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1 Introduction 

Recent work on the symplectic and orthogonal tableaux and the associated symmetric functions 
has focused on Robinson-Schensted-type algorithms and Cauchy-type identities. See Berele [3], 
Sundaram [27] (28], Proctor [19] [20] [21] [22], Okada (17] [18], Benkart and Stroomer [2]. Here 
we develop determinantal expressions for the characters of the symplectic and orthogonal groups 
Sp(2n) and S0(2n + 1) and prove their validity using the techniques of Hamel and Goulden [8]. 
Some ofthe determinants generated are symplectic and orthogonal analogues to the Jacobi-Trudi, 
dual Jacobi-Trudi, and Giambelli determinants defined for the classical Schur functions, and our 
methods are valid not only for the ordinary symplectic Schur function and so Schur function, but 
for skew versions of these as well (defined below). We follow the notation of Macdonald [16] and 
Sundaram [27]. 

Let ,\ be a partition of k with at most l parts, i.e. ,\ = (,\1, ... , ,\1) where ,\1 ~ ,\2 ~ ... ~ ,\1 

are nonnegative integers and ,\1 + ,\2 + ... + ,\1 = k (,\i is the ith part of,\). The empty partition 
0 of 0 has no parts. A partition can be represented in the plane by an arrangement of boxes called 
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a Ferrers diagram, or simply a diagram. This arrangement is top and left justified with A; boxes in 
the ith row and we say it has standard shape. Given two partitions, A and µ, we define a Ferrers 
diagram with skew shape >./ µ for µi ~ Ai, i ~ 1 as an arrangement of boxes where there is a box 
in row i, column j iff µi < j ~ Ai. Geometrically, this is the Ferrers diagram of A with the Ferrers 
diagram ofµ removed from its upper left hand corner. From this point of view, the standard shape 
A is just the skew shape A/µ with µ = 0. Define the content of a box a in a Ferrers diagram as 
the quantity j - i where a lies in column j and row i of the Ferrers diagram (referred to as box 
( i, j) where convenient). Associated with each skew shape is a conjugate shape. The conjugate of a 
skew shape >./ µ is defined to be the skew shape >.' / µ' whose Ferrers diagram is the transpose of the 
Ferrers diagram of A/µ. More explicitly, the number of boxes in the ith row of>.'/µ' is the number 
of boxes in the ith column of A/µ. 

Fix a set of elements 1 < I < 2 < 2 ... < n < n. The following definition is the skew version of 
one due to King [13]. 

Definitio~ 1.1 A symplectic tableau, SP.>./µ 1 of shape A/µ is a filling of the Ferrers diagram of A/µ 
with the integers 1 < I < 2 < 2 ... < n < n such that 

1. the entries weakly increase along the rows and strictly increase down the. columns, 

2. the boxes of content -i contain entries which are greater than or equal to i + 1. 

We refer to the second condition as the symplectic condition. For standard shape tableaux the 
following condition is usually called the symplectic condition: 

all entries in row i are greater than or equal to i. (1) 

The condition (1) and condition 2 of Definition 1.1 are easily seen to be equivalent for standard 
shape since the first box in row i + 1 has content -i. 

The skew symplectic Schur function, SP>../µ(X), in the variables, :1:1, x11, x2, x;-1, ... , Xn, x;:;- 1 , is 
given by 

IT -m(/3) 
X/3 ' 

where the sum is over all tableaux SP>..;µ of shape A/µ, the first product is over all unbarred integers 
a in SP>..;µ, the second product is over all barred integers 'Pin SP>..;µ, and m(a) (resp. m(P)) is the 
mulitplicity of a (resp. °P) in SP.>.;µ, i.e. the number of times a (resp. ft) appears in a box of the 
tableau. 

There are several equivalent tableau definitions of orthogonal tableaux for S0(2n + 1) (see King 
(13], Proctor [22], and Koike and Terada [14]). The definition we take is a skew version of the one 
in Sundaram [27], and is very close to the definition of symplectic tablea1u:. 

Definition 1.2 An so-tableau, SO>..; µ1 of shape A/µ is a filling of the Ferrrers diagram of A/µ with 
the elements 1 < I < 2 < 2 ... < n < n < oo such that 

1. the entries weakly increase along the rows and, when restricted to 1 < I < 2 < 2 ... < n < n, 
strictly increase down the columns, 
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2. the boxes of content -i contain entries which are greater than or equal to i + 1, 

3. the entries equal to oo form a shape which is such that no two symbols oo appear in the same 
row. 

The skew so Schur function, SO>./µ(X), in the variables, x1 , x11, x2, x21, ... , Xn, x;1, is given by 

SO>./µ(X) = ~ II x~(a) II -m({J) 
X13 ' 

so>.1" aeso>-1" 

where the sum is over all tableaux SO>./µ of shape >./ µ, the first product is over all unbarred integers 
a in SO>./µ, the second product is over all barred integers fj in SO>./µ• and m(a) (resp. m({j)) is 
the mulitplicity of a (resp. 7J) in SO>./µ-

Note that the oo are in a sense "dummy elements" since they contribute 1 to the weight of the 
tableau. 

Koike and Terada [14] also define skew SP(2n) and S0(2n+l) tableaux; however, their definition 
differs substantially from ours. They restrict the integers that are allowed to appear so that only 
those greater than the number of parts ofµ are permitted and they use the alternative formulation 
of the symplectic condition given in (1). 

The form of this paper is as follows. Section 2 provides background material from Hamel and 
Goulden [8], giving the details necessary to define the determinants we generate. Section 3 states and 
proves two main results, one for symplectic tableaux and one for so-tableaux. Section 4 includes 
some similar results for rational (also called composite) tableaux. As has been pointed out by 
Stembridge [25], the standard shape symplectic tableaux can be considered to be special cases of 
standard shape rational tableaux, and hence the results in Section 4 are a generalization of the 
results in Section 3. 

2 Strips and Outside Decompositions 

This section gives the tools needed to define classes of determinants equal to the symplectic Schur 
function and so Schur functions. The traditional ways of decomposing a tableau to generate a 
determinant use decompositions by rows (Jacobi-Trudi), columns (dual Jacobi-Trudi) or hooks 
(Giambelli). We generalize these notions here to allow decompositions by strips. The terminology 
follows that of Hamel and Goulden [8]. 

Definition 2.1 A strip 8 in a skew shape diagram is a skew diagram with an edgewise connected 
set of boxes that contains no 2 x 2 block of boxes. 

Definition 2.2 The starting box of a strip is the box which is bottommost and leftmost in the strip. 
The ending box of a strip is the box which is topmost and rightmost in the strip. 

Figure 1 illustrates these concepts, where the starting box is marked with an x and the ending 
box is marked with an o. We say a box is approached from the left (resp. from below) if either there 
is a box immediately to its left or the box is on the left perimeter of the diagram (resp. there is a 
box immediately below it or the box is on the bottom perimeter of the diagram). 
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Figure 1: Example of a strip. 

Figure 2: Example of an outside decomposition. 

Definition 2.3 Suppose 81, 82, ... , 8m are strips in a skew shape diagram of>../µ and each strip has 
a starting box on the left or bottom perimeter of the diagram and an ending box on the right or top 
perimeter of the diagram. Then if the disjoint union of these strips is the skew shape diagram of 
>../ µ, we say the totally ordered set (B1, B2, ... , Bm) is a (planar) outside decomposition of>../µ. 

Given a diagram and an outside decomposition of that diagram, then if the diagram is filled 
with integers to form a symplectic or so- tableau, the portion of the tableau that corresponds to a 
strip in the outside decomposition forms a symplectic or so- tableau of strip shape. Hence, given an 
outside decomposition of a shape, a symplectic or so- tableau of that shape can be thought of as a 
union of symplectic or so- tableaux of strip shape. 

The restrictions of the definition of outside decomposition force the following property: 

Property 2.4 Boxes of the same content are approached from the same direction in their respective 
strips; that is, they are either all approached from below or all approached from the left. 

Figure 2 gives an example of an outside decomposition into four strips : Bi = 1, B2 = 22/1, Bs = 
3331/22, B4 = 21. In Figure 2 strips 81, B2 and Bs have boxes of content zero approached from the 
left, while strips 83 and B4 have boxes of content two approached from below. 

In order to define the determinants in the main results we must define an additional operation 
on strips. This noncommutative operation was first defined in Hamel and Goulden [8). 

Case I: Suppose Bi and B; have some boxes with the same content. Slide Bi along top-left-to
bottom-right diagonals so that the box of content k in 8; is superimposed on the box of content k in 
B; for all k E Z. This procedure is well-defined by Proposition 2.4. Define B;#B; to be the diagram 
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obtained from this superposition by taking all boxes between the ending box of oi and the starting 
box of Oj inclusive. 

