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ABSTRACT. We describe the first non-classical 4-dimensional Minkowski planes and 
show that they have 6-dimensional automorphism groups. These planes are obtained 
by a construction of Schroth [18] from generalized quadrangles associated with the 
semiclassical 4-dimensional Laguerre planes. All 4-dimensional Minkowski planes 
that can be obtained in this way from the semiclassical 4-dimensional Laguerre planes 
are determined. 

1. Introduction 

In this paper we deal with 4-dimensional Laguerre planes and Minkowski planes 
and their associated generalized quadrangles. For basic information about 4-dimen
sional Laguerre planes and Minkowski planes we refer to [27) and for generalized 
quadrangles to [18). Whereas there are many examples of non-classical 2-dimen
sional Minkowski planes, for example see [1] or [14), no non-classical 4-dimensional 
Minkowski planes were known. The aim of this paper is to construct the first non
classical 4-dimensional Minkowski planes. Our method is based on the unifying 
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theory of Schroth [18], who recently discovered a fundamental relationship between 
4-dimensional Minkowski planes and Laguerre planes on the one hand and antireg
ular generalized quadrangles with parameter 2 on the other hand. In sections 2, 
3 and 4 we collect general information about 4-dimensional Laguerre planes and 
Minkowski planes. Moreover, we present some results from Schroth's theory and 
adapt them to our needs. The key result is that a 4-dimensional Laguerre plane with 
a certain type of involutory automorphism gives rise to a 4-dimensional Minkowski 
plane. Section 5 introduces semiclassical Laguerre planes and summarizes the infor
mation needed on their automorphism groups. We further determine all involutory 
automorphisms of the semiclassical Laguerre planes that lead to 4-dimensional 
Minkowski planes and show that the non-classical Minkowski planes obtained have 
6-dimensional automorphism groups that fix a distinguished point. In section 6, the 
construction of Minkowski planes is made explicit. We also show that the derived 
affine plane at the distinguished point of such a non-classical Minkowski plane is 
a 'semiclassical' translation plane admitting an irreducible action of SL21R.; in par
ticular, this affine plane has an 8-dimensional automorphism group. A somewhat 
different approach to our construction of Minkowski planes is presented in section 
7. It uses the notion of pseudo-oval developed in [11]; a pseudo-oval encodes the 
information needed for the construction of an elation Laguerre plane or an elation 
generalized quadrangle in a particularly neat fashion. 

2. Minkowski planes 

A Minkowski plane M = (P, JC, II+, 11-) consists of a set of points P, a set of at 
least two circles JC and two equivalence relations II+ and 11- on P (parallelisms). 
We always consider circles as subsets of P. Furthermore it satisfies the following 
ax10ms. 

(i) three mutually non-parallel points ( that is, neither (+)-parallel nor (-)
parallel) can be joined by a unique circle, 

(ii) the circles which touch a fixed circle K at p E K partition P \ IPI (here 
IPI = IPI+ U IPI- denotes the union of the two parallel classes of p, and two 
circles are said to touch if they are identical or their intersection is a single 
point), 

(iii) each parallel class meets each circle in a unique point (parallel projection), 
(iv) each (+)-parallel class and each (-)-parallel class intersect in a unique point, 

and 
(v) there is a circle that contains at least three points. 

Sometimes we shall specify the two parallelisms of a Minkowski plane by writ
ing down the total set of all equivalence classes; this is clearly sufficient. When 
we consider automorphisms, we require that parallelism is invariant, but the two 
parallelisms may be interchanged. 

Following Schenkel [14] we define a topological Minkowski plane as a Minkowski 
plane in which the point set P, the circle set JC and the two sets of parallel classes 
carry topologies such that the operations of joining, touching, intersecting circles, 
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intersecting parallel classes and circles and intersecting parallel classes of differ
ent types are continuous on their domains of definition. A topological Minkowski 
plane is called (locally) compact, connected, or finite-dimensional if the point space 
has the respective topological property. For brevity, a locally compact connected 
finite-dimensional topological Minkowski plane will be called a finite-dimensional 
Minkowski plane. According to [10, 2.3] a finite-dimensional Minkowski plane can 
only be of dimension 2 or 4. 

The classical model of a 2- or 4-dimensional Minkowski plane is obtained as the 
geometry of non-trivial plane sections of a ruleq. quadric in the real or complex 
projective 3-dimensional space respectively. In these cases the topologies on the 
point set and on the set of circles are induced from the surrounding projective 3-
space (the set of planes in the projective 3-space carries a natural topology which 
can be obtained by duality from the topology on the point set in the 3-space). 

Every parallel class and every circle of a 4-dimensional Minkowski plane is homeo
morphic to the 2-sphere §2, and the point space is homeomorphic to §2 x §2. The 
homeomorphism can be chosen such that the two parallelisms are the canonical 
ones on § 2 x § 2 given by equality in the first and second coordinates respectively. 

Associated with every point p of M there is a derived incidence structure, called 
the derived affine plane Ap = (Ap, Qp) at p, whose point set Ap consists of all 
points of M that are not parallel to p and whose set of lines QP consists of all 
restrictions to Ap of circles of M passing through p and of parallel classes not 
passing through p. Indeed, M is a Minkowski plane if and only if all incidence 
structures Ap are affine planes. It can easily be seen that derived affine planes of 
the classical Minkowski plane are even topological locally compact connected affine 
planes. More generally, it was shown in [22] that this is true for each finite-dimen
sional Minkowski plane. Furthermore, the projective extension Pp of Ap becomes 
a topological locally compact connected projective plane. 

According to [10, 2.5] the classical complex Minkowski plane can be characterized 
in terms of a single derivation. A 4-dimensional Minkowski plane is isomorphic to 
the classical complex Minkowski plane if and only if at least one derived affine plane 
is Desarguesian. This is due to a remarkable result of T. Buchanan [4] which says 
that the only topological ovals in the (Desarguesian) complex projective plane are 
the non-degenerate conics. 

The automorphism group of a 4-dimensional Minkowski plane M is a Lie group 
of dimension at most 12 with respect to the compact-open topology, see [20]. It 
was shown in [25] that a 4-dimensional Minkowski plane that admits an at least 
8-dimensional automorphism group must be classical. In [26] it was proved that a 
non-classical 4-dimensional Minkowski plane admitting a 7-dimensional automor
phism group has a unique point that is fixed by the given group and that the 
derivation Ap at this point is a 4-dimensional translation plane with an exactly 
7-dimensional (full) collineation group. Using the classification of 4-dimension
al translation planes admitting 7-dimensional collineation groups in [3], it is, in 
principle, possible to classify all 4-dimensional Minkowski planes admitting a 7-di
mensional automorphism group. In practice however, the incidence axioms of a 
Minkowski plane are hard to verify. In this note we therefore follow a different 
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path in order to obtain 4-dimensional Minkowski planes. Our examples will have 
6-dimensional automorphism groups, and the collineation group of Ap will be 8-di
mensional. We arrive at these examples by exploiting the following result of Schroth 
(for generalized quadrangles and the notion of parameter see the next section). 

Theorem 1 ([18, Theorem 5.37]). Let Q = (P, £) be a compact antiregular gen
eralized quadrangle with parameter 2 and let T be an involutory collineation such 
that the space X of fixed points and the space X of fixed lines form a compact 
subquadrangle with parameters (2, 0). Then 

M(Q, T) = (X, {X n q..L I q E P \ X}, x, E) 

is a 4-dimensional Minkowski plane. In fact, every 4-dimensional Minkowski plane 
arises in this way. 

