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§ 1. Introduction. 

This paper discusses some convergence properties of the "rows" of the algebraic 

(Hermite-Pade) approximation. The results extend those of Baker and Lubinsky [3], which 

are, in turn, generalizations of the classical de Montessus theorem on the convergence of 

Pade approximants [l], [2]. 

Many of the ideas here are based on the work of Baker and Lubinsky [3], which 

also contains an extensive bibliography of previous investigations. However, one significant 

difference is that Baker and Lubinsky link the existence of an essentially unique algebraic 

form with the existence of a unique algebraic multiplier. Furthermore, these authors 

consider convergence only along "rows" parallel to the first axis of the table of algebraic 

approximations, and obtain only necessary conditions for the existence of a unique algebraic 

multiplier. 

In this paper the concept of the existence of a unique algebraic multiplier has been 

decoupled from the concept of the existence of an essentially unique algebraic form, and 

consequently, of the algebraic approximation. It has been shown by Mcinnes [5] that an 

essentially unique algebraic form may be identified for any f ( z) which is analytic at the 

origin. The table of n algebraic approximations of degree p is a table of dimension p + 1. In 

this paper an "ith row" refers to a sequence of approximations along a line parallel to the ith 

component of the (p + 1 )-vector n (i.e., parallel to the ith axis in the table). One question 

considered here is to identify necessary and sufficient conditions under which an essentially 

unique i-multiplier (associated with the "ith row") exists for a given meromorphic function. 

The convergence theorem given in this paper is extended to consider convergence along an 

arbitrary "ith row" in the table of algebraic approximations. It is shown that the sequence 

of algebraic approximations converges to a given meromorphic function f(z), uniformly on 

a suitable compact set. 

In the remainder of this section the previous results are reviewed after establishing the 

3 



ROW CONVERGENCE 

basic definitions and notation. The main results are stated in Section 2 and proved in Section 

3. Some comments and examples conclude the paper in Section 4. 

Definitions and Notation 

The n algebraic approximation of degree p can be defined as follows (see for example 

Mclnnes [5]). 

Let f(z) be defined and analytic at z = O. Let p be a positive integer and let 

no, n1, ... , np be a set of integers all 2:: -1. Choose a finite sequence of polynomials, 

ao(z), a1(z), ... , ap(z), not all zero, and of degrees not exceeding no, n1, ... , np respectively 

(where the polynomial of degree -1 is to be interpreted as the zero polynomial), such that 

p 

P(f,z) = Laj(z)f(zi = o(zN), 
j=O 

(1.1) 

where 

N = [t (ni + 1)] - 1. 
J=O 

The function P(f, z) satisfying (1.1) is referred to as an algebraic form of the type 

n = (no, n1, ... , np) and degree p. 

Because equation (1.1) determines a homogeneous system of N linear equations in 

N + 1 unknowns (viz., the coefficients of each aj( z )), there will always exist a non-trivial 

solution, (ao(z),a1(z), .. ,,ap(z)), to (1.1). When this solution space is one-dimensional, 

any two non-trivial solutions will be non-zero scalar multiples of each other. In this case 

the (non-trivial) solution is said to be essentially unique. A unique representative of this 

class of solutions may be identified by using a suitable normalization, such as requiring that 

the coefficients in the polynomials are no greater than one in absolute value with equality 

occurring in at least one case. 

In general, the solution space for (1.1) may have more than one dimension. In this 

case we restore uniqueness by replacing Nin (1.1) by some larger value N + S, where the 

"surplus" S > O is chosen to be as large as possible (see [5, Theorem 3]). 
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Given this unique algebraic form P*(f, z ), it is clear that an algebraic function ap-

proximation Q( z) may be defined by P* ( Q, z) = O. From the general theory of algebraic 

functions, it is known that this equation normally has p distinct analytic branches at the 

origin. This occurs when BP*(!, z) / a flz=O -/:, 0, and the n algebraic form P*(f, z) is called 

normal in this case [5]. (For a discussion of normal and non-normal algebraic forms see 

Mcinnes [5]). 

If the algebraic form P*(f, z) is normal, then the corresponding n algebraic approxi-

mation of degree p to f(z) is defined as the unique solution, Q(z), of 
p 

P*(Q,z) = Laj(z) Q(zi = 0, (1.2) 
j=O 

subject to the initial condition 

Q(O) = /(0). 

The case p = 1 is the well known Pade approximation in which Q( z) is rational. There 

exists an infinite sequence of Pade approximations along any "row" [2, Theorem 1.4.5], 

and the convergence of a sequence of these approximations is given by the de Montessus 

theorem [l], [2, Theorem 6.2.2]. 

The existence of an infinite sequence of rational approximations was extended to the 

existence of an infinite sequence of quadratic (p = 2) approximations in [4]. The existence 

of arbitrary algebraic approximations of general degree has been subsequently shown in [5]. 

It remains to investigate the convergence properties of such a sequence. 

Baker and Lubinsky [3] have shown that if 

(a) f(z) is analytic in the open disc B(O, R) = {z : lzl < R}, (0 < R:::; oo) except for a 

finite number of poles (which exclude the origin), 

(b) K ~ B(O, R) is compact, simply connected, contains a neighborhood of the origin and 

excludes the poles off and zeros of 8P00 /8J, (refer to Theorem 2.3 for this notation), 

(c) no, the nominal degree of ao(z), tends to infinity, while nj remains fixed for j > O, 
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then the approximations determined by (1.2) are uniquely defined on K for sufficiently large 

no, and converge, uniformly on K, to f(z) as no --+ oo. 

In this paper, it is shown that a similar result holds if any of the nj -+ oo, while the 

other ni, i =J j remain fixed (convergence along an arbitrary "row"). Some of the hypotheses 

in [3] are dropped, including the simple connectivity of K. The notation used is modelled 

largely on that of [5], although there is also clearly a debt to the notation used in [3], with 

the notable exception that no special importance is attached to the ao( z) term. 

§ 2. Statement of Results. 

In order to prove the main theorem we need a preliminary result which is also of 

some independent interest. Roughly speaking, this theorem states that, where the equation 

F(z, y) = 0 determines a function y = f(z) by the implicit function theorem, the function 

f depends continuously on the analytic function F. (Function spaces are given the compact-

open topology). 

Theorem 2.1. 

