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THE d-PRIMARY BRAUER-MANIN OBSTRUCTION FOR CURVES

BRENDAN CREUTZ, BIANCA VIRAY, AND JOSÉ FELIPE VOLOCH

Abstract. For a curve over a global field we consider for which integers d the d-primary
part of the Brauer group can obstruct the existence of rational points. We give examples
showing it is possible that there is a d-primary obstruction for infinitely many relatively
coprime d, and also an example where the odd part of the Brauer group does not obstruct
although there is a Brauer-Manin obstruction. These examples demonstrate that a slightly
stronger form of a conjecture of Poonen is false, despite being supported by the same heuris-
tic.

1. Introduction

Let k be a global field, Ak its ring of adeles and let X be a smooth projective and
geometrically integral variety over k. Manin observed that any adelic point (Pv) ∈ X(Ak)
that is approximated by a k-rational point must satisfy relations imposed by elements of
BrX := H2

ét(X,Gm), the Brauer group of X [Man71]. More precisely, there is a pairing
X(Ak)×BrX → Q/Z such that, for each element α ∈ BrX, the set X(Ak)

α of adelic points
pairing trivially with α is closed and contains the k-rational points of X. In particular, for
any subset B ⊂ BrX the implication

(1.1) X(Ak)
B :=

⋂

α∈B

X(Ak)
α = ∅ =⇒ X(k) = ∅.

always holds. When X(Ak)
Br = ∅ one says there is a Brauer-Manin obstruction to the

existence of rational points. Here and below X(Ak)
Br is used to denote X(Ak)

BrX .
It is an outstanding open question, first raised by Skorobogatov [Sko01, p. 133] in the

number field case, whether this is the only obstruction for X = C a curve. Poonen [Poo06]
and Stoll [Sto07] have conjectured an affirmative answer to this question. This has been
proved for curves over function fields, under additional but quite general hypotheses [PV10].

Computation of the set C(Ak)
Br is quite difficult, in part because the Brauer group of a

curve over a global field is quite large. Modulo constant algebras there are infinitely many
elements of order n for every integer n. However, in any case where C(Ak)

Br = ∅, there is an
integer d such that C(Ak)

BrC[d] = ∅, where BrC[d] denotes the d-torsion subgroup. In fact,
more is true. A simple compactness argument shows that, if C(Ak)

Br = ∅, then there exists
a finite subgroup B of BrC with C(Ak)

B = ∅ (see, e.g., [CV17, Lemma 4.8]). In this paper,
we investigate what one can determine about such a subgroup a priori and, in particular,
which integers d allow for a d-primary Brauer-Manin obstruction, i.e., there is such a subgroup
B ⊂ BrC consisting of elements that are annihilated by some power of d. Knowledge of such
subgroups can facilitate computation Brauer-Manin obstructions in practice and may shed
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light on the nature of the Brauer-Manin obstruction itself. In addition, if the conjecture is
false, having such an a-priori hold on a subgroup B opens the possibility of producing an
explicit counterexample.

If we assume finiteness of Tate-Shafarevich groups of abelian varieties, then it follows from
Manin’s arguments in [Man71] that any Brauer-Manin obstruction on a torsor under an
abelian variety can be detected from the P -primary subgroup of the Brauer group, where P
is the period of the torsor in question (i.e. its order in the Weil-Châtelet group). A stronger,
unconditional statement along these lines is proved in [CV17]: if there is an d-primary
Brauer-Manin obstruction for some integer d, then there is a gcd(d, P )-primary Brauer-
Manin obstruction. Similar results are achieved in the case of Kummer varieties [CV17,
SZ16], bielliptic surfaces (assuming finiteness of certain Tate-Shafarevich groups) [CV17],
and fibrations of torsors under abelian varieties over projective space [Nak17] as well as
minimal del Pezzo surfaces (by combining [Cor07,Nak17, SD93]; see [CV17]). Note that all
cases considered thus far have non-maximal Kodaira dimension.

In this paper, we turn our attention to curves of genus at least 2, the simplest examples
of varieties of maximal Kodaira dimension. Our results show that the situation here is quite
different. We prove that there exist curves with a d-primary Brauer-Manin obstruction for
infinitely many pairwise coprime integers d (Theorem 3.1). Given the well known connection
between abelian descent and the Brauer-Manin obstruction, we even expect there to be
locally soluble curves of general type with a p-primary Brauer-Manin obstructions for every
prime p. We show, however, that this is not the case for all curves without rational points. For
any prime p we construct a pointless curve of general type with no p-primary Brauer-Manin
obstruction (Theorem 4.2). We also construct a pointless genus 3 curve C with a zero-cycle
of degree 1 over Q for which there is no odd Brauer-Manin obstruction (Theorem 4.1). This
construction yields an infinite tower of non-isomorphic étale coverings of X in which all
covers are counterexamples to the Hasse principle (Remark 4.4). Assuming finiteness of
Tate-Shafarevich groups of elliptic curves, such towers cannot exist above genus 1 curves.

These examples have an interesting interpretation in relation to Poonen’s heuristic [Poo06]
for rational points on curves, one of the key pieces of evidence in support of (a strong form
of) the conjecture that Brauer-Manin is the only obstruction for curves. Poonen shows that
if, for all places v of k of good reduction for the Jacobian J of C, the set of rational points
of C over the residue field Fv viewed inside the group J(Fv) behaves like a random subset of
the same cardinality and the order of J(Fv) is as smooth as a typical integer of the same size,
then the conjecture holds with probability one. We show that the implication of Poonen’s
heuristic goes through if, instead of J(Fv), we take the quotient of J(Fv) by its d-primary
subgroup for an integer d (Theorem 5.3). However, we show that the conclusion is false
in examples such as those mentioned in the paragraph above. This suggests one should be
careful putting too much faith in such heuristics.

Constant curves over global function fields are excluded by the hypotheses in [PV10] and
are known to exhibit somewhat unusual behavior, e.g., the failure of Mordell’s conjecture.
It is thus unclear in this case whether one should even expect Brauer-Manin to be the only
obstruction. In view of this, we have included constant curves in our investigations, producing
several relevant examples and general results (e.g., Theorem 2.14 and Proposition 2.12).

