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A B S T R A C T

Industrial combustion systems such as power generation gas turbines, rocket motors, furnaces and boilers often
face the problem of large-amplitude self-excited pressure oscillations that occur due to the onset of thermoa-
coustic instability. To prevent the onset of such instability, understanding the effects of fuel–air equivalence ratio
ϕ, fuel flow rate Vf on self-excited nonlinear thermoacoustic oscillations is of fundamental and practical impor-
tance. Experimental investigation of the roles of these parameters on triggering thermoacoustic instability in a
swirl combustor has received very little attention. In this work, we design a swirling thermocoustic combustor
and conduct a series of experimental tests. Autocorrelation and recurrence analysis of phase space trajectories
reconstructed from the acoustic pressure time trace are performed. These experimental tests allow us to study
the effect of fuel–air equivalence ratio ϕ on the onset of thermoacoustic instability by varying the fuel volume
flow rate Vf. We demonstrate that the fuel volume flow rate and the equivalence ratio play different but critical
roles on generating thermoacoustic instability at different frequencies and amplitudes. Maximum sound pressure
level can be as high as 135dB. In addition, mode switching, (i.e. frequency swap) is found to occur between
approximately ω3 ≈ 510Hz and ω1 ≈ 170Hz, depending on the equivalence ratio ϕ. Furthermore, the dominant
frequency corresponding to the maximum amplitude is shown to be shifted by approximately 20%, as the fuel
flow rate Vf is increased and the combustion condition is changed from lean to rich. These findings are quite
useful for designing a feedback control strategy to stabilize an unstable combustor. The present work opens up
an applicable means to design a stable swirling combustor.

1. Introduction

Self-excited thermoacoustic oscillations occur in many systems such
as thermoacoustic standing- or travelling-wave heat engines [1–3], in-
dustrial furnaces, gas turbines and thermoacoustic refrigerators [4–7].
The phenomenon results from a feedback loop between unsteady heat
release process [8,9] and acoustic perturbations [10]. The heat release
response to acoustic disturbances is generally nonlinear [11]. As a crit-
ical operating parameter such as the fuel flow rate is varied, the onset
of self-sustained thermoacoustic oscillations occurs via a supercritical
(soft) or subcritical (hard) Hopf bifurcation [9,12,13]. In the case of a
subcritical Hopf bifurcation, a bi-stable region exists for a range of the
parameter values. This region is associated with nonlinear phenomena
such as triggering and hysteresis [12,13].

The occurrence of detrimental thermoacoustic instability in lean,
premixed combustors hinders the development of modern gas turbine
engines [2] for aerospace and power generation industries. These in-
stabilities are characterized by large-amplitude, periodic oscillations of
the combustor’s acoustic fields [3]. These oscillations are undesirable,
since they significantly reduce the lifetime and regions of operability
of the engine combustor. To mitigate these instabilities [6], a number
of experimental and numerical studies on the generation mechanisms
and approaches for its control have been conducted during the past few
decades. Several of these investigations have confirmed that these in-
stabilities are most likely produced by a mechanism involving the in-
teractions between heat release perturbations, acoustic pressure distur-
bances, and reactive mixture composition fluctuations [12].

Previous studies revealed that an understanding of the mechanism
that is responsible for generating thermoacoustic instability does not
necessarily pro
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vide any insightful information on the process that determines the non-
linear oscillations of the combustion system. Such an understanding of
the transient and steady state nonlinear oscillating characteristics of an
unstable combustor is needed so that the amplitude of the oscillations is
predictable or feedback control approaches [3] are developed and opti-
mized to stabilize unstable combustion systems [6]. The role of the non-
linear processes occurred in the combustors on initiating and sustaining
thermoacoustic instabilities has been and continues to be a subject of
intensive and extensive research. A great deal of physical insights into
the complex nonlinear behaviors that is often observed in unstable pre-
mixed [5,9,10] or swirl combustors [4] are obtained. For example, it
was demonstrated the existence of stable limit cycles in unstable com-
bustors or the possibility of ‘triggering’ of such instability in a linearly
stable system [12,13].