Let U and V be open in C, f: U -+ V be analytic, and W be any open set in C2 

containing {(z, J(z)): z EU}. Let F, FL (L = 1, 2, 3, .. ·) be analytic functions in two 

variables defined on W such that 

lim FL(z,y) = F(z,y) 
L-HX) 

(2.1) 

uniformly on compact subsets of W and 

F(z, f(z)) = O, z EU. (2.2) 

Let U be an open subset of U whose closure in U is compact and suppose that 

oF(z,y)/oyjv=f(z) =JO for z EU. (2.3) 
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Then for all large enough L there are unique analytic functions f L : U --+ V such that 

{(z, fL(z)): z EU} ~ W and such that 

FL(z, fL(z)) = 0, z EU, (2.4) 

and 

lim fL(z) = f(z) uniformly on U. 
£-,.oo 

(2.5) 

This result will be used to obtain uniform convergence of the sequence of algebraic 

approximations along a "row". However, we first need to generalize some of the definitions 

in [3]. 

It is assumed throughout that f ( z) is analytic except for isolated poles in some open 

disc B(O, R), (0 < R :S oo ). 

Definition 2.2. 

Let p be a positive integer, i a non-negative integer not exceeding p and n(i) 

(no, n1, · · ·, ni-1, ni+l, · · ·, np) be a p-vector of integers each ~ -1. 

A p-vector, a(i)(z) = (ao(z),···,ai-1(z,),ai+1(z),···,ap(z)), of polynomials is an 

i-multiplier of type n(i) for f(z) on B(O, R) if 

(i) a (i) ( z) ¢ 0, and has degree not exceeding n ( i), 
p .. 

(ii) I: aj(z )f(z )3-' is analytic in B(O, R). 
j=O 
#i 

(2.6) 

Note that if (2.6) is satisfied then it follows that f(z) has only finitely many zeros in 

B(O, R) (except when i = O) and only finitely many poles in B(O, R) (except when i = p). 

The 0-multiplier in this definition is the same as the algebraic multiplier defined in [3]. 
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Given an i-multiplier a(i)(z), we define the function ai(z) (analytic in B(O,R)) by 

p 

ai(z) = - L a3·(z)f(z/-i. 
j=O 
j¥,i 

Note that in general ai( z) will not be a polynomial. Clearly the notation established 

in the above definition conflicts with the standard basic notation for the algebraic form in 

(1.1). The notation for the appropriate algebraic form is modified in an obvious way in the 

following theorem. 

Since any non-zero constant multiple of an i-multiplier is also an i-multiplier, the i-

multiplier will be called essentially unique [3] if any other i-multiplier with these properties 

has the form ca(i)(z), where c-=!=, 0. For the remainder of this paper, "unique" should always 

be interpreted in the sense of "essentially unique", since, as in [5], a unique representative 

of this class of i-multipliers may be identified by choosing a suitable normalization of the 

vector of coefficients of the non-trivial vector a (i) ( z). 

If the function f(z) has q poles and r zeros (both counted with multiplicity) in B(O, R), 

then (2.6) gives rise to a homogeneous system of (p - i)q + ir linear equations in the 

coefficients of the polynomials aj(z), j = 0, 1, ... , i - 1, i + 1, ... ,p. (In the Laurent 

expansions of the sum in (2.6) about each pole and zero of f ( z) the coefficients of negative 

powers must all be set to zero). Note that r may be infinite when i = 0, and q may be infinite 

when i = p, but otherwise (2.6) implies that q, r are finite as observed above. If we define 

p 

N(i) + 1 = L (nj + 1), 
j=O 
j¥,i 

(2.7) 

then the number of unknown coefficients in this linear system is N(i) + 1 ( = N - ni). An 

i-multiplier of type n(i) for f(z) must therefore exist when 

N(i) ~ (p - i)q + ir. (2.8) 
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On the other hand, (essential) uniqueness of the multiplier means that the number of 

unknowns cannot exceed the number of equations by more than 1. That is 

N(i) ~ (p - i)q + ir. (2.9) 

When the equality 

N(i) = (p - i)q + ir (2.10) 

holds, then the i-multiplier may be essentially unique, but, as Theorem 2.4 will show, not 

necessarily. 

The main result is now stated. 

Theorem 2.3 

Let f ( z) be analytic at the origin and have q poles and r zeros (counted with multiplicity) 

in the open disc B(O, R), (0 < R ~ oo ). Let p be a positive integer and i a non-negative 

integer satisfying O ::::; i ::::; p. Let nCi) = (no, n1, ... , ni~l, ni+l, ... , np) where the nj are 

integers ~ -1, and let 

N(i) = [t (nj + 1)1- 1 = (p - i)q + ir. 
;=0 
#i 

(i) For all ni E z+, there is an essentially unique n = (no, n1, ... , ni-1, ni, ni+l, ... , np) 

algebraic form of degree p which is of maximal order, and which may be chosen 

uniquely by a suitable normalization of the vector of coefficients of the non-trivial vec-

tor of coefficient polynomials a( z). Denote this unique vector of polynomials by an; ( z) = 

(ao,n;(z), a1,n;(z), ... , ap,n;(z)). 

(ii) For every infinite sequence S of integers, there is a subsequence S' of S, and an i-

multiplier aCi)(z) for f(z) such that 

nf..T-oo aj,n;(z) = aj(z), j = O(l)p, (2.11) 
n;ES' 
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uniformly in compact subsets of B(O, R) for j = i, and uniformly in compact subsets of 

C for j =J i. 

(iii) Let S, S' be as in (ii) and let 

p 

Poo(f,z) = L,aj(z)f(zi, 
j=O 

so that 

8P00 (f, z) = ~ . ·( )f( )j-1 
Bf L..tJa3 z z . 

j=l 

Let U ~ B(O, R) be open and contain the origin. If U excludes the poles of f(z) and 

the zeros of 8Poo(f,z)/8f (in particular this entails that 8P00 (f,z)/8flz=O =J 0), then, for 

sufficiently large ni, the algebraic approximation Qn; ( z) defined by 

p 

Pn;(Qn;,z) = L,aj,n;(z)Qn;(zi = O, 
j=O 

subject to the initial condition 

Qn;(O) = f(O), 

is defined and analytic at the origin, and can be extended to a (single-valued) function on 

U, and we have 

n;~
00 

Qn;(z) = f(z), uniformly for z EU. (2.12) 
n;ES' 

(iv) If f(z) has an essentially unique i-multiplier of type n(i) then the limits in (2.11) and 

(2.12) converge as ni -r oo for all ni E z+. 

In order to apply the previous theorem it is of interest to know for which u(i) satisfying 

equation (2.10), there is a unique i-multiplier of type u(i) for f(z) on B(O,R), for all f(z) 

with q poles and r zeros in B(O, R). 

10 



A. W. MCINNES and T.H. MARSHALL 

Suppose that, for such an n(i) and f(z), a(i)(z) is a unique i-multiplier of type n(i) 

as defined in Definition 2.2. Let 

and 

Then we have 

i-1 p 

L aj(z)f(zi-i + L aj(z)f(zi-i (2.13) 
j=O j=i+l 

is analytic in B(O, R). Since the two sums in equation (2.13) can have poles only at the 

zeros and poles of f( z) respectively, they must each be analytic in B(O, R). 

