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ABSTRACT. This paper concerns 2-dimensional (topological locally compact connect
ed) Minkowski planes. It uses a construction of J. J ak6bowski (4) of Minkowski planes 
over half-ordered fields and applies it to the field of reals. This generalizes a construc
tion by A. Schenkel (7) of 2-dimensional Minkowski planes with 3-dimensional kernel. 
It is shown that most planes in this family of Minkowski planes have 0-dimensional 
and even trivial automorphism groups. 

1. Introduction and notation 

A Minkowski plane M = (P, K, {II+, II-}) consists of a set of points P, a set of 
at least two circles K (considered as subsets of P) and two equivalence relations 
II+ and II- on P (parallelisms) such that three pairwise non-parallel points (that is, 
neither (+)-parallel nor (-)-parallel) can be joined by a unique circle, such that the 
circles which touch a fixed circle I< at p E I< partition P \ IPI (where IPI = IPI+ U I PI
denotes the union of the two parallel classes of p ), such that each parallel class meets 
each circle in a unique point (parallel projection), such that each (+)-parallel class 
and each (-)-parallel class intersect in a unique point, and such that there is a circle 
that contains at least three points (compare [7]). A topological Minkowski plane is 
a Minkowski plane in which the point set P and the set of circles K carry topologies 
such that the geometric operations of joining, touching, the parallel projections, 
intersecting parallel classes of different type, and intersecting circles are continuous 
operations on their domains of definition (see [7]). A topological Minkowski plane is 
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called (locally) compact, connected, or finite-dimensional if the point space has the 
respective topological property. According to [5, 2.3] a compact connected finite
dimensional Minkowski plane can only be of dimension 2 or 4. Whereas there are 
many models of 2-dimensional Minkowski planes (see [7], [2], (9] and [1]) no other 
4-dimensional Minkowski plane than the plane over the complex numbers is known 
yet. In this note we consider 2-dimensional (compact connected) Minkowski planes 
exclusively. 

The classical model of a 2-dimensional Minkowski plane is obtained as the ge
ometry of non-trivial plane sections of a ruled quadric in the real projective 3-
dimensional space. In this case the topologies on the point set and the set of circles 
are induced from the surrounding projective 3-space. 

Each circle and each parallel class of a 2-dimensional Minkowski plane is home
omorphic to the 1-sphere § 1 and the point space of such a plane homeomorphic to 
§ 1 x § 1. The space of circles is homeomorphic to PGL(2,~) and has two connected 
components. Conversely, a Minkowski plane with point space homeomorphic to 
§ 1 x § 1 is a topological 2-dimensional plane if each circle and each parallel class 
is homeomorphic to § 1, cf. [7, Satz 4.4]. Each such Minkowski plane M can be 
represented as follows. The point set of M is § 1 x § 1, parallel classes are of the 
form { x0 } x § 1 and § 1 X {Yo} for x 0 , y0 E § 1• Each circle K of M can be described 
by a continuous function fK : § 1 --+ § 1 as 

The axiom of parallel projection shows that each function f K is a homeomorphism 
of § 1 . The axiom of joining implies that the collection of all those homeomorphisms 
f K is a sharply 3-transitive set of permutations of § 1. If we use this representation, 
we say that the Minkowski plane is in standard representation. Conversely, each 
such incidence structure constructed from a sharply 3-transitive set of permutations 
of § 1 is equivalent to a more general hyperbola structure, that is, all axioms of a 
Minkowski plane are satisfied except the axiom of touching. 

Associated withevery point p of M there is an incidence structure, called the 
derived affine plane Ap = ( Ap, .Cp) at p, whose point set Ap consists of all points of 
M that are not parallel to p and whose set of lines .Cp consists of all restrictions to 
Ap of circles of M passing through p and of all parallel classes not passing through 
p. Indeed, M is a Minkowski plane if and only if all incidence structures Ap are 
affine planes. 

Each automorphism of a 2-dimensional Minkowski plane is continuous. The 
group r = Aut(M) of all automorphisms of M carries the compact-open topology. 
r is a Lie group of dimension at most 6 in this topology; cf. [7, Satze 5.6, 5.7] or 
[8]. Moreover, r has two distinguished closed normal subgroups 

T± = {! E rj x II± 1(x) for all x E P}, 

called the kernels. Each kernel can be at most 3-dimensional. 
The classical real Minkowski plane was characterized by A. Schenkel [7, Kor. 5.9, 

Satz 5.10] by the following 
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1.1. Theorem. A 2-dimensional Minkowski plane M is isomorphic to the classical 
real Minkowski plane if and only if any one of the following holds: 

(1) one of the normal subgroups T± is 3-dimensional and at least one derived 
plane is Desarguesian; 

(2) the automorphism group of M is at least 5-dimensional. 