Case II: Suppose Oi and Oj are two disconnected pieces and thus do not have any boxes of the 
same content. The starting box of one will be to the right and/or above the ending box of the other. 
To bridge the gap between Bi and Oi, insert boxes from the ending box of one to the starting box 
of the other so that these inserted boxes follow the approached-from-the-left or approached-from
below arrangement as do other boxes of the same content in the outside decomposition (Property 
2.4 ensures the boxes of the same content are arranged in the same way). If there is a content 
such that there is no box of that content in the diagram (and therefore no determination of the 
direction from which the box is approached), then arbitrarily choose from which direction boxes of 
this content should be approached, fix this choice for all boxes of the same content in that particular 
diagram, and bridge the gap between Oi and 01 accordingly. Define Bi#01 as in Case I with the 
following additional conventions: if the ending box of Oi is edge connected to the starting box of 01, 
and occurs below or to the left of it, then Oi#01 = 0; if the ending box of Oi is not edge connected 
but occurs below or to the left of the starting box of 01, Oi#01 is undefined. 

Note that Oi#Oi = Oi. 

As an example consider again the strips in Figure 2. Then 

01#02 = 2 
02#01=11 
01#03 = 31 
03#01 = 111 
01 #04 = undefined 
04#01 = 2111 

02#83 = 331/2 
03#02 = 222/11 
02#04 = 0 
04#02 = 3222/111 
03#04 = 1 
04#03 = 43331/222 

In the next section we show how to obtain a determinant from this information. 

3 The Main Results 

We now state the two main results of this paper: 

Theorem 3.1 Let >../ µ be a skew shape partition. Then for any outside decomposition, ( 01, 02, ... , Om), 
of>../µ, 

SP>../µ(X) = det(SPO;#O;(X))mxm, 

where sp0 = 1 and SPundefined = O. 

Theorem 3.2 Let>../µ be a skew shape partition. Then for any outside decomposition, ( 01, 02, ... , Om), 
of>../µ, 

SO>.,/µ(X) = det(soe;#O;(X))mxm, 

where so0 = 1 and soundefined = 0. 

For the diagram and outside decomposition in Figure 2, Theorem 3.1 gives the following deter
minant: 
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sp2 
SP22/1 

SP222/11 

sp1 

sp31 

sp331/2 

SP3331/22 

sp43331/22 

Under the same conditions, Theorem 3.2 gives the following determinant: 

( 

soi so2 

det so11 so22/1 

so111 so222/11 

S02111 S01 

S031 

S0331/2 

S03331/22 

S043331/22 

!03331 ) 
so21 

In Hamel and Goulden [8], the Gessel-Viennot lattice path procedure is used to construct a 
bijection establishing a family of determinantal results for Schur functions. We now show that this 
procedure extends easily to a bijection for symplectic Schur functions. We refer the reader to Hamel 
and Goulden [8] where certain essential details of the proof have been verified. We are now ready 
to prove Theorem 3.1. 

Proof of Theorem 3.1: Label the y-axis be labeled by 1, I, 2, 2, .... Before describing the 
paths we need some guidelines to permissible steps and path restrictions. There are four types of 
permissible steps: up-vertical steps that increase the y-coordinate by 1; down-vertical steps that 
decrease they-coordinate by 1; right-horizontal (referred to simply as horizontal) steps that increase 
the x-coordinate by 1; and down-diagonal (referred to simply as diagonal) steps that increase the 
x-coordinate by 1 and decrease the y-coordinate by 1. We specify some additional restrictions: a 
down-vertical step must not precede an up-vertical step, an up-vertical step must not precede a 
down-vertical step, a down-vertical step must not precede a horizontal step, and an up-vertical step 
must not precede a diagonal step. Because of the symplectic condition, we require an additional 
restriction not present in Hamel and Goulden [8), a left boundary in the form of a "backwards lattice 
path" from (0,1) to (O,I) to (0,2) to (-1,2) to (-1,2) to (-1,3) to (-2,3) to (-2,3), etc. See 
Figure 3 where this boundary is indicated by a dotted line. A path may touch but not cross the left 
boundary. This boundary may be interpreted as representing a "phantom" zeroth column in the 
symplectic tableau, a column containing 1, 2, 3, 4, .... We also require that all steps between lines 
x = c and x = c + 1 for all c E Z are either all horizontal or all diagonal. The determination of 
whether these steps are horizontal or diagonal is made by the outside decomposition in the following 
manner. If boxes of content dare approached from the left, then steps between x = d and x = d + 1 
must be horizontal; if the boxes of content d are approached from below, then steps between x = d 
and x = d + 1 must be diagonal. We are now ready to construct paths corresponding to strips. 

Consider an outside decomposition (lh, ... , Om) of>../µ. We will construct a nonintersecting 
m-tuple of lattice paths that corresponds to a symplectic tableau of shape >../ µ with the outside 
decomposition ( 01, ... , Om), such that the ith path corresponds to the ith strip and begins at Pi and 
ends at Qi, i = 1, ... , mas described now. Fix points Pi = (t - s, -(t- s) + 1) if strip i has starting 
box on left perimeter in box ( s, t) of the diagram (i.e. Pi is on the left boundary), or Pi = ( t - s, oo) 
if strip i has starting box on the bottom perimeter in box ( s, t) of the diagram (Pi = ( t - s, oo) if 
both), i = 1, ... , m. Fix points Qi= (v - u + 1, 1) if strip i has ending box on the top perimeter in 
box ( u, v) of the diagram, or Qi = ( v - u + 1, oo) if strip i has ending box on the right perimeter in 
box (u, v) of the diagram (Qi= (v - u + 1, oo) if both), i = 1, ... , m. 

For strip Oj construct a path starting at Pj (called the starting point) and ending at Qi (called 
the ending point) as follows: if a box containing i (resp. i) and at coordinates (a, b) in the diagram 
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Figure 3: Two outside decompositions and the corresponding lattice paths. 
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is approached from the left in the strip, put a horizontal step from (b - a, i) to (b - a+ 1, i) (resp. 
(b - a, Z) to (b - a+ 1, i)); if a box containing i (resp. i) and at coordinates (a, b) in the diagram 
is approached from below in the strip, put a diagonal step from (b - a, i) to (b - a + 1, i) (resp. 
(b - a, i + 1) to (b - a+ 1, i) ). Notice that the physical locations of the termination points of the 
steps are independent of the outside decomposition and depend only on the contents of the boxes. 
See Figure 3 in which first the ending points of steps are shown alone and then complete paths for 
two different outside decompositions are shown. Note that no two paths can have the same starting 
and/or ending points, since that would imply two boxes of the same content on the same section of 
perimeter. Connect these nonvertical steps with vertical steps. It is routine to verify that there is a 
unique way of doing this. 

We must verify that an intersecting m-tuple of lattice paths does not correspond to a symplectic 
tableau. This follows from the column strictness and row weakness conditions on the symplectic 
tableau and also from the fact strips are themselves skew diagrams. The argument is a case-by-case 
analysis which follows exactly as in Hamel and Goulden [8] and we refer the reader to that paper. 

The construction described above for producing paths given symplectic tableaux is reversible, and 
now we verify that a nonintersecting m-tuple oflattice paths obeying the path conditions corresponds 
to a symplectic tableau and an outside decomposition where each path in the nonintersecting m
tuple gives rise to a symplectic tableau of strip shape. The choice of the starting and ending points 
and the restrictions on the steps ensure that the m-tuple corresponds to a diagram of the required 
shape, but we must show that the entries in the tableau obey the column strictness and row weakness 
rules and also the symplectic condition. We begin by ensuring that a lattice path that starts at Pj 
and ends at Qi corresponds to the strips 8i#8j. The proof follows exactly as in Hamel and Goulden 
[8]. Begin with the empty partition. At iteration k, if the kth nonvertical step from the left in the 
lattice path is horizontal ending at ( i, j), then place a box containing j in the symplectic tableau to 
the right of the previous box; if it is diagonal ending at ( i, j), then place a box containing j in the 
symplectic tableau on top of the previous box. The fact that a down-vertical step does not precede 
a horizontal step ensures that a horizontal step is at a height higher than or the same as the step 
just before it. This means the entries in a row of the symplectic tableau are weakly increasing. The 
fact that an up-vertical step does not precede a diagonal step ensures that a diagonal step ends 
at a height strictly lower than the step just before it. This means the entries in a column of the 
symplectic tableau are strictly increasing. Since the symplectic tableau is built by placing boxes 
always to the right or on top, we know the shape is a strip. Moreover, since the starting and ending 
points come from 8j and (Ji, since boxes of the same content correspond to the same type of step, 
and since the # operation is based on boxes of the same content, we know the strip is 8i#8i. 

