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The average specific forced radiation wave impedance of a finite rectangular panel is of importance

for the prediction of both sound insulation and sound absorption. In 1982, Thomasson published nu-

merical calculations of the average specific forced radiation wave impedance of a square of side

length 2e for wave number k in half octave steps of ke from 0.25 to 64. Thomasson’s calculations

were for the case when the forced bending wave number kb was less than or equal to k. Thomasson

also published approximate formulas for values of ke above and below the published results. This

paper combines Thomasson’s high and low frequency formulas and compares this combined for-

mula with Thomasson’s numerical calculations. The real part of the approximate formula is

between 0.7 dB higher and �1 dB lower than the numerical calculations. The imaginary part of the

approximate formula is between 2.3 dB higher and �2.6 dB lower than the numerical calculations.

This paper also gives approximate formulas for the case when kb is greater than or equal to k. The

differences are between 0.8 and �1.2 dB for the imaginary part and between 6.2 and �2.4 dB for

the real part. VC 2014 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4889866]

PACS number(s): 43.20.Rz, 43.40.Rj, 43.55.Rg, 43.55.Dt [MV] Pages: 525–536

I. INTRODUCTION

The average specific radiation wave impedance of one

side of a finite rectangular panel mounted in an infinite rigid

baffle is of importance for the prediction of sound insulation,

sound absorption and sound scattering. It occurs naturally

when variational techniques are used to solve these phenom-

ena (Thomasson, 1980, 1982; Allard and Atalla, 2009;

Brunskog, 2012; Jeong, 2013). Thus, this average value can

be viewed as the one sided specific radiation wave imped-

ance fluid loading on a two dimensional transverse velocity

wave which is propagating on a finite plane surface mounted

in an infinite rigid baffle. The specific radiation wave imped-

ance is the ratio of the radiated complex number sound pres-

sure at a point on the surface of a radiating panel to the

complex number transverse velocity of the panel at the same

point. Because the specific radiation wave impedance will

vary with position on the finite rectangular panel, the aver-

age is taken over the radiating surface of the panel. The spe-

cific radiation wave impedance may also vary with the

azimuthal angle of propagation of the transverse velocity

wave in the finite rectangular panel and in many situations

the average will also be taken over azimuthal angle. For a

transverse velocity wave in the panel which is forced by an

incoming sound wave, the average for diffuse field excitation

is also of interest.

Thomasson (1982) published numerical calculations of

the average specific forced radiation wave impedance of a

square of side length 2e for a forcing sound wave number k
in half octave steps of ke from 0.25 to 64 and in 15� steps of

the incident angle of the forcing sound wave from 0� to 90�.
Thomasson (1982) also published approximate formulas for

values of ke above and below his published numerical

results. In this case, the bending wave number kb of the

forced transverse velocity wave propagating in the finite rec-

tangular panel is less than the wave number k of sound in the

medium into which the panel is radiating. Thomasson’s nu-

merical results and his approximate formulas for a square

are given in Table I of Thomasson (1982). Because this pub-

lication of Thomasson can be hard to obtain, Thomasson’s

Table I is reproduced as Table I in Jeong (2013). Note that

the e used by Thomasson and Jeong is the length of the side

of the square and is thus twice the value of the e used in this

paper which is the half length of the side of the square.

Thomasson’s and Jeong’s imaginary parts of the impedance

are the opposite sign to the imaginary parts of the impedance

in this paper because of their choice of a different complex

sinusoidal variation with time than that used in this paper.

The real part of average specific radiation wave imped-

ance of a panel, normalized by being divided by the charac-

teristic impedance of the medium into which it is radiating,

is equal to the radiation efficiency of the panel. There have

been a number of authors who have studied the forced radia-

tion efficiency of a finite rectangular panel. G€osele (1953)

derived the radiation efficiency for a finite panel. He also

included panel wavelengths which are less than the wave-

length of the sound in the medium for which the infinite

panel model predicts zero radiation efficiency. He gave ap-

proximate formulas for certain ranges of parameters and
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graphed results of numerical calculations for three different

sizes of panels. Sato (1973) gave the results of much more

extensive numerical calculations in both tabular and graphi-

cal form for the forced wave case where the panel wave-

length is longer than the wavelength in air. Sato also

numerically calculated the diffuse field forced radiation effi-

ciency averaged over all possible directions of sound

incidence.

Rindel (1975) used Sato’s numerical results for the

forced radiation efficiency in his theory of sound insulation

as a function of angle of incidence and gave Sato’s results in

an English language publication. According to Novak

(1992), Lindblad (1973) provided an approximate formula

for the radiation efficiency at high frequencies based on

G€osele’s results. Lindblad (1985) gave a simpler approxima-

tion which could be integrated over all angles of incidence.

He also extended the integrated formula to low frequencies.

Rindel (1993a) presented a slightly more complicated ver-

sion of the formula from Lindblad (1973), with constants

which are selected to provide good agreement with Sato’s

tabulated radiation efficiencies. Rindel’s formula also

extends Lindblad’s formula to low frequencies. This formula

of Rindel is too complicated to be integrated easily by ana-

lytic means. However Rindel (1993b) gave an approximate

formula for the diffuse field forced radiation efficiency.

Ljunggren (1991) repeated Sato’s numerical calculations

using a two dimensional model and obtained agreement

“well within 0.5 dB” for both as a function of angle of inci-

dence and averaged over all angles of incidence. Novak

(1995) performed even more extensive three dimensional

calculations than Sato. Davy (2009) gave even better approx-

imations for the forced radiation efficiency which could

also be analytically integrated to calculate the diffuse field

forced radiation efficiency. Davy also extended most of the

previous models so that they covered the whole frequency

range and compared them with Sato’s numerically calculated

values for the forced radiation efficiency. Approximate for-

mulas for the radiation efficiency of a panel with freely

propagating waves were derived by Lyon and Maidanik

(1962), Maidanik (1962, 1975) and Leppington et al.
(1982). None of the above papers include approximate

formulae for the imaginary part of the average specific

radiation wave impedance which cover the whole range of

parameters.

The aim of this paper is to combine and extend the ap-

proximate equations derived by Thomasson (1982) so that

they can also be used in the range covered by his numeri-

cally calculated and tabulated values which is not covered

by his approximate formulas. The results given by these

combined and extended equations are compared to the tabu-

lated values of Thomasson (1982). The results of Thomasson

(1982) are extended by the development of approximate for-

mulae for the case where kb is greater than k. These approxi-

mate formulas are compared to numerically calculated

values.

