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About Maths Craft 

Maths Craft is a non-profit initiative founded in 2016 and run by academics who are passionate 
about engaging the public with mathematics through craft. 

The inaugural Maths Craft event was the Maths Craft Festival held in the Auckland Museum in 2016, 
and sponsored by Te Pūnaha Matatini. Following the success of the Festival, where almost 2,000 
people were entertained by the mathematics in craft and the craft in mathematics, we were 
inundated with requests to go on the road with our quirky brand of maths outreach. The result is 
Maths Craft New Zealand, a nationwide series of events supported by an Unlocking Curious Minds 
grant. This year, in addition to an even bigger flagship Festival at the Auckland Museum, there will 
be events in Wellington, Christchurch, and Dunedin, along with a series of workshops. Our aim is to 
show young and old alike the fun, creativity, and beauty in mathematics through the medium of 
craft, and to demonstrate just how much mathematics there is in craft.  

 

To see a list of upcoming Maths Craft events and to sign up for our email newsletter, visit us at 
mathscraftnz.org.  

Hyperbolic crochet at the Maths Craft Festival in 2016. 
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Our Sponsors 

In February 2017, Maths Craft was awarded a grant from MBIE’s Unlocking Curious Minds fund to 
take Maths Craft on the road. Thanks to Curious Minds and our generous sponsors, this year we'll 
be running events around New Zealand. 

  



8 

 

 

  

The 

Mobius 

Strip 



9 

 

  



10 

The Mathematics of the Möbius 

Explorations into the Möbius strip serve as an excellent introduction to the field of topology. 
Topology (from the Greek τόπος, place, and λόγος, study) is the mathematical study of the 
properties of objects that are preserved through deformations, twisting, and stretching. (No tearing, 
cutting, or gluing allowed!) Topologists are interested in the geometrical properties of objects that 
are enduring and survive distortion. For instance, the roundness of a circle will not survive being 
stretched or twisted, but the fact that it has no ends remains unchanged. 

One Edge, One Side 

A Möbius strip is a surprising object; it’s a surface with only one edge and one side. To understand 
what this really means, let’s compare it to a similar yet more familiar shape: the cylinder. Take a 
strip of paper and glue the short edges together to form a cylinder. Put your cylinder on the table, 
resting on one edge. We’ll call this the bottom edge. 

If you place your finger on the edge facing upwards, the top edge, you can trace all the way around 
the edge and return to where you started without ever touching the bottom edge. The cylinder 
clearly has two separate edges. Now place your finger on the outside of the cylinder, about half way 
between the two edges, and trace all the way around the cylinder until you get back to where you 
started. Your finger will have stayed on the outside of the cylinder for the entire journey. To get to 
the inside of the cylinder, your finger would need to cross over one of the two edges. Our 
(unsurprising) conclusion is that the inside and the outside of the cylinder are separate, and so the 
cylinder has two sides.  

It all seems pretty straightforward, doesn’t it? But with one small alteration to the instructions 
above we can create a much more complex shape.  

A paper cylinder. 
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Make a Möbius strip by taking a strip of paper, bringing the two short edges together just as you did 
for the cylinder but give one of the ends a half-twist (that is, twist it through 180 degrees) before 
gluing the short edges together.  

Choose any point on the edge of the Möbius strip and place your finger on it. If you trace along the 
edge of the strip, you’ll see that you trace around the entire edge before ending up back where you 
started. There’s no top or bottom edge, it’s all one edge! Now if you place your finger on the 
“outside” of the strip, just as you did with the cylinder, and trace along the surface, you will soon 
see that your finger ends up on the “inside”. So you will arrive back at your starting point, but on 
the “inside” of the strip! If you keep going, your finger will eventually come back to where you 
started for a second time, and once again be on the “outside” of the strip. You have now journeyed 
over both the “inside” and the “outside” of the strip without ever taking your finger off the paper 
or crossing over an edge. This can only happen if the “inside” and the “outside” are not separate, 
forcing us to the curious conclusion that the Möbius strip has only one side. 