Combustion systems involve complex coupling between hydrody-
namics, acoustics and combustion process [5,10]. In the past few
decades, statistical analyses of the time series measurements and fre-
quency-domain analysis of combustion systems are extensively per-
formed [5]. Recently, there are strong interests in applying recur-
rence-related methods [14–17] on analyzing unstable combustion dy-
namics. Recurrence analysis has great potential to be applied to differ-
ent nonlinear combustion systems to characterize and identify the dy-
namical similarities between these systems. More importantly the recur-
rence analysis [14] and related methods [15,16] can provide more ex-
tract insightful information from experimental data, which may be ne-
glected due to the observation of very irregular or noisy measurements
[18]. A better understanding of combustion dynamics and an improved
ability to prevent or mitigate thermoacoustic instability will safely ex-
pand the operating envelope of combustors towards a regime that is as-
sociated with increased combustion efficiency and decreased chemical
emission. This will also help to achieve the objectives of reducing NOx
and controlling noise emissions [18–20].

Previous nonlinear time series measurements on combustion dynam-
ics [21,22] have provided several important results in the past. Frac-
tal analysis of time series experimental measurements of combustion
noise has been explored by Strahle et al. [21–23]. They found that such
nonlinear analysis can provide more meaningful and insightful informa-
tion from the very noisy measurements. Furthermore, fractal character-
ization of time series experimental data yielded quantitative measures.
These measures could be used to characterize the dynamics behaviors of
the combustion system and could thus be used for modelling, analysis
and validation. The scientific study on turbulent combustion noise fol-
lowed the previous researches on turbulent flows and flames [24,25].
Nonlinear means based on the phase space characterization [26,27] are
increasingly being combined in investigations on laminar [28] and tur-
bulent combustion [29–34], internal combustion engines [35] as well as
related fields [36,37]. These techniques allow studies through an alter-
nate perspective: the phase space. For this, they have been quite suc-
cessful in gaining more additional insights into the system’s dynamics
from the time series experimental measurements [38].

In this work, we experimentally study and analyze pressure data
measured in an unstable swirl combustor in an effort to gain insights
on the nonlinear dynamics characteristics of the thermoacoustic system.
In Section 2, the experimental setup, data acquisition and measurement
system are described. To monitor the flow fluctuations and temperature,
a dynamic pressure sensor and an infrared thermal camera are applied.
The measured pressure signal is processed by applying autocorrelation,
as described in Section 3. Furthermore, recurrence analysis of the phase
space trajectories reconstructed from the acoustic pressure time trace
are conducted. In Section 4, two critical parameters of thermoacoustic
systems with methane gas burned are studied. One is the fuel volume
flow rate and the other is the fuel-air equivalence ratio ϕ. The effect of
the fuel volume flow rate on generating thermoacoustic instability in the
swirling thermoacoustic system is studied first by setting it to 4 different
values. For each given fuel volume flow rate, the fuel-air equivalence
ratio Ф is changed from 0.8 to 1.2 with an increment step of 0.1. The
key findings are summarized in Section 5.

2. Description of experiments

Experimental tests on a laboratory-scale swirl combustor with a dy-
namic pressure sensor implemented are performed. The experimental
setup is shown in Fig. 1. A premixed methane-fueled flame is enclosed
in the bottom half of the cylindrical tube. The burner is anchored on a
workbench. The fuel volume flow rate Vf is variable. A central pilot jet
is added. Methane CH4 and air are used as the fuel and oxidizer. The
mass flow rates are controlled precisely by two ALICAT and one D07
mass flow controllers (Cs). The accuracy of the MFC is less than ±1.5%.
At the inlet, there is a swirler to create swirling flow. The degree of
swirl is typically characterized by a non-dimensional swirl number Sw. It

is mathematically defined as . The swirl number denotes

the axial flux of swirl momentum with respect to the product of the axial
flux of axial momentum and the burner nozzle equivalent radius [39].
Sw is approximated by its geometric dimensions as
and α = 47 degrees in this work.