3. Laguerre planes and generalized quadrangles 

A Laguerre plane .C = ( P, C, 11) is an incidence structure consisting of a point set 
P, a circle set C and an equivalence relation II (parallelism) defined on the point 
set such that three mutually non-parallel points can be joined by a unique circle, 
such that the circles which touch a fixed circle K at p E K partition P \ IPI, such 
that each parallel class meets each circle in a unique point (parallel projection), and 
such that there is a circle that contains at least three points ( compare [7] and [8]). 

We are interested in Laguerre planes that are topological; this means that the 
sets of points, circles and parallel classes carry topologies and that the operations of 
joining, touching, intersecting circles and intersecting parallel classes and circles are 
continuous on their domains of definition. We assume throughout that the topolo
gies are locally compact, connected and of finite dimension. Then the dimension is 
necessarily 2 or 4, according to [5]. 

The classical 2- or 4-dimensional Laguerre plane is obtained as the geometry of 
non-trivial plane sections of an elliptic cone in real or complex projective 3-dimen
sional space, respectively, with its vertex removed. 

There are many models of 2-dimensional Laguerre planes known; for example, 
[12] presents a large class of planes. At present, only one family of 4-dimension
al Laguerre planes and two single planes are known explicitly. However, their 
sisterhoods in the sense of Schroth (see [18, Theorem 6.1] or [19]) provide many 
further examples. Circles and parallel classes of 4-dimensional Laguerre planes are 
homeomorphic to the 2-sphere § 2 and to ~ 2 respectively. The point sets of all 
4-dimensional Laguerre planes are 4-dimensional manifolds homeomorphic to the 
tangent bundle of the 2-sphere. 

The Lie geometry associated with a Laguerre plane .C has point set consisting of 
the points of £ plus the circles of .C plus one additional point at infinity, denoted 
by oo. Lines of the Lie geometry are the parallel classes of .C extended by oo and 
the extended tangent pencils of £, that is, collections of the form 

{DI D touches Cat x} U {x} 
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for a circle C and a point x E C. Incidence is the natural one. It is proved in the 
work of Schroth [18] that the Lie geometry of a 4-dimensional Laguerre plane is an 
antiregular topological generalized quadrangle in the sense to be defined next. 

First, a generalized quadrangle is an incidence geometry Q = ( Q, Q) such that 
every point p E Q is on at least two lines and dually, every line L E Q carries at 
least two points, and such that the following condition is satisfied: for each anti-flag 
(p, L), p (/:. L, there is a unique flag (q, M), q EM, such that q EL and p EM. The 
classical generalized quadrangles are associated with classical groups. Quadrangles 
in general form a particular class of buildings. 

For a point p, we denote by p..L the set of all points that can be joined to p 
by a line, including p itself. An antiregular generalized quadrangle is a genera_lized 
quadrangle such that for any set {p, q, r} of three mutually non-collinear points, the 
intersection p..L n q..L n r..L is either empty or contains precisely two points. For each 
point p of an antiregular generalized quadrangle the derivation at p is the incidence 
structure (p..L \ {p }, {p..L n q..L I q E P \ p..L}) with parallelity of points being the 
collinearity with p in the generalized quadrangle. 

A topological generalized quadrangle is a generalized quadrangle where the point 
set and the set of lines carry Hausdorff topologies such that the mapping that takes 
an anti-flag (p, L) to the unique flag (q, M) where p EM and q EL is continuous. 
A topological generalized quadrangle is called compact if the point set and the set 
of lines carry compact topologies. 

The dual of a topological generalized quadrangle, i.e., the roles of points and lines 
are exchanged, is a topological generalized quadrangle too. Hence every general 
topological result about the point set or about lines ( considered as point rows) 
is equally valid for the set of lines and for line pencils respectively. Forst [6] first 
investigated thick topological generalized quadrangles; thickness means that pencils 
and lines have at least three elements. In particular, he showed that any two lines 
are homeomorphic, that the point set is locally homeomorphic to the product of 
two lines and a line pencil, and dually. Later Grundhofer-Knarr [9] studied non
discrete, locally compact generalized quadrangles and showed with methods first 
developed for stable planes that if lines are connected and at most 2-dimensional, 
then in fact lines are homeomorphic to spheres. 

A compact generalized quadrangle with (topological) parameters (s, t) is a gen
eralized quadrangle where all lines are homeomorphic to the s-dimensional sphere 
§ s and all line pencils are homeomorphic to the t-dimensional sphere §t. Note that 
the 0-sphere consists of 2 points. If s = t we say that the generalized quadrangle 
has parameter s rather than parameters ( s, s). 

The point set { oo} U P U /(, of the Lie geometry obtained from a 4-dimensional 
Laguerre plane [, = (P, K, II) carries a compact topology such that the topologies 
induced on P and on/(, are the given ones and such that/(, is open. Indeed Schroth 
proved the following important result ([16] and [17], see also [18, Theorem 3.13]). 

Theorem 2. The associated Lie geometry of every 4-dimensional Laguerre plane 
with respect to certain natural topologies is a compact antiregular generalized quad
rangle with parameter 2. 

Conversely, each derivation of a compact antiregular generalized quadrangle with 
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parameter 2 is a 4-dimensional Laguerre plane. 

Another remarkable result of Schroth [15] even says that every compact gener
alized quadrangle with parameter k E { 1, 2} can be constructed from a 2k-dimen
sional Laguerre plane: either the derivation at every point of the quadrangle, or 
the derivation at every point of the dual quadrangle, yields a 2k-dimensional La
guerre plane. Equivalently, every generalized quadrangle with parameter k E {1, 2} 
is antiregular up to duality. 

4. The view from within a Laguerre plane 

How can we use the results of Schroth to construct 4-dimensional Minkowski 
planes? By Theorem 1, every such plane M can be obtained from an involutory 
automorphism T of some antiregular compact quadrangle Q with parameter 2; in 
fact, Q can be taken to be the lifted Lie geometry of M (which we have not 
defined). Now the derivation of Q at an arbitrary fixed point p of T is a 4-dimen
sional Laguerre plane £, and T induces an automorphism of [, which determines T 

completely and will again be denoted by T. We could have started this construction 
from the pair (£, T), defining Q as the Lie geometry of £. We call M the brother 
of£ with respect to T in this situation, and we write M = M (£, T). Our first aim 
is to characterize the pairs (£, T) for which this construction works, i.e., those pairs 
where the extension of T to the Lie geometry Q satisfies the condition of Theorem 1. 
Our result sharpens [18, Theorem 6.4]. 

Theorem 3. Let (£, r) be a pair consisting of a 4-dimensional Laguerre plane £ 
and an involutory automorphism T of£. Such a pair defines a brother of£ which 
is a 4-dimensional Minkowski plane if and only if T fixes precisely the points of two 
parallel classes of£. 

Proof. Suppose that the construction of a brother works for the pair (£, r). Then, 
with the notation introduced above,£ is the derivation of Q at some point p; hence, 
the point set of £ is pj_ \ {p}, and the parallel classes are the lines of Q passing 
through p. The condition of Theorem 1 requires that the fixed point set of T on 
Q is a subquadrangle with parameters (2, 0), that is, it should contain exactly two 
lines of Q through each fixed point. The two such lines through p are the required 
parallel classes whose union is the fixed point set of T on £. 

Conversely, assume that T fixes precisely the points of two parallel classes ?T1 , ?T2 

of £. In order to apply Theorem 1 to the extension of T on Q, we have to show 
that its fixed elements form a subquadrangle with parameters (2,0). 

