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1 Introduction and statements of the results

The aim of this note is to complete the characterization of the weighted
homogeneous Besov spaces by means of solutions of the heat equation on
R, which was initiated in [2]. We retain all the notations and terminologies
in {1, 2] to which the reader is referred also for background and references to
related works in the literature.

In [2, Theorem 1'] we proved that

o0 Y
”f“E(s,w,p,q) <C </0 (tk—s/2 ”(a/at)k (W * f)”p,w>q %) 7 (1)

for any f € &', where w € Ay, 0 < p < 0, 0< ¢g< 00,5 €R,k
is a non-negative integer greater than s/2, W(z) = (4t)~"/2e~1el’/4 is the
Gauss-Weierstrass kernel on R’j_"‘l, and as usual, we use C, c¢,...to denote
positive constants whose values might change from one occurrence to the
next one; they might depend on the parameters s, p, ¢, k,..., but not on the
distribution f. If a constant depends also on f, we use subscript to denote
this dependence, e.g., C/.



For the opposite direction to (1), in the same quoted theorem, we had
to assume that w is furthermore in My. In this note we shall remove this
restriction. Namely, we shall prove the following result.

Theorem If f € B;;;” and k is a non-negative integer greater than s/2 +
max(0,1/p — 1,1/q — 1), then there is a polynomial P such that

(fom (#0708 W (7 = PN 0 ) %) " < Ol limnn - @)

REMARK. Though we have removed the restriction w € My, we have intro-
duced a new restriction on the range of k in the case either p < 1 or ¢ < 1.
This new restriction is, however, more satisfactory than the other, as it does
not depend on the weight function w, and the result in the Theorem is suffi-
cient for our study of the integrability of the Fourier transform on weighted
spaces in [3].

REMARK. In the paper [9], H. Triebel has studied various equivalent quasi-
norms on the unweighted Besov and Triebel-Lizorkin spaces. His method was
based on a rather sharp multiplier’s criterion for spaces of analytic functions
of exponential type. It would be an interesting problem to find out how much
of his results can be extended to the present weighted case.

2 Lemmata

In the proof of the Theorem we shall need a number of Lemmata.

Lemma 1 Lets < 0, and assume that u is a temperature on R+ for which

o0 —s th l/q
ol = ( (710t 0,0) ) < o

Then there exist p > 0 and f € S’ such that u = W, * f, and

[ (2, 5)] < C l[ullyupq #7721 +1)™22(1 + [a])™ (3)
for all (z,t) € RI*. Consequently, f is in B3®,
”f”B(s,w,p,q) S C ”u”%wfpﬂ’ (4)

and the semi-group formula holds for u, i.e., u(-,r +t) = Wy x u(-,r) for all
r,t > 0.



PrOOF. The proof of (3) and the existence of f is similar to that of the
sufficient part of [2, Proposition 7(i)] (cf. (29) of [2] for (3)), while (4) follows
from (1). The semi-group formula holds for u because v = W, * f.

Lemma 2 Let s <0, and let T;”,;" denote the space of all temperatures u on
R+ for which

1/q
w0/ 9 dt
”U”T(a,w,p,q) = (/0 ,/\t o2 ”u(',t)”H(p,w)) T) < %

Then T%Y 45 a quasi-Banach space.
e .

Proor. First we note that, if u € T;,;;” , then, as

s )l < Nl Ol oy
for all ¢ > 0 (by Lebesgue differentiation theorem), we see that

”u”s,w,p,q S ”u”T(s,w,p,q) : (5)
Next, observe that an equivalent quasi-norm on H? is given by

= o],

pw

N9/l g pw) = [5uP W, * g
p>0

for g € &'. This is the quasi-norm on Hf, which we shall use in the rest of
this note. By (5) and Lemma 1, the semi-group formula holds for u, so that

”u(‘;t)”fr(p,w) < ”U(',P)”H(p,w) ) t>p>0.
This implies that

“u“j'(a,w,p,oo) = stlig t_8/2 ”u(',t) ”H(p,w) "<" C I[uI]T(~9yw,Pﬂ) (6)

for 0 < ¢ € co. (From which it follows that T;,;;" - T;;;", 0<qg<r <o,
but we do not need this embedding in our note.)

It is obvious that “'“T(a,w,p,q) is a quasi-norm. We next prove that T;”;”

is complete. Let (u;) be a Cauchy sequence in TI;”';” . Then (5) and (3) imply
that (u;) converges uniformly on each compact subset of R%*!, so that the
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limit function u is a temperature on R%*!. Furthermore, u;(-,t) converges
to u(-,t) in S’ for each t > 0. On the other hand, from (6) we deduce that
for each ¢, (u;(-,t)) is a Cauchy sequence in H? and thus must converge to
an element in HP. Since HE C &' (continuous embedding), we conclude that
u;(+,t) converges to u(-,t) in HE for each ¢ > 0. Fatou’s lemma then implies
that u; converges to u in T7’. The proof of the lemma is thus complete.

