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ABSTRACT. For a k-connected matroid M, Clark and Whittle showed
there is a tree that displays, up to a natural equivalence, all non-trivial
k-separations of M. In this paper, we present an algorithm for con-
structing such a tree, and prove that, provided the rank of any subset of
E(M) can be found in constant time, the algorithm runs in polynomial
time in |E(M)).

1. INTRODUCTION

Oxley et al. [I0] showed that every 3-connected matroid M with at least
nine elements has a 3-tree: a tree decomposition that displays, up to a natu-
ral equivalence, all non-sequential 3-separations of M. The approach taken
in the proof of this result does not appear to elicit an efficient algorithm for
finding such a 3-tree. However, by taking a different approach, and thereby
reproving the result, Oxley and Semple [9] presented such an algorithm.
Provided the rank of a subset of E(M) can be found in constant time, this
algorithm finds a 3-tree for M with running time polynomial in the size of

Clark and Whittle [4] generalised the main result of [I0], showing that
every tangle of order k£ in a connectivity system that satisfies a certain “ro-
bustness” property has a tree decomposition, called a k-tree, that displays,
up to equivalence, all the non-sequential k-separations of the connectivity
system with respect to the tangle. In particular, this result specialises to
k-connected matroids as follows:

Theorem 1.1. Let M be a k-connected matroid, where k > 3 and |E(M)| >
8k — 15. Then there is a k-tree T for M such that every non-sequential k-
separation of M is equivalent to a k-separation displayed by T .
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As with the case where k = 3, although Theorem [I.T]ensures the existence
of a k-tree for M, it does not guarantee the existence of a polynomial-time
algorithm for finding such a tree. In this paper, we present an algorithm
for finding a k-tree for M. The main result of the paper establishes that
the algorithm indeed outputs a k-tree, thereby giving an independent proof
of Theorem and that it runs in time polynomial in the size of E(M)
provided the rank of any subset of E(M ) can be found in constant time. Our
overall approach is similar to [9]; however, there are a number of additional
hurdles to overcome when k > 4.

The paper is structured as follows. In the next section, we formally state
the main result; to do so requires a review of connectivity and flowers in the
setting of k-connected matroids. Section [3|contains a number of preliminary
results concerning k-connectivity, k-flowers, and k-paths, where the latter
are a generalisation of 3-paths introduced in [9]. Throughout the algorithm,
we repeatedly attempt to find non-sequential k-separations where each side
of the separation contains certain subsets; in Section 4] we show how to
find such k-separations in polynomial time. In Section [ we discuss one
key situation that arises only when k& > 4. Section [f] contains a formal
description of the algorithm; while in Section [7] we prove its correctness and
that it runs in polynomial time. Finally, in Section [§ we review why the
condition that the ground set have at least 8k — 15 elements is necessary,
and why a polynomial-time algorithm is not forthcoming from the proof of
Theorem [1.1]in [4].

The notation and terminology in the paper follows Oxley [§]. Throughout,
we assume that the matroid M for which we wish to construct a k-tree is
specified by a rank oracle, that is, a subroutine that, given a subset X C
E(M), returns the rank of X in unit time. A number of results in the paper
are generalisations of results in [9]. When the proofs can be obtained by
making routine modifications, for example, essentially just replacing each
“3” with “k”, we have omitted the details assuming the reader has access
to [9].

2. MAIN RESULT

k-connectivity. Let M be a matroid with ground set E. The connectivity
function of M, denoted by Ay, is defined on all subsets X of E by

A(X)=r(X)+r(E—-X)—r(M).

A subset X or a partition (X, E— X) of E is k-separating if \yy(X) < k—1.
A k-separating partition (X, E — X) is a k-separation of M if |X| > k and
|E — X| > k. A k-separating set X, a k-separating partition (X, E — X) or
a k-separation (X, E — X) is ezact if A\py(X) = k — 1. The matroid M is
k-connected if, for all j < k, it has no j-separations.

Let M be a k-connected matroid with ground set E, and let X be an
exactly k-separating subset of E. A partial k-sequence for X is a sequence
(Xi)™, of pairwise-disjoint non-empty subsets of E'— X such that |X;| <
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k—2, for all i € {1,2,...,m}, and X U (J/_; X;) is k-separating, for all
Jj € {1,2,...,m}. A partial k-sequence (X;)"; for X is mazimal if, for
every partial k-sequence (X/)™, for X, we have U:nz/l XU, X;.

Let (X;)!", be a maximal partial k-sequence for the exactly k-separating
set X. We define the full k-closure of X, denoted fcl;(X), to be XUJ" | X;.
For readers familiar with [4], note that this operator is a specialisation of
the fcly operator used in that paper, where 7 is the unique “tangle” for a
k-connected matroid. The fclg operator is a well-defined closure operator on
the set of exactly k-separating subsets of E [4, Lemma 3.3]. When k = 3, the
operator is equivalent to the full closure operator for 3-connected matroids
(as given in [I0], for example) and, when k = 4, it is equivalent to the full 2-
span operator of [2]. It is important to note that the full k-closure operator
is only well-defined on exactly k-separating sets; that is, k-separating sets
with at least k — 1 elements, but no more than |E| — (k — 1) elements.

An exactly k-separating set X is k-sequential if fcly(E — X) = E; other-
wise, it is not k-sequential. When there is no ambiguity, we just say that X
is sequential or non-sequential, respectively. An exact k-separation (X,Y)
is k-sequential if X or Y is k-sequential; otherwise, when X and Y are non-
sequential, we say that (X,Y) is non-sequential. When X is k-sequential
and (X1, Xo,...,X,,) is a maximal partial k-sequence for £ — X, we say
that (X, Xm—1,...,X1) is a k-sequential ordering of X.

Let (A1, B;) and (Ag, Bs) be k-separations of M; then (Aj, Bi) is k-
equivalent to (AQ, Bg) if {fClk(Al), fClk(Bl)} = {fclk<A2), fClk(BQ)}

k-flowers. The crossing k-separations of a k-connected matroid M are rep-
resented by the k-flowers of M.

Let M be a k-connected matroid for some k > 3 with ground set E.
For n > 1, a partition (P, P,...,P,) of E is a k-flower with petals
P, P, ..., P, if each P; is exactly k-separating, and each P; U Py is k-
separating, where subscripts are interpreted modulo n. We also view (E) as
a k-flower with a single petal E; we call this k-flower t¢rivial. In what fol-
lows, for a flower (Py, P, ..., P,), the subscripts will always be interpreted
modulo n. A k-flower ® displays a k-separating set X or a k-separation
(X,Y) if X is a union of petals of ®. Let ®; and ®2 be k-flowers. Then
®, < &y if every non-sequential k-separation displayed by ®1 is k-equivalent
to a k-separation displayed by ®5. We say that ®; and ®, are k-equivalent
if &1 < &5 and ®y < P1. The order of a k-flower ® is the minimum number
of petals in a k-flower k-equivalent to ®.

Let & = (P, Ps,...,P,) be a k-flower of M. The k-flower ® is a k-
anemone if |J,cg Ps is k-separating for every subset S of {1,2,...,n};
whereas ® is a k-daisy if P, U Piyq U --- U P,y is k-separating for all
i,7 € {1,2,...,n}, and no other union of petals is k-separating. Aikin
and Oxley [1] showed that every non-trivial k-flower is either a k-anemone
or a k-daisy.
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An element e € E is loose if e € fcly(P;) — P; for some i € {1,2,...,n},
otherwise e is tight. A petal P;, for some ¢ € {1,2,...,n}, is loose if every
e € P, is loose; otherwise, P; is tight. A flower of order at least three is
tight if all its petals are tight; while a flower of order one or two is tight
if it has one or two petals, respectively. A k-daisy ® is irredundant if, for
all © € {1,2,...,n}, there is a non-sequential k-separation (X,Y") displayed
by ® with P, C X and P11 C Y. A k-anemone & is irredundant if, for
all distinct 7,5 € {1,2,...,n}, there is a non-sequential k-separation (X,Y)
displayed by ® with P, C X and P; C Y. Note that a tight 3-flower is
always irredundant, but this does not necessarily hold for tight k-flowers
where k > 4 [2, Example 3.14]. As the purpose of a k-tree is to describe the
non-sequential k-separations of a matroid, it is most efficient to do so using
irredundant flowers.

This definition of an irredundant k-flower ® is stronger than that given
in [2] when ® is a k-anemone. The stronger definition ensures that for a
tight irredundant k-anemone ® with n petals, the order of ® is n. This
is illustrated by considering the 4-anemone (P;, Py, Py, P3) as described in
[2, Example 3.14], but with the last two petals interchanged; this 4-flower is
“iIrredundant” as defined in [2], but (P;, P,UPs, Py) is an equivalent 4-flower
with fewer petals. Our terminology also differs from [4], where a k-flower
in the unique tangle 7 for M is called S-tight, where S is the set of all
non-sequential k-separations of M, if no k-flower displaying the same k-
separations contained in S has fewer petals. Thus, such an S-tight k-flower
must be not only tight, as defined here, but also irredundant.

k-trees. Let m be a partition of a finite set £. Let T be a tree such that
every member of 7 labels exactly one vertex of T'; some vertices may be
unlabelled but no vertex is multiply labelled. We say that T is a w-labelled
tree; labelled vertices are called bag vertices and members of 7 are called
bags. If B is a bag vertex of T, then w(B) denotes the subset of E that
labels it. If the degree of B is at most one, then B is a terminal bag vertex;
otherwise B is non-terminal.

Let G be a subgraph of T" with components G1,Ga,...,Gp. Let X; be
the union of those bags that label vertices of G;. Then the subsets of E
displayed by G are X1, Xs,...,X,,. In particular, if V(G) = V(T), then
{X1,X2,...,Xn} is the partition of E displayed by G. Let e be an edge of
T. The partition of E displayed by e is the partition displayed by T'\e. If
e = vyve for vertices vy and vy, then (Y7,Y3) is the (ordered) partition of
E(M) displayed by vivg if Y7 is the union of the bags in the component of
T\vivy containing vy. Let v be a vertex of T that is not a bag vertex. The
partition of E displayed by v is the partition displayed by T — v. The edges
incident with v correspond to the components of 7' — v, and hence to the
members of the partition displayed by v. In what follows, if a cyclic ordering
(e1,€9,...,6e,) is imposed on the edges incident with v, this cyclic ordering
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is taken to represent the corresponding cyclic ordering on the members of
the partition displayed by v.

Let M be a k-connected matroid with ground set E. Let T be a mw-labelled
k-tree for M, where 7 is a partition of E such that:

(F1) For each edge e of T, the partition (X,Y) of E displayed by e is
k-separating, and, if e is incident with two bag vertices, then (X,Y)
is a non-sequential k-separation.

(F2) Every non-bag vertex v is labelled either D or A; if v is labelled D,
then there is a cyclic ordering on the edges incident with v.

(F3) If a vertex v is labelled A, then the partition of E displayed by v is
a k-anemone of order at least three.

(F4) If a vertex v is labelled D, then the partition of E displayed by v,
with the cyclic order induced by the cyclic ordering on the edges
incident with v, is a k-daisy of order at least three.

A vertex of T is referred to as a daisy vertex or an anemone vertex if it is
labelled D or A, respectively. A vertex labelled either D or A is a flower
verter. By conditions and the partition displayed by a flower
vertex v is a k-flower ® of M; we say that ® is the flower corresponding to
v, and the k-separations displayed by ® are the k-separations displayed by
v. A k-separation is displayed by T if it is displayed by some edge or some
flower vertex of T. A k-separation (R,G) of M conforms with T if either
(R, @) is equivalent to a k-separation that is displayed by a flower vertex
or an edge of T, or (R, G) is equivalent to a k-separation (R’,G’) with the
property that either R’ or G’ is contained in a bag of T'.

A m-labelled k-tree T for M satisfying|(F1)H(F4)|is a conforming k-tree for
M if every non-sequential k-separation of M conforms with T'. A conforming
k-tree T is a partial k-tree if, for every flower vertex v of T, the partition of
FE displayed by v is a tight maximal k-flower of M.

We now define a quasi order on the set of partial k-trees for M. Let T3
and T be partial k-trees for M. Define T1 < T5 if every non-sequential k-
separation displayed by 77 is equivalent to one displayed by Ts. If T} < T5
and To < T3, then T7 and T, are equivalent partial k-trees. A partial k-
tree is maximal if it is maximal with respect to this quasi order. We call a
maximal partial k-tree a k-tree.

We can now state the main result of the paper.

Theorem 2.1. Let M be a k-connected matroid specified by a rank oracle,
where |E(M)| > 8k — 15. Then there is a polynomial-time algorithm for
finding a k-tree for M.

3. PRELIMINARIES

k-connectivity. The following lemma follows from the submodularity of
the connectivity function; it is an elementary, but frequently-used result in
matroid connectivity.
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Lemma 3.1. Let M be a k-connected matroid, and let X and Y be k-
separating subsets of E(M).

(i) If | XNY|>k—1, then X UY is k-separating.

(ii) If [E(M) — (XUY)| >k —1, then X NY is k-separating.

When an application of Lemma [3.1|is used in subsequent proofs, we refer to
it as “by uncrossing”.

The following results note some elementary properties of k-sequential k-
separating sets. The first is a generalisation of [II, Lemma 2.7] and [2,
Lemma 2.6]. The proofs of the subsequent corollaries are straightforward.

Lemma 3.2. In a k-connected matroid M, let X andY be k-separating sets
such that |E(M) — X|>k—1andY C X. If X is k-sequential, then so is
Y.

Proof. Take a k-sequential ordering (X1, Xa,...,X;) of X. Then, by un-
crossing, for all ¢ € {1,2,...,t}, theset Y N (X3 UXo U --U X;) is k-
separating. ([

Corollary 3.3. Let (X,Y) be a k-separation in a k-connected matroid M
and let Y' be a non-sequential k-separating set in M. IfY' CY, thenY is
non-sequential.

Corollary 3.4. Let M be a k-connected matroid, and let F be the collection
of mazimal k-sequential k-separating sets of M. Then, a k-separating set X
is not k-sequential if and only if no member of F contains X .

The next lemma generalises a well-known property of non-sequential 3-
separating sets (see, for example, [10, Lemma 3.4(i)]).

Lemma 3.5. Let (X,Y) be exactly k-separating in a k-connected matroid
M. If (X,Y) is not k-sequential, then | X|,|Y| > 2k — 2.

Proof. Suppose that | X| < 2k—3. Clearly, | X| > k—1. Any (k—1)-element
subset X7 of X is trivially k-separating. Therefore, as | X — X1| < k—2, we
have fclg(E(M) — X) = fclp(E(M) — X1) = E(M); a contradiction. O

An ordered partition (21, Z2,...,Z:) of E(M) is a k-sequence if, for all
i€{1,2,...,t =1}, the set J;_, Z; is k-separating.

Lemma 3.6. Let U and Y be disjoint subsets of the ground set E of a
k-connected matroid M. Suppose that U and U UY are k-separating and
Y C felg(U). If fclp(U) # E, then there is a partition (Y1,Ya,...,Ys) of ¥
such that 1 < |Y;| < k—2 for eachi € {1,2,...,s} and (U,Y1,Ya,...,Ys, E—
(UUY)) is a k-sequence.

Proof. Let (U, Us,...,U;) be a partition of fclg(U) — U such that, for all
ie{l,2,...,l}, wehave 1 < |U;| <k—-2and UUU, UU3U---UU; is k-
separating. Let (Y7,Ys,...,Ys) be the partition of the elements of Y induced
by this partition of fcly(U) — U. As fclgy(U) # E, we have |E — fcli(U)| >
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2k — 2 by Lemma [3.5] So, by uncrossing U UY and UUU, UU U ---UU;
for i € {1,2,...,1}, we deduce that U UY; UYp U ---UYj is k-separating
for all j in {1,2,...,s}. In particular, (U,Y1,Ys,...,Ys,E—(UUY)) is a
k-sequence. O

The following corollary is a straightforward consequence of Lemma
where follows by [4, Lemma 3.7].

Corollary 3.7. Let U and Y be disjoint subsets of the ground set E of a
k-connected matroid M. Suppose that U and U UY are k-separating and
Y Cfelg(U). If felp(U) # E, then

(i) Y Cfcp(E— (UUY)), and

(ii) (U,E —U) is k-equivalent to (UUY,E — (UUY)).

k-flowers. The following lemma is a generalisation of [2, Lemma 3.4]. A
partial k-sequence (X;)*, for X is fully refined if, for every partial k-
sequence (X)), for X such that (™, X! = ", Xi, we have m > m/.

Lemma 3.8. Let (P, Py,...,P,) be a tight k-flower ® of order at least
three in a k-connected matroid M. Let (Y;)[™, be a fully refined partial k-
sequence of PLU Py U---UP;, where j <n —2. Let d be the largest member
of {1,2,...,m} such that, for all i € {1,2,...,d}, the set Y; is contained
in one of Pj11,Pjia,...,P,, or set d = 0 if there is no such member. Let
Y=Y,UY, U ---UYj.
(i) If d < m, then
(a) .] =n- 27'
(b) Ygi1 meets both P,_1 and P,;
(¢c) each of Py — (Y'UYqy1) and P, — (Y UYy41) has between 2
and k — 2 elements;
(d) each of P,y —Y' and P, — Y’ has between k — 1 and 2k — 5
elements; and
(e) fClk(Pl UPU---U P]) = E(M)
(ii) When i <d,
(a) if Y; is contained in P,, then Y; C fcly(Py) — Py; and
(b) if Y; is not contained in Py, then Y; C fcly(P;) — P;.
(iii) The k-flower ® is k-equivalent to
(PLU(Y' NP, Pyy... . P, PjU(Y' —P,), Py —Y', ... P, —Y").
Proof. Cases and can be established by a routine upgrade of the
proof of [2, Lemma 3.4(ii) and (iii)]. To prove let ®' = (P{,Py,...,P))
=P U (Y/ N Pn),PQ, P, P U (Y/ — Pn),Pj+1 — Y,, R e Y/)
Recall that Y41 is not contained in any of Pji1,Pjia,...,P,. Let s €
{j+1,j+2,...,n} be the minimum index such that Y;;; meets P.. The
sets P/UPyU---UP/UYy41 and PUPjU---U P; are k-separating. If their
union avoids at least & — 1 elements, then, by uncrossing, P{UPyU---UP/U
(PNYq4y41) is k-separating, where P/ NYy41 is a non-empty proper subset of
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Yi41, contradicting that the partial k-sequence is fully refined. Thus we may
assume that [(Pj UP, ,U---UP,) =Ygy | <k—2. Since [Ygq| < k-2
and P, N Yy # 0, it follows that [J7_ | Pj| <2k —5. But |[P/| > k-1
for all i € {1,2,...,n}, since ® is tight. Thus s+ 1 = n, the set Y1 meets
P/, and k—1 < |P)| < 2k —5. Likewise, by uncrossing ( 2:1 P/)UY441 and
(U, P)U P}, we deduce that [(U=; P)) — Yar1| < k—2, thus s = j + 1
and k — 1 <|P!| <2k —5. Hence j =n — 2 and, since |P, — Y41/, |P._1 —
Yiil, [Yar1] < k — 2, it follows that |(P, U P! ;) — Ygi1| < 2k — 4. Thus
the k-separating set (P)_; U P)) — Y41 is k-sequential, by Lemma We
deduce that fcly(Py U P U---U P;) = E(M). Thus |(i)| holds.

We now give three corollaries of the previous lemma. The first is analo-
gous to [9, Lemma 3.4(i)], which concerns only 3-flowers. The requirement
that fcly(PLUP,U---UP;) # E(M), not present in the k = 3 case, is neces-
sary, as will become evident in Example Corollary generalises the
corresponding results for k£ = 3 [10, Corollary 5.10] and k£ = 4 [2, Corollary
3.15]. Corollary is a straightforward generalisation of [9, Corollary 3.5]
that follows from Corollaries and

Corollary 3.9. Let (P1, Ps, ..., P,) be a tight k-flower of order at least three
in a k-connected matroid M. If 1 < j<n—2 and fclx(PLUPU--- UPj) #*
E(M), then

fely(PLUPU---UP;) — (PLUPU---UP)) C (fclg(Pr) — Pr) U (felg (Py) — Pj),
and every element of (fcly(Pr) — P1) U (fclg(P;) — P;) is loose.

