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ABSTRACT

Over the past few decades, machine learning has become integral to our daily lives.
Deep learning has revolutionized industry and scientific research, enabling us to solve
complex problems that were previously intractable. Similarly, as computer components
have become smaller and more efficient, humanity has gained unprecedented access
to affordable hardware. However, the looming fundamental limits on transistor sizes
have sparked widescale investigation into alternative means of computation that can
circumvent the restrictions imposed by conventional computer architecture. One such
method, called reservoir computing, maps sequential data onto a higher dimensional
space by using deep neural networks or nonlinear dynamical systems found in nature.

Networks of nanowires are currently under consideration for a wide range of electronic
and optoelectronic applications, and have recently been pursued as potential devices
for reservoir computing. Nanowire devices are usually made by sequential deposition,
which inevitably leads to the stacking of wires on top of one another. This thesis builds a
fully three dimensional simulation of a nanowire network and demonstrates the effect of
stacking on the topology of the resulting networks. Perfectly 2D networks are compared
with quasi-3D networks, and both are compared to the corresponding Watts Strogatz
networks, which are standard benchmark systems. By investigating quantities such as
clustering, path length, modularity, and small-world propensity it is shown that the
connectivity of the quasi-3D networks is significantly different to that of the 2D networks.

This thesis also explores the effects of stacking on the performance in two reservoir
computing tasks: memory capacity and nonlinear transformation. After developing
a dynamical model that describes the connections between individual nanowires, a
comparison of reservoir computing performance is made between 2D and quasi-3D
networks. Most previous simulations use the signals from every wire in the network.
In this thesis an electrode configuration is used that is a more physically realistic
representation of nanowire networks. The result is that the two different network types
have a strikingly similar performance in reservoir computing tasks, which is surprising
given their radically different topologies. However, there also exist key differences:
for large numbers of wires the upper limit on the performance of the 3D networks is
significantly higher than in the 2D networks. In addition, the 3D networks appear
to be more resilient to changes in the input parameters, generalizing better to noisy
training data. Since previous literature suggests that topology plays an important role
in computing performance, these results may have important implications for future
applications of nanowire networks.



CONTENTS

Abstract ii
Acknowledgements viii

CHAPTER 1 INTRODUCTION 1
1.1 Artificial Neural Networks 1
1.2 Reservoir Computing 3

1.2.1 Reservoir computing tasks 5
1.2.2 Physical implementations of RC 8

1.2.2.1 Single node RC 8
1.2.2.2 Network RC 11

1.3 Nanowire Networks 13
1.3.1 RC with NWNs 15
1.3.2 Simulations 17

1.4 Network Topology 19
1.4.1 Small-world networks 20
1.4.2 Network topology of NWNs 21

1.5 Thesis Aims and Overview 22

CHAPTER 2 NANOWIRE NETWORK SIMULATION 25
2.1 The Ideal Memristor Model 25

2.1.1 Adaptation to simulate junctions in nanowire networks 26
2.2 Junction Model for Q3D NWNs 32
2.3 Nanowire Network Implementation 33
2.4 Electrical Modelling 35

CHAPTER 3 NETWORK TOPOLOGY 38
3.1 Graph Theory 38
3.2 Results 42

3.2.1 Degree and path length 43
3.2.2 Clustering and comparison with WS networks 43
3.2.3 Modularity and community structure 45
3.2.4 Small-world properties 47

CHAPTER 4 PERCOLATION AND CONDUCTIVITY 49
4.1 Percolation 49
4.2 Conductivity 53



iv CONTENTS

4.2.1 Tunnelling Conductance 54

CHAPTER 5 RESERVOIR COMPUTING 56
5.1 Tasks 56

5.1.1 Memory Capacity 56
5.1.2 Nonlinear transformation 57
5.1.3 Noisy input 58

5.2 Results 58
5.2.1 Memory capacity 59
5.2.2 Nonlinear transformation 61
5.2.3 Noisy input 63

CHAPTER 6 CONCLUSION 67
6.1 Topology and Percolation 67
6.2 RC Performance 68
6.3 Future Work 69

REFERENCES 79



LIST OF FIGURES

1.1 Biological inspiration for artificial neural networks 2
1.2 Echo state network 4
1.3 Nonlinear transformation example 4
1.4 Moore’s Law 5
1.5 NARMA10 task 6
1.6 Nonlinear transformation and higher harmonics 7
1.7 Traditional reservoir computing 8
1.8 Single node reservoir with time delay 9
1.9 Opto-electronic system with feedback 10
1.10 Spintronic oscillator 10
1.11 Mass-spring network 11
1.12 Liquid state machine 12
1.13 Cat visual cortex as a reservoir 12
1.14 Memristor-based RC 13
1.15 Uses of NWNs 14
1.16 Nanowire growth process 15
1.17 Atomic switch network 16
1.18 RC in an experimental NWN 17
1.19 Simulated NWN and nonlinear transformation 18
1.20 Memory capacity in simulated NWN 18
1.21 Memory capacity and nonlinear transformation in simulated NWN 19
1.22 Six degrees of separation 20
1.23 Small-world networks in nature 21
1.24 NWN construction and behaviour 22
1.25 Comparison of NWNs with random networks, artificial neural networks

and c. elegans 23

2.1 Memristor schematic 26



vi LIST OF FIGURES

2.2 The conductive bridge growth process 27
2.3 Soft switching and hard switching in NWN junctions 28
2.4 Collapse of the conductive bridge 29
2.5 Memory effects of Ag-core nanowires with PVP coating 30
2.6 Grid resistor model 31
2.7 NWN and junction schematics 32
2.8 Q3D NWN 34

3.1 Clustering coefficient calculation 39
3.2 Watts-Strogatz networks 40
3.3 Illustration of the calculation of the deviation 41
3.4 2D and Q3D NWN connectivity example 42
3.5 Mean degree and path length 44
3.6 Degree, clustering, path lengths and modularity dependence on the number

of wires 45
3.7 Watts-Strogatz cartographic plane 46
3.8 NWN community structure 46
3.9 NWN small-world propensity 47

4.1 Percolation in NWNs 50
4.2 2D and Q3D percolation probability 51
4.3 2D and Q3D NWN critical threshold 52
4.4 Resistor representation of NWNs 52
4.5 Conductivity in 2D and Q3D NWNs 53
4.6 Tunnelling conductance in Q3D NWNs 54

5.1 Memory capacity task schematic 57
5.2 Nonlinear transformation task schematic 58
5.3 Memory capacities of NWNs 60
5.4 Higher harmonics in NWNs 62
5.5 Nonlinear transformation 63
5.6 Comparison of weights 64
5.7 Evolution of the weights 64
5.8 Nonlinear transformation with noisy input 65



LIST OF TABLES

2.1 Table of parameters used to construct the NWNs 35

3.1 Graph theory metric results 43



ACKNOWLEDGEMENTS

Firstly I would like to thank Saurabh Bose. He was the first person I met from the
Neuromorphic Computing research group, and his enthusiasm and passion for the subject
was instrumental in my decision to pursue neuromorphic computing. Secondly, thank
you to Joshua Mallinson. His expertise and advice have been very much appreciated, and
his knowledge of the subject is astonishing. My supervisor Simon Brown has been simply
brilliant. His patience and mentoring have been indispensible and I could not have asked
for a better supervisor. Thank you to the other members of the group who have given
valuable feedback on writing and ideas: Zac Heywood, Phil Bones, Matt Arnold, and
Susant Acharya. I have been in awe of this group of people since the first group meeting,
in which I understood not a single word.

Further thanks to Kourosh Neshatian and James Atlas for useful discussions regarding
machine learning, and to Matthew Pike for his help with navigating the computer systems
and teaching me Git.

Thank you to the University of Canterbury, the MacDiarmid Institute of Advanced
Materials and Nanotechnology, and to the Ministry of Business Innovation and Employ-
ment for facilitating this research.

Thank you to my parents, Tracy and John for always telling me to just go for it.
Finally, to my partner Brittany: I really cannot stress enough that this would not have
been possible without you. I can not think of a better person to share my life with.
Here’s to the many cats that we will adopt together.



Chapter 1

INTRODUCTION

In 2012, the world changed. On September 30th, a new type of artificial neural network
(ANN) called AlexNet1 won the annual ImageNet Challenge, in which teams compete
every year to classify more than 14 million images into 20,000 categories. In the 2011
competition, the top team had an error rate of 26% – a very respectable score. In the
2012 competition, AlexNet achieved an error rate of 15% – more than 10% lower than its
closest competitors. This was a landmark moment for computer vision and ANNs, and as
other teams implemented similar architectures, the error rates quickly began to tumble.
By 2015, the networks were exceeding human-level performance with less than 5% error,2

and in the 2021 competition, the error rate was less than 1%. Now after ten years of
astonishing progress, machine learning and artificial intelligence have revolutionized the
analysis of scientific data and industry applications.3 Computers can now drive cars, beat
human players at complex games,4 and solve problems in biology and physics that were
previously intractable.5

Over the past few years, the performance improvements from ANNs have gradually
slowed, and it is becoming clear that we must pursue alternative means of computation.6

This chapter first presents the general ideas behind how ANNs work, before transitioning
to reservoir computing (RC) as an alternative paradigm for machine learning. Nanowire
networks (NWNs) are then introduced as a potential substrate for RC. Finally the field of
graph theory is introduced before a brief discussion on some of the topological properties
that might make NWNs ideal candidates for RC.

1.1 ARTIFICIAL NEURAL NETWORKS

Initially inspired by biological neurons (Figure 1.1a), ANNs essentially take an input and
feed it through a series of layers composed of nodes. Each one of these layers transforms
the data in some way. At their core, ANNs are function approximators. Suppose that the
goal is to classify images of handwritten digits from 0 to 9 – that is, to take any image in
a dataset of digits, feed the image into the ANN, and have the network output a number
from 0 to 9. Any image can be represented by an array of numbers, x. For example
in a black and white image, each pixel contains a number from 0 to 255 essentially
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Figure 1.1 Biological inspiration for artificial neural networks. (a) A biological neuron takes input
from other neurons at the dendrites. Once the amount of input reaches a critical threshold, the neuron
‘fires’, sending an electrical signal down the axon. (b) Artificial neurons operate on a similar principle,
summing weighted inputs and outputting a transformed version of that sum. (c) Many neurons are joined
together via synapses, and this architecture is roughly mirrored by ANNs in (d).

indicating how ‘black’ that pixel is. This array defines the input. Suppose that there
is a mapping y = f∗(x) that fits every x in the dataset (i.e. each input digit) to the
correct classification y. The goal then is to find the best approximation to this mapping
ŷ = f(x,w), where w are the internal parameters that can be adjusted within the
network.

Continuing with the example of image classification, in order to find w, an image is
fed into an ANN, and the network attempts to then classify the image. A loss function
is defined that says how far away the network prediction was from the true value, and
w is adjusted so as to minimize this loss function using the gradient descent algorithm.
This processes is called training, and is done for each image in the training set (a portion
of the dataset put aside for training), the result is a model that should make accurate
predictions on a testing set (the remainder of the dataset that was not used for training).
Of course, there is no guarantee that the mapping f∗ is linear, so ANNs should be able
to approximate complicated nonlinear functions.

The way that nonlinearity is ensured is to force each node to produce a nonlinear
output via an ‘activation’ function, such as a sigmoid or hyperbolic tangent function. In a
densely connected network, each node in a layer will receive input from every other node
in the preceding layer. The node then takes a linear combination of the inputs from the
preceding nodes, and transforms the resulting sum with the activation function (Figure
1.1b). The coefficients in this linear sum represent the strength of the connections between
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the node and the nodes in the preceding layer – similar to the synaptic connections
between biological neurons, strengthening or weakening as the brain learns (Figure 1.1c,
d). These coefficients are typically called weights, and are the adjustable parameters, w,
that allow the network to ‘learn’.

ANNs can be generally divided into two categories: feed-forward neural networks
(FNNs) and recurrent neural networks (RNNs). FNNs are typically used on tasks that
are are time independent, such as image classification, where a whole image is input
into the network instantaneously. Conversely, RNNs are used on tasks that involve a
temporal element, such as time-series data (weather data, stock prices, natural language,
etc.). In this case, input data is fed into the network over a sequence of discrete time
steps. A RNN is a neural network whose internal state is a function of previous inputs.
In other words, the recurrent connections in RNNs form internal loops so that at each
time-step the network state is dependent upon both present inputs, and those from the
recent past. At each time-step the output of the network is therefore dependent upon
previous inputs,7,8 endowing the RNNs with a fading memory of past inputs.

1.2 RESERVOIR COMPUTING

Reservoir computing (RC) was originally designed to circumvent the exhaustive training
procedure required when using back-propagation to train RNNs.9 Instead of training
all of the internal weights of the network, it was proposed that they should remain
fixed, leaving only a linear readout layer to train. This prototypical RC was called an
Echo State Network (ESN). A sparsely connected, fixed-weight RNN acts as a reservoir
(Figure 1.2). When the RNN is fed the training data, the resulting sequence of reservoir
states represents a nonlinear transformation from the input space to a higher-dimensional
feature space. The output weights are then found using linear regression.10 Since the
reservoir is comprised of a RNN, it also inherits the fading memory properties of the
RNN.11,12

A key insight that RC shares in common with a number of other machine learning
algorithms is the strategic use of Cover’s Theorem. Cover’s Theorem essentially says
that given a data set that is linearly inseparable, when transformed nonlinearly into a
higher dimensional space, it is much more likely to be linearly separable13 (Figure 1.3).
This concept is not new to machine learning. Various ‘kernel trick’ algorithms such as
support vector machines use a kernel function to map inputs into a higher dimensional
feature space before performing classification.

One of the main advantages of the ESN is that it overcomes some of the pitfalls of
earlier RNNs. As mentioned previously, the weights in RNNs are adjusted via gradient
descent. This can be computationally expensive and provides no guarantee of convergence
on optimal weights.12 In recent years, the advantages offered by ESNs have largely been
overtaken by advances in Deep Learning, but ESNs remain viable for simple systems that
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Figure 1.2 An ESN using an RNN as the reservoir. The input weights W in, and the internal weights
in the reservoir W are fixed to random values. The output weights W out are then trained with linear
regression. Reproduced from [10] under a Creative Commons License.

Figure 1.3 Nonlinear transformation example. The dataset in 2D is not separable with any linear
boundary - there is no straight line that can be drawn to separate the blue squares from the red dots.
However when transformed into a higher dimensional space, we see that a plane separates the two different
classes.

require cheap and fast training.12 The ESN also has the disadvantage of being a software
RC implementation. It is therefore constrained to conventional hardware architectures
that are still subject to the bottleneck caused by the fetch-execute instruction cycle
of the von Neumann architecture.14 Although many CPUs and GPUs allow parallel
processing, limitations in fabrication technology and fundamental limits on transistor
size will eventually bring an end to Moore’s Law15–17 (Figure 1.4). This has motivated
an increased interest in ways to circumvent these limitations.18 Therefore, in recent years
the shift has been toward physical RC as way to realise hardware implementations of
neural networks.10

Any system that dynamically responds to input can potentially be used as a reser-
voir. But in order for the physical system to be successful it must meet four main
requirements:10

1. It must be able to map the input to a higher dimensional space.
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Figure 1.4 Moore’s Law and microprocessor trend data from the last 50 years. Over the last 10 years,
we have seen a reduction of the rate of increase of single-thread performance and performance, despite an
exponential increase in transistors per unit area, and an increase in cores. On the positive side, we have
also seen a reduction of the rate of increase of power required to run microprocessors. Data collected by
M. Horowitz, F. Labonte, O. Shacham, K. Olukotun, L. Hammond, C. Batten, and K. Rupp.

2. The mapping must be non-linear.

3. It must have short-term memory.

4. It must be insensitive to noise.

The first two conditions are required in order for the linearly inseparable inputs to be
become linearly separable. The third requirement (the fading memory property) ensures
that the reservoir is able to pass on information about the recent past, but not necessarily
remember the full history of inputs. For example, recent weather events on the order of
days will be more important for predicting future weather events compared to weather
events on the order of centuries in the past. The final requirement (also called the
separation property) means that the reservoir can distinguish between distinct signals
and yet be insensitive to noise such that those signals which are similar can still be put
into the same class.