Let Pl E ?T1 and P2 E ?T2 be two points. In the derived affine plane of £ at p1 

the automorphism T induces a central collineation with axis ?T2 and centre on the 
infinite line. Suppose that the centre is the infinite point of ?T2 . Then T fixes every 
parallel class ( as a set) and acts on each as a homeomorphism of order at most 2. 
Since each parallel class is homeomorphic to R2

, this implies that T fixes at least 
one point on each parallel class. Hence, in this case, T = id - a contradiction. 
This shows that the centre cannot be the infinite point of ?T2 . Hence the central 
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line through p2 comes from a circle in .C. Therefore there is precisely one circle 
fixed by T through any pair of points one each on 1r1 and 1r2 . Moreover, two fixed 
circles that have a fixed point (say p1 ) in common are touching circles (i.e., parallel 
lines in Ap1 ) • 

It follows that the fixed elements form a subquadrangle, i.e., none of the lines 
needed to satisfy the definition of a quadrangle is lost in the substructure. This 
subquadrangle has exactly two lines through each of its points; indeed, p belongs 
to 1r1 and 71"2 , a fixed point belongs to one parallel class and one touching pencil, 
and a fixed circle belongs to two touching pencils. Moreover, every point row is a 2-
sphere, hence the subquadrangle has parameters (2, 0). Now Theorem 1 shows that 
M (.C, T) is a 4-dimensional Minkowski plane; compare also [18, Theorem 6.4]. D 

We now use Theorem 1 together with the facts obtained in the last proof to 
give an explicit description of the brother M = M (.C, T) in terms of .C. Let 1r1 
and 1r2 be the two parallel classes that are fixed pointwise and let 7f1 = 1r1 U { 001 } 

and W2 = 1r2 U { 002 } be their respective one-point-compactifications. Let F be the 
collection of all circles of .C fixed by T. 

The point set of M is the fixed point set X of T in Q. From the point of view of 
.C, the elements of X are the point p, the points of 1r1 and 1r2 , and the fixed circles 
K E F. Since a circle in Fis uniqely determined by its intersection with 1r1 and 
1r2, we can use W1 x W2 to coordinatise X. We use (001 , 002 ) to represent p and 
identify w E 1r2 with (001 ,w) and, likewise, z E 1r1 with (z,002). The topology of 
X is the product topology; this is clear for the subset 1r1 x 1r2 , and we shall not use 
more than that. 

The parallel classes of M are the lines fixed by T in Q. Since lines in Q are either 
parallel classes or touching pencils of .C, we obtain two classes through p given by 
{(001, w) I w E W2} and {(z, 002) I z E W1}. Now we consider a fixed touching pencil 
L. It contains a unique point, which must be a fixed point z E 1r1 , say. The pencil L 
contains a unique circle Kw through each point w E 1r2 , but T(Kw) passes through 
the same point, hence Kw EX. This is the point of M represented by (z, w), and 
we see that L = {z} x ft2. Thus the parallel classes in ft1 x ft2 are precisely the 
fibers of the cartesian product. We say that the two parallelisms on ft1 x ft2 are 
the canonical ones. Incidentally, this shows again that the fixed elements of T in Q 
form a quadrangle ( of rather trivial type). 

The circles of M are given by Theorem 1 as the sets q1- n X, where q is a point 
of Q not fixed by T. If q comes from a point of the Laguerre plane, then q1- n X 
consists of (001 , 002 ) and (the coordinates of) all circles in F through q. If, however, 
q comes from a circle C of the Laguerre plane, then q1- n X consists of all the circles 
in F that touch C at a point not on 1r1 U 1r2 and the two points C n 1r1 and C n 1r2 . 

Note that there is no circle in :F that touches C at C n 1r1 or C n 1r2 . We shall often 
simply write q1- instead of q1- n X. 

In summary we obtain the following. 

Theorem 4. A brother Minkowski plane M (.C, T) as obtained in Theorem 3 may 
be described as follows. Let 7f1 = 1r1 U { 001 } and W2 = 1r2 U { 002 } be the one-point
compactifications of the parallel classes 1r1 and 1r2, respectively. The point set of 



8 R. LOWEN - G.F. STEINKE 

M(.C,r) is 1f1 x 1f2. The parallelisms are given by (z,w) II+ (z',w') if and only if 
z = z' and (z,w) 11- (z',w') if and only ifw = w'. Let :F be the collection of all 
circles fixed by 7, let :Fp be the collection of all circles fixed by 7 that pass through 
the point p and let :Fe be the collection of all circles fixed by T that touch the circle 
C. Then circles of M(.C, r) are of the form 

p1- = {(001, 002)} u {(C n 1r1, c n 1r2) I c E :Fp} 

for p E P \ (1r1 U 1r2) and 

c1- = {(C'n1r1,C'n1r2) IC' E :Fc}U{(oo1,Cn1r2),(Cn1r1,002)} 

for CE C \ :F. 0 

5. Semiclassical Laguerre planes and their involutory automorphisms 

5.1 The planes. We describe the semiclassical Laguerre planes as constructed in 
[23). For q E JR, 0 ~ q < 1 let Jq: CC--+ CC be the mapping defined by fq(z) = z + qz 
where z denotes the complex conjugate of z. (More generally, for a, b E CC the 
JR-linear mapping defined by !a,b(z) = az + bz is bijective if and only if Ila!!#- llbll; 
in this case the inverse is given by J;;)(z) = llall 2:_

11
b112 (az - bz).) The point set of 

the semiclassical Laguerre plane .Cq is 

p = ( CC U { 00}) X cc. 
The subset CC x CC carries the product topology; this is not true for P itself. Two 
points (z, w) and (z', w') are parallel if and only if z = z'. Circles of .Cq are of the 
form 

Ka2 ,a1 ,a0 = {(z, w) E CC x CC I w = a2z2 + a1z + ao, Im(z) ~ O} 

U {(z,w) E CCX CC I W = r;1(fq(a2)z2 + fq(a1)z+ fq(ao)),Im(z) ~ O} 

u{(oo,a2)} 

for a0 , a1, a2 E CC. Clearly, we obtain the classical complex Laguerre plane for q = 0. 
We call these planes semiclassical since on each halfplane P + = { (z, w) E 

PI Im(z) ~ Oorz = oo} and P_ = {(z,w) E PI Im(z) ~ Oorz = oo} the 
geometry and topology of £ 0 is induced. The two halves are glued together along 
P+nP_ = {(z,w) E PI z E JRU{oo}} using the mapping fq· Two Laguerre planes 
.Cq and .Cq, are isomorphic if and only if q = q'. 

5. 2 The automorphism group. The following facts are taken from [23); compare 
also [21, 5.10 Theorem). Let r = r q denote the automorphism group of .Cq. It 
contains a normal subgroup II consisting of those automorphisms that fix every 
parallel class. II is called the kernel of .Cq, and it acts on P as follows: 

{ 

(z, tw + b2z2 + b1z + bo), 

(z, w) r-+ (z, tw + f;; 1 (f q(b2)z2 + Jq(b1)z + f q(bo))), 
( oo, tw + b2), 

for Im(z) ~ 0, 

for Im(z) ~ 0, 

for z = oo. 
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Here, bi E C is arbitrary, and t =/= 0 is real for q =/= 0 and complex for the classical 
plane £ 0. The subgroup A ::; II defined by t = 1 is thus isomorphic to JR6 in both 
cases; its elements will be written as vectors (b2, b1, bo). It is sharply transitive on 
the set of all circles and is called the elation group of the plane. The kernel is a 
semidirect product II = A ><1 n, where n is defined by b1 = b2 = b3 = 0, and is 
isomorphic to JRX or ex, respectively. By conjugation, n induces on A the real or 
complex scalar multiplications. 

