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ABSTRACT. A 3-connected matroid M is sequential or has path width 3 if its
ground set E( M) has a sequential ordering, that is, an ordering ( e1, e2, ... , en)
such that ({e1,e2, .. ,,ek},{ek+1,ek+2, .. ,,en}) is a 3-separation for all kin
{3, 4, ... , n - 3}. In this paper, we consider the possible sequential orderings
that such a matroid can have. In particular, we prove that M essentially has
two fixed ends, each of which is a maximal segment, a maximal cosegment,
or a maximal fan. We also identify the possible structures in M that account
for different sequential orderings of E( M). These results rely on an earlier
paper of the authors that describes the structure of equivalent non-sequential
3-separations in a 3-connected matroid. Those results are extended here to
describe the structure of equivalent sequential 3-separations.

l. INTRODUCTION

The matroid terminology used here will follow Oxley [3]. Let M be a matroid.
When Mis 2-connected, Cunningham and Edmonds [1] gave a tree decomposition
of M that displays all of·its 2-separations. Now suppose that M is 3-connected.
Oxley, Semple, and Whittle [5] showed that there is a corresponding tree decomposition of M that displays all non-sequential 3-separations of M up to a certain
natural equivalence. Both this equivalence and the definition of a non-sequential
3-separation are based on the notion of full closure in M. For a set Y, if Y equals
its closure in both Mand M*, we say that Y is fully closed in M. The full closure,
fcl(Y), of Y is the intersection of all fully closed sets containing Y. It is obtained
by beginning with Y and alternately applying the closure operators of M and ]\,If*
until no new elements can be added. If (X, Y) is a 3-separation of M, then (X, Y)
is sequential if fcl(X) or fcl(Y) is E(M). Two 3-separations (Y1, 1;) and (Z1, Z2)
of Mare equivalent if {fcl(Y1), fcl(Y2)} = {fcl(Z1), fcl(Z2)}.
While the introduction of this notion of equivalence is an essential tool in proving the main result of [5], this equivalence ignores some of the finer structure
of the matroid. Hall, Oxley, and Semple [2] made a detailed examination of
this equivalence and described precisely what substructures in the matroid result in two non-sequential 3-separations being equivalent. The assumption that
the 3-separations are non-sequential is helpful in that it gives two fixed ends for
the 3-separations in an equivalence class K. More precisely, if (A 1 ,B1) is in K,
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then (A1 - fcl(B1),fcl(B1)) and (fcl(A1),B1 - fcl(A1)) are also in K,, Letting
A= A1 -fcl(B1) and B = B1 - fcl(A1), we have, for every 3-separation (A2, B2) in
K, that {A2 - fcl(B2),B2 - fcl(A2)} = {A,B}. Thus we can view A and Bas the
fixed ends of the members of the equivalence class K,. Moreover, we can associate
with K, a sequence (A,x1, X2, ... ,xn, B) where E(M) = AU{x1, X2, ... ,xn}UB and,
for all i in {O, 1, ... , n}, the partition (AU{x1, x2, ... , xi}, {x;+l, Xi+2, ... , xn}UB)
is a 3-separation. In [2], we described what reorderings of (x 1, x 2 , ••• , xn) produce
another such sequence and specified what kinds of substructures of M result in
these reorderings.
In this paper, we consider the behaviour of sequential 3-separations in M. In
particular, our aim is to associate fixed ends with such a 3-separation so that
we can use the results of [2]. Since we want this paper to include a description of
sequential matroids that is as self-contained as possible, we shall state here a number
of results from [2]. Let (A1,B1) be a sequential 3-separation. We call (A1,B1)
bisequential if both fcl(A1) and fcl(B1) equal E(M), and unisequential otherwise.
In the latter case, suppose that fcl(A1) = E(M). Then (A 1,B1) is equivalent to
(A1 -fcl(B1),fcl(B1)) and, if A= A1 -fcl(B1), then, for every member (A2, B2) of
the equivalence class K, containing (A1, Bi), we have {A2 -fcl(B2), B 2 -fcl(A 2)} =
{A, 0}. This gives us A as one fixed end for every member of K,. Our first task
in treating the members of such an equivalence class K, is to show that we can
associate a second fixed end with the members of K. Let S be a subset of E(M)
with jSj ;:::,: 3. Then Sis a segment if every 3-element subset of Sis a triangle, and S
is a cosegment if every 3-element subset of S is a triad. We call S a fan if there is an
ordering (s1, s2, ... , sn) of the elements of S such that, for all i E {1, 2, ... , n- 2},
(i) {si,s;+1, S;+2} is either a triangle or a triad, and

(ii) when {si,si+1,si+2} is a triangle, {si+1,si+2,s;+3} is a triad, and when
{si,S;+1,si+2} is a triad, {s;+1,S;+2,s;+3} is a triangle.
This ordering (s1, s2, ... , Sn) is called a fan ordering of S. When n ;:=,: 4, the elements
s1 and Sn are the only elements of the fan that are not in both a triangle and a
triad contained in S. We call these elements the ends of the fan S. The remaining
elements of S are the internal elements of the fan. We denote the set of such
elements by J(S).
The second fixed end that one can associate with an equivalence class of unisequential 3-separations is obtained using the following result.
Theorem 1.1. Let M be a 3-connected matroid with a 3-sequence (X, x1, x2, ... , xn)
where !XI and n - 1 are both at least two and E(M) - X is fully closed. Then
E(M) - X contains either
(i) a subset W such that, for every 3-sequence (X, Yi, Y2, ... , Yn), the set W
is the unique maximal subset of E(M) - X that contains {Yn-2, Yn-1, Yn}
and is a segment, a cosegment, or a fan; or
(ii) a triangle or triad T such that, for every 3-sequence (X, Y1, Y2, ... , Yn), the
set {yn-3,Yn-2,Yn-1,Yn} contains T. Moreover, Tis the set of internal
elements of exactly three 5-element maximal fans, F1, F 2 , and F 3 of lv[, at
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least two of these fans contain {Yn-2, Yn-1, Yn}, and there is no other maximal subset of E(M)-X that contains {Yn-2,Yn-1,Yn} and is a segment,
a cosegment, or a fan.
If (A1,Bi) is a bisequential 3-separation of M, then it is straightforward to
show that M itself is sequential. Then, when we describe all members of the
equivalence class JC containing (A1, Bi), we are also describing all possible sequential
orderings of M. Two elementary examples of sequential matroids are U2,n and
Un-2,n· In each case, every possible ordering of the ground set is a sequential
ordering of the matroid. All wheels and whirls are also sequential and, as we
shall see in Lemma 6.12, all possible sequential orderings of such matroids are
also easily described. We shall prove in Proposition 4.7 that these examples are
the only matroids having a cyclic ordering on their ground sets so that any linear
ordering produced by cutting this cyclic ordering is a sequential ordering. Thus
such sequential matroids can be viewed as having no fixed end. We shall show that
every other sequential matroid has two distinct fixed ends. More precisely, we shall
prove the following.

Theorem 1.2. Let M be a sequential matroid of rank and corank at least three and
assume that M is neither a wheel nor a whirl. Let (e1, e2, ... , en) and (g1, g2, ... , 9n)
be sequential orderings of E(M). Then E(M) has distinct subsets U and V each
of which is a maximal segment, a maximal cosegment, or a maximal fan such that,
for some (h1, h2, ... , hn) in {(91,92, ... , 9n), (9n, 9n-1, ... , 91)}, both {e1, e2, ea} U
{h1,h2,ha} ~ U and {en-2,en-1,en} U {hn-2,hn-1,hn} ~ V.
The last theorem may mislead the reader into thinking that the sets U and V are
the same for all pairs of sequential orderings of M. But, when U or V is a maximal
fan, this notion needs some refinement. Let M be a sequential matroid that has
rank and corank at least three and is not a wheel or a whirl. Let (a1,a2, ... ,an)
be a sequential ordering E of M. Clearly {a1,a2,aa} is a triangle or a triad. If
this set is in no larger segment, cosegment, or fan of M, we let L(E) = { a1, a 2, a 3}
and call L(E) a triangle end or a triad end of M. If {a1,a2,a3} is contained in a
segment or cosegment of size at least four, let L(E) be the maximal such segment
or cosegment and call L(E) a segment end or a cosegment end of M. Finally, if
{a1, a2, a3} is contained in a fan of size at least four, then take a maximal such fan
F. By Theorem 3.4 below, although F need not be unique, every choice of F has
the same set of internal elements and we let L(E) = I(F) and call L(E) a fan end
of E. We define R(E) analogously. The type of L(E) or R(E) is its designation as
a triangle end, a triad end, a segment end, a cosegment end, or a fan end
Theorem 1.3. Let M be a sequential matroid that has rank and corank at least
three and is not a wheel or a whirl. Then there are distinct subsets L(M) and R(M)
of E(M) such that {L(M),R(M)} = {L(E),R(E)} for all sequential orderings E
of E(M).
We call L(M) and R(M) the left and right ends, respectively, of M. In view
of the last result, once the sets L(M) and R(M) have been specified, if E is a
<--sequential ordering of M and E is its reversal, we normalize E by replacing it by
the member Eo of {E, 'f} for which L(Eo) = L(M) and R(Eo) = R(M).
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The labelling of L(M) and R(M) may suggest that these sets occur at the
ends of every sequential ordering of M. This oversimplifies the situation somewhat
although not dramatically so. The next result gives a precise description of what
can happen at the left end. Evidently, the corresponding result also holds for the
right end.

Theorem 1.4. Let M be a sequential matroid that has rank and corank at least
three and is not a wheel or a whirl. Let E and E' be normalized sequential orderings
of M. Then L(E) and L(E') have the same type. Moreover,
(i) if L(E) is a triangle or a triad end of M, then the first three elements of
E' are in L(E);
(ii) if L(E) is a segment or cosegment end of M, then the first IL(E)I - 1
elements of E' are in L(E); and
(iii) if L(E) is a fan end of M, then either the first IL(E)I elements of E' are in
L(E), or there is a maximal fan F of M having L(E) as its set of internal
elements such that the first IL(E) I + 1 elements of E' include L(E) and are
contained in F.
The last result guarantees that the types of L(M) and R(M) are well-defined.
We conclude this section by briefly describing the organization of the paper. In the
next section, we introduce some basic terminology and present the results from [2]
that are needed to appreciate the main results of this paper. That section concludes
with Theorem 2.3 which specifies how to determine all sequential orderings of a 3connected matroid. Section 3 contains some elementary preliminaries. In Section 4,
we prove several attractive results about possible reorderings of sequential matroids.
These results will be basic tools in the material that follows. In Sections 5 and 6,
we investigate how segments and fans can occur at the ends of sequential orderings,
and, in Section 7, we complete the proofs of Theorems 1.1-1.4.