Now let T(l, j) denote the entry in box (1, j) of the symplectic tableau. We claim T(l, j) < 
T(l + 1,j) and T(l,j) :::; T(l,j + 1). These inequalities are obvious if the boxes in question are in 
the same strip. Suppose they are not. Then the first claim follows from the fact that the paths are 
nonintersecting. To see this, suppose that the step starting at line x = c in path i starts at height 
t. If this step is horizontal, T( 1, j) = t (resp. t), and the step starting at line x = c - 1 but in path 
i + 1 must end at height t (resp. t + 1) or higher to avoid intersection, implying T(l + 1, j) 2: t (resp. 
t + 1). If this step is diagonal, then the box ( l + 1, j) must be in the same strip as ( 1, j), and so 
column strictness is guaranteed by the conditions internal to a path. The second claim follows again 
by the fact that the paths are nonintersecting. To see this, suppose that the step starting at line 
x = c in path i starts at height t (resp. t). If this step is horizontal, T(l,j) = t (resp. t), and the 
step starting at line x = c + 1 but in path i + 1 must start at height t (resp. t + 1) or higher, implying 
T(l, j + 1) ;=:: t (resp. t). If the step is diagonal, T(l, j) = t - 1 (resp. t), and the step starting at 
line x = c + 1 in path i + 1 must start at height t (resp. t) or higher, implying T( l, j + 1) 2: t - 1 
(resp. t). 
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We must verify that both the individual strips and the entire tableau are symplectic. In both 
cases this follows from the left boundary and from the content-based nature both of the symplectic 
condition and the lattice path environment. The left boundary effectively implies that a step between 
lines x = -c and x = -c + 1 must occur at a height of c + 1 or higher, i.e. the corresponding box of 
content -c must contain an integer greater than or equal to c + 1-the symplectic condition. This 
makes the situation clear for entire tableaux and also for individual strips, if we make this additional 
proviso: strips fh and Bj for all i and j are to be considered as retaining their original contents (and 
passing them on to Bi#Bj) and are not to be reinitialized with content 0 for the upper left hand 
corner, so that 

can still satisfy the symplectic condition if the contents of the boxes are, say, 2 and 1 respectively 
and not 0 and -1. The same content-intact provision has also been used previously in the case of 
factorial Schur functions, symmetric functions whose variables are modified by content. See Hamel 
(9]. 

For each horizontal or diagonal step that ends at (i,j), we choose a weight of Xj. For each 
horizontal or diagonal step that ends at (i,J), we choose a weight of xj1 . For each up-vertical or 
down-vertical step, regardless of position, we choose a weight of one. Since there is a one-to-one 
correspondence between lattice paths and symplectic skew tableaux whose shape is a strip, the 
generating function for these lattice paths is the symplectic Schur function for the shape of a strip. 

The proof now follows by the well-known Gessel-Viennot lattice path procedure. To obtain the 
full generality we require, we invoke the broader result of Stembridge (26, Theorem 1.2]. To do this 
we must insure that the only m-tuples of nonintersecting paths from starting points P1, ... , Pm to 
ending points Qi, ... , Qm must connect Pi to Qi for i = 1, ... , m; however, this is routine. Note that 
the introduction of a left boundary does not interfere with the intersecting/nonintersecting properties 
of the lattice paths. As has been demonstrated in Stembridge (26], the underlying structure does not 
have to be a lattice at all, but may be as general a structure as an acyclic digraph. Note additionally 
that although Stembridge does not impose conditions on which steps may follow each other (as we 
do in this proof), his theorem is still applicable since it is stated in terms of generating functions 
and is without reference to specific types of steps allowed. <> · 

We now present two corollaries to Theorem 3.1. One is an identity involving a determinantal 
form which has appeared previously in the literature; the other is a version of Theorem 3.1 for odd 
symplectic groups. 

The literature contains some determinantal forms for Sp(2n), although the subject does not 
appear to be as well-developed as for the classical Schur functions. There are bideterminantal 
forms dating back to Weyl (29] and Littlewood (15] ·and also more recent results due to Proctor 
(22]. Determinantal results in which each matrix element is expressed as a difference of symmetric 
functions can also be found in King (12], El Samra and King (5], Koike and Terada (14], Sagan (23], 
Stembridge (26] and Proctor (21] (22]. In addition El Samra and King (5] give a determinant which 
is a special case of Theorem 3.1 above for an outside decomposition into hooks (a Giambelli-type 
result, see Macdonald (16, p. 30]). 

Corollary 3.3 (El Samra and King [5]) Let .A be a partition. Then 

SP>.= det(sp . ~'.-;(X)). 
>.;-•+1,1 ] 
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Figure 4: An outside decomposition of a skew symplectic tableau and the associated 4-tuple of 
lattice paths. 
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Proof: Theorem 3.1 with outside decomposition 81 = >.1 , 82 = 1 >.~ - 1, 83 = >.2 - 1, 84 = 1 >.~- 2 , ••• , 
82r-1 = Ar - r + 1, 82r = 1 >.~-r where there are r boxes on the main diagonal of>. (i.e. r boxes of 
content 0). o 

A second corollary to Theorem 3.1 concerns the odd symplectic groups as defined by Proctor 
[19]. The odd symplectic tableaux are an easy generalization of the symplectic tableaux we defined 
in Section 1. We generalize Proctor's original definition to skew shape. 

Definition 3.4 An odd symplectic tableau, SPO>..; µ1 of shape >./ µ is a filling of the Ferrers diagram 
of>./µ with the integers 1 < I< 2 < 2 ... < n < n < n + 1 such that 

1. the entries are weakly increasing along the rows and strictly increasing down the columns, 

2. the boxes of content -i contain entries which are greater than or equal to i + 1. 

We can define a Schur-type function for these tableaux. The odd skew symplectic Schur function, 
(x) . th . bl - l - l - l . . b SPO>./µ , m e varia es, x1, x1 , x2, x2 , ••. , Xn, Xn , Xn+1, is given y 

spO)..jµ(X) = I:: IT IT -m('i3°) 
X13 ' 

where the sum is over all odd symplectic tableaux SPO>..; µ of shape >./ µ, the first product is over 
all unbarred integers a in SPO>../µ• the second product is over all barred integers 73 in SPO>./µ• and 
m(a) (resp. m(/3)) is the mulitplicity of a (resp. /3) in SPO>../w 

Corollary 3.5 Let>./µ be a skew shape partition. Then for any outside decomposition, (th, 82, ... , Bm), 
of>./µ, 

SPO>../µ(X) = det(spoo;#8;(X))mxm, 

where spo0 = 1 and spoundefined = O. 

Proof: Use the same lattice path set-up as for Theorem 3.1 with the y-axis labeled 1, I, 2, 2, ... , n, 
n, n + 1. Then Stembridge's generalization [26] of the Gessel-Viennot lattice path argument provides 
the proof, as in Theorem 3.1. o 

The proof of Theorem 3.2 is quite similar to that of Theorem 3.1. Since an so-tableau consists of 
a symplectic tableau adjoined to a (possible discontinuous) strip filled with oo's, the only difference 
between the proofs of Theorem 3.2 and Theorem 3.1 will be accounting for the presence of oo. 
The oo has special characteristics which distinguish it from the integers filling the so-tableau. It 
is permitted to appear twice in the same column but not more than once in each row. This can 
be translated as "oo is inserted row strictly and column weakly." Hence an so-tableau has two 
types of entries, those inserted row weakly and column strictly, and those inserted row strictly and 
column weakly. But this is precisely the arrangement for supersymmetric tableaux, tableaux which 
contain 1, 2, ... forming a row weak, column strict "inside shape,'' and 11

, 2', ... forming a row strict, 
column weak "outside shape." These tableaux can be weighted by Xi for each entry i and Yi for 
each entry i', and supersymmetric Schur functions can be defined using this weighting. Results 
similar to Theorems 3.1 and 3.2 but for supersymmetric Schur functions can also be obtained in 
two different ways, either indirectly by replacing {x1, x2, .. . } by {x1, x2, ... , y1, Y2, .. . } in the main 
result of Hamel and Goulden [8] and applying wy where Wy is the operator wys>..(Y) = S>.1(Y), or 
directly using lattice paths as has been done in Hamel [10]. 