In this paper, the sinusoidal variation with time is

assumed to be proportional to ejxt, where x is the angular

frequency, t is the time, j is the square root of �1 and e is

Euler’s number. e is also used to define half the typical

distance across the panel [see Eq. (41)], but this should not

create any confusion. It should be noted that the assumption

of e�jxt for the sinusoidal variation with time gives the oppo-

site sign for the imaginary part of the impedance. The impe-

dances in this paper are normalized by dividing by the

characteristic impedance of the fluid medium Zc, which is

the product of the ambient density of the fluid medium q0

and the speed of sound in the fluid medium c.

The geometry considered in this paper is shown in

Fig. 1. An infinite one dimensional (either forced or

unforced) sinusoidal bending wave with bending wave num-

ber kb traveling in an infinite isotopic panel immersed in a

fluid medium with freely propagating wave number k has a

one sided normalized specific radiation wave impedance z
given by (Cremer et al., 2005)

z ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðkb=kÞ2

q
¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
¼ 1= cosðhÞ if kb < k

1 if kb ¼ k

j=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkb=kÞ2 � 1

q
¼ j=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1

p
if kb > k;

8>>>><
>>>>:

(1)

where

l ¼ kb

k
¼ sin hð Þ (2)

and

h ¼ arcsinðlÞ ¼ arccosð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
Þ (3)

is the angle of incidence in radians of an incident plane

wave. This is defined as the angle between the normal of the

panel and the direction of travel of the incident infinite plane

wave with wave number k in the fluid medium. This incident

plane wave produces a forced bending wave of wave number

kb in the panel.

FIG. 1. (Color online) The geometry of the problem considered when the

radiating surface S is a rectangle. Note that if jkbj is greater than jkj, h does

not exist as a real angle.
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The first line of Eq. (1) suggests for a bending wave,

forced by an incident plane wave in the fluid medium, on a

finite panel whose dimensions are large compared to the

wavelength of sound in the fluid medium and which is

mounted in an infinite baffle, that the real part of the average

normalized specific wave impedance will be approximately

1= cosðhÞ and that the imaginary part will be close to zero,

except for values of the incident angle which are close to

grazing incidence (p=2 radians or 90�). This suggestion is

correct.

The third line of Eq. (1) correctly suggests that the real

part of the normalized specific radiation wave impedance of

a freely propagating bending wave on a finite panel below

the critical frequency of the panel in the fluid medium is

close to zero and that the imaginary part is a mass like

loading.

The normalized specific radiation impedance of a uni-

formly sinusoidally vibrating sphere of radius r is (Cremer

et al., 2005)

z ¼ krð Þ2

1þ krð Þ2
þ j

kr

1þ krð Þ2
: (4)

By symmetry, Eq. (4) also applies for a uniformly sinusoi-

dally vibrating hemisphere of radius r whose base is on an

infinite rigid baffle. The real part of Eq. (4) also applies to

panels or openings which are small compared to the wave-

length of sound, are mounted in an infinite baffle and are

vibrating uniformly (the angle of incidence of the forcing

wave in the fluid medium h is zero) if the area of the hemi-

sphere is equal to the area of the panel or opening. Applying

the same approach to the imaginary part produces the correct

qualitative behavior, but the constant in the equation derived

from Eq. (4) by applying this method needs to be modified

to produce the correct quantitative behavior.

The first line of Eq. (1) and the real part of Eq. (4) also

correctly suggest that the average normalized specific acous-

tic wave impedance for a uniformly sinusoidally vibrating

panel or opening mounted in an infinite baffle tends to 1 as

ke tends to infinity. The uniform vibration means that

kb ¼ 0, l ¼ 0, and h ¼ 0.

Equations (1)–(4) give a semi-quantitative understand-

ing of the average specific radiation wave impedance of a fi-

nite size rectangular panel mounted in an infinite rigid

baffle. The aim of this paper is to develop and assess accu-

rate approximations of the specific radiation wave imped-

ance of a finite sized panel. These approximations will

provide a more quantitative understanding of the specific

radiation wave impedance.

II. AVERAGE SPECIFIC RADIATION IMPEDANCE

Consider a plane surface area S whose area is also

denoted by S, mounted in an infinite rigid plane baffle in the

x-y plane z ¼ 0, in which a two dimensional plane transverse

velocity wave is propagating. The transverse velocity of the

wave in the positive z axis direction is

uðr0Þ ¼ u0 expð�jkb:r0Þ; (5)

where r0 ¼ ðx0; y0; z0Þ is the position on the surface S, kb

¼ ðkx; ky; 0Þ is the wave number vector of the wave and u0 is

the complex amplitude of the wave. The sound pressure in

the fluid medium on the positive z side of the baffle at posi-

tion r ¼ ðx; y; zÞ is given by the Rayleigh integral [see Fahy,

1985, Eq. (2.4)]

pðrÞ ¼ jkZc

ðð
S

gxðr; r0Þuðr0Þdr0; (6)

where gx is the Green’s function for a point source on an in-

finite rigid baffle which is given by

gx r; r0ð Þ ¼
exp �jkRð Þ

2pR
; (7)

where

R ¼ jr� r0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2 þ ðz� z0Þ2

q
(8)

and k is the wave number in the fluid medium on the positive

z side of the baffle.

The normalized specific acoustic wave impedance at r

on the surface S is

z rð Þ ¼ p rð Þ
Zcu rð Þ ¼ jk

ðð
S

gx r; r0ð Þ exp jkb: r� r0ð Þ
� �

dr0:

(9)

The average normalized specific acoustic wave impedance

across the surface area S is

z ¼ jk

S

ðð
S

ðð
S

gx r; r0ð Þ exp jkb: r� r0ð Þ
� �

drdr0: (10)

There are two main ways of reducing this quadruple in-

tegral to a double integral when S is the rectangle given by

jxj � a; jyj � b; z ¼ 0: (11)

Note that a and b are half the lengths of the sides of the rec-

tangle while many authors use them as the full lengths of the

sides of the rectangle. Similarly the e in this paper [see Eq.