Corollary 3.10. Let ® = (Py, Ps, ..., P,) be a tight irredundant k-flower.
Then the order of ® is n.

Proof. By definition, the order of ® is at most n. Towards a contradiction,
suppose ® is a k-flower with n/ petals, where n’ < n, that is k-equivalent
to ®. Without loss of generality, we may assume that @’ is tight. If n’ =1,
then @ displays no non-sequential k-separations, and it follows that @ is not
tight; a contradiction. Thus n’ > 2.

Let (U1, V1) be a non-sequential k-separation displayed by ®. Then &’
displays a k-separation (U7, V() with fclp(Uy) = fclg(U]) and felg(Vi) =
felg(VY). Since @ has fewer petals than ®, we may assume, without loss of
generality, that U; is the union of p; petals of ®, and U] is the union of p}
petals of @', where p}j < p;. Suppose there is a petal P; of ® contained in U;
for which (U; — Py, VU Py) is a non-sequential k-separation. The k-flower @’
displays an equivalent k-separation (U}, V), with felp(Uy — Py) = felg(UY)
and felp(V4 U P1) = felg(Vy), where UJ is the union of p), petals of @'
Since @ is tight, it follows, by Corollary that Py ¢ fclp(V1). Thus
fclp (V) = felp (V1) G felp(Vi U Pr) = felg(V;). If there is a petal P’ of @'
contained in V{ — VJ, then P" C felp(Vy) — V5. As fclg(Vy) # E(M), the
set UJ contains a petal of @ other than P’. By Corollary P’ is loose; a
contradiction. We deduce that V{ G V5. Since U7 is the union of p| petals,
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it follows that U is the union of at most pj — 1 petals; that is, pl, < pl.
Let (Us, Vo) = (Uy — P1, V4 U Py). If there is a petal P, contained in Us for
which (U — Py, VoU P,) is a non-sequential k-separation, then we can repeat
this process until, for some ¢ < n, we obtain a non-sequential k-separation
(Ui, Vi) where for each petal P; of ® contained in U, if (U; — P;, V; U F;) is
a k-separation, then it is k-sequential. We relabel this k-separation (U, V).
Observe that ® displays a k-separation (U’, V'), with fclp(U) = fclx(U")
and fcl (V') = felg(V’), such that U’ is the union of p’ petals of @', and U is
the union of p petals of ®, with p’ < p.

Suppose that p’ > 2, so p > 3. Pick distinct petals P,, P,, and P, of
® contained in U. Since @ is irredundant, there exists a non-sequential k-
separation (A, B) displayed by ® such that P, C A and P, C B. Without
loss of generality, we may assume that P, C B. The k-flower ® displays
a k-separation (A’, B’) equivalent to (A, B). We now consider petals of @’
contained in U’. For any such petal P! contained in A’, we have P, N (P, U
P,) C fcli(A) — A, and these elements are loose in ® by Corollary As @
is irredundant, there exists a non-sequential k-separation (Bs, C2) displayed
by ® such that P, C Bs and P. C (5, with an equivalent k-separation
(By, Cy) displayed by ®'. Since P, & U and (B, C2) is non-sequential, By
contains a petal of ® other than P,. Likewise, C> contains a petal other
than P.. Let P/ be a petal of ® contained in B’ and U’. If P| C Cj, then
P; N P, C fcly(C) — Cy, and these elements are loose in ® by Corollary
Otherwise, P/ C Bj, in which case P, N P, C fcly(B2) — Be, and, again,
these elements are loose by Corollary We deduce that all the elements
of U' N (P, U P,) are loose in ®. If V' is a single petal of @', then the
only non-sequential k-separation displayed by ®' is (U’, V'), in which case
(A’, B') is an equivalent k-separation, contradicting the fact that @’ is tight.
Thus, by Corollary the elements of fcl(U") — U’ are loose, so P, and P,
are loose; a contradiction.

We may now assume that p’ = 1. Let P, and P, be distinct petals of ®
contained in U such that P, U P, is k-separating. Since ® is irredundant,
there exists a non-sequential k-separation (X,Y") displayed by ® such that
P, C X and P, C Y. The k-flower ® displays an equivalent k-separation
(X',Y") for which, without loss of generality, the petal U’ is contained in
X'. Thus fcly (P, UPy) C felg(U') C felp(X') = felp(X). Now Py C fely (P U
P,) C fclx(X), and P, C Y, so P, C fclp(X)—X. Since Y is non-sequential,
it contains a petal of ® other than P,. Thus, by Corollary @l, P, is loose;
a contradiction. This completes the proof of the corollary. O

Corollary 3.11. Let ® be a tight irredundant flower in a k-connected ma-
troid M and let (U, V') be a non-sequential k-separation displayed by ®. Then
no petal of ® is in the full k-closure of both U and V.

The following lemma provides a straightforward way to verify that a petal
is tight.
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Lemma 3.12. Let (P, Py, ..., P,) be a k-flower in a k-connected matroid
M. If, for some i € {1,2,...,n}, the petal P; is loose, then either P; C
fClk(PlUPQU-“UPZ',l) OT’P Cfclk( P UPoU-- UPn).

Proof. Let Pi_ =P UPU---UP,_4 andPi =P UPU---UP,. If
fclg(Pt) = E(M), then P; C fclx(P;"); so assume otherwise. Let A = P; N
fclg(P) and B = P;—fcl(P;"). Since P; is loose, B C fel,(P;"). Then, there
exists a set B’ containing B where B'UP}" is k-separating and B’ C fely,(P;").
By Corollary B' C fely((P7 U P) — B') C felp (P U A) C fely(P).
Thus B C fcli(P;). We deduce that B = (), completing the proof of the
lemma. O

Let ® = (P1, Py, ..., P,) be a k-flower of M. We can obtain a new flower
' from ¢ = (Py, Py, ..., P,) in the following way. Let &' = (P{, P}, ..., P).),
where there are indices 0 = jo < j1 < -+ < jm = n such that P =
P, ,41U---UP; forallie {1,2,...,m}. Then we say that the flower @’
is a concatenation of ®, and that ® refines ®’.

k-paths. Oxley and Semple [9] introduced the notion of a 3-path to facil-
itate describing inequivalent non-sequential 3-separations. Here, we gener-
alise this notion to k-paths.

Let M be a k-connected matroid with ground set E. A k-path in M is an
ordered partition (Xi, Xs,...,X,,) of E into non-empty sets, called parts,
such that

(i) (U;:1 X5, Ui X;) is a non-sequential k-separation of M for all
i€ {1,2,...,m— 1}; and

(ii) for all i € {2 3,. - 1} the set X; is not in the full k-closure of
either (Ji_ L X; or U] i X

Condition is equivalent to the assertion that the non-sequential k-
separations (szl Ui X ;) and (UZH X5, UL X ;) are inequiv-
alent for all i € {1,2,...,m —2}. We say X, and X, are the end parts
of the k-path. For each ¢ € {1,2,...,m}, we denote the sets Ui*1 X, and
UJ i1 X by X;” and X+, respectlvely In particular, X =0 = X,%. Ob-
serve that each of X1 and X, has at least 2k —2 elements, by Lemma@, as
neither set is k-sequential, and each of Xo, X3,...,X,,_1 has at least k — 1

elements by

For a subset X of E, an Xy-rooted k-path is a k-path of the form (XU
X1, X9, ..., X)) where XgNX; = (. Thus a k-path is just a (-rooted k-path.
An Xjy-rooted k-path is mazimal if

(I) none of the sets X; with ¢ > 2 can be partitioned into sets
Xi,l, Xl"Q, e ,X@k for some k > 2 such that (X(] UXy, Xo,..., X1,
X’i,l) XLQ, e 7Xi,k7 Xi+1, N ,Xm) is a k:—path; and

(II) X cannot be partitioned into sets X1 1, X12, ..., X1 for some k& > 2
such that (Xo U X11,X1,2,..., X1%, Xo,...,X,,) is a k-path.
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Observe that, in the set X1 may be empty when Xy is non-empty
although all of Xy2,X13,..., X must be non-empty. An Xo-rooted k-
path is left-justified if, for all ¢ € {2,3,...,m}, no element of X; is in the
full k-closure of |Ji— X;.

In what follows, we shall frequently be referring to a k-separation (R, G)
in a k-connected matroid M. In general, we shall view (R, G) as a colouring
of the elements of E(M), the elements in R and G being coloured red and
green, respectively. A non-empty subset X of E(M) is bichromatic if it
meets both R and G; otherwise it is monochromatic. We shall view the
empty set as being monochromatic. A proof of the following lemma is given
in [4, Lemma 3.7]. We make repeated use of this result in the subsequent
lemmas.

Lemma 3.13. Let M be a k-connected matroid. If (R,G) is a non-
sequential k-separation of M and (R',G") is a k-separation of M such that
felg(R') = felg(R) or fclg(R') = fclx(G), then (R',G’) is a non-sequential
k-separation of M that is k-equivalent to (R, G).

The following lemmas generalise the corresponding results for 3-paths [9,
Lemmas 3.8-3.12, 3.14, and 3.15]. The majority of the proofs generalise in
a straightforward manner and have been omitted. On the other hand, the
proof for Lemma is not a trivial upgrade, as [9, Lemma 3.10] relies
properties specific to 3-sequences, and Lemma [3.21] is new.

Lemma 3.14. Let (XU X1, Xo,..., X)) be a left-justified mazimal Xo-
rooted k-path in a k-connected matroid M. Let (R,G) be a non-sequential
k-separation in M. If, for some i in {2,3,...,m — 1}, both X;” and X;
contain at least k — 1 red and at least k — 1 green elements, then X; 1is
monochromatic.

Lemma 3.15. Let (X, Xo,...,X\n) be a k-path in a k-connected matroid
M. Let Xy be a subset of X1, and let (R, G) be a non-sequential k-separation
in M for which Xy is monochromatic and no equivalent k-separation in
which Xg ts monochromatic has fewer bichromatic parts. Suppose that,
for some i in {1,2,...,m}, the set X; is bichromatic. If, for some Z in
{X[,Xf}, there is at least one red element in Z, then there are at least
k —1 red elements in Z.

Lemma 3.16. Let (Xo U X1, Xo,..., X)) be a left-justified mazimal Xo-
rooted k-path in a k-connected matroid M. Let (R,G) be a non-sequential
k-separation in M for which Xg is monochromatic and no equivalent k-
separation in which Xg is monochromatic has fewer bichromatic parts. Sup-
pose, for some i € {2,3,...,m — 1}, the set X; is bichromatic. Then either
X; is not k-separating, or X; U Xf is monochromatic.

Proof. Assume that X; is k-separating and that X, U X;“ is bichromatic.
By Lemma X, or Xf contains at most k — 2 elements of some colour,
red say. If this set has at least one such red element, then, by Lemma [3.15] it
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has at least k¥ — 1 red elements; a contradiction. We deduce that X, or Xj
is green. Then, by Lemma Xj or X, , respectively, contains at least
k —1 red elements. If X; contains at most k — 2 red elements, then, for some
Y in {X; UX;,X;UX;}, there are at most k — 2 red elements contained
in Y. By uncrossing Y and G, we see that Y U G, which equals X; UG, is
k-separating, so X; N R can be recoloured green to produce a k-separation
equivalent to (R, G) with fewer bichromatic parts. Thus X; contains at least
k—1 red elements. Suppose X; contains at most k —2 green elements. Now,
by uncrossing, X; N R is k-separating, so X; NG C fclx(X; N R) as X; is
k-separating. Since X; U R is k-separating, by uncrossing, it follows that
we can recolour the elements in X; NG red to obtain a k-separation that is
k-equivalent to (R, G) and which reduces the number of bichromatic parts;
a contradiction. We conclude that both X; N R and X; NG contain at least
k — 1 elements.

Recall that either X, or X;r is green. In the first case, by uncrossing
X, UX; and G, we deduce that X, U (X; N G) is k-separating. As (XoU
X, X0, ., Xic1, i NG XN R X, ,Xm) is not a k-path, but (X() @]
X1, X9, ..., X, is a left-justified k-path, it follows, by corollary [3.7(i)] that
X;NR C fel(X;") or X;NR C fel(X; U(X;NG)). Again by Corollary
XiNR C fep(X;, U(X;NG)) C felp(G) in either case. Since X; U G is
k-separating, X; N R can be recoloured green to give a k-separation that
is equivalent to (R,G) but has fewer bichromatic parts; a contradiction.
Similarly, if X" is green, then (X; NG)U XZ-+ is k-separating by uncrossing
G and X; U X;“ . As the original k-path is maximal and left-justified, it
follows, by Corollary that X; NG C felp(X;") C fclp(G — X;), where
G — X is k-separating by uncrossing G and E(M) — X;. It now follows that
the elements in X; N G can be recoloured red to give a k-separation that is
equivalent to (R, G) but has fewer bichromatic parts; a contradiction. This
completes the proof of the lemma. O

Lemma 3.17. Let (Xo U X1, Xo,...,X.) be a left-justified mazimal Xo-
rooted k-path in a k-connected matroid M. Let (R,G) be a non-sequential
k-separation in M for which Xy is monochromatic and no equivalent k-
separation in which Xg is monochromatic has fewer bichromatic parts. If,
for some i in {2,3,...,m — 1}, the set X, is monochromatic but X; is
bichromatic, then X; U X;r is monochromatic.

Lemma 3.18. Let (Zy, Z1,Z2, ..., Zm) be a k-path in a k-connected matroid
M where m > 2. Let (R,G) be a non-sequential k-separation of M such that
(i) each of Zy,Zs, ..., Zm—1 is monochromatic;
(i) either
(a) Zo is monochromatic but Zy U Z; is not, or
(b) Zp is bichromatic and min{|Zo N R|,|Zo NG|} > k —1; and
(iii) either
(a) Zp, is monochromatic but Z,,—1 U Z,, is not, or
(b) Zp, is bichromatic and min{|Z,,, " R|,|Zm NG|} > k — 1.
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Then M has a /{:-ﬂower (Zo, Zi,17 Zi,27 ey Zi,S) Zm, Zj,t, Zjﬂg,l, ey Zj71)
where

(I) both Z;1 U Z;p2U---UZ; s and Z;3 U Zj; 1 U---UZj1 are monochro-
matic,
(I) each of (Zin, Zig2, ..., Zis) and (Zj1,Zjz2,...,Zj4) is a subsequence
of (Z1,Za,...,Zm-1); and
(HI) {Zl, Zoy ..., Zm—l} = {Zi71, ZZ'72, ceey Zi,s} U {Zj71, Zj72, ey ZjJ}.

Moreover, when Zy is bichromatic, this k-flower can be refined so
that (24, Z{,Zi1, Ziz2, ..., Zis, Zm, Zjts Zjt—1,---,2Zj51) s a k-flower where
20,720 = {Zo N R, Zog NG} and Z!! U Z;1 and Z) U Z;1 are monochro-
{%, Zg 0 ; 0 3

matic. When Z,, is also bichromatic, this k-flower can be refined so that
20,20 21, iay o Ligy L AN 2y, iy 1,...,Zi1) 18 a k-flower where
( 0r Z0y “1,1y £41,2, s L4,8y Limyy Ly Lyt Lgt—1, y 43,1

2,2y ={ZnNR,Z,,NG} and Z; s U Z,, and Z), U Z; are monochro-
matic.

Lemma 3.19. Let (XU X1, Xo,...,Xy) be a left-justified mazimal Xo-
rooted k-path in a k-connected matroid M. Let (R,G) be a non-sequential
k-separation in M for which Xg is monochromatic and no equivalent k-
separation in which Xo s monochromatic has fewer bichromatic parts. Sup-
pose that {2,3,...,m — 1} contains an element j such that X; and Xj_ are
bichromatic, but Xj+ is red. Then RNX; C fclk(X;“). Furthermore, there is
a k-separation (R',G") equivalent to (R, G) such that R'NX; = X; ﬂfclk(X;“)
while, for all i # j, the set RN X; = RNX; and G'NX; =GN X;.

Lemma 3.20. Let (Xo U X1, Xo,..., X)) be a left-justified mazimal Xo-
rooted k-path in a k-connected matroid M. Let (R,G) be a non-sequential
k-separation in M for which Xg is monochromatic and no equivalent k-
separation in which Xg is monochromatic has fewer bichromatic parts. Sup-
pose that m > 2, and that X,, and X, are bichromatic. Then both RN X,
and G N X, are sequential k-separating sets.

Lemma 3.21. Let (X3,X2) be a left-justified maximal k-path in a k-
connected matroid M. Let (R, G) be a non-sequential k-separation in M for
which X1 and Xo are bichromatic, and there is no equivalent k-separation
where X1 or Xo is monochromatic. Then each of RN X1, GN X1, RN Xs
and G N Xy are sequential k-separating sets.

Proof. The sets R N Xy and G N Xy are sequential by Lemma If
R N X is non-sequential, then as (X7, X3) is a maximal k-path, G N X; C
felg(R N X7), and so G N X7 C fclg(R). But G N X5 is sequential, so G C
fclg(R); a contradiction. We deduce that RN X7, and similarly G N X, are
sequential. O
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4. FINDING A NON-SEQUENTIAL k-SEPARATION

Our approach for constructing a k-tree for a k-connected matroid depends
on being able to repeatedly find non-sequential k-separations, in time poly-
nomial in |[E(M)|. We can do this by extending an algorithm of Cunningham
and Edmonds that, in polynomial time, finds a k-separation if one exists. In
order to find k-separations that are also non-sequential, we require a char-
acterisation of non-sequential k-separations, which we prove as Lemma
Towards this result, we begin by considering the complexity of constructing
maximal k-sequential k-separating sets.

Let M be a k-connected matroid, and let X be a subset of E(M) where
|E(M)| = n. Since there are O(n*~2) subsets of F(M) of size at most k — 2,
we can find a non-empty subset X; of E(M) such that (X;) is a partial
k-sequence for X, or determine that no such X exists, by making O(n*~2)
calls to the rank oracle. By repeating this process O(n) times, we find a
maximal partial k-sequence for X. Thus, we can find fclg(X) by making at
most O(n*~1) calls to the rank oracle. We make use of this fact in the proof
of the next lemma.

Lemma 4.1. Let M be a k-connected matroid specified by a rank oracle,
where |E(M)| = n. Then, the collection F of mazximal k-sequential k-
separating sets of M can be constructed in time polynomial in n.

Proof. All (k —1)-element subsets of E(M) are sequential k-separating sets,
and every sequential k-separating set Y is a subset of fclg(X) for some
(k — 1)-element set X C E(M). Thus, the collection F consists of all the
maximal members of {fcly(X) : | X| =k — 1}. As there are O(n*~1) subsets
of E(M) consisting of k — 1 elements, and we can find the full k-closure of
such a subset by making O(n*~1) calls to the rank oracle, we deduce that
the lemma holds. O

We now work towards an efficient algorithm for finding a non-sequential k-
separation. The following is due to Cunningham [6], building on the Matroid
Intersection Theorem of Edmonds [7].

Theorem 4.2. Let M be a k-connected matroid specified by a rank ora-
cle, and let X' and Y' be disjoint subsets of E(M) each having at least k
elements. Then, there is a polynomial-time algorithm for either finding a
k-separation (X,Y) such that X' C X and Y' C Y, or identifying that no
such k-separation exists.

The algorithm referred to in Theorem is known as the Matroid In-
tersection Algorithm. For details, see [5]. This algorithm allows us to find
a k-separation satisfying certain criteria, if one exists, in polynomial time.
However, for our purposes we want to find, in polynomial time, such a k-
separation that is non-sequential. The next lemma allows us to do this.
The result generalises [0, Lemma 4.4]; a characterisation of non-sequential
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3-separations. However, as the proof of that result relies on properties spe-
cific to 3-sequential sets, a different approach is taken in the proof below.

