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Abstract 

“I don’t expect to see this sort of thing done in my lifetime, but the directions are there and when 

we’re ready to get around to it – go ahead. Don’t let me stop you!”-Len Lye [3] 

Len Lye (1901 - 1980), born in Christchurch, New Zealand, was a pioneering artist whose work spanned 

a wide array of media. He is best known for his kinetic sculptures which were first exhibited in New 

York in the 1960’s. Over the last 20 years, the University of Canterbury has participated in the 

engineering design and construction of a number of Lye’s most ambitious sculptures, notably Big Blade 

(New Plymouth) [4], and Water Whirler (Wellington) [5]. Investigatory and prototype work into the 

sculptures Giant Blade [6] and Sun, Land and Sea [7] brings these visions closer to reality.  

The Len Lye Foundation, an organisation tasked with promoting and preserving Lye’s artworks 

posthumously, approached the department of Mechanical Engineering at the University of Canterbury 

with an initiative to produce ten new works over the next ten years. As part of this project external to 

the University, Waving Wands [8], has been installed on the New Plymouth Coastline, and a larger 

version of Witch Dance [9] was unveiled in early 2019, titled Wand Dance [10].  

This thesis is presented to expedite the production of several of Len Lye’s sculptures featuring similar 

mathematical models, owing to shared vibratory forms and choreography in their artistic performances. 

Owing to generous funding from the Gibb’s Foundation to support the Len Lye Foundation’s efforts, 

part of this thesis focuses on the development of one particular new work titled Flaming Harmonic. 

However, Flaming Harmonic is not an isolated artwork, and developing Flaming Harmonic yields 

design processes and information relevant to a family of artworks, titled as Lye’s Harmonic sculptures.  

Four Harmonic sculptures in particular are discussed: Flaming Harmonic, Water Whirler, Zebra, and 

Rotating Harmonic. These artworks have choreographed performances which feature a vibratory form 

based on the bending modes of a cantilevered beam. As a performance plays, the cantilever may vibrate 

to produce a two- or three-dimensional form when an artwork is oscillated near a resonant frequency.  

Producing these works requires understanding the artists’ design philosophy and intentions for the 

works, especially as many of Lye’s works were left behind as notes and drawings for the Len Lye 

Foundation. Often, Lye desired versions of his artworks produced at many times their original scale 

,from gallery versions of one or two metres, to filling giant sculpture parks “the modern equivalent of 

ancient monuments such as Stonehenge or the great pyramids” [11]. 

Harmonic sculptures require large amplitude vibrations as part of their artistic performances, and this 

has led to premature failure of the vertical cantilevers under fatigue loading conditions. The response 
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from the Len Lye Foundation is a desire to improve upon Lye’s original mechanisms and optimise the 

design of these flexible cantilevers, called wands, which are central to each artistic performance. 

At the Len Lye Foundations request, the primary aim of this thesis is to enable Harmonic sculptures to 

be realised at the maximum possible scale. 

We start by investigating the artist’s method for producing Harmonic artworks, and use these to ensure 

the artistic intent is preserved when increasing the size of an artwork. Then, we examine the additional 

performance elements required to produce a full-size version of Flaming Harmonic – notably the 

emission of jets of water or fire from jets located along the flexible wand. 

This study follows previous investigations into Lye’s work using non-dimensional representations of 

Lye’s artworks, to investigate the influence of size on structural parameters of vertical cantilevers [4]. 

Preserving the artistic intent requires maintaining static similarity between original and scaled 

geometries, by holding the influence of gravity to flexural rigidity as a constant. Here, scaling 

requirements are extended for tubular and fluid filled geometries, then used to predict approximate 

limits on the scalability of Harmonic artworks.  

Previous authors have indicated that altering the clamping geometry might improve the scalability of 

Harmonic artworks. Here, two promising alternative clamping arrangements are investigated to 

determine how, and if, these arrangements are capable of reducing stresses, while producing artistically 

acceptable performances. 

This study uses a closed form free-vibrations model of a beam subject to gravitationally induced axial 

tension from the literature [12]. Through the use of Greens functions, a support along the beam is 

enforced to simulate the two alternative clamping arrangements. Predictions for how these 

arrangements alter stress, frequency, and artistic suitability are presented for a range of non-

dimensionalised cantilevers. The gravitational influence is varied, to characterise the solution space 

surrounding the use of these clamping arrangements as they relate to Harmonic sculptures 

Next, we detail the engineering process required to produce optimal designs for wands undergoing large 

amplitude flexure. This wand design process combines the presented scaling and clamping geometry 

analyses, and assesses factors including material selection and composite layup to produce 

simultaneously strong and flexible beams. 

This study develops optimisation criteria to select a material which best meets the structural demands 

of the work, and the design requirements specific to Harmonic sculptures. Following the selection of a 

composite material, a method for producing an optimum layup using classical lamination theory and 

the scaling requirements we developed is presented. The wand design process is applied to Flaming 

Harmonic to generate geometric specifications and predict operating loads for a 10m tall version of the 

artwork, intended for use with a proposed alternative clamping geometry. 
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A conceptual-to-detail level design of a drive mechanism and supporting structures for the 10m tall 

Flaming Harmonic is presented, to facilitate production of this artwork on request. It is intended that 

this design may be modified to accommodate a range of Harmonic sculptures as required.  

Part way through this project Len Lye’s Water Whirler sculpture, which features prominently on the 

Wellington waterfront was vandalised. This caused damage to the wand and drive mechanism of the 

artwork. A new wand and repairs to the drive machinery were required to restore the sculpture. 

This study involved developing a numerical model of the coupled wand and drive mechanism of Water 

Whirler. Following a simulation of the previous artwork, the scaling requirements were adapted to 

generate geometric specifications for a replacement Water Whirler wand following the wand design 

process. Using the numerical model, operating loads for the new wand were predicted. Using the 

finished design specifications, the replacement wand was fabricated and installed in Wellington in June 

2019. 

The research outcomes of this thesis have so far seen the Water Whirler sculpture be re-commissioned, 

and presented plans to the Gibb’s foundation for a 10m tall version of Flaming Harmonic.  

This work is readily extendible to new versions of several Len Lye sculptures using the adaptable 

machine design plans, and optimised wand design process included. It is hoped this thesis may keep 

Lye’s impressive visions firmly in the domain of the 21st century, and that new versions of Harmonic 

sculptures will be built following this thesis. 
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1 Introduction  

It’s mostly the bigger the better: for example, when the three-foot shrub falls, so what? Where’s the 

tie-in of bodily empathy? But when it’s the accelerating rush of the three-hundred-foot redwood, 

Kurrrash-empathy! I’m with thee. -Len Lye [13] 

1.1 Purpose of this Work 

The purpose of this work is to expedite the fabrication of several kinetic artworks designed by artist 

Len Lye, featuring Lye’s Harmonic Figure of Motion.  

Further, to establish plans for the creation of a particular Harmonic sculpture titled Flaming Harmonic 

at the largest practical scale.  

1.2 Background 

New Zealand-born artist Len Lye (1901-1980) was internationally known for his work as an 

experimental filmmaker and kinetic sculptor. A common theme in Lye’s work is the concept of 

composing motion. 

“…If there was such a thing as composing music, there could be such a thing as composing 

motion. After all, there are melodic figures, why can’t there be figures of motion?” [13] 

Driven with a keen intuition and practical abilities, Lye developed new artistic ideas, and developed 

sculptures in his New York workshop throughout the 1960s. Lye’s sculptures commanded attention, 

and he went on to become one of the twentieth century’s foremost kinetic artists. The combinations of 

materials, motors, sound, and light form powerful kinaesthetic experiences. 

“Lye’s elements are supremely simple: hanging strips of stainless steel, six or seven feet 

long, are set to spinning around at very high speeds. The whiplash strain on the steel 

produces a series of frightening, unearthly sounds in perfect accord with the mood of the 

barbaric energy that seems to have been released.” [14] 

During the creation of an enlarged version of Trilogy with the help of John Matthews in 1977, Lye 

formed relationships that would eventually draw him back towards New Zealand, culminating in the 

donation of his life’s work to the Len Lye Foundation [3]. Initially chaired by his late wife, Ann Lye, 

the Len Lye Foundation is tasked with preserving Lye’s existing work and producing sculptures on the 

scale that Lye envisioned.  
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Over the last 20 years, the University of Canterbury has participated in the engineering design and 

construction of a number of Lye’s sculptures, Blade has been the subject of research at the University 

of Canterbury for some time. Development of Big Blade by Gooch [4], resulted in a double scale blade, 

with a titanium plate over three meters long, and follow up scaling work for an even larger work by 

Spencer [6], suggesting a nine metre blade might be possible. Water Whirler was originally investigated 

by Wake and Raudsepp [5], and eventually developed by Stuart Robb [2] into a 10m tall permanent 

exhibit on the Wellington Waterfront. near the Museum of New Zealand Te Papa Tongarewa. [Sun, 

Land, Sea?]. 

The Len Lye Foundation approached the department of Mechanical Engineering at the University of 

Canterbury with an initiative to produce ten new works over the next ten years, with funding from the 

Gibb’s foundation setting the aim to develop plans for a large outdoor kinetic sculpture titled Flaming 

Harmonic, along with a programme of research and design activities to expedite the production of new 

works. 

Figure 1.2-1 – Lye in his New York workshop (196?) – photo courtesy of the Len 

Lye Foundation 
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1.3 Introduction to Harmonic Sculptures 

A key aim of this study is to produce design information which facilitates production of multiple Len 

Lye artworks, at sizes beyond what Lye was able to achieve during his lifetime. While he built many of 

his kinetic artworks, often his plans were left as works on paper, or fabricated at a restricted scale in 

accordance with the technology and means available to him. Lye’s desire for ever larger versions of his 

works provides scope for the Len Lye Foundation to continue developing Lye’s legacy. Lye gauged his 

work would be “pretty good” for the 21st century 

“Why the 21st? It’s simply that there won’t be the means to have what I want, which is 

enlarged versions of my work!”[15]. 

Lye’s made plans for a number of similar artworks featuring similar vibratory motions relating to 

particular forms he termed Figures of Motion. Two particular Figures of Motion, titled Harmonic or 

Double Harmonic, create artistic performances using the 2nd and 3rd bending modes of a cantilever. 

Collectively, we title kinetic sculptures using these figures of motion as Lye’s Harmonic artworks. 

Harmonic artworks feature a central, typically cantilevered, flexible bending element, described by Lye 

as a wand. Reciprocating a wand with some input ground excitation creates a performance around the 

resonant frequencies of that wand.  

Zebra is one of Lye’s Harmonic works, which features the second and third bending modes. “Zebra’s 

striped wand is spun [on an offset rotating disc] to form three dimensional shapes in space” [16]. The 

visual effect of a fast spinning, illuminated wand creates mesmerising three-dimensional imagery in the 

viewers eye, and the ‘vasing’ effect is as apparent in photographs as reality. 

 

Figure 1.3-1 – Still images from a performance of Zebra (1965) – photo courtesy 

of the Len Lye Foundation 
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 Harmonic sculptures may share similar physical descriptions, although their artistic performances and 

actuation methods differ. The link between choreography, vibratory motion, and geometry shared 

between Harmonic sculptures, provides the ability to characterise Harmonic works similarly. This link 

is clear in another Harmonic sculpture titled Rotating Harmonic [1] which operates only at the second 

bending mode and forms a revolved beam bending mode when reciprocated at the correct frequency. 

Structurally, Rotating Harmonic’s wand is a vertical cantilever 1.28m tall, made from a carbon steel 

rod, coated with polished nickel plating. 

From Rotating Harmonic and Zebra, Lye discovered that second mode Harmonic figures may be 

produced over a range of close frequencies around a resonant peak. By reciprocating the wand linearly 

along a slider crank while modulating the motor speed near a resonant frequency, Lye found he could 

alter the amplitude and behaviour of the mode shape. Lye describes the result as three distinct forms, 

which are choreographed to make up the performance of Rotating Harmonic. He drew these forms as 

they might appear on a large version of Rotating Harmonic, in a sketch of Water Whirler. Figure 1.3-4 

shows (1) the small planar, or ‘feather’ shape, (2) large planar, or ‘transition’ mode shape, and (3) 

‘whirling’, in which the sculpture appears to fill a revolved volume in space. 

Figure 1.3-2 – Rotating Harmonic [1] performing in the 

whirling mode. Photo courtesy of the Len Lye Foundation 
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These three frequencies are apparent in the choreography for a Rotating Harmonic performance (Figure 

1.1-3), with feather ‘31.9’, transition ‘32.5’ and whirling 36.5’. Finally, the ‘37.5’ peak finished the 

performance with a larger amplitude ‘whirling’ form. 

In Water Whirler, a distinction is made between Whirling with and without jets rotating. When the jets 

are rotating, the form is titled Whirling. When the jets are not rotating, the form is titled Hula [17]. 

  

Figure 1.3.3 - Forms of Water Whirler / Rotating Harmonic (1) Planar (2) Transition (3) Whirling, as drawn 

by Lye (N.D.).  Photo courtesy of the Len Lye Foundation   

(1)                                              (2)                                            (3) 

Figure 1.3-4 – Choreography of Rotating Harmonic for a gallery performance Reproduced with permission from the 

Len Lye Foundation. Note, the ‘frequency’ reading scale is likely to be an uncalibrated readout on a variable speed 

drive. 
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1.4 Lye’s vision for future Harmonic Artworks 

Rotating Harmonic was inspirational to Lye, and lead to him developing ideas for other large scale 

works conceptually linked with Rotating Harmonic. Lye intended at least a 40ft (12m) version of 

Rotating Harmonic [18], although Lye’s underlying philosophy is clearly  to maximise the size. 

“Our Muse also increases empathetic tension through an increase of scale in an image of 

motion. For example, the falling motion of a small shrub in contrast to that of a giant 

redwood tree, or the tiny wavelet on the beach and the big comber, have distinctly different 

effects on the degree of our empathetic response” [13] 

Lye produced maquettes, sketches, and observed the motions of gallery sized sculptures in order to 

interpret how an upscaled versions might move. Len Lye Foundation director, Evan Webb made 

comment on his intuitive understanding of larger works.  

“In his mind’s eye he knew what scale would look like. He possessed the same skill in 

anticipating that the sculptural modes would be like if they were ever realised ten times 

bigger” 

One of the works inspired by Rotating Harmonic is Water Whirler, which features the characteristic 

large amplitude modal vibrations as it emits jets of water from points spaced along the length of its 

wand. (Figure 1.3-5). Although Lye never built a gallery version, a 10m tall version of Water Whirler 

was produced in 2003.  

Figure 1.3-5 Water Whirler, producing the ‘whirling’ mode at night [2]. Photo courtesy of the Len 

Lye Foundation 
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Interpreting Lye’s sketches is a delicate task, as work to enlarge sculptures must preserve the artist’s 

intentions throughout the design process. The result of transposing these with care is evident in the 

observed form in Lye’s sketches (Figure 1.3-3), with the posthumous construction of Water Whirler 

in Figure 1.3-5.  

Flaming Harmonic (Figure 1.3-6) is intended to be a large outdoor kinetic sculpture, devised by Lye 

around 1965, featuring jets of flame along with the Harmonic performance elements. Although Lye 

never made a prototype of Flaming Harmonic, the work is conceptually with the artistic performances 

of Water Whirler tightly with Flaming Harmonic.  

“The steel tube [of Water Whirler] could be replaced by one fitted to emit jets of natural 

gas in the winter time”[19].  

The linked narrative of these collective works implies that conclusions and recommendations for one 

work may be used to develop conclusions and recommendations for another. In keeping with the Len 

Lye Foundations desire to fabricate ten new works over ten years, it is useful to extend the discussions 

around plans for Flaming Harmonic to include analysis for these other works. 

  

Figure 1.3-6 Lye’s notes on the sculpture Flaming Harmonic. A transcription is provided in 

Appendix A. 
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1.5 Aims of this Research 

Lye’s scope for large versions of his artworks is the motive for continued academic analysis. Scalability 

and reliably are two sources of difficulty routinely faced when producing these artworks, especially at 

increased scale. The main research objectives in this thesis are targeted at addressing these issues. These 

are: 

• To investigate how size effects the geometric and structural properties of Harmonic sculptures, 

at an arbitrary scale, using scaling criteria which preserve the artists’ intentions for Harmonic 

sculptures. 

• To consider machine design approaches which might increase the scalability of Harmonic 

sculptures, by means of considering alternative clamping arrangements to improve upon the 

usual cantilevered boundary condition.  

• To present an adaptable process to produce reliable versions of Harmonic sculptures at an 

arbitrary scale, when considering the material, geometric, and structural features of wands 

desired for a range of these works.  

These collectively target the objective to expedite production of a number of new Len Lye sculptures 

in the family of Harmonic artworks.  

For the second thesis objective to develop a large version of Flaming Harmonic, we 

• Investigate the performance elements and intended choreography of Flaming Harmonic, to 

establish design requirements which must be met in order to produce faithful design plans for 

Flaming Harmonic.  

• Develop design plans specific for Flaming Harmonic, including a wand design (using the Wand 

Design Framework), machine design, and draft site plans.  

Part way through this project, the Water Whirler sculpture in Wellington was vandalised, causing 

damage to the wand. In order to re-commission the artwork, a new wand was required to restore the 

performance. As such, an additional aim of this work is to use the knowledge gained in this thesis to 

repair the Water Whirler sculpture.  
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1.6 Scope and Structure of this Thesis 

The aims of this research collaboratively investigate the technical limitations, design requirements and 

solution space surrounding Lye’s Harmonic series of sculptures. This study is presented to provide 

information useful for all Harmonic sculptures, in the context producing detailed plans for Flaming 

Harmonic. The research outcomes for each chapter are; 

Chapter 2 – Scaling Requirements for Harmonic Sculptures 

To investigate the influence of size on the geometric and structural parameters when scaling to produce 

larger versions of two particular Harmonic sculptures: Rotating Harmonic and Zebra. The approach to 

scaling these works using similarity conditions was developed from Lye’s own design processes, and 

the results may be useful for producing a number of Harmonic artworks Lye left behind as proposals. 

In this chapter we expand upon a previous scaling analysis by Gooch into Big Blade [4], extending the 

analysis considering how to scale statically similar cantilevers with tubular geometries. Further, we 

assess the limitations on scaling imposed by a stress concentration located at an antinode along the 

cantilever while vibrating at resonance. 

Chapter 3 – Feasibility of Producing Flaming Harmonic 

To determine the feasibility of developing Flaming Harmonic in the context of design specifications 

required to produce an artistic performance of this new artwork. This chapter considers the structural, 

fire, and water performance elements required for the requested version of Flaming Harmonic.  

The similarity conditions developed in Chapter 2 are extended to include fluid filled geometries. A 

model for scaling a water performance to Lye’s aesthetic specifications for a water performance is 

produced, and possibilities for a flame performance are investigated experimentally. 

Chapter 4 – Performance Investigation of Vibratory Forms Produced by Novel 

End Conditions 

Following the limitations on maximum size imposed by the scaling requirements developed in Chapters 

2 and 3, an investigation into two proposed clamping arrangements is performed to assess a way of 

increasing the maximum scale or operating amplitude for the artworks. 

This study uses a closed form free-vibrations model of a beam subject to gravitationally induced axial 

tension from Naguleswaran [12]. Through the use of Greens functions, a support along the beam is 

enforced to simulate the two alternative clamping arrangements. Predictions for how these 

arrangements alter stress, frequency, and artistic suitability are presented for the solution space 

pertaining to Harmonic sculptures 
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Chapter 5 – The Wand Design Framework 

A repeatable wand design process is introduced to expedite the development of wands for larger scale 

versions of Harmonic sculptures. This is developed with specific intent to develop a Flaming Harmonic 

Wand, including investigations into some of the ancillary factors for wand designs at the 10m scale 

This study develops optimisation criteria to select a material which best meets the structural demands 

of the work, and design requirements specific to Harmonic sculptures. Following the selection of an 

optimal material, a method for producing an optimised layup using classical lamination theory and the 

scaling requirements developed in Chapters 2 and 3 is presented. The wand design process is applied 

to Flaming Harmonic to generate geometric specifications and predict operating loads for a 10m tall 

version of the artwork, intended for use with a proposed alternative clamping geometry from Chapter 

4. 

Chapter 6 – Machine Design for Flaming Harmonic 

The design of a drive mechanism and ancillary equipment capable of meeting Lye’s aesthetic and 

functional design requirements to produce an artistic performance for Flaming Harmonic is presented. 

It is intended that this design may be modified to accommodate a range of Harmonic sculptures as 

required.  

Chapter 7 – Case Study: Repair and Re-commissioning of Water Whirler 

The repair of Water Whirler is documented, presenting a mathematical model of Water Whirler’s novel 

mechanism; parameters for an optimised wand developed using the Wand Design Framework; and the 

process of recommissioning the artwork on the Wellington Waterfront. 

This study develops a lumped-mass numerical model of a vertical cantilever from Newland [20] to 

include the influence of drive mechanism coupling from the novel machinery. Using the model, a 

performance of Water Whirler was simulated, and operating loads predicted for the artwork. Following 

an application of the Wand Design Framework, geometric specifications for a replacement Water 

Whirler wand were produced. 
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2 Scaling Requirements for Harmonic 

Sculptures 

The purpose of this study is to investigate the influence of size on geometric and structural 

properties of Harmonic sculptures, and examine limitations on their largest practical scale, 

using similarity conditions consistent with Lye’s artistic approach. 

Lye used his smaller kinetic artworks as inspiration for enlarged, ‘monumental’ versions which share 

similar vibratory patterns – Lye’s “Figures of Motion”. In particular, he developed plans for a series of 

enlarged works by observing performances of smaller kinetic artworks he built, and imagining their 

motion at larger sizes. In particular, Rotating Harmonic and Zebra are two large works Lye intended to 

have built at ‘monumental’ scales. Understanding the operation of Rotating Harmonic and Zebra has 

utility for a range of sculptures featuring Lye’s Harmonic figures of motion. In this chapter we explore 

the artistic philosophy of these two works Lye built, to determine optimal methods for scaling, and 

limitations involved with up-scaling the artworks in accordance with Lye’s intentions. 

Discussions with the Len Lye Foundation found that changing the size of a work requires holding the 

ratio of the vibratory amplitude to the length of a sculpture ideally constant as the size of a sculpture is 

increased, to imply a  geometrically similar performance between scales of a work [2]. Following the 

scaling analyses by Gooch and O’Keefe, who used similarity conditions for Lye works previously [3, 

4], an investigation into the properties of scaled works is developed specific to Harmonic sculptures.  

Figure 2-1 – (1) Rotating Harmonic (1959) producing the Single Harmonic Figure of Motion. Photo 

courtesy of the Len Lye Foundation. (2) Zebra (1965) producing the Double Harmonic Figure of Motion. 

Photo courtesy of the Govett Brewster gallery. 

(2) (1) 



2. Scaling Requirements for Harmonic Sculptures 

14 

 

2.1 Similarity Criteria for Harmonic Sculptures 

Holding geometric similarity between scales results in a similar volume of space being occupied by a 

wand while ‘whirling’, shown in Figure 2.1 of Rotating Harmonic and Zebra. 

Following Gooch [3], the geometric similarity criterion associated with holding the deflected 

amplitude constant with the length scale of the work is 

(
𝑋(𝑙)

𝑙
)

𝑠
= (

𝑋(𝑙)

𝑙
)

𝑜
              (2.1.1) 

Where 𝑋(𝑙) is the tip deflection, and 𝑙 is the length of a wand at the original or scaled sizes. Lye’s 

Harmonic sculptures are highly flexible vertical cantilevers, and the influence of gravity in the vertical 

direction is known to alter the mode shapes produced [5]. In order to produce geometrically similar 

mode shapes, it is necessary to hold the influence of gravity on the form similar between the original 

and scaled versions. 

Static Similarity implies maintenance of the geometric shape under a gravity induced load.  If the ratio 

of self-weight to bending stiffness is constant, then the proportionality of a mode shape will also be 

constant. Using static similarity as a scaling criterion aligns well with Lye’s design process. 

The static similarity criterion associated with holding the ratio of gravitational effects to flexural 

rigidity between scales is: 

γs

γo
= c1                (2.1.2) 

Lye experimented with thin rods of spring steel in a local workshop near his residence in New York, 

USA [6]. By testing the stability of various rods by holding them vertically and shaking them to form 

mode shapes, Lye would increase the length of the vertical cantilever rod until it buckled under its own 

weight. Then, he would reduce the length of the rod to obtain the correct stability. Lye's intuitive 

experimental method can be replicated mathematically by quantifying the stability of a vertical 

cantilever at the design height and comparing this with the stability at the onset of buckling. Timoshenko 

and Gere [7] define the dimensionless gravity parameter for a vertical cantilever as: 

𝛾 =
𝜇𝑔𝑙3

𝐸𝐼
               (2.1.3) 

At the onset of buckling the critical value for the gravity parameter, 𝛾𝑐𝑟 = 7.827. The approach to 

scaling the wands for Harmonic sculptures is to maintain this ratio of gravitational loading to flexural 

rigidity of 𝛾/𝛾𝑐𝑟 between the original and scaled sizes. 
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Using this understanding that Lye’s aesthetic performance requirements require similar amplitude 

vibrations and similar mode shapes, Geometric similarity and Static Similarity are produced if the 

following conditions are enforced: 

• Holding the tip amplitude constant between the original and scaled sizes; 

• Holding the gravity parameter constant between scales to ensure similar mode shapes. 

Rotating Harmonic and Zebra use different bending elements, and have different vibration amplitudes. 

Using the similarity conditions, they may be differentiated by considering the tip amplitude and gravity 

parameter of each work. Values relevant to the performances of both works are presented in Table 2.1.1. 

Table 2.1.1 – Dimensionless performance parameters 

  Rotating Harmonic Zebra 

𝑋(𝑙) (2nd mode) 175 mm 350 mm 

𝑋(𝑙) (3rd mode) (Only operates in 2nd mode) 325 mm  

Gravity Parameter 1.6 5.4 

 

2.2 Geometric and Structural Scaling Parameters 

As the scale ratio of the artwork relative to its original size changes, structural parameters related to the 

wand and drive mechanism change. Considering the derivation of the wave equation which describes 

planar motion of Rotating Harmonic and Zebra (Equation 4.2.8), it is clear that the moment, shear force, 

sectional geometry, and resonant frequencies will change due to the static similarity criterion.  

Gooch [3] used non-dimensional analysis to find relationships between size and structural properties 

for Lye’s artwork Blade [8], featuring a flat plate geometry. Here, we derive expressions for tubular 

geometries. 

Following Buckingham’s 𝜋 theorem [9], non-dimensional analysis may be used to provide 

characterisations of how the structural parameters change with scale. By enforcing the geometric and 

static similarity relations, characterisations of the structural parameters may be used to produce suitable 

geometries, and predictions of the mechanical forces a scaled Harmonic sculpture will be subjected to. 

The non-dimensional property groups significant for the geometric and structural analysis of Harmonic 

type sculptures are presented in Table 2.2.1 The general approach is to produce a dimensionless variable 

by multiplying the dimensional variable by a combination of structural property groups, and a 

normalising variable. Because the wave equation for a beam is a partial differential equation with two 

variables, two normalising parameters are useful for describing the static deformation and timescale of 
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the motion. Spatially, the normalising variable used is length 𝑙, while temporal normalisation is through 

input frequency 𝜔.  

Table 2.2.1 – Property Groups for Scaling Harmonic Sculptures 

Variable unit 
Normalising 

factor 

Dimensionless 

Property Groups 

Dimensionless 

Property 

Name 

Dimensionless

symbol 

Length 𝑙 m 1/𝑙 𝑑/𝑙 Scale Ratio 𝑆𝑅 

Deflection 𝑋(𝑥) m 1/𝑙 𝑋(𝑥)/𝑙 
Dimensionless 

Amplitude 
𝑋(𝑥/𝑙) 

Weight 𝜇𝑔 N/m 𝑙3/𝐸𝐼  𝜇𝑔𝑙3/𝐸𝐼 
Gravity 

Parameter 
𝛾 

Frequency 𝜔 rad/s 𝜇𝑙4/𝐸𝐼 𝜇𝜔2𝑙4/𝐸𝐼 
Dimensionless 

Frequency 
𝛺 

Moment 𝑀(𝑥) Nm 𝑙/𝐸𝐼 𝑀(𝑥)𝑙/𝐸𝐼 
Dimensionless 

Moment 
𝑀(𝑥/𝑙) 

Shear 𝑆(𝑥) N 𝑙2/𝐸𝐼 𝑆(𝑥) 𝑙2 /𝐸𝐼 
Dimensionless 

Shear 
𝑆(𝑥/𝑙) 

 

2.3  Scaling Relationships for Harmonic Sculptures 

2.3.1 Relationship Between Scale and Bending Moment 

The lifespan of a sculpture is dependent on the stress produced as it performs. Knowledge of the moment 

is required to develop an appropriate supporting structure for the wand as it performs. In keeping with 

Lye’s intuitive design process, scaling wand dimensions will be performed using static similarity.  

Noting 𝛾𝑜 = 𝛾𝑠,  the similarity criterion between scales may be expressed 

(
𝜇𝑔𝑙3

𝐸𝐼
)

𝑜
= (

𝜇𝑔𝑙3

𝐸𝐼
)

𝑠
                  (2.3.1) 

In order to generate the moment developed by a scaled work, consider the definition of dimensionless 

moment presented in Table 2.2.1. Holding dimensionless moment constant between scales gives (2.3.2) 

(
𝑀(𝑥)𝑙  

𝐸𝐼
)

𝑠
= (

𝑀(𝑥)𝑙  

𝐸𝐼
)

𝑜
                 (2.3.2) 

𝑀(𝑥)𝑠

𝑀(𝑥)𝑜
=

𝐸𝑠𝐼𝑠𝑙𝑜

𝐸𝑜𝐼𝑜𝑙𝑠
                  (2.3.3) 
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Enforcement of the static similarity relationship (2.1.3), is done via substitution of scaled flexural 

rigidity, 𝐸𝑠𝐼𝑠, obtained from the static similarity criterion into (2.3.3) 

𝑀(𝑥)𝑠

𝑀(𝑥)𝑜
=

 (𝜇𝑔𝑙3)𝑠
 (𝜇𝑔𝑙3)𝑜

𝐸𝑜𝐼𝑜 𝑙𝑜

𝐸𝑜𝐼𝑜𝑙𝑠
=

(𝜇𝑔𝑙3)
𝑠

𝑙𝑜

(𝜇𝑔𝑙3)𝑜𝑙𝑠
            (2.3.4) 

For a tubular geometry, the self-weight per unit length may be defined 𝜇 = 𝜌𝜋(𝑑𝑜
2 − 𝑑𝑖

2)/4. 

Substituting the definition of self-weight into (2.3.5) gives the relationship between bending moment 

and scale ratio, as a function of the diameters which define the original and scaled tubes. 

𝑀(𝑥)𝑠

𝑀(𝑥,)𝑜
=

𝜌𝑠(𝑑𝑠,𝑜
2 −𝑑𝑠,𝑖

2 )𝑙𝑠
2

𝜌𝑜(𝑑𝑜,𝑜
2 −𝑑𝑜,𝑖

2 )𝑙𝑜
2              (2.3.5) 

In order to ensure similarity is held, a pair of diameters which fit the static similarity criterion must be 

chosen.  

2.3.2 Relationship Between Scale and Bending Stress 

Using the definition of bending stress as 𝜎𝑏 = 𝑀(𝑥, 𝑡)𝐷/2𝐼, where 𝐼 is the second moment of area for 

a tube with the expression for scaled bending moment (2.3.7), 

𝜎𝑏,𝑠

𝜎𝑏,𝑜
=

𝜌𝑠𝑙𝑠
2𝑑𝑠,𝑜(𝑑𝑠,𝑜

2 −𝑑𝑠,𝑖
2 )(𝑑𝑜,𝑜

4 −𝑑𝑜,𝑖
4 )

𝜌𝑜𝑙𝑜
2𝑑𝑜,𝑜(𝑑𝑜,𝑜

2 −𝑑𝑜,𝑖
2 )(𝑑𝑠,𝑜

4 −𝑑𝑠,𝑖
4 )

             (2.3.6) 

𝜎𝑏,𝑠

𝜎𝑏,𝑜
=

𝜌𝑠𝑙𝑠
2𝑑𝑠,𝑜(𝑑𝑜,𝑜

2 +𝑑𝑜,𝑖
2 )

𝜌𝑜𝑙𝑜
2𝑑𝑜,𝑜(𝑑𝑠,𝑜

2 +𝑑𝑠,𝑖
2 )

              (2.3.7) 

2.3.3 Relationship Between Scale and Shear Force 

Shear force is required to develop drive mechanisms for scaled versions of Lye’s work. Holding the 

ratio of shear between scales constant gives (2.3.10). 

(
𝑆(𝑥)𝑙2

𝐸𝐼
)

𝑠
= (

𝑆(𝑥)𝑙2

𝐸𝐼
)

𝑜
            (2.3.8) 

Enforcement of the static similarity relationship (2.3.2), is done via substitution of 𝐸𝑠𝐼𝑠  into (2.3.8) 

𝑆(𝑥)𝑠

𝑆(𝑥)𝑜

 (𝜇𝑔𝑙3)𝑠
 (𝜇𝑔𝑙3)𝑜

𝐸𝑜𝐼𝑜𝑙𝑜
2

𝐸𝑜𝐼𝑜𝑙𝑠
2 =  

(𝜇𝑔𝑙3)
𝑠

𝑙𝑜
2

(𝜇𝑔𝑙3)𝑜𝑙𝑠
2          (2.3.9) 

𝑆(𝑥)𝑠

𝑆(𝑥)𝑜
=

𝜌𝑠(𝑑𝑠,𝑜
2 −𝑑𝑠,𝑖

2 )𝑙𝑠

𝜌𝑜(𝑑𝑜,𝑜
2 −𝑑𝑜,𝑖

2 )𝑙𝑜
           (2.3.10) 
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2.3.4 Relationship Between Scale and frequency 

The resonant frequency will be altered as the length of an artwork is increased. Frequencies between 

scales may be evaluated as per (2.3.11)  

(
𝜇𝜔2𝑙4

𝐸𝐼
)

𝑠
= (

𝜇𝜔2𝑙4 

𝐸𝐼
)

𝑜
           (2.3.11) 

Rearranging for the ratio of frequencies, 

𝜔𝑠
2

𝜔𝑜
2 =

𝐸𝑠𝐼𝑠

𝐸𝑜𝐼𝑜
 
𝜇𝑜𝑙𝑜

4

𝜇𝑠𝑙𝑠
4               (2.3.12) 

Enforcing static similarity between scales by substitution of scaled flexural rigidity, 𝐸𝑠𝐼𝑠, obtained from 

the static similarity criterion and simplifying yields: 

𝜔𝑠

𝜔𝑜
= √

𝑙𝑜

𝑙𝑠
            (2.3.13) 

If  𝜔𝑜 is chosen to be a resonant frequency, then 𝜔𝑠 is a prediction of the same resonant frequency for 

a scaled work. 

The relationship between scale and frequency matches Gooch [10]. This is because frequency is a 

function of the scale ratio explicitly, without reference to specific geometry. This contrasts to 

relationships with other variables; shear force, moment, and stress are not directly determinable without 

choice of both internal and external diameters.  

2.3.5 Solution for Choosing Statically Similar Tube Geometries 

In order to determine a suitable choice of internal and external diameters for a wand which fits the static 

similarity criterion, we need to observe the form of the gravity parameter. For a tubular geometry, the 

gravity parameter (2.1.3) may be written in the form 

𝛾 =
16𝜌𝑔𝑙3(𝑑𝑜

2−𝑑𝑖
2)

𝐸(𝑑𝑜
4−𝑑𝑖

4)
           (2.3.14) 

This can be simplified as 

𝛾 =
16𝜌𝑔𝑙3

𝐸(𝑑𝑜
2+𝑑𝑖

2)
            (2.3.15) 

Suitable values can be found from the parabolic equation for 𝑑𝑜, by assuming a test value of 𝑑𝑖, 

0 = 𝛾𝐸𝑑𝑜
2 + 𝛾𝐸𝑑𝑖

2 − 16𝜌𝑔𝑙3         (2.3.16) 

Solving Equation (2.3.19) and selecting a real, positive root returns a value of 𝑑𝑜 for a given 𝑑𝑖. 
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2.3.6 Relationship Between Scale and Critical Diameter 

Consider an ‘empty’ (air filled) wand. For a given scale ratio, 𝛾, and material, an optimum stress is 

achieved when the outer radius is a minimum value, or practically, as 𝑑𝑜 → 𝑑𝑖. The solution to (2.3.16) 

is found by cycling through diametral pairs, which has the effect of cycling through the parameter group 

𝜇/𝐼.  

𝜇

𝐼
=

16𝜌(𝑑𝑜
2−𝑑𝑖

2)

𝑑0
4−𝑑𝑖

4             (2.3.17) 

𝜇

𝐼
=

16𝜌

𝑑𝑜
2+𝑑𝑖

2            (2.3.18) 

When 𝑑𝑖 is increased, 𝑑𝑜 decreases as core material contributes to increase the parameter set 𝜇/𝐼. 

Removing core material allows a smaller 𝑑𝑜 to hold 𝜇/𝐼 constant, which means a family of 𝑑𝑜, 𝑑𝑖 pairs 

satisfy the static similarity criterion.  

If a specific wall thickness is desired, then let 𝑑𝑖 = 𝑑𝑜 − 2𝑡,where 𝑡 is the desired wall thickness, and 

(2.3.16) becomes 

0 = 𝛾𝐸𝑑𝑜
2 + 𝛾𝐸(𝑑𝑜 − 2𝑡)2 − 16𝜌𝑔𝑙3        (2.3.19) 

As 𝑡 → 0, observation of (2.3.22) results in finding a non-trivial critical diameter at 𝑑𝑖 = 𝑑𝑜 when 

𝛾𝐸𝑑𝑜
2 = 𝛾𝐸𝑑𝑖

2. Using this relationship, a convergent diameter for a particular material, gravity 

parameter and scale ratio may be determined as  

𝑑 = √
16𝜌𝑔𝑙3

2𝐸𝛾
            (2.3.20) 

A meaningful statically similar pair will have an internal diameter lesser than the result of (2.3.20), and 

the external diameter greater. Further, given the definition of bending stress as 𝜎 = 𝑀𝑑𝑜/ 2𝐼, where 

𝑀 = 𝐸𝐼𝑑2𝑣/𝑑𝑥2. At the critical diameter, bending stress may be written as 

𝜎 =
𝐸𝑑

2

𝑑2𝑣

𝑑𝑥2
             (2.3.21) 

The implication of (2.3.21) is that as the sculpture scales, there is a minimum viable diameter a sculpture 

must be in order to maintain static similarity. As (2.3.20) shows the critical diameter increasing with 

length, it is clear a scaling limit exists, based on the maximum stress a material may support.  
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2.4 Influence of Scale on Parameters for Harmonic sculptures 

Using the geometric and static similarity scaling relations developed in Section 2.3, larger versions of  

Rotating Harmonic and Zebra are scaled in this section, using material properties consistent with a 

tubular fibreglass pultrusion. Following a procedure to determine an optimal material for Harmonic 

sculptures in (Chapter  5), pultruded fibreglass was chosen as the optimum material for producing large 

scale Harmonic sculptures. Table 2.4-1 presents parameters for Zebra and Rotating Harmonic required 

for the scaling analysis. Loads for the original sculptures were determined in the structural loads 

programs Prog 2.1, 2.2 in Appendix A2.  

 

Because composite layup and  geometry vary the properties of finished composites, results here are 

indicative only. An extended discussion on fibreglass properties is presented in Ch. 5, however we 

restrict the analysis to an approximate layup where iteration is unlikely to produce substantially different 

 
1 Based on Rockwell ‘C’ hardness testing of a bending element used for a gallery version of Rotating Harmonic. 
2.Stiffness was obtained via static deflection testing of the glass as 45 GPa. Pultrusions with axially aligned fibres 

typically have stiffness ad strength relative to the volume fraction of fibres, 𝐸 = 38 − 52 GPa. A realistic 

strength range is from 𝜎𝑦 = 800 − 1200 MPa.  
3 Measured density of a wand fabricated for Water Whirler; consistent with a 60% volume fraction of glass fibres.  
4 Approximate flexural modulus of a large fibreglass wand which might be fabricated.  
5 From flexural testing of a fabricated wand (See chapter 5), used as an indicative value in this chapter. 

Table 2.4-1 - Properties of original and scaled Harmonic sculptures 

Property Rotating 

Harmonic 
Zebra Test Parameters for 

Scaled works 
Units 

Material Spring Steel1 E-glass2 E-glass  

Diameter 0.0028 0.004 as scaled m 

Length 1.28 2.3 𝑙/𝑙𝑜 m 

Density 7850 2020 20203 kg /m3 

Modulus 210 45 304 GPa 

Yield 1300 800 − 1200 8585 MPa 

Shear (2nd) 5.44 1.58 

Diameters, shear, 

moment, stress, 

frequency are 

determined via scaling 

relations developed in  

Section. 2.3 

N 

Shear (3rd) 𝑁/𝐴 7.07 N 

Moment (2nd) 1.49 . 823 Nm 

Moment (3rd) 𝑁/𝐴 2.13 Nm 

Stress (2nd) 691 131 MPa 

Stress (3rd) 𝑁/𝐴 340 MPa 

Frequency (2nd) 7.64 2.98 Hz 

Frequency (3rd) 𝑁/𝐴 8.61 Hz 
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conclusions, especially at the larger scales desired. Stiffness and yield strengths used here are consistent 

with expectations for quality pultruded fibreglass manufacturable in New Zealand at the time of 

publishing [11]. 

Figure 2.4-1 presents data for versions of Harmonic sculptures scaled with similarity to Rotating 

Harmonic, (𝛾 = 1.6) in Prog 2.3. Note, a scale ratio of 12 corresponds to a 15.4m sculpture. Data in 

the following sections are shown for three candidate wall thicknesses representing a likely range of 

Figure 2.4-1 – Influence of Scale Factor on Structural and Geometric Parameters of Rotating Harmonic. 
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choices over the span of considered scale ratios. Data for the second mode only is included as Rotating 

Harmonic only operates in the 2nd bending mode.  

Figure 2.4-2 presents data for versions of Harmonic sculptures scaled with similarity to Zebra, (𝛾 = 3) 

in Prog 2.4. Note, a scale ratio of 8 corresponds to a height of 16.8 m. Data for the 3rd bending mode 

only is included, because the third mode vibration is associated with the highest loading requirements.  

Figure 2.4-2 – Influence of Scale Factor on Structural and Geometric Parameters of Zebra 
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2.5 Impact of Bolted Hole Stress Concentrations along the 

bending length  

For a cantilever beam with uniform properties, moment and stress are linearly related [12] and peak 

values for both bending moment and stress are developed at the fixed support. 

However, stresses along the length of the wand are significant under the loading conditions Harmonic 

sculptures experience. A significant local stress concentration located along the wand may cause the 

peak stress to shift away from the clamp exit. To observe the distribution of stress along the length of a 

wand with uniform properties, Figure 2.5-1 shows the bending moment developed in a non-dimensional 

version of Rotating Harmonic at the 2nd and 3rd modes. 

If a stress concentration were located at the 2nd or 3rd mode peaks respectively, from Figure 2.5-1 and a 

similar analysis of the stress forms Zebra, peak stress will shift to the stress concentration if the 

magnitude of that stress concentration exceeds the values in Table 2.5-1. This critical stress 

concentration value is defined as 𝐾𝑐𝑟𝑖𝑡 = 𝜎𝑏𝑎𝑠𝑒/𝜎𝑤𝑎𝑛𝑑. 

Table 2.5-1: Critical Stress Concentrations 

 
𝐾𝑐𝑟𝑖𝑡 , 2𝑛𝑑 𝑚𝑜𝑑𝑒  𝐾𝑐𝑟𝑖𝑡 , 3𝑟𝑑 𝑚𝑜𝑑𝑒 

Rotating Harmonic, 𝛾 = 1.6 1.38 1.51 

Zebra, 𝛾 = 3 1.38 1.51 

2nd Mode 

Wand Peak 

(Point ‘A’) 

3rd Mode 

Wand Peak 

(Point ‘B’) 

Base Peak 

Figure 2.5-1 – Moment along the bending length of a cantilevered beam with 𝛾 = 1.6 under  

(1) second and (2) third mode excitation.  

(2) (1) 



2. Scaling Requirements for Harmonic Sculptures 

24 

 

Larger versions of Rotating Harmonic or Zebra may have local stress concentrations placed along the 

bending lengths of their wands. One example is a larger version of Zebra, which may have a series of 

lights fastened through the glass and wired internally to produce the artwork’s characteristic striations. 

Alternatively, nozzles may be placed along a wand in order to emit jets of water or fire (Figure 2.5-2).  

A convenient method for fastening nozzles or lights onto the wand is to use a bolted joint. Development 

for the Water Whirler sculpture by Robb [1] led to use of a curved washer and nut (Figure 2.5-2), shaped 

to match the internal and external diameters of the original Water Whirler’s wand. This geometry is 

replicable for a range of sizes, and future versions of Harmonic sculptures are expected to use a similar 

fastening system.  

When a work is produced at the maximum scale, if the geometry of this bolted joint causes a stress 

concentration greater than a critical value in Table 2.5-1, then maximum feasible size for the work will 

be decreased, as stress limits the maximum scale of the work.  

Results from finite element modelling and mechanical testing performed in Ch.5 predict a range of 

values for the stress concentration parameter, 𝐾, to be between about 𝐾 = 1.8 − 3 on a pultruded 

fibreglass wand, depending on the layup and hole size. Universally, these are above the critical stress 

concentration values presented in Table 2.5-1. Peak wand stress may be modelled as a function of base 

stress by the relation (2.5.1) 

𝜎𝑃𝑜𝑙𝑒 =
𝐾

𝐾𝑐𝑟𝑖𝑡
 𝜎𝑏𝑎𝑠𝑒              (2.5.1) 

Figure 2.5-2 - Original Water Whirler nozzle (1), designed by Robb [1], 

next to (2) a conceptual sketch of Water Whirler by Lye (N.D.) 

(2) (1) 
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2.5.1 Scaling Limit for Rotating Harmonic 

Using the range of likely 𝐾 values, scaling limits for Zebra and Water Whirler may be determined based 

on the maximum allowable stress for the work, and whether a stress concentration is present or not. 

Table 2.5.2 presents the limits for scaling Rotating Harmonic, considering the maximum stress which 

may be experienced, at a realistic wall thickness for a given size. In order to set a limit for the scalability 

a one-third yield criterion has been used as a maximum acceptable stress.  

A one-third failure stress criterion is chosen as stresses associated with this number indicate the ability 

for an E-glass laminate with an epoxy or vinyl ester resin system to reach 106 cycles prior to failure 

[13-18], or experience a significant drop in stiffness [19]. This number of cycles is intended to give a 

wand an expected lifespan consistent with design requirements for other Len Lye sculptures.  

In Chapter 5, flexural testing of a wand developed for a large-scale work is performed to assess the 

properties of wand developed for Water Whirler using the processes in this thesis. Based on the flexural 

strength of the tested fibreglass, 𝜎𝑏 = 858 MPa, the following scaling limits for Rotating Harmonic 

and Zebra and estimated. 

There is significant variation in the flexural strength of composites. Depending on fibre orientation, 

layup requirements, and production quality, smaller samples in particular may have flexural strengths 

exceeding 1200 MPa [11]. Typically, higher strength is associated with an increased modulus, and in 

turn this reduces the diameter required. While the following results likely underestimate the producible 

amplitudes for smaller sculptures, it is unlikely that dramatic gains may be obtained for larger scales. 

