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WILD TRIANGLES IN 3-CONNECTED MATROIDS 

JAMES OXLEY, CHARLES SEMPLE, AND GEOFF WHITTLE 

ABSTRACT. Tutte's Triangle Lemma proves that if {a, b, c} is a triangle 
in a 3-connected matroid and neither M\a nor M\b is 3-connected, then 
M has a triad that contains a and exactly one of b and c. Hence { a, b, c} 
is contained in a fan of M with at least four elements. In this paper 
we ask for a somewhat stronger conclusion. When is it that, for each 
t in { a, b, c}, either M\t is not 3-connected, or M\t has a 3-separation 
that is not equivalent to a 3-separation induced by M? The main result 
describes the structure of M relative to { a, b, c} when this occurs. This 
theorem generalizes a result of Geelen and Whittle for sequentially 4-
connected matroids. The motivation for proving this result was for use 
as an inductive tool for connectivity results aimed at representability 
questions. In particular, Geelen, Gerards, and Whittle use it in their 
proof of Kahn's Conjecture for 4-connected matroids. 

1. INTRODUCTION 

In the study of inequivalent representations of matroids, it is increasingly 
clear that one has to work with a variety of connectivity notions that are 
intermediate between 3- and 4-connectivity. More precisely, one studies 3-
connected matroids whose 3-separations are controlled in some way. Two 
specific examples of this type of connectivity are the notions of sequential 
4-connectivity and k-coherence, introduced in [3) and [4), respectively. To 
enable inductive arguments to be made within the class of matroids with 
a given connectivity, it would be ideal to have analogues of classical tools 
for 3-connectivity such as Tutte's Triangle Lemma [10], Tutte's Wheels-and
Whirls Theorem [10), and Seymour's Splitter Theorem [9]. 

In this paper we consider an extension of Tutte's Triangle Lemma but, 
rather than focus on a particular connectivity notion, we consider a more 
general question. Given a triangle T in a 3-connected matroid M, when is it 
impossible to delete an element from T without either losing 3-connectivity 
or creating new unwanted 3-separations? The main result of this paper, The
orem 1.1, answers this question by describing the structure of the matroid 
relative to such a triangle. 

By studying the problem at this level of generality, we obtain triangle 
theorems for particular notions of connectivity as corollaries. For example, 
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the triangle theorem for internally 4-connected matroids [3, Theorem 6.1] is 
a corollary of Theorem 1.1 as is the triangle theorem for k-coherent matroids 
[4]. Indeed, the proof of the triangle theorem for k-coherent matroids given 
in [4] uses the result of this paper. Moreover, the triangle theorem for k
coherent matroids forms part of the connectivity theory that leads to a proof 
of Kahn's Conjecture [5] for 4-connected matroids [4]. 

Let M be a matroid with ground set E and rank function r. The con
nectivity function )IM of M is defined on all subsets X of E by >w(X) = 
r(X) + r(E - X) - r(M). A subset X or a partition (X, E - X) of E is 
k-separating if AM(X) :::; k - 1. A k-separating partition (X, E - X) is a 
k-separation if JXJ, IE - XI :'.::: k. A k-separating set X, or a k-separating 
partition (X, E-X), or a k-separation (X, E-X) is exact if AM(X) = k-1. 

A set X in a matroid M is fully closed if it is closed in both M and M*, 
that is, cl(X) = X and cl*(X) = X. The full closure of X, denoted fcl(X), 
is the intersection of all fully closed sets that contain X. One way to obtain 
fcl(X) is to take cl(X), and then cl*(cl(X)) and so on until neither the closure 
nor coclosure operator adds any new elements of M. The full closure opera
tor enables one to define a natural equivalence on exactly 3-separating par
titions as follows. Two exactly 3-separating partitions (A1, B1) and (A2, B2) 
of M are equivalent, written (Ai, B1) ~ (A2, B2), if fcl(A1) = fcl(A2) and 
fcl(B1) = fcl(B2). If fcl(A1) or fcl(B1) is E(M), then (A1,B1) is sequential. 

Let e be an element of a matroid M such that both M and M\ e are 
3-connected. A 3-separation (X, Y) of M\e is well blocked by e if, for all 
exactly 3-separating partitions (X', Y') equivalent to (X, Y), neither (X' U 
e, Y') nor (X', Y' U e) is exactly 3-separating in M. An element f of M 
exposes a 3-separation (U, V) if (U, V) is a 3-separation of M\f that is 
well blocked by f. Although (U, V) is actually a 3-separation of M\f, we 
shall often say that f exposes a 3-separation (U, V) in M. Evidently, if e 
exposes an exactly 3-separating partition (E1, E2), then e exposes all exactly 
3-separating partitions (EL E~) that are equivalent to (E1, E 2). 

With the above technicalities in hand, we define a triangle T of a 3-
connected matroid M to be wild if, for all t in T, either M\t is not 3-
connected, or M\t is 3-connected and t exposes a 3-separation in M. The 
task of this paper is to characterize wild triangles. 

We begin by describing some particular examples. An ordered partition 
(Pi, P2, ... , Pn) of the ground set of a 3-connected matroid Mis a flower if 
AM(Pi) = 2 = AM(PinPi+t) for all i in {1,2, ... ,n} where all subscripts are 
interpreted modulo n. A quad is a 4-element set in M that is both a circuit 
and a cocircuit. In particular, a quad is 3-separating. In describing these 
examples, we shall use some technical language for flowers. This terminology, 
which was developed in [7], is recalled in Section 2. In the matroid M 
illustrated in Figure 1, M\a, b, c has a tight swirl-like flower (Pi, P2, ... , PG)· 
Moreover, a E cl(Pi UP2)ncl(PaUP4UAUPG), and band care symmetrically 
placed. Other wild triangles can be obtained by modifying this situation. 
For example, the underlying flower (Pi, P2, ... , PG) need not be swirl-like, 
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FIGURE 1. A standard wild triangle {a, b, c}. 

FIGURE 2. A costandard wild triangle {a, b, c}. 

but may be spike-like or a copaddle (but never a paddle). Moreover, one 
can replace certain elements of the flower (Pi, P2, ... , P5) by series classes, 
but only in a controlled way. We will say that a wild triangle of the types 
described above is a standard wild triangle. A precise definition of standard 
wild triangles is given in Section 2. 

Via a 6 - Y exchange, we can obtain another type of wild triangle. Let 
T be a standard wild triangle of the matroid M, and let M' be the matroid 
obtained by first performing a 6 - Y exchange on the triangle T and then 
taking the dual. It is readily checked that the triangle corresponding to T 
in M' is a wild. We call a wild triangle obtained in this way a costandard 
wild triangle. Figure 2 illustrates a costandard wild triangle. 

Let M be a matroid with a non-sequential 3-separation (X, Y). Then 
Xis a trident in M if IXI = 7, say X = {a,b,c,t,s,u,v}, and {a,b,c} is 
a triangle, while {t,s,u,b}, {t,u,v,c}, and {t,s,v,a} are quads exposed in 
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FIGURE 3. A trident. 

M\a, M\b, M\c, respectively. Figure 3 illustrates a trident. Evidently, a 
trident contains a wild triangle that is neither standard nor costandard. 

Our final example of a wild triangle is well known. In a 3-connected 
matroid, if F is a fan with at least four elements and T is a triangle in F 
that contains neither end of F, then T is an internal triangle of F. If T is 
such a triangle, then Tis wild since, for all tin T, the matroid M\t is not 
3-connected. At last, we can state our main theorem. 

Theorem 1.1. Let T be a wild triangle of a 3-connected matroid M with at 
least twelve elements. Then T is either a standard wild triangle, a costandard 
wild triangle, a triangle in a trident of M, or an internal triangle of a fan 
ofM. 

Let M be a 3-connected matroid. If M has no 3-separations (X, Y) with 
IXI, !YI c 4, then Mis internally 4-connected; Mis sequentially 4-connected 
if it has no non-sequential 3-separations. It is easily seen that no matroid 
with at least 12 elements and a wild triangle is internally 4-connected, so 
an immediate consequence of Theorem 1.1 is the following result, which 
establishes the substantial part of [3, Theorem 6.1]. 

Corollary 1.2. Let T be a triangle of an internally 4-connected matroid 
M where IE(M)I 2:: 12. Then there is an element t in T such that M\t is 
sequentially 4-connected. 

An overview of the paper follows. The next section presents some termi
nology along with some basic lemmas that we shall use. In Section 3, we 
give precise definitions of the types of wild triangles. Then we state Theo
rem 3.1, a strengthening of Theorem 1.1, and we present one other result, 
Corollary 3.2, which gives more detailed information about the structure 
around a wild triangle. That section concludes with Corollary 3.3, which 
gives a quick way to differentiate between the four types of wild triangles. 
In Section 4, we prove an extension of Tutte's Triangle Lemma. This result 
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splits the proof of Theorem 1.1 into two cases and completely settles one 
of the cases. The rest of the paper is concerned with settling the proof in 
the other case. Section 5 sets up the start of the proof and establishes some 
basic facts that will be used throughout the proof. In Section 6, we give an 
overview of the structure of the rest of the proof, dividing the remaining ar
gument into six cases, (A)-(F). Section 7 shows that, in each of the first four 
of these cases, {a, b, c} is in a trident in M. In Section 8, we consider case 
(F). We show that, by performing a ~ - Y exchange on Mand dualizing, we 
can reduce to the subcase of case (E) in which we have symmetry between 
a, b, and c. In Section 9, we show that, when case (E) occurs, either one 
of cases (A)-(D) occurs, or we are in the subcase of (E) in which we have 
symmetry between a, b, and c. That section concludes by completing the 
proofs of Theorems 1.1 and 3.1 and of Corollary 3.3. Finally, Section 10 
proves Corollary 3.2. 

2. PRELIMINARIES 

The matroid terminology used here will follow Oxley [6] except that the 
simplification and cosimplification of a matroid N will be denoted by si(N) 
and co(N), respectively. We shall write x E d*l(Y) to mean that x E cl(Y) 
or x E cl*(Y). This paper will use some results and terminology from our 
papers describing the structure of 3-separations in 3-connected matroids 
[7, 8]. In this section, we introduce the relevant definitions. We also prove 
some elementary connectivity results that will be used in the proof of the 
main theorem. 

Let X be an exactly 3-separating set of M. If there is an order
ing (x1,x2, .. ,,xn) of X such that, for all i in {1,2, ... ,n}, the set 
{ x1, x2 , ... , Xi} is 3-separating, then X is sequential. An exactly 3-separating 
partition (X, Y) of M is sequential if either X or Y is a sequential 3-
separating set. 

The connectivity function AM of a matroid M has a number of attractive 
properties. For example, AM(X) = AM(E- X). Moreover, the connectivity 
functions of M and its dual M* are equal. To see this, it suffices to note 
the easily verified fact that 

AM(X) = r(X) + r*(X) - !XI, 

We shall often abbreviate AM as A. 
One of the most useful features of the connectivity function of M is that 

it is submodular, that is, for all X, Y ~ E(M), 

A(X) + >.(Y) 2: A(X n Y) + A(X UY). 

This means that if X and Y are k-separating, and one of X n Y or X U Y 
is not (k - 1)-separating, then the other must be k-separating. The next 
two lemmas specialize this fact to 3-connected and 2-connected matroids, 
respectively. 



6 JAMES OXLEY, CHARLES SEMPLE, AND GEOFF WHITTLE 

Lemma 2.1. Let M be a 3-connected matroid, and let X and Y be 3-
separating subsets of E(M). 

(i) If IX n YI 2:: 2, then XU Y is 3-separating. 
(ii) If IE(M) - (XU Y)I 2:: 2, then X n Y is 3-separating. 

The last lemma will be in constant use throughout the paper. For con
venience, we use the phrase by uncrossing to mean "by an application of 
Lemma 2.1." 

Lemma 2.2. Let M be a 2-connected matroid, and let X and Y be subsets 
of E(M) with >.(X) = 2 and >.(Y) = 1. If neither X n Y nor E - (XU Y) 
is empty, then >.(X n Y) = 1 or >.(XU Y) = 1. 

The connectivity function is also well known to be monotone under taking 
minors. 

Lemma 2.3. Let X be a set in a matroid M. If N is a minor of M, then 

AN(X n E(N)) ~ AM(X). 

Delta-Wye Exchange. Let b. be a triangle { a, b, c} of a matroid M and 
consider a copy of M(K4) that has b. as a triangle and has {a',b',c'} as 
the complementary triad, where e' is the element of M(K4) that is not in a 
triangle with e. Let PD.(M(K4),M) be the generalized parallel connection 
of M(K4) and M, that is, the matroid on E(M(K4)) U E(M) whose flats 
are those subsets X of E(M(K4))UE(M) such that XnE(M(K4)) is a flat 
of M(K4) and X n E(M(K4)) is a flat of M. We shall denote the matroid 
Pc.(M(K4), M)\b. by b.M and say that this matroid has been obtained 
from M by a b. - Y exchange on b.. We observe that b.M has ground set 
(E(M) - { a, b, c}) U {a', b', d}. It is common to relabel a', b', and d as a, b, 
and c so that M and b.M have the same ground set. For example, we do 
this in the next section. However, in Section 8, when we are proving various 
properties of b..M, we shall retain the original labelling. 

Fans. Let S be a subset of a 3-connected matroid M. We call Sa fan of M 
if ISi ;::,: 3 and there is an ordering (s1, s2, ... , sn) of the elements of S such 
that, for all i in {1, 2, ... , n - 2}, 

(i) {si,si+1,sH2} is a triangle or a triad; and 
(ii) when { Si, Si+!, si+2} is a triangle, { Si+!, si+2, si+3} is a triad, and 

when { si, si+l, si+2} is a triad, { si+1, si+2, Si+3} is a triangle. 
The ordering (s1, s2, ... , sn) is called a fan ordering of S. When n 2:: 4, the 
elements s1 and Sn are the only elements of the fan that are not in both 
a triangle and a triad contained in S. We call these elements the ends of 
the fan S. The remaining elements of S are the internal elements of the 
fan. An internal triangle of S is a triangle all of whose elements are internal 
elements of S. 

Flowers. The notion of a flower was introduced in [7] to deal with crossing 
3-separations, that is, 3-separations (A1, A2) and (Bi, B2) for which each of 
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the intersections A1 nB1, A1 nB2, A2nB1, and A2nB2 is non-empty. When 
each of these intersections has at least two elements, Lemma 2.1 implies that 
each is exactly 3-separating. Moreover, the union of any consecutive pair in 
the cyclic ordering (A1nB1, A1nB2, A2nB2, A2nB1) is exactly 3-separating. 
This 4-tuple is an example of a flower. 

Let (Pi, P2, ••• , Pn) be a flower <l> in a 3-connected matroid M. The sets 
P1, P2, ... , Pn are the petals of <l>. Each has at least two elements. It is 
shown in [7, Theorem 4.1] that every flower in a 3-connected matroid is 
either an anemone or a daisy. In the first case, all unions of petals are 
3-separating; in the second, a union of petals is 3-separating if and only if 
the petals are consecutive in the cyclic ordering (Pi, P2, .•• , Pn), Observe 
that when n :::; 3, the concepts of an anemone and a daisy coincide but, for 
n 2 4, a flower cannot be both an anemone and a daisy. 

