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Wave Dark Matter (WaveDM) has recently gained attention as a viable candidate to account for
the dark matter content of the Universe. In this paper we explore the extent to which dark matter
halos in this model, and under what conditions, are able to reproduce strong lensing systems.
First, we analytically explore the lensing properties of the model – finding that a pure WaveDM
density profile, a soliton profile, produces a weaker lensing effect than other similar cored profiles.
Then we analyze models with a soliton embedded in an NFW profile, as has been found in numerical
simulations of structure formation. We use a benchmark model with a boson mass of ma = 10−22eV,
for which we see that there is a bi-modality in the contribution of the external NFW part of the
profile, and actually some of the free parameters associated with it are not well constrained. We find
that for configurations with boson masses 10−23 – 10−22eV, a range of masses preferred by dwarf
galaxy kinematics, the soliton profile alone can fit the data but its size is incompatible with the
luminous extent of the lens galaxies. Likewise, boson masses of the order of 10−21eV, which would be
consistent with Lyman-α constraints and consist of more compact soliton configurations, necessarily
require the NFW part in order to reproduce the observed Einstein radii. We then conclude that
lens systems impose a conservative lower bound ma > 10−24 and that the NFW envelope around
the soliton must be present to satisfy the observational requirements.

I. INTRODUCTION

The ΛCDM model is the most successful theoretical
framework in modern cosmology to explain the process
of structure formation in the Universe on large scales.
This model requires the existence of a cold dark matter
(CDM) component that comprises 26% of the total en-
ergy budget, which is best described by a non-relativistic
(cold) and non-interacting fluid [1].
One of the main predictions from only CDM simula-

tions of structure formation is the appearance of uni-
versal cuspy density profiles for the DM halos, with the
Navarro, Frenk and White (NFW) profile the one most
used to describe CDM [2]. Despite the successes of CDM
at large scales, there are some discrepancies with obser-
vations on galactic scales, such as: the “missing satellite
problem”, the ”cusp core problem”, and the “too-big-to-
fail problem” [3–9], see also Ref.[10] for a recent review.
Solutions to these problems may come from taking into
account the effects of baryons in the formation of galax-
ies, but it is doubtful that this is the final answer. An-
other possibility to solve the above mentioned issues is
to change the paradigm of the nature of dark matter it-
self, as has been proposed and explored widely for differ-
ent candidates such as Self-Interacting Dark Matter [11],
Warm Dark Matter [12, 13], Axion/Scalar or Wave Dark
Matter [14–19], and other specifications of the nature of
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dark matter particles, which can actually be described in
a more general effective theory [20].

In this paper, our approach is to describe the dark
matter as an axion/scalar field that we will refer to here
as a Wave Dark Matter model (WaveDM, also referred
sometimes to as scalar field DM, ultralight axion-like
DM, fuzzy DM, etc.). This type of model has been
worked out by several other authors [14–18], and has
been found to be able to reproduce the success of the
ΛCDM model on cosmological scales, but it predicts a
natural cut-off on the mass power spectrum of linear per-
turbations that helps to alleviate most of the low-scale
issues of CDM [15, 17, 21, 22]. Interestingly enough, all
cosmological effects are directly related to a single param-
eter, which is the boson mass of the scalar field particle
ma (although extra observational effects may arise from
quartic self-interactions[23–26]). Based on considering
the cut-off of the mass power spectrum, the halo mass
function, the reionization time or the Lyman-α forest,
the most up-to-date constraints suggest that the boson
mass must satisfy ma > 1× 10−21 eV [27, 28].

However, the non-linear process of structure formation
under the SFDM hypothesis does not depend on a sin-
gle parameter only, but rather one requires to take into
account at least one second parameter. This fact is in-
deed considered in many recent studies that try to put
constraints on the SFDM parameters with data com-
ing from, for instance, satellite galaxies in the Milky
Way[19, 29–32]. The aforementioned studies consider
that galaxies are described by a solitonic core with a neg-
ligible self-interaction, known as ψDM, or WaveDM. The
soliton solution is just the ground state of the so-called
Schrodinger-Poisson system of equations[33, 34], and its

http://arxiv.org/abs/1707.09929v1
mailto:a.herrera-martin.1@research.gla.ac.uk
mailto:martin.hendry@glasgow.ac.uk
mailto:alma.gonzalez@fisica.ugto.mx
mailto:lurena@ugto.mx


2

wave-like properties provide stability against gravita-
tional collapse – opening the possibility of naturally-
supported, cored halos. The full prescription of the
WaveDM profile requires specification of the boson mass
ma together with one of its structure parameters, which
can be taken to be either the central density or the scale
radius, while the other is determined by the relation,

ρs
M⊙pc−3

= 2.4× 1012
(

rs
pc

)−4
( ma

10−22eV

)−2

. (1)

The boson mass ma is expected to be a fundamental pa-
rameter with a single value for all galaxies, while the
other two parameters may take values that differ from
galaxy to galaxy. All of the above strongly indicates that
we require to think more carefully if we are to obtain
meaningful constraints on the boson mass. More specif-
ically, if we consider the boson mass as an universal pa-
rameter, on the same footing as any other cosmological
parameter, we should certainly be able to use statistical
analysis of galaxy data to constrain which values are per-
mitted, as has been proposed to do in [35, 36] and more
recently done in [30, 31]. However, in general, we may
be unable to assert whether there is one single value of
ma that is suitable to satisfy all the possible constraints.
It has been shown that the NFW profile correctly de-

scribes the observed lensing signal in a large sample of
systems, in particular in the SLACS survey [37]. How-
ever, since the wave dark matter is considered a feasible
candidate for DM, in this work we study the behaviour
of, and constraints upon, a WaveDM type of profile act-
ing as a gravitational lens, and we obtain the conditions
under which the profile will be able to produce strong
lensing.
A brief description of the paper is as follows. The

basic lensing equations for any given density profile are
described in Sec. II, where we also introduce the explicit
lensing expressions for the particular case of the WaveDM
profile. In Sec. III we describe our statistical analysis
and present the results arising from the comparison of
the WaveDM model predictions with selected data from
the SLACS catalog. Finally, the general conclusions are
presented in Sec. IV. Some analytical solutions of the lens
equations used in the text are presented in the appendix.

II. GRAVITATIONAL LENSING WITH A ψDM

PROFILE

A. General lensing equations

One of the main predictions from Einstein’s General
Relativity (GR) is the bending of light as it passes close
to a massive body. The deflection angle produced by this
effect depends on the mass of the deflector, acting like a
lens. This deflector may be approximated by a point-like
mass, such as a star, but for more massive objects like
galaxies it is better to represent them as extended masses
which are described by their density profiles.

