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Abstract

How are comparisons of magnitude achieved by the perceptual system? The most

common approach to answering this question has typically centred on explicit numeric

estimation of di�erences or ratios of various continuous phenomena, and an assumption

that comparative judgements instantiate one or the other of these operations. A

research literature dating back to the 1970s has delivered no clear consensus on the

subject, meanwhile considerable advances have been made in our understanding of how

number and magnitude are represented non-symbolically in the brain. In 2018, Grace,

Morton, Ward, Wilson, and Kemp pioneered a behavioural learning task in which

observers were trained via feedback to estimate the di�erences or ratios of pairs of

stimulus magnitudes without explicit instruction or use of symbolic notation. Contrary

to the majority of previous studies, which concluded a single operation (probably

di�erences) governs comparative judgements, these authors found evidence for control

by two operations. The current research adopts and extends Grace et al’s non-symbolic

paradigm in two key ways: an empirically important distinction is identified between

two types of ratio judgement (‘big ratios’ and ‘small ratios’), bringing the total number

of candidate comparative operations to three; and the feedback component, which

potentially obscured evidence of the perceptual system’s true underlying structure, is

gradually removed from the experimental procedure. Without feedback, observers in

two experiments consistently compared brightnesses and line lengths according to both

the di�erences and ratios of their magnitudes, as in Grace et al (2018). The ratio

function employed, however, di�ered from that used by Grace et al (and all previous

perceptual comparison studies), and dominated responding overall. This was in contrast

to two feedback-based experiments, whose results suggested a predisposition toward

di�erence-based comparisons. A strong capacity to learn each operation was evident,

however, indicating a high degree of flexibility on the part of the perceptual system.

Overall results were largely consistent between brightness and line length modalities,

suggesting a common mechanism for perceptual comparisons of intensive and extensive

stimuli, with respect to which both di�erences and (small) ratios play an integral part.
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Introduction

Quantitative comparisons are among the most fundamental functions performed

by our perceptual systems, permeating all sensory modalities and encompassing a

disparate range of physical dimensions. Our perceptual apparatus furnishes us with the

ability to judge which of two sounds is louder, which of two tastes is sweeter, which of

two lights is brighter, which of two surfaces is hotter, and which of two smells is

stronger, instinctively and without conscious deliberation. Moreover, we form implicit

representations of how much louder, sweeter, brighter, hotter, or stronger one stimulus

is than another. An empirical question thus arises with respect to the mathematical

structure underlying these representations, for there is more than one candidate

function for comparing two magnitudes (infinitely many, in fact).

Since the 1960s, psychologists have been concerned with the question whether

di�erences—the distance between two magnitudes on some scale—or ratios—the

proportion of one magnitude represented by another—characterise such judgements. In

1961, Warren Torgerson conjectured that a single comparative relation is perceived, but

that the identity of that relation is not empirically discoverable (Torgerson, 1961).

Whichever the true single operation is, Torgerson argued that the direct algebraic

transformation via which a di�erence can be expressed in terms of a ratio, or vice versa,

renders either representation compatible with experimental instruction, and thus

indiscernible. Despite its pessimistic epistemic prognosis, ‘Torgerson’s Conjecture’

(Birnbaum & Veit, 1974) was subsequently tested in dozens of empirical studies,

producing mixed results overall. While a majority came out in favour of a single

operation (usually di�erences), there remains no clear consensus in the literature

whether Torgerson was correct about the singularity, identity, or indeed the empirical

discoverability, of the true operation(s) underlying perceptual comparisons.

In 2018, Grace, Morton, Ward, Wilson and Kemp developed a novel, non-symbolic

task in which observers were trained to produce ratio- or di�erence-based comparative

judgements without explicit instruction or numerical quantification. The authors

reasoned that since the human perceptual system evolved to compare magnitudes long
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before the emergence of mathematics some 5,000 years ago, it would be instructive to

test Torgerson’s Conjecture under conditions in which observers do not use their

mathematical knowledge (Grace et al., 2018). Instead of responding using numbers,

observers in their task compared magnitudes by making a mouse click along a

continuous unmarked response bar. And instead of being instructed what operation to

employ in that comparison, they were ‘trained’ by way of feedback to respond according

to either the di�erences or ratios of the magnitudes presented. The authors found that

contrary to Torgerson’s Conjecture, which would predict stronger performance on the

task among observers whose training was aligned with the perceptual system’s native

operation, those trained with feedback of either type were able to learn the task with

comparable speed and accuracy. Moreover, regression analyses suggested that both

di�erences and ratios contributed to responding in the majority of cases, regardless of

which operation was trained. From this result the authors speculated that a more

complex mathematical structure may underlie perceptual judgements, the algebraic

properties of which could shed light on the mechanisms by which various species are

able to perform previously poorly understood ‘computationally complex behaviours’

(Grace et al., 2020).

The research described in this thesis extends the theoretical and experimental

paradigm developed by Grace et al (2018) in two important ways. First, an empirically

consequential distinction is drawn between two types of ratio judgement that has been

previously neglected in the literature. Second, following a replication of Grace et al’s

initial study (Experiment 1), the feedback component of the experimental procedure,

which I will argue is too prescriptive, is degraded (Experiment 2) and finally removed

from the procedure entirely (Experiments 3 and 4). A review of relevant literature

(spanning the inception of psychophysics to current approaches to investigating

perceptual comparisons), followed by a discussion around pertinent psychological and

mathematical properties of di�erences and ratios, comprise this first chapter. The

methods and results of the four experiments are then described, followed by a general

discussion of results, limitations, and implications for future research.
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The psychophysical legacy

Investigation into the quantitative relationship between physical magnitude and

subjective experience marked the genesis of experimental psychology. While the

properties of sensation had long been a subject of interest to philosophers and scientists,

it was not until the early 19th Century that serious e�orts were made to measure them

in a systematic way. In the 1830s, German physician Ernst Heinrich Weber observed

that in distinguishing two stimuli along some sensory continuum, it is their relative,

rather than absolute magnitudes that define the minimum threshold for discrimination.

For example, while a di�erence of just a few grams between two very light objects is

perceptible by most people, the same di�erence between two heavier objects is not. As

the overall heaviness of the objects increases, the di�erence in weight required for them

to be discernible increases proportionally—it is the ratio of two magnitudes, rather than

their absolute discrepancy, that determines the ‘just noticeable di�erence’ (JND)

between them. This discovery can be formalised as follows, where I is the physical

magnitude (‘intensity’) being perceived, � the adjustment required for a subject to be

able to detect a just-noticeable change in I, and K a constant.

�I

I
= K (1)

The above equation was termed ‘Weber’s Law’ by fellow German psychologist

Gustav Theodor Fechner, in his seminal 1860 volume Elemente der Psychophysik

(Elements of Psychophysics). This was the first use of the term ‘psychophysics’, which

Fechner coined to describe "an exact theory of the functionally dependent relations of

body and soul, or, more generally, of the material and the mental, of the physical and

the psychological worlds" (Fechner, Howes, & Boring, 1966, p. 7). Taking the JND as a

fundamental unit of sensation, Fechner generalised Weber’s Law as follows to create a

unified scale of perceived magnitude (where S is the sensation, K a constant, and I the

physical magnitude).
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S = K logI (2)

According to the revised Weber-Fechner Law, then, the subjective sensation associated

with some sensory stimulus grows as a logarithm of stimulus intensity. Fechner tested

this law using three main methods: the ‘method of limits’, whereby a standard stimulus

is increased by small steps until a subject is able to perceive a di�erence in intensity;

the ‘method of right and wrong cases’, in which pairs of either identical or subtly

di�erent stimuli are presented to a subject, who indicates whether they can distinguish

them; and the ‘method of adjustment’, where a comparison stimulus is gradually

adjusted to be identical in perceived intensity to a standard stimulus. Each of these

methods represented an indirect means of establishing JNDs, which formed the linear

basis of Fechner’s perceptual scale.

Because the Weber-Fechner law is logarithmic, linear increases in JNDs require

geometric increases (of various orders) in physical intensity. In order to achieve a

doubling of perceived weight, for example, more than a doubling of physical weight

would be required. While this law fit the data well for many sensory modalities, it had

long been known that for some stimuli—for example pain—the reverse was the case.

Perceived pain (usually from the administration of small electric shocks) increases at a

faster rate than stimulus intensity (e.g. volts administered), rendering it incompatible

with a logarithmic psychophysical law. This limitation, along with a reliance on indirect

measurement strategies, and the inconsistency of JNDs between subjects and across the

perceptual scale, led American psychologist Stanley Smith Stevens to propose an

alternative formulation of the psychophysical law some 100 years later (Stevens &

Galanter, 1957; Stevens, 1961). Termed the ‘power law’, it was formalised as follows,

where I is the physical intensity of the stimulus, Â(I) the perceived intensity of the

sensation, a an exponent unique to each stimulus modality (determining the rate of

growth in sensation), and k a constant.
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Â(I) = kIa (3)

Under Stevens’ formulation, the psychophysical law simply holds that for any given

sensory modality, "equal stimulus ratios produce equal subjective ratios" (Stevens, 1975,

p. 16). Since the value of the exponent prescribes either an accelerating (where n > 1,

e.g. in the case of pain) or decelerating (where n < 1, e.g. in the case of weight)

function, Stevens’ law had the advantage of describing a wider range of psychophysical

relationships than did Fechner’s. It also did away with JNDs as the means of measuring

sensation, instead describing a direct relationship between physical and psychological

magnitudes. To establish this direct relationship, Stevens introduced four new methods

to replace those pioneered by Fechner: ‘ratio production’, whereby a subject is

instructed to produce a stimulus some ratio of a standard stimulus; ‘ratio estimation’, in

which a subject is required to estimate the ratio between a pair of stimuli; ‘magnitude

estimation’, in which subjects assign a series of numbers to a series of stimuli that are

proportional to their perceived intensity; and ‘magnitude production’, whereby subjects

are instructed to produce magnitudes corresponding to a given series of numbers

(Stevens, 1957). Stevens argued these ‘direct measurement strategies’, which yielded a

power rather than logarithmic function when applied to a range of sensory modalities,

were superior to Fechner’s indirect characteristation of the psychophysical relationship

using JNDs. Stevens thus claimed to have grounds for repealing the Weber-Fechner law

(Stevens, 1961), and proclaimed the beginning of a new era of psychophysics.

The question whether the relationship between perceived and physical magnitude

is indeed best described by a logarithmic or power function remains a matter of

contention in the psychophysical literature, and lies beyond the scope of this review (see

Krueger (1989) for an overview). In 1961 however, Warren Torgerson argued that there

exists no empirical basis on which to settle the matter, since ‘distance models’

(described by Fechner) and ‘ratio models’ (described by Stevens) are based in the

mutually distributive algebraic operations of addition and multiplication (respectively).
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Thus, "any model that relies solely on di�erences can be paralleled exactly with a

corresponding model that relies solely on ratios" (Torgerson, 1961, p. 201), and the

choice of model, according to Torgerson, is an arbitrary one.

Torgerson argued that the same state of a�airs exists with respect to quantitative

comparisons. Noting results from Garner (1954), in which subjects instructed to bisect

two sounds by producing either an equidistant di�erence or ratio of their loudnesses

produced comparable results, he claimed that "the subject perceives or appreciates but

a single quantitative relation between a pair of stimuli" (Torgerson, 1961, p.203).

Whether that relation is a di�erence or a ratio, Torgerson claimed, is not discoverable

by empirical means, since subjects can simply interpret the single perceived relation in

whichever way the experimenter instructs. Considerable e�ort has since been expended

to determine whether ‘Torgerson’s Conjecture’ (Birnbaum & Veit, 1974) is true or false.

The next sections summarises this literature.

Testing Torgerson

Tests of Torgerson’s Conjecture throughout the 1970s and 1980s utilised variations

on Stevens’ methods of ratio and magnitude estimation, alongside category rating tasks

(in which judgements are ranked along an ordinal scale) and cross-modality matching

(wherein the magnitude of one modality is judged in terms of the magnitude of

another), to determine whether judgements of di�erences and ratios were indeed

grounded in a single perceived relation. While Torgerson himself held that the matter

cannot be empirically decided, the use of factorial stimulus designs, alongside an

assumption of ‘scale convergence’ (Birnbaum, 1974), yielded diverging behavioural

predictions against which the conjecture could in principle be tested (Krantz & Suppes,

1971). Between 1974 and 1988, subjects made comparisons of heaviness (Birnbaum and

Veit, 1974; Rule, Curtis, and Mullin, 1981; Mellers, Davis, and Birnbaum, 1984), line

length (Parker, Schneider, & Kanow, 1975), loudness (Schneider, Parker, Farrell, and

Kanow, 1976; Birnbaum and Elmasian), distances between US cities (Birnbaum &

Mellers, 1978), darkness (Birnbaum, 1978; Veit, 1978), likeableness of people (Hagerty
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& Birnbaum, 1978); numbers (Rose & Birnbaum, 1975), pitch (Elmasian & Birnbaum,

1984), and sweetness (Graaf & Frijters, 1988). Table 1 summarises these studies

according to stimulus modality and methods used for estimating di�erences and ratios.

Magnitude estimation tasks were most commonly used to elicit ratio judgements.

Pairs of stimuli of di�ering magnitudes would be presented to subjects, who were

instructed to provide direct estimates of their ratios. A modulus—the number which

should be assigned to identical stimulus pairs—would be prescribed (usually 1 or 100,

though in Rule et al (1981) subjects could specify their own), and examples were often

given to make the task clear to participants. A typical example of instructions given for

a ratio estimation task was as follows:

For the "ratio" task, subjects estimated the "ratio of the subjective

loudness of the second tone to the loudness of the first." The modulus (the

value representing a ratio of unity) was designated "100," and printed

examples were provided specifying that if the second tone seemed one fourth

as loud as the first, the subject was to respond "25"; if it seemed half as

loud, "50"; twice as loud, "200"; and four limes as loud, "400." Instructions

encouraged the subjects to feel free to use whatever numerical values best

represented the "psychological ratios." (Birnbaum & Elmasian, 1977, p. 385)

Some studies also used magnitude estimation for di�erence estimates, though this was

typically more complicated because di�erence values require a scale in order to be

meaningful. In Parker et al. (1975), subjects estimated the di�erence between two line

lengths using an arbitrary scale benchmarked against an example pair (in this case 60).

In Birnbaum (1978), subjects were instructed to assign di�erence values to pairs of grey

squares that varied in darkness, ranging between 0 (identity) and 100 (maximum

di�erence). In Birnbaum and Mellers (1978), where the task was to estimate the

relative easterliness or westerliness of US cities, subjects were instructed to "use integers

from 80 (the first city is very very much more westerly than the second city) through 0

(there is no di�erence in westerliness between the cities) to ≠80 (the second city is very

very much more westerly than the first city" (Birnbaum & Mellers, 1978, p. 405). And
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in Rule et al. (1981), subjects were free to judge di�erences in weights using whatever

numeric scale they wanted, using the first pair encountered as a benchmark for

subsequent estimates.

More commonly, di�erence estimates were obtained using category ratings. In

these tasks, subjects were instructed to assign a rating (usually on a 9-point scale) to

the perceived di�erence between two stimuli. For example:

Ss rated the subjective di�erence in heaviness on a 9-point scale. from 1

(right hand is very very much lighter than the left) to 9 (right hand is very

very much heavier than the left). (Birnbaum & Veit, 1974, p. 9)

Rose and Birnbaum (1975)’s task was unique among the studies discussed in utilising

cross-modality matching. Subjects were instructed to indicate judgements of the

di�erence or ratio of two numbers by placing a mark on a horizontal line, with marks to

the left of a centre point indicating the number on the left to be larger, and marks to

the right indicating the number on the right to be larger. The further the distance of

the mark from the centre, the larger was the perceived di�erence or ratio (depending on

instructions) between the two numbers.

Employing (primarily) non-metric scaling analyses to determine whether the

di�erence and ratio judgements produced by subjects were monotonically related, 11 of

the 13 studies listed in Table 1 concluded that a single relation was perceived in both

di�erence and ratio tasks, with Parker et al. (1975) and Rule et al. (1981) concluding

that two operations were employed. For a majority of those in agreement with Torgerson

(9 of 11), it was inferred furthermore that a ‘subtractive’ model—corresponding to the

perception of di�erences with respect to interval-scaled stimuli (Birnbaum, 1978; Veit,

1978)—best described the data. At the end of the 1980s, then, support for Torgerson’s

Conjecture appeared to be strong overall, and di�erences looked to be the more likely

candidate for perceptual comparisons—though the situation was by no means

unanimous, and the research space was dominated by a small number of labs.

More than two decades later, mathematical psychologists R. Duncan Luce and

Ragnar Steingrimsson provided a theoretical argument against the probable truth of
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Torgerson’s Conjecture, on the basis that it implies behavioural predictions inconsistent

with empirical observation. While experimental data suggested a non-linear relationship

between perceived ratios and evaluations thereof (Steingrimsson & Luce, 2005b, 2005a,

2006, 2007), Luce proved that Torgerson’s Conjecture requires a linear relationship be

assumed (Luce, 2012). The upshot was that the foregoing studies were likely

methodologically flawed in their treatment of ratio estimations. In response to this

result, Italian psychologist Sergio Cesare Masin (2013) attempted a di�erent approach

to the evaluation of perceptual ratios, with analysis based on functional measurement

methodology and response times. The experimental procedure was as follows:

One group was asked to report how many times the length of the test

stimulus was longer than the length of the standard stimulus (ratio

evaluation). The other group was asked to count the number of standard

stimulus lengths needed to be added to one another to obtain the length of

the test stimulus (mental counting). (Masin, 2013, p. 197)

Results indicated that subjects were not able to directly evaluate ratios of line length

(first group), but were accurate in the ‘mental counting’ task (second group), and

chronometric analysis suggested a mental counting strategy was plausibly employed in

both tasks. When the experiment was repeated with pairs of brightnesses, subjects

performed neither task accurately. Masin thus inferred that subjects substituted mental

counting in evaluating ratios of line length, and di�erence evaluations in the case

brightness ratios, concluding that while direct ratio judgements were not possible,

"di�erence judgments may be a general human capability" (Masin, 2013, p. 194).

A repetition of the ratio evaluation task with brightness and lifted weights

produced similar results, as did a cross-modality matching task in which subjects

indicated their judgements of brightness ratios by placing a mark on a line, similar to

Rose and Birnbaum (1975) (Masin, 2014). Further experiments with heaviness (Masin

& Brancaccio, 2017) and line length, heaviness, and brightness (Masin, Brancaccio, &

Tomassetti, 2019)—the latter of which involved a cross-modality matching procedure

with balanced weights—subsequently led Masin to the conclusion that ratio judgements
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may be possible with respect to extensive dimensions (in which magnitude is perceived

as extension in physical space, e.g. line length) but not intensive dimensions (where

magnitude is perceived as variation in subjective intensity, e.g. brightness, heaviness).

This view is broadly consistent with both Torgerson’s Conjecture and Birnbaum’s

subtractive perceptual model, at least with respect to intensive modalities.

Meanwhile, Grace et al. (2018) took an entirely di�erent approach to testing

Torgerson’s Conjecture. The problem with the experimental literature to date, they

argued, was that the di�erence and ratio estimation procedures employed all required

subjects to use their mathematical knowledge in some way. While organisms have

presumably been performing perceptual comparisons for eons, mathematics only came

on the scene in human culture some 5,000 years ago (Neugebauer, 1969). Unlike basic

perception, numeric magnitude estimation tasks fall into the category of judgements

classed as ‘cognitively penetrable’ (Pylyshyn, 1980, 1999), i.e. those that are "sensitive

to the information involved in computations that perform thought and reasoning"

(Zeimbekis & Raftopoulos, 2015, p. 2); or under the popular dual-process model of

cognition, ‘System 2’, or ‘explicit’ cognition (Evans, 2008). Grace et al argued that if we

want a true test of the nature of perceptual comparisons, we must remove the use of

mathematical concepts from the procedure entirely: "it is arguably more fundamental to

ask whether the perceptual system uses one or two operations to compare stimuli when

explicit cognitive processes are not involved" (Grace et al., 2018, p. 63). Drawing on

behavioural learning methodologies, they devised a non-symbolic, non-verbal task

designed to engage implicit learning processes. Rather than responding with numbers,

subjects compared pairs of brightnesses, circle areas, and numerosities by making a

mouse click along a horizontal response bar. An inherent limitation of this approach

was that observers were constrained in their responding to a finite range (as opposed to

direct numeric estimation procedures, where the available response range was

potentially infinite). In this sense the procedure was more aligned with category

judgement tasks (though with an infinite number of categories), and bore similarities to

the cross-modality matching procedures in Rose & Birnbaum (1975) and Masin (2014).
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Grace et al’s task di�ered from these other approaches however in that subjects were

given no instruction as to which operation they should use to make their judgements.

Instead, visual feedback following each response, showing the position on the response

bar corresponding to either the scaled di�erence or the ratio of the magnitudes

presented, ‘trained’ subjects to respond according to one operation or the other. If

Torgerson’s Conjecture is true, they reasoned, then subjects trained with the perceptual

system’s single comparative relation should learn the task faster and perform better

overall, and multivariate analyses should indicate control by a single operation.

Results contradicted Torgerson. Across all three modalities, subjects trained with

either di�erence and ratio feedback learned to compare stimuli with equal speed and

accuracy. In addition, regressions of di�erences and ratios on individual responses

showed both operations were significant predictors of responding in the majority of

cases, suggesting not only that the perceptual system is able to employ both operations,

but that both may be recruited simultaneously. If true, this would suggest

representation of a more complex mathematical structure in basic perception, the

existence of which may help explain ‘computationally complex behaviours’ (such as

path integration by foraging insects) which have thus far perplexed behavioural

scientists (Grace et al., 2020).

Sixty years on from Torgerson (1961), a complex picture emerges of the nature of

perceptual comparisons. The weight of evidence has historically leaned towards

di�erences as the single relation perceived, though methodological issues around direct

ratio evaluations likely render the majority of studies from the 1970s and 1980s

unreliable (Luce, 2012), and recent evidence suggests that if true, the conjecture may

only hold for some stimulus modalities (Masin et al., 2019). Grace et al’s (2018)

non-symbolic experimental paradigm presents contradictory evidence, suggesting a dual

role for both di�erences and ratios when numbers are removed from comparative tasks.

The next section takes a deeper look at the properties of di�erences and ratios from a

mathematical perspective, and highlights a central limitation arising from the way ratio

judgements in particular have been characterised across the literature to date.
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Di�erences, ratios, and ratios

Di�erences and ratios are fundamental building blocks of arithmetic. As

counterparts of addition and multiplication (respectively), they represent the basic

operations upon which algebraic fields over the rational and real numbers (and thus

much of modern mathematics) are possible. The prominence of these two operations in

the sca�olding of arithmetic is not arbitrary. Recently, Grice, Kemp, Morton, and

Grace (2020) provided formal proof that addition and multiplication are optimally

‘simple’ binary functions, being uniquely derivable from the non-algebraic, psychological

priors of monotonicity, continuity, convexity, and isomorphism (Grice et al., 2020).

Grice et al’s grounding of addition and multiplication in psychological processes is

theoretically in line with findings in the mathematical cognition literature. The

psychological representation of magnitude has been shown to be neurologically based in

the inferior parietal cortex, and shared across species (Dehaene, Piazza, Pinel, & Cohen,

2003). It is hypothesised that for quantities less that four, an ‘Object Tracking System’

(OTS) facilitates the precise enumeration and and tracking of objects across space and

time (Piazza, 2010), while an ‘Approximate Number System’ (ANS) allows for the

inexact representation of larger quantities on a logarithmic scale (Dehaene, 1999;

Feigenson, Dehaene, & Spelke, 2004; Barth, Beckmann, & Spelke, 2008). In addition to

representing discrete magnitudes, these systems are thought to provide the basis for

non-symbolic manipulation of quantity. Evidence of additive and subtractive

capabilities has been found in human infants as young as five months ((Wynn, 1992;

Simon, Hespos, & Rochat, 1995; Cohen & Marks, 2002); see Christodoulou, Lac, and

Moore (2017) for a recent meta-analysis), rhesus monkeys (Hauser, MacNeilage, &

Ware, 1996), newly-hatched chicks (Rugani, Fontanari, Simoni, Regolin, & Vallortigara,

2009), and honeybees (Howard, Avarguès-Weber, Garcia, Greentree, & Dyer, 2019).

More recently, a Ratio Processing System (RPS)—similar to the ANS and instantiated

in the same neural circuitry—has been proposed that facilitates proportional

judgements (Ischebeck, Schocke, & Delazer, 2009; Jacob & Nieder, 2009; Lewis,

Matthews, & Hubbard, 2016; Mock et al., 2018). Evidence of a rudimentary ability to
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evaluate ratios has been documented in 6-month old infants (McCrink & Wynn, 2007),

pigeons (Honig & Stewart, 1989; Emmerton, 2001), and rhesus monkeys (Vallentin &

Nieder, 2008) (see Jacob, Vallentin, and Nieder (2012) for review). The basic capacity

to represent and compute di�erences and ratios, therefore, seems to require neither

language nor formal mathematical knowledge.

Among the infinitely many possible functions of two positive magnitudes,

di�erences and ratios are thus obvious candidates for the operation(s) according to

which perceptual comparisons are made: computationally, their counterparts of

addition and multiplication are uniquely identifiable; mathematically, they can be

constructed without recourse to other algebraic objects; and psychologically, they

appear to be embedded in basic cognitive processes that are shared across species. That

it was these two operations Torgerson conjectured about, and these two operations that

the perceptual comparison literature has since focused its attention on, is therefore no

coincidence. When we consider more closely the structural properties of di�erences and

ratios as sets, however, we find that there are arguably not two operations in contention

for the single comparative relation perceived between pairs of stimuli, but three.

We can describe the relevant structural properties of di�erences and ratios by

considering all possible outcomes of applying each operation to two positive magnitudes.

For di�erences, the possible outputs range between 0 (where both input magnitudes are

equal) and infinity (where the magnitude of one input is arbitrarily large with respect

to the other). While the sign associated with a di�erence can be positive or negative

(depending on the order of the operands), the magnitude of the resulting di�erence is

the same, as is its possible range. In this sense, we can say that di�erences (as a set) are

bounded below by 0 (since their value cannot, in an absolute sense, be less than 0), and

unbounded above (since they can potentially take on any positive magnitude).