The swirling thermoacoustic combustor is made of stainless steel.
The outer diameter and length of the combustor is 71mm and 810mm,
as shown schematically in Appendix A. The fuel and air supplying sys-
tem consists of 4 main components: (1) a fuel supplying nozzle, (2) a
straight primary air orifice, (3) three tangential swirling secondary flow
pipes and (4) a secondary fuel injector. The fuel supplying nozzle is a
round tube with an inner diameter of 6mm and an outer diameter of
8mm. The primary air supplying orifice is installed surrounding the fuel
supplying orifice with an inner diameter of 12mm. Swirling air is forced
into join the primary air stream through the three tangential air supply-
ing inlets. Each air supplying inlet is with an inner diameter of 4mm.
The tangential air flow pipes are fixed 60mm upstream of the bottom
end of the combustor. They are inclined 15 degree upward to the hori-
zontal plane. The central secondary fuel supply pipe has an inner diam-
eter of 2mm with an outer diameter of 3mm.

The acoustic pressure is measured by using a CGY dynamic pressure
sensor and logged by National Instruments (NI-PXIe1062Q chassis, PX-
I4498 sound module). The accuracy and dynamic range of the pressure
sensor is ±0.5% F. S. and 20kHz. It is placed at 710mm away from
the top open end of the tube, with a semi-infinite technique used to
obtain thermal insulation without distortion from acoustic reflections.
The acoustic pressure perturbations are acquired with a sampling rate
of 10,000 samples/second. To protect the pressure sensor, water cooling
system is designed and applied. The sensor’s sensitivity is 600Pa/V. To
measure the temperature, an infrared thermal imaging camera (Dali-T8
Model) is applied. Its thermal sensitivity is≤0.05K@298K and 60Hz
Fps. The measurement range is 250–2000K. And the accuracy is±2K.
For calibration, a K-type thermocouple is also applied.

Equivalence ratio Ф is a critical parameter indicating combustion
conditions such as rich or lean combustion. Ф denotes the fuel air ra-
tio, which affect the combustion efficiency and thermoacoustic stabil-
ity [40,41]. When stoichiometric combustion (also known as complete
combustion) occurs, ϕ = 1.0. Stoichiometric combustion characterizes
the condition at which exactly enough air is provided to completely
burn all of the fuel to form products (complete combustion). As for the
methane is burned and ϕ = 1, the following chemical reaction is as-
sumed to occur:

(1)

The composition of air is considered to be 79% of N2 and 21%
O2 by volume. For each mole of O2 in air, there are 79/21(=3.76)
moles of N2. The ratio
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Fig. 1. Schematic of the swirling thermoacoustic combustor.

Vf/Va between the methane and air volume flow rates is then deter-
mined as

(2)

In practice, excessive air is typically applied to prevent excessive
temperature at the exit of the combustor, and to achieve complete com-
bustion and low combustion emissions. Thus the practical equivalence
ratio Ф is related to the fuel and air volume flow rates as

(3)

It is worth noting that there are NOx and CO produced from practi-
cal combustion of methane. However, the amount of these combustion
products are negligibly small (in ppm). Thus it is reasonable to consider
CO2 and H2O as the main products and N2 is assumed to not involve in
the combustion.

3. Analyzing methods

3.1. Recurrence plot of the measured pressure signal

It is known that recurrence of states is an important characteris-
tic in dynamical systems such as gas turbine combustors. Recurrence
plot is a graphical

tool to visualize the recurrence behaviors [28] in the state space:

(4)

It is lag-reconstructed from a time series p. The embedding dimen-
sion M is determined by the false nearest neighbor algorithm [35].
And the time delay parameter τ is estimated with mutual informa-
tion method [34]. The un-threshold recurrence (UR) plot represents a
symmetric distance matrix between the state vectors, i.e. UR(i, j) =

. The thresholded recurrence plot is mathematically ex-
pressed by a symmetric matrix characterizing the proximity of the
state vectors. The RP is defined as

(5)

where ε is a predefined threshold. p(i) and p(j) are vectors in the state
space and Θ is the Heaviside function. Recurrence quantification analy-
sis (RQA) [35] can not only characterize small-structures (e.g., small
dots, vertical and diagonal lines) in the recurrence plots but also quan-
tify the system chaos-order or chaos-chaos transitions [34,35]. The re-
currence quantifiers include (1) determinism, (2) recurrence rate, en-
tropy, and trapping time. More background on the recurrence quantifi-
cation analysis of a diesel engine or a ducted combustor with a laminar
premixed flame can be found in the previous works [35,28].
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3.2. Root-mean-square of the pressure measurements

The root-mean-square prms of a pressure measurement vector, p, is

(6)

Here, the summation is performed along the pressure measurements. N
is the total number of the measured samples.