11 



Proof of Theorem 3.2: Label the y-axis with 1, I, 2, 2, ... , n, n, oo. We call heights correspond
ing to any one of 1, I, 2, 2, ... , n, n integer levels. Fix a left boundary as in Theorem 3.1. Define 
lattice paths with five types of permissible steps-the four as in Theorem 3.1, and up-diagonal steps 
from height n to height 00 that increase the x-coordinate by 1 and increase the y-coordinate by 
1. We distinguish between horizontal steps at integer levels and horizontal steps at oo. The steps 
are subject to same restrictions as in Theorem 3.1 plus the following additional restrictions: an 
up-vertical step must not precede a horizontal step at a oo level, and a down-vertical step must not 
precede an up-diagonal step. We also require that all steps between lines x = c and x = c + 1 for all 
c are either 1) horizontal at oo or down-diagonal, or 2) horizontal at integer levels or up-diagonal. 
The determination of whether the steps are of type 1) or 2) is made by the outside decomposition: if 
boxes of content dare approached from the left, then steps between x = d and x = d + 1 must be of 
type 2); if the boxes of content d are approached from below, then steps between x = d and x = d + 1 
must be of type 1). Fix starting points and ending points as in Theorem 3.1 with the adjustment 
that the y-coordinate of the highest points is oo + 1 instead of oo (this is so there is no conflict with 
the oo used here as a symbol). Given an so-tableau of shape A./µ with an ouside decomposition, 
we can construct an m-tuple of nonintersecting lattice paths. For each strip construct a path as 
follows: if a box contains i or I, place a step as in the proof of Theorem 3.1. If a box contains oo, is 
at coordinates (a, b) in the diagram, and is approached from the left in the strip, put an up-diagonal 
step from (a - b, n) to (a - b + 1, oo); if it is approached from below, put a horizontal step from 
(a - b, oo) to (a - b + 1, oo). Connect these steps with vertical steps. It is routine to verify that there 
is a unique way of doing this. 

We verify that an intersecting m-tuple of lattice paths does not correspond to an so-tableau. 
This can be verified by a case-by-case analysis as in Theorem 3.1. Precise details on cases for lattice 
paths with the five distinct types of steps used here can be found in Hamel [10] where decomposition 
results for the Schur Q-functions and supersymmetric functions are proved. 

The construction described above for generating paths given so-tableaux is reversible, and now 
we verify that a nonintersecting m-tuple of lattice paths obeying these conditions corresponds to 
an so-tableau with the given outside decomposition. We begin by ensuring that a lattice path that 
starts at Pj and ends at Qi corresponds to the strip fh#8;. The proof is as follows. Begin with 
the empty partition. At iteration k, if the kth nonvertical step from the left is horizontal or down
diagonal, proceed as in Theorem 3.1. If it is horizontal ending at ( i, oo), then place a box containing 
oo on top of the previous box. If it is up-diagonal ending at (i, oo), then place a box containing oo 
in the so-tableau beside the previous box. As in the proof of Theorem 3.1, the path restrictions 
ensure the entries in a row of the so-tableau are weakly increasing, and integer entries in a column 
of the so-tableau are strictly increasing. Since the so-tableau is built by placing boxes always to 
the right or on top, we know the shape is a strip. Moreover, since the starting and ending points 
come from 8; and ei, since boxes of the same content correspond to the same type of step, and since 
the # operation is based on boxes of the content, we know the strip is 8i#8;. 

Let T(l, j) denote the entry in box (l, j) of the so-tableau. The inequalities T(l, j) ::=; T(l, j + 1) 
and T(l,j) < T(l + 1,j) for T(l,j) integer (row weakness and column strictness) follows from the 
arguments in the proof of Theorem 3.1 and from the fact oo is greater than 1, I, 2, 2, ... , n, n. Now 
consider the case where T(l, j) is oo. We must show T(l, j + 1) does not exist and T(l, j) = T(l+l, j). 
These assertions are obvious if the boxes in question are in the same strip, so suppose they are not. 
Consider T(l,j + 1). Suppose the step in path i starting at line x = c and representing T(l,j) ends 
at height oo. Then the step starting at line x = c + 1 but in path i + 1 must start at a height higher 
than oo to avoid intersection. This is impossible and hence T(l, j + 1) does not exist. Consider now 
T( l + 1, j). Suppose again the step in path i starting at line x = c and representing T( l, j) ends at 
height oo. If this step is horizontal, the step starting at line x = c - 1 but in path i + 1 must end 
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at a height higher than oo to avoid intersection, implying T(l + 1,j) does not exist. If this step is 
up-diagonal, the step starting at the line x = c - 1 but in path i + 1 must end at height oo and 
T(l + 1,J) = oo. 

The verification that the symplectic condition is satisfied for these so-tableaux follows from the 
same argument as in Theorem 3.1. 

For each horizontal or diagonal step that ends at (i,j), we choose a weight of Xj. For each 
horizontal or diagonal step that ends at (i,J), we choose a weight of xj 1. For each horizontal or 
diagonal step that ends at ( i, oo), choose a weight of one. For each up-vertical or down-vertical 
step, regardless of position, we choose a weight of one. Since there is a one-to-one correspondence 
between lattice paths and skew so-tableaux whose shape is a strip, the generating function for these 
lattice paths is the so-Schur function for the shape of a strip. 

The proof now follows as in Theorem 3.1 by Stembridge's generalization of Gessel-Viennot [26, 
Theorem 1.2]. o 

4 Rational Tableaux 

This final section gives determinantal results for rational Schur functions (also called composite 
Schur functions). The tableaux underlying these functions are rational tableaux defined originally 
for standard shape by King [11]. We take a modified version due to Stembridge [25]. First, however, 
we define a new type of shape. A Ferrers diagram of shape Tl /p; .X / µ is defined as follows. Take 
the Ferrers diagram of v / p and reflect it first about a vertical axis along its left perimeter and then 
about a horizontal axis along its top perimeter. Place it to the left of the Ferrers diagram of .X/ µ 
such that the content zero boxes form a continuous diagonal. See the diagrams on the left side of 
Figure 6. 

Definition 4.1 A rational tableau, T;;;-p;>../ µ1 of shape Tl /p; .X/ µ, where we let T;;;-p denote the Tl /p 
portion and T>../µ denote the .X/µ portion and where we let Tv;-p(i,j) (resp. T>..;µ(i,j)) denote the 
entry in box ( i, j) of Tv/p {resp. T>..; µ), is a filling of the Ferrers diagram of shape Tl /p; .X/ µ such 
that 

1. T;;;-p is filled with integers from I< 2 < ... < n. 

2. T>..; µ is filled with integers from 1 < 2 < ... < n. 

3. The entries in T;;;-p strictly decrease in the columns and weakly decrease in the rows. 

4. The entries in T>..; µ strictly increase in the columns and weakly increase in the rows. 

5. IG: T;;;-p(j, 1) ~ii+ l{j: T>..;µ(j, 1) ~ i}I ~ i for 1 ~ i ~ n. 

The skew rational Schur function, s;;;-p;>../µ(X), in the variables, x1, x1 1
, x2, x;- 1

, .•. , Xn, x;;-1, is 
given by 

(x) "'"' II x~(et) II x;m(if), Sv/p;>../µ = L.J ~ ,, 
T,;1-p;~/µ etET~/µ 7f eT,;i-; 
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5 4 1 1 1 1 2 2 2 3 3 I 
I 3 I 3 2 2 2 2 3 3 3 3 4 4 

2 2 2 3 3 I 4 4 4 5 5 6 7 

3 3 4 4 5 5 '6 6 6 

5 6 7 6 6 7 7 

6 7 7 -

--,--,--
1 I I I I 1 1 

1--1--1--
1 1 1 I 

I I I 2 3 2 3 
1--
I 1 1 3 1 1 3 
I 

12 3 4 5 2 2 3 4 5 

2 3 4 

3 4 5 

4 5 6 

5 6 7 

6 7 

7 -

Figure 6: Example of rational tableaux and their complements. 
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-
8 

8 8 7 
5 4 4 4 

14 3 3 2 2 
2 2 3 3 4 I 
4 4 4 5 

7 8 8 

8 
-

l 
1 1 1 1 2 I 
2 2 2 2 
3 4 4 

4 -
Figure 7: Transformation from rational to symplectic tableau. 

where the sum is over all tableaux T17;;;;A(µ of shape v/p; >./µ,the first product is over all unbarred 
integers a in T>./µ• the second product is over all barred integers 7J in Tv;;;, and m(a) (resp. m(/J)) 
is the mulitplicity of a (resp. /J) in TvJP;>./w 

As mentioned in Section 1, the standard shape symplectic tableaux are actually a special case 
of the standard shape rational tableaux. This correspondence has been outlined by Stembridge [25] 
and proceeds as follows. Let TX;>. be a standard shape rational tableau such that, if we ignore the 

bars on elements in Tx and rotate X to the same orientation as >., then Tx = T>., and such that the 
largest entry is less than or equal to 2n + 1. Let T1 be the tableau obtained from T>. by replacing 
2 < 3 < ... < 2n < 2n + 1 by 1 < I < ... < n < n (note T>. will not contain 1 because of restriction 
5 in Definition 4.1). Then T{ satisfies the symplectic condition and is a symplectic tableau. See 
Figure 7. 