Equivalent flowers, and tight and loose petals. Let <1>1 and <1>2 be 
flowers of a matroid M. A natural quasi ordering on the collection of flowers 
of M is obtained by setting <1>1 ::5 <1>2 whenever every non-sequential 3-
separation displayed by <1>1 is equivalent to one displayed by <l>2, If <1>1 ::5 <1>2 
and <1>2 ::5 <1>1, we say that <1>1 and <1>2 are equivalent flowers of M. Hence 
equivalent flowers display, up to equivalence of 3-separations, exactly the 
same non-sequential 3-separations of M. The order of a flower <l> is the 
minimum number of petals in a flower equivalent to <l>. 

Let <l> be a flower of M. An element e of Mis loose in <l> if e E fcl(Pi)-Pi 
for some petal Pi of <l>. An element that is not loose is tight. We say that 
a petal Pi is loose if all elements in Pi are loose. A tight petal is one that 
is not loose, that is one that contains at least one tight element. In fact, 
it is not difficult to show that a tight petal must contain at least two tight 
elements. 

Local connectivity and flower types. The classes of anemones and 
daisies can be further refined using the concept of local connectivity. For 
sets X and Y in a matroid M, the local connectivity between X and Y, 
denoted n(X, Y), is defined to be 

n(X, Y) = r(X) + r(Y) - r(X UY). 

When M is IF-representable and hence viewable as a subset of the vector 
space V(r(M), IF), the local connectivity n(X, Y) is precisely the rank of 
the intersection of those subspaces in V(r(M), IF) that are spanned by X 
and Y. 

For n 2 3, an anemone (P1,P2,, .. ,Pn) is called 

(i) a paddle if n(Pi, P1) = 2 for all distinct i, j E {1, 2, ... , n }; 
(ii) a copaddle if n(Pi, Pj) = 0 for all distinct i, j E {1, 2, ... , n }; and 

(iii) spike-like if n 2 4, and n(Pi, Pj) = 1 for all distinct i, j E 
{1,2, ... ,n}. 

Similarly, a daisy (Pi, P2, •.• , Pn) is called 
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(i) swirl-like if n 2 4 and n(Pi, Pj) = 1 for all consecutive i and j, while 
n( Pi, Pj) = 0 for all non-consecutive i and j; and 

(ii) Vamos-like if n = 4 and n(Pi,Pj) = 1 for all consecutive i and j, 
while {n(Pi 1 P3),n(P2,P4)} = {0,1}. 

If (Pi, P2, P3 ) is a flower <I> and n(Pi, Pj) = 1 for all distinct i and j, we call 
<I> ambiguous if it has no loose elements, spike-like if there is an element in 
cl(P1) ncl(P2) ncl(P3) or cl*(Pi) n cl*(P2) ncl*(P3), and swirl-like otherwise. 
It is shown in [7] that every flower with at least three petals is one of these 
six different types: a paddle, a copaddle, spike-like, swirl-like, Vamos-like, 
or ambiguous. 

The rest of this section contains some elementary lemmas that will be 
frequently used throughout the paper. 

Lemma 2.4. Let M be a 3-connected matroid. If f exposes a 3-
sepamtion (U, V) in M, then (U, V) is non-sequential. In particular, 
IUI, /VI 2 4. Moreover, if /VI = 4, then V is a quad of M\f. 

Proof. If (U, V) is sequential, then, without loss of generality, (U, V) ~ 
(U', {v1 , v2} ), an exactly 3-separating partition of M\f. Since (U' U 
f, { v1, v2}) is an exactly 3-separating partition of M, we deduce that (U, V) 
is not well blocked by f, so f does not expose (U, V). 

Now suppose that /VI = 4. Since U does not span V in M or M*, 
we have r(V), r*(V) 2 3. As r(V) + r*(V) - /VI = 2, we deduce that 
r(V) = r*(V) = 3. If V contains a triangle, then Vis sequential. Hence V 
is a circuit. By duality, we conclude that V is a quad. D 

Lemma 2.5. Let (X, Y) be an exactly 3-sepamting partition of a 3-
connected matroid M. Suppose IXI 2 3 and x EX. Then 

(i) x E c1(•>(x - x), that is, x E cl(X - x) or x E cl*(X - x); and 
(ii) (X - x, YU x) is exactly 3-sepamting if and only if x is in exactly 

one of cl(X - x) n cl(Y) and cl*(X - x) n cl*(Y). 

Proof. We shall prove (i) and omit the similar proof of (ii). We have 

r(X) + r*(X) - IXI = 2::::; r(X - x) + r*(X - x) - IX - xi 

where the last inequality holds because Mis 3-connected. Thus 

r(X-x)+r*(X-x)-IXI::::; r(X)+r*(X)-IXI::::; r(X-x)+r*(X-x)-IXl+l. 

Hence either r(X - x) = r(X) or r*(X - x) = r*(X). Thus either x E 
cl(X - x) or x E cl*(X - x). D 

The elementary proof of the next lemma is omitted. 

Lemma 2.6. For a matroid M, let (X, Y) be a k-sepamtion of M\T and 
{Tx, Ty} be a partition of T into possibly empty sets. If Tx ~ cl(X) and 
Ty ~ cl(Y), then (XU Tx, YU Ty) is a k-separation of M. 

Lemma 2.7. Let e be an element of a matroid M and X be a subset of 
E(M)-e. If >,(X) = k and >,(Xue)::::; k-1, then e E cl(X) and e E cl*(X). 
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Proof. We have k = r(X) + r*(X) - IXI and k -1 2:: r(X U e) + r*(X U e) -
IX U el, Hence 

r(X U e) + r*(X U e) - IXI :'S k = r(X) + r*(X) - IXI, 

so r(X U e) = r(X) and r*(X U e) = r*(X). Thus e E cl(X) and e E 
cl*(X). 0 

Lemma 2.8. Let { a, b, c} be a triangle of a matroid M and suppose that 
M and M\a are 3-connected. Let (A1, A2 ) be a 3-sepamtion of M\a that is 
exposed by a. Then 

(i) neither A1 nor A2 contains {b, c}; and 
(ii) if b E A1, then b E clM\a(A1 - b). 

Proof. If {b, c} ~ Ai, then a E cl(A1), so (A1 U e, A2) is a 3-separation of 
M; a contradiction. Hence, by symmetry, (i) holds. Now suppose that 
b E A1, By Lemma 2.4, IA1I, IA2I 2:: 4. Assume b rf. clM\a(A1 - b). Then 
r(A1 - b) + r(A2 U b) :'S r(A1) + r(A2), Since IA1 - bl 2:: 3, it follows 
that (A1 - b, A2 U b) is a 3-separating partition equivalent to (A1, A2), But 
a E cl(A2 U b) so (A1, A2) is not well blocked by a. 0 

The proof of the next result is straightforward; we omit the details. 

Lemma 2.9. Let Q be a quad in a 3-connected matroid M. If e E Q, then 
si(M / e) is 3-connected. 

The final result of the section is an elementary property of flowers. 

Lemma 2.10. Let (Pi, P2, ... , Pk) be a flower in a 3-connected matroid. If 
P2 is loose, then 

P2 ~ fcl(Pi). 

Proof. We argue by induction on IP2I, Suppose that P2 = {x,y} and xis in 
c1(*l(Pi) - Pi for some i f 2. If i = 1, then Lemma 5.2 of [7] implies that 
y E c1{•) (Pi Ux), so P2 ~ fcl(P1), as required. If i f 1, then P3UP4U· · ·UPkUx 
is 3-separating. Hence so is P1 Uy, and Lemma 5.2 of [7] again implies that 
P2 ~ fcl(P1), 

Now assume the result holds for IP2I < n and let IP2I = n 2:: 3. As P2 
is loose, it has an element x such that x E c1(*l(Pi) - Pi for some i f 2. 
If i = 1, then (P1 U x, P2 - x, P3 ... , Pk) is a flower in which P2 - x is 
loose so, by the induction assumption, P2 - x ~ fcl(P1 U x). Since x is 
in fcl(Pi), we deduce that P2 ~ fcl(Pi). Now suppose that i f 1. Then 
(Pi, P2-x, P3 ... , PiUX, ... , Pk) is a flower in which P2-x is loose. Hence, by 
by the induction assumption, P2-x ~ fcl(Pi). Moreover, as both P2-x and 
P2 are 3-separating, x E c1(*)(P2-x). Hence x E fcl(Pi) and so P2 ~ fcl(Pi). 
The lemma follows by induction. 0 
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3. WILD TRIANGLES 

In this section we give more precise definitions of the types of wild tri
angles. We then state a theorem that is a strengthening of Theorem 1.1 
in that it gives additional information about the structure of a matroid M 
around a wild triangle. Finally, we state three corollaries that give yet more 
structural information about wild triangles. 

Let {a,b,c} be a triangle of a 3-connected matroid M. Then {a,b,c} 
is a standard wild triangle if there is a partition P = (Pi, P2, ... , Ps) of 
E(M) - { a, b, c} such that jPil 2:: 2 for all i and the following hold. 

(i) M\a, M\b, and M\c are 3-connected, M\a, b, c is connected, and 
co(M\a, b, c) is 3-connected. 

(ii) (Pi U P2 Ua,P3 U P4 U b,Ps U P6 Uc) is a flower in M. 
(iii) (P2 UP3 UP4 Ub, P5 UP6 UP1 Uc), (P4 UP5 UP6 Uc, Pi UP2 UP3 Ua), 

and ( P6 U Pi U P2 U a, P3 U P4 U Ps U b) are 3-separations exposed in 
M by a, b, and c, respectively. 

A partition P satisfying these conditions is a partition associated to { a, b, c }. 
Note that a partition associated to a wild triangle need not be unique, 

even up to equivalence. But such a partition suffices to localize the structure 
of the triangle relative to the rest of the matroid. 

Let 6:.. be a triangle { a, b, c} of a 3-connected matroid M and let 6:..M 
denote the matroid obtained by performing a 6:.. - Y exchange on 6:... We 
assume that the ground sets of M and 6:..M are equal by labelling the latter 
in the natural way. Then 6:.. is a costandard wild triangle in M if 6:.. is a 
standard wild triangle in (6:..M)*. Let P = (Pi, P2, ... ,P6) be a partition of 
E(M) - {a, b, c}. Then P is associated to the costandard wild triangle 6:.. in 
M if P is associated to the standard wild triangle 6:.. in (6:..M)*. 

Let R be a 3-separating set { a, b, c, s, t, u, v} in a 3-connected matroid M, 
where { a, b, c} is a triangle. Then R is a trident with wild triangle { a, b, c} if 
{t,s,u,b}, {t,u,v,c}, and {t,s,v,a} are exposed quads in M\a, M\b, and 
M\c, respectively. These quads need not be the only 3-separations exposed 
by a, b, or c. A more complete discussion of the 3-separations exposed by 
wild triangles in tridents is given in Section 7. Observe that (M/t)j(R-t) ~ 
M(K4). 

Theorem 3.1. Let {a, b, c} be a wild triangle in a 3-connected matroid M, 
where jE(M)j -I= 11, and suppose that {a,b,c} is not an internal triangle 
of a fan of M. Then M\a, M\b, and M\c are 3-connected. Moreover, 
if (A1, A2), (B1, B2), and (C1, C2) are 3-separations exposed by a, b, and c, 
respectively, with a E B2 n Ci, b E C2 n A1, and c E A2 n B1, then exactly 
one of the following holds: 

(i) {a, b, c} is a wild triangle in a trident; 
(ii) {a,b,c} is a standard wild triangle and (A 1,A2 ),(B1,B2 ), and 

( C1, C2) can be replaced by equivalent 3-separations such that 
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(a) (A2nB2,01nA1,B2n02,A1nB1,02nA2,B1n01) is a partition 
associated to { a, b, c}; 

(b) every 2-element cocircuit of M\a, b, c meets exactly two of 
A2 n B1, B2 n 01, and 02 n A1; and 

(c) in (A2nB2,01 nA1,B2n02,A1 nB1,02nA2,B1 n01), every 
union of consecutive sets is exactly 3-separating in M\a, b, c; 

(iii) {a,b,c} is a costandard wild triangle; more particularly, if M' is the 
matroid that is obtained from M by performing a !::.. - Y exchange on 
{ a, b, c} in M and then taking the dual of the result, then M' is 3-
connected and ((A2-c)Ub, (Ai -b)Uc), ((B2-a)Uc, (Bi -c)Ua), and 
( ( 02 -b) Ua, ( 01 -a) Ub) are 3-separations in M' exposed by a, b, and 
c, respectively. Moreover, (ii) holds when (M, A1, A2, Bi, B2, 01, 02) 
is replaced by (M', (A2 - c) U b, (A1 - b) Uc, (B2 - a) Uc, (B1 - c) U 
a, (02 - b) U a, (01 - a) U b). 

The next corollary gives a more detailed description of the structure as
sociated with a standard wild triangle. We omit such a description for 
costandard wild triangles, but note that their detailed structure can be ob
tained straightforwardly be considering the effect of performing a !::.. - Y 
exchange on a standard wild triangle and dualizing. Let (P1 , P2, ... , Pn) be 
a partition P of a set E and let A be a subset of E. Then the partition of 
Z induced by P is the partition (Pin Z, P2 n Z, ... , Pn n Z). 

Corollary 3.2. Let { a, b, c} be a standard wild triangle of a 3-connected 
matroid M with an associated partition P. Let N = co(M\a,b,c) and let 
Q = (Qi, Q2, ... , QB) be the partition of E(N) induced by P. Then Q 
is a tight flower in N that is swirl-like, spike-like, or a copaddle, and the 
fallowing hold. 

(i) If Q is swirl-like, then the non-trivial series classes of M\a, b, c have 
size exactly 2 and there are at most three such series pairs. An 
element of E(N) corresponding to a series pair of M\a, b, c is in 
one of cl*(Q2) n cl*(Q3), cl*(Q4) n cl*(Q5), or cl*(QB) n cl*(Q1). 

(ii) If Q is spike-like, then there is at most one non-trivial series class 
in M\a, b, c. This non-trivial series class has size at most 3 and the 
element of E(N) corresponding to it is the unique element that is in 
cl*(Qi) for all i in {1, 2, ... , 6}. 

(iii) If Q is a copaddle, then all non-trivial series classes have size at 
most 3. Elements of E(N) corresponding to such series classes are 
in cl*(Qi) for all i in {1, 2, ... , 6}. 

From the last result, the reader may be tempted to think that, up to 
equivalence, all 3-separations exposed by a, b, or c can be seen from the 
flower Q. The diagram in Figure 4 indicates that this is not the case. 

Let { a, b, c} be a wild triangle in a 3-connected matroid M. Evidently 
M\a is or is not 3-connected. In the former case, by Bixby's Lemma [1], 
co(M\a, b) or si(M\a/b) is 3-connected. The final result of this section 
indicates precisely how to distinguish the different types of wild triangles. 
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FIGURE 4. Inequivalent 3-separations are exposed by each 
of a and b. 

Corollary 3.3. Let {a, b, c} be a wild triangle in a 3-connected matroid M. 
Then {a, b, c} is an internal triangle of a fan if and only if M\a is not 
3-connected. Moreover, when M\a is 3-connected, 

(i) {a, b, c} is in a trident if and only if both co(M\a, b) and si(M\a/b) 
are 3-connected; 

(ii) {a, b, c} is a standard wild triangle if and only if co(M\a, b) is 3-
connected but si(M\a/b) is not; and 

(iii) {a, b, c} is a costandard wild triangle if and only if si(M\a/b) is 3-
connected but co(M\a, b) is not. 