3.3. Autocorrelation of the measured pressure signal

The autocorrelation 〈p(t), p(t − τ)〉 between p(t) and p(t − τ), and
p(t) is a stochastic measurement of the signal from the pressure sensor.
The formula for the autocorrelation 〈p(t), p(t − τ)〉 for a lag k = τ/Δt is

(7)

where c0 is the variance of the time series measurement of the pressure
signal p(t). N is the total number of the measured samples.

4. Results and discussion

The experimental results are summarized by discussing the thermoa-
coustic instability occurred in the swirling thermoacoustic system, as
the volume flow rate of the methane is set to 4 different values and the
equivalence ratio ϕ is varied from 0.8 to 1.2. Fig. 2 shows the measured
pressure signals from the swirl combustor, as the methane volume flow
rate is set to 4 different values.

It can be seen that for a given Ф, increasing the methane volume
flow rate Vf leads to the occurrence of limit cycle (periodic) oscillations.
In addition, the pressure signal is strongly oscillating with time. This is
most like due to the presence of the swirling flow. The swirling flow can
be visualized from the measured temperature contours by using the in-
frared thermal image camera as shown in Fig. 3.

It is clear that the non-uniform swirling flow leads to the turbu-
lence-shaped temperature contour. Furthermore, as the fuel-air equiva-
lence ratio ϕ is increased from 0.8 to 1.2, the ‘hottest’ region and maxi-
mum temperature are reduced, due to the increased air flow rate. When
combustion instability occurs (see Fig. 2(d)), limit cycle oscillations lead
to the combusting flow being ‘pulsating’. This is clearly observed in
Fig. 3(c) from the wavy edge of the hot combustion flow. In addition,
the ‘hot’ outflow is in the conical shape. And the combusting gas are
‘lift-off’, after flowing out of the top end of the cylindrical tube. This
may be due to the swirling effect.

The corresponding frequency spectrum of the measured pressure
signals is shown in Fig. 4. It can be seen from Fig. 4(a) and (b) that
when ϕ≤ 0.9, limit cycle oscillations are not apparent as observed in
Fig. 4(c)-(e). Furthermore, there are 2 dominant modes. One is the fun-
damental mode at ω1. The other is its harmonic peak at ω3. The maxi-
mum sound pressure levels at ω1 and ω3 are less than 105dB, as ϕ≤ 0.9.
And they are comparable. However, as ϕ is increased from 1.0 to 1.2,
the maximum sound pressure level is increased to 135dB and then de-
creased to 127dB. In addition, as 1.0 ≤ϕ ≤ 1.1 and the methane vol-
ume flow rate is increased from Vf=3.0L/min to Vf=5.0L/min, the
dominant peak corresponding to the maximum sound pressure level is
changed from ω3 to ω1. This indicates that the swirl combustor is a non-
linear thermoacoustic system, especially at 1.0 ≤ Ф ≤ 1.2 and Vf ≥3.0L/
min. Finally, as ϕ is fixed and Vf is increased, the domain frequency, i.e.
ω1 is somehow increased. For example, as ϕ = 1.0, as Vf is increased,
ω1 is found to increase by 20% (see Fig. 4(c)). Same shift trend is found
to ω3. This is most likely due to increased total heat release [42,43] and
mean temperature.

To gain insights on the intensity of the flow fluctuations in the
swirl combustor, the root mean square value of the measured pres-
sure is obtained, as shown in Fig. 5. It can be seen that as Vf=5.0L/
min as shown in Fig. 5(d), the pressure oscillations become more in-
tensified than the other cases. Further

Fig. 2. Time trace of the measured pressure signal from the swirl combustor, as the methane volume flow rate Vf is set to 4 different values, and the fuel-air ratio Ф is changed from 0.8
to 1.2 with an increment step of 0.1. (a) ϕ = 0.8, (b) ϕ = 0.9, (c) ϕ = 1.0, (d) ϕ = 1.1 and (e) ϕ = 1.2.
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Fig. 3. Measured temperature contours by using the infrared thermal imaging camera, as Vf = 5.0L/min and ϕ is set to 5 different values.

more, as fuel-air equivalence ratio ϕ is increased, the intensity of flow
oscillations is increased first and then decayed. The maximum prms oc-
curs at Ф = 1.1 and Vf=5.0L/min.