2-dimensional Minkowski planes with 4-dimensional automorphism groups were 
also classified by A. Schenkel [7, Satz 5.11]. For r, 8 E JR+ let fr,s be the orientation
preserving homeomorphism of § 1 c::: lR U { oo} defined by 

{ 

X r, if X E JR, X :2: 0 

fr,s(x)= -81xlr, ~fxEIR,x<O. 

oo, If X= 00 

1.2. Theorem. A 2-dimensional Minkowski plane admitting a 4-dimensional au
tomorphism group is isomorphic to M(fr,b id) for some r > 0, see 2.1 below for 
this type of planes, or it is isomorphic to a Minkowski plane M ( r 1 , 81; r 2 , 8 2 ), where 
r 1 , 8 1 , r 2 , 8 2 E lR +, of the following form: the plane is in standard representation and 
the circle set of M ( r1, 8 1 ; r 2 , 82) consists of all Euclidean lines extended by the point 

(oo, oo) and the sets {(x, frt,•ta(x-b) + c)l X E §
1

} and {(x, fr 2 ,.~(x-b) + c)l X E §
1

} 

for all a E JR+, b, c E IR, where we use the convention c!:, = 0 and a· oo + b = oo for 
all a,b E IR, a=/= 0. 

The planes M(r1,8 1;r2,82) generalize Hartmann's [2] construction of 2-dimen
sional Minkowski planes, which in the above notation are the planes M(r1, 1; r 2 , 1). 

In this note we investigate a family of Minkowski planes most of which have 
0-dimensional and even trivial automorphism groups. These planes were first con
structed by J. J ak6bowski in a slightly different form (and more generally over 
half-ordered fields, cf. [4]) and are generalization of the planes with 3-dimensional 
kernel obtained by A. Schenkel. Although most of the following carries over to the 
general setting over half-ordered fields, we restrict ourselves to the real situation. 

2. The Minkowski planes M(f,g) 

In the remainder of this note let~ denote the projective linear group PGL(2,1R), 
that is, the quotient group formed by the general linear group GL(2,1R) of real 
2 X 2 matrices modulo the non-zero scalar matrices. Each element of ~ can be 

represented by a 2 x 2 matrix (: ~), ad- be =I= 0, which operates on the set 

of 1-dimensional subspaces of IR 2 like the fractional linear mapping x f---+ ~:t~ on 
§ 1 = lR U { oo}. We further denote the subgroup PSL(2,1R) by 6.. This is a normal 
subgroup of index 2 in ~. In the natural operation of ~ on § 1 given above 6. 
·consists of orientation-preserving homeomorphisms of § 1 whereas ~ \ 6. consists of 
orientation-reversing homeomorphisms of § 1 . It is well known that ~ is a sharply 
3-transitive permutation group of § 1 . 
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2.1. The incidence structures M(f, g). 
Let f and g be two orientation-preserving homeomorphisms of § 1 . We define 

K, f,g = ~ u g-1(L: \~)f. 

M(f, g) is the following incidence structure. The point set of M(f, g) is § 1 X §1, 

parallel classes are of the form {x0 } x § 1 and § 1 x {y0 } for x 0 , y0 E § 1 . The set of 
circles of M (!,g) is K J,g, that is, circles are of the form 

{ (X'!( X)) I X E § 
1

} 

for 1 E ~ U g-1(L: \~)f. 
f = g = id yields the classical real Minkowski plane. When g = id each mapping 

(x, y) t-t (x, 8(y)) for 8 E ~ is an automorphism of M(f, id). This shows that 
M (!, id) has a 3-dimensional kernel r+. Conversely, A. Schenkel proved in [7, Satz 
5.9] 

2.2. Theorem. A 2-dimensional Minkowski plane admitting a 3-dimensional k
ernel is isomorphic to a plane M(f, id) as in 2.1 for some orientation-preserving 
homeomorphism f of§1. 

The planes M(f,g) also comprise, up to isomorphisms, all semiclassical2-dimen
sional Minkowski planes. These are planes whose point set is the union of two open 
connected subsets and certain circles and parallel classes which form the common 
boundary of both open sets and such that as few as possible circles and parallel 
classes are used. The induced topology and geometry on each open subset is iso
morphic to the topology and geometry of the classical real Minkowski plane on a 
corresponding set. So the construction of semiclassical planes can be imagined as 
two halves of a classical plane being pasted together along certain circles or parallel 
classes. In the above notation the semiclassical 2-dimensional Minkowski planes are 
precisely the planes M(/t,q, id) for some q > 0. They are obtained by pasting along 
two parallel classes of the same type. 

