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Abstract—The occlusion of arteries during ischeamia causes
a state of insufficient blood supply and hypoperfusion in down-
stream to keep the brain functioning. Hypoperfusion in human
brain is a critical event which leads to cerebral hypoxia with
high risk of developing impairment. Vasomotion can be induced
in the above situation of reduced perfusion. This might increase
the blood flow by decreasing the effective vascular resistance
and lead to enhanced perfusion. Therefore, one could assume
that vasomotion is a regulating mechanism associated with
hypoperfusion to control vascular resistance, blood flow and tissue
perfusion. It is therefore important to explore the underlying
mechanisms and the factors affecting the initiation and spread
of vasomotion. In future, this study will help the early diagnosis
and treatment of previously mentioned pathological conditions.
This study analyses the minimum condition required to initiate
vasomotion. It is shown that a minimum number of cells need to
be stimulated with sufficient amount of depolarization to initiate
conduction of contraction.

I. INTRODUCTION

Vasomotion is synchronized oscillations of vascular tone
which occur in many vascular networks such as in the human
brain. It is initiated locally by metabolic stresses and spreads
over several millimetres of the vessel. Physiological functions
of vasomotion are not fully understood. However, one of
such implication is that it can enhance tissue oxygenation
when perfusion is limited (Tsai and Intaglietta [1], Rücker
et al. [2], Sakurai and Terui [3]). Hypoperfusion is a critical
event in human brain with high risk of developing and func-
tioning impairment. Hypoperfusion can induce vasomotion in
ischeamia and sickle cell diseases (Hudetz et al. [4], Waltz
et al. [5], Intaglietta [6]). In such situation, vasomotion may
increase the blood flow by decreasing the effective vascular
resistance (Meyer et al. [7]). The effective resistance during
vasomotion would be the harmonic mean of the instantaneous
resistance. This will differ in magnitude from the time average.
The increased blood flow may lead to enhanced perfusion
as reported by Sakurai and Terui [3]. According to them,
tissue perfusion was 1.7 to 8.0 times larger than those without
vasomotion. Therefore, one could assume that vasomotion is
a regulating mechanism to control vascular resistance, blood
flow and tissue perfusion.
Vasomotion is a local phenomenon which is observed both in
the isolated arteries and in the intact animal such as humans,
dogs, rabbits and rats (Kawasaki et al. [8], Gokina et al. [9],
Omote et al. [10], Masuda et al. [11]). In-vitro experiments in
isolated arteries denote that vasomotion is enhanced by vaso-
constricting agonists such as noradrenaline (NE), acetylcholine
(ACh), phenylephrine (PE), neuropeptide Y etc. Vasomotion is
also noticed when the cells are depolarized with the help of

KCl solution (Dora et al. [12], Lamboley et al. [13], Seppey
et al. [14], Peng et al. [15]).
At low dosages of agonists, ACh, NE, KCl, PE, either no
vasomotion or vasomotion within only a small distance were
reported (Lamboley et al. [13], Duling and Berne [16], Seppey
et al. [14], Peng et al. [15]). However, at medium to high
dosages, vasomotion was observed over the entire arteriole in
the field of view. At very high concentration of NE, KCl and
PE, tonic contraction was induced without calcium oscillations.
Sufficient number of cells need to be stimulated at the same
time to get vasomotion (Peng et al. [15]). These studies claim
that minimum conditions are necessary for vasomotion to
occur.
Spread of vasodilation is much faster than the movement
of molecules by normal diffusion (Duling and Berne [16]).
Diffusion of the substances through the gap junction is not the
result of pure molecular diffusion but is a electro-diffusion
transport. Vasomotion was disappeared when voltage was
clamped in the Peng et al. [15] study. Vasomotion could be the
result of faster cell to cell communication via ionic currents
which in turn causes the change of calcium concentration in
smooth muscle cells.
The need of mathematical models in vasomotion study was
recognized very early by researchers and many mathematical
models were developed (Goldbeter et al. [17], Gonzalez-
Fernandez and Ermentrout [18], Parthimos et al. [19], Kapela
et al. [20]). Koenigsberger et al. [21] assumed that calcium
flux through gap junction is proportional to the difference in
magnitude of caclium between the neighbouring cells. Same
kind of equation is used to model voltage coupling. Voltage
and calcium are separately coupled to their respective flux
equations. Kapela et al. [22] used the Goldman-Hodgkin-Katz
(GHK) equation to model the ionic currents through the gap
junctions. This ionic currents were added to the membrane
potential equation and corresponding ionic flux equations.
Permeability was assumed to be the same for all ions. Gap
junction resistance values available from experiments were
used to calculate the permeability.
We aims to advance the mathematical modelling of vasomotion
to explore the underlying mechanisms and the factors affecting
the initiation and spread of vasomotion. In the present study,
numerical analysis of minimal conditions required to initiate
vasomotion is studied. A fixed length of artery with single layer
SMCs are simulated with electro-diffusion coupling. Existing
Gonzalez-Fernandez and Ermentrout [18] model with KCl
induced stimulation is used in the simulations. Occurrence
of conduction of contraction is analysed for different extra-
cellular potassium concentrations, gap junction conductances
and number of stimulated cells. The results are compared with



experimental results available.