In view of the uniqueness of a ( i) ( z) this condition can be satisfied only by the two 

possibilities: 

(i) b 1 (z) = ( ai-1 ( z ), ai-2( z ), ... ao( z)) is the unique 0-multiplier of type n~i) for [!( z )]-1 

and biz)= (ai+1(z),ai+2(z), ... ,ap(z)) = 0. 

(ii) b 1 (z) = 0 and b 2 (z) is the unique 0-multiplier of type n~i) for f(z). 

Suppose (i) holds. Then an inequality of the type (2.9) must hold for this case. That 

is, the a-multiplier of type n~i) for [f(z)J-1 satisfies 

[

i-1 l 
Nii)= ~ (nj + 1) -1::; (i - O)r + Oq = ir. 

J=O 
(2.14) 

Since b2 (z) = O, there is no multiplier of type n~i), and hence an inequality of the 

type (2.8) cannot hold in this case. That is 

and hence 

N~i) = [ t (ni + 1)] -1 < (p - i - O)q +Or= (p - i)q, 
j=i+l 

11 
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From the definition (2.7), 

N(i) = Nii) + NJi) + 1 

~ ir + (p - i)q - 1 + 1, 

using (2.14), (2.15), 

= (p - i)q + ir. 

But by hypothesis, (2.10) holds, and the previous inequality must be an equality. Hence 

equality holds also in (2.14), (2.15). 

A similar argument for the case (ii) gives Nii) = ir - 1 and NJi) = (p - i)q for the 

second case. 

The problem of finding n(i) satisfying (2.10) for which a unique i-multiplier always 

exists thus reduces to the case i = O, along with a closely related problem of finding n<i) for 

which 0-multipliers never exist. The following theorem characterizes these n(i). 

Theorem 2.4 

Let q 2: 0. 

(i) If n<0) = (n1, ... , np) satisfies 

(2.16) 

then there is a unique 0-multiplier of type n<0) in B(O, R), for every O < R ~ oo and f(z) 

with q poles in B(O, R), if and only if 

n (O) - (m · m · · m ) - 1, 2,'" 7 J 

where, in (2.17), all but one of the mj, j = O(l)J, are of the form 

ffij = (-1,-1, ... ,-1,sq-l), s > 0, 
s-1 
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and the remaining one of the mj is either of the form 

or 

ffij = (-1, ... ,-1,sq), s > 0, 
~ 

s-1 

ffij=(-1, ... ,-1,0,-l, ... ,-1,sq-1), s>O, 

s-1 

(2.19) 

(2.20) 

where, in (2.20), the zero may be any one of the first s - 1 entries. 

(ii) If n(O) satisfies N(O) = pq - 1 then there is no 0-multiplier of type n(O) in B(O, R) 

for any O < R ::; oo and any f(z) with q poles in B(O, R), if and only if 

(2.21) 

where in (2.21) every mj is of the form given by (2.18). 

Remarks 

1. Equation (2.16) is (2.10) for i = 0. 

2. Case (i) is the situation where the number of unknowns (the N(O) + 1 unknown polynomial 

coefficients) is one more than the number, pq, of linear equations arising from (2.6), and 

we might expect an essentially unique non-trivial solution. The theorem identifies the 

types n(O) for which this unique solution actually occurs. 

Case (ii) is the situation where the number of unknown polynomial coefficients and the 

number of linear equations arising from (2.6) are equal, and we might expect only the 

trivial solution (i.e., there is no multiplier). The theorem identifies the types n(O) for 

which there is no multiplier. 
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§ 3. Proofs of the Results. 

Proof of Theorem 2.1 

and 

Let 

G( t) = { ( z, y) I z E U, IY - f ( z) I ~ t} for t ;::: 0. 

Using (2.3), there exists h > 0 for which 

Let 

G(h) ~ W, 

c = inf (l8F(z, y )/ 8yl) > 0. 
(z,y)EG(h) 

d = sup (l82F(z,y)/8y21)· 
(z,y)EG(h) 

(3.1) 

(3.2) 

Using the Taylor series expansion of F(z, y), about y = f(z), gives for z E U, 

and IY - f(z)I ~ h, 

F(z,y) = F(z,f(z)) + (y- f(z))fJF(z,f(z))/8y + R, 

where, by (3.2), 

Using (2.2) and (3.1), this gives 

IF(z,y)I;::: Jy-f(z)l(c-!dly-f(z)I). (3.3) 

Hence, for I y - J(z)I ~ 8 ~ 80 = min (h, cd-1) we have 

JF(z, Y)I ~ !cly - f(z)J. (3.4) 

14 



A. W. MCINNES and T.H. MARSHALL 

Using (2.1) and (3 .1 ), we may choose Lo = Lo( 8) large enough so that for all L 2:: Lo, 

IF(z,y)-FL(z,y)I < !co, (3.5) 

and 

l8FL(z,y)/8yl > 0, (3.6) 

on G(o). 

By (2.2) and (2.3), y = f(z) is a simple zero of F(z,y) = 0 and, by (3.4), there are 

no other zeros in B(f(z), 8). Thus using (3.5), Rouche's Theorem now applies and gives, 

for each L 2:: Lo and z E U a unique solution, y = f L ( z), of 

FL(z, y) = 0, (3.7) 

for which 

IY - f(z)I < 8. (3.8) 

It is immediate from (3.7) that f L has the required property (2.4). Since 8 may be 

chosen arbitrarily small, (3.8) shows that f L also satisfies (2.5). 

It remains only to show that f L(z) is an analytic function on U. 

In view of (3.6) and (3.7) with 8 = 80, the implicit function theorem gives, for any 

L 2:: Lo( 80) and zo E U, an analytic function g L defined in some neighborhood, Bo, of 

zo, for which 

YL(zo) = fL(zo) (3.9) 

and 

F1(z,gL(z)) = 0 for z E Bo. (3.10) 
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By (3.9) and the continuity of gL and f, we may assume Bo chosen so small that 

JgL(z) - f(z)I < 80, z E Bo. 

Then, by the uniqueness of the solution of (3.7), (3.8) we have 

gL(z) = !L(z) on Bo. 

Thus f L is analytic at z = zo, and, since the choice of zo is arbitrary, this equality holds on 

all of U. D 

The proof of Theorem 2.3 is modelled closely on the proofs of the analogous results 

given by Balcer and Lubinsky [3]. 

Proof of Theorem 2.3(i) 

The existence and uniqueness of the n algebraic form of degree p has been shown by 

Mclnnes [5]. Hence, given n(i), there exists a sequence of unique, non-trivial vectors of 

polynomials, an; ( z). 