The simplest type of lens is a system with a point mass
M located close to the line of sight to a luminous source
S. Due to the gravitational field of the point mass, a
light ray is deflected in its path to the observer; this is
described by the Lens Equation in the thin lens approx-
imation. The same approximation also holds for a mass
distribution, in which case the lens equation is [38],

β = θ −
m(θ)

πΣcrD2
OL θ

, (2)

that relates the (unobservable) angle between, the line of
sight and the path from the observer to actual position
of the source, β, and to the apparent position of the of
the source (the image), θ, to the mass distribution that
is causing the lensing m(ξ). Here we have assumed that
m(ξ) is the projected mass enclosed in a circle of radius
ξ ≡ DOLθ; more explicitly, we can write

m(ξ) = 2π

∫ ξ

0

dξ̂ ξ̂Σ(ξ̂) . (3a)

The projected surface mass density Σ(ξ) can be calcu-
lated directly from the (spherically symmetric) density
profile ρ(r) of the lensing object as:

Σ(ξ) = 2

∫ zmax

0

dz ρ(z, ξ) , (3b)

where z ≡
√

r2 − ξ2 is a coordinate in the direction or-
thogonal to the line of sight, so that 0 ≤ ξ ≤ r. If the lens
system has a finite radius rmax, then zmax =

√

r2max − ξ;
otherwise, we can put zmax → ∞ in the integral (3b).
Let us consider the case in which the density profile ρ

has a characteristic density ρs, and a characteristic radius
rs, such that ρ(r) = ρsf(r/rs) where f is the function
that accounts for the shape of the profile. We can then
write Eq. (2) in the dimensionless form

β∗(θ∗) = θ∗ − λ
m∗(θ∗)

θ∗
, (4)

where the different distances are normalized in terms of
rs: β∗ = DOLβ/rs, θ∗ = DOLθ/rs, and then ξ∗ = ξ/rs =
θ∗. The latter equation means that the normalized vari-
ables ξ∗ and θ∗ can be used interchangeably, and then
hereafter we will use θ∗ as our distance variable. Like-
wise, the total mass, as given in Eq. (3a), is normalized
as

m∗(θ∗) =
m(θ∗)

ρsr3s
= 2π

∫ θ∗

0

dθ̂∗ θ̂∗ Σ∗(θ̂∗) , (5a)

where the normalized projected surface mass density,
from Eq. (3b), is

Σ∗(θ∗) =
Σ(θ∗)

ρsrs
= 2

∫ zmax∗

0

dz f(z, θ∗) , (5b)
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with z =
√

r2∗ − θ2∗ and r∗ = r/rs. The new parameter λ
in Eq. (4) is then given by

λ ≡
ρsrs
πΣcr

= 10−3 0.57

h

(

ρsrs
M⊙pc−2

)

dOLdLS
dOS

(6)

Equation (6) contains information about the lensing
properties of any given model, together with that of the
different distances involved in the lens system.1

One particular case of interest is that of perfect align-
ment between the luminous source and the lens system
for which β∗(θ∗E) = 0. This in turn defines an Einstein
ring with radius RE = DOLθE with an associated an-
gular radius θE . In terms of our normalized variables,
we see that that the observed Einstein radius is just
RE/rs = θ∗E . In other words, the normalized angular
Einstein radius θ∗E directly is the ratio of the Einstein
radius to the scale radius of the density profile. More-
over, the angular radius θ∗E must also be a solution of
the equation [see Eq. (4)]

λ =
θ2∗E

m∗(θ∗E)
. (7)

Interestingly enough, Eq. (7) shows that the lensing
properties of a system with a density profile of the form
ρ(r) = ρsf(r/rs) are independent of the density and dis-
tance scales, and are mostly sensitive to the particular
shape of the density profile. The physical parameters of
the system are then concentrated in the dimensionless
parameter λ in Eq. (6), and the latter can be calculated
from Eq. (7) without any prior knowledge of the given
physical scales in the system, namely ρs and rs, under
the only assumption of perfect alignment (see Fig. 1 be-
low for an example).
There is a critical value λcr that is the smallest value of

λ for which an Einstein ring appears, which must corre-
spond to the limit θ∗E → 0 in Eq. (7). As we shall show
now, such a critical value can be calculated analytically
in the general case. To avoid the divergence at θ∗E = 0
(where m∗(0) = 0), we make use of the L’Hôpital rule in
Eq. (7), and from Eq. (3a) we finally obtain

λ−1
cr = πΣ∗(0) = 2π

∫ rmax∗

0

dr̂∗ f(r̂∗) , (8)

where Σ(0) is the central value of the projected surface
mass density given by Eq. (3b). Eq. (8) is quite a simple
formula for the calculation of λcr for any given density
profile ρ(r). 2

As said before, Eq. (8) suggests that the critical value
λcr just depends on the particular shape of the given

1 This is the same parameter used in Ref. [35], but also see Ref. [39]
in which the definition of λ differs by just a factor of 1/4π.

2 It should be noted that the definition of λcr depends on the cho-
sen scale radius for normalization rs, so that the value obtained
from Eq. (8) in our case is considering that rs is coincides with
the intrinsic distance scale in the density profile ρ(r).

Name Density profile f(r) λcr

NFW [40]
[

(r/rs)(1 + r/rs)
2
]−1

0

Burkert [39]
[

(1 + r/rs)(1 +
2 r/r2s)

]

2/π2 ≃ 0.203

SFDM [35] sin(πr/rs)/(πr/rs) 0.27

WaveDM (1 + r2/r2s)
−8 2048

429π2 ≃ 0.484

TABLE I. The intrinsic value λcr, calculated from Eq. (8), for
dark matter halos with different density profiles. This critical
value is the minimum value of λ in Eq. (7) for which the lens
system will produce multiple images, i.e. an Einstein ring.
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FIG. 1. The Einstein radius θ∗E as a function of λ for dif-
ferent individual profiles, see Eq. (7). The point where each
curve crosses the horizontal axis indicates the (intrinsic) crit-
ical value λcr for each profile, in agreement with the values
calculated from Eq. (8) and that are shown in Table I.

density profile and no information is necessary about its
other physical parameters. The values of λcrit, calculated
from Eq. (8) for density profiles that are well-known in
the literature, are shown in Table I. For these profiles we
also show in Fig. 1 the Einstein angle θ∗E as calculated
from Eq. (7). As expected, the Einstein angle is the
smallest for the WaveDM profile (10) alone, which also
means that it is the one with the weakest lensing signal.
We should mention here an additional use of the lens

equation (7) to constrain the free parameters of a given
density profile. It relates to the fact that any DM halo
characterized by a particular density profile needs to sat-
isfy the constraint λ ≥ λcr if it is to produce a lensing
signal. Using Eqs. (6) and (8), the latter statement can
be re-written as

ρsrs
M⊙pc−2

≥ 103
h

0.57

dOS

dOLdLS
λcr . (9)

Equation (9) establishes a minimum value for the (struc-
tural) surface density ρsrs of any given DM profile in
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terms of the measured quantities of a lens system. Al-
though the constraint Eq. (9) is satisfied automatically
by the NFW profile, for which λcrit = 0, this is not the
case for the other profiles listed in Table I.