This is the perplexing property of the Möbius. But it is not alone. Mathematicians call shapes with 
this property non-orientable, and there are more of them. 

Meet the Family 

The Möbius strip was discovered by the German mathematician August Ferdinand Möbius in 1858. 
Having made his discovery, and in typical mathematician style, he then wondered about how a strip 
with two half-twists would behave, and how a strip with three half twists would behave, and so on. 
In other words, he wondered about the general form of this object. He discovered that strips with 
an odd number of twists are all non-orientable, just like the original Möbius strip. However, strips 
with an even number of twists behave like a cylinder and are all orientable (they have two edges 
and two sides!).  

A paper Möbius strip. 
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If you join two Möbius strips together along their edges, you create an object called a Klein bottle. 
Just like Möbius strip, the Klein bottle is non-orientable: it has only one side. So while it might look 
like a bottle, it has neither an inside nor outside. However, in the three-dimensional world we live 
in, it is impossible to make a Klein bottle without having it intersect itself: its true home is four-
dimensional space. 

An equivalent way to think about this relationship is that bisecting a Klein bottle results in two 
Möbius strips. This raises an interesting question: does cutting a non-orientable shape always result 
in another non-orientable shape? Likewise, for orientable shapes: does cutting an orientable shape 
always result in another orientable shape? Although this isn’t strictly topology (because we are 
cutting the shapes), it is a good way to gain insight into the relationship between orientable and 
non-orientable shapes. We’ll explore this idea further in the next section. 

 

 

 

  

A Klein bottle and its two Möbius halves courtesy of kleinbottle.com. 
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Making and Manipulating a Möbius Strip 

A Möbius strip is a surprising object; it’s a surface with only one edge and one side. There are many 
ways to make Möbius strip: you can knit or crochet one, sew one from fabric, or construct one from 
paper and glue. It is worth trying different methods, as each reveal something different about the 
Möbius strip. In this workshop, we’ll use paper as it is the fastest way to make a Möbius strip, and 
unlike knitting, crochet, or fabric, it can easily be drawn on and cut!  

Making a Möbius 

Take a strip of rectangular paper – a 3-4cm strip cut lengthwise from a piece of A4 paper is ideal. 
Make a Möbius strip by bringing the two short edges together and giving one of the ends a half-
twist (a twist of 180 degrees) before securely gluing or taping the two ends together.  

A second way of creating a Möbius is to use a strip cut from a piece of OHP transparency film (or 
any other equivalent transparent material). The beauty of this construction is that, unlike paper, it 
allows us to see “inside” the surface. We’ll see later why this might be useful.  

Manipulating a Möbius 

While the Möbius strip is certainly intriguing in and of itself, some of its most unexpected properties 
are revealed only when we begin to manipulate it. Try the following experiments using a paper 
Möbius strip - you might want to use a fresh strip for each one. It’s interesting to try to guess the 
outcome before attempting each experiment; our intuition is often a poor guide when it comes to 
the Möbius strip. 

 

 

A paper Möbius strip. 
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1. Take a pen or pencil and draw a line lengthwise along the centre of the Möbius strip (as 
shown below). Continue the line until it joins up with your starting point. 

2. Take a pen or pencil and, starting about a third of the way down from the edge, draw a line 
lengthwise along the Möbius strip (as shown above). Continue the line until it joins up with 
your starting point. 

How you do you think your results might differ if you used an OHP transparency strip? Try it and 
see. 

The two experiments above may have given you some insights into the curious properties of the 
Möbius strip, but what happens when you repeat the experiments, and instead of merely drawing 
on the strip, you cut it?  (You can reuse the strips from (1) and (2) if you need a line to guide you.) 

3. Using scissors, cut lengthwise around the centre of the Möbius strip.   

4. Using scissors, cut lengthwise around the Möbius strip, starting about a third of the way 
down from the edge.  

What new shapes did you produce? Were they what you were expecting? Can you tape them back 
together to re-form the original Möbius strip? Are they non-orientable? What happens if you cut 
these new shapes as described in (3) or (4)? 