(41)] is half of the e of Thomasson (1982). The first method

for undertaking this reduction is presented in Appendix A of

Li and Gibeling (2000) and Appendix 12.A of Allard and

Atalla (2009). As Eq. (10) only depends on the difference

r� r0, it can be reduced to Eq. (64) of Brunskog (2012) and

Eq. (12.A.11) of Allard and Atalla (2009) as shown in the

following:

z ¼ jk

2pab

ð2a

0

ð2b

0

cos kxjð Þ cos kysð Þ
e�jk

ffiffiffiffiffiffiffiffiffi
j2þs2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ s2
p

� 2a� jð Þ 2b� sð Þdjds; (12)

where j¼ x – x0 and s¼ y – y0 are the global co-ordinate

transformations used to reduce the integral. Note that the r2
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from Brunskog [2012, Eqs. (63) and (64)] should be s2 and

the k in the third line above Brunskog’s Eq. (63) should be

j. Note that the function Fnðu; u0Þ from Allard and Atalla

(2009) is only correct when the forcing plane wave is nor-

mally incident. In their notation, it should read as follows:

Fn u; u0ð Þ ¼ cos
ktLx cos uð Þ

2
u

� �
cos

ktLx sin uð Þ
2

u0

r

� �
:

(13)

In the function Kðu; u0Þ in their Eq. (12.A.8), the argument

of the exponential function should have a minus sign in front

of it. The lower limit of the last integral in their Eq. (12.A.7)

and the last integral on the left hand side of their Eq.

(12.A.9) should be 2� u rather than �u.

The real part of Eq. (12) is

Re zð Þ ¼
k2

2pab

ð2a

0

ð2b

0

cos kxjð Þ cos kysð Þ

� sincðk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ s2

p
Þ 2a� jð Þ 2b� sð Þdjds;

(14)

where

sinc xð Þ ¼ sin xð Þ
x

: (15)

It should be noted that this is different from the definition of

the sinc function in MATLAB. MATLAB defines its sinc function

as sincðpxÞ in terms of the sinc function defined in Eq. (15).

The imaginary part of Eq. (12) is

Im zð Þ ¼
k

2pab

ð2a

0

ð2b

0

cos kxjð Þcos kysð Þ
cos k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ s2
p� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ s2
p

� 2a� jð Þ 2b� sð Þdjds; (16)

which has a singularity at j ¼ s ¼ 0. It was found that

MATLAB’s adaptive integration routines cope reasonably well

with the one point singularity.

The other way of reducing the quadruple integral is to

express the Green’s function in terms of its Fourier trans-

form (Thomasson, 1982). According to Eq. (7.3.14) of

Morse and Ingard (1968), the Green’s function of a point

source on an infinite rigid plane baffle can be written as

gx r; r0ð Þ ¼
2

2pð Þ3
ððð

exp jK: r0 � rð Þ
� �
K2 � k2

dK; (17)

where the factor of 2 in front of the triple integral has been

included because the point sound source is on the infinite

rigid plane baffle. K is defined as

K ¼ ðKx;Ky;KzÞ (18)

and

K2 ¼ jKj2 ¼ K2
x þ K2

y þ K2
z : (19)

Using Eq. (17) in Eq. (10) and integrating with respect

to Kz; x; x0; y and y0 inside the two remaining integrals gives

(Thomasson, 1982)

z ¼ ka

p
kb

p

�
ð1
�1

ð1
�1

sinc2 a kx � kaxð Þ½ � sinc2 b ky � kayð Þ½ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

x � a2
y

q daxday:

(20)

It should be noted that the correct sign of the square root in

Eq. (20) has to be chosen in order to obtain the correct sign

for real and imaginary parts of the impedance. This choice

of sign may be different on the two sides of the singularity

which occurs on the unit circle a2
x þ a2

y ¼ 1.

The real part of the impedance is obtained by calculat-

ing the integral in Eq. (20) over the unit disk a2
x þ a2

y < 1.

Using circular coordinates and expressing the radius as a

sine function removes the singularity on the unit circle

a2
x þ a2

y ¼ 1. Following Thomasson (1982), the following

substitution is made:

ðax; ayÞ ¼ ðcos½/0�sin½h0�; sin½/0�sin½h0�Þ: (21)

This gives

ReðzÞ ¼ ka

p
kb

p

ð/0¼2p

/0¼0

ðh0¼p=2

h0¼0

sinc2faðkx � k sin½h0� cos½/0�Þg

� sinc2fbðky � k sin½h0� sin½/0�Þg sin½h0�dh0d/0:

(22)

Because the real part of the average normalized specific

acoustic wave impedance is the radiation efficiency, Eq. (22)

can also be derived by calculating the acoustic power radi-

ated by the rectangle across a very large hemisphere centered

on the center of the rectangle and in conjunction with the

infinite rigid baffle containing the rectangle enclosing the

side of the rectangle whose radiation is being calculated

(Sato, 1973).

The imaginary part of the impedance is obtained by cal-

culating the integral in Eq. (20) over the area a2
x þ a2

y > 1

outside of the unit disk. The radius can be expressed as the

inverse of a sine function in order to change the infinite ra-

dial limit to a finite limit. It should it noted that this is not

absolutely essential as some of the MATLAB adaptive integra-

tion routines can use infinite limits, but it does simplify

the calculations in MATLAB. The following substitution is

made:

ðax; ayÞ ¼ ðcos½/0�=sin½h0�; sin½/0�=sin½h0�Þ: (23)

This gives

Im zð Þ ¼
ka

p
kb

p

ð/0¼2p

/0¼0

ðh0¼p=2

h0¼0

ðsinc2faðkx � k cos½/0�=sin½h0�Þg

� sinc2fbðky � k sin½/0�=sin½h0�Þg=sin2½h0�Þdh0d/0:

(24)

The singularity at h0 ¼ 0 for all values of /0 means that

MATLAB’s adaptive integration routines do struggle. It is
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often necessary to increase the maximum number of itera-

tions or decrease the precision. As observed by Brunskog

(2012), Eq. (12) is much more efficient numerically than

Eqs. (22) and (24).

In order to calculate the total average specific wave im-

pedance, the wave impedance must be integrated across all

azimuthal angles and all angles of incidence. To allow this

calculation to be performed first let kbð/Þ be the wave num-

ber of the plane transverse velocity wave which is propagat-

ing on the rectangle S at the azimuthal angle / to the x axis.

Then

kbð/Þ ¼ jkbj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
y

q
(25)

and

kx ¼ kbð/Þcosð/Þ and ky ¼ kbð/Þsinð/Þ; (26)

where kbð/Þ has been shown as a function of the azimuthal

angle / because it will in some cases depend on the direction

of propagation, as is the case for a freely propagating wave

on an orthotropic panel.