For ratios, the task is less straightforward. Depending again on the order of the

operands, there are two ways a ratio of two magnitudes can be expressed. Unlike

di�erences, however, these produce outputs that di�er in both magnitude and range.

On the one hand, we can take the ratio of the larger magnitude to the smaller
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magnitude (M
m , where m Æ M), which results in a set with similar properties to that of

di�erences, bounded below this time by 1 (where m = M) and unbounded above (where

M is arbitrarily large with respect to m). Let us call this type of ratio a big ratio. On

the other hand, taking the ratio of the smaller magnitude to the larger magnitude ( m
M ,

where m Æ M) gives a di�erent result. When we consider the set of all possible outputs

of this, what we shall call small ratio function, we find that it is bounded below by 0

(where m is arbitrarily small with respect to M), and above by 1 (where m = M). A

small ratio must always take a value in this range, no matter how divergent its two

inputs may be. The set of big ratios, conversely, is infinite in extent. The resulting

relationship between big ratios and small ratios is non-linear (being a subset of the

function y = x≠1). Figure 1 illustrates this relationship, plotting small ratios (y axis)

against big ratios between 1 and 30 (x axis).

Figure 1 . Relationship between big and small ratios, being a subset of the function y = x-1.

As the equation describing this relationship indicates, big ratios and small ratios are

multiplicative inverses of each other. For example, where m = 1 and M = 4, the big

ratio of the magnitude pair = 4 (4
1), and the small ratio = 0.25 (1

4). Multiplying the big

and small ratio of any magnitude pair (in this example 4 and 0.25) always gives 1. In a

meaningful sense then, big and small ratios, when applied to a given pair of magnitudes,

are simply two ways of expressing the same relationship. As Figure 1 shows however,

the set of big ratios and the set of small ratios have demonstrably di�erent structural
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properties (unlike the sets of positive and negative di�erences). Specifically, with

respect to the Euclidean metric, one set is unbounded and the other is not. Since

perceptual comparison tasks involve analysis of responses across sets of stimulus pairs,

and not single examples, these structural di�erences have implications for ratio

judgement tasks that have historically gone unconsidered.

In the ratio estimation tasks summarised in Table 1 above, big and small ratios

were typically conflated into a single estimate. In each experiment (with the exception

of Graaf and Frijters, 1988), the order in which the stimulus pairs were presented

dictated whether a big or small ratio should be employed. For example: "if the first

tone in a pair sounds ten times as loud as the second. you should say ‘ten’. If the first

tone in some other pair sounds half as loud as the second. you should say ‘one-half’"

(Parker et al., 1975). The resulting response space was a concatenation of the two

scales—small ratios where the larger magnitude was the reference stimulus, and big

ratios where the smaller magnitude was. A recent paper by Mertens, Mertens, and

Lerche noted a similar observation:

We assume that a problem arises because of the asymmetry of the

response scale, where for stimuli with a lower intensity compared to the

reference, the scale ranges from 0 to 10, but for stimuli with a higher

intensity, it ranges from 10 to infinity. Thus, for stimuli that are less

intensive than the reference only a limited range is available, while for more

intensive stimuli an unlimited range is available. (Mertens et al., 2021,

p. 2349)

A possible consequence of this ‘asymmetry’, the authors argued, is a systematic bias in

the estimation of the psychophysical function. They reasoned that the comparatively

limited range of numbers available for quantifying magnitudes less intense than the

reference, alongside a general inability of people to think in terms of ratio notation,

could plausibly result in less intense stimuli being assigned relatively more extreme

estimates. In order to test for this bias, brightness and saturation estimation

experiments were undertaken in which a) the response scale was reversed (so, brighter
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stimuli were associated with lower numeric estimates), and b) a ‘unidirectional’

response scale was used (i.e. one incorporating big ratios only). Results from these

procedures di�ered from those obtained using the ‘standard’ magnitude estimation

procedure (the concatenated ratio scale), leading the authors to indeed conclude that

"the typical power functions that emerge when using a standard magnitude estimation

procedure might be biased due to di�culties experienced by participants to think in

ratios" (Mertens et al., 2021, p. 2347). For present purposes, their results suggest

subjects approach the quantification of big and small ratios di�erently.

Like Mertens et al’s ‘unidirectional’ procedure, the ratio estimation tasks

employed by Graaf and Frijters (1988) and Masin et al (Masin, 2013, 2014; Masin &

Brancaccio, 2017; Masin et al., 2019) only employed big ratio judgements. For example:

"[subjects] had to first identify which stimulus of each pair was the sweetest, and

subsequently to assign a number reflecting the "ratio" of the perceived sweetness

intensity of the sweetest stimulus to the intensity of the least sweet stimulus" (Graaf &

Frijters, 1988, p. 358); and "participants were asked to verbally judge on each trial how

many times the variable stimulus was heavier than the standard stimulus" (Masin,

2014). Grace et al (2018) likewise employed only big ratios in their non-symbolic task,

since feedback given in the ratio-trained condition always corresponded to the scaled

ratio of the larger to the smaller magnitude presented, with the larger magnitude

always presented on the left (Grace et al., 2018, Figure 1). No studies involving ratio

estimations appear to have employed only a small ratio response scale.

The current research

The current research extends the work of Grace et al (2018) in two key ways.

First, in light of the foregoing considerations, big and small ratios are treated as distinct

operations. It is hypothesised that if the perceptual system does employ ratios (in some

capacity) in comparing magnitudes, it is likely to be one or the other type (since the

representation of a more complex, concatenated ratio scale o�ers little advantage

outside a symbolic mathematical context). Since there is no a priori basis for
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determining which ratio function is the more plausible candidate, and no precedent in

the psychophysical literature for standalone small ratio estimation, each operation is

tested separately under the same conditions. Instead of di�erences vs. ratios, then, we

have di�erences vs. big ratios vs. small ratios. This is an entirely novel approach to

conceptualising and testing ratio judgements.

Second, the feedback component of Grace et al’s design, which was shown to be

highly e�ective at eliciting accurate responses in both di�erence and ratio estimation

tasks, is degraded and finally removed from the procedure. The rationale here is that

the training may have been so e�ective as to potentially obscure evidence of the true

underlying structure of comparative judgements. That participants could implicitly

learn to produce responses corresponding to either di�erences or ratios may indeed be

indicative of the perceptual system employing both operations, but may also simply

suggest a strong capacity for learning a prescribed function in the given experimental

context. By adding a small amount of random noise to the feedback provided, the

e�cacy of the training is decreased and the task made more opaque. It is reasoned that

if a single relation does govern perceptual comparisons, stronger evidence of it may be

found in responses given by subjects trained with the alternative operation, under

conditions where that training approximates the targeted operation less reliably.

In addition to facilitating a slightly stronger test of the true operation(s)

underlying comparative judgements, the addition of noise to the feedback provided in

Experiment 2 also allows possible exemplar learning strategies to be ruled out. This is

an important test of the validity of Grace et al’s implicit learning approach with respect

to comparative judgements in general, since exemplar learning (i.e. the learning of

correct stimulus-response pairs, as opposed to the mathematical relationship between

stimulus magnitudes) would wholly undermine the research objectives. While Grace et

al found some evidence against exemplar learning insofar as responses to ‘transfer trials’

(previously unencountered stimulus pairs that appeared without feedback in the latter

part of the experiment) were consistent with the trained operation, the use of noisy

feedback across the experiment provides a stronger test of this possibility, since it
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provides su�cient data to enable evaluation of the question at an individual level.

Regression analyses incorporating the noise component also facilitate a direct test of the

hypothesis that the noise was actively ignored or suppressed by observers.

The removal of feedback entirely in Experiments 3 and 4 is intended to provide a

more direct test still of the true structure of perceptual comparisons. Because no

feedback is given to influence responding at all, subjects are free to compare stimuli in

the manner that feels most natural to them (and ex hypothesi, that is innate to their

perceptual systems). Here it is reasoned that the operation(s) underlying comparative

judgements should align with estimates of perceived ‘similarity’ of stimulus pairs. This

approach is grounded in the assumption that at their core, comparative judgements are

judgements of relative similarity/dissimilarity along a perceptual continuum, with

di�erences and ratios being alternative ways of quantifying this. While research into

similarity judgements with respect to continuous stimuli has been undertaken previously

(Eisler & Ekman, 1959; Eisler, 1960; Ekman, Goude, & Waern, 1961; Markley, Ayers, &

Rule, 1969; Künnapas & Künnapas, 1974; Parker & Schneider, 1974; Parker et al., 1975;

Tversky, 1977), this is the first time such an approach has been applied in a

non-symbolic context, and used primarily in the evaluation of Torgerson’s Conjecture.

Brightness and line length are employed as stimulus modalities across all four

experiments described in this thesis. These were chosen to represent intensive and

extensive magnitudes, respectively. If Masin (2017) is correct that ratio judgements are

possible only with respect to extensive magnitudes, systematic di�erences in task

performance between the two modalities should be evident. As an extensive magnitude,

line length was chosen over circle area or numerosity (as per Grace et al, 2018) due to a

lack of potential confounds in the dimension being responded to. As articulated by

Gebuis and Reynvoet (2012), numerosity (usually represented by clouds of dots) is

irreparably confounded with other visual cues (such as the convex hull of the stimulus

array and stimulus density). Similarly, variation in circle area is confounded by

variation in circle diameter. Having only a single dimension, brightness and line length

each avoid potential complications arising from confounding factors. A limitation of the
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current research does arise from employing only visual stimuli, however, and future

replications across di�erent sensory modalities would be needed to generalise findings

across the peceptual system.

In Experiments 1 and 2, a between-subjects design is employed, with participants

randomly assigned to di�erence, big ratio, or small ratio conditions. Around 10 subjects

were recruited for each group per study (with some variation due to the use of a pooled

recruitment process, a variable rate of no-shows, and random assignment to groups).

Data were analysed primarily using multiple regression, to determine the relative

influence of di�erences and ratios on responding for each individual and group (as per

Grace et al), and test for evidence of exemplar learning (Experiment 2). Experiments 3

and 4 are more exploratory in nature. All subjects completed the same brightness or

line length comparison task (with either the same stimulus set as used in Experiments 1

and 2, or randomised stimuli). There was no feedback to di�erentiate groups, and no

specific hypotheses with respect to how comparisons would be made. Around 10

participants were again recruited for each modality, and mixed models analyses were

employed to determine how responding was best characterised overall.

The overall aim of the research described in this thesis is to provide a novel and

more nuanced evaluation of the truth of Torgerson’s Conjecture, building on the

strengths of the experimental paradigm pioneered by Grace et al (2018) with respect to

non-symbolic, implicit learning, and incorporating the distinction between two types of

ratio function described above. In addition to comprising an original contribution to the

psychophysical literature, insofar as the methods employed facilitate greater insight into

the underlying structure of comparative judgements, the results described also have

potentially important implications for psychological measurement and mathematical

education, which will be addressed in the General Discussion section below.
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Experiment 1

Experiment 1 replicates Grace et al (2018)’s second experiment with brightness,

while introducing the novel modality of line length, and the novel operation of ‘small

ratio’, under the basic experimental paradigm. In addition to these variations, two

minor changes were made to the original experimental design: transfer trials were

omitted from the procedure (these were initially included by Grace et al to discount

possible exemplar learning strategies, an issue which is addressed separately in

Experiment 2 of this thesis); and the mapping of di�erences and ratios to the response

bar was not truncated at the ends (the intention of which was to avoid possible floor

and ceiling e�ects on responding). Here a simpler linear mapping is preferred in order

to facilitate more straightforward comparisons with later experiments in which feedback

is degraded (Experiment 2) or removed (Experiments 3 and 4).

Experiment 1a: brightness comparisons with feedback

By making a click along an unmarked response bar, observers were instructed to

compare two circles that varied in brightness. Feedback corresponding to either the

di�erence, big ratio, or small ratio of the circles’ greyscale values was provided after

each response. ANOVA, correlation and regression analyses were used to compare how

quickly and accurately each group learned to compare the magnitudes, and determine

which operation(s) most strongly predicted responding. As in Grace et al (2018), it was

hypothesised that if Torgerson (1961) is correct that only one operation is computed

when comparing perceptual magnitudes, observers implicitly trained to produce the

operation favoured by the perceptual system should exhibit better performance on this

task, and regression analyses should show exclusive control by that operation.

Method.

Participants. Twenty-eight psychology students served as observers (8m, 20f;

M = 26.1 years). None were familiar with the purpose of the research, and they each

received course credit or a shopping voucher as incentive for participating. All reported

normal or corrected-to-normal vision.
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Materials. The stimuli were pairs of circles with greyscale values of 50, 66, 84,

104, 126, 150, 176, and 205, generated using an 8-bit monochrome palette [0 - 255]. The

circles were each 6 cm in diameter (6.84¶ visual angle), and were displayed side by side

against a black background, 8 cm from the top of the screen and separated by 3.3 cm.

Luminance (cd/m2) is a nonlinear (gamma corrected) function of grayscale value,

which compensates for di�erential sensitivity of the visual system so that perceived

brightness is approximately linear with grayscale value. The eight grayscale values were

defined by setting the lower and upper values 50 points from the scale limits [0 =

minimum luminance, 0.33 cd/m2; 255 = maximum luminance, 231 cd/m2], while the six

interior values were equally spaced according to a square-root transformation that

enhanced the ordinal discrepancies between di�erences and ratios, following Rule et al

(1981) and Grace et al (2018). The result of this transformation is that for greyscale

values separated by the same ordinal magnitude within the set, their big or small ratio

decreases as their di�erence increases, as illustrated in Figure 2.

(a) Scaled di�erences vs. scaled big ratios (b) Scaled di�erences vs. scaled small ratios

Figure 2 . Scaled di�erences (x axes) plotted against scaled big ratios (y axis, left panel) and

scaled small ratios (y axis, right panel) for each pair of brightnesses in Experiment 1a.

Located 6.5 cm below the circles was a 16.5 cm (length) ◊ 2 mm (width) grey

response bar that contained no markings. Di�erence and ratio values were linearly

mapped along the response bar (0 to 1, from left to right) such that an identical pair
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would be mapped to 0 (far left), and the most ordinally distant pair (that comprising

the dimmest and brightest circles in the set) was mapped to 1 (far right). Scaled

di�erences were calculated by dividing the raw di�erence of each pair by the di�erence

of the most extreme pair in the set (50, 205): Di�erencescaled=([max] ≠ [min])/155.

Scaled ratios (big and small) were calculated by dividing each raw ratio by the ratio of

the most extreme pair, after subtracting 1 from the numerator and denominator: Big

ratioscaled=([max]/[min] ≠ 1)/(4.1 ≠ 1); Small ratioscaled=([min]/[max] ≠ 1)/(0.24 ≠ 1).

For big ratios, subtracting 1 from the numerator and denominator had the e�ect of

‘zeroing’ the scaled values (so that an identical pair would be mapped to 0). For small

ratios, it had the e�ect of inverting the order of the scaled values to be consistent with

di�erences and big ratios (so that regardless of the operation trained, more similar pairs

would be mapped to the left, and less similar pairs toward the right of the response

bar). Table 2 shows the greyscale values of each pair, and their raw and scaled

di�erences, big ratios, and small ratios.

Procedure. Participants were randomly assigned to di�erence (n = 10), big ratio

(n = 10) or small ratio (n = 8) groups, and were tested individually or in small groups.

Each was seated at a desk in a cubicle with an HP 800 G4 MINI i7-8700 computer with

a Philips 23.8" WLED LCD monitor. The monitor had a resolution of 1920 x 1080

pixels, a maximum brightness of 250 cd/m2, and contrast ratio of 1000:1. They were

given the following instructions: "In this experiment you’ll see pairs of circles on the

screen. For each pair, you need to compare the brightnesses of the circles by clicking on

the horizontal bar. The purpose is to learn to compare the brightnesses as accurately as

you can. You’ll receive feedback after each response. If your response is incorrect, you’ll

have a chance to repeat with the same pair of circles. You should respond at whatever

pace feels comfortable and natural for you." Each session consisted of four blocks of 84

trials, separated by brief rest periods. Each of the 28 possible (non-identical) stimulus

pairs was presented on three trials during each block, giving a total of 336 trials

comprising 12 repetitions of each pair. The smaller (i.e. dimmer) stimulus was always

presented on the left, and the order of stimulus pairs was randomised within each block.
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Table 2

Brightness stimuli and feedback used in Experiment 1a

Greyscale value Raw di�erence/ratio Scaled di�erence/ratio (0-1)
Left
circle

Right
circle

Di�.
Big
ratio

Small
ratio

Di�.
Big
ratio

Small
ratio

50 66 16 1.32 0.76 0.10 0.10 0.32
50 84 34 1.68 0.60 0.22 0.22 0.54
50 104 54 2.08 0.48 0.35 0.35 0.69
50 126 76 2.52 0.40 0.49 0.49 0.80
50 150 100 3.00 0.33 0.65 0.65 0.88
50 176 126 3.52 0.28 0.81 0.81 0.95
50 205 155 4.10 0.24 1.00 1.00 1.00
66 84 18 1.27 0.79 0.12 0.09 0.28
66 104 38 1.58 0.63 0.25 0.19 0.48
66 126 60 1.91 0.52 0.39 0.29 0.63
66 150 84 2.27 0.44 0.54 0.41 0.74
66 176 110 2.67 0.38 0.71 0.54 0.83
66 205 139 3.11 0.32 0.90 0.68 0.90
84 104 20 1.24 0.81 0.13 0.08 0.25
84 126 42 1.50 0.67 0.27 0.16 0.44
84 150 66 1.79 0.56 0.43 0.25 0.58
84 176 92 2.10 0.48 0.59 0.35 0.69
84 205 121 2.44 0.41 0.78 0.46 0.78
104 126 22 1.21 0.83 0.14 0.07 0.23
104 150 46 1.44 0.69 0.30 0.14 0.41
104 176 72 1.69 0.59 0.46 0.22 0.54
104 205 101 1.97 0.51 0.65 0.31 0.65
126 150 24 1.19 0.84 0.15 0.06 0.21
126 176 50 1.40 0.72 0.32 0.13 0.38
126 205 79 1.63 0.61 0.51 0.20 0.51
150 176 26 1.17 0.85 0.17 0.06 0.20
150 205 55 1.37 0.73 0.35 0.12 0.35
176 205 29 1.16 0.86 0.19 0.05 0.19

The greyscale values of 28 pairs of circles, their raw di�erences and big/small ratios, and their

scaled di�erences and big/small ratios (linearly mapped between 0 and 1) are shown.
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Observers input their response to each pair by making a mouse click on the

horizontal response bar. There was no time limit to respond. After a 100 ms delay,

feedback consisting of an oval (10 mm diameter), centred on the correct value (scaled

di�erence, big ratio, or small ratio value) and extending 7% of the response bar in either

direction, was presented. Responses that were within 7% of the correct value were

followed by a green oval (‘correct response’), while responses that were outside 7% of

the designated value were followed by a red oval (‘incorrect response’). After 500 ms,

the stimuli and response bar were removed, and the next trial began after a 2-s interval.

Incorrect responses were immediately followed by a single correction trial in which the

same stimulus pair was repeated. Responses on correction trials were omitted for all

analyses. Data from observers whose overall correlation with trained values was r Æ .5

over Blocks 2–4 were also planned to be excluded, as a benchmark for minimum task

engagement, and to ensure comparable levels of performace across groups. Figure 3

illustrates the procedure used for each trial.

(a) Correct response (b) Incorrect response

Figure 3 . Procedure for each trial in Experiment 1a. Ovals centred on correct response

location followed 100 ms after observer’s response was inputted—green if their response was

within 7% of correct location, and red if not. Incorrect responses were followed by a single

trial with the same stimulus pair.
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Results. For each observer, the average absolute deviation from trained values

(i.e. the distance of their average response from the correct response for each pair) was

calculated for each block, to determine how quickly the task was learned. As shown in

Figure 4, average deviations decreased after Block 1 for all three groups, and did not

significantly change thereafter, suggesting su�cient familiarisation with the task had

been achieved by Block 2. A repeated-measures ANOVA, with Block as within-subjects

factor and Group (di�erence vs. big ratio vs. small ratio) as between-subjects factor,

found a significant main e�ect of Block (Greenhouse-Geisser adjusted), F (1.464, 36.600)

= 25.549, p < .001, ÷p
2 = 0.505. E�ects of Group, and Group ◊ Block interaction, were

not significant (ps > .084), indicating the task was learned with comparable speed

across the three groups. Subsequent analyses pooled responses across Blocks 2–4.

Figure 4 . Average absolute deviations from trained values in Experiment 1a, by block. Bars

indicate one standard error.

Figure 5 plots the average response for each circle pair over Blocks 2–4 (y axes),

against the trained values (x axes), for each group. Regression slopes were each less

than 1, indicating that, on average, observers tended to avoid the extreme ends of the

response scale. This was consistent with Grace et al (2018). While regression slopes

were shallow, individual correlations with trained values were high (mean rs = .944

[95% CI : .920, .968], .914 [95% CI : .866, .962], and .940 [95% CI : .921, .958] for the

di�erence, big ratio, and small ratio groups, respectively), indicating responding closely
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approximated the operation trained. In order to compare the overall level of accuracy

achieved across Blocks 2–4 for each group, the percentage of variance in responding

accounted for by the trained values was calculated for each observer (i.e. their overall

approximation of the solid diagonal lines shown in Figure 5). Cases where R2 was < 0

were set to 0. A one-way Welch’s ANOVA (controlling for non-normality in the

underlying distributions) showed no significant di�erence between the three groups,

F (2, 15.972) = 0.220, p = .805, indicating similar levels of accuracy were achieved for

each of the operations trained.

(a) Di�erence group (b) Big ratio group

(c) Small ratio group

Figure 5 . For each brightness pair, trained value (x axis) is plotted against average response

over Blocks 2–4 for each group. Solid diagonal lines indicate perfect accuracy; dotted lines

show best-fitting regressions (equations and R2
s also shown).
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Following Grace et al (2018), a series of multiple regressions were next conducted

to determine whether responding at the individual level was best predicted by one

operation or two. For each observer in the di�erence group, two multiple regressions

were performed, the results of which are shown in Table 3. Scaled di�erences were

entered alongside big ratios as predictors of average response across Blocks 2–4 in the

first regression (left columns), and alongside small ratios in the second regression (right

columns). For each observer, the total proportion of variance accounted for (R2), and

unstandardised coe�cients for each predictor (B) are shown for each regression.

Table 3

Individual multiple regressions: di�erence group vs. ratios, Experiment 1a

Di�erence + big ratio regression Di�erence + small ratio regression
Observer R2 Di�. B Big ratio B R2 Di�. B Sm. ratio B

1 0.935 0.664*** 0.135 0.938 0.628*** 0.176
2 0.837 0.789*** ≠0.116 0.916 1.164*** ≠0.540***
3 0.954 0.926*** 0.026 0.955 0.789*** 0.078
4 0.783 0.158 0.348* 0.786 0.151 0.355*
5 0.927 0.972*** ≠0.222 0.955 1.134*** ≠0.405***
6 0.902 0.988*** ≠0.269* 0.924 1.107*** ≠0.402**
7 0.913 0.592*** 0.168 0.906 0.779*** ≠0.045
8 0.903 0.778*** ≠0.038 0.903 0.788*** ≠0.050
9 0.971 1.236*** ≠0.387*** 0.967 1.210*** ≠0.357***
10 0.952 0.672*** 0.215* 0.965 0.572*** 0.328***

For each observer in the di�erence group, results of regressions of di�erences + big ratios, and

di�erences + small ratios, are shown. *p < .05; **p < .01; ***p < .001.

Regressed against di�erences (trained operation) and big ratios (untrained),

responding was significantly predicted by di�erences for 9/10 observers, with an average

(unstandardised) regression coe�cient of 0.778 [95% CI : 0.598, 0.957]. Coe�cients for

big ratios were significantly positive for 2/10 observers, and significantly negative for

2/10 observers, with a mean value of ≠0.014 [95% CI : ≠0.160, 0.132]. Regressed

against di�erences and small ratios, responding was significantly predicted by
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di�erences for the same 9/10 observers, with an average coe�cient of 0.832 [95% CI :

0.626, 1.039]. Small ratios yielded significantly positive coe�cients for 2/10 observers,

and significantly negative coe�cients for 4/10, with a mean of ≠0.086 [95% CI : ≠0.287,

0.115]. Possible interpretations of the negative coe�cients obtained for the untrained

ratio operations are considered in the discussion section of this chapter below. In the

following analyses and interpretations however, they are taken to be genuine properties

of the response models.

While theoretically unlikely, it is possible that for observers in the ratio groups,

responding was somehow influenced by both big and small ratios. For these observers,

multiple regressions were first conducted to establish whether responding uniquely

tracked the ratio trained, or reflected an influence of both ratio types. Results are

shown in Table 4.

Table 4

Individual multiple regressions: ratio groups vs. ratios, Experiment 1a

Big ratio group Small ratio group
Observer R2 Big ratio B Sm. ratio B R2 Sm. ratio. B Big ratio B

1 0.932 0.719*** 0.136 0.896 0.629*** 0.209
2 0.971 0.954*** 0.061 0.837 0.790*** ≠0.061
3 0.964 0.988*** ≠0.051 0.899 0.948*** ≠0.055
4 0.944 0.852*** 0.022 0.936 0.785*** 0.101
5 0.710 0.292 0.321 0.908 0.886*** ≠0.109
6 0.921 0.772*** 0.136 0.807 0.299* 0.181
7 0.822 0.447* 0.281 0.873 0.974*** ≠0.108
8 0.917 0.729*** 0.059 0.940 1.001*** ≠0.068
9 0.677 0.295 0.242
10 0.686 0.890*** ≠0.457*

For each observer in the big and small ratio groups, results of regressions of trained ratio +

alternative ratio, are shown. *p < .05; **p < .01; ***p < .001.
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For the big ratio group, regressions of big and small ratios yielded significant

coe�cients for big ratios (trained operation) in 8/10 cases, with a mean value of 0.694

[95% CI : 0.533, 0.855]. Small ratio coe�cients were not significantly positive for any

observers, and were significantly negative in one case, with a mean value of 0.075 [95%

CI : ≠0.062, 0.212]. In the small ratio group, coe�cients for small ratios (trained

operation) were significant in all 8 cases, with a mean value of 0.789 [95% CI : 0.627,

0.950]. Big ratio coe�cients were not significant for any observers, M = 0.011 [95% CI :

≠0.080, 0.102]. The lack of significant (positive) coe�cients for the ‘alternative’ ratio

suggests that observers in these groups responded according to the ratio that was

trained (big or small), with no influence of the inverse ratio function.