In experiments (1) and (2), we were drawing onto the surface of the Möbius strip, very much like 
we were an ant crawling along the surface of the strip, marking out our trail. However, what if we 
were not on the surface of the strip, but embedded in it. You can think of this like a very flat ant 
imprisoned inside the wafer-thin strip. (In fact, such an ant is not part of our three-dimensional 
universe, but is instead a flat, single-sided inhabitant of the Möbius universe.) What happens to the 
ant as it crawls around inside the surface of the strip? 

The next experiment can be done with a paper Möbius strip and a hole-punch with an asymmetrical 
design, or a transparent Möbius strip and a marker.  

A line along the centre of the strip. A line a third of the way down from the edge. 
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5. On the paper Möbius, punch holes along the length of the strip (as shown below), or on the 
transparent Möbius strip, repeat an asymmetrical design along the length of the strip. 

Finally, we will construct a double Möbius. 

6. Take two strips of paper and place one on top of the other. Holding both strips together, 
bring the two short edges together and give one of the ends a half-twist (just as you did 
when creating a single Möbius) before securely gluing or taping the two ends together (as 
shown above).  

Take a slim object like a knitting needle or toothpick, insert it between the two bands and gently 
move it along the gap. Do you ever encounter a join? Try experiments (1)-(4) on the double Möbius 
and note any differences from the single Möbius. Finally, try to slide the two bands apart. What do 
you get? Does this remind you of any of the other experiments? If so, what’s the connection? 

The Heart of a Möbius  

Now that you have made a few Möbius strips, you may have noticed that there are two kinds of 
Möbius – one is formed using a clockwise twist, and the other is formed using an anticlockwise twist.  

Asymmetrical holes punched along the strip. A double Möbius strip. 

The orange strip is formed using a clockwise twist and the 
yellow strip is formed using an anticlockwise twist. 
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Is there any way to turn, flip, or twist these two versions of the Möbius strip and make them look 
the same? The answer is: no. But you may notice that they are mirror images of each other (try 
holding a mirror up to one of them). This phenomenon is known as chirality. In this last construction, 
we will use two Möbius strips of opposite chirality.  

Take two strips of paper and lie one on top of the other so that they are perpendicular to each other 
and form a cross (as shown below). Glue or tape them together at the intersection. 

Join the short ends of each strip together to make a Möbius strip in the usual way, but make sure 
one Möbius is created using a clockwise twist and the other is created with an anticlockwise twist 
(as shown above). Now cut along the centre of both strips, just like you did in experiment (3). What 
did you get? Is it what you were expecting?  

In this construction, we used two Möbius strips of opposite chirality. You may also want to 
experiment with what happens if the two strips have the same chirality? How many possible 
combinations are there? And what if you combine cylinders and Möbius strips in this way? 

Other Investigations 
There are many more things to try with Möbius strips, 
we have just scratched the surface. Here are some 
questions to consider. 

• How short is the shortest Möbius strip you can 
make from paper?  

• Can you make Möbius strips from other shapes – 
not just rectangular strips? 

• Can Möbius strips be tiled? (Try a Penrose tiling, for 
example.) 

• Can you draw a picture on your strip that takes 
advantage of the Möbius properties? See the 
example to the left – transparent strips are useful 
here. 

Glue two strips together. Make two Möbius strips with opposite chirality. 

The Möbius Battle courtesy of xkcd.com. 
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Notes 
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The Mathematics of the Menger Sponge 

Levels of the Sponge 

The Menger Sponge is built from unit cubes. The unit cubes are joined together to make a larger 
structure which looks like a 3x3x3 cube, but with a hole in each face running through the structure. 
This is the Level 1 Menger Sponge. If the unit cubes were joined together to make a solid 3x3x3 
cube then 27 unit cubes would be required. But in the Level 1 Menger Sponge, a unit cube is missing 
from each of the six faces, and one from the centre. So in the Level 1 Menger Sponge the number 
of unit cubes is the number of unit cubes in a solid 3x3x3 cube, minus the number removed from 
each face and the one removed from the centre:   
 

33 − (6×1 + 1) = 27 − 7 = 20. 
 

