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ABSTRACT

Porosity and effective permeability in rocks are entirely or largely provided by fractures. In
geology, a fracture refers to the separation of rocks into two or more pieces by a joint or fault.
A reservoir is formed by the connections between these rock fractures. There are a variety
of underground reservoirs including petroleum (oil and gas), geothermal, and groundwater.
Modeling fluid flow in geothermal reservoirs is critical to evaluating geothermal resources.
Current modeling methods are computationally expensive for studying the hydraulic properties
of rock fractures within large-scale Discrete Fracture Networks (DFN). To achieve a greater
understanding on the influence of fracture geometry on hydraulic resistance, this thesis explores
the influence of various geometrical and topological properties of fractures on the fluid flow
for different DFNs. For this assessment, a computationally efficient framework referred to as
Hele-Shaw (HS) cell patching method is utilized. For validating the results evaluated by the
HS method, the Navier-Stokes equations (NSE) are solved. An initial numerical analysis was
performed by connecting a small number of smooth-walled HS cells in order to investigate the
effects of intersections on the pressure field and hydraulic resistance for given inlet and outlet
pressures. Secondly, the impact of surface roughness was studied in various arrangements of
small networks. The hydraulic resistance of each DFN was evaluated. Analogies were drawn
between resistors in electrical circuits and fractures in networks for additional insight.

Next, different three dimensional configurations of two hundred fractures were randomly
generated. By performing simulations, the influence of surface roughness and geometrical
changes of fractures on the hydraulic resistance was studied. In addition, the depth average
approximation of the Convection Diffusion Equation (CDE) has been proposed to estimate
the mineral concentration within flow a single smooth-walled fracture. In order to assess the
accuracy of the introduced framework, the results were compared with the solution of the full
CDE.

The main contribution of this work is modeling fluid flow in different arrangement of 200-400
fractures in less than 30 seconds. The Fracture network around well 58-32 of Utah Frontier
Observatory for Research in Geothermal Energy (FORGE) was modelled using the introduced
framework with 350 fractures in a domain of size 3000×3000 (m) in less than 47 seconds.
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Chapter 1

INTRODUCTION

1.1 OVERVIEW OF RESEARCH TOPIC

Water movement within the subsurface is strongly affected by the presence of rock fractures.
They exist in various forms and scales, and they provide pathways for water to flow. As a
result of their interconnection, they act as channels within the rock mass. Fractured geological
formations are involved in a number of problems in rock mechanics. In petroleum engineering, it
has been estimated that carbonate reservoirs contain more than 60% of the world’s oil and 40%
of its gas reserves [Sadeq and Yusoff 2015]. In these reservoirs, hydrocarbon fluids and solutes are
transported through fractures. Geothermal energy is commonly derived from naturally fractured
rocks [Stober and Bucher 2021]. Consequently, understanding how fluid flows through fractures
can lead to the enhancement of several industries including geothermal energy production, oil
recovery, hydrocarbon extraction, and prevention of hazardous contamination propagation in
the subsurface. This is only possible by determining how fracture geometry influence fluid
flow behavior. The structure of natural rock fractures affects the behaviour of fluid flow and
solute transport within them. Thus, the hydrodynamic modelling of the fluid flow in natural
rock fractures provides a powerful tool. For example, in geothermal powerplants, the gradual
formation of mineral scale in the system is one of the main reasons for the reduction in access
to high-temperature geothermal resources [Zhang et al. 2022]. To maintain a constant rate of
electricity production during the reservoir lifetime, a detailed analysis of fluid flow in the fracture
network offers an insightful tool to combat the depletion of the reservoir.

For the estimation of hydraulic resistance of jointed rocks, it is essential to understand the
influence of the hydraulic properties of rock fractures and the geometry of the fracture network.
Over the past several decades, there has been extensive research on the hydraulic behavior of
fractures and fracture networks. Based on numerical results, it has been proven that geometrical
and topological properties (e.g. intersection angle, connection length, fracture dead end, aperture
size, surface roughness, fracture density, and network topology) influence the resulting flow.
According to Huang et al. [2019b], small variations in aperture size and topology significantly
affect the hydraulic properties of three-dimensional Discrete Fracture Networks (DFN). It was
found that fracture dead-ends have a negligible impact on the hydraulic pressure gradient in
[Liu et al. 2016]. However, the fracture dead-ends are found to be highly influential in modelling
solute transport [Zou et al. 2018].



2 CHAPTER 1 INTRODUCTION

1.2 RESEARCH OBJECTIVES

The purpose of this thesis is to undertake numerical investigations aiming to determine the
influence of geometrical properties and deposition on hydraulic resistance in hundred and
thousands of fractures. Current modeling methods for studying large-scale fluid flow problems
are computationally expensive. Therefore, the original contribution of this thesis is to set up
computationally efficient yet accurate models for flow conditions typical of fracture networks. To
do this, the Hele-Shaw (HS) equation is solved numerically. The Navier-Stokes equations (NSE)
are used as the gold standard for validating the evaluated results by the HS approach on several
occasions.

1.3 THESIS OUTLINE

Chapter 2 discusses the previous research results provided by different researchers, as well as the
validity of various models used to simulate fluid flow, solute transport and scaling within a fracture
network and a single fracture. The governing equations of fluid flow are discussed in Chapter
3 starting with the NSE and building to the simplified HS equation. In addition, this chapter
presents the surface roughness generation method and the Joint Roughness Coefficient (JRC)
approach for the characterization of surface roughness. Chapter 4 describes the results of
the analysis provided by the HS approach for investigating the impact of intersection length,
intersection angle, and fracture aperture on the fluid flow in smooth-walled fractures. Chapter 5
provides a discussion of the numerical solution of the HS method on the fluid flow in a small
number of rough-walled fractures with different arrangement. This chapter also discusses the
calculation of hydraulic resistance using Ohm’s and Kirchoff’s laws. In Chapter 6 of this thesis,
we analyze the fluid flow behaviour within different configurations of two hundred randomly
generated fractures. Using the HS method, we have examined the influence of surface roughness,
geometrical and topological changes on hydraulic resistance of these networks. In chapter 7, a
novel framework for modelling mineral concentration within rock fractures is introduced. This
approach is based on the depth average approximation of Convection Diffusion Equation (CDE).



Chapter 2

LITERATURE REVIEW

This chapter presents an overview of current simulation and characterization methods and their
limitations, as well as a discussion of how the topology and geometry of three-dimensional
Discrete Fracture Networks (DFN) can affect the resulting flow. A more detailed background is
presented under the “Introduction” sub-section of the corresponding chapters.

2.1 FLUID FLOW IN ROCK FRACTURES

2.1.1 The traditional simulation approach

Previous researchers have performed different investigations by solving the full Navier-Stokes
equations (NSE). Due to the high computational cost of using the NSE, most prior studies have
been limited to model fluid flow in a small number of fractures. In this subsection, we present
relevant problems treated by previous researchers using the NSE approach.

A great deal of research has been conducted on eddy formations and geometrical effects on
fluid flow within fractures [Boutt et al. 2006, Lee et al. 2015, 2017]. Modeling eddy formations
using the NSE approach is attractive since the NSE can account for inertial forces. Cardenas
et al. [2009] simulated fracture flow and transport in two dimensions by coupling the NSE and
the Convection Diffusion Equation (CDE). They were specifically focused on eddy formation.
After performing simulations with different Reynolds numbers, they determined that increasing
the Reynolds number affects transport since eddies are sensitive to the inertial forces when
the flow is laminar. Rough walled fractures can induce recirculations [Lee et al. 2015]. As
presented in Fig. 2.1 in large aperture recirculations occur. This hydrodynamic condition is also
known as trapping zone [Boutt et al. 2006]. To date, the only numerical approach for capturing
recirculation accurately is solving the full NSE as simplified approaches are unable to account
for them [Lee et al. 2017].
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Figure 2.1 Eddy formation in rough walled fractures [Lee et al. 2015].

Eddy formations at the intersection of fractures is one of the main reasons for nonlinearity
[Xiong et al. 2020]. The nonlinearity of the fluid flow is defined as a nonlinear relationship
between the flow rate and the hydraulic gradient. Few researchers have attempted to study
the effect of geometrical and topological changes on the nonlinearity of the fluid flow. Wu
et al. [2018] experimentally investigated the effect of the intersection angle and fracture length.
Their analyses have found a significant effect of geometrical changes on the nonlinearity of
fluid flow. The evidence in a recent work suggests that smaller intersection angles can cause
larger nonlinearities (see Fig. 2.2) [Xiong et al. 2020]. The intersection and dead-end effect
on the fluid flow and solute transport in a single fracture intersection was numerically and
experimentally studied by Liu et al. [2016]. In their study, they used the Cubic Law (CL) to
calculate hydraulic pressure gradients under 10−5 (Pa). The CL is an additional simplification of
the NSE equations that applies when the flow is uniform in a cross-section of the flow and states
that the flow rate through parallel plates has a cubic relation with the plates’ aperture. The CL
was found relatively accurate for that range with a deviation of less than 2%. The impact of
fracture dead-end on the hydraulic pressure gradient was found to be negligible; nevertheless,
the fracture dead-ends determined highly impactful for modelling solute transport. Although
they revealed the capability of the CL for studying the effect of dead ends, they only considered
two-dimensional smooth wall fractures. The pressure loss of intersecting rock fractures was
calculated by a group of researchers in New Zealand [Hermawan et al. 2018]. In this systematic
study, Hermawn et al. applied the NSE to establish a correlation between pressure loss and
Reynolds number. The NSE were solved for three fractures in series connection. Accordingly,
data fitting analysis was utilized which revealed a polynomial relationship between pressure loss
and Reynolds number.

Some experimental investigations have used a visualisation technique to measure inflow and
outflow rates [Guo et al. 2020, Mousavi et al. 2021, Sun et al. 2021]. Zou et al. [2017a] investigated
the effect of intersections on the solute mixing behaviour using a three-dimensional model with
orthogonally intersecting rough fractures. The fluid flow and solute transport simulations were
conducted using the NSE and advection-diffusion equation, respectively. Regarding the influence
of irregular geometrical conditions, channelling flow enhances solute mixing at an intersection.
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Figure 2.2 Specimen of fracture intersections with different angles [Xiong et al. 2020].

Irregular aperture sizes, rough surfaces, and intersection length are responsible for this enhanced
mixing. Conversely, the aperture morphology can change as a result of eddy formation. According
to a recent study by Rong et al. [2021], eddies effectively reduce the hydraulic aperture at higher
Reynolds numbers in fractures with rough surfaces (see Fig. 2.3).

NSE are also utilized for studying the geometrical and hydraulic properties of single fractures
under shear displacements. The shear failure of rocks can cause geometrical changes in existing
fractures and new ones to form. As fractures are formed, they are intersected by one another,
providing spaces for subsurface water to flow. A better evaluation of the subsurface flow
movement can be achieved by understanding the effects of rock fracture shear displacement
on the flow path [Huyakorn 2012]. In this regard, Li et al. [2016] determined the correlation
between hydraulic aperture and mechanical aperture using a combination of the NSE and
visualisation method, which involved high-resolution cameras (see Figure 2.4). They defined
hydraulic aperture as the gap between the two fracture walls before applying pressure difference
into the model; furthermore, the mechanical aperture was typically defined as the actual spacing
between the upper and lower fracture surfaces after applying the pressure difference, which is
often measured after deformation across the fracture. The hydraulic aperture is usually smaller
than the mean mechanical aperture—the results of Li et al. [2016] showed that an increase of
the pressure would drop the ratio of hydraulic aperture to mechanical aperture. Moreover, this
ratio was decreased more significantly when the fracture had a larger aperture.

The Transport of Unsaturated Groundwater and Heat (TOUGH2) is a commonly used
numerical simulation program for nonisothermal fluid flows in porous, fractured, and multicom-
ponent media [Finsterle 1999]. For modeling fluid flow, the TOUGH2 simulator uses Darcy’s
law. Darcy’s law applies to clay, silt, and sand, but not to gravel, fractures, or other void spaces
[Karay and Hajnal 2015]. Additionally, Darcy’s law does not apply to Reynolds numbers higher
than 10. It is worth noting that, Darcy’s law is a great tool for modelling fluid flow in the
surrounding matrix of fractured media, but their application in DFNs can provides misleading
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Figure 2.3 The impact of eddy formation on the effective hydraulic aperture at different Reynolds numbers
[Rong et al. 2021].

Figure 2.4 Experimental setup of fluid flow system [Li et al. 2016].

or inaccurate results when the fluid velocity is high [Choi et al. 1997]. In order to simulate low
velocity fluid flow in porous surrounding media and fractured media, the TOUGH2 simulator
utilizes a dual-continuum model or dual-porosity model [Rutqvist et al. 2013]. During the
simulation, the software must simultaneously solve two sets of flow equations for the porous
medium and the fracture network [Bedoya-Gonzalez et al. 2022]. The computational burden
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involved in solving a pair of Darcian equations is less than solving the NSE coupled with Darcy’s
law [Aguilar-López et al. 2020]. Nonetheless, using the dual-continuum technique can result
in high computational costs in more complex problems such as mineral deposition or chemical
reactions [Sweeney et al. 2020]. Thus, the development of a computationally efficient approach
for modeling fluid flow in fractured media can provide new perspectives for large-scale modelings
involving the complexity of mineral deposition or heat transfer.

The considerable advantage of solving the NSE is the high accuracy of this method. However,
solving the NSE for simulating fluid flow in hundred or thousands of fractures is not practical.
However, during the last decade, the NSE have become the gold standard for the validation of
simplified models.

2.1.2 Cubic Law

In recent years, the CL has received increasing attention as a promising alternative method
for the prediction of the fluid flow through rock fractures which is the linearisation of the
NSE [Gaucher et al. 2015]. The CL is valid in the Stokes regime when the flow velocity is
small [Witherspoon et al. 1980] but the approximation of the fluid flow in real fractures by the
CL results in flow rate overestimation [Lee et al. 2014]. A group of researchers carried out a
systematic study on the differences of using NSE and CL for modelling particle transport in a
single rock fracture [Koyama et al. 2008]. They used the velocity vectors obtained from the flow
simulations to model particle transport. This method is called the streamline particle tracking
method and has enabled them to assess particle travel time and total flow rate. The comparisons
of their two sets of results revealed the high deviation of the CL for predicting the flow velocity
field. In [Guo et al. 2020], the experimental results of fluid flow through five tensile artificial
cylindrical fractures in parallel connection were compared to the CL approximation. Both were
in relatively good agreement. However, in this model, the effect of the intersection angle and
intersection length were not considered.

The CL for a single fracture can be derived analytically from the NSE considering no-slip
and no-flux boundary conditions for walls [Konzuk and Kueper 2004]. The CL is given by:

Q = −h3w

12µ

∆P

L
(2.1)

Q the total volumetric flow rate (m3/s) can be obtained by having, h fracture aperture
(m), w fracture depth (m), L length of the fracture (m), µ the viscosity (Pa.s) and ∆P pressure
gradient along the fracture (Pa).

In the literature, many parameters can be found for describing the hydraulic properties of
fractures based on the CL. Table 2.1 presents several parameters that are describing the ability
of rectangular fractures for transferring fluid flow.

Although the NSE are accurate, it is challenging and computationally demanding for
simulating fluid flow in a realistic fracture network involving hundreds or thousands of fractures
and intersections. Despite the extended use of the CL which is due to the reduced computational
cost, CL solutions failed to address the effect of the rock fractures surface roughness on the fluid
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Table 2.1 formulations of rectangular fracture hydraulic parameters presented by previous authors.

Parameter Formulation References
Transmissivity T = h3

12µ [Nicholl et al. 1999]

Conductivity C = ρgh2

12µ [Shahbazi et al. 2020]

Frictional factor F = 2∆P.h3

ρLQ2 [Nazridoust et al. 2006]

flow. Consequently, the inaccuracy induced by considering fractures as smooth parallel surfaces
for simplified methods needs to be quantified.

2.2 MODELLING FLUID FLOW IN THREE-DIMENSIONAL DFN

2.2.1 Hele-Shaw cell

Hele-Shaw (HS) cells are defined as confined spaces between two parallel plates in close proximity.
Rock fractures are therefore well approximated by HS cells. HS cell is recognised as one of the
most widely used approaches for simulating fluid flow between parallel plates [Singh et al. 2020].
The review by Singh et al. [2020] provided an update on the field which considered numerical
and experimental works using HS cells for the purpose of capturing viscous fingering patterns.
Studies of solute transport and scaling considering the effect of surface roughness using HS
cells are scarce and the majority of studies used HS equation for modelling viscous fingering
patterns, heat transfer and multiphase flow in rock fractures. Morrow et al. [2019] generalized
HS model to simulate fingering patterns in a geometry defined as rotating plates with a variable
aperture size dependent on time and space. The level set method was utilised for describing the
fingering patterns. This approach first proposed by Osher and Sethian [1988], which views initial
surfaces as level sets. Their numerical investigation assisted them in assessing whether classical
HS cells are able to simulate fluid flow when the gap is spatially varying and time-dependent
and they found accurate results in good agreement with experiments. Hu et al. [2019] conducted
a combination of theoretical and experimental studies to answer how roughness can change
the displacement patterns of finger shapes. The experimental setup consisted of a transparent
fracture which was filled with air to predict the pattern of second fluid after injection into the
cell. The authors successfully modelled the viscous pattern of the second flow and found that
when the surface roughness increases, the dissipated energy becomes greater, thus resulting in
the growth of external work. Transport with low-density contrast was modelled by Oltean et al.
[2004]. Despite the lack of surface roughness effect, the dilute solution behaviour into HS cell
was modelled in good agreement with the experiment. The HS approximation was validated by
Oltean et al. [2008] for a variable-density flow. However, there is still a need to better quantify
the validity of the HS approximation to model scale deposition, which can be accomplished by
coupling hydrodynamics into solute transport.

HS cells have also been used for studies on the enhancement of oil recovery. de Santiago et al.
[2020] reported a new investigation of HS cells that contributed to oil recovery improvement.
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In their research, a series of visual displacement experiments and numerical simulations were
conducted to determine the effectiveness of the polymer flooding method for oil recovery after
water flooding. The polymer flooding method is an enhanced recovery approach which increases
water viscosity and decreases its motion during the oil recovery process, resulting in a higher oil
recovery rate. The analysis of their results demonstrate a high rate of 50% oil recovery during
the waterflood. In another recent study developed by a group of researchers [Martinez et al.
2020], an experimental setup was employed, which constitutes a partially filled HS cell with
bitumen. The initial slope of the bitumen layer was set by rotating the cell. Fick’s law was used
for representing the diffusion of bitumen into the drainage layer in the HS cell. This is called the
gravity drainage process, which is mainly driven by gravity where oil or gas replaces the void
volume. They outlined a better understanding by measuring the recovery rate of the gravity
drainage process.

The interface between a less viscous fluid and a more viscous fluid under pressure becomes
unstable, which results in irregular finger-like patterns. The shape of these irregular patterns
mainly depends on the injection rate, the aperture size, viscosity ratio (the viscosity ratio of
interfacing fluids), and surface tension [Singh et al. 2020]. The most well known experimental
setup comprises of two glass plates separated by two spacers. One of the glasses or spacers has
a narrow hole at the centre and a syringe is connected to the narrow hole, which pumps the
low viscous fluid into the cell (see Fig. 2.5). Capturing the image of pumped fluid into the cell
at different time intervals has provided a better understanding of the fluid flow behaviour in
small gaps. Ahmadikhamsi et al. [2020] looked at the fluid flow viscous fingering patterns. They
specifically studied the effect of modified fluid rheological properties and surface tension caused
by surfactant-polymer additive on a non-Newtonian fluid (polymer) during the viscous fingering
process in the HS cell. The researchers found that the solution of added surfactant-polymer
causes wider fingers compared with Newtonian fluids. They highlighted that fluid flow behaviour
could depend on the flow rate based on the Newtonian and non-Newtonian nature of the fluid.

Figure 2.5 General experimental setup of the Hele-Shaw cell [Oltean et al. 2004].
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2.3 THE INFLUENCE OF GEOMETRICAL AND TOPOLOGICAL
PROPERTIES ON THE RESULTING FLOW

Groundwater fluid flow can be laminar or turbulent depending on the type of rock fracture,
permeability and hydraulic gradient [Singhal and Gupta 2010]. Earlier studies have shown
transition from laminar to turbulent flow in rock fractures occurs when Reynolds number is
between 1-25 [Skjetne et al. 1999, Zimmerman et al. 2004]. It has been suggested that surface
roughness can dramatically affect the fluid flow by transition toward turbulence. Geometrical
and topological properties of rock fractures are the other leading factors affecting the hydraulic
resistance and nonlinearity of the fluid flow in DFNs [Huang et al. 2021]. As reported in a
numerical study by Zhang et al. [2019c], the relative aperture of a fracture and its discharge
per unit width is usually reduced by rougher surfaces. Some studies have indicated that large
roughness will reduce the flow rate under some conditions [Foroughi et al. 2018, Huang et al.
2019c, Zhao et al. 2014]. Flow turbulence in a fracture network is also influenced by other factors
such as the hydraulic head and fracture intersection [Li et al. 2016]. Surface roughness of rock
fractures forms complex geometrical shapes at the intersection, which causes nonlinear effects
on the flow. It should be noted that the HS equation is also known as the Reynolds equation.
Lee et al. [2014] used a particle image velocimetry device to assess the validity of the Stokes and
Reynolds equations for modelling fluid flow in the rough walled fractures. They determined the
existence of nonlinearity caused by roughness even at low Reynolds numbers. This implies that
for a large aperture, even for Re < 1, a nonlinear flow response exists and simplified modelling
methods are not able to capture the nonlinearity. For example, using Stokes and Reynolds
equations for modelling fluid flow in some geometries can result in flow rate overestimation.

The influence of topological and geometrical properties on fluid flow within fractures has
not been dealt with in depth. To the best of the authors’ knowledge, the effects of intersection
length, intersection angle, fracture aperture, and roughness have only been studied for a small
number of fractures or in two dimensions. To date, fluid flow has been mostly modelled in a
single rough fracture or two intersected rough walled fractures. The key motivation to this
study is not only to provide a computationally efficient numerical model to study fluid flow
in a significant number of fractures, but also to enhance our understanding of the fluid flow
behaviour through DFNs with different geometrical and topological properties.

It is possible for a fracture aperture to be extremely small or extremely large in size [Chun
et al. 2017]. A fracture aperture can range in size from a few microns to several meters [Murdoch
et al. 2004]. One of the powerful techniques for determining the aperture size of fractures is
referred to as imaging logs [Shafiabadi et al. 2021]. A fracture aperture of only a few microns
can be determined by imaging tools in different environments [Tiab and Donaldson 2015]. The
roughness and tortuosity of the wall can significantly affect fluid flow when fracture apertures
are very small [Chun et al. 2017].
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2.4 SYNTHETIC SURFACE ROUGHNESS GENERATION

Roughness characteristics and dimensions can be obtained by scanning real rock fractures.
Several authors have utilised three-dimensional optical scanners to describe the surfaces of
rock fractures [Li et al. 2020, von Planta et al. 2020, Zhang et al. 2020b]. However, because
of the inaccessibility of natural rock fractures, it is impractical to scan a large-scale fractured
system with digitised surface scanners. Accordingly, the random generation of rough surfaces is
one of the most applicable methods for generating a large number of rough fractures. Various
methodologies have been developed to generate random topologies and are a common feature
of different disciplines [Huang et al. 2018]. Patir [1978] was one of the first to use the moving
average model with a linear transformation of a random matrix for surface roughness generation
with certain rates. Fabbro et al. [2006] proposed a new method for defining the surface roughness.
In this approach, characteristics of surface roughness were determined with respect to their
spatial wave number. This method is based on solving the wave equation by the mixed Fourier
transform. De Castro et al. [2017] reported the effect of Fourier coefficients on Gaussian surface
roughness. They draw attention to the Fourier filtering method, which starts with specifying a
set of random real numbers. These numbers could describe the coordinates and height of the
surface. Accordingly, the filtering Fourier transform method was used to generate the correlated
random surfaces. Kottwitz et al. [2020] generated isotropic surfaces for evaluating the effect
of surface roughness on the fluid flow using random theory and fractal modelling techniques.
Similarly, Perfect et al. [2020] utilised the spectral synthesis method to generate surfaces for
studying the effect of roughness on the uptake of water in air-filled rock fractures. Evidence
from a study conducted by Acosta et al. [2020] suggests that applying the measured wavelength
of natural fracture surfaces into random surface generators can result in synthetic surfaces with
high accuracy.

2.5 CHARACTERISATION OF ROCK FRACTURE SURFACE
ROUGHNESS

In rock mechanics, the characterisation of surface roughness is an important subject. This is on
account of the fact that surface roughness of fractures is impactful not only on the hydrodynamic
of the fluid flow but also on the mechanical behaviour of fractures [Magsipoc et al. 2020].
The correlation between surface roughness and hydraulic resistance at the intersection of the
fractures is of interest because these fractures’ connections cause complex flow patterns at the
intersection, which results in higher hydraulic resistances. Similarly, random surface roughness
has a remarkable effect on increasing the flow and solute transport complexity. Due to the
scale and complex morphology of natural rock fractures, it is usually complex and challenging
to obtain the surface roughness characterization. Various approaches have been proposed to
characterise the fracture surface roughness, such as Joint Roughness Coefficient (JRC), fractal
dimension (D), Standard deviation [Shi et al. 2019] (σ) , tortuosity (τ) [Xiao et al. 2013], etc.
The JRC and the fractal dimension have received much attention among different types of
surface roughness characterization methods. In material science, to describe the mechanical
structure of surfaces, many parameters have been defined such as Ra (the arithmetic mean value
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of the signal). However, the usual scale of analysis for using Ra is between several micrometres
to several millimetres. The JRC approach is typically used for characterization of different scales
of rock surface roughness. The JRC equation is based on a comparative method from natural
rock fractures that is coupled with root mean square and is simple to evaluate. The magnitude
of roughness can be quantified by having coordinates of several points from a cut line along the
length of the fracture.