1.2.1 Reservoir computing tasks

Before examining physical implementations of RC, it is helpful to review some of the
tasks that are typically performed by RC models. These tasks allow the exploration
of whether candidate reservoirs have some or all of the properties listed above. This
list is not exhaustive. In almost all cases, linear regression is used to fit the output of
the reservoir to a target function. The first three tasks are tasks designed to test the
reservoir properties, and the final two tasks are practical applications of RC.
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Figure 1.5 NARMA10 task. The input (blue) to the reservoir is drawn uniformly from [0, 0.5]. The
target (red) function is then created using Equation 1.1. Reproduced from [19] with permission.

Nonlinear Auto-regressive Moving Average (NARMA) and Memory Capacity
NARMA10 is a chaotic time series prediction task.20 A sequence u(k) of random values
drawn uniformly from the range [0, 0.5] is fed into the network. The aim is to then predict
a target function y(k), given by

yk+1 = 0.3yk + 0.05yk
[ 9∑
i=0

yk−i

]
+ 1.5ukuk−9 + 0.1 (1.1)

The reservoir must therefore retain some memory of 10 previous input values in order to
produce the target function (Figure 1.5). The metric used to determine how closely the
reservoir can reproduce the target function is usually given by the normalized root mean
square error (NRMSE, discussed further in Section 5.1).

Another task similar to NARMA10 is the memory capacity (MC) task. Instead of
Equation 1.1, the target function is a delayed version of the input signal. For every delay
k, the squared correlation between the prediction and the target MCk is found, and MC
is then the sum of these values. This task is discussed in more detail in Section 5.1.1.

Nonlinear Transformation and Higher Harmonic Generation
Nonlinear transformation (NLT) is the act of transforming the input sequence such that a
linear combination of the output values can be used to produce a sequence that would be
impossible to produce using a linear combination of the input values alone. For example,
a square wave can be produced by a combination of the odd harmonics of a sine wave
(Figure 1.6a, b),

F (t) = sin(t) + 1
3 sin(3t) + 1

5 sin(5t) + 1
7 sin(7t) + ... (1.2)

Suppose a sine wave is fed into the reservoir in Figure 1.3, and the output is read from
the 5 output nodes. If the outputs can be linearly combined to produce a square wave,
then the input must have been nonlinearly transformed, since no linear combinations
of the fundamental can produce a square wave. Higher harmonic generation can be
used as a measure to assess the ability of the reservoir to transform the input into the
higher-dimensional representation space. Since the harmonics are simply waves whose
frequency is an integer multiple of the fundamental frequency, the power spectrum of the
output signal can be used to determine the presence of higher harmonics (Figure 1.6c).
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Figure 1.6 Nonlinear transformation and higher harmonics. (a) The fundamental sine wave (blue) and
the first four odd harmonics. The harmonics have odd integer multiples of the fundamental frequency.
(b) A linear combination of the waveforms in (a) approximates (blue) a square wave (orange). (c) The
Power spectrum of the blue waveform in (b), showing the fundamental frequency and the four additional
frequencies.

The metric used to assess NLT performance is typically the NRMSE. More details of the
NLT task and HHG are given in Section 5.1.2.

Waveform Discrimination
The simplest waveform discrimination task is the classification of sine waves and square
waves.21 The input to the reservoir is a random sequence of sine and square waves and
for each waveform, the network must output a binary value (e.g. 1 for a sine wave, and
0 for a square wave). The performance metric is then simply the percentage of correct
classifications. This task can be generalized to an arbitrary number of waveforms using a
winner-takes-all approach to prediction.

Nonlinear Channel Equalization
Nonlinear channel equalization is required when sending a signal via a wireless communica-
tion channel.22 A sequence of characters s(n) is converted to an analogue envelope signal
d(n) and modulated on a high-frequency carrier signal. This signal is then transmitted
to a receiver and demodulated into an analogue signal u(n), which is a corrupted version
of d(n). This corrupted signal is passed through the reservoir and restored as close as
possible to d(n), before being converted back into a symbol sequence. The performance
measure is then the percentage of correctly restored symbols.

Spoken Digit Recognition
The aim of this task is to correctly classify spoken digits. The dataset is typically the
NIST TI-46, a collection of digits spoken by five different female speakers, with each
speaker saying each digit ten times. Each raw audio waveform is first broken down
into Nτ segments of time τ using a Fourier transform (or cochlear filter), giving Nf
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Figure 1.7 Traditional reservoir computing. The inputs are randomly connected to the nodes in the
reservoir. The connections between nodes in the reservoir are random and fixed, and hence untrainable.
Spatial and recurrent connections between nodes cause a projection of the input into a higher dimensional
feature space. Reproduced from [20] under a Creative Commons License.

frequency channels. A random binary mask is then applied to the frequency channels of
each time interval, and they are then fed sequentially into the reservoir. The nonlinearly
transformed output of the reservoir is then input into ten linear classifiers which give a
final output ŷi, one for each digit. Correct classification of digit i is then ŷi = 1 and 0 for
the others.23

1.2.2 Physical implementations of RC

In the prototypical reservoir computer, fading memory was achieved by way of the
recurrent connections within the ESN. In order for a physical device to have fading
memory, there should be spatially separated connections within the device that form
cycles such that information in previous time-steps is combined with information at the
present time-step (Figure 1.7). Reservoirs of this kind will be discussed later, but it
is also possible to achieve fading memory by using a single nonlinear dynamical node
accompanied by a delay line – after some fixed time, the state of the node is sampled and
combined with the input before being fed back into the node. This variant of RC is called
time-delay RC (TDRC). Implementations of TDRC will be discussed first, before moving
onto networks of nodes. RC systems can be split into multiple categories, including
but not limited to: dynamical systems, photonic, electronic, mechanical, memristive,
and biological. Some of these categories are discussed here along with some canonical
examples of each.

1.2.2.1 Single node RC

The simplest TDRC system is the single node reservoir with time-delay20 (Figure 1.8a).
First a delay time τ is defined. N virtual ‘nodes’ are then created, separated in time by
θ = τ/N . An input signal is discretized and multiplexed with a mask, such that each
point in the input signal is ‘expanded’ via a sample-and-hold procedure into N input
points each with a time of θ (Figure 1.8b). The input signal is then fed into a nonlinear
device. One way in which this scheme has been implemented is with a Mackey-Glass
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Figure 1.8 A single node reservoir with a delay line. (a) A delay line of time τ is divided into N
virtual ‘nodes’ separated by time θ. The input signal is sampled-and-held, and multiplexed with a mask
resulting in an input stream J(t). This is then added to the delayed state of the reservoir before acting
as the input to the nonlinear node. The output is then the linear combination of the state of the virtual
nodes. (b) Details of the preprocessing procedure. A signal u(t) is discretized and sampled-and-held for
time τ to produce I(t). The final input sequence, J(t), is then given by multiplying I(t) with a random
matrix M . Reproduced from [20] under a Creative Commons License.

circuit with delayed feedback.20 The result is that at each time step, the node receives
the input, plus the state of the delayed virtual nodes. The linear combination of the
states of the virtual nodes then defines the output, and the weights are trained using
linear regression. With increasing time delay, the inputs more distant in the past have a
smaller contribution to the output at any time. This action is what satisfies the third
criterion mentioned at the beginning of Section 1.2.1. The single node reservoir has been
implemented successfully for time series prediction, and spoken digit classification.20,21

TDRC can be implemented using a simple photonic device consisting of a single
node with feedback, similar to that described above and in [20]. The input, instead
of being a voltage signal fed into a Mackay-Glass circuit, is light from a laser source.
The light is first sent to a modulator, then is amplified in a photodiode and sent back
into the modulator combined with the input signal from the laser (Figure 1.9). The
output can then be obtained by sampling from the photodiode. This simple device has
been demonstrated on NARMA-10, nonlinear channel equalization, and spoken digit
recognition.10

A more recent method of TDRC uses a spintronic reservoir such as the spin-torque
oscillator (STO).21,23 The STO consists of two ferromagnetic layers separated by a tunnel
barrier. When a current is passed through the device, electrons within the first layer
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Figure 1.9 An opto-electronic system with feedback. The principle behind this device is similar to that
featured in Figure 1.8a, except with light from a laser. A light signal enters the modulator, is amplified
by a photodiode, and is then combined with the incoming light signal and fed back into the modulator,
giving the reservoir its fading memory. Reproduced from [10] under a Creative Commons License.

become spin-polarized. After tunnelling through the barrier, they reach the second
magnetic layer and the electrons relax back into lower energy states of opposite spin,
transferring angular momentum to the second layer. If the current is high enough, it
can destabilize the magnetization entirely, causing magnetic oscillations, which are then
converted to electrical oscillations by magnetoresistance effects caused by an external
magnetic field. By inputting a separate time-varying current into the device (Figure
1.10a), the oscillations can be perturbed away from the normal operating range, and
the output voltage can be measured (Figure 1.10b). This output can then be used as a
nonlinear mapping of the input and the relaxation time of the oscillations back to their
normal operating range provides a type of fading memory. STOs have had some success
in spoken digit classification.23

Figure 1.10 A spintronic oscillator. A DC current IDC is fed into the STO simultaneously with the
input Vin. The OST emits a microwave Vosc in response to the input stimulus which is then measured by
a microwave diode. (b) An example of Vin (top, pink) fed into the OST and the output Vosc (bottom,
grey) read from the diode. The dotted blue line is the envelope of Vosc. The envelope is sampled at 7
points in order to do computation. Reproduced from [23] under a Creative Commons License.
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Figure 1.11 Mass-spring network. (a) A mass-spring network is a series of masses connected with
nonlinear springs and held in place by fixed nodes (red squares). (b) An input consisting of a sequence of
horizontal forces scaled by a weight are then fed into selected nodes (green). (c) The readout from the
network is the weighted sum of all spring lengths. (d) The force at any particular node is the sum of all
forces acting on the node. Reproduced from [24] under a Creative Commons License.

1.2.2.2 Network RC

As described at the beginning of Section 1.2.2, reservoirs comprised of networks of nodes
with complex connections now no longer need a delay line. Instead, the input sequence is
fed into one or more input nodes, and the output is read from multiple output nodes in
order to capture the spatial interactions between regions of the reservoir. In this section,
a simple mechanical system is presented, followed by some biologically inspired systems.

A simple mechanical approach to RC is to use systems of coupled oscillators. A
simple oscillator reservoir consists of a network of masses connected by nonlinear springs
(Figure 1.11). A force is applied to selected ‘input’ masses in order to displace them
and the ‘output’ is then a linear sum of the spring lengths at one instance in time. The
nonlinear response of the reservoir has been used to perform time series approximation
or pattern generation tasks.24 An advantage of using coupled oscillators is that they
are highly prevalent in nature, and many physical phenomena can be approximated by
oscillators. It is therefore relatively straight forward to apply models of coupled oscillators
to a more general network structure.

The human brain is possibly the most complex piece of biological machinery on
Earth. The brain and the ancillary nervous system are able to perform vast amounts
of computation almost instantaneously, and with very little energy cost. There are the
obvious comparisons between ANNs and the function of networks of biological neurons as
discussed in the beginning of Section 1.1, but the brain can provide further inspiration on
how to construct a physical reservoir. One approach is to emulate the spiking pattern of
individual neurons as in the Liquid State Machine (LSM). The LSM uses spiking neural
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Figure 1.12 A liquid state machine. In this case the reservoir is a spiking neural network, where the
neurons are meant to imitate biological neurons. As with ESNs, only the output weights are trained
using a cheap algorithm such as linear regression. Reproduced from [25] ©2011 IEEE.

Figure 1.13 Cat visual cortex as a reservoir. (a) Cats are shown three visual stimuli A, B, C and the
spike trains are recorded. (b) The spike trains are then convolved with an exponential kernel, and then
used as inputs to a classifier (c). Adapted from [27].

networks (SNN) designed to emulate leaky-integrate-and-fire biological neurons (Figure
1.12).26 The name liquid comes from the connectivity in the networks – the probability
that two neurons are connected is a function of the distance between them, and so the
network response exhibits ‘ripples’ in neuron activity, similar to the ripples in a liquid,
when given some stimulus. This can implemented in software, or in hardware such as
field programmable gate arrays (FPGAs).10

Actual biological neuronal networks can also be used as a reservoir. Experiments
have shown that parts of the primary visual cortex have the fading memory property.
In vivo spiking trains recorded in the visual cortex of the cat were used as reservoir
states to classify sequential visual stimuli using a simple linear classifier (Figure 1.13).27

Experiments have also been conducted on in vitro samples of cortical tissue.28,29 The
samples were exposed to two different voltage patterns via an input electrode and the
spike trains recorded from a readout electrode. The spike trains were then transformed
into time-continuous reservoir states and a SVM was used for classification.
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Figure 1.14 Memristor-based RC using WOx memristors. The image is converted into voltage pulse
streams and fed into separate memristors at different rates. Linear regression is then used to perform
classification. Reproduced with permission from [34].

Finally, RC can also be implemented in memristive devices. Memristors are discussed
in detail in Section 2.1, but in brief, a key characteristic of a memristive element is
that its resistance depends on past electrical current input.30 Memristors were originally
posed as the fourth fundamental circuit element (along with the resistor, the inductor,
and the capacitor), but there is some debate as to whether the memristor is truly
fundamental.31 However, memristive properties have been shown in experimental devices
usually consisting of two metal layers connected by an insulating layer known as a
metal-insulator-metal (MIM) junction.32 On their own, these junctions exhibit switching
behaviour from a high resistance state (HRS) to a low resistance state (LRS) that make
them good candidates for spiking neurons in SNN. Together, they may exhibit dynamical
behaviour that is similar to that seen in the brain and is central to various learning and
perception mechanisms.33

One of the first physical realizations of a memristor reservoir device was created by
Du et al. An image from the MNIST data set is converted into voltage pulse streams and
split into segments which are then fed into separate Tungsten Oxide (WOx) memristors
(Figure 1.14). Linear regression is then used to fit the transformed output signals to
classify the digits, achieving up to 91.5% accuracy.34 Since the memristors used in this
device are independent from one another, there are no recurrent interactions between
the memristors. In the next section, NWNs are discussed as potential memristive RC
devices.

1.3 NANOWIRE NETWORKS

Networks of nanowires and nanotubes have a range of potential applications in photo-
voltaic, optoelectronic, and sensor devices such as flexible transparent electrodes, organic
light emitting diodes, and bioelectric interfaces.35–43

Of the many metallic nanowires produced, silver nanowires (AgNWs) are the most
promising for conductive film applications due to their high electrical conductivity and
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Figure 1.15 Uses of NWNs. (a) An example touchscreen made using AgNWs (b) Characteristic I-V
curves from solar cells constructed from AgNWs (red) and CuNWs (blue), with and Indium Tin Oxide
cell as a reference (black). Adapted from [35].

transmittance compared to other metallic wires such as those made from gold (AuNWs) or
copper (CuNWs).43 As a result of these superior optoelectronic properties, AgNWs have
been pursued as promising flexible transparent electrodes and organic electronics35,44

(Figure 1.15).

A number of techniques to synthesize AgNWs have been explored, but by far the
most successful is the polyol method.33 The polyol method was first introduced to develop
micron and sub-micron sized metallic powders by using silver nitrate (AgNO3) as a
silver source.45 It was then extended to AgNWs using ethylene glycol (EG) as a polyol
which acts as a solvent and reducing agent46 (Figure 1.16a). Platinum nanoparticles (Pt
NPs) are made by the reduction of PtCl2 with EG, which are then used as seeds for the
formation of multiply twin particles (MTP) with a decahedral shape44 (Figure 1.16b).
The MTP surface is bounded by ten {111} facets, minimizing the surface energy. The
two end boundaries then present the highest energy sites for Ag atoms to bind to in a
process called Oswald ripening. The addition of polyvinylpyrrolidone (PVP) is essential
to the process - during elongation, new {100} facets form on the sides of the MTP which
must be stabilized. The interaction between the PVP and the {100} facets is much
stronger than with the {111} facets and so the PVP selectively binds to these facets via
the oxygen and nitrogen atoms within the PVP itself. This then allows Ag atoms to bind
exclusively with end surfaces of the growing AgNW (Figure 1.16c). This process has
been refined and scaled up to produce large amounts of wires in an efficient manner.47–49

The nanowires can subsequently be suspended in isopropyl-alcohol for storage.