The weighted average of the impedance over azimuthal

angle with weighting function wð/Þ is

zaz ¼
ð2p

0

wð/Þzð/Þd/

	ð2p

0

wð/Þd/: (27)

If wð/Þ and kbð/Þ are symmetrical functions about the x
and y axes, the ranges of integration over the azimuthal

angle can be reduced to 0 to p/2 radians by symmetry. If

wð/Þ and kbð/Þ are constant functions of azimuthal angle

and the rectangle S is a square, the ranges of integration

over the azimuthal angle can be reduced to 0 to p/4 radi-

ans by symmetry. The weighting function wð/Þ can be

used to account for the fact that the wave impedance of an

orthotropic panel varies with the azimuthal angle of

propagation.

If the transverse velocity wave is forced by a plane

sound wave incident from either side of the panel with an

incidence angle of h to the normal of the surface S and an

azimuthal angle of / to the x axis, then

kbð/Þ ¼ k sinðhÞ (28)

is constant as a function of the azimuthal angle /, and

kx ¼ k sinðhÞcosð/Þ and ky ¼ k sinðhÞsinð/Þ: (29)

Figures 2 and 3 show the numerically calculated real

part and imaginary part, respectively, of the normalized sur-

face averaged and azimuthally averaged specific radiation

wave impedance as a function of the ratio l of the bending

wave number kb of a square panel of side length 2e, mounted

in an infinite rigid baffle, to the wave number k of sound in

the medium into which the panel is radiating. The legend

shows the value of ke.

The incident diffuse sound field forced radiation imped-

ance is the average of z over all solid angles of incidence as

shown in the following:

hzi ¼
ðp=2

0

zav sinðhÞdh: (30)

FIG. 2. (Color online) The numerically calculated real part of the normal-

ized surface averaged and azimuthally averaged specific radiation imped-

ance as a function of the ratio l of the bending wave number kb of a square

panel, of side length 2e mounted in an infinite rigid baffle, to the wave num-

ber k of sound in the medium into which the panel is radiating. The legend

shows the value of ke.

FIG. 3. (Color online) The numerically calculated imaginary part of the nor-

malized surface averaged and azimuthally averaged specific radiation im-

pedance as a function of the ratio l of the bending wave number kb of a

square panel, of side length 2e mounted in an infinite rigid baffle, to the

wave number k of sound in the medium into which the panel is radiating.

The legend shows the value of ke.
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III. NUMERICAL ACCURACY

Thomasson (1982) used Eqs. (22) and (24) to tabulate,

to nearest 0.01, the real and imaginary parts of the azimu-

thally averaged impedance of a square panel. The tabulated

data is presented for values of ke in half octave steps from

0.25 to 64 and values of h in 15� increments from 0 to 90� in

his Table I. To obtain the azimuthal average, Thomasson

replaced Eq. (27) where wð/Þ is equal to one with an

average of the values at / equal to 0�, 15�, 30�, 45�. For

ke ¼ 32, values at h equals 70�, 80�, and 85� and for

ke ¼ 64, values at h equals 80� and 85� were read from

Thomasson’s Figure B3. MATLAB’s adaptive integral func-

tions were used to evaluate Eqs. (12) and (27) with wð/Þ
equal to 1 for comparison with Thomasson’s results.

MATLAB’s default settings were used in all cases. The real

results tabulated by Thomasson were greater than the

MATLAB results by between 0.0067 and �0.0181. The mean

and standard deviation of the differences were 0.0001 and

0.036. If the results read from Thomasson’s graph were

removed, the lower limit became �0.0049. Thomasson’s

imaginary results were greater than the MATLAB results by

between 0.0147 and �0.0807. The mean and standard devia-

tion of the differences were �0.0008 and 0.0082. If the

results read from Thomasson’s graph were removed, the

lower limit became �0.0056. Given that Thomasson’s

results were rounded to the nearest 0.01, this was a satisfac-

tory result. The differences in excess of Thomasson’s maxi-

mum rounding error of 0.005 were probably due to his

averaging of the results for four azimuthal angles rather than

integrating over azimuthal angle.

Sato (1973) used Eq. (22) to tabulate the real part of the

azimuthally averaged impedance of a square to the nearest

0.1 dB for values of ke of 0.5, 0.75, 1, 1.5, 2, 3, 4, 6, 8, 12,

16, 24, 32, 48 and 64 and values of h in 15� increments from

0 to 90� in his Table I. He also graphed results for values of

ke in octave steps from 2 to 64 and values of h in 5� incre-

ments from 0 to 90� in his Fig. 4. Equations (12) and (27)

with wð/Þ equal to 1 were evaluated with the adaptive inte-

gral functions of MATLAB using their default settings and

compared with Sato’s results. Sato’s real results were greater

than the MATLAB results by between 0.14 and �0.24 dB. The

mean and standard deviation of the differences were 0.03

and 0.07 dB. If the results read from Sato’s graph were

removed, the lower limit became �0.15 dB. Given that

Sato’s results were rounded to the nearest 0.1 dB, this was a

reasonable result.

Sato (1973) used Eqs. (22) and (30) to tabulate the real

part of the incident diffuse sound field forced radiation im-

pedance to the nearest 0.01 dB for values of ke of 0.5, 0.75,

1, 1.5, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, and 64 in his Table I.

Equations (12) and (27) with wð/Þ equal to 1, and Eq. (30)

were evaluated with the adaptive integral functions of

MATLAB using their default settings and compared with Sato’s

results. Sato’s real results were greater than the MATLAB

results by between 0.050 and �0.081 dB. The mean and

standard deviation of the differences were �0.029 and

0.39 dB. While these differences are significantly bigger

than Sato’s maximum rounding error of 0.005 dB, they are

too small to be of any practical significance. It should be

noted that it took nearly four hours to calculate the real and

imaginary parts of the impedance for the 15 values of ke.

This is because four nested integrals need to be evaluated.

The results for the two smallest values of ke only took about

one and half minutes to calculate, but the time required for a

solution to be calculated increased as ke increased. This

shows the importance of having approximations for the

impedance.

A comparison was made between the numerical results

of Sato (1973) and Thomasson (1982) for the real part of the

impedance across those values of ke and incidence excitation

angle h for which they had both calculated results. The

results from Sato (1973) were greater than those from

Thomasson (1982) by between 0.145 and �0.234 dB. The

mean and standard deviation of the differences were 0.019

and 0.068 dB. If the values that had to be read from graphs

were removed, the lower limit became �0.131 dB and the

upper limit remained unchanged.