2. OVERVIEW

The primary concern in this paper will be with 3-connected matroids. Indeed,
from now on, unless otherwise specified, all matroids considered will be 3-connected.
Let M be a matroid. A partition (X, Y) of E(M) into possibly empty sets
is 3-separating if r(X) + r(Y) - r(M) :,::; 2. When equality holds here, (X, Y) is
called exactly 3-separating; and (X, Y) is a 3-separation when IXI, IYI :::0: 3. In
[2], the term "3-sequence" was used for an ordered partition ( A, x 1 , x 2 , ... , Xn, B)
of the ground set E(M) of M such that IAl,IBI :::0: 2 and AU{x1,x2, .. ,,x;} is
exactly 3-separating for all i in {0, 1, ... , n}. In this paper, we shall call such a
sequence an (A, B) 3-sequence and we shall extend the use of the term 3-sequence
to an ordered partition (E1, E 2 , ••• , En) of E(M) into sets such that, for all i
in {O, 1, ... , n}, the set LJ~=l Ei is 3-separating with this set being exactly 3separating if both

I u~=l Ejl

and

Iuj=i+l Ejl
-->

exceed one.
-->

If, for some m in

{1,2, ... ,n}, there is an ordering Em of Em, say Em= (x1,x 2, ... ,xk), such
that (E1,E2, .. ,,Em-1,{x1},{x2}, ... ,{xk},Em+1, ... ,En) is a 3-sequence, then
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we also write this 3-sequence as (Ei, E2, ... , Em-i, xi, X2, ... , Xk, Em+i, ... , En)
----->
or (Ei,E2, ... ,Em-i,Em,Em+l, ... ,En)· Usually the sets Ei,E2, ... ,En in a 3sequence will be non-empty but there is one case, in particular, when we want to
allow the last set to be empty. A 3-sequence (ei, e2, ... , et, Z) is fully expanded if
fcl( { ei, e2, ... , et}) = { ei, e2, ... , et}. We call Z the tail of this 3-sequence. If Z
is empty, then Z is trivial. Observe that if Z is non-trivial, then IZI ~ 4. Let
(A, X, B) be a 3-sequence. If x and y are elements of X and there are 3-sequences
--4
------>
-----+
~
(A,Xi,B) and (A,X2,B) such that x precedes yin Xi, and y precedes x in X 2,
then x is in the jump-set Jy of y, and y is in Jx,
If (Y, Z) is an exactly 3-separating partition of E(M), then this partition is
---+
--;;::i
--4
--4
sequential if Y or Z has an ordering, Y or ;,,; , such that (Y, Z) or (Y, Z) is a
3-sequence. The matroid M itself is sequential if there is an ordering ei, e2, ... , et
of E(M) such that (ei, e2, ... , et) is a 3-sequence. Note that we can view such a
sequential ordering as a fully expanded 3-sequence with trivial tail. When we refer
to a sequential ordering of M of the form (U, V), we mean that there are orderings
-:;-t
--4 --4
U and V of U and V such that ( U, V) is a sequential ordering of M. A sequential
matroid M is also said to have path width three because there is a path P with
vertex set E(M) such that the partition of E(M) induced by each edge of P is a
3-separating partition of E(M).
~

The next result is elementary. Its proof appears, for example, in [2, Lemma 4.1].
Lemma 2.1. Let (A, xi, x2, ... , Xn, B) be a 3-sequence of a 3-connected matroid.
Then, for each i, exactly one of the following holds:

(i) x; Eci(AU{xi, ... ,X;-i})ncl({xHi,· .. ,xn}UB); or
X; E cl*(A U {xi, ... , X;-i}) n cl*( {x;+i, ... , Xn} U B).

(ii)

We call x; a guts or coguts element of the 3-sequence (A, xi, X2, ... , Xn, B) depending on whether (i) or (ii) of the last lemma holds or, equivalently, on whether
x; is in the closure or coclosure of A U {xi, x 2, ... , x;-i}. It was shown in [2,
Lemma 4.6] that this labelling is robust in that if x; is a guts element of some
(A, B) 3-sequence, then it is a guts element of all (A, B) 3-sequences.
Next we introduce the matroid structures that arise within X in an (A, B) 3sequence (A, X, B). Evidently X can contain segments, cosegments, and fans. Such
structures having more than three elements fall unambiguously under one of these
three descriptions. It was shown in [2] that a triangle contained in X must consist
of either three guts elements or two guts elements and a coguts element. In the
former case, the triangle will be viewed as a segment, in the latter case as a fan.
Likewise, a triad in X that consists of three coguts elements will be viewed as a
cosegment, while a triad consisting of two coguts elements and a guts element will
be viewed as a fan. For a 2-element subset S of X, if there is an (A, B) 3-sequence
in which the elements of S are consecutive, then S is a degenerate segment if it
consists of two guts elements, a degenerate cosegment if it consists of two coguts
elements, and a degenerate fan if it consists of a guts and a coguts element that are
not in each other's jump-sets. It was shown in [2, Theorem 6.9] that, whenever a
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fan F occurs in an (A, B) 3-sequence, its elements occur in a fan ordering and this
ordering is the same for all (A, B) 3---sequences. Thus the ends of the fan are its
first and last elements.
A maximal segment in a 3-sequence (A, X, B) is a segment Y in X so that there
is no segment Z contained in X that properly contains Y. When xis a guts element
in X that is not contained in any segment with two or more elements, it will be
convenient to view {x} as a maximal segment. Maximal cosegments are defined
dually.
The main result of [2] is that once four special substructures are eliminated from
B), the set X can be partitioned into maximal segments and
a 3-sequence (A,
maximal c'osegments. Moreover, there is a canonical ordering on these maximal
........
segments and maximal cosegments thatJnduces an orderin~__.,Xo on X such that
(A,
B) is a 3---sequence if and only if X is obtained from X 0 by arbitrarily permuting the elements within each maximal segment and each maximal cosegment
or, at each interface between a maximal segment and a maximal cosegment, by interchanging a guts element and a coguts element. Before giving a formal statement
of this theorem, we shall identify the special substructures that occur within an
(A, B) 3-sequence. Precisely the same structures arise within sequential matroids
with only a predictable variation occurring at the ends of such matroids.

X,

X,

_,

Let (A, X, B) be a 3-sequence in a matroid M. Let Fi and F2 be disjoint fans
contained in X such that each is maximal with this property. We call F1 U F2
a clock if there is a partition (A',B') of E(M) - (Fi U F2) such that A' and B'
contain A and B, respectively, and each of A', A' U Fi, A' U F2, and A' U Fi U F2
is 3-separating. Observe that we allow F 1 or F 2 to be a degenerate fan consisting
of one guts and one coguts element. When both F1 and F2 are degenerate fans, we
call F1 U F 2 a degenerate clock.
In a 3-sequence (A,X,B), if Y is a clock, a maximal segment, or a maximal
cosegment, then the elements of Y can be made consecutive in some (A, B) 3sequence. Moreover, when this is done, the sets Ly and Ry of elements of X that
occur to the left and right of Y are uniquely determined. Thus such a set Y forms a
barrier in the 3-sequence in that no element e of X - Y has all of Yin its jump-set.
There is a natural ordering on the set of non-degenerate clocks in X. Since a clock
is the union of two fans, the clock contains the first and last elements of these fans.
All other clock elements are called internal. A degenerate clock is even if its first
elements are both guts elements or are both coguts elements, and is odd otherwise.
The ordering on non-degenerate clocks referred to above can be extended to include
odd degenerate clocks. However, degenerate clocks that are even can interlock in
a structure we call a non-degenerate crocodile. Such a structure is built from a
maximal segment and a maximal cosegment with the property that at least two
elements in the segment have distinct cosegment elements in their jump-sets.

_,

Let (A, X, B) be a 3-sequence in a matroid M. Let S and S* be a maximal
segment and a maximal cosegment in X such that IS U S*I ;::: 5. We call SUS*
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a crocodile if, for some (C,D) in {(A,B),(B,A)}, there is a partition (C',D') of
E(M) - (SUS*) such that
(i) C' and D' contain C and D, respectively;
(ii) each of C', C' US, and C' USU S* is 3-separating; and
(iii) for some k 2': 2, there are k-element subsets Sw = { s1, s2, ... , sk} and
s:n = { si, 82' ... ' sn of s and s• such that
(a) C' U (S- {s;}) U {st} is 3-separating for all i in {1,2, ... ,k}; and
(b) ifs ES- Sw, there is nos* in S* such that C' U (S-{s}) U {s*} is
3-separating.
The crocodile SUS* is degenerate if !SI = 2 or IS*! = 2. It was shown in [2,
Lemma 8.2] that if SU S* is a non-degenerate crocodile in X, then, for all distinct
i and j in {1, 2, ... , k}, there is an even degenerate clock with fans (s;, s;) and

(si, s;).
While segments, cosegments, and fans are well-known substructures of matroids,
crocodiles are less so although the matroids that give rise to crocodiles have appeared previously in the literature [4] and have a natural and attractive structure.
For each k 2': 3, take a basis {b1,b2, ... ,bk} of PG(k -1,R) and a line L that is
freely placed relative to this basis. By modularity, for each i, the hyperplane of
PG(k - 1,R) that is spanned by {b1,b2, ... ,bk} - {b;} meets L. Let a; be the
point of intersection. We shall denote by 8k the restriction of PG(k - 1,R) to
{b1, b2, ... , bk, a1, a2 , ... , ak}, The reader can easily check that 83 is isomorphic to
M(K4 ). We extend the definition above to include the case k = 2. In that case,
we begin with two independent points b1 and b2 and we add a1 in parallel with b2,
and a2 in parallel with b1: As noted in [4, Lemma 2.1], for all k 2': 2, the matroid
8k is isomorphic to its dual under the map that interchanges a; and b; for all i. In
[2, Theorem 8.3], it was shown that every occurrence of a crocodile in an (A,B)
3-sequence corresponds to the presence of a minor isomorphic to 8k,
The phenomenon of an element being able to jump a non-trivial sequence of guts
and coguts elements, which occurs in a clock, also occurs in a more general context.
This leads us to the following generalization of the idea of a fan.
Let (A,

X, B) be a 3-sequence and z be a guts element of X.

For a subset F of

X - {z}, we call FU {z} a pointed flan or p-fl.an if there is an ordered partition

({z},Fi, F2, ... ,Fm) of FU {z} with m 2': 3 such that the following hold:
(i) for all i E {1,2, ... ,m}, either F; consists of a single coguts element or
F; U { z} is a maximal segment;
(ii) if i E {1,2, ... ,m -1}, then F; contains a coguts element if and only if
F;+l does not;
(iii) ifi E {1,2, ... ,m-2} and F; is asingletoncoguts set, then F;UF;+ 1 UF;+ 2
is a cocircuit; and
(iv) if i E {1, 2, ... , m - 2} and F; is a set of guts elements, then F; U F;+l U
F;+2 U { z} has rank three.
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We call z the tip of the p-flan FU {z}. Dually, FU {z} is a p-cofian of M with
cotip z if it is a p-flan of M• with tip z. Note that, in the definition of a p-flan,
if F; contains exactly one guts element, then F; U {z} is a degenerate segment. A
p-flan ({z}, Fi, F2, ... , Fm) in a 3-sequence (A, X, B) is maximal if there is no p-flan
FU {z} such that F properly contains Fi U F2 U · · · U Fm.
->

Three decomposition results for a 3-sequence (A, X, B) are given in [2]. The first
of these, Theorem 10.2, begins with a non-degenerate or odd degenerate clock C in
->
->
~
X and breaks (A, X, B) into two 3-sequences (A', Y, B) and (A, :t:, ,B'). Recalling
that La is the set of elements of X - C that occur to the left of C in an (A, B)
3-sequence having the elements of C consecutive, we have that A' is the union of
A with La and all of C except the last elements of its fans, and B' is defined symmetrically. The key point about this decomposition is that every pair of orderings
--+
-----+
~
~
Yi and Zi of Y and Z such that (A', Yi, B) and (A, Zi, B') are 3-sequences can be
---->
combined to produce a 3-sequence (A, Xi, B), and every (A, B) 3-sequence arises
in this way.
The second decomposition result of [2], Theorem 10.3, has the same flavour as
the first. It breaks up an (A, B) 3-sequence having an even degenerate clock. This
decomposition theorem is applicable to (A, B) 3-sequences with non-degenerate
crocodiles. It also applies to degenerate crocodiles that occur within 3-sequences
with no non-degenerate clocks.
The final decomposition result of [2], Theorem 10.7, treats (A, B) 3-sequences
having no clocks. In such a 3-sequence (A, X, B), when the elements of a p-flan zUF
are consecutive, the sets Lp and Rp of elements of X occurring to the left and right
of z U F in X are determined. This enables us to obtain the third decomposition
theorem, which has a similar form to the first two.
In view of the three decomposition theorems, it is natural to exclude clocks, pflans, and p-coflans from the 3-sequences we are considering. In such a 3-sequence,
every guts element is in a unique maximal segment and every coguts element is in a
unique maximal cosegment. Moreover, for such a 3-sequence, we have the following
theorem, the main result of [2]. A slightly mor!cl explicit statement of this result
appears as [2, Theorem 10.13].
->

Theorem 2.2. Let (A, X, B) be a 3-sequence that contains no clocks, no p-fians,
and no p-cofians and suppose that JXI ~ 3. Let Ti, T2, ... , Tn be the collection of
maximal segments and maximal cosegments in X. Then there is a unique ordering on these sets such that (A, Ti, T2 , ... , Tn, B) is a 3-sequence. Moreover, every
(A, B) 3-sequence can be obtained from this one by the following two steps:

(i) arbitrarily reorder the elements of each T;; and
(ii) look among these reorderings at when the last element of T; is in the jumpset of the first element of T;+i · These swap pairs are disjoint and, for each
i and i + 1 in { 1, 2, ... , n}, there is at most one such pair. Pick some subset
of these swap pairs and swap each element with its partner.

g
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Next we describe how we shall associate with a sequential matroid M a new
sequential matroid MLR and two disjoint subsets A(M) and B(M) of E(MLR)
such that knowledge of all (A(M),B(M)) 3-sequences in MLR will enable us to
determine all sequential orderings of M. The matroid MLR is the same as M
except that, in order to help describe what happens at the ends, when L(M) or
R(M) is a segment of Mor M* of size at least four, we shall freely add three points
to this segment. Assume that lvl is sequential having rank and corank at least three
and that Mis not a wheel or a whirl. If L(M) is a triangle or triad end or a fan end,
let A(M) = L(M) and ML= M. If Lis a segment end, then adjoin three elements
11,/2, and /3 freely to the flat L(M) of M to give ML and let A(M) = {h,/2,/3}.
If Lis a cosegment end, then, in M*, adjoin three elements li,/2, and /3 freely to
the flat L(M) of M* to give M1 and let A(M) = {/i,b,/3}. If R(M) is a triangle
or triad end or a fan end, let B(M) = R(M) and MLR = ML. If Risa segment or
cosegment end, adjoin three elements r1,r2, and r3 freely to the flat R(Jvl) of ML
or M1 to give MLR or M1R, respectively, and let B(M) = {r1,r2, r3}.
--->

Let F be an ordering (Ji, h, ... ,f m) of a fan Fin a matroid M. If {!1, h, ... , Jk}
--->
is 3-separating for all k E {3, 4, ... , m }, then F is a left-end ordering of F. If
--->
{!k-2, fk-1, ... Jm} is 3-separating for all k E {3, 4, ... , m}, then F is a right-end
-->
ordering of F. We call F an end ordering of F if it is a left-end ordering or a
right-end ordering of F.
'We now describe how to move from (A(M),B(M)) 3-sequences in MLR to se->
quential orderings of M. Let (A(M),X,B(M)) be an (A(M),B(M)) 3-sequence
of MLR· Let D(M) E {A(M),B(M)}. If ID(M)I ::; 3, let D(M) be an arbitrary ordering of D(M). If ID(M)I :C:: 4, then D(M) = I(F) for some fan F
of M and we let D(M) be a left-end or right-end ordering of the fan I(F) depending on whether D(M) is A(M) or B(M), respectively. We shall show that
--->-;1(A(M), X, B(M)) is a sequential ordering I;LR of MLR· We shall say that it has
-->
been obtained from the 3-sequence (A(M),X,B(M)) by ordering ends. Let I; be
obtained from I;LR by deleting the elements not in E(M). This deletes the first
three elements of I;LR when A(M) = {l1,l2,l3} or the last three elements of I;LR
when B(M) = {r1,r2,r3}. We refer to this process as pruning surplus elements.
Now let I: = (e1, e2, ... , en)· Suppose that A(M) = I(F) for some fan F and
suppose that {e1, e2, ... , ek} ~ F but ek+l </: F. Then I:' is obtained from I: by
replacing (e1, e2, ... , ek) by a left-end ordering of this fan. We call this move a fan
shuffie. Finally, if B(M) = I(F') for some fan F', then we can do a fan shuffle at
the right end of I;' to get a sequential ordering I:" of M. We shall show that every
sequential ordering of M arises in this way.

-

Theorem 2.3. Let M be a sequential matroid that has rank and comnk at least
three and is not a wheel or a whirl. Then the collection of sequential orderings of
M coincides with the collection of orderings of E(M) that can be obtained from
(A(lvl), B(M)) 3-sequences of MLR by ordering ends, pruning surplus elements,
and fan shuffies.
If r(M) or r(M*) is 2, then every ordering of E(M) is sequential. We show in
Lemma 6.12 that if lvl is a wheel or a whirl with ground set {e1, e2, ... , en}, then
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(e1, e2, ... , en) is a sequential ordering of M if and only if, for all k in {3, 4, ... , n 3}, the sequences (e1, e2, ... , ek) and (ek+I, ek+2, ... , en) are, respectively, a left-end
ordering and a right-end ordering of a fan contained in E(M).
Now suppose that (A 1,B1) is a unisequential 3-separation of a 3-connected matroid M with fcl(A1) = E(M) and fcl(B1) = E(M) - A1. The results proved later
in the paper will guarantee that the construction described above can be applied
to M to give a matroid MR and sets A(M) and B(M) such that A(M) = A1 and
knowledge of all (A(M), B(M)) 3-sequences of MR will determine all 3-separations
that are equivalent to (A1,B1). The formal statement of this result is given in
Theorem 7.2 at the end of the paper.

3. PRELIMINARIES

The property of a matroid M that a circuit and a cocircuit cannot intersect in
exactly one element is referred to as orthogonality. This property is equivalent to
the assertion that if (X, {z }, Y) is a partition of E(M) into possibly empty sets,
then z E cl(X) if and only if z </. cl*(Y). We shall write e E c1(•)(z) to mean that
e E cl(Z) ore E cl*(Z). The next three lemmas will be used frequently throughout
the paper often without explicit reference.
Lemma 3.1. Let M be a 3-connected matroid, and let X and Y be 3-separating
subsets of E(M).

(i) If IX n YI ?: 2, then XU Y is 3-separating.
(ii) If IE(M) - (XU Y)I ?: 2, then X n Y is 3-separating.
Lemma 3.2. Let (A,x1, x2, ... , Xn, B) be a 3-sequence of a 3-connected matroid
M, and let i < j. If Xj E cl(AU {xi, ... , x;}) or Xj E cl*(AU{x 1, x2, ... , x;} ), then

is also a 3-sequence of lvl.
Lemma 3.3. Let (e1, e2, ... , en, Z) be a fully expanded 3-sequence in a 3-connected
matroid M that is neither a wheel nor a whirl and has rank and corank at least three.
If S is a maximal segment, a maximal co segment, or a maximal fan containing
{e1,e2,e3} 1 then S ~ E(M)- Zand Si E(M).
As noted earlier, fans play a prominent role in this paper. We end this short
section by introducing some more terminology and some basic properties of fans.
Let (!1, h, ... , fm) be a fan ordering of a fan F. If m?: 4 and g is an end of F,
then g is a triangle end if g is in a triangle of F, and g is a triad end if g is in a
triad of F. The fan Fis of one of three types: type-1 if Fis a triangle or both ends
of F are triangle ends; type-2 if F is a triad or both ends of F are triad ends; and
type-3 when one end of F is a triangle end and the other end is a triad end.
An element e of a 3-connected matroid is essential if neither M\e nor lvl/e is
3-connected. The following result is proved in [6].
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Theorem 3.4. Let M be a 3-connected matroid that is neither a wheel nor a whirl.
Suppose that e is an essential element of lvf. Then e is in a maximal fan. Moreover,
this maximal fan is unique unless one of the following holds:

(i) every maximal fan containing e consists of a single triangle and any two
such triangles meet in { e};

(ii) every maximal fan containing e consists of a single triad and any two such
triads meet in {e}; or

(iii) e is in exactly three maximal fans, where
(a) these three maximal fans are of the same type, each has five elements,
and together they contain a total of six elements, and
(b) depending on whether these fans are of type-1 or type-2, the restriction or contraction, respectively, of M to this set of six elements is
isomorphic to M(K4).
The routine proofs of the next two lemmas are omitted.
Lemma 3.5. Let M be a matroid with IE(M)I 2': 4 and let F be a fan of M. If
!Fl 2': IE(M)I - 1, then M is a wheel or a whirl.
Lemma 3.6. Let M be a matroid that is neither a wheel nor a whirl. Let F be a
fan in M that has (/1, h, .. . , fk) as a fan ordering. Then the only triangles and
triads of M contained in F are the sets {!;, /;+1, /;+2} for 1 ::::; i ::::; k - 2. Moreover,
when k 2': 5, the only other fan ordering of Fis (!k, fk-1, ... , Ji); and, when k = 4,
there are these two fan orderings and two others, (Ji, fa, h, f4) and its reversal.
Lemma 3.7. In a matroid M with at least five elements, let F be a fan and S be
a segment or a cosegment. If jFI, ISi 2': 4, then IF n SI ::::; 2.
Proof. Assume that IF n SI 2': 3 and suppose without loss of generality that S is
a segment. Then some element of F n Sis certainly in a triad T* contained in F.
As.M has at least five elements, T* is not a triangle. By orthogonality, if T* meets
a triangle, it contains exactly two elements of that triangle. Thus IT* n SI = 2.
But since ISi 2': 4, there is certainly a triangle contained in S that has exactly one
D
common element with T*; a contradiction to orthogonality.
4. PROPERTIES OF SEQUENTIAL MATROIDS AND 3-SEQUENCES

In this section, we shall establish some general properties of 3-sequences. We also
prove that segments, cosegments, wheels, and whirls are the only 3-connected matroids having a cyclic ordering in which every consecutive subsequence of elements
is 3-separating.
An immediate consequence of the first lemma is that every 3-separation of a
3-connected sequential matroid is either bisequential or unisequential. If M is
a matroid and E is a 3-sequence (e1, e2, . .. , en, Z) of E(M), then one can obtain
another 3-sequence with tail Z by arbitrarily permuting { e 1 , e2, e 3} or by arbitrarily
permuting {en-2, en-1, en} when Z is trivial. Such a move is called an end shuffle
on E.
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Lemma 4.1. Let M be a sequential matroid. If (A, B) is a 3-separation of M,
then either A or B is sequential. In particular, if there is sequential ordering
(e1, e2, ... , en) of M in which e1, e2 EA, then B is sequential.
Proof. Let I; be a sequential ordering (e 1 , e 2, ... , en) of M. Without loss of generality, we may assume that two of e1, e2, and e3 are in A. Furthermore, by performing
an end shuffle on I;, we may assume that e 1, e2 E A. Since I; is a sequential ordering of M, it follows that e; E c1<*\{e1,e2, ... ,e;_1}) for all i E {3,4, ... ,n}.
Therefore, for all such i, we have e; E c1(•l(AU {ea,e4, ... ,e;-1}). This implies
that fcl(A) = E(M) and so B is sequential.
D
The class of sequential matroids is well-behaved. Indeed, as the following elementary result shows, every 3-connected minor of a sequential matroid is sequential.

Lemma 4.2. Let M be a sequential matroid and let e E E(M). If M\e is 3connected, then M\e is sequential. Moreover, if (e1, e2, ... , en) is a sequential ordering for M, then (e1, e2, ... , e;-1, ei+1, ... , en) is a sequential ordering for M\e;.

Proof. If (X, Y) is a 3-separation of Mand e; EX, then (X-e;, Y) is a 3-separating
partition of E(M\e;). Moreover, if \X - e;\ ;::: 2, then, since M\e; is 3-connected,
(X - e;, Y) is a 3-separation of this matroid.
D
The next lemma is particularly useful. We shall apply it in the two subsequent
corollaries and also in the proof of Theorem 1.1.