4. AN EXTENSION OF TUTTE'S TRIANGLE LEMMA 

The main theorem of the paper notes that one way in which a wild triangle 
can occur in a 3-connected matroid is as an internal triangle of a fan. In 
this section, we identify precisely when such wild triangles arise. 

We begin the section by stating Tutte's 'Iriangle Lemma [10]. This result 
is a useful tool in matroid structure theory and is used, for example, in the 
proofs of Tutte's Wheels-and-Whirls Theorem [10) and Seymour's Splitter 
Theorem [9]. 

Lemma 4.1. Let { a, b, c} be a triangle in a 3-connected matroid M. Suppose 
that M\b is not 3-connected, that no fan of M has b as an internal element, 
and that IE(M)I ~ 4. Then both M\a and M\c are 3-connected. 

The next theorem, the main result of this section, is an obvious strength
ening of the last lemma. As such, it is of independent interest. Moreover, 
it has, as a straightforward consequence, Corollary 4.3, which splits wild 
triangles into two types and completely describes the first type. 



WILD TRIANGLES IN 3-CONNECTED MATROIDS 13 

Theorem 4.2. Let { a, b, c} be a triangle in a 3-connected matroid M. Sup
pose that M\b is not 3-connected, that no fan of M has b as an internal 
element, and that IE(M)I ~ 4. Then both M\a and M\c are 3-connected 
and neither a nor c exposes a 3-separation in M. 

Proof. By 'Tutte's Triangle Lemma, both M\a and M\c are 3-connected. 
Let (A, C) be a 2-separation of M\b. As M is 3-connected, { a, c} is not 
contained in A or C, so we may assume that a E A and c E C. 

First observe that 

4.2.1. IAI, ICI > 2. 

If IAI = 2, then A is a series pair in M\b so AU b is a triad of M. It 
follows that { a, b, c} is contained in a fan of M with at least four elements; 
a contradiction. Hence IAI > 2, and (4.2.1) follows by symmetry. 

We show next that 

4.2.2. a E cl(A - a) and c E cl(C - c). 

If a tf. cl(A - a), then (A - a, CU a) is a 2-separation of M\b with 
{a, c} ~ CU a. This contradiction implies that a E cl(A - a), and (4.2.2) 
follows by symmetry. 

4.2.3. >w\a(A - a)= 2 and AM\a(C) = 2. 

We have AM\b(A) = 1 and a E cl(A - a), so AM\b,a(A - a) = 1. Hence 
AM\a(A-a) :S 2. But IA-al 2 2 and M\a is 3-connected, so AM\a(A-a) = 
2. A similar, but easier, argument gives that AM\a(C) = 2, so (4.2.3) holds. 

Now assume that a exposes a 3-separation (R, G). Then, without loss of 
generality, b E G and c E R. Next we show that 

4.2.4. (A - a) n G -10 -I (A - a) n R. 

If (A-a)nG = 0, then A-a~ R so, by (4.2.2), a E cl(R) contradicting 
the fact that a exposes (R, G). By symmetry, we conclude that ( 4.2.4) holds. 

4.2.5. (C - c) n R -10. 
If not, then C - c ~ G so, by (4.2.2), c E cl(G). Also b E G. Hence 

a E cl(G); a contradiction. Thus (4.2.5) holds. 

4.2.6. AM\a(G n A) :S 2. 

To see this, note that AM\a(G) = 2 and AM\a(A - a) = 2. Moreover, 
IE - (GU (A - a))I 2 2 so, by uncrossing, AM\a(G n (A - a)) :S 2, that is, 
AM\a(G n A) :S 2. 

4.2.7. AM\a(C n R) = 2. 

Since AM\a(R) = 2 = AM\a(C), and l(E - a) - (CU R)I 2 2 so, by 
uncrossing, AM\a(C n R) :S 2. But IC n RI 2 2, so AM\a(C n R) = 2. 

4.2.8. C n G -10. 
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Assume C ~ R. Since b (/. cl(A), we have b (/. clM\a(A - a), so b E 
cl*M\a(C). Hence b E cl*M\a(R). Thus, in M\a, we have (R, G) ~ (RU 
b, G - b). But {b, c} ~ RU b, so a E cl(R U b). Hence a does not expose 
(R, G). This contradiction establishes ( 4.2.8). 

4.2.9. IC n GI ~ 2. 

Assume that CnG = {g}. If C-g spans g, then (R, G) ~ (RUg, G- g). 
By Lemma 2.4, IG - gl ~ 3. Hence (RU g, G - g) is a 3-separation of 
M\a that is exposed by a. Replacing (R, G) by (RU g, G - g), we get a 
contradiction to (4.2.8). Hence we may assume that C - g does not span g. 
Thus g E cl*(A U b). But b E cl*(A), so g E cl*(A). Hence g E cl* M\b(A) 
and so (AUg, C - g) is a 2-separation of M\b with a E AUg and c EC - g. 
If we replace (A, C) by (AUg, C-g), then we get a contradiction to (4.2.8). 
We deduce that (4.2.9) holds. 

4.2.10. AM\a(A n R) ::; 2. 

We have AM\a(A - a) = 2 = AM\a(R) and l(E - a) - (An R)I ~ 2 by 
(4.2.9) so, by uncrossing, AM\a((A-a)nR)::; 2, that is, AM\a(AnR)::; 2. 

4.2.11. IA n RI > 1 or IA n GI > 1. 

Suppose that IA n RI = 1 = IA n GI, Then IAI = 3. Let An R = 
{x}. Then r(A) + r(C) = r(M\b) + 1 = r(M) + 1. But a E cl(A - a) 
and so r(A - a) + r(C) = r(M\a) + 1. Hence, as M\a is 3-connected, 
r((A- a) U b) + r(C) = r(M\a) + 2, so (A- a) U bis an independent triad 
of M\a. Thus x E cl*M\a(((A - a) U b) - x). But ((A - a) U b) - x ~ G, 
so (R, G) ~ (R - x, GU x). As (R - x, GU x) is a 3-separation of M\a 
exposed by a, we can replace (R, G) by (R- x, GU x) to get a contradiction 
to (4.2.4). Thus (4.2.11) holds. 

4.2.12. IA n GI f 1 f IA n RI. 

Let {X,Y} = {R,G} and assume that AnX = {x}. Then, by (4.2.11), 
IA n YI ~ 2. If x E cl(A n Y), then, as a E cl(A - a), we deduce that 
a E cl(Y), a contradiction. Thus x (/. cl(A n Y). 

Now A-a and y are 3-separating in M\a and, since ICnRI, 1cnc1 ~ 2, 
the union (A - a) UY avoids at least two elements of M\a. Hence, by 
uncrossing, (A - a) n Y, which equals An Y, is 3-separating in M\a. As 
(An Y) U x = A - a, a 3-separating set in M\a, we deduce that x E 
clM\a(A n Y) or x E cl* M\a(A n Y). The first possibility was eliminated 
above. Thus x E cl* M\a(AnY) ~ cl* M\a(Y). Hence (X, Y) ~ (X-x, YUx). 
Replacing (X, Y) by (X - x, Yu x), we get a contradiction to (4.2.4) since 
(X - x) n (A- a)= 0. We conclude that (4.2.12) holds. 

By (4.2.4) and (4.2.12), we have IA n RI ~ 2 and IA n GI~ 2. Hence, by 
(4.2.6) and (4.2.10), AM\a(AnR) = 2 = AM\a(AnG). Since AM\a(A-a) = 2, 
we have AM\a(C U b) = 2. Moreover, by uncrossing, AM\a((C n G) U b) = 2. 
We deduce that (An R, C n R, (C n G) u b, An G) is a flower <I> in M\a. 
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Since b ¢ cl(C), we have b ¢ cIM\a(C), so b E cl*M\a(A - a). Hence 
b E cl*M\a((A n R) U (An G)) - [(An R) U (An G)]. Thus, by [7, Lemma 
5.5(i)], b E cl* M\a(A n G). Hence <l> is equivalent to (An R, C n R, C n 
G, (An G) U b). Now a E cl(A - a) and so c E cl((A - a) U b), that is, 
c E cl((A n R) u (An G) u b) - [(An R) u (An G) u b]. Hence, by [7, Lemma 
5.5(i)] again, c E cl(A n R). Thus { a, c} ~ cI(A), so b E cl(A) and (AU b, C) 
is a 2-separation of M; a contradiction. D 

Corollary 4.3. Let { a, b, c} be a wild triangle in a 3-connected matroid M. 
Then either 

(i) none of M\a, M\b, and M\c is 3-connected, and M has a fan in 
which { a, b, c} is an internal triangle; or 

(ii) all of M\a, M\b, and M\c are 3-connected, and each of a, b, and c 
exposes a 3-separation of M. 

Proof. If all of M\a, M\b, and M\c are 3-connected, then (ii) holds. Hence 
we may assume that M\b is not 3-connected. Then, by Theorem 4.2, M 
has a fan having b as an internal element. Thus b is in a triad T*. Now 
M 1' U2,4 so, by orthogonality, we may assume that T* = {b, c, d} where 
d -1- a. Then {a, b, c, d} is a fan of M. Hence M\c is not 3-connected. If 
M\a is not 3-connected, then, by Lemma 4.1, a is an internal element of a 
fan of M. Thus a is in a triad of M and (z, a, b, c, d) is a fan ordering of a 
fan in M. In this case, (i) holds. 

We may now assume that M\a is 3-connected. We shall show that a does 
not expose a 3-separation of M. Suppose that M has a 3-separation (R, G) 
that is exposed by a. Then IRI, IGI ~ 4 and, by Lemma 2.8(i), we may 
assume that b E R and c E G. Without loss of generality, d E R. Then 
R 2 {b,d} soc E cl*M\a(R). Hence (RUc,G-c) is an exactly 3-separating 
partition of M\a that is equivalent to (R, G). But {b, c} ~RU c, so (R, G) 
is not well blocked by a; a contradiction. D 

5. TOWARDS THE MAIN RESULT 

The proof of the main result is long and essentially occupies the rest of 
the paper. In view of Corollary 4.3, we can make the following assumptions: 

• M is a 3-connected matroid having { a, b, c} as a triangle; 
• all of M\a, M\b, and M\c are 3-connected; and 
• a, b, and c expose 3-separations in M. 

These assumptions will remain in effect for the rest of the paper. 
We shall take A, B, and C to be arbitrary 3-separations, 

(A1,A2),(B1,B2), and (C1,C2), in M exposed by a, b, and c, respectively, 
with a E B2 n 0 1, b E 0 2 n A1, and c E A2 n B1, The symmetries revealed 
here are summarized in Table 1. These symmetries will be constantly ex
ploited. This section contains a number of basic observations about how 
the six sets A1,A2,B1,B2,C1, and C2 interact. This sets up the following 
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section, which contains an overview of the logic of the proof of the main 
result. 

TABLE 1. Location of the elements of {a,b,c}. 

By Lemma 2.4, we have 

Next we show that 

5.0.2. a E ci(B2 - a) n cl(C1 - a),b E cl(C2 - b) n ci(A1 - b),c E cl(A2 -
c) n ci(B1 - c). 

By symmetry, it suffices to prove that a E ci(B2 - a). Assume not. Then 
a (j clM\b(B2 - a) so, by duality, a E cl* M\b(B1). Hence (B1 U a, B2 - a)~ 
(B1,B2), But {a,c} ~ B1 U a, so (B1,B2) is not well blocked by b; a 
contradiction. Thus (5.0.2) holds. 

5.0.3. A1 n B1 i= 0. 
Since b E cl(A1 - b), if A1 n B1 = 0, we obtain the contradiction that 

b E ci(B2), 

5.0.4. IA1 n Bil 2: 2. 

Suppose A1 n B1 = { x }. If x E cl(A2 n B1), then x E ci(A2). Hence 
(A1,A2) ~ (A1 - x,A2 U x) and replacing (A1,A2) by (A1 - x,A2 U x) 
gives a contradiction to (5.0.3). We conclude that x (j cl(A2 n B1), that is, 
x (j ci(B1 - x). It follows that ( B1 - x, B2 U x) is a 3-separation of M\b that 
is equivalent to (B1,B2). Replacing (B1,B2) by (B1 - x,B2 U x), we again 
get a contradiction to (5.0.3). Thus (5.0.4) holds. 

By symmetry, we deduce 

5.0.5. IA; n B;I, IB; n C;I, ICi n Ail 2: 2 for each i in {1, 2}. 

5.0.6. If X ~ {a,b,c}, then 

AM\x(A1 n B1) = AM(A1 n B1) = 2. 

Since r(M) = r(M\a, b, c), it suffices to show that AM\a,b,c(A1 n B1) = 
AM(A1 n B1) = 2. By (5.0.2), we have c E ci(A2 - c) and a E cl(B2 - a). 
Moreover, {a,c} spans b. Thus (A2 U B2) - {a,c} spans {a,b,c} and so 
AM\a,b,c(A1 n B1) = AM(A1 n B1), Hence AM\x(A1 n B1) = AM(A1 n B1), 

As a E ci(B2-a), we have AM\a,b(B2-a) = AM\b(B2) = 2. By symmetry, 
>w\a,b(A1 -b) = 2. But A2 = E-{a,b}-(A1 -b), so AM\a,b(A2) = 2. Now, 
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from the last paragraph, >w\a,b(A1 n B1) = >w\b(A1 n Bi), Since M\b is 
3-connected, it follows by (5.0.5) that >w\a,b(Ai n B1) ~ 2. By symmetry, 
>w\a(A2 n B2) = AM\a,b(A2 n B2) ~ 2. Thus 

2 + 2 S AM\a,b(Ai n Bi)+ AM\a,b(A2 n B2) 

AM\a,b(Ai n Bi)+ AM\a,b(E - {a, b} - (A2 n B2)) 

AM\a,b((Ai - b) n B1) + AM\a,b((Ai - b) U B1) 

S AM\a,b(Ai - b) + AM\a,b(Bi) 
2+2. 

Thus equality must hold throughout. Hence AM\a,b(Ai n Bi) = 2 and so 
(5.0.6) holds. 

By symmetry with (5.0.6), we have the following. 

5.0.7. If X <; {a,b,c}, then 

AM\x(Bi n C1) 

AM\x(Ci nAi) 

AM\x(A2 n B2) 

AM\x(B2 n C2) 

AM\x(C2 n A2) 

AM(Bi n Ci)= 2, 

AM(C1 n Ai)= 2, 

AM(A2 n B2) = 2, 

AM(B2 n C2) = 2, 

AM(C2 n A2) = 2. 

5.0.8. AM(A2 n B1) = AM\a(A2 n B1) = AM\b(A2 n B1) = AM\a,b(A2 n B1); 
AM(B2 n C1) = AM\b(B2 n C1) = AM\c(B2 n C1) = AM\b,c(B2 n C1); 
AM(C2 n Ai)= AM\c(C2 n A1) = AM\a(C2 n A1) = AM\c,a(C2 n A1), 

Since a E cl(B2 - a) and b E cl(A1 - b), the first line holds; the second 
and third lines hold by symmetry. 

5.0.9. l(A2 n Bi) - cl~ 1, l(B2 n C1) - al~ 1, and l(C2 n A1) - bl~ 1. 