Stenzel (1952) tabulated to five decimal places the real

and imaginary parts of the impedance of rectangles with side

length ratios of b=a equal to 0.1, 0.2, 0.5, and 1 for the nor-

mally incident excited case (h ¼ 0, kb ¼ 0, or l ¼ 0). The

calculations were made for values of ka from 0.5 to 5 in

steps of 0.5. For the real part, the calculations were also

made for ka equal to 6. Stenzel’s real results were greater

than the MATLAB results by between 0.00084 and �0.00318.

The mean and standard deviation of the differences were

0.00006 and 0.00050. Stenzel’s imaginary results were

greater than the MATLAB results by between 0.001916 and

�0.00081. The mean and standard deviation of the differen-

ces were 0.00051 and 0.00304.

IV. APPROXIMATIONS

If kbR� 1 and kR� 1 then the exponential function in

Eq. (9) is approximately 1 and the imaginary part of the

Green’s function in Eq. (9) is approximately �jk=ð2pÞ.
Making these approximations in Eq. (9) and performing the

integrals gives

Re zð Þ ¼
k2S

2p
¼ 2k2ab

p
if ka� 1; kb� 1; kba� 1; kbb� 1:

(31)

It should be noted that Eq. (31) does not depend on the angle

of incidence, azimuthal angle or the shape of the surface S or

if S is a rectangle on the ratio b=a.

If ka� 1 and kb� 1 then the product of the sinc

squared functions in Eq. (20) has a sharp maximum at the

point ðax; ayÞ ¼ ðkx=k; ky=kÞ. Providing that the location of

this maximum is not too close to the singularity on the

unit circle a2
x þ a2

y ¼ 1, the integrals in Eq. (20) can be

approximated by setting the square root to its value at this

location. The integrals can then be evaluated by using inte-

gral number 3.821.9 of Gradshteyn and Ryzhik (1965).

This gives
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z ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

x

k2
�

k2
y

k2

s ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

b /ð Þ
k2

r ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p if k2
b /ð Þ ¼ k2

x þ k2
y < k2

jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x

k2
þ

k2
y

k2
� 1

s ¼ jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

b /ð Þ
k2
� 1

r ¼ jffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1

p if k2
b /ð Þ ¼ k2

x þ k2
y > k2:

8>>>>>>>>><
>>>>>>>>>:

(32)

The first line of Eq. (32) agrees with Eq. (7.6)

of Leppington et al. (1982). Leppington et al. (1982) have

also shown that the first line of Eq. (32) requires

kminða; bÞð1� lÞ � 1. Eq. (32) does not depend on a or b,

and if as will often be the case kbð/Þ is constant as a func-

tion of /, it does not depend on the azimuthal angle /.

Note as indicated above, the correct sign of the square root

needs to be chosen. If Eq. (29) applies then Eq. (32)

becomes

z ¼ 1

cos hð Þ
if h <

p
2
: (33)

A pair of equations are presented that govern how close

h can be to p=2, while still retaining sufficient accuracy.

According to Davy (2009), Eq. (33) and hence the first line

Eq. (32) are approximately correct if

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�k2

x

k2
�

k2
y

k2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�k2

b /ð Þ
k2

r
¼

ffiffiffiffiffiffiffiffiffiffiffi
1�l2

p

¼cos hð Þ	min g

ffiffiffiffiffiffiffi
p

2ke

r
;1

 !
; (34)

where g equals 1.3. This suggests that the second line of Eq.

(32) is approximately correct ifffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x

k2
þ

k2
y

k2
� 1

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

b /ð Þ
k2
� 1

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1

p
	 h

ffiffiffiffiffiffiffi
p

2ke

r
:

(35)

Numerical evaluation shows that h should be set to 1.7 for the

real part of the second line of Eq. (32) and to 1.6 for the imag-

inary part of the second line of Eq. (32) when using Eq. (35).

If ka� 1, kb� 1, h ¼ p=2 and Eq. (29) applies,

Thomasson (1982) has shown that approximately

z h ¼ p=2ð Þ ¼
1þ jð Þ 2

3

ffiffiffiffiffiffiffi
2ka

p

r
1� a

b

j tan /ð Þj
5

� �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j cos /ð Þj

p if j tan /ð Þj � b

a

1þ jð Þ 2
3

ffiffiffiffiffiffiffi
2kb

p

r
1� b

a

j tan /ð Þj
5

� �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j sin /ð Þj

p if j tan /ð Þj 	 b

a
:

8>>>>><
>>>>>:

(36)

The real part of Eq. (36) is the same as Eq. (6.25) of

Leppington et al. (1982). Notice that Eq. (36), unlike Eqs.

(31), (32), and (33), does depend on the azimuthal angle /
and the ratio of the length of the sides of the rectangle b=a.

According to Eqs. (7.9) and (7.10) of Leppington et al.
(1982), the azimuthal average of Eq. (36) is

zav h¼p=2ð Þ¼ 1þ jð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kmin a;bð Þ

p
L

min a;bð Þ
max a;bð Þ


 �
; (37)

where

L xð Þ ¼ 4

15p

ffiffiffi
x

p

r ð1

0

5� tð Þf t2þ x2ð Þ3=4þ 1þ x2t2ð Þ�3=4gdt:

(38)

According to Leppington et al. (1982), over the range

1=5 � x � 1, the following approximation has an error of

less than 4%:

LðxÞ ¼ 0:5� 0:15x: (39)

Thomasson (1982) has shown that if 1=4 < b=a < 4, the

azimuthal average of Eq. (36) can be approximated to within

3% by

zav h ¼ p=2ð Þ ¼ 0:9616 1þ jð Þ 2
3

ffiffiffiffiffiffiffi
2ke

p

r
; (40)

where

2e ¼ 4S=U ¼ 4ab=ðaþ bÞ: (41)

S is the area of the rectangle and U is the perimeter of the

rectangle. This compares well with Eq. (27) of Davy (2009),

which is

Re zav h ¼ p=2ð Þ½ � ¼ 2

3

ffiffiffiffiffiffiffi
2ke

p

r
� 0:124: (42)
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Thomasson (1982) gave approximations for ke � 0:25

and for ke 	 64. For 0:25 � ke � 64 he gave numerically

calculated values for a square at half octave intervals. The

approximations from Thomasson (1982) are as follows:

zav ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2ðhÞ � j2b sin ðhÞ=keþ ½b=ðkeÞ�2

q
if ke 	 64 where b ¼ 0:956 (43)

zav ¼ 2k2ab=pþ j2k½bHða=bÞ þ aHðb=aÞ�=p
if ke � 0:25; (44)

where

HðqÞ ¼ lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
þ qÞ � ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
� 1Þ=ð3qÞ:

(45)

There are typographical errors in Brunskog [2012, Eqs. (65)

and (67)], which are his versions of version of Eqs. (43) and

(45). The square root sign in the denominator of Brunskog’s

Eq. (65) should include all terms in the denominator and the

last þq in Brunskog’s Eq. (67) should be �1. For a square

panel Eq. (44) becomes

zav ¼ 2ðkeÞ2=pþ 0:946jke if ke � 0:25: (46)

Equating the area of the square to the area of the hemi-

sphere, 4e2 ¼ 2pr2 and r ¼ e
ffiffiffiffiffiffiffiffi
2=p

p
. Putting these values

into Eq. (4) and assuming that ðkrÞ2 � 1 gives

zav ¼ 2ðkeÞ2=pþ
ffiffiffiffiffiffiffiffi
2=p

p
jke

¼ 2ðkeÞ2=pþ 0:798jke if ðkrÞ2 � 1: (47)

This approach gives the correct real part of Eq. (46), but

the constant in the imaginary part is slightly in error. The

real parts of Eqs. (44), (46), and (47) also agree with Eq.

(31). For ke� 1, Eq. (43) shows the 1= cos ðhÞ behavior pre-

dicted by Eq. (1). For h ¼ p=2 radians (90�) and ðkeÞ2 � 1,

the real and imaginary parts of Eq. (43) are both positive and

approximately equal. For h not near p=2 radians (90�) and

ke� 1, the imaginary part of Eq. (43) is very much less

than the real part.

The second line of Eq. (32) indicates that the real part of

z is approximately zero if k2
bð/Þ ¼ k2

x þ k2
y > k2. While the

real part is small compared to the imaginary part, it is not

actually zero. Leppington et al. (1982) have evaluated the

azimuthally average normalized radiation impedance for the

case of standing waves of the form

uðx; y; 0Þ ¼ u0 sin½kxðxþ aÞ�sin½kyðyþ bÞ� (48)

rather than for the traveling waves described by Eq. (5). The

standing wave of Eq. (48) can be expressed as the product of

the sum of two waves traveling in opposite directions paral-

lel to the x axis with the sum of two waves traveling in oppo-

site directions parallel to the y axis. This formulation means

that the integrand whose integral is approximated by

Leppington et al. (1982) is now the sum of four terms rather

than just the single term of the integrand in this paper. The

phase of the four traveling waves, which is controlled by the

boundary conditions of the panel, is known to influence the

real part of the impedance when l is greater than one.

Because of the extra terms in the integrand, Eq. (7.7) of

Leppington et al. (1982) is used without its natural logarithm

term,

Re zavð Þ ¼
2

pke l2 � 1ð Þ3=2

if l > 1 and k min a; bð Þ l� 1ð Þ � 1; (49)

where

l ¼ kb

k
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

x þ k2
y

q
k

: (50)

The appearance of e in Eq. (49) as well as in Eq. (40) shows

the importance of e as a measure of the size of a rectangular

panel.

V. COMBINED FORMULAS

Davy (2009) combined high and low frequency approxi-

mations for the real part of the averaged normalized specific

forced radiation wave impedance which is also equal to the

radiation efficiency. The aim of this paper is to combine the

low and high frequency approximations from Thomasson

(1982) in order to cover the whole frequency range. This

would give a formula for the imaginary part which is not

provided by Davy (2009).

The case when l is less than or equal to 1 is considered

first. Following Davy (2009), the low xL and xH approxima-

tions are combined using the following formula:

x ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

xn
L

þ 1

xn
H

n

s : (51)

The real part of the specific forced radiation wave im-

pedance is given by the x in Eq. (51) when xL and xH are the

real parts of Eqs. (44) and (43), respectively, and n ¼ 2.

The imaginary part is more complicated. For a normally

incident exciting wave (h ¼ 0), Eq. (43) gives a zero imagi-

nary part. Although it is small for large values of ke, the

imaginary part is not completely zero. A straight line of best

fit was applied in the log-log domain to the numerical calcu-

lations of Thomasson (1982) for the imaginary part for a nor-

mally incident exciting wave (h ¼ 0) versus ke for values of

ke from 1.41 to 64. This produced the following equation:

Im z h ¼ 0ð Þ½ � ¼ 0:67

ke
if ke 	 1:41: (52)

Note that apart from the 0.67 scaling factor, this is in

agreement with the high frequency asymptotic behavior of

the imaginary part of Eq. (4). The imaginary part of the spe-

cific forced radiation wave impedance for a normally inci-

dent exciting wave (h ¼ 0) for all values of ke is obtained by
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using Eq. (51) with n ¼ 3. The low frequency component xL

is the imaginary part of Eq. (44) and the high frequency

component xH is given by Eq. (52). The value of the imagi-

nary part for any angle of incidence is calculated as the max-

imum of the imaginary part for the h ¼ 0 case as described

in this paragraph and the imaginary part of Eq. (43).

For the case when l is greater than one, the radiation

impedance was approximated by using the second line of

Eq. (32) to calculate the imaginary part and Eq. (49) to

calculate the real part when Eq. (35) is satisfied. If Eq. (35)

is not satisfied, the radiation impedance was calculated

by interpolating between l equals one and the value of l
given by solving Eq. (35) with the equality sign. Note

that the l equals one case is the h equals p=2 radians or 90�

case.

VI. SUMMARY OF COMBINED APPROXIMATE
CALCULATION METHOD

From Eq. (2) calculate

l ¼ kb

k
¼ sin hð Þ; (53)

where the second equality only applies if kb � k. From Eq.