In order to prove that M (!,g) is a 2-dimensional Minkowski plane we need a well
known lemma that allows us to recognize orientation-preserving homeomorphisms 
of § 1 by the number of their fixed points. 

2.3. Lemma. Let ¢; be a homeomorphism of § 1 . Suppose that ¢; fixes either at 
least three points or precisely one point. Then ¢; is orientation-preserving. 

Proof. Since~ is transitve on § 1 = ~U { oo} and because conjugation by any homeo
morphism preserves the original orientation, we may assume that oo is a fixed point 
of ¢>. Then ¢> induces a homeomorphism ¢>' of ~. Such a homeomorphism is ei
ther strictly increasing or strictly decreasing. The former case corresponds to an 
orientation-preserving homeomorphism of § 1 . In the latter situation ¢> 1 comes from 
an orientation-reversing homeomorphism of § 1 . The assumptions made about ¢> im
ply that ¢>' fixes either at least two points or no point of~. Obviously, in the former 
case ¢>' must be strictly increasing, and consequently, ¢> is orientation-preserving. 
In the latter case ¢>' cannot be strictly decreasing because such a homeomorphis
m of ~ must have a fixed point by the intermediate value theorem. Hence, ¢; is 
orientation-preserving in both cases. 0 
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2.4. Corollary. IC J,g is a sharply 3-transitive set of permutations of §I. 

Proof. Let Xi,Yi E JR, i = 1,2,3, such that the Xi's and also the Yi's are pairwise 
distinct. By the 3-transitivity of I: on §I we find a, a' E I: with a( Xi) = Yi and 
a'(J(xi)) = g(yi) fori= 1,2,3. Since a-Ig-Ia'f fixes the three points XI, x2, x3, 
this mapping must be orientation-preserving by Lemma 2.3. Hence a and g-Ia' f 
are either both orientation-preserving or both orientation-reversing. Since f and g 
are orientation-preserving, the orientations of g-Ia' f and a' agree. Hence, a and 
a' are either both in b. or both in I: \ b.. This shows that there is precisely one 
element in D. U g-I(L: \ D..)f that maps Xi to Yi fori= 1, 2, 3- namely, a, if it is in 
b., or g-Ia'J, if a E I:\ D.. 0 

2.5. Corollary. If two distinct circles in ICJ,g described by 1 and 1' touch each 
other, then 1 and 1' are either both orientation-preserving or both orientation
reversmg. 

Proof. Since the circles described by 1 and 1' touch each other, ~-II' has precisely 
one fixed point. The conclusion then follows from Lemma 2.3. 0 

2.6. Theorem. M (f, g) is a 2-dimensional Minkowski plane. 

Proof. By Corollary 2.4 the incidence structure M(f, g) is a hyperbola structure in 
standard representation. To verify that M(f, g) is a Minkowski plane we only have 
to verify the axiom of touching. Given a circle 1 E IC J,g, we know from Corollary 
2.5 that a circle through (XI, Y1) that touches 1 at ( xo, Yo) is necesarily described by 
a 1' of the same orientation as I· So, if 1 E b. then 1' E b. too and 1' can uniquely 
be found in the classical real Minkowski plane. Similarly, if 1 E g-1 (L: \ D..)J, i.e. 
1 = g -I a f for a E I:\ b., then a' E I: \D. can be uniquely found in the classical real 
Minkowski plane as the circle through (f( x1 ), g(y1)) that touches a at (!( xo ), g(yo) ). 
Then 1' = g -l a' f describes the circle through ( x1, Y1) that touches 1 at ( xo, Yo). 
This shows that there is a unique circle through ( x1, Y1) that touches 1 at ( xo, Yo). 

Obviously, each parallel class is homeomorphic to § 1. Since each circle is de
scribed as the graph of a continuous bijection of § 1, each circle is also homeomorphic 
to § 1. Hence M(f, g) is a (topological compact) 2-dimensional Minkowski plane by 
[7, Satz 4.4]. 0 

2. 7. Remark. a) Substituting f and g by 15 f and 15' g respectively for 15, 15' E b. does 
not alter the circle set, that is, M(f,g) = M(15f,8'g). Since b. is sti112-transitive 
and because the stabilizer b.x,y of two points x, y is transitive on each connected 
component of § 1 \ { x, y}, we may assume, if necessary, that f and g both fix oo, 1 
and 0. 

b) The homeomorphism § 1 --+ § 1 : (x,y) 1--+ (y,x) defines an isomorphism from 
M(f,g) to M(g,f); cf. Theorem 3.14. A circle Kn T E Mf,g, is mapped to Kr-t 
and r- 1 E Mg,J· 
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3. Automorphisms of M(f,g) 

3.1. Let rf,g denote the automorphism group of M(f,g). An automorphism 1 E 
r,,g has the form (x,y) f-+ (a(x),,B(y)) or the form (x,y) f-+ (a(y),,B(x)) for two 
homeomorphisms a, ,8 of § 1 depending on whether 1 maps (+)-parallel classes to 
(+)-parallel classes and (-)-parallel classes to (-)-parallel classes or exchanges ( + )
and (-)-parallel classes. In the former case, 1 maps a circle J{ r, T E K J,g, to I< f3rcct. 