Rational tableaux are also related to ordinary tableaux, and a rational tableau gives rise to an 
ordinary tableau in the following manner. Take the complement in 1, 2, ... , n of the entries in each 
column of Tv/p and place these complements to the left of the columns in T>./ µ such that the resulting 
diagram has shape 7/a, where it is most natural to define 1/a in terms of columns: 

1~ _ { n - v~1 -i+l 1 :::; i :::; v1 . 

i- ,\~-Vt V1i+l:::;i:::;v1+A1 

l::=;i:::;v1 
Vt + 1 :::; i :::; Vt +At. 

Call the tableau of shape 7/a the complement of the tableau of shape 'fl/p; >./ µ. See Figure 6. 

It is then obvious that, for n;:::: A.1 +vi, 

(2) 
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I I 
I I 

~-I I 
I I r ~ I -

I 
I I 

I I 

I I - ,_ I I I I I I 

I 
I I I 08 I I I I I 

I 
I I I I 

I I I 
I I 06 ~ 

I I I 

I I I I es 
I I 

I I ~ 04 

Figure 8: Example of a columns-first outside decomposition. 

where s'"t/a(X) is the ordinary skew Schur function of shape 1/0: as defined in Macdonald (16] or 
Sagan (24]. 

A special case of (2) is 
(3) 

We can use (2) and (3) and the main result of Hamel and Goulden (8] to prove a dete~minantal 
result, Theorem 4.3, for rational Schur functions. However, this result does not apply to all outside 
decompositions, but only to those having the form described in the next definition (see Figure 8). 
The restriction to such outside decompositions is a restriction necessitated by a transformation 
performed in the proof, and it is likely that a more general form of Theorem 4.3-one as general as 
Theorems 3.1 and 3.2-can be proved. 

Definition 4.2 A columns-first outside decomposition ( B1 , •.. , Bm) of shape v /p; >../ µ is an out
side decomposition such that Bl = 11~ 1 - p~1 , B2 = 11~1 _1 - p~1 _ 1, ... , Bv1 = 11{ - Pi and such that 
( Bv1 +l • ... , Bm) is an outside decomposition of>../µ where the only strip allowed to start in the first 
column of>../µ is the strip starting in the (>..i, 1) box. 

Given any columns-first outside decomposition of Tl /p; >../ µ there is a related outside decom
position, Be, of the complement, 1/0:, where strips Bf = 1n/Bi for 1 :::; i :::; 111 and Bf = Bi for 
111 + 1 :::; i :::; m. 

Theorem 4.3 Let Tl /p; >../ µ be a shape. Then for any columns-first outside decomposition (Bl, ... , Bm) 
ofTJ/p; >../ µ and corresponding outside decomposition (BL ... , B~) of 1/0:, 

( 

(sl"/(6f#6j)(X))i9::;v1;l::5j::5v1 

s;; /p;>./ µ (X) = <let ... 

( 81" /(6~#6'j)~;(6~#6'j)/(6~#6'j)~ (X) )v1+1::5i::5m,1::5f ::5v1 

where (Bf #Bj)i is the first column of Bf #Bj. 
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Proof: From Theorem 3.1 of Hamel and Goulden [8], the following identity holds: 

8'Y/a(X) = det (8e;#9;(X)). (4) 

Apply (2) to the left hand side of ( 4); apply (3) to each of the first v1 columns on the right hand 
side of (4). The result follows. o. 

An example can be found in Figure 9. The determinants corresponding to the outside decompo-
sition in Figure 9 are as follows (note s1k = 0 fork> n). 

8111111 s11111 8111 811 1 0 0 0 
81111111 8111111 81111 8111 81 0 0 0 
0 81111111 811111 81111 811 1 0 0 

8987542 = <let 
0 0 8111111 811111 8111 s1 1 0 
0 0 82111111 8211111 82111 821 82 0 
0 0 842111111/1 84211111/1 842111/l 8421/l 842/l 83 

0 0 81111111 8111111 81111 811 81 0 
0 0 0 0 822111/1 8221/1 S22/l 81 

sy 8IT 81111 811111 1 0 0 0 
1 8f sm 81111 81 0 0 0 
0 1 srr srrr 811 1 0 0 

842'·5431 = <let 
0 0 sr 8IT s111 s1 1 0 

' 0 0 s0;1 81;1 82111 821 S'}, 0 
0 0 80;31 81;31 842111/l 8421/l 842/1 83 

0 0 1 8f 81111 Su 81 0 
0 0 0 0 822111/l 8221/1 S22/1 S1 

The following corollary due to Balankentin and Bars [1] for standard shape has been proved by 
Cummins and King [4] using the same complementing transformation technique as in the proof of 
Theorem 4.3. 

Corollary 4.4 Let ii; >. be a shape. Then 

Proof: Theorem 4.3 with outside decomposition fh = v[ for 1 ::.:; i ::.:; V1 and 8; = >.~1 -i for 
V1+1 :Si :S ,\1 + V1. ¢ 

18 

A.M. Hamel 
Dept. of Mathematics and Statistics 

University of Canterbury 
Christchurch, New Zealand 

amh@math.canterbury.ac.nz 



I I 
I 
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I 1 1 1 1 2 2 2 3 3 I 

I 
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I 
I 

I 
... 1 I I I -

I I I I 
2 2 ·3 3 3 3 4 4 

I 
I I I 

T I 08 I ' 
I 4 4 4 5 5 6 7 

I 
I I l l 

I I I 
' 

I 06 ~ 5 5 6 6 6 
I I I 

I I I I as 6 6 7 7 
I l 

I I 03 04 7 7 

01 02 
pl p2 P3 P4 Ps p6 P7 Q1 Pg Q8 Q6 . . . . . . >J" . . . 

7 . . 
6. 

5 • 

.4 • 

3 • 

2 . 

1 • 

Ql Q2 Q3 Q4 Qs 

Figure 9: An outside decomposition of the complement of a rational tableau and a corresponding 
8-tuple of lattice paths. 

19 



References 

[1] A.B. Balantekin and L Bars, Representations of supergroups, J. Math. Phys. 22 (1981), 1810-
1818. 

[2] G. Benkart and J. Stroomer, Tableaux and insertions schemes for spinor representations of the 
orthogonal Lie algebra so(2r + 1, C), J. Combin. Theory A 57 (1991), 211-237. 

[3] A. Berele, A Schensted-type correspondence for the symplectic group, J. Combin. Theory A 43 
(1984), 320-328. 

[4] C.J. Cummins and R.C. King, Composite Young diagrams, supercharacters of U(M/N) and 
modification rules, J. Phys. A 20 (1987), 3121-3133. 

[5] N. El Samra and R.C. King, Reduced determinantal forms for characters of the classical Lie 
groups, J. Phys. A. 12 (1979), 2305-2315. 

[6] L Gessel and G.X. Viennot, Determinants, paths, and plane partitions, preprint. 

[7] LP. Goulden and D.M. Jackson, Combinatorial Enumeration, Wiley, New York, 1983. 

[8] A.M. Hamel and LP. Goulden, Planar Decompositions of Tableaux and Schur Function Deter
minants, University of Waterloo Research Report CORR 94-09. 

[9] A.M. Hamel, Algebraic and Combinatorial Methods for Symmetric and Supersymmetric Func
tions, Ph.D. Dissertation, University of Waterloo, Waterloo, Ont. Canada. April 1994. 

[10] A.M. Hamel, Pfaffians and determinants for Schur Q-functions, University of Canterbury Re
search Report No. 111 (1994). 

[11] R.C. King, Generalized Young tableaux and the general linear group, J. Math. Phys. 11 (1970), 
280-293. 

[12] R.C. King, Modification rules and products of irreducible representations of the unitary, orthog
onal, and symplectic groups, J. Math. Phys. 12 (1971), 1588-1598. 

[13] R.C. King, Weight multiplicities for the classical groups, in Lecture Notes in Physics, Vol. 50, 
pp. 490-499, Springer-Verlag, New York, 1975. 

[14] K. Koike and L Terada, Young-diagramatic methods for the restriction of representations of 
complex classical Lie groups to reductive subgroups of maximal rank, Adv. in Math 79 (1990), 
104-135. 

[15] D.E. Littlewood, The Theory of Group Characters, 2nd ed., Oxford Univ. Press, Oxford, 1950. 

[16] LG. Macdonald, Symmetric Functions and Hall Polynomials, Oxford Univ. Press, Oxford. 1979. 

[17] S. Okada, A Robinson-Schensted-type algorithm for S0(2n, C), J. Algebra 143 (1991), 334-372. 