Mathematical Model

Single SMC

We have used Gonzalez-Fernandez and Ermentrout [18]
model for simulating single cell dynamics. Intercellular ionic
flux of calcium ion is added to this model equations to study
multi-cell dynamics.
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Intercellular communication: We have used the electro-
diffusion coupling that suggested by Kapela et al. [22].
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v1 -20.0 mV Half-point of the calcium channel
activation sigmoidal

v2 25.0 mV Slope of the calcium channel
activation sigmoidal

v4 14.5 mV

v5 8 mV

v6 -15.0 mV

gL 7.854×10−14 C s−1

mV−1
Whole cell leak conductance

gK 3.1416×10−13 C s−1

mV−1
Whole cell potassium conductance

gCa 1.57×10−13 C s−1

mV−1
Whole cell calcium conductance

Ca3 450.0 nM

Ca4 150.0 nM

C 1.9635×10−14 C
mV−1

Cell capacitance

Kd 1.0×103 nM Equilibrium constant of calcium
and buffer reaction

BT 1.0×105 nM Total buffer concentration

α 7.9976×1015 nM C−1

φn 2.664 s−1

β 5.5×10−1 Fraction of cell volume occupied
by the cytosol

vL -70.0 mV Nernst potential of leak

vbase
Ca 80.0 mV Initial Nernst potential of calcium

[Ca]in 70 nM Initial intracellular Calcium
concentration

[K]in 140 mM Intracellular potassium
concentration

kCa 1.3567537×102 s−1 Rate constant for cystolic calcium
extrusion

R 8341.0 mJ mol−1

K−1
Universal gas constant

T 310.0 K Temperature

F 96487.0 C mol−1 Faraday constant

ZCa 2 Valence of calcium ion

ZK 2 Valence of potassium ion

vgj = (vm,i − vm,j) (13)

Where ’j’ denotes neighbouring cells. This coupling term,
equation 12, is added to the model equation for membrane
voltage, equation 2. Corresponding calcium flux is obtained by
multiplying equation 12 with α. The resultant equation will be
added to the differential equation of calcium, equation 3. Gap
junctional conductance (Ggj) of different connexin proteins is
available in literature. It′s value vary from 30 pS to 350 pS
and is used to find the permeability of calcium ion through
gap junction, equation 14.

P =
RTGgj
F 2Z2

Ca

1

[([Ca]i + [Ca]j) /2]
(14)

Cell stimulation: KCl solution is widely used in in-vitro
experiments to stimulate cells. In this study, extracellular
potassium concentration, ([K]e), is changed to numerically
simulate KCl induced cell dynamics [23]. Increasing extra-
cellular potassium concentration will depolarize the cells to
be stimulated and increases the opening of calcium channels.



Numerical methods: Model equations of calcium, mem-
brane voltage and gating variable (n) are discretized using
backward Euler method. A coupled algorithm is used to solve
resultant linear equations. This algorithm is similar to the
one suggested by Rempe and Chopp [24]. For coupled cells,
the system of linear equations will make a tridiagonal matrix
which is solved by using Thomas algorithm.

Solution algorithm

1) Solve equation 2 and equation 1 at time t+∆t using
values of [Ca]i, m∞,m∞, v3, λn, and vCa at time t

2) Recalculate fluxes using new values of n and vm,i
3) Solve equation 4 using updated fluxes, vm,i and n at

time t+ ∆t
4) Calculate fluxes at time t + ∆t using vm,i, [Ca]m,i

and n at time t+ ∆t
5) got to step 1 untill the final time is reached
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Fig. 1: Solver dependency on time step: (a) and (b) show
variation of calcium concentration of single cell and propaga-
tion velocity of coupled cells respectively for different time
steps

The dependency of time step on the single cell and multicell
solvers are shown in the figures 1a and 1b. For single cell
solver, converged results are obtained for ∆t =< 10−3. To
check the effect of additional gap junctional flux on the multi-
cell solver, variation of propagation velocity against time step
is analysed. It is clear from the figure 1b that propagation
velocity is getting converged for ∆t =< 10−3. We have used
the time step of 10−4 in all simulations to ensure accuracy in
the results.