Having ruled out the alternative ratio as a possible influence on responding in

these groups, multiple regressions were next conducted with the trained ratio operation

entered alongside di�erences as predictors, to determine whether di�erences had any

impact on responding after controlling for the ratio-based training provided. Table 5

shows the results for each observer over Blocks 2–4.

Table 5

Individual multiple regressions: ratio groups vs. di�erences, Experiment 1a

Big ratio group Small ratio group
Observer R2 Big ratio B Di�. B R2 Sm. ratio. B Di�. B

1 0.970 0.457*** 0.416*** 0.940 0.389*** 0.465***
2 0.981 0.779*** 0.248** 0.884 0.345* 0.414**
3 0.972 0.752*** 0.200* 0.935 0.498*** 0.424**
4 0.947 0.773*** 0.106 0.956 0.588*** 0.312**
5 0.902 ≠0.140 0.782*** 0.941 0.445*** 0.361***
6 0.971 0.427*** 0.504*** 0.917 0.059 0.437***
7 0.939 0.077 0.676*** 0.934 0.354** 0.553***
8 0.952 0.445*** 0.362*** 0.970 0.563*** 0.399***
9 0.897 ≠0.169 0.736***
10 0.620 0.368* 0.097

For each observer in the big and small ratio groups, results of regressions of trained ratio +

alternative ratio, are shown. *p < .05; **p < .01; ***p < .001.
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Coe�cients for big ratios (trained operation) were significant for 7/10 observers in

the big ratio group, M = 0.377 [95% CI : 0.157, 0.596], while coe�cients for di�erences

(untrained) were significant for 8/10 observers, M = 0.413 [95% CI : 0.254, 0.571]. For

the small ratio group, coe�cients for the trained operation were significant for 7/8

observers M = 0.405 [95% CI : 0.290, 0.521], and coe�cients for di�erences (untrained)

were significant in all 8 cases, M = 0.421 [95% CI : 0.371, 0.470]. Since coe�cients for

both the trained ratio operation and di�erences were significant for the majority of

observers in both groups, and had similar average magnitudes, this suggests that both

ratios and di�erences influenced responding when ratios (of either type) were trained.

This was in contrast to the di�erence group, where untrained ratios (big or small)

positively contributed to responding in a minority of cases, with average coe�cient

values not di�ering significantly from zero.

As a direct test of whether relative control by di�erences or ratios was stronger

across groups, the di�erence between the regression coe�cients for di�erences and ratios

was calculated for each observer (i.e. [di�erence B≠big ratio B] and [di�erence B≠

small ratio B] for observers in the di�erence group, and [big ratio B≠di�erence B] and

[small ratio B≠di�erence B] for the big and small ratio groups, respectively), and

compared between groups. [Di�erence B≠big ratio B] was significantly greater for the

di�erence group than was [big ratio B≠di�erence B] for the big ratio group (Ms =

0.792 and ≠0.036 respectively, t(18) = 3.344, p = .004, d = 1.495). Likewise, [di�erence

B≠small ratio B] was greater for the di�erence group than was [small ratio B≠

di�erence B] for the small ratio group (Ms = 0.918 and ≠0.015 respectively). A Mann-

Whitney test (due to non-homogeneous variances between groups) indicated that this

di�erence was statistically significant, U(Ndi�. = 10, N sm. ratio = 8, ) = 8.000, p = .003.

These results suggest that responding in the ratio groups was characterised by stronger

control by the untrained operation than was responding in the di�erence group (since

the di�erences between trained and untrained coe�cients were significantly smaller in

the former case)—i.e., that responding overall was more strongly controlled by

di�erences.
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In order to determine the extent to which relative control by di�erences and ratios

potentially changed over the course of the experiment, the same multiple regressions as

above were next conducted for each observer based on their average responses in each

block. Average results for the di�erence group are shown in Figure 6, with regressions of

di�erences vs. big ratios in Figure 6a, and di�erences vs. small ratios in Figure 6b.

(a) Di�erence B vs. big ratio B (b) Di�erence B vs. small ratio B

Figure 6 . Average multiple regression coe�cients of trained operation (di�erences) and

untrained operations (big ratios and small ratios) as predictors of individual responding for

di�erence group in Experiment 2a, by block. Bars indicate one standard error.

Regressed alongside big or small ratios, average coe�cients for the trained operation

(di�erences) were high across all four blocks, and exhibited a (non-significant) slight

downward trend. Coe�cients for big and small ratios were substantially lower across

the experiment (never increasing significantly above zero), with a slight upward trend.

A significant cubic contrast was found for small ratio coe�cients across Blocks, F (1, 9)

= 5.431, p = .045, ÷p
2 = 0.376. These results suggest that for the di�erence group, the

trained operation was picked up quickly, and its influence on responding remained

dominant throughout the session, with neither big nor small ratios gaining meaningful

influence over responding overall.

Figure 7 shows average regression coe�cients for the trained operation vs.

di�erences for the big (Figure 7a) and small (Figure 7b) ratio groups over Blocks 1–4.



DIFFERENCES AND RATIOS 41

Here a di�erent pattern emerges. For both groups, coe�cients for di�erences were

greater in the first block, then decreased over the course of the experiment (more

steeply for the big ratio group). Average coe�cients for the trained ratio operation, on

the other hand, were smaller than di�erences in the first block, then increased (again,

more steeply for the big ratio group), flattening out to about the same magnitude as

di�erences over Blocks 2–4. For the big ratio group, a significant linear contrast for

di�erence coe�cients was found (F (1, 9) = 10.743, p = .010, ÷p
2 = 0.544), and

significant linear and quadratic contrasts were found for big ratio coe�cients (F (1, 9)

= 39.890, p < .001, ÷p
2 = 0.816, and F (1, 9) = 10.204, p = .011, ÷p

2 = 0.531,

respectively). For the small ratio group, the linear contrast with respect to small ratio

coe�cients was significant, F (1, 9) = 8.078, p = .025, ÷p
2 = 0.536. For those trained

with ratio feedback then, the influence of di�erences appeared to dominate responding

early in the session, then decreased relative to the trained operation as it was learned,

resulting in joint overall control by both operations (to similar extents) in the latter

three-quarters of the session.

(a) Big ratio B vs. di�erence B (b) Small ratio B vs. di�erence B

Figure 7 . Average multiple regression coe�cients of trained operation (big ratios or small

ratios) and untrained operation (di�erences) as predictors of individual responding for big

ratio and small ratio groups in Experiment 2a, by block. Bars indicate one standard error.
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Repeated-measures ANOVAs were conducted to formally test the e�ect of Group

and Block on the extent to which di�erences and ratios each influenced responding.

Block (1–4) and Operation (regression coe�cients for di�erences and ratios) were

entered as between-subjects measures, and Group (di�erence- or ratio-trained) as a

between-subjects measure. The dependent variable was the magnitude of the regression

coe�cient in each case. If Block had an overall impact on the relative influence of

di�erences and ratios on responding, a significant interaction should be found between

Block and Operation. Likewise for Group. An interaction between Block and Group on

the relative influence of di�erences and ratios on responding would be evidenced by a

significant 3-way interaction between the predictor variables.

The di�erence and big ratio groups were first compared (refer Figures 6a; 7a).

There was a significant main e�ect of Operation, indicating that di�erence and big ratio

coe�cients were significantly di�erent overall, F (1, 18) = 20.004, p < .001, ÷p
2 = 0.526.

Significant interactions were found between Operation and Group, F (1, 18) = 6.388,

p = .021, ÷p
2 = 0.262, and between Operation and Block, F (3, 54) = 9.020, p < .001,

÷p
2 = 0.334, indicating that the relative influence of di�erences and ratios depended on

which operation was trained, and the stage of the experiment. The lack of a significant

three-way interaction between Operation, Block, and Group (p = .118) suggests these

factors each influenced responding independently.

Similar results were found when comparing the di�erence and small ratio groups.

A significant main e�ect of Operation (F (1, 16) = 20.672, p < .001, ÷p
2 = 0.564) again

indicated significantly di�erent overall values for di�erence and small ratio coe�cients.

Significant interactions were likewise found between Operation and Group, F (1, 16) =

12.310, p = .003, ÷p
2 = 0.435, and between Operation and Block, F (2.110, 33.757) =

4.381, p = .019, ÷p
2 = 0.215 (Greenhouse-Geisser adjusted), while the three-way

interaction between Operation, Group, and Block was not significant (p = .749). Like

big ratios, then, the relative influence of small ratios on responding (compared with

di�erences) depended separately on the operation trained, and experimental stage (see

Figures 6b and 7b).
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Experiment 1b: line length comparisons with feedback

Experiment 1a was next replicated with the modality of line length. A between-

subjects design was again employed, with observers randomly assigned to di�erence, big

ratio, or small ratio groups, which determined the operation upon which feedback was

based over 12 repetitions of 28 line pairs. The same analyses were planned to determine

the speed and accuracy with which observers in each group were able to learn the task,

and the extent to which di�erences and ratios controlled responding overall.

Method.

Participants. Forty undergraduate psychology students served as observers (7m,

33f, M = 23.2 years). None were familiar with the purpose of the research, and course

credit or a shopping voucher was provided as an incentive for participation. All

reported normal or corrected-to-normal vision.

Materials. The stimuli were pairs of yellow (R255, G255, B0) lines 1 mm in

width, presented side-by-side against a black background. Their lengths were 22, 29, 45,

58, 75, 94, 115 and 137 mm. These values were spaced according to the same square-

root transformation as Experiment 1a, in order to enhance the ordinal discrepancies

between di�erences and ratios. Figure 8 shows the e�ect of the transformation on this

stimulus modality, plotting scaled di�erences against big and small ratios.

(a) Scaled di�erences vs scaled big ratios (b) Scaled di�erences vs scaled small ratios

Figure 8 . Scaled di�erence (x axis) plotted against scaled ratio (y axis) for each pair of line

lengths used in Experiment 1b.
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To discourage the use of direct measurement strategies, the lines were presented at

randomised angles (which di�ered by at least 30¶ within pairs). Their midpoints were

positioned 18 cm apart and 10 cm from the top of the screen. Observers were instructed

to ignore the lines’ angles, and respond based on their lengths only.

As in Experiment 1a, a 16.5 cm wide unmarked grey response bar was located

below the line pairs. The same process was used to linearly map di�erences, big ratios,

and small ratios of the lines’ lengths to this response bar as values between 0 and 1,

such that an identical pair would be mapped to 0, and the most ordinally distant pair

within the set (50, 350 pixels) was mapped to 1. Table 6 shows the line lengths (in

pixels) of each pair, and their raw and scaled di�erences, big ratios and small ratios.

Procedure. Participants were randomly assigned to di�erence (n = 13), big ratio

(n = 13) or small ratio (n = 14) groups, and were tested in small groups in a computer

lab on equipment identical to that used in Experiment 1a. They were similarly

instructed: "In this experiment you will see pairs of lines on the screen. For each pair,

you need to compare the lengths of the lines by clicking on the horizontal bar. The

purpose is to learn how to compare the lengths of the lines as accurately as you can.

The lines will appear at random angles, but we want you to ignore the angles and focus

on the lines’ lengths. You’ll receive feedback following each response. If your response is

incorrect, you’ll have a chance to repeat with the same pair of lines. You should

respond at whatever pace feels comfortable and natural for you."

Like Experiment 1a, each of the possible 28 line pairs was presented in 12 trials

over the course of the session, in randomised order spread over 4 blocks of 84 trials

each. The shorter line was always presented on the left, and observers indicated their

response by making a mouse click on the response bar, after which ‘correct’ or

‘incorrect’ feedback was given. Incorrect responses were followed by a correction trial

with the same line pairs, with data from correction trials omitted from all analyses. As

in Experiment 1a, an exclusion threshold of r Æ .5 for average responses with trained

values over Blocks 2–4 was set, to ensure comparable levels of engagement with the task

across groups. Figure 9 illustrates the procedure used for each trial.
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Table 6

Line length stimuli and feedback used in Experiments 1b

Length (pixels) Raw di�erence/ratio Scaled di�erence/ratio (0-1)
Left
line

Right
line

Di�.
Big
ratio

Small
ratio

Di�.
Big
ratio

Small
ratio

50 76 26 1.52 0.66 0.09 0.09 0.40
50 108 58 2.16 0.46 0.19 0.19 0.63
50 145 95 2.90 0.34 0.32 0.32 0.76
50 188 138 3.76 0.27 0.46 0.46 0.86
50 237 187 4.74 0.21 0.62 0.62 0.92
50 291 241 5.82 0.17 0.80 0.80 0.97
50 350 300 7.00 0.14 1.00 1.00 1.00
76 108 32 1.42 0.70 0.11 0.07 0.35
76 145 69 1.91 0.52 0.23 0.15 0.56
76 188 112 2.47 0.40 0.37 0.25 0.70
76 237 161 3.12 0.32 0.54 0.35 0.79
76 291 215 3.83 0.26 0.72 0.47 0.86
76 350 274 4.61 0.22 0.91 0.60 0.91
108 145 37 1.34 0.74 0.12 0.06 0.30
108 188 80 1.74 0.57 0.27 0.12 0.50
108 237 129 2.19 0.46 0.43 0.20 0.64
108 291 183 2.69 0.37 0.61 0.28 0.73
108 350 242 3.24 0.31 0.81 0.37 0.81
145 188 43 1.30 0.77 0.14 0.05 0.27
145 237 92 1.63 0.61 0.31 0.11 0.45
145 291 146 2.01 0.50 0.49 0.17 0.59
145 350 205 2.41 0.41 0.68 0.24 0.68
188 237 49 1.26 0.79 0.16 0.04 0.24
188 291 103 1.55 0.65 0.34 0.09 0.41
188 350 162 1.86 0.54 0.54 0.14 0.54
237 291 54 1.23 0.81 0.18 0.04 0.22
237 350 113 1.48 0.68 0.38 0.08 0.38
291 350 59 1.20 0.83 0.20 0.03 0.20

The lengths (in pixels) of 28 pairs of lines, their raw di�erences and big/small ratios, and

their scaled di�erences and big/small ratios (linearly mapped between 0 and 1), are shown.



DIFFERENCES AND RATIOS 46

(a) Correct response (b) Incorrect response

Figure 9 . Procedure for each trial in Experiment 1b. Ovals centred on the correct response

location followed 100 ms after observer’s response was inputted—green if their response was

within 7% of correct location, and red if not.

Results. Data were omitted from 10 observers whose correlations with trained

values were r Æ .5, ranging between ≠.21 and .44. Two were from the di�erence group,

three from the big ratio group, and five from the small ratio group. All data omitted

were in accordance with pre-established thresholds, to ensure adequate consistency

across groups and experiments, and a minimum level of task engagement. As a result of

the unusually high number of exclusions in this study, additional participants had to be

recruited to compensate for the loss of data from the initial sessions.

In order to preclude the use of direct measurement strategies in this task (such as

the use of visual ‘anchors’ against which the lines could be compared), the lines were

each presented at randomised angles (with each pair di�ering by at least 30¶). While

observers were instructed to respond based only on the lines’ lengths (ignoring the

angles), the di�erence of each pair’s angles was correlated against responses to

determine whether the angles were in fact ignored. The correlation was not significant

(r = .014, p = .091), indicating the variation in angles had no impact on responding.

Figure 10 shows the average absolute deviation of responses from trained values

by block. Deviations decreased across blocks for each group, indicating that observers
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responded more accurately as the experiment progressed (see Figure 10). A repeated-

measures ANOVA with Block as a within-subjects factor and Group as a between-

subjects factor found a significant e�ect of Block, F (2.021, 54.574) = 15.616, p < .001,

÷p
2 = 0.366 (Greenhouse-Geisser adjusted). Main e�ects of Group, and Group ◊ Block

interaction, were not significant (ps > .693), indicating that observers in each group

learned the task with comparable speed.

Figure 10 . Average absolute deviations from trained values in Experiment 1b, by block. Bars

indicate one standard error.

As in Experiment 1a, average responses were pooled across Blocks 2–4, and

correlated against trained values, as shown in Figure 11. Regression slopes were again

< 1, and closely approximated average responses. Across individuals, mean correlations

with trained values were .913 [95% CI : .850, .976], .901 [95% CI : .813, .988], and .909

[95% CI : .858, .960] for the di�erence, big ratio, and small ratio groups, respectively.

The percentage of variance in individual responding accounted for by trained values did

not significantly di�er between groups, F (2, 17.996) = 0.113, p = .894 (adjusted for

non-normality), suggesting that like Experiment 1a, observers trained with di�erences,

big ratios and small ratios achieved a similar level of accuracy overall.
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(a) Di�erence group (b) Big ratio group

(c) Small ratio group

Figure 11 . For each line pair, trained value (x axis) is plotted against average response over

Blocks 2-4 for each group. Solid diagonal lines indicate perfect accuracy; dotted lines show

best-fitting regressions (equations and R2
s also shown).

Multiple regressions were next conducted to determine the extent to which

di�erences and/or ratios influenced responding at an individual level within each group.

Table 7 shows individual results of two multiple regressions for the di�erence group:

trained value (di�erence) + big ratio (left columns); and trained value + small ratio

(right columns).
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Table 7

Individual multiple regressions: di�erence group vs. ratios, Experiment 1b

Di�erence + big ratio regression Di�erence + small ratio regression
Observer R2 Di�. B Big ratio B R2 Di�. B Sm. ratio B

1 0.970 0.584*** 0.334*** 0.964 0.604*** 0.308***
2 0.936 0.590*** 0.425*** 0.895 0.797*** 0.166
3 0.550 0.622*** ≠0.330* 0.740 0.808*** ≠0.564***
4 0.954 0.756*** 0.034 0.956 0.729*** 0.068
5 0.940 0.705*** 0.085 0.938 0.754*** 0.025
6 0.935 0.730*** 0.205* 0.929 0.771*** 0.155
7 0.832 0.757*** ≠0.252* 0.826 0.742*** ≠0.235*
8 0.972 0.733*** 0.136* 0.967 0.790*** 0.066
9 0.948 0.689*** ≠0.003 0.948 0.680*** 0.008
10 0.699 0.248 0.295* 0.638 0.492** ≠0.011

For each observer in the Di�erence group, results of regressions of di�erences + big ratios,

and di�erences + small ratios, are shown. *p < .05; **p < .01; ***p < .001.

When regressed alongside big ratios, di�erence coe�cients were significant and

positive for 9/10 observers, with a mean value of 0.641 [95% CI : 0.547, 0.736].

Coe�cients for big ratios were significantly positive for 5/10 observers, and were

significantly negative for 2/10, with a mean value of 0.093 [95% CI : ≠0.058, 0.244].

Regressed alongside small ratios, di�erences significantly predicted responding for all 10

observers, with a mean coe�cient of 0.717 [95% CI : 0.655, 0.778]. Coe�cients for small

ratios were significantly positive for 1/10 observers, and significantly negative for 2/10,

with a mean value of ≠0.002 [95% CI : ≠0.152, 0.149].

In order to assess whether responding by observers in the ratio groups was

influenced by the untrained ratio type, average individual responses over Blocks 2–4

were again regressed against both big and small ratios in each case. Results are shown

in Table 8. For the big ratio group, coe�cients for the trained operation, when

regressed alongside small ratios, were significant for 8/10 observers, M = 0.692, [95%

CI : 0.617, 0.767]. Coe�cients for small ratios were not significantly positive for any

observers, and were significantly negative for 1/10, M = 0.016, [95% CI : ≠0.059, 0.091].
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Table 8

Individual multiple regressions: ratio groups vs. ratios, Experiment 1b

Big ratio group Small ratio group
Observer R2 Big ratio B Sm. ratio B R2 Sm. ratio B Big ratio B

1 0.961 0.961*** ≠0.065 0.907 0.808*** 0.075
2 0.917 0.894*** ≠0.077 0.814 0.322* 0.345*
3 0.916 0.913*** 0.036 0.882 0.763*** ≠0.005
4 0.906 0.704*** 0.139 0.925 0.730*** 0.081
5 0.940 0.948*** ≠0.210* 0.870 0.631*** 0.218
6 0.936 0.775*** 0.046 0.761 0.248 0.292*
7 0.991 0.955*** ≠0.065 0.963 0.636*** 0.194*
8 0.896 0.517*** 0.202 0.945 0.695*** 0.182
9 0.574 0.165 0.068 0.896 0.748*** 0.173
10 0.318 0.089 0.086 0.519 0.187 0.115

For each observer in big and small ratio groups, results of regressions of trained ratio +

alternative ratio, are shown. *p < .05; **p < .01; ***p < .001.

For the small ratio group, small ratio coe�cients were significant and positive for 8/10

observers (M = 0.577, [95% CI : 0.433, 0.721]), and big ratio coe�cients for 3/10

(M = 0.167, [95% CI : 0.102, 0.232]). For those trained with big ratios then, small ratios

do not appear to have influenced responding (since their regression coe�cients were not

significantly positive for any observers, and did not significantly di�er from zero on

average). Big ratios, on the other hand, significantly contributed to responding for a

minority of observers trained with small ratios, though their coe�cients were on average

small. It is clear from these results that for each group, responding was dominated by

the ratio type trained, with no strong evidence for ‘hybrid’ ratio responses.

The more pertinent question with respect to the ratio groups is the extent to

which di�erences contributed to responding, over and above the trained ratio operation.

As in Experiment 1a, regressions were next conducted for each of these groups with the

trained value (scaled big or small ratio) and scaled di�erence entered as predictors of

individual responding over Blocks 2–4. Results are shown in Table 9.
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Table 9

Individual multiple regressions: ratio groups vs. di�erences, Experiment 1b

Big ratio + di�erence regression Small ratio + di�erence regression
Observer R2 Big ratio B Di�. B R2 Sm. ratio B Di�. B

1 0.975 0.727*** 0.198*** 0.976 0.491*** 0.430***
2 0.963 0.532*** 0.330*** 0.900 0.217* 0.463***
3 0.966 0.598*** 0.391*** 0.933 0.473*** 0.320***
4 0.950 0.525*** 0.339*** 0.963 0.540*** 0.293***
5 0.943 0.595*** 0.187** 0.959 0.380*** 0.499***
6 0.961 0.606*** 0.237*** 0.894 0.104 0.453***
7 0.992 0.835*** 0.070* 0.963 0.666*** 0.159**
8 0.926 0.448*** 0.279*** 0.972 0.592*** 0.298***
9 0.685 0.061 0.185** 0.939 0.565*** 0.379***
10 0.361 0.049 0.130 0.502 0.285* 0.005

For each observer in big ratio and small ratio groups, results of trained value + di�erence

regressions are shown. *p < .05; **p < .01; ***p < .001.

When regressed alongside di�erences, coe�cients for big ratios were significant for

8/10 observers in the big ratio group, M = 0.498, [95% CI : 0.338, 0.657], and

coe�cients for di�erences were significant for 9/10, M = 0.234, [95% CI : 0.172, 0.297].

For the small ratio group, coe�cients for small ratios and di�erences were each

significant for 9/10 observers, Ms = 0.431, [95% CI : 0.319, 0.543], and 0.330, [95% CI :

0.235, 0.425], respectively. Since coe�cients for both the trained ratio operation and

di�erences were significant in the majority of cases, and greater than zero on average,

this suggests control by both di�erence and ratio operations characterised responding in

both the ratio groups. This was in contrast to the di�erence group, where the untrained

ratio operations contributed to responding to a much lesser extent.

As in Experiment 1a, di�erences between di�erence and ratio coe�cients were

calculated for each observer, and compared across groups to determine whether

di�erences or ratios had a greater relative influence on responding overall. [Di�erence

B≠big ratio B] was greater in the di�erence group than [big ratio B≠di�erence B] was

in the big ratio group (Ms = 0.549 and 0.263, respectively), and approached significance
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t(18) = 2.1, p = .0504, d = 0.938. [Di�erence B≠small ratio B] was significantly greater

for the di�erence group than [small ratio B≠di�erence B] was in the small ratio group,

Ms = 0.718 and 0.101, respectively, t(18) = 4.98, p < .001, d = 2.23. As also observed in

the brightness experiment, these results suggest stronger control by di�erences overall.

Multiple regressions of trained and untrained operations were next conducted for

each observer by block, to assess the extent to which relative control by di�erences and

ratios changed over the course of the experiment for each group. Figure 6 shows average

results for the di�erence group, (with regressions of di�erences vs. big ratios in Figure

6a, and di�erences vs. small ratios in Figure 6b).

(a) Di�erence vs. big ratio (b) Di�erence vs. small ratio

Figure 12 . Average multiple regression coe�cients of trained operation (di�erences) and

untrained operations (big ratios and small ratios) as predictors of individual responding for

di�erence group in Experiment 2b, by block. Bars indicate one standard error.

Average coe�cients for di�erences, when regressed against both ratio types, were

high across all four blocks (increasing slightly), while average coe�cients for big and

small ratios remained relatively lower throughout, and did not increase significantly

above zero (though coe�cients for big ratios showed a slight upward trend). No

polynomial contrasts were significant. As was seen with brightness, these results suggest

that those trained with di�erences responded accordingly from the outset, with

comparatively minimal influence of either ratio operation overall.
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Block-wise analyses of average regression coe�cients for the big and small ratio

groups again tell a di�erent story, however. As shown in Figure 13, average di�erence

coe�cients were (marginally) higher than those of the trained operation for both big

and small ratio groups in Block 1, then decreased over the course of the experiment

(though only slightly for the small ratio group). A significant quadratic contrast was

found with respect to di�erence coe�cients in the big ratio group, F (1, 9) = 5.669,

p = .041, ÷p
2 = 0.386. Ratio coe�cients, on the other hand, increased across the

experiment for both groups, with significant linear and quadratic contrasts for big ratio

coe�cients (F (1, 9) = 6.775, p = .029, ÷p
2 = 0.429, and F (1, 9) = 11.154, p = .009,

÷p
2 = 0.553, respectively), and a significant linear contrast for small ratio coe�cients,

F (1, 9) = 5.264, p = .047, ÷p
2 = 0.369. While not as pronounced for the small ratio

group in particular, a similar pattern to that seen in Experiment 1a is evident,

suggesting di�erences somewhat dominated responding initially, then decreased in

relative influence as the trained ratio operation was learned, resulting in dual control by

both operations over Blocks 2–4 for the majority of observers, as shown in Table 9.

