−λ2)
, (3)15

where E is the Young’s modulus for ice, H(x,y) our ice thickness map derived from ApRES point measurements and λ= 0.4

the Poisson’s ratio. We compare the elastic model with the viscoelastic approach developed by Walker et al. (2013):

∂

∂t

[
kw+∇2

(
D∇2w

)]
+

Ek

2ν(1−λ2)
w =

∂

∂t
q+

E

2ν(1−λ2)
q, (4)

where ν is ice viscosity. The following boundary conditions are applied for both models: the upstream boundary of the model

domains on the grounded portion are anchored rigidly (w = 0,∇2w = 0), the downstream boundaries on the freely-floating20

ice shelf are set free. The location of the tide model computation is constrained to be equal to the tidal oscillation (w =

A(t),∇w = 0) and the grounding line is represented by a fulcrum (w = 0). Both models are implemented in two spatial

dimensions to capture effects of complex grounding-line configuration on ice-shelf flexure (Wild et al., 2018). We then solve

the models using the commercial finite-element software COMSOL Multiphysics. As tiltmeters measure slope, w′, along

their longitudinal axis, we derive the models’ solutions for vertical displacement, w, with respect to the x and y directions.25

This allows us to retrieve surface slopes components in easting and northing direction and to rotate them into the individual

orientations of the tiltmeter sensors. With our 16 day tiltmeter records it is only possible to capture their diurnal components

with confidence. Semi-diurnal, fortnightly and monthly harmonics have been removed from the tiltmeter time series and we

focus further analysis only on the K1 component within the 16 day window. Therefore, we now make extensive use of the t_tide

program to automatically extract the modelled K1 harmonics from the modelled surface slopes and compare them against the30

K1 constituents from the tiltmeters. We thereby take amplitude and phase errors that originate from the harmonic analysis of
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noisy tiltmeter records into account and find the best rheological parameters to match the elastic and viscoelastic models to

these seven K1 components. Incorporating viscoelastic effects into the model simulations always improves the elastic fit to

the tiltmeter data within the uncertainty range of K1 amplitude and phase (Tab. 3). We find that an average Young’s modulus

of E = 1.0± 0.56 GPa and an ice viscosity value of ν = 10± 3.65 TPa s fits best to our measurements within uncertainty

(Fig. 13). The viscoelastic model gives an average RMSE of 0.00118845 ◦ to the seven tiltmeters and improves on the elastic5

approximation with an average RMSE of 0.00147136 ◦ by ≈−20%.

4 Discussion

4.1 Seasonal bias in α-map

Due to the alignment of the satellite overpasses with the dominant diurnal tidal constituents in the Ross Sea, the observed

stage of the tidal oscillation varies only slowly throughout the year. In the austral winter months, TerraSAR-X images have10

been acquired during stages of low tide, whereas satellite overpasses concur with stages of high tide during the austral summer

months. The first 8 snapshots of our SAR data acquisitions for the Darwin Glacier show conditions at low tide and only the

last 4 are acquired during high tide. Our α-map, in turn, ignores this seasonality and may therefore have a low-tide bias. As a

result, the contribution of a tide induced landward migration of the grounding line may be affected by the averaging process.

The seasonal bias would then modify the scaling of the tide model within the flexure zone. This is supported by the finding15

that low-tide stages in the ’Hillary’ GPS record are matched closely by the scaled tide model, but peaks during high-tide stages

are still over estimated (Fig. 4)

4.2 Viscoelasticity between snapshots

Similarly, the linear scaling using an α-map only modifies the predicted tidal amplitude, but neglects a viscoelastic time delay in

the flexural response towards the grounding line. Wild et al. (2017) found that viscosity is most pronounced in the diurnal tidal20

components. Harmonic analysis of our GPS records reveals that the diurnal K1 and O1 constituents at ’Hillary’ are lagging

approximately 20 mins behind ’Shirase’. This signal is currently disregarded in the scaling work flow as ice is treated as a

perfect elastic material that transfers tidal forcing instantaneously in the flexure zone. This assumption, however, allowed us to

improve the accuracy of the predicted displacement by -74%. Currently, the viscoelastic signal can only be reconstructed for

the times of SAR data acquisition. Including viscoelasticity between times of satellite overpasses offers a small, but systematic,25

opportunity for further refinement. In our study area, the rate of tidal change is up to 10 cm hr−1 (Tab. 1) and the viscoelastic

misfit corresponding to 20 minutes time delay is therefore up to about 3 cm.

When separating the viscoelastic contribution from the reconstructed maps of vertical displacement at times of satellite

overpasses, we assume that an α-prediction corresponds to an instantaneous elastic response. This is justified by viscoelasticity

being most pronounced when rates of tidal change are maximal. By expressing the viscoelastic misfits in percent of prevailing30
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tidal amplitude during the times of satellite overpasses, the areas of pronounced viscoelastic effects can be visualised. They are

most pronounced within the Darwin Glacier’s shear zone (Fig. 11).

When predicting rates of tidal change using the adjusted Ross_Inv_2002 tide model, we identify a threshold of Ȧ≈
±0.05 m h−1 (SAR times 1, 2, 7, 8, 10, 11 in Tab. 1) above which viscoelasticity is well represented in the reconstructed

vertical displacement maps (panels 1, 6, 7, 8, 10 and 11 in Fig. 10). Image 6 is thereby an exception, as the used Ross_Inv_20025

tide model was largely adjusted (-0.082 m), which affects the viscoelastic model. We find that the error due to viscoelasticity on

the floating part of the ice shelf increases with the absolute rate of tidal change (Fig. 11). SAR images acquired during periods

of spring tides at the Darwin Glacier show also a significant viscoelastic contribution that diminishes during neap tide periods.

These independent observations from satellite data alone support our suggested threshold of ±0.05 m h−1 for the separation

of elastic and viscoelastic signals, as derived from tiltmeter data on the Southern McMurdo Ice Shelf presented in an earlier10

study (Fig. 8 in Wild et al., 2017). The advantage of separating the elastic from the viscoelastic contribution to the tidal flexure

pattern is the large potential for improving current inverse modelling techniques to determine grounding-zone ice thickness

from DInSAR measurements alone. Hereby, an elastic model is currently employed to optimize grounding-zone ice thickness

to match the surface flexure from DInSAR. The applicability of an elastic model varies from location to location as effective

viscosity is dependent on ice temperature and shear stress (Marsh et al., 2014). Our method to separate the two contributions15

to the flexure pattern may therefore help to remove the viscoelastic contamination and allow purely elastic inverse modelling.

Such an analysis, however, goes beyond the scope of this manuscript and will be published elsewhere.

4.3 Large-scale ice anisotropy

Fast-moving glacial environments like the Darwin Glacier are subject to large deformation by flow convergence and divergence,

ice compression and extension, lateral shearing at the margins accompanied by fracture under tension and rapid thinning20

by basal melt. With cumulative deformation, a crystallographic fabric evolves that reflects the glacier’s flow history (Alley,

1988), and with it strain-dependent mechanical anisotropy of ice. The standard deviation map, Fig. 9, shows a narrow band of

larger misfits extending from the Darwin Glacier’s inner shear margin out towards the freely-floating ice shelf. As preferred

crystallographic orientation develops with strain, effective viscosity decreases of about a factor of ten compared to initially

isotropic polycrystalline ice (Hudleston, 2015). Our analysis of tiltmeter data reveals a five-fold reduced viscosity at the very25

dynamic Darwin Glacier compared to an earlier study at the almost stagnant Southern McMurdo Ice Shelf (Wild et al., 2017).

We hypothesize that this microscopic process explains the macroscopic response observed here, and accounts for the measured

glacial heterogeneity within the embayment. Large scale observations of ice anisotropy, in turn, are currently the missing

key to improve parametrisations to account for polar ice anisotropy in ice-sheet flow modelling (Gagliardini et al., 2009).

Other processes have been proposed which lead to ice softening in areas with high strain rates. Thermomechanical modelling30

suggests that shear heating and consequent thermal softening reduces lateral drag in ice-stream margins (Perol and Rice,

2015). Fracture modelling implies that damage reduces ice viscosity along confined crevassed zones with consequences on

ice-shelf scale (Albrecht and Levermann, 2014). Full-Stokes viscoelastic modelling shows that Glen’s non-linear flow law and

tidal stresses in the ice-shelf flexure zone are sufficient to explain large-scale temporal variations in ice dynamics (Rosier and

11

78



Gudmundsson, 2018). These processes, or a combination of them, might certainly be at play but they do not explain why a

band of higher standard deviations can be observed in the shear zone of the Darwin Glacier which is absent in the flexure zone

of the SMIS (Fig. 9). We therefore attribute this difference to ice-fabric reorientation in the shear margin.

4.4 Refining tidal constituents using DInSAR

The idea of using SAR interferometry to derive a full set of tidal harmonics was first laid out in a study of tides in the Weddell5

Sea (Rignot et al., 2000). The authors discussed that DInSAR images cannot be transformed into individual displacement

fields because of the nonuniqueness of the inversion. A large number of independent DInSAR images is required to overcome

this problem and to resolve the phase of tidal constituents that are close to the repeat-pass of the SAR satellite. For example,

multiples of the lunar diurnal constituent K1 (23.93 h) are relatively close to the exact integer repeat-pass of TerraSAR-X

(11 days) meaning that the observed amplitude of the K1 constituent is only varying once throughout the year. Consequently10

SAR images need to be acquired at least over the duration of one year to provide some redundancy for the inversion step of

DInSAR images to tidal constituents. However, with an exact 12 h period, the stage of the semidiurnal solar tide, S2, will always

be the same at each satellite pass making TerraSAR-X and similar satellites with repeat-passes of integer days blind to the S2

constituent. For example Minchew et al. (2017) needed a unique spatially and temporally dense SAR acquisition campaign

as well as a-priori knowledge of the temporal basis functions from GPS data to empirically determine tidal constituents on15

Rutford Ice Stream. The four COSMO-SkyMed satellites in orbit, however, produce repeat-passes of 1, 3, 4 and 8 days and

are blind to the S2 constituent as well even when using > 1000 available DInSAR images. Although other dominant tidal

constituents like M2 (12.4 h) and O1 (25.82 h) were inferred successfully, the method presented here can achieve a higher

accuracy fo the total tide with less DInSAR images. From another perspective, the inclusion of an auxiliary tide model eases

the requirement of a very large number of DInSAR images.20

5 Conclusions and Outlook

Accurate prediction of ocean tides in coastal areas is crucial as the majority of Antarctica’s ice is discharged through large

outlet glaciers. We presented a data fusion method between DInSAR and traditional Antarctic tide models to predict spatial

variability of tidal motion near the grounding line. The primary value of using DInSAR in conjunction with tide models lies

in the spatio-temporal benefits of resolving complex grounding zone deformation. Their symbiosis not only improves current25

accuracies of the predicted tidal amplitudes in coastal regions generally, but also avoids issues related to the timing of the tidal

wave and the sun-synchronous satellite orbit when attempting to derive tide-models from SAR data alone. In our study area,

the method presented in this paper improves traditional tide modelling in average by -22% from 11.8 cm to 9.3 cm RMSE

against 16 days of GPS data. The GPS station ’Shirase’ on the freely-floating part of the Darwin Glacier has proven invaluable

to determine which tide model has to be used to best reconstruct the vertical displacement during satellite overpasses. For the30

Darwin Glacier, the TPXO7.2 tide model predicts best the tidal oscillation. With using DInSAR measurements to adjust the

TPXO7.2 tidal prediction, its RMSE could be improved by -39% from 10.8 cm to 6.7 cm.
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Our GPS record from ’Shirase’ is too short to improve already available Antarctic tide models. A longer record is required

to adequately resolve a full set of tidal constituents. We produced an empirical displacement map from DInSAR for tidal

deflection (α-map). Comparison of a GPS record within the tidal flexure zone ’Hillary’ with predicted vertical displacement

from feeding the α-map with the adjusted TPXO7.2 tide model shows a -74% improvement over using the tide-model output

alone. This independent validation supports the finding that our method for making use of DInSAR is very useful for refining5

tide models in Antarctic grounding zones.

Numerical modelling of ice dynamics in Antarctic grounding zones commonly assumes that ice is isotropic and homoge-

neous i.e. of the same density and rheological properties throughout. Our analysis reveals that this assumption is valid for

the Southern McMurdo Ice Shelf, an almost stagnant area with a simple grounding line configuration, but invalid for the

Darwin Glacier, a fast-flowing outlet glacier with complex shear margins causing non-negligible ice heterogeneity within the10

embayment.

Further work is required in order to improve tide models in a larger variety of grounding zones by including effects of

grounding-line migration and variability of horizontal ice flow.

Code availability. The code is freely available to the scientific community. Collaboration is anticipated and desired.

Data availability. TerraSAR-X data presented in this paper are subject to license agreements. GPS/tiltmeter and ApRES data are available15

upon request.

Code and data availability. No data sets, nor software, are part of this study.

Sample availability. No samples were collected for this study.

Appendix A: GPS evaluation of tide models

The quality of the used tide model to correctly reconstruct tidal displacement at the times of SAR data acquisitions, is also20

crucial to accurately predict spatial variability in tidal motion for all times. Here, we assume that a freely-floating area on

the ice shelf experiences the full oscillation as predicted from a tide model. In this area, however, tide-model output deviates

from our DInSAR measurements. This indicates either that the area under investigation is prevented from a freely-floating

state by lateral stresses within the embayment, or that the tide-model prediction is inaccurate for this area. We circumvent this

ambiguity by making use of the high vertical accuracy of DInSAR and correct the tide-model prediction to match our satellite25

measurements. This raises the question of whether the adjustment improves or worsens the match to a ’real’ tidal motion ? We
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therefore independently evaluate the pre- and post adjustment tide-model predictions and calculate their RMSE to 16 days of

GPS data from the freely-floating area (Tab. A1). The adjustment improves all traditional tide model predictions by up to -39%

for TPXO7.2, and only worsens the RMSE for the t_tide output by +11%, indicating that a harmonic analysis of GPS data

can not be improved by using DInSAR for correction purposes. We choose TPXO7.2 for further processing as it displays the

overall smallest RMSE (6.7 cm) and replicates the small-scale variability observed during the neap-tide period in the second5

half of our GPS record.
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Figure 1. α-maps of percentage vertical displacement due to ocean tides. Red colors highlight areas that can be assumed to be freely floating.

The white crosses show the tide-model locations that also serve as a common reference point across the images. The solid black line is the

location of the profiles shown in Figures 2 and 3 on the Southern McMurdo IceShelf (left). The dashed black line shows the location of

the profiles along the Darwin Glacier’s centerline shown in Fig. 7 (right). The GPS station ’Shirase’ and and ’Hillary’ in the tidal-flexure

zone. White contours delineate areas of constant vertical displacement. The map background is contrast-stretched Landsat 8 panchromatic

imagery. The geographic projection is Antarctic Polar Stereographic with easting and northing coordinates shown in kilometers.
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Figure 2. Vertical displacements along a profile through the grounding zone of the Southern McMurdo Ice Shelf, as (top) measured with 9

DInSAR interferograms, (center) predicted from an empirical displacement model (α-map) and (bottom) their difference.
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Figure 3. Reconstruction of vertical displacement along the profile during the 12 times of satellite overpasses on the Southern McMurdo Ice

Shelf. (Top) a combination of an empirical displacement model with adjusted CATS tide-model output, (center) their least-square adjustment

and (bottom) the final vertical displacement profiles during the times of SAR data acquisition.
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Figure 4. The tidal oscillation at the Darwin Glacier as predicted by four tide models and a harmonic analysis of GPS data from the

freely-floating area. The tide-model outputs are adjusted to match DInSAR observations using a least-squares fitting technique published

in Wild et al. (2018). Black vertical lines coincide with times of SAR data acquisitions. Values for the prevailing tidal amplitudes and their

adjustment at these times are given in Table 1. Gray shaded areas delineate the duration of the TIDEx campaign, when GPS data was acquired

for validation (Figs. 8 and A1).
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Table 1. SAR imagery used for the Darwin Glacier, least-squares adjustment (∆A in m) for 5 tide models, tidal amplitude (A in m) as

predicted with the TPXO7.2 tide model and rate of tidal change (Ȧ in m h−1) as predicted with the Ross_Inv_2002 tide model.