Proof of Theorem 2.3(ii) 

D 

Let a~/ ( z) be the p-vector of polynomials which consists of the vector an; ( z) with the 

tenn ai,n;(z) missing. That is, 

a~/(z) = (ao,n;(z), a1,n;(z), ... , ai-1,n;(z), ai+l,n;(z), ... , ap,n;(z)). 

To begin, we show that 

ni = 0, 1, 2, ... (3.11) 

Assume on the contrary that a~/ ( z) = 0. Since the n algebraic form of degree p is 

O(zN), this algebraic form reduces to 

ai,n/z)f(z) = 0 z . i ( N) (3.12) 
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Since an,(z) is a non-trivial vector, ai,n,(z) ¢ 0, and the left side of (3.12) has a zero 

of order at most ir + ni, But by (2.10) (a hypothesis of this theorem), 

(since (p - i)q > -1). 

Further Ni+ ni + 1 = N, and so this inequality contradicts (3.12). Hence (3.11) holds. 

Now normalize the vector an, ( z) so that the coefficients of each polynomial in a~[ ( z) 

have absolute value at most one with equality for at least one coefficient. A standard diagonal 

argument allows us to choose a subsequence S', of the sequence S of integers ni, in which 

each coefficient in each polynomial of a~/ ( z) converges. 

If we now define aj(z) by letting each of its coefficients be the limit, as ni ~ oo through 

S', of the corresponding coefficients in aj,n.(z), it is clear that (2.11) holds for j =f i. 

To complete the proof we must show that 

a(i)(z) = (ao(z), · · ·, ai-1(z), ai+1(z), · · ·, ap(z)) 

is an i-multiplier and that (2.11) holds for j = i. 

Let 
I 

S(z) = IJ (z - Zj )mi, 
j=l 

I' 
(3.13) 

II m' 
U(z) = (z - z1) i, 

j=l 

where z1, ... , z1 (zL ... , z1,) are the distinct poles (zeros) of J(z) with respective multi-

plicities m1, ... , mz (mi, ... , m~,). 

Let 

T(z) = S(z)P-iU(z)i, 
p 

Pn,(J, z) = L aj,n;(z)f(z/, 
j=O 

p 

PA~\J, z) = L aj,n,(z)f(zi. 
j=O 
#i 
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Then 
p 

T(z)Pn;(f, z)/ (f(z/zN) = T(z) L aj,n;(z)f(z)j-i / zN, 
j=O 

which is analytic in B(O, R). By Cauchy's integral formula with lzl < p < R, we have · 

T(z)Pn;(f,z)/(f(z)izN) = 
2
~i J T(t)Pn;(f,t)/(f(tltN(t- z))dt, 

itj=p 

= 2~i [ J T(t)PJ!\J, t)/ (f(titN (t - z)) dt 
ti=P 

+ J T(t)ai,n;(t)/(tN(t- z))dtl. 

iti=P 

(3.14) 

Since, by (2.10), T(t) is of degree N(i) = N - ni - l, the integrand of the second 

integral in (3.14) is O(r2) as ltl -+ oo, is analytic as a function oft in itl ~ p, and hence 

(letting p -+ oo) this integral vanishes. 

In the first integral in (3.14), the terms T(t)J(ti-i are analytic and hence bounded, and 

the normalization of the a~/ ( z) ensures that the polynomial coefficients remain bounded as 

ni -+ oo. Thus, since p-N = O(p-n;) as ni -+ oo, the first integral in (3.14) is O(p-n;) as 

ni -+ oo, so that, since p < R was arbitrary, we have, uniformly for lzl ~ p' ( < p) < R, 
I 

li:~!P IT(z)Pn;(f, z)/ J(zill/n; ~ ~· (3.15) 

Together with (2.11) for j i=, i, this shows that, uniformly on compact subsets of 

B(O, R), excluding poles and zeros of f(z), we have 
p 

n!~oo ai,n;(z) = - L aj(z)f(zi-i = ai(z). (3.16) 
n;ES' j=O 

j::/:i 

But since {ai,n;(z)}n;ES' is a sequence of polynomials which converges uniformly on 

small circles centered at the poles and zeros of f(z), it converges uniformly throughout the 

interior of these circles as well, and hence on arbitrary compact subsets of B(O, R). 
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The left side of (3.16) is thus analytic in B(O, R) and hence a(i)(z) is an i-multiplier, 

and (2.11) holds for j = i. 

Proof of Theorem 2.3(iii) 

For ni E S', apply Theorem 2.1 with 

p 

Pn;(y,z) = I:a;,n,(z)yj in place of FL(z,y), 
j=O 

p 

Poo(Y, z) = L a;(z )yj in place of F( z, y ), 
j=O 

Qn;(z) in place of fL(z), 

U = B(O, R) \ {z I z is a pole off or a zero of 8Poo/ 8f}, 

V=C. 

D 

The uniqueness of the solution in Theorem 2.1 ensures that the Q n; ( z) given by this 

Theorem satisfies the initial condition Qn;(O) = f(O). Note that since 8P00(y,z)/8Ylz=O f. 

0, for ni sufficiently large, Pn;(J, z) is a normal algebraic form. D 

Proof of Theorem 2.3(iv) 

The convergence of (2.11) and (2.12) when S' = z+ follows easily from parts (ii) and 

(iii) respectively, and the assumed uniqueness of the i-multiplier a(i)(z). Note that by part 

(i) the sequence an;(z) may be chosen uniquely. D 

As a preliminary to proving Theorem 2.4 two simple lemmas are established. 

Lemma 3.1 

a<0)(z) = (a1(z), ... , ap(z)) is a 0-multiplier for f(z) in B(O, R) ( or a<0)(z) = 0) if 

and only if, for each k, k = l(l)p, either bk(z) = (ak(z), ... , ap(z)) is also a 0-multiplier 

for f(z) in B(O, R) or bk(z) = 0. 
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Proof: 

If each bk(z) is a 0-multiplier then in particular b1(z) = a<0)(z) is a 0-multiplier. 

Conversely, suppose that a<0)(z) is a 0-multiplier for f(z). Fork= l(l)p, 

p 

Lai(z)f(z/ 
j=k 

can have poles only at the poles of f(z) and, in order to cancel the poles in the sum of 

the first k - 1 terms of I:~=l aj(z)f(z)i, these poles can have order no greater than the 

corresponding poles of f(zl- 1
. Thus 

[t. a;(z)f(z/] f(z)-(k-l) = t. a;(z)f(z)1-k+I 

is analytic in B(O, R). That is, bk(z) = (ak(z), ... , ap(z)) is the zero vector or is a 

a-multiplier. D 

Lemma 3.2 

Let n<0) = (n1, ... , np)· Then there is a 0-multiplier of type n<0) for some f(z) with 

q poles in some B(O, R) if either of the following hold: 

(i) For any k satisfying 1 s k s p, 

k 

I: nj ~ 1 + k(q - 1). 
j=l 

(3.17) 

(ii) There are positive integers v, w s p such that for some m > 0, 0 < v - w s m and 

nv ~ mq, (3.18) 

and 

(3.19) 
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The multiplier is not unique if any of the following hold: 

(iii)The inequality (3.17) is strict. 