Detailed insights on the combustion-driven fluctuations are obtained
by conducting autocorrelation of the measured pressure signal. This is
shown in Fig. 6. It can be seen that at Ф = 1.2 and the methane vol-
ume flow rate is set to Vf=2.0L/min, the autocorrelation coefficient
is so low as indicated by the red dots in Fig. 6(e). It reveals that there
are no limit cycle oscillations present in the swirl combustor. However,
as the methane volume flow rate Vf is increased, limit cycle oscilla-
tions are generated. Furthermore, the oscillation frequency correspond-
ing to Vf=5.0L/min is relatively lower than that of Vf=4.0L/min, as
illustrated in the wave-like form of the autocorrelation curve. As the
methane flow rate is set to Vf=5.0L/min and ϕ is increased from 0.8 to
1.2, the oscillation frequency is increased. Finally, as 1.0 ≤ϕ≤ 1.1 and
the methane volume flow rate is increased from Vf=3.0L/min to 5.0L/
min, the period is reduced and the dominant frequency is increased.
This finding is consistent with our previous frequency spectrum analysis
as shown in Fig. 4.

The recurrence plot (RP) is an effective tool for analyzing dynami-
cal systems. It is a straightforward visualization of the recurrence ma-
trix. The RP is applicable to time trace data in order to illustrate tem-
poral correlations. The system dynamics can be approximately pre-
sented by a reconstruction of the phase space trajectory. The PR is
an array of dots in a square. The values 0 and 1 in the matrix can
be visualized by the black dot and white dot on the RP. Such as
RP illustrates characteristic patterns, which is caused by typical dy

namical behavior. The recurrence plots for combustion-driven acoustic
fluctuations in the present and absence of thermoacoustic instability are
shown in Fig. 7(a) and (b) respectively. It can be seen from Fig. 7(a)
that along the diagonal direction, there are equally-spaced diago-
nally-aligned line segments. They indicate the presence of periodic oscil-
lations. This phenomena is not observed in Fig. 7(b). However, a higher
density of recurrence points is present in some regions of Fig. 6(b). It in-
dicates that these regions are dominated by background noise and high
frequency dynamics. And there is a lack of deterministic structures.

The swirl combustor loses its stability and is associated with limit
cycle oscillations at different frequencies, as ϕ = 1.1 and the fuel vol-
ume flow rate Vf is increased. The temperature contour along the axial
direction of the swirl combustor is measured as shown in Fig. 8. It can
be seen that as the fuel flow volume rate Vf is increased, the maximum
temperature are increased. And the regions corresponding to maximum
temperature are expanded.

Note that combustion instability may occur in practical swirl com-
bustors, which are applied in gas turbines [44–46]. Such instability is
characterized by large-amplitude harmonic or non-harmonic acoustic
tones. Thus combustion instability can cause costly and catastrophic
damage to the engine systems [44,45]. To ensure the combustion sys-
tem being operated stably, a real-time monitoring system is applica-
ble. This is typically done by implementing an acoustic pressure sen-
sor, as we did in the present research. Furthermore, the real-time pres-
sure measurement and the corresponding frequency spectrum analysis
reveal that the transition from stable to unstable operation can occur in

5
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Fig. 4. Frequency spectrum of the measured pressure signal from the swirl combustor, as
the methane volume flow rate Vf is set to 4 different values: (a) ϕ = 0.8, (b) ϕ = 0.9, (c)
ϕ = 1.0, (d) ϕ = 1.1 and (e) ϕ = 1.2.