Once the nanowires are manufactured, there are a number of ways to create films
of NWNs, and many of them are easily scaled to large surfaces.44 One such method is
drop casting.33 This involves dropping a volume of AgNWs in solution onto a substrate
(such as silicon dioxide, SiO2). The resulting network can then be dried using a vacuum
desiccator. Another common method of producing AgNW FTEs is spin coating. The
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Figure 1.16 [Nanowire growth process. (a) An overview of the nanowire formation from the use of a Pt
seed, to the formation of the Ag MTP and its elongation with the assistance of PVP into full nanowires.
(b) The {111} facets (blue) on the ends of the wire present the best active sites for Ag atoms to bind to
(red lines); the PVP binds to the {100} facets (grey). (c) This binding of the PVP to the {100} facets
means that only the {111} facets are available for new Ag atoms. Adapted from [46].

suspended nanowires are dropped onto a substrate which is then spun in a centrifuge.
The nanowires are evenly dispersed into a film due to the centrifugal force of the rotation.
The thickness of the film can be easily controlled by adjusting the rotation speed. In
addition to these two methods, there are a number of others: spray coating; doctor blade
coating; roll-to-roll slot die coating; and Meyer rod coating. However, these methods are
not typically used for creating NWNs for RC.33

The introduction of this PVP layer around the metallic core is problematic for
creating highly conductive films of nanowires, since the PVP presents a physical barrier
to current flow, and therefore decreases the sheet conductivity of the film. There are
a number of methods to try to and reduce the contact resistance between wires such
as mechanical compression and thermal treatment,33 but as discussed in more detail
in Chapter 2, the presence of the PVP allows for the formation of MIM memristor
junctions at the points where two wires make contact.33 During dropcasting, since the
NWs are 3D objects, they stack on top of one another, similar to the children’s game of
pick-up-sticks. Any attempts to compress the NWN into essentially a 2D plane would
lead to the reduction or destruction of this layer which could destroy any memristive
effects in the junctions. The existence of this gap between the wire cores is vital if NWNs
are to be used for RC.

1.3.1 RC with NWNs

Interest in using NWN for computation was first stimulated by the seminal work on
atomic switch networks (ASNs).50,51 Cu posts are deposited on a substrate by electron
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Figure 1.17 Atomic switch network (ANS). (a) SEM of an ASN. The inset of (a) shows the Cu posts
deposited by electron beam lithography. (b) A magnified image showing the interaction with the Pt
electrodes. The wires have thickness ranging from 100nm to 3µm, and lengths ranging from a few microns
to nearly a millimeter. Reproduced from [50] under a Creative Commons License.

beam lithography. Aqueous AgNO3 is then dropcast onto the area covered by the posts
and in between an arrangement of electrodes. The Cu posts then serve as seeds for the
growth of Ag dendrites across the substrate (Figure 1.17a, b). Finally, the silver wires are
sulphurdised forming an insulating layer of Ag2S between the wires. This then creates
very many Ag|Ag2S|Ag MIM junctions. Under a voltage bias, these junctions experience
the migration of Ag+ ions into the junction, forming conductive filaments which can
repeatedly break and reform, resulting in rapid changes of the junction conductance. This
device, which is simple and cheap to manufacture, has been shown to exhibit memristive
behaviour.51

The focus of this thesis, and a more recent approach, is to use AgNWs with an
insulating layer such as PVP,52,53 as described in the previous section. When a number
of these wires are deposited randomly over a substrate with random orientations, they
form a complex system of MIM junctions.33 As with the ASNs, the conductance changes
within individual junctions leads to complex recurrent behaviour in the network that can
potentially be exploited for RC applications.54

It has been also been suggested that NWNs mimic some of the complex biological
structures of the brain.50,55,56. And indeed, NWNs have not only been shown to exhibit
memristive properties52, but also complex neuromorphic, or “brain-like”, behaviour such
as paired-pulse facilitation (PPF)52 and winner-takes-all behaviour.55 The current outputs
of these networks have also shown 1/f power-law power spectral density, which could be
evidence for underlying scale-free dynamics.53 One example of an experimental device
that has been able to perform RC tasks is from Milano et al. They have developed a NWN
combined with a memristive resistive switching memory read-out layer (ReRAM), to
demonstrate a fully in materia implementation of RC.57 This device was able to perform
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Figure 1.18 RC in an experimental NWN. A 4 × 4 pattern is first converted into a four voltage
sequences, each with four time frames, which are then input into four input electrodes. The reservoir state
is the collective state of the output voltages from three of the electrodes that are monitored over time using
a read voltage applied to the fourth electrode in addition to the input sequence. The output sequences
are then fed into a crossbar ReRAM array that produces four outputs consisting of the input voltages
multiplied by the conductance weights stored within the array that are used for the final classification.
Reproduced with permission from [57].

the classification of 4× 4 patterns (Figure 1.18, far left). The pattern is converted into
four voltage input sequences with four time frames and fed into the electrode pads of
the NWN. The reservoir state is then the collective state of three of the input pads
that are obtained by applying a small read voltage to the fourth pad (in addition to the
input voltage sequence). The reservoir state is then fed into a FNN implemented on
the ReRAM (Figure 1.18, far right). This device was able to achieve a classification of
accuracy of 90%.

Advances in imaging technology have given us an insight into the physical mechanisms
behind the memristive junctions within NWNs.33 This allows us to develop process and
statistical models that might elucidate complex emergent behaviour and explore potential
RC applications without the high cost associated with building physical devices. In the
next section, some preliminary results in RC using simulations of NWNs are presented.

1.3.2 Simulations

The implementation details of the NWN simulations and junction models used in this
thesis are discussed in detail in Chapter 2, and so are not discussed here. Instead some
key results from one group in particular who have pioneered this area are presented.
Figure 1.19a shows the implementation of a simulated NWN with 100 wires.58 Higher
harmonics are produced by a single output node when the network is driven with a sine
wave (not pictured). Figure 1.19b shows the results of the NLT task when using a NWN
with 700 wires. A sine wave is transformed into a square wave, achieving an accuracy of
92% when using piecewise regression. Note that accuracy is considerably lower (58.1%)
when using a 100 wire NWN with nonpiece-wise regression (not pictured). Other groups
have also shown that simulated NWNs are capable of higher harmonic generation (HGG)
and sine wave generation.59,60

Using the same junction model, the same group also tested the memory capacity of
NWNs.61 In Figure 1.20, the networks were pre-initialized by applying a Mackey-Glass
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Figure 1.19 Simulated NWN and nonlinear transformation. (a) Schematic of an example NWN with
input electrode (green star) and output electrode (red star). (b) The nonlinear transformation of a sine
wave into a square wave (target is the red curve, prediction is the blacked dashed curve), achieving a 92%
accuracy. Reproduced from [58] under a Creative Commons License.

Figure 1.20 Memory capacity in simulated NWN. (a) Change in MC with respect to pre-initialization
time (see text) for networks with 700 wires with different mean degree 〈k〉. (b) Maximum MC achieved
for networks with 100 wires with respect to 〈k〉. (c) Average MC with respect to pre-initialization time
for NWNs with varying numbers of wires (50 – 300). Reproduced from [61] under a Creative Commons
License.

input signal to capture unique junction conductance distributions for different times. As
the network is exposed to the signal for longer, more junctions switch to the LRS, and
conductance across the network increases significantly. Figure 1.20a shows that MC is
maximized for a variety of networks with different mean degree 〈k〉, when the networks
are in a critical-like activation state. Figure 1.20b shows that as the mean degree 〈k〉
increases, MC also increases and plateaus. When 〈k〉 increases beyond ∼ 80, MC drops
off sharply. This indicates that there is a range of optimal connectivity for NWNs to
perform the MC task. Note that Figure 1.20b shows the best performing network out of
16 possible networks, and therefore may not be indicative of typical performance. Figure
1.20c shows that networks with more wires achieve a significantly higher memory capacity.
NLT performance is also maximized at this critical-like activation state.

This maximization of performance can also be seen in the change in MC and NLT
with increasing voltage of the input signal62 (Figure 1.21a, b). As the voltage is increased,
performance in both the MC and NLT tasks improves. Also shown in Figure 1.21a, b are
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Figure 1.21 Memory capacity and nonlinear transformation in simulated NWN. (a) MC with increasing
voltage for four different network types: crossbar array, random network, c. elegans, and NWNs. Error
bars are standard error of the mean for 10 networks. (b) NLT with increasing voltage for four different
network types. Reproduced from [62] under a Creative Commons License.

the performance of random network, a crossbar array, and the c. elegans network. All
networks outperform the NWN in the MC task at low voltages. Similarly for the NLT
task, the NWN underperforms the other network types at low voltages. It is important
to note that many of the RC implementations in this section have used a single input
and ground electrode and therefore do not consider the impact of multiple electrodes
and electrode geometry on performance. In addition, immeasurable quantities such as
the wire voltages are used for performing the tasks.

The same group have also shown some evidence of neuromorphic properties in
simulated NWNs such as neural avalanching,63 short- and long-term memory,64,65 and
multi-tasking.62 There is strong evidence to suggest that many of the cognitive functions
in the brain are heavily dependent upon the underlying structural topology.66 NWNs
could offer the chance to emulate the complex structural connectivity in the brain that
would otherwise be impossible with a top-down approach. However it is currently not
fully known how different network architectures will affect performance in NWNs but it
has been suggested that in general, information processing and signal propagation are
enhanced in networks with certain topological properties.67,68 Examining the underlying
topology of NWNs could provide a means to elucidate these effects.

1.4 NETWORK TOPOLOGY

At the beginning of the 20th century, Hungarian author and playwright Frigyes Karinthy
challenged anybody to find a single person that he was not connected to via at most five
people.70 It was not until the 1960s when this challenge was accepted by psychologist
Stanley Milgram.i Milgram’s idea was to find the probability that two people randomly

iPerhaps most famous for the Milgram Experiment testing compliance to authority. Subjects were
instructed to ask questions to a ‘learner’ and, if the learner answered incorrectly, to deliver electric shocks
of increasing severity. Most subjects continued to shock the learners even after the electric shocks would
obviously have been fatal. Perhaps more troubling – the experiment has been repeated many times with
consistent results.
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Figure 1.22 Six degrees of separation. Stanley Milgrams experiment to determine the average path
length between two randomly chosen people via acquaintance. The people in the population can be
modelled as nodes in a graph, with edges representing acquaintance. The average path length between
two randomly chosen people is approximately six. Adapted from [69]

.

chosen from the general population of the USA know one another.69 This question can be
framed as a graph problem: every person is represented by a point called a node. If two
people know each other then an edge is drawn between the two nodes that represent those
two people. The question then becomes: what is the average path length of this network?
Milgram’s original experiments found that the mean path length between two people
was approximately six (giving rise to the popular phrase “six degrees of separation”)
(Figure 1.22). In an attempt to quantify this intuitive notion, in 1998 Duncan Watts
and Steven Strogatz introduced the idea of local clusters within networks and used them
to formulate the small-world network – a special type of random network that allowed
information to propagate quickly and efficiently.71

1.4.1 Small-world networks

Although Watts and Strogatz do not give a rigorous definition, small-world networks
are typically characterized by having high amounts of clustering and short average path
lengths (mathematical details are presented in Section 4.1).

Investigations into the connectome of the Caenorhabditis elegans flatworm were
some of the first discoveries of small-worldness in a biological system.71,73 Since then,
small-world characteristics in brain networks have been found across many species and
across many size scales74 (see Figure 1.23 for examples). Small-worldness is present in
both interneuron connections and between regions of neurons.74 This implies a degree
of universality and self-similarity which manifest as scale-invariance in path lengths
at the micro- and macroscale levels.74 It is important to note that in brain networks,
small-worldness is not the complete picture. The field of network science has expanded
to consider properties such as degree distributions, community structure, hubness, and
navigability, and it is not yet fully understood how these properties relate to small-
worldness.74–76 Therefore small-worldness must be considered in conjunction with other
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Figure 1.23 Small-world networks in nature. (a) Examples of the connectivity of five networks measured
using different measures: human diffusion spectrum imaging of 83 brain regions; correlations between
the blood oxygen levels in 638 regions using fMRI; tract-tracing between 52 regions in the cat cortex;
the connections between 279 neurons in c. elegans; tract-tracing between 71 regions in the macaque
cortex. The first four are weighted adjacency matrices (discussed in Chapter 3), and fifth is a binary
adjacency matrix. (b) The small-worldness of the various networks. (c) The small-worldness broken down
into the contributions from the clustering and path lengths in the network when compared with random
and regular graphs (discussed in Chapter 3). (d) The role played by clustering and path length in the
small-world calculation. Adapted from [72].

properties.74 In addition, there have been a number of studies that have seriously
questioned the evidence for small-worldness in certain regions of the brain, further
highlighting the importance of a multifaceted approach to examining topological properties
of networks.74

1.4.2 Network topology of NWNs

Just as Milgram used nodes to represent people, nodes can be used to represent the
nanowires in the NWNs (Figure 1.24). The edges therefore represent the junctions formed
when two wires make contact. The fact that NWNs can be mapped onto a graph structure
means that the well-developed fields of graph and network theory can be leveraged to
examine the small-world nature of NWNs and determine how the nodes are connected to
one another so that information might readily spread throughout the system.

Recent work has addressed the topological structure of 2D nanowire networks (Figure
1.25). These networks have been shown to exhibit a small-world architecture similar to
many biological systems,77,78 i.e. the wires are considered to be both highly clustered
and have small average path lengths between them. This concept is of interest because
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Figure 1.24 NWN construction and behaviour. (a) AgNW network explicitly demonstrating 3D
stacking of wires (scale bar 500nm). (b) The graph representation of the AgNW network; each wire is a
node (red dots) and the memristive junctions are edges (black lines). The inset shows the current flow is
calculated using Kirchhoff’s law and the conductance across a junction is dependent upon the voltage
difference between connected nodes. Adapted from [52].

small-world architecture is thought to affect emergent behavior in complex systems,79,80

and to be important for information propagation across networks,68,81 with several groups
also demonstrating that reservoir computing performance is impacted by small-world or
scale-free network architectures.82,83

Previous modelling has however assumed that the nanowire networks are perfectly
two-dimensional i.e. that the wires lie in a plane.77,78,84–87 This is clearly not the case
for real-world nanowire networks in which the wires are stacked on top of one another
during a deposition process (as seen in Figure 1.24a). Given the importance of topological
structure for information processing and a range of other network properties there is
clearly a need for models which incorporate realistic stacking of the nanowires.

1.5 THESIS AIMS AND OVERVIEW

This thesis seeks to understand the impact of stacking on the connectivity and the RC
performance of a nanowire network. To this end, a physical model is built that explicitly
considers the sequence in which the wires are deposited and the consequent stacking
of the wires in a three-dimensional volume. It is important to note that because the
network is built up by sequential deposition, it is quasi-three-dimensional (Q3D) and is
therefore distinct from percolating systems88 in which the objects are randomly placed in
a 3D space (without requiring that the wires rest on each other). Chapter 2 will discuss
previous attempts at modelling NWNs and the memristive MIM junctions which exist
where NWs make contact. The model of the NWN junctions used in this thesis is then
derived, and the implementation details of the Q3D network and the electrical modelling
are discussed. Importantly, it is shown that the model used is also applicable to a general
memristor.