SAR: Date 13:57 (UTC) ∆ACATS ∆ARossInv ∆ARoss9cm ∆ATPXO7.2 ∆At_tide ATPXO7.2 ȦRossInv

1 25/05/16 0.109 0.098 0.133 0.101 -0.004 -0.341 -0.059

2 05/06/16 -0.061 -0.066 -0.097 -0.039 -0.030 -0.666 -0.057

3 16/06/16 0.029 0.035 -0.050 0.034 0.013 -0.409 -0.007

4 27/06/16 0.032 -0.012 -0.049 -0.009 -0.111 0.002 -0.022

5 08/07/16 0.054 -0.022 0.107 0.008 0.122 -0.271 -0.037

6 19/07/16 -0.086 -0.082 0.035 -0.088 0.206 -0.661 -0.005

7 30/07/16 -0.091 0.015 -0.026 -0.045 0.074 -0.687 0.080

8 10/08/16 -0.078 0.001 -0.035 -0.040 -0.080 -0.276 0.072

9 26/10/16 -0.073 -0.023 -0.053 -0.046 -0.244 -0.132 0.011

10 06/11/16 -0.044 -0.009 -0.088 -0.023 -0.172 0.087 0.096

11 17/11/16 0.099 0.025 -0.002 0.084 0.059 0.522 0.052

12 28/11/16 0.109 0.041 0.124 0.062 0.168 0.398 -0.029

mean absolute ∆A 0.072 0.036 0.067 0.048 0.107 - -
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Table 2. DInSAR images of the Darwin Glacier. The SAR combination from 12 available SAR images, the tidal amplitude (A in m) as

measured at the Shirase location as well as predicted with the TPXO7.2 tide model.

ID SAR combination ATerraSAR-X ATPXO7.2 ∆

1 (1-2)-(2-3) 0.581 0.582 -0.001

2 (1-2)-(3-4) 0.740 0.735 0.004

3 (1-2)-(4-5) 0.057 0.052 0.005

4 (1-2)-(5-6) -0.061 -0.065 0.004

5 (1-2)-(6-7) 0.298 0.299 -0.001

6 (1-2)-(7-8) 0.734 0.736 -0.002

7 (1-2)-(9-10) 0.552 0.544 0.008

8 (1-2)-(10-11) 0.736 0.760 -0.024

9 (1-2)-(11-12) 0.207 0.201 0.006

10 (2-3)-(3-4) 0.154 0.154 0.001

11 (2-3)-(4-5) -0.529 -0.530 0.001

12 (2-3)-(5-6) -0.646 -0.647 0.001

13 (2-3)-(6-7) -0.288 -0.283 -0.005

14 (2-3)-(7-8) 0.137 0.154 -0.017

15 (2-3)-(9-10) -0.034 -0.038 0.004

16 (2-3)-(10-11) 0.190 0.178 0.012

17 (2-3)-(10-11) -0.376 -0.381 0.004

18 (3-4)-(4-5) -0.688 -0.683 -0.004

19 (3-4)-(5-6) -0.805 -0.801 -0.005

20 (3-4)-(6-7) -0.446 -0.436 -0.009

21 (3-4)-(7-8) -0.014 0.001 -0.015

22 (3-4)-(9-10) -0.192 -0.192 -0.000

23 (3-4)-(10-11) 0.055 0.025 0.030
...

...
...

...
...

ID SAR combination ATerraSAR-X ATPXO7.2 ∆

...
...

...
...

...

24 (3-4)-(11-12) -0.536 -0.534 -0.002

25 (4-5)-(5-6) -0.112 -0.117 0.005

26 (4-5)-(6-7) 0.246 0.247 -0.001

27 (4-5)-(7-8) 0.679 0.684 -0.005

28 (4-5)-(9-10) 0.496 0.492 0.004

29 (4-5)-(10-11) 0.690 0.708 -0.018

30 (4-5)-(11-12) 0.155 0.149 0.006

31 (5-6)-(6-7) 0.363 0.364 -0.001

32 (5-6)-(7-8) 0.811 0.801 0.010

33 (5-6)-(9-10) 0.620 0.609 0.011

34 (5-6)-(10-11) 0.803 0.825 -0.023

35 (5-6)-(11-12) 0.274 0.266 0.008

36 (6-7)-(7-8) 0.430 0.437 -0.007

37 (6-7)-(9-10) 0.237 0.244 -0.007

38 (6-7)-(10-11) 0.466 0.461 0.005

39 (6-7)-(11-12) -0.107 -0.098 -0.009

40 (7-8)-(9-10) -0.202 -0.192 -0.009

41 (7-8)-(10-11) 0.025 0.024 0.000

42 (7-8)-(11-12) -0.541 -0.535 -0.006

43 (9-10)-(10-11) 0.228 0.217 0.011

44 (9-10)-(11-12) -0.343 -0.342 -0.001

45 (10-11)-(11-12) -0.565 -0.559 -0.006

mean absolute error 0.007
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Figure 5. Selection of three measured and modelled images from 45 available DInSAR combinations. The top panels show conditions at a

relatively large double-differential tidal amplitude (ID 37), the center panels display a pronounced visoelastic signal in the Darwin Glaciers

grounding zone (ID 39) and the bottom panels show a complex flexural pattern (ID 15).
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Figure 6. Reconstructed vertical displacement maps in the grounding zone of the Darwin Glacier. The images show surface displacement due

to ocean tides at the 12 times of SAR data acquisition. Dashed black lines along the glacier’s centerline correspond to the profiles shown in

Fig. 7. The white cross marks the tide-model location. The green triangle and dot in the lower center panel mark the locations of the two GPS

stations ’Shirase’ (freely floating) and ’Hillary’ (within the tidal flexure zone). Finite-element mesh in gray, mean course of the grounding

line as determined from 45 DInSAR images in black. Note the ice rise in the bottom left corner. The map background is contrast-stretched

Landsat 8 panchromatic imagery.
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Figure 7. Profiles through the reconstructed maps of vertical displacement along the Darwin Glacier’s centerline. The crosses mark the

location where the adjusted tide-model output is applied to the α-map. The green triangle and dot mark the locations of the two GPS stations

’Shirase’ and ’Hillary’ and are only used to validate the dashed green profile 11.
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Figure 8. Time series of vertical tidal displacement on the freely-floating part of the Darwin Glacier (’Shirase’) and within the flexure zone

close to the grounding line (’Hillary’) . The (solid blue) corrected tide-model output for the ’Shirase’ location is at first compared to (black)

its corresponding GPS record. The (dashed blue) extended tide model is scaled and shows an empirical prediction for (orange) the GPS

record at the flexure-zone station ’Hillary’. The length of the record corresponds to the gray-shaded area in Fig. 4.

27

94



Figure 9. Standard deviations of misfits between modelled and observed DInSAR interferograms. Mean course of the grounding line as

determined from DInSAR images in black. (Left) Note the ice rise in the upper right corner and two jumps in standard deviations between this

ice rise and the dry land for the Southern McMurdo Ice Shelf. (Right) Note the band of higher standard deviations from the Darwin Glacier’s

shear margin from Diamond Hill towards the ice rise in the bottom left corner and the high standard deviations. The map background is

contrast-stretched Landsat 8 panchromatic imagery.
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Figure 10. Spatial distribution of 12 least-square offsets that minimize the sum of misfits between 45 maps of α-predictions and their

corresponding DInSAR measurements. These offsets can be interpreted as the viscoelastic contribution to the reconstructed vertical tidal

displacement at the times of SAR data acquisition. Dashed black line corresponds to the glacier’s centerline, the solid black line shows the

Darwin Glacier’s mean grounding line as determined with DInSAR.
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Figure 11. Map of average error due to viscoelasticity in percent of tidal amplitude (left panel) and average error on the floating part of the

Darwin Glacier versus rate of tidal change as predicted with the adjusted Ross_Inv_2002 tide model (right panel). Image 6 is considered an

outlier and was excluded from the calculation of the linear trend.
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Figure 12. Measured ice-thickness map in the grounding zone of the Darwin Glacier. Black dots show locations of high-precision ApRES

measurements. Orange rectangles mark seven tiltmeter sensors that are orientated along the glacier’s centerline. Red triangles show locations

of GPS stations on the moving ice (Shirase and Hillary) and the location of the GPS base station on stagnant ice which is used for differential

correction of the measurements. White contours correspond to a 100 m change in interpolated ice thickness. The map background is contrast-

stretched Landsat 8 panchromatic imagery.
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Figure 13. Surface flexure of the K1 tidal constituent along the Darwin Glacier’s centerline as (orange) measured with an array of seven

tiltmeters, (magenta) modelled using a viscoelastic rheology and (black) modelled with the elastic approximation. The orange dashed lines

correspond to the uncertainty range of the K1 phases as determined from harmonic analysis of the individual tiltmeter records.
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Table 3. Amplitude and phase of the K1 tidal constituents from harmonic analysis of tiltmeter measurements and values of the rheological

parameters to minimize the average RMSE. Amplitudes are given in degrees, phases are the phase lag of the K1 constituent with respect to

the equilibrium tide on Greenwich longitude.

K1 amplitude ± error (◦) K1 phase ± error (◦)

tiltmeter 1 -0.001 0.0033 +0.001 -24.34 206.22 +24.34

tiltmeter 2 -0.001 0.0044 +0.001 -8.02 215.35 +8.02

tiltmeter 3 -0.001 0.0044 +0.001 -7.46 218.64 +7.46

tiltmeter 4 -0.002 0.0065 +0.002 -13.63 219.34 +13.63

tiltmeter 5 -0.001 0.0055 +0.001 -12.36 198.09 +12.36

tiltmeter 6 -0.001 0.0014 +0.001 -14.95 207.34 +14.95

tiltmeter 7 -0.001 0.0025 +0.001 -18.06 181.97 +18.06

elastic
best E (GPa)

average RMSE (◦)

1.5

0.00098

1.0

0.00147

0.5

0.00198

0.5

0.00127

1.0

0.00147

2.0

0.00182

best E (GPa) 1.5 1.0 1.0 0.5 1.0 2.0

viscoelastic best ν (TPa s) 19.9 10.0 10.0 12.6 10.0 7.9

average RMSE (◦) 0.00077 0.00119 0.00170 0.00122 0.00119 0.00128

Table A1. Root-mean-square-errors in m between tide-model output and GPS data from ’Shirase’ before and after the adjustment to match

DInSAR.

Tide-model: RMSE before: RMSE after:

CATS2008a_opt 0.117 0.087

Ross_Inv_2002 0.112 0.091

Ross_VMADCP_9cm 0.135 0.127

TPXO7.2 0.108 0.067

mean 0.118 0.093

t_tide 0.127 0.141
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Figure A1. Validation of the tidal predictions of 5 tide models with a GPS record from the freely-floating ’Shirase’ station. The tide-model

outputs are adjusted to match DInSAR observations using a least-squares fitting technique published in Wild et al. (2018). Root-mean-

square-errors before and after this adjustment are presented in Tab. A1. The length of the records corresponds to the gray-shaded area in Fig.

4.
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Chapter 4

Synthesis

“Superhuman effort isn’t worth a damn unless it achieves results.”

– Ernest Shackleton

4.1 What are the processes that control DInSAR measurements
of the ice-sheet/ice-shelf/ocean system? What is the maxi-
mum accuracy with which we can observe change in ground-
ing zones ?

DInSAR imagery display a wealth of information on ice rheology, ice-shelf thickness and
tidal conditions beneath the surface. Thereby, the physical properties of ice determine
both the width of the grounding zone and the flexural pattern within. The stiffer the
ice, the wider the ice-shelf grounding zone. Ice stiffness is directly proportional to the
Young’s modulus, which can counterbalance changes in ice thickness due to fracture,
ice temperature or anisotropy. Viscosity affects only the timing of the flexural response
and is expressed in the shape of the grounding-zone flexure. While tidal grounding-
line migration has a direct effect on the landward limit of tidal flexure, DInSAR can also
be used to delineate the seaward limit of the grounding zone. Where the ice is in local
hydrostatic equilibrium with the ocean, DInSAR provides highly accurate measurements
of spatial variations in net tidal amplitude. These space-borne measurements can be used
to improve traditional tide models by 39% from 10.8 cm to 6.7 cm in freely-floating areas,
and up to 74% from 21.4 cm to 5.6 cm in ice-shelf grounding zones. Very precise tide
models near Antarctica’s grounding line are required to (i) detect long-term grounding-
line retreat, (ii) accuratetly measure ice discharge into the ocean, (iii) estimate sub ice-
shelf melt rates, (iv) infer the physical properties of ice, and to (v) study ocean mixing in
the sub ice-shelf cavity.

While numerical models for tidal ice-shelf flexure have originally been developed
from idealized beams or plates of constant ice thickness, they succeed in reproducing
two-dimensional effects of grounding-zone flexure as observed with DInSAR. Ice-shelf
flexure is similar for straight sections and along seaward protrusions of the grounding
line. The correct interpretation of DInSAR in landward embayments is more complex, as
lateral stresses from the surrounding ice act to damp the flexural response to tidal forcing.
A viscoelastic model of tidal flexure should better describe these two-dimensional effects
in general, but can overestimate the predicted tidal flexure if the consulted tide model is
inaccurate. An inaccurate tide model can always be adjusted to match DInSAR imagery,
but this adjustment can cover the theoretical superiority of viscoelastic models over the
elastic approximation. An elastic simplification avoids the use of auxiliary tide models



4.1. Key question 1 103

and may therefore seem favourable for feature-rich coastal areas where contemporary
tide models are the least accurate. An adjustment of inaccurate tide-model output is
necessary, if the viscoelastic contribution to the tidal flexure is separated from the elastic
contribution.

In a vertical direction, published models for ice-shelf flexure only describe vertical
displacement for a neutral layer half-way down a beam or plate. DInSAR, however,
measures vertical displacement on the ice-shelf’s surface and captures geometric effects
of intensified beam or plate bending away from its neutral layer. For a more realistic
comparison, it has been shown that these geometric effects must either be added onto
model solutions for neutral layer displacement (as performed for the SMIS) or simply
be removed from DInSAR surface measurements (as performed for the Darwin Glacier).
This strategy lead to the initial identification of a grounding-line fulcrum at the SMIS be-
ing rejected, although a fulcrum boundary condition best describes the observed flexure
pattern with numerical modelling. Field observations from repeated ApRES measure-
ments on the Darwin Glacier, in turn, show that the assumption of a neutral layer at the
core of the beam or plate needs further investigation. Temperature gradients between
the ice surface and the ice-ocean interface may cause ice heterogeneity with depth which
is relocating the neutral layer and thus influencing the correction of the ’bending effect’.
It is anticipated that the recent deployment of numerous ApRES systems in Antarctic
grounding zones will provide future insight into the correct depth of the neutral layer.

While ice thickness is the main contributor to determine ice stiffness, crevassing on
the ice-shelf base as well as surface cracks may reduce the ’effective’ ice thickness to resist
tidal bending. A relatively crevassed/thin ice shelf consisting of stiff ice can produce ex-
actly the same pattern of surface flexure as an uncrevassed/thicker ice shelf consisting of
less-stiff ice. This finding adds another level of complexity to the correct inversion of DIn-
SAR measurements of surface flexure to corresponding ice thickness. The ill-posedness
of this problem may also benefit to a successful inversion if stresses at the ice-shelf base
are used as an additional constrain for the inverse model. As it is well known from
laboratory measurements that ice cracks beyond a certain threshold in yield stress, the
relevant model results for the inverse problem can be removed from the solution space.
The incorporation of a yield stress in inverse models would therefore reduce uncertainty
for the satellite-derived grounding-zone ice thickness and may even provide insight in
the spatial distribution of basal crevassing.