A Level 2 Menger Sponge can be made by joining together 20 Level 1 Menger Sponges in the same 
configuration as the 20 unit cubes were joined together to make the Level 1 Menger Sponge. This 
means that the Level 2 Menger Sponge contains 20x20=400 unit cubes. The Level 3 Menger Sponge 
contains 20 Level 2 Menger Sponges, and so has 20x400=8,000 unit cubes. 

Questions: how many unit cubes are there in a Level 4 Menger Sponge? What about in the Level 5, 
6, and higher? How many units high is each Sponge? How many business cards does it contain? How 
does the cladding change the level of the Sponge? 

The Menger Sponge 

The Menger Sponge is the object obtained after doing an infinite number of levels. In the real world, 
you cannot make an infinite number of levels, and even after a few levels the Sponge is huge. To 
avoid it growing in size, another way to construct the Menger Sponge is to take a solid cube and 
remove parts of it. To get a Level 1 Menger Sponge, divide each face of the solid cube into nine, 
making 27 smaller cubes in total, and remove the central cube in each face, and the one in the 
centre. To make the Level 2 Menger Sponge, divide each of the remaining smaller cubes into 27, 
and remove the middle cube of each face and the one in the centre. Now keep going! A picture 
looks like the following. 

 

  

Left to right: a 1x1x1 cube, a Level 1 Menger Sponge, a Level 2 Menger Sponge, and a Level 3 Menger Sponge. 
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The height, width, and breadth of the Menger Sponge does not change with this kind of 
construction. But the volume and surface area do change. 

Questions: what is the volume and surface area of a 1x1x1 cube? What is the volume and surface 
area for the Level 1 Menger Sponge formed by removing smaller cubes from a 1x1x1 cube? What 
are these numbers for the Level 2 Menger Sponge? Can you see what is happening to the numbers? 

The Strange World of Fractals 

The volume decreases with each iteration (each time you remove smaller cubes), and the surface 
area increases. In fact, the Menger Sponge obtained by taking an infinite number of levels has the 
remarkable property that it has infinite surface area and zero volume.  

A solid object contained in a 1x1x1 volume, but which itself has zero volume and infinite surface 
area. This is a strange object indeed. The Menger Sponge is an example of a fractal. A fractal is a 
mathematical object with some special, and strange, properties. One key property of fractals is that 
as you zoom in on them you see the same structure repeated. If you zoom in on one section of the 
Menger Sponge you see a smaller version of the whole sponge. Zoom in again and the same pattern 
repeats. This property is known as self-similarity. 

In the real world, there is no such thing as a perfect fractal because you cannot zoom in forever. But 
there are things which look similar to themselves when you zoom in a few times. Tree branches look 
like trees, and if you zoom in again on to smaller branches, they too look like trees. This stops after 
maybe three or four levels of zooming. A network of river branches and a snowflake also have the 
same property of self-similarity. 

Questions: how many things can you find or think of which look like themselves when you zoom in? 
How many times can you zoom in on them before the repetition stops? 

Fractals in the Wild 

Mathematicians are interested in fractals because they have many interesting properties. As well as 
self-similarity, they typically have pairs of seemingly at-odds properties, like infinite surface area 
combined with zero volume. As well as being interesting in their own right, fractals are useful for 
studying things in the real world. Fractals are used to understand the weather, turbulence, the stock 
market, and even earthquakes. 

The Menger Sponge was discovered by the Austrian-American mathematician Karl Menger in 1926 
when he was 24 years old. Other fractals were already known: the face of the Menger Sponge is 
known as the Sierpinski Carpet, and was discovered by the Polish mathematician Waclaw Sierpinski 
in 1916. But a good mathematical theory of fractals and an understanding of their importance in 
the real world had to wait until the French-American mathematician Benoit Mandelbrot in 1975. 
Fractals are still not completely understood, and new applications of fractals to understanding the 
real world are still being found. 
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Making a Menger Sponge 
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The instructions above were reproduced with the permission of the Mega Menger Project 
(megamenger.com).  
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Notes 
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The Mathematics of Origami 

Origami can be used to illustrate many mathematical concepts. In fact, there is a mathematical 
theory of origami and paper folding (see https://mathigon.org/downloads/origami.pdf for some 
more information). In this workshop we will focus on using origami to reinforce the geometry taught 
in schools. Origami gives us an opportunity to use mathematical language and reinforce the 
importance of precision and detail. It is a very tactile way of introducing the subject of geometry.  