In Chapter 3, the concepts from graph theory that are used to analyze the network
topology are introduced. The results when these measures are applied to the Q3D NWN
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Figure 1.25 A comparison of NWNs with random and regular networks, artificial neural networks,
and the brain of the c. elegans nematode. In the first column is a perfectly regular network. In the
second column is a completely random network. Compare these with the atomic switch network (ASN)
in the third column and the artificial neural network (bottom, fourth column) and the connectivity of c.
elegans (top, fourth column) which qualitatively exhibit signs of local clustering. Adapted from [77]

are then presented. It is shown that perfectly 2D networks have much broader degree
distributions and much larger mean degrees than the Q3D networks. The impact of
dimensionality on the small-world nature of the networks is then presented, with the
Q3D networks showing very different network structures than model 2D structures.

Since randomly deposited networks of nanowires have also been studied extensively
within the framework of percolation theory,77,84–89 Chapter 4 discusses percolation and
the conductivity in the 2D and Q3D networks and compares them to previous results
and expectations from percolation theory. It is shown that the 2D network percolation
thresholds and conductivity agree very well with these established values, while the
percolation thresholds and conductivity of the Q3D networks differ considerably.

In Chapter 5, the mathematical details of the task that are used to assess the RC
performance of NWNs are presented. The network performance in two tasks is then
investigated: memory capacity (MC), and nonlinear transformation (NLT). In addition,
the separation property is tested by investigating the performance of the NWNs in
response to noisy input data. The performance of realistic Q3D NWNs are compared
with their purely 2D counterparts, resulting in striking similarities. There are also some
key differences when the number of wires is very large, and also when noise is added to
the input signal. Importantly, the impact of the number and type of output electrodes
that are connected to the NWNs are considered.

Most previous simulations assume that the signals from every wire in the network
can be used as outputs for RC. However these signals are in fact inaccessible in real-
world experiments, and the performance of experimental networks could be significantly
different. This thesis will therefore present the results obtained using a physically realistic
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electrode configuration that reflects the true potential of NWNs for RC applications.



Chapter 2

NANOWIRE NETWORK SIMULATION

In this chapter, the general model of the memristor is introduced, followed by a discussion
of how this model has been adapted to simulate the junctions within NWNs. The model
of the memristive junction used in this thesis is then presented, and is shown to be
equivalent to the general memristor model. Finally, the implementation of a fully 3D
NWN simulation is presented and the current flow through the network is detailed.

2.1 THE IDEAL MEMRISTOR MODEL

A number of different methods are used to model the resistive switching junctions between
nanowires. In general, modelling a single resistive switch can be split into two processes:
the transition from the high resistance state (HRS) to the low resistance state (LRS)
via the formation of a conductive filament (CF) connecting the two electrodes; and the
dissolution of the CF. As a starting point, the general ideal memristor developed for a
TiOx device is first introduced.

As defined by Chua and Kang in 1976,30 the simplest current-controlled memristive
junction is described by the following dynamical equations:

V = IR(w, I) (2.1)
dw
dt = f(w, I) (2.2)

where w represents some dynamical variable within the junction, and f is some function
of time. Consider two metal electrodes separated by a semiconducting film of width D.
The film is further divided into two regions separated by a boundary which is located
a distance w from the source electrode as in Figure 2.1a. One region contains a high
concentration of dopants and therefore has a low resistance RON , while the second region
contains a low concentration of dopants and hence a high resistance ROFF .

These two regions can now be treated as two variable resistors connected in series
(Figure 2.1b). When a voltage bias is applied across the device, the dopants will drift
from the high concentration region to the low concentration region, causing the boundary
to shift, increasing the value of w. Hence, assuming that the dopant ions drift linearly
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Figure 2.1 Memristor schematic. (a) A diagram of a semiconducting film memristor. The dark-shaded
area is the highly doped region with low resistance. (b) The equivalent coupled variable resistor circuit
diagram.

under the voltage bias with mobility µ, the dynamical equations for the memristor are:32

V = I

[
RON

w

D
+ROFF

(
1− w

D

)]
(2.3)

dw
dt = µ

RON
D

I (2.4)

It is well known that many physical devices do not preserve their resistance levels in
the absence of voltage,33,53,54,64 therefore subsequent authors have introduced a relaxation
term to Equation 2.4 that competes with the growth term and simulates the relaxation
of the dopant boundary in the absence of a voltage,90

dw
dt = µ

RON
D

I − κw (2.5)

Throughout much of the modelling literature the junctions are considered to be current
controlled.91 However, many of the experiments done on physical devices are voltage
controlled, and it is more convenient for simulation purposes for us to consider the devices
as voltage controlled. Using Ohm’s law, V = IR, the evolution of w can be written,

dw
dt = µ

RON
D

V

R
− κw (2.6)

with the resistance across the device as

R = RON
w

D
+ROFF

(
1− w

D

)
(2.7)

It is important to note that Equation 2.6 and 2.7 are only valid for w in the range
0 < w < D, and are therefore only suitable for when the device has not transitioned from
the HRS to the LRS.32 This is called “soft switching”. The alternative, “hard switching”
will be discussed later in the next section.

2.1.1 Adaptation to simulate junctions in nanowire networks

Although the above equations were originally formulated for an ideal memristor, memristor-
like behaviour has been found in many other MIM structures, such as those that exist
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Figure 2.2 The conductive bridge growth process. (a) The gap is approximately the thickness of the
coating layer between the two metal cores (in this case SiOx). (b) The gap gradually decreases during
the switching process under the influence of an electric field. (c) The gap is closed by the conductive
bridge and the junction switches to the LRS. Reproduced from [53] under a Creative Commons License.

within networks of metal nanowires. When nanowires with a metal core and coated in an
insulating material such as a metal-oxide, a chalcogenide electrolyte, or a polymer (for ex-
ample TiO2, Ag2S, or PVP respectively) make contact, they form a metal-insulator-metal
(MIM) junction.52,53,65,60 Instead of a shifting dopant boundary as with the memristive
junction considered in Equations 2.3 and 2.4, the transition from a HRS to a LRS is
caused by the formation of a CF across this junction in an electrochemical metallisation
(ECM) process.92,93 When a voltage bias is applied across the junction, ions migrate from
the anode wire to the cathode wire (Figure 2.2a). An atomic or nanoscale filament then
begins to form across the junction due to electrochemical reduction (Figure 2.2b). When
this filament forms a complete bridge, current can now flow through the filament, and the
junction experiences a sharp transition from ROFF to RON (Figure 2.2b). In addition
to an Ohmic current, electron transport via tunnelling also contributes to current flow
across a junction.54 As the filament grows or shrinks, the width of the barrier decreases
or increases. This growth and relaxation is a source of nonlinearity in the network that
can potentially be exploited for reservoir computing applications.

One approach to modelling filament growth has been presented in a series of papers
by a collaboration between the NIMS-MANA group and a group at the University of
Sydney,65 as discussed in Chapter 1. Although the basis of the model is not elucidated,
the evolution of the filament in the presence of an applied voltage is given by,

dw
dt = µ

V

τg
− w

τr
(2.8)

where µ is the ion mobility within the insulating layer, and τg and τr are the constants of
filament growth and relaxation. The conductance is then assumed to grow exponentially
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Figure 2.3 Soft switching and hard switching in NWN junctions. Output is from the simulated
network responses to a sinusoidal input wave with different amplitudes using Equation 2.10. (a) The soft
switching of the network with the application of a sub-threshold voltage. (b) The transition from soft
to hard switching. (c) Continuous hard switching clearly showing the bipolar behaviour of the network.
Reproduced from [60] under a Creative Commons License.

to match the experimental results of their Ag-TiO2 device according to

G = µ
GON −GOFF

e
1
τ0 − 1

(
e
w
τ0 − 1

)
+GOFF (2.9)

It is important to note here that in order to find the values of the various parameters
in Equations 2.8 and 2.9, a single Ag core nanowire with a TiO2 insulating layer was
connected to two Au/Ti electrodes. Since there is only a single wire, any filament growth
that occurs must be happening at the interface between the wire and the electrodes.
Therefore these parameters may not be the same for the interface between two nanowires.94

In their simulations, the only phenomenon considered was the growth of the filament
itself, and not the collapse of the filament to a low resistive state.

Other models have considered “hard switching” – the formation and dissolution
of a complete bridge – by imposing boundary conditions on Equation 2.6. In resistive
switching devices, and memristors in general, there can be both bipolar and unipolar
behaviour. Networks of nanowires forming many of these junctions have shown both
types of resistive switching behaviour with LRS persisting for both short and long time
frames in the same materials.33,52,95,96

In bipolar switching, the device is set to the LRS by application of a voltage sweep
in one polarity. Typically this state persists in subsequent sweeps in the same polarity.
The junction is then reset to the HRS by an application of voltage in the reverse polarity.
This type of switching behaviour is typically exploited for memory devices, since the
filament can be non-volatile and persist for extended periods of time, depending on the
imposed compliance current.96

One way to implement bipolar switching would be to assume that once the filament
forms a bridge (when w = D), it remains until the voltage reverses polarity and then
the filament begins to collapse. To include the bounds on w in Equation 2.6 as well as
simulate the nonlinearities produced by ionic drift close to the boundary values, a window
function is included in the growth term32 and the competing relaxation term is altered
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Figure 2.4 Collapse of the conductive bridge. Numerical simulation showing changes to the structure
of the CF due to surface diffusion effects. The CF has an original width of 2nm. Reproduced from [96]
under a Creative Commons License.

to ensure that once the junction closes, it remains closed until the voltage polarity is
reversed:60

dw
dt = µ

RON
D

V

R

[
w(D − w)

D2

]
− κ(D − w) (2.10)

It is clear that in Equation 2.10 when w = D, both terms are zero and hence dw
dt = 0.

Combined with Equation 2.7, this produces resistive switching similar to that in Figure
2.3. In Figure 2.3a, the voltage is kept below threshold, and consistent soft switching is
achieved. As the voltage is increased, the network transitions to hard switching as in
Figure 2.3b, before settling into continuous bipolar switching in Figure 2.3c at higher
voltage. This model was shown by the NIMS-MANA group to qualitatively match
experimental results in Ag-Ag2S atomic switch networks and successfully models higher
harmonic generation (HHG).60

In unipolar switching, the transition of the device from the LRS to HRS occurs with
voltage applications of the same polarity as those required to switch the device from the
HRS to the LRS. This can occur in two ways depending on whether the CF is volatile
or non-volatile (i.e. not persistent or persistent for extended periods): Joule heating; or
surface-limited self-diffusion (Figure 2.4).96 In the first voltage sweep, the device switches
up to a compliance current at voltage Vset, and in subsequent sweeps, the device is now
in a LRS. In order to reset the device back to a HRS using Joule heating, the compliance
current is removed. When the current exceeds a certain value at a voltage Vreset < Vset,
the conductive filament is destroyed by Joule heating. This method of CF rupture is
impractical for two main reasons: the compliance current must be removed and reapplied,
imposing speed limits on successive switching; and the large variation in devices using
this method due to the difficulty in controlling the device temperature and the Joule
heat generated.91

In the second model of switching from the LRS to the HRS, the disruption of the
CF is due to the minimization of the interfacial energy of the CF.96 As mentioned in
Section 2.1.1, many devices do not preserve resistance levels in the absence of voltage.
This also applies to junctions where the CF is fully formed - the junctions do not preserve
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Figure 2.5 Memory effects of Ag-core nanowires with PVP coating. (a) A 5V pulse is applied to the
network for 10s followed by a 10mV read voltage (red line). The blue line shows the conductance response
of the network. (b) Typical conductance traces showing the deactivation of a number of networks. (c)
Simulated conductance traces using two different junction models: continuous and discrete (binary). The
continuous model represents the average of an ensemble of junctions. Reproduced from [53] under a
Creative Commons License.

their LRS in the absence of a voltage bias and experience spontaneous rupture of the
CF. This behaviour is required for the realization of short-term plasticity, an essential
feature of neuromorphic computing. Kuncic and colleagues found when considering a
number of instantiations of Ag-PVP NWN with the same wire densities, that when a
DC voltage bias is applied to a network well above the threshold for the LRS for an
extended period of time and then reduced to well below this threshold, most networks
see an immediate drop in conductance (Figure 2.5b).53 However a number of networks
produce step-like conductance traces with distinct plateaus, which are thought to be the
result of the breakdown of filaments at different places within the network (Figure 2.5a
and b). At time t, the probability of a sudden drop in conductance within time ∆t is
found to be closely approximated by the Poisson distribution,

P (t) = ∆t/τe
t
τ (2.11)

Combined with the traditional model of the memristor in Equations 2.6 and 2.7, this
distribution can then be used to determine the probability of a particular junction
switching off when the voltage is below threshold as time progresses (Figure 2.5c).

Another approach taken by Kuncic and colleagues is to parameterize the junction
conductance with the filament growth λ, and set the starting value of the HRS, ROFF .
When filament reaches a critical value λc, the junction switches to the LRS, ROFF .
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Figure 2.6 Grid resistor model. A NWN is modelled as a homogeneous grid of resistors, with a selected
node acting as the input and another as the output. The low resistance conductive path is then the
shortest distance between the input and output nodes. Reproduced from [94] under a Creative Commons
License.

Filament growth is governed by the following equations97

dλ

dt
=


(|V (t)| − Vset)sgn[V (t)], |V (t)| > V set

b(|V (t)| − Vreset)sgn[λ(t)], |V (t)| < V reset

0, V reset < |V (t)| < V set

(2.12)

and the resistance of the junction is then,

R = ROFF + (RON −ROFF )[|λ| ≥ λc] (2.13)

Note that the filament grows only when the voltage across the junction is greater than
Vset. When the voltage falls below Vreset, the filament immediately breaks and returns to
the state λc/b, and the junction switches to the HRS. The resistance of the network is
binary - it does not consider the action of tunnelling current across the junction.

Before continuing, it is worth noting that it is possible to model the macroscale
dynamics of the networks with the justification that the underlying behaviour will be
reflected in the ‘coarse-grained’ model of the entire system. Milano et al. model the NWN
as a regular lattice where each node is connected by a resistive edge.94 The justification
for this model is two-fold: Firstly, the stochastic nature of the connections formed by
intersecting nanowires – their work shows that it is not possible to know the starting
state of a junction with any high degree of certainty. Secondly, SEM imaging reveals
that the distribution of nanowires across the substrate is homogeneous and can therefore
be represented by a uniform and continuous conductive film. In dense networks, local
inhomogeneities can then be ignored. In their model, two nodes are selected as an input
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Figure 2.7 NWN and junction schematics. (a) Example schematic of a 500 wire NWN with a 1 input
(green) and 24 output (red) electrode configuration. (b) Illustration of the growth mechanism that
drives the dynamics within the junction between two nanowires. (c) The identification of three regimes
of junction behaviour - when the voltage is below a critical value Vc, the filament grows towards an
equilibrium state; when Vc is exceeded, the filament growth undergoes a change in stability, growing
rapidly. When the filament grows across the entire width of the gap, a conductive bridge is formed and
the junction switches into a low resistance state.

and output node, with the pathway between them modelled as a single conductive path
corresponding to the shortest path between the nodes (Figure 2.6). This assumption
is consistent with the formation of a winner-takes-all conductive path.55,98 They then
simulate the dissolution of the conductive pathway when the voltage is removed by
exponentially increasing the path resistance. This model does not take into account the
complex interconnections between nodes and therefore the topological structure of the
network plays no significant role in the transport of current throughout the network.

2.2 JUNCTION MODEL FOR Q3D NWNS

In this thesis, the internal dynamics of the memristive junction is modelled as a conductive
hillock that grows through the insulating layer between wires. When a voltage is applied
across the junction, the hillock grows in response to the electric field, creating a non-
equilibrium structure (Figure 2.7a, b). Surface energy effects will attempt to reduce
this protrusion back to its original shape, akin to a linear restoring force due to surface
tension.99 The dynamical equation governing the growth of the filament at time step i is
given by,

∆zi = µ
Vi

D − zi−1
− κzi−1 (2.14)

where z is the height of the hillock and D is the distance between wire cores as in Figure
2.7b. Vi is the voltage across the junction, and µ and κ are constants which govern
growth and relaxation respectively.