(41) calculate

ke ¼ 2kab

aþ b
: (54)

If l � 1 calculate

j ¼ 0:956

ke
: (55)

From Eq. (43) calculate

zh ¼ zhr þ jzhi ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ j� jlð Þ2
q : (56)

From Eq. (44) calculate

zl ¼ zlr þ jzli ¼
2k2ab

p
þ j

2k

p
bH

a

b


 �
þ aH

b

a


 �" #
;

(57)

where from Eq. (45)

H qð Þ ¼ lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
þ qÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ q2

p
� 1

3q
: (58)

Using Eq. (51) with n ¼ 2 calculate

zr ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

z2
lr

þ 1

z2
hr

s : (59)

From Eq. (52) calculate

zhi0 ¼
0:67

ke
: (60)

Using Eq. (51) with n ¼ 3 calculate

zi0 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

z3
li

þ 1

z3
hi0

3

s : (61)

Calculate

zi ¼ maxðzi0; zhiÞ: (62)

Calculate

z ¼ zr þ jzi: (63)

Else if l > 1, set hr ¼ 1:7 and hi ¼ 1:6 and calculate lx

where x equals r and i using Eq. (35), as follows:

lx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ph2

x

2ke

r
; (64)

where x equals r or i. If l 	 lr, using Eq. (49) calculate

zr ¼
2

pke l2 � 1ð Þ3=2
: (65)

If 1 < l < lr calculate the real part zmr using Eq. (65)

with l ¼ lr.

Calculate the real part z1r as described for the l � 1

case with l ¼ 1.

Interpolate

zr ¼
lr � lð Þz1r þ l� 1ð Þzmr

lr � 1
: (66)

If l 	 li, using Eq. (32) calculate

zi ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 � 1
p : (67)

If 1 < l < li calculate the imaginary part zmi using Eq.

(67) with l ¼ li.

Calculate the imaginary part z1i as described for the l � 1

case with l ¼ 1.

Interpolate

zi ¼
li � lð Þz1i þ l� 1ð Þzmi

li � 1
: (68)

If l > 1, calculate

z ¼ zr þ jzi; (69)

where zr is given by Eq. (65) or Eq. (66) and zi is given by

Eq. (67) or Eq. (68).

The area averaged and azimuthally averaged specific

radiation wave impedance of a finite rectangular panel is

given by Eq. (63) or Eq. (69).
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VII. COMPARISON WITH NUMERICALLY
CALCULATED VALUES

Tables I and II show the amounts in decibels by which

the real and imaginary parts of the combined approximate

method developed in this paper for the forced radiation im-

pedance were greater than the numerical calculations from

Thomasson (1982) for the real and imaginary parts respec-

tively of the specific forced radiation wave impedance of a

square panel of side length 2e when l is less than or equal to

one. For the real part, the differences are between 0.7 and

�1.0 dB. The mean and standard deviation of the differences

were 0.01 and 0.30 dB. For the imaginary part, the differen-

ces are between 2.3 and �2.6 dB. The mean and standard

deviation of the differences were �0.31 and 0.90 dB. The

extreme differences occur in region of ke equals 2. However

the imaginary part also has a difference of 1.7 dB for ke
equals 64 at an angle of incidence of 60�. This difference

occurs where the imaginary part is increasing very rapidly

from a very low value for angles of incidence close to nor-

mal to a very large value at grazing angles of incidence.

Table III shows the amount in decibels that the method

from Davy (2009) was greater than that of the Thomasson

(1982) numerical calculations for the real part of the specific

forced radiation wave impedance of a square panel of side

length 2e when l is less than or equal to one. The differences

are between 0.4 and �0.6 dB. The mean and standard devia-

tion of the differences were �0.03 and 0.19 dB. Thus, the

method of Davy (2009) is in slightly better agreement with

the numerical calculations of Thomasson (1982) for the real

TABLE II. Difference in decibels between the combined approximate method developed in this paper and the numerical calculations from Thomasson (1982)

for the imaginary part of the specific forced radiation wave impedance of a square panel of side length 2e when l � 1.

l¼ 0.000 l¼ 0.259 l¼ 0.500 l¼ 0.707 l¼ 0.866 l¼ 0.940 l¼ 0.966 l¼ 0.985 l¼ 0.996 l¼ 1.000

ke 0� 15� 30� 45� 60� 70� 75� 80� 85� 90�

0.25 0.1 0.1 0.1 0.1 0.1 0.1 0.1

0.35 0.2 0.2 0.2 0.2 0.3 0.3 0.3

0.50 0.4 0.4 0.4 0.4 0.5 0.5 0.5

0.71 0.3 0.3 0.4 0.5 0.6 0.6 0.6

1.00 �0.4 �0.4 �0.3 �0.2 �0.2 �0.1 �0.1

1.41 �1.4 �1.4 �1.5 �1.6 �1.6 �1.6 �1.5

2.00 �0.9 �1.4 �2.3 �2.6 �1.7 �1.1 �1.0

2.83 2.3 0.3 �2.6 �2.5 �1.5 �0.9 �0.7

4.00 �0.5 0.2 �1.7 �2.2 �1.4 �0.7 �0.5

5.66 1.2 �0.7 �1.0 �1.4 �1.4 �0.6 �0.4

8.00 �0.3 0.2 �2.0 0.3 �1.4 �0.6 �0.2

11.31 �0.1 �0.1 �1.0 0.3 �0.8 �0.6 �0.2

16.00 0.2 0.2 �1.2 �0.1 0.9 �0.7 �0.1

22.63 �0.1 �0.1 �0.9 0.2 1.6 �0.9 �0.1

32.00 0.2 0.2 �1.2 0.7 0.5 0.6 �0.8 �0.5 �0.1 �0.1

45.25 �1.3 �1.3 �0.9 0.2 1.2 �0.2 0.0

64.00 0.2 0.2 0.6 0.0 1.7 1.4 �0.8 �0.1 0.0

TABLE I. Difference in decibels between the combined approximate method developed in this paper and the numerical calculations of Thomasson (1982) for

the real part of the specific forced radiation wave impedance of a square panel of side length 2e when l � 1.