Lemma 4.3. Let (U,V) be a k-separation in a k-connected matroid M, let
F be the collection of maximal k-sequential k-separating sets of M, and let
jed{kk+1,...,2k —2}. Then (U,V) is not k-sequential if and only if
there are j-element subsets U' and V' of U and V', respectively, such that
no member of F contains U' or V.

Proof. Suppose (U,V) is not k-sequential. Then (U — fclx(V), felg(V)) is
also not k-sequential. We will show that there is a subset U’ of U — fclg (V)
satisfying the conditions of the lemma,; then, symmetrically, there is a subset
V' of V. — fclg(U). Thus, in what follows, we may assume without loss of
generality that V is fully closed.

By Lemma |U|,|V| > 2k — 2. Let U; be a j-element subset of U.
Take U’ = Uy, unless Uy C F for some F; € F. Consider the exceptional
case. Let i = 1. If |V — F;| < k—2, then |V NF;| > k—1, so, by uncrossing,
V' C fcl(F;); a contradiction. It follows that, since |E(M) — (F; UU)| =
|V — F;| > k—1, the set F;NU is k-separating by uncrossing. Furthermore,
F;NU is k-sequential, by Lemma [3.2] Thus there is a (k — 1)-element subset
Q; of F; NU such that F; NU C fclx(Q;). Note that |U — fclg(Q;)| > k — 1,
otherwise U C fcli(Q;) by uncrossing; a contradiction. Recall that j is fixed
and j —k+1¢€ {1,2,...,k —1}. Let C; be a (j — k + 1)-element subset
of U — fcli(Q;) and let Ujy1 = C; U Q;. If Uj4q is not contained in some
F;41 € F, then we have the desired U’ = U, 1. Otherwise, observe that for
all # > 1 such that U;y; C Fy11 € F, we have F; N U C fclg(Uj1) C Fin
and C; C Uy — el (U;), so |Fi1NU| > |F;NU|. Therefore, we can repeat
the process with ¢ = 2,3,...,¢ until for i/ < |U| — k + 1 either U’ = Uy is
not contained in F for all F' € F, or |U —fcli(Qy)| < j—k+1, contradicting
the fact that U is not k-sequential.

The converse is a consequence of Corollary ([

Now to obtain a non-sequential k-separation of M, we apply Theorem
where the disjoint sets X’ and Y’ are chosen to be k-element sets that are
not contained in any member of F. Then, by Lemma if there exists a
k-separation (X,Y) such that X’ C X and Y’ C Y, the k-separation (X,Y)
is non-sequential. As k is fixed, there are polynomially many k-element
subsets not contained in a member of F. If, after searching through all such
pairs of sets {X’,Y'}, no k-separation (X,Y) with X’ C X and Y’ C Y is
found, then M has no non-sequential k-separations.

5. SEQUENTIAL PETALS IN k-PATHS

In our algorithm for constructing a k-tree, we shall construct maximal k-
flowers from k-paths. Although an end part of a k-path is a non-sequential k-
separating set, a tight maximal k-flower may have k-sequential petals. When
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k = 3, Oxley and Semple [9, Lemma 3.13] showed that a non-sequential 3-
separating set displayed by an end part of a 3-path breaks into at most two
petals in a tight 3-flower. However, the same does not necessarily hold for
the ends of k-paths when k& > 4, as we shall demonstrate in Examples
and Nevertheless, the number of such petals in a tight k-flower is not
a function of k. In this section, we will show that, for all £ > 3, a non-
sequential k-separating set displayed by an end part of a k-path breaks into
at most three petals in a tight k-flower.

Let M be a k-connected matroid. The truncation of M, denoted T'(M),
is the matroid obtained by freely adding an element e to M, and then
contracting e. It can be shown that for a subset X C E(T'(M)), the rank of
X in T(M) is given by rpa)(X) = min{ry/(X),r(M) — 1}. We omit the
straightforward proof of the next lemma.

Lemma 5.1. Let M be a k-connected matroid with r(M) > k and no k-
circuits. Then T (M) is (k + 1)-connected.

We can truncate a k-flower to obtain a (k+ 1)-flower, due to the following
result of Aikin [3, Lemma 2.5.2].

Lemma 5.2. Let (P, P, ..., P,) be a k-flower ® in a k-connected matroid
M, withn > 3. If r(E(M) — P;) <r(M) for alli € {1,2,...,n}, then ® is
a (k+ 1)-flower in T'(M).

We now give two examples of 4-connected matroids for which an end part
of a maximal 4-path breaks into three petals in a tight irredundant 4-flower.
In the first example we construct a 4-anemone by modifying a type of 3-
anemone called a paddle. Informally, one can obtain a paddle by gluing
together sufficiently structured matroids along a common line, called the
spine. For further details, see [I0, Section 4]. The free (n,j)-swirl is a 3-
connected matroid obtained by beginning with a basis {1,2,...,n}, adding
Jj points freely on each of the n lines spanned by {1,2},{2,3},...,{n, 1}, and
then deleting {1,2,...,n}. In the second example we construct a k-daisy
from the free (5, 3)-swirl.

Example 5.3. Let (Py, Ps, P3, Py, P5) be a paddle in a 3-connected ma-
troid N, where P; and P, each consist of 8 points freely placed in rank 4,
the petal P; is a triad {x;,y;,2;} for each ¢ € {3,4,5}, and each of
{x3,y3, 24,94}, {T4,Y4, 5,95}, and {x3,ys3,T5,y5} is a circuit of N. Then
& = (Py, Py, P3, Py, P5) is a tight 3-flower in N. A geometric representation
of N is given in Figure [I, where the elements of P; and P» are suppressed.
The rank-8 matroid 7'(N) is 4-connected by Lemma and @ is a tight
4-flower in T'(N) by Lemma It is easily verified that ® is irredun-
dant. The set P3 U Py is 4-sequential, since it has a 4-sequential ordering
({x3,y3}, {xa}, {ya}, {23, 24}); likewise, P4U P5 and P3U P5 are 4-sequential.
Furthermore, (P, Py, Ps U Py U Ps) is a left-justified maximal 4-path.

Example 5.4. Let ¥ be the free (5,3)-swirl with a;,b;,¢; € E(¥) such
that r({ai,bi,ci}) = 2 and r({ai,bi,ci,ai+1,bi+1,0i+1}) = 3, for all 7 €
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FIGURE 1. A representation of the 3-connected rank-9 pad-
dle N.

{1,2,3,4,5}, where the subscripts are interpreted modulo 5. Let ¥’ be
the coextension of this matroid by an element e where {ai,b1,a2,b2},
{ag, ba, a3, bs} and {a1, b1, a2, b, as, bz} are the only dependent flats not con-
taining e in the coextension. Let M’ = ¥'\e. An illustration of the resulting
rank-6 matroid M’ is given in Figure [2 where the elements {a;,b;,¢;} for
i € {4,5} are suppressed. Take the direct sum of M’ with a copy of Us
having ground set {dy4, ds}. Then, for each i € {4, 5}, freely add the elements
ei, fi, gi, and h;, in turn, to the flat spanned by {a;, b;, ¢;, d;}. The resulting
rank-8 matroid M is 4-connected, and ® = (Py, Py, P3, Py, P5) is a swirl-like
4-flower, where P; = {a;,b;,c;} for i € {1,2,3} and P; = {a;, b;,...,h;} for
i€ {4,5}.

It is easy to check that the 4-flower @ is tight and irredundant. The set
Py U P, is 4-sequential, since it has a 4-sequential ordering ({a1,b1}, {a2},
{ba2},{c1,c2}); likewise, P, U P5 is 4-sequential. Furthermore, (P} U Py U Ps,
Py, P5) is a left-justified maximal 4-path.

Examples and show that an end part of a 4-path can break into
three petals of a tight k-flower, even if the k-flower is also irredundant. Recall
that an end part of a 3-path can break into at most two petals of a tight
3-flower. Thus, one might expect that an end part of a k-path could break
into k — 1 petals in a tight k-flower. Fortunately, this is not the case; an
end part cannot break into more than three petals, even when k > 5. This
follows from the fact that, for all £ > 3, the union of three consecutive petals
in a tight k-flower is not k-sequential. We shall prove this as Corollary
First, we require the following two lemmas.

Lemma 5.5. Let (U,Y,V) and (R,G) be partitions of the ground set E
of a k-connected matroid. Suppose that U, UUY and R are k-separating,
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Qe

FIGURE 2. A representation of the 4-connected rank-6 ma-
troid M’ = ¥'\e.

Y C felxy(U) N R, and fclx(U) # E. If [UNR|,|VNG| > k—1, then
Y C el (U N R).

Proof. By Lemma there exists a partition (Y7, Ys,...,Y,,) of Y such that
(U, Y1,Ys,...,Y,, V) is a k-sequence with |Y;| < k—2foralli € {1,2,...,n}.
As |[VNG| > k—1, it follows, by uncrossing, that UNR and (UNR)UY;UY,U
---UY; are k-separating for each i in {1,2,...,n}. SoY Cfclx(UNR). O

Lemma 5.6. Let M be a k-connected matroid, and let A and B be k-
separating subsets of E(M) such that |[ANB|,|E(M)—(AUB)| > k-1, and
AU B is a sequential k-separating set. Then, up to interchanging A and B,
either

(i) B— A C fclg(AN B), where AN B is k-separating, or
(il) ANB C felg(B—A), where B— A is k-separating and |B—A| > k—1.

Proof. Let (Z1,Za,...,Zs) be a sequential ordering of AU B. We denote
Z1UZ3U- - -UZ, as Z,). Let i be the greatest index such that [ANZ};| < k—2
and |[BNZp)| < k—2. Since |Al,|B| > k—1, the index i is less than or equal
to s —1. Without loss of generality, we may assume that [ANZ;;q > k—1.
Suppose |(B —A)NZj41)| < k—2. By uncrossing, AN Zj;,y) is k-separating,
SO (B — A) N Z[i+1] g fClk(A N Z[l—l—l}) Since B — A g fClk(Zi+1 ), we
have B — A C felg(A N Zjyq)) C felg(A). It follows, by Lemma that
holds. So we may assume that [(B — A) N Z;;q| > k& — 1. Now, if

A — B)N Zjjq| < k-2, then, as above, |(i) holds but with the roles of A
and B interchanged. Thus we may assume that (A — B) N Zj )| > k — 1.
Then, by uncrossing B and E(M)— A, we deduce that B— A is k-separating.
Furthermore, since [(AUB)NZp;| = |BNZ)|+|ANZ)|—|BNANZy | < 2k—4,
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and [Z;j41| < k — 2, it follows that [(A U B) N Zjyqy| < 3k — 6. Thus
|AN BN Zj;q| <k — 2, in which case holds. O

The next corollary generalises [2, Corollary 3.5] regarding 4-flowers.

Corollary 5.7. Let (P, P, ..., P,) be a k-flower ® of order at least three
in a k-connected matroid. Then no union of three consecutive tight petals of
P is a k-sequential set.

Proof. Suppose (Py, Ps,...,P,) is a k-flower where n > 3, the petals P,
P, and P are tight, and P, U P, U Ps is k-sequential. If n = 3, then, by
Lemma P, U Py is k-sequential, so P, U P3 C fclg(P;). Hence P, and Ps
are loose; a contradiction. So we may assume that n > 4. By Lemma [3.2]
P, U P, and P, U P3 are k-sequential sets. It follows, by Lemma that
Py C felg(Ps) or Py C felg(Py), up to swapping P; and P;. Thus one of P,
P, or P; is loose; a contradiction. Hence the corollary holds. O

The following is an analogue of [9, Lemma 3.13] for general k.

Lemma 5.8. Let (X1, Xo,...,X;,) be a mazimal k-path in a k-connected
matroid M with at least 8k — 15 elements. Let (U, V) be a non-sequential
k-separation where U N Xy, and V N X, are k-separating sets, U — X,
and V — X, are k-separating sets consisting of at least k — 1 elements,
and U N Xy, € fel(U — Xp) and VN X, € fely(V — X,). Let (R,G)
be a non-sequential k-separation such that both RN X,, and G N X,, are
sequential k-separating sets. Then, by recolouring elements of X,,, there is
a k-separation equivalent to (R,G) for which at least one of U N X,, and
V N X,, is monochromatic.

Proof. We begin by proving two sublemmas.

5.8.1. At least one of the sets UN RN X,,,, UNGN X,,,, VN RN X,, and
VNGNX,, has at least k — 1 elements.

Suppose each of UNRNX,,, UNGNX,,, VNRNX,,,and VNGNX,,
has at most k£ — 2 elements. Then |X,,| < 4k — 8. Since |E(M)| > 8k — 15,
we may assume, without loss of generality, that |U — X,,,| > 2k — 3 and
|(U—-X,»)NR| > k—1. Suppose |[VNG| <k—-2. If |(U-X,,) NG| < k-2,
then, by uncrossing R and U — X,,, it follows that (U — X,,) NG C fclg(R).
Moreover, as R U U is also k-separating, by uncrossing, (U — X,;,) N G,
UNGN Xy, VNG) is a partial k-sequence for R, contradicting the fact that
(R, G) is non-sequential. Thus |(U—X,,)NG| > k—1. Since |V| > 2k—2, by
Lemma [VNR| > k—1, so UNG is k-separating by uncrossing. It follows
that (UNGNX,,, VNGNX,,,UNRNX,,,VARNX,,) is a partial k-sequence
for X, so X, is k-sequential; a contradiction. Now suppose |[VNG| > k—1.
By uncrossing, U N R is k-separating. Thus X, U (U N R) is k-separating.
It follows that (UNRN X, UNGNX,,, VNRNX,,,VNGNX,)is a
partial k-sequence for X, ; a contradiction. We deduce that holds.
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5.8.2. If[UNRNX,,| > k—1 and VNGNX,, # 0, then either (UUR)NX,,
is a sequential k-separating set, or VNGNX,, can be recoloured red to obtain
a k-separation equivalent to (R,G) where V N X, is monochromatic.

Since U N X,,, and RN X, are k-separating, it follows, by uncrossing, that
(UUR)N X, is k-separating. Suppose (U U R) N X,,, is non-sequential. As
(UUR)N X, & Xy and the k-path (X1, Xo,..., X;,) is maximal, the non-
empty set VNG N X, is contained in either fcli(X,,) or fcly(UUR) N X,,).
By Corollary 3.79(1)f V NG N X,,, is contained in both of these sets. If
[VNRNX,,| <k—2,then VNRNX,, C fclx(UNX,,). Since VNGNX,, C
fel (U U R) N X,p,), we deduce that V N X, C fcly (U N X,,) C felgp(U). It
follows, by Corollary [3.7(1), that V N X, C fclx(V — X,,,); a contradiction.
So [VNRNXy| >k —1. Thus, since VNG NX,, Cfep,(UUR)NXy),
and |U — X,,| > k — 1, it follows by Lemma 5.5 that VNG N X, C fely(V N
RN X,,) C fclg(R). Thus V NG N X, can be recoloured red to obtain a
k-separation equivalent to (R, G), thereby completing the proof of

5.8.3. Up to swapping U and V', there is a k-separation (R1,G1) equivalent
to (R,G) such that U N X,y is monochromatic.

By we can swap U and V/, if necessary, so that either UNRNX,, or
UNGN X, consists of at least k—1 elements. Without loss of generality, we
assume that [UNRNX,,| > k—1. If VNGNX,, = 0, then[(5.8.3)|holds. Thus
we may assume, by that (U U R) N X,, is a sequential k-separating
set. By Lemma the k-separating set U N X, is also sequential. Hence,
by Lemma [5.6] one of the following holds, where the set on which the full
k-closure operator is applied is k-separating and consists of at least k — 1
elements.

I UnGnX,, Cfelx(UNRNX,,), or
(II) Un RN X,, Cfclx(UNGN X,y,), or
(IT) VN RN X,, C fclx(UN RN X,y), or

(IV) UNRN X, Cfelx(VN RN X,,).
If or holds, then U "G N X,,, or U N RN X,, is in the full k-closure
of R or G respectively, in which case this set can be recoloured to obtain
(R1,G1) where U N X, is monochromatic, satisfying

‘We now consider and If U NG N X, consists of at most k — 2
elements, then this set can be recoloured red, satisfying SO assume
otherwise. Supposeholds. By uncrossing, GU(UNX,,) is k-separating.
Thus R — (U N X,;,) is k-separating. It follows that U N RN X, C fclx(V N
RNX,,) C felpy(R—(UNX,,)). Then, by Corollary [3.7(1)| the set UNRNX,,
can be recoloured green, satisfying In case |(ITD)} if VNG N X,,| <
k — 2, then, by Corollary 3.7(i), V N X,,, C fclgx(U) implies that V' N X,, C
felp(V — X,n); a contradiction. Now, by a similar argument as for |(IV)|
but with U and V interchanged, the set R — (V N X,,) is k-separating,
VNRNX,, Cfcx(R—(VNX,)), and hence VN RN X,, can be recoloured
green. This completes the proof of and the proof of the lemma. [
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Corollary 5.9. Let (X1, Xo,..., X)) be a mazimal k-path in a k-connected
matroid M with at least 8k — 15 elements. Let (U, V') be a non-sequential
k-separation where U N X,, and V N X,, are k-separating sets, U — X,,
and V — X, are k-separating sets consisting of at least k — 1 elements,
and U N Xy, € fel(U — Xp) and VN X, € fely(V — X,). Let (R,G)
be a non-sequential k-separation such that both RN X,, and G N X,, are
sequential k-separating sets. Suppose there is no recolouring of elements of
X that gives a k-separation equivalent to (R,G) such that both U N X,
and V N X,, are monochromatic. Then, up to swapping U and V', for some
(R',G") equivalent to (R,G) obtained by recolouring elements of X, and
possibly swapping R’ and G':

(i) UNX,, € R and V N X, is bichromatic, and

(i) (VNX,,, UnX, , UNX,, RNVNX, GnNVNX,) is a k-flower

where the last three petals are tight.

Proof. By Lemma and by swapping U and V, and R’ and G’, if neces-
Sary,holds. Let ® = (VNX,,, UNnX,,, UNX,, RNVNX,,,G'NVNX,).
By [4, Lemma 4.2], and since each of X,,, U, R' N X,, and V N X,, is
k-separating, we deduce that ® is a flower. If U N X, C fclg(V), then
UNXy, C fcp(U — X,;,) by Corollary 3.7(i); a contradiction. Thus, by
a cyclic shift of the petals and Lemma [3.12] U N X, is tight. Similarly,
it NV NnX, Cfclg(X,,), then G’ NV N X, can be recoloured red by
Corollary a contradiction. Thus, by Lemma G'NVnNX,is
tight. Since this petal consists of at least k — 1 elements, R’ N U is k-
separating by uncrossing. Suppose R'NVNX,, C fclx(V —(R'NX,,)). Then
R'NVNX,, C fclx(U), by Corollary and it follows, by Lemma that
R'NVNX,, C fcly(R'NU). By uncrossing the sets UUX,,, and R, we deduce
that R'—(VNX,,) is k-separating. Hence R'NVNX,, C fclx(R'—(VNXy)),

so RNV N X,, can be recoloured green by Corollary a contradiction.
Thus, by Lemma R' NV N X, is tight, and holds. O

6. THE ALGORITHM

At last we present the algorithm k-TREE for constructing a k-tree given
a k-connected matroid M with |E(M)| > 8k — 15. We begin by describing
the algorithm informally, then we give some additional definitions that are
required for the subsequent formal description. We finish the section with
an example to illustrate the algorithm.