The estimation of the JRC value was originally conducted by Barton and Choubey in a
preliminary work [Barton and Choubey 1977]. In that work, JRC measurement of a rock surface
was achieved by outlining the standard roughness profiles (see Fig. 2.6). In general, JRC=0
means smooth-walled fracture, while JRC=20 indicates the roughest surface in nature. Tse
and Cruden [1979] have followed the experimental work of Barton and Choubey by considering
fracture roughness as a function quantified with respect to a reference datum. They discovered
the relationship between surface parameters to the presented JRC values by Barton and Choubey.
Lee et al. [1990] had some disagreement with Barton’s approach. They claimed that measurement
of surface roughness using JRC is subjective; hence, they attempted to derive a novel method
for measuring surface roughness. The fractal dimension was utilised to describe the variation of
curves, which includes the fractal characteristics. Although the fractal dimension is a desirable
measure that shows the complication of the fractal patterns, natural fractures are not all fractal
[Gillespie et al. 1993].

Figure 2.6 Roughness profiles demonstrating different values of JRC [Barton and Choubey 1977].

The JRC is one of the most widely used methods for characterisation of fracture surface
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roughness. A recent experimental work conducted by a group of researchers suggests that JRC
is a useful measurement approach for the investigation of rough joints effects on the shear-flow
hydraulic characteristics [Gui et al. 2020]. Tan et al. [2020a] not only quantified the effect of
roughness on the fluid flow in a single rough fracture but also proposed a new equation for
the approximation of intrinsic hydraulic aperture of a single rough fracture comparing with
three approaches including Lomize’s equation [Lomize 1951], Patir and Cheng’s equation [Patir
and Cheng 1977], and Barton’s equation [Barton 1982]. This new equation was based on the
experimental results and provided promising and accurate results. It is worth mentioning that
the researchers also used JRC to conduct the quantification of roughness. In Frank et al. [2020]
the authors analysed the roughness of sandstone fractures using the JRC linked to Z2, the
root mean square. The main benefit of using the JRC coupled with Z2 is the ability to assess
surface anisotropy profile in orthogonal directions. Zhang et al. [2020a] investigated the shear
deformation of several fracturing cases. Their numerical and experimental studies of CO2
fracturing on siltstone samples resulted in higher roughness with massive micro pores. Moreover,
their tests revealed the significant advantage of rougher surfaces for the enhancement of gas
production by hydraulic fracturing. Importantly, also, the researchers used the JRC method for
roughness measurements.

2.6 ELECTRICAL ANALOGY

The electrical analogy is a concept from another branch of science that can be valuable for
providing further insight into fluid dynamics. As was discussed before the hydraulic resistance of
fluid flow in rock fractures can be quantified by the NSE or HS approximation. Correspondingly,
Ohm’s law can measure the electrical resistance in a resistive conductor [Ajdari 2004]. The
electrical analogy can yield an analytical tool to explain the impact of surface roughness on
hydraulic resistance [Oh et al. 2012]. Considering the fluid flow as the electric current is
reasonable since the fluid molecules behave similarly to the electrons in electrical circuits. In
electronics, resistors are the simplest components used for reducing and adjusting the current.
The fluid flow resistance in fluid mechanics is in relationship with several parameters such as
viscosity of the fluid, the pressure along the flow path, surface roughness, geometrical properties,
etc. Rock fractures in the subsurface resemble resistances in electrical circuits. The resistance of
rock fractures to the fluid flow is called hydraulic resistance, which can be defined as a ratio
between the pressure difference of inlet and outlet and the flow rate. This resistance can vary
by changing the mentioned parameters. For instance, increasing the intersection length would
decrease the resistance. Another similarity between hydraulic resistance and electrical resistance
is the configuration of resistors connections. In other words, the parallel and series connection of
electrical resistors will result in lower and higher electrical resistances, respectively. Simulation
of fluid flow in rock fracture can be analyzed in a similar way since intersecting fractures can be
thought of as fracture networks in series and parallel arrangement.

Initial work in this field [Hubbard 1949], found electrical analogy a valuable tool in fun-
damental investigations of fluid mechanics. Recent researchers have utilised this concept for
predicting hydraulic resistance and heat transfer. Kim et al. [2006] described an approach for
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approximating the resistance through microfluidic components. The principles of Ohm’s law
were found equivalent definition in fluid dynamics including current, resistance and voltage
that are equivalent to flow rate, hydraulic resistance, and pressure drop, respectively. Their
simple experimental setup consists of two pressure gauges, a glass tube (acting as a resistor),
sensors and actuators that demonstrated the high compliance of the Ohm’s law. They presented
an analogy between channel flow and electrical circuits (see Fig. 2.7). For modelling the heat
transfer in buildings, Fraisse et al. [2002] conducted a study using heat transfer equations
and electrical analogy. Authors considered walls as resistors and developed a simplified model
in satisfactory agreement with experimental results. More recent evidence Tan et al. [2020b]
reveals the capability of electrical analogy for modelling low-grade heat recovery. This group of
researchers modelled the temperature difference of a two-phase thermofluidic and oscillator using
the electrical analogy. To the best of our knowledge, no other authors have used this approach
for evaluating the resistance of fracture intersections.

Figure 2.7 Fluidic system and corresponding electrical analogy. [Kim et al. 2006]

Investigation of fluid flow through rough fractures is more computationally demanding. A
recent study by Xiao et al. [2021] combined the electrical analogy method and artificial neural
network to model fluid flow considering fracture roughness. Experimental results and the modeled
fluid flow in rough fractures analyzed by Xiao et al. were not completely in agreement (about
10% discrepancy). However, the electrical analogy model proved to be quite computationally
efficient (takes several seconds).

2.7 COMPUTATIONALLY EFFICIENT METHODS

Computationally efficient approaches for modelling fluid flow in DFNs are of interest in different
disciplines such as geothermal energy development, gas recovery, contaminant transport, etc.
Many researchers have attempted to develop computationally efficient approaches. For instance,
De Dreuzy et al. [2013] simulated single-phase fluid flow in eighteen fractures with ten random
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configurations. The authors utilized Poiseuille’s law for approximating the network’s head. A
group of researchers [Berrone et al. 2013] developed an optimization formulation for simulating
fluid flow in DFNs. Since their method was not developed based on the discretization of
partial differential equations, the resulting approach was computationally efficient, compatible
with using parallel computers and consistent with conventional numerical approaches. This
method is a Graphics Processing Unit (GPU) based approach that is applicable to parallelized
computers. However, roughness was not taken into account. The authors [Valera et al. 2018]
used a combination of graph theory and machine learning approaches, which considers the DFN
as a graph and fractures as nodes. The learning technique in their study was based on particle
tracking method.

Graph theory is a mathematical tool for the investigation of networks with connecting
points that becomes feasible by translating the DFN’s properties and connectivity into a
graph [Srinivasan et al. 2018]. In recent years, several authors have attempted to develop
computationally efficient methods based on graph theory for modelling DFN [Djidjev et al.
2017, Ghaffari et al. 2011, Hyman et al. 2017]. Hobé et al. [2018] investigated optimisation
algorithms based on graph theory for overall flow rate estimation of constant aperture fractures
and found a 16.62% average error in comparison with direct numerical simulation. Full details
of a three-dimensional model for studying fluid flow through a DFN with low permeability
were determined; specifically, the multilevel graph partitioning method was utilised, which is
a heuristic approach for partitioning large graphs based on graph theory [Ushijima-Mwesigwa
et al. 2019]. However, the main focus of these studies was approximating the overall flow rate in
a large scale DFN without considering fracture details. Although graph theory is an interesting
approach and is computationally efficient to approximate the overall flow rate, it fails to take
into account the geometrical details of each fracture and their collective topology. In other words,
it is impractical to use this method for studying geometrical effects such as the intersection
length of fractures on fluid flow.

2.8 SOLUTE TRANSPORT

The transport of mineral species in subsurface flow is of interest to scientists in rock mechanics.
In the past century, numerical models have assisted geological engineers to simulate solute
transport, which resulted in the enhanced exploitation of petroleum, mineral, and geothermal
resources. Simulation of solute transport in rock fractures has a complete solution by the
advection-diffusion equation coupled with the NSE. Thompson and Brown [1991] looked at the
effect of anisotropy surface roughness on transport in fractured media. By finding the solution of
the one-dimensional advection-dispersion equation, the researchers found that parallel hydraulic
gradients to the direction of the troughs and ridges on the surface can enhance the flow rate and
the solute transport. A similar approach was applied by another group of researchers to simulate
solute transport in one-dimensional aggregated fractures [Lafolie and Hayot 1993]. Although
this study is useful in describing the general influence of roughness, a closer inspection into these
researchers’ results reveals that one-dimensional simulations are insufficient to capture solute
concentration in rough natural fractures.
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Continuing this investigation, Lee et al. [2015] solved the NSE numerically coupled with
the advection-diffusion equation to predict recirculation in the three-dimensional single rough
fracture. The simulations were conducted at low Reynolds numbers (range of 0.08 - 17.13).
They clearly demonstrated that recirculation does not happen in the flow. However, they only
considered one geometry. The authors performed another study in 2017, which provided further
insight into the field by presenting a new visualisation technique for microscale observation of
the eddy formation [Lee et al. 2017]. In their investigation, they have used a micro-particle
image velocimetry approach. The most notable and useful result to emerge from their technique
is the effect of troughs on the solute transport, which is the slower movement of solute. More
recent developments regarding solute transport modelling in rock fractures have led to the
characterisation of arsenic pollution and groundwater migration. Huang et al. [2020b] utilised
the hydrodynamic equation for determining the connection between the porous and pipeline
medium. Two rough walled fractures were connected in a porous medium. The initial stage of
their modelling started with solute transport in the fissures and the second stage was the solute
transport from the fractures into the matrix. Darcy’s law was used for describing the velocity
field, which was coupled by the porous media fluid viscosity and the pressure gradient. The
mathematical expression is presented in Eq. 2.2.

uuu = −k

µ
∇p (2.2)

In this equation, uuu is the Darcy flow velocity (m/s), µ is the fluid viscosity kg/(m.s), p is
the pressure (Pa), and k is the permeability of the porous media. Fick’s diffusion law was used
to complete the second stage of the simulation. Combining these two stages, they conclude that
the diffusion effect is dominant compared to the convection effect. Probably, this is more true
for the flow condition they considered. Huang et al. [2020a] developed a new visual method for
studying the transport of proppant particles in rough fractures. Proppants are small particles
that have been used for the hydraulic fracturing process. Proppants keep the rock fractures
open after the treatment process and provide the pathway for fluid flow [Aqui and Zarrouk
2011]. The experimental setup of Huang et al. [2020a] was constituted of a transparent fracture,
digital camera, pump and mixing system. In their experiment, the mixture of sand and water
was injected into the fracture. In the fracturing process, sand was acting as proppants and the
concentration was captured by the camera. Their analysis depicts that sand clusters grew in
the area of the fracture which has higher roughness. The researchers concluded that surface
roughness causes a higher degree of proppant filling ratio a rough fracture compared with the
smooth fracture.

The solute transport in a single natural fracture has been thoroughly investigated in the last
two decades. For instance, Zou et al. [2017b] modelled the solute transport in three dimensional
rough walled fractures. They questioned the accuracy of simplified models either by considering
smooth parallel surfaces or using simplified equations. To make comparisons, they solved the
NSE directly coupled with the advection-diffusion equation. According to their results, surface
roughness is influential on solute transport by causing heterogeneity.

Finally, a number of potential limitations need to be considered. First, it is essential
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to consider more fracture network configurations for having a useful simulation of pollution
distribution and migration. In other words, groundwater fluid flow is not moving in a small
number of fractures. Consequently, the finding of these authors might not be representative
of a natural groundwater system. Second, available approaches are costly for modelling the
distribution of solute transport concentration in many fractures involving hundreds or thousands
of fractures.

2.9 SCALING

Initial simulation of silica scaling was carried out in the mid-80s [Lai et al. 1985]. This work
has found that the deposition is dependent on chemical and thermal processing. The recent
development regarding silica deposition modelling in rough walled rock fractures has led to
a better understanding of surface roughness effects on the deposition. For instance, van den
Heuvel et al. [2020] studied the effect of fracture wall roughness and surface chemistry on the
silica deposition using different materials. In their experimental tests, the selected materials
that were analogous to silica scales, reservoir rocks and carbon steel were non-precious opal,
volcanic glass and pipelines, respectively. Contact of these materials with water for up to 10
weeks provide a suitable condition for studying the dissolution or alteration of the coupons.
After analysing the changes, they concluded that silica could deposit in homogeneous and
heterogeneous pathways inside the geothermal system regardless of the anti-scaling coating
applied. More importantly, they have highlighted the smaller significance of structural and
chemical similarities between fracture walls and precipitating material on the enhancement
of scaling than the surface roughness. Comparing models with different rough surfaces has
demonstrated that rougher surfaces induce higher rates of silica deposition. This finding implies
the importance of considering surface roughness as an important parameter for investigating the
effect of the scaling on the hydraulic resistance in hydrological studies.

In chemistry, deposition can be considered the inverse process of dissolution. Accordingly,
reviewing previous attempts for modelling dissolution can contribute to a better understanding
of the deposition process. In this regard, Mac et al. [2020] solved numerically the Stefan problem
coupled with fluid flow to investigate dissolution of solids in high-Rayleigh number fluid. Stefan
problem can be described as a boundary value problem for the system of PDE, which defines
variable boundaries dependent on time between different phases. The authors utilized the
Immersed Boundary Smooth Extension (IBSE) method to solve the bulk advection-diffusion
equations for heat/solute transport and the NSE for the fluid flow. The IBSE approach was
recently developed by Stein et al. [2017]. It was introduced as a simple and efficient approach
for solving PDEs in general domains. The high Rayleigh number leads to flow separation and
pattern formation around the dissolving sphere. The bottom part of the model showed more
rugged structure than the top. The results of two experiments conducted by spherical solid
sugar dissolved in water over one hour and one month depicted the accuracy of the approach.
The question is then, how long it takes for an ice cube or a lump of sugar to dissolve under free
convection? To answer this Pegler and Davies Wykes [2020] conducted a precise experimental
and numerical study of the dissolution under gravitationally stable convection, which found the
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shapes of dissolved solids against time. The bottom of the dissolving solid in the ambient fluid
was attached to a surface, so the dissolution from top to bottom resulted in a sharp pinnacle
geometry.

Weady [2020] provided another numerical and experimental investigation on melting ices
by natural convection to reveal the reason for the complex morphology of overturned icebergs.
For evaluating the impacts of the far-field temperature, which specifies the effect of density
inversion on the flow, they made a laboratory model of an iceberg and submerged it into a
water tank at the temperature (T∞). Their simulations revealed that the shape of the dissolved
ice cylinder into water is similar to a sharp pinnacle geometry that is in accordance with the
investigation of Pegler and Davies Wykes [2020]. In their groundbreaking paper Hewett and
Sellier [2017] conducted numerical simulations to model the classical Stefan problem around a
heated horizontal cylinder near the density inversion point of water by considering both natural
convection and conduction heat transfer. They determined that, in the early stages of melting,
heat transfer by conduction dominated, while natural convection was important as the melt
zone expanded. The other direction of the research is the reversed form of the dissolution where
the exterior is the soluble material and the fluid flows within the inner part of the dissolvable
material. This can explain scaling formation in the rock fractures. A recent study on mineral
dissolution in rock fractures suggested that roughness can effectively increase the reaction rate of
the mineral dissolution [Rasoulzadeh et al. 2020]. This is in accordance with findings in [Belyadi
et al. 2019], where roughness was impactful on deposition.

The advection-diffusion equation can explain the transport phenomenon and the flow velocity
can be determined by the NSE. Cazenave et al. [2020] presented a new model for describing
the deposition occurring by heterogeneous reactions in a geothermal heat exchanger. Their
hydrodynamic simulations demonstrated barite crystallisation fouling in a heat exchanger’s pipe
for a period of one year. The solid growth in that modelling was described by defining the domain
as moving boundaries. Their results widen our knowledge of the temperature distribution effect
on the rate of crystallisation. The region with lower temperatures had a higher rate of deposition.
The shape of deposition in their model were in good agreement with Zhang et al. [2015] findings.

Previous works have only focused on two-dimensional modelling of dissolution and deposition
in single fractures which do not explain the effect of deposition on hydraulic resistance in fracture
networks. Moreover, current modelling methods for simulating deposition are subject to high
computational cost. Consequently, for understanding the influence of deposition on the hydraulic
resistance, a better-conditioned modelling framework is required.

2.10 CONCLUSION

To date, fluid flow has been mostly modeled in a single rough fracture or two intersected rough
walled fractures using the NSE. Although a high accuracy level is provided by NSE, it is not
practical to solve NSE in order to simulate fluid flow in hundreds or thousands of fractures. As a
key motivation, this study not only aims to provide a computationally efficient numerical model
for investigating fluid flow through fractures but to also enhance our knowledge of fluid flow
behaviour in fractures with different geometrical and topological properties. it is essential to
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consider a larger number of fractures for having a useful simulation of pollution distribution
and migration. In other words, groundwater fluid flow is not moving in a small number of
fractures. Research has previously been limited to two-dimensional modeling of dissolution
and deposition in single fractures which failed to explain the effect of deposition on hydraulic
resistance in fracture networks. Moreover, the existing methods for simulating depositions have
high computational costs. Therefore, a better-conditioned modeling framework is required in
order to understand the influence of deposition on hydraulic resistance.





Chapter 3

GENERAL MODELING FRAMEWORK

In this chapter, we review the equations and mathematical models used in this thesis, including
the Navier-Stokes equations (NSE) and Hele-Shaw (HS) approximation, the surface roughness
generation method and surface roughness characterization approach. Detailed explanations of
the numerical methodology for modelling fluid flow in each Discrete Fracture Networks (DFN)
are provided in the respective chapters.

3.1 THE NAVIER-STOKES

The governing equations for incompressible, Newtonian, single-phase, steady-state flow are the
NSE. Equations 3.1 and 3.2 represent a set of nonlinear partial differential equations for the
velocity and pressure field [Zimmerman and Bodvarsson 1996]. These equations can be expressed
as momentum and mass conservation, respectively. Accordingly,

∂u
∂t

+ (u.∇)u = −1
ρ

∇P + µ

ρ
∇2u (3.1)

∇ · u = 0 (3.2)

In these equations, ρ is the density (kg/m3), u = [u, v, w] is the velocity vector (m/s), P is
the pressure (Pa), and µ is the viscosity (Pa.s). To fix ideas and because of its relevance in ground
water transport, throughout this work we use water at 20 ◦C as the working fluid with the following
properties ρ = 103(kg/m3), µ = 10−3 (Pa.s) except for Chapter 8 where we deal with 200 ◦C at
the target depth of the well 58-32 with the following properties ρ = 963.33(kg/m3), µ = 1.3×10−4

(Pa.s).

3.2 HELE SHAW APPROXIMATION

As was mentioned before, the full NSE are too computationally expensive to model complex
fracture networks. Simplifications have to be applied in order to make the equation practical for
a larger number of fractures. Since the flow is laminar and steady-state, the time derivative of
the velocity vector becomes zero. Secondly, inertia forces are considered negligible in comparison
to viscous and pressure forces. Lastly, the velocity is averaged across the fracture aperture
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and described by the velocity V = [u, v] Therefore, the depth-averaging process transforms the
computational domain from a three-dimensional domain with a three-component velocity field
into a two-dimensional computational domain, hence considerably reducing the computational
requirement.

h
x

z

y

Figure 3.1 The section of the Hele-Shaw cell on x-z plane.

The derivation of the HS equation starts from the NSE (Eq. 3.1). For incompressible,
Newtonian fluid and laminar flow without considering gravity.

u = [u, v, w] is the velocity vector. Consequently, it is reasonable to assume the flow in
x-y plane since the gravity is not considered, i.e. w = 0. As was mentioned before, the flow is
stationary; therefore, the term ∂u

∂t can be neglected. By considering these assumptions, Eq. 3.1
becomes:

(u ∂

∂x
+ v

∂

∂y
)u = −1

ρ

∂P

∂x
− µ

ρ
(∂2u

∂x2 + ∂2u

∂y2 + ∂2u

∂z2 ) (3.3)

(u ∂

∂x
+ v

∂

∂y
)v = −1

ρ

∂P

∂y
− µ

ρ
(∂2v

∂x2 + ∂2v

∂y2 + ∂2v

∂z2 ) (3.4)

0 = −1
ρ

∂P

∂z
(3.5)

As was discussed before the gap is sufficiently small, so the first and second-order derivative
of v and u in the x and y can be considered negligible in comparison with the derivatives in the
z direction.

( ∂2

∂x2 + ∂2

∂y2 )u <<
∂2

∂z2 u (3.6)

( ∂2

∂x2 + ∂2

∂y2 )v <<
∂2

∂z2 v (3.7)

Because the boundary layer interaction with flow is very significant, the viscos terms become
dominant.

(u ∂

∂x
+ v

∂

∂y
)u <<

µ

ρ

∂2

∂z2 u (3.8)

(u ∂

∂x
+ v

∂

∂y
)v <<

µ

ρ

∂2

∂z2 v (3.9)

Considering Eq.s 3.6 - 3.9 there remains
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∂P

∂x
= µ

∂2u

∂z2 (3.10)

∂P

∂y
= µ

∂2v

∂z2 (3.11)

∂P

∂z
= 0 (3.12)

The boundary conditions are u = v = 0 whenever z = 0 or z = h

Integrating Eq.s 3.10 and 3.11, twice with respect to z, and applying the boundary conditions
results in:

u = 1
2µ

∂P

∂x
(z2 − hz) (3.13)

v = 1
2µ

∂P

∂y
(z2 − hz) (3.14)

The average velocities u and v over the gap are given by:

u = 1
h

∫ h

0
u dz , v = 1

h

∫ h

0
v dz (3.15)

Integrating Eq. 3.15 yields:

u = 1
h

∫ h

0
u dz

u = 1
h

∫ h

0

1
2µ

∂P

∂x
(z2 − hz) dz

u = − h2

12µ

∂P

∂x

(3.16)

v = 1
h

∫ h

0
v dz

v = 1
h

∫ h

0

1
2µ

∂P

∂y
(z2 − hz) dz

v = − h2

12µ

∂P

∂y

(3.17)

Consequently, we obtain the depth averaged velocity as follows:

V = − h2

12µ
∇P (3.18)

By applying the continuity equation into local velocities, we will get the Laplace equation.
Accordingly, the governing equations for the flow in parallel plates separated by an aperture (h)
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can be simplified to Eq. 3.19.

∇.(− h3

12µ
∇P ) = 0 (3.19)

Consequently, the HS equation will be solved in a two-dimensional domain, which significantly
decreases the computational costs. Fig. 3.2 pinpoints the location of the two-dimensional
computational domain representing the HS cell that is in the middle of the three-dimensional
NSE model. Please note that the HS equation is also known as the Reynolds equation.

h/2

h/2

x

y

z

Figure 3.2 The location of HS cell for making the comparison with the results of solved NSE.

The flow velocity of each fracture was approximated by V in which h is the fracture aperture.
The Reynolds Number, Re , for flow in a fracture is defined by Eq. 3.20.

Re = ρV h

µ
(3.20)

The average flow velocity along a fracture can be defined as:

V = Q

A
(3.21)

Where A is the cross-sectional area:

A = wh (3.22)

By substituting Eq. 3.21 into 3.20, we have the Reynolds number for flow within fractures
[Zimmerman et al. 2004].

Re = ρQ

µw
(3.23)

Note that w is the fracture depth perpendicular to the direction of the bulk flow.

In order to compare the obtained HS results with the corresponding NSE we compare
velocities at the center plane. The velocity at the center-plane can be calculated from the
depth-averaged as follows.

umid = −1
2µ

∂p

∂x

h2

4 = − 1
8µ

∂p

∂x
h2 (3.24)
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Therefore,
umid

ū
=

−1
8µ

∂p
∂xh2

−h2

12µ
∂p
∂x

= 3
2 (3.25)

Accordingly, the obtained depth average velocity from the HS approximation must be
multiplied by a factor of 3/2 to be comparable with the results of the solved NSE.

The governing equation incorporates the local aperture profile at the center plane, allowing
for a more accurate description of the flow through a fracture where the aperture may be
nonuniform i.e. h(x, y). The HS equation is then solved numerically using the finite element
method with several assumptions:

• In the Hele-Shaw model, fractures are represented as two-dimensional surfaces

• The flow is driven by pressure gradient

The total hydraulic resistance is calculated as [Oh et al. 2012]:

HR = ∆P

Q
(3.26)

Here ∆P is the global pressure difference, which is the pressure difference between inlet and
outlet. Based on the following equation, we calculated the deviation of the HS approximation
with respect to the NSE:

Error = [QHS − QNSE

QNSE
] × 100 (3.27)

3.3 POTENTIAL BENEFITS AND APPLICATIONS OF THE
HELE-SHAW MODEL

Over the past few decades, engineers and researchers in various fields have been fascinated by
the process of fluid flowing through fractured rock masses in the subsurface. Various applications
of the process include the extraction of natural resources and the disposal of hazardous wastes
[Berkowitz 2002]. A thorough understanding of underground engineering applications is required
[Hunt and Sahimi 2017]. The HS approximation presented in this thesis is a great tool for
providing a better understanding on underground engineering.