Using Equation 2.14, a critical voltage Vc can be identified. For V < Vc, the hillock
grows towards a stable equilibrium value. For V > Vc, the hillock will grow until z = D

forming a conductive bridge between the two wires (Figure 2.7c). This thesis focuses
on the low voltage regime where no hillock ever completely bridges the tunnel gap. It
can now be shown that in this regime, the junction model given in Equation 2.14 is
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equivalent to that of an ideal voltage-driven memristor. Following an analysis introduced
in Caravelli et al.,100 if a fixed ratio of r = ROFF /RON is assumed, Equations 2.6 and
2.7 can be combined to give

dw
dt = rµ

V

D − χw
− κw (2.15)

where χ = (ROFF −RON )/ROFF . The ratio r is typically on the order of 103 − 105,33

so when r is large, χ→ 1. If the resulting equation

dw
dt = rµ

V

D − w
− κw (2.16)

is compared with Equation 2.14, it is clear that they are equivalent up to a factor of r in
the first term. Hence, although the focus of this thesis is on hillock growth, this model
applies to all NWNs with unipolar memristive junctions operating in this low voltage
regime. Finally, the conductance of each junction is governed by quantum mechanical
tunnelling, and so is a function of the instantaneous size of each tunnel gap, D − zi:

Gi = αe−β(D−zi) (2.17)

where 1/β a tunnelling decay length and by setting α = 1, complicated geometrical
factors can be disregarded.89

2.3 NANOWIRE NETWORK IMPLEMENTATION

NWN are networks of N wires of length l, deposited on a Λ× Λ µm area, considered to
be the xy-plane. For each wire in the network, the x- and y-coordinates of the mid-point
of the wire are chosen at random from a uniform distribution over [0,Λ], and the angle
the wire makes with the x-axis is drawn from a uniform distribution over [−π/2, π/2].
Every point where two or more wires touch is taken to be a junction in the network. This
connectivity is then stored in a N ×N adjacency matrix, which also allows the number
of connections between each wire and its neighbours (the degree, k) to be calculated.

For the 2D network, every wire is considered to be a 1D line (i.e. with zero thickness).
As a result, the wires lie exactly in the xy-plane, and every intercept is a junction.
Therefore, the algorithm to construct the adjacency matrix for the 2D network is
relatively straight-forward. First, iterate through every wire in the network (including the
input and output electrodes) and determine whether each wire intercepts with another. If
two wires intercept, then the adjacency matrix is updated with a 1 at the index locations
of the wires. Every other entry is a 0.

In the Q3D network, each wire has a radius ρ and therefore carves out a volume in
space that cannot be occupied by any other wire. The wires are deposited sequentially,
one at a time, and the vertical position and orientation of each new wire depends on the
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Figure 2.8 Q3D NWN. A schematic illustration of a simple device with two contacts. (a) The network
of 500 nanowires is deposited on a 30µm×30µm drop zone. The length of each wire was drawn from a
uniform distribution with mean length 6µm and range [3, 9]µm. The magnified part in (b) shows the
stacking of the wires in the vertical direction after sequential deposition. The blue wire is a randomly
chosen wire which makes connections with other wires (in red) during the deposition process. (c) The
stacking of an example quasi-3D network as the number of wires N is increased. Values of N are 100,
500, 1000, 2000 (from top to bottom). The nanowires have a diameter of 20nm and Λ = 30µm, l = 6µm,
d = 0.02. The maximum height of the network is shown on the right ranging from ≈ 0.13µm for N = 100,
to ≈ 11µm for N = 2000. (d) The mean height of network with increasing N , averaged over 10 different
networks. As N increases and stacking becomes more important and the maximum height increases. The
shaded region is one standard deviation. The broadening of the distribution arises from the random
stacking of the nanowires.

positions of the wires that have already been deposited. The subsequent stacking causes
some wires that are in contact in the perfectly 2D system to become separated vertically
in the Q3D system Figure 2.8. Although ρ can affect the overall height of the network, it
has little to no impact on the overall connectivity of the network.

For each new wire, the algorithm determines firstly which wires are below it, and
calculates the intercept points. Naively, each new wire could be compared with every
other wire in the network, so that for the nth wire, the algorithm must make n − 1
intercept checks. However, a new wire only needs to check for interceptions with those
wires whose mid-points are a distance l from the mid-point of the new wire. Performing
this check greatly reduces computational cost. In the trivial case of there being no
intercept points, the wire is deposited directly onto the target area. In the case of there
being multiple intercept points, the point of intersection with the largest z-value acts as
a pivot around which the new wire must rotate. The location of the centre of mass with
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Nanowire Network Parameters
Parameter Name Description
Λ Side length of square deposition area
l Wire length
ρ Wire radius
d Variance of wire length distribution
N Number of wires
E Number of output electrodes

Table 2.1 Table of parameters used to construct the NWNs

respect to the pivot point determines the direction of rotation, and hence the location of
the second point of contact. If the end of the wire reaches the substrate before making
contact with a second wire, its end drops onto the substrate. As with the 2D model,
every point of contact is a junction and the connections between wires are stored in an
adjacency matrix. This allows construction of a graph representation of the network,
where each node is taken to be the center of a wire and each edge represents a contact
between two wires. The key parameters used when constructing the NWNs can be seen
in Table 2.1. Note that if required, the wire length can also be drawn from a uniform
distribution over [l − d, l + d].

It is of course possible to consider additional processes during the wire deposition,
including allowing the wires to settle, slide or bend. However, the purpose of this thesis
is to investigate the effect of dimensionality on network connectivity (rather than the
detailed deposition dynamics) and so the focus is on the simplest model that captures
the essential features, i.e. the wires are perfectly rigid and do not move from their
initial position after deposition. The effects of these processes have not previously been
considered in detail but it is known that bending has minimal impact on the number of
wires required to form a spanning group85 and therefore it seems likely that allowing
bending in the simulation would not modify the network structure significantly.

2.4 ELECTRICAL MODELLING

In order to simulate current flow in the network, input and output electrodes are required.
This can be achieved using various methods depending on the task requirements. For the
analysis of percolation and conductivity, the electrodes are defined by placing additional
nanowires in the deposition area to act as contacts (they are placed before the deposition
of the NWN). The input electrode is deposited on the left edge of the deposition area,
and the output electrodes are evenly distributed along the top, bottom, and right edges
(as in Figure 2.7a). The ‘contact’ wires are then treated in the same way as all other
wires, with additional rows and columns added to the adjacency matrix representation of
the network. The input signal is a voltage that is applied to the input electrode, with
the output electrodes held at ground potential. Kirchhoff’s circuit laws are then solved
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for the network using modified nodal analysis (MNA).101

MNA is used to find the voltage at each node and the current at each output electrode
after each time step of applied voltage using Kirchhoff’s voltage and current laws, which
can be expressed in matrix form,

Mv = z (2.18)

The meanings of M, v and z are now elucidated, along with their construction,
according to the MNA procedure. Firstly, let N be the number of nodes in the network,
and E be the number of connected electrodes. The v matrix is a column vector consisting
of two additional vectors,

v =
[
v

i

]
(2.19)

where v is an (N × 1) column vector whose elements are the voltages at each node. i is
an (E × 1) column vector whose elements are the current flowing through the electrodes.
It is the matrix v that will be found at each time step. The z matrix, representing the
inputs, is also a column vector consisting of two additional vectors,

z =
[
j

e

]
(2.20)

where j is an (N × 1) column vector whose elements are the independent current sources
through the corresponding element (since there are no independent current sources, the
elements of this vector are zero). e is then the (E × 1) column vector whose elements are
the voltage at each input.

The final matrix in MNA, M is composed of 4 additional matrices,

M =
[
G B
C 0

]
(2.21)

where B is the (N × E) matrix whose elements are determined by the connectivity of
the electrodes to the network - if electrode e is connected to node n then Bn,e = 1, else
Bn,e = 0. The matrix C is then the transpose of B. The final matrix, G is simply the
Laplacian of the network graph,

G = D−W (2.22)

where W is the weighted adjacency matrix. As discussed in more detail in Chapter 3,
the adjacency matrix A is the graph representation of the connectivity of the network
(i.e. Aij = 1 indicates that wires i and j are connected via a junction). Therefore each
element Wij gives the conductance of the junction connecting wires i and j. The matrix
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D is the weighted degree matrix of the network

Dij =


N∑
k=1

Wik, if i = j

0, otherwise.
(2.23)

In other words, each diagonal element of D is the sum of conductances across each
junction formed from wires connected to the wire corresponding to that element.

Now that M and z are constructed, v can be found:

v = M−1z (2.24)

An important consideration is that the inverse of the matrix M must exist (i.e. M must
be non-singular). More specifically, the Laplacian G must be non-singular, which is
true only if the graph is connected. A graph is said to be connected if for every pair of
vertices i and j, there exists a path between them. A graph is said to be disconnected if
there exists at least one pair of vertices that cannot be connected by a path. In other
words, in order for us to be able to find M−1, the nanowire networks must be fully
connected including the ‘electrode’ wires - there can be no isolated ‘islands’ of wires that
are not connected to main bulk of the nanowire network. Any disconnected islands must
therefore be eliminated from the network in a pruning phase before performing MNA,
and cannot contribute to the electrical or RC properties of the network. If any electrodes
are eliminated as a result of this process, this network is discarded and a new one is
generated. This process is discussed more in Section 5.2.



Chapter 3

NETWORK TOPOLOGY

In this chapter, key ideas in graph theory are introduced that will be used to quantitatively
examine the topologies of NWNs. The remaining sections are devoted to the application
of these methods to the 2D and Q3D networks. For the first time, the topological
properties of 2D and Q3D networks are compared and contrasted.

3.1 GRAPH THEORY

Since the connections between wires can be mapped to an adjacency matrix, graph theory
can be used to analyze the networks. In graph theory, the adjacency matrix is a square
matrix whose elements represent whether nodes in the graph are joined by an edge. Each
wire in a NWN is modelled as a node (or vertex) in a graph, and each contact between
wires is an edge. The nanowire network is then treated as the graph G = (N,E), where
N is the set of nodes and E the set of edges. In order to simplify analysis, the graph
corresponding to a NWN is considered to be undirected and the edges unweighted –
that is, the adjacency matrix is symmetric and binary. The number of wires that are
connected to wire i is the degree, ki. The mean degree k̄ is then

k̄ = 1
N

N∑
i

ki (3.1)

The degree distribution, P (k), captures some aspects of the connectivity of the
network. Many networks in nature including electrical power grids, movie actor collab-
orations, and importantly the neurons of Caenorhabditis elegans and cortical regions
of the human brain, have degree distributions that follow a power-law, also called a
scale-free network.102 Therefore if the aim is to produce materials that emulate the
brain’s computational properties, scale-free connectivity could be desirable.

In addition to the degree distribution, there are many other metrics to help charac-
terize graphs. Watts and Strogatz introduced methods to characterize the path lengths
and clustering of the network.71 Given any two nodes in the network i and j, the path
length Lij , is the shortest sequence of edges that connects them. The average path length



3.1 GRAPH THEORY 39

Figure 3.1 Some examples of local clustering coefficient calculations. The red node (bottom left) is
connected to three neighbouring nodes (solid black lines). The dotted red lines between the other blue
nodes represent potential connections between the neighbouring nodes. In the first case, there are no
connections and C = 0. In the middle example, only one of the potential connections is realized (solid red
line) and so C = 1

3 . In the right example, all three neighbouring nodes are connected and hence C = 1.

(also sometimes called the characteristic path length) is then,

L = 1
N(N − 1)

N∑
i 6=j

Lij (3.2)

A short path length is desirable to ensure efficient transfer of information in a network.
In order to maintain a short path length while increasing the size of the network, the
path length should grow proportional to logN .71 This has been shown to be the case
with random networks and small-world networks (discussed below).

The local clustering coefficient gives an indication of the tendency of nodes to form
cliques. Mathematically, it is the fraction of the total allowable edges that exist between
node i and its neighbours (Figure 3.1). For an undirected network with adjacency matrix
A, the local clustering coefficient of node i with degree ki is given by

Ci = 1
ki(ki − 1)

∑
j,k

AijAikAjk (3.3)

The global clustering coefficient is then the average of these values

C = 1
N

N∑
i=1

Ci (3.4)

Another graph theory metric used in thesis is the small-worldness. As discussed in
Section 1.4.1, the small-world graph is a category of random graph. Small-world graphs
are characterized by their short average path length, as in a random graph, and high
global clustering coefficient, as in a regular lattice. The authors introduced a method for
exploring the small-world properties: the Watts-Strogatz (WS) network. A WS network
is created first by defining the number of nodes N and the mean degree k̄. A regular
ring lattice is then constructed with N nodes with each of the nodes connected to their
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Figure 3.2 Watts-Strogatz networks. An example of constructing WS networks. Each graph has
N = 20 and k = 10. When p = 0 (left), the graph is considered to be a regular lattice network - highly
ordered. As p→ 1, and the connections between nodes are rewired, the network becomes less ordered
and more random (right). There exists a range of values of p, where the network retains high amounts of
local connectivity, but with some connections to more distant regions of the network (center).

nearest k̄ neighbours (k̄/2 on each side). For each node, every edge is then rewired with
a probability p. p = 0 is effectively the regular ring lattice unchanged (Figure 3.2a), and
p = 1 means that the wiring of the network is entirely random (Figure 3.2c). Watts and
Strogatz identified a value of p = 0.02 where the clustering of the networks remains high
and the path length has decreased drastically (Figure 3.2b). It is in regions of p around
p = 0.02 where Watts and Strogatz claim a network to be small-world.71

Although Watts and Strogatz themselves do not offer a definitive method to quantify
small-worldness, a number of definitions have emerged. If many observations of a network
exist over many size scales (i.e. with a wide range of numbers of nodes, N), then the
average path length should scale with logN .71 However, many networks observed in
nature do not exist over many different size scales – there is typically only one size.
The preferred approach of quantifying small-worldness is therefore to map the observed
network onto a theoretical Watts-Strogatz network. The small-world propensity, φ,72

was defined in order to quantify the deviation of the clustering coefficient, Cobs, and
path length, Lobs, of the observed network from those of both regular and random
Watts-Strogatz networks with the same number of nodes and mean degree in such a way
as to account for variations in network density:

φ = 1−

√
∆2
C + ∆2

L

2 (3.5)

where,
∆C = Clatt − Cobs

Clatt − Crand
(3.6)

and
∆L = Lobs − Lrand

Llatt − Lrand
(3.7)

Following the work of Muldoon et al, the amount that ∆C and ∆L contribute to φ can
be quantified.72 This can be done by calculating the angular difference of the values
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Figure 3.3 Illustration of the calculation of the deviation, δ. When ∆L and ∆C contribute equally to
the small-world propensity (dashed line) then δ = 0. Geometrically, δ can be considered as the angular
deviation from the dashed line. The numerical value is normalized so that when ∆C → 1 and ∆L→ 0,
δ → −1, which indicates that a large deviation of the clustering (a low C) from that of the corresponding
WS regular network is responsible for reduction in the small-world propensity, φ. When ∆L→ 1 and
∆C → 0, then δ → 1. In this case it is the large deviation of the path length (a high L) from that of the
random network that is responsible for a reduction in φ.

of the network from the value of equal contribution of ∆C and ∆L (Figure 3.3). This
calculation is then called the contribution to the deviation,

δ = 4
π

tan−1
(∆L

∆C

)
− 1 (3.8)

Finally, the community structure of the networks is examined. The method used
to partition the network was the Louvain method of community detection.103 In brief,
nodes within the same community are more densely connected to one another than with
nodes in other communities. Each node is assigned to one community, then pairs of
communities are combined iteratively such that the number of connections within groups
is maximized while the number of connections between groups is minimized. This is
done by maximizing the modularity, a measure of the relative density of edges inside the
groups with respect to edges outside the groups. For some partition of a network with m
edges with node i having degree ki, into communities c, the modularity q of this is104

q = 1
2m

n∑
i,j

(
Aij −

kikj
2m

)
δ (ci, cj) (3.9)

where δ is the Kronecker delta function. The overall modularity Q is then the maximum
modularity of all possible partitions of the network Q = max(q). Many naturally
occurring networks are found to be divisible into distinct communities via optimization
of the network modularity.105
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Figure 3.4 2D and Q3D NWN connectivity example. The blue wire is a randomly chosen wire which
makes connections with other wires (in red) during the deposition process. (a) and (b) show an example
of the difference in connectivity between the two networks when stacking is included in the model. Left:
A portion of the network; right: the adjacency matrix. In the 2D network (a), the chosen wire forms a
junction with every wire that it intercepts (red), leading to many more connections. However in the Q3D
network (b) the chosen wire connects only to the limited number of wires that are in direct contact. (c
and d) The graph representation of the same networks. The Q3D network has fewer edges than the 2D
network and thus has a much sparser adjacency matrix than the 2D network, as shown in (a) and (b).
The blue and red wires in the Q3D network are also depicted in Figure 2.8a, b.