Sculptures larger than the values in Table 2.5.2 are desired.  

If larger versions are constructed, then a reduction in operating amplitude is likely to be required. If the 

operating amplitude were reduced to match one-third failure load, Figure 2.5-3 presents the 

dimensionless amplitude serviced for a range of scales. The original Rotating Harmonic has a 

dimensionless amplitude of 𝑋(𝑙𝑜/𝑙𝑜)  = .14 m/m 

  

Table 2.5.2: Scaling Limits for Rotating Harmonic 

 1/3rd yield criterion (286 MPa) 

𝐾 Scale ratio limit Length Wall Thickness 

𝐾 < 𝐾𝑐𝑟𝑖𝑡 7.0 8.9 (5 mm wall) 

1.8 4.0 5.1 (2.5 mm wall) 

2.5 < 1.5 1.9 (2.5 mm wall) 

3 <1   
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2.5.2 Scaling Limits for Zebra  

Zebra is a highly stressed work in its original form, and examination of Figure 2.5-4 finds it unlikely 

that a version of Zebra substantially larger than Lye’s original is able to be produced without 

reconsidering the geometric similarity criterion. The original Zebra has a dimensionless amplitude of 

𝑋(𝑙𝑜/𝑙𝑜) =   0.17 m/m. Figure 2.5-3 present the dimension amplitude 𝑋(𝑙𝑠)/𝑙𝑠 for a given scale ratio 

if the maximum operating stress of a likely layup were to be 1/3rd the yield strength.  

Figure 2.5-3 – Influence of Scale Factor on the Stress along Rotating Harmonic’s wand, with a Stress 

Concentration at point at point ‘A’ from Figure 2.5-1 (1), compared to the case without a stress 

concentration along the length of the artwork. 

 

Figure 2.5-4 – Influence of Scale Factor on the Stress along Zebra’s wand, with a Stress 

Concentration at point at point ‘B’ from Figure 2.5-1 (1), compared to the case without a stress 

concentration along the length of the artwork. 
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Figure 2.5-4 is presented with a caveat: at the original scale ratio, the 1/3rd yield stress criterion suggests 

use of an amplitude below that observed in existing gallery versions. While this is likely, partially due 

to underestimating the strength of fibreglass at lower scale ratios, it raises a point about what if the 

suggested amplitudes are exceeded? The suggested stress limitation of 1/3rd the failure strength may be 

exceeded, but lifespan will be reduced as a result. 

2.6 Limits of Scaling Wands and Optimised Clamping 

The geometric and static similarity conditions described in this chapter have led to an understanding of 

how scale effects the geometric and structural properties for larger Harmonic works. However, the 

mechanical stresses demanded by larger scale works tend to exceed material limitations when the 

geometric similarity criterion is enforced on a well-considered layup.  

If these properties are to be used, either the geometric similarity requirement should be relaxed to allow 

operation at a lower amplitude, or regular wand replacement interval is likely. Lower operating 

amplitude does not necessarily produce a poor performance, but is a desirable target. For example, 

Water Whirler [20] operates with a dimensionless amplitude of 𝑋(𝑙)/𝑙 = 0.08 m/m. This is 43% of 

the amplitude expected, were Robb’s Water Whirler to be geometrically similar with Rotating 

Harmonic, yet the performance of Water Whirler is satisfactory.  

Below a certain amplitude the sculpture will be unsuitable, however, for  a general sculpture design, the 

degree to which amplitude may be sacrificed is left to the Len Lye Foundation. 

One more option for increasing the amplitude of Harmonic sculptures is to change the boundary 

conditions associated with the drive mechanism. While Lye traditionally used a rigid clamp to support 

his sculptures (which approximates a fixed boundary condition), aesthetically acceptable mode shapes 

are not solely producible by using a cantilever. Spencer [21] and Robb [20] proposed altering the 

stiffness of the support near start of the bending length, with the theory that peak stresses may be 

reduced by allowing beam/wand/wand curvature near the clamp exit. 

A number of alternative end conditions have been applied or considered already. Robb’s drive 

mechanism for Water Whirler uses a sprung table with tuning weights around a perimeter, producing a 

spring stabilised pinned end condition [22]. The advantage of this mechanism is that it substantially 

reduces bending stresses at the base, typically the most stressed part of a Harmonic sculpture. 

An alternative to Robb’s spring supported pinned support is to use a two-span beam, first proposed by 

Spencer [21], which provides a flexible region where loading may be distributed before the visible 

length of the sculpture appears. The two-span beam approach lends itself well to actuation via linear 

reciprocation, which is more in accordance with Lye’s original drive mechanisms for sculptures like 

Rotating Harmonic, and Blade and Zebra. 
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Experimental research by Spencer [21] suggest that use of one such two span beam support, called a 

Double-Pinned clamp is effective at reducing stresses near the clamp exit. Spencer’s work suggests that 

stresses at the base of Blade [8] may be reduced by between 20-40%. Figure 2.6-1 presents four end 

conditions which are considered in this thesis. 

The first is Spencer’s Double-Pinned end condition. Spencer investigated stresses near the base 

experimentally [21], and acknowledged a desire for a mathematical model to fully prove the benefits of 

this clamp. 

The second end condition is the traditional cantilever Lye used in many of his works, previously 

discussed in the introduction and the basis for the analysis work in this chapter.  

The third is a Fixed-Pinned support, which replaces the pin at the base of Spencer’s double-pinned end 

condition with a fixed support. The utility of a fixed support at the start of the cantilever is to provide a 

more exact location for allowing fluids to flow into the wand. Attaching a hose or electrical connections 

to the base of Flaming Harmonic will be more robust if such equipment is able to be mounted firmly to 

a support structure.   

The last end condition is the idealised version of Robb’s clamping arrangement for Water Whirler.  

An analysis of Water Whirler type mechanisms was performed by McGregor in [22], and found these 

mechanisms to be effective at reducing base stresses. Practically implementing a Water Whirler style 

machine for operation at multiple frequencies is difficult to achieve due to the on-the-fly tuning 

required. 

In order to develop machines more aligned with Lye’s original actuation methods, we will develop 

design information useful for producing sculptures using the Fixed-Pinned and Double Pinned end 

conditions in chapter 4. These end conditions may be suitable from a design perspective for large 

versions of Rotating Harmonic, Zebra, Blade, and Flaming Harmonic.  

Figure 2.6-1(1-4) – End Conditions Considered for Flaming Harmonic 

Double-Pinned 

Flexible Support 

Fixed Support  

(Cantilever) 

Fixed-Pinned 

Flexible Support 

Pinned Support 

(1) (2) (3) (4) 
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2.7 Conclusions 

Geometric and static similarity conditions have been used to derive expressions for 

the geometric and structural properties for scaled versions of Rotating Harmonic 

and Zebra which are faithful to Lye’s original works. The limits of scalability for 

Zebra and Rotating Harmonic were determined using clamping geometries 

consistent with Lye’s original works. Further, the presence of a stress concentration 

along the bending length of a wand was found to reduce scalability. If these works 

are to be fabricated at the sizes Lye intended, the vibratory amplitude may need to 

be reduced significantly. New end conditions have potential to improve scalability, 

and Chapter 4 will investigate the suitability of two proposed end conditions.  

This chapter has found relationships between the geometric and structural properties of similar vertical 

cantilevers subject to geometrically similar vibrations. Static similarity was confirmed as the method 

for scaling wands for Flaming Harmonic, which follows the approach taken by Gooch [3] and Spencer 

[21]. There are two notable limitations on this analysis: 

• Fibreglass has variable properties, and final laminate specifications need to be known in order 

to exactly determine operating parameters. 

• If nozzles are located up the wand, the exact magnitude of the concentration needs to be 

determined as this impacts the scalability of a work. 

These limitations are able to be applied to a specific installation through the Wand Design Framework 

in Chapter 5. Subject to these limitations, the scaling analyses performed in this chapter have determined 

the following: 

• Extended Gooch’s scaling approach to include circular and tubular geometries. 

• Determined a convergent minimum diameter for tubular geometries which balances the self-

weight and inertial terms for “empty” tubes. 

• Determined the size limits for Rotating Harmonic subject to a fixed support. 

• Determined size limits for Zebra as being near the limit for scalability in its original size 

specification, without reconsidering the geometric similarity criterion 

• Determined the effects of realistic magnitude stress concentrations on the scalability limits of 

Zebra and Rotating Harmonic. 

Should the Len Lye Foundation wish to produce a kinetic artwork as a particular size while holding 

static similarity using a clamping geometry consistent with Lye’s original works, the trade-off may be 

reducing the operating amplitude by some design-specific amount to extend the lifespan of a work.  
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 3. Feasibility of Producing Flaming 

Harmonic 

The purpose of this chapter is to develop design requirements, specifications and scaling 

criteria for each performance element of Flaming Harmonic. This is to facilitate 

production of the artwork while preserving the artists intentions. Flaming Harmonic 

includes flames, water, and structural elements which need investigation to ensure the work 

is producible from practical and artistic viewpoints 

Lye never produced physical versions of works emitting jets of water or fire. Instead, he left notes and 

diagrams for the Len Lye Foundation to develop. Lye would write on any material available to him – 

often the backs of envelopes, newspaper, or postage stamps; sometimes giving sparse information to 

work from. In the case of Flaming Harmonic (Figure 3-1), Lye’s writings contain one line which link 

it to the artistic performance of Water Whirler, and a sketch on the back of a piece of lined paper. 

“The steel tube [of Water Whirler] could be replaced by one fitted to emit jets of natural 

gas in the winter time”[1]. 

 

Figure 3-1 Lye’s notes on the sculpture Flaming Harmonic. A transcription is provided in 

Appendix A1. Figure courtesy of the Len Lye Foundation 
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The Len Lye Foundation approached the University of Canterbury in 2016 about developing a new 

work, titled Flaming Harmonic. As proposed, this artwork may interchangeably produce a flame 

performance, or a water performance on demand. Although Lye did not build physical versions of 

artworks with flame or water performance elements, Evan Webb1, describes Water Whirler, and by 

extension, Flaming Harmonic as variations on a similar work Lye did build: Rotating Harmonic [2]. 

This set the design intention for Flaming Harmonic to be a synthesis of three performance elements: 

• A vibratory performance of a vertical cantilever, geometrically similar to Rotating Harmonic. 

During operation, either a water or flame performance will occur. 

• A water performance is generated by emitting jets of water from nozzles spaced up the length 

of the wand, in a similar fashion to Lye’s conceptual sculpture Water Whirler (Figure 3.1-1); 

• A flame performance is generated by emitting jets of fire from the  nozzles. The form of the 

flames will be inspired by Lye’s notes and drawings, but experimental testing is needed. 

For the purposes of discussing the artist’s intentions for Flaming Harmonic, design requirements and 

specifications were developed using the approach of Pahl and Beitz [3] to identify the scope of the work. 

A final set of aesthetic design requirements and specifications is presented in Table 3.1:1.  

To establish the feasibility of building the work, it is necessary to investigate interactions between the 

structural requirements imposed by similarity conditions, and how these interact with artistic and 

physical requirements for emitting jets of flame or water.  

 

3.1 Performance Elements of Flaming Harmonic 

Sketches of Water Whirler in Lye’s sketches (Figure 3.1-1) illustrate the artists intentions for how water 

interacts with the wand. Long, thin streamlines emanate from each nozzle. The streamlines may present 

perpendicular to the bending axis, or spin while the wand produces mode shapes geometrically similar 

to Rotating Harmonic.  

Robb [4] conducted significant research and design work exploring a range of nozzle sizes and 

geometries to produce artistically acceptable performances for a version of he developed (Chapter 7). 

Following discussions with the Len Lye foundation, a water performance is artistically acceptable if it 

maintains similarity with Robb’s design specifications for Water Whirler [2]. We discuss the methods 

for producing similar water jets in section 3.3. 

 
1 Director of the Len Lye Foundation 
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While intentions for the water jets are clear, Lye’s writing and sketches of the fire performance in Figure 

3.1-1 have generated two potential interpretations within the Len Lye Foundation for how the flames 

might be expected to appear [2]. It has been suggested that the flames form a striated appearance similar 

to Zebra, with flames wrapping around the wand in a vortex-like manner [1]. Alternatively, long streams 

of flame might be used to produce a flaming transpose of the water jets Lye drew in sketches of Water 

Whirler. 

In order to be functional, a large version of Flaming Harmonic should be able to emit flames from 

nozzles studded up the wand during a fire performance. Then, the wand should then be able to purge 

the gas and fill with water to produce jets of water from the same nozzles. 

Due to the open scope for the flames, instead of suggesting particular scaling characteristics for the 

flames, we explore the limiting factors for a flame performance and discuss viable options for the scaled 

version. Following these discussions, design requirements and specifications for Flaming Harmonic 

were developed, with a finalised table presented in Table 3.1.1. 

Figure 3.1-1 – Performance description of Water Whirler (N.D.). Left to right show the ‘planar’, 

‘hula’ and ‘whirling’ modes. Figure courtesy of the Len Lye Foundation 
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Table 3.1.1: Design Requirements for Flaming Harmonic 

Demand 

/Wish 
Priority Description 

D - Flaming Harmonic will be built with a wand between 10-12 m long 

D - 
Wand to last 1000 performances of a 5-minute duration (approx. 600,000 

reciprocations) 

D - Flaming Harmonic is to be statically similar to Rotating Harmonic. 

D - 
Flames or water are to be emitted from at least 16 jets, equispaced along two 

sides of the wand 

D - 
Polished metallic finish (with some iridescence, colour between finely finished 

aluminium and bright nickel plating) 

D - 
Continuous, unbroken flames emitted from each nozzle. Should be capable of 

producing 'striations' as per Zebra, or streams of flame, as per Water Whirler 

D - 
Water streams to produce the weeping cherry form (Figure 3.3-1), and project 

a radial distance equal to the height of the wand.  

W H Wand to have an infinite fatigue life 

W H 
Maximise water jet intact length. For reference, Water Whirler has 5m intact 

stream lengths.      

W H 
Maintain similar water jet diameter to the 10m Water Whirler, which produces 

water streams from 3.2mm diameter nozzles.      

W H Flame performance clearly visible during daytime with a predominantly 

red/white flame hue. (Not a lean, blue flame) 

W H 
Nozzles visually unintrusive on wand exterior. Ideally no larger than 50 mm 

long, about 15 mm diameter. Nozzle colour to be uniform (stainless steel/brass 

to match the wand) small gauge electrodes visible for ignition are acceptable 

W H Even volumetric water and flame emission from each nozzle 

W H 
Vibratory performance for Flaming Harmonic geometrically similar to 

Rotating Harmonic (implies similar amplitude and vibratory form) 

W M 
The wand should have an aspect ratio geometrically similar to Rotating 

Harmonic 1.28m:2.8mm).  

W M Potential to alter flame colour (using a dissolved metal salt solution) 
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3.1.1 Description of a Performance and Primary Operating Modes 

Below is a description of an example performance based on Lye’s notes[5], information discussed 

with the Len Lye Foundation director[2], and previous agreements [6] 

*** 

The performance of the sculpture begins with the wand moving slowly back and forth in a lateral 

direction. This movement is periodic with the wand motion occurring perpendicular to a set of nozzles 

located at regular intervals up the height of the wand. Water or flames then start to spurt radially outward 

from the wand in the horizontal direction and perpendicular to the lateral movement. The speed of the 

movement increases slowly until the second natural frequency (about 1 Hz) is reached. The wand forms 

a ‘planar’ double-parabola shape shown in Table (3.1.2).  

For the second part of the performance, ‘Hula’ the wand moves from a planar two-dimensional 

parabolic shape to a three-dimensional whirling shape.  The water or fire continues to spurt out radially 

in the same direction as before. 

For the final part of the performance, the wand begins to rotate about the vertical axis at a speed of 

approximately 0.25 Hz, while the three-dimensional form is being produced. This creates the 

appearance that the jets of water/fire as ‘whirling’. 

*** 
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From this performance description, the primary operating modes for Flaming Harmonic’s performances 

with Fire or Water were established, shown in Table 3.1.2 

 

 
2 “Whirling” is an artistic name given to the appearance of the wand producing a second bending mode shape in 

two perpendicular axes simultaneously as the wand rotates about its vertical axis. Despite what the name suggests, 

these are not beam whirling modes: they are beam bending modes. 

Table 3.1.2 Primary Operating Modes for an Artistic Performance 

Planar Hula Whirling2 

   

• Drive mechanism is 

operated slightly below 

peak resonance frequency.  

• Reciprocates at a reduced 

amplitude, with emission 

from jets in plane or 

perpendicular to the 

vibration. 

• Drive mechanism is 

operated at the peak 

resonance frequency. 

 

• Wand reciprocates at a 

large amplitude, with jets 

parallel or perpendicular to 

the shuttle motion. 

• Drive mechanism is operated 

at exacttly the resonance 

frequency 

 

• Wand reciprocates at a large 

amplitude, while jets rotate 

between 0.25 − 4 Hz about 

the centre axis of the wand. 
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3.2 Scaling Criteria for Scaling Flaming Harmonic  

Structural and geometric information from Rotating Harmonic can be used to ensure the vibratory 

performance of Flaming Harmonic meets Lye’s specifications for the vibratory form of the artwork.  

3.2.1 Maintaining Static Similarity for Fluid-Filled Geometries 

For a water performance, the wand will be filled with water. This changes the self-weight term in the 

gravity parameter, meaning a single wand may hold static similarity with Rotating Harmonic for either 

a fire or water performance, but not both. In order to rectify this, discussions were held with the Len 

Lye Foundation, and chosen solution was for Flaming Harmonic to prioritise holding similarity with 

Rotating Harmonic during the flame performance, and to allow for a more flexible wand during a water 

performance [2].  

In order to assess the impact of changing 𝛾 when the wand is filled, water may be considered purely as 

an added mass effect as long as the wand contains a full water column. The effect of an enclosed water 

column on the vibratory forms of elastic vertical cantilevers was investigated in a comprehensive 

analysis by Chiba et al [7-9]. The outcome of Chiba’s work for our analysis is if water completely fills 

the inside of the wand, then mode shapes of the full wand will be equivalent to mode shapes of an empty  

wand with the same effective gravity parameter as the water filled version. When the weight of water 

inside a full wand is considered, the mass per unit length is given by (3.2.1) 

𝜇 = 𝜌(𝑑𝑜
2 − 𝑑𝑖

2) + 𝜌𝑤𝑑𝑖
2             (3.2.1) 

Where 𝜌𝑤 is water density. Extending the definition of 𝛾 in equation (2.1.2), the gravity parameter for 

a water filled column can be described 

𝛾𝑤 =
16[𝜌(𝑑𝑜

2−𝑑𝑖
2)+𝜌𝑤𝑑𝑖

2]𝑔𝑙3

𝐸(𝑑𝑜
4−𝑑𝑖

4)
             (3.2.2) 

This may be re-written as a quartic 

𝛾𝑤𝐸𝑑𝑜
4 − 𝛾𝑤𝐸𝑑𝑖

4 − 16𝜌(𝑑𝑜
2 − 𝑑𝑖

2)𝑔𝑙3 − 16𝜌𝑤𝑑𝑖
2𝑔𝑙3 = 0        (3.2.3) 

Solving Equation (3.2.3) and selecting the real, positive root returns a practical value of 𝑑𝑜 for a given 

𝑑𝑖. To choose specifications of enlarged sculptures more conveniently, this may be re-written to be 

solved for a given wall thickness by letting 𝑑𝑖 = 𝑑𝑜 − 2𝑡 such that 

𝐸𝛾𝑤𝑑𝑜
4 − 𝛾𝑤𝐸(do − 2t)4 − 16𝜌(𝑑𝑜

2 − (do − 2t)2)𝑔𝑙3 − 16𝜌𝑤(do − 2t)2𝑔𝑙3 = 0  

(3.2.4) 
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3.2.2 Critical Diameter for a Water Performance 

Rearranging (3.2.4) and letting 𝑑𝑖 = 𝑑𝑜 provides the root expression which we previously solved for 

the critical minimum diameter in the water-free case. 

0 =
16𝜌𝑔𝑙3

𝐸(𝑑𝑜
2+𝑑𝑜

2)
+

16𝜌𝑤𝑑𝑜
2𝑔𝑙3

𝐸(𝑑𝑜
4−𝑑𝑜

4)
− 𝛾𝑤            (3.2.5) 

An attempt to solve (3.2.5) for a critical minimum diameter fails, as the internal water weight requires 

some structural support provided by the tube. Hence, the diameter increases as 𝑑𝑖 → 𝑑𝑜  

Similar to the result of Section 2.3.5, Equation (3.2.5) shows an inverse relationship between diameter 

and length. As sculpture length increases, the flexural rigidity (and hence, outer diameter) will increase 

to retain the desired stability parameter.  

3.2.3 Influence of Structural Parameters on a Water Filled Column 

When the column is filled with water expressions for shear force, bending moment, and stress may be 

derived via the same procedure shown in Chapter 2. 

Moment  
𝑀(𝑥)𝑠

𝑀(𝑥)𝑜
=

𝜇𝑠𝑙𝑠
2

𝜇𝑜𝑙𝑜
2 =

[𝜌𝑤𝑑𝑠,𝑖
2 +𝜌𝑠(𝑑𝑠,𝑜

2 −𝑑𝑠,𝑖
2 )]𝑙𝑠

2

𝜌𝑜(𝑑𝑜,𝑜
2 −𝑑𝑜,𝑖

2 )𝑙𝑜
2          (3.2.6) 

Bending Stress  
𝜎𝑏,𝑠(𝑥)

𝜎𝑏,𝑜(𝑥)
=

(𝜇𝑔𝑙3)
𝑠

𝑙𝑜𝑑𝑠,𝑜𝐼𝑜

(𝜇𝑔𝑙3)𝑜𝑙𝑠𝑑𝑜,𝑜𝐼𝑠
=

[𝜌𝑤𝑑𝑠,𝑖
2 +𝜌𝑠(𝑑𝑠,𝑜

2 −𝑑𝑠,𝑖
2 )](𝑑𝑜,𝑜

4 −𝑑𝑜,𝑖
4 )𝑑𝑠,𝑜𝑙𝑠

2

[𝜌𝑜(𝑑𝑜,𝑜
2 −𝑑𝑜,𝑖

2 )](𝑑𝑠,𝑜
4 −𝑑𝑠,𝑖

4 )𝑑𝑜,𝑜𝑙𝑜
2      (3.2.7) 

Shear Force  
𝑆(𝑥)𝑠

𝑆(𝑥)𝑜
=

𝜇𝑠𝑙𝑠

𝜇𝑜𝑙𝑜
=

[𝜌𝑤𝑑𝑠,𝑖
2 +𝜌𝑠(𝑑𝑠,𝑜

2 −𝑑𝑠,𝑖
2 )]𝑙𝑠

[𝜌𝑜(𝑑𝑜,𝑜
2 −𝑑𝑜,𝑖

2 )]𝑙𝑜
          (3.2.8) 

Frequency  
𝜔𝑠

𝜔𝑜
= √

𝑙𝑜

𝑙𝑠
             (3.2.9) 

These expressions are valid so long as the gravity parameter of the ‘original’ scale sculpture is identical 

to the scaled version being investigated. As the original sculpture is Rotating Harmonic, this can only 

be the case for either the fluid filled or empty wand. Therefore, it is necessary to determine what the 

gravity parameter of the fluid filled sculpture is in relation to the empty sculpture.  
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Exploring the relationship between scaling parameters found if 𝛾𝑤 = 3, a gas performance with 𝛾 =

1.6 was an achievable target3. Figure 3.2-1 presents the gravity parameter 𝛾 for a gas performance if a 

wand was designed to have 𝛾𝑤 = 3 during a water performance. The only reason why the gravity 

parameter changes between water and gas performances in Figure 3.2-1 is due to the removal of water: 

The geometric and material properties are identical.  

To produce structural parameters for a wand with 𝛾𝑤 = 3, we follow the analytic procedure for a 

cantilever developed in Ch. 4 for a unit cantilever with 𝛾 = 3. Design loads for the ‘unit’ cantilever 

with 𝛾𝑤 = 3 are outputs of Program 3.1 

The geometric and static similarity conditions used to develop the design curves are: 

(
𝑋(𝑙)

𝑙
)

𝑜
= (

𝑋(𝑙)

𝑙
)

𝑠
= 0.14 m/m          (3.2.10) 

 𝛾𝑤,𝑠 = 𝛾𝑤,𝑜 = 3           (3.2.11) 

 
3 𝛾 = 1.6 is desirable as this infers static similarity with Rotating Harmonic 

Figure 3.2-1 – Gravity parameter 𝛾𝑔 for a gas performance if the gravity parameter for a water 

performance is 𝛾𝑤 = 3. 
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Using the scaling relations developed in Equations (3.2.6-9) with the similarity condition Equation 

(3.2.4) leads to the design curves in Figure 3.2-2. Note, frequency is associated only with the scale ratio 

and gravity parameter, and does not depend on wall thickness. These design curves are outputs of 

Program 3.2.  

Figure 3.2-2 – Influence of Scale Ratio on Structural Parameters of a Water Performance with 𝛾𝑤 = 3 
Note: data based on scaling Rotating Harmonic, where 𝑙𝑜 = 1.28 m 
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Choice of a pair of diameters which exactly place the gravity parameters of a water and fire performance 

at 𝛾𝑤 = 3; 𝛾𝑔 = 1.6 respectively is unnecessary. The resonance speeds and associated design loads in 

Figure 3.2-2 are not highly sensitive to a variation of about 1 mm in wand wall thickness when 

developing works near the 10 m scale.  

We suggest that for the purposes of achieving the artistic requirement for static similarity between 

scales, a small drift in 𝛾 from the values used by Lye is a good trade-off, if it facilitates easier production. 

Choice for the diametral pair relies, largely, on what is viable within the constraints of a manufacturing 

process. At the intended size of 10-12 m tall, a wall thickness between 5 and 10 mm is likely the suitable 

range4. 

3.3 Scalability of a Water Performance 

Before the final choice of wand diameters, we need to consider the requirements of a water or fire 

performance. It is important to investigate factors limiting the size and scalability of water jets to 

determine whether jets of water and flames may use the same nozzles. We investigate the requirements 

of the well-defined water performance first, before investigating the requirements of the flame 

performance.  

Two geometric scaling requirements in the Design Requirements and Specifications Table (3.1.1) 

address the water performance. First, as the size of the sculpture changes, the size of the water jets 

should be altered to hold geometric similarity with Water Whirler [10]. Second, the highest jet on a 

wand should project a radial distance equal to the length of a wand, with subsequent jets producing a 

weeping cherry formation [4] (See Figure 3.3-1 (1) ).  

Even though the water performance of Water Whirler is not a Len Lye original, substantial development 

of the water performance by the Len Lye Foundation and Stuart Robb, established what the foundation 

considers a water performance in excellent agreement with Lye’s notes. Therefore, it is an excellent 

foundation for the water performance for Flaming Harmonic [2].  

In the following section, we develop a model of the hydraulic system which can be used to generate the 

weeping cherry flow pattern, and predict the pumping requirements for a water performance. The 

desired forms are presented in Figure 3.3.1, which shows a sketch of how Lye intended the jets to appear 

and the successful result of this analysis.  

 

 
4 The 10-12m range represent a scale ratio of 7.8-9.4, with respect to Rotating Harmonic 
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3.3.1 Mathematical Description of the Water Flow 

.  

Figure 3.3-1 – Flow streamlines under higher pressure to show (1) weeping cherry form of jets, 

drawn by Robb based on Lye’s specifications. (2) desired ‘weeping cherry’ producible using the 

model in this chapter, with a suitable nozzle discharge coefficient 

 

(1) 

(2) 
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Given the intended nozzle locations along the length of a wand, presented in Figure 3.3-1 (1), we can 

determine requirements for the hydraulic system by investigating how to achieve the desired weeping 

cherry form of the water. Figure 3.3.2 presents a schematic of flow inside the wand, being delivered to 

a nozzle. 

Where 𝜌𝑤 is the density of water, 𝑉𝐵,𝑖 the flow of water inside the bore 𝑉𝑖 the flow velocity of the jet 

emitted by the 𝑖′𝑡ℎ nozzle, and 𝑃𝑖 represents the pressure of the flow sampled the 𝑖′𝑡ℎ nozzle. �̇�𝑖 is the 

mass flow rate through the 𝑖′𝑡ℎ nozzle, at 𝑄𝐷 is some flow restriction existing from geometric or flow 

properties, such that 0 ≤ 𝑄𝐷 ≤ 1. 

To relate the velocity of water emitted from the top jet to a required pumping pressure, we begin by 

considering jet kinematics. Assumed each jet falls in a parabolic trajectory, such that the distance and 

height of an ejected jet over time may be modelled as: 

[
𝑥𝑖(𝑡)

𝑦𝑖(𝑡)
] = [

𝑉𝑖𝑡

−
𝑔𝑡2

2
+ 𝑦𝑖(0)

]             (3.3.1) 

Imposing Lye’s desire for the top water jet a distance equal to the wand length imposes a pair of 

boundary conditions for the top jet , such that  

𝑥𝑡𝑜𝑝𝑗𝑒𝑡(𝑡𝑙) = 𝑙;  𝑦𝑡𝑜𝑝𝑗𝑒𝑡(𝑡𝑙) = 0        (3.3.2,3) 

Where 𝑥, 𝑦 represent the cartesian distances a jet is projected over time, 𝑙 represents the height of the 

top jet (assumed to be at the top of a wand), and 𝑡𝑙 represents the time taken for that jet to reach the 

ground. Enforcing these boundary conditions by substituting (3.3.2, 3) into (3.3.1) sets the velocity of 

the top jet such that it reaches a horizontal distance equal to the wand length. The velocity of the top jet 

may be expressed as a function of wand length. 

Figure 3.3-2 – Schematic Diagram of Water Flow at a Nozzle 
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𝑉𝑡𝑜𝑝 𝑗𝑒𝑡 = 𝑙/ √2𝑙/𝑔              (3.3.4) 

Applying this model to a particular installation allows us to predict the trajectory of the water jets, given 

the simplifying assumptions:  

• Water flow into the wand is at a steady state (via a water supply pumping system) 

• Water jets remain intact  (after some length, the jet will break up [11]) 

Using the velocity of the jet, mass flow rate can be determined from the size of each nozzle by continuity 

[12] 

�̇�𝑖 = 𝑄𝐷𝜌𝑤𝐴𝑛𝑜𝑧𝑉𝑖              (3.3.5) 

Flow from the 𝑖′𝑡ℎ nozzle is established by Bernoulli’s equation.  

𝑃𝑖 +
1

2
𝜌𝑤𝑉𝐵,𝑖

2 = 𝑃𝑎𝑡𝑚 +
1

2
𝜌𝑤𝑉𝑖

2            (3.3.6) 

As the bore velocity is tangential to the jet velocity, it does not contribute to the emitted jet velocity. 

Therefore, velocity of the 𝑖𝑡ℎ jet is obtained from (3.3.6) 

𝑉𝑖 = 𝑄𝐷√2(𝑃𝑖 − 𝑃𝑎𝑡𝑚)/𝜌𝑤             (3.3.7) 

If we can determine the pressure inside the wand at each nozzle, then (3.3.7) allows us to calculate jet 

trajectories for the 𝑖𝑡ℎ nozzle. 

As we know the velocity required for the top jet, the pressure required to ensure the top jet reaches a 

suitable distance is given by Bernoulli’s equation 

𝑃𝑖 = 𝑃𝑎𝑡𝑚 +
1

𝑄𝐷
2 𝜌𝑉𝑡𝑜𝑝 𝑗𝑒𝑡

2           (3.3.8) 

Having determined flow parameters at the top nozzle, we attempt to work down the wand from nozzle 

to nozzle to predict the pressure at nozzle 𝑖 − 1.  

Consider at the top nozzle mass flow rate in the bore is �̇�𝐵,1 = 0, as the top of the wand is sealed. 

Therefore, bore flow rate for a given nozzle is the sum of nozzle mass flow rates above the 𝑖′𝑡ℎ nozzle. 

�̇�𝐵,𝑖+1 = �̇�𝐵,𝑖 + �̇�𝑖            (3.3.9) 
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Total pressure at subsequent lower nozzles is the sum of the pressures above the nozzle.  

𝑃𝑖−1 = 𝑃𝑖 + Δ𝑃ℎ,𝑖 + Δ𝑃𝑑𝑦𝑛,𝑖 + Δ𝑃𝑔         (3.3.10) 

Where Δ𝑃ℎ is the pressure drop due to pipe friction, Δ𝑃𝑑𝑦𝑛 the increase in dynamic pressure and Δ𝑃𝑔 

the gravitational head gain between between nozzles, such that 

∆P𝑑𝑦𝑛 = [
1

2
𝜌𝑤𝑉𝐵,𝑖−1

2 −
1

2
𝜌𝑤𝑉𝐵,𝑖

2 ]  

Δ𝑃𝑔 = 𝜌𝑔Δℎ   

∆𝑃ℎ,𝑖 =
Δℎ𝑓𝑑𝑉𝑝,𝑛−𝑖

2

2𝑔𝑑𝑖
                  (3.3.11a-c) 

𝑓𝑑 is the Darcy friction factor [12], Δℎ is the height chosen differential between nozzles. 

 

3.3.2 Replicating the Form of the Water Jets from Water Whirler 

Using the equations developed in Section 3.3.1, we reproduce the form of water jets developed by Water 

Whirler [4]. Parameters are available in Program 3.3, with graphical results presented in Figure 3.3-1.  

To generate the weeping cherry form, where the highest jets shoot farthest radially from the sculpture, 

it became apparent that the pressure variation between nozzles needs to be reduced. If the nozzles are 

unrestricted, then the pattern in Figure (3.3-3) emerges. This presents gravitational head losses due to 

wand length result in jets overlapping to produce an untidy performance.  

Gravitational losses cannot be avoided, but in practice the relative pressure drop can be controlled by 

choice of a nozzle discharge coefficient, 𝑄𝐷.  

Figure 3.3-3 – Incorrect ‘pine tree’ form, produced with 𝑄𝐷 = 1 
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Discharge coefficient can be practically altered by placing a restrictor plate; a venturi; or as Stuart Robb 

did with Water Whirler, place a mesh screen and flow straightener inside each nozzle [4]. One of Robb’s 

Nozzles is shown in Figure 3.3-4. 

 In effect, 𝑄𝐷 is set by the area ratio of the throat – the smallest effective diameter inside a nozzle - to 

the nozzle exit, although there will be some additional loss 𝑘∗ caused by entry length effects which 

reduce flow from the theoretical maxima [12]. In practice, this factor 𝑘∗ is likely to exceed 𝑘 > 0.9, 

and can be neglected within the level of accuracy required for this analysis.  

𝑄𝐷 = 𝑘∗ 𝐴𝑡ℎ𝑟𝑜𝑎𝑡

𝐴𝑛𝑜𝑧
=

𝐴𝑡ℎ𝑟𝑜𝑎𝑡

𝐴𝑛𝑜𝑧
           (3.3.12) 

Setting a suitable 𝑄𝐷, we can produce the weeping cherry form of the water jets produced by Water 

Whirler [10] at a desired scale. Figure 3.3-1 (2) presents the desired weeping cherry formation using 

𝑄𝐷 = 0.5 for all nozzles.  

 

3.3.3 Choice of Jet Diameter – Geometrically Similar Jet Aperture. 

Geometric similarity between the jet diameter of Water Whirler and the length of a wand was considered 

a suitable method to ensure satisfactory observation of the jets. 

The geometric similarity condition associated with this requirement is 

𝑑𝑜
∗

𝑙𝑜
=

𝑑𝑠
∗

𝑙𝑠
             (3.3.13) 

Equation (3.3.13) enforces a restriction on the minimum wand internal diameter to keep pumping 

requirements reasonable. This is because as the wand scales, the area ratio of cumulative nozzle exit 

area increases  

Depending on the choice of wand internal diameter from the scaling criterion for a fluid filled wand in 

(3.2.4), this may increase the velocity of flow inside the wand. 

 

Figure 3.3-4 – Nozzle from Water Whirler (2003) showing (1) nozzle exit, (2) profile (3) flow 

laminator inside the back of the nozzle 

(1) (2) (3) 
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Consider the ratio 

 𝐴𝑅 = 𝐴𝑝𝑖𝑝𝑒/𝑛𝐴𝑛𝑜𝑧,            (3.3.14) 

Where AR is the area ratio associated with the bore internal area, compared with the cumulative nozzle 

exit area of 𝑛 nozzles.  

Using the same Water Whirler nozzles with a 3.2 mm diameter and modifying the bore diameter, Figure 

3.3-6 presents the pumping pressure required for the top jet to reach a distance equal to the wand length 

using the temporal boundary conditions from Equation (3.3.2,3), for a range of area ratios.  

Figure 3.3-6 presents a floor in pumping pressure, which is apparent from an area ratio of about 3. 

Increasing the area ratio further does not return a substantial drop in pumping pressure, as low flow 

velocity at high values of 𝐴𝑅 diminishes the pressure drop due to pipe friction 𝑃ℎ.. 

The original Water Whirler has 20 nozzles in total. Should a different number of nozzles be desired for 

a future work, Figure 3.3-5 shows the apparent floor at 𝐴𝑅 = 3 holding well for a varied number of 

nozzles along the wand. 

Extending the result of Figure 3.3-5 by enforcing an area ratio of 3, jet and bore size may be plotted as 

a function of sculpture scale ratio. Hence, Figure 3.3-6 provides design information required to select 

nozzle and wand dimensions suitable for a water performance. The bore diameter required for a given 

number of nozzles are plotted, should greater or fewer nozzles be desired in future designs.  

  

 

Figure 3.3-5 Pumping pressure required for Water Whirler as pipe area is increased. 

Area Ratio 𝐴𝑝𝑖𝑝𝑒/(𝑛𝐴𝑛𝑜𝑧) 
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A comparison of the minimum bore diameter with the critical minimum diameter imposed by the 

structural requirements for an empty ‘test’ fibreglass wand (Equation 2.3.16) suggests that the structural 

requirements do not impose a flow restriction so long as the scale ratio is greater than 4 (5.12 m). 

For the desired size of 10-12 m, no conflict between the water jets and structural scaling parameters is 

predicted.  

The primary limitations of the analysis in Figure 3.3-6 (2) is the choice of  𝐴𝑅 = 3 for this range of 

scale ratios, and the choice of a single friction factor over the range.  

To mitigate these limitations, the chosen Darcy-Weisbach Friction Factor of 𝑓𝑑 = 0.03 is quite 

conservative considering values for a rough pipe at high Reynolds flow [12]. Further, following an 

investigation of extreme wand lengths between one and one-hundred meters, the choice of 𝐴𝑅 = 3 

appears to hold well. Pumping requirements of a one meter and one-hundred meter version (shown in 

Appendix A3) present a choice of 𝐴𝑅 = 3 as suitable for the likely range. 

3.3.4 Conclusions for a Water Performance 

Investigations into the parameters governing a water performance have found: 

• Water streams will be scaled to hold jet aperture to wand length constant;  

• Minimum bore size required for water flow is not a design limitation when considering the 

internal diameter ranges found through scaling analysis; 

• Using an area ratio of 3 between the cumulative nozzle exit area and bore enables the pumping 

pressure requirements for a range of scale ratios and nozzle numbers to be predicted 

Figure 3.3-6 – Influence of Scale ratio on (1) nozzle diameter. (2) minimum bore diameter, 

plotted in relation to the critical minimum diameter developed in Section 2.3.5. 

(2) (1) 
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3.4 Scalability of a Fire Performance 

Due to the open scope suggested by Lye, instead of suggesting particular scaling characteristics we 

explore the limiting factors of a fire performance, and discuss viable options for the scaled version – 

discussions with John Matthews, chair of the Len Lye Foundation, expressed an intention to explore a 

range of fuels. Doidge and Robb [13] experimented with a number of different fuel fluids in a 

preliminary study for Flaming Harmonic which included consideration of petrol, LPG, natural gas, and 

acetylene to assess a range of aesthetic options for the flames, suggesting LPG would be a suitable 

choice – although did not make a final selection. Here we explore the most promising fuels examined 

by Doidge and Robb in a new analysis.  

3.4.1 Candidate Fuels for a Flame Performance 

An investigation of potential fuel systems is presented in this section to determine how flames may 

appear during a flame performance. This section includes commentary surrounding experimental work 

performed for this thesis, experimental work performed by Doidge and Robb [13], discussions with the 

Len Lye Foundation, discussions with Christchurch gas fitting company Gascraft5, and gas supplier 

BOC6. This does not represent a legal liability or endorsement of the designs and conclusions presented 

here. 

Viability of Petrol 

Flammable liquids like petrol are capable of making longer, clearer streams than gases. While viscosity 

has a negative influence on intact jet length [14] meaning petrol may not produce streams as long as  

water: the form of these jets (Figure 3.4-1) was considered to be excellent [13].  

Doidge and Robb [13] rightly discarded the idea of using liquid combustibles like petrol on 

environmental and safety grounds, due to the accumulation of unburnt fluid below the flame stream. 

 

5 Gascraft Engineering Ltd.  specialise in pyrotechnics, particularly relating to LPG combustion.  

6 BOC Ltd. is a major supplier of industrial gases. 

Figure 3.4-1 – Testing Petrol as a method of producing ‘pencil lines’ of Flame similar to 

those emitted by Water Whirler. (Photo from testing by Robb & Doidge, 2006) 
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Viability of Oxy-Acetylene 

Oxy-Acetylene forms brilliant white, short pencil lines of light. The high contrast suits day or night 

performances, and visually the flames provide ‘retinal retention’ of the flame – where the viewer holds 

an image for some time after exposure, due to the relative brightness of the flame. This is possible with 

other combustibles, especially when mixed with oxygen, but oxy-acetylene has the highest combustion 

temperature of the gases under investigation, at 3400 K [15]. This was viewed with excitement by the 

Len Lye Foundation, making acetylene an excellent candidate from an artistic perspective [2, 13]. A 

prototype nozzle was developed and tested, as shown in Figure 3.4-2. 

In order for this acetylene gas appliance to meet legislative requirements, the regulatory framework set 

out by the Gas Act 1992 and NZS5266-2014; Safety of Gas Appliances [16, 17] requires the sculpture 

to meet AS4289, Oxygen and Acetylene gas reticulation systems [18]. These standards impose 

significant restrictions on the delivery of oxygen and acetylene to each nozzle, surrounding the volume 

of stored explosive mixture which will fill the passageways inside the wand.  

While use of oxy acetylene appears to be a technically viable option, the regulatory framework and 

willingness of industry to service or supply such a solution leaves this option impractical. 

Figure 3.4-2– Oxy-Acetylene flames emitted from a prototype nozzle developed for Flaming 

Harmonic (flame approx. 300mm length) 
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Viability of LPG 

LPG7 is widely available and capable of producing stunning night-time visuals. Further, the capacity to 

turn pressure up or down gives the ability to vary the length of the jets from individual lamps to 

moderately long flames. Commercially available systems to deliver, and potential add a colourant [19] 

makes this an aesthetically viable option with significant technical support from industry. 

Commissioning a large LPG installation in New Zealand requires approval by a technical regulator for 

Gas Appliances, in accordance with the Gas Act 1992 [20]. In this case, the technical regulator is 

Worksafe NZ, or a delegated authority. The appliance must comply with NZS5266-2014; Safety of Gas 

Appliances [16]. To demonstrate approval with this New Zealand standard, the appliance must comply 

with the requirements of AS3814 Industrial and Commercial Gas-Fired Appliances [21]. As part of 

these requirements, the system will 

1) Have moving parts located or guarded to minimise hazards 

2) Be designed to withstand foreseeable mechanical loading, including seismic loading 

3) Include a Failure Mode and Effect Analysis (FMEA) performed for the whole appliance, 

including the effect of voltage variations in electrical systems 

4) Be submitted to the technical regulator for approval. 

New Zealand legislation allows for freedom of design so long as appropriate risk evaluation and 

mitigation is performed, the design is mechanically sound, and the structure is approved by 

knowledgeable persons. Consultation with regulators to satisfy these requirements should be sought 

when an installation location is being established.  

 
7 Liquified Propane Gas, (LPG) is typically sold in New Zealand as a nominal mixture of 60% propane and 40% 

butane. 

Figure 3.4-3 – Multi Burner setup used to test the form of flames, with a piezo-electric ignition system 
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3.4.2 Testing LPG flames 

Due to the promise of LPG as a combustible from both aesthetic and regulatory perspectives, prototype 

testing was performed to establish feasibility, and identify potential issues.  

Figure 3.4-4 presents a multi-burner test setup developed using MIG welding tips with 2 mm bores 

sealed into a flexible hose. A multi spark electronic ignition system was wired with a spark gap over 

each 2mm bore nozzle. A 200 kPa welding regulator was attached to a gas bottle, while the distal hose 

end was attached to an offset rotary union, enabling the tube to emulate a horizontal ‘hula’ performance 

(Table 2.1-2).  

LPG flames are vibrant and undergo a horizontal ‘hula’ mode as the hose reciprocates. In this setup 

with the LPG immediately exposed to ambient air, flame pressures in excess of 10 kPa resulted in 

flames spontaneously blowing out. Pressures lower than 10 kPa were sensitive to spontaneously 

blowing out while the hose was in motion. 

Testing at small scale revealed the following: 

• Flame stability needed improvement. High-speed reciprocation (hula) of the jets may cause 

flames to extinguish 

• For the 2 mm diameter nozzle, pressures above about 10 kPa cause flames to extinguish 

• At this jet size, pure LPG makes a suitable colour for night performances, and is marginal for 

daytime performances. Combusting larger volumes of LPG, or the addition of oxygen, may 

enhance flame colour. 

Figure 3.4-4 – (1) Flame trails produced when the hose was spun via a drill motor. This motion is 

similar to ‘Hula’. (2) Ignition leads on a nozzle, with a spark across the leads 

(1) (2) 
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• Slow combustion (a combination of unchoked nozzle flow and slow mixing with atmospheric 

oxygen) causes flames to ‘balloon’. 

• High pressures can prevent ignition, as combustible mixture is required at the ignition location. 

• Ignition is difficult with probes very close to the nozzle exit; similarly high LPG concentration 

above the upper explosive limit at the nozzle exit makes ignition difficult. 

Based on these findings, a prototype nozzle was constructed in accordance with the diagram below, to 

address a number of these issues. 

A shroud allows for ambient air to combine with the flames prior to ignition. The location of the air 

holes on the shroud draw air into the central LPG jet, while protecting the gas stream from cross winds. 

An ignition probe sparks near the end of the shroud. As some mixing has been allowed to occur (either 

ambiently, or via upstream pre-mixing), there is a more readily ignitable mixture near the nozzle tip.  

Inside the nozzle, a flow laminator with similar specification to Robb’s nozzles for Water Whirler [4] 

(presented in Figure 3.3-4) provides a means for producing a satisfactory intact length and discharge 

coefficient for a water performance. Toward the rear of the nozzle, a shaped washer and nut provide 

large surface areas matching the external and internal diameters of the wand respectively.  

Testing with the prototype nozzle, shown in Figure 3.4-6 found: 

• Substantially improved flame stability; the flame was difficult to extinguish. 

• For a 3.2 mm nozzle, fuel pressures up to 50 kPa LPG with ambient mixing only were stable. 

Above this pressure, flames were able to spontaneously blow out. 