Fig. 5. Variation of the root mean square of the measured pressure with the fuel-air equiv-
alence ratio (FAR), as the methane volume flow rate Vf is set to 4 different values. (a)
Vf = 2.0L/min, (b) Vf = 3.0L/min, (c) Vf = 4.0L/min and (d) Vf = 5.0L/min.

the present swirling combustor. This is consistent with the finding ob-
tained from a gas turbine combustor with a bluff-body applied [47]. An-
other common feature between the gas turbine combustor and the cur-
rent swirling combustor is that hysteresis, nonlinear dynamics and limit
cycle oscillations are experimentally observed in both types of combus-
tion systems.

It is generally believed that there are no such combustion insta-
bility in the rich combustion mode, i.e. fuel-air ratio ϕ> 1.0. How-
ever, the present experimental work reveals that combustion-excited
limit cycle oscillations can be generated as Φ ≥ 1.1. Furthermore, as
the methane flow rate Vf is increased, the dominant eigen-frequency
transition from its harmonic at ω3 to the fundamental mode at ω1
is clearly observed. To the best knowledge of the authors,

Fig. 6. Variation of the autocorrelation 〈p(t), p(t − τ)〉 of the measured pressure with the
delayed samples number, as the methane volume flow rate Vf is set to 4 different values.
(a) ϕ = 0.8, (b) ϕ = 0.9, (c) ϕ = 1.0, (d) ϕ = 1.1 and (e) ϕ = 1.2.

such mode switching has not been reported before in such swirling com-
bustion system [48–51].

5. Conclusions

In this work, the effects of fuel and air volume flow rates on pro-
ducing self-excited nonlinear thermoacoustic oscillations are experimen-
tally investigated. For this, a swirling thermoacoustic combustor is de-
signed and experimentally tested. The dynamics characteristics of the
nonlinear combustion system is quantified by measuring a pressure sig-
nal, as the methane volume flow rate Vf is set to 4 different values. For
each given fuel flow rate, the equivalent fuel-air ratio ϕ is varied from
0.8 to 1.2. That is to say the combustion condition is changed from lean
to rich combustion step by step. Note that industrial combustors are gen-
erally operated in lean combustion mode. However, the operating con-
dition change does occur frequently. This may lead to the combustion
mode being operated in rich condition. Thus we systematically mea-
sure the onset of combustion instability to examine the effects of (1) the
fuel-air ratio and (2) the fuel flow rate. In addition, real-time acoustic
measurement is found to play an important role in monitoring the con-
ditions of the combustion system and combustion instability analysis.

When the fuel flow rate Vf is low, there are no periodic self-sus-
tained combustion oscillations produced. However, as the fuel flow rate
Vf is increased, limit cycle thermoacoustic oscillations are observed, de-
pending on the volume flow rate of the fuel Vf or the equivalence ra-
tio ϕ. As thermoacoustic instability occurs, the sound pressure level
can be as high as 135dB. Furthermore, as the methane flow rate Vf is
increased, the dominant eigen-frequency transition from its harmonic
at ω3 to the fundamental mode at ω1 is clearly observed. This indi-
cates the presence of hysteresis. The presence of harmonic peaks in
the measured pressure spectrum reveals that the combustion system
is highly nonlinear. In addition, increasing the fuel flow rate Vf leads
to the frequency ω1 of combustion-excited oscillations being increased
by approximately 20%. And the amplitude of the oscillations is in-
creased. These findings are quite insightful for designing a feedback con-
troller to stabilize a swirling combustion system. The present investiga-
tion characterizes the important roles of the volume flow rates of the
fuel Vf and the equivalence ratio ϕ on generating nonlinear thermoa-
coustic instability in a swirl combustor. The real-time data analyzing
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Fig. 7. Recurrence plots corresponding to the measure pressure signals at different conditions: (a) Vf = 2.0L/min and Va = 23.8L/min, (b) Vf = 5.0L/min and Va = 40.0L/min. Embed-
ding dimension M = 3, ε = 0.08 (a), ε = 0.17 (b).
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Fig. 8. Measured temperature contours along the axial direction of the combustor by using the infrared thermal imaging camera, as Vf is set to 4 different values and ϕ = 1.1.

method and acoustic pressure measurements are also applicable to vari-
ous combustion systems. And it opens up an applicable means to design
a stable swirl combustor.
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