l¼ 0.000 l¼ 0.259 l¼ 0.500 l¼ 0.707 l¼ 0.866 l¼ 0.940 l¼ 0.966 l¼ 0.985 l¼ 0.996 l¼ 1.000

ke 0� 15� 30� 45� 60� 70� 75� 80� 85� 90�

0.25 �0.1 �0.1 �0.1 �0.1 �0.1 �0.1 �0.1

0.35 �0.1 �0.1 �0.1 �0.1 �0.2 0.4 0.4

0.50 0.0 0.0 0.0 0.3 0.3 0.2 0.2

0.71 0.0 0.0 0.1 0.2 0.3 0.3 0.5

1.00 �0.3 �0.2 �0.1 0.2 0.4 0.5 0.5

1.41 �0.7 �0.6 �0.2 0.2 0.4 0.6 0.6

2.00 �1.0 �0.8 �0.4 0.2 0.5 0.7 0.7

2.83 �0.4 �0.5 �0.5 0.0 0.4 0.5 0.5

4.00 0.1 �0.1 �0.5 �0.3 0.2 0.4 0.4

5.66 �0.2 �0.1 �0.1 �0.5 �0.1 0.3 0.3

8.00 �0.1 0.0 0.0 �0.3 �0.3 0.2 0.2

11.31 �0.1 0.0 0.0 0.0 �0.5 0.1 0.2

16.00 0.0 0.0 0.0 �0.1 �0.4 0.0 0.1

22.63 0.0 0.0 0.0 0.0 �0.1 �0.2 0.1

32.00 0.0 0.0 0.0 0.0 �0.1 �0.4 �0.4 0.0 0.1 0.1

45.25 0.0 0.0 0.0 0.0 0.0 �0.5 0.0

64.00 0.0 0.0 0.0 0.0 0.0 �0.4 �0.3 0.1 0.0
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part than the formula obtained in this paper by combining

the high and low frequency approximations from Thomasson

(1982). The method from Davy (2009) does not predict the

imaginary part of the impedance.

Tables IV and V show the amount in decibels by which

the combined approximate method developed in this paper

was greater than numerical MATLAB calculations for the imag-

inary and real parts of the specific radiation wave impedance

of a square panel of side length 2e when l 	 1. The tabu-

lated data is presented for values of ke in half octave steps

from 0.25 to 11.31 and values of l in one tenth of a decade

steps from 1 to 10. For the imaginary part, the differences

are between 0.8 and �1.3 dB with a mean of 0.02 dB and a

standard deviation of 0.28 dB. The real part shows some os-

cillatory behavior with differences between 6.2 and �2.4 dB

with a mean of 0.12 dB and a standard deviation of 1.09 dB.

The biggest differences occur when the values are very small

and thus would not normally be of any practical importance.

VIII. CONCLUSION

A combined approximation method for calculating both

the real and the imaginary parts of the single sided normal-

ized specific forced radiation wave impedance of a finite rec-

tangular panel has been derived. For the real part, the

approximate method is between 0.7 dB higher and �1 dB

lower than numerical calculations, when the ratio of the

transverse wave number in the panel to the wave number in

the medium surrounding the panel l is less than or equal to

one. For the imaginary part, the approximate method is

between 2.3 dB higher and �2.6 dB lower than numerical

calculations when l is less than or equal to one. The method

for the real part when l is less than or equal to one is not

quite as good as the approximate method for the real part

when l is less than or equal to one developed previously by

Davy (2009) which is between 0.4 dB higher and �0.6 dB

lower than the numerical calculations. However, unlike the

TABLE III. Difference in decibels between the method of Davy (2009) and the numerical calculations of Thomasson (1982) for the real part of the specific

forced radiation wave impedance of a square panel of side length 2e when l � 1.

l¼ 0.000 l¼ 0.259 l¼ 0.500 l¼ 0.707 l¼ 0.866 l¼ 0.940 l¼ 0.966 l¼ 0.985 l¼ 0.996 l¼ 1.000

ke 0� 15� 30� 45� 60� 70� 75� 80� 85� 90�

0.25 0.0 0.0 0.0 0.0 �0.1 �0.1 �0.2

0.35 0.0 0.0 �0.1 �0.1 �0.2 0.3 0.2

0.50 0.2 0.2 0.2 0.4 0.2 0.1 �0.2

0.71 0.3 0.3 0.4 0.4 0.3 �0.1 �0.2

1.00 0.2 0.2 0.2 0.3 0.2 �0.1 �0.4

1.41 �0.2 �0.2 0.0 0.1 0.1 0.0 �0.4

2.00 �0.6 �0.6 �0.4 �0.2 0.0 0.1 �0.2

2.83 �0.2 �0.2 �0.6 �0.6 �0.3 �0.1 �0.2

4.00 0.2 0.1 �0.2 �0.4 �0.3 �0.1 �0.2

5.66 �0.1 0.0 0.0 �0.1 �0.3 �0.1 �0.1

8.00 0.0 0.0 0.1 �0.1 �0.2 �0.1 �0.1

11.31 0.0 0.0 0.0 0.1 0.0 �0.1 �0.1

16.00 0.0 0.0 0.0 0.0 �0.1 �0.2 0.0

22.63 0.0 0.0 0.0 0.0 0.1 �0.2 0.0

32.00 0.0 0.0 0.0 0.0 0.0 �0.1 0.0 �0.1 0.1 0.0

45.25 0.0 0.0 0.0 0.0 0.0 0.0 0.0

64.00 0.0 0.0 0.0 0.0 0.0 �0.1 0.0 0.0 0.1

TABLE IV. Difference in decibels between the combined approximate method developed in this paper and numerical calculations for the imaginary part of

the specific forced radiation wave impedance of a square panel of side length 2e when l 	 1.

l¼ 1.00 l¼ 1.26 l¼ 1.58 l¼ 2.00 l¼ 2.51 l¼ 3.16 l¼ 3.98 l¼ 5.01 l¼ 6.31 l¼ 7.94 l¼ 10.00

ke

0.25 0.1 0.2 0.2 0.3 0.4 0.5 0.8 0.5 0.1 �0.1 0.0

0.35 0.3 0.3 0.2 0.3 0.3 0.4 0.4 0.0 �0.1 0.0 0.1

0.50 0.5 0.4 0.4 0.3 0.3 0.4 0.0 0.0 0.1 0.1 0.0

0.71 0.6 0.5 0.4 0.4 0.3 0.1 0.0 0.0 0.0 0.0 0.0

1.00 �0.1 �0.1 �0.1 0.0 0.1 �0.1 0.0 0.0 0.0 0.0 0.0

1.41 �1.4 �1.3 �0.9 �0.1 �0.1 0.1 0.0 0.0 0.0 0.0 0.0

2.00 �1.0 �1.1 �0.6 �0.1 0.1 0.0 0.0 0.0 0.0 0.0 0.0

2.83 �0.7 �0.9 �0.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

4.00 �0.5 �0.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

5.66 �0.3 �0.6 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8.00 �0.2 �0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

11.31 �0.2 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
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method from Davy (2009), the method developed in this pa-

per can also calculate the imaginary part.

For the imaginary part, the approximate method is

between 0.8 dB higher and �1.3 dB lower than numerical

calculations when l is greater than or equal to one. For the

real part, the approximate method is between 6.2 dB higher

and �2.4 dB lower than numerical calculations, when l is

greater than or equal to one.
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