[18] S. Okada, Robinson-Schensted-type algorithms for the spinor representations of the orthogonal 
Lie algebra so(2n, C), J. Algebra 158 (1993), 155-200. 

[19] R. Proctor, Odd symplectic groups, Invent. Math. 92 (1988), 307-332. 

[20] R. Proctor, A Schensted algorithm which models tensor representations of the orthogonal group, 
Canad. J. Math. 42 (1990), 28-49. 

20 



[21] R. Proctor, A generalized Berele-Schensted algorithm and conjectured Young tableaux for in
termediate symplectic groups, Trans. Amer. Math. Soc. 324 (1991), 655-692. 

[22] R. Proctor, Young tableaux, Gelfand patterns, and branching rules for classical groups, J. Alge
bra 164 (1994), 299-360. 

[23] B.E. Sagan, The ubiquitous Young tableau, in Invariant Theory and Tableau, !MA Volumes 
in Mathematics and its Applications, No. 19, Dennis Stanton ed., Springer-Verlag, New York, 
1990, 262-298. 

[24] B.E. Sagan, The Symmetric Group: Representations, Combinatorial Algorithms, and Symmet
ric Functions, Wadsworth & Brooks/Cole, Pacific Grove, Calif. 1991. 

(25] J .R. Stembridge, Rational tableaux and the tensor algebra of gln, J. Combin. Theory A 46 
(1987), 79-120. 

(26] J.R. Stembridge, Nonintersecting paths, pfaffians and plane partitions, Adv. in Math. 83 (1990), 
96-131. 

[27] S. Sundaram, The Cauchy identity for Sp(2n), J. Combin. Theory A 53 (1990), 209-238. 

[28] S. Sundaram, Orthogonal tableaux and an insertion algorithmforS0(2n+l), J. Combin. Theory 
A 53 (1990), 239-285. 

[29] H. Weyl, The Classical Groups, 2nd ed., Princeton Univ. Press, Princeton, 1946. 

21 



 
 
    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -2.85, 645.00 Width 594.58 Height 200.73 points
     Mask co-ordinates: Horizontal, vertical offset 556.53, -3.81 Width 57.08 Height 843.83 points
     Mask co-ordinates: Horizontal, vertical offset 231.17, 436.65 Width 41.86 Height 25.69 points
     Mask co-ordinates: Horizontal, vertical offset 432.85, 393.84 Width 14.27 Height 20.93 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     -2.854 644.9952 594.5797 200.7301 556.5266 -3.8102 57.0797 843.8276 231.1726 436.6544 41.8584 25.6858 432.854 393.8447 14.2699 20.9292 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     0
     22
     0
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: all pages
     Mask co-ordinates: Horizontal, vertical offset 525.13, -3.81 Width 75.15 Height 845.73 points
     Mask co-ordinates: Horizontal, vertical offset -5.71, 738.23 Width 530.84 Height 107.50 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         AllDoc
              