Lemma 4.3. In a matroid M, let (A, B) be an exactly 3-separating partition of
E(M). If there is an ordering (b1,b2, ... ,bn) of B such that both (A,b1,b2, ... ,bn)
and (A,bn,bn-1, ... ,b1) are 3-sequences, then Bis a segment, a cosegment, or a
fan.
Proof. If i E {1,2, ... ,n-2}, then both {b1,b2, ... ,bi+2} and {b;,b;+1, ... ,bn} are
3-separating and their union avoids A. Thus, by Lemma 3.1, their intersection
{b;, bi+l, b;+2} is 3-separating. Hence, by Lemma [2, Lemma 3.2), Bis a segment,
D
a cosegment, or a fan.
Corollary 4.4. Let M be a matroid and (A, U, V) be a partition of its ground set
----t -4
---t ----t
into sets with at least two elements. Suppose that (A, U1, V1) and (A, V2, U2) are
----t
----t
---t
---t
3-sequences for some orderings Ui and U2 of U, and Vi and Vi of V. Then U UV
is a segment, a cosegment, or a fan.
-,

--)

Proof. Let U1 = (u1,u2, .. ,,um) and V2 = (v1,v2, ... ,vn)· Then, because AU
{u 1, u2, ... , uk} is 3-separating for all k in {O, 1, ... , m}, it follows, by beginning
---t ----t
----t ---t
with the 3-sequence (A, V2, U2), that (A, Ui, Vi) is a 3-sequence. By symmetry, so
---t =-=t
----t ---t
too is (A, Vi, Ui). From (A, U1, V2), since \V\;::: 2, we see that VU{um, Um-l, ... ,uk}
is 3-separating for all kin {1, 2, ... , m + 1}. Thus, by applying Lemma 3.l(i) to
this 3-separating set and AU V, we deduce that (A, V1, v2, ... , Vn, Um, Um-l, ... , u 1 )

PATH-WIDTH THREE MATROIDS

13

is a 3-sequence. By symmetry, so is (A, u1, u2, ... , Um, Vn, Vn-1, ... , v1), Hence, by
Lemma 4.3, U U V is a segment, a cosegment, or a fan.
D
Corollary 4.5. Let M be a sequential matroid, and let (A, B) be a 3-separation of
M. If A is not sequential, then B is a segment, a cosegment, or a fan.
Proof. Let ~ be a sequential ordering (e1, e2, ... , en) of M. Then, by performing
end shuffles on ~' we may assume that { e1, e2} is contained in A or B, and that
{ en-l, en} is contained in A or B. Since A is not sequential, it follows by Lemma 4.1
that B is sequential and {e1, e2, en-1, en} c:;; A.. Let (b1, b2, ... , bk) be the ordering
induced on B by ~- Since e 1 , e2 E A, it follows that (A, b1, b2, ... , bk) is a 3sequence of M. Now (en,en_ 1, ... ,e2,e1) is also a sequential ordering of Mand
en, en-1 E A. Thus (A, bk, bk-1, ... , b1) is also a 3-sequence of M. The corollary
D
now follows immediately from Lemma 4.3.

The next result is useful in the proof of Theorem 1.1, which is given in the last
section. For an ordered set Y and an ordinary set Z, we shall denote the ordering
induced on the set Y - Z by Y - Z.
Lemma 4.6. Suppose that (X, Y1, Y2, ... , Yn) and (X, z1, z2, ... , Zn) are 3-sequences
in a matroid M where IXI and n - 1 are both at least two. Then M has a segment,
a cosegment, or a fan that is contained in E(M)- X and contains {Yn-2, Yn-1, Yn}
and {Zn-2,Zn-1,zn},
Proof. We argue by induction on n.. The result is immediate if n = 3. Assume
it true for n < m and let n = m <:: 4. Write
and
for (Y1, Y2, ... , Yn)
-4
and (z1,z2, ... ,zn), respectively. We can relabel Yn-2,Yn-1,Yn so that, in Z,
they occur in the the order Yn, Yn-1, Yn-2· Let Zk+l = Yn· Now, for all i ::=; k,
we have {z1,z2, .. ,,z;} n {Yn-1,Yn} = 0, so the union of the two 3-separating
sets XU{z1,z2,,,.,z;} and XU{y1,Y2,···,Yn-2} avoids {Yn-1,Yn}· Thus, by
Lemma 3.1, their intersection is 3-separating. It follows that (X,z1, z2, ... , zk,
{z1, z2, ... , Zk}, Yn-1, Yn) is a 3-sequence. Moreover, Yn-2 rf. {z1,z2, ... , Zk}, Hence
----;
(XU{z1, z2, ... , Zk}, Zk+l, Zk+2, ... , Zn) and (XU{z1, z2, ... , zk}, Y -{z1, z2, ... , Zk},
Yn-1, Yn) are both 3-sequences. As the first 3-sequence ends with Zn-2, Zn-1, Zn and
the second with Yn-2,Yn-1,Yn, the lemma follows by induction unless k + 1 = 1.
Thus we may assume that z1 = Yn·

Y

Z

Y-

Suppose that n = 4. Then (X,y4,z2,za,z4) and (X,Y1,Y2,Ya,Y4) are both 3sequences. By performing an end shuffle in the first of these 3-sequences, we deduce
that (X,y4,Ya,Y2,Y1) is a 3-sequence. The lemma now follows by Lemma 4.3. We
conclude that we may assume that n <:: 5.
Suppose that z2 = Yi wherej ,fa n-1. Thenj ,fa n-2. Moreover, XU{Yn,z2} and
XU{Y1,y2, ... ,yj-1,z2} are 3-separating and their union avoids {Yn-2,Yn-1}, so
XUz2 is 3-separating. Thus both (X,z2,Yn, -{z2,Yn}) and (X,z2, -{z2}) are
3-sequences. Therefore so too are (XUz2,Yn, -{z2,Yn}) and (XUz2, -{z2}).
Since n <:: 5, these orderings end in Zn-2,zn-1,Zn and Yn-2,Yn-I,Yn, respectively.
In that case, the result follows by induction.

Z
Z

Y

Y
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We may now assume that z2 = Yn-1· Then Z = (Yn,Yn-1,z3,z4, ... ,zn)·
Since {yn, Yn-1, ... , Yn-t} is 3-separating for all t in {2, 3, ... , n - 1}, it follows
that (X, Yn, Yn-1, Yn-2, ... , Y1) is a 3-sequence. We conclude by Lemma 4.3 that
{y1, Y2, ... , Yn} is a segment, a cosegment, or a fan thereby completing the proof of
the lemma.
0

Proposition 4.7. Let A{ be a 3-connected matroid with at least three elements.
Then there is a cyclic ordering xi, x2, ... , Xn of E(M) such that, for all i and j
in {1, 2, ... , n}, the set {x;, x;+1, ... , Xi+j-1} is 3-separating if and only if M is a
segment, a cosegment, a wheel, or a whirl.
Proof. It is clear the sufficient part of the statement holds, so consider the necessary part. We may assume that IE(M)I ;=:,: 6 since all smaller 3-connected matroids
with at least three elements are segments or cosegments. Because {x;,x;+1,X;+2}
is 3-separating for all i in {1, 2, ... , n}, each such set is a triangle or a triad. If both
{x;, x;+1, x;+2} and {x;+1, X;+2, x;+3} are triangles for some i, then, by orthogonality, { X;+ 2, X;+a, X;+4} is also a triangle. Continuing in this way, we deduce that M
is a segment. Hence we may assume that, for each i, exactly one of { x;, Xi+i, X;+2}
and {x;+l, x;+2, x;+ 3} is a triangle and exactly one is a triad. Thus every element of Mis in both a triangle and a triad. Thus, by Tutte's Wheels-and-Whirls
Theorem [7], M is a wheel or a whirl.
0

Corollary 4.8. Let M be a sequential matroid, and suppose that (xi, x2, ... , xn)
is a sequential ordering of M such. that {xi, x2} U {xn-1, Xn} is a segment. Then
M is a segment.
Proof. Let X be the set {x;,X;+1, .. ,,xj} where 1 ~ i < j ~ n. We shall show
that X is 3-separating. This is certainly true- if i = 1 or j = n. Hence we
may assume that 1 < i < j < n. Now {x1,x2, ... ,x;-1} is 3-separating as is
{xj+l, Xj+2, ... , Xn}· If j ~ n- 2, then {xj+i, Xj+2, ... , Xn} spans {x1, x2}, Hence
{xi+l,Xj+2, .. ,,xn,x1} and {xj+1,Xj+2, ... ,x,.;,x1,x2} are 3-separating. So, by
Lemma 3.1, {xj+1,Xj+2, .. ,,xn,x1,x2, ... ,x;_1} is 3-separating. Thus, so is its
complement, which equals X. Thus we may assume that j = n - 1 and, by symmetry, that i = 2. Then \E(M) - XI = 2, so X is 3-separating. We conclude that,
in general, X is 3-separating and so is its complement. Thus the hypotheses of
0
Proposition 4.7 are satisfied and we conclude that Mis a segment.
5. SEQUENTIAL ORDERINGS

Evidently, to describe all fully expanded 3-sequences of M with tail Z, it suffices
to do so to within end shuffles. The next lemma shows, for example, that if a
triangle or a triad T occurs at one end of some sequential ordering of a sequential
matroid M, then, in any other sequential ordering of M, the set T must belong to
a segment, cosegment, or fan that occurs very close to an end.
Lemma 5.1. Let I: be a fully expanded 3-sequence (x 1 , x 2 , ... , Xn, Z) in a matroid
M. Let Xk = {x1,x 2 , ... ,xk} for some k with 3 ~ k ~ IEI - 3. Let I:' be another
fully expanded 3-sequence of Jv[ with tail Z and let x;,, x; 2 , ••• , x;• be the ordering
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induced on Xk by E'. Suppose that { x1, X2, x3} = { x;,, X;" x;"} where is < it < iu,
Let L be the set of elements of E - Xk that occur to the left of x;, in E' and, if Z
is trivial, let R be the set of elements of E - Xk that occur to the right of x;, in E'.
Then the following hold.

(i) When Z is non-trivial, if ILi 2: 2, then Xk UL is a segment, a cosegment,
or a fan.
(ii) When Z is trivial, if ILi 2: 2 and IRI 2: 2, then xk UL OT xk UR is a
segment, a cosegment, or a fan.
Proof. We know that x;, is the second element of {x1,x2,x3} in E'. From E',
we can obtain another fully expanded 3-sequence of M by moving x;, and x;"
so that they immediately precede and immediately succeed x;,. Then we move
x4, x 5 , ... , Xk within this fully expanded 3-sequence so that the elements of Xk
form a consecutive subsequence of a fully expanded 3-sequence E" of M. Let P
be the set of elements of E - Xk that precede x;, in E". If Z is non-trivial, let
Q = E - (PU Xk) and, if Z is trivial, let Q be the set of elements of E - Xk that
succeed x;, in E". Then, by the construction of E", we have P = L and, when
Z is trivial, Q = R. Thus, when Z is non-trivial, E" is a 3-sequence of the form
Q), where
and
are orderings of P and Xk, Moreover, when Z is

(P', x{.,

P'

x{.

-t

----+--+----+

trivial, Q has an ordering Q' such that E" = (P',XtQ').
'Now suppose that Z is trivial and consider E. At least two of Xn-2,Xn-1, and
are in P or at least two such elements are in Q. An end shuffle in E ensures
that its last two elements are both in Q or are both in P. In the latter case, we
interchange the labels on P and Q and then replace E" by its reversal E", which
-------> --> ------->
has the form (P",Xf,Q"). Thus, when Z is trivial, we may assume that the last
.
- t ------->
two elements of E are in Q and that M has a 3-sequence of the form ( P, X k, Q).
Xn

-

Now, when Z is trivial or non-trivial, let Xj 1 , xh, ... , xi, be the ordering induced
on P by I:. Then Xk UP is 3-separating as is the initial subsequence of E that ends
with xiv for all v in {1, 2, ... ,p}. As the union of these two 3-separating sets avoids
Z when Z is non-trivial and avoids {xn-i,xn} when Z is trivial, the intersection
of these two 3-separating sets is 3-separating; that is, X k U { Xj,, xh, ... , Xj"} is
3-separating. Hence we can move the elements of P in E to get a 3-sequence of
------+ - - 4
-----+
------+
the form (Xg',P 111 , Q), where P"' and Xg' are orderings of P and Xk, respectively.
- t -->
Since we also have a 3-sequence of the form (P ,Xk, Q), Corollary 4.4 implies that
Xk UP is a segment, a cosegment, or a fan. Since Pis L when Z is non-trivial,
and P is L or R when Z is trivial, the lemma follows.
D
Now, suppose we have a sequential ordering (x 1 , X2, ... , Xn) of a 3-connected
matroid M. Then, up to duality, {x1,x2,x3} is a triangle. Moreover, one of the
following three possibilities occurs:
(i) {x1,x2,x3,x4} contains another triangle, so {x1,x2,x3,x4} is a segment;
(ii) {x1,x2,x3,x4} contains a triad, so {x1,x2,x 3,x4} is a fan; or
(iii) {x1,x2,x3,x4} is a cocircuit.
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We shall analyze these cases separately with a view to showing that a sequential
matroid has only two possible ends.
Lemma 5.2. Let S be a maximal segment in a matroid M with ISi = m :C:: 4, and
let (e1, e2, ... , en, Z) be a fully expanded 3-sequence E of M. If !Sn{ e1, e2, e3}I :C:: 2,
then the first m - 1 elements of E are in S.