Since A is sharply transitive on the set of circles, the entire group r q is a semidi
rect product r q = A ><1 r Ko, where the right factor is the stabilizer of the circle 
Ko = Ko,o,o- Apart from n, this stabilizer contains elements of the following form. 

(
az+b w ) 
cz+d' (cz+d)2 , 

(z, w) H 
(

az+b J-1( fq(w) )) 
cz+d' q ( cz+d)2 ' 

(oo, c2w), 

(%, ~ ), 
(oo, d2w), 

if Im(z) ~ 0, cz + d =/= 0, 

if Im(z)::; 0, cz + d =/= 0, 

if CZ+ d = 0, 

if z = 00' c =I= 0' 

. if z = 00' c = 0' 

where a, b, c, dare complex or real numbers according to whether q = 0 or q =/= O, and 
satisfy ad - be = 1. These automorphisms form a group w. In order to recognize 
this group, we look at its action on the first coordinate or, in other words, its 
action on the set P of parallel classes. We may regard P = CU { oo} as the complex 
projective line, and then W becomes the simple group PSL2C = PGL2C or PSL2JR, 
respectively, with its standard action by linear fractional maps. The intersection 
w n n is central in w and therefore reduces to the identity. 

Furthermore, the map O' defined by 

O': (z,w) H (-z,f;;1(iw)) 

for z E S2 = CU {oo}, where -oo = oo, is also an element of rKo· If q =/= 0, 
then O' ~ W, and this automorphism interchanges the two classical halves of £q and 
normalizes W. The group <I> generated by W together with O' induces PGL2JR on P, 
that is, an extension of PSL2JR by Z2. Note, however, that O' has infinite order; its 
square is an element of n defined by some t < 0. 

For q =/= 0, we have r Ko = n · <I>; by what we have just seen, this is a nonsplit 
extension of n x W by Z2. For q = 0, we define <I> as the (split) extension of W 
by the involution induced by complex conjugation: (z, w) H (.z, w). Here, we get 
r Ko = n )<l <I>. To summarize, we have 

for q = 0, and otherwise, 

where 
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5.3 Choice of an involution. From 5.2 we see that D contains an involution w 
defined by t = -1, and '¥ contains an involution commuting with w, defined by 
(a,b,c,d) = (0,1,-1,0). None of them is suitable for our purposes, but their 
product involution 7 is; it is given by 

r: P--+ P: (z, w) H 

(-1/z, -w/z2
), for z-:/= O,Im(z) ~ 0, 

(-1/z, -f; 1 (fq(w)/z2
)), for z-:/= O,Im(z) ~ 0, 

(oo, -w), for z = 0, 

(0, -w), for z = oo. 

In contrast to the other two, this involution is suited for the construction of a 
Minkowski plane, because its fixed point set has the right form (two parallel classes), 
namely 

Fix(r) = {(i,w) I w EC} U {(-i,w) I w EC}. 

Hence by Theorem 3 we obtain a 4-dimensional Minkowski plane Mq = M(£q, r) 
from the involution r. For the action on the circle set one finds that r maps a circle 
Ka2 ,a1 ,a0 to the circle K-ao,ai,-a2 • Thus 

:F = {Ka,b,-a I a,b EC} 

is the set of circles fixed by r. 

We show next that there are no other ways of obtaining Minkowski planes as 
brothers of semiclassical Laguerre planes. 

5.4 Proposition. Up to conjugacy in the full automorphism group r q of Lq, the 
involution 7 exhibited in 5. 3 is the only involutory automorphism of £q fixing two 
parallel classes pointwise. 

Proof. By 5.2, the group r q is an extension of A = R6 by r Ko ~ GL6R, and the 
action of r q on the circle set is equivalent to the action of this group of affine maps 
on R6 . Therefore, every involution in r q fixes some circle ( take the barycenter of 
any orbit in R6 ). By transitivity, we may assume that the involution fixes K 0 • The 
involution w: (z, w) H (z, -w) belonging to the left factor of I'Ko = Del> is clearly 
unsuitable (for arbitrary q) because it fixes precisely the points of the circle K 0 . 

lFrom Theorem 3, we know that we are looking for involutions that fix exactly 
two parallel classes ( and fix every point on those classes). Such an involution has 
to preserve the orientation of the 2-sphere P ( the space of parallel classes). For 
q = 0, this excludes the elements of I'Ko not belonging to D'1! (i.e., those involving 
complex conjugation). 

In the case q -:/= O, the complement D<J? \ D'1! does not contain any involutions 
by the results of 5.2. Indeed, in the factor group mod D, all such involutions are 
conjugate to O"D; however, this coset contains no involution of r itself because the 
square of O" is a non-square element of n. 

Our search is now reduced to n x '¥. The second factor '¥ contains just one class 
of involutions (for arbitrary q). They are not suited by themselves, as we remarked 
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at the beginning of 5.3. The only remaining possibility is to take the product of 
the unique involution in n with the involution just considered. This yields the 
involution T of 5.3. D 

Finally, we investigate the centralizer of T in r q for q =I= 0. In that case, it will 
turn out later that this centralizer induces the whole automorphism group of the 
Minkowski plane Mq· 

5.5 Proposition. For q =/= 01 the centralizer Csr(T) of the involution T (see 5.4) 
in r = I'q is Csr(T) = CsA(T) · n · Cs,i,(T) · (a-). Its factor group Csr(T)/(T) is a 
non-split Z 2 -extension of a normal subgroup isomorphic to e2 ><1 ex, where ex acts 
on e2 by the complex scalar multiplications. · 

Proof. Clearly, the centralizer is a product of its intersections with each of the 
factors of the decomposition of r q that we obtained in 5.4. The action of T on A 
corresponds to the action on circles. It sends the element defined by (b2, b1, bo) to 
(-b0 , bi, -b2) and has a 4-dimensional space of fixed vectors. Direct verification 
shows that n and rJ are centralized, and the centralizer of an involution in '11 rv 

PSL2R is well-known to be isomorphic to S02R It remains to determine how this 
circle group acts on R4 ~ A. 

In order to do this, we use the automorphism group f 0 of the complex Laguerre 
plane. The subgroups of f 0 and fq that fix the half plane P+ (compare 5.1) induce 
the same group on it; hence Anw ~ r q is also a subgroup of f 0 . As all circle 
subgroups in PSL2e are equivalent, we may assume that we are dealing with the 
subgroup 3 ~ Wo defined by ad = 1 and b = c = 0 in the notation of 5.2. Its 
involution is given by a= i, and the product of this with w is T

1
: (z, w) H (-z, w). 

This involution fixes the elements of A given by (b2 , 0, b0), and 3 acts on those by 
(b2,0,b0) r--t a2(b2,0,b0). Since n acts in the natural way, it follows that ff2/(T') 
acts by complex scalar multiplications. D 

We are now ready to prove our first main result: 

Theorem 5. Up to isomorphism, each of the semiclassical Laguerre planes Lq, 
0 ~ q < 1, has a unique brother Mq that is a 4-dimensional Minkowski plane. The 
planes Mq and Mq' are isomorphic if and only if q = q'. The plane Mo is the clas
sical complex Minkowski plane, with a 12-dimensional automorphism group. The 
other Mq have 6-dimensional automorphism groups that are non-split extensions 
of e2 ><1 ex by Z2 . For q =I= 0, the automorphism group fixes a point of Mq· 

Proof. The first statement follows from Theorem 3 together with the results of the 
present section. From the Minkowski plane Mq, q =I= 0, its brother .Lq can be 
recovered by passing to the lifted Lie geometry and then taking the derivation at 
the unique fixed point of the automorphism group of Mq, whose existence is shown 
below. For q = 0, there is no such fixed point, and the derivation point does not 
matter. This proves the statement about isomorphisms. 