• The larger quantity of gas emitted, compared to the tests in Figure 3.4-5, improved the aesthetic 

quality of a daytime performance, but this is still marginal as flames are visible, but dim in 

daytime lighting conditions. 

Figure 3.4-5 – Nozzle quarter section for combined purpose Air-LPG / Water Nozzle 



3. Feasibility of Producing Flaming Harmonic 

56 

 

• Generally higher pressures increase the straightness of the flame, but risk blowing out. 

• While stable flames can be produced at up to 50 kPa, attempting to reignite nozzles if 

extinguished was only reliable up to about 20 kPa pressure. 

These nozzles are borderline suitable for a performance, however, improving flame stability under 

higher pressures would allow straighter flames. Flame stability may be improved by further increasing 

the availability of oxygen to the flame (via premixing air or oxygen upstream). 

Premixing LPG up to the stoichiometric limit increases flame speed. Data investigated for LPG or 

Propane premixed flames by the authors of [22-26] suggest flame speed may be increased from 

approximately 100 mm/s to 400 mm/s between pure LPG and stoichiometric ratios of air to LPG.  

The extremes of stoichiometric mixing and pure LPG are presented in Figure 3.4-6, with LPG mixed 

with some air in the prototype nozzle (right), and an oxy-LPG mixture with negligible ballooning (left).  

While oxy-LPG is the ideal case, oxy-LPG is in a similar regulatory category to acetylene gas, as this 

requires an explosive mixture to fill the wand. Instead, a system to incorporate additional air into the 

gas stream below the lower explosivity limit8 using commercial equipment is considered the best option 

for maximising flame stability and minimising ballooning.  

Further, as the prototype nozzle uses the same flow laminator design as the Water Whirler nozzles, it is 

capable of producing a satisfactory water performance. 

  

 
8 This is the point where a mixture becomes readily ignitable, without the need for additional oxygen to combust. 

Figure 3.4-6 – Effect of premixing on jet form (1) Premixed oxy-LPG flame, Photo courtesy of Technix. (2) 

Unmixed turbulent diffusion flame, using the prototyped nozzle. Increasing jet pressure reduces straightens 

the jet, and premixing increases flame stability to enable higher pressures. 

(2) (1) 
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3.4.3 Heat Management 

Heat may present a risk to the integrity of the sculpture. Two sources of heat transfer present a tangible 

risk, as the wand may not be able to support high mechanical stresses if heated, especially in the case 

of composite materials . The heat sources of interest are: 

Conduction of heat through the nozzle body to the wand 

Convection of heat through wand contact with the flames. 

Conductive heating of the wand may be addressed if flames are not combusted inside the nozzle. While 

nozzles may be hot near the tip, heat transferred convectively to nozzle is well offset by the cooling 

effect of gas expansion through the nozzle. Testing with the prototype nozzle found the nozzle to be 

suitably cool across extended testing, and able to be comfortably held immediately after flames were 

extinguished.  

The effects of temperature on the mechanical properties of composites are widely known [27], and so 

far as the range of nozzle temperatures is concerned, (up to 50oC), we predict minimal variation in 

composite properties from the exposure to warm nozzles. Therefore, conductive heat transfer is not 

considered to be a significant design risk. 

Convection may limit the ability for the sculpture to perform. Convective heat transfer between the 

flames and composite surface directly is controlled by the length of jets, and the degree of flame 

ballooning about each nozzle. This is because slow burning flames may make temporary contact with 

the wand during ‘planar’ or ‘Hula’ motions, and continuous contact during ‘Whirling’ motion.  

Experiments with the LPG prototype nozzle found little concern for flames overheating the wand. Pre-

mixing the flame with air or oxygen to increase the combustion speed would increase burn speed, reduce 

ballooning, and mitigate this risk further. After the sculpture is constructed, testing should take place to 

check the degree of convective heating is acceptable. 

Throughout the testing process, concerns for overheating were not found to be significant risk factors 

for the project. 
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3.4.4 Model of Gas Flow Parameters 

Gas Consumption Rate 

A first order approximation for the requisite quantity of gas is to assume the nozzles are isentropic - 

that is, to assume there are no turbulent or heat transfer losses. These isentropic flow relations yield a 

widely known equation for the mass flow rate �̇� [12], derived from conservation of mass and 

momentum for steady flow conditions: 

�̇� =
𝜋

4
𝑑∗2𝑃√

𝑘

𝑅𝑜𝑇
𝑀𝑎 (1 +

𝑘−1

2
𝑀𝑎2)

−
𝑘+1

2(𝑘−1)
           (3.4.1) 

With 𝑃 and 𝑇 being flow stagnation pressure and temperature respectively, 𝑘  and 𝑅𝑜 being the ratio of 

specific heats and universal gas constant, and 𝑀𝑎 the flow Mach number.  

If an oxidiser such as air or oxygen is premixed with the combustible, then the partial pressures inside 

the wand can be defined as the sum of partial pressures for each gas species such that: 

𝑃 = ∑ 𝑃𝑖
𝑛
𝑖=1                (3.4.2) 

Using the partial pressures, mixed gas properties can be defined by the ideal gas law, 𝑃 = 𝜌𝑅𝑇, such 

that the specific gas constant 𝑅𝑚𝑖𝑥 and specific heat ratio 𝑘 of the mixture may be defined from 

individual gases as: 

𝑅𝑚𝑖𝑥 = ∑
𝑃𝑖

𝑃
𝑅𝑖

𝑛
𝑖=1 ; 𝑘𝑚𝑖𝑥 = ∑

𝑃𝑖

𝑃
𝑘𝑖

𝑛
𝑖=1  

Assuming the fluid is well mixed, the mass flow rate for a given species is 

 �̇�𝑖 =
𝜌𝑖

𝜌
�̇�               (3.4.3) 

3.4.5 Gas Consumption and Operating Economics 

Operating near choking pressure is likely to be ideal as this maximises jet length for a given volume 

of gas, so long as sufficient mixing occurs to keep combustion stable. As pressure increases, there is a 

tendency to extend flame lengths and increase separation from the wand due to the added mass flow, 

but these further drop flame stability. 

The pressure required to choke gas flow, 𝑃𝑜an LPG flame is given by [12]  

𝑃𝑜 = 𝑃𝑎𝑡𝑚 (
2

𝑘+1
)

𝑘

𝑘−1
              (3.4.4) 
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 For LPG, air-LPG and oxy-LPG, flow is choked for pressures exceedingly about 50𝑘𝑃𝑎. If flows can 

be stabilised at 50 𝑘𝑃𝑎, increasing mass flow through further pressure increase tends to reduce 

mixing speed and slow combustion [24].  

In practice, an off the shelf air-LPG mixer will likely be the easiest way to incorporate oxygen into the 

gas stream in a manner capable of meeting the required safety standards. Off the shelf equipment may 

mix to ratios as rich as a 50:50 air to LPG ratio (by pressure) [28]. Following discussions with Vapor 

Gas equipment ltd (Auckland, NZ) about the feasibility of procuring such a system, this was deemed 

to be an effective, industry supported option. 

The operating cost for a mixer operating at a 50:50 pressure ratio based on 2019 prices for LPG from 

the BOC gas company [29] was determined in Figure 3.4-7 for a various number of nozzles up the 

tube length. These results are outputs of Program 3.6.  

Choice of Combustible Selected for Flaming Harmonic 

LPG has been chosen as the combustible for development with Flaming Harmonic, due to wide 

availability of the gas, support from potential industrial partners [19, 29], and the wide range of potential 

operating conditions. 

The design specifications for the gas subsystem are presented in Chapter 6. 

 

  

Figure 3.4-7 – Operating Cost and Flow rate of a 50:50 (by pressure) mixture of air and LPG 
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3.4.6 Conclusions for Scaling a Fire Performance 

Experiments with flames have found that a flame performance is achievable, with acceptable results 

from the prototype nozzles. 

• If premixed air-LPG flames are used, an aesthetically acceptable form is achievable 

• Therefore, water and flames may share a set of nozzles, as flame testing was conducted on a 

nozzle capable of producing a suitable water performance.  

• Sufficient gas pressure is required to keep flames from making extended length contact with the 

wand surface, due to the large volume flame present at low gas pressures. 

•  In practice, increasing the gas pressure to a suitable specification prevents convective heating, 

and this can occur with either pure LPG or premixed flames. 

• While some contact between the flames and wand will occur, brief contact will occur, and this is 

considered unlikely to damage the wand.  

• Conductive heating through the nozzles is unlikely, as nozzles inherently stay cool. 

• Testing with the full-scale version should check the intended performance specifications are 

thermally safe, and adjust if necessary.  
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3.5 Conclusions 

Considering requirements for the structure, water, and flames, design requirements 

were considered for a ten-metre version of Flaming Harmonic. Stresses predicted 

for the ten-metre version lead to a desire to relax the geometric similarity criterion, 

unless an investigation into alternative clamping methods can reduce peak stresses 

to improve the lifespan of the work. Investigations into the fire performance 

identified an air-LPG mixture as the most suitable fuel, with development work 

leading to a satisfactory nozzle prototype. Development of the finalised systems will 

be considered in the sculpture designs for Flaming Harmonic in Chapters 5 and 6. 

Static similarity with respect to Rotating Harmonic was confirmed as the method for scaling a large 

version of Flaming Harmonic, with a relaxed gravity parameter selected for the water performance. 

Design requirements for water jets have been scaled based on extensive design work by Robb [4], who 

developed excellent quality nozzles for the original Water Whirler. Similar features from Robb’s 

nozzles will be included in the nozzles for Flaming Harmonic to ensure satisfactory water jets. LPG 

has been selected as a suitable combustible, and an air-LPG mixing system may provide additional 

flame stability.  

The analyses performed in this chapter have established the following: 

• Structural and geometric scaling relations for vertical cantilevers filled with a fluid by 

accounting for the added mass effect of a fluid column. 

• Determined a water performance may be produced by controlling the nozzle discharge 

coefficient and ensuring a sufficient bore size. Further, the bore size required by the structural 

scaling requirements is suitably large for scale ratios > 4. 

• Holding geometric similarity for the intact length of a jet stream is unlikely to be a suitable 

scaling method. 

• In order to meet the regulatory requirements for gas systems in New Zealand, and to ensure a 

serviceable and high-quality performance, LPG will be used as the combustible for Flaming 

Harmonic.  

• Testing results suggest that unmixed LPG is a marginally acceptable candidate for performance. 

• Mixtures of air and LPG can increase flame stability and produce an acceptable performance.  

• The costs associated with an LPG performance have been estimated, with note that industry 

partners are supportive of the proposed scope and gas systems required for this project. 

While the results in this chapter are promising, the structural benefits of proposed new clamping 

arrangements should be investigated before developing geometric and structural parameters for a 

finalised Flaming Harmonic 
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4 Performance Investigation of 

Vibratory Forms Produced by Novel 

End Conditions 

The purpose of this chapter is to describe the forced, damped vibration of Harmonic type 

sculptures with a pair of proposed ‘flexible’ end conditions. In order to determine whether 

the end conditions are useful, two criteria must be investigated. First, it must be determined 

whether the end conditions produce mode shapes that are artistically acceptable, and if so, 

how effective these flexible end conditions will be at reducing peak stresses in non-

dimensionalised versions of these sculptures. The proposed solution approach to the 

problem of vertical beams with a gravitational compression along the vertical axis will 

provide design information useful for producing artworks at the maximum size.  

4.1 Introduction 

4.1.1 Motivation 

A dynamic model is needed to assess Lye’s Harmonic type sculptures when subjected to the new, 

flexible end conditions. Spencer [1] developed a physical model of Len Lye’s Blade [3] on a ‘Double 

Pinned’ end condition (Figure 4.1-1), and desired a gravitationally inclusive beam model to predict the 

performance of this clamping arrangement at larger scales. 

In this Chapter, we develop a a gravitationally inclusive beam model to investigate two such flexible 

end conditions. Figure 4.1-1 shows Spencer’s Double-Pinned clamping arrangement, here suggested 

for use in Harmonic sculptures, and a novel fixed-pinned clamping arrangement.  

Figure 4.1-1 – Sketch of  double-pinned (1), fixed-pinned (2) boundary conditions 

analysed in this chapter. 

(1) (2) 
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4.1.2 Aesthetic Similarity Requirement for End Conditions 

An approach that includes the compression induced by self-weight along the vertical axis is important, 

because the ratio self-weight to flexural rigidity alters system frequencies and mode shapes. One design 

requirement for Lye’s larger scale sculptures is to produce aesthetically similar forms along the visible 

bending length, when compared to the original sculpture.  

While some allowance for change is deemed acceptable by the Len Lye Foundation, significant 

aesthetic changes to the vibratory form risk the identity of these works as Len Lye sculptures. Modelling 

the altered clamping arrangement and the influence of gravity will give confidence that the proposed 

sculptures are capable of producing acceptable artistic performances.  

4.1.3 Approaches to Modelling Vertical Beams 

Literature on the topic of forced vibrations for vertical beams with gravity is sparse, and methods have 

been developed over several decades for structures where self-weight is relevant to stability and 

dynamics. Greenhill [4] was first to investigate the limit of stability for a static vertical cantilevers using 

Bessel functions. Timoshenko and Gere [5] then established using the gravity parameter, 𝛾, as a means 

for quantifying vertical cantilevers. The gravity parameter was used to introduce the method of beam 

scaling via static similarity in chapter 3, if a certain value of γ is exceeded, the cantilever becomes 

unstable and will buckle.  

Free vibrations analysis of stability was then developed using Galerkin’s method for standing and 

hanging beams by Paidoussis and Des Trois Maissons [6], noting that these methods are normally 

generalisable to both standing and hanging beams. Yokoyama[7] used the finite element method to 

numerically  compute the frequencies of vertical Timoshenko beams. 

Naguleswaran [8] successfully used the Frobenius method to develop the first closed form solution to 

standing and hanging beams, extending his analysis and presenting mode shapes for the 16 classical 

sets of boundary conditions for single span beams, with and without a point mass at the distal end. [9]. 

Naguleswaran’s approach is only valid for Euler-Bernoulli representations, and does break down at 

extreme values of the gravity parameter. Gooch [2] extended Naguleswaran’s [8] method by applying 

it to a cantilever with a non-homogenous boundary condition, caused by a harmonic ground 

displacement, and solved for the forced vibrations numerically. 

Wang converted the fourth order boundary value problem to an initial value problem, finding solutions 

for tapered beams [10] and exploring end loaded plates with simply supported plate edges [11] . The 

initial value problem conversion has proven successful for extending the analysis of end loaded 

structures beyond Euler-Bernoulli beams, with rotary inertia of the beam and end mass considered by 

Li [12]. Lajimi [13] further considered the effect of end mass eccentricity.  
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Recently, Bizzi [14] published a new closed form approach to vibrations of vertical beams, using 

Hankel-Airy functions to characterise Timoshenko beams, and the reduced Rayleigh and Euler-

Bernoulli beams. While apparently simpler to apply for Euler-Bernoulli beams, the author 

acknowledges practical application to Timoshenko beams is difficult. Due to the recent publication and 

suitably low error found in Naguleswaran’s closed form approach, Bizzi’s method was not used to 

generate mode shapes in this analysis. A comparative analysis would be excellent future work, and 

quantify more precisely the error induced by excluding include the effects of rotary inertia, which has 

some impact considering the large amplitude vibration, and shear deformation to better handle beams 

with small pivot separations. 

On two span beams, one publication by Wang [15] was found on optimizing the location for an 

intermediate support, based on maximising the stability of a standing beam for – to use the nomenclature 

of this thesis – double-pinned, fixed-pinned columns, as well as a sliding-free column with intermediate 

support. This is useful in the design of tall flexible structures, but is not optimal for the design of Lye’s 

flexible structures. Here, the optimisation criteria is for minimising stress within an envelope of 

acceptable aesthetic similarity. 

4.1.4 Methodology Used in this Work 

The boundary conditions presented in Figure 4.1-1 are two span beams. Abu-Hilal [16] presented an 

approach to solving forced vibrations of Euler Bernoulli beams, without the consideration of gravity, 

via Green functions. While Abu-Hilal’s model does not account for the self-weight of the beam, the 

solution approach does allow for two spans with generalised loading and end conditions.  

Our solution approach is to follow Naguleswaran’s [8] beam formulation for closed form mode shapes 

using the Frobenius method, and solving the associated forced vibrations problems following Abu-

Hilal’s [16] approach using Green functions. This contrasts to Wang’s approach of using continuity 

conditions to piecewise describe the two span beam [15]. Green functions are not novel in the analysis 

of forced vibrations. Two notable cases in the literature are Bergman and Nicholson, who evaluated 

linked oscillators connected to a beam following modal evaluation of the associated free-vibrations 

problem[17], while Foda and Abduljabbar [18] used Green functions to evaluate a travelling load along 

a beam.  

Green functions provide a  relationship between force and displacement; which can be exploited to 

enforce a pinned support some distance along the span [16] and generate solutions for the forced 

vibrations problems associated with both end conditions presented in Figure 4.1-1. Figure 4.1-2 gives 

a schematic representation of the problem being analysed with the new model, where the intermediate 

pivot is provided as a reaction load by the Greens functions.  
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Prior to this work, no closed form analysis of vertical two span beams, with stress optimisation as a 

criterion, has been found in the literature. 

4.1.5 Beam Models Investigated in this Chapter 

This chapter analyses the end conditions presented in Figure 4.1-1 using mathematical models of these 

systems as depicted in Figure 4.1-2.  

Application of the Intermediate Support 

The intermediate supports at the end of the clamping region, 𝑥 = 𝑙𝑝, will be provided by modelling the 

beam as either a cantilever or pinned-free beam of total length 𝑙 = 𝑙𝑝 + 𝑙𝑏. An intermediate support will 

be applied as a force, using the relationship between displacement and forcing provided by the Green 

functions for the beams. The intermediate support is enforced by applying zero 𝑣(𝑙𝑝, 𝑡) = 0,  

Homogenisation of the Boundary Conditions. 

We can convert the non-homogeneous boundary condition into a fixed or pinned boundary at  𝑙 = 0, 

by converting the ground excitation into an equivalent load, given by the inner product of beam mass 

per unit length and input ground acceleration [19]. 

𝑊(𝑥, 𝑡) = < 𝜇(𝑥) ><
𝑑2𝑣(0,𝑡)

𝑑𝑡2
>            (4.1.1) 

In the case of uniform mass distribution, 𝑊(𝑥, 𝑡) is a uniformly distributed load, 𝑊(𝑡). In the case of a 

sculpture reciprocated by a slider crank, 𝑊(𝑥, 𝑡) may be approximated mathematically as a simple 

harmonic load of the form 𝑊(𝑡) =  −𝐴𝜇Ω2sin (Ω𝑡), where 𝐴 represents the amplitude of an input base 

excitation. 

𝑔 

𝑊(𝑥, 𝑡) 

𝑙𝑝 

𝑙𝑏 

𝑣, 𝑦 

Figure 4.1-2 – Schematic Diagrams for Fixed-Pinned (1) and 

Pinned-Pinned (2) cantilevers examined non dimensionally. 

(1) (2) 

Bending Length 

Clamping Region 

𝑥 
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4.2 Equation of Motion for a Vertical Damped Beam  

The transverse vibration of a vertical beam 𝑣(𝑥, 𝑡) may take the form of a partial differential equation 

derived from the free body diagram shown in Figure 4.2-1.  

Compression acts along the vertical axis of the beam due to self-weight. Following Naguleswaran [8], 

a Newtonian description of compression developed along the length is 

 𝐹𝑔(𝑥) = −𝜇𝑔(𝑙 − 𝑥)              (4.2.1) 

Where 𝜇 is the mass per unit length and 𝑙 is beam length such that for a standing beam, the load is 

maximised at the base and nil at the opposite end.  

  

𝑟𝑎 , 𝜇, 𝐸, 𝐼 

𝑔 

𝑓(𝑥, 𝑡) 

𝑀(𝑥, 𝑡) 

𝑀(𝑥 + 𝑑𝑥, 𝑡) 

𝐹𝑔(𝑥, 𝑡) 

𝐹𝑔(𝑥 + 𝑑𝑥, 𝑡) 

𝑆(𝑥, 𝑡) 

𝑆(𝑥 + 𝑑𝑥, 𝑡) 

Figure 4.2-1 - Free Body Diagram of an element along the length of the beam 

𝑙 

 𝑙
−

𝑥
 

𝑥 

𝑣 
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Taking the sum of forces in the ‘y’ direction give following load balance: A viscous damping 

coefficient, 𝑟𝑎, has been used to account for internal losses and linearised aerodynamics 

𝑆(𝑥 + 𝑑𝑥, 𝑡) − 𝑆(𝑥, 𝑡) − 𝜇
𝑑2𝑣

𝑑𝑡2
− 𝑟𝑎

𝑑𝑣

𝑑𝑡
 =  𝑓(𝑥, 𝑡)  

𝑑𝑆(𝑥,𝑡)

𝑑𝑥
𝑑𝑥 − 𝜇

𝑑2𝑣(𝑥,𝑡)

𝑑𝑡2
− 𝑟𝑎

𝑑𝑣

𝑑𝑡
= 𝑓(𝑥, 𝑡)           (4.2.2) 

Taking the Euler Bernoulli approach by ignoring rotary inertia, taking moments about the top of the 

element yields: 

𝑀(𝑥, 𝑡) − 𝑀(𝑥 + 𝑑𝑥, 𝑡) − 𝑆(𝑥, 𝑡)𝑑𝑥 − 𝐹𝑔(𝑥 + 𝑑𝑥)
𝑑𝑣(𝑥,𝑡)

𝑑𝑥
𝑑𝑥 + (𝑟𝑎

𝑑𝑣

𝑑𝑡
+ 𝑓(𝑥, 𝑡))

𝑑𝑥

2
  = 0  

(4.2.3) 

Simplifying, and ignoring higher order derivatives 

𝑆(𝑥, 𝑡) = −
𝑑𝑀(𝑥,𝑡)

𝑑𝑥
− 𝐹𝑔

𝑑𝑣(𝑥,𝑡)

𝑑𝑥
            (4.2.4) 

Taking the spatial derivative of (4.2.4), and substituting into (4.2.2) returns 

𝑑2𝑀

𝑑𝑥2
+

𝑑

𝑑𝑥
(𝐹𝑔(𝑥)

𝑑𝑣

𝑑𝑥
) + 𝜇

𝑑𝑣2

𝑑𝑡2
+ 𝑟𝑎

𝑑𝑣

𝑑𝑡
= 𝑓(𝑥, 𝑡)           (4.2.5) 

While concentrated point forces, concentrated moments, and uniformly distributed loads may be 

described respectively as 

𝑓𝐹(𝑥, 𝑡) = 𝛿(𝑥 − 𝜁)𝐹𝑜 

𝑓𝑀(𝑥, 𝑡) = 𝛿′(𝑥 − 𝜁)𝑀𝑜 

𝑓𝑊(𝑥, 𝑡) = 𝑊𝑜 ,   0 ≤ 𝑥 < 𝑙         (4.2.6-8) 

The definition of bending moment with 𝐸𝐼 describes the flexural rigidity of the beam. 

𝑀(𝑥, 𝑡) = 𝐸𝐼
𝑑2𝑣(𝑥,𝑡)

𝑑𝑥2
              (4.2.9) 

Making substitutions for the moment definition (4.2.9), and the self-weight compression (4.2.1), an 

equation of motion for the forced, damped beam may be written as 

𝐸𝐼
𝑑4𝑣(𝑥,𝑡)

𝑑𝑥4
+ 𝜇𝑔(𝑙 − 𝑥)

𝑑2𝑣(𝑥,𝑡)

𝑑𝑥2
− 𝜇𝑔

𝑑𝑣(𝑥,𝑡)

𝑑𝑥
+ 𝜇

𝑑2𝑣(𝑥,𝑡)

𝑑𝑡2
+ 𝑟𝑎

𝑑𝑣

𝑑𝑡
= 𝑓(𝑥, 𝑡)  

(4.2.10) 
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4.3 Separating Variables for Quasi-Static Analysis 

Exact solutions to the partial differential equation (PDE) in (4.2.10) are difficult to find via direct 

integration, the Laplace transform, or variation of parameters. In order to generate a solution to (4.2.10) 

we will assume the solution 𝑣(𝑥, 𝑡) is separable into spatial 𝑋(𝑥) and temporal 𝑇(𝑡) components. 

 𝑣(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡)              (4.3.1) 

Consider the case of the beam subject to a separable harmonic forcing term, 

𝑓(𝑥, 𝑡) = 𝑓(𝑥)𝑒𝑖ω𝑡              (4.3.2) 

For such a forcing term, the steady state response reduces to a harmonic reciprocation of the spatial 

solution. Assuming that our initial conditions produce no transient response or the system is at steady 

state, the total temporal solution may be assumed. [20] 

𝑇(𝑡) = eiωt                (4.3.3) 

The system presented in (4.2.10) can be combined with (4.3.1) to give 

𝐸𝐼
𝑑4𝑋(𝑥)

𝑑𝑥4  𝑇(𝑡) + 𝜇𝑔(𝑙 − 𝑥)
𝑑2𝑋(𝑥)

𝑑𝑥2 𝑇(𝑡) − 𝜇𝑔
𝑑𝑋(𝑥)

𝑑𝑥
 (𝑥)𝑇(𝑥) + 𝜇𝑋(𝑥)

𝑑2𝑇(𝑡)

𝑑𝑡2 +

𝑟𝑎𝑋(𝑥)
𝑑𝑇(𝑡)

𝑑𝑡
= 𝑓(𝑥)𝑒𝑖ω𝑡                (4.3.4) 

Then, combining (4.3.3) with (4.3.4), finds the spatial solution’s time variance matching the time 

variance of the forcing.  

[𝐸𝐼
𝑑4𝑋(𝑥)

𝑑𝑥4  + 𝜇𝑔(𝑙 − 𝑥)
𝑑2𝑋(𝑥)

𝑑𝑥2 − 𝜇𝑔
𝑑𝑋(𝑥)

𝑑𝑥
− 𝜇𝜔2𝑋(𝑥) + 𝑖𝑟𝑎𝜔𝑋(𝑥)] 𝑒𝑖ω𝑡 = 𝑓(𝑥)𝑒𝑖ω𝑡  

(4.3.5) 

4.4 Solutions to the Free Vibrations Problem 

Following the approach developed by Naguleswaran [8] , we use the Frobenius method to generate a 

power series solution for the undamped spatial portion of the partial differential equation derived from 

(4.3.5). The spatial part of (4.3.5) is presented in (4.4.1). When a pair of boundary conditions are 

enforced to (4.4.1), the homogenous solution returns mode shapes 𝑉𝑛 for a particular beam. Because 

Lye’s sculptures are lightly damped, an assumption of this analysis is mode shapes of the undamped 

problem are equivalent to mode shapes of the damped problem. This is valid because damping in Lye’s 

kinetic artworks is typically light. 

By observation of (4.3.5), the homogeneous undamped spatial problem is 

𝐸𝐼
𝑑4𝑋(𝑥)

𝑑𝑥4
 + 𝜇𝑔(𝑙 − 𝑥)

𝑑2𝑋(𝑥)

𝑑𝑥2
− 𝜇𝑔

𝑑𝑋(𝑥)

𝑑𝑥
− 𝜇𝜔2𝑋(𝑥) = 0         (4.4.1) 
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After Naguleswaran, we apply the Frobenius method by assuming a series solution to (4.4.1) of the 

form. 

𝑅(𝑥, 𝑐) = ∑ 𝑎𝑛+1(𝑐)𝑥𝑐+𝑛𝑁
𝑛=0              (4.4.2) 

Under the series solution, let 𝑐 be an undetermined exponent and 𝑎𝑛+1(𝑐) be functions of 𝑐, 𝛾, and 𝜇.  

Substitution and differentiation of the series solution (4.4.2) into the (4.4.1) leads to an equation 

containing terms 𝑎1, 𝑎2, … , 𝑎𝑛. 

Following the Frobenius method, we equate the term containing 𝑎1 to zero, to obtain the ‘indicial 

equation’, which can be solved for allowable values of 𝑐 in the series expansion [20]. In this case, the 

indicial polynomial is 

𝑐(𝑐 − 1)(𝑐 − 2)(𝑐 − 3) = 0             (4.4.3) 

Which has allowable values of 𝑐 = 0,1,2,3. Following through with the substitution, specific solutions 

for 𝑎1 to 𝑎4 are found, with a recurrent solution for 𝑎𝑛 when 𝑛 ≥ 5.  

𝑎1(𝑐) =  1 

𝑎2(𝑐) = 0 

𝑎3(𝑐) =  −
𝜇𝑔𝑙

𝐸𝐼[(𝑐 + 1)(𝑐 + 2)]
 

𝑎4(𝑐) =
𝜇𝑔𝑐

𝐸𝐼[(𝑐 + 1)(𝑐 + 2)(𝑐 + 3)
 

𝑎𝑛+5(𝑐, 𝜔) = 

            
−𝜇𝑔𝑙(𝑐 + 𝑛 + 1)(𝑐 + 𝑛 + 2)𝑎𝑛+3(𝑐) + 𝜇𝑔(𝑐 + 𝑛 + 1)2𝑎𝑛+2(𝑐) + 𝜇𝜔2𝑎𝑛+1(𝑐)

𝐸𝐼[(𝑐 + 𝑛 + 1)(𝑐 + 𝑛 + 2)(𝑐 + 𝑛 + 3)(𝑐 + 𝑛 + 4)]
 

(4.4.4-8) 

Using the recursion formula for the 𝑎𝑛+5 term, an arbitrary number of terms may be applied, leads to a 

higher accuracy solution for 𝑅(𝑥, 𝑐). 

𝑅(𝑥, 𝜔, 𝑐) = 

𝑥𝑐 −
𝜇𝑔𝑙

𝐸𝐼[(𝑐+1)(𝑐+2)]
𝑥𝑐+2 +  

𝜇𝑔𝑐

𝐸𝐼[(𝑐+1)(𝑐+2)(𝑐+3)
𝑥𝑐+2 + ∑ 𝑎𝑛+5(𝑐, 𝜔)𝑥𝑐+𝑛+4𝑁

𝑛=0    

(4.4.9) 

Substituting (4.4.2) into (4.4.1) and rearranging yields a partial solution to the spatial problem (4.4.1) 

for each value of c.  
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𝐸𝐼
𝑑4𝑅(𝑥,𝜔)

𝑑𝑥4 + 𝜇𝑔(𝑙 − 𝑥)
𝑑2𝑅(𝑥,𝜔)

𝑑𝑥2 − 𝜇𝑔
𝑑𝑅(𝑥,𝜔)

𝑑𝑥2 − 𝜇𝜔2𝑅(𝑥, 𝜔) = 𝑐(𝑐 − 1)(𝑐 − 2)(𝑐 − 3)  

 (4.4.10) 

If 𝑐 is chosen to be a  root of (4.4.10) then 𝑅(𝑥, 𝑐) is a homogeneous (free vibration) solution as the 

right-hand side of (4.4.10) disappears. A total solution may be given as the sum of 𝑅(𝑥, 𝑐) for each of 

the four values 𝑐 may assume.  

𝑋(𝑥)  =  𝐶1𝑅(𝑥, 𝜔, 0) + 𝐶2𝑅(𝑥, 𝜔, 1) + 𝐶3𝑅(𝑥, 𝜔, 2) + 𝐶4𝑅(𝑥, 𝜔, 3)    (4.4.11) 

Depending on the choice of boundary conditions, spatial solutions for a range of beams may be 

determined. Gooch [2] provides definitions for 𝑅(𝑥, 𝑐), repeated here, which are at least fourth order 

differentiable to fit the PDE. 

𝑅(𝑥, 𝜔, 0) = 1 −
𝜇𝑔𝑙𝑥2

2𝐸𝐼
+ ∑ 𝑅𝑛+5 (𝑥, 𝜔, 0)

𝑁

𝑛=0

 

𝑅(𝑥, 𝜔, 1) = 𝑥 −
𝜇𝑔𝑙𝑥3

6𝐸𝐼
+

𝜇𝑔𝑥4

24𝐸𝐼
+ ∑ 𝑅𝑛+5 (𝑥, 𝜔, 1)

𝑁

𝑛=0

 

𝑅(𝑥, 𝜔, 2) = 𝑥2 −
𝜇𝑔𝑙𝑥4

12𝐸𝐼
+

𝜇𝑔𝑥5

30𝐸𝐼
+ ∑ 𝑅𝑛+5 (𝑥, 𝜔, 2)

𝑁

𝑛=0

 

𝑅(𝑥, 𝜔, 3) = 𝑥3 −
𝜇𝑔𝑙𝑥5

20𝐸𝐼
+

𝜇𝑔𝑥6

40𝐸𝐼
+  ∑ 𝑅𝑛+5 (𝑥, 𝜔, 3)

𝑁

𝑛=0

 (4.4.12-15) 

4.4.1 Solution to a Cantilevered Beam 

The solution to a cantilevered beam is required to implement the fixed-pinned end condition. For a 

cantilever, boundary conditions are 𝑋(0, 𝜔) = 0; 
𝑑𝑋(𝐿,𝜔)

𝑑𝑥
= 0, and 

𝑑2𝑋(𝐿,𝜔)

𝑑𝑥2
= 0; 

𝑑3𝑋(𝐿,𝜔)

𝑑𝑥3
= 0. 

Application of the first pair to (4.4.11) yields 𝐶1 = 𝐶2 = 0, reducing the solution to  

𝑋(𝑥, 𝜔)  =  𝐶3𝑅(𝑥, 𝜔, 2)  +  𝐶4𝑅(𝑥, 𝜔, 3) 

Applying null moment and shear at the free end yields 

𝑑2𝑋(𝐿, 𝜔)

𝑑𝑥2
= 𝐶3

𝑑2𝑅(𝐿, 𝜔, 2)

𝑑𝑥2
+ 𝐶4

𝑑2𝑅(𝐿𝜔, 3)

𝑑𝑥2
 

𝑑2𝑋(𝐿, 𝜔)

𝑑𝑥3
= 𝐶3

𝑑3𝑅(𝐿, 𝜔, 2)

𝑑𝑥3
+ 𝐶4

𝑑3𝑅(𝐿, 𝜔, 3)

𝑑𝑥3
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Assembling these equations in matrix form and applying Cramer’s rule yields the frequency equation 

for a cantilevered beam. The roots of this equation correspond to the eigenvalues of the system.  

Ω(𝜔) =
𝑑2𝑅(𝐿,𝜔,2)

𝑑𝑥2

𝑑3𝑅

𝑑𝑥3
(𝐿, 𝜔, 3) −

𝑑3𝑅(𝐿,𝜔,2)

𝑑𝑥3

𝑑2𝑅(𝐿,𝜔,3)

𝑑𝑥2
(𝐿, 𝜔, 2)𝐹𝑥𝑥(𝐿, 𝜔, 3)         (4.4.16) 

Alternatively, application of the third or fourth boundary condition to the reduced general solution 

yields the mode shape equation. 

When 𝜔 is set to an eigenvalue of the system, a mode shape is obtained. 

𝑋(𝑥, 𝜔) = 𝐶4(𝑅(𝑥, 𝜔, 2) − (
𝑑2𝑅(𝐿,𝜔,2)

𝑑𝑥2
 /

𝑑3𝑅(𝐿,𝜔,3)

𝑑𝑥3
)  𝑅(𝑥, 𝜔, 3))     (4.4.17) 

Accuracy of the solution is dependent on choosing sufficient terms in the recurrence relationship, and 

on the accuracy of the root-finding algorithm. Modern computation renders the ability to choose a nearly 

arbitrary number of terms, up to about 250 terms where truncation error prevents stable root finding. 

Naguleswaran [8] evaluated the resonance frequencies of a vertical cantilever. Equations (4.3.11) and 

(4.3.12) respectively locate resonant frequencies and describe mode-shapes of the solution. To check 

the implementation of Naguleswaran’s model, results for the resonance frequencies across a range of 𝛾 

values was repeated, with mode shapes checked. The limits of stability for the first, second, and third 

modes were found equal to Naguleswaran’s analysis, with Ω1 = 7.83835, Ω2 = −55.9774,              

Ω3 = −148.508. A table in the appendix (Table A4-1) shows clear agreement between this study for 

cantilevered beams and Naguleswaran’s analysis. 

4.4.2 Solution to a Pinned – Free Beam 

Boundary conditions for a pinned-free beam are given 𝑋(0, 𝜔) = 𝑋𝑥𝑥(0, 𝜔) = 0, and 𝑋𝑥𝑥(𝐿, 𝜔) =

𝑋𝑥𝑥𝑥(𝐿, 𝜔) = 0, application in a similar fashion to the fixed-free beam yields results for the frequency 

and mode shape equations: 

Ω(𝜔) =
𝑑2𝑅

𝑑𝑥2
(𝐿, 𝜔, 1)

𝑑3𝑅

𝑑𝑥3
(𝐿, 𝜔, 3) −

𝑑3𝑅

𝑑𝑥3
(𝐿, 𝜔, 1)

𝑑2𝐹

𝑑𝑥2
(𝐿, 𝜔, 3)     (4.4.18) 

𝑋(𝑥, 𝜔) = 𝐶4(𝑅(𝑥, 𝜔, 1) − (
𝑑2𝑅(𝐿,𝜔,1)

𝑑𝑥2
 /

𝑑3𝑅(𝐿,𝜔,3)

𝑑𝑥3
) 𝑅(𝑥, 𝜔, 3))     (4.4.19) 

4.4.3 Definition of Mode shapes 

When 𝑋(𝑥, 𝜔) is evaluated at a frequency 𝜔 where 𝑓(𝜔)=0, a mode shape is found. Let 

𝑉𝑗 = 𝑋(𝑥, 𝜔𝑗)             (4.4.20) 

Where 𝜔𝑗 is the 𝑗th non-zero frequency where Ω(𝜔) = 0. 
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4.5 Obtaining the Forced Vibrations Solution using the Modal 

formulation. 

Our solution approach is to use the mode shapes obtained from our free vibrations solutions as shape 

functions, 𝑉𝑗, to generate a closed form forced vibrations response. 

 Assuming modal contributions for 𝑗: 0 → ∞ are included, and an infinite length power series, the 

solution will be exact. In practice, the solution obtained by using a reasonable limit for 𝑖 will produce a 

sufficient accuracy. For the case of harmonic forcing at steady state, we assume a solution form in 

(4.5.1)  

𝑣(𝑥, 𝑡) = 𝑇(𝑡) ∑ 𝛼𝑖
𝑛
𝑗=1 �̂�𝑗(𝑥)             (4.5.1) 

Mode shapes determined in section 4.4 may be scaled to a unity amplitude at an arbitrary point, without 

loss of geometric information, so long as scaling satisfies the boundary conditions. Here, scaling is set 

to produce unity amplitude at the distal end, such that 

𝑉�̂�(𝑥) =
𝑉𝑗(𝑥)

𝑉𝑗(𝐿)
               (4.5.2) 

A separable set of modal equations can be formed if mode shapes are linearly independent, which should 

be expected for our beam problem. Independence may be checked by the orthogonality relation [21].  

∫ �̂�𝑘𝑉�̂�
𝐿

0
𝑑𝑥 = 0, for 𝑘 ≠ 𝑗             (4.5.3) 

Modal orthogonality provides a method for solving undetermined coefficients, 𝑎𝑗, in our solution. 

Taking the inner product of the solution 𝑋(𝑥) with the j’th mode shape leaves only the parallel 

component of the solution,  

< 𝑋(𝑥), 𝑉�̂�(𝑥) > = < 𝑉�̂�(𝑥), 𝑉�̂�(𝑥) >            (4.5.4) 

The forced spatial ODE is observed from (4.3.5). collecting terms, we can introduce the inertial, 

dissipative, and potential solution components. 

𝐸𝐼
𝑑4𝑋(𝑥)

𝑑𝑥4
 + 𝜇𝑔(𝑙 − 𝑥)

𝑑2𝑋(𝑥)

𝑑𝑥2
− 𝜇𝑔

𝑑𝑋(𝑥)

𝑑𝑥
− 𝜇𝜔2𝑋(𝑥) + 𝑖𝑟𝑎𝜔𝑋(𝑥) = 𝑓(𝑥)  (4.5.5) 

Applying the result of (4.5.4) and taking the inner product of (4.5.5) with a particular mode shape gives 

a method for extracting the modal weightings [21].  

< 𝑀𝑗 , 𝑉�̂�(𝑥) >  +< 𝐶𝑗 , 𝑉�̂�(𝑥) >  + < 𝐾𝑗 , 𝑉�̂�(𝑥) > = < 𝑓(𝑥), 𝑉�̂�(𝑥) >        (4.5.6) 

Mode-wise inertial, dissipative, potential and external forces are respectively defined as 
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 𝐹𝑘 =< 𝑀𝑗, 𝑉𝑗
̂(𝑥) >   = −𝛼𝑗 ∫ [𝜇𝜔2𝑉𝑗

̂(𝑥)]𝑉𝑗
̂(𝑥)

𝑙

0
𝑑𝑥 

𝐹𝑐 =< 𝐶𝑗 , 𝑉�̂�(𝑥) >     =     𝛼𝑗 ∫ [𝑖𝑟𝑎𝜔𝑉�̂�(𝑥)]𝑉�̂�(𝑥)𝑑𝑥
𝑙

0

 

 𝐹𝑝 =< 𝐾𝑗 , 𝑉�̂�(𝑥) >    

=     𝛼𝑗 ∫ [𝐸𝐼𝑉�̂�𝑥𝑥𝑥𝑥
(𝑥) + 𝜇𝑔(𝑙 − 𝑥)𝑉�̂�𝑥𝑥

(𝑥) − 𝜇𝑔(𝑥)𝑉�̂�𝑥
(𝑥)] 𝑉�̂�(𝑥)𝑑𝑥

𝑙

0

  

𝐹𝑓 =< 𝑓(𝑥), 𝑉�̂�(𝑥) > =     ∫ 𝑓(𝑥)𝑉�̂�(𝑥)𝑑𝑥
𝑙

0
  

                (4.5.7-4.5.10) 

For 𝑗: 0 → 𝑛 where 𝑛 is highest eigen-pair considered. Because the energies have been determined mode 

wise, the modal contribution factor 𝛼𝑗 may be found for each mode as a function of 𝜁, where 𝜁 is the 

height up the beam a force is applied. 

𝑎𝑗(𝜁)(−𝐹𝑘  + 𝐹𝑐 +  𝐹𝑝 )  =  𝐹𝑓         (4.5.11) 

With the total solution presented as 

𝑣(𝑥, 𝑡) =  cos (ω𝑡) ∑ 𝛼𝑗𝑉𝑝(𝑥)𝑁
𝑗=1          (4.5.12) 

This solution is complete, but may be difficult to implement for some loading cases. Using Greens 

functions to find an explicit relationship between the applied force and the beam shape may make it 

simple to implement a mid-span support as required for the two span end conditions 
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4.6 Use of Green Functions to Apply Loads and Midspan 

Supports with Superposition 

In order to maximise the versatility of the modal solution, if we let the forcing term 𝐹𝑓 be a unit impulse 

force at some height 𝜁, then the solution returned is a Green function 𝐺(𝑥, 𝜁) [22]. Then, a solution for 

generalised loading may be expressed through the convolution (4.6.1). 

𝑿(𝑥) =  ∫ 𝑓(𝑥)𝐺(𝑥, 𝜁)𝑑𝜁
𝐿

0
             (4.6.1) 

A Dirac delta at some height up the total length 𝜁 may be implemented by letting 𝑓(𝑥) = 𝛿(𝑥 − 𝜁) in 

(4.2.3). Then, the forcing term in (4.5.10) becomes  

𝐹𝑓 =< 𝛿(𝑥 − 𝜁), 𝑉�̂�(𝑥) > = 𝑉�̂�(𝜁)             (4.6.2) 

The solution to (4.4.1) subject to an impulse input (4.6.2) is a Green Function solution.   

 𝐺(𝑥, 𝜁) = ∑ 𝛼𝑗(𝜁)𝑉�̂�(𝑥)𝑁
𝑛=1              (4.6.3) 

One may apply a concentrated moment, force, or generally distributed load via the following relations. 

Following Abu-Hilal [16],  

𝑿𝑴(𝑥) =  𝑀 ∫ 𝛿′(𝑥 − 𝜁)𝐺(𝑥, 𝜁)𝑑𝜁
𝐿

0
  - Response to a Concentrated Moment 

𝑿𝑭(𝑥) =  𝐹 ∫ 𝛿(𝑥 − 𝜁)𝐺(𝑥, 𝜁)𝑑𝜁
𝐿

0
  - Response to a Concentrated force 

𝑿𝑾(𝑥) =  𝑊 ∫ 𝐺(𝑥, 𝜁)𝑑𝜁
𝐿

0
   - Response to a Distributed load 

(4.6.4-6) 

Multiple loading conditions applied at a single frequency may be addressed using linear superposition. 

𝑣(𝑥, 𝑡) = 𝑒𝑖ω𝑡 ∑ 𝑋(𝑥)𝑁
𝑖=1              (4.6.7) 

Superposition allows complex loading distributions to be substituted for a series of delta functions with 

𝑓(𝑥) =  ∑
𝑓𝑖

𝑛
𝛿(𝑥 − 𝜁𝑖)𝑛

𝑖=1              (4.6.8) 

Beams with an intermediate support may be modelled by enforcing the intermediate boundary condition 

𝑋(𝑥) = 0, and solving for the force required to implement the boundary condition at the intermediate 

support.  

  



4. Performance Investigation of Vibratory Forms Produced by Novel End Conditions 

78 

 

4.7 Validation of Dynamics Produced by the Series Solution 

A harmonically reciprocating cantilever without gravitational tension, with a midspan support at 0.1L 

(Figure 4.7-1) was examined by Abu Hilal [16] and Gurgoze and Erol [23]. Dimensionless deflections 

were found for the cantilever with the parameters �̃�(𝑥, 𝑡) = 𝑣(𝑥, 𝑡)/ (
𝑓𝑙3

𝐸𝐼
);  Ω = 5√𝐸𝐼/𝜇𝐿4. Abu-

Hilal’s [16] solution is exact, with  �̃�𝑚𝑎𝑥(0.5𝐿, 𝑡) = 0.1618507, �̃�𝑚𝑎𝑥(0.8𝐿, 𝑡) = 0.3790165, 

�̃�𝑚𝑎𝑥(𝐿, 𝑡) = 0.5304795. Using the series solution with up to 10 terms, convergence toward the exact 

solution was found. Due to the midspan support being only a short distance up the beam, convergence 

is slow. In this solution, 240 terms were used in the series expansion polynomial (4.2.7) used to define 

the mode shapes as a sufficiently high number to produce accurate results. 

  

Table 4.7.1: Solution Convergence for unit Cantilever, with 𝑛𝑝 = 240 

Mode shapes 𝑣(0.5𝑙, 𝑡) 𝑣(0.8𝑙, 𝑡) 𝑣(𝑙, 𝑡) 

Exact [16] 0.16185 0.37902 0.53048 

n=1 0.15341 0.37192 0.52981 

2 0.16657 0.39287 0.55344 

3 0.16446 0.38682 0.54269 

4 0.16518 0.38983 0.54666 

5 0.16471 0.38845 0.54440 

10 0.16479 0.38860 0.54454 

Figure 4.7-1 – Double Pinned Cantilever Used for Validation 

𝑙𝑝 = 0.1𝐿 

𝑥 

𝐹 

𝑙𝑏 = 0.9𝐿 
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4.8 Modelling the Proposed Clamping Geometries 

Useful data for designing Harmonic sculptures can be obtained by applying the model to non-

dimensionalised versions of both clamping arrangements. Non-dimensionalised predictions for the 

maximum moment developed in the clamping region, and along the bending length of a beam, may be 

scaled to guide design of these sculptures. This may help extend the life span through reducing peak 

stresses while ensuring an acceptable artistic can be produced.  