(a) Big ratio vs. di�erence (b) Small ratio vs. di�erence

Figure 13 . Average multiple regression coe�cients of trained operation (big ratios or small

ratios) and untrained operation (di�erences) as predictors of individual responding for big

ratio and small ratio groups in Experiment 1b, by block. Bars indicate one standard error.
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These observations were supported by repeated-measures ANOVAs identical to

those conducted for Experiment 1a above, with the magnitude of the regression

coe�cient as the dependent variable, and Operation, Block, and Group as predictors.

Di�erence and big ratio groups were first compared (see Figures 12a and 13a). Results

showed a significant main e�ect of Operation, F (1, 18) = 7.644, p = .013, ÷p
2 = 0.298,

and significant interaction e�ects between Operation and Group (F (1, 18) = 27.424,

p < .001, ÷p
2 = 0.604), and Operation and Block (F (3, 54) = 4.112, p = .011, ÷p

2 =

0.186). With Greenhouse-Geisser adjustments, three-way interaction among Block,

Operation and Group approached significance, F (3, 42.363) = 3.06, p = .05. As in

Experiment 1a, the relative influence of di�erences and big ratios therefore di�ered

according to both the stage of the experiment, and the operation trained.

A similar ANOVA comparing respective regression coe�cients for the di�erence

and small ratio groups again found a significant main e�ect of Operation, F (1, 18) =

20.961, p < .001, ÷p
2 = 0.538, and a significant Operation ◊ Group interaction,

F (1, 18) = 4.563, p < .001, ÷p
2 = 0.583. The interactions between Operation and Block,

and Operation ◊ Group ◊ Block, were not significant (ps < .062). These results imply

that the operation trained significantly impacted the relative influence of di�erences

and small ratios on responding, but the stage of the experiment, and the interaction of

these factors, did not (see Figures 12b and 13b).

Discussion

It was hypothesised that if Torgerson’s Conjecture is correct, and the perceptual

system computes either di�erences or ratios when comparing magnitudes (but not

both), then observers implicitly trained to produce judgements consistent with the true

perceptual comparator should outperform those trained with the alternative relations in

the current task, and their responding should exhibit exclusive control by the operation

trained.

In terms of overall performance, analyses of average absolute deviations from, and

average correlation with trained values, showed that regardless of which operation was
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trained, observers learned the task quickly (more or less by Block 2) and responded

with comparable levels of accuracy thereafter. In other words, observers were able to

learn by trial and error to produce responses corresponding to di�erences, big ratios, or

small ratios of brightnesses or line lengths with a high degree of accuracy, without

explicit instruction. If the perceptual system confers a preference for one of these

operations over the others, this fact cannot be determined by considering metrics of

task performance alone.

Using multiple regression analyses, the extent to which the trained and untrained

operations uniquely contributed to responding for each observer was established. These

analyses revealed an asymmetry with respect to the relative influence of di�erences and

ratios on individual performance. For observers trained with di�erence feedback, there

was much stronger influence of di�erences overall, with big or small ratios contributing

unique variance in a minority of individual cases, and yielding negative coe�cients for

some observers. Broken down by block, regression analyses revealed little change with

respect to the relative influence of each operation over the course of the experiment,

with di�erences dominating responding throughout. For observers trained with big or

small ratios, on the other hand, regression analyses showed that both di�erences and

ratios significantly contributed to responding for most observers, whose responses

exhibited higher relative control by di�erences than the trained ratio operation in the

first block. These results suggest a predisposition toward di�erence-based judgements,

which was then countered (but not completely diminished) by the e�ect of the

ratio-based training. Results also suggested that performance with respect to big and

small ratios was comparable. Regressions of the two ratio operations together showed

that there was no substantial ‘overlap’ between ratio types (i.e. observers learned only

the ratio trained), and neither ratio type contributed significant variance overall when

di�erences were trained and their influence controlled for. Conversely, di�erences had

similar and significantly positive levels of influence on responding for both the big and

small ratio groups, though their initial dominance was slightly more pronounced in the

case of big ratios in Experiment 1a.
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A curious feature of the regression analyses was the negative coe�cient estimates

obtained in some cases for ratios, when these were regressed alongside a trained

operation (usually di�erences, but this also occurred when both ratio types were

regressed together). A number of explanations for this finding are considered.

First, the negative coe�cients may be indicative of multicollinearity among the

predictor variables. While Variance Inflation Factors (VIF)s were within generally

accepted tolerance limits (5.877 for di�erences + big ratios, and 5.884 for di�erences +

small ratios in the case of brightness stimuli, and 3.469 for di�erences + big ratios, and

3.475 for di�erences + small ratios for line lengths), the highly correlated nature of the

independent variables (rs= .91 and .84 for brightness and line length, respectively) may

nonetheless have rendered the regression estimates unreliable (Kraha, Turner, Nimon,

Zientek, & Henson, 2012). Noting this potential violation of a key assumption of

multiple regression, Grace et al (2018) tested for multicollinearity, as their study used

the same highly correlated di�erence and big ratio predictors. Using Monte Carlo

simulations, they were able to recover accurate estimates of the weights for ratios and

di�erences by multiple regressions on simulated responses that were computed as

weighted averages of scaled ratios and di�erences (between 0 and 0.9), plus Gaussian

noise (‡ = .05, 0.1, 0.2). This result, alongside the consistency of their regression results

with other analyses, led Grace et al to conclude that their estimates were reliable, and

not the result of multicollinearity. Chen, Berg, Kemp and Grace (2020), whose research

was also an extension of Grace et al’s experimental paradigm, also obtained negative

coe�cients for big ratios when regressed alongside di�erences for one of their observers.

Because Grace et al (2018)’s Monte Carlo simulations did not include negative weights,

they conducted additional simulations to check the reliability of those estimates.

Simulated responses were generated using weights of 0.8 for di�erences, ≠0.6 for big

ratios, and ‡ = .05, and repeated 1,000 times. Results showed that both positive and

negative coe�cients were recovered in the regressions on simulated data. Chen et al

therefore concluded that the estimates obtained from the observer in question were

genuine, and not an artefact of multicollinearity.
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Chen et al instead attributed the negative coe�cients to the observer in question

"‘inhibiting’ ratios and trying to respond based on di�erences" (Chen et al., 2020,

p. 14). Some kind of inhibitory mechanism may also be at work here, though more

research would be needed to ascertain the exact nature of such a mechanism, why it

would result in negative, as opposed to zero-valued coe�cients, and the circumstances

under which it is employed.

Another possible explanation for the negative coe�cients is the unique structure

of the stimulus set used in these experiments. In each experiment the stimulus values

were specifically chosen to enhance the ordinal discrepancies between di�erences and

ratios. As shown in Figures 2 and 8, for pairs with the same ordinal distance within the

set, ratios decrease as di�erences increase, and vice versa. For observers trained with

di�erences, these negative trends with respect to ratios could therefore have been

reflected in the coe�cient estimates when regressed alongside the trained operation.

This explanation would not apply to Chen et al (2020)’s data, however, as their

experiments used a randomised stimulus set. It is also unclear why this would be the

case for di�erence- but not the ratio-trained observers (since the cube-root pattern is

symmetrical). In order to fully explore this hypothesis therefore, it would be necessary

to repeat Experiment 1 with randomised stimuli.

Comparing across modalities, the patterns described above were consistent, but

slightly more pronounced with brightness stimuli than with line lengths. The

comparative influence of di�erences over ratios was greater with brightness overall than

it was with line length, and di�erences more clearly dominated ratios in the first block of

Experiment 1a. This could suggest that ratios are easier to learn with extensive stimuli

than with intensive, an interpretation partly consistent with Masin et al. (2019), who

found that observers were unable to produce numeric estimates of ratios of brightness

accurately, but did produce accurate estimates of line length pairs. Based on these

results as well as prior work—e.g., Masin (2013), Masin (2014), Masin and Brancaccio

(2017)—they proposed that observers may be unable to estimate ratios of intensive

stimuli (e.g., brightness, heaviness), instead relying on di�erences, whereas ratio
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judgements of extensive stimuli are possible. While the present results clearly indicate

that ratio judgements of intensive stimuli are possible, it may be that they are more

susceptible to domination on the part of di�erences, than those of extensive stimuli.

The present results are also weakly consistent with Grace et al (2018), whose

second experiment was partially replicated here. Grace et al had observers compare

brightnesses or circle areas using feedback based on either di�erences or big ratios,

using an almost identical experimental procedure. Comparing against their results for

the brightness experiment, the overall findings described here did not entirely agree.

While both studies found that a majority of observers trained with big ratio feedback

exhibited significant control by di�erences also (9/12 cases in Grace et al (2018, Table

2) and 8/10 cases here, with average di�erence coe�cients of 0.299 and 0.395,

respectively), results diverged somewhat with respect to the di�erence groups. In Grace

et al’s study, 5/11 observers had significant and positive coe�cients for big ratios

(M = 0.531), while only 2/10 observers in the current study had big ratio coe�cients

that were significant and positive, and one had a significant negative coe�cient

(M = ≠0.014). Although both studies found that di�erences were more likely to a�ect

ratio-trained responding than the opposite, a much stronger asymmetry between the

di�erence and ratio groups with respect to the influence of the untrained operation is

apparent here. As evidenced by the block-wise regression analyses above (see Figure 7),

the relative control of each operation changed over the course of the experiment for the

ratio but not the di�erence groups, with the influence of di�erences on the responding

of ratio-trained observers being most pronounced in the early stages of the experiment.

This analysis was not conducted by Grace et al (2018), whose regressions also excluded

data from the first two blocks. These di�erences in analyses, alongside the fact that

only one experiment is directly comparable, therefore limit the extent to which the

points of divergence between findings can be accounted for.

One point on which the current results strongly agreed with Grace et al (2018),

however, was the equal speed and accuracy with which observers in both the di�erence

and ratio groups learned and performed the task. Given the apparent e�ectiveness of
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the feedback at eliciting the target operation in both studies (at the expense, perhaps,

of the operation(s) native to the perceptual system), the second experiment of this

thesis attempts to weaken the influence of the training component by degrading the

accuracy of the feedback provided (specifically, by adding 10% Gaussian noise to each of

the scaled di�erence and ratio values). In addition, the added noise component provides

a direct test of whether observers in both studies were responding based on the learned

comparative operation in question, or adopting an exemplar learning strategy by which

they memorised the correct response location associated with each of the 28 presented

pairs. While this is an a priori unlikely possibility, and Grace et al (2018) found some

evidence against it (in the form of responses to novel transfer trials that were consistent

with the trained operation), the added noise provides a useful additional test of the

validity of the experimental paradigm with respect to the learning of perceptual

comparisons.
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Experiment 2

In Experiment 1, observers learned to accurately compare the brightnesses of two

circles, or the lengths of two lines, using feedback that was based on the di�erence, big

ratio, or small ratio of their magnitudes. In each experiment, 28 unique pairs of stimuli

were presented on 12 trials throughout the experiment. Since each pair was seen more

than once, it is possible that rather than learning to respond based on the comparative

operation trained, observers instead adopted an exemplar learning strategy; that is,

learned to associate the correct response location with each specific pair.

To test the employment of such a strategy, in their second experiment Grace et al

(2018) included transfer trials in which previously unencountered pairs were presented

in the final block without feedback. On average, responses on transfer trials were close

to predictions based on the trained values, suggesting that observers learned to judge

di�erences or ratios rather than particular exemplars (Grace et al., 2018). However, a

limitation of this approach is that it does not provide a strong test for individual

observers (given the limited amount of transfer data available in each case). Thus it

remains unclear whether observers might have used di�erent response strategies, with

some learning di�erence or ratio operations, and others generalising from exemplars.

Furthermore, responding on transfer trials might have reflected other factors such as

generalization (for example, transfer responding could have depended on the perceived

similarity of test pairs to trained exemplars (cf. Nosofsky (1986)).

To provide a stronger test of relational learning, in this experiment random noise

was added to the feedback provided. Noise values were sampled once for the exemplar

set (so that multiple presentations of the same pair have the same feedback value).

Following the rationale of classic prototype studies in categorization (Posner, Goldsmith,

& Welton Jr, 1967; Posner & Keele, 1968), if observers are learning to respond based on

di�erences or ratios, they should show a stronger tendency to respond to those

underlying operations, rather than the noisy feedback—that is, they should e�ectively

ignore or suppress the added noise. By contrast, if observers respond on the basis of

exemplars, their learning (and thus their responses) should include the noise component.
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Another consequence of adding noise to the feedback is that it makes the task

more di�cult (assuming an exemplar learning strategy is not being employed). In

Experiment 1, observers in all three groups were able to learn the trained operation

with similar levels of speed and accuracy. While regression analyses suggested a bias

toward one operation over the others (namely di�erences), observers trained to produce

big or small ratios were nonetheless able to do so with comparable e�ciency, based on

the feedback given. By degrading the feedback using random noise, its e�ectiveness at

facilitating learning of the target operation might be reduced. Responding may

subsequently be more strongly influenced by a preference on the part of the perceptual

system for either di�erence or ratio judgements, as hypothesised by Torgerson.

Experiment 2a: brightness comparisons with noisy feedback

On each trial, observers saw a pair of circles that varied in brightness. The stimuli

were the same as those used in Experiment 1a, comprising 12 repetitions of 28 unique

pairs. Observers were instructed to compare the brightness of the circles by making a

mouse click along a horizontal response bar that contained no markings. Feedback was

provided based on di�erences, big ratios, or small ratios of the greyscale values, to

which 10% random noise was added.

Correlations and multiple regressions were planned to test whether observers

ignored or suppressed the added noise. Average responses in each group were first

compared with both the trained and underlying values to determine which were more

closely approximated. Responses of individual observers across the 28 pairs were then

regressed on the trained values and the deviations between trained and underlying ratios

or di�erences (i.e. the noise component). If observers responded by exemplar learning,

then regression coe�cients for the deviations from true ratios or di�erences should not

di�er systematically from zero. However, if observers were learning the underlying

di�erence or ratio operation, then these deviations should have significantly negative

coe�cients. The same regression analyses as in Experiment 1 were also planned to

determine which operation(s) best predicted responding at the individual level, and the

relative overall influence of each operation by group over the course of the experiment.
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Method.

Participants. Twenty-five undergraduate psychology students served as observers

(8m, 15f; M = 21.3 years). None were familiar with the purpose of the research, and

they received course credit or a shopping voucher in exchange for participation. All

reported normal or corrected-to-normal vision.

Materials. The stimuli were the same 28 pairs of circles used in Experiment 1a.

For each pair, the di�erence, big ratio, and small ratio of their greyscale values was

calculated, and linearly mapped to the response bar as a value between 0 and 1, as

shown in Table 2. Gaussian noise was generated by sampling from a normal distribution

N(0, .10 ◊ ‡d, b, s
2), where ‡d

2, ‡b
2 and ‡s

2 are the variances of the scaled di�erence, big

ratio, and small ratio values. This noise component was then added to each of the

scaled di�erence, big ratio, and small ratio values shown in Table 2 (with any values

< 0 or > 1 changed to 0 and 1, respectively). The resulting values (di�erence or ratio +

noise) were used as feedback throughout the experiment, such that the feedback

provided deviated from the location associated with the true di�erence, big ratio or

small ratio by up to 10%. The noise distributions were sampled once and the resulting

training values were the same for all observers, and for each presentation of a particular

stimulus pair. Figure 14 illustrates the e�ect of this transformation, showing the noisy

feedback used (y axes), plotted as a function of the scaled di�erence (Figure 14a), big

ratio (Figure 14b), or small ratio values (Figure 14c).

Procedure. The procedure was identical to that for Experiment 1a. Participants

were randomly assigned to di�erence (n = 7), big ratio (n = 8) or small ratio (n = 9)

conditions, and were tested individually or in small groups. They were each seated in a

cubicle with an HP Elitedesk core i7 computer with a Samsung 22" LCD monitor. The

monitor had a resolution of 1680 x 1050 pixels and a maximum brightness of 300 cd/m2

and contrast ratio of 1000:1. The instructions were identical to those given in

Experiment 1a, as were the number and structure of trials completed, as depicted in

Figure 3. Data from correction trials were again omitted from all analyses, as was data

from observers whose correlation with trained values across blocks 2–4 was r Æ .5.
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(a) Di�erence group feedback (b) Big Ratio group feedback

(c) Small Ratio group feedback

Figure 14 . Noise added to feedback in Experiment 2a. Scaled di�erences/big ratios/small

ratios are plotted on the x axes, and feedback values (with 10% added noise) on the y axes.

Results. Data were omitted from two observers on the basis that their

correlations with trained values were less than .5 (rs < .455).

To establish whether observers learned to respond to the noisy feedback, or the

underlying di�erence or ratio operation, correlations of average responses against

trained and underlying values were first compared over Blocks 2–4 of the experiment

(data from Block 1 were discarded, as in Experiment 1). Figure 15 plots the average

responses for each group (y axes) against the trained values (x axes, left panels) and

scaled di�erence, big ratio, or small ratio values (x axes, right panels) for each group.
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(a) Di�erence group avg. vs. trained values (b) Di�erence group avg. vs. di�erences

(c) Big ratio group avg. vs. trained values (d) Big ratio group avg. vs. big ratios

(e) Small ratio group avg. vs. trained values (f) Small Ratio group avg. vs. small ratios

Figure 15 . Average responses for each group over Blocks 2–4 (y axes) are plotted against

noisy trained values (x axes, left panel) and true underlying di�erences/ratios (x axes, right

panel) for each brightness pair. Solid diagonal lines indicate perfect accuracy; dotted lines

show best-fitting regressions (equations and R2
s also shown).
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As Figure 15 shows, average responses more closely tracked the true scaled values

than the noisy training values for each group. Analysis of individual correlations showed

this was also the case for 22/23 observers. Average regression slopes were each less than

1, indicating that like Experiment 1, observers on average tended to avoid the ends of

the response bar (with this e�ect being most pronounced in the small ratio group).

Table 10

Individual hierarchical multiple regressions: trained operation + noise, Experiment 2a

Observer Group R2 Train B Noise B R2
Inc. p

1 Di�. 0.960 0.816 ≠0.705 0.064 <.001***
2 Di�. 0.958 0.756 ≠0.758 0.083 <.001***
3 Di�. 0.781 0.671 ≠0.665 0.066 .011*
4 Di�. 0.846 0.878 ≠0.446 0.021 .066
5 Di�. 0.870 0.631 ≠0.393 0.031 .021*
6 Di�. 0.777 0.568 ≠0.190 0.009 .338
7 Di�. 0.936 0.796 ≠0.445 0.028 .002**
8 Big ratio 0.795 0.371 ≠0.395 0.089 .003**
9 Big ratio 0.911 0.778 ≠0.942 0.128 <.001***
10 Big ratio 0.913 0.747 ≠0.996 0.151 <.001***
11 Big ratio 0.828 0.811 ≠0.486 0.032 .034*
12 Big ratio 0.884 0.817 ≠0.521 0.038 .009**
13 Big ratio 0.851 0.811 ≠0.863 0.095 .001**
14 Big ratio 0.935 0.814 ≠0.600 0.053 <.001***
15 Sm. ratio 0.698 0.399 ≠0.533 0.135 .003**
16 Sm. ratio 0.832 0.691 ≠0.675 0.089 .001**
17 Sm. ratio 0.370 0.360 ≠0.383 0.047 .186
18 Sm. ratio 0.853 0.676 ≠1.061 0.220 <.001***
19 Sm. ratio 0.927 0.838 ≠1.025 0.152 <.001***
20 Sm. ratio 0.617 0.324 ≠0.433 0.119 .010*
21 Sm. ratio 0.411 0.386 ≠0.431 0.057 .133
22 Sm. ratio 0.898 0.653 ≠0.583 0.800 <.001***
23 Sm. ratio 0.756 0.702 ≠0.342 0.108 .003**

For each observer, hierarchical regression coe�cients for the trained relation (Train B) and

error component (Noise B) are shown, alongside R2
and incremental R2

, *p < .05; **p < .01;

***p < .001.
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Hierarchical multiple regressions were next conducted as a direct test of whether

observers e�ectively suppressed the added noise. For each observer, the noisy trained

value was entered at the first step (‘Train’), and the deviation between the scaled

di�erence, big ratio or small ratio and the trained value was entered at the second step

(‘Noise’). The dependent variable was the average response for each pair over Blocks

2–4. If observers responded according to an exemplar learning strategy, then regression

coe�cients for the noise term should not di�er systematically from zero. Negative

coe�cients would suggest participants had suppressed the added noise, and responded

based on the underlying di�erence or ratio operation. Results are shown in Table 10.

Noise coe�cients were negative for all observers, and significantly so in 19/23

cases. Their mean values were ≠0.515 [95% CI : ≠0.665, ≠0.334], ≠0.686 [95% CI :

≠0.866, ≠0.507], and ≠0.607 [95% CI : ≠0.782, ≠0.432] for the di�erence, big ratio, and

small ratio groups, respectively. Since noise coe�cients were negative in all cases,

significant in the majority, and were significantly less than zero on average, these results

are consistent with the prediction that observers would suppress the noise and respond

based on the underlying operation.

Having established that observers were not adopting an exemplar learning

strategy, similar analyses to those described in Experiment 1 were next undertaken to

establish which operation(s) most strongly influenced responding.

Figure 16 . Average absolute deviations from trained values in Experiment 2a, by block. Bars

indicate one standard error.
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Average absolute deviations from the true underlying values were first calculated

for each block, to determine how quickly the target operation was learned in each

group. Results are shown in Figure 16. Average absolute deviations decreased steeply

over Blocks 1–2 for the big ratio group, slightly over Blocks 1–3 for the small ratio

group, and remained relatively consistent across the experiment for the di�erence

group. A repeated- measures ANOVA (Greenhouse-Geisser adjusted) with Block as a

within-subjects factor and Group as a between-subjects factor, found significant main

e�ects of Block, F (1.716, 34.326) = 9.069, p = .001, ÷p
2 = 0.312, and Group,

F (2, 20) = 6.223, p = .008, ÷p
2 = 0.384. The interaction between Block and Group was

not significant (p = .077). Tukey post-hoc analyses showed a significant di�erence

between the big ratio and small ratio groups (p = .008), while the di�erences between

average absolute deviations for the big ratio and di�erence groups, and the small ratio

and di�erence groups, were not significant (ps > .063). These results suggest the

underlying operation was approximated more closely in the big ratio group than the

small ratio group across the experiment as a whole, though the lack of interaction

between the variables suggests comparable speed of acquisition with respect to the

target operation overall.

Across individual observers, mean correlations of average responses over Blocks

2–4 with underlying di�erence or ratio values were .930 [95% CI : .897, .964], .932 [95%

CI : .913, .951], and .828 [95% CI : .744, .912] for the di�erence, big ratio, and small ratio

groups, respectively. In terms of overall accuracy of responding with respect to the

underlying operation, the mean percentage of variance in individual responding

accounted for by the respective scaled values did not significantly di�er between groups,

F (2, 12.884) = 1.474, p = .265 (adjusted for non-normality), indicating that as in

Experiment 1, comparable levels of accuracy were achieved.

In order to determine the relative influence of (true underlying) di�erences and

ratios on responding at an individual level, following Experiment 1, multiple regressions

were next conducted in which both types of operation were entered as predictors of

individual responding over Blocks 2–4 in each group.
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Table 11

Individual multiple regressions: di�erence group, Experiment 2a

Di�erence + big ratio regression Di�erence + small ratio regression
Observer R2 Di�. B Big ratio B R2 Di�. B Sm. ratio B

1 0.965 0.655*** 0.167* 0.958 0.803*** 0.000
2 0.959 0.799*** ≠0.048 0.963 0.638*** 0.134
3 0.805 0.928*** ≠0.292 0.801 0.906*** ≠0.266
4 0.844 0.945*** ≠0.134 0.845 0.708*** 0.135
5 0.813 0.577*** ≠0.018 0.861 0.562*** 0.046
6 0.749 0.478*** 0.051 0.749 0.552*** ≠0.032
7 0.926 0.781*** ≠0.030 0.930 0.867*** ≠0.127

For each observer, results of regressions of di�erences + big ratios, and di�erences + small

ratios, are shown. *p < .05; **p < .01; ***p < .001.

Table 11 shows the results of two regressions performed for each observer in the

di�erence group: di�erences + big ratios (left columns), and di�erences + small ratios

(right columns). Regressed alongside big ratios, di�erences had significant coe�cients in

all 7 cases (M = 0.738 [95% CI : 0.608, 0.868]), while coe�cients for big ratios were

significant for 1 out of 7 observers (M = ≠0.043 [95% CI : ≠0.150, 0.063]), and negative

(but not significant) in 5 of the other 6 cases. Regressed alongside small ratios, the

coe�cients for di�erences were also significant for all 7 observers (M = 0.719 [95% CI :

0.613, 0.826]), while small ratio coe�cients were significant for none (M = ≠0.016 [95%

CI : ≠0.123, 0.091]), and negative in 3/7 cases. Like Experiment 1 then, these results

suggest responding in the di�erence group was dominated by true di�erences, with

minimal contribution (and a potential negative influence) of ratio-based judgements.

Similar regressions were next conducted for the big and small ratio groups, with

di�erences entered as predictors of individual responding alongside the true ratio value

underlying the feedback given. Results are shown in Table 12. For the big ratio group,

coe�cients for big ratios and di�erences were each significant in 6 of 7 cases, (M s =

0.397, [95% CI : 0.256, 0.538] and 0.358 [95% CI : 0.250, 0.466], respectively). For the

small ratio group, coe�cients for small ratios were significantly positive for 4 out of 9
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Table 12

Individual multiple regressions: ratio groups, Experiment 2a

Big ratio group Small ratio group
Observer R2 Big ratio B Di� B R2 Small ratio B Di� B

1 0.811 0.126 0.255** 0.773 0.087 0.331**
2 0.939 0.346** 0.467*** 0.841 0.852*** ≠0.170
3 0.939 0.357** 0.434*** 0.708 ≠0.408* 0.808***
4 0.923 0.622*** 0.197 0.886 0.258* 0.447***
5 0.955 0.572*** 0.254* 0.922 0.838*** 0.004
6 0.920 0.550*** 0.299* 0.795 ≠0.076 0.423***
7 0.940 0.208* 0.599*** 0.781 ≠0.433** 0.861***
8 0.898 0.714*** ≠0.065
9 0.915 ≠0.023 0.764***

For each observer in the big and small ratio groups, results of regressions of trained ratios +

di�erences are shown. *p < .05; **p < .01; ***p < .001.

observers, and significantly negative for 2 of 9 (M = 0.201, [95% CI : ≠0.127, 0.528]),

while di�erence coe�cients were significantly positive for 6 of 9 observers (M = 0.378,

[95% CI : 0.124, 0.632]). As evidenced by the large confidence intervals, responding in

the small ratio group was highly heterogeneous, with observers tending to respond

based exclusively on either the underlying small ratio operation (as seen in cases 2, 5

and 8), or di�erences (as seen in cases 1, 3, 6, 7 and 9), with negative coe�cients for the

alternative operation suggesting potential inhibition. While control by both di�erence

and ratio operations generally characterised responding in the big ratio group (5 of 7

cases), just one observer in the small ratio group had significant positive coe�cients for

both operations (case 4). These results suggest that when trained with noisy small ratio

feedback, observers tend to respond based either on the underlying small ratio of the

magnitudes, or their di�erence, but not both.