Depending on the applied approach, there are three different maximum accuracies
with which change in grounding zones can be observed: (1) Numerical modelling of
tidal ice-shelf flexure can reproduce DInSAR within a few centimeters. Misfits between
the modelled and observed surface flexure are largest within landward embayments of
the grounding line and smallest on the freely-floating ice shelf. In fjord-like embayments,
viscoelastic models are generally superior to describe the damping effect of the surround-
ing ice. Unfortunately they are also much more prone to consequences of an inaccurate
tide model, as they rely on the rate of change of the tide in their tidal forcing. Elastic
models avoid the need of auxiliary tide models as they only rely on the instantaneous
tidal amplitude and ignore the stress history within the grounding zone. The elastic
model, however, can only approximate the more realistic viscoelastic flexural response.
This approximation, in turn, is only valid when the rate of tidal change is relatively small
(which is the case for large net tidal amplitudes). (2) Field-observations of tidal flexure
can reproduce DInSAR more precisely. GPS data from within the grounding zone of
the SMIS (GPS 6), covering three TerraSAR-X satellite overpasses from the same satellite
track, match the resulting DInSAR image (number 6) within just 4 mm. If GPS records
are not long enough to allow for a direct comparison to DInSAR, DInSAR images can be
unraveled to their ’single tides’ to allow an indirect accuracy assessment of DInSAR.
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At the Darwin Glacier, the GPS ’Hillary’ deviates by 1.3 cm to the reconstructed vertical
displacement at SAR data acquisition number 11. This supports the finding that long-
time GPS surveys over several months are required to assess the vertical accuracy of
DInSAR. Tiltmeters can also be employed to observe change in grounding zones. With
the sensors’ absolute accuracy of 0.001◦, tidal surface flexure can be captured most pre-
cisely with this technology. In this thesis it has been shown that these records can be
matched using numerical modelling to about 0.0012◦ RMSE. This supports the continu-
ation of the long tradition in field deployment of tiltmeters on Antarctic ice-shelves. (3)
Large-scale change in grounding zones can only be observed from DInSAR alone. The
accuracy is then defined by phase noise in the interferogram. These fluctuations, best
visualized with flexure curves showing transects through the grounding zone, are typ-
ically within 1 cm. After unraveling DInSAR images to single tides, the reconstructed
maps of vertical displacement at times of satellite overpasses can be mosaicked to repro-
duce the original DInSAR imagery. This way, the phase noise can be removed from the
double-differential measurement, leaving smooth flexure curves only (Fig. 4.1). Mean
residual errors of this approach are 7 mm on the freely-floating areas (location of ’Shi-
rase’), where the most accurate tide-model data is available for the unraveling workflow.
This supports the suggestion that the tide-model adjustment using DInSAR is useful – it
should become a standard remote-sensing method in polar tide modelling as well as for
answering multi-disciplinary research questions around the grounding zone of Antarctic
ice shelves.

Figure 4.1: Tidal-flexure curves along the Darwin Glacier’s centerline as observed
with 45 DInSAR images (orange) and mosaicked using maps of reconstructed vertical
displacement at times of SAR data acquisition (black).

4.2 With an ever increasing volume of available SAR measure-
ments, what are the selection criteria for the best satellite
data acquisitions to monitor the grounding zone around Ant-
arctica ?

In recent years, the data collection suitable for grounding-zone monitoring has increased
significantly since ESA’s pioneering ERS-1/2 data acquisition campaign. With dedicated
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satellite campaignes, added capabilities and more comprehensive data sets, the availabil-
ity of coherent SAR measurements from different spatial and temporal baselines is grow-
ing and expected to grow in the future. The question arises which SAR scenes should be
chosen to effectively capture processes in grounding zones around Antarctica. With the
wide range of applications for SAR data in grounding-zone glaciology in general, these
selection criteria depend on the specific scientific purpose:

4.2.1 Criteria to monitor long-term grounding line retreat

DInSAR is currently the most accurate way to determine grounding-line locations and
has been applied on a continental scale. A retreat of the grounding line is thereby inter-
preted as an indicator for the onset of marine ice-sheet instability. A long-term retreat
of the DInSAR derived grounding line position can, however, be covered by short-term
grounding-zone variability. To confidently detect critical areas where in depth research
should be focused, short-term grounding-line migration due to tides must first be sep-
arated from long-term grounding-line retreat. Tidal migration of the grounding line is
thereby the main uncertainty, followed by a possible mislocation of the grounding line
due to geometric reasons if DInSAR imagery remain uncorrected for the ’bending effect’.
Corrected DInSAR imagery, in turn, still display the grounding line at the largest tidal
amplitude in their underlying SAR scenes. In areas where bed slope is shallow, allowing
for a relatively large migration of the grounding line with the tides, this causes a signif-
icant mislocation of the DInSAR derived grounding line. Surveys to pinpoint long-term
grounding-line retreat therefore need to consult auxiliary tide models and must relate any
DInSAR derived migration patterns to bed slope. Similarly, grounding-line locations can
be seasonally biased where the satellite’s repeat pass is aligned (or an integer multiple of)
the dominant tidal constituent. With the alignment of TerraSAR-X’s 11-day or Sentinel-
1’s 6-day repeat-pass orbits with the diurnal tidal regime in the Ross Sea, the stage of the
observed tide during the times of satellite overpasses varies only slowly throughout the
year. One solution to avoid this seasonality is to make use of the satellites’ year-round
coverage and to infer the tidally-driven grounding line migration from multiple mapping
results. Another solution is to compare these individual grounding-line locations against
results from other SAR carrying satellites like COSMO SkyMed, especially in areas where
ice motion is too complex to be interpreted from one satellite alone.

If TerraSAR-X is to be used to separate short-term grounding-line migration from
long-term retreat, an absolute minimum of two independent (i.e. not sharing any SAR
image) DInSAR images is required to capture the full extend of tidal grounding-line
migration. These two DInSAR images must result from a ’high-tide’ and a ’low-tide’
combination of individual SAR images to show the landward and seaward limit of tidal
grounding-line migration. Due to the slow variation in the observed tidal stage from
TerraSAR-X throughout the year, these three consecutive SAR images can be used from
acquisition times around the peak of spring tides for the high-tide image and around
the minimum of the tidal amplitude during spring tides for the low-tide image. As the
TerraSAR-X observed tidal stage is running through one full tidal cycle per year, the
full extend of short-term grounding-line migration can only be observed on an annual
temporal resolution. If a higher temporal resolution of monitoring grounding-line mi-
gration due to ocean tides is required, multiple intertwined DInSAR images can theoret-
ically be ’unraveled’ to maps of vertical displacement at times of SAR data acquisition.
This approach, however, still requires additional field validation. Its advantage is, in
turn, that unraveled images display their grounding-line location for single tides on the
freely-floating ice shelf (and not at the largest tidal amplitude as is the case for DInSAR
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imagery). With this in mind, short-term grounding-line migration could be used to indi-
rectly measure bed slope from SAR data.

4.2.2 Criteria to determine ice rheology and spatial heterogeneity

DInSAR imagery can not only be used to delineate the correct location of the grounding
line, they also provide detailed information on the spatial distribution of the physical
properties of ice. Numerical modelling of tidal ice-shelf flexure is thereby a valuable
tool to quantify these satellite measurements of ice rheology and spatial heterogeneity.
By comparing elastic and viscoelastic models against DInSAR measurements, the indi-
vidual contributions of instantaneous and delayed flexural response can be separated.
Viscoelasticity thereby affects the flexural pattern most noteably during the zero crossing
of the tidal wave. This signal is most pronounced during spring tides, when the range
between low and high tide is largest causing the tidal amplitude to change most rapidly
between low and high tides. Harmonic analysis of tiltmeter data across the grounding
zone reveals that viscous damping is non-linearly increasing from freely-floating areas
towards the grounding line, where the ice-shelf response to tidal forcing is delayed by
up to one hour. The question arises how this signal can be studied with SAR data alone,
without the need for cost and labour intensive field campaigns ?

The analysis has shown that a threshold of 35% in spring-tidal amplitude is practi-
cal to resolve viscoelastic signals in DInSAR imagery. Below this threshold viscoelastic
models better describe the flexural pattern than the elastic model, above this threshold
both model solutions are almost equally valid. The selection of suitable DInSAR im-
agery therefore requires the consultation of auxiliary tide models to choose which SAR
images should be chosen for a meaningful derivation of ice rheology. At this stage, it is
advisable to first adjust the tide model output to match DInSAR measurements on the
freely-floating areas. Second, separate the available SAR images using the tidal thresh-
old in ’elastic’ and ’viscous’ snapshots. Third, find coherent combinations of elastic and
viscous snapshots to compute a minimum of two independent DInSAR images. The
elastic DInSAR image can then be used in combination with numerical modelling of elas-
tic tidal flexure to derive the Young’s modulus, whereas the viscoelastic DInSAR image
can only be used to constrain the viscosity value. The analysis has shown that elastic
models can misinterpret the viscoelastic signal as an increase in ice stiffness if ’viscosity-
contaminated’ SAR scenes have been used to compute the elastic DInSAR image. This
partly explains previously published temporal and spatial variations of the Young’s mod-
ulus across Antarctica, although fracture on the ice-shelf base also affects the observed
Young’s modulus. The viscosity value depends on ice temperature and stress history of
the ice. With the mechanical weakening of ice in lateral shear margins of outlet glaciers,
the ice crystals align in their preferred orientation to faciliate ice flow. This results in a
significant reduction of effective viscosity along glacier shear margins, with the potential
to weaken ice shelves and reduce their buttressing effect through enhanced strain. If the
goal is to quantify this reduction in ice viscosity from SAR data alone, the analysis must
focus on SAR images which are acquired near the zero crossing of the tidal wave during
spring tides when relatively large tidal stresses are present within the ice.
Current ice-discharge parametrizations used in ice-sheet modelling are typically based
on a simple flow calculation relating ice thickness, surface velocity and bedrock slope.
In this thesis it has been shown that the common assumption of ice homogeneity in
ice-shelf grounding zones is questionable and at most valid in stagnant areas similar
to the Southern McMurdo Ice Shelf. More dynamic areas like the outlet glaciers in the
Transantarctic Mountains, cause the ice matrix to develop a preferred orientation fabric
and thus a significant reduction in effective viscosity. This is particularly relevant as the
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majority of Antarctic ice is discharged through large ice streams and outlet glaciers into
the Southern Ocean. Large scale observations of ice heterogeneity are therefore required
to improve current ice-sheet model parametrizations and further modelling of the ice
sheet/shelf/ocean system. Spatial ice heterogeneity can be observed with multiple DIn-
SAR images using a statistical model for vertical ice displacement. The statistical model
itself originates from a map of average tide-displacement ratio. Where the fit between
the statistical model and DInSAR measurements varies over large areas, valuable tuning
data on the spatial gradients of effective viscosity can be extracted. Criteria for the best
DInSAR images for this purpose are (i) large double-differential tides to develop a repre-
sentative map of tide-displacement ratio, (ii) at least one double-differential high and low
tide combination, respectively, to delineate an average grounding-line location and (iii)
large tidal stresses from spring-tides to emphasize spatial inhomogeneities in ice-shelf
response.

4.2.3 Criteria to improve the vertical accuracy and spatial resolution of tide
models

A variety of tide-models have here been shown to disagree on the sign of the double-
differential tide as measured with DInSAR in freely-floating areas. These DInSAR mea-
surements, in turn, can be used to adjust tide-model output which generally improves
their accuracy against GPS measurements. The accurate tide models are required to sub-
sequently reconstruct spatial variations in vertical surface displacement within the ice-
shelf grounding zone. A multitude of DInSAR images is thereby necessary to extend the
tide-model output from the freely-floating areas throughout the grounding zone. The
question arises how many DInSAR images are enough for a successful adjustment ? For
the SMIS, 12 SAR scenes from 3 different satellite tracks were used to produce 9 DIn-
SAR images. While this is a small number compared to the 45 DInSAR images at the
Darwin Glacier, it has been a sufficient enough number of DInSAR images to refine the
tide-model output. However, this might either be explained by the relatively simple con-
ditions at the SMIS or the relatively high temporal resolution of this adjustment by using
SAR data from 3 different satellite tracks allowing an adjustment over 1 month. With also
12 SAR images at the Darwin Glacier but from only 1 satellite track with an 11 day repeat
pass, the large number of resulting DInSAR images allowed for a 6 months adjustment of
the tide-model output. This long-term data set not only faciliated the accuracy improve-
ment of tide models in general, it also allowed for an in depth analysis of the elastic and
viscoelastic contribution to the satellite-observed surface flexure. It is therefore recom-
mended to select SAR images with the largest number of consecutive data acquisitions
from the same satellite track, to enable a long-term improvement of tide-model output.
The alignment of the exact 11-day repeat-pass polar orbit of TerraSAR-X with the domi-
nant tidal constituent in the Ross Sea causes that the observed tidal amplitude varies only
slowly throughout the year. A relatively long SAR data set is therefore minimizing any
potential seasonal bias in the tide-model adjustment. Ideally, SAR data are acquired over
one entire tidal cycle spanning from ’low tide’ to ’high tide’ SAR images. The available
satellite overpasses at the Darwin Glacier fall within low-tide periods for the first 8 and
within high-tide periods for the remaining 4 SAR images. It can be discussed that a map
of average tide-deflection ratio reflects this seasonal bias towards a ’low tide’ scenario.
This hypothesis is supported by the observation that DInSAR corrected tide-model out-
put tends to better match GPS data during low tides and slightly underestimates vertical
surface displacement at high tides. Future SAR data selection for improving tide mod-
els in grounding-zone areas should therefore emphasize a careful balance between SAR
acquisitions during low and high tide.
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4.3 Can we use grounding-zone flexure to improve current esti-
mates of Antarctica’s mass balance?

Ice discharge from the continent into the ocean can be estimated by combining satel-
lite measurements of ice-surface velocities with ice thickness at the grounding line (De-
poorter et al., 2013; Rignot et al., 2013). However, this ’flux-gate approach’ assumes that
the ice at the grounding line is in local hydrostatic equilibrium, whereas in reality it is
influenced by stresses from the ice resting on land and the hydrostatic equilibrium as-
sumption breaks down (Vaughan, 1995; Bindschadler et al., 2011). Uncertainties are in
the range of 80-120 m (Rignot et al., 2008). Marsh et al. (2014) made a pioneering step
towards more accurate grounding-line ice thicknesses measurements from satellites us-
ing inverse modelling of ice-shelf flexure due to ocean tides. The authors showed that
the highest accuracy of the inverse method is achieved close to the grounding line, where
current estimates of ice thickness based on surface elevation measurements contain a sys-
tematic bias towards thicker ice. In their study ice is assumed to be an elastic material,
however, several studies have shown that ice behaves more like a non-Newtonian vis-
cous fluid (Reeh et al., 2000; Reeh et al., 2003; Gudmundsson, 2011; Wild et al., 2017;
Wild et al., 2018). A logical step further is therefore to either: (1) invert a viscoelastic ice-
shelf flexure model itself to solve for ice thickness with a given tidal flexure pattern or (2)
eliminate the viscoelastic contribution from the tidal flexure pattern to isolate the elastic
contribution for the model inversion step. The resulting grounding-zone ice thickness
can then be combined with ice-velocity measurements to improve current ice-mass dis-
charge measurements based on hydrostatic equilibrium assumptions using the ’flux-gate
approach’.

Figure 4.2: Comparison of ice thickness along the Darwin Glacier’s centerline between
three different approaches. Airborne GPR measurements, ground measurements us-
ing the ApRES system and from hydrostatic equilibrium principles using satellite de-
rived freeboard.

Comparison of different methods to determine ice thickness shows that estimates gener-
ally agree well in freely-floating areas, but disagree within the grounding zones where ice
is not in local hydrostatic equilibrium with the ocean. Especially at the grounding line,
the ice is supported by stresses from the ground providing additional uplift which leads
to an over-estimation of ice thickness from freeboard inversion. At the Darwin Glacier,
this is≈ +100 m compared to an earlier airborne GPR survey and≈ +60 m compared to
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our ApRES measurements (Fig. 4.2). The ice thickness from freeboard, however, is a valu-
able ’initial condition’ for inverse modelling of tidal flexure, both elastic and viscoelastic.
These experiments will be published elsewhere.
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Abstract. We examine tidal flexure in the grounding zone of
the McMurdo Ice Shelf, Antarctica, using a combination of
TerraSAR-X repeat-pass radar interferometry, a precise dig-
ital elevation model, and GPS ground validation data. Satel-
lite and field data were acquired in tandem between Octo-
ber and December 2014. Our GPS data show a horizontal
modulation of up to 60 % of the vertical displacement ampli-
tude at tidal periods within a few kilometres of the grounding
line. We ascribe the observed oscillatory horizontal motion
to varying bending stresses and account for it using a sim-
ple elastic beam model. The horizontal surface strain is re-
moved from nine differential interferograms to obtain precise
bending curves. They reveal a fixed (as opposed to tidally
migrating) grounding-line position and eliminate the possi-
bility of significant upstream bending at this location. The
consequence of apparent vertical motion due to uncorrected
horizontal strain in interferometric data is a systematic mis-
location of the interferometric grounding line by up to the
order of one ice thickness, or several hundred metres. While
our field site was selected due to its simple boundary con-
ditions and low background velocity, our findings are rele-
vant to other grounding zones studied by satellite interferom-
etry, particularly studies looking at tidally induced velocity
changes or interpreting satellite-based flexure profiles.