We consider the analysis of a ‘unit’ beam with 𝛾 = 1.6, with an arbitrary load used to apply the 

intermediate support. This will produce scalable data useful for the design of Rotating Harmonic, Water 

Whirler, and Flaming Harmonic sculptures, because 𝛾 = 1.6, matches the  artist’s intended gravity 

parameter for large scale versions of Harmonic works, as we presented in Chapter 2. As Harmonic 

sculptures are run exclusively near resonant frequencies, fatigue loading during a performance is a result 

of repetitive loading at these resonance modes [24]. 

In order to compare sculptures of equal bending length, the ‘unit’ cantilever evaluated will have a 

constant bending length 𝑙𝑏 = 1 𝑚 . Instead of changing the bending length, the clamping region will be 

increased by extending the pivot separation between 0 ≤ 𝑙𝑝 ≤ 0.5𝑙𝑏. This method allows us to consider 

sculptures of the same bending length under a range of different clamping scenarios, because the desired 

output is to maximise the length of sculpture an observer will see. The range of 𝑙𝑝 values chosen for 

analysis extends beyond the largest pivot separation we reasonably expect Harmonic type sculptures to 

be produced with, owing to the increased size requirements for a drive mechanism able to implement 

the proposed end conditions. 

𝑔 

𝑥 

𝑊(𝑥, 𝑡) 

𝑙𝑝 

𝑙𝑏 

Figure 4.8-1 – Schematic Diagrams for Fixed-Pinned (1) and 

Pinned-Pinned (2) cantilevers examined non dimensionally. 

(2) (1) 

Bending Length 

Clamping Region 
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4.8.1 Use of Non-Dimensionalised Beams 

In this study, we investigate the performance of new end conditions using non-dimensionalised beams, 

presented in Figure 4.8-1. Following the approach introduced in Chapter 2, non-dimensional geometric 

properties of a beam are characterised by the gravity parameter and scale ratio of a beam. From Table 

(2.2.1) the dimensionless frequency and gravity parameters were defined as: 

𝛾 =
𝜇𝑔𝑙3

𝐸𝐼
               (4.8.1) 

Ω =
𝜇𝜔2𝑙4

𝐸𝐼
               (4.8.2) 

Here, 𝑙 = 𝑙𝑏 to represent wand bending length, and 𝜔 represents the oscillation frequency of a system 

described by Figure 4.8-1. In this chapter, we consider operation at the 2nd and 3rd bending modes. 

As long as the geometric and structural properties are known for a desired beam, then (4.8.1,2) may be 

used to reconstruct the non-dimensionalised data presented in this chapter for any beam where 𝛾 and Ω 

match the provided data. 

Results for how new end conditions alter structural properties during a performance in Section 4.9 are 

presented as values relative to a cantilever of equal bending length. So, evaluating operating loads for 

a beam with the new end conditions is possible if the properties of the matching cantilever are known. 

As moment and stress are linearly related, this may be done by Equations (4.8.3,4) 

𝑀𝑠,𝑛𝑒𝑤𝐵𝐶(𝑥, 𝛾, 𝑙𝑝) =
𝜎𝑛𝑒𝑤𝐵𝐶(𝑥,𝛾,𝑙𝑝)

𝜎𝑐𝑎𝑛𝑡𝑖(𝑥,𝛾)
  𝑀𝑠,𝑐𝑎𝑛𝑡𝑖(𝑥, 𝛾)           (4.8.3) 

𝜎𝑠,𝑛𝑒𝑤𝐵𝐶(𝑥, 𝛾, 𝑙𝑝) =
𝜎𝑛𝑒𝑤𝐵𝐶(𝑥,𝛾,𝑙𝑝)

𝜎𝑐𝑎𝑛𝑡𝑖(𝑥,𝛾)
  𝜎𝑠,𝑐𝑎𝑛𝑡𝑖(𝑥, 𝛾)           (4.8.4) 

The resonant frequencies of a beam will change with the end conditions. In order to determine the 

resonant frequencies of a performance using the new end conditions, a table of Ω values for the range 

of clamping arrangements considered is provided in the appendix for this chapter (Tables A4-2:1-4). 
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4.8.2 Expected Failure Modes of Harmonic Sculptures 

Design particularities alter the expected failure mode for a sculpture. Water Whirler, and Flaming 

Harmonic have nozzles along the bending length to emit various media. These nozzles act as stress 

concentration factors which may cause failure to preferentially occur at the nozzles. Rotating Harmonic 

does not have local stress risers along the bending length, and in the original cantilevered version is 

most likely to fail at the fixed support. As established in Chapter 2, larger versions of artworks similar 

to Rotating Harmonic may have stress concentrations along the length of their wands, and these stress 

concentrations may become the expected failure location. 

Therefore, following along with the investigation into the impact of stress concentrations in Chapter 2, 

there are two locations of interest this analysis investigates. We distinguish these locations by evaluating 

stresses in two regions: the maximum bending stresses along the bending length, and maximum stress 

developed near the clamping region. Using these regions, we develop two definitions to discuss the 

expected failure modes and stresses in a beam. 

Peak Wand Moment will be defined as the maximum moment developed between nodes along 

the bending length. This may not occur exactly at the midspan between nodes. 

Peak Base Moment will be defined as the maximum moment developed in or near the clamping 

region (before an anti-node peak occurs, see Figure 4.8-2).  

4.8.3 Conventional Cantilever Stress Locations 

Results presented in section 4.9 evaluate the performance of the two new clamp geometries relative to 

a cantilever of equivalent bending length. This is because for scaling Harmonic sculptures the intent is 

(i)

(i)

(ii)

Figure 4.8-2 – Moment along the bending length of a cantilevered beam with 𝛾 = 1.6 under (1) second and 

(2) third mode excitation. Point (i) shows peak wand moment occurring at an antinode. Point (ii) shows 

peak base moment occurring near the clamp exit. 

(2) (1) 
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to maximise the bending length of a work, and produce vibrations which match the figures of motion 

produced by Lye’s original works. To investigate the effect of the new end conditions on the peak wand 

stress and peak base stress, the moment profiles developed for a non-dimensionalised cantilever, with 

𝛾 = 1.6 and 𝑣(𝑥/𝑙)=1 are presented in Figure 4.8-2.  

Peak wand base moments are highlighted. 

As wand stress and moment are conceptually linked through the definition of bending stress for a 

slender beam as 𝜎 = 𝑀𝑑𝑜/2𝐼, we use moment as a proxy to evaluate the stress reduction obtained. In 

this analysis, it follows that 

Base stress reductions will be evaluated against the peak base stress developed by the moment 

produced by the cantilever at point ‘ii’ in Figure 4.8-2.  

Bending length stress reduction will be similarly evaluated relative to the peak wand stress developed 

by the moment at point ‘i’ in Figure 4.8-2.  

For reference, the peak moments used to calculate base and bending length stress reductions are 

presented in table 4.8.1. 

 

  

Table 4.8.1: Peak Moments from Cantilever 

 
2nd Mode 3rd Mode 

Base Moment (Nm) 21.28 61.29 

Wand Moment (Nm) 15.38 46.41 
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4.9 Results of Modelling the Proposed Clamping Geometries  

In order to evaluate the effectiveness of the end conditions at reducing stress, we presents stress 

reductions relative to conventional cantilever values along the bending length, and in the clamping 

region for a range of pivot separation values between 𝑙𝑝 = 0 → 0.5𝑙𝑏. Then, we predict the form of the 

mode shapes produced by the range of clamping conditions in order to determine whether they are able 

to produce an artistically acceptable performance.  

4.9.1 Base Stress Reduction for Sculptures with 𝛾 = 1.6 

This is intended to give designers insight into the expected stress developed in or near the clamping 

region.  

Data presented in Figure 4.9-1 were found by taking the absolute stress maxima in the pivot length, up 

until the first antinode along the beam. This avoids the assumption that peaks stresses necessarily occur 

at a support. 

Exact heights associated with stress maxima stress are located in Appendix A4-3. It is expected a 

designer should associate the base stress found in Figure 4.9-1 with the location of the intermediate 

support: this is likely to be a stress concentration, and hence provides a most conservative estimate. The 

data in Appendix A4-3 show the location of the intermediate support being the maximum stress location 

in most cases, although this should be verified using the appendix in a case-by-case fashion.  

Figure 4.9-1 presents data for the range of pivot separations 𝑙𝑝: 0 → 0.5𝑙𝑏, evaluated at increments of 

1% total beam length (𝑙𝑝 = 0, 0.01, 0.02, … , 0.5𝑙𝑏). Due to inconsistencies visible in the data and the 

desired accuracy level for this study a vertical line has been included to discourage use of this model at 

Figure 4.9-1 - Stress reduction near the clamping region relative to a cantilever for second and third 

mode data. Data left of the vertical line at 𝑙𝑝 = 0.1𝑙𝑏 are considered inaccurate. 
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pivot separations lower that 𝑙𝑝 = 0.1𝑙𝑏. This is discussed with reference to Timoshenko beam theory 

and the limits of applicability for Euler-Bernoulli beam theory in section 4.10. 

4.9.2 Bending Length Stress Reduction for Sculptures with 𝛾 = 1.6 

Figure 4.9-2 presents stress reductions relative to conventional cantilever values. This is intended to 

give designers insight into the expected stress that will be developed along the bending length.  

Data presented in Figure 4.9-2 were found by taking the largest peak in absolute stress along the wand 

after the base stress maxima. This avoids the assumptions that peak stress necessarily occurs at an 

antinode, or a particular antinode. 

Figure 4.9-2 presents data for the second and third mode. Both modes are notably different, with 

operation at the third mode producing noticeable stress increases (negative reduction in stress relative 

to the cantilever) along the bending length, especially for smaller pivot separations. This is discussed 

in section 4.10. The same criteria around solution error were applied as in Figure 4.9-1, with results 

considered accurate past a pivot separation of 𝑙𝑝 = 0.1𝑙𝑏.  

  

Figure 4.9-2 - Stress reductions along bending length relative to a cantilever. Pink and black lines 

distinguish second and third mode data respectively. Data left of the vertical line at 𝑙𝑝 = 0.1𝑙𝑏 are 

considered inaccurate. 
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4.9.3 Aesthetic Deviation of the Clamping Arrangements for 𝛾 = 1.6  

Changing the pivot separation between supports in the clamping region alters the mode shapes, resulting 

in a different appearance of the work during an artistic performance. The intention for scaled versions 

of the works is to match the figures of motion produced by Lye’s original sculptures. While some 

allowance is acceptable, a significant deviation risks the identity of these works as Len Lye sculptures.  

An acceptable difference suggested in discussions with Evan Webb from the Len Lye Foundation is , 

(±4%) [26].  

To show how the acceptable region may appear to an observer, horizontal lines on Figures 4.9-3 

presents boundaries for acceptable node locations for Harmonic sculptures with 𝛾 = 1.6 

Figure 4.9-3 – Variance in mode shapes as pivot length is extended. Bending lengths only are shown, 

with both clamps presented at 𝑙𝑝 = 0.5𝑙𝑏 next to ‘original’ cantilevers at the (1) second mode and (2) 

third mode. Pink boxes indicate aesthetic acceptability limits. 

(2) (1) 
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Aesthetic Suitability at the Second Mode 

To check whether the proposed end conditions will produce mode-shapes suitable for an artistic 

performance, Figure 4.9-4 displays node height up the bending length, for a range of pivot separations. 

The suggested limit of ±4% node height is plotted as a pair of horizontal lines on Figures 4.9-4,5. 

Aesthetic Suitability at the Third Mode 

The third mode shape has two nodes visible along the bending length. Both of these nodes should be 

within aesthetically acceptable bounds in order to produce a satisfactory artistic performance. 

Figures 4.9-4,5 show clamping arrangements falling below the suggested limit for aesthetic suitability, 

when a certain pivot separation is exceeded. The limits and implication for designs are discussed in 

Section 4.10.1 

Figure 4.9-4 - Data inside the dashed lines indicates aesthetic acceptability for operation at the 2nd 

bending mode for both clamps. 

Figure 4.9-5 – Data inside the dashed lines indicates aesthetic acceptability for operation at the 3rd 

bending mode for both clamps. (1) and (2) show upper and lower node heights respectively. 

(1) 

(2) 
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4.10 Discussions 

The following sections explore a number of locations of interest relating to the data presented in Figures 

4.9-1,2. Several locations of interest have been plotted on copies of Figures 4.9-1,2 (below) so that clear 

data were accessible in the previous section.  

  

B 

L 

A  

C  

Figure 4.10-1 – Locations of interest explored in the following sections.  

‘A’ is the double-pinned clamp (2nd mode) over small pivot separation distance.  

‘B’ is a region of stress increases along the bending length. 

‘C’ is a steep decline in performance seem in the double-pinned clamp (in the 3rd mode).  

(1) 

(2) 

B  

L 
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4.10.1 Utility of the Analysed Clamping Arrangements 

Summary of Maximum Stress Reductions and Limits of Artistic Suitability 

Table 4.10.1 is presented to show the determined range of acceptable pivot separations, and their 

associated potential stress benefits. Acceptability is defined as having nodes within the range of 

allowable range in Figures 4.9-4,5. 

Table 4.10.1: Summary of Peak Benefits of Fixed-Pinned and Double-Pinned Clamping 

arrangements 

 

Range of 

aesthetically 

acceptable 𝑙𝑝 

Maximum Stress reduction at 

clamp in range of acceptable 

𝑙𝑝 

Maximum Stress reduction 

along wand in range of 

acceptable 𝑙𝑝 

2nd mode operation 

Fixed Pinned 0 ≤ 𝑙𝑝 ≤ 0.5𝑙𝑏 52% (at 𝑙𝑝 = .48𝑙𝑏) 11% (at 𝑙𝑝 = .42𝑙𝑏) 

Double Pinned 0 ≤ 𝑙𝑝 ≤ 0.12𝑙𝑏 47% (at 𝑙𝑝 = .12𝑙𝑏) 17% (at 𝑙𝑝 = .12𝑙𝑏) 

3rd mode operation 

Fixed Pinned 0 ≤ 𝑙𝑝 ≤ 0.43𝑙𝑏 60% (at 𝑙𝑝 = .39𝑙𝑏) 10% (at 𝑙𝑝 = .43𝑙𝑏) 

Double Pinned 0 ≤ 𝑙𝑝 ≤ 0.18𝑙𝑏 48% (at 𝑙𝑝 = 0.18𝑙𝑏) -12% (at 𝑙𝑝 = .17) 

 

Potential Stress Reductions 

Figure 4.9-1 indicates that substantial stress reductions at the base are attainable. Figure 4.9-2 shows 

the trade-off may be a small increase in bending stress along the bending length. 

This analysis of the forced vibrations of Lye’s cantilevers subject to alternative end conditions has found 

these clamping arrangements are capable of extending the scalability of Harmonic sculptures. Given 

two sculptures of the same bending length, a reduction in peak fully reversed bending stress of 30% or 

more at the base is plausible given the data in Figures 4.9-1,2. This significant stress reduction implies 

that larger versions are achievable, or that the operating amplitudes of works at the scales presented in 

Chapter 2 may be increased proportionally. When analysing the producible amplitudes of two Harmonic 

artworks in Chapter 2, we found the need to limit the amplitude significantly below the level required 

to achieve geometric similarity in most cases. 

Second mode operation favours the double pinned clamp in terms of stress reduction, for a range of 

useful pivot separations. The Double-pinned arrangement has approximately 20% greater stress 

reduction along the bending length (Figure 4.9-2), compared to the fixed pinned clamp, and 15% greater 

reduction in the clamping region (Figure 4.9-1). This difference appears quite constant over the range 

of pivot separations investigated. 
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By comparison, choosing a clamp for third mode operation will depend on the chosen pivot separation 

distance, and whether the primary location expected for failure is in the clamping region, or along the 

bending length.  

Artistic Suitability 

Clamp choice needs to consider the aesthetic form of the mode shapes, with a number of configurations 

falling outside immediately acceptable limits. The aesthetic limits are not intended to be strictly 

enforced, but suggest discussions with the Len Lye foundation. 

For works operating predominantly in the third mode, a relaxed bound on node height for second mode 

operation may be appropriate given the third mode node height is virtually unchanged.  

Should a double pinned clamping arrangement be used at the second mode, a small-scale model should 

be developed and shown to the Len Lye foundation prior to development of a full-size work, in order 

to determine whether the artistic performance will be acceptable. An alternative method would be to 

place an end mass on top of the cantilever to address node height. An end mass was the method used to 

correct the appearance of mode shapes produced by Water Whirler. It is beyond the scope of this 

analysis to determine how significant a mass would need to be, or what implications on clamping 

arrangement effectiveness would be from a stress perspective.  

Practical choice of a double-pinned or fixed-pinned clamping arrangement depends on specific 

installation requirements, as choice is influenced by size limitations for the sculpture, and 

manufacturing abilities related to the desired material. One clear example of this is a suggestion to float 

a version of Water Whirler on a floating island, free to drift about a shallow lake. While not impossible 

to realise, sinking a deep foundation of possibly 5 or more metres deep, to achieve 𝑙𝑝 = 0.5𝑙𝑏 is 

impractical.  

A design specific investigation is performed in Chapter 5, when suggesting various wands for large 

versions of several Harmonic type sculptures. 
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Decline in performance of double-pinned clamping arrangement in the 3rd 

mode.  

Figures 4.9.1,2 tend to show the stress reduction relative to a cantilever increasing as pivot separation 

increases, with a plateauing effect appearing after some separation. This is not the case for the Double-

Pinned clamping arrangement at the third mode, with Figure 4.9-1 showing a marked decrease in base 

stress reduction beyond a pivot separation of 𝑙𝑝 = 0.3 𝑚.  

This was presented as location of interest ‘C’ in Figure 4.10-1 

Observation of the mode shape produced by the double-pinned clamping arrangement at 𝑙𝑝 = 0.5𝑙𝑏 

(location of interest ‘C’) in Figure 4.10-1 show the clamping region experiencing a large amplitude 

vibration which dominates the response. 

 This dominance of the lower node makes pivot separations greater than 𝑙𝑝 = 0.3𝑙𝑏 undesirable from a 

stress perspective, although operation beyond 𝑙𝑝 = 0.18𝑙𝑝 is likely to be aesthetically unacceptable.  

Figure 4.10-2 – The clamping region dominates the moment and 

deflection response for 𝑙𝑝 = 0.5 This Figure is drawn with data related 

to location of interest ‘C’ 

‘C’ 

Amplitude (%) 



On the Design of Len Lye’s Harmonic Sculptures at the Largest Feasible Size 

91 

 

Potential for Stress Increase Along the Bending Length 

Base stress reductions (Figure 4.9-1) display universal improvement when an intermediate support is 

placed along the span. However, there is no guarantee of stress reductions being consistent along the 

length. 

This was presented as location of interest ‘B’ on Figure 4.10-1 

Plotting stress developed along the bending length (Figure 4.9-2), we can observe that various clamping 

arrangements, particularly at smaller pivot separations, may produce higher stresses than would be 

developed in a cantilever with equivalent bending length. A degree of stress increase is apparent for the 

fixed pinned clamping arrangement in second mode up to 𝑙𝑝 = 0.18𝑙𝑏, and both clamping arrangements 

in the third mode. 

The degree of stress increase seen along the bending length does not imply these clamping arrangements 

are not valuable. The largest stress produced in a cantilever is at the fixed support, 𝑥 = 0. 

Comparatively, the next highest peak is produced along the bending length at an antinode. The 

magnitude of the antinode stress is 63% of the base maxima in the second mode; and 70% of the maxima 

at the third mode.  

Introducing 𝜎𝑃 as the maximum internode stress, and 𝜎𝐵 as the maximum stress in the clamping region, 

we can describe the relationship between peak base stress and peak wand stress in a 3rd mode cantilever1 

as 

𝜎𝑃,𝑙𝑝=0 = 0.7𝜎𝐵,𝑙𝑝=0               (4.10.1) 

To illustrate how a stress increase may still be beneficial, we consider a 3rd mode fixed-pinned clamping 

arrangement with 𝑙𝑝 = 0.1𝑙𝑏. Obtaining data from Figure 4.9-1,2, we find stresses in the clamping 

region and bending length are altered relative to a cantilever of equivalent bending length. The 

relationships, using data in these figures may be written 

𝜎𝑃,𝑙𝑝=0.1𝑙𝑏
= 1.2𝜎𝐵,𝑙𝑝=0.1𝑙𝑏

              (4.10.2) 

𝜎𝐵,𝑙𝑝=0.1𝑙𝑏
= 0.67𝜎𝑃,𝑙𝑝=0.1𝑙𝑏

               (4.10.3) 

Substitution of (4.10.1) into (4.10.3) yields the maximum stress along the wand, relative to the 

maximum stress produced by cantilevered case 

𝜎𝑃,𝑙𝑝=0.1𝑙𝑏
= 1.2[0.7𝜎𝐵,𝑙𝑝=0]               (4.10.4) 

  

 
1 Note, for a cantilever, the pivot length is null, such that 𝑙𝑝 = 0𝑙𝑏  
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Then, the relative stresses along the bending length and in the clamping, region are found: 

𝜎𝑃,𝑙𝑝=0.1𝑙𝑏
= 0.84𝜎𝐵,𝑙𝑝=0               (4.10.5) 

𝜎𝐵,𝑙𝑝=0.1𝑙𝑏
= 0.67𝜎𝑃,𝑙𝑝=0.1𝑙𝑏

              (4.10.6) 

In this case, the primary failure location is shifted from the base up to a node along the bending length, 

with a reduction in maximum stress experienced anywhere along the length found as 16%.  

The realisable benefit in this example depends on the magnitude of stress concentrations, caused by 

factors such as machining features, and elements such as nozzles which need to be drilled or fixed to a 

wand – but shows that for cases where the base stress dominates, a potential increase in wand stress is 

not necessarily a limitation.  

Limitations of using a Quasi-Static Analysis 

The quasi-static analysis only accepts loads of one frequency – the loading frequency. This makes it 

difficult to analyse instabilities generated by static wind loading, or phenomena such as vortex shedding 

around an outdoor sculpture. These conditions do cause vibratory forms with peak stresses larger than 

those exhibited by the steady state response.  

While wind loading and swinging are not negligible, fatigue loading almost exclusively occurs due to 

reciprocation at the determined mode shapes. Therefore, the quasi-static model gives sufficient 

information to construct large versions of Harmonic sculptures. These secondary phenomena may be 

conservatively modelled and embedded into design factors of safety without substantially reducing the 

operating parameters of a fabricated sculpture.  

Figure 4.10-3 – Transient swinging phenomenon (a) observed in Blade vibrating at the third 

resonant frequency (b) dominating the third bending mode. Figure courtesy Gooch [2] 
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Notably in the case of Blade, a swinging phenomenon described by Gooch [2] as coupling between the 

first and third bending modes may mean peak stresses are higher during some parts of operation. 

Swinging has been exhibited in both the original, 1.6 m version of Blade [3], and the 3.4 m Big Blade 

[2].  

Further research toward conducting a dynamic analysis of Blade subject to the flexible end conditions 

would be beneficial in understanding whether this affects the prevalence of swinging.  

4.10.2 Geometric Limitations of the Model 

It was expected that the model should converge toward a conventional cantilever as the pivot separation 

reduced toward zero. Observation of the stress reduction in the clamping region, inspecting Figure 4.9-

1 indicates that stresses do not universally tend toward zero as pivot separation decreases.  

This was presented as location of interest ‘A’ on Figure 4.10-1 

Shear deformation becomes significant as the clamping region becomes smaller (and pivot separation 

decreases). Small pivot separations will invalidate the assumption of Euler-Bernoulli beam theory that 

plane sections to be perpendicular to the neutral axis, due to large curvatures relative to section length. 

Developing a model using Timoshenko theory, which includes the shear deformation effects, as well as 

rotary inertia could rectify this, however, closed form solutions to this problem have only been 

discovered very recently [14], and the authors acknowledge it is difficult to apply to Timoshenko beams. 

In order to best use the results, we consider where solution error becomes acceptable. Slenderness ratio 

is the usual metric for considering whether to include the effects of shear deformation. Slenderness 

ratios as low as 5:1 have been considered, albeit with substantial inaccuracy [28] and over 100:1 [29] 

may be desired depending on the desired precision and wavelengths present in the solution. A usual 

value seems to be about 10:1. Operation at resonance, especially for higher order modes where 

wavelengths are proportionately closer to the beam length will produce more significant solution error 

[30], the results in this chapter are considered to be accurate from 𝑙𝑝 = 0.1𝑙𝑏, which correlated to a 

slenderness ratio of about 20:1 for the wand designs considered in Chapter 5.  

To determine where the solution was considered sufficiently accurate, Figure 4.10-4 presents data for a 

double pinned beam with 𝑙𝑝 = 0.05𝑙𝑏 − 0.2𝑙𝑏, showing a higher order vibration present in the response 

when pivot separation is small. For comparison, the moment of a cantilever beam of equivalent bending 

length is plotted to present the ‘expected’ smoothness of the solution.  
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We acknowledge the slenderness ratio is not well applicable to this dimensionless data because scaling 

is based on flexural rigidity, not slenderness, but it is still illustrative here in showing that accurate data 

seem to appear around a typical threshold for using a Euler Bernoulli model, as shown in Figure 4.10-

4.  

This effect of higher order harmonics on the solution is apparent 𝑙𝑝 = 0.05𝑙𝑏, but shrinks to be 

minimally impactful by 𝑙𝑝 = 0.1𝑙𝑏. The inaccurate region appears below 𝑙𝑝 = 0.1𝑙𝑏 in Figures 4.9-1,2. 

The limit suggested used here could be reduced, depending on accuracy requirements in different 

applications.  

Figure 4.10-4 –The orange line represents a cantilever with 𝛾 = 1.6, 𝑙𝑝 = 0, with expected smooth 

moment. Blue lines present second mode, double pinned moment for small pivot separations. The 

blue lines show: (1) high order overtones effecting the double-pinned solution at 𝑙𝑝 = 0.05. Error is 

minimal by (2), negligible in (3) and (4) as separation increases. 

‘B’ 

(1) 

(4) (3) 

(2) 

‘A’  
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Error Sources in the Closed Form Solution 

Using Green functions to produce data for the two span beams requires evaluating mode shapes for 

each beam length desired. This leads to discrete data points as mode shapes must be evaluated for the 

total beam length, 𝑙 = 𝑙𝑝 + 𝑙𝑏, before applying the intermediate support.  

It was hypothesized that the stress reduction curves would likely be exponential decay curves, 

presenting a plateau effect after some pivot separation distance due to the clamping arrangement having 

provided ‘sufficient’ flexibility at the start of the bending length. This appears a general trend of data 

in Figures 4.9-1,2. Secondary effects like the resonance base node developed in the double pinned 3rd 

mode clamping arrangement mean a plateau is not guaranteed. 

 In order to better fit the observed data, a cubic seems an intuitive choice. Extrapolation beyond the 

bounds of the presented data is neither physically representative, nor useful for designing Harmonic 

type sculptures.  

Further, the data presented in this chapter are inexact, with Figures 4.9-1,2 displaying significant noise 

on the results. For the observed data, a maximum residual of 3.4% (𝑅𝑚𝑖𝑛
2 = 0.977) was found on any 

data point. The data for the node heights (Figure 4.9-4,5) present with less noise, with a maximum 

residual on node height data of 0.4% (𝑅𝑚𝑖𝑛
2 = 0.961),which may be attributed to the slower 

convergence of moments compared to deflections in the modal series solution [16], likely contributed 

to by the use of a polynomial solution. 

Using the Frobenius method, a polynomial series is produced to approximate the harmonic mode 

shapes. Differentiating the polynomial reduces its order, hence the smoothness of the solution.  

Modelling error also comes from using a finite number of mode shapes (𝑛𝑣 = 9), and the use of a 

limited order polynomial series expansion which defines the mode shapes (𝑛𝑝 = 240). Abu-Hilal notes 

bending moments – used to generate bending stresses – are slower to converge than displacements [16], 

Both sources of error are difficult to avoid, as further expanding the polynomial length yield machine 

truncation error which, seems responsible for the omission of several data points in Figures 4.9.1.2. 

However, the length of the polynomial defines how many mode shapes may be determined.  

In practice, this prevents consistent determination of more than about 10 mode shapes. This author 

deems the accuracy provided by 9 mode shapes to be sufficient for aesthetic and mechanical design 

considerations, based on data in Table 4.6-1, solution stability, and achieving a solution in a convenient 

timeframe. 

Should a higher accuracy solution be desired, factors such as fluctuating environmental loads, 

variability of mechanical properties, and shear deformation become practically more significant.  
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4.11 Influence of Gravity Parameter on Stress Reductions 

While the scope of this work has been to evaluate the end conditions specifically for artworks with 

similarity to Rotating Harmonic, it may not be possible to obtain a gravity parameter exactly matching 

Lye’s original Rotating Harmonic, perhaps relating to the desired size, or manufacturing requirements 

of the works.  

Using the model developed in this chapter, we examine a candidate range of gravity parameters and 

pivot separations to assess the variation across the parameter space.  

The candidate range of gravity parameters comprises gravity parameters of, 0 ≤ 𝛾 < 7. Pivot 

separations were considered with the same range considered in this chapter; 0 ≤ 𝑙𝑝 ≤ 0.5𝑙𝑏. As 

computation is expensive, the range was analysed at integer values of 𝛾 and 𝑙𝑝 = (0, 0.05, .01, … , .5)𝑙𝑏, 

then a cubic polynomial fitted to the data to provide the curves in Figure 4.11-1. 

As gravity parameter changes, moments on the ‘unit’ cantilevers and unity amplitude change marginally 

by the values shown in Table 4.11.1. Choosing a geometry allows for the evaluation of bending moment 

at resonance using stress reduction values for a particular 𝛾 as presented in Figure 4.11-1. 

Table 4.11.1 Base and Wand Moments variation with Gravity Parameter  

 

𝛾 = 0 𝛾 = 1 𝛾 = 2 𝛾 = 3 𝛾 = 4 𝛾 = 5 𝛾 = 6 𝛾 = 7  

Base Moment (2nd Mode) 21.80 21.83 21.85 21.86 21.87 21.88 21.90 21.92 𝑁𝑚 

Wand moment (2nd Mode) 15.78 15.81 15.84 15.88 15.92 15.97 16.02 16.09 𝑁𝑚 

Base Moment (3rd Mode) 61.69 61.64 61.58 61.54 61.47 61.40 61.34 61.27 𝑁𝑚 

Wand Moment (3rd Mode) 46.75 46.71 46.67 46.61 46.57 46.53 46.47 46.42 𝑁𝑚 

 

It is apparent that stress reductions across the spectrum of gravity parameters do not vary dramatically. 

A 13% variation is the largest deviation between stress reductions produced between the range of 

gravity parameters presented here, for a particular pivot separation.  

The data presented in this section do not quite match the results presented earlier for 𝛾 = 1.6, owing to 

the length of the polynomial series used in this study (𝑛𝑝 = 150), compared to 𝑛𝑝 = 240 previously 

used in Section 4.9. This is due to the computing time and stability of the solver making this size of 

analysis difficult. A peak difference in error between base and wand moments produced at an 

interpolated 𝛾 = 1.6 in Table 4.11.1 and the results in section 4.9 is 2.9%. 

To reconstruct the spatial and temporal data for a specific cantilever, Equations 4.8.1,2 may be used 

with the resonance frequencies provided for the range of configurations in Appendix A4-2,  
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Figure 4.11-1 – Influence of gravity parameter, 𝛾, on the stress reduction for the new end 

conditions. 𝛾 = 0  ; 𝛾 = 1  ; 𝛾 = 2 ; 𝛾 = 3 ; 𝛾 = 4 ; 𝛾 = 5 ; 𝛾 = 6  ; 𝛾 = 7  

Fixed-Pinned - base Fixed-Pinned - wand 

Fixed-Pinned - base Fixed-Pinned - wand 

Double-Pinned - base Double-Pinned - wand 

Double-Pinned - wand Double-Pinned - base 
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4.12 Conclusions 

Mathematical modelling of the flexible end conditions on vertical cantilevers found 

that implementing either fixed-pinned, or double-pinned clamping arrangements are 

effective for increasing the maximum realisable size for several of Lye’s Harmonic 

type sculptures. Using these clamping arrangements within constraints imposed by 

reasonable machine designs give the ability to reduce peak stresses compared to 

Lye’s typical cantilevered arrangement. Changes in the mode shapes may or may 

not impact an artistic performance depending on the clamping arrangement, and 

data has been provided to ensure a desirable performance. This work leads to a 

desire for new analysis in design at the largest possible size, which will be examined 

as part of Chapter 5. 

This chapter has presented data for choosing optimal locations for an intermediate support along the 

length of a beam, subject to limitations imposed by Len Lye’s Harmonic sculptures. The model and 

solutions presented have capacity to analyse the resonant frequencies, bending forms, and stresses 

developed by vertical cantilevers subject to the new two span end conditions, for a range of separation 

distances. We have determined the following: 

• Fixed-pinned or Double-pinned supports may be used to prevent failure at the base of a 

sculpture, by moving the failure location away from the base and decreasing peak stress.  

• The secondary failure locations at stressed internode locations cannot be removed while still 

producing artistic performance. As such, stresses along the wand are not subject to substantial 

reduction (Table 4.10.1). 

• Node heights along the bending length change with pivot separation within the clamping 

region is increased. This can impact the suitability of an artistic performance. Suitable 

clamping geometries for both clamping arrangements were provided in Table 4.10.1. 

• Should sculptures with pivot separations beyond the aesthetic acceptability limits suggested in 

Table 4.10.1 be desired, a scale model should be checked by the Len Lye foundation. 

• Analysis of sculptures with small pivot separations (less than 10% total length) is a limitation 

by the assumptions of the Euler-Bernoulli model and polynomial series approximation to the 

mode shapes. In this case, it is not expected that a sculpture with a pivot separation lesser than 

this will be produced. 

• Operating loads for any scale of Water Whirler, Rotating Harmonic, Flaming Harmonic, and 

Zebra, subject to the Fixed-pinned and Double-pinned clamping arrangement may be 

reconstructed using the data provided in this chapter.  

Care when using results from this model needs to be taken, as design features such as stress 

concentration factors in clamping regions and at nozzles, and secondary effects such as wind loading 
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and swinging will locally alter stresses in fatigue scenarios. Design features and dynamic phenomena 

may also change the expected failure location of the sculpture. In the next Chapter, we will investigate 

a number of these factors to best apply the conclusions from this analysis. 
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5. The Wand Design Framework 
The purpose of this chapter is to develop a repeatable design process which can be applied 

to produce wands for Harmonic sculptures. Central to this process, it is critical that the 

artist’s intentions are held when developing elements of Lye’s artworks. Here this requires 

embedding the scaling criteria developed in Chapters 2 and 3 into a method which 

considers the structural requirements of a wand subject to Lye’s desired vibratory forms. 

At the end of this chapter, we intend to apply the process to develop geometric 

specifications, and predict operating loads of a large-scale wand for Flaming Harmonic.  

 

To this point we have considered scaling criteria for Harmonic sculptures, and investigated how various 

clamping geometries will alter the vibratory form and structural parameters of the artworks. Choosing 

finished wand specifications for Harmonic sculptures requires considering the artistic requirements of 

the wand, in the context of available manufacturing techniques and materials. 

In this chapter, we introduce a framework for designing wands for generalised Harmonic sculptures, 

and explore the useful parameter space for each section of the process, including the material 

optimisation, clamping geometry choice, and influence of stress concentrations caused by the bolted 

hole stress concentration at each nozzle. 

Figure 5-1 – Universe Walk concept sketch, Len Lye (circa 1970), courtesy Len Lye Foundation 
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5.1 Overview of the Wand Design Framework 

For the family of similar Harmonic sculptures, choosing a wand requires considering geometric, 

material, and functional factors. These factors can be investigated at certain points in the design process 

to efficiently produce plans. Figure 5.1-1 presents a flowchart of the process to develop new Wands for 

a generic Harmonic sculpture. This intuitively starts by considering the intentions for the artwork. 

Further along the process, the intricacies of scaling, stress concentrations, and end conditions are 

introduced and addresses linearly. Section 5.2-5.8 follow through each step, providing a guide for the 

user.  

Identify Need for New Pole 

Choose Desired Sculpture Size 

Define an approximate structural property set.  

Check manufacturing & ancillary requirements to ensure wall 

thickness is suitable. 

Choose Clamping Arrangement 

Based on Sculpture 

Material Selection 

Develop composite layup to suit diameters from the similarity 

equation.  This will alter the structural properties of a laminate. 

Fabricate Wand 

Set maximum operating amplitude based on acceptable stress state. 

Figure 5.1-1 – The Wand Design Process 

Iterate similarity equation and layup to determine diametral pairs 

which satisfy the layup 

Use similarity equations to determine a prospective wall thickness  

Loop if layup is unsuitable for the intended 

manufacturing method or operating factors 

Loop if similarity and layup 

diameters do not match within 1 mm 
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5.2 Choice of End Conditions. 

With respect to end condition configuration and choice, large scale Harmonic works are categorised by 

their operating modes (2nd or 3rd mode) and utilities required up the wand. 

In the last chapter we determined the effectiveness of two new end conditions – the ‘fixed-pinned’ 

clamp, and ‘double-pinned’ clamp relative to the cantilevers Lye traditionally used. 

• When base stress dominates, the double pinned clamp is most effective. This is the case for 

the first category of wands, or sculptures with sub-critical stress concentrations. 

• When wand stress dominates, the result is split. The double pinned clamp provides lower 

stress for second mode performances, and the fixed-pinned clamp provides lower stresses for 

third mode performances. 

However, using the double-pinned end condition presents a problem for wands which require utilities. 

Despite significant exploration of the solution space in the drive mechanism design for Flaming 

Harmonic, a suitable implementation of a lower pinned support was not able to be developed. This was 

due to the weight of delivery components cantilevered off the bottom pin, raising questions about the 

loading conditions which may be applied to a potentially delicate rotary union or slip rings during the 

design process in Chapter 6. 

Therefore, the following end conditions are recommended, and summarised in Table 5.2-1 in a table 

for simple selection. In each case, the largest viable separation distance possible for a given arrangement 

is recommended. 

For the Double-Pinned clamp, the maximum pivot separation is: 

𝑙𝑝 = .12𝑙𝑏 (2nd mode operation) 

𝑙𝑝 = .18𝑙𝑏 (3rd mode operation) 

For the Fixed-Pinned clamp, the maximum pivot separation is 

𝑙𝑝 = .48𝑙𝑏            (2nd mode operation) 

𝑙𝑝 = .39𝑙𝑏 (3rd mode operation) 

If both 2nd and 3rd modes are to be used, the lowest relevant 𝑙𝑝 applies. 

Following selection of an end condition, geometric and structural properties of that beam may be 

reconstructed using the gravity parameter and frequency parameter as per Section 4.10.1 if suitable 

material properties are known. We investigate choice of material properties in the following section. 
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1Above a pivot separation of 𝑙𝑝 > 0.12𝑙𝑏 , the double-pinned clamp becomes aesthetically unacceptable 
2 The fixed-pinned clamp increases stresses along the bending length until 𝑙𝑝 ≥ 0.15𝑙𝑏  

Table 5.2-1 – Clamping Geometry Selection for Harmonic wands 

 Selection Path A Selection Path B 

Utilities 

required? 

No  utilities up pole 

 Utilities 

up wand. 

 

 Check Operating Modes. 

Operating 

Modes 

2nd mode only 

(Planar, hula, or 

whirling’) 

2nd and 3rd modes 

 
2nd mode only 

(Planar, hula, or 

whirling’) 

 

2nd and 3rd modes 

 

Tolerable 

Pivot 

Separation 

(Maximise) 

𝑙𝑝

≤ 0.12𝑙𝑏
1 

𝑙𝑝

≥ 0.15𝑙𝑏
2 

0 ≤ 𝑙𝑝 ≤ 0.12𝑙𝑏  0 ≤ 𝑙𝑝 ≤ 0.48𝑙𝑏 – 

Ideal Clamp 

Choice 

  

   



On the Design of Len Lye’s Harmonic Sculptures at the Largest Feasible Size 

 

107 

 

5.3 Material Selection 

Lye’s kinetic sculptures were typically crafted with spring steel or fibreglass wands. The design process 

in this section outlines the most suitable materials, with information here given to guide selection 

criteria and consider the influence of size on the life of the sculpture for an optimal material. 

When a wand is scaled, the structural objectives are to maximise wand lifespan using a wand structurally 

similar to Lye’s original Harmonic sculptures, at an amplitude as close to geometric similarity as is 

practical. In order to investigate candidate materials, we limit the scope of candidate Wand materials, 

then investigate each candidate material. 

To choose an optimal material, objective optimisation criteria are developed for the structural 

limitations to guide preliminary selection, then a selection matrix is used to account for the hard and 

soft constraints using a material selection chart adapted from Pahl & Beitz [3] to determine an optimal 

choice. 

5.3.1 Optimal Flexural Performance 

In Chapter 2 we determined that stress limits the maximum scale of a wand. It is clear that the 

optimisation criterion is to minimise stress induced during a performance. Fatigue loading limits the 

maximum strength of a sculpture, as wands should last for at least 106 cycles prior to failure, 

comprising a high cycle fatigue scenario.  

The objective criteria to maximise lifespan is to maximise the ratio of endurance strength to maximum 

stress developed during a performance. Following Gooch’s exploration of this relationship for Lye’s 

Big Blade [4]. 

𝛹 =
𝜎𝑒𝑛𝑑𝑢𝑟𝑎𝑛𝑐𝑒

𝜎𝑏
         (5.3.1) 

Using the ‘critical minimum diameter’, we can relate the performance of a material to a stress minimum 

to develop an objective function which should be maximised. By substituting the critical minimum 

diameter, (2.3.20) into the definition of bending stress (2.3.21), stress at some point 𝜁 up the wand can 

be related to the geometric and structural properties of that wand.  

𝜎𝑏(𝜁) =
2√𝐸𝜌𝑔𝑙3

√2𝛾

𝑑2𝑣(𝜁)

𝑑𝑥2
       (5.3.2) 

If some stress concentration factor 𝐾 exists along the span at point 𝜁, which causes the expected failure 

location to occur at 𝜁, then the maximum stress developed during a performance is  

𝜎𝑏(𝜁) =
2√𝐸𝜌𝑔𝑙3

√2𝛾
(𝐾

𝑑2𝑣(𝜁)

𝑑𝑥2
)       (5.3.3) 
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Following Gooch [4], Substituting (5.3.3) into Equation (5.3.1) provides an objective function to be 

maximised.  

𝛹 =  
1

√2
(

1

𝐾𝑙3

1

𝑑2𝑣

𝑑𝑥2

 ) √
𝛾

𝑔
 (

𝜎𝑒𝑛𝑑𝑢𝑟𝑎𝑛𝑐𝑒

√𝐸𝜌
)      (5.3.4) 

                     

This formulation is useful, because it does not require an arbitrary choice of wall thickness to assess. 

Rather, this formulation highlights the importance of several key indicators involved with developing 

an optimal performance, in particular the relevant factors for optimal material choice.  

The material parameter here is related to maximising the ratios of strength to density, and strength to 

stiffness, allowing us to perform a search for candidate materials which achieve high values for both 

indices.  

Ashby [1] provides plots for failure strength plotted against stiffness and density which can be used as 

a proxy parameter for endurance strength to find candidate families of materials before fatigue strengths 

are investigated to finalise selection. We use strength as a proxy for endurance limit because endurance 

data does not exist for many materials, and are otherwise difficult to obtain. 

Figures from Ashby are reproduced overleaf as Figures 5.3-1,2. 
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Figure 5.3-1 – (1) Ratio of Strength to Density (2) Ratio of Modulus to Strength for Engineering Materials 

(from Ashby [1]). Each red line is set as an iso-bar with the unshaded region showing materials expected to 

have greater values of the desirable ratio than the ‘original’ material for Rotating Harmonic (AISI 5160 steel) 

(1) 𝜎

√𝜌
 

(2) 
𝜎

√𝐸
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From the index charts in Figure 5.3-1, Aluminium, Magnesium, or Titanium alloys, GFRP and CFRP 

composites, and some high-performance steels, appear to perform well in both strength to weight and 

strength to modulus categories.  

Materials must be practical to obtain at sufficient scale, and while metals are suitable for smaller scale 

works, the difficulties involved with obtaining, machining, and joining suitably sized sections of metals 

mean these aren’t likely to be suitable for large Len Lye works.  

Of the candidate metals, a Titanium alloy, Ti6Al4V, which was first identified (and used) in Big Blade 

[5] can be sourced as rounds, plate and rod locally, although hollow bar or tubing would have to be 

sourced or produced for large scale works. Existing versions of Blade [6] and a prototype version Sun, 

Land, and Sea [7] use a martensitic stainless steel from Sandvik, 7C27Mo2 (a modified AISI 420 grade) 

or a spring steel, likely to be AISI 5160. These materials have included as reference data to assess the 

relative performance of existing Lye works. 

Table 5.3.1 presents the structural performance properties of the candidate materials, ranked in order of 

desirability.  

The result of Table 5.3.1 is that fibre-reinforced composite materials are seen as a much more suitable 

options for the development of large-scale Harmonic sculptures than metals, based on the materials 

performance index, with the best performing metal returning a significantly higher value than the worst 

performing composite material. 

5.3.2 Coatings 

Lye’s metallic sculptures were sometimes finished with Nickel plating, and sometimes finished with a 

highly polished surface to produce stunning visuals as light catches the reflective surface. Figures are 

omitted here because lustre does not translate well visually. If steel is chosen as a wand material, 

investigation into the influence on fatigue life should be undertaken. Notably, Nickel and Chrome 

coatings can reduce fatigue life by 50% or more [8]. 

For composite indoor works, an Auckland based company, Metalier ltd, can provide paints with high 

concentrations of metallic particles in the paint, to produce a highly realistic metal finishes on a range 

of substrate surfaces, with substantially better realism over traditional automotive paints. This is more 

suitable finish for composite works being viewed at close distance. Replication of metallic surfaces can 

be produced by a number of high-quality painting services.  

For Water Whirler, quality automotive painting consisting of a suitable primer, base and clear coat layer 

has proven durable and reliable. Small sections of 16mm diameter glass 𝜎𝑈𝑇𝑆 ≈ 1200𝑀𝑃𝑎 were tested 

to ASTM-D790, using a 3-point bending setup. The failure mode in several setups was failure of the 

composite via delamination of the glass prior to paint cracking.
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3 By Equation (2.3.20) 
4 By Equation (2.3.21). 
5 The material performance index is 𝜎𝑒𝑛𝑑𝑢𝑟𝑎𝑛𝑐𝑒/√𝐸𝜌  from Equation 5.3.4 

 Table 5.3.1: Material Performance Indices of Candidate Wand Materials 

Material 

Yield/ 

Failure 

Strength 

Fatigue 

strength for 

𝑁𝑓 ≤ 1𝑒6 

Critical 

Minimum 

Diameter3 

Stress at Critical 

Minimum Diameter 

(Rotating Harmonic)4 

Density Stiffness 

Material 

Performance 

index5 

Condition 

 𝑀𝑃𝑎 𝑀𝑃𝑎 mm  𝑘𝑔/𝑚3 𝐺𝑃𝑎   

Uniaxial GFRP  

(E-glass/vinyl) [9] 
1200 400 47.2 328.3 2000 44 1818 

Uniaxial 

pultruded rod. 