Suppose that A2nB1 = {c}. Then, since AM\a(A2nB2) = 2 = AM\a(A2), 
we have (Ai, A2) ~ (A1 Uc, A2 - c) in M\a. But {b, c} <; A1 Uc, so (A1, A2) 
is not exposed by a; a contradiction. We conclude that (5.0.9) holds. 

5.0.10. None of Ai n B2, Bin C2, and C1 n A2 is empty. 

Suppose A1 n B2 = 0. As b E cl(A1 - b) = cl(A1 n B1), we deduce that 
b E cl(B1), This contradiction establishes that (5.0.9) holds. 

5.0.11. AM(A2nB1) E {2, 3} and AM\a,b(AinB2) E {1, 2}; if AM(A2nB1) = 

3, then AM\a,b(A1 n B2) = 1. 

Since b E cl(A1 - b), we deduce that AM\a,b(A2) = AM\a(A2) = 2. By 
symmetry, AM\a,b(B1) = 2. Thus AM\a,b(A2 n B1) + AM\a,b(A2 U B1) S 4. 
Since l(E - {a, b} - (A2 U B1))I = IA1 n B2I ~ 1, we have AM\a,b(A2 U 
B1) ~ 1, so AM\a,b(A2 n B1) S 3. But a E cl(B2 - a) and b E cl(A1 - b), 
so AM(A2 n B1) = AM\a,b(A2 n B1) S 3. By (5.0.9), AM(A2 n B1) ~ 2. 
Hence AM(A2 n B1) E {2, 3}. Since AM\a,b(A2 U B1) = AM\a,b(A1 n B2), we 
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deduce that >w\a,b(A1 n B2) E {1, 2}. Moreover, if AM(A2 n B1) = 3, then 
AM\a,b(A1 n B2) = 1. We conclude that (5.0.11) holds. 

6. OVERVIEW 

This section gives an overview of the logic of the argument to follow. The 
division of cases is based on the cardinality and connectivity of the sets 
A1 n B2 and A2 n B1, By (5.0.10) and (5.0.9), we know that !A1 n B2! 2': 1 
and IA2 n Bil 2 2. Moreover, by (5.0.11), AM\a,b(A1 n B2) E {1, 2}. The 
argument will distinguish the following six cases: 

(A) IA1 n B2! = 1; 
(B) IA2 n Bil= 2; 
(C) AM\a,b(A1 n B2) = 2 and IA2 n Bil= 3; 
(D) AM\a,b(A1 n B2) = 1 and IA1 n B2I = 2; 
(E) >.M\a,b(A1 n B2) = 2 and IA2 n Bil 2 4; and 
(F) AM\a,b(A1 n B2) = 1 and IA1 n B2I 2 3. 

In case (A), Lemma 7.3 identifies three types of special structures that can 
arise after possibly replacing (A1, A2), (B1, B2), and ( C1, C2) by equivalent 
3-separations. We call these structures pretridents of type I, II, and III. From 
a pretrident of type I, we immediately obtain a trident in M. In case (B), we 
show in Lemma 7.4 that IB1 n C2I = 1 or IC1 n A2I = 1 so, by symmetry, we 
have reduced to case (A) and again we find that { a, b, c} is in a pretrident. 
In case (C), we show, in Lemma 7.5, that either IE(M)I = 11, or we can 
reduce to case (B) and hence to case (A). In case (D), Lemma 7.7 shows 
that IE(M)I = 11 or we can reduce to an earlier case. In case (E), which 
we shall treat last, we show that either a symmetric case to case (C) occurs, 
or the two sets of symmetric conditions to (E) also hold and outcome (ii) of 
Theorem 3.1 arises. Finally, in case (F), we show, in Lemma 8.4, that case 
(E) and its symmetric counterparts hold in the matroid M' that is obtained 
from M by performing a ~ - Y exchange in M on the triangle { a, b, c} and 
then taking the dual of the result. Thus outcome (iii) of Theorem 3.1 arises. 

Pretridents of type II and III do not appear in either of Theorems 1.1 
or 3.1. In the next section, we initially describe the structure of M around 
{ a, b, c} relative to the 3-separations with which we begin, only allowing our
selves to replace these 3-separations by equivalent ones. Then, in Lemma 7.9, 
we show that, when { a, b, c} is in a pretrident of type II or III, we can find a 
pretrident of type I containing { a, b, c} by altering the choice of 3-separations 
exposed by a, b, and c to ones that need not be equivalent to those with 
which we began. 

7. TRIDENTS 

In this section, we begin the treatment of the six cases noted in the pre
ceding section. Specifically, we deal with cases (A)-(D) here. We begin with 
an elementary lemma. Recall that the assumptions noted at the outset of 
Section 5 are still in effect and that A, B, and Care arbitrary 3-separations, 
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(A1,A2),(B1,B2), and (C1,C2), exposed by a, b, and c, respectively, with 
a E B2 n C1, b E C2 n A1, and c E A2 n B1, 

Lemma 7.1. If IA2 n B1 n C2I 2 2, then 

AM(A2 n B1 n C2) = 2 = AM\b,c(A2 n B1 n C2). 

Proof. By (5.0.7), 2 = AM\b(A2 n Cz). Since AM\b(B1) = 2, we have, by 
uncrossing, that AM\b(A2 n B1 n C2) = 2. Hence >.M(A2 n B1 n C2) = 2 
as b E cl(A1 - b). Since a E B2, we have c E cl((A1 - b) U B2). Hence 
AM\b,c(A2 n B1 n C2) = 2. D 

The next lemma begins the treatment of case (A). 

Lemma 7.2. Suppose that IA1 n B2I = 1 and Ai n B2 ~ C1. Then 

IA1 n B1 n C1I = IA1 n B1 n C2I = IA2 n B1 n C1I = 1. 

Proof. Let A1nB2nC1 = {r12}. Since IA1nC1l 2 2, we have IA1nB1nC1l 2 
1. Suppose that IA1 n B1 n C1l 2 2. We know by (5.0.7) that A1 n C1 
and A1 n B1 are 3-separating in M and hence in M\b. Their intersection 
has at least two elements, so their union is 3-separating in M\b. Hence 

AM\b((A1nB1)Ur12) = 2. Thus, by Lemma 2.5, r12 E c1tJ\b(A1nB1). Hence 
(B1, B2) ~ (B1Ur12, B2-r12) in M\b. But b E c!(A1-b) and A1 -b ~ B1Ur12 
so (B1, B2) is not exposed by b. We deduce that jA1 n B1 n C1j = 1, say 
A1 n B1 n C1 = {ru}, 

Now IA1l 2 4, so IA1 n B1 n C2l 2 1. Suppose IA1 n B1 n C2l 2 2. By 
(5.0.7), AM\c(A1 nB1) = 2 and so, by Lemma 2.5, rn E c1tJ,)A1 nB1 nCz). 
Thus (C1, C2) ~ (C1 - r11, C2 U r11) in M\c and IA1 n (C1 - rn)I = 1; a 
contradiction to (5.0.5). Hence IA1nB1nC2l = 1, say A1nB1nC1 = {g11}. 

Next we show that IA2 n B1 n C1 I = 1. We have IB1 n C1 I 2 2, so 
IA2 n B1 n C1l 2 1. Assume that IA2 n B1 n C1l 2 2. We have AM\a(Az) = 
2 = AM\a(B1 n C1), Thus, by uncrossing, >.M\a(Az n B1 n C1) = 2. Since 
AM((Az n B1 n C1) U ru) = 2 = AM\a((Az n B1 n C1) U ru), we have rn E 

c1tJ,a(A2nB1nC1) soru E c1tJ\a(A2), Hence (A1,A2) ~ (A1 -r11,A2Ur11) 
in M\a. But, replacing (A1,A2) by (A1 -r11,A2Ur11) gives a contradiction 
to (5.0.5) since j(A1 -r11)nB1l = 1. We deduce that IA2nB1nC1I = 1. D 

Lemma 7.3. Suppose that IA1 n B2l = 1. Then, after 
(i) the possible replacement of (Ai, Az), (B1, Bz), and (C1, C2) by equiv

alent 3-separations; 
(ii) a possible relabelling of (A1,A2,a,B1,B2,b,C1,C2,c) by 

(B2, B1, b, A2, A1, a, C2, C1, c); and 
(iii) a possible rotation of the labels on the triples (A1,A2,a),(B1,B2,b), 

and (C1, C2, c); 
the following hold: 

(a) IA1 n B1 n C1I = IA1 n B1 n C2I = IA2 n B1 n C1l = 1; and 
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(b) A1 is a quad of M\a and A1 U a is a cocircuit of M. 

In addition, 

A 
2 

(I) IA2 n B1 n 021 = O and A2 n B2 c;;; 02; or 
(II) IA2 n B1 n 021 = 0 and ,\M(A2 n B2 n 02) = 2 = ,\M\a,c(A2 n 01) = 

,\M(A2 n B2 n 01); or 
(III) ,\M(A2 n B2 n 02) = 2 = ,\M\a,0 (A2 n 01) = ,\M(A2 n B2 n 01) and 

,\M(A2 n B1 n 02) = 2 = AM\b,c(B1 n 02), 

(I) 

A 
1 

(ill) 

A 
1 

A 
2 

FIGURE 5. The three types of pretrident. 

(II) 
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The situations corresponding to (I), (II), and (III) are illustrated in Fig
ure 5. Each of the three parts of the diagram should be interpreted as 
basically a Venn diagram. The elements of C1 correspond to black points 
while those in C2 are shaded gray. Regions that are shaded indicate the 
presence of at least two elements. The placement of the elements a and b 
is to indicate that their deletion from M exposes the 3-separations (A1 , A2) 
and (B1, B2), respectively. 

To achieve outcomes (I)-(III) of Lemma 7.3, we allow equivalence moves 
and relabelling as described in (i)-(iii) of the lemma. When we can manip
ulate A, B, and C in this way so that (I), (II), or (III) in Figure 5 occurs, 
we shall say that (a, b, c, A, B, C) is a pretrident of type I, type II, or type 
III, respectively, or that { a, b, c} occurs in a pretrident with respect to A, B, 
and C. We observe that, when { a, b, c} occurs in a pretrident of type I, each 
of A1, B1, and 0 1 has exactly four elements and so, by Lemma 2.4, these 
sets are quads of M\a, M\b, and M\c, respectively. Thus A1 U B1 U C1 
is a trident in M containing {a,b,c}. In fact, we shall show in Lemma 7.9 
that, when { a, b, c} occurs in any one of the three types of pretridents, 
{ r 11 , r 12, r21 , 911 , a, b, c} is a trident in M, where elements are labelled as in 
Figure 5. 

Proof of Lemma 7.3. Without loss of generality, we may assume that A1 n 
B2 ~ 0 1. Thus B2 n C2 = A2 n B2 n C2, Moreover, by Lemma 7.2, 

We denote the elements of these three sets by r11, 911, and r21, respectively. 
Let A1 n B2 n C1 = {r12}, Since )Ail = 4, by Lemma 2.4, we must have 
that A1 is a quad of M\a. As b E A1, it follows by orthogonality with the 
triangle {a,b,c} that A1 Ua is a cocircuit of M. 

Since IB2 n C2I ~ 2, we have IA2 n B2 n C2I ~ 2. Suppose that IA2 n 
B2 n C1I = 1, say A2 n B2 n C1 = {r22} . Then r22 E c1t\jA2 n B2 n C2). 
Thus, by replacing (C1, C2) by (C1 -r22, C2Ur22), an equivalent 3-separating 
partition of M\c, we reduce to the case when )A2nB2nC1I = 0. We deduce 
that we may assume that either 

(i) IA2nB2nC1I =0; or 
(ii) IA2 n B2 n C1I ~ 2. 

In case (ii), AM(A2nB2nC1) ~ 2. Now, by (5.0.11), AM\a,c(A2nC1) E {1, 2}. 
Moreover, AM(A2nB2nC1) = AM\a,c(A2nB2nC1), If AM\a,c(A2nB2nC1) > 
AM\a,c(C1 n A2), then, by Lemma 2.7, r21 E cl(A2 n B2 n C1). Thus we can 
replace (B1, B2 ) by the equivalent 3-separating partition (B1 -r21 , B 2 Ur21) 
to get a contradiction to (5.0.5). We deduce that, in case (ii), AM(A2 n B2 n 
C1) = 2 and AM\a,c(C1 n A2) = 2. Hence our two cases become: 

(i) IA2 n B2 n C1I = O; or 
(ii) IA2 n B2 n C1I ~ 2 and AM(A2 n B2 n C1) = 2 = AM\a,c(C1 n A2), 
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Now consider JA2 n Bi I, If this is 2, then case (I) or (II) holds depending 
on which of (i) and (ii) holds. If JA2nBil = 3, then A2nBinC2 = {g2i}, say. 
Since both B2nC2 and (B2nC2)Ug21 = A2nC2 are exactly 3-separating set 

in M\b, we deduce that g2i E c1t>\b(B2 nC2), Thus, after replacing (Bi, B2) 
by the equivalent 3-separation ( Bi - g2i, B2 U gzi), we have reduced to the 
case when JA2 n Bi I = 2. Again case (I) or (II) holds. 

We may now assume that IA2 n Bil :2:: 4, so JA2 n Bin C2I :2:: 2. Then, 
by a symmetric argument to that given in the penultimate paragraph, we 
deduce that >.M(A2 nBinC2) = 2 = AM\b,c(Bi nC2), If case (i) occurs, then 
JCi n A2I = 1. By rotating the labels on the triples (Ai, A2, a), (Bi, B2, b), 
and (Ci, C2 , c), we obtain that case (I) or case (II) holds. If case (ii) occurs, 
then we have that case (III) holds. D 

Next we show that if case (B) arises, then, after a symmetric relabelling, 
we obtain case (A). 

Lemma 7.4. If JA2 n Bil= 2, then either 

_(i) IAi n B1 n Gil = JA1 n Bin C2I = IA2 n Bin Gil = JBi n C2J = 1 
and JA2 n Bi n C2J = O; or 

(ii) JA2 n B2 n Gil= IA2 n B2 n C2J = JA2 n Bin C2J = JCi n A2J = 1 
and JA2 n Bin Gil= O. 

In each case, (a, b, c, A, B, C) is a pretrident. 

Proof. Suppose (A2 n B1) - c ~ Ci, say (A2 n Bi) - c = {r2i}. Since 
JBi nCil :2:: 2, we have IAi n Bi nCil :2:: 1. If IA1 n Bi nCil 2 2, then, since 
Bi n Ci and A1 n Bi are exactly 3-separating in M\a, so too is their union. 

Hence r2i E c1t>\a(Ai n Bi), so r21 E c1t>\a(Ai). Replacing (Ai, A2) by the 
equivalent 3-separating partition (Ai U r2i, A2 - r2i) gives a contradiction 
to (5.0.9). Hence JAi n Bin Gil= 1, say Ai n Bin Ci= {ru}. 

If IAi n Bin C2J :2:: 2, then, as Ai n Bi is exactly 3-separating in M\c, it 

follows that ru E c1t>,
0
(Ai n Bin C2), Thus (Ci, C2) ~ (Ci - ru, C2 Urn) 

in M\c. But JBi n (Ci - ru)J = 1 so we have contradicted (5.0.5). Hence 
IAi n Bin C2J = 1. Thus JBi n C2J = 1. Hence if (A2 n Bi) - c ~ Ci, then 
(i) holds. By symmetry, if (A2 n Bi) - c ~ C2, then (ii) holds. 