Polyhedra 

Modular origami can be used to make many three-dimensional shapes. Three-dimensional shapes 
that consist of (flat) faces, (straight) edges, and corners are called polyhedra (singular: polyhedron). 
For example, the first three images below are polyhedra, but the last image is not.  

Think about the two-dimensional shapes that form these polyhedra. They are all shapes made up of 
(straight) edges meeting at angles; these are called polygons. In some of these polygons, the edges 
are all the same length and the angles are all equal; these are called regular polygons. For example, 
a square is a regular polygon, but a (non-square) rectangle is not regular, because its sides are not 
all the same length.  

The polyhedra that are made up of only one type of regular polygon, and are also convex, are called 
the platonic solids. How many of these do you think there are? In fact, there are only five: the 
regular tetrahedron, cube, regular octahedron, regular dodecahedron, and regular icosahedron 
(shown below). The platonic solids display beautiful symmetry that has been studied by 
mathematicians for many years.  

 

 

 

Face 

Corner 
Edge

        Three examples of polyhedra.        Not a polyhedron.   

The platonic solids (from left to right): 
the regular tetrahedron, cube, regular octahedron regular dodecahedron, and regular icosahedron. 
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There is a beautiful connection between the number of faces, edges, and corners on a convex 
polyhedron: 

(number of corners) – (number of edges) + (number of faces) = 2. 

For example, in the cube, we can count a total of 8 corners, 12 edges, and 6 faces. Applying Euler’s 
formula, we find that 

8 – 12 + 6 = 2. 

The remarkable thing about this formula is that it works for all convex polyhedra. The formula is 
known as Euler’s formula. Leonhard Euler (pronounced “Oiler”) was an important Swiss 
mathematician of the 18th Century who helped to discover a lot of the mathematics we use today. 
He was remarkably productive, and showed no sign of slowing down even at the end of his long life 
when he was completely blind. 

Construction 

We can make all of the platonic solids, as well as many other polyhedra, using modular origami. In 
this workshop we will make a cube from 6 origami Sonobe units (shown below). These Sonobe units 
can also be used to make other polyhedra such as a stellated octahedron (12 units) or a stellated 
icosahedron (30 units), both shown below, as well as other larger models.  

Consider a regular octahedron, which has 8 faces that are all equilateral triangles. If we take each 
face of the regular octahedron and extend it to form another polyhedron, we get what is called a 
stellated octahedron. The images below show a stellated octahedron in which each face of the 
octahedron has been extended into a tetrahedron, along with the version made from Sonobe units. 
This is the only stellation of the octahedron. Now consider a regular icosahedron, which has 20 faces 
that are all equilateral triangles. There are many stellations of an icosahedron. The one that we can 
make using Sonobe units is called a small triambic icosahedron, shown below. Instructions for 
constructing a stellated octahedron and stellated icosahedron from Sonobe units can be found 
online. 

 

  

From left to right: 
Sonobe cube, stellated octahedron, Sonobe stellated octahedron, and Sonobe small triambic icosahedron. 
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Units 

Folding the individual units in modular origami is an oppurtunity to use mathematical language and 
apply mathematical concepts.  

• Fractions: the paper can be divided into different fractions in many ways, for example the 
first few folds when making a Sonobe unit divide the paper into quarters. 

• Angles: acute, obtuse, and right angles frequently appear during folding. 

• Parallel and perpendicular lines: successive folds are often parallel or perpendicular to 
previous folds.  

• Symmetry: many modular origami units are symmetrical. For example, the Sonobe unit has 
a rotational symmetry of 180 degrees. 