(iv) The conditions (3.18), (3.19) apply to two or more distinct pairs v, w. 

(v) Both conditions (3.18), (3.19) hold strictly. 

(vi) Conditions (3.18), (3.19) apply and (3.17) holds for some k < v. 

Proof: 

By inequalities (2.8) and (2.9) with i = 0 and p = k, the (strict) inequality (3.17) 

guarantees the existence (non-uniqueness) of a 0-multiplier of type (n1, ... , nk) for any 

f ( z) with q poles in B(O, R). These multipliers can be converted to 0-multipliers of type 

n(O) by appending zeros to make the k-vector into a p-vector. This proves (i) and (iii). 

Choose R > 0, distinct values z1, ... , z1 in B(O, R) and integers m1, ... , m1 such that 

I:;=l ffij = q. Define S(z) as in (3.13) and let f(z) = S(z)-1. Then if (3.18), (3.19) hold, 

the vector a(O)(z) = (a1(z), ... , ap(z)) defined by letting 

av(z) = S(z)'11-w, aw(z) = -1, ak(z) = 0 for k =j:. v, w, 

is a 0-multiplier of type n(O). Moreover each different pair v, w gives a different multipler. 

This proves (ii) and (iv). 

If each of (3.18), (3.19) hold strictly then each member of a(O)(z) defined above may 

be multiplied by a linear function ,\( z) ¢. 0 to give a new 0-multiplier which is still of type 

n(O). Since the choice of ,\( z) is arbitrary, (v) follows. 

Finally, when the conditions of (vi) hold, the multipliers that arise from (i) and (ii) are 

clearly distinct. D 

Proof of Theorem 2.4 

Let n(O) = (n1, ... , np) satisfying (2.16) be such that there is a unique a-multiplier of 

type n(O) for each f(z) with q poles. We show that n(O) must be of the fonn (2.17). 
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The case q = 0 is trivial, so assume q ~ 1. Let 

Vj=Cjq+dj, j=l(l)J, Cj~O, O~dj<q, 

be the positive entries of n(O) listed from left to right. By Lemma 3.2 (iii), each Vj has at 

least Cj -1 entries to the left of it, by (v), none of these can be positive and, by (iv), at most 

one of the Cj entries preceding Vj can differ from -1. That is, Vj must be the rightmost 

member of a block IDj of the form either 

or 

ffij = (-1,···,-1, Vj) 

c; 

m 3· -(-1 "' 0 ... -1 v3·) 
- ' '' ' ' 

c; 

where, in (3.21), the O can be any of the first Cj entries, or 

ffij = ( -1, · · · , -1, v j) 
~ 

c;-1 

(3.20) 

(3.21) 

(3.22) 

where, in (3.22), the first entry in IDj is either n1 or is immediately preceded by a positive 

entry. In these cases Lemma 3.2 (iii) and (v) respectively ensure that dj = 0. 

In addition to the blocks mj, j = l(l)J, n(O) may contain D ~ 0 individual entries 

of -1 and 0. 

By Lemma 3.2 (iii), (vi), at most one of the IDj can be of the form (3.21) or (3.22). If 

the exceptional block is of the form (3.21), then we have 

J J 

p = L (cj + 1) + D ~ L (cj + 1), (3.23) 
j=l j=l 

with equality if and only if D = 0, and 

p J J 

L nj ~ 1 + L (cN + dj - Cj):::; 1 + (q - 1) L (cj + 1), (3.24) 
j=l j=l j=l 

with equality holding only if each dj = q - 1. By (2.16), I:~=l nj = 1 + p(q - 1), and 

combining the inequalities (3.23) and (3.24) gives I:J=1 nj ~ 1 + ( q-1 )p. Hence, by (2.16), 
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equality must hold in both (3.23) and (3.24 ), so D = a and each dj = q-1. On the other hand 

there must be at least one exceptional block else inequalities similar to (3.23) and (3.24) give 

~f=1 nj ::::; (q - l)p, which is contrary to (2.16). Hence u(O) has the form given by (2.17). 

If the exceptional block is of the type (3.22) a similar argument applies. In this case the 

right sides of (3.23) and (3.24) are reduced by 1 and q - 1 respectively (the latter following 

because some dj = a). Again using (2.16), it may be concluded that u(O) has the form 

(2.17). A similar but simpler argument proves that in Theorem 2.4 (ii), u(O) must take the 

form (2.21). 

To show sufficiency in part (i) (respectively part (ii)), let n(O) take the form (2.17) 

(respectively (2.21)). We show that there is a unique a-multiplier for every (respectively no 

a-multiplier for any) f ( z) with q poles. The existence of a a-multiplier follows from (2.16). 

The proof of uniqueness is by induction on the number of blocks in n (O). Both parts (i) 

and (ii) are treated simultaneously. 

For the induction step, suppose that Theorem 2.4 holds when this number is J - 1, and 

let u(O), of the form (2.17), have J blocks. Then we may write u(O) = (m1; n1-1) where 

m1 is a vector of lengths and n1-1 = (m2; · · ·; m1). There are three possibilities: 

(i) UJ-l is of the form (2.21), m1 (of length s) is of the form (2.19). 

Let a(O) = (a1(z), · · ·, ap(z)) be a a-multiplier of type n(O) for some f(z) 

with q poles. By Lemma 3.1, hs+l = (as+1(z),··· ,ap(z)) of type llJ-1 is either 

a a-multiplier of type nJ-1 or is identically zero. By the induction hypothesis the 

latter occurs, and since also, the firsts - 1 entries of m1 are -1, the sum (2.6) (with 

i = 0) reduces to one term and we have a8 (z)f(z) 8 is analytic in B(O,R), where 

as(z) is of degree not exceeding n8 = sq. Clearly a8 (z) is uniquely determined as 

S(z)S, where S(z) is defined in (3.13). 

(ii) n1-1 is of the form (2.21), m1 is of the form (2.20). 
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Arguing as in the first case we conclude that for some w < s, 

aw(z)J(z)w + a8 (z)f(z) 8 (3.25) 

is analytic in B(O,R), where the degrees of aw(z) and a8 (z) do not exceed O and 

sq-1 respectively. Since aw(z) = 0 implies a8 (z) = 0, we may assume aw(z) = 1. 