Informally, the algorithm works as follows. Consider a k-connected ma-
troid M with ground set F, for which we wish to construct a k-tree. We start
with a single unmarked bag vertex labelled E as our w-labelled tree. The
algorithm repeatedly selects an unmarked bag vertex B, and decides if there
is a non-sequential k-separation (Y, Z) such that Y C n(B) or Z C 7n(B). If
there is no such k-separation, the vertex is marked, another unmarked bag
vertex B is selected, and the process repeats. If there is such a k-separation,
the algorithm first finds a left-justified maximal (F—7(B))-rooted k-path by
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calling the first of its two subroutines, FORWARDSWEEP. Starting with the
k-path (Y, Z), this subroutine repeatedly finds non-sequential k-separations
that are not equivalent to a k-separation currently displayed by the k-path.
By refining the k-path methodically from the “rooted” end, outwards, we
ensure the k-path returned by FORWARDSWEEP is maximal. Then the sec-
ond subroutine, BACKWARDSWEEP, is called. This subroutine starts at the
unrooted end of the k-path, and works towards the rooted end, uncovering
flower structure along the way. We use a “generalised k-path” to represent
the k-path together with the related uncovered flower structure. Loosely
speaking, a generalised k-path allows us to describe a number of flowers
in series; thus describing the k-tree structure in one direction. From the
generalised k-path 7, we obtain the corresponding k-tree, which we call the
“path realisation” of 7. We formally define these terms presently. The algo-
rithm adjoins the path realisation to the bag vertex B, and then recursively
proceeds by finding another unmarked bag vertex. Finally, when all bag
vertices are marked, it outputs the k-tree for M.

Now we require some additional terminology to present the algorithm.
Our definition of a generalised k-path is consistent with a generalised 3-
path of [9]; however, we need to allow for an end of a k-path to break into
three petals, rather than just two, for the reasons discussed in Section

Let M be a k-connected matroid with ground set E. Suppose 7 =
(Py, Py,...,P,) is an ordered tuple where, for each i € {1,2,...,n}, either

(i) P; is a subset of E, or

(i) 2<i<n—1and B = [(Pi1, Pigs---s Pog)s (Pigs Pyt s Pijn)]
for some 1 < j <[, where the P;; are mutually disjoint subsets of
E for z € {1,2,...,1}.

We say that P; is a flower part Whenholds for some i € {2,3,...,n—1}.
Let u = (X1, Xa,...,X,) be the ordered sequence obtained from 7 by re-
placing each flower part P; with the set X;, which is the union of all the sets
enclosed by its square brackets; we say that p is the flattening of 7. Suppose
that for each flower part -Pz = [(Pi,la Pi’g, e ,BJ), (Pi,lv -Pi,l—la Ce 7P’i,j+1)]7
the partition ® = (X;, Pi1, Pia,..., Pij, X;", Pyjy1, Pija, ..., Piy) is a k-
flower, where X;” = X7 UXoU---UX;_1 and X;r = X1 UXjpoU---UX,.
We call X, and X;r the entry and exit petals, respectively, of ® rela-
tive to 7, and we call (P;1,Pi2,...,P;) and (P, Pyi—1,...,P;j+1) the
clockwise and anticlockwise petals, respectively, of ® relative to 7. If
j = I, then the flower part P; is of the form [(P;1,P;2,...,F;;)] and
we say that ® has no anticlockwise petals relative to 7. There are four
variants of a generalised k-path. Firstly, if p is a k-path, then 7 is
a generalised k-path. If p is not a k-path, but P; is k-sequential and
P2 = [(P2,17 P2’2, c. ,PQJ'), (Pgﬂl, P2,l—17 c. ,P27j+1)] is a flower part such
that (Pl U P271,X2 - P271,X3,.. . ,Xn) or (P1 U P271 @] P272,X2 — (Pg’l @]
P59),X3,...,Xy) is a k-path, then 7 is a generalised k-path, and we say
that 7 is obtained from the k-path via an end move, and Py U Py or Py U
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P, 1 U Ps o, respectively, is the split part. Symmetrically, if P, is k-sequential
and P,_1 = [(Po—1,1, P12, Po1,j) (P10, Po—tj—15 - - s Pa1,j41)) is a
flower part such that either (Xi,..., X, 2, X5 1 — Po_1j, Poo1,; U X,,) or
(Xl, vy, Xp_o, anl—(Pn,Ljfl UPnfl’j), Pnfl’jfl UPnfl,j UXn) is a k-path,
then 7 is also a generalised k-path, and again we say 7 is obtained from the
k-path via an end move, and P,_1 ;U X,, or P,_1j_1UPF,_1;UX,, respec-
tively, is the split part. A combination of the last two generalised k-paths
also can arise: if 7 = (P1,[(P21,P22,...,Pap)l, P3), where p € {2,3,4},
and (Pl U P271 U P272 U---u PQJ,PQJ_H U---u P27p U Pg) is a k-path for
some j € {1,...,p — 1}, then 7 is a generalised k-path, we say 7T is ob-
tained from the k-path by end moves, and Pi U Py U PooU---U P, ; and
P ii1U---UP,U Ps are the split parts.

Let 7 be a generalised k-path. We say that 7 is left-justified if the flat-
tening of 7 is left-justified. Let Z be a term in 7 and assume that Z is
not in a flower part. We can then write 7 as (7(Z7), Z,7(Z")) so 7(Z7)
and 7(Z*1) denote, respectively, the portions of 7 that occur before and
after Z. In this case, as in a k-path, we shall denote by Z~ and ZT the
union of all of the sets in 7 that occur, respectively, before and after Z. If
T =(1(Z;), Zi, Zis1,7(Z;,)), where Z; is not a flower part and Z;;1 may
be a flower part, then we sometimes write 7(Z; ;) as 7(Z;7).

Let 71 = (P, Py, ..., P,) be a generalised k-path of M. Suppose 7o is
obtained from 77 in one of the following ways:

(I) For some 1 < i < ¢/ < n, where each of P;, P;y1,..., Py are subsets
OfE: T2 = (P17P2>"'7]Di—lapiUJDi+1U'"UF)i’api/+17P’£’+2a' . '7Pn)-
(II) For some 2 < i < n — 1, where P, = [(Pi1,Pip,...,P),

(Pig, Pig—1, ..., Pij+1)] is a flower part, 7o = (P1, Po, ..., Pi—1,Pi1 U
Pi,2U"'UPi717Pi+17Pi+27"'7PTL)‘

Clearly, 7 is a generalised k-path. We say that 7,,, for some m > 1, is
a concatenation of 71 if there is a sequence 71,7, ..., T, where each 7,41
is obtained from 7; by either or Conversely, we say that 71 is a
refinement of .

Let 7 be a generalised k-path in a k-connected matroid M with ground
set E, and let p = (Y1,Y2,...,Y)) be the flattening of 7. Note that p is a
k-path unless Y; or Y}, is sequential as may occur if we apply an end move
or end moves. Let P denote the w-labelled tree consisting of a path of p
bag vertices labelled, in order, Y7,Y5,...,Y,. Now modify P as follows. For
each Y; that is the union of s clockwise petals and ¢ anticlockwise petals of
a flower, replace the bag vertex labelled Y; with a flower vertex v and adjoin
s + t new bag vertices to v each via a new edge so that the cyclic ordering
induced by the cyclic ordering on the edges incident with v preserves the
ordering of the flower ®; to which Y; corresponds. Label the vertex v by D
or A depending on whether ®; is a daisy or an anemone, respectively. We
refer to the resulting modification of P as a path realisation of 7.



24 NICK BRETTELL AND CHARLES SEMPLE

The algorithm k-TREE follows the approach taken in [9]; indeed, it gener-
alises the algorithm 3-TREE. However, because of the additional hurdles in
going from k = 3 to arbitrary k, necessary modifications have had to be made
resulting in extra length in the description of the algorithm. These modi-
fications are required in order to handle the more-complicated end moves,
and to ensure the resulting k-flower is irredundant. The notable changes are
in BACKWARDSWEEP, at lines and

We now give an example of a k-connected matroid M, its corresponding
k-tree T', and a brief walk-through of the algorithm when applied to M.
This example is inspired by the corresponding example of a 3-tree for a
3-connected matroid in [9].

The Higgs lift of a matroid N, denoted L(N), is obtained by freely co-
extending N by a non-loop element e, and then deleting e. Note that
L(N) = (T(N*))*. By the next lemma, which is a consequence of Lemmalp.1]
and duality, we can obtain a (k + 1)-connected matroid by performing the
Higgs lift on an appropriate k-connected matroid. The subsequent lemma [3]
Lemma 2.6.2] states that the Higgs lift turns k-flowers into (k + 1)-flowers.

Lemma 6.1. Let M be a k-connected matroid with v*(M) > k and no
k-cocircuits. Then L(M) is (k + 1)-connected.

Lemma 6.2. Let (P, P, ..., P,) be a k-flower ® in a k-connected matroid
M, with n > 4. If every petal of ® is a dependent set, then ® is a (k+ 1)-
flower in L(M).

We start by constructing the matroid M’. Fix 7 > k—1, and let S be a free
(5,7)-swirl (V1, Vo, V3, Vy, L), where each of Vi, Vo, V3, V4, and L is a line of
S. Use L as the spine of a paddle to which we attach three free (4, j)-swirls
(Xl, XQ, X3, L), (Yl, YQ, }/3, L), and (Zl, ZQ, Zg, L) The resulting matroid
M’ is 3-connected.

We now repeatedly perform the Higgs lift to obtain L(M’),
L2(M"),...,LF=3(M"), for some k > 4. It is easily verified that for
i €{0,1,2,...,k — 4}, the matroid L(M’) has corank greater than i + 3
and has no (i + 3)-cocircuits, so LF73(M’) is a k-connected matroid.
Moreover, for each 3-flower ® in M’ every petal of ® is dependent in
L(M"), L*(M"),...,LF=4(M"), so ® is a k-flower in LF3(M’). A possi-
ble k-tree for this matroid, irrespective of the precise value of k, is given in
Figure [3] where large open circles represent bag vertices.

Now suppose that k-TREE is applied to M. Let X = X; U Xo U X3,
Y =Y1UYoUY3, and Z = Z1 UZy U Zs. If (VoUVBUV, VTULUXUY UZ)
is the k-separation found in line[3|of k- TREE, then a possible k-path returned
by the first call to FORWARDSWEEP is

(VaU V3, Vi, ViU L, X, Z,Y1,Y2UY3).

Observe that the k-path is left-justified and maximal. With this k-path, a
possible generalised k-path returned by the immediate subsequent call to
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Algorithm 1 k-TREE(M)

Input: A k-connected matroid M with ground set F and |E| > 8k —15.
Output: A k-tree for M.

1: Construct the collection F of maximal sequential k-separating sets of
M.

2: Let Tj denote the w-labelled tree consisting of a single unmarked bag
vertex labelled E.

3: if there exists a k-separation (U, V') for which U and V' contain mutually
disjoint k-element subsets U’ and V', respectively, such that no member
of F contains U’ or V', then

4: Set X =0, set X7 = felp(U), set Xo =V — felg(U), and set i = 1.

5: Call FORWARDSWEEP(M, (X9 U X;,X2), F) and let (Xo U
Z1,7Z3, ..., Zm) be the resulting k-path.

6: Call BACKWARDSWEEP(M, (XoU Z1,Za,...,Zy), F), and let T} be
the path realisation of the resulting generalised k-path, with each bag
vertex unmarked.

7 while there is an unmarked bag vertex B of T;, do

8: if B is a non-terminal bag vertex, then

9: Find a k-separation (Y, Z) such that Y contains fcl (E—7(B)),
and Z contains a k-element subset Z’' C 7(B) —fcly(E —m(B))
with no member of F containing Z’.

10: else > B is a terminal bag vertex

11: Find a k-separation (Y, Z) such that Y contains fcly(F—7(B))
and an element y € w(B) — fcly(F — m(B)), and Z contains a
k-element subset Z' C w(B) — fclg(F — m(B)) — {y} with no
member of F containing Z’.

12: if there exists such a k-separation (Y, Z), then

13: Set Xo = F — m(B), set X1 = 7(B) N fclg(Y), set Xo =
7(B) — fclx(Y'), and increase i by 1.

14: Call FORWARDSWEEP(M, (Xo U X1, X2), F), and let (Xo U
Z1,%3, ..., Zpy) be the resulting k-path.

15: Call BACKWARDSWEEP(M, (XoU Z1,Z2, ..., Zp), F).

16: Find the path realisation 77 of resulting generalised k-path.

17: Identify the vertex Xo U Z; of T with the vertex B of T;_1,
label the resulting composite vertex Z;, and, if Z; = 0 and
Z1 has degree two, then suppress this vertex. Let 7; be the
resulting tree, where each bag vertex originating from the path
realisation, including the identified vertex, is unmarked.

18: else > There is no such k-separation (Y, Z)

19: Mark B.

20: output T;.

21: else > There is no such k-separation (U, V)

22: Mark E and output Tj.




26

NICK BRETTELL AND CHARLES SEMPLE

Algorithm 2 FORWARDSWEEP(M, (XoU X1, Xs), F)

Input: A k-connected matroid M with ground set F and |E| > 8k — 15,
a k-path (XoUX7, X5) of M, and the collection F of maximal sequential
k-separating sets of M.

Output: A k-path (XoU X{, X5,..., X)) of M that is a refinement of
(XO U Xy, XQ)

1: Let 19 = (Xo U X1, X2), set (i,s,m) = (0,1,2), and set (X}, X)) =

(X1, X2).

2: while s <m, do

3:
4:

10:

11:
12:
13:
14:
15:
16:

> See if we can refine X, in 7, = (Xo U X1, X5, ..., X))

if s=1and Xy =0, then
Find a k-separation (Y, Z) such that Y contains a k-element sub-
set Y/ of X{ with no member of F containing Y’, and Z contains
X,U---U X/ and an element z of X| with z ¢ felp(X,U--- U
X/ YUY’

else if s =1 and X # (), then
Find a k-separation (Y, Z) such that Y contains fcli(Xp), and Z
contains X5 U---UX]/, and an element z of X with z ¢ fcli(X5U
S UX).

else if s < m, then
Find a k-separation (Y, Z) such that Y contains XoU X] U---U
X!, and an element y of X — felp(Xo U XjU---U X/ ), and
Z contains X/ ; U---U X, and an element z of X| with z ¢
felp(Xo U---U X)) U{y}

else >s=1m
Find a k-separation (Y, Z) such that Y contains XoU X] U--- U
X!, and an element y of X — felp(XoUX{U---UX. ), and Z
contains a k-element subset Z’ of X! —fclp(XoUX|U---UX._;)—
{y} with no member of F containing Z’.

if there exists such a k-separation (Y, Z), then
Increase m by 1 and, for each ¢t > s, set X/ to be X/ ;.
Set X, to be XN (E —fcli(Y)) and set X to be X Nfcl,(Y).
Increase ¢ by 1 and set 7; to be (Xo U X1, X5,...,X})).
else
Increase s by 1.

17: output 7;.

BACKWARDSWEEP is

(V37 [(V27 Vl): (V4)]7 L? [(X7 Z)], [(YL Y?)]v Y?))

Comparing the k-path and the generalised k-path, both Vo U V3 and Yo U Y3
are split parts. The splitting of YoUY3 and VoU V3 is the result of end moves
performed due to k-separations being found as described in lines [21]and [55] of
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Algorithm 3 BACKWARDSWEEP(M, (XoU Z1,Za,...,Zm), F)

Input: A k-connected matroid M with ground set F and |E| > 8k — 15,
a left-justified maximal k-path (XoUZy, Zs, ..., Zy,) of M, where m > 2,
and the collection F of maximal sequential k-separating sets of M.
Output: A generalised k-path of M.

1: if m = 2, then

N

10:

11:
12:

13:

if Xy is empty and there exists a k-separation (U, V') for which U
contains a subset U’ and V' contains a subset V’ such that no member
of F contains U’ or V', and (U NZi| = U NZ| = |V NZ| =
V'NZy] = k—1, then
> See if Zy breaks into three petals.
if there exists a k-separation (S,T') for which S contains U N Zs
and an element s’ € Zy — fclp(U N Z3), and T contains Z; and
|T' N Zs| > k — 1; and there exists a k-separation (S1,77) for
which S contains S and an element s € Z; — fclg(S), and T
contains a subset T” such that no member of F contains 7" and
|T/ N Zl| = |T, N Z2| =k —1, then
Set 5 = (Zl, [(U NZy, 51N V)],Tl N ZQ).
else if there exists a k-separation (S,7") for which T contains
V N Zy and an element ¢ € Zy — fclp(V N Z3), and S contains
Zy and |SN Zy| > k — 1; and there exists a k-separation (S1,71)
for which T} contains T and an element t € Z; — fclg(T'), and Sy
contains a subset S’ such that no member of F contains S’ and
SN Z1| = |5 NZy| =k — 1, then
Set 5 = (Z1, [(51 N Zy, T1 N U)], VN ZQ).
else
Set ™ = (Z1, [(U N ZQ)], VN ZQ).
Let o = (Z1,[(P1,..., P)], Q) with p € {1,2}, and P = |J/_, P;.
> See if Z; breaks into three petals.
if there exists a k-separation (S,T") such that S contains both
V — P and an element s € Z; —fcli(V — P); and T contains P, an
element t € Z; — (fclp(P) U {s}), and a k-element subset 7" such
that no member of F contains T, then
> (S, T) non-sequential, so corresponding flower irredundant.
output (VNZ,[(SNU,TNZ, P,... ,Pp)], Q).
else if there exists a k-separation (S,7T") such that S contains
both (Z; NU)U P; and an element s € Z; — fcl((Zy NU) U Py);
and T contains Zs — Pj, an element ¢t € Z; — (fclg(Z2 — P1)U{s}),
and a k-element subset 7" such that no member of F contains 17,
then
output (I'NZ,[(SNV,UNZy, Pr,...,P)],Q).
> Algorithm continues on the next page.
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14: else
15: output (VNZ,[(UNZy, P,...,P),Q).
16: else > No such (U, V) exists
17: output (XoU Z1, Z3). > This completes the m = 2 case.
18: else >m >3
19: Let Tm:(X()UZl,ZQ,...,Zm).
20: if Z,,_1 is k-separating, then
> See if Z,, breaks into at least two petals.
21: if there exists a k-separation (U, V') such that U contains Z,,_1,
the set V' contains Z_ _,, and |UNZp|,|V NZy| >k —1, then
> Ensure that the corresponding flower is irredundant.
22: if there exists a k-separation (Uj, Vi) such that U; contains
both U and a k-element subset U’, and V; contains a k-element
subset V' and [ViNZ,,| > k—1, where no member of F contains
U or V', then
> See if Z,,, breaks into three petals.
23: if there exists a k-separation (S,7") such that S contains
both Uy — Z,,_, and an element s € Z,,, —fcl, (U1 — Z,,_,),
and T contains Z,,_, and |T'N Z,,| > k — 1, then
24: Set 1,1 = (Tm(Z;z—l)’ [(mel, UinNZz,,SNVin Zm)],
TN Zm).
25: else if there exists a k-separation (S,T") such that S con-
tains both Z,,_1 and a k-element subset S’, and |SNU; N
Zm| > k—1, and T contains a k-element subset 7" and
|TNULNZp| >k — 1, where no member of F contains S’
or T' then
26: Set 1,1 = (Tm(ZT;_l),[(Zm_l,SﬁUl NZp, TNULN
Zm)), Vi N Zin).
27: else > No such (S, 7T) exists
28: Set 11 = (Tm(Zn_w—l)7 [(Zm—h Ui N Zm)], Vin Zm).
29: else > No such non-sequential (Uy, V1)
30: Tm-1= (Tm(Z,_1), [(Zm-1)], Zm).
31: else > No such (U, V) exists
32: Set Tm—1 = (T;m(Zp,_1): [(Zim=1)], Zm) -
33: else if 7,1 — fclx(Z,,) is k-separating, then
34: Tm—1 = (Tm(Zp,_1): [(Zim—1 — £li(Zm)))s Zim—1 N1l (Zim), Zim).
35: else
36: Set Ti_1 = Tim. > Continued on the next page.
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> Uncover flower structure in Z,,_9, Z;y_3,..., Z9.