1 Introduction

Ice shelves are the floating seaward extensions of the Antarc-
tic Ice Sheet. They move vertically with ocean tides and
are continuously bent in the grounding zone which forms

their landward margin. Migration of this boundary indicates
a change in ice dynamics and basal conditions and can be
used to identify the onset of ice sheet instability (Schoof,
2007). Accurate mapping of the grounding zone at high tem-
poral resolution is therefore vital for detecting a change in ice
dynamics and predicting future ice sheet behaviour (Brunt
et al., 2010; Bindschadler et al., 2011). Positioning of less
than 100 m is required to give consistent results in modelling
studies (Durand et al., 2009). Accuracies of 80–120 m are
given for current mapping techniques (Rignot et al., 2011),
but this is difficult to verify. In addition to mapping, a more
detailed interpretation of the flexure pattern can yield insight
into short-term ice dynamics and glacial and subglacial prop-
erties along this boundary (Walker et al., 2013).

Interferometric synthetic aperture radar (InSAR) uses the
phase difference of electromagnetic waves to spatially map
surface movement and is arguably the most precise satellite
method to measure ice deformation (Goldstein et al., 1993;
Joughin et al., 2010; Minchew et al., 2017). Differential In-
SAR (DInSAR) has been used to delineate the grounding line
by identifying the transition from ice resting on land that is
vertically stationary to ice shelves which move vertically due
to tidal forcing (Rignot et al., 2011). Despite the very suc-
cessful application of InSAR in grounding-line mapping, a
number of limitations remain in the more detailed interpreta-
tion of the flexure pattern (Rabus and Lang, 2002; Han and
Lee, 2014).

Firstly, phase differences are detected only in the radar
look direction, meaning signals that originate from vertical
displacement are mixed with those from horizontal ice flow
and topography. Vertical displacement cannot be uniquely
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identified from a single interferogram. To overcome this
problem, DInSAR is used to remove the observed phase dif-
ference caused by topography and continuous horizontal ice
flow. Residual errors caused by insufficiently well known
surface topography may alter the estimated flexure profile.
The assumption that horizontal velocity remains constant be-
tween satellite passes may be incorrect as flexural bending
effects may alter the flow field (Doake et al., 2002), and vari-
ations in subglacial water pressure can modify the ice flow
up to tens of kilometres upstream of the ground line over
tidal frequencies (Anandakrishnan et al., 2003; Gudmunds-
son, 2007; Marsh et al., 2013). These changes may not be
linearly related to the tides (King et al., 2011; Rosier et al.,
2015), further complicating the interpretation of interfero-
grams.

Secondly, because two or more images are necessary for
interferometry, the deformation pattern does not reveal the
flexure at one snapshot in time but is a combination of
processes over multiple tidal stages. Depending on bedrock
slope and tidal forcing, the grounding-line position cannot be
assumed to be fixed, and the resulting flexural profile may
be shifted horizontally depending on the tidal stage. This
grounding-line migration may be asymmetric (Tsai and Gud-
mundsson, 2015), and interferograms produced from combi-
nations of negative and positive tides will not reflect a realis-
tic tidal bending even under elastic conditions.

Although assumptions about horizontal velocity are not al-
ways correct, for approximate grounding-line positioning the
vertical differential displacement is often much larger than
the differential ice flow component over multi-day repeat
times, which makes the grounding zone and the line of high-
est flexure clearly visible (Rack et al., 2000). Uncertainties
in phase contributions from surface elevation have also been
often neglected where the interferometric baseline is short,
the grounding zone is sufficiently flat, or phase contributions
of tidal displacement are particularly high. When compared
to flexural models using tidal forcing from regional models
like the the Circumpolar Antarctic Tidal Simulator (CATS)
2008, the dominant discrepancy to observations is often the
uncertainty in tidal height due to atmospheric pressure and
the related incomplete correction of the inverse barometric
effect (Padman et al., 2003).

The observed shape of the tidal flexure profiles was found
to be very similar to that of an elastic material in a num-
ber of grounding zones (Vaughan, 1995; Schmeltz et al.,
2002; Marsh et al., 2014), although viscoelastic effects influ-
ence the bending process over tidal timescales (Reeh et al.,
2000). Using a viscoelastic model for tidal flexure, Walker et
al. (2013) showed that bedrock near the grounding line may
act as a fulcrum and that leverage from the falling and ris-
ing ice shelf can cause a reversed vertical bending upstream
of the grounding line. This may cause variations in the basal
hydrology, which is a significant factor in ice stream dynam-
ics and grounding-line migration (Sayag and Worster, 2011).
Interferometry is currently well suited to map first-order dis-

placements, but without more refined treatment of residual
topography and varying horizontal flow it is difficult to detect
the more subtle second-order processes such as the small up-
stream inverse bending predicted to occur at large tidal am-
plitudes.

In this study we selected an almost stagnant ice shelf for
which a new high-resolution digital elevation model is avail-
able. In this way we minimize the complexity of ice sheet
flow across the grounding zone so that we can better in-
vestigate the potential of high-accuracy DInSAR for flexural
mapping. We evaluate a best-case scenario for the satellite-
based measurement of tidal flexure in a grounding zone of the
southern McMurdo Ice Shelf (SMIS) using ground validation
measurements co-incident with satellite acquisitions. We fo-
cus in this study on the analysis of GPS and satellite data in
combination with an analytical elastic bending model, but we
draw on some other auxiliary information from tiltmeters, ice
radar, and a tide model.

The paper is organized as follows: first we describe the
measurement area, the field experiment, and the satellite data
analysis. We then use the bending model to explain the ob-
served GPS signals and show that interferometrically derived
flexure curves contain recoverable information on bending
stress and ice morphology in addition to vertical displace-
ment. We discuss the results in the final section along with
implications for the significantly improved observation of
tidal flexure using SAR interferometry.

2 Study area and GPS measurements

The SMIS is an almost stagnant ice shelf located in an em-
bayment to the northwest of the much faster flowing Ross Ice
Shelf. Figure 1 shows the study region. The boundaries to the
south are Minna Bluff (elevation: 1060 m), to the north they
are White Island (760 m) and Black Island (1040 m), and to
the west they are Mt Discovery (2690 m) and Brown Island
(816 m). The ice shelf connects to the northern McMurdo
Ice Shelf between Brown and Black Island but is completely
grounded above sea level at the saddle between Black and
White Island. Edgar ice rise acts as a pinning point between
the southern tip of Black Island and Minna Bluff. There is
only very little ice discharge from the surrounding catch-
ment basins, and the main inflow occurs in the northeast from
White Island. The ice shelf is generally thicker in the north,
where the snow accumulation is higher, and thins to the south
and the west. This thinning can be seen in surface elevation
gradients as freeboard gets lower from the north to the south.
Basal freezing was detected in the southern and western ar-
eas near Minna Bluff; in these areas the surface mass balance
is generally low or negative (Fitzsimons et al., 2012).

We conducted field measurements along a 4.5 km long
profile across the grounding zone south of White Island and
installed GPS and tiltmeter stations for a 2.5-month period
(9 November 2014 to 23 January 2015). We obtained con-
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Table 1. GPS positions with average ice shelf displacements over the fieldwork period and their estimated distance from the grounding
line (GL) before and after application of strain correction (see text). The flow direction is measured in degrees from north.

## Geog. position (S, E) Velocity Flow Distance from
(m a−1) direction GL (m)

GPS 2 −78◦15′11′′, 167◦7′41′′ 1.95 251.1 200/400
GPS 4 −78◦15′43′′, 167◦7′30′′ 3.41 265.1 1200/1400
GPS 6 −78◦16′16′′, 167◦7′19′′ 4.98 265.1 2200/2400
GPS 7 −78◦17′22′′, 167◦6′53′′ 7.25 283.4 4200/4400

Figure 1. (a) Digital elevation model of the investigation area
based on WorldView-1/2 stereo satellite imagery (October 2010–
November 2011) in the southern McMurdo Sound. TerraSAR-X
image frames of three descending satellite tracks are shown. On
the ice shelf a few contour lines at 10 m separation are plotted as
well as average displacements vectors for the measurement profile
south of White Island. One original and one fully processed inter-
ferogram (t128) are shown in (b) and (c), respectively (DInSAR
combination 9, Table 3).

tinuous records of tidal bending and ice movement from tilt
and position measurements coincident with SAR satellite ac-
quisitions. A total of 7 measurement stations were equipped
with differential GPS (station 2, 4, 6, and 7) and/or tiltmeters
(station 1 to 6). For the study presented here we primarily
make use of the data from the four GPS stations which oper-
ated over varying periods of time (Table 1). Every station in-
cluded a barometer for measuring atmospheric pressure and a

temperature sensor. Dual-frequency GPS data were recorded
at 30 s intervals.

We processed the raw GPS data using Track v1.29 soft-
ware (Herring et al., 2010). To obtain coordinate time se-
ries for each ice site, we processed them relative to a con-
tinuous GPS at Scott Base 47 km away (Blick, 2010), us-
ing precise GPS orbits provided by the International GNSS
Service (Dow et al., 2009) and a satellite elevation cut-
off angle of 10◦. We estimated station positions and tro-
pospheric zenith delays at every measurement epoch, con-
straining their time evolution to reduce noise but without
damping signal (5 mm/sqrt(30 s) and 0.1 mm/sqrt(30 s), re-
spectively). We applied models of antenna phase centre vari-
ations (IGS08_1884.atx) and solid-earth tides. Differences in
ocean tide loading over< 50 km are negligible in this region.
To correct for variations in atmospheric pressure, we apply
a conventional inverse barometer correction of −1 cm hPa−1

(Padman et al., 2003) with pressure taken as anomalies to the
long-term mean obtained from our measured surface pres-
sures at each site. Analysis of GPS time series after de-tiding
and removing the inverse barometer effect suggests the GPS
positions have a precision of ∼ 0.5–1 cm in the horizontal
and ∼ 1–2 cm in the vertical.

To obtain de-tided data, we solved for all tidal constituents
which satisfied the Rayleigh criterion of 2 (Godin, 1972;
Codiga, 2011). For time series with durations less than
182 days we separated constituents with similar frequencies
(K2/S2, P1/K1, O1/K1) using a standard inference approach
based on amplitude and phase relationships derived from the
Scott Base tide gauge ∼ 50 km away. We used the derived
tidal constituents to predict the tidal elevation at times out-
side the GPS observation periods.

Ice thickness of approximately 250 m was also measured
along the profile using a 25 MHz ground-penetrating radar
system (Wild et al., 2017).

3 Satellite data acquisition

For this study a total of 12 TerraSAR-X scenes were acquired
between 25 October and 2 December 2014. These images
are in right-looking StripMap mode on descending satellite
tracks (track 82, 128, and 159; Fig. 1 and Table 2). On ev-
ery satellite track the separation of image acquisitions (repeat
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pass) is 11 days. Image pairs show a high phase coherence al-
lowing the formation of nine differential interferograms from
six image triplets and three other InSAR combinations (Ta-
ble 3). At our field site the radar look direction (radar range)
is aligned with the direction of the field measurement pro-
file across the grounding zone. The satellite heading (flight
or azimuth direction) is orientated along the grounding line
at the field site and is almost exactly parallel to the grounding
line for track 82. The radar incidence angle is close to 45◦ so
that all interferograms are almost equally sensitive in detect-
ing vertical displacements and horizontal motion. The sun-
synchronous satellite orbit and diurnal tidal regime in this
area mean that during the observation period the image ac-
quisitions always occurred close to the high tide, albeit with
variation in amplitude depending on the spring-neap tidal cy-
cle.

Most of our interferograms have a differential perpendicu-
lar baseline of tens to hundreds of metres and only one base-
line is close to zero (Table 3). If uncorrected, these baselines
introduce significant topographic phase contributions even in
the relatively flat grounding zones. In order to reliably de-
tect displacements with sub-centimetre accuracy, a new high-
resolution digital elevation model (DEM) based on World-
View stereo imagery with posted accuracy of 2 m was used
to simulate the topographic phase (Fig. 1). An example of a
“flat” differential interferogram (without topographic effects)
containing primarily residual tidal fringes in the grounding
zone is shown in Fig. 1c. The single-look slant-range com-
plex (SSC) data were first multi-looked in range and az-
imuth to an interferogram pixel spacing of slightly below
10× 10 m, and adaptive fringe filtering was applied. It was
found that this filtering adequately reduced the phase noise
in our analysis. Interferometric products were orthorectified
to polar stereographic projection using the WorldView DEM
at 10 m pixel spacing. A 50 m running mean was then applied
to the resulting flexure profiles.

4 GPS and satellite data analysis

In this study we focus on the interpretation of the GPS mea-
surements as a detailed analysis of the tiltmeter data, and
temporal variation in bending is presented and used else-
where (Wild et al., 2017). However, it is important to note
that tiltmeter measurements at station 1 (where no GPS was
installed) strongly indicate that this position is grounded with
a very small but still detectable bending similar to other up-
stream grounding-line locations in Antarctica (Smith, 1991).
All four GPS stations in this study were installed on float-
ing ice and, as expected, show increasing vertical amplitudes
with distance from the grounding line (Fig. 2). The mean
horizontal flow velocity in this area is less than 7.3 m a−1

(Fig. 1). GPS 7 was located in an area assumed to be freely
floating but this GPS stopped recording after about 11 days.
The overlap in time with GPS 6 allows us to conclude that the

Table 2. Satellite track number and acquisition times as well as
scene centre heading (degrees from north) and radar incidence an-
gles of TerraSAR-X images acquired over the study period in 2014.

Track Date, time (UTC) Heading Incidence

82

25 Oct, 12:32

275.4 44.5
5 Nov, 12:32
16 Nov, 12:32
27 Nov, 12:32

128

28 Oct, 13:14

265.0 44.6
8 Nov, 13:14
19 Nov, 13:14
30 Nov, 13:14

159

30 Oct, 14:14

250.1 39.3
10 Nov, 14:14
21 Nov, 14:14
2 Dec, 14:14

timing of the tidal displacement at GPS 7 is in phase with and
of a very similar amplitude to that of GPS 6 (which is there-
fore also very close to freely floating). This is supported by
nine differential interferograms, which reveal a mean height
difference between position 6 and 7 of 0.000± 0.016 m (Ta-
ble 3).

In addition to the strong vertical tidal signal there is also
a clear horizontal tide-synchronous displacement that is de-
tected by all GPS stations. In contrast to the vertical mo-
tion, which decreases towards the grounding line, the hor-
izontal amplitudes increase towards the grounding line and
are largest at GPS 2 with a magnitude about 60 % of the ver-
tical amplitude (Fig. 2). This horizontal tidal signal is pre-
dominantly perpendicular to the grounding line (along the
measurement profile). This signal fades quickly with distance
from the grounding line, and the ratio between vertical and
horizontal amplitude decreases to 8, 2, and 1 % at GPS 4,
6, and 7, respectively (shown as symbols in Fig. 4c). While
GPS 7 is 4500 m away from station 1, the horizontal sig-
nal is still significant and detectable over the 11-day period
(Fig. 2d).

The acquired sequence of satellite scenes allows us to
derive a total of nine different combinations of differ-
ential tidal bending curves (shown in Fig. 5a). Valida-
tion of the differential height from interferometry by two
GPS stations is possible for DInSAR combination 6 (Ta-
ble 3), which reveals a difference between the two in-
dependent methods of hGPS2−hDInSAR=−0.012 m and
hGPS6−hDInSAR= 0.004 m. Although GPS 6 is relatively
close to the grounding line, it happens to be close to the in-
flection point of surface slope (Bindschadler et al., 2011), in
a position where the surface elevation changes are similar to
that of the freely floating ice shelf. We have expanded our
GPS time series by adjusting the CATS2008 tide model with
data from GPS 6. Taking into account the inverse barometric

The Cryosphere, 11, 2481–2490, 2017 www.the-cryosphere.net/11/2481/2017/

114



W. Rack et al.: Analysis of ice shelf flexure and its InSAR representation (southern McMurdo Ice Shelf) 2485

Figure 2. Vertical (black) and horizontal (red) displacements at four
GPS stations between 9 November and 2 December 2014. The hor-
izontal displacement is the component perpendicular to the ground-
ing line with positive values for movements towards White Island
(about north).

effect, the mean difference between this tide model and inter-
ferometry in the area which is assumed to be freely floating
is −0.002± 0.086 m (Table 3). The high standard deviation
suggests that the complexity of the tides under the ice shelf
is incompletely captured by the tide model.