Factorizing (3.25) gives 

(3.26) 

The left factor of (3.26), and hence the function g(z) = a8 (z)/S(z)s-w, must be 

analytic in B(O, R). Hence at each pole, Zi, of J(z) we require 

1 + g(z)(S(z)f(z))s-w 

to have a zero of multiplicity at least miw, That is, at each z = Zi 

g(z) = -(S(z)f(z)t-s (3.27) 

and 

1 < k < m·w-1. - - i 
(3.28) 

Since the degree of g(z) does not exceed sq - 1 - (s - w)q = wq - 1, these wq 

collocation conditions uniquely determine g(z), and hence a8 (z), and hence a(0)(z). 

(iii) llJ-1 is of the form (2.17), m1 is of the form (2.18). 

In this case Lemma 3.1 and the induction hypothesis imply that (as+1(z), · · ·, ap(z)) 

is the unique a-multiplier of type nJ-l for f(z), so that 
p 

h(z) = L aj(z)f(zi-s (3.29) 
j=s+l 

and hence 

as(z)f(z)8 + J(z)8h(z) (3.30) 

are analytic in B(O, R). Factorizing (3.30), a similar but easier argument to that used 

in case (ii) shows that as(z), and hence a(O)(z) is uniquely determined. 
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This completes the induction when n is of the form (2.17). When n(O) is of the form 

(2.21) the induction step for part (ii) of the Theorem is similar to case (i) already considered. 

The above arguments are easily adapted to prove the induction basis (i.e., J = 1, so 

that n(O) = m1 and n1-1 is empty). D 

§ 4. Remarks and Examples. 

1. Baker and Graves-Morris [2] remark on a valuable duality property of Pade approxima-

tions. This duality property ([1, Theorem 9.2], [2, Theorem 1.5.1]) may be extended to 

algebraic forms of arbitrary degree. 

Let f(z) be defined and analytic in a neighborhood of z = 0, and assume f(O)-::J 0. The 

n algebraic form of degree p is given by (1.1): 

p 

P(f,z) = Laj(z)f(z)j = o(zN) 
j==O 

Dividing by f ( z? gives 

which is an n = (np, np-l, ... , no) algebraic form of degree p for /(z)-1. 

Moreover, if the n algebraic approximation of degree p to f ( z) is defined as the function 

Q( z) satisfying 

p 

L aj(z)Q(zi = 0, subject to Q(O) = f(O), 
j=O 

then 

t a,-;(z)Q(z)-i = Q(z)-P { t a,-;(z)Q(z)P-i} = Q(zt' {O} = O, 

and conversely. 

Clearly Q(O) = f(O) iff Q(0)-1 = f(0)- 1. 
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Hence it may be concluded that if P(f, z) is an n normal algebraic form of degree p for 

f(z), with f(O) -:/:- 0, and a vector of coefficient polynomials 

a(z) = (ao(z), a1(z), ... , ap(z)), 

then then algebraic form of degree p for f(z)- 1 has the vector of coefficient polyno-

mials 

a(z) = (ap(z), ap-1(z), ... , ao(z)). 

Furthermore, the n algebraic approximation of degree p to f(z)- 1 may be defined as 

the unique solution, Q( z) = Q( z )-1, to 

p 

L ap-j(x)Q(z)j = O, 
j=O 

subject to the initial condition 

Q(O) = Q(o)-1 = J(o)-1
. 

2. In the case of rational functions, p = 1, the inequality (2.8) reduces to N(O) ~ q and 

N(l) ~ r where i = 0 and i = 1 respectively. That is, n1 ~ q and no ~ r for 

i = O, 1 respectively. When equality holds there is a unique 0-multiplier (S(z)) of type 

n<0) = (n1) and a unique I-multiplier (U(z)) of type n<1) = (no), where S(z) and U(z) 

are defined in (3.13). Applying Theorem 2.3(iv) in these cases gives, respectively, the 

classical de Montessus theorem for convergence of Pade approximants (for example [l, 

Theorem 11.1], [2, Theorem 6.2.2]) and its dual (for example [l, Corollary 11.3] ). 

3. Even in the case p = 1, i = O, convergence of the whole sequence of approximations 

generally fails in the absence of a unique i-multiplier (for example [2, p238], [l, p147]). 

4. In this paper we have chosen Pn; (!, z) to be essentially unique for all ni, However, 

this choice is not essential, since any representative in the solution space of (1.1) may 

be used in these proofs. The argument in [3, Theorem 2.5(i)] can be adapted to show 

that in the presence of a unique algebraic multiplier the problem of non-uniqueness of 

Pn;(f, z) for sufficiently large ni, does not arise. 
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5. The following simple example illustrates Theorem 2.3. 

Example: 

Let 

ez(l - 3z) 
f(z) = (1- z)(l -2z)' 

Set R > 1. Thus q = 2, r = 1. Consider the sequence of n = (0, n1, 2) quadratic function 

approximations (p = 2) with i = 1. Hence n(1) = (0, 2) and 

N(l) = (0 + 1) + (2 + 1) - 1 = 3 = (p - i)q + ir. 

The unique l~multiplier of type n(1) is given by 

a(1)(z) = (0, (1 - z)(l - 2z)) = (ao(z), a2(z)), 

and hence we have by definition 

The (O,n1,2) algebraic form for f(z) satisfies 

For computational convenience in this example, we have chosen to normalize this algebraic 

form so that a2,n1(z) is a monic polynomial. Thus 

The relation (2.11) implies that as n1 --+ oo, 

ao,nJz)--+ ao(z) = 0. 
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Some values (rounded to the number of digits shown) of a, /3, 1 for increasing n1, are 

tabulated in Table 1. They appear to be converging satisfactorily to the limiting values of 

-1.5, 0.5, 0 respectively. 

n1 a /3 ' 0 -0.3061 0.7143x 10-1 0.2347 
1 -0.9317 0.4144 0.2213 
2 -0.9999 0.3816 0.1277 
3 -1.3529 0.4314 0.1198x 10-1 

4 -1.4504 0.4777 0.1091 x 10-2 

5 -1.4892 0.4949 0.7746x 104 

6 -1.4981 0.4991 0.4522 x 10-5 

7 -1.4997 0.4999 0.2235 x 10-6 

Table 1 

The relation (2.11) also implies that as n1 -t oo, 

For n1 = 7 in the present example we have 

a1,1(z) = - 0.4999 + 0.9999z + 1.2495z2 + 0.6660z3 + 0.2285z4 + 0.05765z5 

+ O.Olll9z6 + 0.001496z7. 