37: for each ¢ from m — 2 down to 2, do
38: if Z; is k-separating, then
39: if Tz’—i—l(Z;_) = ([(Pl, . ,Pp), (Ql, . ,Qq)], . ), where p > 1
and ¢ > 0, then
40: if Z; U P, is k-separating, then
41: Set 7, = (TH_l(Z;),[(ZZ‘7P17...,Pp),(Q1,...,Qq)],
Ti1(Z;)).
42: else if ¢ > 1 and Z; U Q1 is k-separating, then
43: Set 7, = (Ti_:,_l(ZZ-_),[(Pl,...,Pp),(ZZ‘,Ql,...,Qq)],
Ti1(Z;)).
44: else if ¢ = 0 and Z; U7;11(Z; ") is k-separating, then
45: Set T = (7'@'4,1(2;), [(Pl, . ,Pp), (Zl)},’7'1+1(Z;r+))
46: else
47: Set T = (TZ'+1(Z;)7 [(Zz)]7 [(Pl, ceey Pp), (Ql, . ,Qq)],
mi1(Z;)).
48: else > Ti—&—l(Zi—’—) = (Zz'—l—l; c. )
49: Set T; = (TZ'+1(ZZ-_), [(Z)], TH_I(Z;_)).
50: else > Z; is not k-separating
51: if Z; — fcly(Z;") is k-separating, then
52: i = (Tir1(Z7), [(Zi = feli(Z)), Zi 0 el (Z), i (Z7)).
53: else
54: Set 7; = Tit1. > Continued on the next page.
O X
n O [ o
Vi D Y;
V3
D
O * OY,
L A D
Va
Vi D Y3
Z Q/‘\Q 73

O 2

FIGURE 3. A k-tree for M.
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55:

56:

57:

58:

59:

60:

61:
62:

63:

64:
65:

66:

> See if Z; breaks into at least two petals.

if Xy is empty, and 7 = (Z1,[(P1,..., ), (Q1,...,Qq)],...) for
some p > 1 and ¢ > 0, and there exists a k-separation (U,V') for
which U contains P; and an element u € Z; — fclgy(E — Z;), and V
contains both £ — (Z; U P;) and an element v € Z; — (fclx(E — Z1) U
{u}), then

> Ensure that the corresponding flower will be irredundant.

if there exists a k-separation (U, V1) such that U; contains both
U and a k-element subset U’, and V; contains a k-element subset
V'’ and an element v € Z; — fcly(E — Z1), where no member of F
contains U’ or V', then

> See if Z; breaks into three petals.
if there exists a k-separation (S,7) such that S contains both
UiN(Z1UP;) and an element s € Z; — (fclg (U1 N (Z1 U Py)) U
fcly(E—Z1)), and T contains both E—(Z;UP;) and an element
te Zy — (felg(F — Z1) U{s}), then
output (T N Zl,[(S NnvinzZ,U N Zl,Pl,...,Pp),
Q15+, Q) m2(277)).
else if there exists a k-separation (S,7") such that S con-
tains both an element s € (U; N Z;) — fcly(E — Z;) and a
k-element subset S’, and T contains both an element ¢t €
(U1 N Zy) — (felg(E — Z1) U {s}) and a k-element subset T”,
where no member of F contains S’ or T/, then
output (ViNZ,[(SNUiNZ,TNULNZy, Py,..., Py,
(le ) Qq)]? TQ(ZTJF))'
else > No such (S, 7T) exists
output (Vl N Z, [(Ul Nn zZy,P,..., Pp), (Q1,... ,Qq)],
7(Z))).

else

> No non-sequential (U1, Vy) where U C Uy and V N Z; C V;.
output 7.

> Either X non-empty, 7 not of the

correct form, or no such (U, V') exists

output 7.

BACKWARDSWEEP, respectively. The path realization T3 of this generalised
k-path, produced in line [6] of k-TREE, is shown in Figure [} where we note
that X and Z are petals of an anemone. The algorithm now enters the loop
in line [7 of k-TREE.

Since all bag vertices in 77 are unmarked, line [9] of k-TREE selects a

bag vertex and, depending on whether it is a non-terminal or terminal bag,
attempts to find a particular type of k-separation. If there is no such k-
separation, such as when one of the bag vertices labelled Vi, Vo, V3, Vi, L,
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OXx

Vi Vi
Vs
D
O OYs
. A D
Va
Vi Y3
Oz
FIGURE 4. The path realization T7.
O Xz
X Q\‘/Q X
Vi D Y;
Vs
D
O @ O Y5
I A D
Va
1% Y3

Oz
FIGURE 5. The w-labelled tree T5.

Y1, Yo, or Y3 is selected, the bag vertex is marked at line [19| of k-TREE. On
the other hand, if there is such a k-separation, such as when one of the bag
vertices labelled X or Z is selected, then lines are invoked, so k-TREE
calls FORWARDSWEEP, BACKWARDSWEEP, and then updates the current
m-labelled tree. For example, assume the bag vertex labelled X is selected
before the bag vertex labelled Z. When this happens, k-TREE finds an ap-
propriate k-separation in line[J] and then, in line calls FORWARDSWEEP
using this k-separation. The subroutine BACKWARDSWEEP is subsequently
called and a possible generalised k-path returned by this call is

(E - X? [(Xla X2)]7 X3)‘

A path realization of this generalised k-path is then merged with the current
w-labelled tree, in this case T, in line[I7)of k- TREE to produce the m-labelled
tree T shown in Figure [5l This process continues until all bag vertices are
marked. The k-tree finally returned by k-TREE is as shown in Figure

7. CORRECTNESS OF THE ALGORITHM

Let M be a k-connected matroid where |E(M)| > 8k — 15, and let T’
be the w-labelled tree returned by k-TREE when applied to M. In this
section we prove that T is a k-tree for M, and that k-TREE runs in time
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polynomial in |E(M)|. The crux is Lemma where we prove that 7' is
a conforming tree. Lemma demonstrates that, additionally, each flower
vertex of T' corresponds to a tight, irredundant flower. Collectively, these
lemmas generalise [9, Lemma 6.3], but a number of technicalities crop up in
the proofs that are not present in the case where k = 3. Subsequently, for T’
to be a partial k-tree it remains to show that each flower vertex corresponds
to a maximal flower. Again, the situation is more complex for general k,
but we prove, as Theorem that T is indeed a partial k-tree. Finally,
we prove Theorem [2.1] by showing that every non-sequential k-separation of
M is equivalent to a k-separation displayed by T', so T is a k-tree, and that
the algorithm runs in polynomial time.

Lemmas and are straightforward generalisations of [, Lemmas 6.1
and 6.2], while Lemma [7.3| follows directly from [4, Lemmas 5.5 and 5.9].

Lemma 7.1. Let M be a k-connected matroid with |E(M)| > 8k — 15. Let
(XoUX1, X2) be a k-path in M with XoU X fully closed and let F be the set
of mazimal sequential k-separating sets of M. Let (XoU X1, X5,...,X],)
be the output of FORWARDSWEEP when applied to (M, (XU X1, X2),F).
Then (Xo U X1, X5, ..., X)) is a left-justified mazimal Xo-rooted k-path of
M.

Lemma 7.2. Let M be a k-connected matroid with |E(M)| > 8k — 15. Let
T; and Tyy1 be -labelled trees constructed by k-TREE(M) in line[d or[17,
where 1 > 0. Suppose that T; is a conforming tree for M, and T;11 satisfies
but is not a conforming tree for M. Let (XoU X1, X%,..., X))
be the k-path returned when FORWARDSWEEP is applied in line [3 or
of k-TREE depending on whether i = 0 or i is positive. Let (R,G) be
a non-sequential k-separation in M that does not conform with T;1q1 for
which Xg s monochromatic and no equivalent k-separation in which Xg is
monochromatic has fewer bichromatic parts in (XoUX1, X5, ..., X].). Then
Xo U X! is monochromatic unless i = 0. In the exceptional case, either X|
is monochromatic, or both RN X| and G N X{ are sequential k-separating
sets with |[RN X{],|GN X >k —1.

Lemma 7.3. Let ® = (P, P,,...,P,) be a tight k-flower of order at
least three in a k-connected matroid M. Let (R,G) be a non-sequential
k-separation such that Py is bichromatic, Py is red, and no equivalent k-

separation has fewer bichromatic petals. Then, there is a tight k-flower
(GNP, RN Py, P,,...,P,) that refines ®.

The next two lemmas collectively generalise [9, Lemma 6.3]. When prov-
ing the result for arbitrary k, the main difference is that we have to deal
with the possibility of end parts breaking into three and not just two petals.
In the proof of Lemmal7.4] these are the cases where[(7.4.1)|(ii)] or [(7.4.2)[(ii)]
hold. In Lemma the last two paragraphs of |(7.5.1)[ handle this possi-
bility. Recall that a k-flower ® = (P, P,,..., P,) is irredundant if ® is a
k-daisy and, for all i € {1,2,...,n}, there is a non-sequential k-separation
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(X,Y) displayed by ® with P, € X and P41 C Y; or ® is a k-anemone
and, for all distinct i, € {1,2,...,n}, there is a non-sequential k-separation
(X,Y) displayed by ® with P, C X and P; C Y. As we are interested in
the non-sequential k-separations of a matroid, it is most efficient for the
tree to display irredundant flowers. Whereas every tight 3-flower is irredun-
dant, the same cannot be said of tight k-flowers for arbitrary k. However,
in |(7.5.2)| we show that every k-flower corresponding to a flower vertex of
the tree returned by k-TREE is irredundant.

Lemma 7.4. Let M be a k-connected matroid with |E(M)| > 8k —15. The
tree returned by k-TREE, when applied to M, is a conforming tree for M.

Proof. Let E denote the ground set of M. We prove the lemma by showing
that each of the m-labelled trees 7T, constructed in lines |§| and [17]| of k-TREE
is a conforming tree for M. Since Ty consists of a single bag vertex labelled
E, the result holds trivially if p = 0. Now suppose that p > 0 and 7}, is a
conforming tree for M. We will eventually show that 7}, is a conforming
tree for M. The structure of the proof is as follows. First we show that T},
satisfies (F4)l Then, we suppose towards a contradiction that (R, G) is
a non-sequential k-separation that does not conform with 7},41. End moves
require special attention: we show, as|(7.4.1){and |(7.4.2) that when one is
performed we can assume the end part breaks into two or three petals in a
flower displayed by T},41, and these petals are monochromatic with respect
to (R, G). To derive the contradiction, we handle the cases where p > 1 and
p = 0 separately, as |(7.4.3)| and [(7.4.4)| respectively.

It follows by induction, Lemma and the construction in BACK-
WARDSWEEP that T}, satisfies in the definition of a conforming tree.
Furthermore, T}, trivially satisfies in this definition. To see that
and hold for Tpi1, let & = (Q1,Q2,...,Qk) be a k-flower in M cor-
responding to a flower vertex v in the path realisation of the generalised
k-path returned by BACKWARDSWEEP in the construction of T, from T,
By induction, to show that and hold for T},11, it suffices to show
that v satisfies either or |(F4)| depending upon whether it is labelled A
or D, respectively. Without loss of generality, we may assume that, relative
to this generalised k-path, @)1 is the entry petal. By construction, each petal
of ® is k-separating and, apart from at most one of Q1 U Q2 and Q1 U Qy,
each pair of consecutive petals is k-separating. Thus, by symmetry, it suf-
fices to check that Q1 U Q9 is k-separating. This check is done by induction
by showing, for all 4 in {3,4,...,k}, that Qs UQ4U---UQ; is k-separating.
In particular, this will show that Q3 U Q4 U --- U Q is k-separating, so
Q1 U Q2 is k-separating. Clearly, @3 and (3 U Q4 are k-separating. Now let
1 > 5 and assume that Q3 U Q4 U ---UQ;_1 is k-separating. As Q;—1 U Q;
is also k-separating, and ();_1 contains at least k — 1 elements, it follows by
uncrossing that Q3 U Q4 U -+ - U @Q; is k-separating, as desired.

To complete the proof that Tj,41 is a conforming tree for M, suppose
there is a non-sequential k-separation (R, G’) that does not conform with
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T)+1. Because this k-separation does conform with 7}, it is equivalent to a k-
separation (R, G) such that R or G is contained in a bag of T},. Only one bag
of T, is affected in the construction of 7},41, so we may assume that R or G is
contained in this bag B. As Xo = F—7(B), which may be empty, we deduce
that, with respect to (R, G), the set X is monochromatic. Thus (R, G) is
a non-sequential k-separation that does not conform with 7,1 and has Xg
monochromatic. From among the collection of choices for (R, G) satisfying
these conditions, choose one such that no equivalent k-separation in which
X is monochromatic has fewer bichromatic parts with respect to the Xg-
rooted k-path (XoU Z1, Zs, ..., Zy) returned by FORWARDSWEEP during
the construction of T),y; from T},. By Lemma the k-path is left-justified
and maximal. By Lemma [7.2] we may further assume that if p > 1, then
Xp U Z; is monochromatic and if p = 0, in which case X is empty, then
either Z; is monochromatic, or |[RNZ1|,|GNZ1| > k—1 and each of RN Z;
and G N Z; is a sequential k-separating set.

Shortly, we handle the case where XU Z; is monochromatic, as
First, we show that when m > 3 and Z,, or Z; is bichromatic, then we can
assume the generalised k-path returned by BACKWARDSWEEP during the
construction of 7T},11 from T, breaks Z,, or Zi, respectively, into monochro-
matic petals.

7.4.1. Consider the call to BACKWARDSWEEP while constructing T,1 from
T,. If Zy, and Z,, are bichromatic and Z,,—1 is monochromatic, where m >
3, then, up to recolouring elements of Z,, to give a k-separation equivalent
to (R, Q), the generalised k-path T,,—1 is of the form
(i) (..., [(Zm=1,X)],Y), where (X,Y) is a partition of Z,, such that X
and Y are monochromatic, or
(ii) (...,[(Zm-1,4,B)],C), where (A, B,C) is a partition of Z, such
that A, B, and C' are monochromatic.

As|GNZ,,| > k—1, by Lemma[3.15] and both Z,, and R are k-separating,
the set RN Z,, is k-separating by uncrossing. Now, if |G N Z,,| < k — 2,
then G N Z, C fclx(RN Z,,), and we can recolour G N Z,, red to obtain a
k-separation equivalent to (R, G) with fewer bichromatic parts; a contradic-
tion. Thus |GNZ,,| > k—1. A similar argument shows that |[RNZ,,| > k—1.

We next show that line 21| of BACKWARDSWEEP is invoked. If Z,,_1 C R,
then, as R and Z,,—1 U Z,, are both k-separating and |GNZ, _| >k —1,
the set RN (Zy,—1UZy,) is k-separating by uncrossing. As |GNZ,,| > k—1,
it follows that Z,,_1 is k-separating by uncrossing RN (Z,—1UZ,,) and Z,,.
Using the fact that Z, is bichromatic, the same argument shows that Z,, 1
is k-separating when Z,,_1 C G. Thus line [21] is invoked. Furthermore, as
Zm-1U(RNZy,) is k-separating if Z,,,_1 C R and, similarly, Z,,_1U(GNZy,)
is k-separating if Z,,_1 C G, it follows that BACKWARDSWEEP finds a k-
separation (U, V) as described in this line.

Suppose both U N Z,, and V N Z,, are monochromatic in an (R, G)-
equivalent k-separation obtained by recolouring elements of Z,,,. Then, since
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(R, G) is non-sequential, BACKWARDSWEEP finds a k-separation (U, V}) as
described in line It follows that 7,,—1 is of the form (..., [(Zp-1,U N
Zn), VN Zy) or (...,[(Zm-1,4, B)],C), where either (A,BUC) = (UnN
Zm, VN 2Zy) or (AUB,C)=(UNZy,,VNZy,). Thus|i)|or holds.

Now we may assume that no recolouring of elements in Z,, gives a
k-separation equivalent to (R,G) such that both U N Z,, and V N Z,
are monochromatic. First, we show that BACKWARDSWEEP finds a non-
sequential k-separation (Uj, V) as described in line If U is non-
sequential, then (U,V) is such a k-separation (Ui, Vi), so let U be k-
sequential. Without loss of generality we may assume that Z,,_1 is red.
Suppose that no recolouring of elements in Z,, gives an (R, G)-equivalent k-
separation such that U N Z,, is monochromatic. Since Z,, is bichromatic, it
follows that |[GNV| > k—1 by Lemma By uncrossing and Lemma
RNU and U N Z,, are sequential k-separating sets. If | RNU N Z,,| < k — 2,
then, since RN U is k-separating, RNU N Z,, C fclg(Zy—1); a contradic-
tion. It follows, by Lemma that since no recolouring of elements of Z,,
gives an (R, G)-equivalent k-separation where U N Z,, is monochromatic,
either Z,,_1 C fclx(RNU N Zy,) or RNU N Z,, C felg(Zm—1). But if the
former holds, then Z,,_1 C fclx(Z,); a contradiction. If the latter holds,
then (Z1,Zs,...,Zy) is not a left-justified k-path; a contradiction. Now
we may assume that U N Z,, is monochromatic. If U is monochromatic,
then the non-sequential k-separation (R,G) satisfies the requirements of
(U1, V1) in line so we may assume that U N Z,, is green. Recall that, as
Zm—1 C R, the set RN (Zy—1 U Zy,) is k-separating. Thus U U (RN Z,,) is
k-separating by uncrossing U and RN (Zy,—1UZy,). Suppose UU(RNZ,,) is
k-sequential. Then RN (Z,,—1 U Z,;,) and U are k-sequential by Lemma
Thus, we can apply Lemma However, since (Z1,Z2,...,Zy) is a k-
path, Z,,_1 ¢ fcly(RN Zy,) and Z,,—1 € fcli(U N Zy,). Moreover, if either
RN Z,, Cfclg(Zy-1) or UN Z,, C fclg(Zp—1), then the k-path is not left-
justified; a contradiction. We deduce that U U (RN Z,,) is non-sequential,
so a k-separation (Uy, V7) is found as described in line

By Lemma RN Z,, and GN Z,, are sequential k-separating sets. If
Vi N Z,, is non-sequential, then, as (Z1, Zs, ..., Zy) is a left-justified max-
imal k-path, Uy N Z,, C fclx(Vi N Z,,) C felg(Vi). But then, by Corol-
lary 3.9(1), Uy N Z,, C fcly(Uy — Zy,); a contradiction. It follows that
ViNZ,, is k-sequential and, by a similar argument, Uy N Z,, is k-sequential.
By Lemma [5.8, we may assume, by recolouring elements of Z,, if neces-
sary, that one of Uy N Z,, and Vi N Z,, is monochromatic and the other
is bichromatic. Suppose, up to swapping R and G, that Uy N Z,, is red
and Vi N Z,, is bichromatic. Since |ViNZ_ ;| > k—1, as Vi N Zy, is
k-sequential, and |U; N Z,,,| > k — 1, it follows, by two applications of un-
crossing, that Z,,_1 U (RN Z,,) is k-separating. Moreover, R N Z,, has an
element not in fcly(Uy — Z,, ), by Lemma since no (R, G)-equivalent

m
recolouring of elements in Z,, has both U N Z,, and V N Z,, monochromatic.
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As |GNZy| > k—1, it follows that BACKWARDSWEEP finds a k-separation
(S,T) as described in line

Now we show that (S,T") is non-sequential. By Corollary T is non-
sequential as it contains Z__,. Suppose that S is k-sequential, and let
Uy =Uy—Z,,_,. Then Uy and SN Z,, are also k-sequential by Lemma .
Next, we will apply Lemma If Uy — Zy, C fclg(Ua N Zyy,), then Us —
Zm C fclg(Zy,) where Uy — Zy,, = Z—1; a contradiction. By line of
BACKWARDSWEEP, S — Uy ¢ fcly(Us N Z,,). Since (21, Za, ..., Zy) is a
left-justified k-path, Uy N Z,, ¢ fcly(Us — Zy,). Moreover, if Uy N Z,, C
fclg(S—Us), then UsNZ,, C fclg(VanZ,,), so, by Corollary [3.7(1)} UsNZ,, C
fclx(Z,,); a contradiction. We deduce that S is also non-sequential.