The computationally efficient HS approximation can be coupled with other equations to solve
more complex problems. As was mentioned in Section 2.1.1, the Darcy’s law provides misleading
or inaccurate results for modelling fluid flow in fractured media [Karay and Hajnal 2015].
However, the application of Darcy’s law was established for modelling fluid flow in surrounding
matrix of DFNs [Knabner and Roberts 2014]. Consequently, coupling the HS approximation
with Darcy’s equation can provide a strong tool for studying the effect of surrounding matrix of
DFNs on the hydraulic resistance of the fractured media.

The HS approximation can be coupled with other equations to solve more complex problems
in any porous medium where fluid flows in void spaces and seepage occurs within the surrounding
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matrix. Moreover, the HS method can be coupled with any other equation for the simulation of
more complex problems such as heat transfer or chemical reactions. When the HS approximation
is coupled with any other equation, the computational time of the second equation will be added
to the overall computational time. For instance, if we couple Darcy’s equation with the HS
approximation, the computational time will increase. However, there is no requirement for
connecting massively parallel computers to solve the problems. It should be noted that using
Darcy’s law coupled with NSE is impractical for modeling fluid flow in large DFNs.

3.4 SURFACE ROUGHNESS GENERATION

A trigonometric series was used for defining the surface roughness [Barnsley et al. 1988]. The
wavenumbers k and n were used to determine the characteristics of surface roughness [Fabbro
et al. 2006]. For generating artificial rough surfaces, this approach creates realistic results [Uchida
et al. 2011]. We can create the surface roughness using the double sum of Fourier modes:

f(x, y) =
K∑

k=−K

N∑
n=−N

a(k, n)cos(2π(kx + ny) + ϕ(k, n)) (3.28)

This equation is a truncated Fourier series where k and n are the wave numbers, a(k, n)
the amplitude, x and y are the spatial coordinates (the coordinate system depicted in Figure
3.2) and ϕ(k, n) the phase angle, K and N are the modes. Note that f in Eq. 3.28 is describing
the roughness height. The phase angle and the amplitude are assumed to follow some random
distributions. The phase angle was presumed to have a uniform random distribution (sampled
between −π/2 and π/2) and the amplitude to follow a random Gaussian distribution (g(k, n)).
In Eq. 3.29 a factor β is defined to dampen wave numbers for higher frequencies [Peitgen and
Saupe 1988, Sjodin 2017]. Various β factors were considered for studying the effect of surface
roughness on the fluid flow. Eq. 3.29 expresses the amplitude as a function of wave numbers k

and n.

a(k, n) = g(k, n)
(k + n)β/2 (3.29)

Eq. 3.30 defines g(k, n).

g(k, n) = 1√
2π

e( −k2−n2
2 ) (3.30)

3.5 SURFACE ROUGHNESS CHARACTERIZATION

Different methods have been put forward to characterize surface roughness such as the fractal
dimension [Wang et al. 2021] (D), standard deviation [Shi et al. 2019] (σ), tortuosity [Zhang et al.
2019b] (τ), Joint Roughness Coefficient (JRC), etc. Practically, high-resolution optical scanners
can capture the surface roughness of rock fractures [Ríos-Bayona et al. 2021]. However, using
electronic instruments to measure the roughness of a network of rock fractures is impractical. The
JRC is one of the most commonly used approaches for assessing the roughness of fractures [Gui
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et al. 2020, Tan et al. 2020a, Zhang et al. 2017]. The JRC was first introduced by Barton and
Choubey [1977]. This work outlined several standard roughness profiles (for more information,
please refer to section 2.5 in Chapter 2). The relationship between surface parameter Z2 and
JRC of the presented standard profile of Barton and Choubey [1977] was analyzed by Tse and
Cruden [1979]. In their study, fracture roughness was evaluated as a function with respect to
the reference datum. Finally, they obtained Eqs. 3.31 and 3.32 by a regression study of surface
parameters and surface profile.

JRC = 32.2 + 32.47 log Z2 (3.31)

Z2 = [ 1
M

M∑
i=1

( zi−1 − zi

xi−1 − xi
)2]1/2 (3.32)

Where Z2 is the dimensionless root mean square, zi and xi are the coordinates of each specified
point over the cross-sections (yellow points in Figure 3.3), M denotes the total number of
sampling points along the length of the designated cross-section and zi = f(xi). Due to the
variation of the roughness at different coordinates of the fracture, the JRC and Z2 were calculated
over several cross-sections (red lines in Figure 3.3) and the obtained values of the JRC were
averaged. Furthermore, to achieve accurate results, the (x, z) coordinates of over 200 points
were evaluated over each profile.

x

z

Figure 3.3 Coordinates of specified points (yellow points) for calculating the Z2.

For this characterization, a MATLAB code was developed to compute the JRC using Eqs.
3.31 and 3.32 (see appendix A). In general, Z2 = 0.5 denotes the roughest rock fracture surface
in nature (analogous to JRC=20) [Barton 1973, Odling 1994, Tse and Cruden 1979]. When the
JRC is higher, the impact of the roughness on the fluid flow is effectively greater.

3.6 COEFFICIENT FORM BOUNDARY PDE

The Coefficient Form Boundary PDE (CB) is a mathematical interface in COMSOL multiphysics.
Many well-known PDEs can be solved using this module [COMSOL 2021]. The default equation
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introduced in this interface is as follow:

ea
∂2P

∂t2 + da
∂P

∂t
+ ∇.(−c∇P − αP + γ) + λ.∇P + aP = f (3.33)

Where ea expresses the mass coefficient, da is the damping coefficient, c is the diffusion
coefficient, α is the conservation flux, γ is the conservation flux source, λ is the convection
coefficient, a is the absorption coefficient and f is the source term.

In order to solve the Laplace equation (Eq. 3.19), all coefficients except the diffusion
coefficient (c) in Eq. 3.33 must be zero. The diffusion coefficient can be defined as follows:

c = h3

12µ
(3.34)

By solving the Laplace equation for a DFN with specified boundary conditions, the pressure
distribution can be approximated. By having the pressure distribution the velocity magnitude
can be computed from Eqs. 3.18 and 3.19.



Chapter 4

GEOMETRICAL EFFECTS IN SMALL DFN

In this chapter numerical simulations were performed by connecting a small number of Hele-
Shaw (HS) cells to investigate the effect of intersections on the pressure field and hydraulic
resistance for given inlet and outlet pressure values. In this analysis, the impact of intersecting
length, intersecting angle and fracture aperture on the fluid flow was studied. For this purpose,
two models with different topologies were established. The HS simulation results for hydraulic
resistance, pressure and velocity agreed well with results obtained by solving the full Navier-Stokes
equations (NSE) For the flow regime considered i.e. low Reynolds number. The results indicated
an approximately linear relationship between intersection length and hydraulic resistance.
Specifically, an increase in the intersection length increases the flow rate and as a result, the
pressure along the intersection length decreases. The error associated with employing the HS
approximation in comparison with NSE is less than 2%. All investigations were performed in
the Reynolds Number range of 1–10. The work presented in this chapter has been published in
the journal of Transport in Porous Media [Aghajannezhad et al. 2021].

4.1 INTRODUCTION

From a geotechnical point of view, fractures play an essential role in groundwater fluid movement.
Fractures allow the transport of geothermal energy, liquid fossil fuels and groundwater [Council
et al. 1996]. A better understanding of the flow in fracture networks will enable a better
evaluation of the flow in geothermal reservoirs. Even though several studies have been dedicated
to investigating fluid flow in fractures, fracture networks with a complex topology still present a
challenge and are as yet far from being fully understood [Lei et al. 2017, Yu et al. 2017].

To deal with fracture intersections in numerical studies, most previous studies have focused
on the NSE [Li et al. 2016, Liu et al. 2018, Zimmerman et al. 2004]. Zhang and Sun [2019] have
used a Lattice Boltzmann scheme able to recover the NSE for simulating gas flow and transport
in shale reservoirs. Sun et al. [2020] used the NSE to build a database for the flow in rough
fractures and predict the corresponding hydraulic aperture. Despite the extended use of the
NSE for the simulation of steady-state incompressible flow in rock fractures, it is still challenging
and demands high computational resources for large-scale fracture networks—usually involving
hundreds or thousands of intersections and fractures [Brush and Thomson 2003, Frampton et al.
2019]. For example, the effect of hydraulic head, surface roughness and intersecting angle of
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two fractures were studied by solving the NSE [Li et al. 2016], but using the NSE for Discrete
Fracture Networks (DFN) with a large number of fractures are impractical.

Many studies in the last 10 years have focused on the linearization of the NSE which leads to
the Cubic Law (CL) relation [Gaucher et al. 2015]. The CL can be obeyed in the Stokes regime
when the flow velocity is small [Witherspoon et al. 1980], but the simulation of fluid flow in real
fractures by the CL results in flow rate overestimation [Lee et al. 2014]. In recent years, the CL
has received increasing attention as a promising alternative method for the prediction of the
fluid flow through rock fractures. The key motivation is not only to provide a computationally
efficient numerical model, but also to enhance our understanding of the fluid flow behaviour
through several fractures with different geometrical and topological features [Konzuk and Kueper
2004]. For instance, in Guo et al. [2020], the experimental results of fluid flow through five
tensile artificial cylindrical fractures in parallel connection were compared to the approximation
of modified CL which were in good relative agreement. However, in this model, the effect of
intersection angle and intersection length was not considered. Wang et al. [2018] developed a
modified CL for studying the fluid flow behaviour through a single fracture intersection. They
found that the modified CL can approximate the fluid flow behaviour with an average error
of 4.7%; thus, the use of modified CL can effectively eliminate the main drawback of flow rate
overestimation. Additionally, the randomness of fracture geometries can be taken into account
by a modification of the CL [Wang et al. 2015].

Surface roughness can dramatically affect fluid flow behaviour and induce turbulence [Zou
et al. 2015]. To model fluid flow in fractures and study the effect of roughness, previous
researchers have performed simulations of fluid flow in rough surface fractures [Fan and Zheng
2013, Javadi et al. 2014, Liu et al. 2018, Plouraboué et al. 1998, Zhang et al. 2019a]. These
scientists have investigated the effect of surface roughness on the fluid flow by measuring the
magnitude of the roughness using the Joint Roughness Coefficient (JRC). As reported in a
numerical study by Zhang et al. [2019c], the relative aperture of a fracture and its discharge
per unit width is usually reduced by rougher surfaces. Some studies have indicated that large
roughness in the direction perpendicular to flow will reduce the flow rate under some conditions.
This can cause not only turbulent flow, but also influence the rock wall temperature, which is an
important parameter for geothermal energy generation [Foroughi et al. 2018, Huang et al. 2019c,
Zhao et al. 2014]. Flow turbulence in a fracture network is also influenced by other factors such
as the hydraulic head, aperture variation and fracture intersection [Li et al. 2016]. However, it
has been demonstrated that roughness can cause a nonlinear fluid flow response at low Reynolds
numbers [Lee et al. 2014], meaning that for a large aperture, even for Re < 1 , a nonlinear flow
response exists. Research has tended to focus on solving the NSE to study fluid flow behaviour
in rough surface rock fractures rather than the establishment of a computationally efficient
method. The additional problem is that solving the NSE for a DFN with a large number of
fractures is impractical [Koyama et al. 2008].

Despite various studies on fluid flow behaviour in rock fractures, much still remains to be
done to increase computational efficiency and allow the treatment of a large number of connected
fractures—which naturally have varying intersecting lengths, angles and apertures. The ability
to study large discrete fracture network would shed light on the effects of geometrical and
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topological parameters such as intersecting length, angles, apertures. This assessment can be
helpful for choosing the right parameters for modelling the fluid flow in DFN of the geothermal
fields or subsurface solute transport. To comprehensively study the independent role of fracture
geometry and topology in a DFN, modifying the HS approximation to provide a quick but
sufficiently accurate model of the flow would be of real use to the field in advancing the current
understanding of fracture network flows.

Using simplifying assumptions, the NSE can be approximated by the HS approximation
[Furtak-Cole and Telyakovskiy 2019, Zhao et al. 2014], a less demanding and better conditioned
governing equation. Solving the HS equation for rectangular cells can provide solutions for
complex flow problems in less time compared to the NSE. Henry Selby Hele-Shaw shed light
on the two-dimensional hydrodynamic description by developing an experimental study on
rectangular parallel plates with a narrow gap [HELE-SHAW 1898]. Until now, many researchers
have used this approximation for explaining fluid flow in porous media. Several authors have
conducted experimental studies on single HS cells and evaluated the effect of surface roughness
on fluid flow [Alturki et al. 2014, Planet et al. 2011]. Many attempts have been made to simulate
two-phase fluid in single HS cells [Eslami et al. 2020, Singh et al. 2020]. However, studies of
fluid flow in multiple rock fractures are scarce and the majority of studies have tended to focus
on flow in single fracture rather than multiple fractures. Despite the computational efficiency
of the approach, no one to the best of our knowledge has studied multiple connected fractures
using HS patching method.

The main objective of this chapter is to develop computationally efficient models for
understanding the effects of different geometrical and topological properties of fracture on the
fluid flow. Consequently, by patching HS cells, two new models were developed for simulating
single-phase fluid through multiple smooth-walled fractures which provide solutions much faster
when compared to the NSE. To investigate the accuracy of the proposed models, comparisons
have been made with the NSE. The the numerical method and the boundary conditions are
summarized in Section 4.2, and the results of the investigations are discussed in Section 4.3.
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4.2 METHODOLOGY

4.2.1 Numerical Methodology

The momentum and mass conservation equations for a steady, single-phase, laminar, incom-
pressible flow which are used have been explained in detail in section 3.1. The governing
equations were solved using the COMSOL Multiphysics software package v5.6 [COMSOL 2021].
The single-phase laminar flow (SPF) module and the Coefficient Form Boundary PDE (CB)
module were used to solve the NSE (Eq. 3.1) and the HS equation (Eq. 3.19), respectively. A
detailed discussion of how the HS equation is implemented in the CB module can be found in
section 3.6. For solving the HS equation, the stationary steady-state solver and the MUMPS
solver algorithm were employed. Moreover, the steady-state algebraic multigrid solver and the
generalized minimal residual GMRES algorithm were utilized for solving the NSE. The domain
was discretized using second-order elements for the velocity field and first-order discretization
for pressure P2 + P1 which was found to be accurate for the NSE models. Cubic elements with
Lagrange shape functions were employed for discretization of the Laplace equation in the HS
models. Fluid properties of water at 20 ◦C were applied for both models.

4.2.2 Geometry of the Computational Model

To investigate the flow properties in a DFN, two representative models were developed and are
presented in Fig. 4.1. The first physical domain, labelled Model A, was defined as five fractures
intersecting one another perpendicularly. The second model, called Model B, was defined as five
fractures intersecting randomly. The geometrical properties are characterized by their aperture,
width, length, intersection angle and intersection length ( h, w, L, θ and i , respectively).

Several investigations were performed using these models. Firstly, the HS model was tested
by solving for the flow in Models A and B and comparing the results to the solution given by
the NSE. For this comparison, the apertures, intersection lengths and intersection angles were
held constant (0.02 m, 0.2 m, and 90◦, respectively). Next, the successfully validated HS model
was used to investigate the influence of parameters like the intersection length and angle on
the fluid flow within the fractures. This was achieved by varying the intersection length of the
influent and effluent fractures (range of 0.2–0.45 m). Alternatively, the intersection angle was
altered (range of 90◦–65◦). The influence of the fracture aperture, another important factor
in fracture network flow is also tested. Consequently, a last set of studies was performed by
varying the aperture of Fracture 3 (range of 0.02–0.09 m). When varying the intersection length,
intersection angle, or the aperture, all other variables were kept constant. The dimension of all
fractures in Model A was 1 × 1 m.

The capability of the HS approximation to model randomly intersecting fractures was
demonstrated by Model B. All studies conducted on Model B were done by assuming constant
values for the geometrical properties. Model B is constituted of five fractures in series which
was developed to demonstrate the ability of the method to simulate fluid flow in fractures with
different apertures. In this model, the aperture of all fractures was set to 0.02 m, except for the
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second fracture with an aperture of 0.05 m. The width and length of the fractures were constant
(1 × 1 m) as in Model A.

W

Fracture 1

Fracture 3

Fracture 4

Fracture 5

𝜃

(a) (Model A)

Fracture 1

Fracture 2
Fracture 3

Fracture 4

h

Fracture 5

(b) (Model B)

Figure 4.1 Geometrical representation of Model A (perpendicularly intersecting) and B (randomly intersecting).
The marked red lines indicate the location of specified cross sections for extracting and comparing data. The
orange and blue arrows represent the pressure outlet and pressure inlets boundary conditions, respectively

4.2.3 Boundary Conditions

The boundary condition was defined as follows. For the inlet and outlet boundaries, a constant
pressure Dirichlet boundary conditions were applied over the edge of one of the fractures in the
HS approximation, and over the surface area of a fracture in the NSE. The computational domain
is depicted in Fig. 4.1, with colour-coded boundary conditions. The blue colour represents the
pressure inlet and the orange colour the pressure outlet. The pressure difference between the
inlet and outlets is called the global pressure difference and varies depending on the study, but
was always in the range of 0.005–0.0338 (Pa) to keep the Reynolds number in the laminar regime
(Re < 10 in this study).

A number of red lines are marked in Fig. 4.1. These red lines are cross sections from which
representative data was extracted. The defined locations for the specified cross sections in Model
A are located at a distance of 0.7 m from inlet and outlets. The main reason for choosing these
locations was to study more precisely the effect of intersections on the fluid flow. In addition,
a cross section at mid-fracture in Model A was placed diagonally to investigate the fluid flow
behaviour on both sides of the fracture. Similarly, the cross sections in Model B are situated 0.2
m from inlet in Fracture 1 and diagonally on fractures 1, 2 and 4.
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4.2.4 Mesh

For numerical stability and mesh-convergence, a mesh sensitivity study was conducted. For
the sake of conciseness, the results of this study are not shown here. The optimal number of
tetrahedral and prismatic elements to simulate the flow effectively by solving the NSE was 288,379
elements. On the other hand, only 1632 triangular elements were needed for mesh-independent
results using the HS approximation for Model A. It is important to note that the NSE are solved
in a three-dimensional computational domain, whereas the simplifications made in deriving the
HS equation result in a 2-dimensional domain—the third dimension representing the direction of
the aperture (the thickness of the fracture) is accounted for in the governing equation. For the
HS simulations, the velocity and hydraulic had to be derived from the solved pressure gradient
using Eq. 3.19. To deal with intersections, this study has used three-dimensional elements to
mesh the overlap region between two fractures in the NSE simulations. Therefore, any special
treatment is not needed. In the HS approximation, however, the intersecting surface represents
a line. As part of the HS approach, the uniting feature in COMSOL [2021] was used to merge
the nodes at the fracture intersection and therefore constrain the pressure to match at common
intersection nodes.

4.3 RESULTS AND DISCUSSION

4.3.1 Validation of Hele-Shaw Model

The ability and accuracy of the HS equation to model the flow in fracture networks were tested
by comparing the results for the evaluated pressure and velocity fields—for Models A and
B—with those given by solving full NSE for the same network. These comparisons were carried
out because the NSE is valid for subsurface fluid flow and is therefore the gold standard for
validating simplified models [Wang et al. 2018, Zou et al. 2017a]. Because the HS model uses a
2D geometry and averages the flow across the depth of the fracture in the governing equations, it
is necessary to compare the results only in the centre plane of the NSE results. In other words,
if we reflect the HS geometry on the NSE geometry, the 2D surfaces (fractures) of the HS is
located in the middle of the NSE’s fractures. For instance, to compare the obtained simulation
results by solving the HS equation for flow through Fracture 2 of model A, the 2D surface
must be situated in the middle of NSE geometry perpendicular to the z-axis. The following
results were conducted using a 0.01 Pa pressure difference between the inlet and outlets. The
evaluated Reynolds number for this pressure difference for the NSE and the HS are 2.91 and
2.95, respectively.

Comparisons of the velocity magnitude and pressure distribution were made by extracting
data from specified cross sections after solving the fluid flow using both the HS approximation
and NSE. These results are presented in Fig. 4.2. As shown in figure, the fluid velocity is
highest in the centre of the channel (x = 0.5 m) than at the sides (x = 0, x = 1 m), which is the
consequence of no-slip wall boundary conditions in NSE and zero flux boundary conditions in
HS.
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Figure 4.2 Comparison of the HS and NSE solutions for Model A. Pressure and velocity along the length (x)
of Fracture 1 and Fracture 5 specified cross sections.

The good agreement of the HS model with the NSE confirms the high accuracy of the HS
approximation for the low Reynolds numbers considered. Validation of Model B was conducted
by the same approach, and the results are shown in Fig. 4.3. Again, very good agreement is
observed.

In addition to the pressure and velocity fields, comparisons of the two methods were made
by comparing the relationship between flow rate, hydraulic resistance HR and Reynolds number.
Section 3.2 provides details on how HR and Reynolds number are calculated (see Eqs. 3.26 and
3.23). The model was probed at Fracture 3 of Model A and Fracture 2 of Model B. The results
are described in Tables 4.1 and 4.2. These tables not only demonstrate the correlation between
flow parameters, but they show the accuracy of the HS model. The relative error of the flow
rate using the HS approximation is calculated as in Eq. 3.27.

Table 4.1 The results of the conducted HS approximation in comparison with NSE (Model A).

∆P (Pa) Re QNSE (m3/s) QHS (m3/s) Error % HR (Pa.s−1.m−3)
0.005 1.4 1.46 ×10−6 1.48 ×10−6 1 3.4334 ×103

0.007 2.0 2.04 ×10−6 2.07 ×10−6 1 3.4342 ×103

0.009 2.6 2.62 ×10−6 2.66 ×10−6 2 3.4356 ×103

0.010 2.9 2.91 ×10−6 2.96 ×10−6 2 3.4364 ×103

0.015 4.3 4.36 ×10−6 4.43 ×10−6 2 3.4408 ×103

0.020 5.8 5.80 ×10−6 5.91 ×10−6 2 3.4461 ×103

0.025 7.2 7.24 ×10−6 7.39 ×10−6 2 3.4524 ×103

0.030 8.6 8.67 ×10−6 8.87 ×10−6 2 3.4595 ×103

0.033 9.7 9.75 ×10−6 9.99 ×10−6 2 3.4654 ×103

As the global pressure difference increases, the hydraulic resistance has effectively remained
constant. In addition, performed simulations found that the errors from the HS model were
less than 2%. The ability of the approach for simulating different arrangements of fractures is
illustrated in Table 4.2 by connecting fractures in a random shape (Model B), which depicts the
accuracy of the approach. All the presented parameters in Tables 4.1 and 4.2 exhibit a similar
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Figure 4.3 Validation of Model B against NSE. Pressure and velocity along the length (x) of Fracture 4 and
Fracture 2 specified cross sections.

Table 4.2 The results of the conducted HS approximation in comparison with NSE (Model B)

∆P (Pa) Re QNSE(m3/s) QHS(m3/s) Error % HR (Pa.s−1.m−3)
0.02 2.3 2.39 ×10−6 2.33 ×10−6 2 8.37 ×103

0.03 3.5 3.57 ×10−6 3.50 ×10−6 2 8.41 ×103

0.04 4.7 4.72 ×10−6 4.67 ×10−6 1 8.47 ×103

0.05 5.8 5.87 ×10−6 5.83 ×10−6 1 8.52 ×103

0.06 6.9 6.99 ×10−6 6.99 ×10−6 1 8.58 ×103

0.07 8.1 8.11 ×10−6 8.16 ×10−6 1 8.63 ×103

trend.

The pressure distribution contours for Model B are shown in Fig. 4.4. These contours are
shown for a global pressure differential of 0.01 Pa. These contours were obtained using the HS
approximation and NSE, respectively. The pressure gradually decreases as the flow is forced
towards the pressure outlet at the top. In this study, the longest time for solving the NSE with
an ordinary desktop computer with 32 GB RAM and an i7-8700 CPU was 1 h. In comparison,
calculating the fluid flow using the HS approximation took less than 1 min. This significant
reduction in computational requirement is the key point of this approach which enable us to
simulate the fluid flow in a large number of fractures efficiently.

4.3.2 Influence of Intersection Length

Since the results of the HS model were found to be accurate, the HS approximation could be
used to investigate the influence of various geometric parameters on the flow within the fracture
networks. In particular, the influence of intersection length, intersection angle and aperture size
on fluid flow were studied using the HS approach. This was achieved by systematically adjusting
the geometry of Model A. To investigate the influence of the intersection length, the positions of
each fracture were modified so that every intersection length corresponded to the desired value.

Data were extracted from the cross section of Fracture 1 in order to observe the impact of
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(a) HS approximation (b) NSE

Figure 4.4 Pressure distributions predicted by NSE and HS approximation for Model B.

the intersection length. These results are shown in Fig. 4.5. Increasing the intersection length
increases the velocity and drops the pressure. With a larger conduit between fractures, there is
less resistance to the flow resulting in higher velocities. Plotting the maximum velocity in the
fracture against the intersection length, a quadratic relationship can be seen, as shown in Fig.
4.6b. However, the hydraulic resistance is negatively linearly correlated with the intersection
length (Fig. 4.6a).

Hydraulic resistance, Reynolds Number, pressure difference and flow rate were evaluated for
a range of 0.2–0.45 m of intersection lengths and presented in Table 4.3. The flow rate—and
consequently the Reynolds Number—increase as the intersection length increases. Since the
intersection between fractures is the major chokepoint in the flow in fracture networks, it has a
significant influence on the flow.
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Figure 4.5 The effect of different intersection length on velocity and pressure over the evaluated cross section
of Fracture 1 (Model A).
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Table 4.3 The effect of intersection length on flow rate of Fracture 3 (Model A).