This may be compared to 

a1(z) = ~ez(l - 3z) 

1 5 2 2 3 11 4 7 5 17 6 1 7 
= -2 + z + 4z + 3z + 48z + 120z + 1440z + 504 z + ·" 
= -0.5000 + 1.0000z + 1.2500z2 + 0.6667 z3 + 0.2292z4 + 0.05833z5 

+ O.Oll8lz6 + 0.001984z7 + ... ( calculated to 4 significant figues). 

The "limiting" form is 

Poo(f,z) = 0 - !(1- 3z)ez J(z) + !(1- z)(l - 2z)f(z)2
, 

and 

8P00 (f,z)/8f = -!(1- 3z)ez + (1- z)(l - 2z)f(z), 
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which is zero only at z = i· Note that as n1-+ oo, the discriminant of Qn1(z) approaches

a1(z)2 , and has two branch points near z = !, which coalesce in the limit. Part (iii) of

Theorem 2.3 implies that in a region excluding the points z = i, ! , 1, the analytic continuation

of the algebraic approximation Q n 1 ( z) -+ f ( z) as n 1 -+ oo.

In this example, using the polynomial coefficients calculated above, consider the branch

Q1(z) = (-a1,1(z) + )a1,1(z)2 - 4ao,1(z)a2,1(z)) /(2a2,1(z)),

taldng the positive sign to satisfy the initial condition Q1(0) = 1 = f(O). If the exact values

of the polynomial coefficients are taken (rather than the rounded approximations given above)

then the relation Q1(z) = f(z) + O(z11) is obtained as expected.

29 

i 
·.



ROW CONVERGENCE 

References 

1. G.A. Baker, Jr., "Essentials of Pade Approximants", Academic Press, New York, 1975.

2. G.A. Baker, Jr., and P.R. Graves-Morris, "Pade Approximants, Part I: Basic Theory, Part

II: Extensions and Applications", Addison-Wesley, Reading, MA, 1981. 

3. G.A. Baker, Jr., and D.S. Lubinsky, Convergence theorems for rows of differential and

algebraic Hermite-Fade approximations, J. Comput. Appl. Math. 18 (1987), 29-52. 

4. R.G. Brookes and A.W. Mclnnes, The existence and local behaviour of the quadratic

function approximation, J. Approx. Theory 62 (1990), 383-395. 

5. A.W. Mclnnes, Existence and uniqueness of algebraic function approximations, Constr.

Approx. (to appear). 

30 


	Blank Page


 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 29; only even numbered pages
     Trim: none
     Shift: move right by 28.35 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1911
     233
     Fixed
     Right
     28.3465
     0.0000
            
                
         Even
         2
         SubDoc
         29
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     29
     27
     14
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: all pages
     Mask co-ordinates: Horizontal, vertical offset -7.32, 827.28 Width 602.16 Height 14.64 points
     Mask co-ordinates: Horizontal, vertical offset 550.00, -0.01 Width 56.74 Height 835.52 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         AllDoc
         17
              