Proof. The result is immediate if r(M) = 2 so assume that r(M) > 2. The set
{e1,e2,e3} is a triangle or a triad. Since ISi :C:: 4, by orthogonality, {e1,e2,e3}
must be a triangle. Because this triangle contains at least two elements of S, it
must be a subset of S. Suppose that {e1,e2, .. ,,ek} ~ S, but ek+l </c S. Then
ek+l <fccl({e1,e2, ... ,ek}) soek+l E cl*({e1,e2,···,ek}). Henceek+l is contained
in a cocircuit that is contained in { e1, e2, ... , ek+ 1}. By orthogonality, at most one
member of S avoids this cocircuit. Thus k :C:: m - 1.
D
Lemma 5.3. Let S be a maximal segment in a matroid M with ISi = m :C:: 4.
Suppose that M has a fully expanded 3-sequence with tail Z such that the first three
elements of this 3-sequence are in S. Let E be an arbitrary fully expanded 3-sequence
of M with tail Z. Then

(i) Z is non-trivial and the first three elements of E are in S; or
(ii) Z is trivial and either the first or last three elements of E are in S.
Proof. Let E be (e1, e2, ... , en, Z) and let (s1, s2, ... , Sm) be the ordering induced
on S by E. We shall prove (ii), omitting the similar proof of (i). Suppose that
Z is trivial and assume that neither {e1,e2,e3} nor {en-2,en-1,en} is contained
in S. If IS n {e1, e2, e3}I :C:: 2 or IS n {en-2, en-1, en}I :C:: 2, then the result follows by Lemma 5.2. Thus l(E(M)-S) n {e1,e2,e3}I :C:: 2 and l(E(M)-S) n
{en-2,en-1,en}I :C:: 2. Hence, if L2 and R2 are the sets of elements of E(M)- S
occurring to the left and right of s2 in E, then IL2I 2: 2 and IR2I :C:: 2. Thus, by
Lemma 5.1, SU L2 or SU R2 is a segment, a cosegment, or a fan. Because S is a
maximal segment and ISi :C:: 4, this gives a contradiction.
D
The condition that the size of S is at least 4 in the statement of Lemma 5.3
cannot be weakened. To see this, consider a maximal fan F of size 4 whose full
closure is F. If (!1, h, h, f4) is a fan ordering of F, then there is a fully expanded
3-sequence of M starting with fi, h, and h as well ·as one starting with h, h,
and f4.

6.

FANS

Theorem 1.1 focuses attention on segments, cosegments, and fans occurring at
an end of a 3-sequence. In this section, we treat the fan case, which is the most
difficult.
Lemma 6.1. Let E be a fully expanded 3-sequence (e 1 , e2 , ... , en, Z) of a matroid
M and suppose that {e1, e2, ... , ek} is a fan F. Assume that IE( M) I :C:: 7 and that

PATH-WIDTH THREE MATROIDS

17

M is neither a wheel nor a whirl. Suppose that F is not a maximal fan contained
in E(M) - Z and that FU ek+i is 3-separating for some i 2:: 2. Then either

(i) ek+i is unique, FU ek+l or FU ek+i is a fan, and
(a) FU {ek+1,ek+i} is a fan having ends ek+l and ek+ii or
(b) ek+l and ek+i both belong to the line cl(F) n cl(E - F); or
(c) ek+l and ek+i both belong to the line cl*(F) n cl*(E- F) of M*;
or

(ii) FU ek+i is 3-separating for some j 2:: 2 with j =/c i and {ek+l, ek+i, ek+i}
is contained in cl(F) n cl(E- F) or cl*(F) n cl*(E- F).

Proof. By Lemma 3.5, IE-Fl 2:: 2. Assume that IE-Fl E {2,3}. Then Z is trivial
and {en-2,en-1,en} is, without loss of generality, a triangle but not a triad of M.
Since Mis 3-connected, F spans E(M) and it follows that (i)(b) or (ii) holds. We
may now asswne that IE - Fl 2:: 4. Since we can move ek+i in the fully expanded
3-sequence I: so that it immediately follows ek+l, we may assume that i = 2. Since
F is not maximal, FU ek+t is a fan for some t 2:: 1.

Assume first that FUek+i is 3-separating for some j 2:: 3. Then we may suppose
that j = 3. If IE-Fl 2:: 5, then we have that (F, ek+l, ek+2, ek+3, {ek+4, ... , en}UZ)
is a 3-sequence in which ek+1,ek+2, and ek+3 are mutually jumping. Thus, by [2,
Lemma 6.4], {ek+l, ek+2, ek+J} is a triangle or a triad of M. Hence { ek+l, ek+ 2, ek+3}
is contained in cl(F)ncl(E-F) or cl*(F)ncl*(E-F), respectively, and so (ii) holds.
Asswne IE - Fl= 4. Then Z is trivial, otherwise 4::,; IZI < IE- Fj. Since all of
FU{ek+1},FU{ek+2}, and FU{ek+3} are 3-separating, each of {ek+4,ek+3,ek+2},
{ek+4, ek+3, ek+1}, and {ek+4, ek+2, ek+l} is a triangle or a triad of M. By duality,
we may assume that two of these sets are triangles. Hence so is the third. It follows
that {ek+l, ek+2, ek+a} is contained in cl(F) n cl(E - F) and again (ii) holds.
We may now assume that ek+i is unique and that, as before, i = 2. Then,
since FU ek+t is a fan and hence is 3-separating, t E {1, 2}. By interchanging
ek+l and ek+2 if necessary, we may assume that t = 1. Each of ek+I and ek+2
is in exactly one of cl(F) and cl*(F). If both ek+l and ek+2 are in cl(F) or both
are in cl*(F), then (i)(b) or (i)(c) holds. Thus we may assume that ek+l E cl(F)
and ek+2 E cl*(F). It is not difficult to see that we can order (e1, e2, ... , ek) as
(/1,/2, ... ,fk) such that (/1,/2,.,.,fk,ek+1,ek+2,,,.,en,Z) is a fully expanded
3-sequence and (/1, h, ... ,fk, ek+1) is a fan ordering of FU ek+l· As ek+l E cl(F),
we have that Uk-1,!k, ek+l} is a triangle of M.
Now {Ii, h, fa} is a triangle or a triad. Assume the latter occurs. Then Ji E
cl*(F- Ji). We know that ek+2 E cl*(F). Suppose first that ek+ 2 E cl*(F - Ji).
Then (F- !i,!1,ek+1,ek+2,{ek+3, ... ,en} U Z) is an (A,B) 3-sequence in which
fi,ek+l,ek+2 are mutually jumping, so, by [2, Lemma 6.4], {fi,ek+l,ek+ 2} is a
triangle or a triad. In each case, we get a contradiction to orthogonality using
either the triad {Ii, h, fa} or the triangle {lk-1,!k, ek+1}. Hence we may assume
that ek+2 !/: cl*(F - Ji). Thus every cocircuit of M contained in FU ek+ 2 that
contains ek+2 must also contain Ji. Moreover, such a cocircuit C* exists. But
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U1,h,h} is a triad of M. By strong circuit elimination, M has a cocircuit D*
that contains ek+2 and is contained in ({f1, h, h} U C*) - Ji; a contradiction.
We may now assume that {Ji, h, h} is a triangle of M. Then it follows, since
{fk-i,fk,ek+l} is also a triangle, that k is even. Since ek+2 E cl*(F), we deduce that ek+2 E cl*({h,f4, ... ,fk}UU1}). Thus there is a cocircuit C* of
M such that ek+2 E c• and c• - ek+2 <:;;; {f2,f4, ... ,fk} U {Ji}. The triangles {h, 14.fs}, {fs.fB, h }, ... , {h-1, !k, ek+i} of M imply, by orthogonality, that
none of f4,f5, ... .fk is inc•. Hence c• = {Ji, h, ek+2}. It follows that lvl contains
D
a fan with an ordering of (ek+2, fi, h, ... , fk, ek+1), so (i)(a) holds.
Lemma 6.2. Let E be a fully expanded 3-sequence with tail Z in a matroid M
that is not a wheel or a whirl. Suppose that F is a fan contained in E(M) - Z
such that the ordering induced on F by E is (!1, h, ... , fm)· If {Ji, h, ... , fk} is
3-separating for all k E {3,4, ... , m}, then {Ji, h, ... , h} is a fan for all such k.
Proof. Since Mis not a wheel or a whirl, IE(M) - Fl 2'. 2. The result is immediate
if m :::; 4. Hence we may assume that m 2'. 5. We argue by induction on k noting
that it holds when k = 3. Assume it holds for k < t and let k = t 2'. 4. We
may assume that t < m. Since the only triangles and triads of M contained in F
consist of consecutive triples of elements in a fan ordering of F, we deduce that
there is a fan ordering
of F such that U1, h, ... , ft-1} consists of a consecutive
subsequence of F. In fact, since IFI 2'. 5, the fan ordering F is unique up to
reversal by Lemma 3.6. Let F' = {Ji, h, ... , ft-1}. Now F' U ft is 3-separating.
If this set is a fan, then we have what we want. Thus assume that F' U ft is not a
fan. Since F' is a fan contained in the fan F, the set F' U f s is a fan for some s in

F

{t+ 1,t+2, ... ,m}.
Suppose first that F' U f u is a fan for some u in {t + 1, t + 2, ... , m} - s. Then
F'U{fs,fu} is a fan having fs and fu as its ends. Now F'Ufp is 3-separatingfor all
p E {s,t,u}. Thus, by Lemma 6.1 and duality, we may assume that Us.ft.fu} <:;;;
cl(F') ncl(E-F'). Hence Us.ft, fu} is a triangle. Since F' U Us.fu} is contained
in F and has ends ls and fu, the fan F cannot have {fs, ft, fu} as a triangle; a
contradiction. Hence we may assume that F' U ls is the unique fan contained in F
that contains F' and has size IF'I + 1. This means that the elements of F' must
occur consecutively all at the left-hand end or all at the right-hand end of
We
may assume the former.

F.

Next assume that t = m -1. Thens= m and F = (F', ls, ft). Without loss of
generality, ls E cl(F'). Then ft E ct• (F' U ls) n cl* (E - F). But, by Lemma 6.1,
ft E cl(F'). Thus we have a contradiction to orthogonality.
We may now assume that t < m - 1. Because the elements of F' form an initial
subsequence of F, the set F - F' is also a fan and so is 3-separating. In addition,
F' U {fs, ft, ft+i} is 3-separating where i = 1 unless s = t + 1, in which case, i = 2.
As the union of the last two 3-separating sets avoids E - F, their intersection,
Us, ft, ft+i}, is 3-separating. Using duality, we may assume that Us, ft, ft+i} is a
triangle. As each of F', F'U ls, and F'U ft is 3-separating, it follows by orthogonality
that fs, ft E cl(F'). Hence the triangle {fs, ft, ft+;} is contained in cl(F'). But
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this means that the fan F' spans three elements of F - F', which does not occur
in a fan.
0
The next result is an immediate consequence of the last lemma.
Corollary 6.3. Let~ be a fully expanded 3-sequence (e1, e2, ... , en, Z) of a matroid
Mand suppose that {e1,e2,···,em} is a fan of M. Then {e1,e2,···,ek} is a fan
for all k E {3,4, ... ,m}.
Lemma 6.4. Lef:_.M be a matroid that is neither a wheel nor a whirl, and suppose
that an orde72.ng F of a fan F is both a left-end ordering and a right-end ordering
of F. Then F is a fan ordering of F.

_,

Proof. Let F = (!1, h, ... , fm), Since Mis neither a wheel nor a whirl, IE(M) Fl 2: 2. Now, forallk E {3,4, ... ,m}, both{f1,h,· .. ,fk} and {fk-2,fk-1,· .. ,Im}
are 3-separating and their union avoids E(M) - F. Hence their intersection,
{!k-2,
fk-1, fk}, is 3-separating and so is a triangle or a triad. It follows that
_,
F is a fan ordering of F.
0
Lemma 6.5. Let F be a maximal fan in a sequential matroid M that is not a
wheel or a whirl and let~ be a sequential ordering (e1,e2, ... ,en) of M. Then
either {e1,e2,e3} lb For {en-2,en-1,en} lb F.