Di�erences between regression coe�cients for di�erences and ratios were next

calculated for each observer and compared between groups, to determine whether

responding was more strongly influenced by di�erences or ratios overall. [Di�erence

B≠big ratio B] was significantly greater for the di�erence group than was [big ratio
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B≠di�erence B] for the big ratio group (Ms = 0.781 and 0.039, respectively, t(12)=

4.68, p < .001, d = 2.50). [Di�erence B≠small ratio B] was significantly greater for the

di�erence group than was [small ratio B≠di�erence B] for the small ratio group (Ms

= 0.735 and ≠0.177, respectively, t(14)= 2.64, p = .020, d = 1.33). Since di�erences

between individual regression coe�cients were significantly larger for the di�erence

group in both cases, an overall tendency towards di�erence-based responding is evident.

As in Experiment 1, di�erence + ratio regressions were next conducted for each

observer by block, in order to determine the extent to which relative control by each

operation changed over the course of the experiment. Figure 17 shows average results

for the di�erence group, with regressions of di�erences vs. big ratios in Figure 17a, and

di�erences vs. small ratios in Figure 17b. Average coe�cients for di�erences were high

across all four blocks when regressed against either big ratio or small ratios, with a

slight upward trend in both instances. Average coe�cients for big and small ratios did

not significantly di�er from zero throughout the experiment, and exhibited a slight

downward trend. No polynomial contrasts were significant. These results suggest that

despite the noisy feedback, those trained with di�erences picked up the underlying

operation quickly, and its influence on responding remained strong throughout the

experiment. Like Experiment 1a, neither ratio operation had much influence.

(a) Di�erence B vs. big ratio B (b) Di�erence B vs. small ratio B

Figure 17 . Average multiple regression coe�cients of trained operation (di�erences) and

untrained operations (big ratios and small ratios) as predictors of individual responding for

Di�erence group in Experiment 2a, by block. Bars indicate one standard error.
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Results for the big and small ratio groups are shown in Figures 18a and 18b,

respectively. As was the case in Experiment 1, a di�erent pattern here emerges.

Regressed against the target ratio operation, average coe�cients for di�erences were

high in Block 1 for both the big and small ratio groups, then decreased over the course

of the experiment (though neither trend was significant with respect to polynomial

contrasts). Average coe�cients for big or small ratios mirrored this pattern, starting low

in Block 1, then increasing to around the same magnitude as di�erence coe�cients

(more quickly in the big ratio group). Significant linear and quadratic contrasts were

found for big ratio coe�cients, F (1, 6) = 16.105, p = .007, ÷p
2 = 0.729, and F (1, 6)

= 11.509, p = .015, ÷p
2 = 0.657, respectively. The large error bars for the small ratio

group reflect the high degree of heterogeneity in responding in this group (as noted

above), and neither linear contrast was significant. Overall, as seen in Experiment 1a,

these results suggest an initial predisposition toward di�erence-based responding, the

extent of which decreased as the underlying ratio operation was learned (though this

did not apply for a subset of observers in the small ratio group, whose responding

persisted according to di�erences).

(a) Big ratio B vs. di�erence B (b) Small ratio B vs. di�erence B

Figure 18 . Average multiple regression coe�cients of trained operation (big ratios or small

ratios) and untrained operation (di�erences) as predictors of individual responding for big

Ratio and small Ratio groups in Experiment 2a, by block. Bars indicate one standard error.



DIFFERENCES AND RATIOS 72

As in Experiment 1, repeated-measures ANOVAs were conducted to test the

extent to which the operation trained, and the stage of the experiment, contributed to

the relative influence of di�erences and ratios on responding. Taking the magnitude of

regression coe�cients as the dependent variable, Block (1–4) and Operation (coe�cients

for di�erences or ratio) were entered as within-subjects measures, and Group

(di�erence- or ratio-trained) as a between-subjects measure. Significant interactions

between Operation and Block, and Operation and Group, would indicate e�ects on the

part of Block and Group (respectively) on the relative influence of di�erences and ratios

on responding, while a significant three-way interaction would indicate a dependency

between these factors.

The first analysis compared the di�erence and big ratio groups (refer Figures 6a

and 7a). Results indicated coe�cients for di�erences and big ratios were significantly

di�erent overall, as evidenced by a significant main e�ect of Operation, F (1, 12) =

21.984, p = .001, ÷p
2 = 0.647. Interaction terms were significant for Operation ◊

Group, F (1, 12) = 7.043, p = .021, ÷p
2 = 0.370, and Operation ◊ Group ◊ Block,

F (2.078, 33.246) = 4.472, p = .018, ÷p
2 = 0.218 (Greenhouse-Geisser adjusted), but not

for Operation ◊ Block (p = .136). These results suggest the operation trained

significantly a�ected the relative influence of di�erences and big ratios on responding,

but that this varied depending on the stage of the experiment. The e�ect of Block,

however, was not significant overall.

The same analysis comparing the di�erence and small ratio groups found that

while the main e�ect of Operation was significant, F (1, 14) = 7.584, p = .016,

÷p
2 = 0.351, indicating coe�cients for di�erences and small ratios were significantly

di�erent overall, none of the interaction terms reached significance (ps > .081). This is

likely due to the high degree of individual variation in responding among observers in

the small ratio group, as exemplified by the large error bars shown in Figure 18b.
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Experiment 2b: line length comparisons with noisy feedback

Experiment 2b replicates Experiment 2a using length, rather than brightness, as

the modality under comparison. The stimuli were the same as those used in Experiment

1b. On each trial, observers saw a one of 28 possible pairs of lines, and were instructed

to compare their lengths by making a mouse click along an unmarked horizontal

response bar. As in Experiment 2a, feedback was provided based on the di�erences, big

ratios, or small ratios of the lengths of each pair, with 10% added random noise.

Planned analyses were identical to those undertaken in Experiment 2a. To test

whether observers ignored or suppressed the added noise, correlations of individual

responses with the (noisy) trained values and underlying operations were first

compared, then hierarchical regressions of individual responses against trained values

and the noise component thereof were conducted. The same analyses as in Experiment

1 were then employed to assess the speed and accuracy with which each group learned

the underlying operation, and to determine the relative influence of di�erences and

ratios on individual response behaviour.

Method.

Participants. Observers were 32 undergraduate psychology students (10m, 22f;

M = 22.1 years), with normal or corrected-to-normal vision. None knew the purpose of

the research, and they received course credit or a shopping voucher for participating.

Materials. The experimental setup was identical to Experiment 1b, with stimuli

consisting of the same 28 pairs of lines presented 12 times each across 336 trials. Like

Experiment 1b, the lines were presented at randomised angles to discourage attempts at

direct measurement. Using the same process as described in Experiment 2a, 10%

Gaussian noise was added to the scaled di�erence, big ratio and small ratio values for

each line pair (see Table 6). These noise-modified values served as feedback across all

repetitions of each pair, and were the same for all observers. Figure 19 shows the e�ect

of the added noise, plotting the feedback values used as a function of the scaled

di�erence, big ratio, or small ratio values to which random noise was added. Responses

were made by clicking along an unmarked horizontal bar.
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Procedure. The procedure was the same as for Experiment 1b (see Figure 9).

Participants were randomly assigned to di�erence (n = 9), big ratio (n = 12), or small

ratio (n = 11) conditions, and were tested in small groups on equipment identical to

that used in Experiment 2a. They were instructed as in Experiment 2a to use the

feedback provided to learn to compare the lines’ lengths as accurately as possible, over

336 trials comprising 12 repetitions of each pair, separated by three break periods.

(a) Di�erence group feedback (b) Big Ratio group feedback

(c) Small Ratio group feedback

Figure 19 . Noise added to feedback in Experiment 2b (line length). True di�erences/ratios

are plotted on the x axes, and feedback values (with 10% added Gaussian noise) on the y axes.
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(a) Di�erence group avg. vs. trained values (b) Di�erence group avg. vs. di�erences

(c) Big ratio group avg. vs. trained values (d) Big ratio group avg. vs. big ratios

(e) Small ratio group avg. vs. trained values (f) Small Ratio group avg. vs. small ratios

Figure 20 . Average responses for each group over Blocks 2–4 (y axes) are plotted against

noisy trained values (x axes, left panel) and true underlying di�erences/ratios (x axes, right

panel) for each brightness pair. Solid diagonal lines indicate perfect accuracy; dotted lines

show best-fitting regressions (equations and R2
s also shown).
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Results. Data were omitted from four observers whose correlations with trained

values were rs < .49. Analyses were identical to those conducted for Experiment 2a.

Figure 20 shows correlations of average responses across Blocks 2–4 for each group with

the trained (noisy) feedback values (x axes, left panels) and scaled di�erence, big ratio,

and small ratio values (x axes, right panels). As in Experiment 2a, average responses in

each group were more highly correlated with true scaled values than the noisy training

values. This was also the case for 25/28 individual observers. Regression slopes lower

than 1 suggest observers again avoided the extremes of the response bar on average.

In order to directly evaluate the question whether the noise was suppressed by

observers, hierarchical regressions were conducted for each observer in which the trained

value was entered at step 1, and alongside the noise component (i.e. the di�erence

between the trained and true di�erence or ratio) at step 2. The dependent variable was

the average response given for each pair across Blocks 2–4. Coe�cients not significantly

di�erent from zero for the noise term would suggest an exemplar learning strategy was

employed, while negative coe�cients would imply suppression of the noise component of

the feedback. Results are shown in Table 13.

Like Experiment 2a, noise coe�cients were negative for all observers, and

significant in 22/28 cases. Mean coe�cient values were ≠0.157 [95% CI : ≠0.332, 0.018]

for the di�erence group, ≠0.532 [95% CI : ≠0.638, ≠0.426] for the big ratio group, and

≠0.749 [95% CI : ≠0.891, ≠0.606] for the small ratio group. While the confidence

interval for the di�erence group included zero, the fact that noise coe�cients were

negative for all observers, and significantly so in the majority of cases, suggests that

overall, observers suppressed the added noise and responded according to the

underlying di�erence or ratio operation.
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Table 13

Individual hierarchical multiple regressions: trained values + noise, Experiment 2b

Observer Group R2 Train B Noise B R2
Inc. p

1 Di�. 0.970 0.712 ≠0.611 0.058 <.001
2 Di�. 0.938 0.851 ≠0.857 0.076 <.001
3 Di�. 0.632 0.524 ≠0.210 0.008 .458
4 Di�. 0.555 0.268 ≠0.235 0.034 .176
5 Di�. 0.929 0.701 ≠0.661 0.066 <.001
6 Di�. 0.737 0.570 ≠0.605 0.066 .019
7 Di�. 0.937 0.824 ≠0.823 0.075 <.001
8 Di�. 0.262 0.155 ≠0.025 0.001 .892
9 Big ratio 0.860 0.644 ≠0.538 0.037 .017
10 Big ratio 0.455 0.276 ≠0.188 0.013 .448
11 Big ratio 0.961 0.823 ≠0.770 0.051 <.001
12 Big ratio 0.866 0.722 ≠0.587 0.035 .017
13 Big ratio 0.856 0.707 ≠0.760 0.060 .004
14 Big ratio 0.929 0.877 ≠0.886 0.058 <.001
15 Big ratio 0.889 0.687 ≠0.756 0.065 .001
16 Big ratio 0.966 0.792 ≠0.633 0.038 <.001
17 Big ratio 0.918 0.847 ≠0.809 0.051 .001
18 Big ratio 0.710 0.494 ≠0.410 0.030 .121
19 Big ratio 0.924 0.838 ≠0.769 0.048 <.001
20 Sm. Ratio 0.939 0.955 ≠1.140 0.099 <.001
21 Sm. Ratio 0.576 0.323 ≠0.037 0.032 .858
22 Sm. Ratio 0.790 0.593 ≠0.628 0.066 .010
23 Sm. Ratio 0.983 0.928 ≠0.878 0.066 <.001
24 Sm. Ratio 0.731 0.527 ≠0.669 0.086 .009
25 Sm. Ratio 0.674 0.633 ≠0.999 0.119 .006
26 Sm. Ratio 0.814 0.664 ≠0.889 0.106 .001
27 Sm. Ratio 0.946 0.970 ≠1.059 0.083 <.001
28 Sm. Ratio 0.823 0.759 ≠0.943 0.093 .001

For each observer, hierarchical regression coe�cients for the trained relation (Train B) and

error component (Noise B) are shown, alongside R2
, incremental R2

, and p.
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The same analyses as in Experiment 1 were next undertaken to determine which

operation(s) best predicted responding at a collective and individual level. Figure 21

shows the average absolute deviation of responses from the underlying di�erence, big

ratio, or small ratio for Blocks 1–4.

Figure 21 . Average absolute deviations from trained values in Experiment 2b, by block. Bars

indicate one standard error.

Average absolute deviations decreased over the course of the experiment for all groups,

though for the di�erence group a slight increase occurred after Block 2. A repeated-

measures ANOVA (with Greenhouse-Geisser adjustments) showed a significant main

e�ect of Block, F (2.162, 54.039) = 15.36, p < .001, ÷p
2 = 0.381. The e�ect of Group, and

the interaction between Block and Group, were not significant (ps > .136), suggesting

that while there was significant improvement in accuracy over the course of the

experiment overall, this trend did not significantly di�er between groups.

As shown in Figure 20, correlations of average responses against the underlying

di�erence and ratio values were high, with mean individual rs of .846 [95% CI : .729,

.963], .917 [95% CI : .864, .970], and .891 [95% CI : .837, .946] for the di�erence, big

ratio, and small ratio groups, respectively. The percentage of variance in individual

responding accounted for by these underlying values did not significantly di�er between

groups, F (2, 15.352)= 0.665, p = .529 (adjusted for non-normality). As in Experiment

2a, each group thus performed the task with comparable levels of accuracy.
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Multiple regressions of di�erence and ratio values on individual responses were

next conducted to determine which operation(s) best predicted responding at an

individual level. Table 14 shows the results for the di�erence group, with di�erences +

big ratios entered as predictors for the regressions reported in the left columns, and

di�erences + small ratios in the right columns.

Table 14

Individual multiple regressions: di�erence group, Experiment 2b

Di�erence + big ratio regression Di�erence + small ratio regression
Observer R2 Di�. B Big ratio B R2 Di�. B Sm. ratio B

1 0.971 0.655*** 0.065 0.969 0.708*** 0.000
2 0.952 0.690*** 0.202* 0.950 0.703*** 0.185*
3 0.633 0.652*** ≠0.179 0.736 0.867*** ≠0.449**
4 0.575 0.347*** ≠0.100 0.565 0.325** ≠0.073
5 0.948 0.854*** ≠0.194** 0.953 0.875*** ≠0.221**
6 0.768 0.758*** ≠0.233 0.824 0.881*** ≠0.388**
7 0.955 0.647*** 0.222** 0.959 0.628*** 0.246**
8 0.673 0.457*** ≠0.385*** 0.677 0.459*** ≠0.389***

For each observer, results of regressions of di�erences + big ratios, and di�erences + small

ratios, are shown. *p < .05; **p < .01; ***p < .001.

Significant coe�cients for di�erences were obtained in all 8 cases when regressed

alongside big ratios (M = 0.633 [95% CI : 0.521, 0.744]), while big ratio coe�cients were

significant and positive in 1/8 cases, and significant and negative in 2/8 (M = ≠0.075

[95% CI : ≠0.226, 0.076]). Regressed alongside small ratios, di�erence coe�cients were

again significant in 8/8 cases (M = 0.681 [95% CI : 0.539, 0.823]), and small ratio

coe�cients were significant and positive in 2/8 cases, and significant and negative in

4/8 cases (M = ≠0.136 [95% CI : ≠0.322, 0.050]). Since regression coe�cients for big

and small ratios were significantly positive in a minority of cases, and on average did

not systematically di�er from zero, these results suggest that like previous experiments,

responding in the di�erence group was dominated by the underlying di�erence relation,

with possible inhibition of ratios for some observers.
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Table 15 shows results of similar regressions conducted for the big and small ratio

groups. Results of regressions of big ratios + di�erences on responding in the big ratio

group are shown in the left columns, and regressions of small ratios + di�erences on

responding in the small ratio group in the right columns. Coe�cients for big ratios were

significant for 9/11 observers in the big ratio group (M = 0.438 [95% CI : 0.291, 0.586]),

while coe�cients for di�erences were significant in 10/11 cases (M = 0.293 [95% CI :

0.219, 0.367]). For the small ratio group, small ratio coe�cients were significant for 7/9

observers (M = 0.421 [95% CI : 0.227, 0.614]), and di�erences were significant for 8/9

observers (M = 0.345 [95% CI : 0.183, 0.506]). Similar to the results of Experiment 1b,

responding was therefore jointly controlled by both the underlying trained ratio and

di�erences in the majority of cases, with di�erences contributing to responding to a

slightly lesser extent overall.

Table 15

Individual multiple regressions: ratio groups, Experiment 2b

Big ratio group Small ratio group
Observer R2 Big ratio B Di�. B R2 Small ratio B Di�. B

1 0.886 0.460*** 0.203* 0.950 0.781*** 0.199*
2 0.675 ≠0.028 0.340*** 0.604 0.485*** ≠0.189
3 0.972 0.681*** 0.158** 0.909 0.230** 0.408***
4 0.979 0.306*** 0.464*** 0.986 0.848*** 0.088*
5 0.896 0.466*** 0.272** 0.866 0.166 0.409***
6 0.965 0.604*** 0.306*** 0.880 0.054 0.658***
7 0.959 0.384*** 0.342*** 0.835 0.473*** 0.220*
8 0.971 0.707*** 0.092 0.954 0.826*** 0.164*
9 0.936 0.660*** 0.210* 0.918 0.347*** 0.466***
10 0.957 0.035 0.514***
11 0.969 0.547*** 0.325***

For each observer in the big and small ratio groups, results of regressions of trained ratios +

di�erences are shown. *p < .05; **p < .01; ***p < .001.
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Di�erences between di�erence and ratio coe�cients for each observer were again

compared across groups to test whether an overall tendency towards di�erences or

ratios was evident. For the di�erence group, [di�erence B≠big ratio B] (M = 0.708)

was greater than was [big ratio B≠di�erence B] (M = 0.145) for the big ratio group,

t(17) = 3.83, p = .002, d = 1.78. [Di�erence B≠small ratio B] was likewise greater for

the di�erence group (M = 0.817) than was [small ratio B≠ di�erence B] (M = 0.198)

for the small ratio group, t(15) = 2.85, p = .012, d = 1.39. As in Experiment 2a, these

results are indicative of stronger control by di�erences overall.

To determine whether the pattern of responding with respect to di�erences and

ratios changed over the course of the experiment, the same regressions were conducted

for each observer by block. Results for the di�erence group are shown in Figure 22, with

di�erence + big ratio regressions shown in the left panel, and di�erence + small ratio

regressions on the right. A similar pattern to that seen in previous experiments is

evident: di�erence coe�cients are consistently high across the experiment, with neither

big or small ratio coe�cients entering positive territory. No polynomial contrasts were

significant. When trained with di�erences (even noisy ones), observers therefore tended

to respond according to di�erences, with no positive influence of either ratio type.

(a) Di�erence B vs. big ratio B (b) Di�erence B vs. small ratio B

Figure 22 . Average multiple regression coe�cients of trained operation (di�erences) and

untrained operations (big ratios and small ratios) as predictors of individual responding for

Di�erence group in Experiment 2b, by block. Bars indicate one standard error.
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Blockwise regression results for the big and small groups are shown in Figures 23a

and 23b, respectively. A pattern similar to that seen in previous experiments is again

apparent. In contrast to noisy di�erences, responses in the noisy ratio groups were more

strongly influenced by di�erences on average in the first block, switching to the

underlying ratio operation in the latter half of the experiment (with the overall

influence of di�erences remaining positive). For the big ratio group, a significant linear

contrast was found for di�erence coe�cients (F (1, 10) = 6.775, p = .026, ÷p
2 = 0.404),

and significant linear and quadratic contrasts were found for big ratio coe�cients

(F (1, 10) = 12.509, p = .005, ÷p
2 = 0.556, and F (1, 10) = 16.523, p = .002, ÷p

2 = 0.623,

respectively). For the small ratio group, the linear contrast for small ratio coe�cients

was significant, F (1, 8) = 7.194, p = .028, ÷p
2 = 0.473. Unlike their di�erence-trained

counterparts, then, responding by observers trained with noisy ratios was characterised

by joint control by both ratio and di�erence operations overall, with the latter’s

influence decreasing over the course of the experiment.

(a) Big ratio B vs. di�erence B (b) Small ratio B vs. Di�erence B

Figure 23 . Average multiple regression coe�cients of trained operation (big ratios or small

ratios) and untrained operation (di�erences) as predictors of individual responding for big

ratio and small ratio groups in Experiment 2b, by block. Bars indicate one standard error.

Repeated-measures ANOVAs, identical to those described in Experiment 2a

above, were again conducted to determine the extent to which Group and Block

influenced the relative contribution of di�erences and ratios to responding. Comparing
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the di�erence and big ratio groups in the first analysis, there was a significant main

e�ect of Operation, F (1, 33.293) =18.090, p < .001, ÷p
2 = 0.516, indicating a di�erence

between the magnitudes of the di�erence and big ratio coe�cients overall. Significant

interactions were found between Operation and Group, F (1, 33.293) = 21.728, p < .001,

÷p
2 = 0.561), and Operation ◊ Group ◊ Block F (1.958, 33.293) = 4.836, p = .0015,

÷p
2 = 0.221), while the interaction between Operation and Block was not significant

(p = .085). Like Experiment 2a, then, the relative influence of di�erences and big ratios

on responding therefore depended on the operation trained, though this varied

according to the stage of the experiment (see Figures 22a and 23a).

The di�erence and small ratio groups were next compared using the same analysis

(refer Figures 22b and 23b). The main e�ect of Operation was significant, F (1, 32.542)

= 12.311, p = .003, ÷p
2 = 0.451, as was the Operation ◊ Group interaction, F (1, 32.542)

= 23.099, p < .001, ÷p
2 = 0.606. The interactions of Operation ◊ Block, and the

three-way interaction term, were not significant (ps > .120). For di�erences vs. small

ratios then, di�erential responding with respect to each operation was significantly

influenced only by the operation trained.

Discussion

The objectives of Experiment 2 were twofold. First, the addition of 10% Gaussian

noise to the feedback allowed the possible use of exemplar learning strategies to be

directly tested on an individual basis. Second, insofar as it lessened the e�cacy of the

‘training’ provided, the added noise ostensibly provided the opportunity for a stronger

influence on the part of the perceptual system’s ‘preferred’ operation to be detected

among observers for whom that operation was not trained.

With respect to exemplar learning strategies, the results were clear. Average

responses were more highly correlated with the underlying di�erence or ratio operations

than they were with the noisy trained values in each group. In addition, hierarchical

multiple regressions showed the noise component (i.e. the deviation between the scaled

di�erence or ratio and the feedback given for each pair) contributed significant
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additional variance when regressed on individual responses alongside the trained value

in the majority of total cases (41/51), and its coe�cients were always negative. These

analyses strongly suggest that observers did not employ an exemplar learning strategy

in the task, instead actively suppressing the noise component of the feedback, and

responding based on the underlying scaled di�erence or ratio operation.

The added noise also had the intended e�ect of obscuring (to some extent) the

operation that was being trained for each group. If the perceptual system does confer a

preference for either di�erences or ratios in comparative judgements, stronger evidence

was sought for its influence on responding in the other group(s). To this end, the same

analyses as in Experiment 1 were carried out to determine the relative extent to which

di�erences controlled responding in the ratio-trained groups, and vice-versa.

Results were largely consistent with those found in Experiment 1. Multiple

regressions on individual responses suggested ratios (big or small) influenced responding

in the di�erence-trained group in a small minority of cases, and were possibly inhibited

by some observers. Conversely, coe�cients for di�erences were significantly positive in

the majority of cases among those trained with noisy big or small ratios. Considered

over the course of the experiment, the relative influence of di�erences and ratios on

responding changed little for the di�erence group (with di�erences dominating

throughout), while for the ratio groups, a pattern similar to that observed in

Experiment 1 emerged. Average coe�cients were relatively higher for di�erences in the

first block, and decreased over the course of the experiment, while the opposite trend

was observed for average ratio (big or small) coe�cients. Like Experiment 1, these

results suggest an initial tendency for observers in all groups to respond based on

di�erences was gradually superseded by the influence of ratio-based feedback where this

was provided (with the exception of a subset of observers trained with small ratios of

brightnesses, who persisted with di�erence-based responding).

Like Experiment 1, then, there is evidence of an overall predisposition towards

di�erence judgements. Despite the less reliable nature of the feedback, however,

observers in all groups were again able to learn the task with comparable speed and
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accuracy. These results show that the (degraded) feedback was still highly e�ective at

eliciting responses corresponding to the target operation, potentially obscuring evidence

of the true structure underlying comparative judgements. In Experiment 3, the

feedback was therefore removed entirely, with observers free to compare magnitudes

however they pleased.
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Experiment 3

Results of Experiments 1 and 2 showed that observers could be trained without

instruction to reliably judge the di�erence, big ratio, or small ratio of pairs of

brightnesses or line lengths, given accurate or noisy feedback. An overall tendency to

respond based on di�erences was evident for both stimulus modalities (to the exclusion

of ratios when di�erences were trained, and in addition to ratios when ratios were

trained). Despite this apparent bias, the feedback provided was clearly su�cient to

elicit judgements corresponding to the target operation in the majority of cases, even

when that feedback was degraded. As a more direct test of whether the perceptual

system confers a preference for comparative judgements based on di�erences or ratios,

in the next set of experiments the feedback component was removed from the procedure

entirely. Instead, participants were instructed to judge the relative ‘similarity’ of the

brightness or line pairs by clicking on the same unmarked response bar, with more

similar pairs mapped toward the left, and less similar pairs toward the right.