B. Combined density profile of WaveDM

For the density profile of WaveDM halos we will con-
sider the model described in Refs. [19, 32], which arises
from the study of extensive N-body simulations. The
profile consists basically of two parts: one part describ-
ing a core sustained by the quantum pressure of the boson
particles, also known as the soliton profile, and another
part that resembles a NFW-like profile in the outer parts
of the halo. As argued in Ref. [41], the transition at
some radius to a NFW profile must be expected from the
change of behavior to CDM on scales larger than the nat-
ural length of coherence, which should be proportional to
the associated Compton length of the boson particles.
The soliton profile is

ρsol(r) =
ρs

(1 + r2/r2s)
8
, (10)

where rsol and ρsol are its characteristic radius and cen-
tral density contrast, respectively. This profile was first
studied in detail in Ref. [32], although here we are fol-
lowing the nomenclature adopted in Ref. [41], where it
is also shown that the profile fits well the ground-state
solution of the so-called Schrödinger-Poisson (SP) sys-
tem of equations [33, 34]. In this respect, the soliton
profile is strongly related to the wave properties (via the
Schrödinger equation) of the boson particles.
One important property of the profile given in Eq. (10)

is that it must also obey the intrinsic scaling symmetry of

the SP system [34]. If 0 < λ̂≪ 1 is a constant parameter,
it can be shown that the central density and radius in the
soliton profile are given by

ρs = λ̂4m2
am

2
Pl/4π , rs = (0.23 λ̂ma)

−1 , (11)

This equation suggests that the intrinsic, physical, quan-
tities of the soliton profile in Eq. (10) are related as de-
fined in Eq. (1), which we rewrite here just for clarity:

ρs
M⊙pc−3

= 2.4× 1012
(

rs
pc

)−4
( ma

10−22eV

)−2

.

This relation, Eq. (1) will be important later when we
discuss the constraints on the boson mass ma.
For the NFW profile at the outskirts of the galaxy halo

we adopt the following parametrisation

ρNFW(r) =
ρs ρNFW∗

αNFW (r/rs) (1 + αNFW r/rs)
2
. (12)

Notice that in writing Eq. (12) we are assuming the fol-
lowing implicit definitions for the scale radius and den-
sity, respectively, of the NFW profile: rNFW = rs/αNFW

and ρNFW = ρsol ρNFW∗, where both αNFW and ρNFW∗

are dimensionless numbers.
Unfortunately, there is not precise information in

Ref. [19] about the transition in a galaxy halo from the
soliton profile of Eq. (10) to the NFW profile of Eq. (12)
in the general case. Hence, for the present work we adopt
the convention for a combined profile as suggested in
Ref. [41]

ρ(r) = Θ(rǫ − r)ρsol(r) + Θ(r − rǫ)ρNFW(r) . (13)

where Θ(rǫ − r) is the Heavisides step function. Here, rǫ
is the matching radius where the transition between the
individual profiles occurs, and which satisfies the condi-
tion ρ(rǫ) = ǫρs. Notice that 0 < ǫ < 1 if the transition
between the profiles is to occur at the outskirts of the
galaxy halo.
In general terms, and under our parameterization,

there are six free parameters in the combined profile (13):
(ρs, rs, ρNFW∗, ǫ, rǫ, αNFW). We will now derive two new
constraints that arise from the continuity of the combined
density profile at the matching radius which will help us
to reduce the number of free parameters.
For a continuous density function, we must impose the

condition

ρsol(rǫ) = ǫρs = ρNFW(rǫ) . (14)

When Eq. (14) is applied to the soliton profile of Eq. (10),
we obtain

rǫ∗ = rǫ/rs =
(

ǫ−1/8 − 1
)1/2

, (15a)

which basically establishes the interchangeability of the
(dimensionless) matching radius rǫ∗ and ǫ. In the case
of the NFW profile (12), the continuity condition (14)
establishes that

ǫ−1ρNFW∗ = αNFW rǫ∗ (1 + αNFWrǫ∗)
2 , (15b)

which, taking into account Eq. (15a), can be written as

ρNFW∗ =
αNFW rǫ∗ (1 + αNFW rǫ∗)

2

(1 + r2ǫ∗)
8

. (15c)

Equation (15c) indicates the (normalized) density ρNFW∗

that is required for a correct matching between the soli-
ton and NFW profiles, for given values of αNFW and rǫ∗.
However, one can see that the continuity con-

straint (15c) actually shows a hidden degeneracy: once
the values of αNFW and ρNFW∗ are fixed, there can be
up to two solutions for the matching radius rǫ∗. This
is a direct consequence of the fact that the crossing of
the density profiles (10) and (12) can occur at most at
two different points, as illustrated in the left-hand panel
of Fig. 2, which shows normalized density profiles for
αNFW = 0.1 and different values of the normalized den-
sity ρNFW∗.
Fig. 2 also shows that there exists a maximum value of

ρNFW∗ beyond which the profiles do not cross each other.
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FIG. 2. (Left) The normalized density profile of the soliton, together with different examples of the normalized NFW profile.
We show here that there are at most two values of the matching radius rǫ∗, which depend on the given values of the normalized
density ρNFW∗ and αNFW (here we have taken αNFW = 0.1). (Right) The normalized density ρNFW as a function of the
matching radius rǫ∗, for different values of αNFW, as indicated by Eq. (15c). Notice that there are two possible values of rǫ∗ for
any given value of ρNFW∗, except for the maximum value of the latter. This is consistent with the examples shown in the left
panel, and the maximum value of ρNFW∗ corresponds to the extreme case in which the soliton profile and NFW profile touch
at a single point.

This fact can be understood in terms of Eq. (15c), which
we evaluate for different values of αNFW in the right-
hand panel of Fig. 2. Here we can see that, for each
αNFW, there is always a maximum value of ρNFW∗ that
corresponds to the case in which the soliton and NFW
density profiles barely touch, in the left-hand panel of
Fig. 2.