Lemma 3 If P is a non-zero polynomial and 0 < p < oo, then ||P||,,, = .

PROOF. As P is non-zero, there exist 4 > 0 and an unbounded cone D C R"
such that |P(z)] > 8 for every z in D. In D we can choose a sequence of
closed cubes (I;) whose interiors are mutually disjoint such that each |I;] > 1,
and such that there exists M > 0 for which U2, ¥ = R", where I7 is the
cube I; expanded M-times.

Next, since w € Ay, w satisfies the reverse Holder’s inequality, i.e., there
exists 7, 1 < r < o, such that

1/r
I—%/Iw(a:) dr > C (ﬁr—l/jw(x)r da:)

for all cubes I (cf. [4, Theorem IV]). It follows that

IPlEw = ﬂp/Dw(a:) dx

> f7 ) w(ly)
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where we have used the well-known fact that w”™ € A, which implies that
Jr» w(2)" dz = o0, and

/? w(z)" dz < C’M“‘f w(z)" dz

I

for some & > 0 (cf. [6, Chapter IV] for properties of weight functions). The
proof of the lemma is complete.

3 Proof of the Theorem

Let f € B8 W We retain all the notations in the proof of Theorem 1’ in {2,
pp. 60— 62] The proof there relied on the representation

o0

f—P= lim > Wixf+Pn) ind,

j=—m
where deg(P,) < Ny for all m, and in that proof we had used the equation
(8/8t)F (W, % Pp) = Wy % (=AY P, = 0.

In the present case, we do not have control of Ny, but if we assume that
k > N/2, then the above equation holds. A close inspection of the proof in
[2] quoted above shows that the inequality

. /g
( /0 (tk—s/2”(3/at)k(Wt*(f—P))”H(p,w))q'(?'> < Crllflsmpa (7

holds for all k& > max(s/2, Ns/2). The dependence of C; on f comes from
the fact that various constants appearing in the proof depend on & (and
hence implicitly on f). Fix a non-negative integer & which satisfies the above
condition. We shall prove (7) for (k—1) (with possibly a different polynomial
P) if
F—1>s/2+max(0,~ —1,% 1)
p q

and so on until we reach the desired given k in the Theorem. (Note that (7)

for (k 4 1) follows from the result for k¥ by noticing that
16/ 0t) (W * 9)law) < Ct Il atm)
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by [1, Lemma 4.6].)

To prove the above assertion, let v = (8/8t)*(W; * (f — P)) and u =
(8/8t)F~1 (W, * (f — P)). As v = (8/8t)u, we see that, for 0 < t; < t2 and
z € R",

(e, t1) — u(z, ta)| < [2 lo(z, 7)| dr

1

< C, /tz r=E=3/2) dr 5
i

as t1,t2 — 00, by (3) and the condition k — 1 > s/2. It follows that
lim u(z,t) = ¢(z)

t—o0

exists for every x € R™. Now since
u(z,t) = —/0 v(z,r +1t)dr + ¢(z), (8)

and both u and the integral on the RHS of (8) are temperatures, ¢ is harmonic
in R™. By [5, Theorem 17] and (3) we can find M > 0 for which

l$(z)| < C(1+ )™

for all z € R™. This implies that ¢ must be a harmonic polynomial. By a
result in {7, Proof of Proposition, p.299] we have W; x ¢ = ¢ for all t > 0,
and by (8, Chapter IV, Proof of Theorem 2.1] we can find a polynomial Q
such that (—A)F1Q = ¢, so that

¢ = (0/0t)F L (W, * Q).

If we replace P by P + Q, then v is unchanged ((3/0t)*(W, * Q) = W, *
(—A)¢ = 0), and for this new P, (8) implies the relation

u(z,t) = — /0 oz, +1) dr (9)

for every z € R™ and ¢t > 0. Let u(z) = u(z,t) and v(z) = v(z,t). Then
the semi-group formula and (9) imply that

u(a) Stof (@) + [ vi (o) dr, (10)
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where gt (z) = sup,sq |W, * g(z)| for g € S’. We consider two cases.
Case 1: 1 < p < 0.
Integrating (10) and using Minkowski’s inequality we obtain

(o «]
ey < tloeligy + [ Ioelaoy (11)

If ¢ > 1, then Hardy’s inequality implies that

o qdt 1/q
k—1-—~3/2 hatd
</0‘ (t ”vt”H(p,w)) ¢ )
oo s q dt /g

< Cf ||f“}_’?(s,w,p,q)

by (7) for k. (See [8, Chapter V, Lemma 3.14 for Hardy’s inequality].)
Assume next that 0 < ¢ < 1. As the estimate for the first term in the
RHS of (11) is obvious, we need only estimate the second term. Noting that

vy (z) < of (z), (12)

for r > ¢t > 0 by the semi-group formula, and discretizing the integral in r,
we obtain