Regarding automorphism groups, observe first that the group Csr q ( T) / ( T) de
scribed in 5.5 acts faithfully as a subgroup of the automorphism group of Mq and 
fixes the special point oo = ( 001 , 002 ) appearing in our construction. Clearly, all 
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automorphisms of the Lie geometry fixing oo arise from automorphisms of .Cq. Ac
cording to [18, Corollary 5.38], finally, the automorphism group :Eq of Mq is Gr/ ( r), 
where Tis the involution used for the construction of a brother and C7 denotes its 
centralizer in the automorphism group of the Lie geometry. We claim that all au
tomorphisms of Mq fix oo; then the statements collected here combine to show 
that Eq is in fact given by Csr q ( T) / ( r). The existence of a fixed point would follow 
from [26] if :Eq were 7-dimensional. If dim:Eq 2 8, then Mq is classical by [25], and 
then q = 0. There remains the only possibility that dim :Eq = 6. This implies that 
oo is fixed by Eq. Indeed, the stabilizer of oo contains the 6-dimensional group ~ 
inherited from .Cq, and all points of Mq except oo have orbits of positive dimension 
under ~; thus if the :Eq-orbit of oo is non-trivial, then it has positive dimension, 
and then dim:Eq >dim~= 6. 0 

6. Minkowski planes associated with the semiclassical Laguerre planes 

We give a more explicit description of the Minkowski plane Mq, i.e., we now 
determine the circles, as far as possible, in terms of coordinates. We follow the 
method of section 4 and consider the trace of Mq on its derived affine plane at 
(001, 002). 
6.1 The point set of this derived plane is the set F of circles fixed by T in .Cq· As 
explained in section 4, the fixed circles are identified with their pairs of intersection 
points with the two distinguished parallel classes 1r1 and 1r2 . More precisely, if 
the intersection points are (i, c') E 1r1 and (-i, d') E 1r2 , then the fixed circle is 
represented by the pair ( c', d'). Thus the affine plane has point set 1T1. x 1r2 '.::::'. <C2 

and we have the canonical parallelisms. The last fact is our reason for choosing this 
particular coordinate system. 

According to 5.3 a fixed circle has the form Ka b -a· It intersects 1r1 and 1r2 in , , 
(i, -2a + bi) and (-i, f;; 1 (-2fq(a) - fq(b)i)), respectively. Conversely, for given 
c', d' E <C there is precisely one circle of the form Ka,b,-a through ( i, c') and (-i, d'), 
namely for a= ifq(c' - d') - !c and b = !ifq(d' - c'); compare section 4. We used 
primes because we want to change coordinates by 

( c, d) = ( c', f q( d')) . 

We can now translate the coordinates ( a, b) of a fixed circle to ( c, d) and back by 

and 

(c, d) = (-2a + bi, -2fq(a) - fq(b)i) 

(a, b) = (1 (fq(c) - 2c - d), 1i(d - fq(c))) 

= (-i(d + c - qc), 1i(d - c - qc)). 

6.2 The group of translations. According to Theorem 5, the centralizer CsA(r) acts 
on Mq by automorphisms. A typical element of this group sends the fixed circle 
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(= point of Mq) defined by (a, b) E C x C to the one defined by (a+ ao, b + bo). 
In the ( c, d)-coordinate system, the same map acts by ( c, d) H, ( c - 2ao + boi, d -
2fq(ao) - fq(bo)i) = (c + co, d + do). Thus in either coordinate system, we may use 
arbitrary translations in order to simplify the equations of circles. We shall use this 
fact mainly in 6.4. 

6.3 Lines of the affine plane are precisely the parallel classes and the circles of Mq 
that pass through (001 , 002 ). The latter have the form (z, w)..1. for points (z, w) of 
the Laguerre plane not on 1r1 U 1r2, that is, for z €/:. { i, -i}. A point ( c, d) belongs 
to this line if the fixed circle K a,b,-a with coordinates ( c, d) passes through (z, w) 
in the Laguerre plane. We distingush two cases. 
Case 1. Let z EC, Im(z) 2 0, z-:/:- i. Circles Ka,b,-a in :F that pass through (z, w) 
satisfy 

w = a(z2 
- 1) + bz 

1 1 = --(d + c - qc)(z2 
- 1) + -i(d - c - qc)z 

4 2 

1( ')2 1 ( ')2- 1( ')2d = -4 z + i c + 4q z - i c - 4 z - i . 

Therefore 

( 
')

2 

4 z+i w 
d = - --. c + qc - ( .) 2 . 

Z-'I, z-i 

The transformation z H -(;~D 2 takes the region Im(z) 2 0, z -:/:- i onto {m E 

CI llmll 2 l}. Hence we obtain lines of the first type, defined by the equations 

d = mc-qc+t 

for all m, t E C, llmll 2 l. 
Case 2. For z E C, Im(z) :S 0, z =/=- -i we similarly obtain 

fq(w) = fq(a)(z 2 -1) + fq(b)z 
1 1 

= - 4 fq(d + c - qc)(z2 -1) + 2Jq(i(d - c - qc))z 

1( 2)( ')2 1( ')2 1 ( ')2-= -- 1 - q z + i c - - z - i d - -q z + i d 4 4 4 . 

Therefore 

_ 1 ((z-i)
2 

- 4fq(w)) 
c - - 1 - q2 z + i d + qd + (z + i)2 . 

The transformation z H -(;+D 2 takes the region Im(z) :S 0, z =J. -i onto {m E 

CI llmll 2 l}. Hence we obtain lines of the second type, defined by the equations 
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for all m, t E <C, llmll 2 1. In Theorem 6, we shall use these equations in their 
present form, but they can also be solved for d. One finds 

1 q2 
d = llmlr - q2 (me+ qc) + t' 

for some t' E <C. By 6.2, every complex number t' occurs for a given m. 

6.4 Circles of Mq in the narrow sense (i.e., those not passing through (001, 002 )) 

are of the form CJ_ n :F for circles C of .Cq not belonging to :F, that is, C = Ka,{3,, 
with a, (3, 1 E <C, a+ "Y =/:- 0. Using translations, we may simplify this to a= (3 = O, 
see 6.2. We have to determine the circles Ka,b,-a E :F that touch Ko,o,,, where 
, =/:- 0. 

Suppose first that the first coordinate z E <C of the touching point satisfies 
Im(z) 2 0. We must have z =/:- i, because a fixed circle and a non-fixed circle 
cannot touch at ( i, w) E 1r1 . Since touching is equivalent to intersection with equal 
derivatives, see [23, 4.2] or [24, 5.10], we obtain the equations 

with the solution 

1 = a(z2 
- 1) + bz, 

0 = 2az + b, 

' a= - z2 + 1' 

b = 2,z 
z 2 + 1 · 

We eliminate the parameter z in these parametric equations for half the circle. We 
find z = - 2ba and substitute this expression in the equation for a. We obtain 

In our ( c, d)-coordinate system this equation becomes 

If this holds with c = 1 , then it follows that 1 = 0, contrary to our assumption. 
Writing the parentheses as (d+x) and (d+y), respectively, we obtain the equation 
(y - x)(2d + y + x) = 41

2 , and y - x = 2(c- 1 ) =f. O. Hence the following equation 
describes one half of the circle: 

We claim that here c ranges over all complex numbers satisfying c (j-. {O, 1 } and 
Re? 2 t This is obtained in several steps. First, we translate the previous 
conditions Imz 2 0 and z =/:- i to Im~ :::; 0 and b + 2ai =/:- 0. The formulae in 6.1 
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for coordinate changes together with the above identity give Im~ = -2 Re( 2J -1), 
which yields our claim. 