To avoid the hidden degeneracy, and to select a com-
bined profile with an interior soliton shape, we will choose
those cases for which rǫ∗ ≥ rǫ∗,max, where rǫ∗,max is the
matching radius corresponding to the maximum value
of ρNFW∗. A straightforward calculation from Eq. (15c)
shows that rǫ∗,max is a root of the cubic equation

13αNFWr
3
ǫ∗,max + 15r2ǫ∗,max − 3αNFWrǫ∗,max = 1 . (16)

Although there is a general solution to this equation, it
can be shown that the limits for small and large values
of αNFW are

lim
αNFW→0

rǫ∗,max = (1/
√
15) , (17a)

lim
αNFW→∞

rǫ∗,max = (
√

3/13) . (17b)

This means that in absolute terms the maximum value
of ρNFW∗ must be located in the range 0.25 < rǫ∗,max <

0.48, which is agreement with the values observed in the
right-hand panel of Fig. 2.
In the end, it is possible to reduce the number of free

parameters that describe the combined profile (13) to
only four: ρsol, rsol, rǫ and αNFW. By means of these pa-
rameters and the constraints discussed above, the other
parameters are fully specified.
One last comment is appropriate. Notice that our cho-

sen normalization is such that the physical parameters
in the NFW profile (12) are given in terms of those in
the soliton profile (10). This means, for instance, that
ρNFW∗ > 1 (ρNFW∗ < 1) is equivalent to ρNFW > ρs
(ρNFW < ρs), whatever the physical value of ρs is. Like-
wise, we find that αNFW < 1 ( αNFW > 1) corresponds
to rNFW > rs (rNFW < rs), even if the physical value
of rs is not known beforehand. The same will apply
for the matching radius, since rǫ∗ > 1 (rǫ∗ < 1) means
that matching occurs beyond the soliton radius and then
rǫ > rs (before the soliton radius, and then rǫ < rs).

C. Gravitational Lensing

To obtain the lensing properties of the combined pro-
file given by Eq. (13), we follow the recipe described in
Sec. II A. We first need to compute the projected surface
mass density (3b). Because of the presence of the step
functions in Eq. (13), the integral in Eq. (3b) naturally
separates as
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Σ∗(θ∗, rǫ∗, αNFW) = 2



































√
r2
ǫ∗

−θ2
∗

∫

0

dz

(1 + r̂2)
8
+
rǫ∗ (1 + αNFW rǫ∗)

2

(1 + r2ǫ∗)
8

∞
∫

√
r2
ǫ∗

−θ2
∗

dz

r̂ (1 + αNFW r̂)
2
, θ∗ < rǫ∗ ,

rǫ∗ (1 + αNFW rǫ∗)
2

(1 + r2ǫ∗)
8

∫ ∞

0

dz

r̂ (1 + αNFW r̂)2
, θ∗ ≥ rǫ∗ .

. (18)

It should be understood that the integrals in Eq. (18)
are done along the line of sight. Notice that in Eq. (18)
we are following our convention in Sec. II for normalized
quantities, namely Σ∗ = Σ/(ρsrs), θ∗ = ξ/rs and z =
√

r2∗ − θ2∗. The analytical expression for the integrals in
Eq. (18) can be found in appendix A.

Interestingly enough, Eq. (18) shows that the projected
surface mass density only depends upon the characteris-
tic radii of the combined density profile (13). Actually,
it is the (normalized) matching radius rǫ∗ which deter-
mines the general behaviour of Σ∗. For instance, it can

be shown that

lim
rǫ∗→∞

Σ∗(θ∗, rǫ∗, αNFW) = 0.658
(

1 + θ2∗
)−15/2

, (19)

a result that is obtained from the first branch in Eq. (18).
Notice that Eq. (19) is exactly the result for the soliton
profile (10) alone. Also, we cannot recover the result
of the NFW profile if rǫ∗ → 0, as the second branch in
Eq. (19) indicates that Σ∗ → 0 in such a case. In addi-
tion, it must be remembered that the operation rǫ∗ → 0
is not permitted by the constraint rǫ∗ ≥ rǫ∗,max, see
Eq. (16).
Going back to the complete profile (13), we start with

the calculation of the critical value λcrit from the ana-
lytical formula (8). The (total) projected surface mass
density for the special value θ∗ = 0 is obtained from the
first branch of the solution (18) as

Σ∗(0, rǫ∗, αNFW) = 2





rǫ∗
∫

0

dz

(1 + z2)
8
+
rǫ∗ (1 + αNFW rǫ∗)

2

(1 + r2ǫ∗)
8

∞
∫

rǫ∗

dz

z (1 + αNFW z)
2



 , (20)

which indicates, together with Eq. (7), that the critical
value λcr of the combined profile (13) is a function of rǫ∗
and αNFW, and its behavior for different combinations of
these parameters is shown in the left panel of Fig. 3. Not
surprisingly, the addition of the NFW outer part helps
the soliton profile to achieve small values of λcrit, which
in turn eases the accomplishment of the inequality (9).

In particular, Fig. 3 shows that λcrit → 0 as αNFW → 0,
which means that the combined profile (13) will be able to
produce a lensing signal for any non-trivial combination
of its parameters ρs and rs.
In the case of the combined profile (13) the total mass

M inside a sphere of any given radius r > rǫ is simply
given by the integral

M(r)

1013M⊙

= 3
( ma

10−22 eV

)−2
(

rs
pc

)−1

×





rǫ∗
∫

0

dxx2

(1 + x2)8
+
rǫ∗ (1 + αNFW rǫ∗)

2

(1 + r2ǫ∗)
8

r∗
∫

rǫ∗

dxx

(1 + αNFW x)
2



 . (21)

In the general case the total mass diverges as r → ∞,
whereas for the soliton profile only (which requires rǫ∗ →
∞) we simply obtain that its total massMs is [31, 34, 41]

Ms

1011M⊙

= 7.7
( ma

10−22 eV

)−2
(

rs
pc

)−1

. (22)

In general, we expect from Eq. (21) the total mass in

the combined profile to be larger than the soliton alone,
that is M(r) ≥Ms. However, the value of the total mass
M will depend on the upper limit of integration r∗, and
the largest values for any given r∗ will be obtained for the
case where αNFW → 0, similar to the case of the critical
value λcrit. The aforementioned general behaviour of the
total massM as a function of the free parameters rǫ∗ and
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FIG. 3. (Left) The critical value λcr as a function of rǫ∗ for different values of αNFW, see Eqs. (8) and (20). Notice that the
critical value corresponding to the soliton case, λcr ≃ 0.48, is obtained asymptotically in the limit rǫ∗ → ∞. Notice that in
plotting the curves we have taken into account the constraint rǫ∗ ≥ rǫ∗,max, see Eq. (16). Moreover, it can be seen that the
lowest value of λcr, for any given value of αNFW, is indeed attained at rǫ∗,max. (Right) The same as before but now for the
total mass M in Eq. (21), with its value normalized in terms of the soliton mass Ms given in Eq. (22). Notice that the latter
is the asymptotic value at large rǫ∗, whereas for small values of the latter the total mass M can be three orders of magnitude
larger than the soliton mass Ms. Here the upper limit of integration in Eq. (21) was taken as r∗ = 20. The vertical black line
in both plots marks the position of the soliton radius, in dimensionless units, at rǫ∗ = 1. Also, the values of the soliton profile
alone correspond to the limit αNFW → ∞. See the text for more details.