       CurrentAVDoc
          

     -7.3211 827.2777 602.1629 14.6423 549.9998 -0.0098 56.7387 835.5238 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     29
     28
     29
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -2.75, 599.41 Width 224.21 Height 196.76 points
     Mask co-ordinates: Horizontal, vertical offset 168.39, 325.78 Width 209.57 Height 61.31 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     -2.7454 599.4076 224.2096 196.7553 168.386 325.7804 209.5673 61.3145 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     29
     0
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 418.22, 800.74 Width 59.48 Height 28.37 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     418.2195 800.7387 59.4841 28.3694 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     29
     1
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 16.47, 672.62 Width 46.67 Height 55.82 points
     Mask co-ordinates: Horizontal, vertical offset 56.74, 425.53 Width 30.20 Height 28.37 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     16.4725 672.6189 46.6722 55.8236 56.7388 425.5308 30.1997 28.3694 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     29
     2
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 498.75, 815.38 Width 14.64 Height 18.30 points
     Mask co-ordinates: Horizontal, vertical offset 491.43, 611.30 Width 66.81 Height 38.44 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     498.7519 815.3809 14.6423 18.3029 491.4308 611.3045 66.8053 38.4359 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     3
     29
     3
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 131.78, 590.26 Width 42.10 Height 43.93 points
     Mask co-ordinates: Horizontal, vertical offset 203.16, 571.95 Width 18.30 Height 11.90 points
     Mask co-ordinates: Horizontal, vertical offset 95.17, 637.84 Width 87.85 Height 38.44 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     131.7803 590.2562 42.0965 43.9268 203.1613 571.9534 18.3028 11.8968 95.1747 637.8435 87.8536 38.436 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     5
     29
     5
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 490.26, 814.43 Width 13.09 Height 13.75 points
     Mask co-ordinates: Horizontal, vertical offset 280.15, 527.74 Width 33.38 Height 18.98 points
     Mask co-ordinates: Horizontal, vertical offset 394.69, 566.36 Width 27.49 Height 16.36 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     490.2567 814.429 13.0909 13.7455 280.1467 527.7368 33.3819 18.9819 394.6926 566.3551 27.491 16.3638 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     7
     29
     7
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 284.61, 772.37 Width 273.63 Height 60.40 points
     Mask co-ordinates: Horizontal, vertical offset 4.58, 633.27 Width 48.50 Height 52.16 points
     Mask co-ordinates: Horizontal, vertical offset 6.41, 254.40 Width 29.28 Height 56.74 points
     Mask co-ordinates: Horizontal, vertical offset 57.65, 46.66 Width 19.22 Height 27.45 points
     Mask co-ordinates: Horizontal, vertical offset 304.74, 425.53 Width 20.13 Height 30.20 points
     Mask co-ordinates: Horizontal, vertical offset 296.51, 433.77 Width 13.73 Height 5.49 points
     Mask co-ordinates: Horizontal, vertical offset 279.12, 414.55 Width 23.79 Height 12.81 points
     Mask co-ordinates: Horizontal, vertical offset 455.74, 611.30 Width 43.01 Height 51.25 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     284.6089 772.3693 273.6272 60.3993 4.5757 633.2678 48.5025 52.163 6.406 254.3994 29.2845 56.7387 57.6539 46.6624 19.218 27.4542 304.742 425.5308 20.1331 30.1996 296.5057 433.7671 13.7271 5.4908 279.118 414.5491 23.7937 12.812 455.7403 611.3045 43.0116 51.2479 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     8
     29
     8
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 46.67, 775.11 Width 37.52 Height 31.11 points
     Mask co-ordinates: Horizontal, vertical offset 9.15, 262.64 Width 26.54 Height 43.93 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     46.6722 775.1147 37.5208 31.1148 9.1514 262.6357 26.5391 43.9268 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     9
     29
     9
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 59.48, 801.65 Width 38.44 Height 16.47 points
     Mask co-ordinates: Horizontal, vertical offset 71.38, 266.30 Width 51.25 Height 21.05 points
     Mask co-ordinates: Horizontal, vertical offset 4.58, 283.68 Width 47.59 Height 18.30 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     59.4842 801.6538 38.4359 16.4726 71.381 266.2962 51.2479 21.0483 4.5757 283.6839 47.5873 18.3029 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     10
     29
     10
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 250.75, 809.89 Width 25.62 Height 21.05 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     250.7487 809.8901 25.624 21.0482 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     10
     29
     10
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 245.26, 452.99 Width 124.46 Height 25.62 points
     Mask co-ordinates: Horizontal, vertical offset 10.98, 61.30 Width 584.78 Height 127.20 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     245.2578 452.985 124.4592 25.624 10.9817 61.3046 584.7752 127.2046 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     29
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 389.13, 791.85 Width 11.78 Height 9.49 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     389.127 791.8473 11.7818 9.4909 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     29
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 490.52, 573.78 Width 65.89 Height 43.93 points
     Mask co-ordinates: Horizontal, vertical offset 498.75, 386.18 Width 39.35 Height 27.45 points
     Mask co-ordinates: Horizontal, vertical offset 412.73, 382.52 Width 67.72 Height 27.45 points
     Mask co-ordinates: Horizontal, vertical offset 499.67, 310.22 Width 43.01 Height 22.88 points
     Mask co-ordinates: Horizontal, vertical offset 86.94, 210.47 Width 47.59 Height 21.96 points
     Mask co-ordinates: Horizontal, vertical offset 189.43, 560.06 Width 78.70 Height 49.42 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     490.5156 573.7836 65.8901 43.9268 498.7519 386.1797 39.3511 27.4542 412.7286 382.5191 67.7204 27.4543 499.6671 310.223 43.0116 22.8785 86.9384 210.4726 47.5873 21.9634 189.4342 560.0565 78.7021 49.4176 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     14
     29
     14
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 339.52, 743.08 Width 24.71 Height 20.13 points
     Mask co-ordinates: Horizontal, vertical offset 178.45, 283.68 Width 55.82 Height 43.01 points
     Mask co-ordinates: Horizontal, vertical offset 185.77, 161.97 Width 50.33 Height 34.78 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     339.5174 743.0848 24.7088 20.1331 178.4525 283.6839 55.8236 43.0117 185.7737 161.9702 50.3327 34.7753 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     15
     29
     15
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 498.75, 748.58 Width 78.70 Height 78.70 points
     Mask co-ordinates: Horizontal, vertical offset 500.58, 688.18 Width 12.81 Height 9.15 points
     Mask co-ordinates: Horizontal, vertical offset 74.13, 679.02 Width 20.13 Height 6.41 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     498.7519 748.5756 78.7021 78.7021 500.5822 688.1763 12.812 9.1514 74.1264 679.0248 20.1331 6.406 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     16
     29
     16
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 103.41, 673.53 Width 16.47 Height 14.64 points
     Mask co-ordinates: Horizontal, vertical offset 288.27, 777.86 Width 71.38 Height 50.33 points
     Mask co-ordinates: Horizontal, vertical offset 504.24, 458.48 Width 57.65 Height 22.88 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     103.4109 673.534 16.4725 14.6423 288.2694 777.8601 71.381 50.3328 504.2427 458.4759 57.6539 22.8785 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     18
     29
     18
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 133.61, 746.75 Width 11.90 Height 7.32 points
     Mask co-ordinates: Horizontal, vertical offset 505.16, 177.53 Width 36.61 Height 29.28 points
     Mask co-ordinates: Horizontal, vertical offset 506.07, 258.06 Width 19.22 Height 9.15 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     133.6106 746.7453 11.8968 7.3212 505.1579 177.5275 36.6057 29.2845 506.073 258.06 19.218 9.1514 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     19
     29
     19
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 243.43, 618.63 Width 28.37 Height 19.22 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     243.4275 618.6256 28.3694 19.218 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     19
     29
     19
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 280.03, 733.93 Width 19.22 Height 12.81 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     280.0332 733.9334 19.218 12.812 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     20
     29
     20
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 498.75, 656.15 Width 58.57 Height 31.11 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     498.7519 656.1463 58.569 31.1149 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     23
     29
     23
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 481.36, 316.63 Width 32.95 Height 17.39 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     481.3642 316.629 32.9451 17.3877 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     23
     29
     23
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 9.15, 300.16 Width 65.89 Height 86.94 points
     Mask co-ordinates: Horizontal, vertical offset 99.75, 198.58 Width 63.14 Height 24.71 points
     Mask co-ordinates: Horizontal, vertical offset 366.06, 60.39 Width 70.47 Height 16.47 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     9.1514 300.1564 65.8902 86.9384 99.7504 198.5758 63.1447 24.7088 366.0564 60.3895 70.4659 16.4725 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     25
     29
     25
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 476.79, 575.61 Width 32.03 Height 21.96 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     476.7885 575.614 32.03 21.9634 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     25
     29
     25
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 134.53, 592.09 Width 13.73 Height 23.79 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     134.5258 592.0865 13.7271 23.7936 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     26
     29
     26
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 22.88, 816.30 Width 559.15 Height 18.30 points
     Mask co-ordinates: Horizontal, vertical offset 40.27, 63.13 Width 550.91 Height 441.10 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     22.8785 816.296 559.1512 18.3029 40.2662 63.1349 550.9149 441.098 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     27
     29
     27
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 0.92, 796.16 Width 595.76 Height 45.76 points
     Mask co-ordinates: Horizontal, vertical offset 274.54, 787.01 Width 15.56 Height 11.90 points
     Mask co-ordinates: Horizontal, vertical offset 89.68, 743.08 Width 25.62 Height 15.56 points
     Mask co-ordinates: Horizontal, vertical offset 217.80, 451.15 Width 47.59 Height 18.30 points
     Mask co-ordinates: Horizontal, vertical offset 172.96, 621.37 Width 14.64 Height 9.15 points
     Mask co-ordinates: Horizontal, vertical offset 207.74, 652.49 Width 22.88 Height 10.98 points
     Mask co-ordinates: Horizontal, vertical offset 23.79, 66.80 Width 564.64 Height 312.98 points
     Origin: bottom left
      

        
     1
     0
     BL
    
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     0.9151 796.1629 595.7569 45.7571 274.5423 787.0115 15.5574 11.8968 89.6838 743.0847 25.6239 15.5574 217.8036 451.1547 47.5873 18.3028 172.9617 621.371 14.6423 9.1514 207.737 652.4858 22.8785 10.9817 23.7937 66.7955 564.6421 312.9782 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     28
     29
     28
     1
      

   1
  

 HistoryList_V1
 qi2base