• Shapes: various shapes arise during the folding of modular origami units, including 
equilateral triangles and parallelograms. 

• Areas: origami can be used to illustrate the areas of various shapes and their relationships 
to each other. For example, folding a square in half along the diagonal shows that a square 
is made up of two right-angle triangles, and illustrates why the area of a triangle is ½ x base 
x height. 
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Making a Sonobe Unit 

To make these origami modules, you will need one square piece of paper per Sonobe unit. Multiple 
units can then be combined to form different polyhedra, including a cube, a stellated octahedron, 
and a stellated icosahedron. Take your time and fold the units as precisely as possible. This will 
ensure that they fit together well during assembly.  

1. If you are using special origami paper, start with the coloured side down. Fold the paper in half 
horizontally, crease well, and unfold. Then fold the top and bottom edges to the crease in the 
centre. Unfold.  

 

2. Position the paper so that the creases are horizontal. Fold the top left corner diagonally down 
to the uppermost crease line. Repeat with the bottom right corner, folding it up to the 
lowermost crease line. Then fold the top and bottom edges of the paper to meet in the centre 
line again. This time keep them folded. 
 

 

 

 

 

 

3. Make two diagonal folds inwards along the dotted lines shown below, then unfold. 

 

 

 

 

 

 

Fold a horizontal 
centre line, then fold 
top and bottom edges 
to the centre. Unfold. 

Fold corners 
diagonally, then fold 
along the top and 
bottom horizontal 
creases again. 

Fold diagonally as 
shown, then unfold. 
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4.    Fold along the left-hand diagonal crease again, but this time tuck the bottom left corner 
underneath the top flap as far as possible. 

 

 

 

 

 

 

5. Repeat with the right-hand diagonal crease, tucking the top right corner underneath the bottom 
flap as far as possible.  

 

 

 

 

 

 

6. Turn the unit over. Position the unit as shown in the picture below, then fold the sides inwards 
along the vertical lines shown, to create a square.  

 

7. Your Sonobe unit is complete! 

 

 
 

Tuck left-hand corner 
under top flap. 

Tuck right-hand 
corner under bottom 
flap. 

Fold along vertical 
lines shown, then 
unfold. 

You will need 6 Sonobe units to 
make a cube, 12 to make a 
stellated octahedron, and 30 to 
make a stellated icosahedron. 
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Making a Sonobe Cube 

Now that you have made a Sonobe unit you are ready to constuct a polyhedra. This section will 
show you how to assemble six units into a cube. You can use any colour combination you like. In 
this example we use six pieces of paper in three colours (two pieces of each colour). 

1. Fold six Sonobe units (as shown in the previous section). We will put the cube together so that 
opposite sides of the cube are the same combination of colours. 

 

2. To assemble two units, position them as shown, then push the tip of the right-hand (grey) 
module into the pocket of the left-hand (green) one. 

 

3. Add another grey unit to the left-hand side of the green unit. 
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4. Turn the construction upside down. Add in another green unit in the same configuration as 
before. Make sure the flaps of the green units are sticking out, as in the pictures below.   

 

5. Insert your last two remaining Sonobe modules into the sides of the construction in the same 
way as you have done with the green and grey.  

6. Congratulations: you have made a cube! 

You can find instructions for making a stellated octahedron (12 sonobe units) and a stellated 
icosahedron (30 sonobe units) at http://bit.ly/1nfvg6i. Can you make the triangular hexahedron (3 
units) too? 

 

 

  

Sonobe unit stellated octahedron and stellated icosahedron. 

http://bit.ly/1nfvg6i
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Notes 
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Contact Us 
 

 

 

 

 

 

Jeanette:  jeanette.mcleod@canterbury.ac.nz    @GraphyJ 

Phil:  phillip.wilson@canterbury.ac.nz  @FlowPhil 

Sarah:  sarah.mark@pg.canterbury.ac.nz 

Nicolette:  nicolette.rattenbury@auckland.ac.nz @AklMathsJam 

#mathscraftnz 

mathscraftnz 

mathscraftnz 

maths-craft-nz 

mathscraftnz.org 
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