3.2 RESULTS

The variables under consideration are the mean wire length l, the dispersion d, and the
number of nanowires in the network N . Values of l are chosen to be 6, 6.5, 7, 7.5, 8,
8.5, and 9 µm. Values for the dispersion are chosen to be 0, 0.1, 0.2 and 0.5 (hence the
minimum possible length of any given wire is l − dl and the maximum possible length
is l + dl). Λ is fixed at 30µm. As discussed in more detail in Chapter 4, the scaling
parameter ξ = N l2

Λ2 captures the key relationships between parameters,85 and makes it
clear that for a fixed value of wire length, the critical number of wires Nc required to
form a spanning group scales proportionally to the target area. Nc can also be scaled
by keeping the target area fixed and varying the wire length. The choice of parameters
enables comparisons with existing literature on the topology of 2D nanowire networks.77

For the Q3D network, the wire diameter is chosen to be 20 nm. If the diameter of the
wires is changed, this would change the final height of the stack of wires but would not
affect the overall connectivity of the network.

To limit computational demands, and for clarity of presentation, only results for
N = 100, 180, 500, 1000, and 2000 wires are presented. A summary of these results can
be seen in Table 3.1



3.2 RESULTS 43

Graph theory metric results
Wires: 100 180 500 1000 2000

k̄
2D 3.29 (0.95) 6.31 (1.55) 17.80 (4.33) 34.70 (8.47) 71.27 (17.43)
3D 1.96 (0.29) 2.58 (0.21) 3.35 (0.11) 3.36 (0.06) 3.80 (0.04)

L 2D 5.37 (1.38) 5.65 (1.25) 4.36 (0.71) 4.01 (0.58) 3.67 (0.49)
3D 6.68 (1.64) 7.57 (1.38) 7.32 (0.57) 7.85 (0.40) 8.68 (0.26)

C 2D 0.29 (0.05) 0.40 (0.02) 0.43 (0.01) 0.43 (0.01) 0.43 (0.02)
3D 0.04 (0.02) 0.07 (0.02) 0.08 (0.01) 0.08 (0.01) 0.08 (0.02)

Q 2D 0.77 (0.06) 0.75 (0.04) 0.70 (0.04) 0.68 (0.04) 0.66 (0.03)
3D 0.78 (0.04) 0.76 (0.03) 0.76 (0.02) 0.76 (0.01) 0.78 (0.01)

Table 3.1 A comparison of the topological measures of 2D and Q3D networks for a range of values of
N . k̄ is the mean degree, L is the average shortest path length, C is the clustering coefficient, and Q is
the modularity.

3.2.1 Degree and path length

The difference in the connectivity of the networks (Figure 3.4) is reflected in the degree
and path length distributions, as shown in Figure 3.5 for typical networks for each N .
The 2D networks in Figure 3.5a, b have much broader degree distributions and generally
narrower path length distributions than the Q3D networks (Figure 3.5c, d). In the 2D
network the number of intersections increases for each newly deposited wire. Therefore,
there is an approximately linear increase in mean degree with increasing N (Figure 3.6a).
There is also a gradual decrease in path length as more connections become available
(Figure 3.6c). In contrast, for the Q3D networks k̄ is much lower and it increases at a
much slower rate. The growth of the height of the network in the z-direction also results
in a higher mean path length for the Q3D networks. Importantly, neither the 2D nor
Q3D networks have degree distributions that follow a power law.

3.2.2 Clustering and comparison with WS networks

Figs. 3.6b and c compare the clustering coefficients and path lengths of each nanowire
network with the corresponding WS networks. The 2D network (red) has high clustering
like the WS regular network (p = 0), but a low mean path length similar to that of the
WS random network (p = 1). These are typical characteristics of a small world network.
The Q3D model (blue), on the other hand, exhibits a low degree of clustering, similar
to that of the corresponding WS random network. The mean path lengths in the Q3D
network are higher than those in the 2D network, but are still similar to those in the
corresponding WS random network.

Fig. 3.7 shows a comparison of the average mean path lengths and average local
clustering coefficients for a large number of realizations of both the 2D and Q3D networks,
with different values of N , l, and d. This alternative representation of the data (also
called a Watts-Strogatz cartographic plane71) shows clearly that the Q3D networks are
significantly less clustered and have greater mean path lengths than the 2D networks. The
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Figure 3.5 Mean degree and path length. (a), (b) Degree distribution and path length respectively for
a 2D network with N = 100, 180, 500, 1000, 2000 (from dark to light colours) and l = 6µm, d = 0.5. (c),
(d) Degree distribution and path length distribution for a Q3D network with the same parameters. Note
that figures in the same column are plotted on the same x-scale. The inset image in (c) shows the degree
distribution of the Q3D network on a zoomed x-scale. Note the logarithmic scale for (b), (d) which allows
visualization of the broadening with increasing N of the path length distribution of the Q3D network.

mean values of L (square symbols) are similar for N = 100 but become more different as
N increases: L decreases for the 2D networks, but increases for the Q3D networks. There
is considerable scatter in the path lengths from network to network, but the clustering
coefficients are only weakly dependent on N , wire length and dispersion for N > 100.
For N=100, in both the 2D and Q3D networks, there is significant variation in clustering
because the system is close to the percolation threshold (Nc ∼ 50− 150).
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Figure 3.6 Degree, clustering, path lengths and modularity dependence on the number of wires. (a)
The dependence of average degree k̄ on system size. The markers are the average values taken over
all combinations of l (6, 6.5, 7, 7.5, 8, 8.5, 9) and d (0, 0.1, 0.2, 0.5) (28 networks) for both the 2D (red)
and Q3D (blue) networks. (b) Average clustering coefficient for the 2D and Q3D networks with the
corresponding Watts-Strogatz networks for comparison. For each value of the mean degree, two WS
networks were constructed: one with a rewiring probability of p = 0 (down triangle) and one with
p = 1 (up triangle). This was done for degree values of both the 2D (magenta) and the Q3D (green)
networks. (c) The average path lengths of the network. (d) The resulting maximized modularity after
the partitioning of the networks using the Louvain algorithm. All error bars are one standard deviation
of the data obtained from all 28 networks. Note that the regular WS (p = 0) networks corresponding to
the 3D network have high values of L, and so are not displayed here.

3.2.3 Modularity and community structure

The separation of typical networks into modules is shown in Fig. 3.8. The 2D network is
much more densely connected than the Q3D network, and the communities are more
clearly defined. The communities in the Q3D network can also be clearly seen, but
overlap much more than in the 2D network. Fig. 3.6d shows that the modularity, Q, for
the Q3D network is higher for all network sizes. For both the 2D and Q3D networks, Q
is similar to that of the regular WS networks (p = 0) with the same dimensionality.

The degree of modularity is of interest because it reflects the vulnerability of a network
to different types of ‘attack’ by random removal of nodes.106 In the low modularity regime,
removal of nodes fragments the modules internally and causes the network to collapse.
For high modularity, the network undergoes a fragmentation process where, while the
modules remain intact, they become disconnected from one another. Networks with a
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Figure 3.7 Watts-Strogatz cartographic plane showing the average clustering coefficient against the
average path length. The small circular markers are results for each combination of l and d, with the
different colours representing different N . The large squares are the mean values for each N . The data
for the N = 180, 500, 1000, and 2000 wire networks are closely grouped, but the data for N = 100 is
widely dispersed due to the proximity of the percolation threshold (for both the 2D and Q3D systems
Nc ∼ 50− 150).

Figure 3.8 NWN community structure. The partitioning of the 500 nanowire example network featured
in Fig. 1 into communities based on the Louvain algorithm of modularity maximization. (a) 2D and (b)
Q3D. The communities formed in the 2D network are more distinct, whereas the communities formed in
the Q3D network overlap significantly.

broader degree distribution tend to be more vulnerable to fragmentation in this way.106

This is because a broader degree distribution with the same average degree implies more
low-degree nodes and hence fewer interconnections between nodes. Thus the higher
modularity in the Q3D network is at least partly a consequence of the smaller average
degree (see Fig. 3.5).
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Figure 3.9 NWN small-world propensity. Comparisons of the small-world propensity (φ) between the
2D and Q3D networks. The averages for the networks were taken over 28 networks, and the error bars
are one standard deviation. (a, b) Contributions of clustering coefficient (C) and path length (L) to the
small-world propensity for the 2D (a) and Q3D (b) networks. Larger values of ∆C and ∆L indicate that
the network has large deviations from the corresponding benchmark networks, leading to lower values of
φ. (c) δ, the contribution to the deviation indicates whether ∆C or ∆L played a bigger role in driving the
result for φ. High negative values indicate that the low clustering relative to a regular network strongly
drives down φ (high positive values would imply that high path lengths relative to a random network
most strongly decreases the value of φ). In other words, the path lengths do not deviate very much
from the benchmark path lengths, but the clustering does. (d) For the larger networks, the small-world
propensity of the Q3D networks is lower than that of the 2D networks.

3.2.4 Small-world properties

The effects of system size on φ are shown in Fig. 3.9d. For N ∼ 100 the 2D and Q3D
networks are almost identical because the density of the networks is low, with limited
overlapping of wires. As groups of wires begin to span the network, the small-world
propensity decreases. Muldoon et al propose a pragmatic threshold value of φT = 0.6,72

with networks having φ > φT identified as having a strong small-world propensity. The
2D network remains consistently above this threshold (φ = 0.67± 0.01 for N = 2000).
In contrast, for the Q3D networks it is clear that for N > Nc the stacking of the wires
becomes important and φ drops below φT .

Figs. 3.9a-c further elucidate the contributions of the clustering coefficient and the
path length to φ (∆C and ∆L respectively). ∆C is high for the Q3D network (Fig. 3.9b)
indicating a large divergence from the regular network due to lower clustering. The
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2D network by comparison, has much lower values of ∆C (Fig. 3.9a). Both networks
have low values of ∆L, due to their small path lengths, which are similar to those of the
corresponding WS random networks. Fig. 3.9c shows the contribution, δ to the deviation.
The negative values of δ for both networks indicate that the dominant contribution to φ
is the low level of clustering compared with the corresponding WS regular network. This
is especially evident in the Q3D network. Ultimately, the lower small world propensity for
the Q3D networks results from a more dramatic decrease in clustering than is observed
for the 2D networks.

These results clearly show that network topology is greatly affected by considering
the stacking of the nanowires. Q3D networks have narrower degree distributions and
smaller mean degree than their 2D counterparts, and while the 2D networks can be
considered small-world, the Q3D networks cannot. As shown in the next chapter, the
number of wires in these networks put them well above the percolation threshold.



Chapter 4

PERCOLATION AND CONDUCTIVITY

In this chapter percolation theory is introduced and is used to find and compare the
percolation thresholds of the 2D and Q3D networks. This is then used to determine how
conductivity in the networks changes as the density of the networks is increased.

4.1 PERCOLATION

Percolation theory was originally developed to describe the flow of a liquid through a
porous solid.107 A comparison can be drawn with hot water percolating through ground
coffee. If the coffee is finely ground and densely packed, there is no path for the water
to flow through and you end up with no cup of coffee at all. However if the coffee is
more coarsely ground and less densely packed, there exist very many air pockets enabling
the water to easily find a path through the coffee. The crossover point between no
water flowing, and the water finally finding a path through the coffee is known as the
percolation threshold and marks the point of a second-order phase transition between the
unconnected and connected parts of the medium.

There exist many different models of percolation but they can be divided into two
categories: lattice percolation and continuum percolation. We can further divide lattice
percolation into bond and site percolation. In bond percolation, nodes of a N ×N 2D
lattice are randomly connected with some probability p. Alternatively in site percolation,
vacant nodes of the lattice are randomly occupied, with adjacent nodes connected by
an edge. As N → ∞, a path exists from one side of the lattice to another when p is
greater than a critical probability pc. For 2D lattice bond percolation pc = 0.5 (for site
percolation pc ≈ 0.6).88 Since this thesis explores the deposition of wires on a 2D surface,
the focus is on 2D percolation, but similar descriptions can be given in higher dimensions.

In continuum percolation, objects can be placed anywhere within a N × N area.
Recent work in nanoparticle networks uses continuum percolation to model the random
deposition of particle clusters.89 Nanoparticles are modelled as discs of diameter d and
are placed randomly with the deposition area. p is then the fraction of the deposition
area that is covered by the discs. As in lattice percolation, as N → ∞, a path exists
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Figure 4.1 Percolation in NWNs. (a) A network with the left and right edges defined by a ‘wire’
of length Λ, positioned a distance Λ apart with N < Nc. (b) More wires of length l are added to the
network, and a single spanning group is formed when N = Nc. (c) When N > Nc, there are very many
paths across the network (only the shortest paths are shown here).

from one side of the deposition area to another when p is greater than a critical coverage
pc ≈ 0.68.

NWN can therefore be examined in the context of continuum percolation, where the
objects are wires of length l to be placed in a Λ× Λ area (Figure 4.1a), as in Chapter 3.
Nc is then the wire percolation threshold - the total number of wires needed to form a
spanning group of wires from one side of the network to another (Figure 4.1b). Above
this threshold, there then exist very many paths across the network (Figure 4.1c). It
has been shown previously that ‘random stick percolation’ and lattice percolation fall
into the same universality class - close to the percolation threshold they have the same
critical exponents (see Section 4.2).

We can use the network density in order to capture the key relationships between
the network parameters,

ξ = N
l2

Λ2 (4.1)

such that for some fixed value of l, the critical number of wires Nc required to form a
spanning group scales proportionally to Λ. We can then find the universal critical density
ξc for different values of Λ.

The percolation probability P (ξ) is the probability that a system with N wires of
length l forms a percolating cluster connecting the left boundary to the right boundary
of a target deposition area Λ2. The critical probability P (ξc) is then the universal
probability for systems with different Λ to percolate. Li et al define a procedure used to
find ξc and P (ξc).84 An empty network is first instantiated with 2 contacts running along
the vertical edges (as in Figure 2.1a). Wires are then added sequentially (i.e. increasing
N) until a group spans from one edge to the other (Figure 2.1b). To test the spanning
condition, the iGraph library is used to determine to determine the path length from the
wire representing the left-hand edge to the right-hand edge.108 If the path length is an
integer, then a spanning path exists and the value of Ns is recorded. This completes one
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Figure 4.2 2D and Q3D percolation probability. (a) The percolation probability of the 2D network
found using Equation 4.2 with different values of Λ (increasing from red to blue, indicated by the arrow).
The horizontal dashed line is P = 0.5, and the vertical dashed line is the established value of ξc = 5.63726.
Shown in the inset are the intercepts when P = 0.5. (b) The percolation probability of the Q3D network,
showing a clearly different ξc to that of the 2D networks.

realization. Over M realizations, the percolation probability P (N,Λ) can be constructed
by iterating over each realization and adding 1/M to each P (N,Λ) with N ≥ Ns.