In the latter case, J{ n T E K J,g, is taken to I< {3r-t ex- 1. 

Since the circle space has two connected components (namely, ~ and g-1p:::; \ 
~)!), 1 can either fix both components or interchange these components. In sum
mary, we obtain four possible cases: 

(1) ( x, y) ~-+ (a( x ), ,B(y)) is an automorphism that preserves ( + )- and (-)
parallel classes and fixes each of the two connected components of the circle 
space if and only if ,B~a- 1 <;;;; ~ and g,Bg-1("£, \ ~)(faj-1 )-1 <;;;; "£, \ ~. 

(2) (x,y) ~-+ (a(x),,B(y)) is an automorphism that preserves(+)- and(-)
parallel classes and exchanges the two connected components of the circle 
space if and only if g,B~(fa)- 1 <;;;;"£,\~and ,Bg-1("£, \ ~)(af-1 )-1 <;;;; ~. 

(3) (x,y) ~-+ (a(y),,B(x)) is an automorphism that exchanges(+)- and(-)
parallel classes and leaves each connected component of the circle space 
invariant if and only if ,B~a- 1 <;;;;~and g,BJ-1("£, \ ~)(fag- 1 )-1 <;;;; "£, \ ~. 
(Note that ~ - 1 = ~ and("£\ ~)- 1 = "£, \ ~.) 

( 4) ( x, y) ~-+ ( a(y ), ,8( x)) is an automorphism that exchanges the two connected 
components of the circle space and also exchanges ( + )- and (-)-parallel 
classes if and only if g,B~(fa)- 1 <;;;;"£,\~and ,Bj-1 ("£ \ ~)(ag- 1 )-1 <;;;; ~. 

The following Lemma shows that these conditions severely restrict the possible 
forms of a and ,8. 

3.2. Lemma. Let e = {x f-+ X+ tIt E ~}:::; ~. We assume that </J8'1j;-1 <;;;;"£,for 
two homeomorphisms </J, 'ljJ o£§1 . Then </J, 'ljJ E "£,, 

Proof. Replacing <P and 'ljJ by a</J and by r'l/J respectively for suitable a, T E "£, we 
may assume that <P and 'ljJ both fix oo, 1 and 0. For each t E ~ there then exist 
at, bt, Ct, dt E ~' atdt - btCt =f. 0, such that 

for all x E § 1 . Evaluating both sides at x = oo and x = 0 gives us Ct = 0 and 
~ = <fJ(t). Fort= 0 we then obtain <P(x) = J!'l/J(x). Evaluating at x = 1 yields 
J! = 1 and thus <P = '1/J. Let at = J!-· Then 

<P(x + t) = at<P(x) + <P(t) 

for all x, t E ~. Since the left-hand side is symmetrical in x and t, we find that 

at = I<P(t) + 1 
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for some constant 1 E JR. Since at =/:. 0 for all t E IR, we must have 1 = 0. (Otherwise 
t 0 = <,P- 1 (-~) is defined and at 0 = 0.) Hence at= 1 is constant. Therefore the 
restriction of <,b to IRis additive. So <,b = '1/J = id (note that <,6(1) = 1). In particular, 
<,b, ¢ E ~. 0 

Since a8 is a coset of 8 entirely contained in ~ \ ~ for a E ~ \ ~ one readily 
obtains 

3.3. Corollary. 

(1) (x,y) r-+ (a(x),(3(y)) is an automorphism that preserves(+)- and(-)
parallel classes and fixes each of the two connected components of the circle 
space if and only if a E ~ n f-1 ~J, (3 E ~ n g-1 ~g, and (3a- 1 E ~ (equiv
alently, (3a- 1 is orientation-preserving). 

(2) (x,y) r-+ (a(x),(3(y)) is an automorphism that preserves(+)- and(-)
parallel classes and exchanges the two connected components of the circle 
space if and only if a E f- 1 ~n~j, (3 E g-1 ~n~g, and (3a- 1 E g- 1 (~\~)f 
(equivalently, (3a- 1 is orientation-reversing). 

(3) (x,y) r-+ (a(y),(3(x)) is an automorphism that exchanges(+)- and(-)
parallel classes and leaves each connected component of the circle space 
invariant if and only if a E ~ n f- 1 ~g, (3 E ~ n g-1 ~J, and (3a- 1 E ~ 
(equivalently, (3a- 1 is orientation-preserving). 