In cases (i) and (ii), we have IBi n C2J = 1 and ICi n A2J = 1, respec
tively. These are symmetric to the case IAi n B2I = 1 so, by Lemma 7.3, 
(a, b, c, A, B, C) is a pretrident. D 

The next lemma treats case (C). 

Lemma 7.5. If AM\a,b(Ai n B2) = 2 and IA2 n B1 J = 3, then 

(i) A2 n Bi is a triangle; and 
(ii) either JE(M)I = 11, or (a, b, c, A, B, C) is a pretrident. 

Proof. By (5.0.11), AM(A2 n Bi) = 2. Since A2 n Bi has three elements, it 
is a triangle or a triad of M. The triangle { a, b, c} implies that A2 n Bi is 
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not a triad, so it is a triangle. Since c ¢ cl(C1) U cl(C2), we deduce that 
IA2 n B1 n C1I = 1 = IA2 n B1 n C2I, Let A2 n B1 n G2 = {921}. Since 
IA2 n G2I 2: 2, we have IA2 n B2 n G2I 2: 1. Assume IA2 n B2 n C2I 2: 2. 
Then, as AM(A2 n B2) = 2 and AM(A2 n G2) = 2, it follows by uncrossing 

that AM((A2 n B2) U 921) = 2. Hence 921 E cl~ (A2 n B2). As A2 n B1 is a 
triangle, it follows that 921 E cl(A2 n B2) ~ cl(B2), Thus (B1, B2) ~ (B1 -
921,B2U921) in M\c. Replacing (B1,B2) by (B1 -921,B2U921), we get that 
IA2n(B1 -921)1 = 2. Hence, by Lemma 7.4, (a, b, c, A, B, C) is a pretrident. 
We may now assume that IA2 n B2 n G2l = 1, say A2 n B2 n C2 = {922}. 

Since IA2 n B2I 2: 2, we have IA2 n B2 n Gil 2: 1. Assume IA2 n B2 n 
Gil 2: 2. Now AM\c(A2 n B2) = 2 = AAf\c(C1), Thus, by uncrossing, 

AM\c(A2 n B2 n C1) = 2. Hence 922 E c1t\/A2 n B2 n G1) ~ c1t\/G1), 
Hence (Ci, G2) ~ (C1 U 922, G2 - 922) in M\c. But l(G2 - 922) n A2I = 1; a 
contradiction to (5.0.5). Hence IA2 n B2 n Gil = 1. 

By the symmetry between A2 n B2 and A1 n Bi, we deduce that IA1 n 
B1 n Gil = 1 = IA1 n B1 n G2I, Now AM\a,b(A1 n B2) = 2. Thus, either 
IA1 n B2I = 2 and so IE(M)I = 11, or IA1 n B2I > 2. Since we have assumed 
that IE(M)I =f 11, we deduce that IA1 n B2I > 2. Thus, without loss of 
generality, IA1 nB2 nG2I 2: 2. Thus AM(A1 nB2nG2) 2: 2 = >.M((A1 nB2n 
G2)U922), Hence, by Lemma 2.5 or 2.7, we have 922 E c!<*l(A1 nB2 nG2), so 

922 E c1t\)A1nB2nG2) ~ c1t\a(A1). Hence (A1,A2) ~ (A1U922,A2-922) 
in M\a. But J(A2 - 922) n B2I = 1, contradicting (5.0.5). D 

In combination with the last lemma, the next lemma guarantees that, 
when case (E) arises but none of cases (A)-(C) arise, we can assume that 
we have symmetry between (A1, A2), (B1, B2), and (G1, G2). 

Lemma 7.6. If AM\a,b(A1 n B2) = 2 and IA2 n Bil > 3, then AM\b,c(B1 n 
G2) = 2 and AM\c,a(C1 n A2) = 2. 

Proof. By symmetry, it suffices to prove the first equation. By (5.0.11), we 
may assume that AM\b,c(B1 n G2) = 1. We have 2 = AM\b(B1) and c E 

cl(B1 -c), so 2 = AM\b(B1 -c) = AM\b,c(B1 - c). Since AM\a,b(A1 nB2) = 2, 
by (5.0.11) we have AM\a,b(A2 n B1) = 2. Then, since a E cl(B2 - a) and 
b E cl(A1 - b), we have AM(A2 n B1) = 2. 

Now IA2 n Bil > 3. Thus c E c1<*l((A2 n B1) - c). But {a, b, c} is a 
triangle, so c ¢ cl*((A2 n B1) - c). Hence c E cl((A2 n B1) - c). Thus 
AM\c((A2 n B1) - c) = 2, so AM\b,c((A2 n B1) - c) = 2 since b E cl(A1 - b). 

Since c E cl((A2 n B1) - c) but c ¢ cl(G1) U cl(G2), we deduce that both 
B1 nG2nA2 and B1 nC1 nA2 are nonempty. Since AM\b,c(B1 nC2) = 1 and 
AM\b,c((A2nB1)-c) = 2, we have, by Lemma 2.2, that AAf\b,c(B1nC2nA2) = 
1 or AM\b,c(((A2 n B1) - c) U (B1 n C2)) = 1. But the latter implies that 
AM\b((A2 n B1) U (B1 n C2)) = 1; a contradiction since M\b is 3-connected. 
Thus AM\b,c(B1 n C2 n A2) = 1 so, by Lemma 7.1, IB1 n C2 n A2I = 1. Let 
B1 n G2 n A2 = {921}, 
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Since IA2 n Bil> 3, we have IA2 n Bin Cil 2 2. Since >w(A2 n Bi)= 2 
and >.M(Bi n Ci) = 2, it follows by uncrossing that >.M(A2 n Bi n Ci) = 2 

and hence >.M\c(A2 n Bi n Ci) = 2. Thus, by Lemma 2.5, g21 E cl~\c(A2 n 

Bin Ci), so g2i .E cl~\c(Ci), Therefore (Ci, C2) ~ (Ci U g2i, C2 - g2i) in 
M\c. But c E cl(Ci U g2i); a contradiction. D 

The next lemma treats case (D). 

Lemma 7.7. If >.M\a,b(Ai n B2) = 1 and IAi n B2I = 2, then IE(M)I = 11 
or ( a, b, c, A, B, C) is a pretrident. 

Proof. Assume that IE(M)I =I 11 and that (a, b, c, A, B, C) is not a pre
trident. Suppose that Ai n B2 ~ Ci. We have >.M\a,b(Ai n B2) = 1 
and b E cl(C2 - b). Hence >.M\a(A1 n B2) = 1; a contradiction. Thus 
IA1nB2nC2I 2 1. By symmetry, IA1nB2nC1I 21. Hence IA1nB2nC2I = 
1 = IAi n B2 n C1I, say A1 n B2 n Ci = {r12} and A1 n B2 n C2 = {g12}. 

If IA1 n B1 n C1I 2 2, then, as A1 n B1 and B1 n C1 are both exactly 
3-separating in M\b, so is their intersection. Since (A1 n B1 n C1) U r 12 is 

also exactly 3-separating in M\b, we deduce that r12 E cl~\b(A1 nB1 nC1). 
Hence (B1, B2) ~ (Bi U r12, B2 - r12). But IA1 n (B2 - r12)I = 1 and so, by 
Lemma 7.3, (a, b, c, A, B, C) is a pretrident; a contradiction. Hence we may 
assume that IA1nB1nC1I :;; 1. Since IA1nC1I 2 2, we get IA1nB1nC1I = 1. 
By symmetry, IA2 n B2 n C2I = 1. Let A1 n B1 n C1 = {ru}. 

As IA1 nB112 2, we have IA1 n B1 nC2I 2 1. If IA1 nB1 nC2I 2 2, then 

ru E cl~\c(A1 n B1 n C2) so (C1,C2) ~ (C1 - r11,C2 U r11). Since IA1 n 
(C1 -r11)I = 1, we have a contradiction to (5.0.5). Hence IA1 nB1 nC2I = 1 
and, by symmetry, IA2 n B2 n C1I = 1. 

As IA2 n C2I, JB1 n C1I 2 2, we deduce that IA2 n Bin C2I 2 1 and 
IA2 n B1 n Cil 2, 1. If equality holds in both of these, then IE(M)I = 11; a 
contradiction. By symmetry, we may assume that IA2nB1 nC2l 2 2. Then, 
by Lemma 7.1, ..\M\b,c(A2 nBi nC2) = 2. Now IB2 nC1J > 2. Suppose that 
..\M\b,c(Bi n C2) = 2. If IB2 n C1I = 3, then, by Lemma 7.5, IE(M)I = 11 or 
(a, b, c, A, B, C) is a pretrident; a contradiction. Hence IB2 n Cil > 3 and, 
by Lemma 7.6, AM\a,b(Ai n B2) = 2; a contradiction. We may now assume 
that AM\b,c(B1 n C2) = 1. Then AM\b,c((A2 n B1 n C2) U g11) = 1 where 
A1 n B1 n C2 = {gu}. By Lemma 2.7, g11 E clM\b,c(A2 n Bi n C2). Hence 
(A1, A2) ~ (Ai - g11, A2 U g11), But l(Ai - gu) n Bil = 1, a contradiction 
to (5.0.5). D 

The next result summarizes the lemmas to date in this section. It notes 
that when any of cases (A)-(D) occurs, by replacing (Ai, A2), (B1, B2), and 
( Ci, C2) by equivalent 3-separations and performing a symmetric relabelling, 
we get one of the three outcomes shown in Figure 5. 

Corollary 7 .8. Let { a, b, c} be a triangle in a 3-connected matroid M, where 
IE(M)I =fc 11. Suppose that all of M\a, M\b, and M\c are 3-connected and 
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that (A1, A2), (B1, B2), and (C1, C2) are 3-separations exposed by a, b, and 
c, respectively, with a E B2 n Ci, b E C2 n A1, and c E A2 n B1. If 

(A) IA1 n B2I = 1, or 
(B) IA2 n Bil = 2, or 
(C) >w\a,b(A1 n B2) = 2 and IA2 n Bil= 3, or 
(D) AM\a,b(A1 n B2) = 1 and IA1 n B2I = 2, 

then {a,b,c} is in a pretrident with respect to (A1,A2), (B1,B2), and 
(C1, C2), 

We conclude this section by showing that, when (a, b, c, A, B, C) is a pre
trident, we can choose potentially different 3-separations B and C exposed 
by b and c so that ( a, b, c, A, B, C) is a pretrident of type I and hence { a, b, c} 
is in a trident. It should be noted that when we choose B and C so that B1 
and 6 1 are quads of M\b and M\c, we have no guarantee that these new 
3-separations are equivalent to those with which we began. 

Lemma 7.9. Suppose that IA1 n B2I = 1 and A1 n B2 <;:; C1, Then A1 is a 
quad of M\a. Moreover, there are 3-separations (B1,B2) and (61,62) that 
are exposed by b and c, respectively, such that B1 and 61 are quads in M\b 
and M\c. In particular, A1 U 131 UC\ is a trident in M. 

Proof. From Lemma 7.3, we know that A1 is a quad of M\a and that 
(a, b, c, A, B, C) is a pretrident of type I, II, or III. If this pretrident 
has type I, then the lemma holds by taking (Bi, B2) = (B1, B2), and 
(61,62) = (C1,C2), We may now assume that (a,b,c,A,B,C) is a pre
trident of type II or III. We shall maintain the same labelling of elements as 
before (see Figure 5). 

To complete the proof of the lemma, we shall show that 

(i) {rn, r12, r21, a} is a quad of M\c and ( {rn, r12, r21, a}, E - c -
{ rn, r12, r21, a}) is exposed by c; and 

(ii) {r11,r21,g11,c} is a quad of M\b and ({r11,r21,g11,c},E - b -
{r11,r21,g11,c}) is exposed by b. 

First observe that AAf\c((A1 U B1) - c) = 2 = AM\c(C1), Hence, by 
uncrossing, AM\c(C1n(A1 UB1)) = 2, that is, {ru, r12, r21, a} is 3-separating 
in M\c. We show first that {r11,r12,r21,a} is a circuit of M. Assume 
not. Then it contains a triangle. But a(/. cl(A1), so {r11,r12,a} is not a 
triangle. If {r11 ,r21,a} is a triangle, then {a,c} <;:; cl(B1), sob E cl(B1); a 
contradiction. If {r12, r21, a} is a triangle, then (Bi, B2) ~ (B1 - r21, B2 U 
r21). But l(B1 - r21) n C1 I = 1; a contradiction to (5.0.5). Finally, if 
{rn, r12, r21} is a triangle, then (B1, B2) ~ (B1 U r12, B2 - r12), But A1 n 
(B2-r12) = 0; a contradiction to (5.0.10). We conclude that {rn, r12, r21, a} 
is a circuit of M. 

Next we show that { rn, r12, r21, a} is a co circuit of M\c. Assume not. 
Then this set contains a triad of M\c. If {ru, r12, r21} is a triad of M\c, 
then, by orthogonality, it is a triad of Mand hence of M\b. Thus (Bi, B2) ~ 
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(Bi U ri2, B2 - ri2). As Ai n (B2 - ri2) = 0, we contradict (5.0.10). If 
{r11,ri2,a} is a triad of M\c, then, by orthogonality, {r11,ri2,a,c} is a 
cocircuit of M, so {r11,ri2,c} is a triad of M\a. Then (Ai,A2) ~ (Ai U 
c, A2-c). But a E cl(AiUc); a contradiction. If {ru, r2i, a} is a triad of M\c, 
then {r11 , r 2i, c} is a triad of M\a. Thus (Ai, A2) ~ (Ai -ru, A2Ur11). But 
l(Ai -ru)nBil = 1, contradicting (5.0.5). Finally, if {ri2, r2i, a} is a triad of 
M\c, then {ri2, r2i, c} is a triad of M\a, so (Ai, A2) ~ (Ai - ri2, A2 U ri2) 
and we get a contradiction since (Ai - ri2) n B2 = 0. We conclude that 
{ ru, ri2, r2i, a} is a cocircuit of M\c. Hence { ru, ri2, r2i, a, c} is a co circuit 
ofM. 

We show next that ( {ru, ri2, r21, a}, E-c-{ru, ri2, r2i, a}) is exposed by 
c. First observe that c rf. cl(E - c - {ru, ri2, r2i, a}) since {ru, ri2, r2i, a, c} 
is a cocircuit of M. Because E - c - {ru, ri2, r2i, a} is fully closed in M\c, 
we need only consider the full closure of {ru, r12, r2i, a} in M\c. Since 
{ru, ri2, r2i, a} ~ Ci, it follows that fclM\c( {ru, ri2, r21, a}) ~ fclM\c( Ci), 
Now c rf. cl(fclM\c(Ci)) soc rf. cl(fclM\c({r11,ri2,r2i,a}). We conclude that 
(i) holds. Let C = (Ci, C2) = ( {ru, ri2, r2i, a}, E - c - {ru, ri2, r2i, a}). 

If (a, b, c, A, B, C) is a pretrident of type II, then, since C is exposed by 
c, we see that (a, b, c, A, B, C) is a pretrident of type I. 