© ( k=1-s/2 [ 7 dt
/0 (t ’ /t lvell 2oy dr) ry

d
< / k=1 ’/2)q<th||”1t||}r(p,w)> t
<J+)/ dr) dt
< C / #lk=s/2)q / "
= Z it/2 ”H(”’“’)t ¢

_ dt
0 [ (7% ) ol

e - g dr
= [T (* o) =

where we have used Fubini’s theorem and the condition ¥ —1 > s/2+(1/q —
1). The proof in the case 1 < p < oo is thus complete.
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Case 2: 0<p< 1.
Again we only estimate the second term in the RHS of (10). Using (12)
to discretize the integral in r, we get

I(z) = /too vf(z)dr < itv;(x),

so that
o0 l/P
e < t(z nvﬁn';m,,w)) .
Jj=1

If 0 < ¢ £ p, then, similar to the proof in the case 1 < p < oo and
0 < ¢ <1 given above, we have

s dt\ M

tk=1=s/2)q)i g 2~

( J 1712, 5
o=} 2r dt 1/q

q (k—s/2)q

c(/o uvrng(,,,w)(/o t tQ)dr)
o0 7 dr\/*

! k—s/2 heddl

o ([ (Pl ) %)

because k — 1 > s/2 + (1/q — 1) by our assumption.
On the other hand, if p < ¢, then by using again the discretization of the
integral, we obtain

00 q gt p/q
h=1=s/2)( w) av
([ (i)
/q
0 0 dr\ " gt \”
< 1(k=s/2)q / A I
< C(/o o ol 5 ) 3
-~ - a/p it p/q
B (k=3/2)a-a/ a
= C (/0 t q”(/t ”v,“’l’{(p,w)dr) t)
S q /e
< o ([ ulagm) £)
0

by Hardy’s inequality as k — 1 — s/2 > 1/p — 1 by our assumption.

IA
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Since Cy in (7) depends on f, what we have proved is that, for any non-
negative integer k > s/2 + max(0,1/p — 1,1/q — 1), there is a polynomial
P such that

q l/q
§’5> <o (1)

([ (= Jorenyowes (s - P,,.,)" 3

To complete the proof of the Theorem, we shall verify the inequality in
quasi-norm in (2). Assume first that —s/2 > max(0,1/p — 1,1/¢ — 1), and
we shall prove (2) for k£ = 0; the inequality for £ > 0 then follows from [1,
Lemma 4.6] as at the beginning of Section 3. In this case (k = 0) we claim
that the polynomial P for which (13) holds is unique. For if @ is another
such polynomial, then we deduce that

[Wex (P -Q)

|P:w <o

for every t. Fixing a ¢ and noticing that W, x (P — Q) is a polynomial,
we derive from Lemma 3 that W, x (P — Q) = 0, so that P = Q. Thus,
W, % (f — P) in (13) depends only on the equivalent class of f in B;;;”. It
follows that . )
BBy — T
given by Ef = W, x (f — P) is well-defined and is a linear map.
We next show that E has closed graph. Let f, fj,..., be in By’ such

that f; — f in B;:}I” and u; = Ef; = Wyx(f; — P;)) = v in T;g”. Lemma 1
and (5) imply that u = W, * g for some g € B;;;”. It then follows from (1)

that

15 = supg = 15 = Pi = 9l mma)
< Cllu; — u“T(s,w,P,Q) !

so that f =g in B;;;”, i.e., there exists a polynomial P such that g = f — P,
oru =W, (f — P) = Ef. Thus the graph of E is closed. It follows from
the closed graph theorem that E is continuous, and hence there is C > 0 for
which

”Ef”fi‘(s,w,p,q) S C ”f“B(SﬂU,P»‘I)

forall f € B;;}I", which is (2) in this case.
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In the general case, let f € BS and k > s/2+max(0,1/p — 1,1/¢ — 1).
Then, as (—A)*f is in B3Z?** and

—(s — 2k)/2 > max(0,1/p — 1,1/q — 1),
the result in the previous case yields a polynomial @ for which
[ x (~a) £ - Q) < )0 M 50-2tmp0
S C ”f”é(s,w,p,q) :

By [8, Chapter IV, Proof of Theorem 2.1], we can find a polynomial P such
that (—A)*P = Q. This fact and the above inequality imply the desired
result (2). The proof of the Theorem is thus complete.

T(s—2k,w,p,q)

The results in this paper were obtained during my stay at University of New
South Wales and Flinders University from mid-January to mid-March 1993.
The writing was done when I was at Washington University. I wish to thank
my colleagues at these institutions, in particular, Tony Dooley, Garth Gaudry
and Mitch Taibleson, for their hospitality and support.
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