Intersection length Re Q (m3/s) ∆P (Pa) HR (Pa.s−1.m−3)
0.20 2.8 2.86 ×10−6 0.01 3.50 ×103

0.30 3.4 3.42 ×10−6 0.01 2.92 ×103

0.40 4.0 4.05 ×10−6 0.01 2.47 ×103

0.45 4.4 4.41 ×10−6 0.01 2.27 ×103

4.3.3 The Effect of Different Intersection Angles

As shown in Fig. 4.1, the intersection angle, θ , was varied from 90◦ to 65◦. For more clarification
physical geometry of Model A with θ = 65◦ is presented in Fig. 4.7. Simulations for cases of θ =
90◦, 80◦, 75◦, 70◦ and 65◦ were performed, and their results summarized in Table 4.4, which are
in accordance with results of a 2019 paper by Li et al. [2020]. Reducing the fracture angle to less
than 65◦ was not possible because perpendicular fractures to the midplane become connected to
each other.

When the flow has sufficiently large velocity, the flow rate can be affected intensely by
intersection angle and fracture shape [Liu et al. 2020], but the present results show that increasing
the angle of the fractures in the linear regime of fluid flow results in negligible changes. The
results of different intersection angles at the specified cross sections are presented in Fig. 4.8
and Table 4.4. There are noticeable changes in velocity and pressure distribution but negligible
changes in HR and Q.
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Table 4.4 Effect of different intersection angles on Model A

Intersection angle Intersection length Q (m3/s) Re ∆P (Pa) HR (Pa.s−1.m−3)
90 ◦ 0.1 2.27 ×10−6 2.2 0.01 4.40 ×103

80 ◦ 0.1 2.29 ×10−6 2.2 0.01 4.37 ×103

75 ◦ 0.1 2.28 ×10−6 2.2 0.01 4.38 ×103

70 ◦ 0.1 2.28 ×10−6 2.2 0.01 4.38 ×103

65 ◦ 0.1 2.28 ×10−6 2.2 0.01 4.39 ×103

𝜃

Figure 4.7 Geometrical representation of Model A– θ = 60◦.
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Figure 4.8 The effect of different intersection angles on pressure and velocity over the length of Fracture 1
(Model A).

Fig. 4.9 compares the pressure distribution contour on Fracture 3 of different angles.
Although the intersection length was constant, the resulting pressure distribution was different
depending on the intersection angle. Consequently, the resulting flow dynamics and hydraulic
resistance varied.
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Figure 4.9 The effect of intersection angles on pressure distribution (Model A).

4.3.4 The Effect of Different Fracture Apertures

The fracture aperture was changed to study the effect on fluid flow. The minimum and maximum
chosen fracture sizes for this simulation were 0.02 m and 0.09 m, respectively. Fig. 4.10 plots
the pressure and velocity on the defined cross sections for different aperture sizes. As expected,
increasing the fracture aperture caused the velocity and local pressure to drop because the global
pressure gradient is now acting over a larger cross-sectional area. When increasing the aperture
from 0.02 to 0.05 m, the local pressure at a characteristic cross section is reduced significantly
(Fig. 4.10a). However, when the aperture is increased further the change is much smaller. This
indicates that, the pressure is more sensitive to fractures with smaller apertures. As presented in
Table 4.5 with a larger fracture aperture, there is less resistance to the flow resulting in higher
flow rates and lower hydraulic resistances.
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Figure 4.10 The effect of different intersection angles on pressure and velocity over the length of Fracture 1
(Model A).

Table 4.5 Effect of different apertures on Model A.

Aperture h (m) Re Q (m3/s) ∆P (Pa) HR (Pa.s−1.m−3)
0.02 3.0 2.96 ×10−6 0.01 3.38 ×103

0.05 5.9 5.87 ×10−6 0.01 1.70 ×103

0.07 6.2 6.15 ×10−6 0.01 1.63 ×103

0.09 6.2 6.24 ×10−6 0.01 1.60 ×103
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4.4 CONCLUSION

Two computationally efficient numerical models of fracture networks were developed by connecting
HS cells to explore the effects of various intersection parameters on the hydraulic resistance
of the network. The results obtained using HS patching method and NSE were compared to
illustrate the validity of the HS approximation for geothermal applications which is significantly
computational efficient. The HS model achieved accurate results at low Reynolds numbers
with less than 2% Error in 1 min, while solving NSE took more than an hour for the same
configuration. The key point of this research is this significant reduction in computational
requirements, which can provide accurate solutions for large-scale problems. A structural model
with five fractures was used as the baseline model for accuracy evaluation of the HS patching
method (Model A). Since the results of the HS model were found to be accurate, it was used
to investigate the effects of various geometrical and topological parameters on the hydraulic
resistance. Specifically, Model B—which employs random intersections of the fractures—was
developed to demonstrate the capability of this approach for simulating random geometries
as potentially seen in nature. Results show an approximately linear relationship between the
hydraulic resistance and the intersection length changes. On one hand, increasing the intersection
length causes slight increase in velocity and flow rate. On the other, it causes a moderate drop
in hydraulic resistance. In addition, increasing the intersection angle causes negligible changes
in flow rate and hydraulic resistance. The study also investigates the effect of aperture on the
flow in a fracture network with five fractures. The result shows an inverse relationship between
the fracture aperture and the hydraulic resistance. An increase in fracture aperture leads to a
decrease in hydraulic resistance. This is intuitively correct as larger apertures provides a bigger
intersection area for the fluid to flow. For a given pressure drop, this results in a reduction of
velocity and pressure over the defined cross sections.





Chapter 5

SURFACE ROUGHNESS

In this chapter, the effect of parallel and series fracture arrangements on the flow rate and
hydraulic resistance was studied numerically by patching Hele-Shaw (HS) cells to represent the
network. In this analysis, the impact of surface roughness was studied in different arrangements
of the network. For this aim, four models with different sequences of fracture connections were
studied. The validity of the models was assessed by comparing the results with solutions of
the full Navier-Stokes equations (NSE). The approximate hydraulic resistance and flow rate
calculated by the HS method were found to be in good agreement with the NSE (less than 7 %
deviation). Results suggest a quadratic relationship between the network hydraulic resistance
and the Joint Roughness Coefficient (JRC). Notably, an increase in surface roughness caused a
growth in hydraulic resistance and a fall in flow rate. Further insight was provided by drawing
an analogy between resistors in electrical circuits and fractures in networks.

5.1 INTRODUCTION

A major cause for fracture formation in subsurface bedrock is the extreme temperature changes
[Junique et al. 2021]. The cracked rocks provide functional spaces to transport subsurface water.
The connection of these fractures result in complex geometrical patterns. Moreover, the aperture
size in natural rock fractures is not constant. Consequently, variable apertures and random
surface roughness have a remarkable effect on the complexity of the flow. Simulation of fluid
flow in these natural rock fractures is critical in understanding the underground transport of
fluids and solving geoengineering problems since direct observation is impossible.

Surface roughness has an important effect on the flow behaviour [Li et al. 2020]. It can
cause nonlinearity and induce turbulence in the flow [Li et al. 2016]. Interestingly, nonlinearity
can also exist at low Reynolds numbers (Re < 1) [Xiong et al. 2020]. Surface roughness also
has a strong effect on hydraulic resistance. As was reported by Alturki et al. [2014] in an
experimental test, increasing roughness results in an increase in hydraulic resistance and a drop
in flow rate. Aperture is typically defined as a gap between the two fracture walls. Aperture
variation resulting from increased roughness is a possible explanation for flow rate reduction.
Clearly, there might be other possible consequences, such as higher rates of chaotic stirring.
Evidence of chaotic stirring in the laminar flow regime as a consequence of surface corrugation
is discussed by Gepner and Floryan [2020].
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Current modelling methods to study fluid flow behaviour in fracture networks are solving
the full NSE or an approximation thereof, such as the Cubic Law (CL). The CL is an additional
simplification of the HS equation that applies when the flow is invariant in a cross-section of
the flow and states that the flow rate through parallel plates has a cubic relation with the
fracture’s aperture. The NSE and CL have been widely used to model fluid flow in a single
natural fracture in recent years [Guo et al. 2020, Hermawan et al. 2018, Huang et al. 2019a,
Shahbazi et al. 2020]. Much evidence is available on the impact of rough surfaces on fluid flow
behaviour [Guo et al. 2020, Hermawan et al. 2018, Huang et al. 2019a, Shahbazi et al. 2020],
but there are still critical unanswered questions. Although using the full NSE is accurate in
comparison to other available mathematical models, they are computationally expensive to solve,
even for networks involving a small number of fractures. On the other hand, algorithms based
on the CL are much “cheaper” to run but have strong limitations because of their over-simplified
nature [Wang et al. 2015]. Accordingly, an adequate model to predict the fluid flow behaviour
in a realistically complex natural fracture network is still elusive. Hence, an accurate yet
computationally cheaper modelling framework is required for the forecast of fluid flow through a
network of rough fractures.

On account of the fact that the computational cost of applying rough texture on rock
fractures is high, most earlier studies have simplified the problem by considering smooth parallel
surfaces [Huang et al. 2021, Lemieux and Sudicky 2010, Wu et al. 2018]. The fluid flow behaviour
in a single natural fracture has been thoroughly investigated in the last two decades [Koyama
et al. 2008, Zou et al. 2017a]. However, the combined effects of fracture roughness and complex
network topology still need to be investigated.

Roughness characteristics and dimensions can be obtained by scanning real rock fractures.
Several authors have utilized three-dimensional optical scanners to describe the surfaces of rock
fractures [Li et al. 2020, Xiong et al. 2011]. However, because of the inaccessibility of natural
rock fractures, it is impractical to scan a large scale fractured system with digitized surface
scanners. Accordingly, the random generation of rough surfaces is one of the most applicable
methods for representing a large number of rough fractures.

Various methodologies have been developed to generate random surfaces that are a common
feature of different disciplines [Huang et al. 2018]. Some preliminary work was carried out on
the generation of random Gaussian surfaces in the late 1970s [Patir 1978]. In that work, an
algorithm to represent real surfaces was presented. This algorithm is based on two predefined
parameters for the surface roughness: the autocorrelation and frequency density functions of the
surface. The determination of these two parameters has assisted the authors to produce surface
roughness with defined characteristics. De Castro et al. [2017] reported the effect of Fourier
coefficients on Gaussian surface roughness. They draw attention to the Fourier filtering method,
which starts by a Fourier transforms of a generated random surface in the reciprocal space.
Fabbro et al. [2006] proposed a new method for defining the surface roughness. In this approach,
characteristics of surface roughness were determined with respect to its spatial frequency. This
method is based on solving the wave equation by the mixed Fourier transform.

The electrical circuit analogy is a concept which can be valuable for providing further insight
into flow networks. The hydraulic resistance of rock fractures can be quantified by using NSE and
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the HS approximation. Analogously, Ohm’s law can be used to calculate the electrical resistance
in a resistive conductor [Ajdari 2004]. It has long been known that fracture network has analogies
with electrical circuits [Turner 1955]. This electrical analogy can yield an analytical solution
to explain the effect of surface roughness on hydraulic resistance [Oh et al. 2012]. Previous
researchers have utilized this concept for obtaining groundwater flow properties [M. S. Bedinger
1967] and hydraulic properties of an underground well [Ezeh 2011].

To investigate the effect of surface roughness on the fluid flow in fracture networks, four
fracture models were developed by patching HS cells. The fundamental advantage of using HS
cells is obtaining solutions orders of magnitude faster compared to the full NSE counterpart.
The models developed are analogous to electric circuits in which the applied pressure difference
represents the available voltage drop and different surface roughness modulates the resistance
values. The governing equations and the numerical method are summarized in Section 5.2, and
the results of the investigations are discussed in Section 5.3. Finally, conclusions of our work are
summarized in section 5.4.

5.2 METHODOLOGY

5.2.1 Governing Equations

Various surfaces were generated using the double sum of Fourier modes to study the effect of
roughness on the fluid flow, as explained in section 3.4. The JRC was used to characterize the
generated surfaces (see section 3.5). In this chapter, measured values of JRC ranged from 0.59
to 7.80.

The hydraulic resistance in fluid flow is analogous to electrical resistance in electrical circuits
which can provide insightful understanding about the total hydraulic resistance of parallel and
series networks. The electrical definition of resistance is provided by Ohm’s law:

V = RI (5.1)

Where V is the voltage (V ), R is the electrical resistance (Ω), and I the current (A). The
resistance of electrical circuits in series can be calculated by Eq. 5.2. For two resistors in parallel,
the resistance is obtained using Eq. 5.3, and for more than two resistors in parallel, the total
resistance can be evaluated by Eq. 5.4. It is worth mentioning that Eqs. 5.2-5.4 are derived
from Ohm’s and Kirchoff’s laws [Padiyar and Kulkarni 2019]. Throughout this chapter, we call
these equations equivalent resistances.

RS = R1 + R2 + ... + RN (5.2)

RP = (R1R2)/(R1 + R2) (5.3)

1
RP

= ( 1
R1

+ 1
R2

+ ... + 1
RN

) (5.4)
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5.2.2 Numerical Methodology

Similar to the previous chapter the momentum and mass conservation equations for a steady,
single-phase, laminar, incompressible flow are used, as described in section 3.1. COMSOL
Multiphysics software package v5.6 [COMSOL 2021] was used for solving the governing equations.
The single-phase laminar flow (SPF) module was used to solve the NSE (Eq. 3.1) in the three-
dimensional computational domain and the Coefficient Form Boundary PDE (CB) module for
the HS approximation (Eq. 3.19) on the corresponding two-dimensional surfaces. Section 3.6
explains how to implement the HS equation into the CB module. The employed solvers for
both equations were steady-state. The MUMPS and GMRES algorithms were used to solve the
HS and NSE, respectively. The velocity and pressure fields were approximated using P2 + P1

elements. The pressure in the HS models was discretized by using the third order of Lagrange
elements. It should be noted that the fluid properties of water at 20℃ were applied to all models.

A combination of tetrahedron, triangular, and quad elements were utilized to discretize
the fracture domains for the NSE. The mesh was inflated near the fracture walls using prisms
resulting in an average skewness of 0.6856. A finer mesh was required for fractures with higher
roughness. Triangular elements were used to discretize the two-dimensional HS domains. For
numerical stability and mesh-independency, a mesh sensitivity study was conducted. For the
sake of conciseness, the results of this study for all models are not shown here. For instance,
in Model B the number of elements for the NSE geometry was varied from 16,741 to 125,453.
The flow rate was measured at the specified cross-section. The results did not vary significantly
when increasing the number of elements beyond 47,756 elements. Therefore, 47,756 elements
were used for the rest of the calculations for this specific model (see Fig. 5.1). It is important to
note that the NSE are solved in a three-dimensional domain, whereas the simplifications made
in deriving the HS equation result in a two-dimensional surface domain — the third dimension
representing the direction of the aperture (the thickness of the fracture) is accounted for in the
depth-averaging process. For the HS simulations, the velocity and hydraulic resistance had to be
derived from the solved pressure gradient using Eq. 3.19. Pressure was naturally constrained to
be the same at the nodes common to intersecting fractures. Throughout this chapter a constant
aperture size of 2 cm is assumed for all fractures.

5.2.3 Geometry of the computational models

Since our main aim is to study the effect of roughness on the fluid flow in a fracture network, five
main physical models were developed. The first domain, labelled Model A, is a single fracture
for studying the effect of roughness on the hydraulic resistance (see Fig. 5.2). Four examples of
rough surfaces with different JRC values are presented in Fig. 5.2. The second model (Model
B) consists of two intersecting fractures (see Fig. 5.3). This model allows the estimation of
the hydraulic resistance of a single intersection. The third model, named Model C represents a
network of five fractures in series connection. Model D and E are constituted of five fractures
in combined parallel/series connection. The last three models allow the study of the combined
effects of parallel and series fracture connections on the fluid flow (see Fig. 5.3). Several studies
were conducted with these models. First of all, the hydraulic resistance of a single fracture and
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Figure 5.1 Mesh-independency study for Model B.

a single intersection with different roughness was evaluated (Models A and B). The width and
length of the fractures, apertures, intersection angles and intersection lengths were constant in
all models (1 × 1 m, 0.02 m, 0.3 m respectively). Consequently, the hydraulic resistance for each
fracture and each intersection evaluated from Models A and B can be used to calculate the total
hydraulic resistance of more complex network (Models C, D, and E) using Ohm’s and Kirchhoff’s
laws. Secondly, the validity of the HS approximation for studying the effect of surface roughness
on the fluid flow in fracture networks was investigated (Models C, D and E). Accordingly, the
NSE and HS were solved for flow in fractures with different surface roughness and the solutions
were compared.

5.2.4 Boundary Conditions

The defined boundary conditions for the inlet and outlet boundaries are, a constant pressure
Dirichlet boundary condition over the edge of one of the fractures in the HS approximation,
and over the surface area of a fracture in the NSE. The computational domain is depicted in
Figs. 5.2 and 5.3 with colour-coded boundary conditions. The orange and blue arrows represent
the pressure outlet and pressure inlet boundary conditions, respectively. The global pressure
difference between the inlet and outlets was set to 0.01 Pa to maintain a flow with low Reynolds
number. Moreover, the marked red lines indicate the location of specified cross-sections for
extracting and comparing data. The defined locations for the cross-sections in Model A are at a
distance of 0.2 m from the inlet. Likewise, the cross-sections in Model B, C, D and E are situated
0.3 m from the inlet on all fractures. The main reason for choosing these specific locations was
to capture pressure and velocity changes near intersections. The equivalent electrical circuits in
Fig. 5.3 were used to calculate the hydraulic resistance for each intersection. The labels F and I
in these figures are indicating the resistance of fractures and intersections, respectively.



48 CHAPTER 5 SURFACE ROUGHNESS

Figure 5.2 Single fracture with different JRC to study the effect of roughness (Model A). The orange and blue
arrows represent the pressure outlet and pressure inlet boundary conditions, respectively.
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Figure 5.3 Illustration of Models B, C, D and E. The marked red lines indicate the location of specified
cross-sections for extracting and comparing data. The orange and blue arrows represent the pressure outlet and
pressure inlet boundary conditions, respectively.

5.3 RESULTS & DISCUSSION

The validity of the HS approximation for simulating the fluid flow in a rough-walled fracture
network is first investigated by comparing the evaluated pressure and velocity field obtained from
(HS) with (NSE) numerical solutions, the gold standard for assessing the validity of simplified
models [Wang et al. 2018, Zou et al. 2017a]. As outlined in section 3.2, the HS model averages
the flow across the aperture of each fracture resulting in two-dimensional geometries. The flow
was considered to be laminar with a Reynolds number in the range of 2-7. The fractures were
defined by a local coordinate system (X, Y, Z) where the fracture is the (X, Y) plane with X in
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the flow direction, and Y normal to the flow direction (see Fig 3.2). The angles of fractures 2,
3, 4, and 5 in Model E were defined as 20 degrees to the X-axis. Throughout the results and
discussion section HR refers to the resistance of the entire network. Section 3.2 provides details
on how HR is calculated (see Eq. 3.26).

5.3.1 Single fracture

The results of simulations in a single fracture (Model A) with different roughness amplitude are
evaluated from the specified cross-section (the red line in Fig. 5.2) and described in Table 5.1.
As expected, results indicate that by increasing the surface roughness, the flow rate and the
Reynolds number are reduced. In other words, increased JRC induces more resistance to the
flow. The deviation of the HS approximation relative to the NSE was calculated using Eq. 3.27.

Table 5.1 The effect of different roughness on a single fracture (Model A).

JRC QNSE (m3/s) ReNSE QHS (m3/s) Err HR (Pa.s−1.m−3)
0.59 6.35×10−6 6.2 6.6538×10−6 5% 1573.7
3.68 6.33×10−6 6.2 6.6510×10−6 5% 1605.3
4.21 6.30×10−6 6.2 6.6508×10−6 5% 1586.8
5.16 6.23×10−6 6.1 6.6500×10−6 6% 1605.3
7.21 6.17×10−6 6.1 6.6494×10−6 7% 1619.8

Results confirm that for such low Reynolds numbers, HS provides a good approximation to
the NSE.

5.3.2 Two fractures + one intersection

Last section allowed us to estimate the hydraulic resistance of individual fractures for a range
of roughness. We now turn to estimating the hydraulic resistance of fracture intersections. In
order to do so, the HS equation was first solved to approximate the total hydraulic resistance
(RS) of two intersecting fractures (Model B). Secondly, since the resistance of a single fracture is
known from Model A (RF 1) & (RF 2), the hydraulic resistance of a single intersection (RI) can
be evaluated as follows:

RI = RS − RF 1 − RF 2 (5.5)

The values of RS , RF and RI obtained by both HS approximation and the NSE for different
roughness are presented in Table 5.2. As detailed in this table, the deviation between calculated
RI by these two methods is about 12%. A reasonable explanation for this error is likely to be
the neglect of inertial forces in the HS approach.
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Table 5.2 The effect of different roughness on the resistance of two connected fractures (RS), a single intersection
(RI) and a single fracture (RF ) (Model B).

NSE (Pa.s−1.m−3) HS (Pa.s−1.m−3)
JRC RS RF RI RS RF RI Err
2.18 3467.17 1502.74 461.68 3683.78 1578.73 526.32 12%
2.27 3467.65 1502.79 462.07 3686.09 1580.08 525.94 12%
2.51 3468.01 1502.81 462.39 3689.49 1581.45 526.59 12%
2.82 3469.33 1502.81 463.71 3694.95 1584.28 526.38 12%
3.19 3469.93 1502.88 464.18 3701.10 1587.38 526.34 12%
3.74 3469.93 1502.90 464.13 3711.68 1592.26 527.17 12%
4.10 3469.93 1502.92 464.09 3719.55 1595.74 528.07 12%
5.17 3470.90 1502.92 465.05 3739.02 1605.45 528.13 12%
5.57 3471.02 1502.92 465.17 3763.64 1616.58 530.48 12%
6.96 3471.02 1502.97 465.08 3791.04 1629.49 532.06 13%

The fact that the HS approximation predicts well the hydraulic resistances of fractures and
intersections confirms the validity of this approach but the intersection between two fractures
is a line in the HS approximation as opposed to a volume for the full NSE. It is therefore
interesting to check how well the pressure at a specific point along the intersection line in the
HS model matches the pressure distribution in a plane at the corresponding location for the
NSE solution. In order to do this, the cut plane illustrated in Fig 5.4a was defined in the
middle of the intersection of two smooth fractures for Model B and the scaled difference between
pressure distribution obtained from the NSE and the corresponding scalar value obtained from
the HS approximation 100

∣∣∣PHS−PNSE
PNSE

∣∣∣ was calculated. Figure 5.4b shows in red the region of the
cross-section of the fracture intersection where the mismatch between the NSE solution and the
HS solution is smaller than 2%. This red region occupies almost entirely the intersection area
which clearly confirms that the pressure predicted by the HS approximation at the intersection
is representative of the true one calculated by the NSE.

Since the NSE approach is not computationally expensive for two fractures connected by
a single intersection, we use the hydraulic resistances predicted by the NSE approach in the
following to predict the total hydraulic resistance of series and parallel fracture networks using
Kirchhoff’s law.

The ability of the HS approximation to quantify the flow in this "two fractures + one
intersection" configuration was assessed by increasing the overall pressure difference hence
increasing the Reynolds number. Increasing the pressure difference by an order of magnitude
commensurately increases the Reynolds number as shown in Table 5.3 and it is clear that the
agreement between the NSE and HS degrades as the Reynolds number increases falling from
6% for △P = 0.01 (Pa) to 13% for △P = 0.1 (Pa). It is a natural consequence of the fact that
inertia is neglected in the HS approximation. The effect of inertia is clearly illustrated in Fig.
5.5 which shows the contour plot of the velocity magnitude extracted from a cross-section of
Fracture 1 for the full NSE simulations. This figure shows recirculation regions in the fracture
asperities (evident from the blue colour) which cannot be accounted for in the HS approximation.



5.3 RESULTS & DISCUSSION 51

Figure 5.4 Scaled difference between pressure distribution obtained from the NSE and the corresponding scalar
value obtained from the HS approximation. The red region is where this difference is less than 2% and the blue is
where it is greater.

However, the low Reynolds numbers used here are justified because the groundwater flow velocity
below the water table rapidly decreases depending on depth (33 to 242 meter per day[Medici
et al. 2019]).

Figure 5.5 Velocity magnitude predicted by solving NSE

Table 5.3 The effect of Reynolds number on the accuracy of the HS approximation (Model B).

△P (Pa) QNSE (m3/s) ReNSE QHS (m3/s) ReHS Err
0.01 2.72×10−6 2.7 2.88×10−6 2.9 6%
0.02 5.42×10−6 5.4 5.76×10−6 5.8 6%
0.03 8.09×10−6 8.0 8.65×10−6 8.6 7%
0.04 1.07×10−5 10.6 1.15×10−5 11.5 8%
0.05 1.33×10−5 13.2 1.44×10−5 14.4 8%
0.06 1.59×10−5 15.7 1.73×10−5 17.3 9%
0.07 1.84×10−5 18.2 2.02×10−5 20.2 10%
0.08 2.08×10−5 20.6 2.31×10−5 23.1 11%
0.09 2.32×10−5 23.0 2.59×10−5 25.9 12%
0.1 2.56×10−5 25.3 2.88×10−5 28.8 13%
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5.3.3 Large DFN

The pressure distribution and velocity magnitude along the Y-axis of Fracture 2 of Model C
was evaluated and illustrated in Fig. 5.6. Both NSE and HS solutions are in good agreement
confirming the ability of the HS approximation for simulating fluid flow in networks of rough
walled fractures. Table 5.4 shows that the difference between the HS and NSE solutions increases
slightly with an increase in roughness. As was mentioned before, the likely cause of this minor
discrepancy is neglecting inertia forces in the HS approximation and the fact that increased
roughness would induce recirculations which are not accounted for in the HS approximation.
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Figure 5.6 Validation of the HS approach in rough-walled fractures against NSE (Model C) (a) pressure
distribution (b) velocity magnitude.