Notation. A nice variety over a field K is a smooth, projective and geometrically integral
K-variety. We will use curve to mean a nice variety of dimension 1. For a K-scheme X we use
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X to denote the base change of X to a separable closure K of K and k(X) to denote the sheaf
of total quotient rings. Note that for X integral, k(X) can be identified with the function
field of X. We use Hi(X, •) to denote flat cohomology groups, and abbreviate Hi(SpecK, •)
to Hi(K, •). The Brauer group of a scheme X is BrX := H2(X,Gm). This agrees with
the étale cohomology group H2

ét(X,Gm) as defined above [Mil80, Theorem III.3.9]. We use
Br1X to denote the kernel of the map BrX → BrX induced by base change.

Throughout the paper k denotes a global field. The set of places of k is denoted Ωk. For
v ∈ Ωk, the corresponding completion is kv and, when v is finite, the residue field is Fv. We
use Ak to denote the ring of adeles of k. For X a curve (resp. an abelian variety) over k
we use XFv to denote the special fiber of the minimal proper regular model (resp. Néron
model) of X ×k kv. When XFv is a nice Fv-variety we often abuse notation by writing X(Fv)
in place of XFv(Fv).

For an integer d and an abelian group G (or group scheme), let G[d∞] and G[d⊥] de-
note, respectively, the d-primary and prime-to-d torsion subgroups. Recall that a super-
natural number is a formal product

∏
pnp ranging over all prime numbers p. We extend

the notation G[d∞] and G[d⊥] to supernatural numbers d in the obvious way. Namely
G[d∞] =

⋃
d0∈N,d0|d

G[d∞0 ] and G[d⊥] =
⋂

d0∈N,d0|d
G[d⊥0 ]. For any supernatural d and any

torsion abelian group G we have a splitting G ≃ G[d∞]×G[d⊥]. We use prd∞ and prd⊥ to
denote the corresponding projections.
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2. Preliminaries

2.1. Relating the Brauer-Manin obstruction, finite abelian descent, and divisi-

bility on abelian varieties. Let X be a nice variety over a global field k with Albanese
variety A := Alb0

X and Picard variety Â = Pic0X . For an integer d ≥ 2, we define a d-covering

of X to be an X-torsor under Â[d] whose type (cf. [Sko01, Section 2.3]) is the inclusion
λd : Â[d](k) →֒ Â(k) = Pic0X(k) → PicX. We define X(Ak)

d−ab to be the set of adelic points
on X that lift to an adelic point on some d-covering of X. Recall that X(k) ⊂ X(Ak)

d−ab.
From the Hochschild-Serre spectral sequence we have a map Br1 X → H1(k,PicX) which

induces an isomorphism Br1X/Br0X ≃ H1(k,PicX), since k a global field implies H3(k, k
×
) =

0 (cf. [NSW08, 8.3.11(iv) and 8.3.12]). The map λd induces maps

(2.1) H1(k, Â[d]) → H1(k, Â) → H1(k,PicX) .

We define Br1/2,d X and Br1/2 X to be the subgroups of Br1X whose images in H1(k,PicX)

lie in the images of H1(k, Â[d]) and H1(k, Â) under (2.1), respectively. The notation Br1/2X
was first introduced, in the number field case, in [Sto07]. To simplify the notation we write
X(Ak)

Br1/2 in place of X(Ak)
Br1/2 X and similarly for X(Ak)

Br1/2,d , etc.

Proposition 2.1. Let A be an abelian variety over a global field k. Then A(Ak)
Br1/2,d =

A(Ak)
d−ab .
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Proof. For k a number field, this is a special case of [Sko01, Theorem 6.1.2(a)]. This can
be extended to global fields of positive characteristic as follows. The proof in the number
field case involves three steps, as outlined at the top of page 115 of op. cit. The first step
is to show the existence of an A-torsor of type λd. In our situation this is guaranteed since
multiplication by d endows A with the structure of a d-covering. The second step of the proof
(beginning on page 119 of op. cit.) is to prove the containment A(Ak)

Br1/2,d ⊂ A(Ak)
d−ab,

assuming the existence of an A-torsor of type λd. This follows from local Tate duality and
the Poitou-Tate exact sequence. The proof carries through verbatim in the function field
case, provided one uses the local duality statement [Mil06, III.6.10] in place of [Mil06, I.2.3]
and the Poitou-Tate sequence [Čes15, Theorem 5.1] in place of [Mil06, I.4.20]. The third
step of the proof is to show the containment A(Ak)

d−ab ⊂ A(Ak)
Br1/2,d . This follows from

functoriality of the Brauer pairing and the fact that for any A-torsor π : Y → A of type λd

the induced map π∗ annihilates Br1/2,d A/Br0A. �

Corollary 2.2. Let A be an abelian variety over a global field k and let (Pv) ∈ A(Ak) be an
adelic point. If there exists Q ∈ A(k) such that ((Pv)−Q) ∈ dA(Ak), then (Pv) ∈ A(Ak)

Br1/2,d .
Conversely, if s is a positive integer such that dsX(k, A)[d∞] = 0 and (Pv) ∈ A(Ak)

Br1/2,dn

with n− s ≥ 0, then there exists Q ∈ A(k) such that ((Pv)−Q) ∈ dn−sA(Ak).

Remark 2.3. Let A(Ak)• =
∏

π0(A(kv)), where π0 denotes the group of connected compo-
nents. Note that π0(A(kv)) = A(kv) if v is not archimedean. It is known that the closure of
the image of A(k) in A(Ak)• is its profinite completion. From this and the previous lemma

it follows that A(k) = A(Ak)
Br
• when X(k, A) is finite. See [PV10, Remark 4.5].

Proof. If (Pv) − Q ∈ dA(Ak), then (Pv) lifts to the d-covering A ∋ x 7→ dx + Q ∈ A, so
(Pv) ∈ A(Ak)

d−ab, which equals A(Ak)
Br1/2,d by Proposition 2.1. Now suppose (Pv) is as

in the second statement of the lemma. By Proposition 2.1, (Pv) survives dn-descent, so
there is a dn-covering π : Y → A such that (Pv) = π(Qv) for some (Qv) ∈ Y (Ak). The
map π must factor as Y → Y ′ → A where Y ′ → A is a dn−s-covering. Moreover, the
assumption that dsX(k, A) = 0 implies that the class of Y ′ in X(k, A) is trivial. Hence
there is an isomorphism Y ′ ≃ A identifying the map Y ′ → A with the map A → A given by
x 7→ dn−sx+Q for some Q ∈ A(k). In particular, ((Pv)−Q) ∈ dn−sA(Ak). �

2.2. Relating the Brauer-Manin obstruction, finite abelian descent, and divisibil-

ity on curves. This section is highly influenced by [Sto07]. In the number field case the re-
sults of this section can be found in or easily deduced from [Sto07, Sections 6 and 7]. Suppose
C/k is a nice curve of genus at least 1 over a global field k. Let J := Jac(C) = Alb0

C = Pic0C
be its Jacobian. Suppose further that there exists a zero cycle z of degree 1 on C and that
this is used to define an embedding ι : C → J by the rule x 7→ [x− z].