Finally, let ( a, b, c, A, B, C) be a pretrident of type III. Then, by redrawing 
the figure, we see that (c, a, b, C, A, B) is a pretrident of type II. After this 
move, we see that { r11, r2i, gu, c} is in a symmetric position to that of 
{r11 ,ri2,r2i,a} before the move. We deduce that (ii) holds. In particular, 
letting B = (Bi,B2) = ({r11,r2i,g11,c},E - b- {r11,r2i,g11,c}), we have 
that B is a 3-separation exposed by b. Thus (c, a, b, C, A, B) is a pretrident 
of type I. Redrawing again, we find that (a, b, c, A, B, C) is a pretrident of 
~I. D 

8. A DELTA-WYE EXCHANGE 

In this section, we show that if case (F) occurs in M, then, after perform
ing a D.. - Y exchange and taking the dual of the result, we get a matroid 
in which case (E) and the two sets of symmetric conditions occur. 

Lemma 8.1. Assume that IE(M)I =f 11, that (a,b,c,A,B,C) is not a 
pretrident, and that AM\a,b(Ai n B2) = 1. Then 

(i) IA2 n Bil ::::: 3, IB2 n Cil::::: 3, IC2 n Ail::::: 3; 
(ii) AM\b,c(Bi n C2) = 1 = AM\c,a(Ci n A2); and 

(iii) IAi n B2I ::::: 3, I Bin C2I ::::: 3, ICi n A2I ::::: 3. 

Proof. Part (i) follows from Lemma 7.4; part (ii) follows using part (i), sym
metry, and Lemmas 7.5 and 7.6; and part (iii) follows from (ii) by Lemma 7. 7 
and symmetry. D 
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The next two lemmas introduce the matroid M' that appears in outcome 
(iii) of Theorem 3.1 and then prove that M' satisfies the conditions imposed 
on M at the start of Section 5. 

Lemma 8.2. Let 6. be the triangle {a, b, c} of M and consider a copy of 
M(K4) that has 6. as a triangle and has {a',b',d} as the complementary 
triad, where e' is the element of M(K4) that is not in a triangle withe. Let 
b..M = PA(M(K4), M)\b.., that is, 6.M is obtained from M by a 6. - Y 
exchange on 6.. Then 

(i) 6.M is 3-connected; 
(ii) for all {x,y,z} = {a,b,c}, the matroid b..M/x' can be obtained from 

M\x by relabelling y and z by z' and y', respectively; and 
(iii) each of 6.M /a', b..M /b', and b..M / d is 3-connected. 

Proof. We know that each of M\a, M\b, and M\c is 3-connected. Hence 
M\a, b is connected and, by considering circuits, it is straightforward to 
check that b..M is connected. Suppose 6.M has a 2-separation (Xi, X2). 
Without loss of generality, we may assume that {a', b'} <;;; Xi, If {a', b', d} <;;; 
Xi, then we can add b.. to Xi without raising the rank, so we get a 2-
separation of PA(M(K4), M); a contradiction. Thus we may assume that 
c' E X2. But c' E cl* 6.M(Xi), Hence, provided IX21 > 2, we get that 
(Xi U d, X2 - c') is a 2-separation of 6.M and {a', b', d} <;;; Xi Uc', so we 
have a contradiction, as above. Hence we may assume that IX2 1 > 2. In 
that case, X2 is a series pair {d, x} in PA(M(K4), M)\{a, b, c}. The triangle 
{a',b',c} implies that {d,x} is also a cocircuit of P6.(M(K4),M)\{a,b}. It 
follows, by orthogonality, that {d,x,a,b} is a cocircuit of PA(M(K4 ),M). 
Thus { x, a, b} is a triad of M; a contradiction since { a, b, c} is not in a fan 
with four or more elements. We deduce that 6.M is 3-connected. 

Evidently, 6.M/a' can be obtained from M\a by relabelling b and c by 
c' and b', respectively. Thus 6.M/a' is 3-connected and, by symmetry, (ii) 
and (iii) hold. D 

Under the relabelling described in (ii) of the last lemma, the 3-separations 
(Ai, A2), (Bi, B2), and (Ci, C2) of M\a, M\b, and M\c map to the 3-
separations ((Ai - b) U d, (A2 - c) U b'), ((Bi - c) U a', (B2 - a) U d), and 
( ( Ci - a) U b', ( C2 - b) U a') of b..M /a', b..M /b', and 6.M / d, respectively. 
These 3-separations are also 3-separations of the dual matroids. We shall de
note these 3-separations by (Ai,A~),(BLB~), and (C{,q). The following 
table summarizes the inclusions we have. 

a' b' d 
B~ q Ai 
q A~ B~ 

TABLE 2. Location of the elements of {a', b', c'}. 
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We shall write M' for (6M)*. Observe that to obtain the matroid M' 
in (iii) of Theorem 3.1, we need to relabel a', b', and c' as a, b, and c. How
ever, for clarity in the remaining proofs in this section, we shall not do this 
relabelling yet. 

Lemma 8.3. Each of M', M'\a', M'\b', and M'\d is 3-connected. More
over, (Ai,A;),(BLB~), and (C{,C~) are 3-separations in M' that are ex
posed by a', b', and c', respectively. 

Proof. The first sentence is an immediate consequence of the last lemma. 
Now suppose that (Ai, A;)~ (A1, A~) in M'\a' and that (A? Ua', AJ) is an 
exactly 3-separating partition of M', for some {i, j} = {l, 2}. Then (Ai, A~) 
and (A1, A~) are equivalent exactly 3-separating partitions of (M')* /a', that 
is, of 6M/a'; and (A? U a', AJ) is an exactly 3-separating partition of 6M. 
Recall that 6M/a' is M\a with band c relabelled as c' and b', respectively. 
Hence M\a has an exactly 3-separating partition (Xi,Xj) that is equivalent 
to (A;, Aj) and corresponds to (A?, AJ) under this relabelling. Since a (/ 
cl(X;) U cl(Xj), it follows that neither Xi nor Xj contains {b, c}. It follows 
that one of b' and d is in A? and the other is in AJ. 

By (5.0.1), IAJI > 3. Now 6M\(A? U a') contains exactly one of b' and d 
so this element is a coloop of 6M\(A? U a'). Thus (A? U a' U {b', d}, AJ -
{b', d}) is an exactly 3-separating partition of 6M and so (A:'U{b', d}, AJ
{b', c'}) is an exactly 3-separating partition of 6M/a'. But the last exactly 
3-separating partition is equivalent to (A?, AJ) as IA? U {b', d}I = IA~'I + 1, 
so we have reduced to the case in which {b', d} <:;;; A?, which we have already 
eliminated. We conclude that the 3-separation (Ai, A;) of M'\a' is, indeed, 
exposed by a' and the rest of the lemma follows by symmetry. D 

Lemma 8.4. Assume that IE(M)I =/= 11, that (a, b, c, A, B, C) is not a 
pretrident, and that AM\a,b(A1 n B2) = 1. Then 

(i) AM'\a',c'(Ai n C~) = 2 and IA; n C{I 2 4; 
(ii) AM'\b',a'(B~ n A~) = 2 and IB~ n Ail 2 4; and 

(iii) AM'\c',b'(G{ n B~) = 2 and 1q n B~I 2 4. 

Proof. First observe that A;nC{ = (A2nC1)Ub' and Ainq = (A1nC2)-b. 
Since, by Lemma 8.1, IC2 n Ail 2 3 and IC1 n A2I 2 3, we deduce that 
IA;nCfl 2 4and IAinC~l 2 2. By symmetry, IB~nAil 2 4and IC~nBU 2: 
4. 

Now assume that none of (i), (ii), or (iii) holds. Since M\a is 3-connected 
and A1 n B2 is a non-minimal 3-separation of M\a, b, it follows by Bixby's 
Lemma (see [l] or [6, Proposition 8.4.6]) that M\a/b is 3-connected up 
to parallel pairs. Hence (M\a/b)* is 3-connected up to series pairs. But 
6M/a',c' is M\a/b with c relabelled as b1

• Thus M'\a',d is 3-connected 
up to series pairs. 

Now AM'\c'(C~) = At:,,Mfc'((C2 - b) U a') = AM\c(C2) = 2. Likewise, 
AM'\a'(AD = 2. Thus, since 1c;1 2: 4 and M'\a', c' is 3-connected up to 



WILD TRIANGLES IN 3-CONNECTED MATROIDS 29 

series pairs, 2 ~ AM'\a',c'(C~ - a') ~ 2 so AM'\a',c'(q - a') = 2. Similarly, 
AM'\a',c'(Ai - c') = 2. 

By the submodularity of the connectivity function, 

4 2:: AM'\a',c'((Ai - c') U (C~ - a'))+ AM'\a',c'(Ai n C~), 

so 4 2:: AM'\a',c'(A~nCD+>.M'\a',c'(Ainq). As M'\a',d is 3-connected up 
to series pairs and !Ai nC~I ;:::: 2, we deduce that either AM'\a' ,c,(Ai nC~) = 2, 
or Ai n q is a series pair of M'\a', c'. In the first case, since IA~ n qj ;:::: 4, 
we have that (i) holds; a contradiction. Thus !Ai n C~I = 2. 

By Lemma 8.1 and symmetry, since neither (ii) nor (iii) holds, each of 
IB~ n A~I and 1q n B~I is 2. Hence each of IA1 n C2!, IB1 n A2!, and 
IC1 n B2! is 3. But IA1 n B2! 2:: 3 so, by symmetry, we may assume that 
IA1 n B2 n C2! ~ 2. Since b E C2, it follows that A1 n B1 ~ C1, Now 
IB1 n C2! 2:: 3, so IB1 n C2 n A2I ;:::: 3. Since A2 n B1 also contains c, we 
deduce that IA2 n B1 I 2:: 4, contradicting the fact that IA2 n B1 I = 3. 

We conclude that at least one of (i), (ii), and (iii) holds. But, by applying 
Lemma 7.6 to M', we conclude that all of (i), (ii), and (iii) hold. D 

To conclude this section, we prove three lemmas that will be used in the 
proof of Corollary 3.3. We also note that a trident in M yields a trident in 
M'. 

Lemma 8.5. Let { a, b, c} be a wild triangle that is in a trident in a 3-
connected matroid M. Then both co(M\a, b) and si(M\a/b) are 3-connected. 

Proof. We know that M\a has a quad Q containing b. By applying 
Lemma 2.9 to M\a, we deduce that si(M\a/b) is 3-connected. Now Q 
is also a quad of (M\a)*, that is, of M* /a. By applying Lemma 2.9 to the 
last matroid, we deduce that si(M* /a/b) is 3-connected. Thus (co(M\a, b))* 
and hence co(M\a, b) is 3-connected. D 

Lemma 8.6. Let { a, b, c} be a standard wild triangle in a 3-connected ma
troid M. Then 

(i) si(M\a/b) is not 3-connected; and 
(ii) co(M\a, b) is 3-connected. 

Proof. Let (A, P2, ... , Pa) be a partition associated to {a, b, c}. Then (AU 
P2 U a,P3 U P4 U b, Ps UPa Uc) is a flower. Thus (P3 UP4 U b,P5 U P6 UA U 
P2 U {a, c}) is a 3-separation of M. Moreover, b E cl(P3 U P4) n cl(P5 U Pa U 
AU P2 U {a,c}) and jP3j, jP4j 2:: 2. Thus (P3 U P4,P5 U Pa U AU P2 Uc) 
is a vertical 2-separation of M/b\a unless rM(P3 U P4 U b) = 2. But, in the 
exceptional case, b E cl(P3), so (P4 U Ps U Pa Uc, AU P2 U P3 U a) is not 
exposed by b; a contradiction. We deduce that si(M\a/b) is not 3-connected. 
Since M\a is 3-connected, it follows by Bixby's Lemma that co(M\a, b) is 
3-connected. D 

Lemma 8. 7. Let { a, b, c} be a costandard wild triangle in a 3-connected 
matroid M. Then 
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(i) co(M\a, b) is not 3-connected; and 
(ii) si(M\a/b) is 3-connected. 

Proof. Retaining the labelling we have been using in this section for b.M, we 
have that {a'Y, d} is a standard wild triangle of (b.M)*. By Lemma 8.6 and 
symmetry, si((b.M)* /d\b') is not 3-connected. It follows that co(b.M\d /b') 
is not 3-connected. But b.M\d /b' is M\a, b with c relabelled as a'. Hence 
co(M\a, b) is not 3-connected. Moreover, by Bixby's Lemma, si(M\a/b) is 
3-connected. 0 

Lemma 8.8. Let { a, b, c} be a wild triangle in a 3-connected matroid M. If 
{a,b,c} is in a trident R in M, then (R- {a,b,c}) U {a',b',d} is a trident 
inM'. 

Proof. Let R = {a, b, c, s, t, u, v} where {t, s, u, b}, {t, u, v, c}, and {t, s, v, a} 
are exposed quads in M\a, M\b, and M\c, respectively. Then one eas
ily checks that {t,s,u,a',c'},{t,u,v,a',b'}, and {t,s,v,b',c'} are circuits of 
b.M; and {t,s,u,d},{t,u,v,a'}, and {t,s,v,b'} are cocircuits of b.M. The 
result follows since M' is (b.M)*. 0 

9. THE TARGET 

In this section, we treat case (E). We begin by noting the following im
mediate consequence of Lemmas 7.5 and 7.6. 

Corollary 9.1. Suppose that >w\a,b(A1 n B2) = 2 and IA2 nB1I > 3. Then 
either 

(i) IE(M)I = 11 or (a, b, c, A, B, C) is a pretrident; or 
(ii) >w\b,c(B1 n C2) = 2 and IB2 n C1I > 3, and >w\c,a(C1 n A2) = 2 

and IC2 n Ail> 3. 

In view of this result, many of the lemmas in this section will assume not 
only that case (E) occurs but also that the symmetric conditions listed in 
(ii) above hold. 

Lemma 9.2. If >w\a,b(A1 n B2) = 2 and IA2 n Bil > 2, then 

(i) c E c!((A2 n B1) - c) and c ff cl*((A2 n B1) - c); and 
(ii) IA2 n B1 n C1I > o and IA2 n B1 n C2I > o. 

Proof. By (5.0.11), since >w\a,b(A1 nB2) = 2, we have >w(A2nB1) = 2. As 
IA2nB11 > 2 and c E A2nB1, Lemma 2.5 implies that c E c1(*l((A2nB1)-c). 
But {a, b, c} is a triangle of M so, by orthogonality, c ff cl*((A2 n B 1) - c). 
Hence c E cl((A2nB1)-c). Thus (i) holds. As c ff c!(C1)Ucl(C2), it follows 
that (A2 n B1) - c i C1, and (A2 n B1) - c i C2, so (ii) holds. 0 

Next we prove a lemma about flowers that we shall need. It rE:ilies heavily 
on results from [7]. 
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Lemma 9.3. Let P be a 2-element petal of a tight flower <I> of order at least 
three in a 3-connected matroid N. Let (R, G) be a 3-separation of N with 
IRI, IGI 2: 4. If both RnP and GnP are non-empty, then <I> has order three, 
and the union of P with one of the other petals is a quad. 

Proof. Let <I> = (P1, P2, ... , Pn) and P2 = P. Because <I> has order at least 
three, all the petals of <I> are tight. Each element of P is tight since P must 
contain at least one tight element but, by [7, Lemma 5.8], P cannot contain 
exactly one tight element. Let P2 n R = {r2} and P2 n G = {g2}. 