II. RESULTS AND DISCUSSIONS

Single cell dynamics

Figure 2 shows temporal changes of membrane potential
in response to different extracellular potassium concentrations.
As the extracellular potassium increase, the cell depolarizes
into lower membrane potentials. Membrane voltage and cal-
cium concentration start to oscillate when [K]o > 4.2 mM.
Decrease of amplitude and increase of frequency is observed
with respect to extracellular potassium concentration. How-
ever, the mean calcium concentration was increased to higher
values. When [K]o > 19.6 mM, oscillation vanishes. The cor-
responding Hopf bifurcation diagram is given in the figure 2d.
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Fig. 2: Membrane potential responses to extracellular
potassium in single cell: vK is the Nernst potential of
potassium ion for the corresponding extracellular potassium
concentration.

Multi-cell dynamics

Numerical simulations of single artery of mono-layer 1000
SMCs are conducted. One SMC will communicate with two
adjacent SMCs. Vasomotion is generated by stimulating SMCs
at the centre of the artery. Extracellular potassium concentra-
tion is varied from 3 mM to 50 mM. Extracellular potassium in
the non-stimulating cells is kept at a normal level of 3.35 mM.
This is approximately equal to -100 mV reverse potential
of potassium. Stimulation of the cells are continued for 100
seconds and conduction of contraction is analysed.

Minimal conditions for vasomotion: Electro-diffusion of
calcium ion through gap junction makes the conduction of
contraction from the stimulated cells to the non-stimulated
cells. Non-stimulated cell should receive net inflow of inter-
cellular ionic current to depolarize itself. This means that the
ionic current should be negative as shown in the figure 3. If
the net inflow of intercellular ionic current is large enough to
depolarize the adjacent non-stimulated cell, conduction occurs.
The minimal conditions at which non-stimulated cells get
depolarized are discussed below.
It is clear from the electro-diffusion equation, initial state

of intercellular calcium flux from stimulated cell to non
stimulated cell depends on the gap junctional conductance,
gap junctional voltage and calcium differences. Voltage and
caclium gradients can be controlled by changing extracellular
potassium. In addition to that, number of stimulated cell on
a specific length artery may also affect the conduction of
contraction. The study of all these factors will help to define
the minimal conditions required to occur vasomotion.
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Fig. 3: Variation of intercellular ionic flux along the artery is
plotted for two different time period. 10 cells at the center of
the artery are stimulated using 8 mM extracellular potassium.
Only first 15 cells on one half of the artery is shown here. Ggj
is equal to 50 pS.
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Fig. 4: Variation of intercellular ionic flux along the artery is
plotted for different values of Ggj . 10 cells at the center of
the artery are stimulated using 8 mM extracellular potassium.
Only first 15 cells on one half of the artery is shown here.
Corresponding time is equal to 18.5 seconds after stimulation
started.

At high values of Ggj , Igj is always positive in all the cells,
see figure 4. It means that no net inflow of intercellular
ionic current is generated in non-stimulated cells to depolarize
them. However, at small values of Ggj , initially positive Igj is
observed in non-stimulated cells. At certain time period after
stimulation started, non-stimulated cells adjacent to stimulated
cells receives net inflow of Igj and get depolarized, see figure 4.
If number of stimulated cells are kept constant, increasing gap
junction conductance increases minimum amount of extracel-
lular potassium required to initiate conduction, figure 5. The
spatial distribution of current source may be increased to a
far distance when Ggj is increased. In other words, source
current will be distributed to more number of non-stimulated
cells. This will reduce source current available to the non-

stimulated cell adjacent to the stimulated cell. To overcome
this shortage, stimulated cells should be depolarized to higher
values by increasing extracellular potassium. However, for
Ggj > 500 pS, minimum amount of extracellular potassium
required is nearly constant. For smaller number of stimulated
cells, constant region of extracellular potassium is obtained
for less value of Ggj , figure 6. For Nstim >= 15, required
extracellular potassium is nearly the same for Ggj =< 200 pS,
see figure 6.