The correlation between JRC and hydraulic resistance was examined for Models A and
E. As illustrated in Fig. 5.7 (a) and (b), there is a quadratic relationship between the total
hydraulic resistance and JRC. This correlation can be explained by the quadratic relationship
which exists between surface area and the JRC and the expected linear relationship between
viscous losses and surface area (see Fig. 5.7c).

Table 5.4 summarises the results for Model C and demonstrates the validity of the HS method
with difference smaller than 2%. Table 5.5 summarizes the flow rate evaluated in Fracture 1 of
Model D, the calculated Reynolds number, and hydraulic resistance. Similar to Model A and B,
by increasing the roughness, the overall hydraulic resistance increases. Comparing Table 5.4 and
Table 5.5 reveals a much smaller hydraulic resistance for Model D than Model C though both
models involve the same number of fractures. This difference is the effect of parallelism, which
can be described by Kirchhoff’s law. It replicates the parallel connection of resistors in electrical
circuits where each resistor receives full voltage. It is worth noting that the total resistance of
resistors in parallel connection is less than in series [Field and Long 2018]. A closer inspection of
Tables 5.4 and 5.5 suggests that the error is lower when using HS method for the approximation
of the flow in parallel/series connection (Model D) than series connection (Model C). Fig. 5.8
illustrates the apparent differences between evaluated hydraulic resistances of Models C and
D with various surface roughness. As anticipated, an increase in hydraulic resistance can be
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Figure 5.7 The relationship between hydraulic resistance, surface area and JRC of (a, c) Model A and (b)
Model E.

observed as a result of the increase in the JRC.

As was mentioned before, Kirchhoff’s law requires that if we add more resistors to the
circuit, the total resistance increases. Adding resistors in parallel connection increases the total
resistance mush less than in series connection. To verify the compliance of Ohm’s and Kirchhoff’s
laws in rock fractures, the hydraulic resistances of Models C and D was approximated and
compared with the electrical analogy solution using the hydraulic resistance of a single fracture
(RF ) and a single intersection (RI) obtained from Models A and B, respectively. Accordingly,
based on the configuration of the network (parallel or series), Kirchhoff’s law was used to sum
the approximated hydraulic resistance of Models A and B. The total equivalent resistance of
Models C and D are evaluated by Eqs. 5.6 and 5.7 ,respectively.

RS = RI1 + RF 1 + RI2 + RF 2 + ... + RI5 + RF 5 (5.6)

RC = RI1 + RF 1 + ( 1
RI2

+ 1
RF 2

+ ... + 1
RI4

+ 1
RF 4

) + RI5 + RF 5 (5.7)
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Table 5.4 The effect of different roughness on the fluid flow (Model C).

JRC QNSE (m3/s) ReNSE QHS (m3/s) ReHS Err HR (Pa.s−1.m−3)
1.60 1.01×10−6 1.00 1.067×10−6 1.068 6% 9937.39
1.82 1.01×10−6 0.99 1.067×10−6 1.067 6% 9939.37
2.00 1.01×10−6 0.99 1.066×10−6 1.066 6% 9943.32
2.18 1.01×10−6 0.99 1.066×10−6 1.066 6% 9950.25
2.27 1.00×10−6 0.99 1.066×10−6 1.066 6% 9957.18
2.51 1.00×10−6 0.99 1.066×10−6 1.066 6% 9965.12
2.82 1.00×10−6 0.99 1.065×10−6 1.066 6% 9981.04
3.19 1.00×10−6 0.99 1.065×10−6 1.066 6% 9997.00
3.74 9.98×10−6 0.99 1.065×10−6 1.066 6% 10023.05
4.10 9.96×10−6 0.98 1.065×10−6 1.066 7% 10041.77
5.17 9.91×10−6 0.98 1.065×10−6 1.066 7% 10095.71
5.57 9.85×10−6 0.97 1.065×10−6 1.066 8% 10155.69

Table 5.5 The effect of different roughness on the fluid flow (Model D).

JRC QNSE (m3/s) ReNSE QHS (m3/s) ReHS Err HR (Pa.s−1.m−3)
2.18 2.97×10−6 2.97 2.97×10−6 2.97 0% 3371.544
2.26 2.96×10−6 2.96 2.97×10−6 2.97 0% 3375.413
2.51 2.96×10−6 2.96 2.97×10−6 2.97 0% 3379.178
2.81 2.95×10−6 2.95 2.97×10−6 2.97 0% 3386.616
3.18 2.95×10−6 2.95 2.97×10−6 2.97 1% 3393.627
3.74 2.93×10−6 2.93 2.97×10−6 2.97 1% 3407.852
4.10 2.93×10−6 2.93 2.97×10−6 2.97 1% 3415.884
5.16 2.91×10−6 2.91 2.97×10−6 2.97 2% 3441.512
5.56 2.88×10−6 2.88 2.97×10−6 2.97 3% 3468.970
6.95 2.86×10−6 2.86 2.97×10−6 2.97 4% 3500.175
7.79 2.83×10−6 2.83 2.97×10−6 2.97 5% 3538.070

The results of Kirchhoff’s law were compared to total evaluated hydraulic resistance from
simulations (see Table 5.6). Similar to Tables 5.4 and 5.5, the hydraulic resistance calculated for
Model C (series connection) is higher than Model D (parallel/series connection). Evidently, the
possible explanation for this is that by adding more resistors to the parallel connection, more
current flows into each individual resistor from the source that is similar to the fluid flow and in
accordance with our results—Table 5.6 details data on the calculated hydraulic resistance of
fractures.

Our results not only verified that the Ohm’s and Kirchhoff’s laws can conveniently be used
to calculate the resistance of fluid flow in different arrangements of rock fractures, but it is also
demonstrates that an increase in JRC results in higher hydraulic resistances.

The results of pressure distribution determined in Model E by HS and NSE are compared
in Fig. 5.9. As shown, the pressure gently decreases from pressure inlet (Fracture 1) toward
the pressure outlets as the fluid leaves Fractures 4 and 5. As was stated before, the global
pressure difference for this model was 0.01 (Pa). The time taken for obtaining results with HS is
compared to NSE (in Table 5.7). The HS approximation reduces the simulation time by almost
2 orders of magnitude. This substantial computational saving opens up the prospect of studying
realistically large fracture networks.
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Figure 5.8 Comparison between Hydraulic resistance of fracture (a) in series (Model D) and (b) parallel/series
(Model E).

(a) Navier-Stokes equations (b) Hele-Shaw approximation

Figure 5.9 Predicted pressure distribution by (a) NSE and (b) HS approximation (Model E).

Fig. 5.10 describes the evolution of the flow velocity field in Model D. The flow path is
represented by red arrows. The blue-colored areas (low-velocity zones) were mostly located in
Fractures 2, 3 and 4. The observed velocity loss in these three fractures could be attributed to
the increase of the passing area, provided by having these three fractures connected to Fractures
1 and 5. Furthermore, the slight non-uniformity of the velocity distribution can be observed,
which was caused by the complexity of the surface roughness.
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Table 5.6 The effect of different roughness on the hydraulic resistance.

Series connection (Model C) Parallel/series connection (Model D)

JRC

Total
equivalent
resistance

(Kirchhoff’s law)

Resistance
from

simulations
(HS)

Error

Total
equivalent
resistance

(Kirchhoff’s law)

Resistance
from

simulations
(HS)

Error

2.18 10525.26 9937.39 6% 3608.54 3371.54 7%
2.27 10530.07 9939.37 6% 3611.51 3375.41 7%
2.51 10541.20 9943.32 6% 3614.68 3379.18 7%
2.82 10533.31 9950.25 6% 3621.01 3386.62 7%
3.19 10568.61 9957.18 6% 3627.95 3393.63 7%
3.74 10597.11 9965.12 6% 3639.00 3407.85 7%
4.10 10619.05 9981.04 6% 3646.92 3415.88 7%
5.17 10667.05 9997.00 6% 3668.72 3468.97 7%
5.57 10735.32 10023.05 7% 3694.00 3468.97 6%
6.96 10807.75 10041.77 7% 3723.16 3500.18 6%
7.80 10877.95 10095.71 7% 3756.52 3538.07 6%

Table 5.7 Computational time of each model (second).

Model NSE HS
A 91 0.1
B 206 0.3
C 653 0.8
D 554 1
E 535 2

Figure 5.10 Approximated velocity magnitude by HS method (Model D).

5.4 CONCLUSION

Using computationally efficient models, we were able to investigate the effects of surface roughness
on hydraulic resistance and flow rate in discrete fracture networks. The validity of the results
obtained by the HS approximation was evaluated by comparing with full NSE simulations. The



5.4 CONCLUSION 57

HS approximation decreased the computational time by almost 2 orders of magnitude without
significantly compromising accuracy. The difference between NSE and HS is small for the flow
regimes considered (1%−7%). Neglecting inertia in the HS approach is the most likely reason for
the small discrepancy between the two modelling approaches. This work opens up the prospect
of studying fracture networks with a realistically large number of fractures. Five configurations
were proposed to study the effect of surface roughness and network topology on the fluid flow.
The first model which includes a single fracture (Model A) was used to estimate the hydraulic
resistance of a single fracture with different roughness. The second model including 2 fractures
connected by an intersection enabled the estimate of the hydraulic resistance generated a single
intersection. The other models, which are composed of five fractures, allowed us to study
the effect of different fracture arrangements on the hydraulic resistance (parallel and series
configuration). After the estimation of a single fracture resistance (Model A) and a single
intersection resistance (Model B), the total resistance of each model was determined based on
Ohm’s and Kirchhoff’s laws and compared to the one calculated using the HS approximation
and NSE. Results confirmed that using the electrical analogy provides a useful framework to
understand the flow in a fracture network. The findings of this study indicate that, for the same
number of fractures and intersections, the series configuration produces more resistance than
the parallel one. Moreover, increasing the surface roughness results in changing the resistors
on electrical circuits into resistors with higher resistance. Lastly, an approximately quadratic
correlation was found between hydraulic resistance and joint roughness coefficient.





Chapter 6

LARGE-SCALE DFN

This chapter presents modelling of fluid flow at low Reynolds numbers in large scale Discrete
Fracture Networks (DFN) using the Hele-Shaw (HS) patching method. Different three dimen-
sional configurations of two hundred fractures were randomly generated. In this investigation, the
influence of surface roughness and geometrical changes of fractures on the hydraulic resistance
was studied. The fluid flow behaviour with different arrangements of fractures was modelled.
The validity of the approach was evaluated by solving the full Navier-Stokes equations (NSE)
for a network consisting of nine fractures. Very good agreement was found between the HS
approximation and the full NSE (average deviation of 0.12%). Our findings suggest that in-
creasing the surface roughness causes a rise in hydraulic resistance. Furthermore, the number of
active fractures in the networks was found to be more influential on the flow resistance than the
connection length of fractures. All simulations were carried out for Reynolds numbers smaller
than 10.

6.1 INTRODUCTION

Interconnected naturally occurring faults and joints in geological formations result in very
complex flow networks; these have been represented in numerical studies by DFNs. Modelling
of fluid flow in DFNs has received much attention in the past decade due to the variety of
applications, such as geothermal energy development, petroleum exploration, groundwater
management, etc [Bemani et al. 2020, Gaucher et al. 2015, Ju et al. 2017]. Fluid flow is almost
negligible in a low-permeability rock matrix, so fractures play a dominant role in fluid transient
[Han et al. 2021]. For the development of subsurface rock engineering, such as oil and gas
recovery, understanding the geometrical and hydraulic properties of rock fractures is crucial.

Numerical investigations have shown that the geometrical and topological properties (e.g.
aperture size, fracture dead end, intersection angle, connection length, surface roughness, fracture
density and network topology) are the influential factors on the resulting flow. For example,
Huang et al. [2019b] studied the impact of aperture’s small variabilities and network topology on
the hydraulic properties of three-dimensional DFNs. Their analyses found that these parameters
can significantly influence the DFN hydraulic properties. The intersection and dead-end effect on
the flow and solute transport in a single fracture intersection was numerically and experimentally
studied by Liu et al. [2016]. The impact of fracture dead-end on the hydraulic pressure
gradient was found to be negligible; nevertheless, the fracture dead-ends were determined to
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be highly impactful in modelling solute transport. A recent work suggests that the variation
of intersection angles in a small DFN has a negligible impact on the flow rate and hydraulic
resistance [Aghajannezhad et al. 2021]. As indicated in a numerical study by Zhang et al. [2019c],
rougher surfaces minimise the relative aperture of a fracture and its volumetric flow rate. There
is evidence that large surface roughness reduces the flow rate and causes complex geometric
shapes at the intersection [Foroughi et al. 2018, Huang et al. 2019c, Pyrak-Nolte and Nolte 2016].
For investigating the effect of fracture density on the fractures connectivity in three-dimensional
DFNs Ivanova et al. [2014] conducted a numerical simulation. It was reported that the network
connectivity increases as the fracture density or size increases.

Although studies have attempted to investigate the effect of geometrical and topological
changes on the resulting flow, there still remain unanswered questions. To date, research has
tended to focus on the investigation of fluid flow behaviour through simplified DFNs rather than
natural DFNs with more complex structures and large aperture variabilities [Huang et al. 2021].
In fact, this is due to the geometric complexity of realistic DFNs, which has a huge impact
on the computational cost of flow simulation [Koyama et al. 2008]. Consequently, the efficient
prediction of the fluid flow behaviour through rock fractures in complex, realistic DFNs can
provide useful information which could not be obtained by any other means.

The classic NSE and their simplified approximation Cubic Law (CL) have been widely used
to model flow through a single intersection in numerical evaluations [Hermawan et al. 2018, Li
et al. 2016]. Recently the approximation of the NSE by the CL has received growing interest as
an alternative approach to predict the flow through DFNs [Shahbazi et al. 2020]. For instance,
Frampton et al. [2019] used the CL and conceptualized the local scale of heterogeneity in a
network consisting of 45 fractures to study particle travel time. They analysed the influence of
network complexity on particle travel time. As anticipated, simulations in a smaller number of
fractures and less complex networks resulted in a reduction of travel time. In the Stokes regime,
at low Reynolds number, the CL has been shown to be a valid approximation [Witherspoon et al.
1980]. However, in flows through realistic fractures, the CL has been shown to overestimate the
flow rate [Wu et al. 2018].

NSE are accurate, but simulating fluid flow in a realistic geometry with hundreds or thousands
of fractures and intersections is challenging and computationally demanding. In the literature,
there are several examples of simplified methods for modelling fluid flow in three-dimensional
DFNs with a large number of fractures. For instance, graph theory has been used to model flow
in large DFNs. Hyman et al. [2017] modelled fluid flow in a DFN composed of 481 fractures
using graph theory. Graph theory translates the DFN’s properties and connectivity into a graph
that makes the investigation of the networks with connecting points feasible [Srinivasan et al.
2018]. There have only been a few attempts to model geometric effects specifically surface
roughness on the fluid flow behaviour in three-dimensional DFNs, apart from the recent work
by Xiong et al. [2019, 2020]. Forchheimer equation and Reynolds equation were combined to
study the inertial effects of three-dimensional DFNs under high hydraulic gradients using a
finite element formulation. To account for surface roughness different curves, which implied
different amplitudes of roughness, were introduced into fracture aperture in their governing
equations. Despite the extended use of computationally efficient methods for investigating



6.2 METHODOLOGY 61

fluid flow behaviour in rock fractures, there is still much to be done to increase computational
efficiency and account for a wide variety of rough walled fractures that naturally intersect at
different angles and lengths.

Given the very large aspect ratio associated with fracture geometry, a promising approach
to modelling this flow involves the HS approximation [Singh et al. 2020]. Sometimes the HS
approximation is referred to as the Reynolds approximation [Koyama et al. 2008]. HS cells are
characterized by two parallel plates in close proximity to one another. Studies of fluid flow
considering the effect of surface roughness using HS cells are scarce and the majority of studies
used HS equation for modelling viscous fingering patterns, heat transfer and multiphase flow
in rock fractures. Hu et al. [2019] conducted a combination of theoretical and experimental
studies to answer how roughness can change the displacement patterns of finger shapes. The
experimental setup consisted of a transparent fracture which was filled with air to predict
the pattern of second fluid after injection into the cell. The author successfully modelled the
viscous pattern of the second flow and they found that when the surface roughness increases,
the dissipated energy becomes greater, thus resulting in the growth of external work. Recently,
Aghajannezhad et al. [2021] used the HS approximation in an analysis of the geometrical effects
on the hydraulic resistance of a small number of fractures. The HS approximation obtained
accurate results at low Reynolds numbers with less than 2% deviation compared to the full NSE.
However, what has not been considered to date is the application of the HS approximation in
the study of the influence of surface roughness in a very large DFN with tens of fractures.

To the best of our knowledge, no other authors have attempted to model fluid flow in
rough three-dimensional DFNs except for Xiong et al. [2019] who explored inertial effects at
high hydraulic gradients by solving the Forchheimer equation. In studies that consider wall
roughness in three-dimensional DFNs, only very simple curves are incorporated. Therefore, the
purpose of the present study is to develop computationally efficient models to understand the
effects of surface roughness, fracture number and interface angle on the fluid flow in large DFNs.
Accordingly, two different complex DFN configurations were developed by randomly patching HS
cells. Each configuration is comprised of two hundred fractures, which is a practically relevant
number. The first network is called Configuration A that composed of perpendicular intersected
fractures. In the second DFN, which is named Configuration B, fractures are intersected with
different angles to study the effect on the flow.

6.2 METHODOLOGY

6.2.1 Numerical Model

Solving the full NSE for a network with a very large number of fractures is prohibitively
computationally expensive. The HS approximation is considered here as an alternative to the
NSE. The coordinate system is illustrated in Fig. 6.1. Here z coordinate is perpendicular to the
fracture face so that u and v are parallel to these faces. The concept of the HS is related to the
NSE as follows. Since the Reynolds number of the flow through the fractures is considered small,
the inertia forces are much smaller compared to pressure and viscous forces and are therefore
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neglected. The NSE is simplified by considering the flow in two directions and integrating
the NSE across the fracture aperture. In other words, the velocity is averaged across the
fracture aperture and represented by the depth-averaged velocity V = [u, v] since the aperture
is orders of magnitude smaller than the fracture extent, where u and v are flow parallel to the
fracture wall. It should be noted that this simplification does not completely eliminate the third
dimension, since the velocity component could be recovered from the depth-averaged velocity.
As a result, the depth-averaging approach reduces the computational cost by transforming the
computational domain from a three-dimensional domain with a three-component velocity field
into a two-dimensional computational domain. Detailed explanations of the governing equations
are provided in Section 3.2.

The three-dimensional solution domain of the NSE is depicted in Fig. 6.1a. More detail of
the simplified HS geometry representing the NSE flow domain is presented in Fig. 6.1b. In this
figure, the red surface represents the computational domain of the HS approximation that is
situated between two parallel plates.

xy

z

a b

L

Figure 6.1 Solution domain of a single fracture of (a) the NSE and (b) the HS approximation (the red surface).
Where L is the length of the fracture, w is the width of the fracture perpendicular to the direction of bulk flow
and h is the fracture aperture.

Note that the depth-averaged velocity must be multiplied by a factor of 3/2 in order to
compare the HS solution with the NSE at the centre plane (see Section 3.2).

The effect of roughness on fluid flow was studied using the double sum of Fourier modes,
as explained in Section 3.4. To characterize the generated surfaces, we used Joint Roughness
Coefficient (JRC) (see Section 3.5). In this chapter, JRC values varied between 2.18 and 6.96.

In rock mechanics, fracture frequency (P10) is defined as the number of fractures per unit
length [Chiles and de Marsily 1993]. Fracture intensity (P32) is also defined as the area of the
fracture per unit volume of the rock [Chiles and de Marsily 1993]. P10 is a great measure for
quantification of P32 from the well bore when a fracture surface cannot be directly observed
inside a volume of rocks in a real reservoir. Since rocks are heterogeneous and fractures are
randomly distributed, there is no analytical relationship between P10 and P32. However, we
can predict P32 based on P10 by using cumulative fracture intensity. More details can be found
in previous studies [Cacciari and Futai 2017]. Since in this study specifications of fractures
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and reservoir is available, P32 can be calculated by dividing the total fracture area by the rock
volume. Nevertheless, It is necessary to consider the P32 when constructing a fracture network
to represent the actual rock volume.

For solving the governing equations, COMSOL [2021] v5.6 was used. The incompressible
NSE in the three-dimensional computational domain were solved using the single-phase laminar
flow (SPF) module and the HS approximation on the corresponding two-dimensional surfaces
using the Coefficient Form Boundary PDE (CB) module. Both equations were solved using
steady-state solvers. The MUMPS and GMRES algorithms were employed to solve the HS and
NSE, respectively. P2 + P1 elements were applied to approximate the velocity and pressure
fields. The pressure in the HS model was discretized using third order Lagrange elements. The
flowchart in Fig. 6.2 is depicting the steps required for network generation and flow calculation.

6.2.2 Generating the network

The latest technology has made it possible to obtain the geometrical data of DFNs by field
mapping and borehole logging [Rosid and Ghufron 2021, Vafai 2015]. However, it is challenging
to represent the distribution of a large-scale DFN due to the complicated geological structure
of rock masses. Consequently, the random distribution of fractures is a feasible approach for
replicating a large network. To simulate fluid flow in a large network of fractures, a stochastic
DFN distribution technique has been broadly used [Huang et al. 2019b, Min and Jing 2003, Xia
et al. 2021], which is based on the validated similarities between randomly generated networks
and natural networks [Pan et al. 2019]. In this study, the reservoir is assumed to be rectangular
with dimensions of 10m × 10m × 5m in vertical and lateral extent, respectively. To improve the
computational efficiency, dimensions of all generated fractures were hold constant to 1m×1m.
Also, a constant aperture size of 2 cm was assumed for all fractures. The impact of different
aperture sizes was analysed in the range of 2-3cm.

In order to produce the fracture network, we used the COMSOL application builder and
method editor which enabled us to obtain different random configurations. In order to accomplish
this, a Java code was developed in the application builder (see Appendix B). Fig. 6.3 shows
three versions of the stochastic distribution of two hundred fractures within a defined domain.
In this figure, the cut plane from which representative data were extracted is indicated by a red
plane. The location of this specified cross-section is defined at a distance of 0.6 m from the right
boundary of the reservoir.

In natural DFNs, fractures have more complex geometrical connections than the ones shown
in Fig. 6.3. In other words, in a natural media, fractures intersect with different angle, which is
defined as intersection angle (θ) (see Fig. 6.4). To study the effect of random intersection angles
in a large DFN, fractures were positioned with different angles (range of 0◦-70◦). All fractures
were rotated around the z-axis based on the defined random number. Hence, applying random
intersection angles resulted in complex configurations (see Fig. 6.5). Similar to Configuration A,
the location of the specified cut plane for extracting flow rate is defined at a distance of 0.6 m

from the right boundary of the reservoir, which has marked by a red plane.
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Generating the surface roughness for a 
single fracture using 

Characterizing the surface roughness 
using 

Changing the amplitude and generating 
surfaces with different roughness

Randomly distributing replications of 
generated fracture throughout the network

Generating mesh

Solving

Calculating hydraulic resistance 

Changing the aperture size 

Changing the intersection angle 

Randomly removing fractures

Figure 6.2 Flow chart for network generation and flow calculation of three-dimensional DFNs.

6.2.3 Mesh & Boundary conditions

The prescribed boundary conditions were constant pressure Dirichlet for inlets and outlets. Ten
inlets and ten outlets were selected for each model. In the HS approximation, these boundary
conditions were implemented along the edge of fractures, while in the NSE, they were applied
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Figure 6.3 Different configuration of 200 randomly distributed fractures within the defined domain (configuration
A). The red plane represents the position of the specified cut plane from which the data was collected. All three
networks have P32 of 0.40.

𝜃

z
x

y

Fracture 1

Fracture 2

Figure 6.4 Angle θ defined as the angle between two fractures arising from a clockwise rotation of fracture one
about the yellow line.

Figure 6.5 Different configuration of randomly distributed fractures with random angles (θ) within the defined
domain (Configuration B). The labelled red plane represents the position of the specified cut plane from which
the data was collected. All three networks have P32 of 0.40.

over the surface area of a fracture. Fig. 6.6 shows the computational domain with color-coded
boundary conditions. The pressure inlet is represented by red, and the pressure outlet is
represented by blue. Additionally, boundary conditions at the remaining edges are set as zero
flux. To ensure a flow with a low Reynolds number, the global pressure difference was set to
0.01 (Pa) in all simulations.

In the validation case for the NSE approach, the overlap region between two fractures is a
three-dimensional domain that can be meshed using three-dimensional elements and therefore
does not require any special treatment. On the other hand, the intersection between the two
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surfaces representing the fractures is a line in the HS approximation. For the HS approach, the
uniting feature in COMSOL was utilized to merge the nodes at the fracture intersection and
therefore constrain the pressure to match at common intersection nodes. The effect of different
intersection angles was studied by using this feature. Furthermore, changing the intersection
angle mainly affects the connection length by changing the topology of the network.