Lemma 2.4. The map ι induces surjective morphisms

(1) BrJ → BrC,
(2) Br1/2 J → BrC, and
(3) Br1/2,d J → BrC[d].

Proof. The existence of a zero-cycle of degree 1 implies that the exact sequence of Ga-
lois modules 0 → Pic0C → PicC → Z → 0 is split and so induces an isomorphism
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H1(k,Pic0C) ≃ H1(k,PicC). Then we have a commutative diagram (with non-exact rows),

H1(k,Pic0 J) //

ι∗

H1(k,Pic J) //

ι∗

��

Br1 J/Br0 J

ι∗

��

H1(k,Pic0C) // H1(k,PicC) // Br1C/Br0C

The maps in the bottom row are all isomorphisms, so the vertical maps must all be
surjective. By definition Br1/2 J ⊂ Br J is the subgroup whose image lies in the image of
H1(k,Pic0 J). Furthermore, Br1C = BrC by Tsen’s theorem and the existence of a zero-
cycle of degree 1 yields an isomorphism Br0 J → Br0C, so we have the surjectivity of (2).
This shows that (1) is also surjective. Statement (3) follows from the surjectivity of the map
H1(k, J [d]) → H1(k, J)[d] ≃ (Br1C/Br0C)[d]. �

Corollary 2.2, Lemma 2.4 and functoriality of the Brauer pairing yield the following.

Corollary 2.5. For any integer d, C(Ak)
d−ab = C(Ak)

BrC[d].

Corollary 2.6. Let (Pv) ∈ C(Ak). Then (Pv) ∈ C(Ak)
Br if and only if ι(Pv) ∈ J(Ak)

Br.

Corollary 2.7. Let (Pv) ∈ C(Ak) be an adelic point. If there exists Q ∈ J(k) such that
(ι(Pv) − Q) ∈ dJ(Ak), then (Pv) ∈ C(Ak)

BrC[d]. Conversely, if s is a positive integer such
that dsX(k, J)[d∞] = 0 and (Pv) ∈ C(Ak)

BrC[d] with n − s ≥ 0, then there exists Q ∈ J(k)
such that (ι(Pv)−Q) ∈ dn−sJ(Ak).

Corollary 2.8. If for each n ≥ 1 there exists Qn ∈ J(k) such that (ι(Pv)−Qn) ∈ dnJ(Ak),
then (Pv) ∈ C(Ak)

BrC[d∞]. If X(k, J)[d∞] is finite, then the converse holds.

2.3. Relating the d-primary Brauer-Manin and Poonen-Scharaschkin sets on curves.

Let C be a curve over a global field k with z a zero-cycle of degree 1 on C. Let ι : C →֒ J be
the embedding, x 7→ [x−z]. For each prime v of k that is of good reduction for C (and hence
J) use rv : J(kv) → J(Fv) to denote the reduction map and let r : J(Ak) →

∏
v good J(Fv) be

the product of the rv over all primes of good reduction.
For a supernatural number d, consider the following commutative diagram,

(2.2) C(k)
ι

//

��

J(k)

��

r

&&
▼

▼

▼

▼

▼

▼

▼

▼

▼

▼

▼

C(Ak)
ι

// J(Ak)
r

//

∏
v good J(Fv)

prd∞
//

∏
v good J(Fv)[d

∞] .

Assuming finiteness of X(k, J), Scharaschkin showed [Sch99, Theorem 3.1.1] that ι induces
a bijection between C(Ak)

Br and the intersection of ι(C(Ak)) with the topological closure of
J(k) in J(Ak). He also considered the intersection after applying the map r as featured in
the following definition. We extend this to consider the d-primary and prime-to-d parts.

Definition 2.9. The Poonen-Scharaschkin set C(Ak)
PS is the subset of adelic points whose

image under r ◦ ι lands in the topological closure (with respect to the product of the discrete
topologies) of r(J(k)) inside

∏
v good J(Fv). Similarly, the d-primary Poonen-Scharaschkin

set C(Ak)
PS[d∞] is the subset of adelic points whose image under prd∞ ◦r ◦ ι lands in the

topological closure of prd∞(r(J(k))) inside
∏

v J(Fv)[d
∞].
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Proposition 2.10. Suppose ι : C → J is as above and d is an integer.

(1) If X(k, J)[d∞] is finite, then C(Ak)
BrC[d∞] ⊂ C(Ak)

PS[d∞].

(2) If X(k, J)[d⊥] is finite, then C(Ak)
BrC[d⊥] ⊂ C(Ak)

PS[d⊥].

Remark 2.11. This proposition is a slightly refined version of Scharaschkin’s result [Sch99]
that if X(k, J) is finite and C(Ak)

PS = ∅, then C(Ak)
BrC = ∅.

Proof. It suffices to prove the first statement for d a supernatural integer. Let (Pv) ∈
C(Ak)

BrC[d∞]. We will show that, for any finite set of places S of good reduction for J ,
there is some Q ∈ J(k) such that (Pv) and Q have the same image in

∏
v∈S J(Fv)[d

∞]. Let
e be the exponent of the finite group

∏
v∈S J(Fv)[d

∞]. By assumption (Pv) ∈ C(Ak)
BrC[e∞].

Since X(k, J)[e∞] ⊂ X(k, J)[d∞] is assumed to be finite, Corollary 2.8 yields the existence
of some Q ∈ J(k) such that (ι(Pv)− Q) ∈ eJ(Ak). Then (Pv) and Q have the same image
in

∏
v∈S J(Fv)[d

∞], since e is the exponent of this group. �

In the case of constant curves over global function fields, we have the following partial
converse to Proposition 2.10.

Proposition 2.12. Suppose C is a constant curve over a global function field k and d ≥ 1
is an integer.

(1) If C(Ak)
BrC = ∅, then C(Ak)

PS = ∅.
(2) If C(Ak)

BrC[d∞] = ∅, then C(Ak)
PS[d∞] = ∅.

The proof will require the following lemma.

Lemma 2.13. Suppose X is a nice constant variety over a global function field k with
constant field Fq. Let F : X → X denote the Fq-Frobenius. The sequence of functions
F n! : X(Ak) → X(Ak) converges uniformly to the “reduction map” X(Ak) → X(AF) :=∏

X(Fv) ⊂ X(Ak).