There remains the case where the first coordinate z E C of the touching point 
satisfies Im(z) ::; 0 and z #- -i. In this case we similarly obtain 

Therefore, 

Jq('Y) = fq(a)(z 2 -1) + fq(b)z, 

0 = 2fq(a)z + fq(b). 

f (a)= - Jq('Y) 
q z2 + 1' 

f (b) = 2Jq('Y)z. 
q z2 + 1 

Eliminating the parameter z = -!Jq\b1) we now find 

In ( c, d)-coordinates after some manipulations similar to the previous ones this 
equation becomes 

( 2) Jq(,')2 d- f ( ) 
1 - q c = d _ Jq(1) - q + q 1 . 

This equation describes the second half of our circle; here, d ranges over all complex 
numbers d ~ {O, Jq(1)} satisfying Re Jg~,) ~ ~-

In order to simplify the equations for both halves of the circle, we apply the 
translation 

(c, d) H (c - 1, d - Jq(1)). 

This transforms the two equations respectively to 

12 
d= -+qc, 

c 

where c E CC\ {O, -1} and Re ;;Tc~~' and to 

where d E CC\ {O, - Jq('Y)} and Re d~t(~) ~ t 
We wish to express the inequalities involving the real parts in a more convenient 

way. We use the fact that a complex number u satisfies Re u ~ ~ if and only if 

lit -111 ::; 1. We obtain the conditions llcJJ::; JJ1JJ and Jldll::; JJJq(1)JJ, respectively. 
Finally, we check that the two halves of our circle fit together nicely. Indeed, if 

IJcJJ = JJ1JI -I- 0 and d = 1 2c-1 + qc, then we obtain readily that also lldlJ = IJJq('Y)JJ 
and (1- q2 )cd = fq(1) 2 -qJJdJJ 2

. The converse statement is also true. In summary, 
we have obtained the following. 
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Theorem 6. The 4-dimensional Minkowski plane Mq, 0 :'.S q < 1, constructed as a 
brother of the Laguerre plane .Cq with respect to the involution T may be described as 
follows. By deleting the points of the two distinguished parallel classes one obtains 
an affine translation plane Aq with point set C2 . Its lines are all translates of the 
coordinate axes and of the following linear subspaces: 

{ ( c, me - qc) I c E C} , 

{ ( l :i q2 d - l ! q2 cl, d) I d E C} , 
for all m E C satisfying llmll 2: 1. 

The lines of Aq are the circles of Mq passing through its distinguished point 
together with the parallel classes. The remaining circles are described as unions 
of a function graph with the graph of a function in the reverse direction. Up to a 
translation of C2 , the parts have the form 

and 

where I E C \ { 0}. D 

It seems impossible to explicitly verify the axioms of a Minkowski plane given 
the above description of the circles. However, note that for q = 0 we have Jo = 
id and the circles reduce to the familiar forms for Euclidean lines and Euclidean 
hyperbolae. 

6.5 Automorphisms. Direct verification shows that the following maps are auto
morphisms of Mq: 

( c, d) H (.zc + u, zd + v), 

where z, u, v EC, z-=/=- 0. They form a group isomorphic to C2 ·ex, which must be 
the identity component of the automorphism group :Eq of Mq, compare Theorem 5. 
It remains to describe the action of the automorphism(! introduced in 5.2. There, 
(! is given as a map of the point set P. Using the original coordinates for fixed 
circles of .Cq (i.e., (a, b) for K(a,b,-a)), we can express its effect on the point set 
of Mq by the map (f:C2 --+ C2 :(a,b) H (f;; 1 (ia),-f;;1 (ib)). By the coordinate 
change (a, b) H (c, d) introduced in 6.1, this is transformed into 

id . 
(!; (c,d) H ( 2 ,ic). 

l-q 

This automorphism interchanges the two parallelisms of Mq, and (! 2 is multiplica
tion by - 1_:qz. 
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6. 6 Derived affine plane. We have a closer look at the description of Aq in ( a, b )
coordinates that we obtained as the first step in 6.3. Given z, w E C, z (!. { i, -i}, 
we obtained these equations for lines: w = a(z2 -1) + bz for Imz 2: 0 and fq(w) = 
Jq(a)(z2 -1) + Jq(b)z for Imz::; 0. This shows immediately that Aq is a translation 
plane. The defining spread ( consisting of the lines that pass through the origin) 
is obtained if we choose w = 0. We observe in passing that the spread is made 
up of two halves isomorphic to the complex spread. Taking z E {1, -1, O} gives 
the coordinate axes. We shall not exclude the values z E { i, -i} and obtain a 
recognizable spread. This must be the correct one, because any two lines of a 
spread are determined by the remaining ones. 

Let m = z;-_:1 , z ::/:- ±1. Then the imaginary parts of z and m have the same 
sign, and the equations for lines passing through the origin may be rewritten as 
a= mb for Imm 2: 0 and fq(a) = mfq(b) for Imm::; 0. Using the inversion formula 
for fq, see 5.1, the second equation may be expressed as a = nb + cp(n)b, where 
cp( x + iy) = 1!~2 iy. By comparison with the information given in [13, Theorem 
73.13) (including the subsequent Note (c)), we may identify our spread as follows. 

Theorem 7. The derived affine plane Aq of the Minkowski plane Mq obtained by 
derivation at the distinguished point ( 001 , 002) is isomorphic to one of the 'semiclas
sical' translation planes admitting an irreducible action of SL2R The parameter 

defining the isomorphism type as in [13, 73.13) is (i~~) 2 2: 1. The automorphism 
group of Aq is 8-dimensional if q ::/:- 0. 0 

Note that the automorphism group of Mq is only 6-dimensional. Hence, Aq 
has many automorphisms that change Mq; in particular, on Aq there lives a 2-
dimensional family of copies of Mq, 

7. Alternative approach via semiclassical pseudo-ovals 

The approach presented in this section is based on the theory of pseudo-ovals 
developed in [11). The essential idea is that one constructs the semiclassical La
guerre plane Lq and its Lie geometry directly from the elation group A rv JR.6 ( see 
5.2). Both structures are encoded in the family of all stabilizers Ap, where pis a 
point of Lq, This is a family of 4-dimensional subspaces of JR.6 which is compact 
in the Grassmann topology and has very peculiar geometric properties. Namely, 
the intersections of all these subspaces with any given one of them almost form a 
compact spread; only one element of the spread is missing. A family T of subspaces 
with these properties has been called a dual pseudo-oval in [11]. The missing spread 
elements together form the pseudo-oval O associated with the dual pseudo-oval T. 
By the duality theorem [11, 7.1], this is really a pseudo-oval in the sense that a 
spread is induced on JR6 / o for each o E O; at this point, the compactness is used. 
The elements of T are sometimes called the tangents of O. As a consequence of the 
duality theorem, T and O together form a Kantor family or 4-gonal family in the 
sense of [2). 