At radar incidence angles close to 45◦ (Table 2) the in-
terferometric sensitivity to horizontal and vertical displace-
ments is similar. From the GPS analysis it is clear that the

Figure 3. Schematic of grounding zone ice shelf flexure, bend-
ing stresses, and associated surface displacement components in
radar range at low and high tide. Surface extension (convex sur-
face shape) causes a horizontal displacement component towards
the sensor (“−” for radar range shortening) and vice versa (“+” for
radar range lengthening). The neutral layer located in the middle of
the beam experiences only vertical displacement.

horizontal velocity fluctuations are correlated with the verti-
cal tidal displacements and that these components likely do
not cancel out in the DInSAR analysis. The differential hor-
izontal velocity components therefore potentially distort the
interferometrically derived flexure curves. This is especially
problematic near the grounding line, where horizontal and
vertical displacement components are of the same order of
magnitude. As the horizontal velocity fluctuations appear to
be synchronous to the vertical tidal displacements, the ques-
tion arises about the nature of these fluctuations and how they
should be managed.

5 Analysis of bending stress and correct interpretation
of flexure curves

Figure 3 shows a schematic of ice shelf bending in the
grounding zone illustrating bending stresses at increasing
distance from the neutral layer in the beam centre. In our
consideration the beam is clamped on the left (displacement
and slope are zero at x= 0) and freely moving with the tidal
wave on the right end. According to a model of elastic ice
shelf flexure, the bending of the neutral layer can then be de-
scribed by (Smith, 1991)

w(x)= A(t)
(
−1+ e−βx(cosβx+ sinβx)

)
, (1)

with the spatial wave number given by

β4
=

3ρwg
(
1− ν2)

EH 3 . (2)

In Eq. (2) ρw is the density of sea water (1027.7 kg m−3),
g is the gravitational constant (9.81 m s−2), ν is the Poisson
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Figure 4. Elastic model calculations for an ice shelf with 250 m
thickness and E= 1.5 GPa for horizontal surface displacement in-
tegrated from surface strain perpendicular to the grounding line
(a) for a typical high tide in our study area (0.55 m) and (b) over
a tidal cycle at five different distances from the grounding line.
The mean ratio between the horizontal and vertical displacement
is shown in (c) together with the values measured at the four GPS
stations (x symbols).

ratio (0.31), H is the ice shelf thickness, and E is the elastic
Young modulus of ice (see discussion below for values of H
and E).

For pure bending, the curvature κ(x) of the neutral surface
at some distance x from the grounding line is given by (Beer
et al., 2012)

κ(x)=
1
r(x)
=−

w′′(x)
(

1+w′2
)3/2 , (3)

where r is the radius of curvature of the neutral surface, and
w′ and w′′ are the first and second derivative of Eq. (1), re-

Figure 5. (a) Tidal flexure along the validation profile for nine dif-
ferent combinations of interferograms without surface strain cor-
rection (thinner full lines) and with elastic strain correction applied
(dashed lines). The close-up shows the area near the grounding line
for (b) the uncorrected and (c) the corrected displacement. The
numbers in (a) refer to the differential interferograms in Table 1.
Symbols (x) show the GPS validation measurements for profile 6.

spectively. The length of every fraction1x of the neutral sur-
face remains constant during bending by the arc 1α= κ1x,
but at some distance z normal to the neutral layer the new
surface length is

1x+ δx = (r(x)+ z)1α; (4)

e.g., at high tide the stress and strain are negative near the
grounding line in the upper portion of the ice shelf (compres-
sion) and positive in the lower portion (tension). Integration
of the surface strain along a model beam with 6500 m length,
H = 250 m, and a positive tidal displacement, A= 0.55 m,
yields an expected surface displacement as shown in Fig. 4a
with a maximum about 750 m from the grounding line. Af-
ter reaching zero at about 3000 m, the displacement changes
sign for the next 2000 m. With increasing distance from the
grounding line the displacement approaches zero. Figure 4b
shows the expected horizontal surface movement during a
typical tidal cycle with A(t)=±0.55 m at different distances
to the grounding line. In Fig. 4c the ratio between horizontal
and vertical displacement is shown together with the values
measured at the GPS stations; for this figure the grounding
line is fixed 100 m downstream of station 1, which is dis-
cussed further below.

With this in mind it is possible to improve the interpreta-
tion of the interferograms. We use the area 500 m upstream
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Table 3. Acquisition dates and spatial perpendicular baselines (_|_) of differential interferograms listed with displacements (in m) at the
freely floating ice shelf (position GPS 6 and 7) compared to the adjusted CATS tide model. For DInSAR combination 6 the corresponding
value measured by GPS 6 is also shown.

DInSAR Time intervals _|_ DInSAR at GPS 6 Model
number (m) GPS 6/GPS 8

1 30 Oct–10 Nov, 21 Nov–2 Dec −75 0.496/0.476 – 0.437
2 5–16 Nov, 16–27 Nov −190 0.407/0.410 – 0.477
3 28 Oct–8 Nov, 19–30 Nov −70 0.417/0.388 – 0.437
4 8–19 Nov, 19–30 Nov −220 −0.014/0.009 – 0.077
5 25 Oct–5 Nov, 5–16 Nov 187 −0.097/−0.097 – −0.179
6 10–21 Nov, 21 Nov–2 Dec 28 −0.205/−0.197 −0.201 −0.082
7 30 Oct–10 Nov, 10–21 Nov 50 −0.291/−0.279 – −0.355
8 25 Oct–5 Nov, 16–27 Nov 5 −0.310/−0.314 – −0.298
9 28 Oct–8 Nov, 8–19 Nov 290 −0.404/−0.398 – −0.514

of station 1 as the reference area for zero deflection in the
unwrapped interferograms (Fig. 5a). This is justified by the
fact that beyond about 200 m upstream of station 1 the slopes
of all flexure curves are very close to zero. This simultane-
ously confirms that the DEM is of a high enough quality to
completely remove the topographic phase. Prior to applying
the model correction, we identify a local maximum for all
flexure curves about 200 m downstream of station 1, possibly
indicating a fulcrum and reversed upstream bending. At tides
higher than |0.25|m these values are up to 2 % of the differ-
ential tidal displacement on the freely floating ice shelf but of
the opposite sign (Fig. 5b). We now use the analytical elas-
tic model from before but forced with the satellite-observed
tidal amplitude in the area of station 7 and with H = 250 m
and E= 1.5 GPa to apply the correction terms for horizon-
tal movement. We do this by taking into account the radar
imaging geometries (satellite heading and radar viewing an-
gles in Table 2). This approach is supported by Fig. 4c, where
the GPS measurements align well with the ratio curve by fix-
ing the grounding-line location at a point 100 m downstream
of station 1. The new bending curves are steeper in the first
750 m downstream of the grounding line and shallower be-
tween 750 and 2500 m. As the model is forced by the interfer-
ometric displacement in the freely floating area, the corrected
curves increasingly converge with the uncorrected solutions
further downstream. By positioning the model grounding line
100 m downstream of station 1, the local maxima described
above are removed, cross-overs of the resulting corrected
flexure curves are largely avoided, and apparent grounding-
line migration is minimized. We therefore conclude that the
true grounding-line position must be very close to the one
shown in Fig. 5c.

6 Discussion

The initial interferometrically observed bending pattern in
Fig. 5b suggests the existence of a grounding-line fulcrum

around 300 m downstream of station 1. The apparent re-
versed bending upstream of this point with a magnitude
of about 2 % of the tidal amplitude however contradicts
tiltmeter observations (Wild et al., 2017) which show that
changes in surface slope at station 1 are synchronous and in
phase with station 2. Furthermore, the tide-synchronous hor-
izontal velocity components occurring perpendicular to the
grounding line show a maximum at station 2. These two ob-
servations make it clear that the apparent vertical movement
is actually horizontal surface strain as a result of the bend-
ing stress and that the related horizontal velocity components
need to be separated from the vertical displacement in order
to obtain a more realistic satellite-derived flexure profile.

We used an elastic bending model with simple assump-
tions of an ice shelf of uniform thickness and density to
account for these effects in the interferograms. With this
adjustment, the apparent upstream bending disappears and
the grounding line, which was estimated to be about 300 m
downstream of station 1, shifts about 200 m (or one ice thick-
ness) upstream (Fig. 5c). The biggest changes in the slope of
the bending curves are found just downstream of the ground-
ing line where the curvature of the ice flexure is greatest. The
original flexure curves were more distorted near the ground-
ing line. As convex and concave bending cancel each other
out from the grounded to the freely floating area, the full
interferometric tidal amplitude on the ice shelf is identical
in the corrected and uncorrected case. The accuracy of the
obtained flexure curves in our study area is high, partly be-
cause the chosen sites experience hardly any ice flow, and
also because of a presumably steep bed topography result-
ing in a small grounding-line migration over the tidal cycle.
This high accuracy is supported by improved agreement be-
tween interferometry and GPS measurement. As an example
the vertical displacement at GPS 2 about 400 m downstream
of the newly estimated grounding-line position is −0.037 m
for the acquisitions dates of DInSAR combination 6. This
now compares well to −0.039 m of the corrected DInSAR
measurement (Fig. 6c).
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An important and possibly flawed assumption in our anal-
ysis is the elasticity of ice. This is normally quietly assumed
in the DInSAR derivation of the flexural profiles, as only
elastic materials will allow the linear superposition of indi-
vidual profiles to result in another flexure profile equivalent
to a differential tidal forcing. It is also important to note that
all the satellite images have been acquired at high tide and
that negative differential tides in Fig. 5 are only a conse-
quence of the negative differences between differential pos-
itive tides. However, the synchrony of the vertical and hor-
izontal displacement components suggests that on the short
tidal timescales the bending response is dominated by elastic
behaviour. In our analysis we also assume that the ice shelf
is of uniform thickness and density. The variation of density
and temperature with depth, basal crevasses, and grounding-
line migration can altogether change the shape of the flexure
profile, as the neutral bending layer is likely not in the centre
of the ice shelf column (Jenkins et al., 2006; Rosier et al.,
2017).

Despite all these simplifications the good agreement be-
tween GPS measurements, the modelled bending signal, and
the corrected flexure profiles indicate that we capture the
first-order effects of bending stresses. This is especially sup-
ported by the clear result of grounding-line location and
the simplified bending patterns close to the grounding line.
The interferometric measurement clearly captures the surface
strain pattern as a result of the bending of a beam with finite
thickness. This additional adjustment must be considered
at all sites if interferometrically derived flexure curves are
used to pinpoint the grounding-line location where the radar
look direction is significantly misaligned with the ground-
ing line. Ice thickness and tidal amplitude in our study area
are relatively small. In many other regions, for example at
the Ronne–Filchner Ice Shelf, bending effects are expected
to be more significant. For an ice shelf with 1000 m thick-
ness and 1 m tidal amplitude we estimate 0.12 m horizontal
surface displacement at 2130 m distance from the grounding
line. If interpreted as vertical displacement, it would signif-
icantly change the shape of the tidal flexure curve in a typi-
cal DInSAR imaging geometry. Furthermore, GPS observa-
tions of horizontal modulation of flow near grounding lines
(e.g. Marsh et al., 2013) should be corrected for this effect
before their application to study other grounding-line effects.

7 Conclusion

We examined tidal motion of ice in an ice shelf grounding
zone using a combination of satellite interferometry, GPS,
and modelling. Our study region in the McMurdo Ice Shelf
grounding zone is unusual compared to previously studied
regions, as the ice flow across the grounding line is almost
zero. As such, the motion is effectively free from basal dy-
namics, allowing us to separate out elastic bending processes

and correct interferograms for this effect to obtain an accu-
rate grounding-line location.

From the implicit elastic assumption commonly made in
DInSAR analysis it follows that different flexure profiles can
be superimposed to yield another flexure profile at the dif-
ferential tide. This is certainly not true for a viscoelastic ma-
terial such as ice; as we discovered signs of viscoelasticity
in at least two flexure profiles, this needs further investiga-
tion. However, assuming simple elastic ice properties, we
find that the adjusted ice shelf flexure profiles better fit mod-
elled bending profiles to estimate material properties such as
Young’s modulus of ice. We have chosen our field area be-
cause of the very simple boundary conditions, which are a
straight grounding line with very little ice flow. Our findings
should be able to be extended to other more complex ground-
ing zone situations.

Interferograms of tidal flexure zones contain precise in-
formation on bending stresses which depend on ice thick-
ness and tidal forcing. This information can be revealed in
the grounding zone if a precise elevation model is available
to subtract the topographic phase. By separating non-linear
horizontal movement from vertical displacement using sim-
ple assumptions of tidal elastic tidal bending around a neu-
tral layer, we obtain more realistic ice shelf flexure profiles
in this glaciologically important region. With this correction,
we can more accurately determine the position of the ground-
ing line in our study area using differential interferometry,
eliminating an erroneous signal otherwise misinterpreted as
grounding-line migration or reversed tidal bending upstream
of the grounding line.
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ABSTRACT. Tidal flexure in ice shelf grounding zones has been used extensively in the past to determine
grounding line position and ice properties. Although the rheology of ice is viscoelastic at tidal loading
frequencies, most modelling studies have assumed some form of linear elastic beam approximation to
match observed flexure profiles. Here we use density, radar and DInSAR measurements in combination
with full-Stokes viscoelastic modelling to investigate a range of additional controls on the flexure of the
Southern McMurdo Ice Shelf. We find that inclusion of observed basal crevasses and density dependent
ice stiffness can greatly alter the flexure profile and yet fitting a simple elastic beam model to that profile
will still produce an excellent fit. Estimates of the effective Young’s modulus derived by fitting flexure
profiles are shown to vary by over 200% depending on whether these factors are included, even
when the local thickness is well constrained. Conversely, estimates of the grounding line position are
relatively insensitive to these considerations for the case of a steep bed slope in our study region. By
fitting tidal amplitudes only, and ignoring phase information, elastic beam theory can provide a good
fit to observations in a wide variety of situations. This should, however, not be taken as an indication
that the underlying rheological assumptions are correct.

KEYWORDS: ice/ocean interactions, ice rheology, ice-sheet modelling, ice shelves

1. INTRODUCTION
The grounding zone, where ice transitions from grounded to
freely floating, is a narrow but crucial portion of marine ice
sheets. Ocean tides beneath the ice shelf lead to ice
flow modulation far upstream of the grounding line
(Anandakrishnan and others, 2003; Bindschadler and
others, 2003; Gudmundsson, 2006) and the flexure of ice
in this region can be used as an indicator of grounding line
(GL) position (Goldstein and others, 1993; Rignot, 1998a, b;
Sykes and others, 2009; Rignot and others, 2011) and migra-
tion (Brunt and others, 2011). Ice-sheet mass balance is often
estimated as the difference between net accumulation
upstream of the GL andmass flux across it but this calculation
is sensitive to uncertainty in the GL position and ice thickness
at the GL (Shepherd and others, 2012).

Studies of ice-shelf tidal flexure have been used frequently
to seek insights into ice rheology and determine GL position
based on a given flexure profile. Ice in the grounding zone
bends to accommodate the vertical motion of the adjoining
ice shelf resulting from ocean tides. In the past this has typic-
ally been modelled as some form of elastic beam/plate equa-
tion (Holdsworth, 1969, 1977; Lingle and others, 1981;
Smith, 1991; Vaughan, 1995; Schmeltz and others, 2002;
Sykes and others, 2009; Sayag and Worster, 2011, 2013;
Walker and others, 2013; Marsh and others, 2014; Hulbe
and others, 2016). Some of these studies seek to determine
the elastic (Young’s) modulus of glacial ice in situ by match-
ing beam theory to observed flexure profiles (e.g. Lingle and
others, 1981; Stephenson, 1984; Kobarg, 1988; Smith, 1991;
Vaughan, 1995; Schmeltz and others, 2002; Sykes and
others, 2009; Hulbe and others, 2016) as an alternative to
seismic or mechanical laboratory experiments (e.g. Jellinek
and Brill, 1956; Dantl, 1968; Roethlisberger, 1972; Hutter,

1983; Rist and others, 1996; Petrenko and Whitworth,
2002). Alternatively, assumptions about ice rheology have
been made in order to invert tidal flexure curves for ice thick-
ness in the grounding zone (Marsh and others, 2014). Finally,
(D)InSAR (Differential Interferometric Synthetic Aperture
Radar) has become a common tool to determine GL position,
either through fitting an elastic beam model to tidal fringes
(Rignot, 1998a, b; Sykes and others, 2009) or by positioning
it at the location in a differential interferogram where vertical
motion is detected above noise for the first time (Rignot and
others, 2011). Here, we question the validity of some of the
approaches listed above.