Water Whirler 

laminate (GFRP) 

700

− 900 

233 

 –  300 
57.2 271.1 2000 30 − 45 1125 

Sample from 

original wand 

Uniaxial CFRP 

(T800/Epoxy)  
2600 800 22.5 551 1600 155 2580 Uniaxial 

Uniaxial CFRP 

(T700/Epoxy) 
1900 450 25.3 490 1600 123 1028 Uniaxial 

Ti6Al4V [10] 914 550 41.8 825 4450 125 544 Machined 

Sandvik 7C27Mo2 

[11]  
 850 43.9 1386 7850 200 460 Cold rolled 

AISI 5160 [12]  550 43.9 1386 7850 200 194 Oil Quenched 
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5.3.3 Environmental Attack 

Large scale Harmonic sculptures are permanent outdoor exhibits. Due to the coastal nature of New 

Zealand, resistance to salt water and resistance to UV radiation, are critical to longevity. Figure 5.3-2 

presents the resistances and weaknesses of materials to various environmental conditions. 

Minor surface corrosion on metals can be mitigated with regular cleaning or surface treatment, by way 

of a clearcoat. Carbon steels are unacceptable in the salt air without a pacifying surface treatment. 

Nickel electroplating plating would match Lye’s specifications for his original Harmonic artworks, 

although the effect stainless steels are suitably resistant. Titanium appears to be suitable under the 

considered environmental conditions. 

FRPs are known to absorb moisture, with absorption occurring preferentially along fibres [13]. 

Minimising contact between exposed fibre ends and moisture, by coating exposed fibre ends is 

sufficient to minimise water uptake.  

 

 

  

Figure 5.3-2 – Resistance of material clusters to attack under various operating environments. 

Reproduced from Ashby, [1] 
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Electrical conductivity poses a specific threat to carbon fibre structures, as conductive anisotropy makes 

carbon structures highly susceptible to damage from lightning strike.  The Zephyrometer [2] is a 

sculpture by artist Phil Price, located on the Wellington Waterfront. In 2014 the carbon fibre wrapped 

structure exploded when lightning struck the artwork (Figure 5.3-3). Choice of layup, paint thickness, 

choice of conductive fillers in the resin can limit damage if struck [14, 15].  

  

Figure 5.3-3 – Failure of the Zephyrometer [2] in Wellington, New Zealand  

Photo credit: Brady Dyer, Aug. 14, 2014 
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5.3.4 Choice of Material for Bending Elements 

Table 5.3.2 presents candidate materials for Harmonic sculptures, and evaluates these against key 

criteria required for a material to be selected. The table presented was adapted by Gooch [5] from Pahl 

and Beitz [3] 

 

E-glass fibre reinforced polymers (GFRP) are the option of choice. Fibreglass composites have higher 

values of the material performance index than any metals. Further, the ease of accessible production, 

and environmental suitability makes this material an excellent choice. 

Table 5.3.2 – Selection of Candidate Harmonic Materials 

 

Material 

Endurance limit greater than stress at critical diameter? 

Develop 

Further? 

Consider 

in 

Future? 

  Higher material Properties Index than original? 

    Economically available? 

      Suitable Finish with / without coating? 

        Environmental Resistance? 

          Comments Score 

E-glass ✓ ✓ ✓ ✓ ✓ 
Pros – Excellent structural properties 

Cons – Higher internal damping than 
metals; carbon 

5 ✓  

T800 ✓ ✓ ✓ ✓ × 
Pros – Best structural properties 

Cons – Electrically Conductive; not as 
accessible as other fibre types. 

4  ✓ 

T700 × ✓ ✓ ✓ ✓ 
Pros – Available 

Cons – Cheaper options (GFRP) perform 
better. Electrically Conductive. 

4   

Ti6Al4V × ✓ × ✓ ✓ 
Pros – Excellent Chemical Resistance 

Cons – Expensive, outperformed by 
composite materials for large scale 

3   

7C27Mo2 

(420 mod) 

× ✓ × ✓ ✓ 

Pros – Best option for steel bending 
elements 

Cons – Only mass produced as 0.3mm 
‘strip’ steel. 

 

2   

AISI 5160 × - ✓ ✓ × Pros – Good strength and fatigue 
properties for steels; available. 

 

2   
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5.3.5 Choice of Method for GFRP Wand Production  

Within the scope of GFRP production, choice of fabrication method has significant impact on the 

finished product, in terms of layup constraints, chance and type of manufacturing defects. A number of 

common commercial processes exist for producing fibreglass products, from typical hand production 

methods to medium and high-volume production methods such as filament winding and pultrusion. A 

brief discussion of each guides the design choice. 

Filament Winding 

This method allows freedom of design, and machine led fibre placement ensures a consistent layup with 

broad choices for fibre orientation around stress concentrations. However, filament wound components 

do not have fibres oriented parallel with the bending axis, optimal for maximising flexural strength. 

Further, while continuous filament winding machines exist, a search through Australasian 

manufacturers was unable to locate a viable machine. Were a filament wound wand to be produced, 

sections would need to be joined [16], creating hard spots associated with the joins.  

Hand Layup Methods 

Hand (wet and prepreg) layups can create manufacturing defects difficult to quality control considering 

the length of the section desired, although this method allows complex layups to minimise the influence 

of anisotropy on the magnitude of local stress concentrations [17]. If a suitably sized autoclave can be 

found to cure a pre-preg wand, this can a suitable manufacturing method.  

  

(1) (2) 

Figure 5.3-4 – Schematic view of (1) A typical filament winding process, (2) a stack 

of lamina, as may be produced using conventional (hand layup) methods. 
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Pultrusion 

Pultruded composites have a high degree of dimensional consistency, with few defects relative to other 

manufacturing methods. A uniaxial fibre orientation, associated with the highest flexural strengths, is 

simple to achieve due to the prevalent use of continuous fibre bundles – called rovings. However, woven 

fabric may be wrapped around the rovings on the inner or outer diameters of the layup to reduce material 

anisotropy. 

5.3.6 Chosen Manufacturing Method 

Pultrusion is a convenient option with an optimal ability for handling flexural stresses, due to the large 

number of fibres directly aligned with the bending axis. 

  

Rovings/Fabric 
Die 

Mandrel 

Finished tube 

Feed Control 
Resin Bath 

Figure 5.3-5 – Schematic view of a Pultrusion process 
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5.4 Optimised Laminate Design for Composite Wands 

The first steps in the wand design process were to choose size, boundary conditions, and material. So 

far, these are reasonably simple to follow from the data provided thus far.  

After these have been determined, we need to establish geometric parameters for a wand in accordance 

with the scaling requirements established in Chapters 2 and 3. Scaling for the dimensions of composite 

structures is an iterative process to determine structurally suitable wand dimensions within the 

limitations of developing a manufacturable layup. 

5.4.1 Estimating Laminate Properties 

Classical Lamination Theory can be used to accurately assess the properties of bespoke geometries by 

describing a pultruded section as a laminate [18]. This method is significantly faster than evaluating the 

stiffness of a test layup using the FE method, making it preferable for prototyping.  

Following a search of Australasian pultrusion facilities, Gracol Composites Ltd. In Christchurch, NZ 

was selected for their location and research connection to the University of Canterbury. Key parameters 

for the rovings and fabric layers used are listed in Table 5.4.1. 

Discussions with Gracol provided the material properties (Table 5.4.1), based on in-house testing and 

expected values for each type based on manufacturer’s data. 

 

 

  

 
6 Rovings to a volume fraction of 60%, with a fibre modulus of 75 GPa 

Table 5.4.1: Properties of cured GFRP lamina 

FRP lamina properties [45/-45] Rovings6 

𝐸1 19 𝐺𝑃𝑎 45𝐺𝑃𝑎 

𝐸2 19 𝐺𝑃𝑎 10𝐺𝑃𝑎 

𝑣12 0.15 𝑚/𝑚 0.26 𝑚/𝑚 

𝐺12 4.2 𝐺𝑃𝑎 3.4 𝐺𝑃𝑎 

𝑡𝑝𝑙𝑦 0.5𝑚𝑚 − 

Notes "300𝑔/𝑚2 biaxial twill" 9600 tex roving (34 

um) 
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5.4.2 Implementing Classical Laminate Theory on Tubular Geometry 

From these properties, the stiffness matrix for a composite plate may be developed using classical 

laminate method. The standard methodology is available in reference texts (see Daniel and Ishai [19] is 

briefly explained below in equations (5.4.1-7). A modification to establish the properties of tubular 

sections is presented in Equations (5.4.8-11)  

Stress can be described as the sum of stress induced by strain and curvature. Following Kirchoff-Love 

plate theory [20], the strains induced in a laminate may be defined from the displacement of the laminate 

throughout its thickness, caused by deformation of the mid-plane and curvature. By application of 

Hooke’s law, the stress state may be defined from the strain state as 

𝜎 = 𝑸𝒌𝜺𝒌 = 𝑸𝒌 [[

𝜀11
𝜀22
𝜀12

] + 𝑟 [

𝜅11
𝜅22
𝜅12

]]             (5.4.1) 

Where 𝜺𝒌 represents the strain induced in each lamina by mid-plane strains 𝜀 and curvatures 𝜅 of the 

in-plane axes, where 𝑟 represents distance from the neutral axis. For each lamina, stiffness is defined 

by a tensor 𝑸𝒊𝒋 to describe the in-plane stiffness characteristics for the lamina may be quantified using 

the data in Table 5.4.1 as 

𝑸𝒌 = [
𝑄11 𝑄12  0

𝑄12 𝑄22 0

0 0 𝑄66

]         

With the axial and cross ply, shear, and in-place stiffnesses described as 

𝑄11 =
E11

1−υ12
2 ;  

𝑄12 =
𝜐12𝐸11𝐸22

𝐸11−𝜐12
2 𝐸22

  

𝑄22 =
𝐸22

1−υ12
2   

𝑄66 = 𝐺12                (5.4.2) 

If there is variation between the principal axes of the lamina and laminate coordinate systems, let 𝑸𝒌
̅̅ ̅̅  

represent the matrix 𝑸𝒌 rotated to the laminate coordinate system, where 

𝜎𝑘 = 𝑸𝒌
̅̅ ̅̅ 𝜺𝒌               (5.4.3)

     

Assuming each lamina is stacked and perfectly bonded by a no slip condition, integration of the stress 

tensor provides the relationship between forces applied to a laminate, and the resultant deflections. 
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[
𝐹𝑖𝑗

𝑀𝑖𝑗
] =  [

Σ𝑘=1
𝑛 𝐐𝐤

̅̅ ̅̅ ∫ 𝜺𝑑𝑟
𝑟𝑘

𝑟𝑘−1

Σ𝑘=1
𝑛 𝐐𝐤

̅̅ ̅̅ ∫ 𝜺𝑟𝑑𝑟
𝑟𝑘

𝑟𝑘−1

]              (5.4.4) 

This integration gives rise to the well-known 6 × 6 ABD matrix which describes the elastic behaviour 

of the combined laminate. 

𝐴𝐵𝐷 = [
𝑨 𝑩

𝑩𝑻 𝑫
]  

𝐀 =  ∑ 𝑸𝒌
̅̅ ̅̅ (𝑟𝑘 − 𝑟𝑘−1)𝑛

𝑘=1  ; 

𝑩 =
1

2
∑ 𝑸𝒌

̅̅ ̅̅ (𝑟𝑘
2 − 𝑟𝑘−1

2 )𝑛
𝑘=1 ; 

𝑫 =
1

3
∑ 𝑸𝒌

̅̅ ̅̅ (𝑟𝑘
3 − 𝑟𝑘−1

3 )𝑛
𝑘=1                     (5.4.5) 

Taking the inverse of this matrix gives  

[
𝜀𝑖𝑗

𝜅𝑖𝑗
] =  [

𝑨 𝑩
𝑩𝑻 𝑫

]
−1

[
𝐹𝑖𝑗

𝑀𝑖𝑗
]

6×1

            (5.4.6) 

The ABD matrix is associated with the properties of a flat plate of unit width. The ABD(4,4) term is 

associated with the flexural rigidity of the section in response to flexural loading along the beam axis. 

Therefore, the elastic modulus of associated flat plate may be described as 

𝐸∗ =
12 𝐴𝐵𝐷−1(4,4)

𝑑𝑜
3                (5.4.7) 

If the laminate in question is a hollow tube, as may be implemented if a ‘null’ material with zero 

stiffness; and poisson ratio 𝜐12 = 0.5 is applied to simulates a hollow core, then 𝐸∗ is the average 

modulus of the section, including the hollow area associated with 𝐼∗ = 𝜋𝑑𝑜
4/64 . To obtain 𝐸 which 

excludes the hollow area7, we note that the flexural rigidity of the averaged section is equivalent to the 

tube as we expect, 

𝐸∗𝐼∗ = 𝐸𝐼                (5.4.8) 

Then by (5.4.8) we can find the modulus on the material area of the tube using the ratio of 𝐼∗ to 𝐼 as 

𝐸 = 𝐸∗ 𝑑𝑜
4

𝑑𝑜
4−𝑑𝑖

4               (5.4.9) 

Which has the geometric properties of the tube as expected 

𝐴 =
𝜋

4
(𝑑𝑜

2 − 2𝑑𝑖
2)            (5.4.10) 

𝐼 =
𝜋

64
(𝑑𝑜

4 − 𝑑𝑖
4)            (5.4.11) 

 
7 As is the usual definition 
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5.4.3 Selecting Dimensions for Wand Design 

Chapters 2 and 3 describes the method used to produce statically similar wands for a given property set. 

In these chapters, we used a ‘test’ property set to develop approximate limits for scaling. These test 

properties were used as they are likely to be close to the structural parameters we would expect for a 

scaled wand.  

To predict the structures properties of laminate wand, we can apply Classical Lamination Theory (CLT) 

as described in Section 5.4.2 to iterate towards a layup which matches the geometric specifications 

predicted by the scaling relations presented in chapters 2 and 3. From the materials selection process, 

an E-glass laminate has been determined as the most suitable material for producing a large-scale wand 

for Flaming Harmonic.  

In this case we start by using the ‘test’ properties first presented in Chapter 2 (Table 2.4.1) to provide a 

first approximation to our selected diameters. Then, we produce a layup which meets the desired 

diameters of the scaling criteria. As this will alter the flexural properties of the section, this requires 

iteration with the scaling criteria until the layup and scaling criterion match within a satisfactory 

tolerance.  

Practically, we suggest a satisfactory tolerance between the scaling criteria and layup is ±1𝑚𝑚. This 

is a reasonable estimate of the dimensional accuracy of a pultruded wand when considering the 

concentricity and material shrinkage which might be predicted. 

This process applied to Flaming Harmonic is presented in Section 5.8. 

The scaling criteria from chapters 2 and 3 are presented below, along with a brief list of additional 

considerations, which might be required for a specific implementation.  

While we have discussed how to produce a set of suitable geometric process, this section does not 

address what a suitable or manufacturable pultruded layup might be. This is discussed in Section 5.5. 

Unfilled Wands (Zebra, Rotating Harmonic, Flame performance) 

In the case of an unfilled wand, choice of diameter as close to the critical minimum diameter is desirable 

as this minimises loads on the wand and mechanism, evident from the similarity equations presented in 

Chapter 2.  

The scaling criterion (Equation 2.3.19) which must be solved to maintain static similarity is repeated 

here: 

𝛾𝐸𝑑𝑜
2 − 𝛾𝐸(do − 2t)2 − 16𝜌𝑔𝑙3 = 0         (5.4.12) 
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Selecting a wall thickness then becomes a case of ensuring the wand is manufacturable, transportable, 

and sufficiently strong to resist damage from contextual external loading sources. These include wind, 

maintenance, and the potential for misuse. 

Filled Wands (Water Whirler, Water Performance) 

In the case of a filled wand, 𝜌𝑤 ≥ 0 a critical minimum diameter does not exist. In fact, increasing the 

wall thickness tends to be beneficial as the fluid core is supported by a greater volume of structural 

material, and inner diameter decreases, in turn reducing the volume of material to be supported (see 

Figure 3.2-2) 

The scaling criterion which must be solved to maintain static similarity is repeated here 

0 =
16𝜌𝑔𝑙3

𝐸(𝑑𝑜
2+𝑑𝑜

2)
+

16𝜌𝑤𝑑𝑜
2𝑔𝑙3

𝐸(𝑑𝑜
4−𝑑𝑜

4)
− 𝛾𝑤         (5.4.13) 

Optimisation of wall thickness can be performed by evaluating 𝜎𝑏 for a range of plausible diametral 

pairs via the stress scaling relation for a fluid filled wand. Equation (3.2.7) can be used to obtain this 

stress, repeated here, 

𝜎𝑏,𝑠

𝜎𝑏,𝑜
=

[𝜌𝑤𝑑𝑠,𝑖
2 +𝜌𝑠(𝑑𝑠,𝑜

2 −𝑑𝑠,𝑖
2 )](𝑑𝑜,𝑜

4 −𝑑𝑜,𝑖
4 )𝑑𝑠,𝑜𝑙𝑠

2

[𝜌𝑜(𝑑𝑜,𝑜
2 −𝑑𝑜,𝑖

2 )](𝑑𝑠,𝑜
4 −𝑑𝑠,𝑖

4 )𝑑𝑜,𝑜𝑙𝑜
2          (5.4.14) 

A maximum wall thickness is secondly imposed by balancing the fluid flow requirements through the 

wand. In the case of a sculpture at the 10-meter scale, a 3:1 area ratio between wand internal area and 

total nozzle exit area is desirable. Using this ratio, a minimum internal diameter is set, as 

𝑑𝑖 = √
4𝑛𝐴𝑛𝑜𝑧

𝜋𝐴𝑅
             (5.4.15) 

 

We consider the case for Flaming Harmonic where a choice must be made to satisfy both a fluid filled 

and unfilled wand in Section 5.8.  
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5.5 Finite Element Analysis of Stress Concentration Produced at 

Bolted Nozzle Holes 

Along the lengths of a fluid filled wands, holes along the bending length of the wand cause local stress 

concentrations which can limit the maximum size of a performance. Here we investigate the influence 

of the layup on the magnitude of the stress concentration produced. 

These stress concentrations are not empty holes, rather bolted joints which are stiff relative to the 

surrounding material (𝐸𝑠𝑡𝑒𝑒𝑙 ≈ 5 − 10𝐸𝑔𝑓𝑟𝑝).  

Layup influences the stress concentration because composite materials have anisotropic structural 

properties associated with the directionality of fibres in plane and between lamina. Of most relevance 

is the associated difference in strength and stiffness of the composite when loaded along different axis 

when subject to the same loading conditions.  

Kirsch first developed a solution for the stress concentration around a hole in an isotropic plate, subject 

to uniaxial tension in 1898 [21]. Attempts to quantify the behaviour of anisotropic laminates yielded 

analytic results for the cases of symmetric and unsymmetric laminates, using the assumptions of 

classical lamination theory [22]. Further, the effect of hole stress concentrations on curved surfaces for 

isotropic and symmetric orthotropic laminates was investigated by Hwai-Chung and Bin [23], who 

produced empirical relations validated with Finite Element (FE) data. More recently, investigations of 

more complex joints in orthotropic materials, such as of countersunk holes by Darwish [24] in the 

investigation of countersunk joints use the finite element method , which Jressat and Gharaibeh 

published data specific to rivetted hole geometry recently [25]. These studies of orthotropic materials 

are useful, but do not include the effect of the fastener itself when assessing the stress concentration. 

Sen and Pakdil [26] experimentally investigated the influence of preload torque on a bolted joint, 

finding that the preload of the joint affects failure strength significantly. 

The simplification of a bolted stress concentration to a hole is unacceptably conservative, with the 

concentration factor 𝐾 able to exceed 5 or 10 depending on wand layup and orientation [17]. This level 

of stress concentration does not match the results exhibited on our wands, because it does not consider 

the rigidity added to the section provided by the bolted joint. In this section we perform a finite element 

procedure to assess the stress concentration produced by a bolt through the cylindrical wall of a 

fibreglass tube. 
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5.5.1 Geometric Layup Requirements of Pultrusion 

Producing wand properties from a given layup requires knowledge of each layer in a laminate. In a 

typical pultrusion process to produce a tube, the rovings and fabric layers do not form a conventional 

laminate, but are instead a bulk thickness of unidirectional fibre bundles, often located between one or 

more layers of fabric as shown in Figure 5.5-1. In order to locate woven material accurately and reliably 

in the layup, these layers are usually on the internal and external diameters of the tube, positioned 

against the mandrel or die (See Figure 5.3-5). Material situated in the middle of wall thickness will 

likely be poorly located in the cross-section causing variation in properties along the length, and raising 

the possibility of dry sections of layup, even though this is technically feasible. 

Following discussions with the manufacturer, Gracol Composites ltd, the size of the wands desired at 

the 10m scale required limiting the number of layers to approximately two layers on the outside, and 

two layers on the inside when using 300𝑔/𝑚2 biaxial twill fabric [9]. It is unlikely that substantially 

more woven material could be usefully placed around the roving core, due to the need to feed material 

into the die and mandrel consistently, while ensuring the glass is suitably wetted with resin. 

Each woven material layer is composed of multiple sections with a small degree of overlap, as shown 

in Figure 5.5-1, where the two layers of external mat, and two internal mats fed into the die and mandrel. 

5.5.2 Testing Parameters 

The intention of this modelling is to consider the influence of a circular hole cut out at some location 

along the length of a pultruded wand, with a bolt through the joint. The design variables to be altered 

are to determine the number of woven material layers to place, ideally, and the degree to which the 

rigidity of a fastener through that hole impacts the effective stress concentration. 

To explore the solution space, the influence of bolting the joint was assessed by determining the stress 

induced by a section of wand without a hole. Then, comparing the relative stress induced in a section 

Figure 5.5-1 – Pultruded laminate diagram with typical outer and inner wrap 

configuration around a roving bundle. 
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with a regular hole stress concentration, and with two classes of preload consistent with a lighter preload 

(at 40% the proof load for the fastener), and a ‘full’ preload - at the proof load of the fastener. 

For each preload class, a series of layup configurations in line with results of the Pultrusion 

manufacturing process were assessed, to investigate how adding woven material with uniform 

orthotropic properties (consistent with a bi-axial material layer) alters the performance of the wand.  

Further, tests beyond the limits of the expected manufacturing process, with additional woven layers 

will be performed, to assess the limitations of pultrusion for producing wands. 

The range of cases explored is presented in Table 5.5.1, with a number of preload and layup cases.  

Table 5.5.1: Geometries Tested 

Preload Cases 

Fastener type: 1/2" UNF A2 

bolt. 

Unbolted 

8kN 

20kN 

With curvature of the 

washers matched to the 

wand 

Wall thickness cases 

 1 − 5 layers Biaxial material 

Biaxial only 

300𝑔/𝑚2 fabric, (0.5mm 

thick) 

 

5.5.3 Establishing the Local Hole Stress Concentration Factor 

We evaluate the hole stress concentration factor using the point stress criterion first introduced by 

Whitney and Nuismer [27], which has become a standard method for evaluating the magnitude of stress 

concentrations in composite materials. The point stress criterion assumes failure will occur when the 

stress some distance from the hole8,9 boundary exceeds the failure strength of the material (in absence 

of a stress concentration), such that 

𝜎ℎ(𝑟 + 𝑎𝑜) ≥ 𝜎𝑜              (5.5.3) 

Where 𝜎ℎ(𝑟 + 𝑎𝑜) represents the stress at some distance 𝑎𝑜 from the edge of the hole at radius 𝑟. 

Irrespective of the concentration geometry, the fixed distance 𝑎𝑜 is typically 0.75-1.25mm. [17, 27]. 

 
8 Or, notched [28] K. H. Tsai, C. L. Hwan, M. J. Lin, and Y. S. Huang, "Finite Element Based Point Stress 

Criterion for Predicting the Notched Strengths of Composite Plates," Journal of Mechanics, vol. 28, no. 3, pp. 

401-406, 2012, doi: 10.1017/jmech.2012.48. 
9 Or, pinned [29] H. Whitworth, O. Aluko, and N. Tomlinson, "Application of the point stress criterion to the 

failure of composite pinned joints," Engineering Fracture Mechanics - ENG FRACTURE MECH, vol. 75, pp. 

1829-1839, 05/01 2008, doi: 10.1016/j.engfracmech.2006.12.003. 
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Therefore, the magnitude of the stress concentration 𝐾 at the hole is defined by the relative magnitude 

of 𝜎ℎ to the magnitude of 𝜎𝑜, which represents the stress magnitude for a wand of a particular geometry 

without a stress concentration factor influencing the stress distribution, such that 

𝐾 =
σh

𝜎𝑜
               (5.5.4) 

This definition is simple to apply when layup is constant between simulations, but requires modification 

to compare the relative performance of stress concentration between layup profiles. 

5.5.4 CAD Geometry 

The non-structural elements of the nozzle were removed to produce the representation in Figure 5.5-2. 

This model was produced in Solidworks 2020, and the inbuilt static-structural package was used for 

simulation.  

The tubular geometry used here matches the profile of the wand developed and fabricated for Water 

Whirler, in Chapter 7. 

This wand has inner and outer diameters of 56.5𝑚𝑚 and 42.4𝑚𝑚 respectively, with a 1/2" bolt 

clamped through a 13𝑚𝑚 hole. 

Here, the washer and nut geometry are contextual to the curvature of the wand as designed here, with 

washer and nut contact sizes matching those used by the Water Whirler wand developed in Chapter 7, 

as this gives us a physical structure to validate this analysis with. Notably, the curvature of the washer 

and nut match the external and internal diameters of the proposed wands respectively. Further, the area 

held under the washer and nut matches relatively closely with that of a standard nut for a fastener of the 

same size. Here, our half inch fastener has a wand contact bearing area of 367𝑚𝑚2, compared to 

428𝑚𝑚2 were a conventional ASME Type ‘A’ ½”washer [30] used. 

Figure 5.5-2 – Basic geometry of bolted joint used for  
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5.5.5 Mesh 

The mesh used has properties according to Table 5.5.2. As the thickness ratios of uniaxial to woven 

material were varied between analysis, the mesh for each case is marginally different. Notably, the mesh 

refinement near the hole edge to approximately 0.15𝑚𝑚 elements gave approximately 5 elements 

between the hole edge and point 𝑎𝑜 inspected to determine the magnitude of the stress concentration. 

 

 

  

Table 5.5.2: Specification of Meshes Generated for the FE Model 

Number of Elements 9.75 × 106-1.03 × 106 

Aspect Ratio Maximum 0.3% elements with aspect ratio > 3 

Max element size 2mm 

Refinement size near hole boundary 0.15mm; Growth ratio 1.2 

(1) (2) 

Figure 5.5-3 – Meshed wand section showing (1) overall meshing for wand with bolted joint, 

(2) Refined section of mesh around the nozzle hole (with bolt and washer hidden) 
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5.5.6 Material properties 

The nozzle elements were fabricated from 304 stainless steel, while lamina properties applied to the 

wand according to the layup data in Table 5.4.1. 

The wand section used for analysis was constructed as three concentric cylinders as shown in Figure 

5.5-2. This allows definition of the material properties of each section to approximate the roving ‘core’ 

and inner and outer woven material layers in the cross section of the pultruded tube.  

To apply a particular thickness, the outer and inner layers were set to match the properties of the biaxial 

material, while the middle layers were set to match the properties of the uniaxially aligned rovings. In 

the case where all the fibres are biaxial, all three sections were set to have equal material properties. 

A parametric definition was used to set the inner and outer diameter of the roving core, when a given 

wall thickness 𝑡 of woven material is placed on the inner and outer layers.  

𝑑𝑟𝑜𝑣𝑖𝑛𝑔𝑠,𝑖 = 42.4 + 𝑡              (5.5.1) 

𝑑𝑟𝑜𝑣𝑖𝑛𝑔𝑠,𝑜 = 56.5 − 𝑡              (5.5.2) 

This pair of diameters is defined so that when the wall thickness is set to a millimetre increment, this 

adds one layer of woven 300𝑔/𝑚2 material to the inside of the tube, and one layer to the outside of the 

tube.  

5.5.7 Boundary Conditions and Loading  

A tensile preload force is applied to the bolt, equivalent to the intended joint preload force applied when 

tightening the fastener. This was applied as a force pair to the face underneath the bolt head, with a 

reaction supplied by nut inside the wand as shown in Figure (5.5-4). 

 

Figure 5.5-4 Bolt and nut assembly (fibreglass hidden). The highlighted faces have applied loads of 

equal and opposite magnitude, equal to the preload force. The faces are the underside of the bolt head, 

acting on the washer, and the ‘threaded’ interior face of the nut.  
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The beam section as modelled was a 300mm long section given cantilevered boundary conditions, with 

a fixed support at one end only. A nominal 1kN load was placed at the distal end to elicit a nominal 

response used to differentiate stresses between loading cases. 

5.5.8 Contacts 

Contacts were manually set to give realistic results without requiring excess computation time. Table 

5.5.3 lists the nature of contacts used,  

Table 5.5.3: Contacts in FE Model 

Contact Nature Friction Comment 

Bolt to washer Bonded 

 

It is unlikely for the bolt and washer to 

separate until fastener failure. 

Washer to Wand No Penetration 0.4 

Wand has potential to flex away from 

washer - a bonded contact is unrealistic 

Wand to Nut Bonded 

 

Prevents separation of nut from wand - 

increasing connection stiffness. 

Bolt to nut Bonded 

 

Assumes no motion between nut and 

threads. 

Bolt to Wand Allow Penetration 

 

Increases simulation speed - check for 

penetration in deformation 

 

5.5.9 Results 

After simulation, the maximum stress at a distance 𝑎𝑜 = 0.75 𝑚𝑚 from the hole edge was inspected to 

the nearest node. This distance 𝑎𝑜 = 0.75𝑚𝑚 was used as a conservative estimate on the reported 

range, as stress dissipates with distance from the hole edge. 

As the stress concentration increases with anisotropy, failure is preferentially expected in the uniaxial 

layers10. As such, the inspection point for maximum stress is on the outermost diameter of the uniaxial 

Fibreglass, where bending stress is a maximum for this lamina.  

A sample of the data collection is presented in Figure 5.5-5. 

  

 
10 Except in the case of the bi-axial only laminate 
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𝑟 + 𝑎𝑜 

Outer Diameter of Uniaxial Fibres 

Complete Wand Section 

Outer-Edge shell 

of Uniaxial Fibres 

Close up of surface showing stress 

location to be inspected.  

Figure 5.5-5 – Graphic of how the maximum stress location to evaluate the point stress criterion is 

determined. In the simulation program, Solidworks Simulation 2020, a radial shell on the outer edge is 

inspected. Stress is examined at a distance 𝑎𝑜 = 0.75 𝑚𝑚 from the hole edge.  
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After data from each simulation were inspected, results were summarised in Table 5.5.4. The stress 

values presented are ‘indicative only’, as a result of the input 1kN tip load. These are not indicative of 

stresses generated during a performance.  

 

Table 5.5.4: Results of Stress Concentration Modelling 

  1𝑚𝑚 2𝑚𝑚 3𝑚𝑚 4𝑚𝑚 5𝑚𝑚 𝐵𝑖𝑎𝑥𝑖𝑎𝑙 

No Hole (Baseline) 

Stress 25.7 27.6 30 36.27 41.93 28 

No bole (hole stress concentration) 

Stress 100.7 102.7 111.3 121.0 133.8 83.30 

𝐾 3.92 3.72 3.71 3.33 3.19 2.97 

8kN Preload 

Stress 77.03 81.14 88.99 96.11 99.14 58.03 

𝐾 3.00 2.94 2.97 2.65 2.36 2.07 

20kN Preload 

Stress 63.07 66.58 73.79 75.88 83.30 52.92 

𝐾 2.45 2.41 2.46 2.09 1.99 1.89 

 

Note, the highlighted cells indicate manufacturable geometries.  

 

5.5.10 Conclusions of this Simulation for Choice of Layup Parameters 

The results of this analysis show that there is a clear trend that increasing woven material decreases the 

magnitude of the stress concentration. Further, that increasing preload decreases the local stress 

concentration, through the added rigidity in the weakened section.   

Frome the results in Table 5.5.4, we develop the following rules for optimising a layup: 

• Maximise the number of woven layers to minimise the stress concentration at nozzles. 

o In this case of wands developed in this thesis, a maximum of 2 300gsm layers on the 

OD and ID are used. (~1mm thickness). 

• Uniaxial rovings are to be located in between the inner and outer wraps.  

o A thickness of uniaxial rovings is used to increase the wall thickness up to the desired 

value (following section 5.4.5) 
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5.6 Validation of SCF Testing with Four-Point Flexural Testing 

As part of the Water Whirler re-commissioning project, a production run of wands were fabricated 

based on specifications which suit both Water Whirler and Flaming Harmonic.  

To verify the magnitude of the stress concentration, flexural strength testing was conducted to confirm 

the accuracy of the FE model. A four-point bend test setup was fabricated and used to load section of 

fibreglass, with a bolted-hole stress concentration which matches both the FE geometry, and bolted 

joints for the proposed Water Whirler wands. 

The tested wands have a geometry as defined in Table 7.7.1. Of note, this wand as tested has 

• A 2mm ‘shell’ of woven material on the inner and outer diameters 

• A 1/2” UNF fastener tightened to a preload of approximately 20kN.  

Test procedure was conducted based on ASTM-D6272, procedure B [31] for larger deflections and 

measuring strength. Clamping geometry was modified to allow for analysis of the cylindrical profile. 

5.6.1 Flexural Testing Methodology 

The testing geometry is presented in Figure 5.6.1 

Four mounts were machined to provide a line of contact between the cylindrical surface of the wand, 

and the sample mounting points on the machine. These mounts were machined to match the diameter 

of the wands 56.5𝑚𝑚 ± .1𝑚𝑚, and machined in the plane of bending to match the radius of curvature 

estimated at the mounts near failure to ensure maximum contact with the mount. Additionally, the 

mounts were on cylindrical rollers, allowing the mounts to pivot as load was applied. One of these 

mounts is shown in Figure 5.6-2. 

𝐹𝑅 

𝐹/2 
𝑙/3 𝑙/3 𝑙/3 

𝐹/2 

Ball Joint 

(attached to crosshead) 

Upper Support Arm 

Actuator Mounts 

Ground Mounts 

Figure 5.6-1 – Schematic Representation of Four Point Flexural Testing Geometry 

 

𝐹𝑅 
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Testing was performed on an MTS810 material testing machine, with a 100kN load cell. Figure 5.6-2 

presents the experimental setup.  

Due to the limited length of spare fibreglass available, a length to diameter ratio of 15.8:1 instead of 

16:1 as desired by ASTM-D6272 was used. Samples were placed with the stress concentration located 

in the centre of the sample, and as the upper support was able to pivot, the forcing provided by the left 

and right clamps as the crosshead descends are equal and no moment was placed on the load cell. 

5.6.2 Bending Stress Developed by Four Point Bending Setup 

From the Schematic representation of the four-point testing apparatus in Figure 5.6-1, the moment 

applied to the wand section between the two forcing actuators is obtained by taking the sum of moments 

about the middle of the section. Noting the midplane symmetry, 

𝑀 = −
𝐹𝑙

12
+ 𝐹𝑅

𝑙

2
              (5.6.1) 

By the midplane symmetry, 𝐹𝑅 = 𝐹/2. Therefore, 

𝑀 =  
𝐹𝑙

6
                (5.6.2) 

Applying the definition of bending stress, 𝜎𝑏 = 𝑀𝑑𝑜/2𝐼, combining with (5.6.2) gives the stress 

induced at the outer fibre in terms of force applied by the testing machine crosshead. 

𝜎𝑏 =
𝐹𝑙𝑑𝑜

12𝐼
               (5.6.3) 

Figure 5.6-2 – MTS810 with four-point bend test setup, with a bolted fibreglass sample 

shown in-situ 

Cylindrical 

Mount 
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5.6.3 Results of the Flexural Testing 

Samples of fibreglass were taken between wand lengths, such that during the pultrusion process a 10m 

wand was produced, then a 1.5m section of glass was taken before another 10m wand was produced.  

Therefore, samples of fibreglass as tested are from different points in the production and should well 

reflect the state of the production run. Three lengths of fibreglass were broken without a bolt stress 

concentration, to determine the flexural strength of the glass, and three lengths of fibreglass were broken 

with a bolted stress concentration. 

 

From the mean stresses of the prototype wand with and without a bolted hole, the stress concentration 

is estimated to be 

𝐾2𝑚𝑚,20𝑘𝑁 =
𝜎 𝑛𝑜 ℎ𝑜𝑙𝑒

𝜎𝑏𝑜𝑙𝑡𝑒𝑑
=

858

394
= 2.18            (5.6.4) 

Which compares favourably to the simulated value, 𝐾2𝑚𝑚,20𝑘𝑁 = 2.41. This difference of 10.5% is 

acceptable and suggests a conservative estimate by the finite element process used. 

 

Limitation on the use of Bulk Strength 

In Chapter 2 we used the bulk failure strength obtained in Table 5.6.2 of the pultruded test section as 

an estimate for allowable operating stress given the properties of the ‘test’ wand This metric provides a 

relatively simple way to understand the likely operating amplitudes a scaled sculpture might be able to 

support, without having to analyse the individual lamina.  

Using this value is an estimate only, as the material is composed of lamina with variable properties. The 

caveats involved with using the bulk strength are that bulk strength does not consider the failure of 

individual lamina; bulk strength ignores the variable ratio of uniaxial to woven material in a layup. 

  

Table 5.6.2: Four Point Bending Test Results 

 
Original 

WW 

Prototype Wand 

(No hole) 

Prototype Wand 

(bolted) 
Units  

# Samples 1 3 3   

𝝈𝒃
∗  (mean) 669 858 394 MPa Strength at failure 

Standard Deviation - 26.2 12.3 MPa  
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5.7 Laminate Failure 

Failure of the laminate is predicted to occur due to the failure of the uniaxial lamina. The location of 

this failure is on the outer diameter of the uniaxial fibre bundle when stress exceeds the failure strength 

of the material. The relationship between curvature and stress from simple beam theory is given in 

Equation (5.7.1), with the influence of a stress concentration factor 𝐾 included 

𝜎𝑏 = 𝐾
𝐸𝑑

2

𝑑2𝑣

𝑑𝑥2
                (5.7.1) 

Failure is expected in the uniaxial layer because anisotropy increases the stress concentration factor [17, 

22]. Further, because biaxial [45/45] oriented lamina are associated with significantly higher failure 

strains than material loaded along the fibre axis. Typical failure strains for uniaxial GFRP pultrusions 

are up to about 3% [9], while failure strains for  biaxial material may be in excess of 10% [32, 33]. 

5.7.1 Calculating Lamina Stresses 

The result of predicting failure on the outer surface of the uniaxial material is that we must assess the 

stress on the outer surface of the lamina. This requires knowledge of the flexural modulus and the 

curvature of the lamina. Then, the stress induced in a lamina, omitting the stress concentration is 

𝜎𝑏 =
𝐸𝑢𝑛𝑖𝑎𝑥𝑑𝑜,𝑢𝑛𝑖𝑎𝑥

2

𝑑2𝑣

𝑑𝑥2
               (5.7.2) 

In the case of the flexural testing performed, the bulk flexural modulus was experimentally determined 

to be 𝐸 = 28.1𝐺𝑃𝑎. From the failure stress in Table 5.6-2, the curvature at failure in the hole-free 

laminate may be calculated from the bulk properties as 

𝑑2𝑣

𝑑𝑥2
=

2𝜎𝑏

𝑑𝑜𝐸
=

2∗858𝑀𝑃𝑎

56.5𝑚𝑚∗28.1𝐺𝑃𝑎
= 1.08/𝑚           (5.7.3) 

Hence, the stress induced in the lamina may be determined from the lamina stiffness of the uniaxial 

GFRP as 𝐸 = 38.1𝐺𝑃𝑎, which seems easiest to determine using the CLT process11. Applying the 

definition of bending stress, 

𝜎𝑏 =
𝐸𝑢𝑛𝑖𝑎𝑥𝑑𝑜,𝑢𝑛𝑖𝑎𝑥

2

𝑑2𝑣

𝑑𝑥2
= 1120𝑀𝑃𝑎            (5.7.4) 

After wand parameters are finalised, the result of (5.7.4) gives a better estimate of laminate failure by 

accounting for the changeable flexural properties which occur as the glass scales.  

In the case of the wand for Flaming Harmonic developed in the latter part of this chapter, a bulk laminate 

stiffness of 34.0 𝐺𝑃𝑎 was obtained from CLT12, with the uniaxial rovings at an outer diameter of 

 
11 See Prog 5.3b in Appendix A5 
12 See Prog 5.3a in Appendix A5 
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62𝑚𝑚, compared to the 64mm outer diameter of the wand. Use of the bulk properties estimates failure 

at a curvature of 

𝑑2𝑣

𝑑𝑥2
=

2𝜎𝑏

𝑑𝑜𝐸
= 0.79/𝑚              (5.7.5) 

Whereas applying the lamina failure criteria instead, with the lamina flexural stiffness of 38.1 GPa 

𝑑2𝑣

𝑑𝑥2
=

2𝜎𝑏,𝑢𝑛𝑖𝑎𝑥

𝑑𝑜𝐸𝑢𝑛𝑖𝑎𝑥
= 0.95/𝑚             (5.7.6) 

An error of 17% between these results is sufficiently accurate for an initial guess of the scaling limits 

in chapter 2, however, the rationale for using the lamina failure criteria is clear. 

5.7.2 Maximum Operating Stress with the Uniaxial Failure Criteria 

The failure strength of the uniaxial rovings was predicted to be 1120 𝑀𝑃𝑎 in Equation (5.7.4) 

Therefore, the allowable stress using the 1/3rd yield criterion is 

𝜎𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 = 373𝑀𝑃𝑎  

5.7.3 Evaluating Maximum Operating Amplitude 

If the allowable stress of a lamina is known, then a maximum vibratory amplitude of the mode shape 

can be set. From the cantilever beam model in Chapter 4, the maximum moment at the base, and along 

the wand are known for a non dimensionalised cantilever of a given 𝛾 value. Operating loads may then 

be established from the non-dimensional values using the scaling rules developed in Chapters 2 and 3. 

If the peak moment at particular amplitude is known, then the associated curvature is  

𝑑2𝑣

𝑑𝑥2
=

𝑀

−𝐸𝐼
             (5.7.7) 

To enforce a maximum stress, we set the bending stress equal to allowable stress. 

 𝜎𝑏 = 𝜎𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒             (5.7.8) 

Then the maximum allowable curvature may be determined by substituting (5.6.12) into (5.6.5)) 

𝑑2𝑣

𝑑𝑥2
=

2𝜎𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒

𝐾𝐸𝑢𝑛𝑖𝑎𝑥𝑑𝑜,𝑢𝑛𝑖𝑎𝑥
            (5.7.9) 

This implies a maximum amplitude by the curvature-displacement relation. By differentiation of the 

geometric similarity criterion, [5] 

(𝑣𝑜/𝑣𝑠) = (
𝑑𝑣𝑜

𝑑𝑥2
 / 

𝑑𝑣𝑠

𝑑𝑥2
)          (5.7.10) 
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5.8 Application of the Framework to Flaming Harmonic 

5.8.1 Particular Design Requirements for Flaming Harmonic 

Written descriptions of the work led to the development of the following specifications for Flaming 

Harmonic presented in Table 3.1.1, in Chapter 3.  

5.8.2 End Condition Selection and Sculpture Size 

From these design requirements, it was established that Flaming Harmonic will have flames or water 

being emitted from Nozzles along the length of the wand.  

Following Table 5.2.1, Flaming Harmonic will use a Fixed-Pinned end-condition. 

Further, the design requirements established that Flaming Harmonic to be a 10-12m tall sculpture. Here, 

we select a 10m bending length to limit the magnitude of amplitude reduction likely required (Table 

2.5-3 

In accordance with designing a versatile Drive Mechanism for Flaming Harmonic which could be 

adapted to a range of sculptures in future, a maximum pivot separation of 𝑙𝑝 = 1 𝑚 was chosen. At the 

10-meter height, this match 𝑙𝑝 = 0.1𝑙𝑏. 

Material Selection 

Flaming Harmonic does not have particular acoustic requirements which may necessitate the use of a 

metallic wand.  

The wand will be constructed from pultruded fibreglass, in accordance with the optimisation process in 

Section 5.3. 

Figure 5.8-1 – Fixed-pinned end condition 

chosen for Flaming Harmonic 
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5.8.3 Approximate Layup Properties for Flaming Harmonic 

Using the approximate GFRP pultrusion material properties we first used in Chapter 2 with 𝐸 = 30𝐺𝑃𝑎,

𝜌 =
2020𝑘𝑔

𝑚3 , 𝑔 =
9.81𝑚

𝑠2 , 𝑙 = 10𝑚, we characterise a family of statically similar diameters. 

Solving the static similarity criterion for a gas filled column at 𝛾 = 1.6 by Equation (2.3.16), repeated 

here,  

0 = 𝛾𝐸𝑑𝑜
2 + 𝛾𝐸𝑑𝑖

2 − 16𝜌𝑔𝑙3            (5.8.1) 

Selection must also suit the fluid filled (water) wand by Equation (3.2.3), repeated here as  

𝛾𝐸𝑑𝑜
4 − 𝛾𝐸𝑑𝑖

4 − 16𝜌(𝑑𝑜
2 − 𝑑𝑖

2)𝑔𝑙3 − 16𝜌𝑤𝑑𝑖
2𝑔𝑙3 = 0         (5.8.2) 

Following the analysis in Chapter 2 to determine ‘suitable’ wand dimensions, the empty wand by 

(2.3.16) was evaluated at 𝛾𝑔 = 1.6. As per the discussion in chapter 3, the water filled wand was run at 

𝛾𝑤 = 3. 

Solving these equations yields the following curves for diametral selection in Figure 5.8-2. This is an 

output of Prog 5.1 

 

  

Figure 5.8-2 – Optimal Wall thickness curves. The red vertical line presents the diametral pair 

required to meet 𝛾𝑔 = 1.6; 𝛾𝑤 = 3 
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5.8.4 Choice of a Diametral Pair 

Gas Requirements 

Before this pair is selected, we must consider the additional requirements of the work to ensure 

suitability.  

In Chapter 6, the gas and water delivery systems are specified, with an HDPE conduit laid inside wand 

to separate the flow of water or gas, from the ignition pathways inside the wand as shown in the wider 

system design in the next chapter as Figure 6.5-3(repeated overleaf, Figure 5.8-3). 

As part of this design process, an investigation into producing a custom profile of HDPE pipe to suit 

the application was undertaken, and found to be prohibitively expensive. The nearest product was 

schedule 7.4 pipe, with a nominal external diameter 40𝑚𝑚 and internal diameter of 28mm  to AS/NZS 

4130, Polyethylene (PE) pipes for pressure applications [34]. This product was available from a 

Wellington supplier, Advanced Piping Systems ltd, on a lead time of up to 6 months.  

 

In order to fit the available product, this forced the internal diameter of the fibreglass to suit the 

application as: 

𝑑𝑖 = 42𝑚𝑚  

Figure 5.8-3 – Wand Wiring Setup Quarter Section, with wires around a central 

HDPE tube with flats containing wires 
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Water Bore Requirements 

The HDPE liner is only suitable if it provides water inside the wand with a sufficiently large passage to 

flow. From Equation (5.4.16) with 20 Water Whirler sized, 3.2mm nozzles, the minimum bore size is 

𝑑𝑖,𝑚𝑖𝑛 = 24.8𝑚𝑚.   