The term ‘similarity’ was chosen so as to prompt response patterns monotonically

consistent with both di�erences and big or small ratios, while remaining neutral with

respect to the specific operation employed. As noted by Markley et al (1969), "An

advantage of using similarity judgments for constructing subjective scales is that the

strong metric assumptions inherent in the traditional scaling procedures may be

avoided"

Investigation into the psychophysical properties of subjective similarity judgements

was previously carried out in the late 1950s and early 1960s by a group of Swedish

researchers concerning the modalities of pitch (Eisler & Ekman, 1959), heaviness

(Eisler, 1960), greyness, and area (Ekman et al., 1961). In each experiment, observers

were instructed to rate the similarity of a series of magnitude pairs by assigning a

number between 0 and 10 (where 0 denoted identity and 10 maximum dissimilarity).

All three studies concluded that similarity judgements were governed by the following

function, where Sij is the subjective judgement of the similarity of quantities i and j,

and Ri and Rj are the respective physical magnitudes of those quantities.
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Sij = Ri
(Ri + Rj)/2 , (Ri Æ Rj) (4)

Perceived similarity, according to these researchers, thus corresponds to the ratio

of the smaller magnitude to the arithmetic mean of both magnitudes. Though

computationally more complex, this is very close to the ‘small ratio’ function described

in this thesis (where small ratio = Ri/Rj, Ri Æ Rj). Eisler and Ekman (1959) noted that

the "simple ratio hypothesis" (i.e. small ratios) was not confirmed by their experimental

data, prompting them to opt for the more complex function cited above. Reanalysis of

this data in 1974 by Künnapas and Künnapas, however, favoured a simpler similarity

function; namely a power function of the ratio between two percepts (where qij is the

empirical ratio between the percepts Ri and Rj; k an arbitrary constant corresponding

to the unit of measurement used; and n a constant representing the slope of the straight

line representing the function in log-log coordinates):

Sij = kqij
n (5)

Meanwhile, Parker et at (1974) compared di�erence and similarity judgements of

loudness and pitch, and found that they were each nearly identical power functions of

stimulus intensity. Conversely, Parker and Schneider (1975) concluded that judgements

of line length similarity are based on ratios, noting: "Why judgements of loudness

similarity are based on sensory di�erences while judgments of line length similarity are

based on sensory ratios remains to be determined" (Parker et al., 1975, p.203).

As with Torgerson’s Conjecture, then, there is lack of consensus around how

perceptual similarity is evaluated. In addition to providing more robust evidence

pertaining to the structure of perceptual comparisons in general, the following

experiments also seek to resolve the question around the quantitative nature of

similarity judgements. As in Experiments 1 and 2, subjects responded non-symbolically,

by making a mouse click along a horizontal line. They were instructed to indicate with

their response the perceived similarity of the stimulus pairs, with judgements of



DIFFERENCES AND RATIOS 88

maximum similarity corresponding to the far left, and dissimilarity to the far right of

the response bar. In order to detect and control for any potential influence of the

left-right order of stimuli, unlike Experiments 1 and 2 this was counterbalanced, with

the smaller magnitude presented on the left in half the trials, and on the right in the

other half. Mixed models analysis was undertaken to determine which operation(s) best

fit the data overall, with various combinations of di�erences, big ratios, and small ratios,

with fixed or and/or random e�ects, comprising the models tested. Eisler and Ekman

(1959)’s ‘similarity function’ (above) was tested correlationally against individual and

group data, but was not included in the models tested because it is too similar to small

ratios to yield a meaningful comparison (it results in correlations of r = .994 and .992

when applied to the 28 pairs of brightnesses and line lengths used). Applying Occam’s

razor, the computationally simpler small ratios are the more plausible comparative

operation of the two, and thus were considered alongside the other two operations.

Experiment 3a: Brightness comparisons with no feedback (repeated pairs)

In the first experiment, observers were instructed to compare the brightnesses of

the same 28 circle pairs used in Experiments 1a and 2a. They responded by clicking

along the same horizontal response bar, mapping more similar pairs toward the left, and

less similar pairs towards the right. Unlike Experiments 1 and 2, no feedback was given

following each trial. The number and structure of trials was otherwise identical, with

the exception that the order the pairs were presented in was counterbalanced through-

out the experiment, with the brighter circle appearing on the left in half the trials.

Analyses were planned to determine whether responding di�ered systematically

depending on the left-right ordering of the stimulus pairs, and the extent to which each

participant’s responses varied across the 12 repetitions of each pair. Inter-rater

reliability analysis was planned to establish the extent to which overall response

patterns varied between observers, and linear mixed models analysis to determine which

operation(s) most accurately predicted responding at the collective level, whilst

accounting for variability in their influence among individual observers.
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Method.

Participants. Observers were thirteen undergraduate psychology students (2m,

11f; M = 19.1 years). None were familiar with the purpose of the research, all reported

normal or corrected-to-normal vision, and they received course credit for participation.

Materials. The stimuli were identical to those used in Experiments 1a and 2a,

consisting of 28 pairs of circles that varied in brightness, repeated three times in each of

four blocks (see Table 2 for the list of stimulus pairs used). The order the circle pairs

were presented in (left-right) was counterbalanced, with the brighter circle presented on

the left in half the trials, and on the right in the other half.

Procedure. The procedure was the same as for Experiments 1a and 2a, with the

exception that no feedback was given following each response, and hence no between-

groups design was employed. Since there was no notion of a ‘correct’ or ‘incorrect’

response, there were also no correction trials, and no exclusion criteria specified.

Observers were given the following instructions: "In this experiment you’ll see pairs of

circles appear on the screen. For each pair, we want you to indicate how similar or

dissimilar you think the brightnesses are, by making a click along the horizontal bar

underneath. The more similar you think the circles are, the further toward the left you

should click. The more dissimilar they are, the further towards the right you should

click". Figure 24 illustrates the procedure used for each trial.

Figure 24 . Procedure for each trial in Experiment 3a
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Results. For each of the 28 pairs, the brighter circle appeared on the left in six

trials, and the dimmer on the left in six trials, distributed evenly across the course of

the experiment. The average responses given for dimmer-brighter and brighter-dimmer

presentations of each pair were not significantly di�erent (t(27) = 0.22, p = .826), and

analysis of individual data yielded a mean di�erence across 13 observers of 0.02 [95%

CI : ≠0.03, 0.06). For the majority of observers (9/13), the 95% confidence interval of

mean di�erences included zero. For 1/13, lower bounds were positive (0.15), and for

3/13, upper bounds were negative (≠0.01, ≠0.04, and ≠0.05). Figure 25 plots the

average response (across all observers) for the dimmer-brighter presentations of each

pair against the average response for brighter-dimmer presentations. Overall, these data

are not indicative of a systematic left-right order e�ect.

Figure 25 . For each of 28 pairs, average response of dimmer-brighter presentation (x axis) is

plotted against average response of brighter-dimmer presentation (y axis), across 13 observers.

Error bars indicate one standard error of measurement.

Variation in responding across the 12 iterations of each circle pair was next

examined for each observer, to determine how consistent their comparisons of the same

circles were over the course of the experiment. Average standard deviations for each pair

ranged between 0.090 and 0.272, with a mean of 0.159. Individual data is visualised in

Figure 26, which shows the average response for each pair (ordered monotonically from

left to right of the response bar), with error bars denoting one standard deviation.
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Figure 26 . For 13 observers, the average response (y axis) is plotted for each of the 28

stimulus pairs across 12 repetitions (x axis). Bars indicate one standard deviation.
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Overall, observers tended to be more consistent in their judgements of the most

and least similar circle pairs. Figure 27 plots the average standard deviation in response

(across 13 observers) for each of the 28 stimulus pairs, ordered by (decreasing) average

similarity rating. A repeated-measures ANOVA, with average similarity-ranked

stimulus pair as the independent variable, and standard deviation in response as the

dependent variable, showed a significant di�erence among deviations in pair ratings,

F (1, 12) = 142.52, p < .001, ÷p
2 = 0.922, with a significant quadratic contrast, F (1, 12)

= 19.65, p = .001. Linear and cubic contrasts were not significant (ps > .716).

Figure 27 . For each of 28 pairs, ordered by average similarity rating (most- to least-similar,

along x axis), average standard deviation in response location across 13 observers is plotted on

the y axis. Error bars denote one standard error of measurement.

Inter-rater reliability scores were next calculated to evaluate overall consistency

between subjects (taking each observer’s average response for each pair as a ‘rating’ of

their similarity). According to this metric, inter-item correlations were high, ranging

between .775 and .978 (M = .919), and the intra-class coe�cient was very high, r ICC

(3,1) = .902, p < .001 (Shrout & Fleiss, 1979), suggesting strong overall agreement

among observers in their respective ratings. Figure 28 shows the average rating (y axis)

given by each observer (coloured dots), for each of the 28 stimulus pairs (x axis).
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Figure 28 . For 13 observers, the average response (y axis) is plotted for each of the 28

stimulus pairs (x axis), ordered by average similarity rating. Dot colours correspond to

individual observers.

The above analyses indicate that despite being given neither instruction nor

feedback pertaining to which operation should be employed in the task, observers

showed a reasonably high degree of within- and between-subject consistency in judging

the similarity of the brightness pairs. The primary research question, regarding the

operation(s) underlying these judgements, was next investigated using correlational and

mixed models analyses.

The left panel of Figure 29 plots the average response for each circle pair across all

observers (y axes), against each of the three (scaled) operations trained in Experiments

1 and 2: di�erences, big ratios, and small ratios (x axes, by row respectively). The right

panel plots average responses for each pair in this experiment against those given by

observers trained with di�erence, big ratio, and small ratio feedback (respectively) for

the same pairs in Experiment 1a.
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(a) Avg. response vs di�erence (b) Avg. response vs di�. group (Exp. 1a)

(c) Avg. response vs big ratio (d) Avg. response vs big ratio group (Exp. 1a)

(e) Avg. response vs small ratio (f) Avg. response vs sm. ratio group (Exp. 1a)

Figure 29 . Average responses for 28 stimulus pairs (y axes) are plotted against scaled

di�erences, big ratios and small ratios (left column), and average responses given by observers

trained with corresponding operations in Experiment 1a (right column). Best fitting linear

regression lines and R2
s also shown.
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The operation that most closely approximated overall responding was small ratios,

which accounted for 92.2% of variance in average responses (Figure 29e). Compared

with average responses given by observers trained with di�erence, big ratio, and small

ratio feedback in Experiment 1a, average responses most closely resembled those given

by the small ratio-trained group, with which they exhibited a very high correlation of

r = .985 (Figure 29f). For individual observers, small ratios were most highly correlated

with the average responses of 7/13 observers (Mean r = .854 [95% CI : .831, .877]), and

di�erences for the remaining six (M = .838 [95% CI : .808, .868]). The mean r for big

ratios was .750 [95% CI : .714, .787]. Eisler and Ekman (1959)’s ‘similarity function’

performed slightly worse than small ratios, with an average correlation of .843 [95% CI :

.816, .869], which was higher than the correlation with small ratios for three observers.

A visual ‘clustering’ of responses according to the ordinal distance of each pair

within the stimulus set is evident in the scatterplots (with pairs comprising adjacent

magnitudes having an ordinal di�erence of 1; and those comprising the most distant

magnitudes having an ordinal di�erence of 7—see Figure 2). These ordinal di�erences

alone accounted for an average of 75.9% [95% CI : 68.9%, 82.9%] of variance in

responding among individual observers, and possibly reflect a sensitivity on the part of

observers to the underlying structure of the stimulus set.

Linear mixed e�ects analysis was next undertaken to determine which

operation(s) best predicted overall responding, using the GAMLj package in Jamovi

(Gallucci, 2019; R Core Team, 2019; The Jamovi Project, 2020). Variables were centred

prior to analysis, variances among random e�ects were assumed to be correlated, and

Restricted Maximum Likelihood (REML) estimations were used. Random slopes and

intercepts were assigned to each observer (Model 0), following which a series of models

incorporating systematic iterations of di�erences, big ratios, and small ratios as

predictors (with fixed, or fixed and random e�ects assigned for each) were tested. Model

performance was assessed according to the total amount of variance accounted for (R2),

and the Bayesian Information Criterion (BIC), which trades o� the goodness with which

each model fits the data with its inherent complexity. Results are shown in Table 16.
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Table 16

Mixed models analysis of group responses, Experiment 3a

Model parameters Model performance
Model Di�erence Big ratio Small ratio R2 BIC ICC

0 .144 107.5 .144
1 Fixed .855 ≠551.5 .537
2 Fixed .779 ≠393.4 .429
3 Fixed .867 ≠608.0 .559
4 Random .869 ≠561.9 .563
5 Random .789 ≠390.1 .440
6 Random .879 ≠627.2 .584
7 Fixed Fixed .859 ≠554.5 .545
8 Fixed Fixed .894 ≠661.4 .618
9 Fixed Random .872 ≠563.0 .569
10 Random Fixed .874 ≠556.2 .573
11 Fixed Random .907 ≠679.2 .648
12 Random Fixed .910 –688.3 .654
13* Random Random .874* ≠550.1* .569*
14 Random Random .915 ≠683.1 .667

Model parameters (predictors included as fixed e�ects only (‘Fixed’) or as fixed and random

e�ects (‘Random’)), and model performance (conditional R2
, Bayesian Information Criterion

(BIC) and Intra-class Correlation Coe�cient (ICC)) are shown. * indicates singularity among

random e�ects; boldface indicates lowest BIC.

As determined by the BIC (where lower scores are better), the best performing

model was Model 12, which accounted for 91.0% of variance in the data. It included as

fixed e�ects small ratios (B = 0.550 [95% CI : 0.466, 0.633], p < .001) and di�erences

(B = 0.446 [95% CI : 0.335, 0.556], p < .001), with di�erences as random e�ects

(SD = 0.143). While the addition of random e�ects for small ratios (Model 14)

increased the R2 to .915, the higher BIC indicates a less favourable trade-o� with

respect to model complexity. Including the square of the ordinal di�erence between

magnitude pairs (which describes the inverted U-shaped clustering pattern in average

response data discussed above) as an additional fixed and random e�ect in Model 12
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yielded a slightly higher R2 (0.919) and lower BIC (≠693.4). The coe�cient estimate of

the ordinal2 predictor, however, was ≠0.006 [95% CI : ≠0.009, ≠0.002, p < .001].

Though significant, this result indicates minimal influence on responding over and

above the factors captured by Model 12.

These results suggest that when instructed to compare two brightnesses in terms

of their similarity, responding is best characterised by two operations: small ratios and

di�erences. The higher fixed e�ect estimate for small ratios indicates a stronger

influence on the part of that operation overall, and its lack of random e�ects suggests

that influence was relatively consistent across observers. Di�erences had a slightly lower

fixed e�ect estimate, and the inclusion of a random e�ect for this factor suggests more

variability across observers with respect to the extent it influenced responding.

Experiment 3b: Line length comparisons with no feedback (repeated pairs)

Experiment 3b replicates Experiment 3a with the modality of line length.

Observers were instructed to compare the lengths of the same 28 pairs of lines as used in

Experiments 1b and 2b in terms of their similarity, with no feedback presented following

each trial. The procedure was identical to that described in Experiment 3a above, and

the same analyses were planned to establish the existence (or not) of a left-right order

e�ect, evaluate the level of within- and between-subjects consistency, and determine the

operation(s) underlying responding at a collective and individual level.

Method.

Participants. Thirteen undergraduate psychology students served as observers

(2m, 11f; M = 23.2 years). None were familiar with the purpose of the research, and

they received course credit in exchange for participation. All reported normal or

corrected-to-normal vision.

Materials. The stimuli were identical to those used in Experiments 1b and 2b,

consisting of 28 pairs of lines that varied in length (see Table 6), presented side-by-side

at randomised angles above an unmarked horizontal response bar. The order the line

pairs were presented in (left-right) was again counterbalanced, with the shorter line

presented on the left in half the trials.
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Procedure. As in Experiment 3a, participants were instructed to indicate the

relative similarity or dissimilarity of the lines’ lengths, with more similar lines

corresponding to clicks toward the left of the response bar, and more dissimilar lines

corresponding to more rightward clicks. They were instructed: "In this experiment you

will see pairs of lines appear on the screen. For each pair, we want you to indicate how

similar or dissimilar you think the lengths are, by making a click along the horizontal

bar. The more similar you think the lengths are, the further toward the left you should

click. The more dissimilar they are, the further towards the right you should click. The

lines will appear at random angles; you should ignore the angles and respond based only

on the lines’ lengths". The total number and structure of trials was the same as for

Experiment 3a, with no feedback given following each trial, no correction trials, and no

exclusion criteria applied. Figure 30 shows the procedure used for each trial.

Figure 30 . Procedure for each trial in Experiment 3b

Results. The correlation between responses on each trial, and the di�erence in

the lines’ angles, was again checked to determine whether the (randomised) angles at

which the lines were presented had any impact on responding (given the more general

experimental instruction with respect to stimulus similarity). The correlation was not

significant (r = .017, p = .253), suggesting the lines’ angles were again ignored.

As in Experiment 3a, the left-right presentation of the line pairs was randomised
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throughout the experiment to control for a potential spatial order e�ect. To determine

whether the left-right order of the stimuli had any systematic impact on responding for

this modality, di�erences between average responses for each pair’s two configurations

were calculated for each observer. Across 13 observers, the average di�erence between

shorter-longer and longer-shorter responses was 0.00 [95% CI : ≠0.01, 0.01), and

confidence intervals included zero in 11/13 individual cases. Lower bounds were positive

for 1/13 observers (0.01), and upper bounds were negative for 1/13 (≠0.01). Overall,

average responses for left-right orderings did not di�er significantly from right-left

orderings, t(27) = ≠0.16, p = .872. Figure 31 plots the average response for the

shorter-longer iteration of each pair against the longer-shorter presentation. As was the

case with brightness, these data do not indicate a systematic left-right order e�ect;

though they do show observers tended to avoid the leftmost end of the response bar.

Figure 31 . For each of 28 pairs, average response of shorter-longer presentation (x axis) is

plotted against average response of longer-shorter presentation (y axis). Bars denote one

standard error.

Figure 32 plots the average response for each pair (ordered monotonically) for each

individual observer. Error bars indicate one standard deviation, illustrating the amount

of variation in responding exhibited across the 12 iterations of each pair. Average

standard deviations ranged between 0.133 and 0.232, with a mean of 0.174, indicating a

similar level of overall internal consistency to that observed in Experiment 3a.
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Figure 32 . For 13 observers, the average response (y axis) is plotted for each of the 28

stimulus pairs across 12 repetitions (x axis). Bars indicate one standard deviation.
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Figure 33 shows the average standard deviation in responding across observers for

each of the 28 stimulus pairs, ordered by average similarity rating given (decreasing left

to right). Unlike Experiment 3a, overall deviation in responses decreased as the

similarity of the pairs decreased (i.e. observers tended to be more consistent in their

judgements of more dissimilar pairs). A repeated-measures ANOVA showed a

significant di�erence among standard deviations of response across the 28 pairs,

F (1, 12) = 536.47, p < .001, ÷p
2 = 0.978, with a significant linear contrast, F (1, 12) =

11.84, p = .005. Quadratic and cubic contrasts were not significant (ps > .12).

Figure 33 . For each of 28 pairs, ordered by most-to-least average similarity rating (x axis),

average standard deviation in response location across 13 observers is plotted on the y axis.

Error bars denote one standard error of measurement.

Consistency in responding between observers was again examined using inter-rater

reliability scores. Inter-item correlations ranged between .686 and .972, with a mean of

.907. Like Experiment 3a, the intra-class coe�cient was again very high, r ICC(3,1) =

.889, p < .001, indicating a high level of agreement between observers in their respective

similarity ‘ratings’, according to this metric. Figure 34 plots the average response given

by each observer (coloured dots) on the y axis, for each of the 28 line pairs (x axis).
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Figure 34 . For 13 observers, the average response (y axis) is plotted for each of the 28

stimulus pairs (x axis), ordered by average similarity rating. Dot colours correspond to

individual observers.

As with brightness, these analyses show perceived similarity of the lengths of line

pairs was largely consistent both within- and between-subjects, despite a lack of

instruction or feedback regarding which comparative operation should be employed.

Which operation(s) indeed governed these responses was next evaluated using the same

correlational and mixed models analyses as in Experiment 3a.

Figure 35 plots the average response for each group (y axes) against scaled

di�erences, big ratios, and small ratios of each stimulus pair (x axes) in the left column,

and against the average response given by observers trained with these respective

operations in Experiment 1b (x axes) in the right column. Small ratios again most

closely approximated responding overall, accounting for 93.4% of variance in average

responses (Figure 35e). Like Experiment 3a, responding was very closely aligned with

average responses given by observers trained with small ratio feedback in Experiment

1b, with a correlation of r = .98 (Figure 35f).
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(a) Avg. response vs di�erence (b) Avg. response vs di�. group (Exp. 1b)

(c) Avg. response vs big ratio (d) Avg. response vs big ratio group (Exp. 1b)

(e) Avg. response vs small ratio (f) Avg. resp. vs sm. ratio group (Exp. 1b)

Figure 35 . Average responses for 28 stimulus pairs (y axes) are plotted against scaled

di�erences, big ratios and small ratios (left column), and average responses given by observers

trained with corresponding operations in Experiment 1b (right column). Best fitting

regression lines and R2
s also shown.
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Across individual observers, average responses were most highly correlated with small

ratios in 12 out of 13 cases (mean r = .925 [95% CI : .903, .946]), and di�erences in one

case (M = .865 [95% CI : .830, .899]). The mean r for big ratios was .800 [95% CI : .751,

.848]. The similarity function proposed by Eisler and Ekman (1959) again performed

slightly worse than small ratios, with an average correlation across observers of .911

[95% CI : .882, .939]. This correlation was higher than that for small ratios in 2/13 cases.

The ‘clustering’ of responses according to the ordinal di�erence of each pair within

the stimulus set observed in Experiment 3a was again apparent in the scatterplots

(particularly Figures 35a and 35b), with ordinal di�erences accounting for an average of

83.1% [95% CI : 77.3%, 89.0%] of variance in responding among individual observers.

Mixed models analysis was next undertaken to determine the operation(s) that

best predicted overall responding, using the same software, methods and assumptions as

described in Experiment 3a above. Random slopes and intercepts were assigned to each

observer (Model 0), upon which the same series of predictors were iteratively tested for

fit with the data as fixed and random e�ects. Results are shown in Table 17.

Model 12 again performed best overall, with the lowest BIC (≠763.8), and an R2

of .900. Its fixed e�ects were small ratios (B = 0.618 [95% CI : 0.559, 0.678], p < .001)

and di�erences (B = 0.254 [95% CI : 0.173, 0.334], p < .001), with random e�ects for

di�erences (SD = 0.110). Like Experiment 3a, the addition of random e�ects for small

ratios (Model 14) resulted in a small increase in R2 (� = .004), but a higher BIC

(≠757.8), suggesting the marginal increase in variance accounted for is not justified by

the greater complexity of an additional random e�ect. The addition of ordinal2 as a

fixed e�ect also resulted in a slightly better model fit (R2 = .920; BIC = ≠831.575), but

as in Experiment 3a, its coe�cient estimate was very close to zero (B = ≠0.012 [95%

CI : ≠0.014, ≠.009], p < .001).

As with brightness, then, these analyses suggest that judgements pertaining to the

similarity of two line lengths are best characterised by both di�erences and small ratios,

with more individual variation with respect to the influence of di�erences, and a

stronger influence of small ratios overall.



DIFFERENCES AND RATIOS 105

Table 17

Mixed models analysis of group responses, Experiment 3b

Model parameters Model performance
Model Di�erence Big ratio Small ratio R2 BIC ICC

0 .142 ≠4.6 .142
1 Fixed .775 ≠499.7 .423
2 Fixed .683 ≠369.6 .337
3 Fixed .866 ≠694.4 .556
4 Random .784 ≠495.7 .433
5* Random .690* ≠365.3* .342*
6 Random .878 ≠701.4 .580
7 Fixed Fixed .789 ≠513.9 .439
8 Fixed Fixed .887 ≠747.7 .598
9 Fixed Random .799 ≠514.5 .451
10 Random Fixed .799 ≠511.0 .450
11 Fixed Random .900 ≠761.9 .627
12 Random Fixed .900 –763.8 .627
13* Random Random .802* ≠499.2* .455*
14 Random Random .904 ≠757.8 .638

Model parameters (predictors included as fixed e�ects only (‘Fixed’) or as fixed and random

e�ects (‘Random’)), and model performance (conditional R2
, Bayesian Information Criterion

(BIC) and Intra-class Correlation Coe�cient (ICC)) are shown. * indicates singularity among

random e�ects; boldface indicates lowest BIC.

Discussion

Experiments 3a and 3b were designed as a more direct method for detecting a

preference on the part of the perceptual system for comparative judgements based on

di�erences and/or ratios. Because results of Experiments 1 and 2 showed that

feedback—even with noise added—was highly e�ective at eliciting responses

corresponding to the operation trained, in this experiment feedback was omitted

entirely, with observers instructed to respond freely based on their perceived similarity

of the magnitude pairs.
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Previous research into the function governing similarity judgements produced

mixed results, with some studies indicating it is based on the ratio of the smaller

magnitude to the arithmetic mean of both magnitudes (Eisler & Ekman, 1959; Eisler,

1960; Ekman et al., 1961) (which is very similar to the small ratio operation trained in

Experiments 1 and 2 above), and others on simple ratios (Künnapas & Künnapas, 1974;

Parker et al., 1975), or di�erences (Parker & Schneider, 1974). The current study also

sought to resolve this matter by experimental recourse to the advantages of Grace et

al’s (2018) non-symbolic paradigm.

Initial analyses showed no evidence of a systematic left-right order e�ect in either

modality, indicating that judgements did not depend on whether the larger stimulus

was presented on the left or the right side of the screen. For brightness, observers were

more internally consistent in their judgements of the most- and least-similar pairs, while

for line length, they were more consistent in their judgements of less similar pairs.

Overall consistency of responses between observers was high across both modalities,

suggesting a reasonable level of homogeneity with respect to the operation(s) underlying

comparative judgements.