Proof. It is clear that the pointwise limit of the sequence is the reduction map. The sequence
is equicontinuous, since for any x, y ∈ X(Ak) we have ρ(x, y) ≥ ρ(F (x), F (y)), where ρ is
any metric inducing the adelic topology. Uniform convergence then follows from the Arzelá-
Ascoli theorem, which applies as X(Ak) is compact (e.g., [Roy88, Ch. 7, Lemma 39]). �

Proof of Proposition 2.12. Enumerate the places of k and define Sm to be the set consisting
of the first m of them. Note that every place v ∈ Ωk is a place of good reduction since C
is a constant curve. Suppose (Pv) ∈ C(Ak)

PS. Then for each m ≥ 1 there exist Qm ∈ J(k)
such that rv(ι(Pv)) = rv(Qm) in J(Fv), for all primes v in Sm. By Lemma 2.13 the limit
limn F

n!(Qn) exists and is equal to limn F
n!(ι(Pv)) = r(ι(Pv)) ∈ J(AF) ⊂ J(Ak). Thus,

r(ι(Pv)) ∈ J(k) ⊂ J(Ak)
Br. Since r commutes with ι, Corollary 2.8 implies that r(Pv) ∈

C(Ak)
Br.

Now we prove the d-primary version. Assume (Pv) ∈ C(Ak)
PS[d∞]. Then there exist

Qn ∈ J(k) such that Qn − ι(Pv) reduces to J(Fv)[d
⊥] for all v ∈ Sn. By Lemma 2.13, the

limits r(ι(Pv)) = limn F
n!(ι(P )) and Q0 := limn F

n!Qn exist and are equal after projecting
to the d-primary subgroup of J(AF) =

∏
J(Fv). So r(ι(Pv))−Q0 ∈ J(AF)[d

⊥] ⊂ J(Ak)[d
⊥].

In particular, r(ι(Pv))− Q0 ∈ d∞J(Ak). Also, Q0 ∈ J(k) ⊂ J(Ak)
Br. Since X(k, J)[d∞] is

finite, Corollary 2.8 gives, for every n, some Rn ∈ J(k) such that Q0 −Rn ∈ dnJ(Ak). Thus
we see that (r(ι(Pv))− Rn) = (r(ι(Pv))−Q0)− (Q0 − Rn) ∈ dnJ(Ak). It now follows from
Corollary 2.8 and the commutativity of r and ι that (r(Pv)) ∈ C(Ak)

BrC[d∞]. �

6



2.4. Sufficiency of the Brauer-Manin obstruction on certain constant curves.

Theorem 2.14. Let C be a curve defined over a finite field F with C(F) = ∅ and let k/F be a
function field such that J(k) is not Zariski dense in J , the Jacobian of C. Then C(Ak)

Br = ∅.

Remark 2.15. Note that in [PV10] it is shown that the Brauer-Manin obstruction is the
only obstruction to weak approximation for curves over function fields satisfying additional,
but quite general, hypotheses. One of these hypotheses, however, excludes the case of constant
curves. There is also an example in [PV10] showing that, on certain constant curves, there

can be points in C(Ak)∩J(k) which are not in C(k) (though they are in C(k)). Additionally,
if J(k) is finite, then the Brauer-Manin obstruction is the only obstruction to the Hasse
principle, as shown by Scharaschkin [Sch99] for number fields, and the same argument applies
to function fields. The above theorem, in the case of constant curves over function fields,
extends these results of [Sch99,PV10] to cover some cases where the Jacobian is not simple.

Proof. By the Weil bounds, C has a 0-cycle of degree 1. We may therefore view C as a
subvariety of J as in Section 2.2. The Zariski closure Z of J(k) is a finite union of torsion
translates of (base changes of) proper abelian subvarieties of J defined over a finite field, so
Z ∩C is a 0-dimensional scheme defined over a finite field. Therefore all points lying on this
intersection are points of C that are torsion in J(k) of order dividing some integer n. This,
together with the assumption that C(F) = ∅ already implies that C(k) = ∅.

We now prove that the Brauer-Manin set is empty. Recall that Tate and Milne have
proved that the Tate-Shafarevich group of a constant abelian variety is finite. (See Tate
[Tat64] and Milne [Mil75, Theorem 8.1]. The restriction that p 6= 2 in [Mil75] can be lifted
thanks to [Ill79].) Therefore, by Remark 2.3, it suffices to show that C(Ak) ∩ J(k) = ∅,
where J(k) denotes the closure of J(k) ⊂ J(Ak) in the adelic topology. The adelic points on
this intersection all have components in Z ∩ C so have order dividing n. So the points on
this intersection belong to the torsion subgroup of J(k) but that is just the torsion on J(k)
itself by [PV10, Lemma 3.7]. But, as we’ve seen above, C(k) = ∅ and the claim follows. �

3. d-primary obstructions for infinitely many coprime d

In this section we show that it is possible for a curve of genus at least 2 over a global
field to have d-primary Brauer-Manin obstructions for infinitely many coprime d. This is
very different than the case of genus one curves where the only obstructions come from the
I-primary subgroup, where I is the index of the curve (see [CV17, Theorem 1.2]). Our
proof also yields a construction of a hyperelliptic curve C with an odd Brauer-Manin ob-
struction to the Hasse principle (see Section 3.1). Interestingly, the Albanese torsor Alb1

X

of a hyperelliptic curve X can never have an odd Brauer-Manin obstruction to the Hasse
principle [CV17, Cor. 4.3].

Theorem 3.1. There exists a curve C/Q such that C(AQ) 6= ∅ and C(AQ)
BrC[d∞] = ∅ for

an infinite set of pairwise coprime integers d.

Proposition 3.2. Let C be a curve of index a1 over a global field k whose Jacobian J has
rank 0. Let v be a finite place of good reduction for C, let p = charFv and let d := p ·#J(Fv).
If X(k, J)[d∞] is finite and C(Ak)

Br = ∅, then C(Ak)
BrC[d∞] = ∅.