The main advantage of this way of looking at the semiclassical Laguerre plane 
.Cq is that its automorphism group r q appears as a group of affine transformations 

i 
!~ 

i·· 
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of the elation group A (which may be identified with the set of circles). The 
identity component of the automorphism group r q acts as a subgroup of the classical 
group r 0 . By contrast, in 5.2 we had to write down each automorphism using case 
distinctions. 

The elements of a dual pseudo-oval may be written down conveniently as ker
nels of a parametrized family of matrices. We shall use this in order to obtain an 
alternative description of the brother Minkowski plane Mq of .Cq in terms of coor
dinates. We shall obtain a variation of the description in terms of ( a, b )-coordinates 
given in section 6. Thus we will not get the canonical parallelism, and the circles 
will be parametrized rather than composed of function graphs. However, the lines 
will be obtained in a very explicit form that practically coincides with the standard 
description of the semiclassical translation planes. 

Notation. Matrices act from the right on row vectors. A (6 x 2)-matrix will often 
be written in block form 

the blocks being of size 2 x 2. The unit and zero (2 x 2)-matrices will be denoted 
by 1 and 0, respectively. 

7.1 The classical dual pseudo-oval is an oval, in fact, a conic in the dual of the 
complex projective plane. Consider the complex conic whose points have homoge
neous coordinates [O, 0, 1) and [1, -2z, z2

], z E C. It is defined by the quadratic 
form g( u, v, w) = 2uw - !v2

, and hence its tangent at the point with parameter z 
is the kernel of the linear form ( u, v, w) H z2u + zv + w on C3 . The tangent at the 
remaining point has equation u = 0. If we consider these kernels as 4-dimensional 
real subspaces of JR6

, then we obtain the classical dual pseudo-oval To. This yields 
the following (6 x 2)-matrices whose kernels are the elements of To: 

Do(oo) = (~1) 
(

Bo(z)
2

) 

and Do(z) = Boiz) , 

where z = x+iy EC and 

Bo(z) = ( ~y ; ) . 

7.2 Semiclassical dual pseudo-ovals. In order to obtain a dual pseudo-oval 'Tq by 
distorting the classical example, we introduce a function of a real variable by 

µ(y) = l+q' 1 y < ' 
{ 

l-q 'f O 

1, ify~O, 

and we form the matrices 

'" I, 
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Now the matrices defining 1q are D ( oo) = Do ( oo) ( the same as in 7 .1) and 

(
B(z)2) 

D(z) = B~z) 

for all z E C. These matrices are not quite the same as in [11], because in that 
paper the coordinate transformation (xi, ... , x5) H (-xi, -x2, -x4, -x3, x5, X5) of 
JR6 was used in order to match the matrices with those given in [24]. Moreover, due 
to our use of row vectors, our matrices here had to be transposed. 

We shall also need the pseudo-oval Oq associated with 1q, which consists of the 
2-dimensional subspaces of JR6 that have to .be added to the intersections of one 
tangent with all other ones in order to obtain a spread. According to [11, 4. 7], 
these subspaces are obtained by intersecting, for each z, the kernels of D(z) and of 
the partial derivatives 

0 (2B(z)) -
0 

D(z) = 1 
x O 

and ;YD(z). The latter is equal to txD(z) · A(z), where A(z) is the invertible 
matrix 

A(z) = (-µ~y) 2 ~) • 

The intersection is generated by the rows of the (2 x 6)-matrix 

D* (z) = (1, -2B(z), B(z) 2
). 

(The partials exist only for y /= 0, but the result remains true for real z by conti
nuity.) Moreover, we have 

D*(oo) = (0,0, 1). 

Note that for q = 0, this reproduces the conic containing the points [1, -2z, z2] for 
z E <C. 

7.3 The connection to semiclassical Laguerre planes and quadrangles. Consider an 
element ,\ = (b2 , bi, b0 ) E A = JR6 . Using the matrices D(z) that parametrize the 
semiclassical dual pseudo-oval, we may write the action of ,\ on the points of the 
semiclassical Laguerre plane .Cq as 

,\(z,w) = (z,w+,\D(z)), 

-where x + iy = x + iµ(y )y and oo = oo. This claim is best verified by testing it on 
the standard basis vectors (b 2 , bi, b0 ) with bj E {O, 1, i}; this suffices by JR-linearity. 

Thus we see that the elements of 1q are precisely the stabilizers of A acting on 
the points of .Cq. Conversely, it is easy to reconstruct the Laguerre plane from the 
pseudo-oval, because A is sharply transitive on circles. According to [11, 6.1] we 
obtain the following description of .Cq, Points are the cosets of the elements t E 1q 

k 
I 



20 R. LOWEN - G.F. STEINKE 

in A, circles are the elements of A, incidence is the natural one, and parallelism 
of points is the natural parallelism of cosets, that is, two points t + -\, t' + A' are 
parallel if and only if t = t'. 

When do two circles touch? Suppose the circles are represented by a, /3 E A. We 
ask under which conditions there is exactly one point t + -\, t E Tq, containing both 
of them. We may assume that A= a. Moreover, up to a translation we have a= 0. 
Then our question becomes: which /3 =!=- 0 are contained in exactly one tangent t? 
The answer is clear; f3 has to belong to the element Pt E Oq determined by t. In 
full generality this means that the touching pencils are precisely the cosets of the 
elements of Oq, If O =!=- a - /3 E Pt, then these two circles touch at the point t + a. 

Now we can easily describe the quadrangle Qq which is obtained as the Lie 
geometry of Cq, After deleting the special point oo, the remaining points are the 
elements of A and all cosets of all elements of 1q, and the lines are all cosets of all 
elements of() q and the sets { t + A I A E A} for all t E 1q. Incidence is inclusion, that 
is, the line Pt + A is incident with the points represented by its own elements and 
with the point t + -\, and a line of the second kind is incident with its own elements 
(and with oo). Note that the symbol oo is also used for the special element in 
the one-point compactification of C; this should not lead to confusion. We remark 
that our construction of Qq, which is based on [11], is also a special case of [2, 
Theorem 2.2]. 

1.4 Automorphism group. By an automorphism of a dual pseudo-oval Twe mean an 
automorphism of the vector space JR6 that permutes the elements of T. From 5.2 we 
know that the automorphism group r q of Cq is a semidirect product r q = A ><1 r K 

of A with the stabilizer of any circle K. Therefore, rK acts effectively on A by 
conjugation. From 7.3 it follows that rK induces automorphisms of 1q, and that 
all automorphisms of 1q arise in this way. 

In the classical case q = O, we see that the automorphism group of the pseudo-oval 
To is generated by complex conjugation together with the similarity transformations 
with respect to the quadratic form g( u, v, w) = 2uw - !v2 defining the pseudo-oval. 
The semisimple part of this group is a group S03 (C, 1) that acts on the parameter 
z by linear fractional maps. 

In the proof of 5.5 we have seen that the identity component of the automorphism 
group r q of Cq is a subgroup off 0. This carries over to the automorphism groups 
of the corresponding pseudo-ovals. It follows that the automorphism group of 1q 
contains a subgroup '11 = 803 (:IR, 1) s; S03 (C, 1) that acts on z by linear fractional 
maps with real coefficients. Moreover, the group n of multiplications by real scalars 
is contained in the automorphism group of 1q. These two groups leave the classical 
halves of 1q invariant. Finally, we have the automorphism CJ', whose inverse acts on 
A by 

CJ'-
1 (u, v, w) = (-ifq(u), ifq(v), -ifq(w)) 

and interchanges the classical halves. By 5.2, the automorphism group of 1q is 
generated by the subgroups enumerated here. 