       CurrentAVDoc
          

     525.1328 -3.8102 75.1549 845.7302 -5.7079 738.2253 530.8408 107.5 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     22
     21
     22
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 196.36, 457.05 Width 44.51 Height 19.64 points
     Mask co-ordinates: Horizontal, vertical offset 356.07, 9.99 Width 68.73 Height 90.98 points
     Mask co-ordinates: Horizontal, vertical offset 43.85, 142.21 Width 24.87 Height 39.27 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     196.3645 457.0456 44.5093 19.6364 356.0743 9.989 68.7276 90.9822 43.8547 142.2078 24.8729 39.2729 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     2
     22
     2
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 401.24, 726.72 Width 16.36 Height 13.75 points
     Mask co-ordinates: Horizontal, vertical offset 358.04, 737.19 Width 18.98 Height 10.47 points
     Mask co-ordinates: Horizontal, vertical offset 89.02, 351.01 Width 9.82 Height 11.13 points
     Mask co-ordinates: Horizontal, vertical offset 270.98, 372.61 Width 29.45 Height 15.05 points
     Mask co-ordinates: Horizontal, vertical offset 345.60, 265.92 Width 18.98 Height 15.05 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     401.2381 726.7195 16.3637 13.7455 358.0379 737.1922 18.9819 10.4728 89.0186 351.0087 9.8182 11.1273 270.983 372.6088 29.4547 15.0546 345.6015 265.9174 18.9819 15.0546 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     3
     22
     3
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 231.17, 708.73 Width 36.15 Height 33.30 points
     Mask co-ordinates: Horizontal, vertical offset 58.98, 509.91 Width 91.33 Height 124.62 points
     Mask co-ordinates: Horizontal, vertical offset 356.75, 485.17 Width 41.86 Height 39.96 points
     Mask co-ordinates: Horizontal, vertical offset 485.18, 578.40 Width 81.81 Height 100.84 points
     Mask co-ordinates: Horizontal, vertical offset 344.38, 32.34 Width 59.93 Height 43.76 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     231.1726 708.7341 36.1505 33.2964 58.9823 509.9067 91.3275 124.6239 356.7478 485.1721 41.8584 39.9557 485.177 578.4023 81.8142 100.8407 344.3806 32.3402 59.9336 43.7611 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     22
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 415.64, 690.72 Width 53.02 Height 67.42 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     415.6382 690.7193 53.0184 67.4185 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     22
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 515.13, 356.25 Width 9.16 Height 11.13 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     515.1295 356.2451 9.1637 11.1273 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     22
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 135.49, 323.52 Width 5.89 Height 5.24 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     135.4915 323.5177 5.8909 5.2364 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     4
     22
     4
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 328.21, 335.81 Width 67.54 Height 52.32 points
     Mask co-ordinates: Horizontal, vertical offset 155.07, 283.49 Width 9.51 Height 10.46 points
     Mask co-ordinates: Horizontal, vertical offset 191.22, 31.39 Width 41.86 Height 66.59 points
     Mask co-ordinates: Horizontal, vertical offset 325.35, 53.27 Width 20.93 Height 39.00 points
     Mask co-ordinates: Horizontal, vertical offset 521.33, 241.63 Width 24.73 Height 20.93 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     328.208 335.8137 67.5443 52.323 155.0664 283.4907 9.5133 10.4646 191.2168 31.3889 41.8584 66.5929 325.354 53.2694 20.9292 39.0045 521.3275 241.6323 24.7345 20.9293 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     5
     22
     5
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 0.95, 26.63 Width 36.15 Height 47.57 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     0.9514 26.6323 36.1504 47.5664 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     6
     22
     6
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 451.64, 591.88 Width 20.95 Height 44.51 points
     Mask co-ordinates: Horizontal, vertical offset 333.17, 644.25 Width 24.22 Height 18.33 points
     Mask co-ordinates: Horizontal, vertical offset 382.26, 643.59 Width 14.40 Height 7.85 points
     Mask co-ordinates: Horizontal, vertical offset 439.20, 691.37 Width 26.84 Height 27.49 points
     Mask co-ordinates: Horizontal, vertical offset 121.09, 546.72 Width 34.04 Height 43.20 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     451.6384 591.8825 20.9455 44.5093 333.1651 644.2464 24.2183 18.3273 382.2562 643.5918 14.4001 7.8546 439.2019 691.3739 26.8365 27.491 121.0914 546.7187 34.0365 43.2002 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     7
     22
     7
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 347.57, 727.37 Width 9.82 Height 7.20 points
     Mask co-ordinates: Horizontal, vertical offset 3.93, 467.52 Width 30.76 Height 75.27 points
     Mask co-ordinates: Horizontal, vertical offset 400.58, 17.84 Width 52.36 Height 59.56 points
     Mask co-ordinates: Horizontal, vertical offset 509.89, 328.10 Width 5.24 Height 16.36 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     347.5652 727.374 9.8182 7.2 3.9273 467.5183 30.7637 75.273 400.5836 17.8436 52.3639 59.5639 509.8932 328.0995 5.2364 16.3637 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     8
     22
     8
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 30.76, 265.92 Width 30.76 Height 32.07 points
     Mask co-ordinates: Horizontal, vertical offset 379.64, 29.63 Width 77.89 Height 73.31 points
     Mask co-ordinates: Horizontal, vertical offset 327.27, 157.92 Width 9.82 Height 7.85 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     30.7638 265.9174 30.7637 32.0729 379.638 29.6255 77.8913 73.3094 327.2742 157.9169 9.8182 7.8546 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     9
     22
     9
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 233.02, 446.57 Width 14.40 Height 29.45 points
     Mask co-ordinates: Horizontal, vertical offset 65.45, 458.35 Width 24.22 Height 31.42 points
     Mask co-ordinates: Horizontal, vertical offset 501.38, 537.55 Width 26.18 Height 48.44 points
     Mask co-ordinates: Horizontal, vertical offset 284.73, 246.94 Width 52.36 Height 34.69 points
     Mask co-ordinates: Horizontal, vertical offset 310.26, 27.01 Width 40.58 Height 28.80 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     233.0192 446.5728 14.4001 29.4547 65.4548 458.3546 24.2183 31.4183 501.384 537.555 26.1819 48.4366 284.7285 246.9355 52.3639 34.691 310.2559 27.0073 40.582 28.8002 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     10
     22
     10
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 518.40, 233.19 Width 8.51 Height 19.64 points
     Mask co-ordinates: Horizontal, vertical offset 316.15, 37.48 Width 41.24 Height 25.53 points
     Mask co-ordinates: Horizontal, vertical offset 128.29, 36.17 Width 36.65 Height 24.87 points
     Mask co-ordinates: Horizontal, vertical offset 508.58, 534.28 Width 7.85 Height 12.44 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     518.4023 233.19 8.5091 19.6365 316.1469 37.48 41.2365 25.5274 128.2915 36.171 36.6547 24.8729 508.5841 534.2823 7.8546 12.4364 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     22
     11
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 19.64, 2.13 Width 246.76 Height 72.65 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     19.6365 2.1345 246.7647 72.6548 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     12
     22
     12
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 193.09, 493.05 Width 10.47 Height 7.20 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     193.0918 493.0457 10.4728 7.2 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     13
     22
     13
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 282.11, 384.39 Width 10.47 Height 5.89 points
     Mask co-ordinates: Horizontal, vertical offset 320.73, 389.63 Width 18.33 Height 11.13 points
     Mask co-ordinates: Horizontal, vertical offset 34.69, 28.97 Width 155.78 Height 104.07 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     282.1104 384.3907 10.4727 5.8909 320.7287 389.6271 18.3273 11.1273 34.691 28.9709 155.7825 104.0732 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     13
     22
     13
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 198.33, 627.88 Width 142.69 Height 79.85 points
     Mask co-ordinates: Horizontal, vertical offset 192.44, 657.99 Width 15.05 Height 8.51 points
     Mask co-ordinates: Horizontal, vertical offset 373.09, 504.83 Width 25.53 Height 75.27 points
     Mask co-ordinates: Horizontal, vertical offset 10.47, 550.65 Width 62.84 Height 147.27 points
     Mask co-ordinates: Horizontal, vertical offset 186.55, 437.41 Width 130.91 Height 42.55 points
     Mask co-ordinates: Horizontal, vertical offset 329.24, 224.03 Width 22.25 Height 15.71 points
     Mask co-ordinates: Horizontal, vertical offset 304.37, 337.26 Width 25.53 Height 32.07 points
     Mask co-ordinates: Horizontal, vertical offset 276.22, 186.06 Width 15.71 Height 15.71 points
     Mask co-ordinates: Horizontal, vertical offset 146.62, 22.43 Width 38.62 Height 73.96 points
     Mask co-ordinates: Horizontal, vertical offset 450.98, 155.30 Width 39.27 Height 29.45 points
     Mask co-ordinates: Horizontal, vertical offset 44.51, 226.64 Width 37.96 Height 19.64 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     198.3282 627.8827 142.6915 79.8549 192.4372 657.9919 15.0546 8.5091 373.0926 504.8276 25.5274 75.2731 10.4728 550.646 62.8366 147.2734 186.5463 437.4091 130.9097 42.5456 329.2378 224.0264 22.2546 15.7091 304.365 337.2632 25.5274 32.0729 276.2194 186.0626 15.7092 15.7092 146.6188 22.4255 38.6183 73.9639 450.9838 155.2988 39.2729 29.4547 44.5093 226.6445 37.9638 19.6365 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     14
     22
     14
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 504.66, 639.01 Width 32.73 Height 126.98 points
     Mask co-ordinates: Horizontal, vertical offset 403.86, 727.37 Width 33.38 Height 24.22 points
     Mask co-ordinates: Horizontal, vertical offset 272.29, 701.19 Width 18.98 Height 35.35 points
     Mask co-ordinates: Horizontal, vertical offset 243.49, 481.92 Width 75.93 Height 63.49 points
     Mask co-ordinates: Horizontal, vertical offset 413.02, 528.39 Width 48.44 Height 37.31 points
     Mask co-ordinates: Horizontal, vertical offset 378.98, 505.48 Width 43.20 Height 33.38 points
     Mask co-ordinates: Horizontal, vertical offset 206.18, 344.46 Width 128.95 Height 81.16 points
     Mask co-ordinates: Horizontal, vertical offset 148.58, 332.03 Width 72.00 Height 62.84 points
     Mask co-ordinates: Horizontal, vertical offset 244.80, 442.65 Width 11.13 Height 20.95 points
     Mask co-ordinates: Horizontal, vertical offset 291.27, 424.32 Width 18.98 Height 28.15 points
     Mask co-ordinates: Horizontal, vertical offset 169.53, 312.39 Width 28.80 Height 18.33 points
     Mask co-ordinates: Horizontal, vertical offset 13.09, 9.33 Width 73.96 Height 78.55 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     504.6568 639.01 32.7274 126.9824 403.8563 727.374 33.382 24.2183 272.2921 701.1921 18.9819 35.3456 243.492 481.9184 75.9276 63.4912 413.02 528.3913 48.4366 37.3093 378.9835 505.4821 43.2002 33.382 206.1827 344.4632 128.946 81.164 148.5825 332.0268 72.0003 62.8366 244.8011 442.6455 11.1273 20.9456 291.274 424.3181 18.9819 28.1456 169.528 312.3904 28.8001 18.3273 13.0909 9.3345 73.964 78.5458 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     15
     22
     15
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 22
     Trim: none
     Shift: move down by 72.00 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1207
     245
     Fixed
     Down
     72.0000
     0.0000
            
                
         Both
         2
         SubDoc
         22
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     16
     22
     21
     21
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 2 to page 22
     Trim: none
     Shift: move up by 72.00 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     1207
     245
     Fixed
     Up
     72.0000
     0.0000
            