7



Proof of Proposition 3.2. Since the index of C is 1, we may fix an embedding ι : C →֒ J .
We will assume that C(Ak)

BrC[d∞] 6= ∅ for otherwise the theorem trivially holds. Let (Pv) ∈
C(Ak)

BrC[d∞]. Since X(k, J)[d∞] is finite, Corollary 2.8 implies that for each n ≥ 1 there
exists a Qn ∈ J(k) such that (ι(Pv) − Qn) ∈ dnJ(Ak). Since J(k) is finite, there is some
Q ∈ J(k) such that Q = Qn for infinitely many n. As n goes to ∞, dnJ(kv) converges to 0
(by definition of d), so ι(Pv) converges to Q ∈ J(k). Thus Q is in the image of ι, so C(k)
and C(Ak)

Br are nonempty. �

Remark 3.3. It would be very interesting to determine if the hypothesis in Proposition 3.2
that J(k) is finite is necessary.

Remark 3.4. If the index I of C is greater than 1 and X(k, J) is finite, then C has an
I-primary Brauer-Manin obstruction to the existence of rational points. Indeed, if C is not
locally soluble, then this holds trivially. If C is locally soluble, then for each i, Pici(C) =
Pici(C)Gk = Albi

C(k). By [CV17, Cor. 4.3] we have that Alb1
C has an I-primary obstruction.

Hence the same is true for C by functoriality of the Brauer-Manin pairing. Example 3.10
below shows that in this situation it is still possible that C has d-primary Brauer-Manin
obstructions for integers relatively prime to I.

Theorem 3.1 would follow from Proposition 3.2 once one knows the existence of infinitely
many places of good reduction such that (charFv) · (#J(Fv)) are pairwise coprime. We will
instead use the following variant of Proposition 3.2, which allows us to rely on the weaker
statement that there exists an elliptic curve E with infinitely many places of good reduction
such that #E(Fv) are pairwise coprime.

Proposition 3.5. Suppose π : C → A is a finite morphism from the curve C to an abelian
variety A such that X(k, A) and A(k) are both finite. If there exists a prime v0 of good
reduction for C and A such that π(C(Fv0)) ∩ (A(k) mod v0) = ∅, then C(Ak)

BrC[d∞] = ∅
where d = #A(Fv0).

Proof. Suppose (Pv) ∈ C(Ak)
BrC[d∞]. Then π(Pv) ∈ A(Ak)

BrA[d∞] and so, by Corollary 2.2,
we see that for any positive integer n there exists Qn ∈ A(k) and (R

(n)
v ) ∈ A(Ak) such that

π(Pv) − Qn = dn(R
(n)
v ). Since A(k) is finite, we may assume Qn = Q ∈ A(k) is constant.

Since d = #A(Fv0), we see that the reduction of Pv0 is an Fv0-point on C that maps to
Q mod v0, resulting in a contradiction. �

Lemma 3.6. Let E be an elliptic curve over a global field k of characteristic not 2 with
E(k) = {O}, let φ : E → P1 = P1

(x:z) be a map given by |2O| that sends O to ∞, and let S
be a finite set of places. If q ∈ k is a sufficiently large, totally positive, principal prime that
is congruent to 1 modulo 8Ok, then there exists a nice curve C/k admitting a double cover
π : C → E such that

(1) π is branched over the points φ∗(V (x2 − qz2)) and unramified at all other points,
(2) C(Ak) 6= ∅, and
(3) k(π−1(O)) is equal to k(

√
p) for some totally positive principal prime p congruent to

1 modulo 8Ok with p /∈ S.

In particular, the set of places v0 ∈ Ωk such that the hypotheses of Proposition 3.5 hold has
Dirichlet density 1/2.

8



Remark 3.7. In the case that k is a global function field, the conditions that q is totally
positive and q ≡ 1 mod 8Ok hold trivially. Indeed, the positivity condition vacuously holds
since there are no archimedean places and 8 is either a unit or 0.

Proof. A double cover π : C → E is determined, up to quadratic twist, by its branch locus.
Let π : C → E be a double cover of E branched over φ∗(V (x2 − qz2)) with the fiber above
O split. For any a ∈ k×/k×2, let πa : Ca → E be the associated twist.

By Riemann-Hurwitz, Ca has genus 3. Thus, by Hensel’s Lemma and the Hasse-Weil
bounds, Ca(kv) 6= ∅ for all finite v with #Fv ≥ 37 and such that (Ca)Fv is geometrically
irreducible. Recall that a double cover is geometrically reducible if and only if the base is
geometrically reducible or the divisor defining the double cover (in the case of π, this is
φ∗(V (x2 − qz2)) − 4O) is twice a principal divisor. Therefore, the places v where (Ca)Fv is
geometrically reducible are the places v such that EFv is geometrically reducible, the places
that ramify in k(

√
q), and the places that ramify in k(

√
a).

Let p be a principal prime that is totally positive and congruent to 1 modulo 8Ok, that
is a square modulo all places v with #Fv ≤ 37, that is a square modulo all places v where
E mod v is geometrically reducible, that splits completely in k(φ∗(V (x2− qz2))), and that is
not in S. Such a p exists, because all but the last condition can be imposed by asking that
p split in a particular field extension, so Chebotarev’s density theorem says that there are
in fact infinitely many such p.

It is clear from the construction that Cp satisfies conditions (1) and (3). We claim that
for such p, we also have Cp(Ak) 6= ∅. As explained above, it suffices to check Cp(kv) 6= ∅ for
(i) v | ∞, (ii) v with #Fv ≤ 37, (iii) v where EFv is geometrically reducible, (iv) places v
that ramify in k(

√
q) and (v) places that ramify in k(

√
p). Since p is a square for all places

of type (i), (ii) or (iii) and C(Ak) 6= ∅ (in fact, C(k) 6= ∅), Cp(kv) 6= ∅ for places of this
type. Since q and p are totally positive principal primes that are congruent to 1 mod 8Ok,
the only places that ramify in k(

√
q) and k(

√
p) are vq and vp. Since vp splits completely in

k(φ∗(V (x2 − qz2))), there is a kvp-point in the branch locus of πa for any twist a ∈ k×/k×2

and hence a kvp-point on Cp. Furthermore, since q is a square modulo p and q and p are
both totally positive primes and 1 modulo 8Ok, the product formula applied to the Hilbert
symbol (q, p) implies that p is a square modulo q, so we also have that Cp(kvq) 6= ∅. Hence,
Cp(Ak) 6= ∅ as desired. �

Proof of Theorem 3.1. Let E/Q be an elliptic curve with E(Q) trivial, X(Q, E) finite and
Gal(Q(E[q])/Q) ≃ GL2(Fq) for every prime q. For example, one may take the curve with
minimal Weierstrass equation y2 + y = x3 + x2 − 12x− 21, [LMFDB, Elliptic Curve 67.a1].