Suppose that IP1 n GI 2: 2 and l(P3 U P4 U · · · U Pn) n RI 2: 2. Then 
r2 U (P3 U P4 U · · · U Pn), which is the union of the 3-separating sets P3 U 
P4 U · · · U Pn and Rn (P2 U P3 U · · · U Pn), is also 3-separating. Hence 
r2 E fcl(P3 U P4 U · · · U Pn) so, by [7, Lemma 5.9], r2 is loose, a contradiction. 
We deduce that IP1 n GI s 1 or I (P3 U P4 U · · · U Pn) n RI s 1. By symmetry, 
IPi n RI s 1 or l(P3 U P4 U · · · U Pn) n GI s 1. Because IGI 2: 4 and 
IR n P2I, IG n P2I = 1, at most one of IPi n GI s 1 and l(P3 U P4 U · · · U 
Pn) n GI s 1 holds. By the symmetry between Rand G, we deduce that 
either IPi n GI s 1 and IP1 n RI s 1; or l(P3 U P4 U · · · U Pn) n GI s 1 and 
l(P3UP4U· · ·UPn)nRI s 1. By reflective symmetry in <I>, we also have that 
either IP3 n GI s 1 and IP3 n RI s 1; or l(P4 U P5 U · · · U Pn U Pi) n GI s 1 
and l(P4 U AU··· U Pn U Pi) n RI s 1. Since IRI, IGI 2: 4, it follows that we 
must have n = 3 and either Pi or P3 has exactly two elements. 

Suppose that IPi I = 2. Then P1 U P2 is 3-separating in N having exactly 
four elements. If Pi U P2 properly contains a circuit or a cocircuit, then Pi 
or P2 is not tight. Hence Pi U P2 is a quad. D 

Lemma 9.4. Assume that >'M\a,b(A1nB2) = >'M\b,c(B1nC2) = >'M\c,a(C1n 
A2) = 2 and IA2nB1I, IB2nC1I, IC2nA1I > 3. Then (C1,C2) can be replaced 
by an equivalent 3-separating partition exposed by c such that 

A1 n B1 n C1 = 0 = A2 n B2 n C2. 

Proof. First observe that, by (5.0.11), AM(A2 n B1) = 2. Now, by 
Lemma 9.2, A2 n B1 n C1 and A2 n B1 n C2 are non-empty. Suppose that 
A2nB1nC1 = {r21}. Then l(A2nB1)-cl 2: 3 and AAf\c((A2nB1)-c) = 2, 

so r21 E c1t\)A2 n B1 n C2). Hence (C1 - r21, C2 U r21) ~ (Ci, C2). But 
c E c!((A2 n B1 n C2) U r21) ~ cl(C2 U r21) contradicting the fact that c 
exposes (C1,C2). We deduce that 

IA2nB1nC1l 2: 2. 

A symmetric argument to that just given establishes that 

IA2 n B1 n C2I 2: 2. 

The next observation simplifies the argument to follow. 
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Assume that IAi n Bi n Gil 2:: 2 and let Ai n Bin C2 = {g11}, As 
>w\c(Ai n Bi)= 2, we deduce that g11 E c1t\/(Ai n Bi) - g11) so we can 
replace (Ci, C2) by the equivalent (Ci U g11, C2 - g11), After this is done, 
Ai n Bi i;;; Ci, But, by Lemma 9.2 and symmetry, b E ci((Ai n C2) - b). 
Hence b E cl(B2); a contradiction. Thus (9.4.1) holds. 

Most of the rest of the proof of the lemma will be occupied with proving 
the following assertion from which the lemma will follow straightforwardly. 

9.4.2. (Ci,C2) can be replaced by an equivalent 3-separation in which Ai n 
Bi n Ci = 0 and A2 n B2 n C2 is unchanged. 

Suppose not and assume that Ai nBi nCi = {r11}. If IAi nBi nC2I 2:: 2, 
then ru E c1tJ\c((Ai n Bi) - ru) and we can replace (Ci, C2) by (Ci -
r11, C2Uru) to obtain that Ai nBi nCi = 0. Since this change has no effect 
on A2nB2nC2, we have a contradiction. Hence if IAinBinCil = 1, then we 
may assume that IAinBinC2I = 1. On the other hand, if IAinBinCil 2:: 2, 
then, by (9.4.1) and the consequence of Lemma 9.2 that Ai nBi nC2 is non
empty, we deduce that IAi n Bi n C2I 2:: 2. 

We show next that 

From above, we know that if (9.4.3) fails, then we may assume that 

so IAi n Bil= 2. 
Consider the flower (B2, Ai n Bi, A2 n Bi) in M\b. We show next that 

this flower, <Pb, is tight. Assume not. The petal B2 is not loose otherwise 
B2 i;;; fclM\b(Bi) and (Bi,B2) is sequential; a contradiction. If A2 n Bi is 
loose, then, by Lemma 2.10, fclM\b(Ai n Bi) 2 A2 n Bi, But IAi n Bil= 2 
and so Bi is sequential; a contradiction. Hence A2 n Bi is not loose. 

Now suppose that Ai n Bi is loose. By Lemma 2.10, Ai n Bi i;;; fcl(B2) 
so (Bi, B2) can be replaced by an equivalent 3-separating partition in which 
IAi n Bil < 2; a contradiction. We deduce that Ai n Bi is not loose, so <Pb is 
a tight flower. Therefore, by Lemma 9.3, IA2 nBil = 2 or IB21 = 2. Neither 
of these holds, and this contradiction completes the proof that (9.4.3) holds. 

To complete the proof of (9.4.2), we shall apply Lemma 8.2 of [7] to the 
flower <Pb using the 3-separation (B1nC1, E-b-(Bi nC1)) as (R, G) of that 
lemma. By that lemma, there is a flower <P1, that refines <Pb and displays 
(Bin Ci, E - b- (Bin C1)), namely (B2,Ai n Bin C2, Ai n Bin Ci, A2 n 
B1 n Ci, (A2 n Bi) - Ci). Let Z = (E - b) - (A2 n Bi). Then a E B2 i;;; Z. 
Since Ai - bi;;; Z, we deduce that b E ci(Z). Hence {a,b} i;;; cl(Z), so 
c E cl(Z). By applying [7, Lemma 5.5(ii)] to <Pb, we deduce that c E cl(B2) 
or c E cl(A1 n Bi n Ci), But a E B2, If c E cl(B2), then b E cl(B2); a 
contradiction. Hence c E cl(Ai n Bin Ci), soc E cl(Ci); a contradiction. 
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We conclude that (9.4.2) holds. Using a symmetric argument, we can 
modify (Ci, C2) again to get A2 n B2 n C2 = 0 while maintaining Ai n Bi n 
~=l O 

The next lemma completes the treatment of case (E) by showing that 
when (E) and the two sets of symmetric conditions hold, { a, b, c} is a stan
dard wild triangle in Mand (A2nB2,CinAi,B2nC2,AinBi,C2nA2,Bin 
Ci) is an associated partition. 

Lemma 9.5. Assume that AM\a,b(AinB2) = AAf\b,c(BinC2) = AAf\c,a(Cin 
A2) = 2 and IA2 n Bil, IB2 n Gil, IC2 n Ail > 3. If Ai n B1 n C1 = 0 = 
A2 n B2 n C2, then 

(i) (A2nB1,B2nCi,C2nAi) is aflowerinM; 
(ii) M\a, b, c is connected, co(M\a, b, c) is 3-connected, and every 2-

element cocircuit of M\a, b, c meets exactly two of A2 n Bi, B2 n Ci, 
and C2 n Ai; and 

(iii) (A2 n B2, Ci n Ai, B2 n C2, Ai n Bi, C2 n A2, B1 n Ci) partitions the 
ground set of M\a, b, c and every union of consecutive sets is exactly 
3-sepamting in M\a, b, c. 

Proof. Since AM\a,b(Ai n B2) = 2, by (5.0.11), AM(A2 n Bi) = 2. By sym
metry, AM(B2 n Ci)= AM(C2 n Ai) = 2. Hence (A2 n Bi, B2 n Ci, C2 n A1) 
is a flower '¥ in M. 

Certainly (A2 n B2, C1 n A1, B2 n C2, A1 n Bi, C2 n A2, Bin C1) parti
tions E(M\a, b, c). Moreover, by (5.0.6) and (5.0.7), all six of the sets in 
the partition are exactly 3-separating in M\a, b, c. The unions of the first 
and second sets and of the second and third sets are B2 n Ci and Ai n B 2 , 

respectively. Both of the last two sets are exactly 3-separating in M\a, b, c 
since AM(B2 n Ci) = 2 = AM\a,b,c(B2 n Ci) and AM\a,b(A1 n B2) = 2 = 
AM\a,b,c(Ai nB2). By symmetry, we deduce that the union of every two con
secutive sets in the distinguished partition is exactly 3-separating. The union 
of the first three sets is B2 - a, which is exactly 3-separating in M\a, b, c. 
By using symmetry and taking complements, we deduce that every union of 
consecutive sets in the distinguished partition is exactly 3-separating. 

We show next that 

9.5.1. M\a, b, c is connected. 

Since each of M\a, M\b, and M\c is 3-connected, each of M\a, b, M\b, c 
and M\c, a is connected. Suppose that (X, Y) is a 1-separation in M\a, b, c 
and consider the flower '¥ of M. If X :2 (Ai n C2) - b, then (X U b, Y) 
is a 1-separation of M\a, c; a contradiction. Thus, for every 1-separation 
(X, Y) of M\a, b, c, each of X and Y meets every petal of'¥. Now each such 
petal has at least four elements. Without loss of generality, X n (Ai n C2 ) 

has at least two elements. Since this set is contained in Ai n C2 , we have 
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>'M\a,b,c(X n Ai n C2) = AM(X n Ai n C2) 2: 2. Now 

2 AM\a,b,c(X) + AM\a,b,c((Ai n C2) - b) 

2 AM\a,b,c(X n Ai n C2) + AM\a,b,c(X U ((Ai n C2) - b)) 

2 2 + AM\a,b,c(X U ((A1 n C2) - b)). 

Hence AM\a,b,c(X U ((Ai n C2)- b)) = 0, so (XU ((Ai n C2) - b), Y - ((Ai n 
C2) - b)) is a 1-separation of M\a, b, c in which Y - ((Ai n C2) - b) avoids 
some petal of '11; a contradiction. We deduce that (9.5.1) holds. 

Now let (X, Y) be a 2-separation of M\a, b, c. We show next that: 

9.5.2. If x 2 (Ai n C2) - b, then IY n A2 n Bil = 1 = IY n B2 n Gil so 
!YI =2. 

Suppose that X 2 (Ai n C2) - b. Then (XU b, Y) is a 2-separation of 
M\a, c. As M\a and M\c are 3-connected, neither X nor Y contains (B2 n 
Ci)-a or (A2nBi)-c. Now AM\a,c(XUb) = 1 and AM\a,c((B2nCi)-a) = 2. 
Thus, by the submodularity of the connectivity function, 

3 2 AM\a,c(X U b U ((B2 n Ci) - a))+ AM\a,c((X U b) n ((B2 n Ci) - a)) 

= AM\c(X U b U (B2 n C1)) + AM\a(X n B2 n C1) 

= AM\c(Y n A2 n Bi)+ AM\a(X n B2 n C1). 

Since both M\c and M\a are 3-connected and both Y n A2 n B1 and X n 
B2 n Ci are nonempty, we deduce that 

IY n A2 n Bil= 1 or IX n B2 n Gil= 1. 

By symmetry, 

IY n B2 n C1 I = 1 or IX n A2 n B1 I = 1. 

Since both l(A2 n Bi) n (XU Y)I and l(B2 n C1) n (XU Y)I exceed two, we 
deduce that either IY n A2 n Bil= 1 = IY n B2 n Gil, or IX n A2 n Bil = 
1 = IX n B2 n Ci I· In the first case, the required result holds so assume that 
the second case occurs letting x be the unique element of B2 n C1 n X. We 
have, by submodularity, that 

3 AM\a,b,c(X) + AM\a,b,c(E - {a, b, c} - (B2 n C1)) 

2 AM\a,b,c(X - x) + AM\a,b,c((E - {a, b, c} - (B2 n C1)) U x) 

AM\a,b,c(X - x) + AM\a((B2 n Ci) - x - a) 

2 AM\a,b,c(X - x) + 2, 

where the last inequality holds because l(B2 n Ci) - x - al 2: 2. Hence 
AM\a,b,c(X - x) ~ 1. But X - x spans b and YU x spans a. Therefore 
((X -x)Ub, YUxUa) is a 1-separation of M\c. This contradiction completes 
the proof of (9.5.2). 

Next we establish the following: 

9.5.3. If IXI 2: !YI, then either 
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(i) JYI = 2 and Y meets exactly two of A1 n C2, B1 n A2, and C1 n B2; 
or 

(ii) JYI = 3 and Y meets each of A1 n C2, B1 n A2, and C1 n B2, 

If JYI = 2 and Y ~ A1 n C2, then (XU { a, c }, Y) is a 2-separation of M\b; 
a contradiction. It follows by symmetry that if JYI = 2, then (i) holds. Now 
suppose that JYI ~ 3 but (ii) does not hold. Then, by (9.5.2), both X and 
Y meet each of A1 n C2, B1 n A2, and C1 n B2. 

Since (ii) fails, we may assume, by symmetry, that IX n B2 n C11 ~ 2. 
Now AM\a,b,c(X) = 1 and AM\a,b,c((B2nC1)-a) = 2. Thus, by Lemma 2.2, 
AM\a,b,c(X n B2 n C1) = 1, or AM\a,b,c(X U ((B2 n C1) - a)) = 1. In each 
case, we have a new 2-separation of M\a, b, c to which we can apply one of 
the symmetric versions of (9.5.2). In the first case, because IE - {a, b, c} -
(X n B2 n C1)1 ~ 3, we get an immediate contradiction to (9.5.2). In the 
second case, (9.5.2) implies that Y contains exactly one element of each of 
A2 nB1 and C2nA1. Hence IX nA2nB1I ~ 2 so, by a symmetric argument 
to that just given, we get that Y contains exactly one element of each of 
B2 n C1 and C2 n A1. Thus (ii) holds; a contradiction. Hence (9.5.3) holds. 

By (9.5.3), to complete the proof of the lemma, we need to show that if 
JYI = 3, then Y is a series class of M\a, b, c. Let Y = {y1, Y2, y3} and suppose 
that Y is not a series class of M\a, b, c. Since TM\a,b,c(Y)+rM\a,b,c(Y)-JYI = 
1, it follows that Y is a triangle of M. Moreover, Y contains a unique 
cocircuit of M\a, b, c. Without loss of generality, we may assume that this 
cocircuit is either Y or {y1, Y2}, We may also assume that y1 E C1 n B2 , 

y2 E A1 nC2, and y3 E B1 nA2. We now think in terms of the familiar Venn 
diagram involving A1,A2,B1, and B2. Without loss of generality, y3 E C2. 

We show next that 

9.5.4. Y1 E A1 n B2. 

We have AM\a,b,c(Y) = 1 and AM\a,b,c(A2 - c) = 1. Thus, by Lemma 2.2, 
either AM\a,b,c(Y n (A2 - c)) = 1, or AM\a,b,c(Y U (A2 - c)) = 1. In the first 
case, since Y n (A2 - c) is y3 or {y1, y3}, we deduce that Y1 E A1 n B2 or 
{y1, y3} is a cocircuit of M\a, b, c. But the last possibility does not arise so, 
in the first case, Yl E A1 n B2. In the second case, AM\a,b,c(A1 - b- Y) = 1. 
Since YU(A2-c) ~ (A2nB1)-c, by (9.5.2) and symmetry, IA1 -b-YI = 2. 
But IA1 nB2I, IA1 nB1I ~ 2. Hence, again, Y1 E A1 nB2. Thus (9.5.4) holds. 