By applying Lemma [3.20} but with (5,7 in the role of (R, G), we deduce
that SN Z,, and T N Z,, are k-sequential sets. It follows, by Corollary
that ® = (Vi1 —Z,,, U1 — Z, UyNZp,, SOVINZy,, TN Z,y,) is a tight k-flower.
If possible, recolour elements of Vi N Z,, to give a k-separation equivalent
to (R,G) such that ® has fewer bichromatic petals. Now, if SNV N Z,
is bichromatic, then, by Lemma there exists a tight refinement ® =
WV = Zn, Uy — Zp, Ui N Zpy, ROSNVINZp, GOSN VIN Zp, T N Zyy)
of ®. But Vi N Z,, is sequential, so ' has three consecutive petals whose
union is a sequential set, contradicting Corollary Thus SNV NZ, is
monochromatic and, by the same argument, T'N Z,, is monochromatic. We
deduce, by line [24] of BACKWARDSWEEP, that holds.

Now suppose, up to swapping R and G, that U; N Z,, is bichromatic and
ViN Z, is green. By Corollary and a reversal and cyclic shift of the
petals, ® = (V1 —Z,,, Uy — Zy,, RONU1NZy,, GAULN Zyy,, VIN Z,y,) is a tight k-
flower. It follows, by Lemma[7.3] that if there is a k-separation as described
in line [23] of BACKWARDSWEEP, then ® has a tight refinement with three
consecutive petals, GNU1NZ,,, SNViNZ,,, and TNV N Z,,, whose union is
the sequential set G N Z,,; a contradiction. Therefore, the algorithm reaches
line If Z,,—1 C R, then (R, G) is a k-separation that satisfies the require-
ments of this line, while if Z,,_; C G, then (G, R) is such a k-separation;
so the algorithm finds a k-separation (S,T) as described. Suppose SN Z,,
is non-sequential. Since (Z1, Za, ..., Zy) is a left-justified maximal k-path,
TNZy C fcg(SNZ,) C fcg(S). It follows, by Corollary |3.79(i)l that
TN Zy Cfelx(T — Zy,); a contradiction. Thus S N Z,, is non-sequential.
By a similar argument, T'N Z,, is also non-sequential. If, up to recolouring
elements of Z,, to give an (R, G)-equivalent k-separation, SNZ,, and TNZ,,
are monochromatic, thenholds, so assume otherwise. By applying Corol-
lary 5.9 with (V4, U1) and (S, T') in the roles of (U, V) and (R, G) respectively,
we deduce that & = (Uy — Z,,,, Vi — Zp,, ViNZp,, SNULN Zyy, TNUL N Zyy) s
a tight k-flower. If possible, recolour elements of Uy N Z,, to give an (R, G)-
equivalent k-separation such that ®' has fewer bichromatic petals. Now, if
SNUy N Zy, is bichromatic, then, by Lemma there exists a tight refine-
ment of ® with three consecutive petals GNSNULNZ,,, RNSNUL N Z,y,,
and T NU; N Z,. But the union of these petals, Uy N Z,,, is sequential,
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contradicting Corollary So SN U; N Zy, is monochromatic and, by a
similar argument, T'N Uy N Z,,, is monochromatic. We deduce, by line
of BACKWARDSWEEP, that holds in this case, completing the proof of

(A1)

7.4.2. Consider the call to BACKWARDSWEEP while constructing T in
line @ of k-TREE. If Z1 and E — Z1 are bichromatic, m > 3, and 7
starts with (Z1,[(P1y...,Ps), (Q1,...,Q)],...) where s > 1, t > 0, and
Py is monochromatic, then, up to recolouring elements of Z1 to give a k-
separation equivalent to (R,G), BACKWARDSWEEP returns a generalised
k-path that starts with either

(i) (X, [(Y,Pr,...,Ps),(Q1,...,Q¢)],...), where (X,Y) is a partition of
Z1 such that X and Y are monochromatic, or

(ii) (A, [(B,C,Py,...,Ps),(Q1,...,Q4)],...), where (A, B,C) is a par-
tition of Z1 such that A, B and C' are monochromatic.

As P; is monochromatic, and Z; and E — Z; are bichromatic, it follows, by
uncrossing, that the call to BACKWARDSWEEP reaches line [55| and finds a k-
separation (U, V') as described in that line. If we can recolour elements of Z;
to give an (R, G)-equivalent k-separation where both UNZ; and VN Z; are
monochromatic, then, since (R, G) is non-sequential, a k-separation is found
as described in line It follows that the generalised k-path returned by
BACKWARDSWEEP starts with (V. N Zy,[(UN Zy, Py, ..., Ps), (Q1,...,Q¢)],

..)or (A [(B,C,Py,...,Ps),(Q1,...,Q¢)],...), where either (4, BUC) =
(VNnZzZ,UNZ)or (AUB,C)=(VNZ,UNZ), in which case [(i)| or
holds.

Now we may assume that there is no k-separation equivalent to (R, G)
such that both U N Z; and V N Z; are monochromatic. First, we show that
BACKWARDSWEEP finds a non-sequential k-separation (Uy, V1) as described
in line If U is non-sequential, then (U, V) is such a k-separation (Uy, Vi),
so let U be k-sequential. Without loss of generality we may assume that
Py is red. Suppose that no recolouring of elements in Z; gives an (R, G)-
equivalent k-separation such that U N Z; is monochromatic. By uncrossing
and Lemma[3.2] RNU and UNZ; are sequential k-separating sets. Towards a
contradiction, suppose that RNUNZ; C fclg(Py). Then, by the construction
of U in lineof BACKWARDSWEEP, GNUNZ; ¢ fcli(P1) and, in particular,
IGNUNZy| >k—1. If  RNVNZ| <k—2,then RNZ; C fclp(R— Z1), so
RN Z; C felg(G) by Corollary [3.7(i)f a contradiction. Hence, by uncrossing,
VU (RN Zy) is k-separating. Thus RNU N Z; C fclx (U — (RN Z1)). By
applying Lemma with (Z1, E — Z7) in the role of (R, G), we deduce that
RNUNZ Ctely(GNUN Zy) C fely(G); a contradiction. So RNUNZ; ¢
felg(Py). It follows that [RNUNZy| > k— 1. Now we can apply Lemma
with RN U and U N Z; in the roles of A and B respectively. Since no
(R, G)-equivalent k-separation has U N Z; monochromatic, it follows that
P, Cfelg(RNUN Zy). Thus, Py C fclg(Z1); a contradiction.
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Now suppose that there is a recolouring of elements in Z; which results in
an (R, G)-equivalent k-separation such that U N Z; is monochromatic. If U
is monochromatic, then the non-sequential k-separation (R, G) satisfies the
requirements of (U, V1) in line so we may assume that U N Z; is green.
As P is red, the set Py U(RNZ;) is k-separating by uncrossing Z; U P; and
R. Thus U U (RN Z) is k-separating by uncrossing. Suppose U U (RN Z1)
is k-sequential. Then P; U (RN Z;) and U are k-sequential by Lemma
Thus, we can apply Lemma However, since (21, Za, ..., Zp) is a left-
justified k-path, Py € fcly (RN Z1) and Py € fclg(U N Z4), and, moreover,
UNZy ¢ fel(P1) by the construction of U in line [55| of BACKWARDSWEEP.
Therefore, RN Z; C fclg(Py), in which case RN Z; C fely(R — Zy), so, by
Corollary [3.7(i), we can recolour RN Z; green to give an (R, G)-equivalent
k-separation where U N Z; and V N Z; are monochromatic; a contradiction.
We deduce that U U (RN Z;) is non-sequential, so a k-separation (Uy, V1) is
found as described in line (6l

By Lemma RN Zy and G N Z; are sequential k-separating sets. If
ViNZy is non-sequential, then, as (Z1, Za, ..., Zy,) is a left-justified maximal
k-path, Uy N Z; C felx(Vi N Zy) C felg(Vy). Thus, by Corollary [3.7(1)
UiNZ;y C felg (U —Z4), contradicting the construction of U and U in lines
and Thus V1 N Z; is k-sequential, and, by a similar argument, Uy N Z;
is k-sequential. We may assume, by Lemma that, up to recolouring
elements of Z; to give an (R, G)-equivalent k-separation, one of U; N Z; and
Vi N Z7 is monochromatic and the other is bichromatic. Suppose, up to
swapping R and G, that Uy N Z is red and V; N Z; is bichromatic. Since
Vi —(Z1UP)| > k—1,as Vi N Zy is k-sequential, and |Uy N Z1| > k—1, it
follows, by uncrossing Uy and Z; U P;, and then uncrossing Uy N (Z; U Py)
and RNZ1, that PLU(RNZ1) is k-separating. If GNZ; C fclgy(E— Zy), then,
by Corollary [3.7(1)f G N Z; can be recoloured red in an (R, G)-equivalent
k-separation; a contradiction. Likewise, if RNViNZ; C felp (U1 N(Z1 U Py)),
then, by Lemma RnVinZy Cfelxy(RNUIN(Z1UPy)) C felp(R— (VN
Z1)), so RN'ViNZy C felgy(G) by Corollary [3.7(1)f a contradiction. Thus
BACKWARDSWEEP finds a k-separation (S,7) as described in line

Now we show that (S,T") is non-sequential. By Corollary T is non-
sequential as it contains Z,,. Suppose that S is k-sequential. Let (Us, V) =
(Uhn(Z1UP), Vi1 U(E - (ZyUP))). Then Uy and SN Z; are also k-
sequential by Lemma By lines and UsnNZy ¢ tely(Us — Z1)
and S — Uy ¢ fcly(Us N Zy), and, since (Z1, Za, ..., Zy) is a left-justified
k-path, Uy — Z1 ¢ fclg(Us N Z1). Hence, by Lemma Us N Zy C felg(S —
Us) C felg(Va N Z1). By Corollary UsNZy C fely(E — Z1). By an
application of Lemmal[5.5| with (Us, V2) in the role of (R, G), we deduce that
Us N Zy C felg(Uy — Z1); a contradiction. Hence S is also non-sequential.

Next we show that SN Z; and T N Z; are k-sequential. Suppose SN 23
is non-sequential. Since (Z1, Za, ..., Zy,) is maximal and left-justified, we
deduce that TNZ; C fclx(SNZ71), so TNZ; C fclg(S). As T is non-sequential,
it follows, by Corollary |3.7(i)} that T'N Z; C fcl, (T — Z1), contradicting the
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construction of (S,7T) in line We deduce that SN Z; is k-sequential and,
by a similar argument, T'N Z; is also k-sequential. Thus, by Corollary
o= (TnzZ,SNVinZ,UiNZ,Uy — Z1, Vi — Z7) is a k-flower where
the first three petals are tight, and thus ® is tight. If possible, recolour
elements of V3 N Z; to give a k-separation equivalent to (R, G) such that
® has fewer bichromatic petals. Now, if SN V) N Z; is bichromatic, then,
by Lemma there exists a refinement of ® with consecutive tight petals
TNZ,GNSNViNZy and RNS NV N Z;. The union of these three
petals, Vi N Zy, is k-sequential, contradicting Corollary 5.7 So SNViNZ; is
monochromatic and, by a similar argument, T'N Z; is monochromatic. We
deduce, by line [58 of BACKWARDSWEEP, that holds.

Now suppose, up to swapping R and G, that U; N Z; is bichromatic and
Vi N Zy is green. By Corollary o=WV-21,U, - Z;,RNUNZ1;,GN
Ui N Z,VinNZ) is a tight k-flower. It follows, by Lemma that if
there is a k-separation as described in line [57], then ® has a tight refinement
with three consecutive petals GNU1 N Zy, SNViNZy and TNViNZ;
whose union is G N Zp, contradicting Corollary Thus, the algorithm
reaches line If P, C R, then (R, @) is a non-sequential k-separation that
satisfies the requirements of line while if P, C G, then (G, R) is such
a k-separation; so a k-separation (S,T) is found as described. If SN Z;
is non-sequential, then T'N Z; C fclx(S N Z1), since (Z1, Za, ..., Zy) is a
maximal k-path. But then T'N Z; C fclg(S), so TN Z; C fclg(T — Z1) by
Corollary 3.7(i)} contradicting the construction of (S, T') in line[59} So SNZ;
and, similarly, T'"NZ; are k-sequential. If, up to recolouring elements of Z; to
give an (R, G)-equivalent k-separation, SNZ; and TNZ; are monochromatic,
then holds by line so assume otherwise. By applying Corollary
P = (E — (Zl U Pl),Pl,S NULNZ, TNU NZ,ViN Zl) is a tight k-
flower. If possible, recolour elements of Uy N Z; to give an (R, G)-equivalent
k-separation such that @ has fewer bichromatic petals. Now, if TNU;NZ; is
bichromatic, then, by Lemma H, there exists a refinement of ® with three
consecutive petals SNU1NZy, RNTNU1NZ; and GNTNUL N Z,. But the
union of these petals, U; N Z; is k-sequential, contradicting Corollary
So T'NU; N Z; is monochromatic and, by the same argument, S N Uy N Z;

is monochromatic. Thus |(7.4.2) holds.
7.4.3. If Xo U Z; is monochromatic, then T, displays (R,G).

Suppose Xg U Z; is monochromatic. Without loss of generality, we may
assume that XoUZ; C G. Let b be the number of bichromatic parts amongst
Zoy ...y L. Assume b > 2 and let Z; be the bichromatic part with the
smallest subscript. If Z,” N R is non-empty, then, by Lemmas and
Z; is monochromatic; a contradiction. Therefore Z;” C G. But then, by
Lemma Z:" is monochromatic; a contradiction. Thus b € {0, 1}.

Assume b = 1 and Z; is bichromatic. We first consider ¢ # m. If
Z;r is bichromatic, then, by Lemma Z; is bichromatic, and so, by
Lemma[3.15, [RNZ;|,|GNZ |,|RNZ],|GNZ| > k — 1. But then, by
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Lemma Z; is monochromatic; a contradiction. Thus we may assume
that Z;r is monochromatic.

Suppose Z; is monochromatic. As XoUZ; C G, we have Z; C G. Then,
by Lemma Z C G, s0o RC Z;. The only lines in BACKWARDSWEEP
that do not leave Z; intact are lines |34] and As (R, G) does not conform
with T}, 41, we may assume that one of these is invoked. Then both RN (Z; —
fclg(Z;)) and RN(Z;Nfclg(Z;")) are non-empty. But, as RN(Z;Nfcly(Z;)) C
fclg(Z;"), it follows that RN (Z; N feli(Z;)) C felg(G). Therefore we can
recolour all the elements in RN (Z; Nfcly(Z;")) green thereby obtaining an
equivalent k-separation in which all the red elements are in Z; — fclk,(Z;r ), a
single bag of T, 1. This contradiction implies that Z,” is bichromatic.

By Lemma |[RNZ|,|GNZ; | > k—1. Without loss of generality, we
may assume that Z;" C R. By Lemma RNZ; C fcly(Z;"). Furthermore,
by recolouring if necessary, we may assume that RNZ; = Z;Nfcl,(Z;"). Since
|[RNZ| > k — 1, it follows, by uncrossing G and Z; U Z;r, that G N Z; is
k-separating. Moreover, by Lemma Z; is not k-separating. Therefore
the generalised k-path 7; at the end of the iteration of BACKWARDSWEEP
in which Z; is considered is

= (XoUZ1,Zs,....Zi1,[(Zi — flt(Z;)], Zs N el (Z]F), i1 (Z]1)).

Now Z; —fclg(Z;7) € G and (Z;Nfclg(Z;))UZ C R. Let h be the smallest
index for which Z,” C G, but Z;, C R. Since XoU Z; C G and |[RN Z; | >
k — 1, we have 2 < h < ¢ — 1. By applying Lemma to the k-path
(Z,, Zh, Znsrs - - -y Zica, Zi — £l (Z1), (ZiN el (Z;7)) U Z;T), we deduce that
M has a k-flower in which the parts of the k-path are petals of the flower.
It now follows by Lemma and the construction in BACKWARDSWEEP
that T4 displays (R, G), so is satisfied when b =1 and i # m.

Now consider i = m. If Z, is monochromatic, that is, Z,, C G, then
either (Xo U Z1,%Z9,...,Zy) is not left-justified or it is not maximal; a
contradiction. Therefore Z,, is bichromatic, and so m > 3. Let h de-
note the smallest index for which Z,° C G, but Z, C R. Then, by
Lemma M has a flower with petals Z, , Zn, Zni1,. .-, Zm—1, Zyy, 2},
where {Z],Z!'} = {Z, N R, Z,, N G}. Thus, by Lemma and
the construction in BACKWARDSWEEP, T}, displays (R, G).

We may now assume that b = 0. Let h denote the smallest index for
which Z," C G, but Z, C R. Say Z, U Z;f is bichromatic. Let A’ de-
note the largest index for which Zy U Z,'f, is not monochromatic, but Z,;'C is
monochromatic. Note that A’ > h. Then it follows by Lemmathat each
of the sets Zn, Zp41,..., 2y is k-separating and so, by the construction in
BACKWARDSWEEP and Lemma Tp+1 displays (R, G) as the petals of a
k-flower. Now say Zj U Z}J{ is monochromatic. It follows from the construc-
tion in BACKWARDSWEEP that if (R, G) does not conform with T}, then
h > 3 and line [52| of BACKWARDSWEEP is invoked when Z;_4 is considered.
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But then we can recolour all the elements in Z,_1 N felg(Z, U Z,JLr ) red, re-
sulting in a k-separation equivalent to (R, G), so Tp1 displays (R, G). This
completes the proof of |(7.4.3)

7.4.4. If p=0, then Ty displays (R,G).

Suppose p = 0, in which case Xy is empty. If Z; is monochromatic, then
holds by Thus we may assume that Z; is bichromatic, in
which case both RNZ; and GNZ; are sequential k-separating sets consisting
of at least k — 1 elements. Let b denote the number of bichromatic parts
amongst Z1,..., Zy,. By Lemmasand be {1,2}.

First assume that b = 2, and let Z; denote the bichromatic part with ¢ > 1.
Say i # m. By Lemmas and @ ZZ.+ is monochromatic. Without loss
of generality, we may assume that Z;" C R. By Lemma Z; is not k-
separating. Furthermore, by Lemma RNZ; C fclk(Zi+ ). By recolouring
elements of X;, if necessary, we may assume that RN Z; = Z; N fclk(Z;r).
Since |RNZ;"| > k—1, it follows, by uncrossing G and Z; U Z;", that GN Z;,
which equals Z; — fcl;.c(Z;r ), is k-separating. Thus, by the construction in
BACKWARDSWEEP, the generalised k-path 7; at the end of the iteration in
which Z; is considered is

T = (Zl, 2oy Li 1, [(Zz — fClk(Z:_))], Z; N fClk(Zj_),Tz_H(Zj))

Now Z; — fclg(Z) € G and (Z; N fcl(Z)) U Z7 € R and so, by
Lemma [3.18] M has a flower with petals RN Z1,GN Zy, Za,. .., Zi—1, Z; —
felg(Z1), (Z; N fely(Z)) U ZF. Tt follows, by the construction in BACK-
WARDSWEEP, that 7 is eventually constructed and is of the form

T2 = (Zlv [(P17--'app)a (Q1>"'7QQ)]7Zi mfdk(Zi_‘—)vTiJrl(Z;_))v

where {P1,..., Py, Q1,...,Qq} = {Zo, ..., Zi—1,Z; — fclx(Z;")}. Therefore,
by Lemma [3.18] [(7.4.2)] and construction, (R,G) is displayed by Tp+1. So
(7.4.4) holds when Z; and Z; are bichromatic, for i € {2,3,...,m — 1}.