7.5 The involution. We recall from the proof of 5.5 that the involution T defining 
the brother Mq of Cq acts on A by (u, v, w) H (-w, v, -u). It is not hard to 
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compute the action of this map on 1q; it sends the kernel of D(z) to that of D(w), 
where w satisfies B(z)B(w) = -1. Thus the image is the kernel of D(-zllzll-2 ). 

(If z has positive imaginary part, then this coincides with D(-z-1).) Later we 
shall only need to know the fixed tangents; hence we prefer to determine them by 
exploiting the connection with the Laguerre plane, see 7.3. We obtain that the 
fixed elements of T in 1q are precisely the stabilizers of the fixed points of T in .Cq, 
that is, the stabilizers of (i, w) and of (-i, w), where w E C is arbitrary. These 
stabilizers are the kernels of D(z) for z satisfying z = ±i, that is, the kernels of 
D(i) and D(-i/ µ). (More precisely, we should write µ(-1) instead ofµ at this 
point.) Direct computation shows that T also fixes every coset of these spaces. 
Moreover, T fixes the corresponding elements of O q, generated by the rows of D* ( i) 
and D* ( -i / µ), respectively (but not their cosets). 

7. 6 The Minkowski plane Mq. We want to apply Theorem 1 to the involution T 

on the quadrangle Qq, using the description of Qq given in 7.3. For the sake of 
simplicity, we shall write 

t(z) := ker D(z), 

and we use p(z) to denote the corresponding element of Oq, which is generated by 
the rows of D*(z). The points of Mq are by definition the points fixed by T in 
Qq, that is, the elements fixed by T in A, the point oo, and the cosets of t( i) and 
t(-i/ µ). Those cosets will be regarded as points at infinity, i.e., we shall represent 
Mq in the derived affine plane Aq taken at oo, whose point set S consists of the 
fixed elements in A: 

S = {(u, v, -u) I u, v E JR.2} :SA. 

The parallel classes of Mq are the lines fixed by T in Qq, Thus the two parallel 
classes containing oo consist of the cosets of t(i) or t(-i/ µ), respectively. All other 
parallel classes are cosets p( i) + s or p( -i / µ) + s contained in S. Strictly speaking, 
these classes also contain points at infinity, namely the points t( i) + s or t( -i / µ) + s, 
respectively. 

A circle of Mq consists of all fixed points in Qq that are collinear with a given 
non-fixed point r. Two cases are possible. If r is collinear to oo, then we obtain 
a circle passing through oo, i.e., a line of Aq, If r is not collinear to oo, then we 
obtain a proper circle. Points collinear to oo have the form r = t(z) + A, where 
A E A and z E CU { oo }. If r is not fixed by r, then z ¢:. { i, -i/ µ }. In this case, we 
obtain the affine line 

Sn (t(z) + A). 

Indeed, a point a E S can be joined to r if and only if it is an element of r (in 
which case the joining line is the coset p(z) + a). We emphasize the surprising fact 
that S is another subspace (besides the elements of 7q) on which the pseudo-oval 
1q induces a translation plane via intersection. 

A circle not passing through oo is obtained if r = A EA\ S. Lines of Qq passing 
through such a point r are necessarily of the form p( z) + A for some z E CU { oo}. All 
elements of S belonging to one of these lines constitute the affine part of the circle 
defined by A. In addition, this circle contains the elements t(i) + A and t(-i/ µ)+A 
at infinity. 
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The description of Mq so obtained will be made more explicit in the remaining 
subsections. 

7. 7 The derived affine translation plane. We identify the element ( u, v, -u) E S 
with ( u, v) E JR2 x JR2 • The translation plane Aq is determined by the spread formed 
by the lines through the origin. Commonly the elements of a spread in JR2 x JR2 

are represented by their Grassmann coordinates, compare [13, 64.8]; to do so, one 
specifies a set of (2 x 2)-matrices M such that the spread consists of the right factor 
{ 0} x JR2 and the subspaces { ( u, uM) I u E JR2 }. 

In our case, the lines through the origin are Sn t(z), where z (j. { i, -i/ µ }, and 
p(i), p(-i/ µ). The latter two are the parallel classes of the origin. Under the above 
identification, p(z) corresponds to the space generated by the rows of (1, -2B(z)). 
Thus we have two lines, generated by the rows of the matrices 

and the corresponding spread matrices are 

(0 -2) ( 0 
2 0 and -2µ 

2µ-l) 
0 . 

The line defined by t( oo) is the right factor of JR2 x JR2. Finally, consider z E 

C \ { i, -i / µ}. An element ( u, v, -u) E S belongs to the kernel of D (z) if and only 
if 

v = (u - uB(z) 2)B(z)- 1
. 

Thus we have the spread matrices B(z)-1 - B(z). For z = 0 we obtain the right 
factor once more, and for z -=I- 0 we have 

Thus the spread matrix is 

( 
(a - l)x -(a+ l)y) 

(a+ l)µ(y) 2y (a- l)x · 

This is a spread matrix of the translation plane with reducible 812:!R-action and 
parameter µ- 2 as presented in [13, 73.13]. (Observe that matrices act from the left 
in [13], hence we have to compare the transposes of our matrices to the matrices 
given there.) The two lines obtained above from parallel classes also belong to this 
spread. This confirms our result obtained in Theorem 7. 

7.8 Proper circles. Consider an element A= (a, b, c) EA that is not fixed by r, i.e., 
c -=I- -a. The affine part of the circle defined by A consists of all ( u, v) such that 
(u, v, -u) E p(z) + A for some z EC U {oo}. For z = oo, where D*(z) = (0, 0, 1), 
the only solution is (u,v) = (a,b). For z -=I- oo, the space p(z) is generated by the 
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rows of the matrix D* (z) = (1, -2B(z), B(z) 2). Therefore, the elements of p(z) 
have the form (h + a, -2hB(z) + b, hB(z) 2 + c), h E JR2 , and the circle consists of 
( a, b) and all ( u, v) such that there exist z E C and h E JR2 satisfying the equation 

(h + a, -2hB(z) + b, hB(z) 2 + c) = (u, v, -u). 

For a given z, this amounts to a system of equations for h. If B(z) 2 + 1 is invertible, 
then the system has a unique solution; using d = -(a+ c) -=I O we obtain h = 
d(B(z) 2 + 1 )-

1
, hence 

u = d(B(z) 2 + 1)-1 + a, 

v = -2d(B(z) 2 + 1 )-1 B(z) + b. 

Observe how A enters into the result: ( a, b) represents a translation of the whole 
circle, and d = -(a+c) is an arbitrary nonzero vector. It remains to see if B(z) 2 +1 
is invertible and to write down the matrices appearing in the equations for u and 
v. We have 

6z := <let (B(z) 2 + 1) = (x2 
- µ(y) 2y2 + 1)

2 + (2µ(y)xy)
2 

2: 0, 

and the determinant vanishes if and only if x = 0 and µ(y) 2y2 = 1, i.e., if and only 
if z E {i, -i/µ}. In that case, B(z) 2 + 1 = 0, and there is no solution h. 

In summary, up to translation in S = JR4 every proper circle is obtained from 
A = (0, 0, -d) for some d E JR2 \ {O}, and this circle contains the origin O and the 
elements 

-2xy 
x2 _ µ2y2 + 1 

-2(,z + l)x 
-2µ 2(,z - l)y 

2(,z - l)y ) 
-2(,z + l)x ' 

where z = x + iy EC\ {i, -i/ µ(-1)}. Here we have abbreviated 

µ = µ(y) and ,z = x2 + µ(y) 2y2 = llzlj 2
. 
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