By Serre’s open image theorem [Ser72], there is a finite set of primes S such that for
all q /∈ S, Q(E[q]) is linearly disjoint from Q(E[n]) for any integer n with q ∤ n. Let
π : C → E be a locally soluble double cover given by Lemma 3.6. Let L = Q(

√
p) be the

quadratic extension of Q given by the residue field of π−1(O). By Lemma 3.6, p is a positive
prime outside S that is congruent to 1 modulo 8. By Proposition 3.5 C(AQ)

BrC[d∞] = ∅ for
d = #E(Fv) where v is any finite place in the set

T := {v ∈ ΩQ : EFv smooth, and O /∈ π(C(Fv))}.
We will inductively construct a sequence of primes in T such that the corresponding

integers #E(Fv) are pairwise coprime. Since p ≡ 1 mod 8, L is contained in Q(ζp) and hence
Q(E[p]). Assume that there exist v1, . . . , vi ∈ T such that the integers #E(Fvj ) are pairwise
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coprime and such that p ∤ #E(Fvj ) for all j. Note that this assumption is satisfied in the
base case i = 1 by the Chebotarev density theorem, since Gal(Q(E[p])/Q) ≃ GL2(Fp). Let
n be the radical of the product

∏i
j=1#E(Fvi). By the definition of S and the assumption

that p ∤ n, the pair of fields Q(E[n]) and Q(E[p]) are linearly disjoint. This also implies that
Q(E[n]) and L are linearly disjoint.

Since the Galois representations on E[q] are surjective for all primes q | n, there exists
some element σ ∈ Gal(E[n]/E) that fixes no nontrivial point of E[n]. Furthermore, since
Gal(Q(E[p])/Q) ≃ GL2(Fp), there exists an element τ ∈ Gal(Q(E[p])/Q) such that τ |L is
nontrivial and τ fixes no nontrivial point of E[p]. (It suffices that 1 is not an eigenvalue and
that the determinant is not a square.) Thus, the Chebotarev density theorem applied to the
compositum of Q(E[p]) and Q(E[n]) yields a finite place vi+1 ∈ T (since vi+1 is inert in L)
such that #E(Fvi+1

) is relatively prime to np. �

Remarks 3.8.

(1) We expect that most curves over arbitrary global fields satisfy the conclusions of The-
orem 3.1. On the other hand, in the next section, we will show that this is not the
case for every curve.

(2) Over Q one might even expect that we can take all d to be prime in Theorem 3.1 for
suitable curves, which would follow, e.g., from a conjecture of Koblitz [Kob88] that
there are many elliptic curves for which #E(Fv) is prime infinitely often.

(3) We can also obtain a very different example satisfying the conclusion of Theorem 3.1
by applying Lemma 3.6 to E : y2 = x3 − x + 2 over k = F3(t). Then E is defined
over F3 and #E(F3) = 1. Given any integer n > 1, if f = [F3(E[n]) : F3] and ℓ is a
prime number such that (ℓ, f) = 1, then (#E(F3ℓ), n) = 1. So, by picking successively
suitable n, ℓ, v we get a list of places inert in L with #E(Fv) pairwise coprime.

3.1. A hyperelliptic curve with an odd order Brauer-Manin obstruction. We close
this section with the following application of Proposition 3.5, which gives a curve C of
index 2 with odd order Brauer-Manin obstructions. This is particularly interesting because
C ⊂ Alb1

C and the Brauer-Manin obstruction on Alb1
C is completely captured by the 2-

primary subgroup (cf. [CV17, Thm 1.2 and Cor. 4.5]).

Lemma 3.9. Let C/k be a hyperelliptic curve over a global field k of characteristic not equal
to 2 with affine model y2 = f(x). Suppose X(k, J) is finite and J(k) = {O} is trivial.
For any prime v of good reduction for J such that f(x) has no linear factor mod v we have
C(Ak)

BrC[d∞] = ∅ where d = #J(Fv).

Proof. There is a map φ : Alb1
C → Alb0

C = J defined by sending the class of a degree 1
zero-cycle z to the class of 2z − (∞+ + ∞−), where ∞± are the points at infinity on the
affine model defining C. Let π : C → J be the composition of φ with the canonical map
C → Alb1

C . The result follows from Proposition 3.5 applied to the map π, since the fiber
above O is defined by f(x) = 0. �

Example 3.10. The hyperelliptic curve C/Q defined by y2 = 7(x6 + 2x4 + x2 + 2x+ 2) has
index 2, C(AQ) 6= ∅, and C(AQ)

BrC[ℓ∞] = ∅ for ℓ = 3, 5, 7 and possibly infinitely many other
primes.

Proof. To ease notation write J1 := Alb1
C . Using Magma one can perform a 2-descent on J

to determine that Sel2(k, J) ≃ Z/2×Z/2. A further 2-descent on J1 as described in [Cre13]
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gives that J1(Q) = ∅ and X(k, J)[2] ≃ Z/2 × Z/2. Since C is locally soluble, the fact that
J1(Q) = ∅ proves that C has no 0-cycle of degree 1, so C has index 2. J has good reduction
at v = 3, 5 and 17 where the orders of J(Fv) are 9, 25 and 343, respectively. This shows that
J(Q) is trivial. So Lemma 3.9 gives that there is a d-primary Brauer-Manin obstruction for
every d = #J(Fv) such that f(x) has no linear factor modulo these primes. This applies to
v = 3, 5, 17. �

4. Degrees do not capture the Brauer-Manin obstruction on curves

In this section we construct examples of pointless curves over global fields that have index
1 and such that there are primes ℓ such that ℓ-primary subgroup of the Brauer group does
not obstruct the existence of rational points. For any ℓ, a curve of index 1 has projective
embeddings of degree ℓm provided m is sufficiently large. So these examples show, in partic-
ular, that degrees do not capture the Brauer-Manin obstruction to the existence of rational
points on curves in the sense of [CV17, Question 1.1].

Theorem 4.1. There exists a genus 3 curve C/Q with index 1 such that C(AQ)
(BrC)odd 6= ∅

and C(AQ)
BrC[2] = ∅.

Theorem 4.2. For any prime number ℓ, there exists a global field k and a genus 2 curve
C/k of index 1 such that C(Ak)

BrC[ℓ∞] 6= ∅ and C(Ak)
Br = ∅.

Remark 4.3. In the case ℓ = 2, this second example shows that even the canonical degree
does not capture the Brauer-Manin obstruction to the existence of rational points on curves.