Proof. Assume that both { e1, e2, e3} ~ F and {en-2, en-1, en} ~ F. In any fan
ordering of F, the elements of {e1,e2,e3} are consecutive
as are the elements of
_,
{en-2,en-1,en}· Clearly there
is
a
fan
ordering
F
of
Fin
which {e1,e2,e3} pre_,
cedes {en-2, en-1,.en}· In F, let L be the set of elements of F that precede the first
member of {en-2, en-1, en} and let R be F - L. Evidently, both L and R are fans.
Now within ~' we can move all the elements of L to the left end of the sequence
and all the elements of R to the right end. This gives a sequential ordering of the
form (L,E(M) - F, R). Because LU Risa fan, there is also a sequential ordering
of the form (L, R, E(M) - F). By comparing these two sequential orderings, we
deduce from Corollary 4.4 that (E(M)-F) UR is a segment, a cosegment, or a fan.
Because this set has at least three common elements with F, Lemma 3.7 implies
that it must be a fan. But (E(M)- F) UR is contained in a maximal fan F', which
is distinct from F. Since IFI 2: 6 and the elements of Rare in both F and F', at
least one of the elements of R is an essential element of lvl that is in two distinct
maximal fans at least one of which has more than five elements. This contradicts
0
Theorem 3.4.
Lemma 6.6. Let ~ be a fully expanded 3-sequence (e1, e2, ... , en, Z) in a matroid
M that is not a wheel or a whirl. Let F be a maximal fan of M and suppose that
IFI 2: 4. If IF n {e1, e2, e3}12: 2, then one of the following holds:

(i) IFn{e1,e2,e3}1=3;or
(ii) IF n {e1, e2, e3}I = 2 and, for some N in {M, M*},
(a) N is spanned by F - {e1, e2, e3} and has ground set consisting of the
union of F and a segment that is spanned by {e1 , e2, e3}; or
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(b) { e1, e2, e3} is a triangle of N, the fan F has five elements and a unique
triadofN, theelementsofFn{e1,e2,e3} areinl(F), andNl(FU
{e1,e2,e3}) ~ M(K4).

Proof. Assume that IF n { e1, e2, e3} I = 2. Then, by permuting e1, e2, and e3, we
may assume that (e1, e2,e3) = (x, fi, h) where x ff; F and fi, h E F. Without loss
of generality, we may assume that {x, fi, h} is a triangle.
Suppose first that Ji or h is in a triad T* of F. Then, by orthogonality with
the triangle {x, fi, h}, we deduce that T* contains both Ji and f2. It follows that
T* is the unique triad of F meeting {/1, /2}. Now {Ji, /2} is not contained in a
triangle T of F otherwise TUx is a segment having three common elements with F,
contradicting Lemma 3.7. Suppose Ji and h are consecutive in some fan ordering
of F. If neither Ji nor h is an end of the ordering, then {Ji, h} is contained in a
triangle of F; a contradiction. If one of Ji and h is an end of the ordering, then
F U x is a fan; a contradiction. We conclude that no fan ordering of F has Ji and
h consecutive. It follows easily that IFJ =J 4, so IFI 2': 5. To avoid Ji or h being
in more than one triad of F, we must have that IFJ = 5 and F has a fan ordering
(g1,J1,92,h,g3) where {g1,fi,g2} and {g2,f2,g3} are triangles and {/1,92,h} is
a triad. Hence Ji and h are internal elements of F. Since cl(F) n cl(E - F) has
rank at most 2 and contains fo1, 93, x}, we deduce that the last set is a triangle, so
NJ(F U {e1,e2,e3}) ~ M(K4) and (ii)(b) holds.
We may now assume that neither Ji nor his in a triad of F. Hence F has Ji
and h as its ends, F has triangles at both ends, and JFJ 2': 5. Let S be the segment
with which I: begins and let e 8 be the first element of I: that is not in S. Then
e8 E cl* ({ e1, e2, ... , e,-1}). Thus there is a cocircuit C* of M that contains e, and
is contained in { e1, e2, ... , e,}. By orthogonality, C* must contain all but at most
one element of { e1, e2, ... , e,-1}, In particular, C* contains Ji or /2. But each of
these elements is contained in a triangle contained in F. Hence, by orthogonality,
e, must also be in one of these triangles, so e, E·F. This means.that {e1, e2, ... , e8 }
contains two elements of one of the end triangles of F, so it follows that we can move
the elements of F-{!1 , h, e,} in I: so that they immediately follow e,. Hence, for
->
some ordering F of F, we have a 3-sequence of the form

(e1, e2, ... , e,-1, F - {/1, h},E- (FU {e1, e2, ... , e,-1} )).
Since F - {/1, h} is a fan that spans the segment { e1, e2, ... , e,-1}, it follows that
->
there is an ordering F' of F such that M also has a 3-sequence of the form
->

(F' -{!1,h},e1,e2,, .. ,e,-1,E- (FU{e1,e2,· .. ,es-1})).
Thus, provided IE - (F U {e1, e2, ... , e8 _1}) I 2': 2, we can apply Corollary 4.4 to
obtain the contradiction that FU {e1, e2, ... , e,-1} is a segment, a cosegment, or
a fan. We deduce that IE - (FU {e1, e2, ... , es-1} )I ::; 1, so Z must be trivial. Suppose that E- (FU {e1,e2, ... ,e.-1}) = {z}. Then, arguing as for x
->
using (e1,e2, .. ,,es-1,F -{h,h},z), we deduce that there are two elements
fk_ 1 and !k of F- {h,h} such that {z,fk,Jk-1} is a triangle or a triad. Let
U1,h1,h2, ... ,hk-2,h) be a fan ordering of F. Then, by [6, Lemma 3.4], none
of h 2 , h3, ... , hk-3 is in any triangles or triads of 111 other than those in F. Thus
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{z,fk,!k-1} = {z,h1,hk-2}, As {fi,h1,h2} is a triangle, orthogonality implies
that {z, h1, hk-2} is not a triad and so is a triangle. As {h1, h2, h3} is a triad, orthogonality implies that k - 2 = 3, so k = 5 and !Fl = 5. We deduce that r(N) = 3
and (ii)(a) holds.
0
Lemma 6. 7. Let E be a fully expanded 3-sequence (e1, e2, ... , en, Z) in a matroid
M that is not a wheel or a whirl. Let F be a maximal fan of M and suppose that
!Fl 2". 4 and IF n { e1, e2, e3}I ;:::: 2. Let (91, 92, ... , 9n, Z) be another fully expanded

3-sequence E' of M. If {e1, e2, e3} is a triangle of M, then either
(i) Mis the union of F and the segment spanned by {e1,e2,e3}; or

(ii) (a) Z is non-trivial and 1Fn{91,92,g3}l 2". 2, or
(b) Z is trivial, and jFn fo1,92,g3}l 2". 2 or jFn {gn-2,9n-1,9n}l 2". 2.
Proof. First suppose that Z is trivial. Assume that IF n {g1, 92, 93}.I ~ 1 and
fon-2,9n-1, 9n}I ~ 1. Then, by end shuffles, we may assume that F avoids
both {91,92} and {9n-1,gn}· Let F be the ordering (/1,/z, ... ,/m) induced on
F by E'. Then, by considering the intersection of F with {91, 92, ... ,9k} for all k
in {3, 4, ... , n - 2}, we deduce that F is a left-end ordering of F. By symmetry,
F is a right-end ordering of F. By Lemma 6.4, F is a fan ordering of F, and we
can move Ji, h, / 4 , ... , fm within E' to get
as a consecutive subsequence of a
sequential ordering E" of M in which the sets X and Y of elements of E - F that
precede and succeed fz are the same as the corresponding sets in E'. Hence M has
a non-sequential ordering of the fo~m (X,
Y).

IF n

-

F

F,

Now consider E and assume that (i) does not hold. Since IF n {e1, e2, e3}I ;:::: 2,
by Lemma 6.6, either IF n {e1,e2, e3}I = 3, or IF n {e1,e2,e3}I = 2 and Ml(F U
{e1, e2, e 3}) !:c! M(K4). In the latter case, two of the three elements of the unique
triad of Fare in {e1,e2,e3} and the third element is e4. Hence {e1,e2,e3,e4} is
a fan of M and a fan shuffle on these four elements enables us to assume that, in
general, IF n { e1, e2, e3}I = 3 in E.
The structure of E enables us to move the elements of F within E to obtain
a sequential ordering of the form (F,X UY). Now, by permuting the last three
elements of this sequential ordering, we may assume that the last two elements of
this sequential ordering are both in X or are both in Y. By symmetry, we may
assume the latter. Hence, we have a sequential ordering E"' of the form (F, (XU
Y) - {Y1,Y2},Y1,Y2) where Yl and Y2 are in Y. Then by taking the intersection
of the 3-separating set F U X with initial subsequences of E111 , we can, by using
Lemma 3.1, obtain a sequential ordering of the form (F, X, Y - {Yi, Y2}, Y1, Y2),
that is, of the form (F, X, Y). Since we also have a sequential ordering of the form
(X, F, Y), Corollary 4.4 implies that XU Fis a segment, a cosegment, or a fan.
This contradicts Lemma 3.7 or the fact that Fis a maximal fan. Thus the lemma
holds in the case Z is trivial. The proof for the case when Z is non-trivial is similar
and is omitted.
0
Evidently the dual of the last result holds when { e1, e2, e3} is a triad.
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Lemma 6.8. Let E be a fully expanded 3-sequence (e1, e2, ... , en, Z) in a matroid

M that is not a wheel or a whirl. Assume that there is a maximal fan F of M with
IFI 2: 4 and F 2 {e1, e2, e3}. Assume that neither M nor M* is spanned by F and
that, when jFj = 5, the only triangles and triads of M meeting I(F) are contained
in F. Let E' be an arbitrary fully expanded 3-sequence (91, 92, ... , 9n, Z) for M.
Then
(i) when Z is non-trivial, IF n {91,92,93}1 = 3 and, when Z is trivial, IF n
{91,92,93}1 = 3 or tpn {en-2,en-1,en}I = 3.

Moreover, one of the following holds in E'.

(ii) If F has type-l or type-2, then either
(a) Z is non-trivial and all of the elements in I (F) precede every element
in E(M) - F, or
(b) Z is trivial and all of the elements in I (F) either precede every element
in E(M) - For succeed every element in E(M) - F.
(iii) If F has type-3, then either
(a) Z is non-trivial and all of the elements in I(F) together with one of
the ends of F precede every element in E(M) - F, or
(b) Z is trivial and all of the elements in I(F) together with one of the
ends of F either precede every element in E(M) - F or succeed every
element in E(M)- F.

Proof. By using Lemma 6.7, we deduce that IF n {91,92,93}1 2: 2 when Z is nontrivial, and IF n {91,92,g3}j 2: 2 or IF n {en-2,en-1,en}I 2: 2 when Z is trivial.
Then, by using Lemma 6.6 and the hypotheses of the current lemma, we obtain
(i). Now, by possibly replacing E' by its reversal when Z is trivial, we may assume
that, in general, {91, 92, 93} ~ F. Then, when Z is trivial, by Lemmas 6.5 and 6.6,
we may assume that, after an end shuffle, the last two elements of E' avoid F.
Now E' has at least two elements at its right end that are not in F, possibly
including members of Z. Thus, by repeated applications of Lemma 3.1, we deduce
that the ordering (!1, h, ... ,Jm) induced on F by E' is a left-end ordering of F.
Therefore, if jFj = 4, then the lemma holds. Thus we .may assume that IFI 2: 5, so
-->
a fan ordering, F, of F is unique up to reversal.
Let g; be the first element of E' that is not in F. Since (f1, h, ... , f m) is a left-end
ordering of F, the elements of {91, 92, ... ,9i-1} are consecutive in the fan ordering
F. Suppose that some element fk of I(F) succeeds g; in E'. Then fk and one of
its neighbours in
say Ji, occur to the right of g; in E'. Since fcl({fk,fj}) 2 F,
we can shift all of the elements of F in E' so that they occur to the right of g;.
This gives a fully expanded 3-sequence E" with tail Z having g; as its first element
and, when Z is trivial, neither of its last two elements in F. Since (i) fails for E",
we have a contradiction which establishes that all the elements of I(F) precede the
first element of E(M) - Fin E'. Hence (ii) holds.