The fracture domains for the NSE were discretized using three-dimensional elements (the
total number of elements is 224,680). Prism elements were used to inflate the mesh near the
fracture walls, resulting in an overall skewness of 0.5492. For networks with roughness, a finer
mesh was required. The two-dimensional HS domains were discretized using triangular elements.
A mesh sensitivity analysis was carried out to ensure numerical stability and mesh independence.
The findings of this analysis for all models are not presented here for the sake of conciseness.
The number of elements for the HS geometry in Configuration A, for example, ranged from
55,470 to 765,250. Velocity and pressure were measured from a cross-section of a fracture on
Configuration A. The result did not change as the number of elements was increased above
250,000. Thus the main analysis of this model was carried out with 250,000 elements (see Fig.
6.7a). Figs 6.7b and 6.7c are demonstrating the pressure distribution and velocity magnitude
along the length of the fracture, respectively. As can be seen in these two figures, the solution
converges as the mesh is refined.

Figure 6.6 The general boundary conditions of DFNs. The red and blue lines represent the constant pressure
Dirichlet inlets and outlets, respectively. All simulations were performed with a global pressure difference ∆P of
0.01 (Pa). A constant aperture size of 2 cm was assumed for all fractures. Dimensions of all generated fractures
were held constant 1m×1m for all simulations.

It is critical to note that within each fracture the NSE are solved in a three-dimensional
computational domain, while the simplifying assumptions in the derivation of the HS equation
has changed the dimension of each fracture into a two-dimensional surface domain. In the
HS approximation, the depth-averaging method takes into account the third dimension, which
represents the aperture’s direction (fracture’s thickness). To achieve results with the HS
approximation the velocity had to be obtained from the solved pressure gradient using Eq. 3.18.
At the nodes where intersecting fractures met, pressure was constrained to be the same.
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Figure 6.7 Mesh independency analysis of Configuration A, (a) Flow rate against the number of elements, (b)
pressure distribution along the length of the fracture, and (c) velocity along the length of the fracture.

6.2.4 Verification case

The NSE are the gold standard for validating simplified models since they describe fluid flows
without making any assumptions [Wang et al. 2018, Zou et al. 2017a]. However, verification of
the HS approximation with the NSE in two hundred fractures is prohibitively computationally
expensive. Therefore, to verify the validity of the HS approximation, a relatively large DFN
consisting of nine fractures was developed (see Fig. 6.8). The prescribed boundary conditions
were constant pressure Dirichlet for the inlet and outlet. For this verification, constant geometrical
properties including aperture size (0.02 m), intersection length (0.3 m) and intersection angle (0°)
were assumed. Also, the global pressure difference ∆P was defined as 0.01 (Pa). Accordingly, the
full NSE were solved first. Then fluid flow was simulated in the corresponding two-dimensional
geometry using the HS method. Next, the obtained results by the HS approximation, including
velocity fields and pressure distribution, were compared with the full NSE simulations (see Figs.
6.9 and 6.10). Since the HS approximation averages the flow across the aperture (h) of the
fracture and utilizes a two-dimensional geometry, obtained results must be compared in the
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centre plane of the NSE solutions. Comparison of obtained velocity along the width of the
fracture was made by extracting data from specified cross-section (marked red line in Fig. 6.8).
Fig. 6.9a corroborate the good agreements of the HS and NSE results. Fig. 6.9b demonstrates
the percentage difference of evaluated velocity by the NSE and the HS approximation along the
span of the fracture. The calculated average difference was less than 0.12 %. It is worth noting
that the required computational time for solving the full NSE was 11 minutes, while the solution
time for the HS approximation was approximately 2 seconds.

Fracture 1

Fracture 2 Fracture 3

Fracture 4

Fracture 5

Fracture 6 Fracture 7

Fracture 8

Fracture 9

Figure 6.8 Illustration of the validation case configuration and the boundary conditions. The red line represents
the location of data extraction. The blue and orange arrows represent the constant pressure Dirichlet inlets and
outlets, respectively. All simulations were performed with a global pressure difference ∆P of 0.01 (Pa). A constant
aperture size of 2 cm was assumed for all fractures. Dimensions of all generated fractures were held constant
1m×1m for all simulations.
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Figure 6.9 Validation of HS approximation against NSE (a) velocity along the length of the fracture (y), (b)
deviation between obtained velocity by the NSE and HS along the length of the fracture.

It should be noted the deviation of the HS approximation from the NSE was calculated
using Eq. 3.27.

Figs. 6.10a and 6.10b are showing the pressure contours obtained by the NSE and the
HS approximation, respectively. Fig. 6.10c demonstrates the deviation between the evaluated
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pressure distribution in Fracture 5 by the NSE and the HS. The satisfactory agreement between
the HS and the NSE results substantiates the validity of the HS approach for modelling fluid
flow in large DFNs at low Reynolds numbers. The HS approximation reduced calculation time
by more than two orders of magnitude while maintaining high accuracy.

(c)

%

6.4 × 10−3

0.69

(a) (b)

Figure 6.10 Pressure distribution predicted using (a) NSE and (b) HS approximation. (c) Deviation of the
evaluated pressure by the HS and the NSE over Fracture 5.

Fig. 6.11 shows the velocity distribution in this configuration with surface roughness. The
flow path is represented by red arrows. Specifically, dark blue-colored areas (low-velocity zones)
can be found at Fractures 2, 3, 4, 6, 7 and 8. By having these six fractures connected to Fractures
1, 5 and 9, there is an increase in the passing area, which is the reason for the observed velocity
loss. for simplicity, identical roughness is used for all fractures.

Figure 6.11 Approximated velocity magnitude over rough surfaces by the HS method. Here are two views: (a)
Standard and (b) zoomed-in with flow-path arrows.

By increasing the overall pressure difference and, therefore, the Reynolds number, the HS
approximation was evaluated for its ability to quantify the flow in this configuration. It is clear



70 CHAPTER 6 LARGE-SCALE DFN

from Table 6.1 that the agreement between NSE and HS falls from 0.69% for ∆P=0.01 (Pa) to
0.87% for ∆P =0.03 (Pa) as the pressure difference increases. In addition, this configuration was
used to examine the ability of the HS approximation to model fluid flow at various roughness
amplitudes (JRC 2.27-6.96). The results are evaluated from the specified cut plane (red line in
Fig. 6.8) and reported in Table 6.2.

According to results in Tables 6.1 and 6.2, increasing roughness and pressure difference
results in an increased error. This higher deviation stems from neglecting of inertia in the HS
approximation.

Table 6.1 The effect of higher Reynolds numbers on the smooth surface simulation accuracy.

∆P QHS (m3/s) ReHS QHS (m3/s) ReNSE Error
0.01 2.86×10−6 2.8 2.84×10−6 2.8 0.69%
0.02 5.72×10−6 5.7 5.68×10−6 5.6 0.76%
0.03 8.59×10−6 8.5 8.51×10−6 8.5 0.87%

Table 6.2 The effect of surface roughness on the accuracy.

β JRC QHS (m3/s) ReHS QNSE (m3/s) ReNSE Error
1.75 2.27 2.866×10−6 2.87 2.744×10−6 2.74 4%
1.74 2.51 2.865×10−6 2.87 2.743×10−6 2.74 4%
1.72 2.82 2.865×10−6 2.86 2.738×10−6 2.74 5%
1.7 3.19 2.864×10−6 2.86 2.733×10−6 2.73 5%
1.67 3.74 2.864×10−6 2.86 2.727×10−6 2.73 5%
1.65 4.10 2.864×10−6 2.86 2.721×10−6 2.72 5%
1.6 5.17 2.863×10−6 2.86 2.706×10−6 2.71 6%
1.55 5.57 2.863×10−6 2.86 2.691×10−6 2.69 6%
1.5 6.96 2.863×10−6 2.86 2.647×10−6 2.65 8%

6.3 RESULTS & DISCUSSION

The main focus of this chapter is to analyse the impact of geometrical and topological changes
on the hydraulic resistance and the flow rate in large DFNs using computationally efficient
approaches. Accordingly, two representative geometric configuration cases were developed
consisting of two hundred fractures (see Figs. 6.3 and 6.5). These configurations were utilized in
a number of investigations by using the successfully validated HS approximation. In this chapter,
the term ‘active’ generally refers to intersections or fractures that are able to transfer fluid flow.
First of all, the influence of geometrical parameters, including the number of active fractures,
connection length, surface roughness and fracture aperture on the hydraulic resistance, was
studied for Configuration A. Secondly, the effect of intersection angle on the hydraulic resistance
was analysed using Configuration B.
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6.3.1 Influence of number of active fractures and connection length

The impact of active connection length on the fluid flow within the network was studied
employing four approaches. First, fluid flow was simulated in Configuration A, which consists of
200 fractures. Then the investigation went forward by randomly removing ten fractures at a time
and simulating the flow once more. After each ten fracture removal, the flow rate was measured
from the specified cross-section (red plane in Fig. 6.3). This process continued until one hundred
fractures remained in the network. As presented in Table 6.3 with a larger number of fractures or
more intense network (network with higher P32), there is less resistance to the flow resulting in
higher flow rates. It should be noted that random removal of fractures did not include fractures
with prescribed inlet and outlet boundary conditions. However, in exchange for this reduction,
fractures that lie along the inlet and outlet boundary conditions may lose connection with other
fractures in the network. Fig. 6.12 presents the effect of the stochastic fracture elimination of
three representative cases (a) 200, (b) 150, and (c) 100 fractures. Red arrows are demonstrating
the flow direction. In this figure, we observe that decreasing the number of fractures effectively
reduces the flow path, which explains the higher resistance and decreasing flow rate. As shown
in this figure, each case has several fractures isolated or disconnected, resulting in a smaller
number of active fractures.

Table 6.3 The impact of different number of fractures on the flow rate and hydraulic resistance (Configuration
A).

N P32 Q (m3/s) Re HR (Pa.s−1.m−3)
200 0.40 2.87×10−6 2.87 3.48×103

190 0.38 2.33×10−6 2.32 4.30×103

180 0.36 2.09×10−6 2.09 4.78×103

170 0.34 1.65×10−6 1.64 6.07×103

160 0.32 1.14×10−6 1.14 8.77×103

150 0.30 5.58×10−7 0.558 1.79×104

140 0.28 5.58×10−7 0.558 1.79×104

130 0.26 1.65×10−7 0.165 6.05×104

120 0.24 9.46×10−15 9.46×10−9 1.06×1012

110 0.22 8.52×10−15 8.52×10−9 1.17×1012

100 0.20 3.32×10−16 3.32×10−10 3.01×1013

Implementation of increasing the intersection length starts with systematically moving
vertical fractures toward the x direction (0.1 m at a time). After each move, fluid flow was
modelled by the HS approximation. A fracture that is transferring fluid flow is called an active
fracture. Thereafter, active fractures were recognised and the active connection length was
calculated by subtracting the perimeter of inactive fractures from the total length of all edges.
The active connection length is defined as the total length of active intersections, which has fluid
flows and does not lead to a dead end.

The connection length is one of the influential parameters on the fluid flow. A better
understanding of the flow in large fracture networks can be provided by studying the effect
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Figure 6.12 The flow path with different number of fractures (a) 200, (b) 150, (c) 100.

of connection length on the flow. The active connection length was evaluated in several steps.
First, the Number of Inactive Fractures (NI) was obtained after simulating the fluid flow and
visualising the results. Afterwards, the perimeter of inactive fractures (PERInactive) and active
fractures (PERActive) were calculated as follow:

PERInactive = NI × (L + w) × 2 (6.1)

PERActive = NA × (L + w) × 2 (6.2)

The COMSOL software enabled us to measure the total length of all edges PERT otal, which
includes the total connection length (see blue lines in Fig. 6.13). Finally, the active connection
length was calculated as in Eq. 6.3:

Connection length = PERT otal − (PERInactive + PERActive) (6.3)

As was mentioned before, the length L and width w of all fractures were held constant on
1m × 1m.
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Figure 6.13 Measurement of PART otal. The blue lines are representing the selected edges and intersections of
two-dimensional surfaces.

Table 6.4 details the evaluated connection length, P32, flow rate, Number of Active Fractures
(NA) and hydraulic resistance. As fractures are displaced further apart, this results in an
increased number of inactive fractures and an increased intersection length. This result is due to
the disconnection of fractures. For clarification, we have demonstrated fracture disconnection in
a small example (see Fig. 6.14). Fig. 6.14a represents a network of eight fractures with a total
intersection length of 0.7m. By moving vertical fractures toward horizontal fractures, the total
intersection length has been increased to 1.6m, however, all fractures have been inactivated (see
Fig. 6.14b).

As anticipated the flow rate increase–and accordingly the Reynolds number–as the number
of active fractures increases (see Table 6.4). Consequently, the growth of the number of active
fractures or intensity of the network (P32) decreases the hydraulic resistance. However, increasing
the connection length reduces the number of active fractures. Furthermore, as the connection
length decreases, the flow rate and the Reynolds number have risen. Also, decreasing the
connection length drops the hydraulic resistance. This can be explained by the larger passing
area provided by, the higher number of active fractures, which is more influential on the DFN.

Table 6.4 The influence of different connection length on the flow rate and hydraulic resistance (Configuration
A).

Connection length (m) P32 NA Q (m3/s) Re HR (Pa.s−1.m−3)
196 0.37 186 8.44×10−7 0.84 1.18×104

191 0.37 184 1.04×10−6 1.03 9.63×103

187 0.37 184 1.14×10−6 1.14 8.75×103

184 0.37 184 1.18×10−6 1.17 8.49×103

180 0.37 184 2.03×10−6 2.02 4.93×103

176 0.37 184 2.39×10−6 2.38 4.19×103

171 0.37 184 2.84×10−6 2.84 3.52×103

168 0.38 188 3.71×10−6 3.70 2.69×103

167 0.39 194 3.84×10−6 3.84 2.60×103

162 0.39 194 3.89×10−6 3.88 2.57×103

158 0.39 194 3.89×10−6 3.89 2.57×103
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(a) Total connection length of 0.7m. Each intersection 0.1m

(b) Total connection length of 1.6m. Each intersection 0.4m

Figure 6.14 Clarification regarding the increased intersection length when the number of active fractures is
smaller.

Results so far show the dominant influence of connection length on the hydraulic resistance.
Therefore, finding the relationship between these two parameters can add to our understanding.
Consequently, the correlation between hydraulic resistance and connection length was investigated.
A quadratic fit is presented in Fig. 6.15. It is apparent from this figure that hydraulic resistance
scales to the connection length squared. In other words, this quadratic correlation is expected
as a result of increasing the connection length. One potential application of this finding would
be the possibility of forecasting the effect of connection length on the hydraulic resistance by
regression analysis.
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Figure 6.15 The relationship between hydraulic resistance and connection length (Configuration A).

For assessing the effect of fracture removal on the hydraulic resistance in different regions of
the network, a single fracture was removed from the central area (CE), left-hand side (LE) and
right-hand side (RI). As presented in Table 6.5, removing a fracture from the left-hand side has
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resulted in higher hydraulic resistance in comparison with the right-hand side and central area.
Furthermore, removing the fracture from the right-hand side had no influence on the hydraulic
resistance. The possible explanation for this outcome is the former connection of the removed
fracture into a dead-end channel. The elimination of the fracture in the central zone has resulted
in a slight increase in the hydraulic resistance that can be attributed to the small connection
length of that fracture. This suggest that the removal of a single fracture in a large fracture
network can have a substantial effect on the overall flow dynamics.

Table 6.5 The impact of fracture removal from different zones of the network (Configuration A).

NA Q (m3/s) Re HR (Pa.s−1.m−3)
200 2.873×10−6 2.87 3481
199 CE 2.870×10−6 2.87 3484
199 LE 2.424×10−6 2.42 4126
199 RI 2.873×10−6 2.87 3481

The effect of randomly removing a larger number of fractures from different regions was
examined. During this investigation, ten different fractures were randomly removed for six
simulation cases of Configuration A. The removed fractures on these six realizations can be seen
in Fig. 6.16 in blue colour. The calculated P32 for all these cases is 0.39. Table 6.6 is revealing
in several ways. First, it shows that as the connection length decreases the flow rate decreases.
Second, it indicates that hydraulic resistance increases as the number of active fractures decreases.
As a last point, it is evident that there is a smaller corresponding connection length in cases
with a smaller number of active fractures. This might seems contrary to Table 6.4. As noted in
that investigation, the connection length of fracture was changed by the movement of vertical
fractures toward the x direction, which directly affected the network intensity. The possible
explanation for the different relationships between the connection length and number of active
fractures could be attributed to changes in the intensity and the topology of the network.

(a) (b) (c)

(d) (e) (f)

Figure 6.16 Random removal of ten different fractures for six simulation cases (Configuration A).
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Table 6.6 The impact of removing ten fractures from different regions of the network (Configuration A).

Case Connection length (m) NA Q (m3/s) Re HR (Pa.s−1.m−3)
a 124.4 180 2.06×10−6 2.1 4846.84
b 105.9 170 1.84×10−6 1.8 5423.87
c 99.38 174 1.78×10−6 1.8 5632.21
d 96.05 158 1.35×10−6 1.4 7389.89
e 95.13 152 1.29×10−6 1.3 7760.96
f 91.83 145 1.12×10−6 1.1 8936.55

6.3.2 The effect of surface roughness

To study the effect of surface roughness on the fluid flow in a large DFN, a representative
configuration of fractures was utilized (Configuration A). Different surface roughnesses were
generated by applying different values of the β factor into Eq. 3.29. Afterwards, the value of
JRC was measured from the generated surfaces using Eqs 3.31 and 3.32 (range of 2.18 to 3.74).
Table 6.7 summarizes the evaluated data from the specified cut plane (the red plane in Fig. 6.5).
As expected, increasing the JRC has slightly reduced the flow rate and correspondingly the
Reynolds number. Furthermore, the hydraulic resistance has experienced a small increase as a
result of JRC rise.

Table 6.7 The impact of surface roughness on the flow rate and hydraulic resistance (Configuration A).

JRC Q (m3/s) Re HR (Pa.s−1.m−3)
0 9.66×10−7 0.9658 1.035×104

2.18 8.46×10−7 0.8455 1.183×104

2.51 8.44×10−7 0.8440 1.185×104

2.82 8.42×10−7 0.8424 1.187×104

3.74 8.39×10−7 0.8394 1.191×104

Table 6.7 would appear to indicate that JRC effects on the fluid flow and hydraulic resistance
are minimal (for JRC in the range of 2.18-3.74). An average 13% increase in hydraulic resistance
and decrease in flow rate was found after implementing the surface roughness into the network.
Although the Reynolds numbers used here are low, they are justified due to the slow groundwater
flow velocity below the water table (33 to 242 meters per day [Medici et al. 2019]).

The outcome of Configuration A’s pressure distribution simulations by the HS approximation
is presented in Fig. 6.17. As shown, the pressure gradually decreases from the inlets to the
outlets. Although the pressure inlet boundary conditions are prescribed to the right-hand side of
the network, some fractures can be observed with zero pressure. This is due to the disconnection
to the rest of the network. Also, the higher pressure at the left-hand side of the DFN corresponds
to the encounter of a dead end.
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Figure 6.17 Approximated pressure distribution over the rough surface (Configuration A).

6.3.3 Computational time

An important contribution of this study is obtaining results for two hundred fractures in 16
seconds using the HS approximation. To the best of our knowledge, this is the highest number
of geometry-resolving rough fractures in a network. All calculations were run on a standard
desktop computer with 32 GB of RAM and an Intel i7-8700 processor. Table 6.8 present the
computational time required for each model. As mentioned before, solving the NSE for Model A
and Model B was prohibitively expensive; therefore, the NSE was only solved for the validation
case, a relatively large network consisting of nine fractures. We believe that our method with
this remarkable reduction in the computational time could probably be usefully employed in
studying fluid flow in even larger DFNs.

Table 6.8 Computational time of each model (second).

Model Surface NSE HS
Validation Case smooth 631.8 2
Validation Case rough 720 3
Configuration A smooth – 16
Configuration A rough – 23
Configuration B smooth – 20

6.3.4 Impact of fracture aperture

To evaluate the impact of the fracture aperture on the fluid flow, the aperture size was changed
in the range of 0.02-0.029 (m). Since keeping the Reynolds number below ten is critical for
ensuring validity, this specific range of aperture sizes is chosen. Table 6.9 details the obtained
data from the specified cut plane in Configuration A (see the red plane in Fig. 6.3). Since the
global pressure difference now acts over a greater cross-sectional area, increasing the fracture
aperture raises the velocity and the Reynolds number. Also, the resistance to the flow decreases
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as a result of the larger fracture aperture. The velocity field along the length of a fracture in the
central area of the DFN has been computed and is shown in Fig. 6.18. When increasing the
fracture aperture, the velocity along the length of that specific fracture rises.

Table 6.9 The effect of aperture size (Configuration A).

h (m) Q (m3/s) Re HR (Pa.s−1.m−3)
0.020 2.87×10−6 2.8 3481
0.023 4.37×10−6 4.3 2289
0.026 6.31×10−6 6.3 1585
0.029 8.76×10−6 8.7 1142
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Figure 6.18 The influence of different apertures on the velocity along the length of a fracture in the central
area of Configuration A.

6.3.5 The effect of different intersection angle

The investigation of intersection angle was carried out in several steps. During the first stage, the
simulation was conducted with θ = 0. Next, a uniform intersection angle (θ=70°) was prescribed
for vertical fractures. Then, fractures were rotated randomly around the z-axis. We used a
random algorithm called Xorshift128+ for generating random numbers [Lemire and O’Neill
2019]. Three cases are presented in Table 6.10, which are reporting the measured flow rate and
Reynolds number of the DFN with θ=0°, θ=70°and random θ, respectively. It is worth noting
that the velocity and pressure were measured from the specified cut plane after completing
each step. As shown in Table 6.10, the flow rate is slightly higher when θ=70°. This could be
interpreted as being a result of the larger number of active fractures. Moreover, the random θ

has resulted in a lower flow rate in comparison with other angles.



6.3 RESULTS & DISCUSSION 79

Table 6.10 The impact of intersection angle (Configuration B).

θ Q(m3/s) Re NA Connection length (m)
0° 3.64×10−6 3.64 148 169.0
70° 3.87×10−6 3.87 152 139.8
Random 9.19×10−7 0.91 120 144.1

To understand the effect of fracture density on the flow rate, the frequency value (P10)
and velocity are measured from several cross-sections along the length of the network. In rock
mechanics, P10 is defined as the total fracture-scan line intersections/scan line length [Lu et al.
2017]. The length of the scan line in this study was 10 (m). Fig. 6.19 compares the evaluated
velocity and P10 for different intersection angles (θ = 0°, θ = 70°and Random θ). As illustrated,
the measured velocity is consistent with the value of P10 in most areas. In other words, higher
velocities have occurred in regions with lower frequencies. However, there are exceptions when
the velocity does not decrease in more dense areas that could be interpreted as being a result of
fracture disconnections or the occurrence of dead ends. For instance, a closer look at Fig. 16c
reveals a sharp rise in velocity from cross-sections 2 to 3. Even though there is a greater fracture
frequency in that region, the velocity has increased.
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Figure 6.19 Bars of P10 and velocity measurement along the reservoir.
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6.4 CONCLUSION

This chapter has introduced an innovative computationally efficient framework for modelling
fluid flow in a large number of randomly generated fractures. The HS approximation results
were compared with the full NSE for low Re. Very good agreement was found between obtained
results (average deviation of 0.12 %). Compared with other approaches, the HS approximation
significantly reduces the computational time while maintaining enough accuracy. Solving the
full NSE for the verification case has taken 11 minutes, while solving the HS approximation
for the corresponding two-dimensional geometry has taken 2 seconds. This is an important
contribution of this work that could be utilised for studying fluid flow behaviour in DFNs
with a larger number of fractures. We have succeeded in modelling fluid flow in two hundred
fractures in sixteen seconds. Two main configurations were proposed to study geometrical
effects, including the number of active fractures, dead ends, connection length, fracture aperture,
intersection angle and surface roughness. The first network, called Configuration A, was used to
evaluate the effect of geometrical changes and surface roughness on the hydraulic resistance. The
second DFN, named Configuration B, was employed for studying the effect of the intersection
angle on the flow. The achieved results depicted the stronger influence of the number of active
fractures compared to active connection length. Results suggested that randomly removing
ten fractures from different network zones increases the hydraulic resistance. Moreover, single
fracture elimination from different regions can yield different hydraulic resistance values that
are strongly dependent on the fracture connectivity and the connection length. Furthermore,
increasing the surface roughness resulted in the growth of hydraulic resistance. The evidence
from this study suggests that surface roughness in the JRC range of 2.18-3.74 has a slight effect
of 13 % growth in hydraulic resistance. Lastly, flow rate and connection length experienced a
slight increase by applying different intersection angles (θ > 0°).



Chapter 7

DEPTH-AVERAGED MINERAL-TRANSPORT
APPROXIMATION

“I have not failed. I’ve just found 10,000 ways that won’t work.” – Thomas A. Edison

The efficiency of geothermal energy plants decreases over time, mainly due to mineral de-
position in the reservoir. To maintain a constant rate of electricity production during the
reservoir lifetime, a detailed analysis of fluid flow in the fracture network offers a strong tool
to combat the depletion of the reservoir. However, modeling fluid flow in rock fractures is
very challenging: the physical geometries of the fractures vary dramatically in dimension and
shapes. This chapter will discuss the possibility of using a computationally efficient simplified
approximation for modeling the transport of dilute minerals. In this chapter, we derive a
depth-averaged approximation and evaluate its applicability.

7.1 INTRODUCTION

In search of alternative sources of renewable energy, efforts are being made to reduce our
dependence on fossil fuels. Located on the edge of a zone of intense seismic activity known as
the Ring of Fire, New Zealand’s total geothermal resources can produce about 3600 MW of
electricity using the current technology [NZGA 2020]. However, currently 17% of the country’s
total electricity demand is supplied by geothermal resources, which is equivalent to 1000 MW
[Daysh et al. 2020]. A major constraint in the design and operation of power plants and
geothermal fields is mineral deposition [Tassew 2001].