In terms of the candidate operations, small ratios most closely approximated

responding for the majority of observers, and overall response patterns were remarkably

similar to those given by observers trained with feedback corresponding to small ratios

in Experiments 1a and 1b (see Figures 29f and 35f). Mixed models analyses showed

that 90.7% and 90.0% of variance in group data (for brightness and line length,

respectively) could be accounted for by a model comprising fixed e�ects for di�erences

and small ratios (with respective coe�cients of 0.42 and 0.56 for brightness, and 0.25

and 0.62 for line length) and random e�ects for di�erences (SDs of 0.141 and 0.110).

These results suggest that perceptual comparisons based on perceived similarity of

magnitudes are governed by two operations—small ratios and di�erences; a conclusion

broadly consistent with Grace et al (2018)’s initial findings against Torgerson’s

Conjecture. However, instead of responding being characterised by di�erences and big

ratios, as those authors suggested, the present results point to di�erences and small
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ratios (not tested by Grace et al) as contributing operations, with models incorporating

big ratios performing worst overall. That small ratios play a dominant role in similarity

judgements is largely consistent with the findings of Eisler and Ekman (1959), whose

proposed similarity function is very close to the small ratio function employed here.

When correlated against average and group responses, the similarity function performed

slightly worse than small ratios in both modalities. The present results are also

somewhat consistent with Parker et al (1974), insofar as di�erences appear to play a

role, and Parker and Schneider (1975), insofar as ratios (albeit small ones only) apply to

similarity judgements of line lengths. If similarity judgements are in fact jointly

determined by both small ratio and di�erence operations, as suggested here, this would

potentially account for the discrepancies across the similarity literature to date.

A potential limitation of this experiment, however, may derive from the inherent

structure of the stimulus set used. This was based on experiments by Rule et al (1981)

and Grace et al (2018), and designed to enhance the discrepancies between di�erences

and ratios by using a cube-root function to determine stimulus values (see Figure 2). In

this experiment, the resulting structure across the 28 stimulus pairs appears to have

influenced response patterns, as seen in the ‘clustering’ of responses according to the

ordinal di�erence of their magnitudes (see Figures 29 and 35). While inclusion of this

property of the stimulus set as a variable in modelling analyses showed negligible

contribution over and above that of the operations of interest (though it did slightly

increase the proportion of variance accounted for by the models), it was nonetheless

highly correlated with individual responses—observers (consciously or otherwise)

tended to group the pairs according to their stepwise similarity relative to the other

pairs they saw. While an interesting finding in its own right, this apparent sensitivity to

the structure of the stimulus set itself may obscure (to some extent) the question under

investigation, namely which operation (di�erences and/or big ratios or small ratios)

underlies comparative perceptual judgements. Experiment 4 sought to eliminate this

potential confound by randomising the stimulus magnitudes.
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Experiment 4

Results of Experiment 3 showed that when instructed to make free comparative

judgements pertaining to the similarity of 28 pairs of brightnesses or line lengths,

responding was best modelled by both small ratios and di�erences. It was potentially

confounded, however, by structural relationships between the magnitude pairs within

the stimulus set, which were reflected in aggregate response patterns and individual

correlations. Experiment 4 aimed to remove this unintended influence over responding

by randomising the magnitudes of the stimulus pairs presented. Observers were again

asked to indicate the relative ‘similarity’ of the magnitudes of each pair of brightnesses

or line lengths by making a click along a response bar, with no feedback provided.

Experiment 4a: Brightness comparisons with no feedback (randomised pairs)

Observers compared 336 pairs of circles whose brightnesses were randomised

within the range used in Experiments 1a, 2a and 3a above. As in Experiment 3, they

were instructed to make a click along the response bar corresponding to the perceived

similarity or dissimilarity of the circles’ brightnesses, with more similar pairs mapped

toward the left, and less similar pairs towards the right. No feedback was given

following responses, and no stimulus pair was repeated across four blocks of 84 trials.

Correlational analyses were planned to determine which single operation

(di�erences, big ratios, or small ratios) most strongly predicted responding, and linear

mixed modelling to produce the best-fitting model of responses. Since each magnitude

was randomly generated, and each trial was unique, it was not possible to establish any

potential order e�ect, or intra/inter-subject consistency across pairs, as in Experiment 3.

Method.

Participants. Observers were ten undergraduate psychology students (2m, 8f;

M = 19.6 years) with normal or corrected-to-normal vision. None were familiar with the

purpose of the research, and course credit was awarded as an incentive for participation.

Materials. Stimuli consisted of 336 pairs of circles whose brightnesses were

individually determined by random selection of numbers (corresponding to greyscale
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values) between 50 and 205, using the RANDBETWEEN function in Microsoft Excel.

Repeated pairs were excluded. Because very small di�erences in greyscale values are

imperceptible, pairs which yielded a di�erence, big ratio, or small ratio closer in

similarity than the most similar pair presented in Experiments 1a, 2a and 3a, were also

excluded (16, 1.16 and 0.86, respectively—see Table 2). Conversely, the maximally

dissimilar pair was deliberately included. The overall range of individual brightnesses

presented, as well as the range of similarities, was thus preserved across the four

experiments described in this thesis. Figure 36 plots each pair’s scaled di�erence (x

axes) against its scaled big and small ratio (y axes). The presentation of the circles on

the screen was the same as in Experiments 1a, 2a and 3a.

(a) Scaled di�erences vs. scaled big ratios (b) Scaled di�erences vs. small ratios

Figure 36 . Scaled di�erences (x axes) plotted against scaled big ratios (y axis, left) and scaled

small ratios (y axis, right) for each pair of brightnesses presented in Experiment 4a.

Procedure. The procedure was identical to Experiment 3a, with the only

di�erence being the greyscale values of the circles presented. The same instructions

were given to participants regarding how they should judge the relative similarity of the

brightnesses, and no feedback was given following each trial (see Figure 24 above). The

experiment was broken into four blocks comprising 84 trials each, and participants

responded at their own pace with break screens presented between blocks.
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Results. Figure 37 shows the average response for each pair (y axes) plotted

against their scaled di�erences, big ratios, and small ratios (x axes). Since each

datapoint represents a single response per observer (rather than an average over 12

presentations of the same pair), these data are noisier than in Experiments 1, 2 and 3.

Small ratios were the strongest predictor of overall response, accounting for 80.1% of

variance across observers, compared with 77.8% for di�erences, and 74.3% for big ratios.

(a) Average response vs. di�erence (b) Average response vs. big ratio

(c) Average response vs. small ratio

Figure 37 . Average response for 336 stimulus pairs (y axes) plotted against scaled di�erences,

big ratios, and small ratios (x axes). Solid diagonal lines indicate perfect accuracy; dotted

lines show best-fitting regressions (equations and R2
s also shown).



DIFFERENCES AND RATIOS 111

On an individual basis, small ratios were most highly correlated with the responses of 7

out of 10 observers (Mean r = .708 [95% CI : .654, .741]), di�erences for 2 of 10 (M =

.693 [95% CI : .637, .750]), and big ratios for 1 out of 10 (M = .679 [95% CI : .618,

.739]). The similarity function of Eisler and Ekman (1959) had an average correlation of

.707 [95% CI : .650, .763] across individuals, and outperformed small ratios in four cases.

Table 18 shows the results of mixed models analysis similar to that undertaken in

Experiment 3 above. Using the GAMLj package in Jamovi (with centred variables,

REML estimations, and an assumption of correlations among random e�ects), random

slopes and intercepts were assigned to each observer, following which a series of models

comprising variations of fixed and random e�ects of di�erences, big ratios and small

ratios were tested (Models 1-14).

According to the BIC, the best-performing model of these (accounting for 54.5%

of variance in the data) was Model 12, which comprised fixed e�ects for small ratios,

and fixed and random e�ects for di�erences. An additional variable was subsequently

introduced: previous response (i.e. the value of the response given by the observer in

the trial immediately prior). Unlike the previous experiments, which comprised 12

repetitions of the same 28 pairs, each pair presented in this experiment had a unique

pair preceding it. Previous response could therefore be meaningfully computed in this

case, and its influence accounted for. When included as fixed e�ect in Model 12, it

accounted for an additional .008% of variance, and yielded a lower BIC. The fixed e�ect

estimates for this model (Model 15) were B = 0.620 [95% CI : 0.542, 0.698], p < .001 for

small ratios, B = 0.393 [95% CI : 0.270, 0.515], p < .001 for di�erences, and B = 0.116

[95% CI : 0.093, 0.139], p < .001 for previous response. The random e�ect of di�erences

had a SD of 0.152. The inclusion of an additional random e�ect for previous response

(Model 16) resulted in a slightly higher R2 (.554), but higher BIC (≠1521.7).

Like Experiments 3a and 3b, then, responding based on the similarity of 336

randomly generated brightness pairs was best characterised by small ratios, di�erences,

and to a minor extent, the response that was given on the previous trial.
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Table 18

Mixed models analysis of group responses, Experiment 4a

Model parameters Model performance
Model Di�erence Big ratio Small ratio Previous R2 BIC ICC

0 .048 960.9 .048
1 Fixed .503 ≠1201.3 .090
2 Fixed .483 ≠1068.5 .087
3 Fixed .522 ≠1330.8 .094
4 Random .514 ≠1234.9 .092
5 Random .493 ≠1096.2 .089
6 Random .531 ≠1359.5 .095
7 Fixed Fixed .514 ≠1267.8 .092
8 Fixed Fixed .535 ≠1409.6 .096
9 Fixed Random .524 ≠1299.5 .094
10 Random Fixed .525 ≠1303.1 .094
11 Fixed Random .544 ≠1440.0 .098
12 Random Fixed .545 ≠1448.0 .098
13 Random Random .532 ≠1318.0 .096
14 Random Random .547 ≠1431.3 .099
15 Random Fixed Fixed .553 –1529.3 .080
16 Random Fixed Random .554 ≠1521.7 .070

Model parameters (predictors included as fixed e�ects only (‘Fixed’) or as fixed and random

e�ects (‘Random’)), and model performance (conditional R2
, Bayesian Information Criterion

(BIC) and Interclass Correlation Coe�cient (ICC)) are shown for each of 17 models tested

against group data. Boldface indicates lowest BIC.

Experiment 4b: Line length comparisons with no feedback (randomised

pairs)

Observers compared 336 pairs of random line lengths in a procedure identical to

Experiment 4a. They were instructed to indicate the perceived similarity of the lines’

lengths by making a click along the response bar, mapping more similar pairs toward

the left, and less similar pairs towards the right. Responding was self-paced, and no

feedback was given to guide similarity judgements. The relative influence of di�erences,
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big ratios, and small ratios on responding was planned to be established using the same

mixed models analyses as in Experiment 4a.

Method.

Participants. Thirteen undergraduate students participated in the study (5m, 8f;

M = 22.0 years) in exchange for course credit. None were familiar with the purpose of

the research, and all reported normal or corrected-to-normal vision.

Materials. 336 pairs of lines with lengths between 50 and 350 pixels were

generated using the RANDBETWEEN function in Microsoft Excel. As in Experiment

4a, repeated pairs were excluded, as were pairs whose similarity (as measured by their

di�erence, big ratio, and small ratio) was closer than the most similar pair used in

Experiments 1b, 2b and 3b (26, 1.20, and 0.83, respectively—see Table 6). The

maximally dissimilar pair was again deliberately included, resulting in a stimulus set

comprising 336 unique pairs covering the same range of lengths and similarities as the

previous line length experiments. Figure 38 plots each pair’s scaled di�erence (x axes)

against its scaled big ratio and small ratio (y axes). The presentation of the lines on the

screen was identical to Experiments 1b, 2b and 3b above, with randomised angles used

to discourage the employment of visual measurement strategies.

(a) Scaled di�erences vs. scaled big ratios (b) Scaled di�erences vs. small ratios

Figure 38 . Scaled di�erences (x axes) plotted against scaled big ratios (y axis, left) and scaled

small ratios (y axis, right) for each pair of line lengths used in Experiment 4b.
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Procedure. The instructions and procedure were identical to Experiment 3b (see

Figure 30), with the only di�erence being the lengths of the lines presented. Observers

were asked to indicate the relative similarity or dissimilarity of the lines by clicking

along the response bar, ignoring the lines’ angles and focusing only on their lengths.

Results. The average responses for each pair, plotted against their scaled

di�erences, big ratios, and small ratios, are shown in Figure 39.

(a) Average response vs. di�erence (b) Average response vs. big ratio

(c) Average response vs. small ratio

Figure 39 . Average response for 336 stimulus pairs (y axes) plotted against scaled di�erences,

big ratios, and small ratios (x axes). Solid diagonal lines indicate perfect accuracy; dotted

lines show best-fitting regressions (equations and R2
s also shown).
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The strongest single predictor of responding was again small ratios, accounting for

88.5% of variance in the average data, compared with 83.1% for di�erences, and 71.4%

for big ratios. Analysis of individual results showed small ratios were most highly

correlated with responses for 8 out of 13 observers (Mean r = .730 [95% CI : .686, .775]),

and di�erences for 5 of 13 (M = .709 [95% CI : .659, 0.759]). The mean r for big ratios

was .658 [95% CI : .612, .705]. Eisler and Ekman (1959)’s similarity function had an

average correlation of .726 [95% CI : .680, .771], and was more strongly correlated with

responses than small ratios for four observers.

Table 19

Mixed models analysis of group responses, Experiment 4b

Model parameters Model performance
Model Di�erence Big ratio Small ratio Previous R2 BIC ICC

0 .045 788.5 .045
1 Fixed .521 ≠2201.4 .088
2 Fixed .454 ≠1629.8 .078
3 Fixed .552 ≠2490.6 .094
4 Random .537 ≠2304.6 .091
5 Random .466 ≠1688.9 .080
6 Random .567 ≠2589.5 .097
7 Fixed Fixed .529 ≠2258.7 .090
8 Fixed Fixed .569 ≠2644.7 .097
9 Fixed Random .541 ≠2333.3 .092
10 Random Fixed .545 ≠2364.4 .093
11 Fixed Random .584 ≠2749.3 .100
12 Random Fixed .585 ≠2764.4 .101
13 Random Random .548 ≠2352.4 .093
14 Random Random .592 ≠2786.6 .102
15 Random Random Fixed .613 ≠3064.6 .078
16 Random Random Random .624 –3105.9 .084

Model parameters (predictors included as fixed e�ects only (‘Fixed’) or as fixed and random

e�ects (‘Random’)), and model performance (conditional R2
, Bayesian Information Criterion

(BIC) and Interclass Correlation Coe�cient (ICC)) are shown. Boldface indicates lowest BIC.
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Results of mixed models analysis using methods and assumptions identical to

those described in Experiment 4a are shown in Table 19. Random slopes and intercepts

were again assigned to each observer (Model 0), and the same series of models

comprising variations of fixed and random e�ects of di�erences, big ratios, small ratios,

then tested (Models 1-14).

The best-performing of these models (accounting for 59.2% of variance in the

data) was Model 14, which comprised fixed and random e�ects for both small ratios and

di�erences. Adding previous response as a predictor to this model (as a fixed and

random e�ect) increased the R2 to .624, and resulted in a reduction in BIC (Model 16).

The fixed e�ects estimates for this model were B = 0.581 [95% CI : 0.458, 0.704],

p < .001 for small ratios, B = 0.317 [95% CI : 0.180, 0.455], p < .001 for di�erences, and

B = 0.175 [95% CI : 0.114, 0.235], p < .001 for previous response. Standard deviations

of random e�ects were 0.237 for di�erences, 0.209 for small ratios, and 0.106 for

previous response.

Similarity judgements of random line length pairs are therefore best described in

terms of both small ratios and di�erences, with individual variation in the influence of

each of these factors, and a small influence of the prior response.

Discussion

In Experiments 3 and 4, observers were asked to indicate how similar or dissimilar

pairs of brightnesses or line lengths were by making a click along an unmarked response

bar. Unlike Experiments 1 and 2, in which feedback corresponding (to some extent) to

either the di�erence or ratio of the pairs’ magnitudes was provided after each trial to

guide responding, observers in these experiments were free to compare the magnitudes

in whatever way they pleased.

Experiment 4 di�ered from Experiment 3 in that the magnitudes presented were

randomly generated, rather than consisting of the repeated set of 28 pairs used in the

previous three experiments. Since each trial contributed a unique datapoint, the data

were noisier on the whole than in Experiment 3 (where each datapoint reflected an
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averaged response over 12 iterations of the same pair). Additionally, random generation

of the presented magnitudes meant the stimulus set as a whole lacked the ordinal

structure of the 28-pairs set, which potentially influenced response patterns in

Experiment 3. Despite this di�erence in experimental design, the results of Experiment

4 were largely consistent with those of Experiment 3. Linear mixed modelling analysis

showed that a model comprising both di�erences and small ratios best described the

data for both modalities. In Experiment 3, the best fitting models for both brightness

and line length incorporated fixed e�ects for small ratios, and fixed and random e�ects

for di�erences. The same was true of the model that best fitted the data from

Experiment 4a (brightness), while for Experiment 4b (line length), fixed and random

e�ects for both di�erences and ratios accounted for the highest amount of variance

overall. An additional predictor—previous response—was subsequently included in the

best performing Experiment 4 models, which contributed a small but justifiable amount

of variance for both modalities. These results indicate that when comparing randomly

generated brightnesses and line lengths in terms of similarity, observers tended to

produce judgements characterised by a combination of di�erences and small ratios, and

were influenced to a small extent by the response they gave on the previous trial.



DIFFERENCES AND RATIOS 118

General discussion

The objective of the current research was to extend Grace et al (2018)’s implicit

learning paradigm to more robustly determine the mathematical structure underlying

comparative judgements in the human perceptual system. Using non-verbal behavioural

learning methods, Grace et al (2018) trained naive observers to produce non-symbolic

estimates of the di�erences or ratios of pairs of stimulus magnitudes with a high degree

of accuracy. Contrary to Torgerson’s Conjecture (which holds that perceptual

comparisons are governed by a single operation), multivariate analyses suggested both

di�erences and ratios contributed to responding to some extent in most cases, despite

only one operation being trained. This finding contradicted results of a majority of

perceptual comparison studies undertaken since the 1970s, and pointed to the

possibility of a more nuanced representation of magnitude at the perceptual level, with

potentially fruitful explanatory implications for the behavioural sciences (Grace et al.,

2020). Extending both the scope and strength of their methodology, the primary

research questions addressed in this thesis are the same as those initially proposed by

Grace et al (2018): what is the mathematical structure underlying comparisons of

perceived magnitude, and can the use of a non-symbolic, implicit learning procedure

shed light on the unresolved historical debate surrounding Torgerson’s Conjecture?

A possible limitation of Grace et al (2018)’s procedure was that feedback

corresponding to ratio judgements was always calculated as the ratio of the larger to the

smaller magnitude presented. As argued in the introductory chapter: a) this is one of

two equally legitimate (but structurally divergent) ways a ratio can be calculated; b)

considerations of parsimony suggest only one ratio type would likely be represented at

the perceptual level; and c) there is no a priori reason for assuming a preference for one

ratio type over the other. A key contribution of this research was therefore to test both

big ratios (the ratio of the larger to the smaller magnitude) and small ratios (the ratio

of the smaller to the larger magnitude) separately, and alongside di�erences, as possible

models of comparative judgements. As discussed in the literature review above, no

perceptual comparison study has previously tested small ratios in isolation; all either
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used big ratios only (as in Grace et al, 2018), or employed a concatenated ratio scale

incorporating both types (with a prescribed modulus di�erentiating the two). A key

subsidiary research question was thus: if the perceptual system does employ ratios in

comparative judgements (in some capacity), are they ratios of the big or small variety?

Another possible limitation of Grace et al (2018) is that the feedback-based

learning procedure may have been too e�ective in training observers to produce the

target operation. Results showed that observers trained with feedback corresponding to

either di�erences or ratios learned that relation quickly and achieved comparable levels

of accuracy. This potentially left little space in which to detect a native preference for

one or the other comparative operation, since the apparent ease with which either could

be solicited plausibly obscured any underlying asymmetry. To address this concern, the

feedback given to guide responding in the current research was first made less accurate

(Experiment 2), and subsequently removed (Experiments 3 and 4), with the intention of

creating more scope for the conjectured ‘preferred’ operation to make itself evident. An

additional objective of adding random noise to the feedback in Experiment 2 was to

facilitate the direct evaluation of possible exemplar learning strategies (by which

observers may have learned to match correct responses to specific stimulus pairs, rather

than the underlying comparative relation being trained). Since the employment of such

a strategy would undermine the overall research objectives, its elimination was an

important validation of the experimental paradigm for the learning of perceptual

relationships (and not just arbitrary stimulus-response pairs). The current research

thereby sought to determine the e�ect of added noise on response patterns, and likewise

the e�ect of the removal of the feedback component from the experimental procedure.

Extensive and intensive visual stimuli (in the form of line lengths and brightnesses,

respectively) were tested in each experiment. An auxiliary hypothesis was that the

operation(s) underlying comparative judgements may di�er depending on the type of

stimuli presented. Masin (2019), for example, proposed that ratio judgements are only

possible with respect to extensive stimuli (such as line length). Modal di�erences across

experiments are thus also considered in the general discussion of results to follow.
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The following sections are divided according to each of these four overarching

research questions: Do big or small ratios provide a better model of comparative

judgements? What e�ect did feedback have on the task in question? Was there any

systematic di�erence between comparisons of extensive and intensive stimuli? And are

perceptual comparisons best characterised by di�erences, ratios, or some combination of

the two? Each section summarises the high-level findings across the four experiments

described in this thesis, provides possible interpretations of these findings (with

reference to relevant literature), and identifies potential limitations and directions for

future research.

Big versus small ratios

In Experiment 1, feedback corresponding to small ratios was calculated for each of

28 pairs of brightnesses and line lengths, and provided to guide responding for one of

three experimental groups. The other two groups received feedback based on big ratios

or di�erences, as in Grace et al (2018). A similar between-groups design was employed

in Experiment 2 (where 10% Gaussian noise was added to the feedback given to

observers in each group). Experiments 1 and 2 thus a�orded direct comparisons

between those trained with big versus small ratios in terms of task acquisition, task

performance, and the operations which most strongly predicted responding.

As a measure of the overall speed with which observers in each group learned the

task, the average absolute deviation of individual responses from the trained operation

was calculated and compared across blocks in each experiment. In Experiments 1a, 1b,

and 2b, no significant di�erence was found between the big and small ratio groups, with

each exhibiting a downward trend in average absolute deviation from the correct

response over the course of the experiment, and responses generally stabilising from

Block 2 onwards (see Figures 4, 10 and 21). In Experiment 2a (brightness with noisy

feedback), the big ratio group had a significantly lower average absolute deviations than

the small ratio group, but there was no significant interaction with experimental block

(Figure 16). These results suggest that to the extent that the target ratio operation was
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able to be learned, this learning occurred with comparable speed. The discrepancy

between the ratio groups with respect to overall average deviation of responses is likely

due to the high degree of heterogeneity of responding within the small ratio group in

that experiment. The responses of these observers tended to align strongly with either

di�erences or small ratios (see Table 12). The strong deviation from small ratios on the

part of the di�erence-responders will thus have resulted in a greater average deviation

from the trained operation overall for that group. Possible reasons for this heterogeneity

are addressed in the ‘E�ect of Feedback’ section below.

The percentage of variance in individual responding accounted for by the trained

operation over Blocks 2–4 was calculated as a measure of overall task accuracy. No

significant di�erence was found between the big and small ratio groups in either

experiment or modality. Regardless of the type of ratio trained then, observers were

able to produce corresponding judgements with similar (and high) levels of

accuracy—see Figures 5, 11, 15 and 20.

There was also little di�erence between the big and small ratio groups in terms of

the relative contribution to responding of the trained ratio operation versus di�erences.

Multiple regressions showed that in each experiment, di�erences accounted for

significant additional variance when regressed alongside the trained operation for almost

all observers in each ratio group, with positive average coe�cients for each predictor

(see Tables 5, 9, 12 and 15). Conversely, neither big nor small ratios contributed

significant positive variance overall to responding in the di�erence groups, and negative

coe�cients for some observers suggested a possible inhibition of ratio judgements

occurred (see Tables 3, 7, 11 and 14). Looking at the relative contribution of di�erences

and ratios to average responding over Blocks 1–4, the same overall pattern emerged in

each experiment. For the di�erence groups, di�erence coe�cients were high across the

whole experiment, with little overall contribution of either big or small ratios (see

Figures 6, 12, 17 and 22). For each of the ratio groups, di�erence coe�cients were

higher than those of the trained ratio operation early in the experiment, then declined

gradually as the average coe�cient for the relevant ratio operation increased, suggesting
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an initial predisposition toward di�erence-based judgements was dampened as the ratio

operation was learned (see Figures 7, 13, 18 and 23). The large error bars in Figure 18b

are again due to the high degree of heterogeneity in responding among observers trained

to compare brightnesses with noisy small ratio feedback.

The overall picture that emerges from Experiments 1 and 2 thus suggests little

distinction between big and small ratios as potential perceptual comparators. Both

operations were able to be implicitly learned (even with noisy feedback) quickly and

accurately. Neither ratio operation had much influence over the responding of observers

trained with di�erence feedback; while conversely, di�erences had a comparably

moderate impact on responses of observers trained with either ratio type (with the

exception of a subset of observers trained with noisy small ratio feedback in the

brightness experiment). Under the implicit learning paradigm then, both big and small

ratios—while picked up easily and approximated accurately—appear to have been

dominated overall by di�erence judgements to similar extents. if the perceptual system

does confer a preference for one ratio type over the other, it is not evident from the

results of these two experiments.

The results of Experiments 3 and 4 paint a di�erent picture. Here, feedback (and

the notion of a ‘target’ operation) was removed from the procedure, with observers

simply instructed to judge the relative "similarity" of the brightnesses or line lengths

presented (Experiment 3 used the same 28 stimulus pairs as Experiments 1 and 2, while

Experiment 4 used randomised stimulus values). Correlational and mixed models

analyses were employed to determine which of our candidate operation(s) best predicted

individual and overall response patterns. Small ratios most closely approximated overall

responding in each experiment and modality, with average responses remarkably close

to those given by observers trained with small ratios in Experiment 1 (see Figures 29,

35, 37 and 39). Small ratios also had the highest correlations with responses for the

majority of individual observers. In the mixed models analyses, models incorporating

big ratios as a predictor performed worst overall, while those incorporating small ratios

performed the best. The best performing model in each experiment (as determined by
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minimising the BIC) comprised small ratios as fixed e�ects only (with the exception of

Experiment 4b, where e�ects for small ratios were fixed and random) and di�erences as

fixed and random e�ects—see Tables 16, 17, 18 and 19. Coe�cient terms for small

ratios were in each case higher than for di�erences.