F,
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To complete the proof of (iii), suppose that both ends f and f' of F succeed
g; in I:' where g; E E(M) - F. Then, by Lemma 6.1, {g;, f, f'} is a subset of
cl(F - {!, f'}) n cl(E - (F- {!,!'}))or of cl*(F- {f, f'}) ncl*(E- (F- {f, f'} ))
and so is a triangle or a triad. Then either f and f' are both triangle ends of
F, or f and f' are both triad ends of F. Hence F does not have type--3 and (iii)
follows.
D

The next two lemmas address situations that were excluded by the hypotheses
of the last lemma.

Lemma 6.9. Let M be a matroid of rank at least three that is neither a wheel nor a
whirl. Assume that E(M) is the union of a maximal fan F and a maximal segment
S with ISi ~ 3. Let~ be an ordering (e1, e2, ... , en) of the ground set of M. Then
F - S is a fan, as is (F - S) Us for each elements of F n S. Moreover:
(i) If M is not a copy of M(K4) with extra points added to one of its 3--point
lines, then, up to end shuffles, I: is a sequential ordering of M if and only
if I: o!:_,it~__!:~!tsal is on~ of the fallowing:
_,
(a) ( S, F - S), where S is an arbitrary ordering of S and F is an arbitrary right-end ordering of the fan F - S; or
(b) (S - s, (F - S) Us), wheres E F n S and S - s and (F- S) us are
an arbitrary ordering of S - s and an arbitrary right-end ordering of
the fan (F - S) Us.
(ii) If M is a copy of M(K4) to which extra points have been added on one
of the 3--point lines to give the segment S, then, up to end shuffles, I: is
a sequential ordering of M if and only if I: or its reversal is one of the
following:
-4
-4
(a) ( S, a, b, c), where { a, b, c} is the unique triad of M and S is an arbitrary ordering of S; or
(b) (S - s, z, u, v, w), wheres E Sn {u, v, w }, where {u, v, w} is one of the
three lines of M having exactly three points, and S - s is an arbitrary
ordering of S - s.

-

-

-

Proof. Since (S,F - S) is a 3--separation of M, it follows that F - S spans M.
By Lemma 3.5, IS - Fl ~ 2. Thus M has a sequential ordering I:' of the form
(~, F) where S - F and F are an arbitrary ordering of S-F and an arbitrary
right-end ordering of F. If IF n SI f 0, we can move the elements of F n S in I:' to
get another sequential ordering that begins with the elements of S and ends with
the elements of F- S. Then, by Corollary 6.3, F- Sis a fan as is (F- S) Us for
each element s of F n S. By arguing as above, it is straightforward to check that,
in cases (i) and (ii), all of the orderings specified under (a) and (b) are sequential.
Now assume that I: is a sequential ordering of lvl. Because we have a sequential
ordering of lvl that begins with the elements of S, it follows, using Lemma 5.1, that
by replacing I: by its reversal if necessary, we may assume that ISn{ e 1 , e2 , e3}I ~ 2.
Then, by an end shuffle, we may suppose that { e1 , e2 } <;;; S.
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Assume that {e1,e2, ... ,ek} c:;; Sand that ek+l ff. S. Then k;:::: 2 and ek+l E
cl*({e1,e2, ... ,ek}). Thus ek+l EC* c:;; {e1,e2, ... ,ek+1} for some cocircuit C*.
By orthogonality, IC* n SI ;:::: ISi - 1. Thus either
(a) S = {e1,e2, ... ,ek}; or
(b) S- {e1,e2, ... ,ek} = {s}.

In case (a),~ consists of an arbitrary ordering of S followed by a right-end ordering
of F - S. Now consider case (b). Then ek+l is a coloop of M\ { e1, e2, ... , ek}. Thus
ek+l is in no triangles of the fan F - S. Hence F - S has a fan ordering of the
form (ek+1,g1,g2, ... ,gm)· Nows is spanned by F - S. Since ek+l is a coloop of
M\{e1,e2, ... ,ek}, it follows thats is spanned by G where G is {g1,g3, ... ,gm}
when mis odd, and G is {g1,g3, ... ,gm-1,gm} when mis even. Hence s U G
contains a circuit C. By orthogonality with the triads of F - S, we deduce that m
is even and C = fom-1,gm,s}. Thus (F- S) Us is a fan. This fan is contained in
a maximal fan F'.
Suppose first that F' f= F. Then, by Theorem 3.4, IFI = IF'I = 5 and Ml(F U
F') 9! M(K4). In that case, r(M) = 3 and IF n SI = 2. Since Mis not a wheel
or a whirl, we see that M is obtained from a copy of M(K4) by adding extra
points to one of the 3-point lines of this matroid. Let the resulting line be S and
F - S = { a, b, c}. Then, up to end shuffles and reversals, the possible sequential
-t
......
orderings of M are of two types: ($,a, b, c) for an arbitrary ordering S of S; and
-t
( S - s, z, u, v, w) where s E S n { u, v, w} and {u, v, w} is one of the three lines of
M having exactly three points.
We may now assume that F' = F. So s E F n S. We know that (F - S) Us is
a fan, and it follows that ~ consists of an arbitrary ordering of S - s followed by a
D
right-end ordering of the fan (F - S) Us.
Lemma 6.10. Let~ be a fully expanded 3-sequence (e1, e2, ... , en, Z) in a matroid
M that is neither a wheel nor a whirl. Assume that there is a maximal fan F of M
with IFI = 5 and that M has a triangle T that meets I(F) but is not contained in
F. Then either
· · ·

(i) Z is non-trivial and all of the elements in I(F) precede every element in
E(M)-F; or
(ii) Z is trivial and all of the elements in I(F) either precede every element in
E(M) - For succeed every element in E(M) - F.

Proof. By the assumptions of the lemma, F is a type-1 fan. Let { a, b, c} be the
unique triad of F. ThenJ(F) = {a,b,c} and, byTheorem3.4, Ml(TUF) 9! M(K4 ).
Let {u, v, w}, {a, b, u}, {b, c, v}, and { a, c, w} be the triangles of this restriction. By
Lemma 3.7, {a,b,c} is a maximal cosegment and each of {a,b,u}, {b,c,v}, and
{ a, c, w} is a maximal segment of Jvf.
First we show:
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6.11. When Z is non-trivial, J{a,b,c} n {e1,e2,e3}J 2: 2; and, when Z is trivial,
J{a, b, c} n { e1, e2, e3}I 2: 2 or I{ a, b, c} n { en-2, en-1, en}I 2: 2.
Let Z be trivial and assume that l{a,b,c} n {e1,e2,e3}I _:: :; 1 and l{a,b,c} n
{ en-2, en-1, en}I :S 1. In I:, suppose that the ordering induced on {a, b, c} is (a, b, c).
Now move a and c in I: to make a, b, and c consecutive, leaving I: otherwise unchanged. Let the resulting 3-sequence be (X, a, b, c, Y). By assumption, IX! ~ 2
and JYI 2: 2. Without loss of generality, we may assume that Y contains at least
two elements of {u, v, w }. Then a E cl(Y U {b, c} ), so a E cl(X). But this contradicts orthogonality with the triad {a, b, c}. Thus (6.11) holds when Z is trivial, and
a similar argument establishes it when Z is non-trivial.
By (6.11), we may assume that {e1, e2, e3} = {x, a, b} so {x, a, b} is either a triad
or a triangle. In the first case, since {a, b, c} is a maximal cosegment, x = c and the
lemma holds. Thus we may assume that {x,a,b} is a triangle. By orthogonality,
this implies x = u.
'
Consider e4. We may assume this is different from c otherwise the lemma holds.
Since {u, a,b} is a triangle that is contained in no larger segment, e4 E cl*({ u, a, b} ).
Therefore {u, a, b, e4 } contains a cocircuit C* containing e4. Now u E C* otherwise
{a, b, c} is contained in a larger cosegment. By orthogonality between C* and the
triangle {u,v,w}, we deduce that e4 E {v,w}. Since M 'I M(K4), it follows that
JC* I cl 3, so c• = { u, a, b, e4 }. But this contradicts orthogonality with either
{a,c,w} or {b,c,v}.
D
Lemma 6.12. Let M be a wheel· or a whirl. Then I: is a sequential ordering
(e1, e2, ... , en) of M if and only if, for all k E {3, 4, ... , n-3}, both { e1, e2, ... , ek}
and {ek+1,ek+2, ... ,en} are fans.
Proof. If, for all k E {3, 4, ... , n-3}, both {e1, e2, ... , ek} and {ek+l, ek+2, ... , en}
are fans, then I: is a sequential ordering of M. Now assume that I: is a sequential
ordering of M. If IE(M)J _:: :; 6, then it is routine to check using Lemma 6.9(ii)
that the lemma holds. Therefore assume that JE(M)J 2: 8. Since Mis a wheel
or a whirl, there is a cyclic ordering ,J, = (x1,x2, ... ,xn) of the elements of M so
that, for all i, the set T; = {x;,X;+1,Xi+2} is either a triangle or a triad, and T;
is a triangle if and only if Ti+ 1 is a triad, where the subscripts are read modulo n.
Moreover, the sets T; are the only triangles and triads of M.

It suffices to show that the elements in {e1, e2, ... , ek} are consecutive in ,J, for
all k E {3, 4, ... , n - 3}. We do this by induction on k noting that it is clear
for k = 3. Now let { e1, e2, ... , ek-1} = A where k - 1 2: 3 and assume that
the elements in A are consecutive in ,J, and that the immediate neighbours of this
consecutive subsequence of ,J, are x; and Xj, Suppose that ek (/. {x;,xj} and let
B = E(M) - (AU {x;, Xj, ek} ). Since M has sequential orderings in which each
of x;,xj, and ek immediately succeeds A, if IBI = 1, then two of the 3-element
subsets of { x;, Xj, ek} U B are triangles or two are triads, so { x;, Xj, ek} U B is a 4element segment or cosegment contained in E(lvl), a contradiction; and if JBI 2: 2,
we have an (A,B) 3-sequence in which x;,xj, and ek are mutually jumping so, by

26

RHIANNON HALL, JAMES OXLEY, AND CHARLES SEMPLE

[2, Lemma 6.4}, { x;, Xj, ek} is a triangle or a triad of M, contradicting the fact that
these elements are not consecutive in 1Ji.
D
Let M be a 3-connected matroid, and suppose that it has a fully expanded 3sequence with tail Z in which the set T of its first three elements is not contained
in a 4-element segment, cosegment, or fan. The next lemma shows that Tis a fixed
end for M.

Lemma 6.13. Let (e1, e2, ... , en, Z) be a fully expanded 3-sequence of a matroid
M. Suppose that no 4-element set containing {e1,e 2,e3} is a segment, cosegment,
or fan. If (g1, g2, ... , 9n, Z) is a fully expanded 3-sequence of M, then { e1, e2, e3} is
{g1,Y2,g3} when Z is non-trivial, and {e1,e2,e3} is {91,92,ga} or{gn-2,9n-1,9n}
when Z is trivial.

Proof. By Lemma 5.1, at least two elements of {e1,e2,e3} are in {g1,Y2,g3} when
Z is non-trivial, or at least two such elements are in {91,92,93} or {Yn-2,9n-1,Yn}
when Z is trivial. Now {g1,Y2,Ya} is a triangle or a triad, and, when Z is trivial,
so is {9n-2,9n-1,9n}, The lemma follows because no segment, cosegment, or fan
containing {e1, e2, e3} has more than three elements.

7.

D

PROOFS OF THE MAIN RESULTS

In this section, we prove the four theorems from the introduction together with
Theorem 2.3.