Ice stiffness, typically described by the Young’s modulus
(E), is important for the transmission of elastic stresses
through ice and is a crucial parameter when considering its
fracture or damage. Elastic stresses play a key role in the
propagation of (relatively) high frequency tidal motion
through ice (Gudmundsson, 2007, 2011; Walker and
others, 2012; Thompson and others, 2014; Rosier and
others, 2015; Rosier and Gudmundsson, 2016) and any
weakening in shear margins due to crevasses could partly
explain the large distances upstream that these signals are
observed (Thompson and others, 2014). Ice stiffness is also
an important parameter for the fracture toughness of ice.
Estimates of this parameter obtained by fitting a beam
model to flexure profiles have recently been used to model
strand crack formation in the grounding zone (Hulbe and
others, 2016).

Direct comparisons cannot be made between laboratory
measurements of ice elasticity and those obtained from
fitting models to ice-shelf flexure profiles, as ice is not
purely elastic over tidal timescales (Schmeltz and others,
2002; Reeh and others, 2003; Wild and others, 2017). The
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true elastic modulus and the ‘effective’ modulus observed in
the field are material properties of two separate rheological
models. In reality, deformation of ice crystal fabric and
change in bulk structure due to accumulated strain leads to
a nonlinear variation in strain rate and an overall softening
of the ice over time. This cannot be observed in the instant-
aneous elastic response. As well as providing a misleading
Young’s modulus, a purely elastic model of ice at tidal time-
scales can only transmit stresses instantaneously with no
phase lag. In contrast, while still not matching all time-depend-
ent changes in ice fabric, a realistic viscoelastic rheology
incorporates the delayed viscous signal, which changes ice
stream response to tidal forcing and leads to long-period
modulation in velocity (Rosier and Gudmundsson, 2016).

In the discussion that follows we will use the term ‘effect-
ive’ ice stiffness to denote the apparent ice stiffness that
would be inferred from a simple interpretation of flexural pro-
files, as has been done frequently in the past. In reality, the
Young’s modulus is a material parameter that should not
change as a result of crevassing (but could be altered by
changes in ice temperature or fabric). It is well established
that ice damage can cause a change in the ‘effective’ ice rhe-
ology. This is often accounted for using a continuum damage
mechanics approach, which introduces a damage parameter
into the rheological equation for ice (Pralong and others,
2003; Pralong and Funk, 2005; Tsai and others, 2008;
Borstad and others, 2012; Thompson and others, 2014).
Here, we adopt the alternative approach of directly including
the crevasses in our model geometry, as has been done by
Freed-Brown and others (2012).

In this study we explore factors that influence flexure that
have been previously ignored and how these factors could

change the interpretation of ice rheology. A quantitive ana-
lysis of the effects of crevassing and vertical density variation
on the tidal flexure of ice in the grounding zone are investi-
gated for the first time. We compare results between a
linear elastic beam model and a 2-D full-Stokes viscoelastic
finite element model that has been used in the past to explore
ice/tide processes (Gudmundsson, 2011; Rosier and others,
2014, 2015; Rosier and Gudmundsson, 2016). The model
domain is based on a comprehensive recent survey of the
grounding zone of White Island on the Southern McMurdo
Ice Shelf, including ice thickness measurements and loca-
tions of probable basal crevasses obtained by radar (Fig. 1).
This extensive dataset provides a unique opportunity to
investigate flexural processes in far more detail than has pre-
viously been possible. We show that using a linear elastic
beam model to study a nonlinear viscoelastic process can
provide an excellent fit to flexure profiles, provided any
phase information is ignored. This flexibility of the elastic
beam theory to successfully replicate observations should
however not been taken as indication of the correctness of
the rheological model on which the linear elastic beam
theory is based. We show that even if ice thickness is
known, the presence of basal crevasses can greatly alter
the flexure profile, which would be misinterpreted as a
change in Young’s modulus. Considerable care should be
taken when interpreting ice-shelf flexure profiles to deter-
mine ice rheology or thickness. In contrast, using flexure pro-
files to determine GL position is reasonably robust depending
on the level of accuracy required.

2. METHODS
The full-Stokes solver MSC.Marc (MSC, 2016) is used to
simulate a 20 km flowline (15 km floating, 5 km grounded)
of the Southern McMurdo Ice Shelf grounding zone. It uses
the finite element method in a Lagrangian frame of reference
to solve for conservation of mass, linear momentum and
angular momentum:

Dρ

Dt
þ ρvi;i ¼ 0; ð1Þ

σ ij;j þ fi ¼ 0; ð2Þ

σ ij � σ ji ¼ 0; ð3Þ

where D/Dt is the material time derivative, ρ is mass density,
vi are the components of the velocity vector, σij are the com-
ponents of the Cauchy stress tensor and fi are the components
of the gravity force per volume. In this way, unlike most pre-
vious studies of tidal flexure, the model does not use any form
of thin beam approximation. We use summation convention
of dummy indices and the comma to denote partial deriva-
tives, in line with standard Cartesian tensor notation. The
model is 2-D plane strain such that all strain components
with an across flow (y) term vanish. The deviatoric stress
and strain components (τij and eij, respectively) are defined as

eij ¼ eij � 1
3
δ ijepp ð4Þ

and

τ ij ¼ σ ij � 1
3
δ ijσ pp; ð5Þ

Fig. 1. Differential interferogram from the Southern McMurdo Ice
Shelf study site, derived from three TerraSAR-X scenes in 2014,
showing the flexure zone as dense band of fringes. Each fringe
corresponds to 2.2 cm of vertical displacement. Background image
is a Landsat 8 scene from 23 February 2017. Also marked is the
grounding line (solid black line), model domain (solid white line),
radargram line (dashed black line), 30 m ice speed contours
(dashed white line) and the location of the firn core (star). Inset
shows the extent of the main figure (red box) in the context of the
Ross Ice Shelf. Note the location of the shear margin between the
Southern McMurdo and Ross Ice Shelves, shown by tightly packed
ice speed contours. Image courtesy DLR.
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where eij are the components of the strain tensor and δij is the
Kronecker Delta.

Ice is treated as a Maxwell viscoelastic material. This is a
two-element rheological model comprising a viscous
damper and an elastic spring connected in series, such that
an applied stress yields an instantaneous elastic strain and
a time dependent viscous strain. The total deviatoric strain
rate _eij is therefore the sum of these two contributions:

_eij ¼ Aτn�1
E τ ij þ 1

2G
τ ij
∇
; ð6Þ

where the dot indicates a time derivative.
The first term on the right-hand side represents the viscous

component of deformation where A is the temperature
dependent rate factor in Glen’s flow law, n is creep exponent
(a nonlinear relation with n= 3 is used throughout) and

τE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ ijτ ji=2

q
ð7Þ

is the effective stress. The second term on the right-hand side
of (6) is the elastic component of deformation, where the
superscript ∇ denotes the upper-convected time derivative:

τ ij
∇ ¼ D

Dt
τ ij � ∂vi

∂xk
τkj �

∂vj
∂xk

τ ik; ð8Þ

G is the shear modulus:

G ¼ E
2ð1þ nÞ ; ð9Þ

ν is the Poisson’s ratio and E is the Young’s modulus
(Christensen, 1982). A standard value of 0.3 is used through-
out for the Poisson’s ratio (Lingle and others, 1981;
Stephenson, 1984; Kobarg, 1988; Smith, 1991; Vaughan,
1995; Schmeltz and others, 2002; Sykes and others, 2009)
and in line with previous studies the effect of changing this
is negligible and not discussed further.

We choose to avoid the complication of matching the
background flow of the ice stream, largely because the
flow in this region is not aligned with the 2-D flexure line
that we investigate. Following Thompson and others (2014)
we set the body force fi= 0 in (2). This will only alter the
viscous component of our model since the effective viscosity
is a function of the effective stress. In this case, since we are
only interested in the relative amplitude of the flexure profile
and do not investigate its phase, any resulting difference
between the two models will be very small. Without the
body force there is no need to apply an ocean back pressure
at the downstream end of the model, so instead a stress-free
condition is applied.

Ice rests on seawater of uniform mass density ρw= 1030
kg m−3 ,which exerts an ocean pressure normal to the base
of the floating ice shelf given by

pw ¼ ρwgSðtÞ; ð10Þ

where g is gravitational acceleration, S(t) is the time varying
sea level, consisting of a sine wave of diurnal period with
an amplitude equal to the local ocean tide of ∼0.3 m.
Grounded ice rests on an elastic bed 5 m thick with stiffness
k= Et/Ht, where Et is the till elasticity and Ht is the till thick-
ness. Sayag and Worster (2011, 2013) previously investi-
gated the effects of till stiffness on the flexure profile and

we do not expand on this analysis. We briefly show the
effect of reducing k in one set of experiments for the sake
of comparison, but in general k is fixed to a value of 1 GPa
m−1, representing a relatively stiff bed (Sayag and Worster,
2013) to avoid complicating our results with soft till effects.
At the GL ice is pinned to the bed such that the GL cannot
migrate, in accordance with DInSAR analysis that shows no
GL migration at this site (Wild and others, 2017). The GL pos-
ition used in the model is the GL position as identified in the
radargram with the aid of DInSAR interferograms.

It is worth pointing out here that, although the system of
equations we solve in our model are very different from the
purely elastic beam model, the boundary conditions we
employ are almost exactly the same. In his derivation,
Holdsworth (1969) assumes that the ice is plane strain,
resting on an elastic foundation and clamped vertically at
the GL. At the downstream end of the beam the vertical
deflection equals vertical tidal motion and its gradients in x
are zero. All these conditions are satisfied in our model, pro-
vided that the domain is sufficiently long (which we show
later in the results).

The model domain consists of an unstructured mesh of
∼50,000, 2-D isoparametric triangular elements, refined
around the grounding zone leading to a resolution of up to
4 m in this region. Radargrams in this area, obtained during
a recent survey, indicate extensive basal crevassing in the
grounding zone. In some simulations we manually add
cracks into the finite element mesh at locations where we
interpret likely basal crevasses based on one of the radar-
grams across the White Island grounding zone (Fig. 2a).

Fig. 2. (a) Radargram across the grounding zone of White Island,
Southern McMurdo Ice Shelf, showing extensive basal crevassing
(some of the more distinct basal crevasses are indicated by
arrows). (b) Outline of the model domain in the grounding zone
for a crevassed geometry: a= 0.25 H, α= 1°, where a is the
crevasse depth through the ice thickness H and α is the crevasse
opening angle. Note that the full model domain extends beyond
this region (extent shown in Fig. 1). (c) Close up of the portion of
the domain outlined in the red box of panel b, showing details of
the crevasse geometry for α= 1°.
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Due to the difficulty in determining crevasse depths from the
radargram we adopt the simpler approach of testing two
scenarios, with depths chosen to be either 10% or 25% of
local ice thickness and crack opening angles (α) of either
1° or 0.001°. An outline of the resulting model geometry,
showing crevasse depths of 25% ice thickness and crack
opening angles of 1°, is shown in Fig. 2b.

A 10 m firn core was taken in the survey area at the same
time as radar measurements were made (location shown in
Fig. 1). This was divided into 5–10 cm sections, which
were weighed and measured to obtain estimates of firn densi-
fication (shown in Fig. 3a). These measurements were fitted
to an exponential curve assuming glacial ice mass density
(ρice) of 917 kg m−3 giving the following depth density rela-
tion:

ρiðzÞ ¼ ρice � ð573 expð�0:0529zÞÞ: ð11Þ

Along with the mass density profile given in (11) we use a
simple relation of a form given by Gibson and Ashby (1988)
to calculate a depth dependent Young’s modulus as

EðzÞ ¼ ρiðzÞ
ρice

� �2

Eice: ð12Þ

The resulting profiles for mass density and Young’s modulus
are shown in Fig. 3a. To make for a sensible comparison Eice
is chosen to be 3.2 GPa so that the Young’s modulus of
glacial ice remains the same as that of the control simulation
and the only difference is in the stiffness of the firn layer.
Using this relation the depth averaged E becomes 2.9 GPa,
however the change is not that simple given that the stiffness
is only reduced at the ice surface. A variety of relations
between mass density and stiffness exist and no measure-
ments were made with which to test this particular form,

however the firn stiffness will undoubtedly be lower and so
this simplest approach provides a useful first step in investi-
gating how the flexure profile would change as a result of
reduced surface stiffness.

A temperature distribution was taken from recent mea-
surements made in a nearby portion of the McMurdo Ice
Shelf (Kobs and others, 2014) and applied to the model
with the simplifying assumption that there is no lateral vari-
ation in basal temperature (Fig. 3b). The rate factor A is
then made a function of temperature using the relation
derived by Smith (1981).

3. RESULTS
Our results are divided into two sections; firstly we use the
full-Stokes viscoelastic model described in Section 2 to simu-
late ice flexure for a number of different geometries and par-
ameter choices to show the effect of these changes on the
surface flexure signal. We then use a nonlinear regression
to fit an analytical elastic beam solution to our modelled
flexure profiles in order to evaluate the performance of this
technique and discuss what can be gained from such an
exercise.

3.1. Full-stokes model
We begin by presenting results from a control run, whereby
we use the full-Stokes viscoelastic model to calculate a
flexure profile but without any additional perturbations i.e.
not changing Young’s modulus with depth and using a
mesh without crevasses. Model simulations use a time
varying sea level (10) and the flexure profile is the difference
between the surface elevation at high tide and the surface
with no tide. We approach this control run in the same
way as previous studies, by taking the thickness profile and
tuning the Young’s modulus to match an observed flexure
profile measured by differential interferometry. Figure 4
shows the DInSAR flexure profile (blue line) and the best fit
obtained with an effective Young’s modulus of 3.2 GPa
(black line) i.e. the control run. As a next step, we introduce
basal crevasses with depths of 25% ice thickness into the
mesh as described in Section 2 and rerun the model. In this

Fig. 3. (a) Density relation obtained by fitting an exponential curve
(11) (blue line) to firn density measurements obtained with the 10 m
core (circles) and the resultant variation in Young’s modulus with
depth as determined from (12) (red line). (b) Temperature
distribution used in the model.

Fig. 4. DInSAR flexure profile (blue curve) compared with best fits
for the crevassed and control geometries (red and black lines,
respectively). Both modelled curves are outputs from the full-
Stokes viscoelastic model.
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case the effective Young’s modulus needed to match obser-
vations is 5.2 GPa (Fig. 4, red line).

Figure 5 shows the difference between the control run
and a more complete set of experiments. To aid comparison
we include results of two simulations where the only
change was to increase or decrease the Young’s modulus
of ice by ±25% to 4.0 and 2.4 GPa, respectively (Fig. 5a).
The first experiment (yellow line in Fig. 5a) uses the
density profile shown in Fig. 3 (blue line) to reduce near-
surface ice elasticity according to the relation given by
(12) (denoted E= f(ρi)). The effect is similar to reducing
the overall Young’s modulus of the entire ice shelf by
25% with no clear way to differentiate between the two
cases.

Comparison of results between experiments that intro-
duced basal crevasses into the model domain are shown in
Fig. 5b. Where the crack opening angle is large (α= 1°)
there is no difference between the flexure profiles at high
and low tide (low tide profiles overlap exactly with their
respective high tide profiles and so are not included) .
For cracks that penetrate 25% of ice thickness the effect
on the flexure profile is very large, equivalent to a reduc-
tion of Young’s modulus of 40%. The effect for cracks
that penetrate 10% of ice thickness is smaller but still
important.

Where the crack opening angle is very small (α= 0.001°)
there is a difference between the flexure profile at high and
low tide (low tide flexure profiles are inverted and indicated
by dashed lines). This is because the cracks are sufficiently
narrow that at various stages in the tidal cycle cracks in a
compression region might close fully at which point they
no longer reduce the effective stiffness of the ice. This
happens at different phases of the tide for different cracks
and also explains why the overall effect of these cracks is
smaller than for large opening angles.

In a number of previous studies it is assumed that ice rests
on an elastic bed (Sayag and Worster, 2013; Walker and
others, 2013) and so we also include the effect of reducing
the stiffness of the bed (Fig. 5c). This has a similar influence
on the flexure profile as reducing the effective ice stiffness
but also increases the reversed sign deflection upstream of
the grounding line.

Several tests were performed to check that the 15 km
length of floating shelf was sufficiently long. Due to the
stress free boundary condition at the downstream end of
the model, if the domain is much longer than the character-
istic bending lengthscale (in this case 1/β≈ 1 km) then the
solution will approach that of an infinitely long ice shelf.
Doubling the length of the ice shelf to 30 km for the a=
25 H, α= 1° geometry led to a maximum difference
between the two resulting profiles of 2 × 10−5 m. Since this
difference is three orders of magnitude smaller than the
signals we investigate, we consider our domain to be suffi-
ciently large that boundary effects are negligible.