(4) (x,y) r-+ (a(y),(3(x)) is an automorphism that exchanges the two connected 
components of the circle space and also exchanges ( + )- and (-)-parallel 
classes if and only if a E f- 1 ~n~g, (3 E g-1 ~n~j, and (3a- 1 E g- 1 (~\~)f 
(equivalently, (3a- 1 is orientation-reversing). 

3.4. Up to conjugation in ~' closed connected subgroups of~ are of the following 
form. 

3-dimensional subgroups. Obviously, there is only one such subgroup. This is 
the group~. 

2-dimensional subgroups. According to Brouwer's classification of locally com
pact, connected, transitive and effective transformation groups of § 1 , cf. (6, Hilfs
satz 1.9], a closed connected subgroup 2-dimensional cannot be transitive. So, each 
such subgroup is contained in the stabilizer of one point. Hence it is conjugate to 
L2 = { x r-+ ax + b I a, b E IR, a > 0}. 

!-dimensional subgroups. Such a subgroup can either act transitively on § 1 or 
it has a fixed point. In the former case the subgroup must be isomorphic to S02 (IR) 
and so be a maximal compact subgroup of~. Furthermore, all maximal compact 
subgroups are conjugate to each other; cf. (3, Lemma 3.12]. In the latter case the 
subgroup is isomorphic to IR and is, up to conjugation, a subgroup of L2 (with 
fixed point oo ). Furthermore, this subgroup then can either act transitively on 
IR = § 1 \ { oo} or have a second fixed point. Hence, there are three differnt types of 
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closed connected 1-dimensional subgroups. 

(1) subgroups transitive on § 1: each such subgroup is conjugate to 

x cost- sin t 
n = {x f-t • It E JR,O ~ t < 271'} ~ SOz(JR); 

x sm t +cost 

(2) subgroups fixing precisely one point: each such subgroup is conjugate to 

e = { x f-t x + t 1 t E JR} ~ JR; 

(3) subgroups fixing precisely two points: each such subgroup is conjugate to 

A= {x f-+ rx IrE JR,r > 0} ~JR. 

3.5. Lemma. Let n = {x f-t X C?S t-sin t I t E JR 0 < t < 271'} < 6 and assume that x sm t+cos t ' - -
¢>n¢>- 1 ~I: for a homeomorphism¢> of§1. Then¢> E E. 

Proof. Let Pt denote the mapping x f-+ ~~t::.;~~~~· Since ¢>n¢>-1 ~ S02(JR) is con
jugate to n in 6 and because automorphisms of n can be obtained by conjugation 
in I:, there is a a E I: such that <I>Pt = apw- 1 ¢> for all t E JR. Let 7/J = a- 1 ¢>. Then 
7/J commutes with D elementwise, that is, 7/Jpt = Pt7/J for all t E JR. Evaluating both 

' t _ 0 ' ·'·( t t) _ t/J(O)-tan t h t · .t,.::... ( 1 7/J(O)) mappmgs a x - gtves us '+' - an - t/J(O) tan t+1, t a Is, '+'- -7/J(O) 1 
describes a member of I:. In particular, ¢> = a7/J E I:. 0 

3.6. Lemma. Let A = { x f-+ rx I r E JR, r > 0} ~ 6 and assume that ¢>A¢> - 1 ~ I: 
for a homeomorphism¢> of§1. Then¢> E Efp,q for some p, q E JR+. 

Proof. Without loss of generality we may assume that ¢>fixes oo, 1 and 0. For each 
r E JR+ there exist an br, Cr, dr E JR, atdt- btCt =/= 0, such that 

for all x E § 1. Evaluating both sides at x = oo, x = 0 and x = 1 gives us Cr = br = 0 
and ¢>(r) = t· Then 

</>(rx) = </>(r)</>(x) 

for all x, r E JR, r > 0. Hence, ¢> = /p,q (as defined after Theorem 1.1) for some 
p,q E JR+. 0 

3.7. The connected component r},
9 

of the identity of rf,g consists of mappings of 
the form 3.3.(1). We define the projections 11'1, 11'2 by 7l'I(r) = ()! E I: n f-12::/ and 
?l'z(l) = (3 E I: n g- 1 I:g where 1 is described by a and (3 as in 3.3.(1). These are 
continuous homomorphisms from r},

9 
to I:. Since 11'i(r1

) is connected it follows 
that a E 6 n f-16/ and (3 E 6 n g- 16g. So 7l'i maps r},g to 6. Moreover, r},

9 
can 

be identified with a subgroup of 6 X 6. More precisely, r},g "'11'1(r},g) X 7l'z(r},g)• 
This proves the following 
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Lemma. (x,y) 1-+ (a(x),(3(y)) defines an automorphism of M(f,g) in the con
nected component of the identity if and only if a and (3 belong to the connected 
component of the identity of 6 n f- 16f and 6 n g- 16g respectively. In particular, 
dim r J,g = dim (6 n f- 16f) + dim (6 n g- 16g). 