                
         Both
         2
         SubDoc
         22
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     11
     22
     21
     21
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 1.90, 781.99 Width 595.53 Height 58.03 points
     Mask co-ordinates: Horizontal, vertical offset 178.85, 763.91 Width 76.11 Height 18.08 points
     Mask co-ordinates: Horizontal, vertical offset 361.50, 717.30 Width 65.64 Height 66.59 points
     Mask co-ordinates: Horizontal, vertical offset 148.41, 642.14 Width 35.20 Height 83.72 points
     Mask co-ordinates: Horizontal, vertical offset 296.81, 600.28 Width 19.98 Height 25.69 points
     Mask co-ordinates: Horizontal, vertical offset 127.48, 489.93 Width 83.72 Height 86.57 points
     Mask co-ordinates: Horizontal, vertical offset 407.17, 24.73 Width 57.08 Height 46.62 points
     Mask co-ordinates: Horizontal, vertical offset 12.37, 65.64 Width 58.03 Height 91.33 points
     Mask co-ordinates: Horizontal, vertical offset 408.12, 496.59 Width 39.96 Height 114.16 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     1.9026 781.9863 595.5311 58.031 178.8496 763.9111 76.1062 18.0752 361.5045 717.2961 65.6416 66.5929 148.4071 642.1412 35.1991 83.7168 296.8142 600.2828 19.9779 25.6859 127.4779 489.9288 83.7168 86.5708 407.1682 24.7296 57.0797 46.6151 12.3672 65.6367 58.031 91.3274 408.1195 496.5881 39.9558 114.1593 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     16
     22
     16
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 371.02, 672.58 Width 8.56 Height 9.51 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     371.0177 672.5837 8.562 9.5133 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     16
     22
     16
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 102.74, 41.85 Width 147.46 Height 61.84 points
     Mask co-ordinates: Horizontal, vertical offset 281.59, 35.19 Width 85.62 Height 42.81 points
     Mask co-ordinates: Horizontal, vertical offset 374.82, 63.73 Width 65.64 Height 56.13 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     102.7434 41.8535 147.4558 61.8363 281.593 35.1942 85.6195 42.8098 374.8231 63.734 65.6416 56.1284 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     17
     22
     17
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 391.95, 583.16 Width 110.35 Height 174.09 points
     Mask co-ordinates: Horizontal, vertical offset 355.80, 586.96 Width 56.13 Height 72.30 points
     Mask co-ordinates: Horizontal, vertical offset 358.65, 672.58 Width 25.69 Height 14.27 points
     Mask co-ordinates: Horizontal, vertical offset 40.91, 544.15 Width 104.65 Height 46.62 points
     Mask co-ordinates: Horizontal, vertical offset 67.54, 173.14 Width 10.46 Height 16.17 points
     Mask co-ordinates: Horizontal, vertical offset 527.04, 240.68 Width 21.88 Height 27.59 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     391.947 583.1589 110.354 174.093 355.7965 586.9642 56.1283 72.3009 358.6505 672.5837 25.6858 14.2699 40.9071 544.1544 104.646 46.6151 67.5443 173.1367 10.4646 16.1725 527.0355 240.681 21.8805 27.5885 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     17
     22
     17
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 462.77, 719.52 Width 18.33 Height 16.36 points
     Mask co-ordinates: Horizontal, vertical offset 5.89, 464.25 Width 54.33 Height 100.80 points
     Mask co-ordinates: Horizontal, vertical offset 435.93, 504.17 Width 5.24 Height 5.24 points
     Mask co-ordinates: Horizontal, vertical offset 498.11, 409.92 Width 17.02 Height 11.13 points
     Mask co-ordinates: Horizontal, vertical offset 161.67, 357.55 Width 9.82 Height 8.51 points
     Mask co-ordinates: Horizontal, vertical offset 107.35, 400.75 Width 15.71 Height 20.29 points
     Mask co-ordinates: Horizontal, vertical offset 242.84, 358.21 Width 13.75 Height 13.09 points
     Mask co-ordinates: Horizontal, vertical offset 108.00, 114.06 Width 192.44 Height 100.15 points
     Mask co-ordinates: Horizontal, vertical offset 5.24, 4.75 Width 258.55 Height 86.40 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     462.7657 719.5194 18.3273 16.3637 5.8909 464.2456 54.3275 100.8004 435.9292 504.173 5.2364 5.2364 498.1113 409.9181 17.0183 11.1273 161.6734 357.5542 9.8182 8.5091 107.3459 400.7544 15.7092 20.291 242.8374 358.2087 13.7455 13.091 108.0005 114.0622 192.4372 100.1459 5.2364 4.7526 258.5466 86.4004 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     18
     22
     18
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 327.93, 342.50 Width 20.95 Height 15.05 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     327.9287 342.4996 20.9456 15.0546 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     18
     22
     18
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 145.31, 572.25 Width 386.84 Height 251.35 points
     Mask co-ordinates: Horizontal, vertical offset 447.71, 318.28 Width 93.60 Height 108.66 points
     Mask co-ordinates: Horizontal, vertical offset 242.18, 491.08 Width 9.82 Height 22.91 points
     Mask co-ordinates: Horizontal, vertical offset 411.06, 301.92 Width 41.24 Height 68.07 points
     Mask co-ordinates: Horizontal, vertical offset 32.07, 324.17 Width 47.78 Height 130.26 points
     Mask co-ordinates: Horizontal, vertical offset 452.95, 108.17 Width 60.87 Height 77.89 points
     Mask co-ordinates: Horizontal, vertical offset 132.22, 53.19 Width 81.82 Height 62.84 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     145.3097 572.2461 386.8381 251.3466 447.7111 318.2813 93.6004 108.655 242.1829 491.0821 9.8182 22.9092 411.0564 301.9176 41.2365 68.073 32.0729 324.1722 47.782 130.2551 452.9474 108.1713 60.873 77.8913 132.2188 53.1892 81.8185 62.8367 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     19
     22
     19
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 3.27, 735.23 Width 606.11 Height 109.31 points
     Mask co-ordinates: Horizontal, vertical offset 547.86, -2.45 Width 58.91 Height 828.66 points
     Mask co-ordinates: Horizontal, vertical offset 441.42, 715.39 Width 51.37 Height 32.35 points
     Mask co-ordinates: Horizontal, vertical offset 442.37, 21.88 Width 97.04 Height 76.11 points
     Mask co-ordinates: Horizontal, vertical offset 521.33, 225.46 Width 28.54 Height 48.52 points
     Mask co-ordinates: Horizontal, vertical offset 1.90, 3.80 Width 66.59 Height 735.38 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     3.2728 735.2286 606.1117 109.3096 547.857 -2.4474 58.9093 828.6582 441.416 715.3934 51.3717 32.3451 442.3673 21.8756 97.0354 76.1062 521.3275 225.4597 28.5398 48.5177 1.9026 3.8004 66.593 735.3762 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     20
     22
     20
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 506.11, 448.07 Width 12.37 Height 9.51 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     506.1063 448.0704 12.3672 9.5133 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     20
     22
     20
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset -5.71, 762.96 Width 619.31 Height 82.77 points
     Mask co-ordinates: Horizontal, vertical offset 568.89, -3.81 Width 41.86 Height 833.36 points
     Mask co-ordinates: Horizontal, vertical offset 28.54, 117.96 Width 549.87 Height 329.16 points
     Mask co-ordinates: Horizontal, vertical offset 294.91, 22.83 Width 69.45 Height 51.37 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     -5.7079 762.9598 619.3142 82.7655 568.8939 -3.8102 41.8584 833.363 28.5399 117.9597 549.8673 329.1593 294.9115 22.827 69.4469 51.3717 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     21
     22
     21
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 335.78, 630.50 Width 15.05 Height 9.82 points
     Mask co-ordinates: Horizontal, vertical offset 266.40, 624.61 Width 13.09 Height 7.85 points
     Mask co-ordinates: Horizontal, vertical offset 383.57, 507.45 Width 8.51 Height 4.58 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     335.7833 630.5009 15.0546 9.8182 266.4012 624.6099 13.091 7.8546 383.5653 507.4458 8.5091 4.5818 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     21
     22
     21
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 224.51, 589.26 Width 6.55 Height 5.24 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     224.5101 589.2643 6.5455 5.2364 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     21
     22
     21
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 131.28, 704.93 Width 49.47 Height 39.96 points
     Mask co-ordinates: Horizontal, vertical offset 18.08, 639.29 Width 23.78 Height 46.62 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         CurrentPage
              

       CurrentAVDoc
          

     131.2832 704.9289 49.469 39.9557 18.0752 639.2873 23.7832 46.6151 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     1
     22
     1
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 10.07, 698.24 Width 601.25 Height 140.93 points
     Mask co-ordinates: Horizontal, vertical offset 186.69, 705.56 Width 16.47 Height 0.92 points
     Mask co-ordinates: Horizontal, vertical offset 194.01, 533.52 Width 196.76 Height 172.05 points
     Mask co-ordinates: Horizontal, vertical offset 382.53, 518.88 Width 20.13 Height 11.90 points
     Mask co-ordinates: Horizontal, vertical offset 201.33, 455.73 Width 22.88 Height 17.39 points
     Mask co-ordinates: Horizontal, vertical offset 21.05, 599.41 Width 51.25 Height 108.90 points
     Mask co-ordinates: Horizontal, vertical offset -9.15, 485.01 Width 64.06 Height 125.37 points
     Mask co-ordinates: Horizontal, vertical offset 72.30, 130.86 Width 35.69 Height 95.17 points
     Mask co-ordinates: Horizontal, vertical offset 79.62, 23.78 Width 131.78 Height 156.49 points
     Mask co-ordinates: Horizontal, vertical offset 529.87, 126.28 Width 60.40 Height 78.70 points
     Mask co-ordinates: Horizontal, vertical offset 542.68, 452.07 Width 69.55 Height 267.22 points
     Mask co-ordinates: Horizontal, vertical offset 566.47, 206.81 Width 73.21 Height 248.92 points
     Origin: bottom left
      

        
     1
     0
     BL
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     10.0665 698.2428 601.2477 140.9317 186.6888 705.564 16.4725 0.9151 194.0099 533.5174 196.7553 172.0465 382.529 518.8752 20.1331 11.8968 201.3311 455.7304 22.8785 17.3877 21.0482 599.4076 51.2479 108.9018 -9.1514 485.015 64.0599 125.3743 72.2961 130.8553 35.6905 95.1747 79.6172 23.7838 131.7803 156.4891 529.8667 126.2797 60.3993 78.7021 542.6786 452.0699 69.5507 267.2212 566.4724 206.8121 73.2113 248.9184 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     14
     22
     14
     1
      

   1
  

    
   HistoryItem_V1
   AddMaskingTape
        
     Range: current page
     Mask co-ordinates: Horizontal, vertical offset 304.74, 355.98 Width 21.05 Height 32.03 points
     Origin: bottom left
      

        
     1
     0
     BL
    
            
                
         Both
         11
         CurrentPage
         17
              

       CurrentAVDoc
          

     304.742 355.98 21.0482 32.03 
      

        
     QITE_QuiteImposingPlus3
     Quite Imposing Plus 3.0e
     Quite Imposing Plus 3
     1
      

        
     14
     22
     14
     1
      

   1
  

 HistoryList_V1
 qi2base