In practice, some additional allowance for the bore should be made as the nozzles will protrude into the 

bore slightly. As an approximate measure, a minimum internal diameter of 𝑑𝑖,𝑚𝑖𝑛 = 24.8𝑚𝑚 + 10%, 

which suits the HDPE liner with an internal diameter of 𝑑𝑖,𝑙𝑖𝑛𝑒𝑟 = 27.6𝑚𝑚. 

Influence of the HDPE tube on the Flexural Modulus of the Wand 

Adding the HDPE liner modifies the properties of the wand due to the added mass and stiffness in the 

layup. Assuming the HDPE liner is of negligible stiffness (𝐸𝐻𝐷𝑃𝐸 = 1𝐺𝑃𝑎 ≫ 𝐸𝐺𝑅𝐹𝑃 ≈ 30𝐺𝑃𝑎) we can 

treat the HDPE as an added mass effect.  

𝜇𝐻𝐷𝑃𝐸 = 𝜌𝐻𝐷𝑃𝐸
𝜋

4
(𝑑𝑖

2 + 𝑑𝑏𝑜𝑟𝑒
2 ) = (950

𝑘𝑔

𝑚3
) (

𝜋

4
(. 0422 −. 02762)) 𝑚2 = 0.74𝑘𝑔/𝑚 

 (5.8.3) 

To an evaluated wand, the mass per unit length of the HDPE liner evaluated above will be added to the 

mass of fibreglass, and as relevant, the mass of water filling the wand up-to the bore diameter 𝑑𝑏𝑜𝑟𝑒. 

5.8.5 Optimised Outer Diameter with the internal GFRP wall restriction 

The intent for selecting diameters is to achieve values for the gravity parameter which match those 

required to achieve 𝛾𝑔𝑎𝑠 = 1.6; 𝛾𝑤𝑎𝑡𝑒𝑟 = 3.  

Using an HDPE liner forces the GFRP internal diameter to 𝑑𝑖 = 42𝑚𝑚, preventing the optimum choice 

to achieve this as shown in Figure 5.8-2. Using the properties of the combined section, we can minimise 

error between the desired gravity parameters of a solution by assessing the difference between 𝛾𝑤 and 

𝛾𝑔 for a given wall thickness. 

Consider the error expression 

Δ𝛾𝑡𝑜𝑡𝑎𝑙 = 𝛾𝑤(𝑑𝑜) + 𝛾𝑔(𝑑𝑜) − (𝛾𝑤,𝑡𝑎𝑟𝑔𝑒𝑡 + 𝛾𝑔,𝑡𝑎𝑟𝑔𝑒𝑡)          (5.8.4) 

If Δ𝛾𝑡𝑜𝑡𝑎𝑙 is minimised, this minimises deviation in the solution. In this case,  

(𝛾𝑤,𝑡𝑎𝑟𝑔𝑒𝑡 + 𝛾𝑔,𝑡𝑎𝑟𝑔𝑒𝑡) = (3 + 1.6) = 4.6           (5.8.5) 

Figure 5.8-4 presents the total variation of 𝛾𝑤 + 𝛾𝑔 from the values we have been seeking, for a range 

of outer wand diameters above the floor diameter required to accommodate the HDPE tube. This figure 

is an output of Program 5.2. 
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In Figure 5.8-4, we find an outer diameter of 𝑑𝑜 = 64.2 𝑚𝑚 minimises the total deviation in gravity 

parameters when an internal diameter 𝑑𝑖 = 42.4 𝑚𝑚 is used. 

 At 𝑑𝑜 = 64.2, values for the gravity parameter of the associated water and gas performances are, 𝛾𝑤 =

2.15; 𝛾𝑔 = 2.44. As 𝛾𝑤 and 𝛾𝑔 lower with increasing 𝑑𝑜 the solution cannot match the desired gravity 

parameters, as predicted by the lack of roots which satisfy this diameter by (5.8.1,2).  

5.8.6 Predicted Properties for Flaming Harmonic’s wand. 

Now we have a set of proposed diameters generated using our approximate test parameters, we can use 

the Classical Lamination Theory model from Section 5.4 to substitute the test wand parameters for a 

better prediction. 

Off the shelf Classical Lamination Theory (CLT) programs allow for simple specification and 

modification of each lamina. In this case, the software eLaminate (v2.0.0) [35]  was used to compute 

the inverse ABD matrix. (Equation 5.4.6) from individual lamina properties as listed in Table 5.4.1. 

From the inverse ABD matrix, finalised wand layup specifications were developed following Equations 

(5.4.9-11).  

Our initial layup is simple, and follows the design rules generated from the results in section (5.5.9). 

The rules to generate the layup are: 

• Maximise the number of woven layers to minimise the stress concentration at nozzles 

o A maximum of 2 300gsm layers on the OD and ID are used. (1mm thickness). 

o The inner diameter is set at 42mm, by the HDPE liner 

• Uniaxial rovings are located in between the inner and outer wraps.  

o A thickness of uniaxial rovings are added until the outer diameter matches the output 

required to minimise the error criterion.  

Figure 5.8-4 – Error Minimisation between desired and actual 𝛾𝑡𝑜𝑡𝑎𝑙 
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When the properties from CLT are predicted, we use our optimisation criteria (5.8.5) to iterate the layup 

in CLT until we converge upon a set of material properties and an outer diameter which both the error 

criterion and layup agree with within a 1𝑚𝑚 tolerance. This process is presented in the flowchart below. 

Following two cycles of iteration, geometric properties for Flaming Harmonic’s wand were determined 

following the flowchart. 

 

 
13 From CLT program 5.3a 
14 From CLT program 5.3b 

Table 5.8.1: Flaming Harmonic Finalised Layup 

Material OD 𝒎𝒎 ID 𝒎𝒎 Comment 

2 x Bi-axial twill 

(600g/m^2) 

60.4 58.4 2 layers 

Uniaxial Fibres 58.4 44 80 rovings 

2x Bi-axial twill (300g/m^2) 44 42 2 layers 

Bore Diameter 42 27.6 Die to mandrel 

concentricity Flexural Modulus Bulk13: 34.0 Uniaxial14: 38.0 𝐺𝑃𝑎 

Mass/Length 3.79 (gas) 4.39 (water) 𝑘𝑔/𝑚3 

Gravity Parameter 2.2 (gas) 2.5 (water) − 

Start 

Use test wand 

structural parameters 

 

Diameters from 

error expression 

Use CLT to match outer diameters 

from error expression 

Evaluate Error Expression 

If 
ȁ𝑑𝑜(𝛾𝑡𝑜𝑡 = 0) − 𝑑𝑜(𝐶𝐿𝑇)ȁ<1mm 

Set Layup from results of CLT 

False 

True 

Figure 5.8-5 – Flowcharted iteration process to set a material layup which 

minimises the error criterion 
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5.8.5 Applying the Stress Concentration and Clamping Geometry. 

From the geometric properties in Table 5.8.1, solving the model Chapter 4 yields operating loads for a 

cantilevered version of a water and flame performance. To determine the operating parameters of the 

artwork, we must evaluate 

• The influence of the stress concentration from FE data with a 2mm bi-axial shell 

• The influence of the 𝑙𝑝 = 0.1𝑙𝑏 pivot separation, from Chapter 4 for each of the respective 𝛾 

values, on stress, moment, and frequency. 

• The operating amplitude subject to a stress of 1/3rd the failure strength.  

Stress Concentration at the nozzles 

Using the FE process used in section 5.5, the particular geometry of Flaming Harmonic’s nozzle was 

modelled. In order to prevent crushing the HDPE liner, a maximum bolt load of 12kN was used. 

The value of the stress concentration factor was determined as 𝐾𝐹𝐻 =  2.6  

Influence of the Pivot Separation on Stress and Frequency 

The chosen configuration is a Fixed-Pinned clamping arrangement with a pivot separation 𝑙𝑝 = 0.1𝑙𝑏. 

For a 10m bending length, the gravity parameters for water and gas performances respectively are 

𝛾𝑔𝑎𝑠     = 2.2 

𝛾𝑤𝑎𝑡𝑒𝑟 = 2.5 

Therefore, stress and moment reductions for the second mode performance are obtained from Figure 

4.11-1 for the base, by interpolating between 𝛾 = 2 and 𝛾 = 3 to obtain the desired value of 𝛾 = 2.2 

𝑀𝑔𝑎𝑠,𝑏𝑎𝑠𝑒     = (1 − .32)𝑀𝑔𝑎𝑠,𝑏𝑎𝑠𝑒 𝑜𝑓 𝑐𝑎𝑛𝑡𝑖𝑙𝑒𝑣𝑒𝑟          (5.8.6) 

𝑀𝑤𝑎𝑡𝑒𝑟,𝑏𝑎𝑠𝑒 = (1 − .33)𝑀𝑤𝑎𝑡𝑒𝑟,𝑏𝑎𝑠𝑒 𝑜𝑓 𝑐𝑎𝑛𝑡𝑖𝑙𝑒𝑣𝑒𝑟          (5.8.7) 

Stress reduction values are obtained from Figure 4.11-1 for the wand, as 

𝑀𝑔𝑎𝑠,𝑝𝑜𝑙𝑒     = (1 − .03)𝑀𝑔𝑎𝑠,𝑏𝑎𝑠𝑒 𝑜𝑓 𝑐𝑎𝑛𝑡𝑖𝑙𝑒𝑣𝑒𝑟          (5.8.8) 

𝑀𝑤𝑎𝑡𝑒𝑟,𝑝𝑜𝑙𝑒 = (1 − .01)𝑀𝑤𝑎𝑡𝑒𝑟,𝑏𝑎𝑠𝑒 𝑜𝑓 𝑐𝑎𝑛𝑡𝑖𝑙𝑒𝑣𝑒𝑟          (5.8.9) 

Frequency reductions for the Second mode are obtained from Appendix Table A4-2 

𝑓𝑔𝑎𝑠     =
17.73

21.60
𝑓𝑔𝑎𝑠,𝑐𝑎𝑛𝑡𝑖          (5.8.10) 

𝑓𝑤𝑎𝑡𝑒𝑟 =
17.66

21.54
𝑓𝑤𝑎𝑡𝑒𝑟,𝑐𝑎𝑛𝑡𝑖          (5.8.11) 
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5.8.6 Operating Stress and Amplitude 

The moment, curvature and deflections are known by solving the model developed in Chapter 4. From 

this, a maximum amplitude is set by applying the geometric similarity criterion, 

(𝑣𝑜/𝑣𝑠) = (
𝑑𝑣𝑜

𝑑𝑥2
 / 

𝑑𝑣𝑠

𝑑𝑥2
)          (5.8.12) 

Then, the maximum allowable stress induced in a lamina was established as, 

𝜎𝑢𝑛𝑖𝑎𝑥,𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 = 𝐾
𝐸𝑑𝑜,𝑢𝑛𝑖𝑎𝑥

2

𝑑2𝑣

𝑑𝑥2
         (5.8.13) 

With 

 𝐸𝑢𝑛𝑖𝑎𝑥 = 38.0 𝐺𝑃𝑎           (5.8.14) 

Where the allowable stress was chosen using the 1/3rd yield criterion is 

𝜎𝑢𝑛𝑖𝑎𝑥,𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 = 373𝑀𝑃𝑎          (5.8.15) 

As the stress is reduced using the pivot separation, the amplitude may be raised proportionally so that 

for the chosen geometry, the maximum allowable stress is reached. 
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5.9 Finalised Operating Parameters for Flaming Harmonic 

Applying the data developed in Section 5.8, we present finalised geometric parameters and operating 

loads predicted during a performance of Flaming Harmonic. The loads consider: 

• A maximum operating stress of 1/3rd the failure strength;  

• The influence of the stress concentration from FE data with a 2mm bi-axial shell; 

• The influence of the 𝑙𝑝 = 0.1𝑙𝑏 pivot separation, from Chapter 4 for each of the respective 𝛾 

values, on stress, moment, and frequency. 

These are results of Program (5.4 a,b) 

  

Table 5.9.1 - Properties of Finalised Wand for Flaming Harmonic 
Sculpture Flaming Harmonic 

Size (Scale Ratio) 10 𝑚 

 

(7.8) 

Material GFRP Composite (E-glass) 

Geometric Properties 

Bore Diameter 27.6 𝑚𝑚 

Inside Diameter (GFRP) 42 𝑚𝑚 

Outside Diameter 60.4 𝑚𝑚 

Gas Performance Structural Parameters 

Gravity Parameter  2.2  

Max. Operating Amplitude 0.056  𝑚/𝑚 

Shear Force (base) 967 𝑁 

Bending Moment (base) 1.42 𝑘𝑁𝑚 

Bending Stress (at base) 137 𝑀𝑃𝑎 

Bending Stress along wand (𝐾 = 2.6) 373 𝑀𝑃𝑎 

Frequency (2nd Mode) 1.89 𝐻𝑧 

Water Performance Structural Parameters 

Gravity Parameter 2.5  

Max Operating Amplitude 0.055 m/m 

Shear Force (base) 951 𝑘𝑁 

Bending Moment 1.38 𝑘𝑁𝑚 

Bending Stress (base) 138 𝑀𝑃𝑎 

Bending Stress along wand (K= 2.6) 373 𝑀𝑃𝑎 

Frequency (2nd Mode) 1.75 𝐻𝑧 
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5.10 Summary and Conclusions 

Introducing a standard process for wand design has enabled the generation of wands 

for Harmonic sculptures, in a process which holds the artists intentions as a central 

component of the process. Here, use of this Wand Design Framework has produced 

suitable geometric and structural parameters, along with operating loads generated 

by a 10m version of Flaming Harmonic.  

In this chapter, we identified and explored several elements of the parameter space required to produce 

an ‘optimal’ Harmonic performance. Relevant to the wand design framework, we explored 

• Selection of an optimal material, finding that pultruded GFRP wands are most suitable for this 

application at the time of this study.  

• Investigated methods of manufacture and determined pultrusion to be the most convenient and 

reliable process for Harmonic wands. 

• An investigation into the nozzle stress concentration produced by a bolted joint through a 

cylindrical composite wall found that maximising preload and the quantity of woven material 

in the layup are effective at decreasing the stress concentration factor. 

• The relatively simple finite element procedure was found to be in conservative agreement with 

the results of a four-point bending test of fabricated wands. 

• While the conclusions for the stress concentration factor surrounding layup and preload choice 

are generalisable from the evaluated literature, specific investigation of a desired geometry 

will be required to determine the magnitude of the stress concentration for each new wand 

design investigated. 

The wand design process presented has combined the similarity equations in Chapters 2 and 3 with the 

considered clamping geometries in Chapter 4 to increase the vibratory amplitude producible by the 

10m scale Flaming Harmonic wand presented. Our investigations into general Harmonic artworks in 

this thesis are complete, having determined a procedure to enable the generation of artistically 

acceptable specifications for a number of Lye’s artworks. It is a question for the Len Lye Foundation 

to determine what an acceptable minimum amplitude is in a given application, to determine the 

maximum feasible scale of a particular installation.  

Having developed plans for a wand for Flaming Harmonic, the following chapter develops a drive 

mechanism and supporting structures to drive a performance of the artwork. 
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6 Machine Design for Flaming Harmonic 

“Remember that to get a kick from one of my figures of motion, you have to see and hear the real 

thing. Its qualities can’t be conveyed by a photograph or a description in the words. It’s like the way 

you cannot get the feel of a ballet by seeing it in a film. You have to add in the empathy of all that 

bodily in-the-flesh motion and feel it in your sinew and bones!” - Len Lye, [2]. 

Flaming Harmonic was never realised by Lye due to the economic and technical difficulties the work 

poses. The work is fundamentally a variant of Lye’s Harmonic figure of motion and his writings lead 

us to clear descriptions of the sculpture’s intended setting and performance characteristics [2-5], which 

were investigated in Chapter 3. This chapter presents the form and function of machinery designed to 

allow Flaming Harmonic to produce an artistic performance using the geometric and structural 

parameters developed for the wand in Chapter 5 . The set of features required by this new work lead 

the mechanism away from previously implemented designs, and follows on from mathematical 

modelling of the proposed end conditions in Chapter 4. 

Problem Statement:  To support the wand as the sculpture cycles through its 

choreographed fire and water performances, and provide a permanent mounting for the 

sculpture in an outdoor location.  

  

Figure 6-1 - Rotating Harmonic 1959 [1]. Courtesy Len Lye Foundation 
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6.1 System Architecture  

From Lye’s descriptions of the artwork, a design approach adopted from Hales and Gooch [6] was used 

to produce designs for a drive mechanism and wand for a 10.5m Flaming Harmonic, corresponding to 

Lye’s desired size for the work. Further, embodiment level work for the ancillary systems including the 

control systems, fluid delivery, ignition, the site layout, and safety systems. 

The overall systems architecture is presented here to give an overview of the key subsystems developed 

in the following sections.  

6.1.1 Wand Design Layout and Subsystems 

The system architecture for the wand is defined in the block diagram below. Wand structural and 

geometric parameters were developed using the methodology of Chapter 6, with specific modifications 

to include the running equipment required for an artistic performance of Flaming Harmonic. These 

additions include design for a vent atop the wand, an ignition system, custom nozzles and the design of 

flow circuitry. 

 

6.1.2 Mechanism Design Layout and Subsystems 

The system architecture for the mechanism is defined in the block diagram below. A drive mechanism 

will be fabricated around a structural steel frame rigid enough to support the intended loads, and bolted 

into a solid foundation with concrete anchors. 

6.1.3 Site Layout 

The site layout plan in Figure 6.1-3 shows a potential configuration of the machinery required to operate 

the sculpture. Here, it is presented in a conceptual fashion as a suitable prospective layout for specialist 

engineers to develop a site to suit the equipment developed in this chapter.

Drive Mechanism 

Drive linkage Wand Shuttle Lower Clamp 

Figure 6.1-2 – Drive mechanism system architecture 

Wand Subsystems 

Wand Ignition Nozzles Ventilation Combustion 

Figure 6.1-1 – Wand system architecture 
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Figure 6.1-3 – Potential Configuration for the site and facilities required by Flaming Harmonic.
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Located in the middle of the lake, the plinth sits about a metre above the water. The plinth houses the 

drive mechanism, from which the wand stands vertically. Nearby, a pumphouse and storage area feed 

gas, water, and electrical lines into the plinth, to service the wand via a rotary union. A pair of doors on 

the front of the plinth provide maintenance access via a foot bridge, and a removable roof section 

provides a means for the mechanism to be hoisted into place by a HIAB truck.  

6.1.4 Choreography and control of a performance 

As the sculpture plays, the vibrations and flames will vary in size and intensity through the motors, brake 

and control valves driving the sculpture. Conducting the performance is a programmable logic controller 

(PLC), with a user interface for manually starting the performance. The PLC directs all aspects of the 

motion control, start up and shutdown of a performance, with flame safety standards met by operating 

flame safety equipment through standardised combustion control equipment. A block diagram of the 

various control elements is shown below.  

 

The burner controller and safety equipment are shown to be separated, because the control of safety 

systems is performed by a standardised safety controller, rather than the main logic controller.  

  

Peripherals 

Safety Equipment 

Programmable Logic Controller 

Burner Controller Motor Inverters Air Compressor 

Fuel Mixture 

Controller 

Water Pump 

equipment 

Secondary safety 

equipment 

Figure 6.1-4 – Control System Architecture 
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6.2 Concept Design for the Drive Mechanism 

The purpose of this drive mechanism is to provide a means of generating the motions Lye describes for 

the work, and to reliably support the loads generated. Based on Lye’s descriptions and discussions with 

the Len Lye Foundation, the following design requirements were developed below.  

Table 6.2.1 Drive Mechanism Design Requirements Specification 

Demand

/ Wish Description 

  Functional 

D Uses the ‘Fixed-Pinned’ end condition modelled in Chapter 4. 

D 

Variable frequency drive to suit a water filled or gas filled wand, with an overhead margin 

to allow for choreography and replacement wands. (1 − 2.2𝐻𝑧) 

D Variable Speed Z-drive (0.25-4 Hz)   

D Able to support loads and moments generated by the wand developed in Ch. 5 

D Integrates with gas and water connection equipment 

D Brakes fitted to machine spindle to lock rotation for Hula mode (Table 3.1.2) 

W (H) Input motion is purely sinusoidal (i.e., simple harmonic)  

  Aesthetic 

D Able to be enclosed in a plinth or suitable 'box' to obscure the mechanism 

W (M) Quiet operation - lesser than 45dB operation noise at 10m 

 

The design requirements led to the development of the mechanism system architecture, listed in Figures 

6.1.1. Sections 6.2.1-6.2.4 expand of the viable ways of producing these subsystems. 
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6.2.1 Wand Constraints 

The purpose of the clamping arrangement is to minimise the flexural stresses imparted on the wand, 

while it produces mode shapes matching Lye’s aesthetic requirements. The following table presents the 

various options for the clamping geometries used in Flaming Harmonic.  

 

  

Table 6.2.2: Clamping geometry Morphological matrix 

 1 2 3 

End 

Conditions 

// 

 

A 
Double Pinned Cantilevered Fixed-Pinned 

Gimbal 

design 

// 

 

B 

Double Ring Gimbal 

 

Spherical Bearing 

Axial 

clamping 

// 

 

C 

Compression Bush Pinned Glue 
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End Conditions 

The purpose of the alternative clamping arrangements is to allow for the maximum viable sculpture 

size, by reducing the flexural stress experienced through the vibrations.  

The concept of using double end conditions was developed by Spencer [7], who described the operation 

of the Double-Pinned end condition. These operate by spreading the reaction loads over an optimised 

length, as first investigated by Following the Wand Design Framework, the Fixed-Pinned clamping 

arrangement was chosen (Solution A3) as the best option for this design. Additionally, this provides 

substantially easier mounting for the rotary union and Z-motor linkage as these assemblies do not have 

to pivot. 

Gimbal Design 

The Fixed-Pinned end condition requires a pivot at the upper support to allow for joint rotation. A range 

of options are available. Universal joints are prone to contamination without proper sealing. A large 

spherical bearing was considered, but these are typically only suitable for small joint rotations, and 

would provide substantial inertia owing to the bearing size required. Instead, a custom gimbal design 

(Solution B1) using smaller spherical bearings at the ring mounts can provide a reliable, rigid mounting 

solution. 

Axial Clamping 

In order to fasten the wand to the mechanism, it is likely that steel sleeves at the upper and lower 

supports will cover the fibreglass. To axially restrain the wand, a compressed urethane bush between 

the sleeve and the fibreglass (Solution C1) as used in the Water Whirler machinery [8]) has been shown 

to provide effective constraint. Using a compressed bush circumvents the need for precise locating 

features or permanent fixturing, as may be necessary with pinning or gluing the sleeve to the glass.  
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6.2.2 Drive Linkage 

The purpose of the drive linkage is to drive the shuttles attached to both supports. The shuttles should 

be driven with a reciprocating motion, ideally a simple harmonic input, to impart a safe amplitude to 

the sculpture.  A matrix of the drive linkage elements is presented in Table 6.2.3  

 

  

Table 6.2.3 Reciprocation morphological matrix 

Reciprocation 

\\ 

 

D 

Linear Guide Forced Lubrication bushes Bogies 

Variable 

amplitude 

\\ 

 

E 

 

Eccentric hub 

 

Multi-bar linkage (Solenoid Controlled) 

Attachment to 

shuttle 

\\ 

 

F 

Shear Pin Structural steel clevis Machined Clevis 
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Reciprocation 

Shuttle reciprocation may be feasibly achieved using linear guides, forced oil lubricated bushings, or 

bogies attached to the feet of the shuttle. The objective is to minimise mechanism noise and wear as the 

shuttle runs along a pair of rails. This is because excess noise has been considered as an aesthetic failing 

in previous, typically smaller, Lye sculptures. Oil lubricated bearings provide a near silent solution, 

simple replacement, and a hard chrome counter-face can allow operation under tight tolerances with 

excellent wear characteristics. Depending on the long-term suitability of linear guides, these would be 

worthwhile alternative. 

 Bogies provide a quiet option as these may be fabricated from acetal plastic, and could likely mitigate 

the need for a precision alignment surface. Linear guides were the chosen option (Solution D1) as these 

are rigid, precision bearings which can be purchased in various preload classes to clamp the internal 

ball bearings against the rail and provide rigid, quiet running characteristics. This preload provides a 

durable arrangement without the rattle associated with standard linear bearings. Further, the off the shelf 

accessibility of preloaded linear guides makes linear guides a more favourable solution. 

Variable amplitude 

It is important that the wand amplitude does not exceed a maximum size in order to limit operating 

stresses. The most direct way is to reduce the stroke length of the slider-crank linkage to the shuttle, as 

there is a linear relationship between input and output amplitudes. Spencer [7] suggests a multi-bar 

linkage to alter this on-the-fly for various parts of the performance. Gooch [9] used a two-piece 

crankshaft with an offset disc and radial slots, designed such that twisting the halves relative to each 

other alters the reciprocating amplitude freely between a maximum and minimum value. In practice, 

on-the-fly variability would rarely be used – especially with the lack of need for adjusting amplitude 

between water and fire performances. Further, the unproven nature of the multi-bar-linkage leads to a 

desire to use Gooch’s simple two-piece crankshaft design (Solution E1). 

Crank Attachment to shuttle 

The purpose of the crank attachment is to reliably connect the reciprocating shuttles to the drive linkage. 

A shear pin was considered for simple attachment, but to minimise the drive forces on the shuttle, a 

clevis arrangement is preferable. Slotting one part of the RHS to accept the connecting is feasible, but 

it will be difficult to minimise the vertical free play due to limited shimming capacity in a non-precision 

clamp. Instead, an attractive option (Solution F3) is to machine a single piece attachment that with a 

rigid bolted connection between the RHS and the clamp, and a tight-fitting slot in the clevis to minimise 

vertical play.  
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6.2.3 Lower clamping assembly 

 The objectives of the lower clamping assembly (LGA) are: (1) to provide a rigid mounting for the 

bottom of the wand, (2) allow rotation of the wand about its vertical axis, (3) deliver the electrical 

connections, water and gas required for a performance.  

 Arrangement A 

Tapered roller bearings provide a rigid foundation to maximise the strength of the support in this 

application where friction and weight are not an issue. To minimise contamination, radial shaft seals 

protect both grease packed bearings. An off the shelf rotary union allows for fluid and electrical ingress 

directly into the bottom of the wand. The Z-motor drives the wand through a synchronous belt drive, 

and allows for jet rotation to be controlled using an encoder on the motor. This is mechanically reliable, 

simpler to service, and as this minimises wand complexity – an already complex piece. This 

arrangement was chosen for development.  

Arrangement B 

For arrangement B, Orkot bearings provide a self-lubricating bearing surface which, coupled with 

hydraulic shaft seals, can provide a more compact arrangement that lets fluids directly enter the wand 

through the bearing assembly. Filling the wand from the side allows the Z-motor to directly drive the 

wand from underneath. The difficulty of this arrangement is that it requires electrical connections to 

enter the wand above the water / gas ingress, or at least an external flame rod ignition assembly to 

enable cross-lighting of the nozzles. 

Table 6.2.4: LGA Morphological Matrix 

 

 

 

 

 

G 

Lower clamping arrangement A Lower clamping arrangement B 



On the Design of Len Lye’s Harmonic Sculptures at the Largest Feasible Size 

159 

 

6.2.4 Frame Design and Mounting 

Typically, Lye sculptures are mounted inside purpose-built plinths. The plinth provides a location to 

house the mechanism, connections, and any nearby necessities 

  

Table 6.2.5: Frame Morphological Matrix 

Connection 

to ground 

// 

Rigid 

mounting 

options 

H 

Rigid, floor mounted with dynabolts 

 

Rigid, ceiling mounted with dynabolts 

Connection 

to ground 

// 

Flexible 

mounting 

options 

I 

Sunken added mass rubber mounts Rubber Machine feet 

Shuttle 

mounting 

format 

// 

J 

Ground Plate on Corner pads Longitudinal machine pads 
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Mounting 

Flexible mounting conditions are typical for heavy machinery, due to the desire for vibration isolation 

between a machine and its environment. Aesthetically, the transmission of vibrations from the artwork 

through the ground can be considered an element of the performance. In fact, work to reduce the 

reciprocating mass on the sculpture Big Blade [9] was reversed when it was found to substantially 

reduce vibrations through the ground post-modification [10]. 

Functionally, the sculpture produces only modest moment and shear forces relative to its size, with low 

reciprocating speeds. For this reason, adding inertia to tune a mass-damper will not produce significant 

isolation, while standard machine feet will require a heavier frame due to prevent the frame moving as 

it reciprocates. The potential aesthetic and actual functional factors make directly bolting of the machine 

to a structural platform a simple and desirable option. Solution H1 was chosen. 

One option other than conventional ground mounting of the sculpture is to mount the sculpture on a 

floating platform in a lake. Here, the complexity is in designing a plinth with sufficient inertia to resist 

excess movement during operation. This idea has not been progressed at this stage, but it is suggested 

that a structurally engineered plinth roof, with a submerged, lightweight, polyethylene tub to operate as 

a submerged housing could be a simple solution. It would be beneficial here to ceiling mount the 

sculpture, which would be possible through a simple re-arrangement of the structural steel frame to 

accommodate. 

Frame design  

The frame may be constructed in one or several pieces. The advantage of a single piece frame is, largely, 

cost. While components could be shimmed into alignment, instead, a two-piece frame will be used 

because of the ability to provide precision machined mounting points. This allows the lower and upper 

shuttles and drive linkage to be directly mounted to the frame for easier component placement.  

Shuttle Rail mounting 

The shuttle rail mounting arrangement sets the rigidity of the reciprocation mechanism, provides a 

connection between the shuttle and the structural steel frame.  

Preassembling the shuttle on a heavy gauge ground base plate (Solution J1) allows for simple checking 

and alignment of the shuttle prior to installation on the bulky sculpture. This requires four machined 

pads in the corners of the frame that can be shimmed level. An alternative which would require a 

substantially more rigid frame would be to weld and machine pads alone the length of the frame for the 

linear guide rails to mount against. Because of the length and precision required, this would be costly 

to machine and impractical for the expected loads.  
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6.3 Concept Design for The Wand / Bending Element  

Here, we consider the ancillary equipment required for a Flaming Harmonic performance. These 

additions include design for a vent atop the wand, an ignition system, custom nozzles and the design of 

flow circuitry. These design requirements led to the system architecture presented in Figure 6.1-1. 

In this section morphological matrices present the chosen options to develop elements of the systems 

surrounding the wand designed in Chapter 5. The purpose of the Wand is to produce an artistic 

performance comprised of the three performances requiring water, electrical, and gas resources. Table 

6.7.1 is a morphological matrix summarising the conceptual design options for the wand to carry the 

necessary resources to each nozzle, and discuss the selection choice 

Manufacture 

Following the Wand Design Framework, pultrusion (Solution K3) was a convenient option with an 

optimal ability for handling flexural stresses due to the large number of fibres directly aligned with the 

bending axis. 

Wiring 

The purpose of the wiring is to allow for the ignition, flame checking, and action of the solenoid on top 

of the wand. Using an HDPE tube (Solution L1) instead of a complex fibreglass section allows for free 

design choice of the fibreglass to maximise wand strength. Using HDPE with a characteristic low 

density and low modulus to restrain and separate the wiring from the water or gas minimally impacts 

the wand rigidity 

Supplying Water and Gas along the Wand 

Cavities inside the wand are required to transport fluids to the nozzles. Considering the fluids, multiple 

passages are ideal because this allows for instantaneous switching of water and gas. A single passage 

is still acceptable, as a purge gas (air) can clear remaining water prior to a gas performance. With a 

single passage, water would need to be purged prior to a gas change-over. Exploring the multi-bore 

options, a symmetric profile might help address stiffness variations between axes, but use of an HDPE 

liner to provide the flow passages means variation is negligible.  

The water passages need a relatively large area to operate well. With 20 nozzles, a suggested bore 

diameter of 27mm was determined in Chapter 5. Solution M3 provides a large, central bore, with two 

smaller bores for gas. This provides the requisite volume to give good flow, but the transverse ribs may 

be weak without water pressure to stabilise the central bore. Practically, a single bore solution (Solution 

M1) is the most viable, as this relaxes constraints on the wand diameter, minimises stiffness variations 

between axes, and provides a strong core to support the internal pressure. 
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Table 6.3.1: Morphological Matrix of Wand Subsystems 

 1 2 3 

K 

 // 

 Wand 

Manufacture 

Methods Hand Layup of 

Fibreglass layers 

 

 

 

Continuous Filament Winding 

 

 

 

Continuous Pultrusion through a die / 

mandrel 

L 

 //  

Methods for 

integrating 

electrical 

connections 
HDPE Conduit 

Conductive Carbon fibre strings 

in fibreglass layup 

Single Tube with Wires  

Expoxied inside bore 

M 

 //  

Methods for 

supplying 

Water and 

Gas to 

Nozzles 

Single Bore (for all 

fluids) 

Multi-bores, symmetric 

 (2 water, 2 gas)  

Equal size 

Multi-bores, asymmetric. (Large 

water, smaller gas)  

 Key 

Fibreglass Tube 

Polyethylene Tube 

Wiring (carbon strings or high voltage wire) 
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Table 6.3.2: Morphological Matrix for Flames 

 1 2 3 

N  

//  

Choice of 

combustible 

LPG Acetylene Petrol 

O 

//  

Nozzle type 

Separate Gas/Water 

Nozzles 

 

Mixed Purpose Nozzle  

P 

 //  

Ignition 

Nozzles with individual 

ignition electrodes 
 

Cross Lighting Jacob’s Ladder Arc 
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Combustible 

LPG is the chosen combustible (Solution N1), following the discussions in Chapter 3 surrounding LPG, 

acetylene, and petrol. 

Nozzle Design 

While nozzles specifically for gas could be designed, it is a challenging task to replace the 12m tall 

wand on demand. Doidge and Robb [11] suggest that using gas optimised nozzles would not 

substantially improve the performance of the work, compared to lighting flames from the stock water 

whirler nozzles.  One issue foreseen is with the nozzle tips fouling – a fine mesh screen recombines the 

water streams after exiting the flow laminators, and contamination of this screen will cause water jets 

to appear raggedy. Nozzles suitable for both gas and water will be implemented (Solution O3), noting 

that changes to the implementation of the mesh screen may increase the nozzle size or reduce water 

performance to some degree.  

Were oxy-acetylene to be implemented in a future version, the wand would likely have to be gas 

specific, with each nozzle containing a flashback arrestor suitable for pre-mixed oxy acetylene 

Ignition 

As part of the safe operation of the sculpture, unburned gases should not be permitted to leave the 

sculpture. In practice, commercial ignition systems include a means of lighting the flames, and then for 

checking whether the flames remain lit. This is feasible in three ways. Cross lighting the nozzles 

circumvents the need for individual ignition and checking on each nozzle, because nozzles are spaced 

closely enough to light each other. This is viable, but may reduce the maximum vibration amplitude of 

the wand due to compounding stress concentrations if the nozzles must be contiguous.  

A Jacob’s ladder could be used to simultaneously light the nozzles with great visual effect, but relighting 

may be difficult. 

Fitting each nozzle with an ignition module allows for nozzle-by-nozzle error checking and relighting. 

Due to the supply of all nozzles from a single passageway, if one nozzle remains unlit for a period of 

time, in accordance with the operating standards for gas control systems, the gas supply for all nozzles 

must be cut. Assuming flame checking can be performed reliably with the number of parallel and high 

voltage connections, individual nozzle ignitions are preferred because of the risk posed by excess wand 

stresses. Testing performed with a number of sparking wires in close proximity to the signal cables, in 

a similar arrangement to the proposed wiring in the conduit suggest the integrity of the signal makes 

individual nozzle checking practical. Following this, Solution P1 was chosen for further development 

. 
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6.4 Embodiment Design of the Drive Mechanism 

Based on the written descriptions and design specifications outlined in the concept design section, the 

drive mechanism subsystems were developed to be fit for purpose. Table 6.4.1 presents the mode shapes 

achievable by the sculpture with the combination of actuators required to produce each form. The 

revolved mode shapes of Hula and Whirling are produced when the wand reaches the peak of its 

resonance amplitude, so long as the resonant frequency of the wand in the actuation plane matches the 

Table 6.4.1 Primary Operating Modes of the Sculpture 

Planar Hula Whirling 

   

Motors Active 

• Shuttle Drive 

Motors Active 

• Shuttle Drive 

Motors Active 

• Shuttle Drive 

• Wand Z-axis Motor 

Wand Z-axis Brake 

• On 

Wand Z-axis Brake 

• On  

Wand Z-axis Brake 

• Off 

• Shuttle Drive is operated 

slightly below the peak 

resonance frequency.  

• The wand reciprocates at a 

small amplitude, with jets 

parallel or perpendicular to 

the motion. 

• Shuttle Drive is operated 

at peak resonance 

frequency. 

• Wand reciprocates at a 

large amplitude, with jets 

parallel or perpendicular 

to the shuttle motion. 

• Shuttle Drive is operated at 

peak resonance frequency. 

• Wand reciprocates at a 

large amplitude, while jets 

rotate between 0.25 −

4 𝐻𝑧 about the centre axis 

of the wand. 
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resonant frequency tangent to that plane. Either flames or water may shoot from jets placed along the 

sides of the wand in combination with the presented forms.  

These motions are supported by the four assemblies deconstructed in this section. At the top level, these 

subassemblies are a structural frame; the lower clamping assembly; upper gimbal assembly, and drive 

linkage to shuttle both clamping assemblies.  

6.4.1 Upper Gimbal Assembly 

Objectives for the Upper Gimbal Assembly are to provide reaction supports for loads generated at the 

upper pinned support, and transmit power from the drive motor to produce the characteristic Harmonic 

figures of motion 

The upper, shuttling clamp sits some distance above the fixed support. The upper clamp supports the 

wand inside a second sleeve at the centre of a gimballed, axially unrestrained support. This matches the 

concept of the Fixed-Pinned double clamp described in Chapter 4. 

Shuttle 

The objectives for the shuttle are to minimise reciprocating mass, while providing a rigid base to receive 

loads transmitted through the gimbal and drive linkage, and deliver the reciprocating motions to vibrate 

the wand. 

The shuttle is a welded structural steel frame, in a rigid H configuration. The shuttle motion is 

constrained using linear guides fitted to each corner on a machined plate for accurate mounting.  

Machined pads on top of the shuttle frame receive two bearing blocks to connect the shuttle to the ring 

Figure 6.4-1 Embodiment Overview for the Shuttle Assembly to be Dropped on top of the 

Frame 
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of the gimbal assembly. A clevis receives the drive linkage, and is rigidly fastened to a machine pad on 

the front of the shuttle. The clevis fastens to the welded shuttle frame using heavy hex nuts on the back 

side of an RHS member, with the RHS supported internally by welded inserts to maximise rigidity and 

prevent crushing the section.  

Pinned Support design 

The pinned support is provided by a gimbal. The wand sits at the centre of the gimbal, and the gimbal 

links the wand to the linearly reciprocating shuttle. The gimbal is supported with spherical roller 

bearings chosen as effective, robust bearings to minimise the requirement for precise mounting. Due to 

the low speed and non-complete rotation of the bearings, spherical bearings in this size provide an ample 

factor or safety to counter the severe duty conditions.  

Capturing the Wand 

A parabolic bell mouth on the sleeve minimises the potential impact of a stress concentration near the 

clamp exit. In allowing wand flexure between the two clamps, the upper pinned clamp experiences two 

axes of rotation, and axial motion of the wand inside the clamp. Instead of allowing the fibreglass to 

wear from the axial motion, a hardened steel sleeve placed around the fibreglass will act as a wear 

surface against a pair of needle bearings.  

This sleeve is fastened to the wand via a urethane bush, squeezed by bolting down a cap into the top of 

the sleeve. Compressing the bush against the wand provides ample friction to provide a rigid connection. 

This method has been successfully used in the original Water Whirler design by Robb [8].   

Figure 6.4-2 Isometric Section View of the Upper Gimbal Assembly 
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6.4.2 Lower Clamping Assembly  

Objectives for the Lower Clamping Assembly (LGA) are to provide the reaction supports for the 

operating loads from the wand, and accommodate the resource connections which need to enter the 

wand. Further, the LGA must reciprocate in accordance with the Fixed-pinned double end condition, 

and rotate to provide the Whirling mode. 

The LGA is mounted to a shuttle similarly specified for the upper gimbal assembly. 

The wand sits inside a sleeve, supported by a pair of tapered roller bearings inside a bearing housing, 

A pulley atop the sleeve uses a synchronous belt to provide wand rotation through an induction motor 

mounted to the side of the LGA. A rotary union connects directly to the bottom of the sleeve, allowing 

fluids and electronics to interface with the wand. A brake disc with a large bore hub is mounted directly 

above the bottom of the sleeve, before the connection to the rotary union. This arrangement allows a 

high rigidity setup of the motor and bearing components, while providing ready access to the union and 

brake for servicing.  

 

Figure 6.4-3 Embodiment for the Lower clamping assembly 



On the Design of Len Lye’s Harmonic Sculptures at the Largest Feasible Size 

169 

 

6.4.3 Drive Linkage 

The objective of the drive linkage is to provide a near simple harmonic reciprocation of the shuttles, 

and allow adjustment of shuttle amplitude to keep the wand at a suitable vibratory amplitude. 

Two copies of the drive linkage allow each shuttle to be reciprocated in phase, each connected to the 

outputs of a helical-bevel gearbox attached to a 3kW shuttle drive motor. 

Each shuttle is driven by a connecting rod, which attaches to the top of a two-piece crankshaft. The 

crankshaft receives shear loads from the shuttles due to wand reciprocation, and so is supported by a 

fabricated bearing housing to receive these loads. 

Adjustment of the shuttle reciprocation amplitude can be made by rotating the halves of the cranks 

relative to each other. Adjustment of the halves alters the output pin offset from the crank centreline, 

up to a 60mm amplitude, changing the distance the shuttle moves as the crank rotates. 

Alignment of the crankshaft relative to the shuttle is managed by a pair of spherical roller bearings on 

either end of the connecting rod. Preventing the need for accurate positioning off the welded frame 

structure.  

The spherical bearings are sized to handle a severe duty application, caused by partial rotation and shock 

loading at the shuttle end especially.  

Figure 6.4-4 Embodiment view of the Drive Linkage from the Shuttle Motor and the Shuttle 
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6.4.4 Frame 

 The objectives for the frame are to support the loads generated by the sculpture, with convenient 

mounting points, able to be lifted into the plinth via a HIAB truck. A modular, structural steel frame 

was designed to allow for easy setup and machining of the four rails to mount the lower and upper 

shuttles. 

Pivot separation is provided by the distance between the upper and lower shuttle locations. As 

implemented, a 10% pivot separation was chosen after discussions with the client about space 

requirements at the intended installation location. By altering the height of the upper frame and drive 

linkage, the pivot separation distance may be increased, as rigidity allows. 

  

Figure 6.4-5 Embodiment Design for the Structural Frame 
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6.5 Embodiment design of the Wand 

6.5.1 Finial 

An early problem discovered with Water Whirler was the ragged appearance of the uppermost water 

jet. This is caused by a pocket of air trapped at the top end of the wand. So, a breather valve atop Water 

Whirler allows for the emission of air – but not water. 

Atop the wand, a solenoid control valve in series with a breather valve designed for Water Whirler by 

Robb [8]. Activation of the valve allows free air to pass during a water performance, and closing the 

valve during a flame performance prevents flammable gasses escaping. The finial body is fabricated 

from 6061 aluminium to minimise mass of the finial assembly to approximately 1kg. This limits the 

influence of the end mass on wand dynamics. 

Figure 6.5-1 Finial Setup atop the wand, with solenoid valve to open 

during Water Whirler performances 
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6.5.2 Wiring and Conduit 

The objective of wiring inside the wand is to allow for spark ignition and flame-checking at each nozzle.  

High voltage, chemically resistant FEP1 wiring is run up the wand to each nozzle via conduits carved 

into the HDPE near each nozzle. Nozzles are connected to an ignition lead and common ground cable. 

This format provides reliable ignition and flame checking for each nozzle through providing an ignitor 

for each nozzle.  

The wires sit between the fibreglass and HDPE, on flats planed onto an HDPE tube that provide four 

channels for wires to run up the wand. Using the HDPE tube instead of a complex fibreglass section 

has allowed for free design choice of the fibreglass to maximise wand strength. Using HDPE as a low 

density, low modulus material to restrain and separate the wiring from the water or gas is useful as this 

minimally impacts the wand rigidity.  

In order to accommodate appropriate wire sizes for each ignitor, a limit of 16 nozzles are able to be 

used due to the limited space between the conduit and fibreglass.  

 

1 Fluorinated Ethylene Propylene – an electrical insulator material. 

Figure 6.5-2 Wand Wiring Setup Quarter Section, with wires around a 

central HDPE tube with flats containing wires 
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6.5.3 Nozzles 

The objectives for the nozzles are to provide a clean, extended streamline for water, while providing a 

gas jet unlikely to foul the nozzle. Secondarily, the nozzles must be simple to attach to the wand and 

service due, and provide rigidity to support the hole stress concentration at each nozzle. 

The nozzle body has M10 threads on a shank fed through the fibreglass. This allows the nozzle body to 

fasten to the internal curved nut, inside the wand. To maximise the preload capacity of the joint, the 

nozzle bodies are fabricated from 420 stainless steel to maximise the preload capacity of the joint to 

approximately 12kN.  

Surrounding the bolt shank is a ring connector which allows wires to be fed from the HDPE liner (Figure 

6.5-2), and attached to the nozzle and ignition probe to complete the circuit. The nozzle shroud and 

spark ignition probe may be screwed into place after assembly of the bolted joint.  

Water or gas is fed through the middle of the nozzle bolt, and passes through a bundle of seamless tubes 

to decrease stream turbulence. A mesh over the exit of the nozzle bundle recombines separated streams. 

A flow laminator as specified here was used in the design of the original Water Whirler by Robb [8], 

and has the additional effect of providing the nozzles with a suitable discharge coefficient to produce 

the desired ‘weeping cherry’ form of the water jets. A 3.2mm nozzle size has been used to generate the 

below data tables for water and fire performances, respectively.   

Figure 6.5-3 Nozzle quarter section for combined purpose Air-LPG / Water Nozzle 
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6.5.4 Water Flow Specifications 

Functionally the water jets will have a similar appearance to those of Water Whirler. To achieve this, 

the objective of the water flow system is to deliver sufficient flow to each nozzle in order to produce 

the weeping cherry form. From the water flow model developed in chapter 3, the following pumping 

specifications were developed.  

A combined flow diagram for the water and gas flow specifications is presented in Appendix A6. 

  

Table 6.5.1: Water Whirler Fluid System Specification  

General Specifications 

Nozzle Size (Nominal) 3.2 𝑚𝑚  

Maximum Throw 

Distance 10 𝑚 

 

Mass Flow Rate 1.06 𝐿/𝑠  

Pressure at Wand Base 2.9 𝐵𝑎𝑟   

Intact Stream Length 5 metres as it appears to an observer 

Pumping Requirements 

Water Type Fresh, mains supplied    

Pump Type Grundfos CR3-17 Multistage, centrifugal   

Pump Power 2 ℎ𝑝  

Reservoir Size 1200 

𝐿  (To suit 2 

performances at 5 

minutes each) 

Mains Filter Bag-type - 5 micron    

Secondary Filter y-strainer    

Non-Return Valve 

Mixed-media compatible (prevents oxy-fuel 

backflow)   
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6.5.5 Gas Flow Specifications 

The gas subsystem is designed to deliver a mixture of air and LPG to each nozzle, using the bore up the 

core of the wand. Table 6.5.3 summarises the gas flow requirements from the isentropic flow relations 

used in Chapter 3.  