αNFW is shown in the right-hand panel of Fig. 3. For
the numerical examples we considered the upper limit of
integration r∗ = 20, for which we then see that that the
difference between M and Ms can be as large as three
orders of magnitude in the case αNFW = 0.

III. DATA ANALYSIS

In this section we will use our theoretical results to
infer information about the WaveDM profile from obser-
vations of specific lens systems. For this we will use data
from the SLAC survey [42]. To do so, we recall from
Sec. II B that there are four free parameters that are
needed to describe the lensing properties of the combined
density profile, Eq. (13). However, the lens equation, (4),
discussed in Sec. II C, is not explicitly dependent of two of
them, namely ρs and rs, but only to the free parameters
of the NFW outer profile rǫ∗ and αNFW . Therefore we
could use the right-hand side of the lens equation (4) to
put constraints on the surface density through the combi-
nation of parameters ρsrs – see the discussion in Sec. II A.

However, the special properties of the WaveDM profile,
as represented by Eq. (1), suggest that the lens equation
could be written in a more convenient form. Using that
the (normalized) angular Einstein radius is θ∗E = RE/rs,
Eq. (6) can be re-cast in the form

m−2
a22 θ∗E m∗(θ∗E , αNFW, rǫ∗) =

1

2.4

dOS

dOLdLS

h

0.57

(

RE

kpc

)3

,

(23)

where we have set ma22 ≡ ma/10
−22eV. Equation (23)

then defines a different observable, which results solely
from the combination of the distances involved in the
measurement of the lens system, so that we can put con-
straints directly on the boson mass ma rather than on
the energy density ρs, but in any case in combination
with the rest of parameters, namely θ∗E , αNFW, and rǫ∗.

Name fSalp

∗,Ein
zlens zsource dOS/(dOLdLS) RE

J0008-0004 0.50 ± 0.16 0.44 1.192 6.609565 6.59

J0935-0003 0.35 ± 0.05 0.347 0.467 18.04391 4.26

J0946+1006 0.46 ± 0.13 0.222 0.609 9.700301 4.95

J1143-0144 0.46 ± 0.10 0.106 0.402 14.9161 3.27

J1306+0600 0.47 ± 0.08 0.173 0.472 11.66306 3.87

J1318-0313 0.42 ± 0.08 0.24 1.3 7.215974 6.01

TABLE II. List of selected galaxies from SLACS. These were
selected because they have a fraction of luminous matter of
0.5 or less; see the values in the second column. Column
(1) gives the label of the galaxies within the SDSS catalog,
column (2) indicates the type of the galaxy. Column (6) lists
the measured Einstein radius in units of kpc.

In general, we expect that, given the data from a single
galaxy, there will always be a region in the parameter
space that will satisfy Eq. (23). Thus, for a given sample
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of galaxies, we could in principle determine the range of
possible values ofma that is consistent with the observed
data. However, we must recall that the boson mass ma

is a fundamental physical parameter of the model which
in principle should have a unique value. This means that
the boson mass should be treated differently from other
parameters in the model and should not be given the
freedom to vary from galaxy to galaxy.
Our proposal, therefore, is to study the lensing prop-

erties of the WaveDM profile by fixing the value of the
boson mass and finding, via statistical analysis, the best-
fit values of the remaining free parameters θ∗E , αNFW

and rǫ∗. As we are interested in the properties of the
WaveDM profile alone, we will select a sample of galax-
ies from the SLAC catalog for which the DM component
is the dominant contribution – that is, with a fraction
of luminous matter of 50% or less. The selected galaxies
are shown in Table II, together with the values of their
lens parameters.

A. Soliton core profile

As a first case of study, let us consider the soliton core
profile without the external NFW part. There are in
this case only two free parameters: ma22 and θ∗E . The
projected mass surface density given by Eq. (5a), with the
help of Eq. (19), has in this case an analytical expression,

m∗(θ∗E) =
2

13λcrit

(1 + θ2∗E)
13/2 − 1

(1 + θ2∗E)
13/2

, (24)

where λcrit ≃ 0.484 is the critical value calculated from
Eq. (8); see also Table I. Notice that m∗(0) = 0, whereas
its asymptotic limit is m∗(∞) = 2/(13λcrit).
To obtain a basic understanding of the solutions that

will be found for the physical parameters, we show in
the top panel of Fig. 4 the expected behavior of the left-
hand side of Eq. (23) as a function of the Einstein angle
θ∗E . We also show, as the series of horizontal lines, the
values of the right-hand side of Eq. (23) obtained from
the observed data for the galaxies listed in Table II.
Figure 4 shows that it will always be possible to iden-

tify a value of the Einstein angle θ∗E for which the left-
hand and right-hand sides of Eq. (23) are in agreement,
irrespective of the value of the boson mass – although
as the boson mass increases the agreement occurs at in-
creasingly large values of θ∗E . For the examples shown
in Fig. 4, a boson mass of order ma22 ≃ 0.02 seems to fit
well the SLACS galaxies listed in Table II – correspond-
ing to an allowed range for the angular Einstein radius
of 5 < θ∗E < 10. This latter range can also be translated
into an allowed range for the soliton radius, and suggests
that rsol ∼ kpc for the given example galaxies.
To summarise, given that we have only one observable

constraint, the most we can do is first to fix the value of
the boson mass ma and from this to obtain constraints
on the remaining free parameters that are consistent with
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FIG. 4. (Top) Illustration of how we can use Eq. (23) to
constrain the parameters of the WaveDM model. The curves
show, for selected values of the boson mass ma22, how the
left-hand side of Eq. (23) varies as a function of the Einstein
angle θ∗E. The dashed horizontal lines represent, for each
galaxy in our sample, the corresponding value inferred from
observations – i.e. using the right-hand side of the aforemen-
tioned equation. From these examples, it can be seen that the
preferred values of the boson mass appear to be ma22 ≃ 0.02.
However, note that it is always possible to find a solution
that matches the left-hand and right-hand sides of Eq. (23),
for any given value of the boson mass ma, by suitably large
choice of Einstein angle θ∗E. (Bottom) The best fit values of
the soliton radius rs shown in Table III for fixed values of the
boson mass ma. Because the main constraint imposed by the
lensing system is for the total mass inside the Einstein radius
RE , the obtained data points lie along the line of constant
soliton mass Ms ≃ 2 × 1011M⊙. The data points also lie
below the line representing the inequality (9) for the surface
density ρs rs = 9×103M⊙ pc−2. See the text for more details.

that boson mass. Specifically, by adopting a proposed
value for the boson massma in Eqs. (23) and (24), we can
obtain for each galaxy the corresponding best-fit value for
θ∗E , and from that the best-fit value for rs.