To find the percolation probability in this chapter, the wire lengths were fixed to
l = 1 and values for Λ are chosen to be 5, 6, 7, 8, 9 and 10 (arbitrary units) for M = 105

network realizations. However since N can only take integer values, Equation 4.1 gives
values of ξ that are restricted to integer multiples of 1/Λ2 for a given l. This means
that arbitrary values of ξ cannot be estimated. To get around this limitation, P (N,Λ) is
convolved with the Poisson distribution such that,84

P (ξ,Λ) =
∞∑
n=0

µN exp−µ
N ! P (N,Λ) (4.2)

where µ = NΛ2 when l = 1. Figure 4.2a shows that the P (ξ,Λ) curves intercept very
close to P = 0.5 (indicated by the horizontal dashed line. The inset of Figure 4.2a shows
a zoomed region close to P = 0.5). For the Q3D networks (Figure Figure 4.2b), the
percolation probability is higher than in the 2D networks (P (ξc) ≈ 0.56).

Near pc, the percolation probability scales according to109

P (ξ,Λ) ∼ (p− pc)Λ1/ν + b0Λ (4.3)

where the final term is the leading order correction for finite scaling and ν is the correlation
length exponent, which for 2D lattice systems is 4/3. A good estimate of ξc can then be
obtained by considering that ξ0.5 should converge to ξc according to109

ξ0.5 − ξc ∼ Λ−1−1/ν . (4.4)

Plotting the measured values of ξ0.5 against Λ, and fitting a line to these points gives an
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Figure 4.3 2D and Q3D NWN critical threshold. The intercepts of the curves plotted in Figure 4.2
with the horizontal dashed line (P = 0.5) are the plotted against Λ−1−1/ν = Λ−7/4. Equation 4.3 is then
used to find the y-axis intercept and hence ξc. (a) The fit to the points from the 2D case give an estimate
of ξc = 5.636± 0.004, which agrees well with the established value (see text). (b) When the intercepts
from the Q3D cases are plotted against Λ−7/4, it is clear that the critical threshold is larger than in the
2D networks (ξc = 6.85± 0.02).

Figure 4.4 An illustration of the resistor representation of a NWN. All nanowires are perfectly
conducting and all junctions between wires are given a resistance of 1Ω. Adapted from [111]

estimate for ξc where the fit line meets the y-axis. In the Q3D case, it is also assumed
that pc = 0.5 and ν = 4/3. Fit parameters and uncertainties were obtained from SciPy’s
curve_fit subroutine.110

The fit to the ξ0.5 points in Figure 4.2a gives estimates of ξc = 5.636± 0.004. This is
in very good agreement with the well established value of 5.63726± 0.0000284 (indicated
by the vertical dashed line in Figure 4.2a, b). For the Q3D networks, the critical threshold
is larger than in the 2D networks (ξc = 6.85± 0.02). It is important to note here that the
Q3D networks are not ‘true’ percolating systems. As discussed in Chapter 3, for the Q3D
networks we choose the x- and y-coordinates from a uniform probability distribution
and the z-coordinates are determined by the stacking effects of the sequential deposition
process. In true 3D percolating systems, the wires are randomly embedded within a 3D
space – i.e. the x-, y-, and z-coordinates are chosen at random.
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Figure 4.5 Conductivity in 2D and Q3D NWNs. (a) The average conductivity over 512 realizations.
The conductivity is generally higher in the 2D networks. (b) The average conductivity with respect to
(ξ − ξc)/ξc. The slope of the fit line gives the value of t. Error bars represent the standard deviation over
all realizations. Note that as ξ → ξc, the variance of σ increases dramatically.

4.2 CONDUCTIVITY

To find the overall conductivity across the network the wire representing the left edge
is taken as the input electrode and the wire representing the right edge is taken as the
output electrode. It is assumed that every wire has zero resistance and every junction
between wires is assumed to have a resistance of 1Ω. If an input of 1V is applied to the
network, the readout current of the output electrode is then the sheet conductivity σ
of the network. As wires are added to the network, the conductivity should increase
as current is allowed to flow more freely. In order to find the conductivity exponent, a
reliance on the density dependence of the conductivity is assumed – as ξ → ξc, then the
conductivity σ varies according to

σ ∼ (ξ − ξc)t (4.5)

where, t is the critical exponent.111 If σ is plotted against (ξ − ξc)/ξc on a logarithmic
scale, the slope of the fit line gives the value of t. Note that as ξ → ξc the variance of σ
is high due to finite-sample effects, and an accurate estimate to t can be obtained from
fitting (ξ − ξc)/ξc to data over the range [0.1, 1].84,111

Having tried a range of other values and found consistent results, for these simulations
the deposition area and wire length were fixed to Λ = 10 and λ = 1. These values were
chosen to balance out the computational cost with minimizing the finite size effects. The
conductivity values were averaged over 512 realizations. Figure 4.5 shows that in both
networks as ξ approaches ξc the variance of the conductivity increases dramatically due
to the variability in the system properties as the percolation threshold is approached.
This is used as a justification to fit the lines over a limited range.84,111 The conductivity
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Figure 4.6 Tunnelling conductance in Q3D NWNs. The three curves show the number of junctions in
the network (direct wire-to-wire contacts) for the 2D (red) and Q3D case (blue). The black curve shows
the number of wire-wire distances in the Q3D case that are smaller than 1nm, the range of tunnelling
conduction. The number of distances within this cut-off is consistently less than 1% of the number of
Ohmically conducting connections in the 2D network.

of the 2D networks increase much more rapidly than the Q3D networks. This is a result
of the shorter average path lengths and higher mean degree in the 2D networks - as N
is increased, more junctions are formed and current is able to flow more freely across
the network. For the 2D networks, t = 1.26 ± 0.03. This result is in good agreement
with established values for stick percolation in finite systems85,111,112 (t ≈ 1.28) and
the universal conductivity exponent for lattice percolation88 (t0 ≈ 1.30). For the Q3D
networks, t = 1.02 ± 0.03, a much lower value than for 2D. This is a result of longer
average path lengths and lower mean degree. A nonuniversal value of t is perhaps not
surprising, since (as discussed above) the Q3D networks are not truly percolating.

4.2.1 Tunnelling Conductance

The possibility of tunnelling conductance between wires that are not touching but which
are in close proximity should also be considered in the Q3D networks, as this could have
an effect on the network conductivity. Tunnelling current decays exponentially with
distance, so in order to investigate this, the separation distance of the surface of each
wire to every other wire must be determined. If the dimensions of the wires and target
area are then in microns, a reasonable cut-off tunnelling distance of 1nm is set.89,113

The number of separation distances that fall within this cutoff is then counted. Figure
4.6 shows the number of conductive junctions formed in the 2D (red) and Q3D (blue)
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NWNs as N is increased. In the 2D networks, there is an Ohmically conducting junction
for every wire that is deposited on top of another wire but in Q3D networks, the wires
are often separated vertically as they become stacked during deposition. This means
that the number of junctions is significantly lower in the Q3D networks than in the 2D
case (note the logarithmic vertical axis). In the Q3D networks, the number of separation
distances within the 1nm cut-off is consistently less than 1% of the number of Ohmically
conducting connections in the network (black line in Figure 4.6). Since the conductance
of the tunnelling junctions is obviously much lower than the conductance of the Ohmic
connections, it seems clear that tunnelling is likely to have a negligible effect on the
overall conductivity of the networks. This is consistent with previous work.89,114–116

One possible limitation of the methodology presented above is the use of the density
function ξ. While this may be valid for the 2D networks, in Q3D ξ is not the true density
since the network extends into a third dimension. The conductivity also assumes a 2D
sheet. Since the NWN is not uniform in the vertical direction, it is not immediately
obvious how to generalize the conductivity to the Q3D networks.

These results show that there are clear differences in the percolation and conductivity
properties between the 2D and Q3D NWNs. In Chapter 3, there were striking differences
between the topological properties of the 2D and Q3D networks. In this chapter, there
are clear differences in percolation and conductivity of the 2D and Q3D networks. If
these properties are critical to realizing computational performance and information flow
in the networks, then there should also be differences in the network performance in RC
tasks. This is the focus of the next chapter.



Chapter 5

RESERVOIR COMPUTING

The aim of this chapter is to evaluate the potential of the NWNs for reservoir computing
applications and to compare performance for different network topologies. Two tasks are
explored, and the results are used to test to what extent the four properties required
for RC. As discussed in Chapter 1, these are the memory capacity (MC) which tests
the fading memory property of the reservoir, and the nonlinear transformation task
(NLT), which tests the ability of the network to map the input onto a higher-dimensional
feature space. In addition, the separation property is tested by adding varying degrees
of noise to the input signals during the NLT task. The tasks are performed using two
different methods of reading the network output. In the first, the currents flowing from
the output electrodes are used as the readout (the red electrodes/wires in Figure 2.7a).
In the second, the voltages at every wire (node) provide the output signals (the blue wires
in Figure 2.7a). This second method allows the exploitation of information within the
network that is normally inaccessible in real experiments due to technological limitations.
These results should therefore provide a theoretical upper bound on the performance.
The first approach provides an indication of the practical reliability of real world devices
(which necessarily have a limited number of electrodes). For brevity the two different
readout methods are referred to as E-mode (outputs are electrode currents) and N -mode
(outputs are wire voltages).

The general details of the tasks that are not specific to any particular electrode
configuration are presented in Section 5.1, and the results are presented in Section 5.2.

5.1 TASKS

5.1.1 Memory Capacity

The memory capacity task aims to reconstruct a delayed version of the input signal from
the measured outputs.11 In other words, the task determines how precisely the reservoir
can reconstruct the input at previous time-steps.

Figure 5.1 shows a schematic of the MC task. The input to the network, U, is
a random sequence of voltage values drawn uniformly from the range [0, Vmax]. The
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Figure 5.1 Memory capacity task schematic. The memory capacity calculation is shown here with a
Q3D 400 NWN with 1 input electrode (green square) 3 output electrodes (red squares). The colored
lines within the network represent the current flow across the network (light to dark blue corresponds to
a high to low current). The input signal yt (green) is fed into the input electrode and the current In is
recorded from each of the n output electrodes (red). The output values at time t are then used to find
the predicted output at time t− k.

input is applied at the single input electrode and the output signal is collected from
the readouts (which can be either the electrodes, as illustrated in Figure 5.1, or every
wire). The measured readout sequences are then combined into a predictor matrix, X.
MCk quantifies the performance of the network in reconstructing a version of the input
that is delayed by a time k. In other words the target y at time t is the same as the
input at time t − k. The reconstructed signal ŷ (i.e. the prediction of the reservoir)
is obtained from a linear combination of the readouts at time t. For the delay k the
required weight vectors, wk = X†y, are obtained from the Moore-Penrose pseudo inverse
X†, which minimizes the root mean square error (RMSE)

RMSE =

√∑(y− ŷ)2

L
. (5.1)

Here ŷ = wkX and L is the length of the input sequence. After training, the memory
capacity for each k is obtained from the predicted output for a different test input
sequence, and is defined as the squared correlation coefficient between the target and
predicted signals,

MCk = cov2(y, ŷ)
σ2(y)σ2(ŷ) . (5.2)

The total memory capacity is then a sum over all possible delays

MC =
kmax∑
k=1

MCk. (5.3)

5.1.2 Nonlinear transformation

The NLT task demonstrates the ability of the network to perform a non-linear mapping
using the higher harmonics generated by the internal dynamics of the network.60,117 As
illustrated schematically in Figure 5.2, an input sine wave U with signal level between
Vmin and Vmax is fed into the network at the input electrode. The process of training
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Figure 5.2 Nonlinear transformation task schematic. The nonlinear transformation process is shown
here with a Q3D 500 NWN network with 24 output electrodes. The input waveform V (green) is fed into
the input electrode, and the current is recorded from the outputs (red). Linear regression is then used on
the electrode outputs find the total output ŷ to match the target function y. This general procedure is
the same regardless of the selected number of output signals and regardless of whether the output signal
is the current at each electrode or the voltage at each node/wire.

and testing the network is essentially identical to that of the MC task, except the target
function y is a square wave in the range [−1, 1] (Figure 5.2, far right). The normalized
root mean square error (NRMSE) between the target function and the transformed
function ŷ,

NRMSE = RMSE

ymax − ymin
(5.4)

is used as the performance metric.

5.1.3 Noisy input

In many machine learning models, adding noise to the input signals acts as a type of
regularization118 – i.e. it prevents the weights from taking extreme values (overtraining).
The result is a model that generalizes better and is more resilient to noisy test data.119,120

Therefore, in order to investigate the generalizability of NWN to performing the nonlinear
transformation, a degree of random noise is added to the input training signals, ranging
from 0 to 5% of the signal amplitude. The networks are then tested using the regression
weights obtained from training.

5.2 RESULTS

The simulations are performed for an experimentally relevant range of parameters, as
described in detail in Chapter 3. For all simulations, the dimensions of the deposition
area are kept fixed at 30× 30µm2, and the wire lengths are chosen to be 6µm. All input
voltage values are positive, which means that the network junctions are operating in a
strictly unipolar regime. As discussed in Section 2.3, the placement of the electrodes
presents a challenge: a non-singular conductance matrix is required to solve Kirchhoff’s
laws. This requires that (i) all groups of wires that are not connected to the largest group
of wires must be pruned from the network; and (ii) only those configurations in which all
electrodes are connected to the network can be considered. These requirements also place
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limitations upon the number of wires and electrodes: as the number of wires is decreased
towards the percolation threshold (i.e. the minimum number of wires Nc for which the
two sides of the system are fully connected in 50% of simulations88), the probability of
producing a fully connected network that is connected to all electrodes decreases. From 3
to 24 electrodes, arranged as in Figures 5.1 and 5.2, a minimum of 400 wires is required
to ensure all electrodes are connected. This is consistent with experimental studies where
densities of wires are typically far above the percolation threshold.33

5.2.1 Memory capacity

The following variables were considered: the number of output electrodes ranging from 3
to 24 electrodes; the number of wires N in the network ranging from 400 to 1500 wires;
and the value of Vmax ranging up to 12V (input values higher than 12V consistently
result in hillocks forming complete bridges across multiple junctions within any given
network). For the analysis of electrode numbers and Vmax performance, a wire density of
∼0.55 NW/µm2 (500 wires) was used. This allows a direct comparison with recent work
in experimental nanowire devices.50,52,53,121

Electrodes

Figure 5.3a shows the impact of the number of electrodes on the memory capacity in
E-mode MCE and in N -mode MCN when Vmax = 1V. Perhaps surprisingly, given
the significant differences in network structure, MCE for the 2D (red) and Q3D (blue)
networks are strikingly similar. The same is also true of MCN (yellow for 2D, green for
Q3D). In both types of network, as E is increased, MCE increases gradually but gains in
performance for E > 12 become small. MCN is not affected by the number of electrodes,
and is higher than MCE , consistent with the expectation that readout from all nodes
should provide an upper limit on performance.

It is expected that the performance in the MC task depends on the mean degree
(i.e. the average number of connections between nodes), k̄. Previous work has shown for
2D NWNs that when every node in the network is used to perform the MC calculation,
MCN increases with k̄ and the number of wires.62,97 It has also been shown in Chapter
3 that the k̄ of Q3D networks are significantly lower than their 2D counterparts, and
in general have much narrower degree distributions. These results show that the Q3D
networks, with a lower k̄, have a slightly higher MCN on average than the 2D networks.
It is important to note that in [97], the junction model is a bipolar switching model
operating in a voltage regime when conductive bridges are allowed to form, suggesting
that the memory capacity could be drastically effected by the different regimes. However,
in the low voltage regime, the Q3D networks could be more robust to a redistribution of
the current caused by an increase in the number of electrodes.
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Figure 5.3 Memory capacities of NWNs. (a) An input voltage with Vmax = 1V is fed into a 500NWN.
The electrodes are then varied from 3 to 24. The red (2D) and blue (Q3D) lines show the memory
capacity when using the readout from output electrodes only. The yellow (2D) and green (Q3D) lines
show the memory capacity when every node in the network is used to perform the calculation. (b) With
the same input voltage, the electrodes are now fixed at 24, and the number of wires in the networks are
varied. We see a constant MC score with low variance when using the electrodes. The 2D network MC
drops rapidly for increasing wires, while the Q3D remains high. (c) The effect of Vmax on a 500NWN
with 24 electrodes. Although MC remains high for both networks, there is a slight gradual decrease with
increasing Vmax. Note that the x-scale is the min-max normalized Vmax value, where the largest voltage is
the final voltage before the network experiences one or more junctions move into a high conductance state.
Results are averaged across network realizations, and error bars in (a) and shading in (b, c) represent the
standard deviation. The inset in (c) shows the results from individual realizations with absolute voltage.