We now have that both Y1 and Y2 are in A1. Thus we can move y3 from 
A2 n B1 into A1 n B1 maintaining the fact that A1 n B1 n C1 = 0 but 
changing IA2 n B1 n YI to 0. This gives a contradiction to (9.5.3) provided 
we are still in case (E), that is, provided this move maintains the fact that 
IA2 n Bil = 4. Thus suppose that, before the move, l(A2 n B1) - y31 = 3. 
Then, by Lemma 7.5, (A2 n B1) - y3 is a triangle. Since AM(A1 U B2) = 
AM(A1 U B2 U y3) and y3 E cl(A1), we deduce that y3 E cl((A2 n B1) - y3). 
Therefore A2nB1 is a 4-point line containing c. Since C1 or C2 must contain 
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at least two elements of this line, we conclude that Ci or C2 spans c. This 
contradiction completes the proof of the lemma. D 

We are now ready to complete the proofs of Theorems 3.1 and 1.1 and of 
Corollary 3.3. It should be noted here that the proof that we give for the 
first of these results also proves the variant of that result in which outcome 
(i) is replaced by the outcome that (a, b, c, A, B, C) is a pretrident in M. 
The reason for our interest in this alternative statement is that it indicates 
what can be said about the structure around the wild triangle { a, b, c} when 
we begin with a certain collection of 3-separations exposed by a, b, and c 
and only allow ourselves to move to equivalent 3-separations. 

Proof of Theorem 3.1. By Corollary 4.3, we know that M\a, M\b, and M\c 
are 3-connected. In Corollary 7.8, we showed that if one of cases (A)-(D) 
arises, then (a, b, c, A, B, C) is a pretrident in M. Corollary 9.1 gives that 
when case (E) occurs, either ( a, b, c, A, B, C) is a pretrident, or we may 
assume that we have symmetry between (Ai,A2),(Bi,B2), and (Ci,C2), 
In the latter case, Lemma 9.5 establishes that outcome (ii) of the theorem 
holds. If case (F) occurs and ( a, b, c, A, B, C) is not a pretrident, then, 
by Lemma 8.4, case (E) and the symmetric conditions hold in M'. Hence 
outcome (iii) of the theorem arises. 

Next, we note that it is shown in Lemma 7.9 that if (a, b, c, A, B, C) is a 
pretrident, then { a, b, c} is in a trident in M, so outcome (i) of the theorem 
occurs. 

We now know that { a, b, c} is in a trident, { a, b, c} is a standard wild 
triangle, or { a, b, c} is a costandard wild triangle. By combining Lemmas 8.5, 
8.6, and 8.7, we obtain that these three possibilities are mutually exclusive. 
We conclude that exactly one of outcomes (i)-(iii) of the theorem occurs. D 

Proof of Theorem 1.1. This theorem follows immediately by combining 
Corollary 4.3 with Theorem 3.1. D 

Proof of Corollary 3. 3. By Corollary 4.3, { a, b, c} is an internal triangle of a 
fan if and only if M\a is not 3-connected. If M\a is 3-connected, then the 
rest of the corollary follows by combining Theorem 3.1 with Lemmas 8.5, 
8.6, and 8. 7. D 

10. FINISHING OFF 

In this section we give the proof of Corollary 3.2. The arguments here 
rely heavily on results from [7]. We begin with four lemmas on flowers, 
omitting the straightforward proof of the first. In fact, it is the dual of the 
first lemma that we need, but the result is more obvious in the form given. 

Lemma 10.1. Let (Pi, P2, ... , Pn) be a flower <l> in a 3-connected matroid 
M, where n 2: 3, and let x be an element of Pi, Let M' be obtained by 
adding a nonempty set X of elements in parallel to x. Assume that there is 
a partition (X2, X3, ... , Xn) of X, where some subsets may be empty, such 
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that each union of consecutive pairs in the partition (Pi, P2UX2, ... , PnUXn) 
of E(M') is 3-separating. Then the following hold. 

(i) If Xi f- 0, then x E cl(P;) for all i in {1, 2, ... , n}. 
(ii) <I> is not a copaddle. 

(iii) If <I> is swirl-like, then, up to relabelling, X = X 2 and x is a loose 
element in cl(Pi) n cl(P2). 

(iv) If <I> is spike-like, then x is the unique element of M that is in cl(P;) 
for all i in {1, 2, ... , n}. 

(v) If <I> is a paddle, then x E cl(P;) for all i in {1, 2, ... , n}. 

Lemma 10.2. Let <I> be a tight flower (Pi, P2, P3, P4) of a 3-connected ma
troid M. Then there is a tight flower (Qi, Qz, Q3, Q4) equivalent to <I> such 
that Qi U Q2, Qz, and Qz U Q3 are fully closed. 

Proof. Begin by considering the flower <I>' = (P{, P~, P~, P,D = (Pi -
fcl(P2), fcl(P2), P3-fcl(P2), P4-fcl(P2)). By [7, Corollary 5.12 and Theorem 
6.5], cI>' is a tight flower equivalent to and therefore of the same type as <I>. 
By [7, Lemma 5.9], fcl(P{ UPD- (P{ UP~)~ (fcl(P{)-P{) U (fcl(PD- PD. 
But P~ is fully closed, so fcl(P{ U PD - (P{ UP~) ~ (fcl(P{) - P{). Using 
this fact and symmetry, we deduce by [7, Theorems 6.1 and 7.1] that if <I>' 
is Vamos-like or is an anemone, all loose elements of <I>' are contained in P~, 
so <I>' is the required flower (Qi, Qz, Q3, Q4). If cI>' is swirl-like, then, by [7, 
Theorem 7.4], the elements in fcl(P{) - (P{ UP~) and fcl(P~) - (P~ UP~) 
form disjoint subsets of P4. By moving these subsets of P4 into P{ and P~, 
respectively, we obtain the required flower (Qi,Qz,Q3,Q4). D 

Note that there are various generalizations of the last lemma for flowers 
with more petals. 

Lemma 10.3. Let <I> be a tight flower (Pi, P2, Pg, P4) of a 3-connected ma
troid Mand let iI! be a partition (Qi, Qz, Q3, Q4) of E(M) where QiUQz and 
Q2 U Q3 are 3-separating sets equivalent to Pi U P2 and P2 U P3, respectively. 
Then iI! is a tight flower equivalent to <I>. 

Proof. By Lemma 10.2, there is a tight flower (P{,P~,P~,P,D equivalent to 
<I> such that P{ U P~ and P-j, U P~ are fully closed. Thus 

Qi U Q2 U Q3 ~ fcl(Qi U Q2) U fcl(Q2 U Q3) 

fcl(Pi U P2) U fcl(P2 U P3) 

fcl(P{ u P-j,) u fcl(P-j, u PD 

P{UP~UP~ 

Since JP4J 2 2, we see that JQ4J 2 2. Now Q3 U Q4 and Q4 U Qi, as 
the complements of Qi U Q2 and Qz U Q3, are also 3-separating and are 
equivalent to P3 U P4 and P4 U Pi. Hence, by a symmetric argument to the 
above, we deduce that JQ2J 2 2 and, similarly, JQil, JQ3J 2 2. It now follows 
by uncrossing that iI! is a flower. 
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By Lemma 10.2 again, there is a flower (Qi,Q~,Q;,Q'.t) equivalent to 1¥ 
such that Qi U Q~ and Q~ U Q; are fully closed. This means that Qi U Q~ = 
P{ UP~ and Q~ U Q; = P~ UP{ Hence (Qi, Q~, Q;, Q4) = (P{, P~, P~, P,D. 
Thus 1¥ is equivalent to <I>. D 

The last lemma proves the base case of the following more general result. 

Lemma 10.4. Let <I> be a tight flower (A, P2, ... , Pk) in a 3-connected 
matroid M, let 1¥ be a partition of (Qi, Q2, ... , Qk) of E(M), and let t be 
an integer with 2 :S t :S k - 2. Assume that, for all j in {1, 2, ... , k}, the 
set Qj+i U Qi+2 U · · · U Qi+t is an exactly 3-separating set equivalent to 
Pj+ i U Pj+2 U · · · U Pi+t. Then 1¥ is a flower equivalent to <I>. 

Proof. Let C(t) be the specified condition on the sets Qj+iUQi+2U· · ·UQi+t· 
Evidently, if C(s) holds, then so does C(k - s). Now suppose that C(s) 
holds for some s with 2 < s :S k - 2. By [7, Lemma 5.9], the flower 
(Pi, P2 U · · · U P8 , Ps+i, P8+2 U · · · U Pk) is tight. By applying Lemma 10.3 
to this flower and the partition (Qi, Q2 U · · · U Qs, Qs+i, Q8+2 U · · · U Qk), 
we deduce that Q2 U · · · U Q8 is an exactly 3-separating set equivalent to 
P2 U · · · U P8 • Hence, by symmetry, if C(s) holds, then so does C(s - 1). 
Since C(t) holds, we deduce that C(s) holds for all s in {2, 3, ... , k - 2}. 
Since C(2) holds, 1¥ is a flower. 

Consider the flowers <I>, (A, P2, P3, P4U· · ·UPk), (Qi, Q2, Qa, Q4U· · ·UQk), 
and 1¥. By Lemma 10.3, the second and third are equivalent. Moreover, if 
one is an anemone, they all are. Assume that <I> is a daisy. Then so is 1¥. 
Moreover, as C(s) holds for alls in {2,3, ... ,k - 2}, it follows that 1¥ is 
equivalent to <I>. 

Finally, assume that <I> is an anemone. Then the tight flower 
(Pi,Pa,P2,P4,P5, ... ,Pk) and the partition (Qi,Qa,Q2,Q4,Q5, ... ,Qk) 
obey C(2) and hence obey C(s) for alls in {2,3, ... ,k- 2}. As every 
permutation of (1, 2, ... , k) can be obtained as a product of transpositions, 
it is now straightforward to deduce that the anemones <I> and 1¥ are equiva
k~. D 

Proof of Corollary 3.2. By the definition of an associated partition, the par
tition P is associated with 3-separations (Ai,A~), (BLB~), and (CLC~) 
exposed by a, b, and c, respectively. By Theorem 3.1, there are equivalent 
exposed 3-separations (Ai, A2), (Bi, B2), and (Ci, C2) that satisfy (a)-( c) of 
part (ii) of that theorem. Recall that N = co(M\a, b, c) and that Q is the 
partition (Qi, Q2, ... , Q5) of E(N) induced by P. Let (Ri, R2, ... , ~) be 
the partition R of E(N) induced by (A2nB2,CinAi, B2nC2, AinBi, C2n 
A2,Bi n Ci). 

10.4.1. R is a tight flower in N. 

From Theorem 3.l(ii)(c), all unions of consecutive sets of (A2 n B2, Ci n 
Ai, B2 n C2, Ai n Bi, C2 n A2, Bi n Ci) are 3-separating in M\a, b, c. Hence 
all unions of consecutive sets of Rare 3-separating in N as, by Lemma 2.3, 
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the connectivity of a set cannot increase in a minor. To show that R is a 
tight flower in N, it suffices, by Lemma 2.10 and symmetry, to show that Ri 
contains at least two elements that are not in the full closure of Rt,. Recall 
that Ri = (A2 n B2) n E(N). 

Since A2 n B2, Ai n Ci, and their union are 3-separating in M\a, it 
follows that (A2 n B2, Ai n Ci, Bi U C2) is a flower in M\a. We show next 
that this flower is tight. If not, then, by Lemma 2.10 and symmetry, either 
Bi U C2 <;;;; fclM\a(A2 n B2), or A2 n B2 <;;;; fclM\a(Ai n Ci). In the first case, 
A2 n Bi <;;;; fclM\a(A2 n B2), so the elements of A2 n Bi can be moved from 
Bi into B2 to make A2 n Bi empty, contradicting (5.0.9). In the second 
case, we can move the elements of A2 n B2 into Ai to reduce A2 n B2 to an 
empty set, contradicting (5.0.5). Thus (A2nB2,AinCi,BiUC2) is, indeed, 
a tight flower in M\a. 

Since A2 n B2 contains at least two tight elements of this flower, to com
plete the proof of (10.4.1), it suffices to show that if x is such an element, 
then x rf. fclN(RB), Evidently, x r/. fclM\a(Bi U C2), Since c E cl(Bi - c) 
and b E cl(C2 - b), we deduce that x r/. fc1M\a,b,c((Bi U C2) - {b, c} ). By 
Theorem 3.l(ii)(b ), fclM\a,b,c((Bi U C2) - {b, c}) contains all non-trivial se
ries classes of M\a,b,c, so fc1M\a,b,c((Bi U C2) - {b,c}) contains all the 
elements of M\a, b, c that are removed to obtain N. Hence x E E(N). 
Moreover, as R3UR4 UR5UR6 = [(Bi UC2)- {b, c}] nE(N), it follows that 
x rt fclN(R3 U R4 U · · · U R6), In particular, x rt fclN(Rt3) and 10.4.1 follows. 

Next we consider the type of the flower R. First suppose that N = 
M\a, b, c. If Risa paddle, then so is (A2 n B2, (Ci n Ai) u (B2 n C2), A1 n 
B1, (C2 n A2) U (Bin C1)). Now (C2 n A2) U (B1 n C1) = (A2 n Bi) - c, 
and c is in the closure of both this set and its complement in E(M\a, b, c). 
Since Risa paddle, it follows that c E cl(A1 n Bi), Hence {b,c} <;;;; cl(A1) 
so a E cl(Ai); a contradiction. We deduce that R is not a paddle, so R is 
swirl-like, spike-like, or a copaddle, and (i)-(iii) hold for R. 

Now suppose that N =I M\a, b, c. Then, by combining Theorem 3.l(ii)(b) 
with the dual of Lemma 10.1, it is straightforward to show that R is not a 
paddle and that it satisfies (i)-(iii) of the corollary. 

10.4.2. The partition ( Q2 U Q3 U Q4, Q5 U Q5 U Qi) of E(N) induced by 
(Ai, A;) is a 3-separation equivalent to (R2 U R3 U R4, R5 U Rt, U Ri), 

To see this, consider the definition of equivalence of 3-separating sets. 
By that, there is a sequence (Si, S2, ... , Sk) of sets in M\a with A1 = Si 
and Sk = Ai such that, for all i in {2, 3, ... , k }, we have >'M\a(Si) = 2 
and ISi - Si-ii = 1. Each member of the corresponding sequence in N is 
certainly 3-separating, and, after ignoring possible equal members of this 
sequence, we obtain a sequence of 3-separating sets in N that guarantees 
the truth of 10.4.2. 

Using 10.4.2 and complements, we deduce from Lemma 10.4 that Q is a 
tight flower equivalent to R. By using the fact that R satisfies (i)-(iii) of 
the corollary, we conclude that the assertions in the first sentences of (i)-(iii) 
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hold for Q. The assertions in the second sentences follow by applying the 
dual of Lemma 10.1 to Q. 0 
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