The results obtained for our selected sample of galax-
ies are shown in Table III, and also plotted in the bottom
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panel of Fig. 4. The latter figure speaks for itself, and
it shows that the data points for all galaxies lie along
the line with a constant soliton mass Ms ≃ 1011M⊙ (see
Eq. (22)), and (as required) all lie below the line that
represents the inequality (9) for the galaxy in Table II
(J0935-0003) with the most extreme value for the ratio
of distances on the right-hand side of Eq. (23). The dif-
ferent values obtained for the characteristic radius rs give
an enclosed mass which corresponds closely to the values
reported in [42]. Nevertheless, these models are found
to be considerably too compact when the characteristic
radius and corresponding enclosed mass are considered
together. For example, galaxy J0008-0004 has a value
for MEins = 3.1× 1011M⊙ which is comparable with the
value of Ms = 3.4× 1011M⊙ obtained using the best fit
parameters of the soliton model. Notwithstanding that
the soliton model gives an enclosed mass that is adequate
and realistic, we think that the characteristic radius is
most definitely not so. The mean effective radius for this
galaxy is observed to be re ≈ 9.6 kpc, which is several or-
ders of magnitude larger than the characteristic radius rs
obtained for any of the different boson masses presented
in Table III. Therefore we think the soliton profile alone
is actually not helping to explain the distribution of dark
matter around the selected galaxies in a consistent way.

ma22 = 10 ma22 = 1 ma22 = 0.1

Galaxy log10(rs/pc)

J0008-0004 −1.65+0.07
−0.06 0.35+0.07

−0.06 2.35+0.07
−0.06

J0935-0003 −1.52+0.07
−0.06 0.48+0.07

−0.06 2.48+0.07
−0.06

J0946+1006 −1.45+0.07
−0.06 0.55+0.07

−0.06 2.55+0.07
−0.06

J1143-0144 −1.10+0.07
−0.06 0.90+0.07

−0.06 2.91+0.07
−0.06

J1306+0600 −1.21+0.07
−0.06 0.79+0.07

−0.06 2.79+0.07
−0.06

J1318-0313 −1.57+0.07
−0.06 0.43+0.07

−0.06 2.43+0.07
−0.06

TABLE III. The values of the soliton radius in the logarith-
mic scale log10(rs/pc) obtained from the fits to the indicated
galaxies, for three different values of the boson mass ma. The
data points are also shown in the bottom panel of Fig. 4,
where we see that they all indicate that the total mass con-
tained within the Einstein radius is Ms ≃ 1011M⊙.

There are two valuable lessons from the above exercise.
The first one is that the soliton core profile alone will al-
ways be able to fulfill the lensing constraints even without
the consideration of the NFW contribution. This is not
surprising, as the lensing equations can be solved even if
we consider a point particle with the required total mass
(which formally corresponds to the soliton core profile
with ma → ∞). The second lesson is that even though
the soliton profile may be adequate, formally speaking, to
explain the lensing properties of the galaxies in Table II,

we will, in any case, have to consider the NFW outskirt
in the complete profile (13) in order to satisfy other con-
straints that suggest that the boson mass should be in
the range ma22 = 1− 10[43].

B. Complete profile

Taking into account the above experience gained with
the soliton profile alone, we will now consider the follow-
ing procedure for the complete WaveDM profile.
Since the total mass inside the Einstein radius is

the only constraint provided by the lens systems, we
will fix the values of the boson mass ma and soliton
mass Ms. For this, we take following values of the bo-
son mass ma22 = 0.1, 1, 10, and for the soliton mass
log10(Ms/M⊙) = 11.5, 10.5, 9.5, 8.5, 7.5, from which we
will calculate the values of rs by means of Eq. (22).
We will adopt a uniform prior for the other param-

eters over the following ranges: αNFW = [0 : 10], and
rǫ⋆ = [rǫ⋆,max : 10]. Here rǫ∗,max is found from the cubic
equation (16) for a given value of αNFW, and the extreme
values αNFW = 10 and rǫ∗ = 10 are suggested by Figs. 3
and 4.
We will obtain the values of θ∗E by sampling from a

Gaussian distribution, using the relation

θ∗E(p) = θ∗Em + σ
√
2erf−1(2p− 1) , p ∈ (0, 1). (25)

The value for θ∗Em = RE/rs is the mean of the distribu-
tion using the observed value for the Einstein radius, and
σ = 0.05 ∗ χ the error assigned. p is a random number
sampled from a uniform distribution on the interval [0,1].
The inverse error function is approximated as described
in [44]. In this way, the variable θ∗E will not otherwise
enter into the fitting analysis.
Once the soliton mass is fixed, the rest of the mass

that is included within the Einstein radius must be com-
pleted by the NFW profile. Because this requires a huge
contribution, up to three orders of magnitude more, one
sensible consideration is to include a simple approxima-
tion of a partial contribution of the luminous matter in-
side the Einstein radius. In a first approximation, the
mass corresponding to the barionic matter is simply a
constant value modeled as a point particle. This is done
from Eq. (2), and then the projected mass for the lens is
composed of two parts,

m′(θ) = m(θ) +M ′, (26)

where m(θ) is the mass from the dark matter component
given by the profile in Eq. (13), and M ′ = f∗,EinMEin

is the stellar mass contribution as described in Table II.
These values are normalized accordingly and then the
dimensionless total mass m′ is

m′
∗(θ∗E , αNFW , rǫ∗) = m∗(θ∗E , αNFW , rǫ∗) +M ′

∗ ,
(27a)
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where

M ′
∗ = 0.3208f∗,Ein

(

MEin

Ms

)

. (27b)

Eq. (27a) is combined with Eq. (23) to produce a modi-
fied observable which uses the soliton mass directly,

Ms

M⊙

m′
∗(θ∗E , αNFW, rǫ∗) =

7.7× 108

2.4

dOS

dOLdLS

h

0.57

(

RE

kpc

)2

.