Now say ¢ = m. There are two cases depending upon whether m = 2 or
m > 3. If m > 3, then Z,,_; is monochromatic. Lemma[3.18implies that M
has a flower with petals RNZ1,GNZ1,2Zs,...,Zm-1,RNZ,,, GNZ,y,. 1t fol-
lows, by the construction in BACKWARDSWEEP and that eventually
we construct 7 and it is of the form (Zy,[(P1,...,Pp), (Q1,...,Qq)], W),
where either {Pi,...,P,,Q1,...,Q¢y, W} = {Zs,...,Zp_1,X,Y}, or
{P1,..., Py, Q1,....,Qu, W} = {Zs,...,Zy,_1,A,B,C}, for some partition
(X,Y), or (A, B,C) respectively, of Z,, with monochromatic parts. As P;
is monochromatic, we can apply It follows that Z; either breaks into
two petals or three petals, each of which is monochromatic. Thus (R, G) is
displayed by T4 1.

Consider the case where m = 2. Since |G N Z1| > k — 1, it follows by
uncrossing that RNZ, is k-separating. If |GNZy| < k—2, then Z C feli (RN
Z3), in which case we can recolour G N Zj red thereby obtaining an (R, G)-
equivalent k-separation with fewer bichromatic parts; a contradiction. Hence
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|G N Zy| > k —1 and, by symmetry, |[RN Zs| > k — 1. As (R,G) is non-
sequential, it follows, by Lemma that BACKWARDSWEEP finds a k-
separation (U, V') as described in line [2| If, up to a k-separation equivalent
to (R, G), the sets UN Z1, VN Zy, UN Zy, and V N Zy are monochromatic,
then, as lines output a refinement of (V N Z1,UNZ1,UN Zy, VN Zy)
up to a cyclic shift, (R, G) is displayed by Tp1.

We may now assume that there is no k-separation equivalent to (R, G)
such that both U N Z; and V N Z; are monochromatic for some i € {1, 2}.
By Lemma [5.8] we can assume, for such an ¢, that one of U N Z; and
V N Z; is monochromatic and the other is bichromatic. Suppose U N Z3
is monochromatic; without loss of generality, we may assume U N Z3 is
red. Recall that R N Zy is k-separating. If RNV N Zy C felxy (U N Zy),
then RNV N Zy C fely(R — (V N Z3)), in which case, by Corollary |3.7(i)}
RNV NZy Cfclg(G); a contradiction. So RNV N Zy contains an element
not in fclgy (U N Z3). Since (R, G) is non-sequential, BACKWARDSWEEP finds
a k-separation as described in line By Corollaries and it fol-
lows that, up to an equivalent recolouring of (R, G), the last three petals of
the generalised k-path output by BACKWARDSWEEP are monochromatic. If
V' N Z5 is monochromatic, a similar argument applies where line [5| of BACK-
WARDSWEEP is invoked instead of line Likewise, a similar argument
applies when V N Z; or U N Z; is monochromatic and the other is bichro-
matic, where line [10] or [12| of BACKWARDSWEEP, respectively, is invoked in
this case. As each of the petals in the generalised k-path returned by BACK-
WARDSWEEP is monochromatic, we deduce that (R, G) is displayed by T4 1.
Soholds when Z; and Z,, are bichromatic, and, more generally, when
b=2.

Now assume that b = 1, so Z7 is the only bichromatic part. Since RN Z;
and G N Z; are sequential k-separating sets and (R, ) is non-sequential, we
deduce that Zf is bichromatic and m > 3. Let h denote the largest index
for which Zj U Z,'f is not monochromatic, but Z,J[ is monochromatic. By
Lemma @ M has a flower with petals RN Z1,G N Z1, Zs,. .., Zh,Z,J[.
Therefore, by construction and Lemma T9 is eventually con-
structed and begins with 7 = (21, [(P1,...,Pp), (Q1,...,Qq)],...), where
{P1,...,Py,Q1,...,Qq} ={Za,...,Z3}. Since P; is monochromatic, we can
apply Thus Tp41 displays (R, G), completing the proof of [(7.4.4)|

When p > 1, Xy U Z; is monochromatic so, by |(7.4.3), Tp4+1 displays
(R, G); a contradiction. Otherwise, p = 0 and we can apply |(7.4.4); again
we derive the contradiction that T},1; displays (R, G). Thus we deduce that
Tp+1 is a conforming tree for M. By induction, this completes the proof of
the lemma. O

Lemma 7.5. Let M be a k-connected matroid with |E(M)| > 8k — 15, and
let T be the conforming tree returned by k-TREE when applied to M. If
v is a flower vertex of T, then the flower corresponding to v is tight and
irredundant.
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Proof. Let E denote the ground set of M. We prove the lemma by showing
that each of the m-labelled trees T, constructed in lines |§| and (17| of k- TREE
has the property that the flower corresponding to each flower vertex is tight
and irredundant. Since Ty consists of a single bag vertex labelled E, the
result holds trivially if p = 0. Now suppose that p > 0 and 7}, has the
property that if v is a flower vertex of 7j,, then the flower corresponding to
v is tight and irredundant. We will show, as |(7.5.1)[ and |(7.5.2) that the
flower corresponding to each flower vertex of T}, is tight and irredundant,
respectively.

7.5.1. If v is a flower vertex of Tpy1, then the flower corresponding to v is
tight.

By induction, 7, has this property on its flower vertices. There-
fore, by construction, it suffices to consider only the flower vertices in
the path realisation Té 41 of the generalised k-path returned by BACK-
WARDSWEEP in the construction of Tp;; from 7T}, in line [I6| of k-TREE.
Let (Xo U X1, Xo,...,X;,) be the left-justified maximal Xy-rooted k-path
returned by FORWARDSWEEP in the construction of 7}, from 7}, in k-TREE.
Let v be a flower vertex of TI’, 11 and let @ be the flower corresponding to
v. Suppose that ® is not tight. By construction, we may assume that v has
degree at least three. For clarity, we shall assume that line in BACK-
WARDSWEEP is not invoked in the construction of ®. The straightforward
extension of the proof below to include the case when this line is invoked is
omitted.

It follows from the description of BACKWARDSWEEP that if no end moves
are performed, then, for some 7 and j with 1 < i < j < m, the entry and exit
petals of ® are X;” and X;r respectively, and the union of the set of clockwise
petals and the set of anticlockwise petals of ® is { X;, X;411,..., X;}. Ignoring
the possibility of end moves for now, if X is loose, then X, C fcl; (X;UX :r ),
and so (X, ,X; U X;r ) is sequential; a contradiction. Similarly, we get a
contradiction if X;r is loose. Assume that for some ¢ < s < j, the petal
X, is loose. Since, by construction, the clockwise and anticlockwise petals
are each subsequences of {X;, Xjy1,...,X;} that induce a partition of this
set, there is a cyclic shift of the petals of ® that results in a flower @’
equivalent to ® with a concatenation (X , X, X;7). Thus, by Lemma
either X C fclg(X; ) or X, C felp (X7 ), contradicting the fact that (Xo U
Xl, XQ, PN ,Xm) is a k‘—path.

Now consider the possibility of end moves. First suppose that m > 3.
If X,, breaks into two petals Y;, and Y, in BACKWARDSWEEP, then
the algorithm finds a k-separation as described in line It follows, by
Lemma that Y, and Y, are both sequential. If Y;, C fcl(Y,),), then
Y, C fclg(E — X,,) by Corollary so X, is sequential; a contradic-
tion. Thus, by Lemma Y., is tight and, by symmetry, Y, is also tight.
Similarly, if X breaks into two petals Y7 and Y], then BACKWARDSWEEP
finds a non-sequential k-separation (U, Vi) as described on line where
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{Uin X1, Vin X1} = {¥1,Y{}. If U3 N X, is non-sequential, then, since
(X1, X, ..., X,,) is aleft-justified maximal k-path, V1NX; C felp(U1NX71) C
fclg(U1). Thus, by Corollary [3.7(1)), V4 N X5 C felg(Vh — X4), contradicting
the construction of V; in line Thus U; N X7 is k-sequential and, by a
similar argument V; N X7 is k-sequential. Since Y7 and Y] are sequential,
Y1 and Y/ are tight by the same argument as for Y,,, and Y,,,. If X,,, breaks
into three petals, then line [23|or line [25|is invoked and a k-separation (S, T)
is found as described on that line. It follows, by Corollary that the
three petals, whose union is X,,, are tight. The same argument applies if
X1 breaks into three petals, where, in this case, the k-separation (5,7 is
found at line [57] or line 59 of BACKWARDSWEEP.

It remains to consider end moves when m = 2 and X is empty. In this
case, line [2| of BACKWARDSWEEP is invoked and a k-separation (U, V) is
found as described in that line. It follows by Lemma that U N Xy,
VNXi, UNnXyand VN Xg are sequential. Since (X7, X32) is non-sequential,
neither U N X5 nor V' N X3 is a subset of fclx(X7), and so, by Lemma if
U N Xy and V N X5 are petals of ®, then they are tight. Similarly, if U N X;
and V' N X7 are petals of @, then they are tight. We deduce that when line
is invoked the last two petals of ® are tight, and when line [15]is invoked the
first two petals of ® are tight. If line [3| or [5] is invoked and the condition is
satisfied, then the last three petals of ® are tight by Corollary Similarly,
if line [10] or [12] is invoked and the condition is satisfied, then the first three

petals of ® are tight by Corollary This completes the proof of [(7.5.1)]

7.5.2. If v is a flower vertex of Tpy1, then the flower corresponding to v is
irredundant.

By induction, T}, has this property on its flower vertices. Hence, it suffices
to consider only the flower vertices in the path realisation Té 41 of the gen-
eralised k-path returned by BACKWARDSWEEP in the construction of T},
from 7T}, in line[16]of k-TREE. Let (XoU X1, Xa, ..., Xy,) be the left-justified
maximal Xg-rooted k-path returned by FORWARDSWEEP in the construc-
tion of 77, in line |14 of k-TREE. Let v be a flower vertex of T, and let
® be the flower corresponding to v.

First, assume that no end moves are performed in the construction of the
generalised k-path. It follows from the description of BACKWARDSWEEP
that if line [52| in BACKWARDSWEEP is not invoked, then, for some i and j
with 1 < ¢ < j < m, the entry and exit petals of ® are X;” and Xj+ re-
spectively, and the clockwise petals (Xq,1, Xa2,...,Xap) and anticlockwise
petals (Xp 1, Xp2,...,Xpq) of ® are subsequences of (X;, Xjt1,...,X;) that
induce a partition of {X;, X;41,...,X;}. For any [ such that i —1 <1 <,
the non-sequential k-separation (X; U (Uls:Z Xs), (Ul Xs) U X;r) is dis-
played by ®. Since ® = (X, Xa1, Xa2,-- > Xap, X;, Xp1, Xp2, -+, Xpg),
it follows that @ is irredundant. When line (52| in BACKWARDSWEEP is
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invoked,
b= (X;, Xa1, Xa2, s Xap, (X5 NIl (X)) U XS, Xp1, Xpa, o5 Xpg)

where (Xq1,Xa,2,...,Xap) and (Xp1,Xp2,...,Xpq) are subsequences of
(X, Xig1, -, Xjo1, X — fclk(X;r)). By the same argument, & is irredun-
dant.

Now consider the possibility of end moves. First suppose that m > 3 and
that X,, comprises at least two petals of ®. Then the algorithm reaches
line [21) of BACKWARDSWEEP, and finds both a k-separation (U,V') as de-
scribed on that line, and a k-separation (U, Vi) as described on line
By Lemma [£.3] (Uy, Vi) is non-sequential. Let ® = (Py, Ps, ..., P,). Since
(Xom, X,,) is a non-sequential k-separation displayed by ®, it suffices to
show that for each pair of distinct petals A, B contained in X,,, there is
a non-sequential k-separation (A’, B’) displayed by ® such that A C A’
and B C B’. By construction, there exists an index ¢ € {n — 2,n — 1}
such that P, C Uy N X,, € U; and P,y C Vi n X,, C V. 1If a k-
separation (S,7") is found at line 23] then it follows that ® has a concatena-
tion (X,,_1, Xm—1, U1NXy,, SNVIN X, TN X,y,) that is tight, by|(7.5.1)L As
T contains X _; and S contains X,,,_1 U(U; NX,,), the k-separation (S, T)
is non-sequential by Corollary If, instead, line 25| of BACKWARDSWEEP
is invoked and a k-separation (S,T) is found as described, then (S,7) is
non-sequential by Lemma[4:3] Thus, for distinct petals A, B of ® contained
in X,,, there is a non-sequential k-separation (A’, B") displayed by ® such
that AC A’ and B C B'.

We can argue in a similar fashion when X; comprises at least two petals
of ®. In this case, k-separations (U, V') and (U, V1) are found as described
in linesandof BACKWARDSWEEP, respectively. Furthermore, (Uy, V1)
and (X1, X;") are non-sequential. If line 57| is invoked and a k-separation
(S,T) is found as described on that line, then (S,7) is non-sequential by
and Corollary If, instead, lineof BACKWARDSWEEP is invoked
and a k-separation (S,T') is found as described on that line, then (S,T) is
non-sequential by Lemma It now follows that when m > 3 and an end
move, or end moves, is performed, the flower ® is irredundant.

It remains to consider when m = 2 and, in particular, line [2| of BACK-
WARDSWEEP is invoked and a non-sequential k-separation (U,V) is found
as described in that line. If the algorithm reaches lines [8] and [15] of BACK-
WARDSWEEP, and so @ has four petals, then @ is irredundant. Otherwise,
at least one of X7 and X, breaks into three petals of ®.

First we consider when Xy breaks into three petals. Suppose line |3 is
invoked, and k-separations (S,7T") and (S1,71) are found as described. Thus
S=(...,P9,P1,P,) = (..., UNXy, 1NV, T1NX3). Now, by construc-
tion, the non-sequential k-separation (U, V') is displayed by ® with P,,_o C U
and P,_1 C V. Moreover, (S1,77) is a k-separation with P,_o U P,_1 C 5}
and P, C T7; we will show that (S7,7}) is a non-sequential k-separation dis-
played by ®. By Corollary (X1,UN X5, 51NV N Xy, T N Xy) is a tight
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flower. It follows, by Lemma that (T1 NX1,59NX,UNXs, S1NVNXo,
Ty N X3) is a tight flower where U N Xy C S;. Thus, by Corollary the
set S7 is non-sequential. If T is sequential, then, by Corollary it is
contained in a member F of F. It follows that any subset 7" of T} will
also be contained in F', contradicting the construction of 77 in line So
(S1,T1) is non-sequential. Since (S1,71) conforms with ®, by Lemma
either (S7,71) is displayed by ® or (S1,T1) is equivalent to a k-separation
(S2,T») where So or Ty is contained in a petal of ®. Suppose the latter.
Then such a petal is non-sequential by Corollary [3.3] But @ is a refinement
of (VNX;,UNX;,UNXo, VN Xg) where each part of this partition is se-
quential by Lemma [3.21} a contradiction. We deduce that (S, T}) conforms
with .

Suppose instead that line [5| is invoked and k-separations (S,7") and
(S1,T1) are found as described; so ® = (..., P,—2,Pp—1,P,) = (..., 51N
Xo, Ty NU,V N X3). Then (U, V) is a non-sequential k-separation displayed
by ® such that P,,_; C U and P, C V, and, by a similar argument as in
the previous paragraph, (S,7) is a non-sequential k-separation such that
P,oCSand P,_1UP,CT.

Now we consider two cases where X; breaks into three petals. First
we suppose that line is invoked and a k-separation (S,7') is found as
described; so ® = (P, Py, P,...) = (VNX,SNU,TNXy,...). Since T'N
X1 C U, the non-sequential k-separation (U, V') displayed by ® has P, CV
and P, C U. Moreover, the k-separation (S,7T) has PLUP, C S and P3 C T
we will show that this k-separation is non-sequential and is displayed by ®.
By Corollary 5.9 and Lemma[7.3] (VN X1, SNU, TNX1,TNX2,SNX,)is a
tight k-flower. Since VNX; C S, the set S is non-sequential by Corollary [5.7}
If T is sequential, then, by Corollary the subset T of T' is contained in
a member of F; a contradiction. Hence (S,T) is non-sequential and, since
Tp+1 is conforming by Lemma @ is displayed by ®. Suppose instead that
line is invoked and a k-separation (S,T) is found as described. Now
b= (P,P,Ps...)=(TNX,SNV,UNXy,...). Then (U,V) is a non-
sequential k-separation displayed by ® such that P» C V and Ps C U, and,
by a similar argument as earlier in the paragraph, (S,7T) is a non-sequential
k-separation displayed by ® such that P, C T and P, U P3 C S. Finally,
since (X7, X9) is also a non-sequential k-separation, we deduce that & is
irredundant when X; or X3 is the union of three petals of ®. So |(7.5.2)
holds, thus completing the proof of the lemma. O

The next lemma is a straightforward consequence of the way in which
flowers are constructed in k-TREE.

Lemma 7.6. Let M be a k-connected matroid with |[E(M)| > 8k — 15.
The tree T returned by k-TREE(M) has the property that every k-flower
corresponding to a flower vertex in T displays at least two inequivalent non-
sequential k-separations.
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It now follows by Lemmas that if T is the m-labelled tree returned
by k-TREE(M ), then T is conforming, and every flower ®,, corresponding to
a flower vertex v of T' is tight, irredundant, and displays at least two inequiv-
alent non-sequential k-separations. The following lemma, which is implicit
in [9, Lemma 6.5], says that, when k = 3, these are sufficient conditions for
each ®, to be a maximal flower, in which case T is a partial 3-tree.

Lemma 7.7. Let M be a 3-connected matroid and let T be a conforming 3-
tree for M. If, for every flower vertex v of T, the 3-flower corresponding to
v s tight and displays at least two inequivalent non-sequential 3-separations,
then T is a partial 3-tree for M.

When k > 4, however, a conforming tree T', where every flower ®,, corre-
sponding to a flower vertex v of T is tight and displays at least two inequiv-
alent non-sequential k-separations, is not necessarily a partial k-tree. This
remains the case even if, additionally, each ®, is irredundant, as illustrated
in the next example. In this example, we construct a 4-flower by truncating
a 3-flower, in a similar manner to Example

Example 7.8. Let U be the free (4,3)-swirl with x;,y;,2; € E(¥) such
that r({z;,vi,2:}) = 2 and r({x, vi, zi, Tit1, Yitr1, 2iv1}) = 3, for all
i € {1,2,3,4}, where the subscripts are interpreted modulo four. Let ¥’
be the coextension of ¥ by an element e where {x3,ys3,x4,ys} is the only
dependent flat not containing e in the coextension. Take the direct sum
of ¥'\e with a copy of Uss having ground set {w;,ws}. Then, for each
i € {1,2}, freely add the elements s;, t;, u;, and v;, in turn, to the flat
spanned by {w;, x;,yi, z;}. The resulting rank-7 matroid M is 4-connected,
and @' = (Q1,Q2, Q3,Q4) is a swirl-like 4-flower, where Q; = {z;,v;, z;} for
i € {3,4}, and Q; = {si,ti,..., 2} for i € {1,2}. An illustration of M is
given in Figure [0, where the elements in Q1 and Q2 are suppressed. Note
that as {x3,ys, 24, ysa} is 4-separating in M, the set Q3 U Q4 is 4-sequential.

FIGURE 6. The 4-connected rank-7 matroid M.

Let T be a tree consisting of a single flower vertex, labelled D, with cor-
responding 4-flower ® = (Q1 U Q4,Q2,Q3). Then T is a conforming 4-tree,
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and @ is tight, irredundant, and displays the inequivalent non-sequential 4-
separations (Q1UQy4, Q2UQ3) and (Q2, E(M)—Q2). However ® is not max-
imal since @’ is a 4-flower that displays all the non-sequential 4-separations
displayed by @, as well as the non-sequential 4-separation (Q1, E(M)—Q1).

Fortunately, all tight irredundant non-maximal flowers displaying at least
two inequivalent non-sequential k-separations that arise have the same pre-
dominant structure as the 4-flower ® in Example [7.§] We make this more
precise in the next lemma.

We say that a k-separation (X,Y’) crosses a k-separation (U, V) if each
of XNU, XNV, YNU,Y NV is non-empty.