Conduction starts to appear when [K]e > 5 mM. The
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Fig. 5: Variation of minimum concentration of extracellular
potassium over minimum Ggj at Nstim = 10.
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Fig. 6: Minimal conditions for initiating vasomotion for dif-
ferent number of stimulated cells

minimum number of cells needed to stimulate is not constant
for all values of [K]e. For [K]e >= 25 mM, even a single
cell stimulation can conduct vasomotion. But, when the [K]e
is reduced, the number of cells need to stimulate is increased.
Around [K]e = 6 mM, small change in extracellular potassium
can significantly change minimum number of stimulated cells
required. It is evident from the figure 7 that that vasomotion
only occurs if a minimal number of cells are depolarized by



sufficient amount of extracellular potassium. This is consistent
with the experimental results of Peng et al. [15]. Minimum
number of cells is not changing for increasing gap junctional
conductance at high values of [K]e, see figure 8. At low values
of [K]e, gap junctional conductance has significant influence
on the occurrence of vasomotion.
For a constant extracellular potassium, more cells need to
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Fig. 7: Variation of minimum number of stimulated cells over
minimum extracellular potassium at Ggj = 100 pS
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Fig. 8: Minimal conditions for initiating vasomotion for dif-
ferent Ggj

be stimulated to initiate conduction when gap junction con-
ductance is increased, figure 9. Increasing number of cells
may expand source pool and keep enough transjunctional ionic
flux to depolarize the adjacent non-stimulated cell. On the
other hand, increasing Ggj may distribute the fixed source
pool to more non-stimulated cells and reduce transjunctional
ionic flux to the adjacent non-stimulated cell. Change in Nstim
with respect to Ggj is large for small values of Ggj . This
is accountable from the slope of the curve which increases
at low values of Ggj and reaches a steady value when Ggj
is greater than 500 pS. For different extracellular potassium

concentrations, figure 10, minimum Nstim is less influenced
when Ggj is small.
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Fig. 9: Variation of minimum number of stimulated cells over
minimum Ggj at [K+]e = 10 mM
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Fig. 10: Minimal conditions for initiating vasomotion for
different extracellular potassium concentrations

Model hypothesis: We have adjusted Gonzalez-Fernandez
and Ermentrout [18] model parameters to study KCl induced
cell dynamics. Value of -v1 is fixed at -20.0 mV and ex-
tracellular potassium is varied to depolarize cell. Dynamic
reverse potential of calcium ion is used instead of a constant
value in the original model. Synchronization of calcium waves
is necessary to get vasomotion in artery. This study is not
focusing on that factor but was trying to understand the
favourable conditions for conduction of cell depolarization
towards non-stimulated cells. This is essential for occurring
vasomotion.
Simulations are conducted only for fixed stimulation time and
artery length. We have observed that time at which conduction
occurs is not constant. If the stimulation keeps for longer time,
conduction may appear in non-vasomotion region. Similarly



for artery length, changing length may change the minimum
conditions of conduction. These factors will be taken care in
future works.

III. CONCLUSIONS

We have conducted numerical simulations to study the
minimum conditions required to initiate vasomotion in single
artery with a fixed length and fixed stimulation time. The main
factors that affecting the conduction of contraction are strength
of depolarization of the stimulated cells, number of cells
stimulated and gap junction conductance. Influences of these
factors on the presence of conducted contraction are analysed.
Minimum number of cells need to stimulated for a fixed time
period with a minimum amount of extracellular potassium
and minimum intercellular conductance to depolarize non-
stimulated cells and to occur vasomotion. This study help
to understand favourable physical conditions for existence of
vasomotion.
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J. Meister, “Effects of arterial wall stress on
vasomotion.” Biophysical journal, vol. 91, no. 5,
pp. 1663–1674, Sep. 2006. [Online]. Available:
http://www.pubmedcentral.nih.gov/articlerender.fcgi?
artid=1544282&tool=pmcentrez&rendertype=abstract

[24] M. J. Rempe and D. L. Chopp, “A predictor-corrector
algorithm for reaction-diffusion equations associated with
neural activity on branched,” SIAM Journal of Scientific
computing, vol. 28, no. 6, pp. 2139–2161, 2006.

http://www.ncbi.nlm.nih.gov/pubmed/18423672
http://www.pubmedcentral.nih.gov/articlerender.fcgi?artid=1304399&tool=pmcentrez&rendertype=abstract
http://www.pubmedcentral.nih.gov/articlerender.fcgi?artid=1304399&tool=pmcentrez&rendertype=abstract
http://www.pubmedcentral.nih.gov/articlerender.fcgi?artid=2806131&tool=pmcentrez&rendertype=abstract
http://www.pubmedcentral.nih.gov/articlerender.fcgi?artid=2806131&tool=pmcentrez&rendertype=abstract
http://www.pubmedcentral.nih.gov/articlerender.fcgi?artid=1544282&tool=pmcentrez&rendertype=abstract
http://www.pubmedcentral.nih.gov/articlerender.fcgi?artid=1544282&tool=pmcentrez&rendertype=abstract

	Introduction
	Results and Discussions
	Conclusions