Proof of Theorem 1.1. By duality, we may assume that {xn-2,Xn-1,xn} is a triangle. If E(M)-X has a maximal segment K that properly contains {xn-2,Xn-l,xn},
then, by orthogonality and Lemma 3. 7, K is the unique maximal subset of E(M)-X
that contains { Xn-2, Xn-1, Xn} and is a segment, a cosegment, or a fan. It follows by
Lemma 4.6 that, for every 3-sequence (X, Yl, Y2, ... , Yn), the set {Yn-2, Yn-1, Yn} is
contained in K, so (i) holds. We may now assume that {xn-2,Xn-1,xn} is a maximal segment. If it is also a maximal fan, then, by Lemma 4.6 again, (i) holds. Thus
we may assume that {xn-2,Xn-1,xn} is properly contained in a maximal fan F.
Now suppose that M has a 3-sequence (X, Yl, Y2, ... , Yn) such that {Yn-2, Yn-1, Yn}
is not contained in F. Then, by Lemma 4.6, {xn-2,Xn-1,xn} U {Yn-2,Yn-1,Yn}
is contained in a maximal fan F'. By Theorem 3.4, IF!= IF'I = 5 and, for some
NE {M, Af•}, we have Nl(F U F') ~ M(K4). Moreover, FU F' contains a third
5-element maximal fan F", all of F, F', and F" have the same set T of internal
elements, and {Yn-2, Yn-1, Yn} is contained in at least two of these fans.
Now let (X,z1,z2, ... ,zn) be another 3-sequence of M. Then, by Lemma 4.6,
{xn-2,Xn-1,xn} U {zn-2,Zn-1,zn} is contained in a maximal fan Fo. By Theorem 3.4, Fo E { F, F', F"}. Since every triangle or triad of one of these fans is in
at least two such fans, we deduce that {zn- 2, Zn-1, Zn} is contained in at least two
of F,F', and F". Moreover, by Theorem 3.4 and Lemma 3.7, {zn- 2,zn-l,zn} is
contained in no other subset of E(M) - X that is maximal being a segment, a
cosegment, or a fan.
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Finally, by applying Lemma 6.10 to Fo, we deduce that J(Fo) succeeds every
element of E(M) - Fo in (X, z1,z2, ... ,zn)· It now follows by Lemma 6.2 that
T <:;; {Zn-3,Zn-2,Zn-1,Zn}·
D
Proofs of Theorems 1.2 and 1.3. Let the sequential orderings (e1, e2, ... , en) and
(g1,92,···,9n) of M be denoted by I:e and I:g. In the argument that follows,
we shall frequently replace sequential orderings by their reversals, often without
explicitly mentioning this.
Suppose first that Mis a copy of M(K4) to which extra points have been added
on one of the 3-point lines to give a segment S. Let {a, b, c} be the unique triad
of M. Then {a, b, c} is the set of internal elements of every maximal fan of M
with more than three elements. Lemma 6.9(ii) lists all possible sequential orderings
of M. From that result, we deduce that {L(M),R(M)} = {S,{a,b,c}} and that,
after possibly replacing I:e or I:g by its reversal, {e1, e2, e3} U {g1, g2, 93} <:;; Sand
{en-2,en-1,en} U {9n-2,9n-1,9n} is contained in a maximal fan of M that has
{ a, b, c} as its set of internal elements.
Suppose next that M is the union of a maximal fan F and a maximal segment
S but that M is not a copy of M(K4) with extra points added to one of its 3point lines. If ISi 2 4 or if ISi 2 3 and IF n SI = O, then, by Lemma 6.9(i),
{L(M),R(M)} = {S,J(F)}. Moreover, {e1,e2,e3} U {g1,g2,g3} <:;;Sand {en-2,
en-1, en} Ufon-2,9n-1,9n} <:;; F. Now suppose that ISi = 3 and IFnSI

> 0. Since

M is not a wheel or a whirl, IF n SI I 2, so IF n SI = 1. Let F n S = {xi}.
Then x1 is an end of the fan F. Let Xm be the other end of F. Then F has type-3
and (S - x 1) U Xm is a triad of .M. Thus SU Xm is a 4-element fan F' of M. In
this case, {L(M),R(M)} = {J(F'),J(F)} and {e1,e2,e3} U fo1,92,g3} <:;; F' and
{en-2, en-1, en} U {9n-2,9~-1,9n} <:;; F.
We may now assume that neither M nor M* is the union of a maximal fan and
a maximal segment. By duality, we may also assume that {e1, e2, e3} is a triangle.
Next we prove the following.
7 .1. By replacing I:g by its reversal if necessary,

(i) { e1, e2, e3} = {g1,92, 93} and this set is contained in no segment or fan with
more than three elements; or
(ii) {e1, e2, e3} U fo1, 92, 93} is contained in a maximal segment or a maximal
fan with at least four elements.
Suppose first that M has no 4-element segment and no 4-element fan containing
{e1,e 2,e3}. Then it follows immediately by Lemma 6.13 that (i) holds. Suppose
next that M has a set S properly containing {e1,e2,e3} such that Sis a segment
or a fan. Then, by Lemma 3.7, either
(a) every such set is a segment; or
(b) every such set is a fan.
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Assume that (a) holds and let S be a maximal segment containing { e1, e2, e3}.
Then S is unique. Moreover, by Lemma 5.3 and Corollary 4.8, exactly one of
{gi,92,93} and {9n-2,9n-1,9n} is contained in S. By reversing E 9 if necessary,
we may assume that {g1, 92, 93} ~ S. Now suppose that (b) holds and let S
be a maximal fan containing {e1,e2,e3}. Then, by Lemma 6.7, we may assume
that JS n {91,92,93}J 2: 2. Then, by the earlier assumptions and Lemma 6.6,
either S 2 {g1,92,93} and (7.1) holds; or JS n {91,92,93}J = 2 and, for some
N E {M,M*}, the fan S has five elements and contains a unique triad T* of
N, the set {g1,92,93} is a triangle of N, the elements of Sn {g1,92,93} are in
I(S), and NJ(S U {91,92,93}) ~ M(K4). In the latter case, one easily checks
that {ei,e2,e3} U {91,92,93} is contained in a 5-element maximal fan of N. This
completes the proof of (7.1).
If we apply (7.1) to the other end of Ee, then we will get information about
either {en-2,en-1,en}U{g1,92,93} or {en-2,en-1,en}U{gn-2,9n-1,9n}· Next we
eliminate the first of these possibilities. If {en-2,en-1,en} equals {g1,92,93} and
is not contained in any segment, cosegment, or fan with more than three elements,
then we have a contradiction to (7.1). If {en-2,en-1,en}U{g1,92,93} is contained
in a segment, cosegment, or fan with more than three elements, then, by (7.1),
{ e 1, e2, e3} U {g1,92,93} is contained in a maximal segment or a maximal fan with
at least four elements. In the first case, it follows by Corollary 4.8 that r(M) = 2;
a contradiction. In the second case, we get a contradiction by Lemma 6.5.
It now follows by (7.1) that

(iii) {en-2, en-I, en}= {9n-2, 9n-I,9n} and this set is contained in no segment,
cosegment, or fan with more than three elements; or
(iv) { en-2, en-I, en}U{gn-2,9n-1,9n} is contained in a maximal segment, cosegment, or fan with at least four elements.
From (7.l)(i) and (ii), and from (iii) and (iv), we deduce that each of { e1, e2, e3}U
{g1, 92,93} and {en-2, en-1, en} U {9n-2, 9n-1, 9n} is contained in a maximal segment, a maximal cosegment, or a maximal fan. The fact that these segments,
cosegments, or fans are distinct follows by Corollary 4.8 and Lemma 6.5. Thus
Theorem 1.2 is proved.
To complete the proof of Theorem 1.3, we observe that if L(Ee) is a triangle end,
a triad end, a segment end, or a cosegment end, then, by (7.1), L(Ee) = L(E9 ).
Finally, suppose that L(Ee) is a fan end. Then L(E 9 ) is also a fan end. Since,
by Theorem 3.4, all maximal fans containing {e1, e 2, e3} have the same sets of
internal elements, we deduce that L(Ee) = L(E9 ). By a similar argument, we
have R(Ee) = R(E 9 ). The fact that L(Ee) and R(Ee) are distinct follows by
Corollary 4.8 and Lemma 6.5.
D
Proof of Theorem 1.4. The fact that L(E) and L(E') have the same type is immediate from Theorem 1.3. Moreover, parts (i) and (ii) follow by Lemmas 6.13 and
5.2. Finally, suppose that L(E) is a fan end. Then part (iii) follows by Lemmas 6.8,
6.9, 6.10, and 6.5.
D
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Proof of Theorem 2.3. Consider the construction of NhR· We know that M is
sequential. Suppose that L(M) is a segment end of Mor M*, say M, having at
least four elements. Let E be a normalized sequential ordering of M. Then, by
Theorem 1.4, E begins with jL(M)j -1 elements of L(M). Evidently adjoining an
arbitrary ordering of {li,1 2,!3} to the beginning of E gives a sequential ordering
EL of ML, If L(M) is a triangle end, a triad end, or a fan end of M, then ML= M
and we let EL = E. Next we show that R(ML) = R(M). This is certainly true
if ML= M. If ML f M, then L(ML) = L(M) U {li,!2,!3}. In a sequential
ordering E' of ML that begins with IL(ML)l -1 elements of L(ML), all of !1,12,
and h precede every element of E(M)-L(M). To see this, suppose that E' has an
element of E(M)- L(M) preceding some I;. Let e be the first such element. Then
e E c!ML (L(ML) - I;). Thus ML has a cocircuit containing e that is contained in
(L(ML)-li) Ue. By orthogonality, this cocircuit is (L(ML)-l;) Ue. Hence ML has
a hyperplane meeting L(ML) in {!;}. This contradicts the fact that l; was freely
placed on L(M).

We deduce that when ML f M, the sequential orderings of ML are exactly
the orderings of E(ML) that can be obtained by arbitrarily inserting 11, !2, and 13
into a normalized sequential ordering of M so that each precedes every element of
E(M)-L(M). It follows from this that R(ML) = R(M). Then the argument used
above to show that ML is sequential establishes that MLR is also sequential.
----;

Now let (A(M),X,B(M)) be an (A(M),B(M)) 3-sequence of MLR and let
E~R be obtained from this 3-sequence by ordering ends. Then ELR is a sequential
ordering of MLR· Moreover, by Lemma 4.2, pruning surplus elements from ELR
gives a sequential ordering E of M. Clearly by performing fan shuffles at the ends
of E, we maintain a sequential ordering of M.

It remains to show that if E' is an arbitrary sequential ordering (e1, e2, ... , en) of
M, then E' can be obtained using the above procedure. If neither L(M) nor R(M)
is a fan end, then the definitions of A(M) and B(M) ensure that the construction
described produces an (A(M), B(M)) 3-sequence. Moreover, E' can be obtained
from this (A(M), B(M)) 3-sequence by ordering ends and pruning surplus elements.
Now suppose that L(M) is a fan end. Then {e1, e2 , e3} is contained in a maximal
fan F of M, and F has L(M) as its set of internal elements. Then, by Theorem 1.4,
either the first jL(M)I elements of E' all lie in L(M), or the first IL(M)l+l elements
of E' are contained in F and include L(M). In either case, a fan shuffle produces a
sequential ordering of M whose first IL(M)I elements consist of a left-end ordering
of the fan J(F).
To complete the proof of the theorem, we need only analyze what happens at
the right end of E'. This depends on the type of R(M) and a similar argument to
the above establishes the required result.
D

The final result of the paper specifies how to determine all 3-separations that
are equivalent to a unisequential 3-separation of a 3-connected matroid. The proof,
which is similar to that given above, is omitted.
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Theorem 7.2. Let (A 1, B1) be a 3-separation of a 3-connected matroid M such that
fcl(Bi) = E(M) and fcl(A1) = E(M)-B1, Let (e1,e2, ... ,en,B1) be a 3-sequence
and suppose {e1,e2,e3} is a triangle. Let B(M) = B1. If {e1,e2,e3} is contained
in no segment or fan with more than three elements, let A(.NJ) = {e1,e2,e3}, and
Af+ = M. If { e1, e2, e3} is contained in a segment with at least four elements,
adjoin l1,l2, and l3 freely to the line spanned by {e1,e2,e3} to give M+ and let
A(M) = {h,l2,l3}. If {e1,e2,e3} is contained in a maximal fan F with at least
four elements, let A(M) = I(F), and M+ = M. Then every fully expanded 3sequence of M with tail B1 can be obtained from some (A(M), B(M)) 3-sequence
of M+ by

(i) ordering A(M) arbitrarily if IA(M)I :,:; 3, and with a left-end ordering if
IA(M)I ~ 4;

(ii) pruning surplus elements if A(M) n E(M) = 0; and
(iii) a fan shuffle when A(M) = I(F).
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