3.8. Corollary. The following are equivalent. 

(1) f or g belongs to 6; 
(2) M(f, g) has a 3-dimensional kernel; 
(3) r J,g is at least 3-dimensional; 
( 4) at least one of 6 n f- 16f or 6 n g- 16g is 2-dimensional; 
(5) 6 n f- 16f or 6 n g-16g contains a subgroup conjugate toe or ton (see 

3.4 for these subgroups). 

Proof. Iff or g belongs to 6 then M(f,g) is a plane with 3-dimensional kernel by 
Remark 2. 7 and Theorem 2.2. Obviously, (2) implies (3). 

Suppose that dim r},
9 
~ 3. Then at least one of 6 n f- 16f or 6 n g- 16g must 

be of dimension at least 2 by Lemma 3. 7. Without loss of generality assume that 
dim 6 n g- 16g ~ 2. According to the list given in 3.4 either 6 n g-16g = 6 or 
the connected component of the identity of 6 n g-16g is conjugate to L2 • In both 
cases 6 n g-1 6g contains a subgroup conjugate to e. 

Now suppose that 6 n g-16g contains a subgroup conjugate to 8 or n. Then 
g E I; by Lemma 3.2 and Lemma 3.5 respectively. Furthermore, g E 6 since g is 
orientation-preserving. D 

Let So,= be the collection of all homeomorphisms of § 1 of the form fr,s with 
r, s E JR+. We then define S = 6S0 ,=· Also let 1{+ be the collection of all 
orientation-preserving homeomorphisms of § 1 . With this notation we obtain 

3.9. Theorem. The automorphism group of a Minkowski plane M(f, g) is 

- 6-dimensional if and only if J, g E 6; 
- 4-dimensional if and only iff E 6, g E S \ 6 or g E 6, f E S \ 6; 
- 3-dimensional if and only iff E 6, g E 1{+ \ S or g E 6, f E H+ \ S; 
- 2-dimensional if and only if j, g E S \ 6; 
- 1-dimensional if and only iff E S \6, g E 1{+ \SorgE S \6, f E 1{+ \ S; 
- 0-dimensional if and only if j, g E 1{+ \ S. 

Proof. By Corollary 3.8 a plane M(f, g) has an automorphism group of dimension 
at least 3 if and only if f or g belongs to 6. In this case M(f, g) is isomorphic to 
a plane M(h, id) where his one of the homeomorphisms for g (the other being in 
6). Now by Theorem 1.2 and Remark 2.7 the automorphism group of M(h, id) is 
3-dimensional unless h is of the form 6fr,l for some r > 0. In the latter case, the 
automorphism group is 4-dimensional if r # 1. For r = 1 one obtains the classical 
real Minkowski plane, which has a 6-dimensional automorphism group. 

Suppose that dim r J,g = 2. Then neither 6 n f- 16f nor 6 n g-16g can be 
2-dimensional and neither contains a subgroup conjugate to 8 or n by Corollary 
3.8. Therefore, both of 6 n f- 1 6f and 6 ng-16g must be 1-dimensional and both 
must be conjugate to A. Since f is orientation-preserving, it follows from Lemma 
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3.6 that f E b.fr,s for some r,s E JR+. Similarly, g E b.fr',s' for some r',s' E JR+. 
Furthermore, neither f nor g belongs to b. by Corollary 3.8. 

Suppose that dim r J,g = 1. Then by Lemma 3. 7 and Corollary 3.8 we find that 
one of b. n f- 1 b.f or b. n g- 1 b.g must be conjugate to A and the other must be 
discrete. Without loss of generality we may assume that b. n f- 1 b.f is conjugate 
to A and that b. n g-1 b.g is discrete. Since J is orientation-preserving, it follows 
from Lemma 3.6 that f E b.fr,s for some r, s E JR+. Moreover f rf: b. by Corollary 
3.8. By Lemmata 3.2, 3.5 and 3.6 g cannot be of the form b.Jr,s· 0 

3.10. All automorphisms of M(J, g) can be determined from Corollary 3.3. We 
shall construct a family of Minkowski planes that admit no other automorphisms 
than the identity. By Theorem 3.9 we necessarily must have J, g E 1-(+ \ S. 

Note that u E ~ n g-1 ~~ implies that u-1 E ~ n f- 1 ~g and u 2 E b.. Thus 
(x, y) ~---+ (u-1 (y), u(x)) is an automorphism of M(f,g) by Corollary 3.3.(3). Hence, 
excluding automorphisms of this kind, is equivalent to ~ n g-1 ~~ = 0. 