Lemma 7.9. Let M be a k-connected matroid with ground set E and let T’
be a conforming k-tree for M. Suppose that, for every flower vertex v of T,
the k-flower corresponding to v is tight, irredundant, and displays at least
two inequivalent non-sequential k-separations. Then, either
(i) T is a partial k-tree for M or
(ii) there is a flower vertex of T whose corresponding k-flower is of the
form (Q1 U Qq,Q2,Q3), but (Q1,Q2,Q3,Q4) is a mazimal tight ir-
redundant k-flower and the only non-sequential k-separations dis-
played by this mazimal k-flower are (Q1, E—Q1), (Q2, E—Q2), and
(Q1UQ4,Q2UQ3).

Proof. Let ® be a k-flower corresponding to a flower vertex v of T. By
hypothesis, ® is tight, irredundant, and displays at least two inequivalent
non-sequential k-separations. Assume that @ is not maximal. We will show
that v Satisﬁes Since @ is not maximal, there exists a tight, irredundant,
maximal k-flower ® that displays, up to k-equivalence, all non-sequential
k-separations that are displayed by ®, as well as at least one non-sequential
k-separation (R,G) that, up to k-equivalence, is not displayed by ®. In
particular, for every union U of petals of ® such that (U, E — U) is a non-
sequential k-separation in M, there is a union U’ of petals of ® such that
(U,E —U) is k-equivalent to (U', E —U’).

We may assume that ® = (Q1,Q2,...,Qn), where R = Q1UQ2U---UQ,
forsomel <1 <n—1. Let ® = (P, P»,..., Py). AsT is a conforming k-tree
for M, there is an (R, G)-equivalent k-separation (R', G') that conforms with
T and, without loss of generality, we may assume R’ is properly contained
in some petal P, of ®. By Corollary [3.3] P, is non-sequential. If £ — P, is
sequential, then it follows by Lemma [3.2] that ® displays no non-sequential
k-separations; a contradiction. Hence (P, E — P,) is non-sequential and
@' displays an equivalent k-separation (|J,c; Qi» Uje{1,2,...,n}—1 Q) for some
proper subset I of {1,2,...,n}, where fcly(P,) = fclp(U;c; @i)-

7.9.1. There are no non-sequential k-separations displayed by ®' that cross

(Uiel Qi Uje{1,2,...,n}—1 Qj)-

Suppose there is a non-sequential k-separation (Q, E — @) displayed by
@’ such that @ contains the petals Q;, and @;,, and E — @ contains the
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petals Q;, and Q;,, for some i1,iy € I and ji,j2 € {1,2,...,n} —I. Now
(Q,E — Q) is k-equivalent to a non-sequential k-separation (Q', E — Q'),
where fclg(Q) = felx(Q’), that conforms with 7. Hence either

(I) (Q', FE — @) is displayed by ®, or

(II) @ or E — @’ is contained in a petal of ®.

Recall that fely(P,) = fcly(U;c; Qi) Suppose that holds. Then we
may assume that Q' = (J,cx P; for some proper subset K of {1,2,...,m}.
Now fcl(Q') contains the petal @Q;,, so fclp(E — Q') does not contain Q;,
by Corollary But Q;, C felg(P,), so P, € Q'. Then Q;, C fcli(P.) C
feli(Q') = felg(Q). Since Q;, C E — @, it follows by Corollary that @,
is loose; a contradiction. Thus we deduce that holds.

Without loss of generality, either @' C P, or E — Q' C P;. First as-
sume that Q" € P;. Then Q;, C fcl(Q) = fclip(Q') C fclg(Pr). But Q;, C
felg(E—Py), so Qj, ¢ felx(P;) by Corollary[3.11] Hence P, # Pi. AsQ' C Py
and R' C P, C E — Py, it follows by Corollary that (P, E — Pp) is non-
sequential. Thus, there is a union .y Quw of petals of @ such that (P, E—
Py) is equivalent to (U,ew Qu,Uweqr 2, ny—w Qu), where felp(Pr) =
fClk(UweW Qw) Now Qil - fClk(Q) = fClk(Q/) - fClk(Pl) = fdk(UweW Qw)
and @Q;, C fclp(Fy) C felg(E — P1) C fele(Uyeqr 2, ny—w Qu), contradicting
Corollary

Thus, we may assume that £ — Q" C P;. Suppose that P, # P;. Then
P. C Q' s0 Q;, C fclg(P.) C felx(Q') = fclx(Q). Hence, by Corollary
Qi, is loose; a contradiction. We deduce that P, = P;. Thus Q;, C fclx(E —
Q") C fely(Py) = felp(U;e; Qi), so, by Corollary @l again, @, is loose; a
contradiction. This completes the proof of

7.9.2. ¥ = (Q1,Q2,Q3,Q4) and the only non-sequential k-separations dis-
played by @ are (Q1, E — Q1), (Q2, £ — Q2) and (Q1 U Q4,Q2U Q3).

Suppose |I| = n — 1. By assumption, ® displays a non-sequential k-
separation (O, E — O) that is not equivalent to (P, E— P,). As P, is a petal
of @, it follows that fcli(F;) is a proper subset of either fcl, (O) or fcly(E—O).
Let (O', E — O') be the k-separation displayed by @’ that is equivalent to
(O,E — O). Since @' has only one petal (); such that j ¢ I, either O" or
E — O is contained in |J,c; Qi. Hence fcly({J;c; Qi) contains fcl,(O') or
felg(F — O'), so fclg(P,) contains fclg(O) or fclx(E — O); a contradiction.
Thus |I| <n—2.

Since fClk(R) = fClk(Ql UQaU- - -UQl) = fclk(R') - fClk(UieI QZ) and @' is
a tight flower, it follows, by corollary [3.9] that {1,2,...,1} C I. Moreover, I
must contain at least one element in {I+1,1+2,...,n} since no k-separation
equivalent to (R, G) is displayed by ®. Thus we may assume that

I={n—s+1,...,n,1,2,... . L,I+1,.... 1 +t},
where s > 1 and [+t <n —s— 2, and thus n > 4.

Let (Q,F - Q) = (Q1UQ2U - U Quyt1,Qurtr2 U -~ U Qy). Since
{I,n} CTand {{+t+1,l+t+2} C{1,2,...,n} — I, the k-separation
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(Q, E=Q) crosses (Ujer QisUjeqi 2, -1 @j)- By and since fclg(Q)
contains fclg(R), the set E — @ is k-sequential. Thus, by Corollary we
may assume that [+t +1=n—2 and Q,—1 U Q, is k-sequential.

Since @' is irredundant, there exists a non-sequential k-separation (Q’, E—
Q') displayed by ®, where Qyy41 = Qu-s C Q' and Qu_y € B — Q. If
Qn C @', then we obtain a contradiction to unless Q1 UQ2 U --- U
Qi++ € @', in which case ,—1 is non-sequential. But then @Q,—1 U Q,
is non-sequential by Corollary a contradiction. Thus we may assume
Qn C E—Q'. But now the existence of (@', E— Q') contradicts[(7.9.1)| unless
Q1UQaU---UQ; € E— Q' in which case Q,,_o is non-sequential. In the
exceptional case, when n > 5, the k-separation (QaU---UQp—2, Qp—1UQ,U
Q1) is non-sequential by Corollary again contradicting In the
remaining case, ' = (Q1,Q2,Q3,Q4) and the k-separations (Q2, F — Q2)
and (Q1UQ4, Q2UQ3) are non-sequential, but Q3 UQ is k-sequential. Since
®’ is irredundant, there exists a non-sequential k-separation (U, V') displayed
by ® with Q; C U and Q4 C V. Since Q3 U Q4 is k-sequential, either
(U, V) = (Q1UQ3,Q2UQy) or (U, V) =(Q1,E — Q1). But if the former,
then (U, V) crosses (U;e; @i Ujeq1 2, n1—1 @4)- contradicting Thus
(Q1, E — Q1) is a non-sequential k-separation, and ® displays no other non-
sequential k-separations apart from (Q2, F — Q2) and (Q1 U Q4, Q2 U Q3).
This completes the proof of

Since T is a conforming tree and ® displays at least two inequivalent non-
sequential k-separations, the k-separation (R,G) displayed by @', but not
®, is either (Q1,E — Q1) or (Q2, E — Q2). Thus, up to swapping @1 and
@2, ® displays the same non-sequential k-separations as (Q1 U Qq4, Q2, Q3).
Hence, when & is not maximal, holds. This completes the proof of the
lemma. ([l

Theorem 7.10. Let M be a k-connected matroid with |E(M)| > 8k — 15.
The tree returned by k-TREE(M) is a partial k-tree for M.

Proof. By Lemma the tree T returned by k-TREE(M) is a conform-
ing tree for M and, by Lemmas and for each flower vertex u of
T, the flower corresponding to u is tight and irredundant, and displays at
least two inequivalent non-sequential k-separations. Suppose 7' is not a par-
tial k-tree for M. Then, by Lemma T has a flower vertex for which
the corresponding k-flower @ is (Q1 U Q4, Q2,Q3). Furthermore, the non-
sequential k-separations displayed by this k-flower are precisely (Q2, E—Q2)
and (Q1UQ4, Q2UQ3), but (Q1, E—(Q1) is also a non-sequential k-separation.

By construction, the algorithm k-TREE at some stage invokes BACK-
WARDSWEEP, either in line [6] or line at which point a generalised k-path
7 is returned with a concatenation 7/ that is, up to a reversal of the parts,
one of (@3, [(Q1UQ4)], Q2), (Q1UQ4, [(Q2)], Q3), and (Q2, [(Q3)], Q1 UQ4).
Since @3 is k-sequential and no other petal is k-sequential, it follows that
Q3 is not an entry or exit petal of ®. Thus 7" = (Q2, [(Q3)], Q1 U Q4) or

T = (Ql U Q47 [(Q?))]a QQ)
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Let (Zy U Z1,%Zs,...,Zy) be the left-justified maximal k-path pro-
vided to the call to BACKWARDSWEEP. Firstly, assume that 7/ =
(Q2,[(Q3)],Q1 U Q4). Since (Q1,F — (1) conforms with T, and Q4
is k-sequential, it follows, by BACKWARDSWEEP, that, up to equiv-
alence, 7 is a refinement of (Qo,[(Q3)],Q4,Q1). Suppose T =
(.., [(@3)],[(S1,-..,8s), (T1,...,T})],...), where s > 1 and ¢ > 0. Then
Q3 = Zj for some j € {2,3,...,m—1}. By construction, (Q4UQ1)—S; and
(Q4U Q1) — Ty are k-separating and, up to equivalence, either Sy or 77 is a
subset of Q4. If 57 is a subset of 4, then, by uncrossing (Q4UQ1) — S and
Q1 U Q2, we deduce that (Qq —S1)UQ1 UQ2 is k-separating, hence Q3 U S
is k-separating. Then, line 1] of BACKWARDSWEEP is invoked when i = j,
so 7 is of the form (..., [(Qs,S51,...,Ss), (T1,...,T})],...); a contradiction.
Otherwise, 17 is a subset of @)y, and, similarly, Q3 U T} is k-separating, so
line [43|is invoked; a contradiction. Now suppose 7 = (..., [(Q3)], Zj+1,- .- ).
Then, up to equivalence, Z;11 C Q4. Hence line 54| of BACKWARDSWEEP is
invoked when ¢ = j + 1, so Z;11 is not k-separating. But Q2 U Q3 U Z;4; is
k-separating by construction, and it follows, by uncrossing Q2 U Q3 U Z; 41
and Qg, that Z; 1 is k-separating; a contradiction.

Now assume that 7/ = (Q1 UQy4, [(Q3)], Q2). Since (Q1, E — Q1) conforms
with 7', and Q4 is k-sequential, 7 is a refinement of (Q1,Q4, [(@3)], @2), up
to equivalence. Consider the construction of 7; in BACKWARDSWEEP where
i € {2,3,...,m — 2} such that 7,41(Z") = ([(@3)],...). The algorithm
reaches line[38/of BACKWARDSWEEP and Z; C Q4. Since Z;UQ3UQ2 and Q4
are k-separating, Z; is k-separating by uncrossing. Moreover, by uncrossing
Z; U @3 U Q2 and Q4 U Q3, we deduce that Z; U Q3 is k-separating. Hence
line 41)is invoked, and 7; is of the form (..., [(Z;, @3)],...); a contradiction.
Thus T has no flower vertex of the form described by Lemma [7.9(ii)| so T
is a partial k-tree as required. [l

The proof of Theorem is a simple upgrade of [9, Theorem 2.2].

Proof of Theorem[2.1] To prove the theorem, we show that k-TREE is a
polynomial-time algorithm for finding a k-tree for M. Let T be the tree
returned by a call to k-TREE(M ). Then every vertex of T is marked. More-
over, by Theorem T is a partial k-tree for M. Now T is a k-tree for
M unless there is a non-sequential k-separation of M with the property
that no equivalent k-separation is displayed by T'. So assume there is such
a k-separation (R,G). Since T is conforming, we may assume, by taking
an equivalent k-separation if necessary, that G is contained in a bag B of
T. If T consists of the single bag vertex B, then line [3| of k-TREE would
have found a non-sequential k-separation (Y, Z) of M; a contradiction. So
assume that T consists of at least two vertices. Then line [ of k- TREE would
have found a non-sequential k-separation (Y, Z) of M with the property that
Z C mw(B), contradicting the fact that B is marked. Hence T is a k-tree for
M.
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We next show that k-TREE runs in polynomial time in the size n of E(M).
By Lemma the collection F of maximal sequential k-separating sets of
M can be constructed in polynomial time in n, and, by Theorem for
fixed disjoint subsets Y’ and Z’ of E(M), we can find a k-separation (Y, Z)
with Y/ C Y and Z’ C Z, if one exists, in polynomial time in n. Thus, by
Lemma we can find a non-sequential k-separation by iterating over all
k-element subsets of E(M) not contained in a member of F. As there are
O(n*) such subsets, where k is fixed, this can be done in polynomial time in
n. Extending this, whenever k-TREE, or one of the two subroutines, is called
upon to find a k-separation where each part contains particular subsets, it
either finds such a k-separation or correctly determines that there is no
such k-separation in time polynomial in n. Therefore, as every k-path of
M has length O(n), it follows that each call to FORWARDSWEEP takes time
polynomial in n.

Now consider a call from k-TREE to the subroutine BACKWARDSWEEP.
When m > 3, this subroutine considers each of the following subsets of
E(M) in turn: the subsets Z,, and Z,,_1, a subset Z; where i € {m —
2,m — 3,...,2}, and finally the subset Xy U Z;. For each of the subsets
2o, 23, ..y ZLm—2, it is clear that their consideration takes polynomial time
in n. Note that finding the full closure of a subset X of F(M), as in line
of BACKWARDSWEEP, takes time O(n*~1). For the subsets Z,, and Xg U
Z1, BACKWARDSWEEP may, up to five times, attempt to find k-separations
where each part contains particular subsets. As mentioned above, each call
takes time polynomial in n, so the time taken for BACKWARDSWEEP to
consider each of Z,, and Xo U Z; is also polynomial in n. Since m < n, it
follows that, when m > 3, BACKWARDSWEEP takes time polynomial in n.
Similarly, the subroutine takes time polynomial in n when m = 2, so each
call to BACKWARDSWEEP takes time polynomial in n.

At the completion of each call to BACKWARDSWEEP, the algorithm k-
TREE extends the current 7-labelled tree to a new m-labelled tree in poly-
nomial time in n. This extension is non-trivial in that at least one new edge
is created. Since the terminal bags of each such constructed m-labelled tree
contain at least k — 1 elements of E(M) and there is no empty bag vertex
of degree two, the number of edges of each constructed w-labelled tree is
linear in n, and so the total number of calls to FORWARDSWEEP and BACK-
WARDSWEEP from k-TREE is O(n). As marked bags are never reconsidered,
we deduce that k-TREE terminates in time polynomial in n. This completes
the proof of the theorem. O

8. SOME OBSERVATIONS

In this section, we explain why the condition that |E(M)| > 8k — 15 is
necessary in Theorem and why the approach taken in the proof of Theo-
rem [1.1] [4, Theorem 7.1] does not lend itself to an algorithm for constructing
a k-tree.
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An Example. We now give a generic example to demonstrate that the
constraint that |E(M)| > 8k — 15, in Theorems and is sharp. Clark
and Whittle [4, Section 5] showed that for each k > 3 there is a polymatroid
that has a tangle 7 of order k& with a non-sequential k-separation that does
not conform with a tight maximal k-flower in 7. Restricting our attention
to k-connected matroids, we show that for each k > 3 there is a k-connected
matroid M with 8k —16 elements that has a non-sequential k-separation that
does not conform with a tight maximal k-flower of M. This is consistent
with other examples in the literature: the 8-element 3-connected matroid Rg
given in [I0], Section 9] and the 16-element 4-connected matroid Hig given
in [2, Section 4].

€s €g
A

(&4rd €5
€1 €3

F1GURE 7. The rank-4 binary affine 3-cube.

€16 €10

FIGURE 8. The rank-5 binary affine 4-cube.

Let Hgp—16 be the (8k — 16)-element binary affine k-dimensional hyper-
cube, or k-cube, of rank k + 1. The matroid Hgy_16 is k-connected. For
k € {3,4}, these matroids are illustrated in Figures (7] and [8f When k = 4,
this matroid coincides with the aforementioned example in [2]. A represen-
tation of Hgj,_16 can be constructed as follows. Let H} be the matrix

1 1 11 1 11

o o

0 1
0 0
0 1

—_ =

0
1
1

O O =

1
1
0

S = O
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over GF(2). Let H{J be the matrix

11111111
01100110
11001100
11110000

over GF(2) that is obtained by reversing the order of the columns of Hj.
Recursively, for all £ > 3, define Hé(k +1)—16 tO be the matrix

Hék—lﬁ Hék—lﬁ‘]
ol 17

over GF(2) where HY, ,4J is the matrix obtained from H{, 4 by revers-
ing the order of the columns. Label the columns of Hék—m from e to
esk—16- We denote, for all k& > 2, the vector matroid arising from H{, 4
by Hgi—16. Then, the partition ® = ({e1, ea,..., €264}, {€2k—3,. .., €158},
{€4k—7; ey eﬁk_12}, {€6k—117 e ,egk_lg}) is an irredundant tight k-flower.
However, letting

X = {61, €2,...,€k-2,€3k—5,€3k—4,---,€5k—10, €Tk—13, €Tk—125 - - » €8k:—16}a

the non-sequential k-separation (X, E(Hgip_16) — X) does mnot con-
form with ®. For example, when k£ = 3, the non-sequential 3-
separation ({e1,eq4,es5,es},{ea,e3,€6,e7}) does not conform with the 3-
flower ({e1,e2},{es,es},{es5,¢e6},{e7,es}); when k = 4, the non-sequential
4-separation

({e1,e2, €7, €5, €9, €10, €15, €16 }, {€3, €4, €5, €6, €11, €12, €13, €14 })

does not conform with the 4-flower
({e1,e2,e3,es}, {es, €6, €7, €8}, {eg, €10, €11, €12}, {€13, €14, €15, €16} ).

An Alternative Approach. It was noted earlier that the proof of Theo-
rem [4, Theorem 7.1] does not appear to yield an efficient algorithm for
finding a k-tree for a k-connected matroid. We now describe the approach
taken in this proof, and the difficulty in using this approach to obtain an
algorithm for constructing a k-tree.

Let M be a k-connected matroid. A tight irredundant maximal k-flower
is a partial k-tree T' for M 4l Lemma 5.10]. If there exists a k-separation
that is not equivalent to a k-separation displayed by 7', we can modify T
to obtain a partial k-tree T" where T' < T”, and T’ displays a k-separation
not displayed by T' [4, Lemma 6.3]. Thus, we can eventually obtain a k-tree
for M. The difficulty in using a similar approach to obtain an algorithm
for constructing a k-tree lies in finding a tight irredundant maximal k-flower
for M. As described in [9 Section 7|, given a 3-separation (X,Y), it seems
difficult to detect in polynomial time whether it can be refined to a 3-flower
with at least three petals. Similarly, it is not clear whether a k-separation
(X,Y) can be refined to a k-flower with at least three petals.
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