When it comes to mineral deposition, silica is the most prevalent and the most difficult to
remove. The growth of silica scaling in a geothermal power plant can reduce access to geothermal
resources by obstructing pipes, reinjection wells, and heat exchangers [Kokhanenko 2015]. Silica
chemistry in water is complicated and is affected by a wide range of factors, including PH, ionic
strength, temperature, and interactions with dissolved ions [Bush et al. 2018]. Deposition of
dissolved minerals in geothermal fluids includes the following stages: first, the transport of the
particles to the surface, and then the attachment of those particles to the wall, which is controlled
by colloidal forces [Hewett 2017]. Hinman and Lindstrom [1996] experimentally investigated
the effect of temperature changes on the rate of silica scaling in hot spring systems. According
to their study, a decrease in temperature during the wintertime reduces silica solubility, which
ultimately increases scaling. More recently, Dempsey et al. [2012] have developed a model to
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predict silica solubility under different temperatures. They found strong correlations between
hydrothermal alteration and permeability structure near the surface and silica deposition.

A colloidal particle is defined as a fine particle with a diameter between 1 nm and 1 µm

[Buddemeier and Hunt 1988]. It is common for fluid reservoirs fluids to contain fine particles
with colloidal properties [Mays 2005]. It is known that fine migration can lead to a reduction in
fracture permeability [Chen et al. 2015]. Modeling fine formation has received much attention
due to its effect on hydrocarbon recovery during oil and gas production. Proppants are small
particles suspended in fluid reservoirs, which keep fractures open. If fine particles reach the
proppant assembly, they can clog the fracture [Nguyen et al. 2005]. In a preliminary study,
Abdel-Salam and Chrysikopoulos [1995] modelled the deposition of colloids on single fracture
surfaces. They obtained the solution numerically by solving a one-dimensional Convection
Diffusion Equation (CDE). Over the past two decades, numerous studies have used similar
principles to model the deposition of fine particles [Ding et al. 2021, Sen and Khilar 2006]. Recent
research by Dou et al. [2021] questioned the accuracy of CDE in capturing the influence of the
local flow field on the solute transport in the porous media. In an effort to analyze flow and
solute transport in the entire layered porous media, they numerically solved the Navier-Stokes
equations (NSE) coupled with the CDE.

Contrary to mineral deposition in heat exchangers and reinjection wells, reactive flow
through fractures results in the dissolution of minerals and thus alteration of fracture apertures,
which directly affects the flow rate. One of the main reasons for the higher tendency of solid
minerals to dissolve in the geothermal fluid is the high temperature of fractures. Nevertheless,
experimental data suggests that the fracture aperture is not stable due to dissolution and
confined stresses, resulting in the closure of the fracture [Salimzadeh and Nick 2019]. Due to the
complex deposition and dissolution processes, which are directly related to temperature, only a
coupled thermo-hydro-mechanical-chemical simulation can provide accurate results in Discrete
Fracture Networks (DFN) flow modeling [Tao et al. 2019]. This coupled approach is subject to
high overhead for modeling a large three-dimensional DFN.

It is possible to apply computationally efficient techniques to this problem. Using coupled
PDEs, we can simulate fluid flow in a single fracture and calculate the rate of deposition or
dissolution. Considering the same geometry for all fractures in the DFN, it is possible to apply
the measured deposition rate to all fractures in the network and study the effect of deposition
or desolation on the flow rate. previous researchers have calculated the rate of deposition and
dissolution in a single fracture. For instance, Yosri et al. [2021] found the deposition rate in a
single fracture with an impermeable matrix that was in accordance to experimental observations.
Their finding can be used for modelling the effect of deposition in a large DFN consisting of
similar fractures. The main advantage of their method is its computational efficiency. However,
there are several shortcomings of simplified geometry. First, natural DFNs have fractures with
different shapes and sizes that do not resemble simplified geometries. Second, the deposition
or dissolution rates are dependent on the fracture length and aperture size, which is random
throughout natural DFNs. However, this approach has the potential to directly determine the
geometrical effects on the hydraulic resistance by varying the fractures length and aperture sizes.

This chapter introduces a depth-averaged approximation of the CDE for modeling mineral
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concentration computationally efficiently. In order to investigate the concentration of minerals
through a single smooth-walled fracture, a new model has been developed. Using the CDE,
comparisons were made to determine the accuracy of the proposed model. The new model provides
reasonably accurate results much faster than the full CDE solution. Numerical simulations have
been performed using the COMSOL [2021] multiphysics package.

7.2 METHODOLOGY

7.2.1 Governing Equations

The two-dimensional governing equation for calculating the concentration field of minerals in
the water is the CDE.
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(7.1)

In this equation, C is the concentration of minerals (mol/m3), D is the diffusion coefficient
(m2/s), u and w are velocity in x and z direction, respectively (m/s). In this study, the mineral
concentration distribution in the z-direction is represented by a parabolic profile (see Fig. 7.1).

The boundary conditions is presented in Fig. 7.1.
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Figure 7.1 Boundary conditions, velocity and concentration.

Considering steady fully developed incompressible flow between two parallel plates. The
velocity can be expressed in terms of its centre-line velocity u0 as:
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2 . (7.2)

Due to the laminar nature of the flow, it is reasonable to assume the flow only in the
x-direction since gravity is not considered, meaning w = 0. The reduced two-dimensional
advection diffusion problem for a concentration C(x, z) is [Bernabeu et al. 2016]:
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This is subject to the boundary conditions [Hewett and Sellier 2018]:

C(x, z, t) = 0 at z = h

2 and z = −h

2 (7.4)

The reduced transport Equation (7.3) is depth averaged by integrating each term over the
z-coordinate direction and dividing by the layer thickness, h, resulting in:
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Eq. 7.5 is may be rewritten by evaluating the integral of the term on the RHS to state:
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The second term on the LHS may be rewritten using the product rule:
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Because the flow is fully developed, this may be further simplified to sate:
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Applying Leibnitz rule to the remaining integrals results in:
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In this study we introduce a transformation of the concertation in order to simplify the
evaluation of the depth averaged transport Eq. 7.9. This is done as follows.

We define the depth averaged concentration at any axial position as:

C(x, t) =
∫ h/2

z=−h/2 C(x, z, t)dz∫ h/2
z=−h/2 dz

= 1
h

∫ h/2

z=−h/2
C(x, z, t)dz (7.10)

We next introduce an assumed profile that relates the local concentration, C(x, z, t), to the
depth averaged concentration at any axial position, C(x, t), by the parabolic relation:
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C(x, z, t) = C(x, t)(az2 + bz + c) (7.11)

Where a, b, and c are constants. A similar assumption was made in to [Bercovici 1994,
Bercovici and Lin 1996, Bernabeu et al. 2016].

The transformation of the transport equation continues by evaluating Eq. 7.9 on a term by
term basis. It is clear that the expression in parentheses of the first term on the LHS of Eq. 7.9
is equivalent to on the depth averaged concentration of Eq. 7.10.

Substituting the velocity profile of Eq. 7.2 and the assumed concentration profile of Eq.
7.11 into the second term of Eq. 7.9 and evaluating the resulting integral results in:

(7.12)
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Finally substituting the assumed concentration profile Eq. 7.11 into the term on the RHS of
Eq. 7.9 and evaluating results in:
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Substituting Eqs. 7.10, 7.12, and 7.13 into Eq. 7.9 results in:
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Expression 7.14 may be simplified by determining the constants a, b, and c. This may be
done as follows. Applying Boundary Condition 7.4 at z = h/2 to the assumed profile in 7.11
results in the expressions:
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And repeating this at z = −h/2 results in:
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Adding (7.15) to (7.16) it can be shown that:

b = 0 (7.17)

And substituting this result into either (7.15) or (7.16) and rearranging, results in:

c = −a
h2

4 (7.18)
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Next we substitute (7.11) into the integral on the RHS of Eq. 7.10:

C(x, t) = 1
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And recognize that this requires that:
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The evaluation of Eq. 7.20 results in:
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Expressions 7.18 and 7.21 may be evaluated simultaneously to show that:
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Substituting 7.17 and 7.22 into Eq. 7.14, the final form of the transformed transport equation
may be represented as:
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7.2.2 Geometry of the computational model

The boundary conditions are defined as a constant inflow concentration Dirichlet boundary
conditions over the edge of the fracture in the CDE model and a point for the Convection
Diffusion approximation (CD). The computational domain is depicted in Fig 7.2 with colour-
coded boundary conditions. The orange and blue arrows in Fig. 7.2a represent the outlet and
the inlet boundary conditions, respectively. Similarly, the orange and blue cubes represent the
same concept in Fig. 7.2b for the CD approximation. The considered fluid was diluted Rochelle
salt in water with the following properties ρ = 1029 (kg/m3), µ = 8.90×10−4 (Pa.s). A constant
inflow of 0.5 (mol/m3) was prescribed to both models. Moreover, the pressure outlets were
set at zero. The yellow lines and the red line in Fig. 7.2a are indicating the location of the
specified cut lines for extracting and comparing data. Also, L in this figure is representing the
length of the fracture. As detailed in Fig 7.2, the length of the fracture is 1.5 m. However, for
investigating the ability of the CD approximation in modeling fluid flow containing minerals,
different lengths were applied (in the range of 1-2 m).

7.2.3 Numerical Methodology

The Transport of Diluted Species (TDS) module of COMSOL [2021] was employed to resolve
the CDE on a two-dimensional computational domain. Furthermore, the Coefficient Form PDE
(C) module was used for solving the CD approximation on the corresponding one-dimensional
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L

(a)

Inflow Outflow

(b)

Figure 7.2 Geometrical representation of (a) two-dimensional CDE (b) one-dimensional CD approximation.
Note that the aperture size in this simulation is 0.02m

line. Both equations were solved using time-dependent solvers. The MUMPS and PARDISO
algorithms were used to solve the CD approximation and CDE, respectively. The concentration
in the CDE model was discretized using linear elements. Moreover, the concentration was
approximated by the CD using the second-order Lagrange elements.

The fracture domain for the CDE was discretized using 6400 quad elements for L=1.5 m

(see Fig. 7.3a). The one-dimensional CD domain was discretized using 300 edge elements (see
Fig. 7.3b). Note that, the number of elements slightly differ for different length of fracture.
It was necessary to perform a mesh sensitivity study to ensure numerical stability and mesh
independence. The finding of this analysis for both CDE and CD models are presented in Fig.
7.4. Concentration was measured along the length of the fracture for the CDE model (see the
red line in Fig. 7.2a).

(a) 6400 quad elements (b) 300 edge elements

Figure 7.3 Mesh diagram of (a) two-dimensional CDE (b) one-dimensional CD approximation.
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Figure 7.4 Mesh independency analysis. The assumed time step for this analysis is 100.
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7.3 RESULTS AND DISCUSSION

The main goal of this chapter is to develop a computationally efficient approach that approximates
minerals concentration in DFNs reasonably accurately. Accordingly, two models were developed
based on the CDE and the simplified CD approximation. In both methods, the concentration of
Rochelle salt diluted in the water is approximated. Comparisons of the results are presented in
Fig. 7.5.
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Figure 7.5 Validation of CD approximation against CDE. The green lines are showing the evaluated results by
the CD approximation. The red cubes are representing the obtained concentration using the full CDE that is
extracted from the yellow lines in Fig. 7.2a.
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The final time for both simulations was set to 90 seconds. Green lines in Fig. 7.6 are
presenting the extracted concentration from the blue line in Fig. 7.2b. Moreover, the red dots in
this figure are showing the average concentration obtained from the yellow cut lines in Fig. 7.2a.
The blue dots in Fig. 7.5f are representing the concentration along the length of the fracture (see
the red line in Fig. 7.2a). As anticipated, the estimated concentration by the CD approximation
is in reasonable agreement with the CDE.

For investigating the geometrical effects on the accuracy of the proposed approach, simula-
tions were conducted by both methods in fractures of different lengths (ranging from 1-2 m).
The results of both models are compared in Fig. 7.6.
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Figure 7.6 Diluted Rochelle salt concentration in water in fractures with different lengths (a) 1 m, (b) 1.4 m,
and (c) 2 m.

This assessment verifies that the accuracy of the CD approximation is independent of the
fracture length. The major source of the small discrepancy is the simplified assumptions in the
governing equations.

Table 7.1 compares the evaluated concentration (C) by both CDE and CD approximation at
the centre line of the fracture (red line in Fig. 7.2). As detailed, the deviation between achieved
results at 10 seconds starts by 15% and as time passes, the error decrease to 13%. For a desktop
computer equipped with 32 GB RAM and an i7-8700 CPU, the longest time took to solve the
CDE was 2 minutes. As a comparison, the CD approximation measured the concentration with
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the same computer in less than 2 seconds. The importance of modeling the concentration of
minerals computationally efficiently lies in the possibility of modeling large DFNs. In other
words, the CD approximation can be a powerful tool for modeling the concentration of minerals
in large scale DFNs.

Table 7.1 Validation of obtained average concentration at the center line of fracture.

Time step CCDE (mol/m3) CCD (mol/m3) Error
10 0.0272 0.0230 15%
20 0.0532 0.0455 14%
30 0.0792 0.0679 14%
40 0.1053 0.0904 14%
50 0.1312 0.1129 13%
60 0.1570 0.1354 13%
70 0.1826 0.1578 13%
80 0.2086 0.1803 13%
90 0.2348 0.2028 13%
100 0.2610 0.2252 13%

Fig. 7.7 demonstrates the evolution of concentration and its shape over time (between 20 s
and 200 s). To show the outline of the concentration in more detail on the left-hand side of the
fracture, Figs. 7.7a and 7.7b were enlarged. In Figs. 7.7c and 7.7d, we see the fracture in full
length. Observing the magnified crops in these figures, it is clear that the concentration is not
perfectly parabolic, and this is the reason for the difference between CDE and CD. Moreover,
the concentration has reached the outlet as the time step approached 200 seconds.

(a) (b)

(c) (d)

Figure 7.7 Simulated concentration by the CDE method at different time steps (a) 20s, (b) 60s, (c) 120s and
(d) 200s.
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7.4 CONCLUSION

This chapter has proposed a computationally efficient approach for modeling the concentration of
minerals. Results obtained from the CD approximation were verified by performing simulations
with the full CDE. The CD approximation significantly reduced computation time (by almost
two orders of magnitude). Moreover, a good agreement between CD and CDE was found
(less than 15% deviation for the considered case). This research has raised many questions in
need of further investigation. First, we believe that further work on modeling concentration in
rock fractures using CD approximation can provide a framework for simulating deposition in
large-scale DFNs. More broadly, research is needed to determine the concentration of minerals
near the fracture’s wall. Our results are promising and should be validated by a larger number
of fractures.





Chapter 8

MODELLING FLUID FLOW IN UTAH FORGE WELLS

The focus of this chapter is the efficient numerical solution of fluid flow in Utah Frontier
Observatory for Research in Geothermal Energy (FORGE) reservoir. In this study, the public
data available for Discrete Fracture Networks (DFN) around well 58-32 by Nash and Moore
[2018] is used to represent the DFN. An analysis of the influence of fracture intensity in a network
is carried out using the Hele-Shaw (HS) method. The HS method was validated by solving the
full Navier-Stokes equations (NSE) for a network of eight fractures. A good agreement was
observed between the evaluated results (average deviation of 0.76%).

8.1 INTRODUCTION

The term Enhanced Geothermal Systems (EGS) describes systems that utilize geothermal
resources to produce economical amounts of heating from low permeability and porosity reser-
voirs. Experts have always seen EGS as a possibility of developing geothermal systems outside
of traditional hydrothermal areas [Lu 2018]. EGS heat reservoirs consist of low permeable,
conduction-dominant fractured rock systems [Genter et al. 2010]. After injecting the fluid,
hydraulic stimulation creates a network of fractures with more open connections, which allows
hot rocks to provide convection heat transfer to the fluid [Aliyu and Archer 2021]. The interaction
of fluids with hot rocks can alter fracture permeability or cause new fractures to form. This
fluid is then pumped to the surface using a production well.

The US Department of Energy (DOE) has selected FORGE as a test site for scientists and
engineers. In order to commercialize energy production from low permeability hot formations, or
EGS, this project aims to develop new technologies, techniques, and procedures. Milford, Utah
is home to FORGE’s laboratory site, just west of Blundell Power Plant (see Figs. 8.1a and 8.1b).
The geothermal potential of the site has led many previous researchers to develop conceptual
hydrological and geological models of the site. Roosevelt hot springs confirm a source of heat
under the mineral mountains.

The FORGE reference DFN was generated by Utah team using the FracMan software
[Golder 2019]. Data from well logs is incorporated into the DFN in order to create a single
hydrologic and mechanical system. Fracture-set orientations and intensities were determined
from Well 58-32 (see Fig. 8.2), whereas fracture sizes were determined from nearby trace length
data collected in the mineral mountains. Micro resistivity images and dip data are provided in
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(a)

(b)

Figure 8.1 Location of the FORGE site [Kirby et al. 2018]. (a) Topological map and (b) the location of well
58-32

real-time by the Formation Micro Imager (FMI) in water-based mud that is used to evaluate
fracture orientations (detailed information is provided in [Finnila et al. 2019, Nadimi et al. 2020,
Podgorney et al. 2021]). Afterward, Utah team imported the DFN into Schlumberger’s software
program known as Kinetix, which investigates hydraulic-natural fracture interaction. To analyze
the heat transfer, the Utah team used a software called Transport of Unsaturated Groundwater
and Heat (TOUGH2) [Finsterle 1999].

Hydraulic fracturing involves injecting fluid at high pressure into subterranean rock forma-
tions. Research has tended to focus on traditional modeling methods rather than computationally
efficient approaches for simulating this process. The FORGE well has been analyzed in several
investigations [Finnila et al. 2019, Hardwick et al. 2018]. In particular, Finnila et al. [2019]
focused on the evaluation of fracture intensity, flow rate, and permeability. For this assessment,
they have used FMI method alongside TOUGH2 and Kinetix software. Riahi et al. [2019]
developed a coupled hydro-mechanical numerical simulation to design a conceptual FORGE
well geometry. Simulating fluid flow was accomplished through the use of Cubic Law (CL)
method. They draw our attention to the limitations of current modelling methods that are (1)
disregarding fracture variations and orientations (2) neglecting small fractures. Simplifications
are made to reduce the computational costs that result in inaccuracies in the approximation.
Nadimi et al. [2020] estimated the performance of the reservoirs by modeling the fluid/heat
system using TOUGH2. According to them, the CPU constraint was the main downside of their
approach. Lu and Ghassemi [2021] simulated the first experiment of EGS Collab performed by
[Kneafsey et al. 2018a, b]. The EGS Collab is intended to establish validations for subsurface
models and research against controlled, small-scale in-situ experiments on rock fracture behavior
and permeability enhancement in the field on a small scale [ENERGY 2019]. Their fracture
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permeability solution is based on the CL. Combining Darcy and CL enabled them to investigate
how fracture deformation affects reservoir performance.

Figure 8.2 Geological map of the Utah FORGE site based on previous works [Moore et al. 2020].

Flowback event is one of the final stages of hydraulic fracturing. As the name suggests,
flowback refers to a process in which the fluid used for hydraulically fracturing a shale formation
is withdrawn from the well at the surface. In the drilling process, this procedure is performed in
preparation for a subsequent phase of treatment, or to clean the well and transition it to the
production phase. The flowback consists of water, dirt, sand, and chemicals. To protect surface
and groundwater from contamination, sudden pressure changes must be avoided, and reclaimed
fluid must be properly disposed of. Xing et al. [2021] numerically simulated the flowback event.
They presented three sets of natural fractures, which included a total of 2000 fractures. The
simulation method is called Distinct Element Method (DEM) that is based on the CL. The
modelling was conducted on several stages for simulating different zones within the network.
For understanding the influence of pressure change on fracture closure, their numerical model
analyzed the reservoir pressure change under flowback operation. Note that their model was
calibrated based on the experimental data. Finally, they demonstrated the impact of rebound
pressure continuity on the prevention of fracture closure.

Despite the fact that the DFN data are available to the public, only few researchers have
attempted to analyze the fluid flow behavior in the network. The authors have mostly relied
on simplified methods, such as CL. Although the CL approach is interesting, it suffers from
inaccuracy due to overestimation of flow rate and failure to consider the effect of fracture surface
roughness [Lee et al. 2014]. This is described in Section 2.1.2.

In this chapter, the introduced HS approach in Section 3.2 is employed to analyze fluid flow
behavior under different geological conditions in the FORGE reservoir. The Leapfrog software is
used to produce high-quality presentations of field data. Similar to other chapters, the COMSOL
[2021] Multiphysics package v5.6 was utilized to perform numerical simulations. In order to
verify the accuracy of the HS method, the HS solution was compared with the NSE solution
for a network of ten fractures (see Section 8.3.2). Using the HS method, the influence of the
number of active fractures, network intensity, and aperture size were analyzed on the fluid flow
behaviour.
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8.2 METHODOLOGY

8.2.1 Numerical Methodology

The solution of the full NSE for a large number of fractures is computationally prohibitive for
realistic networks. As an alternative to the NSE approach, the HS method has a well-behaved
governing equation that does not require supercomputers for modeling fluid flow in a large-scale
DFNs. The concept of the HS method and its relationship to the NSE is explained in Section 3.2.
An approximate version of the NSE can be obtained by considering the flow in two direction and
integrating the NSE across the fracture aperture. As the inertia forces are considerably smaller
than pressure and viscous forces when the Reynolds number of the flow-through fractures is
small, they are neglected. Accordingly, the velocity is averaged across the fracture aperture and
expressed as the depth-averaged velocity V = [u, v]. Where u and v represent flow parallel to
the fracture wall. This simplification is possible due to the smaller aperture compared to the
fracture extent (orders of magnitude). The depth averaging approach reduces the computational
costs considerably.

We solved the governing equations using the COMSOL [2021] v5.6. Our approach is similar
to that described in previous chapters to solve the incompressible NSE in a three-dimensional
computational domain by using the single-phase laminar flow (SPF) module. We applied the
HS approximation to the corresponding two-dimensional surfaces using the Coefficient Form
Boundary PDE (CB). The steady-state solver was used in order to solve both equations. The
NSE and HS were solved using the GMRES and MUMPS algorithms, respectively.

8.2.2 Direction and angle of fracture

Understanding fracture features requires observation of fracture geometry from boreholes or
exposed rock faces. DFN fracture features include different orientations and angles. In mathe-
matics, lines and planes in space are defined by equations. However, geophysicists use a different
approach for characterizing fracture features. Compass is the main tool for this characterization.
There are two different methods for representing the compass direction, azimuth and quadrant
(see Fig. 8.3). Note that the azimuth direction is more commonly used in geology.

To characterize fracture features, the International Society of Rock mechanics (ISPM)
proposed several parameters that includes strike, dip, trend and plunge. Strike and dip are used
by geophysicists to identify planes’ orientation. Additionally, lines orientations are described by
trend, plunge and pitch. Below is a brief description of these parameters:

• The strike represents the orientation of a planar feature. The strike can be described as the
direction of the red line in Fig. 8.4 as occurred at the intersection of horizontal plane and
the plane of interest (the blue plane). The strike direction can be measured by a compass.

• The term dip refers to the angle of inclination of a planar feature as measured from a
horizontal datum (see Fig. 8.4). This measurement refers to the angle (inclination) of a
planar feature. In other words, the dip angle is the angle between the horizontal plane and
the plane of interest. The dip direction can be determined by moving 90 degrees clockwise
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Figure 8.3 Bearings of the azimuth compass on the left. Bearings of the quadrant compass on the right [Earth
Sci Lab 2021].

from the strike direction. The strike direction in Fig. 8.4 is 000, therefore the dip direction
will be due east or 90°.

• The trend of the line is a horizontal projection of the line of interest (red line in Fig. 8.5a).
The top view of the box in Fig. 8.5a allows us to see only the trend of the line.

• The pitch of the line refers to the angle between the horizontal line and the line of interest
(the yellow line in Fig. 8.5b) within the plane.

E

Dip angle

Strike

Figure 8.4 Definition of Strike and Dip. The blue plane is the plane of interest.
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Plunge

Line of interest

(a)

Line of interest

Pitch

(b)

Figure 8.5 Definition of (a) trend, plunge and (b) pitch.

8.3 THE USE OF HELE-SHAW APPROXIMATION IN PRACTICE

There are usually four steps involved in the construction of a DFN model in a new drilling
location [Finnila et al. 2019]. Defining the boundaries of the modeling region is the first step in
the modeling process. Furthermore, the fracture network can be constructed within the defined
boundaries by using the random generation method described in Chapter 6. Next, changes must
be made to the location and orientation of the fracture. Lastly, it is necessary to calibrate the
fracture aperture sizes.

To accommodate a geothermal reservoir previous studies have assumed a volume between 1
to 5 Km3 [Apollaro et al. 2015, Noyahr 2022, Williams 2014] at a depth of approximately 500
- 4000 meters below the surface [Barelli et al. 2010]. In Figure 8.6 The DFN model region of
FORGE is presented as an example. The lithology in that area is classified into two broadly
defined units consisting of granitic basement rocks and overlying sedimentary deposits [Upreti
1999].

The FMI log interpolation can be used to adjust the frequency of the fractures in different
regions. The FMI is a highly advanced dipmeter tool capable of producing high-resolution
resistivity images of borehole walls [Aghli et al. 2014]. With the FMI data, it is possible to
perform adjustment on the network frequency and the aperture size. The random distribution
method presented in this thesis is the main tool for this adjustment. Detailed description of the
FMI approach can be found in [Finnila et al. 2019]. Having the configuration of the fractures,
the HS approximation can be utilized for simulating the fluid flow and obtaining the hydraulic
resistance.
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Figure 8.6 The DFN model region of FORGE. (a) The boundaries of the reservoir (b) The classification of the
lithology [Finnila et al. 2019].