3.2. Elastic beam fitting
We now attempt to fit an analytical elastic beam solution to
our modelled flexure profiles to evaluate its performance and
ability to provide useful information on elasticity and GL pos-
ition. Following a similar approach to Rignot (1998a), we
assume an elastic tidal flexure profile for a positive vertical

Fig. 5. Difference in flexure profile between the control (E= 3.2
GPa, k= 103 MPa, no crevasses) and various experimental setups.
(a) shows the effect of making Young’s modulus a function of ice
mass density, denoted E= f(ρi) along with the most extreme
scenario tested, with crevasse depths of 25% ice thickness and
density dependent E. Difference in flexure profile obtained by
simply altering the Young’s modulus are included for the sake of
comparison (b) shows the difference with crevassed geometries of
crevasse depths 0.1 and 0.25 H and crevasse opening angles α=
1° and α= 0.001°. Dashed lines in panel b indicate the equivalent
difference in flexure profile at low tide. Note that for large crack
opening angles α= 1° low tide profiles overlap exactly with their
respective high tide profiles and so are not shown. (c) shows the
change in flexure profile as the bed is made more elastic, from
k= 102 MPa to k= 100 MPa. All curves shown are outputs from
the viscoelastic full-Stokes model.
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deflection of 1 m that takes the form

yðxÞ ¼ 1� expð�βx0Þ½cosðβx0Þ þ sinðβx0Þ� x> x0
0 x � x0

�
ð13Þ

(Holdsworth, 1969) where x′= x− x0, x0 is the estimated GL
position and

β ¼ 3ρwg
1� n2

Eh3

� �1=4

ð14Þ

is the spatial wavenumber. We apply a nonlinear regression
(e.g. Dennis and Schnabel, 1996) of the form

bðkþ1Þ
i ¼ bðkÞ

i þ ðKðkÞ
ji K

ðkÞ
jk Þ�1KðkÞ

kl ðŷl � yðkÞl Þ; ð15Þ

where

b ¼ β
xo

� �
; ð16Þ

Kij ¼ dyi
dbj

; ð17Þ

ŷ is the observed flexural profile and k is the iteration
number. After a few iterations we obtain the optimum
values for β and x0 that best fit each flexure profile using
elastic beam theory. By first performing a regression on the
control simulation with E= 3.2 GPa we calculate an ‘effect-
ive thickness’ h for the model, that does not vary spatially, of
221 m. Direct comparison between our model, which uses
the measured ice thickness, and the linear elastic beam
model of (13) that assumes constant thickness, means some
of the differences can be attributed to this constant thickness
approach. To check that this approach can still be inform-
ative we conducted two experiments where the only differ-
ence from the control was to change Young’s modulus to
4.0 and 2.4 GPa. In this case the regression finds good agree-
ment, fitting a spatial wavenumber equivalent to 3.96 and
2.42 GPa respectively.

Using the ‘effective thickness’ value obtained above
allows us to calculate an ‘effective’ Young’s modulus from
β using (14) for each experiment, the results of which are

summarised in Table 1. For the most extreme experiment,
where we introduce basal crevasses with a depth of 0.25 H
and make Young’s modulus a function of mass density, the
elastic beam model finds a best fit for E= 1.47 GPa i.e.
over a factor of two error from the actual Young’s modulus
used. The elastic beam model fit to profiles produced by
the full-Stokes model was good in all cases, with typical
RMSE of ∼2–3 mm.

Various approaches have been used in the past to estimate
GL position from SAR interferometry. Some previous studies
fit an elastic beam model to the DInSAR flexure profile and
assign the upper limit of tidal flexure (F) at the point x0
(Rignot, 1998a, b; Sykes and others, 2009). Alternatively,
the assumed GL position (G) is placed at the point that verti-
cal motion of ice is detected for the first time above noise
level in the interferogram. We replicate the fringe picking
approach by differencing two modelled flexure profiles at
random points in the tidal cycle and placing G where the
flexure exceeds 2.2 cm, ie. the height equivalent to one inter-
ferogram fringe in TerraSAR-X interferograms. This is repeated
1000 times for each experiment, discarding any sampling
where the difference in tidal elevation was<20 cm, and aver-
aged to obtain an estimate of G based on this approach.

Table 1 compares the estimate of the GL position using
both approaches with the known GL position in the model,
where a positive distance indicates that the GL is determined
to be downstream of its true location. In all cases F was
located upstream of G, while the true GL position was
located between these two points.

4. DISCUSSION
The results shown above demonstrate that the presence of
crevasses and a firn layer could greatly alter tidal flexure pro-
files; changing the width of the grounding zone and thus
leading to a very different ‘effective’ Young’s modulus. In
most cases it is impossible to attribute the cause of differences
between flexure profiles when the only available information
is the surface flexure signal. As previously stated, the Young’s
modulus does not actually change due to the inclusion of
crevasses. The fact that a different effective Young’s
modulus is required to fit the observed flexural profile
(Fig. 4) is due to the lack of a-priori knowledge about crevasses
in the no crevasse simulation. Laboratory experiments on
glacial ice under controlled conditions tell us about the true
rheological parameters whereas effective values obtained
through modelling flexural profiles can inform the extent to
which factors such as crevassing are locally important.

Although the crevassed meshes used in this work are rela-
tively crude they are a first step in assessing the importance of
ice damage in this respect and we have the benefit of knowl-
edge about crack spacing and frequency in this domain. It is
unclear from the work presented here whether the basal cre-
vasses on the Southern McMurdo Ice Shelf have formed due
to the flexure itself, as a result of the shearing flow with the
Ross Ice Shelf in this area or a combination of the two,
however there is no doubt that many other grounding
zones will be crevassed and these effects should be consid-
ered relevant to most tidal flexure studies. Differences in
flexure curves between high and low tides might be indica-
tive of very narrow crevasses closing or opening at different
stages in the tide.

InSAR GL positions are defined as the inland limit of
flexure and it is assumed that this lies close to the actual

Table 1. Inferred properties obtained by regression of an elastic
beam equation to the modelled curves presented in Fig. 5

Experiment Effective
E GPa

1/β m RMSE
mm

x0 m Fringe
pick GL m

E= f(ρi) 2.60 1027 2.78 −106 134
a= 0.1 H 2.84 1050 2.37 −103 153
a= 0.25 H 1.88 948 2.05 −83 144
a= 0.25 H, E= f(ρi) 1.47 760 2.16 −90 140
k= 100 MPa m−1 3.05 1069 2.45 −150 116
k= 101 MPa m−1 3.09 1073 3.36 −138 114
k= 102 MPa m−1 3.16 1079 2.47 −121 139

Effective E, 1/β and x0 are the Young’s modulus, bending length scale and GL
location estimated from each profile using this approach. Fringe pick shows
where the GL would have been placed using the fringe picking method of
interferometory. In both cases the estimated GL locations are given relative
to the known GL location in the model, with a positive distance being down-
stream of this point. RMSE is the fitted beam model to each flexure profile. All
experiments used a Young’s modulus of 3.2 GPa and the crevassed geom-
etries had a crack opening angle of 1°.
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grounding line. The two approaches tested here appear to
perform reasonably well, differing from the true GL position
by ∼80–150 m, however there are two caveats to this.
Firstly the geometry used in this work can be considered an
ideal case, with no lateral effects and a steep bed slope, so
the accuracy of the GL position is likely a best case scenario.
Shallower bed slopes in particular would likely lead to larger
discrepancies between either F or G and the true GL position.
Secondly it is worth noting that, taking this domain as an
example, an error in GL position of 150 m would result in
an error in ice thickness at the GL of over 8%.

Errors in the regression were always small, implying that a
simple elastic beam model can be made to fit very well to a
flexure profile with only two fitting parameters. These small
errors are often cited in previous studies to provide confi-
dence in this type of approach (Vaughan, 1995; Rignot,
1998a, b) however it is clear that care must be taken if this
approach is used to estimate either H or E since other
factors might be at play. In fact, since it is only the product
of EH3 that enters (14) (Holdsworth, 1969), it is impossible
to independently estimate E or H without having some add-
itional information. It is worth noting that, although a model
based on the elastic beam approximation will never succeed
in capturing this additional level of complexity, any model
(i.e. viscoelastic) may lead to a misinterpretation of a
flexure profile without prior knowledge of factors such as
basal crevasses and mass density distribution.

We can use this same product of EH3 in (14) to explore a
first order estimate of what the change in effective ice stiffness
due to crevasses using elastic beam theory would be. In the
case of crevasses that penetrate to 25% of the ice thickness,
this can be thought of in a most basic sense as reducing the
effective ice thickness by the same amount. Using this
simple approach and the EH3 relation, a 25% reduction in
ice thickness would be expected to manifest itself as a reduc-
tion in the effective ice stiffness of almost 60%. Using the full-
Stokes model we find the actual reduction to be closer to
40% (Fig. 4). This discrepancy is unsurprising because the
ice in our model is not completely crevassed along its
entire length and so a lot of ice remains to provide bending
resistance between crevasses. This difference highlights
once again the dangers in applying the linear elastic beam
theory far beyond its useful bounds.

Small surface strand cracks were observed in the ground-
ing zone but are not visible in the radar profiles and so they
have not been included in the cracked model domain.
Including strand cracks would further alter the bending
profile, although since strand cracks reduce the stiffness of
the less dense firn layer this effect is likely to be smaller
than basal crevasses.

Nearby thermal profiles of the Southern McMurdo ice
shelf found temperatures of ∼� 20○C at the ice surface,
increasing to ∼� 4○C at the base with an approximately
exponential profile (Kobs and others, 2014). Laboratory
experiments investigating the temperature dependence of
ice elasticity show that warmer temperatures lead to
reduced stiffness but do not find a clear relation that can be
applied to our model (Hobbs, 1974; Schulson and Duval,
2009). Based on the experiments of Dantl (1968) a tempera-
ture change of∼20○C would result in only a ∼3% change in
ice stiffness whereas experiments by Jellinek and Brill (1956)
suggest a larger sensitivity but with no clear trend. Schulson
and Duval (2009) suggest that a temperature range 0� 50○C
causes the effective stiffness of ice to change by only 5%.

Since there is no consensus on an appropriate temperature-
elasticity relation for glacial ice and any changes to ice stiff-
ness would be slight, we choose to ignore this effect. A more
important effect of temperature is likely the change in viscos-
ity, which shows a clearer and stronger dependence on tem-
perature. Warmer ice is less viscous and so it might be that
ice behaves more viscoelastically over tidal timescales at
its base and more elastically at the surface.

Tidal migration of the grounding line was not included in
the viscoelastic model presented here because the lack of a
body force to balance ocean pressure forcing the ice off the
bed results in limitless upstream migration on the high tide.
In order to check the influence of this the model was run
with the local tidal amplitude and the body force included,
allowing the grounding line to migrate for a purely elastic
ice rheology, and compared with results with a fixed ground-
ing line. Due to the very steep bedrock topography in the
grounding zone of the White Island transect that we model,
migration of the grounding line was only Oð1mÞ and
hence the effect on the flexure profile was negligible.
Clearly on shallow sloping beds where tidal migration of
the grounding line is potentially as much as several kilo-
meters (Brunt and others, 2011) the effect will be very consid-
erable and the assumption of a fixed grounding line for either
an elastic beam model or the full-Stokes model presented
here would lead to an articially narrow grounding zone.

Walker and others (2013) treat the GL as a fulcrum which,
while it may be a suitable simplification for analysing tidal
flexure, is implausible based on the known physical proper-
ties of ice and from geometrical considerations (Tsai and
Gudmundsson, 2015). The limited evidence of reversed
flexure upstream of the grounding line can be explained
physically without this fulcrum if ice is resting on a soft till
as shown in our experiments (Fig. 5c) and previously by
Sayag and Worster (2011, 2013). The recent use of a
fulcrum as a mechanism to drive warm water upstream into
the subglacial water system and speed up ice retreat
(Parizek and others, 2013) is therefore inappropriate. It has
been shown that change to the subglacial hydraulic potential
due to ice flexure would not lead to suction of ocean water
far upstream of the grounding line (Sayag and Worster,
2013).

5. CONCLUSIONS
Observations of tidal flexure in the grounding zone have
been used extensively in previous studies to determine
approximate grounding line position and ice properties.
We have shown, using a viscoelastic full-Stokes model of
flexure constrained by observations made in the grounding
zone of the McMurdo ice shelf, that the interpretation of
flexure measurements could vary considerably depending
on the modeling assumptions made. Inclusion of observed
basal crevasses and mass density dependent elasticity alters
the effective Young’s modulus obtained by fitting the
model to the observed flexure by up to 200% in the set of
experiments presented here. Conversely, estimates of GL
position are reasonably accurate although this may be
partly fortuitous as a consequence of the large gradients in
geometry at the GL.

No previous model has included all of the processes
investigated here and yet the misfit between these previous
models and observations is always small unless ice thickness
is poorly known. Factors such as extensive crevassing might
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be expected to change the shape of a flexure profile suffi-
ciently that a linear elastic beam model would no longer
provide a good fit and yet our results show that this is not
the case and misfit remained small in all cases. The goodness
of fit obtained by the beam theory does not imply that the
rheological description on which it is based is correct but is
a consequence of fitting only the amplitude of the flexure
curve. Deriving values for the Young’s modulus in this
manner and comparing with laboratory derived values, as
has been done in numerous previous studies, does not
provide satisfactory insight into the relevant ice rheology.
In addition, the derived rheological parameters are not trans-
ferrable to other ice streams where local conditions might be
completely different. An elastic beam model will also fail to
reproduce the phase relationship between tides and stresses
acting at the grounding line, and such an approach is not suit-
able for studies of tidal modulation on ice streams. These
results imply that extreme caution should be used when
fitting models to flexure profiles to estimate either E or H
since many other factors could be at play.
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Abstract: Grounding line location is a vital boundary condition for ice sheet models and dictates1

where observations of changes in ice dynamics and mass balance should be focused. The grounding2

line can move several kilometres per day due to the action of ocean tides, potentially leading to the3

misidentification of long-term migration trends. The mechanism of motion also provides insight4

into properties of the ice-bed interface. Here we conduct a detailed study of the grounding zone5

of the Darwin Glacier, a small outlet glacier draining into the Ross Ice Shelf. We identify extensive6

migration of the grounding line at the glacier margins by mapping tidal flexure on the ice surface7

using differential interferometry (DInSAR) from a sequence of twelve TerraSAR-X scenes. In the8

flexure zone the ice bends around a neutral layer in the lower third of the ice column, suggesting9

ice near the base is stiffer and more resistant to bending. A simple hydrostatic elastic model10

and least-squares fit is used to separate complex DInSAR maps into individual tides, allowing an11

interpretation of instantaneous grounding line position. Rates of migration are not proportional12

to tidal height during different stages of the tide, suggesting that the bed slope varies across the13

migration zone.14

Keywords: Ice shelf, DInSAR, outlet glacier, grounding zone15

1. Introduction16

Ice sheets are sensitive to changes at their grounding lines. Sustained grounding line retreat17

over multiple years may cause dynamic ice sheet thinning and mass loss and can indicate the onset18

of instability in marine ice sheets [1]. Early identification of regions of grounding line retreat can be19

used to focus ground-based research and improve observations in key areas [2]. Unfortunately, where20

grounding line position is defined infrequently (i.e. every few years) using snapshot sequences of21

satellite imagery or altimetry, large tidal movement may be misinterpreted as long-term change, or22

long-term change masked by tidal movement [3].23

It is well understood that grounding lines migrate due to tides as the hydrostatic pressure lifts24

the ice off the land [4,5]. This migration can be up to several kilometres over ’ice plains’ and can lead25

to regions of ephemeral grounding, which are only grounded at low tide [6]. Ephemeral grounding26

points far downstream of the grounding line may form key points of stability for ice shelves [7]27

and affect ice shelf velocity [8], while close to the grounding line they may influence sedimentation28

rates and the grounding zone wedge formation [9]. In parallel, there is an open question on the29

mechanisms behind tidally-driven velocity fluctuation where grounding line movement may play30

a role in overall basal shear stress [10]. GPS observations have found strong evidence of velocity31

fluctuations at outlet glaciers associated with the ocean tides which can drive 10% variations in overall32
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Figure 1. A 1-D representation of how ’bumps’ in a four-image DInSAR combination (right panels)
may represent grounding line migration across a slope (left panels). As basal slope decreases (top to
bottom), the increased difference in the position of the grounding line enhances the magnitude of the
bump in the double difference image.