Contrary to Experiments 1 and 2 then, an asymmetry between big and small

ratios is evident in Experiments 3 and 4. Without feedback to guide responding, small

ratios dominated both big ratios and di�erences in terms of similarity comparisons,

with mixed models analyses indicating dual control by both small ratios and di�erences

in such judgements. These results thus suggest an important role for small ratios (but

not so much big ratios) in perceptual comparisons of this nature.

As discussed already, this was the first time small ratios have been tested against

big ratios (and di�erences) in a perceptual comparison study. Previous investigations

into the operations governing comparative judgements employed either big ratios only,

or a combination of both ratio types, in mostly explicit numeric estimation procedures

(see Table 1). The majority of that literature concluded that di�erences, not ratios,

form the basis of comparative judgements. The present results therefore raise the

question whether the appropriate ratio operation was being tested in those studies.

While Experiments 1 and 2 suggested no di�erence between the two (and an overall

dominance on the part of di�erences), the results of Experiments 3 and 4 clearly point

to a stronger tendency toward small ratio based judgements.

One possible reason for the apparent preference for small over big ratios may

derive from their respective structural properties (discussed in the introductory

chapter). Unlike di�erences or big ratios, which can grow arbitrarily large depending on

the relative size of their inputs, the set of (all possible) small ratios is bounded above

(see Figure 1). This compressive nature of small ratios may make them particularly

useful for representing comparative ranges where the extent of the range is unknown,

and/or cognitive resources are limited. A small ratio judgement reliably places a given

comparison between two magnitudes within a range that can by its very structure

accommodate any possible magnitude pair. A di�erence or big ratio scale, on the other
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hand, would require an upper bound to be estimated or assumed in order to accurately

place any given comparison relative to all possible others (with misattribution of this

upper bound resulting in potentially large errors of relative judgement). In this sense,

small ratios are naturally suited to the current task, wherein comparative estimations

over an unknown range are mapped to a finite response bar. The same basic reasoning

underlies the purported compressive structure of the ANS (Dehaene & Changeux, 1993;

Dehaene, 2003), where it is proposed that a logarithmic encoding of number avoids "an

explosion in the number of neurons needed as the range of internally represented

numbers increases" (Dehaene, 2003, p. 145). Evidence of compressive e�ects in numeric

estimation has been well documented in studies of children’s placement of numbers on a

number line (Dehaene, 1999; Siegler & Booth, 2004; Droit-Volet, Clément, & Fayol,

2008; de Hevia & Spelke, 2009; Siegler, 2009), and recently, in adult subjects with

respect to very large number line ranges (Kemp et al., 2021). As proposed by Balci and

Gallistel (2006), an additional advantage of proportional judgements is that they can

facilitate cross-domain comparisons without the need for calculations of magnitudes

represented on di�erent scales. Insofar as they can accommodate any possible range

(and reliably place any given comparison within that range), small ratios are thus

uniquely suitable candidates for the general representation of comparative judgements.

If a superior capacity for the representation of small ratios does exist in the

human perceptual system, there could be important implications and opportunities for

mathematical education. Ratios (and fractions) are notoriously di�cult for children to

learn (Mack, 1990, 1995; Ni & Zhou, 2005), and there is evidence teachers and highly

educated adults struggle with them also (Post, Harel, Behr, & Lesh, 1991; Newton,

2008; Reyna & Brainerd, 2008). A natural extension of the current research would be to

compare explicit (symbolic) judgements of big and small ratios, and investigate whether

di�culties experienced in ratio learning apply equally to ratios of the big and small

varieties. If the perceptual system indeed has an innate tendency toward small ratio

judgements, it may be that this fact can be leveraged to make ratios and fractions easier

to grasp in a formal mathematical context, leading to better educational outcomes.
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E�ect of feedback

Feedback on each trial was implemented by Grace et al (2018) as a means of

soliciting responses corresponding to di�erence or ratio judgements without explicit

instruction. Their rationale was that observers whose feedback was aligned with the

perceptual system’s purported preferred comparative operation should learn the task

more quickly and outperform observers trained with the alternative operation, thereby

providing a test of Torgerson’s Conjecture that did not rely on the use of explicit

mathematical concepts. Results showed, however, that under this paradigm observers

learned to judge either di�erences or ratios of stimulus pairs with equal speed and

accuracy. While multivariate analyses revealed more about the underlying structure of

those judgements, task performance metrics alone were not su�cient to di�erentiate the

two operations. An additional question arising from Grace et al’s procedure was

whether the feedback given served as a means of training observers to compare

magnitudes according to the relation in question, or simply to match stimulus pairs to

correct responses (exemplar learning). If the latter were the case, then the experiment

would prove an invalid test of the learning of comparative relationships. In order to

dilute the potentially overwhelming influence of feedback on response patterns, the

experiments described in this thesis a) reduced its accuracy, and b) removed it from the

procedure entirely. The e�ects of each of these manipulations are discussed below.

With respect to the exemplar learning hypothesis, results of Experiment 2 clearly

showed that observers in each condition and modality ignored the noise component of

the feedback and responded based on the underlying operation (or operations). In each

experimental group, average responses more closely tracked true di�erence or ratio

values than they did the noise-added trained values (see Figures 5, 11, 15 and 20).

Moreover, hierarchical regressions showed that the noise component accounted for

significant additional variance in models of responding in the majority of individual

cases, and in all cases its coe�cients were negative (see Tables 10 and 13). These results

support the hypothesis that observers ignored or suppressed the noise component, and

learned the underlying target operation in each case.
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Not only was the added noise e�ectively ignored, its presence had little impact on

response patterns overall. The primary hypothesis was that the added noise would

make the underlying operation more di�cult to learn, thereby providing more scope for

the operation(s) aligned with the perceptual system’s true comparator function to be

detected. Results of Experiment 2, however, were largely consistent with those of

Experiment 1. Observers in all three groups across both modalities again learned the

(underlying) target operation with comparable speed and accuracy (see Figures 16, 21,

15 and 20), and regression analyses suggested near exclusive control of di�erences in the

di�erence-trained groups, and joint control by di�erences and ratios in the ratio-trained

groups (see Tables 11, 12, 14 and 15). An exception to this pattern was seen among

observers in the small ratio group in the brightness experiment (2a), for whom

responding tended to strongly track either di�erences (5 out of 9 observers) or small

ratios (3 of 9 observers), but not both (one observer; see Table 12). The presence of

added noise for this modality may have thus subdued to some extent the ability to pick

up the underlying trained operation for some observers, with just over half persisting

with predominantly di�erence-based comparisons—which block-wise regression results

suggested ratio-trained observers in general tended towards in the early stages of both

Experiments 1 and 2. Why this was the case for only this group and modality is

unknown, but may be due to ratios of intensive magnitudes being more di�cult to pick

up when feedback was made less reliable—a conclusion in line with, but not quite as

strong as that drawn by Masin (2013; 2019). This is further elaborated in the ‘Intensive

versus Extensive comparisons’ section below.

The removal of feedback entirely in Experiment 3 and 4, on the other hand, had a

more dramatic e�ect on overall patterns of responding. Here instead of relying on

feedback to guide responding, observers were instructed to use the response bar to

freely judge the relative "similarity" of the stimulus pairs presented—where these were

the previous 28 pairs in Experiment 3, and randomised values in Experiment 4.

Despite the relative freedom with which observers were able to respond in these

experiments, results were surprisingly uniform. While data from Experiment 4 were far



DIFFERENCES AND RATIOS 127

noisier due to each stimulus pair being presented only once (rather than 12 times over

the course of the session), observers in all four experiments tended to approximate the

same overall response pattern (see Figures 28 and 34, and associated Intra-class

Correlation Coe�cients for Experiment 3). Correlational analyses showed this pattern

most closely linearly approximated small ratios (see Figures 29, 35, 37 and 39), while

mixed models analyses revealed the model that best predicted overall responding

(whilst taking into account individual variation across predictors) was one incorporating

small ratios and, to a lesser extent, di�erences (see Tables 16, 17, 18 and 19). This

result was consistent, with the same predictors comprising the best-performing models

across both experiments and modalities (with the only di�erence being both fixed and

random, as opposed to only fixed e�ects for small ratios in Experiment 4b).

Without feedback, then, the non-symbolic magnitude comparison task yielded

results quite di�erent from those originally obtained by Grace et al (2018), and the

replications thereof described in this thesis. Here a dominance on the part of small

ratios—an operation never before tested in the context of Torgerson’s Conjecture—was

evident, as opposed to the apparent dominance of di�erences in the feedback-based

experiments discussed above. While this divergence will be further addressed in the final

section below, it is worth noting at this point that these results are somewhat consistent

with those obtained in previous studies investigating the properties of similarity

judgements. Eisler and Ekman (1959) proposed that the similarity of two magnitudes is

judged according to the ratio of the smaller magnitude to the arithmetic mean of both

magnitudes (see Equation 4). While this is close to the (more straightforward) small

ratio function, Eisler and Ekman explicitly rejected small ratios as they did not agree

quite as closely with their data (though reanalysis of said data by Künnapas and

Künnapas (1974) did support a simpler ratio-based power function). Other similarity

studies found conflicting results, with Parker et al (1974)’s findings coming out in favour

of di�erence-based similarity judgements, and Parker and Schneider (1975)’s favouring

ratios. The current studies di�er from those previously undertaken with respect to

similarity judgements insofar as they are non-symbolic, and used statistical procedures
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that fitted an ensemble of multivariate models to individual data. The results, though,

are not wholly divergent, pointing to similarity judgements incorporating both small

ratios (the simpler cousin of Eisler and Ekman’s similarity function) and di�erences (in

line with Parker et al (1974)), thus potentially reconciling (to some extent) these

alternative characterisations in the similarity judgement literature.

Intensive versus extensive comparisons

All four experiments described in this thesis tested comparative judgements of two

di�erent modalities: brightness (the ‘a’ experiments) and line length (the ‘b’

experiments). As discussed in the introductory chapter, these modalities were chosen to

represent intensive and extensive stimulus dimensions, respectively. Masin (2013; 2019)

proposed that ratio judgements are possible with respect to extensive stimuli only. If he

is right, it would be expected that observers trained with di�erence feedback would

outperform those trained with ratio feedback in the brightness experiments, and that

evidence of control by ratios in each task would only be found with respect to line

length. Each of these hypotheses is considered with respect to the present results.

Results from Experiments 1 and 2 showed that contrary to what would be

expected if ratio judgements of intensive stimuli were not possible, observers trained

with (big or small) ratios in both modalities learned and performed the task as well as

their di�erence-trained counterparts. Moreover, regression analyses showed that in both

the brightness and line length experiments, the majority of observers trained with

di�erences exhibited exclusive control by that operation, while the majority trained with

big or small ratios exhibited joint control by both the trained operation and di�erences

(though average coe�cients for di�erences tended to be slightly higher relative to those

for ratios in the brightness experiments—see Tables 5, 9, 12 and 15—and some observers

trained with noisy small ratio feedback did not appear to pick up the underlying small

ratio operation at all, persisting instead with di�erences (see Table 12)). These latter

observations are consistent with a slight weakness with respect to ratio judgements of

intensive stimuli (relative to di�erences), but certainly do not preclude them entirely.
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Likewise, if ratio judgements were only possible with respect to extensive stimuli,

we would not expect ratios to be a strong predictor of response patterns in Experiments

3 and 4 (in which feedback was removed). On the contrary however, results showed that

small ratios were the strongest single predictor of overall responding in each modality

for those experiments (see Figures 29, 35, 37 and 39), and that mixed models

comprising the same predictor variables (namely, small ratios and di�erences) performed

best for both brightness and line length modalities (see Tables 16, 17, 18 and 19).

The consistency of results across modalities in each of the experiments described

above is a striking feature of the current research. Contrary to Masin (2013; 2019), they

are not indicative of any substantial modal di�erence with respect to the operation(s)

underlying perceptual comparisons of intensive as opposed to extensive stimuli.

Observers were able to be implicitly trained to accurately judge either the di�erences or

ratios of brightness or line length pairs, and free judgements of the similarity of those

pairs was best modelled by both small ratios and di�erences for each modality. One

possible explanation for this contradiction to Masin’s findings is the lack of symbolic

notation used in the current task. As noted above, there is ample evidence that children

and adults struggle with formal learning of fraction and ratio concepts. Masin’s ratio

estimation tasks, insofar as they employed explicit numeric estimation and calculation,

may therefore have been more di�cult due to their reliance on symbolic reasoning (this

limitation also applies to the majority of ratio estimation procedures across the historic

literature). As discussed, an advantage of the non-symbolic paradigm pioneered by

Grace et al (2018) is that mathematical operations can be learned and made use of

without recourse to numbers themselves, thereby ‘levelling the playing field’ with

respect to potential computational burden arising from their symbolic expression.

While both intensive and extensive perceptual phenomena were tested, a

limitation of the current research is that conclusions about the nature of perceptual

comparisons in general are drawn from experiments concerning visual perception only.

The extension of the experimental paradigms described in this research to other sensory

modalities would be instructive.
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Di�erences versus ratios (versus both)

The primary research question addressed in this thesis concerns the mathematical

structure underlying perceptual comparisons—namely, whether this structure is

characterised by di�erences, ratios, or some combination thereof. As discussed in the

introductory chapter, there is good reason for constricting the search space to these two

functions (though arguably they are three): di�erences and ratios correspond to

psychologically optimal functions of two magnitudes (Grice et al., 2020), and empirical

evidence from infant and animal research suggests each is to some extent embedded in

our cognitive architecture. Torgerson (1961) conjectured that perceptual comparisons

are based on one or the other of these functions, but that we could never discern which.

While the majority of studies testing Torgerson have agreed that perceptual judgement

is characterised by a single comparative operation, and most have come out in favour of

di�erences, Grace et al (2018) found evidence of dual control by both di�erences and

ratios when explicit mathematical concepts were omitted from the experimental

procedure. The four experiments described in this thesis were intended to address

conceptual and experimental limitations of this previous literature (discussed in the

sections above), with a view to confronting the question of the structure of perceptual

comparative judgements more directly and comprehensively. That question is addressed

in a general sense in the discussion to follow.

Experiment 1 was a basic replication of Grace et al (2018), with the addition of a

third, small-ratio-trained group, and line length modality. Like Grace et al, results

showed observers trained with di�erences or ratios (big or small) learned the task with

equal speed and comparable accuracy. There were no significant di�erences between the

di�erence and either of the ratio groups with respect to the average absolution deviation

of responding from trained values across the experiment (see Figures 4 and 10), or the

overall accuracy with which responding approximated the trained relation on average

(see Figures 5 and 11). Similar between-groups results were seen in Experiment 2, where

noisy feedback was provided for the same stimulus pairs (see Figures 16, 21, 15 and 20).

In both experiments, multiple regressions of individual responses against
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di�erences and ratios suggested an asymmetry with respect to the relative influence of

each operation. Observers trained with di�erence feedback (whether accurate or noisy)

tended to respond exclusively in terms of di�erences, with negligible (positive)

contribution from either ratio type (see Tables 3, 7, 11 and 14). Regression Analysss by

experimental block showed average coe�cients for di�erences and ratios were stable

across the experiment for the di�erence-trained groups, with high average coe�cients for

di�erences, and average coe�cients for neither ratio type deviating meaningfully from

zero (see Figures 6, 12, 17 and 22). For observers trained with ratios, on the other hand,

individual multiple regressions showed that for the majority, both the trained ratio

operation and di�erences significantly contributed to responding. These results were

again consistent across experiments and modalities (with the exception of those trained

with noisy small ratio feedback in the brightness experiment, who tended to respond

exclusively with one operation or the other—see Tables 5, 9, 12 and 15). Blockwise

regressions each showed a consistent pattern: average di�erence coe�cients were higher

than average ratio coe�cients in Block 1, then decreased but remained positive

throughout the remainder of the experiment. Average coe�cients for the trained ratio,

conversely, increased across the experiment, mirroring the di�erence trend (see Figures

7, 13, 18 and 23). These results suggest an initial tendency for those in the ratio groups

to respond based on di�erences, which was eventually countered by the influence of the

ratio-based feedback provided. For those trained with di�erences, the target operation

was picked up early and persisted throughout the course of the experiment.

This apparent bias towards di�erence-based responding is at odds with the overall

findings of Grace et al (2018), who reported evidence of control by both operations for

the majority of observers in both di�erence and ratio conditions. Their analyses were

restricted to data from Blocks 3–4 however, and did not include regressions by block

across the entire experiment. As discussed above, the tendency towards di�erence-based

comparisons in the ratio-trained groups was stronger in the first block of training in the

current research, the data from which were not included in Grace et al’s analyses. It is

therefore di�cult to determine the extent of discrepancy between the findings of the
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two studies. Comparing against the rest of the literature, a bias towards di�erences is

consistent with the majority of studies from the 20th Century, as well as those more

recently undertaken by Masin and colleagues (Masin, 2013, 2014; Masin & Brancaccio,

2017; Masin et al., 2019). An ability to learn and accurately approximate ratio

judgements was clearly evident, however, suggesting a high degree of flexibility on the

part of the perceptual system.

Contrary to the results of Experiments 1 and 2, Experiments 3 and 4 suggested a

dominance on the part of ratio judgements—small ratios, to be exact—with joint

control by di�erences to a lesser extent. When feedback was removed from the

procedure, small ratios most closely approximated responding overall (see Figures 29,

35, 37 and 35), and mixed models analyses converged on the same model of overall

responding in all four experiments; namely, one incorporating small ratios (usually as

fixed e�ects) and di�erences (as fixed and random e�ects)—see Tables 16, 17, 18 and

19. The finding of control by two operations in Experiments 3 and 4 is consistent with

the results of Grace et al (2018). However, the two operations in question are not quite

the same. Grace et al only tested big ratios and di�erences, and concluded that both

jointly influenced comparative judgements. The present results point to di�erences and

small ratios as the dual controllers of perceptual comparisons, with no evidence of any

influence on the part of big ratios when they were not implicitly trained.

Taken together, the results described in this thesis therefore give di�ering

accounts of the mathematical structure underlying perceptual comparisons. In line with

the majority of the historical literature on the subject, the results of Experiments 1 and

2 suggest a predisposition towards di�erence-based judgements. Experiments 3 and 4,

which employed a slightly di�erent experimental methodology, point to control by both

di�erences and (small) ratios, in broad agreement with Grace et al (2018).

Some possible reasons for this internal inconsistency are considered. First, it may

be that each experimental approach captured di�erent phenomena—learned

comparisons of magnitude pairs based on feedback may have activated some di�erent

mechanism than did free comparisons based on perceived similarity, with each
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characterised by a distinct mathematical structure. The idea of there being two

separate sensory scales is not novel. Marks (1974), for example, postulated "that there

exist, for any given sensory attribute, two basic underlying scales: one a scale of

magnitude, the other a scale of dissimilarity" (Marks, 1974, p. 358). Marks’ theory does

not quite align with the present findings, however, insofar as his proposed ‘Type 1’ and

‘Type 2’ scales associated magnitude judgements with ratios, and similarity judgements

with di�erences, respectively.

It may also be the case that each experimental procedure got at di�erent aspects

of the same, more complex phenomenon. As argued by Grace et al (2020), the

possibility of comparative judgements being dually characterised by both di�erences

and ratios has compelling explanatory appeal. It might be that Experiments 3 and 4

more accurately reflected this dual structure of perceptual comparisons, but that for

some reason the procedure employed in Experiments 1 and 2 more strongly tapped into

just one aspect of it (namely the di�erence component). Furthermore, if the negative

coe�cients obtained for the ratio predictors in multiple regressions of individual

responding in the di�erence groups are indicative of an inhibitory e�ect—as speculated

above—then this would suggest a potential contributory role for ratios that was for

some reason suppressed when di�erence-based feedback was provided. The fact that the

same pattern was not found among observers trained with ratio feedback would still

suggest an asymmetry with respect to the relative contribution of each operation,

however, which remains at odds with the results of Experiments 3 and 4.

It is also possible that the internal discrepancy between results was partly due to

intrinsic properties of the respective experimental designs. Aside from the omission of

feedback, one point of di�erence was that the left-right order in which the stimulus

pairs were presented in Experiments 3 and 4 was randomised, while in Experiments 1

and 2, the smaller magnitude was always presented on the left, in line with Grace et al

(2018). The stimulus order was counterbalanced in the latter experiments to test for the

e�ect of, and control for, its possible influence on comparative judgements when no

feedback was provided. Although analyses suggested the left-right order of the stimuli
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had no e�ect on responding (see Figures 25 and 31), the overall discrepancy between

experimental designs means its potential contribution to the di�erence in results

between Experiments 1 and 2, and Experiments 3 and 4, cannot be conclusively ruled

out. A replication of Experiments 3 and 4 with non-counterbalanced stimulus

presentation, or of Experiments 1 and 2 with counterbalanced stimulus order, would be

needed to address this potential confound.

(a) 28 pairs, brightness (b) 28 pairs, line length

(c) Random pairs, brightness (d) Random pairs, line length

Figure 40 . Frequency distributions (y axes) of di�erences, big ratios and small ratios (solid,

dashed, and dotted lines) over response bar deciles (x axes) are shown for brightness (left

columns) and line length (right columns) pairs. Top row shows distributions for 28 stimulus

pairs used in Experiments 1–3; bottom row shows distributions for randomised pairs used in

Experiment 4.
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Another potential explanation for the discrepancy in findings resulting from the

experimental setup itself may be due to the distribution of each comparative operation

over the available response space. As shown in Figure 40, if we partition the response

space (i.e. the literal response bar) into deciles, and consider the frequency with which

each operation corresponds to a response within each decile, we find that small ratios

were more uniformly distributed across the response spaces of both the 28-pair and

randomly generated stimulus sets, than were big ratios or di�erences. This is again due

to the compressive property of the small ratio function. Because di�erences and big

ratios are unbounded above, their values tended to cluster toward the lower end of the

distributions (since pairs close in magnitude were more common in each set than those

further apart). Small ratios by their compressive nature forced a more even (though not

perfectly uniform) distribution across the response bar. It is possible that this mapping

of the operations in question to the response space itself may explain the apparent

tendency toward responding based on small ratios in Experiments 3 and 4.

In the 1960s, American psychologist Allen Parducci proposed a ‘range frequency

theory’ for category judgements, which was based on two principles: a) the ‘range

principle’, according to which "the judge divides his psychological range into subranges

whose relative sizes are independent of the stimulus conditions"; and b) the ‘frequency

principle’, whereby "he employs the alternative categories with equal frequency."

(Parducci, 1965, p. 407). The theory holds that conflict between these principles arises

when stimuli from di�erent parts of the range are encountered with unequal frequencies,

resulting in judgements which reflect a compromise between the two (Parducci, 1965,

p. 408). While Parducci’s theory pertains to category (and not continuous) judgements,

applied to the current task, the frequency principle implies observers would seek to

distribute their responses relatively evenly across the response space. How this space

was subjectively partitioned in terms of judged similarity would then be determined in

part by the relative frequency with which they encountered more- or less similar looking

pairs. Because big ratios and di�erences were themselves unevenly distributed (as

shown in Figure 40), Parducci’s theory would predict the resulting response patterns
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should linearly diverge from them. Small ratios, having a more uniform distribution,

would in theory align more closely. Where feedback was provided (Experiments 1 and

2), its influence plausibly mediated any possible Parduccian tendencies of this nature.

With feedback removed however, and observers free to distribute their responses

however they liked, there was arguably more scope for an inherent distributional

preference of this type to manifest itself in Experiments 3 and 4. Ideally, this potential

confound would be ruled out before any conclusions are drawn with respect to the

underlying mathematical structure of comparative judgements in and of themselves.

The respective metric properties of di�erences, big ratios and small ratios make it

impossible to construct a stimulus set (over the numeric ranges in question) that

simultaneously results in roughly even distributions of all three functions over 336 trials.

One way to test the Parduccian hypothesis, however, would be to deliberately construct

stimulus sets that evenly distribute one operation at a time (at the expense of the other

two), and compare their results in a series of experiments similar to the latter two

described in this thesis. If Parduccian range frequency accounts for the current results

(an interesting finding in itself), then models of responding in each case should always

be predominantly characterised by the more evenly distributed operation. If the current

results do reflect the underlying structure of comparative judgements, then a similar

model to that found here should also fit data obtained from those alternative stimulus

sets. It is also plausible, however, that the present results are due to both factors in

combination; small ratios may characterise comparative judgements in part due to

Parduccian-type considerations. Insofar as their compressive structure allows for a

uniform distribution of judgements across any scale (no matter the underlying

frequency distribution), small ratios may represent the perceptual system’s most

e�cient solution to encoding comparisons among the diverse and varied magnitudes of

the world using the same finite neural resources. In combination with di�erences, which

are uniquely useful insofar as they provide a representation of distance, the structure of

comparative judgements suggested by the results of Experiments 3 and 4 may reflect a

compromise that maximises the respective benefits of each function.
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In conclusion, the research described in this thesis represents a novel and

potentially fruitful contribution to the perceptual comparison literature. Small ratios

were conceptually distinguished from their big counterparts, and were shown to better

predict response patterns in free comparative judgements of brightnesses and line

lengths. In line with Grace et al (2018), evidence of control by two operations was

found, however these were di�erences and small ratios (as opposed to big). The presence

of feedback within the experimental paradigm was found to have a pronounced e�ect on

response patterns (eliciting an apparent dominance on the part of di�erence-based

judgements), but the accuracy of the feedback did not matter. Without feedback to

guide responding, response patterns between observers were remarkably consistent, and

overall results did not vary greatly between intensive and extensive stimuli.

The overall picture that emerges is both informative and complex. The conceptual

distinction between big and small ratios was shown to have meaningful empirical

consequences, and warrants further theoretical and empirical investigation (beyond the

discipline of psychophysics). The consistency between judgements of intensive and

extensive stimuli point to their being governed by the same cognitive mechanisms, and

the consistency of unguided responding in general suggests these mechanisms exhibit

high empirical regularity. The nature and function of the respective roles of di�erences

and small ratios in perceptual comparisons is not entirely clear, but the present findings

suggest each is an important component of their underlying mathematical structure.
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