A combined flow diagram for the water and gas flow specifications is presented in Figure 6.5-5. 

 

  

Table 6.5.3: Flame Performance System Specification 

Gas Specifications 

Maximum Throw Distance 1 𝑚 

Flame Type 

Air-LPG 

Delivery system 

Vaporaire V28-PA Air LPG mixer 

Air Pressure 5 − 40 𝑝𝑠𝑖(𝑔) Variable 

LPG pressure 5 − 40 𝑝𝑠𝑖(𝑔) Variable 

LPG Mass Flow (50kPa) 35 [3] 𝑘𝑔/ℎ𝑟 [𝑘𝑔/ 5-minute performance] 

Ignition Specifications 
  

Spark Voltage 20 𝑘𝑉 (DC) 

Ignition System 16 × Brahma TSC1 capacitive discharge igniter 

Wire Size  2 𝑚𝑚 

Insulation Type FEP   
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6.6 Machine Detail Design 

The general assembly for Flaming Harmonic is shown in Figure 6.6-1. A set of detailed drawings are 

provided for the mechanism in Appendix 6. The purpose of these documents is to provide a functional 

Flaming Harmonic ready for installation to a purpose-built plinth at the installation location.  

A number of design elements discussed through the detail design process are presented here: 

Alignment of the linear guides is relatively critical, but sufficient rigidity will be achieved without the 

use of a tapered gibs or other secondary alignment surface to position the guide rails. 

A shaped bellows over the upper gimbal bearing housing is intended as a secondary seal to prevent 

contamination in the needle bearings. These will be manufactured as a finished piece using a novel 

additive manufacturing process able to print flexible polymer material.  

An encoder on the bottom of the wand rotation motor, connected through the drive belt, would be 

sufficiently accurate to allow nozzles to stop rotation perpendicular to the shuttling direction. 

In order to economically produce the connecting rod piece in the drive linkage, a piece of 4140 round 

bar will be milled into the finished shape, rather than producing the rod from billet steel. 

Figure 6.6-1 Complete Drive Mechanism for Flaming Harmonic 
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Suitable tolerancing of the shaft sleeve in the upper gimbal assembly will be achieved by a rough and 

fine machining pass, followed by a stress relieving operation before nitriding and cylindrical grinding 

the shaft for sufficient wear resistance. To increase corrosion resistance of the exposed ends of this 

shaft, the ends of this piece will be coated in a cold bluing process.  

The small end pin attached to the connecting rod will receive substantial shock loads through the shuttle 

drive motor and feedback from the wand vibrating. To increase the impact resistance, the pin will be 

machined from EN39B steel, case hardened after machining. 

6.7 Concluding Comments 

Development of the wand and drive mechanism subsystems for Flaming Harmonic has yielded a design 

which is robust and sized for the loads of a wand at the ten-metre scale. As designed, this machinery 

suits the wand design in Chapter 5. From this basic layout, this mechanism may be reconfigured to suit 

a double-pinned end condition, or the height between clamps altered to change the pivot length as 

required for other Len Lye Harmonic sculptures, with relatively simple re-design. 

The outcomes of this development were: 

• Detail level design of a suitable drive mechanism for Flaming Harmonic, 

implementing the Fixed-Pinned double end conditions; 

• Developed and selected ancillary equipment for the wand to produce the water and 

fire elements of a Flaming Harmonic performance; 

• Produced draft site layout plans for Flaming Harmonic, as it may appear in at the 

intended installation site. 

• Completed a set of detail design drawings which may be used to produce a complete 

Flaming Harmonic. 

Having developed a wand in Chapter 5, and the supporting drive mechanism and systems in 

this Chapter, it is hoped this sculpture will be built following the completion of this thesis. 
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7 Case Study: Repair and 

Recommissioning of Water Whirler 
In October 2018, one of Lye’s most prominent artworks, Water Whirler was damaged, when a member 

of the public climbed the wand, snapping it and causing the wand to fall into the harbour [2]. To repair 

the sculpture, a maintenance plan was established to fabricate a new wand for the artwork.  

Originally two wands for Water Whirler were produced, using a wet layup process to produce a 

fibreglass wand, around a PVC core embedded into the tube [1]. The production of these wands was of 

high quality, noted by the stress testing results presented in Chapter 5 sampled from these wands. While 

this proves sufficiently high quality, hand layed wands can be made, the clear option was to develop 

new wands for Water Whirler using recommendations of the Wand Design Framework presented in 

Chapter 5. 

Unlike the drive mechanisms of sculptures considered in this thesis so far, Water Whirler does not use 

a linear shake table to produce a vibratory performance. Instead, long-time design engineer for the Len 

Lye Foundation, Stuart Robb, addressed the issue of high base stress with a novel mechanism design 

using a clever two axis trunnion jointed mechanism, which pivots about a central point via two cable 

drive systems, one to power each axis [3]. 

The aim of this study is to develop a mathematical model of the coupled system of the wand and drive 

mechanism. Using this model, we will gain insights into the combined system, to allow us to predict  

• The operating frequencies of the artwork; Robb estimated the frequency of the combined drive 

mechanism and wand assuming the base dominates the motion [1]; 

• A required end mass; Robb discovered that without an end mass, the node height of the artwork 

was too low to be artistically acceptable, resulting in a mass being placed at the end of the wand;   

• Whether mechanism parameters, including mass on the ring frame (Figure 7-1) will need to be 

altered to accommodate a prospective new wand. The drive mechanism is designed for 

frequencies between  0.8 − 1.2 Hz, and a tilt angle of upto 22𝑜  [1] 

In this chapter we apply the Wand Design Framework to develop a replacement wand for Water 

Whirler, and use a new mathematical model to assess the suitability of the wand for a performance. 

This is intended to repair the sculpture in accordance with the operating limits of the drive mechanism 

and the proposed wand.  

A figure of Water Whirler and its drive mechanism is shown in Figure 7-1. 
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Figure 7-1 – Len Lye’s Water Whirler, fabricated by Stuart Robb. The 

drive mechanism (2) is shown below the original wand for the artwork (1). 

Note, the original wand is ten metres in length. 
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7.1 Drive Mechanism for Water Whirler 

As established for the range of Harmonic sculptures in Chapter 2, a cantilevered beam will typically 

fail near the base, as this is where bending stress is highest. Robb’s idea was to support the beam using 

a pinned end condition stabilised with a tuned mass-spring system. The mechanism, sketched in Figure 

7.1-1, intends to remove stress entirely from the base of the wand by setting up a coupled dynamic 

system where the mechanism tilts in phase with the base of the wand. 

Motor drives on two of the four arms drive the rotational axes in a rocking fashion. Instead of being 

continuously driven, the system is subject to a square wave pulse, then freely vibrates until the next step 

input is applied one half cycle later. A Programmable Logic Controller drives each motor by changing 

the duration and frequency of pulses into the axes. This has the effect of producing the operating modes 

of Water Whirler, initially shown in Chapter 3 (see Table 3.1.2). When one motor is operated, planar 

mode is produced ‘hula’ is the combination of both motors operating. A third motor attached directly 

below the trunnion joint enables the wand to rotate while this is occurring, to create the ‘Whirling’ 

mode.  

The ring frame contains 8 weights around its perimeter, which can be adjusted to level the mechanism 

and tune the natural frequencies of the combined wand-drive mechanism system. Figure 7.1-1 shows 

the ring frame, with 8 circumferential studs for locating weights, as well as the locations of the springs 

around the central pivot.  

Figure 7.1-1 – Simplified plan view of the fully assembled Water Whirler drive 

mechanism (Courtesy of the Len Lye Foundation, adapted from Robb [1]) 
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7.2 Mathematical Modelling of Water Whirler’s Mechanism 

To design a new wand for Water Whirler, a model of the combined wand and drive mechanism system 

is useful for determining how a designed wand will function. To model the combined wand and drive 

mechanism system we adapt a finite-element approach from Newland [4]. Newland produced a seven-

link lumped mass model of a vertical cantilever, which is correlated with the case of planar vibration of 

a Harmonic sculpture. Figure 7.2-1 (1) shows an adapted version of this model, where each link is 

connected by springs and dampers at each joint. At the base, a base spring, damper, and mass are 

attached to the bottom link to represent the drive mechanism structure shown in Figure 7.1-1(2). A mass 

has been placed at the top node to represent the weight located at the end of the wand to adjust the node 

height, as was required by Robb with the initial Water Whirler wands [5].   

In the Figure 7.2-1 (2), each link is a rigid element 𝑖: 1 → 𝑁 between two nodes, 𝑖 = 0 → 𝑁 + 1. At 

each node, the horizontal displacement is 𝑣𝑖(𝑡). In this lumped mass model, link mass is concentrated 

to a point located at the link midspan. On the last link, an additional point mass represents a weight 
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located at the end of the 𝑁𝑡ℎ link, at the 𝑛𝑡ℎ node. Each link is connected by a damping 𝑐 and stiffness 

coefficient 𝑘. The top link 𝑁 has a point mass at the 𝑛𝑡ℎ node. 

The base is described using the parameters 𝐾𝑏 ,𝑚𝑏 , 𝐶𝑏 to represent values of stiffness, mass, and 

damping on the connection to ground at a distance 𝐿𝑏 from the pivot point ′𝑂′. 

In the physical system, the base springs are mounted inboard of the masses on carriers connected to 

each arm. To simplify the schematic, a substitution between the schematic representation and the 

physical system was made to preserve the torque produced about the pivot by equation (7.2.1). 

𝐾𝑏 = 3𝐾𝑏
∗/2; 𝐶𝑏 = 3𝐶𝑏

∗/2             (7.2.1) 

7.2.1 Equations of Motion for the Wand 

For the following analysis we will assume that the vertical motion of each link is negligible. Consider 

the angle 𝜙𝑖 each link makes with the vertical axis as a function of nodal displacements, 

𝜙𝑖 = −(𝑣𝑖 − 𝑣𝑖−1)/𝑙              (7.2.2) 

Free body diagrams of the top link, and top two links are presented in Figure 7.2-2. 

The motion of the 𝑖𝑡ℎ link is obtained by taking moments about node 𝑖 − 1 (below the link), using the 

principle of angular momentum in Equation (7.2.3).  
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𝑚 (
𝑙

2
 × 𝑣ሷ𝑛−𝑖) + 𝑚𝑇(𝑙 × 𝑣ሷ𝑛−𝑖) + 𝐼𝑧𝑧𝜙ሷ

𝑖 = Σ𝑀𝑛−1          (7.2.3) 

Here, 𝐼𝑧𝑧 represents the moment of inertia produced by masses located above the node 

In the following equations (7.2.4-11) we follow a procedure to obtain the equation of motion for the 

𝑁𝑡ℎ link. Applying (7.2.3) yields the following vectors in cartesian (𝑦𝑥𝑧) coordinates 

(
𝑚

2
+ 𝑚𝑇) 𝑙 [

𝑠𝑖𝑛(𝜙𝑁)

𝑐𝑜𝑠(𝜙𝑁)
0

] × [
 𝑣ሷ𝑛−1

0
0

] + (𝑚 (
𝑙

2
)
2

+ 𝑚𝑇𝑙2) [
0
0

𝜙ሷ
𝑁

]  = − [

0
0

𝑀𝑘,𝑁

] − [

0
0

𝑀𝑐,𝑁

] + [

0
0

𝑀𝑔,𝑁

]  

(7.2.4) 

The moments 𝑀𝑘,𝑁 ,  𝑀𝑐,𝑁 ,𝑀𝑔,𝑁 represent the spring and damper pair coupling the link, and the 

gravitational moment applied by 𝑚𝑔 about the node 𝑛 − 1. Evaluating (7.2.4) yields 

−(
𝑚

2
+ 𝑚𝑇) 𝑙𝑣ሷ𝑛−1 𝑐𝑜𝑠(𝜙𝑁) 𝒆𝒛 + (𝑚

𝑙2

4
+ 𝑚𝑇𝑙

2)𝜙ሷ
𝑁𝒆𝒛   = (−𝑀𝑘 − 𝑀𝑐 + 𝑀𝑔)𝑁𝒆𝒛 

(7.2.5) 

Where 𝒆𝒛 is the unit vector for the z-axis.  

The gravitational moment 𝑀𝑔,𝑁 for the top link is 

𝑀𝑔,𝑁 = (𝑚
𝑙

2
+ 𝑚𝑇𝑙) 𝑔𝑠𝑖𝑛 (𝜙𝑁)            (7.2.6) 

Observing the free body diagram of the top two links in the Figure 7.2-2 (2), the moment produced by 

the spring and damper about node 𝑛 − 1 are obtained using the angle of each link from Equation (7.2.2) 

𝑀𝑘,𝑁 = 𝑘(𝜙𝑁 − 𝜙𝑁−1)             (7.2.7) 

𝑀𝑐,𝑁 = 𝑐(𝜙ሶ
𝑁 − 𝜙ሶ

𝑁−1)             (7.2.8) 

Combining (7.2.6-8) with (7.2.5) and linearising with the small angle assumption, the equation of 

motion for the 𝑁𝑡ℎ link is 

−(
𝑚

2
+ 𝑚𝑇) 𝑙𝑣ሷ𝑛−1 + (

𝑚

4
+ 𝑚𝑇) 𝑙2𝜙ሷ

𝑁  = −𝑘(𝜙𝑁 − 𝜙𝑁−1) − 𝑐(𝜙ሶ
𝑁 − 𝜙ሶ

𝑁−1) + (
𝑚

2
+ 𝑚𝑇) 𝑙𝑔𝜙𝑁 

(7.2.9) 
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By substituting nodal displacements for the link angles by (7.2.2), the equation of motion in (7.2.9) may 

be evaluated using nodal displacements exclusively.  

𝑚

2
(𝑣ሷ 𝑛 + 𝑣ሷ 𝑛−1)

𝑙

2
   

+ 𝑐 (
𝑣ሶ𝑛−𝑣ሶ𝑛−1

𝑙
−

𝑣ሶ𝑛−1−𝑣ሶ𝑛−2

𝑙
)  

+ 𝑘 (
𝑣𝑛−𝑣𝑛−1

𝑙
−

𝑣𝑛−1−𝑣𝑛−2

𝑙
) − 𝑚𝑔 (

𝑣𝑛+𝑣𝑛−1

2
− 𝑣𝑛−1)  

+ 𝑚𝑇𝑙(𝑣ሷ𝑛) 

−𝑚𝑇𝑔(𝑣𝑛 − 𝑣𝑛−1) = 0  

(7.2.10) 

Equation (7.2.10) is the form obtained by Newland [4], plus the influence of a damper and end mass on 

node 𝑛 − 1. The motion any number of links may be obtained by following this procedure from 

Equation (7.2.3). For the top two links, 

𝑚

2
[(𝑣ሷ𝑛 + 𝑣ሷ𝑛−1)

3𝑙

2
+ (𝑣ሷ𝑛−1 + 𝑣ሷ𝑛−2)

𝑙

2
]  

+ 𝑐 (
𝑣ሶ𝑛−1−𝑣ሶ𝑛−2

𝑙
−

𝑣ሶ𝑛−2−𝑣ሶ𝑛−3

𝑙
)  

+ 𝑘 (
𝑣𝑛−1−𝑣𝑛−2

𝑙
−

𝑣𝑛−2−𝑣𝑛−3

𝑙
) − 𝑚𝑔 [(

𝑣𝑛+𝑣𝑛−1

2
− 𝑣𝑛−2) + (

𝑣𝑛−1+𝑣𝑛−2

2
− 𝑣𝑛−2)]  

+ [2𝑙𝑚𝑇𝑣ሷ𝑛 − 𝑚𝑇𝑔(𝑣𝑛 − 𝑣𝑛−2)] = 0  

(7.2.11) 

While these equations of motion provide a description of the wand, they do not consider coupling with 

the base mechanism. 

  

Link Inertia 

Link Damping 

Link Stiffness 

End mass stiffness 

End mass inertia 
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7.2.2 Actuation Force and Base Parameter Coupling 

When the motors are actuated in the Water Whirler drive mechanism, the effect is to apply a torque, 𝑇 

at the pivot point ′𝑂′ in the schematic diagram (Figure7.2-1). Consider the free body diagram of the 

base element in the schematic (Figure 7.2-3).  

For this element, we assume that the angle of the first link matches the tilt angle of the base, 𝜙1. 

Taking moments about pivot point ′𝑂′ using the principle of angular momentum yields the balance of 

moments for the element. (Note: for the base mechanism we ignore gravitation of the base mass 𝑀𝑏.) 

𝐼𝑧𝑧𝜙ሷ
1 = Σ𝑀𝑂               (7.2.12) 

2𝑚𝑏𝐿𝑏
2𝜙ሷ

1 = −𝑀𝑘𝑏 − 𝑀𝑐𝑏 − 𝑀1 + 𝑇𝑏           (7.2.13) 

Here, 𝑇 is the input drive torque, and 𝑀1 represents the reaction moment produced by the links about 

the pivot. The form of 𝑀1 may be obtained using the procedure in equations (7.2.3-9). 

The base moments are 

𝑀𝑘𝑏 = 𝐹𝑘𝑏𝐿𝑏 = 2𝐾𝑏𝐿𝑏𝜙1             (7.2.14) 

𝑀𝑐𝑏 = 𝐹𝑐𝑏𝐿𝑏 = 2𝐶𝑏𝐿𝑏𝜙ሶ
1                (7.2.15) 

Rearranging (7.2.13), the applied torque is opposed by a reaction provided by the links and base 

parameters. 

𝑀1 + 2𝑚𝑏𝐿𝑏
2𝜙ሷ

𝑁 + 𝑀𝑘𝑏 + 𝑀𝑐𝑏 = 𝑇𝑏           (7.2.16) 

Combining (7.2.16) with (7.2.14,15) 

𝑀1 + 2𝑚𝑏𝐿𝑏
2𝜙ሷ

𝑁 + 2𝐾𝑏𝐿𝑏𝜙1 + 2𝐶𝑏𝐿𝑏𝜙ሶ
1 = 𝑇𝑏       (7.2.17) 

  

𝐹𝑘𝑏 

𝐹𝑐𝑏 

𝑀1 

𝐿𝑏 

𝑂 

𝑇 

2𝑚𝑏 

𝜙1 

Figure 7.2-3 – Free body diagram of the 

first link the Schematic representation 

𝑥 

𝑦 
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Substituting link angles for the nodal displacements (Equation 7.2.2), we obtain the equation of motion 

for the first link 

𝑀1 − 2𝑚𝑏𝐿𝑏𝑣ሷ1 − 2𝐶𝑏
∗ (

2

3
) 𝐿𝑏𝑣ሶ1 − 2𝐾𝑏

∗ (
2

3
) 𝐿𝑏𝑣1 = 𝑇𝑏      (7.2.18) 

Let 𝑇𝑏 be the last entry in an 𝑛 × 1 vector of external joint torques which represents a torque applied to 

each node 𝑖: 1 → 𝑛. In our case, we consider loading only about the pivot, such that 

𝑻 = [

0
⋮
0
𝑇𝑏

]

𝑛×1

            (7.2.19) 

The utility of presenting the joint torques in vector form is that by repeating the process in Section 7.2.1, 

we generate an equation of motion for each link. Then, these equations of motion can be presented in a 

set of matrices of the form  

𝑲𝒗(𝑡) + 𝑪𝒗ሶ (𝑡) + 𝑴𝒗ሷ (𝑡) = 𝑻         (7.2.20) 

In the case of a four-link model, the matrices 𝑴,𝑪,𝑲 are given in Equations (7.2.21-23), with the 

influence of the top mass separated. (Note, the top row of each matrix is associated with the 𝑛𝑡ℎ node.) 

 

𝑴 =
𝑚𝑙

4
[

        0          0
        0          1

1 1
4 3

1 4
(𝑚�̂� + 4) 8

8 5
12 7

] + 𝑚𝑇𝑙 [

0 0
0 0

0 1
0 2

0 0
0 0

0 3
0 4

]  

𝑪 =     
𝑐

𝑙
[

       0       1
       1    −2

−2 1
1 0

−2 1
(1 + 𝐶�̂�) 0

 
0 0
0 0

]  

𝑲 =   
𝑚𝑔

2

[
 
 
 
 
 
      0         

2𝑘

𝑚𝑔𝑙

     
2𝑘

𝑚𝑔𝑙
              

−4𝑘

𝑚𝑔𝑙
+ 3

  

−4𝑘

𝑚𝑔𝑙
+ 1

2𝑘

𝑚𝑔𝑙
− 1

2𝑘

𝑚𝑔𝑙
− 2   −1

−4𝑘

𝑚𝑔𝑙
+ 5

2𝑘

𝑚𝑔𝑙
− 2

(
−2𝑘

𝑚𝑔𝑙
+ 𝐾�̂� − 2) −2

    
−2        −1

−2        −1 ]
 
 
 
 
 
 

+ 𝑚𝑇𝑔 [

0 0
0 1

1 −1
0 −1

1 0
0 0

0 −1
0 −1

]

  

With 𝑚�̂� =
8𝑚𝑏𝐿𝑏

𝑚𝑙
; 𝐶�̂� =

2𝐶𝑏(2/3)𝐿𝑏𝑙

𝑐
; 𝐾�̂� =

4𝑘𝑏(2/3)𝐿𝑏

𝑚𝑔
;            (7.3.21-23) 

Note: Link stiffness 𝑘 is the bending stiffness associated with each node, 𝑘 = 𝐸𝐼/𝑙 
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7.3 Frequency Response of the Numerical Model 

To assess whether a wand can produce a suitable performance on the Water Whirler mechanism, we 

examine the vibratory response of the numerical system through the frequency domain. 

Applying the Laplace transform to Equation (7.2.20) by evaluating the transformation integral: 

𝑌(𝑠) =  𝐿(𝒗(𝒕)) =  ∫ 𝑣(𝑡)
∞

0
𝑒−𝑠𝑡𝑑𝑡            (7.3.1) 

Where 𝑠 is the Laplace frequency parameter 𝑠 = 𝑖𝜔, and 𝐿(𝒗(𝑡)) = 𝑌(𝑠);  𝐿(𝑻(𝑡)) = 𝑇(𝑠) yields the 

characteristic polynomial for the system. 

(𝑲 + 𝑠𝑪 + 𝑠2𝑴)𝑌(𝑠) = 𝑇(𝑠)            (7.3.2) 

The roots, 𝑠, of the characteristic polynomial correspond to its eigenvalues, while 𝑌(𝑠) characterises 

the mode shapes associated with the solution if 𝑠 is an eigenvalue. 

Rearranging gives the transfer function 𝐻(𝑠), which might be considered as the effective output 

amplitude for an input torque 

𝐻(𝑠) =
𝑌(𝑠)

𝑇(𝑠)
=

1

𝑲+𝑠𝑪+𝑠2𝑴
             (7.3.3) 

Evaluating 𝐻(𝑠) at roots of the characteristic polynomial provides the system mode shapes. 

From the transfer function, the frequency domain response is obtained by multiplication with the 

transformed forcing term by Equation (7.3.4) 

𝑌(𝑠) =  𝐻(𝑠) ∗ 𝑇(𝑠)            (7.3.4) 

Inverting (7.3.4) yields 𝒗(𝑡) yields an 𝑛 × 𝑚 matrix of displacements, with the length dimension 𝑛 

correlated with the motion of each link in the Finite Element model, for each timestep 𝑚 in the 

integration.  
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7.4 Accuracy of the Numerical Procedure 

Comparison to Analytical Cantilever Model 

It should be apparent from the schematic diagram (Figure 7.2-1) that if the effective stiffness of the base 

springs approaches infinity, then the base will prevent the pivot from tilting to approximate a fixed end 

condition. 

To check the accuracy of the procedure and determine a suitable number of links to use in our model, 

we check the undamped eigenvalues produced by the numerical model presented in Section 7.2 against 

those of the analytical model produced in Chapter 41.  

For a nondimensionalised cantilever with geometric similarity to Rotating Harmonic, i.e., a gravity 

parameter 𝛾 = 1.6; and dimensionless frequencies Ω2 = 21.72 , Ω3 = 61.37. These frequencies are 

presented in Appendix 4, Tables A4-3:1-2. 

Setting base parameters to 𝐾𝑏 = 108 N/m; 𝑚𝑏 = 0 kg; 𝐶𝑏 = 0 Ns/m, we evaluate the eigenvalues Ω2 

and Ω3 produced by the numerical model by inspecting the peaks of the transfer function produced by 

Equation (7.3.3). Figure (7.4-1) shows the percentage error between predicted and analytically 

determined eigenfrequencies for the second and third modes of a cantilever. The error for both modes 

is approximately 0.9% at 100 links, which is small.  

From the result of this investigation, the model will be operated with 𝑁 = 100 links. 

  

 
1 In Chapter 4, a cantilever beam is defined as the case where 𝑙𝑝 = 0𝑙𝑏  

Figure 7.4-1 – Convergence of the discrete eigenfrequencies towards the values predicted by the 

analytical model results 
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7.5 Parameters of the original Water Whirler 

Using the parameters listed in Table 7.5.1 we can model the original Water Whirler. 

In the Water Whirler Drive mechanism, the effective planar mass is approximately 𝑚𝑏 ≈ 100 ± 10𝑘𝑔 

when considering contributions from the ring frame and mounted weights on each of the 8 points. 

Further, the drive mechanism was designed with 8 equal springs around the ring frame, with an effective 

stiffness of 𝐾𝑏 = 8.0 ± 0.2𝑘𝑁/𝑚 when the mechanism is rocked about either rotational axis [1].  

7.5.1 Effect of Changing End Mass on the Original Water Whirler 

When Robb installed the original Water Whirler wand, the mode shape produced during a performance 

had a lower-than-desired node height deemed to be aesthetically unacceptable [1]. This was resolved 

by adding a tip mass to raise the node, as the extra inertia reduces motion at the top of the wand.  

Figure 7.5-1 predicts an end mass between 1 − 6 kg would have produced an aesthetically acceptable 

mode shape at the second mode using this model. The data points are not perfectly smooth, as resonant 

node heights were selected as the modelled node closest to zero amplitude. This provides a maximum 

resolution of 1% given the use of 𝑁 = 100 links, which is practically sufficient in this application. 

Because we anticipate this issue with the prototype wand, we can use this method to estimate the tip 

mass required for the new wand. Figure 7.5-1 is an output of Program 7.1.  

 Table 7.5.1: Original Water Whirler System Parameters 

𝑚𝑇 𝑚𝑏 𝐾𝑏 𝐿𝑏 𝜌 (empty) 𝐸 𝑑𝑜 𝑑𝑖 𝐿 

5 100 4 1 1745 25.1 58 32 10 

𝑘𝑔 𝑘𝑔 𝑘𝑁/𝑚 𝑚 𝑘𝑔/𝑚3 𝐺𝑃𝑎 𝑚𝑚 𝑚𝑚 𝑚 

Figure 7.5-1 – Influence of end mass on node height for the original Water Whirler 
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7.6 Numerical Simulation of the Original Water Whirler 

7.6.1 Damping Approximation 

Before we simulate a performance, an estimate of system damping is required. To quantify damping, 

measurements of the amplitude decay over time were taken from video footage of the original Water 

Whirler. This found that amplitude drops to about 10% of its original value over 10 cycles. This is not 

a highly accurate measure, and the estimation is likely accurate to a ±50 mm  amplitude. Owing to the 

damage to Water Whirler, more accurate means of evaluating the damping were not available.  

Using logarithmic decrement [6], we can assess the likely range for the damping ratio by 

𝛿 =
1

𝑝
ln (

𝑣𝑛(𝑡)

𝑣𝑛(𝑡+𝑝𝑃)
)           (7.6.1) 

Where 𝑝 is the number of cycles evaluated, and 𝑃 = 0.88 s is the time period associated with one cycle. 

ξ =
1

√1+(
2𝜋

𝛿
)
2
≈ 3 −  5%         (7.6.2) 

Equation (7.6.1) gives a reasonable damping ratio, 𝜉, given the nature of the mechanism, material, and 

elevated vibratory mode. In this analysis, we will assume the worst-case damping ratio of 5% holds for 

both the proposed and new models. To connect the exhibited damping ratio to the system damping 

matrix, 𝐶, we will use the connection between system damping ratio and the transfer function through 

the Q-factor. 

As the system is weakly non-linear, we could attempt to fit a modal formulation to estimate the 

parameter c, but this is algebraically difficult. Instead, we will trial a test value of c and estimate the 

loss ratio 𝜉 for the desired mode through a graphical method using the Q-factor method, first introduced 

by Johnson [7].  Using the resonance bandwidth as defined by Carfagni, Lenzi and Pierini [8], the Q-

factor may be obtained from the bandwidth of a particular resonance peak as  

𝑄𝑗 =
𝜔𝑗

𝜔2
∗−𝜔1

∗ =
1

2𝜉
              (7.6.3) 

With 

𝜔1,2
∗ =

1

√2
𝐻(𝑠)𝑗,𝑚𝑎𝑥              (7.6.4) 

For which the authors give an error of 1% when 𝜉 < 0.14. The Q-factor is quite easy to solve 

numerically, following the graph in Figure 7.6-1.  
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 Trial values of the damping parameter 𝑐 in the damping matrix 𝑪 were tested until the step response 

behaviour matched within an acceptable margin, with the base damping parameter 𝐶𝑏 = 0.  

Although setting base damping 𝐶𝑏 = 0 introduces an inaccuracy in the model, the assumption that 

damping is caused entirely by pole flexure will exacerbate differences in the deflected form of the 

bending length to give a worst-case scenario.  

Figure 7.6-2 presents the effective 𝜉 at the second mode when trial values of 𝑐 are inserted into the 

damping matrix (7.3.22).  

From Figure 7.6-2, a damping constant of 𝑐 = 120 Nms/rad was used to simulate at the top of the 

damping range, 𝜉 = .05. The data in Figure 7.6-2 is an output of Program 7.2. 

𝜔1
∗ 𝜔2

∗  

𝜔𝑗 

Figure 7.6-1– Bandwidth definition used to generate the effective damping ratio of a resonance 

peak 
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7.6.2 Input Force Waveform Applied by the Motor Drives 

Instead of being continuously driven, the motor drives provide the system with a brief square wave 

pulse, then freely vibrates until the next step input is applied one half cycle later. 

A custom function to provide the desired periodic waveform produces the time variant forcing profile 

applied during a performance of Water Whirler. The time variant forcing profile is produced from the 

input torque vector described in Equation (7.2.19) as 

𝐓(𝑡) = [

0
0
0
𝑇𝑏

]𝑚𝑜𝑑𝑠𝑞𝑢𝑎𝑟𝑒 (𝜔2𝑡, 𝐷𝑢𝑡𝑦)           (7.6.5) 

Where ‘modsquare’ is a modified square wave cycled at the resonance frequency associated with the 

mode shape presented in Figure 7.6-4. The waveform models a motor pulse for a fraction of a cycle, 

waits, then reverses for a fraction of a cycle providing a “pull” and “push” during each cycle in a 

swinging motion. Here, the forced motion is provided using this modified square wave with an ‘on 

time’𝐷𝑢𝑡𝑦 = 0.4 at 𝑇𝑏 = 400 Nm. 

The modified square wave input produced at the resonant frequency of Water Whirler is presented in 

Figure 7.6-3 (3). 
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7.6.3 Mode Shapes and Planar Response of the Original Water Whirler 

Now that we understand the parameters required by the dynamic model, we can integrate the equations 

of motion to simulate planar motion of the original Water Whirler.  

Figure 7.6-3 presents wand tip motion, tilt angle of the base, and input forcing provided to the drive 

mechanism. The motion of the first link, 𝑣1(𝑡), was used to compute the tilt angle of the base, as 

𝜃(𝑡) = tan−1 (
𝑣1(𝑡)

𝑙
)           (7.6.6) 

Figure 7.6.3 is produced as an output from Program 7.32. 

 
2 A gif video file of the simulation is included in Appendix A7-1. 

Figure 7.6-3 – Simulation of Original Water Whirler (1) Motion of the top link. (2) Tilt angle of the 

Drive Mechanism. (3) Input Waveform.  

(1) 

(2) 

(3) 
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Initially, Figure 7.6-3 presents the wand beginning to lean under self-weight between 0-3 seconds, 

before forcing is applied.  

• At about 3 seconds, the modified square wave begins to push or pull the motor twice per cycle.  

• As the wand responds to the forcing between 3 and 10 seconds, amplitude builds toward a 

steady state amplitude of approximately 0.9 m. This value is maintained between 10 seconds 

and 25 seconds, before forcing is stopped.  

• Some overshoot is exhibited at about 25 seconds in response to the forcing cut, from which the 

form dissipates toward null amplitude, as anticipated by our choice of 𝜉. 

Figure 7.6-4 presents the mode shape excited during the simulated performance for the original Water 

Whirler, produced during a performance when input forcing is provided at the desired resonance 

frequency. 

Despite the non-harmonic forcing input used (Figure 7.6-3 (3)), the simulated motion is smooth, with 

minor higher order frequency pulses seen in the output tip amplitude during the early stages of forcing, 

at about 3s matching those observed in a live performance of the artwork  

Fundamentally, this simulation matches the motion exhibited by Robb’s original Water Whirler closely.  

  

Figure 7.6-4–Mode shape excited during the simulated performance of Water 

Whirler. 
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7.7 Design of a Replacement Wand using the Wand Design 

Framework 

We use machine parameters for the original Water Whirler, to assist the design of a replacement wand 

for the artwork. Here, the steps in the Wand Design Framework from Chapter 5 are followed to design 

a replacement wand for Water Whirler. 

7.7.1 Desired Sculpture Size 

Due to the design of the drive mechanism for Water Whirler, the scaling rules developed in Chapter 3 

to produce a wand with geometric similarity to Lye’s ‘original’ Harmonic sculptures are not directly 

applicable.  

The design objective is to develop specification for a new wand, which can produce an artistic 

performance within the bounds of the existing operating requirements of Water Whirler’s drive 

machinery. Namely, the wand must be actuated by the existing drive mechanism  

This drive mechanism was designed for operation at up to a 22𝑜 tilt angle, at a frequency range between 

0.8 − 1.2 Hz. 

Specified Size.  

The specified size for the new wand is to be at least 10m. 

7.7.2 Approach to developing prototype wand specifications. 

A full characterisation of the combined wand-mechanism system would require non-dimensional 

parameterisation of the wand and base to assess the relative influence of the base on the wand. In 

practice, this requires quite substantial analysis of a large solution space.  

To simplify the procedure, we develop prototype parameters by: 

(1) Letting the gravity parameter of the new wand equal that of the original wand; 

(2) Use the Wand Design Framework to optimise design wall thickness based on manufacturing 

capability, and the needs of this application; 

(3) Choose an end mass to ensure an artistically acceptable mode shape; 

(4) Adjusting the weight of the ring frame to tune up or down the frequency if necessary. 
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7.7.3 Estimation of Structural Properties for the New Wand 

From the properties of the original Water Whirler in Table 7.5.1, the gravity parameter of the original 

wand, 𝛾𝑊𝑊 was found using the definition of gravity parameter for a water filled pipe (Equation 3.2.2). 

Repeated here,  

𝛾𝑤𝑤 =
16[𝜌(𝑑𝑜

2−𝑑𝑖
2)+𝜌𝑤𝑑𝑖

2]𝑔𝑙3

𝐸(𝑑𝑜
4−𝑑𝑖

4)
=  3.1              (7.7.1) 

Note, this does not infer a similar performance to Lye’s original works, but provides a prototype wand 

with a similar ratio of flexural rigidity to self-weight as the original Water Whirler wand.  

The hypothesis is that this will provide a family of diametral pairs which can provide a sufficiently 

similar performance to the original wand, considering the difference in applied boundary conditions. If 

so, we can use the static similarity criterion (Equation 7.7.2) to guide the selection of geometric 

specifications for the replacement wand 

Pultrusion was deemed to be the most effective method of fibreglass wand production given the desired 

material properties and manufacturing considerations for Harmonic sculptures. The same material 

optimisation criteria of desiring large output amplitudes for a minimum stress state apply to Water 

Whirler, so it is intuitive to also choose pultruded fibreglass here.  

Using the ‘test’ material properties first introduced in Chapter 2, with 𝐸 = 30 GPa, 𝜌 = 2020 kg/m3  

we characterise a family of diameters used to iterate toward a final layup. The static similarity criterion 

for a water filled column by Equation (3.2.4) is repeated here,  

𝐸𝛾𝑑𝑜
4 − 𝛾𝐸(do − 2t)4 − 16𝜌(𝑑𝑜

2 − (do − 2t)2)𝑔𝑙3 − 16𝜌𝑤(do − 2t)2𝑔𝑙3 = 0 

(7.7.2) 

To choose an appropriate diametral pair satisfying the equation, we consider the context specific loading 

of Water Whirler to choose an appropriate minimum wall thickness. 

Determination of Wall Thickness by minimum bore diameter 

Previously we mentioned the need for a minimum bore size to allow water to travel up the wand without 

significant restriction. In chapter 3, a minimum area ratio 𝐴. 𝑅. = 3 between cumulative nozzle area and 

bore area was chosen. Imposing this requirement from Chapter 5 (Equation 5.4.15) with 20 nozzles of 

a 3.2 mm diameter yields a minimum bore diameter 𝑑𝑖,𝑚𝑖𝑛 = 24.8 mm.  

In practice, some additional allowance for the bore should be made, as nozzles will protrude into the 

bore slightly. As an approximate measure, a maximum wall thickness of 15 mm (𝑑𝑖,𝑚𝑖𝑛 = 24.8 mm +

10%) will be tolerated.  
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Figure 7.7-1 plots the family of statically similar diameters obtained by holding 𝛾𝑊𝑊 = 3.1, with the 

minimum bore size noted as a horizontal line 

From Figure 7.7-1, we infer use of a maximum wall thickness of 14 mm will ensure a suitable bore 

diameter. Self-weight of the artwork (full of water) is minimised at a wall thickness of 7 mm. This is a 

useful proxy for the reaction forces produced by the wand by Equations (3.2.6,8). 

Determination of Wall Thickness – stress and base loading 

From a first principles definition of bending stress, diameter and second-moment of area are indicative 

of stress as 𝜎 = 𝑀𝑚𝑎𝑥𝑑𝑜/2𝐼. If the base parameters are held as the values of the original Water Whirler, 

then the effect of cycling through wall thickness on effective bending stress is plotted in Figure 7.7-2.  

Note: Figure 7.7-1 is an output of Program 7.4. Figure 7.7-2 is an output of Program 7.5. 

Figure 7.7-1 – Influence of Wall Thickness on the properties of scaled wands for the prototype wand 

Figure 7.7-2 – Influence of wall thickness on bending stress and frequency 



On the Design of Len Lye’s Harmonic Sculptures at the Largest Feasible Size 

199 

 

Figure 7.7-2 predicts stress and frequency for the test wand over a range of candidate wall thicknesses. 

The percentages shown are relative to the value of the largest stress and frequency in the range 

examined, using base parameters of the original wand. 

From the results in Figure 7.7-2, we infer 

• The < 1% change in resonance frequency over the wall thicknesses investigated gives validity 

to our approach of using the static similarity criterion (Equation 7.7.2) to characterise families 

of wands for Water Whirler. Using the criterion here does not account for coupling with the 

base mechanism, and so does not imply statically similar performances.  

• The analysis shows stress is minimised at a wall thickness of about 12mm. This parameter is 

not highly sensitive to change over the range tested, which gives scope to allow some variation 

to suit the manufacturing process. 

7.7.4 Final Choice of Wall Thickness for Water Whirler 

Following the results in Section 7.7.3, the decision was made to produce a new wand for Water Whirler 

with a wall thickness of 7.5mm (𝑑𝑜 = 57 mm, 𝑑𝑖 = 42 mm). This diametral pair is not optimal from 

a stress perspective considering the stress result of Figure 7.7-2, but enabled use of the existing machine 

elements on the artwork as an economical option. 

Layup specifications for a finished wand were generated from geometric layup requirements presented 

in Chapter 5. These requirements were to 

• Maximise the number of woven layers to minimise the stress concentration at nozzles. 

• A maximum of 2 × 300 gsm layers on the OD and ID are used following manufacturers 

recommendations. (a 1mm thickness). 

• Locate uniaxial rovings between the inner and outer wraps to provide flexural strength. 

After discussing the design with Gracol Composites ltd, the following layup specifications used to 

develop the new wands are presented in Table 7.7.1.  

  

Table 7.7.1: Water Whirler Fibreglass Layup 
Material OD ID Layers Required 

2x Bi-axial 57 55 4 (with some overlap) 

Rovings 55 44 80 rovings 

2x Bi-axial 44 42 4 (with some overlap) 

Concentricity Tolerance 0.5 mm Die to mandrel concentricity 

Length 10.5 m Total wand length 

(Bending length + 0.5m support) 
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Bulk properties of the layup were predicted using classical lamination theory (Program 7.6). From 

these results, a production run of wands for the new artwork were fabricated. The properties of the 

fabricated replacement wands were experimentally determined, and are presented in Table 7.7.2. 

 

Of note, shrinkage as the fibreglass cooled altered final diameters from the 57 mm die and 42 mm 

mandrel. Further, the flexural modulus of the wand as tested was 28.1 GPa, compared to 32.3 GPa 

predicted. This variation (here, 12%) is reasonable for CLT results generally [9], but is relatively high 

in this application. 

7.7.5 Allowable Operating Stress  

Following strength testing in Chapter 5, the flexural strength of the fibreglass with the hole stress 

concentration as tested is 𝜎𝑓 = 858 MPa. 

As the parameters in Table 7.7.2 are for the wand as tested in Chapter 5 is specification, we apply the 

1/3rd stress criterion to the tested value directly. 

𝜎𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 = 286 MPa  

This value applies to the outer diameter of the section, with a bulk flexural modulus of 28.1 GPa. 

  

Table 7.7.2 - Properties of Original and Replacement Water Whirler Wands 

Sculpture Water Whirler (Original) Replacement 

Size 10 m 
 

10 m 

Material GFRP Hand Layup GFRP Pultrusion 

Gravity Parameter 3.1 3.7  

Inside Diameter 32 42.4 mm 

Outside Diameter 58 56.5 mm 

Flexural Modulus (bulk) 25.1 28.1 GPa 

Mass/Length (incl. Water) 4.0 3.6 kg/m 

Tube Density  1745 2020 kg/m3 
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7.8 Simulation of the New Water Whirler.  

The properties in Table 7.7.2 do not answer how the form, forces, and stresses of the proposed wand 

compared to the original Water Whirler. Using structural property data for the proposed wand, we use 

the numerical model to predict operating loads for the finished artwork. The figures in this section were 

produced using wand parameters in Table 7.7.2, with other relevant parameters presented in Table 7.8.1,  

The base parameters chosen match those for the original Water Whirler, while the damping ratio of 5% 

was held from before, as an estimate of the value. 

7.8.1 Node Height of the Proposed Wand  

Altering the tip mass of the original wand from 𝑚𝑇 = 5 𝑘𝑔 on the original, to 𝑚𝑇 = 3𝑘𝑔, allowed the 

mode height to match the value from Lye’s original Rotating Harmonic The mode shape exhibited by 

the proposed wand is plotted against Robb’s original, and Lye’s cantilever mode shape in Figure 7.8-1.  

The proposed specification of 𝑚𝑇 = 3 𝑘𝑔 matches the node height within 1% of Lye’s Rotating 

Harmonic. This is sufficient given the 4% tolerance on aesthetic acceptability. 

Table 7.8.1 - Drive Parameters for the Replacement Water Whirler 

Base Stiffness 4 kN/m 

Base Mass 100 kg 

Base Damping 0 Ns/m 

Tip Mass 3 kg 

kg Damping Ratio (𝑐) 5% (120) Nsm/rad 

Figure 7.8-1 – Mode-shape comparison 

 

Proposed Wand (𝑚𝑇 = 3𝑘𝑔) 

Original Wand (𝑚𝑇 = 5𝑘𝑔) 

Rotating Harmonic (𝑚𝑇 = 0) 



7. Repair and Recommissioning of Water Whirler 

 

202 

 

7.8.2 Planar Performance of the Proposed Water Whirler 

Now that we have predictions for the parameters required by the dynamic model for the new wand, we 

can integrate the equations of motion to simulate planar motion with the proposed wand and drive 

mechanism specification. Figure 7.8-2 presents wand tip motion, tilt angle of the base, and input forcing 

provided to the drive mechanism.  

The predicted performance of the proposed Water Whirler is overlaid upon the predicted performance 

of Robb’s original Water Whirler.  

  

Figure 7.8-2 – Performance of new Water Whirler (black) overlaid upon a performance of the 

original Water Whirler at ‘unit’ amplitude.  
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From Figure 7.8.2 we observe similar performance characteristics between the proposed and original 

wands 

• The proposed wand requires 10% less input forcing to produce identical tip deflection; 

• The original and proposed wands operate at slightly different frequencies 𝜔𝑜𝑟𝑖𝑔𝑖𝑛𝑎𝑙 = 1.13𝐻𝑧;  

𝜔𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑 = 1.03𝐻𝑧. Without modification to the base parameters, the resonance frequency 

for the proposed system is within the allowable range for the drive mechanism (0.8 − 1.2𝐻𝑧). 

• At a tip amplitude of up to 1𝑚, the drive mechanism reaches a maximum tilt angle of 17𝑜, less 

than the allowable limit of 22𝑜 

7.8.3 Relative Forcing and Stress Generated 

The structural implications of the proposed wand are obtained from the simulated performance, which 

is intended to have a maximum operating amplitude of 1m.  

We predict the operating stress and shear force using a finite difference approximation to the mode 

shape excited by the simulation. To ensure the spatial derivatives of the mode shape converged 

sufficiently, Figure 7.8-3 presents convergence study of the relative change in the shear and moment 

parameters for the proposed Water Whirler with an increasing number of links. The solutions for 

moment and shear were evaluated at intervals of four links up to a maximum 100 links. At 100 links, 

the relative change for moment and shear are both within < 0.4% of the values produced at 96 links, 

which is sufficiently accurate. 

These results are an output of Program 7.7. 

  

Figure 7.8-3 – Relative change in solution with an increasing number of links, showing solution 

convergence. 
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Table 7.8.1 presents structural operating parameters for the proposed Water Whirler wands, when 

operating at an amplitude equivalent to the original Water Whirler as shown in Figure 7.8-1. 

Table 7.8.1 Operating Loads of the Original and Proposed Wands 

Property Proposed Units 

Basic Operating Stress (without SCF) 96.8 MPa 

Base Shear Force 470 N 

SCF (8kN preload)3 2.94  

Peak Operating Stress (with SCF) 211.0 MPa 

Max. Allowable Stress (1/3rd 𝜎𝑓)4 286 MPa 

Factor of Safety on allowable stress 1.01  

 

From the operating loads presented in Table 7.8.1, the prototype Water Whirler wand is capable of 

producing the desired mode shape, at an amplitude equivalent to the original Water Whirler when 

applying the 1/3rd yield criterion for a predicted a lifespan of 1,000,000 cycles. 

  

 
3 Obtained from Table 5.5.4. 
4 Strengths taken from 4-point flexural testing of the original wands and testing of the new wands as fabricated, 

from Ch. 5 (Table 5.6.2).  
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7.9 Install and Commissioning 

Following the production of acceptable wand specifications and operating parameters for a replacement 

wand, the new wand for Water Whirler was requested by the owners of the artwork. 