Similarly, excluding automorphisms of the kind described in 3.3.( 4) is equivalent 
to g- 1 !:1 n b.f = 0 or g- 1 (~ \b.) n (~ \ b.)f = 0. If, for example, g- 1 !:1 n b.f = 0, 
then also f- 1 !lnb.g = 0. So in order that ( x, y) ~---+ ( a(y ), (3( x )) is an automorphism 
we necessarily have a E f-1 (~ \b.) n (~ \ b.)g and (3 E g- 1 (~ \b.) n (~ \ b.)f in 
this case. But then (3a- 1 is orientation-preserving violating the condition given in 
Corollary 3.3.( 4). 

Considering possible automorphisms of type 3.3.(1) and 3.3.(2) we obtain 

Lemma. M(J, g) admits no other automorphism than the identity if and only if 
the following holds. 

(1) ~nf-1 ~f=~ng-1 ~g={id}; 
(2) f- 1 b. n b.f = 0, g- 1 (~ \b.) n (~ \ b.)g = 0 or f- 1 (~\b.) n (~ \ b.)f = 0, 

g- 1 !:1 n !lg = 0; 
(3) ~ n g-1 ~! = 0; 
( 4) g - 1 b. n b. f = 0 or g - 1 ( ~ \ b.) n ( ~ \ b.) f = 0. 

We will construct homeomorphisms J, g such that h~ n ~k = 0 for all distinct 
h,k E {J,j-l,g,g- 1

} and h~ n ~h = {h} for h = J,g. According to the above 
Lemma this guarantees us that the corresponding 2-dimensional Minkowski plane 
M(J, g) has trivial automorphism group. 

Let f-lr, where r =I= 0, be defined by f-lr(x) = rx for all x E lR and f-lr(oo) = oo. 
Also, let p and 17 denote the reflections 

{ 1- X if X 
p(x) = ' 

if X= 00 oo, 

and 

ry(x) = { 

1 if X =I= 0, 00 x' 
oo, if X= 0 

0, if X= 00 
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p and ry are involutions. Furthermore, pry has order 3 so that pryp = rypry. The group 
generated by p and ry is isomorphic to the symmetric group on three elements. It 
consists of the mappings id, p, ry, pry, ryp, pryp. Furthermore, this group is the 
subgroup of :E leaving {0, 1, oo} invariant. 

For a, b, c > 0 we define the orientation-preserving homeomorphism ha,b,c of 
§ 1 = lR u { 00} by 

ha,b,c(X) = 

PI-laP( X), 

ry PJ-lbpry, 

J-lc(x), 

if X E JR, X::::: 1 

if X E JR, 0 ~ X ~ 1 

if X E JR, X~ 0 

00 1 if X= 00 

ha,b,c is a piecewise fractional linear mapping that fixes 0, 1, oo. More precisely, let 
A = { x E lR I x > 1}, B = { x E lR I 0 < x < 1} and C = { x E lR I x < 0}. Then the 
restriction of ha,b,c to the closure of any of A, B, Cis induced by a member of 6.. 
Furthermore, if two parts are induced by the same li E 6., then li must fix each of 
0, 1, oo, that is, li is the identity. But then the corresponding parameters a, b or c 
equal 1. 

3.11. Lemma. Let a,b,c,a',b',c' > 0 sucb tbat at most one of a,b,c equals 1. 
Tben ha',b',c' :En :Eha,b,c "# 0 if and only if (a', b', c') = (a, b, c), (b, a,~), (c, t, a), 
( ~' ~,b), ( t, c, ~) or ( ~' ~' t ). In eacb of tbese cases ha',b' ,c' :En :Eha,b,c bas precisely 
one member. In particular, {a', b', c'} ~ {a, b, c, ~, t, ~} if ha' ,b' ,c' :E n :Eha ,b,c "# 0. 
Proof. Suppose there are a, r E :E such that rha,b,c = ha',b',c'a. Both sides of this 
identity describe piecewise fractional linear mappings. The fractional linear parts 
are glued together at 0, 1, oo and a-1 (0), a-1 (1), a-1 (oo) for the left-hand side and 
right-hand side respectivly. If these points of gluing do not agree, then at least two 
parts of the mapping on the right-hand side are induced by the same member of :E 
which implies that at least two of the parameters a, b, c equal 1 - a contradiction 
to the hypothesis that at most one of a, b, c equals 1. Hence a leaves {0, 1, oo} 
invariant. Now r = ha' b' c'aha- 1b c maps the elements 0, 1, oo like a does. Therefore ' , , ' 
r =a. We now have ha',b',c' = aha,b,ca-1