(28)

C. General results

Using the Sloan Lens ACS Survey(SLACS) data for
several lens candidates with strong lensing [37, 42], we
will try to constrain the free parameters that will satisfy
Eq. (28). As said before, the information available from
the data is the Einstein radius, RE , the lens distances
(dOL, dLS, dOS), and the redshift, z, of the lens. This
information is used in the Multinest code [45] to carry
out a parameter search for each individual galaxy.
Typical results are shown in Fig. 5 for the individual

cases of galaxies J0008-0003 and J0008-0004; both cases
include the contribution of the luminous matter to the
total mass of the lens as in Eq. (28). For the purposes
of clarity, in each figure we indicate the radius rs and
total mass Ms of the soliton profile. Some general fea-
tures of the results are as follows. First, we note that the
free parameters rǫ∗ and αNFW appear well constrained if
the soliton mass cannot provide the total mass required
by the lens system; in the examples shown, this hap-
pens if Ms < 1011.5M⊙. The credible regions for the
parameters in Fig. 5 are in agreement with the theoret-
ical expectations discussed in Sec. II B: that there is a
minimum value for rǫ∗ due to the constraint imposed by
Eq. (16), and a maximum value of αNFW appears due to
the maximal contribution of the NFW part of the profile
to the total mass in the lens, see also the right panel in
Fig. 3. Likewise, notice that as αNFW → 0 the value of
the matching radius rǫ∗ is very well constrained, and this
is easily understood from Eq. (21): it is rǫ∗ which de-
termines alone the contribution of the NFW part of the
profile to the total mass. Finally, observe that the value
log10(Ms/M⊙) = 7.5 is excluded because the code is not
able to find any suitable values of the variables that could
fit the data. That is, the soliton massMs is so small that
the NFW part cannot compensate the required mass for
the lens.
In summary, if the soliton is allowed to provide enough

mass to fulfill the matter contribution in the lens, say
Ms ∼ 1011.5M⊙, the analysis will select large values for
rǫ∗ so that the NFW tail contribution to the total matter
is minimal, see Eq. (21). In contrast, if the soliton mass
is not large enough, Ms < 1011.5M⊙, it is then possible
to find appropriate pairs (αNFW, rǫ∗) for the NFW part
of the profile to provide the needed mass for the lens.
In this respect, the stripped credible regions in Fig. 5

represent the degeneracy regions in the plane (αNFW, rǫ∗)
for the same mass contribution of the NFW tail to the
lens system.
Another quantity of interest is the resultant density

profile of DM in the lens system. Fig. 6 shows exam-
ples of the density profiles inferred from the posteriors of
galaxy J0008-0004 in Fig. 5 for a boson mass ma22 = 1.
The soliton core is clearly seen in all curves, and so too
is the transition to the NFW part of the profile. Not sur-
prisingly, the largest core corresponds to the configura-
tion with the lowest soliton mass for which the matching
radius is close to the lower bound suggested in Eq. (17a).
We also report in Fig. 7 the results obtained for the

lens system J0008-0004, for larger or smaller values of
the boson mass. For a mass of ma22 = 10, the soliton is
much more compact, and it is not by itself adequate to
describe a galaxy. But given the fact that the parame-
ters αNFW and rǫ∗ are also well constrained we conclude
that the lensing effect must be mostly attributed to the
NFW part. This is not surprising, as we had already in-
dicated in Sec. II C that strong lensing could be achieved
if αNFW ≪ 1. Moreover, a larger boson mass is also in
better agreement with recent cosmological constraints[27]
and with estimations based upon satellite galaxies of the
Milky Way and Andromeda[46].
In contrast, we can see that the constraints become

more diffuse if we consider a smaller boson mass of
ma22 = 0.1, although there seems to be some preference
for the case in which Ms = 1010.5, that also corresponds
to a larger soliton radius. This time the resultant config-
uration would be in agreement with those found in the
statistical analysis made in Ref.[30], which suggests that
satellite galaxies put an upper bound on the boson mass
that takes the form ma22 < 0.4.

IV. CONCLUSIONS

We have studied the properties of the so-called
WaveDM density profile assuming that it comprises the
total DM contribution in galaxies for which a gravita-
tional lens has been detected and measured. In doing
so we have adapted the standard lens equations to the
particular features of the WaveDM, in that we took into
account its soliton core together with its NFW envelope,
which is the complete form suggested by numerical simu-
lations of cosmological structure under the WaveDM hy-
pothesis.
We then used the lens equations to make a comparison

with actual observations of some lens systems that seem
to be DM dominated, although we took into account their
baryonic components in a simplified manner. In doing
the statistical analysis we considered carefully the role of
the different free parameters of the WaveDM profile, in
particular the boson mass ma which has to be regarded
as a fundamental parameter that should not vary from
one galaxy to another.
The overall procedure was then to fix the value of the
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FIG. 5. Triangle plot for the parameter posteriors fitted to galaxies J0008-0003 (left) and J0008-0004 (right). The contribution
of the luminous matter is 35% (50%) of the total reduced mass inside the Einstein radius for J0008-0003 (J0008-0004), see
also Eq. (28). The colors indicate different choices for the soliton mass Ms, and the values of the corresponding rs, calculated
from a fixed (normalized) boson mass ma22 = 1, are also shown for comparison. In general, we can see that distinct credible
regions can be found for the NFW parameters if the soliton mass is 108.5 < Ms/M⊙ < 1011.5 , and that the constraints are in
agreement with the semi-analytic analysis in Sec. II.
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FIG. 6. Comparative plot of the density profiles from se-
lected configurations for Galaxy J0008-0004 obtained from
the constraints in Fig. 5. We can clearly see a core region
in the center, and that the transition to a NFW-like profile
happens at larger radii if the central density is smaller. To
draw the plots we chose the value αNFW = 1, except in the
case Ms = 108.5M⊙ (red line) for which log(αNFW ) = −7.
The corresponding matching radius rǫ, in full units, is se-
lected to be at 15.36 pc, 19.34 pc, 96.94 pc and 969.4 pc
for the soliton masses 1011.5M⊙, 1010.5M⊙, 109.5M⊙ and
108.5M⊙,respectively.

boson mass and the total mass within the soliton core
in the configuration. In consequence, the soliton radius
was fixed and the only free parameters were those of the
NFW part of the density profile. In general terms, for
large or small values of the boson mass, our results in-
dicate that the soliton structure, if it is as massive as
1011.5M⊙, is able to fit the measured Einstein radius in
the lens systems, although this also requires the soliton
structure to be extremely small when compared to the
measured scales of the lensing galaxies. This result then
indicates that galaxies in general cannot be explained by
the soliton structure alone.

Because of the above, we had to consider the com-
plete WaveDM density profile and constrain the NFW
free parameters. Generically, and so far for the cases we
explored, our analyses suggest that the matching radius
for the soliton and NFW parts of the profile is of the
same order of magnitude as the soliton radius, rǫ ∼ rs,
which is in agreement with the expectation from numer-
ical simulations[47–49]. In addition, the second free pa-
rameter is in general bounded from above as αNFW < 1,
which just means that the characteristic NFW radius is
larger than the soliton radius, rNFW > rs. Moreover, our
results also suggest that the case αNFW → 0 is also pos-
sible, which in turn means that the density profile decays
as ρ ∼ r−1 at large radii.