Remark 4.4. If C(Ak)
BrC[ℓ∞] 6= ∅, then by Corollary 2.5 there is, for every n ≥ 1, an adelic

point of C which lifts to an ℓn-covering of C. If C(k) = ∅, these coverings are counterex-
amples to the Hasse principle. For the curve C constructed in the proof of Theorem 4.1, the
pullback of multiplication by any odd integer n on J (with no twisting) gives a covering which
is a counterexample to the Hasse principle. Thus one has an infinite tower of non-isomorphic
abelian étale coverings of C in which all covers are counterexamples to the Hasse principle.

The idea behind these constructions is to find curves embedded in their Jacobians so
that they contain, everywhere locally, nontrivial torsion points of order prime to ℓ. This
gives adelic points that are ℓ∞-divisible, so by the results in Section 2.2 this gives points
in C(Ak)

BrC[ℓ∞]. Section 4.1 contains the core of this idea and the proof of Theorem 4.1
and Section 4.2 focuses on the case of constant curves, which is used to prove Theorem 4.2
therein.

4.1. Adelic torsion packets. Let C be a nice curve over a global field k. Define an
equivalence relation on C(k) by declaring that x ∼ y if some multiple of the divisor x− y is
principal. The equivalence classes under this relation are called torsion packets. Let us say
that a subset T of some torsion packet is an n-torsion packet if n(t − s) is principal for all
t, s ∈ T .

Proposition 4.5. Suppose there is an n-torsion packet T on C and there is a zero-cycle of
degree 1 supported on T . Then T (Ak) ⊂ C(Ak)

BrC[d∞] for any d relatively prime to n.

Proof. Let z be a 0-cycle of degree 1 supported on T and let ι : C → J be the corresponding
embedding given by x 7→ [x − z]. For t ∈ T (k), ι(t) = t− z is a sum of differences of pairs
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ti− tj with ti, tj ∈ T (k). Each difference ti− tj lies in J [n] since T is an n-torsion packet. So
ι(t) ∈ J [n]. Thus, if (Qv) ∈ T (Ak), then ι(Qv) ∈ J(Ak)[n] ⊂ d∞J(Ak). Corollary 2.8 then
shows that (Qv) ∈ C(Ak)

BrC[d∞]. �

Proof of Theorem 4.1. Let T be the 0-dimensional subscheme of A1
Q that is given by the

vanishing of f(x) = (x2+3)(x3−19); note that T is a counterexample to the Hasse principle.
For any square free polynomial g(x) ∈ Q[x] relatively prime to f(x), the set of Weierstrass
points of the hyperelliptic curve C : y2 = f(x)g(x) is a 2-torsion packet containing T and the
support of a zero-cycle of degree 1. By Proposition 4.5 we have that T (AQ) ⊂ C(AQ)

(BrC)odd

and so C(AQ)
(BrC)odd 6= ∅. It remains to show that g(x) can be chosen so that C(AQ)

BrC[2] =
∅. For this one can take g(x) = 2(x3+x+1). A 2-descent (implemented in Magma based on
[BS09]) shows that C(Q) = ∅. Moreover, by Corollary 2.5, we have that the set C(AQ)

2−ab

of adelic points on C that survive a 2-descent is equal to set cut out by BrC[2]. Hence
C(AQ)

(BrC)[2] = ∅ as desired. �

4.2. Constant curves over function fields. For constant curves over global function
fields the existence of local torsion points is guaranteed for all but finitely many primes. The
following lemma ensures the existence of local torsion points of order prime to ℓ, for any
prime ℓ.

Lemma 4.6. Let C0/Fq be a curve of genus g > 1 embedded in its Jacobian J0. Let ℓ be
a prime number and write #J0(Fqn) = ℓrnmn, ℓ ∤ mn. If qn > (2gℓrn)2, then there exists a
point in C0(Fqn) of order prime to ℓ in J0. Moreover, the inequality qn > (2gℓrn)2 will hold
for all n sufficiently large.

Proof. For the first part of the theorem, it is enough to consider n = 1, r = r1 and assume
that q > (2gℓr)2. There exists an abelian variety A/Fq and a separable isogeny φ : A → J0

of degree ℓr for which φ(A(Fq)) is the subgroup of J0(Fq) of points of order prime to ℓ. To
prove the lemma it is enough to show that the curve φ∗(C0) has an Fq-rational point. The
genus g′ of φ∗(C0) satisfies 2g′ − 2 = ℓr(2g− 2) and the statement of the lemma now follows
from the Weil bound applied to φ∗(C0).

For the second part, recall that there exist algebraic integers α1, . . . , α2g with |αi| = q1/2,
the eigenvalues of Frobenius, such that #J0(Fqn) =

∏
(αn

i − 1). As the αi are not roots
of unity, whenever they are ℓ-adic units, the multiplicative order of αi modulo ℓr grows
exponentially with r. Therefore the smallest n such that #J0(Fqn) is divisible by ℓr grows
exponentially with r and so satisfies qn > (2gℓr)2 with finitely many exceptions. �

Proposition 4.7. Let C0/Fq and ℓ be as as in Lemma 4.6, and k/Fq a function field in one
variable such that for all n ≤ 2 logq(2gℓ

rn) (using the notation from Lemma 4.6), k has no

places of degree n. Then the curve C := C0 ×Fq k satisfies C(Ak)
BrC[ℓ∞] 6= ∅.

Remark 4.8. By Lemma 4.6, there are only finitely many n such that n ≤ 2 logq(2gℓ
rn).

Proof. Lemma 4.6 provides, for every place v of k, an infinitely ℓ-divisible point in C with
coordinates in the residue field of v so, a fortiori, in the completion kv. The adelic point
with these points as coordinates belong to C(Ak)

BrC[ℓ∞] by Corollary 2.8. �

Proof of Theorem 4.2. Consider the curve C0 : y
2 = −x6 + x2 − 1 over F3 and let km be the

function field of the curve Dm : (x3m − x + 1)(y3
m − y − 1) = 1 over F3. It is easy to check
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that Dm(F3m) is empty. So for m sufficiently large, Proposition 4.7 applies to give that the
curve C := C0 ×F3

km over km has C(Akm)
BrC[ℓ∞] 6= ∅. The Jacobian J0 of C0 is isogenous

to the product of two elliptic curves, one ordinary and other supersingular. Indeed, there
is an obvious morphism to the supersingular elliptic curve given by y2 = −x3 + x− 1. The
other factor is the curve y2 = −x3 + x2 − 1, which is ordinary. By results of [Sub75] the
Jacobian of Dm is ordinary. It follows that there can be no surjective map Dm → C0. But
there is no constant map either because C0(F3) = ∅. Hence C(km) is empty. Moreover, any
map Dm → J0 lands in a coset of the ordinary factor of J0. So, the km-rational points of
J = J0 × k are not Zariski dense and Theorem 2.14 gives that C(Ak)

Br = ∅. �

5. Poonen’s Heuristic

We remind the reader of the Poonen-Scharaschkin set C(Ak)
PS defined in Section 2.3.