. Furthermore, a E {id,p,ry,pry,ryp,pryp}. 
One readily obtains that pha b cP-

1 = hb a 1 and ryha b cry-
1 = he 1 a· From 

, ' , 'c , ' , b' 

this one finds the remaining entries in the following table where we list a and the 
parameters a', b', c1 such that ha' ,b' ,c' = aha,b,ca- 1

. 

a id p ry pry ryp pryp 

a' a b c 1 1 1 
c b a 

b' b a 1 1 c 1 
b a c 

c' c 1 a b 1 1 
c a b 

Conversely, when one of the above six relations between (a', b', c') and (a, b, c) 
is satisfied, then it is easy to verify that the corresponding a in the table above 
satisfies ha',b',c'a = aha,b,c· D 
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3.12. Theorem. Let a, b, c, a', b', c' > 0 such that 

( 1) {a, b, c, ~, t, ~} contains at least five distinct elements; 
(2) {a', b', c', ;, , b, ~~} contains at least five distinct elements; 
(3) {a',b',c'} CZ {a,b,c, ~' l;, ~}. 

Then M(ha,b,c, ha',b',c') has no other automorphism than the identity. 

Proof. We set f = ha b c and g = ha' b' c'· Then /- 1 = h1. 1 l. and g-1 = 
' 

1 
' ' a' b 1 c 

h..1.. ..1. ..!..· Equating (a,b,c) with (b,a,l), (c,-b1 ,a), (l,l,b), (lb,c,l) or (1.,1.,-b1 ) a' > b' > c' c c a a a c 

and (~,l;,~) with (a,b,c), (b,a,~), (c,l;,a), (~,~,b), (l;,c,~) or (~,~,l;) yield-
s that {a, b, c, ~, t, ~} can contain at most four distinct elements if one of these 
identities holds. Therefore hypotheses (1) and (2) imply that f- 1 I: n L:f = 0, 
I: n f- 1 L:f = f- 1(/L: n L:f) = {id} and I: n g-1 Eg = g-1(gE nEg)= {id}. Hence 
the only automorphism of type 3.3.(1) or 3.3.(2) is the identity. 

Hypothesis (3) implies that g- 1 En Ef = 0 and En g- 1 Ef = g- 1(gE n Ef) = 0 
by Lemma 3.11. Thus there are no automorphisms of type 3.3.(3) or 3.3.( 4). Hence 
the only automorphism of M(ha,b,c, ha',b',c') is the identity. 0 

3.13. Example. Let b = 1, c = a2
, a' = a, b' = 1 and c1 = a3 for a > 0. 

Then a, b, c, a', b', c' satisfy the hypotheses of Theorem 3.12 for a f= 1. Hence each 
2-dimensional Minkowski plane Ma = M(ha, 1 ,a2, ha,1 ,aa ), a f= 1, admits no other 
automorphism than the identity. Obviously, one obtains the classical real Minkowski 
plane for a= 1. 

In the same way as we determined au tomorphisms of M (!, g) one can find iso
morphisms from M(f',g') to M(f,g). One obtains the following 

3.14. Theorem. 

(1) (x,y) f--? (a(x),,B(y)) is an isomorphism from M(f',g') to M(f,g) if and 
only if 

- a E En f- 1 Ef', ,BEEn g- 1 Eg', and ,Ba-1 E .6., or 
- a E f- 1 I: n Ef', ,BE g- 1 En L:g', and ,Ba-1 E g-1 (E \ .6.)f; 

(2) (x,y) f--? (a(y),,B(x)) is an isomorphism from M(f',g') to M(f,g) if and 
only if 

- a E En f- 1 Eg', ,8 E En g-1 Ef', and ,Ba-1 E .6., or 
- a E /-1 E nEg', ,BE g- 1 E n EJ', and ,Ba-1 E g-1(E \ .6.)f. 

Each isomorphism from M(f', g') to M(f, g) is either of the form (1) or (2). 

3.15. Example. The 2-dimensional Minkowski planes Ma constructed in 3.13 
are pairwise non-isomorphic for 0 < a ::; 1. M 1 is the classical real Minkowski 
plane and thus has a non-trivial automorphism group. Therefore M 1 cannot be 
isomorphic to any plane M a for 0 < a < 1. That the other Minkowski planes 
in this family are pairwise non-isomorphic readily follows from Theorem 3.14 and 
Lemma 3.11. 

3.16. Remark. E n /-1 Ef' f= 0 implies that f' belongs to the double coset 
EJE. Checking the other conditions for the existence of an isomorphism from 
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M(J',g') to M(f,g) as given in Theorem 3.14, it follows that J', g' both belong to 
'E{j,j-1 ,g,g-1}'E if M(J',g') is isomorphic to M(J,g). 
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