The fibreglass section was pultruded at Gracol Composites ltd in Christchurch, using a stocked 57mm 

die and a fabricated 42mm mandrel machined at the University of Canterbury.  

To encourage uniform curing of the pultruded glass, the thermal mass of the mandrel needs to be 

minimised, as heat to cure the pultrusion is only provided by external heating elements. This produces 

a thermal gradient which can inhibit the curing process. To compensate, a length of 4140 hydraulic 

cylinder tube was machined with a thin wall thickness of 2mm to minimise thermal mass.  

We produced a fine surface finish on the mandrel through a combination of machining and line 

polishing the tube up to 1200 grit emery paper. The last 25mm of the mandrel was shaped into a 

parabolic taper to minimise extrusion back-pressure, caused by friction near the end as the pultrusion 

cools. A diameter of 𝐷 = 42.40 ± .02𝑚𝑚 was achieved along the 2000mm length. 

The setup shown for pultrusion is shown in Figure 7.9-1. 

During the production process, we inspected the dimensional accuracy of the pultruded glass to ensure 

the product was within the desired 0.5mm concentricity specification.  

Figure 7.9-1 – Fabrication of the wands, showing rovings and long fibre mats entering a die and 

mandrel 

Inner fabric layers 

Rovings 
Resin bath 

Die (Mandrel inside) 

Outer fabric layers 
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Further, we took samples of the pultrusion during production and polished the surface on site to 

inspected for defects such as cracks, voids, and dry spots without resin. Between wand lengths, a 1.5m 

sample was taken from each tube to evaluate the properties. 

After production, nozzle holes along the fibreglass were drilled using a 1/2" tungsten carbide endmill. 

This was selected as an end mill produced a cleaner surface finish in each hole when compared to a 

twist drill with a standard point angle of 118𝑜.  

Heisel and Pfeifroth [10] investigated drilling with a range of point angles, finding that standard point 

angles tend to delaminate the outer later the external surface, whereas flat bottomed cutters leads to 

delamination of the inside surface. A quality bore was considered more important that the internal 

surface to minimise potential fatigue initiation sites, as bending stresses are higher at the outer fibre.  

Due to the highly abrasive nature of fibreglass, carbide tooling provided a level of wear resistance 

adequate to finish all holes without the need for sharpening. 

The wands were coated in an automotive grade paint with a base coat and clear coat at Perfect Autobody 

ltd in Christchurch, NZ. The silver paint colour was matched to suit Robb’s original wand. 

The end mass for the original Water Whirler was machined to suit the end mass requirement for the 

new wand, a 3kg desired mass, and a steel adapter fitted to retain the finial, with a bolt through the 

fibreglass as shown in Figure 7.9-2. The breather, and retention system are carried directly from the 

original Water Whirler.  

To insert the nuts inside the 10.5m long wand, a 6m long spanner was built with a slot to receive a nut. 

Inserting this inside the wand allowed the bolt to be fastened from outside the tube. 

  

Figure 7.9-2 – Finial Assembly for the prototype Water Whirler wand. 
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The fabricated wands were shipped to Wellington, and installed using a HIAB crane to lift the wand 

into position. 

 

Figure 7.9-3 – Installation on the Wellington waterfront 
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Figure 7.9-4 – Water Whirler, operating with the replaced wand 
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7.10 Conclusions 

A new Wand for the Water Whirler sculpture was designed, fabricated, and installed 

on the Wellington waterfront. This replaced the original wand following damage to 

the artwork. The Wand Design Framework presented in Chapter 5 was adapted to 

develop geometric and structural parameters for the new wand. By modelling 

dynamics of the coupled wand and drive mechanism, operating loads for a planar 

performance were predicted. Simulated performances of the original and proposed 

wands were found to be in close agreement.  

This chapter has developed a novel numerical model of the coupled wand and drive mechanism system 

originally designed by Robb [1] to suit Len Lye’s Water Whirler. From the case investigated by 

Newland [4], the numerical model was extended to include the effects of the drive mechanism, 

damping and an end mass. 

By assessing video footage of the original wand, experimentally testing the flexural properties, and 

using Robb’s design documentation [1], the performance of the original wand was simulated and used 

as a comparative benchmark for a proposed replacement wand.  

A replacement wand was developed using the Wand Design Framework, adapted to use the static 

similarity criterion developed for a cantilevered, fluid filled wand from Chapter 3. This identified a 

family of potential diameter choices.  

Accounting for the influence of the base parameters found this family of diameters had closely related 

vibratory characteristics if the original base parameters for Robb’s Water Whirler were used.  

The operating loads and vibratory motion of the replacement wand were predicted using the numerical 

model to simulate a performance with the new arrangement, and found to be capable of producing a 

performance of equal amplitude to the original. Further, the parameters were found to be within the 

operating limits for the drive mechanism.  

A replacement wand was fabricated, and the artwork was reinstated on the Wellington waterfront.  
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8. Conclusions and Future Work 
Len Lye’s artworks are some of the most ambitious proposals to come out of the mainstream art world 

in the 20th century. This research has investigated methodologies to create a number of Len Lye’s 

Harmonic artworks at their largest feasible sizes. This chapter summarises the state of development 

work to date, research, and practical outcomes from the practical development of these artworks. Areas 

for future development are outlined. 

8.1 Summary of Research Outcomes 

Reviewing Lye’s written descriptions, drawings, and gallery artworks led to the realisation these 

artworks share commonalities in their vibratory forms. Using this, an approach to scale the family of 

artworks was investigated, with particular focus on developing Flaming Harmonic.  

The research presented in this thesis can be organised into the following categories:  

• Developing an approach to change the size of tubular cantilevers, with and without a water 

column, while maintaining static similarity; 

• Investigating the influence of two span clamping geometries on the induced stresses and 

vibrations;  

• Producing a process to generate simultaneously strong and flexible tubular beams in accordance 

with Lye’s aesthetic design requirements;  

• Design of machinery for Flaming Harmonic, which may be used to fabricate this sculpture on 

request; 

• Developing a numerical model of Len Lye’s Water Whirler, which was used to reinstate the 

Water Whirler artwork on the Wellington waterfront. 

From this research, the purpose of this work has been achieved through the Wand Design Framework, 

which combines the analyses from Chapters 2, 3, and 4 in a process to expedite the development of 

specifications for number of Lye’s Harmonic artworks.  

Further, the drive machinery presented for Flaming Harmonic is adaptable to suit the range of flexible 

clamping arrangements proposed, and may be adapted to suit the demands of other Harmonic artworks 

General Approach to Scaling 

Generating an optimal design for enlarged Harmonic artworks required three tools, each associated with 

an element of novel research presented in this thesis. The first of these tools was developing a scaling 

approach useful for predicting geometric and structural properties of enlarged versions of Harmonic 

sculptures.  
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The scaling approach for the artworks was based on Lye’s intuitive process to generate wands – Lye 

chose a particular gravity parameter indirectly by raising a wand up to a height until he established his 

desired flexibility for the work, leading to the adoption of static similarity as a means to hold Lye’s 

preferred vibratory form between scales. Following Gooch’s groundwork to establish this methodology 

for the flat plate geometry of Blade, this analysis was extended to account for circular geometries; 

enabling the prediction of scaled geometric and structural parameters based on the loads produced by 

Lye’s originals.  

From the scaling equations developed, the induced stress during a vibratory performance was found to 

increase as a function of scale, enforcing a natural limit on the scalability of the long flexible beams 

Lye requires.  

Typically, stress at the start of a wands bending length has been considered to be the most likely failure 

point – although if a local stress concentration exists up the bending length of a cantilever, then an 

antinode in the resonant form can become the primary failure location. An analysis of the vibratory 

forms generated from Lye’s traditionally cantilevered works identified critical values for this stress 

concentration. If the critical values are exceeded, failure is predicted at the stress concentration nearest 

the antinode. 

The rationale for having local stress concentrations along a wand is to emit streams of water or fire 

through nozzles studded along the length of the wand. Two cases where nozzles exist along the length 

of the artwork are Flaming Harmonic and Water Whirler. 

For these works, the magnitude of the nozzle stress concentration predicts failure away from the base 

of the wand, near one of the nozzle stress concentrations. This requires extending the scaling criteria to 

evaluate fluid filled columns – with the assumption that fluid acts as an added mass effect in a 

completely filled column. Equations to predict the moment, shear force, frequency, and bending stress 

of a fluid filled wand from the properties of an original scale work were produced. A limiting factor of 

this scaling approach for empty or filled beams is that these equations are valid only the gravity 

parameter is constant between scales. 

Optimal Clamping  

The second tool developed was a model to optimise clamping geometry to maximise the scalability or 

vibratory amplitude of an artwork. In particular, the idea of an optimised clamping geometry have been 

considered by a number of authors in various machine designs for Lye’s sculptures, in particular the 

‘double-pinned’ geometry for Blade by Spencer [1], and the spring-mass stabilised design used for 

Water Whirler, by Robb[2].  

We developed a quasi-static modal model of the beam, to which we could enforce a midspan support 

using Greens function to simulate two proposed clamping geometries, following the case from Abu-
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Hilal for a non-gravitationally loaded beam [3]. The analysed cases were a newly considered fixed-

pinned clamping geometry, in addition to Spencer’s proposed double-pinned geometry. Using this 

model, we evaluated the parameter space for Harmonic sculptures featuring both these end conditions. 

The analysis was extended for a likely range of pivot separation distances and gravity parameters for a 

cantilever of equivalent length. 

In doing so, we found that choice of end condition geometry is dependent on the required vibratory 

forms of a performance, and whether stress at the base, or a nozzle dominates. 

Further, the mode shape may or may not be aesthetically acceptable to the Len Lye Foundation 

Investigating both end conditions found that while large stress reductions may be obtained for sculptures 

where the base stress dominates – only small gains are able to be produced when pole stress dominates. 

The Wand Design Framework 

The final tool developed was the Wand Design Framework, which combines the results of the optimal 

clamping analysis and general scaling approach. In doing so, this enables the consideration of a range 

of artistic and design variables largely shared by the Harmonic family of artworks. Following this 

methodology streamlines an otherwise highly circular design process. Although, still requires 

consideration of the particularities surrounding an installation. An application was shown to develop an 

optimal wand for Flaming Harmonic.  

We investigated the choice of an optimum material – with respect to the flexural stress limitation 

imposed by the scaling criteria. This material selection process enabled suitable materials to be 

technically evaluated against the relevant performance factors of strength, stiffness, density. Then, 

candidate materials were evaluated against practical criteria to guide selection. Pultruded fibreglass was 

found to be the most suitable material for producing the highly flexible wands.  

Further, the magnitude of the local stress concentration of a bolted hole under various preload and layup 

parameters was investigated using a finite element analysis, to analyse the influence of the bolted joint 

through a cylindrical composite tube. For the geometry investigated, bolt preload reduces the magnitude 

of the stress concentration significantly. Further, increasing the ratio of woven material in the layup 

may also decrease the magnitude of the stress concentration. Mechanical testing to verify the Finite 

Element procedure with a fabricated section of Fibreglass for Water Whirler found that the relatively 

simple FE method used provides a conservative, close estimate of the measured stress concentration 

factor. 

Water Performance 

A supporting element useful for generating wands for Harmonic sculptures with water performances 

was the development of a model for water flow through the wand to investigate the pumping 
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requirements for a water performance. Using Bernoulli’s equation and conservation of momentum, a 

prediction of the form of the jets was produced.  

This model matched well with the desired weeping cherry flow pattern if nozzles are restricted to have 

a discharge coefficient 𝑄𝐷 ≈ 0.5. To size the pumping system, the ratio of bore size to nozzle size was 

used as a metric to guide water system specifications.  

Development of a Mathematical Model for Water Whirler 

A novel dynamic model of the mechanism developed by Robb enabled the prediction of Water 

Whirler’s vibratory performance. Further, it was found that using the static similarity criteria for a fluid 

filled, cantilevered wand could be used to successfully generate a family of suitable diameters for a 

wand on Water Whirler’s mechanism. When this criterion was used, only a small deviation (<1%) in 

wavenumber over two orders of magnitude of wall thicknesses 10−1 − 101 was predicted.  

Development of the Drive Mechanism and Supporting Structures for Flaming 

Harmonic 

The wider systems design for Flaming Harmonic was developed in accordance with a series of design 

requirements for Harmonic sculptures, as well as specific requirements for Flaming Harmonic. As 

presented, the system is built to service the artwork as it operates with water or flames during a an 

artistic performance with a 10m long bending length. This required developing a drive mechanism and 

supporting subsystems to deliver the requisite water, gas, and electrical connections.  

The designs and drawings presented for the drive mechanism may be scaled to suit both flexible 

clamping conditions at a range of pivot separations as desired. Further, the gas and water equipment 

may be removed to operate with the range of Harmonic sculptures with relatively small design changes. 

8.2 Recommendations for Further Research  

The nature of how the Hula or Whirling modes are initiated from the planar mode was not addressed in 

this thesis, although the phenomenon has been reliably reproduced using reciprocating mechanisms at 

a range of scales and mode shapes in Lye’s artworks, and was not considered a risk to the project. We 

believe the phenomena is associated with the matched resonance frequency of the circular wand cross 

section exciting both the driven, and perpendicular axis simultaneously. However, the phenomena is 

not well understood, nor was a model of the behaviour found in literature.  

Use of the one-third failure stress criterion applied to set a maximum operating amplitude is a crude, 

but useful estimate. While much literature on the ability for composites to resist fatigue exists, the direct 

applicability when considering variation in manufacturing process and quality, fibre quality, resin 

systems, and the influence of fillers make accurate prediction difficult. Understandably, the 

manufacturer response to wide parameter variation is to develop in-house fatigue data.  
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Further, it may be possible to develop an approach to predicting artwork life by considering the 

choreography of generalised Harmonic artworks to produce a rain flow counting algorithm. Such a 

process might allow for short bursts of large amplitude vibration, and dis-consider the influence smaller 

amplitude vibrations sometimes produced in Lye’s performance. Embedding such a process into the 

Wand Design Framework might have useful implications for the maintenance requirements of these 

artworks. 

At this stage, the stress concentration modelling indicates that reducing anisotropy and maximising 

preload on the joint reduce the stress concentration. These are conclusions obtained by authors with 

different geometries, however, the modelling presented in Chapter 5 does not represent the solution 

space for stress concentrations as they pertain to Harmonic sculptures at arbitrary scale.  

While the FE process presented here can be repeated for a desired wand geometry, this is much less 

desirable than a general solution. Further research in this area has potential to decrease the computation 

required to apply the Wand Design Framework significantly.  

An omission from the model in Chapter 4 was the influence of a mass atop Flaming Harmonic’s wand, 

necessary to house the breather and solenoid. Modelling could be done to predict the change this causes 

to the mode shapes – although as this is quite a lightweight assembly (about 1kg), it was deemed to be 

insubstantial. Such a model may have utility for another Len Lye artwork, titled Bell Wand. 

Following the literature review in Chapter 4, an attempt to use an exact solution to the free vibration of 

a vertical cantilever, recently developed by Bizzi [4] would be exciting. Bizzi’s model uses Airy 

functions to describe the mode shapes, rather than the power series approximation first developed by 

Naguleswaran. This is capable of including the effects of both rotary inertia (as per a Rayleigh beam) 

and shear deformation (as per a Timoshenko beam), but is unlikely to generate a significant benefit to 

the design of Lye’s artworks. Further, the author appears to discourage using the model for Timoshenko 

beams.  

However, Zebra uses a wand with a more flexible wand than many other Harmonic sculptures, with a 

gravity parameter 𝛾 = 5.4. Due to this increased flexibility and its operation at the third mode, the re-

solving the system with a Rayleigh beam model may give improved accuracy in determining the 

operating loads of Zebra. It is unlikely that this difference with produce wholescale changes to 

scalability, but using Bizzi’s [4] formulation for the mode shapes, a comparison may prove useful.  

In the design of Flaming Harmonic’s wand some attention was given to ensuring adequate flexibility 

and strain relief to the wires laid between the HDPE liner and the GFRP tube. There is potential for 

these to fret, and a better method of attachment may be possible. It is recommended that this be 

investigated prior to full-scale fabrication of the artwork to increase durability.  



8. Conclusions and Future Work 

216 

 

An interesting discovery was made in Chapter 7, when applying the static similarity criterion from 

Chapter 3 to design a new wand for Water Whirler. When parameters for a range of similar cantilevers, 

each with different inertia and stiffness values, were applied to Water Whirler’s drive mechanism, the 

resonance frequency of the combined mechanism deviated < 1%. This implied that the properties of 

the drive mechanism dominated the motion. A non-dimensional parameterisation of the wand and base 

mechanism would provide an interesting investigation into the influence of a relatively stronger or 

weaker version of the Water Whirler drive mechanism. 
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9. Appendices 
Appendix A1: Transcription of Flaming Harmonic Documentation 

 

The following is copied directly from a page in the Len Lye archive. (personal communication, Evan 
Webb, March 2016) 

 
 

The following text is transcribed from Len Lye’s notes describing two sculptures that use water and gas 

pressure to make them move. The notes are on the same page with two drawings – possibly of two 

unrelated works. 

Note: use pilot light to alternatively ignite and spray of water to extinguish jet gas flame 

Note: instead of rotating shaft use pressure from hollow rings fed from A & G 

A. upright shaft rotating; B. bearings;  C. ring;  D. ring;  E. guys to suspend; 

F. ring suspended from A etc 

A. horizontal shaft (to feed energy); A1. bearing; B. pipe to carry energy;     C. energy jet 

exhaust of air or ignited gas to generate energy to B 

The page is archived in Box Tan 2, M/F 396 in a folder titled ‘Spiral Flame, Jet and Water’ along with 

other pages of notes and drawings of unrelated works.  ‘Spiral Flame, Jet and Water’ appears to be a 

title given to this folder (and the microfiche) by Judith Hoffberg.  
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Appendix A2: Programs used in Chapter 2 

The following programs were used to generate data corresponding to the basic structural loading and 

scaled parameters enlarged versions of Rotating Harmonic and Zebra. 

These scripts are available at the following address: 

https://github.com/AMcGThesis/Appendix/tree/Chapter-2 

Prog 2.1 – The basic structural loads used for scaling Rotating Harmonic.  

Prog 2.2 – The basic structural loads used for scaling Zebra 

Programs 2.1 and 2.2 use the mathematical model presented in Chapter 4 to generate the loads produced 

by the gallery versions of these works. By generating mode-shapes, and applying the known amplitude 

of the gallery versions, the structural operating parameters of moment, shear force, frequency and 

bending stress along the span may be generated.  

Prog 2.3 – Scaled properties of Rotating Harmonic, generated using the static similarity criterion 

Prog 2.4 – Scaled properties of Zebra, generated using the static similarity criterion 

Programs 2.3 and 2.4 generate the structural parameters for works at larger scale. By using the ratio of 

peak stress near the antinode (along the pole) to the peak stress near the base, the critical stress 

concentration values for Rotating Harmonic and Zebra are generated. Further, the maximum amplitudes 

wrt to a stress concentration are generated by applying 267 MPa as the stress limit based on the 1/3rd 

yield stress / million cycle fatigue criterion. This 267 MPa value came from four-point flexural testing 

of a fibreglass tube developed for Flaming Harmonic, as is discussed in Chapter 5. 
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Appendix A3 

A3-1: Programs used in Chapter 3 

The following programs were used to generate data corresponding to the figures presented in chapter 3, 

for structural, water, and fire elements. 

These scripts are available at the following address: 

https://github.com/AMcGThesis/Appendix/tree/Chapter-3 

Prog 3.1 – The basic structural loads used for scaling Flaming Harmonic when filled with water 

Program 3.1 is similar to program 2.1 and 2.2, except at a gravity parameter of 3, which corresponds to 

when the wand is filled with water. 

Prog 3.2 – Scaled properties of Flaming Harmonic, generated using the fluid filled equations for the 

static similarity criterion 

Prog 3.3 – Form and flow of a Wate from jets located along the length of the wand. 

Prog 3.4 – Scaling of the water jet diameter and minimum bore size required 

Programs 3.3 and 3.4 employ the model for water emitting from the wand to generate data for selecting 

a nozzle size, minimum bore diameter, and checking the flow pattern is suitable.  

Prog 3.5 – Gas flow requirements and cost for candidate nozzle diameters 
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A3-2: Extreme Values for the Area Ratio Analysis 

The choice of 𝐴𝑅 = 3 as the location of an approximate floor in pumping requirements, whereby 

increasing the area ratio further does not substantially change the bulk flow requirements.  

This is shown in Figure A3-2(1-3) for the cases of a 1, 10, and 100m long wand. The corresponding 

nozzle size, pole length, and top jet velocity required to perform the analysis are presented in Table A3-

2. The extrema shown present the ‘floor’ occurring in pump output pressure at about 𝐴𝑅 = 3. 

Table A3-2: Parameters for extreme AR ratio test 
  L=1 L=10 L=100 

Nozzle Diameter 𝑑  0.32𝑚𝑚 3.2𝑚𝑚 32𝑚𝑚 

Top jet velocity 𝑣   2.2𝑚/𝑠 7𝑚/𝑠 22𝑚/𝑠 

Figure A3-2 (1) – Weeping Cherry form at 1m 
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Figure A3-2 – (2)Weeping Cherry form at 10m; (3) 100m 
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Appendix A4 

A4-1: Validating against Naguleswaran’s for Beam Frequencies  

Dashes indicate gaps exist where Naguleswaran did not provide data for resonant frequencies. 

 

 

 

 

 

Reference 
 S. Naguleswaran, "Vibration of a Vertical Cantilever with and without Axial Freedom at Clamped 

End," Sound and Vibration, vol. 146, 2, pp. 191-198, 1991. 
  

Table A4-1: Resonance of Cantilevers under a Range of Gravity Parameters 

Naguleswaran   

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

McGregor 

𝛾 Ω  Ω  Ω  Ω  Ω  Ω  

50 9.46853 30.21719 70.97195 9.468527 30.21719 70.97195 
10 5.29178 23.912 63.68115 5.291783 23.912 63.68155 
5 4.49431 22.99353 62.69867 4.494313 22.99353 62.69867 
4 4.31675 22.80513 62.4999 4.316746 22.80513 62.4999 
3 4.13139 22.61507 62.30037 4.131394 22.61507 62.30037 
2 3.93715 22.42331 62.10009 3.937152 22.42331 62.10009 
1 3.73263 22.2298 61.89904 3.732626 22.2298 61.89904 
0 3.51602 22.03449 61.69721 3.516015 22.03449 61.69721 
-1 3.28492 21.83734 61.49461 3.284923 21.83734 61.49461 
-2 3.03604 21.6383 61.29121 3.036037 21.6383 61.29121 
-3 2.76454 21.43732 61.08701 2.764543 21.43732 61.08701 
-4 2.46297 21.23433 60.88201 2.462967 21.23433 60.88201 
-5 2.11849 21.02928 60.76619 2.118486 21.02928 60.67619 
-6 1.70527 20.82211 60.46945 1.705274 20.82211 60.46954 
-7 1.15155 20.61276 60.26206 1.15155 20.60618 60.26216 

7.838347 0 - - 0 19.97091 59.63452 
-20 - 17.65619 57.48446 - 17.65619 57.48446 
-40 - 11.69198 52.87665 - 11.69198 52.87665 
-50 - 7.06487 50.38951 - 7.064874 50.38951 

-55.9774 - 0 - - 0  
-100 - - 35.04791 - - 35.04791 
-120 - - 26.37614 - - 26.37614 
-140 - - 13.48791 - - 13.48791 

-148.508 - - 0 - - 0 
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A4-2: Resonant Eigenfrequencies for the Clamping Arrangements 

These eigenfrequency tables are presented order to reconstruct non-dimensionalised data for the beam 

geometries analysed in Chapter 4. Tusing equations (4.8.1), (4.8.2). 

Table A4-2:1 – Fixed-Pinned 2nd Mode Eigenfrequencies, 𝛺  

𝑙  
𝛾  0 1 2 3 4 5 6 7 
0.00 22.03449 21.83734 21.63830 21.43732 21.23433 21.02928 20.82211 20.61276 
0.05 19.98593 19.77877 19.56930 19.35744 19.14312 18.92625 18.70673 54.45093 
0.10 18.21032 17.99312 17.77312 17.55021 17.32429 17.09524 49.63360 49.40336 
0.15 16.66124 16.43396 16.20331 15.96916 15.73135 15.48971 45.23123 44.98930 
0.20 15.30173 15.06433 14.82292 14.57731 14.32727 41.61109 41.35903 41.10516 
0.25 14.10207 13.85451 13.60220 13.34488 13.08224 38.19765 37.93374 37.66766 
0.30 13.03816 12.78039 12.51703 12.24772 35.43726 35.16377 34.88777 34.60917 
0.35 12.09026 11.82223 11.54766 11.26605 32.73957 32.45416 32.16577 31.87433 
0.40 11.24209 10.96375 10.67778 30.61494 30.32076 30.02318 29.72211 29.41743 
0.45 10.48014 10.19144 9.89386 28.44898 28.14293 27.83294 27.51884 27.20051 
0.50 9.79311 9.49397 9.18458 26.49254 26.17442 25.85171 25.52422 25.19175 

 

Table A4-2:2 Fixed-Pinned 3rd Mode Eigenfrequencies, 𝛺 

𝑙  
𝛾  0 1 2 3 4 5 6 7 
0.00 61.69721 61.49461 61.29121 61.08701 60.88201 60.67619 60.46954 60.26206 
0.05 55.96119 55.74839 55.53462 55.31988 55.10416 54.88743 54.66970 108.08371 
0.10 50.98943 50.76642 50.54225 50.31690 50.09035 49.86259 98.50224 98.26372 
0.15 46.65196 46.41872 46.18410 45.94806 45.71059 45.47165 89.93628 89.68625 
0.20 42.84529 42.60181 42.35669 42.10988 41.86136 82.67084 82.41015 82.14846 
0.25 39.48622 39.23249 38.97681 38.71914 38.45943 76.03305 75.76075 75.48728 
0.30 36.50723 36.24322 35.97693 35.70830 70.42243 70.13978 69.85575 69.57033 
0.35 33.85307 33.57877 33.30180 33.02209 65.17703 64.88274 64.58684 64.28929 
0.40 31.47817 31.19355 30.90584 60.78287 60.47867 60.17261 59.86467 59.55482 
0.45 29.34469 29.04973 28.75120 56.56897 56.25316 55.93520 55.61506 55.29269 
0.50 27.42098 27.11566 26.80623 52.76600 52.43847 52.10846 51.77593 51.44082 

 

Table A4-2:3 Double-Pinned 2nd Mode Eigenfrequencies, 𝛺 

𝑙  
𝛾  0 1 2 3 4 5 6 7 
0.00 15.41821 15.11592 14.80685 14.49057 14.16659 13.83436 13.49329 13.14270 
0.05 13.98477 13.66681 13.34054 13.00531 12.66042 12.30506 11.93830 11.55907 
0.10 12.74232 12.40859 12.06472 11.70982 11.34286 10.96262 10.56771 10.15644 
0.15 11.65838 11.30874 10.94684 10.57143 10.18102 9.77381 9.34767 8.89995 
0.20 10.70709 10.34140 9.96099 9.56409 9.14858 8.71182 8.25054 7.76052 
0.25 9.86765 9.48576 9.08627 8.66676 8.22419 7.75468 7.25319 6.71288 
0.30 9.12320 8.72493 8.30574 7.86230 7.39029 6.88399 6.33553 5.73354 
0.35 8.45992 8.04509 7.60549 7.13658 6.63223 6.08394 5.47921 4.79837 
0.40 7.86643 7.43482 6.97401 6.47781 5.93754 5.34040 4.66603 3.87823 
0.45 7.33327 6.88466 6.40173 5.87608 5.29538 4.64005 3.87555 2.92800 
0.50 6.85254 6.38667 5.88057 5.32290 4.69597 3.96920 3.08005 1.84104 
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Table A4-2:4 Double-Pinned 3rd Mode Eigenfrequencies, 𝛺 

𝑙  
𝛾  0 1 2 3 4 5 6 7 
0.00 49.96486 49.69902 49.43151 49.16230 48.89136 48.61867 48.34419 48.06791 
0.05 45.31960 45.04033 44.75903 44.47564 44.19014 43.90249 43.61264 43.32056 
0.10 41.29327 41.00055 40.70536 40.40766 40.10738 39.80449 39.49891 39.19059 
0.15 37.78061 37.47440 37.16523 36.85305 36.53776 36.21931 35.89759 35.57255 
0.20 34.69782 34.37808 34.05484 33.72799 33.39743 33.06305 32.72475 32.38241 
0.25 31.97751 31.64422 31.30677 30.96506 30.61892 30.26823 29.91283 29.55256 
0.30 29.56501 29.21811 28.86635 28.50954 28.14751 27.78006 27.40698 27.02806 
0.35 27.41556 27.05503 26.68880 26.31666 25.93837 25.55366 25.16226 24.76387 
0.40 25.49228 25.11805 24.73722 24.34948 23.95452 23.55199 23.14154 22.72276 
0.45 23.76450 23.37654 22.98093 22.57730 22.16523 21.74427 21.31394 20.87371 
0.50 22.20661 21.80485 21.39429 20.97444 20.54477 20.10468 19.65355 19.19067 

 

*** 

 

 

 

 

 

 

 

 

 

A4-3:Maximum stress locations for pole stress and clamping stress. 

Data in this chapter were presented as  

Peak Pole stress, defined as the maximum stress developed between nodes along the bending 
length. This may not occur exactly at the midspan between nodes. 

Peak Base stress , defined as the maximum stress developed in or near the clamping region 
(before a nodular peak occurs, see points ‘A’ in Figure 4.8-2).  

Tables A4-3-1:4 presents exact locations of the stress maxima along the bending length.  

 

*** 
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Table A4-3:1 – Double-Pinned (2nd Mode) Peak Moments and Associated 

Locations 

𝑙  
 

Clamping region 
 

Internode peak 

 
height (𝑚/𝑚) Moment (𝑁𝑚) 

 
height (𝑚/𝑚) Moment (𝑁𝑚) 

0.01  0.110 14.074  0.578 15.244 
0.02  0.113 13.751  0.588 14.904 
0.03  0.114 13.385  0.593 14.590 
0.04  0.116 13.291  0.600 14.607 
0.05  0.116 13.209  0.601 14.311 
0.06  0.119 12.845  0.610 14.110 
0.07  0.121 12.728  0.615 13.784 
0.08  0.124 12.423  0.622 13.628 
0.09  0.127 12.157  0.626 13.405 
0.1  0.129 12.031  0.632 13.165 
0.11  0.132 11.771  0.639 13.075 
0.12  0.138 11.418  0.648 12.823 
0.13  0.141 11.165  0.656 12.847 
0.14  0.145 11.061  0.657 12.563 
0.15  0.148 10.774  0.663 12.430 
0.16  0.154 10.489  0.670 12.314 
0.17  0.160 10.195  0.679 12.169 
0.18  0.167 9.916  0.686 12.015 
0.19  0.174 9.663  0.696 11.931 
0.2  0.181 9.546  0.698 11.776 
0.21  0.191 9.339  0.711 11.732 
0.22  0.200 9.143  0.723 11.621 
0.23  0.209 8.909  0.728 11.373 
0.24  0.217 8.778  0.740 11.403 
0.25  0.225 8.639  0.747 11.406 
0.26  0.236 8.550  0.743 11.223 
0.27  0.247 8.491  0.765 11.169 
0.28  0.255 8.392  0.782 11.071 
0.29  0.262 8.365  0.789 11.167 
0.3  0.269 8.238  0.798 11.087 
0.31  0.278 8.197  0.814 11.043 
0.32  0.284 8.155  0.823 11.067 
0.33  0.289 8.017  0.824 11.076 
0.34  0.300 8.051  0.825 11.051 
0.35  0.307 7.989  0.835 11.037 
0.36  0.313 7.883  0.841 11.043 
0.37  0.318 7.772  0.848 11.045 
0.38  0.323 7.664  0.854 11.050 
0.39  0.328 7.576  0.863 11.043 
0.4  0.334 7.518  0.873 11.030 
0.41  0.337 7.459  0.884 11.016 
0.42  0.355 7.465  0.886 11.041 
0.43  0.359 7.408  0.896 11.071 
0.44  0.353 7.478  0.901 11.369 
0.45  0.370 7.146  0.910 11.038 
0.46  0.374 7.074  0.918 11.056 
0.47  0.380 6.962  0.927 11.009 
0.48  0.373 6.957  0.932 11.174 
0.49  0.382 6.825  0.944 10.991 
0.5  0.384 6.745  0.953 10.943 
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Table A4-3:2 – Fixed-pinned (2nd Mode) Peak Moments and Associated 

Locations 

𝑙  
 

Clamping region 
 

Internode peak 

 
Height (𝑚/𝑚) Moment (𝑁𝑚) 

 
Height (𝑚/𝑚) Moment (𝑁𝑚) 

0.01  0.133 16.093  0.606 17.096 
0.02  0.134 15.953  0.604 17.155 
0.03  0.133 15.889  0.604 17.246 
0.04  0.136 16.522  0.612 17.839 
0.05  0.146 16.084  0.634 16.843 
0.06  0.146 15.680  0.630 16.573 
0.07  0.149 16.268  0.637 17.118 

       
       

0.1  0.153 15.685  0.646 17.016 
0.11  0.163 15.039  0.661 15.929 
0.12  0.169 14.993  0.675 15.772 
0.13  0.176 15.005  0.690 15.715 
0.14  0.180 13.790  0.696 14.600 

       
0.16  0.181 14.666  0.687 16.097 
0.17  0.191 14.298  0.703 15.596 
0.18  0.196 12.930  0.710 14.314 
0.19  0.197 13.129  0.705 14.931 

       
0.21  0.206 12.985  0.716 15.274 
0.22  0.223 12.666  0.740 14.620 
0.23  0.229 12.591  0.742 14.791 
0.24  0.238 12.517  0.756 14.760 

       
0.26  0.254 11.144  0.762 13.629 
0.27  0.267 11.228  0.789 13.597 
0.28  0.275 11.236  0.798 13.690 
0.29  0.278 11.017  0.781 14.005 
0.3  0.293 11.227  0.809 13.936 

0.31  0.296 10.993  0.796 14.220 
0.32  0.312 11.467  0.843 14.137 
0.33  0.316 11.158  0.820 14.391 
0.34  0.330 11.850  0.881 14.435 
0.35  0.338 10.654  0.882 13.168 
0.36  0.340 10.135  0.840 13.394 
0.37  0.350 10.264  0.854 13.478 
0.38  0.359 10.848  0.905 13.562 
0.39  0.366 11.127  0.927 13.768 

       
       

0.42  0.387 10.397  0.894 14.113 
0.43  0.394 10.454  0.905 14.240 
0.44  0.399 10.767  0.930 14.351 
0.45  0.409 9.444  0.923 13.054 
0.46  0.417 9.431  0.931 13.168 

       
0.48  0.430 9.492  0.951 13.388 
0.49  0.437 9.506  0.961 13.501 
0.5  0.443 9.544  0.971 13.605 
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Table A4-3:3 – Double-Pinned (3rd Mode) Peak Moments and Associated 

Locations 

𝑙  

  Clamping region   Lower Internode   Upper Internode 

  
Height 
(𝑚/𝑚) 

Moment 
(𝑁𝑚)   

Height 
(𝑚/𝑚) 

Moment 
(Nm)   

Height 
(𝑚/𝑚) 

Moment 
(𝑁𝑚) 

0.01  0.095 38.780  0.315 55.231  0.736 59.221 
0.02  0.097 37.771  0.322 53.794  0.743 56.987 
0.03  0.099 36.563  0.329 52.382  0.752 54.936 
0.04  0.100 36.506  0.331 51.401  0.759 54.661 
0.05  0.102 36.226  0.341 50.629  0.767 53.144 
0.06  0.102 36.598  0.341 48.859  0.772 52.776 
0.07  0.105 37.114  0.346 49.245  0.782 54.372 
0.08  0.105 35.941  0.351 46.243  0.788 51.432 
0.09  0.110 35.850  0.364 47.137  0.800 51.813 
0.1  0.112 34.965  0.374 45.740  0.808 49.936 
0.11  0.114 34.857  0.381 44.096  0.814 48.889 
0.12  0.117 35.965  0.390 44.276  0.823 50.186 
0.13  0.120 34.341  0.402 43.180  0.833 48.299 
0.14  0.124 34.413  0.415 43.391  0.841 48.209 
0.15  0.128 32.982  0.426 42.191  0.851 46.682 
0.16  0.130 33.504  0.437 42.227  0.858 47.599 
0.17  0.135 31.732  0.447 41.105  0.868 45.832 
0.18  0.139 31.513  0.459 41.513  0.878 45.701 
0.19  0.145 31.245  0.471 42.167  0.887 45.916 
0.2  0.151 31.072  0.482 42.832  0.898 46.187 
0.21  0.157 29.162  0.491 41.754  0.907 44.579 
0.22  0.171 29.322  0.495 42.802  0.918 46.375 
0.23  0.174 27.129  0.508 41.348  0.928 43.038 
0.24  0.179 27.381  0.519 41.726  0.937 43.730 
0.25  0.188 27.544  0.528 42.776  0.950 43.868 
0.26  0.199 25.763  0.535 41.412  0.960 42.319 
0.27  0.208 26.957  0.540 41.996  0.967 44.174 
0.28  0.210 27.290  0.551 42.981  0.981 43.726 
0.29  0.227 25.817  0.557 41.617  0.993 42.140 
0.3  0.223 26.429  0.570 41.648  0.995 43.279 
0.31  0.239 24.240  0.577 39.815  1.006 41.290 
0.32  0.235 25.428  0.587 40.574  1.013 42.253 
0.33  0.226 28.383  0.594 41.626  1.021 44.364 
0.34  0.251 24.531  0.604 38.926  1.029 41.814 
0.35  0.222 30.342  0.609 41.375  1.038 44.591 
0.36  0.286 21.869  0.624 36.602  1.048 39.352 

          

0.38  0.239 28.572  0.631 38.756  1.065 42.083 
          

0.4  0.261 25.614  0.652 36.610  1.083 40.305 
0.41  0.247 28.093  0.655 36.510  1.092 40.073 
0.42  0.237 29.805  0.660 36.124  1.100 39.536 
0.43  0.233 30.983  0.664 35.532  1.108 38.762 
0.44  0.216 37.223  0.659 35.755  1.116 37.899 
0.45  0.219 36.997  0.665 34.886  1.125 36.729 
0.46  0.213 41.252  0.659 34.875  1.133 35.359 
0.47  0.212 44.484  0.655 34.884  1.142 33.783 
0.48  0.212 46.846  0.652 34.873  1.150 32.115 
0.49  0.213 48.492  0.650 34.805  1.159 30.457 
0.50  0.215 49.412  0.650 34.749  1.170 28.684 
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Table A4-3:4 – Fixed-Pinned (3rd Mode) Peak Moments and Associated 

Locations 

𝑙  

  Clamping region   Lower Internode   Upper Internode 

  
Height 
(𝑚/𝑚) 

Moment 
(𝑁𝑚)   

Height 
 (𝑚/𝑚) 

Moment 
(𝑁𝑚)   

Height 
(𝑚/𝑚) 

Moment 
(𝑁𝑚) 

0.01   0.115 31.956   0.346 53.379   0.746 50.991 
0.02   0.115 32.921   0.343 53.110   0.751 52.875 
0.03   0.117 34.035   0.340 51.729   0.757 53.667 
0.04   0.120 34.029   0.345 51.353   0.765 53.671 
0.05   0.127 31.183   0.366 49.793   0.779 47.923 
0.06   0.127 32.159   0.364 48.711   0.783 48.996 
0.07   0.131 32.365   0.368 48.472   0.790 49.236 

                    
                    
                    

0.11   0.143 32.164   0.393 44.643   0.823 46.862 
0.12   0.149 31.203   0.407 44.787   0.834 45.443 
0.13   0.155 30.231   0.420 43.835   0.846 43.321 
0.14   0.159 30.168   0.427 43.597   0.855 43.321 

                    
0.16   0.160 32.836   0.427 40.803   0.862 47.041 
0.17   0.169 30.815   0.447 41.094   0.875 44.206 
0.18   0.172 30.644   0.457 41.352   0.885 44.503 
0.19   0.174 31.655   0.461 39.021   0.889 45.754 
0.20   0.198 26.809   0.489 43.832   0.933 39.271 
0.21   0.182 31.638   0.482 38.073   0.904 46.831 
0.22   0.194 28.817   0.501 40.025   0.921 43.122 
0.23   0.199 28.511   0.512 39.304   0.928 43.039 
0.24   0.207 27.562   0.524 39.426   0.941 41.878 

                    
0.26   0.219 26.922   0.544 39.668   0.957 42.524 
0.27   0.231 26.078   0.553 39.883   0.971 41.261 
0.28   0.240 25.634   0.562 39.584   0.983 40.668 
0.29   0.239 25.717   0.576 38.455   0.984 41.742 
0.30   0.254 25.188   0.582 39.913   0.999 41.346 
0.31   0.253 25.128   0.595 38.958   1.002 42.408 
0.32   0.271 24.724   0.599 39.015   1.020 40.111 
0.33   0.273 24.648   0.611 39.594   1.021 42.672 
0.34   0.292 24.773   0.612 39.626   1.049 39.258 
0.35   0.296 24.643   0.622 38.801   1.054 39.215 
0.36   0.291 24.261   0.640 37.841   1.051 40.785 
0.37   0.303 24.283   0.646 38.865   1.060 41.686 
0.38   0.314 24.701   0.648 38.075   1.080 39.360 
0.39   0.328 25.416   0.651 39.158   1.101 39.435 

                    
                    
                    

0.43   0.334 24.291   0.700 37.647   1.114 41.546 
0.44   0.330 25.103   0.703 35.722   1.129 38.864 
0.45   0.347 24.610   0.716 37.717   1.134 41.711 
0.46   0.329 25.762   0.721 34.974   1.146 38.368 

                    
                    

0.49   0.358 25.396   0.747 37.071   1.171 41.464 
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Appendix A5: Programs used in Chapter 5 

The following programs were used to generate data corresponding to the figures presented in chapter 5, 

for the optimised diameter choice, CLT layups, error minimisation criteria. 

These scripts are available at the following address: 

https://github.com/AMcGThesis/Appendix/tree/Chapter-5 

Prog 5.1 – The initial diameter selection based on the ‘Test’ wand parameters.  

Program 5.1 uses the similarity criterion to find a pair of diameters which produce 𝛾 = 1.6 and 

𝛾 = 3. This is considered the ‘optimal’ choice, in lieu of other considerations, such as the HDPE 

liner required for gas flow, or a minimum bore diameter for water flow.  

Prog 5.2 – Solves the error minimisation criteria to assess an optimal wand, given the HDPE liner 

restricting internal diameter choice to 42mm. 

Prog 5.3:  

(a) Finalised diameter choice from the Classical Lamination Theory (CLT) model; a bulk 

flexural modulus of 34GPa is obtained 

(b) Analyses the uniaxial component of the layup in Prog 5.3(a); a uniaxial flexural modulus 

of 38GPa is obtained 

(c) Determines the CLT parameters in Prog5.3(a) is consistent with an ‘optimal’ choice by the 

error minimisation criterion  

Prog 5.4:  

(a) Operating Properties of Flaming Harmonic during a gas performance 

(b) Operating Properties of Flaming Harmonic during a gas performance 

Program 5.4 (a) and (b) solve the model for the properties of the dimensionalised cantilever beam 

directly. Then, code in each script interprets the shear and moment polynomials to determine loading 

cases based on the desired deflection (which is, geometric similarity with Rotating Harmonic).  

These values are modified by the stress concentration, chosen fixed-pinned clamping geometry, then a 

maximum operating amplitude is determined in order to produce the maximum allowable stress. 

Both scripts publish property values consistent with operation at the maximum operating amplitude.  
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Appendix A6: Assembly Drawings 

The following section contains technical drawings required to fabricate a drive mechanism for Flaming 

Harmonic 

A6-1: Flaming Harmonic Technical Drawings 

Detailed technical drawings are available at the following address: 

https://github.com/AMcGThesis/Appendix/tree/Chapter-6 

This contains data for the following subassemblies  

 Frame  

 Upper gimbal assembly 

 Lower clamping assembly 

 Drive Linkage 

 Control System with electrical layout diagrams 

 Flow circuitry including the gas, water, and ignition system 

 Nozzle 

 Finial (on top of the wand) 

Technical drawings for a number of these assemblies are included at the end of this document. 
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Appendix A7: Programs used in Chapter 7 

The following programs were used to generate data corresponding to the figures presented in chapter 7. 

These scripts are available at the following address: 

https://github.com/AMcGThesis/Appendix/tree/Chapter-7 

Prog 7.1 – Evaluates the influence of end mass on node height for the original Water Whirler 

Prog 7.2 – Estimates the relationship between choice of node damping constant and system damping 

ratio  

Prog. 7.3 – Simulation of the original Water Whirler 

Programs 7.1 – 7.3 implement the numerical model presented in Chapter 7 to determine their respective 

results.  

Prog 7.4 – Applies the Static similarity criterion from Chapter 3 to determine diametral pairs for a 

wand similar to Robb’s Water Whirler, using structural properties of the ‘test’ wand from 

Chapter 2.  

Prog 7.5 – Evaluates the influence of wall thickness on stress and frequency. 

Program 7.5 evaluates the numerical model, using the similar diametral pairs determined in Program 

7.4 to predict the peak bending stress and resonant frequencies. The model uses the original Water 

Whirler drive mechanism parameters, and evaluates 10m wands with the test wand properties. Finite 

differences to evaluate the stress associated with the curvature of the wand. A convergence study was 

performed in Program 7.7 

Prog 7.6 – Finalised layup choice for the proposed Water Whirler wand from the CLT program 

Prog 7.7 – Convergence study of the Moment and Shear force developed, as the number of links in the 

numerical model is altered.: 
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ITEM DESCRIPTION PART NO. QTY ITEM DESCRIPTION PART NO. QTY
1 RHS-SHUTTLE FH-UGA-01 1 14 NEEDLE BEARING SKF NK 85/35 2
2 CRANKSHAFT MOUNT FH-UGA-02 1 15 UPPER BOOT BEARING SKF 61819 2RS 1
3 UPPER GIMBAL (UG) PLATE FH-UGA-03 1 16 LOWER BOOT BEARING SKF 61815 - 2RS 1
4 UG RING FH-UGA-04 1 17 UG SHAFT SEAL SKF HMSA(10) V 85x105x12 2

5 UG BEARING HUB FH-UGA-05 1 18 PILLOW BLOCK HOUSING  SKF SNL205 TA, 22205, ASNH506-605 
(WITH END CAP) 2

6 UG SHAFT FH-UGA-06 1 19 LINEAR GUIDES MRS-35 4

7 UG SHAFT CAP FH-UGA-07 1 20 U. BOOT RETAINTING RING SPIROLOX EXTERNAL TYPE, 80MM 1

8 WAND CLAMPING BUSH FH-UGA-08 1 21 L. BOOT RETAINTING RING SPIROLOX EXTERNAL TYPE, 70MM 1

9 UPPER BOOT FH-UGA-9 1 22 GREASE NIPPLE M6x1.0 1

10 LOWER BOOT FH-UGA-10 1 23 HUB / PLATE BOLTS M12x1.25x45 6
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12 BEARING CAP SPACER FH-UGA-12 1 25 GUIDE FOOT BOLTS M8x1.25 16
13 NEEDLE BEARING SPACER FH-UGA-13 1 26 BEARING CAP BOLTS M8x1.25 6
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