8.3.1 Mesh & Boundary Conditions

The boundary conditions are applied to the edges resulting from the interaction of fractures
with production and injection wells. Constant pressure Dirichlet boundary conditions for inlets
and outlets are prescribed here as in previous chapters. Fig. 8.7a represents the imported
DFN geometry around well 58-32 into COMSOL software from the public data provided by
the FORGE team [Finnila 2021]. This data contains individual fracture orientations as Dip,
Strike, Trend and Plunge. Appendix B.2 provides the JavaScript code for importing fracture
data into COMSOL. This network is in the shape of a cube around well 58-32, with dimensions
of 1 × 1 × 1 km. Several wells are located near well 58-32. The two closest are wells 78-32 and
68-32, which have been specifically drilled for monitoring purposes. To produce geothermal
energy, two wells are required: one for injection and one for production. Approximate diameter
of 0.3 m is required for the wells [Teodoriu and Falcone 2009]. Well 58-32 has a diameter of 0.25
m [Allis et al. 2018]. The data for the production well was not made available by the FORGE
team. Therefore, we have assumed two wells on both sides of the network with a diameter of 0.3
m. Most simulations for this network were conducted with a global pressure difference ∆P of
0.01 (Pa). All fractures were assumed to have a constant aperture size of 0.01 m in all analyses
except for the analysis of fracture aperture size.

To solve the NSE for the verification case, the fracture domain was discretized using a
mixture of tetrahedral and triangular mesh elements, a total number of 68,853 elements. The
corresponding two-dimensional HS domain was discretized using 16,868 triangular elements.
The mesh network on 350 fractures around well 58-32 is depicted in Fig. 8.8a. The number
of elements in this figure is 490,980. To represent the mesh quality, skewness is reflected over
fractures (see Fig. 8.8b). An average skewness of 0.807 is measured from the mesh. To ensure
numerical stability and mesh independence, a mesh sensitivity analysis was performed. The
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findings of this analysis for all models are not presented here for the sake of conciseness. The
flow rate was measured from the cross-section of the network shown in Fig. 8.7b. As presented
in Fig. 8.9, the result did not change after the number of elements exceeds 490,980. Therefore,
the main analysis of this model was performed with 490,980 elements.

Production well
Injection well

(a) (b)

Figure 8.7 The location of the production and injection wells (a). The cross-sectional view of the network (b).
The boundary condition for pressure inlets is created by choosing the interaction edges between the injection
well and fractures (the blue edges in b). Similarly, the interaction between the production well and fractures are
prescribed as pressure outlets. The dimensions of all fractures were imported from available public data available
[Finnila 2021].

8.3.2 Verification

NSE have been used for validation since they are the gold standard for assessing simplified
models [Wang et al. 2018, Zou et al. 2017a]. Since the verification of 350 fractures by the NSE
is computationally prohibitive, we examine the validity of the HS approximation by modeling
fluid flow in eight fractures (see Fig. 8.10). In this simulation, Fracture 1 and Fracture 8 are
square shapes. The reason for this is the simplification of the meshing process. During this
verification, constant geometrical properties were considered, including the aperture size (0.2
m), intersection length (2 m), and angle (0°). The aperture of 0.2 m might appear unrealistic.
However, it is essential to obtain accurate results using the NSE. Therefore, a larger aperture
size is required to achieve a higher quality of meshing. Constant pressure Dirichlet boundary
conditions were prescribed for the inlet and outlet. In this simulation, a global pressure difference
∆P of 1.0×10−7 (Pa) was assumed. On this basis, the full NSE were solved first. Next, the
fluid flow was modeled in the corresponding two-dimensional geometry using the HS approach.
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(a) (b)

Figure 8.8 Mesh diagram of FORGE network. Here are two views: (a) Standard and (b) The reflection of
skewness over fractures.
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Figure 8.9 Mesh independency analysis of 350 fractures flow rate against the number of elements.

Then the pressure distributions obtained by both methods were compared. As presented in Fig.
8.11, the predicted pressure distribution by the HS method (Fig. 8.11a) and the NSE method
(Fig. 8.11b) are identical. Fig. 8.11c represents the deviation between evaluated pressure by
both methods over Fracture 4. The average difference is less than 0.76 %. Accordingly, the
satisfactory agreement between the NSE and HS results confirms the validity of this method for
modeling the FORGE problem. It is worth pointing out that the computation time required for
solving the full NSE for this particular geometry was 12 minutes, while the solution time for the
HS approximation took only 2 seconds.

It should be noted the deviation of the HS approximation from the NSE was calculated
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using Eq. 3.27.

Fracture 1

Fracture 2

Fracture 3

Fracture 4

Fracture 5

Fracture 6

Fracture 7

Fracture 8

Figure 8.10 The configuration of validation case and boundary conditions. There are blue and orange arrows
that represent constant pressure Dirichlet inlets and outlets, respectively. A global pressure difference of 1.0×10−7

(Pa) was applied for this verification.

%

(a) (b)

(c)

Figure 8.11 Pressure distribution obtained using (a) HS approximation (b) NSE. (c) Percentage of deviation
between the evaluated pressure by the HS and NSE over Fracture 4.
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8.4 RESULTS & DISCUSSION

8.4.1 Impact of number of fractures

The impact of randomly removing fractures from different regions of the network was evaluated.
Approximately 20 to 70 fractures were removed randomly, and the flow rate was measured at
the cut plane located in the middle of the network (Fig. 8.7). The removed fractures in three
realizations are presented in Fig. 8.12 (blue fractures). Table 8.1 details the evaluated flow
rate and hydraulic resistance for networks with different numbers of fractures. The number of
fractures is influential on the hydraulic resistance and flow rate. As anticipated, a larger number
of fractures has resulted in a higher flow rate and lower hydraulic resistance. Furthermore, there
is a direct relationship between flow rate and network intensity. The more intensive the network,
the lower the hydraulic resistance and the higher the flow rate. Note that the intensity of the
network P32 in this analysis ranged from 0.221-0.0148. Results obtained for each simulation
using the HS approximation have taken 47 seconds. This fast computational simulation method
has enabled us to analyze a real-life problem.

Table 8.1 The effect of removing fractures randomly from different area of the network.

P32 N QHS (m3/s) Re HR (Pa.s−1.m−3)
0.0221 350 4.21×10−7 1.62×10−3 2.374×10−1

0.0194 307 4.14×10−7 1.59×10−3 2.417×10−1

0.0185 293 3.03×10−7 1.16×10−3 3.302×10−1

0.0163 278 1.98×10−7 7.63×10−4 5.043×10−1

0.0148 253 1.73×10−7 6.66×10−4 5.773×10−1

(a) (b) (c)

Figure 8.12 Random removal of fractures from different regions of the network. Blue-colored fractures are
indicating the removed fractures from the network. Each network are representing the number of removed fractures
(a) 43, (b) 57, and (c) 72.

8.4.2 The effect of fracture aperture

To determine the effect of fracture aperture on hydraulic resistance, the aperture size was varied
between 0.001 and 0.01m. In order to maintain accurate results, a constant global pressure
difference of 0.01 (Pa) was prescribed. Note that, the HS approximation provides results with
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high accuracy at Reynolds numbers below 10 as examined in previous chapters (see Section
5.3.2). The flow rate was measured at the cut plane specified in Fig. 8.7b. The results for
aperture sizes ranging from 0.001 to 0.010 are summarized in Table 8.2. Due to the larger
fracture aperture, the global pressure difference acts over a larger cross-section, thus decreasing
flow resistance, resulting in smaller values of corresponding hydraulic resistance.

Table 8.2 The impact of different constant fracture aperture on the hydraulic resistance.

h QHS (m3/s) Re HR (Pa.s−1.m−3)
0.001 7.2×10−10 2.8×10−6 138.8
0.002 5.8×10−09 2.2×10−5 17.35
0.003 1.9×10−08 7.5×10−5 5.142
0.004 4.6×10−08 1.8×10−4 2.169
0.005 9.0×10−08 3.5×10−4 1.111
0.006 1.6×10−07 6.0×10−4 0.643
0.007 2.5×10−07 9.5×10−4 0.405
0.008 3.7×10−07 1.4×10−3 0.271
0.009 5.3×10−07 2.0×10−3 0.190
0.010 7.2×10−07 2.8×10−3 0.139

8.4.3 The effect of fracture frequency

To examine the effect of fracture frequency on fluid flow in different regions of the network, this
study measured the average velocity in eleven cross-sections along the length of the network. In
Fig. 8.13, we show a cross-section of the network. To calculate the fracture frequency (P10),
fractures are counted at eleven cross-sections and are divided by the length of the network, which
is 1000 m.

Figure 8.13 The utilized clip plane along the network for counting the number of fractures for calculation of
fracture frequency (P10). The length of the network is 1000 m.

According to Fig. 8.14, the velocity is consistent with the value of P10 in most areas.
Therefore, higher velocities have been observed in regions with lower frequencies. Nevertheless,
there are expectations that the velocity should not decrease in response to the network frequency.
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This is attributed to the fracture disconnections or the occurrence of dead ends. A closer look at
Fig. 8.14 shows that cross-section 540 has a higher velocity compared to the fracture frequency.
Even though the network is more intense in that area, the velocity has increased.
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Figure 8.14 Measurements of fracture frequency (P10) and flow rate along the reservoir.

8.5 CONCLUSION

This chapter has utilized the HS approximation for modelling fluid flow in the DFN around
FORGE well 58-32. We compared the results of the HS approximation with the full NSE.
Obtained results were in good agreement (average deviation of 0.76% for the flow regime
investigated). Using the HS approximation, the computational time was reduced while the
accuracy of the result was maintained. For the verification case, we solved the full NSE in 12
minutes, while for the corresponding two-dimensional geometry, we solved the HS approximation
in two seconds. Fluid flow was modeled in 350 fractures using the HS approximation in 47
seconds. This computational efficiency is the main contribution of this research that has enabled
us to analyze a real-life problem. We examined the impact of the number of fractures and network
intensity by randomly removing fractures from different regions of the network. Increasing the
number of fractures resulted in less intense networks and lower flow rates. Additionally, the
hydraulic resistance decreased with increased network density. The study also examines the
effect of aperture on the flow. Based on the evaluated results the hydraulic resistance decreases
as the aperture size increases. This is similar to the obtained results for 5 fractures in Section
4.3.4. The results indicate that fracture frequency directly influences velocity. There is, however,
a possibility that in some regions of the network with high frequency, fracture disconnection or
dead-ends result in a higher velocity than in other regions of the network with a lower frequency.





Chapter 9

CONCLUSION & FUTURE WORK

This chapter summarizes the key findings of this study and presents some ideas that can be
explored further based on the work already carried out and discussed in this thesis.

9.1 SUMMARY & KEY ACHIEVEMENTS

The aim of this research was to develop a computationally efficient framework that can simulate
fluid flow in large-scale Discrete Fracture Networks (DFN). The purpose is to help geologists
achieving a greater understanding of the influence of fracture geometry and topology on fluid
flow behaviour. In this study, the patching of Hele-Shaw (HS) method is employed to model
the fluid flow. In order to validate the evaluated results by the HS method, the Navier-Stokes
equations (NSE) are solved. Very good agreement was found between obtained results (average
deviation of 2 %). Compared with other approaches the HS approximation significantly reduced
the computational time while maintaining enough accuracy. Modelling fluid flow in 350 fractures
has taken 47 seconds while solving the NSE for 8 fractures has taken 12 minutes. This is the
main contribution of this work that has enabled us to analyze a real-life problem. The fluid
flow was successfully modeled in 350 fractures around well 58-32 of Frontier Observatory for
Research in Geothermal Energy (FORGE) project.

Results show influential effects of geometrical and topological properties on fluid flow in
DFNs. These properties include, intersection angle, intersection length, fracture aperture, surface
roughness, fracture dead end, fracture frequency and network topology.

• Changing the intersection angle in small DFNs resulted in negligible changes. However, In
large DFNs we found intersection angle more influential. In large networks, changes in
intersection angles led to changes in the number of active fractures and connection length.
Consequently, the intersection angle affects the topology of the network.

• Changes in intersection length or connection length resulted in a different number of active
fractures in the network. The flow rate was increased in some configurations by increasing
the connection length. This can be explained by the larger passing area provided by the
higher number of active fractures which is more influential on the network.

• Results of simulating fluid flow in different DFNs with different aperture sizes depicted
that when the fracture aperture is larger, the global pressure difference acts over a larger
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cross-section, therefore decreasing hydraulic resistance.

• The effect of surface roughness was studied in different configurations of fracture networks.
The evidence from this study suggest that an increase in Joint Roughness Coefficient (JRC)
results in higher hydraulic resistances. Further analysis revealed that surface roughness in
the JRC range of 2.18-3.74 has a slight effect of 13 % growth in hydraulic resistance.

• Analysis of fracture frequency (P10) highlighted that in regions of the network with higher
values of frequency lower velocity occur. However, there are exceptions when the velocity
does not increase in less dense areas that could be interpreted as being a result of fracture
disconnections or the occurrence of dead ends.

The electrical circuit analogy concept was utilized to provide parallel of simplified insight
into the field. The hydraulic resistance of fracture was quantified by NSE and HS approximation.
similar to electrical resistance in a resistive conductor, Ohm’s law and Kirchhoff’s laws were used
to sum the approximated hydraulic resistances of fractures and intersections. The total resistance
of parallel and series connection of fractures were determined using the electrical analogy and
comparisons were made with the one obtained by the NSE and HS (average deviation of 7%).

For modelling the concentration of minerals this thesis present an innovative solution. A
depth averaged approximation of the Convection Diffusion Equation (CDE) was presented for
modelling of mineral concentration in rock fractures computationally efficiently. Obtained results
by the Convection Diffusion approximation (CD) significantly reduced the computational time.
We found good agreement between the obtained results (less than 15% deviation for conditions
tested).

To generate a realistic DFN in new drilling locations, the Formation Micro Imager (FMI)
log interpolation can be combined with the random generation method presented in Chapter 6.
After defining the boundaries of the DFN and generating randomly intersected fractures, the
FMI method can be utilized to adjust the frequency of the fractures, the aperture sizes and the
fracture orientation.

9.2 FUTURE WORK

This research has raised many questions in need of further investigation. We believe that the
HS method can contribute significantly to the field in a number of ways. Firstly, the HS method
can be coupled with the Darcy equation to model permeability in the surrounding matrix of
the fracture network. Coupling Darcy’s equation with the HS approximation does not require
massively parallel computers to solve large-scale problems. For large DFNs, using Darcy’s law
coupled with the NSE is impractical. The HS method is capable of coupling with any other
equations for modeling heat transfer or chemical reactions. Further work needs to be done to
establish whether or not the surrounding matrix of large fracture networks is influential on the
fluid flow and hydraulic resistance. In future studies, the influence of surface roughness on the
hydraulic resistance can be examined in FORGE wells using the HS approximation.

Our results on modeling species transport computationally efficiently in a single rock fracture
by averaging the CDE are encouraging. The CD approximation can provide a framework for
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simulating deposition in large DFNs. However, they should be validated for a larger number of
fractures. The development of this method, in combination with the surface roughness generation
approach employed in this dissertation, can serve as a basis for future studies on the deposition
of minerals in large-scale natural fracture networks.

The concept of electrical analogy can be further utilized to study the fluid flow in large-scale
DFNs. A suggestion would be to estimate the hydraulic resistance of fractures and intersections
using the HS approximation. This is similar to what we discussed in Chapter 5. This is an
opportunity for future researchers to calculate the hydraulic resistance of a network containing
thousands of fractures in a fraction of a second.

Finally, the prospect of being able to randomly generate fractures serves as a continuous
spur to explore geometrical effects in larger fracture networks. Accordingly, it is recommended
that future studies further investigate the influence of fracture network complexity on hydraulic
resistance using the random generation method presented in this thesis.





Appendix A

A.1 JRC CHARACTERIZATION MATLAB CODE

This appendix contains the utilized code for calculating JRC and Z2. The green-colored text
provides guidance in understanding different steps of this coding process. For calculating the JRC
the first step is to implement a cut plane on the fracture of interest and export the geometrical
data in form of points with x and z coordinates into a text file. An accurate JRC value can
be obtained by exporting data from several cut planes along the length of the fracture and
averaging the evaluated numbers. More explanation can be found in Section 3.5.

clear all,
close all,
clc

%%
d = 0.002;
rIn = d/2

% Get all files from inside folder of inter
folder = '\\file\UsersP$\pag95\Home\Desktop\Comsol␣export\';
files = dir([folder '∗.txt']);

vals = {}
sepTable = []

% Import data from files and get key parameters from file

for ii = 1:length(files)
fullname = fullfile(folder, files(ii).name);
vals{ii} = importdata(fullname,'␣',8);

end

% Calculate separation details for each profile
for ii = 1:length(files)

% Defining x and z coordinates of the imported profile from COMSOL

x = vals{1,ii}.data(:,1);
z = vals{1,ii}.data(:,2);
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filename = files(ii).name;
end

% Doing the summation of Z_{2} using Eq. 3.31.

M = length(x);
Z2 = 1:M;
for i = 2 : M

Z2s(i) = ((z(i−1)−z(i))/(x(i−1)−x(i)))^2;

end

% Calculating Z2 and JRC using Eqs. 3.30 & 3.31
Z2 = sqrt(sum(Z2s)/M)
JRC = (32.2)+(32.47)∗log10(Z2)



Appendix B

B.1 RANDOM GENERATION OF DFN JAVASCRIPT CODE

This appendix consists of JavaScript code intended to generate fractures randomly within the
COMSOL application builder. Initially, we defined the size of the reservoir and defined a single
fracture having dimensions of 1 × 1m. Next, a random function within the COMSOL application
builder was used to generate random coordinates for each fracture. The fracture was replicated
using the generated random numbers as coordinates. We have made several adjustments to
this code in order to modify the intersection angle of fractures, connection length, and network
intensity. In green-colored text, different steps of the coding process are described.

//Defining the total number of fractures.
int NUMBER_OF_FRACTURES = 200;
//Create an index counter to be used later.
int ind = 0;
//Initialize a set of double−precision numbers that holds the xyz−position and radius of each hole.
double hx, hy, hz, hr = 0.0;
//Defining the specifications of the reservoir.
double RESERVOIR_LENGHT = 10;
double RESERVOIR_HIGHT = 5;
double FRACTURE_MIN_HEIGHT = 1;
double FRACTURE_MAX_HEIGHT = 2;
double a = 0;
//Specify meters as the length unit in the geometry.
model.component("comp1").geom("geom2").lengthUnit("m");
//Initialize a while loop to create the specified number of fractures.
while (ind < NUMBER_OF_FRACTURES) {
//Define the xyz−position of the fractures by calling the random method and scaling the output such that the

xyz−position of the fractures lies within the inner Cartesian bounds of the reservoir.
hx = (2.0∗Math.random()−1.0)∗RESERVOIR_LENGHT;
hy = (2.0∗Math.random()−1.0)∗RESERVOIR_LENGHT;
hz = Math.random()∗RESERVOIR_HIGHT;
hr = Math.random()∗(FRACTURE_MAX_HEIGHT−FRACTURE_MIN_HEIGHT)
+FRACTURE_MIN_HEIGHT;
a = (1∗Math.random()−1)∗0.1;

//Check if the fracture position is actually outside of the reservoir. If so, continue to the next iteration of the
while loop without executing any of the remaining code in the loop. This check can be done in a single
line or split into three lines, depending on your preference of programming style.
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if ((Math.sqrt(hx∗hx+hy∗hy)+hr)
> RESERVOIR_LENGHT−RESERVOIR_HIGHT) {continue; }
if (((hz−hr) < FRACTURE_MIN_HEIGHT) || ((hz+hr)
> RESERVOIR_LENGHT−RESERVOIR_HIGHT)) {continue; }

// Define the size of fracture. Using the s1 and s2 in the future we can apply surface roughness into fractures.

model.component("comp1").geom("geom2").
create("ps"+ind, "ParametricSurface");
with(model.component("comp1").geom("geom2").feature("ps"+ind));
set("coord", new String[]{"1", "", ""});
set("coord", new String[]{"1", "s1", ""});
set("coord", new String[]{"1", "s1", "s2"});
set("pos", new double[]{hx, 0, 0});
set("pos", new double[]{hx, hy, 0});
set("pos", new double[]{hx, hy, hz});

endwith();
model.component("comp1").geom("geom2").run("ps"+ind);
model.component("comp1").geom("geom2").run("fin");
// Iterate the index, indicating that the fracture has been created, and close the while loop.
ind++;
model.component("comp1").geom("geom2").
create("ps"+ind, "ParametricSurface");
with(model.component("comp1").geom("geom2").feature("ps"+ind));
set("coord", new String[]{"s1", "", ""});
set("coord", new String[]{"s1", "s2", ""});
set("coord", new String[]{"s1", "s2", "1"});
set("pos", new double[]{hx, 0, 0});
set("pos", new double[]{hx, hy, 0});
set("pos", new double[]{hx, hy, hz});

endwith();
// This section is used for moving fractures and defining a different connection length. Il is representing the

intersection length.
model.component("comp1").geom("geom2").create("mov"+ind, "Move");
with(model.component("comp1").geom("geom2"
.feature("mov"+ind).selection("input"));
set("ps"+ind);

endwith();
with(model.component("comp1").geom("geom2").feature("mov"+ind));
set("displx", 0.5);
set("disply", "Il");
set("displz", −0.5);

endwith();
model.component("comp1").geom("geom2").run("ps"+ind);
model.component("comp1").geom("geom2").run("fin");
ind++;

}
model.component("comp1").geom("geom2").run("mov1");
model.component("comp1").geom("geom2").run("ps1");
model.component("comp1").geom("geom2").run("fin");
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B.2 GENERATION OF UTAH FORGE WELL 58-32

In this appendix, we have provided the JavaScript code for importing the FORGE fracture
network around well 58-32 into COMSOL multiphysics. We first imported fracture coordinates
from a CSV file, including strike and dip angles. Circular fractures were imported using the
cylinder tool. Then, the cylinders were converted into disks. Next, the coordinates, strike, and
dip angles were applied and a network was created. The CSV file consists of 7 main columns.
The first three columns should contain the coordinates of the circular fracture. The fourth and
fifth columns are the radius of the disk and the counter, respectively. The counter starts from
5000 and is set to name each disk within the COMSOL. Lastly, the strike and dip angle is
provided in the last two columns of the CSV file. Each step of the coding process is described in
green text.

//Importing the CSV file
String file_name = getFilePath("upload:///inputFile");
String[][] D = null;
if (file_name.endsWith(".xls") || file_name.endsWith(".xlsx"))
D = readExcelFile("upload:///inputFile");

else if (file_name.endsWith("csv"))
D = readCSVFile("upload:///inputFile");

else
error("Unknown␣file␣type.");

// Building the first geometry
model.geom("geom1").feature().clear();
for (int k = 0; k < D.length; k++) {
if (D[k][0].equals("B")) {
// building the cylinder using the coordinates of imported CSV file
model.geom("geom1").create("cyl"+k, "Cylinder").set("pos", new String[]{D[k][1], D[k][2], D[k][3]});
model.geom("geom1").feature("cyl"+k).set("r", D[k][4]);
model.geom("geom1").feature("cyl"+k).set("h", "0.2");

}

{ // Transferring the cylinder into a disk
model.geom("geom1").feature("cyl"+k).set("axistype", "z");
model.component("comp1").geom("geom1").run("cyl"+k);
model.geom("geom1").create("csur"+k, "ConvertToSurface");
model.geom("geom1").feature("csur"+k).selection("input").set("cyl"+k);
model.geom("geom1").run("csur"+k);
model.geom("geom1").run("csur"+k);
model.geom("geom1").create("del"+k, "Delete");
model.geom("geom1").feature("del"+k).selection("input").set("csur"+k, 2);
model.geom("geom1").feature("del"+k).selection("input").set("csur"+k, 2, 6);
model.geom("geom1").feature("del"+k).selection("input").set("csur"+k, 2, 5, 6);
model.geom("geom1").feature("del"+k).selection("input").set("csur"+k, 1, 2, 5, 6);
model.geom("geom1").feature("del"+k).selection("input").set("csur"+k, 1, 2, 3, 5, 6);
model.geom("geom1").run("del"+k);
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{
//Applying the Dip angle
model.geom("geom1").create("rot"+k, "Rotate").set("pos", new String[]{D[k][1], D[k][2], D[k][3]});
model.geom("geom1").feature("rot"+k).selection("input").set("del"+k);
model.geom("geom1").feature("rot"+k).set("axistype", "x");
model.geom("geom1").feature("rot"+k).set("rot", new String[]{D[k][7]});
model.geom("geom1").run("rot"+k);

}

{ //Applying the Strike angle
model.geom("geom1").create("rot"+D[k][5], "Rotate").set("pos", new String[]{D[k][1], D[k][2], D[k][3]});
model.geom("geom1").feature("rot"+D[k][5]).selection("input").set("rot"+k);
model.geom("geom1").feature("rot"+D[k][5]).set("axistype", "z");
model.geom("geom1").feature("rot"+D[k][5]).set("rot", new String[]{D[k][6]});

}

// k is the counter which is taken from column 6 and will name each fracture as cyl+k
}
model.geom("geom1").feature("cyl"+k).set("selresult", "on");
model.variable().remove("var"+k);
model.variable().create("var"+k).model("comp1");

}
// Run the geometry
model.geom("geom1").run();
zoomExtents("/form1/graphics1");
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