On the other hand, for any given value of the boson
mass, it was not possible to constrain the NFW param-



12

−
0.
4
0.
0
0.
4
0.
8

log10 rǫ∗

−
9

−
6

−
3

0

lo
g
1
0
α
N
F
W

−
9
−
6
−
3 0

log10αNFW

Ms = 10
11.5M⊙

rs = 0.02435 pc

Ms = 10
9.5M⊙

rs = 2.435 pc

Ms = 10
8.5
M⊙

rs = 24.35 pc

Ms = 10
7.5M⊙

rs = 243.5 pc

Galaxy J0008-0004, ma22 = 10

−
0.
4
0.
0
0.
4
0.
8

log10 rǫ∗

−
9

−
6

−
3

0

lo
g
1
0
α
N
F
W

−
9
−
6
−
3 0

log10αNFW

Ms = 10
11.5M⊙

rs = 0.243 kpc

Ms = 10
10.5
M⊙

rs = 2.435 kpc

Ms = 10
9.5M⊙

rs = 24.35 kpc

Galaxy J0008-0004, ma22 = 0.1

FIG. 7. Triangle plot for the posteriors of galaxy J0008-0004 considering different boson masses ma. (Left) For the boson
mass ma22 = 10 we obtain good constraints on the NFW parameters, but the soliton core is very compact in all cases. For
the case of Ms = 106.5M⊙ a constraint cannot be found. The line colours represent the same masses as Figure .5. (Right) For
the boson mass of ma22 = 0.1, we can only obtain well defined constraints on the NFW parameters when the soliton mass is
Ms = 1010.5M⊙, but not for larger or smaller values. Low values of Ms imply values of the soliton radius rs that are larger
than the Einstein radius, and this kind of cases are unable to satisfy the lensing constraints.

eters in the case where the soliton radius was larger
than the Einstein radius, as in such cases the soliton
mass is insufficient to produce the required lensing sig-
nal. Together with the aforementioned difficulty that the
soliton should not provide the whole mass of the lens,
we can summarize our results as Ms/M⊙ < 1011.5 and
rs < 6 kpc. By means of Eq. (22), the above inequalities
can be combined in the following lower bound on the bo-
son mass ma > 10−24eV. Notice that this lower bound
is in agreement with previous constraints from cosmolog-
ical and galactic scales, see for instance[22, 30, 31, 46].
Although the lens systems we considered are not able to
put strong bounds on the boson mass, they certainly in-
dicate that most likely a complete WaveDM profile (i.e.
comprising a soliton core + NFW tail) is necessary to
account for all the diverse observations at galaxy scales.

As a final note, the lens systems studied here have a
subdominant, although non-negligible, baryonic contri-
bution. We expect to extend our analysis to a larger
sample with a more detailed, specific, inclusion of the
baryonic matter that could give us better constraints on
the soliton features. This is ongoing work that will be

presented elsewhere.
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Appendix A: Integral solutions

Some useful analytical solutions are given here for the
integrals in Eq. (18). For the first branch θ∗ < rǫ∗ the
formula for the first integral is
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√
r2
ǫ∗

−ξ2
∗

∫

0

dz

[1 + α2
sol r̂

2]
8
=

α−1
sol

(1 + α2
solξ

2
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x
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0

cos14 u du , tanx = αsol

(

r2ǫ∗ − ξ2∗
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, (A1)

where
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sin(14x)
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(A2)
whereas for the second integral we obtain
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√
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√
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√
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x > 1 .

, (A3)

where x = αNFWξ∗ and y = αNFWrǫ∗. By setting y = x, which is equivalent to rǫ∗ = ξ∗, in Eq. (A3) we obtain the
solution for the second branch in Eq. (18). For the case ξ∗ = 0, which is used in Eq. (20), the integral result simply is

∞
∫

rǫ∗

dz

z (1 + αNFW z)
2
= ln

(1 + αNFW rǫ∗)

αNFWrǫ∗
−

1

(1 + αNFW rǫ∗)
. (A4)
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[46] L. A. Ureña López, V. H. Robles, and T. Matos, (2017),
arXiv:1702.05103 [astro-ph.CO].

[47] B. Schwabe, J. C. Niemeyer, and J. F. Engels, Phys. Rev.
D94, 043513 (2016), arXiv:1606.05151 [astro-ph.CO].

[48] J. Veltmaat and J. C. Niemeyer, Phys. Rev. D94, 123523
(2016), arXiv:1608.00802 [astro-ph.CO].

[49] P. Mocz, M. Vogelsberger, V. Robles, J. Zavala,
M. Boylan-Kolchin, and L. Hernquist, (2017),
arXiv:1705.05845 [astro-ph.CO].

http://arxiv.org/abs/1705.01439
http://dx.doi.org/10.1103/PhysRevD.96.023507
http://arxiv.org/abs/1702.07065
http://arxiv.org/abs/1703.04683
http://arxiv.org/abs/1703.09126
http://arxiv.org/abs/1701.00912
http://arxiv.org/abs/1609.05856
http://arxiv.org/abs/1606.09030
http://dx.doi.org/ 10.1103/PhysRevLett.113.261302
http://arxiv.org/abs/1407.7762
http://dx.doi.org/10.1103/PhysRev.187.1767
http://dx.doi.org/10.1103/PhysRevD.69.124033
http://arxiv.org/abs/gr-qc/0404014
http://dx.doi.org/ 10.1103/PhysRevD.87.021301
http://arxiv.org/abs/1211.6431
http://dx.doi.org/10.1103/PhysRevD.90.043517
http://arxiv.org/abs/1404.1054
http://dx.doi.org/ 10.1086/519237
http://arxiv.org/abs/astro-ph/0701589
http://dx.doi.org/10.1142/4890
http://dx.doi.org/10.1086/375851
http://arxiv.org/abs/astro-ph/0304317
http://dx.doi.org/10.1086/308744
http://arxiv.org/abs/1502.03456
http://dx.doi.org/ 10.1088/0004-637X/705/2/1099
http://arxiv.org/abs/0911.2471
http://dx.doi.org/10.1103/PhysRevD.95.043541
http://arxiv.org/abs/1610.08297
http://dx.doi.org/10.1111/j.1365-2966.2009.14548.x
http://arxiv.org/abs/0809.3437
http://arxiv.org/abs/1702.05103
http://dx.doi.org/10.1103/PhysRevD.94.043513
http://arxiv.org/abs/1606.05151
http://dx.doi.org/10.1103/PhysRevD.94.123523
http://arxiv.org/abs/1608.00802
http://arxiv.org/abs/1705.05845