ice discharge [11,12]. At present, there are insufficient measurements of grounding line position over33

time and spatial variation in velocity to make progress. While the effect of tides on velocity is clearly34

important, long-term observations of retreat should also consider tidal variability in grounding line35

location. Recent observations have shown tidal movement of up to 4km on Pine Island Glacier [13],36

exceeding the rate of retreat over several years. Short-term migration of the grounding line is also37

critically important in oceanography for ice shelf cavity circulation particularly in narrow fiord-like38

embayments where tidal velocities impact melt rates [14].39

Differential synthetic aperture radar interferometry (DInSAR) is currently the most precise40

method of spatially mapping the grounding line [15]. Here we describe how structures within41

differential interferograms can be used to interpret the rate and 2-D spatial pattern of tidal migration42

of the grounding line. We also show that the timing of SAR data acquisitions can be vital in producing43

useful interferograms which do not bias studies of long-term grounding line movement.44

We use the Darwin Glacier in East Antarctica as a case study to show irregular patterns of45

grounding line migration associated with the tides. In combination with auxiliary information about46

the grounding zone (in situ measurements of tidal amplitude, vertical strain in the ice column, basal47

slope, etc.) we estimate the migration distances and variations in bed shape.48
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2. Theoretical effect of bed slope on DInSAR49

Shallow bed slopes lead to higher grounding line migration, which in turn has a larger effect50

on the observed flexure pattern. As a DInSAR interferogram requires a combination of three or four51

separate SAR images at different tidal stages to remove the average horizontal velocity component,52

it is difficult to interpret directly without splitting into its constituent parts. Here we split the vertical53

displacements in the interferograms into their constituent tides using an elastic model with stiff54

bed described by [16]. We simulate an approximation of the glacier surface downstream of the55

grounding line with average topography removed at each tide height and combine these to recreate56

the interferograms. The shape of the neutral layer downstream of the grounding line is described by:57

w0 = −1
2

h
ρi
ρw

+ T + βαeχ cos χ

β4 =
Eh3ρwg
3(1− ν)

χ =
(x− xg)

β

(1)

where h = ice thickness, ρi = density of ice, ρw = density of water, T = tidal amplitude, E =58

Young’s Modulus, α = basal slope, g = acceleration due to gravity, ν = Poisson’s ratio and x-xg is59

the distance from the grounding line. Tidal deviations from the mean hydrostatic state are added60

through the component T. It can be seen from Figure 1 that the individual flexure curves do not61

change significantly with decreasing bed slopes. Where the bed is steep (approx. 1 in 250) there62

is little effect on the double-difference grounding zone flexure pattern. In contrast, grounding line63

migration can dominate the differential flexure pattern where basal slopes are shallow (approx. 1 in64

2000), and is visible as a bump in the double difference images.65

A formulation by [5] shows that when including the background stress, and where the thickness66

gradient is not constant, the grounding line should migrate non-linearly in relation to the tidal67

amplitude, with 90% of the migration occurring between mean state and high tide:68

γ− = γ+/(1− ρi/ρw) (2)

where γ− and γ+ are grounding line migration downstream and upstream, respectively. We test69

this hypothesis by looking at field interferometric data spanning multiple tidal heights both above70

and below the annual mean tide.71

3. Cross-sections across the Darwin Glacier grounding line72

The Darwin Glacier drains East Antarctica through the Transantarctic Mountains. It flows at73

50-100 m/year and is about 1000m thick at the grounding line with blue ice at the surface [17].74

We have identified two 1-D transects across the flexure zone near the margins of the glacier which75

illustrate different patterns of grounding zone migration under the same tide conditions (Figure 2).76

The upper panel of Figure 3 shows simulated interferograms using the elastic model described above77

with a constant basal slope of 1 in 2000. The highest individual tide in the combination determines the78

position of the upstream limit of flexure in the interferogram, while the magnitude of the differences79

determines the gradient and shape of the flexure curve. It is clear that between combination80

[(11-10)+(11-12)] and [(2-1)+(6-7)] the upstream limit of flexure has moved approximately 1 to 2km.81

These interferograms have maximum tidal amplitudes of +0.616 and -0.499 respectively, giving a82

difference of approximately 1.1 m. The lower panels of Figure 3 show the unwrapped vertical83

displacement for five interferograms incorporating nine different tidal heights at the two transects.84

Image numbers that make up the differential interferogram are shown in the legend, with dates and85

tide heights in Table 1. Transect A-A’ crosses at a slowly flowing region to the south of the main glacier86

outflow and exhibits flexure profiles which change significantly between DInSAR combinations.87
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Figure 2. TerraSAR-X DInSAR interferogram (7-6)+(9-10) of the Darwin Glacier showing locations of
Transects A-A’ and B-B’ described in the text

Overall the match is very strong, with a distinct bump in [(3-2)+(9-10)]. There are however a few88

differences, highlighting flaws in the simulation. The difference between the upper limit of flexure89

in [(11-10)+(11-12)] and [(3-2)+(9-10)], which has a much lower tidal maximum of +0.206, appears to90

be negligible in the DInSAR observations at Transect A, inconsistent with the simulated pattern. This91

suggests that at this site, most of the observed tidal migration happens during the lower part of the92

tide (i.e. where tides are below +0.206), in contrast to equation 2 [5].93

Looking in more detail at the secondary inflection points within the flexure curves, it is noticeable94

that around 1.5 km downstream of the GL the flexure caused by the lowest tidal combinations (2-1)95

and (7-6) begins to take effect (blue lines and red solid line) and the resulting 4-image flexure curve96

shows clear superposition of two different flexure patterns.97

Transect B-B’ follows a flowline to the north of the main glacier outlet and is centered around a98

small embayment. At this location there appears to be significantly more grounding line migration99

at higher tides with the high-tide combination [(11-10)(11-12)] showing a profile more consistent100

with the simulated flexure pattern. Spatial variations in the flexure profile cannot be matched101

perfectly using the elastic model described here due to the two dimensional effects of the shape of the102

embayment and potentially visco-elastic effects [18]. Nevertheless, the profile matches more closely103

to the simulated flexure, suggesting a more constant bed slope. At this transect the grounding line104

migrates almost the full width of the flexure zone (2.5 km) with only 1m of tidal change. In the105

central embayment where glacier flow is fastest, the profiles show evidence of interference caused by106

the sides of the embayment particularly where an exceptionally high or low tide (i.e. image 2 or 11)107

is included. They are not simulated here.108
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(a) Modelled double-difference flexure

(b) DInSAR observations at transect A-A’

(c) DInSAR observations at transect B-B’

Figure 3. Five vertical flexure patterns (a) simulated by modelling ice profiles with tidal grounding
line migration over a constant bed slope of 1:2000 (b) as observerd with DInSAR across Transect
A-A’ and (c) DInSAR across Transect B-B’. The zero on the x-axis is the approximate location of the
grounding line at mean tide height.
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Figure 4. Unwrapped interferograms for exclusively low tide combinations (left) and high tide
combinations (right)

Figure 4 shows the interferograms for the two most extreme tide combinations. The left image is109

composed of four tides less than -0.499 m; the right image image composed of three tides greater than110

+0.206 m. Over the whole region, the migration zone averages 1km in width. As the glacier turns to111

the north where it meets the Ross Ice Shelf, it could be expected that the bed is steeper on the southern112

margin. The migration appears less pronounced here while there are some flatter embayments to the113

north where the migration exceeds several kilometres.114

4. Discussion115

Differential interferometry used to calculate grounding line position relies on interpreting116

multiple intertwined images. Everywhere that experiences vertical movement is identifiable in117

the DInSAR images and the ice shelf boundary is marked by the farthest upstream limit. As118

interferograms are the product of three or four individual images they are likely to define a grounding119

line position from the highest of those images and bias the positioning to a location upstream of the120

mean grounding line position.121

While the 1D elastic beam model used here is certainly a simplification of the behaviour of ice122

across the grounding zone, the fit to observational data is exceptionally good in areas where two123

dimensional effects can be excluded and where viscoelastic effects are negligible. We do not see the124

asymmetry predicted by [5] in our satellite observations. This may be due to a non-constant surface125

slope across the grounding zone.126

The satellite orbit period is an integer number of days (here 11 days) and as such is perfectly127

synchronised to the S2 semi-diurnal tide (12 hours) and very closely aligned to the K1 diurnal tide128

(23.934 hours). This K1 tide is the dominant component along the Transantarctic coastline of the Ross129

Sea [19], and as such the tide height in satellite data acquisitions varies only slowly throughout the130
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Table 1. Individual tidal amplitudes adjusted using a least squares fit to the 45 unwrapped differential
interferograms. TerraSAR-X images are acquired at 13:57 UTC

No. Date CATS2008a Adjustment Adjusted
(2016) + IBE (m) (m) Tide (m)

1 25th May -0.355 -0.144 -0.499
2 5th Jun -0.612 -0.115 -0.727
3 16th Jun -0.348 -0.082 -0.430
4 27th Jun -0.040 -0.111 -0.152
5 8th Jul -0.278 +0.010 -0.268
6 19th Jul -0.548 -0.006 -0.554
7 30th Jul -0.583 +0.084 -0.499
8 10th Aug -0.142 +0.061 -0.082
9 26th Oct -0.023 -0.058 -0.082
10 6th Nov +0.181 +0.026 +0.206
11 17th Nov +0.494 +0.122 +0.616
12 28th Nov +0.313 +0.212 +0.525

year. Over the course of 1 year the phase of the K1 tide moves from positive to negative and back once131

in relation to the time of day. This is evident in our TerraSAR-X acquisitions where images acquired132

during the austral summer months are at high tide and during austral winter are at low tide (Table 1).133

This aliasing of satellite orbits with the tides may lead to a seasonal bias in grounding line position if134

images are collected exclusively during summer.135

Our analysis of basal slope has a few caveats. Most notably the elastic treatment of tidal flexure136

has been shown to only be viable in certain circumstances [18,20]. It has also been shown that137

hydrostatic flotation alone does not define the grounding line [21]. It cannot be assumed that the bed138

slope is directly proportional to the grounding line migration distance. Other work has shown that139

undulations in the four-image differential interferograms can be a response to visco-elasticity which140

produces similar undulations in a single flexure curve due to a delay in strain response to stress nearer141

the grounding line. Nevertheless, the bumps observed here are clearly related to grounding line142

migration and so care should be taken when looking at flexure profiles not to interpret any grounding143

line migration as a viscoelastic behaviour.144

5. Materials and Methods145

5.1. DInSAR processing146

Ten single interferograms are created using twelve TerraSAR-X images spanning May 2016147

to November 2016. These are terrain-corrected and georeferenced using a TanDEM-X DEM at148

approximately 25 m resolution. To improve image-coregistration and interferometric correlation,149

images are co-located using normalized backscatter (σ0) calculated from the DEM. The mean150

background glacier surface velocity is extracted from the MEaSUREs velocity dataset [22] and151

converted into SAR geometry. This is then used to resample slave images to account for potentially152

large surface deformation due to glacier movement over the eleven day repeat period. Differential153

interferograms are then produced by differencing each combination of single interferogram to remove154

the horizontal deformation component. The resulting differential interferograms are unwrapped155

using a minimum cost flow algorithm on a triangular network using GAMMA Remote Sensing156

software and then geocoded into map geometry. A region of grounded ice upstream of the grounding157

line is used as an anchor point indicating zero net vertical displacement. Forty-five separate DInSAR158

images are created by combining the ten InSAR pairs in every possible combination.159
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5.2. Adjustment for horizontal strain160

As the ice shelf moves vertically due to the tides, the bending in the grounding zone leads to
horizontal strain at the surface, proportional to the vertical displacement [23]. This bending-induced
horizontal strain is captured in interferometry due to the oblique look angle and must be removed
when interested in just the vertical movement. Assumption of constant velocity is valid in this
location, as indicated by GPS measurements on the ice shelf acquired during a field campaign in
November 2016 [24]. The horizontal movement visible in InSAR is related to the vertical distance
from a ’neutral bending layer’ within the ice. This occurs at a certain depth where there is neither
horizontal compression nor tension during the tidal cycle. The amount of horizontal shift can be
considered directly proportional to the surface slope and the distance to this neutral layer [20] and is
described by the following equation:

Belook = hnw′look (3)

where Belook = adjustment for bending added to the vertical deflection to account for horizontal161

movement in look direction, hn = the depth from the surface to the neutral bending layer and162

w’look is the gradient of the deflection in look direction. Here we use a phase-sensitive radar to163

determine the depth of the neutral layer by observing changes in vertical strain across several tidal164

cycles [25]. Our ApRES instrument is positioned downstream of grounding line at the location of165

maximum gradient in flexure in an area that experiences horizontal surface tension during rising tide166

and compression during falling tide. Due to the relative incompressibility of ice the vertical strain167

shows the opposite behaviour (Figure A.1). The depth at which tension changes to compression and168

vice-versa is identified as the neutral bending layer. On the Darwin Glacier this is at a depth of around169

3
5 h, and the removal of surface horizontal strain involves adjustment of up to 10cm, depending on170

the tidal amplitude (Appendix A).171

5.3. Matching tidal forcing to four-pass interferometric heights172

Tide models do not perform with the accuracy of InSAR over ice shelves, particularly when173

multiple tide times are used to create a differential interferogram [20]. To improve our model174

fit to interferometry we use a least-squares fitting routine from the unwrapped DInSAR maps to175

approximate the tides at each SAR image acquisition time. Using the vertical movement on the176

freely-floating ice shelf in each of forty-five interferograms we estimate the twelve separate tides177

at each image that give the smallest sum of residuals between the appropriate linear combinations of178

the tides and the DInSAR observations:179

min‖C.x− d‖ (4)

where C is a 12x45 balanced ternary matrix indicating the contribution of each of the twelve180

images to each of the forty five differential interferograms, d is a 45x1 vector of the ice shelf movement181

obtained from each DInSAR image and x is a 12x1 vector of tidal amplitude at each image acquisition182

time. This system of equations is over-determined but it is rank-deficient and it is only possible to183

obtain relative tide heights. They are subsequently adjusted by a constant value to minimize the184

overall difference to the CATS2008a model, corrected for inverse barometric effect. Pressure is taken185

from the nearby Marilyn weather station (Table 1).186

6. Conclusions187

When differential interferometry is used to calculate grounding line position it relies on188

interpreting multiple intertwined images. It is more likely that the extreme upstream position of189

the grounding line is identified than the average grounding line position, as all changes in vertical190

movement are picked up in the differential interferogram and classified as ’ice shelf’. This technique191

leads to an upstream bias in the positioning of grounding lines relative to the mean grounding line192
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position if 4-pass DInSAR images are interpreted as if they were single interferograms. This effect is193

most pronounced on shallow slopes but can lead to hundreds of metres of mis-location where slopes194

are on the order of 1%.195

Aliasing of satellite orbits with the tides, particularly the K1 diurnal tide may also lead to a196

seasonal bias in grounding line positioning if images are collected exclusively during summer or197

winter.198

The change in grounded area between high tide and low tide can be significant, even for a199

relatively steeply flowing outlet glacier, such as the Darwin Glacier. It is plausible that such a change200

would have a large effect on ocean circulation in the ice shelf cavity as well as the basal stress201

distribution. It is also likely that a movement of the grounding line could alter the calculation of202

ice flux.203
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Abbreviations214

The following abbreviations are used in this manuscript:215

216

InSAR: Interferometric Synthetic Aperture Radar217

DInSAR: Differential InSAR218

ApRES: Autononous Phase-sensitive Radio Echo Sounding219

DEM: Digital elevation model220

IBE: Inverse barometric effect221

Appendix A. Depth of the neutral buoyancy bending layer222

The depth of the neutral buoyancy bending layer determines the adjustment required to correctly223

observe only vertical movement. Here we assume that due to the relative incompressibility of224

ice, a change in vertical strain in the ice column indicates an opposite change in horizontal strain.225

Vertical strain is measured by matching reflections from internal layers and how they move relative226

to each other using a phase sensitive radar system [25]. At our measurement point (Figure 2), the227

ice experiences vertical compression near the surface during the rising tide. This indicates horizontal228

extension as the surface becomes slightly more convex. The opposite is true in the lower part of the229

ice column. During the falling tide the opposite effect is observed. The depth at which the strain230

changes from extension to compression indicates the neutral layer which experiences no horizontal231

strain associated with tides (Figure A.1). This layer appears around 480m from the surface and 320m232

from the base of the ice. An assumption from traditional beam theory would be that the neutral layer233

is approximately half way through the ice column [23]. Here the neutral layer appears at a greater234

depth and it is plausible that ice may be colder and therefore stiffer near the base.235
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