Poonen conjectured [Poo06, Conjecture 5.1] that a pointless curve C of genus at least 2 over
a number field k has C(Ak)

PS = ∅, or, equivalently, that there exist a finite set S of finite
places of good reduction such that the images of J(k) and

∏
v∈S C(Fv) in

∏
v∈S J(Fv) do

not intersect. By Scharaschkin’s result (cf. Remark 2.11), Poonen’s conjecture implies that
the Brauer-Manin obstruction is the only obstruction to the existence of rational points on
curves over number fields. As evidence for the conjecture Poonen gives an analysis of the
probability that the intersection is nonempty assuming:

(1) the numbers #J(Fv) are at least as smooth as typical integers of the same size, and
(2) the subsets ι(C(Fv)) ⊂ J(Fv) are modeled on random subsets of the same size,

independent of v.
Specifically, Poonen makes the following conjecture and derives the following consequence.

Conjecture 5.1 ([Poo06, Conj. 7.1]). Let A be an abelian variety over a number field k
with SA the set of primes of good reduction for A, and let u ∈ (0, 1). Then

lim sup
B→∞

#{v ∈ SA : #Fv ≤ B and #A(Fv) is Bu smooth}
#{v ∈ SA : #Fv ≤ B} > 0.

Theorem 5.2 ([Poo06, Thm. 7.2]). Let C be a curve of genus at least 2 over a number
field k with Jacobian J and let SC be the set of primes of good reductions for C. Assume
Conjecture 5.1 holds for J . For each prime v ∈ SC , let Cv be a random subset of J(Fv) of size
#C(Fv); assume that the choices for different v are independent. Then with probability 1,
there exists a finite subset S ⊂ SC such that the images of J(k) and

∏
v∈S Cv in

∏
v∈S J(Fv)

do not intersect.

In this section we show that the same assumptions and analysis lead to the expectation
that a pointless curve C over a number field of genus at least 2 has C(Ak)

PS[d⊥] = ∅, for
any integer d (See Theorem 5.3 below). However, the curve C/Q produced by Theorem 4.1
provides a counterexample to this statement. Indeed, it has C(Q) = C(AQ)

Br = ∅, but
C(AQ)

BrC[2⊥] 6= ∅. Proposition 2.10 then implies that C(AQ)
PS[2⊥] 6= ∅.

It is fairly easy to see where the heuristic goes astray in this example. The curve has the
property that ι(C(AQ)) contains elements of J(AQ)[2], implying that the subsets ι(C(Fv)) ⊂
J(Fv) all contain 2-torsion points of J(Fv). This illustrates an important point that these
subsets cannot be modeled by random subsets of the appropriate size even when C has no
rational points.
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Theorem 5.3. Let C be a curve of genus at least 2 over a number field k with Jacobian J ,
let SC be the set of primes of good reductions for C,and let d ≥ 1 be an integer. Assume
Conjecture 5.1 holds for J . For each prime v ∈ SC, let Cv be a random subset of J(Fv)[d

⊥]
of size #C(Fv); assume that the choices for different v are independent. Then with prob-
ability 1, there exists a finite subset S ⊂ SC such that the images of J(k) and

∏
v∈S Cv in∏

v∈S J(Fv)[d
⊥] do not intersect.

Proof. Our proof of this theorem follows Poonen’s argument proving Theorem 5.2. Let G be
a finitely generated abelian group, S a positive density set of finite places of k, {Gv}v∈S a
collection of finite abelian groups with homomorphisms G → Gv, and {Cv}v∈S a collection of
random finite subsets where the choices for different v are independent. Poonen’s argument
shows that if #Cv = O(#Fv), #Gv = (#Fv)

g+o(1) for some real number g > 1 that is
independent of v, and each #Gv is b-smooth where b =

√
#Fv, then with probability 1 there

exists a finite subset S ′ ⊂ S such that the images of G and
∏

v∈S′ Cv in
∏

v∈S′ Gv do not
intersect.

We will apply this with G = J(k) and Gv = J(Fv)[d
⊥]. Conjecture 5.1 implies that there

is a positive density set S1 of primes such that J(Fv)[d
⊥] is b-smooth for b =

√
#Fv. By the

Weil conjectures #J(Fv)[d
⊥] ·#J(Fv)[d

∞] = #J(Fv) = (#Fv)
g+o(1). Let SN denote the set

of places such that #J(Fv)[d
∞] ≥ N . These sets have, by Chebotarev’s density theorem,

natural densities which we claim tend to 0 as N tends to ∞. It follows that there are sets
of primes of density arbitrarily close to 1 on which J(Fv)[d

∞] is bounded. Hence there is a
positive density set of places S2 ⊂ S1 such that #J(Fv)[d

⊥] = (#Fv)
g+o(1) as required. Thus

the proof of the claim follows from the following lemma, after observing that for each integer
d and each v ∤ d, the reduction map gives a surjective map J(kv)[d

∞] → J(Fv)[d
∞]. �

Lemma 5.4. Let A be an abelian variety over a number field k. The density of the set of
places v of k such that A(kv) has a point of order ℓn tends to 0 as n tends to ∞.

Proof. Let Gn ⊂ GSp2 dim(A)(Z/ℓ
n) denote the image of the representation of Gal(k) on

A[ℓn] in some fixed basis, and let Gn,1 ⊂ Gn denote the subset of matrices with 1 as an
eigenvalue. The density of the set of places such that A(kv) has a point of order ℓn is equal
to #Gn,1/#Gn by Chebotarev’s density theorem. By a result of Serre in [Ser79] (see also
[McQ95, Corollary 2.1.7]), there is an integer m, depending on A but independent of n, such
that Gn contains contains (Z/ℓn)×m as a subgroup of scalar matrices. Therefore we have a
map of sets (Z/ℓn)×m × Gn,1 → Gn sending (λ,M) to λM . If N = λM is in the image of
this map, then λ is an eigenvalue of N . Hence the preimage of N has size at most 2 dim(A),
which is independent of n. On the other hand, #(Z/ℓn)×m is unbounded as n goes to infinity,
so #Gn,1/#Gn → 0 as n → ∞. �
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