Number of wires
In order to determine the impact of N on the memory capacity, the number of electrodes
is set to E = 24 and the number of wires are varied. Figure 5.3b shows that MCE is
always similar for the 2D and Q3D networks (compare red and blue curves) and the
difference becomes smaller as N increases. This is surprising, since as N is increased
the stacking in the Q3D network becomes more pronounced. MCN for the 2D NWNs
begins to drop off gradually and becomes comparable with that of MCE , whereas MCN

for the Q3D NWNs remains relatively constant. Hence, for large N the upper limit on
performance of the Q3D networks is significantly higher than for the 2D networks. As N
increases, more wires become shorted together in the 2D networks, and this effectively
reduces the number of wires with unique outputs and the results become similar to those
obtained from using a small sample of the wires (and the performance using electrode
currents). Recent work by Han et al has also shown that the MC of directed acyclic
networks decreases rapidly as the density of nodes in the network increases.122

Input voltage
Figure 5.3c shows the impact of the input voltage on the memory capacity for a fixed E =
24. The 2D and Q3D networks were subjected to the same voltage input sequence, but for
each realization of the networks, the range of Vmax was constrained by the requirement
that all junctions remain in the low voltage regime (i.e. that no hillock formed a complete
bridge across any junction). Figure 5.3c shows the change in MC with Vmax (the values
of Vmax on the x-axis are min-max normalized which allows us to compare performance
relative to the critical voltage, VC). Initially, an increase in input voltage causes a rapid
increase in both MCN and MCE , as a greater degree of nonlinearity in the junctions
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can be exploited. However, as Vmax increases further there is a saturation and then a
slight decline. This effect is also seen in directed acyclic networks: as the input signal is
increased, MC decreases.122

The inset of Figure 5.3c shows MCE of each realization of the system as a function of
the absolute voltage. Nearly twice the input voltage can be applied to the Q3D networks
compared to the 2D networks. This is consistent with the findings in Chapter 4 showing
that the Q3D networks have longer path lengths – as voltage is distributed across many
junctions in series, the longer path between electrodes ensures a lower voltage across
each junction.

5.2.2 Nonlinear transformation

In order to successfully transform the input signal into the target, the network must be
capable of higher harmonic generation (HHG). Figure 5.4 shows the HHG for an example
2D and Q3D network with 500 wires and 24 electrodes and different values of Vmax. The
input sequence used was a sinusoid of 1Hz frequency for 21 periods. When using a low
input voltage (Vmax = 0.5V ) as in (Figure 5.4a), the I-V curves are highly linear and
the network electrodes (2D, Q3D – red, blue) produce fewer higher harmonics than the
network wires (2D, Q3D – yellow, green). When the voltage is increased (Vmax = 3V ), the
network produces a much richer range of higher harmonics (Figure 5.4b). The generation
of the additional higher harmonics can be largely attributed to the nonlinear response
of the network. These results suggest that not only is the network able to perform a
nonlinear mapping of the input features to a higher-dimensional space, but that the
degree to which the network can map an input to a target function can to a certain
degree be tuned by varying the input voltage. Note that in Figure 5.4b, the Q3D network
has a smaller degree of hysteresis than the 2D network. This is likely due to the lower
voltage across each junction within the Q3D network.

Figure 5.5 compares the performance in the NLT for different network types. The
input sequence used was a sinusoidal signal of 1Hz frequency for 21 periods. The range
of output electrodes, number of wires, and Vmax were the same as for the MC task.

Electrodes
In Figure 5.5a the red and blue curves show the performance in E-mode (NRMSEE) for
the 2D and Q3D networks respectively when Vmax = 1V. As E is increased, NRMSEE
drops (i.e. performance improves), with the 2D networks slightly outperforming the Q3D
networks. Figure 5.5 also shows the theoretical maximum performance, NRMSEN , of
the networks in N -mode for the 2D and Q3D networks (yellow and green respectively).
NRMSEE approaches NRMSEN as E is increased, and for E > 12 there is very little
performance gain, as was also observed for the MC task. When using N -mode to perform
the NLT, the testing and training NRMSEN are similar to one another for the Q3D



62 CHAPTER 5 RESERVOIR COMPUTING

Figure 5.4 Higher harmonics in NWNs. (a) The higher harmonics produced from a N = 500 and
E = 24 NWN with a 0.5V sinusoidal input. The top row shows the harmonics resulting from summed
current output of the electrodes from the 2D (red) and Q3D (blue) NWNs. The bottom row shows
the summed voltage at each of the wires from the 2D (yellow) and Q3D (green) NWNs. At this low
voltage, the current and voltage responses are more linear and there are fewer higher harmonics produced.
(b) The higher harmonics produced from 24-electrode 2D and Q3D NWNs with a 3V sinusoidal input,
showing a much greater nonlinear current response and a richer range of higher harmonics.

networks, yet the testing NRMSEN is significantly higher than the training NRMSEN ,
suggesting that the 2D network weights are overfitting the training data (not shown).

Number of wires
Figure 5.5b shows the impact of N on the nonlinear transformation performance. As with
the MC task, E is fixed at 24, and N ranges from 400 to 1500. In E-mode, performance
improves slightly with increasing N , until N ∼1000. When using N -mode, performance
remains constant for N > 500 wires, with very little variance across different realizations
in both networks.
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Figure 5.5 Nonlinear transformation in NWNs(a) The effect of increasing the number of electrodes in
the NWNs on the non-linear transformation task. Red and blue correspond to the values obtained using
the readout from the electrodes for training and testing in the 2D and Q3D networks respectively; the
yellow and green (2D and Q3D respectively) are the results using the readout from every wire in the
networks. As the number of electrodes are increased, performance quickly approaches the theoretical
maximum of the network. Solid lines are training results, and dashed lines are testing results. (b) With
the same input voltage amplitude (1V), the electrodes are now fixed at 24, and the number of wires in the
networks are varied. The NRMSEE of both networks decrease slightly and plateau after approximately
1000 wires. When using all wires for the task readout, the 2D network plateaus quickly, and the Q3D
network gradually approaches the performance of the 2D NWN. (c) The effect of increasing the input
signal voltage. Note that the x-scale is the min-max normalized Vmax value, where the largest voltage is
the final voltage before the network experiences one or more junctions move into a high conductance state.
Results are averaged across network realizations, and error bars in (a) and shading in (b, c) represent the
standard deviation. The inset in (c) shows the results from individual realizations with absolute voltage.

Input voltage
Figure 5.5c shows that as Vmax increases, there is a gradual improvement in perfor-
mance, which then plateaus at 3-4V for both networks. There is very little difference
in performance between the 2D and Q3D networks. This is once again surprising given
the different topological structure of the 2D and Q3D networks. However, as shown in
the inset of Figure 5.5b, the Q3D network can be subjected to nearly twice the input
amplitude compared to the 2D networks, achieving consistent NRMSE scores over a
wider range of voltage inputs.

5.2.3 Noisy input

In order to test the resilience of the network performance, the output weights for each
of the networks were trained in the same manner as for the NLT task, but with added
input noise ranging from 0 to 5% of the input signal amplitude. The trained networks
were the exposed to testing inputs with different amounts of noise.

When the networks receive training input with small amounts of noise (< 1%), the
Q3D networks achieve a lower NRMSE on the testing signal than the 2D networks. In
fact, when the networks are trained in the absence of noise, the test performance for
the 2D network is poor when even the slightest amount of noise is added to the test
input (see the nearly vertical red line close to the vertical axis of Figure 5.6a). When
the 2D networks are trained on input signals with greater amounts of noise, the testing
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Figure 5.6 Comparison of performance in the presence of noise. When the networks are trained on low
levels of noise, the 2D networks show a high sensitivity to subsequent noisy test inputs. Despite initially
performing worse than the 2D networks, the Q3D networks are more robust to noise. When the networks
are trained with higher amounts of noise, they both become much more resilient and the 2D network
consistently outperforms the Q3D. Note the 2D network trained on 0%, marked by the arrow.

Figure 5.7 The evolution of the weights as more input noise is added. As the noise on the training
input is increased, the weight distribution for the 2D networks remains stable, but the weights for the
Q3D network undergo a sharp transition and become much more widely distributed.

performance significantly improves.

In general, the 2D networks have a slightly better performance (lower NRMSE) than
the Q3D networks. However, the Q3D networks show a significant jump in performance
when trained on input with noise above ∼2%. The average performance (bold dashed
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Figure 5.8 Nonlinear transformation with noisy input. An example of the Q3D network resilience to
low amounts of training noise compared with the 2D networks. The example networks were trained on
0.25% noise and then tested on 5%. Shown in (a) and (c) are the weighted outputs from the networks.
Shown in (b) and (d) are the combined weighted outputs from (a) and (c) respectively.

lines) of the two networks begins to converge for higher levels of noise. Figure 5.7 shows
the evolution of the weights as more input noise is added. When trained with low noise,
the distribution of weights in both networks is narrow. As the noise on the training
input is increased, the weight distribution for the 2D networks remains stable, but the
weights for the Q3D network undergo a sharp transition and become much more widely
distributed.

Figure 5.8 show examples of NLT performance for a 2D and Q3D network exposed
to a low amount of input noise (0.25%). The 2D network achieves a better training
performance, but the Q3D network achieves a significantly better test NRMSE. The high
values of the weights when trained on low noise and the comparatively poor performance
of the networks on the testing data suggest that the regression of the output from the
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2D network is overfitting. Adding noise acts to regularize the output weights, allowing it
to generalize better on the more noisy test data, as seen by the flatter curves in Figure
5.6 for the Q3D networks. The slightly narrower range of weights for the Q3D network
trained on low noise avoids over fitting and therefore makes them more resilient.

These results show that there are some clear differences in performance on RC tasks
between the 2D and Q3D networks, yet also a surprising number of similarities. In
the final chapter, the results of this thesis are summarized and some implications are
discussed.



Chapter 6

CONCLUSION

Networks of nanowires have shown promise as potential candidates for reservoir computing.
They exhibit many brain-like properties such potential scale-free dynamics, neural
avalanching, and short- and long-term memory. Given that topology is thought to
influence performance in reservoir computing, it is surprising that the effect on RC
performance of stacking effects of three dimensional networks has not been previously
considered.

6.1 TOPOLOGY AND PERCOLATION

It was shown in Chapter 3 that stacking of nanowires during deposition significantly
affects the connectivity and topology of the resulting network. Perfectly 2D networks
have much broader degree distributions and much larger mean degrees than the quasi-3D
networks. Differences in connectivity are observable soon after the percolation threshold
is exceeded i.e. as soon the number of wires is sufficient to connect opposite sides of the
system (allowing current to flow through the network). More specifically the small world
character of quasi-3D networks is significantly lower than in the 2D networks. The Q3D
networks instead exhibit greater modularity. Perhaps surprisingly, the connectivity of
the Q3D networks does not increase when additional nanowires are deposited.

These differences in connectivity will potentially have significant effects on the prop-
erties of real-world nanowire networks, and hence on potential applications such as
neuromorphic computing. It is known for example that in network models of artificial
neurons, segregated communities of activity emerge in pattern recognition tasks, mimick-
ing the visual cortex.123 The modularity, a predictor of the robustness of networks to node
deletion, can be important in nanowire networks which show “self-healing” properties98 –
when a critical junction in a conducting path is deleted, the system quickly reconfigures
into another low-resistance path. In addition, small world connectivity is advantageous
for time series prediction within a reservoir computing framework83 and significantly
affects synchronisability in oscillator networks.68,124 Ultimately, it is important that
the impact of changes in connectivity within nanowire networks on the performance of
reservoir computing tasks is tested experimentally.
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Chapter 4 validated the 2D model by determining the critical density for percolation
and the conductivity exponent. The resulting values for the 2D model agree well with
the established values. Applying the same methods to the Q3D networks show significant
differences in the critical density and the conductivity exponent. This suggests that the
stacking of the nanowires could have a real effect on the sheet conductivity of experimental
devices.

6.2 RC PERFORMANCE

In Chapter 5, the performance in reservoir computing tasks in 2D and Q3D nanowire
networks were compared using realistic simulations of the physical systems. The networks
have a strikingly similar performance, which is surprising given that the networks have very
different topologies. The memory capacities of both networks when using the physically
realistic output electrodes are largely unaffected by the key parameters: electrode number,
wire number, and voltage input. The memory capacity upper bounds for the networks,
found using the readout from every wire in the network, are somewhat similar to one
another, with the Q3D network showing a slightly higher MCN . Also surprising is how
closeMCE is toMCN - networks with an experimentally achievable number of electrodes
give a close approximation to the maximum achievable memory capacity. Furthermore,
there is almost no gain in performance for more than 12 output electrodes.

For the nonlinear transformation task, there are again a number of similarities. Both
networks achieve similar NRMSE scores, supported by the fact that both networks
produce a similar range of higher harmonics. The performance when using the electrodes
again acts as a good approximation to the maximum achievable performance, with very
little gain for more than 12 electrodes. Although the training performance improves
slightly when more wires are added to the network, the testing performance remains
largely unaffected.

There are also some important differences between the network types. The most
striking performance difference is the memory capacity with increasing numbers of wires.
The rapid performance drop-off for the 2D network when using every wire as a readout
could be due to a combination of factors, including a shorting together of an increasing
number of wires, and a change in the degree and path lengths across the network. This
leads to a decrease in the number of independent nodes and hence an effective decrease
in the richness of network outputs. The Q3D network overall seems much more robust
to changes in the input parameters. When trained with no noise, the 2D networks do
a poor job of generalizing to noisy data compared with the Q3D networks. As the 2D
networks are trained on increasing amounts of noise performance decreases slightly, but
the generalizability improves.

Given previous literature which emphasizes the importance of network topology on
RC performance, it is very surprising that there are not radical differences in performance
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between the 2D and Q3D networks. This could be due to the level of complexity of the
tasks - it is highly likely that there will be increasing differences between 2D and Q3D
networks as the computing task complexity increases. These differences in performance
should be explored for more complex tasks.

6.3 FUTURE WORK

As mentioned in Chapter 2, a number of groups have implemented “hard switching”
within the junctions of the NWNs. A natural next step would be to implement this in
the Q3D networks. Direct comparisons can then be made with the results obtained in
[53, 54, 62, 63, 97, 125]. In addition, a similar junction model has been used for studies
of nanoparticle systems such as [126]. A comparison between nanowire and nanoparticle
networks is desirable.

Additional modifications to the NWN simulation to include a more complete modelling
of the physics of the networks can be considered such as:

• Allowing wires to bend;

• Incorporating shifting of the wires during the deposition process;

In addition, computational optimization techniques can be pursued to allow the construc-
tion of larger networks.

The RC tasks performed in this thesis were limited to memory capacity and the
nonlinear transformation. Since the Q3D networks have shown some success in these
tasks, other more complicated tasks should be used to find further points of difference
between the two networks. Some of these tasks would require multiple input electrodes.
For example, Zhu et al have recently demonstrated MNIST hand-written digit recognition
in a simulated 2D network.127

Finally, as discussed in Chapter 4, the results in 2D and 3D percolation are well
established, however there is no literature discussing ‘percolation’ in Q3D systems. A
more thorough investigation into the properties in these systems is therefore needed.
Using more advanced techniques from [84] and [112] it should be possible to find more
accurate estimates of the likelihood of connection formation and threshold density for
conduction.
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